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Abstract

This paper is concerned with initial-boundary-value problems of general multi-dimensional hyperbolic
relaxation systems with characteristic boundaries. For the characteristic case, we redefine a Generalized
Kreiss condition (GKC) which is essentially necessary to have a well-behaved relaxation limit. Under this
characteristic GKC and a Shizuta-Kawashima-like condition, we derive reduced boundary conditions for
the relaxation limit solving the corresponding equilibrium systems and justify the validity thereof. The
key of the derivation is to select an elaborate version of the characteristic GKC by invoking the Shizuta-
Kawashima-like condition. In contrast to the existing results, the present one does not assume that the
boundary is non-characteristic for either the relaxation or equilibrium systems.
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1. Introduction

Consider first-order partial differential equations (PDEs) with a small parameter:

d
1
Ui+ ) FjU)y, =-0() (1.1)

j=1 ¢

defined in ¢t > 0 and x = (x1, x2, ...,x4) € Q C R". Here U = U(x,t) € R" is the unknown
vector-valued function, F;(U) (j =1,2,...,d) and Q(U) are smooth functions of U, and € is
a small positive parameter called relaxation time. Such equations are referred to as relaxation
systems and describe many important non-equilibrium processes including chemically reactive
flows [10], compressible viscoelastic flows [6,36], traffic flows [2,13]. They also arise in non-
equilibrium thermo-dynamics [15,25,41], the kinetic theory [3,9,17,24], nonlinear optics [5],
neuroscience [7] and so on.

For such a small-parameter problem, the main interest is to study the limit as € tends to
zero, the so-called zero relaxation limit. To see the limit, we notice that the source term in the
aforementioned examples usually has (or can be easily transformed into) the form

0
- ()

with g (U) € R” consisting of r linearly independent functions of U. Accordingly, we write

u filu,v) 0
U= , F;(U)= , U)= .
() ) (g,.@,,v)) ow) (q(u’v))

With this partition, it is easy to see that the (formal) limit satisfies g (u, v) = 0. From this equa-
tion one can usually get v = h(u). Thus the limit can be determined by solving the so-called
equilibrium system

d
wi+ Y filu, b))y, =0.

j=1

For initial-value problems, this formal limit was justified in [32,34] under the structural stability
condition proposed therein. Moreover, it was shown in [32,34,35] that the stability condition
holds for almost all examples mentioned above, implies the hyperbolicity of both the relaxation
and equilibrium systems, and is the same as the sub-characteristic condition [20] for relaxation
systems with n =2 and r = 1. In what follows, we only consider the systems satisfying the
structural stability condition.

The present work focuses on initial-boundary-value problems (IBVPs) with prescribed bound-
ary conditions. In this case, a fundamental task is to seek boundary conditions (called reduced
boundary conditions, rBCs) for the equilibrium system. Without such boundary conditions, the
equilibrium system alone is generally inadequate to determine the relaxation limit even if it ex-
ists, which is in contrast to the initial-value problems. To illustrate this task, we consider a simple
example
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€ 3 € vE — 0’

I (1.2)

v +ul + v =—0v"/e

defined for x > 0. Since the coefficient matrix has two positive eigenvalues, the classical theory
[1,11] requires two boundary conditions

u0,1)=g(@), v(0,1)=h()

and proper initial data for (1.2) to solve (€, v¢) with each fixed € > 0. It is easy to see that the
formal limit («©, v°) satisfies v = 0 and the equilibrium system

w+3u%=0,  x>0. (1.3)

To determine the limit ° on x > 0, a boundary condition is indispensable for (1.3). Remark that
this boundary condition should be determined merely by the system (1.2) and its prescribed initial
and boundary conditions, since so is the solution sequence (u€, v¢). Because u€ (0, t) = g(¢) for
each fixed ¢, it is natural to guess that u%0,1) = g(t). However, this is wrong if 4(¢) # 0 and the
correct boundary condition is

u’0,1) =g@t) + @
This mismatch is caused by the so-called boundary-layer due to the small relaxation parameter,
and the boundary-layer phenomenon is well-known in fluid dynamics since L. Prandtl. More
details about this can be founded in Section 4. This example indicates that deriving the rBC is
not trivial.

The above fundamental task was proposed in [32] over three decades ago and partially re-
solved under a non-characteristic assumption [32,33]. In this pioneered work it was observed
that the structural stability condition, together with the Uniform Kreiss condition (UKC) [12,16],
is not enough for the existence of relaxation limit for IBVPs. Note that the UKC is an essentially
necessary criterion for the well-posedness of (multi-dimensional) hyperbolic systems [12,23]. To
remedy this, a so-called Generalized Kreiss condition (GKC) was proposed in [32,33] for linear
version of (1.1) with constant coefficients:

Fi(U)y=A;U, Q(U)=_QU. (1.4)

Here Aj (j=1,2,...,d) and Q are constant matrices. Like the UKC for the well-posedness, the
GKC is essentially necessary for the existence of relaxation limit. Under the GKC, the reduced
boundary condition was obtained.

The goal of the present work is to remove the non-characteristic assumption in [33]. To
proceed, we follow [16,23,33] and assume €2 = {x; > 0}. For such a domain, the boundary
02 = {x; = 0} is called characteristic for (1.1) with (1.4) if the coefficient matrix A; has zero
eigenvalues. Because the boundary could be characteristic for either the relaxation system or the
equilibrium system, there are the following four different cases:

Relaxation system N C N C
Equilibrium system N N C C
studied in [33] | [39] | [40] | Present work

N: non-characteristic, C: characteristic

3
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The non-characteristic assumption in [33] means that the boundary is non-characteristic for both
the relaxation and equilibrium systems, corresponding to the first column of the table. In [39,
40], the boundary is assumed to be non-characteristic only for one of the two systems. The
present work allows the boundary to be characteristic for both the systems. In this sense, the
non-characteristic assumptions in [33,39,40] are completely removed.

At this point, let us make the following remarks. (1) Characteristic IBVPs are classical [23]
and the double characteristic case occurs in many situations, such as the Grad’s moment system
defined in the half-space x; > 0 [18]. (2) Compared to the non-characteristic cases, characteristic
ones possess new mathematical challenges. At least, the GKC or UKC needs to be redefined
because they involve the inverse of Aj. (3) It is a common practice that the theory of hyperbolic
IBVPs starts with linear problems with constant coefficients defined in the half space {x; > 0}
[1,16,23]. In fact, the IBVPs in a general smooth domain can be converted to finitely many similar
problems in the half-space and one in the whole space by means of a local coordinate change and
a partition of unity [23]. Therefore, the half-space is representative. On the other hand, the linear
theory has its own interest and turns out to be essential for studying nonlinear problems [21,22].
(4) Last but not least, deriving the rBCs is a fundamental task also for studying singular limiting
problems of other PDE:s.

In this work, we redefine the crucial GKC by combining the ideas in [23,33]. Under this
characteristic-GKC (c-GKC) and a Shizuta-Kawashima-like condition used in [8], we derive
rBCs for the relaxation limit solving the corresponding equilibrium system. To justify the deriva-
tion, we show that the rBCs satisfy the (characteristic) UKC [23] for the equilibrium system.
Particularly, our rBCs do not involve the characteristic modes corresponding to the zero eigen-
value for the equilibrium system. Details can be founded in Theorem 4.3. The key step of the
derivation is to select an elaborate version of the c-GKC by invoking the Shizuta-Kawashima-
like condition. Having this version, we can adapt the subtle analytical expansions of matrices in
[40] to the present problem. At last, the validity of the rBC is established by using the energy
method in [11] under the assumptions that the initial data are given in equilibrium and con-
sistent with boundary conditions. Non-equilibrium initial data may cause interactions of initial
and boundary layers, which are beyond the scope of this paper. It would be interesting to study
the interactions of the initial and boundary layers. Moreover, the stiff well-posedness is another
important topic to be studied.

Now we briefly review the existing literature on IBVPs of hyperbolic relaxation systems.
Unlike ours, all of those works are about specific relaxation systems. For the Jin-Xin model
[14], there are a series of papers [27-30] devoted to studying the relaxation limit and boundary-
layer behaviors. Particularly, the stiff well-posedness of the IBVPs for the Jin—Xin model and the
Katsoulakis—Tzavaras model was proved, even for initial data not at equilibrium. About the one-
dimensional Kerr-Debye model in nonlinear optics, the authors in [5] studied the relaxation limit
of a specific IBVP. In [2], the authors derived the rBC for a nonlinear discrete-velocity model of
traffic flows by solving a boundary Riemann problem. In [19], the one-dimensional Broadwell
model of the nonlinear Boltzmann equation has been studied in the presence of boundary-layers.
For the Grad’s moment closure systems with Maxwell boundary conditions, the GKC is verified
in [37] for a simplified moment system and the solvability of boundary-layer equations for some
flow problems is investigated in [18]. Particularly, the Shizuta-Kawashima-like condition was
tacitly verified in [18]. The interested reader is referred to [4,19,31,38] for further related works.

This paper is organized as follows. Basic assumptions and notations are listed in Section 2.
In Section 3, we present the characteristic Generalized Kreiss condition for IBVPs of relaxation

4
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systems. Section 4 is devoted to the derivation of the reduced boundary conditions. Finally, in
Section 5 we prove the validity of the reduced boundary condition.

2. Basic assumptions

In this section, we list all the key assumptions used in this paper.
2.1. Assumptions for the relaxation system

For the linear system (1.1) with constant coefficients (1.4):

d 1
Ut+;AjUX_,=EQU, 2.1)

we firstly recall the structural stability condition.
Definition 2.1 (Structural stability condition). This condition consists of the following three

items:
(i) There is an invertible n x n matrix P and an invertible r x r matrix S such that

P—OOP
Q_os'

(i1) There exists a symmetric positive definite matrix Ao, called the symmetrizer, such that
AoAjzAJTAo, j=1,2,...4d.

Here and below the superscript T means the transpose of matrices or vectors.
(iii) The hyperbolic part and the source term are coupled in the following sense

T {0 O
ApQ+ Q" Ag<—P 0 1 P.

Here I, is the unit matrix of order r.

Remark 2.1. It should be noted that the stability condition was proposed in [32,34] originally
for nonlinear problems. For the zero-relaxation limit, the sufficiency of the structural stability
condition has been justified there for general multi-D nonlinear systems. On the other hand, it
was shown in [35] that the structural stability condition has its root in non-equilibrium thermo-

dynamics and is satisfied by many classical physical models.

Additionally, we also assume that the symmetrizer Ap and the source term Q satisfy

AoQ = 07 Ay. (2.2)
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This additional condition corresponds to the celebrated Onsager reciprocal relation and is satis-
fied by a large class of physically motivated relaxation models as shown in [35].

Under the structural stability condition and (2.2), we may as well assume that the matrices
Aj (j=1,2,...,d) are all symmetric, the symmetrizer Ag equals to I, and Q = diag(0, S) with
S a symmetric negative definite matrix (see the discussion in Section 2 of [40]). Corresponding
to the partition of Q, we write

Al A Ain Ajn
Ar=\ A=, , J=2,....d. (2.3)

Aj, Ax A j12 Ajn
Unlike previous works [33,39,40], we allow both A and A1 to be singular. Correspondingly,
we introduce the following notations. Let Ry € R”*"0 be a full-rank matrix satisfying ARy =0

with ng the multiplicity of the zero eigenvalue of A, and R € R™*(1=10) he a matrix such that
(R1, Ro) is invertible. Notice that the choice of Ry and R; is not unique. Denote the inverse

matrix by
L\ _ -1
(LO)—(RlsRO) .

Then we have the decomposition
I, = Ri1L1+ RoLy. 2.4)

Furthermore, we denote A 1= RlTAl R;. From the relation

RIT 21 0
- | A (Ri Ro)= ) (2.5)
Rl 0 0

we see that A} € R(*=70)X(=10) js an invertible matrix which has the same number of positive
and negative eigenvalues as Aj.

Moreover, we introduce the characteristic decomposition for the matrix Aq;. Denote by n1g
the multiplicity of the zero eigenvalue of A11. Since A1 is symmetric, we introduce an orthonor-
mal matrix (Py, Pp) satisfying

PITPPI PlTAPP A0 2.6
POT ( 1 0)— n—r» POT 11( 1 0)— 0 0 . (2.6)

Here Ajisan (n —r —njg) X (n —r — nyp) invertible diagonal matrix, P; and Py are (n —r) X
(n —r —nyo) and (n —r) x nyp matrices respectively.
Furthermore, we need

Definition 2.2 (Shizuta-Kawashima-like condition). The kernel of matrix Q does not contain the
eigenvectors of A associated with the zero eigenvalue:

ker(A1) Nker(Q) = {0}. 2.7
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Remark that (2.7) is much weaker than the usual Shizuta-Kawashima condition in [26]:
d
ker [ > w;A; — ALy | Nker(Q) = (0}
j=1

for any A € R and any (w1, w2, ..., w4) € R4 \ {0}. This weaker version was also used in [8] for
the existence of shock profiles. It is satisfied by all the three cases studied in [33,39,40]. Indeed,
when A is invertible as assumed in [33,40], then (2.7) is obviously true because ker(A1) = {0};
when Aq; is invertible as in [39], it can be seen from the partition (2.3) that ker(A) does not
contain any nonzero vectors in ker(Q) = R"™" x {0}.

We end this subsection with the following equivalent version of the condition (2.7).

Proposition 2.1. The Shizuta-Kawashima-like condition is equivalent to the invertibility of the
matrix ROTQRO. Here Ry € R" "0 consists of no eigenvectors of Ay associated with the zero
eigenvalue of multiplicity ny.

Proof. If R QRy is not invertible, there exists a nonzero x € R such that x” R QRox = 0.
By the expression Q = diag(0, S) with § < 0, we deduce that Rox € ker(Q). This contradicts to
(2.7) since A1Rox = 0. Conversely, if there is a nonzero x € R” such that Ajx = Qx =0, then
there exists a nonzero y € R0 such that x = Ryy. Thus ROT ORpy = ROT Ox = 0. This completes
the proof. O

2.2. Assumptions for the boundary condition

For the relaxation system (2.1) defined in the half-space {x; > 0}, we allow the boundary
x1 = 0 to be characteristic. Namely, the symmetric matrix A; may have zero as its eigenvalue.
Denote by

n4 = the number of positive eigenvalues of Aj.

According to the classical theory [1,11] for IBVPs of first-order hyperbolic systems, 74
boundary conditions

BU(0,x,t)=b(x,1) (2.8)

should be prescribed at the boundary x; = 0 for (2.1). Here x = (x2, x3, ..., x4) and B is a con-
stant n4 x n-matrix of full-rank. Moreover, this boundary condition should satisfy the Uniform
Kreiss Condition (UKC) [16,23] and

BRy =0, 2.9)

for the well-posedness. The relation (2.9) means that the characteristic mode corresponding to
the zero eigenvalue is not involved in the boundary condition. Its necessity was illustrated in [23]
for the characteristic IBVPs.

In studying the relaxation limit as € — 0, it was observed in [33] that the UKC and the
structural stability condition are not enough to guarantee the existence of relaxation limit for
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IBVPs. To remedy this, a so-called Generalized Kreiss condition (GKC) was proposed in [33].
To state the GKC, we recall the following terminology introduced in [33].

Definition 2.3. Let n x n-matrix M have precisely k (0 < k < n) stable eigenvalues. A full-rank
n X k-matrix Rf,l is called a right-stable matrix of M if

MRS, = Ry, Su,
where Sys is a k x k stable matrix. Similarly, we can define the right-unstable matrix RA[{[.
For the non-characteristic case where A is invertible, we can define
d
—1 .
M=ME, v,n)=A4A nQ—SIn—lZa)jAj (2.10)
j=2

for n > 0, & a complex number satisfying Re& > 0, and @ = (w2, ..., wg) € R~!. Denote by
R,‘f,,(g, w, n) the right-stable matrix for M = M (&, w, n). By Lemma 2.3 in [33], the matrix
M (&, w, n) has n, stable eigenvalues and thereby R;f,[(é, w, n) is an n X n4-matrix. With this

notation, the GKC can be stated as

Definition 2.4 (Generalized Kreiss condition [33]). There exists a constant cx > 0 such that

(det(BRY (5. 0. m)}| = cxy/ et RS} (¢, . MRS . 0. m))

for all n > 0, w € R4~! and & with Re& > 0. Here the superscript * means the conjugate trans-
pose of matrices.

Remark 2.2. Let us mention that the original UKC [16] is exactly the GKC with n = 0. As well-
known, the UKC is difficult to be verified, although it is conceptually essential. Compared with
the UKC, the GKC was also proposed for general problems and additionally accounts for the
source terms. Therefore, it is naturally more difficult to be verified than the UKC. On the other
hand, the GKC can be verified if a given boundary condition satisfies the easily-checked strictly
dissipative condition [33]. For specific problems with specific boundary conditions, the GKC
can be concretized as in [28] for the Jin-Xin model and in [37] for a linearized moment closure
system.

For the characteristic case where A is not invertible, the matrix M = M (§, w, n) and thereby
the GKC are not defined. The main goal of the present paper is to study such a case. Particularly,
in Section 3 we introduce a characteristic GKC.

To sum up, our basic assumptions for general linear relaxation systems (2.1) defined in the
half-space are the structural stability condition, the Shizuta-Kawashima-like condition, the two
assumptions in (2.2) and (2.9), and the characteristic Generalized Kreiss condition (to be defined
in Definition 3.1).
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3. Characteristic Generalized Kreiss condition

Following [33], we consider the eigenvalue problem corresponding to the linear system (2.1):

d
§U+ AUy, +i ) wjA;U=n00,

= 3.1)

Bﬁ|x1=0 =0.

Here n >0, w = (wzl,\a)_o, ) oes wg) € R4 and & is a complex number with Re& > 0. If (3.1) has
a bounded solution U = U (x1) for certain parameters satisfying n > 0 and Re& > 0, then

d .
1t Iwixi \ ~/(Xx
U€(xy,x2, ..., X4, 1) = exXp é——l—Z# U(—]>
ne = ne ne

is the solution to the linear system in (2.1) with homogeneous boundary conditions:

d

1
Ui+ Y AjUy,; =-0QU,
j=1 ¢

BU|y =0 =0.

Since Re& > 0 and n > 0, this solution U€ exponentially increases for r > 0 as € goes to zero.

In order to have a well-behaved zero relaxation limit, such exponentially increasing solutions

should be excluded by proposing proper constraints on the boundary conditions (2.8).
Moreover, we need the following fact.

Lemma 3.1 (Proposition A.1 in [39]). Let D be a symmetric positive definite matrix and E be a
symmetric matrix. Then the complex matrix D + i E is invertible.

With this, we rewrite the linear system of ordinary differential equations (ODEs) in (3.1).
Notice that Rg A1 = 0. We multiply Rg on the left of (3.1) to obtain

d
R{G(E,0,mU=0 with GE w,n=n0—ElL—i)y wjA,.
j=2

Thanks to (2.4), we have
R§ G (&, @, mRy(LoU) + R§ G(§, @, MR (L1U) =0.
Set
GuE o,n)=RIGE w, MR,  k1=0,1. (3.2)
By Lemma 3.1, it is easy to see that Goo(€, w, n) is invertible. Then we have

9
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LoU = —Gyy (£, 0, )Got (5, 0, ) (L1 D). (3.3)
On the other hand, multiplying RlT on the left of (3.1) yields
(RTATR)(L1 0y, = G1i(E, @, n)(L10) + G1o(E, 0, n)(LoU). (3.4)
Recall Xl = RITA1 R in (2.5). We deduce from (3.3) and (3.4) that
(L10)x, = M, @, n)(L10), (3.5)
where
M w,n)=A;" [Gu@, w, 1) — Gio(§, 0, NGyy (£, 0, MGo1 (€, 0, n)] (3.6)

is an (n — ng) X (n — ng) matrix. Consequently, the equation in (3.1) has been rewritten as (3.3)
and (3.5). Moreover, the initial condition BU|y,—=¢ = 0 in (3.1) can be rewritten as

BU|x=0 = BR\(L10)| =0 =0 3.7)
due to the decomposition (2.4) and the assumption (2.9).
To solve (3.5) with the initial condition (3.7), we need the following important fact about the

matrix M (€, w, n) defined in (3.6).

Lemma 3.2. For any n > 0 and any & with Re& > 0, the matrix M (¢, w, n) has precisely n
stable eigenvalues and (n — no — n.) unstable eigenvalues.

Proof. Firstly, we show that M (&, w, n) has no purely imaginary eigenvalues. Otherwise, if
M (&, w, n) has a purely imaginary eigenvalue ik with x € R, then we have

det{ix Iy—py — M, 0, 1)} =0.
Since A 1 1s invertible, it follows that
det {G11(8, 0, 1) = G106, 0, MGy (6, 0. MGor(§, 0, m) — ik A | =0.

From the relation

G — GGy Go1 0 (A0
—IK
0 Goo 0 0

I —GloGaol G11 Gy _ Zl 0 1 0
= —IK )
0 1 Goi Goo 0 0/]\~GpGo I

we see that

10
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Gt G . A1 0 1 PN
det _ik :det{G11 — G10Gyl Gor —ucAl}det{Goo}zo.
Gor Goo 0 0

By (3.2) and (2.5), we have

Gii G ;\\1 0 RlT d
— ik = nQ —&I—i wiAj—ikAr | (R1 Ro).
(Gm GOO) (0 0) (Rg 2 0t ( )

j=2

Since (R1, Rp) is invertible, this relation implies that
d
det {nQ — &1 —i Y wjA; —ixA; ¢ =0.
=

On the other hand, we know from Lemma 3.1 that nQ — &1 — i Z?:z wjA; — ik A is invert-
ible, which leads to a contradiction. Thus we conclude that M (¢, w, n) has no purely imaginary
eigenvalue.

Since the eigenvalues of M (&, w, ) are continuous with respect to the parameters, the num-
bers of stable and unstable eigenvalues for M (&, w, ) are invariant. Thus it suffices to show
that M(£,0,0) = —51’4\;1 has n, stable eigenvalues and (n — ng — n4) unstable eigenvalues.
Since Re& > 0, the result follows from the relation (2.5) and the fact that A| has n positive
eigenvalues, ng zero eigenvalues and (n — no — n4) negative eigenvalues. This completes the
proof. O

By this lemma, the right-stable matrix Rf,l(%‘, w,n)of M(&, w, n) is an (n —ng) X n4 matrix.
Thus, we can easily see from (3.3), (3.5) and (3.7) that the linear system of ODEs (3.1) has no
bounded solutions if

det{BR| R}, (€, @, 1)} #O0.

Following the ideas in [16,23,33], we introduce

Definition 3.1 (Characteristic Generalized Kreiss condition). There exists a constant cx > 0
such that

(det{ BRy RS (8, 0, MY = ciy[det{ RS &, 0, RS (5. 0, )
forall n >0, w e R~ and & with Re& > 0.
Remark 3.1. When 5 = 0, this characteristic GKC is just the Uniform Kreiss Condition (UKC)
for characteristic IBVPs [23], which implies the well-posedness of the IBVPs. On the other hand,
when ny = 0, the matrix Ry is void and R; can be the identity matrix [,,. In this case, we have

;4\1 =A1 and

11
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d
ME o,m=A7"nQ—&L,—i) wjA;|,
j=2
which is just the matrix in (2.10). Thus this characteristic GKC is an extension of the original
GKC in Definition 2.4.
Remark 3.2. Notice that the choice of Rg and R; is not unique. However, the characteristic GKC

does not rely on the special choice. Indeed, if we have another (§0, ﬁl) such that Alﬁo =0and
(R1, Ro) is invertible, then it can be expressed in terms of (R, Rp) as

Ro=RoDo, Ri=RiCi+ RoCo, (3.8)

where Dy € R"0%"0 and C; € R™—70)%(1=10) are jnvertible, and Co € R"0*"—10) Since A| Ry =
0 and A; is symmetric, we see from (3.8) that

RT AR =CT'(RTA1R))C.

Moreover, it follows from (3.8) and the definition in (3.2) that

Gi1— G10Gy) Gor = RT (G - Gﬁo(ﬁgGﬁo)—lﬁgc) R

= (RiC1 + RoCo)" (G — GRo(R] GRo)™'RY G ) (RiC1 + RoCo).
Notice that (G — GRo(R] GRo) 'R} G) Ry = 0. We have
Gi1— G10Gyy Gor = CTRT (G - GRO(R({GRO)—leG) RIC
=Ccl (G- GloGao1 Go1Cy
and thereby
M@E w.n) = (RTAR) T (G11 — G10Gyy Gor) = C; ' M(E, 0, 1)C).

Thus the right-stable matrix for M (£, », ) is Ry, (5, w, 1) = C; 'R}, (€, w, ). Since BRy =0,
we deduce from (3.8) that

|det{BR1 Ry, (&, @, m)}| = |det{ BR{ Ry, (&, w, )}

On the other hand, by using Lemma 3.3 in [33] we can see

JARURS (€. 0, MRS (. 0. 1) = | det{ B3 6. 0. ) CFCL R (6. 0. )

> co\det( RS} (6.0, )R} 6. 0. 1))

12
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with a constant ¢y > 0. In conclusion, the characteristic GKC holds with (ﬁl, ﬁo) if so does it
with (R1, Ro). This means that the characteristic GKC is an intrinsic property of the system (2.1)
together with the boundary condition (2.8).
4. Reduced boundary conditions

In this section, we derive the reduced boundary condition for the relaxation limit. Unlike

those in our previous works [33,39,40], both the coefficient matrices A; and Aj; may have zero
eigenvalues. Denote

n1+ = the number of positive eigenvalues of Ayj.
Recall Section 2.2 that ng and n4 represent the numbers of zero and positive eigenvalues for
Ay, respectively. Moreover, nyo represents the multiplicity of the zero eigenvalue of Aj;. This
section has four subsections and we start with

4.1. Asymptotic expansions

In this subsection, we review the asymptotic expansions in [40]. Set

and consider an approximate solution of the form

) u N o ) 1 ) J7%] )
Ue(xl,x,t)=(_)(x1,x,t)+( )(y,x,t)+< )(z,x,t)er/E( )(z,x,t). 4.1)
Vo ] v

Here the partition is the same as that in (2.3), the first term (i, v) is the outer solution, and the
other terms are boundary-layer corrections satisfying

<

(10, v0) (00, X, 1) = (i1, v1)(00, £, 1) = (2, 12)(00, X, 1) = 0. 4.2)

It is not difficult to see that the outer solution solves the equilibrium system

d

it + Avtity, + Y Ajnity; =0, (4.3)
j=2

v=0. 44)

To derive equations for the boundary-layer correction terms, we denote by L the differential
operator

d
LW):=0U+Y Ajoy,U—QUJe
j=1

13
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and write

L(Ue) = ﬁ(Uouter) + E(Ulayer)s 4.5)

Uouter = (

By (4.3) and (4.4), we have

i d (Ajnn Aji i 1/0 0
LUputer) = 0 ]t T an _ | = —
v = Aip Az v €\0 S/ \v

where

ST

U (ot 1+ NG
5 layer = o+ vy + ﬁvz .

N

0
d
= _ 4.6
> A,,leaxj‘” (40
j=1
On the other hand, we compute:
Uy = & o + 1 + Veurs +Xd: Ajn Aji , 1o + 1 + Vepun
1 = 0y j
o Vo + V1 + € j=2 Al A Y\ vo v+ Ven

N Al Ap [18 o N 1 5 "1 va J2%) ]

Al, Apn)lLe "\ vo Ve T\ “\ v

1[0 O\ [ro+u1+eus
_Z . 4.7
0o S Vo + V1 ~|—\/El)2

The asymptotic solution U, should make £(U,) as small as possible. Thus we let the coeffi-
cients of €71, € 71/2, €9 in (4.7) be zero and obtain

i Al Ap Mo 0 0\ [ro+m
O(e ): . dy = )
A, Ax Vo 0 S Vo + V1
Al Ap 1 0 0\ [u2
0 (e"/ 2) : 9 = : (4.8)
Al, Ax Vi 0 S/ \»m

d

0 (60> D Opr +Andzpua + Apd v + Z [Aj110x; 141 + Aj120,,v1] =0.
)

Here, for the coefficient of €°, only the first (n — r) components and the z-dependent terms are
considered. In the first equation of (4.8), the unknowns (uo, vo) and (@1, v1) should be consid-

ered separately since y and z are independent variables, which gives

14
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v =0, 4.9

Al Ap 1o 0 0\ (o
9, = : (4.10)
A, Axn Vo 0 S/ \w

By (4.9), the second equation in (4.8) becomes

A110;41 =0, 4.11)
AL 8y = Svy. (4.12)

If the matrix Aj; is invertible, we obtain p1 = 0 from (4.11) and (4.2). This corresponds to the
non-characteristic case in [33] and there is no boundary-layer of scale O ( /€).

Recall the decomposition of Ay in (2.6). We multiply PlT on the left of (4.11) and use (4.2)
to obtain

Pl =0, (4.13)
which means
i = (P1P + PyPg )1 = Po(Py 1)
By using (4.9) and (4.12), we multiply POT on the last equation of (4.8) to obtain
d
¥ (P 1) + [POTA12S’1A1T2P0] 0::(Pg 1)+ ) (Pg Aj1i Po)dy, (Pf 1) =0.  (4.14)
j=2

On the other hand, multiplying PIT on the last equation of (4.8) yields

d
Pl Andpo + Pl Andova+ P Y Ajinde u =0.
j=2
Moreover, by (2.6) and (4.12) we get
d o0
Pluy=—A7"| Pl ARS™ Aloou =) Pl Aj /axjp,] . (4.15)
j=2 z

Note that it is not necessary for our purpose to determine ., itself.
In summary, we have

(4.4) = 1=0, 4.3) = a,
{(4.15):> Pl ua,
(4.9) = v =0, (4.10) = (10, v0),
(4.12) = v,.
(4.13) = Pl 1 =0, (4.14) = Pl i,

15
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Note that the second set of equations (4.3), (4.10) and (4.14) are differential equations while
others are algebraic relations. In particular, (4.3) is the equilibrium system governing the relax-
ation limit. By our basic assumptions, the equilibrium system is symmetrizable hyperbolic and
the coefficient matrix Ay has n| positive eigenvalues. From the classical theory of hyperbolic
PDEs [11,1], n14+ boundary conditions should be given to solve the equilibrium system (4.3).

4.2. Boundary-layer equations

In order to derive the n14 boundary conditions for the equilibrium system, we turn to the
boundary-layer equations (4.10) and (4.14). Note that the coefficient matrix A in (4.10) may not
be invertible which differs from our previous work [40].

Observe that the boundary-layer equation (4.10) for (g, vo) is just the equation in (3.1) with
&£ =0, w=0, and n = 1. Thus we use the results in Section 3 to obtain

Lo (“O) = —Gg (0.0, 1)G1 (0,0, 1)L (“O) (4.16)
Yo Vo
and
L (‘“’) — M(0,0, L, (“°>, 4.17)
vo /| Vo

which correspond to those in (3.3) and (3.5). Notice that
-G l0,0, )G =—(RY —IRT
00 (0,0, 1)Go1(0,0,1) = —(Rj QRo) ™' R§ QR
and M(0,0,1) = A]' Q with
Ai=R{AIR;, Q=R QR —R{ QRo(Rj QR0)"'R} QR. (4.18)

As in Section 3, once the ODE system (4.17) is solved, the relation (4.16) can be used to deter-

mine L <’l: 0). Consequently, we can obtain the correction term (ug, vo) as
0

(“(’) = RoLo (“0) +RIL (“(’). (4.19)
Vo Vo Vo

To solve (4.17), we analyze the matrices in (4.18). Firstly, we select an elaborate matrix R; as
follows. Recall Remark 3.2 that the choice of R; is not unique.

Proposition 4.1. Partition the matrix Ry as

Rn = ROI R R(nfr)xno R R7 >0
0= ) 01 € ) 02 € .
R

16
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Under the Shizuta-Kawashima-like condition, it follows that r > ng and the matrix Roy is of
full-rank. Let R(J)‘2 € R"™*=10) pe q matrix such that (Roa, Ré‘z) is invertible. Then (Ro, Ry) is

invertible with
I, O
R = E (4.20)
0 Ry,

Proof. With the above partition of Ry, we compute

T r ey (O V) (R T
Ry QRo= (R, Rgy) 0 s/ \ ro = Ry SRoz.

Thanks to Proposition 2.1, Rng Ry, is invertible. Since S is symmetric negative definite, it fol-
lows that r > ng and Ry is of full-rank. The invertibility of

Li—r 0 ROI
(R1, Ro) = N
0 Ry, Ro2

is obvious. This completes the proof. 0O

Remark 4.1. In what follows, we focus on the case r > ng unless otherwise specified. For r = ng,
the matrix ROL2 is void and similar conclusions can be obtained easily.

Having R; selected above, we compute A 1 and Q defined in (4.18):
2 — RT AR ) - 0 An A\ (Li—» O A Ap
1=Rj AR = = ~
0 (RHT/\AL Axn 0 R AT, Axn

A = ARy, Ay = (Rpz)" AxRps 4.21)

with

and

0 =RT[Q — QRy(RY QRo)"'RY QIR

)

In—r 0 0 0 In—r 0
0 R/ \0 S-SRy (RLSRn) 'RLS/\ 0 Ry

(o 3)
= (4.22)
0 S

17
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with
5= (ROLZ)T(S _ SRoz(ROTzSRm)’lezS) R:. (4.23)

Since (R, R(J)-z) is invertible and § is symmetric negative definite, it is not difficult to show that

Sis also symmetric negative definite for r > ng.
Having the block-diagonal form of Q in (4.22), the solution of the boundary-layer equation
(4.17) can be attributed to the case studied in [40].

Proposition 4.2 (Propositions 3.2 and 3.3 in [40]). Assume that the relaxation system (2.1) satis-
fies the structural stability condition, together with the assumption in (2.2), and the Kawashima-
like condition (2.7). Then we have the following conclusions with notations given in (2.6), (4.21),
and (4.23).

(i) r — ng > nyo and the matrix
K = Z{ZPO e R(ran)X”l()

is of full-rank.
(i) The solution to (4.17) can be expressed as

Mo N
L (v()):(f) w, (4.24)

where w € R"7"07M0 satisfies the ordinary differential equation
dyw=(K"xK)"(K"SK)w, y=o0. (4.25)

Here K € RU—10)X(r=no=n10) jg the orthogonal complement of K, X € RU=10X0=n0) gqn
N e Re=r)x(r=no=n10) g4pe defined by

X=Ap—ALPA Pl A

N=—PIAT Pl AR + PokT k)™ (KT SK)(RTSR) ™ (K" XK) - KT XK).

Moreover, the coefficient matrix (ETXI?)_I(KTgl?) in (4.25) is invertible with (ny —
ni+ — nyo) stable eigenvalues.

This proposition is just the Propositions 3.2 and 3.3 in [40] with n, r, A and Q replaced by
(n —ng), (r —ng), A and O respectively. Thanks to this proposition, L 'l: %) can be uniquely

determined by solving the ODE system (4.25), defined in the half-space y > 0, if proper initial
conditions are prescribed. Thus the boundary-layer terms (i, vo) can be determined by using
(4.16) and (4.19).

18
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Next we turn to the boundary-layer equation (4.14) for the other correction term (w1, vi).
This time-dependent equation is a parabolic system of second-order partial differential equations,
which can be shown as

Proposition 4.3. The coefficient matrix POTAle _IAITZ Py in (4.14) is symmetric negative defi-
nite.

Proof. Since S is symmetric negative definite, it suffices to show that AlT2 P has full-rank. From
Proposition 4.2 (i) and (4.21), we know that

n1o = rank(K) = rank((Rg)" AT, Py) < rank(A], Po).

This completes the proof. O

Due to this proposition, we know that n1¢ boundary conditions should be given for (4.14).
4.3. Boundary conditions for the asymptotic expansion

In the previous subsections, we have analyzed the equations for the outer solution and
boundary-layer correction terms. It is pointed out that the hyperbolic system (4.3) and the
parabolic system (4.14) need proper boundary conditions while the ODE system (4.25) requires
initial conditions. Here we turn to these initial and boundary conditions.

Substituting the asymptotic expansion (4.1) into the boundary condition in (2.8) and matching
the coefficient of order O(1), we obtain

(ﬁ+m+uo
B

_ 0,%,1) =b(x,1). (4.26)
v+v 4+

Due to BRy = 0 assumed in (2.9), we have B = B(R1L1 + RoLo) = BR; L and thereby

U+ pu1+ o . .
BRiLi| _ ©O,x,t)=b(x,1).
v+v 4+

By using (4.4), (4.9), (4.13) and Proposition 4.2, the relation (4.26) can be reduced to

it + Po(PJ ) R N R R
BR|L; . (0,%,1)+ BRy o w(0,%,1) = b(E,1).

On the other hand, we deduce from LR = I,,_,, and the expression of R in (4.20) that

y 0 Ly, 0 Ly ) f—
Ly n = In—no = = L = .
0 RS - 0 0

Moreover, we partition B = (B,, B,) as in (2.3) and compute BR| = (B, B, R(i). Thus the
relation (4.26) becomes
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Buii(0, %, 1) + By Po(PL 111)(0, ., 1) + (BMN + BvRézI?) w(0, £, 1) = b(&, 1).

For the ODE system (4.25) to have a bounded solution in y > 0, the initial data w(0, x, r)
should be given on the stable subspace span({ Rf } with Rg the right-stable matrix of the coefficient

matrix (I’(VTXI’(‘)%(I?TSI?). Proposition 4.2 indicates that RS should be an (r — ng — nig) x
(ny — n14+ — njp) matrix. Thus we express w(0, X, 1) = ngs(i, 1) with wS € RA+—"1+"10,
Using this, we finally obtain

B,it(0, %, 1) + By Po(PJ n1)(0, %, 1) + (BMNst + BvRé‘ZI?RZS) w3 (X, 1) =b(%,1). (4.27)

From this relation, we will derive the reduced boundary condition for u and determine
Pl pi(0,%,1) and wS(%, 7).

4.4. Reduced boundary conditions
To derive the reduced boundary condition from (4.27), we follow [33,40] and compute the

right-stable matrix Rf,l(é, w, 1) in the characteristic GKC for sufficiently large 1. Recall that
both the characteristic GKC and the matrix defined in (3.6):

ME 0. =47 [GuiE 0.0 — G1o(E 0.1 Gy €. 0. )Gor . 0.1 |
involve the matrix R;. Firstly, we have

Lemma 4.1. With the elaborately selected matrix R1 in (4.20), the matrix M (¢, w,n) has the
following form

A A\ ' (0 0\ [EL, +C@ = 1
MEom=|_ - | ) - +0(—) (4.28)
A, Ax 0o S * * n

for sufficiently large 1. Here
d
Cl@)=i) wjAj.
j=2
the notation x means a matrix independent of the parameter n and the details are omitted.

Proof. Recall the definition in (3.2) that

d
GuE o, n)=nR{ OR) + R HR, with H=—&I—i Zw,-Aj. (4.29)
j=2

For sufficiently large 7, it is not difficult to compute the inverse matrix

1 1 1
Gon .. = (RE QR0 ™ = (kY QRo)™ (R HRo) (RY 0Ro) ™" +0( 5 ).
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Thus we have
Gii(E ©,n) — G, o,mMGy & o, MGoiE, ,n)
= 0(RT QR+ L RTHRY) —n(R] QR0+~ R H o)
(R QRo)™ =~ (RF Ro)™ ] HR)(R] QR0 ™) (R QR+~ RT H 1) + 0
=n0+H+ 0(%)

with coefficients

0 =RTQR; — RTQRo(RE QRo) 'R ORy,
H=RIHR; — (RT QRo)(RE ORo) ™" (RYHR1) — (RT HRo)(RY QRo) " (RY QRy)
+ (RT QRo)(RY ORo) ™" (RY HRo)(RY QRo) ' (R QRY).

Notice that the matrix Q has been computed in (4.22) and H can be reorganized as
A =R] — (RT QRo)(R] QRo) ™ RY | H[ R = Ro(R QR0 ™ (R QR .

By the definition of H in (4.29), we can write

&l —C@) %\ .
H=< N *> with C(a))leijjU.

j=2

Moreover, we use the expression of R in (4.20) to compute

Ry — Ro(Rj QRo) ™' R OR,

) - 0 Ro1 -1 0 0
- — RL SRy RT  RL
("7 ) (o) ()t ()
I, x
B 0 /)

Thus it follows that

i Ii—r 0O &L —C(w) * Iy Elir +C(w) *
B * * * * 0 * T * A

This completes the proof. O
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Observe that, without the high-order term O (1/7), the expression of M (&, w, n) in (4.28) is
the same as that in [40] by dropping out the symbol “~”. Thus we can refer to the argument in
Section 4 of [40], with a series of subtle matrix transformations, to have the following lemma.
Note that the high-order term does not affect the argument in [40].

Lemma 4.2 ([40]). As n goes to infinity, the right-stable matrix for M (¢, w, n) can be expressed
by

[Pl — Py[ELy + PIC@)P)] ™ (POTC(a))Pl)]Rls Po NRZS)

R (5, 0, 00) = N
0 0 KRS

Here the matrices K and N are given in Proposition 4.2. Moreover, RIS € RO=rXmit g the
right-stable matrix for

M, ©) =—A7" ([sl + Pl C(o)P1] — P Cw)Py[ET + POTC(w)Po]_lPOTC(w)H)

and Rg € RU—70=m0) X (=114 =110 s the right-stable matrix for
M> = (KTXK) Y (KTSK).
Remark 4.2. M is just the coefficient matrix for the ODE system (4.25). The matrix M (£, w)

is related to the Uniform Kreiss Condition (UKC) for the equilibrium system (4.3). To see this,
we consider the corresponding eigenvalue problem of (4.3):

d
ET+ ATy, + C@)ia=0 with C(w)=i ijA,-n.
j=2
Asin (3.3) and (3.5), we can easily deduce that
Pli= —[E1 + P{ C(w)Po) ' P} C(w) P (Pl'D),
_ —1 PR
(PIi)y, = — A7 ([51 + Pl C(@)P1] — P C(@)P[E + P{ C(w) Py] POTC(w)Pl) (Pl

= M (£, 0)(PD).

By using the same argument as that in Section 3, the UKC for the boundary condition
Bu(0, x,t) = b(x, t) of the equilibrium system reads as

|det{BP|R}}| > cx/det{ RY* RS}

with RY the right-stable matrix for M (£, o).
Now we state our main result with the partition B = (B,,, By) as in Subsection 4.3.
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Theorem 4.3. Assume that the relaxation system (2.1) satisfies the structural stability condition,
the assumption in (2.2), and the Kawashima-like condition (2.7). Moreover, we assume that the
boundary condition (2.8) satisfies the assumption (2.9) and the characteristic generalized Kreiss
condition. Then there exists a full-rank matrix B, € R™+>*"+ such that the relation

B,B,i(0,x,1) = Byb(x,1), (4.30)

as a boundary condition for the equilibrium system (4.3), satisfies B, B, Py = 0 and the Uniform
Kreiss Condition [23] for the characteristic IBVPs:

|det{Bo B, P\R}}| > Ck\/det{RS* R}

with Ck a positive constant and RIS the right-stable matrix of M1(§, w).

Proof. The proof is quite similar to that in [40]. For completeness, we present the full details
here. Taking n — oo in the characteristic GKC, we have

|det{BR1 R}, (&, w, 00)}| > cK\/det{R,S;(g,w, 00)R3, (€, w, 00)}.

This indicates the invertibility of B R Ril(.f , w, 00). By using the expression of R,f,l (¢, w,00) in
Lemma 4.2, we can write

BRI R} (€, w,00) = (Y, V2, ¥3)
with
T -1 T K
V1= Bu[ Pi = Po &1y + P C@Po| (P C@)P)]RS,
_ _ S 1 ZpS
Y, = B, P, Y3=B,NR5 + B,RjKR5.

Notice that ¥} € R**"1+ ¥, € R**"0 and Y3 € R X@+—11+=110) Then there is a full-rank
matrix B, € R"+>*"+ guch that

B, (Yz Y3) =0.

-~ B, . . S
Taking B, € R("+~1+)X"+ guch that ( §0) is invertible, it follows that

o

B, B, BY, O 0

S
2 BRIRS G woo= (" )(n v )= o ).
B, B, B,Y, B,Y» B,Y3

By Lemma 4.2, RS (in Y3) is a right-stable matrix of M, = (KTXK)"'KTSK, which is
independent of parameters £ and w. Thus B, and B, are independent of the parameters and we
have
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| ()]

> o1 |det(BRI R 6, ©, 00)|

det{B, Y1} = ‘det{(Eng, Em)}*‘ ‘det{BRlRf,,(é,a),oo)}

with ¢; > 0 a constant independent of the parameters. Since B,Y> = B, B, Py = 0, it follows
from the expression of Y; that B,Y| = B, B, PlRig . Thus the last inequality becomes

\det{B, By Py RS}| > 1 ‘det{BRlRf,I(g,a), oo)}‘ . 431)

Next we use Lemma 4.2 and rewrite

PiRS Py NR§> 00

- Xy I 0],
0 0 KR5

Rf,,(%‘,a),oo)=<
0 0 I

where X| = —[£1,,, + P{ C(w) Po]~' (P} C () P1) R . Moreover, it follows from the expression
of N in Proposition 4.2:

N = X2K + Py X3,

with X5 and X3 clearly defined and independent of (£, w), that

I 0 0

PiRY Py NR5 I X2\ (PR} Py O 0 1 xRS
~ = ~ 3

o o Kr§) \o 1 0 0 KRS ?
0 0 I

Thus we deduce from Lemma 3.3 in [33] that

RS*pT —
\/det{R;f,;k(s,w,oo)ij,,(f,a),oo)}zcz det{( ‘Pg‘ )(PlRf Po)}det{Rg*KTKRg}

= c2\/det{Rf*Rf}det [R*KTKR5)
with ¢; > 0 depending only on X;. Here we have used the orthogonality of Py and P;. Note that

RZS*E TK RZS is positive definite and independent of the parameters (&, ). We conclude from the
last inequality, together with (4.31) and the characteristic GKC, that there is a constant cx such

that
det{Bo B, P1R}}| > i/ det{RS* R}).

This completes the proof. O
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Thanks to Theorem 4.3, the outer solution u# can be uniquely determined by solving the
equilibrium system (4.3) with the reduced boundary condition (4.30) and proper initial data.
Furthermore, we can use (4.27) to obtain the desired boundary conditions for the parabolic sys-
tem (4.14) and initial conditions for the ODE system (4.25). Indeed, multiplying B, on the left
of (4.27) yields

T
PO

~ ~ M1 ~ ~
B, (B, Py, BMNR§+BUR()¢2KR§)< s ):Bob()e,z)—BgBuﬁ(o,)e,t). (4.32)

w

Once u is solved, this is a system of (ny — n14) linear algebraic equations for the no variables
POT p1 and (np —njy — nloLvaﬁables w3 . Following the proof of Theorem 4.3, we notice that
the coefficient matrix is just B, (Y2, Y3), which is invertible. Thus POTM and wS can be uniquely
determined from (4.32), giving the desired boundary and initial conditions.

5. Validity

In this section, we show the validity of the reduced boundary condition (4.30) by examining
the discrepancy between the exact solution U€ to the IBVP (2.1) with (2.8) and the solution to
the equilibrium system with (4.30). For this purpose, we will estimate the L>-error between U¢
and the asymptotic solution U constructed in Section 3 when € is small.

5.1. Asymptotic solutions

In order to focus on the boundary-layer behaviors, we choose the initial data such that the
initial-layer can be neglected. To this end, the initial value Uy(x, X) for the relaxation system
(2.1) is taken to be in equilibrium:

Uo(x1. £) = (”0();1’x)> , (5.1)

where ug(x1, x) represents the first (n — r) components of Uy(x1, ). Moreover, we assume that
the initial value Uy(x1, X) and the boundary condition in (2.8) are compatible:

BUy(0, %) = b(%,0), for £ e RY71. (5.2)

From (5.1) and (5.2), we see that B, B,uo(0, X) = B,b(x, 0), meaning that the reduced boundary
condition (4.30) for the equilibrium system is compatible with the initial value ug(xy, X).

About the asymptotic solution Uy in (4.1), we recall from (4.4), (4.9), (4.13) that the coeffi-
cients satisfy

=0, vi=0, Plu=0.
The terms u, POT/M and (o, vo) solve the differential equations (4.3), (4.14) and (4.10) respec-
tively. According to Theorem 4.3 and the discussion at the end of Section 4, proper boundary and
initial conditions have been determined for these equations. The initial data for the PDEs (4.3)

and (4.14) are the same as those in our previous work [40]:
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w(x1, %,0)=ug(x1,%), Pl ui(z,%0)=0,
which imply
Ue(x1,)2',0):U0(x1,£):UG(XI,)%,O). (53)

At last, we determine 7 and v, from the relations (4.15) and (4.12). Note that u; is not fully de-
termined by the equation (4.15). The interested reader is referred to Section 5.1 in [40] for further
details. For the coefficients thus determined, we make the following regularity assumption.

Assumption 5.1. The expansion coefficients in (4.1) satisfy
i, P ui € L2([0, T] x H'(RT x RI71)),

(120, v0), (H2,v2) € HI([0, T] x R x R4~

Note that this regularity assumption implies the initial data Uy € H' (Rt x R?~!) according
to the classical existence result [1].

5.2. Error estimate
Denote the difference between the exact solution U€ and the asymptotic solution U by
wW:=U*-U..
We firstly derive the equation for W. To this end, we recall the linear operator
d
LW)=U+Y Ajd,U—QUJe
j=1

and compute L(W) = L(U€) — L(U¢). Since U*€ satisfies the equation (2.1), we know that
L(U*€) = 0. On the other hand, from (4.5) and (4.6) we know that

0

LU = L Upyier) + LUayer), L Upprer) = | & _
(Ue) (Uouter) ( laye ) (Uouter) Z] A,T‘lzax,-”
]:

Furthermore, we use (4.8) to compute L(Ujayer) in (4.7) as

d
dpmo+ 2. [Ajuaxjuo +Aj128ij0]
E(Ulayer) = d =
dvo+ D [Aflzax/- (no+p1) + Aj228xj VO] + Aszaz:U«Z + A20;v2
j=2

d A A
1%%] j11 Jj12 [2%)
+ Ve 8t< )+§ ( r >8x_,~( )
v/ S \Ajn A V2
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In summary, we can write

E
'C(Ue) = L:(Uouter) + E(Ulayer) = (E;)

with E1 and E, clearly defined. By the regularity Assumption 5.1, we see that E> € L2([0, T] x
Rt x R?1). Moreover, since

2
/ [0, v0) (2 2,1) | drdxidi = / (0. v0) (v £.1)| drdyds,
€
[0,T]x Rt x RI~1 [0,T]x Rt x RI-1
we have || E1|l12(j0,71x g+ x ri-1) < C+/€. Consequently, the equation for W is
d

1/0 O E|
AW+ Ao W=- W — . (5.4)

= ’ €\0 S E>
Next we turn to the initial and boundary conditions for W. Clearly, it follows from (5.3) that
W(x1,x,0)=0. (5.5)

From the boundary conditions in (2.8) and (4.26), it is easy to see that the boundary value of W
satisfies

w2

V2

BW(0,%,1) = ﬁ( ) ,%,1) =g, 1). (5.6)

By Assumption 5.1, we have u;(0, X, 1), 12(0, X, 1) € L2([0, T] x R4~1) and thereby

gl 20, 7)xRA-1) = Cye.

Combining (5.4)-(5.6), we have the following IBVP for W:

d 1/0 O E;
3ZW+ZA]'3X/.W=— W — )
j=1 €\0 § E,

BW(0,%,1) =g(x,1),
W(x1,%,0)=0.

To estimate W, we follow [11] and decompose W = W1 + W,. Here W satisfies

d 1/0 O E;
3,W1+ZA]'8X/W1=— Wi — ,
j=1 ' €\0 S E>

RIW,(0,%,1) =0,
Wi(x1,%,0) =0,

5.7

27



Y. Zhou and W.-A. Yong Journal of Differential Equations 454 (2026) 113968

and W, satisfies

;W dAE) W A W
12+J; JYxj 2—2 O S 2

BW2(0,%,1) = g(x,t) — BW1(0, X, 1),
W (x1,x,0)=0.

(5.8)

Note that the boundary condition for W is constructed artificially and the matrix R consists of
eigenvectors of A associated with the positive eigenvalues. Since A is symmetric, we can take
R, such that (R4, R_, Rp) is an orthonormal matrix satisfying

RT Al
RT A1 (Ry R- Ry)= A_ . (5.9)
T
R, 0
Here A and A_ are diagonal matrices whose entries are n positive eigenvalues and (n —ng —
ny) negative eigenvalues of Aj. Based on this decomposition, we take R| = (R4, R_). Recall
Remark 3.2 that the characteristic GKC does not rely on the choice of Ry and R;.
For IBVPs (5.7) and (5.8), we have the following conclusions.

Lemma 5.1. The IBVP (5.7) has an unique solution Wi = Wi (x1, X, t) satisfying

2 T 2
t»’Ic‘IEOa,)]("] ”Wl ('7 ) t)||L2(R+XRd_') + ||R1 Wi |x1=0”L2([0,T]de_])

2 2
=< C(T) <”E1 ||L2([0,T]XR+><R‘1_1) +e€ ||E2||L2([O,T]XR+XRd_l)) .
Here C(T) is a generic constant depending only on T.

Lemma 5.2. The IBVP (5.8) has an unique solution Wy = W, (x1, X, t) satisfying

2 T 2
ZEE(?:);] ||W2(9 ) t)”LZ(RJrX]Rd—l) + ”Rl W2|x1:0”L2([0,T]><]R‘1’1)

S C(T)<||R]TW1 |x1:0”%2([0,T]><Rd71) + ”g”iz([(),T]del))'

Recall that ||E2||L2([0,T]XR+><Rd_1) < C, ||E1||L2([0,T]XR+><Rd_1) < Cﬁ, and
lgllz2(0.71xRd-1) < C+/€. The above two lemmas immediately give

Theorem 5.3. Assume that the relaxation system (2.1) satisfies the structural stability condition,
the assumption in (2.2), and the Kawashima-like condition (2.7). Assume that the boundary con-
dition (2.8) satisfies the assumption (2.9) and the characteristic generalized Kreiss condition.
The initial data Uy € H' (RT x R4 given in (5.1) is assumed to be in equilibrium and con-
sistent with the boundary condition. Namely, the relation (5.2) holds. In addition, we assume
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the regularity Assumption 5.1 and the constant hyperbolicity assumption [1]. Then there exists a
constant C(T) > 0 such that the error estimate

IUE = U, Dl 2w+ xra-1) < C(T)e'?

holds for all time t € [0, T]. Here U€ and Ug respectively represent the exact solution and the
asymptotic solution to the relaxation system (1.4) with boundary condition (2.8) and initial data

(5.1).

From this theorem and the expansion of U in (4.1), we can immediately see the L2-
convergence of U€ to the solution (iz, v) of the equilibrium system with the reduced boundary
condition (4.30) as € goes to zero.

It remains to prove Lemma 5.1 and Lemma 5.2, which is similar to those in [40]. For com-
pleteness, we present the details here.

Proof of Lemma 5.1. Clearly, the boundary condition RJTr W1(0, x, t) = 0 satisfies the Uniform
Kreiss Condition. Thus it follows from the existence theory in [1] that there exists a unique
solution Wy € C([0, T1; L2(R* x R4~1y).

For the estimate, we multiply (5.7) with WlT from the left to obtain

d

d 2 0 0

E(W{Wl) +Y (WA, = gW{ (0 S) Wi —2(WhHTE; —2(W]HTE,.
j=1

Here Wll represents the first (n — r) components of Wy and Wll I represents the other r compo-
nents. From the last equation, we use the negative-definiteness of S and derive

d
d €0
S WIWD 43 W AW <= Z WP+ 21W(D T Eal +21(W)T Byl

j=1

co 2e
<= o WP+ = B2 + |E1f + W1
2e o
with ¢o > 0 a constant. Integrating the last inequality over (x1, £) € [0, +-00) x R4~! yields

d . A N
E”WI(','J)”iz(ﬂydeq) - / WlT(O’XJ)AlWl(O,XJ)dx
Rd-1

¢
< anEzniz(%RH) FIE U 2 s a1y + IWil7 2R+ a1y (5.10)
Since A = R4 A4+RL + R_A_RT and RIW,(0, £, 1) =0, it follows that

—Wl (0,2, A W1(0,%,1) =— W[ (0,% ) (Ry A+ R + R_A_RTYW,(0, %, 1)
=—Wl0,% 0R_A_RTW(0,%,1)
>, W[ (0, £, H)R_RTW,(0, %, 1)
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=c1|RT W10, %, 1) (5.11)

with ¢ a positive constant. Applying Gronwall’s inequality to (5.10), we have

2 CT 2 2
[g[l(?)j(‘] ”Wl ('a i t)||L2(R+><Rd_l) S C€ (6”E2”L2([O,T]><R+><Rd_l) + ”El ||L2([0,T]XR+><R‘{_1))'

At last, we use (5.11) and integrate (5.10) over ¢ € [0, T'] to obtain

T 2 2 2
”Rl Wl |x1:0”L2([O,T]><Rd*1) E C(T) <6”E2”L2([0,T]XR+XR‘11) + ”El ||L2([0,T]><R+><Rdl)>'
This completes the proof of Lemma 5.1. O

Proof of Lemma 5.2. By Remark 3.1, the Uniform Kreiss Condition is implied by the char-
acteristic GKC. Thus the existence theory in [1] indicates that there exists a unique solution
Wae C([0,T]; L2Rt x RY71Y).

Next we adapt the method in [11] to obtain the estimate. Define the Fourier transform of the
solution to (5.8) with respect to x:

Wa(x1, w,1) = / Wy (x1, £, 1)dR, o= (0,03, ...,0q) R
Rd—1
and the Laplace transform with respect to ¢:

o
W2(x1,a),§) =/ei§tVT/2(x1,a),t)dt, Reé > 0.
0

Then we deduce from (5.8) that
A0y, Wz = (nQ — &I, —i Z?:2ijj> Wz,
BW1(0,»,£) =3(w,&) — BW, (0, , §), (5.12)
IWal, 0, 8)ll2mey <00 for ae. &, .

Here n = 1/€. From Section 3, the differential equations in (5.12) can be reduced to

3y (RTWa) = M(&, @, n)(RT Wa), (5.13)
RIW, = — Gy (¢, 0, 1)Go1(€, 0, ) (RT Wa). (5.14)

Since BRp=0and I, = Rg Ro + RlT R, the boundary condition can be written as
(BR)(RT W2)(0, 0, &) =8 (w, &) — (BR)(R] W) (0, w, £). (5.15)
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Let Ril = Rf,l(.f,a), n) and RAL,/I = RAL,/[(E,a), n) be the respective right-stable and right-
unstable matrices of M = M (&, w, n):

MRy, =RyM5,  MRY =RyMY,

where M is a stable-matrix and MY is an unstable-matrix. In view of the Schur decomposition,
we may choose Rf,l and Rﬁfl such that

RS*
(i) (55 =1

Ux
RM

Recall that the superscript * denotes the conjugate transpose. Then from (5.13) we obtain

Ry _ M3 Ry _
( U*>axl<R1TW2>=< oo ) REW).
RY M RY

Since || Wz(-, , &)l 2w+ < oo forae. (§, w) and MV is an unstable-matrix, it must be
RUX(RTWa) =0.
Thus the boundary condition in (5.15) becomes
BRI(R{ W2)(0, 0, &) = BRI Ry, Rijf (R] W2)(0, ,§) = 8(@,§) — BRi(R{ W)(0, , £).

Since the matrix (B R R;f,[)_l is uniformly bounded due to the characteristic GKC, we conclude
that

~ 2 - 2
(RT W2)(0.0.6)|" = | R Ry (R W) (0, 0.6)|
~ 2
= [RY(BRRS) ™ [3@.6) = BRIRT W) (0,0.9)]|
= C (18@. &) +1(R] WO, 0,6)).

By Parseval’s identity, the last inequality leads to

o0

/ e MR\ (RT W) (0, %, 1)Pdrd
Rd-1 0
o0 o0
SC( / /e—2tRe$ |g()?,t)|2dtd)?+ / /e—zzRes (RlTwl)(O,)?,t)‘zdtd£>
Rd-1 0 Ri-1 0
o0 o
SC( / /|g()?,t)|2dtdfc+ / /‘(RlTWl)(O,)?,t)‘zdtd)?) for Ref > 0.
R4-1 0 Rd-1 0
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Because the right-hand side is independent of Re&, we have

[e¢]

/|(R1TW2)(0,)?,I)|2dtd£
R4-1 0
e o
<o [ [leaoPaai+ [ [[@fwoo.zof aas),
Rd=10 Rd-1 0

By using the trick from [11], the integral interval [0, co) in the last inequality can be changed to
[0,T]:

IRT Wl =ol1%, i1y < CIRT Wil =0l o + gl i ). (5.16)
L2([0,T1xR: ) L2([0,T1xR: ) L2([0,T1xR )

At last, we multiply the equation in (5.8) with WzT from the left to get
d d
T W W2) 400 (WS A1 W2) + )0 (W) A W) <0

j=2

Integrating the last inequality over (xp, x) € [0, +00) X Relandt e [0, T'] yields

T
2
2 T A A
Rd-1 0

[ 2
=C / f\(WZTRl)(R{AlRl)(R{Wz)(o,)e,t) drd

Rd-1 0
T

<C f /|(R1TW2)(O,)?,t)|2dtd)E.
Rd-1 0

This together with (5.16) completes the proof. O
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