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 A B S T R A C T

This work is devoted to the development and comprehensive validation of a new interatomic potential for bcc 
and hcp refractory alloys based on the W–Mo–Nb–Ta–Zr–Ti system. The presented model allows the simulation 
of various structural transformations, as well as the behavior of crystal defects in several of the phases observed 
in this system. The classical form of the potential enables simulations of atomic systems comprising up to 
108 atoms for durations longer than a million time steps using a routine computational setting. The wide 
applicability of the developed model is demonstrated by the example of studying phase transformations in 
Ti–Nb alloys and the properties of defects in Laves phases.
1. Introduction

Refractory metals (RMs) play an important role as structural ma-
terials in various fields of materials science [1–3]. Because of their 
exceptional high-temperature strength, as well as their resistance to 
wear and erosion, refractory alloys (RAs) are extensively used in appli-
cations ranging from jet engines and rocket nozzles to nuclear reactors, 
furnace components, and medical devices. In recent decades, particular 
attention has been paid to the study of complex concentrated refractory 
alloys (CCRAs) due to their exceptional mechanical properties at high 
temperatures [4,5] and the increasing interest of studying high-entropy 
alloys [6,7]. Many recent studies have focused on the behavior of 
crystal defects and structural transformations in these alloys, as such 
phenomena are central to understanding the overall material proper-
ties. In this case, atomistic simulation can provide powerful insights 
into the mechanisms of various processes related to the crystal defect 
properties. Thus, the development of reliable interatomic models for 
CCRAs is of crucial importance for this line of research, since the 
efficiency and predictability of classical atomistic simulation is dictated 
by the choice of the interatomic potential [8–10].

Several reliable interatomic potentials have been developed for 
traditional RAs within the W–Mo–Nb–Ta system [11–15]. However, 
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for RAs with a broader definition – including Ti and Zr – interatomic 
potentials are still lacking. This can be partly explained by the in-
creased complexity of the properties of Ti and Zr metals compared 
to traditional cubic RMs. The main crystalline phase of traditional 
RMs is a body-centered cubic (bcc) structure, and no significant phase 
transformations occur in these alloys, except for the order–disorder 
transition that occurs in CCRAs [16,17]. In contrast, for pure Zr and 
Ti alloys, several structural transformations may occur, and a number 
of intermetallic compounds can be stabilized in RAs by the addition 
of such metals. Some classical potentials have been proposed for such 
systems and are commonly used [18–20]; however, their predictability 
is limited because of the heuristic mixing scheme for alloys. To the 
best of our knowledge, no reliable interatomic potential has been 
proposed for the W–Mo–Nb–Ta–Zr–Ti system, aside from some uni-
versal machine-learning (ML) models [21–23], which today remain 
prohibitively expensive for large-scale atomistic simulations involving 
more than 104 atoms. Although such universal models represent power-
ful computational tools, many problems in materials science routinely 
demand atomistic simulations on the order of 105–107 atoms [24,
25]. The development of a classical interatomic potential for such a 
six-element system is the main goal of this work.
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2. Development details

The new potential proposed in this paper has the form of an 
angular-dependent potential, which will hereafter be referred to as 
ADP. In our previous paper, we have already developed an ADP for 
the W–Mo–Nb system [26]. The previously obtained potential func-
tions for this ternary system are incorporated in the new six-element 
potential with minor modifications. Thus, here we present the main 
characteristics that are important for the development and validation 
of ADP functions for Ta, Zr, and Ti metals, and other alloys outside 
the W–Mo–Nb system. Many results of validation tests of the ADP 
potential for W–Mo–Nb can be found in various articles [24–26] and 
the Supplementary Material documents [27] connected to this work, in 
which we briefly repeat some of the tests for ADP and other interatomic 
models.

The ADP class of interatomic potentials was proposed by Mishin 
et al. [28] as an extension of the widely used EAM formalism. For 
a six-element system, the ADP contains 75 potential functions, each 
represented with cubic splines. Typically, the ADP model is only two to 
three times slower than the most efficient EAM potentials [29], making 
it suitable for large-scale molecular dynamics (MD) simulations. In this 
work, the potential functions were determined using the force matching 
method [30] with the potfit code [31,32]. This method provides a 
rigorous way to construct physically justified interatomic potentials 
based on a large fitting database containing only results of Density 
Functional Theory (DFT) calculations. The idea behind this approach 
is to adjust the interatomic potential functions to optimally reproduce 
per-atom forces (together with total energies and stresses) computed 
at the ab initio level for a fine-tuned set of reference structures. A 
simulated annealing algorithm, serving as a global stochastic optimiza-
tion method, was employed to explore the parameter space of the 
interatomic potential and identify the optimal parameter values. Some 
details of this method can be found in our previous papers, where 
we used this technique to develop ADP potentials for Fe–Cr–H [33], 
Si–Al–Au [34] and W–Mo–Nb [26].

DFT calculations for the dataset preparation were performed us-
ing the VASP code [35] (version 5.4.4). The calculations were car-
ried out within the generalized gradient approximation (GGA) us-
ing the Perdew–Burke–Ernzerhof (PBE) parametrization of the elec-
tron exchange–correlation functional. The projector augmented-wave 
(PAW) method was used to describe the wave functions close to the 
core. The cut-off energy of the plane-wave basis set was equal to 
550 eV.

In addition to the previous 327 configurations from the work for 
the W–Mo–Nb potential [26], the reference dataset included 643 new 
configurations representing the W–Mo–Nb–Ta–Zr–Ti system. Each con-
figuration consisted of approximately 250 atoms in a simulation box 
with periodic boundary conditions. All configurations were obtained 
from classical atomistic simulations (MD or static) using the poten-
tials [18,26,36]. The complete dataset includes various bulk phases 
(solid, liquid) and crystal defects of pure metals and alloys of varying 
composition. In total, the new reference DFT database included 970 
energy values, 5412 stress tensor values and 435354 values of the force 
components. The dataset is available in NoMaD dataset repository [37,
38].

The root-mean-square error of the ADP prediction estimated with 
respect to the entire DFT database is about 615 meV/Å for all atomic 
forces, and 259 meV/Å when only the considering configurations with 
force components smaller than 5 eV/Å. The average energy error for 
the entire dataset is 53 meV/atom. The relatively large force error 
obtained for the entire dataset arises from the fact that fixed potential 
functions were used for the W–Mo–Nb part [26]. However, detailed 
information on the force errors for the various datasets, presented in the 
Supplementary Materials [27] and in the following section, confirms 
that the developed ADP potential exhibits accuracy comparable to that 
of other classical potentials and even certain ML model. The developed 
ADP for the W–Mo–Nb–Ta–Zr–Ti system can be downloaded from the 
NIST interatomic potentials repository [39,40].
2 
3. Tests with different datasets

Reproducing forces and energies from the reference dataset is 
a fundamental benchmark for any interatomic potential. Here we 
tested the new ADP by calculating forces not only in our dataset 
(ADP-dataset), but also in other DFT datasets available for RAs. No-
tably, we used three different datasets that were compiled for the 
development/validation of universal machine learning models: Song-
2024 [41], MPTraj [42] and Alexandria [43]. For all datasets, we 
considered only the W–Mo–Nb–Ta–Zr–Ti part and primarily focused 
on atomic forces only, to avoid possible issues with energy renor-
malization. In addition to the ADP, we validated several interatomic 
models that can also be used, at least partially, to simulate the same 
system: SNAP [11], TabGAP [14], MTP [12], EAM [18], MEAM [19], 
three version of MACE (MP-0b3, MPA-0 and MATPES-PBE-0) [44], 
NEP-2024 [41], NEP89 [45], UMA-S-1 [46] and GRACE-2L-OAM [23]. 
Table  1 summarizes the calculated errors for atomic configurations with 
forces below 𝑓 < 5 eV/Å. This force threshold partially excludes highly 
non-equilibrium configurations; however, some high-energy configura-
tions are presented in these tests. The Supplementary Materials contain 
test results for all configurations with detailed descriptions. In addition, 
we have included tests of configuration energies without normalization 
in the Supplementary Materials [27].

According to the test results shown in Table  1, the force error 
for ADP is generally of the same order as for the other two classical 
potentials (EAM and MEAM) and higher than for the ML models. 
However, it should be noted that MEAM, SNAP, TabGAP and MTP 
were used here only to test the 4-element system: Nb–Ta–Ti–Zr for 
MEAM and W–Mo–Nb–Ta for the other three potentials. Thus, direct 
comparison of ADP is reasonable only for universal ML models. As men-
tioned above, universal ML models are indeed powerful and accurate 
tools, with the capability of reproducing DFT data with exceptional 
accuracy. Among them, GRACE-2L provides the best balance between 
accuracy and stability (the error is extremely low in all tests). GRACE-
2L also demonstrates exceptional accuracy among the ML models for 
the basic properties of crystal defects in pure metals, see Supplementary 
Materials [27]. At the same time, ADP provides acceptable error for 
the datasets, and its main advantage being the ability to describe large 
atomic systems, as its computational cost is about 10000 times lower 
than that of universal ML models.

4. Properties of pure metals

We began our primary tests by examining the properties of pure 
metals. Here we tested only pure Ta, Zr, and Ti, and a complete valida-
tion of the W–Mo–Nb part can be found in our previous works [24–26], 
as well as in the Supplementary Material documents [27]. In addition 
to ADP, we also tested EAM [18] and MEAM [19] potentials, which are 
widely used to model the Ta-Zr-Ti system.

Fig.  1 shows the calculated dependence of energy 𝐸 on atomic 
volume 𝑉  for basic crystal structures in the simulated metals: bcc, fcc, 
A15, hcp and 𝜔-phase (the last two only for Ti and Zr). Along with 
the simulation results for the aforementioned classical potentials, the 
figure shows the available DFT data [47,48] for these structures. For 
Ti and Ta, it can be seen that ADP describes the 𝐸(𝑉 ) dependencies 
with better accuracy than the EAM and MEAM models. For zirconium, 
ADP gives acceptable results, but the difference between the fcc and 
hcp phases is relatively small, as is the case for EAM. One of the most 
important properties reproduced by the ADP potential is the correct 
energy difference between the bcc and hcp phases in Ti and Zr. This 
energy hierarchy plays a crucial role in the simulation of CCRAs with 
a bcc lattice containing high concentrations of Ti or Zr.

Several recent studies [49,50] have emphasized the important role 
of delocalized nonlinear vibrational modes (DNVMs) in describing dis-
crete breathers in bcc metals. Following the approach of work [50], 
we calculated the dependence of the atomic energy on the DNVM 
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Table 1
Average force error for different interatomic potentials in different datasets for refractory alloys (in eV/Å). Along 
with the interatomic models, the value in brackets indicates the total number of chemical elements used in the 
test.
 ADP-dataset Song-2024 MPTraj Alexandria 
 ADP (6) 0.26 0.56 0.43 0.37  
 EAM (5) 0.45 0.53 0.43 0.42  
 MEAM (4) 0.35 0.35 0.39 0.24  
 SNAP (4) 0.27 0.41 0.29 0.30  
 TabGAP (4) 0.17 0.45 0.22 0.20  
 MTP (4) 0.22 4.65 0.47 0.20  
 MACE-MP-0b3 (6) 0.27 0.32 0.09 0.23  
 MACE-MPA-0 (6) 0.18 0.22 0.10 0.07  
 MACE-MATPES (6) 0.16 0.20 0.15 0.14  
 NEP-2024 (5) 0.14 0.16 0.18 0.18  
 NEP89 (6) 0.21 0.23 0.25 0.17  
 UMA-S-1 (6) 0.10 0.10 1.76 0.07  
 GRACE-2L (6) 0.12 0.22 0.10 0.06  
Fig. 1. Calculated energy–volume curves for the bcc, fcc, A15, hcp and 𝜔 phases of the simulated metals in comparison with DFT data [47,48]. The explanation 
of the curves is given for the DFT data panel.
displacement 𝑟, normalized by the equilibrium interatomic distance 𝜌0. 
Calculations were performed for three modes – mode 1, mode 5, and 
mode 8 – using the notation introduced in the original work [50]. Fig. 
2 presents these dependencies obtained with the ADP potential for W 
(along with published DFT data) and for Ta. The energy hierarchy of 
the modes is the same for both metals and is consistent with the DFT 
results.

Table  2 presented the basic properties of pure Ta calculated with 
the classical potentials compared to available DFT [51,52] and exper-
imental data [53–55]. With static calculations, we have evaluated the 
lattice parameter 𝑎, elastic moduli 𝐶𝑖𝑗 , the formation and migration 
energies of the vacancy (𝐸𝑓

𝑣𝑎𝑐 and 𝐸𝑚
𝑣𝑎𝑐), and the formation energy of a 

self-interstitial atom 𝐸𝑓
𝑆𝐼𝐴 in the ground energy state. In addition, from 

the molecular dynamics simulation, we calculated the linear thermal 
expansion 𝛼𝐿 and the melting temperature 𝑇𝑚 using the two-phase 
simulation method [56,57]. The largest deviation from the reference 
data occurred with MEAM, which substantially underestimated the 
values of 𝐸𝑚

𝑣𝑎𝑐 and 𝑇𝑚.
As a next step, we have calculated the relaxed generalized stacking 

fault energy (GSFE) profiles of pure Ta for the {110} and {112} slip 
3 
planes when subjected to a displacement in the ⟨111⟩-direction. In Fig. 
3, the results are compiled for the ADP, EAM and MEAM potentials 
along with DFT data. It is found that all empirical potentials produce 
unstable GSFE data in good agreement results from DFT, which predict 
that the energy barrier of the {110} slip plane is less than that of 
{112}. The largest deviation from DFT – in terms unstable stacking 
fault energies – occurs for the {112} slip plane for the ADP potential 
(overestimated by approx. 14%). However, it is only the ADP potential 
that gives rise to an asymmetric profile for the {112} plane, as predicted 
by DFT. The remaining potentials yield symmetric profiles with maxima 
halfway along the path, i.e. for displacement corresponding to 𝑎

√

3∕4.
In Fig.  4, we have evaluated the ground state energy for a set of 

[110] symmetric tilt grain boundaries (GBs) with tilt angles in the 
range 11◦ < 𝜃 < 169◦ as predicted by the ADP. This investigation 
was conducted as detailed in [58]. Comparison with available DFT 
data [59,60] reveals that the overall trend is captured. For instance, 
the low energy of the 𝛴3 twin boundary matches that of 0.29 J/m2

as found by means of DFT modeling [59]. Likewise, as representative 
among the high energy symmetric tilt GBs, the computed energy of the 
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Table 2
The tested properties of Ta: the simulated results for three classical potentials are compared with measured values 
[53–55] and DFT data [51,52].
 Expt. DFT EAM MEAM ADP  
 𝑎 (Å) 3.304 3.320 3.303 3.303 3.315 
 𝐶11 (GPa) 266 266 262 266 265  
 𝐶12 (GPa) 158 161 157 158 187  
 𝐶44 (GPa) 86 76 82 87 99  
 𝐸𝑓

𝑣𝑎𝑐 (eV) — 2.86 2.98 2.94 3.03  
 𝐸𝑚

𝑣𝑎𝑐 (eV) — 0.76 0.99 0.34 0.98  
 𝐸𝑓

𝑆𝐼𝐴 (eV) — 4.77 4.95 4.86 5.94  
 𝑇𝑚 (K) 3293 — 3450 2570 2780  
 𝛼𝐿 (10−6 K−1) 7.4 — 5.2 6.4 7.1  
Fig. 2. Calculated dependence of the atomic energy on the DNVMs displace-
ment normalized by the interatomic distance. (Upper panel) Results for W 
obtained using the ADP potential are compared with DFT data [50]. (Lower 
panel) Results for Ta calculated using the ADP potential.

𝛴9 GB with a tilt angle of 𝜃 =141◦ falls within the reported range 
of 1.5–1.6 J/m2 [59,60]. These results confirm that the ADP has the 
capability to accurately predict the GB properties of pristine Ta.

To investigate the ADP’s capability to describe low-coordinated 
configurations, we have evaluated the ground state energy of a set of 
Ta low-energy surfaces: (100), (110), (111) and (112). It is found that 
the ADP, along with EAM and MEAM, all predict the (110) to have the 
lowest surface energy, in accordance with results from DFT, see Fig.  5. 
Although the absolute energies are overestimated by the ADP potential 
by about 0.5 J/m2, it does capture the relative energy hierarchy and 
the energy differences quite well.

A notable strength of the developed ADP potential is its ability to 
accurately reproduce the compact screw dislocation core in Ta, as it 
4 
does for W, Nb, and Mo [26]. An accurate description of the dislocation 
core is essential to reliably simulate a wide range of dislocation-related 
phenomena, including plasticity, solute segregation, and pipe diffusion. 
Fig.  6 shows the relaxed core structure of the 1/2⟨111⟩ screw disloca-
tion in tantalum (displacement map) for all three classical potentials 
calculated using cylindrical cells constructed with matscipy.dis-
location package [61]. The MEAM potential fails to reproduce the 
correct non-polarized dislocation core. For the ADP, the calculated 
magnitude of the glide barrier (Peierls barrier) for screw dislocations is 
46 meV/𝑏, where 𝑏 is the Burgers vector. This value is close to the DFT 
estimate ∼40 meV/𝑏 [62]. However, similar to many other classical 
potentials, the ADP potential predicts Peierls barriers with a ‘‘doubly-
humped’’ profile, with a local minimum at the split-core state, which 
differs from DFT.

Atomistic simulation of hcp metals such as Ti and Zr is generally 
more difficult than for bcc metals like Ta or Mo. At room tempera-
ture, these metals have a highly anisotropic hexagonal close-packed 
(hcp) structure with multiple competing slip systems, including basal, 
prismatic, and pyramidal. Moreover, depending on temperature and 
stress, they can assume the shape of multiple crystal phases (e.g., hcp 
𝛼-phase, bcc 𝛽-phase, and hexagonal 𝜔-phase), each exhibiting distinct 
defect properties. Table  3 shows the basic properties of 𝛼-Zr and 𝛼-
Ti calculated at zero temperature with use of the ADP potential. For 
this validation, we also calculated the energy of the 𝛴7 twist type GB 
and compared it with results from our DFT calculations. The overall 
observation is that the ADP describes the energies of point and planar 
defects in both hcp metals with good accuracy.

To assess the ADP’s ability to predict the stacking fault energetics 
for 𝛼-Zr and 𝛼-Ti, we evaluate the GSFE curves for slip on the basal 
and prismatic planes, see Fig.  7. For the basal plane we consider slip 
along the [11̄00] and [1̄21̄0]-directions. For the former slip system, it is 
found that the ADP underestimates stable stacking fault energy of Zr. It 
amounts to only 0.05 J/m2, while the DFT data corresponds 0.24 J/m2. 
This minuscule stacking fault energy is a mere reflection of the small 
energy difference between hcp and fcc Zr, as observed in Fig.  1. For 
basal slip in the [1̄21̄0]-direction, although the unstable stacking fault 
energy is underestimated, it is seen that the overall characteristics of 
the DFT curve – with a single maximum – is reproduced. For slip on 
the prismatic plane the ADP potential captures most features, including 
the a local minimum at the center of the displacement curve, which was 
also predicted by DFT. Comparison with the EAM and MEAM potentials 
reveals that the latter tends to overestimate the energy barriers, while 
the performance of the EAM is on par with the ADP. For 𝛼-Ti, the 
overall agreement with DFT results is better – both in terms of stable 
and unstable stacking fault energies. While the stacking fault of MEAM 
and ADP energy concurs with DFT data, it is severely underestimated 
by the EAM potential. Conversely, the energy thresholds predicted 
by MEAM systematically overestimate the DFT data. Thus, the ADP 
parametrization for 𝛼-Ti provides a well-balanced account of the GSFE 
characteristics.

Atomistic simulation of the thermal expansion in hcp metals with 
classical interatomic potentials is challenging because the hexagonal 
structure is highly anisotropic, with different lattice parameters along 
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Fig. 3. GSFE curves for the [111]-direction in Ta, calculated with ADP, EAM, MEAM and DFT in this work. For normalized displacement along the pathway, a 
value of 1.0 corresponds to 𝑎

√

3∕2.
Table 3
Basic properties of 𝛼-Zr and 𝛼-Ti at zero temperature: lattice parameters 𝑎 (in Å) and 𝑐∕𝑎; elastic moduli C𝑖𝑗 (in GPa); vacancy 
formation energy 𝐸𝑓

𝑣  (in eV); SIA formation energy 𝐸𝑓
𝑠𝑖𝑎 (in eV); GB energy 𝐸𝐺𝐵 for 𝛴7 twist type (in J/m2); surface energy 𝐸𝑠

(in J/m2). The results are compared with the available experimental data and DFT calculations.
 Expt. (Zr) DFT (Zr) ADP (Zr) Expt. (Ti) DFT (Ti) ADP (Ti) 
 𝑎 3.231 [63] 3.236 [64] 3.258 2.94 [65] 2.94 [66] 2.93  
 𝑐∕𝑎 1.59 [63] 1.60 [64] 1.58 1.58 [65] 1.583 [66] 1.57  
 C11 143 [67] 147 [64] 185 176 [68] 172 [66] 180  
 C12 73 [67] 69 [64] 119 87 [68] 86 [66] 109  
 C13 65 [67] 71 [64] 89 68 [68] 74 [66] 62  
 C33 165 [67] 163 [64] 211 191 [68] 189 [66] 157  
 C44 32 [67] 26 [64] 41 51 [68] 43 [66] 51  
 𝐸𝑓

𝑣 — 2.07 [69] 2.39 — 2.03 [70] 1.84  
 𝐸𝑓

𝑠𝑖𝑎 — 2.73 [71] 3.04 — 2.58 [70] 2.52  
 𝐸𝐺𝐵 — 0.29 0.28 — 0.33 0.40  
 𝐸𝑠(0001) 2.05 [72] 1.60 [73] 1.48 — 1.97 [74] 1.80  
 𝐸𝑠(1010) — 1.66 [73] 1.66 — 2.04 [74] 1.91  
Fig. 4. GB energies for [110] symmetric tilt GBs in Ta, calculated for different 
tilt angles: ADP results are compared with DFT data [59,60].

Fig. 5. Surface energies calculated for four different low-index surfaces of bcc 
Ta. ADP, EAM and MEAM results are compared with DFT predictions.
5 
the 𝑎- and 𝑐-axes, leading to direction-dependent expansion. Classi-
cal potentials often fall short on capturing this anisotropy accurately 
and oversimplify anharmonic atomic vibrations [66,75]. In particular, 
classical potentials often struggle to reproduce the correct thermal 
dependence of 𝑐∕𝑎 ratio, which is essential for accurately simulating 
phase stability and defect-mediated properties. Fig.  8 illustrates the 
calculated thermal expansion for all three classical potentials tested 
in this work. Additionally, the figure includes the experimentally mea-
sured dependencies for validation. It is found that the ADP accurately 
reproduces the temperature dependence of the 𝑐∕𝑎 ratio for both Zr and 
Ti.

The ability to capture the thermally-induced transition to the bcc 
phase is a key requirement for interatomic potentials of Ti and Zr. Other 
studies have shown that the EAM and MEAM potentials used here are 
unable to predict this transition [78,79]. Unlike these models, the new 
ADP predicts the hcp–bcc phase transformation at temperatures close 
to the experimental values, see Table  4. In the spirit of the previous 
work [36], we have estimated the transition temperature 𝑇𝛼𝛽 from the 
intersection of the temperature stability ranges of the 𝛼 and 𝛽 phases. 
Specifically, in simulations at 𝑇 = 800 K, 𝛽-Ti remains stable for only 
a few picoseconds before spontaneously transforming back into 𝛼-Ti. 
In contrast, 𝛼-Ti remains stable up to about 1630 K, above which it 
transforms into the bcc structure. Thus, the transition temperature can 
be estimated as 𝑇𝛼𝛽 ≈ 1250 K. Table  4 contains the key characteristics 
of 𝛼-𝛽 transition and melting calculated with ADP together with the 
measured values [80–87].

5. Properties of binary alloys

This section is devoted to the discussion of properties of binary 
systems that can be simulated using the new potential. It should be 
noted that the validation of the W–Mo–Nb part has already been carried 
out in several previous works [24–26], and thus we focus only on other 
systems here.
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Fig. 6. Structure of the screw dislocation core in Ta described by the classical potentials.
Fig. 7. GSFE curves for Zr and Ti, calculated with ADP, EAM, MEAM and DFT in this work.
Fig. 8. Thermal dependence of 𝑎 and 𝑐∕𝑎 in Zr and Ti simulated by classical potentials at comparison with the experimental data [65,76,77].
6 
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Table 4
Characteristics of phase transitions and basic properties of 𝛽-Zr and 𝛽-Ti. The table contains transition temperature 
𝑇𝛼𝛽 (in K); transition enthalpy 𝐻𝛼𝛽 (in eV/atom); volume change 𝛥𝑉𝛼𝛽 (in %); melting temperature 𝑇𝑚 (in K); 
melting enthalpy 𝐻𝑚 (in eV/atom). The properties of 𝛽-phase at 𝑇 = 1200 K include 𝑎 (in Å) and thermal expansion 
𝛼𝑉  (in 10−5 K−1).
 Expt. (Zr) ADP (Zr) Expt. (Ti) ADP (Ti)  
 𝑇𝛼𝛽 1130 [83] 1310 ± 50 1155 [80] 1250 ± 50 
 𝐻𝛼𝛽 0.042 [84] 0.041 0.044 [80] 0.046  
 𝛥𝑉𝛼𝛽 −0.45 [85] 0.67 −0.05 [85] 0.2  
 𝑇𝑚 2130 [86] 1860 ± 50 1941 [80] 1720 ± 50 
 𝐻𝑚 0.184 [82,87] 0.137 0.157 [80] 0.105  
 𝑎 3.62 [81,85] 3.64 3.31 [85] 3.28  
 𝛼𝑉 2.9 [81,85] 1.47 4.1 [85] 1.05  
Fig. 9. The mixing enthalpy of bcc random solution for (a) Ta-based alloys, (b) Ti-based alloys and (c) Nb–Zr alloy. In all panels, the lines correspond to the 
MD calculations with ADP at 𝑇 = 0 K for W–Ta, Mo–Ta, Nb–Ta and Zr–Ti (hcp alloy) and at 𝑇 = 1250 K for other alloys; symbols represent the thermodynamic 
estimation based on experimental data [88,89] or DFT calculations [16,90–93].
Fig. 10. Minimal energy path for the {111}⟨110⟩ slip via the synchroshear slip mechanism calculated using nudged elastic band with the ADP potential: (a) W2Zr 
and (b) Mo2Zr C15 Laves phases.
5.1. Mixing enthalpy

Reliable mixing enthalpy of random alloys is essential for predicting 
phase diagrams, solubility limits, and miscibility gaps. These govern 
whether alloys will form solid solutions, ordered phases, or phase-
separates. Thus, to validate the ability of the ADP to predict a realistic 
thermodynamic description, we computed the mixing enthalpy 𝐻𝑚𝑖𝑥
at zero temperature and pressure for three binary random bcc alloys 
(W–Ta, Mo–Ta, Nb–Ta) and one hcp alloy (Ti–Zr). Also, we calculated 
𝐻𝑚𝑖𝑥 for several bcc-phase alloys with varying composition at 𝑇 =
1250 K: Ti–Ta, Zr–Ta, W–Ti, Mo–Ti, Nb–Ti and Nb–Zr. Fig.  9 shows the 
calculated dependence of 𝐻𝑚𝑖𝑥 on the alloy composition together with 
the thermodynamic estimates based on experimental data [88,89] or 
DFT calculations [16,90–93]. According to the calculation results, ADP 
reproduces the energy hierarchy of alloys and can therefore be used 
to study the order–disorder transition in CCRAs. Fig.  9 does not report 
𝐻𝑚𝑖𝑥 for Mo–Zr and W–Zr binary alloys, since they become structurally 
distorted at compositions near the stable compounds Mo2Zr and W2Zr 
that exist in these alloys [94–96].
7 
5.2. W2Zr and Mo2Zr laves phases

To accurately describe the W2Zr and Mo2Zr Laves phases is essential 
for atomistic simulation of CCRAs, as these intermetallic compounds 
play a key role in determining the thermodynamic stability, microstruc-
tural evolution, and mechanical properties of the alloys. Laves phases 
are among the most stable compounds in Mo–Zr and W–Zr subsystems, 
and their formation strongly affects phase equilibria, solute segrega-
tion, and defect properties [99]. Since they often precipitate as hard, 
brittle phases, their energetics and stability directly influence the alloy 
strength, creep resistance, and high-temperature performance.

Laves phases can exist in three different polymorphic structures: 
hexagonal types C14 and, as well as the cubic type C15. According to 
measurements [94–96], W2Zr and Mo2Zr have structure of the C15-
Laves phase. The ADP accurately predicts that type C15 to be the 
most stable compound for both alloys, see Table  5, which presents 
the formation enthalpies and lattice parameters of the C14, C15, and 
C36 compounds as predicted by the ADP potential. For validation, the 
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Fig. 11. Dissociation of a full 1
2
[1̄10] screw dislocation into two 30◦ synchro-Shockley partial dislocations on the (1̄1̄0) plane bounded by a stacking fault in 

the C15 Mo2Zr Laves phase using the ADP potential: (a) Dislocation core structure, color-coded by excess potential energy (in eV), where large particles denote 
Zr atoms and small particles denote Mo atoms. (b) Differential displacement map of the Zr sublattice, with atoms color-coded by atomic layers along the [1̄10]
direction.
Fig. 12. Lattice parameters of 𝛼′′ Ti–Nb alloy calculated using ADP (filled symbols with lines) and measured in experiments [97,98] (empty symbols). (a) 
Dependence of parameters on composition at room temperature. High Nb content (or high temperature) leads to transition to the bcc lattice. (b)–(d) The 
temperature dependence of the lattice parameters for various alloys. For panel (b) the simulation results are given for alloys with 12at.% (black) and 14at.% 
(green) niobium.
table also includes DFT data obtained from the OQMD database [100,
101]. According to the simulation results, ADP correctly reproduces 
the energy hierarchy of these phases for both the Mo2Zr and W2Zr 
compounds.
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To validate the description of the C15 Laves phase, we calcu-
lated the elastic moduli, volumetric thermal expansion 𝛼𝑉 , melting 
temperature and formation energies of point defects. In this work, 
we considered only the reaction energies of point defects in A B
2
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Table 5
Characteristics of Laves phases in W-Zr and Mo-Zr binary systems. The table 
contains formation enthalpies (in eV/atom) and lattice parameters (in Å) for 
C14, C15 and C36 phases. DFT data for comparison were taken from the 
OQMD database [100,101].
 W2Zr Mo2Zr  
 DFT ADP DFT ADP  
 𝐻𝐶14 −0.116 −0.110 −0.114 −0.137 
 𝐻𝐶15 −0.144 −0.134 −0.138 −0.141 
 𝐻𝐶36 −0.132 −0.124 −0.129 −0.138 
 𝑎 in C14 5.445 5.368 5.422 5.378  
 𝑐 in C14 8.765 8.846 8.683 8.737  
 𝑎 in C15 7.656 7.639 7.615 7.609  
 𝑎 in C36 5.423 5.399 5.394 5.380  
 𝑐 in C36 17.605 17.627 17.484 17.527 

Fig. 13. Change in potential energy and atomic volume during cooling of 
Ti–Nb alloys. Atomic percentages of niobium are shown near the calculated 
curves.

compounds that can be evaluated without invoking the concept of 
chemical potential [102–104]. Specifically, we calculated the formation 
energies of the following complex defects: the Schottky trio (𝐸𝑆𝑇 ), the 
antisite pair (𝐸𝐴𝑠𝑃 ), the A-type Frenkel pair (𝐸𝐴𝐹𝑃 ), and the B-type 
Frenkel pair (𝐸𝐵𝐹𝑃 ), where A represents Mo or W and B corresponds 
to Zr. The results for ADP and DFT calculations are presented in Table 
6. It can be observed that, due to the low values of 𝐸𝐴𝑠𝑃 , temperature-
induced disordering is primarily associated with the accumulation of 
antisite defects, which is typically the case in Laves phases [105].

Synchroshear is widely recognized as the most energetically favor-
able slip mechanism on {111} planes in C15 Laves phases, especially 
at the elevated temperatures [106,107]. We calculated the minimal 
energy path for {111}⟨110⟩ slip in C15 W2Zr and Mo2Zr Laves phases 
using the nudged elastic band method [108,109] with the ADP poten-
tial. As illustrated in Fig.  10, the ADP potential successfully predicts the 
synchoshear mechanisms as the most favorable pathway in both C15 
Laves phases, namely, the energy profile features two identical peaks 
corresponding to the leading and trailing synchro-Shockley partial slip 
events, separated by a metastable stacking fault state. The stacking fault 
structures were further relaxed, and the stable stacking fault energies 
of C15 W2Zr and Mo2Zr Laves phases were found to be 160 mJ/m2 and 
32 mJ/m2, respectively.
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Table 6
Characteristics of C15 structure for W2Zr and Mo2Zr compounds. The table 
contains elastic moduli 𝐶𝑖𝑗 (in GPa), formation energy of point defects (in eV), 
thermal expansion 𝛼𝑉  (in 10−5 K−1) and melting temperature 𝑇𝑚 (in K). The 
predictions of ADP potential were compared with DFT data calculated in this 
work.
 DFT (W2Zr) ADP (W2Zr) DFT (Mo2Zr) ADP (Mo2Zr) 
 𝐶11 314 352 257 389  
 𝐶12 163 195 155 250  
 𝐶44 95 155 64 84  
 𝐸𝑆𝑇 12.6 11.28 10.9 9.27  
 𝐸𝐴𝐹𝑃 9.98 9.31 8.8 7.43  
 𝐸𝐵𝐹𝑃 11.95 11.02 11.2 8.25  
 𝐸𝐴𝑠𝑃 2.71 2.38 2.25 2.33  
 𝛼𝑉 – 0.6 – 2.7  
 𝑇𝑚 – 2910 – 2480  

The {111}⟨110⟩ dislocation structures and energies in the C15 Mo2Zr 
Laves phase were further evaluated using the ADP potential. Fig.  11 
shows the dissociation of a full 1

2 [1̄10] screw dislocation in the C15 
Mo2Zr Laves phase, simulated using the ADP potential. The details 
of dislocation insertion and simulation setup are provided in [110]. 
The dislocation splits into two 30◦ synchro-Shockley partials on the 
(1̄1̄0) plane, separated by a stacking fault ribbon. In the excess po-
tential energy map (Fig.  11(a)), localized regions of elevated energy 
mark the positions of the partial dislocations, while the stacking fault 
region, especially the Mo sublattice, exhibits a uniform excess energy. 
Notably, the ADP potential successfully captures the presence of two 
distinct types of 30◦ synchro-Shockley partials with different core 
structures (see Fig.  11(a) and (b)), which arise from the low crystalline 
symmetry of Laves phases [110]. Furthermore, the predicted core con-
figurations show good agreement with experimental observations from 
high-resolution scanning transmission electron microscopy [111,112] 
and with prior atomistic simulations of other Laves phases using MEAM 
potentials [107,110].

5.3. Phase transitions in Ti–Nb alloy

Titanium-based alloys stand out among CCRAs because they are 
capable of exhibiting shape memory effect (SME) and superelastic-
ity (SE) [113–115]. Both phenomena take place due to a reversible 
martensitic phase transformation when a bcc 𝛽-phase transforms into 
an orthorhombic 𝛼′′-martensite phase upon loading or temperature 
variation. To find out how ADP describes this transformation, we 
performed several simulations for Ti–Nb alloys.

The 𝛼′′-phase is defined by three parameters: 𝑎, 𝑏, and 𝑐. We 
calculated the dependence of these parameters on temperature and 
composition in the Ti–Nb system. An increase in temperature or Nb 
content leads to a transformation into a bcc lattice via the Burgers 
mechanism. The modeling with NPT-equilibration was carried out us-
ing a relatively small system of 4000 atoms. The simulation results 
presented in Fig.  12 confirm that the ADP accurately reproduces the 
experimentally observed changes in the 𝛼′′ lattice [97,98] with varying 
temperature or Nb content. Only when the Nb concentration is below 
13 at.%, heating of the 𝛼′′-phase results in the transformation into an 
𝜔-like structure.

As a final step in this validation, we performed large-scale atomistic 
simulations illustrating the transformation that occurs in the 𝛽-alloy 
upon cooling. The simulated system consisted of 3.2⋅107 atoms and 
was cooled at a rate of 1 K/ps under zero-pressure condition. Although 
this cooling rate is considerably higher than those typically achiev-
able in experiments, such rates are common in molecular dynamics 
simulations due to time-scale limitations. Periodic boundary conditions 
were applied for all directions. The initially created bcc alloy was 
transformed into 𝛼′′-martensitic structure at a temperature close to the 
transition temperature (slight supercooling can be realized with this 
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Fig. 14. Snapshots of the large-scale MD simulation of Ti–17Nb alloy at the cooling. Three snapshots correspond to different temperatures, and one image shows 
a magnified view of the atomic structure in the final state (black box in the snapshot at 𝑇 = 300 K). The color of the atoms is related to the analysis based on 
local elastic strain: red atoms and blue atoms belong to the 𝛼′′ martensite structure and crystal defects, respectively.
type of modeling). Since the martensitic transformation occurs locally 
and without atomic diffusion, the simulation results can be regarded 
as qualitatively reliable. Fig.  13 shows the temperature dependence of 
volume and energy (relative to the 𝛽-lattice) in the simulation. It can 
be seen that for Nb contents above 18 at.%, the transition begins to 
exhibit characteristics of a reversible transformation, as the changes in 
volume and energy become smoother. This observation is consistent 
with experimental findings that the SME and SE phenomena occur in 
Ti–Nb alloys with Nb content ranging from 19 at.% to 27 at.% [114].

It is interesting to discuss here the textural structure of the 𝛼′′-phase 
formed during large-scale simulations. Since the transformation occurs 
via the Burgers mechanism without shear distortions, the resulting 
alloy did not contain mainly common GBs, but consisted of various 
partially coherent variants of 𝛼′′-lattice. The snapshots illustrating the 
gradual formation of such texture are given in Fig.  14. The 𝛼′′-phase 
variants are separated by twinning interfaces, and the average size of a 
variant in such structure is about 25 nm. A detailed study of this self-
accommodation morphology of martensite will be the subject of future 
research.

6. Conclusion

This work describes the development and validation of a new inter-
atomic potential for refractory alloys based on the W–Mo–Nb–Ta–Zr–Ti 
system. The main objective of this work was to create a classical 
10 
potential that could simulate large-scale atomic systems, as previous 
universal machine learning (ML) models were computationally too 
expensive for simulations with over 104 atoms. The developed ADP 
model was comprehensively validated against DFT data and other in-
teratomic potentials, demonstrating its ability to accurately reproduce 
various properties and behaviors of the alloys, including structural 
transformations and crystal defects. Although the ADP force error was 
found to be higher than that of ML models, its significant computational 
efficiency – approximately 1000 times lower cost – makes it a valuable 
tool for large-scale atomistic simulations. The study highlights the ADP 
accuracy in describing key properties of pure metals like Ti and Ta, 
and its capability to predict crucial phenomena such as the hcp–bcc 
phase transformation of Ti and Zr, which other classical potentials 
fail to capture. The potential also successfully reproduces the energy 
hierarchy of binary alloys, accurately predicts the stability of Laves 
phases, and models the martensitic phase transformation in Ti–Nb 
alloys.
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