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Abstract

The automotive industry is witnessing significant advancements in autonomous and assisted
driving functions. However, a major challenge remains in ensuring these systems are accepted
by drivers and effectively integrated into their driving routines. Hence, the necessity of a
comprehensive framework becomes crucial to analyze and enhance the interaction between
drivers and assisted driving functions.

In this thesis, we design and implement a driver interaction based framework for shared
lateral driving. The research is divided into three main objectives: developing a methodology
to capture the dynamics of shared control, constructing a driver interaction classifier, and
modeling concepts for individualized driver support.

We introduce a novel driver-steering interaction model to analyze the interplay between driver
and assistance system torques. The model allows a comprehensive analysis of the driver
torque, the assistance torque, and their combined effect on the vehicle’s steering behavior.
To accurately represent these interactions, the driver-steering interaction model requires
the formulation of a quadratic program. We apply the Varying Coefficient (VC) method to
effectively formulate this QP.

We develop a driver interaction classifier based on a designed real-driving experimental
framework. We identify and suggest suitable classification features: conflict and passivity,
path consistency, adaptation and individual path pattern features. We categorize the identified
driver interaction strategies into five distinct classes: adaptation, persistence, selective
persistence, nonintervention and uncertainty. The classification is validated through a
comparison with subjective expert assessments. Additionally, we apply Dynamic Mode
Decomposition (DMD) to analyze the underlying dynamics for each class.

We present concepts for adapting the system behavior in real-time to account for the driver
interaction strategies. We design a Model Predictive Control (MPC) system and conduct a
performance analysis to ensure it aligns with desired system behavior for each class.
We apply online active-set methods and interior point methods to solve the optimization
problems in real-time. The framework is implemented with a focus on real-world applicability.
Additionally, we suggest further concepts for adapting the system behavior based on
independent components of the framework.
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Zusammenfassung

Die Automobilindustrie erlebt erhebliche Fortschritte bei autonomen und assistierten Fahr-
funktionen. Eine große Herausforderung bleibt jedoch, sicherzustellen, dass diese Systeme
von den Fahrern akzeptiert und effektiv in ihre Fahrgewohnheiten integriert werden. Daher
wäre ein umfassendes Framework notwendig, um die Interaktion zwischen Fahrern und
assistierten Fahrfunktionen zu analysieren und zu optimieren.

Diese Arbeit präsentiert den Entwurf eines fahrerinteraktionsbasierten Frameworks für die
geteilte Querführung eines Fahrzeugs. Drei wesentliche Forschungsziele werden betrachtet:
die Entwicklung einer Methodik zur Erfassung der Dynamik der geteilten Querführung, die
Konstruktion eines Fahrerinteraktionsklassifikators und die Modellierung von Konzepten für
eine individualisierte Fahrerunterstützung.

Wir stellen ein mathematisches Fahrer-Lenkrad-Interaktionsmodell vor. Das Modell
ermöglicht eine umfassende Analyse des Zusammenspiels zwischen Fahrer- und Assistenzsystem
am Lenkrad. Dieses Modell erfordert die Formulierung eines quadratischen Programms.
Wir wenden die Varying-Coefficient (VC) Methode an, um dieses quadratische Programm
effektiv zu formulieren.

Wir entwickeln einen Fahrerinteraktionsklassifikator basierend auf einem realen Fahrversuch.
Geeignete Klassifikationsmerkmale werden vorgeschlagen und untersucht: Konflikt und
Passivität, Fahrlinienkonsistenz, Anpassung und individuelle Fahrlinienmuster.
Wir identifizieren fünf Fahrerinteraktionsstrategien: Anpassung, Beharrlichkeit, selektive
Beharrlichkeit, Passivität und Unsicherheit. Die Klassifikationsergebnisse werden durch
einen Vergleich mit subjektiven Experteneinschätzungen validiert. Zusätzlich wenden wir die
Methode Dynamic Mode Decomposition (DMD) an, um die zugrundeliegenden Dynamiken
für jede Klasse zu analysieren.

Wir präsentieren Konzepte zur Anpassung des Systemverhaltens in Echtzeit. Wir entwerfen
eine Modellprädiktive Regelung (MPC) und führen verschiedene Performance-Tests durch,
um sicherzustellen, dass das gewünschte Systemverhalten für jede der fünf Fahrerinteraktions-
strategien abgebildet werden kann. Wir wenden Online-Active-Set-Methoden und Innere-
Punkt-Methoden an, um die Optimierungsprobleme in Echtzeit zu lösen. Das Framework
wird mit einem Fokus auf die Anwendbarkeit in einem realen Fahrversuch implementiert.
Zusätzlich schlagen wir weitere Konzepte zur Anpassung des Systemverhaltens basierend
auf einzelnen Komponenten des Frameworks vor.
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Symbols and Abbreviations

Vehicle Dynamic Quantities

Symbol Description Unit
𝛼 𝑓 Front slip angle rad
𝛼𝑟 Rear slip angle rad
𝛽 Sideslip angle rad
𝑎𝑦 Lateral acceleration m s−2

𝜒 Course angle rad
𝛿 Steering angle rad
𝐽𝑧 Moment of inertia kg m2

𝜅 Curvature m−1

𝑙 𝑓 Distance from front axle to vehicle’s center of gravity m
𝑙𝑟 Distance from rear axle to vehicle’s center of gravity m
𝑚 Mass kg
𝑇𝐴 Assistance torque Nm
𝑇𝑆 Column torque Nm
𝑡 Time s
ψ Heading (yaw) angle rad
𝑣 Velocity m s−1

Abbreviations

ACC Active Cruise Control
ADAS Advanced Driver Assistance System
DMD Dynamic Mode Decomposition
DMDc Dynamic Mode Decomposition with control
EPS Electric Power Steering
IPPT Individual Path Pattern Targeting
KKT Karush-Kuhn-Tucker
LKA Lane-Keeping Assistance
LQR Linear Quadratic Regulator
MPC Model Predictive Control
NN Neural Network
QP Quadratic Program
SbW Steer-by-Wire
SVD Singular Value Decomposition
SVM Support Vector Machine
VC Varying Coefficient





1 Introduction

1.1 Motivation and State of the Art

What is the first thing you do, when you get into your car and start the engine?

A. Adjust your seat.

B. Turn the radio on.

C. Turn the Lane-Keeping Assistance system off.

It is not unlikely that your choice would have been answer C. According to a Swiss study [2],
only one in two drivers activates the lane departure assistant which intervenes actively in
the steering task, and one in ten persons admits that they have never activated this system.
But let us start again from the beginning. We are talking about Advanced Driver Assistance
Systems (ADAS), popular features in modern vehicles, that are improving continuously. The
automotive industry has increasingly focused on developing these intelligent technologies to
enhance the driving experience of the driver and support him in different ways. Several types
of ADAS have become widely recognized [3]: the cruise control maintains a constant speed
and thus, reduces fatigue by allowing the driver to rest his foot while on long drives. The
Adaptive Cruise Control (ACC) additionally increases the comfort by adapting the speed to
the vehicle in front. Parking assistance systems help the driver to direct the vehicle into a
parking space, and reduce possible damages on the vehicle during the parking task. Lane
departure warning systems warn drivers of lane changes in the form of audible or visual alerts
or even control vehicle steering to stay in the current lane, to reduce driver workload... But if
we go back to the first question, one could ask: why are these systems not widely adopted
by drivers, despite all of these benefits? We suppose that a possible explanation is the fact
that some ADAS are designed for the average driver and do not take (or insufficiently take)
the preferences and intentions of every single driver into consideration. Many assistance
systems follow an objectively optimal target not adapted to the driver’s expectation. Some
lane departure assistants for example, intend to keep the vehicle in the lane by applying
additional torque in a highly intrusive manner. This intervention can be perceived by drivers
as disturbing or irritating, leading them to deactivate the system.

This gap between driver expectation and system capabilities poses a significant challenge
for the automotive industry and makes it crucial to advance research on understanding of
perception, expectation and acceptance of drivers towards ADAS. The first question that
arises in this research is:

• What are the criteria that define the interaction between driver and assistance system? In
other words, how can we characterize a positive or negative interaction between drivers
and these systems?
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To answer these questions, both industry and scientific research have primarily relied on
subjective surveys. Either in driving simulator studies or in real world experiments, drivers
were introduced to ADAS technologies and their feedback on the systems was gathered to
evaluate their acceptance. The main considered criteria in the surveys were the driver attitude
towards the system, the perceived usefulness, and subjective norms [4, 5, 6]. Further criteria
were the driving experience and behavior [4, 7, 8], age, gender, and roadway environment
[9, 10, 11], and accident data records [12]. While these criteria provide a snapshot of driver
acceptance, they are not sufficient for a comprehensive assessment, as driver perception and
preferences can vary over time. Hence, other studies additionally included a reevaluation of
driver feedback from a long-term perspective to capture long-term changes in the interaction
[6, 13]. Despite these different approaches, all of these studies still rely on subjective
assessments, which are inherently limited due to the lack of a universal definition of the
term acceptance (see [14]) and the influence of personal and contextual factors. Thus, as
the automotive industry moves towards digitalization and automation, the use of objective
approaches becomes essential in the analysis of the driver interaction with ADAS. However,
fully objectifying this interaction remains challenging due to the complexity and variability
of human behavior. Based on the literature reviewed by the author, there is only a limited
number of sources that have attempted a completely objective approach. In [15], the authors
conducted subjective assessments, but further employed data significance tests and sensitivity
analysis to identify which objective parameters in the dataset influenced the subjective
measures. Based on the objective parameters, the authors suggested an index for evaluating
the driver acceptance of a lane change system [14]. A different objective approach can be
found in [16, 17, 18, 19]. In contrast to the traditional focus on acceptance, the authors
assessed the interaction between the driver and the vehicle more concretely by modeling
the driver impedance. This involves analyzing the driver’s resistance and responsiveness
to the system’s actions. Building on this approach, this thesis first considers to extend
the modeling of the driver impedance to account for both automated and semi-automated
scenarios.Furthermore, the necessity of long-term criteria and criteria for the overall driving
experience has been highlighted in subjective assessments. Hence, this work aims to identify,
model, and integrate these perspectives with objective criteria based only on the driver
contribution to the driving task and on the dynamics of the vehicle. This requires modeling
driver behavior while they interact with an active assistance system to provide a more
comprehensive and accurate understanding of the interaction. After identifying the necessary
criteria, the next question that arises is:

• How can driver interactions be systematically classified to improve their understanding
and assessment? In other words, how can meaningful interaction strategies be identified
and used for an effective driver classification based on objective criteria?

This question will be addressed in this thesis by analyzing driving data from a driving
experiment, extracting relevant classification features, and identifying distinct driver interaction
strategies. Using statistical and machine learning techniques, we develop a classification
model that systematically categorizes these interactions. In the context of developing
personalized driving assistance functions, the classification of driver interactions provides the
foundation for adapting these systems to individual needs. This leads to the third question:
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• How can the classification of driver interactions be used to configure personalized driving
assistance functions that respond to individual driving behaviors and preferences?

In the context of driver assistance systems, different personalization approaches have been
applied. A detailed literature review is presented in [20]. However, it focuses mainly on the
technical side of personalization. For example, a driver can manually adjust his preferred
safe distance configuration in the ACC by choosing between a number of pre-defined options.
As driver preferences can vary in time, personalization should be considered a continuous
process [21]. This perspective is also reflected in [16]. The authors integrated a continuously
adaptable driver steering model into the control architecture of an assistance system and
proved enhanced controller interventions. To support this approach, this thesis uses the
computed driver interaction classifier as the basis for modeling and configuring a real-time
capable Model Predictive Control (MPC). This enables the system to continuously adapt to
the driver interaction and provide real-time personalization.

To address the challenge of increasing acceptance of driving assistance systems, this thesis
integrates the answers to the presented key research questions above into a unified framework.
The proposed shared control framework combines modeling the vehicle and driver dynamics,
analyzing and classifying interaction patterns, and identifying methods for adapting the
system behavior. To ensure the relevance and applicability of our findings, we incorporate
data from real-world driving scenarios. This thesis focuses only on the lateral control aspect
of the driver interaction, particularly the interaction with an intervening steering assistance
system. Our goal is to propose methods to understand the driver interaction strategy in lateral
shared control and lead to more intuitive steering system behavior.

1.2 Structure of this Thesis

This thesis has been developed as part of an industrial PhD program with Volkswagen
AG. The main objective of this research is to address a key challenge in the automotive
industry by analyzing the interaction between drivers and intervening steering assistance
systems, to reduce the gap between driver expectation and system capabilities. The high-level
foundational concepts explored in this thesis have led to the development of methodologies
protected by patents and published European patent application from the author. These
include [22], [23], [24], [25], [26], and [27].
The focus of this thesis is the scientific methods and approaches that contribute to the
development and application of these concepts. We will analyze the different ways driver
interact with an intervening steering assistance system. Hence, we will classify drivers based
only on their contribution to the driving task and on the dynamics of the vehicle, while they
share the control with a steering assistance system. We will design a framework for shared
control and integrate the categorization in the control architecture of the assistance system to
adapt its behavior to the individual driver strategy. The contributions of this thesis can be
summarized as follows:
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• Design of a shared control framework, where driver and assistance system continuously
share the driving task in lateral control.

• Methodology for modeling the dynamics of the driver interaction and the vehicle during
shared control.

• Identification of driver interaction strategies in shared control and construction of a classifier
based on real driving data.

• Design concepts for adapting the control architecture to driver interaction strategies.

Introduction and Mathematical Methods
Chapter 1 & 2

Introduction and Mathematical Methods
Chapter 1 & 2

Design Method for  a Shared Control Framework
Chapter 3

Design Method for  a Shared Control Framework
Chapter 3

Conclusion and Outlook
Chapter 7

Conclusion and Outlook
Chapter 7

Vehicle, Steering 

and Driver 

Modeling

Chapter 4

Driver 

Interaction 

Classification

Chapter 5

Adapting 

System 

Behavior

Chapter 6

Figure 1.1: Structure of this thesis

The outline of this thesis is illustrated in Figure 1.1. We start in Chapter 2 by giving an
overview of the underlying theoretical basics of this thesis. It is structured around five key
fields: Statistics, classification, dynamical systems, optimization and control, and model
reduction. In Chapter 3, a shared control framework is presented. It forms the core of
this work. We provide an overview of the framework’s design and its main components.
The following chapters will focus on each component individually, including the design,
the modeling approach, and the contribution to the framework. In Chapter 4, we focus on
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modeling the dynamics of the system. We present the vehicle model, the steering mechanism
models and we develop a driver-steering interaction model, that analyzes the driver torque at
the steering wheel. In Chapter 5, we design a classifier, which is able to identify the driver
interaction strategy of a driver when interacting with an intervening assistance system. The
driver-steering interaction model and certain aspects of the classification process and the
feature analysis have been previously published by the author as

• Amira El Amouri, Peter Markgraf, Samuel Schacher and Michael Herty. Driver-Steering
Interaction Model and Evaluation of Driver Interaction Strategies in Assisted Driving, in
IEEE Transactions on Intelligent Vehicles, May 2024, https://doi.org/10.1109/TIV.
2024.3407856.

• Amira El Amouri. Individual Path Pattern Targeting Algorithm for Personalized Shared
Lateral Driving. TechRxiv. December 2024. https://doi.org/10.36227/techrxiv.
173496546.60036140/v1.

In Chapter 6, we design concepts for adapting the control architecture of a steering assistance
system to the interaction strategy of the driver. Chapter 7 concludes the thesis and outlines
potential future work.

https://doi.org/10.1109/TIV.2024.3407856
https://doi.org/10.1109/TIV.2024.3407856
https://doi.org/10.36227/techrxiv.173496546.60036140/v1
https://doi.org/10.36227/techrxiv.173496546.60036140/v1




2 Mathematical Methods

In this chapter, we introduce the mathematical methods that are fundamental to the modeling
and analysis conducted throughout this thesis. This chapter is structured around five key
fields: Statistics (in Section 2.1), classification (in Section 2.2), dynamical systems (in Section
2.3), optimization and control (in Section 2.4), and model reduction (in Section 2.5).

2.1 Statistics

2.1.1 Basic Measures

We start with recalling basic statistics measures mainly from [28].

Definition 2.1. Given the observations 𝑥1, 𝑥2, · · · , 𝑥𝑛, with 𝑛 being the sample size, the mean
value is defined as

x = 1
𝑛

𝑛∑︁
𝑖=1
𝑥𝑖 . (2.1)

Definition 2.2. For a discrete random variable with values 𝑥1, 𝑥2, · · · , 𝑥𝑛 and corresponding
probabilities 𝑃(𝑥1), 𝑃(𝑥2), · · · , 𝑃(𝑥𝑛) ∈ [0,1], the expected value is

𝐸{x} = 𝜇x =
𝑛∑︁
𝑖=1
𝑥𝑖 ·𝑃(𝑥𝑖). (2.2)

Definition 2.3. For observations 𝑥1, 𝑥2, · · · , 𝑥𝑛, the standard deviation σx is given by

σx =

√√
1
𝑛

𝑛∑︁
𝑖=1
(𝑥𝑖 − 𝑥)2 ≥ 0. (2.3)

The standard deviation σx quantifies how much the observations vary or spread out around the
mean value x. When the observations are concentrated around the mean value, the standard
deviation takes on low values. When the observations are more spread out and significantly
distant from the mean value, the standard deviation takes on high values.

Definition 2.4. The standard score for a specific observation x is computed by

x̃ = x− 𝜇x
σx

, (2.4)

where 𝜇x is the expected value and σx the standard deviation of the dataset.
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Definition 2.5. The cross correlation function of two discrete stationary processes 𝑋 and 𝑌
is given by

𝑅𝑋𝑌 (𝜏) = 𝐸{𝑋𝑘𝑌𝑘+𝜏} = lim
𝑛→∞

1
𝑛

𝑛∑︁
𝑘=1

𝑋𝑘𝑌𝑘+𝜏 = 𝐸{𝑋𝑘−𝜏𝑌𝑘 }, (2.5)

where 𝐸 is the expected value operator. The cross correlation function is estimated by

𝑅𝑋𝑌 (𝜏) ≈ 𝑅𝑛𝑋𝑌 (𝜏) =
1
𝑛

𝑛∑︁
𝑘=1

𝑋𝑘𝑌𝑘+𝜏 . (2.6)

Depending on the sign of 𝑅𝑋𝑌 (𝜏), either a positive or negative correlation between 𝑋 and 𝑌
can be indicated.

2.1.2 Varying Coefficient Method

The Varying Coefficient (VC) method is a method for solving time-varying problems that can
handle constraints easily. It was introduced in [29]. The procedure is as follows: Given are
snapshot vectors 𝛽𝑘 and 𝑦𝑘 and unknown coefficients 𝑥𝑘 . The coefficients 𝑥𝑘 are estimated
by a standard linear regression:

𝑦𝑘 = 𝛽
𝑇
𝑘 𝑥𝑘 + 𝑣𝑘 , 𝑘 = 1, · · · ,𝐾, (2.7)

where 𝑣𝑘 denotes an error term to capture discrepancies due to measurements errors etc.
The method assumes that the coefficients 𝑥𝑘 change slowly over time:

𝑥𝑘+1 = 𝑥𝑘 +𝑢𝑘 , (2.8)

where 𝑢𝑘 describes the rate of change of 𝑥𝑘 .
The standard least square method minimizes the error

∑
𝑘 𝑣

2
𝑘
, whereas VC aims to minimize

the weighted sum
∑
𝑘 𝑣

2
𝑘
+∑𝑖 𝛾𝑖

∑
𝑘 𝑢

2
𝑘,𝑖

, where 𝑢𝑘,𝑖 denotes the 𝑖-th entry of the vector 𝑢𝑘 and
𝛾𝑖 > 0 are weight parameters.
We arrange the snapshots into matrices

x =
[
𝑥1 · · · 𝑥𝐾

]𝑇
, (2.9a)

y =
[
𝑦1 · · · 𝑦𝐾

]𝑇
, (2.9b)

u =
[
𝑢1 · · · 𝑢𝑛

]𝑇
, (2.9c)

v =
[
𝑣1 · · · 𝑣𝑛

]𝑇
, (2.9d)

B = diag
(
𝛽𝑇1 , · · · , 𝛽

𝑇
𝐾

)
, (2.9e)

and define the matrix P as

P =


−I𝑛 I𝑛 0

−I𝑛 I𝑛
. . .

. . .

0 −I𝑛 I𝑛

 ∈ R
(𝐾−1)𝑛×𝐾𝑛, (2.10)
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with I𝑛 denoting the identity matrix of order 𝑛.
Then, equations (2.7) and (2.8) lead to the model

y = Bx+v, (2.11a)
u = Px. (2.11b)

We write Γ = diag(𝛾1, · · · , 𝛾𝑛) and define the matrix G as

G = I𝐾−1 ⊗ Γ, (2.12)

where I𝐾−1 denotes the identity matrix of order 𝐾 −1 and ⊗ describes the Kronecker product,
i.e., (2.12) becomes,

G =


Γ 0

. . .

0 Γ

 ∈ R(𝐾−1)𝑛×(𝐾−1)𝑛. (2.13)

The expression to be minimized to estimate 𝑥 is given by

Q = (y−Bx)𝑇 (y−Bx) +x𝑇P𝑇GPx. (2.14)

2.2 Classification

Classification is the systematic process of assigning objects into predefined categories based
on training data. It involves identifying the patterns and relationships within the data and
enables to predict the category for new instances based on their features. A common example
of a classification task is an email spam filter [30]. Trained with several examples of spam and
non-spam emails, it learns to predict whether a new email belongs to either category. This
section introduces basic concepts of classification based on the references [30, 31, 32].

2.2.1 Basic Concepts

Definition 2.6. The distinct categories into which observations are classified are called
classes.

Definition 2.7. We call label the output variable that the classification model aims to predict.

Definition 2.8. We denote a feature as a characteristic of an observation that serves as an
input to the classification model. Features are used by the model to make predictions about
the labels.

Definition 2.9. A classifier is the model used to assign labels to observations based on their
features. Examples of classifiers include decision trees, support vector machines, and neural
networks.
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Definition 2.10. Given a data set D= {(x𝑘 , 𝑦𝑘)}𝑚𝑘=1, where x𝑘 is a vector containing the
features of instance 𝑘 and 𝑦𝑘 ∈ {±1} is its corresponding class label. The data set is split
into a training set X𝑡𝑟 = {(x𝑖, 𝑦𝑖)}𝑖∈I and a test set X𝑡 = {(x𝑖, 𝑦𝑖)}𝑖∈J, where I∩ J= ∅ and
|I∪J| =𝑚. The training set is used to train the classification model and the test set to evaluate
its performance.

Definition 2.11. We call accuracy an evaluation metric that measures the proportion of
correctly classified instances out of the total instances. It is computed by

Accuracy =
Number of correct classifications
Total number of classifications

=
TP+TN

TP+TN+FP+FN
∈ [0,1], (2.15)

where TP is the number of true positives, TN the number of true negatives, FP the number of
false positives, and FN the number of false negatives.

Definition 2.12. Precision indicates the accuracy of the positive predictions made by the
model. It is computed by

Precision =
TP

TP+FP
∈ [0,1] . (2.16)

Definition 2.13. Recall is the ratio of positive instances that are correctly predicted by the
classifier. It is computed by

Recall =
TP

TP+FN
∈ [0,1] . (2.17)

Definition 2.14. The F1 score is an evaluation metric that combines recall and precision. It
is given by

𝐹1 =
2

1
precision

+ 1
recall

=
TP

TP+ FN+FP
2

∈ [0,1] . (2.18)

Definition 2.15. A confusion matrix is a table that summarizes and visualizes the performance
of a classification model by comparing its predictions to the actual targets. It is represented
as

Definition 2.16. When the observation is classified into one of two classes, we call this type
of classification binary classification. When the model predicts one of three or more classes,
we call this type multiclass classification. Binary classifiers are expandable to multiclass
problems, mainly by decomposing the problem with 𝑛 classes, into multiple binary problems
and training 𝑛(𝑛− 1)/2 classifiers, where each classifier 𝑓𝑖 𝑗 is trained using the features
from class 𝑖 as positive examples, and the features from class 𝑗 as negative examples, while
disregarding all other classes.

Definition 2.17. In k-fold cross-validation, the training set X𝑡𝑟 is randomly divided into
𝑘 (approximately) equal folds 𝑋 𝑡𝑟1 , · · · , 𝑋

𝑡𝑟
𝑘

. In each iteration step of 𝑘-fold cross-validation,
one fold 𝑋 𝑡𝑟

𝑖
is used for testing, while the remaining 𝑘 −1 folds are used to train the classifier.

This process is repeated 𝑘 times, with each fold serving as the test set once. The performance
achieved in each iteration is then averaged to determine the overall model performance.
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2.2.2 Support Vector Machine

Support Vector Machine (SVM) is a supervised learning algorithm used for classification.
The term supervised indicates that SVM is trained with data that is already labeled with the
correct class.
The main idea of SVM is to find an optimal hyperplane that maximally separates the different
classes in the high-dimensional feature space. Figure 2.1 illustrates the idea of separating
hyperplanes in a 2-dimensional feature space (𝑥1, 𝑥2).

𝑥1

𝑥2

𝐻3
𝐻2𝐻1

Figure 2.1: Illustration of separating hyperplanes in a 2-dimensional feature space (𝑥1, 𝑥2). 𝐻1 fails
to separate the classes. 𝐻2 separates the classes but with a small margin. 𝐻3 optimal
maximal-margin hyperplane.

The black and gray points represent two classes. The dashed line 𝐻1 does not separate the
classes, the dotted line 𝐻2 separates them but is not maximal, and the solid line 𝐻3 is the
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optimal separating hyperplane.
Formally, SVM requires solving the optimization problem

min
w,𝑏,𝜁𝜁𝜁

1
2
∥w∥2 +𝐶

𝑚∑︁
𝑘=1

𝜁𝑘 (2.19a)

subject to 𝑦𝑘 (w𝑇𝜑(x𝑘) + 𝑏) ≥ 1− 𝜁𝑘 , (2.19b)
𝜁𝑘 ≥ 0, (2.19c)

where𝐶 > 0 represents a penalty parameter of the error term, 𝜑(·) denotes the kernel function
and 𝜁𝑘 is a slack variable that measures the degree of misclassification of sample 𝑘 .

2.2.3 Neural Network

Neural Networks (NN) consist of interconnected layers: an input and an output layer, and at
least one hidden layer in between. Each layer consists of neurons, that process input data and
pass the result to the next layer. An illustration of this structure is shown in Figure 2.2.

Input layer Output layerℎ𝑖𝑑𝑑𝑒𝑛 𝑙𝑎𝑦𝑒𝑟𝑠

Figure 2.2: Illustration of a simple neural network architecture consisting of input, hidden, and
output layers.

Let 𝑛𝑖−1 be the number of neurons in layer 𝑖−1, then the value of the 𝑘-th neuron 𝑎𝑖
𝑘

in layer
𝑖 is computed by

𝑎𝑖𝑘 = 𝜑

(∑︁𝑛𝑖−1

𝑗=1
𝜔𝑖𝑘 𝑗𝑎

𝑖−1
𝑗 + 𝑏𝑖𝑘

)
, (2.20)

where 𝜑 is an activation function, 𝜔𝑖
𝑘 𝑗

the weight connecting 𝑎𝑖−1
𝑗

to 𝑎𝑖
𝑘
, and 𝑏𝑖

𝑘
the bias term

for 𝑎𝑖
𝑘
. An illustration of the computation of a single neuron is given in Figure 2.3

In a classification problem, the input layer receives the feature vector, the hidden and output
layers process the signals received by the input layer, and the output layer outputs the
corresponding class label.
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layer 𝑖 − 1

𝑎1
𝑖−1

𝑎2
𝑖−1

𝑎𝑛𝑖−1
𝑖−1

⋮

layer 𝑖

𝑎𝑘
𝑖

⋮

෍

⋮

+𝑏

⋮

෍
𝑗=1

𝑛𝑖−1

𝜔𝑘𝑗
𝑖 𝑎𝑗

𝑖−1 ෍
𝑗=1

𝑛𝑖−1

𝜔𝑘𝑗
𝑖 𝑎𝑗

𝑖−1 + 𝑏𝑘
𝑖 𝜑 ෍

𝑗=1

𝑛𝑖−1

𝜔𝑘𝑗
𝑖 𝑎𝑗

𝑖−1 + 𝑏𝑘
𝑖

𝜔𝑘1
𝑖

𝜔𝑘2
𝑖

𝜔𝑘(𝑛𝑖−1)
𝑖

𝜑

Activation function

Figure 2.3: Illustration of the computation of the 𝑘-th neuron in layer 𝑖.

2.3 Dynamical Systems

The introduction of dynamical systems goes back to the 19th century and to Henri Poincaré1

[33]. The starting motivation were Newton2’s laws of motion and the study of time
behavior of classical mechanical systems. Influenced by Poincaré’s theory, David Birkhoff3

published in 1927 his great work Dynamical Systems, which made him popular worldwide
[34, 35]. Dynamical systems became a central aspect in studying various applications such
as physics, mathematics, engineering, biology and chemistry. By the end of the 20th century,
Ali H. Nayfeh4 made an important contribution to the study of dynamical systems. He
developed analysis techniques for nonlinear dynamics in the different application fields,
from aerodynamics, ship motion and aircraft, to micro-electromechanical systems, computer
software and nanotechnology [36]. His contributions became a groundwork in common daily
life structures.
In this section, we will begin by defining key terms and provide the definition and types of
dynamical systems, as well as the essential concepts in ensuring the well-posedness of these
models. Unless otherwise noted, the information presented throughout this section is derived
from references [1, 37, 38, 39, 40, 41].

1 Jules Henri Poincaré: April 29, 1854 (Nancy) – July 17, 1912 (Paris), French mathematician, theoretical
physicist, engineer and philosopher of science

2 Sir Isaac Newton: December 25, 1642 (Woolsthorpe, Lincolnshire) – March 20, 1727 (London), English
mathematician, physicist, astronomer, alchemist, and theologian.

3 George David Birkhoff: March 21, 1884 (Overisel) – November 12, 1944 (Cambridge), American
mathematician

4 Ali Hasan Nayfeh: Dezember 21, 1933 (Tulkarem, Palestine) - March 27, 2017 (Amman), Palestinian-
Jordanian mathematician, mechanical engineer and physicist
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2.3.1 Basic Concepts

Definition 2.18. The state of a dynamic system is the set of all physical variables, that
describe the system at a given point in time, allowing to predict the dynamic behavior of this
system for any time.

Definition 2.19. We call state variables the minimum necessary set of physical variables
required to completely determine the dynamic state of a physical system.

Definition 2.20. The state vector x of a dynamical system is the vector containing all 𝑛 state
variables 𝑥1, · · · , 𝑥𝑛 as its components.

Definition 2.21. The state space is the 𝑛-dimensional space, where each dimension
corresponds to one of the state variables.

Definition 2.22. We call a continuous function f : K→ R𝑛 locally Lipschitz if at each
(𝑡1,x1) ∈K, there exist a ball B𝑟 (x1), 𝛼 > 0 with [𝑡1−𝛼, 𝑡1+𝛼] ×B𝑟 (x1) ⊂ K, and a constant
𝐿 = 𝐿 (𝑡1,x1) > 0, such that:

|f (𝑡,x) − f (𝑡,x) | ≤ 𝐿 (𝑡1,x1) · |x−x|, for x, x ∈ B𝑟 (x1). (2.21)

We call f a globally Lipschitz function, if the constant 𝐿 > 0 does not depend of (𝑡1,x1) ∈ K,
i.e.,

|f (𝑡,x) − f (𝑡,x) | ≤ 𝐿 · |x−x|, for (𝑡,x), (𝑡,x) ∈ K. (2.22)

Theorem 2.1. Let K ⊂ R𝑛 be an open set, f : K→ R𝑛 a locally Lipschitz continuous function,
and to all x0 ∈ K there exists the solution x(𝑡,x0) of the initial value problem{

¤x(𝑡) = f (𝑡,x),
x(𝑡0) = x0,

(2.23)

globally for all 𝑡 ∈ R. Then the function 𝜙(𝑡,x0) := x(𝑡,x0) with x0 ∈ K and 𝑡 ∈ R is a
dynamical system.

Theorem 2.2. Let f be a locally Lipschitz continuous function. Then, for an initial point
x0 ∈ K the differential equation

¤x(𝑡) = f (𝑡,x(𝑡)) (2.24)

admits a unique solution defined on the maximal existence interval.

To characterize the dynamic behavior of linear systems, we briefly recall the concepts of
eigenvalues, eigenvectors, and eigendecomposition.
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Definition 2.23. Let A ∈ R𝑛×𝑛 be a square matrix. We call the scalar 𝜆 ∈ C and the vector
v ∈ C𝑛,v ≠ 0 satisfying the eigenvalue equation

Av = 𝜆v, (2.25)

eigenvalue and corresponding eigenvector of A respectively.

Definition 2.24. The Eigendecomposition of a square matrix A ∈ R𝑛×𝑛 is given by the form

A =QΛQ−1, (2.26)

where Q ∈ R𝑛×𝑛 is a square matrix containing the eigenvectors of A as columns, and Λ a
diagonal matrix containing the eigenvalues 𝜆𝑖𝑖 = 𝜆𝑖, 𝑖 = 1, · · · , 𝑛, of A as diagonal entries. This
decomposition exists if and only if A has 𝑛 linearly independent eigenvectors, i.e., if Q is
invertible.

2.3.2 State-Space Representation

A dynamical system is modeled by input, output and state variables. Let 𝑢1(𝑡), · · · , 𝑢𝑟 (𝑡)
be 𝑟 input variables, 𝑦1(𝑡), · · · , 𝑦𝑚 (𝑡) be 𝑚 output variables and 𝑥1(𝑡), · · · , 𝑥𝑛(𝑡) be 𝑛 state
variables. A general overview of a dynamical system is illustrated in Figure 2.4

𝐮 =

𝑢1
⋮
𝑢𝑟

𝐲 =

𝑦1
⋮
𝑦𝑚

Physical system with

state variables

𝑥1, ⋯ , 𝑥𝑛

Physical system with

state variables

𝑥1, ⋯ , 𝑥𝑛

Input Output

Figure 2.4: Illustration of a dynamical system with 𝑟 input, 𝑛 state and 𝑚 output variables.

A state-space representation shows the full internal structure of a dynamical system. It is
based on a series of first order differential equations (for time-continuous systems) as in
(2.23) or difference equations (for time-discrete systems) and an output equation.
The differential (or difference) equations link the temporal changes of the state variables with
the current values of the state variables and the input variables. This relationship describes
the dynamic behavior of the system under analysis. The output equation represents the
dependency of the output variables on the state and the input variables. For a time-continuous
system, the state-space representation is given by

¤x(𝑡) = f (x(𝑡),u(𝑡)), (2.27a)
y(𝑡) = g(x(𝑡),u(𝑡)), (2.27b)

where

f (x(𝑡),u(𝑡)) =

𝑓1(𝑥1(𝑡), · · · , 𝑥𝑛(𝑡), 𝑢1(𝑡), · · · , 𝑢𝑟 (𝑡))

...

𝑓𝑛(𝑥1(𝑡), · · · , 𝑥𝑛(𝑡), 𝑢1(𝑡), · · · , 𝑢𝑟 (𝑡))

 , (2.28)
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and

g(x(𝑡),u(𝑡)) =

𝑔1(𝑥1(𝑡), · · · , 𝑥𝑛(𝑡), 𝑢1(𝑡), · · · , 𝑢𝑟 (𝑡))

...

𝑔𝑚 (𝑥1(𝑡), · · · , 𝑥𝑛(𝑡), 𝑢1(𝑡), · · · , 𝑢𝑟 (𝑡))

 . (2.29)

For linear time-continuous systems, (2.27) becomes

¤x(𝑡) = Ax(𝑡) +Bu(𝑡), (2.30a)
y(𝑡) = Cx(𝑡) +Du(𝑡), (2.30b)

where the matrices A, B, C and D are interpreted as follows:

• A is the 𝑛×𝑛 state (or system) matrix, and describes the system’s internal dynamics.

• B is the 𝑛× 𝑟 input matrix, and describes the influence of the input to the system’s state.

• C is the 𝑚×𝑛 output matrix, and maps the state vector to the output vector.

• D is the 𝑚× 𝑟 feedthrough (or direct transmission) matrix, and describes the input’s effect
on the output. If this matrix is not zero, the system responds immediately (in an infinitely
short time) to changes in the input vector u.

A block diagram of a linear dynamical system in state-space representation is illustrated in
Figure 2.4

𝐮(𝑡) 𝐲(𝑡)

Physical systemPhysical system

නන CC+ +BB

DD

AA

ሶ𝐱(𝑡) 𝐱(𝑡)

Figure 2.5: Block diagram of a linear system in state-space representation [1].

When implementing models in digital circuits or microprocessors, it is necessary to represent
them in a time-discrete domain. In this context, the continuous signals are sampled at discrete
time intervals 𝑡𝑘 , 𝑘 = 0,1,2, · · ·.
Let x𝑘 = x(𝑡𝑘) for 𝑡𝑘 = 𝑘 ·𝑇 , then the discretized form of (2.27) becomes

x𝑘+1 = F(x𝑘 ,u𝑘), (2.31a)
y𝑘 =G(x𝑘 ,u𝑘), (2.31b)

and the linearized form becomes

x𝑘+1 = Ãx𝑘 + B̃u𝑘 , (2.32a)
y𝑘 = Cx𝑘 +Du𝑘 , (2.32b)
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where Ã, B̃, C and D are obtained from the Jacobian of F and G with respect to x and u.
The discrete-time matrices Ã and B̃ are given by

Ã = 𝑒A·𝑇 , and B̃ = 𝑒A·𝑇 ·B. (2.33)

A block diagram of a the time-discrete linear dynamical system in state-space representation
is illustrated in Figure 2.6

𝐮k 𝐲𝑘

Physical systemPhysical system

𝒒−𝟏𝒒−𝟏 CC+ +෩𝐁෩𝐁

DD

෩𝑨෩𝑨

𝐱𝒌+𝟏 𝐱𝐤

Figure 2.6: Block diagram of a discrete linear system in state-space representation [1].

2.3.3 Solution Method and Stability Analysis

Given a dynamical system of the form

¤x(𝑡) = 𝑓 (x(𝑡), 𝑡), (2.34)

with an initial state x(𝑡0) = x0. A first-order method to approximate the solution of (2.34) is
the explicit Euler method. It iteratively computes the values of x at discrete time steps. Let ℎ
be the time step size, then for 𝑘 = 0,1 · · · , 𝑛, 𝑛 ∈ N, we compute

x𝑘+1 = x𝑘 + ℎ · 𝑓 (x𝑘 , 𝑡𝑘). (2.35)

Definition 2.25. In a dynamic system, an equilibrium point refers to a state where the
system’s variables remain unchanged over time and stay constant for future times.

Definition 2.26. Let B(x, 𝑟) denote the open ball with radius 𝑟 and center x. An equilibrium
point x∗ is called stable, if for any 𝜀 > 0, there exists a 𝛿 > 0 such that for all x ∈ B(x∗, 𝛿)
and 𝑡 ≥ 0

x · 𝑡 ∈ B(x∗, 𝜀). (2.36)

If lim𝑡→∞ x(𝑡) = x∗, then x∗ is called asymptotically stable.
If a system is disturbed around a stable equilibrium point, it eventually returns to its original
location and remains there. We call the equilibrium point x∗ unstable, if it is not stable.
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Theorem 2.3. A continuous linear dynamical system ¤x(𝑡) =Ax(𝑡) +Bu(𝑡) is asymptotically
stable if and only if all eigenvalues of A satisfy Re(𝜆 𝑗 ) < 0.

Theorem 2.4. A discrete linear dynamical system x𝑘+1 =Ax𝑘 +Bu𝑘 is asymptotically stable
if and only if all eigenvalues of A satisfy |𝜆 𝑗 | < 1.

Example 2.1 (Vehicle Suspension System). We consider a simple vehicle suspension system
consisting of a spring and a damper that connect the vehicle body to the wheels. An illustration
is given in Figure 2.7.
The equilibrium point is where the vehicle is at rest, and the spring is neither compressed

𝑚𝑚

𝑐 𝑘

vehicle body

wheel bump

Figure 2.7: Illustration of the vehicle suspension system.

nor extended. We assume the vehicle hits a bump, i.e., an external force 𝐹 (𝑡) acts on the
suspension. The suspension system reacts by compressing the spring and activating the
damper, aiming to return the vehicle to a stable position. The equation of motion of the
system is given by

𝑚 ¥𝑥 + 𝑐 ¤𝑥 + 𝑘𝑥 = 𝐹 (𝑡), (2.37)
where 𝑥 describes the displacement of the vehicle body from its equilibrium position, ¤𝑥
describes the velocity, ¥𝑥 is the acceleration, 𝑚 is the mass of the vehicle body, 𝑐 is the
damping coefficient, and 𝑘 is the spring constant.
Let 𝑥1 = 𝑥(𝑡) and 𝑥2 = ¤𝑥(𝑡), then the system can be written in state-space representation as[

¤𝑥1
¤𝑥2

]
=

[ 0 1

− 𝑘
𝑚
− 𝑐
𝑚

]
·
[
𝑥1
𝑥2

]
+

[ 0
1
𝑚

]
·𝐹 (𝑡), (2.38a)

𝑦 = 𝑥1. (2.38b)

The system is linear. To analyze its stability, we compute the eigenvalues by solving the
characteristic equation

𝑚𝜆2 + 𝑐𝜆+ 𝑘 = 0. (2.39)
This results in the eigenvalues

𝜆1 =
−𝑐+
√
𝑐2−4𝑚𝑘
2𝑚

and 𝜆2 =
−𝑐−
√
𝑐2−4𝑚𝑘
2𝑚

, (2.40)

and the following three cases:
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• If 𝑐2 > 4𝑚𝑘 , we have 𝜆1,𝜆2 ∈ R≤0. This indicates an overdamped system that returns slowly
to equilibrium without oscillating.

• If 𝑐2 = 4𝑚𝑘 , we have 𝜆1 = 𝜆2 ∈ R. This indicates a critically damped system that returns
quickly to equilibrium without oscillating.

• If 𝑐2 < 4𝑚𝑘 , we have 𝜆1,𝜆2 ∈ C, with negative real parts. This indicates an underdamped
system that oscillates while returning to equilibrium.

In all three cases, the real parts of the eigenvalues are negative. Thus, the system is stable,
i.e., after hitting a bump, the vehicle will eventually return to its equilibrium position.
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2.4 Optimization and Control

Optimization and control are fundamental concepts in engineering and applied mathematics
[42]. The main goal in mathematical optimization is to find the best solution from a set of
feasible solutions, that minimizes (or maximizes) an objective function subject to certain
constraints. For a function 𝑓 :R𝑛→R a general constrained continuous optimization problem
is given by

min
x

𝑓 (x) (2.41a)

subject to 𝑐𝑖 (x) = 0, 𝑖 ∈ E, (2.41b)
𝑐𝑖 (x) ≥ 0, 𝑖 ∈ I, (2.41c)

where 𝑓 is the nonlinear objective function and 𝑐𝑖, 𝑖 ∈ E∪ I, are the constraints functions.
To characterize the solution of (2.41), we introduce the necessary first-order optimality
conditions, known as the Karush-Kuhn-Tucker conditions, in the following theorem.

Theorem 2.5. Let x∗ be a local solution of (2.41), A be the active set defined by

A(x∗) = E∪ {𝑖 ∈ I | 𝑐𝑖 (x∗) = 0}, (2.42)

and let L be the Lagrangian function

L(x,𝜆) = 𝑓 (x) −
∑︁
𝑖∈E∪I

𝜆𝑖c𝑖 (𝑥). (2.43)

Then there is a Lagrange multiplier 𝜆∗ with components 𝜆∗
𝑖
, 𝑖 ∈ E∪ I, such that the following

conditions, called Karush-Kuhn-Tucker (KKT) conditions, are satisfied at (x∗,𝜆∗)

∇xL(x∗,𝜆∗) = ∇ 𝑓 (x∗) −
∑︁

𝑖∈A(x∗)
𝜆∗𝑖∇𝑐𝑖 (x∗) = 0, (stationarity) (2.44a)

𝑐𝑖 (x∗) = 0, ∀𝑖 ∈ E, 𝑐𝑖 (x∗) ≥ 0, ∀𝑖 ∈ I, (feasibility) (2.44b)
𝜆∗𝑖 ≥ 0, ∀𝑖 ∈ I, (nonnegativity) (2.44c)

𝜆∗𝑖 𝑐𝑖 (x∗) = 0, ∀𝑖 ∈ E∪ I. (complementarity) (2.44d)

In the following sections, we will provide a mathematical introduction to quadratic
programming, optimal control and model predictive control and the essential solution
methods required for each approach.

2.4.1 Quadratic Programming

Quadratic Programming (QP) is a nonlinear optimization technique that plays a significant role
in many application fields, such as engineering, finance, computer science and environmental
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science [43]. The QP optimization problem involves a quadratic objective function and linear
constraints, and can be formulated as [44]

min
x

1
2

x𝑇Qx+ c𝑇x (2.45a)

subject to a𝑇𝑖 x = 𝑏𝑖, 𝑖 ∈ E, (2.45b)
a𝑇𝑖 x ≥ 𝑏𝑖, 𝑖 ∈ I, (2.45c)

where Q is an 𝑛 × 𝑛 symmetric matrix, c is an 𝑛-dimensional vector containing linear
coefficients and x is the 𝑛-dimensional vector of decision variables. (2.45b) and (2.45c) are
the linear optimization constraints, where a𝑖, 𝑖 ∈ E∪ I, are 𝑛-dimensional vectors, with E

and I being the sets of indices for equality and inequality constraints respectively, and 𝑏𝑖 are
scalar constraint bounds. The QP problem (2.45) is called convex, if the matrix Q is positive
semi definite.
The Lagrangian for the QP problem (2.45) can be written as

L(x,𝜆, 𝜇) = 1
2

x𝑇Q𝑥 + c𝑇x+
∑︁
𝑖∈E
𝜆𝑖 (a𝑇𝑖 x− 𝑏𝑖) +

∑︁
𝑖∈I
𝜇𝑖 (a𝑇𝑖 x− 𝑏𝑖). (2.46)

Following Theorem 2.5, for an optimal solution x∗, the Karush-Kuhn-Tucker (KKT) conditions
(2.44) become

∇𝑥L(x∗,𝜆∗, 𝜇∗) =Qx∗ + c+
∑︁
𝑖∈E
𝜆∗𝑖 a𝑖 +

∑︁
𝑖∈I
𝜇∗𝑖 a𝑖 = 0 (stationarity) (2.47a)

a𝑇𝑖 x∗ = 𝑏𝑖, ∀𝑖 ∈ E, a𝑇𝑖 x∗ ≥ 𝑏𝑖, ∀𝑖 ∈ I, (feasibility) (2.47b)
𝜇∗𝑖 ≥ 0, ∀𝑖 ∈ I, (nonnegativity) (2.47c)

𝜇∗𝑖 (a𝑇𝑖 x∗− 𝑏𝑖) = 0, ∀𝑖 ∈ E∪ I. (complementarity) (2.47d)

2.4.2 Active-Set Methods

One of the most widely used methods to solve QP problems are active-set methods [44]. The
method operates by iteratively adjusting the set of active constraints and solving a series of
equality-constrained subproblems. Algorithm 1 describes this approach.
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Algorithm 1: Active-Set Method for Convex QP [44]
Given a feasible initial state x0 and the subset W0 of active constraints at x0
FOR 𝑘 = 0,1,2, · · ·
Solve

min
p

1
2
(x𝑘 +p)𝑇Q(x𝑘 +p) + c𝑇 (x𝑘 +p),

subject to a𝑇𝑖 p = 0, ∀𝑖 ∈W𝑘 .

IF x𝑘 +p is feasible
Compute Lagrange multipliers 𝜆𝑖 and 𝜇𝑖 that satisfy∑︁

𝑖∈E
a𝑖𝜇𝑖 +

∑︁
𝑖∈W𝑘

a𝑖𝜆𝑖 =Qx𝑘 + c.

IF 𝜆𝑖 ≥ 0, ∀𝑖 ∈W𝑘

STOP solution x∗ = x𝑘 .
ELSE

Set 𝑗 = argmin 𝑗∈W𝑘
𝜆 𝑗 .

Set x𝑘+1 = x𝑘 .
Set W𝑘+1←W𝑘 \ { 𝑗}.

ELSE

Compute 𝛼𝑘 =max

{
𝛼 ∈ [0,1]

���� 𝛼 ≤ 𝑏𝑖 −a𝑇
𝑖
x𝑘

a𝑇
𝑖
p

}
.

Set x𝑘+1 = x𝑘 +𝛼𝑘p.
IF 𝛼𝑘 < 1, add the bounding constraint to W𝑘+1.

ENDFOR
RETURN x∗.

For application where the computational time for solving the QP is crucial or when multiple
QPs are solved sequentially, an online active-set method is presented in [45]. It is based on
the idea, that the active set remains unchanged from one QP to the next, which is a different
approach from the conventional warm starting techniques. We briefly describe the approach
of the online active-set method.
We consider the quadratic program QP(x0) of the form

QP(x0) : min
w

1
2

w𝑇Qw+w𝑇𝑔(x0) (2.49a)

subject to Gw ≥ b(x0), (2.49b)

where w ∈ R𝑛, Q ∈ R𝑛×𝑛, 𝑔(x0) = F𝑇x0 a linear function of x0 with F ∈ R𝑛×𝑛, G ∈ R𝑚×𝑛 the
constraints coefficients of the inequality constraints, and b(x0) = b+Ex0 an affine function
of x0 with b ∈ R𝑚 and E ∈ R𝑚×𝑛.
We assume, that QP(x0) was solved for the initial state x0. Let (w∗,𝜆∗) be its computed
optimal solution, with Lagrangian multiplier 𝜆∗. For a new initial state xnew

0 , we compute the
solution (w∗new,𝜆

∗
new) by following Algorithm 2.



2.4 Optimization and Control 23

Algorithm 2: Online Active-Set Method [45]
Given a solution (w∗,𝜆∗) of QP(x0), a working set W, and a new initial value xnew

0 .
Set 𝜏max = 0
WHILE 𝜏max < 1 DO

1. Δx0 := xnew
0 −x0

Δ𝑔 := 𝑔(xnew
0 ) −𝑔(x0) = F𝑇Δx0

Δb := b(xnew
0 ) −b(x0) = b+EΔx0

2. Solve
[
Q G𝑇

G 0

] [
Δw∗
Δ𝜆∗

]
=

[
−Δ𝑔
Δb

]
for (Δw∗,Δ𝜆∗)

3. 𝜏Δw∗
max ← min

𝑖∈I
G𝑇

𝑖
Δw∗<Δ𝑏𝑖

𝑏𝑖 (x0) −G𝑇
𝑖
w∗

G𝑇
𝑖
Δw∗−Δ𝑏𝑖

𝜏Δ𝜆
∗

max← min
𝑖∈W
Δ𝜆𝑖<0

−
𝜆∗
𝑖

Δ𝜆𝑖

𝜏max =min
{
1, 𝜏Δw∗

max , 𝜏
Δ𝜆∗
max

}
4. x̃0← x0 + 𝜏maxΔx0

w̃∗← w∗ + 𝜏maxΔw∗
𝜆̃∗← 𝜆∗ + 𝜏maxΔ𝜆

∗

5. IF 𝜏max = 1
Solution found w∗new← w̃∗, 𝜆∗new← 𝜆̃∗, Wnew←W

RETURN (w∗new,𝜆
∗
new) and Wnew

STOP!
ELSEIF 𝜏max = 𝜏

Δ𝜆∗
max

W←W \
{
𝑗

���� 𝜏Δ𝜆∗max = −
𝜆∗
𝑗

Δ𝜆 𝑗

}
ELSEIF 𝜏max = 𝜏

Δw∗
max

W←W∪
{
𝑗

���� 𝜏Δw∗
max =

𝑏 𝑗 (x0) −G𝑇
𝑗
w∗

G𝑇
𝑗
Δw∗−Δ𝑏 𝑗

}
6. x0← x̃0 w∗← w̃∗, 𝜆∗← 𝜆̃∗

END WHILE
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2.4.3 Optimal and Model Predictive Control

Optimal Control problems are a generalized form of variational problems by separating
state and control variables and incorporating control constraints. According to [46], the
introduction of optimal control problem goes back to 1950, when the maximum principle
was proven by Lev Semyonovich Pontryagin5 and his students, which provided the necessary
optimality conditions for the control problems. Since then, optimal control was applied in
various fields: in aerospace to address the aircraft minimum time to-climb problem [47],
in economics and marketing to optimize the financing of firms and address the optimal
advertising rate over time [48], in electric power systems to find the optimal torque and
voltage control of a turbo alternator [49], in the automotive field to plan optimal trajectories
[50]...
Let x ∈ R𝑛 be a state vector and u ∈ R𝑚 an input (or control) vector. Then, the general
formulation of a continuous optimal control problem is given by [42]

min
u

𝐽 (u(𝑡)) = Φ
(
x 𝑓

)
+
∫ 𝑡 𝑓

𝑡0

𝐿 (x(𝑡),u(𝑡)) d𝑡 (2.50a)

subject to ¤x(𝑡) = 𝑓 (x(𝑡),u(𝑡)), x(𝑡0) = x0, (2.50b)
𝑔(x 𝑓 ) = 0, (2.50c)
ℎ(x(𝑡),u(𝑡)) ≤ 0, ∀𝑡 ∈ [𝑡0, 𝑡 𝑓 ] . (2.50d)

The cost function 𝐽 (u(𝑡)) consists of the running cost 𝐿 (x(𝑡),u(𝑡)), which accumulates over
time and penalizes undesirable states or control efforts, and of the terminal cost Φ

(
x 𝑓

)
, that

represents the penalty associated with the final state x 𝑓 . The problem (2.50) finds the control
input u(𝑡) that minimizes the cost function 𝐽 (u(𝑡)), and that transfers the system with the
dynamics (2.50b) from the initial state x0 to the final state x 𝑓 = x(𝑡 𝑓 ), taking into account the
equality and inequality constraints (2.50c) and (2.50d) respectively.
A particular form of the optimal control problem (2.50) is the linear quadratic optimal control
problem (2.51) for linear dynamic systems.

min
u

𝐽 (u(𝑡)) = x𝑇𝑓F(𝑡 𝑓 )x 𝑓 +
∫ 𝑡 𝑓

𝑡0

(
x(𝑡)𝑇Q(𝑡)x(𝑡) +u(𝑡)𝑇R(𝑡)u(𝑡) +2x(𝑡)𝑇N(𝑡)u(𝑡)

)
d𝑡

(2.51a)
subject to ¤x(𝑡) = A(𝑡)x(𝑡) +B(𝑡)u(𝑡), x(𝑡0) = x0, (2.51b)

Here, Q is the state cost matrix, R the control cost matrix, N cross-term cost matrix and F
the terminal cost matrix. If we assume that all matrices A,B,Q and R are constant and that
the time horizon is infinite and starts at zero, we obtain the problem (2.52) referred to as the
Linear Quadratic Regulator (LQR)

min
u

𝐽 (u(𝑡)) = 1
2

∫ 𝑡 𝑓

𝑡0

(
x(𝑡)𝑇Q x(𝑡) +u(𝑡)𝑇R u(𝑡)

)
d𝑡 (2.52a)

subject to ¤x(𝑡) = Ax(𝑡) +Bu(𝑡), x(𝑡0) = x0. (2.52b)

5 Lev Semyonovich Pontryagin: September 3, 1908 (Moscow) – May 3, 1988 (Moscow), Russian mathematician
known for his contributions to topology, algebra, and optimal control theory
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The LQR (2.52) can be solved analytically, as it has the feedback

u(𝑡) = −Kx(𝑡), (2.53)

where
K = R−1B𝑇S, (2.54)

with S being the solution of the algebraic Ricatti equation

−SA−A𝑇S+SBR−1B𝑇S−Q = 0. (2.55)

An effective strategy for control system design is Model Predictive Control (MPC) [51].
The basic idea of MPC is to predict the future behavior of the system and continuously
adjust the applied control inputs to achieve a desired target. For this investigation, a series
of optimization problems are formulated over a receding horizon. At each time step 𝑡, one
optimal control problem is solved over a finite time interval to compute the optimal control
inputs and corresponding states. We formulate the problem for discrete time steps in the
interval [𝑡𝑘 , 𝑡𝑘+𝑁−1].

min
u𝑘 ,··· ,u𝑘+𝑁 ,x𝑘 ,··· ,x𝑘+𝑁−1

𝐽[𝑡𝑘 ,𝑡𝑘+𝑁−1] =
𝑁−1∑︁
𝑖=0

𝐿 (x𝑖+𝑘 ,u𝑖+𝑘) +Φ (x𝑘+𝑁−1) (2.56a)

subject to x𝑘+1 = Ax𝑘 +Bu𝑘 , x(𝑡𝑘) = 𝑥0, (2.56b)
xmin ≤ x𝑘+𝑖 ≤ xmax, 𝑖 = 0, · · · , 𝑁 (2.56c)
umin ≤ u𝑘+𝑖 ≤ umax, 𝑖 = 0, · · · , 𝑁 −1. (2.56d)

The main difference between the (discretized) optimal control problem (2.50) and the MPC
problem (2.56), is that once the optimization is computed, the first element of the optimal
inputs, i.e. u𝑘 , is applied to the system. Then, the next optimal control problem is shifted
in time by one step, i.e., we consider the time interval [𝑡𝑘+1, 𝑡𝑘+𝑁] and solve (2.56) for
u𝑘+1, · · · ,u𝑘+𝑁+1,x𝑘+1, · · · ,x𝑘+𝑁 and apply u𝑘+1 to the system etc. This receding horizon in
MPC allows the controller to update its predictions at each step. This makes it suitable for
applications with moderate model uncertainty or disturbances [52].
However, the inter-dependency of the variables in the MPC problem introduces significant
challenges. Each control input not only affects the immediate state but also influences future
states and control actions. This coupling requires the optimization algorithm to account for
the entire sequence of future states and inputs. Additionally, managing the constraints on
both states and inputs is a complex task.
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2.4.4 Interior-Point Methods

To ensure real-time feasibility and stability of the control system, primal-dual interior point
methods have shown to be particularly effective. Many variants of primal-dual interior point
methods exist [53]. In this thesis, we focus on a variant of Mehrotra’s predictor-corrector
method. We follow [54] to present the approach: let 𝑓 : R𝑛→ R be a convex function and
𝑔 : R𝑛→ R. Then given is the convex program

min
x

𝑓 (x) (2.57a)

subject to Ax = b, (2.57b)
𝑔(x) ≤ 0, (2.57c)

where A is a 𝑝×𝑛 matrix, b a 𝑝-dimensional vector, and x an 𝑛-dimensional vector.
Let (x,𝜆, 𝜇, s) be the central path for which the relaxed KKT optimality conditions of (2.57)
hold, i.e.

∇xL(x,𝜆, 𝜇) = ∇x 𝑓 (x) +A𝑇𝜆+G(x)𝑇𝜇 = 0 (2.58a)
Ax = b, (2.58b)

𝑔(x) + s = 0, (2.58c)
𝑠𝑖𝜇𝑖 = 𝜏, ∀𝑖 = 1, · · · ,𝑚. (2.58d)
(s, 𝜇) > 0, (2.58e)

where G is the 𝑚× 𝑛 Jacobian of the inequality constraints 𝑔, s ≥ 0 is an 𝑚-dimensional
slack variable for 𝑔(x) ≤ 0, and 𝜏 > 0 is the path parameter. Hence, the optimal central path
(x∗,𝜆∗, 𝜇∗, s∗) is computed by iteratively solving (2.58) for 𝜏→ 0.
The average value of the complementarity condition (2.58d) is called duality measure and is
given by

𝛾 =
s𝑇𝜇
𝑚
. (2.59)

We set
S = diag(𝑠1, · · · , 𝑠𝑚), (2.60)

M = diag(𝜇1, · · · , 𝜇𝑚), (2.61)

and

H(x, 𝜇) = ∇2 𝑓 (x) +
𝑚∑︁
𝑖=1

𝜇𝑖∇2𝑔𝑖 (x). (2.62)

Let
𝜈 = 𝜎𝛾1, (2.63)

be a parameter that allows to modify the search direction in a Newton-Step. Then, we
approximate (2.58) linearly around (x𝑘 ,𝜆𝑘 , 𝜇𝑘 , s𝑘) for an iteration step 𝑘 . The primal-dual
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interior point method is summarized in Algorithm 3.
Algorithm 3: Primal-dual interior point method [54]
Given initial values (x0,𝜆0, 𝜇0, s0) > 0 and a centering parameter 0 < σ < 1.
FOR 𝑘 = 0,1,2, · · · DO

1. 𝛾𝑘 ←
s𝑇
𝑘
𝜇𝑘

𝑚

2. SOLVE


H(x𝑘 , 𝜇𝑘) A𝑇 G(x𝑘)𝑇 0

A 0 0 0
G(x𝑘) 0 0 I

0 0 S M

 ·

Δx𝑘
Δ𝜆𝑘
Δ𝜇𝑘
Δs𝑘

 = −

∇xL(x𝑘 ,𝜆𝑘 , 𝜇𝑘)

Ax𝑘 −b
𝑔(x𝑘) + s𝑘
S𝜇𝑘 − 𝜈𝑘


for (Δx𝑘 ,Δ𝜆𝑘 ,Δ𝜇𝑘 ,Δs𝑘)

3. Choose the step size ℎ𝑘 such that 𝑠𝑘+1, 𝜇𝑘+1 > 0.

4. (x𝑘+1,𝜆𝑘+1, 𝜇𝑘+1, s𝑘+1) ← (x𝑘 ,𝜆𝑘 , 𝜇𝑘 , s𝑘) + ℎ𝑘 (Δx𝑘 ,Δ𝜆𝑘 ,Δ𝜇𝑘 ,Δs𝑘)

END FOR

The Mehrotra-Type predictor corrector method, introduced in [55], is a modified version of
the primal-dual interior point method presented in Algorithm 3. The main idea is that the
complete search direction is given by a combination of a predictor direction and a corrector
direction within a primal-dual interior-point algorithm.
The predictor is given by solving step 2 for 𝜈 = 0. The corrector is given by solving step 2 with
the right hand side

[
0 0 0 −𝑒

]𝑇 , i.e., by performing an unmodified Newton-Step. Thus,
the predictor-corrector approach requires solving the linear system in step 2 for 𝜈 = 𝜎𝛾1− 𝑒
[54]. The method is illustrated in Algorithm 4
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Algorithm 4: Mehrotra primal-dual interior point method [54]
Given initial values (x0,𝜆0, 𝜇0, s0) > 0 and 𝛽 < 1 (for numerical stability).
FOR 𝑘 = 0,1,2, · · · DO

1. 𝛾𝑘 ←
s𝑇
𝑘
𝜇𝑘

𝑚

2. SOLVE


H(x𝑘 , 𝜇𝑘) A𝑇 G(x𝑘)𝑇 0

A 0 0 0
G(x𝑘) 0 0 I

0 0 S M

 ·

Δ̃x𝑘
Δ̃𝜆𝑘

Δ̃𝜇𝑘
Δ̃s𝑘


= −


∇xL(x𝑘 ,𝜆𝑘 , 𝜇𝑘)

Ax𝑘 −b
𝑔(x𝑘) + s𝑘

S𝜇𝑘


for

(
Δ̃x𝑘 , Δ̃𝜆𝑘 , Δ̃𝜇𝑘 , Δ̃s𝑘

)
3. ℎ𝑘 ←max

{
ℎ ∈ [0,1]

�� 𝑠𝑘 + ℎΔ̃𝑠𝑘 ≥ 0, 𝜇𝑘 + ℎΔ̃𝜇𝑘 ≥ 0
}

4. 𝛾̃𝑘 ← (𝑠𝑘 + ℎ𝑘 Δ̃𝑠𝑘)𝑇 (𝜇𝑘 + ℎ𝑘 Δ̃𝜇𝑘)/𝑚

5. σ𝑘 ← (𝛾̃𝑘/𝛾𝑘)3

6. SOLVE


H(x𝑘 , 𝜇𝑘) A𝑇 G(x𝑘)𝑇 0

A 0 0 0
G(x𝑘) 0 0 I

0 0 S M

 ·

Δx𝑘
Δ𝜆𝑘
Δ𝜇𝑘
Δs𝑘

 = −

∇xL(x𝑘 ,𝜆𝑘 , 𝜇𝑘)

Ax𝑘 −b
𝑔(x𝑘) + s𝑘

S𝜇𝑘 − σ𝑘 𝛾̃𝑘1+ Δ̃s𝑘 Δ̃𝜇𝑘


for

(
Δx𝑘 ,Δ𝜆𝑘 ,Δ𝜇𝑘 ,Δs𝑘

)
7. ℎ𝑘 ←max

{
ℎ ∈ [0,1]

�� 𝑠𝑘 + ℎΔ𝑠𝑘 ≥ 0, 𝜇𝑘 + ℎΔ𝜇𝑘 ≥ 0
}

8. (x𝑘+1,𝜆𝑘+1, 𝜇𝑘+1, s𝑘+1) ← (x𝑘 ,𝜆𝑘 , 𝜇𝑘 , s𝑘) + 𝛽ℎ𝑘 (Δx𝑘 ,Δ𝜆𝑘 ,Δ𝜇𝑘 ,Δs𝑘)

END FOR

The computational costs of the algorithm are dominated by solving the linear systems in step
2 and 6. However, the coefficient matrix is the same for both steps. Hence, the most critical
factor is the factorization of this matrix in step 2. Let us consider the linear system

H(x, 𝜇) A𝑇 G(x)𝑇 0
A 0 0 0

G(x) 0 0 I
0 0 S M

 ·

Δx
Δ𝜆

Δ𝜇

Δs

 =

𝑟𝑆
𝑟𝐸
𝑟𝐼
𝑟𝐶

 , (2.64)

for different right-hand sides
[
𝑟𝑆 𝑟𝐸 𝑟𝐼 𝑟𝐶

]𝑇 . By eliminatingΔ𝜇 andΔs from the equation,
by using

Δs =M−1(𝑟𝐶 −SΔ𝜇), (2.65)

and
Δ𝜇 = −S−1M

(
𝑟𝐼 −M−1𝑟𝐶 −G(x)Δx

)
, (2.66)
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the system (2.64) can be expressed in the compact form [54][
𝜑 A𝑇

A 0

]
·
[
Δx
Δ𝜆

]
=

[
𝑟𝑆

𝑟𝐸 +G(x)𝑇S−1M𝑟𝐼 −G(x)𝑇S−1𝑟𝑐

]
, (2.67)

where
𝜑 =H(x, 𝜇) +G(x)𝑇S−1MG(x). (2.68)

For practical applications, 𝜑 can be assumed as positive definite. This allows the elimination
of Δx from the equation by using

Δx = 𝜑−1
(
𝑟𝑆 −A𝑇Δ𝜆

)
. (2.69)

Hence, (2.67) can be rewritten as
ΛΔ𝜆 = 𝜁, (2.70)

where
Λ = A𝜑−1A𝑇 , (2.71)

and
𝜁 = −

(
𝑟𝐸 +G(x)𝑇S−1M𝑟𝐼 −G(x)𝑇S−1𝑟𝐶 −𝜑−1𝑟𝑆

)
. (2.72)

Thus, solving (2.64) is equivalent to solving (2.70) and subsequently computing (2.65), (2.66)
and (2.69). A standard method to solve this system is by using the Cholesky Decomposition
(e.g., from [41]) given in Algorithm 5

Algorithm 5: Cholesky Decomposition 𝐴 = 𝐿𝐿𝑇
Given 𝑛-dimensional positive definite matrix 𝐴, with entries 𝑎𝑖 𝑗 , 𝑖, 𝑗 = 1, · · · , 𝑛.
FOR 𝑘 = 1, · · · , 𝑛 DO

𝑙𝑘𝑘 =

√︃
𝑎𝑘𝑘 −

∑𝑘−1
𝑗=1 𝑙

2
𝑘, 𝑗

FOR 𝑖 = 𝑘 +1, · · · , 𝑛 DO
𝑙𝑖,𝑘 =

(
𝐴𝑖,𝑘 −

∑𝑘−1
𝑗=1 𝑙𝑖, 𝑗 𝑙𝑘, 𝑗

)
END FOR

END FOR
RETURN 𝐿 with entries 𝑙𝑖, 𝑗 , 𝑖, 𝑗 = 1, · · · , 𝑛.

We aim to solve multistage control problems as in (2.56). Thus, we follow [54] to show
the applicability of the Mehrotra primal-dual interior point method to a general multistage
problem of the form

min
x𝑘

𝑁∑︁
𝑘=0

𝑓𝑘 (x𝑘) (2.73a)

subject to 𝑔𝑘 (x𝑘) ≤ 0, 𝑘 = 0, · · · , 𝑁, (2.73b)
D0x0− c0 = 0, (2.73c)
C𝑘−1x𝑘−1 +D𝑘x𝑘 − c𝑘 = 0, 𝑘 = 1, · · · , 𝑁, (2.73d)
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The elements in (2.64) become

x = [x0, · · · ,x𝑁],𝜆 = [𝜆0, · · · ,𝜆𝑁], 𝜇 = [𝜇1, · · · , 𝜇𝑁], s = [s1, · · · , s𝑁], (2.74)

∇ 𝑓 (x) = [∇ 𝑓0(x0), · · · ,∇ 𝑓𝑁 (X𝑁)] , (2.75)

A =



D0 0 · · · · · · 0
C0 D1 0 · · · ...

0 C1 D2 · · · ...
...

...
. . .

. . . 0
0 0 · · · C𝑁−1 D𝑁


, (2.76)

G(x) =

∇𝑔0(x0)𝑇 · · · 0

. . .

0 · · · ∇𝑔𝑁 (x𝑁)𝑇

 , (2.77)

b = [c0, · · · ,c𝑁] , (2.78)

𝑔(x) = [𝑔0(x0), · · · , 𝑔𝑁 (x𝑁)] (2.79)

and

H(x, 𝜇) =

H0(x0, 𝜇0) · · · 0

. . .

0 · · · H𝑁 (x𝑁 , 𝜇𝑁)

 , (2.80)

where

H𝑘 (x𝑘 , 𝜇𝑘) = ∇2 𝑓𝑘 (x𝑘) +
𝑚∑︁
𝑖=1

𝜇𝑘𝑖∇2𝑔𝑘𝑖 (x𝑘). (2.81)

Let
𝜑𝑘 =H𝑘 (x𝑘 , 𝜇𝑘) +∇𝑔𝑘 (x𝑘)𝑇S−1M∇𝑔𝑘 (x𝑘). (2.82)

Then, the coefficient matrix in (2.70) becomes

Λ =



Λ0,0 Λ0,1 0 · · · 0
Λ𝑇0,1 Λ1,1 Λ1,2 · · · ...

0 Λ𝑇1,2
. . .

. . . 0
...

. . .
. . . Λ𝑁−1,𝑁

0 · · · 0 Λ𝑇
𝑁−1,𝑁 Λ𝑁,𝑁


, (2.83)

with

Λ0,0 = D0𝜑
−1
0 D𝑇

0 , (2.84a)
Λ𝑘,𝑘 = C𝑘−1𝜑

−1
𝑘−1C𝑇

𝑘−1 +D𝑘𝜑
−1
𝑘 D𝑇

𝑘 , 𝑘 = 1, · · · , 𝑁, (2.84b)
Λ𝑘,𝑘+1 = D𝑘𝜑

−1
𝑘 C𝑇

𝑘 , 𝑘 = 0, · · · , 𝑁 −1. (2.84c)
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To calculate Λ efficiently, we first compute the Cholesky decomposition of 𝜑𝑘 = 𝐿𝑘𝐿𝑇𝑘 , then
we solve

𝑉𝑘𝐿
𝑇
𝑘 = C𝑘 , (2.85a)

𝑊𝑘𝐿
𝑇
𝑘 = D𝑘 , (2.85b)

by matrix forward substitution. Thus, we obtain the rectangular factorization

C𝑘−1𝜑
−1
𝑘−1C𝑇

𝑘−1 =𝑉𝑘−1𝑉
𝑇
𝑘−1, (2.86a)

D𝑘𝜑
−1
𝑘 D𝑇

𝑘 =𝑊𝑘𝑊
𝑇
𝑘 , (2.86b)

D𝑘𝜑
−1
𝑘 C𝑇

𝑘 =𝑊𝑘𝑉
𝑇
𝑘 . (2.86c)

In a last step, we compute the lower Cholesky factor 𝐿Λ

𝐿Λ =


𝐿0,0 0 0 · · · 0
𝐿1,0 𝐿1,1 0 · · · 0

0 𝐿2,1 𝐿2,2 · · · 0
...

...
. . .

. . . 0
0 0 · · · 𝐿𝑁,𝑁−1 𝐿𝑁,𝑁


, (2.87)

of Λ by solving

Λ0,0 = 𝐿0,0𝐿
𝑇
0,0 (2.88a)

Λ𝑘,𝑘 − 𝐿𝑘,𝑘−1𝐿
𝑇
𝑘,𝑘−1 = 𝐿𝑘,𝑘𝐿

𝑇
𝑘,𝑘 , 𝑘 = 1, · · · , 𝑁, (2.88b)

by Cholesky decomposition, and solving

Λ𝑘,𝑘+1 = 𝐿𝑘,𝑘𝐿
𝑇
𝑘+1,𝑘 , 𝑘 = 0, · · · , 𝑁 −1, (2.89)

by matrix forward substitution.

2.5 Model Reduction

Many problems in engineering and science are defined in high-dimensional spaces and can not
be solved directly by traditional numerical discretization techniques, such as finite elements
or finite differences (see [41]). It is not without reason that Richard Bellman6 used the
expression “the curse of dimensionality” in the 1940s, when considering recursive decision
making problems in dynamic programming [56]. We follow the explanatory example cited
in [57], and consider a simple model with dimension 𝐷 = 30 and 𝑀 = 103 discretization
nodes for each space. One can imagine that the numerical complexity of this problem is 1090.
This number is frighteningly large, when we think that some estimates imply that there are
roughly 1086 elementary particles in the universe! High-dimensional models can appear in

6 Richard Bellman: August 29, 1920 (Brooklyn) – March 19, 1984 (Los Angeles), American applied
mathematician
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kinetic theories of complex fluids, social dynamics, economic systems, vehicular traffic flow
phenomena, biological systems, quantum chemistry (see [57] and the references therein) and
in machine learning and data mining problems [58].
Not only the high-dimensionality makes some problems intractable, also some constraints
such as real-time capability, can easily make standard methods unusable or the required
computational efforts incredibly huge. In the field of simulation-based engineering sciences,
real-time control of complex systems is a challenging necessity, especially when it is about
identifying malfunction and reconfiguration of malfunctioning.
The basic objective in model order reduction is to reproduce accurately the dynamics of a
large scale system, using low-order structures and thus, reduce the computation complexity
of the problem.
The methods and concepts we provide in the following, build on fundamental numerical
techniques, for which we refer the reader to [41], [59] and [60].

Definition 2.27. A surrogate model is an approximation model, that reproduces the behavior
of a system as closely as possible, while being computationally cheaper to evaluate.

Definition 2.28. The conjugate transpose of a matrix A ∈ C𝑚×𝑛 is the matrix A∗ ∈ C𝑛×𝑚,
given by transposing A and taking the complex conjugate of each entry:

A∗ = Ā𝑇 .

2.5.1 Singular Value Decomposition

The Singular Value Decomposition (SVD) of a matrix A ∈ C𝑚×𝑛 is given by the form

A = UΣV∗, (2.90)

where U ∈ C𝑚×𝑚 and V ∈ C𝑛×𝑛 are orthogonal matrices and Σ the diagonal matrix

Σ := diag(𝜎1, · · · ,𝜎𝑝) ∈ R𝑚×𝑛, 𝑝 =min{𝑚,𝑛},

with
𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎𝑝 ≥ 0. (2.91)

Definition 2.29. Given a SVD of a matrix A with a diagonal matrix Σ as in (2.90). Then the
diagonal entries 𝜎𝑖, 𝑖 = 1, · · · , 𝑝 are called singular values of A.

Definition 2.30. Let A = UΣV∗ be a singular value decomposition of A with singular
values 𝜎1 ≥ · · · ≥ 𝜎𝑟 > 𝜎𝑟+1 = · · · = 𝜎𝑝 = 0, 𝑝 = min{𝑚,𝑛}. We define A† := UΣ†V∗ with
Σ† := diag(𝜎−1

1 , · · · ,𝜎−1
𝑟 ,0, · · · ,0). Then A† is called pseudoinverse of A.
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Let A =UΣV∗ be the SVD of A ∈ C𝑛×𝑚 and 𝜎1, · · · ,𝜎𝑝 its singular values. Let 𝜎1 ≥ · · · ≥ 𝜎𝑟
be the 𝑟 < 𝑝 largest singular values of A.
We define Ũ ∈ C𝑛×𝑟 and Ṽ ∈ C𝑚×𝑟 the matrices containing the first 𝑟 columns of U
and V respectively and Σ̃ := diag(𝜎1, · · · ,𝜎𝑟) ∈ C𝑟×𝑟 . We call truncated Singular Value
Decomposition (or reduced SVD) the decomposition

A ≈ ŨΣ̃Ṽ∗. (2.92)

The parameter 𝑟 is called truncation value.
In many applications large data matrices contains high-dimensional structures, but have
dominant low dimensional patterns in the data. The truncated SVD performs a coordinate
transformation from the high-dimensional to the low-dimensional pattern space. This plays
an important role in the derivation of many model order reduction methods. To demonstrate
the idea of the dimension reduction based on truncated SVD we consider the following
example.

Example 2.2 (Image Compression). We consider a gray-scale photo of a vehicle illustrated
in Figure 2.8(a) with 4016×6016 pixels. We describe the pixels of the picture as entries of a
matrix 𝑋 ∈ R𝑛×𝑚, where 𝑛 = 4016 and 𝑚 = 6016 are the number of vertical and horizontal
pixels, respectively. We compute the truncated SVD of the matrix 𝑋 with different truncation
values. The results are shown in Figure 2.8.
In Figure 2.8(b) the reconstructed image with truncation value 𝑟 = 100 is remarkably close to
the original, even though we are keeping only 2.49% of the eigenvalues. The picture in Figure
2.8(c) reconstructed with 𝑟 = 50 eigenvalues, i.e. only 1.25% of the eigenvalues, shows a
lower resolution of the picture. However, we can see the vehicle and its details. This means,
that even with this small number of eigenvalues, the dominant pattern of the data are still
identifiable. Figure 2.8(d) shows the vehicle reconstructed with a much smaller number of
eigenvalues, only 𝑟 = 5. Obviously, this approximation looses a lot of accuracy and precision.
However, we can still recognize basic features of the vehicle in the picture.
This example illustrates that high-dimensional data can be explained by a few low-dimensional
dominant patterns. The fact that, this identified patterns are extracted purely from data,
makes the SVD a powerful technique in dimension reduction and serves as the basis for the
derivation of many model order reduction methods.

2.5.2 Dynamic Mode Decomposition

Dynamic Mode Decomposition (DMD) was first introduced on 2008 in the fluid mechanics
field by Schmid and Sesterhenn [61] and Schmid [62]. In general it can be understood as a
modeling, prediction and control technique for dynamic systems. The method decomposes a
complex system into simple spatiotemporal structures by identifying its low-order dynamics.
The system state can be described by a superposition of empirically computed basis vectors,
the POD modes, since in practice, the number of modes necessary to capture the gross
behavior of a flow is often many orders of magnitude smaller than the state dimension of the
system [63]. These reduced structures can be used for short-time future state prediction and
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(a) Original photo with 4016×6016 pixels (b) Truncated SVD with 𝑟 = 100

(c) Truncated SVD with 𝑟 = 50 (d) Truncated SVD with 𝑟 = 5

Figure 2.8: Image compression of the original vehicle photo with 4016× 6016 pixels using SVD
with different truncation values 𝑟 ∈ {100,50,5}.

control. The fact that the method is completely data driven and equation free made it gain
popularity very quickly. It was successfully applied on various applications in different fields
[63]: Erichson et al. applied DMD in the video processing field for background modeling
[64]. Proctor et al. used DMD in discovering dynamic patterns from infectious disease
data [65]. Kutz et al. cited different DMD applications in the fields of fluid dynamics,
neuroscience and financial trading in his book [59]. Based on the standard DMD method,
many alternative algorithms and DMD versions were derived: DMD with control, consistent
DMD, compressed DMD, higher order DMD,... (see [63, 66, 67, 68, 69]).
In this section we will start with introducing the standard DMD algorithm following the
presentation in [59]. We consider data collected from a dynamical system

¤x(𝑡) = f (x, 𝑡), (2.93)

where x ∈ R𝑛 is the state vector at time 𝑡 and f the function describing the dynamics. Sampling
the continuous-time dynamics from (2.93) every Δ𝑡 in time, results in the discrete-time
representation

x𝑘+1 = F(x𝑘), (2.94)

where x𝑘 = x(𝑘Δ𝑡) and F denotes the discrete-time flow map.
The state x is typically a quite large 𝑛-dimensional vector (𝑛≫ 1). One can easily imagine
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considering the discretization of a partial differential equation at a number of discrete spatial
locations, or the total number of pixels in a given frame in video streams processing.
To construct or approximate solutions to the nonlinear equation (2.93) typically numerical
methods are used, especially when the dynamic function f is unknown. However, the DMD
method takes the equation-free perspective and approximates the dynamics based only on
data measurements of the system, and uses this approximation to predict the future state.
The DMD method consists on approximating the system (2.93) by the approximate local
linear dynamical system

¤x = Ax (2.95)
with initial condition x(0) and solution

x(𝑡) =
𝑛∑︁
𝑘=1

𝜙𝑘 exp(𝜔𝑘 𝑡) 𝑏𝑘 = Φexp(Ω 𝑡) b, (2.96)

where 𝜔𝑘 and 𝜙𝑘 are the eigenvalues and eigenvectors of A , and 𝑏𝑘 the coordinates of x(0)
in the eigenvector basis.
For the discrete-time system we sample (2.95) every Δ𝑡 in time and get

x𝑘+1 = Ax𝑘 , (2.97)

where
A = exp(AΔ𝑡). (2.98)

Analogous to (2.96) the solution to the system (2.97) is given by

x𝑘 =
𝑟∑︁
𝑗=1
𝜙 𝑗 𝜆

𝑘
𝑗 𝑏 𝑗 = Φ Λ

𝑘 b, (2.99)

where b are the coefficients of the initial condition x1 in the eigenvector basis, so that b =Φ†x1,
and 𝜆𝑘 and 𝜙𝑘 are the eigenvalues and eigenvectors of A.

Definition 2.31. We call the eigenvectors 𝜙 𝑗 , 𝑗 = 1, · · · , 𝑟 , obtained by (2.99) DMD modes.

Definition 2.32. We call snapshots the solutions of an original time dependent equation
system (ODEs or PDEs).

The DMD method is a data-driven approach. We collect snapshots x𝑘 of the system at times
𝑡𝑘 from 𝑘 = 1,2, · · · ,𝑚, for a total of 𝑚 measurement times.
The construction of the matrix A can be interpreted as solving the least-square minimization
problem 

x𝑘+1−Ax𝑘




2→min (2.100)

across all the snapshots.
To solve problem (2.100) we start with arranging the 𝑚 snapshot sequences into two matrices
X and X′

X =


| | |

x1 x2 · · · x𝑚−1
| | |

 , (2.101a)
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X′ =

| | |
x2 x3 · · · x𝑚
| | |

 . (2.101b)

Then, we can rewrite (2.97) using the matrices from (2.101) as

X′ ≈ AX. (2.102)

Definition 2.33. For a matrix X ∈ R𝑛×𝑚, the Frobenius norm, denoted | | · | |𝐹 , is defined by



X


𝐹
=

√√√ 𝑛∑︁
𝑗=1

𝑚∑︁
𝑘=1

𝑋2
𝑗 𝑘
.

Finding the Matrix A in equation (2.102), yields to solving the minimization problem

X′−AX



𝐹
→min . (2.103)

This means that the best-fit matrix A, that solves (2.103), is given by

A = X′X†. (2.104)

Assuming that the data matrix X is high dimensional, i.e., the state dimension 𝑛 is way larger
than the number of snapshots 𝑚, yields to a high dimensional matrix A. However, the rank of
A is at most 𝑚−1. Instead of solving the problem for A directly, the DMD algorithm projects
the data onto a low-rank subspace and solves for a low-dimensional matrix Ã, without the
need of explicitly computing A.
Let 𝑛 be the number of spatial points saved per time snapshot and 𝑚 the number of snapshots.
We arrange the snapshots into two matrices X and X′ as in (2.101). The DMD algorithm is
presented in Algorithm 6

Algorithm 6: DMD algorithm

1. Calculate X ≈ UΣV∗ the reduced singular value decomposition of X, with U ∈ C𝑛×𝑟 ,
Σ ∈ C𝑟×𝑟 and V ∈ C𝑚×𝑟 , and with truncation value 𝑟.

2. Compute A = X′VΣ−1U∗. For reasons of efficiency, instead compute Ã = U∗X′VΣ−1 the
𝑟 × 𝑟 projection of the full matrix A onto POD modes.

3. Compute the eigendecomposition of Ã: ÃW =WΛ, where the columns of W are
eigenvectors and Λ is a diagonal matrix containing the corresponding eigenvalues 𝜆𝑘 .

4. The eigendecomposition of A may be reconstructed from W and Λ. The eigenvalues of A
are given by Λ and the eigenvectors by columns of Φ = X′VΣ−1W.

The DMD algorithm makes a low-rank approximation of the linear mapping that best
approximates the nonlinear dynamics of the collected data of the system. Using the iteration
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(2.97), a prediction of the future state of the system can be achieved for all time.
Many applications in the engineering and science field deal with dynamical systems with
applied external control. In [68] Proctor et al. introduce the Dynamic Mode Decomposition
with control (DMDc) algorithm. It takes advantage of the standard DMD algorithm and is
additionally capable of distinguishing between the intern dynamics of the system and the
effects of external forcing.
In addition to the state snapshots X and X′ collected for DMD, we construct a matrix Υ
containing input snapshots

Υ =


| | |

u1 u2 · · · u𝑚−1
| | |

 . (2.105)

Then, the controlled system can be written in terms of snapshot matrices as

X′ = AX+BΥ. (2.106)

We distinguish two cases: either the matrix B is known or unknown. In [59] both cases are
described in detail. Since in general, for complex systems without well-defined governing
equations the operator B is at most estimated, we will focus on the general case, where both
operators A and B are unknown.
We start with reformulating (2.106) as

X′ =
[
A B

] [
X
Υ

]
=: GΩ. (2.107)

The matrix G contains only unknown operators. The matrix Ω contains only data matrices.
An analogy could be drawn between (2.102) and (2.107). Here, a best-fit solution of the
operator G is sought, which solves the minimization problem

X′−GΩ




𝐹
→min . (2.108)
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The DMDc algorithm is presented in Algorithm 7.
Algorithm 7: DMDc algorithm

1. Collect and construct the snapshot matrices X and X′ as in (2.101) and Υ as in (2.105),

and construct the matrix Ω =
[
X
Υ

]
.

2. Compute the reduced SVD of the input space Ω ≈ ŨΣ̃Ṽ∗, with truncation value 𝑝.

3. Compute the reduced SVD of the output space X′ ≈ ÛΣ̂V̂∗, with truncation value 𝑟 and
Û ∈ R𝑛×𝑟 , Σ̂ ∈ R𝑟×𝑟 , and V̂∗ ∈ R𝑟×(𝑚−1) .

4. Compute the approximation of the operator G =
[
A B

]
∈ R𝑛×(𝑛+𝑞)

Ã = Û∗X′ṼΣ̃−1Ũ∗1Û ∈ R𝑟×𝑟 and B̃ = Û∗X′ṼΣ̃−1Ũ∗2 ∈ R
𝑟×𝑞 .

where Ũ1 ∈ R𝑛×𝑝, Ũ2 ∈ R𝑙×𝑝 and Ũ∗ =
[
Ũ∗1 Ũ∗2

]
.

5. Compute the eigendecomposition of Ã: ÃW =WΛ.

6. The dynamic modes of A are given by Φ = X′ṼΣ̃−1Ũ∗1ÛW.
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3.1 Related Work

To describe the interaction between human and machines, the term Shared Control was first
used in 1978 by Sheridan and Verplank [70]. Sharing the control meant “... both human
and computer are active at the same time”. They also emphasized in their study, that there
is a distinct difference between sharing and trading the control, which they defined by the
computer being active at one time and the human at another. Since then, many studies have
defined shared control in various ways. In [71] and [72], an overview of several definitions
of shared control in the literature can be found: in the field of Brain-Computer-Interface
(BCI), shared control refers to the continuous and immediate reflected input of both brain
and computer [73]. In [74], shared control refers only to sharing the execution of the task,
whereas the decision of which task to execute remains the human’s responsibility. In [75],
the term shared control is used to describe cooperative control in general. In [76], shared
control refers to the fourth Level of Automation (LoA), i.e., the computer suggests a decision
option and the human carries out the action.
In the context of automated vehicles, various studies examined shared control applications,
especially for lane-keeping and lateral stability control, up to autonomous driving [77, 78, 79,
80, 81]. When the goal is to design a steering shared control system, that meets the driver’s
expectations and increases his acceptance and willingness to use the system, different design
decisions are involved. On one hand, the steering mechanism plays a crucial role in defining
the degrees of freedom in the driver’s interaction with the steering wheel. In this context,
two main steering mechanisms exist: coupled steering systems, where the steering wheel
and the front axle are mechanically connected [19, 80, 82], and decoupled (steer-by-wire)
systems, which rely on electronic controls [83, 84, 85]. On the other hand, the choice of the
control method is essential. Especially Model Predictive Control (MPC) frequently emerges
in the literature as a highly beneficial approach for steering assistance systems, particularly
because it allows for personalization. In [78], an MPC-based shared control framework for
lane-keeping is presented as a constrained optimization problem. The system automatically
keeps the vehicle in its lane. Whenever the driver intervenes, the framework guarantees
a smooth transition of control from the system to the driver. Other approaches integrate
the driver’s neuromuscular response at the steering wheel into the MPC design to improve
driver’s acceptance and comfort [17, 19, 86].
In this chapter, we present the design of a shared control framework, where the driver and the
assistance system simultaneously control the vehicle’s lateral motion. Through the haptic
interface, i.e. the steering wheel, the interaction strategy of the driver is detected and used to
adapt the behavior of the controller to meet his expectations of the system’s intervention.
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3.2 System Design Overview

We design a shared control system where a vehicle is controlled by a driver and a steering
assistance system. The assistance system aims to lead the vehicle to follow a fixed path
target. The driver can intervene at any time by taking control of the steering wheel. He can
override the system, steer with the system, or allow it to take full control. An overview of the
shared control framework is illustrated in Figure 3.1.
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Figure 3.1: Overview of shared control framework

During the drive, the inputs of driver and assistance system are continuously collected as
part of an interaction analysis. This analysis aims to understand and evaluate the interaction
strategy chosen by the driver, while he shares the driving task with the assistance system.
Once detected, the interaction strategy is used to adjust the assistance system behavior, to
ensure a personalized driver support that matches driver’s expectation of the system.

3.3 Dynamics Modeling

We design an intelligent vehicle system that allows sharing the lateral control between the
driver and an assistance system. On one hand, a highly responsive and accurate steering
system is needed to ensure that both the driver and the assistance system can influence the



3.4 Driver Interaction Design 41

vehicle’s direction. On the other hand, an accurate modeling of the vehicle dynamics is
necessary to accurately predict the vehicle’s response to the steering inputs.
We assume that the vehicle motion can be modeled as a linear dynamical system, with the
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Figure 3.2: Overview of dynamical system including vehicle, driver and assistance system

time continuous state-space representation

¤x(𝑡) = Ãx(𝑡) + B̃ 𝑔(v(𝑡),w(𝑡)), (3.1)

and its time discrete representation

x𝑘+1 = Ax𝑘 +B 𝑔(v𝑘 ,w𝑘), (3.2)

where x𝑘 = x(𝑡𝑘) ∈ R𝑛 represents the vehicle’s state vector at time step 𝑡𝑘 . The vectors v ∈ R𝑚
and w ∈ R𝑚 denote the two different control inputs of the driver and the assistance system.
The function 𝑔 combines the effect of both control inputs. To simplify the notation, we set

u := 𝑔(v,w), (3.3)

and rewrite (3.2) as
x𝑘+1 = Ax𝑘 +B u𝑘 . (3.4)

The model is able to analyze and predict vehicle behavior.
In consideration of real-world sampled data and numerical simulation methods, all further
analysis will be developed and evaluated in discrete-time.

3.4 Driver Interaction Design

To design the interaction between the driver and the assistance system, we propose to analyze
this interplay based on the input data of the driver, the interventions of the assistance system
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and the vehicle state.
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Figure 3.3: Overview of driver interaction analysis design with inputs and outputs.

We identify different interaction strategies of driver sharing the driving task with an assistance
system. For this, we develop a classifier that can accurately categorize the interactions
based on predefined criteria. The classifier will be trained using actual and historical data
collected from real-driving scenarios. Once trained, the classifier can predict the current
driver interaction strategy based on his recent driving history.
Let C be the classifier function that maps a history of states and control inputs H𝑘 , to a
corresponding class 𝑧𝑘 ∈ Z at time step 𝑘 , where Z denotes the set of all available classes.
We write 𝑧𝑘 as

𝑧𝑘 = C(H𝑘) = C(x𝑘−𝑛𝐻 , · · · ,x𝑘−1,u𝑘−𝑛𝐻 , · · · ,u𝑘−1), (3.5)

where 𝑛𝐻 is the length of the history window H𝑘 , and x𝑘−𝑛𝐻 , · · · ,x𝑘−1 and u𝑘−𝑛𝐻 , · · · ,u𝑘−1
are the states and control inputs respectively from time step 𝑘 −𝑛𝐻 to 𝑘 −1.

3.5 Adapted System Behavior Design

The assistance system is designed in a way, that allows the adaptation to the intervention
strategy of the driver. For this investigation a model predictive control problem is formulated
to compute the suitable control strategy of the assistance system.

To adapt the control strategy to the driver’s interaction, we integrate the output 𝑧𝑘 of a
classifier C(H𝑘) into a cost function 𝐽𝑐, by determining positive definite weighting matrices
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Figure 3.4: Overview of adapted system behavior design with inputs and outputs.

𝑄(𝑧𝑘), 𝑅(𝑧𝑘) and 𝑄 𝑓 (𝑧𝑘) that depend on 𝑧𝑘 and thus, allow the control strategy to account
to each class. This leads to the classifier-dependent cost function

𝐽𝑐 =

𝑁−1∑︁
𝑘=0

(
x𝑇𝑘 𝑄(𝑧𝑘) x𝑘 +u𝑇𝑘 𝑅(𝑧𝑘) u𝑘

)
+x𝑇𝑁 𝑄 𝑓 (𝑧𝑘) x𝑁 , (3.6a)

=

𝑁−1∑︁
𝑘=0

(
x𝑇𝑘 𝑄(C(H𝑘)) x𝑘 +u𝑇𝑘 𝑅(C(H𝑘)) u𝑘

)
+x𝑇𝑁 𝑄 𝑓 (C(H𝑁)) x𝑁 . (3.6b)

To ensure the feasibility of the shared control system the vehicle state and the control inputs
must obey physical constraints, to ensure reliable operation within the vehicle’s physical
limits. Additionally the vehicle must always remain within the road bounds.
Incorporating the driver’s interaction strategy into the control algorithm requires classifier
dependent state and control variables, i.e.,

xmin(𝑧𝑘) ≤ x𝑘 ≤ xmax(𝑧𝑘), (3.7a)
umin(𝑧𝑘) ≤ u𝑘 ≤ umax(𝑧𝑘), (3.7b)

where umin(𝑧𝑘) and umax(𝑧𝑘) represent the minimum and maximum allowable values for
the classifier dependent control input u𝑘 (𝑧𝑘) and xmin(𝑧𝑘) and xmax(𝑧𝑘) the minimum and
maximum allowable values for the system state x𝑘 .

3.6 Summary and Preview

A shared control framework for a vehicle that is managed by a driver and an assistance
system is designed. The assistance system behavior is adjusted based on the analysis of the
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interaction between the two control inputs. An overview of the framework is illustrated in
Figure 3.5. The controllers v and w simultaneously influence the system’s dynamics. The
inputs are analyzed and combined into a classifier function C that additionally depends on
the system’s state x. Based on this classifier, the control input w is adjusted to optimize the
system’s behavior.
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Figure 3.5: Overview of the system design

Considering (3.4), (3.6) and (3.7) the framework lead to the MPC formulation

min
{(x𝑘 ,u𝑘)}𝑁𝑘=1

𝐽𝑐 (𝑧𝑘) =
𝑁∑︁
𝑘=1

(
x𝑇𝑘 𝑄(𝑧𝑘) x𝑘 +u𝑇𝑘 𝑅(𝑧𝑘) u𝑘

)
+x𝑇𝑁 𝑄 𝑓 (𝑧𝑘) x𝑁 , (3.8a)

subject to x𝑘+1 = Ax𝑘 +B u𝑘 , (3.8b)
u𝑘 = 𝑔(v𝑘 ,w𝑘), (3.8c)
xmin ≤ x𝑘 ≤ xmax, (3.8d)
umin(𝑧𝑘) ≤ u𝑘 ≤ umax(𝑧𝑘). (3.8e)

In the following chapters, the key components of the shared control framework will be
explored in detail. Chapter 4 focus on the mathematical modeling of the vehicle and steering
dynamics as well as the driver input. The introduction of the interaction strategies between
driver and assistance system and the construction of the classifier is conducted in Chapter 5.
In Chapter 6, concepts for the interaction strategy based behavior of the control system are
presented.
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Figure 4.1: Scope of Chapter 4

In this chapter, we focus on the mathematical modeling of the various dynamics involved in
the shared control framework. We start with presenting the vehicle model in Section 4.1. We
choose to use a linear single-track model to capture the lateral vehicle motion. In Section 4.2,
we briefly discuss the main concept of coupled and decoupled steering mechanisms. Finally,
in Section 4.3, we present a driver-steering interaction model that captures the different
torques involved at the steering wheel to model and analyze the driver torque. This model
have been previously introduced and published by the author (El Amouri et al. [87]). The
section mainly reiterates the methodologies detailed in the publication.

4.1 Vehicle Model

4.1.1 Single-Track Model

To analyze and predict vehicle behavior, we use a dynamic model for lateral vehicle motion
known as single-track model, or bicycle model, with numerous references in the literature
[88, 89, 90, 91]. The model describes the vehicle dynamics based on many simplifications,
by mainly representing the front and rear tires as one single tire on each axle. Figure 4.2
illustrates a single-track model. The coordinate system (𝑥, 𝑦) is located at the center of
gravity of the vehicle, where 𝑥 represents the longitudinal axis in the direction of the vehicle’s
movement, and 𝑦 represents the lateral axis perpendicular to the direction of movement. The
angle 𝛿 describes the steering angle on the front tire. It represents the angle between the
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direction of the front tire and the 𝑥-axis. The angles 𝛼 𝑓 and 𝛼𝑟 are the front and rear slip
angle, respectively. They describe the angle between the velocity vector 𝑣 𝑓 (respectively 𝑣𝑟)
at the font (respectively rear) tire’s contact patch and the direction the front (respectively
rear) tire is pointing. The angle 𝛽 represents the sideslip angle. It is the angle between the
direction of the vehicle’s movement at its center of gravity and the 𝑥-axis. For any chosen
fixed reference, the angle 𝜒 represents the course angle, the angle between this reference and
the direction of the vehicle’s movement at its center of gravity. Then the heading (or yaw)
angle ψ is defined as the sum

ψ = 𝜒+ 𝛽. (4.1)

𝑦

𝑥

𝑙𝑓𝑙𝑟

𝛿
𝛽

𝑣

𝐹𝑦𝑓𝐹𝑦𝑟

𝑣𝑓

𝑣𝑟

𝛼𝑓

𝛼𝑟

𝐽𝑧 ሷ𝜓

Force and torque vectors

Velocity vectors

Angles

Coordinates and dimensions

𝜓

reference

𝜒

Figure 4.2: Single track model

The forces 𝐹𝑦 𝑓 and 𝐹𝑦𝑟 represent the lateral tire forces of the front and rear tires respectively.
They are assumed to be proportional to the front and rear slip angles 𝛼 𝑓 and 𝛼𝑟 , respectively.
Thus, they are given by

𝐹𝑦 𝑓 = −𝑐 𝑓 ·𝛼 𝑓 , (4.2)

and
𝐹𝑦𝑟 = −𝑐𝑟 ·𝛼𝑟 , (4.3)

where 𝑐 𝑓 and 𝑐𝑟 are called cornering stiffness of the front and rear tire respectively, and
represent constant model parameters.

4.1.2 Equation of Motion

To derive the equations of the dynamical system we apply Newton’s second law of linear
motion along the 𝑦-axis [38]. Assuming a small steering angle (cos𝛿 = 1) and a small sideslip
angle (centrifugal force acts primarily in the 𝑦 direction), yields to the equilibrium

𝐹𝑦 𝑓 +𝐹𝑦𝑟 = 𝑚 · 𝑎𝑦, (4.4)
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where 𝑎𝑦 represents the lateral acceleration of the vehicle at its center of gravity and 𝑚 > 0
the vehicle’s mass. It is given by the sum of the lateral acceleration ¤𝑣𝑦 and the centripetal
acceleration 𝑣𝑥 ¤ψ, i.e.,

𝑎𝑦 = ¤𝑣𝑦 + 𝑣𝑥 ¤ψ . (4.5)

Inserting (4.2), (4.3) and (4.5) in (4.4) yields

−𝑐 𝑓 ·𝛼 𝑓 − 𝑐𝑟 ·𝛼𝑟 = 𝑚 · ( ¤𝑣𝑦 + 𝑣𝑥 ¤ψ). (4.6)

We assume that the vehicle moves forward with strictly positive longitudinal velocity, to
ensure 𝑣𝑥 > 0. Then, for small slip angles, 𝛼 𝑓 and 𝛼𝑟 are written as

𝛼 𝑓 = 𝛿−
𝑣𝑦 + 𝑙 𝑓 ¤ψ
𝑣𝑥

, (4.7)

and
𝛼𝑟 = 𝛿−

𝑣𝑦 + 𝑙𝑟 ¤ψ
𝑣𝑥

. (4.8)

Then, (4.6) becomes

−𝑐 𝑓 ·
(
𝛿−

𝑣𝑦 + 𝑙 𝑓 ¤ψ
𝑣𝑥

)
− 𝑐𝑟 ·

(
𝛿−

𝑣𝑦 + 𝑙𝑟 ¤ψ
𝑣𝑥

)
= 𝑚 · ( ¤𝑣𝑦 + 𝑣𝑥 ¤ψ). (4.9)

Rearranging (4.9) to solve for ¤𝑣𝑦, yields

¤𝑣𝑦 =
𝑐 𝑓 + 𝑐𝑟
𝑚 · 𝑣𝑥

· 𝑣𝑦 +
(−𝑐 𝑓 𝑙 𝑓 + 𝑐𝑟 𝑙𝑟

𝑚 · 𝑣𝑥
− 𝑣𝑥

)
· ¤ψ −

𝑐 𝑓

𝑚
· 𝛿. (4.10)

The equation for yaw dynamics is derived by applying Newton’s second law of rotational
motion on the vertical axis [38]:

𝐽𝑧 · ¥ψ = 𝑙 𝑓 ·𝐹𝑦 𝑓 − 𝑙𝑟 ·𝐹𝑦𝑟 , (4.11)

where 𝐽𝑧 > 0 is the moment of inertia of the vehicle and 𝑙 𝑓 (respectively 𝑙𝑟) is the distance
between the front (respectively rear) tire and the center of gravity.
Inserting (4.2), (4.3), (4.7) and (4.8) in (4.11) and rearranging to solve for ¥ψ yields to

¥ψ =
𝑙 𝑓 · 𝑐 𝑓 − 𝑙𝑟 · 𝑐𝑟

𝐽𝑧 · 𝑣𝑥
· 𝑣𝑦 +

𝑙2
𝑓
· 𝑐 𝑓 − 𝑙2𝑟 · 𝑐𝑟
𝐽𝑧 · 𝑣𝑥

· ¤ψ +
−𝑙 𝑓 · 𝑐 𝑓 + 𝑙𝑟 · 𝑐𝑟

𝐽𝑧
· 𝛿. (4.12)

For lane keeping scenarios the vehicle is represented in terms of position and heading angle
error with respect to a reference. We define the rate of change of the desired heading angle
as

¤ψ𝑑𝑒𝑠 = 𝑣𝑥 · 𝜅, (4.13)

where 𝜅 represents the curvature of the road and is computed by

𝜅 =
1
𝑅
, (4.14)
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with 𝑅 being the large constant radius of the road, the vehicle is traveling on.
Let Δψ be the heading angle error

Δψ = ψ −ψ𝑑𝑒𝑠. (4.15)

Then, Δ ¤ψ is given by
Δ ¤ψ = ¤ψ − 𝑣𝑥 · 𝜅. (4.16)

Let Δ𝑑 be the distance error describing the lateral deviation of the center of gravity from the
reference. Using (4.5) and (4.15), we write

Δ ¤𝑑 = 𝑣𝑦 + 𝑣𝑥Δψ . (4.17)

To sum up, let x be the state vector of the dynamical system with

x =


Δ𝑑

Δψ
¤Δψ
𝑣𝑦

 , (4.18)

and let u = 𝛿 be the control variable. Then, using (4.10), (4.12), (4.16) and (4.17), the
controlled dynamical system for the vehicle model is given by

¤x = Ãx+ B̃u+ r̃, (4.19)

where

Ã =



0 𝑣𝑥 0 1
0 0 1 0

0 0
𝑙 𝑓 · 𝑐 𝑓 − 𝑙𝑟 · 𝑐𝑟

𝐽𝑧 · 𝑣𝑥

𝑙2
𝑓
· 𝑐 𝑓 − 𝑙2𝑟 · 𝑐𝑟
𝐽𝑧 · 𝑣𝑥

0 0
𝑐 𝑓 + 𝑐𝑟
𝑚 · 𝑣𝑥

−𝑐 𝑓 𝑙 𝑓 + 𝑐𝑟 𝑙𝑟
𝑚 · 𝑣𝑥

− 𝑣𝑥


, (4.20)

B̃ =



0
0

−𝑙 𝑓 · 𝑐 𝑓 + 𝑙𝑟 · 𝑐𝑟
𝐽𝑧

−
𝑐 𝑓

𝑚


, (4.21)

and

𝑟̃𝑟𝑟 =


0

−𝑣𝑥 · 𝜅
0
0

 . (4.22)

In a final step, we discretize the system (4.19) for a sample time 𝑇 . This leads to the system

x𝑘+1 = Ax𝑘 +Bu𝑘 + r𝑘 , (4.23)
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where
A = exp

(
Ã𝑇

)
, (4.24)

B = Ã−1
(
exp(Ã𝑇) − I

)
B̃, (4.25)

and
r = Ã−1

(
exp

(
Ã𝑇

)
− I

)
r̃. (4.26)

4.2 Steering System Model

4.2.1 Coupled Steering Mechanism

We start by describing the mechanism of an EPS (Electric Power Steering) system [92].
The steering wheel presents the main haptic interface for the driver, providing essential
feedback and control over the vehicle’s direction. The driver applies a steering wheel torque
𝑇𝐷 resulting in a steering wheel angle 𝛿. The input from the steering wheel is transmitted
through the steering column to the pinion shaft via the torsion bar, which has a stiffness
coefficient 𝑘𝑠 > 0. The torsion bar allows the steering column to twist relative to the pinion
shaft. When there is a difference between the steering angle 𝛿 and the twist angle 𝛿𝑃𝑆 on the
pinion shaft, the static part of the column torque 𝑇𝑆 is measured by a sensor. This can be
approximated by

𝑇𝑆 ≈ 𝑘𝑆 · (𝛿− 𝛿𝑃𝑆). (4.27)

The pinion shaft converts rotational motion into translational motion on the rack. This
translation is then converted into the rotation of the wheels at the wheel suspension. To
reduce the driver’s effort, steering assistance is provided by a standard assistant torque 𝑇 𝑠𝑡𝑑

𝐸𝑃𝑆
,

which is computed by the software controlled EPS. This assistant torque is converted into
a rack force via the motor shaft, meaning both the pinion shaft and the motor shaft act on
the rack simultaneously. In Figure 4.3, a simplified model of the steering mechanism is
illustrated.
In addition to the standard assistant torque 𝑇 𝑠𝑡𝑑

𝐸𝑃𝑆
, EPS is capable of generating an additional

steering torque 𝑇𝐸𝑃𝑆
𝐴

. This additional torque allows the assistance system to fine-tune the
steering target, providing more precise control and adaptability to various driving conditions,
and thus, enhance the overall driving experience [93]. The system uses advanced sensors
and control algorithms to adjust the steering assistance based on real-time data, such as
vehicle speed and road conditions. This capability supports both assisted driving features,
like lane-keeping assist and parking assist, and automated driving functions, enabling the
vehicle to perform complex steering tasks with minimal driver input. The total EPS torque
results in

𝑇𝐸𝑃𝑆 = 𝑇
𝑠𝑡𝑑
𝐸𝑃𝑆 +𝑇

𝐸𝑃𝑆
𝐴 . (4.28)

In coupled steering, the inputs of the driver and the assistance system are blended together.
Let 𝑏(v,w) be a nonlinear blending function. Then v and w are coupled by

u = 𝑔(v,w) = 𝑏(v,w) ·v+ (1− 𝑏(v,w)) ·w. (4.29)
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Figure 4.3: Electric Power Steering (EPS) mechanism. © 2024, IEEE

4.2.2 Decoupled Steering Mechanism

Decoupled steering, also known as Steer-by-Wire (SbW), is a steering mechanism where the
steering wheel and the front wheels are not mechanically connected. Instead, this system
relies on electronic controls to manage the steering [94]. Figure 4.4 illustrates the basic
function of a SbW system. The driver uses the steering wheel to command his target steering
angle. His torque input 𝑇𝐷 is not transferred directly to the vehicle. It is transformed to a
torque 𝑇𝐸𝑃𝑆 by a control unit according to a predesignated function 𝑢(𝑇𝐷) [83]. The torque
feedback 𝑇𝐴, 𝑓 the drivers perceives at the steering wheel is also provided by the control unit.
In decoupled steering, the inputs of the driver and the assistance system do not necessarily
interfere. The shared control input can be formulated as a weighted combination of both
inputs, i.e.,

u = 𝑔(v,w) = 𝜔1 ·v+𝜔2 ·w, (4.30)

where 𝜔1 and 𝜔2 are adjustable weights that determine the level of control each input has
over the vehicle’s steering.
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Figure 4.4: Decoupled steering mechanism

4.3 Driver-Steering Interaction Model

4.3.1 Torque Equilibrium

A driver-steering interaction model is presented to estimate and analyze the driver steering
torque 𝑇𝐷 . We start by converting the standard EPS torque 𝑇𝐸𝑃𝑆

𝐴
in (4.28) to the pinion shaft

reference, resulting in an assistance torque 𝑇𝐴. Let 𝑇𝑟 be the torque feedback on the steering
wheel, resulting of the combined effect of the standard assistant torque 𝑇 𝑠𝑡𝑑

𝐸𝑃𝑆
and tire-road

interaction.
We consider a simplified free body diagram of the coupled steering mechanism and study
two subsystems separately [19]:

• Subsystem 1: the steering wheel and the steering column

• Subsystem 2: the pinion shaft

An illustration is given in Figure 4.5.
The following torque equilibrium is established for Subsystem 1:

𝑇𝐷 −𝑇𝑆 − 𝐽𝑆 ¥𝛿− 𝑏𝑆 ¤𝛿 = 0, (4.31)

where 𝑇𝑆 is the column torque (4.27), ¤𝛿 the steering angle velocity and ¥𝛿 the steering angle
acceleration. 𝐽𝑆 and 𝑏𝑆 denote the steering wheel specific moment of inertia and damping
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Figure 4.5: Section of steering wheel, steering column and pinion shaft. © 2024, IEEE

respectively and are assumed to be constant.
For Subsystem 2 the torque equilibrium is written as

𝑇𝑆 = 𝑇𝑟 −𝑇𝐴. (4.32)

Inserting (4.32) in (4.31) leads to the equilibrium

𝑇𝐴 +𝑇𝐷 = 𝑇𝑟 + 𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿. (4.33)

This indicates that the driver and the assistance system cooperate to compensate the torque
𝑇𝑟 resulting of tire-road interaction, the torque 𝐽𝑆 ¥𝛿 countering the acceleration of the steering
wheel and the torque 𝑏𝑆 ¤𝛿 overcoming the friction.

4.3.2 Tire-Road Interaction

The driver-steering interaction model have to account for both, fully and partially automation.
Thus, we propose a novel modeling of the torque 𝑇𝑟 resulting from tire-road interaction,
by splitting the compensation of the tire-road effects between the driver and the assistance
system, i.e.

𝑇𝑟 = 𝑇𝑟,𝐷 +𝑇𝑟,𝐴, (4.34)
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where 𝑇𝑟,𝐷 is the part of 𝑇𝑟 that is compensated by the driver and 𝑇𝑟,𝐴 the part compensated
by the assistance system. To ensure a well-defined modeling of 𝑇𝑟 , additional constraints
need to be specified. It is obvious that 𝑇𝑟,𝐴 must fulfill{

0 ≤ 𝑇𝑟,𝐴 ≤ 𝑇𝐴, for 𝑇𝐴 ≥ 0,
𝑇𝐴 ≤ 𝑇𝑟,𝐴 ≤ 0, for 𝑇𝐴 < 0. (4.35)

As for 𝑇𝑟,𝐷 , equation (4.32) implies{
0 ≤ 𝑇𝑟,𝐷 ≤ 𝑇𝑆, for 𝑇𝑆 ≥ 0,
𝑇𝑆 ≤ 𝑇𝑟,𝐷 ≤ 0, for 𝑇𝑆 < 0. (4.36)

and (4.34) implies {
0 ≤ 𝑇𝑟,𝐷 ≤ 𝑇𝑟 , for 𝑇𝑟 ≥ 0,
𝑇𝑟 ≤ 𝑇𝑟,𝐷 ≤ 0, for 𝑇𝑟 < 0. (4.37)

Considering (4.32) and (4.34) and the inequalities (4.35), (4.36) and (4.37), the following
conditions on 𝑇𝑟,𝐷 are derived:

𝑇𝑟,𝐷 =


𝑇𝑟 , for 𝑇𝑟 ·𝑇𝐴 < 0,
max{𝑇𝑆,0}, for 𝑇𝑟 ≥ 0,𝑇𝐴 ≥ 0,
min{𝑇𝑆,0}, for 𝑇𝑟 < 0,𝑇𝐴 < 0.

(4.38)

4.3.3 Driver Torque

The driver torque 𝑇𝐷 is modeled as the sum of two parts [19]:

• Activity torque, denoted by 𝑇 𝑠
𝐷

, the part of 𝑇𝐷 that corresponds to the torque effort of the
driver for steering the vehicle.

• Conflict torque, denoted by 𝑇 𝑐
𝐷

, the part of 𝑇𝐷 that corresponds to the torque generated by
the driver’s arms in order to counter the actions of the assistance system.

We write
𝑇𝐷 = 𝑇

𝑠
𝐷 +𝑇

𝑐
𝐷 . (4.39)

Activity Torque

The activity torque 𝑇 𝑠
𝐷

is the part of the driver torque 𝑇𝐷 exerted by the driver to steer the
vehicle to the desired target. It corresponds to the complete driver torque, when the driver is
driving manually. We assume that 𝑇 𝑠

𝐷
is the sum of the torque performed by the driver to

compensate the torque 𝑇𝑟 resulting from tire-road interaction and the torque performed by
the driver to achieve his target steering angle if no limitations through assistance or the road
are provided. We denote this part 𝑇 𝛿

𝐷
. Thus, we write

𝑇 𝑠𝐷 = 𝑇𝑟,𝐷 +𝑇
𝛿
𝐷 . (4.40)
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Inserting (4.39) and (4.40) in (4.31) yields to the equilibrium

𝑇 𝛿𝐷 +𝑇𝑟,𝐷 +𝑇
𝑐
𝐷 −𝑇𝑆 = 𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿. (4.41)

To account for the case of fully manual driving, i.e. 𝑇𝐴 = 0 and 𝑇 𝑐
𝐷
= 0, (4.32) and (4.41)

yield to the constraint {
0 ≤ 𝑇 𝛿

𝐷
≤ 𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿, for 𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿 ≥ 0,

𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿 ≤ 𝑇 𝛿𝐷 ≤ 0, for 𝐽𝑆 ¥𝛿+ 𝑏𝑆 ¤𝛿 < 0. (4.42)

Conflict Torque

The conflict torque 𝑇 𝑐
𝐷

is the part of the driver torque 𝑇𝐷 that is generated only to counter the
assistance torque 𝑇𝐴, i.e., the conflict torque never exceeds the assistance torque:{

0 ≤ 𝑇 𝑐
𝐷
≤ −𝑇𝐴, for 𝑇𝐴 ≤ 0,

−𝑇𝐴 ≤ 𝑇 𝑐𝐷 ≤ 0, for 𝑇𝐴 > 0. (4.43)

Previous studies show that a conflict in objective of the driver and the assistance system while
holding the steering wheel, can be modeled by a linear mass-damper-spring model [18]-[19],
that refers to the neutral position of the steering wheel. We follow a similar approach to
model 𝑇 𝑐

𝐷
. However, in our approach, the model is not restricted to the neutral position of

the steering wheel. It accounts for fully and partially automation, i.e., when the driver takes
his hands from the steering wheel, the assistance system assumes control and aims to reach
its steering angle target 𝛿𝐴. Whenever the driver wants to set a different steering angle, the
conflict torque 𝑇 𝑐

𝐷
is applied, to achieve the steering angle 𝛿𝑒 = 𝛿𝐴− 𝛿. This leads to a linear

mass-damper-spring model that refers to the angle difference between the driver’s and the
system’s target:

𝑇 𝑐𝐷 = 𝐽𝐷
¥𝛿𝑒 + 𝑏𝐷 ¤𝛿𝑒 + 𝑘𝐷𝛿𝑒 . (4.44)

(4.44) implies that the conflict torque 𝑇 𝑐
𝐷

compensates the inertia moment 𝐽𝐷 ¥𝛿𝑒, the damping
torque 𝑏𝐷 ¤𝛿𝑒 and the stiffness torque 𝑘𝐷𝛿𝑒, with 𝐽𝐷 , 𝑏𝐷 , 𝑘𝐷 ≥ 0.

4.3.4 Model Equation

To sum up, Figure 4.6 provides an illustration of the various modeling steps for the driver
torque at the steering wheel, as outlined by the equations (4.33), (4.39), (4.40) and (4.44).

We integrate the equations of the previous section into one compact model equation describing
the driver-steering interaction model. Inserting (4.44) in (4.41) leads to

[ ¥𝛿𝑒 ¤𝛿𝑒 𝛿𝑒 1
]
·


𝐽𝐷
𝑏𝐷
𝑘𝐷
𝑇 𝛿
𝐷

 = 𝐽𝑠
¥𝛿+ 𝑏𝑠 ¤𝛿+𝑇𝑠 −𝑇𝑟,𝐷 . (4.45)
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Figure 4.6: Modeling steps of the driver-steering interaction model: (a) Torque equilibrium at the
steering wheel (4.33), (b) Modeling the driver torque 𝑇𝐷 as the sum of the activity
torque 𝑇 𝑠

𝐷
and the conflict torque 𝑇𝑐

𝐷
(4.39), (c) Modeling the activity torque 𝑇𝑆

𝐷
as the

sum of 𝑇𝑟 ,𝐷 and 𝑇 𝛿
𝐷

(4.40), and (d) Modeling the conflict torque 𝑇𝑐
𝐷

with a linear mass-
damper-spring model (4.44), © 2024, IEEE

When the driver interacts with the assistance system, the parameter of the driver arm
impedance 𝐽𝐷 , 𝑏𝐷 and 𝑘𝐷 and the target steering angle torque 𝑇 𝛿

𝐷
vary. The identification of

these coefficient allows a comprehensive analysis of the driver torque.

4.3.5 Discretization

The Varying-Coefficient (VC) method introduced in Section 2.1.2 is applied to the model
(4.45). Let

𝑦𝑘 = 𝐽𝑆 ¥𝛿𝑘 + 𝑏𝑆 ¤𝛿𝑘 +𝑇𝑆,𝑘 −𝑇𝑟,𝐷,𝑘 , (4.46a)
𝛽𝑘 =

[ ¥𝛿𝑒,𝑘 ¤𝛿𝑒,𝑘 𝛿𝑒,𝑘 1
]
, (4.46b)

𝑥𝑘 =
[
𝐽𝐷,𝑘 𝑏𝐷,𝑘 𝑘𝐷,𝑘 𝑇 𝛿

𝐷,𝑘

]𝑇
. (4.46c)

We compute x,y,B,P and G as in (2.9a),(2.9b),(2.9e), (2.10) and (2.12) respectively, and
write the vector c as

c = −y𝑇B, (4.47)
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and the matrix H as
H = B𝑇B+P𝑇GP. (4.48)

We consider (4.42), (4.43) and the definition of 𝑇 𝑐
𝐷

in (4.44) and define the matrix A as

A =


Ã

Ñ 0
. . .

0 Ñ


, (4.49)

where

Ã =



A+1 0
A+2

A−1
. . .

A−2 A+
𝐾

. . .

0 A−
𝐾


, (4.50)

with
A+𝑘 =

[ ¥𝛿𝑒,𝑘 ¤𝛿𝑒,𝑘 𝛿𝑒,𝑘 0
0 0 0 1

]
and A−𝑘 = −A+𝑘 , (4.51)

and

Ñ =


−1 0 0 0
0 −1 0 0
0 0 −1 0

 . (4.52)

Additionally, let

b =
[
b𝑢𝑏,1,−b𝑙𝑏,1, · · · ,b𝑢𝑏,𝐾 ,−b𝑙𝑏,𝐾 ,0, · · · ,0︸  ︷︷  ︸

3𝐾

]𝑇
, (4.53)

where
b𝑢𝑏,𝑘 =

[
max{0,−𝑇𝐴,𝑘 } max{0, 𝐽𝑆 ¥𝛿𝑘 + 𝑏𝑆 ¤𝛿𝑘 }

]𝑇
, (4.54)

and
b𝑙𝑏,𝑘 =

[
−min{0,−𝑇𝐴,𝑘 } min{0, 𝐽𝑆 ¥𝛿𝑘 + 𝑏𝑆 ¤𝛿𝑘 }

]𝑇
. (4.55)

Then, x is computed by solving the quadratic program

min
x

1
2

x𝑇Hx+ c𝑇x (4.56a)

subject to Ax ≤ b. (4.56b)

From the structure of B in (2.9e), P in (2.10) and G in (2.13) and from (4.48), it follows
that H is symmetric positive definite, and hence, the QP in (4.56) is convex and has a unique
solution.
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In this chapter, we aim to design a classifier, which is able to identify the driver interaction
strategy of a driver when interacting with an intervening assistance system. This chapter
covers the design process of the classifier and is structured as follows: In Section 5.1, we
start with a review of related works in the field of driver interaction classification. Then,
Section 5.2 presents the experimental design and outlines the process of data collection and
processing. In Section 5.3 and Section 5.4, we proceed to the feature analysis and the class
identification. In Section 5.5, we present the implementation and validation process of the
designed classifier. Finally, in Section 5.6, we apply Dynamic Mode Decomposition (DMD)
to analyze the underlying dynamics for each class.
Certain aspects in this chapter have been previously published by the author (El Amouri
et al. [87] and El Amouri [95]). Additionally, some methods and data processing steps
were developed in a master’s thesis under the author’s supervision (Markgraf [96]). The
presentation and analysis have been adapted and expanded for the purposes of this chapter.

5.1 Related Work

A classification of drivers while they interact with an intervening assistance system can be
crucial for personalized assistance system design. Across many studies diverse terminology
has been employed for different driver categorization. In [97], the authors considered four
different driving styles: calm, moderate, aggressive and very aggressive. The driver style was
integrated in the design of a lane keeping assist to enhance the personalization of the system.
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The results showed reduced lane tracking errors. In [98], drivers were labeled based on their
understanding of ADAS. They were classified in skeptic, those who do not trust the system
and generally turn it off, conscious, those who are aware of the strengths and weaknesses
of the system, and enthusiast, those who have excessive trust in the system and may even
use it in a way that is not intended. In [99], the drivers were classified into three classes
based on their interaction behavior in curves: resistant, those who steer too early or too late
in the curve, active, those who steer actively with the system into the curve, and passive,
those who completely leave the control to the system. In [100], different driving studies were
conducted. The drivers were categorized based on their level of trust in the assistance system.
The identified behavior ranges from being highly trusting and attentive to being inattentive
or skeptical. The results approved that drivers choose different strategies when interacting
with intervening ADAS.
In this chapter, we will introduce a new categorization of drivers based on their interaction
with an intervening steering assistance system. We assess the interaction from an objective
point view, based on real driving data, without relying on self-reported data from drivers.
To the best of the author’s knowledge, studies in this particular area of research are limited.
In [15], it is shown that the subjective driver acceptance of a lane change system can be
influenced by various objective parameters, such as the driver input, the dynamic vehicle
behavior, and the driving environment. Based on theses parameters, the authors suggest an
index for evaluating the driver acceptance of the lane change system [14]. Hence, we aim to
design a classifier based only on drivers’ contribution to the driving task and on the dynamics
of the vehicle. This requires the definition of the driver classes as well as suitable features.

5.2 Experimental Design

5.2.1 Driving Demonstration

Over a twisty infield driving circuit, 58 drivers were instructed to drive a racing line in
the research vehicle “Race Trainer” introduced in [99, 101]. The driving circuit is divided
into track meters. One fixed optimal reference path was calculated in advance using a
mathematical optimization that minimizes the driving time over the track

min 𝑡end =

𝑠end∫
𝑠=0

𝜎(𝑠) d𝑠, (5.1)

where 𝜎 describes the mapping from spatial to temporal progression along the path, and
hence, allows a space-based parametrization of the vehicle dynamics. It is computed by
[102]

𝜎 =
d𝑡
d𝑠
=

1− 𝜅𝑑
𝑣 cos(ψ + 𝛽) , (5.2)

where 𝜅 is the curvature of the road as in (4.14), 𝑑 the lateral deviation, 𝑣 the velocity of the
vehicle, 𝛽 the sideslip angle and ψ the heading angle, as introduced in Section 4.1.1.
The optimal reference path and the driving circuit are illustrated in Figure 5.2.
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Figure 5.2: Full test track divided into track meters and optimal path target. © 2024, IEEE

In a first lap, the drivers were driven in a fully automated mode, which allowed them to get
familiar with the track and the system’s optimal reference path. The following laps were
assisted by the system, which intervened actively in the driver actions. For this purpose, the
test vehicle was equipped with an EPS based assistance system, that was able to operate
additional assistance steering torque with different intensity levels, to lead the driver back
to the reference line. If the driver were to take his hands off the steering wheel, this torque
would be enough to stay on the racing line. Regarding longitudinal control, accelerating and
braking is applied through separate interfaces: the accelerator and brake pedals. To guide the
driver to the optimal speed, a minimum speed is recommended by the system, and for safety
assurance, a maximum speed limit is enforced, varying based on the driver’s experience.
Thus, braking is implemented in a way that the system always considers the maximum
between the driver’s braking request and the system’s braking request, i.e., the system can
never apply less braking than the driver desires. Therefore, the interaction between the driver
and the system in longitudinal control is limited and can not be handled in the same way as
the haptic interaction in lateral control. As we aim to investigate the driver’s interaction with
the system, when it actively intervenes in his actions without any restrictions, we limit our
focus in this work to the interaction in lateral control.
An experienced instructor observed the participants throughout without any intervention. He
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subjectively categorized the drivers based on their driving skills and performance on the race
track in three categories: beginner, intermediate and expert. The distribution of the drivers
over the three categories is shown in Table 5.1.

Table 5.1: Expert Categorization of All Drivers © 2024, IEEE

Category Driver number Percentage

beginner 1, 10, 13, 16, 19-23, 32, 34 %33, 35, 36, 38-41, 48, 51, 52

intermediate 2-6, 8, 9, 14, 15, 17, 18, 24, 26, 27, 47 %29, 30, 34, 44, 45, 47, 50, 53-58
expert 7, 11, 12, 25, 28, 31, 37, 42, 43, 46, 49 19 %

5.2.2 Data Collection and Processing

During the drive a wide range of data are collected, including inputs of the driver, physical
quantities of the vehicle and position relative to the road. The data collection and processing
steps presented here are based on the methodology developed in [96]. The data is recorded
using the Measuring device RT3000 from OxTS1. This device features three accelerometers
and three gyroscopes for measuring translational and rotational accelerations in the vehicle’s
fixed coordinate system, as well as a GPS receiver. The calculation of speed and position
data is performed by the temporal integration of the measured accelerations, with systematic
measurement deviations corrected using measured GPS data.
The data is recorded at a sampling rate of 200 Hz, corresponding to a sampling interval of
5 ms. Due to the high computational demands of the control algorithms, the recording of
measurement data is paused at regular intervals. Whenever the time between two consecutive
measurements exceeds the sampling interval of 5 ms, intermediate values are inserted and
linearly interpolated. The interpolated data is filtered using a low-pass filter. The filter is
configured with a passband cutoff frequency of 2 Hz and a stopband cutoff frequency of 5 Hz.
The passband ripple is constrained to 1 dB, while the stopband attenuation is set to -60 dB.
Since each driver has their own time scale, we transform all time dependent variables into a
spatial representation, by aligning all the results along the fixed track meters in Figure 5.2.
This ensures consistency in the comparison.

1 OxTS (Oxford Technical Solutions) provides advanced technology for precise vehicle measurements, including
position, roll, pitch, and heading. The RT3000 series is highly accurate and widely used for vehicle dynamics
testing. See: https://www.oxts.com/

https://www.oxts.com/
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5.3 Feature Analysis

5.3.1 Conflict and Passivity

Feature Exploration

A divergence between the assistance system path target and the driver’s path target can lead
to completely different reactions. While some drivers enforce their target and counteract,
other drivers simply leave the control to the system. To describe both reactions, we need an
indicator for the driver contribution (or non-contribution) to the driving task and an indicator
for the driver counteraction.
For this investigation, we will take advantage of the driver torque modeling from Section
4.3. The activity and conflict torque will be considered as a basis for conflict and passivity
features.

Feature Specification

To evaluate conflict and passivity, we extract features from the conflict torque 𝑇 𝑐
𝐷

and the
activity torque 𝑇 𝑠

𝐷
. We assume that passivity is defined as the absence of activity torque. A

summary of the considered features is given in Table 5.2

Table 5.2: Conflict and Passivity Features

Feature Description

|𝑇 𝑐
𝐷
| Mean value of the conflict torque

𝑇 𝑐
𝐷,max Maximal value of the conflict torque
Δ̃𝑡𝑐 Absolute conflict duration
Δ̃𝑡𝑐,𝑟𝑒𝑙 Relative conflict duration
Δ̃𝑡𝑐,max Maximal duration of a single conflict phase
|𝑇 𝑠
𝐷
| Mean value of the activity torque

𝑇 𝑠
𝐷,max Maximal value of the activity torque
Δ̃𝑡 𝑝 Total passivity duration
Δ̃𝑡 𝑝,max Maximal duration of a single passivity phase
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Computation and Validation

To compute the conflict and activity features in Table 5.2, we first solve the driver-steering
interaction model. The quadprog function from MATLAB’s Optimization Toolbox [103]
was applied to solve the quadratic program (4.56). The parameters used in the vehicle model
and in the computation are listed in Table 5.3.

Table 5.3: Model and Computation Parameters © 2024, IEEE

Param. 𝐽𝑆 𝑏𝑆 max |𝑇𝐴 | max |𝑇𝑆 | 𝑁 Δ𝑡

Value 0.03 0.3 3 8 100 0.005
Unit kg m2 Nm s−1 Nm Nm - s

Since each driver has their own time scale, the time dependent results are transformed into
a spatial representation, by dividing the track into track meters and applying interpolation
methods. Aligning all the results along the fixed track meters on the track, ensures consistency
when comparing different drivers. The resulted parameters 𝐽𝐷 , 𝑏𝐷 and 𝑘𝐷 are illustrated in
Figure 5.3 for three different drivers over three sections of the track.

Figure 5.3: Resulted parameters 𝐽𝐷 (top), 𝑏𝐷 (middle) and 𝑘𝐷 (bottom) estimated by the VC-
method for three drivers over three different sections of the track. © 2024, IEEE

The mean values of 𝐽𝐷 , 𝑏𝐷 and 𝑘𝐷 for all 58 drivers over one full lap are illustrated in Figure
5.4.
The estimated parameters are used to compute the conflict torque 𝑇 𝑐

𝐷
as in (4.44) and the

activity torque 𝑇 𝑠
𝐷

as in (4.40). The results for two different drivers are shown Figure 5.5.
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Figure 5.4: Mean values of the estimated parameters 𝐽𝐷 (top), 𝑏𝐷 (middle) and 𝑘𝐷 (bottom) over
one full lap for all 58 Drivers. © 2024, IEEE

Driver 1 shows low conflict torque and higher activity torque values. This indicates an
active driver, who is able to follow the system’s target. Driver 2, who also applies high
activity torque, is continuously in conflict with the system. In addition, his activity torque
shows irregularities in the steering input, leaving the impression of overwhelm. The intended
steering torques of the drivers align at multiple points. For both drivers, the driver-steering
interaction model is able to capture the different dynamics.
We compare the resulted conflict torque with the results of a correlation analysis considering
the two variables 𝑇𝑆 and 𝑇𝐴. The results are shown in the two upper plots of Figure 5.5. The
sign of the cross-correlation function 𝑅̂𝑇𝑆𝑇𝐴 changes depending on whether the column torque
and the assistance torque are aligned or opposed. A negative sign indicates that the driver is
applying torque against the assistance torque. However, this does not necessarily signify a
conflict, as a passive driver can exert an opposing effect simply by holding the steering wheel,
adding extra rotational damping. To address this, we experimentally derive a threshold value
𝜀𝑅̂ for the magnitude of 𝑅̂𝑇𝑆𝑇𝐴, based on expert evaluation, shown as the dashed horizontal
line in the plots. We see that both our model and the correlation analysis yield consistent
results when identifying conflict.
Although the correlation analysis has its limitations and can only highlight obvious conflicts,
it still serves as a useful preliminary validation tool for the driver-interaction model, that
can not only detect conflict but also identify it as a physical measure and is very sensitive to
account for changes.
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Figure 5.5: Resulted conflict torque (top two plots), desired torque (second from bottom) and
activity torque (bottom) for two drivers. © 2024, IEEE

5.3.2 Path Consistency

Feature Exploration

When watching the road ahead, a driver has an intuitive path target he aims to follow. While
some drivers always aim to reproduce their own subjective optimal path, other drivers may
alter their paths depending on the driving situation. Thus, in terms of an intervening
assistance system, a path consistency analysis can indicate the persistence or the flexibility
of a driver in following his target path.
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Feature Specification

A driver who is able to consistently reproduce a similar path, shows similar values of the
lateral distance 𝑑 and the heading angle Δψ over the same track sections.
To evaluate the similarity of driven paths, the considered path consistency features are
summarized in Table 5.4.

Table 5.4: Path Consistency Features

Feature Description
σ𝑑 Standard deviation of lateral distance
max𝑑 Maximum of lateral distance
σΔψ Standard deviation of heading angle error
maxΔψ Maximum of heading angle error

5.3.3 Individual Path Pattern Targeting

Feature Exploration

Driver’s target path can be influenced by the intensity of the assistance interventions, as they
can accept the system up to their personal tolerance limit. In other words, drivers can select
to counteract or to cooperate with the system depending on its configuration. To model this
selectivity, we introduce the Individual Path Pattern Targeting Algorithm.

𝛼-Coordinate System

We consider 𝑁 points 𝑠𝑖, with distances Δ𝑠𝑘 = ∥𝑠𝑘 − 𝑠𝑘−1∥2, 𝑘 = 2, · · · , 𝑁 , defining a reference
path on a track. The intersection of a normal to this reference line at a reference point
𝑠𝑘 with the road bounds, defines the right and left bound points (𝑥𝑟,𝑘 , 𝑦𝑟,𝑘) and (𝑥𝑙,𝑘 , 𝑦𝑙,𝑘),
respectively.
For every reference point 𝑠𝑘 a new coordinate 𝛼𝑘 ∈ [0,1] is defined. On the left bound point
(𝑥𝑟,𝑘 , 𝑦𝑟,𝑘), we set 𝛼𝑘 = 0. On the right bound point (𝑥𝑙,𝑘 , 𝑦𝑙,𝑘), we set 𝛼𝑘 = 1. Thus, every
position (𝑥𝑘 , 𝑦𝑘) on the road can be written as[

𝑥𝑘
𝑦𝑘

]
=

[
𝑥𝑟,𝑘
𝑦𝑟,𝑘

]
+𝛼𝑘 ·

[
𝑥𝑙,𝑘 − 𝑥𝑟,𝑘
𝑦𝑙,𝑘 − 𝑦𝑟,𝑘

]
, (5.3)
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reference line

road bounds

Figure 5.6: Reference line and 𝛼-coordinate system

with 𝛼𝑘 its corresponding 𝛼-coordinate. We call this reference system 𝛼-coordinate system.
A reference line in an 𝛼-coordinate system is illustrated in Figure 5.6.
To model a path line 𝑆𝑖 with length 𝑁𝑖 in the 𝛼-coordinate system, we define the vector

𝑃𝑆𝑖 =
[
𝛼1 · · · 𝛼𝑘 · · · 𝛼𝑁𝑖

]𝑇
, (5.4)

where 𝛼𝑘 ∈ [0,1] corresponds to the position point (𝑥𝑘 , 𝑦𝑘) at the reference point 𝑠𝑘 ,
𝑘 = 1, · · · , 𝑁𝑖.

Path Patterns

We present five different common path patterns: centering path pattern, shortening path
pattern, curvature minimizing path pattern and track boundary path pattern, which includes
both, the driving near the right and the driving near the left track side. In the following
work, we will briefly discuss the path patterns and compute their optimal path lines in the
𝛼-coordinate system. The centering, shortening and curvature minimizing path patterns were
introduced and referred to as driving modes in [104]. The presented derivation of these
path lines mainly follows the methodology described therein. For more details, readers are
directed to this source.

1. Track Boundary Path Pattern:
Drivers tend to drive closer to the lane boundaries. Driving near the right side of the lane
can make some drivers feel safer by avoiding oncoming traffic. On the other hand, driving
near the left boundary provides a better view for overtaking opportunities. Although these
driving patterns differ, they can be treated similarly from a mathematical perspective.
We easily see that the optimal path lines in the 𝛼-coordinate system for the left and the
right track boundary path pattern are given by

𝑃1 =
[
0 · · · 0

]𝑇
, (5.5)
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and
𝑃2 =

[
1 · · · 1

]𝑇
, (5.6)

respectively.

2. Centering Path Pattern:
Drivers aim to keep their vehicle centered in the lane to maintain equal distance from both
the left and right sides. This driving pattern is considered safety-focused.
The center line is easily transformed into the 𝛼-coordinate system. Hence,

𝑃3 =
[
0.5 · · · 0.5

]𝑇
. (5.7)

3. Shortening Path Pattern:
The driving target is to reach the destination as quickly as possible. A shorter path can
also lead to reduce fuel consumption for the vehicle.
To compute the path with shortest length over the track we minimize the cost function

𝑁∑︁
𝑘=1





 [
𝑥𝑘+1
𝑦𝑘+1

]
−

[
𝑥𝑘
𝑦𝑘

] 



2

2
, (5.8)

for all position (𝑥𝑘 , 𝑦𝑘) on the road, where all (𝑥𝑘 , 𝑦𝑘) must remain within the road bounds.
This constraint results in a computationally challenging problem in global coordinates.
Thus, we transform the problem into the 𝛼-coordinate system. First, we define 𝛿𝑥𝑘 , 𝛿𝑦𝑘 ,
Δ𝑥𝑟,𝑘 and Δ𝑦𝑟,𝑘 as

𝛿𝑥𝑘 =

[
𝑥𝑙,𝑘+1− 𝑥𝑟,𝑘+1
−𝑥𝑙,𝑘 + 𝑥𝑟,𝑘

]
, (5.9a)

𝛿𝑦𝑘 =

[
𝑦𝑙,𝑘+1− 𝑦𝑟,𝑘+1
−𝑦𝑙,𝑘 + 𝑦𝑟,𝑘

]
, (5.9b)

Δ𝑥𝑟,𝑘 = 𝑥𝑟,𝑘+1− 𝑥𝑟,𝑘 , (5.9c)
and Δ𝑦𝑟,𝑘 = 𝑦𝑟,𝑘+1− 𝑦𝑟,𝑘 , (5.9d)

respectively.
Let 𝐸𝑖 be the 2×𝑁 matrix defined as

𝐸𝑖 =

[
0 · · · 0 0 1 0 · · · 0
0 · · · 0 1 0 0 · · · 0

]
, (5.10)

where only the 𝑖-th and (𝑖 +1)-th columns are non-zero.
We define the matrix 𝐻 as

𝐻 =

𝑁∑︁
𝑖=1
𝐸𝑇𝑖

(
𝑁∑︁
𝑘=1

𝛿𝑇𝑥𝑘𝛿𝑥𝑘 + 𝛿
𝑇
𝑦𝑘
𝛿𝑦𝑘

)
𝐸𝑖, (5.11)

and the vector 𝑐 as

𝑐 =

𝑁∑︁
𝑖=1

(
𝑁∑︁
𝑘=1

2Δ𝑥𝑟,𝑘𝛿𝑥𝑘 +2Δ𝑦𝑟,𝑘𝛿𝑦𝑘

)
𝐸𝑖 . (5.12)
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Using (5.3), (5.11), and (5.12), the problem in (5.8) can be reformulated as the following
quadratic program depending only on 𝛼:

𝑃4 = argmin
0≤𝛼𝑘≤1
𝑘=1,··· ,𝑁

1
2
𝛼𝑇𝐻𝛼+ 𝑐𝛼. (5.13)

4. Curvature Minimizing Path Pattern:
Driving a trajectory with minimal curvature, enhances the comfort and smoothness
perceived by the driver, as it reduces lateral accelerations. This driving pattern is also
characterized by decreased steering effort for the driver.
To compute the path with minimal curvature over the track we minimize the cost function

𝑁∑︁
𝑘=1






[d2𝑥𝑘

d𝑡2
d2𝑦𝑘

d𝑡2

]𝑇




2

2

, (5.14)

for all position (𝑥𝑘 , 𝑦𝑘) on the road, where all (𝑥𝑘 , 𝑦𝑘) must remain within the road bounds.
we transform the problem into the 𝛼-coordinate system.
The main idea of the approach, is to model the path line as natural cubic splines composed
of 𝑁 control points. For control points 𝑠1, · · · , 𝑠𝑁 the natural cubic splines can be written
as

𝑆𝑖 (𝑡) = 𝑎𝑖 + 𝑏𝑖𝑡 + 𝑐𝑖𝑡2 + 𝑑𝑖𝑡3, (5.15)

where 𝑡 ∈ [0,1], 1 ≤ 𝑖 ≤ 𝑁 − 1 and 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 and 𝑑𝑖 the coefficients to be solved. The
second derivative of the natural cubic splines at each control point is given by

d2𝑆(𝑡)
d𝑡2

����
𝑡=0
= 6(𝐾 − 𝐿𝐴−1𝐵)𝑆 = 𝐷𝑆, (5.16)

where

𝐴 =


2 1 0
1 4 1

. . .
. . .

. . .

1 4 1
0 1 2


, 𝐵 =


−1 1 0
−1 0 1

. . .
. . .

. . .

−1 0 1
0 −1 1


, (5.17)

𝐾 =


−1 1 0

. . .
. . .

0 −1 1

 , 𝐿 =


2 1 0

. . .
. . .

0 2 1

 (5.18)

and
𝐷 = 6(𝐾 − 𝐿𝐴−1𝐵). (5.19)

Let
Δ𝑥𝑘 = 𝑥𝑙,𝑘 − 𝑥𝑟,𝑘 and Δ𝑦𝑘 = 𝑦𝑙,𝑘 − 𝑦𝑟,𝑘 . (5.20)

Then, we define the matrices Δ𝑋 and Δ𝑌 as

Δ𝑋 = diag(Δ𝑥1, · · · ,Δ𝑥𝑁) (5.21)



5.3 Feature Analysis 71

and
Δ𝑌 = diag(Δ𝑦1, · · · ,Δ𝑦𝑁), (5.22)

and the vectors 𝑋𝑙 and 𝑌𝑙 as the vectors containing all 𝑥- and 𝑦-components of the left
bounds, i.e.,

𝑋𝑙 =
[
𝑥𝑙,1 · · · 𝑥𝑙,𝑁

]𝑇 (5.23)

and
𝑌𝑙 =

[
𝑦𝑙,1 · · · 𝑦𝑙,𝑁

]𝑇
. (5.24)

Following (5.16), the second derivatives of the cubic splines 𝑋 (𝑡) at the control points
𝑥1, · · · , 𝑥𝑁 and 𝑌 (𝑡) at the control points 𝑦1, · · · , 𝑦𝑁 become(

d2𝑋 (𝑡)
d𝑡2

����
𝑡=0

)2

= 𝛼𝑇Δ𝑋𝑇𝐷𝑇𝐷Δ𝑋𝛼+2𝑋𝑇𝑙 𝐷
𝑇𝐷Δ𝑋𝛼+ 𝑋𝑇𝑙 𝐷

𝑇𝐷𝑋𝑙 , (5.25a)(
d2𝑌 (𝑡)

d𝑡2

����
𝑡=0

)2

= 𝛼𝑇Δ𝑌𝑇𝐷𝑇𝐷Δ𝑌𝛼+2𝑌𝑇𝑙 𝐷
𝑇𝐷Δ𝑌𝛼+𝑌𝑙𝐷𝑇𝐷𝑌𝑙 . (5.25b)

Let
𝑄 = Δ𝑋𝑇𝐷𝑇𝐷Δ𝑋 +Δ𝑌𝑇𝐷𝑇𝐷Δ𝑌, (5.26)

and
𝑓 = 2𝑋𝑇𝑙 𝐷

𝑇𝐷Δ𝑋 +2𝑌𝑇𝑙 𝐷
𝑇𝐷Δ𝑌 . (5.27)

Then solving the problem in (5.14) is equivalent to solving

𝑃5 = argmin
0≤𝛼𝑘≤1
𝑘=1,··· ,𝑁

𝛼𝑇𝑄𝛼+ 𝑓 𝛼. (5.28)

Table 5.5 summarizes the five paths 𝑃1, · · · , 𝑃5 derived above

Table 5.5: Optimal Path Patterns

Notation Description
𝑃1 Left Track Boundary Path Pattern
𝑃2 Right Track Boundary Path Pattern
𝑃3 Centering Path Pattern
𝑃4 Shortening Path Pattern
𝑃5 Curvature Minimizing Path Pattern
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Following Tendency

The Following Tendency value 𝐹𝑇 𝑗
L

describes whether a driver follows the optimal path
pattern 𝑃 𝑗 at a specific section on the road.
Let 𝑃∗ be the reference path and 𝑃 𝑗 the optimal paths in the 𝛼-coordinate system. We
assume that |L| various intervention intensity levels can be adjusted in the assistance system
configurations. Let 𝑖 ∈ 𝐼 be the 𝑖-th time the same track section is passed and 𝑙𝑖 ∈ L the
corresponding intervention intensity level. Then, the driven path to evaluate is given by

𝑃𝑑𝑖,𝑙𝑖 =
[
𝛼𝑑
𝑖,𝑙𝑖 ,1 · · · 𝛼

𝑑
𝑖,𝑙𝑖 ,𝑁

]𝑇
. (5.29)

In a first step, we compute how close the driven path is to the optimal path patterns and
the reference path. For two different paths 𝑥 and 𝑦 in the 𝛼-coordinate system, let Δ𝑥→𝑦 be
defined by the distance

Δ𝑥→𝑦 = ∥𝑥− 𝑦∥2. (5.30)

To allow a general evaluation of individual path pattern targeting, the Following Tendency
value fulfills 𝐹𝑇 𝑗

L
∈ [0,1] and is defined as follows. For each path pattern 𝑃 𝑗 , 𝑗 ∈ {1, · · · ,5}:

• Whenever the distance between the driven and the optimal path Δ𝑃𝑑
𝑖,𝑙𝑖
→𝑃 𝑗

exceeds the
distance between the reference and the optimal path Δ𝑃∗→𝑃 𝑗

, we assume that the driver is
not following this specific path pattern and we assign the value 0.

• Whenever the distance between the driven and the optimal path Δ𝑃𝑑
𝑖,𝑙𝑖
→𝑃 𝑗

is equal or lower
than the distance between the reference and the optimal path Δ𝑃∗→𝑃 𝑗

, we assume that the
driver is following this path pattern and we assign the value 1.

• Whenever the driven path is between the optimal and the reference path, we assign a value
between 0 and 1, which increases linearly whenever the driven path approaches the optimal
path.

• A driver only follows an individual path on a road section, if he shows this tendency each
time he passes this section.

This approach can be summarized as follows. Let 𝑓 𝑗
𝑖,𝑙𝑖

be defined as the ratio of the distances
Δ𝑃𝑑

𝑖,𝑙𝑖
→𝑃 𝑗

and Δ𝑃∗→𝑃 𝑗
, i.e.,

𝑓
𝑗

𝑖,𝑙𝑖
=

Δ𝑃𝑑
𝑖,𝑙𝑖
→𝑃 𝑗

Δ𝑃∗→𝑃 𝑗

, (5.31)

and let 𝑓
𝑗

𝐼,L be defined as

𝑓
𝑗

𝐼,L = 1− 1
|𝐼 |

∑︁
𝑖∈𝐼
𝑙𝑖∈L

𝑓
𝑗

𝑖,𝑙𝑖
. (5.32)
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Then the Following Tendency 𝐹𝑇 𝑗
L

is given by

𝐹𝑇
𝑗

L
=


0, if 𝑓

𝑗

𝐼,L > 1 or max
𝑖∈𝐼

𝑓
𝑗

𝑖,𝑙𝑖
>1,

𝑓
𝑗

𝐼,L, if 0 ≤ 𝑓 𝑗𝐼,L ≤ 1,
1, if 𝑓

𝑗

𝐼,L < 0.

(5.33)

Increasing Tendency

The Following Tendency value introduced above, indicates if and how much a driver shows
the tendency of following a specific path pattern, while driving with an intervening assistance
system. We presume that the tendency of following a path pattern can only be confirmed, if it
increases, when the assistance system intervention intensity decreases. Then, the driver has
more freedom in controlling the driving task. To describe this characteristic, we introduce
the Increasing Tendency value 𝐼𝑇 𝑗 .
Let the set of intervention intensities of the assistance system be written as L = 𝐿min∪ 𝐿max,
where 𝐿min contains the low intensity and 𝐿max the high intensity levels. Let 𝜔+ and 𝜔− be
the computed Following Tendencies

𝜔+ = 𝐹𝑇 𝑗
𝐿max

, (5.34)

and
𝜔− = 𝐹𝑇 𝑗

𝐿min
, (5.35)

respectively.
We suppose, that the tendency of following one of the optimal path patterns increases, when
all the following conditions are fulfilled:

• The Following Tendencies are greater than 0 for high as well as for low assistance
intervention intensities.

• The driven path with lower intervention intensity is nearer to the optimal path then to the
reference path.

• The driven path with lower intervention intensity is nearer to the optimal path then the path
with higher intervention intensity.

• The driven path is always nearer to the optimal path than to the reference path.

Then, the Increasing Tendency value 𝐼𝑇 𝑗 is given by

𝐼𝑇 𝑗 =


1, if 𝜔−−𝜔+ ≥ 1,
𝜔−−𝜔+, if 0<𝜔−−𝜔+<1 or 𝜔−<𝜔+,
0, if 𝜔+ ·𝜔−=0 or max

𝑖∈𝐼
𝑓
𝑗

𝑖,𝑙𝑖
>1.

(5.36)

Note that negative values of 𝐼𝑇 𝑗 indicate a decreasing tendency.
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Conflict Consideration

In shared control with fully or partially automation, we expect the vehicle to ensure a
controlled passage through a curve, even when the driver remains passive on the steering
wheel. However, the increased resistance in the steering system when passing through a
curve may falsify the results of the Following and Increasing Tendencies, since it could be
interpreted as a driver tendency of following an individual path pattern. To prevent this
misinterpretation, these results are scaled using a weighting function. First, we introduce
a conflict value 𝑇𝑐 ≥ 0, that describes the divergence rate between the driver input in the
steering wheel and the assistance system steering. 𝑇𝑐 can be modeled as a correlation value
or as a driver conflict torque as in [87]. Given the conflict value 𝑇𝑐, we define the sigmoid
weighting function

𝑓𝑤 (𝑇𝑐) = 1− 1
1+ 𝑒𝑘 (𝑇𝑐+𝛽)

, 𝑘, 𝛽 ∈ R. (5.37)

Multiplying the computed values 𝐹𝑇 𝑗 and 𝐼𝑇 𝑗 with 𝑓𝑤, ensures that the tendency of following
an individual path pattern is only considered whenever the driver actively and sufficiently
opposes the actions of the assistance system.

IPPT Algorithm

We summarize the previous steps into one concise algorithm: the Individual Path Pattern
Targeting (IPPT) algorithm for shared lateral driving. For any driven path, where the driver
shares the driving task with the assistance system, regardless different intensity levels, the
IPPT algorithm is able to detect if the driver is targeting an individual path on a specific
section of the road. We consider a driving assistance system, that is continuously intervening
in lateral control, to guide the vehicle back to an optimal reference path, defined by 𝑁 discrete
reference points 𝑠𝑖, 𝑖 = 1, · · · , 𝑁 . Let 𝑃 𝑗 be the optimal path patterns and 𝑃∗ the reference
path in the 𝛼-coordinate system. Let L be the set of various intervention intensity levels that
can be adjusted in the assistance system, and |𝐼 | the total number of times, the driver passes
the same section of the road. We denote 𝑃𝑑

𝑖,𝑙
= [𝛼𝑑

𝑖,𝑙,1, · · · , 𝛼
𝑑
𝑖,𝑙,𝑁
]𝑇 , 𝑖 ∈ 𝐼, 𝑙 ∈ L, the driven path

in the 𝛼-coordinate system. Then, the approach is outlined in Algorithm 8.

Feature Specification

The Following Tendency value 𝐹𝑇L and the Increasing Tendency value 𝐼𝑇 are the considered
features for the individual path pattern analysis.
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Algorithm 8: Individual Path Pattern Targeting (IPPT).
Given
Optimal path patterns 𝑃 𝑗 , Reference path 𝑃∗, Driven path 𝑃𝑑

𝑖,𝑙
, with

|𝑃𝑑
𝑖,𝑙
|= |𝑃∗ |= |𝑃 𝑗 |=𝑁 , 𝑗 ∈ {1, · · · ,5}, 𝑖 ∈ 𝐼, 𝑛 ≤ 𝑁 , Intervention intensity set

L =𝐿min∪ 𝐿max, weighting function 𝑓𝑤 (𝑇𝑐) ≥ 0.
FOR 𝑗 ∈ {1, · · · ,5}

Following Tendency

1. Δ𝑃𝑑
𝑖,𝑙
→𝑃 𝑗
← ∥𝑃𝑑

𝑖,𝑙
−𝑃 𝑗 ∥ , Δ𝑃∗→𝑃 𝑗

← ∥𝑃∗−𝑃 𝑗 ∥ , Δ𝑃∗→𝑃𝑑
𝑖,𝑙
← ∥𝑃∗−𝑃𝑑

𝑖,𝑙
∥

2. 𝑓 𝑗
𝑖,𝑙𝑖
← Δ𝑃𝑑

𝑖,𝑙𝑖
→𝑃 𝑗
/Δ𝑃∗→𝑃 𝑗

3. 𝑓
𝑗

𝐼,L← 1− 1
|𝐼 |

∑
𝑖∈𝐼
𝑙𝑖∈L

𝑓
𝑗

𝑖,𝑙𝑖

4. 𝐹𝑇 𝑗
L
←


0, if 𝑓

𝑗

𝐼,L > 1 or max
𝑖∈𝐼

𝑓
𝑗

𝑖,𝑙𝑖
>1,

𝑓
𝑗

𝐼,L, if 0 ≤ 𝑓 𝑗𝐼,L ≤ 1,
1, if 𝑓

𝑗

𝐼,L < 0.

5. 𝐹𝑇 𝑗
L
← 𝑓𝑤 (𝑇𝑐) ·𝐹𝑇 𝑗L

Increasing Tendency

6. 𝜔+← 𝐹𝑇
𝑗

𝐿max
, 𝜔−← 𝐹𝑇

𝑗

𝐿min

7. 𝐼𝑇 𝑗 ←


1, if 𝜔−−𝜔+ ≥ 1,
𝜔−−𝜔+, if 0<𝜔−−𝜔+<1 or 𝜔−<𝜔+,
0, if 𝜔+ ·𝜔−=0 or max

𝑖∈𝐼
𝑓
𝑗

𝑖,𝑙𝑖
>1.

8. 𝐼𝑇 𝑗 ← 𝑓𝑤 (𝑇𝑐) · 𝐼𝑇 𝑗

RETURN 𝐹𝑇
𝑗

L
, 𝐼𝑇 𝑗

ENDFOR

5.3.4 Path Quality and Adaptation

Feature Exploration

Some drivers require time to become familiar with the system target and interventions. This
time is an opportunity either to monitor the system closely and observe its action while it is
in complete control, or to challenge it by testing and approaching its limits and limitations.
Thus, it is crucial to consider the adaptation to the system over time.
For this investigation, let 𝑑 and Δψ be the lateral distance and the heading angle error,
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respectively, and let 𝑑 and Δψ̃ be their standard scores. A good path quality is achieved
whenever both 𝑑 and Δψ̃ have lower absolute values. Thus, we introduce a cost function 𝑔𝑖
describing the quality of the 𝑖-th driven path as

𝑔𝑖 = −max
{
|𝑑 |, |Δψ̃ |

}
. (5.38)

The adaptation to the system can be evaluated by comparing different driven paths over time.
Let 𝑔𝑖 and 𝑔 𝑗 describe the qualities of two different driven paths, where 𝑗 > 𝑖 indicates that
the corresponding path to 𝑔 𝑗 was driven later in time then the corresponding path to 𝑔𝑖. Then
the driver adaptation value is given by

𝐺 = 𝑔 𝑗 −𝑔𝑖, (5.39)

for 𝑗 > 𝑖. Thus, the sign of 𝐺 indicates an improvement (positive sign) or a decline (negative
sign) in following the assistance target.

Feature Specification

To evaluate the adaptation to the system, we consider the features summarized in Table 5.6

Table 5.6: Path Quality and Adaptation Features

Feature Description

𝐺 Mean value of driver adaptation value over all driven paths
𝑔end Quality of the last driven path
max |𝑑 | Maximal absolute value of lateral distance standard score
max |Δψ̃ | Maximal absolute value of heading angle error standard score

5.4 Driver Interaction Strategies

Five different driver interaction strategies were identified from the data: Adaptation,
Persistence, Selective Persistence, Nonintervention and Uncertainty.

5.4.1 Adaptation

Drivers who choose the adaptation interaction strategy, showed willingness to adapt their
driving line to follow the system target over time. These drivers avoided conflicts with the
assistance system, i.e., whenever the assistance torque and the column torque opposed, they
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actively adjusted their steering actions to meet the system steering target. The driven line of
these drivers approaches the optimal line over time. Drivers who were able to follow the
optimal line from the beginning, are also included in this category.

5.4.2 Persistence

Drivers who choose the persistence interaction strategy have a clear path target they want
to follow. They do not avoid conflicts with the system and assert their actions against the
system. There is barely any deviation in their driven line from one lap to another, regardless
of the assistance system intervention intensity.

5.4.3 Selective Persistence

Drivers who choose the selective persistence interaction strategy typically have their own
path target they would follow. However, depending on the assistance intervention intensity,
they would leave the control to the system in specific situations. Thus, these drivers are
willing to address conflicts up to a certain limit but avoid engaging beyond that threshold.

5.4.4 Nonintervention

Drivers who choose the nonintervention interaction strategy let the system handle the driving
task almost entirely. They take on a mostly passive role with minimal intervention.

5.4.5 Uncertainty

Drivers who choose the uncertainty interaction strategy are drivers who did not show any
consistent pattern in their interaction with the system. They have neither approached the
optimal line over time, nor showed a recognized clear path target, nor could they sustain a
stable control of the steering wheel.

5.5 Classification

5.5.1 Classifier Design

We label each of the 58 drivers with his observed interaction strategy among the five
interaction strategies: Adaptation, Persistence, Selective Persistence, Nonintervention and
Uncertainty. Then, we split the data set of all labeled drivers into two sets: a training
set 𝑋 𝑡𝑟 containing 80% of the data, and a testing set 𝑋 𝑡 containing 20% of the data. We
propose to utilize the MathWorks MATLAB Classification Learner App [105] with 𝑘-fold
cross-validation to do the classification stage. This MATLAB resources allows to apply
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and compare the classification results of various classifiers. The workflow for training the
classifier in the Classification Learner App is illustrated in Figure 5.7.

Training

Data Import

Validation

Select Classification 
Models Train Classifier

Model Validation

Feature Selection

Model Comparision

Model Selection Model Testing

Testing

Export Classifer

Figure 5.7: Workflow for training a classifier in the MATLAB Classification Learner App

5.5.2 Feature Selection

To assess the suitability of the developed features for the classifier design, various feature
combinations will be investigated. We specify that all feature combinations will include the
fixed features given in Table 5.7. All additional features are selected from one of two decision
options, A or B, represented in Table 5.8.

Table 5.7: Fixed classification features included in all feature combinations

Feature Fixed

Conflict |𝑇 𝑐
𝐷
|, 𝑇 𝑐

𝐷,max , Δ̃𝑡𝑐
Activity |𝑇 𝑠

𝐷
|, 𝑇 𝑠

𝐷,max , Δ̃𝑡 𝑝
Path consistency σ𝑑 , σΔψ
Individual path pattern 𝐼𝑇

Path quality and adaptation 𝐺, 𝑔end
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Table 5.8: Additional classification features chosen based on the decision between option A and B

Decision Option A Option B

1 Choosing only absolute durations Δ̃𝑡 Choosing only relative durations Δ̃𝑡𝑟𝑒𝑙
2 Considering Δ̃𝑡𝑐,max and Δ̃𝑡 𝑝,max Not considering Δ̃𝑡𝑐,max and Δ̃𝑡 𝑝,max

3 Considering the value 𝐹𝑇 Not considering 𝐹𝑇

4 Considering max |𝑑 |, max |Δψ |, Not considering max |𝑑 |, max |Δψ |,
max |Δ𝑑 | and max |Δψ̃ | max |Δ𝑑 | and max |Δψ̃ |

5 Computing the features over all Computing the features only over
driven paths difficult parts of the paths

Based on the fixed features in Table 5.7 and the five decisions to be made in Table 5.8, a
total of 32 different feature vectors is constructed.

5.5.3 Results and Validation

We apply the MathWorks MATLAB Classification Learner App with 𝑘-fold cross-validation
to the data set for 32 different combinations of the feature vector and choose the feature
vector with the best accuracy, i.e. the vector who leads to the highest percentage of correctly
classified observations. The training results with 𝑘 = 5 folds for different SVM an NN
techniques are summarized in Table 5.9.

Table 5.9: Classification Results. © 2024, IEEE

Classifier Hyperparameters Accuracy Accuracy
(Validation) (Test)

Linear SVM linear kernel 76.1% 50.0 %
Quadratic SVM quadratic kernel 69.6% 75.0 %

Cubic SVM cubic kernel 76.1% 75.0 %
Narrow NN 1st layer size = 10 82.6% 83.3 %
Medium NN 1st layer size = 25 76.1% 66.7 %

Wide NN 1st layer size = 100 73.9% 83.3 %

We see that SVM with a cubic kernal achieves higher accuracy compared to linear and
quadratic SVM. The highest overall accuracy is achieved in both validation and testing by the
Narrow NN. These results are achieved with the feature vector containing the fixed features,
option A for decision 2, 3 and 4, and option B for decision 1 and 5.
In Figure 5.8, the confusion matrix illustrates the performance of the narrow NN across
the five classes for the test dataset (12 drivers). The majority of the drivers were classified
correctly, only two drivers were misclassified, both into the Selective Persistence class. This
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suggests a further refinement of the selected classification features especially to characterize
this interaction strategy.

1 1 50.0% 50.0%

1 100.0%

3 1 75.0% 25.0%

4 100.0%

1 100.0%

100.0% 100.0% 100.0% 66.7% 100.0%
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Figure 5.8: Confusion matrix of the narrow NN classification of the drivers (test data) into the
classes Adaptation (A), Persistence (P), Selective Persistence (SP), Nonintervention (N)
and Uncertainty (U). © 2024, IEEE

The results confirm that drivers choose different strategies when interacting with an active
assistance system, regardless of their driving experience in common driving. The majority
of the drivers (43.1 %) chose the selective persistence strategy. This indicates that drivers’
trust and their use of the system, depend on specific situations, especially on the intervention
intensity of the system. However, the classification results confirm the need for further focus
on these specific situations to extract enhanced features for this class.
Among all drivers, 24.1% chose the adaptation strategy and 12% the nonintervention strategy,
and nearly 20% of both categories were experts. This shows that there exists a level of
acceptance of opening up to new ways of manual driving. However, 13.8% of the drivers
followed the persistence strategy. They did not allow to cooperate with the system to share the
driving task. The assistance system in this case can be perceived as annoying and disturbing.
On the other hand, a small part of the drivers (7%), categorized in the uncertainty strategy,
did not show any clear pattern when interacting with the system. This could be explained
by a lack of understanding the system target and being overwhelmed with its intervention.
However, the classification rate for this category requires further investigation, since we did
not implement features specifically for this class, due to the absence of clear patterns in this
category.
To further validate the plausibility of the classification results, we compare our categorization
with the subjective assessment of the instructor. The results are illustrated in Figure 5.9.
We see that no expert driver was classified in the uncertainty interaction strategy and that
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Figure 5.9: Comparison of the driver classification based on their interaction strategy with the
subjective assessment. © 2024, IEEE

the majority of the drivers in the nonintervention strategy are beginners. This observation
appears to be plausible and in line with our expectations.

5.6 Interaction Analysis with DMD

For deeper insight into the dynamic interactions between the driver and the assistance system,
we apply Dynamic Mode Decomposition with control (DMDc) to the classified driver data
from the previous section. The main goal is to extract the modes that characterize the system’s
behavior for each driver class. We consider the vehicle states Δ𝑑 (lateral deviation), Δψ
(heading angle error), ¤Δψ (heading error rate) and 𝑣𝑦 (lateral velocity). As control input, we
consider the current steering angle 𝛿. We arrange the data into snapshots and apply DMDc,
following Algorithm 7.
First, we analyze the distribution of the modes across all drivers to understand the underlying
dynamics. The results are illustrated in Figure 5.10.
Mode 1 is dominated by th lateral speed 𝑣𝑦, followed by the heading error rate ¤Δψ. In
contrast, the lateral deviation and the heading angle error’s contributions to this mode are
very low. The eigenvalues associated to this mode are real and range from 0.67 to 0.89 across
all drivers. Hence, the dynamics decay at a moderate rate. This suggests that this mode is
related to the lateral stability dynamics of the vehicle and the corrective behavior, as this
gradually damp out as the system stabilizes.
Mode 2 and 3 are characterized by complex conjugate eigenvalues. The real parts of the
eigenvalues are close to 1 and the imaginary parts are small (between -0.006 and 0.006).
These modes are dominated by the lateral deviation Δ𝑑, followed by the heading angle
error Δψ, which are associated to the alignment of the vehicle to the reference path. This
suggests that these modes represent the lateral path-tracking dynamics. The real parts of the
eigenvalues shows that these modes are highly persistent. Hence, the lateral deviation and
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Figure 5.10: DMD modes distribution across all drivers. State 1: Δ𝑑, State 2: Δψ, State 3: ¤Δψ,
State 4: 𝑣𝑦 .

the heading angle error are gradually corrected without abrupt destabilizing actions. The
small imaginary parts correspond to slow oscillations in the dynamics. This could reflect the
interaction between the driver inputs and the assistance interventions.
Mode 4 shows more distribution across drivers compared to the other modes. The eigenvalues
are real and close to 1. The lateral velocity and the lateral deviation are more dominant than
the heading angle and rate. This indicates stable dynamics and a focus on maintaining steady
lateral motion. The variability across the different drivers could be explained by a more
generalized stabilization task of the dynamics compared to mode 2 and 3.
We analyze now the dynamic mode decomposition of the different driver classes. The
distribution of the modes across the drivers with the persistence interaction strategy is
illustrated in Figure 5.11.
Mode 1 aligns with the overall trends. This confirms that this mode focuses on the lateral
stability regardless of the driver cooperation. For mode 2 and 3, we observe lower contribution
of the lateral velocity 𝑣𝑦. This can be explained by the fact that the system prioritize correcting
the high lateral deviations and heading angle errors, that are associated with this interaction
strategy.
The distribution of the modes across drivers with the nonintervention interaction strategy is
illustrated in Figure 5.12.
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Figure 5.11: DMD modes distribution across drivers with the persistence interaction strategy. State
1: Δ𝑑, State 2: Δψ, State 3: ¤Δψ, State 4: 𝑣𝑦 .

Figure 5.12: DMD modes distribution across drivers with the nonintervention interaction strategy.
State 1: Δ𝑑, State 2: Δψ, State 3: ¤Δψ, State 4: 𝑣𝑦 .
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As expected, mode 1 aligns closely with the overall trend. The low contribution of Δ𝑑
confirms that these drivers mainly rely on the system to maintain the path. For mode 2 and
3 we observe that the distribution of the lateral deviation, the heading angle error and the
heading angle rate across the drivers shows only minimal variation. This confirms similar
path-tacking dynamics, when the system is taking over the control. In contrast, mode 4 is not
entirely invariant across this category. We argued that this mode is connected to the overall
stability of the system. The variation across the drivers, could be explained by the individual
differences, on how the drivers hold the steering wheel. Their grip or hand positioning could
unconsciously contribute to the dynamics, even when they are not actively steering.
We apply DMDc to the data of the adaptation interaction strategy. The distribution is
illustrated in Figure 5.13.

Figure 5.13: DMD modes distribution across drivers with the adaptation interaction strategy. State
1: Δ𝑑, State 2: Δψ, State 3: ¤Δψ, State 4: 𝑣𝑦 .

The three first modes follow the overall trend. We remark a slightly lower influence of the
lateral velocity to mode 2 and 3. This reflects a smoother path tracking without significant
lateral deviation. Mode 4 suggests stable dynamics. The contribution of Δ𝑑 shows variation
across these drivers. This can be explained by the fact, that this category includes the drivers
who adapt gradually to the system over time, as well as those, who tested or monitored the
system in their first interaction.
Next, we consider the results for the selective persistence interaction strategy in Figure 5.14.
The distribution of the modes can be seen as a combination of the results from the persistence
and the nonintervention interaction strategy. The higher number of outliers we notice
compared to the other categories, could indicate the variability of the interaction in this
category, when drivers switch from persistence to nonintervention.
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Figure 5.14: DMD modes distribution across drivers with the selective persistence interaction
strategy. State 1: Δ𝑑, State 2: Δψ, State 3: ¤Δψ, State 4: 𝑣𝑦 .

Finally, we consider two drivers classified in the uncertainty interaction strategy. The DMD
modes are illustrated in Figure 5.15.
The main observation in the modes, is the lower contribution of the heading angle error
in mode 2 and 3, despite the higher contribution of Δ𝑑. This could confirm the lack of
understanding: when drivers only focus on one aspect of control, i.e., they try to keep the
vehicle on the path (minimizing the lateral deviation), they may neglect the other elements of
the task (the correct orientation).
The analysis of the dynamic modes across the different driver interaction strategies supports
the validation of the classification results. The trends we observed in the modes and their
dominant contribution states align with the expected behavior of each category. Especially,
the path-tracking dynamics (mode 2 and 3) and the stability dynamics (mode 4) showed
different characteristics across the classes. However, some modes showed variability and
overlap with other classes, especially for the selective persistence interaction strategy we
could not distinguish clear patterns. The data set may lack sufficient dynamic variation
to fully capture all the interaction strategies. Additionally, the analysis of the uncertainty
interaction strategy, for which we did not implement specific features, revealed one lack of
understanding regarding how to balance lateral deviation minimization and heading angle
correction. This insight could be valuable to identify patterns for this driver category. The
application of DMD provided a method to validate the classification results by understanding
the underlying dynamics. However, to strengthen the findings additional data across different
driving scenarios and driver interaction strategies is necessary.



86 5 Method for Driver Interaction Classification

1

0.8

0.2

0.4

0.6

0
1 2 3 4

1

0.8

0.2

0.4

0.6

0
1 2 3 4

1

0.8

0.2

0.4

0.6

0
1 2 3 4

1

0.8

0.2

0.4

0.6

0
1 2 3 4

Figure 5.15: DMD modes with drivers with the uncertainty interaction strategy. State 1: Δ𝑑, State
2: Δψ, State 3: ¤Δψ, State 4: 𝑣𝑦 .
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Design Method for a Shared Control Framework
Chapter 3

Design Method for a Shared Control Framework
Chapter 3
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Figure 6.1: Scope of Chapter 6

In this chapter, we design concepts for adapting the control architecture of a steering
assistance system to the interaction strategy of the driver. In Section 6.1, we design and
formulate the cost function and the optimization constraints, and introduce the adjustable
parameters of a Model Predictive Control (MPC). In Section 6.2, we map these adjustable
parameters to the desired system behavior for each driver interaction strategy. Section 6.3
details the numerical solver essential for the framework. Next, Section 6.4 presents the
workflow and architecture of the implemented framework. In Section 6.5, we focus on the
real-time computation of the classification features. Then, Section 6.6 is dedicated to the
performance analysis and results of the implemented MPC. Section 6.7 and Section 6.8
explore the real-world applicability of the framework and its limitations. Finally, in Section
6.9, we propose further concepts for adapting system behavior in shared control based on
independent components of the designed framework.

6.1 Cost Function and Constraints Design

6.1.1 Key Objectives

In this section, we outline the main objectives the Model Predictive Control (MPC) aims to
achieve within the context of the shared control framework presented in Chapter 3.
First, we briefly describe the general concept of how the MPC operates. Given a reference
path over a track, whenever the vehicle deviates from this path, the MPC plans a corrective
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trajectory to bring the vehicle back to the reference line. This involves continuously predicting
the vehicle’s future states and optimizing the control inputs to minimize the deviation from
the desired path, taking into account the vehicle’s current state, the driver input and the track
information.

𝑦

Reference line

Ԧ𝑣

Ψ𝐾

Road bounds

Driven path

Planned path 1

Planned path 2

Planned path 3

Figure 6.2: Illustration of three planned corrective paths.

Figure 6.2 illustrates three different planned paths to correct the vehicle’s course when it
deviates from the reference. Each path corresponds to a specific configuration of the cost
function depending on the interaction strategy of the driver. To accurately model these
configurations and achieve a safe and comfortable planned path, the MPC fulfills specific
objectives.

Path Tracking and Orientation Accuracy

A fundamental objective of a lateral assistance system, is to ensure that the vehicle remains
close to the reference path. Hence, minimizing the deviation from the reference line Δ𝑑 as
well as the heading angle error Δψ is crucial. For this objective, we define 𝐽1 as

𝐽1 = 𝛼 ·Δ𝑑2 + 𝛽 ·Δψ2, (6.1)

where 𝛼 and 𝛽 are weighting parameters. To account for the different driver interaction
strategies, and thus also for drivers who follow their own path target, we propose to define the
deviation from the reference as soft constraints with a penalty term. Thus, a slack variable is
integrated into the cost function, to allow deviation from the reference.
Let Δ𝑑 𝑓min and Δ𝑑 𝑓max be the minimal and maximal allowed deviations of the front wheel from
the reference line, and Δ𝑑𝑟min and Δ𝑑𝑟max be the minimal and maximal allowed deviations
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of the rear wheel from the reference line, respectively. Then, the actual deviation from the
reference line fulfills

Δ𝑑
𝑓

min− 𝑠1 ≤ Δ𝑑 + 𝑙 𝑓Δψ ≤ Δ𝑑 𝑓max + 𝑠1, (6.2a)
Δ𝑑𝑟min− 𝑠2 ≤ Δ𝑑 − 𝑙𝑟Δψ ≤ Δ𝑑𝑟max + 𝑠2, (6.2b)

where 𝑠1, 𝑠2 ≥ 0 are slack variables integrated into the cost function 𝐽2 as

𝐽2 = s𝑇Fss, (6.3)

with F𝑠 being a weighting matrix and s = [𝑠1 𝑠2]𝑇 .

Control Effort and Smoothness

To ensure a smooth control, steering angle and steering rate must be applied efficiently and
gradually, i.e., abrupt steering inputs and rapid changes in steering direction are to be avoided.
In the vehicle model (4.19), the steering angle is used as the control variable. To allow the
MPC to directly control not only the steering angle but also its speed of change, we propose
to add the steering angle 𝛿 into the state vector as an additional state and use the steering
rate ¤𝛿 as a control input instead. The considered state vector y for the MPC cost function
becomes

y =
[
x
u

]
=


Δ𝑑

Δψ

¤ψ
𝑣𝑦
𝛿


. (6.4)

Then, the steering rate ¤𝛿 is used as a control input and integrated in the cost function 𝐽3
with

𝐽3 = ¤𝛿𝑇F ¤𝛿 ¤𝛿, (6.5)

where F ¤𝛿 is a weighting matrix.

Boundary Compliance

To ensure a safe vehicle operation, the road bounds must be continuously monitored and
respected. However, defining the road bounds as hard constraints may cause infeasibility
of the optimization problem, especially if the driving scenario requires quick and dynamic
changes. To account for the different driver interaction strategies, and thus also for drivers
who require boundary flexibility to execute sharp turns, let 𝑑 𝑓 ,𝑙max and 𝑑 𝑓 ,𝑟max be the maximal
allowed deviations to the left and right of the front wheel from the reference line, and 𝑑𝑟,𝑙max
and 𝑑𝑟,𝑟max be the maximal allowed deviations to the left and right of the rear wheel from the
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reference, respectively. Then, we set Δ𝑑 𝑓 ,𝑤min = 𝑤 𝑑
𝑓 ,𝑙
max, Δ𝑑 𝑓 ,𝑤max = 𝑤 𝑑

𝑟
max, Δ𝑑𝑟,𝑤min = 𝑤 𝑑

𝑟,𝑙
max and

Δ𝑑
𝑟,𝑤
max = 𝑤 𝑑

𝑟
max, with 𝑤 ∈ [0,1], and rewrite (6.2) as

Δ𝑑
𝑓 ,𝑤

min − 𝑠1 ≤ Δ𝑑 + 𝑙 𝑓Δψ ≤ Δ𝑑 𝑓 ,𝑤max + 𝑠1, (6.6a)
Δ𝑑

𝑟,𝑤

min− 𝑠2 ≤ Δ𝑑 − 𝑙𝑟Δψ ≤ Δ𝑑𝑟,𝑤max + 𝑠2. (6.6b)

6.1.2 MPC Problem Formulation

Let x𝑘 be the state vector introduced in (4.18) and u𝑘 = 𝛿𝑘 the steering angle, both at time
step 𝑘 . Then, the state vector of the MPC problem at time step 𝑘 is

y𝑘 =
[
x𝑘
u𝑘

]
. (6.7)

Cost Function

We define the 5×5 matrix Fy,𝑘 as

Fy,𝑘 =


𝛼 0

𝛽

0
0

0 𝜁


, (6.8)

and rewrite (6.1) as
𝐽1 = y𝑇 Fy y. (6.9)

Then, summing up (6.3), (6.5) and (6.9) at time step 𝑘 leads to the total cost function

𝐽𝑘 =
1
2
(
y𝑇𝑘 Fy,𝑘 y𝑘 + ¤𝛿𝑇𝑘F ¤𝛿,𝑘 ¤𝛿𝑘 + s𝑇𝑘 Fs,𝑘 s𝑘

)
. (6.10)

Constraints

The control variable ¤𝛿 of the MPC problem is subject to box-constraints, with bounds

¤𝛿min ≤ ¤𝛿 ≤ ¤𝛿max. (6.11)

To formulate the inequality constraints, we set physical upper and lower bounds, 𝛿min and
𝛿max, respectively, for the steering angle 𝛿. This leads to

Cyy+ fy ≤ 0, (6.12)
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where
Cy =

[
0 0 0 0 1
0 0 0 0 −1

]
, (6.13)

and
fy =

[
−𝛿max
𝛿min

]
. (6.14)

Then, we define the matrix Cys as

Cys =


1 𝑙 𝑓 0 0 0
−1 −𝑙 𝑓 0 0 0
1 −𝑙𝑟 0 0 0
−1 𝑙𝑟 0 0 0
0 0 0 0 0


, (6.15)

the matrix Cs as

Cs =


−1 0
−1 0
0 −1
0 −1
−1 −1


, (6.16)

and the vector fs as

fs =


−Δ𝑑 𝑓 ,𝑤max
Δ𝑑

𝑓 ,𝑤

min
−Δ𝑑𝑟,𝑤max
Δ𝑑

𝑟,𝑤

min
0


. (6.17)

Additionally, we consider (6.6) and s ≥ 0. Then, this implies

Cysy+Css+ fs ≤ 0. (6.18)

Problem Formulation

Let 𝑁 be the length of a prediction horizon and let A, B and r be defined as in (4.23). Then
the MPC is formulated as

min
{(y𝑘 , ¤𝛿𝑘)}𝑁𝑘=1

𝐽 =

𝑁∑︁
𝑘=1

1
2
(
y𝑇𝑘 Fy,𝑘 y𝑘 +F ¤𝛿,𝑘 ¤𝛿2

𝑘 + s𝑇𝑘 Fs,𝑘 s𝑘
)

(6.19a)

subject to x𝑘+1 = Ax𝑘 +B u𝑘 + r𝑘 , 𝑘 = 1, · · · , 𝑁 −1, (6.19b)
Cyy+ fy ≤ 0, (6.19c)
Cysy+Css+ fs ≤ 0, (6.19d)
¤𝛿min ≤ ¤𝛿𝑘 ≤ ¤𝛿max. (6.19e)
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6.2 Interaction Strategy Based Behavior

In Section 6.1, we introduced the various parameters that can be adjusted within the
optimization problem to adapt to the different driver interaction strategies. In addition, the
choice of the type and configuration of the steering mechanism as introduced in Section 4.2
is crucial, to account for each strategy. Table 6.1 summarizes all the adjustable components.
In this section, we will propose desired system behavior for each interaction strategy.

Table 6.1: Adjustable parameters for Optimization

Adjustable Descriptioncomponents
𝑁 Prediction horizon
𝛼 Weight on lateral deviation Δ𝑑
𝛽 Weight on heading angle error Δψ
𝜁 Weight on steering angle 𝛿
Fs Weight matrix on slack variable for boundary compliance
F ¤𝛿 Weight matrix for steering rate
𝑤 Lateral deviation scaling factor
𝜔1 Weight parameter for driver input in decoupled steering
𝜔2 Weight parameter for system input in decoupled steering

6.2.1 Adaptation

For the adaptation strategy, moderate weights for path-tracking and orientation accuracy 𝛼
and 𝛽 are used. The penalty on the steering rate F ¤𝛿 as well as the upper and lower bounds
for ¤𝛿 are also set to a moderate level, to allow smooth adjustments. To provide a smooth
path for the driver, a medium prediction horizon 𝑁 is chosen for the MPC. The use of slack
variables is moderate to provide flexibility in adapting to the optimal line. For drivers with
this interaction strategy, a coupled steering system is preferred, as they need the haptic
feedback of the system’s actions while they gradually adapt to its target.

6.2.2 Persistence

For the persistence interaction strategy, the input of the driver is prioritized. To avoid conflicts,
the weights for the tracking accuracy are decreased. In contrast, the weights of the control
input are increased to avoid strong corrective actions of the system and its lower and upper
bounds are restricted. Concerning the lateral deviation, the driver gets higher scaling factors
𝑤, and thus, have more flexibility in using the whole width of the road. For this strategy, the
system focuses on immediate corrections rather than future path tracking accuracy. Hence, a
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shorter prediction horizon 𝑁 is chosen. To support the driver in following his own target, a
coupled steering system is preferred.

6.2.3 Selective Persistence

The MPC configuration of the selective persistence strategy incorporates aspects of the
configurations of the adaptation ans the persistence strategies. Depending on whether the
driver takes over, the weights of path-tracking and orientation accuracy are adjusted: higher
weights when the system is in control and lower when the driver is in control. The penalty
on the steering rate F ¤𝛿 is moderate to high to ensure smooth transitions between driver
and system control. The bounds for ¤𝛿 are flexible to accommodate varying levels of driver
intervention. A medium prediction horizon 𝑁 is chosen to balance immediate corrections
with future path planning. The use of slack variables is higher to provide the necessary
flexibility for the driver to take control when needed. A decoupled steering system is suitable
to allow seamless transitions between driver and system control.

6.2.4 Nonintervention

For the nonintervention interaction strategy, the system’s control over the vehicle is maximized
and the need for driver intervention is minimized. Both the weights 𝛼 and 𝛽 are set to high
values, to increase the path-tracking and orientation accuracy. In contrast, F ¤𝛿 is minimized to
reduce the penalty on the steering rate and the upper and lower bounds for ¤𝛿 are relaxed, to
enable higher control effort. As the system is primarily in control, the use of slack variables
is minimized. In addition, the prediction horizon 𝑁 can be maximized, to allow the MPC
to plan further ahead. Concerning the steering mechanism, both a coupled as well as a
decoupled steering system can be used for this driver category, with increased weights for
the system input.

6.2.5 Uncertainty

To account for the unpredictability of the drivers with the uncertainty interaction strategy, a
short prediction horizon 𝑁 is chosen. In addition, the weights of the steering rate is increased
to reduce abrupt corrective actions of the system. A higher use of slack variables is crucial, to
provide the needed flexibility in correcting abrupt behavior. Decoupled steering is suitable for
this interaction strategy. It helps to stabilize the vehicle by combining the system’s corrective
actions with the driver’s inputs.
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6.3 Numerical Solver for Real-Time Optimization

6.3.1 Quadratic Programming Solver

To efficiently solve real-time Quadratic Programs, we propose to apply the QP solver
qpOASES1 in its version 3.2.
qpOASES is a robust C++ implementation of the online active set method presented in
Algorithm 2. The software package is open-source and is available at [106]. A user manual
is provided in [107]. According to [108], the qpOASES software provides the following
features:

• It is written in an object-oriented manner with separate classes for different QP problem
types: the class QProblem for single QP of the standard form (2.45), the class QProblemB
for QP with only box-constraints, and the class SQProblem for QP with varying matrices.

• All matrix-vector operations are easy to adjust for the specific characteristics of the problem.
The implemented linear algebra class MATRIX allows an easy switch between the specific
linear algebra techniques for dense and sparse matrices. Within the system, dense matrices
are stored in arrays, while sparse matrices are stored using either row-compressed or
column-compressed formats.

• The implemented class Options allows an easy access to all the algorithmic details, such
as the treatment of equality constraints, the choice of the initial working set, handling
rounding errors and ill-conditioning...

• qpOASES offers various interfaces that enable easy integration with third-party software
packages, such as MATLAB, Simulink, dSpace2... This integration capability makes it
possible to implement and test the software package in real-world applications.

Let 𝑛 be the number of variables and 𝑚 the number of constraints, then, following [109], the
computational complexity of qpOASES is analyzed based on one iteration in Algorithm 2:

• The computational complexities of the steps 1, 4, 5, and 6, grow linearly in 𝑛 and 𝑚. Thus,
it is of order 𝑂 (𝑛+𝑚).

• Due to the structure of the coefficient matrix in step 2, the computational complexity of
this step is 𝑂 (𝑛2).

• The computational complexity of step 3 mainly depends on the matrix-vector product, and
thus, it is of order 𝑂 (𝑛𝑚).

Therefore, the total computational complexity of a single iteration of qpOASES is of order
𝑂 (𝑛2 +𝑛𝑚).

1 qpOASES: quadratic programming Online Active SEt Strategy
2 dSpace (digital Signal processing and control engineering) provides tools for developing, testing and

calibrating electronic control units (ECUs) across various engineering fields, such as automotive applications,
aerospace and robotics. See https://www.dspace.com/

https://www.dspace.com/
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6.3.2 Interior Point Solver for MPC

To solve MPC problems, we propose to apply the interior point solver LIPSOL3[110]. This
solver is a C++ implementation of the Mehrotra primal-dual interior point method (Algorithm
4) applied to a multistage problem, as discussed in Section 2.4.4. LIPSOL is based on the
concepts and methodologies of the publicly available solver FORCES [111, 112]. LIPSOL
provides the following features:

• It supports the general formulation of multistage problems of the form (2.73), which makes
it suitable for most MPC and moving horizon estimation problems.

• It provides fast solutions, due to the efficient calculation of matrix structures (see Section
2.4.4).

• LIPSOL allows an easy parametrization of the necessary options for the considered problem:
the problem dimensions (number of states, inputs, slacks...),the number of constraints (state
box constraints, input box constraints, slack box constraints....), the sparsity properties...

• The solver requires matrices and vectors to be converted into one-dimensional arrays. For
symmetric matrices, it is sufficient to convert only the lower triangular part.

• It offers Simulink and dSpace interfaces that enable easy integration and test for real-world
applications.

6.4 Simulation Model Implementation

6.4.1 Overview

The shared control framework presented in this thesis, is tested through a simulation model,
implemented within Simulink. Simulink is ideal for modular development. On one hand, its
visual interface allows an easy decomposition of complex systems into different subsystems.
On the other hand, it supports the integration of MATLAB functions and C\C++ code. The
overall architecture of the software is illustrated in Figure 6.3.
The architecture of the system mainly consists of six interconnected modules. The workflow
begins with the input module, where the driver data is gathered. This data is then passed to
the steering system and combined with the actual control input within the blending module.
The resulted steering angle is routed to the vehicle dynamics module, where the system
state is computed. Based on the system state, the control module determines the specific
control actions required and routes this information to the feedback module. The feedback
module then provides a new control input at the steering wheel. The parametrization of the
control module depends on the information provided by the classification module, which
collects data from both the input and vehicle dynamics modules. In the following sections,
the implementation of each module will be discussed in detail.

3 LIPSOL: Linear Interior Point SOLver
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Figure 6.3: Overview of the interconnected software modules in the simulation model.

6.4.2 Input Module

The input module is designed to manage and configure the input data for the simulation.
The input data is derived from recorded data of real driving scenarios. The data set includes
information from two vehicles and over 50 different drivers that shared the driving task
with an active assistance system over the same test track. The data is initially loaded offline
and then converted into timetables. These timetables enable the data to be replayed in
real-time in the simulation framework. This allows the simulation to closely mirror real
driving conditions. In addition to the driving data, the Input module also provides the track
information. This includes the pre-processing of road bounds and the provision of a fixed
reference trajectory.

6.4.3 Blending and Vehicle Dynamics Modules

The blending module is implemented as a MATLAB function. As inputs, it gets the driver
input, the actual control input, and the driver class. It blends the driver input with the control
input and computes the combined steering angle, which is then provided as the output. The
implemented blending functions are (4.29) and (4.30), where all parameters can be adjusted
within the function block.
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The vehicle dynamics module is implemented as a MATLAB function as well. It gets the
computed steering angle as an input. Then, the differential equation (4.23) is formulated and
solved, to compute the system states. To formulate the differential equation, the matrix A in
(4.24) and the vectors B in (4.25) and r in (4.26) are computed by parameterizing the vehicle
model and using (4.20),(4.21) and (4.22). The vehicle parameters 𝑚, 𝑙 𝑓 , 𝑙𝑟 , 𝑐 𝑓 , 𝑐𝑟 , 𝐽𝑧 and 𝜅
are derived from experimental measurements of a real vehicle.
To solve (4.23), we apply the explicit Euler-Method in each iteration, i.e.,

x𝑘+1 = x𝑘 +𝑇 · (Ax𝑘 +Bu𝑘 + r𝑘) . (6.20)

Thus, x𝑘+1 represents the new system state, which is then provided as the module’s output.

6.4.4 Classification Module

The classification module consists of two main parts. A preparation part and the actual
classification task. In the preparation part, input data for an adjustable time horizon is
collected and stored. Then, the presented features in Section 5.3 are computed. Each
analyzed feature is implemented as a separate MATLAB function. The consistency (Section
5.3.2), as well as the path quality and adaptation features (Section 5.3.4) have only a minimal
impact on the computation time.
For the individual path pattern targeting features (Section 5.3.3), the optimal paths in Table
5.5 are computed offline, as we assume that the considered track for our analysis is fixed.
Thus, the optimization problems (5.13) and (5.28) are solved in advance using the standard
MATLAB quadratic programming solver quadrprog. For Algorithm 8, we assume that the
number of available intervention intensities |L| and the considered number of times the same
section is crossed |𝐼 | are much smaller then the considered track steps for the classification 𝑁 ,
i.e., |L|, |𝐼 | ≪ 𝑁 . Hence, it is easy to see, that Algorithm 8 has a computational complexity
of 𝑂 (𝑁).
The computation of the conflict and activity features (Section 5.3.1) dominates the overall
feature calculation time, since the quadratic program (4.56) is formulated and solved in each
step. An illustration of the interface design of the conflict and activity features computation is
given in Figure 6.4. In the preprocessing block, the necessary input data is used to construct
the vectors 𝑦𝑘 , 𝛽𝑘 and 𝑥𝑘 as in (4.46). Due to the sparsity structure of the vector c, the
matrix H, the matrix A and the vector b in (4.47), (4.48), (4.49) and (4.53), respectively,
the construction of those elements is implemented as C++ code instead of MATLAB and
integrated into the Simulink framework through S-functions. This results in significantly
faster execution. To solve the resulting QP, we integrate the qpOASES quadratic programming
solver presented in Section 6.3.1 into the classification module. It is loaded and compiled via
its Simulink interface. To account for sparse matrices, we use its predefined class SQProblem.
In a postprocessing block, the resulted optimization vector x∗ is split into components to
compute the conflict and activity time series (4.40) and (4.44). Then, the corresponding
features introduced in Table 5.2 are calculated.
In the actual classification task, the pre-trained classifier presented in Section 5.5 is integrated
into the module as a MATLAB function.
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Figure 6.4: Illustration of the interface design for conflict and activity features computation.

6.4.5 Control and Feedback Modules

The control module is the part of the framework where the actual control variable for the
system is computed. It consists of two main part. A preparation part and the MPC part.
In the preparation part, the cost function (6.19a), as well as the constraints (6.19b),(6.19d)
and (6.19e) are formulated and computed in a MATLAB function, based on the driver class.
The MPC part consists of the solver LIPSOL introduced in Section 6.3.2. It is loaded and
compiled via its Simulink interface. Once, the optimization problem is solved with LIPSOL,
a steering rate vector ¤𝛿1, · · · , ¤𝛿𝑁 is provided as output.
In the feedback module, only the first component of the steering rate vector is considered, i.e.
¤𝛿1. This variable is integrated in time, to compute the corresponding steering angle 𝛿. The
integration is made by the built in Simulink Integrator based on a forward Euler integration.
The computed steering angle is then routed to the next module.

6.5 Real-Time Feature Computation

In this section, we focus on the real-time computation of the classification features within
the framework. The conflict and activity features dominate the computation time of the
simulation framework, since they require solving the driver-steering interaction model
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presented in Section 4.3 in real-time. The dimension of the optimization problem (4.56)
plays a crucial role in the required solver timing. Different window sizes for the optimization
problem are tested and compared in terms of required computing time. The effects of the
choice of the window size on the solver performance are summarized in Table 6.2.

Table 6.2: Effect of increasing the optimization dimensions on the solver performance.

Window Average number Average Convergence
Size of iterations timing in ms rate in %

3 3.47 0.02003 100
10 8.81 0.09985 100
20 25.28 0.81347 100
40 86 4.23704 100
50 92.28 5.95723 10.10
70 99.87 8.80751 0.13

Increasing the dimensions of the problem significantly effects the solver performance. The
average number of required solver iterations increases gradually with increasing window
size. For small window sizes (3 - 10), up to 10 iterations are required. For medium window
sizes (20 - 40), this number even triples compared to the smaller dimensions. For larger
dimensions the convergence rate decreases drastically. Even for the few times the solver
converges, the average number of required iterations approaches the limit of 100. The average
timing required by the solver shows a similar behavior. When real-time data is provided
every 1 to 5 ms, we observe that window sizes exceeding 40 result in excessively high timing
requirements.
We apply a regularization approach on the Hessian matrix to improve the solver’s performance.
qpOASES provides an automatic regularization scheme.The main idea is adding a regularization
term controlled by a parameter 𝜆 to the Hessian matrix and solving the regularized problem.
The results are summarized in Table 6.3.
The number of iterations and the computation time decreased significantly. Hence, the
regularization term improved the stabilization of the optimization by penalizing large values
in the solution. However, even with the regularization approach, the convergence rate for
medium and large dimensions is not satisfactory. This aligns with the design of qpOASES
which was originally optimized for small- to medium-scale quadratic programming problems.
Hence, we consider the small to medium dimensions and illustrate the results of the
optimization problem 𝐽𝐷 , 𝑏𝐷 , 𝑘𝐷 and 𝑇 𝛿

𝐷
in Figure 6.5.

Three different window sizes are considered. For the lower dimensions (𝑛 = 3 and 𝑛 = 10),
the results are generally similar in shape. The key difference is the presence of oscillations
and sharp peaks in the 3-dimensional case. These oscillations could indicate frequent
adjustments as the solver attempts to converge and that the problem’s structure has higher
sensitivity at lower dimensions. In contrast, the results of the 10-dimensional case are notably
smoother. With a larger window size, the solver has more historical data to rely on. This
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Table 6.3: Effect of increasing the optimization dimensions on the solver performance with
regularization parameter 𝜆 = 0.01.

Window Average number Average Convergence
Size of iterations timing in ms rate in %

3 1.08 0.00788 100
10 3.96 0.05794 100
20 8.06 0.33077 99.93
40 19.79 2.25685 93.62
50 46.45 4.05277 60.66
70 99.24 7.32291 0.76
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Figure 6.5: Resulted 𝐽𝐷 , 𝑏𝐷 , 𝑘𝐷 and 𝑇 𝛿
𝐷

from the optimization problem (4.56) solved by qpOASES
in real-time for different window sizes.

leads to a more stable solution. The smoother trajectory suggests that the additional time
steps help to better capture the dynamics in the data. However, when the window size is
increased to 20, there is a significant difference in the results. The general shape of the
resulted plots remain similar. However, the timing of key features of the curves, such as
peaks, is delayed. This is clearly observable in the bottom right plot illustrating 𝑇 𝛿

𝐷
. In the

upper right plot of Figure 6.5 illustrating 𝑏𝐷 , the solver does not exhibit these features at all.
This slower response can be explained by the fact that with a larger window size, the solver
gives more weight to a longer history of data, which could lead to a more gradual adjustment
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to changes in the time series. As a result, the solver misses short-term dynamics. While the
trajectory is smooth, it fails to capture all the finer details of the data.
We compute the corresponding conflict and activity torques, which form the basis for the
conflict and activity features. The results are illustrated in Figure 6.6.
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Figure 6.6: Resulted conflict and activity torques for different window sizes.

Obviously, the curves of the conflict and activity torque reflect the same characteristics as the
original curves for the different window sizes. The key characteristics for the classification
features are the magnitude and the duration of key features in the curves. Hence, to avoid
both excessive oscillations and the loss of critical dynamics, the choice of a window size of
10 is optimal for our investigation.
As introduced in Section 6.4.4, the remaining classification features do not significantly
effect the computation time of the classification module compared to the conflict and activity
features. The consistency and adaptation features (Table 5.4 and Table 5.6) are based on the
lateral deviation Δ𝑑 and the heading angle error Δψ. Both variables are vehicle states (see
Section 4.1.2). They are provided in real-time from the input data module. Analogously, the
individual path pattern features, resulted from Algorithm 8, are based on 𝑥- and 𝑦-coordinates
that are also inputs provided in real-time. We compute the features for a 400-meter track
section. The required computation time is summarized in Table 6.4.
To visualize the results of the consistency features, we apply the framework on the data of
two different drivers. The drivers drive over the same track section for three times. Figure 6.7
illustrates the standard deviations of the lateral deviation σ𝑑 (upper plot) and of the heading
angle error σΔψ (bottom plot).
We select one driver to visualize his adaptation and individual path pattern features.
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Table 6.4: Computation time of consistency, individual path pattern targeting and adaptation
features over a 400-meter track section.

Classification Computation time
feature per step in ms

Consistency 0.003118
IPPT 0.000224

Adaptation 0.003085

Figure 6.7: Real-time computed standard deviations of the lateral deviation σ𝑑 (upper plot) and of
the heading angle error σΔψ (bottom plot) for two different drivers on the same track
section.

Figure 6.8 illustrates the adaptation features. The upper plot visualizes the computed quality
function 𝑔𝑖 introduced in (5.38) for two paths. The bottom plot visualizes the driver adaptation
value (5.39) between the two paths. Figure 6.9 presents the individual path pattern targeting
features: the Following and Increasing Tendency values for each path pattern.
All the three analyzed features require a comparison with historical data. Hence, each time a
driver crosses a specific track section the key metrics (such as lateral deviation, heading angle
error, path quality, (𝑥, 𝑦)-coordinates...) are captured and stored in a memory structure. These
metrics are then fed back into the simulation as reference data the next time the driver crosses
the same track section. This feature is implemented using a memory block in Simulink. It
presents a dynamic storage unit that holds relevant data from previous simulation iterations.
The chosen size of the stored data in the memory block affects the computation time. Figure
6.10 illustrates this effect for the consistency function.
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Figure 6.8: Real-time computed quality function 𝑔𝑖 for two paths (upper plot) and corresponding
driver adaptation value 𝐺 (bottom plot).

The considered stored data for this feature corresponds to the lateral deviation and the
heading angle error. The computation time increases linearly with increased size of stored
data but remains within the same range (10−5s), even with 2400 stored lap meters, which
correspond to a full lap. For a sample time of Δ𝑡 = 0.01s and an average speed of 19 ms−1,
this corresponds to approximately 17000 stored data point for each variable. However, to
adapt the system behavior, we focus on driver behavior on particular road segments, such as
curves or critical track sections. Hence, only segments of 50 up to 500 meters need to be
stored. This ensures that the system is able to process large amounts of data for the different
features without significant delays.
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Figure 6.9: Real-time computed individual path pattern targeting features: Following and
Increasing Tendency values.

Figure 6.10: Effect of the stored data size on the computation time of the consistency feature
function.
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6.6 Trajectory Planning

6.6.1 Performance Analysis

To test the performance of the implemented MPC, we conduct experiments on the same test
track presented in Section 5.2.1 with 2400 lap meters. To compute the maximal distances
𝑑
𝑓 ,𝑙
max and 𝑑 𝑓 ,𝑟max between the reference line and the left and right bounds, respectively, we

perform an orthogonal projection onto these boundaries, by solving an optimization problem
that searches for the nearest point on the left and right boundaries in the direction of travel at
each step. This is illustrated in Figure 6.11 for a section of the track.

Figure 6.11: Track section with distances from reference line to left and right bounds.

The vehicle parameters used in the simulation model correspond to real vehicle data of a
full-size car and are listed in Table 6.5. The vehicle speed is fixed to 15 ms−1. Hence, a
simulation time of 160 s corresponds to a full lap.
Let 𝑇 be the total simulation time and Δ𝑡 the discretization step. Then, the number of
simulated time steps 𝑀 is given by

𝑀 =
𝑇

Δ𝑡
. (6.21)

To compute the model accuracy, we consider the average lateral deviation

Δ𝑑 =
1
𝑀

𝑀∑︁
𝑘=1
|Δ𝑑∗𝑘 |, (6.22)
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Table 6.5: Vehicle Model Parameters

Parameter Value Unit
𝑚 2421 kg
𝑙 𝑓 1.60 m
𝑙𝑟 1.53 m
𝑐 𝑓 136.62 kN rad−1

𝑐𝑟 195.29 kN rad−1

𝐽𝑧 3433.3 kg m2

𝑣𝑥 15 ms−1

and the average heading angle error

Δψ =
1
𝑀

𝑀∑︁
𝑘=1
|Δψ∗𝑘 |. (6.23)

Additionally, the performance of the MPC is evaluated based on the required solver time and
the number of iterations needed. This information is provided by the solver after each step.
To analyze the computation time for each component of the framework, we use the Simulink
Profiler. This built-in application in Simulink allows to record the execution time not only for
the entire model but also for individual blocks, functions, or subsystems.
We initially consider the case of fully automated driving, wherein the input and classification
modules are excluded. In a first test, we analyze the effect of the discretization step Δt
on the computation time and on the MPC performance with a fixed prediction horizon
𝑁 . The considered time discretization steps are Δ𝑡 = 0.001s, Δ𝑡 = 0.005s and Δ𝑡 = 0.01s.
These are commonly used discretization values in vehicle control applications. Specifically,
Δ𝑡 = 0.001s is typically employed for scenarios involving fast vehicle dynamics or sharp
maneuvers. On the other hand, Δ𝑡 = 0.01s is generally applied in scenarios with smoother
dynamics, with more gradually changing vehicle state. The results of this test are summarized
in Table 6.6.
We observe that the performance and accuracy of the solver are slightly affected by the
different Δ𝑡 values. The required solver time is significantly reduced for Δ𝑡 = 0.005s, with
approximately one-eighth of the time required for the other discretization steps. The average
number of solver iterations, as well as the average lateral deviation and heading angle error
have comparable results for all three values. Additionally, the discretization steps slightly
influence the required computation time for the feedback and vehicle dynamics modules,
with the lowest computation time achieved for Δ𝑡 = 0.005s. Hence, in the following analysis,
we set the discretization step to Δ𝑡 = 0.005s.
To improve the convergence of the solver, the choice of the initial barrier parameter 𝛾0 is
crucial. We analyze the effect of different initial values on the solver performance. The
results are summarized in Table 6.7.
The considered initial barrier parameters range from 1 to 108. As the barrier parameter
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Table 6.6: Effect of different discretization steps Δ𝑡 on the MPC performance for 𝑁 = 30 over a full
lap.

Δ𝑡 0.001 0.005 0.01
Average solver iterations 8.79 8.79 8.79

Maximum solver iterations 16 15 15
Minimum solver iterations 8 8 8

Average solver time per step in ms 8.6912e−02 1.0738e−02 9.1643e−02

Average lateral deviation Δ𝑑 2.719e−02 2.718e−02 2.716e−03
Average heading angle error Δψ 7.261e−03 7.264e−03 7.268e−03

Control module computation time 5.98e−01 5.18e−01 6.16e−01per step in ms
Feedback module computation time 5.16e−04 2.97e−04 4.06e−04per step in ms

Vehicle dynamics module computation 4.37e−03 3.25e−03 5.06e−03time per step in ms

Table 6.7: Effect of the choice of the initial barrier parameter 𝛾0 on the solver performance for
𝑁 = 30 and Δ𝑡 = 0.005 over a full lap.

Barrier Average Maximum Minimum Average solver Average
parameter solver solver solver time per step duality gap

𝛾0 iterations iterations iterations in ms value
100 8.52 13 6 0.079357 2.3951e−08
102 8.34 15 6 0.076368 9.5877e−08
104 8.78 15 8 0.079344 5.0128e−08
106 12.56 18 11 0.113650 5.5598e−08
108 15.17 22 13 0.139110 8.3081e−08

increases, there is a progressive increase in the solver’s computation time. On the other
hand, lower values of the barrier parameter tend to result in fewer iterations. This aligns with
the expected behavior of interior-point methods. A larger initial value causes the solver to
take larger steps early in the optimization process. However, more iterations are required to
refine the solution. In contrast, smaller barrier parameter values lead to faster steps towards
the optimal solution. This reduces the required number of iterations, but can compromise
stability and accuracy. However, in this test, for all chosen initial values, the solver converges
successfully and results in a comparable average duality gap value. Hence, to achieve a
balance between convergence speed and solution quality, we set the initial barrier parameter
to 𝛾0 = 104.
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To account for different driver behavior, we analyze the effect of some of the adjustable
parameters introduced in Table 6.1 on the solver performance. We start with varying the
prediction horizon 𝑁 . It describes the number of time steps, the MPC solver plans ahead.
The duration of the prediction horizon is called the look-ahead time and is given by

𝑇𝑁 = 𝑁 ·Δ𝑡. (6.24)

We consider look-ahead times ranging from 25 ms up to 2.5 s and set the maximal number
of solver iterations to 50. The results are summarized in Table 6.8.

Table 6.8: Effect of different prediction horizon lengths 𝑁 on the solver performance for Δ𝑡 = 0.005s
and 𝛾0 = 104 over a full lap.

Look-ahead Average Maximum Minimum Solver Average
𝑁 time 𝑇𝑁 solver solver solver convergence solver time

in s iterations iterations iterations rate in % per step in ms
5 0.025 47.96 50 8 5.36 0.096492
15 0.075 9.05 16 7 100 0.046866
30 0.15 8.78 15 8 100 0.079344
100 0.5 8.99 50 8 99.91 0.311236
300 1.5 9.71 50 8 99.29 0.999332
500 2.5 9.85 50 8 99.83 1.555695

For a short look-ahead time of 25 ms, the average solver iterations is 47.96. The solver is
fast but converges only in 5.36% of the time. For medium look-ahead times between 75 ms
and 150 ms, the solver performs well with an average of 9 iterations, and converges 100% of
the time. For longer look-ahead times from 0.5 s up to 2.5 s, the solver becomes slower but
still achieves over a 99% convergence rate. Figure 6.12 visualizes the solver’s performance
across different look-ahead times.
We see that a minimal prediction horizon (< 50ms) is insufficient for the solver to make
accurate decisions. Analogously, longer look-ahead times (> 1.5 s) increase the computation
time significantly (more than five times longer than medium look-ahead times). In contrast,
the medium look-ahead times (75 – 500 ms) show a significant improvement in performance.
Hence, this range appears to be the most efficient choice.
When there is no driver intervention, the MPC should perform in a similar way, regardless
of whether the left and right bounds are tightened or relaxed. To demonstrate this behavior,
we adjust the deviation scaling factor 𝑤 and evaluate the MPC performance. The results are
summarized in Table 6.9.
As expected, the solver converges in 100% of the time, regardless of how wide or tight the
lateral deviation bounds are. However, a more challenging situation arises when the solver
starts from an initial condition with a lateral deviation from the reference trajectory. We
define the tolerance recovery time, denoted 𝑇𝜏, the required time for the system to reduce the
lateral deviation within the specified tolerance range ±𝜏 and maintain it within that range
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Figure 6.12: Solver’s performance across different look-ahead times.

Table 6.9: Effect of different lateral deviation scaling factors 𝑤 on the solver performance for Δ𝑡 =
0.005s and 𝛾0 = 104 over a full lap.

Average Maximum Minimum Solver Average
𝑤 solver solver solver convergence solver time

iterations iterations iterations rate in % per step in ms
1 8.78 15 8 100 0.079344

0.8 8.74 15 7 100 0.086500
0.6 8.72 15 7 100 0.080321
0.4 8.81 15 7 100 0.088219
0.2 8.88 15 7 100 0.089073
0.1 8.93 14 7 100 0.088719

consistently. We simulate the system for different initial lateral deviations Δ𝑑0 and adjust
the weight 𝛼 in the cost function. Then, we compute the tolerance recovery time 𝑇𝜏 of the
system for 𝜏 = 25cm. The results are summarized in Table 6.10.
For small lateral deviations (< 75cm), the offset is reduced within maximal half a second
for different values of 𝛼. For larger deviations (> 1m), the choice of the value of 𝛼 has a
significant effect on the tolerance recovery time. The higher the value of 𝛼, the shorter is
the tolerance recovery time, i.e., the MPC prioritizes the minimizing of this deviation in
the cost function over the other objectives. However, when a shorter tolerance recovery
time is desired for a specific driving behavior, it is important that the rapid corrections of
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Table 6.10: Effect of the lateral deviation weighting parameter 𝛼 on the tolerance recovery time 𝑇𝜏
for different initial deviation values Δ𝑑0 for 𝜏 = 25cm.

Tolerance recovery time 𝑇𝜏 in s
Δ𝑑0

𝛼 = 0.01 𝛼 = 0.1 𝛼 = 1 𝛼 = 10in m
0.5 0.48 0.25 0.21 0.21
0.75 0.53 0.27 0.26 0.26

1 1.34 0.58 0.44 0.44
1.5 2.20 0.91 0.65 0.64
2 2.66 1.01 0.88 0.83

the controller do not lead to overshooting or oscillations in the system. Hence, a desired
tolerance recovery time should be coupled with penalizing aggressive control actions. We
consider the case of an initial lateral deviation of 1.5 m and analyze the effect of penalizing
the steering angle by adjusting the parameter 𝜁 . The results are illustrated in Figure 6.13
All four simulations start at the initial state y0 = [0.2,1.5,0,0,−0.3]. The upper plot in
Figure 6.13 demonstrates the lateral deviation Δ𝑑 over time. The bottom plot demonstrates
the corresponding steering angle 𝛿. For all four cases, the beginning of the curves indicate
that the system prioritizes correcting the heading angle error early in the trajectory. For
𝜁 = 10−6 and 𝜁 = 10−5 the system achieves the tolerance range in 𝑇𝜏 ≈ 0.5s. However, the
reduction of the lateral deviation is accompanied by an aggressive steering behavior. We
see that the amplitude of the oscillation decreases between the first and second curve. For
𝜁 = 10−4 this oscillatory behavior in the steering angle is not observable. The tolerance
recovery time is longer (𝑇𝜏 ≈ 1s) but the steering response remains stable. Increasing 𝜁
to 10−3, does not improve the performance. The system requires more time to reduce the
heading angle error. Additionally, the sharp change in the steering angle indicates that the
system is no longer operating smoothly and that the steering angle is possibly over-penalized.
An other approach for the MPC to handle these large lateral deviations in a robuster way, is
the introduction of local reference trajectories. The main idea, is to plan a new short reference
path from the ego-position to the tolerance range. This new path is handed to the MPC as a
new reference. Hence, the initial lateral deviation is perceived by the controller as effectively
zero and the MPC focus on minimizing the deviations along this adjusted reference. This
ensures a gradual return to the global reference trajectory without introducing oscillatory or
abrupt behaviors. To account for different driver behaviors, the new planned reference should
be always re-planned as long as the lateral deviations exceed the tolerance range. Hence, a
computationally efficient approach is required. A simple and cost-effective solution is the
generation of polynomial functions between the current position and the tolerance range in
the curve-relative coordinate system, i.e., in terms of lateral deviation Δ𝑑 and curvature 𝜅
relative to the reference. In [99], polynomial functions of order 7 have proven to be suitable
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Figure 6.13: Effect of penalizing the steering angle on the lateral deviation for an initial lateral
deviation Δ𝑑0 = 1.5m.

curve structure for this application. Hence, let the new reference trajectory have the lateral
deviation given by the 7th-order polynomial function

𝑑 (𝑠) = 𝑎7𝑠
7 + 𝑎6𝑠

6 + 𝑎5𝑠
5 + 𝑎4𝑠

4 + 𝑎3𝑠
3 + 𝑎2𝑠

2 + 𝑎1𝑠
1 + 𝑎0. (6.25)

Let Δ𝑑0 be the initial lateral deviation and Δ𝑑′0,Δ𝑑
′′
0 ,Δ𝑑

′′′
0 its first, second and third derivatives

at an initial state 𝑠0. And let Δ𝑑 𝑓 be the desired final lateral deviation and Δ𝑑′
𝑓
,Δ𝑑′′

𝑓
,Δ𝑑′′′

𝑓
its

first, second and third derivatives at a final state 𝑠 𝑓 . Then the coefficients 𝑎0, ..., 𝑎7 can be
simply computed by solving a linear system, or by defining a least squares minimization
problem. Once, the polynomial function (6.25) is computed, the curvature is given by

𝜅(𝑠) = 𝑑′′(𝑠)
(1+ 𝑑′(𝑠)2)3/2

. (6.26)

We consider the example of an initial lateral deviation Δ𝑑0 = 1.5m at 𝑠0 = 0 and we aim
to achieve the desired final lateral deviation Δ𝑑 𝑓 = 0 at 𝑠 𝑓 = 50. We consider three initial
heading angle errors Δψ0. The computed polynomial function of the lateral deviation, as
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Figure 6.14: Computed reference path for the lateral deviation (upper plot) and its corresponding
curvature (bottom plot) for three different initial heading angle errors.

well as its corresponding curvature are illustrated in Figure 6.14.
To reduce oscillations and aggressive controller behavior, the reference path at the initial
lateral deviation Δ𝑑0 is corrected by the computed polynomial function. Figure 6.15 shows
the effect of correcting the reference trajectory on the resulted lateral deviation and the
steering angle.
By correcting the reference, the MPC perceives the initial lateral deviation of 1.5 m as
effectively zero and is able to handle the steering action in a smooth manner. The convergence
rate of the solver is 100% in both cases. The required number of iterations for each case are
shown in Figure 6.16
The solver requires significantly more iterations to handle the large lateral deviation with a
maximum of 19 iterations. The corrected path reduces the number of iterations to an average
of 13. This optimizes the computational efficiency of the solver.

6.6.2 Use Case Application

In the previous section, we analyzed the effect of various factors on the performance of the
implemented control module. In this section, we apply suitable configurations to real driving
data. Based on the desired system behavior discussed in Section 6.2, we apply different
configurations on the MPC. For this, we consider three drivers classified based on their
interaction strategy: nonintervention, uncertainty and adaptation. The applied configurations
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Figure 6.15: Effect of corrected reference trajectory on the MPC results: lateral deviation (upper
plot) and steering angle (bottom plot).

Figure 6.16: Effect of corrected reference trajectory on the number of iterations required by the
solver.

for each driver interaction strategy are listed in Table 6.11.
We consider two scenarios: a straight path and a curved path. To visualize the adjusted
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Table 6.11: Configuration of the MPC for different interaction strategies.

Interaction strategy

Configuration Nonintervention Uncertainty Persistence

𝛼 1e-03 1e-05 1e-04
𝛽 1e-01 1e-03 1e-05
F ¤𝛿 1e-05 15 1

Fs1,1 1e-09 1e-11 1e-08
Fs2,2 1e-09 1e-11 1e-08
𝑤 0.1 0.8 1
¤𝛿min -1.75 rad -1.57 rad -0.61 rad
¤𝛿max +1.75 rad +1.57 rad +0.61 rad
𝑁 30 15 30

reference on the track, we transform the simulation results from the curve-relative coordinates
to the global (𝑥, 𝑦)-coordinates using the transformation map[

𝑥(𝑠)
𝑦(𝑠)

]
=

[
𝑥ref(𝑠)
𝑦ref(𝑠)

]
+ 𝑑 (𝑠) ·

[
−sinΔψ (𝑠)
cosΔψ (𝑠)

]
, (6.27)

where (𝑥ref, 𝑦ref) correspond to the global coordinate of the reference line.
We start with the nonintervention interaction strategy. Figure 6.17 illustrates the results for
the straight path. The upper left plot shows the lateral deviation of the vehicle. It indicates
that the MPC follows the desired path with a high precision. The upper right plot shows the
heading angle error. Only small deviations are observed. Hence, the MPC is also effective in
maintaining the vehicle’s orientation. The bottom plot illustrates the transformed path into
global coordinates. No significant deviations between the reference and the MPC path are
observed.
Figure 6.18 illustrates the results for a curved path. Only small errors in the lateral deviation

and the heading angle error are observable. When plotted in the global coordinate system,
the vehicle’s path closely follows the desired path with no significant deviations.
To simulate more realistic conditions, we must consider the possible perturbation that could

occur when the driver holds the steering wheel, even when he is not actively steering. Hence,
we introduce small random perturbations to the steering input. This is modeled using a
combination of Gaussian noise and low-frequency oscillations. The Gaussian noise with a
small variance, represents the random movements of the driver’s hands. The low-frequency
oscillations represent their natural movements. These oscillations are modeled using a sine
wave with a low amplitude and frequency. The effect on the MPC results is illustrated in
Figure 6.19.
The added perturbations in the steering input slightly degrade the MPC performance. Small

increases in lateral deviation and heading angle error are observable. However, the lateral
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Figure 6.17: MPC results for nonintervention interaction strategy over a straight path.

Figure 6.18: MPC results for nonintervention interaction strategy over a curved path.

deviations do not exceed 20 cm and the heading angle error ranges between -0.002 and 0.02
rad. Additionally, the solver converges over the full track with an average of only 12.57
iterations. Hence, the deviations remain controlled. This confirms the ability of the MPC to
handle the perturbations in the steering wheel effectively for the nonintervention interaction



116 6 Concepts for Adapting System Behavior

Figure 6.19: Effect of added noise to the MPC results.

strategy.
Now, we apply the MPC configuration to the uncertainty interaction strategy. The results for
a straight and a curved path are illustrated in Figure 6.20 and Figure 6.21, respectively. The
bounds for the lateral deviation are relaxed with scaling factor 𝑤 = 0.8. The system achieves
medium lateral deviations and heading angle errors.
The resulted steering angle with and without added noise, and the original driver steering

Figure 6.20: MPC results for uncertainty interaction strategy over a straight path.

angle are illustrated in Figure 6.22. The MPC tends to apply larger steering angle inputs,
since the focus of this configuration is to achieve a smooth system behavior without abrupt
corrective actions, rather than achieving accurate path tracking. The oscillations the steering
input of the driver exhibits can be smoothed with the use of steer-by-wire. Blending the input
with the MPC results could enable better integration between both actions.
Finally, we consider the persistence interaction strategy. The MPC configuration for this
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Figure 6.21: MPC results for uncertainty interaction strategy over a curved path.

Figure 6.22: Comparison between MPC steering angle (with and without added noise) and original
driver steering angle.

category leads to the results in Figure 6.23 and 6.24.
The bounds for the lateral deviation are relaxed to the maximum, i.e., the full width of the

track can be used by the system. The input of the driver and the MPC steering angle are
blended with scaling factors 𝜔1 = 0.3 (driver) and 𝜔2 = 0.7 (system). Over the straight line,
the resulted path aligns more closely to the driver’s behavior. However, in the curved path,
the blending combination does not result in a significant improvement. Higher scaling factors
for the driver led to the divergence of the solver.
The necessary configuration for the remaining interaction strategies (selective persistence and
adaptation) can be seen as a combination of the use cases we demonstrated. The presented
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Figure 6.23: MPC results for persistence interaction strategy over a straight path.

Figure 6.24: MPC results for persistence interaction strategy over a curved path.
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results highlighted the flexibility of the implemented MPC and its ability to account for the
different driving behavior.

6.7 Real-World Applicability

The implemented framework within Simulink is applicable for a real-world system. From
a hardware and software perspective, all components are written either in MATLAB or in
C++ code. Simulink allows the generation of C-code for these components, which can be
directly deployed to a dSpace MicroAutoBox4. This allows the integration of the methods
with a test vehicle for real-time testing. From a modeling perspective, the main components
of the framework were built and tested based on real-driving data, i.e., main complexities
of real-world driving conditions have already been considered. Additionally, the vehicle
dynamics were modeled based on an accurate single track model. Despite the simplified
representation in those models, they effectively capture the essential vehicle behavior. In fact,
many series-production vehicle dynamics models are based on similar single track models.
The steering-interaction model presented in Section 4.3, which forms one of the key
components in the framework and a main finding in this thesis, has been individually
tested and successfully validated in a real-world scenario. A validation of the full framework
in a real-world application is beyond the scope of this thesis.

6.8 Limitations of the Framework

In this thesis, we designed and analyzed the potentials of the proposed shared control
framework. However, several limitations must be noted. We proposed a new classification
for the interaction in shared control driving. Especially the selective persistence category
has not been considered in other studies to the best knowledge of the author. However, we
noticed that the classifier misclassified drivers especially in this category. This suggests a
further refinement of the classification features and a clear distinction from the adaptation and
persistence category. Additionally, the uncertainty class was not analyzed in detail. In our
dataset, we could not identify clear patterns to describe this category. However, addressing
this category is crucial for increasing the acceptance of lateral assistance systems, particularly
for drivers who feel overwhelmed by system interventions. To achieve this, more extensive
data collection and analysis are necessary. This could enable the development of more robust
and reliable classification features. In addition, all the classification features that require
historical data, are implemented in a way, that the same track section is recognized based on
the fixed lap meter. However, a more realistic approach would be the identification of similar
curves and critical segments based on the track characteristics.
The suggested MPC also faces notable challenges. Due to the limited data base, the effect of
rapidly changing classifier outputs on the solver performance could not be analyzed in this

4 dSpace MicroAutoBox: Real-time hardware platform, that can be used for different rapid control prototyping
applications such as powertrain, chassis control, ADAS, electric drives control, x-by-wire... See: https:
//www.dspace.com/en/pub/home/products/hw/micautob/microautobox2.cfm

https://www.dspace.com/en/pub/home/products/hw/micautob/microautobox2.cfm
https://www.dspace.com/en/pub/home/products/hw/micautob/microautobox2.cfm
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work. An other key issue is handling the large lateral deviations of drivers who significantly
deviate from the reference trajectory. We employed a polynomial approach to avoid abrupt
control actions. However, these polynomial references require further individualization
to accommodate the driving behavior and driver preferences. While our focus in this
thesis was the design and proof of concept of the framework, real-life implications must be
considered. The suggested reference trajectories for the different driver classes need to be
tested in real-life scenarios to validate their effectiveness. It is essential to collect feedback,
either subjective from drivers or objective from the dataset, to determine if the classifier
accurately detects changes in the interaction dynamics. This feedback helps refining the
MPC configuration. Additionally, the overall acceptance of the system depends on how the
driver (or passenger) perceives the driving experience. Perceptions of jerkiness or comfort
are subjective, and their variation across the suggested driver categorization must be analyzed
independently.
A key limitation remains the lack of a comprehensive dataset. While the framework was
tested based on real driving data, the driving conditions were artificially controlled on a
test track. Real-world traffic conditions present clearer and more varied challenges, such as
accurately quantifying the lateral deviations drivers may face. Testing the framework in real
traffic conditions with a larger dataset would provide a more comprehensive understanding
of the system’s performance and the specific challenges it needs to address.

6.9 Further Concepts for Adapting System Behavior

The shared control framework presented in this thesis offers a comprehensive solution for
lateral shared driving. However, it is important to recognize that several components of
the framework can be utilized independently. We suggest two further approaches to adapt
system behavior based on two framework’s components: the steering-interaction model and
the IPPT algorithm.
The driver-steering interaction model provides a detailed driver analysis at each time step.
The conflict torque reflects the driver’s non-acceptance of assistance interventions, while the
activity torque quantifies the driver’s active input to the steering task. In [99], a framework
for tuning ADAS was introduced. It suggests that two degree of freedom influence the driver
perception: intervention dominance, which controls the strength of system interventions, and
planning adaption, which determines the system’s ability to adjust to the driver’s behavior.
The driver-steering interaction model aligns seamlessly with this framework. Specifically, the
activity torque can be employed as a control parameter to tune the intervention dominance.
An active driver, who exerts greater input to the steering task, requires less assertive assistance
torque, whereas a passive driver benefits from stronger interventions. Conversely, the conflict
torque serves as a control parameter for planning adaption. Higher conflict values indicate
resistance to assistance, prompting the system to adapt more closely to the driver’s target,
while lower conflict values enable the system to maintain its original target. An illustration
of the concept is given in Figure 6.25.
The IPPT algorithm can also be used independently for adapting assistance system behavior.
The approach was published by the author in [95]. As presented in Algorithm 8, the
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Figure 6.25: Concept for tuning an assistance system based on the driver-steering interaction
model.

IPPT algorithm provides the Following and Increasing Tendency values (5.33) and (5.36),
respectively, at each step. We define the combined value 𝑇 𝑗 as

𝑇
𝑗
=

√︃
𝐹𝑇

𝑗

L · 𝐼𝑇
𝑗

≥0, (6.28)

where

𝐹𝑇
𝑗

L =
𝐹𝑇

𝑗

L∑5
𝑘=1𝐹𝑇

𝑘
L

, (6.29)

and where 𝐼𝑇 𝑗≥0 considers only the positive part of 𝐼𝑇 𝑗 .
The main idea is to find a new reference line in the 𝛼-coordinate system, that has the minimal
distance from the resulted tendencies. Hence, the new reference line is computed by solving
the optimization problem

min
0≤𝑥𝑖≤1

∑︁
𝑖

∑︁
𝑗

𝑇
𝑗

𝑖 ·



𝑥𝑖 −𝛼 𝑗𝑖 ,𝑇 𝑗𝑖 


2

2
(6.30a)

+𝜆1 ·
∑︁
𝑖

(𝑥𝑖+1− 𝑥𝑖)2 (6.30b)

+𝜆2 ·
∑︁
𝑖

(𝑥𝑖+2−2𝑥𝑖+1− 𝑥𝑖)2. (6.30c)

The initial term of the cost function in (6.30) guarantees that the distance to the combined
values 𝑇 𝑗 is minimized. The additional terms ensure a smooth transition between the points
along the path.





7 Conclusion and Outlook

A big challenge in the development of autonomous and assisted driving functions within the
automotive industry remains in ensuring their acceptance by drivers and the integration in
their driving routines. In the context of this industrial PhD project, the main objective was
to design and implement a driver interaction based framework for shared lateral driving to
analyze and enhance the interaction between drivers and steering driver assistance functions.
The research objectives of the thesis can be divided into the following three categories:

First, a methodology for capturing the different dynamics involved in the shared control were
provided. While the vehicle dynamics were predicted based on a common single-track model,
we proposed a new mathematical model, the driver-steering interaction model, to analyze
the interaction between the driver and the assistance system while they share the steering
task. The model allows a comprehensive analysis of the driver torque, the assistance torque,
and their combined effect on the vehicle’s steering behavior. To accurately represent these
interactions, the driver-steering interaction model requires the formulation of a quadratic
program. We applied the Varying Coefficient (VC) method to effectively formulate this QP.

Next, a driver interaction classifier was constructed based on a designed real-driving
experimental framework. We identified and suggested suitable features for the classification.
The driver-steering interaction model was used to compute conflict and passivity features. In
addition, we defined metrics to describe path consistency and path quality. To further refine
our analysis, we introduced the Individual Path Pattern Targeting (IPPT) algorithm, to identify
specific patterns in the driven paths. We then introduced and categorized the identified driver
interaction strategies into five distinct classes: adaptation, persistence, selective persistence,
nonintervention and uncertainty. The classification was validated by a comparison with
subjective expert assessments. Additionally, Dynamic Mode Decomposition (DMD) was
applied to analyze the underlying dynamics for each class.

Finally, we presented concepts for adapting the system behavior in real-time based on the
driver interaction strategy. We designed a Model Predictive Control (MPC) and conducted a
performance analysis to ensure it aligns with the desired system behavior we suggested for
each driver category. To achieve real-time optimization, we applied online active-set methods
and interior point methods to solve the quadratic programs efficiently. The framework was
implemented with a focus on real-world applicability, which makes it easily integrable into
practical driving systems. In addition, we suggested further concepts for adapting the system
behavior based on independent components of the framework.

However, several limitations were identified during the development and testing of this
framework. We clearly outlined these limitations in the thesis. The lack of a comprehensive
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data set was a significant constraint. On one hand, it limited the classification process to
accurately identify further features, especially for the selective persistence and the uncertainty
interaction strategies. On the other hand, the MPC could not be tested on varying classifier
outputs. The lack of direct feedback from an active driver or an accurate driver model
limited the system’s ability to adapt in real-time. Without an actual driver on board, the
MPC could operate without considering the immediate responses and adjustments a human
driver would make. This absence of real-time interaction means the MPC might behave
in ways that are not fully aligned with the driver’s intentions. Furthermore, the artificially
controlled driving conditions restricted our understanding of the potential challenges the
MPC might encounter in real-world scenarios. These controlled conditions do not fully
capture the complexity and unpredictability of real-world driving. Although the current
framework has demonstrated significant potential, future work should focus on addressing
these limitations. Expanding the dataset to include a wider range of driving behaviors and
conditions may improve the classifier’s accuracy and the MPC’s adaptability. Real-world
testing is also imperative to validate the system’s performance and identify the challenges that
arise in dynamic environments. Finally, while this thesis focused primarily on lateral control,
extending the framework to include longitudinal control is a crucial next step. Integrating
longitudinal control would require a more comprehensive understanding of the vehicle’s
dynamics. For an improved understanding of driver interaction strategies, it is essential to
develop algorithms that can identify patterns in longitudinal control. These algorithms will
be crucial in analyzing how drivers manage speed and distance, and how these behaviors
interact with the assistance system. These insights can improve the design of assistance
systems and increase their use.
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