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Abstract

This thesis deals with the complexity of robust, bilevel, and online optimization. In these areas,
we are concerned with min-max (respectively multi-stage) problems from the popular areas
of network interdiction, most vital vertex problems, min-max regret optimization, two-stage
adjustable problems, recoverable robustness, and online optimization. Although these areas
have been well-researched for more than two decades, and one would naturally expect most of the
problems to be complete for lower levels of the polynomial hierarchy or polynomial space, almost
no hardness results are known. We address this issue by designing two reduction frameworks
with the goal of analyzing the common substructure of combinatorial problems that include some
form of uncertainty, which induces similar complexity behavior.

The reduction frameworks work as follows. We first provide a general definition of a combi-
natorial problem, which is also called the nominal problem. Based on this definition of a nominal
problem, we are able to derive definitions for more general variations of that problem that ad-
ditionally model some kind of uncertainty. The general idea is now to examine the reductions
between the nominal problems and determine if additional properties hold that help us to directly
derive reductions for the more general variations. Accordingly, we provide a definition of such
a reduction and show that these properties are already fulfilled by existing reductions or slight
modifications of them. We apply these frameworks to nominal problems that are NP-complete
and derive complexity results for completeness in the polynomial hierarchy and in PSPACE.

The first framework is concerned with subset search problems (or in short SSP), thus it is
named SSP framework. A subset search problem is a combinatorial problem that consists of
instances Z that contain a universe U together with additional information. A solution S € §
is a subset of the universe, i.e. S CU. The corresponding SSP reductions are usual reductions
with an additional injective function that maps the universe of the one problem into that of
the other. Indeed, many existing reductions on the NP-level fulfill this SSP property. Based
on this notion, we are able to “upgrade” the SSP reductions between the nominal problems
to reductions between the problem versions in the areas of robust and bilevel optimization.
Concretely, we apply this framework to the areas of interdiction, min-max regret optimization,
two-stage adjustable robustness, and recoverable robustness, and prove ¥5- and X-completeness
for the corresponding problems if the nominal problem is NP-complete.

The second framework considers combinatorial problems, which can be described by an un-
derlying universe U and nested relations R over the universe. The corresponding reduction is
termed universe gadget reduction. The special property of a universe gadget reduction from
problem A to B is that a gadget is created for every universe element and every relational ele-
ment from any of the relations of problem A. These gadgets consist of the universe and relation
elements of the problem B and are disjoint. Based on this reduction, we are able to show X%-
completeness for variations of recoverable robust problems and PSPACE-completeness for several
online graph problems with a map.






Zusammenfassung

Diese Arbeit befasst sich mit der Komplexitdt von robuster, zweistufiger und Echtzeit-Optimie-
rung. In diesen Gebieten beschiftigen wir uns mit min-max (beziehungsweise mehrstufigen)
Problemen aus den beliebten Themenbereichen von Netzwerk-Untersagung, Wichtigste-Knoten-
Probleme, Min-Max-Bedauern-Optimierung, Zwei-Phasen-Anpassbarkeit-Optimierung, wieder-
herstellbar-robuster Optimierung und Echtzeit-Optimierung. Obwohl diese Gebiete seit mehr
als zwei Jahrzehnten erforscht werden und man natiirlicherweise die meisten der Probleme als
vollstandig fiir die unteren Stufen der polynomiellen Hierarchie oder polynomiellen Platz ein-
schétzt, sind kaum exakte Vollstadndigkeitsresultate bekannt. Wir adressieren diese Liicke, indem
wir zwei Reduktionsrahmenstrukturen entwickeln, um die gemeinsamen Strukturen von kombi-
natorischen Problemen zu analysieren, die eine Art von Unsicherheit enthalten, die wiederum
ein dhnliches Verhalten in ihrer Komplexitét induzieren.

Die Reduktionsrahmenstrukturen funktionieren wie folgt. Zuerst definieren wir kombina-
torische Probleme im Allgemeinen, diese nennen wir auch nominale Probleme. Basierend auf
dieser Definition des nominalen Problems kénnen wir Definitionen fiir die allgemeineren Varianten
ableiten, die bestimmte Arten von Unsicherheiten modellieren. Die iibergeordnete Idee ist nun,
die Reduktionen zwischen den nominalen Problemen auf gemeinsame Eigenschaften zu unter-
suchen, die uns helfen, Reduktionen zwischen den allgemeineren Varianten herzuleiten. Demzu-
folge definieren wir solch eine Art von Reduktion und zeigen, dass diese Eigenschaften bereits von
existierenden Reduktionen oder geringen Modifikationen dieser erfiillt werden. Wir wenden die
Rahmenstrukturen auf NP-vollstindige nominale Probleme an und leiten Komplexitétsresultate
fiir die Vollstandigkeit in der polynomiellen Hierarchie oder der Komplexitétsklasse PSPACE ab.

Die erste Rahmenstruktur beschéftigt sich mit Teilmengensuchproblemen (abgekiirzt TSP),
wir nennen die Rahmenstruktur daher TSP-Rahmenstruktur. Ein Teilmengensuchproblem ist
ein kombinatorisches Problem, das aus Instanzen Z besteht, die wiederum ein Universum U
zusammen mit weiteren Informationen enthalten. Eine Losung S € S ist eine Teilmenge des
Universums, d.h. S C U. Die entsprechenden TSP-Reduktionen sind gewohnliche Reduktionen
zusammen mit einer zusatzlichen injektiven Funktion, die das Universum des einen Problems
in das des anderen Problems abbilden. Tatséchlich erfiillen viele existierende Reduktionen auf
der NP-Ebene genau diese TSP-Eigenschaft. Basierend auf diesem Begriff konnen wir die TSP-
Reduktionen zwischen den nominalen Probleme zu Reduktionen zwischen den Problemversionen
im Gebiet von robuster und zweistufiger Optimierung aufriisten. Wir wenden diese Rahmenstruk-
tur konkret auf die Gebiete von Untersagung, Min-Max-Bedauern-Optimierung, Zwei-Phasen-
Anpassbarkeit-Optimierung, und wiederherstellbar-robuster Optimierung an und zeigen ¥5- und
Y4-Vollstandigkeit fiir die entsprechenden Probleme, wenn das nominale Problem NP-vollsténdig
ist.

In der zweiten Rahmenstruktur geht es um kombinatorische Probleme, die mit einem unter-
liegenden Universum und verschachtelten Relationen iiber dem Universum beschrieben werden
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konnen. Die entsprechende Reduktion nennen wir Universum-Apparat-Reduktion. Die beson-
dere Eigenschaft einer Universum-Apparat-Reduktion von einem Problem A zu einem Problem
B ist, dass ein Apparat fiir jedes Universumselement und jedes Relationselement des Problems A
erzeugt wird. Diese Apparate bestehen aus den Universums- und Relationselementen des Prob-
lems B und sind disjunkt. Basierend auf dieser Reduktion sind wir fahig, ¥4-Vollstandigkeit fiir
Variationen von wiederherstellbar-robuste Problemen und PSPACE-Vollstandigkeit von Echtzeit-
Graph-Problemen mit einer Karte zu zeigen.
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Chapter 1

Introduction

In everyday life, we encounter a manifold of situations in which we need to guarantee an efficient
usage of resources. In the field of optimization, these situations are encountered by introducing
corresponding models and employing algorithms to solve for the best possible resource allocation.
Optimization is applied in various fields such as infrastructure planning and maintenance, au-
tomation, production planning, finance, and many areas of research. In the real world, however,
uncertainty plays a key role. What do we do if there is a faulty sensor or a traffic jam on the
road on which we need to travel? Then we would like to be able to encounter this uncertainty by
employing corresponding strategies. The field of optimization under uncertainty is a subfield of
optimization in which those strategies are developed and different forms of uncertainty are stud-
ied. In this thesis, we are concerned with three different areas in optimization under uncertainty:
Robust optimization, bilevel optimization, and online optimization.

Robust optimization deals with problems that include a measure of robustness to model
uncertainty within an optimization problem. This uncertainty is typically modeled by an uncer-
tainty set that contains different scenarios that may occur. The goal is now to find a solution
that is immune to all scenarios. That is, no matter in which way the uncertainty realizes itself,
there is a good solution that can be used. In order to analyze the worst-case behavior, one can
model this problem setting also as a game between a decision maker who plays against an ad-
versary: The decision maker wants to compute a solution of minimal costs, while the adversary
tries to maximize the costs for the decision maker. Accordingly, these problems typically have a
min-max optimization goal. We can also extend this structure to min-max-min problems or, in
general, to multi-stage problems. Popular robustness concepts are interdiction, min-max regret,
recoverable robustness, and many more.

Bilevel problems are related to robust optimization in the sense that in a bilevel problem, one
problem is embedded into the other. Therefore, the min-max structure also applies here. In a
bilevel problem, we have a leader who controls the decisions on the outer problem, and a follower
who controls the decisions on the inner problem. Each of them is assigned an optimization
goal. Both optimization goals, however, do not necessarily oppose each other, in contrast to
robust optimization. We can interpret this situation again as a game between the leader and
the follower: The leader first decides on a solution to the outer problem while incorporating the
possible decisions of the follower in the inner problem. Then, given the decisions of the leader,
the follower decides on a solution to the inner problem. Popular concepts are Stackelberg games,
toll setting problems, defense settings (related to interdiction), and many more.

Online problems also deal with a form of uncertainty: The input is not known upfront but
is revealed piecewise instead. More precisely, during the decision process, more and more infor-
mation is revealed, and irrevocable decisions have to be made for each new piece of information.
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14 Introduction

The uncertainty thus results from not knowing (parts of) the instance at the start and in the
process of the decision-making. This again can be modeled as a two-player game between the
online decision maker and an adversary, where the online decision maker wants to maximize its
performance and the adversary wants to minimize it.

In this thesis, we analyze the complexity of problems encountered in the areas of robust,
bilevel, and online optimization. The main tool to solve problems in combinatorial optimization
is Mixed Integer Programming (MIP). In the last decades, efficient algorithms were developed
to solve problems if they can be modeled as a polynomial-sized (or compact) MIP. Modeling a
problem as MIP means that there is an efficient algorithm, a so-called reduction, that constructs
a compact model of the problem. The concept of a reduction is at the heart of the field of
computational complexity theory. In this field, we are interested in classifying problems by the
amount of resources that are needed to solve these problems. If an efficient reduction from a
problem A to MIP exists, we know that any MIP-solving algorithm can also solve problem A.
Vice versa, if we are, however, able to show that such a reduction cannot exist, then we know
that we need to employ more sophisticated strategies to encounter such a problem A. This
enables us to assess whether and how problem A can be solved. In order to classify the problems
from the areas of robust, bilevel, and online optimization, we use their common substructure
of the underlying uncertainty to show that a multitude of problems is complete for the lower
levels of the polynomial hierarchy or PSPACE. This is done by introducing a framework that
“upgrades” the reductions between the nominal problems to reductions between the robust,
bilevel, or online version of the problem. This induces (under the assumption that NP # 35)
that efficient reductions to compact MIP models are in general not available. Thus, new tools
need to be developed to encounter the problems from robust, bilevel, and online optimization.

1.1 Thesis Overview

In this thesis, we present two reduction frameworks to classify the complexity of problems from
robust, bilevel, and online optimization. We divide the two frameworks into two parts because of
their slightly different nature. We start by giving an introduction to the theoretical foundations
that are necessary to understand the content of the thesis. In the following chapters, we present
the subset search problem framework and the universe gadget reduction framework:

In Part [I we present the subset search problem framework, or SSP framework for short.
A subset search problem is a combinatorial problem that is composed of a ground set U of
combinatorial elements. All solutions S to such a problem can be defined by a subset of elements
of that ground set S C U. We first introduce the SSP framework by presenting the fundamental
ideas and the corresponding reductions between the problems in Chapter 3] In the following
chapters, we apply the framework to various fields in robust and multi-stage optimization. The
goal for all the areas is to show completeness for the lower levels of the polynomial hierarchy if
the nominal problem is NP-complete. We start by showing that minimum cost interdiction
problems with discrete budgeted uncertainty are X5-complete in Chapter In Chapter
we apply the SSP framework to min-max regret problems with interval uncertainty and show
their ¥8-completeness. We then proceed with two-stage adjustable robustness with discrete
budgeted uncertainty in Chapter |§| and show their 3%-completeness. For the following two fields
of recoverable robustness and minimum cardinality interdiction, it is not directly possible to use
the standard SSP framework. In Chapter [T} we present an extension to SSP reductions, which
we call blow-up SSP reductions. By using the additional blow-up property, we are able to show
that recoverable robust problems with discrete budgeted uncertainty are ¥%-complete for a wide
range of natural distance measures between the solutions. In Chapter[8] we return to interdiction
problems, albeit in a more general form: minimum cardinality interdiction with discrete budgeted
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uncertainty. For this, we reuse the X5-completeness of minimum cost interdiction problems and
present a complementary reduction, so-called invulnerability reductions, to show that the more
general minimum cardinality interdiction problems are also X5-complete. In Chapter E[, we
present all problems and reductions in a compendium-style list. At last, we conclude Part [[] in
Chapter [I0}

In Part [l we present the universe gadget reduction framework. This framework is an earlier
and more technically involved framework than the SSP framework. We first present the fun-
damental definitions and the concept of a gadget reduction in Chapter We then apply the
framework to recoverable robust problems with elemental uncertainty in Chapter [I2] and show
their ¥4-completeness. In Chapter we use a version of universe gadget reductions to show
that online problems with a map based on popular graph problems are PSPACE-complete for the
neighborhood reveal model. At last, we conclude Part [l in Chapter
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Chapter 2

Theoretical Foundations

In this chapter, we present all the necessary mathematical foundations and notations to under-
stand the content of this thesis. The audience of this thesis is most likely familiar with the
notation that we use throughout the thesis, or it is explained in the corresponding context.
Accordingly, one might skip this chapter and come back if needed.

2.1 Sets

When referring to sets, we denote sets by uppercase letters A, B and elements with lower case
letters a,b. Furthermore, we denote a set of sets by calligraphic letters A, B.

The empty set is denoted by (), the set of all natural numbers by N = {1,2,...}. If we refer
to the natural numbers including 0, we denote them by Ny. Moreover, the set of all integers is
denoted by Z, the set of all rational numbers by Q, and the set of all real numbers by R. If we
consider a restriction of a set, we denote it by a subscript, for example R, for all positive real
numbers. We denote the element relation by a € A and the subset relation by A C B.

We use the following set operations. We denote the union of two sets by A U B, the union
of all sets in A by [J,c4 A4, and the union of all sets Ay,..., A, by Ui, A;. We denote the
set difference by A\ B. An intersection of two sets A and B is denoted by AN B. A set A
is disjoint from a set B if AN B = (). The disjoint union of two sets is denoted by A U B.
For the Cartesian product, we use A x B and the k-ary Cartesian product A*. The power
set of a set A is denoted by 24. The symmetric difference of two sets A and B is defined by
A A B={z|either z € A or z € B}.

The cardinality |A| of a finite set A is the number of elements contained in A. The cardinality
of the empty set is |§)] = 0 and of an infinite set is co. A k-partition of a set A are k subsets
Ay, As, ... Ay such that A U Ay U...U Ay = A. We might also use weight functions for set
elements, which are defined by w : A — R. For brevity, we also write w(A’) := ., w(a) for
the sum of the weights of all elements from A’ C A.

2.2 Graphs

Graphs are mathematical objects that occur in many different optimization problems. The
simplest form is an wundirected graph which consists of a set of wvertices V and a set of edges
E C 2V with |e| = 2 for all e € E. We denote an edge between vertex u and v always by a set
{u,v} to indicate that an edge is undirected. We also consider directed graphs. These also consist
of vertices, but instead of edges, we call the relation between the vertices arcs A C V2. This
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18 Introduction

relation is not symmetric, such that we denote arcs by pairs of vertices, e.g., for an arc between
vertex u and v, we write (u,v). If there is more than one edge {u,v} or arc (u,v) between the
same vertices u and v, we call this a multi-edge or respectively multi-arc. An edge {v,v} or arc
(v,v) from vertex v to the same vertex v is called loop. A graph without loops and multi-edges
or multi-arcs is called simple. In this thesis, we assume graphs to be finite simple graphs.

A vertex u € V is adjacent to a vertex v € V if there is an edge {u,v} € E or an arc (u,v) € A
that connects both vertices © and v. We then also call vertex v the neighbor of vertex u. An
edge e € F is incident to a vertex v € V if v € e. The same also holds vice versa: A vertex v € V
is incident to an edge e € E if v € e. We further call edges adjacent if they share an endpoint.
We use the same definitions analogously for arcs.

The vertices, edges, or arcs may be associated with weights. We denote this by a weight
function w: X — R for X € {V, E, A}. In order to associate the vertices V, edges E, or arcs A
to a graph G, we might use the notation V(G), E(G), or A(G).

A complete graph is a graph with a full edge respectively arc relation, i.e. E = {{u,v} | u,v €
Viu #£ v} or A = {(u,v) | u,v € V,u # v}. A walk in graph G is a sequence of edges or arcs
r1,...,7, in G for which there is a sequence of vertices vy, ..., v in G such that r; = {v;_1,v;}
for edges or respectively r; = (v;_1,v;) for arcs. A path from vertex u € V to vertex v € V is a
walk that visits all vertices and edges or arcs respectively at most once. A graph is connected if
there is a path between all vertices; otherwise, we call it disconnected. A tour in a graph G is a
walk that contains all edges or arcs at least once.

2.3 Logic

In this thesis, we mainly use propositional logic. A propositional logic formula consists of Boolean
variables and logical operators. A Boolean variable has the domain {0,1}, which expresses
whether the variable evaluates to true (1) or false (0). In order to denote a set of variables,
we typically use X,Y,Z. Among the logical operators are =, A, V, =, <, <>, ®. We denote the
negation of a variable (and rarely a formula) —z also by Z. We also call  the positive literal
and T the negative literal of variable z € X. We usually denote the set of all literals by L.
We typically denote propositional formulae by the small Greek letters ¢ and . A propositional
formula with free Boolean variables from the variable set X with |X| = n is denoted by ¢(X)
or ¢(x1,...,2,). If we want to partition the set X into sets Y, Z, we might also write ¢(Y, Z).
An assignment of free Boolean variables is a function « : X — {0,1}. We define the following
semantics for the logical operators from above. A satisfying assignment « for formula ¢, denoted
by a = ¢ as follows:

afEx if alz) =1,

a = -, if alEp

aE A, if aEpand alEvy
akEpViy, if aEyporalEY

alE e =, if alEporalEY
a1, if afEY e

alEpe ), if aEp+—YandalEp—1

alE e, if afEp e
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We also denote an assignment as a set of variables X’ C X, where the induced assignment is
defined by a(xz) =1 if and only if € X’ (otherwise a(z) = 0 for = ¢ X’). We use an analogous
definition also for literal sets. That is, the induced assignment by literal set L’ C L with the
condition that either x € L' or T € L' is a(x) = 1 if and only if € L’ (otherwise a(z) = 0 for
T € L'). We call a formula ¢ satisfiable if a satisfying assignment « for ¢ exists.

There are different normal forms of propositional formulae. We use the conjunctive normal
form or in short CNF. In a CNF, the formula consists of clauses C1, ..., C,,, which are disjunc-
tions of literals, i.e. (x1 V Ty V x3). The clauses are then conjunct to construct the formula ¢,
ie. ¢ = A", C;. A k-CNF is a formula in conjunctive normal form with the restriction that all
clauses have length at most |C;| = k for all C; € C. The dual of a CNF is the disjunctive normal
form or, in short, DNF. A DNF formula ¢ is a disjunction of conjunctions. Correspondingly, a
k-DNF is a disjunction of conjunctions with length at most k.

We additionally take quantified propositional formulas into account. Besides Boolean vari-
ables and logical operators, in a quantified propositional formula, quantifiers are available. A
quantifier is an F-quantifier or a V-quantifier. A quantifier is always associated with a non-empty
variable set. If y is a variable and ¢ a formula, then Qyp(y, X) is a formula for @Q € {3,V}. We
can define the semantics as follows for o : X — {0,1}

a E Jye(y, X), if there is a z € {0,1} such that a = ¢(z, X);
a = Vye(y, X), if for all z € {0,1} : a | ¢(z, X).

2.4 Complexity Theory

Computational complexity theory is a theory that tries to classify computational problems by
the resource usage needed to solve them. A computational problem is considered to be a task
that can be solved by a computer. The types of resources one can analyze are manifold: time,
memory space, communication, etc. In this thesis, we first and foremost analyze problems in
terms of their time and space complexity. A problem is considered to be hard to solve if any
algorithm that correctly solves the problem needs significant amounts of resources, such as time
or space.

Computational Problems. In order to be able to analyze computational problems, we need to
define what we mean by the term “computational problem”. First of all, a problem has an input.
For an input, we typically choose a word w € {0,1}* over the finite alphabet {0,1}. We call
this word w the instance of the problem. The output to an instance is again a word o € {0, 1}*.
Accordingly, we can describe the problem as a function f : {0,1}* — {0,1}*. The task of the
computer is then to compute the output f(w) € {0,1}* to a given input w € {0,1}*.

For simplicity, we limit ourselves to decision problems in this thesis. In a decision problem, we
ask ourselves if the input w to the computer is either a YES-instance (f(w) = 1) or a NO-instance
(f(w) = 0). We can then formally describe the problem as a subset of {0, 1}*, which we also call
a language.

Definition 2.1 (Language). A language is a set L C {0,1}* such that L = f~1(1), where f is a
given decision problem.

The language L is the set of all YES-instances of the problem. Consequently, the task of
the computer is to answer the question: Is input w part of the language L? From now on, we
see language and the corresponding problem as equivalent and may use language and problem
interchangeably. It is now clear what exactly a problem is and how the input and the output of
a problem are defined. However, we still need a formal definition of a computation or algorithm.
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Turing Machines. Turing machines are an abstract formal computational model [Tur37]. This
model is a simple description of a machine that is able to perform all tasks that a computer
is capable of. Thus, this model provides a simple mathematical ground to describe algorithms.
From now on, we consider algorithms and Turing machines to be equivalent. A Turing machine
has an infinite fape as its memory, which is composed of discrete cells each containing one symbol
of the alphabet (0 or 1). Furthermore, a Turing machine has a head that points to exactly one
of the cells. At last, a Turing machine has a state, which is part of a given finite state set. We
denote the pair of the Turing machine’s state, the head position, and the tape content as the
configuration of the Turing machine.

The computation of a Turing machine works as follows. First, the input word is written on
the tape before the computation. The Turing machine starts in the start state, which we denote
by go. The head of the Turing machine is on the cell of the first symbol of the input word. The
combination of the tape content, state, and head position is the start configuration. A step of
the Turing machine is performed by reading the symbol at the position of the head and the state
the Turing machine is in. Based on the state and the symbol to which the head points, a new
symbol is written to the position of the head, the head is moved one cell to the left, the right,
or it stays at the same position, and the state is changed to a new state. Consequently, after
one step, the Turing machine is in a new configuration. Such a step is defined by the transition
function 6. The Turing machine halts if the final state g is reached. The output is the symbol
to which the head points to (either 0 or 1). The sequence of all the configurations reaching from
the start configuration to the final configuration is the computation path of the Turing machine.
Pertaining to this description, we can define the following formal definition of a Turing machine.

Definition 2.2 (Turing Machine, from [HMUOQT7]). A Turing machine is defined by a 7-tuple
(Q,%,T,B,qo,q,0) such that

> Q is a finite set of states,

> 3 ={0,1} is the finite input alphabet,

» I'={0,1, B} is the finite tape alphabet,

> qo € Q is the start state,

» @ is the final state, and
§:(Q\{q}) xT = Q xT x{R,L,N} is the function of state transitions.

v

A Turning machine accepts an input word w if and only if it halts and outputs 1. On the
other hand, a Turing machine rejects a word w if and only if it halts and outputs 0. The language
L(M) of a Turing machine M is the set of input words that the Turing machine accepts. We
say that a Turing machine M decides a problem if for the language L of the problem holds:
L = L(M) and the Turing machine halts on all inputs.

With this formal definition of an algorithm, we are able to specify exactly what time and
space as a resource mean. The time a Turing machine needs to solve a decision problem is the
number of steps. The space a Turing machine needs to solve a decision problem is the number
of tape cells that are used in the whole computation process.

In order to classify decision problems into complexity classes, we have to define the worst-case
runtime and the worst-case space usage of a problem. We always measure the time and space
in relation to the input size of the problem, where the input size of the word w is its length |w|.
Accordingly, we define the worst-case runtime ¢y, (n) of a Turing machine M to be the maximum
number of steps over all possible inputs of length n. The worst-case runtime t,; of a Turing
machine M is bounded by a function b if Vn € N : ¢j7(n) = O(b(n)), where n is the length of
the input word. Analogously, the worst-case space usage spr(n) of a Turing machine M is the
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maximum number of tape cells used over all possible inputs of length n. The worst-case space
usage sy of a Turing machine M is bounded by a function b if Yn € N : sps(n) = O(b(n)), where
n is the length of the input word.

On the basis of worst-case runtime and space usage, we can define several complexity classes
of problems with regard to time and space complexity. In this thesis, we focus on the complexity
classes:

> Polynomial Time (in short PTIME or just P),

» Non-deterministic Polynomial Time (in short NP),
> Polynomial Time Hierarchy (in short PH), and

» Polynomial Space (in short PSPACE).

2.4.1 The complexity class P

As the name already suggests, the class polynomial time is composed of all decision problems
that are decidable by a Turing machine with a polynomial worst-case runtime.

Definition 2.3 (Polynomial Time). The complexity class Polynomial Time (in short PTIME or
P) consists of all languages L C {0,1}* such that there is a Turing machine M with L = L(M)
and Yw € {0,1}* : tar(|w]) = [w|OD).

The complexity class P is considered to be the class of all efficiently solvable problems. In
other words, if there is a Turing machine that is able to decide a problem in polynomial time,
we think of the problem as efficiently solvable. An example of a problem in P is the graph
connectivity problem, which is defined as follows. It is possible to solve this problem via depth-
first search, which runs in polynomial time.

GRAPH CONNECTIVITY
Input: Undirected graph G = (V, E).
Output: Is the graph connected, i.e., is there a path between all vertex pairs u,v € V7

2.4.2 The complexity class NP

Above, we have only considered deterministic Turing machines. A deterministic Turing machine
is defined by a transition function ¢, for which there is at most one possible transition based on
the given state and symbol the head points to. In contrast, a non-deterministic Turing machine
is a generalization of deterministic Turing machines in the sense that the transition function
is relaxed to a transition relation. Consequently, we define the transition relation § for non-
deterministic Turing machines by § C ((Q\ {g}) xT') x (Q xI' x{R, L, N}). Thus, for each state
and symbol pair, there are several options for the Turing machine to continue the computation.
A valid computation path of a non-deterministic Turing machine is defined by the sequence
of configurations starting at the start configuration with start state gp and ending in the final
configuration with final state gq.

Because § is a relation, the possible computation paths can be subsumed into a computation
tree. We can define the computation tree by denoting the nodes as the configurations @ x T’
and the subsequent configurations as children defined by . The root of the tree is the start
configuration with state qp. The leafs of the computation tree are all nodes from {g} x T’
In comparison to deterministic Turing machines, where it is clear when the Turing machine
accepts (reaching the final state and outputting 1), we have to redefine acceptance for non-
deterministic Turing machines. We say that a non-deterministic Turing machine recognizes a
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word w if there is at least one path in the computation tree that results in the final state and
outputs 1. Consequently, the language L(M) of a non-deterministic Turing machine M is the
set of recognized words.

The runtime rp(w) of a non-deterministic Turing machine on input w is defined by the
number of steps of the shortest accepting path of the computation tree of M on input w. If
there is no accepting path, we define the runtime to be rj;(w) = 0 for convenience. Then,
we can easily define the runtime ¢57(n) of the non-deterministic Turing machine M to be the
maximum runtime max,e (0,13~ r(w) of all input words of length n. We are now ready to define
the complexity class NP, which is the non-deterministic counterpart of the complexity class P.

Definition 2.4 (Non-deterministic Polynomial Time). The complezity class Non-deterministic
Polynomial Time (in short NP) consists of all languages L C {0,1}* such that there is a non-
deterministic Turing machine M with L = L(M) and Vw € {0,1}* : tpy(Jw|) = [w]OD).

Besides the definition of non-deterministic Turing machines, there is also the possibility to
equivalently define the class NP via a pair of a certificate and a verifier.

Definition 2.5 (Non-deterministic Polynomial Time (Certificate and Verifier)). The complexity class
Non-deterministic Polynomial Time (in short NP) consists of all languages L C {0,1}* such
that there is a deterministic polynomial time Turing machine V, which we call the verifier, and
amy = |w|°Y such that for all w € {0,1}* :

weleIye{0,1}™ :V(w,y) =1

Both definitions are equivalent because, given a non-deterministic Turing machine, any com-
putation path through the computation tree can be encoded as a word (the certificate) represent-
ing the transition that is taken at every node of the computation tree. Then the deterministic
Turing machine is able to simulate the corresponding path by using the certificate. On the other
hand, a non-deterministic Turing machine is able to guess the certificate at the beginning of the
computation. Of course, a non-deterministic Turing machine is able to simulate a deterministic
computation (i.e., the verifier).

While the definition of this class might seem to be complicated and unnatural, many impor-
tant real-world optimization problems are part of the class NP. To name a few examples: various
scheduling problems, the traveling salesman problem, or knapsack. Since a function is always
expressible as a relation, we have that P C NP.

While we consider polynomial time deterministic Turing machines to be efficient, this is not
obviously the case for non-deterministic Turing machines. The problem is that non-determinism
is not available to us to directly employ in a computation on a classical computer. Naively,
we need to simulate the whole computation tree of a non-deterministic Turing machine by a
deterministic Turing machine. Note that the description of a Turing machine is of constantly
large size, with the result that the number of child nodes in the tree is always bounded by a
constant A. In summary, at every node, we may have A may subsequent configurations, while
the computation tree is of at most polynomial depth. Consequently, Alwl7® many possible
paths have to be simulated, resulting in an exponential number of steps. But is it possible that
P = NP and thus problems in NP are efficiently solvable? This is one of the unsolved Millennium
Prize Problems. However, it is widely believed that P # NP. Is it somehow possible to separate
problems from P and NP, if P # NP? The answer to this problem is a clear “Yes”. For this, we
introduce the concept of a reduction.

Reductions. The concept of a reduction is at the heart of computational complexity theory. A
reduction is an algorithm that maps the instances of one problem L; into instances of another
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problem Ls. If this reduction algorithm runs efficiently, i.e., in polynomial time, we can efficiently
transform the instances of Ly to instances of Lo. If there were an efficient algorithm for Lo, we
would also be able to solve these transformed instances of L;. Consequently, we are able to solve
problem L, efficiently by concatenating the efficient reduction from L; to Ly with the efficient
algorithm for Ly. In other words, Lo is at least as hard to solve as problem L;. Since the term
efficient is used interchangeably, we define a polynomial time reduction as follows.

Definition 2.6 (Polynomial Time Reduction). A polynomial time reduction from a language Ly to
a language Lo is a function g : {0,1}* — {0,1}* such that

> g is computable by a deterministic polynomial time Turing machine

> w € Ly if and only if g(w) € Ls.
If there is a polynomial reduction from language L to language Lo, we write L1 <, Lo.

By using this technique, we are able to identify the hardest problems in NP. More precisely,
if we have a deterministic polynomial time reduction from L; to Lo and there is a deterministic
polynomial time algorithm for Lo, then L; is also solvable in deterministic polynomial time.
Vice versa, if there is a language L*, which is polynomially reducible from all languages L from
the class NP, then it is at least as hard to solve as any other problem in NP. We conclude the
following definition.

Definition 2.7 (NP-hardness). A language L* is NP-hard if VL € NP : L <, L*
We also define an NP-complete problem as follows.
Definition 2.8 (NP-completeness). A language L* is NP-complete, if it is in NP and NP-hard.

Is there any NP-complete problem? Indeed, such a problem exists as Cook and Levin [Coo71]
Tra84] have proven independently. The first problem shown to be NP-hard was SATISFIABILITY
(or in short SAT), which is defined as follows.

SATISFIABILITY
Instances: A Boolean formula ¢(X) of variables X in CNF.
Output: Is there a satisfying assignment o : X — {0, 1} for ¢(X)?

In the following year, Karp [Kar72|] presented 21 further NP-complete problems. At the end
of the decade, Garey and Johnson published a compendium [GJ79] with hundreds of problems
that were shown to be NP-complete. Among these are many important problems, such as the
traveling salesman problem, various scheduling problems, knapsack, and many other routing
problems. Solving all of those problems efficiently has a high impact on everyday life, e.g., for
planning and maintaining infrastructure, optimizing and automating business processes, and
conducting research in various areas.

The complement of NP. At last, we define the complexity class coNP. This class consists of all
complements of languages that are contained in NP.

Definition 2.9 (Complement of NP). The complezity class coNP is defined by
coNP = {L | ({0,1}*\ L) € NP}

Equivalently, coNP can be defined by an analogue of the certificate and verifier definition.
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Definition 2.10 (Complement of NP (Certificate and Verifier)). The complezity class coNP consists
of all languages L C {0,1}* such that there is a deterministic polynomial time Turing machine
V and a my = |w|°M) such that for all w € {0,1}* :

weleVye{0,1}™ :V(w,y) =1.
The canonical coNP-complete problem is TAUTOLOGY, which is defined as follows.

TAUTOLOGY
Instances: A Boolean formula ¢(X) of variables X in DNF.
Output: Are all assignments o : X — {0,1} for ¢(X) satisfying?

The problem TAUTOLOGY can be interpreted as the complement of the problem SATISFIA-
BILITY because it asks whether a Boolean formula in DNF is satisfied by all possible assignments.
Note that a negation of a formula in CNF is equivalent to a formula in DNF and vice versa.
Furthermore, the negation of an 3-quantifier results in a V-quantifier and vice versa. Thus, we
can negate the input formula 3X¢(X), where p(X) is in CNF, to obtain the complement an-
swer for the problem SATISFIABILITY. The resulting formula is ~3X (X) and thus VX -¢(X),
where —p(X) can be efficiently transformed into a DNF. This is equivalent to the question in
TAUTOLOGY.

2.4.3 The Polynomial Hierarchy

The polynomial hierarchy is a generalization of the complexity class NP in terms of oracle ma-
chines, which was introduced by Stockmeyer [Sto76]. An oracle machine is a Turing machine
that additionally has the power to ask an oracle. An oracle can be imagined as a black box
that returns an answer in one computation step of the oracle machine. Accordingly, an oracle
for problem A answers whether a word w is in A in a single computation step. Because the
YES-answer for a problem A is equivalent to a NO-answer for its complement coA, inverting the
answers for an oracle for A results in an oracle for coA. Consequently, an oracle machine with an
oracle A has the same power as the same oracle machine with an oracle for coA. We use oracle
machines in the context of P and NP to define the polynomial hierarchy. Here, the underlying
idea is to answer the question of whether and how additional oracles help a (non-)deterministic
Turing machine to solve more complex problems.

Definition 2.11 (Oracle Machine). An oracle machine with oracle O is a Turing machine M©
that has an additional tape, which we call the oracle tape. Additionally, M© has three additional
states g2, qy,qn. MO can ask the oracle O by writing the input to the oracle tape and going into
state g7. The oracle answers in one computation step by deleting the oracle tape and going into
state qy if the input was a YES-instance and in qy if the input was a NO-instance.

With this definition, we can equip a Turing machine M with oracles of problems such as
SATISFIABILITY, which we denote by MSAT. Since we have defined P to be the class of all problems
for which a polynomial time deterministic Turing machine exists, we can also equip these Turing
machines with an oracle. The resulting class with an oracle for SAT is PSAT. Because SAT is
an NP-complete problem, PS*T is the same class as P with a polynomial time non-deterministic
Turing machine oracle. Conclusively, PNP = PSAT,

Now, we have everything to describe the Polynomial Hierarchy.

Definition 2.12 (Polynomial Hierarchy). The Polynomial Hierarchy consists of the inductively
defined families
(AD)ieno, (E7)ieny, (I )ien, -
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The class P is the basis or the Oth level of the polynomial hierarchy. We correspondingly define
P =Aj =X{ =1I5. For the following levels i € N>o, we use the classes P, NP, and coNP to
define
P
Af—l—l =P
»P
Elp+1 = NP~

P
Hfﬂ = coNP¥i .

The polynomial hierarchy is defined by the union of all these classes, i.e. PH = UiENo APuXPUIT?

Consequently, the first level of the hierarchy consists of the classes A} = PP =P, ¥} = NPP =
NP, and IT} = coN PP = coNP. Note that an oracle for P does not add any power to a polynomial
Turing machine because an addition of polynomial runtime still results in a polynomial runtime.
Therefore, P, NP, and coNP have the same power as if they are equipped with an oracle for P.
Until this point, no new class has been defined. However, from the second level on, new classes
are defined: AY = PP 2 = NPNP and 115 = coNPVP. Because an oracle machine is at least
as powerful as its oracle, the classes on one level trivially contain the classes of the lower levels.
Thus, it holds that PH = Uy, A = Usen, 2f = Usen, II7 - A visualization of the polynomial
hierarchy and the inclusions of the classes can be found in Figure 21}

Figure 2.1: Visualization of the inclusion relations of the Polynomial Hierarchy

An alternative definition of the classes of the polynomial hierarchy in reference to the defini-
tion of NP over a pair of a certificate and a verifier can also be conducted.

Definition 2.13 (The Complexity Class X7). We define the class E’Tf to contain all languages L C
{0,1}* such that there is a deterministic polynomial time Turing machine V and mq,...,my =
lw|®M) such that for all w € {0,1}*:

we L& Ty €{0,1}™"Vys € {0,1}™2...Qyxr € {0,1}™ V(w,y1,¥y2,.--,Yk) = 1,

where Q@ = 3, if k is odd, and Q =V, else.
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Definition 2.14 (The Complexity Class II}). We define the class H’; to contain all languages L C
{0,1}* such that there is a deterministic polynomial time Turing machine V and mq,...,my =
|w|9M) such that for all w € {0,1}*:, it holds x € L iff

weL&Vy €{0,1}™ Jys € {0,1}™ ... Qur € {0,1}™* V(w,y1,¥y2,..-,Yk) = 1,
where Q =V, if k is odd, and Q = 3, else.

For the classes of the polynomial hierarchy, we are also able to establish the concept of hard-
ness and completeness. We can again identify the hardest problems of each class by polynomial
time reductions.

Definition 2.15 (Hardness and Completeness for Classes in the Polynomial Hierarchy). A language
L* is hard for class C if VL € C : L <, L*. A language L* is C-complete if it is in C and C-hard.

Analogous to that SAT is the canonical NP-complete problem, the problem 3;Vs ... QrSAT
is the canonical ¥}-complete problem, where @ = 3, if k is odd, and Q =V, else. For II}, the
canonical problem is respectively Vi13s ... QrSAT, where Q =V, if k is even, and @Q = 3, else.
Formally, the problem Q1Qx ...Q;SAT is defined as follows.

k-QUANTIFIED SATISFIABILITY
Instances: A quantified Boolean formula Q1 X1Q2Xs ... QrXkp(X1,. .., Xi) over variable
sets X1, ..., X with quantifiers @1Q2...Qx € {3,V}.
Output: Is Q1 X1Q2Xs ... QrXro(X1,..., Xy) satisfiable?

We remark that we have defined k-QUANTIFIED SATISFIABILITY without demanding that the
formula ¢ is in CNF. If the k-th quantifier is an 3-quantifier, then the formula ¢ can be CNF but
not in DNF. Vice versa, if the k-th quantifier is a V-quantifier, then the formula ¢ can be DNF
but not in CNF. This is since CNF-SATISFIABILITY is NP-hard, while DNF-SATISFIABILITY is
in P. Thus, the last quantifier collapses if the k-th quantifier is an 3-quantifier and the formula is
in DNF. Since a negated CNF results in a DNF, the inverse holds for coNP (DNF-TAUTOLOGY
is hard and CNF-TAUTOLOGY is in P). For the lower levels of the polynomial hierarchy, many
complete problems are known and are presented in the compendium of Schaefer and Umans
[SUO0S].

2.4.4 The complexity class PSPACE

The last class that we present in this thesis is the class of polynomial space computation. Anal-
ogous to the class polynomial time P, the class PSPACE contains all problems that are solvable
by a deterministic Turing machine in polynomial space.

Definition 2.16 (Polynomial Space). The complexity class Polynomial Space (in short PSPACE)
consists of all languages L C {0,1}* such that there is a deterministic Turing machine M with
L= L(M) and Yw € {0,1}* : spr(Jw]) = [w]|OD.

For this class, we can define the notion of hardness in completeness by reusing Definition [2.15
That is, a problem is PSPACE-hard if there is a polynomial time reduction from all problems in
PSPACE. The canonical PSPACE-complete problem is TRUE QUANTIFIED BOOLEAN FORMULA
(TQBF), which is a generalization of SAT and k-QUANTIFIED SAT, and is defined as follows.

TRUE QUANTIFIED BOOLEAN FORMULA
Instances: A quantified Boolean formula Q121Q225 . .. Qnrno(21,. .., T,) over variables
Z1,..., T, with quantifiers Q1Qs ...Q, € {3,V}, and ¢(z1,...,2,) in CNF.
Output: Is Q121Q2xs ... Qranp(x,. .., x,) satisfiable?
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Figure 2.2: The relations of the presented complexity classes.

We remark that the difference to k-QUANTIFIED SAT is the number of quantifiers. While
in k-QUANTIFIED SAT the number of quantifiers is a constant k, the number of quantifiers in
TQBEF is n, which is part of the input. Furthermore, each quantifier in TQBF is associated with
exactly one variable in contrast to k-QUANTIFIED SAT where each quantifier is associated with
a set of variables. This is not a restriction because a set of m quantified variables can be divided
into m quantifiers with 1 variable.

Various examples of PSPACE-complete combinatorial games can be found in [FG87]. By the
PSPACE-complete problem TQBF, we can see that all the classes presented above are part of
PSPACE. The subset relation between the classes is visualized in Figure While we do not
know whether any of the subset relations are proper, it is widely believed that this is the case
for all classes.

2.5 Robust Optimization

Robust optimization is a subarea of mathematical optimization. In this thesis, we are concerned
with the complexity of robust optimization of combinatorial problems. Accordingly, we give a
short introduction to combinatorial optimization and, based on this, to robust combinatorial
optimization.

Combinatorial Optimization. Combinatorial optimization deals with finding an optimal solution
from a finite and discrete set. Many combinatorial problems can be expressed in the following
way. First, there is a ground set U = {uy,...,u,} of combinatorial elements that are the atoms
of the problem. A solution is expressed by a vector x € {0,1}", where z; = 1 if and only if u;
is part of the solution. Additionally, there is an objective function f : {0,1}"™ — Z. The goal is
now to find a vector z € {0,1}" that minimizes the function f, i.e.

2 )

For many practical problems, the objective function is a linear function. That is, it can be



28 Introduction

described by a cost vector ¢ € Z" with f(x) = ¢'x. Furthermore, there is a set of constraints,
which can be described by linear inequalities. Overall, this can be modeled by an integer program.
An integer program consists of a matrix A € Z™*™, a cost vector ¢ € Z", and a constraint bound
vector b € Z™. The goal is then to find the corresponding solution vector that fulfills all linear
constraints as described by matrix A and the constraint bound vector b while minimizing the
objective function f. Such an integer program is then fully described by
min {c’z | Az < b}
xe{0,1}7

The decision version INTEGER PROGRAMMING is derived from the formulation above and is
defined as follows.

INTEGER PROGRAMMING
Instances: A matrix A € Z™*™, a cost vector ¢ € Z™, a constraint bound vector b € Z™,
and a number k € N
Output: Is there z € {0,1}" such that ¢’z < k subject to Az < b?

This problem is an important NP-complete problem because problems in NP are intuitively
describable as such integer programs. Indeed, mathematical optimization deals in a large part
with understanding such programs, the geometric space of the polytope defined by A and b,
and consequently the design of solvers. These solvers are deployed in various areas to solve the
corresponding concrete problems by modeling them as an integer program. In order to analyze
the complexity of such problems, we define a general decision version of the problems from above.
Referring to the formulation by a linear objective function and linear inequalities, we name such
problems linear optimization problem and define them as follows.

Definition 2.17 (Linear Optimization Problem, from [GW23]). A linear optimization problem (or
in short LOP problem) 11 is a tuple (Z,U,F,d,t), such that

> Z C{0,1}* is a language. We call T the set of instances of 1.

» To each instance I € I, there is some

> set U(I) which we call the universe associated to the instance I.

> set F(I) C 240 that we call the feasible solution set associated with the instance I.
» function d) : U(I) — Z mapping each universe element e to its costs d7)(e).

> threshold t1) € Z.

For I € T, we define the solution set S(I) := {S € F(I) : dD(S) <t} as the set of feasible
solutions below the cost threshold. The instance I is a YES-instance, if and only if S(I) # 0.

We can define the corresponding optimization version of an LOP problem by minge 71 d(S5).
As an example, we can formulate the problem INTEGER PROGRAMMING as a linear optimization
problem, by defining the instances to be an encoding of matrix A, vectors b and ¢, and number
k over {0,1}. The universe U(I) are the indices ¢ € {1,...,n}. We further define the feasible
sE)l)utions by F(I) = {{i : ; = 1} | Az < b}, the cost function d!)(i) = ¢;, and threshold
t0) = k.

Robust Optimization. In robust optimization, we want to solve a combinatorial problem as
described above with the addition of possible uncertainty. In practical settings, uncertainty in
the instance is a usual phenomenon. Even though we may encounter a faulty sensor in our
production line or a traffic jam on our usual route, we still want to find good solutions so that
we are able to produce further goods or reach our target destination in time.



Chapter 2. Theoretical Foundations 29

A decision maker models a robust optimization problem by using a usual combinatorial
problem, which we also call nominal problem. The uncertainty can now be modeled by an
uncertainty set CE| [BS03l, BS04al [KZ16]. This uncertainty set contains scenarios that occur
based on how the uncertainty materializes. If we take a nominal linear optimization problem
minge 71y d(S) as defined above, we model the robust problem by

min max c(5),
SeF(I) ceC

and calculate a solution S, which is immune to all possible scenarios in the uncertainty set
C. Therefore, the choice of uncertainty plays an important role in the model. One might also
imagine this problem as a game between two players: a decision maker and an adversary. While
the decision maker wants to minimize its costs by choosing a corresponding solution S € F(I),
the adversary wants to do the opposite by choosing an appropriate uncertainty scenario ¢ € C.

Uncertainty Sets. In this thesis, we consider three different types of uncertainty: interval
uncertainty, budgeted uncertainty, and elemental uncertainty. The first two types are defined
over the costs of the ground set elements. Therefore, they are easily integrable into linear
optimization problems. The third type originates from graph theory and models uncertainty
over the existence of an element in the instance.

Interval uncertainty. We start with the intuitive concept of interval uncertainty [IS95) BS03].
Here, we assume the costs to be in an interval around the estimated costs. That is, if we expect
the costs to be ¢; for element 4, we can define a lower bound ¢, and an upper bound ¢; to be
certain that the costs lie within the interval. Formally, the interval uncertainty set can be defined
by

Cr = {C e R" | Vi € {1,...,77,} NS [Qi,fi]}.

This form is widely used in regret optimization [IS95, [ALO4] but also in many other kinds of
robust optimization [KZ16].

Budgeted Uncertainty. Budgeted uncertainty was introduced by Bertsimas and Sim [BS04b).
This concept is popular in the area of robust optimization, especially because if the nominal
problem is efficiently solvable, so is the robust problem efficiently solvable by decomposing it
into a linear number of instances of the nominal problem [BS03]. In the literature, this form of
uncertainty is also known under the name of I'-uncertainty because of the parameter I', which
specifies the budget of the adversary. Budgeted uncertainty comes in two flavors. The first one
is discrete budgeted uncertainty, which we use in this thesis, and is defined as follows:

CF:{CEZn |Vie{1,...,n}:ci:gi—f—éi(éi—gi), 516{0,1},Z§1§F}
i=1

In other words, the adversary has a budget that he is able to distribute on the n elements by
choosing at most I' elements that receive increased costs of ¢;, and the rest staying at low costs
of ¢;,. The second flavor is continuous budgeted uncertainty in which the adversary can distribute
the budget continuously onto the n elements, i.e., instead of §; € {0,1}, we have §; € [0,1]. In
this thesis, we do not cover any results on this type of uncertainty.

Elemental uncertainty. Another form of uncertainty is elemental uncertainty. While budgeted
uncertainty and interval uncertainty, as defined above, apply to the costs of the elements in the
ground set, in elemental uncertainty, it is uncertain whether an element is part of the instance
or not. Consequently, it is more difficult to describe this concept in general in the context of
integer linear programming. However, in graph theory, the concept of elemental uncertainty is

1Usually in literature, this set is denoted by Ur, however, we have already used the letter I/ in this thesis.
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intuitive to define. For example, for a graph G, we can define the uncertainty set of budgeted
vertex uncertainty with budget I" as all instances in the set

{GIU]|U =V(G)\ D, D CV(G),|D| <T},

where G[U] is the induced subgraph of G on vertex set U. Accordingly, one may ask the question:
What happens if a vertex is removed from a flow network? In the area of network interdiction
or most vital vertex problems, these questions are asked constantly [Yan78| [Rut93, [Woo093].

Multi-stage Robustness. An extension of robust optimization is multi-stage robust optimization.
Because robust optimization tends to produce too conservative solutions, multi-stage robust
optimization tries to mitigate the problem by introducing another stage of delayed decisions or
a stage of recovery. Accordingly, the decision maker is able to divide the necessary decisions into
two sets: the here-and-now or first-stage decisions, which the decision maker has to make before
any form of uncertainty is realized, and wait-and-see or second-stage decisions, which the decision
maker is able to postpone until the uncertainty is realized. Thus, the decision maker is able to
react to the uncertainty in a reasonable way. This approach can, of course, be generalized to more
than two stages of decision-making. Two important fields of multi-stage robust optimization are
two-stage adjustable robustness and recoverable robustness.

In two-stage adjustable robustness [BGGNO04], the decision maker first selects a subset S;
of combinatorial elements to be part of the solution. Then, the uncertainty is realized and
subsequently the decision maker is able to complete its solution by choosing a complementary
set S to the set S such that S7 U.Ss is a feasible solution. We can thus formulate the problem
as follows, based on an LOP problem: Given a first stage cost function ¢y : U(I) — Z and second
stage cost functions ¢ : U(I) — Z and ¢ : U(I) — Z as well as an uncertainty parameter I' € Z,
we want to solve

min  max min  ¢1(S1) + c2(S2).

Sy CU(T) c2€Cr SaCU(T)\ Sy
S1US2€F (1)

On the other hand, in recoverable robust optimization [LLMS09], the decision maker has to
compute a full solution S; to the problem. Then again, the uncertainty is realized. Now, the
decision maker is able to recover from the solution S; by choosing a solution S5, which is not too
far away from solution S; according to some predefined distance measure. We can thus formulate
the problem as follows by using again the definition of an LOP problem: Let dist(-, -) be a distance
measure between two solutions. Given three cost functions ¢; : U(I) — Z, ¢ : U(I) — Z and
¢:U(I) — Z as well as an uncertainty parameter I' € Ny and a recoverability parameter £ € Ny,
we want to compute

min  max min c1(S1) + ¢2(S2).

S1€F(I)c2€Cr  SyeF(I)
dist(S1,S2)<k

Note that for both two-stage adjustable robustness and recoverable robustness, the same
uncertainty sets can be used. Specifically in this thesis, we use discrete budgeted uncertainty for
both robustness concepts. The main difference between these two concepts is how the solution
can be chosen. In two-stage adjustable robustness, the solution is partly chosen in the first stage
and is then completed in the second stage after the uncertainty has been realized. In contrast,
in recoverable robustness, we want to compute a complete solution for the first stage, which is
then adaptable to a different complete solution after the uncertainty has been realized. The two
complete solutions, however, need to be not too far away from each other according to a distance
measure.
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2.6 Online Optimization

The area of online algorithms or online optimization deals with optimization problems, where
the information is not known beforehand. In this setting, the instance is revealed piecewise to
the decision maker, and the decision maker has to decide irrevocably on an action.

An intuitive first example is the Treasure Hunt Problem [KKKS15]. Here, the decision maker
lands on an island on which a treasure is hidden. Usually, the place where a treasure is hidden is
marked with a cross; however, the decision maker has no map to find the exact location. Thus,
the decision maker has to travel along the paths to get to the marked location. But what is the
fastest way to do so? The problem is that the decision maker has no idea how the path network
on the island looks like. Thus, possible trails are revealed only if the decision maker stands in
front of the crossing, where the respective trail begins.

In order to analyze the worst-case performance of the decision maker, we can utilize an
adversary who constructs the network dynamically in such a way that the travel time of the
decision maker is maximized. The adversary knows exactly how the decision maker behaves and
is thus able to perfectly react to the actions of the decision maker by introducing crossings or
paths, i.e., the adversary is in full control of the network and constructs it as he likes. If the
decision maker travels along a path, the adversary prolongs the path and hides the treasure on
a different path accordingly. Then, after reaching the end of the path, the decision maker has to
travel back to the start, and then he will find the treasure on the other path, which is also way
shorter. Conclusively, the decision maker lost much time in comparison to the optimal solution.
Indeed, no matter which (deterministic) strategy the decision maker employs, it is not constant
competitive [KKKST5].

We can summarize that the adversary constructs the instance piece by piece, while the decision
maker has to make an irrevocable decision on each newly constructed piece of the instance. A
visualization of the corresponding general online model can be found in Section [2:6] This setting
is highly asymmetric in favor of the adversary. Thus, for most decision problems, the adversary
is able to abuse the imbalance of power to prevent the decision maker from finding a solution
that is close to the optimal one.

I Input I

Decision maker Adversary

Figure 2.3: The general model of worst-case analysis of online computation visualizing the
relation between the online algorithm and the adversary.

To overcome this imbalance, different extensions were suggested which fall under the umbrella
term semi-online optimization. One possibility is to equip the decision maker with additional
information in the form of a map. The Canadian Traveler Problem [PY91] is a corresponding
example of the same flavor as the Treasure Hunt problem above. The decision maker is on
vacation in the wintry Canadian wilderness and wants to travel on the streets from a point A
to a point B. Although the decision maker has a map, the streets might be blocked by a fallen
tree. What is the best way to travel from A to B given the uncertainty that a street may be
blocked? Here, the map can be used to gain information on which streets may be blocked (only
those that are close to a forest) and how to get from A to B.

A visualization of the model for online problems with a map can be found in Section [2.6]
The input is given to the decision maker and the adversary, and is itself not influenceable by the
adversary, in contrast to the general model. The adversary is only able to control the revelation
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of the existing instance, i.e., he is able to control whether a tree lies on the visited road and
which exact road is traveled by the decision maker if isomorphic roads exist in correspondence to
the map. The relation between the decision maker and the adversary corresponds to players in
an asymmetric two-player game, in which the algorithm wants to maximize its performance and
the adversary’s goal is to minimize it. We can interpret the input as the game board of the game.
The question is whether the algorithm has a winning strategy, i.e., whether there is a solution
of costs that are smaller than some threshold ¢ for all possible strategies of the adversary. As
the first complexity result, the Canadian Traveler Problem was shown to be PSPACE-complete

[PY91].

knows I Reveal Order |<—| Adversary
gives

reads

Decision Maker

Figure 2.4: The model of worst-case analysis of online computation with a map as additional
information.
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Chapter 3

Subset Search Problem Framework

3.1 Introduction

In recent years, there has been enormous interest in the areas of Bilevel Optimization [DZ20]
KLLS21], Robust Optimization [BGNQ9, [(GH24], Network Interdiction [SPG13|, Stackelberg
Games [LS17], Attacker-Defender games [HZ23], and many other bilevel problems. These re-
search areas are vital in helping us to understand, which parts of a network are most vulnerable,
prevent terrorist attacks, understand economic processes, and to understand and improve the
robustness properties of many systems.

The common property of all these areas of research is that they study min-max optimization
problems. Equivalently, these problems can be characterized as an abstract two-turn game
between two players. The first player (from now on called Alice) starts the game and takes an
action with the goal of minimizing some objective. Afterwards, the second player (from now on
called Bob) responds to Alice. Typically (but not always), Alice’s and Bob’s goals are opposite
of each other.

Let us take as a prototypical example the maximum clique interdiction problem [PBP14]
PPR16l [FLMS19| [Paj20]. In this problem, we are given a graph G = (V, FE) and some budget
k € N. The goal of Bob is to find a clique of largest possible size in the graph. However, before
Bob’s turn, Alice can delete up to k vertices from the graph in order to impair Bob’s objective.
Hence the game is a min-max optimization problem described by

Jnin. max{|C|: C is a clique in the graph G with W N C = 0}.
W<k

We remark that this problem follows a natural pattern, in which researchers often come up
with new problems: First, some nominal problem is taken (in this case, the maximum clique
problem), and afterwards it is modified into a more complicated min-max problem by adding
an additional component (in this case, the possibility of Alice to interdict). The goal of this
part is to consider this very general pattern and shed some light on the understanding of its
computational complexity. Roughly speaking, we show that whenever the nominal problem is
already an NP-complete problem, then under some mild assumptions the complexity of the min-
max variant will be significantly larger than the complexity of the nominal variant. As a first
example of this behavior, consider the following: It was proven by Rutenburg [Rut93] that the
maximum clique interdiction problem is complete for the complexity class 35.

The natural complexity class for bilevel problems. In the year 1976, Stockmeyer [Sto76] in-
troduced the polynomial hierarchy, containing the complexity classes X} for all k¥ € N. While

35
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the complexity class 37 = NP is very well known even to outsiders of theoretical computer sci-
ence, the complexity class 35 seems to be less known to non-specialists. However, for min-max
optimization problems, it turns out that % is the natural class to describe them. Roughly
speaking, the class ¥ contains all the problems of the form: Does there EXIST some object
x, such that FOR ALL objects y some easy-to-check property P(x,y) holds? For example, the
(decision version of the) maximum clique interdiction problem belongs to X5. This is because
it has objective value ¢ if and only if there EXISTS some set W C V of size at most k, such
that ALL cliques of size ¢ + 1 or more intersect W. Hence the class X8 naturally corresponds
to decision variants of min-max optimization problems. Analogously, there exists the class Y5,
corresponding to min-max-min optimization problems, and so on.

Researchers are interested in the question which problems are complete for the class 38, since
this has several interesting consequences. Similarly to the widely believed conjecture P # NP, it is
also widely believed that NP # 35, If this conjecture is true, it means that a X5-complete or X%-
complete problem can not be described by a mixed integer program of polynomial size (because
this would imply a polynomial-time reduction to MIP, which is NP-complete). This means that
current existing integer program solvers, which have in some cases been very successful in tackling
NP-complete problems, are not very successful at solving the harder case of ¥5-problems. This
theoretical difference can also be observed in practice. For example, Woeginger [Woe21] points
out as an example a bilinear program, which comes from social choice theory. Solving this
program was posed to the Operations Research community as a challenge by Kurz and Napel
[KN16]. Despite the problem having very small input, the challenge is still widely open and
seems out of reach of current methods. Woeginger argues that the mathematical optimization
community in the past has proven greatly successful at tackling NP-complete problems through
the means of sophisticated IP-solvers. Today, the community is at a threshold, where new and
more powerful tools and techniques need to be developed in order to tackle ¥5-hard problems.
Similar observations were the motivation for a recent DAGSTUHL seminar on the topic of
optimization at the second level. In its report [BBAHH22], it is noted that “methodologies that
have been developed for NP-complete problems over the last 50 years do not directly apply to
robust and/or bilevel optimization problems”, and furthermore that “we will need to develop
new techniques, new tricks, new insights, new algorithms, and new theorems to get a grip on
this area” The goal of this part is to address this problem by providing a novel and powerful
tool, which can be used to shed light on the complexity landscape of bilevel (and more generally,
multi-level) optimization.

3.1.1 Literature overview

Despite a tremendous interest in bilevel optimization, and despite the complexity classes 3} being
the natural complexity classes for this type of decision problems, we are aware of only a handful
of publications on the matter of X} -completeness with respect to these areas. Rutenburg [Rut93]
shows Xf-completeness of the maximum clique interdiction problem. Deineko and Woeginger
[DWT0] show Y5-completeness of the min-max regret interval knapsack problem. Caprara, Car-
valho, Lodi and Woeginger [CCLW14] show X8-completeness of an interdiction variant of knap-
sack that was originally introduced by DeNegre [Denll|]. Frohlich and Ruzika [FR21] show the
Y-completeness of two versions of a location-interdiction problem. Nabli, Carvalho and Hosteins
[NCH22] study the multilevel critical node problem and prove its X5-completeness. Coco, Santos
and Noronha [CSN22] show Y8-completeness of the min-max regret maximum benefit set cover-
ing problem. Goerigk, Lendl and Wulf [GLW24] show YX%-completeness of two-stage adjustable
variants of TSP, independent set, and vertex cover. Tomasaz, Carvalho, Cordone and Hosteins
[TCCH24] show X%-completeness of an interdiction-knapsack problem and 3%-completeness of
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an fortification-interdiction-knapsack problem. The compendium by Umans and Schaefer [SUQS]
contains many Y5-complete problems, but few of them are related to bilevel optimization. A
seminal paper by Jeroslow [Jer85] shows X7 -completeness for various classes of general multi-level
programs.

The research that is most closely connected to this thesis is the Ph.D. thesis of Johannes
[Joh1d]. She proves XE-hardness for a variety of problems including “adversarial problems”,
“partial inverse optimization problems” and several other types of classes. She also discusses a
transitive transformation for NP-completeness results that she calls “value preserving” [JohI1
Theorem 2.1.1]. She shows that a wide range of adversarial problems and partial preprocessing
problems can be proven to be ¥5-hard by relying on their corresponding NP-completeness proofs,
providing the NP-completeness transformation was “value preserving.” In our paper, we establish
a similar meta-theorem for other classes of problems, including interdiction, min-max regret, and
two-stage adjustable optimization.

Recently, we have learned that Johannes and Orlin [2020] have written an unpublished
manuscript that extended the research in Johannes’s thesis. They refer to certain NP-complete-
ness transformations as “ratcheting transformations” because they can be used to prove hardness
for extensions of these problems to problems higher in the polynomial time hierarchy. There are
additional overlaps of their work with our meta-theorem.

To the best of our knowledge, this completes the list of known X¥-completeness results for
bilevel optimization. We find it remarkable that so few results exist in this area, despite being
an active research area for well over two decades. In contrast, NP-completeness proofs are known
for a huge number of problems. One possible reason for this, according to Woeginger [Woe21], is
that “at the current moment, establishing 3%-completeness is usually tedious and mostly done
via lengthy reductions that go all the way back to 2-Quantified Satisfiability”.

3.1.2 Our contribution

We make a large step towards understanding the complexity of bilevel combinatorial optimiza-
tion, by introducing a general and powerful meta-theorem to prove X%-completeness. Our
meta-theorem can be applied to such problems which are already NP-complete and have an
additional property (explained below). Using the meta-theorem, we can “upgrade” an existing
NP-completeness proof to a ¥} -completeness proof with very little work. In other words, this
means that for a lot of NP-complete problems, the 35-completeness of its min-max variant follows
essentially “for free” from its NP-completeness. An analogous statement holds for min-max-min
problems and ¥%-completeness. We apply our meta-theorem to the areas of bilevel optimization,
in particular network interdiction, min-max regret robust optimization, two-stage adjustable op-
timization, and recoverable robust optimization. This way, we obtain over 100 natural 35- or
Y%-complete problems relevant to these areas. We remark that earlier papers showed X5- or
Y%-completeness only for one problem at a time, usually in a tedious fashion. In contrast, our
meta-theorem contains essentially all known Y5~ or XE-completeness results in the areas of net-
work interdiction, min-max regret, two-stage adjustable, and recoverable robust optimization as
a special case (namely, min-max-regret knapsack [DW10], min-max regret maximum benefit set
cover [CSN22], interdiction maximum clique [Rut93], interdiction knapsack [CCLW14| [TCCH24],
two-stage adjustable TSP, vertex cover, independent set [GLW24], as well as recoverable robust
TSP, vertex cover, independent set [GLW24]). While each of these earlier works proves Xb-
hardness of only one specific problem, our meta-theorem proves X5-completeness simultaneously
for a large class of problems, including all problems mentioned in Chapter [0} as well as possible
further problems which are added in the future.

We call this class of problems for which the meta-theorem is applicable the class SSP-NP-
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complete (SSP-NPc), for reasons which are explained in Section We show that at least the
following 25 classical problems are contained in the class SSP-NPc:

Satisfiability, 3Satisfiability, Vertex Cover, Dominating Set, Hitting Set, Set Cover,
Feedback Vertex Set, Feedback Arc Set, Uncapacitated Facility Location, p-Center,
p-Median, Independent Set, Clique, Subset Sum, Knapsack, Partition, Two Machine
Scheduling, Directed/Undirected Hamiltonian Path, Directed/Undirected Hamilto-
nian Cycle, Traveling Salesman Problem, Two Directed Vertex Disjoint Path, k-
Directed Vertex Disjoint Path, Steiner Tree.

A formal description of all these problems is provided in Chapter [9] Furthermore, one can
add new problems to the class SSP-NPc with very little work by finding a so-called SSP reduction
starting from any problem which is already contained in the class. Since we could easily show for
many classic problems that they are contained in SSP-NPc, we suspect that many more problems
can be added in the future. In fact, we observed the pattern that proving some problem to be
contained in SSP-NPc is usually significantly easier than formulating a complex and technically
challenging Y%-completeness proof. This offers future researchers a convenient way to prove
Yh-completeness of relevant problems.

Since the class SSP-NPc contains so many well-known problems, our work shows that, in
a certain sense, the “standard” or “normal” behavior of a NP-complete problem is to become
Y-complete when modified to be a min-max problem. While this behavior is very intuitive, we
are the first to be able to prove this intuition to be true for a very broad range of problems in
robust and bilevel optimization.

3.1.3 Technical Overview

We give a short overview of the techniques and ideas used to obtain our main theorems. For that
purpose it becomes necessary to formally describe to what kind of optimization problems the
meta-theorem applies. In this thesis, we consider linear optimization problems (LOP). Inspired
by problems appearing in the literature, we define an LOP to be a problem expressed as a tuple
(Z,U,F,d,t). Here, T C {0,1}* is the set of input instances of the problem encoded as words
in binary. Associated to each input instance I € Z, we assume that there is a universe U(I), a
linear cost function d) : U(I) — Z over the universe, the feasible sets F(I) C 24() containing
all feasible subsets of the universe, and a threshold t(1).

Our ideas are best explained using an example. Consider (the decision version of) the vertex
cover problem. For an instance I, we are given an undirected graph G = (V| E), and some
threshold t!) e Z>o. The question is if there is a vertex cover of size at most t. We can
rephrase this question as d(l)(F) < ¢, where F is some vertex cover and d/) = 1 is the unit
cost function. Interpreting the vertex cover problem as an LOP in the above sense means the
following: The input instance is given as a tuple I = (G,t) (encoded in binary). The universe
associated to some input instance I is given by U(I) = V, and the feasible sets are given by
F(I) = {F C V : Fis a vertex cover}. The cost function and threshold are given by d!) and
).

The decision question associated to the problem is to decide if there is a feasible set F' € F(I)
such that its cost is below the threshold, that is d!)(F) < t(I). (Note that this models a
minimization problem, but maximization problems can be modeled as well by using negative
coefficients.) In general, we define the solution set S(I) as the set of all solutions of the instance
I, that is

S(I):={F e F(I):dD(F) <tD}, (3.1)
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Roughly stated, our main idea is now to show that many well-known NP-completeness proofs
from some problem II; to some other problem IIs have a special property, which we call the SSP
property. On an intuitive level, this property states that the universe of II; can be injectively
embedded into the universe of Iy in such a way that the following two properties hold: (P1).
Every solution of II; corresponds to a partial solutions of I, and (P2). every solution of IIy
when restricted to the image of the embedding corresponds to a solution of II;.

We show that a surprisingly large amount of NP-completeness reductions which are known
from the literature actually have the SSP property (Chapter E[) Even the historically first NP-
completeness reduction, i.e. the reduction used by Cook and Levin to show that SATISFIABILITY
is NP-complete has the SSP property (Theorem . We then proceed to show that every
NP-completeness reduction with the SSP property can be upgraded to a ¥5-completeness proof
(or X%-completeness proof, respectively) between the min-max variants (min-max-min variants,
respectively) of the problems IT; and Ilz, hence proving the desired result of ¥5-completeness
(X%-completeness, respectively).

The next step for us is to consider a slight generalization of the concept of an LOP. This has
two reasons: First, it turns out that for most of our arguments, we do not make explicit use
of F,d and t. We only make use of Z, U, and S. This means that we can abstract from these
unnecessary details to have a cleaner argument. The second reason is that there exist many
optimization problems, which can be expressed as an LOP only in an awkward, non-natural way.
For example, consider the Hamiltonian cycle problem. Even though it is possible to express the
Hamiltonian cycle problem as an LOP, using trivial values for d and ¢, this definition seems a bit
unnatural. For this reason, we consider the concept of so-called subset search problems (SSP).
An SSP is a problem II = (Z,U,S), where Z is the set of input instances, U (I) is the universe
associated to each instance, and S(I) is the set of solutions associated to each instance. A formal
definition is provided in Definition [3.2]

Every LOP can be interpreted as an SSP in a straight-forward way, using eq. (3.1). Hence
the vertex cover problem is an example of an SSP problem. Another example of an SSP problem
is the problem 3-SATISFIABILITY. The input is some formula ¢ with clauses c¢q,...,¢,. The
universe is the set L = {¢1,...,0,} U{ly,...,0,} of all literals. The solution set of ¢ is the set
of all the subsets of the literals which encode a satisfying solution, i.e.

S(@):{L/QLI|Llﬁ{€i,zi}|=1\7i€ {1,...,n},L'ﬂcj #@V]G{l,,m}}

We are now ready to explain our main idea of SSP reductions. Our ideas are best explained
with an example. Consider the SSP problem 3SAT with universe U = {/1,..., 4, Y U{l1,..., 0}
(the literals) and the SSP problem VERTEX COVER with universe Y’ = V (the vertices). We
recall the classical NP-hardness reduction from 3SAT to VERTEX COVER, depicted in Figure[9.3
from the book of Garey and Johnson [GJ79]. Given a 3SAT instance consisting out of literals
{01,... .0, U{ly,....0,} and clauses C, the reduction constructs a graph G = (V,E) the
following way: The graph contains vertices W := {vg,,..., v, } U{vg ,...,v; } such that each
vertex vy, is connected to vertex vg, with an edge. Furthermore, for each clause, we add a
new triangle to the graph, such that the three vertices of the triangle are connected to the
corresponding vertices of the literals appearing in the clause. The following is easily verified:
Every vertex cover of G has size at least |L|/2+2|C| and G has a vertex cover of size |L|/2+2|C]|
if and only if the 3SAT instance is a YES-instance.

The above reduction is of course well-known. However, we want to bring attention to the
fact that this reduction has the SSP property. This property is that the reduction maps the set
of all solutions of the 3SAT instance to the set of all solutions of the VERTEX COVER instance
in a one-to-one fashion. More precisely, consider the set W. Every small vertex cover (of size
|L|/2 + 2|C]) restricted to the set W directly encodes a possible solution of the 3SAT instance.
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Figure 3.1: Classic reduction of 3SAT to VERTEX COVER for ¢ = (f1 V fy V £3).

Conversely, for every single solution « of the 3SAT instance, we can find a small vertex cover S’
(of size |L|/2 + 2|C'|) such that S" N W encodes «.

We describe this one-to-one correspondence more formally. Let S(¢) C 2 denote the solu-
tions of 3SAT (i.e. the set of all subsets of the literals which encode a satisfying assignment).
Let k := |L|/2 + 2|C| and 8'(G,k) C 2“" denote the solutions of VERTEX COVER (i.e. the
set of all vertex covers of size at most k). We consider the injective function f : Y — U’ with
f;) = vy, and f({;) = vz, This function f can be interpreted as a function which embeds the
universe U into the universe U’. It describes which literals in U correspond to which vertices in
U'. Note that the vertex subset W = f(U) is the image of «. Then the following holds: For
every satisfying assignment S € S(y), there exists at least one vertex cover S’ € §'(G, k) such
that "N W = f(S). This is property (P1). Conversely, we also have that for every vertex cover
S" € 8'(G, k), the set f~1(S"NW) is contained in S(p). This is property (P2). It can be seen
that (P1) A (P2) is equivalent to the set-based equation

{F(S):SeS(p)}=4{nflU):5 €S G,k)} (3.2)

The above equation defines the SSP property. It turns out to be the key ingredient which
is required for our meta-theorem. We call a reduction with the SSP property an SSP reduction
(compare Definition . We write II; <ggp Il5 for the fact that there exists an SSP reduction
from IT; to IIs. We introduce the class SSP-NPc as an analogon to the class of NP-complete
problems, but using polynomial-time SSP reductions instead of normal polynomial-time reduc-
tions. Chapter [9] contains a list of problems in SSP-NPc. In order to add a new problem II to
the list, it suffices to prove II' <ggp II for an arbitrary problem II' € SSP-NPc.

This completes the description of the idea of SSP-reductions. We note that another well-
known variants of reductions exists in the literature, so-called parsimonious reductions. On the
first glance, our reductions seem similar to parsimonious reductions. However, these two concepts
are not the same, because parsimonious reductions map solutions to solutions bijectively, while
our reductions f : U — U’ map elements to elements injectively.

Finally, we explain how the idea of SSP reductions is used to obtain a meta-theorem. The
main idea is that the existence of an SSP reduction tells us that the two involved problems have
a very similar solution structure. Therefore, it suffices to prove X5-completeness for the min-max
variant of only one single problem in SSP-NPc (say SAT, for example), and then invest a little
extra work to show that this ¥5-completeness actually carries over to the min-max variant of all
other problems in SSP-NPc. For example, in Section [4.2] on interdiction problems, we apply the
following proof strategy:

First, we consider the interdiction variant only for the single problem II = SAT. By using
traditional techniques, we show that Interdiction-SAT is ¥5-complete (with a reduction from 3v-
3DNF-SAT). Next, we consider an arbitrary SSP-NP-complete problem IT'. Since II' is SSP-NP-
complete, there is a reduction SAT <ggp II’. This SSP reduction implies that given a SAT
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instance I, we can find a II' instance I’, such that I can be imagined as a “sub-instance” of I’.
Specifically, there is an injective function f mapping the universe of (1) into the universe U’(I").
Furthermore, the topology of solutions is maintained (by eq. (3.2)), or equivalently properties (P1)
and (P2)). Hence the SAT instance I can be imagined as a II’ sub-instance of I’. We show that
this relation extends in such a way that the corresponding INTERDICTION-SAT instance can be
imagined as a sub-instance of INTERDICTION-II’. We can modify the costs of interdiction such
that all newly elements that are part of I’, but not part of I receive infinite costs. On the
other hand, all universe elements that are part of I receive the same costs in I’. Therefore all
solutions of I’ are blocked by some blocker if and only if the sub-instance of SAT is blocked.
Since INTERDICTION-SAT Y5-hard, it follows that INTERDICTION-II" is ¥4-hard.

The results about min-max regret robust optimization in Section[5.2)and two-stage adjustable
robust optimization in Section[6.2]follow essentially the same strategy. We remark that in all three
sections, we actually show ¥8-completeness (25-completeness) of a more restricted problem than
the original problem for all IT € SSP-NPc. These versions may be of independent interest, since
they show that the considered problems are already hard even if the input parameters are more
restricted. We call these restricted versions COMBINATORIAL INTERDICTION-II (Definition ,
RESTRICTED INTERVAL MIN-MAX REGRET-IT (Definition , and COMBINATORIAL Two-
STAGE ADJUSTABLE-II (Definition [6.2).

3.2 Framework

The goal of this section is to introduce the class of SSP-NP-complete problems, i.e. the class
of all problems for which our meta-theorem is applicable. As explained in Subsection we
first consider linear optimization problems (LOP problems) and then an abstraction of LOP
problems, which we call SSP problems. We then introduce the concept of an SSP reduction, and
finally define the class SSP-NPc.

3.2.1 Linear Optimization Problems

It is important to remark that our meta-theorem cannot cover every single discrete optimiza-
tion problem. This is for two reasons: First, the set of all discrete optimization problems is
incredibly diverse. There seems to be no universally agreed upon definition of the term “discrete
optimization problem”. Secondly, we need to assume a minimal amount of structure in order to
meaningfully describe min-max variants of some problem. For this reason, we make the follow-
ing assumption: We assume that the problem in question has some universe . We also assume
that there are some feasible solutions associated to the problem, that every feasible solution can
be encoded purely as a subset of the universe, and it can be checked efficiently whether some
proposed subset is a feasible solution. Finally, we assume that there is some linear cost function
on the universe, and the goal of the problem is to find a feasible solution of small cost. Note that
all of these assumptions are typical for discrete optimization problems. In order to talk about
the computational complexity of an LOP problem, we need to treat it as a decision problem.
Therefore, we assume that the input contains some threshold, and the question is whether there
is some feasible set whose cost is below the threshold. Formally, this leads to the following
definition.

Definition 3.1 (Linear Optimization Problem). A linear optimization problem (or in short LOP
problem) 11 is a tuple (Z,U,F,d,t), such that

> Z C{0,1}* is a language. We call T the set of instances of II.

» To each instance I € I, there is some
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> set U(I) which we call the universe associated to the instance I.

» set F(I) C 240 that we call the feasible solution set associated to the instance I.
» function d) : U(I) — Z mapping each universe element e to its costs d1)(e).

> threshold ') € Z.

For I € T, we define the solution set S(I) := {S € F(I) : dD(S) <t} as the set of feasible
solutions below the cost threshold. The instance I is a YES-instance, if and only if S(I) # 0. We
assume (for LOP problems in NP ) that it can be checked in polynomial time in |I| whether some
proposed set F C U(T) is feasible.

The following are two examples of LOP problems:

TRAVELING SALESMAN PROBLEM
Instances: Complete graph G = (V, E), weight function w : E — Zx>¢, number k € N.
Universe: Edge set £ =: U.
Feasible solution set: The set of all TSP tours T' C E.
Solution set: The set of feasible T' with w(T") < k.

VERTEX COVER
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Feasible solution set: The set of all vertex covers of G.
Solution set: The set of all vertex covers of GG of size at most k.

Recall that a TSP tour is defined as a simple cycle traversing every vertex. Note that for
the vertex cover problem, the function d¥) is the unit cost function. The threshold for both of
these problems is the number k. The two problems above are minimization problems, but we can
model maximization problems in this framework by using negative cost functions. (For example,
for the knapsack problem, d() is equal to the negative profits.)

3.2.2 Introducing SSPs as an abstraction of LOPs

As explained in Subsection [3.1.3] for most of the arguments in the following paragraphs, we do
not really care about the set F(I) of feasible solutions, the cost function d/); or the threshold
t(D. Rather, these are distracting details which we would like to get rid of. For this reason,
we introduce the concept of a subset search problem (SSP). An SSP problem is simply a tuple
IT1 = (Z,U,S), where T is the set of instances, U(I) is the universe, and S(I) is the solution set
associated to each instance. The name “subset search problem” stems from the fact, that we
assume that each solution is encoded purely as a subset of the universe, and that the goal of the
problem is to search for and find a solution. The SSP concept has the advantage that it captures
also such problems, which do not really fit into the LOP scheme. For example, consider the
Hamiltonian cycle problem. It is in a certain sense unnatural to describe it using feasible sets, a
cost function, and a cost threshold. However, we can define it perfectly well as an SSP problem:
The instance is given by I = (V, E) for some graph, the universe is U(I) = F, and the solutions
set is S(I) = {T C E : T is a Hamiltonian cycle}. Formally, we define an SSP the following way:

Definition 3.2 (Subset Search Problem (SSP)). A subset search problem (or short SSP problem)
IT is a tuple (Z,U,S), such that

> Z C{0,1}* is a language. We call T the set of instances of 1.

» To each instance I € I, there is some set U(I) which we call the universe associated to the
instance 1.
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> To each instance I € I, there is some (potentially empty) set S(I) C 24D which we call
the solution set associated to the instance I.

As a remark, every LOP problem becomes an SSP problem with the definition S(I) := {S €
F(I):dD(S) < tD}. We call this the SSP problem derived from an LOP problem. An example
of a natural SSP problem is the satisfiability problem:

SATISFIABILITY
Instances: Literal set L = {f1,...,0,} U{ly,...,¢,}, clause set C = {ci,...,¢n} such
that ¢; C L for all j € {1,...,m}.
Universe: L =:U.
Solution set: The set of all subsets L' C U of the literals such that for all i € {1,...,n}
we have |L' N {¢;,£;}| = 1, and such that |L' N ¢;| > 1 for all clauses ¢; € C.

Definition 3.3. Let I1 = (Z,U,S) be an SSP problem. An instance I € T is called YES-instance,
if S(I) # 0. The decision problem associated to the SSP problem 11 is the language {I € T :
S(I) # 0} of all YES-instances.

3.2.3 A new type of reduction

In this subsection, we introduce the concept of the SSP property. As explained in Subsection[3.1.3
the SSP property states that there is an injective embedding of one SSP problem into another,
such that the solution sets of the two SSP problems correspond one-to-one to each other in
a strict fashion. An SSP reduction is a usual many-one reduction which additionally has the
SSP property. By formalizing the intuition gained in Subsection [3.1.3] we obtain the following
definition. Note that in this definition the function g corresponds to the standard many-one
reduction, while the functions (fr);cz are the injective embedding functions corresponding to
the SSP property (analogous to eq. (3.2)). Note that since ¢(I) can be different for every instance
I, we have that (fr)rez is a family of functions, and not a single function.

Definition 3.4 (SSP Reduction). Let Il = (Z,U,S) and II' = (Z',U’,S’) be two SSP problems.
We say that there is an SSP reduction from I to II', and write I <ggp IT’, if

» There exists a function g : {0,1}* — {0,1}* computable in polynomial time in the input size
1|, such that I is a YES-instance iff g(I) is a YES-instance (i.e. S(I) # 0 iff S’ (g(I)) #0).

» There exist functions (fr)rez computable in polynomial time in |I| such that for all in-
stances I € T, we have that fr : U(I) = U'(g(I)) is an injective function mapping from the
universe of the instance I to the universe of the instance g(I) such that

{f1(8) : S € S(x)} ={S" N f1U(I)) : §" € §'(g(1))}-

An example of an SSP reduction from 3-SATISFIABILITY to VERTEX COVER was shown in
Subsection Many more examples of SSP reductions are shown in Chapter [0] A schematic
description how the mapping f; of an SSP reduction between SSP problems IT and II’ applies
for a specific instance I of II is depicted in Figure [3.2] Next, we show that SSP reductions are
transitive, which enables us to easily show reductions between a multitude of problems.

Lemma 3.1. SSP reductions are transitive, i.e. for SSP problems 11y, Ils, Il with 11} <ggsp Ilo
and Ils <ggp I3, it holds that 11y <ggp Il3.
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Figure 3.2: The relation between the universes by applying an SSP reduction between the
problem II = (Z,U,S) and II' = (Z',U’,S’) for a given instance I € Z. Let I € Z be that
instance of II, then the SSP reduction (g, (fr)rez) maps the universe U(I) into the universe
U'(g(I)) of problem IT' such that fr(U(I)) CU'(g(I)). Note that g(I) is the instance defined by
the usual reduction mapping g. The function f; maintains a one-to-one correspondence between
the elements of U(I) and fr(U(I)).

Proof. Counsider for ¢ = 1,2,3 the three SSP problems II; = (Z;,U;,S;). There is an SSP
reduction (g1, f1) from II; to IIs and an SSP reduction (gs, f2) from I to II3. We describe an
SSP reduction from II; to II3. We require a tuple (g, (f1)rez). For the first function g, we set
g := g2 0 g1. This suffices since S1(I) # 0 < Sa(1(1)) # 0 < S5((92091)(I)) # 0 and g is
poly-time computable. Let I; := I be the initial instance of II;, Iy := g1(I1) be the instance of
I and I3 := go(I2) be the instance of IIj.

For the second function f;, we define for each instance I € Z; the map fr := (f2)r, o (f1)1-
Observe that for each instance I € Z;, the function f; is injective and maps to Us(I3) and
is poly-time computable. It remains to show that f has the desired SSP property. In order to
reduce the notation, we omit the subscript in f (i.e. f = foo f1). We also write Uy, Us, Us instead
of [/{1(]1),(/[2([2),“3([3) and 81,82783 instead of 81(11),82(12),83(.[3). Since Hl SSSP H2 and
IT; <gsp I3 and since for injective functions it holds that f(AN B) = f(A) N f(B), we have

{f(S1) 2 51 € Sit = {fo(f1(S1)) : S1 € S}
={f2(Y): Y € {fi(S1): 51 € S1}}
={fo(Y): Y €{San fi(lh) : S2 € Sa}}
= {f2(S2) N fa(f1(Us)) : S2 € S}
= {530 f2(U2) N f2(f1(th)) : S5 € S5}
= {S3N f(Uy) : S5 € S3}.

o~ o~ o~ o~

O

Further, we define the class SSP-NP, which is the analogue of NP restricted to SSP problems.

Definition 3.5 (SSP-NP). The class SSP-NP consists out of all the SSP problems which are
polynomial-time verifiable. Formally, an SSP problem II = (Z,U,S) belongs to SSP-NP, if
[U(T)| = poly(|I|) and if there is an algorithm receiving tuples of an instance I € T and a subset
S CU(I) as input and decides in time polynomial in |I|, whether S € S(I).

For the remainder of the part, in a slight abuse of notation, let us say that SSP-NP C NP.
Note that this is not formally completely correct, since the class NP is a set of languages, while
the class SSP-NP is a set of SSP problems. However, we can say that some SSP problem II is in
NP, if the corresponding decision problem {I € Z | S(I) # 0} is in NP.

Because of the analogous definition of the class SSP-NP to NP and the natural SSP adaptation
of SATISFIABILITY, we are able to adapt the theorem of Cook and Levin [CooT1l, [Tra84] to the
class SSP-NP and show that SATISFIABILITY is the canonical SSP-NP-complete problem.
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Theorem 3.1 (Cook-Levin Theorem Adapted to SSPs). SATISFIABILITY is SSP-NP-complete with
respect to polynomial-time SSP reductions, i.e. for every SSP problem 11 contained in SSP-NP,
we have 11 <ggp SATISFIABILITY.

Proof. We consider the original proof by Cook and show that it is actually a polynomial-time SSP
reduction. Let IT = (Z,U,S) be an arbitrary problem in SSP-NP with universe I (I) and solution
set S(I) associated to each instance I € Z of TI. We have to show that IT <ggp SATISFIABILITY.
Recall that SATISFIABILITY = (Z',U’,S’), where 7' is the set of SAT-instances, and for each
formula ¢ € T’ the set U’ () is its literal set, and S(¢p) is the set of literal sets corresponding to
satisfying assignments.

Since I1 is in SSP-NP, there exists a deterministic Turing machine M, such that given as input
some tuple (I, S5) with I € Z and S C U(I) (encoded in binary), the Turing machine M decides
in polynomially many steps (say at most |I|* for some k), whether S € S(I). Here we use the
equivalent definition of the class NP in terms of verifiers and in terms of nondeterministic Turing
machines [AB09]. Now, the proof of Cook implies that there exists a CNF-formula ¢(Y, Z) with
the following properties:

» The formula has size polynomial in |I| and can be constructed in polynomial time from 1.

» The variables are split into two parts Y, Z. Here, the variables Z encode in binary the
input S C U(I) of the Turing machine M. The number of these variables is |Z| = [U(I)].
The set Y contains all other variables.

» The partial formula “p(Y, S)” is satisfiable if and only if M accepts (I,.5). More formally,
for all assignments o : Z — {0, 1}, we let S, be the corresponding subset of U (I) (defined
by letting U(I) = {u1,...,um} and Z = {z1,..., 2, } and considering the binary encoding
u; € Sy iff a(z;)) =1 fori=1,...,m). Furthermore, we let ¢(Y, «) be the formula where
the Z-variables are assigned by «, and the Y-variables are still free. Then we have for all
a:Z—{0,1}:

©(Y, ) is satisfiable < M accepts (I, S,) after at most |I|* steps.

We now claim that this reduction by Cook immediately yields a polynomial-time SSP re-
duction (g, (fr)rez). Formally, we let g(I) := o(Y,Z). Note that by the properties of Cook’s
reduction, [ is a YEs-instance of IT if and only if Y, Z ¢(Y, Z) is satisfiable. Hence this is a correct
many-to-one reduction. For the SSP property, we define fr(u;) := 2; for all ¢ € {1,...,|U(I)|}.
Informally speaking, the universe element w; is mapped to the positive literal z; € U(p) which
encodes in binary in the input to M, whether the element w; is included in S. It now follows from
the above equivalence that this is an SSP reduction: If S € S(I), then M accepts (I, S) after
|I|¥ steps, and for the corresponding assignment f7(S) it holds that it can be completed to a
satisfying assignment of ¢. On the other hand, every satisfying assignment S’ € S(¢) restricted
to the positive literal set Z = f7(U(I)) encodes a set S = f; (S’ N Z) such that S € S(I). This
proves the SSP property and hence Il <ggp SATISFIABILITY. O

With Theorem in mind, we define the class of SSP-NP-complete problems (SSP-NPc) as
the set of all SSP-NP problems that are complete for the class SSP-NP with respect to SSP
reductions.

Definition 3.6. The class of SSP-NP-complete problems is called SSP-NPc and consists of all
II € SSP-NP such that SATISFIABILITY <ggp II.
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3.3 SSP-NP-complete Problems

In this section, we give a short overview over the problem and reduction landscape of the com-
plexity class SSP-NP. All formal problem definitions and reductions can be found in Chapter [0}
Here, we only state the following theorem and present the corresponding reduction relation
between the problems in Figure [3.3]

Theorem 3.2. The following problems are SSP-NP-complete: SATISFIABILITY, 3SATISFIABILITY,
VERTEX COVER, DOMINATING SET, SET COVER, HITTING SET, FEEDBACK VERTEX SET,
FEEDBACK ARC SET, UNCAPACITATED FACILITY LOCATION, P-CENTER, P-MEDIAN, INDEPEN-
DENT SET, CLIQUE, SUBSET SUM, KNAPSACK, PARTITION, SCHEDULING, DIRECTED HAMIL-
TONIAN PATH, DIRECTED HAMILTONIAN CYCLE, UNDIRECTED HAMILTONIAN CYCLE, TRAV-
ELING SALESMAN PROBLEM, TwO DIRECTED VERTEX DISJOINT PATH, k-VERTEX DIRECTED
DisJOINT PATH, STEINER TREE

SAT
1
3SAT

vc«/ls/ ! \mm’

SUBSET SUM DHAMPATH STEINER

—/ \ o, ! Y l [

DS “SC T HS FVS FAS UFL pP-CENTER P-MEDIAN CLIQUE KNAPSACK PARTITION DHaMCYC kDDP
1 1
SCcHEDULING UHAMCyc

TSP

Figure 3.3: The tree of SSP reductions for all considered problems.



Chapter 4

Minimum Cost Interdiction

4.1 Introduction

This chapter is concerned with the minimum cost interdiction problem, by which we understand
the following task: Given some base problem (the so-called nominal problem) we wish to find
a subset of elements of small costs such that this subset has a non-empty intersection with
every optimal solution of the base problem. The concept of interdiction is so natural that
is has reappeared under many different names in different research communities. Depending
on the context, the interdiction problem (or slight variants of it) has been called the most vital
node/most vital edge problem, the blocker problem, and node deletion/edge deletion problem. As
an example for the type of problems that this chapter is concerned with, consider the following
problem:

MIN CosT CLIQUE INTERDICTION
Input: Graph G = (V, E), cost function ¢: E — Z
Task: Find a minimum-cost subset V/ C V such that every maximum clique shares at
least one vertex with V',

In particular, if in the above example the set V' is deleted from the graph, the maximum
clique size decreases. Hence the interdiction problem can be interpreted as the minimal effort
required to destroy all optimal solutions. Clearly, analogous problems can be defined and an-
alyzed for a wealth of different nominal problems. Indeed, this has been done extensively by
past researchers. The following is a non-exhaustive list: Interdiction-like problems have been
considered already since the ’90s for a large amount of problems, among others for shortest path
[BNKS98, [KBBT08, MMG89], matching [Zen10], minimum spanning tree [LC93], or maximum
flow [Wo0093]. Note that in all these cases the nominal problem can be solved in polynomial time.
Interdiction for nominal problems that are NP-complete has also been extensively considered, for
example for vertex covers [BTT10, BTT11], independent sets [BBPRI5,BTT10, BTTI11l HLW23
LR24, [PPR17], colorings [BBPR15, [PPR16lL [PPR17], cliques [FLMS19, [Paj20, PBP14, PPR16],
knapsack [CCLW13, [WFE24], dominating sets [GLR21, PWBP15], facility location [FR21], 1- and
p-center [BTV10, BTV13|, and 1- and p-median [BTVI10,[BTV13]. A general survey is provided
by Smith, Prince, and Geunes [SPG13].

This large interest is due to the fact that interdiction problems are well-motivated from many
different directions. In the area of robust optimization, interdiction is studied because it concerns
robust network design, defense against (terrorist) attacks, and sensitivity analysis [TCCH24|. In
particular, we want to find the most vital nodes/edges of a given network in order to identify its
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most vulnerable points and understand where small changes have the largest impact. Interdic-
tion in these contexts is often interpreted as a min-max optimization problem or alternatively
as a game between a network interdictor (attacker) and a network owner (defender) with com-
peting goals. In the area of bilevel optimization, interdiction-like problems arise naturally from
the dynamic between two independent hierarchical agents [CCLW13|. In the area of pure graph
theory, interdiction problems are usually called vertex and edge blocker problems. They relate
to the important concepts of maximum induced subgraphs, critical vertices and edges, cores,
and transversals (with respect to some fixed property) [PPR17]. In the area of (parameterized)
complexity, interdiction-like problems are usually called vertex deletion problems. They arise
from the desire to delete a constant number of vertices until the resulting graph has some de-
sirable property, for example so that it can be handled by an efficient algorithm. For instance,
Lewis and Yannakakis showed that the vertex deletion problem for hereditary graph properties
is NP-complete [LY80] and Bannach, Chudigiewitsch and Tantau analyzed the parameterized
complexity for properties definable by first-order formulas [BCT24].

Our Results. In Section we are concerned with the minimum cost interdiction problem. In
the minimum cost interdiction problem, one is given a nominal problem II and additionally a cost
function. The question is for Alice to find a blocker of minimum cost. A blocker is a set which
intersects every solution of the nominal problem. (For example, every Hamiltonian cycle, every
minimum vertex cover, every maximum clique, etc.) Our main result is that for every problem
IT € SSP-NPc, the corresponding minimum cost interdiction problem is ¥5-complete. We remark
that ¥5-completeness was already known in the case of clique/independent set, and knapsack
[CCLW13|, [Rut93, [TCCH24]. Hence our work is a generalization of these results. Concretely, we
define a minimum cost interdiction problem for the following nominal problems and prove their
Y:2-completeness:

Sat, 3Sat, vertex cover, dominating set, set cover, hitting set, feedback vertex set,
feedback arc set, uncapacitated facility location, p-center, p-median, independent
set, clique, subset sum, knapsack, partition, scheduling, Hamiltonian path/cycle (di-
rected /undirected), TSP, k-directed disjoint path (k > 2), and Steiner tree.

We remark that this chapter is the first of two chapters on interdiction. In this Chapter [d] we
are only concerned with the more specialized version of minimum cost interdiction. In Chapter
we generalize the results to minimum cardinality interdiction.

Related Work. Usually in the literature, the complexity of interdiction problems is not discussed
beyond NP-hardness in the context of the polynomial hierarchy. However, there are the follow-
ing exceptions: Rutenburg [Rut93] proves Y5-completeness for clique interdiction. Caprara,
Carvalho, Lodi & Woeginger [CCLW13| consider different bilevel knapsack formulations and
prove Y-completeness of the DeNegre [Denll] knapsack variant, which can be interpreted as
an interdiction knapsack variant. Tomasaz, Carvalho, Cordone & Hosteins [TCCH24] consider
interdiction-fortification games and prove X5-completeness of another knapsack interdiction vari-
ant. Frohlich and Ruzika prove ¥5-completeness of a facility location interdiction problem on
graphs (in contrast to our work, the interdictor attacks edges instead of vertices) [FR21l Section
4]. Our work extends these results to more problem classes. Finally, in a seminal paper, Lewis
& Yannakakis prove the very general result that the most vital vertex problem is NP-hard for
every nontrivial hereditary graph property [LY80]. Our work adds to these results by showing
that in many cases, interdiction is even harder than NP-hard.
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4.2 Interdiction Problems

We consider the closely related topics of minimum cost blocker problems, most vital vertex/edge
problems and interdiction problems. All of these problems are slight variants of each other.
Formally, we consider the following problem.

Definition 4.1 (Interdiction Problem). Let an SSP problem 11 = (Z,U,S) be given. The interdic-
tion problem associated to I is denoted by INTERDICTION-II and defined as follows: The input
is an instance I € T together with a cost function ¢ : U(I) — Z and a threshold t € Z. The
question is whether

IB CU(T) with ¢(B) <t:¥SeS(I): BNS #0.

The main result of this chapter is that INTERDICTION-II is Xf-complete for all SSP-NP-
complete problems II (Theorem. We also show in Section the Y:D-completeness of a more
restricted version of interdiction, which could be of independent interest.

We make a few remarks regarding Definition First, note that the interdiction variant
of all LOP problems can be defined over the SSP problem derived from it as described in Sec-
tion The set S(I) then contains all the sets the attacker wants to block. For example in the
vertex cover problem, S(I) contains all vertex covers of instance I of size smaller or equal to t.
(W.lo.g. due to the properties of the reductions studied in this part, we can for all problems
from Chapter |§| assume that ¢ is chosen to be the optimal threshold.) Second, note that in our
problem INTERDICTION-II, the underlying instance is not changed. In particular, we do not
delete elements of the universe (e.g. vertices of the graph). For some problems, there might be a
subtle difference between deleting elements and forbidding elements to be in the solution. (The
vertex cover problem is one such example: It makes a big difference of deleting a vertex v and its
incident edges, or forbidding that v is contained in the solution, but still having the requirement
that all edges incident to v get covered by the vertex cover. In the first case, the vertex cover
interdiction problem stays in NP, hence we can not hope to obtain a general ¥5-completeness
result. In this part we only consider the second case.)

As the third remark, we note that in the literature, usually the minimum cost blocker prob-
lem and the most vital nodes/edges problem are slightly differently defined: The minimum cost
blocker problem asks for a minimum cost blocker which decreases the objective value by a set
amount. On the other hand, the most vital nodes asks for the maximum value by which the objec-
tive can be decreased, when given a certain cost budget for the blocker. The interdiction problem,
which we formulated here as a decision problem enables us to capture the ¥5-completeness of
both these variants. It follows by standard arguments that both of the above problems become
Y0-complete in our setting.

The last remark is that INTERDICTION-II can be understood as a game between Alice (3-
player, trying to find a blocker) and Bob (V-player, trying to find a solution). Note that this could
be considered different from other typical robust optimization problems, where the 3-player tries
to find a solution. In the remainder of this chapter, we locate the complexity of INTERDICTION-II
exactly. The easy part is to show containment in 3.

Lemma 4.1. If11 = (Z,U,S) is a problem in SSP-NP, then INTERDICTION-II is in 5.
Proof. We provide a polynomial time algorithm V such that for m;, ms = \I\O(l):
IeL & 3y €{0,1}™ Vys € {0,1}"2 : V(I,y1,y2) = 1.
(

With the F-quantified y;, we encode the blocker B C U(I). The encoding size of y; is
polynomially bounded in the input size of II because [U(I)| = |[I|°). Next, we encode the
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solution S € S(I) to the nominal problem II using the V-quantified yo within polynomial space.
This is doable because the problem IT is in NP. At last, the verifier V' has to verify the correctness
of the given tuple (B, S) provided by the 3-quantified y; and V-quantified y5. Checking whether
c¢(B) <tand BN S # ( is trivial and checking whether S € S(I) is clearly in polynomial time
because II is in SSP-NP. It follows that INTERDICTION-II is in 35. O

4.3 Combinatorial Interdiction Problems

In the literature, often the cost version from above is analyzed and used to model real-world
problems. However, for us it proves to be helpful to introduce a more restricted variant of
INTERDICTION-II, which we call the combinatorial version of INTERDICTION-II. This combi-
natorial version is slightly more specific than the cost version and allows for a more precise
reduction in the SSP framework. We show the XE-hardness of the combinatorial version of
INTERDICTION-II for all SSP-NP-complete problems. In the end, we adapt this result to the cost
version. This shows the X5-hardness of all interdiction problems, for which the nominal problem
is SSP-NP-complete.

Definition 4.2 (Combinatorial Interdiction Problem). Let an SSP problem II = (Z,U,S) be given.
The combinatorial interdiction problem associated to 11 is denoted by COMB. INTERDICTION-II
and defined as follows: The input is an instance I € T together with a set of blockable elements
B CU(I) and a threshold t € Z. The question is whether

IB' C B with |B'| <t:¥S € S(I): B'NS #0.

The difference between the combinatorial version and the cost version is that we ignore the
costs of the elements and introduce a set of possibly blockable elements. We use the canonical
SATISFIABILITY problem as the starting point for our meta reduction. Therefore, we apply
Definition to II = SATISFIABILITY yielding the following:

Definition 4.3 (COMBINATORIAL INTERDICTION-SATISFIABILITY). We denote the combinatorial
interdiction version of SAT by COMB. INTERDICTION-SAT. The input is a CNF with clauses C
and literals L, a set blockable literals B C L and a threshold t. The question is whether there is
a set B' C B with |B'| <t such that for all S € S(I), we have B'NS # §. (In other words,
there is no satisfying assignment whose literals are completely disjoint from B’.)

4.4 A Meta-Reduction for Combinatorial Interdiction Problems

For the beginning of our meta-reduction, we prove that the canonical SATISFIABILITY problem
COMBINATORIAL INTERDICTION-SATISFIABILITY is ¥8-complete.

Lemma 4.2. COMBINATORIAL INTERDICTION-SATISFIABILITY is ¥5-complete.

Proof. Analogously to Lemma COMB. INTERDICTION-SAT is in ¥5. As the basis of our hard-
ness proof, we use the problem 3YDNF-SAT, which is ¥5-hard as shown by Stockmeyer [Sto76].
In this problem, we are given a SAT formula ¢(X,Y) in disjunctive normal form (DNF), such
that its variables are partitioned into two parts X, Y. The question is whether there is a variable
assignment for X such that for all variable assignments for ¥ we have ¢(X,Y) = 1. We reduce
IYDNF-SAT to COMB. INTERDICTION-SAT. Let 3XVY p(X,Y) be the 3VDNF-SAT instance.
We transform this instance into an equivalent instance (¢, B,t) of COMB. INTERDICTION-SAT.
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More precisely, this means that 3XVY p(X,Y) if and only if there is a set B’ C B with |B’| <t
such that there is no solution S € S(3X'¢(X’)) with BN S = 0.

We use an idea of Goerigk, Lendl and Wulf [GLW24] Theorem 1]. We quickly sketch the
main idea: Let n := |X|, i.e. X = {z1,...,2,}. COMB. INTERDICTION-SAT can be understood
as a game between Alice and Bob, where Alice selects a blocker B’ C B and Bob tries to select a
satisfying assignment avoiding B’. How can we model the formula 3XVY ¢(X,Y") with this game?
The idea is that Alice’s choice of a blocker B’ should correspond to the 3X stage and Bob’s choice
of assignment should correspond to the VY stage. How can we encode an assignment of the X-
variables in terms of a blocker B’? The idea is to introduce new variables X* = {z},... 2!} and
XTI ={af, .. 2f}. We say that Alice plays honestly, if |B' N {zf,2/}| =1 foralli =1,...,n.
In the other case, i.e. B’ contains both xf,xzf for some i, we say that Alice cheats. We will
add some “cheat-detection” gadgets to the formula, which make sure that if Alice cheats, then
Bob can trivially win the game. We make sure that the cheat-detection gadget can be used if

and only if Alice cheats. If Alice plays honestly, note that z! € B’ enables Bob to choose x{ as

part of his solution. This corresponds to the assignment «(z) = 0. On the other hand, :clf e B
corresponds to a(z;) = 1. We are now ready to give the formal reduction.

Definition of the instance Given an instance ¢ of IVDNF-SAT, the instance (v, B,t) of com-
binatorial interdiction SAT is defined as follows: We start by considering the auxiliary
formula ¢'(X,Y) := —p(X,Y). Note that ¢’ is in CNF by De Morgan’s law. We further-
more have

IXVY o(X,Y) < XY (X,Y).
A new formula ¢" is created from ¢’ in terms of a substitution process: We introduce 2n
new variables Xt = {z!,... 2t} and X/ = {af,... 2/} Foralli =1,...,n, we substitute
each occurrence of some literal x; by the positive literal z!. We substitute each occurrence
of some literal T; by the positive literal mlf . All other literals are kept the same. A new

formula ¢’ is created from ¢’ by introducing a new variable s and appending the positive
literal s to every clause, that is

(p/// = S0// \/ s.
Finally, we introduce n new variables {s1,...s,}. Welet Z = {s}U{s1,..., s, } and define

the formula ¥ by

WX XY, Z2) = ¢"(Xt, XF,Y,s) A </\(x§Vsi)A(x{v$i)> AGBVsI VsV Vsy).

i=1

We remark that the newly added elements between ¢” and 1 form the cheat-detection
gadget. Finally, we define the set of blockable literals by B := X*U X/ and the number of
blockable literals by ¢ := n. This completes the description of the instance (¢, B, t).

Correctness Note that Alice can only block the positive literals of X*U X7 because by definition
of the comb. interdiction problem we have B’ C B = X' U X/. Furthermore, we claim
that in an optimal game, Alice has to play honestly. To prove this, consider the case
where both literals z! and x{ are blocked or less than ¢ literals in total are blocked by
Alice. In both cases there is a j # i such that Alice blocks neither mg nor x{ (due to

|B'| <t and the pigeonhole principle). Hence Bob is able to take both literals z and xf
into his solution. This enables Bob to also take both s; and s into the solution without
violating the constraints of 1. For all other p # j, Bob can take the literals 5, into his
solution. In this case 1 is trivially satisfied. We conclude that Alice has to play honestly,
ie. B n{zt,al}=1foralli=1,... n.

Rt
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Hence for a fixed honest choice of Alice, we obtain a fixed chosen assignment a(X) —
{0, 1111 which Bob is forced to take. (More precisely, Bob is forced to take 3,51,...,5,
into his solution. Then the cheat-detection clauses are trivially verified. The remain-
ing formula does not contain any negative literal f{ , Tt so we can w.l.o.g. assume that
under optimal play Bob takes the one from the two positive literals xf,x{ that is not
blocked by Alice.) Following the above restriction, Alices’ goal is described by the formula
—-3Y,Z (X*, X/ Y, Z). This in the end is equivalent to the formula =3Y¢'(a,Y’), since
for honest behavior of Alice, the only way to satisfy the formula is to set s,s1,...,58, to
false. We conclude that if ¢ is a YES-instance of IVDNF-SAT, then Alice can play honestly
and win the game, hence we have a YES-instance of COMB. INTERDICTION-SAT.

On the other hand, assume that the described tuple (¢, B,t) is a YEs-instance of COMB.
INTERDICTION-SAT. By the previous argument, since Alice was able to win, she must have
played honestly. Then, only one of z! and xf can be in the blocker B’ for alli € {1,...,|X]|}.
Thus, there is a blocker B’ C B fixing the assignment on X* U X7 such that there is no
solution to 3Y, Z ¢(X*, X7,Y, Z). This is equivalent to fixing the assignment on Xt U X/,
such that =3Y,Z ¢(X* Xf,Y,Z). By transforming ¢ (X?, X/ Y, Z) back to ~¢(X,Y),
we get that there is an assignment to X such that ¥Y¢(X,Y’), which is equivalent to
IXVY ¢(X,Y), which is a YEs-instance for IVDNF-SAT.

Polynomial Time All transformations are doable in polynomial time because only a polynomial
number of additional variables as well as clauses are added to the formula.

O

With the ¥5-hardness of COMB. INTERDICTION-SAT established, we are able to provide
a meta-reduction to all CoMB. INTERDICTION-II, if there is an SSP reduction between the
nominal SATISFIABILITY and the nominal II. In other words, we prove the X5-hardness of
CoMB. INTERDICTION-II.

Theorem 4.1. For all SSP-NP-complete problems II, the combinatorial interdiction variant
CoMB. INTERDICTION-II is ¥%-complete.

Proof. Analogously to Lemma CoMB. INTERDICTION-II is in ¥5. For the hardness,
we use the observation that if a problem II = (Z,U,S) is SSP-NP-complete, there is an SSP
reduction (g, (fr)rez) from SAT to II. We extend the SSP reduction (g, (fr)rez) to a polynomial-
time reduction ¢’ from COMB. INTERDICTION-SAT to COMB. INTERDICTION-II as depicted in
Figure [4.1] The main idea is that the underlying reduction from SAT to II remains the same
function g and the additional set of blockable elements is redefined such that the blocking sets
(which are the solutions to the problems) have a one-to-one correspondence.

(9, (fr)1ez)

SAT II
I'=(,B, t)J J
g/
CoMB. INTERDICTION-SAT CoMB. INTERDICTION-II

Figure 4.1: The fact that SAT is SSP reducible to II induces a reduction from COMB.
INTERDICTION-SAT to COMB. INTERDICTION-II.
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Let I' = (I, B,t) be the instance of COMB. INTERDICTION-SAT, where I € Z is the cor-
responding SAT instance, B is the set of blockable elements and ¢ is the threshold. Then, the
reduction ¢’ is defined by ¢’ (I') = (9(I), Brew,t), where Byey is the new blockable set in COMB.
INTERDICTION-II defined as

Brew = fI(B) c Z/l(g(I))

Le. the injectively mapped universe elements from (1) remain blockable in COMB. INTERDIC-
TION-II if and only if they are blockable in COMB. INTERDICTION-SAT. Furthermore, observe
that by this definition of Byey, we have that all newly introduced universe elements, i.e. all ele-
ments in U(g(I))\ fr(U(I)) are not blockable. Now, recall that the SSP property for (g, (f1)rez)
states that the solutions of SAT and IT correspond one-to-one to each other on the set fr(U(I)).
Namely, if S(I) denotes the solutions of the SAT instance and S(g(I)) denotes the solutions of
the corresponding II instance, then

{f1(8): S € S} = {S"N fi(U(I)) : 8" € S(g(1))}-

As a consequence of this, and the fact that Byew C fr(U(I)), we have that each blocking set
B C U(I) in CoMmB. INTERDICTION-SAT is in a direct one-to-one correspondence to some
blocking set in COMB. INTERDICTION-II. In particular, there exists a blocker for the instance
(I, B,t) if and only if there exists a blocker for the instance (g(I), Bpew,t). Finally, note that
the whole reduction ¢’ can be computed in polynomial time, in particular since g and f; (and
therefore Biey) can be computed in polynomial time. In summary, COMB. INTERDICTION-SAT
reduces to COMB. INTERDICTION-II and COMB. INTERDICTION-II is ¥4-hard. O

4.5 Adapting the Meta-Reduction to the Cost Version

While the previous subsection showed ¥5-completeness of the combinatorial interdiction problem
CoMB. INTERDICTION-II, the goal of this subsection is to show the same for INTERDICTION-II,
i.e. the version with element costs. This is done via an easy reduction, which re-adapts the
combinatorial interdiction problem to the cost version. Note that the following theorem also
holds for all LOP problems. Specifically, if one is given an LOP problem, one can consider the
SSP problem derived from it as described in Section [3.2]

Theorem 4.2. For all SSP-NP-complete problems 11, the interdiction variant INTERDICTION-II
is X5 -complete.

Proof. Due to Lemma 4.1} INTERDICTION-IT is in 35. We further reduce COMB. INTERDICTION-
IT to INTERDICTION-II. Assume an instance (I, B,t) of CoMB. INTERDICTION-II is given.
We use the cost function ¢ : U(I) — Z in INTERDICTION-II to distinguish the elements in
the blockable set B from those that are not blockable. For this, we set ¢(b) = 1 for all b €
B (blockable) and c(u) = ¢t + 1 for all u € U(I) \ B (not blockable). It is clear that every
blocker B’ with ¢(B’) <t uses no elements from U(I) \ B and at most t elements from B. The
reduction is obviously polynomial-time computable. Consequently, the reduction is correct and
INTERDICTION-II is 38-complete as well. O

4.6 The Meta-Reduction is also an SSP reduction

In Section [4.3] we showed that COMB. INTERDICTION-SAT reduces to COMB. INTERDICTION-IL.
The goal of this subsection is to show the slightly stronger statement that this reduction is again
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an SSP reduction itself. This fact can be succinctly stated as “SATISFIABILITY <gsp II implies
COMB. INTERDICTION-SAT <ggp COMB. INTERDICTION-II”. We believe that this is an elegant
result which deserves to stand on its own right. In order state this result it becomes necessary to
explain in which way CoMB. INTERDICTION-SAT and COMB. INTERDICTION-II are interpreted
as SSP problems. This is done the following way.

Observation 4.1. The combinatorial interdiction variant COMB. INTERDICTION-II of an SSP
problem I1 is an SSP problem.

Proof. Let I = (Z,U,S) be an SSP problem and we denote COMB. INTERDICTION-II =
(Z',U',S’). Note that by definition, we have U = U’. Now, let I € Z be an instance of II. Then,
we can define the corresponding instances of COMB. INTERDICTION-II by setting

T ={(I,B,t)| I €I, BCU(), teN}.
Furthermore, we set the solutions for the combinatorial variant to
S(I'Y={B'CB||B|<tandVS eS(): B’ NS #0}
Thus, COMB. INTERDICTION-II = (Z/,U’,S’) is an SSP problem. O

According to Observation the equivalent definition of COMB. INTERDICTION-SATISFIA-
BILITY as SSP problem is the following.

Definition 4.4 (COMBINATORIAL INTERDICTION-SATISFIABILITY as SSP Problem). The inter-
diction version of SAT is a tuple (Z',U',S") with input I = (L, C, B,t) € T’ of literals and clauses,
universe U'(I) = L, solution set S, blockable set B and threshold t. The solution set is given by
S'(I)={B'"C B : |B'| <t and for all S € S(I) we have B'N S # 0}.

Now, we prove that the meta-reduction from Theorem is also an SSP reduction by using
the reduction from Theorem and defining the corresponding function (f},);-ez to complete
the SSP reduction.

Corollary 4.1. For all SSP-NP-complete problems I, CoMB. INTERDICTION-SAT <ggp COMB.
INTERDICTION-II.

Proof. As implied by Observation [4.1] CoMB. INTERDICTION-SAT and COMB. INTERDICTION-
IT are also an SSP problems. We extend the SSP reduction (g, (fr)rez) to an SSP reduction
(¢', (fr)rez) from COMB. INTERDICTION-SAT to COMB. INTERDICTION-II as depicted in
Figure where ¢’ is the reduction from the proof of Theorem 4.1

SAT (9, (fr)1ez) I

I = (I,B,t)l J

(¢, (fr)rex)

CoMB. INTERDICTION-SAT CoMB. INTERDICTION-II

Figure 4.2: SATISFIABILITY <ggp II implies COMB. INTERDICTION-SAT <gsp COMB.
INTERDICTION-II.
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We recall the reduction from the proof of Theorem As we have already proven the
correctness of g’, we focus solely on the function (f},);ez.. We define f; = f}, such that Bpeyw
is the new blockable set in CoMB. INTERDICTION-II defined as

Buew = f1:(B) ={u € U(g(I)) | u € f1.(B)} ={u € U(g(])) | u € f1(B)}.

Because the universe for SAT and COMB. INTERDICTION-SAT is the same, f7, is well-defined.
Consequently, we have fr(B) = f1,(B) CU(g(I)). As was stated in the proof of Theorem[{.1] the

blockers correspond one-to-one to each other on the set f;(B). Hence, this reduction is indeed
solution preserving. O
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Chapter 5

Min-Max Regret Optimization

5.1 Introduction

In the area of min-maz regret robust optimization, one is faced with an uncertain cost scenario.
The decision maker seeks to minimize the regret that he is experiencing after the actual costs
have been realized. In other words, the decision maker wants to minimize the maximum deviation
between incurred cost and optimal cost. This problem is motivated by risk aversion strategies
and human behavior to evade negative emotions such as regret. Accordingly, critical events
of high costs can sufficiently be modeled under this regime since a decision maker is explicitly
encouraged to minimize the impact of such events. An example of such events is contamination
of water supplies, which poses an inherent danger to the people of a municipality. One question
in this regard is how to place a given number of contamination sensors to install a robust
warning system for the water supply of a municipality, such that the impact of critical events is
minimized [WHMO06,ICGH™06|. Furthermore, in decision theory and computational social choice,
this concept is of interest in analyzing voting behavior. A public decision maker (e.g., a politician
or a manager of a public stock company) can be evaluated retrospectively. These decision makers
have to justify their actions to the public, and these actions are typically retrospectively evaluated
by the public when the uncertain costs have been realized, and thus, the actual scenario is clear.
Accordingly, the decision maker may choose a strategy that causes minimum regret based on the
information that is available at the point in time at which the decision has to be made. Vice
versa, the voters may vote based on a minimum regret strategy given the possible candidates,
too [MGT5, BYFL95, [DLI5].

The min-max regret criterion is popular in robust optimization and has been considered for
many standard optimization problems. Among the problems, where the nominal problem is
contained in P and is analyzed from a complexity viewpoint, are, for example shortest path
[ALO4], minimum spanning tree [ALO4], min cut [ABVO0S8], min s-t cut [ABV0S§|, 1-center and
1-median with uncertainty in the node or edge weights [AB00, [Ave03], and scheduling variants
[LAO6L [Coni4]. Among these, some interval min-max regret problems are shown to be in P,
such as min cut, 1-center, and 1-median. The rest of the problems are shown to be NP-hard. In
the realm of interval min-max regret problems, for which the nominal problem is NP-complete,
there are publications considering the complexity of the knapsack problem [DW10], the set cover
problem [CSN22|, and the TSP and Steiner tree problem [GMP23]. Further but more general
publications on this topic are [KY13l [KZ16]. A general survey is provided by Aissi, Bazgan, and
Vanderpooten [ABV(9].

Our Results. In this chapter, we are concerned with the min-max regret robust optimization

57
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problem with interval uncertainty. Faced with an uncertain cost function, the goal is to minimize
the maximum deviation between incurred cost and optimal cost. The uncertain cost is modeled
by assuming that each cost coefficient stems from a pre-specified interval. Our main result in
this chapter is that for every problem Il € SSP-NPc, the corresponding min-max regret robust
optimization problem with interval uncertainty is 35-complete. Concretely, we define a min-max
regret problem with interval uncertainty by embedding it into the SSP framework. Based on
this, we provide a general reduction for these min-max regret problems for the following nominal
problems:

Sat, 3Sat, vertex cover, dominating set, set cover, hitting set, feedback vertex set,
feedback arc set, uncapacitated facility location, p-center, p-median, independent
set, clique, subset sum, knapsack, partition, scheduling, Hamiltonian path/cycle (di-
rected/undirected), TSP, k-directed disjoint path (k > 2), and Steiner tree.

Related Work. Usually in the literature, the complexity of min-max regret problems is not
discussed beyond NP-hardness in the context of the polynomial hierarchy. However, there are
two exceptions, which we generalize by introducing the SSP framework and applying it to min-
max regret optimization. The first paper by Deineko and Woeginger [DW10] shows the X5-
completeness of min-max regret knapsack. The second paper by Coco, Santos, and Noronha
[CSN22] establishes 3f-completeness of min-max regret maximum benefit set cover.

5.2 Min-Max Regret Problems with Interval Uncertainty

We consider min-max regret robust optimization problems with interval uncertainty. Our main
result in this chapter is that for every single LOP problem with the property that the SSP problem
derived from it is in SSP-NPc (compare Section by a so-called tight reduction — we define this
term in Section —, the corresponding min-max regret problem is ¥5-complete. This means
that the problem is described by II = (Z,U, F,d, t), where for every instance I € Z, U(I) denotes
its universe, F(I) denotes its feasible solutions, d) : U(I) — Z denotes its cost function, and t()
denotes its threshold. Like in Definition we define S(I) = {S € F(I) : dD(S) < tD}. As
an example, if [T = VERTEX COVER, then F(I) contains all vertex covers, but S(I) only contains
those vertex covers of size at most the threshold ¢(1).

In order to define the min-max regret version of II, we use the following definitions, which
are standard in the area of min-max regret robust optimization [DW10]: For some cost function
c:U(I) — Z, we define S} € argming ¢z c(S’) to be an optimal feasible solution of II
with respect to cost function c¢. The regret of some feasible solution S € F(I) is defined as
reg(S, c) = ¢(S) — ¢(S%). Given numbers ¢, ¢ € Z for every universe element e € U(I) such
that ¢, < ¢, the interval uncertainty set defined by the coefficient sequence (c,,Cc)ecu(r) is
defined as

C:={c|c:U(I) — Ris a function s.t. c(e) € [c,,Cc] Ve € U(I)}.

(We remark that we are using the letter C' for the uncertainty set instead of the more standard
letter U, since we are using U already to denote the universe of the nominal problem.)

Definition 5.1 (Min-Max Regret Problem with Interval Uncertainty). Let an LOP problem II =
(Z,U, F,d,t) be given. The min-mazx regret problem with interval uncertainty associated to II is
denoted by INTERVAL MIN-MAX REGRET-II and defined as follows: The input is an instance
I € T together with integers ¢, < ¢. for all e € U(I) and a threshold tg € Z. The question is
whether

i ax reg(S,c) < tg.
sy s g(5.0) < tn
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We remark that this definition only applies to LOP problems, i.e. not to every problem in
Chapter[9} This is simply due to the fact that it makes use of the concept of the feasible solutions
F(I), and not every SSP problem has a set F(I). However, in the next subsection, we introduce
a slight variant of the min-max regret problem which is defined for every SSP problem and also
show X5-completeness for that variant.

Before we start, we define the mazimum regret rma..(S) := max.ccreg(S,c). For a fixed
feasible set S € F(I), it is a well-known fact [DW10] that the maximum regret is caused by the
so-called canonical cost scenario cs : U(I) — Z, defined by

esle) = c. ifeesS
s o c, ife¢gs.

This implies that

Tmax(S) = reg(S, cs) = ¢s(S) — ¢s(S7,) = ¢s(S) — min cg(S").
S'eF(I)

With this observation on the canonical cost scenario, we can view interval min-max regret
problems as a two-player game of an 3-player that wants to find a feasible solution against an
adversary (the V-player). The J-player is in control of the min and thus is able to choose the
solution S. On the other hand, the adversary is in control of the maz and is thus able to choose
the cost function ¢ from the set C as well as the solution S’. Consequently, we can reformulate

the question to
S e F(I) VS € F(I):cs(S) — Cs(S/) <tgp.

With this perspective, it is easy to show the containment in the class 5.

Lemma 5.1. If 11 = (Z,F,U,d,t) is an LOP problem such that the derived SSP problem is in
SSP-NP, then INTERVAL MIN-MAX REGRET-II is contained in the class 5.

Proof. We provide a polynomial time algorithm V' such that for my, mas < poly(|I]):
Tel & Jy €{0,1}"™ Yy € {0, 1} : V(I,y1,92) = L.

Observe that for INTERVAL MIN-MAX REGRET-II we can characterize the YES-instances as
follows:
Iel & 3Se F(I) vS' e F(I) :cs(S) 703(5/) <tg.

Therefore with the 3-quantified y;, we encode the solution S C U(I) with S € F(I). Because
|U(I)| < poly(|I]), the encoding size of y; is polynomially bounded in the input size of II. Next,
we encode all solutions S’ € F(I) to the nominal problem II using the V-quantified yo within
polynomial space as well. At last, the verifier V' has to verify the correctness of the given
solution provided by the 3-quantified y; and V-quantified y». Since we have assumed that we can
efficiently check (for IT in NP) whether proposed solutions F' C U(I) are indeed feasible solutions,
it can be checked in polynomial time whether S and S’ € F(I). Furthermore, the canonical cost
scenario cg can be efficiently computed from S. Consequently, it can be checked in polynomial
time whether cg(S) — cg(S’) < tg. It follows that INTERDICTION-IT is in 35. O

5.3 Simplifying the Structure: Restricted Interval Min-Max Regret Prob-
lems

In order to show the meta-theorem, we define a restricted variant of interval min-max regret
problems. In contrast to the non-restricted variant, which can only be defined for LOP problems
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(since the definition relies on the concept of F(I)), the restricted version can be defined more
generally for every SSP. We call these problems RESTRICTED INTERVAL MIN-MAX REGRET-II
for a nominal SSP problem II.

Definition 5.2 (Restricted Interval Min-Max Regret Problem). Let an SSP problem II = (Z,U,S)
be given. The restricted regret problem associated to Il is denoted by RESTRICTED INTERVAL
MIN-MAX REGRET-II and defined as follows: The input is an instance I € T together with
integers h,, he for all e € U(I), such that h, < h. and both h,,h. € {0,1}, and a threshold
q € Z. The question is whether

min max (h(S)— min h(S’)) <gq.
Ses(I) heH s'es(I)

Here H denotes the interval uncertainty set defined by the coefficients h,,h.. We assume that
the input is a YES-instance (S(I) # (), otherwise the (restricted) min-maz regret is undefined.

Observe that the restricted interval min-max regret is defined over the solutions S(I) instead
of the feasible solutions F(I) as for the standard interval min-max regret problems based on an
LOP problem. Furthermore, the uncertainty set is restricted by h,,h. to be from the set {0,1}.
(We remark that while it is not standard to calculate the regret relative to S(I) instead of F(I),
this has been considered recently by Coco, Santos and Noronha for the case of min-max regret
for the set cover problem [CSN22].)

We begin with the canonical SAT variant RESTRICTED INTERVAL MIN-MAX REGRET-SAT
and show that it is ¥5-complete. Then, using this SAT problem as a basis for a reduction, we
explain how this can be used to show that RESTRICTED INTERVAL MIN-MAX REGRET-II is
¥2-hard. In a similar spirit to previous chapters of this part, we consider L as the universe of
the problem and we define the set of solutions

S(p):={L' CL:|L'n{x;,m}|=1Vi=1,....n; [L'N¢;| >1Vj=1,....,m}

as the subset of all literals encoding a satisfying assignment. Applying Definition to the
satisfiability problem yields the following.

Definition 5.3 (RESTRICTED INTERVAL MIN-MAX REGRET-SAT). We denote the restricted in-
terval min-mazx regret version of SAT by RESTRICTED INTERVAL MIN-MAX REGRET-SAT. The
input is a CNF with clauses C and literals L, together with a threshold parameter q € 7Z and
integers hy, hy for all £ € L, such that h, < hy and both h,,hy € {0,1} for all £ € L. Let H be
the interval uncertainty set defined by the hy, hy. The question is whether

min  max (h(S)— min h(S’)) <gq.
SeS(p) heH S'eS(p)

We assume that the input formula ¢ is satisfiable (S(¢) # 0), otherwise the (restricted) min-maz
regret is undefined.

As next step, we show the Z5-completeness of RESTRICTED INTERVAL MIN-MAX REGRET-
SAT.

Lemma 5.2. RESTRICTED INTERVAL MIN-MAX REGRET-SAT is ¥5-complete.

Proof. The containment in the class X% is analogous to Lemma It remains to show hardness.
For the hardness, we reduce from 3YDNF-SAT, which is 3%-hard as shown by Stockmeyer [Sto76].
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Definition of the instance Assume we are given an instance 3XVY¢(X,Y) of IVDNF-SAT,
where ¥ is in DNF. We show how to construct an equivalent instance of RESTRICTED
INTERVAL MIN-MAX REGRET-SAT by describing ¢, hy, h¢,t as in Definition (where ¢
is a CNF-formula and ¢ runs over the literals of ¢).

We start by letting ¢’ := —p. Note that because 1 is in DNF, ¢’ is in CNF by applying
De Morgan’s rule. The variables and literals are the same between 1) and 1)’. Observe that

AIXVYP(X,Y) < IX-3IVy/(X,Y).

We define a new CNF formula ¢, by introducing a new variable z and appending it to every
clause of ¢/, that is ¢ = 1)’ V 2. Note that ¢ is satisfiable (S(¢) # 0), since any assignment
a with a(z) = 1 is satisfying. Let Lx := X UX be the literal set belonging to the variables
X and Ly := Y UY be the literal set belonging to the variables Y. The formula ¢ has
literal set L := Lx U Ly U {z,Z}. We define the uncertainty set H, by making a case
distinction. For a literal £ € Lx U {z,%z}, we let h, = 0 and hy = 1. For a literal £ € Ly,
we let h, = hy = 0. Finally we let ¢ := |X| = |Lx|/2. This completes the description of
the RESTRICTED INTERVAL MIN-MAX REGRET-SAT instance (p, H, q).

Correctness We claim that the regret for (¢, H,q) is bounded from above by ¢ if and only if
AX-3Yy'(X,Y) is satisfiable. The main idea behind this claim is that the min-max regret
problem can be understood as a game between Alice and Bob: Alice selects an initial
solution S € S(¢), Bob selects the cost function h € H together with some other solution
S’ € S(p). Bob’s goal is to cause a large regret for Alice (at least ¢ + 1). By construction,
such a large regret is only possible, if S’ and S take exactly opposite literals on the set
Lx U{z,z}. But this means Alice can “block” Bob, if she chooses her assignment on X in
a smart way.

We are now ready to prove the claim. First, assume that the formula 3oy —3ast) (ay, as)
is true, where a; : X — {0,1} and as : Y — {0,1} are truth assignments. We let A;
be the literals corresponding to «; (i.e. if a(z) = 1 then x € Ay, else T € A;). Then
Alice chooses a solution S the following way: From {z,Z}, she chooses the literal z. From
L, she chooses exactly the literals A; opposite to A;. From Ly, she chooses an arbitrary
literal for each variable y € Y. Observe that the subset S C L described this way encodes
a satisfying assignment of ¢, since z € S. Furthermore, observe that the canonical cost
scenario causing the maximum regret to Alice is given by

1 ifle(Iyu{zz)ns
hs(0) =20 ifle (LyU{zz})\S
0 ifleLy.

The properties of hg imply the following: The only way for Bob to cause a regret of
g+1=|X|+1isif ' DO A; U{Z} (i.e. if he makes the exact opposite choice of Alice on
the set Lx U{z,z}). But this is impossible: since =Jas1)’ (a1, az), Bob can never complete
such a choice to a satisfying assignment S’ € S(¢). This means that the maximum regret
is at most q.

On the other hand, assume that the regret is at most ¢. In this case, Alice must have
chosen z, (that is, z € S), because otherwise

min max <h(S)— min h(S’)) =q+1
SeS(yp) heH 5'eS()
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This is because if Alice did not choose z, then Bob can choose z and exactly the opposite
of Alice’s choices on the set Lx and an arbitrary assignment of Y. (This choice by Bob
satisfies the formula, since every assignment with z = 1 trivially satisfies the formula.)
Furthermore, it causes a regret of ¢ + 1 since on the set Lx U {z,Z} it is exactly the
opposite of Alice’s choice. Hence we conclude that Alice must have chosen z. But then, by
a similar argument to the above, we have that I —~Jast) (aq, as).

We have successfully proven the claim. In conclusion, we have that the regret is bounded
by ¢ if and only if IXVY ¥ (X,Y) is satisfiable.

Polynomial Time Moreover, the reduction is polynomial-time computable because all transfor-
mations of the formula ¢ as well as the computation of the numbers h,, hy are polynomial-
time computable.

In conclusion, we have shown that RESTRICTED INTERVAL MIN-MAX REGRET-SAT is X5-
complete. O

5.4 A Meta-Reduction from Restricted Interval Min-Max Regret Problems

Having established the hardness of our base problem RESTRICTED INTERVAL MIN-MAX
REGRET-SAT, we are now ready to prove our meta-theorem, i.e. we prove that for every SSP
problem II, which is also SSP-NP-complete, its corresponding restricted interval min-max regret
version is ¥5-complete.

Theorem 5.1. For all SSP-NP-complete problems 11, the restricted interval min-max regret
variant RESTRICTED INTERVAL MIN-MAX REGRET-II is X5 -complete.

Proof. The containment in the class X3 is analogous to Lemma Let an abstract, SSP-NP-
complete problem IT = (Z,U,S) be given. SSP-NP-completeness implies that SATISFIABILITY
<gsp II (where SATISFIABILITY is defined like in Section. By the definition of an SSP reduc-
tion, there exists a poly-time computable function g which maps CNF-formulas ¢ to equivalent
instances g(¢) € Z of II. Let I := g(y). Furthermore there exist poly-time computable functions
fo : U(p) — U(I) with the SSP property. Here, U(¢p) is the literal set of ¢, and U(I) is the
universe of the instance I = g(y) of II. In order to reduce the notation, we write f instead of
fo- The SSP property states that

{f(8): 5 €8} ={"nfU(p)): 5 €S}

where S(¢) is the set of all subsets of literals which satisfy ¢.

The above is a reduction from SATISFIABILITY to II. We now show that we can “upgrade” the
reduction to obtain a reduction from RESTRICTED INTERVAL MIN-MAX REGRET-SAT to RE-
STRICTED INTERVAL MIN-MAX REGRET-II. This upgraded reduction is described the following
way:

Assume we are given an instance (¢, (hy, he)eer,q) of RESTRICTED INTERVAL MIN-MAX
REGRET-SAT with the properties as described in Definition We define a RESTRICTED
INTERVAL MIN-MAX REGRET-II instance (I,tg, (h Ee)eEU(I)) in the following way:

ey
» The instance is given by I = g(¢). (Note this can be computed in polynomial time).

» Let n := [U(I)|. The numbers h,,h. for e € U(I) are defined by a case distinction. If
e € f(U(p)), then we let £ := f~1(e) and
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In the other case, e & f(U(y)), we let h, = he := 0. We define the resulting interval
uncertainty set by H.

» The threshold tp is given by tp :=q.

This completes our description of the instance of RESTRICTED INTERVAL MIN-MAX REGRET-II.
Note that ¢ is a satisfiable formula by Definition hence g(¢) = I € T is a YEs-instance of
IT and S(I) # 0. Furthermore, the transformation is computable in polynomial time because g
and f(U) are polynomial-time computable.

At last, we prove that for the two instances of RESTRICTED INTERVAL MIN-MAX REGRET
SAT and RESTRICTED INTERVAL MIN-MAX REGRET-II as defined above, it holds that their
min-max regrets are equal. Let W := f(U(p)) and consider the following chain of equalities:

min-max-regret (I, (A, he)ecu(1))

= min max
SeS(I) hed

(
= min max <13(SOW)— min E(S’mW))
<

SeS(I) heHA S'eS(I)
— : h -1 o : h 1/
Smin max (f(Snw)) Smin (f7(s ﬂW)))

= min max <h(T) min h(T'))
TeS(p) heH T'eS(p)

= min-max-regret (e, (hy, he)ecr)

The first equality is by definition. The second equality follows from the fact that A is only
non-zero on the set W. The third equality follows since the uncertainty set H behaves on W
analogous to H on f~1(W) = L. The fourth equality is due to the SSP property. To see this,
apply f~! to both sides of the equation {f(S) : S € S(¢)} = {S' N f(U(p)) : S’ € S(I)}. The
last equality is again by definition.

We remark that the crucial step in the proof of the above lemma is the usage of the SSP
property. In summary, we have described a polynomial time reduction from the :5-complete
problem RESTRICTED INTERVAL MIN-MAX REGRET SAT to RESTRICTED INTERVAL MIN-MAX
REGRET-II, such that the objective value of both problems stays exactly the same. This proves
that RESTRICTED INTERVAL MIN-MAX REGRET-II is ¥5-hard. Together with the containment,
as argued above, the problem is ¥%-complete. O

5.5 Adapting the Meta-Reduction to the Interval Min-Max Regret Version

For the completion of our main result, we have to show that the result on the restricted interval
min-max regret problem is also applicable to the non-restricted interval min-max regret problem.
We do this by re-adapting the cost function of the restricted version back to the standard version
based on the LOP problem. Furthermore, we have to prove that the regret is not affected by
this adaptation. The underlying instance, however, stays the same within the reduction.

In order not to affect the regret, we use an additional property on the SSP reduction from the
SSP problem II; to the (SSP version derived from) LOP problem II,. Specifically, the reduction
needs to include only optimal solutions in the solution set. Then, we can split the costs of each
element into a dominant part, the original costs d from the LOP problem, and a subordinate part,
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the costs based on the restricted interval min-max regret problem h. Thus, all possible solutions
that are considered for the regret are minimizers for d, i.e., optimal solutions for problem IIs.
Accordingly, we are able to subtract the costs for d and obtain the regret solely based on the
costs h. We call these reductions tight.

Definition 5.4. Let IT; be an SSP problem and Ils = (Z,U, F,d,t) be an LOP problem. Consider
an SSP reduction (g, (fr)rez) from Iy to (the SSP problem derived from) Ila. The reduction is
called tight if for all yes-instances Iy of Iy, the corresponding instance Is = g(I1) of Iy with the
associated parameter t := tI2) and associated cost function d := d'2), the following holds:

{FeF(lL):dF)<t}#0 and {F € F(L) : d(F) <t —1} =0

All SSP reductions (to SSP problems derived from LOP problems) that can be found in
Chapter [J) fulfill this definition and are thus tight.

Theorem 5.2. For all LOP problems I1 with the property that the SSP problem derived from them
is contained in SSP-NPc by a tight SSP reduction, the interval min-max regret variant INTERVAL
MIN-Max REGRET-II is ¥5-complete.

Proof. The containment in the class 38 follows from Lemma Let an abstract, NP-complete
LOP problem IT = (Z,F,U,d,t) be given. The corresponding SSP problem is defined by II' =
(Z,U,S) with

S={feF)dV(f) <t}

Assume we are given an instance (7, g, (@e,ie)eeu(l)) of RESTRICTED INTERVAL MIN-MAX

REGRET-II" with the properties as described in Definition We transform this instance to an
instance (I,tg, (C.Ce)ecri(r)) Of INTERVAL MIN-MAX REGRET-II in the following way:

» The underlying instance I, as well as the corresponding universe U(I) remain the same.
> Let n:= |U(I)|. We define the numbers ¢, ¢, for all e € U(I) by

¢, =2(n+1)dD(e) + h,, and . = 2(n+1)dD(e) + he.

We define the resulting interval uncertainty set by C.
» The threshold tg is given by tr :=q.

This completes our description of the instance of INTERVAL MIN-MaX REGRET-II. (Note that
tr and tU) are different thresholds). The transformation is computable in polynomial time,
because the underlying instance is unchanged and only numbers encoded in polynomial size (II
is in NP) are added to h, and Re, resulting in ¢, and ¢..

Again, we prove that for the two instances of RESTRICTED INTERVAL MIN-MAX REGRET-II
and INTERVAL MIN-MAX REGRET-II as defined above, it holds that their min-max regrets are
equal. For this, consider the following chain of equalities:

min-max-regret(l, (¢,,Ce)e) = Sgl;_I(lI) max (C(S) - SIIé’l]i__I(l[) C(S’)>

— min max (C(S)— min c(S’)>

Ses(1’) ceC SeS(I)

= min max (h(S)— min h(S'))
Ses(I’) heH S'ES(I)

= min-max-regret (I, (hy, he)e)
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The first equality is by definition. For the second equality, note that no matter which ¢ € C'
is chosen, we always have ¢(S’) € [2(n 4 1)d(S"),2(n + 1)d")(S") + n] by definition of the
coefficients c,,¢.. Hence any S’ minimizing ¢(S’) also minimizes d!)(S’). Hence, by the definition
of S(I) and by the fact that S(I) # 0, we have that S’ € S(I). By a similar argument, if S
optimizes the first minimum, but S & S(I), then ¢(S) —mingc r(py c(S") > 2(n+1) —n =n+1.
But this is a contradiction, since this last expression is always at most n if both S,.5" € S(I) and
the SSP reduction is tight.

The third equality follows from the fact that the function ¢ can be decomposed into the part
that is contributed by d(!) and the part contributed by h. Since both S, S’ are minimizers of
d) | we have that dD)(S) = d1)(S’) and this part cancels out. The last equality is again by
definition. O

5.6 The Meta-Reduction is an SSP reduction

In Section [5.4] we showed that RESTRICTED INTERVAL MIN-MAX REGRET SAT reduces to
RESTRICTED INTERVAL MIN-MAX REGRET-II. The goal of this subsection (analogous to Sec-
tion is to show the slightly stronger statement that this reduction is again an SSP reduction
itself. In order to state this result, it becomes necessary to explain in which way RESTRICTED
INTERVAL MIN-MAX REGRET-II is interpreted as SSP problem. This is done the following way.

Observation 5.1. The restricted interval min-max regret variant RESTRICTED INTERVAL MIN-
Max REGRET-II of an SSP problem I1 is an SSP problem.

Proof. Let II = (Z,U,S) be an SSP problem. We denote RESTRICTED INTERVAL MIN-MAX
REGRET-II =: (Z/,U’', S’). First, we set U = U’. Second, we can define the instance set 7’ of the
restricted min-max regret variant of II by setting

7' ={(I,H,q) | I € Z, H is an interval uncertainty set, q € Z}.

Furthermore, for an instance I’ = (I, H,q) € 7', we define its solution set as

S'(I') = {5 € S(I) | max (c(S) — min c(s’)> < q}.

ceH S'es(I)

Thus, RESTRICTED INTERVAL MIN-MAX REGRET-II = (Z/,U’,S’) is an SSP problem. O

It remains to prove that the meta-reduction from Theorem which we denote by ¢, is
also an SSP reduction by defining the corresponding function ((f7,)rez/) to complete the SSP
reduction.

Corollary 5.1. For all SSP-NP-complete problems I1: RESTRICTED INTERVAL MIN-MAX
REGRET-SAT <ggp RESTRICTED INTERVAL MIN-MAX REGRET-II.

Proof. The underlying instance of the reduction (g, (fr)rez) from SAT to II remains the same
in the reduction of Theorem [EIl Note that this reduction transforms instances I of SAT into
instances g(I) of II. We now want to show that the reduction (¢’, (f},)rez/) with some additional
function ((f},)rrez) from RESTRICTED INTERVAL MIN-MAX REGRET-SAT to RESTRICTED IN-
TERVAL MIN-MAX REGRET-II indeed is an SSP reduction. For this, we set f;, := fr. Recall
that if e ¢ f(U(p)), the costs defined by the reduction are h, = h. = 0. Thus, no restriction
is imposed by these elements on any solution. Now, we consider the elements that are part of



66 Part I. Subset Search Problem Framework

f1U(p)) = f1.(U(p)). (Note that the instance remains the same.) If e € f(U(p)), the costs
are set to h, = h, and he = hy. The original reduction SAT <ggp II has the solution preserving
property. Hence the solution sets S(I) and S(g(I)) correspond to each other. Furthermore, we
have that S’(I') are exactly those elements of S(I) with regret at most ¢, and S'(¢’'(I’)) are
exactly those elements of S(g([)) with regret at most ¢. At last, the regret of a solution stays
the same when transferring it from SAT to II. Consequently, we conclude that the reduction
(¢', (f;)rez) is an SSP reduction. O



Chapter 6

Two-Stage Adjustable Robustness

6.1 Introduction

In the area of two-stage adjustable robust optimization, one is faced with an uncertain cost
scenario. The decision-maker has to make a two-step decision, where in the first step a partial
decision has to be made without full knowledge of the scenario, also called here-and-now decisions,
and in a second step a partial corrective decision can be made with full knowledge of the scenario,
also called wait-and-see decisions.

The applications of this concept are manifold. Whenever there are multiple stages, which
can be divided into these here-and-now and wait-and-see decisions, we can apply adjustable
robustness concepts to include uncertainty that occurs in between the stages. The added dynamic
can also avoid the conservatism that traditional one-stage robust approaches induce. In one
area, this concept is prevalent: planning and operating energy networks. Especially in the
context of renewable energies, the increased volatility in the delivery of energy demands requires
robust approaches [BLST12, [DLY ™15, [SSM™21|. Similar ideas are also used in various scheduling
problems to model process optimization [LGI16] and inter-city bus markets [YT09].

Furthermore, two-stage adjustable optimization has been considered for a large number of
standard optimization problems, for example, in [KZ15, [KZ16l [KZ17, [CGKZ18| IGLW22h]. A
general survey is provided by Yanikoglu, Gorissen, and den Hertog [YGdH19].

Our Results. In this chapter, we are concerned with two-stage adjustable robust optimization
with discrete budgeted uncertainty. Roughly speaking, the class of two-stage problems models
problems that are divisible into two stages: The decision on the first stage has to be made
without full information on the real instance (here-and-now), and the decision in the second
stage is made after the uncertainty is revealed (wait-and-see). Two-stage adjustable problems
can be formulated via min-max-min expressions. Therefore, the natural class for them is the
class ¥%. Consequently, in Section we demonstrate how our main idea can also be used
to show completeness for the third stage of the polynomial hierarchy. Our main result in this
chapter is that for every problem IT € SSP-NPc, the corresponding two-stage adjustable problem
with discrete budgeted uncertainty is X5-complete. Concretely, we define a two-stage adjustable
problem with discrete budgeted uncertainty by embedding it into the SSP framework. Based
on this, we provide a general reduction for these two-stage adjustable problems for the following
nominal problems:

Sat, 3Sat, vertex cover, dominating set, set cover, hitting set, feedback vertex set,
feedback arc set, uncapacitated facility location, p-center, p-median, independent

67
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set, clique, subset sum, knapsack, partition, scheduling, Hamiltonian path/cycle (di-
rected /undirected), TSP, k-directed disjoint path (k > 2), and Steiner tree.

These results also answer a question asked by Goerigk, Lendl, and Wulf [GLW24].

Related Work. Usually in the literature, the complexity of two-stage adjustable robust problems
is not discussed beyond NP-hardness in the context of the polynomial hierarchy. The paper of
Goerigk, Lendl, and Wulf [GLW24] is an exception: The authors prove the X-completeness
of TSP, vertex cover, and independent set. We generalize these results by applying the SSP
framework to two-stage adjustable optimization.

6.2 Two-Stage Adjustable Problems

We consider two-stage adjustable robust optimization problems with discrete budgeted uncer-
tainty. We show that for every single LOP problem, whose derived SSP problem is SSP-NP-
complete, that the corresponding two-stage adjustable problem is ¥%-complete. We choose to
make the following definition of a two-stage adjustable problem, where in the first stage an ar-
bitrary set S7 can be selected, but needs to be completed to a feasible set in the second stage
(i.e. S1USy € F(I)). We remark that the formal definition mentions the cost function d and
the cost threshold ¢ of the LOP. While these are not necessary for the definition (the function d
and the threshold ¢ get substituted with new ones), they are necessary for the proofs.

Definition 6.1 (Two-Stage Adjustable Problem). Let an LOP problem I = (Z,U,F,d,t) be given.
The two-stage adjustable problem associated to Il is denoted by TWO-STAGE ADJUSTABLE-II
and defined as follows: The input is an instance I € T together with three cost functions: the
first stage cost function ¢y : U(I) — Z and the second stage cost functions cy : U(I) — Z and
Co:UI) — Z, a threshold trs € Z and an uncertainty parameter I € Z. Then, the uncertainty
set is defined by all cost functions such that at most T' elements w € U(I) have costs of ¢a(u),
while all other have cq(u):

Cr:={ca | Yu e U(I) : ca(u) = cy(u) + 0y (C2(u) — co(u)), &, € {0,1}, Z 6, < T}

uel(I)
The question is whether

min max min  ¢1(S1) 4+ ¢2(S2) < trg.
S’lgll(I) CQGCF SQQM(I)\Sl
S1US2€F (1)

We remark that this definition only applies to LOP problems, i.e. not to every problem in
Chapter [} This is simply due to the fact that it makes use of the concept of the feasible solutions
F(I), and not every SSP problem has a set F(I). However, in the next subsection, we introduce
a slight variant of the two-stage problem which is defined for every SSP problem and also show
Y%-completeness for that variant.

Two-stage adjustable problems can be also viewed as a two-player game of an 3-player that
wants to find a feasible solution against an adversary (the V-player). The 3-player is in control
of both min and thus is able to choose the partial solutions S; and S3. On the other hand, the
adversary is in control of the maz and is thus able to choose the cost function cs from the set
Cr. Consequently, we can reformulate the question to

354 QU(I) :Veg € Cr : 35, QU(I)\Sl :S1USy € ]:(I) andcl(Sl) +02(SQ) <trs.
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Again, we aim to locate the complexity of two-stage adjustable problems based on LOP
problems exactly. By the game theoretical perspective, it is intuitive to see the containment in
Y% for all problems that are polynomial-time checkable. Thus, we derive the following lemma
and prove this intuition to be true.

Lemma 6.1. If1I = (Z, F,U,d,t) is an LOP problem such that the derived SSP problem is in
SSP-NP, then TwoO-STAGE-II is in 5.

Proof. We provide a polynomial time algorithm that verifies a specific solution yi,ys,ys of
polynomial size for instance I such that

Iel & 3yl € {07 1}’m1 Vyz € {07 1}7712 33/3 € {07 1}’m3 : V(I7 y17y27y3) =1

With the J-quantified y1, we encode the first partial solution to S1 C U(I). Because [U(I)| <
poly(|I]), the encoding size of y; is polynomially bounded in the input size of II. Next, we encode
all cost functions ¢y € Cr over the V-quantified y. For this, we encode which of the at most I’
elements are chosen to have costs ¢;. This is at most polynomial in the input size. At last, we
encode the second partial solution Sy C U(I) with the help of the 3-quantified y3. Again, this is
at most polynomial in the input size as before.

Now, V has to check whether So CU(I)\ S1, S1US2 € F(I) and ¢1(S1) + ¢2(S2) < trg. All
of these checks can be done in polynomial time, where S; U Sy € F(I) and ¢1(S1) +c2(S2) < trg
can be checked in polynomial time because II € NP and we have assumed that feasible solutions
can be checked in polynomial time. It follows that TWO-STAGE ADJUSTABLE-II is in ¥%. (|

6.3 Combinatorial Two-Stage Adjustable Problems

To show the hardness of two-stage adjustable problems, we introduce a new problem which
we call the combinatorial version of two-stage adjustable problems. In this problem, the cost
function is substituted by a set of blockable elements. This combinatorial version is slightly more
specific than the cost version and allows for a more precise reduction in the SSP framework. The
hardness of the combinatorial version also implies the hardness of the cost version as we show
later. For this, we redefine the cost functions into sets of elements: The set of first stage elements
Uy CU(I) and the set of second stage elements Uy = U(I) \ Uy. The set of blockable elements
B C Us is a subset of the second stage elements.

We define the combinatorial version on basis of an SSP problem, which is no restriction
because LOP problems are special SSP problems, which contain more structure. On the contrary,
SSP reductions allow for a more succinct presentation of the hardness proof and its preliminaries.

Definition 6.2 (Combinatorial Two-Stage Adjustable Problem). Let an SSP problem Il = (Z,U,S)
be given. The combinatorial two-stage adjustable problem associated to Il is denoted by COMB.
TwO-STAGE ADJUSTABLE-II and defined as follows: The input is an instance I € I together
with three sets Uy CU(I), Uy =U(I) \ Uy and B C Us, and an uncertainty parameter I' € Ny.
The question is whether

HS1QU1:VB/ngZ'th |B/‘SF:HS2QU2:51USQGS(I) a’I’LdSQQBIZQ.

As the basis for our meta-reduction, we use the canonical SATISFIABILITY problem. Defini-
tion [6.2] applied to II = SATISFIABILITY yields the following:

Definition 6.3 (COMBINATORIAL TWO-STAGE ADJUSTABLE-SATISFIABILITY). The problem
CoMB. TwO-STAGE ADJUSTABLE-SAT is defined as follows. The input is a CNF with clauses
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C' and literal set L, sets Uy C L, Uy = L\U; and B C Us, and an uncertainty parameter I' € Ny.
Then the question is whether there is S; C Uy such that for all B C B with |B'| < T, there is
Sy C Us, such that [(S1 U S2) Nej| > 1 forall c; € C, |(S1US2) N{z;,T;}| =1 for all pairs
T, T; € L, and So N B =.

6.4 A Meta-Reduction for Combinatorial Two-Stage Adjustable Problems

Now, we show the ¥%-hardness of the canonical SATISFIABILITY problem, COMB. TWO-STAGE
ADJUSTABLE-SATISFIABILITY.

Lemma 6.2. CoMB. TWO-STAGE ADJUSTABLE-SATISFIABILITY is ¥4 -hard.

Proof. The containment in the class X% is analogous to Lemma For the hardness, we
reduce IVICNF-SAT, which is ¥4-hard as shown by Stockmeyer [Sto76], to COMB. TWO-STAGE
ADJUSTABLE-SAT. Let 3XVY3Z¢(X,Y, Z) be the IVICNF-SAT instance. We transform this
into an instance (3X'1(X"), Uy, Us, B,T) of the combinatorial two-stage adjustable satisfiability
problem, with the set of first stage elements Uy, set of second stage elements Us, set of blockable
elements B, and uncertainty parameter I'.

Again, we use the idea of Goerigk, Lendl and Wulf [GLW24| Theorem 1] for their reduction
for ROBUST ADJUSTABLE SAT to model the V-quantifier with I'-uncertainty. The proof is very
similar to the proof of Lemma [1.2] The difference this time is that the two-stage problem can
be understood as a game between Alice and Bob, where Alice selects the literals from Uy, Bob
selects some blocker B’ C B with |B’| < T, and Alice responds by selecting literals from Us; \ B’'.
Another difference is that we start with a CNF formula. Analogously to Lemma for n =Y/,
we introduce new variables Y* = {y¢ ... ¢t} and Y/ = {y{, ...,yl}. We say that Bob plays
honestly, if he chooses a blocker B’ with |B' N {y!,y/}| = 1 for all i = 1,...,n. Otherwise we
say that Bob cheats.

Description of the instance Let an instance 3XVY3Zp(X,Y, Z) of IVACNF-SAT be given. We
define an instance of the two-stage adjustable satisfiability problem the following way: We
introduce new variables Y*, Y/ as explained above. A new formula ¢’ is created from ¢
in terms of a literal substitution process. For each i € {1,...,n}, each occurrence of some
literal y; is substituted with the positive literal y!. Each occurrence of some literal y; is
substituted with the positive literal ylf . We introduce a new variable s and obtain a new

" —

formula ¢” by adding s to every clause of ¢, that is ¢” = ¢’ V s. We introduce new
variables s1,...,8,. we let W:= {s}U{s1,...,8,}. The formula ¢ is then defined by

VX, YLYT 2 W) = o"(X, YL YT Z,s)A (/\(yf VE) A (y! \/Si)> A(EVSIVS V- Vsy).

=1

Finally, we define L to be the literal set of 1, i.e. the set of positive and negative literals
corresponding to the variables X,Y* Y/ Z W. Welet U; := XUX, and Uy := L\ Uj, and
B:=Y*UY7, and I = n. This completes the description of the two-stage SAT instance.

Correctness Since the proof is very similar to Lemmal4.2] we only sketch the high-level argument.

Observe that in an optimal game, Bob can not cheat. On the other hand, if Bob plays
honestly, Alice can not take any of the positive literals s, sq,...,s, into her second-stage
solution S3. In other words, the cheat-detection gadget can be used if and only if Bob
cheats.
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First, assume that ¢(X,Y,Z) is a YES-instance of 3V3CNF-SAT. That is, the formula
JaxVayJazp(ax,ay,az) is true with the corresponding assignments ax : X — {0,1},
ay 'Y — {0,1} and az : Z — {0,1}. We claim that Alice has a winning strategy for
the two-stage SAT game. In fact, her winning strategy is as follows: In the first step, on
the set Uy, she chooses literals which correspond to ax. Now there are two cases: If Bob
cheats, Alice can win because of the cheat-detection gadget. If Bob plays honestly, Alice
can win because Yay Jazp(ax,ay,az).

Second, assume that p(X,Y, Z) is a NO-instance of IVICNF-SAT. Consider the first-stage
choice S; C U;. Note that Alice is forced to take a set S; C U; such that |S;N{z;,Z;}| =1
for all ¢, because otherwise it is impossible that S1USs € S(¢). Hence the choice S; of Alice
corresponds to some assignment ax : X — {0,1}. Then, because ¢ is a NO-Instance, this
means that with respect to this assignment ay, we have JayVaz—p(ax,ay,az). This
means that Bob can play honestly according to ay and have a winning strategy. In total,
we have shown that IVACNF-SAT reduces to the COMB. TWO-STAGE ADJUSTABLE-SAT.

Polynomial Time The transformation is doable in polynomial time because for each variable a
constant number of variables and clauses is introduced.

O

Now, we are able to develop the meta-reduction for two-stage problems based on SSP-NP-
complete problems II. Precisely, we show a meta-reduction from COMBINATORIAL TWO-STAGE
ADJUSTABLE-SATISFIABILITY to COMBINATORIAL TWO-STAGE ADJUSTABLE-II.

Theorem 6.1. For all SSP-NP-complete problems I1, the combinatorial two-stage adjustable vari-
ant COMB. TWO-STAGE ADJUSTABLE-II is ¥%-complete.

Proof. The containment in the class X% is analogous to Lemma For the hardness, we
again use that there is an SSP reduction (g, (fr)rez) from SAT to II because II is an SSP-NP-
complete problem. We design a reduction ¢’ from CoMB. TwWO-STAGE ADJUSTABLE-SAT to
CoMB. TwO-STAGE ADJUSTABLE-II by extending the existing reduction (g, (f1)rez) as depicted
in Figure As in the reduction for interdiction problems, the underlying reduction from SAT
to II remains and we construct the corresponding combinatorial two-stage instance.

(9, (f1)1ez)

SAT II
I/:(I7U1>U27B7F)J J
CoMB. Two- g CoMmB. Two-
STAGE ADJ.-SAT STAGE ADJ.-II

Figure 6.1: The fact that SAT is SSP reducible to II induces a reduction from ComMB. Two-
STAGE ADJUSTABLE-SAT to COMB. TwO-STAGE ADJUSTABLE-II.

Let I' = (I,Uy,Us, B,T) be the instance of COMB. TWO-STAGE ADJUSTABLE-SAT with the
corresponding SAT instance I € Z. We denote the set of first stage elements by U, the set of
second stage elements by Us and the set of blockable elements by B. Furthermore, we denote
the uncertainty parameter by I'. The reduction ¢’ is defined by ¢'(I’) = (9(I), U7, U, Bhew, ).
The new sets are defined by

U{ = fI(U1)7 Ué :Z/[(g([)) \ U{a Bnew = fI(B)
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The uncertainty parameter I remains the same. This completes the description of the reduction.
We claim that we have a direct one-to-one correspondence between the solutions of CoMB.
TWO-STAGE ADJUSTABLE-SAT and COMB. TwWO-STAGE ADJUSTABLE-II. Indeed, this follows
from the fact Byew C f1(U(I)) together with the SSP property of the SSP-reduction SaT < II,
which states that the solutions of SAT and II correspond one-to-one to each other on the set
fr(U(I)). Furthermore, the transformation is computable in polynomial time because g and
f are polynomial-time computable. It follows that COMB. TWO-STAGE ADJUSTABLE-SAT <
CoMB. TwoO-STAGE ADJUSTABLE-II. In particular, this implies that CoMB. TWO-STAGE
ADJUSTABLE-II is 3-complete. O

6.5 Adapting the Meta-Reduction to the Cost Version

As the last step of the meta-reduction, we have to show that the result on the combinatorial
version of two-stage adjustable problems is also applicable to the cost version. This is indeed
the case and we show this by reintroducing the cost function d and threshold ¢ of the original
nominal LOP problem.

Theorem 6.2. For all LOP problems I1 with the property that the SSP problem derived from
them is contained in SSP-NPc, the two-stage adjustable variant TWO-STAGE ADJUSTABLE-II is
Y2 -complete.

Proof. Let IT = (Z,U,F,d,t) be the LOP problem of consideration and TwO-STAGE AD-
JUSTABLE-II be the corresponding two-stage adjustable version. The containment of TWO-STAGE
ADJUSTABLE-II in the complexity class ¥4 follows from Lemma

Let IT" = (Z,U, S) be the SSP problem derived from the LOP problem II. Recall that by the
definition of the derived SSP problem, we have that IT and II’ share the same input instances
and universe, and for I € Z, we have S(I) = {F € F(I) : dD(F) < t(D}.

Let ComB. TwO-STAGE ADJUSTABLE-II’ be the corresponding combinatorial two-stage
adjustable version. By assumption on II and by the previous section, COMB. TWO-STAGE
ADJUSTABLE-II" is 38-complete. The goal is now to reduce COMB. TWO-STAGE ADJUSTABLE-
IT" to TWO-STAGE ADJUSTABLE-II. This reduction is defined the following way: Let an instance
(I,Uy,Uy, B,T) of COMB. TWO-STAGE ADJUSTABLE-II' be given. Recall that associated to the
underlying instance I of II there is the cost function d/) and threshold (Y. We let the underlying
instance I of IT remain the same and define an instance of TWO-STAGE ADJUSTABLE-II via the
following tuple (c1, ¢y, G2, IV, trs):

dD (u),u € Uy
ci(u) =19
tD +1,ue U,

tD 4 1,ue U,
tD+1,uel ’

co(u) = (I)Jr HEEL D G =i 4 LueB
d (U),UGUZ d(I)(u)7ueU2\B

At last, we set tpg =t and IV = T and let Cp be the discrete budgeted uncertainty set defined
by ¢, ¢. This completes the description of the TWO-STAGE ADJUSTABLE-II instance. Recall that
this instance by definition is a YES-instance if and only if the following inequality is true:

i i S So) < ¢t 6.1
o Din max  Jmin S+ e(Sh) < trs (6.1)
S1US2€F (1)
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To prove the correctness of the reduction, observe that whenever an element has cost of
tD) + 1, the element cannot be in a solution because the threshold t7g is set to ¢t(0).

Now, assume that inequality is true. Then the solution S in the first stage has to
meet the condition S; C U;. For a similar reason, the second stage solution S has to meet the
condition So C U(I) \ (U3 UB’') = Uy \ B’, where B’ C B denotes the set of elements whose
costs were increased in the second stage. Note that |B’| < T'. These two facts together imply
c1(S1) + c2(S2) = d)(S; U Sy). This in turn implies that S; U Sy is not only contained in F(I)
as described in inequality , but we even have the stronger condition S; USy € S(I). All the
arguments above together show that (I,U;,Us, B,T) is a YES-instance of COMB. TWO-STAGE
ADJUSTABLE-II.

For the other direction, assume that (I, Uy, Us, B,T') is a YEs-instance of COMB. TWO-STAGE
ADJUSTABLE-II'. We can argue in a very similar way to the above that the inequality is
true. At last, this transformation is computable in polynomial time, because the underlying
instance is unchanged and only numbers encoded in polynomial size (I is in NP) are added. In
total, we get that the two instances are equivalent, thus the reduction is correct and TWO-STAGE
ADJUSTABLE-II is ¥E-complete. O

6.6 The Meta-Reduction is an SSP reduction

The meta-reduction from Theorem [6.1] again relies heavily on the one-to-one correspondence
between the set of first stage elements and second stage elements as well as the set of blockable
elements of the problems COMB. TWO-STAGE ADJUSTABLE-SAT and COMB. TWO-STAGE
ADJUSTABLE-II. Because all of the sets from above are subsets of the universe, we are able
to prove that the meta-reduction is also an SSP reduction. For this, we first show that the
combinatorial two-stage adjustable variant of an SSP problem again is an SSP problem.

Observation 6.1. The combinatorial two-stage variant COMB. TWO-STAGE ADJUSTABLE-II of
an SSP problem II is an SSP problem.

Proof. Let IT = (Z,U,S) be an SSP problem and denote COMB. TWO-STAGE ADJUSTABLE-
I = (Z,U',S"). Then, set Y = U'. Now, let I € T be an instance of II. Then, we can
define the corresponding instances of CoMB. TWO-STAGE ADJUSTABLE-II by setting I’ =
{(I,U,Us,B,T) | I € Z,U; CU, Uy =U\U;,B C Uy, T € Z}. We define the solutions S'(I’) to
be all sets S; C Uy C U'(I’) such that for all B’ C B with |B’| < T there is So C Us such that
SoNB' =0 and S; USy € S(I). Thus, TWO-STAGE ADJUSTABLE-II = (Z',U’,S’) is an SSP
problem. O

With this additional observation, we are able to elegantly prove the meta-reduction from any
SSP-NP-complete problem II by extending the existing SSP reduction SAT <ggp II to be an SSP
reduction COMB. TWO-STAGE ADJUSTABLE-SAT <gsp COMB. TWO-STAGE ADJUSTABLE-II.

Corollary 6.1. For all SSP-NP-complete problems 11, CoMB. TWO-STAGE ADJUSTABLE-SAT
<gsp COMB. TWO-STAGE ADJUSTABLE-IIL.

Proof. By Observation CoMB. TwO-STAGE ADJUSTABLE-SAT and COMB. TWO-STAGE
ADJUSTABLE-II are SSP problems and we design an SSP reduction (¢', (f1/)rez/) from COMB.
TwO-STAGE ADJUSTABLE-SAT to COMB. TWO-STAGE ADJUSTABLE-II by extending the exist-
ing reduction (g, (fr)rez) as depicted in Figure where ¢’ is the reduction from the proof of
Theorem [6.11
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(9, (f1)1ez)

SAT II
II:(IaU17U27B7F)J J
CoMB. Two- (¢, (fr)rer) CoMB. Two-
STAGE ADJ.-SAT STAGE ADJ.-II

Figure 6.2: The fact that SAT is SSP reducible to II induces an SSP reduction from COMB.
TwO-STAGE ADJUSTABLE-SAT to COMB. TwWO-STAGE ADJUSTABLE-II.

We recall the reduction from the proof of Theorem [6.1] As we have already proven the
correctness of ¢, we focus solely on the function (f}, )y ez We define fr = f}, such that the
following holds:

Ul = fr(Uh), Uy =U(g(I)) \ Uy, B' = f1.(B).
The function f7, is well-defined because the universe U of the SAT instance I and the COMB.
TWO-STAGE ADJUSTABLE-SAT instance I’ are the same. Therefore, (¢', (f}/)rez/) is an SSP
reduction. O



Chapter 7

Recoverable Robustness

7.1 Introduction

Real-world decision makers are faced with a large degree of uncertainty when making impor-
tant decisions in economics, planning, and operations research. The successful area of robust
optimization [BGNQIL [GH24l [KY13] has been developed as one possible way to deal with these
uncertainties. However, sometimes the classical robust optimization approach has turned out
to be too conservative. For this reason, recoverable robust optimization was introduced by
Liebchen, Liibbecke, Mohring and Stiller [LLMS09]. Initially motivated by train scheduling
problems, it has since then found wide-spread application in practice and in the analysis of
standard optimization problems. For instance, it has been successfully applied to combinatorial
problems such as s-t-path [Biuis1Tl [TKZ24al [TKZ24D], matching [DMP™15], scheduling [BG22],
spanning tree [HKZ17al [HKZ17b|, knapsack [BGKK19, BKKIlal BKKI11b, [LLW21], and TSP
[CG16, [GLW22a]. Recoverable robust optimization follows a two-step robust optimization ap-
proach. In contrast to classic robust optimization, where a first-stage solution cannot be changed,
in recoverable robust optimization the decision maker is allowed to incorporate a limited recov-
ery action after the underlying uncertainty is revealed. Mathematically, this is described by the
expression

I%lln glg)é Sg,distr(nsllI}SQ)Sn CI(SI) + 02(52).
Here, S7 denotes the first-stage solution, Sy denotes the second-stage solution, ¢; denotes the
first-stage cost function, C' denotes the set of uncertain scenarios, and dist is some distance
measure between the solutions. A more formal definition will be given later.

In this chapter, we make the standard assumption that the underlying uncertainty for the
robust problem is given as a discrete budgeted uncertainty set, also denoted as discrete I'-
uncertainty [BS03]. The main goal of this chapter is to extend the SSP framework also to the
setting of recoverable optimization. It turns out that compared to the standard SSP framework
more complicated assumptions are needed. We introduce a set of sufficient conditions for some
nominal problem, which imply that the recoverable robust version of that problem is ¥%-complete.

Our Results. We consider recoverable robust optimization for the following nominal problems:

Sat, 3Sat, vertex cover, dominating set, set cover, hitting set, feedback vertex set,
feedback arc set, uncapacitated facility location, p-center, p-median, independent
set, clique, subset sum, knapsack, partition, scheduling, Hamiltonian path/cycle (di-
rected /undirected), TSP, k-directed disjoint path (k > 2), and Steiner tree.

75
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In addition we consider the three most popular distance measures dist used in recoverable robust
optimization: The k-addition distance, the x-deletion distance, and the Hamming distance.

We show that for every combination of the above problems with any of the three distance
measures, the recoverable robust problem (with discrete budgeted uncertainty) is 3%-complete.
More generally, we identify an abstract property of all our studied problems, and prove that this
abstract property already implies that the recoverable robust problem becomes X5-complete.
This answers a question asked by Goerigk, Lendl and Wulf [GLW24]. We remark that X%-
completeness was already known in the case of clique/independent set, TSP or shortest path
combined with the Hamming distance [GLW24]. It was also already known for shortest path in
combination with all three distance measures [JKZ24a]. Hence our work is an extension of these
results.

Related Work. Recoverable robustness concepts were analyzed for a variety of different standard
optimization problems. Biising [Biis1l] analyzed the recoverable shortest path problem with dis-
crete budgeted uncertainty, in which adding at most x elements to the second stage solution are
allowed. This analysis was lately continued by Jackiewicz, Kasperski, and Zielinski [JKZ24D] for
several different graph classes and for interval budgeted uncertainty. Furthermore, recoverable
robust knapsack was analyzed by Biising, Koster, and Kutschka [BKK11b] for discrete scenarios
and in which adding at most k elements and deleting at most ¢ elements are allowed. Biising,
Koster, and Kutschka [BKKIIa] additionally analyzed the I'-scenario case (discrete budgeted
uncertainty) while allowing at most ¢ elements to be deleted. This work was also continued by
Biising, Goderbauer, Koster, and Kutschka [BGKK19]. Further classical optimization problems
that were studied in the recoverable robustness context are matching by Dourado, Meierling,
Penso, Rautenbach, Protti, and de Almeida [DMP™15] and spanning tree under interval cost
uncertainty by Hradovich, Kasperski, and Zielinski [HKZ17al HKZ17b]. Additionally, Lendl,
Peis, and Timmermans [LPT22] examined matroidal problems. One variant of independent set
for recoverable robustness with a commitment property was analyzed by Hommelsheim, Megow,
Muluk, and Peis [HMMP23|. Beside these problems, recoverable robust selection was studied
by Kasperski and Zielinski [KZ17], Chassein, Goerigk, Kasperski, and Zielinski [CGKZ18], and
Goerigk, Lendl, and Wulf [GLW22a]. Moreover, Lachmann, Lendl, and Woeginger [LLW21] de-
veloped a linear time algorithm for the recoverable I'-robust knapsack problem. The recoverable
robust assignment problem was also investigated by Fischer, Hartmann, Lendl, and Woeginger
[FHLW21].

Closely related to our work are the complexity studies by Goerigk, Lendl, and Wulf [GLW24]
who analyze the problems independent set, traveling salesman and vertex cover and obtain X%-
completeness for the three problems. Additionally, Jackiewicz, Kasperski, and Zieliniski [JKZ24a]
show that the shortest path problem with discrete budgeted interval uncertainty is ¥4-complete.

7.2 Recoverable Robust Problems

We consider recoverable robust optimization problems. We show that the recoverable robust opti-
mization problem is X5-complete for the following nominal problems: satisfiability, 3-satisfiability,
vertex cover, dominating set, set cover, hitting set, feedback vertex set, feedback arc set, unca-
pacitated facility location, p-center, p-median, independent set, clique, subset sum, knapsack,
partition, scheduling, (un)directed Hamiltonian path, (un)directed Hamiltonian cycle, traveling
salesman, two directed disjoint path, k directed disjoint path, and Steiner tree.

Recoverable robust optimization problems are defined as follows: We are given some instance
I of a linear optimization problem (like the shortest path problem, the traveling salesman prob-
lem, etc.), and are faced with an uncertain future. The goal is to find a feasible solution S;
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for the first stage (called here-and-now decision) such that after the reveal of the uncertainty
we can find a feasible solution Ss in the second stage (called wait-and-see decision) such that
S1 and Ss are not far away from each other according to some distance measure. Formally we
require dist(S1,.52) < K, where dist(S1, S2) is some abstract distance function (for example the
Hamming distance [S; A Sa|). The cost of the solution is given by ¢1(S1) + ¢2(S2). Here, ¢1
is a fixed cost function not affected by uncertainty, called the setup costs, and cy is affected
by uncertainty. More specifically, we assume that co € Cr, that is, co is affected by discrete
budgeted uncertainty Cr. Precisely, given I' € N and upper and lower bounds ¢(u) < ¢(u) for
all elements in the universe, the set Cr contains all cost functions such that at most I" elements
u € U(I) have costs of ¢(u), while all other have ¢(u):

Cr:={co |Yu e U(I) : ca(u) = c(u) + 0, (c(u) — c(u)), o, € {0,1}, Z 5, <T}
weU(I)

This leads to the following abstract definition of a recoverable robust problem. We remark
that the formal definition in some sense “disregards” the cost functions d and the cost threshold
t of the original LOP problem. This is intentional because in the new instance of the recoverable
robust problem, it becomes necessary to substitute the old function d and the old threshold ¢ by
new ones. However, these concepts are necessary to correctly understand the proofs.

Definition 7.1 (Recoverable Robust Problem). Let an LOP problem 11 = (Z,U, F,d,t) and a
distance measure dist : 24 x 24 — R be given. The recoverable robust problem associated to I
is denoted by RR-II and defined as follows: The input is an instance I € T together with three
cost functions ¢y :U(I) = Z, ¢ :U(I) = Z and ¢ : U(I) — Z and a cost threshold trr € Z, an
uncertainty parameter I' € Ny and a recoverability parameter k € Ng. The question is whether
min max min c1(S1) + ¢2(S2) < trg. (7.1)

S1€F(I)c2€Cr  S.eF(I)
dist(Sl,Sg)Sn

Example. Let II = TSP. TSP is encoded as LOP problem the following way: An instance is
given by I = (G,d,t), where G = (V, E) is a complete undirected graph, d : E — Ny are the
edge costs and t is the cost threshold. The decision problem of TSP asks if there is a tour T C FE
with cost d(T) < t visiting all vertices from V exactly once. The universe is U(I) = E. The
set F(I) C 2F is the set of all feasible tours (including those of cost greater than t). The set
S(I) is the set of all tours of cost at most ¢. To turn the TSP into a recoverable robust problem,
we “forget” about the cost function d and the threshold ¢t. Given c¢1,¢,¢, I, k,tgg, the decision
problem associated to the recoverable robust TSP is to decide whether Equation holds.

We remark that this definition does not include all SSP problems but only LOP problems.
This is for the reason that recoverable robust optimization is usually considered only for linear
optimization problems, which distinguish between feasible solutions F(I) and optimal solutions
S(I). In contrast, recoverable robust optimization is usually not considered for pure feasibility
problems, like SAT, which are modeled as SSP problems in our framework. However, it is still
possible to define a variant of recoverable robust optimization that is applicable to all SSP
problems. Indeed, it turns out that such a definition becomes helpful for our proof. Hence,
in Subsection we introduce a corresponding definition (and also show X%-completeness of
several problems with this new definition).

7.2.1 Distance Measures

Recoverable robust problems require a distance measure to model the constraint that the so-
lutions remain close to each other. However, there are numerous problems having different
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structures such that it is not possible to define distance measures for all possible types of recov-
erable robust problems. Because we restrict ourselves to a certain kind of problems, namely SSP
problems, we consider distance measures defined over sets. This allows us to determine a specific
enough definition of distance measure to be meaningful. Furthermore, our definition needs to
be general enough to include the distance measures used in the literature. Among those are the
following:

> r-addition or simply k-distance measure ([Biis12, [HKZ17a]): dist(A1, A2) = |As \ A4l

> r-deletion distance (IBKK11al): dist(A;, A3) = |41\ As|

» Hamming distance measure ([DMP™15, [GLW24, [Grii24]): dist(A;, As) = |A; A As|
Definition 7.2 (Distance Measure). Let U be a set and Ay, Ay C U subsets. A distance measure
on set U is a map disty : 2Y x 2V — Rsq that adheres to the following properties

» computable in polynomial time

> dnvariant on injective mappings f : U — U’, i.e. disty (A, Az) = disty/ (f(A1), f(As2)),

> invariant on union, i.e. for x € U\ (A1 U Ay) : disty (A1, Ag) = disty (A U{z}, Ao U{z}).

> disty (A1, A41) =0

If U is clear from the context, we omit the subscript.

One can easily verify that all of the distance measures from above fulfill these criteria.

7.2.2 Containment in X

Recoverable robust problems can also be understood as a three-stage two-player game of an
I-player playing against an adversary (the V-player). The 3-player controls both min operators
and is able to choose the solutions 57 and S;. On the other hand, the adversary controls the
max operator and is able to choose the uncertainty scenario, i.e. the cost function ¢y from the
set Cp. Thus, it is possible to reformulate the question to

381 CU(I) :Veg € Cp : Sy CU() = 51,52 € F(I),¢1(S1) + c2(S2) <t and dist(S1,S2) < k.

With the game-theoretical perspective, it is intuitive to see the containment in 3% for all
problems that have a polynomial-time verifier.

Theorem 7.1. IfII = (Z,U,F,d,t) is an LOP problem in NP, then RR-II is in Xf.

Proof. We provide a polynomial-time algorithm V' that verifies a specific solution for the three
quantifiers 1, yo, y3 of polynomial size for instance I such that

lel s 3y1 S {0, 1}’”1Vy2 € {0, 1}m2y3 S {0, 1}m3 : V(I,yl,yg,yg) =1.

With the first 3-quantified y;, we encode the first solution Sy C U(I). Because the universe
is part of the input of the problem, this is at most linear in the input. Next, we encode all
cost functions co € Cr with the V-quantified y,. For this, we encode which of the at most "
elements are chosen to have costs ¢. This is at most linear in the input size. At last, we encode
the second solution Sy C U(I) with the help of the second J-quantified ys. Again, this is at
most linear in the input size as before. Now, the verifier has to check whether dist(S1, S2) < &,
S1,S52 € F(I) and ¢1(S1) + c2(S2) < t. All of these checks can be done in polynomial time,
where S1, 52 € F(I) and ¢1(S1) 4+ ¢2(S2) < ¢ can be checked in polynomial time because IT € NP.
Furthermore, dist(S7,52) < k can be checked by our assumption that the abstract distance
function is computable in polynomial time. It follows that RR-II is in 3%. g
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7.2.3 Combinatorial Recoverable Robust Problems

To show the hardness of recoverable robust problems, we introduce a new problem which we
call the combinatorial version of recoverable robust problems. There are two differences to
Definition [7.1} In this new problem, the cost function is substituted by a set B of so-called
blockable elements (this can be interpreted as the case where cost coefficients ¢, ¢ are restricted
to come from {0,00}). Furthermore, in this new definition we substitute F(I) by S(I). As we
show later, the hardness of the new combinatorial version also implies the hardness of the cost
version. Finally, as explained above, Definition [7.3] applies to all SSP problems.

Definition 7.3 (Combinatorial Recoverable Robust Problem). Let an SSP problem 11 = (Z,U,S)
be given. The combinatorial recoverable robust problem associated to 11 is denoted by COMB.
RR-II and defined as follows: The input is an instance I € T together with a set B CU(I), an
uncertainty parameter I' € Ny, and a recoverability parameter k € Ny. The question is whether

3581 CU(I) : VB' C B with |B'| <T :3S, CU(I) :
51,9 € S(I),SQ NB =0 and dist(S1, 52) < k.

7.3 An SSP Framework for Recoverable Robust Problems

In this section, we prove our main result, i.e. we introduce and prove a sufficient condition for
nominal problems such that the corresponding recoverable robust problem is ¥5-hard. We first
explain the rough idea.

We want to show that recoverable problems are ¥4-hard, so we have to choose some Y-
hard problem from which we start our reduction. The canonical X5-complete problem is 3v3-
SATISFIABILITY [Sto76]. Intuitively, this satisfiability problem can be understood as a game
between Alice and Bob. Alice first chooses a variable assignment on the variables of X, then
Bob chooses an assignment of the variables Y, and then again Alice selects an assignment on the
variables Z, where Alice wishes to satisfy formula ¢(X,Y, Z), and Bob wishes the opposite. On
the other hand, in our target problem RR-II, any solution consists of two solutions of the nominal
problem II, the first stage solution .S; and the second stage solution Ss. The main challenge of our
reduction is, that we have to model three variable sets X, Y, Z of the formula 3XVY3Zp(X,Y, Z)
in the order of quantification into the problem RR-II. Accordingly, both solutions Sy, .S2 need to
include an assignment to all variables from X, Y, Z that satisfy p(X,Y, Z) in agreement with the
nominal SAT problem. However, note that there is a difference in the solution structure of both
problems, which we need to address. If we model Alice’s decision on the X-variables in FV3-SAT
in first stage solution S; of RR-II, we need to make sure that Alice is not able to reassign the
the X-variables in the second stage solution Sy of RR-II. Otherwise, Alice does not adhere to
the order of quantification.

This problem can be circumvented by adding an additional property to the SSP reduction.
We demand that for a given set of literals L; the distance of two solutions S; and Sy is small if
and only if the partial solution of S and S restricted to L is the same. One can interpret this
construction as a gadget that blows up the literals of L; in comparison to all the other literals.
Accordingly, we call the literals of L; blow-up literals and the corresponding reduction blow-up
SSP reduction. Then, we can set L, = Lx, where Lx is the set of literals corresponding to
variables of X. Therefore, Alice is not able to change the assignment of the variable set X from
the first stage solution S to the second stage solution S; and thus has to adhere to the order of
quantification. Then, it is also possible to reuse the injective correspondence function f of the
SSP reduction to set the blockable elements B and to show the correctness of the reduction by
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using the elementary correspondence between the SAT solution and the solution of II. Formally,
we define blow-up SSP reductions as follows.

Definition 7.4 (Blow-Up SSP Reduction). Let dist be a distance measure. Let 3SAT = (Z,U,S)
withd = L = {€y,... .0, U{ly,....0,} and I = (Z',U',S’) be two SSP problems. Then,
3SAT is SSP blow-up reducible to II' with respect to dist(-,-) if for all sets Ly C L fulfilling
l; € Ly <> U; € Ly there exists an SSP reduction (g, f1) with the following property: There is a
polynomial time computable blow-up factor B; € N corresponding to each instance I such that
for all solutions S1, 52 € S'(g(I)) of g(I):

f(Ly) NSt = f(Lp) NSz < disty(g(1))(S1,52) < Br.

A concrete example of a blow-up reduction is given in Subsection [7.3.1]

Remark 1. Note that we define blow-up reductions to start at 3SAT. Because 3SAT is one of
the "first” NP-complete problems, many reductions start at 3SAT or have a short reduction chain
from 3SAT. Thus, it is convenient to reuse these reductions or respectively reduction chains to
construct blow-up reductions. As we will show later in Subsection [7.3.1] and Section [7.4] this is
not really a restriction.

Remark 2. Blow-up SSP reductions are not transitive. (This is because there is no restriction
on newly introduced elements in II' and how they behave corresponding to solutions in II'.
Therefore, the distance between solutions in II' cannot be related to the distance between the
corresponding solutions in II.) We will tackle this problem in Section in which we will show
that we only need to find a blow-up reduction once at the beginning of a reduction chain and
we can use so-called blow-up preserving reductions to append further problems to the reduction
chain starting at 3SAT. This blow-up preserving reduction is typically much easier to find than
a new blow-up reduction.

With everything in place, we show that blow-up SSP reductions enable us to show the X%-
hardness of recoverable robust problems as long as the nominal problem II is SSP-NP-hard. In
particular, our main theorem now states, that our newly introduced blow-up reductions indeed
are a sufficient criterion for ¥%-hardness.

Theorem 7.2. For all SSP-NP-hard problems I1 that are blow-up SSP reducible from 3SAT, the

combinatorial recoverable robust variant ComMB. RR-II is Eg—hard.

Proof. For the proof of the main theorem, we require some definitions. Let X = {z1,...,2,} be
a set of binary variables and L := {z1,...,2,}U{Z1,...,T,} = XUX be the set of corresponding
literals. An assignment is a subset A C X U X such that [AN{x;,Z;}| =1foralli=1,...,n.
We say that the assignment A assigns the value 1 to variable x;, if x; € A, and A assigns 0 to z;,
if 7; € A. We remark that this notation for an assignment is non-standard, but it turns out to be
convenient in the context of our framework. A SaT-formula ¢ is in 3CNF, if it is a conjunction
of clauses, and every clause has exactly three literals. We denote by ¢(A) € {0, 1} the evaluation
of the formula ¢ under the assignment A. In the following, we often consider the case, where
the set of variables is partitioned into three disjoint sets X, Y, Z, and denote this case by writing
(XY, Z).

For the ¥%-hardness proof, we require a known X%-complete problem to reduce from. It turns
out that instead of reducing from the classic problem 3IV3-SATISFIABILITY, it is more convenient
to base our proof on ROBUST ADJUSTABLE SAT with budgeted uncertainty (in short, R-ADJ-
SAT), introduced by Goerigk, Lendl and Wulf [GLW24], which we reformulate to adhere to the
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notation of this part:

R-ADJ-SAT
Instance: A SaT-formula ¢(X,Y, Z) in 3CNF. A partition of the set of variables into three
disjoint parts X UY U Z with |X| = |Y| = |Z|. An integer I" > 0.
Question: Is there an assignment Ax C X U X such that for all subsets Y’ C Y of size
|Y’| <T, there exist assignments Ay C YUY and Az C ZU Z such that Ay NY’ =0, i.e.
set all variables in Y’ to 0, and p(Ax, Ay, Az) =17

The problem R-ADJ-SAT is best understood as a game between Alice and Bob: Alice wants
to satisfy the formula, Bob wants to achieve the opposite. Alice initially selects an assignment
Ax of the variables in X. Afterwards, Bob is allowed to select a blocker Y/ C Y of size at
most ' and force all these variables to be “0”. Finally, Alice is allowed to assign values to all
variables in Y U Z that have not yet been assigned. In [GLW24] it is shown that R-ADJ-SAT is
Y%-complete. In order to provide additional insight for the reader, we quickly sketch the main
argument in [GLW24]: The idea is to reduce from the classic problem 3V3-SATISFIABILITY. Let
JAxVAy3Azp(Ax, Ay, Az) be an instance of this problem. How do we transform it into a R-
ADJ-SAT problem? It is intuitive, that in such a reduction, Alice’s rule of choosing assignments
Ax and Ay should stay roughly the same. However, how do we express the choice of Ay in terms
of a blocker Y that is forced to 0?7 The idea is to split the variable y; € Y into two new variables
yf,y{ for every i = 1,...,n. We say that Bob plays honestly if for all i = 1,...,n we have
{yt, ¥/} NY’| = 1. Such an honest choice of Y’ naturally encodes an assignment Ay. It turns
out that, using the pigeonhole principle, and the budget constraint |Y’| < T, one can enrich the
formula ¢ with a “cheat-detection-gadget”. This gadget can be used by Alice to win the game
trivially if and only if Bob cheats. Hence the modified game of R-ADJ-SAT is equivalent to the
original instance of IV3-SATISFIABILITY.

We prove Y-hardness by providing a reduction from R-ADJ-SAT to CoMB. RR-II. This
reduction will crucially rely on the blow-up SSP reduction from 3SAT to II, which we assumed
to exist. More formally, let IT = (Zr, U, Si) be an SSP problem, such that there is a blow-up
reduction (g, (f1)rezs, (B1)rezs,,) from 3SAT to II. Recall that by the definition of a blow-up
reduction this means the following: Let the term Zg,; denote the set of all possible 3SAT instances,
i.e. the set of all 3CNF formulas. For each fixed 3SAT instance Isyr € Zgar, its universe U (Igar)
is the set of positive and negative literals of variables appearing in that formula. By assumption,
for every fixed 3SAT instance Isyy € Zgar and every set Ly, C U(Isyy) (with £ € Ly iff £ € Ly)
there exists an equivalent instance Ity = g(Isar) of II. Furthermore, associated to each fixed
35AT instance Isyr € Zgar we have a function fr,, , which describes in which way the universe of
Is,r can be injectively embedded into the universe of the equivalent instance I; such that the
SSP property is true. Finally, there is a tight correspondence between solutions of Iy having
distance at most jy,,, and (the pre-image of) the solutions agreeing on the set L;. For brevity of
notation, in the following we often write U(I1) instead of U (I11) and S(I1) instead of Si(I11) to
denote the solution set/universe associated to instance Iy, if the correct subscript is clear from
the context.

We now turn our attention to the X%-hardness proof. As explained above, the problem
R-ADJ-SAT is ¥4-complete. Let an R-ADJ-SAT instance Igag be given. Our goal is to transform
this instance into a new instance Igrp of CoMB. RR-II such that

Iras is a YEs-instance of R-ADJ-SAT < Igrgy is a YES-instance of Comb. RR-II.

Clearly if we can achieve this goal we are done. By definition of the problem R-ADJ-SAT,
the instance Igag consists out of the following parts:

IRAS = ((,D(X,K Z)7F)7
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where ¢ € Zg,r is a 3CNF-formula, whose variables are partitioned into three parts X,Y, Z of
equal size n := |X| = |Y] = |Z|, and T" € Ny. Let the corresponding literal sets X,Y,Z be
denoted by Lx := XUX, Ly :=Y UY, and Ly := ZU Z. Note that the universe associated to
the 3SAT-instance ¢ is Lx U Ly U Lz. Let us denote this fact by writing U(¢) = Lx ULy U Ly.

Given the instance Igag as input, we describe in the following how to construct the instance
Irrn of CoMB. RR-II, which consists out of the following parts:

IRRH = (IH,B,F/, H).

Here, I11 is an instance of the nominal problem II, B C U(I) is the set of blockable elements,
I € Ny is the uncertainty budget, and x € Ny is the recoverability parameter.

Before we give a formal description of Iy, B,IV, and k, we explain the rough idea: In par-
ticular, what is the right choice for the instance I? The answer is provided by the blow-up
reduction. Note that this reduction can take in any 3CNF formula and a subset L; of the literals
(with the property that ¢ € Ly iff ¢ € Ly, for all literals ¢) and produce an instance I of IT. Note
that the set L, gets “blown up” by the reduction. We claim that L, = Lx is a good choice.
Indeed, consider the following formal definition of Iggy-

Description of the Instance Irrir Let (g, (fo)peZsys (Bp)pets,,) be the blow-up reduction from
3SAT to II. We let It = g(p) be the instance produced by the blow-up reduction applied
to the formula ¢ and the literal set L, := Lx. We remark that the following holds by
the definition of the blow-up reduction: A blow up-reduction in particular is also an SSP
reduction. Hence the function f, : U(¢) — U(In) maps the literals of ¢ injectively to
elements of the new universe U (Ir;). We can hence define the set of blockable elements

B:= f,(Y),

where Y C U(y) describes the positive literals in Ly (recall that Ly =Y UY).

Furthermore, note that by definition of a blow-up reduction, there exists some 5, € N,
computable in poly-time, with the property that for all S1,S2 € S(In1):

diSt(Sl,Sg) < ﬁtp & 51N pr(LX) =5SN fw(Lx).

In other words, the new instance Ity has the property that two solutions of it have small
distance if and only if they agree on f,(Lx), i.e. they agree on those universe elements of
U(I) that correspond to Lx. We finally define

k=B, and I" :=T.

This completes the description of the instance Ixgnm = (I, B, TV, k).

Correctness We start the correctness proof by showing

Iras is a YES-instance = Igrn = (I, B, T, k) is a YES-instance.

In this case, let Ax € X U X be an assignment of the variables X with the property that
VY/ g K IY’| S I: HAy,AZ : Ay ﬂY’ = @ and (p(AX7Ay7Az) =1.

Such an Ay exists by assumption that Igxas is a YES-instance. Now, let Y/ C Y be an
arbitrary subset of Y with |Y’| < T. Then, it is possible to choose assignments Ay, Az
of Y, Z such that Ay NY =0 and ¢(Ax, Ay, Az) = 1. We consider such an assignment
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Ay := Ax U Ay U Az. Note that if we interpret ¢ as 3SAT instance, A; C U(p) and
even A; € S(¢), due to ¢(A;) = 1. Since the blow-up reduction is in particular an SSP
reduction, we can make use of the central property of SSP reductions. The property implies
that the 3SAT solution A; can be “lifted” to a solution of II. More precisely, there exists
a solution Sy € S(I11), such that

S10 foU(p)) = fo(Ar).

(Intuitively, the solution S; € S(I11) of the nominal problem instance Iy corresponds to
the solution A; € S(¢) of the 3SAT instance ¢ when restricted to the injective embedded
“sub-instance” of 3SAT inside II.)

We claim that S; is a solution for Igzgrp. To prove this claim we have to show that
for all blockers B’ C B with |B’| < I" = T, there exists a solution Sy € S(I11) with
So N B = B and dist(Sy,S2) < k. Indeed, such a solution Sy exists for all choices of
blockers B’. This can be seen by applying the following construction: Repeat exactly the
same construction as for S7, except that the set Y’ is not chosen arbitrarily. Instead, choose
Y’ by letting Y’ := f;l(B’). Note that by the definition of B, the set Y’ is well-defined,
ie. Y CVY, |Y'| <T, and f,(Y') = B’. Repeating the same construction, assignment
Ax stays the same, but we obtain different assignments A}, A, with 4, NY’ = 0 and
w(Ax, Ay, A) =1, Welet Ay := Ax UAL UA’,. Again, by the SSP property there exists
a solution Sy € S(Irr) such that Sy N f,(U(p)) = f,(Az2). Therefore we have

0=ANnY" = fo(A) N fo (V') = (S2N fo(U(p)) N B =S, NB".

Note that Ax is the same in both constructions. Therefore S; N f,(Lx) = Sa N f,(Lx),
and hence by the definition of a blow-up reduction, we have dist(S1,52) < B, = k. In
total, we have shown that S; is a solution of II such that for every blocker B’ C B, with
|B’| < T, there exists a good solution Ss. This shows that Irgr is YES-instance.

It remains to consider the reverse direction:
Irrn = (I, B,T", k) is a YES-instance = Irags is a YES-instance

The strategy is very similar, with the difference that we use the SSP property and the blow-
up property in the reverse direction. Consider some solution S; € S(I11) which satisfies

vB' C B, |B/| < I’ a5, € S(IH)7SQ NB =0: diSt(Sl,Sg) < K.

We have to show that there exists an assignment Ax C X U X such that for all subsets
Y’ CY there are assignments Ay, Az with Ay NY =0 and ¢(Ax, Ay, Az) = 1. Indeed,
to define Ay, consider solution S;. By the SSP property, since S; € S(Iry), the set
f71(S1) S U(¢p) is a set of literals which satisfies . We let Ax be the restriction of that
satisfying assignment to the variables in X. More formally, we let A; := f L(Sy).

We claim that this assignment Ax proves that Igag is a YES-instance. Indeed, let some
set Y/ C Y, with |[Y'| <T, be given. We define the blocker to be B’ := f,(Y”). Observe
that B’ C f,(Y) = B, and |B’| < T'. Therefore there exists S> € S(I) such that SoNB’ = ()
and dist(S7,52) < k. We can again interpret the solution Sy using the SSP property as
an assignment Ay := f_ 1(S3). By the SSP property, this assignment satisfies ¢, that
is Ay € S(p). Since dist(S1,52) < v = B, we have S1 N f,(Y) = So N f(Y) by the
property of a blow-up reduction. This in turn implies Ao N (X U X) = Ax. Finally, we
have ) = SoN B’ = f;l(Sg) N f;l(B’) = A, NY’. This shows that Igrag is a YES-instance,
and concludes the proof.
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Polynomial Time The instance Irrm = (Ii1, B,I”, k) can indeed be constructed in polynomial
time. The nominal instance Ity can be computed polynomially, since the map g in the SSP
reduction can be computed polynomially. The set B can be computed polynomially, since
the map f, in the SSP reduction can be computed polynomially. The number £ = 3,
can be computed polynomially by definition of a blow-up SSP reduction. The number I'
remains the same.

O

We have shown that the combinatorial version is indeed 35-hard as long as the nominal SSP
problem IT is SSP-NP-hard with a blow-up SSP reduction from SATISIFIABILITY. This however
does not directly imply that the linear optimization version RR-II is also ¥5-hard. We remedy
this problem with the following short reduction that simulates the set of blockable elements in
ComB. RR-II with the cost functions in RR-II.

Theorem 7.3. For all LOP problems I1 € NP with the property that the SSP problem derived
from it is blow-up SSP reducible from 3SAT, the recoverable robust version RR-II is ¥4 -complete.

Proof. Let I = (Z,U, F,d,t) be the LOP problem and RR-II be the corresponding recoverable
robust version. The containment of RR-II in X% follows from Theorem by an analogous
argument.

For the hardness, let II' = (Z,U,S) be the derived SSP problem from the LOP prob-
lem II. Remember, by definition of derived SSP problems, the set of solutions is defined by
S(I) ={F ¢ F(I) : dD(F) <t} Now, let ComB. RR-IT' the corresponding combinatorial
recoverable robust version. By assumption that the SSP problem I’ is SSP blow-up reducible
from SATISFIABILITY and Theorem [7.2] ComB. RR-II' is 3%-hard.

We want to reduce CoMB. RR-II' to RR-II. For this consider a CoMB. RR-II'-instance
(I',uv’,¢,B’,T", k'), which we transform to the RR-II-instance (I, U, ¢1, ¢, ¢,t,T', k). The instance
and the universe stay the same, i.e. I = I’ and U = U’. We define the first stage cost function to
be ¢; = d). We further have to model the blocker with the cost functions ¢ and ¢. For this, we
define the cost functions such that the blockable elements can be correctly blocked by choosing
the cost function ¢ and ¢ correspondingly:

c(u) = d(u), uwe ()

_ dD(w), weU(l)\B
u) =
2t) +1, weB.

At last, we set IV =T, k' = k and ¢/ = 2t). This completes the description of the instance of
RR-II.

To prove the correctness of this reduction, we have to show that the following inequality holds
if and only if (I’,U’, ¢, B',T", ') a YES-instance:

min max min c1(87) + ¢2(S5) < ¢. 79
S1€F(I)c2€Cr  SoeF(I) 1( 1) 2( 2) > ( )
dist(S1,52)<k

For the first direction, assume that (I, U’, B, TV, «’) is a YES-instance. Accordingly, it holds
that |B’| < I'. Furthermore, there are solutions S7,S5y C U with S;,S2 € S(I) such that
dist(S1,82) < k and So N B = . Since S(I) = {F € F(I) : dD(F) < tD}, we have that
S1, 89 € F(I) and d)(Sy) +dD(S) < 2t1). At last, observe that the blocked elements u € B
are assigned a cost of 2¢(/) +-1. Thus, these cannot be part of a second stage solution S, in RR-II
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due to ¢’ = 2t(1). Overall, all conditions on Equation (7.2) are fulfilled and ¢;(S;) + c2(S2) < ¢/
holds.

For the second direction, assume that Equation holds. That is, there is an S; C U(I)
and an Sy C U(I) with S1,S2 € F(I) such that dist(S7, S2) < k. Furthermore, the set of cost
functions Cr, defined by all cost functions cg such that co(u) = c(u)+d,(¢(u) —c(u)), §, € {0,1},
and Zueu( n 0y < T, guarantees that at most I' elements have costs of 2¢() 4+ 1 while all others
have d!)(u). Since ¢’ = 2¢t), Cr simulates all possible blockers B in the combinatorial version
and it follows So N B = ). Moreover, we have that S(I) = {F € F(I) : dD(F) < ¢t} thus
S1 and Sy are not only feasible solutions but it also holds that Sy, Se € S(I). All conditions of
the solution pair (S, S2) are fulfilled to be a valid solution and we have a YEs-instance for the
combinatorial version. Consequently, the reduction is correct.

As last step, we have to prove that the reduction is polynomial time computable. This is
indeed the case because the instance remains the same as well as the parameters I' and . All
additional numbers to define the cost function ¢ are 2¢() 4+ 1, which is at most linear in the input
because II € NP. This also holds for the new threshold ¢ = 2¢t().

This concludes the proof and we have shown that RR-II is indeed X%-complete. O

7.3.1 Blow-Up SSP Reductions for Various Problems

With the theorems proven, we want to apply this framework to several well-known problems,
in particular to 3-satisfiability, vertex cover, independent set, subset sum, directed Hamiltonian
path, two directed disjoint path and Steiner tree. In order to just convey the intuition how a
blow-up SSP reduction works, we only present the reduction from satisfibility to vertex cover
and defer the other reductions to Chapter [0} Furthermore, we do not prove the correctness of the
actual reduction as this is already presented in the original work, but we prove the correctness of
the SSP and blow-up property. In Figure [7.1] the tree of all presented reductions can be found
beginning at SATISFIABILITY.

For a blow-up SSP reduction, we need the following mappings: The polynomial-time many-
one reduction g : {0,1}* — {0,1}*, the injective SSP mapping (fr)rez : U(I) — U'(g(I)) and
the polynomial-time computable blow-up factor §; € N such that f(Ly) NS; = f(Ly) NSy &
|S1 A S| < pp for all solutions S1,S52 € §'(g(1)) of g(I).

SAT
B \
vC IS /SUBSET Sum DHAMPATH 2DDP * STEINER

TREE

Figure 7.1: The tree of SSP blow-up reductions for all considered problems.

We start by defining the 3satisfiability problem in the SSP framework as presented in Chap-
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ter [3} Then, we define the vertex cover problem in the SSP framework.

3SATISFIABILITY
Instances: Literal Set L = {¢1,...,£,} U{l1,...,¢,}, Clauses C C L3.
Universe: L =:U.
Solution set: The set of all sets L’ C U such that for all i € {1,...,n} we have |L' N
{¢;,0;}| =1, and such that |L' N¢c| > 1 for all ¢ € C.

VERTEX COVER
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Solution set: The set of all vertex covers of size at most k.

Now, we can use a modification of the reduction by Garey and Johnson [GJ79] from SAT to
VERTEX COVER as blow-up SSP reduction. We first describe the original reduction and then
argue why it is SSP. At last, we show how to modify the reduction to a blow-up SSP reduction
with a blow-up factor ;.

Let (L,C) be the 3SAT instance of literals L and clauses C. The corresponding VERTEX
COVER instance (G, k) with graph G = (V, F) and integer k is then constructed as follows. The
reduction maps each literal £ to a vertex vy and we denote the set of all these vertices vy, by W.
Then the vertices vy and v; of a literal £ and its negation ¢ are connected by the edge {vg, v7}.
Next, for all clauses ¢ € C' there is a 3-clique. That is, for every literal ¢ in the clause ¢, there
is a vertex v§, which is connected to all other vertices vj, with ¢’ € ¢ and ¢’ # £. At last, for all
literal vertices v, we add an edge {vg, v§} to all clause vertices related to £. The threshold of the
vertex cover instance is then set to k = |L|/2 + 2|C|. An example of the reduction can be found

in Figure

C1 €L
’UZI Ué_q

Figure 7.2: Classic reduction of 3SAT to VERTEX COVER for ¢ = (f1 V fy V £3).

Claim 7.1. The reduction from above from 3SAT to VERTEX COVER is an SSP reduction.

Proof. The reduction is an SSP reduction because each literal ¢ corresponds to exactly one
vertex vy and the literal ¢ is in the satisfiability solution if and only if the corresponding vertex vy
is in the vertex cover solution. Thus, we are able to prove the following equality, which confirm
that the reduction is SSP.

(F(S):S CLst S€Ssm}={{f(): €S} :SCLst SE Sl
={{ve:£€8S}:SCLst. S€ESs5u}
={v:ve €S NfL)}: S NfL)CW st. S € Syc}
— (SN f(L): S € Sve).
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Vg, Yz, Vg, A

C1
vy, Vg,

Figure 7.3: The graph G'(Ly, 1) with L; = {¢3,03} and 3; = 2 of the instance p = ({1 V{3V (3).

The blow-up gadget of the literals /3 and ¢3 consisting of vertex sets Vfg U V; is outlined with
3
dashed lines.

The correctness proof of the reduction is presented in [GJ79]. <

We have shown that the original reduction by Garey and Johnson is an SSP reduction. For
a modification to a blow-up SSP reduction, we introduce a blow-up gadget that we attach to
each pair of blow-up literals £,¢ € L;. Introducing a blow-up gadget that is attached to the
blow-up literals is a standard technique to construct blow-up SSP reductions and we use it for
all of the following blow-up SSP reductions. The idea is to build up equivalence classes (), and
Q7 of universe elements for both of the blow-up literals £ and ¢ to which the gadget is connected
to. Such a class @y has the property that ¢ is in the solution if and only if all elements of @, are
in the solution. In other words, if one wants to switch from £ to £, then additionally all elements
from the equivalence class (), have to be switched to Q7. Furthermore, a blow-up gadget is
variable in size without influencing the rest of the construction, i.e. for each instance we are able
to find a large enough B; that locally guarantees that ¢ is not switchable to ¢ while retaining a
small distance between both solutions.

Given the distance measure, S; for every possible 3SAT instance I and blow-up literals Ly,
we now describe the blow-up gadget. The blow-up gadget for ¢,/ € Lj is a duplication of the
literal vertices v, and v; forming a complete bipartite graph Kg, 115,41 between the vertex sets
Vf’ = {vg,ve1, ..., 005, } and VZﬂI = {vy, Vgt ,vzgl} as depicted in Figure Then, we have
the equivalence classes Q¢ = {vg1, ..., v, } and Q; = {Uzl7 .. 71)25,}. Now, consider the graph
G as described by Garey and Johnson and modify it the following way: For each pair ¢, € Ly,
we identify the two vertices vy, v7 in G and in the blow-up gadget for 0,0 € Ly and merge them
together. This results in the graph

G (L, 81) = (V@ U U V" BE@U U b} [ae vy be Vi)

LeLy LeLy

The threshold for the vertex cover is then increased such that 8 + 1 vertices (instead of only
one) for every blow-up literal pair can be taken into the solution, i.e.

K (Br) = (Br+1)-|Ly|/2+|L\ Lo|/2 + 2|C].

Claim 7.2. For the three choices of dist from Subsection and Br == |V(G)|, G'(Ly, Br) and
k' (Br) describe a blow-up SSP reduction from 3SAT to VERTEX COVER.

Proof. We show that (g, (f1)rez, (Br)rez) with

g(I) = (G/(Lbaﬂl)vkl(ﬂl))v f(f) = v, and S = |V(G)|
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is a blow-up SSP reduction from 3SAT to II. We start by showing that the reduction is still SSP.

For this, we first make the observation that for a bipartite graph K3, 1 3,41 between the
vertex sets VZ’B T and V71 , there are exactly two vertex covers of size 57 4+ 1: either one takes all
vgi together with v or all v;: together with v into the vertex cover. Otherwise, there is at least

one edge {v,w} with v € V' and w € Vzﬁf not covered.
With this observation, we can follow that every vertex cover solution still consists of

(1) exactly one of the original vertices vy and v; for ¢,¢ € L, and

(2) the S additional vertices {vyi : 1 <4 < 8y} of the blow-up gadget if and only if v, € L is
in the vertex cover solution, and

(3) exactly two of the three vertices v’ v,?, vy’ for ¢; € C.

Thus, the original injective SSP mapping f(¢) = vy is still a valid SSP mapping for this reduction.
To show that the blow-up property holds, we have to show that for 5; := |[V(G)| and for all
solutions of g(I), Sy, 52 € S§'(9(1)),

f(Lb) nsS; = f(Lb) NSy & diSt(Sl, SQ) < ﬂ]. (73)

We begin with analyzing the maximum distances of two solutions S1,S52 € S’(g(I)) for the
three distance measures if S; and So agree on each blow-up gadget. To reach the maximum
distance between two solutions S; and Sy for the three distance measures, Sy includes all the
vg for all £ € L\ Ly, while Sy includes all the opposite v;. Additionally, S; includes a different
pair UZ,’UZ for all ¢; € C in comparison to Sy. Thus, all v; of £ € L\ L, and UZ for all
¢; € C have to be added (while deleting v, and one of ’UZ , ’UZ). In conclusion, 8; = |V(G)| is an
upper bound for the maximal possible k-addition and rk-deletion distance (|C|+ |L \ Lp|/2) as
well as for the maximal possible Hamming distance (here one has to count for all deletions and
additions such that 5; = |V(G)| > 2|C| + |L \ Lp| > |S1 & S2| is also sufficient). It follows that
f(Lb) NSy = f(Lb) NSy = diSt(Sl, SQ) < Br.

We conclude with the situation that S; and S, do not agree on each blow-up gadget. Then
corresponding to the analysis above for k-addition and k-deletion, we reach at least a distance
of [V(G)|+1 > B; and for the Hamming distance we reach at least 2|V (G)| + 2 > ;. It follows
that f(Lb) N Si 7& f(Lb) NSy = diSt(Sl, 52) > f.

Clearly Br and thus G'(Ls, 81) and k'(8r) are polynomial time computable. This completes
the correctness proof of the reduction. |

In conclusion, we have shown that the existing reduction from satisfiability to vertex cover
enhanced with the presented blow-up gadget is a blow-up SSP reduction. It follows that the
combinatorial as well as the linear optimization version of recoverable robust vertex cover is
Y2-complete.

7.4 The Issue of Transitivity: Preserving the Blow-up Gadget

Since blow-up SSP reductions require more structure, we unfortunately lose transitivity in com-
parison to normal SSP reductions, which are transitive. However, we would like to reuse an
existing blow-up SSP reduction such that we do not need to start every reduction at 3SATISFI-
ABILITY and additionally construct blow-up gadgets. For this, we introduce blow-up preserving
SSP reductions, which are transitive and preserve the structure of the blow-up gadgets. The
idea is that we only need to show that there is a blow-up SSP reduction for the first reduction in
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the reduction chain and then the reduction chain can be prolonged by adding further problems,
between which there are blow-up preserving SSP reductions.

The idea of a blow-up preserving reduction between problem II and problem IT’ is that we
partition the universe into three sets, the set of elements which originate in the problem II, a set
of elements U, which are never of a solution of the instance of IT’, and a set of elements U,p,
which are part of every solution of the instance of II’. Therefore, every solution S in IT has a
correspondent solution S’ = f(S) U U,, by applying the injective function f. Since the distance
measures that we consider are invariant on injective functions and union, the distance between
the solutions in problem II is the same as in problem II'. Correspondingly, the blow-up SSP
reduction from 3SATISFIABILITY to II can be extended to IT'.

From a different point of view, a blow-up preserving SSP reduction can be understood as
an SSP reduction, which “adds” only two kind of new elements to the universe: Those that
are trivially contained in every (optimal) solution, and those that are never contained in an
(optimal) solution. It is intuitively easy to understand that compared to the old instance, the
newly “added” elements cannot influence the term dist(S7, S3). Hence ¥4-hardness of recoverable
problems is maintained.

Definition 7.5 (Blow-Up Preserving SSP Reduction). Let II = (Z,U,S) and II' = (Z',U',S’) be
two SSP problems. Then, there is a blow-up preserving SSP reduction from I1 to II' if there exists
an SSP reduction (g, (f1)rez) such that for all instances I € T the following holds:

For all elements v’ € U'(g(I)), either

> v € f(U(I)) or
> forallS" €S :u ¢85, ie. v €Uyp, or
> forallS' €S v €8, e u €U,y

Remark. This definition is more restrictive than it needs to be because we do not need to
force that the distance stays exactly the same. It is also possible to increase the distance while
applying the reduction in a controlled manner. More precisely, we can allow v of the elements u’
to be in U'\ (f(U)UU,5UU,y) and we relax the backward direction by f(Ly)NS1 = f(Ly)NS2 =
|S1 A Sa| > B+~y. This is a more general and more complicated definition, nevertheless, it is not
necessary for the problems that are presented in this chapter. For simplicity, we use the stricter
variant for the rest of the chapter.

Theorem 7.4. Let IT be an SSP-NP-complete problem for which a blow-up SSP reduction from
3SAT exists. Then every problem II', which is blow-up preserving SSP reducible from II, is
blow-up SSP reducible from 3SAT.

Proof. We present a blow-up SSP reduction from 3SAT to II'. Let 3SAT = (Zssar, Ussars Sasar)s
T = (I, U, Sn) and II' = (I, Un, Siir). Moreover, we are given a blow-up SSP reduction
(9, (f1)1eTssnns (BI)1€Tss,,) from 3SAT to II and a blow-up preserving SSP reduction (¢', (f])rezy)
from II to IT'.

We concatenate the blow-up SSP reduction (g, (f1)rezy,.s (B1)1ezy,,) and the blow-up pre-
serving SSP reduction (¢’,(f})1ez) to obtain a new blow-up SSP reduction (¢’ o g, (f;(l) o
f1) €T (BI) 1Ty, ) from 3SAT to IT'. The resulting relation between the three problem uni-
verses is depicted in Figure [7.4]

Blow-up SSP reductions and blow-up preserving SSP reductions are both SSP reductions.
Furthermore, SSP reductions are transitive (Lemma and thus the concatenation of both
reductions is still an SSP reduction.
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il

Figure 7.4: The relation between 3SAT, II and II’ in a blow-up SSP reduction from 3SAT to IT
and a blow-up preserving SSP reduction from IT and IT'. The blow-up preserving SSP reduction
maps the universe of II into the universe elements of TI'. Because the original 3SAT universe is
part of the universe of II, the blow-up literals L; are also mapped via the functions f and f’ into
the universe of ITI'. Furthermore, all additional elements in II’ are either part of U,,, which are
always part of a solution in II', or U,g, which are never part of the solution in II'.

It remains to show that the blow-up property holds. We show this by using the same poly-
nomially computable 8; of the blow-up SSP reduction (g, (f1)reZys.s (B1)1eZss,,) from 3SAT to
II. In particular, we have to show that the statement

V81,5, € Sy : f(Lb) ns; = f(Lb) NSy & diSt(Sl, Sg) < fr. (74)
holds if and only if the following statement holds:
VS{7 Sé € S f/ o f(Lb) N Si = f/ o f(Lb) N Sé - diSt(Si, Sé) < Br. (75)

We first remark that {S" : §' € Sw} = {f'(S) UUs, : S € Su}. Thus, there is a bijection
between solutions sets S € Syy of problem IT and the solution sets S’ € Sy of problem IT" defined
by h:Sn — S, S — f(S) U Upy. With the help this bijection, we can show that the distance
between the solution pair (S7,S2) of problem II and the solution pair (S7,55) of problem II’
stays the same.

dist(S1, S5) = dist(h(S1), h(S2)) (7.6)
= dist(f'(S1) U Upn, f'(S2) U Usyp) (7.7)
= dist(f'(S1), f'(S2)) (7.8)
= dlSt(Sl, SQ) (79)

For Equation , we make use of the invariance of union of the distance measure. Furthermore
Equation holds, because the function f’ is injective since the blow-up preserving SSP reduc-
tion is also an SSP reduction. Consequently, using the same 3; guarantees that the equivalence
of Equation and Equation holds.

The transformation is polynomial time computable because the mappings g and ¢’ are
polynomial time computable as well as the §; as given the in the blow-up SSP reduction
(9, (f1)1eTssns (Br)1eTss,. ). This concludes the proof of the theorem. O

Corollary 7.1. Let I be an SSP-NP-hard problem for which a blow-up SSP reduction from 3SAT-
ISFIABILITY exists. Then for all SSP-NP-hard problems II' that are blow-up preserving SSP
reducible from I1, the recoverable robust variant CoMB. RR-II" is ¥4 -hard.



Chapter 7. Recoverable Robustness 91

We have shown that blow-up preserving SSP reductions are a possible tool to build up a
reduction chain that begins at a blow-up SSP reduction. Next, we prove that those chains are
extendable by adding further blow-up preserving SSP reductions by showing the transitivity of
these reductions.

Lemma 7.1. Blow-up preserving SSP reductions are transitive.

Proof. Let IT*, II? and II® be three SSP problems such that IT' is blow-up preserving SSP
reducible to I1% by (g, f) and 12 is blow-up preserving SSP reducible to II® by (¢’, f’). We aim
to show that II' is blow-up preserving SSP reducible to II3.

Consider an instance (I, U') of IT!, which is mapped by the blow-up preserving SSP reduction
(I?,U?). Then,

IP=g(I')and U? = f(U") UUZ, U UZ.
We can then use the second reduction (¢’, ') to derive
P =g'(g(I') and U* = f'(f(U")) U f(Us,) U f'(Usy) U Ug,, U Ugp
Then, we can reassign Uy, = f'(Uz,) U U3, and Uy = f'(UZ2y) U Uy as follows to derive
U3 = fl(f(Ul)) U Uon U Uoﬁ'~ (710)

Because g and ¢’ are transitive as well as f’ o f is injective (since f and f’ are injective), we have
an SSP reduction, which is also blow-up preserving because of Equation (7.10]). O

7.4.1 Blow-up Gadgets for various Problems

In this subsection, we apply the developed framework of blow-up-preserving SSP reductions. In
Subsection [7.3.I] we have seen that vertex cover, 3Sat, independent set, subset sum, directed
Hamiltonian path, two directed disjoint path and Steiner tree are blow-up SSP reducible from
satisfiability. Next, we show that one can find blow-up preserving reductions starting from these
problems to show X£-hardness of further recoverable robust problems. Again, we defer most of
the reductions to Chapter [0] However to convey the intuition, how a blow-up preserving SSP
reduction works, we present a reduction from vertex cover to dominating set. The complete tree
of reductions can be found in Figure [7.5] Correspondingly, we can state that the recoverable
robust problem based on the nominal problems in the reduction tree are ¥4-complete.

Theorem 7.5. The recoverable robust version of the following nominal problems is X% -complete:
SATISFIABILITY, 3SATISFIABILITY, VERTEX COVER, DOMINATING SET, SET COVER, HITTING
SET, FEEDBACK VERTEX SET, FEEDBACK ARC SET, UNCAPACITATED FACILITY LOCATION,
P-CENTER, P-MEDIAN, INDEPENDENT SET, CLIQUE, SUBSET SUM, KNAPSACK, PARTITION,
SCHEDULING, DIRECTED HAMILTONIAN PATH, DIRECTED HAMILTONIAN CYCLE, UNDIRECTED
HAMILTONIAN CYCLE, TRAVELING SALESMAN PROBLEM, TwO DIRECTED VERTEX DISJOINT
PATH, k-VERTEX DIRECTED DISJOINT PATH, STEINER TREE

We define dominating set according to the SSP framework as follows.

DOMINATING SET
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Solution set: The set of all dominating sets of size at most k.

For a reduction from VERTEX COVER to DOMINATING SET, we use a modification of a
folklore reduction. The vertex cover instance, consisting of a graph G = (V, E') and an integer k,
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SSAT \
"/SUBSET Sum DHAMPATH 2DDP * STEINER
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DS sctHS " FVS FAS UFLPCENTERPI\IEDIAN CLIQUE KNAPSACK PARTITION DHaAMCyc kDDP
SCHEDULING UHAMCYC
TSP
Figure 7.5: The tree of SSP reductions for all considered problems. While solid edges indicate

that there is a blow-up SSP reduction between the problems, dotted edges represent a blow-up
preserving SSP reduction between the problems.

is transformed to a dominating set instance, consisting of a graph G’ = (V' E’) and an integer
K E| Every vertex v € V is mapped to a vertex v’ € V’, we denote the set of all these vertices v’
by W. Every edge {v,w} € E is mapped to an edge {v’,w'} € FE’. Furthermore for every edge
{v,w} € E, there are |V| + 1 additional verticesﬂ vw;, for 1 <4 < |V| + 1. These vertices are
connected to both v and w’, i.e. {{v',vw;},{w’,vw;} : 1 <i < |V|+1} C E’. At last, we set
k' = k. The transformation of one edge is depicted in Figure

YWy |+1

Figure 7.6: Modified reduction of VERTEX COVER to DOMINATING SET. This is the transfor-
mation for two vertices v, w € V connected by one edge {v,w} € E.

Claim 7.3. The reduction from above from VERTEX COVER to DOMINATING SET is an SSP
reduction.

Proof. This reduction is an SSP reduction, because every vertex v € V is mapped to a
corresponding vertex v’ € V’, which is in the dominating solution if and only if vertex v is in the
vertex cover solution. Formally,

{f(S):SCLst.SeSyc}={{f(v):veS}:SCVst SeSyc}
={{v:veS}:SC Vst SeSyc}
={{v: W eSNnfV)}:SNf(V)CWst. S €Spst
_ (S NF(V): S € Sps).

The correctness proof of the reduction itself is presented in Chapter [9 <

IFor the sake of conciseness, we assume w.l.0.g. that the vertex cover instance is a connected graph. For a full
proof for arbitrary instances we refer to Chapter

2The original reduction uses only one additional vertex for each edge. However, this reduction is not an SSP
reduction.
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Finally, we have to show that the reduction is blow-up preserving. For this, we take a look
at all vertices of V' and associate them with the sets f(U), Uyy, and Uyp.

Claim 7.4. The reduction from above from VERTEX COVER to DOMINATING SET is a blow-up
reduction.

Proof. All vertices are mapped to their correspondence in V’'. Moreover, all vertices of
{vw; : {v,w} € E,1 <i < |V]|+ 1} are never part of a solution of size k’. Overall, it holds that
V' =W U{vw; : {v,w} € E,1<i<|V|+1}. Thus, we have

fu)y =fv)=w,

Uon =0,

Uogp = {vw; : {v,w} € E,;1 <i < |V|+1},
V= f(V) U Up, U Uy

<

Allin all, the reduction from above is a blow-up preserving SSP reduction and thus recoverable
robust dominating set is X4-complete.



94

Part I. Subset Search Problem Framework



Chapter 8

Minimum Cardinality Interdiction

8.1 Introduction

In this chapter, we return to interdiction problems in the form of minimum cardinality interdic-
tion, which is arguably the most natural form of interdiction. We have already seen how the SSP
framework can be applied to minimum cost interdiction problems in Chapter[d] In minimum cost
interdiction, we are given some base problem (the so-called nominal problem) and we wish to
find a subset of small costs such that this subset has a non-empty intersection with every optimal
solution of the base problem. On the contrary, in minimum cardinality interdiction, we wish to
find a subset of minimum cardinality. Consequently, we restrict the cost function of a minimum
cost interdiction problem to be only of unit costs in the minimum cardinality interdiction case.
As an example of the type of problems that this chapter is concerned with, consider the following
two problems:

MIN CARDINALITY CLIQUE INTERDICTION
Input: Graph G = (V, E)
Task: Find a minimum-size subset ¥V’ C V such that every maximum clique shares at least
one vertex with V.

MIN CARDINALITY HAMILTONIAN CYCLE INTERDICTION
Input: Graph G = (V, E)
Task: Find a minimum-size subset £/ C E such that every Hamiltonian cycle shares at
least one edge with E’.

In particular, if in the above examples the set V' (respectively the set E’) is deleted from
the graph, the maximum clique size decreases (respectively, the graph becomes Hamiltonian-
cycle-free). Hence the interdiction problem can be interpreted as the minimal effort required to
destroy all optimal solutions.

Our Results. We introduce a meta-theorem that simultaneously classifies the complexity of min-
imum cardinality interdiction problems. This meta-theorem specifies a set of sufficient conditions
for some nominal problem, which imply that the minimum cardinality interdiction problem be-
comes Yb-complete. For proving this meta-theorem, we extend the SSP framework presented in
Chapter Chapter [ already provides such a result in the case where the action of interdict-
ing an element is associated with so-called interdiction costs, which may be different for each
element. We extend the existing ideas to the unit-cost case to derive said sufficient conditions.
Concretely, we first define a general minimum cardinality interdiction problem by embedding

95
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it in the SSP framework. Furthermore, we provide a general reduction from a minimum cost
interdiction problem to a minimum cardinality interdiction problem. Thus, we show that the
minimum cardinality interdiction problem is ¥5-complete for the following nominal problems:

satisfiability, dominating set, set cover, hitting set, feedback vertex set, feedback arc
set, uncapacitated facility location, p-center, p-median, independent set, clique, sub-
set sum, knapsack, Hamiltonian path/cycle (directed/undirected), TSP, k-directed
vertex disjoint path (k > 2), Steiner tree.

We remark that X5-completeness was already known in the case of clique, independent set, and
knapsack [CCLW13| [Rut93, [TCCH24]. Hence, our work is a generalization of these results.

8.2 Minimum Cardinality Interdiction Problems

In this section, we prove our ¥:5-completeness results regarding the minimum cardinality interdic-
tion problem. Since we want to prove the theorem simultaneously for multiple problems at once,
we require an abstract definition of the interdiction problem. For this, consider the following
definition.

Definition 8.1 (Minimum Cardinality Interdiction Problem). Let an SSP problem II = (Z,U,S)
be given. The minimum cardinality interdiction problem associated to 11 is denoted by MIN
CARDINALITY INTERDICTION-II and defined as follows: The input is an instance I € T together
with a number k € Ny. The question is whether

ABCU(I), |B|<k:¥SeSI): BNS#0D.

For the remainder of the chapter, it is helpful to imagine this problem as a game between
two players: the attacker and the defender. That is, interdiction is an action performed by an
attacker (or interdictor), who wishes to select a blocker of few elements to destroy all solutions.
On the other hand, the defender wants to find a solution to the problem after the attacker
selected a blocker. This leads to the following interpretation:

» The set U(I) contains all the elements the attacker is allowed to attack.

» The set S(I) contains all the solutions the attacker wants to destroy such that the defender
is not able to find any solution. For example, this could be the set of all Hamiltonian
cycles, the set of all cliques of a certain size, etc.

Therefore, the formulation of the base problem as SSP problem (Z,U,S) determines which el-
ements the attacker can attack, which he cannot attack (e.g. edges/vertices of a graph), and
what the attacker’s goal is. We note that different formulations (Z,U,S) of the same problem
are formally different SSP problems. They might be both SSP-NP-complete independent of each
other, but require their own SSP-NP-completeness proof each. Finally, note that if the base
problem is an LOP problem, then by definition S(I) is the set of feasible solutions below some
threshold specified in the input. For example, applying Definition [8.1] to IT = CLIQUE yields the
following decision problem:

MIN CARDINALITY INTERDICTION-CLIQUE
Input: Graph G = (V, E), numbers k,t € Ny
Question: Does there exist a subset B C V of size |B| < k such that every clique of size
at least t shares at least one vertex with B?
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Some more technical details, concerning the subtle differences between different variants of in-
terdiction referenced in the literature as well as concerning the question whether ¢ can be chosen
to be optimal are discussed in Subsection [8.2.2]

We start the complexity analysis of minimum cardinality interdiction problems by showing the
containment in the class X5, if the nominal problem is in NP. We then proceed with presenting
the main result.

Theorem 8.1. Let II = (Z,U,S) be an SSP problem in SSP-NP, then MIN CARDINALITY IN-
TERDICTION-II is in X5.

Proof. We provide a polynomial time algorithm V' that verifies a specific solution yi,y> of
polynomial size for instance I such that

IelL & FJy; € {0,1}™ Yy, € {0,1}"2 : V(I,y1,92) = 1.

With the F-quantified y;1, we encode the blocker B C U(I). The encoding size of y; is polyno-
mially bounded in the input size of II because [U(I)| < poly(|z|). Next, we encode the solution
S € §(I) to the nominal problem IT using the V-quantified y, within polynomial space. This is
doable because the problem II is in SSP-NP. At last, the verifier V' has to verify the correctness
of the given solution provided by the 3-quantified y; and V-quantified ys. Checking whether
|B] <t and BNS #  is trivial and checking whether S € S(I) is clearly in polynomial time
because II is in SSP-NP. It follows that MIN CARDINALITY INTERDICTION-II is in 35. O

Next, we show the hardness of minimum cardinality interdiction problems under the condition
that the nominal problem is NP-hard. For this, we introduce the concept of invulnerability
reductions that helps us to grasp the problems in a unified approach. We describe this concept
in the following subsection. Subsequently, we provide invulnerability reductions for a large set
of problems in Section [B:3] with the goal to obtain the following main theorem of the chapter.
The definitions of the following problems can be found in Chapter [9]

Theorem 8.2. The problem MIN CARDINALITY INTERDICTION-1I is X5 -complete for all the fol-
lowing problems: independent set, clique, subset sum, knapsack, Hamiltonian path/cycle (di-
rected/undirected), TSP, k-directed vertex disjoint paths (k > 2), Steiner tree, dominating set,
set cover, hitting set, feedback vertex set, feedback arc set, uncapacitated facility location, p-center,
p-median.

We remark that the case of satisfiability deserves special attention, which is discussed more
thoroughly in Section [8:4]
8.2.1 Invulnerability Reduction

Our proof strategy for each of the problems listed in Theorem [8:2] is essentially the same. In
fact, we show that Theorem [8:2)is actually a consequence of the following, more powerful meta-
theorem. This meta-theorem catches the essence of an invulnerability reduction.

Theorem 8.3. Consider an SSP-NP-complete problem 11. If there exists a polynomial-time re-
duction g which receives as input a tuple (I,C,k) of an instance I of I, some set C CU(I) and
some k € Ny, and returns instances I' := g(I,C, k) of I, such that the following holds:

ABC C:|B|<kand BNS#0VSeS()
< IAB'CU’):|B'|<kand BNS £0VS € S(I').

Then MIN CARDINALITY INTERDICTION-II is 3% -complete.
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It would be nice to have Theorem for all problems in the class SSP-NPc, not only those
who admit a function g with the properties as described above. However, we give a reasoning in
Section [B:4] why such a generalization is not possible. The rest of this section is devoted to the
proof of Theorem [8.3] For this proof, we start from the corresponding combinatorial interdiction
problem as defined in Chapter [4] which we restate in the following. A combinatorial interdiction
problem is a more general version of interdiction, where there is a set C' C U(I) of so-called
vulnerable elements. One can also interpret the set of vulnerable elements C' as the elements
that have cost of interdiction of 1 while all other elements /(1) \ C have a cost of interdiction of
oo and a blocker of small costs is sought.

Definition 8.2 (Comb. Interdiction Problem, from Chapter[d). Let an SSP problem Il = (Z,U, S)
be given. We define COMB. INTERDICTION-II as follows: The input is an instance I € I, a
number k € Ng, and a set C C U(I). The set C is called the set of vulnerable elements. The
question is whether

dBCC, |B|<k:VSeS(I):BnS #0.

It is proven in Chapter {4] that for every problem in SSP-NPc, the combinatorial interdiction
problem is ¥5-complete. Now, let II be in SSP-NPc and ¢ be a reduction such that

ABCC:|B|<kand BNS#0VSeS)
& dB'CU(I'):|B'|<kand B'NS #0VS € S(I'),

then g is a reduction from COMB. INTERDICTION-IT to MIN CARDINALITY INTERDICTION-II.
This is because the first line is equivalent to the statement that instance I is a YES-instance of
CoMB. INTERDICTION-II, and the second line is equivalent to the statement that I’ is a YES-
instance of MIN CARDINALITY INTERDICTION-II. It directly follows that MIN CARDINALITY
INTERDICTION-II is ¥8-complete. This completes the proof of Theorem 8.3

We remark that while in some sense the proof is rather trivial, we still see a lot of value in ex-
plicitly stating a set of easy-to-check sufficient conditions that render some minimum-cardinality
interdiction problem ¥5-complete.

How can one find a function g with properties as described above? Oftentimes it is possible
by employing the following natural idea: Given an instance of the comb. interdiction problem,
let the set D := U(I) \ C be called the invulnerable elements. For each problem we explain
separately that a gadget for the invulnerable elements in D exists. Intuitively speaking this
gadget guarantees that an attacker, no matter which k& elements of the universe they attack, can
never render the elements of D unusable. On the other hand, we make sure that the invulnerability
gadgets do not meaningfully change the set of solutions. In Section many examples of such
gadgets are presented. We remark that we are not the first to come up with this natural idea.
For example, Zenklusen [Zenl0] used the same idea in the context of matching interdiction.

8.2.2 Different Variants of Interdiction

In this section, we examine variants of interdiction problems that can be found in the literature.
For this, we study the relation of our definition of a minimum cardinality interdiction problem and
the existing variants. Additionally, we discuss the implications of the hardness of our minimum
cardinality interdiction problems on the other variants.

1. Minimal Blocker Problem.

Input: Instance I with universe U, blocker cost function ¢, solution cost function d, and
solution threshold 7
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Task: Find the minimum-cost set mingcy ¢(B) such that for all feasible solutions F' € F
with F' N B =0, we have d(F) < 7.

2. Full Decision Variant of Interdiction.

Input: Instance I with universe U, blocker cost function ¢, blocker budget k, solution cost
function d, and solution threshold 7

Task: Is there a set B C U with ¢(B) < k such that for all feasible solutions F' € F with
FNB=0, wehave d(F) <77

3. Most Vital Elements Problem.

Input: Instance I with universe U, blocker cost function ¢, blocker budget k, and solution
cost function d

Task: Find a set B C U with ¢(B) < k such that the costs of all feasible solutions FNB = ()
are maximized, i.e. maxp minper prp=p d(F).

Note that all of these variants are based on LOP problems instead of SSP problems. An SSP
problem, however, can always trivially expressed as LOP problem by defining d(u) =0 and t =0
thus defining & = F. Our goal is to show that all of the variants from above are at least as
hard as our formulation of minimum cardinality interdiction (Definition [8.1]). This results in the
following theorem.

Theorem 8.4. LetIl = (Z,U,F,d,t) be an LOP problem. Then the Most Vital Elements Problem
of Il (for all problems I in Theorem , the Minimal Blocker Problem of I, and the Full
Decision Variant of Interdiction of 11 are at least as hard to compute as MIN CARDINALITY
INTERDICTION-IL.

The rest of this section is devoted to the proof of this theorem. In our formulation of minimum
cardinality interdiction, a set B is sought, which intersects every solution in the set F as given
by the corresponding LOP problem. We now have to distinguish between problems, which are
naturally formulated as SSP problems (e.g. Hamiltonian cycle), and naturally formulated LOP
problems (e.g. clique). For natural SSP problems, the solution set S consists of all feasible
solutions, i.e. there are no feasible solutions outside of S due to the missing cost function d on
the solution elements. Thus all of the three variants from above are generalizations of minimum
cardinality interdiction:

(1) The minimal blocker problem is the optimization version of the corresponding minimum
cardinality interdiction problem.

(2) The full decision version of interdiction is a generalization of the corresponding minimum
cardinality interdiction problem because the latter assumes to have unit costs in the cost
function c for all elements from U.

(3) The most vital elements problem behaves the same as the full decision version of interdic-
tion.

For natural LOP problems, basically the same holds, however, with a modified and a technically
more intricate argumentation. Here we are given a feasible solution set F and the solution set is
defined by S = {F € F : d(F) < t} and we can find a reduction by generalization as follows:

(1) For minimal blocker problems, we can set 7 := t — 1. Then, we again have that the minimal
blocker problem on the SSP derived from the LOP problem is the optimization version of
the corresponding minimum cardinality interdiction problem.
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(2) For the full decision version of interdiction, we can also set 7 := t—1. Then, the full decision
version is again a generalization of the corresponding minimum cardinality interdiction
problem due to the fact that the latter has a unit cost function c.

(3) For most vital elements problems, the situation is more complicated. We first observe that
the blocker part of B C U with ¢(B) < k is a generalization of the blocker part in minimum
cardinality interdiction. The inner part on the nominal problem deserves special attention,
though, due to the fact that the most vital element problem maximizes the objective while
minimum cardinality interdiction blocks all solutions from the solution set S. We focus on
this in the next paragraph.

Reducing Minimum Cardinality Interdiction to Most Vital Elements. The concepts of minimum
cardinality interdiction and most vital elements coincide if and only of the set S contains exactly
the optimal solutions, i.e. S = {F € F : d(F') < t*}, where t* is optimal (i.e. minimal). In order
to assure that S captures exactly the optimal solutions, we need to include this condition into
the reduction. In particular, the SSP reduction (g, f) needs to guarantee that all instances I are
mapped to instances g(I) such that all possible solutions are necessarily optimal. In other words,
t is the optimal objective value of the LOP instance g(I), since there are no feasible solutions,
whose cost is even smaller than t. We call SSP reductions that fulfill this criterion tight and
formally define them as follows.

Definition 8.3 (Tight SSP reduction). Let II; be an SSP problem and 11y = (Z,U, F,d,t) be an
LOP problem. Consider an SSP reduction (g, (f1)rez) from Iy to (the SSP problem derived from,)
IIy. The reduction is called tight if for all YES-instances I of 111, the corresponding instance
Iy = g(I1) of Uy with the associated parameter t := t2) and associated cost function d = dI2),
the following holds:

(FeF(L):dF)<t}#0 and {F € F(I) : d(F) <t—1} =0 (8.1)

All SSP reductions (to SSP problems derived from LOP problems) that can be found in
Chapter |§| fulfill this definition and are thus tight. Therefore for all LOP problems (independent
set, clique, knapsack, TSP, Steiner tree, dominating set, set cover, hitting set, feedback vertex
set, feedback arc set), we obtain that the most vital element problem is at least as hard to
compute as the minimum cardinality problem.

Vertex/Edge Deletion Problems. In this chapter, we are concerned with finding a set B such
that BN S # () for every solution S. Note that this definition is meaningful even if the nom-
inal problem is not graph-based. However, in the special case where the nominal problem is
graph-based, one could also consider a very related notion which is usually called vertez dele-
tion problem or edge deletion problem. Here, the question is how many vertices (edges) need to
be deleted from the graph until some desired property is met. Element deletion problems are
well-studied in classical complexity theory for hereditary graph properties [LY80] and in param-
eterized complexity theory for properties expressible by first order formulas [BCT24]. In the
general case, element deletion problems are not the same problem as our minimum cardinality
interdiction problem. This is because for every set of deleted elements, the underlying instance
is changed (vertices/edges are removed, which changes the graph). This is not the case for min-
imum cardinality interdiction problems as defined in this chapter. Thus, it is not possible to
transfer the results of minimum cardinality interdiction directly to element deletion problems.
Albeit for the problems of clique and independent set, the ¥5-completeness results hold for both
minimum cardinality interdiction as well as for vertex deletion interdiction. This is because
for these problems the deletion of a vertex coincides with not taking this vertex into the solu-
tion. An analogous statement holds for edge deletions for the problems of directed/undirected
Hamiltonian cycle/path, k-vertex-disjoint path, and Steiner tree.
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8.3 Invulnerability Reductions for Various Problems

In this section, we show that a lot of well-known problems satisfy the assumptions of Theorem [8:3]
i.e. it is possible to construct invulnerability reductions for them. Note that this proves the
hardness part of Theorem Let in the following C' C U(I) denote the set of vulnerable
elements, let U(I) \ C' denote the set of invulnerable elements, and %k denote the budget of the
attacker. The following SSP problems are defined by using the natural choices of (Z,U,S) and
are formally specified in Chapter [0]

Clique. We have & = V in this case. For a given graph G = (V, E), and a set C C V, we
explain how to make V'\ C invulnerable. We obtain a graph G’ from G by replacing every vertex
v € V' \ C with an independent set X, of size |X,| = k + 1. For a vertex v € C, we define
X, := {v}. For all edges uv in G, the new graph G’ contains the complete bipartite graph
between X, and X,. Note that every clique of G’ contains at most one vertex from every set
X,. Hence the size of a maximum clique is the same in G and G’. Since for v € V' \ C, we
have | X,| = k + 1 and all vertices in X, have the same neighborhood, the attacker is not able
to attack all vertices of X, at once because its budget of k is too small. Hence v has been made
“invulnerable”. Furthermore, for every clique in G, we find a corresponding clique in G’ that
contains at most one vertex from each set X,. Together, this implies that an attacker can find a
set B C V(@) of size |B’| < k interdicting all maximum cliques in G’ if and only the attacker
can find a set B C C of size |B| < k interdicting all maximum cliques of G, i.e. the assumptions
of Theorem are met.

Independent Set. Analogous to clique in the complement graph.

Dominating Set. We have &/ = V in this case. To make a vertex v € V' \ C invulnerable, we
use the same construction as for the clique problem, with the only difference that X, is a clique
instead of an independent set. Every optimal dominating set takes at most one vertex from each
set X, but all k+1 vertices inside X, are equivalent. More precisely, they have the same (closed)
neighborhood. This means for an invulnerable vertex v € V' \ C, an attacker cannot attack all
k41 vertices of X,, simultaneously. Furthermore, it is easily seen that on the vulnerable vertices,
the attacker interdicts all optimal dominating sets in the old graph if and only if the analogous
attack interdicts all optimal dominating sets in the new graph.

Hitting Set. In this case, we have some universe U, sets Y7,...,Y; C U, and the problem is
to find a minimal hitting set X C U hitting all the sets Y}, 7 = 1,...,¢. To make an element
e € U invulnerable, simply delete it and replace it by k 4+ 1 copies. We modify the sets such
that every set Y; that contained e now contains the k 4 1 copies of e instead. It is clear that
all the copies of e hit the same sets as e (i.e. taking multiple copies into the hitting set does not
offer any advantage). Furthermore, it is not possible for the attacker to attack all k£ + 1 copies
simultaneously. By an argument analogous to the above paragraphs, we are done.

Set cover. We have a ground set F, and a family F of sets Si,...,S5, C E over the ground
set. We let U := {1,...,n} and the goal is to pick a subset I C U of the indices such that
Uier Si = E. The attacker can attack up to k of the indices ¢ € I to forbid the corresponding
sets from being picked. We can make some index i € U invulnerable by simply duplicating the
set S; a total of k + 1 times.

Note that this satisfies the assumptions of Theorem [8:3] but modifies the family F such that
the same set could appear multiple times in the family. Alternatively, our construction can be
adjusted such that this is avoided. For this, we introduce k+1 new elements ey, ..., ex+1 and k+2
new elements fi,..., frt2 to the ground set E. For each invulnerable index i € {1,...,n}\ C,

we substitute S; by the k+1 sets Sl-(j) = S;U{e;} for j = 1,...,k+1. Furthermore, we introduce
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k42 new sets S := {e1,...,exq1} U{f1,-. o, fora} \ {fj} for j = 1,...,k + 2. This completes
the description of the instance. Note that the following holds: The elements {f1,..., fx4+2} are
covered by a set cover, if and only if it contains at least two sets of the form S;. Under this
assumption, all the elements {ej,...,ext1} are already covered. Hence all the different copies
Si(] ) for j=1,...,k+1 are essentially equivalent. Thus the attacker can not meaningfully attack
all these copies simultaneously. Note that the attacker can also not meaningfully attack the sets
S%, since no matter which k of them are attacked, 2 of them always remain.

Steiner tree. We have Y = E in this case. To make an edge uwv € E'\ C invulnerable, we replace
it with £+ 1 parallel subdivided edges, i.e. we introduce vertices wy, ..., wi+1 and edges uw; and
w;v fori =1,..., k+1. Every vulnerable edge uv is replaced with only a single subdivided edge,
i.e. a vertex w and edges uw,wv. It is clear that the number of edges of a minimum Steiner tree
in the new instance is exactly two times as big as before, and the edge uv has become effectively
invulnerable.

Two vertex-disjoint path. We have i/ = A in this case. The gadget is the same as for Steiner
tree, except that the construction is directed, i.e. the arc (u,v) is replaced either by the arcs
(u, w;), (wi,v) for i = 1,...,k+1 (invulnerable case) or by the two arcs (u, w), (w,v) (vulnerable
case). Since the paths in this problem have to be vertex disjoint, adding additional subdivided
arcs between two existing vertices does not produce additional solutions because traveling from
u to v renders all other paths from u to v unusable.

Feedback arc set. We have U = A in this case. Note that making some arc a = (u,v) € A\ C
invulnerable means to ensure that it can be used in a minimal feedback arc set, no matter which
k arcs the attacker chooses. This can be achieved the following way: Subdivide a into k+ 1 arcs.
Clearly, the set of cycles in the new graph stays essentially the same. Furthermore, the attacker
cannot block all k£ + 1 arcs from being chosen for the solution. Choosing one of the subdivided
pieces of a in the new instance has the same effect as choosing a in the old instance.

Feedback vertex set. We have & = V in this case. To make a vertex v € V' \ C' invulnerable,
we split it into two vertices vi, and voyt, put all incoming arcs of the old vertex v to vy, put all
outgoing arcs of the old vertex v to voyt, and connect vy, to vy With a directed path P, of k+1
vertices. Note that in the new instance, a directed cycle uses one vertex of P, if and only if the
cycle uses all vertices of P, if and only if a corresponding cycle in the old instance uses v. By an
analogous to argument to the feedback arc set case, we are done.

Uncapacitated facility location. We have &/ = J in this case, where J is the set of sites for
potential facilities. The attacker selects facility sites and forbids the decision maker to build
a facility there. To make a facility site j € J \ C invulnerable, we can simply delete the site
and replace it with k 4 1 identical sites, i.e. sites which have the same facility opening cost and
service cost functions as the original facility j. Clearly, this way the attacker can not stop one of
the equivalent facilities to be opened. On the other hand, since the facilities are identical (and
uncapacitated), the decision maker has no advantage from opening two identical copies of the
same facility. Hence the new instance is identical to the old instance, with the only difference
that facility site j is invulnerable.

p-median, p-center. The difference between the facility location problem and the p-center and p-
median problem is that in the latter two, there are no facility opening costs, at most p facilities are
allowed to be opened. The service costs in the p-center problem are calculated using a minimum,
and in the p-median problem they are calculated using the sum. All of these differences do not
affect the argument from above, i.e. one can still make a facility site invulnerable by creating
k + 1 identical facility sites. Hence the same argument holds.
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Subset Sum. We have U/ = {1,...,n} and are given numbers aj,...,a, € N and a target
value T. The question is whether there exists S C U with Zie ga; = T'. Consider some index
i € U\ C. In order to make the index ¢ invulnerable, the first idea is to copy the number a;
a total amount of k + 1 times. But there is a problem with this construction — if we do this,
then the same number a; could be picked multiple times, which is not allowed in the original
instance. We need an additional gadget to make sure that a; gets used at most once for each
i. This can be done in the following way: Choose some number B > 2k + 2 as a basis. For
each i € C, it contains the single number B**+1q;. For each i € {1,...,n}\ C, it contains the
k + 1 distinct numbers ¢ := Br(k+Dq; 4+ BG-DG+D45 for j = 0,... k as well as the k + 1
distinct numbers d¥) := Z’Z:O,#j BU-DE+DFE for j = 0,...,k and the k + 1 distinct numbers
ez(-J) = BU-DGEEDH for j = 0,..., k. We call dgj) and egj) the auxiliary numbers. The new
instance contains a total of |C| 4+ 3(k + 1)(n — |C|) numbers. The new target value is

k
T — Bn(k-l-l)T + Z ZB(i—l)(k-i-l)-i-@.
i€{l,...,n}\C £=0

Note that this has the following effect: Consider the representation of all involved numbers in
base B. Let us call the digits 0 up to n(k 4+ 1) — 1 the lower positions. Note that in the lower
positions there can never be any carry, since for every lower position, all involved numbers have
either a zero or one in that position and less than B numbers have a one in the same place. Due to
that fact, in the lower positions the target 7" is reached if and only if for every i € {1,...,n}\C,
the corresponding “bitmask” is filled out (by this, we mean the positions (¢ — 1)(k + 1) up to
i(k + 1) — 1). This is achieved if and only if for some j € {0,...,k} both the values cz(-J) and
dz(»] ) or both the values dEJ ) and egj ) are picked. In particular, at most one of the k + 1 values

cgj ) for j=0,...,k is picked. In the upper positions, the target T’ is reached if and only if the
corresponding choice in the old instance meets the target T

Consider an attack of k + 1 numbers by the attacker. For each i € {1,...,n}\ C it holds
that there exists a j such that both cz(-j ) and dl(-j ) are not attacked. Likewise there exists a J’
such that both dgj ) and el(.j ") are not attacked. That means that if ¢ is an invulnerable index,
then no matter which k + 1 values of cl(j ), dl(j ) and el(.j ) are attacked, a correct solution of subset
sum will take for some j either both cgj ) and dgj ) (which corresponds to taking a; in the original
instance) or take both d'?) and ¢!’ (which corresponds to not taking a; in the original instance).
It follows that it is possible to block the new instance by attacking k + 1 values if and only if it is
possible to block the old instance by attacking k + 1 of the vulnerable values. This was to show.
Finally, if the old numbers a1, ..., a, are pairwise distinct, the new numbers are distinct as well.

Hence the interdiction problem for subset sum is 3X5-complete, even if all involved numbers are
distinct.

Knapsack. The knapsack problem can be seen as a more general version of the subset sum
problem, by creating for each ¢ from the subset sum instance a knapsack item with both profit
p; = a; and weight w; = a;, and setting both the weight and profit threshold to 7. Hence the
Y2-completeness of MIN CARDINALITY INTERDICTION-KNAPSACK follows as a consequence of
the X8-completeness of MIN CARDINALITY INTERDICTION-SUBSET SUM. This holds even if all
the involved knapsack items are distinct.
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8.3.1 An Invulnerability Reduction for Hamiltonian Cycle

The invulnerability gadget for Hamiltonian cycle is the most involved of all our constructions,
hence we devote a subsection to it. The main result in this section is that the minimum cardinality
interdiction problem is ¥5-complete for the nominal problems of both directed and undirected
Hamiltonian cycle and path, as well as TSP.

We present our reduction for the case of undirected Hamiltonian cycle and then argue how it
can be adapted to the other cases. The main idea is to consider 3-regular graphs G = (V, E) as
an intermediate step, and then for a subset C C E show how E \ C can be made invulnerable.
To this end, consider the SSP problem 3REG HaM:

3REG HAaM
Instances: Undirected, 3-regular Graph G = (V, E)
Universe: U := E.
Solution set: The set of all Hamiltonian cycles in G.

In Chapter 9] it is shown that HAMILTONIAN CYCLE is SSP-NP-complete. We now require
the following stronger statement.

Lemma 8.1. 3REG HAM is SSP-NP-complete.

Proof. Garey, Johnson & Tarjan [GJT76] give a reduction from 3SAT to 3REG HAM, such that
for every variable z; in the 3SAT instance the graph G has two distinct edges e(z;) and e(%;)
(compare Figure 7 in [GJT76]). Let E' := | J,{e(x;), e(Z;)} be the set of all these edges. For some
assignment « of the 3SAT variables, we say that « corresponds to the edge set F, defined by
{e(x;) : a(z;) = 1} U{e(T;) : a(x;) = 0}. Garey, Johnson & Tarjan show that there is a bijection
between satisfying assignments and edge sets E” C E’ that can be subset of a Hamiltonian
cycle. More formally: 1.) For every satisfying assignment «, if one considers the set E, C E’ of
edges corresponding to that assignment, there exists a Hamiltonian cycle H extending F,, i.e.
HNE = E,. 2.) For every Hamiltonian cycle H, we have that H N E’ equals E, for some
satisfying assignment . In total, 1.) and 2.) together show that the reduction in [GJTT76] is an
SSP reduction by defining f(z;) := e(x;) and f(T;) := e(T;). O

We remark that it follows from [ANS80, [GJT76] by the same argument that the problem is
even SSP-NP-complete if restricted to 3-regular, bipartite, planar, 2-connected graphs. However,
for our arguments it suffices to consider 3-regular graphs.

Consider now an instance of 3REG HAM, i.e. a 3-regular undirected graph G = (V, E). Let
C C E be a subset of the edges and k € Ny the attacker’s budget. We call C' the vulnerable
edges. Let D := E\ C. In the remainder of this section we describe and prove a construction how
to make the edges in D invulnerable. We quickly sketch the main idea: To make an edge e = ab
invulnerable, we enlarge it by replacing it with a large clique W/, making sure that e can be
traversed no matter which k edges inside W, are attacked. We also blow up each vertex a of the
original graph into a clique W,. However, this introduces new vertices into the instance, and we
need to make sure that a Hamiltonian cycle can always trivially visit all the new vertices. At the
same time however, it should still hold that a Hamiltonian cycle in the new graph should be able
to enter and exit these new objects W, and W/, at most once, since otherwise a corresponding
cycle in the old graph G would visit edges or vertices twice, which is of course forbidden. We
achieve this by associating to each edge e = ab a star Fy; and argue that a Hamiltonian cycle
can use at most one edge of each star Fj,. Furthermore, we will show that the fact that G is
3-regular implies that each clique W, can be traversed only once.
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Figure 8.1: Invulnerability gadget for Hamiltonian cycle which makes the edge ab invulnerable
while the edge ac remains vulnerable.

We are ready to begin with the construction. Let the directed graph 8 result from G by
orienting its edges arbitrarily. We construct an undirected graph G’ = (V’, E’) from G as follows:
Let n := |V(G)|. For each vertex a € V(a), let d, be the out-degree of a, and let W, be a set
of 2d, + 4k + 1 vertices. For each invulnerable edge ab € D in the old graph G, let W/, be a set
of 4k vertices. The vertex set V(G’) of the new graph G’ is then defined by

ve)=Jw.u | Wy

a€eV abeD

We further partition W, into three disjoint parts W, = X, UY, U {z,} of size |X,| = 2d, and
|Ya| = 4k and [{z,}] = 1. We denote the vertices of X, by x§“), o 795;(;1'

The edges of G’ are defined as follows: First, we let W, be a clique for all v € V. Second,
for each vertex a € V(G), let eq,...,eq, be its outgoing edges. For each i = 1,...,d,, consider
the i-th outgoing edge e; = (a,b) of a, where b is the corresponding neighbor. If ¢; € C, i.e. ¢;
is vulnerable, then G’ contains simply the single edge xg?_lzb. In the other case, i.e. e; € D is
invulnerable, then G’ contains an invulnerability gadget as depicted in fig. induced on the

vertices {zg‘zzl, zgz)} U W/, U{z}. The invulnerability gadget consists of a clique on the vertex

set {chf)_l,xg;)} U W/,, together with all edges from the set W/, to the vertex z, i.e. a star
graph centered at z;, that has W/, as its leaves. Let F,;, denote this star graph. Finally, for all

vulnerable edges ab € C, we also define Fy;, to be the single edge ;vg;)_lzb that connects W, to
Wy. This can be interpreted as a trivial star centered at z, with only one leaf. This completes
the description of G”.

The overall idea of this construction is that the cliques of W, cannot be attacked because
they have at least k vertices. Thus it is always possible to find a path visiting all vertices of
W,. Additionally, a star F, of size larger than k makes the edge ab € E invulnerable because at
most k edges can be attacked. Thus there is always the possibility to travel over one edge of Fyy
which corresponds to using edge ab in the original graph. On the other hand, since every edge of
the star is connected to the same vertex z, we have that the star Fy, can be used (essentially)
exactly once. Thus only the stars of size one (which correspond to the vulnerable edges) are
attackable. We now have everything that we need to prove our main result of this section.

Theorem 8.5. Minimum cardinality interdiction for UNDIRECTED HAMILTONIAN CYCLE is ¥5-
complete.
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Proof. Due to Chapter @ and Lemma we have that CoMB. INTERDICTION-3REG HAM
is Xf-complete. We claim that the construction of G’ yields a correct reduction from COMB.
INTERDICTION-3REG HAM to MIN CARDINALITY INTERDICTION-HAMCYCLE. Indeed, the fol-
lowing two Lemmas [8:2] and [8:3] show that YEs-instances of one problem get transformed into
YES-instances of the other problem. O

We remark that the 3-regularity of the graph is not maintained by the reduction. Indeed, an
argument similar to the arguments given later in Section shows that the interdiction problem
for Hamiltonian cycle restricted to only 3-regular graphs is likely not 35-complete.

Lemma 8.2. If there exists B C E' of size |B'| < k, such that G’ — B’ has no Hamiltonian
cycle, then there is B C C of size |B| < k such that G — B has no Hamiltonian cycle.

Proof. Proof by contraposition. Assume that for all B C C with |B| < k the graph G — B has a
Hamiltonian cycle H. Given some B’ C E’ with |B’| < k, we have to show that the graph G’ — B’
has a Hamiltonian cycle. Let B C C be the set of vulnerable edges in G whose copies in G’ are
attacked by B’ (i.e. B={abe C: F,, € B'}). Since B C C and |B| < k, by assumption G — B
has a Hamiltonian cycle H. We want to modify H to a Hamiltonian cycle of H' of G’ — B’. The
basic idea is to follow the same route in G’ as H does in G. However, we have to pay attention,
because we are not allowed to use edges from B’. We call a vertex in G’ attacked, if at least
one of its incident edges is attacked by B’, and call it free otherwise. Note that since |B'| < k
and |Y,| = 4k and |W/,| = 4k for a € V,ab € E, the vertex sets Y, and W/, have at least 2k
free vertices. Free vertices are good for the following reason: Whenever we plan to go from some
vertex u to v in G’, but we cannot because uv € B’ was attacked, then we can instead choose
any free vertex f and go the route u, f,v instead. Now the plan is that H’ will roughly employ
the following strategy: Follow the same path in G’ like H does in G. That is whenever H' enters
some new set W, for the first time, then we first visit all the sets W/, for all out-neighbors b of

a in 8 if and only if ab ¢ H. Note that for such b, the set W/, has two adjacent vertices with
W, (we use these two vertices to enter and leave), and we collect all the vertices of W/,. Here,
we prioritize to visit first the attacked vertices of W/, and then the remaining vertices of W7,.
After that, we collect all remaining vertices of W, (again prioritizing the attacked vertices first)
before leaving W,. (If the path on which we are leaving W, corresponds to an invulnerable edge
ab in G, we also collect all of W/, in the process of leaving W,,.)

Note that this plan might at first not be feasible, because it requires going over some edge
e’ € B’. However note that, since H does not use any edge of B, for every such edge e’ there
are always at least 2k free vertices that are adjacent to both endpoints of ¢’. Hence it is possible
to “repair” such an edge e’ by rerouting over some free vertex instead (and later skip this free
vertex). Since there are at most k defects, and there are at least 2k free vertices available at the
end of traversing every set W, or W/, all defects can be repaired. Hence we can modify H’' to
be a Hamiltonian cycle of G’ — B’, which was to show. O

Lemma 8.3. If there exists B C C of size |B| < k, such that G — B has no Hamiltonian cycle,
then there is B’ C E' of size |B’| < k such that G' — B’ has no Hamiltonian cycle.

Proof. Proof by contraposition. Assume that for all B’ C E’ of size |B’| < k the graph G’ — B’
has a Hamiltonian cycle. Given some B C C with |B| < k, we have to show that the graph
G — B has a Hamiltonian cycle. Let B’ be the trivial stars in G’ corresponding to the edges in
B (i.e. B' = {F, : ab € B}). Since |B'| < k, by assumption there is a Hamiltonian cycle H’
in G — B’. Consider the set F' := (J,;cp E(Fap), i.e. the union of the edge sets of all the stars,
trivial or not.
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We claim that w.l.o.g. we can assume that |[H' N Fy,| < 1 for all ab € E. Indeed, the graph
G’ —F consists out of multiple connected components. Each of these components contains exactly
one set of the form W,, for a € V(G), and is incident to exactly three sets of the form F, in G’

(where e € E(G) is an edge that is either incoming to or outgoing from a in 8) Suppose for
some Fy;, we have |H' N Fy,| > 2. Since Fy, is a star graph centered around the single vertex zp,
we have |H' N F,p| = 2. Consider the edge ab € E(G) such that F,j, connects the vertex z, with
W!,. By the observation about G’ — F, the following is true about H’: It enters W/, in one of
the two vertices attached to X,, then traverses exactly all of W/, U{z}, then leaves through the
other of the two vertices attached to X,, and at a later point returns to collect all vertices of Xj.
However, by the same observation as in Lemma [8:2] if we define a free vertex to be a vertex not
adjacent to any edge in B’, then both W/, and W, have 2k free vertices. Hence we can modify
H' such that H' N Fy, = 0. We thus assume that |[H' N Fy| < 1 for all ab € E.

Consider again the graph G’ — F. Since each of its component is adjacent to three sets F, and
|H' N F.| <1, we conclude that H’ uses exactly two of these three sets F,. But this implies that
H'’ enters and exits each of the components of G’ — F only once and collects all of its vertices in
the process. This implies that H' globally follows the same path as some Hamiltonian cycle H
of G. Since H' C E' — B’, we conclude H C E¥ — B. This was to show. O

These two lemmas together prove Theorem We would now like to prove ¥5-completeness
also for Hamiltonian cycle interdiction of directed graphs. Note that this does not follow from
a trivial argument: Even though one can transform an undirected graph into a directed one, by
substituting every undirected edge uv by two directed arcs (u,v), (v,u), there is a problem: In
the new setting the interdictor needs two attacks to separate wu,v, while in the old setting the
attacker only needs one.

Still, the above proof can be adapted to the case of directed Hamiltonian cycle the following
way: We start with [Ple79], which provides an SSP reduction to prove that the Hamiltonian cycle
problem is NP-complete even in directed graphs G such that indegree(v) + outdegree(v) < 3 for
every vertex v, and such that for all pairs u, v of G at most one of the two arcs (u,v) and (v, u)
is present. Given a directed graph G, we then repeat the same construction as before, with the
difference that we can start directly with the directed graph G instead of obtaining an orientation

first. This way, we can obtain an undirected graph G’ in the same way as before. In a final
step, we turn G’ into a directed graph by substituting every undirected edge uv by a pair of
two arcs (u,v), (v,u). We perform this substitution for every edge of G’ with the exception of
the edges that are part of some star Fj;,. Instead, for each star Fy;, we orient the edges of Fyy
the same way as the original arc of G between a,b. It can be shown that all the arguments
from the above construction still hold. Hence the minimum cardinality interdiction problem is
Y-complete also for directed graphs.

If one is interested in Hamiltonian paths instead of cycles, a similar modification is possible.
Inspecting the proof of [GITT6] (or [Ple79], respectively) more closely, we find that in both
constructions the graph G contains some edge e = uv (some arc e = (u,v), respectively) such
that every Hamiltonian cycle uses e. We can delete e and identify the vertices s,t with the
endpoints of e. Then a Hamiltonian s-t-path in the new graph corresponds to a Hamiltonian
cycle in the old graph and vice versa. Note that this does not increase the degree of the graph.
The rest of the proof proceeds in the same manner, both in the undirected and directed case.
Finally, the proof can also easily be adapted to the TSP by a standard reduction of undirected
Hamiltonian cycle to the TSP (a graph G is transformed into a TSP instance on the complete
graph where the costs obey c(uv) = 1 if ev € E(G) and c(uwv) = n+ 1 if uv ¢ E(G)). In
conclusion, we have proven that the minimum cardinality interdiction problem is ¥5-complete
for the directed/undirected Hamiltonian path/cycle problem and the TSP.
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8.4 Cases where the meta-theorem does not apply

It would be nice to establish a meta-theorem providing ¥5-completeness of the minimum cardi-
nality interdiction version of all nominal problems, which are SSP-NP-complete, instead of only
those problems that admit an additional function g with properties as stated in Theorem [8.3]
However, we show in this section that this is not possible. In order to classify problems that do
not admit this function g, we provide a lemma that guarantees that the minimum cardinality
version of a problem in SSP-NP is in coNP. Therefore, under the usual complexity-theoretic
assumption NP # X8 the interdiction problem is not Xf-complete.

In order to provide an intuition under which circumstances a minimum cardinality interdiction
problem resides in the class coNP, we examine the vertex cover problem. In a vertex cover, every
edge uv needs to be covered by at least one of the two incident vertices u© and v. This, however,
gives the attacker the opportunity to attack both w and v such that the edge uv can never be
covered. Therefore, an attacker budget of at least 2 results in a clear YES-instance. On the other
hand, if the attacker budget if at most 1, we can provide a certificate for NO-instances. We can
summarize this observation in the following lemma.

Lemma 8.4. Let 11 = (Z,U,S) be an SSP problem. If in each instance I € T there is a subset
U’ CU(T) of constant size, i.e. |U'| = O(1), such that for U'NS # O for all S € S(I), then MIN
CARDINALITY INTERDICTION-II is contained in coNP.

Proof. Let k be the interdiction budget. If |U’| < k, then the interdictor is able to block the
whole set U’. By definition of U’, there is no solution S € S(I) such that U’ NS # () and thus
the interdictor has a winning strategy. If on the other hand k < |U’| = O(1), then there is
a polynomially sized certificate encoding a winning strategy of the defender, i.e. a certificate
for a No-instance of the problem. For this, we first encode the (lug)‘) = [U(I)|°M) possible
blockers B’ C U(I) and then the solution S € S(I) such that SN B’ # 0 for all B’ CU(I). It is
possible to efficiently verify the solution by checking whether there is a solution S € S(I) such
that SN B’ # @ for all B’ C U(I) holds because the nominal problem II is in NP. It follows that
the problem lies in coNP. 0

Consider the different variants of interdiction problems introduced in Subsection [8:2.2] Since
they are more general, Lemma does not immediately imply that those variants are contained
in coNP. However, if for each instance the stronger condition U’ N F # () for all feasible solutions
F € F(I) and for some constant size set U’ C U(I) holds, then the full decision variant of
interdiction is contained in coNP. To prove this, we can employ the same strategy as in Lemma[8.4]
while substituting the solutions S by the feasible solutions F.

This also has direct consequences on the minimal blocker problem and the most vital elements
problem. On the one hand, the minimal blocker problem can be efficiently solved given an oracle
for the full decision variant. On the other hand, the most vital elements problem can be solved
by trying out all possible blockers B’ C U(I) as in Lemma If k < |U’'| = O(1), all blockers
can be searched for the optimal blocker. If k& > |U’|, then all feasible solutions can be blocked
resulting in maxp ming prp—g d(F) = oo because U' N F # () holds for all feasible solutions
F e F(I).

Besides the containment in coNP, we can also derive the following corollary pinpointing the
complexity of minimum cardinality interdiction problems whose nominal problem is in SSP-NP.

Corollary 8.1. Let II = (Z,U,S) be an SSP-NP-complete problem. If in each instance I € T
there is a subset U' C U(I) of constant size, i.e. |U'| = O(1), such that for U' NS # O for all
S € §(I), then MIN CARDINALITY INTERDICTION-II is coNP-complete.
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Proof. There is a reduction by restriction: Setting the interdiction budget k& = 0 results in the
corresponding co-problem coll of the nominal problem II. O

8.4.1 Applying the Lemma to Various Problems

In this section, we apply Lemma [84] to the problems mentioned earlier in this chapter. Some of
the problems are affected in their original general form, e.g. vertex cover or satisfiability, while
for others the lemma can be applied on a restricted version such as independent set on graphs
with bounded minimum degree. For this, we shortly describe the problem and then give the
argument on how the lemma is applicable.

Vertex Cover. An instance of the vertex cover interdiction problem consists of a graph G and
numbers ¢,k € Ny. The question is if the attacker can find a set B C V(G) with |B| < k such
that BN S # () for every vertex cover S of size at most ¢. Now, observe that if £ > 2 (and the
graph is non-empty), the attacker can easily find such a set B by selecting two adjacent vertices.
Thus, Lemma applies by defining U’ = {u, v} for some edge uv € E(G). Observe that this
not only destroys the solutions S € S(I) but also all feasible solutions F' € F(I). Thus the
minimum cardinality interdiction version and the full decision variant of interdiction of vertex
cover are coNP-complete.

Satisfiability. An instance of the satisfiability interdiction problem consists out of a formula in
CNF over the variables X = {x1,...,2,}, with the literal set as universe, i.e. Y = X U X, and
interdiction budget k. A similar issue as in vertex cover interdiction arises here: If & > 2, the
interdictor can just choose for some i € {1,...,n} to attack both literals z;, T;. Every satisfying
assignment (of non-trivial instances) contains either x; or T;, hence this is a successful attack.
Thus, Lemma applies by defining U’ = {z, T} for some literal pair 2,Z € Y. Again, this also
destroys all feasible solutions F' € F(I). Thus the minimum cardinality interdiction version and
the full decision variant of interdiction of satisfiability are coNP-complete.

Independent Set on graphs with bounded minimum degree. An instance of the independent
set interdiction problem consists of a graph G = (V, E) with universe U = V, a threshold ¢
and an interdiction budget k. The question of the independent set problem is if there is a set
I C V such that all vertices in I do not share an edge. We now take the vertex d of bounded
degree into consideration. If the attacker attacks the closed neighborhood Nd] of d, all (optimal)
solutions S € S can be interdicted and thus Lemma [8.4]is applicable. Thus minimum cardinality
interdiction independent set on graphs with bounded minimum degree is coNP-complete. In
contrast to the other problems, this statement is not true for general feasible solutions F' € F(I).
Hence we do not obtain a result for the variants from Subsection B.2.21

Dominating Set on graphs with bounded minimum degree. An instance of the dominating
set interdiction problem consists of a graph G = (V, E) with universe U = V, a threshold ¢
and an interdiction budget k. The question of the dominating set problem is if there is a set
D C V of size at most ¢ such that D dominates all vertices of vertex set V. In other words, the
union of the neighborhoods of the vertices in D is the vertex set V, i.e. |J,cp N[v] = V. Again
we consider a vertex d of bounded degree. Then, we can define the set of constant size to be
U’ = N|[d]. All feasible solutions F' € F have to include some vertex from U’ (otherwise d would
not be dominated). Thus Lemma is applicable to dominating set. Accordingly, the minimum
cardinality interdiction version and the full decision variant of interdiction of dominating set on
graphs with bounded minimum degree are coNP-complete.

Hitting Set with bounded minimum set size. An instance of hitting set interdiction consists of
a ground set {1,...,n} and m sets S; C {1,...,n} as well as a threshold ¢ and an interdiction
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budget k. The universe is defined by & = {1,...,n}. The question of the hitting set problem is
whether there is a hitting set H C {1,...,n} of size at most ¢ for the sets S;, that is, HNS; # 0
for 1 < j < m. We can apply Lemma[8.4]by defining U’ to be the set of constant size |S,| = O(1).
Then, the attacker is able to block all elements of the set S, such that it is not hittable, which
interdicts all feasible solutions F' € F. Therefore the minimum cardinality interdiction version
and the full decision variant of interdiction of hitting set with bounded minimum set size are
coNP-complete.

Set Cover with bounded minimum coverage. An instance of the set cover interdiction problem
consists of sets S; C {1,...,m} for 1 <4 < n, a threshold ¢ and an interdiction budget k. The
universe is defined as the sets {S; : 1 < i < n}. The question of the set cover problem is whether
there is selection S C {S1,..., Sy} of size at most k such that (J,.gs = {1,...,m}. If there is
an element e € {1,...,m} of bounded coverage, i.e. there is a constant number of S;, 1 < i < n,
with e € S;, then the attacker can attack all of these sets S;. Thus, we can apply Lemma [8-7]
by choosing U’ = {S; | e € S;} and all feasible solutions F' € F are blockable. Accordingly, the
minimum cardinality interdiction version and the full decision variant of interdiction of set cover
with bounded minimum coverage are coNP-complete.

Steiner Tree on graphs with bounded minimum degree of terminal vertices. An instance of
the Steiner tree interdiction problem consists of a graph G = (SUT, E) of Steiner vertices S and
terminals 7', edge weights ¢ : E — N, a threshold ¢ and a interdiction budget k. The universe
is the edge set Y = E. The question of the Steiner tree problem is if there is a tree £’ C E of
weight ¢(FE’) < t such that all terminal vertices T are connected by E’. If there is a terminal
vertex d € T of bounded degree, then all incident edges build up a set U’ = {dv € E} on which
we can apply Lemma This blocks all feasible solutions F € F. Therefore, the minimum
cardinality interdiction version and the full decision variant of interdiction of Steiner tree on
graphs with bounded minimum degree of terminal vertices are coNP-complete.

Two Vertex-Disjoint Path on graphs with bounded degree. An instance of the two vertex-
disjoint path interdiction problem consists of a directed graph G = (V, A), vertices s1, s2,t1,t3 €
V and interdiction budget k. The universe is the arc set & = A. The question is if there are two
paths Py, P, C A such that P; starts at s; and ends at ¢; and both paths P; and P, do not share
a vertex. If the the graph has bounded degree, we can choose any of the vertices that have to
be included in on of the paths, e.g. s1, and include all the incident arcs in U’ = {(s1,v) € A}
such that we can apply Lemma This blocks all feasible solutions F' € F. Accordingly,
the minimum cardinality interdiction version and the full decision variant of interdiction of two
vertex-disjoint path on graphs with bounded degree are coNP-complete.

Feedback Vertex Set on graphs with bounded girth. An instance of the feedback vertex set
interdiction problem consists of a directed graph G = (V, A), a threshold ¢ and interdiction
budget k. The universe is the vertex set 4 = V. The question of feedback vertex set is if
there is a set V/ C V such that the graph is cycle free. Accordingly, if the graph has bounded
girth, there is a cycle of bounded length, which the attacker can attack or in other words,
the cycle cannot be deleted by the defender by choosing a corresponding vertex to be in the
feedback vertex set. Thus all feasible solutions F' € F are blockable by applying Lemma [8:4]
with U’ = {v € V | v is part of the smallest cycle in G}. Therefore, the minimum cardinality
interdiction version and the full decision variant of interdiction of feedback vertex set on graphs
with bounded girth are coNP-complete.

Feedback Arc Set on graphs with bounded girth. An instance of the feedback arc set interdic-
tion problem consists of a directed graph G = (V, A), a threshold ¢ and interdiction budget k.
The universe is the arc set if = A. The question of feedback arc set is if there is an arc set A’ C A
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such that the graph is acyclic. We can use the same argument as in feedback vertex set. That
is, the attacker can choose the arcs of the smallest cycle in G. Thus all feasible solutions F' € F
are blockable by applying Lemma with U’ = {a € A | a is part of the smallest cycle in G}.
Therefore, the minimum cardinality interdiction version and the full decision variant of interdic-
tion of feedback arc set on graphs with bounded girth are coNP-complete.

Uncapacitated Facility Location, p-Center, p-Median with bounded minimum customer cov-
erage. An instance of the minimum cardinality interdiction version of these three problems
consists of a set of potential facilities F' and a set of clients C' together with a cost function on
the facilities f : F — N and a service cost function ¢ : F' x C' — N as well as a threshold ¢ and an
interdiction budget k. The universe is the potential facility set & = F' and it is asked for a set of
facilities F’ C F not exceeding the cost threshold ¢. If the coverage of one customer is bounded,
i.e. there is a bounded number of potential facilities that are able to serve the customer, the
attacker is able to block all of these. Thus we can define U’ as the set of potential facilities that
are able to serve the customer of bounded coverage such that all feasible solutions F' € F can
be interdicted. Therefore, we can apply Lemma and the minimum cardinality interdiction
version and the full decision variant of interdiction of these three facility locations problems with
bounded minimum customer coverage are coNP-complete.

Hamiltonian path/cycle (directed/undirected), TSP on graphs with bounded minimum de-
gree. An instance of the minimum cardinality interdiction version of these problems consists of
a graph G = (V, E) (respectively G = (V, A) in the directed case) and an interdiction budget
k. The universe is the set of edges U = E (respectively the set of arcs U = A). The question
is whether there is a Hamiltonian path or cycle in G, i.e. a path/cycle that visits every vertex
exactly once. Because there is a vertex d of bounded degree which has to be visited, we can define
the set of constant size U’ = {dv € E} (respectively U’ = {(d,v), (v,d) € A}). If the set U’ is
blocked it is not possible to visit the vertex, thus all feasible solutions F' € F can be interdicted.
Therefore, we can apply Lemma [84] and the minimum cardinality interdiction version and the
full decision variant of interdiction of these five Hamiltonian problems on graphs with bounded
minimum degree are coNP-complete.

8.4.2 Satisfiability with Universe over the Variables

In the previous subsection we explained why minimum cardinality interdiction-SAT is contained
in coNP, hence likely not ¥5-complete. Note that this is a consequence of our choice of definition
of SATISFIABILITY, where we explicitly defined the universe to be the literal set L = X U X. As
a consequence, the interdictor may attack X U X.

SATISFIABILITY (U = L)
Instances: Literal Set L = {x1,...,2,} U{Z1,...,Z,}, Clauses C C 2%
Universe: L =:U.
Solution set: The set of all sets L' C U such that for all i € {1,...,n} we have |L' N
{¢;,0;}] = 1, and such that |[L' N¢;| > 1 for all ¢; € C.

An interesting behavior occurs, when we consider the following alternative version SATISFIABIL-
ITY (U = X).

SATISFIABILITY (U = X)
Instances: Variable Set X = {z1,...,2,}, Clauses C' C 2XYX
Universe: X =: U.
Solution set: The set of all sets X’ C U such that the assignment o : X — {0,1} with
a(x) =1+ z € X’ satisfies all clauses in C'.
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Here the universe is only the variable set X, so in the interdiction version, the interdictor may only
attack X, i.e. the interdictor may target individual variables and enforce that they must be set
to false. We show now that in contrast to the variant, where the universe is the literal set, in this
new variant the interdiction problem is ¥5-complete again. Since the problem SATISFIABILITY
(U = X) is not part of the original problem set of Chapter EL we perform this proof in two steps.

Lemma 8.5. SATISFIABILITY (U = X) is SSP-NP-complete, even when all clauses are restricted
to length at most three.

Proof. We provide an SSP reduction from the SSP-NP-complete problem SATISFIABILITY (U =
L) to SATISFIABILITY (U = X). Consider an instance of SATISFIABILITY (U = L) given by
a formula ¢ with n variables X = {x1,...,2,} and universe/literal set Y = L = X U X.
SATISFIABILITY (U = L) is SSP-NP-complete even when all clauses are restricted to length
three, so let us w.l.o.g. assume that property. We have to show how to embed this universe into
the universe U’ of some corresponding SATISFIABILITY (4 = X) instance @', where only positive
literals are allowed in U’. This can be done the following way: We introduce 2n new variables
X' = {at,..., 2ty U{a,. .. zf}. The universe U’ := X’ consists out of the 2n corresponding
positive literals X’. The new formula ¢’ is defined from ¢ in two steps. First a substitution
process takes place: For each ¢ = 1,...,n, the positive literal x; is replaced by the positive literal

z! and each negative literal T; is replaced by the positive literal :17{ . In a second step, the clauses
f

(xt v f{) A (@t v x{) (note that these are equivalent to z! & z]) are added to ¢’. Formally,

(zt vzl A @ v

¢’ = substitute(p) A

<.

i=1

The SSP reduction is completed by specifying the embedding function f : U — U’ via f(z;) := x!

and f(T;) = x{ . Clearly all clauses of ¢’ have length at most three. Note that this reduction
is a correct reduction, i.e. it transforms YES-instances into YES-instances and NO-instances into
NO-instances, because the added constraints make sure that exactly one of z! and xzf is true.
Furthermore, it has the SSP property: For every solution S C U of SATISFIABILITY (U = L),
the “translated” set f(S) C U’ is a solution of SATISFIABILITY (U = X). Furthermore, for every
solution S C U’ of SATISFIABILITY (U = X)), the set f~1(S) C U is a solution of SATISFIABILITY
(U = L). Accordingly, we have a correct SSP reduction (where the SSP mapping f is even
bijective due to f(U) =U’). O

Theorem 8.6. MIN CARDINALITY INTERDICTION-SATISFIABILITY (U = X)) is ¥5-complete.

Proof. By the previous lemma, SATISFIABILITY (U = X ) is SSP-NP-complete, even if all clauses
are restricted to length three. Due to Chapter [4} the problem COMB. INTERDICTION-SATISFIA-
BILITY (U = X)) is X5-complete, even if all clauses are restricted to length three. We provide a
reduction from the latter problem in terms of an invulnerability gadget analogous to the gadgets
presented in Section For this, consider an instance of SATISFIABILITY (U = X ) with formula
© in CNF and every clause of length three, together with the universe U = {z1,...,2,}, a set
C C U of vulnerable literals, and interdiction budget k& € Ny. For every variable z; € U \ C, we

explain how to make z; invulnerable. We introduce k + 1 new variables x(l), .. .a:Z(-kH). Our goal

i
is to establish the equivalence

T = %(1) VeV CL’Ek—H).
We can achieve this through means of the following substitution process starting from formula (:

k+1)

Every occurrence of z; in the formula gets substituted by scl(-l) VeV 335 . Every occurrence of
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T; gets substituted (by De Morgan’s law) by (@(—1) A A fgkﬂ)). Note that this has two effects:
First, the length of a clause may now exceed 3. Secondly, the formula is not in CNF anymore.
Note however that we can use the distributive law to expand every clause that is not in CNF. Since
before each clause before had a length of at most three, this results in a blow-up of the instance
size of a factor at most (k+1)3, i.e. at most a polynomial factor. Let ¢’ be the resulting formula.

We can see that there is an equivalence of the satisfying assignments of ¢ and ¢/, in the sense that
(k+1)

x; is true in @ if and only if a:l(l) VeV, is true in ¢’ (for all invulnerable x;). However, since

the interdiction budget is only £, the interdictor can never enforce :cz(-l) ARERY zgkﬂ) to be false
for all invulnerable variables. This shows that COMB. INTERDICTION-SATISFIABILITY (U = X))
reduces to MIN. CARDINALITY INTERDICTION-SATISFIABILITY (U = X ), hence proving its X5-

completeness. (|

Note that the reasoning presented in this proof was slightly different from Theorem [8.3] since
we start with a formula where every clause has length three, but do not preserve this property
during the proof. Hence Y5-completeness is only shown in the case where clauses can have
unrestricted length.

We can use an argument similar to Lemma to show the coNP-completeness of the mini-
mum cardinality interdiction version, the full decision variant of interdiction and the most vital
elements problem of 3-SATISFIABILITY (U = X)), i.e. with clauses of length bounded by 3. In-
deed, it is easy to see that the interdiction problem of SATISFIABILITY (U = X ) where every
clause has length 3 is coNP-complete: If k& > 3 holds for the interdiction budget, the attacker
distinguishes two cases: If there is a clause with three positive literals, the attacker blocks all
of them and immediately wins. In the other case, every clause has at least one negative literal.
Then the attacker can never win, since the defender can set every variable to false, which is a
satisfying assignment that can never be blocked. By an analogous argument, we can see that for
any constant b > 3, the interdiction problem of SATISFIABILITY (U = X ) with clauses restricted
to length b is coNP-complete.

Finally, we remark that slightly different variants of interdiction-3-Sat have been shown to
be Y-complete. In these variants, the interdictor does not have access to all variables (see
Chapter [ or [JKZ24al, Thm. 1]).
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Chapter 9

SSP Reduction Compendium

In this chapter, we present a multitude of SSP-NP-complete problems. For this, we provide SSP
definitions of all the corresponding problems, i.e. for each SSP problem we describe its set Z of
input instances, as well as the universe U(I) and solution set S(I) associated to each instance
I € Z. We show SSP reductions between all the problems, hence proving that all considered
problems are contained in the class SSP-NPc. In this chapter, we distinguish between SSP
problems which are derived from an LOP problem, and those which are not (see Subsection
for an explanation). If the SSP problem is derived from an LOP problem, we additionally provide
the set F(I) of feasible solutions. In all of these cases, the cost function d/) and the threshold
t of the original LOP problem can be derived from the context.

All reductions presented in this chapter are already known and can be found in the literature.
For each existing reduction, we shortly describe the known reduction g : Z — Z’ as well as the
functions (f1)rez : U(I) — U'(g(I)). However, for the sake of conciseness, we do not always show
the correctness of the original reductions explicitly and focus only on the correct embedding into
the SSP framework. In Figure the tree of all presented reductions can be found, beginning
at SATISFIABILITY, which is defined as follows. We heavily use the transitivity of SSP reductions

(Lemma .

SATISFIABILITY
Instances: Literal Set L = {¢,...,0,} U{ly,...,¢,}, Clauses C C 2F.
Universe: L =:U.
Solution set: The set of all sets L' C U such that for all ¢ € {1,...,n} we have |L' N
{€;,0;}] = 1, and such that |L' N¢;| > 1 forall ¢; € C, j € {1,...,|C|}.

SAT

JSAT

*4"’7’/44"ﬂ’/44”7’/44”7’/44"’7;;BSE1 S;zj::::::jiiiijiifi:::;255i;§\$ STEINER
// \/\ TREE
SC*® HS FVS FAS UFL p-CENTER P-MEDIAN CIIQUF KNAPSAQK PARTITION DHAMCY(, KDDP

SCHEDULING UHAMCYC

TSP

Figure 9.1: The tree of SSP reductions for all considered problems.
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With the tree of SSP reductions shown in Figure we derive the following theorem.

Theorem 9.1. The following problems are SSP-NP-complete: SATISFIABILITY, 3SATISFIABILITY,
VERTEX COVER, DOMINATING SET, SET COVER, HITTING SET, FEEDBACK VERTEX SET,
FEEDBACK ARC SET, UNCAPACITATED FACILITY LOCATION, P-CENTER, P-MEDIAN, INDEPEN-
DENT SET, CLIQUE, SUBSET SUM, KNAPSACK, PARTITION, SCHEDULING, DIRECTED HAMIL-
TONIAN PATH, DIRECTED HAMILTONIAN CYCLE, UNDIRECTED HAMILTONIAN CYCLE, TRAV-
ELING SALESMAN PROBLEM, TwWO DIRECTED VERTEX DISJOINT PATH, k-VERTEX DIRECTED
DisJOINT PATH, STEINER TREE

Besides the standard SSP reductions, we also provide blow-up SSP reductions and blow-up
preserving SSP reductions as discussed in Section [7:4 The tree of the corresponding blow-up
(preserving) reductions can be found in Figure

SA1
SSAT \
"/SUBSLT Sum DHAMPATH 2DDP * STEINER

TREE
DS4¢sctHS FVS FAS UFLPCENTERPI\IEDIAN CLIQUE KNAPSACK PARTITION DHamMCyc kDDP
SCHEDULING UHAMCYC
TSP
Figure 9.2: The tree of SSP reductions for all considered problems. While solid edges indicate

that there is a blow-up SSP reduction between the problems, dotted edges represent a blow-up
preserving SSP reduction between the problems.

The presentation of the SSP problems and reductions is structured as follows. We first state
the SSP version of the problem in a box. For LOP problems, we additionally state the feasible
solution set. After this, we present the SSP reduction for the corresponding problem. At last,
we show that the given SSP reduction can either be extended to a blow-up SSP reduction or
a blow-up preserving SSP reduction. We travel trough the reduction graph (Figure in a
depth-first search manner.

3-SATISFIABILITY
Instances: Literal Set L = {¢1,...,0,} U{l1,...,0,}, Clauses C C 2L s.t. Ve; € C:
lcj| = 3.
Universe: L =:U.
Solution set: The set of all sets L’ C U such that for all i € {1,...,n} we have
|L' N {¢;,¢;}| = 1, and such that |[L' N¢;| > 1 for all ¢; € C.

We begin with Karp’s reduction [Kar72] from SATISFIABILITY to 3SATISFIABILITY. We claim
that this reduction is an SSP reduction. Let I = (L,C) be the SAT instance and (L', C") be
the corresponding 3SAT instance. The reduction maps each clause ¢ € C of more than three
literals to a set of clauses in C” of length three by introducing helper variables hi, ha, ... splitting
the clause into smaller clauses. Every clause {a,b,c¢,d,...} € C with more than three literals is
recursively split until there are no more clauses with more than three literals as follows:

{a,b,c,d,...} = {a,b,h;}, {hi,c,d,...}.

The number of splits is bounded by the length of the instance, thus it is computable in polynomial
time.
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The literals L of the SAT instance remain in the 3SAT instance and are one-to-one corre-
spondent. Thus, the corresponding solutions have the SSP property by defining the functions
(fr)rez by fr(€) = € € L' for £ € L. Note that the set f;(L) is exactly the set of positive and
negative literals corresponding to non-helper variables. It is easily verified that each satisfying
assignment of the 3SAT instance restricted to the set f;(L) implies a satisfying assignment of the
SAT instance (i.e. forgetting about the helper variables). This is property (P2) as explained in
Subsection Likewise, each satisfying assignment of the SAT instance can be completed to
a satisfying assignment of the 3SAT instance by setting the helper variables appropriately. This
is property (P1). Hence, the solutions of SAT and 3SAT correspond one-to-one to each other on
the set fr(L), in the precise sense that {f;(S) : S € Ssat} = {S'N f1(L) : S’ € Szgat}. Thus this
reduction is indeed an SSP reduction.

Blow-up SSP Reduction. We are able to extend the reduction with the following blow-up
gadget: For a blow-up factor of 87, we add 3y new variables 01, ..., 08" for each existing variable
( € By, C L. By introducing additional clauses (¢ €'), (¢ £') for all i € {1,..., s}, we ensure
that ¢ and all its corresponding blow-up literals £', ..., ¢ are logically equivalent. Consequently
if the literal ¢ is exchanged with ¢, then all literals ¢,¢',... ¢ have to be exchanged with
07,7

In order to calculate the (87 for the three distance measures, we observe that a SAT solution
always includes exactly one of the literals £ or £. Thus, Alice may choose all literals of L \ L
wrongly. Consequently, we get the following S;:

» r-addition: gy = |L \ Lb|/2
> r-deletion: Sr = |L\ Lp|/2
» Hamming distance: Sy = |L\ Ly|.

VERTEX COVER
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Feasible solution set: The set of all vertex covers.
Solution set: The set of all vertex covers of size at most k.

The reduction of Garey and Johnson [GJ79] from 3SAT to VERTEX COVER is an SSP reduction.
In order to show this, we reformulate the reduction and adapt it to the SSP framework. Let
I = (L,C) be the 3SAT instance with literals L and clauses C. We define the corresponding
instance g(L, C') of VERTEX COVER as the following tuple (G', k') = ((V', E’), k). Each literal
¢ € L is mapped to a literal vertex v, € V', where v, and its negation v; are connected by
an edge {vs,vg} € E’. Furthermore, we introduce a 3-clique for each clause ¢ € C. Each of
the three vertices vgil,vgizmzs represents a literal in the clause, and is then connected to the
corresponding literal vertex, i.e. {vg,vj} € E’ for £ € c. Finally, we define the parameter £’
by k' :=|L|/2 + 2|C|. An example instance can be found in Figure where the set of literal
vertices is denoted by W.

The universe elements of 3SAT are injectively mapped to the literal vertices in W C V’,
where f7(¢) = ve. All valid solutions (if there are any) include exactly one of v, or v; € W and
two additional vertices from the 3-clique corresponding to each clause. To cover a 3-clique at
least two vertices of that 3-clique have to be in the vertex cover. If a clause is not satisfied,
then no neighboring literal vertex is in the solution. In this case all three vertices of the 3-clique
simulating the clause have to be taken into the solution (otherwise the edges connecting the
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C1 C1
v Uy,

Figure 9.3: Classic reduction of 3SAT to VERTEX COVER for ¢ = (f1 V €y V £3).

literal vertices with the 3-clique are not covered). But then this vertex cover must already have
size more than k’. In total, we have that every vertex cover of size at most k' restricted to the
set W corresponds to a solution of 3SAT. On the other hand, every solution of 3SAT can be
transferred over to the set W and be completed in at least one way to a vertex cover of size at
most k', i.e. the following equation holds true

(fr(S): S C Lst. S€Sssum}=1{SNf(L):5 €Syc).

Thus, the SSP reduction is indeed correct.

Blow-up SSP Reduction. This SSP reduction can also be extended to a blow-up SSP reduction.
We have already shown this in Claim [7.2] by introducing a corresponding blow-up gadget.

DOMINATING SET
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Feasible solution set: The set of all dominating sets.
Solution set: The set of all dominating sets of size at most k.

For a reduction from VERTEX COVER to DOMINATING SET, we use a (modified) folklore re-
duction as depicted in Figure Let I = ((V,E),k) be the VERTEX COVER instance and
((V',E"), k') be the DOMINATING SET instance. For every two vertices v,w € V connected by
an edge {v, w}, we introduce |V|+ 1 additional vertices vw; for ¢ € {1,...,|V|+ 1} and connect
them to v and to w. All isolated vertices v € V are mapped to itself, that is v € V’. Furthermore,
we introduce a star around vertex v;s, connected to vertices vl for i € {1,...,|V|+ 1}. Then,
we connect v;s, to all the isolated vertices from V’. The parameter &’ is set to k¥’ = k + 1. With
this construction, the vertex cover is directly translatable to a dominating set in the DOMINAT-
ING SET instance by leaving it as is and by taking v;s, into the dominating set. Note that v;s,
dominates itself, all vi, for i € {1,...,|V|+ 1}, and all originally isolated vertices. The other
way around, we claim that every dominating set of size at most k' = k + 1 in the new graph
has the property that restricted to the set W it encodes a vertex cover of size at most k of the
old graph. Indeed, observe that one needs at least |V| + 1 vertices to dominate all vertices v, w
and vw; ¢ € {1,...,|V]| + 1} of one edge, the same holds for the star around v;s,. Thus for all
dominating sets and for all “original” edges {v,w}, one needs to include either v or w. Note
that v;4, is always part of the dominating set because it is the center of large star and all of the
originally isolated vertices are dominated. Consequently, we have a one-to-one correspondence
between the vertex cover and the dominating set and the solutions are preserved accordingly.
This one-to-one correspondence with the mapping fr(v) = v € V/ for all v € V directly implies
that this is an SSP reduction.
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VW v |+1
Figure 9.4: The modified reduction of VERTEX COVER to DOMINATING SET.
Blow-up preserving SSP reduction. This reduction is also a blow-up preserving SSP reduction.

We have already shown this in Claimby proving that Uy, = {viso} and Uy = {vw; : {v,w} €
E1<i<|V|+1}

SET COVER
Instances: Sets S; C {1,...,m} for i € {1,...,n}, number k € N.
Universe: {S;...,S,} = U.
Feasible solution set: The set of all S C {Sy,...,5,} s.t. U,cgs=1{1,...,m}.
Solution set: Set of all feasible solutions with |S| < k.

The reduction from VERTEX COVER to SET COVER by Karp [Kar72] is an SSP reduction.
VERTEX COVER and SET COVER are basically the same problem, which means that the syntax
of the input is the same, however the semantics behind the encoding are different. Thus, the
reduction of Karp implies a direct one-to-one correspondence not only between the universe
elements but also between the edges and the sets. Let I = ((V, E), k) be the VERTEX COVER
instance. In the reduction, each vertex v € V is mapped to the set S, and each edge e € E
is mapped to the set {1,...,|E|} = {1,...,m} according to their index. Each set S, includes
its the indices of the incident edges. Thus, if a vertex v € V is taken into the vertex cover all
incident edges are covered which is equivalent to including S, into the set cover such that all
elements of S,, are covered, which are exactly the indices of all incident edges to v. Consequently,
the one-to-one correspondence is defined by fr(v) =S, for v € V as desired, which also implies
that this is an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to parti-
tion a solution into the sets f;(U(I)), Uy, and U,y,. All elements in the SET COVER instance
universe originate from a universe element of the VERTEX COVER instance. Since vertex v is
in the VERTEX COVER solution if and only if the corresponding set S, is in the SET COVER
solution, we define fr(v) = S, and U,, = Uyy = 0. Thus this SSP reduction is also blow-up
preserving.

HITTING SET
Instances: Sets S; C {1,...,n} for j € {1,...,m}, number k € N.
Universe: {1,...,n} =:U.
Feasible solution set: The set of all H C {1,...,n} such that H N.S; # ( for all
jed{1,...,m}.
Solution set: Set of all feasible solutions with |H| < k.

Karp’s reduction [Kar72] from VERTEX COVER to HITTING SET is an SSP reduction. Similar
to SET COVER, HITTING SET is basically the same problem as VERTEX COVER. We only have
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to reinterpret the semantic of the input encoding as follows. Let I = ((V, E), k) be the VERTEX
COVER instance. Each vertex v € V is mapped into the set {1,...,|V|} by its index id(v). Then,
each edge e = {v,w} € F is mapped to the set S, = {id(v),id(w)} (thus m = |E|). It follows
that each vertex is exactly one-to-one correspondent to its index and the solutions are preserved
because every vertex cover covers all edges which is equivalent that the corresponding hitting set
induced by this vertex cover hits all S.. Consequently, we can define f7(v) = id(v) and we have
an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to parti-
tion a solution into the sets fr(U(I)), Uog, and U,p. All elements in the HITTING SET instance
universe originate from a universe element of the VERTEX COVER instance. A vertex v is in the
VERTEX COVER solution if and only if the corresponding index id(v) is in the HITTING SET
solution. Then, we have f;(v) = id(v) and U,, = Uy = 0. Thus this SSP reduction is also
blow-up preserving.

FEEDBACK VERTEX SET
Instances: Directed Graph G = (V, A), number k € N.
Universe: Vertex set V =:U.
Feasible solution set: The set of all vertex sets V' C V such that after deleting V"’
from G, the resulting graph is cycle-free (i.e. a forest).
Solution set: The set of all feasible solutions V' of size at most k.

The reduction by Karp [Kar72] from VERTEX COVER to FEEDBACK VERTEX SET is an SSP re-
duction. Let I = (G, k) = ((V, E), k) be the VERTEX COVER instance and (G, k') = (V', A"), k')
the FEEDBACK VERTEX SET instance. The transformation maps every vertex v € V to itself
(v € V') and every edge {v,w} € E is mapped to two arcs (v, w), (w,v) € A’ orienting the edge
in both directions. We further set k¥ = k’. We define the injective embedding function f; by
the identity on the vertices, i.e. every vertex in V is mapped onto its corresponding twin in V.
Note that the solutions are also directly one-to-one transformable and thus preserved. To see
this, assume to have a vertex cover for the graph G, then the same set removes all cycles from
the directed graph G’, because a vertex cover is incident to all edges E in G and thus to all arcs
A’ in G’ resulting in an independent set, which is obviously cycle-free. On the other hand, a
solution to the FEEDBACK VERTEX SET instance G’ needs to remove all cycles. Each cycle is
induced by two vertices connected by both arcs (v, w), (w,v) € A’. Thus, at least one vertex of v
and w has to be deleted such that both arcs (v, w), (w,v) € A" are also deleted and do not form
a cycle. This, however, is obviously equivalent to a vertex cover in G.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets f(U(I)), Uy, and U,,. All elements in the FEEDBACK VERTEX
SET instance universe originate from a universe element of the VERTEX COVER instance. A
vertex v is in the VERTEX COVER solution if and only if the corresponding vertex v is in the
FEEDBACK VERTEX SET solution. Then, we have f;(v) = v and Uy, = Uyg = (0. Thus this SSP
reduction is also blow-up preserving.

FEEDBACK ARC SET
Instances: Directed Graph G = (V, A), number k € N.
Universe: Arcset A =:U.
Feasible solution set: The set of all arc sets A’ C A such that after deleting A’
from G, the resulting graph is cycle-free (i.e. a forest).
Solution set: The set of all feasible solutions A’ of size at most k.
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A modification of the reduction by Karp [Kar72] from VERTEX COVER to FEEDBACK ARC
SET is an SSP reduction. Let I = (G,k) = ((V, E), k) be the VERTEX COVER instance and
(G', k) = ((V',A"), k") the FEEDBACK ARC SET instance. This reduction is more complicated
in the SSP framework in comparison to the reductions, we have seen before. Due to the fact
that the universe is changed from the vertex set to the arc set, we have to be more careful
in analyzing the individual mappings. First of all, we transform the vertices v € V to two
vertices vg,v; € V'. We define the injective embedding function f; by mapping each vertex
v € V to the arc (vg,v1) € A’, which is also the corresponding element in all solutions, that
is fr(v) = (vo,v1). At last, we transform each edge {v,w} € E to |V + 1| once subdivided
arcs from v; to wo and to |V + 1| once subdivided arcs from w; to vg. Finally, we leave the
parameter k = k' unchanged. This completes the description of the reduction. We denote the
vertices added by the subdivision vi for the arcs between v; to wg and w{ between w; to vy
for i € {1,...,|V] + 1}. Overall, one vertex pair with an edge induces more than |V| cycles
(vo,v1), (v1,v8)(vi, wo), (wo, wy), (wi,wh), (wi,vg) of length six. By deleting the arc (vo,v1),
which corresponds to vertex v in GG all of these induced cycles are disconnected. This implies
that every vertex cover of G is translated to a feedback arc set by the function f;. On the other
hand, a feedback arc set must contain for every original edge {v,w} either the arc (wg,w;) or
the arc (o, v1), because otherwise a cycle remains. This shows that every feedback arc set of size
at most k, when restricted to the set f;(V') encodes a vertex cover of G of size at most k. Hence
we have an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to parti-
tion a solution into the sets fr(U(I)), Uy, and U,y,. First, a vertex v is in the VERTEX COVER
solution if and only if the corresponding arc (vg, v1) is in the FEEDBACK ARC SET solution. Thus,
we have fr(v) = (vo,v1). To define the set U,g, we have to consider the additionally introduced
arcs of the form (v1, vi)(vi, wp), (w1, w?), (wi,vg) for an edge e = {v,w} and i € {1,...,|V|+1}.
These elements are never part of a solution and are the only elements besides the elements from
f1(U(I)). Accordingly, we can define Uy = {(v1, v}) (v}, wo), (wr,w}), (wi,vo) | e = {v,w} €
E,ie{l,...,|V]|+1}} and U,, = . Thus this SSP reduction is also blow-up preserving.

UNCAPACITATED FACILITY LOCATION
Instances: Set of potential facilities F' = {1,...,n}, set of clients C = {1,...,m},
fixed cost of opening facility function f : F' — Z, service cost function ¢ : F x C — Z,
cost threshold k € Z
Universe: Facility set F' =: Y.
Solution set: The set of sets F/ C F' s.t.

Zf + mmc(zy) k.

1EF’ jEC

Note that we define this problem explicitly as SSP and not as LOP because in the standard
interpretation, the objective function is not linear. The reduction by Cornuéjols, Nemhauser,
and Wolsey [CNWS83] from VERTEX COVER to UNCAPACITATED FACILITY LOCATION is an
SSP reduction. Let I = ((V, E),k) be the VERTEX COVER instance and (F,C, f,c) be the
UNCAPACITATED FACILITY LOCATION instance. We let F' := V and C := E. The injective
embedding function f7 is given by f;(v) = v € F for v € V. Further, we define ¢(v,e) = 0 if
v € e and c(v,e) = |V| + 1 otherwise. At last, we set f(v) = 1 for all v € F and leave the
parameter k unchanged. The one-to-one correspondence between the solutions can be explained
by analyzing the correctness of the reduction. On the one hand, a vertex cover S is a solution
to the facility location problem, because at most k& many facilities are opened and all clients



122 Part I. Subset Search Problem Framework

e € C are served, which corresponds exactly that all edges e € E are covered by v € S. On the
other hand, if there is a facility set F’ with cost k, then it has to include at most k facilities
and additionally serve all clients e € C, i.e. the corresponding vertex set covers all edges e € E
(because of the high costs of ¢(v,e) = |V| + 1 for v ¢ e). Thus, this is an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uoy, and U,y. All elements in the UNCAPACITATED
FaciLiTy LOCATION instance universe originate from a universe element of the VERTEX COVER
instance. A vertex v is in the VERTEX COVER solution if and only if the corresponding facil-
ity v is in the UNCAPACITATED FACILITY LOCATION solution. Then, we have fr(v) = v and
Uon = Uogr = 0. Thus this SSP reduction is also blow-up preserving.

pP-CENTER
Instances: Set of potential facilities F' = {1,...,n}, set of clients C = {1,...,m},
service cost function ¢ : F' x C' — Z, facility threshold p € N, cost threshold k € Z
Universe: Facility set F' =: U.
Solution set: The set of sets F’ C F s.t. |F'| < p and
max,ecc minepr ¢(i, j) < k.

Like in the previous problem, we cannot interpret this problem as an LOP problem since the
objective is not linear. A modified version of the reduction by Cornuéjols, Nemhauser, and
Wolsey [CNW83| from VERTEX COVER to UNCAPACITATED FACILITY LOCATION is an SSP
reduction. Let I = ((V,E), k) be the VERTEX COVER instance and (F,C,c,p, k') be the p-
CENTER instance. We map each v € V to v € F and each e € E to e € C. Further, we define
c(v,e) =0 if v € e and ¢(v,e) = |V| + 1 otherwise. At last, we set p equal to the size k of the
vertex cover and k' = 0. Note that this implies that in a solution the objective has to be 0. We
now argue analogous to the reduction to UNCAPACITATED FACILITY LOCATION. The embedding
function f; is given by the one-to-one correspondence between the universe elements v € V and
v € F. The rest of the argument is analogous to the above.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uog, and U,,. All elements in the P-CENTER instance
universe originate from a universe element of the VERTEX COVER instance. A vertex v is in the
VERTEX COVER solution if and only if the corresponding facility v is in the P-CENTER solution.
Then, we have f;(v) = v and U,, = U,z = (). Thus this SSP reduction is also blow-up preserving.

P-MEDIAN
Instances: Set of potential facilities F' = {1,...,n}, set of clients C = {1,...,m},
service cost function ¢ : F' x C' — Z, facility threshold p € N, cost threshold k € Z
Universe: Facility set F' =: U.
Solution set: The set of sets F/ C F s.t. |F’| < p and

> jec mingep c(i, j) < k.

Like in the previous problem, we cannot interpret this problem as an LOP problem since the
objective is not linear. A modified version of the reduction by Cornuéjols, Nemhauser, and
Wolsey [CNWR83| from VERTEX COVER to UNCAPACITATED FACILITY LOCATION is an SSP
reduction. It is the same as for P-CENTER. Let I = ((V, E), k) be the VERTEX COVER instance
and (F,C,c,p, k") be the P-MEDIAN instance. We map each v € V to v € F and each e € FE to
e € C. Further, we define c¢(v,e) = 0 if v € e and ¢(v,e) = |V|+ 1 otherwise. At last, we set
p = k equals to the size of the vertex cover and k' = 0. The one-to-one correspondence between



Chapter 9. SSP Reduction Compendium 123

the universe elements v € V and v € F defines the embedding function f;. The rest of the
argument is analogous to the above.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uog, and U,,. All elements in the P-MEDIAN instance
universe originate from a universe element of the VERTEX COVER instance. A vertex v is in the
VERTEX COVER solution if and only if the corresponding facility v is in the P-MEDIAN solution.
Then, we have f;(v) = v and U,,, = U,y = 0. Thus this SSP reduction is also blow-up preserving.

INDEPENDENT SET
Instances: Graph G = (V| E), number k € N.
Universe: Vertex set V =:U.
Feasible solution set: The set of all independent sets.
Solution set: The set of all independent sets of size at least k.

For a reduction from 3SAT to INDEPENDENT SET, we use a folklore reduction, which is based
on the reduction from 3SAT to VERTEX COVER by Garey and Johnson [GI79]. Let I = (L, C)
be the 3SAT instance. We define a corresponding VERTEX COVER instance ((V/, E'), k’). Every
literal £ € L is transformed to a vertex vy € V' and every pair (¢,¢) € L x L is again transformed
to an edge {v,v;} € E' between the corresponding literal vertices. Every clause ¢ € C' is again
transformed to a 3-clique, where each vertex vgil , vzz , vzg represents a literal in the clause. In
contrast to the VERTEX COVER reduction, the clause vertices are connected to the opposite
literal vertex. For example in Figure we have that the 3SAT clause is given by ¢; \V {3 V l5.
Hence, the clique is connected to the corresponding literal vertices ¢;,¢5 and ¢3. Finally, we
define the parameter k¥’ by k' := |L|/2 + |C].

Figure 9.5: Classical reduction of 3SAT to INDEPENDENT SET for ¢ = ({1 V f3 \V £3).

Again, the universe elements of 3SAT are injectively mapped to the literal vertices in W C V/,
where fr(£) = vy € V'. All solutions included exactly one of vy or v; € W corresponding to £
and ¢ in the 3SAT solution as well as one additional vertex for each clause. Note that every
independent set has size at most k', since only one vertex of every 3-clique and every 2-clique
can be taken into the solution. Whenever a clause ¢ € C is not satisfied, all three vertices in the
clause ¢ are blocked from the independent set from the opposite literals that are in the solution.

In total, we have that every independent set of size at least k' restricted to the set W
corresponds to a solution of 3SAT. On the other hand, every solution of 3SAT can be transferred
over to the set W and be completed in at least one way to an independent set of size at least k',
i.e. the following equation holds true

{f1(S): S C Lst. S€Sssm}=1{SNfi(L):S €Sis}

Thus, the SSP reduction is correct.



124 Part I. Subset Search Problem Framework

Blow-up SSP reduction. We show that a blow-up gadget exists. This is also a complete bipartite
graph Kg,11,4,+1 as in the VERTEX COVER reduction and is depicted in Figure

Figure 9.6: Blow-up gadget for the reduction of 3SAT to INDEPENDENT SET with blow-up factor
of B =2.

The argument is analogous to the one from the VERTEX COVER reduction in Subsection|7.3.1
That is, either all literal vertices vy, ..., v, or all literal vertices Vgl ..., Ugs are in the solution
since the edge between vy and Ui for some 7 # j makes the independent set invalid. In order
to calculate the B, we again analyze the solution structure. Exactly one of the vertices vy, and
vy for £,0 € L'\ Ly need to be included as well as exactly one of 112 , ’UZ , 112 . If we assume all of

them are wrongly chosen, we receive the following 8 for the three distance measures:
> r-addition: Sy = |C|+ |L\ Ly|/2
> k-deletion: Sy = |C|+ |L\ Lp|/2
» Hamming distance: ; = 2|C| + |L \ Ly|.

CLIQUE
Instances: Graph G = (V, E), number k € N.
Universe: Vertex set V =: U.
Feasible solution set: The set of all cliques.
Solution set: The set of all cliques of size at least k.

There is a reduction by Garey and Johnson [GJ79] from INDEPENDENT SET to CLIQUE, which
is an SSP reduction. Let I = (G,k) = ((V,E),k) be the INDEPENDENT SET instance and
(G', k)= ((V',E"), k") the CLIQUE instance. The reduction simply maps every vertex v € V to
itself in V’. Furthermore every edge {v,w} € E mapped to a non-edge {v,w} ¢ E’' and every
non-edge {v,w} ¢ E is mapped to an edge {v,w} € F’. Thus, every independent set S C V in
G is transformed in to a clique of the same vertices S C V = V' in G'. By this transformation,
the vertices are directly one-to-one correspondent with fr(v) = v. Thus, this reduction is an SSP
reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uyg, and U,y,. All elements in the CLIQUE instance
universe originate from a universe element of the INDEPENDENT SET instance. A vertex v is
in the INDEPENDENT SET solution if and only if the corresponding vertex v is in the CLIQUE
solution. Then, we have f;(v) = v and U,, = Uyg = 0. Thus this SSP reduction is also blow-up
preserving.
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SUBSET SUM
Instances: Numbers {ay,...,a,} C N, and target value M € N.
Universe: {a1,...,a,} = U.
Solution set: The set of all sets S CU with >, cga; = M.

The reduction by Sipser [Sip97] from 3SAT to SUBSET SUM is an SSP reduction. Let I = (L, C)
be the 3SAT instance. We define a SUBSET SUM instance ({a1, ..., a,}, M). We create a table as
depicted in Figure[9.7| to transform each literal pair (£;, ;) (or variable x;) into a number whose
binary representation has length |L|/2 + |C|.

Clzg Zz\/gg

8
¥
8
w

S1
52
53
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0
1
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1
0
1
2
4

—o|lo|looo o~ —|B
Ll Ko=) Nenl Neol Neol B Bl Nen) Nan
= oo~ =lolololo

Figure 9.7: Classical reduction of 3SAT to SUBSET SuM for ¢ = ({1 V {3 V (3).

We fix an ordering on the variables and clauses to define the table. Each variable and each
clause has a unique column i defining the i-th digit of each number. For each literal ¢, we
add a number that has a 1 exactly at the position of the corresponding variable and additional
1s at the positions of clauses that contain the literal. The target sum M is to be defined as
1 in each variable column and 4 in each clause column. This means that exactly one of the
numbers corresponding to a literal pair can be added to the solution. Furthermore to satisfy a
clause ¢ € C, the sum of the column corresponding to ¢ has to be exactly 4. Thus, we add two
numbers, al and a2, for each clause ¢ € C: al contains a 1 and a? contains a 2 in the column of
clause c. Consequently, whenever a clause c is satisfied, i.e. the sum of the columns of ¢ is greater
than 1, the sum can be expanded to exactly 4. This reduction can be transformed into binary
(and any other) encoding as well by introducing leading zeros such that no carryover occurs.

Note that the described SUBSET SuM instance in total contains the following numbers: Two
numbers a;, @; for every literal pair (¢;,¢;) plus some additional helper numbers. We define the
injective embedding function f; by fr(¢;) = a; and f;({;) = @;. Note that with respect to
this embedding f; we have the SSP property, i.e. every subset of numbers with total sum M
restricted to the set f;(L) encodes a correct solution of 3SAT. Therefore, this reduction is an
SSP reduction.

Blow-up SSP reduction. The reduction can be extended to a blow-up SSP reduction by defining
a blow-up gadget. For this, we expand the table as depicted in Figure [0.8

Let 57 be the blow-up factor. For every literal £;, we add §; additional columns representing
a copy of ¢;. We then take the number a; and add 1s to the S; newly introduced columns.
That also means that the number a; now has a 0 in the 5; columns of /;. The target sum is
extended with 1s for each of the §7|L| newly introduced columns. In order to fill up the Os for
every number, we add 7 - |L| new numbers b¢, 1 <4 < 3, having exactly one 1 in each of the
newly introduced columns for every literal £. The logic of the original reduction is still valid,
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o lalelala|d|? c1 =0 VsVl
s1 | 1 0]0]0 1 1 1 0
S9 1 1 1 1 0 0 0 1
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Figure 9.8: Blow-up gadget for the reduction of 3SAT to SUBSET SUM with blow up 5; = 3.

that is f(¢) = a;. However, if a; is taken into the solution, 8; many numbers b, 1 < i < fy,
have also taken into the solution to fill up the newly introduced 0 columns. Thus if the variable
assignment shall be changed, 8y + 1 numbers (a; and the bf, 1 <i < fr,) have to be exchanged
inducing a large distance between the solutions.

For computing the §; for the three distance measures, we note that the literal numbers a;
might be wrongly chosen for all L\ L; as well as the numbers aij and azj for ¢; € C', where one
of a}:j and a?:j is always in the solution. Thus, we have:

> r-addition: Sy = |C|+ |L\ Ly|/2
> k-deletion: ;= |C|+|L\ Ly|/2
» Hamming distance: f; = 2|C|+ |L\ Ly|.

KNAPSACK
Instances: Objects with prices and weights
{(p1,w1), ..o, (pnywn)} C Nz, and W, P € N.
Universe: {(p1,w1),...,(Pn,wn)} = U.
Feasible solution set: The set of all S C U/ with
E(pi;wi)es wi < W.
Solution set: The set of feasible S with Z(pi,wi)espi > P.

There is a folklore reduction from SUBSET SUM to KNAPSACK. The SUBSET SUM instance I =
({a1,...,an}, M) can be transformed to a KNAPSACK instance ({(a1,a1),. .., (an,an)}, W, P) of
objects of the same price and weight. Furthermore, the target value M is mapped to the weight
threshold W = M and price threshold P = M. Thus, Z(a,-,a,-)es a; > M and Z(ai,ai)ES a; <M
is equivalent to }_,. . )cg @ = M. The one-to-one correspondence between the number a; and
the object (a;,a;), i.e. fr(a;) = (a;,a;), such that this reduction is an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uog, and U,,. All elements in the KNAPSACK instance
universe originate from a universe element of the SUBSET SUM instance. A number a is in the
SUBSET SUM solution if and only if the corresponding object (a,a) is in the KNAPSACK solution.
Then, we have f(a) = (a,a) and U,, = U,y = 0. Thus this SSP reduction is also blow-up
preserving.
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PARTITION
Instances: Numbers {aj,...,a,} CN.
Universe: {ay,...,a,} =:U.

Solution set: The set of all sets S C U with a,, € S and
Daes b = Zaﬂ?S aj-

Note that we demand w.l.o.g. the last element to be in the solution. With this, we avoid symme-
try of solutions, i.e. if S is a solution then U \ S is also a solution, which is not compatible with
the SSP framework in the following reduction. The problems SUBSET SUM and PARTITION are
almost equivalent such that the reduction between them is easy-to-see. We use basically the same
reduction as Karp’s [Kar72] from KNAPSACK to PARTITION. For this let I = ({a1,...,an}, M)
be the SUBSET SuM instance. We map each number a; to itself in the PARTITION instance and
add additional numbers M + 1 and >, a; + 1 — M, whereby we set a, =), a; + 1 — M. Thus,
the first n — 2 a; in PARTITION are one-to-one correspondent with the a; from SUBSET SuM, i.e.
fi1(a;) = a;, such that this reduction is an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to parti-
tion a solution into the sets f;(U(I)), Uy, and U,y,. Besides the elements >, a; + 1 — M and
M + 1, all elements in the PARTITION instance universe originate from a universe element of the
SUBSET SUM instance. A number ¢ is in the SUBSET SuM solution if and only if the correspond-
ing number a is in the PARTITION solution. We can define f(a) = a, Uy, = {_,a; +1 — M},
and U,z = {M + 1}. It follows that this SSP reduction is also blow-up preserving.

TwoO MACHINE SCHEDULING
Instances: Jobs with processing time {t¢1,...,¢,} C N, threshold 7' € N.
Universe: The set of jobs {t1,...,t,} = U.
Solution set: The set of all J; C U such that ¢, € J; and ZtieJl t; < T and
Etjng t; <T with Jo =U\ Ji, i.e. both machines finish in time 7T

Again, we demand w.l.o.g. the last element to be in the solution for the first machine as in
PARTITION. With this, we break the symmetry of solutions, which is not compatible with the
SSP framework in the following reduction. The reduction from PARTITION to TwO-MACHINE-
SCHEDULING is a folklore reduction, which exploits the equivalence of the problems and is there-
fore easy-to-see. For this let I = {ay,...,a,} be the PARTITION instance. We transform each
number a; in the PARTITION instance to a job with processing time a; in the TWO-MACHINE-
SCHEDULING instance and set the threshold T" = % > G

Because for both sets J; and Js holds EaieJl a; < T and Eajer a; < T as well as that
Daies, @+ g e, @ = 2T We can transform the constraints above to the equivalent con-
straints >, ; t; = T and Zt,-eJQ t; = T. Therefore, we can interpret the two sets of the
partition as the two machines in TWO-MACHINE-SCHEDULING and have a direct one-to-one cor-
respondence between the solutions with f;(a;) = a;. Thus, this reduction is an SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uog, and U,,. All elements in the TWO-MACHINE-
SCHEDULING instance universe originate from a universe element of the PARTITION instance. A
number a is in the PARTITION solution if and only if the corresponding job with processing time
a is in the TWO-MACHINE-SCHEDULING solution. Then, we have f(a) = a, Uon = Upgy = 0.
Thus this SSP reduction is also blow-up preserving.
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DIRECTED HAMILTONIAN PATH
Instances: Directed Graph G = (V, A), Vertices s,t € V.
Universe: Arcset A =:U.
Solution set: The set of all sets C' C A forming a Hamiltonian path going from s to
t.

The reduction from 3SAT to DIRECTED HAMILTONIAN PATH from Arora and Barak [ABQ9] is
an SSP reduction. Let I = (L,C) be the 3SAT instance that we transform to the DIRECTED
HAMILTONIAN CYCLE instance G = (V, A). An example of the transformation can be found in
Figure First, we introduce two additional vertices s,t € V. For each literal pair (¢;,¢;) (or
variable x;), we introduce a path with 4|C| vertices, where we denote the vertices along the path

v?‘cl. The path is directed in both ways such that v} is reachable from v?lcl

4|

i

with v}, ..., and

encodes that ¢ is taken into the solution and the other

direction encodes that £ is taken into the solution. Additionally, we add arcs (s,v{) and (s, vf‘cl),

(v‘lLW,t) and (val‘c;‘Q,t) as well as (v},vf_lﬁl) and (v?‘cl,v}“) for all i € {1,...,|L|/2 — 1}. At
last, we need to simulate the clauses. For this, we add a vertex for each clause ¢; € C' and
connect them to the variable paths by introducing two arcs for each literal ¢; in the clause c;.
If ¢; is the non-negated literal of variable z;, then we add the arcs (z%7',¢;) and (¢;j, 2% 72).
Otherwise, we add the arcs (2472, ¢;) and (cj,#%~1). Thus, one can satisfy the clause c;, i.e.
traveling over the vertex c;, if and only if by traveling in the correct direction, i.e. whenever a
literal in the clause is taken into the solution. Overall, a Hamiltonian path from s to ¢ includes
all vertices that is all clause vertices, i.e. all clauses are satisfied, and all vertices defined by

literals. Consequently, each variable is assigned a value by the direction of the taken path.

vice versa. The direction from v} to v

s
1 ® .
To . o 1 =101V ilyV L
T3 ¢

t

Figure 9.9: Classical reduction of 3SAT to DIRECTED HAMILTONIAN PATH for ¢ = (€1 Ala Al3).

For this reduction, it is not directly obvious, how we find a one-to-one correspondence, because
a whole path corresponds to one literal. However, we can use exactly one arc of that path to
act as representative. We define the function f; by f1(¢;) = (x},22) and fi({;) = (22, 2}).
Thus, we have a one-to-one correspondence between the literals and the arcs. Furthermore by
correctness of the reduction, we have a one-to-one correspondence between the solutions to (L, C')
and G = (V, A) by Hamiltonian path using the either one of the arcs (z},z?) and (2?,z}) for
each i € {1,...,|L|/2} and including each clause vertex ¢; for j € {1,...,|C|}.

Blow-up SSP reduction. We can also find a blow-up gadget for this reduction. The idea is
to lengthen the path by [§; additional vertices. Thus, we also receive [5; additional arcs. In
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Figure an example can be found, where b},b? and b3 are the blow-up vertices, which also
introduce the additional arcs.

Figure 9.10: Blow-up gadget for the reduction of 3SAT to DIRECTED HAMILTONIAN PATH with
blow up 57 = 3.

For computing the 5 for the three distance measures, the solution can be wrong on all literals
in L\ Ly and in this case the clause vertices ¢; need to be included in the Hamiltonian path via
a different literal path. Furthermore, the arcs connecting the literals as well as vertices s and ¢
need to be changed for the literals from L\ L;. Thus, we get the following S;:

> r-addition: 8; = 2|C| + (4|C|+2) - |L\ Ly|/2

> r-deletion: Sr = 2|C| + (4|C|+2) - |L \ Lp|/2

» Hamming distance: S; = 4|C| + (8|C|+4) - |L\ Ly|/2.

DIRECTED HAMILTONIAN CYCLE
Instances: Directed Graph G = (V, A).
Universe: Arc set A =:U.
Solution set: The set of all sets C C A forming a Hamiltonian cycle.

We extend the reduction from 3SAT to DIRECTED HAMILTONIAN CYCLE from Arora and Barak
[ABO9] by simply adding an arc from ¢ to s. Obviously, all possible cycles have to go through
s and t. This has no influence on the rest of the reduction, especially on the solutions and the
one-to-one correspondence of the literals and the arcs. Consequently, the reduction is still an
SSP reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uy, and U,,. Besides arc (¢,s), all elements in the
DIRECTED HAMILTONIAN CYCLE instance universe originate from a universe element of the Di1-
RECTED HAMILTONIAN PATH instance. An arc a € A is in the solution DIRECTED HAMILTONIAN
PaTH if and only if the corresponding arc is in the DIRECTED HAMILTONIAN CYCLE solution.
Then, we have f(a) = a, Uy, = {(t,s)}, and Uyp = 0. Thus this SSP reduction is also blow-up
preserving.

UNDIRECTED HAMILTONIAN CYCLE
Instances: Graph G = (V, E).
Universe: Edge set E =: U.
Solution set: The set of all sets C C E forming a Hamiltonian cycle.

Karp’s reduction [Kar72| from DIRECTED HAMILTONIAN CYCLE to UNDIRECTED HAMILTONIAN
CYCLE is an SSP reduction. Let I = (V, A) be the DIRECTED HAMILTONIAN CYCLE and (V’, E’)
be the UNDIRECTED HAMILTONIAN CYCLE instance. The reduction replaces each vertex v with
three vertices v},,v’,v.,, and adds edges {v},,v'}, {v',v),+} to connect the three vertices to a
path. All arcs (v,w) € A are replaced by one edge {v,,,;,w},} essentially preserving the one-
to-one correspondence between the elements to the corresponding unique edge, i.e. fr(v,w) =

{v] > wi,}. The solutions are also preserved because no additional solutions are added and all
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{ v/ ,U/

original solutions are preserved (every Hamiltonian cycle has to run through each v},,v’,v),,

exactly once in the specified order).

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to parti-
tion a solution into the sets fr(U(I)), Uyp, and U,y,. Besides the edges from {{v},, v}, {v', v),,} |
v € V}, all elements in the UNDIRECTED HAMILTONIAN CYCLE instance universe correspond
directly to a universe element of the DIRECTED HAMILTONIAN CYCLE instance. An arc a =
(v,w) € A is in the solution DIRECTED HAMILTONIAN CYCLE if and only if the correspond-
ing edge {v),,w.,} € E is in the UNDIRECTED HAMILTONIAN CYCLE solution. Since the
edges {{v},,v'},{v/,v),.} | v € V} are always in the Hamiltonian cycle, we have f((v,w)) =

{00t Wi}y Uon = {{v},,, v'},{v", 0,1} | v € V}, and Uyg = 0. Thus this SSP reduction is also
blow-up preserving.

TRAVELING SALESMAN PROBLEM
Instances: Complete Graph G = (V, E), weight function w : E — Z, number k € N.
Universe: Edge set E =: U.
Feasible solution set: The set of all TSP tours T' C E.
Solution set: The set of feasible T with w(T) < k.

There is an easy-to-see folklore reduction from UNDIRECTED HAMILTONIAN CYCLE to TRAV-
ELING SALESMAN PROBLEM, which is an SSP reduction. Let I = (V, E) be the UNDIRECTED
HAMILTONIAN CYCLE instance and (V’/, E/,w’, k') the TRAVELING SALESMAN PROBLEM in-
stance. Every vertex v € V is mapped to itself v € V’. Furthermore, we map each edge e € E to
itself in £’ and add additional edges to form a complete graph. The weight function w’ : £/ — Z
is defined for all ¢’ € E’ as

() = {o, ife! € £

1, ife¢F

At last, we set k' = 0 resulting that only the edges from E are usable. Thus, we preserve
the one-to-one correspondence between the edges with f7(e) = e. Consequently, this is an SSP
reduction.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Uog, and U,,. Besides the additional edges {{v,w} |
{v,w} ¢ E} of weight 1, all elements in the TRAVELING SALESMAN PROBLEM instance uni-
verse originate from a universe element of the UNDIRECTED HAMILTONIAN PATH instance. An
edge {v,w} € F is in the solution UNDIRECTED HAMILTONIAN PATH if and only if the cor-
responding edge {v,w} € E’ is in the TRAVELING SALESMAN PROBLEM solution. All edges
{{v,w} | {v,w} ¢ E} are never in a solution, otherwise the weight threshold would be violated.
Then, we have f(e) = e, Uy, = 0 and U,y = {{v,w} | {v,w} ¢ E}. Thus this SSP reduction is
also blow-up preserving.

DIRECTED TWO VERTEX DISJOINT PATH
Instances: Directed graph G = (V, A), s;,t; € V for i € {1,2}.
Universe: Arc set A =:U.
Solution set: The set of all sets set A’ C A such that A" = A(P;) U A(P), where Py
and P, are some vertex-disjoint paths s.t. P; goes from s; to t; for i € {1,2}.

The reduction by Fortune, Hopcroft and Wyllie [FHWS80] is an SSP reduction. The reduction
makes extensive use of a switch gadget, which is depicted in Figure [9.11] The gadget has four
input arcs, B,C, W and Y, and four output arcs, A, D, X and Z. The idea of this switch gadget
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is that if you have two disjoint paths going through the gadget entering at B and C, then the
path entering at B must leave at D and the one entering at C' must leave at A, and additionally
either a path from W to X exists or a path from Y to Z exists. We can then use the first of
the two paths to run first through the switches and then to the rest of the construction and
the second path to run through the switches as in visualized in Figure 0.I3] In doing so, the
second path running only through the switches controls that the first path running through the
construction is only able to satisfy the clauses according to the assignment of the variables.

Figure 9.11: The switch gadget.

Let I = (L, C) be the 3SAT instance and (V, A, s1,t1, S2,t2) be the DIRECTED TwO DISJOINT
PATH instance. First, we introduce four vertices s, t1, s2, t2 representing the start and ends
of the two disjoint paths. For every literal £ € L, we create a path £*,... ¢4l of 4|C| vertices.
For every literal pair £;,¢; (or variable x;), we connect the paths by introducing two additional

vertices zf and z! with arcs (zf,£}), (xf,zzl) and (€}' at), (Z?lcl,zg). We connect the literal
gadgets by adding the arcs (2f,2f,,) for all i € {1,...,]|L|/2 — 1}. For each clause ¢; € C, we
add two vertices c} and c? and connect them by three arcs. We connect these clause vertices
with the arcs (cf,), t1) as well as (cj, ¢j) for j € {1,...,|C| —1}. At last, we connect the literal

paths with the clause path with an arc (x\tL|/27 cl).

Now, we have everything to introduce the switches into the construction. We stack the
switches one after another by merging the C' and D input arcs and the A and B input arcs,
respectively. Then, we connect s, to the input arc C of the last switch in the stack and ¢5 to the
output arc A of the first switch of the complete switch stack. We do this analogously for s1, which
we connect to the input arc B of the first switch of the stack and the rest of the construction
with the output arc D of the last switch of the stack. Thus both path run through the switch
stack as described above. At last, we use the switches to check whether the 3SAT assignment is
correct. For this, we use the schematic description of a switch as depicted in Figure [0.12}

w Y

X Z

Figure 9.12: The schematic switch gadget.

—4j—2 —4j—1
! ’7") is connected to the arc and (c;,c?) if and only if the corre-

That is, the arc (¢;” ~,¢
sponding literal ¢; € L is in clause ¢; € C. More precisely, the arc (24372’24371) is substituted

7

%
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by using the input arc W from 7, - and output arc X to £;’  and for the clause vertices cj is
incident to input arc Y and output arc Z is incident to c?. Because only one path either from
W to X or from Y to Z is usable, the path has to go from s; through the switch stack, then
over the literal paths of the literals that are in the solution and at last over the clause vertices
to t1. If for a clause there is no literal satisfying it, the path in the switch is blocked. The full

construction can be found in Figure [0.13]

S to

Figure 9.13: Classical reduction of 3SAT to DIRECTED Tw0 DIsJOINT PATH for ¢ = (1 AlaAl3).

There is a one-to-one correspondence between the literals and the arcs of the path from s;
to t;. We can define f;(¢;) = (x%,/¢}) because the path over (zf,/}) is taken if and only if ¢; is
in the 3SAT solution.

Blow-up SSP reduction. The blow-up gadget for this reduction works analogously as the one
in the DIRECTED HAMILTONIAN CYCLE. We introduce f; additional vertices (and therefore
arcs) to each path corresponding to a literal £ € L. Thus, the functionality of the gadgets is
not impaired and at least 8; + 1 many arcs have to be exchanged to achieve a reassignment of
literal £ to £. An example can be found in Figure For an analysis of the S;, we need to
closely consider both paths from s; to t; and sy to to as well as the switch gadgets. Again all
literals in L \ L, might be chosen incorrectly such that Alice needs to be able to recover from
this. It is easy to see that the path corresponding to that literal need to be changed, these are
4|C| arcs. Additionally, the switch gadgets need to be run through differently, which are up to
5|C| arcs for each literal. Furthermore, the clauses may need to be passed over different arcs,
which are actually 5 arcs in the switch gadgets. These are again up to 5|C| arcs. Now, we need
to consider the switch gadgets in the path from ss to ¢2 and in the first half of the path from s;
to t1. If a literal needs to be changed or a clause needs to be passed on different way (the path
from W to X is exchanged with Y to Z), the switch gadgets need be run through in a different
way. Thus, the path from B to D and the path from A to C needs to be mirrored and thus
exchanged completely. For every literal from L\ Ly, this might happen |C| times and 12 arcs
need to be exchanged. On the other hand for every clause ¢; € C, this might happen two times
that 12 arcs need to be exchanged. Overall, we get the following S;:

» r-addition: By = (12 +5)|C| + (12|C| + 5|C| +4|C|) - |L\ Ls|/2
> r-deletion: fr = 17|C| + 21|C| - |L \ Ly|/2
» Hamming distance: Sr = 34|C| +42|C| - |L \ Lp|/2.
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Figure 9.14: Blow-up gadget for the reduction of 3SAT to DIRECTED TwoO DISJOINT PATH
with blow up gy = 3.

DIRECTED k-VERTEX DISJOINT PATH
Instances: Directed graph G = (V, A), s;,t; € V fori € {1,...,k}.
Universe: Arcset A=:U.
Solution set: The sets of all sets A’ C A such that A’ = Ule A(F;), where all P,
are pairwise vertex-disjoint paths from s; to t; for 1 <14 < k.

The following reduction from DIRECTED TwO VERTEX DISJOINT PATH to DIRECTED k-VERTEX
Di1sJOINT PATH is an easy-to-see SSP reduction. We introduce k — 2 additional vertex pairs s;, t;
fori € {3,...,k}, which we connect by adding arcs (s;,t;) for alli € {3,...,k}. Thus, the original
DIRECTED TwO VERTEX DISJOINT PATH reduction still works for itself, while we added the
necessary additional paths. The SSP properties of the DIRECTED TwO VERTEX DISJOINT PATH
reduction are obviously not compromised.

Blow-up preserving SSP reduction. For a blow-up preserving SSP reduction, we have to par-
tition a solution into the sets fr(U(I)), Usp, and U,y,. Besides the arcs from {(s;,t;) | ¢ €
{3,...,k}}, all elements in the DIRECTED k-VERTEX DISJOINT PATH instance universe origi-
nate from a universe element of the DIRECTED TwO VERTEX DISJOINT PATH instance. An
arc ¢ € A is in the solution DIRECTED TwoO VERTEX DISJOINT PATH if and only if the
corresponding arc a is in the DIRECTED k-VERTEX DISJOINT PATH solution. The additional
arcs {(s;,t;) | i € {3,...,k}} are always part of a solution. Then, we have f(a) = a and
Uon = {(si,t:;) | i € {3,...,k}}, and Uy = (0. Thus this SSP reduction is also blow-up preserv-
ing.

STEINER TREE
Instances: Undirected graph G = (SUT, E), set of Steiner vertices S, set of terminal
vertices T, edge weights ¢ : F — N, number k € N.
Universe: Edge set E =: U.
Feasible solution set: The set of all sets £/ C E such that E’ is a tree connecting
all terminal vertices from T'.
Solution set: The set of feasible solutions £ with ), c(e’) < k.

There is a folklore reduction from 3SAT to STEINER TREE, which is an SSP reduction, and which
is depicted in Figure[9.15] First, there are designated terminal vertices s and ¢. For every literal
¢ € L, there is a Steiner vertex ¢. Additionally for every literal pair (¢;,¢;), 1 <1i < |L|/2 — 1,
we add a Steiner vertex v;. We define vy := s. Then all of the above vertices are connected into
a “diamond chain”, where we begin with s connected to both #; and ¢;. Both Vertices ¢; and ¢,
are connected to v1. This vertex vy is then connected to vertices ¢5 and f5 and so on. At last,
{1 and Z\LI are connected to t.

Furthermore, for every clause ¢; € C, we add a corresponding terminal vertex c;. The vertex
c¢; is then connected its corresponding literals ¢ € c; via a path of Steiner vertices of length
|L| + 1. The costs of every edge is set to 1 and the threshold is set to k = |L| + |C|- (|L]| + 1).

For the correctness, observe that every solution of Steiner tree includes a path from s to ¢
over the literal vertices because all paths over a clause vertex are longer than |L|. This path



134 Part I. Subset Search Problem Framework

encodes the set of literals included in a corresponding 3SAT solution, where a positive literal ¢;
for 1 < ¢ < |L|/2 is included in the 3SAT solution if and only if the edge {v;_1,¢;} is in the
Steiner tree solution. The analogous statement holds for negative literals. We therefore define
the embedding function f; in the above fashion, i.e. for all £ € L we have f;(¢) = {v;—1,¢}.

Next, for every clause ¢, the path from literal ¢ to terminal vertex ¢ for one £ € ¢ is included
in the solution as well. Thus, |C| paths of length |L| 4+ 1 are included. If a clause ¢; is not
satisfied, then a path of length of at least |L| + 2 is needed to include the terminal vertex c;,
which violates the threshold. Thus, the reduction is correct.

The SSP property holds, because every correct 3SAT solution can be translated with the
function f; and be completed to a Steiner tree with at most & edges. On the other hand, every
Steiner tree with at most k edges restricted to the set fr(L) encodes a 3SAT solution.

C1 Zzl \/ZQ\/£3

Figure 9.15: Classical reduction of 3SAT to STEINER TREE.

Blow-up SSP reduction. For the blow-up gadget, we add 8; new vertices ¢, 1 < j < B, for
each literal vertex ¢, ¢ € L; to the graph. Moreover, we connect all of these vertices ¢/ to the
existing ¢ with the edges {{¢,¢’} : 1 < j < f8;}. At last, we add an edge between each pair of

#7 and Kj for 1 < j < 7, which is subdivided by one terminal vertex t] . The construction
is depicted in Figure [0.16] The threshold for the Steiner tree is 1ncreased by 20 for each pair
0,0 € Ly of blow-up literals. This blow-up gadget is correct because if vertex ¢ is connected to
the Steiner tree, we are able to include the edges {{¢, ¢/}, {¢/, tJ } 1 < j < Br}, which needs
2f3; additional edges and thus lies within the threshold. On the other hand, if an edge from
{{e,7}),{¢ ’tfz,Z} :1 < j < Br} is used this edge has to be connected to the Steiner tree. This

is only doable by connecting ¢ to the Steiner tree, which introduces additional cost of one or by
connecting it over one of the terminal vertices t; 7 However in the last case, this implies that t]

is already connected to the Steiner tree. Thus, it is an unnecessary edge that does not connect
any terminal vertex of the Steiner tree and additional costs of one are introduced. Since each
solution is an optimal Steiner tree, this is a contradiction. Because the blow-up gadget does not
interfere with the functionality of the original reduction, this blow-up gadget is correct.

For computing the 5; for the three distance measures, we again consider the wrongly chosen
literals L \ L; from which Alice has to recover. A wrongly chosen literal induces that the two
edges {v;_1,¢} and {¢,v;} have to be exchanged by the edges {v;_1,¢} and {/,v;}. This literal
also may induce |C| - (|L]| + 1) additional edges because clauses might be connected to it. Thus,
we obtain the following (5;:

» r-addition: Sy = |C|- (|L| +1) + 2|L\ Ly|
» r-deletion: By = |C|- (|L|+ 1)+ 2|L\ L]
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Figure 9.16: Blow-up gadget for the reduction of 3SAT to STEINER TREE with blow up g = 2.

» Hamming distance: 3; = 2|C|- (|L| + 1) +4|L \ Ly|.
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Chapter 10

Conclusion

In this part, we have shown that for a large number of NP-complete problems, their min-max
variant (min-max-min variant, respectively) is automatically X5-complete (X5-complete, respec-
tively). We first showcased this behavior in the areas of network interdiction, min-max regret
robust optimization, and two-stage adjustable robust optimization. In these three areas, we are
able to derive completeness results if the problems are SSP-NP-complete. Moreover, we are able
to extend the SSP framework to work with recoverable robust optimization and more general
forms of interdiction.

In the context of recoverable robustness, we have shown that the recoverable robust version
for a large class of NP-complete problems is X5-complete for several different distance measures.
For this, we have introduced two new types of reductions: blow-up SSP reductions and blow-up
preserving SSP reductions. Blow-up SSP reductions are the basis to show X%-completeness of a
recoverable robust problem by a reduction from 3SAT, and further problems can be appended to
the reduction chain by using the transitive blow-up preserving SSP reductions. In particular, we
are able to show that 24 recoverable robust problems are ¥4-complete with the ability to apply
the framework to further problems.

For minimum cardinality interdiction, which is the most natural variant of interdiction, most
vital vertex, and blocker problems, we have shown that for a large class of NP-complete problems,
the corresponding minimum cardinality interdiction problem is ¥Z-complete. With that, we
have also shown the hardness of several different variants of interdiction that can be found in
the literature, including minimum blocker and most vital element problems. For this, we have
introduced a new type of reduction, namely invulnerability reductions. This reduction uses the
corresponding minimum cost interdiction problem as a basis and ensures that non-blockable
elements are effectively not attackable. The hardness of the minimum cost interdiction problem
is provable via an SSP reduction. Additionally, we have shown that for some problems (e.g.,
vertex cover, satisfiability), the Xb-completeness cannot be derived despite the fact that the
minimum cost interdiction problem is Xf-complete. Overall, we have shown for 23 minimum
cardinality interdiction problems that they are either ¥5-complete or coNP-complete, with the
ability to apply the framework to further problems.

Our findings constitute a leap in the understanding of the basic behavior of such problems.
However, many questions still remain unanswered. First, it is of interest to find more problems
for which the SSP framework and its derivatives are applicable.

Second, we would like to understand if our theorem can also be adapted to work with
other popular areas of robust or multi-level optimization, for example, to Stackelberg games,
to attacker-defender games, or to the area of computational social choice. Secondly, we have
restricted our attention in this article only to such problems which can be expressed as finding a
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certain subset with a nice property. It would be insightful to understand if similar meta-theorems
can be made about natural variants of problems that look for a nice partition, a nice assign-
ment function, a nice permutation, etc. For space reasons, we have restricted our focus in this
part mainly to multi-stage problems with two or three stages. It seems natural to extend our
arguments to multi-stage problems with an arbitrary number of stages.

Since all three main results of our paper have been proven in an essentially analogous way, it
seems intriguing to consider a potential meta-meta-theorem. Which properties does a min-max
modification scheme (such as the interdiction-modification, the regret-modification, the two-stage
modification) need to possess, such that a similar meta-theorem applies?

Finally, our framework only applies to nominal problems, which are NP-complete in the first
place. However, researchers in the area often are interested in robust variants of nominal problems
in P. Our framework cannot say anything about these problems — for NP-complete problems,
a vast amount of existing completeness reductions between them exist, which are upgraded by
our meta-theorem. Is there some notion of reduction between problems in P, which supports our
framework (i.e., for problems admitting such reductions, their robust variant is automatically
NP-hard)?
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Chapter 11

Universe Gadget Reduction
Framework

11.1 Introduction

We begin this part with a short view back to the past. The idea from the beginning of this
doctoral project was to establish a meta-theorem on the complexity of problems in the realm of
optimization under uncertainty. We began to analyze recoverable robust problems with elemental
uncertainty. For this, it was necessary to define recoverable robust problems by introducing a
general definition that captures most, if not all, problems existing in this regime.

Besides a general definition of recoverable robust problems, one had to define a general notion
of reductions that is also directly applicable to the general definition of a recoverable robust
problem. For this, gadget reductions seemed to be a suitable concept since they are prevalent
all over the reduction landscape due to their divide-and-conquer paradigm.

At first, gadget reductions are just an informal concept to derive reductions for various
problems. To explain the idea shortly, consider two problems IT and IT’. A gadget is a specialized
device that has the task of simulating a particular element from problem II in the instance of
problem II'. From a different point of view, a gadget is a subinstance of II’, and the resulting
reduction instance of II' based on the instance of problem II is the union of all its gadgets.
If a problem can be divided into many small subinstances, we are able to argue easily why
such subinstances can be efficiently computed and also why such a subinstance behaves like the
element it originates from. In conclusion, it is easy to reason that the whole reduction instance
that is built out of these gadgets is correct and is easy to compute.

Indeed, when we considered recoverable robust problems with elemental uncertainty, this
concept seemed to be a good choice: If an element in problem II’ is not part of a scenario, we
can just eliminate the gadget from the corresponding scenario in problem II'. Of course, this
“deletion operation” of a gadget had to be supported by the reduction. In the end, this idea
worked out for certain more peculiar definitions of uncertainty scenarios: xor-dependencies and
I"-set scenarios.

Furthermore, we used a version of these gadget reductions to show PSPACE-completeness
of online problems that try to find a vertex subset in the neighborhood reveal model while
the online decision maker possesses an isomorphic copy of the underlying graph (which we also
call unlabeled map). In both recoverable robustness and online vertex subset problems, the
instance is not completely known to the decision maker when the first decisions have to be made,
since the adversary controls which of the uncertainty scenarios is chosen. The key difference in
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online vertex subset problems is that the adversary and the decision maker have to play multiple
alternating moves instead of three alternating moves as in recoverable robustness.

However, there was still a long way to go to reach the goal of capturing many popular
problems under different popular forms of uncertainty since we did not succeed in applying it
directly, e.g., to the concept of budgeted uncertainty. The trend was clear: the whole idea needed
to be simplified. Consequently, a distilled version of these gadget reductions was developed to
eliminate many of the unnecessary assumptions, which in the end led to the notion of SSP
problems and reductions.

Nevertheless, the following results deserve to be presented in this thesis not only because of
their documentational value but also since they have their own merits. On the one hand, we are
able to showcase a reduction framework for elemental uncertainty in robust optimization. This
form of uncertainty is frequently studied in graph theoretical environments [LY80, BCT24]. A
challenging aspect of problems involving elemental uncertainty is that the underlying instance
changes, which makes it more complicated to model these problems. Often, elemental uncer-
tainties can be expressed by cost uncertainties, for example, in the problem clique interdiction
[Rut93]; however, this is not generally the case. For example, in vertex cover interdiction, elim-
inating a vertex is not equivalent to increasing the costs of a vertex since eliminating a vertex
(and all its incident edges) is equivalent to taking the vertex into the solution (see also Chap-
ter . Therefore, it remains an important open question how elemental uncertainty can be
managed from a complexity theoretical point of view. In conclusion, the work on recoverable
robustness with elemental uncertainty indicates that such a framework might indeed exist, even
though more work has to be put into understanding the structure of different forms of elemental
uncertainty. On the other hand, we show that reduction frameworks for online problems behave
similarly to robust optimization problems. This indicates that we are able to transfer the results
from the SSP framework to online optimization problems with different forms of cost uncertainty
and maybe also to different forms of elemental uncertainty.

Related Work. This underlying idea of a gadget reduction was studied in the following two
papers in different contexts. Agrawal et al. [AATT01] define AC°-computable gadget reductions
for NP-completeness, mapping one bit of the input of one problem to a bounded number of
bits in the other problem. A further form of gadget reduction was introduced by Trevisan et
al. [TSSW96]. They formalize gadgets with constraint families to compute optimal gadgets via
linear programming for gap-preserving reductions.

11.1.1 Universe Gadget Reductions

The goal of this part is to establish a formal definition of gadget reductions that can be applied
to combinatorial problems in order to derive general complexity results for the corresponding
versions that include uncertainty. The name stems from the universe U, which is the ground set
of the combinatorial problem (compare LOP problems from Chapter [1)).

Since each gadget should simulate a part of the instance of problem A in the instance of
problem B, and the union of all gadgets should be a correct instance for B, the universe in itself
does not contain enough information to compute a correct transformation. Therefore, we need
to take more information into account. As stated in Chapter [I, an LOP problem consists of
instances I € Z, each consisting of a universe U(I) together with further information. These
universe elements are the building blocks of the solutions F(I), which are mere subsets of the
universe F(I) CU(I). Therefore, we call it solution universe or solution ground set. In contrast
to LOP problems, we now assume that we have a universe that contains the building blocks
of the instance and additional information in the form of (nested) relations on the universe
elements. Accordingly, we call it instance universe or, in the following, simply universe. Indeed,
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in combinatorial optimization, this is a typical behavior, and many problems can be modeled
this way. Let us take a look at the following prototypical problem.

3SATISFIABILITY
Instances: Literal set L = {/1,...,£,} U{f,...,0,}, Clauses C C L3.
Instance universe: Literals L.
Solution universe: Literals L.
Solution set: The set of all sets L’ C L such that for all ¢ € {1,...,n} we have |L' N
{¢;,0;}| = 1, and such that |L'N¢j| > 1forall ¢; € C, j € {1,...,|C|}.

In 3SATISFIABILITY, the atomic building blocks are the literals. We are able to model each
instance by a universe together with relations over that universe as follows. A pair of literals
¢ and ¢ builds up a variable and is thus in a variable relation. Further, we are able to model
clauses by a relation over the literals C' C L3. We are also able to define a literal-clause relation
defined by {(¢,c¢) | £ € ¢}. And, we can also define a literal-literal-clause relation that contains
pairs of literals that are part of the same clause, i.e. {(¢,¢',c)|{ € cand ¢ € ¢ for ¢ € C}.

Another example are graph problems. Underlying each graph is a vertex set, which can be
put into a relation of edges. Moreover, we are able to define, for example, an incidence relation
as a relation between vertices and edges. In consequence, we assume that an instance consists
of an instance universe U, which contains the building blocks of the instance. The additional
information of each instance I is given as nested relations over U that define the instance. In
order to define the corresponding solutions, we assume that the solutions to the problems can
be defined by subsets of one of the relations (or the solution universe). The instance universe
and the solution universe may coincide. For example, this is the case for the problem VERTEX
COVER, which we can define in the following way.

VERTEX COVER
Instances: Vertex set V, edge relation £ C V x V| number k € N.
Instance universe: Vertex set V.
Solution universe: Vertex set V.
Solution set: The set of all vertex covers V! C V of G of size at most k.

Consequently, the instance universe is the vertex set V' of the corresponding graph. However,
the vertex set V is also the solution universe because each vertex cover can be defined by a subset
of vertices. On the other hand, the instance universe of the problem HAMILTONIAN CYCLE differs
from the solution universe.

HAMILTONIAN CYCLE
Instances: Vertex set V, edge relation £ CV x V.
Instance universe: Vertex set V.
Solution universe: Edge set F.
Solution set: The set of all Hamiltonian cycles T' C E.

While HAMILTONIAN CYCLE is again a graph problem and thus the instance universe is the
vertex set, the solution universe is defined over the edge relation, specifically each Hamming
cycle is an edge subset.

11.1.2 Technical Overview

As described above, we want to express a problem by an (instance) universe, which contains the
atomic building blocks, (nested) relations over the universe, and the solutions, which are subsets
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of one of the relations. Let U be the instance universe. Then, we only consider relations from
R(U) over the set U defined by

UeR®U)
AeR(D), if AC B for some B € R(U)
X A € R(U), it for all i, A, € R(U).

We can now define a combinatorial decision problem as a tuple (U, R, F'), where U is the
universe, R are the relations, and F are the solutions. We express the tuple (U, R, F) as a
decision problem by defining the input as R and the question is whether there is a solution, i.e.,
F #0.

How does a gadget reduction from 3SATISFIABILITY to VERTEX COVER work? As an exam-
ple, we use the reduction by Garey and Johnson [GJ79]. The idea is to introduce a vertex vy
for each of the literals £ € L. For each pair of a positive and negative literal ¢, ¢ corresponding
to a variable, an edge {¢,¢} is introduced. This forms a gadget for the variable corresponding
to literals ¢, ¢. In order to cover the edge, one of the vertices v, and vy needs to be taken into
the solution. A clause ¢ is simulated by a 3-clique of vertices {vy. | £ € c}. At last, we connect
the 3-cliques with the variable gadgets if the literal is in the clause by introducing the edges
{{ve,vec} | £ € c}. The threshold k for the VERTEX COVER instance is set to k := |L|/2 + 2|C.
A sample instance of this reduction for clauses C' = {{f1, 02,03}, {¢1,02,¢3}} can be found in

Figure

/UZ 1 ,Uzl UZ2 UZQ ’UZB) ,UZg

Vey,c1 Veg,cq UZQ,CQ Ves,co

Figure 11.1: The reduction graph for 3SATISFIABILITY formula C' = {{f1,ls, {3}, {l1, 02,03} }.

It is now possible to divide the instance into gadgets. We present the different gadgets
in Figure [I1.2] where dashed elements are part of a different gadget. First of all, we have a
vertex vy for each literal ¢ € L. This is the literal gadget, which can be found in Figure
For each of the elements in the relation between a positive and negative literal that form a
variable, we have introduced an edge {v¢, v;} as in Figure @l Furthermore, we have introduced
the 3-clique for each of the clauses. The vertices of the 3-clique vy . together with the edge
connecting the vertices vy and vy . are induced by the literal-clause relation {(¢,c) | £ € c}, see
Figure The edges of the 3-clique are generated by the elements of the literal-literal-clause
relation {(¢,¢',¢) | £ € c and ¢’ € ¢ for ¢ € C}, see Figure Thus, we have disjoint gadgets
that together build the reduction instance for VERTEX COVER.

We now have everything to define a first version of universe gadget reductions. Let (Ua, Ra,
F,4) and (Ug, Rp, Fp) be a combinatorial decision problems and let I4 (respectively Ig) be an
index set for R4 (respectively Rp). A Universe Gadget Reduction f_ is composed of mappings:

P gyt B — 275 for all (i,5) € 14 x Ip.
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Ve Uy
Vg O—=3
O (b) Gadget for relation R, 7 for some literal ¢ €
(a) Literal Gadget for literal £ € L. L.
1/][ Vet e
Ve i
(c) Gadget for relation Ry . for literal £ € L (d) Gadget for relation Ry e . for literals ¢, ¢’ €
with £ e ce C. L with ¢,/ €cceC.

Figure 11.2: The gadgets for the universe and all relations for the reduction from 3SATISFIA-
BILITY to VERTEX COVER.

We, then, call the substructure

Y, = U fR"A,Rg (x)

(i,4) € TaxIp

the gadget for the specific universe element or relation element x € |J, RYy. We further demand
that the gadgets are pre-image unique, i.e., there are no elements that belong to more than one
gadget: Let y € R’ for some j € Ip, then there is exactly one (i,7) € I x Ip and exactly
one z € Ry such that y € f Ri, RS, (z). This definition of a gadget reduction for combinatorial

decision problems ensures that the gadgets are uniquely relatable to the generating combinatorial
elements.

We consider only gadget reductions that start at one of the first problems that were shown to
be NP-complete: 3SATISFIABILITY. Its logical substructure enables relatively easy gadget con-
structions for a vast number of combinatorial problems. The building blocks of 3SATISFIABILITY
or, in general, Boolean circuits are the variables and the logical operators. 3SATISFIABILITY
has the variables at its core and three logical operators that have to be simulated: —, Vv, and A.
Accordingly, one can split the instance into literals to simulate both states of a variable (true and
false) and into the logical operators. If we additionally assume that the 3SATISFIABILITY is in
CNF, we can also construct gadgets for the clauses instead of gadgets for each of the logical oper-
ators. We thus have wvariable gadgets for simulating a variable and clause gadgets for simulating
the relation between the variables induced by the logical operators. The simulation of a variable
gadget is typically performed by a one-to-one correspondence between the variable assignment
and the solutions on the variable gadget. That is, there is one solution on the variable gadget
that corresponds to the assignment true and one solution that corresponds to the assignment
false. Moreover, a clause is simulated to be satisfied if a solution on the clause gadget exists,
depending on the solution on the variable gadgets.

We extend the definition of a gadget reduction from above to accommodate recoverable robust
problems and online graph problems with a map. Both areas need different extensions because
of their underlying different nature. However, the basic definition of a gadget reduction is at the
heart of the corresponding complexity results. We proceed with the technical overview of both
subfields.

Recoverable Robustness. For recoverable robust problems with elemental uncertainty, we in-
troduce an additional property to universe gadget reductions, which we call modularity. To
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explain the concept of modularity, we assume to have two problems Py = (Ua, Ra, Fa) and
Pp = (Up, Rp, F) such that P, is universe gadget reducible to Pg. Then modularity demands
that if we remove an element x € R4 from the instance of P4, we are able to remove the corre-
sponding gadget Y, and obtain the corresponding instance of problem Pp. Additionally, we have
to take the distance between the solutions of the recoverable robust problem into account. For
this, we demand that the solution size is altered accordingly in an efficiently computable way.
Concretely, we assume that each gadget induces a constant solution size. Hence, we only have to
count the number of the corresponding gadgets, and we obtain an efficiently computable solution
size for the instance. With this definition of an extended universe gadget reduction, we are able
to show that recoverable robust problems with so-called xzor-dependencies or I'-set scenarios are
Y%-complete if the corresponding nominal problem is NP-complete.

The key idea for a general reduction is to show that there is a reduction from IVI3SATISFIA-
BILITY to the recoverable robust version of 3SATISFIABILITY with the given type of uncertainty.
Then, we can use the universe gadget reduction from 3SATISFIABILITY to a problem Pp to
substitute each variable by its variable gadget and each clause by its clause gadget to derive a
reduction from IV33SATISFIABILITY to the recoverable robust version of Pg. At last, the solution
size function transfers the chosen Hamming distance of the reduction from 3V33SATISFIABILITY
to the recoverable robust version of 3SATISFIABILITY to the correct Hamming distance for the
reduction to the recoverable robust version of Pg.

Online graph games with a map. In online graph games with a map, we are given a graph
G and a threshold k£ € N on the size of the vertex subset. The question is whether there is a
vertex subset of size k in the graph G. This description includes popular problems such as vertex
cover, independent set, and dominating set. Here, we use the basic universe gadget reduction
definition and additionally include so-called self-contained extension gadgets. The basic function
of the extension gadgets is to add neighbors to all vertices such that the degree of each vertex
can be partitioned into equivalence classes. Furthermore, the gadgets need to be self-contained,
i.e., the gadgets do not influence the solution on the rest of the graph. Therefore, we are
able to add these gadgets to the graph without altering the underlying solution and thus the
semantics of the existing gadget reduction. Based on these equivalence classes and the provided
map, the online decision maker is either able to recognize the vertices or they seem isomorphic,
such that he is not able to distinguish them. The resulting graph then simulates a game of
TRUTH QUANTIFIED BOOLEAN FORMULA between the online decision maker (3-player) and the
adversary (V-player). The online decision maker can associate each 3-quantified variable with
a vertex, choosing whether to include it in the solution at his discretion, and the adversary is
able to force the online decision maker to assign the V-quantified variables to his preferences.
Accordingly, we are able to show that online graph games with a map are PSPACE-complete.



Chapter 12

Recoverable Robustness

12.1 Introduction

The concept of robustness in the field of optimization problems comprises a collection of models
that consider uncertainties in the input. These uncertainties may for example arise from faulty
or inaccurate sensors or from a lack of knowledge. Robustness measures can model these types
of uncertainty that occur in practical optimization instances into an uncertainty set. The goal is
to find solutions that are stable over all possible scenarios in the uncertainty set. That is, these
solutions remain good but not necessarily optimal regardless what the uncertainties turn out to
be in reality.

One specific robustness concept is recoverable robustness, which is a recently introduced con-
cept [LLMS09] by Liebchen et al. The input of a recoverable robust version of a problem P is a
base scenario oy, which is an instance of problem P, as well as a set of uncertainty scenarios S,
whose members are again instances of P. The set of uncertainty scenarios S is the uncertainty
set of the problem. We are asked to compute a base solution sy to the base scenario oy and to
compute recovery solutions s to all members of the uncertainty scenarios o € S such that sy and
s are not too far away from each other according to a distance measure. The solution on the
base scenario does not directly include the uncertainties but needs to include the potential to
adapt the base solution sg to solutions s within the given distance between the solutions. Thus,
the base solution sy may be restricted by these possibly harmful scenarios.

From a worst-case-analysis point of view, we assume that the uncertainty scenarios are chosen
by an adversary. The algorithm computes a base solution with the potential to adapt to all
scenarios. Then, the adversary chooses the most harmful scenario based on the base solution.
Finally, the algorithm computes a recovery solution to adapt to the chosen scenario.

Related Work. Recoverable robustness is used in many practical settings such as different opti-
mization areas in air transport [DSP19, [FMW14l [MDS14] or in railway optimization, for which
a survey can be found in [LLBI§]. Considered problems in railway optimization are to be found
on all stages of railway operation, such as network design [TA18 [CM12], rolling stock plan-
ning [CCGT08, ICCGT12|, shunting [CDS™T09b] and timetabling [CDST09¢, ICDS™09al [DSNP11],
DSN09, IGHM ™13, Biis09]. Our focus lies on the complexity of recoverable robust problems. In
parallel to writing the paper, on which this chapter is based on, Goerigk et al. [GLW24] analyzed
the Hamming distance recoverable robust independent set, TSP and vertex cover. Hamming dis-
tance means that at most k elements may be added to or deleted from the base solution in total
to obtain a recovery solution. They showed the ¥5-hardness of the variant with discrete budgeted
uncertainty over the costs of the elements. To the best of the author’s knowledge, this is the only

147



148 Part Il. Universe Gadget Reduction Framework

contribution investigating the complexity within the polynomial hierarchy beyond NP-hardness.
All other contributions study primarily algorithms and analyze the problems only on their NP-
hardness or their approximability, where different distance measures between the solutions are
of interest. The concept of k-dist recoverable robustness, allowing at most k£ new elements in
recovery solutions, was introduced in [Biis12] but was also used in [HKZ17a]. Besides the k-dist
measures, there are also measures which limit the number of deleted elements [BKK11a)] or ex-
changed [CG16] elements. Furthermore, combinations of these distance measures are analyzed
as well in the literature [BKK11D]. Further usages of Hamming distance recoverable robustness
can be found in [DMP™15]. Among the studied recoverable robust problems is Knapsack, which
is NP-hard for different distance measures between the solutions [BGKK19, BKKI11a, BKKI11b].
Recoverable robust versions of problems that are in PTIME are shown to be NP-complete as well
such as Shortest Path, which is NP-hard for k-dist [Blis12], or Matching [DMP™15|. Further-
more, the recoverable robust Single Machine Scheduling problem is 2-approximable [BG22|] and
the recoverable robust TSP is 4-approximable [CGI16]. Moreover, a recoverable robust version of
Spanning Tree [HKZ17a] is shown to be in PTIME.

Contribution. We study Hamming distance recoverable robust problems with different forms of
elemental uncertainty. That is, it is uncertain whether an element (e.g. a vertex or object) is
included in a scenario or not. This form of uncertainty is different to cost uncertainty, where all
elements are present in all scenarios but the costs of the elements are uncertain. We show that re-
coverable robust versions of typical NP-complete combinatorial problems with zor-dependencies
or I'-set scenarios are X5-complete.

We do this by defining a gadget reduction framework, which uses a specific definition of
combinatorial problems. These problems are defined over combinatorial elements, which are
defined over a universe U, and nested relations R(U) over that universe. We show that this
framework is able to “upgrade” many already existing NP-hardness reductions by applying it
to over 20 well-known problems. Thus, we expect that the results are easily extendable beyond
those problems.

12.2 Combinatorial Problem Framework

In theoretical computer science, problems are defined as languages, which consist of all Yes-
instances of the problem. The instances are encoded as words from {0,1}*. For combinatorial
problems, we may assume that an instance contains a universe U = {1, ...,n}, which consists of
the encoding atoms of the instance. Furthermore, an instance includes (nested) relations between
these atoms. To encode the relations, the atoms are used together with a delimiter symbol.

One example of such a problem is the problem UNDIRECTED S-T-CONNECTIVITY (USTCON).
Its input is an undirected graph G = (V, E) together with two vertices s,t € V. The correspond-
ing instance is then encoded by the vertices V = U as universe and three relations s,¢ C V and
E CV x V. The instance is a YES-instance iff there is path from s to ¢ in G. Another example
is the problem VERTEX COVER. Again, the vertices V = U are the universe and £ CV x V is
a relation. The instance is a YES-instance iff there is a small vertex cover in G.

In mathematical optimization, a problem is often defined over its feasible solutions F' together
with a cost function c¢. The goal is then to find a solution that achieves the minimum (resp.
maximum) costs of all feasible solutions. Oftentimes, an additional ground set of combinatorial
elements X is given. For simplicity, the feasible solutions are then combinations of that ground
set, that is F'(X) C 2X. We apply this to USTCON by interpreting the edges as the ground set
X = E and all paths F(X) C 2F from s to t as the feasible solutions. For VERTEX COVER,
we define the vertices as ground set X = V and the feasible solutions F/(X) C 2V are all small
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vertex covers in the graph. For simplicity, we ignore cost or weight functions and ask for the
mere existence of a solution (here: a path, a small vertex cover).

While this is not a general definition, many typical combinatorial problems can be defined
this way such as INDEPENDENT SET (an independent set is a subset of vertices), HAMILTONIAN
PATH (a Hamiltonian path is a subset of edges), SUBSET SUM (a solution for subset sum is a
subset of numbers).

We distinguish the natural encoding universe U from the solution ground set X over which
the solutions are defined. With that, we reach a larger class of problems. In VERTEX COVER,
the encoding universe U = V is the same as the solution ground set X = V, because a vertex
cover is a set of vertices and a graph is a set of vertices which are in relation via edges. In
contrast, the instances of USTCON are still graphs while the solutions are subsets of edges. Thus
for UsTCON, the solution ground set and the universe do not coincide.

We begin with the definition of nested relations in order to define the instances of combina-
torial problems. With these nested relations, we are able to define all possible associations of
universe elements as well as between universe elements and relational elements. Thus in a graph
G = (V, E), we are not only able to for example encode edges E C V' x V but also an incidence
relation I C V x E or the neighborhood relation N C VIV

Definition 12.1 (Nested Relations). Let U be a set. Then R(U) is the set of nested relations over
U defined by the smallest set fulfilling:

U e R(U) (12.1)
AeR(U), if A C B for some B € R(U) (12.2)
X A; e R(U), if for alli, A; € R(U) (12.3)

We denote the set of relation elements that include r € A € R(U) by R(r).

With access to all nested relations over the universe, we are able to define not only a variety
of problems but we are also able to meaningfully define gadget reductions between problems.
The solution ground set X = R is then a subset of relational elements of one (nested) relation
R € R(U) over the gadget reduction universe U. Thus the solutions are of the form F(R) C 2%.

Definition 12.2 (Combinatorial Decision Problem). A combinatorial decision problem Py is a set
of tuples (Ua, Ra, Fa(RaA)) with the set of universe elements Ua, relations Ry € R(U4)",r € N,
and the set of feasible solutions Fa(Ra4) C 2R for some 1 < i <r. We assume that R}4 =Uy.
We call R4 the instance of the problem and R4 is a YES-instance if and only if Fa(Ra) # 0.
We use an index set I4 to easily address the members of the tuple Ry .

For simplicity, we may omit the problem in the index of Us, R4 and F4(R4) as well as
the dependence of the feasible solutions F(R) on the relations R and write F'. For a better
understanding, we again use USTCON as an example.

Example 12.1 (Undirected s-t-Connectivity Problem). The input of USTCON is a graph G = (V, E)
and two vertices s,t € V.. A feasible solution is a path from s to t in G. This translates to the
following tuple (U, R, F'). The universe U consists of the vertices V.. The relations in R are the
edges E and the vertices s and t, that is, R = (V, E, s,t). The feasible solutions are all s-t-paths
p e F C2F in G defined as subsets of edges.

Observe that for combinatorial problems, the encoding of the input and the solutions depends
only on the universe of elements. Thus, the universe elements in U build the atoms of the problem.
The (nested) relations R model the relations between these atoms. The feasible solutions F' model
all possible combinations of solution elements that are feasible.
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12.2.1 Scenarios for Robust Problems

Before we are able to define recoverable robust problems, we need to define scenarios. Scenarios
are a central concept in robust optimization, which model the uncertainty. A Hamming distance

recoverable robust problem PfDRR is based on a combinatorial problem P4. We then define a
scenario as follows.

Definition 12.3 (Scenarios). A scenario of the Hamming distance recoverable robust problem
PIPEE s g problem instance (Ua, Ra, Fa(Ra)) of the base problem Pj.

Encoding of Scenarios. For scenarios, we use explicit encodings, implicit encodings or succinct
encodings. We consider elemental uncertainty, for which it is uncertain whether a combinatorial
element is part of a scenario or not. Thus, all of these encodings are based on combinatorial
elements of an instance, which include the universe and all relation elements. This is different
to uncertainty over the costs of elements, where the underlying combinatorial elements remain
the same for all scenarios. If a combinatorial element is not part of a scenario, then all relation
elements that include this combinatorial element are discarded as well in the scenario. For
example, if a vertex v in a graph problem is discarded, then all edges incident to v are discarded,
too. We denote this removal of combinatorial elements with U \ {r} and R\ R(r), where the
removal of r removes all relation elements R(r) that contain r. We call the elements that are
part of the current scenario the active elements, otherwise we call the elements inactive.

First, we will use explicit encodings by providing the complete instance encoding over the
base problem P4. Additionally, we use implicit encodings by providing a set of all elements that
are different from base scenario og. Furthermore, we address succinct encodings of scenarios as
well. These encodings usually encode an exponential number of scenarios in polynomial space.
The popular concept of discrete budgeted uncertainty, also known as I'-scenarios, [BS04b] falls
into this last category as well as later defined xor-dependencies, which use logical operators
between the elements to encode which element is active, i.e. part of a scenario.

12.2.2 Hamming Distance Recoverable Robust Problems

Now, we define Hamming distance recoverable robust problems. For this, we need a definition
of the Hamming distance over a set.

Definition 12.4 (Hamming Distance of Sets). Let A, B be two sets. Then, we define the Hamming
distance H(A, B) of set A and B to be
H(A,B) :=|A A B|=|{z| either x € A or x € B}|

Intuitively, a Hamming distance recoverable robust problem PfDRR is based on a nominal
combinatorial decision problem Py, e.g. USTCON. We distinguish the base scenario from un-
certainty scenarios. The base scenario og is the instance on which the first solution sg has to
be computed. The uncertainty scenarios o € S are the scenarios for which the solution s, that
has to be adapted from sg, have to be computed. All scenarios of a problem may share universe
elements or relation elements. In conclusion, we not only have to find a solution for one instance,
but for one base scenario g and for all uncertainty scenarios in S. That is, we can recover from
every possible scenario with a new solution to the problem. The solutions to the uncertainty
scenarios, nonetheless, may have a Hamming distance of at most « to the solution of the base
scenario. We always define the Hamming distance over the solution ground set X between the
solutions from F(X) C 2%X. Formally, we obtain the following definition.
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Definition 12.5 (Hamming Distance Recoverable Robust Problem). A Hamming distance recov-

erable robust problem PfDRR is a combinatorial problem based on a combinatorial problem Py.
PIPEE s defined as a set of tuples (U, R, F(R)) with

U=UyU Uaes U, is the universe. The universe is the union over all universe elements that
occur in the scenarios.

R = (Ro,(Ry)oes) = ((Uo, R3,...,Ry), (Uy, R2,...,R"),¢cs) are the relations. The relations
are separate for each scenario.

F(R) = {(s0,(s¢)oes) € Fo(Ro) x (Fy(Rs))oes | H(so, So) < k for all o € S}) are the feasible
solutions. The Hamming distance H(s, ') is defined over the elements in the solutions
s, 8.

The feasible solutions are not subsets of some relation R but consist of tuples including the
solution for each scenario in F', which also adhere to the Hamming distance. In general, we
assume that the bound on the Hamming distance x is part of the input.

Observe that the specifications are no restriction because every decision problem can be
formulated as one base scenario and no uncertainty scenarios, that is S = §). On the other hand,
the base problem Py is a restriction of PP by setting S = (). Furthermore, the base scenario is
defined by o9 = (Uy, Ro, Fp) and all uncertainty scenarios o € S are defined by o = (U, Ry, Fy).
Again, we provide an example for a better understanding of the definition and again, we use the
problem UsTCON.

Example 12.2 (Hamming Distance Recoverable Robust USTCON). Let G = (V, E) be a graph,
s,t € V and k € N. UsTCoN"PRR 5 ¢ Hamming distance recoverable robust problem with
feasible solutions F C 2F. Thus, the Hamming distance is defined over the edges. The start
and end vertices s and t remain the same for all scenarios. The input R contains the following:
Each scenario o € S encodes the set of active vertices V, and edges E,. The feasible solutions
F consists of all s-t-paths (py, pees) € 2F70 x 2Fees such that H(po,p,) < K, for allo € S. In
other words, the question is

3pg € 2870 : Yo € S: Tp, € 2F7 1 py € Fy, py € F, and H(p,ps,) < k-

12.2.3 Combinatorial Problems with Partitions as Solutions

As already stated in the introduction of this section, Definition [12.2]is not a general definition for
combinatorial decision problems. For example coloring (which asks for an independent set cover)
or clique cover as well as many other problems are not covered by this definition, because these
have partitions as solutions and not subsets of some relation. In order to meaningfully integrate
these kind of problems into this framework, we need to adapt the definition of combinatorial
decision problems as well as the definition for the Hamming distance between solutions because
the solutions are not sets but partitions.

Definition 12.6 (Combinatorial Decision Problem with Partition Solutions). A combinatorial de-
cision problem with partition solutions Pa is a set of tuples (Ua,Ra,Fa(Ra)) with the set
of universe elements Uy, relations Ry € R(UA)",r € N, and the set of feasible solutions
Fa(Ra) C (2Rf4)k which are k-partitions of Ry for some 1 <i <r. We assume that Ry = Uy,.
We call R4 the instance of the problem and R is a YES-instance if and only if Fa(Ra) # 0.
We use an index set 14 to easily address the members of the tuple R4 .

The only change in the definition in comparison to Definition is that the set of feasible
solutions is defined as Fa(R4) C (2%4)* such that Fa(R4) consists of k-partitions. We then
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define the Hamming distance between two k-partitions to be the sum of the Hamming distances
of the sets of the two partitions.

Definition 12.7 (Hamming Distance of Partitions). Let A, B C S* be two k-partitions of the set
S. Then, we define the Hamming distance Hp(A, B) of partitions A and B to be

k
Hp(A,B) := ZH(Ai7Bi)u

i=1
where H(A;, B;) is the Hamming distance over the sets A;, B;.

Accordingly, we also define Hamming distance recoverable robust versions of combinatorial
problems with partitions as solutions.

Definition 12.8 (Hamming Distance Recoverable Robust Problem with partition solutions).
A Hamming distance recoverable robust problem PfDRR is a combinatorial problem based on a
combinatorial problem Pa. PYPFR js defined as a set of tuples (U, R, F(R)) with

U=UyU UUGS U, is the universe. The universe is the union over all universe elements that
occur in the scenarios.

R = (Ro,(Ry)oes) = ((Uo,R3,...,Ry), (Uy, R2,...,R"),¢cs) are the relations. The relations
are separate for each scenario.

F(R) = {(s0, (55)oes) € Fo(Ro) X (Fs(Rs))oes | Hp(so, so) < k for all o € S}) are the feasible
solutions. The Hamming distance Hp(s, s') is defined over the solution partitions s, s'.

All of the following results on Hamming distance recoverable robust problems also hold for
these kinds of problems.

12.3 Recoverable Robust Problems and the Polynomial Hierarchy

In this section, we investigate the connection between Hamming distance recoverable robust
problems and the polynomial hierarchy. For this, we introduce two succinct encodings: xor-
dependencies and I'-set scenarios. We first prove that the Hamming distance recoverable robust
version of problems, which are in NP, are in X% for both encodings. Then, we prove X5-hardness
of the Hamming distance recoverable robust 3SATISFIABILITY for both encodings.

Definition 12.9 (Hamming Distance Recoverable Robust 3SATISFIABILITY). The problem 3SAT-
ISFIABILITYPEE ith Hamming distance over the literals L is defined as follows.

Input: Literals L, clauses C, base scenario oo C L, uncertainty scenarios S C 2F, k € N

Question: Are there solutions sg C oo and s, C o for all o € S such that H(sp, s5) < k for all
o € S and setting so and s, to true, all corresponding formulae of clauses C|,, and C|,
are satisfied?

We begin with zor-dependency scenarios.

Definition 12.10 (zor-Dependency Scenarios). Let og be the base scenario. The encoding of xor-
dependencies is a tuple (E',{(E11,E12), ..., (En1,En2)}), where E' and all E; ; are pairwise
disjoint sets of combinatorial elements for alli € {1,...,n},j € {1,2}. Then the scenario set S
includes all o of the form o = o9 A (E'"UE1U...UE),) with either (E; = E;1) or (E; = E; 2)
forallie{1,...,n}.
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Observe that with a linear sized encoding, exponentially many scenarios may be encoded.
We study this combinatorial explosion with the result that it introduces more complexity for
Hamming distance recoverable robust problems in comparison to the base problem. Concretely,
we use 3SATISFIABILITY as base problem and show the X5-hardness of 3SATISFIABILITY PR
with a linear number of xor-dependencies. From that point on, we can derive hardness results
for further problems. Before we start the analysis of the hardness, we shall show that if P4 € NP,
then PfDRR with a linear number of zor-dependencies is in 2.

Theorem 12.1. If P4 € NP, then PYPEE with xor-dependencies is in 5.

Proof. We present a polynomial time verifier that receives an (3-quantified) string 1, a (v-
quantified) string yo, and an (3-quantified) string y3 as input together with the instance. The
first string y; encodes the solution sg to the base scenario. The second string y2 encodes the
scenario ¢ for all ¢ € S. The third string encodes the solution s, for the selected scenario o.

The solution to the scenarios sg and (s,)secs are encoded as a subset of of active elements
in the corresponding scenario. The scenarios o9 and o € S can be computed in polynomial time
from the input encoding encoded as sets, because the number of zor-dependencies is limited
by the input length. Furthermore, the solutions sg and (ss),es are subsets of og and o € S
correspondingly. Consequently, the length of the input to the verifying algorithm is at most
polynomial in the input length.

We can now construct the following algorithm that runs in polynomial time to verify the
correctness of the strings. First we compute the explicit encodings of the base scenario and the
scenario o € S encoded in y3 in polynomial time. We then verify whether the solution sg encoded
by y; is a solution to oy and whether s, encoded by y3 is a solution to scenario o. This is doable
by using the existing verifier for the base problem that exists because the problem is in NP. At
last, we check H(sg,s,) < k. O

HDRR

Theorem 12.2. 3SATISFIABILITY with xor-dependency scenarios is ¥4 -hard.

Proof. We reduce 3VI3SATISFIABILITY to 3SATISFIABILITYPFE . For this, let (X,Y, Z,C) be
the IVI3SATISFIABILITY instance, where 3XVY3IZ C(X,Y,Z) is the formula with clauses
C(X,Y,Z). We denote the 3SATISFIABILITY PR instance as I.

Variables We modify the variable set as follows. The variable set X remains the same. We
substitute Y by {y!, y[ |y, € Y} = Y'. At last, we define Z’ := Z U {yio,y;l,yzo,yil |
Y; € Y}

Clauses The clauses are then modified as follows. For all y; € Y, we add ny < 0and y! < 1 to
the formula. Furthermore for all y; € Y, we add y} <> 4/, y} < Ui, yl & ?sz,o’ vl & yﬁl
to the formula. At last, we do the following substitutions: For every clause ¢ = (a,b,y;) € C
with a,b € X UY U Z, we substitute ¢ by the clauses (a,b, yfl) and (a,b, y{io) and for
clauses ¢ = (a,b,7;) € C with a,b € X UY U Z we substitute ¢ by the clauses (a, b, yf’o)

and (a, b, yfl) We denote the set of modified clauses from C by C’. This is possible in
polynomial time because we have a 3SATISFIABILITY instance and we are introducing at
most eight new clauses per existing clause.

Scenarios In the base scenario of I only the variables from X are active. The uncertainty
scenarios are encoded with xor-dependencies. For this, we introduce xor-dependencies on
the variables and clauses from y! and ylf for all ¢ € {1,...,]Y]}. Concretely, we define
the set ' = Z' U C” and for each i € {1,...,n}, we define E;1 = {y}, (v} < v 1), (yf <

Tio) (yf <> 1)} as well as Ej o = {ylf, (yf “ y{o), (i © y{l), (yzf < 0)}. At last we set

i
the maximum Hamming distance between the literals to k = |Y| + | Z/].
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Polynomial Time This transformation is computable in polynomial time because for each literal
and each clause in (X,Y,Z,C) a fixed amount of literals and clauses in I are created.
Furthermore, the formula can be transformed into CNF by substituting a <+ b with clauses
(@Vb) and (a Vb).

Correctness For the correctness, we have to prove that the constructed instance over the variable
sets X, Y’ and Z’ together with the xor-dependency scenarios are logically equivalent to
the IVA3SATISFIABILITY formula. First, we focus on the X part. Any assignment to
the variables from X is a valid solution to the base scenario. Because x = |Y| 4 |Z’| and
Y| + |Z'| new variables appear in all of the uncertainty scenarios, the decision on the
variables from X is made while choosing a solution to the base scenario and cannot be
changed in any uncertainty scenario. Thus the decision on the variables from X are the
same in both the base scenario and the chosen uncertainty scenario.

Next, we concentrate on the VY part. First for all i € {1,...,|Y]}, the clauses 1 +» y! and
0+ ny , force the variable y! to be always true and the variable ylf to be always false if they
are active. The wor-dependencies activate exactly one of y! and ylf forallie {1,...,|Y]}.

Furthermore, if y} is active, then y! , evaluates to 0 and y; ; evaluates to 1, and if yl s

!

active, then y£ o evaluates to 0 and y; ; evaluates to 1. Thus the clauses containing yf,o

and yf, (resp. yf o and ylf 1) have the same satisfaction behavior than the clauses that
contain y; (resp. ¥;) in the IVI3SATISFIABILITY formula If on the other hand, y! € F; ; is
inactive, then also the clauses y! < yZ , and y! < yZ o are deactivated such that both yz 0
and yZ ; can be set to 1. This allows all clauses contalnlng y! 0 Or yl 1 to be trivially fulﬁlled

whenever y! is inactive. The same argument holds for yi € I 2, i.e. the clauses yi R yw
and yif ~ yf , are deleted and both y} ; and y} ; can be set to 1. Because the combinations
allowed by the zor-dependencies are all 2/Y| possible truth assignments to variables Y, the

zor-dependency scenarios are equivalent to a VY for the variables Y. Thus, we also have
a one-to-one correspondence between the variables in Y and Y in both instances.

At last, we have to consider the 37’ part. All variables from the sets X and Y’ in the
instance of 3SATISFIABILITYPRR are already assigned equivalently to the assignment of
the variables from the sets X and Y in the FV43SATISFIABILITY formula. The variables
from the set {} o, v} 1, ylf 0 ylf 1 | yi € Y} are assigned according to Y’. All variables of the
3SATISFIABILITY PR instance that are not yet assigned are free variables from Z. The
clauses C’, however, are equivalent to the clauses from the IV3I3SATISFIABILITY formula.
Thus the rest of the variables (in both instances these are the variables from Z) is one-to-one
correspondent.

In conclusion, the instance from IV43SATISFIABILITY is equisatisfiable to the constructed
instance of 3SATISFIABILITY PP because the assignments on the set X, Y, and Z corre-
spondent to the assignments in X, Y’, and Z’.

O

While the other parts of the chapter were developed independent from Goerigk et al. [GLW24],
the results for I'-set scenarios build upon it. The results based on xor-dependencies are adaptable
to the I'-set scenarios as described in this section. For the I'-set scenarios, we use the definition
over sets instead of elements as in I'-scenarios, which is defined as follows.

Definition 12.11 (I"-set Scenarios). Let oq be the base scenario. The encoding of T'-set scenarios
is a tuple (E',{E1, Es,...E,}), where E' and all E; are pairwise disjoint sets of combinatorial
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elements for alli € {1,...,n}. Then, the corresponding scenario set S includes all o of the form
og=00 0 (E'"UUpgee B) with € C{Ey, By, ..., E,}, €] <T.

Again, with a linear sized encoding, exponentially many scenarios may be encoded. We
show ¥%-hardness of 3SATISFIABILITY P with T'-set scenarios. A proof on the so-called Ro-
BUST ADJUSTABLE SAT was already conducted by Goerigk et al. [GLW24]. This version of
3SATISFIABILITY uses uncertainties over the costs instead of the elements as in X%-hardness of
3SATISFIABILITY PFE with I'-set scenarios. Thus, the proof is not analogous as it is different in
technicalities, nevertheless, we reuse their basic idea of introducing the cheat detection gadget
(modeled by the s-variables) for our proof. Furthermore, we show also that if P4 € NP, then
PIPRR with T-set scenarios is in X5.

Theorem 12.3. If P4y € NP, then PYPEE with T-set scenarios is in k.

Proof. Each scenario from the I'-set scenarios is encodable in polynomial space because the
number of sets in £ from Definition [12.11] is limited by the input length. Thus, this proof is
analogous to the proof for xor-dependencies. O

Theorem 12.4. 3SATISFIABILITYHPRR with T-set scenarios is X5 -hard.

Proof. We heavily reuse the transformation for xzor-dependencies. Nevertheless, we have to
introduce a mechanism to accommodate the less structured I'-set scenarios in comparison to
zror-dependencies. At last, the scenarios have to be adapted to I'-set scenarios.

We reduce IVI3SATISFIABILITY to 3SATISFIABILITY PR, For this, let (X,Y,Z,C) be
the IVI3SATISFIABILITY-instance, where 3XVY3Z C(X,Y,Z) is the formula with clauses
C(X,Y,Z). We denote the 3SATISFIABILITY PR instance as I.

Variables We modify the variable set as follows. The variable set X remains the same. We
substitute the set Y by {y!, ylf | yi € Y} =: Y’'. Moreover, we define set Z' := Z U
{yf’o,yfﬁl,ylf)o,y{l |y; € YU {s,s; | y; € Y}. The added variables s; for each y; € Y and
the additional variable s fulfill the same function as in the proof of Goerigk, Lendl and
Wulf [GLW24].

Clauses The clauses are then modified as follows. For all y; € Y, we add ylf <> 0and y! < 1 to
the formula. Furthermore for all y; € Y, we add y} <y}, yl <> Ui o, yl & Z/Zf,m vl & y{l
to the formula. Then, we do the following substitutions: For every clauses ¢ = (a,b,y;) € C
with a,b € X UY U Z we substitute ¢ by the clauses (a,b,y} ) and (a,b, y{io) and for
clauses ¢ = (a,b,y,;) € C with a,b € X UY U Z we substitute ¢ by the clauses (a,b, yf,o)

and (a,b,yif_l). This is possible in polynomial time because we have a 3SATISFIABILITY
instance and we are introducing at most eight clauses per clause. Moreover, we add 3 to
all clauses ¢ € C, such that we obtain a formula equivalent to s — C(X,Y, Z). We denote
the set of modified clauses from C by C’. At last, we add ¥ V s; and ylf V s; as well as
5V 31 V82 V...V 3y to the clauses.

Scenarios The first scenario of I consists only of the variables from X. Based on this, we
encode the uncertainty scenarios with I'-set scenarios. For this, we include the variable
y! (respectively ylf ) together with its clauses in one of the E;. Concretely, we define
E'=Z'UC"U{(sV351V...V3y|)}. Furthermore, we define Fa; 1 = {y;, (y; <> vi,), (i <

Tlo), (ut e 1), (@ v si)} and By = {u!, (v < vlo), ] < 3L, (] < 0), (] vsi)} for
i€{l,...,|Y]}. Atlast,set k=|Y|+|Z'| and T = |Y.
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Polynomial Time This transformation is computable in polynomial time because for each literal
and each clause in (X,Y,Z,C) a fixed amount of literals and clauses in I are created.
Furthermore, the formula can be transformed into 3CNF by substituting a < b with
clauses (@ V b) and (a V b) and using Karp’s reduction from SAT to 3SAT [Kar72).

Correctness For the correctness, we have to prove that the I'-set scenarios within the construc-
tion are logically equivalent to xor-dependencies. Indeed the introduction of the cheat
detection gadget, i.e. the s-variables, ensures this. For this, observe that whenever the set
of uncertain elements £ is smaller than I' = |Y|, there is a pair of variables y!, yf that is
not active. Consequently, the clauses 7! V s; and yif V s; are inactive and s; can be assigned
to 0. It follows that 5; satisfies the clause s V1 VS2 V...V 5y such that s can be assigned
0. Then all clauses are fulfilled by the addition of 5 to all clauses from C'. This also holds,
whenever there is an active pair of yf and y! because by the pigeonhole principle there is

aj € {1,...,]Y]} such that neither ny nor y% is active such that s; can be assigned to

0. Therefore, all non-trivial cases require exactly one of ylf and y! to be active, which is
equivalent to zor-dependencies.

O

12.4 Classes of Recoverable Robust Problems
We have shown that 3SATISFIABILITY#PRE is the canonical ¥}-complete Hamming distance
recoverable robust problem. The goal is to “upgrade” the existing reductions on the NP-level to
reduce the corresponding Hamming distance recoverable robust problems to each other. If we are
additionally able to guarantee transitivity, we are also able to easily achieve complexity results
for a large class of problems. Essentially, the reduction between Hamming distance recoverable
robust problems needs to preserve the structure of the scenarios. For this, consider problems
P4 and Pg. We need to achieve that a combinatorial element e4 in P4 is active if and only if
the combinatorial elements FEp, to which e4 is mapped in Pg, are active. Then, we can use this
one-to-many correspondence to (de)activate the corresponding elements in the instance of Pg.

Many of the properties from above are already constituted by the informal concept of gadget
reductions. Gadget reductions describe that each part of the problem P4 is mapped to a specified
part of the problem Pg that inherits the behavior in problem P,. We adjust this concept to
combinatorial elements, that is universe elements and relation elements, for our purpose. The goal
is that a gadget is a subset of combinatorial elements in Pg for every combinatorial element in Pj4.
Furthermore, we preserve the (in)activeness of elements in a scenario. We call reductions that
fulfill this property modular in the sense that all gadgets are easily (de)activatable. Furthermore,
the solution size, which is the number of universe elements in a solution, has to adapt accordingly
while being easy to compute in order to define the Hamming distance in the reduction correctly.
We approach this later by demanding that the solution size of every gadget has to be a constant,
i.e. it does not change when (de)activating other gadgets.

12.4.1 Universe Gadget Reduction

Let P4 be a combinatorial decision problem with instance tuples (U4, R4, Fa) and Pg a combina-
torial decision problem with instance tuples (Up, Rp, Fg). A Universe Gadget Reduction f_ that
many-one-reduces P4 to Pp is composed of a (possibly empty) constant gadget Yeonst, which is
the same for every instance, and of the independent mappings: f Ri, R RY — 285 for all (i,§) €
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I4 x Ig. We, then, call the substructure

Ym:fj(x): U fRmegg(m)

(i,7) € IaxIp

the gadget for the specific universe element or relation element z € J; RY,. Additionally, we
denote the set of all gadgets by Y(Ra) = {Y, | r € Ry with i € 14} U {Yeonst} for the instance
R 4. The mappings must fulfill the following properties.

(1) Pre-image uniqueness: Let y € R% for some j € Ip, then either y € Y,,,s¢ Or there is
exactly one (i, j) € I x Ip and exactly one x € RY such that y € fr: pi (7).
A"B

(2) Modularity: If a combinatorial element r € R’y from (Ua, Ra, Fa) is removed to form a
new instance (U/, Ry, '), the removal of the gadget of  in (U, Rp, Fg) induces a correct
reduction instance (Uj, R, F;). A removal of r € RYy corresponds to the substitution by
a (possibly empty) removal gadget Y,7¢™ in Pg:

f<(Ra\ R(r)) = (Rp \ f<(R(r))) UY,"™.

If the removal gadget is empty for all combinatorial elements, we call the modularity strong,
otherwise weak. We substitute the gadgets Y,, for z € R(r), with the removal gadget Y,7*™
in T(Ra) correspondingly. We consider the elements of a removal gadget to be disjoint
from the elements of the original gadgets in order to guarantee pre-image uniqueness.

This definition of a gadget reduction for combinatorial decision problems ensures that the
gadgets are uniquely relatable to the generating combinatorial elements and every element is
easily deactivatable. Note that only combinatorial elements from P4 can be removed such that
the new instance P/ is a validly encoded instance. That is, combinatorial elements cannot be
removed in general as this may void the validity of the instance, e.g. in USTCON the universe
elements s and ¢ cannot be deleted.

For the sake of simplicity, we only use gadget reductions originating from 3SATISFIABILITY.
Therefore, we consider the following properties of solutions in a gadget reduction from 3SAT-
ISFIABILITY. These have to be proven individually for each reduction from 3SATISFIABILITY.
For this, let (L,C) be a 3SATISFIABILITY instance that consists of literals L and clauses C. We
introduce variable gadgets and clause gadgets. 3SATISFIABILITY has literals as universe elements.
Furthermore, it includes the following relations not exclusively:

literals and negated literals {(¢,¢) | ¢ € L}

clauses {(0, 03 0%) | (61,07 0F) = c € C C L3}
literal and clause {(lie) [ LeceC}
negated literal and clause  {(¢,¢) | £ € ce C}

A wvariable gadget exists for each literal pair ¢,¢ and consists of the literal gadgets of £ and ¢
as well as the gadget for the relation element (£, £) of the literals and negated literals relation. A
clause gadget simulates a clause. For this, all gadgets for relations that include a clause (clause,
literal an clause, negated literal and clause, literals in clause, negated literals in clause) build up
the clause gadget.

We first assume that the solution on the literals, i.e. the variable assignment is one-to-one
correspond to the local solution on the variable gadget. More precisely, let £;, ¢; be the literals
corresponding variable z;, then there is exactly one local solution on the variable gadget of z;
that corresponds to the assignment of true to variable z; and exactly one that corresponds to the
assignment of false to the variable x;. Furthermore, the local solution of the constant gadget is
always the same. For weakly modular reductions, we additionally assume the following solution
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extension property. Consider Y™ for variable x and all Y™ for variables z € Z such that x
and z share a clause. Then, for each assignment to the variables in Z, there needs to be a local
solution on Y™ and Y™ for all z € Z such that if Y™ is deactivated and Y, is activated
for all z € Z, while Y™ stays active, the following holds: For all extending solutions to the
assignment to Z in the 3SAT-instance, there is an extending solution to the corresponding local
solutions on Y, and the fixed local solution on Y, *" in the reduction instance. Additionally,
the solution size has to adapt to the modularity of the gadgets in the universe gadget reduction.
That is, if a combinatorial element in P4 is removed such that the corresponding gadgets in Pp
are removed, the solution size of the instance of Pg is well-defined.

Solution Size. In order to correctly define the Hamming distance k for a reduction from a
problem PIPEE to PHPRE hased on a universe gadget reduction from P4 to Pg, we need to find
a solution size function. We demand that each gadget Y € Y has a constant local solution size,
which is defined by the universe gadget reduction. A YEs-instance has a solution size, which is
defined by the sum of all local solution sizes defined as follows.

Definition 12.12 (3SATISFIABILITY-Reduction Solution Size Function). Let Pg be a problem such
that a universe gadget reduction f from 3SATISFIABILITY to Pp exists. Let (L,C) be a 3SAT-
ISFIABILITY-instance. The gadgets have a local solution size of size(Y') for each Y € Y(L,C).
The function
sizey : 38AT - N: (L,C) — Z size(Y)
YEeY(L,C)

describes the target solution size over universe elements of f(L,C) = Rp for Rp to be a YES-
instance of Ppg.

In the following, we only consider universe gadget reductions that have such a solution size
function. We assume that the local solution size of each gadget is a constant independent of
the generating combinatorial element and which combinatorial elements are active. That is, all
variable gadgets and each gadget of a k-clause gadget have the same solution size. Thus, the
solution size function is computable in polynomial time. While this is necessary, it is not a
serious restriction as we see later. All of the reductions that we present later inherently have this

property.

12.4.2 Properties of Universe Gadget Reductions

The definitions of universe gadget reductions and its solutions size function imply the following
three properties, which are specifically desired as illustrated before.

Lemma 12.1. A universe gadget reduction is total and one-to-many. The inverse to a universe
gadget reduction is many-to-one.

Proof. Let P4 and P combinatorial problems with P4 <UGE p, For every relation element
z €Y, RY,, the mappings f Ri, R (z) map to corresponding relation elements of Pg. By definition
of a universal gadget reductions every relation element of Pp is generated by such a mapping
or is part of the constant gadget Y.,ns: such that universal gadget reductions are total. By the
definition of the mappings and the constant gadget, universe gadget reductions are one-to-many
because a relation element y € | J I RY; of Pp can be only mapped by one mapping from a relation
element x € | J; RY or is part of Yeonst. Analogously, the inverse mapping of the universal gadget
reduction is many-to-one. O
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Thus by definition, it is ensured that each element y € Yeonst Ul ; ng of Pg is left unique and
thus belongs to exactly one gadget. Another desirable property is transitivity. While strongly
modular universe gadget reductions are transitive, we have to pay more attention to weakly
modular reductions. This is due to the introduced removal gadgets. In the case that a strongly
modular reduction is chained after a weakly modular reduction, the removal gadget can be
transformed again into a removal gadget, making the resulting reduction weakly modular. In
the case that two weakly modular reductions are chained together, the removal gadgets of both
reductions may interact with each other. Then, however, it is not clear how to transform the
removal gadgets into a working removal gadget in general. Thus in general, we do not reach
transitivity for weakly modular reductions.

Lemma 12.2. Polynomial universe gadget reductions are transitive in the following sense:

(1) strongly modular universe gadget reductions are transitive

(2) a strongly modular reduction followed by a weakly modular reduction results in a weakly
modular reduction

(3) a weakly modular reduction followed by a strongly modular reduction results in a weakly
modular reduction

Proof. Let P4 be a combinatorial decision problem with relations R4, Pp a combinatorial

decision problem with relations Rg and Pz a combinatorial decision problem with relations R¢.

Firstly, we prove that the pre-image uniqueness is upheld. Formally, the concatenation of the

mappings fp: pi : Ry — R% and fpi pe @ Ry — RE has to preserve the following property:
A "B B C

Let z € R’é for some k € I, then either z € YA—C or there is exactly one (i,k) € I4 x I and

- const
exactly one z € R}y such that z € fri gk (x).

Let z € Ré for some k € I¢.

Case 1 z € YB>C. Then z is generated as part of the constant gadget of the reduction from

Pgp to Pg. Thus, z € YA=C,

const

Case 2 z ¢ YB—C There is exactly one (j,k) € Ip x Ic and exactly one y € Ril such that

const

z € fRJARg(y) Then, y € R/, for some j € Ip.

Case 2.1 y € YAB  Then z is generated by exactly one element of y € YA—B  Thus,

A cconst const
—
S }/const .

Case 2.2 There is exactly one (i,j) € I4 x Ip and exactly one x € R’y such that y €
fri gpi (z). Thus by definition, of the universe gadget reduction, z is generated by
A’""B

exactly on (¢,7,k) € I4 x Ig x Ic and exactly on x with z = fRJ}‘Ss”Ré(fRfA’RjB (2)).

It follows that all gadgets of relation r € P4 elements are pre-image uniquely mapped in the
instance fp, p. o fp, Py (Ra). Furthermore, the modularity of the gadgets is preserved. For this,
we have to consider the following three cases:

Case 1 For strongly modular reductions fp, p, and fp, p,, the concatenation of fp, p, and
fry,po is still strongly modular. Specifically if a relation element r in P, is deleted, its
gadgets are deleted from Pp according to the reduction fp, p, and the instance of Pp is the
correct instance. Because the elements are deleted in Pg, the reduction fp, p. continues
to delete the corresponding gadgets in Po, whereby the the instance in Po stays correct
for all deletions. Accordingly, strongly modular universe gadget reductions are transitive.
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Case 2 Let fp, p, a strongly modular universe gadget reduction and fp, p, a weakly modular
universe gadget reduction. If a relation element r in P4 is deleted, then its gadgets are
deleted from Pp as well according to the reduction fp, p,. The deletion of the gadgets of r
in the instance of Pp results in the introduction of (potentially empty) removal gadgets in
P¢ according to the weakly modular reduction fp, p.. This still yields a correct universe
gadget reduction, which is weakly modular.

Case 3 Let fp, p, a weakly modular universe gadget reduction and fp, p. a strongly modular
universe gadget reduction. The deletion of a relation element r in the instance of Py
results in the introduction of (potentially empty) removal gadgets in Pg. By definition
of weakly universe gadget reductions, this results in a correct instance to which we can
apply the strongly modular reduction fp, p.. The resulting reduction of the concatenation
fPa,Py © [Py, P is weakly modular, where the removal gadgets are defined by

fPB ,Pc (K;7rz) = U fRis 7R]é (y)
(i) € InxIc
YEY o

It follows that the concatenation of two strongly modular universe gadget reductions fulfill
the pre-image uniqueness and strong modularity. Furthermore, the concatenation of a weakly
modular gadget reduction with a strongly modular gadget reduction (independent of the order of
concatenation) results in a reduction that is pre-image unique and fulfills weak modularity. O

Furthermore, the solution size function adheres to the modularity of the universe gadget
reduction.

Lemma 12.3. The solution size function adheres to modularity. In other words, let (L,C) and
(L', C") be instances of 3SATISFIABILITY with L' C L and C' C C. Furthermore, let f be a
universe gadget reduction from 3SATISFIABILITY to Pp such that f(L',C") results from f(L,C)
by removing the corresponding gadgets. Then,

sizes(L',C") = Z size(Y).

YeY(L,C")

Proof. If a gadget Y, is removed, the solution is decreased by size(Y,) and increased by the
local solution size of the removal gadget size(Y,7™). Because a solution size function is the sum
of the local solutions size of each gadget, the following holds:

sizeg(L',C") = Z size(Y)

YET(L,C")

= size(Yeonst) + Z size(Yy) + Z size(Y, ™).
ze(L',C") ze((L,C)\(L',C)

Accordingly, by the definition of the solution size function to be the sum of the constant local
solution sizes of the gadgets, it adheres to modularity. g

Now, we present a general reduction from IVI3SATISFIABILITY to the Hamming distance
recoverable robust PgDRR based on the structure that a universe gadget reduction provides. That
is, if there is a polynomial time universe gadget reduction f from 3SATISFIABILITY to Pp such
that the solution properties hold and a corresponding polynomial time solution size function size
exists, then there is a polynomial time reduction for the Hamming distance recoverable robust
version of Pg with Hamming distance over the universe elements, transforming the scenarios
accordingly.
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Theorem 12.5. If 3SATISFIABILITY is universe gadget reducible to Pg in polynomial time such
that there is a corresponding solution size function, and the solution properties hold, then there is
a polynomial time reduction from IVIZSATISFIABILITY to PHPEE where the Hamming distance
is defined over the solution ground set and the scenario encodings are xor-dependency scenarios.

Proof. In the following, we prove that IVI3SATISFIABILITY is reducible to PP, For this,
we reuse the reduction from IVI3SATISFIABILITY to 3SATISFIABILITY P together with the
universe gadget reduction from 3SATISFIABILITY to Pgp. The basic idea is to substitute the
variables and clauses by the corresponding gadgets.

Now, let AXVY3Z C(X,Y, Z) be the IVI3SATISFIABILITY instance of variable sets X, Y,
and Z as well as clauses C'. In order to construct the instance of Pp, we store the gadgets
defined by each mapping ngs\T, R, (r) in a table, for every element r € R:iss A Of all relations

Rgs 4 Tesiding in the 3SATISFIABILITY input. We can compute this table, because we have a
polynomial time universe gadget reduction between 3SATISFIABILITY and Pg. With this table,
we can now compute the scenarios in polynomial time with the following principle. The idea is
to activate the variable and clause gadgets, whenever the variable or clause is active. As universe
gadget reductions are modular, the (de)activation of a variable or clause is easily translatable
into the instance of Pg: We remove the corresponding gadgets (and introduce necessary removal
gadgets). While the (de)activation of variables from X and Z is straightforward, we have to take
care about the (de)activation of the gadgets for variables from Y according to the given structure
of uncertainty. More precisely for each variable y; € Y, we deactivate the variable gadget for y!
or ny and thus also the corresponding clauses as in Table We model this operation with
the xor-dependencies by adding

> the gadget of variable y! and its clauses together with the variable removal gadget of y!
into the corresponding set E; ;

» the gadget of variable yzf and its clauses together with the variable removal gadget of ylf
into the corresponding set F; ».

vi=yt |vi=yl
zor-dependencies | y! <+ 1 yzf <0

yfﬁyf,l ysznyO

y; ?f,o yzf < Ui

Table 12.1: The clauses to (de)activate for xor-dependencies.

These (de)activations are possible because the reduction is modular. In the base scenario,
the variable gadgets of y! and yzf are inactive, while the removal gadgets of them are active.

Consequently if the variable y! (respectively yif ) is activated by the set E; 1 (respectively E;2) in
f

i

gadget is added. Additionally, the corresponding clauses that contain y! (respectively yf ) are ac-

an uncertainty scenario, the removal gadget of y! (respectively y; ) is removed and the variable

tivated and we obtain the instance where the gadgets of y! (respectively yzf ) are active simulating
the variable accordingly. Note that these are exactly the clauses from Table which also have
the same structure (six clauses of two variables each by substituting a <> b with clauses (a V b)
and (a V b)). Therefore, the variable gadgets respectively the variable removal gadgets of y! and
ylf have the same overall local solution size for each i € {1,...,|Y]|}. By the correctness of the

reduction from 3V3I3SATISFIABILITY to 3SATISFIABILITY P and the universe gadget reduction
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from 3SATISFIABILITY to Ppg, the reduction for each scenario remains correct and the one-to-one
correspondence of the activeness between the variable and the variable gadget is uphold.

In order to describe the scenarios formally, we summarize the reduction from IV3I3SATISFIA-
BILITY to 3SATISFIABILITY 7P with ror-dependencies. First, we substituted all variablesy; € Y
by two variables y! and yf . We then replaced the occurrences of the literal y; in all clauses by
Yi 1, i o ny 1 ylf o resulting in a duplication of clauses. The additional variables v} , v} g, yzf . yzf o
were added to the set Z’, which was then defined by Z/ = Z U {yf’l,yf_’o,y{l,y{o | yi € Y}.

The zor-dependencies were defined over the variables y! and yzf and their clauses (compare
Table [12.1)).

We are now ready to describe the zor-dependencies formally. For this, we have to define
the base scenario o and a set E’ together with pairs of sets (E; 1, E;2). For the base scenario,
we compute the reduction instance of all variables and clauses that are available in any of the
scenarios. We now deactivate the necessary gadgets to obtain an instance that corresponds to the
base scenario. The base scenario contains only the variable gadgets from X. All other gadgets
are removed and replaced by the corresponding removal gadgets, where the variable removal
gadgets of Y/ = Y' U Y/ are deactivated first. Accordingly, we define og = {Y, U Y™ | z €
X anda € Y'UZ UC'|x}. To construct the set E’, we observe that the variables of X and
Z' and all clauses that contain variables from X or Z’ are available in all uncertainty scenarios.
Thus, the set £’ contains the variable gadgets of variables from Z’ as well as the clause gadgets
for clauses containing X and Z’. Remember that variables yfyl,yfyo,yif’ 1,y{ o, for 1 <@ < |V,
were added to set Z’ and are thus active in exactly all uncertainty scenarios. Accordingly, we
define B/ = {Y7*"UY, |ac Z’UC|x and be Z',C'|x z' }.

At last, we define the pairs of sets (F; 1, E; 2), where either E; 1 or E; 5. For this, we consider
a variable y; € Y. Each of these variables was split into two variables y! and yzf and the
corresponding clauses from Table [I2.1] were introduced. On the one hand, we define

Eix = {Yy?emv Yy Yogrout ) Yo ont ) Yiyront

to include the variable gadget of y! and its (possibly empty) removal gadget. On the other hand,
we define
Ei,zz{Yy?em,Yy{,n vt 1 V(! Y,

RS TH vy H?fl)’ ( 7‘,90)}

to include the variable gadget of yzf as well as its (possibly empty) removal gadget. Note that in
the base scenario the removal gadget of y! (respectively yzf ) was active and the variable gadget
inactive. Thus if y! (respectively ylf ) is activated, then the variable gadget of y! (respectively
ylf ) is activated and the removal gadget is deactivated.

As we have considered f to be a modular reduction based on the IVI3SATISFIABILITY instance

(L,C), we can set

k= sizes(X UX,0) + size,(XUXUY'UZ'UZ,C") -2 Z size(Yy).
zeX

This is correct, because the gadgets of variables from X as well as the removal gadgets of |Y|
many variables from Y’ are present in all scenarios while all other variables are only present
either in the base scenario or the uncertainty scenarios. Furthermore for each variable y;, there
is one variable gadget active (e.g. of y!) and one variable removal gadget (e.g. of yzf ) active.
This guarantees that the solution size for all uncertainty scenarios is the same because there
are always |Y| variable gadgets active and |Y'| variable removal gadgets active and we assume
the gadgets to have a constant local solution size. Now consider the solution on the variables
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on X. The base scenario activates only the variable gadgets of the set X. The solution size of
sizer(X UX,0) + sizes(XUXUY' UZ' U 7 C") is exactly the sum of the solution sizes of
the base scenario and any of the uncertainty scenarios without considering |Y| of the gadgets
corresponding to variables from Y’. Since we subtract 2} . size(Y;) to define x and all
elements but the elements from X are Y many variable gadgets from Y, the partial solution to the
variables of X has to stay the same by switching from the base scenario to any of the uncertainty
scenarios. In conclusion, the partial solution on X is the same for all of the uncertainty scenarios.

By the correctness of the underlying gadget reduction, we obtain the corresponding reduction
instance for the base scenario and for each of the uncertainty scenarios. We can now use the
same argumentation as in the reduction from IVI3SATISFIABILITY to 3SATISFIABILITY PR,
First in the base scenario, a partial solution to the gadgets of the J-quantified variables X is
fixated because the Hamming distance is chosen accordingly. Therefore, the partial solution on
the gadgets of X is the same for the base scenario and all uncertainty scenarios such that the
order of quantification is followed. This solution corresponds to an assignment of the variables
X. In the uncertainty scenarios, the partial solution on the variable gadgets of X has to be
extended to a complete solution of the reduction instance. Furthermore, each of the possible
truth assignments on the variables Y is simulated by exactly the corresponding uncertainty
scenario, in which the corresponding gadgets are activated. Again the local solutions on the
variable gadgets of Y’ correspond to an assignment of the variables of Y. At last, we need to
extend the solution on the variable gadgets of X and Y’ to a complete solution. For this, a local
solution to the variable gadgets of Z’ and the clause gadgets need to be found. Note that this can
be freely chosen because the Hamming distance  is large enough. If and only if this is possible,
we have a YES-instance for the corresponding uncertainty scenario, where the assignment on the
variable gadgets of X,Y”, and Z’ in PLPEE correspond to an assignment to the variables X, Y,
and Z in IV3I3SATISFIABILITY. Note that in the case of weak modularity, the removal gadgets
in E;y for y! (or in E;» for yzf , analogously) might stay active in the base and uncertainty
scenarios. Since the variables yf ; and yf ; are assigned to true if y} is inactive, an existing local
solution on the variable removal and clause removal gadgets can be extended in the uncertainty
scenarios due to the solution extension property. For this, the local solution corresponding to the
assignment to true is applied to the gadgets for yf ; and y; , if E;; is inactive in the uncertainty
scenarios. Otherwise if the removal gadgets of E; ; are deactivated and the actual variable and
clause gadgets activated, no solution on the now active variable and clause gadgets is fixed and
thus can be freely assigned. It follows that, the IV33SATISFIABILITY is satisfiable if and only if
the base scenario as well as all uncertainty scenarios of the PHPFE instance are YES-instances
such that the Hamming distance is at most &. |

We can derive a similar result for I'-set scenarios by reusing the construction from above.

Theorem 12.6. If 3SATISFIABILITY is universe gadget reducible to Pp in polynomial time such
that there is a corresponding solution size function, and the solution properties hold, then there is
a polynomial time reduction from IVI3SATISFIABILITY to PEPRE where the Hamming distance
is defined over the solution ground set and the scenario encodings are I'-set scenarios.

Proof. We modify the construction from Theorem [[2.5] by introducing gadgets for the s-variables
as in Theorem Let E! = E;; and Ef = FE; . Instead of having one s; for the pair of
variables y! and y; , we split the s; into two variables s! and sf to add the corresponding clauses
into the sets E! corresponding to activate y! (i.e. setting y; to 1) and Elf corresponding to activate
ylf (i.e. setting y; to 0). Specifically, we add the gadgets for the variables s, st, sf, o slty‘,s‘le
f

)

i

and the corresponding clauses for (s V (5L As!) V... v ([y) A §|fY|))’ and (¢ V st) and (y/ Vs
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for all i € {1,...,|Y|}. Because the variables s,s,...,s|y| are part of Z’ in Theorem m
..,s'le?sIfY‘ to the set E'. We additionally add the
gadget of clause (7 V s!) to E!, where all other gadgets (variable, clause, and variable removal)
of y! still reside and we add analogously the gadget of clause (yf \% szf ) to Ef . Accordingly if E!

i

we add the variable gadgets for s, st, st

70"

(respectively Ezf ) is not activated, s (respectively s{ ) can be set to 0 because the clause (7 V st)
(respectively (@f \/s{ )) is removed. Furthermore, the subformula (sV (5} /\§{ V...V (EfYI /\§|fy‘))
works equivalently to the clause (sV35; V...V 3}y|) in Theorem @ because both st and sif need
to be set to 0 such that s can be set to 0. We have to analyze the following three cases.

If exactly one of E! and Ef is active, then we have the same situation as in the proof of
Theorem for xor-dependencies. Accordingly, we still have to prove the correctness for the
other two cases.

If there is an i € {1,...,|Y|} such that neither of E! and Elf are active, then the removal

gadgets of both y! and yzf are still active as in the base scenario. Thus, a correct instance of

Ppg is induced. Because the 3SATISFIABILITY formula is trivially solvable by setting s = 0, the
resulting instance of Pp is a YES-instance. The Hamming distance of k is sufficient because at
most I' = |Y| many gadgets of variables from Y’ are activated to which the solution has to be
switched.

If there is an i € {1,...,|Y|} such that both E! and E; are active, the variable and clause
gadgets of both y! and ny are active while the removal gadgets of both y! and ylf are inactive.

Again a correct instance of Pp is induced, where both y! and yf are simulated to be active. The
instance is, however, also a YEs-instance due to the pigeonhole principle and I' < |Y|. That is,
thereisa j € {1,...,|Y]|} such that neither E; nor E]f are active. Accordingly, the corresponding
3SATISFIABILITY instance is satisfiable by setting s = 0 and a correct YES-instance of Pg is
induced as in the case above.

Observe that the subformula (sV (5L AS]) V...V Gly /\EIle)) can be transformed into a CNF
by Tseitin’s transformation [Tse83]. Furthermore all clauses of length greater than four can be
transformed into clauses of length three by Karp’s reduction from CNF-SAT to 3SAT [Kar72].
The newly introduced variables can be added to the set E’. O

With these structural properties in mind, we can construct a whole set of Hamming distance
recoverable robust problems. Note that the transitivity of the universe gadget reduction can be
used to deduce further reductions.

12.4.3 Gadget Reductions for Various Combinatorial Decision Problems

In this section, we examine various but not all problems that are universe gadget reducible
from 3SATISFIABILITY. The reductions are all well-known results or modifications of well-known
results. We adapt these results to the universe gadget reduction framework to indicate that
Theorems and are general statements. We prove the following theorem by showing
that a universe gadget reduction from 3SATISFIABILITY exists for all the problems. For this, we
use the transitivity of the reductions as illustrated in Figure [I2:1]

Theorem 12.7. The Hamming distance recoverable robust version of the following problems are
Y2 -complete with zor-dependency scenarios or I'-set-scenarios: VERTEX COVER, DOMINAT-
ING SET, FEEDBACK ARC SET, FEEDBACK VERTEX SET, HITTING SET, INDEPENDENT SET,
CLIQUE, SUBSET SUM, KNAPSACK, PARTITION, TWO MACHINE SCHEDULING, (UN)DIRECTED
HAMILTONIAN CYCLE, (UN)DIRECTED HAMILTONIAN PATH, TRAVELING SALESMAN, 3DIMEN-
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SIONAL MATCHING, ExAacT COVER By 3-SETS, kDISJOINT DIRECTED PATH (k > 2), 3COL-
ORING, kCOLORING, CLIQUE COVER.

3SAT

vC IS ‘m&:m }) 2DDP 3DM 3CoL
1 1 +

TN i < N N

DS " FAS FVS HS CLIQUE PartiTION KNaPsack DHC UHP  kDDP X3C kCoL
4 + +
SCHEDULING UHC CLIQUE COVER

TSP

Figure 12.1: The tree of gadget reductions for all considered problems.

Vertex Cover

As an introductory example, we take a close look at a universe gadget reduction of 3SATISFIA-
BILITY to VERTEX COVER, which was initially developed by Garey and Johnson [GJ79]. This
example directly proves Lemma |[12.4] For the VERTEX COVER reduction we use the very fine-
grained universe gadget reduction for each combinatorial element. In the following reductions,
however, we directly use variable and clause gadgets as described in Subsection to shorten
our argumentation.

Lemma 12.4. 3SATISFIABILITY is strongly modular universe gadget reducible to VERTEX COVER
such that the solution properties hold and a solution size function for this reduction exists.

Proof. The problem 3SATISFIABILITY consists of the universe L for the literals and the relations

> R,; that relates a literal £ with its negation l,
> Ry . that relates a literal £ to a clause c, iff £ € c and
> Ry . that relates literals £ and ¢, iff £,¢' € c.

The problem VERTEX COVER, on the other hand, consists of vertices V and edges F that form
a graph G = (V, E). Based on these universe and relations, the gadgets as in Figure can be
found. Therefore, we define the mappings:

fL,V7fL,EafR

Vs fR E, fRZ,mV’ ng,C,Ea fRe,I{’,mV’ fRe,e/,ch

00 00

The dashed vertices in Figure [[2.2) indicate that these are part of a different gadget.

A complete example can be found in Figure On the other hand, the reduction based
on variable and clause gadgets can also be established. For this, the relations from above are
combined in the gadgets.

» The universe L is combined with relation R, 7 to a variable gadget for variable v € X.

» The relations Ry . and Ry ¢ . are combined to one clause gadget that connects the corre-
sponding variable gadget correctly to a clause ¢ € C.

These gadgets are depicted in Figure in which the dashed vertices indicate that these are
part of a different gadget. Observe that the gadgets only combine the more fine-grained relations
and the overall reduction stays the same. That is, the reduction is overall the same for both views
and can be found in Figure [12.3] as well. The existence of these variable gadgets and a clause
gadgets also shows the strong modularity of this reduction: One can easily remove the variable
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vy

@)
(a) Literal Gadget for literal £ € L. The cor-
responding mappings are fr,v : £ — {v;} and
fL,E A @

(c) Gadget for relation Ry, for literal £ € L
with £ € ¢ € C. The corresponding map-
pings are fr, v : ({,¢) = {vec} and fr, .5 :

(4, ¢) — {{ve,ve,c}}-
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Ve vz

) S}
P N

(b) Gadget for relation R, ; for some literal £ €
L. The corresponding mappings are fR/g oV

(6,0) = 0 and fr, ;.5 (0,0 —~ {{ve, v7}}-

V' e

\

(d) Gadget for relation Ry .. for literals £, ¢’ €
L with £,/ € ¢ € C. The corresponding
mappings are fr,, v : ({,£,c) = 0 and
fRZ,Z’,c’E : (67 Elvc) = {{Uﬁ,mvl’,c}}‘

Figure 12.2: The gadgets for the universe and all relations for the reduction from 3SATISFIA-

BILITY to VERTEX COVER.

Vtz,c4 Vis, e

Figure 12.3: The reduction graph for 3SATISFIABILITY formula C = {{{1, s, {3}, {1, 02, (3} }.

Uy UZ
o—=oO
(a) Variable Gadget representing literals £, £ €

L. The corresponding mappings are fr,v : £ +—
{ve, vz} and fr : €= {{ve, v5}}-

Ve, Ve, (U

\ @) 9)
P

Vey,c Ves,c

(b) Clause gadget representing clause ¢ € C.
The corresponding mappings are defined by
fcy A {Uel,c,véz,c,Wg,c} and by qu :
€= {{vey ey Ve e}y {es 0, Veg e by {Ves,05 Vey e )
{versver,e} {ves s veg e} {ves, veg e -

Figure 12.4: Gadgets for universe and relations for the 3SATISFIABILITY-VERTEX COVER

reduction

gadget and all clause gadgets containing that variable or removing just one clause gadget. The
resulting graph is the correct reduction graph of the corresponding 3SAT instance.

The solution size function for each gadget can be defined as follows. A solution includes one
vertex for each literal in the solution of the 3SAT instance: vy, is included if and only if x; is
assigned to true, and vy is included if and only if z; is assigned to false. Additionally to satisfy
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the clause gadgets, two of the vertices of the 3-clique need to be included. If a vertex vy is in the
solution, then the edge {vs, vy} is covered. Therefore, the vertices vy . and ver . can be taken
into the solution in order to cover the 3-clique and the incident edges. If the clause is not satisfied,
then non of vy, vy, and vgr are in the solution and all three vertices vg .,v¢ ¢, and ver . need to be
included to cover all edges invalidating the solution. Thus, sizef(L,C) = |L|/242|C|. This also
fulfills the necessary conditions by the modularity of the gadget reduction. Correspondingly,
the feasible solutions of the scenarios are defined with the help of the solution size function.
Concretely, a solution to the VERTEX COVER instance is feasible if the vertex cover has size at
most sizes(L,C). O

Lemma 12.5. VERTEX COVER is strongly modular universe gadget reducible to DOMINATING
SET such that the solution properties hold and a solution size function for this reduction exists.

Proof. There is a folklore reduction that is a universe gadget reduction. For every edge {u,v}
between vertices u,v € V, the reduction adds two vertices uv! and uv? together with edges
{uvt, u}, {uvt, v}, i € {1,2}. The universe elements of both problems are the vertices V and the
relations are the edges E. Thus, there are vertex gadgets, see Figure defined by

fvv, fve
and the edge gadgets, see Figure [[2.5b]
fE,V?fE,E~
uv!
uv?
u v
v :/A\)
O (b) Edge Gadget for v € V. The cor-
(a) Vertex Gadget for v € V. The corre- responding mappings are fgv : {u,v} —
sponding mappings are fv,v : v — {v} and {{uw'}, {w®}} and fer : {uv} +—
fV,E : {’U,,U} — 0. {{U,U}, {’U,,’U/Ul}, {UU17U}7 {u,qu}, {U’UQ,U}}.

It is easy to see that both properties of a universe gadget reduction are fulfilled. The gad-
gets are disjoint. Furthermore, removing a vertex (and its incident edges) results in remov-
ing the corresponding vertex gadget and edge gadgets. Accordingly, the resulting instance re-
mains correct for this reduction. Removing only an edge results in removing the edge gadget,
which is also correct. At last, we consider the solution. The solution size function remains
sizey(L,C') = |L|/2 + 2|C| as in the VERTEX COVER reduction because the solution of the
DOMINATING SET and VERTEX COVER build up a one-to-one correspondence. That is, a vertex
v is part of a vertex cover if and only if v is part of a dominating set. The feasible solutions are
accordingly defined by the dominating sets of size at most sizes(L,C). ]

Lemma 12.6. VERTEX COVER is strongly modular universe gadget reducible to FEEDBACK ARC
SET such that the solution properties hold and a solution size function for this reduction exists.

Proof. The reduction of Karp [Kar72] is a universe gadget reduction. VERTEX COVER consists of
vertices V and edges . FEEDBACK ARC SET consists of vertices V'’ and arcs A’. The reduction
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maps every vertex v € V to two vertices vg,v; € V' and one arc (vg,v1) € A’. Furthermore, we
map each edge {u,v} € E to two arcs (u1,vp), (vo,u1) € A’. Thus, each edge {u,v} € F induces a
cycle of four arcs, which has to be disconnected by removing one of the arcs. Observe that the arc
(v, v1) € A’ is contained in all cycles induced by incident edges e € FE of v € V. Thus, it is always
favorable to remove arcs (vg,v1) € A’ which corresponds to taking v € V' into the vertex cover.
Because of this one-to-one correspondence between an arc (vg, v1) in FEEDBACK ARC SET and a
vertex v in VERTEX COVER in the solution, the solution size remains size¢(L,C) = |L|/2+2|C].
Furthermore, the one-to-one correspondence between the elements and their gadgets guarantees
the modularity and that all pre-images of all gadgets are unique. The feasible solutions are
accordingly defined by the feedback arc sets of size at most sizes(L,C). d

Lemma 12.7. VERTEX COVER is strongly modular universe gadget reducible to FEEDBACK
VERTEX SET such that the solution properties hold and a solution size function for this reduction
exists.

Proof. The reduction of Karp [Kar72] is a universe gadget reduction. Again, VERTEX COVER
consists of vertices V' and edges E. On the other hand, FEEDBACK VERTEX SET consists of
vertices V'’ and arcs A’. The reduction maps every vertex v € V to vertex v € V/ and every
edge {u,v} € E is mapped to two arcs (u,v) and (v,u) in A’. Because of the one-to-one
correspondence in the solution between vertex v € V in VERTEX COVER and vertex v € V' in
FEEDBACK VERTEX SET, the solution size remains sizey(L,C) = |L|/2+42|C|. Furthermore, the
correspondence between the elements and their gadgets guarantees modularity and that all pre-
images of all gadgets are unique. The feasible solutions are accordingly defined by all feedback
vertex sets of size at most sizes(L,C). O

Lemma 12.8. VERTEX COVER is strongly modular universe gadget reducible to HITTING SET
such that the solution properties hold and a solution size function for this reduction exists.

Proof. The reduction of Karp [Kar72|] from VERTEX COVER to HITTING SET is a universe gadget
reduction. VERTEX COVER consists of vertices V' and edges E. The universe of HITTING SET
is a set U and the relations are subsets s; C U for 1 < i < r. Every vertex v € V is mapped to
a corresponding element v € U and every edge (u,v) € E is mapped to a subset s = {u,v} C U.
By the one-to-one correspondence of vertex v and element v in the universe of HITTING SET as
well as the edge {u,v} and the subset s = {u, v}, the gadgets are disjoint, uniquely retraceable
to their origin, and the reduction is modular. At last, we consider the solution. The solution
size function remains sizes(L, C) = |L|/2 + 2|C| because the elements of HITTING SET and the
vertices in VERTEX COVER build up a one-to-one correspondence. The feasible solutions are
accordingly defined by the hitting sets of size at most size;(L, C). O

Independent Set

Lemma 12.9. 3SATISFIABILITY is strongly modular universe gadget reducible to INDEPENDENT
SET such that the solution properties hold and a solution size function for this reduction exists.

Proof. For INDEPENDENT SET, we reuse the reduction from 3SATISFIABILITY to VERTEX COVER
by Garey and Johnson [GJ79]. For 3SATISFIABILITY, we use the literals as universe elements
and the relations R, , which relates a literal and its negation, R; _, which relates a clause with

the negation of the its literals, R, ., which relates the literal and its negation with the clauses
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the literal is in. INDEPENDENT SET, on the other side, consists of vertices V' and edges E. This
results in the mappings for the variable gadget, see Figure

fovifoe fr,3vs IR, .8

and the clause gadget, see Figure [12.6D]

fr; v IR, B2 IRy Vi SR B

v?z U,Zl 1),53
Uy ,c
Ves,c Ves,c
Vg vz (b) Clause gadget representing clause ¢ € C.
o—=o0 The corresponding mappings are defined by
(a) Variable Gadget representing literals £, £ € fov + £ = {vey,c,Ve5,c,0e5,c; and by for :
L. The corresponding mappings are fr,v : £ +— L= {{vey e, Vey e}, {Ves,0,Veg e }5 {Ve5,05 Vey e}
{ve, ’Uz} and fr g : € — {{ve, 'UZ}}- {vﬁv Vey e}, {UEv Veg,c {%7 Vez,ct}

Figure 12.6: Gadgets for universe and relations for the reduction from 3SATISFIABILITY to
INDEPENDENT SET

Analogously to the VERTEX COVER reduction, this reduction is a universe gadget reduction.
Furthermore, the solution size function includes one vertex for each variable gadget and one
vertex for each clause gadget. A vertex vy, is included in the solution if and only if x; is assigned
to true, and vy, is included in the solution if and only if x; is assigned to false. Because vy is in
the solution and thus not vg, the vertex vy . can be included simulating the satisfaction of the
clause. If a clause ¢ € C' is not satisfied, then all vertices vz, vy, and vy for £, 0" € care in the
independent set such that non of vy, vy, ver . can be taken into the solutlon With the same
arguments as for the VERTEX COVER reduction, the solution size function is modular. We define

the feasible solutions by the independent sets of size at least sizes(L,C) = |L|/2+ |C|. O

Lemma 12.10. INDEPENDENT SET is strongly modular universe gadget reducible to CLIQUE such
that the solution properties hold and a solution size function for this reduction exists.

Proof. For CLIQUE, we reuse the duality between VERTEX COVER, INDEPENDENT SET, and
CLIQUE as described by Garey and Johnson [GJ79]. The problem INDEPENDENT SET consists
of a graph with vertices V and edges E. On the other hand, we define CLIQUE with vertices V'
as universe but a different relation E C V'’ x V', the set of non-edges. This definition of CLIQUE
allows us to use the equivalence as universe gadget reduction.

For the reduction, we map every vertex v € V to the vertex v’ € V/ and we map every edge
e € F to a non-edge € € E. Thus, we have a one-to-one correspondence between the vertices
and the edges and non-edges. This one-to-one correspondence also holds for the solution. That
is, every solution of one problem is also a solution to the other problem. By this one-to-one
correspondence, the modularity, the pre-image uniqueness and the solution size of size;(L,C) =
|L|/2 4+ |C| remains. The feasible solutions are accordingly defined by cliques of size at least
sizey(L,C). O
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Subset Sum

Lemma 12.11. 3SATISFIABILITY is weakly modular universe gadget reducible to SUBSET SUM
such that the solution properties hold and a solution size function for this reduction exists.

Proof. We use a modification of the reduction by Sipser [Sip97] from 3SATISFIABILITY to SUBSET
SuM. For 3SATISFIABILITY, we use the literals as universe elements and the relations RM’ which
relates a literal and its negation, the clause relation R, which is a unary relation on the clauses,
and Ry ., which relates a clause with the negation of its literals.

SUBSET SUM, on the other side, consists of binary numbers of {0,1}!. For the sake of
simplicity, the reduction description uses non-binary numbers. Numbers that are bigger than
one are easily translatable in corresponding binary numbers with an offset such that a possible
carry has no influence. This results in the mappings for the variable gadget, see Figure

Jr.{0,13¢5
and the clause gadget, see both Figures [12.8 and [I2.9]

JR..{0,13t5 fRo.o {0,131 -

fl fl Zn E I T2 Tn C1 Co Cm,
110]...1010 1 0 ... 0 0|0]|...]0
0 1]... 0 0 1 0 1... 0 0O101]...00

Figure 12.7: Variable Gadget representing literals £, ¢ € L (here for ¢; and /).

61 E En E T X9 In C1 C2 Cm,
010 0|0 010 0O ||11}0]...70
01]0 010 0 0 0 1210 ...1 0
010 00 010 0 ||13]0]...70
Figure 12.8: Clause Gadget for ¢ € C' (here for ¢y).
El‘a‘...‘én‘a“xl‘l?‘...‘an01‘02‘...‘0m
1]o ojfjojof]...]offt]o]...]0

Figure 12.9: Literal Clause Gadget for ¢ € ¢ € C (here for ¢; with ¢1 € ¢; and 41 € co, ¢).

The target sum in SUBSET SUM plays a crucial role to simulate the satisfaction of the clause
correctly. In Figure [[2.10] the target sum is depicted. In a solution, the row corresponding to
0; is taken into the solution if and only if variable z; is assigned true. This enables the solution
to include the literal clause gadget for ¢;. Otherwise, the row corresponding to ¢; is part of the
solution and the literal clause gadget for £;. Thus all clauses that include ¢; have at least 1 in
their row. After this assignment, the suitable row from the clause gadget is included such that
the sum of the clause column reaches 14. If a clause is not satisfied, the corresponding column
cannot reach 14.

The modularity of this reduction is weak. The removal gadget of a clause is the addition of
a number that simulates the satisfaction of that clause. This gadget is depicted in Figure
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o || cm
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4[14]... |14

B R (2 O I
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Figure 12.10: The target value k of the sum.

Note that we leave the numbers from Figure [12.8] available. We can use this clause gadget to
also construct a literal removal gadget for £ or £. This gadget simulates the fulfillment of the
clauses that contain ¢ or /. Consequently, we add the clause removal gadget for clauses that
contain £ or £. Additionally, we leave the literal gadget within the instance. Then together with
the clause gadget from Figure m the sum of the clause column containing ¢ or ¢ can be set
to 14, depending on the other variables. The partial solution in the base scenario is extendable
to a full solution in the uncertainty scenarios because the clause removal gadget only fixes the
solution on the literals that are part of that clause.
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Figure 12.11: The Removal Gadget for ¢; € C.

At last, we describe the solution size function over the numbers. Due to weak modularity, we
use a reduction f from an instance (L', C’) with L C L’ and C C C’ such that

sizef(L,C) = |L'| + |C'|.

Overall, we include one number for each literal and one number for each clause. If a variable is
removed, we include the removal gadgets for the clauses containing this variable and leave the
gadgets for the literals and the literal clause relation in the instance. The removal of a clause
(without also removing a variable) does not change the number of elements in the solution because
11,12,13, or 14 still need to be added such that the clause column adds up to 14. Accordingly
the solution size of a variable gadget is the same as for the variable removal gadget. O

Lemma 12.12. SUBSET SuM is strongly modular universe gadget reducible to KNAPSACK such
that the solution properties hold and a solution size function for this reduction exists.

Proof. The reduction from SUBSET SuM to KNAPSACK is by generalization. The numbers in
SUBSET SUM are mapped to objects of the weight and price corresponding to the value of the
number. By setting the knapsack capacity and the price threshold to the target sum of SUBSET
SuM, the reduction is complete.

Overall, this is a one-to-one correspondence between all combinatorial elements and the solu-
tions. Thus, the modularity, the pre-image uniqueness, the solution properties and the solution
size function of SUBSET SuM directly applies to KNAPSACK as well. g

Lemma 12.13. SUBSET SUM is strongly modular universe gadget reducible to PARTITION such
that the solution properties hold and a solution size function for this reduction exists.

Proof. The reduction from SUBSET SUM to PARTITION by Karp [Kar72] is a universe gadget
reduction. The numbers A in SUBSET SUM are transferred to the PARTITION instance and remain
unchanged. Furthermore, let £ be the target sum of SUBSET SuM, then k+1and 1-k+> 4 a
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are added to the PARTITION instance as well. These two numbers build up the constant gadget.
W.lo.g. we assume that 1 —k -+ ., ais in the first set of the partition.

Overall, the numbers from SUBSET SUM and PARTITION are one-to-one correspondent. Thus
modularity and pre-image uniqueness hold. Furthermore, note that the solution of SUBSET SuM
is the same as the set of the partition that additionally includes the element 1 —k + % ., a.
Thus, we also have a one-to-one correspondence between the elements in the solutions. O

Lemma 12.14. PARTITION is strongly modular universe gadget reducible to TWO MACHINE
SCHEDULING such that the solution properties hold and a solution size function for this reduction
exists.

Proof. PARTITION is a special case of TWO MACHINE SCHEDULING. By interpreting the num-
bers in the PARTITION instance to be the job times in TwO MACHINE SCHEDULING and by
interpreting the sets of the partition as two identical machines, we have a one-to-one correspon-
dence between the combinatorial elements and the solutions as well. Thus, pre-image uniqueness,
modularity, and solution properties hold and the solution size function remains the same. O

Hamiltonian Path

Lemma 12.15. 3SATISFIABILITY is weakly modular universe gadget reducible to DIRECTED HA-
MILTONIAN PATH such that the solution properties hold and a solution size function for this
reduction exists.

Proof. A modification of the reduction by Arora and Barak [AB09] is a universe gadget reduction.
For 3SATISFIABILITY, we use the literals as universe elements and the relations R&Z’ which relates
a literal and its negation, and Ry ., which relates a clause with the negation of its literals.

HAMILTONIAN CYCLE, on the other side, consists of vertices V' and arcs A. This results in
the mappings for the variable gadget, see Figure

frv, fr.a, I,

and the clause gadget, see Figure [12.14a) and Figure [12.14D]

V;fR A,
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In order to connect the variable gadgets, we also need a constant gadget defined by mappings

feonst,v and feonst, £, see Figure [12.12].
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Figure 12.12: Constant Gadget for the reduction.
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Figure 12.13: Variable Gadget representing literals ¢,/ € L.

¢y
:E?j_Q ’:\ZC?j_l z?j_A z?j_l
,\ ’ Y~ 7t %
(a) If the literals £ and £ are not in the j-th clause
¢j € C, we merge the vertices z;” 2 and 2,7~ ". (b) Clause Gadget for £ € c € C.

Figure 12.14: Clause Gadget for ¢ € C.

If we include the path from z; to z}, we simulate that the variable is assigned true. Vice
versa, if the path from z} to x; is included, the variable x; is simulated to be false. Therefore,
it is possible to include the vertices of clauses satisfied by the assignment into the Hamiltonian
cycle.

This reduction is only weakly modular because removing a variable x; results in a disconnected
graph. For this, we can employ a clause removal gadget, which can be found in Figure [12.15
Then for a variable removable gadget of variable x;, we leave the variable gadget in the instance,
while introducing the clause removal gadget for all clauses that contain the variable x;. A solution
in the base scenario is extendable to a full solution because the clause removal gadget only fixes
the solution on the literals that are part of the clause.

Figure 12.15: Clause Removal Gadget for clause ¢ € C.

At last, we describe the solution size function over the arcs. Due to weak modularity, we use
a reduction f from an instance (L', C") with L C L’ and C' C C’ such that

sizef(L,C) =1+ (1+43-[L'[/2) - [C']+ > (1 +|c]).
ceC’

Overall, we include one arc for the constant gadget. Furthermore for each variable, we include
3|C’| arcs. For all clauses ¢ € C of size ||, we need to include 1 + |c| arcs. The size of a clause
gadget and clause removal gadget are the same. Thus we do not have to change the solution size
function in this regard. |

Lemma 12.16. DIRECTED HAMILTONIAN PATH is strongly modular universe gadget reducible
to DIRECTED HAMILTONIAN CYCLE such that the solution properties hold and a solution size
function for this reduction exists.
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Proof. Adding an arc from ¢ to s as constant gadget closes the cycle. This reduction is a
universe gadget reduction because the combinatorial elements are mapped one-to-one such that
the solutions are one-to-one translatable as well. This directly proves the pre-image uniqueness,
the modularity, and the solution properties. The solution size function includes an additional
term of one for the arcs (¢, s), to be correct. O

Lemma 12.17. DIRECTED HAMILTONIAN PATH is strongly modular universe gadget reducible
to UNDIRECTED HAMILTONIAN PATH such that the solution properties hold and a solution size
function for this reduction exists.

Proof. Karp’s reduction [Kar72] is a universe gadget reduction. It triples the vertices and
connects the triplets as depicted in Figure [12.16] Furthermore, each arc (u,v) in the graph is
mapped to an edge {u®“t v} € F'.

Figure 12.16: The vertex gadget for the reduction from DIRECTED HAMILTONIAN PATH to
UNDIRECTED HAMILTONIAN PATH.

The pre-image uniqueness and the modularity remain. The solutions on arcs (u,v) and edges
{u°%t v} are one-to-one correspondent, while all edges {v",v™} and {v™,v°*'} have to be in
the solution. Thus, the solution properties still hold, while the solution size function needs to
take the two edges from v over v™ to v°“! into account for every vertex. That is, the number
of used edges in a solution of the variable is tripled. Overall, we get

sizep(L,C) =6+ 9|L'[/2-|C'[+ > (14 3[c|).
ceC’

O

Lemma 12.18. DIRECTED HAMILTONIAN CYCLE is strongly modular universe gadget reducible
to UNDIRECTED HAMILTONIAN CYCLE such that the solution properties hold and a solution size
function for this reduction exists.

Proof. This reduction is completely analogous to Karp’s reduction from DIRECTED HAMILTO-
NIAN PATH to UNDIRECTED HAMILTONIAN PATH (Lemma [12.17]). O

Lemma 12.19. UNDIRECTED HAMILTONIAN CYCLE is strongly modular universe gadget re-
ducible to TRAVELING SALESMAN such that the solution properties hold and a solution size
function for this reduction exists.

Proof. We consider TRAVELING SALESMAN to be defined over an undirected weighted graph.
This graph does not have to be complete. Then, the graph G = (V, E) of the UNDIRECTED
HAMILTONIAN CYCLE instance can be mapped to a weighted graph G’ = (V’, E’,w’), where
V =V’ and E = E’. The weights are set to 0 and the weight threshold is set to 0.

The reductions yields a one-to-one correspondence between the vertices and edges and thus
between the solutions. It follows that the solution size function remains the same and the solution
properties, the pre-image uniqueness as well as the modularity hold. O
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2-Disjoint Path

Lemma 12.20. 3SATISFIABILITY is weakly modular universe gadget reducible to 2DISJOINT
DIRECTED PATH such that the solution properties hold and a solution size function for this
reduction exists.

Proof. A modification of the reduction by Fortune, Hopcroft and Wyllie [FHWS(] is a universe
gadget reduction. This reduction is much more complex than earlier reductions such that we
first explain the construction and then explain how this construction can be divided into variable
and clause gadgets.

First of all, the reduction introduces a so-called switch gadget, which is visualized in Fig-
ure The idea of this gadget is that two vertex-disjoint paths entering at vertex B (re-

Figure 12.17: The switch gadget. The black solid elements are always part of the corresponding
clause gadget. The vertices Y and Z are part of the gadget of the variable that belongs to the
clause. The vertices B and C are part of the previous clause gadget if it is the first switch gadget
of the clause.

spectively leaving at vertex A) need to leave through vertex D (respectively need to enter at
vertex C') such that either the path from X to Z or the path from W to X is still usable without
violating the vertex-disjoint path constraint. In order to integrate this gadget into the complete
construction, we use the schematic view on the gadget as depicted in Figure|12.1§

w Y
X Z

Figure 12.18: The schematic switch gadget.

We now start the description of the actual construction. Let (L,C) be the 3SAT instance
of literal L and clauses C. On the other hand, let (V, A, s1,t1, s2,t2) be the DIRECTED Two
Di1sJOINT PATH instance with vertex set V', arc set A, and the start and end vertices of the
two disjoint paths si,t1, s2,t2. First, we introduce the four start and end vertices si,t1, s2, to.
Second for every literal ¢ € L, we create a path ¢*, ..., ¢4l In the original reduction, four
vertices and three arcs are inserted for each clause. We modify the original reduction by adding
the left and right arc to the variable gadget first. Then, the middle arc is part of the clause
gadget if and only if the corresponding literal is in the clause, otherwise the middle of the two

vertices are merged together such that only the left and right arc remain. Let ¢;,/; the literals
corresponding to variable x;. Then we connect the paths of literals ¢; and ¢; by introducing two
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vertices x5 and x! together with arcs (zf,6}), (xf,zll) and (€291 2t), (Z?lc‘,xﬁ). These are part
of the variable gadget. We further connect these gadgets by adding the arcs (z!,z? 1) for all
ie{l,...,|X|}. We call this the lobe for variable z;. Third for each clause ¢; € C, we add two
vertices ¢} and ¢f. We connect these two vertices by three arcs of the form (cj, ¢5). Additionally,
we connect these vertex pairs by adding the arc (c7,cj, ) for each j € {1,...,|C| — 1}. These
elements are also part of the clause gadget for clause c;. At last, we connect the variable lobes
with the clause path with an arc (z{,| 5, ci) and we add the arc (cf|,t1). These elements are
part of the constant gadget. This summarizes the overall structure of the reduction.

We are now ready to introduce switch gadgets into the construction. For each k-clause ¢ € C,
we add k switch gadgets to the construction. These k switch gadgets are part to the clause gadget
of the corresponding clause ¢ € C. All of the switch gadgets are now stacked by merging the
vertex C of one switch gadget with vertex A of the following switch gadget and by merging vertex
B of one switch gadget with vertex D of the following switch gadget. This leaves the vertices
W, X, Y and, Z unconnected. We connect these to the graph in the following way. Consider the
j-th clause ¢; that contains the literal £. We identify W and X with the existing vertices ¢4772
and ¢*7~! in the lobes of the variables. Note that we merge the vertices 472 and (4~ if £ ¢ ¢;.
Additionally, the vertices Y and Z are identified with the vertices cjl- and c? induced by clause
cj. Note that if there are two consecutive switch gadgets belonging to two different clauses c;
and c;11, then we define that vertex A (merged with the following C') and D (merged with the
following B) belong to ¢;. To finish the construction, we add arcs (s2, Ciast), (A1, t2), (51, B1),
and (Djqst, x5), which are part of the constant gadget. The whole construction can be found in
Figure [12:19] in which we symbolize the usage of a switch gadget as depicted in Figure [12.18
The construction as described above is pre-image unique because each vertex and arc is induced
by one variable or clause.

S t

2 0l 0l
058 o
Déast
Zl Z2 63
t
'o O
51 1
c1

Figure 12.19: Classical reduction of 3SAT to DIRECTED TwoO DISJOINT PATH for ¢ = (€1 A
Oy A Us).

There is a correspondence between the assignment of variables and the lobes of the variables
and thus the variable gadgets: If on the one hand the path corresponding to literal ¢; is part of
the solution, then z; is assigned to false; if on the other hand the path corresponding to literal
/; is part of the solution, then z; is assigned to true. Furthermore observe that if the path of ¢;
is part of the solution, all arcs of /; are still unused. Accordingly, while traveling through the
clause gadget of clause c;, which contains literal ¢;, these arcs can be used. On the other hand,
a clause gadget of clause c; containing ¢; cannot make use of the arcs of the path of ¢;.

This reduction is only weakly modular because removing a variable x; results in a disconnected
graph. However, there is a corresponding removal gadget for clauses mitigating this problem.
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Thus the removal gadget of a variable is the variable gadget itself together with the clause removal
gadgets. In order to deactivate a clause, one can add a path from c; to c? of length 5 such that
the number of used arcs remains the same. If this new path is used the clause is simulated to
be satisfied. A solution in the base scenario is extendable to a full solution because the clause
removal gadget only fixes the solution on the literals that are part of the clause.

At last, we describe the solution size function over the arcs. Due to weak modularity, we use
a reduction f from an instance (L', C") with L C L’ and C' C C” such that

Sl

5+ 5):

2| 11]c
size(L,C) =5 + % +olC||lL [+ > (# +
ceC’

Overall, we include 5 arcs for the constant gadget, which are the arcs (s1,B1), (s2,Clast),
(c‘lc‘7t1), (A41,t2), and (mfx‘,c%). For each clause, we need to travel the C-A path and the
B-D path, which are 11 arcs for each variable in the clause. Furthermore, we have to travel over
the W-X path of all switch gadgets for each clause. Accordingly for each clause ¢ € C, we have
to include 5|c¢|/2 arcs. In order to travel from ¢} to ¢ for each clause ¢;, the Y-Z path has to
be used, which are 5 arcs. At last for each variable x;, we have to use one of the arcs (z7,¢;),
(z%,¢;) and one of the arcs (¢;,zt), (¢;,zt). Additionally, we need to include two arcs per clause
to travel through the lobe. This completes the description of the solution size function. Note
that the clause removal gadgets were designed such that the number of solution elements remains
the same. O

Lemma 12.21. 2DIiSJOINT DIRECTED PATH is strongly modular universe gadget reducible to
kDISJOINT DIRECTED PATH such that the solution properties hold and a solution size function
for this reduction exists.

Proof. The reduction from kDISJOINT DIRECTED PATH to k + 1DISJOINT DIRECTED PATH
for £ > 2 works as follows. The reduction consists only of a constant gadget, which adds an
additional path from sjy; to tx41 over the single arc (sg41,tx+1). The solution size functions
needs to include this additional arc. Because, the rest of the instance remains the same, we
have a one-to-one correspondence between all combinatorial elements. Thus, modularity and
pre-image uniqueness remain. O

3-Dimensional Matching

Lemma 12.22. 3SATISFIABILITY is weakly modular universe gadget reducible to 3DIMENSIONAL
MATCHING such that the solution properties hold and a solution size function for this reduction
exists.

Proof. A modification of the reduction from 3SATISFIABILITY to 3DIMENSIONAL MATCHING
by Garey and Johnson [GJ79] is a universe gadget reduction. For 3SATISFIABILITY, we use
the literals as universe elements and the relations Rﬂ, which relates a literal and its negation,
Ry, which relates the literals with the clauses, and RZ,c? which relates the negated literals with
the clauses. 3DIMENSIONAL MATCHING consists of a ground set U including all elements of
the triples. Additionally, there is a 3-ary relation between the triples T C Uy x Us x Uz with
Uy UUy U Uz =U and |Uy| = |Us| = |Us|. A solution is a perfect matching M C T of U.

We describe the construction and explain how to divide the elements in variable and clause
gadgets. In the original reduction the sets T, Tif , and G of triples were introduced. The
semantics are to include the set T} in the solution if variable z; was set to true and Tif if the
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variable z; is set to false. The set GG is a garbage collection set that has the task to collect all
non-matched elements in the sets 7} and Tif .

For the modified version, we introduce a variable gadget for the literal pair ¢;, £;. Such a vari-
able gadget consists of four triples (¢;[0], a;[0],;[0]) (belonging to the set 1), (¢;]0], a;[1], b;[0])
(belonging to the set Tif), (€:[0], g1i], g2[i]), and (£;]0], g1[i], g=[i]) (both belonging to the garbage
collection set ). For each clause, we introduce the following of triples as clause gadget. We
assume that the clauses C' are ordered and let |c| denote the number of literals in clause ¢ € C.

Further, let ; be the number of clauses containing ¢; or ;.

(:[4], ai[7], bs[4]), if c is the j-th clause with £; or ¢; € c
(€:[4], @i[j + 1 mod ~; + 1],b;[4]), if c is the j-th clause with ¢; or ¢; € ¢
(€:[5], 95[K], g5[k]), if c is the j-th clause with £; or £; € ¢, and 1 < k < |¢| — 1
(€:[5], g5[K], g5[k)), if ¢ is the j-th clause with £; or £; € ¢, and 1 < k < |¢| — 1
(4;[7], 5§, 85), if ¢ is the j-th clause with ¢; or £; € ¢, and £; € ¢
(€:[4], 55, 85), if ¢ is the j-th clause with ¢; or £; € ¢, and /; € c

The element (¢;[5], a;[4],b:[j]) is part of the set T, the element (¢;[j],a:[j + 1],b:[j]) is part
of the set Tif, and the elements (¢; [j],gf[k],gg[k]) and (4:[4], g5 1K), g5[k]) are part of the set
G. In comparison to the original reduction, we leave out all elements (¢;[j], a;[4], b:[4]), and
(6:[5], ai[j + 1], b:[5]) in T and T as well as the additional garbage collection element from G if
the literal is not part of the clause. For each clause c¢; € C', we have added the triples

Cj ={(Lilj], 51, 82) | b € ¢5}-

A triple from C}; is taken into the solution if ¢; is able to satisfy the clause c¢;. This is only
possible if T} and Tif are chosen correspondingly.
The variable removal gadget is the variable gadget itself together with the clause removal

gadgets. The removal gadget for clause c¢; € C' is
C; = {(ilj], 51, 55), (Lil], s, 85) | i € ¢5}

If a clause C; is unsatisfied, then one of 4;[j] and /;[j] is not matched for some ¢; € C; because
G is only able to match at most k — 1 many ¢;[j] for a clause of size k, while 2k many ¢;[j] are
introduced and k being matched by the elements from 77 or Tif . In other words, the set C;
simulates that C; is satisfied and also includes the element ¢;[j], which cannot be matched by
G. In conclusion, the solution size stays the same if a clause is removed. Thus we get

sizep(L,C) = |L'|+ ) 2|c,

ceC’

and the reduction is modular by the given one-to-many correspondence of the literals and clauses
on the one side and their gadgets on the other side. A solution in the base scenario is extendable
to a full solution because the clause removal gadget only fixes the solution on the literals that
are part of the clause. O

Lemma 12.23. 3DIMENSIONAL MATCHING is strongly modular universe gadget reducible to EX-
AcT COVER BY 3-SETS such that the solution properties hold and a solution size function for
this reduction exists.
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Proof. The reduction from 3DIMENSIONAL MATCHING to ExAcT COVER BY 3-SETS by Garey
and Johnson [GJ79] is a universe gadget reduction. Because ExacT COVER By 3-SETS is a
generalization of 3DIMENSIONAL MATCHING, the 3DIMENSIONAL MATCHING instance is just
reinterpreted as an instance of ExacT COVER BY 3-SETS. This yields a direct one-to-one
correspondence between the 3-tuples and 3-sets. Thus, the solution size function remains and all
necessary properties still hold. 0

Coloring (Partition Problems)

Lemma 12.24. 3SATISFIABILITY is strongly modular universe gadget reducible to 3COLORING
such that the solution properties hold and a solution size function for this reduction exists.

Proof. The reduction from 3SATISFIABILITY to COLORING by Garey et al. [GJS76] is a universe
gadget reduction. COLORING has the vertices of the graph V' as universe elements and the edges
E as relation over the universe elements. We therefore have the mappings feonst,v, feonst,E»
frv, fLes fov, fop.

Figure 12.20: Constant Gadget for the reduction. The corresponding mappings are feonst,v :
0 — {B,F, T} and feonst,p : 0 — {{B,F},{B,T},{F,T}}

~|

N

l

Figure 12.21: Variable Gadget representing literals 0,0 € L. The corresponding mappings are
frv o (6,0) = {vg, vz} and fr g 2 (4, €) = {{ve, vg}, {ve, B}, {vg, B}}

551

Figure 12.22: The clause gadget representing clause ¢ € C'. The corresponding mappings are
fC,V P {6%7 657 C%)? C%v Cgv Ci%)} and fC,E e {{6%7 C%}, {0%7 Cé}, {0%7 Cili}7 {C%, 03}7 {C%, Cg}v
{C%, C%}, {617 C%}, {£27 C%}, {£3v C%}, {C%)? C%}a {Cgﬂ B}’ {Cgv F}}

The constant gadget is a 3-clique, see Figure[12.20] W.l.0.g we assume that T is always in the
first set, F' is always in the second set, and B is always in the third set of the partition. For the
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literals, the mapping fr v maps a literal £ € L to two vertices. The mapping fr, g, on the other
hand, maps a literal £ € L to three edges connecting the two vertices £ and ¢ and vertex B of the
constant gadget, which is generated by the constant mapping feonst, visualized in Figure
At last, we have the clause gadget. The mapping fc v maps the clause to six vertices, which are
depicted as circles in Figure The mapping fc g maps the clause to the edges as shown
as solid edges in Figure The dashed vertices are part of different literal gadgets and the
vertices F' and B and the three dashed edges are from the constant gadget.

A vertex vy, is assigned the color T if and only if the variable z; is assigned true. One can
verify that if one of the literal vertices vy,, vp,, and vy, is assigned color T', the vertex c3 is
assigned color T'. Accordingly this clause gadget does not violate the coloring constraint. If on
the other hand, vy, , vy,, and vy, are assigned color F, then c3 has to be assigned F violating the
coloring constraint.

Overall, all vertices and edges are either generated by the constant function or are attributable
to exactly one literal or one clause of the 3SATISFIABILITY-instance. Furthermore, deleting a
variable gadget or a clause gadget results in the correct reduction such that we have strong
modularity. Thus, the reduction fulfills the universal gadget reduction properties. The solution
size function includes all vertices in one of the partitions (the colors). Thus, sizes(L,C) =
2|L| + 6|C| 4+ 3 because every variable introduces two vertices and every clause introduces 6
vertices. The 3 additional vertices result from the constant gadget. 0

Lemma 12.25. 3COLORING is strongly modular universe gadget reducible to kCOLORING such
that the solution properties hold and a solution size function for this reduction exists.

Proof. The graph G = (V, E) for kCOLORING remains, but a vertex vy, is added and connected
to all existing vertices V. Thus, v,e. needs to have a different color than all existing vertices in
V. This is a universe gadget reduction because the vertex v, is a constant gadget and every
edge t0 Uney is part of the vertex gadget of v together with v itself. The pre-image uniqueness
and the modularity results from the one-to-two correspondence of vertex v and the vertex gadget
consisting of v and the edge {v, Upew - The solution size function needs to include the additional
vertex Upew, thus 1 is added. O

Lemma 12.26. kCOLORING is strongly modular universe gadget reducible to CLIQUE COVER
such that the solution properties hold and a solution size function for this reduction exists.

Proof. This reduction is analogous to the reduction from INDEPENDENT SET to CLIQUE due to
the fact that a coloring of a graph is a partition into independent sets while a clique cover is a
partitions into cliques. O



Chapter 13

Online Graph Problems

13.1 Introduction

Online computation is an intuitive concept to model real time computation where the full instance
is not known beforehand. In this setting, the instance is revealed piecewise to the online algorithm
and each time a piece of information is revealed, an irrevocable decision by the online algorithm
is required. To analyze the worst-case performance of an algorithm solving an online problem, a
malicious adversary is assumed.

The adversary constructs the instance while the online algorithm has to react and compute
a solution. This setting is highly asymmetric in favor of the adversary. Thus, for most decision
problems, the adversary is able to abuse the imbalance of power to prevent the online algorithm
from finding a solution that is close to the optimal one. To overcome the imbalance, there are
different extensions of the online setting in which the online algorithm is equipped with some
form of a priori knowledge about the instance. In this work, we analyze the influence of knowing
an isomorphic copy of the input instance, which is also called unlabeled map. With the unlabeled
map, the algorithm is able to recognize unique structures while the online instance is revealed —
like a vertex with unique degree — but it cannot distinguish isomorphic vertices or subgraphs.

The relation between the online algorithm and the adversary corresponds to players in an
asymmetric two-player game, in which the algorithm wants to maximize its performance and the
adversary’s goal is to minimize it. The unlabeled map can be considered as the game board.
One turn of the game consists of a move by the adversary followed by a move of the online
algorithm. In such moves, the adversary reveals a vertex together with its neighbors and the
online algorithm has to irrevocably decide whether to include this vertex in the solution or not.
The problem is to evaluate whether the online algorithm has a winning strategy, that is, it is
able to compute a solution of size smaller/greater or equal to the desired solution size k, for all
possible adversary strategies.

Papadimitriou and Yannakakis make use of the connection between games and online algo-
rithms for analyzing the Canadian traveler problem in [PY91], which is an online problem where
the task is to compute a shortest s-t-path in an a priori known graph in which certain edges
can be removed by the adversary. They showed that the computational problem of devising a
strategy that achieves a certain competitive ratio is PSPACE-complete by giving a reduction from
TRUE QUANTIFIED BOOLEAN FORMULA, short TQBF.

Independently, Halldérsson [Hal00] introduced the problems online coloring and online in-
dependent set on a priori known graphs, which is equivalent to having an unlabeled map. He
studies how the competitive ratios improve compared to the model when the graph is a priori not
known. Based on these results, Halldérsson et al. [HIMT02] continued the work on the online
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independent set problem without a priori knowing the graph. These results are then applied by
Boyar et al. [BEKMI17] to derive a lower bound for the advice complexity of the online indepen-
dent set problem. Furthermore, they introduce the class of asymmetric online covering problems
(AOC) containing ONLINE VERTEX COVER, ONLINE INDEPENDENT SET, ONLINE DOMINATING
SET and others. Boyar et al. [BKI§| analyze the complexity of the corresponding graph prop-
erty versions, namely the online vertex cover number, online independence number and online
domination number, by showing their NP-hardness.

Moreover based on the work by Halldérsson [Hal00], Kudahl [Kud15] shows PSPACE-com-
pleteness of the decision problem ONLINE CHROMATIC NUMBER WITH PRECOLORING on an a
priori known graph, which asks whether some online algorithm is able to color G with at most k
colors for every possible order in which G is presented while having a precolored part in G. This
approach is then improved by Béhm and Vesely [BV18] by showing that ONLINE CHROMATIC
NUMBER is PSPACE-complete by giving a reduction from TQBF.

Our Contribution. We analyze the computational complexity of online graph problems where
the solution is a subset of the vertices. Similar to the problem ONLINE CHROMATIC NUMBER,
we equip the online algorithm with an unlabeled map in order to apply and formalize the ideas
of B6hm and Vesely. We call these problems online verter subset games due to their relation
to two-player games. While symmetrical combinatorial two-player games are typically PSPACE-
complete [FG8T], this principle does not apply to our asymmetrical setting. We are still able
to prove PSPACE-completeness for the online vertex subset games based on VERTEX COVER,
INDEPENDENT SET, CLIQUE, DOMINATING SET and FEEDBACK VERTEX SET by designing
reductions such that the adversary’s optimal strategy corresponds to the optimal strategy of the
V-player in TQBF.

In order to derive reductions from TQBF to online vertex subset games, we identify properties
describing the revelation or concealment of information to correctly simulate the V- and 3-
decisions as well as the evaluation of the quantified Boolean formula in the online vertex subset
game. This simulation is modeled by disjoint and modular gadgets, which form a so-called
gadget reduction — similar to already known reductions between NP-complete problems. Different
forms of gadget reductions are described by Agrawal et al. [AAIT01] who formalize AC°-gadget-
reductions in the context of NP-completeness and by Trevisan et al. [TSSW96] who describe
gadgets in reductions that are formalized as linear programs. By formalizing gadgets capturing
the above mentioned properties, we provide a framework to derive reductions for other online
vertex subset games, which are based on problems that are gadget-reducible from 3SATISFIABIL-
ITY.

13.2 Online Vertex Subset Game Framework

The goal of this chapter is to introduce a reduction framework for online vertex subset games that
are based on NP-complete graph problems. For this, we introduce a general definition for online
vertex subset games and show that these problems are in PSPACE if the nominal problem is in
NP. As main contribution of the chapter, we further present a gadget reduction framework with
that we are able to “upgrade” existing gadget reductions for NP-hard vertex subset problems
to PSPACE-hardness reductions. We start be defining the reveal model of the underlying online
model and then proceed with the definition of online vertex subset games.

Neighborhood Reveal Model. Each request of the adversary in the online problem reveals
information about the instance to the online algorithm. The amount of information in each step
is based on the reveal model. For an online problem with an unlabeled map, the subgraph that
arrives in one request is called revelation subgraph.
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The neighborhood reveal model, which we use in this chapter, was introduced by Harutyunyan
et. al. [HPR21]. Within that model, the online algorithm gains information about the complete
neighborhood of the requested vertex. Nevertheless, the online algorithm has to make a decision
on the current requested vertex only but not on the revealed neighborhood vertices. All revealed
but not yet requested neighborhood vertices have to be requested in the process of the online
problem such that a decision can be made upon them. We denote the closed neighborhood of v
with N[v], that is, the set of v and all vertices adjacent to v.

Definition 13.1 (Neighborhood Reveal Model). The neighborhood reveal model is defined by an
ordering of graphs (Vi, E;)i<|v|. The reveal order of the adversary is defined by adv € S|y, where
S|y is the symmetric group of size |V'|. The graph G; is defined by

Vo = Ey =10,
Vi=Via UN[Uadv(i)]a f0T0<i§ ‘V‘
E; = Ei 1 U{(Vagu(s),w) € E | w € Vi}, for 0 <i<|[V].

The revelation subgraph G’ in the neighborhood reveal model is the subgraph of G; defined by
G' = (V',E') with V' = Nvagui)] and E" = {{vagvi), w} € E}. The online algorithm has to
decide whether voqy,(;) s in the solution or not.

Online Vertex Subset Games. Throughout the chapter, we consider a special class of combina-
torial graph problems. The question is to find a vertex subset, where the size should be either
smaller or equals, for minimization problems, or greater or equals, for maximization problems,
some k, which is part of the input. Thereby, the vertex set needs to fulfill some constraints based
on the specific problem. We call these problems vertex subset problems. Well-known problems
like VERTEX COVER, INDEPENDENT SET, CLIQUE, DOMINATING SET and FEEDBACK VERTEX
SET are among them. We denote the online version with a map of a vertex subset problem P"*
with PV and define them as follows.

Definition 13.2 (Online Vertex Subset Game). An online verter subset game PV has a graph G
and a k € N as input. The question is, whether the online algorithm is able to find a vertex set
of size smaller (resp. greater) or equals k, which fulfills the constraints of PV for all strategies
of the adversary. Thereby, the online algorithm has access to an isomorphic copy of G and the
adversary reveals the vertices according to the neighborhood reveal model.

13.3 Gadget Reductions

Gadget reductions are a concept to reduce combinatorial problems in a modular and structured
way. For the context of the chapter, we define gadget reductions from 3SATISFIABILITY to vertex
subset problems. The 3SATISFIABILITY instances ¢ = (L, C) are defined by their literals L and
their clauses C. We use a literal vertex vy for all £ € L to represent a literal in the graph. There
are implicit relations over the literals besides the explicit relation C, in that the reduction may
be decomposed. For example, the relation between a literal and its negation, which is usually
implicitly used to build up a wariable gadget. These variable gadgets are connected by graph
substructures that assemble the clauses as clause gadgets.

Definition 13.3 (Gadget Reduction from 3SATISFIABILITY to Vertex Subset Problems). A gadget
reduction Ryqaget(PVS) from a 3SATISFIABILITY formula ¢ = (L,C) to a vertex subset problem
with graph G, = (V, E) is a tuple containing functions from the literal set and all relations of the
3SATISFIABILITY formula to the vertex set and all relations of the vertex subset problem. In the
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following, we denote the gadget based on element x to be G, := (Vy, E,) with V,, being a set of
vertices and E, a set of edges, where the edges are potentially incident to vertices of a different
gadget.

The literal set of a 3SATISFIABILITY formula £1,z, ..., ¢ \p|_1,4 1| is mapped to the vertex set
of the graph problem. Thereby, each literal is mapped to exactly one vertex:

R VAPV L=Vl G,

The following relations on the literals are mapped as well.
(1) Literal - Negated Literal: ~RX% (PVS): R(L, L) — (V,E), (£,0) = G, 5

gadget
(2) Clause: Rga%get(va) :R(C) — (V,E),C; = G,
(3) Literal - Clause: Ri(;dget(PVS) tR(L,C) — (V,E), (¢,C)) = Gy,

(4) Negated Literal - Clause: R;L’nget(PVS) : R(L,C) — (V,E),((,C;) — G5 c;

Additionally, the following mapping allows for constant parts that do mot change depending
on the instance: R;ZE;tet(PVS) 0 — (V,E),0 — Geonst- Thereby, the vertices and edges of all
gadgets are pairwise disjoint.

We use the more coarse grained view of variable gadgets as well. These combine the mappings

Réﬁg‘ét and R;ésget to variable gadgets Rg(adget, and R;égget and R;&gget to clause gadgets R;fl’gget,
where X is the set of n variables.

The important function of the variable gadget is to ensure that only one of the literals of
0,0 € L is chosen. On the other hand, the function of the clause gadget is to ensure together
with the constraints of the vertex subset problem PY° that the solution encoded on the literals
fulfill the 3SATISFIABILITY-formula if and only if the literals induce a correct solution. These
functionalities are utilized in the correctness proof of the reduction by identifying the logical
dependencies between the literal vertices v, for £ € L and all other vertices based on the graph
and the constraints of PV together with combinatorial arguments on the solution size. We
denote these logical dependencies as solution dependencies as they are logical dependencies on
the solutions of PYS. Due to the asymmetric nature of the online problems, the adversary
can reveal a solution dependent vertex before revealing the corresponding literal vertex. Thus,
a decision on the solution dependent vertex is implicitly also a decision on the literal vertex,
although it has not been revealed. We address this specific problem later in the description of
the framework.

Definition 13.4 (Solution dependent vertices). Given a gadget reduction, the following vertices of
the reduction graph are solution dependent:

(1) All literal vertices are solution dependent on their respective variable.

(2) For a literal £ (resp. its negation £), we denote the set of vertices that need to be part of
the solution if v (resp. wvy) is part of the solution with Vi (resp. V;). Then the vertices,
that are in one but not both of these sets, i.e. Vy; A V5, are solution dependent on the
corresponding variable.

All vertices that are not solution dependent on any variable are called solution independent.

In order to understand solution dependencies thoroughly, we describe the solution dependen-
cies in a folklore reduction from 3SATISFIABILITY to DOMINATING SET, which we also use later
to show the PSPACE-completeness of the corresponding online game version of DOMINATING
SET.
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Example 13.1. Let ¢ be the 3SATISFIABILITY-formula, let X be set of n variables and let C' be
the set of m clauses of p. We construct the following graph G, = (V, E), which is also depicted
in Figure .' For each variable z;, i € {1,...,n}, we introduce a triangle as its variable. Two
of the vertices represent the literals, which we call literal vertices. The third vertex ensures that
always one vertex of the variable gadget has to be chosen. For each clause C;, j € {1,...,m},
we construct a clause gadget consisting of the single vertexr. Each clause vertex is connected to
the literal vertices of the literals the clause contains. The size of the dominating set that should
be found in G, is set to k = n.

(o T2

o G,

Figure 13.1: The reduction graph for the reduction from 3SATISFIABILITY to DOMINATING SET
for instance ¢ = (z1 VZ1 V x2).

The logical dependencies in G, are of the type if the literal vertex representing the literal € is
not contained in a solution, then the literal vertex representing £ must be contained. Furthermore,
for each clause containing £, one of the remaining literal vertices must be contained since a
solution of size k mever contains clause vertices. As any truth assignment assigns each literal
either true or false, the third vertex of the variable gadget is solution independent. Therefore,
only the literal vertices in G, are solution dependent.

13.4 A Reduction Framework for Online Vertex Subset Games

In this section, we present a general framework for reducing TQBF GAME to an arbitrary online
vertex subset game PV which proves its PSPACE-hardness. The TQBF GAME is played on a
fully quantified Boolean formula, where one player decides the 3-variables and the other decides
the V-variables, in the order they are quantified. We assume that the TQBF GAME instance is
in CNF with clauses of at most three literals.

Before we describe the reduction, we prove that the online game version of each vertex
covering graph problem in NP is in PSPACE.

Theorem 13.1. If PV¥ is in NP, then PY* is in PSPACE.

Proof. First of all, we are able to encoded the instance graph in linear space of the input. Further,
we are able to encode polynomial verifiable solutions, which are subsets of vertices, in at most
linear space because the base problem PY® is in NP. Thus, all states of the game, which are a
partial instance together with a partial solution, are encodable in linear space. Consequently, we
are able to store the state of each move of both players in linear space. Lastly, the number of
moves are bounded in the number of vertices which is also linear in the input. After a complete
move sequence, the game state is verifiable in polynomial time (and thus polynomial space)
because PV® is in NP. Consequently, the problem PY* is in PSPACE. g

This framework uses an (existing) gadget reduction of the vertex subset problem PV from
3SATISFIABILITY and extends it in order to give the online algorithm the ability to recognize the
current revealed vertex. Due to the quantification of variables, we call the variable gadget of a
V-variable a V-gadget (resp. 3-gadget for an 3-variable). Based on this, the online algorithm can
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use a one-to-one correspondence between the solution of the TQBF GAME instance and the PV
instance. The one-to-one correspondence between the V-variables and the V-gadgets is ensured
by the knowledge of the adversary about the deterministic online algorithm. It simulates the
response of the algorithm on the V-gadget.

Extension Gadgets. We extend the reduction graph G, of the offline problem with gadgets to a
reduction graph for the online problem. These gadgets extend G, by connecting to a subset of
its vertices. We denote these gadgets Gy as extension gadgets.

Definition 13.5 (Graph Extension). A graph extension of a graph G = (V, E) by an extension
gadget Gezt = (Vewty, Eexty Econ) with the set of connecting edges Econ, €V X Vegy is defined as
H = G o Geyt, where

V(H) =V U Ve,
E(H)=EUE.UEcn,.

We further define G Q,c; Gy = (... ((GoGl,) 0G2,)0..) 0 Gl

We also need the notion of self-contained gadgets. These do not influence the one-to-one
correspondence between solutions of the online vertex subset game PY® and TQBF GAME. In
other words, optimal solutions on the graph and the extension gadget can be disjointly merged
to obtain an optimal solution on the extended graph. Due to this independence, we are able to
provide local information to the online algorithm via the map without changing the underlying
formula. An example for self-contained extension gadgets is provided in Figure Note that,
it can occur that self-containment depends on the extended graph.

Figure 13.2: On the left, there is an example for an extension gadget that is self-contained w.r.t.
the dominating set problem: No matter the solution on G, at least one vertex of G.;; has to be
chosen. Additionally, choosing the black vertex of G.,; dominates all vertices attached to G, and
thus any solution on G remains valid. On the right, there is an example for an extension gadget
that is not self-contained w.r.t. the dominating set problem: If the solution on G contains the
black vertices, it is also a solution for H, but the optimal solution on G.,; contains one vertex.

For our reduction framework, we introduce three types of self-contained extension gadgets:
fake clause gadgets, dependency reveal gadgets and ID gadgets. The goal of these gadgets is
that it is optimal for the adversary to reveal variables in the order of quantification, and that
the online algorithm is able to assign the value of the 3-variables, while the adversary is able to
assign the value of the V-variables.

Fake Clause Gadgets. The number of occurrences of a certain literal in clauses or different
literals occurring together in one clause is information that may allow the online algorithm to
distinguish the literals of some V-variables, allowing the online algorithm to decide the assignment
instead of the adversary. To avoid this information leak, we add gadgets for all possible non-
existing clauses to the reduction graph. A fake clause gadget is only detectable if and only if a
vertex, which is part of that clause gadget, is revealed by the adversary. The gadget needs to
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be self-contained such that the one-to-one correspondence between the solutions of the PV and
TQBF GAME is not affected.

Definition 13.6 (Fake Clause Gadget). A fake clause gadget Gi.(C}) for a mon-existing clause
Cj’- ¢ C is an extension gadget that is self-contained. The fake clause gadgets are connected to
the variable gadgets like the clause gadgets are to the variable gadgets according to the original
gadget reduction, see Definition [15.3

All fake clause gadgets are pairwise disjoint. Let G, be the gadget reduction graph and

a,=a, Q Gr(C).
cjgc

After adding fake clause gadgets for all clauses C]‘ ¢ C to G, the revelation subgraphs of all
vertices v € V(G:O), which are part of a literal gadget, are pairwise isomorphic.

Dependency Reveal Gadgets. The two functions of the dependency reveal gadgets are that
the adversary chooses the reveal order to be the order of quantification and the online algorithm
knows the decision on the V-variables after the decision is made by the adversary. If the adversary
deviates from the quantification order, the V-decision degenerates to an 3-decision for the online
algorithm. On the other hand, since the adversary forces the online algorithm to blindly choose
the truth value of a V-quantified variable, the online algorithm does not know the chosen truth
value. Thus, we need to reveal the truth value to the online algorithm whenever a solution
dependent vertex of the next variables is revealed.

Definition 13.7 (Dependency Reveal Gadget). A dependency reveal gadget G g, (x;) for V-variable
x; is an extension gadget that is self-contained with the property: Let £,0 be the literals of x;.
If a solution dependent vertex of x; with j > i is revealed to the online algorithm, the online
algorithm is able to uniquely identify the vertices vy and vg.

ID Gadgets. At last, the online algorithm needs information on the currently revealed vertex
to identify it with the help of the map. For this, we introduce ID gadgets, which make the
revelation subgraph of vertices distinguishable to a certain extent. Thus, the online algorithm is
able to correctly encode the TQBF solution into the solution of the vertex subset game.

Definition 13.8 (ID Gadget). An identification gadget G;q(v) is a self-contained extension gadget
connected to v such that the revelation subgraph of v is isomorphic to revelation subgraphs of
vertices within a distinct vertex set V' C V.

Note that for any reduction, where two different literal vertices cannot be connected to the
same vertex in a clause gadget, the fake clause gadget is technically not needed and its task can
also be accomplished by ID gadgets. However, to keep the framework more general, we include
a dedicated fake clause gadget.

The General Reduction for Online Vertex Subset Games. With the gadget schemes defined
above, we are able to construct a gadget reduction from TQBF GAME to PY®. The idea of
the reduction is to construct the optimal game strategy for the online algorithm to compute the
solution to the TQBF GAME formula. Furthermore, encoding the solution to the TQBF GAME
into the PY¥ instance is a winning strategy by using the equivalence of the 3- and V-gadgets
to the 3- and V-variables. At last, there is a one-to-one correspondence between the reduction
graph solution of PV and the 3SATISFIABILITY-solution.

A gadget reduction from 3SATISFIABILITY to vertex subset problem PV® can be extended
such that P is reducible from TQBF GAME as follows. Recall that G, is the gadget reduction

graph of a fixed but arbitrary instance of PV,
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(1) Add fake clause gadgets for all clauses that are not in the TQBF GAME instance

a, =6, QGr(e).
c'¢C

(2) Add dependency reveal gadgets for all V-variables x

¢t =a, Q Gula).

xEX
T is V

(3) Add ID gadgets to all vertices

ar=ct QO Gul).
vGV(Gg)

Then, if all gadgets can be constructed in polynomial time, Gg’ is the corresponding reduc-
tion graph of PY®. The gadget reduction also implies the following gadget properties, which
individually have to be proven for a specific problem.

(1) The fake clause gadgets are self-contained.
(2) The dependency reveal gadgets are self-contained.
(3) The ID gadgets are self-contained.

(4) In G, each solution dependent vertex which is not in a literal gadget of a V-variable has
a unique revelation subgraph.

(5) In Gg’ , the two literal vertices of a V-variable have the same revelation subgraph, but
different from vertices of any other gadget.

(6) In G, each vertex that is solution independent or part of an extension gadget has a
revelation subgraph that allows for an optimal decision.

From the above construction, the following Lemmas [13.1] to [13.3] are fulfilled such that PYS
is proven to be PSPACE-hard in the following Theorem [13.2

Lemma 13.1. In the construction of the reduction, there is a one-to-one correspondence between
the solution of the problem PY® and TQBF GAME, if there is a one-to-one correspondence

between the solutions in the gadget reduction from PV and 3SATISFIABILITY. The equivalence
is computable in PTIME.

Proof. The one-to-one-correspondence is preserved by the definition of self-contained extension
gadgets. All graph extensions are based on self-contained gadgets. Thus, the original solution is
preserved and only complemented by the disjoint partial solution on all extension gadgets.

The ID gadgets ensure that the optimal decision for vertices of the same degree is unique (by
Gadget Property 4-6), except for literal vertices of V-variables. Thus, a one-to-one correspondence
between vertices of the map and the actual online game instance is easy to find by the online
algorithm. Therefore, the online algorithm is able to decide whether to put a vertex in the
solution or not by vertex degree for all vertices, except for literal vertices of V-variables. On the
other hand, the adversary can decide the assignment of V-variables, as it is able to simulate the
online algorithm and predict its decision. O
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In the following, we show that the adversary has to reveal one literal vertex of each variable
gadget before revealing vertices of other gadgets (except ID gadgets). Furthermore, the adversary
has to adhere to the quantification order of the variables when revealing the first literal vertices
of each gadget. If the adversary deviates from this strategy, it may allow the online algorithm to
decide the truth assignment of V-variables. This may allow the algorithm to win a game based on
an unsatisfiable formula. Thus, an optimal adversary strategy always follows the quantification
order.

Lemma 13.2. FEvery optimal game strategy for the adversary adheres to the reveal ordering

Gy, or Gy < Gy, or Gy, <+ <Gy, or Gy , (13.1)
Go or G < G.(Cy), foralll e C; eC, (13.2)
Gy or Gy < G(CY), forall L € C} ¢ C, (13.3)
Gy or Gy < Ggp(x), for all x € X. (13.4)

Proof. We prove each proposition one after another.

(1) Assume a vertex of the variable gadget of x; is revealed before any vertex of the variable
gadget of z; is revealed for ¢ < j. The following cases may apply:

(1.1) z; and z; are 3-variables
Then, a V-variable xy exists, i < k < j, for which the dependency reveal gadget is
revealed before the vertices of its variable gadget are revealed. Therefore, the variable
x) degenerates to an 3-variable.

(1.2) z; is an 3-variable and z; is an V-variable

Case 1: j > i+ 1 Then, a V-variable xj, exists, i < i+ 1 < k < j, for which the
dependency reveal gadget is revealed before the vertices of its variable gadget are
revealed. Therefore, the variable xj degenerates to an 3-variable.

Case 2: j =i+1 Then, the decision on z; happens before x;. However, the online
algorithm is not able to detect which decision took place. Consequently, it has
no additional information for the 3-variable ;. This does not change the game
at all.

(1.3) z; is an V-variable and x; is an 3-variable
Then, the dependency reveal gadget for x; is revealed and x; degenerates to an
J-variable.

(1.4) z; and x; are V-variables
Then, the dependency reveal gadget for x; is revealed and x; degenerates to an
J-variable.

(2) By revealing a clause gadget before the corresponding literal gadgets, it is revealed which
literals are in the clause and whether the clause is a fake clause or not. Thus, it is dominant
to reveal that information after revealing the literals.

(3) By revealing a fake clause gadget before the corresponding literal gadgets, it is revealed
which literals are in the fake clause and whether the fake clause is a fake clause or not.
Thus, it is dominant to reveal that information after revealing the literals gadget.

(4) The dependency reveal gadgets connected to a literal gadget reveal the information which
literal gadget represents the negated literal. Thus, the V-variable degenerates to an 3-vari-
able.
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The degeneration of a V-variable to an 3-variable gives the online algorithm the possibility
to satisfy a possibly unsatisfiable formula. O

Lemma 13.3. The vertex assignments of an J-variable gadget (resp. V-variable gadget) are
equivalent to the decision of the 3-player (resp. ¥-player) on an 3-quantifier (resp. V-quantifier)
in the TQBF GAME. The equivalence is computable in PTIME.

Proof. By the dominating strategy of the adversary described in Lemma[I3.2] for all i,1 < i < n,
the adversary reveals all vertices of the variable gadget of variable x;. Thereby, the online
algorithm has to take a decision after each revealed vertex.

() Due to Gadget Properties 4 and 6, the online algorithm is able to detect which exact
vertex of the variable gadget is revealed. Thus, the online algorithm is able to decide which
vertices to take into the solution to encode both of the truth values of the variable into the
solution. This implies that the online algorithm takes the decision on the variable as in the
TQBF GAME.

(V) Because of Lemma the adversary will reveal the literal gadgets first. The literal
gadgets of different variables may only be connected by a path of length > 2, if there
is a connection via a clause gadget or dependency reveal gadget. These do not reveal
information as every possible clause is covered either by a clause gadget or a fake clause,
but it is not revealed whether the connection is established by clause or fake clause gadget
unless a vertex of a clause gadget or fake clause gadget is revealed. The dependency reveal
gadget reveals only additional information if a reveal ordering which does not correspond
to Lemma [13.2] is used. Due to Gadget Property 5, the online algorithm is not able to
detect whether a vertex that encodes an assignment to true or false is revealed over the
degree. Thus, the online algorithm is not able to detect which literal gadget resembles the
true or false assignment.

Therefore, a reveal ordering of the variable gadgets of the V-variables exists that forces
every fixed deterministic online algorithm to choose the options that prevent the online
algorithm from winning if and only if the TQBF GAME formula is unsatisfiable.

The computation is in PTIME because only the degree of the vertex needs to be checked. O

Therefore, the solutions to the formula in the TQBF GAME and the solutions to the online
vertex subset game are equivalent. Thus, the reduction graph G:;’ is a valid reduction from
TQBF GAME because the one-to-one correspondence between solutions is preserved, which
concludes the proof of Theorem At last, the online algorithm is able to win the game if
and only if the TQBF GAME is winnable.

Theorem 13.2. If PV® is gadget reducible from 3SATISFIABILITY and Gadget Properties 1 to 6
hold, then PY*° is PSPACE-complete.

13.5 Applying the Framework to Vertex Cover

In this section, we use our reduction framework to show that the online vertex subset game based
on the VERTEX COVER problem, the ONLINE VERTEX COVER GAME, is PSPACE-complete.
VERTEX COVER was originally shown to be NP-complete by Karp [Kar72] with a reduction from
CLIQUE. However, since our reduction framework extends reductions from 3SATISFIABILITY, we
use an alternative reduction from Garey and Johnson [GJ79], which we modify accordingly.
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For this, let ¢ be the 3SATISFIABILITY-formula, let X be the set of n variables and let C' be
the set of m clauses of ¢. We construct a graph G, = (V, E): For each variable z;, we introduce a
variable gadget consisting of two vertices, connected by an edge. One of these vertices represents
the positive literal, while the other represents the negative literal. Thus we refer to these vertices
as literal vertices. For each clause Cj, j € {1,...,m}, we construct a clause gadget, which is a
triangle of vertices, where each vertex represents one of the literals in C;. Finally, each vertex
of a clause is connected to the literal it represents. An example of this construction is shown in

Figure

Ty T2
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Gy

Figure 13.3: The reduction graph for the reduction from 3SATISFIABILITY to VERTEX COVER
for instance ¢ = (z1 VZ1 V x2).

The dependencies in G, are of the type that if a literal vertex is not contained in a solu-
tion, then all clause vertices representing the same literal must be contained in that solution.
Therefore, all vertices in G, are solution dependent.

The ONLINE VERTEX COVER GAME has a graph G and a number k € N as input. It asks
whether there is a winning strategy for the online algorithm, that is, it finds a vertex cover of
size at most k for every reveal order while knowing an isomorphic copy of G.

Theorem 13.3. The ONLINE VERTEX COVER GAME is PSPACE-complete.

The containment of ONLINE VERTEX COVER GAME in PSPACE is already established by
Theorem To show hardness, we extend the above reduction for VERTEX COVER according
to our framework. Therefore, we need to introduce fake clause gadgets, dependency reveal gad-
gets, and ID gadgets and prove that they fulfill the gadget properties, required by Lemmas [T3.]]
to

Fake Clause Gadget. The fake clause gadget exists to avoid leaking information about the
literals by revealing which clauses contain them. Since the reduction from 3SATISFIABILITY to
VERTEX COVER from [GJ79] never connects a vertex in a clause gadget to more than one literal
vertex, the only information that can be revealed about a literal is how many clauses contain
it. Whether it appears in a clause together with specific other literals is already concealed by
the construction of the clause gadget. Therefore, as mentioned earlier, the ID gadget alone can
already prevent this information leak. To adhere to our framework, we still define the fake clause
gadget explicitly, however it uses the same construction as the ID gadget.

Definition 13.9 (Self-contained fake clause gadget for VERTEX COVER). The fake clause gadget,
for non-existing clause C’j’- ¢ C, consists of three stars with two leaves each, one for each literal
contained in C;». Each center of a star is connected to the literal vertex it represents.

An example for a fake clause gadget is shown in Figure Any optimal vertex cover on
the fake clause gadget has size 3 and contains exactly the center vertices of the three stars. In
the neighborhood reveal model, fake clause gadgets can not be distinguished from real clause
gadgets, as long as only vertices of variable gadgets are revealed by the adversary. However, as
soon as a vertex of the fake clause gadget is revealed, it can be distinguished from a real clause
gadget, as the vertex degrees are different due to the ID gadgets which are described later.
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Figure 13.4: The reduction graph for the reduction from 3SATISFIABILITY to VERTEX COVER
for instance ¢ = (z1 V1 V x2). The clause (1 V T1 V T3) does not exist and is represented by a
fake clause gadget Gy.. The blue dashed edges are the set E.,, for the fake clause gadget.

Lemma 13.4 (Gadget Property 1). The fake clause gadget (Deﬁm’tz’on is self-contained for
VERTEX COVER.

Proof. Let C;» ¢ C be an arbitrary non-existing clause with GfC(Cg») being its fake clause gadget.
Any optimal vertex cover on ch(C]() has size 3 and contains exactly the three center vertices.
For a contradiction, assume there is a vertex cover " of size at most 3 on Gy.(C}), that does
not contain at least one of those three vertices. However, each of them has two neighbors that
are not connected to any other vertices, which would then need to be part of the vertex cover
instead, while not covering any additional edges. Additionally, S’ needs to contain at least one
vertex of the other two stars to cover their edges. This is a contradiction to S’ containing at
most three vertices.

By the same argument, none of the center vertices can be replaced their neighbors in the
reduction graph. Additionally, as the center vertices are already part of the vertex cover, none
of their neighbors in the reduction graph are forced to be in the vertex cover to cover the edge
between them.

Let Gg = G, and let G7 be the graph that has been extended with v many fake clause
gadgets. Then given the graph G7~', the graph Gr.(C}) and the graph G = G77" o G.(CY),
the following holds: There exists a solution of size 3 for Gfb(CJ(), such that for any optimal
solution of size k* on G;L_l the disjoint union of those two solutions is an optimal solution of
size k* + 3 for G. Therefore the fake clause gadget from Definition @ is self-contained. O

Dependency Reveal Gadget. Since the vertices of a clause gadget are solution dependent on
the literal vertices they represent, the dependency reveal gadget needs to account for that.
Our dependency reveal gadget for vertex cover gives all solution-dependent vertices a common
neighbor. The presence of this common neighbor then allows the online algorithm to recognize
the truth assignment of the V-variable, or if the adversary revealed a solution-dependent vertex
too early, to distinguish the literals of the V-variable such that the V-decision degenerates into
an J-decision. An example of a dependency reveal gadget is depicted in Figure

Definition 13.10 (Self-contained dependency reveal gadget for VERTEX COVER). The dependency
reveal gadget for a V-variable z; is a star. Its center vertex is connected to the literal vertices of all
variables with index at least i (except the true literal of variable x; ), and all vertices representing
them in clauses (including the true literal of variable x;). The number of leaves is such that,
together with the connecting edges, the degree of the center vertex equals 3(2;) +2n+1.

The number of leaves of a dependency reveal gadget is always at least 2. Given a formula
with n variables, there are exactly 2n literals, and (2;) possible clauses with three literals. A
dependency reveal gadget can target all three vertices of a clause and all literal vertices, however
the true literal of variable x; is not targeted. Thus, the number of connecting edges is at most
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(a) The dependency reveal gadget for the V- (b) The ID gadgets for the V-variable z; are

variable x1, with only one variable of higher in- shown. Both literal vertices have the same degree.
dex, is depicted. The fake clause gadgets of Gfp For each gadget, the blue dashed edges are the set
are omitted. Econ.-

Figure 13.5: Dependency reveal gadget and ID gadget for VERTEX COVER.

3(23" ) +2n — 1. Therefore, the optimal solution for the dependency reveal gadget always contains
exactly the center vertex of the star by the same argument as for the fake clause gadget.

Lemma 13.5 (Gadget Property 2). The dependency reveal gadget (Definition is self-
contained for VERTEX COVER.

Proof. Let x; be any V-variable of the TQBF GAME-instance. Since Gg,.(x;) is a star with at
least 2 leaves, the optimal vertex cover on Gg,(z;) contains exactly the center of the star, and no
other vertices. As covering any edges incident to target vertices by those target vertices has no
effect on the edges in G4, (x;), no solution on the reduction graph can make the optimal solution
on Ggr(x;) smaller. This also means that the optimal vertex cover on G, (z;) already covers all
edges connecting it to its target vertices, thus no vertices of the reduction graph are forced to be
in the vertex cover by attaching Gg,(x;).

Remember that Gfp is the graph that resulted from G, by adding a fake clause gadget for
every possible clause C ¢ C with three literals. Let G?D = G, and let G, be the graph that
has been extended with v many dependency reveal gadgets. Then given the graph G;fl, the
graph G, (v;) and the graph GJ, = G;fl o Ggr(z;), the following holds: There exists a solution
of size 1 for G4, (x;), such that for any optimal solution of size k* on Gg_l the disjoint union of
those two solutions is an optimal solution of size k* + 1 for GJ,. Therefore the dependency reveal
gadget from Definition is self-contained. O

ID Gadgets for Literal and Clause Vertices. Since both the literal vertices and the vertices of
clause gadgets are solution dependent, the online algorithm needs to be able to identify which
variable they correspond to, and in the case of 3-variables also which literal they correspond to.
For that, we look at the degrees of all vertices in the graph G’J,. The leaves in the stars of the
dependency reveal gadgets and fake clause gadgets have degree 1, and the center vertices in fake
clause gadgets have degree 3. The center vertices of the dependency reveal gadgets have degree
3(2;) + 2n. Therefore, any vertex that was not present in G, already has a degree that is either
smaller than (2"; 1) + 4 or larger than (2"; 1) + 4n + 3 for n > 2 (which is necessary for three
different literals per clause). Note that the latter inequality holds due to the following:

(2;) - <2n2— 1) n>2 (13.5)

<23”> > 2n n>2 (13.6)

2 2 o — 1
3(:>+2n2<;)+6n>(n2 )+4n—|—3 n>2 (13.7)
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Therefore, we use that range of degrees for our literal vertices and clause vertices.

Let d? (i) (resp. dZ(i)) be the number of V-variables with index smaller (resp. smaller or
equal) than 4. Since the formula of the TQBF GAME always alternates between 3- and V-
variables, d (i) = | %] (vesp. dZ (i) = [%]) if variable z; is V-quantified and d? (i) = | 52| (resp.

2 2
d2 (i) = [51]) otherwise. There are (*"; ") possible different clauses with three literals that

contain one specific literal. Thus in G}, the literal vertices have degree (1) +di@) + 1, or
(2"2_ 1) +dZ (i) + 2 in case of the false literal of a V-variable that is not the last variable. With
this, we can define the literal ID gadgets. As mentioned above, the fake clause gadget uses the
same construction as the ID gadgets. That is, the ID gadgets are a collection of stars with two

leaves, where the center vertices are connected to the target vertex. An example for an ID gadget
can be seen in Figure [I3.50]

Definition 13.11 (Self-contained literal ID gadget for VERTEX COVER). Let £ be some literal and
x; its corresponding variable. Let dv< (i) be defined as above. Further let

d(0) = 4i —d2 (i) — 1 if € is positive
d(l) = 4i — d\i (1) — 2 if £ is negative and x; s V-quantified
d(l) =41 — d\i (4) if £ is negative and x; is I-quantified

Then the literal ID gadget for the literal vertex representing ¢ consists of d(f) stars with two
leaves, where each center vertex is connected to the identified literal vertex.

It is necessary that the online algorithm can recognize which literal a clause vertex represents,
as the adversary could choose to reveal a clause vertex before a literal vertex of the corresponding
variable gadget.

Definition 13.12 (Self-contained clause ID gadget for VERTEX COVER). Let { be a literal with
¢ € C; for some clause Cj € C and let x; be the variable ¢ belongs to. Let dZ(i) be defined as
above. Further let -

2n —1
d(t) = ( n2 ) +4i — d\; (1) —1 if £ is positive

-1
d(e) = (2712 ) + 44 — dvg (i) if £ is negative.

Then the clause ID gadget for the clause vertex representing £ consists of d({£) stars with two
leaves, where each center vertex is connected to the identified clause vertex.

The following lemma follows directly from the same arguments as in Lemma [13.4] because
they are also a collection of stars with two leaves.

Lemma 13.6 (Gadget Property 3). The ID gadgets (Definitions|15.11 and|15.12) for VERTEX
COVER are self-contained.

In our framework, we also add ID gadgets to the fake clause gadgets and dependency reveal
gadgets, however the next lemma and Table [I3.1] show that those vertices can already be recog-
nized by the online algorithm. Therefore, their ID gadgets are simply the empty graph, which
trivially fulfills the property of self-containment. In Table the vertex degrees after adding
all ID gadgets are shown.

Lemma 13.7 (Gadget Properties 4-6). In G/, each solution dependent vertex which is not in a

literal gadget of a V-variable has a unique revelation subgraph. Further, the two literal vertices of
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Vertex degree Type of vertices Strategy

3 center vertices of ID gadgets and fake clause gadgets accept

5 triangle vertices of fake clause gadgets accept

(2"; 1) + 43 true literal of x;, also false literal of x; if it is V-quantified depends on ¢
(2"; 1) +4i+ 1 false literal of variable z; if it is 3-quantified depends on ¢
(2"; 1) + 474+ 2 vertex representing true literal of variable x; in a clause depends on ¢
(2"2_ 1) + 47+ 3 vertex representing false literal of variable x; in a clause depends on ¢

Table 13.1: List of all vertex degrees in the final reduction from TQBF GAME to ONLINE
VERTEX COVER NUMBER, where n is the number of variables. For any vertex that is not part
of a literal or clause gadget, the optimal solution can be deduced just from its degree.

a V-variable have the same revelation subgraph, but different from vertices of any other gadget.
Finally, each vertex that is solution independent or part of an extension gadget has a revelation
subgraph that allows for an optimal decision.

Proof. All solution dependent vertices that are not part of the literal gadget of a V-variable have
a unique revelation subgraph, since they have unique degree, as seen in Table

A literal vertex of a V-variable shares its degree with exactly one other vertex, that is the
vertex representing the negated literal. Thus as long as the adversary does not reveal any (fake)
clause vertices, dependency reveal vertices or literal vertices of variables with higher index, the
two literal vertices of a V-variable have exactly the same revelation subgraph, but different from
any other vertex.

All solution-independent vertices and vertices of extension gadgets that have a degree larger
than 1 are always contained in an optimal solution, by construction of these gadgets. Since
their degrees are also always different from solution dependent vertices, the online algorithm can
always make an optimal decision for them. Finally, by construction of the extension gadgets, no
vertex of degree 1 is contained in any optimal solution. Therefore, the online algorithm can also
always make an optimal decision on them based on their revelation subgraph. ]

Polynomial Time Reduction. All our gadgets can be constructed in polynomial time, as they
contain at most O((QQ”)) = O(n?) many vertices. Furthermore, the number of gadgets is also
polynomial in the number of variables, as the number of possible clauses with three literals is
bounded by (23" ) € O(n?). Finally, the solution size k can also be computed in polynomial time.

(1) For the base reduction, n + 2m vertices are part of the optimal vertex cover.

(2) For the fake clause gadgets, 3 - ((2;) — m) vertices are part of the optimal vertex cover.

(3) Recall that d? (i) is the number of V-variables with an index lower than i and therefore
computable in polynomial time. Then the number of vertices in the optimal vertex cover
that are part of dependency reveal gadgets is d% (n).

(4) For the ID gadgets, we distinguish between literal and clause ID gadgets. For the literal
ID gadgets,

n

o) 2 (4i+dL (i) — 1)

i=1

vertices are part of the optimal vertex cover, where ' = 1 iff both z; and z, are
3-quantified, 2’ = —1 iff both z; and z,, are V-quantified, and =’ = 0 otherwise.
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For a variable x; we denote with fo; 1 its positive literal and with ¢5; its negative literal.
For the clause ID gadgets, let #(¢,) be the number of times the literal £,, a € {1,...,2n}
appears in a clause. Then Y. | (#(f2;—1) + #(¢2;)) = 3m and therefore the size of all
#(¢,) is polynomially bounded. The number of vertices in the optimal vertex cover, that
are part of a clause ID gadget, is given by

g#(@i_l) . ((2”2 1> 4 4i—d (i) — 1> n Z# (b2:) - (( 1) i dé(i))

Since all constructions are polynomial time computable, we established the requirements for
Theorem [13.2} thus Theorem is proven. The full construction of G/ is shown in Figure m

Figure 13.6: Complete view on the reduction for the TQBF-instance Va13xs (x1 VT V 22) to
ONLINE VERTEX COVER GAME. The thick vertices and edges represent the original reduction.
The blue dashed edges are the connecting edges of the extension gadgets. There are optimal
solutions that contain all the gray vertices and none of the black vertices. Whether the white
vertices are contained depends on the feasible solutions for the TQBF-formula.

13.6 More Vertex Subset Problems

In this section, we apply Theorem to the more vertex subset graph problems: ONLINE
INDEPENDENT SET GAME, ONLINE CLIQUE GAME, ONLINE DOMINATING SET GAME and
ONLINE FEEDBACK VERTEX SET GAME. Like the ONLINE VERTEX COVER GAME, they take
a graph G and a number k£ € N as input. They ask whether there is a winning strategy for the
online algorithm, that is, it finds an subset of vertices of size at least (resp. most) & fulfilling
certain conditions for every reveal order while knowing an isomorphic copy of G.

Independent Set. We start with the reduction for ONLINE INDEPENDENT SET GAME, which
uses the same construction as the vertex cover reduction with a slight modification. Again, we
use our framework to derive the following result.

Theorem 13.4. The ONLINE INDEPENDENT SET GAME is PSPACE-complete.

We extend an existing reduction and apply Theorem [13.2] For the base reduction from
3SATISFIABILITY to INDEPENDENT SET, we use a slight modification of the reduction from
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3SATISFIABILITY to VERTEX COVER given in [GJ79]. Instead of connecting each clause vertex
to the literal vertex it represents, we connect it to its negation. The size of the independent set
that should be found in G, is then k = |X| + |C|. The correctness argument works analogously
to the reduction for VERTEX COVER.

For the fake clause gadget, we use the same construction as for VERTEX COVER, but the
target vertices are adjusted in the same way as for the clause gadgets. In case of the dependency
reveal gadget and ID gadgets we use exactly the same constructions as for VERTEX COVER.
The full construction of the reduction is shown in Figure Recall that for any vertex cover
S C V, the set V'\ S forms an independent set. Since the optimal solution of any of our extension
gadgets for VERTEX COVER are the vertices incident to F.,, of that gadget, the optimal solution
of these gadgets for INDEPENDENT SET contains all vertices not incident to E.,,. Thus, their
optimal solution is not influenced by the solution on G, and vice versa. Therefore, they are
self-contained for INDEPENDENT SET. Gadget Properties 4-6 hold for INDEPENDENT SET by the
same arguments as for VERTEX COVER.

Since this modified reduction is obviously still computable in polynomial time, Theorems[T3.]
and [I3:2) prove our claim.
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Figure 13.7: Complete view on the reduction for the TQBF-instance Va13xs (21 VT V 23)
to ONLINE INDEPENDENT SET GAME. The thick vertices and edges represent the original
reduction. The blue dashed edges are the connecting edges of the extension gadgets. There are
optimal solutions that contain all the gray vertices and none of the black vertices. Whether the
white vertices are contained depends on the feasible solutions for the TQBF-formula.

Clique. Next, we show that ONLINE CLIQUE GAME is PSPACE-complete. For this, we make
use of the strong connection to the independent set problem. The idea is to use the complement
graph, which is already constituting the reduction on the NP-level between INDEPENDENT SET
and CLIQUE.

Theorem 13.5. The ONLINE CLIQUE GAME is PSPACE-complete.

The reduction is the complement graph of the reduction graph for ONLINE INDEPENDENT SET
GAME with the same target size k. For the correctness, observe that revealing the neighborhood
yields the same information as not revealing the neighborhood but the complement of the neigh-
borhood. The only difference is that the online algorithm receives the labels of the neighborhood
in the independent set game and in the clique game it receives the labels of the complement of
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the neighborhood. Thus, the only algorithm is able to distinguish the non-neighbors in the clique
game which is one-to-one correspondent to distinguishing the neighbors in the independent set
game and vice versa. With this observation, we analyze all gadgets and show that the reduction
is correct.

We begin with the original reduction on the NP-level. The reduction is correct because if
there are no edges between a set of vertices, the complement graph has a clique with exactly
these vertices. We now extend the reduction as described in the framework. We first add all fake
clause gadgets to the base reduction. Secondly, we add all dependency reveal gadgets. At last,
we add the ID gadgets to the graph.

The fake clause gadget is the complement graph of the fake clause gadget of INDEPENDENT
SET. Furthermore, we define the connecting edges to be the complement of the connecting edges
in the INDEPENDENT SET fake clause gadget as well. Especially, there are connecting edges to all
extension gadgets. The fake clause gadget remains self-contained due to the fact that the vertices
in the INDEPENDENT SET solution, which are all leaves of the three stars, are also the vertices
in the solution of CLIQUE. These six vertices can again be disjointly merged to the solution of
the existing graph. For this, observe that the former leaves of the three stars are now connected
to all vertices of the base graph such that a clique in the base graph can be easily extended with
these six vertices.

Secondly, we define the dependency reveal gadget to be the complement graph and the com-
plement of the connecting edges of those from the INDEPENDENT SET reduction. These gadgets
are also self-contained because the optimal solution are also the former leaves of the star which
can be disjointly merged with the rest of the graph.

At last, the ID gadgets are identical to the fake clause gadgets in the sense that we add the
complement graph of a star with two leaves. The connecting edges are again the complement
edges of the ID gadget in the INDEPENDENT SET reduction. Thus, the degrees are the number
of all vertices of the resulting graph minus one minus the values from Table[I3:1] With the same
argument for the fake clause gadget and dependency reveal gadget, the gadgets are self-contained.

After adding all gadgets, the resulting graph is exactly the complement graph to the corre-
sponding reduction graph from 3SATISFIABILITY to INDEPENDENT SET. Thus, every clique in
the reduction graph from 3SATISFIABILITY to CLIQUE corresponds one-to-one to an independent
set in the reduction graph from 3SATISFIABILITY to INDEPENDENT SET. Furthermore, the game
decisions by the online algorithm and the adversary are one-to-one correspondent to the decisions
in the game of ONLINE INDEPENDENT SET due to the observation from above that revealing the
labels of all neighbors yields the same information than revealing the labels of all non-neighbor
but not the neighbors. This concludes the description of the reduction. The reduction is com-
putable in polynomial time because only predefined gadgets of polynomial size are added to a
polynomial number of vertices.

Dominating Set. Next, we use our framework to derive the completeness result for ONLINE
DOMINATING SET GAME. For this, we use a direct reduction from 3SATISFIABILITY to DOMI-
NATING SET instead of reusing the reduction from 3SATISFIABILITY to VERTEX COVER and a
reduction from VERTEX COVER to DOMINATING SET by making use of transitivity.

Theorem 13.6. The ONLINE DOMINATING SET GAME is PSPACE-complete.

For the base reduction, we use the folklore reduction, which we described as example for
solution dependent vertices in Example

We define the following extension gadgets for DOMINATING SET. The fake clause gadget for
non-existing clause C} ¢ C, is a star with 2n — 2 leaves. Its center is connected to the literal
vertices representing the literals contained in the clause. The dependency reveal gadget for a
V-variable x; is a star. The target vertices are the literal vertices of all variables with index at
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Vertex degree Type of vertices Strategy
1 leaves of any fake clause / dependency reveal gadget, reject
leaves of literal ID gadgets not adjacent to literal vertex
2 leaves of literal ID gadgets adjacent to literal vertex, reject
third vertex of variable gadgets
3 clause vertices reject
2n +1 center vertex of fake clause / dependency reveal gadgets accept
(2"2_ 1) +4(n+1) center vertex of any literal ID gadget accept
(2"2_ 1) + 44 true literal of x;, false literal of x; if it is V-quantified depends on ¢
(2"2_ 1) +4i+1 false literal of variable x; if it is 3-quantified depends on ¢

Table 13.2: List of all vertex degrees in the final reduction from TQBF GAME to ONLINE
DOMINATING SET GAME. For any vertex that is not part of a literal gadget, the optimal
solution can be deduced just from its degree.

least 7, except the true literal of variable z;. The number of leaves is such that, together with
the connecting edges, the degree of the center vertex equals 2n + 1. At last, we define the ID
gadgets. For this, let £ be some literal, and x; the corresponding variable. Let d\i () be defined
as above. Further let

d(0) = 4i — d2 (i) — 2 if ¢ is positive
d(f) = 4i —d2 (i) — 3 if £ is negative and z; is V-quantified
d(l) = 4i —dZ (i) — 1 if ¢ is negative and x; is 3-quantified

Then the literal ID gadget for the literal vertex representing £ is a star with (2"2_ 1) +4(n+1)
leaves, where d({) of those leaves are also connected to the literal vertex.

Our fake clause gadget and dependency reveal gadget for DOMINATING SET have the same
structure, as they are stars. Any optimal dominating set on those gadgets contains exactly the
center vertex of the star. The connection of those gadgets to the reduction graph is done only
by edges from the centers of the respective stars to literal vertices. Thus, neither can make the
solution on the reduction graph smaller, as the literal vertices of each variable are in a triangle
together with a third vertex that is not connected to any other vertex. At the same time,
dominating the center vertex of one of those gadgets by one of the connected literal vertices
never removes it from an optimal dominating set, as it has at least two leaves. This proves the
Gadget Properties 1 and 2.

The literal ID gadget is also a star. Since there are always at least 2 of its leaves that are
not connected to any other vertex, an optimal solution on the ID gadget always contains the
center vertex. Thus the vertices that are connected to the reduction graph are dominated, but
not contained in any optimal dominating set. Since they are all connected to the same vertex,
this proves Gadget Property 3.

After extending G, with the fake clause gadgets, dependency reveal gadgets and literal ID
gadgets (in that order), Gadget Properties 4-6 already hold as shown in Table Thus we
can use the empty graph as an ID gadget for the clauses, fake clause gadgets and dependency
reveal gadgets to obtain a reduction according to our framework. Since the reduction can be
computed in polynomial time by an analogous argument to the reduction for ONLINE VERTEX
CoVER GAME, Theorem [13.2] proves PSPACE-hardness of ONLINE DOMINATING SET GAME.
Thus together with Theorem [13.1] it is also PSPACE-complete.

Feedback Vertex Set. The last problem on which we apply the framework is undirected FEED-
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Figure 13.8: Complete view on the reduction for the TQBF-instance Va13xs (21 V I1 V T3) A
(z1 V 22 VT3) to ONLINE DOMINATING SET GAME. The thick vertices and edges represent the
original reduction. The blue dashed edges are the connecting edges of the extension gadgets.
There are optimal solutions that contain all the gray vertices and none of the black vertices.
Whether the white vertices are contained depends on the feasible solutions for the TQBF-
formula.

BACK VERTEX SET. The FEEDBACK VERTEX SET problem is again strongly related to VERTEX
COVER such that we use the reduction from 3SATISFIABILITY to VERTEX COVER and then we
use a folklore reduction from VERTEX COVER to FEEDBACK VERTEX SET as base reduction.
We then define the extension gadgets accordingly to this new reduction.

Theorem 13.7. The ONLINE FEEDBACK VERTEX SET GAME is PSPACE-complete.

We first start with the base reduction from 3SATISFIABILITY to FEEDBACK VERTEX SET.
For this, we use the reduction from 3SATISFIABILITY to VERTEX COVER. Then for each edge in
the reduction graph, we add a fresh vertex and connect it to the incident vertices of the edge.
Thus, every edge in the original graph is part of a 3-cycle, which has to be eliminated by the
feedback vertex set.

For the correctness, let us assume we have a vertex cover in the original graph. This vertex
cover can be translated one-to-one to the new reduction graph and all cycles are eliminated due
to the fact that every edge induces exactly one 3-cycle over its incident vertices over a fresh
vertex. Observe that a vertex cover already eliminates all other cycles in the graph. On the
other hand, if there is a feedback vertex set, all 3-cycles are eliminated. That is, for every edge
one vertex of the corresponding 3-cycle has to be included. If only original vertices are included,
we have a one-to-one correspondence between the solutions. Otherwise if one of the fresh vertices
is included, we can choose to take either one of the original vertices adjacent to that vertex into
the vertex cover solution. Then for each edge, either endpoint is in the feedback vertex set.
Thus, the same set of vertices is also a vertex cover in the original graph.

As we use the VERTEX COVER reduction, all original vertices of that reduction remain
solution-dependent. The fresh vertices inducing a 3-cycle, however, are not solution-dependent
because they are easily identifiable by the online algorithm (after adding all extension gadgets)
and it is always at least as good to include the corresponding adjacent vertices into the solution
as described above.

With this, we have a base reduction from 3SATISFIABILITY to FEEDBACK VERTEX SET, we
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only need to define the extension gadgets. As before, we begin with the fake clause gadgets. The
fake clause gadgets are three independent vertex pairs. The literal vertices are then connected
one by one to one of the three pairs. If a literal vertex is revealed, the online algorithm is
not able to distinguish between a clause gadget and a fake clause gadget because it only sees
two independent vertices. Furthermore, the gadget is self-contained because two independent
vertices do not induce a cycle and cannot induce a cycle when connected to only one vertex
each. Therefore, the solution on the fake clause gadget is empty. Thus, we can easily merge the
solutions of the fake clause gadgets with the solution of G ,.

Next, we construct the dependency reveal gadget. It is basically a star, where we connect
the first two pairs to a 3-cycle each. Furthermore, the center vertex is connected to the literal
vertices of all variables with larger index 7 (except the true literal of z;) and to all solution
dependent vertices representing them in the clauses. Consequently the dependency reveal gadget
is connected to the same vertices as in the VERTEX COVER reduction. Additionally, the center
vertex has to be part of a solution due to the two 3-cycles. Furthermore, all cycles that are
created by attaching the dependency reveal gadget are also eliminated by deleting this center
vertex Thus we are able to disjointly merge the solutions of the dependency reveal gadget and
the rest of the reduction graph.

At last, we have to define the ID gadgets. These are independent single vertices connected to
the vertex to identify (like the fake clause gadgets). Thus they are also self-contained (like the
fake clause gadgets) because their solution is empty. The target degrees of every vertex can be
found in Table 3.3}

This concludes the description of the reduction. The full reduction graph from TQBF to
ONLINE FEEDBACK VERTEX SET GAME is depicted in Figure[13.9] The reduction is computable
in polynomial time because only predefined gadgets of polynomial size are added to a polynomial
number of vertices.

Vertex degree Type of vertices Strategy

1 leaves of any extension gadget reject

2 vertices introduced for an edge, reject
triangles of dependency reveal gadget

23" +2(n+2) center vertex of dependency reveal gadget accept

2"_1) + 43 true literal of x;, false literal of z; if it is V-quantified depends on ¢
) +4i+1 false literal of variable z; if it is F-quantified depends on ¢
o 1) + 47+ 2  vertex representing true literal of variable z; in a clause  depends on
(2"; 1) +4i+3  vertex representing false literal of variable x; in a clause depends on ¢

Table 13.3: List of all vertex degrees in the final reduction from TQBF GAME to ONLINE
FEEDBACK VERTEX SET GAME, where n is the number of variables. For any vertex that is not
part of a literal or clause gadget, the optimal solution can be deduced just from its degree.
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Figure 13.9: Complete view on the reduction for the TQBF-instance Va;3zs (11 V E1 V 22) to
ONLINE FEEDBACK VERTEX SET GAME. The thick vertices and edges represent the original
reduction. The blue dashed edges are the connecting edges of the extension gadgets. There are
optimal solutions that contain all the gray vertices and none of the black vertices. Whether the
white vertices are contained depends on the feasible solutions for the TQBF-formula. Note that
the leftmost vertices of the dependency reveal gadget form triangles with its center, forcing it to
be part of the solution.



Chapter 14

Conclusion

In this part, we have shown that for many NP-complete problems, their recoverable robust
version with elemental uncertainty is ¥%-complete. Furthermore, we have shown that online
vertex subset problems based on NP-complete problems are PSPACE-complete.

Concretely, we have defined Hamming distance recoverable robust problems with elemen-
tal uncertainty, where the elemental uncertainty can be expressed by zor-dependencies or I'-
set scenarios. Then, we have defined universe gadget reductions to build a framework for a
class of Hamming distance recoverable robust problems. The complexity results are that the
Hamming distance recoverable robust versions of NP-complete problems are ¥%-complete for
zror-dependency scenarios and I'-set scenarios if 3SATISFIABILITY is universe gadget reducible
to them and a corresponding solution size function exists. Remaining interesting questions are
whether there is a (light-weight) reduction framework for problems in robust, bilevel, and online
optimization with elemental uncertainty to derive completeness for higher levels in the polyno-
mial hierarchy than NP. The SSP framework already answered many open questions concerning
whether there is a framework for problems in robust, bilevel, and online optimization for cost
uncertainty.

In the context of online optimization, we have defined online vertex subset games. These
problems include a map, which is an unlabeled copy of the underlying graph. Thus, the ad-
versary is only able to decide on the reveal order of the vertices. We have developed a gadget
reduction framework for online versions of vertex subset problems under the neighborhood re-
veal model that allows reductions from TQBF GAME to show that these are PSPACE-complete.
We have shown particularly that the online versions of VERTEX COVER, INDEPENDENT SET,
CLIQUE, DOMINATING SET, and FEEDBACK VERTEX SET with the neighborhood reveal model
are PSPACE-complete. The question arises if the five problems VERTEX COVER, INDEPENDENT
SET, CLIQUE, DOMINATING SET, and FEEDBACK VERTEX SET are actually PSPACE-complete
under the vertex arrival model as described in [Kud15, BVIg]. One way to show the PSPACE-
completeness might be by using our reduction framework together with a type of error correction
gadget. However, the missing knowledge in the vertex arrival model might increase the asym-
metry in favor of the adversary, such that the complexity decreases and it remains NP-hard.
Additionally, the presented framework may be extended to more general subset problems where
the solution is not a vertex subset.
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