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 A B S T R A C T

Plasma electrolytic oxidation (PEO) coatings have been developed to regulate the degradation 
behaviour of biomedical magnesium alloy implants in physiological environments. However, 
accurately quantifying the stress corrosion cracking (SCC) behaviour of PEO-coated magnesium 
alloys remains challenging in both in vitro and in vivo conditions. To tailor and optimise 
the implant performance under complex chemo-mechanical loading conditions, it is essential 
to develop computational models to elucidate the SCC process in PEO-coated biodegradable 
magnesium alloys. In this study, we present a multiphysics phase-field model to capture 
the interactions among corrosion, fracture, and hydrogen diffusion associated with the SCC 
phenomena. The proposed model incorporates displacement field, fracture field, corrosion 
field, magnesium concentration field, and hydrogen concentration field as global primary 
variables. Three numerical examples are employed to (i) examine the influence of hydrogen 
embrittlement on the SCC behaviour of magnesium alloys, (ii) validate the model by comparing 
with in vitro experiments of a PEO-coated medical-grade magnesium alloy WE43MEO, and (iii) 
numerically investigate the SCC behaviour of PEO-coated magnesium alloys with post sealing 
treatments. The results demonstrate that the proposed model can be used as a promising tool for 
analysing and evaluating the SCC susceptibility of PEO-coated magnesium alloys in biomedical 
applications.

. Introduction

Biodegradable magnesium alloys represent a revolutionary class of next-generation biomedical materials for orthopedic implants, 
ombining exceptional mechanical performance and biocompatibility. The resorption of biodegradable magnesium alloys within 
uman body eliminates the need of follow-up removal surgeries, significantly reducing patient risks and alleviating substantial 
ocioeconomic burdens on healthcare systems. However, the fast corrosion rate of magnesium alloys in physiological environments 
eads to a critical challenge for their biomedical applications [1]. In this context, various surface-modification techniques have been 
eveloped to reduce the surface activity of biodegradable magnesium alloys, aiming to achieve a desirable corrosion rate [2–4]. 
mong these surface modification methods, plasma electrolytic oxidation (PEO) has garnered significant attention for its versatility, 
ost-effectiveness, and environmental friendliness [5]. However, the MgO-based ceramic coatings produced through PEO are 
enerally porous structures and contain numerous microdefects [6]. These defects facilitate the penetration of electrolytes towards 
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the alloy substrate during immersion, thereby diminishing the protective effectiveness of the coatings. This issue is particularly 
amplified under external mechanical loadings, further compromising the coatings’ performance.

Biodegradable magnesium alloy implants face the risk of stress corrosion cracking (SCC) due to the combined effects of a 
corrosive physiological environment and daily physical activities, often leading to premature failure. Two mechanisms dominate 
the occurrence of SCC in magnesium alloys: (1) anodic dissolution mechanism, where the crack continues to expand at locally 
ruptured passive film sites under the action of stress [7,8]; (2) hydrogen embrittlement, where atomic hydrogen produced by 
electrochemical corrosion infiltrates the Mg matrix, weakening its mechanical strength [9,10]. Depending on materials and corrosion 
environments, either mechanism can predominate, or both can act concurrently [11]. Notably, in vitro experiments have indicated 
that both mechanisms influence the SCC behaviour of WE43 magnesium alloys in simulated body fluids [12,13]. Although the 
corrosion resistance of biodegradable magnesium alloys has been widely studied and improved by PEO coatings without mechanical 
loadings [14–16], their effectiveness in offering a better SCC resistance under chemomechanical loadings should be systematically 
investigated for biomedical applications [17].

To this end, many in vitro experimental studies have been contributed to understand the effect of PEO coatings on the SCC 
behaviour of magnesium alloys. Srinivasan et al. [7,17,18] evaluated the SCC behaviour of PEO-coated AM50 and AZ61 magnesium 
alloys in ASTM D1384 solution using slow strain rate tensile (SSRT) tests. It was observed that PEO coatings enhanced SCC resistance 
in AM50, while they were less effective for AZ61 at very low strain rates (1 × 10−7 s−1). Similarly, Xiong et al. [19] reported that 
PEO-coated AZ80 magnesium alloy exhibited an ultimate tensile strength comparable to uncoated specimens under a loading rate 
of 5.3 × 10−7 s−1 in simulated body fluids (SBFs). Meanwhile, He et al. [20] found that PEO-coated AZ31 magnesium alloys in NaCl 
solution exhibited a fracture strain similar to uncoated samples, but a significantly higher ultimate tensile strength under SSRT 
conditions. Daavari et al. [21] also conducted SSRT tests on PEO-coated AZ31B magnesium alloys in SBFs, demonstrating that PEO 
coatings markedly improve the fracture strain and ultimate tensile strength in AZ31B magnesium alloys. Nachtsheim et al. [22] 
reported that the PEO-coated and uncoated magnesium alloy WE43MEO exhibited no significant differences in the ultimate tensile 
strength during static in vitro corrosion tests in the organic Dulbecco’s modified Eagles’ medium (DMEM) with different stress levels. 
These findings reveal that both the magnesium alloy substrate and the chemomechanical loadings conditions affect the SCC resistance 
of PEO-coated Mg implants [11]. Therefore, it is of imperative importance to gain a more physical understanding into the SCC 
mechanism in biodegradable magnesium alloys with PEO coatings.

For this purpose, numerous efforts have been devoted into developing both phenomenological and physics-based computational 
models to predict the SCC behaviour of biodegradable magnesium alloys, including continuum damage mechanics (CDM) models, 
peridynamics (PD) models and phase-field models. Gastaldi et al. [23] developed a CDM model to simulate the degradation process 
of bioabsorbable Mg stents accounting for uniform corrosion and stress corrosion. Although the CDM-based phenomenological model 
can describe the damage process by introducing different damage evolution laws for distinct damage mechanisms [24,25], it lacks a 
comprehensive physical explanation for the electrochemical–mechanical coupling phenomena of SCC. De Meo et al. [26] proposed 
a PD model for the hydrogen-assisted corrosion cracking based on the adsorption-induced decohesion mechanism. Recently, a fully 
coupled fracture-corrosion PD model was proposed by Chen et al. [27] to capture the pit-to-crack transition phenomena by neglecting 
the diffusion of species. However, the applications of PD models is limited by the high computational complexity and difficulties 
in the treatment of boundary conditions [28]. Phase-field method has emerged as a promising and flexible approach for modelling 
interface movement and crack propagation. In the past few years, it has been developed for modelling stress corrosion cracking 
in biodegradable magnesium alloys. Xie et al. [29] built a multiphase-field model for considering the interplay between electric 
field, corrosion and stress in biodegradable magnesium alloys at the micro-scale. Kovacevic et al. [30] introduced a phase-field 
model that accounts for the synergistic effects of an aggressive environment and mechanical loading in accelerating the corrosion 
kinetics of magnesium alloys. Zhang et al. [31] proposed a fully coupled fracture-corrosion phase-field model for modelling the 
SCC behaviour of biodegradable magnesium alloys and validated the phase-field simulations with in vitro experiments. However, 
these phase-field models neglect the effect of hydrogen in the SCC behaviour in biodegradable magnesium alloys. This implies that 
the presented computational models cannot accurately capture the multiphysics interactions in the SCC process of biodegradable 
magnesium alloys.

Besides the deformation-fracture-corrosion interaction in alloy substrates, the complex microstructures of PEO coatings signif-
icantly affect the SCC behaviour of the alloy matrix. Cui et al. [15] found that the PEO coating thickness and porosity have a 
significant influence on the degradation of biodegradable magnesium alloys. Němcová et al. [32] showed that stress concentration 
caused by the roughness of coating/substrate interface results in earlier fatigue crack initiation in corrosive environment. Therefore, 
it is important to correlate the porous microstructural features of PEO coatings and the associated SCC behaviour of magnesium 
alloys. Gazenbiller et al. [33] proposed a macroscopic damage model to quantify the effect of PEO coating’s microstructure on the 
mechanical response of magnesium alloys at slow strain rates. Van Gaalen et al. [34] developed experimental and computational 
methods to evaluate the influence of PEO surface treatments on the corrosion process of a medical-grade magnesium alloy 
WE43MEO. Ma et al. [35] developed a phase-field-based machine-learning model to predict the long-term corrosion behaviour 
of biodegradable magnesium alloys with different coating microstructures. However, these computational models cannot capture 
the effect of the microstructural defects of PEO coatings on the strongly coupled corrosion and fracture behaviours, resulting in 
the necessity to develop micromechanical models for assessing the mechanical performance of PEO-coated magnesium alloys in 
corrosive environments.

The present work is devoted to developing a multiphysics phase-field model that captures the complex mechanisms governing 
the SCC behaviour of biodegradable magnesium alloys. The thermodynamically consistent phase-field SCC model enables a unified 
simulation of corrosion, fracture, and hydrogen diffusion on the degradation of PEO-coated biomedical magnesium alloys. To the best 
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 Nomenclature
 Symbol Description  
 𝐴 Curvature of the magnesium chemical free energy density  
 𝒃f External body force  
 𝑏 Evolution coefficient of diffusivity in coating’s microdefects  
 C Fourth-order symmetric elasticity tensor  
 𝑐M, 𝑐∗M Magnesium concentration field and normalised magnesium concentration field  
 𝑐∗S , 𝑐∗L Normalised magnesium concentration in metal phase and corrosion phase  
 𝑐H Hydrogen concentration field  
 𝑐H0 Reference hydrogen concentration  
 𝑐solid Saturated magnesium concentration in alloy  
 𝑐∗Le Normalised saturated magnesium concentration in corroded material  
 𝐷,  Dissipation energy and dissipation energy density  
 𝐷Mp, 𝐷Ml Diffusion coefficient of magnesium in corrosion product and electrolyte  
 𝐷Hp, 𝐷Hl Diffusion coefficient of hydrogen in alloy and electrolyte  
 e Specific internal energy  
 efM, efH Specific enthalpy supply of magnesium flux and hydrogen flux  
 𝑓d, 𝑓p Fracture threshold function and yield function  
 𝐺̄ Effective shear constant  
 𝑔d, 𝑔dm, 𝑔dc Critical fracture energy of corroded material, uncorroded, and totally corroded material  
 𝑔dm0, 𝑔dm∞ Initial and degraded critical fracture energy of uncorroded material  
 𝑔w Chemical double well potential of corrosion  
 𝐻̄ Effective hardening modulus  
  Historical maximum driving force for the crack field  
 ℎd, ℎdc, ℎdh Fracture, corrosion and hydrogen degradation function  
 ℎc, ℎf Interpolation function of chemical free energy and diffusion mobility  
 𝒉H, 𝒉M Hydrogen and magnesium flux  
 𝑰 Second-order identity tensor  
 𝐾̄ Effective bulk modulus  
 𝑙d Fracture interface thickness  
 𝐿𝜙c Corrosion interface kinetics coefficient  
 p, d Plastic and fracture Lagrange functional  
 𝑚c, 𝑚d, 𝑚p Corrosion, fracture and plasticity coupling parameter  
 𝑀H, 𝑀Mg Diffusion mobility of hydrogen and magnesium  
 𝑁 Density of lattice sites of magnesium alloys  
 𝒒 Heat flux  
 𝑟 Heat source  
 𝑅 Gas constant  
 s Specific internal entropy  
 sfM, sfH Specific entropy supply of magnesium flux and hydrogen flux  
 𝑟d, 𝑟c Fracture and corrosion resistance  
 𝒔𝛾 , 𝑠𝜙d , 𝑠𝜙c , 𝒔M, 𝒔H Dissipative force of plasticity, fracture, corrosion, magnesium diffusion and hydrogen diffusion  
 𝑡 Time  
 𝒕f Surface traction force  
 𝑇 Temperature  
 𝑡M, 𝑡H Microtraction associated with 𝑐M and 𝑐H  
 𝑣 Corrosion dissipation potential functional  
 𝑉H Partial molar volume of hydrogen in magnesium alloys  
 𝑊𝑖𝑛𝑡, 𝑊𝑒𝑥𝑡 Internal and external energy  
 𝑤c Height of the double-well energy barrier  
 𝑤M, 𝑤H Sclar microforce associated with 𝑐M and 𝑐H  
 𝛼c Gradient energy coefficient of the corrosion phase field  
 𝜒 Fracture surface density function  
 𝛥𝑔0b Gibbs free energy difference for hydrogen embrittlement  
 𝜀 Strain tensor  
 𝜀S, 𝜀D, 𝜀eD, 𝜀

p
D Spherical part, deviatoric part, elastic deviatoric part and plastic deviatoric part of the strain tensor 
3 
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 𝜀e, 𝜀p Elastic and plastic strain tensor  
 𝜂 Occupancy of hydrogen in lattice sites  
 𝛾 Equivalent plastic strain  
 𝛾crit Critical equivalent plastic strain  
 𝜅M, 𝜅H Gradient energy coefficient for magnesium and hydrogen concentration  
 𝛬 Hydrogen damage coefficient  
 𝜆𝑑 , 𝜆𝑝 Fracture and plastic Lagrange multiplier  
 𝜇M, 𝜇H Chemical potential of magnesium and hydrogen  
 𝜇̃M, 𝜇̃H Net chemical potential of magnesium and hydrogen  
 Ω Mixing domain  
 𝜙d, 𝜙c Fracture and corrosion phase-field variable  
 𝜓 , 𝜓ch, 𝜓el, 𝜓hard Total free energy density; chemical, elastic and hardening free energy density 
 𝜓ch𝑔𝑟𝑎𝑑 , 𝜓M𝑏𝑢𝑙𝑘, 𝜓H𝑏𝑢𝑙𝑘 Interfacial, magnesium and hydrogen bulk chemical free energy density  
 𝜓S, 𝜓L Magnesium chemical free energy density of metal phase and corrosion phase  
 𝜌 Material density  
 𝝈 Stress tensor  
 𝜎HS Hydrostatic stress  
 𝜎̄𝑦, 𝜎y Effective and degraded initial yield stress of materials  
 𝝃M, 𝝃H Vectorial microforce associated with 𝑐M and 𝑐H  
 𝜁dc, 𝜁pd Fracture-corrosion and plastic-fracture coupling force  
 Abbreviation Description  
 PEO Plasma electrolytic oxidation  
 SCC Stress corrosion cracking  
 DMEM Dulbecoo’s modified Eagles’ medium  
 CDM Continuum damage mechanics  
 PD Peridynamics  
 HEDE Hydrogen-enhanced decohesion  
 HELP Hydrogen-enhanced localised plasticity  
 ADIE Hydrogen absorption-induced dislocation emission  
 DHC Delayed hydride cracking  
 SSRT Slow strain rate tensile  
 SEM Scanning electron microscopy  

of our knowledge, this is the first study to investigate the SCC behaviour of PEO-coated magnesium alloys using such a multiphysics 
framework. Furthermore, we conduct computational micromechanical analysis to link the features of microstructural defects in PEO 
coatings to the SCC behaviour. Three dominant mechanisms in the SCC process of biodegradable magnesium alloys are considered 
in this study: (i) the transition from magnesium alloys to corrosion products leads to the degradation of fracture toughness; (ii) the 
cracks in the PEO coating, barrier film and alloy substrate allow the permeation of electrolyte; (iii) the diffusion of hydrogen leads 
to the hydrogen embrittlement of the alloy substrate. To more deeply understand the SCC mechanism of PEO-coated magnesium 
alloys, we conduct the computational simulations at the microscopic scale and develop a simplified microstructural model of the 
coatings based on experimental observations. Using the proposed phase-field model, we numerically analyse the SCC behaviour 
at the microscale under different mechanical loading conditions, providing a more comprehensive understanding of SCC processes 
in coated biodegradable magnesium alloys. The developed modelling method provides a new numerical tool to evaluate the SCC 
behaviour of coated biodegradable magnesium alloys under chemomechanical conditions, which is still an engineering and scientific 
challenge to advance in silico design and optimisation of coated biodegradable magnesium implants.

The paper is organised as follows. In Section 2, we develop the theoretical formulations of the proposed multiphase-field model 
within a thermodynamically consistent framework. The role of hydrogen diffusion in the SCC process in biodegradable magnesium 
alloys is demonstrated in Section 3.1. In Section 3.3, the model is validated by comparing with the experimental results of a 
PEO-coated medical-grade magnesium alloy WE43MEO under both pure corrosion and static loading-corrosion conditions. The SCC 
behaviour of the PEO-coated sample after post sealing treatments is studied in Section 3.4. Conclusions and remarks are summarised 
in Section 4.

2. Theory

In this section, we present the proposed multiphysics phase-field model for describing the corrosion-fracture behaviour of 
biodegradable magnesium alloys coupled with hydrogen embrittlement. The basic assumptions of the model are stated in Section 2.1. 
We first introduce kinematic variables in Section 2.2 and mass balance equations in Section 2.3. The force balance equations are 
derived based on the principle of virtual power in Section 2.4. The thermodynamic consistency is established via free energy 
imbalance in Section 2.5. The free energy function and the choice of constitutive model are stated in Sections 2.6 and 2.7. The 
governing equations and boundary conditions are summarised in Section 2.8.
4 
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Fig. 1. Schematic illustration of stress corrosion cracking of PEO-coated magnesium alloys in physiological environments. 

2.1. Problem outline

In aluminium alloys or stainless steels, relatively stable passive oxide layers are formed on the material surface. The localised 
breakdown of these layers leads to the development of deep pits [36]. In contrast, Mg alloys generally do not form such stable passive 
films. Instead, their surface oxides and hydroxides are highly soluble and less protective in physiological conditions. After PEO 
treatments, a porous ceramic coating and a dense barrier MgO layer are formed on the substrate surface of magnesium alloys, which 
provides protection to the magnesium alloy matrix against corrosion. However, the microdefects in the PEO coatings enable the 
permeation of corrosive medium. Meanwhile, if the barrier film is too thin or develops cracks in certain regions, the solution directly 
contacts the freshly exposed alloy substrate, leading to the localised corrosion [37]. Under in-vitro or in-vivo conditions, the localised 
corrosion of Mg alloys is often driven by micro-galvanic interactions between the Mg matrix and intermetallic phases or impurity 
particles, resulting in shallow and lateral dissolution zones rather than deep and narrow pitting morphology. Furthermore, the ions 
and organic components continuously react with corrosion products in the long-term corrosion process, promoting the development 
of a stable corrosion product layer composed of various corrosion byproducts such as Mg3(PO4)2 and Mg5(CO3)4(OH)25H2O. The 
corrosion products reduce fluid access to the alloy matrix and impede ion transport during long-term corrosion [38]. In this study, 
we focus on the long-term interaction among deformation, diffusion-controlled corrosion and fracture, and therefore ignore the 
explicit electrochemical kinetics of complex ion compositions of the electrolyte in the SCC process [31].

According to hydrogen embrittlement theory, hydrogen atoms produced during corrosion can be absorbed and diffuse into 
magnesium alloys, where their accumulation promotes crack formation [39]. Hydrogen embrittlement is typically categorised into 
four mechanisms: (i) hydrogen-enhanced decohesion (HEDE), (ii) hydrogen-enhanced localised plasticity (HELP), (iii) hydrogen 
absorption-induced dislocation emission (AIDE), and (iv) delayed hydride cracking (DHC). In both HEDE and AIDE, the bonding 
energy between metal atoms is reduced, which can be modelled by lowering the critical fracture energy [40]. The HELP mechanism 
can be described phenomenologically by making the yield stress a function of hydrogen concentration and plastic strain [41]. 
Meanwhile, hydride formation in magnesium alloys under SCC conditions can be modelled based on the local solvus [42]. Because 
these mechanisms often overlap in practice, it can be difficult to pinpoint which one dominates. For simplicity, we neglect the 
detailed hydrogen–metal reactions and focus solely on modelling the influence of hydrogen on the fracture behaviour.

In summary, the involved coupling mechanisms are assumed as: (i) hydrogen absorption and corrosion reduce the fracture 
toughness of the material, (ii) cracking in the alloy matrix and corrosion products enhances the diffusivity of magnesium and 
hydrogen. An overview of the SCC process in PEO-coated magnesium alloys is illustrated in Fig.  1.

2.2. Basic kinematics

We consider a mixing domain of magnesium alloy and electrolyte 𝛺 ⊂ R3 with external boundary 𝜕𝛺, which is decomposed 
into a solid boundary 𝜕𝛺𝑠 and an electrolyte boundary 𝜕𝛺𝑙 with 𝜕𝛺 = 𝜕𝛺𝑠 + 𝜕𝛺𝑙 and 𝜕𝛺𝑠 ∩ 𝜕𝛺𝑙 = ∅. It is supposed that the 
electrolyte does not flow but only conducts ions by diffusion. The displacement of the domain is defined by the displacement field 
𝒖(𝒙, 𝑡). Considering the small-strain theory, the strain tensor can be defined as the symmetric part of the spatial gradient of the 
displacement field: 

𝜺 = ∇𝑠𝒖 = 1
2
(

∇𝒖 + ∇𝑇 𝒖
)

. (1)

𝜺 is decomposed into its elastic 𝜺𝑒 and plastic 𝜺p parts with 𝜺 = 𝜺e+𝜺p. The Mg and H concentration states of the domain are defined 
by the Mg concentration field 𝑐 (𝒙, 𝑡) and the hydrogen concentration field 𝑐 (𝒙, 𝑡), respectively. Two phase-field variables 𝜙  and 
M H d

5 



D. Zhang et al. Engineering Fracture Mechanics 330 (2025) 111659 
𝜙c are introduced to indicate the fracture and corrosion state of materials. 𝜙d tracks the crack interface in solids with 𝜙d = 0 for 
intact material points and 𝜙d = 1 for completely fractured state. We define 𝜙c = 0 for the totally corroded material and 𝜙c = 1 for 
the uncorroded alloy matrix.

2.3. Balance of mass

Consider an arbitrary domain 𝛺̄ inside the reference domain 𝛺, with surface 𝜕𝛺̄. The diffusion of species (Mg ions and hydrogen) 
across this boundary 𝜕𝛺̄ is accompanied by a change in the species concentration and characterised by a flux. Accordingly, the 
change rate of the species across 𝛺̄ is given by 

∫𝛺̄
𝑐̇M 𝑑𝑉 = −∫𝜕𝛺̄

𝒉M ⋅ 𝒏 𝑑𝐴 , (2)

and 

∫𝛺̄
𝑐̇H 𝑑𝑉 = −∫𝜕𝛺̄

𝒉H ⋅ 𝒏 𝑑𝐴 . (3)

By applying the divergence theorem, the local form of mass balance for Mg ions and hydrogen can be written as 
𝑐̇M = −∇ ⋅ 𝒉M , (4)

and 
𝑐̇H = −∇ ⋅ 𝒉H . (5)

2.4. The principle of virtual power

In consistency with the previously defined kinematics fields, we define a set of rate-like descriptors as (𝒖̇, 𝑐̇M, 𝑐̇H). For their 
evolution within the domain we associate macroscopic and microscopic force systems. The macroscopic system is defined by: (i) the 
stress tensor 𝝈 that expands power over the deformation rate 𝜀̇; (ii) the traction force 𝒕f on the surface with the normal unit vector 
𝒏, that expands power over the velocity 𝒖̇ on the boundary of the domain, and an external body force 𝒃f that expands power over 
𝒖̇ in the domain.

The microscopic system is defined by: (a) the scalar microforce 𝜔M that expands power over the Mg concentration change rate 𝑐̇M
and the vectorial microforce 𝝃M expands power over the Mg concentration gradient ∇𝑐̇∗M; (b) the scalar microforce 𝜔H that expands 
power over the H concentration change rate 𝑐̇H and the vectorial microforce 𝝃H expands power over the H concentration gradient 
∇𝑐̇H; (c) the scalar microtraction 𝑡M that expands power over 𝑐̇M on the boundary of the domain; (d) a scalar microtraction 𝑡H that 
expands power over 𝑐̇H on the boundary of the domain.

For the mixing domain 𝛺, the internal power 𝑊̇int and the external power 𝑊̇ext are given by 

𝑊̇int =∫𝛺

(

𝝈 ∶ 𝜺̇ + 𝜔M 𝑐̇M + 𝝃M ⋅ ∇𝑐̇M + 𝜔H 𝑐̇H + 𝝃H ⋅ ∇𝑐̇H
)

𝑑𝑉 (6)

and 

𝑊̇ext =∫𝛺
𝒃f ⋅ 𝒖̇𝑑𝑉 + ∫𝜕𝛺

(

𝒕f ⋅ 𝒖̇ + 𝑡M 𝑐̇M + 𝑡H 𝑐̇H
)

𝑑𝐴 . (7)

Assuming that, at arbitrary chosen but fixed time, the fields (𝒖, 𝑐M, 𝑐H) are known, and considering the velocity fields (𝒖̇, 𝑐̇M, 𝑐̇H) and 
denoting their virtual counterpart by (𝛿𝒖̇, 𝛿𝑐̇M, 𝛿𝑐̇H), we express the virtual powers as

𝛿𝑊̇int =∫𝛺

(

𝝈 ∶ 𝛿𝜺̇ + 𝜔M𝛿𝑐̇M + 𝝃M ⋅ ∇𝛿𝑐̇M + 𝜔H𝛿𝑐̇H + 𝝃H ⋅ ∇𝛿𝑐̇H
)

𝑑𝑉 , (8)

𝛿𝑊̇ext =∫𝛺
𝒃f ⋅ 𝛿𝒖̇𝑑𝑉 + ∫𝜕𝛺

(

𝒕f ⋅ 𝛿𝒖̇ + 𝑡M𝛿𝑐̇M + 𝑡H𝛿𝑐̇H
)

𝑑𝐴 . (9)

We proceed to introduce the principle of virtual power, such that 
𝛿𝑊̇int = 𝛿𝑊̇ext . (10)

Combining Eqs. (8)–(10) and applying the divergence theorem, the equilibrium equation are obtained as, 

∫𝛺

[

−
(

div𝝈 + 𝒃f
)

⋅ 𝛿𝒖̇ +
(

𝜔M − ∇ ⋅ 𝝃M
)

𝛿𝑐̇M +
(

𝜔H − ∇ ⋅ 𝝃H
)

𝛿𝑐̇H
]

𝑑𝑉

+ ∫𝜕𝛺

[(

𝝈𝒏 − 𝒕f
)

𝛿𝒖̇ + (𝝃M ⋅ 𝒏 − 𝑡M)𝛿𝑐̇M + (𝝃H ⋅ 𝒏 − 𝑡H)𝛿𝑐̇H
]

𝑑𝐴 = 0
(11)

leading to the macroscopic and microscopic force balance equations in 𝛺
div𝝈 + 𝒃f = 0 (12)

𝜔 − ∇ ⋅ 𝝃 = 0 (13)
M M
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𝜔H − ∇ ⋅ 𝝃H = 0 (14)

and the corresponding force balance on 𝜕𝛺
𝝈𝒏 = 𝒕f (15)

𝝃M ⋅ 𝒏 = 𝑡M (16)

𝝃H ⋅ 𝒏 = 𝑡H (17)

2.5. Free energy imbalance

In addition to the mass and force balances introduced above, we impose the restrictions of the first and second laws of 
thermodynamics through an energy balance and an entropy imbalance [43]. For quasi-static problems, the first law enforces the 
change rate of the internal energy equal to the supplied external power, which includes contributions from body forces, surface 
tractions, Mg and H fluxes, as well as thermal fluxes and sources. The second law requires that the change in internal entropy 
exceed the externally supplied entropy, which arises from species fluxes, thermal fluxes, and thermal sources in our formulation. 
Letting e and s denoting the specific internal energy and entropy respectively, the energy balance and entropy inequality read 

𝑑
𝑑𝑡 ∫𝛺

𝜌e 𝑑𝑉 =∫𝛺
𝒃f ⋅ 𝒖̇ 𝑑𝑉 + ∫𝜕𝛺

(

𝒕f ⋅ 𝒖̇ + 𝑡M 𝑐̇M + 𝑡H 𝑐̇H
)

𝑑𝐴

− ∫𝜕𝛺

(

efM𝒉M ⋅ 𝒏 + efH𝒉H ⋅ 𝒏 + 𝒒 ⋅ 𝒏
)

𝑑𝐴 + ∫𝛺
𝑟 𝑑𝑉 ,

(18)

𝑑
𝑑𝑡 ∫𝛺

𝜌s 𝑑𝑉 ≥ −∫𝜕𝛺

(

sfM𝒉M ⋅ 𝒏 + sfH𝒉H ⋅ 𝒏
)

𝑑𝐴 − ∫𝜕𝛺
𝒒 ⋅ 𝒏
𝑇

𝑑𝐴 + ∫𝛺
𝑟
𝑇
𝑑𝑉 , (19)

where 𝒒 is the heat flux, 𝑟 is a heat source and 𝑇  is the absolute temperature. ef∗ and sf∗ with ∗∈ {M,H} denote the specific enthalpy 
and entropy provided by a supply of the corresponding specie flux. ef∗ is equal to the specific internal energy of the corresponding 
specie flux by neglecting the pressure work. The internal energy density is written in terms of the Helmholtz free energy density 𝜓
and the specific entropy s under the Legendre transformation as 

𝜌e = 𝜓 + 𝑇 𝜌s . (20)

Using Eqs. (18) and (20), the specific entropy s in Eq.  (19) can be substituted by the specific internal energy e and the free energy 
density 𝜓 . In addition, we define the chemical potentials of species as 

𝜇M = efM − 𝑇 sfM 𝜇H = efH − 𝑇 sfH . (21)

As a result, the dissipation inequality leads to the global dissipation postulation for isothermal processes with 𝑟 = 0, ∇ ⋅ 𝒒 = 0 and 
∇𝑇 = 0

𝐷 = ∫𝛺
𝒃f ⋅ 𝒖̇ 𝑑𝑉 + ∫𝜕𝛺

(

𝒕f ⋅ 𝒖̇ + 𝑡M 𝑐̇M + 𝑡H 𝑐̇H − 𝜇M𝒉M ⋅ 𝒏 − 𝜇H𝒉H ⋅ 𝒏
)

𝑑𝐴 − ∫𝛺
𝜓̇ 𝑑𝑉 ≥ 0 . (22)

By applying divergence theorem, we then obtain 

𝐷 =∫𝛺

(

𝒃f ⋅ 𝒖̇ + div𝝈 ⋅ 𝒖̇ + 𝝈 ∶ 𝜺̇ + ∇ ⋅ 𝝃M 𝑐̇M + 𝝃M ⋅ ∇𝑐̇M + ∇ ⋅ 𝝃H 𝑐̇H + 𝝃H ⋅ ∇𝑐̇H − 𝜇M∇ ⋅ 𝒉M

−∇𝜇M ⋅ 𝒉M − 𝜇H∇ ⋅ 𝒉H − ∇𝜇H ⋅ 𝒉H − 𝜓̇
)

𝑑𝑉 ≥ 0 ,
(23)

which must be hold for all parts of the domain 𝛺. Using the mass balance of species in Eqs. (4) and (5) and force balance equations 
in Eqs. (12)–(14), the local dissipation inequality can be expressed as 

 = 𝝈 ∶ 𝜺̇ + 𝜇̃M 𝑐̇M + 𝝃M ⋅ ∇𝑐̇M + 𝜇̃H 𝑐̇H + 𝝃H ⋅ ∇𝑐̇H − ∇𝜇M ⋅ 𝒉M − ∇𝜇H ⋅ 𝒉H − 𝜓̇ ≥ 0 (24)

where the net chemical potentials 𝜇̃M and 𝜇̃H are defined as 
𝜇̃M ∶= 𝜔M + 𝜇M , 𝜇̃H ∶= 𝜔H + 𝜇H . (25)

2.6. Specification of free energy density function

The free energy density is decomposed into the elasto-plastic part and the electrochemical part as 
𝜓 = 𝜓ep + 𝜓ch = 𝜓ep(𝜺, 𝜺p, 𝛾, 𝜙d) + 𝜓ch(𝜙c, 𝑐M,∇𝑐M, 𝑐H,∇𝑐H) . (26)

The elasto-plastic free energy density 𝜓ep depends on the total strain 𝜺, the plastic strain 𝜺p, the equivalent plastic strain 𝛾 and 
the fracture phase-field 𝜙d. To prevent the interpenetration of the crack region under compression, the volumetric/deviatoric split 
method proposed by Amor et al. [44] is utilised in the formulation of the elastic free energy density. In this context, the strain tensor 
is decomposed into its spherical and deviatoric parts 

𝜺 = 𝜺 + 𝜺 , 𝜺 = 1 tr(𝜺)𝑰 , 𝜺 = 𝜺 − 1 tr(𝜺)𝑰 , (27)
S D S 3 D 3
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where 𝑰 is the second-order identity tensor. By introducing the elastic deviatoric strain 𝜺eD = 𝜺D − 𝜺pD, where 𝜺
p
D ∶= 𝜺p − 1

3 tr(𝜺
p)𝑰 is 

the deviatoric part of the plastic strain tensor, the elastic–plastic free energy density is defined as a combination of the elastic free 
energy density 𝜓el and the free energy density 𝜓hard due to the isotropic hardening as: 

𝜓ep = 𝜓el(𝜺, 𝜺p, 𝜙d, 𝑐H) + 𝜓hard(𝛾, 𝜙d) , (28)

with 
𝜓el(𝜺, 𝜺p, 𝜙d, 𝑐H) =ℎd(𝜙d)

[ 1
2
𝐾̄⟨tr(𝜺 − 𝜺p)⟩2 + 𝐺̄

(

𝜺D − 𝜺pD
)

∶
(

𝜺D − 𝜺pD
)

]

+ 1
2
𝐾̄⟨−tr(𝜺 − 𝜀p)⟩2

− ℎd(𝜙d)𝐾̄𝑉H
(

𝑐H − 𝑐H0
)

⟨tr(𝜺 − 𝜺p)⟩ + 𝐾̄𝑉H
(

𝑐H − 𝑐H0
)

⟨−tr(𝜺 − 𝜺p)⟩
(29)

𝜓hard(𝛾, 𝜙d) =
1
2
ℎd(𝜙d)𝐻̄𝛾2 . (30)

In the elastic free energy density, we account for the volume expansion induced by hydrogen atoms. 𝐾̄ > 0 and 𝐺̄ > 0 are effective 
(undamaged) bulk and shear modulus respectively. 𝑉H is the partial molar volume of hydrogen in solid solution. 𝑐H0 is the reference 
hydrogen concentration. The degradation function, ℎd(𝜙d) = (1 − 𝜙d)2, captures the degradation of the mechanical properties of 
material due to damage. For simplification, we ignore the effect of corrosion on mechanical deformations, since the deformation 
behaviour of corrosion products of biodegradable magnesium alloys are not available in literature. The Macauley brackets ⟨⋅⟩ are 
defined as ⟨𝑥⟩ = max(𝑥, 0). 𝐻̄ is the effective hardening modulus. Eq.  (29) implies that only the strain energy induced by tension 
and shear drives the damage and crack propagation in the material.

The chemical free energy density 𝜓ch incorporates the bulk parts, 𝜓Mbulk and 𝜓Hbulk, and the interfacial part 𝜓chgrad, which can be 
expressed as a function of the corrosion field 𝜙c, the Mg-ion concentration 𝑐M, and hydrogen concentration 𝑐H

𝜓ch(𝑐M, 𝑐H, 𝜙c,∇𝑐M,∇𝑐H) = 𝜓Mbulk(𝑐M, 𝜙c) + 𝜓
H
bulk(𝑐H) + 𝜓

ch
grad(∇𝑐M,∇𝑐H) , (31)

where the interfacial energy density is given 
𝜓chgrad = 𝜅M∇𝑐M ⋅ ∇𝑐M + 𝜅H∇𝑐H ⋅ ∇𝑐H . (32)

Here, 𝜅M and 𝜅H are the concentration gradient energy coefficients for Mg and H concentration, respectively [45]. The magnesium 
chemical bulk free energy is constructed following the KKS model [46] as [47] 

𝜓Mbulk(𝑐M, 𝜙c) = 𝐴
[

𝑐∗M −
(

1 − ℎc(𝜙c)
)

𝑐∗Le − ℎc(𝜙c)
]2 . (33)

Here, we define 𝑐∗M(𝒙, 𝑡) = 𝑐M(𝒙, 𝑡)∕𝑐solid as the normalised Mg concentration field with 𝑐solid being the equilibrium concentration 
of Mg in the solid. 𝐴 is the free energy density curvature and 𝑐∗Le is the normalised equilibrium Mg concentration in the corroded 
material. ℎc(𝜙c) is a continuous interpolation function such that ℎc(𝜙c = 0) = 0 and ℎc(𝜙c = 1) = 1. In this study, a cubic function 
ℎc(𝜙c) = −2𝜙c3+3𝜙c2 is used following [47]. To approximate the hydrogen bulk energy in a simple continuous manner, we consider 
it within a regular solution model following [48] 

𝜓Hbulk(𝑐H) = 𝜇H0𝑐H + 𝑅𝑇𝑁 [𝜂 ln 𝜂 + (1 − 𝜂) ln(1 − 𝜂)] . (34)

𝜇H0 is the reference hydrogen chemical potential and 𝑅 is the gas constant. 𝑁 is the density of lattice site and 𝜂 represents the 
occupancy of the lattice sites. We denote the occupancy fraction of the lattice site by 𝜂 = 𝑐H∕𝑁 with 0 ≤ 𝜂 ≤ 1. For the hcp lattice 
structure of magnesium alloys, the conditions of low occupancy 𝜂 ≪ 1 leads to 

𝜓Hbulk(𝑐H) = 𝜇H0𝑐H + 𝑅𝑇 𝑐H ln
𝑐H
𝑁
. (35)

2.7. Constitutive relations

With the free energy density 𝜓 being defined, the constitutive relations can be derived by fulfilling the free energy imbalance: 
 =

(

𝝈 − 𝜕𝜀𝜓
)

∶ 𝜺̇ +
(

𝜇̃M − 𝜕𝑐M𝜓
)

𝑐̇M +
(

𝝃d − 𝜕∇𝑐M𝜓
)

⋅ ∇𝑐̇M +
(

𝜇̃H − 𝜕𝑐H𝜓
)

𝑐̇H

+
(

𝝃H − 𝜕∇𝑐H𝜓
)

⋅ ∇𝑐̇H − 𝜕𝜙d𝜓𝜙̇d − 𝜕𝜀p𝜓𝜀̇
p − 𝜕𝛾𝜓𝛾̇ − 𝜕𝜙c𝜓𝜙̇c − ∇𝜇M ⋅ 𝒉M − ∇𝜇H ⋅ 𝒉H ≥ 0 .

(36)

To fulfil the dissipation inequality condition for all admissible thermodynamic processes, we determine the stress 𝝈, the net 
Mg-chemical potential 𝜇̃M, the Mg-microstress 𝝃M, the net H-chemical potential 𝜇̃H, and the H-microstress 𝝃H as 

𝝈 = 𝜕𝜀𝜓 , 𝜇̃M = 𝜕𝑐M𝜓 , 𝝃M = 𝜕∇𝑐M𝜓 , 𝜇̃H = 𝜕𝑐H𝜓 , 𝝃H = 𝜕∇𝑐H𝜓 . (37)

Then, by defining 𝒔p = −𝜕𝜀p𝜓 = 𝝈, 𝑠𝛾 = −𝜕𝛾𝜓 = ℎd𝐻̄ , 𝑠𝜙d = −𝜕𝜙d𝜓 , 𝑠𝜙c = −𝜕𝜙c𝜓 , 𝒔M = −∇𝜇M and 𝒔H = −∇𝜇H as dissipative forces, 
the reduced local dissipation inequality renders 

 = 𝝈𝜀̇p + 𝑠𝛾 𝛾̇ + 𝑠𝜙d 𝜙̇d + 𝑠𝜙c 𝜙̇c + 𝒔M ⋅ 𝒉M + 𝒔H ⋅ 𝒉H ≥ 0 (38)

Therefore, the dissipation during degradation and fracture processes in biodegradable magnesium alloys is attributed to plastic 
deformation, fracture, electrochemical reaction and diffusion. Furthermore, the mentioned dissipation processes should satisfy the 
dissipation inequality individually.
8 
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2.7.1. Evolution of plastic deformations
The derivation of the evolution equations for 𝜀̇p and 𝛾̇ is based on the principle of maximum dissipation. Together with the yield 

function 𝑓p, we introduce the Lagrangean functional 

p = 𝝈𝜀̇p + 𝑠𝛾 𝛾̇ − 𝜆p𝑓p , subject to 𝜆p ≥ 0 , 𝑓p ≤ 0 and 𝜆p𝑓p = 0 , (39)

where 𝜆p is the plastic Lagrange multiplier, which enforces the restriction on yield surface. By assuming isotropic plastic deformations 
of magnesium alloys, the yield function is defined according to the 𝐽2 plasticity theory as 

𝑓p(𝝈, 𝑠𝛾 ; 𝜺p, 𝛾, 𝜙d) ∶=
√

3
2
‖dev[𝝈]‖ + 𝑠𝛾 − 𝜎y ≤ 0, (40)

where dev[𝝈] is the deviatoric part of the stress tensor. 𝜎y is the degraded initial yield stress of materials with the corrosion state 
𝜙d, which is computed with the degradation function ℎd(𝜙d) and the initial yield stress of uncorroded materials 𝜎̄y

𝜎y = ℎd(𝜙d)𝜎̄y . (41)

The evolution equations for 𝜀p and 𝛾 can obtained by taking derivatives with respect to 𝝈 and 𝜎𝛾 as
𝜕p
𝜕𝝈

= 𝜀̇p − 𝜆p

√

3
2
dev[𝝈]

‖dev[𝝈]‖ = 0 (42)

𝜕p
𝜕𝑠𝛾

= 𝛾̇ − 𝜆p = 0 , (43)

which can be further rewritten as 

𝜀̇p − 𝛾̇
√

3
2
dev[𝝈]

‖dev[𝝈]‖ = 0 . (44)

Due to 𝛾 being a scalar, Eq.  (44) shows that the plastic strain rate 𝜺̇p and the deviatoric stress dev[𝝈] are coaxial. Thus, one obtains 
the relations 

𝜺̇p
‖𝜺̇p‖

= dev[𝝈]
‖dev[𝝈]‖ and 𝛾̇ =

√

2
3
‖𝜺̇p‖ . (45)

The plastic dissipation 
p = 𝝈𝜀̇p + 𝑠𝛾 𝛾̇ = 𝜎𝑦𝛾̇ ≥ 0 (46)

always holds for 𝜎𝑦 ≥ 0 and 𝛾̇ ≥ 0.

2.7.2. Evolution of the regularised crack surface
With the assumption of plastic incompressibility, the trace of plastic strain 𝑡𝑟(𝜺p) is equal to 0 and its deviatoric component is 

identical to itself 𝜺̇p𝐷 = 𝜺̇p. The Lagrangean functional for the dissipative process of fracture is expressed as 

d = 𝑠𝜙d 𝜙̇d − 𝜆d𝑓d , subject to 𝜆d ≥ 0 , 𝑓d ≤ 0 and 𝜆d𝑓d = 0 , (47)

where 𝜆d is the fracture Lagrange multiplier. Regarding the rate-independent crack evolution process with a threshold condition, 
the local fracture threshold function 𝑓d is introduced as 

𝑓d(𝑠𝜙d ; 𝛾, 𝜙d) = 𝑠𝜙d + 𝜁pd − 𝑟d with 𝑟d ∶= 𝑔d𝛿𝜙d𝜒(𝜙d,∇𝜙d) . (48)

𝜁pd = −ℎ′d𝜎̄y𝛾 is an additional coupling force introduced by in [49,50] to render a strong interplay between plastic and fracture 
dissipative processes. 𝑟d is the fracture resistance of the regularised crack surface depending on the intrinsic fracture toughness of 
material and the smeared crack surface topology, which are characterised by the critical fracture energy 𝑔d and the fracture surface 
density function 𝜒 , respectively. 𝛿𝜙d𝜒(𝜙d,∇𝜙d) is the variational derivative of 𝜒(𝜙d,∇𝜙d) and defined as 

𝛿𝜙d𝜒(𝜙d,∇𝜙d) ∶= 𝜕𝜙d𝜒 − ∇ ⋅ 𝜕∇𝜙d𝜒 , with 𝜒(𝜙d,∇𝜙d) =
𝑙d
2
∇𝜙d ⋅ ∇𝜙d +

𝜙d2

2𝑙d
, (49)

where 𝑙d is the length scale parameter adopted in the phase-field framework to regularise the sharp crack surface topology to a 
diffusive crack surface. By taking the derivative with respect to 𝑠𝜙d , we obtain the evolution law for 𝜙d with 

𝜕d
𝜕𝑠𝜙d

= 𝜙̇d − 𝜆d = 0 . (50)

The constraint 𝜙̇d ≥ 0 for the crack field is used to fulfil the irreversibility of damage.
In the proposed model, 𝑔d is the fracture energy required to form a unit area of crack and considered to decrease during the 

corrosion and hydrogen embrittlement processes as a function of the corrosion field 𝜙d and the hydrogen concentration 𝑐H, that is 

𝑔 (𝜙 , 𝑐 ) = ℎ (𝜙 )ℎ (𝑐 )𝑔 + [1 − ℎ (𝜙 )]𝑔 , (51)
d c H dc c dh H dm dc c dc
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where 𝑔dm and 𝑔dc are the fracture energy of uncorroded material and totally corroded material, respectively. ℎdh captures the 
weakening of fracture toughness of the uncorroded material by hydrogen 

ℎdh(𝑐H) = 1 − 𝛬𝜃 with 𝜃 =
𝑐H

𝑐H + exp(
−𝛥𝐺0

b
𝑅𝑇 )

, (52)

where 𝛬 is the damage coefficient that weights the hydrogen-lowering of the critical fracture energy [51]. 𝛥𝐺0
b is the Gibbs free 

energy difference between the decohering interface and surrounding material. The degradation function ℎdc depending on corrosion 
is constructed as 

ℎdc(𝜙c) = −𝑚c𝜙
𝑚c+1
c + (𝑚c + 1)𝜙𝑚cc , (53)

where 𝑚d ≥ 2 is a model parameter [31]. The cubic function (𝑚d = 2) is introduced by Kuhn et al. [52] and the quartic function 
(𝑚d = 3) is adopted by Karma et al. in [53]. Moreover, Dittmann et al. [54] proposed that the critical fracture energy is decreased 
by the total plastic work. Accordingly, we assume the degradation function for the critical energy of the uncorroded and totally 
corroded materials 𝑔dm and 𝑔dc depending on the accumulated plastic strain 𝛾 as 

𝑔dm ∶= 𝑔dm∞ + (𝑔dm0 − 𝑔dm∞)exp(−(𝛾∕𝛾crit)𝑚p ) , (54)

where 𝛾crit is the critical value of the accumulated plastic strain for effects of plastic deformations, and 𝑚p is the model parameter 
associated with the accumulated plastic strain 𝛾. Therein, subscripts 0 and ∞ indicate the values of critical energy taken at the 
initial and saturated stages, respectively.

The fracture threshold function and inequality constrain give the fracture KKT conditions 
𝜙̇d ≥ 0 , 𝑓d ≤ 0 and 𝜙̇d𝑓d = 0 . (55)

Considering the loading and unloading processes for Eq.  (48), the fracture KKT conditions result in 

𝑠𝜙d − ℎ
′
d𝜎̄y𝛾

{

= 𝑟d  for 𝜙̇d > 0
< 𝑟d  for 𝜙̇d = 0

. (56)

By denoting 𝜓̄𝑒𝑝+ ∶= 1
2 𝐾̄⟨tr(𝜺− 𝜺𝑝)⟩2 + 𝐺̄(𝜺− 𝜺𝑝) ∶ (𝜺− 𝜺𝑝) − 𝐾̄𝑉H

(

𝑐H − 𝑐H0
)

⟨tr(𝜺− 𝜺p)⟩+ 1
2 𝐻̄𝛾

2 as the effective positive elasto-plastic 
free energy and recalling 𝑠𝜙d = −𝜕𝜙d𝜓 = −ℎ′d𝜓̄

𝑒𝑝+, we have 

−ℎ′d
(

𝜓̄𝑒𝑝+ + 𝜎̄y𝛾
)

{

= 𝑟d  for 𝜙̇d > 0
< 𝑟d  for 𝜙̇d = 0

, (57)

To ensure the irreversibility condition for the crack evolution equations, a local history maximum driving energy is introduced 
following Borden et al. [55] 

 ∶= max
𝜏∈[0,𝑡]

(

𝜓̄𝑒𝑝+ + 𝜎̄𝑦𝛾
)

. (58)

Substituting 𝜓̄𝑒𝑝+ + 𝜎̄𝑦𝛾 with , the evolution Eq.  (57) for the crack phase-field variable can be rewritten as 

−ℎ′d +
𝑔d
𝑙d

(𝑙2d∇ ⋅ ∇𝜙d − 𝜙d) = 0 . (59)

The fracture dissipation 
d = −ℎ′d𝜓̄

𝑒𝑝+𝜙̇d ≥ 0 (60)

always holds for −ℎ′d𝜓̄𝑒𝑝+ ≥ 0 and 𝜙̇𝑑 ≥ 0.

2.7.3. Evolution of corrosion interface and species transport
In order to define the evolution law related to the corrosion dissipative process, the existence of a reaction–diffusion dissipation 

potential function 𝑣(𝑠𝜙c , 𝒔M, 𝒔H) is assumed. The specific form is given 

𝑣(𝑠𝜙c , 𝒔M, 𝒔H) =
𝐿𝜙c
2

⟨𝑟c − 𝜁dc − 𝑠𝜙c ⟩
2 +

𝑀M
2

𝒔M ⋅ 𝒔M +
𝑀H
2

𝒔H ⋅ 𝒔H (61)

Here, 𝐿𝜙c  is the interface kinetics parameter of corrosion. The Macaulay bracket is used to enforce the corrosion irreversibility 
𝜙̇𝑐 ≤ 0 considering 𝜙c decreasing from 1 to 0. 𝜁dc ∶= −𝜕𝜙c𝑔d𝜒 is an additional coupling force introduced in [31] considering that 
fracture triggers additional microgalvanic cell reaction between the fresh-exposed damaged area and the barrier film. 𝑀M and 𝑀H
are the diffusion mobility of Mg specie and hydrogen transport, respectively. They are related with their diffusion coefficient as 
𝑀M = 𝐷M

2𝐴 𝑐
2
solid and 𝑀H = 𝐷H𝑐H

𝑅𝑇 . Specially, we adopt the assumption that diffusion coefficients are functions of the crack phase-field 
variable 𝜙d. A crack filled with electrolyte creates a path for a rapid diffusion of materials, and therefore, it is expected that the 
diffusion coefficient within a crack is much higher than that in intact regions. To this end, a linear function is employed to interpolate 
the change of the diffusion coefficient 𝐷∗ with ∗∈ {M,H} between cracked and intact regions following Wu et al. [56] 

𝐷 (𝜙 ) = (1 − ℎ (𝜙 ))𝐷 + ℎ (𝜙 )𝐷 , and ℎ (𝜙 ) = 𝜙𝑚d , (62)
∗ c f d ∗p f d ∗l f d d
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where 𝑚d denotes a model parameter controlling the rate of diffusivity change. 𝐷∗p and 𝐷∗l are the diffusion coefficient of species 
in the intact material and the electrolyte, respectively. 𝑟c is the corrosion threshold and defined by 

𝑟c ∶= 𝑤c𝜕𝜙c𝑔w(𝜙c) − 𝛼c ∇ ⋅ ∇𝜙c , (63)

where 𝛼c is the gradient energy coefficient associated with the corrosion field. 𝑔w(𝜙c) = 𝜙c2(1 − 𝜙c)2 is the chemical double well 
potential, and 𝑤c is the height of the imposed double-well energy barrier. The evolution laws for corrosion phase-field variable, Mg 
and H transport are derived from the dissipation potential as

𝜙̇c =
𝜕𝑣
𝜕𝑠𝜙c

= −𝐿𝜙c ⟨𝑟c − 𝜁dc − 𝑠𝜙c ⟩ , (64)

𝒉M = 𝜕𝑣
𝜕𝒔M

= −𝑀M∇𝜇M , (65)

𝒉H = 𝜕𝑣
𝜕𝒔H

= −𝑀H∇𝜇H . (66)

In the KKS model [46], 𝑐∗M is the specie concentration for a mixture of the two phases with different chemical free energy density 
𝜓S and 𝜓L

𝑐∗M = ℎc(𝜙c)𝑐∗S +
[

1 − ℎc(𝜙c)
]

𝑐∗L , (67)

where 𝑐∗S and 𝑐∗L are the normalised concentration of the coexisting metal phase and corrosion phase at a material point. The KKS 
model assumes that two phases of the mixture in dilute solutions has different concentrations but the identical chemical potential 
in a chemical equilibrium state 

𝜕𝜓S
𝜕𝑐∗S

=
𝜕𝜓L
𝜕𝑐∗L

, 𝜓S = 𝐴(𝑐∗S − 1)2 , 𝜓L = 𝐴(𝑐∗L − 𝑐
∗
Le)

2 . (68)

Combining these relations yields 
𝑐∗M = 𝑐∗S + (1 − ℎc(𝜙c))(𝑐∗Le − 1) . (69)

The corrosion dissipative force is then 
𝑠𝜙c = −𝜕𝜙c𝜓 = 2𝐴ℎ′c(1 − 𝑐

∗
𝐿𝑒)

[

𝑐∗M −
(

1 − ℎc(𝜙c)
)

𝑐∗Le − ℎc(𝜙c)
]

= 2𝐴ℎ′c(1 − 𝑐
∗
𝐿𝑒)(𝑐

∗
S − 1) ≤ 0 , (70)

where the conditions 𝐴 > 0, ℎ′c ≥ 0, 0 < 𝑐∗Le < 1 and 0 < 𝑐∗S ≤ 1 lead to 𝑠𝜙c ≤ 0. Therefore, the corrosion and diffusion dissipation 

c = 𝑠𝜙c 𝜙̇c + 𝒔M ⋅ 𝒉M + 𝒔H ⋅ 𝒉H = 𝑠𝜙c 𝜙̇c +𝑀M∇𝜇M ⋅ ∇𝜇M +𝑀H∇𝜇H ⋅ ∇𝜇H ≥ 0 (71)

always holds for 𝑠𝜙c ≤ 0, 𝜙̇c ≤ 0, 𝑀M ≥ 0 and 𝑀H ≥ 0.

2.8. Governing equations and boundary conditions

In this section, we collect the results to summarise the set of governing equations for the basic fields of the theory. This set of 
equations is obtained by combining the force balances and constitutive theory. The governing equations consist of:
¬ The stress balance equation 

∇ ⋅ 𝝈 + 𝒃f = 0 , (72)

where 𝝈 = 𝜕𝜀𝜓 = C ∶ (𝜀 − 𝜀p) −𝐾𝑉H(𝑐H − 𝑐H0)𝑰 . C is the fourth-order symmetric elasticity tensor and given by 

C𝑖𝑗𝑘𝑙 = 𝐾𝛿𝑖𝑗𝛿𝑘𝑙 + ℎ𝑑𝐺̄(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘 −
2
3
𝛿𝑖𝑗𝛿𝑘𝑙) , with𝐾 =

{

ℎ𝑑𝐾̄ for tr(𝜺 − 𝜺p) ≥ 0
𝐾̄ for tr(𝜺 − 𝜺p) < 0

. (73)

𝑰 is the second order identity tensor. Considering the insubstantial effect of the second term in stress tensor on hydrogen 
embrittlement [57], it is neglected in the following simulations.
­ The balance equation for fracture field 

−ℎ′d +
𝑔d
𝑙d

(𝑙2d∇ ⋅ ∇𝜙d − 𝜙d) = 0 . (74)

® The evolution equation for the corrosion field 
𝜙̇c = −𝐿𝜙c ⟨𝑟c − 𝜁dc − 𝑠𝜙c ⟩ . (75)

¯ The balance equation for the species concentration 
𝑐̇M = ∇ ⋅𝑀M∇𝜇M , (76)

and 
𝑐̇ = ∇ ⋅𝑀 ∇𝜇 , (77)
H H H
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where by combining the definition of net chemical potential Eq.  (25) and the equilibrium equations Eqs. (13), (14) and (37) the 
chemical potential 𝜇M and 𝜇H can be calculated as 

𝜇M = 𝜕𝑐M𝜓 − ∇ ⋅ 𝜕∇𝑐M𝜓 , (78)

and 
𝜇H = 𝜕𝑐H𝜓 − ∇ ⋅ 𝜕∇𝑐H𝜓 . (79)

It has been suggested that only one of the Laplacian terms (𝛥𝜙c or 𝛥𝑐) is sufficient to approximate the topology of corrosion 
interface [47], 𝜅M is assumed to be 0 for simplicity. Then, boundary condition ̄𝒕c ⋅ 𝒏 = 𝜅∇𝑐M = 0 holds on 𝜕𝛺𝑡c . Therefore, with the 
specification of chemical free energy function  Eq.  (31), the Mg chemical potential  Eq.  (78) becomes a local equation 

𝜇M = 2𝐴
𝑐solid

[

𝑐M
𝑐solid

+ (𝑐∗Le − 1)(3𝜙2
c − 2𝜙3

c) − 𝑐
∗
Le

]

. (80)

The Mg diffusion equation Eq. (76) is then 

𝑐̇M = ∇ ⋅𝐷M𝑐solid∇
[

𝑐M
𝑐solid

+ (𝑐∗Le − 1)(3𝜙2
c − 2𝜙3

c) − 𝑐
∗
Le

]

. (81)

After choosing the nominalised Mg concentration field 𝑐∗M(𝒙, 𝑡) = 𝑐M(𝒙, 𝑡)∕𝑐solid as a global primary field, the Mg diffusion equation 
is rewritten into the normalised form 

𝑐̇∗M = ∇ ⋅𝐷M∇
[

𝑐∗M + (𝑐∗Le − 1)(3𝜙2
c − 2𝜙3

c) − 𝑐
∗
Le
]

. (82)

Considering the constant lattice sites (∇𝑁 = 0) and reference chemical potential (∇𝜇H = 0), and neglecting the gradient energy 
𝜅H = 0 [43], Eqs. (77) and (79) can be combined into the classic diffusion equation 

𝑐̇H = ∇ ⋅
𝐷H𝑐H
𝑅𝑇

∇
(

𝑅𝑇 ln
𝑐H
𝑁

−𝐾𝑉Htr(𝜺 − 𝜺p)
)

= ∇ ⋅
(

𝐷H∇𝑐H −
𝐷H𝑐H
𝑅𝑇

∇𝑉H𝝈HS
)

, (83)

with 𝝈HS being hydrostatic stress and calculated as 
𝝈HS = 𝐾tr(𝜺 − 𝜺p) . (84)

Note that, the electrolyte solution comes into contact with the magnesium alloy matrix through the microdefects in PEO coatings. 
Initially, the microdefects are filled with corrosive medium, in which the diffusion coefficient of species is identical to that in 
the dilute solution. However, in the long-term corrosion process, the deposition of corrosion products within the microdefects 
gradually reduces the diffusion coefficient to a value characteristic of the corrosion products. This reduction of diffusivity of species 
in microdefects is mathematically approximated following [35] 

𝐷∗ = 𝐷*p + (𝐷*l −𝐷*p)𝑒−𝑏𝑡 , (85)

where 𝑏 is a evolution coefficient and 𝑡 is the immersion time with unit in day.
In summary, in the present multiphase-field model, two auxiliary phase-field variables 𝜙d and 𝜙c are introduced. 𝜙d tracks the 

crack interface in solids with 𝜙d = 0 for intact material points and 𝜙d = 1 for completely fractured state. Furthermore, 𝜙d is a 
passive state field without corresponding external loading as ∇𝜙d ⋅𝒏 = 0 on 𝜕𝛺. By defining 𝜙c = 0 for the totally corroded material 
and 𝜙c = 1 for the uncorroded alloy matrix, 𝜙c varies continuously across the corrosion interface. Considering 𝜙c being always 0 in 
the electrolyte and no corresponding external tractions on the solid boundary, the boundary conditions for the corrosion field are 
𝜙c = 0 on 𝜕𝛺l and ∇𝜙c ⋅ 𝒏 = 0 on 𝜕𝛺s. Due to the neglecting of concentration gradient energy, the boundary conditions for species 
concentration are defined as ∇𝑐∗M ⋅ 𝒏 = 0 and ∇𝑐H ⋅ 𝒏 = 0 on 𝜕𝛺s, and 𝑐∗M = 𝑐∗M and 𝑐H = 𝑐H on 𝜕𝛺l. Globally, the state of the domain 
is characterised by displacement 𝒖(𝒙, 𝑡), normalised Mg concentration 𝑐∗M(𝒙, 𝑡), H concentration 𝑐H(𝒙, 𝑡), crack phase-field variable 
𝜙d(𝒙, 𝑡) and corrosion phase-field variable 𝜙c(𝒙, 𝑡).

The multiphysics interactions in the proposed model are illustrated in Fig.  2 and summarised as follows: (1) Elastoplastic 
deformations drive the fracture process via the local history maximum driving energy  and influences hydrogen diffusion via the 
term ∇𝑉H𝜎HS, respectively; (2) Fracture of materials leads to degradation of their mechanical properties (ℎd); (3) Fracture creates a 
path for a rapid diffusion of materials and thereby facilitates the diffusion of chemical species, which is captured by the correction 
function (ℎf) in the diffusion coefficient; (4) Corrosion and hydrogen reduce the fracture toughness of materials via the degradation 
functions (ℎdc and ℎdh); (5) Fracture process accelerates the chemical reaction at the corrosion interface via the term 𝜁dc = −𝑔′d𝜒 .

3. Computational simulations

In this section, four computational models are employed to (1) demonstrate the effect of hydrogen embrittlement on the SCC 
behaviour of biodegradable magnesium alloys, (2) compare the proposed model with film rupture-dissolution-repassivation model 
for predicting the SCC behaviour, (3) validate the proposed model for the PEO-coated magnesium alloy WE43MEO by comparing 
with the results of in vitro experiments under pure chemical and mechanochemical loadings, and (4) numerically investigate the 
SCC mechanism of magnesium alloys with post-sealed coatings at the microscale. In Section 3.1, a notched plate subjected to 
SSRT loadings is used as a numerical example to evaluate the impact of environmental hydrogen diffusion on the SCC behaviour. 
12 
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Fig. 2. Schematic of multiphysics interactions in the proposed model.

Fig. 3. Geometry and boundary conditions of the notched plate for studying the influences of hydrogen embrittlement. 

Furthermore, by embedding a microscopic computational domain within a macroscopic specimen, we compare the simulation results 
of the present model with experimental observations in Section 3.3. Here, the corrosion rates of uncoated and coated specimens are 
analysed under purely corrosive conditions. In addition, we study the effect of static loadings on the damage evolution of coated 
magnesium alloy. In Section 3.4, a microscopic model of the magnesium alloy with a post-sealed PEO coating is used to study the 
SCC process under the SSRT conditions.

3.1. Notched plate: influences of hydrogen on the SCC behaviour of biodegradable magnesium alloys

In this numerical example, the proposed model is used to study the role of hydrogen embrittlement on the SCC process of the 
biodegradable magnesium rare-earth alloy WE43MEO (Meotec GmbH, Aachen). We consider a rectangular domain 200 μm × 150 μm
containing an initial quarter-elliptic flaw on the right surface, subjected to stress corrosion. It has been known that inhomogeneous 
electrochemical properties between different phases of the material can result in barrier film breakdown, leading to the formation of 
microstructural flaws and the pit initiation. In this case, we demonstrate the influences of hydrogen on the pitting evolution process. 
The details of the computational example are depicted in Fig.  3. The model is discretised using fully integrated second-order 8-node 
plane strain elements with a mesh size of 0.5 μm. The material properties are listed in Table  1 based on the previous works [31,35]. 
The fracture interface thickness 𝑙d is taken as 1/10 of the flaw width, while the critical fracture energy is adjusted with 𝑙d to ensure 
that the material maintains the same tensile strength. The critical fracture energy of corrosion product 𝑔dc is set to be 𝑔dc = 0.01𝑔dm.

In the computational simulations, 𝑐∗ = 1, 𝑐H = 0 and 𝜙c = 1 are defined as initial conditions in the notched bar, while 𝑐∗ = 0, 
𝑐H = 0.2 wtppm and 𝜙c = 0 always hold at the notch as boundary conditions. Initially, the sample is precorroded for 1×105 s. Then, 
a displacement in the 𝑦-direction is applied along the upper edge with a constant slow loading rate 7.5 × 10−5 μm s−1. On the other 
13 
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Table 1
Model parameters of the magnesium alloy WE43MEO.
 Parameter Physical interpretation Value  
 𝐻̄ Effective hardening modulus 770 MPa [31]  
 𝐾̄ Effective bulk modulus 32 173 MPa [31]  
 𝐺̄ Effective shear constant 17 480 MPa [31]  
 𝜎̄𝑦 Effective initial yield stress 260 MPa [31]  
 𝑙d Fracture interface thickness 0.001 mm  
 𝑔dm0 Initial critical fracture energy 0.85 MPamm  
 𝑔dm∞ Reduced critical fracture energy 0.15𝑔𝑑𝑚0 [31]  
 𝑚p Plastic model parameter 5 [31]  
 𝛾crit Critical equivalent plastic strain 0.8 [31]  
 𝑐solid Saturated Mg-ion concentration 67.319 mol L−1 [31]  
 𝑐∗Le Normalised saturated Mg-ion concentration in the corroded material 0.051 [31]  
 𝛼c Gradient energy coefficient 5.1 × 10−5 N [35]  
 𝑤c Height of the double-well energy barrier 3.528 × 10−2 Jmm−3 [35]  
 𝐴 Free energy density curvature 53.5 Nmm−2 [35]  
 𝐷Mp Diffusion coefficient of Mg in corrosion product 1.17 × 10−8 mm2 s−1 [35]  
 𝐷Ml Diffusion coefficient of Mg cations in electrolyte 8.5 × 10−4 mm2 s−1 [31]  
 𝐷Hp Diffusion coefficient of H in alloy 2 × 10−7 mm2 s−1 [39]  
 𝐷Hl Diffusion coefficient of H ions in electrolyte 4.8 × 10−3 mm2 s−1 [58,59] 
 𝐿𝜙c Interface kinetics coefficient 2 × 10−2 mm2 N−1 s−1[35]  
 𝑚d Fracture model parameter 2.4 [31]  
 𝑚c Corrosion model parameter 3 [31]  
 𝛬 Hydrogen damage coefficient 0.7 [60]  
 𝛥𝐺0

b Gibbs free energy difference 3.2 × 104 Jmol−1 [61]  
 𝑉H Partial molar volume of H in Mg 2240 mm3 mol−1 [62]  
 𝑏 Evolution coefficient 1.7 [35]  

hand, the y-displacement is fixed along the lower edge and the x-displacement is fixed along the left edge. Fig.  4(a) demonstrates the 
effect of hydrogen embrittlement on the development of the corrosion pit predicted by the computational simulations. The results 
clearly show that the reduction in the critical fracture energy caused by hydrogen atoms significantly accelerates the progression of 
pitting in the alloy substrate. After 5000 s of loading time, the crack depth shows a twofold increase when hydrogen embrittlement 
is considered. As illustrated in Fig.  4(b), the proceeding of the pit development closely follows the propagation of the crack with 
a significant accumulation of hydrogen atoms observed at the crack tip. Moreover, the hydrogen concentration at the crack tip 
increases notably under higher loadings.

The effects of environmental hydrogen concentration are demonstrated in Fig.  5. Fig.  5(a) and (b) show the crack depth evolution 
curve and stress corrosion crack growth rate vs. the loading time, respectively. It is revealed that higher environmental hydrogen 
concentrations result in significantly increased crack growth rates and earlier onsets of SCC. For instance, under the ambient 
hydrogen concentration of 0.3 wtppm, SCC occurs approximately 300 s earlier compared to the case with the concentration of 
0.1 wtppm, and the final failure time of the sample is accelerated by about 600 s. However, the morphology of the pitting craters 
remains largely unchanged, as shown in Fig.  5(c). Furthermore, Fig.  5(b) shows that, under the current SSRT loading, SCC propagates 
at a relatively stable rate at the second stage, prior to final failure. 

Fig.  6 illustrates the influence of the damage coefficient 𝛬 in the model. A higher damage coefficient indicates the increased 
hydrogen embrittlement in the alloy matrix. As shown in Fig.  6(a)–(b), an increase in the damage coefficient results in an earlier 
onset of SCC and an accelerated crack growth rate. Specifically, when the damage coefficient increases from 0.5 to 0.9, the 
crack growth increase from 64 μm to 166 μm after the loading time of 4500 s as shown in Fig.  6(c). These results highlight 
the considerable influence of hydrogen embrittlement on the SCC behaviour of biodegradable magnesium alloys. Meanwhile, the 
ambient hydrogen concentration and the magnesium alloy’s susceptibility to hydrogen embrittlement affect the crack growth under 
mechanical loadings.

3.2. Compact tension specimen: comparison with film rupture/dissolution/repassivation model

The SCC behaviour is associated with the film rupture/dissolution/repassivation mechanism [63]. As a result, the crack growth 
rate typically follows a power-law relationship with respect to the stress intensity factor 𝐾I, as given by [64]: 

𝑑𝑎
𝑑𝑡

= 𝐶1𝐾
𝐶2
I , (86)

where 𝐶1 and 𝐶2 are material and environment-dependent constants. To evaluate the prediction consistency between the proposed 
model and the film rupture-dissolution-repassivation model, a compact tension (CT) specimen of the AZ91D magnesium alloy is 
employed to investigate the effect of 𝐾I on the SCC crack growth rate. The simulation setup is illustrated in Fig.  7. The model is 
discretised using fully integrated second-order, 8-node plane strain elements with a mesh size of 0.04 mm. The model parameters 
are listed in Table  2. The plastic deformation behaviour is characterised using the multilinear isotropic hardening law with the 
parameters reported in [65]. The centre of the circular hole is connected to the hole edge via a distributed coupling. Throughout 
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Fig. 4. Computational results of the notched plate. (a) Corrosion pit evolutions predicted by including and neglecting hydrogen-embrittlement 
at the loading time 𝑡 = 4000 s and 5000 s. (b) Contour plots of the crack field, von Mises stress and the normalised hydrogen concentration 
predicted by considering hydrogen-embrittlement at the loading time 𝑡 = 4000 s and 5000 s.

the simulation, a constant load is applied at this point, while its displacement in the 𝑥-direction is constrained. The initial and 
boundary conditions for chemical species are consistent with those described in Section 3.1.

In this computational example, the crack growth rate is quantified as the average propagation rate over the initial 200 μm
extension of the SCC. The simulated crack growth rates under various values of 𝐾I are presented in Fig.  8, while Fig.  9 illustrates 
the evolution of the SCC region under different loading conditions. The results demonstrate that the proposed model effectively 
capture the experimentally observed trends reported in [66]. To compare the present model with the classical film rupture-based 
model, a curve-fitting analysis was conducted on the simulation data. The fitted curve in Fig.  8 follows the equation: 

𝑑𝑎
𝑑𝑡

= 5.589 × 10−12𝐾2.278
I , . (87)

This result confirms that the predicted SCC growth rate exhibits a power-law dependence on 𝐾I, consistent with the mechanistic 
trends described by classical film rupture-based models.
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Fig. 5. Effect of the environmental hydrogen concentration on crack growth. (a) Crack depth-loading time curves, (b) crack growth rate ( 𝑑𝑎
𝑑𝑡
)-

loading time curves and (c) corrosion interface morphologies at the loading time 𝑡 = 4500 s.

Table 2
Model parameters of the magnesium alloy AZ91D.
 Parameter Physical interpretation Value  
 𝐾̄ Effective bulk modulus 32 158 MPa [65]  
 𝐺̄ Effective shear constant 17 472 MPa [65]  
 𝜎̄𝑦 Effective initial yield stress 88.28 MPa [65]  
 𝑙d Fracture interface thickness 0.1 mm  
 𝑔dm0 Initial critical fracture energy 8.5 MPamm  
 𝛼c Gradient energy coefficient 2.04 × 10−3 N  
 𝑤c Height of the double-well energy barrier 1.408 Jmm−3  
 𝐷Mp Diffusion coefficient of Mg in corrosion product 3.5 × 10−7 mm2 s−1 [31] 
 𝐿𝜙c Interface kinetics coefficient 1.2 × 10−6 mm2 N−1 s−1  

3.3. PEO-coated sample: validation against in vitro experiments of biodegradable magnesium alloy WE43MEO

In order to validate the feasibility of the proposed model for the PEO-coated magnesium alloy WE43MEO, we consider a square 
plate with an initial flaw, illustrated in Fig.  10(a) and (b). The initial flaw in the alloy matrix is assumed to be a quarter-elliptical 
geometry with a width of 5 μm and a depth of 10 μm. The initial crack with a length of 40 μm is introduced in the barrier film with 
a thickness of 2 μm according to the suggested proportion of broken regions in the barrier film for matching the experimental data 
of in vitro corrosion tests in DMEM [35]. In addition, a representative 100 μm-wide section with the detailed porous microstructure 
of PEO coating is embedded in the plate as shown in Fig.  10(c). In the experiment, it was found that the coating has an average 
thickness of 20 μm, a porosity of 15.7%, and a mean pore radius of 1.3 μm [35]. Accordingly, the pore structure of the coating is 
represented by random pores with radii of 1 to 2 μm. For modelling initial defects in the PEO coating, a discharge channel with a 
width of 1 μm is aligned to connect the surface defect of the PEO coating and the initial flaw in the alloy matrix.

Experimental studies showed that the micropores connected by microcracks in the PEO coating act as microchannels for allowing 
the penetration of electrolytes to the alloy matrix, significantly affecting the SCC behaviour. The microdefects in the PEO coating 
16 
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Fig. 6. Effect of the hydrogen damage coefficient 𝛬 on crack growth. (a) Crack depth-loading time curves, (b) crack growth rate ( 𝑑𝑎
𝑑𝑡
)-loading 

time curves and (c) corrosion interface morphologies at the loading time 𝑡 = 4500 s.

Fig. 7. Geometry and boundary conditions of the CT specimen.

are typically a few microns, and the embedded microcracks are often less than 1 μm in width [67]. It is still challenging to detect 
these defects using X-ray microcomputed tomography techniques. From the computational point of view, accurately capturing such 
3D morphology of microdefects would require extremely fine meshing, resulting in prohibitively high computational costs for FEM 
simulations. Therefore, the PEO coating model is simplified with pre-defined microcracks and micropores to balance model fidelity 
with computational cost. The idealised initial cracks and defects in the coating are assumed to be filled with corrosive medium, 
which allows the diffusion of ions through these defects in the computational simulation. As a result, these defects can act as 
stress-corrosion initiation sites under chemomechanical loadings in the computational simulation. 
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Fig. 8. Crack growth rate ( 𝑑𝑎
𝑑𝑡
) versus 𝐾I for the magnesium alloy AZ91D from in vitro stress corrosion tests [66] and multiphysics phase-field 

simulations.

Fig. 9. Contour plots of the corrosion phase fields in the CT specimen under different static loadings.

Table 3
Material properties of the PEO coating.
 Parameter Physical interpretation Value  
 𝐾̄ Effective bulk modulus 173913 MPa  
 𝐺̄ Effective shear constant 94 488 MPa  
 𝑔dm Critical fracture energy 4 × 10−4 MPamm [31]  
 𝐷M-PEO Diffusion coefficient of Mg within PEO coating 8 × 10−10 mm2 s−1 [35] 
 𝑏 Evolution coefficient 1.7 [35]  

The model is discretised using fully integrated second-order 8-node plane elements with a maximum mesh size of 0.5 μm in the 
alloy substrate and 0.2 μm in the PEO coating. The boundary conditions 𝑐∗M = 0, 𝑐H = 0.16 wtppm and 𝜙 = 0 are prescribed along 
the upper boundary immersed in the electrolyte, while the initial conditions are 𝑐∗M = 1, 𝑐H = 0 and 𝜙c = 1 in the alloy matrix, 
and 𝑐∗M = 0, 𝑐H = 0 and 𝜙c = 0 in the PEO coating. The environmental hydrogen concentration (𝑐H = 0.16 wtppm) is set to match 
physiological conditions, as referenced in [68]. The bottom edge is fixed in the 𝑦-direction, while the left edge is constrained in the 
𝑥-direction. Moreover, it is assumed that the microstructural defects in the computational models are initially filled by electrolyte, 
which enables a fast diffusion of species. The model parameters of magnesium alloy WE43MEO used in the simulations is listed in 
Table  1. The properties of PEO coating are given in Table  3. The elastic modulus of coating is 240 GPa according to Gazenbiller’s 
result [33] and the Poison ratio is assumed to take the same value of the alloy substrate. The critical fracture energy of the PEO 
coating is calibrated to have the tensile strength of MgO (96 MPa) [69]. For simplification, the diffusion coefficient of hydrogen in 
the PEO coating is assumed to be equivalent to that in the alloy substrate.

3.3.1. Corrosion tests
We first validate the simulation setup against the in vitro data reported in [16] by analysing the corrosion process without 

mechanical loading. The average corrosion depth in the experiments is evaluated according to the collected volume of hydrogen 
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Fig. 10. (a) SEM image of the PEO coating. (b–e) Computational models and boundary conditions for non-coated and PEO-coated WE43MEO 
samples.

gas 𝑉H (mL) following 

CDExp = 𝑃𝑀Mg𝑉H∕(𝜌Mg𝑅𝑇𝐴s) (88)

with the gas pressure 𝑃  (1 atm), the molar mass of magnesium 𝑀Mg (24 310 mgmol−1), the density of WE43MEO 𝜌Mg (1840 mg cm−3), 
the molar gas constant 𝑅 (82.05 mL atm K−1 mol−1), the test temperature 𝑇  (310.15 K) and the surface area of specimen 𝐴s (3.016 
cm2). The simulated average corrosion depth is calculated by dividing the corroded area 𝐴c by the specimen width 𝑊s

CDSim = 𝐴c∕𝑊s . (89)

Figs.  11 and 12 illustrate the corrosion depth-time curves and the corresponding pitting morphology evolution for uncoated and 
coated magnesium alloys, respectively. In the initial stage of corrosion, the PEO coating has a negligible influence on the corrosion 
of the alloy substrate due to the existing microdefects, which enable the direct contact between the electrolyte and the alloy surface. 
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Fig. 11. The evolution of the average corrosion depth for the non-coated and PEO-coated WE43MEO from in vitro corrosion tests [16] and 
phase-field simulations.

Fig. 12. Pit morphologies of the non-coated and PEO-coated WE43MEO after 4 days and 10 days.

However, as corrosion products accumulate in the microdefects of the PEO coating, the penetration of the solution is increasingly 
hindered, leading to the accumulation of Mg ions in the PEO coating, as illustrated in Fig.  13. In this circumstance, the corrosion rate 
of the coated specimen becomes significantly lower than that of the uncoated specimen after 4-day immersion. The good agreement 
between the experimental and computational results confirms the validity of the computational setup and the corrosion model’s 
parameters for uncoated and coated WE43MEO.

3.3.2. Static loading-corrosion tests
Biodegradable implants are subjected to significant mechanical loadings in vivo conditions. Therefore, it is essential to investigate 

the influence of mechanical loading on the degradation behaviour of PEO-coated magnesium alloys. In previous experimental study 
in [22], static tensile stresses of 120 MPa, 180 MPa and 240 MPa (corresponding to 40%, 60% and 80% of ultimate tensile strength 
of WE43MEO) were used to analyse the loading effect on the corrosion behaviour of the PEO-coated WE43MEO immersed in DMEM. 
The experiments showed that the loading levels of 120 MPa and 180 MPa have only a minor effect on the corrosion process, whereas 
the tensile stress of 240 MPa markedly accelerated the corrosion process. Due to experimental limitations, the underlying mechanisms 
remain unclear. To gain deeper insight into the SCC behaviour of PEO-coated magnesium alloys, we conduct the simulation under 
these loading conditions. A constant surface traction is imposed on the right edge in the 𝑥-direction, the left edge is fixed in 𝑥-
direction and the bottom edge is fixed in 𝑦-direction. The sample is then subject to the above mentioned chemomechanical boundary 
conditions for one day. The critical fracture energy of corrosion product here is calibrated to be 4.5% of the uncorroded material 
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Fig. 13. The evolution of the Mg-concentration during the corrosion process of PEO-coated WE43MEO.

Fig. 14. (a) Pit morphologies and crack field distribution under static loadings with different stress levels over 1-day duration (2183 s for the 
loading case of 240 MPa). (b) The SEM image for the PEO coating surface with aligned microcracks of the failed specimen tested with the loading 
240 MPa.

to reproduce the experimental results. Since the applied loads far exceed the load-bearing capacity of the PEO coating, the coating 
fractures entirely under all three load levels as shown in Fig.  14. A penetrating crack is visible, connecting multiple pores, and the 
interface between the coating and alloy substrate is nearly torn apart. These results indicate that the PEO coating does not protect 
the alloy substrate under high stress loadings. In the loading case of 120 MPa, although the PEO coating is completely fractured, 
there is minimal damage in corrosion products on the alloy substrate (see Fig.  14). After one day of corrosion, the corrosion pit 
reaches a depth of approximately 30 μm, which is obviously deeper than the case in the absence of mechanical loading. When the 
loading increase to 180 MPa, significant damage of corrosion products is observed near the initial flaw, further accelerating pit 
growth. In both cases, the fracture and delamination of the PEO coatings lead to the direct exposure of the alloy substrate to the 
corrosion medium, resulting in a significantly higher corrosion rate compared to pure corrosion conditions. However, the corrosion 
pits with the depth of several tens-microns after one day of exposure has a limited effect on the overall structural integrity of the 
specimen, which agrees with the experimental results as shown in Fig.  15, where the reduction of the mechanical integrity in our 
simulation results is calculated by the ratio of the maximum crack depth to the height of the square plate.

A further increase of the external loading to 240 MPa causes extensive damage of corrosion products, resulting in pronounced SCC 
phenomena. Due to numerical convergence limitations, only the results from the last successfully converged computational step are 
presented. Notably, a crack develops significantly within the alloy substrate, and its inclined orientation indicates localised plastic 
deformations. Under the combined influence of mechanical loading and corrosion, the SCC pit shows a clear tendency to expand 
downward. After 2183 s of corrosion, the crack depth reaches 89 μm. It is reported [22] that the SCC crack growth is driven by a 
hydrogen-assisted mechanism and proceeds slowly at the initial stage. As the crack propagates, local stress concentrations accelerate 
the crack growth until a final failure. Therefore, the specimen will fail completely within the corrosion time of one day according 
to the simulation result. Under high mechanical loadings, the SCC resistance of PEO-coated WE43MEO alloys in DMEM appears to 
depend mainly on the alloy substrate, while the coating’s protective effect becomes negligible. The open discharge channel in the 
coating induce localised stress concentrations and facilitate the growth of the corrosion pit, whereas the coating’s porous structure 
fractures readily under high stresses, and delamination at the coating–substrate interface eliminates the residual protection for the 
alloy substrate.
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Fig. 15.  The integrity reduction of PEO-coated specimens under static loadings with different stress levels over 1-day duration [22]. In the 
loading case of 240 MPa, two out of three specimens fractured completely after 1 day, while the third retained almost its original strength.

In this study, the hydrogen damage coefficient was estimated based on experimental observations of a notable reduction in 
material ductility after hydrogen charging, which ranges from 60% to 88% compared to the samples tested in air [70]. Furthermore, 
Winzer et al. [71] demonstrated that hydrogen pre-charged magnesium specimens exhibited a 68% drop in fracture toughness 
compared to uncharged counterparts. Based on these results, a hydrogen damage coefficient of 0.7 is adopted in the simulations 
to reflect this level of degradation. This parameter is considered to fall within a physically reasonable range for biodegradable Mg 
alloys. Fig.  16 demonstrates the prediction sensitivity to the hydrogen damage coefficient under the static loading of 240 MPa. 
After 500 s of the loading, SCC cracks initiated in all three cases with varying hydrogen damage coefficients. When the hydrogen 
damage coefficient was increased from 0.7 to 0.9, the SCC crack develops to an unstable propagation stage after 1200 s, indicating 
a significant acceleration in the SCC propagation. Similarly, the coefficient of 0.7 results in an approximately 30% longer SCC crack 
than that observed in the case of 0.5. These results suggest that the prediction of SCC crack growth rate is sensitive to the hydrogen 
damage coefficient, while the model captures the overall SCC behaviour. It is also worth noting that the degree of data scatter is 
inherent in the SCC experiments. Under a constant applied stress of 240 MPa, one specimen exhibited almost no visible cracking while 
two others fractured completely. Given such experimental scatter, the level of uncertainty introduced by estimating the hydrogen 
damage coefficient is considered as acceptable. Nevertheless, it is necessary to calibrate this parameter under in vitro conditions for 
more accurate predictions.Due to the complex chemo-mechanical coupling effects, the microscale validation for the degradation of 
biodegradable magnesium alloys is important but also technically challenging. In existing literature, hydrogen diffusion models in 
metals are typically validated by comparing the hydrogen permeation behaviour under controlled conditions [72,73]. Recent studies 
have shown that neutron imaging is a promising method for visualising hydrogen in magnesium alloys, with spatial resolution 
limited to several tens of micrometres [74,75]. In addition, atom probe tomography, secondary ion mass spectrometry, elastic recoil 
detection analysis and nuclear reaction analysis have been used to measure the hydrogen in metals. To understand the coupling 
mechanism of the SCC process, experimental efforts have been devoted to in situ experiments for dynamic monitoring of crack growth 
under chemo-mechanical environments involving simple corrosive media [76–78], such as quantifying local hydrogen concentration 
fields and crack kinetics. However, applying these methods to biodegradable magnesium alloys with high chemical activity requires 
significant experimental efforts and developments. The complex chemical compositions in DMEM, including multiple ions and 
organic components, lead to very complicated mechano-electrochemical processes of formation/rupture/dissolution of corrosion 
products as well as the adsorption of proteins to the specimen [79]. The complex chemo-mechanical environments make it 
technically difficult to conduct microscopic monitoring of the coupled degradation process of magnesium alloys under in vitro 
conditions. Hence, current study mainly focuses on the development of the modelling method rather than microscale experimental 
validation for the coupling mechanism.

3.4. Post-sealed PEO-coated sample without open defects: numerical studies on the SCC behaviour

Since open pores and discharge channels in the coatings significantly weaken its protective ability, a variety of post-treatments 
have been developed to seal these open pores and initial flaws, such as phosphate-based sealing treatment [80]. Here, we 
numerically investigate the SCC behaviour of such post-sealed PEO-coated samples under SSRT loading conditions using the proposed 
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Fig. 16. Contour plots of the crack phase field under the static loading of 240 MPa with different hydrogen damage coefficients after 500 and 
1200 s.

Fig. 17. The representative computational model and boundary conditions for the post-sealed PEO-coated sample without open defects. The 
origin of the coordinate system is located at the lower left corner of the model.

multiphysics model. Accordingly, a representative microstructural model without discharge channels and initial film cracks is 
employed for the computation simulations. The geometry and boundary conditions of the model are illustrated in Fig.  17. The 
surface roughness of the specimen is approximated using a sinusoidal function 𝑅i2 sin( 𝜋25𝑥 − 𝜋

2 ) +
𝑅i
2 sin( 𝜋50𝑥 + 𝜋

2 ) + 100 with 𝑅i = 5

being a roughness parameter, based on the following assumptions: (1) the interface wave height varies between 5 and 10 μm, 
and is not strictly uniform as shown in Fig.  10(a), and (2) the deepest troughs repeats approximately every 100 μm. This periodic 
profile triggers pronounced local stress concentrations under mechanical loadings. The porous structure of the coating is modelled 
23 



D. Zhang et al. Engineering Fracture Mechanics 330 (2025) 111659 
Fig. 18. Crack depth-loading time curves of the post-sealed PEO-coated sample under three different strain rates. The crack depth is the vertical 
distance between the pit front and the horizontal mid-point of the coating–substrate interface.

Fig. 19. Contour plots of the crack and corrosion phase fields at the global strain of 0.7% under different strain rates.

by randomly distributed circular pores with pore radii range from 1 to 2 μm, resulting in the porosity of approximately 15.7%. The 
model is discretised using fully integrated second-order 8-node plane strain elements with a maximum mesh size of 0.2 μm in the 
coating and 0.5 μm in the substrate. The boundary conditions 𝑐∗M = 0, 𝑐H = 0.16 wtppm and 𝜙c = 0 are prescribed along the upper 
boundary, while the initial conditions are 𝑐∗M = 1, 𝑐H = 0 and 𝜙c = 1 in the alloy matrix, and 𝑐∗M = 0, 𝑐H = 0 and 𝜙c = 0 in the 
PEO coating. The bottom edge is fixed in the 𝑦-direction, while the left edge is constrained in the 𝑥-direction. A displacement in the 
𝑥-direction is applied at the right edge with a constant slow loading rate.

Fig.  18 depicts the evolution of the vertical crack depth in coated samples tested with three loading rates. It is seen that the 
loading rate significantly affects the SCC response of the coated alloys due to the corrosion-fracture interaction. A lower loading rate 
leads to higher corrosion damage and thereby smaller deformations for the failure of the material. With the loading rate 1 × 10−7

s−1, the vertical crack depth attains 45 μm at a global strain of 0.7% on the representative model of the microstructure, whereas 
the same crack depth is not reached until the global strain of 1.44% with the loading rate 1 × 10−5 s−1. This behaviour can be 
attributed to the fact that the longer exposure time at lower strain rates allows more corrosion and hydrogen diffusion in the alloy 
substrate. Fig.  19 compares the crack field distribution and corrosion morphology of the samples at three strain rates when the 
global strain reaches 0.7%. We observe that the PEO coating is almost fractured. The fracture of PEO coatings causes significant 
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Fig. 20. Contour plots of the hydrogen distribution, the hydrostatic stress and the accumulated plastic strain in the alloy substrate at the global 
strain of 0.7% under the loading rate of 1 × 10−5 s−1.

Fig. 21. Contour plots of the crack and corrosion phase fields in the coated sample with post sealing for the case of the loading rate 1 × 10−7

s−1 at the loading time 𝑡 = 6600 s, 65000 s and 70000 s.

stress concentration and hydrogen enrichment near the coating-alloy interface as shown in Fig.  20. The localised concentration of 
hydrogen and accumulated plastic strain trigger stress corrosion cracking of the alloy substrate. Because of a longer immersion time, 
the evidence of stress corrosion is more apparent in the case of the loading rate 1 × 10−7.

Fig.  21 shows the distribution of crack and corrosion fields after 6600 s, 65000 s and 70000 s in the case of the loading rate of 
1×10−7 s−1. At the loading time of 6600 s, a through-coating crack has formed, triggering the initiation of pit and the local hydrogen 
enrichment, yet the intact portions of the coating and barrier film still shield most of the surface. The continued straining to 65000 
s causes interfacial delaminations and additional penetrating cracks, eliminating the coating’s protective function. The damage in 
corrosion products further accelerates the corrosion process, leading to failure after 70000 s.

To investigate the influence of the environmental hydrogen concentration on the SCC behaviour, we compared the SCC response 
under two representative hydrogen exposure levels: 0.16 wtppm and 0.06 wtppm. The elevated hydrogen concentration (0.16 
wtppm) corresponds to the condition within the bone marrow cavity, while the lower exposure level (0.06 wtppm) reflects 
subcutaneous tissue environments [68]. As shown in Fig.  22, the simulation results clearly demonstrate that the stress corrosion 
cracking rates at the elevated hydrogen exposure in bone marrow increase dramatically compared to the subcutaneous-level scenario. 
At 70000 s, the pitting depth of the Mg alloy substrate in the bone marrow cavity environment is 38.7% deeper than that observed 
under subcutaneous exposure. This quantitative comparison shows that a higher environmental hydrogen concentration significantly 
enhances the SCC susceptibility. To better understand the influence of microstructural features of PEO coatings on the SCC process, 
a static loading of 40 MPa is applied to the right side of the model to observe the SCC behaviour. To quantify the damage in the 
alloy substrate, the average corrosion depth is defined as the total corroded area divided by the sample width of 100 μm. The effects 
of coating porosity and coating/substrate roughness are investigated as follows:
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Fig. 22. Effect of the environmental hydrogen concentration on crack growth in the coated sample with post sealing for the case of the loading 
rate 1× 10−7 s−1. (a) Crack depth-loading time curves and (b) corrosion interface morphologies at the loading time 𝑡 = 70000 s. The crack depth 
is the vertical distance between the pit front and the horizontal mid-point of the coating–substrate interface.

Fig. 23. Effect of the coating porosity. (a) The influence of the coating porosity on average corrosion depth after 4 days and (b) contour plots 
of the crack and corrosion phase fields after 4 days for different porosities of PEO coatings.

(i) The influence of porosity. The coating thickness is fixed at 20 μm, and the roughness parameter is set to 5 μm. The porosity 
of the coatings varied from 0.05 to 0.20 with the increment of 0.05. The corresponding average stress-corrosion depths after 4 days 
were 19.4, 25.6, 31.7, and 34.5 μm, respectively, as shown in Fig.  23(a). It is evident that increasing porosity results in higher 
corrosion susceptibility of the coated magnesium alloys under static external loadings. Under the static loading of 40 MPa, coatings 
with the lower porosity exhibit less damage, as shown in Fig.  23(b).

(ii) The influence of roughness. The coating thickness is fixed at 20 μm, and the porosity is set to 0.15. Two coatings with 
roughness parameters of 2 and 5 are compared. The corresponding average stress-corrosion depths after 4 days are 20 and 31.7 
μm, respectively, as shown in Fig.  24(a). As illustrated in Fig.  24(b), a smoother interface can effectively mitigate coating damage 
caused by stress concentration, thereby enhancing the protective performance of the coating under low static loadings.

4. Conclusions

In this study, we have developed a multiphysics phase-field model for the micromechanical analysis of the SCC behaviour of 
PEO-coated biodegradable magnesium alloys. The model developed within the thermodynamically consistent framework captures 
the coupled interactions among corrosion, fracture, and hydrogen diffusion. Different numerical examples at the microscale were 
used to demonstrate the predictive ability of the SCC behaviour of magnesium alloys with different coatings under various loading 
conditions. Based on the computational results, the following conclusions can be drawn:

• The proposed phase-field modelling approach provides a quantitative method for evaluating the corrosion and damage 
behaviour of PEO-coated magnesium alloys. The validation of computational results with in vitro corrosion and SCC 
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Fig. 24. Effect of the coating/substrate roughness. (a) The influence of the coating/substrate interface roughness on the average corrosion depth 
after 4 days and (b) contour plots of the crack and corrosion phase fields after 4 days for different coating/substrate interface roughness.

experiments confirm that the model reasonably reproduces the variation of the corrosion rate under immersion tests and 
the SCC behaviour under constant loadings.

• Hydrogen-rich environments markedly accelerate SCC in magnesium alloys. Simulation results indicate that an ambient 
hydrogen concentration of 0.3 wtppm leads to a 50% increase in the SCC growth rate under SSRT loadings compared to 
that under 0.1 wtppm. Additionally, the intrinsic susceptibility of magnesium alloys to hydrogen embrittlement plays a crucial 
role in determining the SCC growth rate. When the hydrogen damage coefficient 𝛬 increases from 0.5 to 0.9, the steady-state 
SCC growth rate under SSRT loadings approximately doubles.

• The computational results demonstrate that cracking in the coating and interfacial delamination generate pronounced stress 
concentrations within the alloy substrate, facilitating hydrogen accumulation at the crack tip. In the simulation, localised 
plastic deformations near the crack tip serve as the primary driving force for crack propagation due to the coupling term 𝜁pd
in the proposed model, and further promotes the evolution of pitting corrosion via the coupling term 𝜁dc and diffusion coupling 
function ℎf.

• Micro-defects within the coating act as stress concentrators, initiating early-stage cracking. Lower porosity and smoother 
interfaces in PEO coatings significantly enhance their fracture strength, thereby improving their resistance to corrosion under 
moderate static loading conditions. Specifically, a coating with 5% porosity exhibits a 43.7% smaller corrosion rate compared 
with that of 20% porosity under the static loading of 40 MPa, while reducing the interface roughness parameter 𝑅i from 5 μm
to 2 μm decreases the corrosion rate by 36.9% under 40 MPa loadings.

• The used numerical examples demonstrates the reasonable predictive ability of the proposed multiphysics phase-field model 
for describing the SCC behaviour of PEO-coated biodegradable magnesium alloys under chemo-mechanical loadings, which is 
crucial for in silico design and evaluation of the mechanical integrity of magnesium implants in physiological environments.

Under the physiological conditions, cyclic or variable amplitude loadings can significantly affect the initiation and propagation 
of SCC in biomedical magnesium alloys. These complex loading scenarios require corresponding experimental studies and a more 
sophisticated refinement of the proposed model, which need to be considered in future studies to enhance the applicability and 
robustness of the computational model.
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