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 A B S T R A C T

This paper addresses the numerical implementation algorithm for an advanced anisotropic plasticity and 
damage continuum model. The framework of the proposed theory is based on the introduction of effective 
undamaged configurations, where no damage occurs, and the damaged configurations that account for elastic–
plastic deformation and damage. The anisotropic plastic behavior is characterized by the Hoffman yield 
condition. The onset of damage is defined by a combination of the first and second deviatoric stress invariants 
related to the growth and coalescence of micro-defects (micro-voids and micro-shear-cracks). A stress-state-
dependent damage strain rate tensor is introduced to capture the damage evolution caused by tension- 
and shear-induced mechanisms. The constitutive rate equations are numerically integrated using an explicit 
inelastic (plastic or plastic-damage) predictor-elastic corrector method. The consistent tangent modulus is 
derived and used to ensure quadratic convergence in the global finite element method. Moreover, numerical 
calculations for various biaxial loading conditions, including shear- and tension-induced damage mechanisms, 
demonstrate the accuracy and efficiency of the numerical algorithm. Numerical results are compared with 
experimental data at both the global load–displacement curve and the local strain fields, measured using the 
digital image correlation (DIC) technique. Scanning electron microscopy (SEM) is employed to compare the 
numerically predicted damage mechanism by examining fracture surfaces.
1. Introduction

With technological advancements and the growing demand for 
resource efficiency, increasing requirements are being placed on mate-
rials and structures for economic and lightweight construction. Thus, 
numerical modeling of the deformation and failure of engineering 
structures under complex loading conditions is essential, as it enables a 
detailed understanding of material behavior. For example, anisotropic 
plasticity significantly influences damage development by inducing 
different plastic deformations along various loading directions of metal 
sheets. In addition, load- and displacement-induced damage can reduce 
material stiffness. Moreover, it is well known that ductile damage and 
fracture are significantly stress-state dependent (Bai and Wierzbicki, 
2008; Brünig et al., 2008; Gao et al., 2010; Mohr and Marcadet, 2015; 
Wei et al., 2022; Li et al., 2022; Gerke et al., 2024; Zeng and Fang, 
2025). Damage initiates and evolves due to the nucleation, growth, 
and coalescence of micro-voids under tension-dominated stress states, 
whereas under shear-dominated stress states, it results from the growth 
and coalescence of micro-shear-cracks. However, accurately measuring 
damage and quantitatively describing its occurrence and development 
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during experiments remain challenging. Therefore, finite element simu-
lation based on advanced constitutive models has become an important 
tool for analyzing and predicting the initiation and progression of 
ductile damage under various loading conditions.

In metal-forming processes such as rolling, extrusion, and deep 
drawing, anisotropies are induced by internal changes in the crystallo-
graphic structure. The Hill yield condition (Hill, 1948), a generalization 
of the von Mises yield criterion, was proposed to model the anisotropic 
plastic behavior of ductile metals. In thin sheet metals, the Lankford 
coefficients are used to characterize anisotropy and can be determined 
through tensile tests conducted in different directions: RD (rolling 
direction), DD (diagonal direction), and TD (transverse direction). In 
addition, Stoughton and Yoon (2009) introduced four hardening curves 
into the quadratic Hill yield condition, considering the different ori-
entations (RD, DD, and TD) and biaxial tension to characterize the 
anisotropic hardening behavior. On the other hand, compared to the 
quadratic Hill yield condition, non-quadratic functions were proposed 
by Barlat et al. (2005), based on the linear transformation of the stress 
tensor. These parameters can be identified using uniaxial and biaxial 
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tension tests (Barlat et al., 2005; Ha et al., 2018). In addition, Wei 
et al. (2022) analyzed the tensile and compressive yield stresses for the 
investigated aluminum alloy and concluded that hydrostatic stress af-
fects the onset of plastic behavior in ductile metals. This phenomenon, 
known as the stress differential effect, was also observed by Spitzig 
and Richmond (1984) and Holmen et al. (2017). The Drucker–Prager 
yield condition (Drucker and Prager, 1952; Brünig, 2001; Wei et al., 
2022) is based on incorporating hydrostatic stress into the von Mises 
yield condition. For anisotropic plasticity, a combination of the first 
stress invariant and the Hill yield condition (Hoffman, 1967) is used to 
characterize the anisotropic stress differential (SD) effect, while (Park 
et al., 2019) incorporates a scaling function into the yield condition 
proposed by Stoughton and Yoon (2009).

Furthermore, the continuum damage theory is widely used to char-
acterize stiffness degradation in terms of scalar-based (Lemaitre, 1985; 
Saanouni, 2008; Voyiadjis et al., 2013; Zhang et al., 2025), vector-
based (Costin, 1985; Suaris and Shah, 1984), and tensor-based (Voyiad-
jis and Kattan, 1992; Abu Al-Rub and Voyiadjis, 2003; Brünig, 2003a; 
Murakami, 2012; Badreddine and Saanouni, 2017; Brünig et al., 2023a) 
internal variables. Compared to the scalar-based isotropic damage 
model, the vector- or tensor-based anisotropic damage model can more 
accurately characterize different degradation behaviors in various load-
ing directions. On the other hand, stress state variables, such as stress 
triaxiality and the Lode parameter, are effectively utilized in damage 
and fracture mechanics to differentiate damage mechanisms caused 
by tension-dominated and shear-dominated states (Brünig et al., 2008; 
Nahshon and Hutchinson, 2008; Lian et al., 2013; Papasidero et al., 
2015; Roth and Mohr, 2016; Wu et al., 2022). For example, (Nahshon 
and Hutchinson, 2008) introduced the Lode parameter to distinguish 
shear-dominated damage and fracture in a void-fraction-based GTN 
model (Tvergaard and Needleman, 1984). Lian et al. (2013) proposed 
a coupled stress-state-dependent damage and fracture model regarding 
the damage locus and fracture criteria. Moreover, Brünig et al. (2008) 
newly introduced stress state variables into the continuum damage 
framework to describe the anisotropy of damage behavior caused by 
different loading conditions.

For numerical integration of constitutive rate equations, an explicit 
plastic predictor-elastic corrector approach was proposed by Nemat-
Nasser and Chung (1992) and Nemat-Nasser and Li (1992, 1994) for 
solving elastic–plastic problems under finite strains. This approach 
has been extended to address various issues, such as rate-dependent 
elastoplasticity, elastic-viscoplasticity, and thermal softening effects. 
The algorithm provides stable and accurate results. Compared to the 
implicit Euler–backward approach, the explicit Euler method has the 
advantage of not requiring local iterations. It also demonstrates nu-
merical stability for larger increments, and the above-mentioned plastic 
predictor–elastic corrector scheme is suitable for ductile metals, which 
typically undergo large plastic deformations. In addition, Brünig (2001, 
2003b) used this approach to address hydrostatic stress-dependent 
isotropic elastoplasticity and a two-surface anisotropic damage model 
with isotropic plasticity. It is worth noting that the inelastic (plastic-
damage) predictor-elastic corrector method was newly proposed to 
solve the two-surface elastic–plastic-damage problem (Brünig, 2003b), 
inspired by Nemat-Nasser and Li (1994). More recently, Wei et al. 
(2024b) applied it for the numerical integration of two-surface cyclic 
plasticity and anisotropic damage, considering the combined harden-
ing effect. Although the two-surface plasticity and damage problem 
may have slightly lower numerical accuracy compared to the widely 
used implicit approach, it still meets practical engineering require-
ments. Moreover, certain numerical approaches can be employed to 
enhance accuracy, such as modifying the estimation of the stress direc-
tion (Wang and Atluri, 1994; Nemat-Nasser and Li, 1994) and utilizing 
numerical integration-related consistent tangent operators (Wei et al., 
2024b). A large number of numerical calculations performed under 
different complex loading conditions confirm that the algorithm pro-
vides accurate and stable results for relatively large plastic-damage 
deformations at global load–displacement curves and local strain fields.
2 
In the present work, compared to the previous isotropic plasticity 
with an anisotropic damage framework (Brünig, 2003a; Wei et al., 
2023), anisotropic plasticity theory is introduced to capture anisotropic 
plastic behavior. Moreover, the newly proposed formulation of the 
damage condition and the damage evolution law explicitly accounts 
for the effect of the rolling direction. This anisotropic damage the-
ory, combined with anisotropic plasticity, extends the previous frame-
work (Brünig, 2003a; Wei et al., 2023) by capturing anisotropic be-
havior caused by the rolling direction, thereby contributing to more 
accurate predictions of material behavior where anisotropy plays a 
significant role. Following the inelastic predictor-elastic corrector in-
tegration approach used in Brünig (2003b) and Wei et al. (2024b), the 
proposed continuum damage model is numerically implemented in the 
commercial software ANSYS as a user-defined subroutine. In addition, 
biaxial experiments using cruciform thin X0-specimens, as proposed 
by Gerke et al. (2017), with different orientations, were conducted 
to verify the proposed anisotropic damage theory with anisotropic 
plasticity. The proposed damage model depends on different stress 
states. Thus, shear loading, one-axial tension, and biaxial loading con-
ditions were designed to study shear-dominated and tension-dominated 
damage and fracture mechanisms. This paper presents the proposed 
kinematics and thermodynamics in Section 2 and Section 3, respec-
tively. The proposed anisotropic plasticity and damage constitutive 
equations are defined in Section 4. Moreover, the numerical integration 
based on the inelastic predictor-plastic corrector approach and con-
sistent tangent modulus is derived in Section 5. Section 6 describes 
the flowchart of the proposed algorithm and the numerical setup. 
The numerical calculations and experimental results, including com-
paring biaxial experiments from different perspectives, are provided in 
Section 7. The conclusion is provided in Section 8.

2. Kinematics

The kinematic framework is based on Murakami (1988) and Brünig 
(2003a), utilizing the effective fictitious undamaged configurations to 
capture purely elastic–plastic deformations and the damaged configu-
rations to account for elastic–plastic deformed and damaged states. As 
shown in Fig.  1, in the effective fictitious undamaged configurations, 
̊ is the reference undamaged configuration, while ∗

 represents the 
elastically unloaded and  describes the current undamaged configura-
tion, respectively. Additionally, ̊ is reference damaged configuration 
and ∗

 represents the elastically unloaded and  is the current dam-
aged configuration, respectively. Moreover, the initial damage tensor 
𝐑̊ and current damage tensors 𝐑 and ∗𝐑 are used to map the respective 
undamaged and damaged configurations.

In the effective fictitious undamaged configurations, the effective 
metric tensor 𝐐̄ is related to the reference and current effective fic-
titious undamaged configurations, as shown in Fig.  1. Following the 
multiplicative decomposition concept for the finite strain Lehmann 
(1989), Brünig (2001), the effective metric tensor 𝐐̄ is multiplicatively 
decomposed into an effective plastic part and an elastic part as 𝐐̄ =
𝐐̄pl𝐐̄el. In addition, the effective logarithmic total strain (Hencky strain) 
tensor 𝐀̄ = 1

2 ln𝐐̄ and elastic strain tensor 𝐀̄el = 1
2 ln𝐐̄

el are defined as 
the logarithms of the effective metric tensor 𝐐̄ and the elastic part of 
the effective metric tensor 𝐐̄el, respectively.

Moreover, the rate of the total effective strain tensor is given by 
̇̄𝐇 = 1

2
(ln𝐐̄)⋅ = 1

2
𝐐̄−1 ̇̄𝐐 , (1)

and the rate of the effective elastic strain tensor is expressed as 
̇̄𝐇el = 1

2
(ln𝐐̄el)⋅ = 1

2
𝐐̄el−1 ̇̄𝐐el . (2)

Considering the multiplicative decomposition of the effective metric 
tensor, Eq. (1) can be rewritten as
̇̄𝐇 = 1 𝐐̄−1 ̇̄𝐐 = 1 𝐐̄el−1𝐐̄pl−1( ̇̄𝐐pl𝐐̄el + 𝐐̄pl ̇̄𝐐el)
2 2
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Fig. 1. Configurations and metric transformation tensors.
= 1
2
𝐐̄el−1𝐐̄pl−1 ̇̄𝐐pl𝐐̄el + 1

2
𝐐̄el−1 ̇̄𝐐el = ̇̄𝐇pl + ̇̄𝐇el , (3)

where the rate of the effective plastic strain tensor is defined as Brünig 
(2003b) 
̇̄𝐇pl = 1

2
𝐐̄el−1𝐐̄pl−1 ̇̄𝐐pl𝐐̄el = 1

2
𝐐̄−1 ̇̄𝐐pl𝐐̄el . (4)

In the damaged configurations, the transformation metric tensor 𝐐
relates the reference and current damaged configurations. It describes 
the deformation of the damaged material, as also used by Lehmann 
(1991), and can be computed as 𝐐 = 𝐅𝐅𝑇 , where 𝐅 is the defor-
mation gradient tensor. Following the multiplicative decomposition 
approach for the effective metric transformation tensor 𝐐̄, the same 
decomposition approach is applied to the metric transformation tensor 
𝐐 = 𝐐pd𝐐el, where 𝐐pd and 𝐐el are its plastic-damage and elastic 
parts, respectively. The total and the elastic logarithmic strain tensors 
(Hencky strain) are calculated as 𝐀 = 1

2 ln𝐐 and 𝐀el = 1
2 ln𝐐

el. In 
addition, the strain rate tensor is defined in the following form 

𝐇̇ = 1
2
𝐐−1𝐐̇ = 1

2
𝐐el−1𝐐pd−1𝐐̇pd𝐐el + 1

2
𝐐el−1𝐐̇el = 𝐇̇pd + 𝐇̇el , (5)

where the elastic and inelastic strain rate tensors are defined as 
𝐇̇el = 1

2
𝐐el−1𝐐̇el , (6)

and 
𝐇̇pd = 1

2
𝐐el−1𝐐pd−1𝐐̇pd𝐐el = 1

2
𝐐−1𝐐̇pd𝐐el , (7)

respectively.
One of the highlights of the proposed kinematic framework is the 

introduction of the damage strain tensor 𝐀da in terms of the current 
damage tensor ∗𝐑. As shown in Fig.  1, ∗𝐑 describes only the kinematics of 
the damage deformation. The logarithmic damage strain tensor is given 
by 𝐀da = 1

2 ln
∗
𝐑. In addition, the damage strain rate tensor is depicted as 

𝐇̇da = 1
2

∗
𝐑−1 ∗̇

𝐑. Moreover, based on the kinematic relationships shown 
in Fig.  1, it can be seen that 

𝐑 = 𝐐̄el−1 ∗
𝐑𝐐el , and 𝐐 = 𝐑̊−1𝐐̄pl ∗𝐑𝐐el . (8)

Thus, substituting Eq. (8) into Eq. (5) and taking into account the 
formulation of damage strain tensor, one obtains 

𝐇̇ = 1
2
𝐐−1𝐐̇ =

(

𝐐el −1 ∗
𝐑−1𝐐̄pl −1𝐑̊

)

𝐑̊−1
[

̇̄𝐐pl ∗𝐑𝐐el + 𝐐̄pl ∗̇𝐑𝐐el + 𝐐̄pl ∗𝐑𝐐̇el
]

= 1
2
𝐐el−1 ∗

𝐑−1𝐐̄pl−1 ̇̄𝐐pl ∗𝐑𝐐el + 1
2
𝐐el−1 ∗

𝐑−1 ∗̇
𝐑𝐐el + 1

2
𝐐el−1𝐐̇el

= 𝐑−1𝐐̄el−1
(1
2
𝐐̄pl−1 ̇̄𝐐pl

)

𝐐̄el𝐑 +𝐐el−1
( 1
2

∗
𝐑−1 ∗̇

𝐑
)

𝐐el + 1
2
𝐐el−1𝐐̇el

= 𝐑−1 ̇̄𝐇pl𝐑 +𝐐el−1𝐇̇da𝐐el + 𝐇̇el .

(9)
3 
3. Thermodynamics

The constitutive equations are governed by thermodynamic princi-
ples. Consequently, the proposed anisotropic continuum damage model 
must be thermodynamically consistent. The relationship between en-
ergy, stress, and deformation can be established by utilizing the fun-
damental thermodynamics equations. The constitutive equations for 
elastic–plastic material behavior are formulated based on the effec-
tive fictitious undamaged configurations. Additionally, the constitutive 
equations for the elastic–plastic-damage behavior of damaged materials 
are derived considering the damaged configurations.

3.1. Fictitious undamaged configurations

The effective fictitious undamaged configurations characterize
elastic–plastic deformations. The rate of the effective specific mechan-
ical work ̇̄𝑤 is defined as the scalar product of the effective Kirchhoff 
stress tensor 𝐓̄ and its work conjugate pair the effective strain rate 
tensor ̇̄𝐇

𝜌0 ̇̄𝑤 = 𝐓̄ ⋅ ̇̄𝐇 , (10)

where 𝜌0 represents the initial mass density. Considering that the rate 
of effective strain can be additively decomposed into elastic and plastic 
parts (3). The effective work rate ̇̄𝑤 can be further formulated as: 

𝜌0 ̇̄𝑤 = 𝜌0 ̇̄𝑤el + 𝜌0 ̇̄𝑤pl = 𝐓̄ ⋅ ̇̄𝐇el + 𝐓̄ ⋅ ̇̄𝐇pl. (11)

Moreover, the specific effective free Helmholtz energy 𝜙̄ in the 
effective fictitious undamaged configuration is formulated as the sum 
of an effective elastic part 𝜙̄el and an effective plastic part 𝜙̄pl, with the 
hardening effect assumed only to affect the plastic behavior. Follow-
ing Brünig (2001), it can be written as 

𝜙̄ = 𝜙̄el(𝐀̄el) + 𝜙̄pl(𝛾) , (12)

where 𝛾 represents an internal non-negative scalar variable related to 
strain hardening used to characterize the plastic behavior. Then, the 
rate of the specific free energy ̇̄𝜙 is obtained as 

̇̄𝜙 =
𝜕𝜙̄el

𝜕𝐀̄el
⋅ ̇̄𝐀el + ̇̄𝜙pl. (13)

The Clausius-Duhem inequality, which expresses the second law of 
thermodynamics, is given by 

𝐓̄ ⋅ ̇̄𝐇el + 𝐓̄ ⋅ ̇̄𝐇pl − 𝜌0
𝜕𝜙̄el

𝜕𝐀̄el
⋅ ̇̄𝐀el − 𝜌0 ̇̄𝜙pl ≥ 0. (14)

Moreover, Anand (1979) demonstrated that replacing the infinitesi-
mal strain measure with the Hencky (logarithmic) strain enables the 
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classical strain–energy function to describe moderately large defor-
mations in good agreement with experiments. Accordingly, follow-
ing Brünig (1999), the elastic part of the effective free energy is 
expressed as 

𝜌0𝜙̄
el (𝐀̄el) = 𝐺𝐀̄el ⋅ 𝐀̄el + 1

2

(

𝐾 − 2
3
𝐺
)

(

tr𝐀̄el)2 , (15)

and then, using the assumption of 𝐓̄ ⋅ ̇̄𝐇el = 𝐓̄ ⋅ ̇̄𝐀el proposed by Brünig 
(2003a), one arrives at the effective Kirchhoff stress tensor 

𝐓̄ = 𝜌0
𝜕𝜙̄el

𝜕𝐀̄el
= 2𝐺𝐀̄el +

(

𝐾 − 2
3
𝐺
)

tr𝐀̄el𝟏 , (16)

where 𝟏 describes the second-order identity tensor, and 𝐺 represents 
the shear modulus and 𝐾 is the bulk modulus.

In addition, the irreversible terms remaining in Eq. (14) form the 
Kelvin inequality 
𝐓̄ ⋅ ̇̄𝐇pl − 𝜌0 ̇̄𝜙pl ≥ 0 (17)

which governs internal dissipation. The effective plastic strain rate 
tensor characterizes the evolution of the effective plastic deformations.

3.2. Damaged configurations

Considering the elastic–plastic-damage behavior in the damaged 
configurations, the specific mechanical work 𝑤̇ is additively split into 
three parts: an elastic part 𝑤̇el, a plastic part 𝑤̇pl, and a damage part 
𝑤̇da. Moreover, with the additive decomposition of the total strain rate 
𝐇̇ in Eq. (9), the specific mechanical work 𝑤̇ is rewritten in the form of
𝜌0𝑤̇ = 𝜌0𝑤̇

el+𝜌0𝑤̇
pl+𝜌0𝑤̇

da = 𝐓 ⋅ 𝐇̇ = 𝐓 ⋅ 𝐇̇el+𝐑𝐓𝐑−1 ⋅ ̇̄𝐇pl+ 𝐓̃ ⋅ 𝐇̇da , (18)

where 𝐓̃ = 𝐐el𝐓𝐐el−1 is the work conjugate stress tensor of the damage 
strain rate tensor 𝐇̇da and 𝐓 represents the Kirchhoff stress tensor.

Furthermore, the specific free energy 𝜙 in the damaged configura-
tions can be decomposed into the elastic 𝜙el, plastic 𝜙pl and damage 
𝜙da parts as 
𝜙 = 𝜙el(𝐀el,𝐀da) + 𝜙pl(𝛾) + 𝜙da(𝜇) , (19)

where 𝜇 denotes the equivalent damage strain and damage is con-
sidered to degrade the elastic behavior due to the deformation of 
micro-defects, which leads to the degradation of the elastic properties. 
Additionally, the plastic flow and damage processes are treated as in-
dependent processes, as proposed by Brünig (2003a), Lemaitre (1985), 
Lu and Chow (1990). Following Hayakawa et al. (1998) and Brünig 
(2003a), the elastic part of the specific free energy is 

𝜌0𝜙
el (𝐀el, 𝐀da) = 𝐺𝐀el ⋅ 𝐀el + 1

2

(

𝐾 − 2
3
𝐺
)

(

tr𝐀el)2 + 𝜂1tr𝐀da (tr𝐀el)2

+ 𝜂2tr𝐀da𝐀el ⋅ 𝐀el

+ 𝜂3tr𝐀el𝐀da ⋅ 𝐀el + 𝜂4 𝐀el ⋅
(

𝐀el𝐀da) .

(20)

where 𝜂1...𝜂4 are elastic degradation parameters.
The Clausius–Duham inequality in the damaged configurations is 

given by 

𝜌0𝑤̇ − 𝜌0𝜙̇ =𝐓 ⋅ 𝐇̇el + 𝐑𝐓𝐑−1 ⋅ ̇̄𝐇pl + 𝐓̃ ⋅ 𝐇̇da − 𝜌0
𝜕𝜙el

𝜕𝐀el
⋅ 𝐀̇el

− 𝜌0
𝜕𝜙el

𝜕𝐀da
⋅ 𝐀̇da − 𝜌0𝜙̇

pl − 𝜌0𝜙̇
da ≥ 0 .

(21)

According to Eqs. (20) and (21), the Kirchhoff stress tensor can be 
calculated as 

𝐓 = 𝜌0
𝜕𝜙el

𝜕𝐀el
= 2

(

𝐺 + 𝜂2tr𝐀da)𝐀el +
(

𝐾 − 2
3
𝐺 + 2𝜂1tr𝐀da

)

tr𝐀el𝟏

+ 𝜂3
(

𝐀da ⋅ 𝐀el) 𝟏 + 𝜂3tr𝐀el𝐀da

+ 𝜂4
(

𝐀el𝐀da + 𝐀da𝐀el)

(22)

with the assumption 𝐓 ⋅ 𝐇̇el = 𝜌 𝜕𝜙el ⋅ 𝐀̇el for the reversible elastic term.
0 𝜕𝐀el

4 
Since plasticity and damage are treated as independent processes, 
the restriction for damage behavior is established as follows: 

𝐓̃ ⋅ 𝐇̇da − 𝜌0
𝜕𝜙el

𝜕𝐀da
⋅ 𝐀̇da − 𝜌0𝜙̇

da ≥ 0 . (23)

It should be mentioned that the remaining plastic dissipation term in 
Eq. (21) has already been discussed in the undamaged configurations 
in Eq. (14).

4. Constitutive equations

This section introduces the anisotropic plastic yield condition 𝑓 pl, 
the plastic flow rule, the damage condition 𝑓 da, and the damage evo-
lution equation. The proposed anisotropic plastic theory assumes that 
the principal axes of anisotropy align with the principal axes of the 
stress tensor (Brünig et al., 2023a). The principal axes are aligned 
as follows: the 𝑥-axis corresponds to the rolling direction (RD, 0◦), 
the 𝑦-axis lies in the transverse direction (TD, 90◦), and in the 𝑧-axis 
is normal to the plane of the sheet. The present work is restricted 
to discussions under the monotonic loading theory. For anisotropic 
damage with isotropic plasticity considering the Bauschinger effect 
under cyclic loading, please refer to Wei et al. (2022, 2023).

4.1. Anisotropic plasticity

Taking the anisotropic plastic behavior and the stress-differential 
(SD) effect into account, the Hoffman yield condition (Hoffman, 1967) 
is used 

𝑓 pl = 𝐂 ⋅ 𝐓̄ +
√

𝐓̄ ⋅ D𝐓̄ − 𝑐 = 𝑎𝐼H1 +
√

2𝐽H
2 − 𝑐 = 0 , (24)

where 𝑐 is the equivalent effective stress, 𝐓̄ (16) describes the effective 
Kirchhoff stress tensor, and 𝐼H1  and 𝐽

H
2  are the first effective Hoffman 

and second effective deviatoric Hoffman invariants, respectively. The 
definitions of 𝐼H1  and 𝐽

H
2  are given by 

𝐼H1 = 1
𝑎
𝐂 ⋅ 𝐓̄ with 𝑎 = 1

3
tr𝐂 and 𝐽H

2 = 1
2
𝐓̄ ⋅ D𝐓̄ , (25)

respectively. In addition, the second-order tensor 𝐂 = 𝐶 𝑖
.𝑗 𝒈𝑖 ⊗ 𝒈𝑗

associate with the SD effect in the 𝑥−, 𝑦−, and 𝑧−loading directions, 
which is given by 
[

𝐶 𝑖
.𝑗

]

=
⎡

⎢

⎢

⎣

𝐶1 0 0
0 𝐶2 0
0 0 𝐶3

⎤

⎥

⎥

⎦

, (26)

where 𝐶1, 𝐶2, and 𝐶3 are material constants. These parameters can be 
calibrated by comparing the tensile and compressive yield stresses in 
the respective principal loading directions, as proposed by Brünig et al. 
(2023a).

Moreover, the anisotropic material tensor D = 𝐷𝑖. 𝑘
.𝑗. 𝑙 𝒈𝑖 ⊗ 𝒈𝑗 ⊗ 𝒈𝑘 ⊗ 𝒈𝑙

is a fourth-order tensor characterizing the anisotropic plasticity, with 
components 

[

𝐷𝑖. 𝑘
.𝑗. 𝑙

]

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶4 + 𝐶5 −𝐶4 −𝐶5 0 0 0
−𝐶4 𝐶4 + 𝐶6 −𝐶6 0 0 0
−𝐶5 −𝐶6 𝐶5 + 𝐶6 0 0 0
0 0 0 𝐶7 0 0
0 0 0 0 𝐶8 0
0 0 0 0 0 𝐶9

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (27)

where 𝐶4...𝐶9 are material constants related to plastic anisotropy. The 
discussion of the identified approach for anisotropic parameters 𝐶4...𝐶9
is detailed in Brünig et al. (2021a, 2022, 2023a), in terms of the Lank-
ford coefficients (𝑟-values), which can be calculated based on uniaxial 
tension and one-axis-loaded tests in different directions. In addition, 
a short summary of the definition of 𝐶1...𝐶9 is provided in Appendix 
A.  It is noted that the Hoffman yield surface remains conditionally 
convex (Alzweighi et al., 2022), where the linear stress-differential 
term (𝐂 ⋅ 𝐓̄) in the Hoffman criterion (24) does not affect convexity. 
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The anisotropic material tensor D is defined as positive semidefinite to 
ensure convexity, which requires the parameters 𝐶4...𝐶9 ≥ 0.

As reported by many researchers (Spitzig and Richmond, 1984; 
Brünig, 2003a; Wei et al., 2022), hydrostatic stress has a negligible 
effect on volume change caused by plastic deformations in iron-based 
metals. Therefore, the plastic potential function 𝑔pl is defined as 

𝑔pl =
√

𝐓̄ ⋅ D𝐓̄ =
√

2𝐽H
2 , (28)

and the effective plastic strain rate tensor is given by

̇̄𝐇pl = 𝜆̇
𝜕𝑔pl(

√

2𝐽H
2 )

𝜕𝐓̄
= 𝜆̇ 1

√

2𝐽H
2

D𝐓̄ = 𝜆̇
‖

‖

D 𝐓̄‖
‖

√

2𝐽H
2

D𝐓̄
‖

‖

D 𝐓̄‖
‖

= 𝛾̇𝐍̄

with 𝐍̄ = D𝐓̄
‖

‖

D 𝐓̄‖
‖

, (29)

where 𝜆̇ is the non-negative plastic multiplier, 𝛾̇ represents the rate of 
the equivalent plastic strain, and 𝐍̄ describes the normalized effective 
deviatoric stress tensor.

In addition, the Voce-type strain hardening is used to characterize 
isotropic plastic hardening. Thus, the equivalent yield stress is defined 
as 

𝑐 = 𝑐0 + 𝑅0𝛾 + 𝑅∞
(

1 − 𝑒−𝑏 𝛾
)

, (30)

where 𝑐0 is the initial yield stress, 𝑅0 and 𝑅∞ are isotropic hardening 
moduli, 𝑏 represents the material constant, and 𝛾 denotes the equivalent 
plastic strain.

4.2. Anisotropic damage

Considering damage anisotropy and the stress-state dependence 
of damage onset, the damage condition is introduced as an additive 
combination of the first Hoffman stress invariant 𝐼H1  and the second 
deviatoric Hoffman stress invariant 

√

𝐽H
2  (Brünig et al., 2023a) 

𝑓 da = 𝛼 1
𝑎
𝐂⋅𝐓+𝛽

√

𝐓 ⋅ D𝐓 = 𝛼𝐼H1 +𝛽
√

2𝐽H
2 −𝜎 = 0 and 𝑎 = 1

3
tr𝐂 , (31)

where 𝛼 and 𝛽 are stress-state-dependent parameters, and 𝜎 denotes the 
equivalent damage stress. Moreover, Brünig et al. (2023a) experimen-
tally and numerically analyzed the onset of the damage condition for 
various stress states considering anisotropic damage. The parameters 𝛼
and 𝛽 are given by 

𝛼
(

𝜂H
)

=

{

0 for 𝜂H ≤ 0
1
3 for 𝜂H > 0

(32)

and

𝛽
(

𝜂H, 𝜃
)

=
{

1 for 𝜂H ≤ 0
𝑘(𝜃) 𝜂H + 1 for 𝜂H > 0

, (33)

with the generalized Hoffman stress triaxiality

𝜂H =
𝐼H1

3
√

3𝐽H
2

(34)

and

𝑘(𝜃) = −0.167 cos2𝜃 − 0.062 cos𝜃 − 1.467 , (35)

respectively, where 𝜃 represents the angle with respective the rolling 
direction.

The damage strain rate tensor is defined as 

𝐇̇da = 𝜇̇
𝜕𝑔da

𝜕𝐓
= 𝜇̇

(

𝛼̃
√

3
𝟏 + 𝛽𝐍

)

(36)

and is derived from the damage potential function
5 
𝑔da
(

𝐼1, 𝐽
H
2
)

= 𝛼̃𝐼1 + 𝛽
√

𝐽H
2 , (37)

where 𝜇̇ denotes the damage multiplier, 𝛼̃ and 𝛽 are stress-state-
dependent parameters, and 𝐍 = D𝐓

‖D𝐓‖  is the normalized deviatoric 
stress direction. The damage potential function in (37) ignores the 
influence of the anisotropic SD effect by using the normal first stress 
invariant 𝐼1 = tr 𝐓 instead of the first Hoffman stress invariant 𝐼H1 . 
This is because negative stress states exhibit shear-dominated damage 
mechanics, which are accounted for in the second deviatoric terms 
𝛽
√

𝐽H
2  (37).
Furthermore, the first term (𝜇̇ 𝛼̃

√

3
𝟏) of the damage strain rate ten-

sor (36) describes the volume change of the micro-defects under posi-
tive stress states, whereas the second deviatoric term characterizes the 
isochoric deformation of the micro-defects. Experimental and numeri-
cal studies on isotropic aluminum alloys under various complex loading 
conditions  (Brünig et al., 2008; Wei et al., 2023, 2024a) confirmed 
the same concept for formulating the damage strain rate with isotropic 
plasticity. In addition, Brünig et al. (2023b) conducted a series of micro-
simulations to study the volume change and isochoric deformations of 
micro-defects for anisotropic plasticity under different loading condi-
tions. These simulations derived the generalized stress-state-dependent 
variables 𝛼̃ and 𝛽

𝛼̃
(

𝜂H
)

=

⎧

⎪

⎨

⎪

⎩

0.0672𝜂H − 0.2421 for 𝜂H < 0.21
2.5161𝜂H − 0.7563 for 0.21 ≤ 𝜂H ≤ 0.65
0.3067𝜂H + 0.6797 for 𝜂H > 0.65

(38)

and 

𝛽
(

𝜂H, 𝐿H) =

{

0.9821 for 𝜂H < 0.45
1.2442 − 1.2735(𝜂H)2 + 0.0447𝐿H for 𝜂H ≥ 0.45

,

(39)

where the generalized Hoffman Lode parameter 

𝐿H =
−3

√

3𝐽H
3

2(𝐽H
2 )3∕2

with 𝐽H
3 = det(D𝐓̄) . (40)

Furthermore, the isotropic softening law is chosen to be 

𝜎 = 𝜎0 −𝐻1𝜇
2 , (41)

where 𝜎0 denotes the initial damage stress, 𝐻1 is the softening modulus, 
and 𝜇 is the equivalent damage strain.

5. Numerical implementation

In this work, an explicit integration approach without iteration 
is used to solve the internal unknown variables (plastic 𝛾̇ (29) and 
damage 𝜇̇ (37) variable), ensuring they satisfy the consistency con-
ditions under the effective fictitious undamaged and damaged con-
figurations. Nemat-Nasser (1991) and Nemat-Nasser and Li (1992) 
proposed the plastic predictor-elastic corrector method to solve elastic–
plastic problems. Brünig (2003b) extended this approach to an in-
elastic predictor-elastic corrector method for addressing elastic–plastic-
damage problems. Recently, Wei et al. (2024b) also used this ap-
proach to solve anisotropic damage with isotropic plasticity under 
cyclic loading conditions.

The numerical integration algorithm aims to compute the incre-
mental quantities for each time step by utilizing the current values of 
deformations, stresses, and other state variables in conjunction with 
the constitutive equations. Since the inelastic constitutive relations are 
expressed in rate form, time discretization is required over the interval 
𝛥𝑡 = 𝑡n+1 − 𝑡𝑛. In this study, all variables are assumed to be known at 
𝑡 = 𝑡.
𝑛
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5.1. Scalar rate equation

5.1.1. Fictitious undamaged configurations
In the effective fictitious undamaged configurations, only elastic–

plastic deformations occur. Therefore, only the plastic consistency con-
dition ̇𝑓 pl = 0 needs to be considered. It is derived from the plastic yield 
condition (24), one arrives at 

̇̄𝑐 =
‖

‖

D 𝐓̄‖
‖

√

𝐓̄ ⋅ D𝐓̄
𝐍̄ ⋅ ̇̄𝐓 + 𝐂 ⋅ ̇̄𝐓 . (42)

In addition, the rate of the effective Kirchhoff stress tensor (16) is given 
as 
̇̄𝐓 = 2𝐺 ̇̄𝐇el +

(

𝐾 − 2
3
𝐺
)

tr ̇̄𝐇el𝟏 , (43)

and the scalar product 
𝐍̄ ⋅ ̇̄𝐓 = 2𝐺𝐍̄ ⋅ ̇̄𝐇el , (44)

holds since 𝐍̄ is a deviatoric tensor, leading to 𝐍̄ ⋅ 𝟏 = 0. Furthermore, 
because plastic deformation does not induce a volume change tr ̇̄𝐇pl =
0. Thus, based on Eq. (5), the trace of the elastic part of the effective 
strain rate tensor is given by 
tr ̇̄𝐇el = tr( ̇̄𝐇 − ̇̄𝐇pl) = tr ̇̄𝐇 (45)

Making use of Eqs. (5), (43), (44), and (45), the plastic consistency 
condition (42) can be written further as 
̇̄𝑐 = 𝐺̃

(

𝜀̇ − 𝑘 ̇̄𝛾
)

(46)

with 

𝜀̇ =
(

2𝐺
𝐺̃

𝐂 + 𝐍̄
)

⋅ ̇̄𝐇 + 1
𝐺̃

(

𝐾 − 2
3
𝐺
)

tr ̇̄𝐇 tr 𝐂 , (47)

and 

𝐺̃ =
‖

‖

D 𝐓̄‖
‖

√

𝐓̄ ⋅ D𝐓̄
𝐺 and 𝑘 = 2𝐺

𝐺̃
𝐂 ⋅ 𝐍̄ + 1 . (48)

The time integration of the scalar rate Eq. (46) over the time interval 
𝛥𝑡 is given by 
𝛥𝑐 = 𝐺̃ (𝛥𝜀 − 𝑘𝛥𝛾̄) . (49)

Following the plastic predictor-elastic corrector approach, the total 
strain increment is initially assumed to be equal to the plastic strain 
increment, resulting in 

𝛥𝛾̄pr =
1
𝑘
𝛥𝜀 (50)

and the respective predicted equivalent effective stress can be calcu-
lated based on Eq. (30)
𝑐pr = 𝑐

(

𝛾̄n + 𝛥𝛾̄pr
)

. (51)

It is evident that the predicted equivalent effective plastic strain 
increment 𝛥𝛾̄ and equivalent effective stress increment 𝛥𝑐 are overes-
timated due to the neglect of the equivalent elastic strain increment. 
The error of the equivalent effective plastic strain increment and the 
equivalent effective stress increment are given by 

𝛥er 𝛾̄ = 𝛥𝛾̄pr − 𝛥𝛾̄ = 1
𝑘
𝛥𝜀 − 𝛥𝛾̄ , (52)

and 
𝛥er𝑐 = 𝑐pr − 𝑐n+1 = 𝑐pr − 𝑐n − 𝛥𝑐 . (53)

respectively, where 𝛥𝑐 = 𝐺̃𝑘𝛥er 𝛾̄, as derived from Eqs. (49) and (52). In 
addition, the relationship between the error of the equivalent effective 
plastic strain increment and the error of the equivalent effective stress 
increment can be expressed as 

𝛥er𝑐 ≈
𝜕𝑐
𝜕𝛾̄

𝛥er 𝛾̄ . (54)

pr

6 
Making use of Eqs. (52), (53), and  (54), one gets 

𝛥er 𝛾̄ =

(

𝑐pr − 𝑐n
)

𝜕𝑐
𝜕𝛾̄𝑝𝑟

+ 𝐺̃𝑘
. (55)

With the predicted equivalent effective plastic strain increment 
𝛥𝛾̄pr (50) and the respective error 𝛥er 𝛾̄ (55) in hand, the current 
effective plastic strain increment can be computed in the form of 

𝛥𝛾̄ = 𝛥𝛾̄pr − 𝛥er 𝛾̄ = 𝛥𝜀
𝑘

−
𝑐pr − 𝑐n
𝜕𝑐
𝜕𝛾̄𝑝𝑟

+ 𝑘𝐺̃
(56)

with 

𝛥𝜀 =
(

2𝐺
𝐺̃

𝐂 + 𝐍̄
)

⋅ 𝛥𝐇̄ + 1
𝐺̃

(

𝐾 − 2
3
𝐺
)

tr 𝛥𝐇̄ tr 𝐂 , (57)

and parameter 𝐺̃ and 𝑘 are defined as in Eq. (48).
Therefore, the total current effective plastic strain and the related 

current effective stress can be calculated using 

𝛾̄n+1 = 𝛾̄n + 𝛥𝛾̄ and 𝑐n+1 = 𝑐n + 𝛥𝑐 . (58)

To calculate the current effective plastic strain increment tensor 
using the midpoint integration of Eq. (29)

𝛥𝐇̄pl = 𝛥𝛾̄𝐍̄m and 𝐍̄m = 1
2
(

𝐍̄n + 𝐍̄n+1
)

(59)

with 

𝐍̄n+1 =
D 𝐓̄n+1

‖

‖

D 𝐓̄n+1
‖

‖

and 𝐍̄n =
D 𝐓̄n

‖

‖

D 𝐓̄n
‖

‖

, (60)

the current normalized deviatoric effective stress tensor 𝐍̄n+1 must also 
be determined. The use of midpoint integration is due to its higher 
stability compared to the implicit integration method (Ortiz and Popov, 
1985). Based on Eq. (60), the change of the normalized deviatoric 
effective stress tensor can be calculated as 
‖

‖

D 𝐓̄n+1
‖

‖

𝐍̄n+1 − ‖

‖

D 𝐓̄n
‖

‖

𝐍̄n

= D
(

𝐓̄n+1 − 𝐓̄n
)

= D
[

2𝐺𝛥𝐇̄ − 𝐺𝛥𝛾̄
(

𝐍̄n + 𝐍̄n+1
)

+
(

𝐾 − 2
3
𝐺
)

tr 𝛥𝐇̄𝟏
]

.

(61)

After some derivations, one arrives at 

𝐍̄n+1
‖

‖

D 𝐓̄n+1
‖

‖

= 2𝐺D𝛥𝐇̄ +
(

𝐾 − 2
3
𝐺
)

tr 𝛥𝐇̄D𝟏 + ‖

‖

D 𝐓̄n
‖

‖

𝐍̄n

− 𝐺𝛥𝛾̄D
(

𝐍̄n + 𝐍̄n+1
)

.
(62)

Obviously, it is impossible to solve the equation directly since unknown 
tensor 𝐍̄n+1 appears on both sides of the equation. However, Nemat-
Nasser and Li (1992) reported that for elastic–plastic deformation, the 
final orientation of the stress direction is coaxial with the deviatoric 
part of the total strain rate tensor 

𝐍f = dev𝛥𝐇
‖dev𝛥𝐇‖

. (63)

Thus, it is assumed that D𝐍̄n+1 = D𝐍f , and Eq. (62) can be then written 
as 

𝐍̄n+1 =
2𝐺D ̇̄𝐇 +

(

𝐾 − 2
3𝐺

)

tr ̇̄𝐇D𝟏 + ‖

‖

D 𝐓̄n
‖

‖

𝐍̄n − 𝐺𝛥𝛾̄D
(

𝐍̄n + 𝐍f)

‖

‖

D 𝐓̄n+1
‖

‖

. (64)

Now, the current normalized effective deviatoric stress tensor 𝐍̄n+1 (62) 
can be determined. Consequently, the associated plastic strain incre-
ment 𝛥𝐇̄pl (59) can be calculated. Furthermore, the increment of the 
elastic strain rate is given as 

𝛥𝐇el = 𝛥𝐇 − 𝛥𝐇̄pl. (65)
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5.1.2. Damaged configurations
In the damaged configurations, damage occurs with increasing 

elastic–plastic deformations. Therefore, in addition to the plastic con-
sistency condition (42), the damage consistency condition ̇𝑓 da = 0 must 
also be taken into account. As differentiated in Eq. (31), it is given by 

𝜎̇ = 𝛼 1
𝑎
𝐂 ⋅ 𝐓̇ + 𝛽

√

D𝐓 ⋅ D𝐓
√

𝐓 ⋅ D𝐓
𝐍 ⋅ 𝐓̇ . (66)

The rate of the Kirchhoff stress tensor 
𝐓̇ = 2

(

𝐺 + 𝜂2tr𝐀da) 𝐇̇el +
(

𝐾 − 2
3
𝐺 + 2𝜂1 tr 𝐀da

)

tr 𝐇̇el𝟏

+ 𝜂3
(

𝐀da ⋅ 𝐇̇el) 𝟏 + 𝜂3 tr 𝐇̇el𝐀da

+ 𝜂4
(

𝐇̇el𝐀da + 𝐀da𝐇̇el) + 2𝜂2 tr 𝐇̇da𝐀el + 2𝜂1 tr 𝐇̇da tr 𝐀el𝟏
+ 𝜂3

(

𝐇̇da ⋅ 𝐀el) 𝟏
+ 𝜂3 tr 𝐀el𝐇̇da + 𝜂4

(

𝐀el𝐇̇da + 𝐇̇da𝐀el) .

(67)

can be derived from the Kirchhoff stress tensor (22).
Making use of Eq. (9), the elastic strain rate tensor is calculated as 

𝐇̇el = 𝐇̇ − 𝐑−1 ̇̄𝐇pl𝐑 −𝐐el−1𝐇̇da𝐐el (68)

in the damaged configurations.
Inserting Eqs. (29), (36), (67) , and (68) into Eq. (66), one arrives 

at 
𝜎̇ = 𝜀̇2 − 𝑘3𝛾̇ − 𝑘4𝜇̇ (69)

with the scalar coefficients 
𝜀̇2 = 𝐂1 ⋅ 𝐇̇, (70)

𝑘3 = 𝐑−1𝐂1𝐑 ⋅ ̇̄𝐍 (71)

and 

𝑘4 =
(

𝐐el−1𝐂1𝐐el − 𝐂2
)

⋅

(

𝛼̃
√

3
𝟏 + 𝛽𝐍

)

, (72)

where two second-order tensors 

𝐂1 =
[𝛼
𝑎

(

𝐾 tr 𝐂 − 2
3
𝐺 tr 𝐂 + 2 tr 𝐂𝜂1 tr 𝐀da + 𝜂3𝐀da ⋅ 𝐂

)

+ 𝛽𝐍 ⋅ 𝐀da
]

𝟏

+ 𝛼
𝑎
[(

2𝐺 + 2𝜂2tr𝐀da)𝐂 + 𝜂3 tr 𝐂𝐀da + 2𝜂4𝐀da tr 𝐂
]

+ 𝛽
(

2𝐺 + 2𝜂2 tr 𝐀da)𝐍 + 𝛽𝜂4
(

𝐍𝐀da + 𝐀da𝐍
)

(73)

and 
𝐂2 =

[𝛼
𝑎
(

2𝜂1 tr 𝐂 tr 𝐀el + 2𝜂2𝐂 ⋅ 𝐀el) + 2𝛽𝜂2𝐍 ⋅ 𝐀el
]

𝟏 + 𝛽𝜂3 tr 𝐀el𝐍

+ 𝛼
𝑎
(

𝜂3 tr 𝐀el𝐂 + 2𝜂4𝐀el𝐂 + 𝜂3 tr 𝐂𝐀el) + 𝛽𝜂4
(

𝐍𝐀el + 𝐀el𝐍
)

(74)

has been defined.
As assumed in Murakami (1988) and Brünig (2003a) within homog-

enization theories, the intermediate configuration corresponds to the 
current state identically for both undamaged and damaged descriptions 
(see Fig.  1). Thus, the elastic metric transformation tensors are identical 
in the undamaged and damaged configurations, 𝐐el = 𝐐̄el, resulting in 
the effective elastic strain tensor ̇̄𝐇el being equal to the elastic strain 
tensor 𝐇̇el (68), and the plastic consistency condition (42) is updated 
as 
̇̄𝑐 = 𝜀̇1 − 𝑘1𝛾̇ − 𝑘2𝜇̇ (75)

with the scalars 
𝜀̇1 = 𝐂3 ⋅ 𝐇̇, (76)

𝑘1 = 𝐑−1𝐂3𝐑 ⋅ 𝐍 (77)

and 

𝑘2 = 𝐐el−1𝐂3𝐐el ⋅

(

𝛼̃
√

𝟏 + 𝛽𝐍
)

, (78)

3

7 
and the tensor 
𝐂3 = 𝐺̃𝐍̄ + 2𝐺𝐂 +

(

𝐾 − 2
3
𝐺
)

𝟏 tr 𝐂 . (79)

The integration of the plastic consistency condition (75) and the 
damage consistency condition (69)
𝛥𝑐 = 𝛥𝜀1 − 𝑘1𝛥𝛾 − 𝑘2𝛥𝜇

𝛥𝜎 = 𝛥𝜀2 − 𝑘3𝛥𝛾 − 𝑘4𝛥𝜇.
(80)

must both be fulfilled simultaneously, where 𝑘1 (77), 𝑘2 (78), 𝑘3 (71), 
and 𝑘4 (72) are scalar coefficients. In addition, the equivalent strain 
increments 𝛥𝜀1 and 𝛥𝜀2 are the integration of the equivalent strain rates 
𝜀̇1 (76) and 𝜀̇2 (70), respectively.

Using the inelastic predictor approach, the equivalent elastic strain 
increment is assumed to be 𝛥𝜺el = 𝟎, leading to 
[

𝑘1 𝑘2
𝑘3 𝑘4

] [

𝛥𝛾pr
𝛥𝜇pr

]

=
[

𝛥𝜀1
𝛥𝜀2

]

⟹ 𝒌𝒇 pr = 𝛥𝒆 , (81)

where 𝒌 denotes the coefficient matrix, 𝒇 pr is the vector of an inelastic 
predictor of equivalent strain increments, and 𝛥𝒆 represents the vector 
of equivalent strain increments.

The error value of the equivalent effective plastic strain (55) can 
be derived from Eqs. (52), (53), and (54), and provides the basis for 
employing the following method to calculate the error vector 𝛥er𝒇 as 
⎡

⎢

⎢

⎣

𝑘1 +
𝜕𝑐
𝜕𝛾pr

𝑘2
𝑘3 𝑘4 +

𝜕𝜎
𝜕𝜇pr

⎤

⎥

⎥

⎦

[

𝛥er𝛾
𝛥er𝜇

]

=
[

𝑐pr − 𝑐n
𝜎pr − 𝜎n

]

⟹ 𝒂𝛥er𝒇 = 𝛥𝒄pr (82)

with 
𝑐pr = 𝑐

(

𝛾n + 𝛥𝛾pr
)

and 𝜎pr = 𝜎
(

𝜇n + 𝛥𝜇pr
)

. (83)

Solving the given system of Eqs. (81) and (82), the increments of 
equivalent strains are given by 
𝛥𝒇 = 𝛥𝒇 pr − 𝛥𝒇 er = 𝒌−1𝛥𝒆 − 𝒂−1𝛥𝒄pr

[

𝛥𝛾
𝛥𝜇

]

=
[

𝑘1 𝑘2
𝑘3 𝑘4

]−1 [𝛥𝜀1
𝛥𝜀2

]

−
⎡

⎢

⎢

⎣

𝑘1 +
𝜕𝑐
𝜕𝛾pr

𝑘2
𝑘3 𝑘4 +

𝜕𝜎
𝜕𝜇pr

⎤

⎥

⎥

⎦

−1
[

𝑐pr − 𝑐n
𝜎pr − 𝜎n

]

.
(84)

Analogous to the effective plastic strain increment tensor 𝛥𝐇̄pl (59), 
which is integrated using the midpoint approach, the current damage 
strain increment can be computed in the following form 

𝛥𝐇da = 𝛥𝜇

(

𝛼̃
√

3
𝟏 + 𝛽𝐍m

)

and 𝐍m = 1
2
(

𝐍n + 𝐍n+1
)

(85)

with 

𝐍n+1 =
D𝐓n+1

‖

‖

D𝐓n+1
‖

‖

and 𝐍n =
D𝐓n

‖

‖

D𝐓n
‖

‖

, (86)

Making use of Eqs. (59), (85), and (86), the change in the normal-
ized deviatoric stress tensor can be calculated as 
‖

‖

D𝐓n+1
‖

‖

𝐍n+1 − ‖

‖

D𝐓n
‖

‖

𝐍n

= D
(

𝐓n+1 − 𝐓n
)

= 2𝐺D𝛥𝐇̄ − 𝛥𝛾𝐺D(𝐍̄n + 𝐍̄n+1)

− 2𝛥𝜇𝐺D

(

𝛼̃
√

3
𝟏 + 𝛽

2
(

𝐍n + 𝐍n+1
)

)

+
(

𝐾 − 2
3
𝐺
)

tr 𝛥𝐇̄D𝟏.

(87)

It can be observed that the current effective normalized deviatoric 
stress tensor 𝐍̄n+1 and the normalized deviatoric stress tensor 𝐍n+1
are unknown and appear on both sides of the equation, making it 
impossible to be solved directly. Therefore, two main assumptions are 
introduced. First, Wei et al. (2024b) analyzed a series of numerical 
results and indicated that assuming the current effective normalized 
deviatoric stress tensor 𝐍̄n+1 remains unchanged leads to better conver-
gence behavior compared to keeping the normalized deviatoric stress 
tensor 𝐍n+1 constant. Consequently, the change in the effective normal-
ized deviatoric stress is considered negligible, i.e., 𝐍̄n+1 = 𝐍̄n = 𝐍̄m. 
Second, a similar assumption is applied as in the effective fictitious 
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undamaged configuration, i.e., D𝐍n+1 ≈ D𝐍̄f . Hence, the current 
normalized deviatoric stress tensor can be calculated as 

𝐍n+1 =
D
(

𝛥𝐇 − 𝛥𝛾𝐍̄n
)

+
𝐾− 2

3
𝐺

2𝐺
tr 𝛥𝐇̄D𝟏 +

‖

‖

D𝐓n
‖

‖

2𝐺
𝐍n − 𝐺𝛥𝜇D

(

𝛼̃
√

3
𝟏 + 𝛽

2
𝐍̄f + 𝛽

2
𝐍n

)

‖

‖

D𝐓n+1
‖

‖

.

(88)

It is worth noting that the assumption of constant effective normal-
ized deviatoric stress may cause numerical issues under extreme non-
proportional loading conditions, particularly when loading direction 
changes occur during damage evolution. This can be addressed by 
adjusting the time step size. For most non-proportional loading cases, 
however, changes in loading direction initially result in elastic–plastic 
behavior without damage evolution, and damage develops only dur-
ing subsequent loading. Therefore, the assumption has no significant 
influence, as confirmed by numerical studies performed by Wei et al. 
(2025b).

Consequently, the current plastic strain increment tensor 𝛥𝐇̄pl(59) 
and the current damage strain increment 𝛥𝐇da(85) can be calculated. 
Then, the current damage tensor ∗𝐑 can be computed as 
∗
𝐑 =

∗
𝐑n−1

(

𝟏 − 𝛥𝐇da)−1 (𝟏 + 𝛥𝐇da) . (89)

In addition, the elastic Hencky strain increment 𝛥𝐇el is determined by 
integrating the elastic strain rate tensor 𝐇̇el (68) as 

𝛥𝐇el = 𝛥𝐇 − 𝐑−1𝛥𝐇̄pl𝐑 −𝐐el−1𝛥𝐇da𝐐el. (90)

5.2. Consistent tangent moduli

To achieve quadratic convergence in the global finite element 
method, consistent tangent moduli are needed, and the Newton–Raphson 
scheme is utilized to efficiently solve the incremental problem. In 
addition, the current effective Kirchhoff stress 𝐓̄ is calculated based 
on Hooke’s law in Eq. (16), whereas the current Kirchhoff stress 𝐓 is 
determined by Eq. (22). Furthermore, all tangent moduli are based on 
the current Kirchhoff stress. However, if no previous damage occurs, 
the current effective stress 𝐓̄ equals the current stress 𝐓, simplifying 
the calculation of the tangent modulus. Thus, various formulations of 
consistent tangent moduli will be presented in this subsection.

5.2.1. Elastic tangent modulus
Based on Eq. (22), the elastic-damage tangent modulus can be 

calculated as
Cel,d = d𝐓

d𝐀𝐞𝐥

= 2(𝐺 + 𝜂2tr𝐀da
𝑛 )1 + (𝐾 − 2

3
𝐺 + 2𝜂1tr𝐀da

𝑛 )𝟏⊗ 𝟏

+ 𝜂3(𝐀da
𝑛 ⊗ 𝟏 + 𝟏⊗ 𝐀da

𝑛 ) + 𝜂4Ada
𝑛 (91)

with 
1 = 1

2
(𝛿𝑖𝑘𝛿

𝑙
𝑗+𝛿

𝑖𝑙𝛿𝑗𝑘)𝐠𝑖⊗𝐠𝑘⊗𝐠𝑙⊗𝐠𝑗 and Ada
𝑛 = (𝐀da

𝑛 )𝑖𝑙𝛿
𝑘
𝑗 +(𝐀

da
𝑛 )𝑗𝑘𝛿

𝑖
𝑙 , (92)

where 𝐀da
𝑛  is the historical damage strain tensor. In addition, if no 

previous damage occurs, 𝐀da
𝑛 = 𝟎 and 𝜇𝑛 = 0, the current effective 

Kirchhoff stress equals the current Kirchhoff stress, and the elastic 
tangent can be simplified as 

Cel = Cel,d(𝐀da
𝑛 = 𝟎) = d𝐓̄

d𝐀𝐞𝐥 = 2𝐺1 + (𝐾 − 2
3
𝐺)𝟏⊗ 𝟏 . (93)

5.2.2. Elastic–plastic tangent modulus
According to Eqs. (3) and (91), the stress differential is given by 

d𝐓 = d𝐓 𝐀𝐞𝐥 = Cel,dd𝐀𝐞𝐥 , (94)

d𝐀𝐞𝐥

8 
and the elastic strain differential can be computed in the undamaged 
configurations 
d𝐀𝐞𝐥 = d𝐇̄𝐞𝐥 = d𝐇̄ − d𝐇̄𝐩𝐥 = d𝐇̄ − d𝛾̄𝐍̄𝑚 . (95)

Furthermore, with the plastic consistency condition Eq. (46) and the 
plastic constitutive law 

d𝑐 = 𝜕𝑐
𝜕𝛾̄

d𝛾 = 𝐺̃ (𝛥𝜀 − 𝑘𝛥𝛾̄) . (96)

Making use of Eqs. (56) and (96)

d𝛾̄ =
𝐺̃
[

(

2𝐺
𝐺̃ 𝐂 + 𝐍̄

)

⋅ d𝐇̄ +
𝐾− 2

3𝐺
𝐺̃ tr d𝐇̄ tr 𝐂

]

𝜕𝑐
𝜕𝛾̄ + 𝐺̃𝑘

, (97)

the differential of the elastic rate tensor can be written as 

d𝐇̄el = d𝐇̄ − d𝛾̄𝐍̄m

=

⎡

⎢

⎢

⎢

⎣

𝟏⊗ 𝟏 −
𝐺̃𝐍̄m ⊗ 𝐍̄ + 2𝐺𝐍̄m ⊗ 𝐂

𝜕𝑐
𝜕𝛾̄ + 𝐺̃𝑘

−

(

𝐾 − 2
3𝐺

)

tr 𝐂
𝜕𝑐
𝜕𝛾̄ + 𝐺̃𝑘

𝐍̄m ⊗ 𝟏
⎤

⎥

⎥

⎥

⎦

d𝐇̄.

(98)

Substituting Eq. (95) into Eq. (94), the elastic–plastic tangent modulus 
with previous damage is 

Cep,d = Cel,d −
2𝐺

(

𝐺̃𝐍̄m ⊗ 𝐍̄ + 2𝐺𝐍̄m ⊗ 𝐂
)

+ 2𝐺
(

𝐾 − 2
3𝐺

)

tr 𝐂 𝐍̄m ⊗ 𝟏
𝜕𝑐
𝜕𝛾̄ + 𝐺̃𝑘

.

(99)

Again, if there is no previous damage, 𝐀da
𝑛 = 𝟎 and 𝜇𝑛 = 0, the 

elastic–plastic tangent can be simplified as 

Cep = Cel −
2𝐺

(

𝐺̃𝐍̄m ⊗ 𝐍̄ + 2𝐺𝐍̄m ⊗ 𝐂
)

+ 2𝐺
(

𝐾 − 2
3𝐺

)

tr 𝐂 𝐍̄m ⊗ 𝟏
𝜕𝑐
𝜕𝛾̄ + 𝐺̃𝑘

.

(100)

5.2.3. Elastic–plastic-damage modulus
Based on Eq. (22), the stress differential in the damage configura-

tions is given by 

d𝐓 = Cepdd𝐇 = Cel,dd𝐀𝐞𝐥 + Cdad𝐀𝐝𝐚 = d𝐓
d𝐀𝐞𝐥 d𝐀

𝐞𝐥 + d𝐓
d𝐀𝐝𝐚 d𝐀

𝐝𝐚 (101)

with 
Cda = d𝐓

d𝐀𝐝𝐚 = 2𝜂1tr𝐀𝐞𝐥𝟏⊗𝟏+2𝜂2𝐀𝐞𝐥⊗𝟏+𝜂3𝟏⊗𝐀𝐞𝐥+𝜂3tr𝐀𝐞𝐥1+𝜂4Ael (102)

and 
Ael = (𝐀𝐞𝐥)𝑖.𝑘𝛿

𝑙
.𝑗 + 𝛿𝑖.𝑘(𝐀

𝐞𝐥)𝑙.𝑗 . (103)

In addition, the elastic strain differential is given by, see Eq. (68), 

d𝐀el = d𝐇el = d𝐇 − d𝛾𝐑−1𝐍̄𝑚𝐑 − d𝜇𝐐el−1(𝛼̃ 1
√

3
𝟏 + 𝛽𝐍̃𝑚)𝐐el . (104)

Making use of Eqs. (81) and (82), one gets 

d𝒇 er = 𝒂−1d𝒄pr = 𝒂−1𝒉 d𝒇 pr with 𝒉 =
⎡

⎢

⎢

⎣

𝜕𝑐
𝜕𝛾 0

0 𝜕𝜎
𝜕𝜇

⎤

⎥

⎥

⎦

, (105)

and 
d𝒇 pr = 𝒌−1d𝒆 . (106)

Subtracting Eq. (105) from Eq. (106), one arrives at
d𝒇 = d𝒇 pr − d𝒇 er =

(

𝒌−1 − 𝒂−1 𝒉𝒌−1
)

d𝒆 = 𝒃d𝒆

⟹

[

d𝛾
]

=
[

𝑏11 𝑏12
] [

𝐂3 ⋅ d𝐇
]

. (107)

d𝜇 𝑏21 𝑏22 𝐂1 ⋅ d𝐇
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Fig. 2. Flowchart for the proposed algorithm based on the inelastic predictor-elastic corrector approach.
Making use of Eqs. (101), (104), and (107), the elastic–plastic-
damage tangent modulus Cepd is given by 
Cepd = Cel − Cel (𝐑−1𝐍̄m𝐑

)

⊗
(

𝑏11𝐂3 + 𝑏12𝐂1
)

− Cel

(

𝛼̃
√

3
𝟏 + 𝛽𝐐el−1𝐍m𝐐el

)

⊗
(

𝑏21𝐂3 + 𝑏22𝐂1
)

+ Cda

(

𝛼̃
√

3
𝟏 + 𝛽𝐍m

)

⊗
(

𝑏21𝐂3 + 𝑏22𝐂1
)

(108)

6. Numerical setups

This paper focuses on discussing the numerical simulations with the 
proposed material model. Hence, the experimental data for biaxially 
loaded X0-specimens are taken from previous publications (Brünig 
et al., 2021a), where the Hill48 model from the commercial software 
ANSYS was used. The experimental setups and procedures are also 
presented in Brünig et al. (2021a). This section describes the numerical 
aspects of the algorithm implementation environment, boundary con-
ditions, and a brief introduction to the material properties and their 
parameters.

6.1. Algorithm

In this work, the proposed material model is implemented as a user-
defined subroutine in the commercial software ANSYS APDL. The de-
fault global force convergence is 10−3. Moreover, using the explicit nu-
merical integration method with an inelastic predictor–elastic corrector 
approach to integrate the constitutive rate equations results in effective 
computational performance. Moreover, a larger number of numerical 
9 
simulations using the aforementioned inelastic predictor–elastic correc-
tor method have shown stable and higher accuracy compared to a wide 
range of experiments under different complex conditions (Wei et al., 
2022, 2023, 2024b). In this work, a novel anisotropic damage and 
anisotropic plasticity model is proposed to more accurately characterize 
anisotropic material behavior.

The implementation algorithm is presented in Fig.  2. The plastic 
condition 𝑓pl (24) is first checked, and the equivalent plastic strain 
increment 𝛥𝛾̄ (56) is calculated. If the 𝑓pl ≤ 0 or 𝛥𝛾̄ ≤ 0, the 
elastic routine is activated; otherwise, the damage condition 𝑓da (31) 
is checked, and the corresponding equivalent plastic strain and damage 
strain increments 𝛥𝛾 and 𝛥𝜇 (84) are computed. If the 𝑓da, 𝛥𝛾, or 𝛥𝜇
is less than zero, the plastic routine is activated; otherwise, the plastic-
damage routine is activated. The active set strategy (Simo and Hughes, 
1998) improves efficiency and accuracy by applying the respective 
constraints under different loading conditions between the effective 
undamaged and damaged configurations.

6.2. Boundary conditions and meshes

The geometry of the X0-specimen and corresponding mesh is shown 
in Fig.  3. It has a fourfold symmetric geometry along axes 1, 2, and 
the diagonal directions, ensuring identical stress states regardless of 
whether the load is applied along axis 1 or axis 2, respectively. The 
design of the center notch localizes strain and stress in the notch 
area, resulting in failure occurring in this region. In addition, applying 
positive and negative loads along axes 1 and 2 induces a near-zero 
stress state. It has been confirmed that different loading combination 
ratios 𝜉 = 𝐹 ∶ 𝐹  (Fig.  3(b)) generate various stress states, enabling the 
1 2
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Fig. 3. Geometry and mesh:(a) sketch of the X0-specimen and details of the notch part (all dimensions in mm), (b) measure points for experiments and numerical 
calculations, (c) displacement boundary conditions, and (d) mesh of the X0-specimen.
investigation of different damage mechanisms under different loading 
conditions (Brünig et al., 2021a). Thus, biaxial experiments using X0-
specimens with loading ratios 𝐹1 ∶ 𝐹2 = 1 ∶ −1; 1 ∶ 0; 1 ∶ 1 and different 
rolling directions are designed to validate the proposed material model. 
In this work, the experiments are named based on a combination of the 
testing specimen and loading ratio, i.e., shear loading X0-(1/-1), one-
axial tensile X0-(1/0), and biaxial tension X0-(1/1). Moreover, mean 
forces and relative displacements 

𝐹𝑖 =
𝐹𝑖.1 + 𝐹𝑖.2

2
and 𝛥𝑢ref.𝑖 = 𝑢𝑖.1 + 𝑢𝑖.2 (𝑖 = 1, 2) , (109)

respectively, are used in experimental and numerical analyses, as 
shown Fig.  3(b).

Due to its symmetry, only a quarter of the X0-specimen is used 
for the numerical calculations. The mesh and corresponding boundary 
conditions are shown in Figs.  3(c) and (d), respectively. Fine meshes 
are used in the notch area, as damage occurs and develops in this 
region, with a mesh dimension of 0.25mm×0.125mm×0.1mm. It should 
be mentioned that the mesh size used was determined by compar-
ing the experimentally measured strain distribution with numerical 
simulations. In addition, the same mesh size is also used to predict 
material behavior using a damage model with isotropic plasticity, as 
performed by Wei et al. (2023, 2024b,a). The corresponding numerical 
results show good agreement with the experimental ones. On the other 
hand, the displacement boundary condition is used in the numerical 
simulations. As shown in Fig.  3(c), the displacements 𝑢1 and 𝛿𝑢1 are 
applied along axes 1 and 2, respectively. It is evident that the coefficient 
𝛿 is unknown. Thus, Wei et al. (2025a) proposed an iterative approach 
10 
based on analyzing the actual force ratio to update the unknown factor 
𝛿. For each loading case, the initial value of 𝛿 is assumed to be equal 
to the force ratio, i.e., 𝛿tr = 𝛿exp = 𝜉. The reaction force ratio 𝛿sim =
𝐹1∕𝐹2 is calculated during each time step. If ||

|

𝛿exp − 𝛿sim||
|

≤ 0.0005, 
the calculation results are saved as a history variable, and the process 
continues to the next loading step. Otherwise, the current time step 
is restarted with an updated value 𝛿tr, calculated using the following 
equations 

𝛿tr =

⎧

⎪

⎨

⎪

⎩

𝛿tr +
|

|

|

𝛿sim−𝛿exp||
|

𝑚 for 𝛿sim < 𝛿exp

𝛿tr −
|

|

|

𝛿sim−𝛿exp||
|

𝑚 for 𝛿sim > 𝛿exp
, (110)

where 𝑚 is a numerical parameter, suggested to be 150 in the present 
work. As shown in the numerical results for the loading cases X0-(1/-
1) and X0-(1/1) in Fig.  4, a maximum of two iterations is required to 
reach the designed ratios of 1:-1 and 1:1. This demonstrates the effi-
ciency of the proposed iteration approach. Moreover, the displacement 
ratio used in the numerical simulation for the experiment X0-(1/-1) 
increases from −1 to −0.94 with increasing relative displacement 𝛥𝑢ref, 
as calculated based on Eq. (109), whereas for the loading case X0-(1/1), 
it remains nearly constant at a value of 1. This finding highlights the 
symmetric property of the X0-specimen, as it generates the same force 
when the same displacement is applied along different axes. However, 
positive and negative displacements of the same magnitude induce 
different reaction forces, revealing a slight difference between tensile 
and compressive loading.
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Fig. 4. Numerically predicted displacement boundary ratio 𝛿 and respective 
maximum iterations 𝑁 .

Table 1
Chemical composition of investigated anisotropic aluminum alloy EN AW-
2017A (% weight).
 Al Cu Fe Mn Mg Si Zn Cr Others 
 to balance 4.0 0.7 0.7 0.7 0.5 0.25 0.10 0.15  

6.3. Material parameters

The high-strength aluminum alloy EN AW-2017 A (EN AW-AlCu4
MgSi), which is widely used in the aerospace and automotive industries, 
is used to investigate anisotropic plasticity and damage properties. The 
chemical properties of the investigated anisotropic aluminum alloy are 
summarized in Table  1. The load–displacement curves differ among the 
rolling direction (RD), diagonal direction (DD), and transverse direction 
(TD). The true stress-true strain curves can be derived based on the 
load–displacement curves in different rolling directions. The elastic 
and plastic strain components can be calculated using the measured 
Young’s modulus 𝐸 = 72000MPa. Then, the Lankford coefficients can be 
determined based on the plastic strain rate. The details of the identified 
𝑟-values are discussed by Brünig et al. (2023a). With the 𝑟-values in 
hand, the anisotropic material parameters in Eqs. (26) and (27) can be 
further identified. The hardening and damage parameters are derived 
from the stress–strain curve for RD as a reference value. Table  2 summa-
rizes all relevant material coefficients. The details of the identification 
strategy can also be found in previous publications (Brünig et al., 
2023a).

7. Experimental and numerical results

The load–displacement curves for biaxial tests using X0-specimens 
are illustrated in Fig.  5, and a comparison of the experimental and 
11 
Table 2
Elastic–plastic-damage material parameters.
 Symbol In Eq. Description Value Unit 
 𝐸 E-modulus 72 000 MPa 
 𝜈 Poisson’s ratio 0.3 –  
 𝜂1...𝜂4 (20) Elastic damage moduli −10000 MPa 
 𝑐0 (30) Initial yield stress 323 MPa 
 𝑅0 (30) Isotropic hardening modulus 380 MPa 
 𝑅∞ (30) Isotropic hardening modulus 122 MPa 
 𝑏 (30) Isotropic hardening exponent 16 –  
 𝐶1 (26) Hydrostatic stress coefficient −0.042 –  
 𝐶2 (26) Hydrostatic stress coefficient −0.010 –  
 𝐶3 (26) Hydrostatic stress coefficient 0.0 –  
 𝐶4 (27) Anisotropy parameter 0.812 –  
 𝐶5 (27) Anisotropy parameter 1.360 –  
 𝐶6 (27) Anisotropy parameter 1.310 –  
 𝐶7 (27) Anisotropy parameter 3.758 –  
 𝐶8 (27) Anisotropy parameter 3.0 –  
 𝐶9 (27) Anisotropy parameter 3.0 –  
 𝜎0 (41) Initial equivalent damage stress 480 MPa 
 𝐻 (41) Isotropic softening modulus 0.05 MPa 

numerical results for each loading condition and loading direction 
is additionally shown in Fig.  B.11 in Appendix  B. It is evident that 
the numerically predicted load–displacement curves agree well with 
the experimental results. In addition, the mean relative force errors 
𝑅 between experiments and numerical simulations are summarized 
in Table  3. It can be observed that most error values 𝑅 are below 
5%, indicating that the proposed model accurately captures the global 
load–displacement curve under different loading conditions and rolling 
directions. Moreover, the average relative errors 𝑅̄ = 0.020 for all 
loading cases in RD are slightly smaller than those in DD and TD, as 
the same hardening parameters are used in this study, which were 
identified based on the uniaxial tensile test for RD. On the other 
hand, the absolute fracture forces ||

|

𝐹 fr,exp||
|

 and the relative fracture 
displacements along axis 1 (𝛥𝑢fr,exp1 ) and axis 2 (𝛥𝑢fr,exp2 ) are shown 
in Table  3. For all loading cases, the experimental fracture forces for 
DD are smaller than those for RD and TD. However, the absolute 
fracture displacements for loading conditions X0-(1/-1) and X0-(1/0) 
are greater than those for RD and TD. The material exhibits lower 
yield strength and slightly reduced ductility for DD compared to RD 
and TD. In addition, the absolute fracture displacements along axis 1 
(𝛥𝑢fr,exp1 ) differ from those along axis 2 (𝛥𝑢fr,exp2 ) for experiment X0-
(1/-1), with a ratio of 𝛥𝑢fr,exp1 ∕𝛥𝑢fr,exp2 = −0.83. This value differs from 
the boundary displacement ratio 𝛿, see Fig.  4(a), due to differences in 
relative displacements, indicating the effect of nonlinearity in the ap-
plied boundary displacement and reaction relative displacements. For 
the loading case X0-(1/0), the specimen is stretched along axis 1 and 
compressed along axis 2. It can also be observed that the fracture forces 
𝐹 fr,exp in the biaxial tensile test X0-(1/1) and the one-axial tensile test 
X0-(1/0) are nearly the same, whereas the fracture displacements differ 
significantly. The above discussions highlight the influence of loading 
conditions and rotation on the global load–displacement curves.

The digital image correlation (DIC) technique is used in the exper-
iments to record deformation and strain changes. Thus, a comparison 
between the experimentally measured and numerically predicted first 
principal strains 𝐴1 on the notch surfaces is shown in Figs.  6(a)–(c). 
In addition, the mean values of the first principal strain 𝐴̄1 in the 
central region of interest (ROI) are measured by DIC and calculated 
in numerical simulations to quantitatively evaluate the change in the 
first principal strain during the loading stage, as illustrated in Figs. 
6(d)–(f). It is worth noting that the maximum mean values 𝐴̄1 differ 
in Figs.  6(a)–(c), as the maximum first principal strain 𝐴1 might not be 
observed at the center of the notch surface due to strain inhomogeneity. 
The strain paths differ significantly among different loading conditions 
but show only slight variations in orientations. The agreement in strain 
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Fig. 5. Experimentally measured and numerically predicted load–displacement curves.
Table 3
Experimental fracture forces, fracture displacements, and relative errors between experiments and simulations.
 X0-(1/-1) X0-(1/0) X0-(1/1) 𝑅̄

[-] 
 

 |

|

𝐹 fr,exp
|

|

[kN]
𝛥𝑢fr,exp1
[mm]

𝛥𝑢fr,exp2
[mm]

R
[-]

|

|

𝐹 fr,exp
|

|

[kN]
𝛥𝑢fr,exp1
[mm]

𝛥𝑢fr,exp2
[mm]

R
[-]

|

|

𝐹 fr,exp
|

|

[kN]
𝛥𝑢fr,exp1
[mm]

𝛥𝑢fr,exp2
[mm]

R
[-]

 

 RD 5.21 1.16 −1.40 0.012 9.22 1.09 −0.45 0.042 9.17 0.42 0.45 0.005 0.020  
 DD 5.12 1.26 −1.54 0.010 8.85 1.36 −0.58 0.017 8.90 0.39 0.38 0.057 0.028  
 TD 5.23 1.08 −1.32 0.024 9.06 1.21 −0.53 0.014 9.00 0.41 0.40 0.038 0.025  
12 
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Fig. 6. Experimentally measured and numerically predicted the first principal strains 𝐴1 on the notch surfaces just before failure (a)–(c), and experimental and 
numerical relative displacement 𝛥𝑢ref versus first principal strain 𝐴̄1 at the regional area of the notch surface (d)–(f). The black line in the rectangular box 
represents the rolling direction.
distributions and strain paths between experiments and numerical cal-
culations highlights the accuracy of the proposed material model and 
numerical integration method.

Different distributions of the first principal strains 𝐴1 can be ob-
served under various loading conditions, and all numerical results align 
well with the experimental ones. For the loading case X0-(1/-1), the 
first principal strains 𝐴1 localized as a diagonal shear band from the top 
left to the bottom right. The maximum values of 𝐴1 for the experiments 
in RD and TD are 0.30 and 0.28, respectively, whereas the maximum 
value of 𝐴1 = 0.35 for DD is greater than those of RD and TD since the 
fracture displacement is greater than in other orientations, as shown 
in Table  3. Compared to the loading case X0-(1/-1), the first principal 
strains are also localized as a shear band but are oriented from the top 
right to the bottom left at an angle of about 4◦ with respect to the 
vertical axis for the experiment X0-(1/0). Again, the maximum first 
principal strain 𝐴 = 0.34 in loading DD is significantly greater than 
1

13 
in loadings RD and TD. Moreover, the trend of the maximum values of 
the first principal strains is consistent with the fracture displacements 
along axis 1 (𝛥𝑢fr,exp1 ), following the order DD>TD>RD. On the other 
hand, an elliptical-shaped shear band is observed and predicted for 
the biaxial loading condition X0-(1/1), as illustrated in Fig.  6(c). It 
can be observed that the maximum value of the first principal strain 
𝐴1 = 0.15 for the loading in DD is smaller than that of RD and TD, 
with a value of 𝐴1 = 0.19. The analysis of experimentally measured and 
numerically predicted strain distributions highlights that the loading 
case and orientation significantly influence the local strain fields.

In the proposed material model, the damage strain tensor charac-
terizes the deformation of micro-defects. Thus, the distributions of the 
accumulated equivalent damage strain 𝜇 just before failure on the notch 
surfaces (S) and notched cross-sections (C) are illustrated in Fig.  8. 
Different equivalent damage strain distributions can be observed for 
different loading conditions and rolling directions. In addition, since 
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Fig. 7. The mean stress triaxiality 𝜂̄H and Lode parameter 𝐿̄H versus the relative displacements 𝛥𝑢ref over the notched cross-section. 
the present damage theory is stress-state-dependent, the mean stress 
triaxiality 𝜂̄H and Lode parameters 𝐿̄H over the notch cross-sections are 
plotted in Fig.  7. The definitions of the mean stress triaxiality 𝜂̄H and 
the Lode parameters 𝐿̄H are given by

𝜂̄H = 1
𝑆 ∬𝑆

𝜂H𝑑𝑠 and 𝐿̄H = 1
𝑆 ∬𝑆

𝐿H𝑑𝑠

respectively, where 𝑆 denotes the total area of the notch cross-section. 
The mean values are introduced because the stress state variables (𝜂H
and 𝐿H) exhibit a nearly uniform distribution in the notch cross-section, 
with only a gradient at the edge of the cross-section. It can be observed 
that the stress triaxialities of specimens with different orientations vary, 
while their respective values remain nearly constant during the loading 
process, as shown in Fig.  7.

For loading case X0-(1/-1), the mean stress triaxialities 𝜂̄H and 
the mean Lode parameters 𝐿̄H for loadings in RD, DD, and TD are 
0.26, 0.03, and −0.22, and −0.21, −0.10, and 0.0, respectively. The 
different stress states induced by the different orientations result in 
different numerical predictions for the equivalent damage strains 𝜇, as 
illustrated in Fig.  8. The maximum equivalent damage strain 𝜇max =
0.7% is predicted for X0-(1/-1) in DD at both the top and bottom of 
the notch surface and cross-section. For a loading ratio of 1/-1 in RD, 
14 
the distribution of the equivalent damage strain is localized as a shear 
band on the notch surface and the edge of the notched cross-section, 
with a maximum value of 0.3%. Moreover, the predicted damage occurs 
only at the top and bottom of the notch surface and the notched cross-
section, as a low negative stress triaxiality 𝜂̄H = −0.22 is observed. On 
the other hand, for X0-(1/0) loading, the stress triaxialities in RD, DD, 
and TD are 0.42, 0.33, and 0.04, respectively, while the corresponding 
mean Lode parameters are −0.79, −0.82, and −0.78, see Fig.  7(b). The 
damage shear bands in RD and DD loading are narrower compared 
to those in the TD direction, with respective maximum equivalent 
damage strain 𝜇max values of 0.25%, 0.31%, and 0.31%, see Fig.  8(b). 
Although the maximum values of the damage strains are the same 
in DD and TD, the damage shear band is significantly localized on 
the notch surface and at the edge of the notched cross-section. In 
the case of biaxial loading conditions X0-(1/1), the damage strain is 
highly localized at the center of the notched cross-sections, indicating 
that fracture first occurs at its center. This observation is consistent 
with high-stress triaxiality, which results in tension-dominated damage 
mechanisms, where the crack propagates from the inside to the outside. 
The numerically predicted stress triaxialities are 0.49, 0.65, and 0.50 
for the loading in RD, DD, and TD. In addition, as depicted in Fig.  8(c), 
the predicted maximum values of the equivalent damage strain 𝜇
max
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Fig. 8. Numerically predicted the equivalent damage strains 𝜇 on the notch surfaces (S) and notch cross-sections (C). 
are 0.20%, 0.13%, and 0.20% for RD, DD, and TD, respectively. The 
above analysis of stress triaxialities and damage distributions reveals 
the stress-state-dependent damage mechanisms.

The damage strain evolution path for the critical element, where the 
maximum equivalent damage strain 𝜇max is observed, is depicted in Fig. 
9. The stress triaxiality of the critical elements for the loading condition 
X0-(1/-1) is 0.28, 0.09, and 0.34, respectively, with corresponding Lode 
parameters of −0.22, −0.21, and −0.1. The damage strain paths differ 
among different rolling directions, as the critical positions vary. For 
example, the maximum value is located on the notch surface in the 
DD, whereas it appears on the edge surface for TD, see Fig.  8(a). In 
the one-axial tension experiment X0-(1/0), the Lode parameters for all 
rolling directions are equal to −1 for the critical elements. However, 
different stress triaxialities are observed in RD, DD, and TD, with values 
of 0.39, 0.39, and 0.11, respectively. For the biaxial tension loading 
conditions X0-(1/1), the critical elements are all detected in the center 
of the notched cross-sections. The corresponding stress triaxialities are 
0.84, 0.98, and 0.83, respectively. In addition, the stress triaxialities 
for the critical elements in experiments X0-(1/-1)-DD and X0-(1/0)-TD 
are the same, but the Lode parameters differ significantly, with values 
of −0.21 and −1.0, respectively. Moreover, the experiment X0-(1/-1)-
TD has the same Lode parameter (𝐿H = −1) as experiment X0-(1/0), 
but a smaller stress triaxiality (𝜂H = 0.34) is observed. Additionally, 
the damage strain paths differ. These findings reveal the stress-state 
dependence of damage evolution and indicate that the combination of 
stress triaxiality and the Lode parameter plays an important role in the 
analysis of the stress state.

The fracture lines and fracture surfaces are shown in Fig.  10, where 
selected fracture surfaces are examined using the scanning electron 
microscopy (SEM) technique. This work uses the electron microscope 
EVO MA 15, manufactured by Carl Zeiss Microscopy GmbH, Germany. 
The obtained SEM images are used to validate the numerically pre-
dicted damage mechanisms resulting in fracture. The specimens failed 
at both diagonal notches in the center areas in all loading cases. 
The fracture lines are slightly diagonally oriented, with an angle of 
approximately 5◦ from the bottom-left to the top-right for experiment 
15 
X0-(1/-1) and 7◦ from the top-left to the bottom-right relative to the 
horizontal axis for loading X0-(1/0), respectively, see Figs.  10(a) and 
(b). In the case of biaxial loading X0-(1/1), the fracture lines are 
parallel to the horizontal axis, consistent with the prediction of the 
first principal strains. In addition, it is worth noting that the fracture 
lines in Fig.  10(c) are rougher compared to those in Fig.  10(a) and (b), 
characteristic of the cup-cone formation observed in tension-dominated 
fractures. By comparing the SEM images across all loading conditions, 
larger deformed and coalesced micro-voids are significantly visible 
on the fracture surfaces under biaxial tensile loading conditions X0-
(1/1), whereas only negligible micro-voids can be observed on the 
fracture surface in experiments X0-(1/-1). Micro-shear-cracks dominate 
the smooth and flat fracture surface under shear loading X0-(1/-1), 
resulting in a shear damage mechanism, as illustrated in Fig.  10(a). This 
behavior is characterized by low positive and negative stress states with 
low Lode parameter values, as shown in Fig.  7(a). In addition, more 
coalesced micro-voids and larger voids can also be observed compared 
to the SEM images in experiments X0-(1/0). Taking the respective stress 
triaxialities into account, see Figs.  7(b) and (c), it can be concluded 
that higher stress states induce larger micro-voids. When comparing 
different orientations for loading case X0-(1/1), the depth and size of 
micro-voids are slightly smaller in DD compared to those in RD and 
TD, as indicated by the numerically predicted quantitative values of 
the equivalent damage strain 𝜇.

Moreover, analysis of the numerically predicted damage strain un-
der shear loading conditions (X0-(1/-1)) shows that the damage strain 
components in the shear directions are significantly larger than those 
in the tensile (diagonal) direction, indicating that the damage is caused 
by the deformation of micro-shear-cracks, as illustrated in Fig.  10(a). 
In contrast, under tensile loading (X0-(1/0)) and biaxial loading (X0-
(1/1)), the damage strain components in the diagonal directions con-
tribute much more than those in the shear directions, confirming that 
the dominant mechanism is the growth of micro-voids, as illustrated 
in Figs.  10(b) and (c). Furthermore, the present work does not provide 
a detailed discussion or material modeling of fracture behavior. Fol-
lowing Brünig et al. (2021b), a fracture criterion based on the damage 
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Fig. 9. Numerically predicted the equivalent damage strain 𝜇 versus the Lode parameter 𝐿H and the stress triaxiality 𝜂H for the critical element (a), as well as 
the projection of 𝜇 versus 𝐿H (b) and 𝜇 versus 𝜂H (c).
 
strain tensor has been proposed. However, it does not account for the 
anisotropic behavior induced by the rolling direction. For future work, 
a fracture criterion based on the damage strain tensor that explicitly 
considers the anisotropy caused by the rolling direction should be fur-
ther investigated. This would allow more accurate simulations of crack 
path formation and provide deeper insights into how damage evolution 
influences the final fracture behavior, both at the micro- and macro-
levels. It should also be mentioned that for more accurate simulations of 
significant softening due to damage and fracture behavior, the proposed 
local damage model may suffer from mesh sensitivity, i.e., it might be 
highly mesh dependent. This mesh dependency can be addressed by 
using the DIC-measured strain field to select an appropriate mesh size, 
or by applying regularization approaches (Davaze et al., 2021; Bergo 
et al., 2021; Yin et al., 2025; Zhang et al., 2025) such as gradient or 
non-local damage methods.

8. Conclusion

The anisotropic damage framework based on Brünig (2003a) has 
been enhanced by introducing anisotropic plasticity, which charac-
terizes the anisotropic plastic behavior. Following the explicit inelas-
tic predictor–elastic corrector integration approach used by Brünig 
(2003b) and Wei et al. (2024b), it integrates the rate equation of the 
16 
newly proposed two-surface anisotropic damage model with anisotropic
plasticity. The consistent tangent moduli have been derived for differ-
ent states, such as pure elastic, elastic with previous damage, elastic–
plastic with or without previous damage, and elastic–plastic damage. 
The proposed material model has been implemented in ANSYS as a 
user-defined subroutine.

A series of complex biaxial loading experiments with RD, DD, and 
TD orientations are tested to verify the proposed material model and 
assess the accuracy, stability, and efficiency of the numerical algorithm. 
Different numerical calculation results agree well with the experimental 
ones in various aspects, such as the global load–displacement curves 
with approximately 3% relative error, the distribution of local strain 
fields, and the evolution of strain paths during the loading process. In 
the numerical calculations, only very few iteration steps are necessary 
to achieve convergence. Micro-shear-cracks-induced damage and frac-
ture are mainly observed in experiments with positive and negative 
loading in respective axes, i.e., loading ratio 1/-1. In contrast, the 
growth and coalescence of micro-voids, leading to damage and fracture, 
are observed in one-axial tension and biaxial tension experiments. The 
distribution of damage strains and the evolution of damage strain paths 
differ across various loading conditions and orientations, enabling ac-
curate characterization of the elastic–plastic-damage material behavior. 
The numerical simulations enable an analysis of the respective stress 
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Fig. 10. Fracture lines and scanning electron microscopy (SEM) images for fracture surfaces. 
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states, allowing the prediction of different stress-state-dependent dam-
age and failure modes. This is important for the estimation of the safety 
and lifetime of engineering structures. Most importantly, it should 
be noted that all numerical calculations confirm that the proposed 
numerical algorithm demonstrates stability and efficiency and is able to 
numerically simulate the experimental behavior in an accurate manner.
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Fig. B.11. Experimental and numerical load–displacement curves for different loading conditions and rolling directions (RD, DD, and TD).
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Appendix A. Definition of plastic parameters 𝑪𝟏-𝑪𝟗

In this section, the calculation of the parameters 𝐶1...𝐶3 in 𝐂 (26) 
and the anisotropic tensor D (27) is presented as follows. For more 
details of the identification procedure, see Brünig et al. (2023a). The 
effective stresses are defined as follows: 𝑇̄𝑇𝑥 and 𝑇̄𝐶𝑥 denote the stresses 
obtained from tension and compression tests, respectively, with spec-
imens cut in the RD (𝑥-direction), whereas 𝑇̄𝑇 𝑦 and 𝑇̄𝐶𝑦 denote the 
corresponding stresses from specimens cut in the TD (𝑦-direction). 𝑆𝑥𝑦
means the yield stress of the shear test. In addition, the Lankford 
coefficient can be calculated as 

𝑟𝜃 =
− ̇̄𝐻𝑝𝑙

𝜃+90◦

̇̄𝐻𝑝𝑙
𝑥 + ̇̄𝐻𝑝𝑙

𝑦

(A.1)

where 𝜃 denotes the angle relative to the rolling direction, see Brünig 
et al. (2021a). 

𝐶1 =
1
2

(

1 −
𝑇̄𝑇𝑥
𝑇̄𝐶𝑥

)

, and 𝐶2 =
1
2
𝑇̄𝑇𝑥

(

1
𝑇̄𝑇 𝑦

− 1
𝑇̄𝐶𝑦

)

(A.2)

𝐶5 =
1

2
(

1 + 𝑟0
)

(

1 +
𝑇̄𝑇𝑥
𝑇̄𝐶𝑥

)2

, and 𝐶4 = 𝑟0 𝐶5 =
1
2

(

1 +
𝑇̄𝑇𝑥
𝑇̄𝐶𝑥

)2

− 𝐶5

(A.3)

𝐶6 =
𝐶4
𝑟90

, or 𝐶6 =
1
2
𝑇̄ 2
𝑇𝑥

(

1
𝑇̄𝑇 𝑦

+ 1
𝑇̄𝐶𝑦

)2

− 𝐶4 (A.4)

𝐶7 =
(

𝑟45 +
1
2

)

(𝐶5 + 𝐶6), or 𝐶7 =
1

𝑇̄ 2
𝑆𝑥𝑦

[

(

𝑇̄𝑇𝑥 − 𝐶1𝑇̄𝑇𝑥
)2 − 1

2
(𝐶4 + 𝐶5)𝑇̄ 2

𝑇𝑥

]

(A.5)

Appendix B. Load–displacement curves for different loading con-
ditions and rolling directions

See Fig.  B.11.
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