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Abstract

In the present thesis, we investigate a geometric model of a micromagnetic
system on a curved surface described by maps between 2-spheres. This system
is modeled by an energy functional that consists of exchange energy and easy-
normal anisotropy. Critical points of this energy functional are called skyrmions
and exist because of the stabilizing effect of the curvature. Despite its apparent
simplicity, this toy model already exhibits interesting features. The main goal
of this thesis is to prove the existence of skyrmions that are saddle points of the
energy functional. The existence of minimizers with additional conditions on
mapping degree and/or symmetries was shown in previous works [50, 15, 59].

Since the corresponding Euler-Lagrange equation is semilinear in nature,
it is difficult to find solutions other than the ones obtained through the direct
method in the calculus of variations. To overcome this difficulty, we use a heat
flow method by transforming the elliptic equation into a parabolic one. This
is inspired by the work of Eells and Sampson [20] who used this approach in
the study of harmonic maps, to which our problem is closely related. In a first
result, we prove the existence of a weak solution to the heat flow equation away
from finitely many points in space-time at which the solution blows up. This is
a result analogous to that of Struwe [62] for the harmonic map heat flow. Our
proof closely follows Struwe’s as the additional terms from the anisotropy are of
lower order.

The long time limit of solutions to the heat flow equation is a critical points
of the energy functional. In a second result, we show that for a special class of
axisymmetric maps no blowup can occur, meaning that full regularity is retained
in the limit of time going to infinity.

Then in a third step, we show that the skyrmion solutions obtained in this
way are saddle points of the energy functional in a specific parameter range
of the model. This is done by showing that the critical point is neither a local
minimizer nor a local maximizer of the energy functional. The proof is based on
the observation that these maps possess an additional symmetry, which we then
break manually by a small perturbation to construct a map with lower energy.

Finally, we carry out numerical simulations of the heat flow equation in the
axisymmetric setting to visualize the skyrmion solutions and to obtain a better

understanding of their properties.



Zusammenfassung

In der vorliegenden Arbeit untersuchen wir ein geometrisches Modell eines
mikromagnetischen Systems auf einer gekriimmten Oberfldche, das durch Ab-
bildungen zwischen 2-Sphiren beschrieben wird. Dieses System wird durch
ein Energiefunktional modelliert, das aus Austauschenergie und Easy-Normal-
Anisotropie besteht. Kritische Punkte dieser Energie werden als Skyrmionen
bezeichnet und existieren aufgrund des stabilisierenden Effekts der Kriimmung.
Trotz seiner scheinbaren Einfachheit birgt das Modell interessante Eigenschaften.
Hauptziel dieser Arbeit ist es, die Existenz von Skyrmionen nachzuweisen, die
Sattelpunkte des Energiefunktionals sind. Die Existenz von Minimierern unter
zusatzlichen Bedingungen beziiglich Abbildungsgrads und/oder Symmetrien
wurde in fritheren Arbeiten gezeigt [50, 15, 59].

Da die zugehorige Euler-Lagrange-Gleichung semilinearer Natur ist, ist
es schwierig, andere Losungen als die durch die direkte Methode der Varia-
tionsrechnung erhaltenen zu finden. Aus diesem Grund verwenden wir eine
Warmefluss-Methode, bei der wir die elliptische Gleichung in eine parabolische
umwandeln. Dies ist angelehnt an die Ergebnisse von Eells und Sampson [20],
die diesen Ansatz im Bereich der Untersuchung harmonischer Abbildungen ver-
wendeten, mit denen unser Problem eng verwandt ist. In einem ersten Ergebnis
beweisen wir die Existenz einer schwachen Losung der Warmefluss-Gleichung
auflerhalb endlich vieler Punkte in Raumzeit, an denen die Losungen singular
werden. Dies ist ein analoges Resultat zu dem von Struwe [62] fiir den harmonis-
chen Warmefluss. Der Beweis folgt dem von Struwe eng, da unsere zusétzlichen
Terme aus der Anisotropie niedrigerer Ordnung sind.

Der Limes fiir grofse Zeiten der Losungen der Warmefluss-Gleichung ist dann
ein kritischer Punkt der Energie. Wir zeigen zweitens, dass fiir eine spezielle
Klasse von achsensymmetrischen Abbildungen kein Blowup auftreten kann,
sodass auch im Limes die volle Regularitét erhalten bleibt.

In einem dritten Schritt beweisen wir, dass die auf diese Weise erhaltenen
Skyrmionen Sattelpunkte des Energiefunktionals fiir bestimmte Modellparameter
sind. Dazu zeigen wir, dass der kritische Punkt weder ein lokaler Minimierer noch
Maximierer ist. Der Beweis basiert auf der Beobachtung, dass die Abbildungen
zu einer speziellen Klasse von achsensymmetrischen Abbildungen mit einer
zusétzlichen Symmetrie gehoren, die wir dann durch eine Stérung manuell
brechen, um eine Abbildung mit niedrigerer Energie zu konstruieren.

Abschliefiend fithren wir numerische Simulationen der Warmefluss-Glei-
chung im achsensymmetrischen Setting durch, um die Skyrmion-Lésungen zu

visualisieren und ihre Eigenschaften besser zu verstehen.



You live and learn. At any rate, you live.

— DOUGLAS ADAMS
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1. Introduction and Main Results

Magnetic skyrmions are topologically nontrivial configurations in magnetization
fields that have attracted much attention in both applied and mathematical
physics—thanks to their promising applications in data storage technologies and
rich mathematical structure [24, 45]. In both cases, the stability of skyrmions
is the chief characteristic. Skyrmions were first theoretically described by their
eponym Skyrme in the year 1961 in the context of particle physics [61]. The term
skyrmion was later adopted in condensed matter physics and refers to stable
magnetic configurations that behave like localized quasi-particles.

In order to enable the formation of skyrmions, a micromagnetic system
must exhibit some form of symmetry breaking, which allows energetically and
structurally stable configurations to exist. This is most commonly achieved by
introducing a so-called Dzyaloshinskii-Moriya interaction (DMI) which is an
antisymmetric exchange interaction arising from spin-orbit coupling and lack
of inversion symmetry [18, 51]. This approach was proposed by Bogdanov and
Yablonskii in [10]. As observed in various experiments, skyrmionic structures
emerge both in bulk materials and in thin films of ferromagnetic materials [52, §,
31]. For planar films, the DMI can be generated by the crystalline structure of
the material [54] or by interfacial effects at the layer boundary [41], causing the
system to lose its inversion symmetry. This constitutes the necessary stabilizing
factor and induces the emergence of topological patterns [48]. Solitons that form
under this mechanism are called chiral skyrmions.

In recent years, advancements in the production of curved nanomagnets
have led to an increased interest in the investigation of skyrmionic structures in
curved geometries, see e.g., [35, 23]. These studies showed that the magnetization
tield couples with the curvature of the underlying manifold leading to the desired
stabilizing effect [40, 17].

Mathematically, such micromagnetic systems are modeled by maps between
manifolds. For typical conditions below the Curie temperature of the material,
we can assume that the modulus of the magnetization field m is constant and

hence can be normalized to 1 [14]. This means that the target manifold is the unit
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sphere 52. The domain manifold depends on the geometry of the underlying
material modeled. The stable field configurations are then critical points of an
energy functional—typically referred to as the energy—on some function space of
admissible maps.

The planar case has been studied in the mathematics literature with care, see

e.g., [48, 45, 27]. A common energy functional for fields m: R?Z — $2 s

1
gplanar(m) = E /IRZ |Vm]2 +2<m,V X m> + “(1 - m%) + h(l - 7113) dx,

where the second, lower order term is responsible for the DMI effect and sufficient
for the emergence of the stabilization of skyrmionic structures [9, 48]. The third
term represents anisotropy, describing the material’s preferred direction, while the
fourth term accounts for the Zeeman effect, reflecting the influence of an external
magnetic field. The strengths of these terms are given by the real parameters «
and h.

In the present thesis, we study a spherical thin ferromagnet with perpen-
dicular anisotropy modeled by a magnetization field m : S> — S? and energy

functional

£(m) = %/Sz V2 4+ x(1 — (m,v)?) do,

where v(x) € S? is the outer unit normal at x € 2. This geometric model was first
proposed for spherical shells by Kravchuk et al. in [40], where the authors found
that the curvature of the underlying manifold induces an interaction similar to
that of DMI, the so-called “curvature induced DMI”. This can be demonstrated
using stereographic coordinates on S? and a co-rotating frame to express the
coordinates of m € §?> C R3. In doing so, terms like the ones in Eplanar €Merge
from the energy £ which explains the phrasing “curvature induced DMI” [50].
This model combines aspects of energetic, topological, and geometrical nature. In
fact, this energy is not invariant under individual rotations of domain or target,
which is the key feature in stabilizing skyrmionic structures.

The first term of the integral represents the short-range exchange interac-
tions among neighboring spins. As in the planar case we call it the Dirichlet
energy. This part favors uniform fields as they are of lower energy. The second
term is called the anisotropy term. We consider « > 0 which corresponds to an
easy-normal anisotropy, i.e., fields following the normal of the sphere are energet-
ically preferred. It is apparent that both terms have a competing effect on the

magnetization configuration.
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For (sufficiently regular) fields m: $*> — S?> we define the mapping degree,

1
Q(m) = E/gz m*ds,

where by m*ds we denote the pullback of the area element on S? by the map m.

or Skyrmion number

It is a classical result in differential topology that Q(m) € Z which results in a
separation of the maps 5> — S into different topological sectors [44]. Accordingly,
maps with different degrees cannot be deformed into each other by homotopy.
The mapping degree can also be defined for maps from R?, provided that the
maps satisfy a certain decay condition at infinity. In this case, we can pull back
the map from R? U {co} to S and use the mapping degree defined above. In the
study of skyrmions in the plane, maps with nontrivial mapping degree are of
particular interest due to their stability as they cannot decay continuously into the
homogeneous state, which for the planar energy marks the ground state. In the
spherical case, however, the situation is different as the constant homogeneous
state is not critical. Therefore, we rather consider the outer normal field v and its
inversion —v as the trivial fields which have mapping degree Q(+v) = +1 and
are critical points of the energy £ as can be verified easily. In 2019, Di Fratta et
al. proved in [15] that the normal field is the global minimizing configuration,
provided x > 4. In the present thesis, maps with mapping degree Q(m) = 0 are
of interest. Even if they are trivial in the sense of homotopy (i.e., homotopic to the
constant state), they are in a homotopy class distinct from the one of the normal.

In [14], Di Fratta derived the present model from three dimensional micro-
magnetism models in magnetic crystals via I'-convergence. From a mathematical
point of view, the model obtained falls into the field of nonlinear c-models, which
is closely related to the study of harmonic maps between manifolds. Indeed, the
model can be understood as a minimal extension of harmonic maps from S? to
2, especially in the limit x — 0. The theory of (weakly) harmonic maps between
the 2-spheres is completely understood. They consist of all rational functions
C — C, where we identify C with §? via stereographic coordinates [19, cf. 11.6].
Moreover, all harmonic maps are local minimizers of the Dirichlet energy with
their energy equal to 47t1Q(m). In particular, this means that no saddle points of
the Dirichlet energy exist. Our goal is to expand the knowledge of critical points
of the extended model, namely Dirichlet energy plus the anisotropy term.

In the recent literature, the functional £ has been examined with respect to

the existence of (local) minimizers with constraints on the mapping degree and
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further symmetries. In [50], Melcher and Sakellaris showed the attainment of
inf{e(m) cm € HY(S%,92), Q(m) = o}

for any x > 0. Here, H!(S?,5?) is the subspace of maps with modulus 1 almost
everywhere in the usual Sobolev space H'(S?,IR?), see Section 2.1. These local
minimizers are maps that interpolate between the outer normal m = v near the
south pole and its strongly localized inversion near the north pole for large «.

Furthermore, in [59] it was shown by Schroeder that
inf{g(m) :m € H'(S?,8%), m is axisymmetric}

is attained, where axisymmetry is defined as in Definition 2.11. Finally, it was
demonstrated that these constrained minimizers are local minimizers in H'(S?, 5?)
if x > 24. These maps show the same interpolation behavior between the normal
field and its inversion close to one pole.

The question that naturally arises is whether other critical points of £ exist
and of which type they are. With the present work, we give a positive answer. We
prove the existence of critical points of £ and classify them as saddle points. The
key point for this identification is that these critical points exhibit a high degree
of symmetry.

Theorem 1. There exists kg > 4 such that for all x > g there exists a critical point
my, € HY(S?,S?) of £ with Q(my) = O that is a saddle point in the sense that it is
neither a local minimizer nor a local maximizer of &.

Theorem 2. There exists 0 < k1 < 4 such that for all k > x; there exists a critical point
my € H'(S?,8%) of £ with Q(my) = 0 that is a saddle point in the above sense and that
is distinct from the (possible) saddle point from Theorem 1.

We call the critical points from Theorem 1 saddle points of first type, and
those from Theorem 2 saddle points of second type. We have no theoretical
upper bound for kg but numerical simulations we have conducted suggest that
ko < 6.7 and, in fact, we conjecture that xo = 4. Furthermore, again supported by
numerical evidence, we conjecture that for x < 4 the saddle point of first type

transforms into the global minimizer of £, making x = 4 a bifurcation point.

Remark 1.1 (Symmetry of the saddle points). The saddle points of both theorems

belong to a special class of maps as long as x > 4, the so-called hemispheric
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maps, see Definition 4.3. In particular, this means that the maps are axisymmetric

around a given axis and invariant under the antipodal map m(x) — m(—x). [

Figure 1.1.: Great circle cross-section plot of the saddle points of first type (left)
and of second type (right) for x = 10 obtained by numerical simula-
tions (cf. Chapter 5).

Figure 1.1 depicts the two types of saddle points corresponding to Theorems 1
and 2, respectively, for an exemplary value of x = 10. The plots show a cross-
section of the sphere along a great circle and the field m along that cross-section.
For the full picture on 52, each image needs to be rotated around its vertical axis.
We can infer the geometric structure of the saddle points from the figure. Both
tields follow the outer normal field v on the upper hemisphere and then switch
at the equator to the inner normal field —v on the lower hemisphere.

We can also infer the structural difference between the two saddle points
from Figure 1.1: the arrows of the saddle of the first type all point roughly in
the same direction, whereas those of the second type undergo a full rotation
from the north pole to the south pole. More precisely, for the saddle of the
tirst type we find a homotopy in the class of axisymmetric maps to the constant
field, which implies Q(m) = 0 for this map. For the saddle of second type this
is not possible within said class. Here we observe that the field m covers S2
once on each hemisphere but with opposite orientation, which is the reason why
this map has mapping degree Q(m) = 0. This observation is reminiscent of
the so-called skyrmionium, a structure consisting of two nested skyrmions with
opposite orientation in the plane [25, 38, 39]. In conclusion, we obtain that the
two maps belong to different topological sectors within the class of axisymmetric
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maps, even though they both belong to the class of maps with mapping degree
Q(m) = 0.

In order to prove these existence statements, we introduce a parabolic equa-
tion similar to that of the harmonic map heat flow. We now let the field m also

depend on time and let it evolve according to the initial value problem

my = Am+ k(m,v)v + (!Vm]z - K<m,v>2)m

m|t:0 =my,

where mg: $*> — S? is a given initial data. We call this equation the skyrmionic map
heat flow (SMHF). Eventually, we derive a method on how to obtain stationary
solutions of this equation which will then be the critical points named in the two
theorems above.

The SMHF is a semilinear parabolic partial differential equation and has
properties similar to that of a gradient flow of the energy functional £. This
equation does not describe the dynamical behavior of magnetization states as this

one is governed by the Landau-Lifshitz—Gilbert equation [42, 26, 49] which reads
my=mx (Am+x(m,v)v) — Am x m x (Am+x(m,v)v),

where A > 0 is the so-called Gilbert damping parameter and x denotes the vector
cross product in IR®. Noticing that

—mxmx (Am+x{m,v)v) = Am+x(m,v)v + m<|Vm|2 — K(m,1/>2> ,

we see that the SMHF describes the dynamics with only the damping term
present. Physically, as the name suggests, it means that the energy of the system
is dissipated. This is a crucial property we will make use of later. Conversely, for
a system without Gilbert damping, the energy is conserved.

Nonetheless, despite its “unphysicality”, the heat flow serves as an efficient
method to study £, as stationary solutions of it are critical points of £. The
approach here is analogous to the introduction of the harmonic map heat flow
(HMHEF) by Eells and Sampson in [20] in order to find solutions of the harmonic
map equation between Riemannian manifolds. In fact, since the functional £ only
differs from the Dirichlet energy by a term of lower-order, we can transfer many
results from the study of the harmonic map heat flow to the skyrmionic map heat
flow. The main one is an existence result of the flow away from finitely many
blowup points. Qualitatively, the flow exhibits the same behavior as the harmonic
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map heat flow: the flow is smooth up to singular blowup points in space-time.
At these points, harmonic 2-spheres separate and take away a multiple of 47t of
energy. This was found by Struwe in [62]. The difference in our case is that the
limit map is a solution to (EL). The literature on the HMHEF is vast and rich in
results, see [33, 63, 47] and references therein for details. For the present work,
we use these results as starting points and inspiration for the treatment of our
model.

Our main result regarding the SMHF is the global existence of a weak
solution. We adapt the theorem from [63, Thm. 6.6] regarding the HMHF with
the addition of the blowup tree results as in [55, 46, 69] to our case.

Theorem 3. For any x > 0 and initial data my € H'(S?,S?) there exists a weak solution
m: S% x (0,00) — S? of (SMHF) which is smooth on $? x (0,00) away from at most
finitely many points (%, F) € S* x (0,00), 1 < k < K, which satisfies the energy
inequality £(m(t)) < E(m(s)) for all 0 < s < t, and which assumes its initial data
continuously in H'(S?,S?). The solution m is unique in this class.

At a singularity (%, t), smooth harmonic maps separate in the following sense. For
any Ro > 0 such that Byr, (%) x {t} contains no other singularities, there exists t; / t
and

(i) finitely many harmonic maps wy, . .., wy with w;: 8 — 8% forall 1 <i < p,
(ii) sequences of points (ajl-), ey (af) C R? with lim;_, o, aj- =0foralll <i<p,
(iii) sequences of scales (A}), ..., (A) C Ry with limj e At =0 forall 1 <i < p,

such that for i # ¢ it holds
/\f )\;. |l — a;'.|2

] .
] ] ]
and
4

|m(t)) —m(@) - - !

i—1 Hl(BRO/]RS)

— 0, as j — o0, (1.2)

where a); is defined in stereographic coordinates centered at X by
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where ®: R? — S2 is the stereographic projection centered at é5. In particular,

. _ p |Va)1~|2
lim S(m(tj),BRO) = E(m(t), Bg,) + Z /532 > do.
i=1

joroo

For the asymptotic behavior, as t; — oo suitably, the sequence of maps m(t;) converges
weakly in H'(S?,S?) to a smooth solution me: S*> — S? of (EL), and smoothly away
from finitely many points %, € S?,1 < k < K, where again harmonic spheres separate:
there exist

(iv) finitely many harmonic maps wy, . .., w, with w;: $* — 8% forall 1 <i < p,

(v) sequences 0f~p0ints (a]l), ey (a]’.]) C R? with lim;_, o a;i = @ (%)) for some
1 <k(i) <Kforalll1<i<p,

(vi) sequences of scales (/\]1-), .., ()L]P) C Ry with lim;_, o )x;. =0forall1<i<p,
such that for i # ¢ it holds
¢ i 0 i
AL A |at a].|

e

] ] )

and )
A _ i ;
Hm(t]) Moo izzlw] p_— — 0, as j — o0, (1.4)
where w' is defined in stereographic coordinates centered at és by

]

In particular,

Jim £(m(t) = £(me) + ) [

Moreover, the total number of singularities of m, K = K + K is a priori bounded,

K < LE(my).

Remark 1.2 (Energy concentration at blowup points). The blowup points (%, f)
can be characterized by

lim sup |Vm|?do > E,
t 't B, (%)
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for every 0 < r < inj(S?), where Ey, > 0 is a universal constant and inj(5?) is the
injectivity radius of S?. This means that at these points the energy concentrates.
Conversely, if the energy does not concentrate at a space-time point during the
flow, it follows that no blowup can occur. Specifically, if the Frobenius norm of the

gradient is bounded pointwise locally in space-time, no blowup is present. L[]

Remark 1.3 (Mapping degree and blowup). Since the flow m(t) can be seen as
homotopy in H!(S?,5%) until the first blowup at a time T > 0 and since the
mapping degree Q is continuous with respect to the H!-norm, we deduce that

Q(m(t)) = Q(mo)

for all t € (0, T). Thus, if no blowup is present, i.e., T = o0 and K = 0, then the

solution m of (EL) satisfies

Qo) = Q(my) .

If a blowup occurs, then the degree changes according to the degree of the
harmonic maps separating. In view of the strong H'!-convergence during the
blowup, we assert that at a blowup time T < oo, where p harmonic maps
wi,...,wy separate along a sequence t; /* T, not necessarily at the same base

point, we gain
p

lim Q(m()) = Q(m(T)) + ¥, Q). o

1—>00 k=1

With this existence result at hand, the proofs of Theorems 1 and 2 require two
further steps. First, we show that there exist initial maps m such that the solution
to the heat flow equation cannot blow up at any point in time, T = oo included.
This step is inspired by a global existence result of Chang and Ding [12]. Then the
limit function m, for t — oo of the flow is a critical point of £ with same degree
as my. In the final step, we show that m., is indeed a saddle point. The crucial
element here is that m., obeys the hemispheric symmetry. This implies that on
the equator the maps point into a tangential direction, which is energetically
unfavorable due to the anisotropy term in the energy which prefers alignment
with the normal direction. By breaking this symmetry manually, we can construct

maps with lower energy than m« which allows us to conclude the saddle point
property.
The present work is structured in the following way: in the forthcoming

chapter we state some preliminaries. In particular, we first introduce Sobolev
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spaces for maps between spheres which are the function spaces on which we then
define our functionals. Then, we deal with a special class of functions, so-called
axisymmetric maps that obey a rotational and inversion symmetry. In the third
chapter, we introduce the skyrmionic map heat flow equation and prove the
existence of a weak solution to it, i.e., we prove Theorem 3. Then, we apply these
results in the axisymmetric setting. The fourth chapter is the core of the thesis.
Here we prove the existence of the saddle points for the energy functional £. In
the fifth chapter, we present several numerical simulations of the skyrmionic map
heat flow and how they relate to the theoretical results. Moreover, they give us
hints on possible further research directions. These will be collected and briefly

discussed in the last chapter together with other possible paths to continue.

10



2. Preliminaries

We begin with three sections in which we elucidate the mathematical foundations
for this thesis. In the first section we introduce the Sobolev spaces of maps
between 2-spheres as the function spaces under considerations in this work. In
the second section we define the functionals already mentioned in the introduction
in a rigorous manner and collect properties already derived in previous works
and some preliminary results. Finally, in the third section we study the class
of axisymmetric maps from the sphere to the sphere and derive some basic
properties as these types of maps will be crucial in the course of this thesis.
Moreover, we adapt the skyrmion model to this class of maps and prove first

results.

2.1. Sobolev spaces of maps 5 — G2

In the literature, Sobolev spaces of maps between manifolds have been widely
studied. There can be intrinsic and extrinsic definitions of these spaces. We
use an extrinsic definition, that is based on the embedding of the manifold into
Euclidean space, which allows us to use the spaces dealt with in Section A.4.
Moreover, we mostly restrict ourselves to the case where both domain and target
of the maps are the two-sphere S2, which is a compact Riemannian manifold.
Therefore, the Sobolev spaces of interest in this thesis are of type W57 (S2,R3).
We choose as metric ¢ the one induced by the embedding 1: $* < R> from the
Euclidean metric ¢ on R3, i.e., ¢ = 1*¢r. We denote the corresponding volume
form dv(g) by do.

For k € INg and p > 1 we define the Sobolev spaces of S2-valued maps as

WP (S2,82) = {m € WhP(S2 R%) : m(x) € 1(S?) for almost all x € SZ} .

11



2. Preliminaries

As usual, when p = 2, we write H*(S?,5%) = W*?(S2,52). These spaces are
closed subspaces of W*?(S?,R3), which follows from the fact that the function

" / 11— |uf?|do.
SZ

is continuous on W*?(S?,R3) and the preimage of {0} under this function is
wk.p (S2,52). Therefore, letting the space wk.p (S2,52) inherit a metric in terms
of the W57 (52, IR%)-norm, we conclude that W*?(S2,S?) is a complete metric
space. However, these spaces lose the structure of a vector space, as the sum of
two elements in W7 (Sz, Sz) is not $2-valued in general, in fact, not even the 0
function is included.

Moreover, although W7 (52, IR%) has the set of smooth functions as a dense
subset, this is not the case for Wk'V(SZ, SZ), in general. For instance, the results
in [57, 7] show that C*(5?,5?) is dense in W7(52,52?) as long as p > 2, but for
p < 2 this is not true.

The space H'(S?,5?) is of particular interest as it is the critical Sobolev space,
which also becomes apparent by the former observation. Moreover, it is the first
space in terms of p and k for which the embedding W*?(S2,8?) C L*(S?,S?)
fails. Therefore, we can only define it with its elements having norm pointwise
equal to 1 almost everywhere. If we increase the regularity to H*(S?,5%) with
k > 2, we gain a lot of structure. The key aspect here is what we call the “algebra
property” (see also Definition A.27): By virtue of Definition A.31 and the Sobolev
imbedding H*(S?, R3) — L*(S?,R3) we conclude that for all u,v € H*(S?,R3)
and f € H*(S%,R) we have

(u,0)gs € H*(S%,R) and fu € H*(S*R3).
With this at hand we can prove the following proposition.

Proposition 2.1. Let k > 2. Then H*(S?,S?) is a C®-submanifold of H*(S?,R%) which
is also a Hilbert manifold with Riemannian metric induced by the H*(S?,R3) inner
product. The tangent space at m € H*(S?,S?) is given by

T,.H"($?,82) = {v € H*(S%,R®) : (m(x),v(x)) =0fora.e x € SZ}.
Proof. We want to apply the submersion theorem. To this end, we define the map

: H*(S2, R?) — H*(S%L,R), m— |m|*—1.
¢

12



2.1. Sobolev spaces of maps S* — S?

This map is C?: For m € H*(S?,R®) and v, w € T,,H*(S?, R3) = H*(S?,R?) we
have d¢y, : T, H*(S?, R%) — H*(S%,R) with

dpm(v) (x) = 2(m(x),v(x)) (2.1)

for all x € R?, and d?¢,, : T, H*(S?, R®) x T, H*(S?, R3) — H?*(S?,R) with

& () (w) (x) = 2(0(x), w(x))

for all x € R2. In fact, all further derivatives vanish, making ¢ even C*. By the
“algebra property”, we find that ¢ is indeed well-defined, i.e., ¢(m) € H*(S?,R).
Also, it is clear that the preimage of the 0 function in H*(S?,R) is H*(S?,5?). To
apply the submersion theorem, we need to show that 0 is a regular value of ¢.
To this end, let m € Hk(S2, 52) and we assert that d¢,, is surjective and ker d¢;,
splits T,,, H*(S?, R3) = H*(S?,R3). For f € H*(S?,R) given, we set

f

Uf: Em,

which by the “algebra property” is in H*(5?,R%), and easily verify dgm(vf) = f.
Thus, d¢,, is onto.
Using (2.1), we see that

v € kerd¢,, < v(x) L m(x) for almost all x € S2.
We define the linear projection operator IT,, : H*(R?,R%) — H*(R?,R?) via
(Io) (x) = v(x) = (m(x), v(x))m(x). (22)

By virtue of the “algebra property”, this operator is well-defined and bounded,
thus continuous. Therefore, as ImI1,, = kerd¢,,, we conclude that the split-
ting property is fulfilled. As a result, applying the regular value theorem [70,
Thm. 73.C] we conclude that H*(S?,5?) is a submanifold of H*(S?,R%), and by
identification we find for m € H*(S?,S?)

T,nH*(8%,5%) = kerdop,, = {v € H*(S%,R®) : (m(x),v(x)) =0 fora.e x € 52} .

]

Generally, we will consider two different coordinates, i.e., parametrizations in
the sense of differential geometry, on the sphere: spherical coordinates and

stereographic coordinates. These are both coordinates on the whole sphere apart
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2. Preliminaries

from two and one poles, respectively. Hence, strictly speaking, each on their
own do not define a complete atlas of S2. However, since the Sobolev spaces are
defined through integral quantities and as leaving out sets of measure zero while
integrating does not affect the values of the integrals, these coordinates will serve
to be useful when working with W*?(S2, R).

Spherical coordinates on the sphere with azimuthal angle around the é3-axis are
defined as

¥: (0,7) x (0,271) — &2

(6, ¢) — (cos @sinf,sin @sinf,cosf)T .

Note that we define ¥ via the embedding of S? into IR? (see the remark below).
The components of the metric tensor in these coordinates are

g(P(P = sin2 9, ggq, = gq)O = O, o9 = 1,

and hence the volume form is dv(g) = sin §d6d¢. Consequently, the H'(S2,R)

norm becomes

21 pm 1 1/2
_ ~ 2 2 o 2
]| 11 2,3y = </0 /0 sin 0|dgu |~ + Sin6|E)q,u| + sin 6| u| deq)) .

The spherical coordinates are not suited for when we want to examine maps at
one of the poles. In these cases we will use stereographic coordinates centered at
the respective pole. For the center at the north pole these read

®:R? G2

T
(%1 X2)HL X X2ﬂ ,
7 1+|X|2 7 ’ 2

We introduce for the prefactor, also called conformal factor, the notion

2

Then, clearly ®(0,0) = é3, which is why these coordinates are called centered at

the north pole.
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2.1. Sobolev spaces of maps S* — S?

In these coordinates the Riemannian metric becomes A?(x)Id and thus the volume
form is do(g) = A?dx. The H'(S?,IR®) norm in these coordinates reads

1/2
[[14]] 1 52, R3) = (/mz |Du|2+A2|u|2dx> , (2.3)

where |Du| is the Frobenius norm of the Jacobian of u seen as a map R?> — R?,
i.e., the standard norm of the gradient in IR?.

We can also define stereographic coordinates centered at an arbitrary point
xo € S%. To this end, let R € SO(3) be the rotation matrix that maps the
north pole to xo. Then the stereographic coordinates centered at xp are given by
®,, = R®. Then clearly ®,,(0,0) = xo. The metric in these coordinates then still
is A2(x)Id. Similarly, we can also define spherical coordinates with respect to an

arbitrary axis.

Remark 2.2. Note that both coordinates are defined by a map U — IR® such that
the range of them is a subset of 1(S?) C R3, where 1: $? — R3 is the embedding of
the sphere into IR?. That means, to be more precise in the language of differential
manifolds, the correct parametrizations should be, in fact, (6, ¢) — 17 1¥(6, ¢)
and (x1,x2) — 17 1®(x1, xo) However, when using these coordinates, we implicitly
use them in this embedded sense without writing it down. L]

Remark 2.3. Let R < inj(S?), where inj(S?) is the injectivity radius of S2. Then
the geodesic ball Bg(&3) is defined as the set of all points x € S such that the
geodesic connecting x and é3 has length less than R. Since on the sphere the
geodesics are great circles, the geodesic ball has the form of a spherical cap. In
stereographic coordinates centered at the north pole the geodesic ball Br(é3) is
parametrized by the ball B;(0) C R?, where R = tan(R/2). Care must be taken
when considering integrals over such balls, either in a coordinate free form or
with the parametrization applied, especially since we denote both types of balls
in the same manner. We try to avoid this confusion by using the correct volume
form in the integral and changing the notion of the differential, as done in (2.3).
To illustrate, let f: $> — R be a differentiable function. Then it holds

daz/ A%dx,
/BR(é3)f BR(O)f

\V Zda:/ Df[2dx. 0
/ VS oD/

R

15



2. Preliminaries

For spherical coordinates, since they are not defined at the poles, we can only
represent Br(é3) \ {é3} in these coordinates. This set is parametrized by (0, R) X

(0,27t]. However, as before, since the point has measure zero, we can equate

27T R
do = / / sin0dodo .
/BR(é3)f o Jo f ¢

We can also use the above considerations when we use the stereographic coordi-
nates centered at the north pole combined with polar coordinates in the plane.
That is we define

®: (0,00) x (0,277] — >
(r,¢) — ®(rcos¢,rsing).

We call these coordinates polar stereographic coordinates. Then by the above
argument, we find that the geodesic distance to the north pole of ®(r, ¢) is
given by 6(r) = 2arctan(r). Moreover, there is a simple connection between the
spherical and stereographic coordinates expressed in polar coordinates given
through

Y(0(r), 9) = ®(r, 9).
2.2. General definitions

After having defined and characterized the functions spaces considered in this
thesis, we can now introduce the functionals and equations already stated in the

introduction more properly.

Definition 2.4. We define for x > 0 the functional £: H!(S?,5%) — R via
E(m) = %/52 \Vm|* +x(1 — (m,v)*)do,

where v(x) € R? is the outer unit normal to S? at x € §? and the scalar product

is seen with m embedded into IR3. We define the integrand of & as
1
e(m) = E(\vm|2+;<(1— (m,v)z)). o

Likewise, we define the mapping degree for maps in H!(S?,5?)
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2.2. General definitions

Definition 2.5. The mapping degree or skyrmion number is the functional

Q: C*(S?,5?) — Z via
1 *
Q(m) = E/Szm dS,

where by m*ds we denote the pullback of the area form on S? by m. [

By density of C*®(S?,5?) in H'(S?,5?) this map extends continuously to H'(S?2,S?).
Critical points of £ are maps m € H'(S%,5?) such that if we define for ¢ €
H'NL*(S%, R and & < ||@|| 1~ the map

mS — m + e(P Vi
jm + e
then m, satisfies 4
&g(mg) 0 =0.

Note that since H'(S?,5?) does not have the structure of a Banach manifold, we
have to define criticality in this sense and not in the sense of the derivative of £
being zero as we have no notion of a derivative of £ in H'(S?,5?).

However, if we consider H!(S2,5?) formally a Banach manifold as in Defini-
tion 2.1, we can state the derivative of £ at m in direction ¢ € T,,H'(S?,S?)
as

dEn(9) = [, (Vm, V) — x(m, v) (v, ). (2.4)

As will become clear from the following exposition we see that the above defini-
tion of a critical point is compatible with this interpretation.

In order to do the calculation, we first compute under usage of |m| =1

_(_ m—+ €@ Q
sﬂ‘(|m+wﬁm+w”*ﬂm+w0

d
de

me
e=0
=@ — (me)p =119,

where I, is the pointwise orthogonal projection onto the tangent space of S? at
v embedded into IR® defined as

[Tyw =w — (v, w)v

for v € 52 and w € R3. We can quickly verify that IT, is self-adjoint with respect
to the scalar product in R3. For u, w € R® we assert

(ITyw,u) = (w — (v, w)v,u) = (w,u) — (v, w)(v,u) = (w,[T,u). (2.5)

17



2. Preliminaries

Moreover, we get

(Vim, VI1up) = (Vm, Vo — (Vm,@)psm — (m, V) psm — (m,@)Vm)
= (Vm,Ve) — <|Vm|2m,(p>,

where we used that (m, Vin)gs = 0, since |m| = 1.
Therefore, we obtain

ig(’"ﬁ)

1 do

e=0

0T /Sz(Vm, Voem:) — k(m,v)(v,demy)

= /52<Vme, VL) — k(me, v) (v, 1) do
= /52<Vm, Vo) — <\Vm|2m + K(m,u)Hmv,go> do  (2.6)

Noting that Il,¢ is orthogonal to m at every point and thus in the formal
tangent space T,,,H' (S?,5?), we see that we can indeed identify in (2.6) the formal
derivative of £ as in (2.4) in the second line.
Consequently, m is a critical point of £ if and only if m solves the following
equation in a weak sense in H!(S?,IR?) with test functions in the space H! N
L™(S%,R3)

O=Am+K<m,v>v+m(|Vm|2—K(m,v>2> (EL)

Formally, we can restate this equation as
0 =ILu(Am+x(m,v)v),

where the second line should be understood in the sense that it implies having
act I'l;; onto the test functions according to (2.5) which recovers the second line
in (2.6). Additionally, for functions with |{m| = 1 we can assert the following
identity,

(m, Am) = —|Vm|?, (2.7)

which follows from taking the divergence of (m, Vm) = 0. Hence, for functions
in C2(S?%,52) this equivalence of the equations is indeed justified. Furthermore,
we note that for v € $? and w € R> we have

o x w|? = |w]? — (v,w)* = [[Tyw|*.
Hence, another equivalent formulation of (EL) is

0=mx (Am+x(m,v)v),
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2.2. General definitions

where make use of the standard cross product on R3. Here, for the translation
into the weak formulation we have to use the Jacobi identity for the scalar triple

product:
(mx (Am+x(m,v)v),@) = (—Am — k(m,v)v,m X ¢) .

We call (EL) the Euler-Lagrange equation of £. It is a semilinear elliptic PDE
and is the main object of study in this thesis, i.e., we are looking for a weak
solution of (EL) which belongs to H!(S?,5?). Solutions with Q(m) = 0 are called
skyrmions. The “trivial” solution for all possible values of x is +v. This map has
Q(£v) = %1. For k¥ > 4 it was proved that it is the global minimizer in the class
H!(S?,5%) [15]. An important regularity result is the following.

Theorem 2.6 ([59, Thm. 2]). Let m € H'(S?,S?) be a weak solution of (EL). Then m
is smooth in the sense that there exists a smooth representative of m in H'(S?,5?).

The argument to prove this is similar to the one used for the regularity of weakly
harmonic maps between spheres, see e.g., in [32]. In particular, the statement can
be localized which means that if m solves (EL) on an open subset U C S? weakly
in H1(U, R3) with test functions in H} N L®(U,R3), then m is smooth.

We can use this result to obtain the following statement that is once again
an adaption of the properties of harmonic maps, the removability of point
singularities of solutions of (EL). For harmonic maps this was first proved in [56]
in a much more sophisticated way. With the regularity result at hand, the proof

is much more straightforward.

Proposition 2.7 (Removability of point singularities). Let m € H'(S?,5%) and let
{z1,...,zx} be a finite set such that m is a weak solution of (EL) on S*\ {z1,...,z¢}.
Then m extends to a smooth map on S? which is a solution of (EL).

Proof. Since the statement is local, we can restrict ourselves to the case of one
singularity at the north pole and look at the problem on the set B;(0) C RR?
in stereographic coordinates centered at the north pole. Thus, the coordinate
representation of m solves weakly in H'(B;(0) \ {0}, R®) the equation

Am + |Dm|*m 4 kA (x) (m, v)IL,v = 0, (2.8)

which is (EL) in stereographic coordinates. The Laplacian here is the standard

one on R2,
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2. Preliminaries

We define the map ¢: B1(0) — R via
Inln( %) for|x| <1
P(x) = { <|x|> e
0 else.

Then ¢ is differentiable almost everywhere. We compute in polar coordinates

1/e 1 2
191228, (0)) = /0 (lnln(;)) rdr < oo,

since In”In(1/r)r — 0 as r — 0 such that the integrand is continuous on [0, 1].
Moreover, we have

1/e
IVl =2 [ forglrdr

1/e 1
= 271/ 5 dr
0 In“(r)r

= 27T.

Consequently, we obtain ¢ € H}(B1(0),R). For k € N we set r; := e=¢. Then
() is a strictly monotonic decreasing sequence and for all x € By := B, (0)
we have ¢(x) > k with equality at the boundary. We can now define the map
px: B1(0) — R via

0 for x € Byyq,
ok(x) = {k+1—¢(x) forx € By \ Byq,
1 else.

It follows that py is continuous and py — 1 pointwise in B;(0). Additionally, we

compute in polar coordinates

IVorlli2s,0)) = VOl 2808,,,) — 0, as k— o0,

by the absolute continuity of the Lebesgue integral.
Next, let ¢ € H} N L*(B1(0),R?) be a test function. We multiply (2.8) by px¢p
which gives us a valid test function in Hj N L®(B;(0) \ {0}, R3) for all k. Since m
is a weak solution of (EL) in B1(0) \ {0}, this yields

0= / (Am + |Vm|*m + K)\Z(m,v)l"[mv> P dx
B1(0)
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2.3. Axisymmetric maps

= [, (ST V) [V, ) + A2, v) (TLv, ) )
1

— Vm,pVpy)dx.
Jy o)V

For the second integral on the right-hand side we compute using the Cauchy-

Schwarz inequality
[, o) (Tm0e) ds] < lplin | Tl Tz — 0, a5 k= co.
1

Consequently, using the dominated convergence theorem when passing to the

limit for the first integral, we obtain
0= / o —(Vm, V) + |Vm|*(m,@) + xkA*(m,v) (I1,,v,¢) dx,
By (0

which means that m is a weak solution of (EL) in B;(0). Using the localized
version of Definition 2.6, we conclude that m is smooth in B;(0). This finishes the
proof. O

2.3. Axisymmetric maps

The energy & is invariant under joint rotations in the domain and target. For
R € O(3) we define m — mpg, where

mg(x) = R 'm(R.x). (2.9)

Note that this definition uses two notations of action of a matrix. The outside
action R~1m is the standard matrix-vector multiplication in IR?® if we consider
m as already embedded into R3 (as we always do). The action R.x for x € 52
should be interpreted in the same way: R.x = 1~ !Rix, where 1 : $> — R3 is
again the standard embedding of the sphere into IR®>. We write this as a map
¢r: S* — 52, x — R.x. We can immediately check that for Q, R € O(3) we have
for all x € S? that

(QR).x = 17 1QRix = 1 1Qu'Rix = Q.(R.x).

These joint rotations define a right group action of O(3) on the space of functions
S? — S2. To show this, we verify the two needed properties of a right group
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R—l

Figure 2.1.: The action of mp can be interpreted as the action of R to the sphere
with the vector field m attached to it at its base points.

action. First, we assert that the identity acts trivially:
myq(x) =Id 'm(Id.x) = m(x).

Second, we check that the action is compatible with the group operation of O(3).
Let Q,R € O(3). Then we compute

mqr(x) = (QR)"'m((QR).x) = R7'Q~'m(Q.(Rx))
= R_lmQ(R.x) = (mQ)R(x) .

The action is also linear with respect to pointwise addition and scalar multiplica-
tion, i.e., for u,v: > — 5% and & € R we have for all R € O(3) and x € S?

(au +0)r(x) = RN (au(R.x) +v(R.x)) = au(x) + vg(x).

In the next two results we show that the energy & is invariant under this action
and that solutions of (EL) remain solutions under this action. Moreover, we also
deduce that the group actions induce linear isometries on the space H'(S?,52).

Lemma 2.8. Let m € C'(S?,52). Then &(mg) = E(m) for all R € O(3).
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2.3. Axisymmetric maps

Proof. We fix R € O(3) and compute the individual terms of e(mg)(x) for x € S2.
We fix coordinates around x. Then for |Vmg|?(x) we first note that

[Vimg|* = g (x)9u(R;; 'mj o pr) (x)3y (R my © pr) (%)
= g""(x)0u(m; o Pr)(x)dy(m; o pr)(x)

3
=Y |Vm;oprl*(x),

i=1

as R is an orthogonal matrix. From this it also follows by virtue of Definition A.6
that ¢ is an isometry from S? to $? with the induced metric because it is a
composition of isometries, since 1 is an isometry by definition of the induced
metric and v — Ro for v € R is an isometry in (R3, gr) by the orthogonality of
R. Since m; o ¢ is a map from S? to R, we can interpret the covariant derivative
V (m; o ¢r) as the differential d(m; o ¢r). Moreover, since pullback and differential
commute [68, Prop. 17.10] we have

V(ml- o (PR) = d(ch*ﬂ’ll) = ch*dmi .
Therefore, as ¢r is an isometry, invoking Definition A.7 we conclude that

[V (m; 0 ¢r)| (x)* = Gx(pr*dm;, pr*dm;)
= ((#r)+8) pg (x) (dm;, dim;)
= $rx(dm;, dm;) = |Vm;|*(R.x). (2.10)

As a result, we obtain
|VmR|2(x) = |Vm|2(R.x) = |Vm|2 o Ppr(x). (2.11)

Now we inspect the anisotropy term of e(mpg). For this we note that v(x) = 1x
and hence
v(R.x) = 1(17'Rix) = Rix = Rv(x),

from which also follows v(x) = R™'v(R.x) as x = R~!.(R.x). Therefore, we gain

(mg(x),v(x)) = <R—1m(R.x),R—1u(R.x)> = (m,v)(R.x) = (m,v) o Ppr(x).
(2.12)

Putting these two results together we thus obtain

s(mR):/Sze(mR)da:/Sze(m)oq)Rda:g(m),
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where in the last step we used again that ¢r is an isometry and hence the integral
is invariant under composition with it according to Definition A.8. O

In the proof for the invariance of the Dirichlet energy under R we have not
used that m is S>-valued. Thus, since the Dirichlet energy of a general function
u € H'(S%,R3) is the L?>-norm of the first derivative and since |ug|(x) = |u|(R.x)

for all x € $? by the orthogonality of R we can conclude the following corollary.
Corollary 2.9. The action u — ug for R € O(3) is a linear isometry (in the sense of
Banach spaces) of H'(S?,R3). In particular, it holds

<uR/vR>H1(SZ,IR3) = <urv>H1(SZ,]R3)
for all u,v € H'(S?,R3) and R € O(3).

Proof. It only remains to show the invariance of the H'-scalar product. For
(ugr, vR) 12(s2,r3) this follows from the invariance of the integral under the isometry
¢$r and the orthogonality of R. For the scalar product of the gradients we can
adapt (2.10) to gain

(Vug, Vor) (x) =} &x(¢r"du;, ¢r"do;)
=2 ((PR)+8) pp(x) (s, dov;)

= Y gra(duy doy) = (Vit, Vo) (Rx)

Integrating this over g2 gives us the desired invariance of the H l_gcalar product,
again by the invariance of the integral under the isometry ¢r according to
Definition A.8. O

Lemma 2.10. Let m: S?> — S? be a critical point of €. Then for any R € O(3) the map
meg is also a critical point of £.

Proof. Let R € O(3) be arbitrary. Let @ € H' N L*(S?,IR?) be a test function and
let ¢ < ||@||1~. We define the map

mp + €@

Mpe = — T
Re™ Tmg + egl

Using the aforementioned properties of the group action, we compute

_ (mg 4 ep) g1 (x) _ m+ epg-1(x)
img(R~1.x) + ep(R~1.x)| |R71m(R.(R~1.x)) + ep(R~1.x)|

(mRe)r-1(x)
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2.3. Axisymmetric maps

_ m+teppa(x)  m+epp X
m(x) + eRp(R~1.x)|  |m+epp| ™7

In the second to last step we used the orthogonality of R which keeps the norm
in the denominator invariant. This also implies in combination with the previous
Corollary that -1 € H! N L*(S? R3). Thus, applying the invariance of £ under
the action of R~! and the fact that m is a critical point of £, we obtain

d . d . d m+ epr _
&ﬂmR’s) e=0 dsg((mR’s)R_l) e=0 dsg<|m + 8(pR1|) o V-
Consequently, mp, is a critical point of £ as well. O

This observation in combination with the fact that O(3) is a Lie group shows
us that critical points of the energy functional £ cannot be isolated in the H'-
topology unless they are invariant under all elements of O(3). However, this only
applies to the trivial solutions +v. We now define the class of axisymmetric maps

which are invariant under a subgroup of O(3).

Figure 2.2.: Parametrization of an axisymmetric map m in spherical coordinates.

Definition 2.11. We call a map m: $* — S? axisymmetric if and only if mg = m
for all R € O(3)s,, the stabilizer subgroup of O(3) with respect to &3, that is
rotations around the é3-axis and reflections in the é;é;-subspace. L]

The choice of the é3-axis is arbitrary; we could have chosen any other axis.
However, by the above invariance of the energy and the H'-topology under
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rotations, we can always rotate any axisymmetric map with respect to any
axis to the é3-axis and gain an equivalent axisymmetric map in the sense of
Definition 2.11.

For the further study of these types of maps we will use the two kinds of
coordinates for the domain introduced in Section 2.1: spherical coordinates ¥
and stereographic coordinates ®.

The following lemma tells us that all information of an axisymmetric map m is
contained in a so-called profile function & that depends only on the polar angle.
The proof can be found in [59].

Lemma 2.12 ([59, Lemma 2.5]). A continuous map m: S*> — S? is axisymmetric if
and only if there exists a continuous map h: [0, 71| — R such that

m(0,¢) =Y(h(0), @) forall (6,¢)¢c (0,7)x (0,27), (2.13)

where Y is the continuation of ¥ from (0, 7r) x (0,277) to R x [0,277). We then call h the
profile of m. Note that by the symmetry condition m(+é3) = +é3 we can continuously
extend h to 0 and 7w by h(0) = mm, h(7r) = n with m,n € Z.

Even though the profile function / depends on the polar angle from the spherical
coordinates, it also reappears when we express the axisymmetric map in (polar)
stereographic coordinates

When

nates we do so by

X1

T
m(x1,X) = <—sin(h(9(|x|)))f‘%Sin(h(9(|X|)))/COS(h(G(IxI)))) ;o (214)

|x
where the polar angle is given by
6(r) = 2arctan(r).

Setting m(0,0) = (0,0, cos(m)), this map is certainly well-defined and continu-

ous for continuous / since for i = 1,2 we check
%sin(h(@(\x\))) < |sin(h(6(|x])))| — sin(h(6(0))) =0, as |x| — 0.

In case we want to use polar stereographic coordinates, we can write

m(r, ) =m(6(r), ¢) = ¥(h(6(r)), ¢).
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h(6)

ISEE

7
Figure 2.3.: We can plot an axisymmetric map m by using a cross section at a
tull circle in the x;x3-plane. The figure displays an example for a

profile that is a parabola. The dashed diagonal line corresponds to

the profile of the outer normal v.

As for the spherical coordinates, because of the symmetry we can in fact con-
tinuously extend the map to r = 0, which in this case naturally happens since

6(0) = 0.
We define fork e Nand 0 < a < 1
Fha = {h e ([0, 71]) : h(0) = mm, k() = nmr, mn € Z},

and likewise
F*:={heC®([0,7]): h(0) = mm, h(rt) =nmr, m,n € Z},

PF' = {h e PCY([0,71]) : h(0) = mm, h(r) = nxr, m,n € Z},

and finally

where PC1([0, 77]) is the space of continuous and piecewise continuously differ-
entiable functions on [0, 7], i.e., functions that are continuous and have a finite
number of points of discontinuity of the first derivative. In all three cases, the

existence of h’'(0) and K’ () is implied.
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Lemma 2.13. Let m: S> — S? be axisymmetric with profile h. Then for all 0 < a < 1
we have m € C1*(S?%,82) if h € F'*. Conversely, for all k € N and 0 < a < 1 we get
h € F& ifm € Ch*(S2,82).

Remark 2.14. The weaker first statement results from the fact that higher order
derivatives of m at the poles in ¢-direction cannot necessarily be bounded without

more restrictions on h. ]

Proof. Let h € F Le  Since ¥ is smooth, m is continuously differentiable on
S2\ {+es3}, and in fact by Definition A.2, the derivative Vm is Holder continuous
with exponent a on this set. We need to check the poles and restrict the analysis
to the north pole as for the south pole we can proceed analogously. We choose
stereographic coordinates centered at the north pole such that we can write m
as in (2.14). First we check differentiability. For this, it suffices if we check the
components individually and since the first and second component only differ by
the index we can just consider for j = 1,2

sin(h(6(]x])))

mi(x) =x
] ] ‘x‘

To this end, we define

and compute

oy o) 2 W(6(r))
v'(r) = i cos(h(6(r))) Tr.2
Moreover, invoking that by ?? A.2?? A.3 the function r — sin(h(6(r))) is C* on

any compact subset of [0, %), we write using Taylor’s theorem

o(r) = %(cos(mﬂ)h’(O)G’(O)r + g(r)r) = 2cos(mm)h'(0) + g(r). (2.15)
with |g(7)| < Cr* by Definition A.4. Using this, we find

70’ (r)| = | — o(r) +2cos(h(9(r)))%\ < Cré,

since the function r — 2 cos(h(@(r)))% is Holder continuous by assumption

and ?? A.2?? A.3. Thus, lim,_,o |[r?'(r)| = 0.
Now, for (x1,x2) # (0,0) we can derive fori = 1,2

X;:X;
dx;m;j = &0 (|x|) + ‘lev’(lx\),
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2.3. Axisymmetric maps

using the chain rule and the fact that dy,|x| = x;/|x|. Using the limits from above
and the fact that x;x;/ 12 is bounded we conclude

lim 9y,m; = 25;; cos(mm)h'(0).

|x|—0
For the partial derivative of m; in x; direction at (0,0) we recall 1;(0,0) = 0 and

hence

o oito(t)
3,1 (1, )= (0,0) = lim — = lim &;jv(t) = 20;; cos(m)h'(0) .

t—0 t t—0

Consequently, axim]- is continuous in (0,0) for i,j € {1,2} and thus m;j is totally
differentiable on S?. For m3 = cos(h(6(|x|))) we compute for i = 1,2

W(6(x])) xi
1+ |x> x|

3y, cos(h(0(]x]))) = —2sin(h(6(|x]))) 0, as |x| =0,

since the two fractions are bounded and the sine converges to 0. This coincides
with the partial derivative in (0,0), since m3 only depends on |x|:

=0.

Ox; M3 (1, )= (0,0) = lim ! Cos(th(g(t)))
As a result, m is continuously differentiable on 5?. We need to check the Holder
condition for Vm in a neighborhood of (0,0). For simplicity, we choose B1(0).
Since the Holder condition is already established for all points but the poles, we
only need to check it for (xq,x2) = (0,0) and (y1,y2) € B1(0). Moreover, if all
components of Vm satisfy the condition individually, then so does Vm by the

definition of the Frobenius norm. For i,j € {1,2} we find

|(Vm(y) — Vm(0));| = A~ (y)16;(v(ly]) — 2 cos(mm)K'(0)) + %v’(lym

< |o(y) —2cos(mm)l'(0)] + |y’ (ly])] < Cly|*

as we have seen above already. Consequently, m € C1*(S?2,52).
Now let m € C**(S2,82). We fix ¢ = 0, and find m(#) = sinh(6) and m3(0) =
cos h(0). We define for I € Z the sets S; and C; as

51:{96 0,7 (l—§>n<h(9)< <z+§>n}
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and

Clz{ee 0, 7] : (l+%>n<h(9) < (l+§)ﬂ}.

Since h is continuous and bounded the collection of all S; and C; is an open cover
of [0, 7] where only finitely many are non-empty. Now, on S; for I € Z fixed the

profile h maps into the injectivity set of sin and hence we can write for
h(0) = arcsinmy(6) + It forall 6 € Sy,

where by arcsin we denote the principal branch of the inverse sine function with

arcsin(0) = 0. Likewise, we write
h(6) = arccosmz(0) + It for all 6 € C;,

where arccos denotes the principle branch of the inverse cosine function with
arccos(0) = Z. Then, by Definition A.2 we deduce that / is Ck* on S; and C;.
Since we can cover [0, 7r] with finitely many of these sets, we therefore find a
global Holder bound, hence 1 € C*#([0, ], R). O

Also in the piecewise continuously differentiable case we can show an embedding

of the corresponding axisymmetric map.

Lemma 2.15. Let h € PF' and m be axisymmetric with profile h. Then m &
H'(S?,82).

Proof. We can repeat the proof of the previous lemma with the only difference
that the Taylor remainder in (2.15) cannot be bounded by Cr* but it still goes
to 0 as r — 0. Hence, the conclusion that m is continuously differentiable in a
neighborhood of +¢; still holds. For the parts of 5% away from the poles we note
that m is continuously differentiable on slices (6;,6,,1) x [0,27) for 6; € (0, )
and i in a finite index set. Consequently, we can define the weak derivative
Vm as these derivatives on the slices. As m is continuous on the whole sphere,
we have therefore found a valid weak derivative of m. Integrability of |Vm/|? is
straightforward by the compactness of S2. O

We want to find a way to bound the difference in H!-norm of two axisymmetric

maps mjq, my in terms of norms on their respective profiles h; and h;.
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2.3. Axisymmetric maps

We recall the form of m; as

cos @ sin 11;(6)
m;(0, ) = | sin ¢ sinh;(6)
cos h;(6)

Hence, we get

2
cos ¢(sinhy — sinhy)

lmy —my|* = sin ¢(sinhy — sinhy)
cos hy — cos hy
= 2(1 — (sinhy sinhy + cos hy cos hy))
= 2(1 —cos(hy — hy))
1 — o,

IN

since 1 — cosx < x?/2 for all x € R. For the gradient norm we split it into

1
—z|a¢(””1 _m2)|2

|Vimy — Vimo|* = |99 (m1 — mo)|* + —
sin“ 0

and compute the terms individually:

cos ¢(h} cos hy — hfy cos hy)
99(m; —my))* = || sin @(h} coshy — h), cos hy)
—h} sinhy + K sinhy
= (h coshy — hj cos hz)2 + (—h} sinhy + k5 sin h2)2
= W + W5 — 2hyh) cos(hy — hy)
= |} — Hy|* + 205y (1 — cos(hy — )
< [BG — 15| + [Hihh [y — o

And
2

—sin @(sinhy — sinhy)
! |9 (my —my)|* = ! cos ¢(sin hy — sin hy)
sin? @ e sin? @ ¢ ! 2

0

_ 1 (sinhy — sinhy)?

 sin%6 ! 2
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Combining these, we gain
||mq — m2||%{1 = /82|Vm1 — Vmy|* + |my — my)* do

T 2
§27r/ (11, = 1% + i — o) sin o6
0

(sinhy — sinhy)?

sin 0 do

7T
+2n/ Iy — o 2|1, sin 6 +
0

(sinhy — sinhy)?

sin 0 do

(2.16)

7T
<27y — a3 g )+ 271/0 Iy — o 2|, S| sin @ +

We note that instead of the H'-norm we could also use ||h — hy||%, ([0, in the
first term. The second integral can be bounded by C||h1 — ha||co(o,x]), Where C
depends on h; and hy, though.

For axisymmetric maps expressed in spherical coordinates the energy reduces to
the following expression

sinZh

in?(h — i = .
snd + xsin“(h —0)sin6d6 =: 2tE(h), (2.17)

TR
E(m) = n/ W< sin® +
0
which follows from inserting (2.13) into £ and computing the individual terms

sin? h

Vi = [3gm|> + ——[9ym|* = W +

sin? 0 sin? @
1— (m,v)* =1— (sinhsin® + cos h cos §)?

=1 —cos’(h—0) =sin*(h —0),

and do = sinfd@d¢. Note that v(0, ) = ¥(6, ¢). Since the integrand does not
depend on ¢ we can integrate out that part. This was already shown in [59, Sec.
2.2.2] (note that they use 6 for the profile function and x for the polar angle).

Lemma 2.16. For axisymmetric m with profile h the mapping degree becomes

(cos(h(0)) — cos(h(m))) .

N[ =

Q(m) =
This means that if
h(7) — h(0)
T
is even, then Q(m) = 0, if it is odd, then Q(m) = +1, where the sign is positive or
negative whenever h(0) /7 is even or odd, respectively.
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2.3. Axisymmetric maps

Proof. We compute the degree via the pullback using the explicit formula for
spherical coordinates

w1 om om

yielding

Q(m) = i/f; m*do

47 Js2
1 2o om Jdm
17, 1
= E/ h'sinhd6 = E(cos(h(O)) —cos(h(m))).
0
0

In [59, p. 24] the following lemma was shown which shows a correspondence
between axisymmetric solutions of (EL) and solutions of a differential equation
for the profile. Note that there was an error and the term with the x was missing
a factor 1/2.

Lemma 2.17. Let m be axisymmetric with profile h. Then m solves the Euler—Lagrange
equation (EL) if and only if h solves

cos,_ SIn2M K (o —20). (2.18)

0=n" -
+ sin 6 2sin%29 2

on (0, 7).

Proof. We first compute all the individual terms appearing in the Euler-Lagrange

equation when plugging in the axisymmetric ansatz:

0 cos ¢ cosh cos ¢sinh , cos ¢sinh
A — h// COs h/ . o h/Z . . _ . .
m ( + sind ) sin ¢ cos h sin ¢ sinh snZg | singsin h
—sinh cosh 0
2\ [0S @psinh
n
|Vm|*m = (h’z + 2 5 ) sin ¢ sinh
sin” ¢
cosh
cos ¢sinh . cos ¢ cosh cos ¢sinh
2| . . sinhcosh | . 1 . ]
=h"|singsinh | ————— | singpcosh | + —— | singsinh |,
sin“ 6 ) sin“ 0
cosh —sinh 0
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cos ¢(sin® — cos(h — @) sinh)
(m,v)IL,v = cos(h —60) | sin@(sinf — cos(h — 0) sinh)
cos — cos(h — 6) cos h

We can write

cos(h — 0)(sinf — cos(h — 0) sinh)

(h—0)
= cos(h — 0)(sin @ — (sinhsinf + coshcos 0) sinh)
= cos(h —0) (sm@ (1 — sin® h) — cos h cos 8 cos h>
(h —6) sin

= cos(h — 0) sin(h — 6) cos h

= %sin(Zh —20) cosh.

Analogously, we find
1
cos(h — 6)(cos® — cos(h — ) cosh) = —5 sin(2h —260) sinh

and thus
cos ¢ cosh

1
(m, v)IT,yv = 5 sin(2h — 20) | sin ¢ cosh
—sinh

Inserting all these into the Euler-Lagrange equation we find

Am + |Vm|[*m — x(m, v)I1,,v

_ (088 sinficosh  « sin(2h — 20) cos ¢ cos Z
— sin @ sin2 0 2 sin (P.COS
—sinh

Therefore, the left-hand side is zero for all (6, ¢) € (0, 77) x [0,27) if and only if
the coefficient of the vector on the right-hand side is zero, which is equivalent to
(2.18). Hence, if m solves (EL) on S?, then h solves (2.18) on (0, 7r). Conversely, if
h solves (2.18) on (0, ), then m solves (EL) on % \ {£¢5} and by Definition 2.7
on the whole sphere. O

Corollary 2.18. Let h € PF" be a solution to (2.18). Then h € F.

Proof. We define the map m as in (2.13) and conclude by means of Definition 2.15
that m € H'(S2,5?), and with Definition 2.17 we find that m solves (EL) on S2.
Hence, by Definition 2.6 we have m € C®(S2,5?) and thus again by Definition 2.13
we find h € F®. O
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This result shows the advantage of the axisymmetric ansatz: we can reduce
the problem of finding solutions to the Euler-Lagrange equation (EL) on a
two-dimensional manifold to finding solutions to a one-dimensional, albeit still
nonlinear, differential equation (2.18) on an interval.

Interestingly, the equation (2.18) is in fact the Euler-Lagrange equation of the
reduced energy functional. Computing the first variation of the reduced energy
functional E at h for a function g € C1([0, 7r]) with g(0) = g(7) = 0, we find

SE[H](8) = SE(h+13)|

t=0
- .
:/0 h’g’sin9+%gjwcsin(h—9)cos(h—9)gsir19d9
_ (" _,n cosb , sin2h K . B i
_/0 ( h sinGh +2Sin29+zsm(2h 20) |gsinfdo.

Consequently, we identify in (2.18) the Euler-Lagrange equation for the reduced
energy functional E. Thus, we will occasionally refer to (2.18) as exactly that.
As v is a solution to (EL) for any value of «, its profile 1(0) = 6 is a solution to
(2.18), which can easily be verified. For a special value of x, we can give another
analytic solution to (2.18).

Proposition 2.19. Let xk = 4. Then h(0) = 20 is a solution to (2.18).

Proof. We insert the map into the right-hand side of (2.18) with i/ =0 and I’ =2
to find

, cosB , sin2h K

— — —sin(2h — 26
sin 6 2sin?0 2 sin( )
cos 6 sin 460 K
= 2 — — —sin20
0+ sin®  2sin2e 2 sin
_,cost ’ K .
=4 Sin 0 (1 CoS 9) 5 sin 20

K
= (2-5)sin2,
o
making use of the trigonometric identities

sin4f = 8 cos> 0sin® — 4 cos O sin §

and 6
CF)S (1 — cos? 0) = 2cosfsinf = sin26.
sin 0
Therefore, if k = 4, then h(6) = 20 is a solution to (2.18). O
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1(8)

e

(@)
ISIEE
3

Figure 2.4.: Cross section plot of the solution 1(0) = 26 for x = 4.

We also see that for x < 4 the function h(6) = 26 is a sub-solution to (2.18) and
for x > 4 it is a super-solution. In Chapter 4 we will see that the function m
corresponding to this profile is in fact a saddle point of the energy functional £
for x = 4.

One can consider the above solution a “lucky coincidence” in which the anisotropy
term exactly cancels out the other terms and thus conjecture that there might also
exist other combinations of k¥ and a straight line profile 6 — m6 that solves the
respective equation (2.18). Since the boundary values have to be multiples of 7,
m can only be an integer. However, apart for the already dealt with cases m =1,
x > 0 arbitrary, and m = 2, x = 4, there do not exist other such combinations as

proved in the following proposition.

Proposition 2.20. Let m € Z \ {1} and x > 0. Then the profile h defined by h(6) = m6
is a solution to (2.18) if and only if m = 2 and x = 4.

Proof. By virtue of the previous lemma, we only need to show the only-if-part. To
this end, let 1(0) = m6 be a solution of (2.18) for some x > 0. We can immediately
rule out the case m = 0 since the constant state is not a solution for ¥ > 0. Thus,
we have the cases m > 1 and m < 0. In the first case, this yields

_4n, cosb , sin 2k K B
0=h"+ sin@h yals 2 sin(2h — 20)
cos(f) sin(2mf) « .

- — Zsin((2m —2)0
sin(0) Zsinz(e) ZSIH(( " ) )
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— .1 2 <2m sin 6 cos 6 — sin(2m6) — « sin”  sin((2m — 2)9)> '
2sin“ 0

We set n = 2m and use the definition of the Chebyshev polynomials of the second
kind U} which read
sin(kf) = Uy_1(cos ) sin6

for k € IN such that we gain

Ssind (n cos 0 — U,_1(cos 0) — x sin® OU,,_3(cos 9)) =0.

Since this holds for all 6 € (0, 7r), the expression in the parentheses has to vanish.
Thus, substituting x = cos 6, the following must hold for all x € (—1,1):

nx — Up_1(x) —x(1 —x*)U,_3(x) = 0.

This is a polynomial equation of degree n — 1 in x. By the linear independence of
the monomials x* we deduce that the coefficients of the monomials must vanish
individually. It holds that the coefficient of x* in Uy is 2¥ and hence we find for
the coefficient of "1 stemming from U,_; and x2U,,_5 that the following must
hold

2" — k2" = 0.

Thus, necessarily x = 4. Now we consider the lowest order term in x which is
always of first order, since n — 1 and n — 3 are both odd. It holds that for odd k
the coefficient of x in Uy is (—1)*~1/2(k 4-1). Consequently, it must hold under
resubstituting n = 2m that

m—(—=1)""tm —x(-1)"(m—1) =0,

and therefore,

K= (1+(-)") ()"

If m is odd, this implies ¥ = 0, contradicting the above. If m is even, then

2m
4: = -,
K m—1

which is only solved by m = 2, making m = 2, x = 4 the necessary condition of
being a solution.
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If m < 0, we can use the same argumentation with n = —2m and find that the

equation for x = cos 6 reduces to
—nx + U1 (x) + k(1 — x*)U,41(x) =0,

by first pulling the factor —1 out of the sines. The left-hand side is now a
polynomial of degree n + 3 in x which implies that ¥ = 0. This is a contradiction

to the assumption that x > 0. O

Remark 2.21. We note that maps m;, and mg for profiles h and ¢ = h + 271
are identical by the 27-periodicity of ¥ in the second argument. Hence, by
introducing an equivalence relation ~ by h ~ gif h — g = 2nn for n € Z, we
can identify the set of profiles with the set of axisymmetric maps in a one-to-one
manner. For the remainder of this thesis, we will implicitly use this equivalence
relation. In particular, the observation #(0) = m for m € Z reduces tom € {0,1}.
The value of k() can still be any integer multiple of 7. J

Remark 2.22. We also note that h € F* solves (2.18) if and only if /1 4 7 solves
it by the invariance of (2.18) under this transformation. This corresponds to the
transformation m — —m, which is also clearly a symmetry of (EL). Therefore,
whenever we find a solution / to (2.18), we immediately obtain a second, distinct
solution with the same energy. When proving existence or nonexistence of

solutions of (2.18), we can therefore restrict ourselves to one of the cases h(0) =0
or h(0) = m. O
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This chapter is devoted to the proof of Theorem 3 in all detail. We show that
the skyrmionic map heat flow (SMHF) is well-defined for initial data m( in a
suitable Sobolev space and that it has similar properties to that of a gradient flow.
Afterward, we analyze its properties in the axisymmetric setting which will give

rise to a parabolic differential equation for the profile function.

3.1. Proof of existence of the flow: Theorem 3

In order to find solutions for (EL), we study the skyrmionic map heat flow, i.e., for
a given function mg: S — §? we consider the parabolic problem

my = Am + x(m,v)v + (|Vm!2 - K<"""’>2)m (SMHF)

m|t:O =my,

where A is the Laplace-Beltrami operator on the 2-sphere S? and by m; we denote
the time derivative of m. To define weak solutions of this equation we use the
notion of space-time Sobolev spaces as dealt with in [22, Sec. 5.9] (see the next
remark). We use the definition in accordance with [22, Sec. 7.1.1b].

Definition 3.1 (Weak solutions of SMHF). For any T > 0, we say a map m €
L%([0, T], H'(S?,S?)) satisfying m; € L?([0,T], H"1(S?,IR®)) is a weak solution of
(SMHF) for initial data my € H'(S?,8?) if for all v € H! N L®(S?,R3) and for
almost all t € (0, T) it holds

(mt,v>H1,H1+/Sz(Vm, Vo) —k(m,v){v,v) — (]Vm|2 — K(m,v>2> (m,v)do =0
(3.1)

and m admits mg for t — 0 continuously in H'(S?,R?). Representing m; as
a function in L2(S?,R?) — H!(S?,R3), the pairing (mt,v) 1 i becomes the
L2-scalar product of the two functions. ]
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Remark 3.2 (Notation of space-time Sobolev spaces (Bochner spaces)). If the
space-time domains are clear—usually for the space coordinate x we have S? and
for the time coordinate + we have [0, T| for some T > 0—we use the notation
LI HE for the Bochner space L ([0, T], H*(S?,R?)). Similarly, we denote by CYHX
the space of functions t — m(t) € H*(S?,R®) continuous in t, equipped with the
uniform norm. By an abuse of notation we denote by H!L?2 the space of functions
t — m(t) such that

T
[ (£) 17262, 62, + 1116 () 1722 o) AE < 00,
0 (525?) (52 R?)

where m; is the weak derivative of m with respect to the time variable [22,
cf. 5.9.2]. Finally, by H](‘x,t) we denote the regular Sobolev space of functions
H¥(S% x [0, T],R?) on the Riemannian manifold S? x [0, T]. O
We would like to stress that we do not expect weak solutions of (SMHF) to be
unique. This is a well-studied feature of the harmonic map heat flow [13, 67, 6].
We have no reason to believe that the additional term would prevent this from
happening in our case since the uniqueness gets lost at the blowup of the solution
during which the anisotropy term is still well-behaved. However, in Theorem 3
we will show uniqueness of weak solutions in a special class, i.e., functions that
are nonincreasing in energy along the flow.

In order to prove Theorem 3, we need some auxiliary results. In general we will
follow the exposition of [63, Sec. 3.6] with slight adjustments from more recent
literature. First, we establish short time existence of solutions for initial data with

higher regularity. The proof is analogous to the one in [49].

Lemma 3.3. For my € H*(S?,S%) with k € N, k > 2 there exists 0 < T < oo maximal
such that (SMHF) admits a unique solution m € C([0,T), H*(S?,8%)) N C®(S? x
(0, T),S?). Moreover, if T < oo, then

li ot = 0.

lim [ V(- £) oo = e9
Proof. First we consider the equation as a partial differential equation in the un-
constrained Hilbert space H*(S?,IR3). Then by Proposition 7.7 in [65, Chapter 15]
we deduce existence of a solution m € C([0, T), H*(S?,R3)) N C*®(S? x (0, T), R3)
and the desired characterization of the maximal time T. We need to show that m
is $2 valued. To this end, consider the map

p(t) = [, |m(>)7do.

40



3.1. Proof of existence of the flow: Theorem 3

This map exists for all + € (0,T) since m(t) is smooth on $2. Then, by using
(SMHF) and integration by parts we compute

S0t = =4 [ (1= |mP) i, m) dor

_ _4/52(1 — |m ) ((Am, m) + 2| Vm 2 + k(1 — |m|?) (m, v)?)do

=4 [ w2 (19mP — clm,v)?)de+ [ 50,1~ [mf?) G, 3,m) o
< Cllm|2g(t),

where we have used that
/Sz "9, (1 — |m|*)(m,0,m) do = —2 /S 8" (m, 3m) (m, d,m) do < 0.

Consequently, invoking Gronwall’s lemma [22, cf. B.2.j] we deduce ¢(t) <
e~ “'p(0) and since my is S>-valued almost everywhere and ¢ > 0 we conclude
@(t) = 0 and hence m(x,t) € S? for almost all x € S and all times ¢ € [0, T).
Finally, we want to show uniqueness of the solution. For this purpose we assume
that m; and m, are two solutions to the same initial data my with maximal
existence times Ty and Ty, respectively. Let T = min{T}, T} and ¢ = m; — m,.
Then ¢ solves

¢ =A¢p + ¢|Vm1‘2 + (V¢,Vmy + Vmy)my
+ xk(p,v) (v — (m1 + my, v)my) — x(my, v’ .
Multiplying with 2¢ and integrating over 5> we obtain by using the already
established fact |m| = |my| =1
d, 2
Sl
< 2/32 =V + |V | + [Vimy + Vima|[§]|Vp| + Cre|p|* dor
< a(Vimy, Vi, )| ¢]17. — [Vl

< a(Vmy, Vimy, k)| |12,

where we applied Young's inequality to absorb a positive term of || V¢|| ;2 stem-
ming from the third term in the integral in the second line. The function «
depends on || Vmi||L~ and ||Vm;y|| .~ which certainly are continuous for all times
0 <t < T as my and m, are smooth. Therefore, « is continuous in t. As a result,
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3. The Skyrmionic Map Heat Flow

again by Grénwall’s lemma, we find [|¢(¢)[|7, = 0 for all t € [0,T] and thus

mi; — my. ]

Next, we show the following energy estimate that justifies why we can interpret
the skyrmionic map heat flow as L?-gradient flow of €.

Lemma 3.4. Forany 0 < T < oo, if m € C®(S? x (0, T),S?) solves (SMHF), then

t
/ /2|mt|2dadt 4 E(m(b)) = E(my), forallt € [0,T). (3.2)
0Js
In particular, the energy is nonincreasing along the flow.

Proof. As m L T,S?, when multiplying (SMHF) by m; € T,,S* and integrating
over $2, we obtain

[ mide + S € m(n)) =0,

since 41
__ 491 2 _ 2
(my, Am +x(m,v)v) = e (le\ +x(1— (m,v) )) :

Integration over [0, ] leads to (3.2). O

For 0 < R < inj($?) and x € S* we define the local energy of geodesic balls as

€(m, Br(xo)) = /B oy lm)de

With this definition we get the following local energy estimate which is the
analog of Lemma 6.9 in [63]. It gives a bound on how much the energy can grow
locally in a given amount of time and will be crucial for preserving local energy

smallness for small time intervals.

Lemma 3.5. Let m € C®(S? x (0,T],S?) solve (SMHF). For xg € S? and R <
3inj(S?) it holds

£(m(T), Br(x0)) < &(mo, Bar(x0)) + C g 1mo)

for some C > 0 independent of m.

Proof. The proof is exactly the same as in [63]. Just note that for ¢ as in that proof

we have

ag@ — (m,v>2>4>2 = —<K<m,1/>1/,mt472> ’
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3.1. Proof of existence of the flow: Theorem 3

such that when multiplying (SMHF) by m;¢? and identifying %e(m), we do not
gain any additional terms by the anisotropy term. O

By adjusting the test function in the proof, we can also obtain the more general

estimate

Corollary 3.6. Let m € C*(S? x (0, T],S?) solve (SMHF). For xg € $?, r < R <
inj(S?), and 0 < t; < tp < T we have

th —t
(R—r)?

E(m(tz),Br(x())) < S(m(tl),BR(xo)) +C 5(1’)1()) .

Now we show a lemma that is the analog of Lemma 6.10 in [63]. It in fact
shows that as long as the energy is locally small enough that the we gain higher
regularity of the solution with a uniform bound.

Lemma 3.7. Let xg € $? and 0 < R < inj(S?) and set B, := B,(xo). There exists
Ey > 0 with the following property. If m € C?(Byg x [0,T),S?) solves (SMHF) on
Bog % [0, T) for some R € (0, inj(S?)), and if

sup £(m(t),Bar) < Ey,
0<t<T

then we have for some constant C,, = C(x) > 0

T
// V2m2dodt < CE(mp) [ 1+ — + CeR2T ) |
0 JBg R?

Proof. We only state where we need to adjust the proof of Lemma 6.10 in [63]
because of the additional terms. When multiplying (SMHF) with Am¢? and

integrating, we get the following terms in addition to the ones in the cited proof

L = K/OT /BZR ((m,v)(v, Am) — <m,v>2<m,Am>>cp2dUdt.

Additionally, we now have (Vm,m;) = (Vm,Am) + «x(m,v)(v, Vim), which
creates another term

T
I, = —ZK/O /B (m,v)(v, Vim)V ¢ .

Both terms we can estimate with Young’s inequality by

T 2 T
L+ D < 5/ / (Am|2¢? + |Vm|2|V<p|2dadt+C%/ $2dodt,
0 JBy 0

Bor
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3. The Skyrmionic Map Heat Flow

where we now can choose § > 0 small enough such that the first integral can be
absorbed into the other ones during the proof (which has an insignificant effect
on the constants). Therefore, only the additional term C,R?T remains and has to
be added to the final estimate. O

As explained in [47, after Lemma 6.2.5], by compactness of 52, we find for
my € C*(5%,5?) a maximal Ry > 0 such that
E

sup € (mo, Bar, (%)) < —-,

x€S?
and then by virtue of Definition 3.5, setting
R
N Cc& (ﬂ’l()) ’

T
we obtain that the solution m to (SMHF) satisfies

sup  &(m,Bg,(x)) <Ey. (3.3)
(x,1)€82x[0,T}]

Therefore, combining Definition 3.4 and Definition 3.7 we obtain by the fact that
we can cover S? with finitely many balls of radius R; the bound

T
I35, < CE (o) (1 b cm%n) : 6.4
1

where the norm is defined as

T
|m|%r, = sup 8(m(t))—|—/ 1/ V2m? + |my 2 dodt .
te[0,Ty] 0 Js?

From the definition it follows immediately that if ||m||, 1, < co then
m € L*([0, To], H*(S*,R?)) N L™([0, To], H'(S?,5?))

and
m; € L2([0, To], H (S, R?)).

Next, we prove local higher order energy estimates for solutions of the SMHF in
the style of [16, Lemma 4] and [49, Lemma 1].

Lemma 3.8. Let xo € S? and 0 < R < inj(S?) and set B, := B,(xg). Suppose k € N
and m € C([0, Tp), H*(S?,5%)) N C®(S? x (0, Tp), S?) is a solution of (SMHF). Then
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3.1. Proof of existence of the flow: Theorem 3

forall 0 < T < Ty it holds
IV (T) B 5, +/ [V ()3

< C( + = +P<va||Loo (Bar x[0, T])) —|—K) /() va( )HHk 1(Byg dt+CKTR2

where ‘P is a polynomial of degree 4, and C > 0 is some constant, which is independent
of m but depends on S? and k.

Proof. We work with the total covariant derivative. The idea is to apply the k-th
covariant derivative to (SMHF), which transforms the vector valued equation into
an equation of elements in (%% TS2)3 (cf. Section A.4.3) and then take the tensor
inner product with ®*V¥m, where ®(x,t) = ¢(x)y(t) is a cut-off function with
¢ € C°(B2r,[0,1]), ¢l =1, and |V¢| < C/R and 5 € C*([0,T],[0,1]) with
;7|[0%] =0, 17|[%T] =1, and |0s7| < C/T. Then we integrate over Byg x [0, T|. We
state the equation that arises from this procedure and estimate the individual
terms afterward:

T
/ ®2( V¥, Vi )dodt
Byr
_/ (V" m, V¥m dadt+/ / ®2(VH(|VmPm), m ) dodt
Byr Byr
+K/0 : o? Vk((m,v)v)—vk(<m,v) m),Vkm>dadt (3.5)
2R

We label the integrals with I; for the one on the left-hand side, and I, I3 and I4
for the three integrals on the right hand side, in appearing order. For I; we use

that m is smooth and hence we can compute by virtue of Fubini’s theorem
T
B2R
- (@7 20| VEm|Adodt
/ Bog 2dt V*m|?) — ¢ | Vim|*do

_ §<”3(}2 m(T )HL2 (Bar) Hg(/qzv"m(O)Hiz(Bzw)

:4;2 =0
T
~ / / o217t Vom|2dodt
ZR
1PV m(T) g / J,, PmmIVimPdodt.
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3. The Skyrmionic Map Heat Flow

The final integral can be estimated by

T c /T
g /BZR¢21717t|Vkm|2dcrdt’§T/O I¥m 2 g,

Next, we turn our attention to I. This integral carries the highest order deriva-
tives. We commute the Laplacian with k-th order covariant derivative using
(A.10) and then integrate by parts. Note here that B,y is a compact manifold with
boundary but because of the cutoff function we do not gain a boundary term.

Applying the *-notation, we obtain
T
I = / / (V¥ Am, V) dodt
0 JByr
T T
_ / / ®2( AV m, Vem) dodt + / ®>VF (R * m) * Vim dodt
0 B2R 0 BZR
T T
— —/ / q>2\vk+lm|2dadt+2/ / SV Vi + Vi dodt
0 BzR 0 BZR

T k ) :
+ [ [ @Y V¥ IRm s Vim s Vhmdodt,
0 JBor j=0

where the second term stems from when the derivative acts on ®? during the
integration by parts. In the third term we applied (A.6). Now, since 5% is smooth
and compact, all derivatives V¥"/Rm are bounded and by Young’s inequality we

gain for the second and third integral the bounds
T
2‘ / o>V i« Vo« Vim dadt‘
0 JBar
T
< 2/ / o2 |V m || V| [VEm| dodt
0 JBar

T T
1/ / <I>2|Vk+1m|2dadt+£2/ / Vem|? dod
2 0 BZR R 0 BZR

IA

and

T k , ,
‘/ CIJZZVk_]Rm*V]m*VkmdUdt‘
0 JBar j=0

k T , T
< CZ/ / |v1m\2dadt+/ / Vom|? dod
i=0 0 JByr 0 JByr
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3.1. Proof of existence of the flow: Theorem 3

k=1 T , T
<C 2/ / yv1+1m\2dadt+c/ / V0m|? dod
j:O 0 BQR 0 B2R

T
2 2
<c /0 IV 21 g, At + CTR

Absorbing now the positive term with the (k + 1)-th derivative, we arrive at the
estimate

1T 2 ktl,, (2 1 T 2 2
IzS—E/O /BZRCDW ml?dodt +C(1+ - /0 |2, dt + CTR.

For the term I3 we first integrate once by parts to obtain
T
I = | / / (T Pm), div(®2F¥m) )dodt
0 JBar
T
g// V(| V| 2m) | D2 V5 | dod
0 JBar
T
+2// VAL (| Vi 2m) || V| | @ VEm|dodt
0 JBr
T
< [ IV ATmE ) g | 9T ],
C [T gkt 2 K
3 [ I 23| V] 23,

where we used | div F| < C|VF| for a tensor F of any kind.
Now we compute by virtue of (A.7)

VE(|Vm|Pm) = m« V" (Vm « Vim) + V52 (Vm « Vi« Vi),
Thus, we can estimate by exploiting Definition A.31 twice

IV VmPm)| 2 < Cllmlls [Vl o | Vin| s + | Vo[ [V -2
< C(1+ [Vmlft ) [Vmller,
since | Vm|| gi—2 < ||Vm|| gx-1, where all the norms are on Byg.

Putting these estimates together, we consequently obtain for I3 by terms of
Young's inequality
L 2
B < 5 [ 1OV m(n) 2 g,

1 T
(e + PI9mO i ertomy) ) f) 170 s
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3. The Skyrmionic Map Heat Flow

with )
P(IVm Ol meiomy) = (1+19mO) s, o))

Finally, we turn our attention to I;. First we estimate the L?-norms of the terms in
the scalar product. Those yield again under usage of Definition A.31 and taking

the norms on By

k k
IV ((m, v)v) |2 = IV (m o v*2)]| 2
< Cllm|lgellv Iz + [ |v o llv ] e
< C||Vm|| gx-1 +CR,

and

2 * *
V¥ (G, v)2m) || 12 = | V5 (m* 5 v*2) | 2
< Cllm|Zeo v oo (]| gl |v || Lo + [ oo | v]] )
S CvaHHk—l "‘CR

where we used that v is a smooth function on $? and hence on the relatively

compact set Byg we have [|v|| ye(p,,) < C|Bar|'/? = CR. Similarly, we got

Bar)
||m||Hk(B2R) < C(HV”’Hkal(BzR) + ||m||L2(B2R)) = Cva”Hk”(BZR) + |BZR|1/2/

since |m| = 1. Therefore, we arrive at the estimate
T
14 < O [ (1151 () + R) V1] 125
T
2 2
< Cx /O |V, + CRTR?.

Combining all estimates and inserting them into (3.5), we obtain the inequality
Ly 2ok 1t 21Tkt 2
- - P
S VEm(T) 112,y 4/0 /BZR [V |2 dodt

1 T
<Clpt g+ P sup 19mlliop | ) [ 19m0) By dt 4+ CRTRE
te[0,T] 0

Using the fact that ¢ =1 on Bg and ® = 1 on B x [3T/4, T], we find that four

times the left-hand side dominates

|V5m(T) 22 g + / V5 ()12
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3.1. Proof of existence of the flow: Theorem 3

Hence, since this estimate holds for all k € IN, we can now sum over all 0 < k' < k
to obtain the estimate on the respective H*-norms on the left-hand side which is
the statement of this lemma. The right hand sides can always be absorbed into
the highest order one by the fact that || Vm|| v < || V|| . O

We can adapt the proof in order to show the following more “loose” version of
the previous lemma, which is needed when we slightly change the underlying

differential equation.

Corollary 3.9. Let xg € S? and 0 < R < inj(S?) and set B, := B,(xg). Suppose k € N
and m € C([0, Ty), H*(Bar,S?)) N C®(Byr x (0, Tp),S?) is a solution of

my =y (Am + |Vm|*>m) + xF(m),

where u € C®(Byr,R) with 6 < u for some § > 0 and F(m) is a function of type
F(m) = m* « f for some | € N, with f a smooth vector valued function on Bog. Then
forall 0 < T < Ty it holds

9 (T) 1y +/ V(1) 1

1
= C(Rz tT +P<”vm||L°° Bsz[OT])> +K)/O | Vm(t )HHk 1(Byg dt+CKTR2

where P is a polynomial of degree 4, and C > 0 is some constant, which is independent
of m but depends on S?, k, y and f.

Proof. We can repeat the proof of Definition 3.8 with the only difference that
when estimating the terms where now y appears, we redefine the spatial cut-off
function to be ¢ = ¢pu, for which now holds |¢| < |||~ and 6 < |@| on Bg, and
still [V¢| < C/R, since Vu is bounded. For the term with f which corresponds
with I4 in the proof of Definition 3.8, we get the same result by reasserting in
view of Definition A.31 the estimate

K( y¥l
IV (m* s )l 128y < Climllfs (HmHHk (Baw) 1 F o (o) - 11112l o (o) L 1 BZR)>

< Cljm|| g5,y + CR,

where we used that || f| yx(p,,) < C|Byr|'/? = CR.

Hence, all the estimates go through and just the constants involved change and

now depend on y and f. O
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3. The Skyrmionic Map Heat Flow

Remark 3.10. We gain an equation of the form in the corollary when we do a
transformation of variables in the equation (SMHF). To illustrate, we consider
a case which we will use later. Let m be a smooth solution of (SMHF). In

stereographic coordinates centered at xo € S? this means that m solves
m; = A72(x) (Agem + |Dm|*m) + x (m, v)IT,v

on IR?, where Ap. denotes the standard Laplacian on R? and Dm is the classic
Jacobian (see also Definition 2.3).
Now for a > 0 consider the rescaled function

im(x,t) = m(ax,a’t).
Then by a quick computation we obtain that 71 solves
iy = u(Aim + | V| *m) + xa? (i, 9) 17,

on $2\ {—xp}, where u(x) = A%(x)/A?(ax) and #(x) = v(ax) in stereographic
coordinates. The functions y and F(m) = a?(si1, )11 ¥ then satisfy the conditions

of the corollary. -

Remark 3.11. If m is smooth up to Ty, i.e., m € C*(S? x (0, Ty]), then of course
both previous inequalities also hold for T = T. L

The following result is the crucial estimate to show that if energy does not
concentrate at a point then the solution has bounded gradient. Later we then
infer from this that the solution smoothly extends to the terminal time in a
neighborhood of that point. The lemma is an analog of Proposition 6.2.6 in [47]
or Lemma 7 in [16]. The idea of the proof was first introduced in [58] and
is a standard technique for harmonic maps. For (xg,ty) € S? x (0,00) and
0 < r < min{inj(S?), y/fo} we define the parabolic cylinder

Pr((xo,t0)) = {(x,t) € 8% x (0,00) s d(x,x9) <1, tg—1? <t < to}

= Br(xo) X [to — 1’2, to] ,

where by d: $? x 5> — R we denote the geodesic distance on S2.

Lemma 3.12. There exist Es, Rs > 0 depending only «, such that if for r < Rs the
function m € C®(P,((xp,to))) solves (SMHF) and satisfies

sup |Vm(t)|*do < Es,
te[ty—r2,to] 7 Br(%0)
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3.1. Proof of existence of the flow: Theorem 3

then

<IN

sup |\Vm(x,t)| <
(xt)€Py ((x0.t0))

Proof. Since the equation is invariant with respect to shifts in time, we can assume
without loss of generality that tp = 0 and write P, := Pr((x0,0)). For now we
assume 0 < r < R fixed and decrease the upper bound if needed. There exists
p € [0,7) such that

(r—p)?sup |Vm|? = max (r — o)*sup | Vm/|>.
P ce[0,7] Py

[4

This is due to the fact that P, is a compact set on which |Vm| is continuous and
thus the function ¢ +— supp_ |Vm|? is continuous on [0,7]. The value ¢ = r can
be excluded since the non-negative function vanishes there. As said, we therefore
find a point (%,f) € P, such that

\Vm(%,F)| = sup |[Vm| = sp.

Py

Now two cases can occur: either
(r—p)%3 <1 or (r—p)?s3>1.

In the first case we easily conclude by the definitions of p and sy

4 4
sup |[Vm|* < - (r—p)*s§ < —,
P, r r

from which the claim follows. In the second case we first see that we then have

30_2 < (r—p)>. (3.6)

We now use stereographic coordinates centered at ¥ and define the rescaled
function
m(x,t) = m(so_lx,f+ so_zt> :

By the triangle inequality and (3.6) we find

Pty (£,5)) C Proy((%,1)) € Prl((x0,0)). (37)

We want to use this observation to find a parabolic cylinder on which 7 is
defined. To this end, let (x,t) € P;,»((%,0)). Then, for the norm of the coordinate
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3. The Skyrmionic Map Heat Flow

representation in R? we find

@1 (x)] :tan(d(xzf)> <tan( ) < %

—1 —1
Ispld 1 (x)] < %0 <tan( 2.
0 X 2 = 2

We conclude that (®z(sy ' ®@; ' (x)),F+55%t) € Pys,((% 7)) and hence with (3.7)
that i is well-defined and smooth on P 5((%,0)).

I

And hence

Thus, as in Definition 3.10, we find that 7 solves the equation
ity = p(Avi + |V *i) + xsg 2 (1, 7)1 7,

on Py /»(%,0), with u(x) = A%(x)/A%(s, 'x) in stereographic coordinates centered
at X. By the above inclusion we also have

2.2 _ )2
sup |Viit|? < sy?sup |[Vm|? < ;2 r= g) S _ 1 2p) <1 (3.8)
Py2((%,0)) Py ! ’
and
|Vi|(0,0) = s, | Vm|(%,F) = 1. (3.9)

Hence, by setting & = «s; 2 we can invoke Definition 3.9 and apply it to 7 on

P:((%,0)) with 0 < T < 1/2. Then by virtue of (3.8) the inequality has the form
0
. 2 NP
va(o)“kal(Br/z) T /—(7/2 2 va(t)HHk(Br/z)dt

1\ /0
SC(l—f—?—FK) /—72 IV (t) |3 i dt+CKT

where B; = Bs(%). Note that whenever T appeared in the prefactors in the
original inequality it is to be interpreted as length of the time interval on which
the inequality is applied. With the help of the Sobolev embedding H?(B; /1) <
L*°(B1/16) we can start now at (3.9) and use the above inequality three times to

obtain
1= |Vm(%,0)|?
< ClIV(0) g, (k=37 —1/8)
0
< C(1+7) / e | VO, e CR (k=2,7=1/4)
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3.1. Proof of existence of the flow: Theorem 3

0
N2 - 2 . = _ _
<C(1+7) /(1/4)2 IV3(t) 3 5, ydt+ CRA+R) (k=17 =1/2)
0
~\3 = 2 = =2
<C(1+7) / e 190, 4+ CROLE R, (3.10)

where the coefficients at the right denote the combination used in the inequality
to arrive at the subsequent row. Also note that the constant C changes from line
to line. Now, we compute for t € [—1,0]

V() oo, o) = [ V(D) do

By /(%)
~.d
_ |Dm|?(sy 'x, 552t + t)—f
Btan(1/4)(0) SO
= Dm|?(x, st + F)dx
0

Bsal tan(1/4) (0)

< |Dm|?(x, syt + F)dx
Btan(sal/Z) (O)

< sup ) |Vmn(s)|*do

s€[f—sy 2 H] Bsal (%)

< sup |Vm(s)|>do < E,
SG[!’O*I"Z,to} B’(xo)

where we once again used
sy tan(1/4) < tan(s;'/2) and Psal((f,O)) C Py((x0,t0)) -
Therefore, inserting this estimate in (3.10) and resubstituting & we arrive at
1 < CE(1+xs52)? + Cxsy 2 (1 + sy 2)> < CEs(1 4 kR2)® + CxkR3(1 + kR3)?,

as s, 1'< (r—p) < r < Rs. The constants appearing here depend on the
Sobolev embedding constants and the constants in Definition 3.9 and hence
are independent of m, Es;, and Rs. Consequently, we can choose Rs and E;,
independently of m, such that the right hand side is less than one, a contradiction.
This implies that the first case must hold and the proof is complete. O

As said, we can use this result to show that solutions with no energy concentration
at a point can be smoothly extended.
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Corollary 3.13. Let m € C®(S? x (0, Tp)) solve (SMHF). Then if there exists 0 <
R < Rg such that for all 0 < T < Tj

sup  &(m(t),Br(x)) < Es, (3.11)
(x,4) €S2 x[0,T]

then m can be smoothly extended to S* x (0, Ty + J) for some § > 0.

Proof. Assume Tj is the maximal existence time of m. Then by Definition 3.3 we
find that

Jim [T (T) |5 = oo.

However, by Definition 3.12 and the assumption on the supremum we know that
for all x € 5 we have )
Vm(x,T)| < =,
Vm(xT)| < 2
a contradiction. Thus, T is not the maximal existence time and the solution can
be smoothly extended. O

Now we finally have all the preparations done to prove Theorem 3. Again, we
follow and adapt the proof of the theorem for the harmonic map heat flow in [63]
and [62]. In fact, our proof holds for all values of «, in particular ¥ = 0. Therefore,
it can also be used to reproduce the result for the harmonic map heat flow. In the
following we try to be as precise as possible and give all the necessary details
that in the existing literature are often omitted or imprecise. Some arguments
used can found in [29].

Proof of Theorem 3. The proof is divided into five steps.

Step 1: Local existence. For my € H'(S%,5?), by density of C*(5%,5?) we find
a sequence {mg;} C C®(S% S?) such that my; — mg as k — oo in H!(S?,S?).
Let my solve (SMHF) with initial data m\ as provided by Definition 3.3. By the
H!-convergence we conclude that e(mg) converges in L! to e(mg). Hence by
Vitali’s convergence theorem [3, cf. Theorem 1.23] we find 0 < Ry < Rs/2 such

that
Ey

sup &(mx, Bog,(x)) < >

x€S2

for all k € IN, where E, = min{Ey, Es}. Therefore, as described before, setting

EpR2
To = inf —>——,
0= R CE(mgy)
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3.1. Proof of existence of the flow: Theorem 3

we get as in (3.3) and (3.4)

sup  E(my, Bry(x)) < Ep, (3.12)
(X,t)€S2>< [O,To]

and

To C
||mk||‘¥‘/T0 S Cg(ﬂ’lo,k) (1 + R_% -+ CKR%T0> S C(g(ﬂ’lo) + TT’;O)) ,
as E(mygy) — E(mp) for k — oo by the H'-continuity of £. Note that 0 < Tp < Ty
for all k, where T} is the maximal existence time of my. This is due to the fact
that by virtue of (3.12) and Definition 3.13 we find Ty > Tp and therefore we can
consider (my) to be a sequence of maps defined on [0, Tp] with ||mk||%/T0 uniformly
bounded.

This implies that m; € L?H2N H}L2(S? x [0, Tp]) with uniform bounds. As
a result, after extracting a subsequence, we can assume weak convergence of
my — m in L?H2 and my; — my in L?12. Also we note that the my are uniformly
bounded in H(lt %) which compactly embeds into L%t %) by the Rellich-Kondrachov
theorem. Hence, after extracting another subsequence, we assume that m; — m
strongly in L%t’x). We want to improve this to strong convergence m; — m in

L?H}. Indeed, using (2.7) we can rewrite the difference of the gradient norms as
Vi[> = |Vm|* = —(my, Amy) + (m, Am) = —(my — m, Amy) + (m, Am — Amy).
Therefore, we conclude
To 2 2
L/ Vimg[2 — |Vm[* dodt]
0 S?
Ty To
< / / \Amkak—m\dUdt—i—‘/ / (m, Am — Amy,) dadt‘
0 Js2 0 Js2

To
< ||Am m, —m —i—‘/ / m,Am — Am dadt‘ — 0,
ol m—mls +| [ ] )

——
< 2 <
<yl 7y <M

as k — oo by the L%x p-convergence and weak L?H2-convergence. Thus, my — m
in L?H! since it converges weakly and in norm. By extracting another subse-
quence, we can assume that my — m and Vm; — Vm almost everywhere in

S2 x [0, Tp]. Since (3.12) holds, we conclude that we can apply Definition 3.12 to
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3. The Skyrmionic Map Heat Flow

find that for any t. € (0, Ty) we get

1 1
\Y B <C —,— 3.13
V(1) < Comax{ -, 7| 6.1
for all (x,t) € S? x (t«, Ty] and by pointwise convergence almost everywhere we
conclude that 11
IVm| o521, 1)) < Cmax{ Ro’ E}

by definition of the essential supremum. Moreover, convergence almost every-
where of my, also implies that |m(x, t)| = 1 for almost all (x,t) € $? x (0, Ty).

We want to show now that m is a weak solution of (SMHF). Multiplying (SMHE),
in which we exchange m with my, by the product ¢v with test functions ¢ €

C3 ([0, To), R) and v € C*(5?,IR?) and integrating in space and time we find

T,
0= / 0 /SZ<Mk,t, ¢v) — (Vmy, 9V 0) + x(my, ¢(v,v)v) dodt
0
T,
* /0 O /Sz |V |? (my, 9v) — x(my, v)? (my, po)dodt . (3.14)

In the first integral we can use the weak convergence of my in L%H}C and of my,
in L?L2 in order to replace them in the limit with m and m;, respectively. For the
second integral we need to work a little more. We want to check convergence

and subtract the limit from the first term to get

To ) ,
h ::/0 /52|mG| (my, 9v) — |Vm|~(m, pv)dsdt
To ) , )
= /0 SZ\mG’ (my —m, pv) + <|mG] — |Vm| )(m, ov) dodt.

Both summands converge to zero as k — oo, the first one by L%x’t)-convergence
and the fact that L2ZW}* C L?H2 by spatial Sobolev embedding, the second one
by the L?H.-convergence. Hence, we find that I; — 0 as k — co.

For the second term of the second integral in (3.14) we deduce from the fact that

my — min L%x y and |my| = |m| =1 a.e. that my — m in L?x ) and hence

To 5 To 5
/ /2<mk,v> (my, pv)dodt — / /2<m,v> (m, pv)dodt, as k — .
0 S 0 S

Consequently, performing the limit k — oo in (3.14) we find

0= /OTO (/82(mt,v> —(Vm, Vo) +x(m, (v,v)v)
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3.1. Proof of existence of the flow: Theorem 3

+|Vm|*(m,v) — K(m,v)z(m,v>da> @dt.

Since ¢ was arbitrary, we conclude by the fundamental lemma of the calculus of
variations that for almost all ¢ € (0, T) it holds

0= /Sz<mt,v> — (Vm, Vo) + «(m, (v,0)v) + |Vm|*(m,v) — x(m,v)*(m,v)do,

i.e., m is a weak solution of (SMHF).
For attainment of the initial data we want to improve L%x y-convergence to L2-
convergence uniformly in time, i.e., C?L2-convergence. To this end, we invoke

the Arzela—Ascoli theorem. We compute for ¢,s € [0, Ty]
t
e (£) = () |z = 1| [ e (D)1

; 1/2
< ([ [ meoarpac)
82 Js ’
1/2 To 2 12 1/2
<|s—t (/2/ |mk,T(r)|drda> < Mls — t]1/2.
52 J0

Consequently, (my) is equicontinuous seen as sequence of maps from [0, Ty
to L?(S5%,IR%). Next, we need to show pointwise in time relative compactness
of the sets {my(t)} C L?($?,8?) for t € [0, Tp]. As ||m(t)|m < ||millym, <
VM, we see that {my(t)} is a bounded set in H'(S?,R%) and by the Rellich—
Kondrachov theorem relatively compact in L?(S2,5?). Consequently, by the
Arzela—Ascoli theorem, extracting a further subsequence we establish m; — m in
C%([0, To], L?(S?,S?)).

Thus, we have shown that firstly my(t) — m(t) for k — oo, uniformly in ¢,
secondly my(t) — my(0) = mg for t — 0, equicontinuously, and thirdly m; —
mg by the choice of the mg ;. Hence for ¢ > 0 given, we can choose J > 0 such
that for all 0 < t < ¢ it holds ||my(t) — mgk|/;2 < &/3 for all k € IN. Then we pick
ko € N such that for all k > ko we have ||my(t) —m(t)||;2 < e/3forall0 <t <
and ||mg — mop||;2 < /3. Then it follows that for all 0 < t < ¢ and some k > kg

[1m () = mol[ 2 < |lm(t) —m(t)[| 12 + [lmr(t) — moxl[2 + [[mo — mol| 12 <e.

Thus, lim;_,om(t) = mg in L2. By [22, c¢f. 5.9.2 Theorem 4] we know that
L?H2 N H}L? embeds into CYH., hence we proved that m attains m in t = 0 also
in H'(S?%,S?).
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3. The Skyrmionic Map Heat Flow

Finally, we want to show that m is smooth on S2 x (0,Ty). To this end, let
0 < t* < Ty arbitrary but such that my(t*) — m(t*) strongly in H!(S?,R3) by
convergence almost everywhere in time. Recall that by (3.13) we have that Vmy
is uniformly bounded in L*(S? x (+*/2,Ty)). Therefore, applying Definition 3.8
twice, first for k = 2 and then k = 3, with radius and time chosen suitably, we
find that m; (t*) is uniformly bounded in H3(S?,IR3) since we can cover S? by
finitely many balls. Consequently, by extracting an additional subsequence, we
can assume that my (+*) — m* in H>(S?,IR%). Invoking Definition 3.3 we find that
(SMHF) admits a smooth, unique solution with initial data m*. By uniqueness of
the limit we conclude that m(t*) = m* and thus m is smooth on S? x (t*,Ty) by
the uniqueness of the solution. Since t* was arbitrarily small, we find that m is
smooth on $% x (0, Tp).

By Definition 3.13 we obtain T; > Tj such that m can be smoothly extended to
S2 x (0,T;). Moreover, by Definition 3.5 we know that £(m(t)) < &(m(s)) <
E(mp) for 0 <s <t < T.

In the case T; < oo, the time Tj is characterized by

limsup £(m, Br(xy)) > Ey
t,/ T
for all 0 < R and for points xj, xp, ... where the energy concentration occurs. We
call these points blowup points in space-time. Note that there has to exist at least
one of these points. In the case T; = co we refer to the asymptotic case following
since then m is already a global solution in time.
We proceed with T; < co. We want to show that there can only exist finitely
many blowup points. We choose a finite collection x1, ..., xk, of these points and
choose R > 0 small enough such that the balls Byr(xx) are disjoint and such that

EpR?

B 4C15(m0) >0

to =T

holds, where the constant C; > 0 is the one from Definition 3.5. Furthermore, we
pick tp < t; < Tj such that

(1), Br(xe)) = 2.

Then by virtue of Definition 3.6 this yields

tr — fo

€(m(to), Bor(xx)) = €(m(ty), Br(xk)) — C1=p5

& (my)
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3.1. Proof of existence of the flow: Theorem 3

E, Ty — to
> 2= it € (mo)

_E
p— 2 — .

. (3.15)

Accordingly, invoking Definition 3.4, we arrive at the estimate

Ky
£(mo) > E(m(t0)) > Y £ (m(t0), Bar(xe)) > K1 2.
k=1

Thus, K; < 4€(my)/E, and hence there can only be finitely many points {x; :
1 <k < Kj} where the energy concentration occurs.
Finally, applying the same argument as in Definition 3.13 locally on sets Q CC
$2 x [0, 1)\ {(x1, 1), ..., (xk,, T1)}, we find that m is smooth on Q as we can
find R > 0 such that

sup E(m,Br(x)) < Ep.

(xt)eQ
Therefore, m extends to a smooth solution on §? x [0, Ty] \ {(x1, T}), ..., (x ko T1)}
Step 2: Global solution. Again, we assume T; < oo since otherwise m is the
desired global solution. By Definition 3.4 we know that £(m(t)) < E(my) for
all t € [0, T;). Consequently, m(t) is uniformly bounded in H'(S?,R?) for all
t € [0,T1). As a result, we find mél) € H'(S? R?) such that m(t) — m(()l) in
H'(S%,R%) as t / T;. Weak lower semicontinuity of the H!-norm implies
E(m(Ty)) < lminf&(m(s)) < E(m(t))
s/ Th

forall0 <t < T;.
By the Rellich—-Kondrachov theorem we can assume that m(t) — mél) strongly
in L2(S?,R3) as t * Ty and therefore m(()l) is $2-valued almost everywhere. In

fact, on $%\ {xy,...,xg, } we have that m(()l) = m(Ty) by the smooth extension

(1)

explained above and hence m;

ETY.

Similarly, as in (3.15) we find a t; < T; such that for all t; < t < T; we have

is the unique weak limit of m(t) in H'(S?,S?) as

£(m(t), Bar (1)) > =

for all 1 < k < Kj. Thus, we gain the energy estimate

Kq
E(m(()l)) = Il{lg})g (mc()l),Sz\ U BZR(xk)>
k=1
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3. The Skyrmionic Map Heat Flow

K1
= lim lim (E(m(t),Sz) -y S(m(t),BzR(Xk))>

E
S S(mo) — Klzb .
Now, setting Ty = 0, m(()o) = mgy, and m©0) = m, we can construct iteratively

by reproducing the previous steps a sequence of solutions m™ to (SMHF) on

CO((Ty, Tpin), HY(S%,8%)) with initial data m(")(T,) = m(()n_l) for n € N such

that m(" (1) — m(()nH) in H'(S?,R3) as t  T,y1. Additionally, there exist
() (n)

finitely many singular points x;7",...,x;° € 52 such that m(") is smooth on

S2 x (Ty, Try1) \ {(xgn), Tui1),---, (xg;)ﬂ, Tu+1)}. The points are characterized by

energy concentration

limsup & (m™ (t), Br(xi)) > Ep .
t/Tn+1

Moreover, we have the energy estimate

n n E
E(m{"™™) < £m") — K122

which implies that since the energy is nonnegative that

1 4
Y K < 5("10)]5—/
=1 b

for all n € IN. As a result, the total number of singular points is finite and hence
we only need to consider a finite number of time intervals, i.e., there exists an
N € N such that mN) is defined and smooth on $? x (Ty, o). For the behavior
at infinity we refer to the asymptotic case, Step 4.

Defining m now by m(t) = m")(t) for t € (T, T,11) and m(T,) = m(()") we have
found a function in §? x (0,00) — S? which is smooth on §? x (0, o) away from
at most finitely many points (%, f¢),0 < f < 00,1 < k < K and is a weak solution
of (SMHF) with initial data m, since the m(™) are weak solutions. Moreover, as
shown in Step 1, m assumes the initial data m( continuously in H!(S?,IR%) at
t=0.

Step 3: Uniqueness. We proceed as in step (5°) of the proof of Theorem 6.6 in [63].
For the sake of completeness we write down the arguments in detail.

We assume that mq, m;, € L%HJZC N Ht1 L% are two weak solutions of (SMHF) to the
same initial data my € H'(S?,5%) on some interval (0,Ty). Let ¢ = m; — my.
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3.1. Proof of existence of the flow: Theorem 3

Certainly, ¢(t) € H' N L*(S?,R?) for every 0 < t < Ty, so we can use it as a test
function against m; and m; in (3.1). Subtracting both equations from each other

yields
0= [, () + VPP = Vi[> — (ms, ¢)(Vg, Vs + Vi)
— (¢, v) (v, @) — (m1 +ma, v) (ma, @) + x(m1,v)* (¢, ) do.
Hence, recalling the already established fact |m;| = |my| = 1, from which

also follows |¢| < 2, we can now integrate in time from 0 to t € (0,T) for a
to < T < Ty still to be chosen to get

o)z
< /Ot /S —|V@* + [Vimi[*|§|* + [V + Vina| ]|V | + Cx| ¢ dodt
< [ =31V 0 P +C1¥mf + [Vmaf?) 9 + Crlgf dod
< [ =3IV + CUIVmi IR+ [Vl |+ Ol

t1
< [ =51Vl dt+CeT sup [p(s)]:
0 s€[0,T]

t 1/2 t 1/2 t
+c<( [ Ivmitiar) o ([ 1omaltat) )( [ leltat)

(3.16)

1/2

where we first applied Young’s inequality to absorb a positive term of 3|| V|2
and then the Holder inequality. The term stemming from the anisotropy we
crudely bounded by pulling the L>-norm of ¢ out of the integral as a supremum
and then estimating t < T.

We proceed by estimating the final line. Let § > 0. By (2.7), which implies that
|Vm;|> < |Am;| < |V2m;| we get for i = 1,2

t T
V|| ].dt < 1V2m; |2, dt < 6%,
0 0

if we choose T = T(6, my, my) sufficiently small by the absolute continuity of
the Lebesgue integral. Integrability of ||V?m;||;> follows from the fact that
m; € L?([0, Ty, H?). For the integral involving the L*-norm of ¢ we invoke the
Sobolev imbedding W11 (82, R?) — L?(S?,IR3) [5, cf. Theorem 2.21], which gives
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3. The Skyrmionic Map Heat Flow

us

2 2
lolts = 1@ Pl < C1llgPl + V1@ Pl ) < (gl + Il Vellz)

Consequently, we obtain

t t
| Iglitar < C [Vl + @12Vt

2
t
SCT<SUP ||¢<s>||iz) + sup |p(s)3 [ IVl

s€[0,T] s€[0,T]

2

1 gt

< <c5 sup [|p(s)|%+ 5 | ||V¢||i2dt> ,
s€[0,T] 0

where in the last step we used Young’s inequality and that A? + B? < (A + B)?

for nonnegative A, B. Furthermore, we also chose that T < 1 holds. Inserting

these estimates into (3.16), we arrive at

1 |
FeOIE: < [ ~ZIVelEdt+C(xT+6) sup |lp(s)]% < Co sup [[p(s)I3:,
s€[0,T] s€[0,T]
(3.17)

decreasing T such that kT < J, if necessary. Note that the constant C here only
depends on the geometry of S? (through the Sobolev constant) and otherwise
ordinary numbers. Hence, we can set 6 such that C6 < 1/4, then pick T =
T(6,mq,my, k) accordingly such that the above assumptions hold. For this T we
can then fix t € [0, T] such that

lp()17. = sup [[$(s)ll72-
s€[0,T]
As a result, (3.17) holds for this t and we conclude ||¢(t)||;2 = 0 and thus
my = my a.e. on [0, T] by the definition of t as maximal point. Iterating this
process now with the end point of the interval as new starting point, we see that
we can extend the interval of coincidence maximally I := [0, T) with0 < T < Tp.
We claim T = Tj. Assume not. Let (t;) C I be a sequence such that #;, — T. Since
my, my € C°([0,Ty), L?), the same holds for ¢ and we deduce

0= lim [l¢(t) 2 = |@(D]12,

But this contradicts the maximality of T. Hence, ¢ = 0on [0, Tp), which means
that uniqueness of the solution with initial data my € H 1 (SZ, SZ) is proved.
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3.1. Proof of existence of the flow: Theorem 3

Step 4: Asymptotics. We want to study the behavior of m as t — co. Two cases
can occur: either m has bounded local energy beyond some time T > 0 or there
is a blowup at infinity, i.e., energy concentration. We start with the first case.
Assume that there exist T > 1 and R > 0 such that

sup E(m(t),Br(x)) < E.

(x,t)€S? % (T, 00) 2

By Definition 3.12 this implies that Vm is uniformly bounded on S? x (T, ).
In addition, let (t;) C R be an arbitrary sequence with t; — co. Then, by
Definition 3.7 we find a uniform constant C > 0 such that

t,
/’ /2 V2m|2 dodt < CE(mg)(1+ R + R?)
H-1J8

Therefore, applying Definition 3.8—similarly as in Step I—we find that m(t;) is
uniformly bounded in H?(S?, R3).

Hence, that after extracting a subsequence we get m;(t;) — 0 in L?*(5?,R%) and
m(tj) = me weakly in H2(5%, R%) and strongly in W'#(5%,5?) by the Rellich-
Kondrachov theorem. Hence, we can pass into the limit j — oo in (3.1) and
conclude that m., is a weak solution of (EL) and thus a smooth function on $2 by
Definition 2.6. Moreover, we do not have to attach any harmonic maps at infinity,
ie., Ko =0.

In the other case, there exist sequences t; — co and (x?) C S? such that

Ey

liminf & (m(t;), BR(X?)) > 5

j—oo
for all R > 0. By compactness of 5> we can extract a subsequence such that
x? — xo and we can assume

liminf € (m(t}), Bag (x0)) > =,
]—©

for all R > 0. Let xy,...,xk, be a finite amount of points such that the above

holds. Note here that we always have the same fixed sequence in time. We call

these points blowup points at infinity corresponding to (¢;). Choosing R > 0 such

that the balls Byr(xy) are mutually disjoint, we find

Keo
£(my) > £(m(t))) > kzlg(m(t]-),BzR(xk)) > Koo%,
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3. The Skyrmionic Map Heat Flow

for j sufficiently large. Accordingly, the number of blowup points at infinity
K is bounded. Here we also note that the bound on K is independent of the
sequence (t;).

Thus, we can achieve that K is maximal and such that the points x1,...,xg_,

satisfy
E

liminf € (m(t), Bag () > =,
]—00
forallR >0and 1 < k < Keo.
This means in particular that we cannot add another point y € S? distinct of
the xy to the set {xq,...,xk_} such that the above inequality holds, i.e., for all
y €52\ {x1,...,xx,} there exists an R(y) > 0 such that
: Ep
lim sup E(m(t;), Borey) (y)) < -
j—0oo
Note that this implies that x; ¢ Bg(,)(y) for all 1 < k < Ke as otherwise we
could find a ball around x; inside B,g(,)(y) accumulating energy larger than
Ey /2, contradicting the definition of R(y).
For Q CcC S?\ {x1,...,xk,} we assert that by the smoothness of m on Q the
function y — R(y) is continuous on Q and hence find by the compactness an
R = R(Q) > 0 such that

: E
limsup € (m(t;), B (y)) < -
oo

for all y € Q. Then we set

E,R?

t= T(Q) - 4C15(m0) ’

where C; is again the constant from Definition 3.5. Since we can always decrease
R without breaking the inequality, we can assume that always T <1 and R < Rs
hold, where R; is the constant from Definition 3.12. Thus, we conclude by the
statement of said lemma that there exists jo(Q) € IN such that for all j > jo(Q)
and y € Q it holds

sup £(m(t), By) < E(m(t;), Bar(y)) + C1pzE(mo) < By.  (318)

tjffgtj—‘rf

We now assume that j > jo(Q) holds. By compactness of Q, we find a finite set
of points 1, ..., yum such that Q C UM, Br(y;). Then, by means of Definition 3.7,
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we assert that
t+T T
/ / [V2m[2dodt < CE(mo) (1+ o + CeR?T?) = Cmo, Q, %)
t Br(yi) R

for all 1 <i < M. Using the fact that the Br(y;) cover Q, we hence conclude

te+T
/ / V2m[2 dodt < C(mg, Q, ).
b 0

We want to stress that the constant and T directly depend on Q.

Now let (Q))ien C S?\ {x1,...,xx,} be an exhaustion of relatively compact
sets such that Q; C Q;,1 for all I € N. By the above bound we find for [ € IN
arbitrary but fixed a sequence of times (;;) e such that

<t <t +7(Q)

and
lm(t; )| 2, < Ci-

Moreover, in view of Definition 3.5 which yields that
ti+T ’ )
/ /2|mt| dodt — 0, as j — oo,
o Js

we can also assume that |1 (t;;)[|;2(s2) — O for j — co. Extracting a subsequence
we can even suppose that m(t;;) — me,; in W1(Q;, R?) for any g > 2 as j — co.
This implies |m ;(x)| = 1 for almost all x € Q;. Hence, going into the limit in
(3.1) with the integral restricted to Q; and a test function in H(l) N L*(Q;,R3), we
conclude that m,,; is a weak solution of (EL) on Q).

After doing this procedure for all I € IN, we return to the original sequence (¢;).
By Definition 3.4 we find that m(t;) — me as j — oo weakly in H'(5%,5%) and
strongly in [?(S?,5?). We want to show that on Q it holds

Moo } Q Moo ]

for all I € IN. To this end, we fix | € IN and estimate

o = meo |12

< I —m(tj) |12 + [Im(t;) — m(tj)ll12(q) + lmeos —m(tj1)ll12(q)) -
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The first and third term on the right hand side can be made arbitrarily small
by the strong L2-convergence. The second term can be estimated by means of
the fundamental theorem of calculus for space-time Sobolev functions [22, 5.9.2
Theorem 2] and Jensen’s inequality as

2 tj,l 2
() —m(t) 220, = /Q | / my | do

tj,l
< (t,-,l—t]-)/Ql /t ;|2 dt dor
]

<v(@) [ [ ImPdodt —0, asj o,
= Ja

by the integrability of [|m;||7, (s2) Over [0, 00) according to Definition 3.4. Hence,

we have shown that me = mq; on Q; for all I € IN. Since the Q; exhaust
S2\ {x1,...,xx,}, and since m,,; € H*(Q;,S?) and since it is a weak solution

of (EL) on Q;, we conclude that m is in H2 _(S?,5?) and it is a weak solution

loc
of (EL) on $2\ {x1,...,xx,}. By Definition 2.7 we can extend s to a smooth
solution of (EL) on S2.

Step 5: Blowup analysis. As we have seen, there are two types of singular points:
blowup points in space-time as identified in Step 2 and blowup points at infinity
in time as dealt with in Step 4. We want to give a precise description for the limit
behavior in the vicinity of the first type of points, the second type of points are
analyzed further after that. We call the set of blowup points in space-time & such
that |S| = K.

Let (xo,T) € S. For any r > 0 we set B, := B,(xp). Then

limsup £(m(t), Br) > Ep
t T

for all R > 0. By finiteness of & we get that x¢ is an isolated point and we can
choose Ry > 0 such that Bog, X {T} NS\ {(x0,T)} = @. We want to apply a
result like Theorem 1 in [55]. We can mainly repeat the proof there and adjust it
to our setting. We begin with the equivalent of Proposition 2.1 in [55], namely
asserting that lim; »r || By |Vm(t)|? do exists and is finite for any 0 < R < 2Ry.
To this end, let —co < m < M < o0 and ¢;,s; ' T be such that

limsup [ e(m(t))do=1lm [ e(m(t;)))dc=M+ | e(m(T))do, (3.19)

t—T J/Br i—o0 JBg Br
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and

liminf [ e(m(t))do = lim | e(m(s;))doc=m+ | e(m(T))do. (3.20)

t—T JBg i—o0 JBg Bg

Then we need to show that m = M. We define r; = R/j for j € IN. As shown
in Step 1, we know that m(t) converges strongly in H! to m(T) on any compact
subset of Br \ {xo}. Thus, we can choose a subsequence t;(; such that holds

/BR\BVJ» |e(m(ti(]'))) —e(m(T))|do < %/ e(m(T))do,

Br].

and such that in view of (3.19) we have

1
/ e(m(ti(j)))da—/ e(m(T))do > M — -/ e(m(T))do.
B B 2 By,
Moreover, by picking elements later in the subsequence i(j) if needed, we can
also assure that s; < t;;. Combining the two estimates and redefining ; = ;(;

we find
/B e(m(t;))do > M (3.21)

’j
with s; < 't for all j € IN. Let § > 0 and jp such that ri < 0 for all j > jo. Then,
invoking Definition 3.6 we gain for all j > j the estimate

t:—s:
I ]28(1110).

/B(Se(m(sj))d(f z/B elm)) do = €l

"
By (3.21) and again under usage of strong H'-convergence of m(s;) to m(T) on

Br \ By, this gives us

lim [ e(m(s;))do
J—o0 JBg

— lim (/BR\B5 e(m(sj))do + [ e(m(s;)) da)

j—oo Bs

t. Q-
> lim ( /B L Clm(s) o s e(m(t;)) do — Cﬁé(m@)
> /BR\Bée(m(T))da+M,

since we have

67



3. The Skyrmionic Map Heat Flow

As 6 > 0 was arbitrary, we conclude that m > M and thus m = M.
Therefore, we gain

lim [ e(m(t))do=L+ [ e(m(T))do,

t,/T JBg Bgr
for some L € R. In view of strong L2-convergence of m(t) to m(T) we deduce
that

lim ]Vm(t)\zdazL—l—/ Vm(T)|?do. (3.22)
t T JBg Br

We note here that a priori L depends on R. We show independence with the
following argument. Let L(R) and L(R’) be the limits for R and R/, respectively.
Without loss of generality we can assume that R < R’. Then, since m(t) converges
strongly in H! to m(T) on By \ Bg, we get

L(R' VTZdzl'/Vtzd
(R) + |\Vm(T)|*do Jim BR/| m(t)|"do

BR’
:lim(/ |Vm(t)|2da+/ |Vm(t)|2da)
t T \JBgr B/ \Br

= L(R T)|*d T)*d
(R)+ [ [Vm(T)Pdo [ |Vm(T) do

= L(R) [Vm(T)|*do,
By

whence L(R) = L(R') =: L.

We fix now R = Rg. We take the sequences t; /' T and r; — 0 such that (3.21)
holds for Ro with M = L. As (t;) is bounded, we can assume that 1 < t;/ rjz and
ri < 1. Using stereographic coordinates centered at xo, we define the rescaled
functions v; by

vi(x) = m(rjx, —rjzt +1t).

These maps are certainly well-defined on R? x [0, 1] and solve the equation (cf.
Definition 3.10)

ARevj + |Vv]-|2 = Az(r]-x) (—v]-,t - Kr]ZG]-) = wj,

where the G; are smooth and uniformly bounded functions. Then, asserting that
/\z(rjx) < 2forall j € N, for any bounded Q) C R? we obtain by Definition 3.4
that

1 1
/0 /Q A (1) |9y0]? dxdt = /0 /Q PN (1) Iy 2 (rje, — 12t + 1) dalt
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t,
§2/] 2/ A%(x) |my|* dxdt
tj—rj I’]Q

t:
gz/] / lm;|*>dodt — 0, as j — oo,
t]'—l’]z 52
by the absolute continuity of the Lebesgue integral. Additionally, we gain
1
/ / /\4(rjx)r;l]Gj|2dxdt < C|Q]r;-1 — 0, as j — oco.
0 JO

Thus, we can conclude that there exists a sequence (s;) C [0,1] such that 7; :=

w;(-,s;) — 0in L} (IR?) as j — co. Moreover, by the conformal invariance of the

Dirichlet energy we have

/N |Doj(s;)[2 dx = /52 Vim(t; — r7s))|? do < € (mo).

As a result, we can apply Proposition 1.2 in [55] and which provides us with

p
i=07

with lim; y} = 0 and points (b;) I | C R? with lim; b;: = b’ € R? satisfying

harmonic maps (w;)!_,, mapping S?> — §2, and sequences of scales (y;-)?:l C Ry

t i |bli_bli|2
y_]i+y_é+]g—i]_>oo, asj—)oo, (3.23)
K K Hilj

for i # /, such that if we define

P x — bt
fi(x) :w0(¢(x))+2<wi (‘D< - ]>> _wi(_é3)> ,
i=1 Hj

(R?,1R3) as j — co. These are not

then v;(s;) — f; converges to zero strongly in H] .
yet the sequences of scales and points used in (ii) and (iii) of the theorem because
we still need to rescale by r;. Hence, we define F;: B, — R3 in stereographic

coordinates centered at xg by

X p x—a;.
Fi(x) = f]<r_]> — wo(—63) = Z(:)(wi (‘P( N )) _wi(_é3)> ,
i= j

0 0 - . - . _
where a; = 0, A]. = rj, and a;. = r]-b;. and /\; = rjy;. for 1 < i < p. Then,

limj_m aj. =0 and lim]-_>oo /\§ = 0 for all 0 <i < p. We readily check that the new
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3. The Skyrmionic Map Heat Flow

parameters still satisfy
—> 00, as ] — 00, (3.24)

ie., (1.3).

It remains to show the strong convergence of m(T;) — F; to m(T) in H'(Bg,) with
Ti=tj—s;j rjz. To this end, we want to show weak convergence and convergence
in norm as H'(Bg,) is a Hilbert space. We already know that m(T}) converges
weakly to m(T) in H'(Bg,) since T; /' T as j — co. Thus, for weak convergence
it suffices to check that F; — 0 in H'(Bg,). To this end, we first we note that
F; is uniformly bounded in H!(Bg,) since it is a finite sum of the functions
w;: Bg, — R® defined by

1, [ x— a;. R
wj(x) = @ Y — W;(0).
]

in stereographic coordinates centered at xp, where Wy = wy o ®: R? — G2 is the

representation of w in stereographic coordinates centered at é;.

These functions are pointwise bounded and satisty

112 —al
vaz :/ ‘D(Di|2(x ia]> dx
TI2(Bry) By (0) ) (AD)?

~ 12 _ 2
< [ D@y dx = |Valityg, < o

for all 0 < i < p. Here and later we denote by Ry the corresponding radius of
Ry in stereographic coordinates, such that Bg, = ®z(By (0)). Therefore, we can
extract a subsequence such that F; — F in H 1(Bg,, R3) for some F € H!(Bg,, R3).
Now, for x € Bg (0) \ {0} we have

x—@ ‘
Y —> 00, as ] — o0,
j

since aj- — 0, such that pointwise we deduce

x —at
@; L) — i(c0) — 0, as j— o
AL
]
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3.1. Proof of existence of the flow: Theorem 3

for all 0 <i < p. Thus, since pointwise limit almost everywhere and weak limit
have to coincide, we conclude that F = 0 almost everywhere in By, i.e., F—0
in H'(Bg,). By the Rellich-Kondrachov theorem we also conclude that F; — 0 in
LZ(BRO)'
In order to prove convergence in norm we only need to consider the gradient,
since strong L2-convergence of m(T;) — F; to m(T) is already established. For
readability purposes we now set B, =: Br(O) C R% However, we still keep
Br, = Bg,(X) C S2. We also recall that a ball of radius r on R? in stereographic
coordinates corresponds to a ball of geodesic radius 2 arctan(r) on S?. See also
Definition 2.3 for the notational conventions of the following computations.
Let € > 0 be arbitrary. We want to find jo = jo(e) € IN such that for all j > jy we
get

[9m(Ty) = VB, — IVm(T) B | <

To this end, let Ky > 0 be a number to be chosen later and assume that j is large
enough such that Ry/r; > Kp. Then we can compute by using the definition of v;

and f;, and the conformal invariance of the Dirichlet energy

|Vm(T) = VEIR: 5, ) = IVm(T) |, )|
:/ Vm(T;) - VP|2da /K|Vm( )2 do]

:/ ‘va(sj)_ijFdx—/B \Vm(T)|2d‘7‘

Ro/i‘

=1/, 1Dwj(s) = DfjPdx + J, ., IDvjls) ~DfiPdx— [ [Vm(T)do]

R/r\ Ko

< / |Doj(s;) — Df;|* dx + / |D7Jj(sj)|2dx—/ (Vi (T)[? do
BKO BRO/rj Ky BK
—h(Ky) —1(Ko)
+ IDf[2dx +2 \/ ,. (Do) D x| (3.25)
Bry/r \Bkg BRy/r;\
=113(K0)

where in order to arrive to the last line we expanded the square in the second
integral before applying the triangle inequality. We will consider each of the

terms I; separately.
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First, for K > 0 we find j; = j;(K) € IN such that for all j > j; it holds
I(K) = /B Doj(s;) — DfPdx < 5 (3.26)
K

by the H{._(R?)-convergence provided by Proposition 1.2 in [55].

For I, we first estimate

Rg

IZ(K):/ |va(sj)|2dx—/ [V (T) ? do|
Bro/r\Bx B

:/ |Dv]-(sj)|2dx—/B |Vm(T)|2dcr—L-|—L—/B [Doj(s;) P x|
Ry K

Ro/rj

IN

/BR |Vm(Tj)|2do'—/BR |Vm(T)|2da—L)+‘L—/BK|Dv]-(Sj)|2dx‘.
0 0 (3.27)

Now, we compute for K > 1 to be chosen subsequently

/ \va(sj)|2dx:/ me(Tj)yde:/
Bk Br]-K

= E(m(T), Byarranr)(®) —x [ 1= (m(T),v)’do. (329

B arctan(ij) (x)

,) [ Vm(T;)|* do

2 arctan(r]-K) (x

For rj < 2 we assert that
2arctan(r;K) > 2arctan(r;) > ;.

Hence, we can invoke Definition 3.6, and get in combination with the definition
of rj in (3.21) that

S(m(T]), BZarctan(ij)(x)) > g(m(tj)/BT’j) -G (2 arctalil(ij]) _ r],)Z 5(m0)
r2
> L—-C ! E(mo) ’

1
(2arctan(r;K) — ;)2

where we used ti— T] = s]-r]Z < r]2..

Now, we choose K; > 1 such that for all K > Kj it holds
1 €

< —.

C
7 Em) (K—172 " 16
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By Taylor’s theorem there exists a continuous function g: R — R such that
g(0) =0and
2arctan(riK) —r; = r; (ZK -1+ g(r]ZK3)> .

Hence, there exists j»1(K) € N such that for all j > j,1(K) it holds
2arctan(r;K) —r; > 2rj(K—1),

and additionally,

2 €
‘K/B - 1—(m(T)),v) da‘ <1’

2arctan(ij) (X)

by the absolute continuity of the Lebesgue integral and the fact that the integrand
is uniformly bounded by the number 2. Putting these estimates into (3.28), we
therefore conclude that for all K > Kj and j > j;(K) it holds

I3
Dvi(s;)|*dx > L — —.
, 1Dojts) P> L g
Now, we fix 0 < § < 1 such that

2 £
V(D) do < o

Then, in view of (3.22) we can find jo» = j22(K, ) € N such that for all j > jp, it
holds tan(6/2)/r; > K and

)2 L / )2 L
[ 19m(T)Pdo <L+ [ [Tm(T)Pdo+ < L+

This yields then for these j that
/ |Doj(sj)2dx < / |Doj(s;) 2 dx
BK tan(6/2)/r;

~ [ |Dm(T)Pd
Bian(s/2)
&

_ 2
—/B(5|Vm(T]-)\ do <L+

Finally, there exists j» 3, such that according to (3.22) we have for all j > j, 3 that

]/ ]Vm(Tj)]Zda—/ Vm(T)Pdor— L] < ¢ (3.29)
Br, Br, 8
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Setting j»(K) = max{j»1(K), j22(K, ), j23} we therefore have shown that for all
K 2 K1 andj Z ]2(K) it holds

’/ Do, (s))[2dx — L| < £, (3.30)
By 8
and thus, in combination with (3.29) and (3.27) we obtain

L(K) < =. (3.31)

=1 m

For I3 we set £ = min{e, &2/ (16& (mp))} and fix a value
Ky >max{b' :1<i<p}+2,

such that for all K > K, it holds

Dewgl?dx < — | 332
/IRZ\BKl woldx 8(p+1) 032

Such a K; exists, since wy € H'(S?,IR?). Then we choose j3 = j3(K) € N such
that for all j > j, it holds, |b]l —b'| <1and

2
/RZ\BW;: Pl < s
for all 1 < i < p. Again, by the integrability of |Vw;|? and the fact that yj- —0
we can find such a .
With these definitions we obtain therefore forall K > Kyand j > jpand 1 <i <p
that
Bi(b}) C Ba(b') C By

And thus, by applying the change of coordinates y = (x — b;) / y;, we find

b Vi
o PN e o o ()
BRO/rj\BK j R?\ Bk j (Vj)
x—b\ dx

< , Dw-z( i’) :
/R2\Bl<b;>’ T\ (1)

= |Dw;|*dx <
]RZ\Bw;

2

8(p+1)°
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3.1. Proof of existence of the flow: Theorem 3

Hence, we gain for all K > K, and j > j, that

IDf[2dx < 2/
/BRO/r]-\BK !

p
2— —
< (p+1 ; p+1

P
|Dw0|2dx+22/ |Dew;|? dx
Ro/f‘ :1 Ro/r‘

< (3.33)

»Jklml
»Nm

Likewise, we estimate by means of the Cauchy-Schwarz inequality

‘/Bﬁo/r;\BK<va(Sj)' Dfi) dx‘

1/2
< / Do;(s;)|* dx / Df;|*dx
( BRO/’]'\BK’ /o) ) ( BRO/’;'\BK’ 7
L \V2/e\12
< (/Rzmvj(s]-n dx) (Z

1/2
< (folomm)Par) - i<, 63

using Definition 3.4 and the definition of &. Consequently, we have shown that
for all K > Kj and j > j>(K) it holds

1/2

I3(K) < (3.35)

I\Jlm

We have now all parts together to prove the desired convergence in norm. We
set Ko = max{Ky, Ky} and jo = max{j1(Kyp),2(Ko),j3(Ko)}. Increasing jo if
necessary, we can ensure that Ry/ ri > Ko for all j > jo. Then for all j > jo we
obtain plugging the estimates (3.26), (3.31), and (3.35) into (3.25) the estimate

|V (T)) = VE s, ) — 19m(T) gy, | <.

Thus, convergence in norm is shown and hence m(T;) — F; — m(T) strongly in
H'(S%,R3).

For the blowup behavior of m at infinity we can apply the theory of approximate
harmonic maps directly. By Definition 3.4 we know that ||m;(t)||?, is integrable
over [0,00) and thus we can pick a sequence t; — oo such that m;(t;) — 0 in
L?(5%,R%). Furthermore by the very same lemma we conclude that m(t;) is a
bounded sequence in H!(S?,R3). Consequently, we can extract a subsequence
such that for m; := m(t;) we find m; — me, weakly in H'($%, R?) and m; — mq
strongly in LP(S?,IR?) by virtue of the Rellich-Kondrachov theorem and Holder
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inequality for any p > 2. This implies that |me(x)| = 1 for almost every x € 2
and thus m € H'(S%,5?).
Consequently, in the language of [69], (m;) C H'(5%,5?) solves the equation

Am]- + |Vm]|2m] =T,
with tension fields
T = my(t;) — k(mj,v) (v — (m),v)m;)

such that
Tj — —K (Moo, V) (V — (Moo, V) M), @S [ — 0

in L?(S%,IR?). Applying Theorem 1.2 in [69] we conclude the existence of the har-
monic maps wy, . .., Wp, sequences of points (a]l) . (a]’-?), and scales (A]l) e, ()\jp)
for some p € N satisfying (iv) — (vi) of the theorem such that (1.3) and (1.4)
hold. O

Remark 3.14. In both cases of blowup at a finite time or at infinity we have only
stated the H!-convergence of the respective blowup trees. However, it is a result
from the theory of approximate harmonic maps that the convergence is also true
in L*-norm [69, 46]. This is the so-called no-neck-property of the blowup. In

particular, we have

Hmm—mm—f@

i=1

— 0, as j — o0,
LOO
where the norm is taken over the appropriate set for finite time blowup or blowup
at infinity. Moreover, in both cases, in the respective stereographic coordinates
(centered at xq or at the north pole) the sequences (A;) and (a;.) satisfy

m()t;x—l—a;’, ti) — wi(x), as j— oo,

in H}

loc

(R?,R?) and in L®

loc

(R2,R3) for all 1 <i < p [69, cf. p. 20]. O

3.2. Axisymmetric maps

In this section we inspect the skyrmionic map heat flow in the case of axisym-
metric maps which we introduced in Section 2.3. We show that for axisymmetric
initial data the solution to the SMHF is also axisymmetric. This is a consequence
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of the fact that the energy functional is invariant under the actions induced by
O(3)¢,. This observation allows us to reduce the problem to a one-dimensional

parabolic equation on the interval [0, 77].

Proposition 3.15. Let mg € H'(S%,S?) be axisymmetric and let hy: [0, 1] — R be its
profile with hy(0) = mmt, ho(7t) = n for some m,n € Z.

Then the solution m to (SMHF) with initial data mq provided by Theorem 3 is also
axisymmetric for all t € (0, T), where T > 0 is the maximal existence time until the first
blowup, if present. So there exists a map h : C*([0, 7t] x (0, T)) such that

m(0, ¢, 1) = ¥(h(0,1),9). (3.36)
This map satisfies
cos @ sin2h k|
hy = hgg + smg e 2einZ 0 — ESII’I(ZI’I —26),

h(6,0) = ho(0) forall 6 € [0, 7], (3.37)
h(0,t) =mm, h(m,t)=nrm.

Proof. Let R € O(3)e, be arbitrary. We want to show that mp also solves (SMHEF).

Generally, we can write the matrix R as

(1)

for some A € O(2). Then, writing x € $? in stereographic coordinates centered

at the north pole, i.e., x = (x1,x2)T € R?, we have

Rx=A (xl) .
X2

Consequently, we can write for the representation of the map mp in stereographic
coordinates
mr =R 'moA.

Using the identity
A(uoB) = (Au)oB

for any u € C2(R",R) and B € O(n) we get by using stereographic coordinates

and the above notation

Ag2(moR) = A7%(x)Aga(mo A)

77



3. The Skyrmionic Map Heat Flow

= A 2(x)(Agem) 0 A
= (Agm)oR.

In (2.11) and (2.12) we have already seen that it holds
|Ving(x)|? = [Vm*(Rx), v(Rx)=Rv(x) and (mg,v)(x)= (m,v)(Rx).
Combining the pieces, we conclude

<AmR + x{(mg,v)v + mpg <|VmR|2 — K(mR,v>2)) (x,1)
=R™! (Am +x(m,v)v + m<|Vm\2 - K<m,v>2>> (R.x,t)
=R 19;m(R.x,t)

= atmR (x, t) .
Hence, my solves (SMHF) with initial data
mg(x,0) = R™'m(R.x,0) = R~ 'my(R.x) = mp(x),

since myg is axisymmetric by assumption. As a result, by the uniqueness of
the solution it follows that mg(t) = m(t) for all t € (0,T). As R € O(3),,
was arbitrary, we deduce that m(t) is axisymmetric. Therefore, for every t €
(0, T) we get a map h(6,t) such that (3.36) holds. Smoothness in 6 of i follows
from Definition 2.13 and the smoothness of m. In the same way we can show
smoothness in t. Inserting the representation (3.36) of m into (SMHF) gives us
(3.37) as in the proof of Definition 2.17. O

Of course, we can also go the other way round and construct solutions of the
skyrmionic map heat flow equation by means of solutions of the profile equa-
tion (3.37).

Corollary 3.16. Let hy € PF! with hy(0) = mm, ho(m) = n for some m,n € Z.
Then there exists T > 0 and a solution h € C*([0, t] x (0, T)) for the parabolic problem

cos 0 sin2h K .
s yale 2 sin(2h — 20),
h(6,0) = ho(0) forall 6 € [0, 7],

h(0,t) = mm, h(m,t)=nrm.

hy = hgg +

Moreover, the function m(6, ¢,t) = ¥ (h(0,t), ¢) solves (SMHF) with initial value
mo(0, ¢) = ¥ (ho(6), ¢).
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Proof. By Definition 2.15 we deduce that my € Hl(SZ, SZ). Therefore, by the
previous proposition we conclude the statement. O

We have established that the flow preserves the axisymmetry up until the point
of a possible blowup. Furthermore, the flow also preserves the boundary value
of the profile which splits the function space into finer topological classes than
the mapping degree.

Definition 3.17. For m,n € Z we define
Enn={h e PF:h(0) =mm, h(rn)=nn}. O

Accordingly, if hy € Ey, ,, then for the solution & of (3.37) it holds that h(.,t) € E
forallt € (0,T).

The symmetry also constrains the only possible location of a blowup to be at the
poles and the separating harmonic function is an axisymmetric map. In fact, the

only axisymmetric harmonic maps are of the form

u(6,9) =Y¥(B6) ¢),

where

Bap(0) = 2arctan <a tan(%)) +br

with a € R and b € {0,1}. This restricts these maps to degree 0 and £1. The
following lemma is an adaption of the results in [6]. A similar result has also
been stated in [4], but to our understanding the proof provided is not correct.

Lemma 3.18. Let my € H'(S?,S?) be axisymmetric and let m: S*> x (0, T) — S? be
the solution to (SMHF) with initial data mo provided by Theorem 3. If m blows up at
(x0, T) € S? x (0, 00] in the sense that for all R > 0 and some sequence T; /T it holds

Ep

lim sup | |Vm(Tj)\2d(7 >

then xo = +é;.

Furthermore, we can choose the sequences (/\;) C R and (a;-) C R? such that for the
harmonic maps w; separating at xo along the sequence T; /' T as in (1.2) and (1.4) it
holds that w; is axisymmetric for all 1 < i < p with nonconstant profile B;. In addition,
for the function h € E,, ,, satisfying (3.36) it holds for every 0 < 6y < 7 that

h<2arctan(/\;-tan<g)),Tj) — Bi(0) +km , as j — oo,
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for some k € Z and uniformly for all 6 € [0, 00]. For blowup at the south pole, a similar
result holds by a change of coordinates.

Remark 3.19. Defining for 6 € (0, 7t) fixed the sequence

: : 0
1 __ 1
f)j = 2 arctan (Aj tan(§)> ,

we therefore conclude that G]Z: — 0 and h(f)]l:, T;) = Bi(0) +km ¢ nZasj— oo. [J

Proof. By the axisymmetry it follows that R.xq is also a singular point for all
R € O(3)s, and because O(3);, is a Lie-group, by the finiteness of the singular set,
only xo = +&3 is possible, since for these points we have R.xy = xo. Without loss
of generality we assume now xy = &3 is the only blowup occurring at 0 < T < co.
We now need to do a finer analysis in the blowup analysis Step 5 of the proof
of Theorem 3. We treat the cases of finite time blowup and blowup at infinity
simultaneously. In both cases, the sequences A; and a; are chosen such that we

have the energy estimate

/ |Dm(T)Pdx > & >0 (3.38)
B)i(a)

]
forallj € Nand 1 < i < p (cf. the proofs of Proposition 1.2 in [55] and of
Theorem 1.2 in [69]). The ¢; are fixed positive numbers. Moreover, as explained
in Definition 3.14, we have the convergence

m(Abx + al, Ty) — w;(x). (3.39)

: (e )
m Lloc

dinates centered at the north pole, since it holds xy = é3.

(R?,1R3), where both maps are their representations in stereographic coor-

For every 1 <i < p fixed we want to construct a new harmonic map @; from w;
which is axisymmetric. To lighten the notation, we will drop the index i for now.
We use stereographic coordinates centered at the north pole. We claim that the
sequence a;/A; is bounded in R2. Assume not. Then we find a subsequence
such that a;/A; — co. In particular, we can assume that a; > A;/2sin(7t/j) for all
j € IN. As the euclidean distance between two points on a circle with radius r and
angle ¢ between them is given by 2sin(¢/2), we can therefore find j balls with
radius A; and center points with distance |4;| to the origin which are pairwise
disjoint. By the axisymmetry of m we then get the estimate (3.38) on each of these
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3.2. Axisymmetric maps

balls. This implies then by Definition 3.4
5(m0)>1/ ]Dm]zdx>ﬁ—>oo as j — o
-_ 2 Rz -_ 2 7 4

a contradiction. Consequently, the sequence a;/A; is bounded and by the Bolzano-
Weierstrafs theorem we can extract a subsequence such that a;/A; — ¢ for some
& € R?. Now, we define the new harmonic map @: S?> — S? through its represen-
tation in stereographic coordinates centered at the origin by

@(x) =w(x—¢).

For this we first assert that translations preserve harmonicity for maps R* — S2
and thus, we can conclude that @ is harmonic with

@(—é3) = @(0) = w(o0) = w(—Eé3).
We now claim
m(Aix) — @(x), as j— oo, (3.40)
in L (R?,R%) and also H. (IR? R®). In order to prove this, we first define
y; = ¢ —a;/Ajand find that y; — 0 asj — oo. Let U C R? be a compact set.
Then there is an open set V O U such that V is compact and for j large enough
we have U +y; C V. Then we gain for x € U

[m(Ajx) — @ ()]

= |m(Aj(x = +yj) +aj) —w(x—7)|

< fm(Aj(x = ¢ +yj) +a) —w(x = §+yj)| +|wx = ¢ +yj) —w(x =)

< |m(A; - +aj) — wlpo_g + |Vl ov_g lyjl — 0, as j — o0,
independently of x, by the convergence of m to w in L{® (IR?, R?) and the smooth-
ness of w. Thus, we have shown L5 -convergence. A very similar argument
can be used to show H{, -convergence by using a substitution x — x — y; in the
integrals.
We want to show that @ is axisymmetric, i.e., that for all R € O(3);, and all x € S?
it holds @wr(x) = @(x). For x # —é; we can use the stereographic coordinates
centered at the north pole. Then, as explained in Section 2.3, there is A € O(2)
representing the action R.x = Ax in these coordinates. Using this we conclude
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3. The Skyrmionic Map Heat Flow

from the axisymmetry of m that

m(A;x) = mg(Ajx) = R™'m(AAjx) = R'm(AjAx)

-1
— R71@(Ax) = @r(x), as j — o,

: o
in Lloc

S2\ {—é3} and by continuity on the whole sphere. Since R was arbitrary, we

(R?,IR%). By the uniqueness of the limit we conclude that @gx = @ on

have shown that @ is axisymmetric and we can express it in polar stereographic

coordinates as

@(r, ) =¥ (B(O(r)), )
for some B with parameter a > 0.
Doing the preceding procedure for all 1 <i < p, we find axisymmetric maps @;
with nonconstant profile B;. From the condition (1.3) and the established fact that
a;'-/ /\;. is bounded for all i it follows that already

Al Ak
/\—]](+A—]I.—>oo, as j — oo
j j

has to hold. Hence we can set a; =0and w; = @; for all 1 <i < p. The blowup
tree result, i.e., convergence as in (1.4) including energy identity and no neck
property follow now from (3.40) as in [69]. Consequently, we have thus proven
the first assertion of the lemma.

It remains to show the convergence of the profiles. To this end, we again fix
1 <i < p and drop the index. Let 0 < 6y < 7 be arbitrary. We recall that the
distance of a point x(6, ¢) € S? parametrized by (0, ¢) € [0, (69/2)] x (0,27 to
the north pole in stereographic coordinates is given by r(6) = tan(6/2). Thus, the
set expressed by [0, 6p] x [0,277) in spherical coordinates (which is a spherical cap
around the north pole) corresponds to the compact set 2 = Biyn(g,/2)(0) C R* in
stereographic coordinates. Hence, taking the points x(, ¢) € S? parametrized by
6 € [0,600/2] and ¢ = 0 we find in view of (3.40) the uniform convergence

|w(tan(0/2),0) —m(A;tan(0/2),0)] — 0, as j — oo

on [0, 6p], where both maps are now parametrized in polar stereographic coordi-
nates. For 6 € [0, 6y] we define

9]- — 2 arctan (Aj tan(%)) .
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3.2. Axisymmetric maps

Then for the respective profiles g and h we conclude from the components

| sin(h(6;, T;)) — sin(B(6))| —> 0
| cos(h (8, T;)) —cos(B(0))| — 0, as j — oo,

again independently of 6. Using the trigonometric identities
sin(x) —sin(y) = 2COS(X ; y) sin(ycz;y)
_(x+y\ . [(x—y
cos(x) — cos(y) = — 2sin > |sinl —~ ),

this then implies that k(60;, T;) — B(6) + m7 for some m € N, again uniformly.

By the continuity of the functions involved this m is independent of 6. This

concludes the proof. O

For the harmonic map heat flow there exist stronger results, e.g., [36, 6]. There,
the authors prove a blowup tree result for the profiles themselves, in particular
independent of the sequence (T;) in the first source. The way they do it, is by
dealing with the parabolic equation for the profile and do similar steps as for
the general case. We presume that one could reproduce these results for the
skyrmionic map heat flow as well. However, for our purposes, Definition 3.18 is

sufficient.
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4. Existence of a Saddle Point

In this chapter, we want to prove the existence of a saddle point of £ in the class
of admissible functions in H'(S?,5%) with mapping degree 0. To this end, we
will take the skyrmionic map heat flow and show that for a special class of initial
data of degree 0 no blowup can occur, meaning that the limit solution m., indeed
is a critical point of £ that has the same degree as the initial data. Then, we will
show that in any neighborhood of such a limit function there is another function
with lower energy which is sufficient for m« being a saddle point.

We return to the axisymmetric setting dealt with in Section 2.3.

4.1. Comparison principle for profiles

Since the evolution equation for the profiles (3.37) is a semi-linear parabolic
equation in one space dimension, we find that we can show an important tool
— a so-called comparison principle. This principle states that solutions without
crossing points initially will not develop them at later times. Moreover, if one of
the functions is only a super- or subsolution of (3.37) then this property holds ‘in

one direction’. We begin with the first case.

Lemma 4.1. Let hy € Eyyy ny, and hy € Ey, n, be two solutions of (3.37) with h1(0,0) <
hy(60,0) forall 6 € [0, 7t]. Then h1(60,t) < hy(6,t) forall (0,t) € [0, 7t] x [0, T), where
T > 0 is the maximal existence time of the solutions.

Proof. First, h1(6,0) < hy(6,0) implies my < my and n; < np. We define A =
hy — hy and obtain Ay = hp(0) — h1(0) > 0and A(0,t) = (my —my) 7T = mor > 0
and A(7,t) = (ny —nq)m =t ngrr > 0 for all t € [0,T). Since h; and hy solve
(8.37), we check that A solves

cos 6 sin2hy —sin2hy  «, . )
= Ar— Ngp — ~ (sin(2hp — 20) — sin(2h; — 26
0 = Bop = 5B sl o T3 (sin(2h2 ) — sin(2h )
B cos 0 sin A sin A cos(hy + hy)
= At — Ngp — sinGAe (1\( A cos(hy + hy —2914—\ A 26 A,
::cIEG,t) ::c;EG,t)
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4. Existence of a Saddle Point

where in the last step we used the trigonometric identity
sin(2a) — sin(2b) = 2sin(a — b) cos(a + b) .

We want to apply Definition A.5. For this, let T € (0,T) be arbitrary. Then A
certainly solves the equation on I = (0, 77) x (0, T] with initial data Ag > 0 and
boundary values A(0,t) = myrr and A(7,t) = ngrt. We have to show that ¢; + ¢,
is bounded from below.

First of all, as a product of bounded functions the function c; is bounded from
below by —é; for some §; > 0. Hence, we only need to consider c;. We see that
¢, is a product of bounded functions and sin~2 which is positive on (0, 7r) and
diverges to +co for 8 — 0 and 6 — 7. Thus, since we want a lower bound for ¢,
it suffices to inspect the sign of

f(0) = SiZA cos(hy + hy)

close to 0 and 7.

Now, four cases can occur: mg = 0 or mg > 1, and nyg = 0 or ng > 1. In the
equality case (value 0) we can show that f is indeed positive in a neighborhood
of the respective point. In the other case, this does not hold in general. However,
it quickly follows that A itself must be positive already in a neighborhood of the
respective point such that we can apply the maximum principle on a smaller
interval where all functions involved are bounded.

In order to demonstrate the arguments that then can be used also in the other
cases, we consider the case my = 0 and ny > 1.

To this end, we recall that ; and h, are continuous on [0, 7] x [0, T) and thus
uniformly continuous on TT' Therefore, on the one hand there exists 0 < 61 < §
such that for i = 1,2 it holds

118, ) — mymt| < % for all (6,¢) € [0,6:] x [0, T].
This then implies that
IA(8,8)] = |A(8, 1) — mort| < g for all @ € [0,64] x [0, T].
Moreover, it therefore holds that

|h2(9,t) + h1(0, t) — 20 — (m1 + m2)71’|
< [ha(6,£) = mar| + [ (6,8) —mi7r| +206] < 7
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for all (6,t) € [0,6;] x [0, T]. Consequently, since by the assumption my = 0 it
follows my + mp = 2my, we obtain by the 27t-periodicity of cos that

f(0) = SHZA cos(hy +hy —20 — (my +mp)7r) >0 forall (6,t) € [0,61] x [0, T].

On the other hand, there exists 0 < 6, < 7 such that for i = 1,2 it holds
(8, 1) — ni| < g for all (6,) € [, 7] x [0, T].

This yields
z

AB,t) > nor — |A(6,t) —ngrt| > 7w — |ha(0,t) — napmt| — |hy (6, t) — nym| > 5

for all (6,t) € [0, 7] x [0, T]. In particular, we have A(6,,t) > 0 for all ¢ € [0, T].
The first estimate and the fact that c; is continuous on [6, 6] x [0, T] then implies
that there exists a global constant §, > 0 such that c»(60,¢) > —0d; for all (6,t) €
0,65] x (0, T]. Thus, ¢ := ¢; + ¢; is bounded from below by —&; — &, on [0, 6,] x
(0,T). As a result, invoking Definition A.5 we deduce A > 0 on [0,6,] x (0,T)
and since A > 0 on [0, 7] x (0, T) we obtain A > 0 on I;. As T was arbitrary, we
conclude that A >0on I x (0,T). O

Since Definition A.5 also works for super- and subsolutions, we can prove in the

same way the following two statements.

Lemma 4.2. Let hy € Ey, n, be a solution of (3.37), and let hy € E, u, satisfy

cos 0 sin2h K
> - — Zsin(2h — 26).
hy > hgg + sin()hg yalg 2 sin(2h — 20)

Alternatively, let hy € E,, », satisfy

cos 6 sin2h  «
hy <h hg — — —sin(2h — 26).

t < fgg + sind " Ssinle 2 sin( 0)

and let hy € Ey,, 4, be a solution of (3.37).

In both cases, if h1(6,0) < hy(6,0) for all 6 € [0, t], then h1(6,t) < hy(6,t) for all

(0,t) € [0, 7] x (0,T), where T > 0 is the maximal existence time of the solutions.
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ma ‘

Figure 4.1.: The action of m 4 is precisely the inversion of all base points of the
vector field m at the origin.

4.2. Hemispheric maps

We notice that the energy is invariant under the additional transformation m ;
mo A, where A: $2 — S? is the antipodal map. This follows from the fact that
Vmy=—(Vm)oAandvoA = —v.

In spherical coordinates the action has the form

A(6,9) (m—6,9+m) forgel0,m),
Q)=
(m—6,9—m) for g€ [m,2m).

For axisymmetric m, this yields

cos(¢ + ) sinh(mr — 0) cos(¢) sin(—h(r —0))
m;(0,9) = | sin(@ + ) sinh(m—0) | = | sin(¢)sin(—h(mr —0))
cosh(m—0) cos(—h(m—0))

Note that this computation is valid for all values of ¢ € [0,27) by the 27-
periodicity of sin and cos.

Thus, defining h 4(0) := 2k — h(7r — 0) for some k € Z, we see that the trans-
formation m — m ; induces a transformation on the level of profiles of h +— h
and the axisymmetry of m is preserved under this transformation. As a result, if

we want to examine functions which are axisymmetric and invariant under the
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4.2. Hemispheric maps

antipodal map, we need to determine all maps /: [0, 7] — R such that
h(0) =2tk — h(r — 0) for all 8 € [0, 1] . (4.1)

In this case, the value of k is determined by the end points

m—+n
k =
2 7

if h € Eyn. The point 6 = 7 is of special interest of this class of functions. First,
we have h(5) = krm. Setting x = 6 — T and defining the function

flx) = h(x+ g) Kk,

we see that f is an odd function on [—%, Z]. Subsequently, we use the expression
“h is odd around the point 7" for this behavior. Consequently, any function h for
which (4.1) holds is determined by its values on [0, 7] already. Moreover, all even
derivatives of h vanish at 7.

Definition 4.3. We call a map m: S*> — S? hemispheric if and only if it is axisym-
metric and satisfies m = m 4. Similarly, we call a profile function &: [0, 7] = R a
hemispheric profile if and only if h = h ;.

We define the set of hemispheric profiles with boundary values #(0) = mm and
h(rt) = nrm for m,n € Z as

Hm/n:{hGEm,n:hA:h}. (-]

As with axisymmetry, the hemispheric symmetry is also preserved under the
SMHE. This is again due to the fact that the equation is invariant under the
transformation m +— m ;, which we will show on the level of the profile.

Proposition 4.4. Let mg be hemispheric with hemispheric profile hg € Hy, , for some
m,n € Z.

Then the solution m to (SMHF) provided by Theorem 3 is also hemispheric for all
t € (0,T), where T > 0 is the maximal existence time until the first blowup, if present.
In particular, h(-,t) € Hy,, forall t € (0, T).

Proof. Since hemispheric implies axisymmetric, by Definition 3.15 we obtain the
profile h(6, t) which solves (3.37). Now we compute

ath(Q) = — Gth(n — 9)
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h(6
5 1O)
o T A S [
0 . . -
0 2
Figure 4.2.: Example of a hemispheric profile h € Hy .
— ogeh(— )+ SO ) 4 sin2n(x— 6)
sin(7r — 6)
Kk sin(2h(m —6) —2(m —0))
2 sin(7t — 0)
B cos 6 sin2h;(0) x|
—agghA(e) — maghA(e) — m — E Sln(ZhA(G) — 29) P
where we induced a sign change in the last step via cos(7t — ) = — cos 6, whereas

sin(7r — 0) = sin 6, and
sin(2h(m —0) —2(mr —0)) = —sin(2(wr — h(wr —0)) —26) = —sin(2h4(0) — 26).

Therefore, h 4 solves (3.37) as well with initial data (/) ;4 = ho. As in the proof of
Definition 3.15, we deduce that m ; = m for all t € (0, T) by the uniqueness of
the solution, from which follows that m is hemispheric. l

Remark 4.5. As stated before, for hemispheric profiles the point § = 7 is an
inflection point with 1(%) = mk = 3. The point is therefore stable under
the flow which of course is also expected as / is continuous in ¢ and has integer
value at 6 = 7. Indeed, plugging in the point into the differential equation yields

cos(%)

sin(Z)

he(3) = heo(7) +
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27T 27T ~

Figure 4.3.: Since the profile & is confined in the wedge for all times, a blowup is
prohibited as this requires the profile making a jump of at least =7
at 0.

Hence, for hemispheric initial data, it suffices to consider the initial value problem
of (3.37) on the half interval [0, 5| with boundary values 1(0) = mm and h(5) =
k. ]

We now consider initial hemispheric profiles hy € Hj i, then clearly also k = 1.
Additionally, by Definition 2.16, we obtain Q(my) = 0 for the corresponding
field. Hence, if a solution of the SMHF flows into a stationary solution (i.e., no
blowup occurs), then we have found a skyrmion solution. This is the result of the

following proposition.

Proposition 4.6. Let mg be hemispheric with profile hg € Hj 1 which satisfies
T
T<hy(8) <+ forallfe [O,E] . 4.2)

Then the solution m to (SMHF) provided by Theorem 3 has existence time T = oo and
no blowup occurs at infinity. Therefore, mo is a hemispheric solution to (EL) with
Q(mo) = 0. Moreover, h satisfies (4.2).

Remark 4.7. An admissible profile that satisfies the condition is clearly hy = 7.
It is unclear whether all initial data eventually flows into the same stationary
solution. For x > 24, a solution m., obtained this way is however distinct from the
minimizer mpn of the energy £ in the class of axisymmetric maps with degree 0.
This follows from the fact that for the profile of the minimizer it holds & < 7t on
(0, r) [59, Prop. 3.1]. B

Proof. By Definition 4.4 we know that m is hemispheric for all times and com-

pletely determined by its hemispheric profile & on (0, §). We split the proof up
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4. Existence of a Saddle Point

by first showing that the profile is confined in the wedge as in (4.2) for all times.
Then we prove that this already implies that no blowup can occur.
We claim that

nghwj)gn+eﬁmmuawe[Qg}xmjy

Since 6 — 7 + 0 is a solution to (3.37), the upper bound follows immediately
from Definition 4.1. Hence, we only need to show the lower bound. To this end,
we can adapt the statement of Definition 4.2 to functions on the half interval
[0, %] as h(%,t) =  is fixed for all t. Hence, it suffices to show that the constant
map (6, t) = 7 satisfies

cos 6 sin2g  «

gg — m — E 81n(2g — 29)

<
8t = 8ot sin 0

for all (6,t) € [0, 5] x (0,T). Since g is constant, this reduces to
K K
Koy
0< 5 sin(—20) 5 sin(20),

which is certainly true for 6 € [0, 7]. Therefore, the lower bound is also estab-
lished.

Now, assume that m blows up at T, regardless of whether T is finite or infinite.
Then by Definition 3.18, there are Ay ™\, 0 and f; T such that forany 0 < 6 < 7,

if we define 0
0, = 2arctan (Ak tan (E) ) ,

then h(6y, t) — B(0) + . If we fix 0 < 6 < 71, then 6y \ (O and B(0) + 7 # 7
because B is nonconstant. However, by the already stated bounds we obtain

T <h(bty) <m+6, — 7, as k — oo,

and hence h(0, ty) — 7m # B(0) + 7, a contradiction. Therefore, m cannot
blowup at T and consequently T = co and m is homotopic to m« which implies
Q(mo) = Q(mp) = 0 and also that m is hemispheric. O

In the same way we can prove the non-blowup of another class of hemispheric

solutions.

Proposition 4.8. Let x > 4 and let mg be hemispheric with profile hg € Hyo which
satisfies
ogm@gm_mmeehg. (4.3)
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Then the solution m to (SMHF) provided by Theorem 3 has existence time T = oo and
no blowup occurs at infinity. Therefore, mo, is a hemispheric solution to (EL) with
Q(me) = 0. Moreover, h satisfies (4.3).

Proof. First, we assert that Q(mg) = 0. This follows from Definition 2.16 and the
fact that 71p(0) = 0 and ho(7r) = 27.

As in the previous proof, we know that m is hemispheric for all times and
¥
then follows if we assert that (4.3) is preserved under the flow. The lower bound

completely determined by its hemispheric profile i on (0,%). The statement

has been shown in the previous proof (note that the equation is invariant under

h — h — 7). The upper bound follows from Definition 4.2, again adapted to the

half interval. As computed in Definition 2.19, the function g(6,t) = 26 satisfies
, . cosf , sin2g «

K
- ~ Esin2e —20) = (2— X sin(20) <0 =
ey yalg 2 sin(2g — 26) ( 2) sin(20) <0 = g,

for all (0,t) € [0,%] x (0,T) since k > 4. Therefore, the upper bound is also

established and thus no blowup can occur. O

Remark 4.9. Since 0 > 0 is a solution to (3.37), we can replace the lower bound in
(4.3) by 6 and reduce the set of possible initial profiles for which then the solution

h is guaranteed to stay in the narrower wedge
6 <h(6,t) <20 forallb e [O, %} , (4.4)

for all times t € (0, 0). [

4.3. Proof of existence of a saddle point: Theorem 1

Finally, we can prove the existence of a saddle point of £ for certain x. We begin
with the proof of Theorem 1 and will proceed with the proof of Theorem 2 in the
following section. The idea is to take the hemispheric solution m., obtained in
Definition 4.6 from an initial data m with a special profile k. By constructing a
perturbation of the resulting profile h, we can find a map m_ close to m with
E(m_) < £(mo ), showing that me is not a local minimum. Since mq, stems from
a flow along which energy decreases, we conclude that m, indeed is a saddle
point.

Before we begin, we first define the wedge W C R? in which the graph of profiles

satisfying condition (4.2) lies for all times since this set will appear in a lot of
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4. Existence of a Saddle Point

arguments.
W:{(x,y) 61R2:0§x§g,7t§y§7t+x}.

For the remainder of this section, we will use a shorter notation for the denotation
of subsets of R?: we suppress the range of the first variable x which is always
assumed to be [0, 5] if not stated differently and by only write the bounds for the

second variable y. For instance, we write W = {rt <y < 7+ x}.

3r
2 -~
,/
”
P g
P 4
”
-
P 4
”
”~
”
”
’/
[y > S F—
7T
2 |
7T 7T
0 1 7

Figure 4.4.: The set W.

We begin by defining the initial profile, for which we then gain an energy bound.
For x > 0 we let 0 < 6p(x) < 7, chosen later, and define the initial profile as

mT+0 for 6 € [0,6y(x)],
ho(0) = { 7 — %9_09(;‘({{) (6—Z) for 6 e (6p(x), T — 6o(x)], (4.5)
6 for 0 € (r — 6y(x), ] .

This profile is continuous and piecewise linear. Consequently, we find that it
belongs to PF 1 Moreover, it is hemispheric and satisfies the wedge condition
(4.2). Thus, hg, qualifies as a valid initial profile for the flow.

Lemma 4.10. For k > 4, we can choose 0y(x) such that hy, satisfies the energy bound

E(hox) < n\/g— 1.

Proof. Since hy is a hemispheric profile, it suffices to compute the energy on
the interval [0, 5] and multiply by 2. For readability, we set h = h, and define
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Figure 4.5.: The function h , in dependence of 6y (x).

0 = 5 — 6p(x). Moreover, we set

7 — bo(x) 0
We gain
7 2 sinZ h 5
E(h) :/ h'*sinf + —— + «sin“(h — 0) sin6 df
0 sin 6
0o (x) in2
- /° sing+ S0 UTE0) 2 (r 40— 0)sin6do
0 sin 6
s : .2 7T
—al6—T
+ [ 7 2sing+ 20 (= .a( 7)) +xsin®(r —a(0 — Z) — 0) sin6 do
0o (x) sin ¢

7 sin?(a(6— %))

. do
0o (x) sin 6

NN

= 2(1 — cos By(x)) + a* cos By (x) +
cos®((1+a)(0 — %)) sin0do .

x|
9()1()

- v

—~

:ZIZ

For the integrals we first estimate sin(x) < sinf < 1, since 6 € [6p(x), 5| C
[0, 7]. By definition of § we also have cosfy(x) = sind and sinfy(x) = cos?d.

Consequently, we can estimate I; using the well known antiderivative of sin” as

1 /3 .,
< _
I < COS5/90(;<) sin“(a(6 — %)) do
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4. Existence of a Saddle Point

1 2a(F —0o(x)) —sin(2a(F — 0o(x)))

- cos o 4a
9 1 sin(20)
~ 2cosé 290 )

(x
- g(colsé - cg)

where we used that a(5 — 6y(x)) = 6p(x), and 26y(x) < 7. For I, we proceed
similarly, using the antiderivative of cos?. We find

T

I < /92( )cosz((l-l—a)((?— Z))de
0\ K

_ 2(1+a)(5F —6o(x)) +sin(2(1 +a)(5
4(1+a)

—0(x))

Using 14 a = 7 /J we see that the term involving the sine reduces to sin 77 such
that it vanishes. As a result, we obtain

L <

I\Jlbn

We can combine the estimates to retrieve
1 sin o ()
-

E(h) <2(1 —sind) + — ! (n—(5>zsin(5+— 7
52\ 2 2\cosd T -0 2
T 7t 5/ 1 sind )
<24+ (-—241-C - sme) Ko
= +( LR 4(52)51“”2(@55 g—a) 2
7T_2+5_K+2_ Sin(s—sin(S—i—é 1 _ sin o
_45 2 ) 2\cosd F—-6)°

Now, we inspect the function
sin o 0 1 sin o
f(0) =2— T — sin 5+2<—c055_—§—(5)'

We can see that f(0) =2 — 7 < 0, hence, for 0 < J small, we see that f is negative
In fact, it holds that for § < 7 we have f < —1, which can easily be verified.
Consequently, we arrive at the estimate

n? Ok

E(h) < 145+
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4.3. Proof of existence of a saddle point: Theorem 1

Setting 6 = \/szk—and hence fixing 6 (x)—we assert that 6 < 7 holds for x > 4.
The desired energy bound then follows directly upon summing up both terms
involving 4. O

For the remainder of this section, we fix ¥ > 4 and let h := h, be the smooth
profile of the hemispheric solution m., obtained from the initial data m, with
profile hy  as in Definition 4.6. This implies that h satisfies the wedge condition
(4.2), solves (2.18), and that Q(m«) = 0. Additionally, as the energy decreases
along the flow according to Definition 3.4, we immediately obtain with the above

E(h) < n\/g ~1. (4.6)

We want to analyze h and its behavior for increasing «x in the following lemmata

lemma the energy bound

by exhausting the information we have of it. One observation that follows from
this is a global bound on its derivative.

Lemma 4.11. Let x > 4 and let h € Hj 1 be a solution of (2.18) that satisfies the wedge
condition (4.2). Then, for all 6 € |0, 7t it holds

W) <1.

Proof. Since h is a hemispheric profile, we deduce that /' is an even function
at 5. Therefore, we can restrict ourselves to the interval [0, 5]. We argue by
contradiction. To this end, we assume that there exists § € [0, 7] such that
W'(6) > 1. From the wedge condition we conclude that #'(0) < 1and /(%) < 0.
Thus, 0 € (0, 7) and by Rolle’s theorem and the smoothness of 1 we can assume
without loss of generality that /() > 1 and h"(8) = 0, i.e.,, we choose the
maximum of /. This corresponds to an inflection point of h. As we have fixed
6 now, we suppress it as argument of /1 and its derivatives. Then, since h is a
solution to (2.18) and sin? @ > 0, we have

cosf., sin2h k|,

- — Zsin(2h —2
sin 6 2sin’f 2 sin( 9))
> 2cos 0 sinf — sin2h — x sin(2h — 26) sin®

= sin26 — sin 2l — « sin(2h — 20) sin? 8 =: f(6).

0= 2sin29(h” +

Since (0,h) € W, we get h — 6 € [Z, ] which implies that sin(h —6) > 0
and sin(2h — 260) < 0. Now, either (6,h) € {y < 3F —x}NWor (6,h) € {y >

37” —x} NW. In the first case, we rewrite the function f using a basic trigonometric
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4. Existence of a Saddle Point
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Figure 4.6.: In the first case (left), the inflection point is in the marked set
{y <3 —x} NW. In the second case (right), the inflection point
is in the marked set {y > 3L —x} N {8x— Z <y <3x+ Z}NW.

identity as
£(0) = —2cos(h +8) sin(h — 0) — xsin(2h — 26) sin® 9.

Since (0,h) € {y < 2F —x} NW, we have h+ 60 € [, 2] and hence cos(/ +6) < 0.
Together with the aforementioned bounds this leads to f(6) > 0, a contradiction
to f <O.

In the second case, we write f using (A.T1) and the above form as

f(0) = % sin(h — 0)(xcos(h — 30) — 2k cos(h — 0) + (xk — 4) cos(h +6)) .
Since we are now in the other case, we find cos(# + 6) > 0 and by the assumption
on k we get that the last term in the parentheses is nonnegative. Moreover, as
h—6 € [§,m| we conclude that cos(h — 0) < 0. Finally, we have (6,1(0)) €
{38x — % <y < 3x+ F} N W which implies that cos(h — 30) > 0. Therefore, we
deduce that all three terms in the parentheses are nonnegative and as a result
f(6) > 0, again a contradiction. Hence, we arrive at the conclusion that both
cases lead to a contradiction and thus we have finished the proof. [

Corollary 4.12. The function 6 — 7w+ 6 — h(0) is monotonically increasing. The
function 0 +— sin?(h — ) is monotonically increasing on the interval [0, Z] and mono-
tonically decreasing on the interval 5, rt].
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4.3. Proof of existence of a saddle point: Theorem 1

Proof. The first statement immediately follows from the previous lemma. For the
second one we compute

% sin?(h — 0) = 2sin(h — ) cos(h — 0)(h' — 1) = sin(2h — 20) (K’ —1).

Now, since (6,1(6)) € W for § < Z, we conclude sin(2h — 20) < 0 and as by the
previous lemma b’ — 1 < 0 we find that the product is nonnegative. The behavior
on the interval [7, 7] follows from the fact that then sin(2h —26) > 0, by the

hemispheric symmetry. OJ

Remark 4.13. Since sin is a positive monotonically increasing function on [0, 7],

we can conclude that the function 6 + sin?(h — 6) sin@ is also monotonically

increasing on the interval [0, 7| and monotonically decreasing on the interval

13, 7. o

In combination with the energy bound we can obtain the following pointwise

result from the previous corollary.

Lemma 4.14. Forany 0 < 6, < %, we obtain that

he() — m+6, as k — oo,
uniformly on [0, ). Likewise, we have that

he(6) — 6, as k — oo,
uniformly on [T — 0., 71|

Proof. We only show the first statement as the other one follows by the hemi-
spheric symmetry. Assume that the statement is not true. Then there exists a
0 < 0. < T such that for a sequence x — oo there exist 6, € [0,6,] such that
7T+ 0x — hi(0x) > € for some 0 < & < 7. By the previous corollary this implies
that 77 + 6. — h(65) > e for all k. Which again with the remark implies for all
0 € [0, 5] that

sin?(h(0) — 0) sin @ > sin®(h,(6:) — 6,) sin 0, > sin®esinf, > 0.
Invoking now the energy bound (4.6) we find that
K (2

V2K > E(hy) > 5, sin?(J1,(6) — 0) sin(6) dO
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4. Existence of a Saddle Point

Y

2(¢) sin(6s) /2 dé
0

vV
O NIX
m-

K.

Now, since « increases faster than /x, we arrive at a contradiction for x — co. [J

We see that in the limit ¥ — co the profile converges into a sawtooth function with
a very steep drop at 7. In the following lemma we provide an upper bound on
the rate with which the modulus of the derivative at that point increases. Recall
that since / satisfies the wedge condition, it must hold /'(5) < 0.

Lemma 4.15. Let k > 4. Then it holds

(%) < 2y/E(h) v/ < CVk.

Proof. We let 0 < 6 := J(x) to be chosen later. Then, let 5 = 7 — 6 and we

compute by adding a zero and using the fundamental theorem of calculus

NN

T

—H(%)6 = — /95 i (%) sin(Z) — ' (8) sin(0) dO — /9; I () sin(6) 4
_ / / * (I sin)' (1) drd6 — ef 1 (9) sin(6) d6

2 s
/95 / 2;1;1’; > sin(2h — 27) sin T ddd - 9; (6) sin(6) 46,

J/ J/
-~ ~"

::Il —112

NN

where we used the fact that

sin2h k. .
>sind + 5 sin(2h — 20) sin 6

as h is a solution to (2.18). Now, for I; we recall that sin(2k) > 0 and sin(2h —
260) < 0 because (0,h(0)) € W. Therefore, taking into account the sign, we can

(' sin)’(8) = K" sin@ + I’ cos 0 =

estimate the first term by means of the Holder inequality as
L<-% /2 /2 sin(2/ — 27) sin T d7do
95

= —K/ /2 sin(h — t) cos(h — ) sinTdtd6
05

T

< @/9: <g /92 sin?(h — 7) sinrdr>1/2</92
< \/2K6Es (h) /92 46 < \/2E(h)5v/xk6 = \/2Ea(h)5,

1/2
sinT dT) de

100



4.3. Proof of existence of a saddle point: Theorem 1

if we set § = 1/+/%, and
K 7 .0 .
Ex(h) = E/ sin“(h —6)sin6 dé,
0

for the anisotropy part of the energy. For the second term I, we define the

Dirichlet part of the energy as

sin? h

E 1 /7™ 2.
1(h):§/0 W2 sin6 + d6

sin 0

and obtain by means of the Holder inequality

% 1/2 % 1/2
I < ( / h'(@)%m@d@) ( / sinecw)
05 05
< y/2Eq1(h)é

Now, since E(h) = Eq(h) + Ez(h), we can combine the estimates to obtain

(5 <2y P~ 2 fEn) vi.

Finally, using the (worse) estimate E(h) < mv/k/2 from (4.6), we arrive at the

conclusion. n

In order to prove Theorem 1, we want to construct a perturbation of the profile h
such that the resulting map has lower energy. To this end, we first compute the
energy difference.

Lemma 4.16. Let g € C*([0, 7t]) with g(0) = g(7r) = 0and define the map hy = h+g.
Then, we have

cosz221 + x cos(2h — 29)) sin® ¢ sin 6 d@

1 /= 2 .
E(hg)—E(h)zi/O 2 sm9—i—(sm

1 7 (sin2h _ sin2g
+ 5/0 (sin29 + xsin(2h — 29)) ( > —g) de. 47

Proof. We want to compute E(hg). To this end, we first compute the individual

terms appearing. We gain

higz _ (h/+g/)2 _ h/2+g/2+2h/ '’
sin?(hy) = sin?(h+ g) = (sinhcos g + sin g cos 1)

= sin? hcos? g + sin® g cos? i + 2 sin 1 cos g sin g cos 1
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4. Existence of a Saddle Point

in 2h sin 2
= sin® h(1 — sin? g) + sin® g cos® h + w
in?2
= sin? h + cos 2k sin? g +sin2h sz 3 ,

using basic trigonometric identities. Likewise,

sin’ (hg — 0) = sin®(h — ) + cos(2/ — 26) sin” g + sin(2h — 26) szzg ,

from which follows

7T
E(hg) = E(h) + 1/ g’z sin + (C?SZZh + x cos(2h — 29)) sinzgsinGdG
2 Jo sin” 6
7T : .
+%/ 2W'g sin 6 + (s%nZZZ + K sin(2h —29)) 28 in6do.
0 sin

Now we apply integration by parts on the term involving /’¢’ sin 6 and use the
fact that & is a solution of (2.18) to obtain

7T T
2/ h'g'sin0d9:—2/ <h"+%h'>gsm9d9
0 0

sin
T (sin2h
= — /0 <51.n2 + xsin(2h — 29))gsin9d6.
sin
Inserting this into the previous equation yields the desired result. O

Due to the fact that the Euler-Lagrange equation of the profile is nonlinear, we
do not simply get the second variation of E for the energy difference. However, if
we expand the equation now for small g, i.e., let ¢ > 0 and set g, = €g, we see
that the first line of the right-hand-side in (4.7) is of second order in ¢ while the
second line is of third order. Thus, we can write

2
E(hg,) — E(h) = %/ ¢ sinf + (C(_)szzg + x cos(2h —29))g2 sinfdo + O(&%)
0 sin
2
€
= 5 &°E[h)(8,8) + O(£"). (4.8)

Now, the term of second order is indeed twice the second variation of E at h
evaluated twice in g, which follows immediately by deriving twice in ¢ and then
setting ¢ = 0. In order to show the existence of a map with energy lower than
E(h), we need to show that the second variation is negative for some g since we
can control the higher order terms for € small. The remainder of this section is
devoted to the proof of this claim.
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4.3. Proof of existence of a saddle point: Theorem 1

We define the map g: [0, 1] — R as follows.
¢(0) = (K(6) —1)sin6. (4.9)

Then, we have g(0) = g(7t) = 0, which implies that g is a valid perturbation. We
compute the first derivative of g as
sin2h  «

Sy + 5 sin(2h — 29)> sinf — cos 6,
(4.10)

¢'(0) =H'sin® +h cos® — cos = (

where we again used that / is a solution to (2.18).

(h' —1)sin

o
NI A

7T

Figure 4.7.: Plot of h and the function g for x = 20.

As a consequence of Definition 4.11, we find that g(6) < 0 for all 6 € [0, 7]
Moreover, we observe that 2¢’sin is exactly equal to —f in the proof of said
lemma. And as we have shown there that f > 0 for all (6,h(0)) € W, we
conclude that ¢’ < 0 on [0, 5] and by symmetry ¢’ > 0 on [5, 7], as g is an even
function at 7 and sin is nonnegative on the whole interval. Consequently, g is
nonpositive on [0, 7] and attains its minimum at 7.

We want to argue heuristically, why our choice of g is a good perturbation to
lower the energy of h. As h € Hj, this implies that m is equal to —¢é3 at the
equator. At those points, the normal v lies in the x;x;-plane. Hence, the energy
contribution of the anisotropy, which stems from the integral over 1 — (M, 1/)2,
is maximal at the equator. The idea now is that if we wiggle the vector field mc,
at the equator slightly in any direction, we will lower the anisotropy energy more
than we would get through an increase in the Dirichlet energy. This especially
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4. Existence of a Saddle Point

implies that we break the symmetry of having hemispheric maps. If we restrict
ourselves to wiggles in an axisymmetric manner, on the level of the profile this
means that we have to perturb the profile i1 around 7 such that it no longer is
hemispheric. The perturbation g achieves exactly this. As we have seen, g is
nonpositive and an even function at 7 which breaks the symmetry in the most
effective way. Additionally, it has its minimum at 7, resulting in its largest effect
being in fact at the equator. Moreover, as will see, it also balances the Dirichlet
energy contribution in a precise manner. We quantify the above argument now
in the proof of the following proposition.

Proposition 4.17. There exists kg > 4 such that for all k > xy we have

*E[h](g,8) <0

Proof. We compute the second variation at /1 of g and gain

2h
*E[h) (g, g / o%sind + (COS + K cos(2h — 29)) ¢?sinfdo.
sin® 6

We want to rewrite the terms not involving ¢’ by inserting the definition of g
once and then integrating by parts, note that ¢ = 0 at the boundary. For the first

one we obtain

/ C(.)szzggzsmf)dé—/ cos2h(h' —1)gdo
0 sin

sin 2h
= / P "sinf — cos(2h)g do.

Likewise, we can compute the second term as

T T
/ K cos(2h —26)¢*sinH df = / K cos(2h — 26) (h' — 1)gsin® 6 db
0 0

7T
:/ —gsin(Zh—29)(g'sin26+2gsin9cos€)d9.
0

Consequently, we can rewrite the second variation using (4.10) as

/ g %sinf — (stl; Esm(Zh 260) s1n9>g sin 0 d6

=g'+cosd

7T
+ / — cos2hg — xsin(2h — 26)g sin 6 cos 6 df
0

7T
= / —g' % sin(26) — cos 2hg — x sin(2h — 20)g sin 6 cos 6 d6
0
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4.3. Proof of existence of a saddle point: Theorem 1

= 2/2(c0529 —cos2h)gdf — 21(/2 sin(2h —26)gsin6 cos6 do,
0 0
(4.11)

where we have used that the integrands of both integrals are even at 7, such that
we can restrict the domain of integration to [0, 5] and multiply the result by 2.
Since cos 26 — cos2h = 2sin(h — 0) sin(h + 6) < 0 for (6,h(0)) € W, we find in
combination with the nonpositivity of g that the first integral is positive. For
the second integral we assert that sin(2h — 20) < 0 for (6,h(6)) € W such that
including the signs of ¢ and in front of the integral we find that this integral is
negative. Hence, depending on which of the two integrals dominates, we can
conclude that the second variation is negative or positive. It turns out that the
tirst integral can be bounded from above by a constant with respect to ¥ while the
second integral including the factor x can be bounded from above by a constant
times —+/k. As a result, for x large enough, we will be able to establish negativity
of the second variation.

Before we start with the estimates of the individual integrals, we first show that
we can in fact narrow down the domain of integration even further. To this end,
by the trigonometric identity (A.T4) we can rewrite all the terms in the integrals

that get multiplied by g as follows

cos 20 — cos 2h — k sin(2h — 20) sin 6 cos 0
1

=5 sin(h — 0)(xsin(h —30) + (4 — k) sin(h +90)) .

Now since (6, h(6)) € W, we find that for < T we have (6,h(0)) € WN {3x <
y < m+3x}N{mr—x <y <3 —x}, from which follows
1

1. o N -0
2§m(h 92(K§1n(h 39)1—1—(4 k)sin(h+6)) >0

-~

>0 >0 <0 20

Hence, as ¢ < 0 on the whole interval of integration, we deduce that the total
integral from 0 to 7 is negative (since the integrand does not vanish everywhere).

Therefore, we obtain

6*E[h](g,8) < 2[; cosZ()gdG—kZ/T2 —cos2h gdb
1 i

J/

~~ ~~

:le :IIZ
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On the interval [0, 7] the graph of  is in the set WN {x < Z} and

Figure 4.8.:
hence the integrand is negative.
(4.12)

T

4
N~

— 2K /2 sin(2h —26)gsin6 cos 6 dé,

:213

We begin with the bound for I;. We insert the definition of ¢ and integrate by

parts, which yields

T

L = /2 cos20(h’ —1)sinfdf

2

N]

4

— /:(h — 60 — 71)(cos 0 cos 260 — 2 sin 0 sin 260) d6
(4.13)

T
by 4

= (h— 60— 1) cos20sin@

- +ﬁ2 (t+6—h)(cosBcos26 —2sinfsin20) df < g,
<0

=5 @
>0
where we used the fact that the function 6 — cos 6 cos 26 — 2 sin 0 sin 20 is negative

on the interval [F, 7.
For I we insert again the definition of ¢ and integrate by parts. We obtain

T

I =— /2 cos2h(h' —1)sin6 df

4

cos 0 + cos2hsin6do

sin2h . |2 /75 sin 2k
=— sin 0
2 % Y
in2h(§) -1 (31
— sin2h(§) =1 + /ﬂ ~(sin2h — sin26) cos 6 + (cos 2h — cos 26) sinf db,
i

2v/2
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4.3. Proof of existence of a saddle point: Theorem 1

where in the last step we inserted a zero and used the fact that

71 1
—sin20cosf + cos20sinfdf = ————.
/; 2 22

Now, the first summand is always negative. For the integral, we rewrite the
integrand again by virtue of the trigonometric identity (A.T5) to gain

T

/2 (sin2h — sin 26) cos 6 + (cos 2 — cos 26) sin 0 d6

T

4

N —

= % /: sin(h — 6)(3cos(h +26) — cosh) dé
T

1 3 Y200 (Beos(h + 20 AR
< — E/ZSinz(h—G)sianlG /2 (3 cos( +. ) —cosh) dé
2k \ 2 )z n sin 0

4 N J/
<E(h) <16

< nE(h) ’
- 2K

where we used the Holder inequality in the second to last step, and the bound of
the integrand of the second integral in the last step follows from studying the
function (x,y) — (3cos(x +y) —cosx)?sin" ! x on the domain WN {F < x < Z}.
All in all, we obtain the estimate

ntE(h)

L < . 4.14
2 < e (4.14)

As we have seen in (4.6), E(h) increases like 1/x such that we can conclude that
I, can be bounded from above by an arbitrarily small number for x large enough.
Finally, we want to find a bound for I3, but this time from below because we have
not included the minus sign in front of the integral. First, we let 6(x) € [3%, Z],
to be chosen later. Then we note that sin(2h — 26) (k' — 1) > 0 on the domain
of integration by Definition 4.11 and the fact that (6,h(0)) € W. Moreover, the
function 6 + sin? 0 cos 0 is also nonnegative on the interval of integration. Hence,
decreasing the domain of integration to [7,6(x)] only decreases the value of the

integral. Additionally, it holds that
sin” f cos 8 > sin® f(x) cos B(x), (4.15)

forall 6 € [7,0(x)]. This follows from the fact that the function has a maximum at

2arctan(v/2 — /3) < %” and then monotonically decreases to 0 at 7. Moreover,
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Figure 4.9.: Plot of the function 6 > sin? 6 cosf. By the choice of 8(x), we can
guarantee that (4.15) holds.

the function attains the value (2v/2)~! = sin?(%) cos(%) at an argument 6 < 3T.
Putting this together, we get the bound

Iz = [12 sin(2h — 26) (k' — 1) sin? f cos 8 df
i

0(x)

> sin® 0(x) cos 0(x) /

T

4

sin(2h —20) (K —1)d6

)

(x)
= sin 0(x) cos (k) sin?(h — 6)

Lt

— sin” 0(x) cos A(x) (sinz(h(O(K)) —6(x)) — sin?(h(

N
~—r
[
W[
~—
N—
~

where we used that

% sin2(Jt — 0) = 2sin(Jt — 0) cos(l — 0) (i — 1) = sin(2h — 20) (K —1).

Invoking Definition 4.14, we find that sin®(h(£) — %) — 0 as k — o. The
idea now is to choose (x) such that sin?(h(68(x)) — 8(k)) is bounded away from
0 which means that §(x) has to converge to 5. However, this implies that
sin? 0 (x) cos 8(x) converges to 0 as k — 0. Since we multiply the whole integral
by «, if suffices to choose 8(x) such that sin? §(x) cos 6(x) converges to 0 slower

than 1/x.
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4.3. Proof of existence of a saddle point: Theorem 1

We define 0(x) € (§, %) to be the unique point such that

M) = 2 +6(x).

Existence of such a point follows from the intermediate value theorem since h
is continuous and h(0) = 7 > 3% and h(%) = 7w < 2F = 3 4+ Z. Uniqueness
follows from Definition 4.11 — once h has crossed the line %T” + 0, it can never
surpass it again since that would require i’ > 1. We also define 6 = T — 6(x).

Then we get the identities

sinf(x) = cosd, and cos (k) = sind.

In view of Definition 4.14, we observe that 6(x) — 7 as x — co from which

follows that 6 — 0 as x — oo. Coming back to the expression for I3, we see
that by definition of 6(x) we have sin?(h(8(x)) — 0(x)) = sin?(3f) = ] for all x.
Moreover, with the above identities we conclude that

I; > sindcoszd(% — 0(1)) . (4.16)

Where 0(1) is with respect to k — co. Consequently, we assert that our estimate
depends linearly of lowest order in . Therefore, the question at hand now is only
the rate of convergence of J to 0.

We claim that there exist constants C > 0 and xy > 4 such that

C
R

for all ¥ > k. For the upper bound we argue as in the proof of Definition 4.14.

(4.17)

We recall that as stated in Definition 4.13 we have that sin?(/z — 8) sin  is mono-
tonically increasing on [0(x), 5] such that with the energy bound (4.6) we find
that

T

CVx > E(h) > g/g;) sin?(h — 0) sin 6 d

in?(h(0(x)) — 0(x)) sinf(x)5 > 4\—@5'

(

where we used that 6(x) > 7 such that sin6(x) > 1/+/2. Hence, for any « > 4

5 <

S0
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37
2

NI

o
INER
ST

Figure 4.10.: Definition of 6(k) as the crossing point of & and 8 — 3 + 6. More-
over, the graph lies in theset WN {y < 3Z +x} Cc WN{y < Z +2x}
for 6 € [0(x), ).

For the lower bound we use the definition of 6(x) and apply Taylor’s theorem

with the remainder term in integral form to obtain

G 0= R0 ~h(E) = W Do+ [ K (O)0 - 6(x)) 0.

Now, as already stated above, once we have passed 0(x), the value of h(0) stays
below 37 + 0, i.e., for all 0 € [0(x), Z] we have (0,h(0)) € WN {y < 3 +x} C
W N {y < 7 +2x}. This implies using the trigonometric identity (A.T3) that

sin 2h K

+ —sin(2h — 26

2sin?0 2 ( )

= .1 5 (21{ sin(2h — 20) —k sin(2h — 40) + (4 — k) sin 2h> <0.
8sin“ 0 ~ ~ ~ ~— 2N N

<0 >0 <0 >0

Therefore, using the fact that & is a solution to the Euler-Lagrange equation, we

gain the inequality
cosf ,
~sinf (o)

for all 6 € [f(x), 5]. Putting this into the remainder term we obtain by partial

h”(@) <

integration

T o 7 cosf
— < — O — —
7 < -H(5) /9<K) 5/ (0)(0—0(x)) o
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(k) cosf
+/ ( sm9 +51119 dé

In the integral the first term is negative. Using the fact that hsin™! is bounded

cos 6
no

=~ (5)5 - b

(&

(60— 0(x

-

=0

from above on the interval we estimate further

/2 h< 0 —blx )+C‘.’59)degc * cos6do
sin? 0 sin ¢ 0(x)

_c/ sin d9<C/ 6)de < C42.

Taking the already established upper bound for §, we find kg such that Cé < 1
for all ¥ > xp. Applying this result in the above inequality and rearranging yields

TS (-5 +2)0 < Vo,

invoking Definition 4.15 and the fact that ¥ > 4. Dividing by C+/x we arrive at
the lower bound.
Having established (4.17), we come back to (4.16). We write

klz > Ké(# cos?(9) (% - 0(1))) :

The term in parentheses converges to 1/2 as k — co. Hence, increasing xq if

necessary, we conclude that for x > xp we have
Kl3 > g(s > CVk (4.18)

for some constant C > 0.
Inserting all estimates (4.13), (4.14), and (4.18) into (4.12) we find that for ¥ > xq

it holds

T ntE(h)

PE[](3,8) < 5 + N

Increasing xp if necessary, we can ensure that the right-hand side is indeed

K

negative since the positive terms are bounded from above. O

With this result at hand, it is now a simple task to show that the hemispheric
solution mc is a saddle point of the energy functional.

Proof of Theorem 1. We set m = ms and let kg > 4 be the constant from the
previous proposition. We set x > «x( to be arbitrary but fixed. As m is a solution
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4. Existence of a Saddle Point

to the Euler-Lagrange equation (EL), it is a critical point of £. We need to show
that in any H'-neighborhood of m., there exist two elements where one has lower
and the other has higher energy than mc.

As the energy is nonincreasing along the flow as shown in Definition 3.4, we
find for any &€ > 0 an element m with |m —mi|;n < € and E(m4) > E(m).
Therefore, we only need to assert the existence of an element m_ with ||m —
m_||;n < €and E(m_) < E(m) for m to be a saddle point. To this end, we
set m_ to be the axisymmetric map with the profile hy, = h + eg, where g is
the function defined in (4.9). Then, according to Definition 4.17, there exists a
constant M > 0 such that due to (4.8) we have

E(hg) — E(h) < —Me* + O(e%) < 0

for € small enough. This of course implies £(m_) < £(m). Consequently, it
remains to show that ||[m —m_|| ;1 < & for € small. To this end, we invoke (2.16).
First,

I = hg|IFn = elgllFn < Ce?,

since ¢ is a smooth function on [0, 7r]. Secondly, we have
& 210000 | o 2113, 2 N 'Y o 2
/0 [l = hg ]PIW'H, | sin 040 < &2 —1||Lm/O (7 +eln’g'|) sinode < ce,
where again we use that & and g are smooth and thus are bounded and have

bounded derivatives. As a result, by virtue of (2.16) we ultimately arrive at
|m —mg, || < Ce <&

for e small enough. Hence, we have found an element m_ in the H'-neighborhood
of me with lower energy than m.,. Consequently, we conclude that m is a saddle
point of the energy functional £. O

4.4. Proof of existence of a saddle point: Theorem 2

In this section we want to show that there is a 0 < k1 < 4 for which there exists a
saddle point of £ in the space of axisymmetric solutions for every x > 1, i.e., we
prove Theorem 2. The idea of the proof is twofold.

In the first step, we repeat the arguments of the previous section and show
that the critical points obtained in Definition 4.9 are saddle points of the energy
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4.4. Proof of existence of a saddle point: Theorem 2

functional &€ for every x > 4. In this case, the estimates simplify because we can
in fact show negativity of the integrand of the second variation of the energy
functional on the whole interval.

Then in a second step, we show that we can go beyond x = 4 and find saddle
points for also smaller values of k. For this step we do not argue by means of
the skyrmionic map heat flow but rather use functional analytic arguments. We
depart from the critical point obtained in Definition 2.19 for k¥ = 4 and show that
it is a saddle point of £ by means of spectral analysis of the second variation
operator of the reduced axisymmetric energy. Then we argue by perturbation in
x that for values close to 4 we obtain a critical point which is still a saddle point.
In the end it is unclear whether the critical points obtained for ¥ > 4 by these two

methods are the same. However, we conjecture that they are.

4.4.1. Saddle points for x > 4

For the course of this subsection we fix ¥ > 4 and we set h = h, to be the smooth
profile of the hemispheric solution m;, of (EL) obtained from the initial data mj
with profile 8 — 26 as in Definition 4.8. By Definition 4.9 and since 6 > 26 clearly
satisfies the wedge condition stated there, we know that / satisfies that condition
too, i.e., its graph fulfills

(6,h(0)) € W := {(x,y) €ER?:0<x < g,x §y§2x}.

Note that W is a different set than the one used in the previous section.

7T

/7
/7
/7
/7
Z
/7
/7
/7
/7

T _| /

2 ,’ ’/’
/ -
/7 -
7/ >
/7 -
o d
yhd
0 T

s 7T
0 T 2

Figure 4.11.: The set W.

We begin with the first observation complementary to that of Definition 4.11.
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4. Existence of a Saddle Point

Lemma 4.18. Let x > 4 and let h € Hy be a solution of (2.18) that satisfies the wedge
condition (4.4). Then, for all 6 € |0, 7t it holds

W) >1.

Proof. We can almost repeat the proof of Definition 4.11 verbatim, only changing
the sets in which the graph lies and interchanging the signs in the inequalities. By
the hemispheric symmetry, it suffices to show the claim for 6 € [0, 7]. We argue
by contradiction and assume that there exists 6 € [0, 5] such that #'(6) < 1. From
the wedge condition we conclude that #/(0) > 1 and #'(%) > 2. Thus, 6 € (0, 5)
and by Rolle’s theorem and the smoothness of I we can assume without loss of
generality that /(0) < 1 and K" (0) = 0, i.e., we choose the minimum of /’. This
corresponds to an inflection point of h. As we have fixed 6 now, we suppress
it as argument of 1 and its derivatives. Then, since & is a solution to (2.18) and
sin?6 > 0, we have

cosf , sin2h x|,

— - = 2h — 26
sin6 2sin’0 2 sin( )>
< 2cos fsinf — sin 2/ — x sin(2h — 260) sin® 6

= sin26 — sin 2/ — « sin(2h — 20) sin? 8 =: f(6).

0= ZSinZO(h” +

Since (0,h) € W, we get h —0 € [0,7] which implies that sin(h —68) > 0
and sin(2h —20) > 0. Now, either (6,h) € {y < 7 —x}NWor (6,h) € {y >
% —x} NW. In the first case, we rewrite the function f using a basic trigonometric

identity as
£(8) = —2cos(h +6) sin(h — ) — ksin(2h — 20) sin 9 .

Since (0,h) € {y < T —x} NW, we have h + 6 € [0, 7] and hence cos(h +6) > 0.
Together with the aforementioned bounds this leads to f(6) < 0, a contradiction
to f > 0.

In the second case, we write f using (A.T2) and the above form as

f(0) = %sin(h —0)(2xsin(h —20) sin — kcos(h — 0) 4 (x — 4) cos(h +6)) .

Since we are now in the other case, we find cos(h 4 6) < 0 and by the assumption
on k we get that the last term in the parentheses is nonpositive. Moreover, as
h—0 € [0,5] we conclude that cos(h — 6) > 0. Finally, (6,h(6)) € W implies
h—20 € [-7%,0] such that sin(h —20) < 0. Therefore, we deduce that all
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T y T /
/ 7
7/ /7
/ 7/
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Figure 4.12.: In the first case (left), the inflection point is in the set {y < T —x} N
W. In the second case (right), the inflection point is in the set
{y>Z% —x}nWw.

three terms in the parentheses are nonpositive and as a result f(8) < 0, again
a contradiction. Hence, we arrive at the conclusion that both cases lead to a
contradiction and thus we have finished the proof. O

We define the same map g: [0, 7] — R as in the previous section for the pertur-
bation of the profile.
¢(0) = (H(6) —1)sin6.

Then, by the previous lemma, we have g(0) > 0 for all 6 € [0, 7r|. This is already
enough to show that the second variation of the energy functional evaluated at ¢

is negative.
Proposition 4.19. For all k > 4 we have
§E[h](g,8) < 0.

Proof. Since the computations leading to (4.11) do not depend on the specifics of
the profile /1, we obtain the same expression

6*E[H](g,8) =2 /Z(c:os 26 — cos 2h — x sin(2h — 260) sin 6 cos 0)g do .
0

We define the term in parentheses as the function f(6) and we want to show
that it is nonpositive on the interval [0, 7]. To this end, let § € [0, 5] be arbitrary.
Since (6,h(0)) € W, we have h — 6 € [0, 5] and hence sin(h — 6) > 0 and also
sin(2h —26) > 0.
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4. Existence of a Saddle Point

Moreover, two cases can occur. Either (6,h(0)) € {y <t —x}NWor (6,h(0)) €
{y > m—x} NW. In the first case, this implies that i + 6 € [0, 7r] and hence
sin(h + 6) > 0. We can use the trigonometric identity (A.T4) to rewrite f as

£(0) = %sin(h — 0)(xsin(h — 36) + (4 — &) sin(h + 0)) .
By the assumption on x we conclude that the second term in the parentheses is
nonpositive. Moreover, since for all § € [0, 7] we have (6,h(0)) € W C {3x — 7 <
y < 3x}, we assert that 1 — 30 € [—7,0] and hence sin(h — 36) < 0, making the
first term in the parentheses nonpositive as well. Therefore, we conclude that
f(8) < 0in this case.

7T 7T
SN T« // 7 Ssor—«x r
~ / 4 ~ /
~ / /7 ~ /7
/ 7 S 7 5SS
V4 /7 ~ 4 ~
T _| / / D T _| / \>
2 / /) 2 4 -
3x » ,/ Rl // PR
/ 2 - / Ve -
- / -
/7 /7 - / 4 PR
// -~ / /, -
/// ’/ V4 /7 ’/
0:/’ ,/3x -7 ,:/’
0 T 0 |
T 7T T 7T
0 T 2 0 T 2

Figure 4.13.: The two regimes in which the graph of h lies. The first case is
depicted on the left, the second case on the right.

In the second case, we get that sin(/ + 0) < 0. We rewrite f using the standard
addition formula for the cosine as

£(8) = 2sin(h — 0) sin(h + 0) — ksin(2h — 20) sin” @,

from which we immediately obtain in combination with the already stated bounds
which hold in all cases that f(0) < 0.

As a result, we deduce that f(6) < 0 for all & € [0,5]. Since g(0) > 0 for all
6 € [0, r], we find that the integrand of the second variation is nonpositive on
the whole interval of integration. Moreover, the integrand is also not constantly 0
since & is not constant. Thus, we conclude

SEIN(3.8) =2 [ f(0)3(6)d0 < 0.
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]

Corollary 4.20. For all k > 4 the map m defined by its profile hy is a saddle point of
the energy functional € in the sense that for any neighborhood of my in H'(S?,S?) there
exist maps m_ and m_. inside that neighborhood such that £E(m_) < E(my) < E(my).

Proof. The proof is analogous to the one of Theorem 1. With the perturbation g
defined above, we can find a map m_ with lower energy than m,. A map with
higher energy can be obtained by the skyrmionic map heat flow. O

Note that the heat flow argument to find a map with higher energy than the limit
map does not work for the case ¥ = 4 since the initial data 6 +— 26 is already
a critical point of the energy functional and thus already a stationary solution
to the flow. With the results from the following subsection we see how we can

overcome this problem.

4.4.2. Saddle points in neighborhood of x = 4

In this subsection we analyze the critical point m obtained in Definition 2.19 for
k = 4. We show that it is a saddle point of the energy functional £. Then in a
second step, we show that by means of the implicit function theorem we can find
a saddle point for all x in a neighborhood of ¥ = 4. This allows us to go beyond

the value x = 4.

Proposition 4.21. For k = 4, the axisymmetric map m defined by its profile h(0) = 20
is a saddle point of & in the sense that for any neighborhood of m in H'(S?,S?) there
exist maps m_ and m. inside that neighborhood such that £E(m_) < £(m) < E(my).

Proof. In Definition 2.19 we have already shown that m is a critical point of the
energy &£ for k = 4. We want to show that it is a saddle point.

As in the proof of Theorem 1, it is sufficient to find test functions g1, > € Egpo
such that 62E[h](g1,¢1) < 0 and 62E[h](g2,$2) > 0.

We compute for a map g € Eg the second variation of the energy for the profile
h and the value k¥ = 4 as stated in (4.8) using a trigonometric identity to simplify
the terms. We find

7T
6%ElH)(g,8) = / g/z sinf + (C(_)SZZZ + x cos(2h — 29))g2 sin 0 d6
0 sin

7T
:/ ¢%sinf + (C?S;10+4C0529)gzsin9d6
0 sin” 0
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_ [y cosb , 1 )
_/0 ( g sin9g+<sin29 4)g)gsm9d9

= /n<(—ﬁ —4)g,¢)sinfdo,
0

where we have defined the operator £ as

A 1 d/. ,d 1
L= sin@@(sme_>  sinZ0’

This operator is the Sturm-Liouville operator of the general Legendre equation
with m = 1 in the variable cosf. This corresponds to the Laplace—Beltrami
operator on the 2-sphere S? for functions with polar dependence ¢'¢. For further
information consult Section A.5. £ has a discrete spectrum with eigenvalues
—I(I+1) for I > 1 and the associated Legendre functions P} (cos ) as eigenfunc-
tions. Since we are actually interested in the eigenvalues of the shifted operator
L = —L — 4, we find that the eigenvalues of £ are given by A; = I(I + 1) — 4 with
the same eigenfunctions. Then the first eigenvalue is A; = —2 with eigenfunc-
tion P} (cosf) = sinf and the second eigenvalue is A, = 2 with eigenfunction
P (cosf) = sin26. All further eigenvalues are positive, too. Consequently, if we
set g1 = sinf and ¢, = sin26, we find

7T
S2Eh] (21, 1) = —2/ sin?0sin6df < 0
0

and N
S2E[H] (32, 92) = 2/ sin®20sin6df > 0.
0

Hence, m is a saddle point of £. O

The operator £ that appeared in the previous proof will play in important role in
the following. We recall the subsequent definition from Section A.5. The maximal
domain of £, D(£), is defined by

D(L) := {f € Lx((0, 7)) : f, f'sin € ACioc((0, 7)),  Lf € L((0, 7))},

2
sin
with respect to the measure sind6é on (0, 77) and ACj,((0, 77)) is the space of lo-

where the space L% ((0, 7)) is the Hilbert space of square integrable functions

cally absolutely continuous functions [71, cf. Part 4]. Moreover, by Definition A.34
we know that D(£) endowed with the graph norm

1flp = Ifllz, + 1£7 Nz, -
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is a Banach space.

Lemma 4.22. There exist 0 < k1 < 4 < Ky such that for all x € (x1,x,) there exists
a map hy € Eq which is a solution to (2.18) for that respective k. The map x — hy is
differentiable as map (R,|-|) — (Eop, || - ||p)-

Proof. The idea is to use the implicit function theorem. To this end, we first
rewrite (2.18) as an equation for the function 7 € C?([0, 7r]) using h, = 26 + 7.
For this, we use the addition formulas for the sine and cosine functions to obtain

cosf , sin2h, x

/! . s o
hy, + 50" " 2eme 2 sin(2h; — 20)
_ y  cosb , cosf [ cosb B ) cos 2y
— —i_sinO;7 +zsin9 (4sin9+(K 4)51n29) 2
+ (4 — — 12 — (k—4) COS49> sin 2y
sin“ 6
= T(n,x), (4.19)

where T is the operator to which we want to apply the implicit function theorem.
By construction and Definition 2.19 we know that T(0,4) = 0. We formally
compute the Gateaux derivative of T with respect to 7 in direction ¢ € C?([0, 7t])

,  cosf ,

d
ﬁT(U + tg'K)’tzo =& sin 6

cos 6 . .
+ (4sin9 + (k —4) s1n20) sin2ry g

1
+(4— — —(K—4)cos49> cos21y g
sin“ ¢

= L(1,%)g.

We see that this derivative is a linear operator and a candidate for the Fréchet
derivative of T. We assert that £(0,4) has the form

1 d d 1 A
0,4) = ——(sinf— | — 4 = 4,
L4 = Goas (Sm de) snZg TETET
where £ is the operator introduced above. Since we know that —4 is inside the
resolvent set of £, we conclude that (£ 4 4) ! exists as an operator from the range
of £ to its maximal domain D(L£). As explained in Section A.5 we know that the

2 ([0, 7)), hence the codomain of T is in fact L% ([0, 7t]).

eigenfunctions span L
Consequently, if we fix now T to be an operator T: D(£) x R — L2 ([0, 7t]),
we assert that the operator £(0,4) is a bounded linear operator from D(£) to

L% ([0, 7t]). Thus, we deduce that £(0,4) is a Banach space isomorphism. It
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remains to show that T is in fact continuously Fréchet differentiable. As we
have seen, the Gateaux derivative in the first component is the linear operator
L(17,%). Hence, it suffices if we show that for all (17,x) € D(£) x R the operator
L(n,x) is a bounded operator in the operator norm induced by || - ||p and that it
is continuous as a map (4, x) — L(1, ). Starting from the definition of L(7, x),

we see that we can express it as

L(n,x) =L+ < (;101?3 + (k —4) sin29> sin2y + (4 — (x —4) cos 46) cos 21
1 A
+ o (1 —cos2n) = L+ f(n,x), (4.20)

where f(77,x) is in L2_ as according to Definition A.35 it holds that 77sin™! €

sin
% arein L2 ([0, 7t]). For

L% ([0, 7r]) and hence sin(27) sin™! and (1 — cos27) sin~

the other, non-singular parts of f that estimate holds by the boundedness of all

functions involved. Consequently, for ¢ € D(L) we can compute

120008l < 128l + 1F ()52 liglhes < 1+ £ 052 ) gl

where we also used Definition A.36. Thus, we find that £(7,«) is a bounded
linear operator from D (L) to L2 ([0, 7r]) and the Fréchet derivative in the first
component is given by D, T (1, x) = L(1,x). To show continuity of that compo-
nent, we infer from the above identity that for (11,%;) and (172,%2) in D(£) x R

we have
1L 1) = L0p2 )| < [1F,52) = Flna2) 2

Using the uniform continuity of the trigonometric functions and invoking the
lemmata A.35 and A.36 again, we find that we obtain a bound of the form

|£(171,%1) — L(172,%2) ||
SC(‘ m—12 m—n 772

sin sin
< (1 +x2)lm = nallo + Il = m2lld + i1 — 2l ) (421)

+ (14 x2) [ = nalles + [x1 = Kz!)

2 4
Ls‘m L sin

This suffices to show that the map (1, «) — L(1, k) is continuous.
Continuous Fréchet differentiability in the second component is straightforward

as the operator T is linear in x, i.e.,

DiT(n,x) = %(COSZU —sin27).
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This map is multiplication by a bounded function. Continuity in (#,x) fol-
lows again by the uniform continuity of the trigonometric functions and Defini-
tion A.36.

As a result, we can apply the implicit function theorem and find neighborhoods
U C D(L) of 0and (xq,%2) C R>g of 4, and a function #: (1, x2) — U which is
continuous with respect to the norm on D(£) such that 77, = 0 and T(j,x) = 0
for all x € (x1,x2). Setting hy, = 26 + 1, we find that h, is a solution to (2.18) for
all x € (1, x2). Moreover, by Definition A.32, 17, vanishes at the boundary, such
that we assert that /. is in Ep. The continuity of the map x — h; follows from
the continuity of the map x — #.

Finally, since for x = 0 there are no solutions to (2.18) in E» as the only harmonic
map with mapping degree 0 is the constant map, we can assert that x; > 0. [

Remark 4.23. Since the Euler-Lagrange equation stems from the first variation of
the energy E, it is no surprise that the derivative of the operator T in the proof
is the integrand of the second variation of the energy. This implies that for the
function h;; = 20 + 7 we can, in fact, write the second variation of the energy as

5°E[hy)(g,8) = /On<—£('7,f<)g,g> sinfdo,

where L£(#, x) is the operator defined in the proof of the previous proposition. []

Using the fact that the negative eigenvalue of the operator £(0,4) is bounded
away from zero, we can use the closeness of 7, to 0 to show that for those 7, the
second variation of the energy is still negative for the first eigenfunction of the

unperturbed operator.

Proposition 4.24. Let he = 26 + 1, be the solution to (2.18) for x € (x1,%2) as in
Definition 4.22 and set m to be the axisymmetric map with profile hy. Then my is
a saddle point of the energy functional £ in the sense that for any neighborhood of
my in H'(S?,S?) there exist maps m_ and m_. inside that neighborhood such that
E(m_) < E(my) < E(my).

Proof. As in the previous proofs on saddle points, it suffices to find test functions
¢1 and g» such that 6E[h,](g1,g1) < 0 and 62E[h](g2,$2) > 0. We use the same
test functions as in the proof of Definition 4.21 and set g1 = sin 6 and g» = sin 26.

As explained in the previous remark, this yields for [ = 1,2

7T
SElhy)(81,80) = || (~L00,¥)g1, ) sin 00
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= / L£(0,4) gl,gl>sm9d9+/ 0,4) — L(1x,%))g1,81) sin6dé
= AnglHLz + ((£(0,4) — L(1x, % ))gl,gl>L§in,

where A, is the eigenvalue of the operator —£(0,4) corresponding to the eigen-
function g;. We know that Ay = =2 and A, = 2.

As shown in (4.21), the map (#,x) — L(1,x) is continuous with respect to the
operator norm induced by the norm on D(£) x R such that

[((£(0,4) = L7, 1))81, 8112 | < 1£(0,4) = L, 6) [l 811D 1112,

< 1+ A2 (Inello + el + e = 41) g2,

<C 1+A12(\K—4|+|K—4| )IlngLz /

where we used that [|g/[|3, = (1 + A7)|| g1||%24 and in the last step we applied
the differentiability of the function x +— q:nas map R — D(L) provided by
Definition 4.22 in combination with the mean value theorem. We can choose x4
and x; close enough to 4 such that this term is smaller than |A;|/2 for | = 1,2.
Consequently, we find for these values of x that

PE[h(g1,81) < ~llgllf2 <0
PE[h)(g2.82) > lg2ll72 > 0.

Therefore, m, is a saddle point of £ for k € (x1,x2). O

Remark 4.25. For x € (4,x;) we have now two ways to obtain a critical point of
the energy functional £. The first one is the one via the skyrmionic map heat flow
as in Definition 4.9. The second one is the one via the implicit function theorem
as presented in this subsection. It is not clear to us if these two methods yield
the same critical points. Moreover, it is not guaranteed that the critical points
obtained via the implicit function theorem still obey the hemispheric symmetry.
Our conjecture is that both methods yield the same critical points, since we
conjecture that for every x > 4 there only exists one critical point of the energy

functional £ with profiles in Eg). ]

4.4.3. Stitching together both regimes

With the results from the previous two subsections, we can now prove Theorem 2.
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4.4. Proof of existence of a saddle point: Theorem 2

Proof of Theorem 2. We let k1 be the one from Definition 4.22. Then for « € (x1,4)
we set hi,c to be the profile from Definition 4.24. For k = 4 we set hy = 26 and for
k > 4 we set I to be the one from Definition 4.20. We denote the corresponding
maps by m,. We assert that Q(m,) = 0 according to Definition 2.16 as . € Eg.
Moreover, by the results of Definition 4.24, Definition 4.21, and Definition 4.20 we
tind that m, is a saddle point of the energy functional £ in the claimed sense. The
saddle point is different from the one obtained in Theorem 1 since the profiles in
the latter are in Hp and the ones in this theorem are in Eg. [
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5. Numerical Experiments

In this chapter, we present some basic numerical experiments for the skyrmionic
map heat flow in the axisymmetric setting to gain some insights about its behavior
and dependence on the parameter x. That is, we solve (3.37) numerically for
different initial data and x. After explaining the numerical setting, we start
with some mild initial settings which converge to the minimizer found in [59].
Then, we study the profile of the saddle points obtained in the previous chapter.
Moreover, we find evidence that the value of xy in Theorem 1 is in fact its lower
bound xp = 4, a result we were not able to prove. We also check the quality of
the bounds found in (4.6) and Definition 4.15. Finally, we present an experiment
in which we observe a behavior that could be explained by a finite time blowup.

5.1. Numerical setting

The experiments are conducted using the Python library py-pde [72] in version
0.33.2. This package solves partial differential equations numerically “using
the methods of lines with a finite-difference approximation of the differential
operators.” Since we are only interested in the qualitative behavior of the heat flow,
we deem this package adequate for our purposes. In all subsequent cases, we
run the following code to obtain the data that we then plot using the matplotlib
package [34]. The input values, initial data function h_0, as well as the interval
length and boundary conditions are set according to the experiment and stated
in the respective section. The value of t_range corresponds to the end time of the
simulation and is always set after some experimentation to a value such that the
solution visually converges to a stationary solution. The same applies to n_grid,
the number of grid points, where we try to find a balance between accuracy and
computational time. We always pick an odd number of grid points to ensure that
one points lies exactly at the center point 7. The tracker option is used to track
the data through time to be then able to analyze it and plot it.
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5. Numerical Experiments

import pde

from math import pi

kappa = 2

n_grid = 301

grid = pde.CartesianGrid([[0, pi]], [n_grid], periodic=[False])

field = pde.ScalarField.from_expression(grid, "h_0(x)")

bc = [{’value’: pi},{’value’: pil}]

p = pde.PDE({"h": f"laplace(h) + cos(x)/sin(x)*d_dx(h) - sin(2x*h)/(
2xsin(x)**x2) - {kappal}/2+*sin(2%h-
2*%x)"},bc=bc)

storage = pde.MemoryStorage ()

result = p.solve(field, t_range=5, method="scipy", tracker=[’

progress’, storage.tracker(0.1)])

The results of the simulations should only be viewed as a first step toward a
better understanding of the flow and as an attempt to gain better intuition about
its behavior. One problem, for example, is that the equation is of a singular
type with coefficients diverging at the boundary. From the documentation of
the package it is not clear how this is handled. Inspecting the results, there are
indeed some numerical artifacts at the boundary in the form of oscillations. For
this reason, in the upcoming plots, one should not consider the results at the
boundaries as accurate. Moreover, we observe that the results can exhibit jumps
of multiples of 7t at the boundaries—a behavior that could be explained by finite
time blowup of the solution but is surprising since we solve the equation with
tixed boundary conditions.

Nonetheless, since this thesis is not supposed to be a numerical study, we do
not go further into details of the numerics but rather focus on the qualitative

behavior of the results.
5.2. Minimizer
For the first experiment, we start with the initial data

ho(6) = T —sin6

and boundary conditions /(0) = h(7r) = 7. Since this profile is not hemispheric,
we expect the solution to converge to the global minimizer among the axisym-

metric maps, which is the map found in [59]. In fact, we verify this loosely by
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5.2. Minimizer

taking different initial data which all converge to the same minimizer (as long as
they are not hemispheric since that symmetry is preserved). This observation lets
us assume that there is a unique minimizer in the class of axisymmetric maps
(modulo antipodal symmetry, see [59, Sec. 3.1.3]).

We want to study the behavior for varying x. We identify two regimes: For x < 4,
the solution converges to a hemispheric map which can be seen as a sine-like
perturbation of the constant map 6 — 7. For larger x, the minimizer transforms
into a map which consists of a drop from 7 at 6 = 0 to the profile of the normal
tield v, i.e., 8 — 0. This is the expected behavior as shown in [59].

Some further general observations regarding the flow are: in the small x regime
convergence is slower than in the large x regime. Moreover, for large x we need
a finer grid size to guarantee adequate resolution of the solution. To illustrate
the necessity for this heuristically, recall that for large x the minimizer is close to
the map 0 — 0 with a steep drop at & = 0. This implies that there is an interval
[61,05] such that sin?(h — §) > 1/2 for all § in that interval. Since the energy of
the minimizer is bounded from above by 8 [50, Lemma 7], we obtain the following
estimate 5, .

8> K/(s sin?(h — 0) sin6 df > Esinél(dz —41).

1

Therefore, in order to resolve this interval, the grid size should be chosen of at
least order O(1/+/x).

5.2.1. Small x regime

In the small x regime, we analyze the behavior of the solution in the range
0 < ¥ < 6 in order to also observe the transition from the hemispheric to the
non-hemispheric minimizer. For all values of x we set t_range to 15 and n_grid
to 301.

In Figure 5.1 we show exemplarily the flow for ¥ = 4. Here and in all following
plots of the flow for fixed « it holds that lighter colors imply later snapshots in
time. We see that the solution converges to a sine-like hemispheric profile. It
should be noted that the convergence is very slow at the end, which points to the
fact that a non-hemispheric profile cannot flow into a hemispheric one in finite
time.

In Figure 5.2 we show the minimizers for « € {0,...,6}. We see that for x < 4 the
minimizer is hemispheric while for x > 4 the symmetry is broken. Additionally,
it should be noted that if we choose as initial profile the map 0 — 7T 4 sin6, the
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Figure 5.1.: Flow for x = 4. Figure 5.2.: Minimizers for the

small x regime.

minimizers for k¥ > 5 are different from the ones shown, and are in fact their
antipodal transforms. In [59] these are called “upper” and “lower” minimizing
profiles. Consequently, for x = 4 we can identify a bifurcation point where the
hemispheric minimizer splits into two distinct minimizers. It should be noted
that the value x = 4 is not rigorously proven but just inferred from the numerical
results. This analysis is also done with a finer resolution of the x-range. That
there has to be a transition at some point is clear since the hemispheric profile
becomes a saddle point for some value xy > 4.

We can also give another argument for why the minimizer for small « should be
hemispheric. To this end, we take the Euler-Lagrange equation of the profile and
take a perturbative ansatz i = 7w + eg with ¢ € Egp and x = & small. We recall
that 6 — 7 is the (only) solution for ¥ = 0. Then we expand the equation in ¢
and get

_ iy cosf , 1 1 2
O—E(g +sin6g Sin29g+2s1n20>+0(e).

In the first order we identify the operator £ dealt with in Section A.5 such that

we obtain the equation
A 1
Ly =— 5 sin26.

On the right-hand side we detect exactly the second eigenfunction of the operator
L with eigenvalue —6 such that we conclude that the solution to the first order
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Figure 5.3.: Flow for x = 36. Figure 5.4.: Minimizers for the
large x regime.

equation is given by

1 .
g(0) = EstG.

This is indeed a hemispheric perturbation of the map 6 > 7r and also the kind of

profile we observe in the simulations for small «.

5.2.2. Large x regime

In the large x regime, we analyze the behavior of the solution for k¥ > 6. We set
t_range to 2 since the convergence is much faster and n_grid to 1001 to guarantee
stability of the simulation.

In Figure 5.3, the flow for x = 36 is displayed. The snapshots are taken at
time intervals of length 0.1. We observe between the initial profile and the first
snapshot that the profile quickly transforms into a step-like profile. Afterward,
the step moves to the left until the profile converges to the minimizer.

In Figure 5.4, we show the minimizers for « € {6,12,18,24,30,36}. We observe
clearly the pointwise convergence behavior of the minimizers to the identity map
as x grows. This is in line with the results of [59, Sec. 3.2.4.]. Consequently, from a
physical point of view, for the field m, with growing x we observe a concentration

of structure at the north pole which corresponds to the formation of a skyrmion.
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Figure 5.5.: Hemispheric solutions in Hj ; for different x.

5.3. Saddle points

5.3.1. Saddle points of first type

For the analysis of the saddle points of first type dealt with in Theorem 1, we
start with the initial data
ho(@) =TT

and boundary conditions h(0) = h(7r) = 7. This map is clearly hemispheric,
however it is not the profile h , defined in (4.5). Nonetheless, as was the case for
the minimizer, we observe that all hemispheric initial data tested, which satisfy
the wedge condition (4.2), converge to the same profile. This lets us assume that
this limit for these initial data is unique.

In Figure 5.5 the solutions for different values of x in a range between 0 and
400 are displayed. For x < 4, we observe that the flow converges to the same
functions as in the previous section, i.e., the conjectured hemispheric minimizer.
Then, as « increases, and since the flow stays in the class of hemispheric maps, we
observe that the solution is distinct from the minimizer. We can clearly observe
the pointwise convergence to § — 77 4 6 on the interval [0, ) and to 6 — 6 on
the interval (7, 7] as proven in Definition 4.14.

Now we want to compute numerically an upper bound on the value of xj in
Theorem 1. We recall that it is the constant from Definition 4.17, such that the

second variation of the energy is negative for the function ¢ = (' — 1) sin. With
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Figure 5.6.: Semi-logarithmic plot of 6°E[h](g, g) in dependence of .

the profiles i, at hand, we can indeed compute the second variation of the energy
and check for which values of « it is negative. Note that this only gives us
an upper bound for x since we only check the second variation for a specific
function g. We do this by computing the integral in (4.11) numerically. We make
use of the methods gradient and integral of the py-pde package to compute
the gradient and the integral of the functions involved.

In Figure 5.6 we show the result of the computation. We observe that the graph
crosses the x-axis at x =~ 6.7, thus giving us a numerical upper bound for xg of
approximately 6.7. This supports our conjecture that xy = 4.

Lastly, we aim to evaluate the quality of the bounds found in (4.6) and Defini-
tion 4.15. To this end, we compute the energy for the profiles &, and the value of
W' (%) by means of a central difference method. Then we compare those values
with the bounds.

In Figure 5.7 we show the energy of the profiles &, in dependence of ¥ and given
bounds. The light orange line corresponds to the energy computed from the
profiles h, numerically. The brown line shows the bound from Equation (4.6). As
we can see, the upper bounds do not quite match the actual energy. This mainly
stems from the factor 71/+/2 being too large. In fact, the bound 2,/x — 1 is much
sharper and almost traces the energy perfectly as seen with the black line.

In Figure 5.8 the values of —h (%) in dependence of x and given bounds are
displayed. The light orange line corresponds to the derivative computed from
the profiles h, numerically via the central difference method. The light brown

line shows the bound from Definition 4.15 where for E(h) we use the numerical
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values as computed for Figure 5.7. The dark brown line shows the bound where
we used for E(h) the bound from Equation (4.6). It is evident that the bounds
we found leave room for improvement. The only minor improvement when
taking the “real” energy indicates that the formula of the bound itself is deficient.
We get the correct functional dependence as we can infer from the black line
which shows a bound of just y/x, which actually is a very good upper bound.
Consequently, the constants we have rigorously obtained are too large. This
suggests that some of estimates used in the proofs were too crude.
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5.3. Saddle points

5.3.2. Saddle points of second type

For the analysis of the saddle points dealt with in Theorem 2, we choose the

initial data
ho(6) = 26

and boundary conditions /(0) = 0 and h(7r) = 27. For x > 4 we thus obtain the
critical points as constructed in Definition 4.20. This initial data is hemispheric
and therefore the flow will stay in that class. However, for the saddle points in the
class of maps Ej» obtained via the implicit function theorem in Definition 4.24
we have not proven that property.

We want to give an argument why we conjecture that they are indeed hemispheric.
Taking the ansatz h = 20 + eg with ¢ € Egg and « = 4 + ¢ for small ¢, we can
expand the Euler-Lagrange equation (or rather expand T(eg,4 + ¢€) from (4.19))
in € to obtain the equation

_ n cosf , 1 1. 5
O-e(g +sin9g Sin29g-|—4g 2sm26)-|—O(e).

In the first order we identify again the Legendre operator £ and gain

A

(L+4)g = %sz’mZG.

This is readily solved by
g(0) = —;} sin26,

which is a function in Hp. Consequently, the function & is hemispheric. Therefore,
we expect the saddle points from Theorem 2 to be hemispheric. This argument
also supports the conjecture that the saddle points from Definition 4.20 and
Definition 4.24 are the same for k¥ € (4, ;).

We return to the numerical analysis. The first finding that we make is that
the flow does not seem to be numerically stable. This becomes manifest in
the observation that the hemispheric symmetry gets broken after the flow has
ostensibly converged to a stationary solution. Increasing the grid size does not
prevent this behavior. In Figures 5.9 and 5.10 and we show exemplarily the flow
for x = 6 for a grid size n_grid of 1001 and t_range of 15. As before, the lighter
the lines, the more time has passed. We observe that the solution quickly becomes
almost stationary and then after some phase of “metastability” the hemispheric
symmetry is broken with the profile moving to the right—first slowly and then

faster.
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Figure 5.9.: Plot for the flow for x = 6  Figure 5.10.: Plot for the flow for x = 6
for t € [0,4]. for t € [10,15].

Our assumption is that this happens because of tiny numerical inaccuracies at
the inflection point that are enough to not let the solution fall back. We have not
observed this behavior for the saddle points in Hy ;. All in all, this is of course not
a surprising behavior since we are dealing with saddle points that by definition
are unstable. Nonetheless, it seems like that the saddle points in Ey, are much
more unstable than the ones in Hj 1.

To address the numerical instability, we change the problem so that we only solve
it on the half interval [0, 5] with the boundary conditions /(0) = 0 and k(%) = .
Since the flow preserves the hemispheric symmetry, this is equivalent to solving
the problem on the whole interval with the boundary conditions 1(0) = 0 and
h(7r) = 27 such that this does not pose a restriction. Indeed, doing so, we do
not observe the symmetry breaking anymore because the solver enforces the
symmetry due to the boundary conditions.

We divide the analysis into two regimes: ¥ > 4 and x < 4. In the first regime the
convergence of the flow is guaranteed by Definition 4.8. In the second regime,
we observe a blowup behavior for small x which we will discuss in detail.
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Figure 5.11.: Hemispheric solutions in Eg, for x > 4.

Analysis of x > 4 regime

When we solve the flow for k > 4, we recall that we are in the situation of
Definition 4.9 where we know that the flow is guaranteed to converge to a
stationary solution. We set n_grid to 301 and t_range to 5.

In Figure 5.11 we show different solutions to (EL) for x € {4,5,6,8,10,14} only
on the interval used in the simulation. As expected, the graphs of the solutions
are inside the wedge {x < y < 2x}. Moreover, for increasing x we also see again
that the solutions converge pointwise to the identity map on the interval [7, 7t].
In some sense, we can view these solutions complementary to the H;; saddle
points: on the interval [0, 7] the Ey» saddle points are close to the identity map
while the Hy 1 saddle points are close to the map 6 — 77 + 0. Then at 6 = 7 both
maps do a jump in opposite directions such that on the interval [7, 7] they have

inverted their roles.

Analysis of x < 4 regime: Possible finite time blowup

In the case 0 < k¥ < 4, we set n_grid to 301 and t_range to 15. We make an
interesting observation: the flow converges to a stationary solution only for
k 2 3.3. For smaller values of «, the flow seems to diverge in finite time at 6 = 0.
In Figure 5.12, such a blowup is displayed for x = 3. We observe that the profile
tirst bulges very slowly to the left, followed by an abrupt blowup at 6 = 0. Then,
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Figure 5.12.: Blowup behavior for x = 3.

after the blowup, the solution converges into the stationary solution in the class
Hj 1, which is the presumed minimizer, i.e., stable.

We recall that these blowups could be numerical artifacts due to the occasional
ill behavior of the solver at the boundaries. However, also decreasing the grid
size does not prevent this behavior. Moreover, a finite time blowup for this kind
of initial data in case of the harmonic map heat flow has been proven in [11].
Therefore, since we are in the small x regime where the effect of the Laplacian
dominates, we conjecture that this is indeed a finite time blowup and not a
numerical artifact. Consequently, this would imply that x; from Theorem 2 is
bounded from below approximately by 3.3. Moreover, the same blowup behavior
can be observed if we choose as initial data a map in Eg» which is not hemispheric.
This holds for any x. For instance, if we let the flow in Figure 5.10 evolve further,
we would observe a blowup at 6 = 7 (not pictured). This suggests that in the
class of maps Ep» the only solutions of (2.17) are the hemispheric ones.
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6. Outlook and Open Questions

In this final chapter, we address open questions and possible further directions
of research which can be studied with the theory developed in the present
work. Most of the conjectures or loose threads originate from observations of the
numerical simulations and have already been partly mentioned there. Herein,
we outline two possible directions: on the one hand, one could further study the
critical points obtained in this work. Especially the dependence on the parameter
x seems to hold a rich structure. On the other hand, a direction of a more
academic nature concerns the further study of the skyrmionic map heat flow.
Regarding the first direction, the main result of this work is the existence of
two distinct types of saddle points for the energy functional £ for a specific set
of x. We did not address the question of uniqueness of these critical points in
their given class, nor did we characterize them further. For instance, one could
compute the Morse index of a saddle point. The spectral analysis in Section 4.4.2
indicates that the Morse index of the saddle point dealt with in this section is 1
since the second variation only had one negative eigenvalue for the map 6 — 20
and ¥ = 4. However, we only deal with the second variation of the reduced
energy functional, i.e., the Morse index in the class of axisymmetric maps is likely
1. Whether this carries over to the full energy is a question to be answered. To
this end, one could use the approach used in [59] and expand the functions in the
polar variable ¢ via Fourier expansion. This gives rise to a sequence of Fourier
modes for which some results have already been established, such as positivity
of the higher order modes of the second variation of the energy functional [59].
This could lead to an upper bound for the Morse index or even a precise value.
Furthermore, the numerical simulations strongly suggest that the critical
points found in their class are unique. Nonetheless, a rigorous proof of this
statement would be desirable. We also conjecture that the saddle point of The-
orem 1 is the minimizer of the energy functional £ in the class of hemispheric
maps. We recall that for all values of ¥ > 0 the result of Definition 4.6 guarantees
the existence of a critical map in the class of hemispheric maps. The result of

Theorem 1 then characterizes these as saddle points for values of k¥ above xj,
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where xy > 4. We have found a numerical upper bound for xy of approximately
6.7 but we conjecture that actually ko = 4. In addition, we hypothesize that for
k < 4 the hemispheric map is actually the minimizer of the energy functional £
in the class of axisymmetric maps and furthermore, the global minimizer. This
is backed up by the observation in the numerical simulations of a bifurcation of
the hemispheric critical point into three critical points at this value of x = 4. We
assume that, from this value on, the stable upper and lower minimizing profiles
separate, and the hemispheric profile becomes unstable. A rigorous study of this
phenomenon could uncover interesting results.

Regarding the saddle points of second type found in Theorem 2, it is of
interest what happens when x — 0. Evidently, a transition occurs since the critical
point seems to “disappear” in this process.

The second line of possible research concerns the skyrmionic map heat flow
itself. As stated in the introduction, a lot of inspiration for the methods used
in this thesis was taken from the theory of the harmonic map heat flow. It is
therefore natural to ask which of the existing results can be reproduced for the
skyrmionic map heat flow.

One result by Chang, Ding and Ye about the HMHEF is the existence of initial
data for which the solution blows up in finite time [11]. The simulations for
nonhemispheric profiles in the class Ej, give rise to the assumption that this is
indeed also possible for the SMHE. A rigorous proof of the existence of finite
time blowups would be desirable. In their proof, the authors also make use of a
comparison principle similar to the one proved in Definition 4.1. From a physics
point of view, further understanding blowups could also be connected to the
question of how to create or destroy skyrmions since by a blowup the mapping
degree (skyrmion number) of the map can be changed.

We examined the flow in the axisymmetric setting. The HMHF has also
been studied in the equivariant setting, i.e., when the maps are of the form
m(0,¢) = (cos(kg)sinh(6),sin(ke)sinh(0),cosh(6))T for some k € IN. For
instance, in a recent result by Jendrej and Lawrie, the authors establish continuous
in time bubbling at blowup points for such maps [36]. It might be of interest to
study these maps in our setting, too. A problem here might be that the anisotropy
term will not simplify to a term that only depends on 6 but will also have a
¢p-dependence.

As mentioned in the introduction, the models of Skyrmions in the plane were
the starting point of the study of these micromagnetic structures in the literature.
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There might be a potential use of applying an analogous heat flow in this case.
One of the difficulties here is that we lose the compactness of the domain. One
approach to overcome this problem could be to use a concentration-compactness
principle. In [28] this was used to show long-time existence of the HMHF of
maps from IR? to S? for certain initial conditions. The authors used an equivariant
setting whose special case of axisymmetric maps has already been studied in the
Skyrmion setting [45, 27].
Another interesting approach would be to study a rescaled energy functional
. 1
E(m) = NG

As we have seen in the exposition in Section 4.3, for the saddle point in the class

E(m).

Hj 1, the energy scales like £(m) ~ /x, where both terms, the Dirichlet energy
and the anisotropy, contribute with the same order of magnitude. Also for the
saddle points in the class Eg, we observe numerically that the energy scales like
V/k. By rescaling the energy functional, we obtain something that is reminiscent
of the study of the Cahn-Hilliard model by Modica and Mortola: a gradient
term with a vanishing prefactor in the limit xk — oo and a potential term with
two separated zeros tv. By transferring their results to our setting, we would
expect that in the limit x — oo the functional £ will I'-converge into something
that measures the perimeter of the sets {m = v} and {m = —v}.

Finally, in our model of the thin ferromagnet we assumed that the anisotropy
is of easy-normal type, i.e., we considered x > 0. In the literature, the case of
easy-tangential anisotropy has also been studied [15, 60], i.e., when x < 0. This
implies that the normal field v is an unstable solution and it is unclear how the
stable configurations look like in this case. There is no reason why this model
would not be suited to be studied with the methods developed in this work
for k < 0, especially with the skyrmionic map heat flow in the axisymmetric
setting. On the level of profiles this means that the solution lines 8 — 6 + TZ are
not attracting but repelling for the skyrmionic map heat flow. Instead, the lines
0 — 0 + TZ are of attracting type. It would be insightful to determine the stable
solutions in this case and whether one could use these observations to rigorously
prove the findings.
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A. Appendix

A.1. Trigonometric identities

In this section we collect some more advanced trigonometric identities which are

used in several formulas. The proofs basically always follow from the following

well-known addition and product formulas for the sine and cosine functions:

sin(x 4+ y) = sinx cosy + cosxsiny,

cos(x+y) = cosxcosy —sinxsiny,

sinxsiny = %(cos(x —y)—cos(x+vy)),
COS X COS Y = %(cos(x +y) + cos(x —y)),
sinxcosy = %(sin(x +y) +sin(x —y)),

sinx +siny zzsin(x;y> cos(x;y)
Yy

COSX — COSY = —ZSin( > )sin(x;y> .

Lemma A.1. For all x,y € R it holds

=
+

sin(2y — 2x) sin? x
= —sin(y — x)(2cos(y — x) — cos(y — 3x) — cos(y + x))
= —sin(y — x)(cos(y — x) — 2sin x sin(y — 2x) — cos(y + x))
(—sin2y — sin(2y — 4x) + 2sin(2y — 2x)),
and

sin(2y — 2x) sinx cosx = % sin(y — x)(sin(y — 3x) —sin(y + x)),
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and
1, . . .
E(sm 2y — sin 2x) cos x + (cos 2y — cos 2x) sin x

= % sin(y — x) (3 cos(y + 2x) — cosy) . (A.T5)

Proof. Ad A.T1: We have

sin(2y — 2x) sin® x = 2sin(y — x) cos(y — x) sin” x

= sin(y — x) cos(y — x)(1 — cos 2x)
= sin(y — x)(cos(y — x) — cos(y — x) cos(2x))

= %sin(y —x)(2cos(y — x) — cos(y — 3x) —cos(y +x)).

Ad A.T2: Applying the addition formula

cos(y — x) — cos(y — 3)
(W Y30) g (000 0= 30)

2 2

= —2sin(y — 2x) sinx

to (A.T1) we arrive at (A.T2).
Ad A.T3: We use the triple product formula

sinasinbsinc
1
= Z(—sin(a—l—b+c) +sin(—a+b+c)+sin(a—b+c)+sin(a+b—c))
where we now set a =2y —2x, b = x and ¢ = x. We find

2

sin(2y — 2x) sin“ x = —(—sin(2y) — sin(2y — 4x) + 2sin(2y — 2x)).

I

Ad A.T4: We compute
sin(2y — 2x) sinx cos x = sin(y — x) cos(y — x) sin2x
= % sin(y — x) (sin(y — 3x) — sin(y + x)),

where we used y —3x = (y —x) —2xand y +x = (y — x) + 2x.
Ad A.T5: We compute

1
5 (sin2y — sin2x) cos x + (cos 2y — cos 2x) sin x

142



A.2. Some results from analysis

= sin(y — x)(cos(y + x) cos x — 2sin(y + x) sin x)

= sin(y — x) (%(cos(y +x+x) +cos(y + x — x))

— (cos(y +x+x) —cos(y + x — x)))

= % sin(y — x)(3cos(y + 2x) — cosy).

A.2. Some results from analysis

Lemma A.2. Let K C R be compact. Moreover, let f € C*(R,R") and g € C**(K,R)
for some k € Nand 0 < « < 1. Then f o g € CH*(K,R").

Proof. By just considering individual components we can assume without loss of
generality that f: R — IR. First, we note that by consecutive application of the
chain and product rule f o g is indeed k times differentiable. We need to show
Holder continuity. An explicit formula for (f o g)() for 1 < I < k is given by Faa
di Bruno’s formula which we do not consult here but we rather state a handier,

but sufficient version. For all x € K we have

(o)W (x) = f(g(x))g" (x) + F(x),

where F; € CK-#1(K,R). We prove this formula by induction. For [ = 1 we
indeed have by the chain rule

(fo)W(x) = f(g(x))g'(x),

such that F; =0 € CkH(K,]R). Now, let the statement be true for 1 <[ < k fixed.
Then

Hence, defining F,1(x) = f"(g(x))g’ (x)g (x) + F/(x), we see that F,; €
CkF-!(K,R), since f is smooth, ¢’¢() € C*!(K,R) by the product rule, and
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F/ € C*!(K,R) by the induction hypothesis. Thus, the formula holds. For I = k

we consequently get

(fog)®(x) = f'(g(x))g® (x) + F(x)

with F € C!(K,R). Using this representation we can now compute for x,y € K

(fog)¥(x) = (fog) ()l

= | (g(x))g® (x) + F(x) = f'(g)g™ (y) — F(v)|

< max|f'(3(2))[1g™ (x) — g™ ()| + max [s P (2)[| f'(g(x)) = F'(8(¥))]
+F(x) = F(y)|

< Clx—yl%,

where in the last step we have used the Holder continuity of ¢®) and the fact
that f’ o g and F are continuously differentiable, hence Holder continuous on the
compact set K, where they also attain their maximum, accordingly. As a result,
fog € CH*(K,R). O

In the same manner we can show the opposite composition:

Lemma A.3. Let K C R be compact. Moreover, let f € C®°(K,R) and g € C**(R,R)
for somek € Nand 0 < « < 1. Then g o f € CH*(K,R").

Lemma A.4. Let for U C R open and convex be f € C**(U,R) for k € N and
0 < a < 1. If we write for xy € U by Taylor’s theorem

F) =3 () (x = x0)" + (x = x0)"g (%), (A1)

with g(xg) = 0, then |g(x)| < Clx — xo|*.

Proof. We write the Taylor formula of order k — 1 using the Lagrange form of the
remainder

n n 1
Fx) =3 ") (x = x0)" + Ef(k)(é)(x — x)*
for some ¢ between x and xg. Subtracting this from (A.1) we find

(x = x0)t(x) = 2~ 20) (F9 @) ~ 9 (x0) ).
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For x # x( then
8601 < C|f0@) = P (x0)| < Clw = ol

follows by the Holder continuity of f*) and the fact that |¢ — xo| < |x — xo|. O

Recall the definition of the parabolic cylinder for U C R" and T > 0 to be
Ur = U x (0, T]. We denote with C?(Ur) the space of functions Ur — R that
are twice continuously differentiable in the space variable and once continuously
differentiable in the time variable.

Lemma A.5 (Variant of a maximum principle). Let I := (a,b) C R be an open
bounded interval and assume u € C>(It) U C(It) satisfies

0<u—u" +d(u,x)u' +c(u, x)u

ult=0 = uo

u(a, t) = g(t), u(b,t) = h(t),

where d and c are sufficiently smooth functions R x R — R and g, h: [0,T] — [0, 00)
are continuous functions satisfying the compatibility conditions g(0) = ug(a) and
h(0) = ug(b). Additionally, assume there exists 6 > 0 such that c(u(x,t),x) > —¢

holds for all (x,t) € It. Then it holds that uy > 0 on 1 implies u > 0 on I.
Similarly, if u instead satisfies

0> u—u" +d(u,x)u’ +clu,x)u,
with the same initial and boundary conditions, just that g and h are nonpositive, then it
holds that ug < 0 implies u < 0 on It.

Proof. We define
o(x, t) = u(x,t)e ™.

Then v satisfies
0 <o — 0" +d(u,x)v + (c(u,x)+6)v

v]i—0 = o

v(a,t) >0, v(bt) >0

and the statement follows from the usual maximum principle for parabolic
equations. For sake of completeness in this simple one-dimensional case we
give the proof. Assume that min; v < 0 which is attained at (x0,t0) € I, ie.,
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v(x0,tp) < 0. As on It \ It we have v > 0, we conclude (xg,vg) € I7. In light of
v € C?(I7) UC(I7), this therefore yields

v(x0,t0) <0, '(x0,t0) =0, ©"(x0,t0) >0, and v;(x9,t9) < 0.
Consequently, inserting this point into the equation we obtain

0 < vg(xo,t) — 0" (x0,t) +d(u, x0) 0’ (x0,t) + (c(u, x9) + 6) v(x0,t) <O,
—— N—— —_—— N—— e
<0 >0 =0 >0 <0

a contradiction. Therefore, v > 0 on I, which then implies the statement since
e % > 0 for all t. The second case is proven by using the first case with —u and
—Uyp. ]

A.3. Riemannian geometry

In this section we give a brief summary of the theory of derivatives on Riemannian
manifolds. We will merely collect the main definitions and basic results. To this
end, we mainly follow [43, Chapters 4 and 5].

We start with the definition of a vector bundle on a smooth manifold [43, pp. 382].
Let M be a smooth manifold of dimension n. We call (E, 7t, M) a smooth vector
bundle over M of rank m, if E is a smooth manifold with a surjective smooth

map 7: E — M such that the following conditions are satisfied:
1. For each p € M the fiber E, = 7~ !(p) is a vector space of dimension .

2. For each p € M there exists an open neighborhood U C M of p and a
diffeomorphism ¢: 7= 1(U) — U x R™ such that

* 7 = 11 0¢ where 7r;: U X R" — U is the projection onto the first
factor.

e For each q € U the restriction ¢[g : E; — {q} x R™ is a linear isomor-
phism.

The map ¢ is called a local trivialization of E over U. The vector space E, is called
the fiber of E over p. A section of E is a map s: M — E such that mos = Id,.
We denote by I'(E) the space of smooth sections of E, i.e., when s is a smooth
map. When we do not require any regularity apart from measurability, we call s

a rough section and denote the space of rough sections by I'+(E).
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The classic example of a vector bundle is the tangent bundle TM of a smooth
manifold M. Then the set of smooth sections I'(TM) is the set of smooth vector
fields on M, also denoted by X(M).

We call a map g: E Xy E =+ R a bundle metric on E if for each p € M the
restriction ¢,: Ep X E;, — R is an inner product on E,. If a bundle metric exists,
we define the induced norm | - | on E such that on E, we have |v|, = |/¢p(v,0).
For the rest of the section let (M, g) be a compact smooth Riemannian manifold
of dimension n without boundary, i.e., M is a smooth manifold and ¢ is a

Riemannian metric. By dv(g) we denote the volume form on M given in local

do(g) = \/|detg|dx! A... Adx".

Recall that elements in the tangent space at a point p € M, denoted by T, M,

coordinates by

can be represented as derivations of C* functions at p. In local coordinates
(x1,...,Xxn) we get a basis for T,M via 01, ...,9d,, where with 9, we denote the
partial derivative in direction x;, evaluated at p. Consequently, we can write for
vel,M

v =10"0,.
Note that we apply Einstein summation convention. Likewise, we can express

elements in the cotangent space w € T;M as
w = wydx",

where dx* is the dual basis defined via dx#(d,) = 4!, the Kronecker delta.
Recall that the Riemannian metric is a map TM X TM — R such that it forms
an inner product on T, M for every p € M. Therefore, g is a bundle metric on the
tangent bundle TM. For v,w € T,M with p € M we write

gp(o,m) = (v, w), .
In local coordinates (x1,...,x,) this can be expressed as
(v, W), = guov'w".

The entries g, are the components of the Gram matrix, g, = gp(ay, dy).
The metric induces a bundle isomorphism between the tangent bundle TM and
the cotangent bundle T*M via 1o: TM — T*M, 15(v) = g(v, -). Expressed in local
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coordinates this gives us

1¢(v) = guotdx’.

Then g also induces an inner product on T*M via
$(w,0) = (w,0), = (17 w,1; o
4 4 g g 7 g g 4
which in coordinates reads
_ 1%
(w, o), = gMwyoy,

where ¢"¥ are the entries of the inverse matrix of g;,, such that ¢""¢,, = (55.
Let ¢: M — N be a diffeomorphism between two smooth manifolds. Then the
differential of ¢ is a bundle map d¢: TM — TN defined for p € M and v € T,M

as

dpo(f) =o(fo¢),
for all f € C®(N). This implies dpv € Ty, )N. For any multilinear map
a: TN Xy ... Xy TN — R we define the pullback of « via ¢ as

gb*l)(i TMXpy...XpyTM — R
(9 a)p(v1, ..., 0k) = ag(p)(dgpor, ..., dopog).
The pullback of a map N — R is defined as the composition with ¢.
Likewise, we can define a pushforward of maps on the cotangent bundle T*M
via ¢. For a multilinear map B: T*M X ;... Xxp T*M — R we define the push-
forward of § via ¢ as
B TN xn...xNT'N - R

(47*,3),,(w1, ce, W) = ,34,71@)(4)*601, ce P wy) .
An isometry between two Riemannian manifolds (M, g¢) and (N, h) is a diffeo-
morphism ¢: M — N such that we have ¢*h = g.

Lemma A.6. Let ¢: M — N and : N — P be isometries between Riemannian
manifolds (M, g), (N, h), and (P, k). Then i o ¢ is an isometry.

Proof. This follows from the fact that by virtue of the chain rule we have (¢ o
¢)k = ¢* (k) = ¢"h = g. -
Lemma A.7. Let ¢: M — N be an isometry between two Riemannian manifolds (M, g)
and (N, h). Then ¢.¢ = h.
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Proof. We fix p € M. Then for w,o € T$(p)N we get by the definitions of the

pushforward and the inner product on the cotangent bundles

(@+8)g(p) (w,0) = §p(¢*w ¢*o)
—gp( o¢p* w,zg Log*o)
= (¢"h)p-1() (15 0 P w, 15" 0 p*0)
= hg(p (d4)oz O¢*wld4>oz§1 o p*0)
o dpors oo dporsogre).

Consequently, the statement follows if we show that the following diagram
commutes

d
™ -2 TN

s lzh

To this end, we compute for v € T,M the map ¢* o1, od¢(v) € TyM. Let
w € TyM be arbitrary. Then

(97 01y 0 dg)(v)[w] = 9" (1n(dg0))[w] = hy(p) (A9 0, dp )

=hg(p) (d4>v )
= (¢"h)p(v,w) = gp(v, w)
= 1g(v)[w].
Hence ¢* o1, 0 d¢ = 14, which concludes the proof. O

Lemma A.8. Let ¢: M — N be an isometry between two oriented Riemannian manifolds
(M, g) and (N,h) and let f: N — R be smooth. Then

| fopdolg) = [ favin).

Proof. By [43, Ex. 2.42], we find that ¢*dv(h) = +dv(g), where the sign is
determined by whether ¢ is orientation preserving or reversing, respectively.
Then by the rule (f o ¢)¢*dv(h) = ¢*(fdv(h)) we get the statement by the
diffeomorphism invariance of the integral [44, Prop. 16.6] which states

/f ¢ do(g i/(j) (f do(h /fdv

149



A. Appendix

where the sign cancels out in the last step since we gain the same sign from the
invariance of the integral formula due to the orientation preservation/reversal
of ¢. O

We define the (7, s)-tensor bundle on M as T("*)TM for (r,s) € N3 as

TITM=TM® - @ TMRT'M®--- @ T*M,

~" -~

r copies s copies

where by ® we denote the tensor product of vector bundles defined as the
standard tensor product on the fibers.

Given a tensor F € TUS)TM, we can express it in a given local frame (91,...,9,)
of TM and corresponding dual basis (dx!,...,dx") as

F=F"la, ® - ®3, @di' @ ©dx".

We call the components and indices corresponding to TM factors in the tensor
product contravariant while those corresponding to T* M factors we call covariant.
By applying the isomorphism i, on the i-th contravariant component of the

tensor product, which we call lowering of indices, we can construct a new tensor

-1
8
TM. This corresponds to raising an

F € TU-1s+UTM. Vice versa, applying the inverse
(r4+1,5-1)

on the j-th covariant
component, we gain a tensor FerT

index. Expressed in coordinates we can write the respective components as

K i i e L I R v pi ety
Pvl...vrixsﬂi = gvs+1yin1...v5 and Pvl...vj,lvjﬂvr = g”’“ ]Pvl...vs .

It is common to use the same symbol of the tensor after having raised or lowered
an index.

We can define an inner product on the tensor bundles in the natural way by
using the metric ¢ of the tangent and cotangent bundle in each component of the
product. For tensors F, G € T"S)TM with

F=11® Q0,0 QR ws
N—————
€TM
G:w1®...®wr®0'1®...®0'5
—_———
eTM

with v;, w; € TM and w;, 0; € T*M we define thus

(F, G>g = (vl,w1>g vy, wy)g . <w1,(71>g . (ws,as>g. (A.2)
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In local coordinates this means
_né ) H1eeHr ~Y1Y
(F,G)g=8"" . 8"%&uim - v P Gy 5

This indeed induces a norm on the tensors via |F|; = \/m. In the following
we will omit the subscript g in the scalar product and norm if the metric is clear
from the context. Since T("*)TM is a vector bundle over M, we have defined a
bundle metric by (-, -),.

Finally, by tr;'.: TSTM — TU=Ls=UTM we denote the trace, or also called
contraction, of the i-th covariant component with the j-th contravariant component

of the tensor as
trjF = & Flytlil O, ®---®5;j® @9y, @dx @dXVi @ - - ©dx”,

where 5;} and dx¥ indicate that the respective component is omitted. This
means, we sum over all entries with y; = v;. Likewise, we define the trace over
two components of the same type (covariant or contravariant) by first raising
or respectively lowering one of the two indices first and then applying the
trace. Technically, for the trace of two covariant components this translates in

coordinates to
trijF :g"iVjFlf‘ll.:i/i”am ®...®ayr®del ®...®d/x\v,‘®...®ca\vj ®---Qdx¥s,

so we just contract using the inverse metric. We get the likewise representation for
tr;;, i.e., when contracting two contravariant components, by using g itself. When-
ever in coordinate notation of a tensor two times the same index appears with
one raised and the other lowered that implies that the trace of these components
is taken. This of course is also implied by the Einstein summation convention.
For instance,

Ff,dx" := tr}(F}, 0, ® dx’ @ dx").

Recall that by X(M) we denote the vector fields on M, i.e., the smooth sections
of the tangent bundle TM, X(M) = I'(TM). Analogously, we define (7, s)-tensor
fields as T"5) (M) = T(T"*)TM). Then

TO0 (M) = C®(M)
T1O(M) = x(M)
TOU(M) = (M),
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where by Q)1 (M) we denote the space of 1-forms on M.
Given a set of local coordinates (x1,...,x,) on an open set U C M we can express
F € T (M) as

F = Pﬁ‘ﬁj;;,f%m Q- @3}{7 QA" ® - - ®dx",

where each coefficient Fiflll.:j;,f " is a smooth real-valued function on U.
We adapt a very permissive notation from [66], which is the *-notation (not to
be confused with the Hodge star). As we can already see, a precise notation of
tensors is very extensive and the *-notation can help to alleviate that, especially
when we are only interested in finding bounds or leading order terms. Citing
from [66]: “We denote by A * B any tensor field which is a (real) linear combina-
tion of tensor fields, each formed by starting with the tensor field A ® B, using the
metric to switch the type of any number of T*M components to TM components,
or vice versa (that is, raising or lowering some indices) taking any number of
contractions, and switching any number of components in the product. Here,
the algorithm for arriving at a certain expression A * B must be independent of
the particular choice of tensors A and B of their respective types, and hence we
are free to estimate |A * B| < C|A||B| for some constant C which will depend
neither on A nor B.” It should be added that the constant C does depend on the
specifics of the linear combination, though, and is not global. As an example,
let A € T?)TM and B € TUTM then any of the following expressions is
included in A * B
AL B 9y © 9, @ dx’ @dxt = AxB
BA%/\BZA 9, @ dx’ + gWAZg/\BZ/\ 9, 2dx¥ ®@dx? ®@dx* = AxB
(A,B) =A=xB
Building on this, we can also now extend the notion of x-products of arbitrary
length A; x Ay * ... x A, and powers A™ := A*...x A, n times. By convention

A*0 = 1, the real number. Then we define x(A1, Ay, ..., A,) by which we mean

any *-product with the given tensors in any *-power, including 0. For instance

AP % Ay Ay + 62A5% x A3? = x(Aq, Ay, Az, Ay, As) .
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If we have indexed tensors A; for 1 < i < n, then we write

k (A) =#(Aq,..., A).

1<i<n

Now we want to review the concept of covariant derivation and definition of the

Levi-Civita connection on M. By [43] we have the following definition.

Definition A.9. Let 7t: E — M be a smooth vector bundle over a smooth manifold
M with or without boundary, and let T'(E) denote the space of smooth sections
of E. A connection in E is a map

V: %(M) x [(E) — T(E)
written (X, Y) — VxY, satisfying the following properties:
1. VxY is linear over C*(M) in X : for f1, f, € C*°(M) and X1, X € X(M),
VixitpxY = iV Y + £2Vx,Y.
2. VxY is linear over Rin Y : for ay,a, € Rand Y,Y; € T(E),

Vx(alYl + 112Y2) =aVxY] +a,VxYs.

3. V satisfies the following product rule: for f € C*(M),

Vx(fY) = fVxY + (Xf)Y. B

A connection V: X(M) x X(M) — X(M) on the tangent bundle TM is called
covariant derivative. It can be uniquely extended to a connection in each tangent
bundle T("*) TM which we will also denote by V such that the following holds [43,
Prop. 4.15]

1. In TMOTM = TM, V agrees with the given connection.

2. InTOOTM =M xR,V is given by ordinary differentiation of functions:
Vxf =Xf
3. V obeys the following product rule with respect to tensor products:

Vx(F®G)=(VxF)®G+F® (VxG).
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4. V commutes with all contractions: if “tr” denotes a trace on any pair of

indices, one covariant and one contravariant, then

Vx(tr F) = ’[I'(VXF).

This connection also satisfies the following additional property:

5a. V obeys the following product rule with respect to the natural pairing
between a covector field w and a vector field Y :

VX<CU,Y> = <VXC(J,Y> -+ <CU, VXY>

By the Fundamental Theorem of Riemannian Geometry [43, Thm. 5.10] there
exists a unique connection V on the tangent space of (M, g) that satisfies the
additional properties:

5b. V is compatible with g, i.e., for X, Y, Z € X(M) follows

VX<Y, Z> = <VXY,Z> + <Y, VXZ> .

6. V is symmetric, i.e.
VxY -VyX=[XY],

where [X, Y] denotes the Lie bracket.

We call this connection the Levi-Civita connection on M. For a given local
frame (91,...,9,) of TM and dual basis (dx!,...,dx") we define the so-called
Christoffel symbols I" as

Va,0v = I7,0s.

Note that even though we write it like the component of a (1,2)-tensor, the
Christoffel symbol is no tensor as it is only defined locally and does not transform
as tensors do under change of coordinates.

We can interpret the Levi-Civita connection as a linear operator V: T3 (M) —
T("s+1) (M) as it adds an additional slot for an element in the tangent space, the
direction in which we derive. For 1-forms wy, ..., w, and vector fields Y7, ..., Y

we thus write
VF(wl,...,wr,Yl,...,YS,X) = (VXF)(wl,...,wr,Yl,...,YS)

r
= X(F(wl,...,wr,Yl,...,YS)) — 2F(wl,...,Vka,...,wr,Yl,...,YS)
k=1
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S

—Y F(wi,...,wr,Y1,...,VxY}, ..., Ys).
=1

How to compute Vxw for a 1-form w follows from 5a. In local coordinates this
reads

ve = (ot Lra - Er e, )
8],1®---®8y,®dx”1®---®dx“s®dx‘5. (A.3)

We call VF the total covariant derivative of F. If f € C®°(M,R) then we derive
by the above formula that

V(fF) =F® Vf+ fVE. (A.4)

Moreover, by the product rule with respect to tensor products we assert that with
the *-notation it holds

V(A*B)=VAxB+ A% VB (A.5)

for tensors A, B.
Since for F € ¥("$)(M) the total covariant derivative is again a tensor VF €

T("5+1) (M) we can subsequently apply the total covariant derivative to F

VFF=V...VFe3rsth(pm).
N——r
k times

for k € Np with the convention V'F = F. Applying the product rule (A.5)

recursively, we obtain by induction

k . .
V¥(AxB) =Y V/IA«VFIB. (A.6)
j=0
By taking out the term with j = k and rewriting VK/B = Vk~1-/VB we find the
useful formula
VK(AxB) = VKA*B+ V¥ (A VB). (A7)

We want to introduce a way to express the (higher) covariant derivative locally
using the *-notation. For this, we introduce for a fixed set of local coordinates on
an open set U of M the symbol 9F for k € N as

(8%F);,.; = 9;, ... 0, F,

i1.g Ik

155



A. Appendix

with the convention d°F = F. On the right hand side we have the m-th partial
derivative of F in the directions given by the indices iy, ..., ix in the given coordi-
nates. Hence, 9"F can be interpreted as a k-th order derivative DXF on U. Note
that F here can be a tensor field of any rank and its indices were just suppressed.
Like the Christoffel symbols, oFF is not a tensor. Now we can write (A.3) in a

short manner as
VF=0F+T=xF.

Likewise, we can write the k-th covariant derivative on the set U as

k=1 (k=1 ,
VFF=0'F+ ) (>|< (alr)> « VIF. (A.8)

j=0 \i=0
We prove this statement by induction. For k = 1 this is the identity given above.
Assume the equation holds for k € IN, then we compute

VKIF = V(VFF) = 3(VFF) + T« VFF

k—1 (k-1
= a(a"P+ Y (>|< (air)> % va> +T % VFF

j=0 \i=0

k=1 (k-1 , k=1 )
S Ay a(*(aT)) * V/F + <>|<(alr)> «dV/F +T « VFF

j=0  \i=0 i=0

k=1 / k k=1 ) .
SKAREDY (>I<<afr>) * VIF + (*(a@) # (VHF 4T+ VIE) + T VF
j=0 \i=0 i=0

1

k
:ak+lp+2<

k . .
(8T)> * V/F,
j=0 \i=0
which is the statement for k + 1.
We define the divergence of tensor fields F € T("5) (M) with s > 1 with respect to
the metric g as the trace of the covariant derivative of F with respect to its last

two covariant components, i.e.
div: T (M) — =1 (M)
div(F) = tr**T1(VF).
Note that this definition is different from the usual definition of the divergence
which applies to vector fields, i.e., X € 7(10) (M). However, we can retrieve the

notion of the divergence of a vector field by first applying the isomorphism 1, to
X and then applying the divergence operator defined here (note that the covariant

156



A.3. Riemannian geometry

derivative and 1, commute). The reason we chose to define the divergence in this
way is that it becomes the formal adjoint of the covariant derivative with respect
to the L%-inner product on tensor fields (see below). With the other definition the
divergence is the formal adjoint of a gradient operator which we do not use here.
Note that in [43, p. 149 5-16] the definition of the divergence fits to our definition
here. Using (A.4), we find the following product rule for the divergence

div(fF) = tr'*THF®@ Vf) + fdivF.
In particular, if F € TV (M) is a 1-form, then we have
div(fF) = (F,Vf) + fdivF. (A.9)

We define the Laplace-Beltrami operator A on M to be the trace of the second
total covariant derivative with respect to the covariant slots introduced by the
derivative, or in other words, the divergence of the covariant derivative of the

tensor field.

A: T (M) — 09) (M)
AF = div(VF) = tr* T +2(V2F)

In local coordinates a convenient way to write Af for f € C*(M) is

o - ().

where by |g| we denote the determinant of the matrix representing g in the
coordinates. The commutator of the Laplacian with the covariant derivative can

be expressed using the Riemann curvature tensor Rm by [66, cf. (2.1.6)]
V(AF)—A(VF)=VRm*F+Rmx* VF = V(Rm=x*F),

where in the last step we used (A.5). We can use this to also find a higher order

commutator:
VK(AF) = A(V*F) + VK(Rm % F) . (A.10)

We prove this statement by induction. For k = 1 this is the identity given above.

Assume the equation holds for k € IN, then we compute

VF(AF) = V(VK(AF))
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= V(A(ka) + V5 (Rm = F))

= V(A(VFF)) + VF 1 (Rm  F)

A(V(VFF)) + V(Rm * ka)) + V1 (Rm * F)

VF1F) + VRm * VFF + Rm # VF1F + VF1(Rm « F)

=A
A(VFIE) + VR (Rm + F),

(
= A
where in the last step we used (A.6) in order to absorb the additional terms into
VK1 (Rm * F).
Finally, we can introduce integration by parts on M for tensor fields. We recall
that M is a manifold without boundary. As shown in [43, p. 149 5-16], for tensor
fields F € T("9) (M) and G € T(5+1) (M) we have

/M<VF,G>dv(g) . /M<F, div G)do(g).

This shows us how the divergence is the formal adjoint of —V with respect to
this inner product. In particular, from the definitions we deduce that for tensor
fields F, G € T("%) (M) we get

/M<AF,G>dv(g) . /M(VF,VG>dU(g) - /M<F,AG>dv(g).

Moreover, with this rule we immediately get the divergence theorem in the case
of a manifold without boundary. Let X € X(M) be a vector field then

/ divXdy =0,
M

where the divergence of X is defined as noted above.

A.4. Sobolev spaces on Riemannian manifolds

In this section we want to present a brief collection on results of Sobolev spaces
on (compact) Riemannian manifolds. We want to do this in terms of the covariant
derivative. The standard literature for this point of view with extensive results
are [5] and [30]. However, the main definition of the Sobolev spaces in both of
these sources is imprecise and unsatisfactory as it lacks the notion of how the
derivatives of single elements in the spaces can be interpreted. Therefore, we try
to give a more precise definition of the Sobolev spaces by first defining LP-spaces
for sections of vector bundles on manifolds, from which then the Sobolev spaces
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can be derived in a natural way. This approach has been used for instance in [21]
(even though in the setting of open manifolds). For the notation and definitions
used from Riemannian geometry we refer to the previous section.

For the remainder of this section let M be a closed, oriented, smooth manifold of

dimension n. We endow M with its Borel-algebra.

A.4.1. LP-spaces on manifolds

Let (E, 71, M) be a smooth vector bundle over M of rank m with trivializations
(U;, ¢;)ic; and fibers Ey := 7t~ 1(x). Moreover, assume there exists a bundle metric
on E, i.e., a family of scalar products (-, ), on Ey, depending smoothly on x € M.
These scalar products induce a norm on each E,, denoted by | - |. Consequently,
for a smooth section u € T'(E) the function x — |u(x)|y on M is measurable and
can be integrated. As a result, we can define the LF-norm of a rough section
uel;(E)as

Definition A.10 (LP-norm and LF-spaces of sections on manifolds). Let1 < p < o0
and let u be a measure on M. For u € I'.(E) we define the LP-norm of u for
1<p<ooas

1/p
lullwaier =, an)

and for p = co we define

||u||Loo(r(E)"u) = esssup |u(x)|yx = inf{a >0:pu({xe M: |u(x)|y >a}) = 0}.
xeM
We define the LP-space of sections of E, LP(I'(E), i), as the completion of T'(E)
under H : ”LP(F(E),]J)' L]

Care has to be taken when one considers now an element u € LF(T'(E), u). Surely,
u need not be a smooth section anymore. As is the case with the standard
LP-spaces, we would like to consider L?(I'(E)) as the space of equivalence classes
of rough sections, i.e., sections of E without any smoothness (nor continuity)
assumption, with finite L”-norm, where two rough sections are equivalent if they
coincide almost everywhere. We state this in the following proposition.

Proposition A.11. Let LP (T (E), i) be the space of rough sections of E with finite
LP-norm. Then

LP(T(E), p) = LP(T(E), 1)/ ~,

where ~ denotes the equivalence relation of being equal almost everywhere.
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Proof. To this end, we present a procedure for picking a representative for u €
LP(T(E)). By the definition of the completion, let (1) C T'(E) be a Cauchy
sequence representing u. We define a map T: I'+(E) — {M — R™} in the
following way. According to [37, Thm. 2.1.3] we can choose trivializations
(Uj, ¢i)ie7 belonging to the vector bundle (E, r, M) such that they are linear
isometries on the second component, meaning that for all x € U; and v € E; we
have
[Pr2 0 ¢i(v)| = |v]x

for all i € I, where Pr, denotes the projection onto the second component. The
norm on the left-hand side denotes the Euclidean norm. Since M is compact, we
can choose a finite cover (U;)1<j<; of M. Set A; = U; \ U;;i U;. Then (A;)1<i<i
is a measurable partition of M. Let ¢: E — M x R" be the map such that
¢l7-1(4, = ¢i- It is a measurable map with measurable inverse ¢~ ! (by taking
¢; ! on each A;) but not a diffeomorphism in general. However, Pr; o ¢ restricts
to an isometry on Ey, for all x € M. Therefore, we define the map T as

TM:PI'204)OL[,

Then by construction |Tu(x)| = |u(x)|y forall x € M and T is a linear map. Hence,
we find that ||u||prE),u) = | Tullr(prm ) for all u € Tr(E) which implies

| Tux — Tug|| oo awm ) = Nk — willoeo(ey) -

such that we deduce that (Tuy) is a Cauchy sequence in the Banach space
LP(M,R™, u). Since for the latter space we know of the identification of elements
by their representatives almost everywhere, we can choose a representative
v: $% — R™ for the limit of (Tuz). Now we define the map S: {M — R"} —
I (E) by S(f)(x) = ¢~ (x, f(x)) and set Sv to be the representative of u. We
need to verify that this procedure is well defined, i.e. independent of the choice of
the Cauchy sequence (uy) C I'(E) representing u, and then of the representative
v chosen. Let v and v’ be the respective limits of the Cauchy sequences (Tuy) and
(Tuy,) representing u. Then v = v’ almost everywhere. This follows from

o — U/HLP(M,]R"')
< o — Tugll oo (marey + [ Tete — Tug | o agmmy + 1Tz — 0'[| Lo (1, mm)

= |lo — Tullprmremy + 1k — willooge)) + 1 Tt = 'l o remy
— 0, as k — oo,
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where the first and last term vanish as k — oo by the definition of v and ?/,
respectively, and the middle term vanishes as k — oo since (1) and (1) represent
the same element in L”(T'(E)). Hence by definition of LP(M,R™, i) we have
v = v’ almost everywhere, so they represent the same element. Now we show that
if we choose two functions v,v': M — R, which coincide almost everywhere,
then Sv and Sv’ coincide also almost everywhere. But this follows immediately
again from the isometry property of T and the fact that S is the inverse of T. This
yields

1S — SV || Lory = ITS(0 = )|l rmrmy = 10— 0l Lp(parey = 0,

which implies that Sv = Sv’ almost everywhere.

Conversely, if u € LP(I+(E),u)/ ~, then we can pick a representative still
denoted by u. Then Tu € LP(M,R™, ) and by density we can choose a sequence
(vr) € C®°(M,R™) such that limy_,,, vy = Tu in LP(M,R™, 11). Then we define
u = Svy and find that

[ = wiell Lo r(ey) = 1T — TSvl| Lo remy = | Tt — vkl Lo pprmy — 0, as k — oco.

Hence uy, is a Cauchy sequence in LP(I'(E)) representing u. Since T and S are
linear, this procedure of selecting representatives is linear. Thus, we have shown

the desired isomorphism. O

With this new point of view as a space of rough sections, we see that the map
T defined in the proof in fact extends to a map T: LP(T'(E), u) — LP(M,R™, u),
which is a linear isometry with inverse S, i.e., an isometric isomorphism. This

gives immediate rise to the following corollary.

Corollary A.12. The space LV (I'(E), u) is isometrically isomorphic to LP(M,R™, ),
where LP (M, R™, u) is the usual LP-space of functions on M with values in R™ and
measure L.

In particular, the space L¥(T'(E), u) features all the properties of LP(M,R™, ), of
which the most important ones are:

1. LP(T(E), u) is a separable Banach space.

2.If1 < p < o, then LP(T'(E), u) is a reflexive space, with its dual space
identified with L1(T'(E), u), where g is the Holder conjugate of p.
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3. For p =2, L*(T(E), u) is a Hilbert space with inner product given by
(,0)12 = [ (w,0),dp.

This whole proof is due to [2], as we were not able to find a proof in the literature.
If (M, g) is a Riemannian manifold and if we take as the vector bundle any of
the tensor bundles T("¥) TM then a bundle metric is induced by the Riemannian

metric g as (-,-),, as defined in (A.2). Using as the measure y; on M the one

induced by the \é;olume form dv(g), we can henceforth define the LP-spaces of
tensor fields on M as above and denote them with Li(ﬂr,s) (M) == LP (T (M), Ig).
We want to extend the notion of LP-spaces also to the *-notation introduced in
Section A.3. For two tensor fields F € L{, ) (M),G € L{, 4)(M), the x-product
F x G is a linear combination of rough tensor fields of not necessarily the same
rank. We define the LP-norm of F * G as the L”-norm of the scalar function
|F * G|, which of course is also only abstract. Nonetheless, when one is only
interested in computing bounds, this notation serves useful and, by the condition

|F * G| < C|F||G|, we can always make use of the Holder inequality to find
IF+Gllie < CIIFly G, ,

aslongas1/p+1/q =1/c. The constant C depends neither on F and G nor on
(M, g).

A.4.2. Sobolev spaces on Riemannian manifolds

Let (M,g) now be a Riemannian manifold. For F € T(")(M) we note that
for every k € INj the tensor field VXF is an element of T("5*X)(M). With the
definition of the LP-spaces for tensor fields we can now define the Sobolev spaces
of tensor fields on M.

Definition A.13 (Sobolev norm and Sobolev spaces on manifolds). Let k € INj.
For F € ") (M) and 1 < p < oo we define the Sobolev norm

K 1/p
F = ie||?

(r,5+j
and for p = oo we define

||u||w(k;:)(M) OrgfngV ll e (o) -
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We define the Sobolev space W(kr’l’;) (M) to be the completion of T("%) (M) under

I Ttz oy g
Remark A.14 (Notation and shorthands). Usually it is clear from which space
T ("5) (M) the tensor fields originate, so we drop the subscript denoting the tensor
type in the notations of the norms for simplification and readability, and write
Wé;’f;) (M) = WEP(M) = WEP, when also the manifold is clear from the context.

Obviously, W(O’p)(M) = Lf’ 5(M). Moreover, if p = 2, we write H(rs)(M) =
Wé‘;,zs)(M). Lastly, for the space of functions M — R, we write Wéco 0 (M) =

Wk? (M, R). B

For the space WX? (M, R), our definition coincides with the definition used in [5]
and [30]. However, by having defined the LP-spaces for tensor fields, we can
now make sense of what V/u is for u € Wk'p(M, R) and 1 < j <k, as in these
textbooks it is not handled with satisfactory care. To explain, let F € Wé‘;f;).
Then there exists a Cauchy sequence (F;) C T("*)(M) representing F. By the

7,5+7) (M )
forall j € {0,...,k}. Hence, we can define V/F as the equivalence class of V/F;

definition of the norm we conclude that V/F; is a Cauchy sequence in L(

in L(T s+) (M), which is well defined. Moreover, by the characterization of the
LP-spaces by their representatives almost everywhere, we can represent V/F by a
rough tensor field in I',(T"5*/))TM). This notation can be confusing, as F itself
is not necessarily a smooth section of T(Y'S)TM, but rather a rough section, and
the covariant derivative is only defined for these smooth sections. Therefore, the
question arises how to interpret the covariant derivative of a rough tensor field.

To this end, we define an extension of the covariant derivative as

Vi Wi (M) = L, .41y (M)
F+— VF,

where VF is precisely the element obtained as explained above as the equivalence
class of the elements VF, where (F.) C T("5)(M) is representing F. By this
definition V is a bounded linear operator between Banach spaces. Moreover, V
extends also to a bounded linear operator W(kr’l’;) (M) — Wé(r;}ﬂ) (M), and also the
repeated application

ok, k
Vi Wik (M) = Wi TE (M)

for j < k is still a bounded linear operator. Due to the density of smooth sections
in Wé(r’f;) (M), these extensions are therefore well-defined and all the properties of

the covariant derivative collected in Section A.3 hold.
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We briefly summarize some facts about Sobolev spaces on manifolds, which
mostly hold due to the fact that M is compact.

1. We recall that the definition of the tensor norm | - | depends on the choice of
the Riemannian metric ¢. However, the spaces W*? (M, R) are independent

of the choice of ¢ and the respective norms are all equivalent [30, Prop. 2.2].

2. If we use a finite atlas (Uj, ¢;);c; of M with a smooth partition of unity (p;);e;
subordinate to the (U;);cs, then u € W*P(M,R) if and only if p; pju €
WE? (U;,R) for all i € I, where by the latter we denote the usual Sobolev
space on subsets of R". This is especially independent of the choice of atlas

and partition of unity [64, Sec. 4.3.].

3. H(M,R) is a Hilbert space with inner product given by

(1w, 0) e = ]é /M<Vju, va>dv(g)

for u,v € H'(M,R).

4. All embeddings known from the theory of Sobolev spaces on compact
domains of R" also hold. In particular,

Theorem A.15 (Rellich-Kondrachov theorem [30, Thm. 2.9]). Let (M, g) be a
smooth, compact Riemannian manifold of dimension n.

(i) For any integers j > 0 and m > 1, any real number q > 1, and any real
number p such that 1 < p < nq/(n — mq), the space Wi™1(M,R) embeds
into WiP(M,R) compactly. In particular, for any q € [1,n) real and any
p > 1such that 1/p > 1/q — 1/n, the embedding of H](M) in LF (M) is
compact.

(ii) For any integer k > 0 and real number q > 1, W1 (M) embeds into
C*(M,R) compactly for any a € [0,1) such that k —a > n/q. In particular,
the embedding of W>1(M,R) in C°(M,R) is compact for any g > n.

We can define the W*P-norm also for measurable subsets V C M by restricting

the integrals to the respective subset:

1/p

ko 1/p k ,
Flleo ) = (}; kuim) - (}; / |VJF\Pdv<g>>
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Let (U, ¢) be a chart of M and let K C U be compact and connected. Then all
derivatives of the Christoffel symbols are bounded on K and we find by virtue of
(A.8) that
k ) k )
IVFFlg < C Y |9/F|g < C Y |VIF,, (A.11)
j=0 j=0

on K, where we define the norm of the symbol d'u introduced in Section A.3 as if
it was a tensor. Note that this still implies contraction via the metric.

Therefore, we can express a norm equivalent to ||F||,yp k) using only the chart
(U, ¢) and the partial derivatives. We denote it by

IF

k 1/p
Whe (K) = (20 /K |o/'F |§dv(8)> : (A.12)
]:

This does not coincide with the standard W*?-norm of tensor fields R” > ¢(K) —
R™ because we still have the components of the metric contributing, through | - |¢
and dv(g). Moreover, from (A.11) it becomes clear that we can only make this
equivalence when considering the total W*?-norm and cannot generalize it to

individual parts of the derivatives. In particular, in general we have

IVIE| 1oy # I9F o) -

Lemma A.16. Let M be a compact Riemannian manifold of dimension n and let (U, ¢)
be a chart on which M is conformally flat, i.e., there exists a smooth positive function
A: U — R such that ¢ = A*g on U, where g is the Euclidean metric on R". Let K C U
be compact and connected. Then there exist constants 0 < ¢ < C such that for all
ueC®MR),1<p<oo andje Ny we have

clldull iy < D7 L piy) < ClOull o (k) s

where it = u o ¢ denotes the coordinate representation of u on U and D/ is the j-th
derivative on R".

Proof. Since K is compact, there are constants a4, A > 0 such that a < A 1< Aon
K. The volume form in the coordinates is given by dv(g) = A? dx. Additionally,
the tensor norm of a tensor field F € T(") (M) is given by |F| ¢ = A'°|F|g, where
| F|g is precisely the square sum of all components of F. We find a relation between
the p-norms of the partial derivative symbol @*u on K and the derivatives of # on

165



A. Appendix

¢(K) by
97l = [ 1ulfdo(s)
_ —J i, |P
= [ AT lulldo(s)
:/ A~Ur=2)|Dig|P dx
9(K) §

< AjpszDjﬁHzn((p(K))

AN/P2Z
S(E) 1971 )

in the case jp > 2. We used the equality @/u = D/l in the coordinates which holds
exactly by the definition of the partial derivative on manifolds. In the last step we
repeated the procedure from the first inequality by inserting 1 < a~(P=2)A~(ir=2)
into the integral and identifying the original norm. If jp < 2, we get the same

result just with a and A interchanged. This proves the lemma. O
We conclude by (A.12) that

Corollary A.17. In the same setting as in the previous lemma, there exist constants
0 < c1 < ¢ < c3 such that

Cl”uHWk’P(K) < CZH“HWW(K) < WHWKP((;;(K)) < C3HuHWkrP(K)'

With this observation we are able to prove the following version of the Gagliardo-
Nirenberg interpolation inequality for compact manifolds. To our surprise there
exist no proofs of the general Gagliardo—Nirenberg interpolation inequality for
compact manifolds in the literature. The inequality for domains in IR” has the

following form.

Theorem A.18 (Gagliardo-Nirenberg in R" [53, pp. 125]). Let (3 C R" be a
measurable, open and connected domain with Cl—boundary. Let1 < g < oo, and let |
and m be non-negative integers such that | < m. Furthermore, let 1 <r < oo, p > 1,
and 0 € [0, 1] be such that the relations

1:14_9(1_@)_{_&, LSQS]
p n ron q m
L

hold. Then for u € L1(Q)) N W™ (Q))

l —
D ul[rr(q) < C||u||€vm,(m||u| iq(gg) ,
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with one exceptional case: if r > 1 and m — [ — 7 is a non-negative integer, then the
additional assumption % < 8 < 1 (notice the strict inequality) is needed. In any case,
the constant C > 0 depends on the parameters |, m, n, q, v, 0, on the domain ), but not

on u.

Remark A.19. We allow () to be bounded or unbounded. In the latter case, the
inequality also holds if we replace ||u||ymr ) by [|[D™ul|1r(q). However, for our

purposes the inequality with the W""-norm is sufficient. ]
If 1 <1 < k then one Gagliardo-Nirenberg inequality reads as follows (by
checking that the given parameters satisfy the conditions of the theorem above)

—1/k 1/k
D ull ey < Cllull bt k- (A13)

We prove this inequality now for the case of compact Riemannian manifolds
of dimension 2 with the covariant derivative replacing the standard derivative.
Before we do this, we need a technical lemma about the topology of compact

manifolds.

Lemma A.20. Let M be a compact manifold of dimension n and let (U;, ¢;)icz be a
finite atlas of M. Then there exists a covering (K;) e s of M by compact sets K; such that
for each j € J there exists an i € T such that K; C U;.

Proof. For each x € M there exists a chart (U (y), ¢j(x)) with i(x) € Z such that
x € Uj(y). As a manifold, M is locally compact Hausdorff. Therefore, for each
x € M there exists a relatively compact neighborhood V with V, C Uj ). Since
M is compact, we can find a finite subcover (Vx].) jeT of M. We define Kj = ij
for j € J. Then (K;)je 7 is the desired covering. O

Remark A.21. If the atlas is of no importance, by adjusting it, we can always
assume without loss of generality that 7 =7 and K; C U; for alli € Z. ]

Proposition A.22 (Special case of Gagliardo—Nirenberg inequality). Let M be a
compact Riemannian manifold of dimension 2. Then for 1 <1 < k and u € H*(M,R)
we have

1 —1/k 1/k
IV ull e < Cllullp=!" a5

where the constant C > 0 depends on I, k, and the manifold M, but not on u. Note that
since M is of dimension 2 and k > 2, we have H*(M,R) < L*(M,R).

Proof. Since M is of dimension 2, it is locally conformally flat [43, cf. p. 222], and
since it is compact, we can find a finite atlas (U;, ¢;);c7 such that the metric is
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conformally flat on each chart and such that by the above lemma we hence find a
covering (K;);ez of M by compact sets K; C U;. Assume the inequality holds on
the sets K;. Then we obtain by simple arguments of integration over unions of
sets that

||Vlu||L2k/l(M) < Z ||Vlu||sz/1(K)
i€l

1-1/k I k 1-1/k 1 k
<C) lull~ 2 el e / 5 = Cllufl~ / ) 11 /
iel

M)

Therefore, it is sufficient to show the inequality on a single compact set on which
the metric is conformally flat. Let K C M be such a set with metric ¢ = A%g,
where ¢ is the Euclidean metric.

Invoking (A.11), we can write
l l . l .
|V u||sz/j(1<) <C Z ||afu||sz/z(K) <C Z ||a]u||sz/]-(K) , (A.14)
j=0 j=0

where in the last step we used the Holder inequality on bounded domains since
j < 1. Note that for the j = 0 term we identify the norm of u with the L*-norm.
For j > 0 we inspect each summand separately. We find by Definition A.16,
Definition A.17, and (A.13) that

||aju||L2k/j( §C||Djﬁ||sz/f (¢(K))
1- /k /k
< ClIR e paey 181

1- /k i/k
< Cllull ||u||]

where we identified [|i1| jo (4 (k)) With [u][r~(k). Inserting this into the sum above

we arrive at

l 1-j/k i/k
IV u ]| 2 <CZIIHI|L] e e

L e\
:wwmmz(——il

j=0 ||”||L°°(I<)

2| e iy v
< Cllulleeoo | 14| e

= C (Il = Ntk oy + Nl o )
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where we used the the standard estimate for polynomials Z;':o x < C(1+ )
for x > 0. Now, since k > 2 and M is of dimension 2 we have that by Sobolev
embedding H*(K,R) < L®(K,R), such that we can absorb the last term into the
first one, which proves the proposition. O

Remark A.23. For any compact subset K C M, we can repeat the proof for these
sets (by using the covering (K; N K);c7) and find the same inequality for the
norms restricted to K. [

Corollary A.24. Let M be a compact Riemannian manifold of dimension 2. Then for
1<I<kand F € Hé‘r,s)(M) we have

1 1-1/k)| |1/
[V Fllaen < CIIF|I =" MIFIGE

Proof. As in the proof of the previous preposition we can restrict ourselves to a
compact set with a single chart (U, ¢) with a conformally flat metric. Applying
again (A.11) we find a similar bound as in (A.14). Then the norm of d'F splits
into the norms of the components of F in these coordinates and we can proceed
as in the proof of the previous proposition on each component separately. Each

right hand side is then dominated by the whole tensor norm again. O

With this inequality at hand, we can now prove similar results for manifolds as

in the flat case as presented in [65, Prop. 3.6, Prop. 3.7].

Proposition A.25. Let M be a compact Riemannian manifold of dimension 2. Then for
all k € N and u,v € H*(M,R) N L®°(M,R) we have

IV o)ll2 < Clllulllloll g + ull ol ) -

Proof. Using (A.6) we find by virtue of the Holder inequality with 1/2 = m/2k +
1/2k that

IV¥uo)ll2 = 3 [IViux V"0

[+m=k
!
<C Y, IVullv™olll.
I+m=k
<C Z ||Vlu||L2k/z||VmU||sz/m
[+m=k
1-1/k 1/k -m/k k
<C Y Nl Nl ol ol
I+m=k
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where we used the Gagliardo—Nirenberg inequality from the previous proposition
in the last step. For each summand we apply now Young's inequality using the
factthat1 —I/k =m/k

1-1/k I/k 1-m/k k
= Nl ol =" ol < Cllulls ol + l[ullgellol,
which gives us the desired inequality. O

Proposition A.26. Let M be a compact Riemannian manifold of dimension 2. Then for
all k € N and u,v € H*(M,R) N L®(M,R) we have

[0l e < CCllutl o [0 g+ Nl [0l ) -

Proof. This basically follows from the previous proposition. We bound the H*-
norm of the product of u and v first by using the equivalence of the 2-norm and
1-norm on finite dimensional vector spaces to estimate the sum of the L>-norms
of the derivatives, and then applying the previous proposition on each summand.

Based on that, we obtain

k

ol < C Y IV (wo) )2
I=0

k
< CY_ llulle=lloll g + lull g ol
I=0

< Cllufl[[ol g + lull g0l =,
since by definition of the H*-norm we have ||u|| ;i < ||u|| g for I < k. O

Remark A.27. This shows us that for k > 2 the space H*(M,R) is an algebra
with respect to the pointwise multiplication of functions, as again H*(M, R) —
L*(M, R) by Sobolev embedding. O

Proposition A.28. Let M be a compact Riemannian manifold of dimension 2. Then for
all k,j,1 € N and F € Hf, 5y N L3 (M), G € Hfy oy N L o) (M) we have
IV¥(E+G)ll2 < CUIE |l lIGl e + IEll Gl 12)
IE G| g < C(I[F[l Gl g + [1F [l el Gl =)
Bl < CIFI IIFl
175 Gl gge < CIFIL NG (Fl el Glliee + I Fllise Gl
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Proof. In the same way as the previous propositions, by applying (A.6) and Defi-
nition A.24, we can prove the first and second inequalities. The third inequality
follows from the second one by induction and the last one follows from the
second one and the third one. O

A.4.3. Vector valued functions

When we consider vector valued functions from the Riemannian manifold M, that
is u: M — R™ for some m € IN, we can define the Sobolev space W7 (M, R™)
by the same means as for scalar functions. As before, we first take a more general
approach. To this end, for a given vector bundle (E, 7r, M) of rank k we define the
vector bundle (E™, ™, M) for k € N to be the Whitney sum of k-times the vector
bundle E and call it the m-th power of E. Then the fiber (7™)~1(x) is the direct
sum of m copies of E, and we can identify an element ¢ € E" by (&1,...,Cm)
with ¢; € E. If there exists a bundle metric (-, ) on E, we can define a bundle

metric on E™ by
k

(& 1)pm = Z(girﬂiﬁ

i=1
for {,7 € E™. Then, by Section A.4.1, the space LP(I'(E™)) is well-defined
and isometrically isomorphic to LP (M, R¥"). Letting now E = T"S)TM, then
we can extend the covariant derivative to tensor fields F € T'((T"*)TM)") =
T("5)(M, m) by defining VF = (VFy,..., VF,). Then we can define the Sobolev
k,p
.S

space W(;'sy(M, m) as the completion of T(s) (M, m) with respect to the norm

m , L/p
Il = (}2 /, rVJPde(g)) (A15)

for1 <p < oo, and

Fllioke = V/E(x
| F|[ . max eSXSES»ALAlp| (x)|

for p = oo.
Remark A.29. We use boldface letters to denote elements in m-th power vector
bundles and simply call them vector valued, where the term vector refers to the

fact that each element decomposes into its m components which we will denote

in normal font and with index.
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We identify (00 (M, m) with C*°(M, R™) and write WP (M, R™) for the space
Wé((’fo)(M,m). Hence, by these conventions u = (uy,...,u,) € WoP(M,R™) is a
vector valued function with components u; € wkp (M,R) forall 1 <i < m,and
Vu is its vector valued covariant derivative. L]

Remark A.30. Sometimes we use the notation of the scalar product of two vector
valued tensors of different rank to express only the scalar product of the vector
components. When we do so, we add a subscript to the scalar product. For

instance, for a function u € W%?(M, R™) we write

m
(u, Vitygm = Y u; Vu;,
i=1
which is now a (rough) 1-form on M. With this notation and the product rule,
we obtain the following identity for the covariant derivative of the scalar product
of two vector valued functions u,v € W'2(M,R™):

V(u,v) = (Vu,v)gm + (1, VO) g - O

By the equivalence of p-norms on IR”, we can write an equivalent W*P-norm for
vector valued functions u = (uy,...,uy,)" as

m Uy
||u||WkrP(M,]Rm) = (Z ||ui||€vk/p(M,R)> !

i=1

and for p = oo
”unk,oo(M,]Rm) = maX esssup ‘VJul(x)’ .

0<j<k xeM
1<i<m

We conclude that W*P (M, R™) is isomorphic to WF? (M, R) x ... x WFP(M,R),
m times. Consequently, the Sobolev spaces of vector valued functions on com-
pact manifolds exhibit the same properties as the scalar spaces. In particular,
H¥(M,R™) is still a Hilbert space where the inner product is given by the integral
over the bundle metric.

Moreover, by the equivalence of norms and the isometric isomorphism of the
spaces, we can conclude that the Sobolev embeddings also hold for vector valued

functions. Also, the Gagliardo—Nirenberg inequality carries over.
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We extend the *x-notation to elements F € Wé(r’,’;)(M,m) and G € W(kr’fi s (M, m) by

setting
m

FxG=) F+Gj+) F+Gj+F*G.

1<i,j<m j=1
Note that this notation includes both the cases that whether F x G is vector
valued or not. However, if we are just interested on bounds on the respective
norms, this notation is convenient to cover both cases. Then, by definition of
the bundle metric on the m-th power of the tensor bundles, we conclude that
|F * G| < C|F||G] still holds. Also the productrule V(F+«G) = VF*G+FxVG

can be easily verified. Hence, the vector version of Definition A.28 holds as well.

Proposition A.31. Let M be a compact Riemannian manifold of dimension 2. Then for
allk,j,l € Nand F € H{‘ns) NLEs(M,m), G € H{‘,/,S/) N L ¢y (M, m) we have

IV¥(F % G)l| 2 < CIEN=lIGll i + |Fll el Gl 2) ,
IF * Gl g < C(IF| |Gl + | Fll el Gl z) ,
IE | g < ClIEI < 1 g
IE 5 G| e < CIENLNGIE IF I Gl + I 1| Gl ) -

We also extend the divergence operator to vector valued tensor fields. Let
F=(F,...,FE,) € ") (M, m) be such a field, then its divergence is defined as

divF = (divF,...,divE,) € T (M, m).

This definition should not be confused with the divergence of a vector field in
R™.

With this definition, the integration by parts rule holds also for vector valued
fields. Let F € ") (M,m) and G € TU5*1)(M,m), the integration by parts
formula reads

/M(VF,G>dv(g) — /M<F, div G)do(g) .

This follows from the definition of the tensor scalar product of vector valued

functions and the integration by parts formula for scalar functions.

A.5. Sturm-Liouville theory: The Legendre operator

We consider the Sturm-Liouville problem of the associated Legendre equation

for the value m = 1 in the variable x = cos 6 on the interval (0, 7r). That is, we

173



A. Appendix

study the equation

1 d d m?
0—h|—-—=h=0
sin@ d6 <sm dé ) sin® 6

for m = 1. This equation is well-known as the the azimuthal angle part of the
Laplace equation after using separation of variables in spherical coordinates. We

define the Legendre operator £ as

L= 1 d gi _ b .
sin6de " df  sin?6
In this section we want to briefly collect some properties of this operator and its
eigenfunctions resulting from the Sturm-Liouville theory. Further details can
be found in [71]. The Sturm-Liouville problem is to find the eigenvalues and
eigenfunctions of this operator. It can be identified as a singular Sturm-Liouville
problem since the weight function sin  vanishes at the endpoints of the interval.
For general Sturm-Liouville problems this can pose problems such as a non-
discrete spectrum of the operator. In our case however, it is well know that a

complete set of eigenfunctions is given by the associated Legendre functions

1
¥,(0) = P}(cos8) = Tl sinf——(x* — 1
for I € IN. The corresponding discrete eigenvalues are given by
LY = -1(1+1)¥,

Moreover, the eigenfunctions are orthogonal with respect to the inner product
on the weighted L2-space L% ((0, 7r)), which is defined as the space of square
integrable functions with respect to the measure sin 6df on the interval (0, 77).

This space is a Hilbert space with inner product given by

sin

(f,8)12 / fgsin6df.

The eigenfunctions are orthogonal in the sense that
(Y1, Y2 = cudix,

for some normalization constant cjx. Moreover, they form a complete set of
functions in the Hilbert space L2_((0, 77)).
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We want to show that the Legendre operator £ is self-adjoint with respect to the
inner product (-, -);> . To this end, we first need to define which is the domain of

A

the operator, since it is an unbounded operator. The maximal domain D(L) is
defined by

D(L) = {f € Ln((0, 7)) : f, f'sin € ACioc((0, 7)), Lf € L((0, 7))},

where AC,.((0, 7)) is the space of locally absolutely continuous functions [71,
cf. Part 4]. We want to show that being in this space already implies stronger
properties of the functions than just being absolutely continuous. For example,
note that we do not require any boundary conditions on the functions. First
of all though, note that the space of smooth, compactly supported functions,
C((0,7)), is a subset of D(L£). Moreover, CP((0, 7)) is dense in L% ((0, 77)).
Hence, D(£) is dense in L2

5n((0, 1)) as well. Hereinafter, we follow the exposition

in [1] adapted to our case.

Proposition A.32. The Legendre operator L is self-adjoint on its domain D(L) with
respect to the inner product (-,-);2 .

Proof. Let ¢(0) = sin(8). This is the first eigenfunction of the Legendre operator
L with eigenvalue —2. Also clearly, ¢ is in D(L).
Let f,¢ € D(L£). Then the Lagrange identity for the operator £ reads

A s 1 d . 1o gt
8Lf = fLg = 5 (sinb(f'g = fg)). (A.16)
Setting ¢ = ¢ and integrating over (0, 7r) after multiplying by sin 6, we find
T, T
/ (L —-2)f¢sinfdd = f'sin’ 0 —fsin@cos@‘o :
0

Now, since f,¢ € D(L), we see that by the Cauchy-Schwarz inequality the
left-hand side exists and thus, the limits on the right-hand side exist as well. We
denote the limits by ®(f) and ®,(f), respectively, i.e.,
Dy(f) = lim(f’ sin? 6 — fsinGcosG)
6—0

and for @, (f) likewise. We integrate the Lagrange identity again, but now from
0 to 6 € (0, ), which yields

/Oe(ﬁ —2)f sin?tdt = f'sin®6 — fsinfcosf — Dy(f). (A.17)
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Dividing by sin® § and rearranging gives us

E(LO _ ®o(f) | B(9) (A.18)

dé \ sin6 sin3@  sinf’

where

2)fsin®Tdr.
~ sin#

We find the following bound for B(@

1 /4 6 . 1/2 \
- 1 <
BO) < — (I1£f 1z, +20f 1z, ( | sin rdr) < C(I1Efllz +2IIfllz, ).

where C > 0 is global. Integrating (A.18), now from t € (0, %) to 7, gives us

f(t)=<f(%)—/zii9d9 ¥ Sy de ) sint.

The first integral can be evaluated to

/tg z&gfg 46 = <I>02(f) (mm(é) - SCIOTSZtt) ,

whereas for the second integral we find using the antiderivative of sin! the

/s

bound

A t
< Z
ey @6 < C(1Lfl, +20fl )imean(5)1 (a9

Since ;
lntan<§) sint — 0, as t — 0,

we see that we can write f(t) as

B ®p cost
f#) =G(t) = ==
where G is a bounded function on [0, §]. Now, since f € L% ((0,7)), we deduce

-1

that ®((f) = 0 must hold as x — cosxsin™" x is not square integrable on (0, 77).

Thus, we can write

f(t) = f(Z)sint + G(t), (A.20)
with i ®

N . 2 B

G(t)——smt/t ﬁdé,
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which satisfies the following estimate as seen above

601 < C(I71 13, + 20l ) Iintan 5 ) sino),
from which follows G(t) — 0 as t — 0 and ultimately,
f(t) — 0, as t —» 0.
Going back to (A.17), we assert that
f'(t)sint = f(t)cost+ B(t)sint.
Recalling that B is bounded, we find that
f'(t)sint — 0, as t — 0.

We can repeat the same arguments for t — 7t by integrating (A.18) from 7 to t to
conclude that both

f(t) — O0and f'(t)sint — 0, as t — 7.

Since f € D(L) was arbitrary, we conclude that when integrating the Lagrange
identity (A.16) the boundary terms vanish, i.e., for all f, g € D(LA) it holds

</3f,g>L§in - <f/£g>L2 =0.

sin

This implies that £ is symmetric. Let £y be the restriction of £ to CJ((0, 7).
Then the adjoint operator £} is given by £. This implies due to the symmetry of

L the following inclusion in the sense of operators
LcLrcLlrcLli=L,
which shows that £ is self-adjoint. O

We collect the fact that the functions in D(£) vanish at the endpoints in the

following statement.

Corollary A.33. Let f € D(L). Then it holds

f(0)=f(n)=0 and lim f'(0)sin(f) = lim f'(9)sin(9) = 0.

60—0 00—t
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We define the graph norm on D(£) as
£ = 172 +ILFIR; -
Then we can show

Lemma A.34. D(L£) endowed with || - ||p is a Banach space.

Proof. D(L) is dense in the Hilbert space L2_((0,77)). Then, the adjoint of £ is a

sin
closed operator but since £ is self-adjoint, we see that £ is a closed operator. The
statement then follows from the definition of a closed operator. O

We conclude with two useful estimates for the functions in D(£).

Lemma A.35. For any p > 2 and f € D(L) we have

o

where the constant C > 0 depends only on p.

sin

Proof. In the proof of Definition A.32 we have seen in (A.20) that for 6 € (0, %)

we can write
f6) v ., [2B(6)
sin(0) f5) - smt/t sin 6 do.

For 6 € (5,7) we can get a similar expression. In any case, we find by the
estimate in (A.19) that

Lpammnl)eon

Now, for 6 — 0 we have that Intan(§) behaves like In6. Since the logarithm

diverges slower than sin 6 vanishes, we assert that
0 .
| In tan > |Psinf — 0, as 8 — 0,

which can be verified by L'Hospital’s rule. For § — 7 we get the same result.
Therefore, we conclude that the function

f(6) ‘P

sin(oy| S0

is bounded on [0, 7] and thus integrable. With the estimate (A.21) we also obtain
the bound on the norm. O
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Lemma A.36. Let f € D(L). Then for some global constant C > 0 it holds

£l < Cllfllp -

Proof. By Definition A.33, the function ff’sin vanishes at the endpoints of the
interval (0, 77). Hence, by partial integration we find that

T R T T £2
<—£f,f>:/0 f(=Lf) sinfdé :/0 f’zsin9d0+/0 sifﬁde'

from which we conclude by Young’s inequality that

12 f 2 2 A2 2
_ < = .
I f HLgm + ||SinHL§in < HfHLgm + HﬁfHLgm (Al

This implies with f(0) = 0 that for 6 € (0, 7r) we have

1 2 6 / 1112 f 2 2
O = [ ffar<IfIZ +I2-18 <A1

The statement then follows immediately. O
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