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In a data set of non-metallic inclusion sizes in samples from engineering steel, common order 
statistics fail to serve as a suitable model for ascendingly ordered measurements within single 
samples. Therefore, a flexible model of ordered random variables is proposed, which allows for 
changes of distributions described by model parameters. Joint maximum likelihood estimation of 
these parameters and the shape parameter of an underlying left-truncated Weibull distribution is 
considered, and a model test is developed for the null-hypothesis of common order statistics being 
an adequate model. To overcome small data situations, a link-function approach is examined in 
order to reduce the number of involved model parameters as well as to propose to use a link

function parameter as a material indicator. An asymptotic test is provided to check for the presence 
of a linear link function, and tests for hypotheses about two link-function parameters are studied. 
Moreover, the construction of simultaneous confidence regions for the link-function parameters 
as well as of confidence bands for the entire graph of the link function are presented. Throughout, 
the findings are applied to the real metallurgical data set. Similar problems and data structures 
arise in other fields of material science and applications such as geology.

1. Introduction

In the manufacturing process of steel, non-metallic inclusions, primarily sulfides and oxides, arise unavoidably. While very small 
inclusions, on the order of a few nanometers, are generally considered irrelevant or of minor interest concerning the material’s 
properties, larger inclusions, on the micrometer scale, can lead to significant issues such as fatigue, corrosion, and particularly crack 
initiation. Larger inclusions therefore serve as quality indicator of a steel under test. Inclusion size is hence assumed to be the most 
relevant geometrical parameter; see Murakami [1] and the references therein.

Throughout, we consider a data set of non-metallic oxide inclusion sizes, which was provided by the Department of Ferrous 
Metallurgy at RWTH Aachen University. The respective engineering steel and the data are described in detail by Schmiedt et al. [2,3]. 
On the surfaces of polished planes, in total 60 equal-sized control areas were considered to determine the sizes of non-metallic 
inclusions above some threshold following ASTM-standard E2283-08 [4]; see also Murakami [1] and Murakami and Beretta [5]. 
That is, every control area was scanned by optical microscopy to detect those inclusions that intersect the surface. The sizes of their 
two-dimensional cross-sections were measured and stored, here, in terms of the square root of the projected area (the so-called √area
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Fig. 1. Illustration of the inclusion sizes (in μm, measured in terms of the √area-parameter) exceeding the threshold 𝜏 = 6.5 (dashed blue line) in each of the 60
control areas, with the control area maxima marked as red dots.

parameter); see the technical recommendation ESIS P11-02 by Anderson et al. [6]. Further details on the experimental materials and 
measurement methods are stated in Schmiedt et al. [3].

According to the ASTM-standard E2283-08 [4], only the maximum observed inclusions in the control areas are used in statistical 
studies by means of extreme value analysis. Given the importance of large observed inclusions, we consider all inclusion sizes from 
every control area that exceed a certain threshold in our analysis. Our objective is to describe and study their arrangement in ascending 
order, as well as their progression, to derive a potential quality measure for steels. Thus, we are concerned with fitting an appropriate 
statistical model of ordered random variables to ascendingly ordered inclusion sizes with a special interest on the large ones.

Similar problems and data structures arise in other fields of material science and applications such as geology.

For illustration of the data considered here, the recorded oxide inclusion sizes in micrometer (μm) above a threshold of 𝜏 = 6.5 μm 
are shown in Fig. 1, sorted in ascending order within each control area. The respective largest inclusion sizes in each control area, 
i.e., the control area maxima, are marked as red dots. In total, there are measurements of 719 inclusions above threshold 𝜏 assigned 
to 60 control areas.

In statistical models in metallography, so far, the assumption is commonly made that increasing inclusion sizes in each control 
area can be suitably modelled as realizations of common order statistics (OSs) based on independent and identically distributed (i.i.d.) 
random variables. However, in the data under consideration, large inclusions, which are of primary interest, do not seem to be well 
described by OSs. Hence, a more flexible model of ordered random variables should be fitted to appropriately describe ordered non

metallic inclusion sizes. It will turn out that, within our setup, a statistical test will reject the hypothesis of the presence of common 
OSs based on the aforementioned data.

We propose to apply a model of ordered random variables out of the class of generalized order statistics. In this model termed 
‘ordering via truncation of distributions’, which has not been applied to real data sets so far, the ordered quantities are based on 
different distributions in contrast to the model of OSs; see Kamps [7,8,9]. Details are given in the next section. In a particular 
parametrical setup, successive underlying distributions may be characterized by parametrically adjusted hazard rates when starting 
with a baseline distribution. We develop methods of statistical inference for these parameters. For the baseline distribution, we 
consider a left-truncated Weibull distribution. Weibull distributions are widely used in the literature for modelling particle size and 
inclusion size distributions; see, e.g., Anderson et al. [6], Cao et al. [10], Fang et al. [11], Ghosh [12], Hilliard and Lawson [13], 
Murakami and Beretta [5], Sczerzenie et al. [14]. Here, the suitability of a left-truncated Weibull distribution as a baseline for the data 
under consideration throughout this manuscript is discussed in Example 2.1. For references on left-truncated Weibull distribution 
with a known threshold, see Wingo [15], Kreer et al. [16], and Kizilersu et al. [17].

The outline of this manuscript is as follows. In Section 2, a flexible model of ordered random variables within the class of gen

eralized order statistics is proposed for describing ordered non-metallic inclusion sizes in steels. Moreover, the assumption of a 
left-truncated Weibull baseline distribution is justified. Joint maximum likelihood (ML) estimation of the model parameters and a 
Weibull shape parameter is then considered in Section 3, which enables to fit the model to data. A model test is provided in Sec

tion 4, which is applied to give evidence (subject to the level) against common OSs as an adequate model for our data set of ordered 
non-metallic inclusion sizes. The flexibility of the proposed model is related to a large number of parameters, which, regarding preci

sion of parameter estimation, may not be desirable in applications with fairly small samples. Therefore, we examine a link-function 
approach to reduce the number of involved parameters as well as to propose to use the link-function parameters as material indi

cator. An asymptotic test is provided in Section 5 to check for the presence of a linear link function, which turns out to be suitable 
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for our data set. Statistical tests for hypotheses about two link-function parameters are then studied in Section 6, where optimality 
properties are also established. Finally, the construction of simultaneous confidence regions for the link-function parameters as well 
as of confidence bands for the entire graph of the link function are presented in Section 7. Throughout, the findings are applied to 
our data set of oxide inclusion sizes and the results are discussed.

2. A general model for ordered inclusion sizes

Let us first consider a single sample of ascendingly ordered random variables 𝑋1 ≤⋯ ≤𝑋𝑟 representing increasing inclusion sizes 
within some control area. Moreover, let 𝐹 denote an absolutely continuous distribution function, referred to as baseline distribution 
function, with density function 𝑓 , and let 𝛾1,… , 𝛾𝑟 be positive parameters.

We apply a model for ordered random variables termed ‘ordering via truncation of distributions’ in a particular form within the 
class of generalized order statistics, which have various applications; see Kamps [7,8,9] and the references therein.

The joint density function of 𝑋1,… ,𝑋𝑟 is given by

𝑓𝑋1 ,…,𝑋𝑟 (𝑥1,… , 𝑥𝑟) = 

(
𝑟 ∏

𝑗=1 
𝛾𝑗

)(
𝑟 ∏

𝑗=1 
(1 − 𝐹 (𝑥𝑗 ))𝛾𝑟−𝑗+1−𝛾𝑟−𝑗−1𝑓 (𝑥𝑗 )

)
(1)

for 𝑥1 ≤⋯ ≤ 𝑥𝑟 and 𝛾0 = 0.

It should be noted that, compared to the literature on generalized order statistics, the numbering of parameters is reversed here, 
which is more convenient in the present modelling.

It turns out that the joint density function in formula (1) coincides with the one of the first 𝑟 Pfeifer record values; cf., e.g., 
Kamps [7,9], Arnold and Villasenor [18], Schmidt and Kamps [19]. For the choice 𝛾𝑗 = 𝑗, 1 ≤ 𝑗 ≤ 𝑟, we obtain the joint density 
function of OSs based on 𝐹 .

The ordered quantities 𝑋1,… ,𝑋𝑟 form a Markov chain with transition probabilities

𝑃
(
𝑋𝑗 > 𝑡 ∣ 𝑋𝑗−1 = 𝑠

)
=
(
1 − 𝐹 (𝑡) 
1 − 𝐹 (𝑠)

)𝛾𝑟−𝑗+1
, 𝑠 < 𝑡 , 2 ≤ 𝑗 ≤ 𝑟 .

Hence, the conditional distribution of 𝑋𝑗 , which represents the 𝑗th smallest inclusion size in the control area, given 𝑋𝑗−1 = 𝑥𝑗−1 has 
hazard rate

𝛾𝑟−𝑗+1
𝑓

1 − 𝐹
on (𝑥𝑗−1,∞) , 1 ≤ 𝑗 ≤ 𝑟 , 𝑥0 = 𝜏 .

Since the hazard rates of all (conditional) inclusion size distributions are proportional to that of the baseline distribution, the 
parameters 𝛾1,… , 𝛾𝑟 allow for adjustments. As larger inclusions occur with a lower incidence that smaller ones in our situation, it is 
reasonable to assume that the model parameters 𝛾1,… , 𝛾𝑟 are increasingly ordered.

One-dimensional marginal density functions of 𝑋2,… ,𝑋𝑟 can be stated in terms of Meijer 𝐺-functions. However, the minimum 
𝑋1 has the simple density function 𝛾𝑟(1 − 𝐹 (𝑥))𝛾𝑟−1𝑓 (𝑥𝑟) (see formula (1)) and thus distribution function 1 − (1 − 𝐹 (𝑥))𝛾𝑟 on (𝜏,∞).

In the Weibull setting, we obtain

𝐹𝑋1 (𝑥) = 1 − 𝑒−𝛾𝑟(𝑥
𝛽−𝜏𝛽 ), 𝑥 ∈ (𝜏,∞),

which is again a truncated Weibull distribution. This is no longer valid for 𝑋2,… ,𝑋𝑟.

As mentioned in the introduction, Weibull distributions are widely used in models of particle sizes. Nevertheless, the use of a 
Weibull distribution for our data set has to be justified by using all 60 data of minimum inclusions.

Example 2.1. Regarding a Weibull baseline assumption for the real data illustrated in Fig. 1, we fit a left-truncated Weibull distribu

tion to the control area minima. Specifically, we consider a theoretical distribution function of the form 1 − 𝑒−𝛾(𝑥
𝛽−𝜏𝛽 ), 𝑥 > 𝜏 . Given 

the threshold 𝜏 = 6.5 and the observed minima, we estimate the unknown distribution parameters using the method of maximum 
likelihood. In Fig. 2, histogram plots of the control area minima are shown (using two different bin widths) along with the estimated 
Weibull density (blue line). Because of a reasonable fit we continue working with an underlying Weibull distribution.

The results on statistical inference will be based on 𝑠 independent control areas with 𝑟𝑖 inclusion sizes in control area 𝑖, 1 ≤ 𝑖 ≤ 𝑠. 
The corresponding data are denoted by 𝒙1,… ,𝒙𝑠, where the vector 𝒙𝑖 = (𝑥𝑖1,… , 𝑥𝑖𝑟𝑖 ) with 𝑥𝑖1 ≤⋯ ≤ 𝑥𝑖𝑟𝑖 contains the ascendingly 
ordered recorded inclusion sizes within the 𝑖th control area, i.e., the observation 𝑥𝑖𝑗 denotes the 𝑗th smallest recorded inclusion size in 
control area number 𝑖 for 1 ≤ 𝑗 ≤ 𝑟𝑖 and 1≤ 𝑖 ≤ 𝑠. The observation vectors 𝒙1,… ,𝒙𝑠 are considered realizations of jointly independent 
random vectors 𝑿1,… ,𝑿𝑠 defined by 𝑿𝑖 = (𝑋𝑖1,… ,𝑋𝑖𝑟𝑖

), 1 ≤ 𝑖 ≤ 𝑠, where the density function of 𝑿𝑖 is supposed to be given by 
formula (1) with 𝑟𝑖 taking the place of 𝑟. Hence, we assume that the baseline distribution function is the same for all control areas 
and that the model parameters do not depend on the control area number. As baseline distribution, we choose a truncated Weibull 
distribution with distribution function

𝐹 (𝑥) = 1 − 𝑒−(𝑥
𝛽−𝜏𝛽 ) , 𝑥 > 𝜏 ,
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Fig. 2. Histogram plots of the minima of the 60 control areas (using different bin widths on the left and right) along with the density function of a fitted left-truncated 
Weibull distribution (blue line).

Table 1
Number 𝑐𝑣 of control areas with at least 𝑣 observations.

𝑣 1 2 3 4 5 6 7 8 9 10 11 12 
𝑐𝑣 60 60 60 60 60 59 56 53 49 40 38 31 
𝑣 13 14 15 16 17 18 19 20 21 22 23 
𝑐𝑣 22 16 14 10 7 6 5 5 4 3 1 

for some shape parameter 𝛽 > 0 and a known threshold 𝜏 > 0. W.l.o.g., let the numbers of recorded inclusions in the control areas be 
arranged in descending order, i.e., 𝑟1 ≥ 𝑟2 ≥⋯ ≥ 𝑟𝑠 ≥ 1, leading to 𝑟1 model parameters 𝛾1,… , 𝛾𝑟1 in total. Further, we denote by

𝑐𝑣 = |{𝑖 ∈ {1,… , 𝑠} ∶ 𝑟𝑖 ≥ 𝑣}| = max{𝑖 ∈ {1,… , 𝑠} ∶ 𝑟𝑖 ≥ 𝑣} , 1 ≤ 𝑣 ≤ 𝑟1 ,

the number of control areas with at least 𝑣 observations.

Using these notations and upon some algebra, the density function of 𝐗 = (𝑿1,… ,𝑿𝑠) can be represented as

𝑓𝐗(𝐱) = exp

{
𝑟1∑
𝑣=1 

𝛾𝑣𝑇𝑣(𝐱) +
𝑟1∑
𝑣=1 

𝑐𝑣 ln(𝛾𝑣)

}
𝛽𝑐

𝑟1∏
𝑣=1 

𝑐𝑣∏
𝑖=1 

𝑥
𝛽−1
𝑖𝑣

(2)

with

𝑇𝑣(𝐱) = 
𝑐𝑣∑
𝑖=1 

(𝑥𝛽
𝑖,𝑟𝑖−𝑣

− 𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
) , 1 ≤ 𝑣 ≤ 𝑟1 , (3)

for 𝐱 =
(
𝒙1,… ,𝒙𝑠

)
, where 𝒙𝑖 = (𝑥𝑖1,… , 𝑥𝑖𝑟𝑖 ) and 𝜏 = 𝑥𝑖0 < 𝑥𝑖1 ≤⋯ ≤ 𝑥𝑖𝑟𝑖 for 1 ≤ 𝑖 ≤ 𝑠, and 𝑐 =

∑𝑟1
𝑣=1 𝑐𝑣.

Example 2.2. Referring to the metallurgical data set displayed in Fig. 1, observations from a total of 𝑠 = 60 control areas are available. 
Above the threshold 𝜏 = 6.5 (μm), in total 𝑐 = 719 oxide inclusion sizes were recorded. The respective number 𝑟𝑖, 1 ≤ 𝑖 ≤ 60, of 
inclusions per control area varies, ranging from 𝑟60 = 5 to 𝑟1 = 23, leading to 23 model parameters 𝛾1,… , 𝛾23. The estimation of 𝛾𝑣, 
1 ≤ 𝑣 ≤ 23, is based on 𝑐𝑣 observations, where the latter denotes the number of control areas with at least 𝑣 recorded inclusion sizes. 
The numbers 𝑐𝑣 are listed in Table 1. It is observed that the estimation of 𝛾1,… , 𝛾5 is based on 60 observations each, whereas fewer 
than 10 control areas provide information for estimating the model parameters 𝛾17 ,… , 𝛾23. The estimation of 𝛾23 is based on a single 
inclusion size, only.

In Fig. 3, the inclusion sizes 𝑥𝑖,𝑟𝑖−𝑣+1 for six observation vectors 𝒙𝑖 are graphically represented. These are each sorted in descending 
order and plotted against their respective index 𝑣 − 1. To illustrate that the structures can differ, the plot on the left shows the 
descending sizes of the three observation vectors with the largest, second-largest, and third-largest inclusion size in the entire data 
set, while the plot on the right shows those of the three observation vectors with the most, second-most, and third-most inclusions 
recorded above the threshold 𝜏 = 6.5.
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Fig. 3. Illustration of the inclusion sizes above 𝜏 = 6.5, where 𝑥𝑖,𝑟𝑖−𝑣+1 is plotted against the index 𝑣 − 1, for the control areas with the largest, second-largest, and 
third-largest inclusion size (left) and for the control areas with the largest, second-largest, and third-largest number of inclusions (right), respectively.

3. Joint ML estimation of model parameters and a shape parameter

As a starting point of our analysis, we consider joint ML estimation of 𝛽, 𝛾1 ,… , 𝛾𝑟1 in model (2). To this end, we first state the 
corresponding log-likelihood function

𝓁(𝝑) =
𝑟1∑
𝑣=1 

𝛾𝑣

𝑐𝑣∑
𝑖=1 

(𝑥𝛽
𝑖,𝑟𝑖−𝑣

− 𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
) +

𝑟1∑
𝑣=1 

𝑐𝑣 ln(𝛾𝑣) + 𝑐 ln(𝛽) + (𝛽 − 1)
𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

ln(𝑥𝑖𝑣) (4)

along with its first partial derivatives

𝜕

𝜕𝛽
𝓁(𝝑) =

𝑟1∑
𝑣=1 

𝛾𝑣

𝑐𝑣∑
𝑖=1 

(ln(𝑥𝑖,𝑟𝑖−𝑣)𝑥
𝛽

𝑖,𝑟𝑖−𝑣
− ln(𝑥𝑖,𝑟𝑖−𝑣+1)𝑥

𝛽

𝑖,𝑟𝑖−𝑣+1
) + 𝑐

𝛽
+

𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

ln(𝑥𝑖𝑣)

and

𝜕

𝜕𝛾𝑣
𝓁(𝝑) = 

𝑐𝑣∑
𝑖=1 

(𝑥𝛽
𝑖,𝑟𝑖−𝑣

− 𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
) +

𝑐𝑣

𝛾𝑣
, 𝑣 = 1,… , 𝑟1

for 𝝑 = (𝛽, 𝛾1,… , 𝛾𝑟1 ) ∈ (0,∞)𝑟1+1. It turns out that existence of the ML estimate for 𝝑 is indeed an issue, while uniqueness can be 
guaranteed in case of existence. The results are summarized in the following theorem, the proof of which is technical and therefore 
moved to the appendix.

Theorem 3.1. 

(i) For 𝑠 = 1, an ML estimate of 𝝑 based on 𝐱 does not exist.

(ii) For 𝑠 ≥ 2, an ML estimate of 𝝑 based on 𝐱 exists if and only if the equation

𝑐

𝛽
+

𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

ln(𝑥𝑖𝑣) −
𝑟1∑
𝑣=1 

𝑐𝑣

∑𝑐𝑣
𝑖=1(𝑥

𝛽

𝑖,𝑟𝑖−𝑣+1
ln(𝑥𝑖,𝑟𝑖−𝑣+1) − 𝑥

𝛽

𝑖,𝑟𝑖−𝑣
ln(𝑥𝑖,𝑟𝑖−𝑣))∑𝑐𝑣

𝑖=1(𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
− 𝑥

𝛽

𝑖,𝑟𝑖−𝑣
) 

= 0 (5)

has a solution 𝛽 with respect to 𝛽 > 0, where 𝑥𝑖0 = 𝜏 , 1 ≤ 𝑖 ≤ 𝑠. In case of existence, the ML estimate is uniquely determined and given 
by 𝝑̂ = (𝛽, 𝛾̂1,… , 𝛾̂𝑟1 ) with

𝛾̂𝑣 = 𝑐𝑣

[
𝑐𝑣∑
𝑖=1 

(
𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
− 𝑥

𝛽

𝑖,𝑟𝑖−𝑣

)]−1
, 1 ≤ 𝑣 ≤ 𝑟1 . (6)

In Lemma 3.2, a simple sufficient condition is provided for the existence of the ML estimate based on a given data set 𝐱; its proof 
can be found in the appendix.
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Fig. 4. Profile log-likelihood function for 𝛽 along with the ML estimate 𝛽(𝐱) = 0.72 in blue (left), and ML estimates 𝛾̂𝑣(𝐱) of 𝛾𝑣 plotted against 𝑣− 1 (right). 

Lemma 3.2. For 𝑠≥ 2, the ML estimate of 𝝑 based on 𝐱 exists if

min 
1≤𝑖≤𝑐𝑣

𝑥𝑖,𝑟𝑖−𝑣+1 < max 
1≤𝑖≤𝑐𝑣

𝑥𝑖,𝑟𝑖−𝑣+1

for some 𝑣 ∈ {1,… , 𝑟1} and

𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

ln(𝑥𝑖𝑣) −
𝑟1∑
𝑣=1 

𝑐𝑣
∑𝑐𝑣

𝑖=1(ln
2(𝑥𝑖,𝑟𝑖−𝑣+1) − ln2(𝑥𝑖,𝑟𝑖−𝑣))

2
∑𝑐𝑣

𝑖=1(ln(𝑥𝑖,𝑟𝑖−𝑣+1) − ln(𝑥𝑖,𝑟𝑖−𝑣)) 
> 0 . (7)

For 𝜏 > 0, it cannot be established that the ML estimate of 𝝑 exists with probability 1. This is different from the particular case 
𝜏 = 0, in which almost-sure existence (and uniqueness) of the ML estimator of 𝝑 is guaranteed for 𝑠 ≥ 2; see Cramer and Kamps [20]

and Bedbur et al. [21] for respective results in an i.i.d. setting (𝑟1 =⋯ = 𝑟𝑠) of sequential OSs.

Example 3.3. Continuing the real data analyses in Example 2.2, the sufficiency condition (7) turns out to be fulfilled for the data set 
𝐱 =
(
𝒙1,… ,𝒙60

)
of oxide inclusion sizes above 𝜏 = 6.5. Using equation (5), the ML estimate of 𝛽 is obtained as 𝛽(𝐱) = 0.72. The ML 

estimates of the model parameters 𝛾1,… , 𝛾23 are determined according to formula (6). In Fig. 4, the inferential results are illustrated. 
On the left, the profile log-likelihood function (4) is plotted for selected values of the shape parameter 𝛽, where the model parameters 
𝛾𝑣, 1 ≤ 𝑣 ≤ 23, are replaced by their respective estimates according to formula (6); the maximum is attained at 𝛽(𝐱) = 0.72. On the 
right, the ML estimates 𝛾̂𝑣(𝐱), 1 ≤ 𝑣 ≤ 23, are shown and plotted against the index 𝑣 − 1, indicating a linear increase in the model 
parameters.

The idea of a linear increase in the model parameters is further developed in Sections 5-7, including a hypotheses test for a 
respective functional relationship as well as related statistical inference. In particular, the intercept parameter may serve as a material 
indicator. However, we shall first demonstrate that there is indeed a need for a more flexible model than OSs to describe our data 
set.

4. Model check: OSs versus general model (2)

From now on, we consider the model introduced in Section 2 in case that the shape parameter 𝛽 > 0 is fixed. By setting 𝜸 =
(𝛾1,… , 𝛾𝑟1 ), the density in formula (2) is then seen to be of the form

𝑓𝜸 (𝐱) = exp

{
𝑟1∑
𝑣=1 

𝛾𝑣𝑇𝑣(𝐱) − 𝜅(𝜸)

}
ℎ(𝐱) (8)

with statistics 𝑇𝑣, 1 ≤ 𝑣 ≤ 𝑟1, as in formula (3) being free of 𝜸, constant 𝜅(𝜸) = −
∑𝑟1

𝑣=1 𝑐𝑣 ln(𝛾𝑣), and a mapping ℎ being free of 𝜸, too. 
The corresponding distributions 𝑃𝜸 , 𝜸 ∈ (0,∞)𝑟1 , therefore form a regular exponential family with natural parameter 𝜸, sufficient 
and complete statistic 𝑻 = (𝑇1,… , 𝑇𝑟1 ), and cumulant function 𝜅; cf. Bedbur et al. [22,23], Bedbur and Kamps [24, Section 6.3]. It 
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is well-known that in this model, the statistics 𝑇1,… , 𝑇𝑟1 are jointly independent, where −𝑇𝑣 ∼ Γ(𝑐𝑣,1∕𝛾𝑣) has a gamma distribution 
with shape parameter 𝑐𝑣 and scale parameter 1∕𝛾𝑣 for 1 ≤ 𝑣 ≤ 𝑟1. Moreover, the ML estimator of 𝜸 uniquely exists and is given by 
𝜸̂ = (𝛾̂1,… , 𝛾̂𝑟1 ) with 𝛾̂𝑣 = −𝑐𝑣∕𝑇𝑣, 1 ≤ 𝑣 ≤ 𝑟1; see, e.g., Cramer and Kamps [25]. These findings can be utilized to find a likelihood 
ratio (LR) statistic for a model check in the sense whether OSs are appropriate to describe the data or have to be rejected in favour 
of the more general model; see Cramer and Kamps [20] and Bedbur et al. [26] for respective tests in i.i.d. settings (𝑟1 =⋯ = 𝑟𝑠) of 
sequential and generalized order statistics. In terms of our parametrization, the test problem reads

𝐻0 ∶ ∃𝛾 > 0 ∶ 𝛾𝑗 = 𝑗𝛾 , 1 ≤ 𝑗 ≤ 𝑟1 against

𝐻1 ∶ ∄𝛾 > 0 ∶ 𝛾𝑗 = 𝑗𝛾 , 1 ≤ 𝑗 ≤ 𝑟1 , (9)

where a rejection of 𝐻0 yields that common OSs from any distribution function 𝐹 (𝑥) = 1 − exp{−𝛾(𝑥𝛽 − 𝜏𝛽 )}, 𝑥 > 𝜏 , for some 𝛾 > 0
are inappropriate to describe the data.

For Θ𝑀
0 = {(𝛾,2𝛾,… , 𝑟1𝛾) ∶ 𝛾 > 0}, the LR statistic is obtained as

Λ𝑀 = −2 ln
⎛⎜⎜⎝ sup 𝜸∈Θ𝑀

0

𝑓𝜸

𝑓𝜸̂

⎞⎟⎟⎠ = inf 
𝛾>0

(
2

𝑟1∑
𝑣=1 

𝑐𝑣

{
𝑣𝛾

𝛾̂𝑣
− ln
(
𝑣𝛾

𝛾̂𝑣

)
− 1
})

.

As the global minimum value is attained at 𝛾̂ = 𝑐[
∑𝑟1

𝑣=1(𝑣𝑐𝑣∕𝛾̂𝑣)]
−1, it can be rewritten as

Λ𝑀 = −2
𝑟1∑
𝑣=1 

𝑐𝑣 ln
(
𝑣𝛾̂

𝛾̂𝑣

)
with

𝑣𝛾̂

𝛾̂𝑣
= 𝑐

𝑐𝑣

𝑣𝑇𝑣∑𝑟1
𝑘=1 𝑘𝑇𝑘

, 1 ≤ 𝑣 ≤ 𝑟1.

Note that the statistics −𝑣𝑇𝑣 , 1≤ 𝑣 ≤ 𝑟1, are jointly independent and that, under the null hypothesis, −𝑣𝑇𝑣 is gamma-distributed with 
shape parameter 𝑐𝑣 and scale parameter 1∕𝛾 for 1 ≤ 𝑣 ≤ 𝑟1 and some 𝛾 > 0. As a consequence, Λ𝑀 has a single null distribution, 
i.e., a distribution not depending on the specific value of 𝛾 if 𝐻0 is true. The LR test with level 𝑝 ∈ (0,1) therefore rejects the null 
hypothesis if and only if Λ𝑀 > 𝑑𝑀 , where 𝑑𝑀 is the (1 − 𝑝)-quantile of the random variable

−2
𝑟1∑
𝑣=1 

𝑐𝑣 ln
(
𝑐𝐷𝑣

𝑐𝑣

)
(10)

with the random vector (𝐷1,… ,𝐷𝑟1
) following a Dirichlet distribution with parameters 𝑐1,… , 𝑐𝑟1 . Simulation can now be used to 

generate a large sample from random variable (10), the empirical (1 − 𝑝)-quantile of which may then serve as an estimate of 𝑑𝑀 .

Example 4.1. Referring to the real data set of oxide inclusion sizes, we continue with Example 3.3 and perform the model test for 
test problem (9) with 𝑟1 = 23. Based on the recorded inclusion sizes 𝐱 = (𝒙1,… ,𝒙60), the LR statistic attains the value Λ𝑀 (𝐱) = 34.73. 
Assuming a significance level of 𝑝 = 0.05, the critical value is obtained as 𝑑𝑀 = 34.62 based on 106 simulations. Hence, the null 
hypothesis of test problem (9) can be rejected at level 5% (and at every larger significance level). This finding indicates that common 
OSs based on i.i.d. random variables (with truncated Weibull distributions) are not appropriate for modelling the observed inclusion 
sizes in our data set.

5. Testing for a linear link function

If the number 𝑠 of samples in the model proposed in Section 4 is small, every component of 𝜸 is estimated on the basis of only a 
few observations, which may result in inaccurate values. We therefore aim at a reduction of the number of involved parameters by 
following a link-function approach. Such a link function connects the parameters among themselves and yields an additional model 
assumption, which, of course, has to be justified in some sense, for instance, by a statistical test; see Balakrishnan et al. [27], Volovskiy 
et al. [28], and Bedbur and Seiche [29] for a respective account in an accelerated lifetime model based on generalized order statistics.

Let 𝑦1,… , 𝑦𝑟1 be fixed real numbers taking at least two different values. We are interested in testing the null hypothesis

𝐻0 ∶ ∃ (𝑎, 𝑏) ∈ Ξ ∶ 𝛾𝑣 = 𝑎+ 𝑏𝑦𝑣 , 1 ≤ 𝑣 ≤ 𝑟1 , (11)

corresponding to the presence of a linear link function connecting 𝛾1,… , 𝛾𝑟1 . Here,

Ξ = {(𝑎, 𝑏) ∈ℝ2 ∶ 𝑎+ 𝑏𝑦𝑣 > 0, 1 ≤ 𝑣 ≤ 𝑟1} (12)

denotes the set of admissible link-function parameters.

In what follows, we develop an asymptotic likelihood ratio test to check for null hypothesis (11). To this end, ML estimation of 𝜸
under the null hypothesis is considered, first.

Lemma 5.1. The ML estimator of 𝜸 in

Θ𝐿
0 = {(𝑎+ 𝑏𝑦1,… , 𝑎+ 𝑏𝑦𝑟1 ) ∶ 𝑎, 𝑏 ∈ Ξ}
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Fig. 5. ML estimates 𝛾̂𝑣(𝐱) in black and plug-in estimates 𝛾̂𝐿
𝑣
(𝐱) in blue of 𝛾𝑣 plotted against 𝑣− 1 (weights 𝑦𝑣 = 𝑣− 1). 

exists, is unique, and given by

𝜸̂𝐿 = 
(
𝑎̂+ 𝑏̂𝑦1,… , 𝑎̂+ 𝑏̂𝑦𝑟1

)
,

where (𝑎̂, 𝑏̂) is the only solution of the equations

𝑎 = − 𝑏𝑊 + 𝑐

𝑉
and

𝑟1∑
𝑣=1 

𝑐𝑣𝑦𝑣𝑉 
𝑐 + 𝑏(𝑊 − 𝑦𝑣𝑉 )

= 𝑊 (13)

with respect to (𝑎, 𝑏) ∈ Ξ. Here, the statistics 𝑉 and 𝑊 are defined by 𝑉 =
∑𝑟1

𝑣=1 𝑇𝑣 and 𝑊 =
∑𝑟1

𝑣=1 𝑦𝑣𝑇𝑣.

Proof. Setting 𝛾𝑣 = 𝑎 + 𝑏𝑦𝑣, 1 ≤ 𝑣 ≤ 𝑟1, in formula (8), the restricted distribution class {𝑃𝜸 ∶ 𝜸 ∈ Θ𝐿
0 } is seen to form a regular 

exponential family with natural parameter (𝑎, 𝑏) and sufficient statistic (𝑉 ,𝑊 ). By using the density transformation theorem, (𝑉 ,𝑊 )
can be shown to have a Lebesgue density, and applying Corollary 2.3.1 and Theorem 2.3.2 in Bickel and Doksum [30] then yields 
that the ML estimator (𝑎̂, 𝑏̂), say, of (𝑎, 𝑏) in Ξ exists, is unique, and given by the only solution of the likelihood equations

𝑉 +
𝑟1∑
𝑣=1 

𝑐𝑣

𝑎+ 𝑏𝑦𝑣
= 0 and 𝑊 +

𝑟1∑
𝑣=1 

𝑐𝑣𝑦𝑣

𝑎+ 𝑏𝑦𝑣
= 0

with respect to (𝑎, 𝑏) ∈ Ξ. These formulas can be rewritten as stated in the theorem by using that 𝑎𝑉 + 𝑏𝑊 = −𝑐. □

Example 5.2. We continue with Example 3.3 and first recall that fewer than ten control areas provide information on the parameters 
𝛾17,… , 𝛾23; see Table 1. The corresponding ML estimates will therefore tend to be less accurate than those with smaller indexes. 
Motivated by Fig. 4, a linear relationship between the model parameter is assumed, i.e., 𝛾𝐿

𝑣
= 𝑎 + 𝑏(𝑣 − 1), 1 ≤ 𝑣 ≤ 23, for some 

unknown vector (𝑎, 𝑏) ∈ Ξ of link-function parameters. Using formula (13), the ML estimates of 𝑎 and 𝑏 are obtained as 𝑎̂(𝐱) = 0.64
and 𝑏̂(𝐱) = 0.84. For 1≤ 𝑣 ≤ 23, the plug-in estimate 𝛾̂𝐿

𝑣
(𝐱) = 𝑎̂(𝐱)+ 𝑏̂(𝐱)(𝑣−1) is shown in Fig. 5 along with the ML estimate 𝛾̂𝑣(𝐱) of 𝛾𝑣. 

A comparison yields a good fit for model parameters with small indexes, which are associated with the occurrence of large inclusions 
and therefore of more relevance in our study. However, to statistically substantiate our link-function approach, a hypotheses test 
would be useful.

Having derived the ML estimator of 𝜸 in Θ𝐿
0 , the LR statistic for testing 𝐻0 ∶ 𝜸 ∈ Θ𝐿

0 against 𝐻1 ∶ 𝜸 ∉ Θ𝐿
0 is given by Λ𝐿 =

−2 ln(𝑓
𝜸̂𝐿
∕𝑓𝜸̂). It can be simplified as follows.

Lemma 5.3. The LR statistic for testing 𝐻0 ∶ 𝜸 ∈Θ𝐿
0 against 𝐻1 ∶ 𝜸 ∉Θ𝐿

0 is given by

Λ𝐿 = 2
𝑟1∑
𝑣=1 

𝑐𝑣 ln
(

𝛾̂𝑣

𝛾̂𝐿
𝑣

)
. (14)
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Proof. Upon inserting 𝛾̂ and 𝜸̂𝐿 in density (8), we obtain

Λ𝐿 = 2
𝑟1∑
𝑣=1 

[(
𝛾̂𝑣 − 𝛾̂𝐿

𝑣

)
𝑇𝑣 + 𝑐𝑣(ln(𝛾̂𝑣) − ln(𝛾̂𝐿

𝑣
))
]

= 2
𝑟1∑
𝑣=1 

𝑐𝑣

[
𝛾̂𝐿
𝑣

𝛾̂𝑣
− ln

(
𝛾̂𝐿
𝑣

𝛾̂𝑣

)
− 1

]
by using that 𝑇𝑣 = −𝑐𝑣∕𝛾̂𝑣 for 1 ≤ 𝑣 ≤ 𝑟1. Since

𝑟1∑
𝑣=1 

𝑐𝑣
𝛾̂𝐿
𝑣

𝛾̂𝑣
= 

𝑟1∑
𝑣=1 

𝑐𝑣
(
𝑎̂+ 𝑏̂𝑦𝑣

) −𝑇𝑣
𝑐𝑣

= −𝑎̂𝑉 − 𝑏̂𝑊 = 𝑐

by the first equation in formula (13), the expression for Λ𝐿 can be simplified as stated. □

Note that Λ𝐿 does not have a single null distribution, i.e., its distribution depends on the specific parameter 𝜸 ∈ Θ𝐿
0 . This gives 

rise to an asymptotic approach.

Theorem 5.4. For 1 ≤ 𝑣 ≤ 𝑟1, let 𝜆𝑣 = 𝑐𝑣∕𝑐 > 0 be constant as 𝑐 → ∞, and let 𝑟1 ≥ 3. Then, for every 𝜸 ∈ Θ𝐿
0 , Λ𝐿 has a 𝜒2(𝑟1 − 2)

distribution, i.e., a chi-square distribution with 𝑟1 − 2 degrees of freedom, as 𝑐 →∞.

Proof. The statistics 𝑇𝑖,𝑣(𝐱) = 𝑥
𝛽

𝑖,𝑟𝑖−𝑣
− 𝑥

𝛽

𝑖,𝑟𝑖−𝑣+1
, 1 ≤ 𝑖 ≤ 𝑐𝑣, 1 ≤ 𝑣 ≤ 𝑟1, are jointly independent, where −𝑇1,𝑣,… ,−𝑇𝑐𝑣,𝑣 have an 

exponential distribution with scale parameter 1∕𝛾𝑣 for 1 ≤ 𝑣 ≤ 𝑟1. That is, we have 𝑟1 independent samples with 𝑐𝑣 i.i.d. random 
variables in sample 𝑣, 1 ≤ 𝑣 ≤ 𝑟1, having density 𝑔𝛾𝑣 (𝑥) = 𝛾𝑣𝑒

−𝛾𝑣𝑥, 𝑥 > 0. Now, introducing the functions

𝜁𝑣(𝜸) = 𝛾𝑣 −
𝑦𝑟1 − 𝑦𝑣

𝑦𝑟1 − 𝑦𝑟1−1
𝛾𝑟1−1 −

𝑦𝑣 − 𝑦𝑟1−1

𝑦𝑟1 − 𝑦𝑟1−1
𝛾𝑟1 , 𝜸 ∈ (0,∞)𝑟1 ,

for 1 ≤ 𝑣 ≤ 𝑟1 − 2, null hypothesis (11) can be rewritten as

𝐻0 ∶ 𝜁1(𝜸) = … = 𝜁𝑟1−2(𝜸) = 0 ,

and the asymptotic distribution of Λ𝐿 for 𝜸 ∈Θ𝐿
0 is obtained from Bradley and Gart [31, Section 2.4]. □

Applying Theorem 5.4, a test for test problem 𝐻0 ∶ 𝜸 ∈Θ𝐿
0 against 𝐻1 ∶ 𝜸 ∉Θ𝐿

0 with asymptotic level 𝑝 is now given by

𝜑𝐿 = 1(𝜒2
1−𝑝(𝑟1−2),∞)(Λ𝐿) ,

where 𝜒2
1−𝑝(𝑟1 − 2) denotes the (1 − 𝑝)-quantile of 𝜒2(𝑟1 − 2) and the notation 1𝐴 is used for the indicator function of set 𝐴.

Example 5.5. Continuing with Example 5.2, we compute the value of the LR statistic in formula (14) and obtain Λ𝐿(𝐱) = 31.22. 
Assuming an (asymptotic) significance level of 𝑝 = 0.05, the critical value is the 0.95-quantile of the chi-square distribution with 
𝑟1 − 2 = 21 degrees of freedom, i.e., 𝜒2

0.95(21) = 32.76. Consequently, the null hypothesis 𝐻0 ∶ 𝜸 ∈Θ𝐿
0 of a linear link function cannot 

be rejected at level 5%.

6. Tests for the link-function parameters

Once having validated the linear link-function model proposed in Section 5, we arrive at the submodel with densities

𝑓𝐿
𝑎,𝑏
(𝐱) = exp

{
𝑎𝑉 (𝐱) + 𝑏𝑊 (𝐱) +

𝑟1∑
𝑣=1 

𝑐𝑣 ln(𝑎+ 𝑏𝑦𝑣)

}
ℎ(𝐱)

for (𝑎, 𝑏) ∈ Ξ with Ξ as in formula (12) and 𝑉 ,𝑊 as in Lemma 5.1. The uncertainty of the model is then fully captured within the slope 
𝑏 and intercept 𝑎 of the link function, the latter of which could serve as a material indicator. By making use of the exponential family 
structure of the densities, uniformly most powerful unbiased (UMPU) tests for each of the link-function parameters can be established. 
Here, we focus on one-sided test problems; UMPU tests for two-sided test problems and test problems with interval hypotheses can 
similarly be obtained.

Theorem 6.1. Let (𝑎0, 𝑏0) ∈ Ξ and 𝑝 ∈ (0,1).

(i) For the one-sided test problem 𝐻0 ∶ 𝑎 ≤ 𝑎0 against 𝐻1 ∶ 𝑎 > 𝑎0, a UMPU level-𝑝 test is given by

𝜑 = 1(−𝑣𝑝(𝑊 ),∞)(𝑉 ) ,
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where, for every 𝑤∈ℝ, 𝑣𝑝(𝑤) denotes the 𝑝-quantile of the conditional distribution of 
∑𝑟1

𝑗=1𝑍𝑗 given 
∑𝑟1

𝑗=1 𝑦𝑗𝑍𝑗 = −𝑤 for independent 
random variables 𝑍𝑗 ∼ Γ(𝑐𝑗 ,1∕(𝑎0 + 𝑏𝑦𝑗 )), 1 ≤ 𝑗 ≤ 𝑟1, for some arbitrary (𝑎0, 𝑏) ∈ Ξ.

(ii) For the one-sided test problem 𝐻0 ∶ 𝑏 ≤ 𝑏0 against 𝐻1 ∶ 𝑏 > 𝑏0, a UMPU level-𝑝 test is given by

𝜑 = 1(−𝑤𝑝(𝑉 ),∞)(𝑊 ) ,

where, for every 𝑣 < 0, 𝑤𝑝(𝑣) denotes the 𝑝-quantile of the conditional distribution of 
∑𝑟1

𝑗=1 𝑦𝑗𝑍𝑗 given 
∑𝑟1

𝑗=1𝑍𝑗 = −𝑣 for independent 
random variables 𝑍𝑗 ∼ Γ(𝑐𝑗 ,1∕(𝑎+ 𝑏0𝑦𝑗 )), 1 ≤ 𝑗 ≤ 𝑟1, for some arbitrary (𝑎, 𝑏0) ∈ Ξ.

Proof. The assertions directly follow from Theorem 4.4.1 and Lemma 2.7.2 (ii) in Lehmann and Romano [32]. □

The critical values in Theorem 6.1 have to be obtained numerically via simulation. In case (i), we may set 𝑏 = 0 if 𝑎0 > 0, and in 
case (ii), we may choose 𝑎 = 0 if 𝑏0𝑦𝑗 > 0 for 1 ≤ 𝑗 ≤ 𝑟1.

Example 6.2. We apply Theorem 6.1 to our data set 𝐱 = (𝒙1,… ,𝒙60) of oxide inclusion sizes in order to decide between the hypotheses 
𝐻0 ∶ 𝑎 ≤ 𝑎0 and 𝐻1 ∶ 𝑎 > 𝑎0. Since 𝑦1 = 0, this test problem can also be interpreted in terms of the parameter 𝛾1 = 𝑎 associated with 
the occurrence of maximum inclusions. The threshold 𝑎0 may be specified, for instance, as

𝑎0 = − ln(1 − 𝑞) 
𝑦0.72
𝑞

− 𝜏0.72
,

where 𝑦𝑞 denotes the empirical 𝑞-quantile of all data in 𝐱. Here, we choose 𝑞 = 0.8, which gives 𝑦𝑞 = 12.08 and 𝑎0 = 0.76. The test 
statistic is realized as 𝑉 (𝐱) = −251.15 and, for a significance level of 𝑝 = 0.05, we obtain the critical value −𝑣𝑝(𝑊 (𝐱)) = −215.75
based on 106 simulated samples using rejection sampling. Hence, the null hypothesis 𝐻0 ∶ 𝑎 ≤ 0.76 cannot be rejected at level 5%, 
which is consistent with the ML estimate 𝑎̂(𝐱) = 0.64 of 𝑎 computed in Example 5.2.

To accept or reject a particular link function in a given situation, a test should be available to check for a simple null hypothesis 
about (𝑎, 𝑏).

Lemma 6.3. For (𝑎0, 𝑏0) ∈ Ξ, the LR statistic for the test problem 𝐻0 ∶ (𝑎, 𝑏) = (𝑎0, 𝑏0) against 𝐻1 ∶ (𝑎, 𝑏) ≠ (𝑎0, 𝑏0) is given by

Λ0 = 2

[
−𝑐 − 𝑎0𝑉 − 𝑏0𝑊 +

𝑟1∑
𝑣=1 

𝑐𝑣 ln

(
𝑎̂+ 𝑦𝑣𝑏̂

𝑎0 + 𝑦𝑣𝑏0

)]
.

Proof. Lemma 5.1 yields that

Λ0 = −2 ln
⎛⎜⎜⎝
𝑓𝐿
𝑎0 ,𝑏0

𝑓𝐿

𝑎̂,𝑏̂

⎞⎟⎟⎠ = 2

[
(𝑎̂− 𝑎0)𝑉 + (𝑏̂− 𝑏0)𝑊 +

𝑟1∑
𝑣=1 

𝑐𝑣 ln

(
𝑎̂+ 𝑦𝑣𝑏̂

𝑎0 + 𝑦𝑣𝑏0

)]
,

from which the representation is obtained by noting that 𝑎̂𝑉 + 𝑏̂𝑊 = −𝑐. □

Lemma 6.3 can be used to construct a test

𝜑0 = 1(−∞,𝑐1−𝑝)(Λ0)

for 𝐻0 ∶ (𝑎, 𝑏) = (𝑎0, 𝑏0) against 𝐻1 ∶ (𝑎, 𝑏) ≠ (𝑎0, 𝑏0) with exact level 𝑝. Here, the critical value 𝑐1−𝑝 is the (1 − 𝑝)-quantile of Λ0 for 
(𝑎, 𝑏) = (𝑎0, 𝑏0), which can be obtained empirically via simulation (sample independently from gamma distributions 
Γ(𝑐𝑣,1∕(𝑎0 + 𝑏0𝑦𝑣)), 1 ≤ 𝑣 ≤ 𝑟1).

7. Confidence bands for the link function

Finally, we point out how to obtain simple Wald-type confidence regions for (𝑎, 𝑏), which can be used to construct confidence 
bands for the graph of the link function in the two-dimensional plane. For this, we first address some asymptotic properties of the 
ML estimator (𝑎̂, 𝑏̂).

Lemma 7.1. For 1≤ 𝑣 ≤ 𝑟1, let 𝜆𝑣 = 𝑐𝑣∕𝑐 > 0 be constant as 𝑐→∞. Then, as 𝑐 tends to infinity, 
√
𝑐[(𝑎̂, 𝑏̂)− (𝑎, 𝑏)] converges in distribution 

to a bivariate normal distribution with mean zero and covariance matrix [𝐉(𝑎, 𝑏)]−1, where

𝐉(𝑎, 𝑏) = 
⎛⎜⎜⎝
∑𝑟1

𝑣=1
𝜆𝑣

(𝑎+𝑏𝑦𝑣)2
∑𝑟1

𝑣=1
𝜆𝑣𝑦𝑣

(𝑎+𝑏𝑦𝑣)2∑𝑟1
𝑣=1

𝜆𝑣𝑦𝑣

(𝑎+𝑏𝑦𝑣)2
∑𝑟1

𝑣=1
𝜆𝑣𝑦

2
𝑣

(𝑎+𝑏𝑦𝑣)2

⎞⎟⎟⎠ for (𝑎, 𝑏) ∈ Ξ .
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Fig. 6. Confidence regions 𝐶1(𝐱) in light green and 𝐶2(𝐱) in dark green for (𝑎, 𝑏) with asymptotic level 95% (left) along with the corresponding confidence bands 
𝐵𝐶1 (𝐱) and 𝐵𝐶2(𝐱) for the link function (right). The ML estimate of (𝑎, 𝑏) and the associated estimated link function are indicated in blue.

In particular, (𝑎̂, 𝑏̂) is consistent for (𝑎, 𝑏).

Proof. Using the notation in the proof of Theorem 5.4, the data situation is distribution-theoretically equivalent to having 𝑟1 inde

pendent samples, where sample 𝑣 ∈ {1,… , 𝑟1} comprises 𝑐𝑣 i.i.d. random variables with density 𝑔(𝑣)
𝑎,𝑏
(𝑥) = (𝑎 + 𝑏𝑦𝑣)𝑒−(𝑎+𝑏𝑦𝑣)𝑥, 𝑥 > 0; 

cf. Bedbur and Seiche [29, Section 6]. Here, the Fisher information matrix in sample 𝑣 reads

𝐈𝑣(𝑎, 𝑏) = 
⎛⎜⎜⎝

1 
(𝑎+𝑏𝑦𝑣)2

𝑦𝑣

(𝑎+𝑏𝑦𝑣)2

𝑦𝑣

(𝑎+𝑏𝑦𝑣)2
𝑦2𝑣

(𝑎+𝑏𝑦𝑣)2

⎞⎟⎟⎠ , (𝑎, 𝑏) ∈ Ξ , 1 ≤ 𝑣 ≤ 𝑟1 .

Theorem 7.1 in Lehmann and Casella [33, p. 475] yields the assertion. □

From Lemma 7.1, the asymptotic distribution of

(𝑎̂− 𝑎, 𝑏̂− 𝑏)𝐉(𝑎, 𝑏)(𝑎̂− 𝑎, 𝑏̂− 𝑏)𝑡

is seen to be an exponential distribution with scale parameter 2, which yields that the Wald-type confidence regions

𝐶1 =
{
(𝑎, 𝑏) ∈ Ξ ∶ 𝑐 (𝑎̂− 𝑎, 𝑏̂− 𝑏) 𝐉(𝑎, 𝑏) (𝑎̂− 𝑎, 𝑏̂− 𝑏)𝑡 ≤ −2 ln(𝑝)

}
and 𝐶2 =

{
(𝑎, 𝑏) ∈ Ξ ∶ 𝑐 (𝑎̂− 𝑎, 𝑏̂− 𝑏) 𝐉(𝑎̂, 𝑏̂) (𝑎̂− 𝑎, 𝑏̂− 𝑏)𝑡 ≤ −2 ln(𝑝)

}
for (𝑎, 𝑏) have asymptotic level 1 − 𝑝. Among others, such a confidence region 𝐶 , say, can be used to define a confidence band

𝐵𝐶 = 
⋃

(𝑎,𝑏)∈𝐶

{
(𝑣, 𝑎+ 𝑏𝑦𝑣) ∶ 𝑣 ∈ {1,… , 𝑟1}

}
(15)

for the graph of the linear link function (considered a function of index 𝑣). By construction, 𝐵𝐶 then has a level not smaller than that 
of 𝐶 .

Example 7.2. Continuing with Example 5.2, the ML estimates 𝑎̂(𝐱) = 0.64 and 𝑏̂(𝐱) = 0.84 for the intercept and slope of the linear link 
function are used to determine the Wald-type confidence regions 𝐶1(𝐱) and 𝐶2(𝐱) for an (asymptotic) confidence level of 1−𝑝 = 0.95. 
In Fig. 6, the resulting regions are shown, where 𝐶2(𝐱) is an ellipse by construction and 𝐶1 has a similar shape. Moreover, the 
corresponding confidence bands 𝐵𝐶1(𝐱) and 𝐵𝐶2(𝐱) are depicted along with the ML estimates 𝛾̂𝑣(𝐱) and plug-in estimates 𝛾̂𝐿

𝑣
(𝐱) of 𝛾𝑣, 

1 ≤ 𝑣 ≤ 23. Although both confidence bands may be conservative in the sense that their actual confidence levels are higher than 95%, 
the realized bands turn out to be narrow and thus informative. 
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8. Discussion

For a data set with several independent samples of ascendingly ordered measurements above a given threshold, where common 
order statistics fail to serve as an adequate model within the samples, a model of ordered random variables is fitted, which is flexible 
concerning growth behaviour of the measurements. Specifically, we consider a data set on sizes of non-metallic (oxide) inclusions 
in an engineering steel consisting of a total number of 719 observations above the threshold 6.5 (μm), assigned to 60 control areas. 
Here, inclusion size is regarded as the most relevant geometrical parameter, as large inclusions are identified as primary contributors 
to damage development during testing. Similar problems and data structures appear, e.g., in other fields of material science.

In the proposed consistent parametric model of ordered random variables, a baseline distribution has to be determined; based 
on the metallurgy data set there is evidence to choose a left-truncated Weibull distribution. In the model under consideration, joint 
maximum likelihood estimation of the Weibull shape parameter and model parameters is studied. A model test is offered with the 
null-hypothesis constituting common order statistics. In case of rejection, we proceed using the general model.

In order to reduce the number of model parameters in case of smaller data sets or to increase precision of inferential procedures, 
a link-function approach is examined. The parameters of a linear link function, say, may serve as material indicators, in addition. 
Here, the intercept parameter is associated with the occurrence of maximum inclusions. We provide an asymptotic test to check for 
the presence of a linear link function as well as tests concerning the parameters of a linear link function. Moreover, in the latter 
situation, simultaneous confidence regions for the link-function parameters and confidence bands for the graph of the link function 
are developed. Throughout, the methods are exemplified using the metallurgy data set.

Future work may refer to comparisons of materials and respective statistical inference by means of independent samples of non

metallic inclusion sizes above some threshold in order to detect material differences.
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Appendix A. Proofs

A.1. Proof of Theorem 3.1

For 𝛽 > 0, let

𝛾𝑣(𝛽) = 𝑐𝑣

[
𝑐𝑣∑
𝑖=1 

(𝑥𝛽
𝑖,𝑟𝑖−𝑣+1

− 𝑥
𝛽

𝑖,𝑟𝑖−𝑣
)

]−1
, 1 ≤ 𝑣 ≤ 𝑟1 ,

and

𝑑 = 
𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

ln(𝑥𝑖𝑣)

for a short notation. Then, by using that ln(𝑦) ≤ ln(𝑧) − 1 + 𝑦∕𝑧 for 𝑦, 𝑧 > 0 with strict inequality for 𝑦 ≠ 𝑧,

𝓁(𝝑) =
𝑟1∑
𝑣=1 

𝑐𝑣 ln(𝛾𝑣) + 𝑐 ln(𝛽) − 
𝑟1∑
𝑣=1 

𝑐𝑣𝛾𝑣

𝛾𝑣(𝛽)
+ (𝛽 − 1)𝑑

≤

𝑟1∑
𝑣=1 

𝑐𝑣[ln(𝛾𝑣(𝛽)) − 1] + 𝑐 ln(𝛽) + (𝛽 − 1)𝑑 = 𝓁(𝛽) , say ,

with equality if and only if 𝛾𝑣 = 𝛾𝑣(𝛽) for 1 ≤ 𝑣 ≤ 𝑟1. Setting

𝜌𝑣(𝛽) = 1 
𝛾𝑣(𝛽)

= 1 
𝑐𝑣

𝑐𝑣∑
𝑖=1 

(𝑥𝛽
𝑖,𝑟𝑖−𝑣+1

− 𝑥
𝛽

𝑖,𝑟𝑖−𝑣
) , 𝛽 > 0 , 1 ≤ 𝑣 ≤ 𝑟1 ,

the first two derivatives of 𝓁 are given by
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𝓁′(𝛽) = −
𝑟1∑
𝑣=1 

𝑐𝑣
𝜌′
𝑣
(𝛽)

𝜌𝑣(𝛽)
+ 𝑐

𝛽
+ 𝑑 (A.1)

and 𝓁′′(𝛽) =
𝑟1∑
𝑣=1 

𝑐𝑣
[𝜌′

𝑣
(𝛽)]2 − 𝜌′′

𝑣
(𝛽) 𝜌𝑣(𝛽)

𝜌2
𝑣
(𝛽) 

− 𝑐

𝛽2
, 𝛽 > 0 .

In particular, for 𝑠 = 1, we have 𝑐1 =⋯ = 𝑐𝑟1 = 1 and thus

𝓁′(𝛽) = −
𝑟1∑
𝑣=1 

ln(𝑥1,𝑟1−𝑣+1)𝑥
𝛽

1,𝑟1−𝑣+1
− ln(𝑥1,𝑟1−𝑣)𝑥

𝛽

1,𝑟1−𝑣

𝑥
𝛽

1,𝑟1−𝑣+1
− 𝑥

𝛽

1,𝑟1−𝑣

+ 
𝑟1
𝛽

+
𝑟1∑
𝑣=1 

ln(𝑥1𝑣)

= −
𝑟1∑
𝑣=1 

ln(𝑥1𝑣)𝑥
𝛽

1𝑣 − ln(𝑥1,𝑣−1)𝑥
𝛽

1,𝑣−1

𝑥
𝛽

1𝑣 − 𝑥
𝛽

1,𝑣−1

+ 
𝑟1
𝛽

+
𝑟1∑
𝑣=1 

ln(𝑥1𝑣)

= −
𝑟1∑
𝑣=1 

[ln(𝑥1𝑣) − ln(𝑥1,𝑣−1)] 𝑥
𝛽

1,𝑣−1

𝑥
𝛽

1𝑣 − 𝑥
𝛽

1,𝑣−1

+ 
𝑟1
𝛽

= −1 
𝛽

𝑟1∑
𝑣=1 

ln

((
𝑥1𝑣

𝑥1,𝑣−1

)𝛽) 𝑥
𝛽

1,𝑣−1

𝑥
𝛽

1𝑣 − 𝑥
𝛽

1,𝑣−1

+ 
𝑟1
𝛽

> −1 
𝛽

𝑟1∑
𝑣=1 

((
𝑥1𝑣

𝑥1,𝑣−1

)𝛽
− 1

)
𝑥
𝛽

1,𝑣−1

𝑥
𝛽

1𝑣 − 𝑥
𝛽

1,𝑣−1

+ 
𝑟1
𝛽

= 0 ,

such that an ML estimate of 𝛽 and thus of 𝝑 does not exist in that case.

Now, let 𝑠 ≥ 2. To establish that 𝓁 is strictly concave, it is sufficient to show that

𝛽2
(
[𝜌′

𝑣
(𝛽)]2 − 𝜌′′

𝑣
(𝛽) 𝜌𝑣(𝛽)

)
< 𝜌2

𝑣
(𝛽) (A.2)

for 𝛽 > 0 and 1≤ 𝑣 ≤ 𝑟1. For this, let 𝛽 > 0 and 𝑣 ∈ {1,… , 𝑟1} be arbitrary but fixed. Introducing the quantities

𝑢𝑘 = 
𝑐𝑣∑
𝑖=1 

𝑡𝑖𝑘

with

𝑡𝑖𝑘 = 𝑥𝛽
𝑖,𝑟𝑖−𝑣+1

ln𝑘(𝑥𝛽
𝑖,𝑟𝑖−𝑣+1

) − 𝑥
𝛽

𝑖,𝑟𝑖−𝑣
ln𝑘(𝑥𝛽

𝑖,𝑟𝑖−𝑣
) , 1 ≤ 𝑖 ≤ 𝑐𝑣 , 𝑘 ∈ {0,1,2} ,

inequality (A.2) can be written as 𝑢21 − 𝑢2𝑢0 < 𝑢20 or, equivalently, as

𝑢21 < 𝑢0 (𝑢0 + 𝑢2) .

Let 1 ≤ 𝑖 ≤ 𝑐𝑣 and 𝑎= 𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
and 𝑏 = 𝑥

𝛽

𝑖,𝑟𝑖−𝑣
for brevity. Then we have that 𝑎 > 𝑏 and that

(𝑡𝑖0 + 𝑡𝑖2) 𝑡𝑖0 > 𝑡2
𝑖1

⇔ [𝑎 (1 + ln2(𝑎)) − 𝑏 (1 + ln2(𝑏))] (𝑎− 𝑏) > [𝑎 ln(𝑎) − 𝑏 ln(𝑏)]2

⇔ 𝑎2 + 𝑏2 − 𝑎𝑏 (ln2(𝑎) + ln2(𝑏) + 2) > −2𝑎𝑏 ln(𝑎) ln(𝑏)

⇔ (𝑎− 𝑏)2 > 𝑎𝑏 (ln(𝑎) − ln(𝑏))2

⇔ 
√

𝑎

𝑏 
−
√

𝑏 
𝑎
> ln
(
𝑎

𝑏 

)
,

which is true, since the mapping 𝑧↦
√
𝑧−
√
1∕𝑧− ln(𝑧) with domain [1,∞) is strictly increasing and thus has a global minimum at 

𝑧 = 1. Applying the Cauchy-Schwarz inequality now yields that

𝑢21 ≤

(
𝑐𝑣∑
𝑖=1 

√
𝑡2
𝑖1

)2

< 

(
𝑐𝑣∑
𝑖=1 

√
𝑡𝑖0 + 𝑡𝑖2

√
𝑡𝑖0

)2

≤

(
𝑐𝑣∑
𝑖=1 

(𝑡𝑖0 + 𝑡𝑖2)

) (
𝑐𝑣∑
𝑖=1 

𝑡𝑖0

)
= (𝑢0 + 𝑢2) 𝑢0 .

Hence, 𝓁 is strictly concave and the equation 𝓁′(𝛽) = 0 with 𝓁′ as in formula (A.1) has at most one solution with respect to 𝛽 > 0, 
which gives the ML estimate of 𝝑 based on 𝐱 in case of existence. □
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A.2. Proof of Lemma 3.2

Let 𝑠 ≥ 2, and min1≤𝑖≤𝑐𝑣 𝑥𝑖,𝑟𝑖−𝑣+1 < max1≤𝑖≤𝑐𝑣 𝑥𝑖,𝑟𝑖−𝑣+1 for some 𝑣 ∈ {1,… , 𝑟1}, and inequality (7) be true. To show exis

tence of a solution of equation (5) or, equivalently, of the equation 𝓁′(𝛽) = 0, 𝛽 > 0, with 𝓁′ as in formula (A.1), let 𝑚𝑣 =
max{𝑥1,𝑟1−𝑣+1,… , 𝑥𝑐𝑣,𝑟𝑐𝑣−𝑣+1

} for 1 ≤ 𝑣 ≤ 𝑟1. Then, for every 𝑣 ∈ {1,… , 𝑟1},

𝜌′
𝑣
(𝛽)

𝜌𝑣(𝛽)
=

∑𝑐𝑣
𝑖=1(𝑥

𝛽

𝑖,𝑟𝑖−𝑣+1
ln(𝑥𝑖,𝑟𝑖−𝑣+1) − 𝑥

𝛽

𝑖,𝑟𝑖−𝑣
ln(𝑥𝑖,𝑟𝑖−𝑣))∑𝑐𝑣

𝑖=1(𝑥
𝛽

𝑖,𝑟𝑖−𝑣+1
− 𝑥

𝛽

𝑖,𝑟𝑖−𝑣
) 

=
∑𝑐𝑣

𝑖=1[(𝑥𝑖,𝑟𝑖−𝑣+1∕𝑚𝑣)𝛽 ln(𝑥𝑖,𝑟𝑖−𝑣+1) − (𝑥𝑖,𝑟𝑖−𝑣∕𝑚𝑣)𝛽 ln(𝑥𝑖,𝑟𝑖−𝑣)]∑𝑐𝑣
𝑖=1[(𝑥𝑖,𝑟𝑖−𝑣+1∕𝑚𝑣)𝛽 − (𝑥𝑖,𝑟𝑖−𝑣∕𝑚𝑣)𝛽 ] 

→ ln(𝑚𝑣)

as 𝛽 →∞, by using that 𝑥𝑖,𝑟𝑖−𝑣 < 𝑥𝑖,𝑟𝑖−𝑣+1 ≤𝑚𝑣 for 1 ≤ 𝑖 ≤ 𝑐𝑣. Hence, we find

lim 
𝛽→∞

𝓁′(𝛽) = −
𝑟1∑
𝑣=1 

𝑐𝑣 ln(𝑚𝑣) + 𝑑 = 
𝑟1∑
𝑣=1 

𝑐𝑣∑
𝑖=1 

(ln(𝑥𝑖,𝑟𝑖−𝑣+1) − ln(𝑚𝑣)) < 0 ,

since all summands are non-positive and at least one summand is negative by assumption.

Moreover, for 1 ≤ 𝑣 ≤ 𝑟1, we have that 𝜌𝑣(0+) = 0 and

𝜌′
𝑣
(0+), 𝜌′′

𝑣
(0+), 𝜌′′′

𝑣
(0+) ∈ (0,∞) ,

which, by applying l’Hospital’s rule twice, yields that

lim 
𝛽→0+

𝜌𝑣(𝛽) − 𝛽𝜌′
𝑣
(𝛽)

𝛽𝜌𝑣(𝛽) 
= lim 

𝛽→0+

−𝛽𝜌′′
𝑣
(𝛽) 

𝜌𝑣(𝛽) + 𝛽𝜌′
𝑣
(𝛽)

= lim 
𝛽→0+

−𝜌′′
𝑣
(𝛽) − 𝛽𝜌′′′

𝑣
(𝛽)

2𝜌′
𝑣
(𝛽) + 𝛽𝜌′′

𝑣
(𝛽) 

= − 
𝜌′′
𝑣
(0+) 

2𝜌′
𝑣
(0+)

.

Hence,

lim 
𝛽→0+

𝓁′(𝛽) = lim 
𝛽→0+

(
𝑑 + 𝑐

𝛽
−

𝑟1∑
𝑣=1 

𝑐𝑣
𝜌′
𝑣
(𝛽)

𝜌𝑣(𝛽)

)

= lim 
𝛽→0+

(
𝑑 +

𝑟1∑
𝑣=1 

𝑐𝑣(𝜌𝑣(𝛽) − 𝛽𝜌′
𝑣
(𝛽))

𝛽𝜌𝑣(𝛽) 

)

= 𝑑 −
𝑟1∑
𝑣=1 

𝑐𝑣𝜌
′′
𝑣
(0+)

2𝜌′
𝑣
(0+) 

> 0 ,

by inequality (7). Since 𝓁′ is continuous, existence of a solution of 𝓁′(𝛽) = 0 with respect to 𝛽 > 0 is shown, which ensures existence 
of the ML estimate by Theorem 3.1(ii). □

Data availability

The data set is described by Schmiedt et al. [2,3] and has been provided by the Department of Ferrous Metallurgy at RWTH 
Aachen University. We have the right to use the data but not to share it.
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