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Abstract

This thesis is mainly concerned with the theory of dynamic multi-item auctions, i.e., a
processes in which over time there is communication between buyers and an auctioneer,
who adjusts prices for the items based on that communication. There is a vast number
of intriguing questions on those processes, both from an economic and a computational
point of view.

A Walrasian equilibrium—characterized by a price vector and an allocation of goods
such that all agents maximize utility and the market clears—represents a central concept
in general equilibrium theory. It is well-known that Walrasian equilibria are guaranteed
to exists if all buyers have gross substitute valuation functions. Finding these equilibria
by means of natural dynamic auctions (or titonnement) poses an interesting compu-
tational problem—finding excess demand sets to increase prices on—that previously
involved submodular function minimization, which is a highly non-trivial process. We
show that this process can be simplified in cognitive complexity and running time. This
can either be achieved by very easy maximum flow computations if the valuation func-
tions are simple enough or by solving a polymatroid sum problem if we want to handle
arbitrary gross substitute valuations. In both cases the corresponding dual solution
reveals the desired excess demand set. We also prove some structural properties about
Walrasian prices (which form a lattice) and their relation to weaker notions of market
equilibria. Our results bridge theoretical economics and algorithmic mechanism design,
offering both a novel computational perspective and practical auction protocols to find
equilibria.

For a related ascending auction, to sell a base of a matroid, we show that its analysis can
be simplified by using only a few folklore lemmas from matroid theory. This auction
has the neat property that acting truthfully as a buyer is an equilibrium strategy—
a feature that is typically not present in dynamic multi-item auctions with buyers
having valuations that are not unit-demand—moreover, the auctions also output (under
truthful signals) the utilitarian optimum, i.e., a matroid base of maximum weight. We
also give additional remarks regarding communication cost and privacy matters of this
auction.

Finally, we study a natural extension of a greedy algorithm for submodular covering
problems, which allows to remove previously chosen elements if they are recognized
to be redundant. We are able to show that a for this greedy algorithm natural subclass
of submodular functions exhibits neat properties that can be seen as generalizations
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for properties of matroid rank functions. For some of these functions, we can show
that the algorithm is guaranteed to compute an optimal solution to the submodular

covering problem given any linear cost function.



Deutsche Zusammenfassung

Diese Arbeit befasst sich vor allem mit der Theorie iterativer Auktionen in denen
mehrere Giiter gleichzeitig zum Verkauf stehen. D.h. wir betrachten Prozesse, bei
denen iiber die Zeit Kommunikation zwischen Kauferinnen und einem Auktionator
stattfindet, welcher die Preise der Giiter basierend auf dieser Kommunikation anpasst.
Es gibt eine Vielzahl spannender Fragen zu diesen Prozessen, sowohl aus 6konomischer

als auch aus mathematisch-informatischer Sicht.

Walras-Gleichgewichte - gegeben durch Preisvektoren und Verteilungen der zum
Verkauf stehenden Giiter mit der Eigenschaft, dass alle Kduferinnen eine nutzenmax-
imale Menge von Giitern erhalten und dass der Markt gerdumt wird - sind ein zen-
trales Konzept der allgemeinen Gleichgewichtstheorie. Es ist bekannt, dass Walras-
Gleichgewichte garantiert existieren, wenn die Bewertungsfunktionen der Kiuferinnen
die Giiter als Bruttosubstitute (gross substitutes) behandeln. Die Ermittlung dieser Gle-
ichgewichte mittels natiirlicher dynamischer Auktionen (oder Tatonnement) wirft ein
interessantes, kombinatorisches Problem auf, nimlich die Suche nach Giitern mit Nach-
fragetiberschuss auf denen der Preis erh6ht werden soll. Bisher wurde dieses Problem
mithilfe von Minimierung submodularer Funktionen geldst, was ein sehr involvierter
Prozess ist. Wir zeigen, dass dieser Problem mit einfacheren Mitteln, aber auch schneller
gelost werden kann. Dies kann entweder durch sehr einfache Maximalflussberechnun-
gen erreicht werden, wenn die Bewertungsfunktionen einfach genug sind, oder durch
die Losung eines Polymatroid-Summenproblems, wenn wir beliebige Bruttosubstituts-
bewertungen behandeln wollen. In beiden Féllen ergibt die zugehorige duale Losung die
gewiinschte Menge an Giitern mit Nachfragetiberschuss. Wir beweisen auflerdem einige
strukturelle Eigenschaften von Walras-Preisen (die einen Verband bilden) und deren
Beziehung zu schwicheren Gleichgewichtskonzepten. Unsere Ergebnisse schlagen
eine Briicke zwischen theoretischen Wirtschaftswissenschaften und algorithmischem
Auktionsdesign und bieten sowohl eine neuartige informatische Perspektive als auch

praktische Auktionsprotokolle zur Gleichgewichtsfindung.

Fiir eine verwandte aufsteigende Auktion zum Verkauf einer Basis eines Matroids zeigen
wir, dass ihre Analyse durch die Verwendung nur weniger Lemmata aus der Matroiden-
theorie vereinfacht werden kann. Diese Auktion hat die interessante Eigenschaft, dass
wahrheitsgemifle Kommunikation als Kauferin eine Gleichgewichtsstrategie darstellt
- typischerweise ist bei dynamischen Auktionen mit mehreren Artikeln dies nicht

gegeben, es sei denn, alle Kduferinnen sind an maximal einem Gut interessiert. Dariiber
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hinaus liefert die Auktion (vermoége wahrheitsgeméfier Gebote) das utilitaristische
Optimum, d.h. eine Matroid-Basis mit maximalem Gewicht. Wir geben auflerdem
zusitzliche Diskussionen zu den Kommunikationskosten und Datenschutzaspekten
dieser Auktion.

Abschlieflend untersuchen wir eine natiirliche Erweiterung eines Greedy-Algorithmus
fiir submodulare Uberdeckungsprobleme, die es erméglicht, zuvor ausgewihlte Ele-
mente zu entfernen, wenn diese als redundant erkannt werden. Wir kénnen zeigen, dass
eine fiir diesen Greedy-Algorithmus natiirliche Unterklasse submodularer Funktionen
interessante Eigenschaften aufweist, die als Verallgemeinerungen fiir Eigenschaften
von Matroid-Rangfunktionen angesehen werden konnen. Fiir einige dieser Funktionen
konnen wir zeigen, dass der Algorithmus, vermoge einer linearen Kostenfunktion,
garantiert eine optimale Losung fiir das submodulare Uberdeckungsproblem berech-

net.



If I have seen further it is by standing on the
shoulders of Giants.

— Isaac Newton
(in a letter to Robert Hooke)
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CHAPTER O

Introduction

Mathematical optimization and computer science is omnipresent in virtually every
aspect of modern life. The study of economics is no exception to this statement and
in fact, there is a variety of applications, theorems, and names linking these fields.
Among various branches of mathematical optimization, combinatorial optimization is
especially relevant in economic scenarios where decision variables are discrete—often
involving choices such as “yes or no’, or the selection from a finite (but very large) set
of alternatives. Typical problems include scheduling, network design, and resource
allocation. In economics, these types of problems emerge in areas such as market
design, logistics, auction theory, and production planning. For instance, determining
how to allocate a set of workers to tasks, or how to distribute goods through a supply
chain efficiently, are economic problems that can be modeled into a combinatorial
optimization problem.

This thesis is concerned with combinatorial optimization (in particular results from
matroid theory) and its use in economics and especially dynamic auctions. We consider
an economic setting in which multiple agents are interested in acquiring a discrete set
of goods. This is referred to as a pure exchange economy as there is a fixed set of items
to distribute among agents and no additional production. There are different aspects
that are of interest:

The fact that there are multipe agents that want to divide goods among themselves
immediately yields what is known as a partitioning problem, i.e., we need to divide the



set of goods into subsets that 1. do not overlap, 2. distribute all goods, and 3. give every
agent a subset that they consider acceptable. Very often those kind of problems are
computationally hard to solve but if the notion of acceptable subsets is somewhat good-
natured, then we will see that we can indeed develop beautiful (and fast) algorithms.
Concretely, in our economic setting we assume agents to have gross substitute preferences,
which in simple terms means that if some agent already owns some good, then she
has less demand for other goods. We can then show that an equilibrium, a distribtion
of goods along with prices, always exists and it can be found via an elegant auction

algorithm.

Another factor is that every agent wants to maximize her own utility but is not con-
cerned with the utility of the others (or the system as a whole). Once agents agreed
to a procedure (for instance, an auction) to distribute the goods according to their
preferences, we can not a priori exclude the possibility an agent games the system, i.e.,
instead of reporting her preferences truthfully, she does so strategically to achieve a
better outcome for herself. There is a huge body of work on mechanism design that
shows how to design auctions that have truthful reporting as dominant strategy or at
least as an equilibrium strategy. However, these auctions (typically sealed-bid auctions)
are often not practicable in real life; they also work quite differently from what people
think of when they refer to an auction (on eBay, at Christie’s, or the bicycle auctions
conducted by the police in Aachen). In this thesis, we explore auctions that are closer
to those real life auctions in the sense that they are dynamic, meaning that there are
multiple rounds of communication such that preferences are only revealed incremen-
tally. While incentive guarantees get partially lost (inevitably), they would be quite easy

to implement in practice.

So far the discussion was mainly concerned with the mechanism’s (or auctioneer’)
side of our exchange economy, i.e., finding allocation, prices, and making sure that
agents cannot act strategically. However, the agents also have an optimization problem
to solve. In order to participate in an auction, they have to figure out what to report
to the mechanism. Their preferences, while implicitly existent, might not always be
explicitly available to them and instead being somewhat hidden in a combinatorial
optimization problem that they first have to solve themselves. More precisely, when the
auctioneer asks an agent what set of goods she would want at some given prices, then
the agent might first have to compute this preferred set. This step is usually omitted in
the analysis of auctions since it does not reveal anything about the auction itself. Yet,

the problem itself is interesting on its own and we consider a similar problem at the
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end of this thesis in which we explore a covering problem that under some conditions
can be solved (optimally and efficiently) by an algorithm that is essentially a greedy

algorithm that allows for hindsight improvements.

As already mentioned, this thesis is, to a large extent, concerned with dynamic auctions.
Sealed-bid auctions (or direct revelation mechanisms) have the advantage to have only a
single round of communication between auctioneer and buyers, which makes them
very easy to reason about from a game-theoretic persepective. Every buyer has only
one decision point at which she might act strategically, which allows a mechanism
designer use very simple (but also incredibly elegant) procedure to conduct the auction.
Standing out as fundamental theorems are the VCG Theorem due to Vickrey [Vic61],
Clarke [Clay1], and Groves [Groy3], and Myerson’s Lemma from [Mye81] that describe
sealed-bid auctions that have truthful bidding as dominant strategy. On the other hand,
these direct mechanisms require all agents to reveal the complete information about
their preferences to the auctioneer. This is concerning from multiple points of view.
By design, the auctioneer is the only agent who has full information. In some setting
it might also be possible that the auctioneer himself act strategically, for instance, by
introducing shill bids to increase the seller’s revenue. With less information available
in a dynamic auction (for instance, only the identity of the buyer with the highest bid
but not the amount of the highest bid), the auctioneer’s ability to introduce a shill
(and profit from doing so) is impaired [AL20; KKR24]. Of course, not revealing too
much information may also be a concern of a buyer for purely privacy-related matters.
Ascending auctions at least protect the winners’ information as only her identity but
not necessarily the exact amount of her bid is sufficient to determine a winner [MS20].
Moreover, revealing less information naturally comes with the automatic advantage
that less bits have to be sent between buyers and auctioneer. Finally, while a sealed-bid
auction with a (truthful) dominant strategy makes it very easy for a buyer to determine
what to communicate to the auctioneer, i.e., her true preference, it might not always be
clear to a cognitively limited buyer why she should do so. If a buyer is only asked to
reveal information incrementally over time, it might be easier for her to determine that
truth-telling is indeed optimal [Li17; KK24]. This is in particular true if the buyer also
does not really have access to her full information because it might not be explicitly
given to her but only implicitly, for instance in some combinatorial structure on which
she has to solve an optimization problem. For an extended discussion of advantages of
ascending auctions over sealed-bid auctions see [Auso4] and [Crag8].



We are also looking at greedy algorithms, which in every step make a locally optimal
decision (for example, selecting an element from a set of available elements). With
the notable exception of linear optimization over matroids, these kind of algorithms
most of the time fail to find an optimal solution as it is easy to trick a greedy algorithm
into making a step that does not pay off later. We propose a greedy algorithm that is
slightly smarter by adding a bit of hindsight which allows the greedy algorithm to delete
previously selected elements if it turns out that they are no longer necessary. In some
cases this algorithm then can salvage the optimal solution and this thesis presents a

natural class of functions for which this is guaranteed.

0.1 Publications

This thesis captures the content of four research papers that I contributed to. Three of
the articles have been published in peer-reviewed journals. Additionally, a previous
version of one of the published papers was also accepted at a peer-reviewed conference
and an abstract was published in its proceedings. This thesis also includes preliminary
results of unfinished work on an algorithm for the SuBMODULAR COVER problem and
a class of set functions for which this algorithm maintains a partial solution with a nice

structure.

List of Papers The following are the papers whose results are also in this thesis. In all
of these articles I contributed in all phases of the scientific process, in particular con-
ceptualization, analysis, and writing. As it is standard practice in theoretical computer
science, discrete mathematics, and mathematical economics, authors on these papers

are listed in alphabetical order.

o A Simplified Analysis of the Ascending Auction to Sell a Matroid Base.
Britta Peis and Niklas Rieken
published in Operations Research Letters (ORL) [PR26] (preprint: [PR24])

o A flow-based ascending auction to compute buyer-optimal Walrasian prices.
Katharina Eickhoft, S. Thomas McCormick, Britta Peis, Niklas Rieken, and Laura
Vargas Koch
published in Networks [Eic+24a] (preprint: [Eic+23a])

o Faster Dynamic Auctions via Polymatroid Sum.

Katharina Eickhoff, Meike Neuwohner, Britta Peis, Niklas Rieken, Laura Vargas
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Koch, and Laszl6 A. Végh
published in Transactions on Economics and Computation (TEAC) [Eic+25] (preprint:
[Eic+24b])

The previous version of the paper

Faster Ascending Auctions via Polymatroid Sum.

Katharina Eickhoff, Britta Peis, Niklas Rieken, Laura Vargas Koch, and Laszlé A. Végh

has been accepted at The 19" Conference on Web and InterNet Economics (WINE 2023)
(abstract in proceedings: [Eic+23b])

o The Greedy+ Algorithm for Submodular Cover.
Waldo Galvez, Britta Peis, Niklas Rieken, Victor Verdugo, and José Verschae
(working paper)
Not part of this thesis are the following two papers that have been accepted at small
conferences (workshops).
o A Primal-Dual and Primal-Greedy Approximation Framework for Weighted Covering
Problems.
Britta Peis, Niklas Rieken, José Verschae, and Andreas Wierz
accepted at Workshop on Models and Algorithms for Planning and Scheduling Problems
(MAPSP 2022) (paper in proceedings: [Pei+22])
o Using Explicit (Host-to-Network) Flow Measurements for Network Tomography.
Ike Kunze, Constantin Sander, Alexander Ruhrmann, Niklas Rieken, and Klaus
Wehrle
accepted at Applied Networking Research Workshop (ANRW 2025) (paper in proceed-
ings: [Kun+25])

0.2 Thesis Structure

Chapter 1 contains an overview over a few basic mathematical concepts that are used
in this thesis and fixes some notation. In particular, we give a short introduction to
graph theory, game theory, auction theory, and matroid theory. These sections are also
meant to be a primer into these topics.

Chapter 2 considers an ascending auction to sell a base of a matroid. This auction
was originally introduced by Bikhchandani, de Vries, Schummer and Vohra [Bik+11],
where they show that if an auctioneer is constrained to sell a subset of items that is
an independent set of a given matroid, then one can do so by using an ascending

0.2 'Thesis Structure
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auction (to be more precise, a clock auction). This auction also has three very desirable
properties: 1. truthful behavior of the buyers is an equilibrium strategy, 2. given truthful
buyers, the auction yields a welfare-maximizing allocation (i.e., a max-weight base of
the given matroid), and 3. its running time scales polynomially in the number of items
and buyers. While the auction itself is quite elegant, its analysis in the aforementioned
paper is quite tedious and technical. We show that one can obtain the theorems for
properties 1 — 3 using simpler proofs that do not require a microscopic view of the

auction as in [Bik+11].

In Chapter 3 and Chapter 4 we again consider ascending auctions for multiple items
(and also descending auctions and hybrids of both). However, there is no underlying
matroid constraint for the auctioneer; the goal is to sell as many items as possible but in
a way such that the allocation is stable in the sense that no buyer is willing to purchase
a different set of items under their current prices. Such an allocation along with a price
vector that supports this allocation is called a Walrasian equilibrium. These Walrasian
equilbria have been studied extensively and also the auctions that can compute them.
In particular, Walrasian equilibria are guaranteed to exist if all valuation functions
of all buyers are gross substitute. We present ascending and descending auctions (and
hybrids of these) using simple combinatorial structures to implement the celebrated
general auction framework by Gul and Stacchetti [GS99; GSoo]. Indeed, our methods
improve the running time of these auctions—more precisely, to find excess demand
and supply sets—compared to the previous state of the art via submodular function
minimization (first identified by Ausubel [Auso6]) and improved to the more delicate
L"-convex function minimization (by Murota, Shioura, and Yang [MSY13]). This part
of the thesis is shared with my great colleague Katharina Eickhoff.

Chapter 5 introduces a subclass of submodular functions that we call generalized ranks
along with a for this class natural greedy algorithm that can solve minimum cost
covering problems of certain generalized ranks to optimality. Generalized ranks seem
to offer a variety of promising research directions, including a notion of duality.
Finally, in Chapter 6 we recap the results and give a few ideas for future research

directions.

Chapter o Introduction



CHAPTER 1

Preliminaries

1.1 Basic Maths and Notation

In this first subsection, we fix the notation that is in some sense not standardized across
mathematical literature, in particular graph theory. That being said, readers familiar

with the topics in this thesis will have no issue with skipping this subsection.

We use the symbols R and Z to denote the real numbers and integers, respectively, and
R, and Z, to denote their restriction to non-negative (i.e., including o) values. The
notation [k] is shorthand for the set {1,...,k}. All other sets in this thesis will be
finite and we denote the cardinality of a set A by |A|. Given a set A and an element
a, we may write A+ a := Au{a} and A — a := A\ {a} as shorthands. We regularly
consider functions z: A — R that express how much an element a € A covers or costs,
or how much it is valued. If we have some function z: A - R, we may also define its
linear expansion that maps each subset of A to the sum of function values for each
element in that set, i.e. we write z:2* — R (a set function) with z(S) := ¥ .5 z(a),
where 2% := {B: B ¢ A} denotes the powerset of A.. Observe that if A is finite, we can
also view z as a vector z = (z(a)) 4es, SO We may treat a function on finite domain as a

vector (or vice versa) if it is convenient.

A graph is a structure G = (V, A), where V is the set of vertices and A ¢ (‘2/) U (‘1/) the
(multi-)set of undirected edges (or A C V x V the (multi-)set of directed edges). Note
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that this definition explicitly allows edges to be parallel (multiple edges connecting
the same vertices (in the directed case also in the same direction)) or loops (edges
connecting a vertex with itself). A (v-w-)path in a graph G = (V,A) withv,w € V
is a sequence of vertices (uo, Uy, . .., ug) with g = v, uy = w, and {u;_,, u;} € A (or
(4i—y,u;) € A in the directed case) for all i € [k]. Two vertices v,w € V are called
adjacent if {v,w} € A ((v,w) € A, respectively). An edge {v,w} € A ((v,w) € A) is
incident to both v and w. It is also called incident to another edge if they share a common
vertex. We denote the neighborhood of a vertex v by T'(v) := {w e V | {v,w} € A} and
use ['[v] := T(v) u {v}. In the directed case, we write T*(v) :={we V| (v,w) € A}
and I~ (v) :={we V| (w,v) € A} and T*[v], T [v] if we want to include v. Given a
set S € V, we may also write [(S) := U,es T(v) and 8(S) := {{v,w} € A|veS,w ¢S}
(or 8*(S) == {(v,w) € A|v e S,w ¢ S} (outgoing edges) and 6 (S) := {(v,w) €
A|v ¢S, we S} (incoming edges) for directed graphs). A matching in an undirected
graph is a subset of edges y € A such that for all pairwise different a, a’ € p it holds
that ana’ = @. Vertices v € V for which there exists an edge a € y with v € a are called
covered by p, otherwise exposed. A matching that covers all vertices of the graph is
called perfect.

1.2 Submodular Functions

In this section, we discuss submodular functions, which is a special class of set functions
that have a diminishing returns property. Informally speaking this means that the
addition of an element to a smaller set increases the function value more (or decreases
it less) than the same element added to a bigger set. This property make submodular
functions very useful in economic applications but most recently machine learning (in
particular, active learning algorithms) emerged as a killer application (for an overview,

we refer to the survey by Bilmes [Bil22]).

We now define the notion of a submodular function.

Definition 1.1. A set function z: 2f — R is called submodular if for all S, T < E, it holds
that
z2(S)+2(T)22(SuT)+2z(SNnT)

There are two more ways to define submodularity.

Lemma 1.2. Let z:2F — R be a set function on E. Then the following are equivalent:

Chapter1 Preliminaries



(i) zis submodular,
(ii) forall SC T C E and all e ¢ T it holds that

z(S+e)—2z(S)2z(T+e)-2z(T),
(iii) forall S < E andalle, f ¢ S it holds that
zZ(S+e)+z(S+f)2z(S+e+f)+z(S).

A set function z is called supermodular if —z is submodular and it is called modular if it
is submodular and supermodular. A modular function can always be represented with
weights w: E - R such that z(S) = ¥, w(e).

We mainly look at submodular functions that are also normalized, i.e., z(@) = 0 and
monotone, i.e., for all § € T ¢ E it holds that z(S) < z(T).

Given a submodular function z:2F — R, there are of course two essential problems
that are of interest.

SUBMODULAR FUNCTION MINIMIZATION
Given: asubmodular function z:2¥ — R on finite ground set E.
Find:  aset S ¢ E with f(S) minimum.

SUBMODULAR FUNCTION MAXIMIZATION
Given: asubmodular function z:2¥ — R on finite ground set E.
Find:  aset S ¢ E with f(S) maximum.

Submodular functions can be seen as discrete analogues of both, convex and concave
functions: At first glance, the diminishing returns property of submodular functions
appears to be a discrete analogue of concavity; however, for concave functions the max-
imization problem is easy (as there are no local maxima), while it is the minimization
problem that is easy for submodular functions.

There are indeed a variety of efficient SUBMODULAR FUNCTION MINIMIZATION algo-
rithms, e.g., by Cunningham [Cun8s], Schrijver [Schoo], Iwata, Fleischer, and Fujishige
[IFFo1], Iwata [Iwao2; Iwao3], Iwata and Orlin [IO09], Orlin [Orlog], Lee, Sidford, and
Wong [LSWi5], and Chakrabarty, Lee, Sidford, and Wong [Cha+17]. Those are all far
from trivial, however.

Proposition 1.3 ([Cun8s; Schoo; IFFo1; Iwaoz2; Iwao3; I009; Orlog; LSW15; Cha+17]).
SUBMODULAR FUNCTION MINIMIZATION is solvable in (strongly) polynomial time.

1.2 Submodular Functions
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Practically (and successfully) tested is the Fujishige-Wolfe Algorithm [Wol76; Fuj8o],
which was considered a heuristic due to lack of subexponential running time guar-
antees until Chakrabarty, Jain, and Kothari [CJK14] showed that its running time is
pseudopolynomial (with a quadratic dependency on the largest singleton value of the

submodular function).

On the other hand, SuBMODULAR FUNCTION MAXIMIZATION is NP-hard as the NP-

complete MaxiMuM CuUT problem reduces to SUBMODULAR FUNCTION MAXIMIZATION.

Proposition 1.4 ([Papg4, Theorem 9.5] for Maximum CuT). SUBMODULAR FUNCTION

MaXIMIZATION is NP-hard.

However, there is also a catalogue of good approximation algorithms for SUBMODULAR
FUNCTION MAXIMIZATION, even for constrained SUBMODULAR FUNCTION MAXIMIZA-

TION. We refer to the survey by Krause and Golovin [KG14].

Our thesis is indeed concerned with both SUBMODULAR FUNCTION MINIMIZATION
and SUBMODULAR FUNCTION MAXIMIZATION, even though it is somewhat hidden. The
auctions in Chapter 3 and 4 solve a special SUBMODULAR FUNCTION MINIMIZATION
problem. The main part of our contribution is however, that we do not need the afore-
mentioned algorithms, which are quite involved and not easy to implement; instead,
we provide much simpler algorithms to perform these steps that previously have been
carried out with SUBMODULAR FUNCTION MINIMIZATION algorithms. On the other
hand, Chapter 5 is concerned with the SuBMoDULAR COVER problem, which needs to

maximize a submodular coverage function at minimum cost.

1.3 Matroid Theory

The study of matroids started in the 1930s with the seminal paper by Hassler Whitney
[Whi3s]. He considered matroids as an abstract generalization of matrices and the
notion of linear independence. However, to some extent matroids are also motivated
by his earlier work in graph theory. The overlap is omnipresent in virtually every aspect
of matroid theory as its nomenclature borrows a lot of words from algebra and graph
theory terminology. Our notation is mainly based on Chapter 39 in the book by Schrijver
[Scho3]. A modern monograph on matroids is by Oxley [Oxlo6] but the author of this
thesis personally prefers the classic book by Welsh [Wel76].

'In fact, we are not aware of any wide-spread implementation of those.

Chapter1 Preliminaries



Many combinatorial optimization problems ask to determine a feasible subset of a given
set of items that minimize or maximize an objective function. Often in those problems,
“taking nothing” is a feasible choice as well as “taking less” of something feasible is again
feasible. In some sense, matroids are a special combinatorial structure that describe
a structure of feasible sets, i.e., sets of items that are not in some way constricted.
Additionally to the properties above (& is feasible and if I is feasible then also every
subset of I is feasible), matroids have an exchange or augmentation property. There are
multiple ways to define what a matroid is and we mention a few in Subsection 1.3.3. We

start with a definition via the independence axioms.

Definition 1.5. A pair M = (E,Z) on a finite ground set E with a collection of indepen-
dent sets T < 2F is a matroid if the following three properties hold

() @eI,

(I2) forallI, € I, ¢ E with I, € Z, it holds that I, € Z, and

(I3) foralll,, I, € Z with|I,| < |L,|, there exists e € I, \ I, such that I, + e € Z.

We call a system (E,Z) that satisfies axioms (I1) and (I2) but not necessarily (I3) an
independence system.

An inclusion-wise maximal independent set is called a base and we denote the set of
bases of a matroid by B. It follows from (I3) that all bases have the same cardinality. A
set X ¢ 7 is called dependent. An inclusion-wise minimal dependent set we call a circuit
and denote the set of all circuits by C. A circuit of cardinality 1 is also called a loop and
for circuits with two elements {e, f} € C, we call e and f parallel.

To illustrate these terms above, we use a graphic matroid, i.e., an undirected multi-graph
G = (V, E) in which the edge set forms a ground set of a matroid. The independent sets
of a graphic matroid are those sets of edges that induce a forest. A base in the graphic
matroid is a spanning tree. Whenever a set X ¢ E contains a cycle, then X is dependent
in the matroid sense and the cycles of a graph are precisely the circuits of the graphic
matroid. An edge is a loop in the matroid sense if and only if it is a loop in the graph
theoretic sense. Parallel edges in a graph a parallel elements of the graphic matroid.
We define the rank function p:2* — 7, of a matroid M = (E,T) by p(X) := max{|I| :
X 21€Z}. We may also write p(M) := p(E), which equals the rank of any base of M.
A matroid M = (E,Z) is called trivial if p(M) = o and free if p(M) = |E|.

We call a set F € E a flat (or closed) if the addition of any e ¢ F to F increases the rank,
ie,ifp(F+e) =p(F)+1foralle ¢ F. A flat of rank p(M) —1is also called a hyperplane.
We define the span (or closure) of a set X as the maximal set of elements that can be

1.3 Matroid Theory
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A graphic matroid. The edges {e,, e,, e;, e } are a spanning tree (base), {e,, e;, es}
is a cycle (circuit), {e,, es } are parallel, e, is a loop.

added to X without increasing the rank, i.e., span(X) :={e € E | p(X + ¢) = p(X)}.
Note that p(span(X)) = p(X) holds for all X ¢ E and span(F) = F if F is a flat.

Matroids’ most-known feature is that a greedy algorithm solves the problem of finding

a minimum or maximum weight base for any linear weight function.

MINIMUM/MAXIMUM WEIGHT MATROID BASE
Given: matroid M = (E,Z), weights w: E — Z,.

Find:  base B € BB of minimum/maximum weight w(B).

Indeed, the Matroid Greedy Algorithm below resembles Kruskal’s Algorithm [Krus6]
for the MINIMUM SPANNING TREE problem which is just this algorithm applied to a

graphic matroid. For details we refer to Theorem 40.1 in [Scho3].

Matroid Greedy Algorithm:
Input: Matroid M = (E,Z), weight function w
Output: Minimum/Maximum weight base of M
1 =g
2 for e € E in ascending/descending order of w(e) do
3 L if I + e € Z then

4 LI::I+€

s return |
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1.3.1 Operations on Matroids

Here we introduce some basic operations on matroids. We can generate a minor of a
matroid by removing one or more elements from its ground set. There are two different
removal operations, deletion and contraction. Given a matroid M = (E,Z) and some
X ¢ E, we obtain a matroid by deleting X from M, ie., M\X := (E ~ X,7\X),
where Z\ X := {I € Ex X | I € Z}.> We may also write M | X := M\(E \ X) for the
restriction of M to elements in X. We also obtain a matroid by contracting X in M, i.e.,
M/X = (E~X,T/X),whereZ/X = {I ¢ Ex X |IuX?® eZ}and X? denoting
an arbitrary base of M | X. As a shorthand, we also write M. X := M/(E \ X). Itis
well-known that each of the two minors M\ X and M /X is indeed again a matroid
(see Section 39.3 in [Scho3]). For the sake of convenience, we may also write S\ X and
S/ X for § € {B,C} for the set of bases and circuits of M \ X and M / X, respectively. If
X is a singleton {e}, we may also write M \ e and M/ e instead of M \{e} and M /{e},
respectively. Also note that a series of deletions and contractions can be performed in
any order of the elements, the resulting minor will always be the same (Proposition 3.1.25
in [Oxlo6]). Hence, it is valid to write M \ X/ Y to denote the minor of M after deleting

X and contracting Y in any particular order, provided that these sets are disjoint.

A fundamental result by Whitney [Whi3s] is that matroids allow a notion of duality.

Definition 1.6. Let M = (E,Z) be a matroid. Then M* := (E,Z*) withZ* := {I* € E |
there exists B € B with B € E \ I*} is the dual matroid of M.

It is fairly straight-forward to show that M* is indeed a matroid.

Given a matroid M and its dual M*, we call the independent sets [* € Z* of M*, as
well as its bases B* € B*, circuits C* € C* the coindependent sets, cobases, and cocircuits

of M, respectively. Similarly, we define coloops as cociruits of size 1.

The corank function of M, p*:2F — Z, is the rank function of M*. The rank and corank
function of some matroid M are related via the following theorem.

Lemma 1.7 ([Oxlo6, Proposition 2.1.9]). Let M = (E,T) be a matroid with rank and
corank functions p, p*. Then

p*(E~X)=[ENX|-p(E) +p(X).

*Please note a minor detail concerning the typesetting: we use \ to denote a set difference, which is
different from \ to denote a matroid deletion.

1.3 Matroid Theory
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There are some more useful connections between a matroid and its dual. For instance,
we have that the complement of a hyperplane yields a cocircuit [Oxlo6, Proposition 2.1.6
(iil)] and that M/ X = (M*\ X)* [Oxlo6, (3.1.1)].

Given two matroids M, = (E,,Z,) and M, = (E,,Z,) with E, N E, = &, we define the
direct sum of M, and M, by

M,®M, :=(E,UE,,T,80T,)

where Z, ®Z, :={I CE,UE, | InE, €Z,,InE, € Z,}. It is again easy to verify that a
direct sum of finitely many matroids yields again a matroid.

More interesting are the operations of matroid union and matroid intersection. Given
matroids M, = (E,Z,) and M, = (E,Z,) on the same ground set E,> we can define a

new structure via matroid union—which indeed will be a matroid—by
M,vM,:=(E,I,vL,)
where Z, VI, :={Lul,: 1, €71, €T,}.

Matroid Union Theorem (1.8) ([Edmyo, (88-91)]). The union of finitely many matroids
M, = (E,Z,),..., M, = (E,Z,) with rank functions p,, ..., p, is a matroid

M,v...vM, =(E1I),
with rank function p(S) = minres (SN T|+ X7, pi(T)) and T = {IC E | p(I) = |I|}.

This prompts the question whether the Matroid Greedy Algorithm alone can solve
the MATROID UNION problem, i.e., given n matroids (E,Z,), ..., (E,Z,), the task is to
compute maximum set I that can be partitioned into n sets I, w...w I, with I; € Z, for
all i € [n].# The difficulty comes in the oracle step of the Matroid Greedy Algorithm;
one cannot just ask the oracles of the individual matroids whether an element can be

added to its current independent set.

Example1.1. Consider the two graphic matroids M,, M, in Figure 1.20nE = {e,, e,, €, }.

If the current independent sets are I, = {e,, e, } and I, = &, then the remaining element

3This is without loss of generality; if there is a non-empty symmetric difference, we can just append these
elements to the matroids in which they are missing by direct sum of the trivial matroid.
4See Section 4.2 for a complete description.
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e, 2

M, M,

The two graphic matroids from Example 1.1.

e, cannot be added to either set. However, {e,, ¢,, e;} clearly can be partitioned into
independent sets, e.g., I, = {e,, e;} and I, = {e, }, i.e, M, v M, = (E, 2F).

An algorithm for MATROID UNION has to be able to perform those kind of exchanges
to reach an optimal solution. This requires a more sophisticated idea than naive oracle
calls to each individual independence oracle. We will discuss algorithms for MATROID

UNION in Section 4.4.

On the other hand, given two matroids M, = (E,Z,) and M, = (E,Z,) on the same

ground set E, the matroid intersection
M, AM, :=(E, T, nT,)

withZ, AZ, := {I € E,I € Z,nZ,} is not necessarily a matroid as the following example

shows.

Example 1.2. Consider the two matroids

M, = ({en ez»es}> {®> {el}, {62}’ {33}) {en ez}’ {61’63}})>
M, = ({ev e,_,e3}, {Q’ {el}, {ez}’ {63}’ {ev ‘33}’ {62>e3}})-

Both matroids are graphic and are depicted in Figure 1.3. The matroid intersection
yields
M, AM, = (E,{@,{{e.}, {e.}, {es}. {er, e5})

which violates (I3) for I, = {e,} and I, = {e,, e;}.
The problem of finding a maximum set that is independent in both M, and M, can

be solved however, by means of the MATROID UNION problem due to the following
Theorem by Edmonds [Edmyo].

1.3 Matroid Theory 15
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matroid M, matroid M,

The two graphic matroids from Example 1.2.

Matroid Intersection Theorem (1.9) ([Edmyo, (104)]). Let M, = (E,Z,) and M, =
(E,Z,) be two matroids on a common ground set E with rank functions p, and p,. The

maximum size of a set in I, N I, is
min(p,(S) + p2(E 5)).

A notable special case is where one of the two matroids is a uniform matroid (which
just sets a capacity on the number of elements, see below for details): in that case the
resulting matroid intersection yields another matroid. The operation of intersecting a
matroid M with a uniform matroid U}, is called a truncation (at r € Z., the rank of the

uniform matroid).

1.3.2 A Zoo of Matroids

Graphic matroids introduced above are probably the most used examples of matroids as
they are easy to illustrate and the matroid terminology often has a direct twin in graph
theory. However, not every matroid is graphic and there are a many more examples that
are interesting and we want to list a few in this subsection. We assume E = {e,,..., e, }

for all matroids listed here.

Uniform Matroid A uniform matroid just puts a capacity r € Z, on the number of
elements that can be in a set to be independent. That is, i, = (E,{X € E | |X| < r}).

Partition Matroid Givena partition? = {P,, ..., Py} of E and k capacitiesr,, ...,y €
Z. a set is independent if the capacity constraint for all k parts is satisfied, i.e., M =
(E,{X S E||XnPj]|<rie[k]}). Note that every partition matroid is a direct sum

of uniform matroids.
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Laminar Matroid We say a family of sets S is laminar if for any two §,, S, € S with
S$;nS, #@itholdsthat S, € S, or S, 2 S,. Given a laminar family S = {S,,..., S¢}
on E and k capacities ry, ...,y € Z, a set is independent if the capacity constraints
are satisfied for all sets in S, i.e, M = (E,{X € E | |XnS;| < ri,i € [k]}). Clearly,

partitions are laminar set families, hence, this is a more general class of matroids.

Linear Matroid Given a matrix over some field I, i.e., A € F™*" a set X of columns
of A is independent in the matroid sense if the column vectors in X are linearly inde-
pendent over [F. Linear matroids are also called representable (over the field ) and
the corresponding matrix X its representation. A matroid that is representable over all
fields is called regular.

It is a very interesting (yet out of the scope of this thesis) problem to determine which

matroids are representable over which fields.

Transversal Matroid Given a set system S = (S,,. .., Sx) over a finite universe I/ a
partial transversal of S is a subset T C U such that there is an injection ¢: U — [k] with
t € Sy(r) forall t € T.If|T| = k, then T is called a transversal. Edmonds and Fulkerson
[EF65] showed that the set of partial transversals of any set system S are the set of
independent sets of a matroid.

Matching Matroid Given a graph G = (V, E), we can call a set of vertices S ¢ V
matchable if there exists a matching y € E covering S. The set of all matchable sets is
again the set of independent sets of a matroid. Note that the set of matchings does not
yield a matroid, only an independence system.

Gammoid Given a directed graph G = (V,A) and X, Y € V, we say X is connected
to Y, if there are | Y| vertex-disjoint paths from X to Y. Let S, T € V, then a gammoid
over G, S, and T is given by its independent sets Z = {X € T | S is connected to X}. A
gammoid is strict if T = V.

1.3.3 Matroid Cryptomorphisms

We already defined notions of bases, circuits, ranks, spans, cobases, cocircuits etc.
It is quite clear that a set of bases I3 uniquely defines a matroid as we can just take
Z = {I ¢ E | thereexistsa B € Bwith B 2 I} yields a set of independent sets of a

1.3 Matroid Theory

17



18

matroid. Conveniently, we can indeed uniquely characterize matroids by any of those
terms above, meaning that there are not just the axioms of independence (I1)-(I3) but we
can define matroids also with base axioms, circuit axioms, rank axioms, closure axioms,
hyperplane axioms, and also via their dual interpretation. Whenever two structures
(e.g., a set of bases and a set of circuits) are equivalent in some semantic sense but not
obviously equivalent, they are called cryptomorphic.> We give a list of these axioms here
and want to emphasize that these are all equivalent to Definition 1.5. In the rest of this
thesis, we may abuse notation and write M = (E,Z) = (E,Z*) = (E,B) = (E,B*) =
(E.C) = (E,C*) = (E,p) = (E,p*) = (E, span), to use whatever description of the

matroid is convenient.

Proposition 1.10. A pair M = (E, B) on a finite ground set E with a collection of bases
B c 2F is a matroid if and only if the following two properties hold
(B1) B+ @and
(B2) for all B,,B, € B and e € B, \ B,, there exists some f € B, \ B, such that
B,-e+feb.

Proposition 1.11. A pair M = (E, C) on a finite ground set E with a collection of circuits
C < 2F is a matroid if and only if the following three properties hold
(C1) ¢,
(C2) forall C,, C, € C with C, < C, it holds that C, = C,, and
(C3) forall C,,C, € C with e € C, n C,, there exists some C; € (C, U C,) — e with
C,eC.

Proposition 1.12. A pair M = (E, p) on a finite ground set E with a rank function
p:2f — Z, is a matroid if and only if the following three properties hold

(R1) forall S € E it holds that o < p(S) < |S],

(R2) forall S ¢ T ¢ E it holds that p(S) < p(T), and

(R3) p is submodular, i.e., for all S, T € E it holds that p(SUT) + p(SN T) < p(S) +

p(T).

Proposition 1.13. A pair M = (E, span) on a finite ground set E with a span function
span:2f — 2F is a matroid if and only if the following four properties hold

(S1) forall S € E it holds that S € span(S),

(S2) forall S € T ¢ E it holds that span(S) ¢ span(T),

SHowever, while there are cryptomorphic concepts outside of matroid theory, the term seems to be used
mainly among researchers in matroid theory and only occasionally outside of this community.
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(S3) forall S C E it holds that span(span(S)) = span(S), and
(S4) forall S € E and e, f € E such that e € span(S + f) ~ span(S) it holds that

f espan(S +e).

Note that additionally to those presented axiom systems, which we may call base axioms,
circuit axioms, rank axioms, and span axioms, respectively, we have corresponding axiom
systems in the dual, which we will not state explicitly again here (as they are the same).
Proofs that those axiom systems also completely determine a matroid in the sense of
Definition 1.5 can be found in virtually every textbook that touches matroid theory, in

particular of course in [Wel76] and [Oxlo6].

Typically, matroids are not given explicitly as inputs for a computational problem as
the list of bases, independent sets, circuits, etc. can become too long. Knuth [Knuy4]
showed that for the number g,, of non-isomorphic loopless matroids on ground set of

size m, there is a constant ¢ > o such that for sufficiently large values of m,
loglog g, > m — 2 logm + cloglogm.

As a consequence, there cannot exists an encoding scheme (over a finite alphabet)
such that every matroid’s encoding has a length that is polynomially bounded by m.
Therefore, when using matroids as part of input of a computational problem, we just
use the ground set E as input and assume that other information (whether a set is
independent, a base, or a circuit etc.) is queried from an oracle (“Is X € Z?”, “Is X € B?”,
“Is X € C2”, etc.). If we want to specify the running time of an algorithm on a matroid, we
then describe it in terms of just the size of the ground set and the number of oracle calls.
Mayhew [Mayo8] studies the impact if one would not do that and how the hardness of
a problem can be affected if an oracle (say for bases) is replaced by a list in the input
(e.g., a list of bases).

1.3.4 Polymatroids

There is a natural extension of matroid theory to define a notion of independence
to vectors instead of subsets (which are Boolean vectors). It is most convenient to
generalize the rank axioms (see Proposition 1.12) of matroids, which just requires us to
omit the restriction that the rank cannot be larger than the cardinality of the set (except

the empty set) and the integrality constraint.

1.3 Matroid Theory
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Definition 1.14. A pair P = (E, p) on a finite ground set E and real-valued rank function
p:2F - Ris a polymatroid if

o pisnormalized, ie., p(@) = o,

o pisnon-decreasing,i.eif S € T C E, then p(S) < p(T), and

o pissubmodular, ie., forall S, T CE, p(SUT)+p(SnT)<p(S)+p(T).

In a polymatroid, a point x is independent if for all § ¢ E it holds that x(S) < p(S).
If additionally x(E) = p(E) holds, then x is also called a base. If p(e) < r for some
r € R for all e € E, we also call the polymatroid a r-polymatroid. A polymatroid is called
integer (or discrete) if p maps each set into Z,.. It is easy to see that matroids are just
integer 1-polymatroids.

Every integer polymatroid can be reduced to a matroid (on a potentially exponentially

larger ground set) using Helgason’s reduction [Hel72].

Theorem 1.15 ([Hely2, Theorem 3.3]). A polymatroid P = (E, p) is an integer polymatroid
if and only if there exists a matroid M = (E', py) and a function ¢:E — 2F such that

P(S) =PMm (UeeS ‘P(e))for all Sc E.

1.4 Game Theory

Game theory is the formal study of conflict and cooperation that occurs everywhere
where multiple agents with different interests interact. It is concerned with the mathe-
matical modeling and solving problems where players with their own objectives, that
typically do not align with the objectives of the others, interact and influence each
other. The development of game theory started with mathematicians, most notably John
von Neumann, who is also well-known for contributions in logic, computer science,
economics, and theoretical physics. He and Oskar Morgenstern published the first
monograph on game theory that laid out the foundation of this fascinating subject
[NM47]. In the 1950s, a group of young researchers at Princeton University developed
game theory further, among them Harold Kuhn, Lloyd Shapley, and of course, John
Nash.

1.4.1 Strategic Games

In game theory, one distinguishes between cooperative and non-cooperative games.
This thesis is only concerned with the latter. In this subsection, we give definitions for
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strategic form games and their solution concepts. In the subsequent section, we also
consider extensive form games which allow players to act sequentially instead of all at
once, which we need to analyze the auctions in the subsequent chapters of this thesis.

Definition 1.16. A strategic game (in standard form)isatripleT = (N, (Z;)ien, (¢4i)ien)>
where

e N={1,...,n} is aset of players (or agents),°
o forall i € N, there is a set of strategies 2; (or actions), and
o forall i € N, there is a utility function u;: 2, x ... X, - R.

The idea is that all players i € N simultaneously choose a strategy o; € X;, which yields
a strategy profile (or outcome) 0 = (0y,...,0,) € £ := Xy 2.

As the name suggests, a player i prefers a profile ¢ over a profile 7 if u;(c) > u; (7).
That is, players want to maximize their utility functions.”

If the game is small enough (in both, the number of players and the number of strategies),

a game can be represented completely using a payoft matrix.

GivenagameT = (N, (Z;)en> (4;) ien ), we can define social scoring function U:Z — R
that maps every profile to a value that signifies how desirable this outcome is from a
social point of view. There are a lot of possibilities for social scoring functions but the
most common ones are the utilitarian welfare function (U(c) = ¥,y t:(0)) and the
egalitarian welfare function (U(o) = min;ey u;(0)). While a single optimizer usually
aims to find a profile that is optimal w.r.t. some social scoring function, players in
a game have individual goals in mind (their own utility). Hence, it is interesting to
understand in what profile a game might end up. Naturally, given a strategy profile o,
we can ask for any player i € N, whether o; is the best strategy she can use against the
strategies that the other players play. To make notation a little bit more convenient, we
write (0}, 0_;) when we want to talk about i’s strategy against the strategies of the other
players 0_; := (01,...,0i-1, 04y, - . ., 0,) Similarly, we may write X_; = Xjen (i} Z;
for the set of strategy profiles without i.

6 All games considered in this thesis will be auction games and only have a finite number of players.

7However, it is also possible to instead use cost functions that the players want to minimize. Indeed,
both definitions are equivalent in the sense that one can transform a cost minimization game into a utility
maximization game and vice versa by multiplying either type of function by —1.
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Definition 1.17. Given a strategic game I' = (N, (2;)en, (#4;)ien ), a strategy profile
o € X, and a player i € N, we say i plays a best response against o_; if o; solves

maximize u;(0;, 0_;)

subject to o; € X;.

Typically, in games that are represented in a payoff matrix, searching for a best response
of a player given the strategies of the other players is just an exhaustive search in
the matrix. However, as the formulation in Definition 1.17 suggests, this search might
actually be an arbitrary complex optimization problem.

Using the definition of a best response, we can now also define the most common
solution concept for strategic games. A profile ¢ is stable if no player can unilaterally

change her strategy to improve her own utility.

Definition 1.18. Let T = (N, (Z;)en, (#:)ien) be a strategic game. The strategy profile
o0 € X is a Nash equilibrium (in pure strategies) if for all i € N, u;(0) > u; (7, 0_;) for
all T; € Z,’.

A Nash equilibrium in pure strategies might not always exist. However, if we allow
players to use a probability distributions over their strategy set, then we can also define
Nash equilibria in mixed strategies which are guaranteed to exist for every finite (in N

and X) game.

Definition 1.19. Given a strategic game I' = (N, (2;)en, (#4;) ien ), @ mixed strategy for
player i € N is a probability distribution over X;, i.e., a function y;: £; — [0,1] with

the property that ¥, 5 ui(0;) = 1.8

We denote the set of mixed strategies of a player i € N by A; = {u; € [0,1]* |
Yoes, #hi(0i) = 1} and the set of mixed strategy profiles by A := Xy A;. We also
may use the shorthand notation (y;, y—;) for strategy profile u € A.

For all our purposes, we assume that players are risk-neutral, i.e., they are only interested

in maximizing their expected utility

Eu; (1) = Y ui(o) [T uj(o)).

o€l JjeN

This yields the following definition of a mixed Nash equilibrium.

81f we consider games with an infinite number of strategies, then we have f 5 Hi (0i)do; =1.
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Definition 1.20. Let T = (N, (Z;)en, (u4;)ien ) be a strategic game. The mixed strategy
profile y € A is a Nash equilibrium (in mixed strategies) if for all i € N, Eu;(u) >
Eu;(vi, u—;) forall v; € A;.

Nash’s Theorem (1.21) ([Nasso, Theorem 1]). Every finite game has a Nash equilibrium

in mixed strategies.

Multiple equilibria might exist in a game, which makes it still difficult to predict an
outcome of a game. A stronger solution concept is that of dominant strategies which—if
they exist—makes reasoning about the game very obvious. Excluding irrational play, it
is very natural to assume that if a player has a dominant strategy, then she will also play

it.?

Definition 1.22. Given a strategic game I' = (N, (Z;)en, (4i)ien), a strategy o; €
3; dominates 7; € X; if u;(0;,0-;) > u;i(7;,0-;) forall o_; € Z_; and u;(0;,0-;) >
u;(1;,0_;) for some o_; € _;. We say o; strictly dominates 7; if the inequality is strict
forall o_; € X_;. A strategy o, € X; is (strictly) dominant if it (strictly) dominates all
€2\ {o;}.

1.4.2 Extensive Form Games

In this thesis, we are mainly interested in games in which the strategies of the players
are chosen not simultaneously but sequentially. Games like this are called extensive

form games and they can be modeled by a game tree.

Definition 1.23. An extensive form gameis given by the quadruple ' = (N, G, (£;)ien, (4) ien )»
where
e N={1,...,n} is aset of players (or agents),
o G = (V,A) is the game tree on vertices V (states), partitioned into {V; }cn, and
edges A corresponding to actions that are available to a player: if a = (v,w) € A and
v € Vj, then i can take action a if the game reached the state v. The game tree has a
root vertex v, and terminals T C V (corresponding to outcomes).
o forall i € N, there is a set of strategies X; = A%/, where J; partitions V; into informa-
tion sets, i.e., states that i cannot distinguish (because, e.g., a state was reached via

unobservable actions of other players).*°

9In practice, irrational play might occur, however. If a game is too complicated such that a player might
not understand that she has a dominant strategy, she might play a different one.
'°In a game of perfect information, the information sets are all singletons, i.e., J; = {{v} : v € V;}.
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o forall i € N, there is a utility function u;: T — R.

The information that is available to a player i at vertex v is the history of information
sets and actions she took until v is reached. We denote the history for player i at
vertex v by H;(v) := {J;(w) : wonv,-v-pathandw ¢ V;} u{a = (w,w') € A |
a on v,-v-path and w € V;}.

A subgame of an extensive form game I' = (N, G, (Z;)ien, (4i)ien) is the game T
restricted to a subtree G’ £ G.

Definition 1.24. A strategy profile o in of an extensive form game ' = (N, G, (£;)ien, () ien)
is a subgame perfect Nash equilibrium if for each subgame I'" of T, ¢ restricted to I is a

Nash equilibrium of I".

Given an extensive form game with perfect information, we can compute a subgame

perfect Nash equilibrium with Zermelo’s Algorithm."

1.4.3 Bayesian Games

In some games, players might not know about the complete utility functions of the other
players. This is, for instance, very much the case in auctions, which are a main theme
of this thesis. Valuation functions for goods and items are usually considered private
information and only known to the agent holding the valuation function. To account
for this, we also briefly introduce Bayesian games (or incomplete information games).
The private information is captured by the concept of an epistemic type, describing the
knowledge of a player about the game. We make however, two assumptions to simplify
the concept of Bayesian games. Both assumptions are not really restrictive in the context
of auctions.
« Only utility functions can be private information. The number of players and their
strategy spaces are always the same and independent of the type of the players.
o At all states of the game, players have a belief about the other players utilities, i.e., a
probability distribution over types. All information that is known before receiving
any private information is common knowledge. In Bayesian terms, this is referred

to as the common prior.

As it is natural in the Bayesian setting, beliefs are always updated using Bayes’ rule

whenever a player receives new information.

"backwards induction
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Definition 1.25. A Bayesian game is a quintuple I' = (N, (Z;)ien, (©;)ien> F, (4) ien )»
where

N ={3,...,n} is a set of players (or agents),

forall i € N, there is a set of strategies Z; (or actions),

there is a type space ®; for each player i € N (O := X,y 9;),

there is a common prior F:® — [0,1], a probability distribution over the players’
types, and

for all i € N, the utility function does not only depend on the strategy profile but
also on the players’ types u;: X x ©® — R.

We assume that over the course of a Bayesian game, all players learn their own type

eventually.

Bayesian games are divided into three stages:

exante No player knows about the type of any player (including herself). When we

reason about strategies at this stage, we use the expected utility

E{u;(0i,0-139:,9-;) | 9 ~ F].

interim Players know their own type but not the type of the other players. Conse-

quently, at this stage we consider the expected utility

E[ui(ai,U—i;Si,9—i) | 9~ F—i\Si]

ex post Players know the types of every player. In this final stage, we do not need

expected utilities:

ui(ai’ 0_j, Si) 9—i)'

This allows us also to define three stages of equilibria.

Definition 1.26. Given a Bayesian game I = (N, () ien> (0;)ien, F, (4;)ien ), a strat-

egy profile o is an ex ante Bayes-Nash equilibrium if for all i € N and all 7; € £; it holds
that

E[ui(O'i,O'_i;Si,S_i) | 9~ F] 2> E[u,—(r,—, O'_i;19i,9_i) | 9~ F]

It is an interim Bayes-Nash equilibrium if for all i € N and all 7; € %; it holds that

Elu;i(0i,0-59:,9-;) | 9 ~ F—i\Si] > Elui(7i,0-59:,9-;) | 9_i ~ F—i\S,-]~
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The profile ¢ is an ex post Bayes-Nash equilibrium (or just ex post Nash equilibrium, as
all Bayesian uncertainty is removed at this stage) if for all i € N, all possible types 9 € ©,
and all 7; € X; it holds that

ui(ai’ 0_i, 9i) 9—1') 2 ui(Ti) 0_i, 91" ‘9—i)'

1.5 Auction Theory

The first three main chapters of this thesis are on auctions. Auctions are omnipresent in
our society and a common mean of trade of goods or services. The earliest auctions
(end of the Babylonian age) were conducted to trade women for marriage [HerBC],
during the Renaissance and early modern era auctions were used more frequently in
England to trade goods and leaseholds [Cas23; Patyo]. Today’s auctions are used to
trade anything from antiques, real estates, livestock, paintings and other rare collectibles
to radio spectrum licenses, carbon emissions, all kinds of financial assets, and online
advertising [Klegg].

Auction Theory is a branch of economics that got popular when William Vickrey
[Vic61] first presented the advantages of a second-price sealed-bid auction. In particular,
the quests of designing auctions that are efficient (maximize social welfare), optimal
(maximize revenue), and strategy-proof (incentivize truthful bidding) are interesting.

In this thesis, we are mainly concerned with the objectives of efficiency (in the economic
and computational sense) and incentive compatibility (i.e., incentivize truthful bids).
We introduce a few concepts from mechanism design, the science of rule making. Before
we introduce the somewhat abstract definitions, we first give an intuition of the task
and an example. In algorithm design, the task is to design an efficient process from a
problem description via reformulations to mathematical problems that are (hopefully)
well understood. An underlying assumption is (most of the time) that the whole input
is a priori accessible to the process to obtain an optimal solution and that every step of
the algorithm is carried out as intended. On the other hand, in mechanism design, this is
not the case. In some sense, the task is still to design an algorithm but this time, parts of
the input are not necessarily revealed to the algorithm as they are private information
by strategic agents who—within some rules—perform certain steps as they might think

is best for them (not for the overall system).
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Example 1.3. There are n buyers N = {1,..., n} who are interested in a single item. All
buyers i € N have a valuation for the item v; € Z, that is only known to them. Suppose
a central authority wants to give the item to a buyer i* with maximum valuation, i.e.,
i* € argmax{v; : i € N} (to maximize (utilitarian) social welfare). If the valuations are
known to a central authority, then this is a trivial linear search to find the maximum.
However, as these valuations are a priori private, the task becomes more difficult: if the
buyers know that the central authority will choose a buyer with maximum valuation
and just gives the item to her, then upon asking for the valuations, a strategic agent
would just answer with a exceptionally high number b; for the item in order to win it

and obtain the utility v; for it.

The goal in mechanism design is to define a mechanism (i.e., an algorithm, typically
in style of an auction) that solves the incentive problem while still being efficient. A
mechanism induces a game (in the sense of Section 1.4) played by the buyers which
we can analyze with respect to various solution concepts. Concretely, the mechanism
should achieve the following three goals:

(G1) bidding truthfully is a dominant strategy and never leads to negative utility,

(G2) the resulting allocation should be economically efficient, and

(G3) the auction runs in (strongly) polynomial time.

Now let us define what a mechanism environment and a mechanism formally is.

Definition 1.27. A mechanism design environment is a triple (N, Q, (u;) ;en ), where
o N={1,...,n} isaset of agents,
« Qis a set of outcomes, and

o forall i € N, there is a utility function u;: Q — R.

The set of outcomes Q) can be anything. In social choice theory it is typically a ranking
or a winner among a set of alternatives that the agents can vote on and a mechanism
therefore would be a ballot format and a way to evaluate the collection of all ballots.
We consider rather markets in which a fixed set of items E is to be distributed to the
agents (which we call buyers or bidders in the sequel) in exchange for prices. Hence,
the set of outcomes () is described by the set of functions (2£) (for allocations) and
Z¥ (for prices). However, note that the utility functions u; are typically constant on
the components that are not describing the items or prices of i. We also restrict our
attention to utility functions that are quasi-linear in price and items, i.e., we can write
the utility function always as u;(x;, p;) = v;(x;) — p; for some valuation function
vief - Z,.

1.5 Auction Theory
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A mechanism is a process that has to acquire some information about the agents’ utility
functions and return an outcome. We denote the set of information that a mechanism

might be able to receive (i.e., bids, truthful or not) by 4L.

Definition 1.28. A mechanism (or in the following an auction) for a mechanism design
environment (N, Q, (4;)en) is a triple M = (C, x, p), where
« C isan abstract process to collect some information b € {{ about the buyers’ utilities,
o x:4 — Q is the allocation rule, and
o p:4l — ZN is the pricing rule.

We call a mechanism that asks all agents for their complete utility functions a direct
mechanism (or sealed-bid mechanism) and reference a direct mechanism by only (x, p).
Otherwise, C can be an arbitrarily complex communication protocol that specifies
precisely the back-and-forth exchange of information between the mechanism (the
auctioneer) and the agents (the buyers).

We saw in Example 1.3 how the naive approach of just letting buyers bid an arbitrary
high number as their valuation without punishing overbidding backfires immediately:
bidding truthfully is not a dominant strategy; there actually does not even exist a
Nash equilibrium (as Nash’s Theorem does not apply here). With a lack of incentive
guarantees, economical efficiency also becomes unachievable as choosing the maximum
number would be just as good as picking a buyer at random.

A much more sensible approach is to let the winning buyer i* pay her bid b;~, this is
called a first-price auction. Clearly this solves the problem of agents overbidding: if a
buyer bids higher than her valuation then she is guaranteed to receive non-positive
utility. However, truthful bidding is still not incentivized (as truthful bid guarantees zero
utility). There is also no dominant strategy in first-price auctions as the best response
of the buyer with the highest valuation clearly depends on the highest bid of the other
buyers. It is a simple exercise to see that an ex ante Bayes-Nash equilibrium of a first-
price auction is where every buyer bids the expected value of the highest valuation
except their own if it is smaller than their own valuation and zero otherwise, this is
commonly referred to as bid shading.

The key to obtain an incentive compatible mechanism is the observation above: if a
buyer does not have to worry to overpay by not shading her valuation enough and
instead is just guaranteed to pay whatever would have been optimal to bid in a first-
price auction, then truthful bidding is a dominant strategy. We call the auction that
assigns the item to the agent with the highest bid but only charges the amount of the
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second-highest bid (plus some small increment) second-price or Vickrey auction [Vicé1].
Clearly, economic and computational efficiency are also obtained for the second-price

auction.

Theorem 1.29 ([Vic61, Section III]). The single-item second-price auction is dominant
strategy incentive compatible, achieves maximum utilitarian social welfare, and is imple-
mentable in polynomial time.

Theorem 1.29 is also the special case of Myerson's Lemma below. A mechanism design
environment (N, Q, (v;)en) is single-parameter if Q € RY (how much each buyer
gets allocated) and each buyers valuation can be captured in a single value v; (the
value she receives per unit of good). That is, there is a single type of good that is to be
distributed among buyers and the utility of buyer i for an allocation x € € for prices
p=(p1>-..,pu) is completely determined by x;, v;, and p; as u; = v;x; — p;.

In single-parameter environments it is very easy to build incentive compatible mecha-
nisms as there is essentially a unique way to do it as shown by Myerson [Mye81]. We
call an allocation rule x: RY — RY monotone if for all b € RY and all i € N it holds that
x:(b) < x;(b}, b_;) whenever b} > b;.

Myerson’s Lemma (1.30) ([Mye81, Lemma 3]). For a single-parameter environment and
an allocation rule x it holds that x can be extended to a incentive-compatible sealed-bid
mechanism if and only if x is monotone. Moreover, in that case the payment rule is unique:
Given bids b we set the payment of buyer i to

pi(b) = bixi(b) ~ [ xi(Eb1) €

Next we consider multi-parameter environments, i.e., general mechanism design envi-
ronments. It is fairly clear that goal (G3) is not really achievable in the general case as
the determination of a social welfare maximizing allocation alone can already be an
NP-hard combinatorial optimization problem.

Remarkably, there is a very simple sealed-bid mechanism, the VCG Mechanism [Vic61;
Clay1; Groys], that is dominant strategy incentive compatible and it can be viewed as a
direct extension of the second-price rule for single-item auctions we have seen above.
In fact, there are infinitely many sealed-bid mechanisms that are VCG mechanisms,
we introduce the one with the Clarke pivot rule [Claz1] which yields non-negative pay-

ments (i.e., no subsidies for losing buyers). Its correctness proof is easy but instructive

1.5 Auction Theory
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and hence, restated in this thesis. It can also be found in any set of lecture notes on

mechanism design.

VCG Theorem (1.31) ([Vic61; Clayi; Groyz3]). For every mechanism design environment
(N, Q, (vi)ien), the (direct) VCG Mechanism given by an allocation rule x: 44 — Q that
satisfies

x(b) € arg max > bi(x)

ieN
together with payment rule that sets for all i e N
pb)=max ¥ bix) - ¥ byx(b)),
FEE jeN~{i} jeN~{i}

is dominant strategy incentive compatible and maximizes social utilitarian welfare.

Proof. Assuming truthful bids, the welfare-maximization part is clear by the choice of

X.

To show that this is a reasonable assumption, we need to show that (x, p) is dominant
strategy incentive compatible, i.e., for all buyers i € N and every bid vector b_; of the
other agents, i maximizes her utility v;(x(b)) — p;(b) by using the bid b; = v;.

Soleti € N and b_; be arbitrary and let x* be the outcome chosen by the allocation
rule x(b) (for some bid b;). Then ’s utility is

vi(x(b))—Pi(b)=(Vi(x(b))+ > bj(X(b)))—(rgg ) bj(w))-

jeN~{i} jeN~{i}

(@) (*)

The first term (V) involves x(b), which depends on b; but the second term (4) is a
constant w.r.t. b;. Thus, maximizing i’s utility (i.e., finding i’s best response against
b_;) boils down to maximizing (¥). Now recall that x(b) is chosen as the outcome
that maximizes Yy bj(x) (#) among all x € Q. Hence, if i bids b; = v; then (4)
becomes identical to (©), which is the term that i wants to have maximized. Thus,
bidding truthfully results in the mechanism choosing an outcome that maximizes i’s
utility; there cannot be a better bid.
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We still need to show that submitting a truthful bid yields non-negative utility, i.e.,
the truthful bid is at least as good as not participating. Assume contradiction that
pi(b) > bi(x(b)) forsome i € N, i.e.

max 3 b;(x) - ¥ b;(x()) > bi(x(b)

J#i jEi
— max Y b;(x) > > b;(x(b)).
xeQ T .
j#i jEN

But with max,eq ¥ jen bj(x) > max,eq 3 j.; bj(x), we obtain a contradiction as x(b)

maximizes the left hand side. O

To close this final section of this chapter, we introduce one more neat theorem that
states that, when designing a mechanism, it is not too important to aim for goal (G1) as
a whole. Instead it suffices to design a mechanism in which every buyer has a dominant
strategy. From there we get truthfulness automatically in a direct mechanism that can
be constructed from the original mechanism. Due to its relevance for the ascending

auction in Chapter 2, we also give a proof to the theorem.

Theorem 1.32 (Revelation Principle, [Mye81, Lemma 1]). For every mechanism I =
(C, x, p) in which every buyer i € N has a dominant strategy, there exists an equivalent

direct mechanism 9N that is dominant strategy incentive compatible.

Proof. The idea is to simulate 9t within 9%’ Let us call s;(v;) the dominant strategy of
buyer i w.r.t. her valuation v; in the mechanism 1.

We now construct the direct mechanism 9" = (x', p’) as follows: The buyers are asked
to submit sealed-bids b; to t'. Then 9’ determines the dominant strategy w.r.t. these

b;s, i.e., 0;(b;) for every i € N and communicates according to this strategy with

90t which applies its allocation rule x((0;(b;))ien) and payment rule p((0;(b;))ien)-

Then M’ just uses the same output as M. Formally, x'(b) = x((0;(b;))en) and pi(b) =
pi((0i(b;))ien) foralli € N.

Then 91’ is dominant strategy incentive compatible. If a buyer i has valuation v;, then
submitting b; # v; can only result in 9’ playing a strategy that is different from o; (v;)
which can only decrease i’s utility as 0;(v;) is dominant. Formally, for all i € N, the
right hand side of

vi(x'(bisb-i)) = pi(bis boi) = vi(x((0j(b))) jen)) = pi((0j (b)) jen)

1.5 Auction Theory

31



32

1 s,(b,) m,
I
N RS

s2(b2)

oV
=

$u(bn) p
b, I e

\

Sketch of the proof of Theorem 1.32.

is maximized by setting b; = v;, independent of b_; as 0;(v;) is a dominant strategy for
the mechanism 9 = (C, x, p). O

In Figure 1.4 you find a sketch of the mechanism 9 from the proof, which essentially
adds a proxy-agent for all buyers to play according to their dominant strategy. Note
that 9t is a direct mechanism, every buyer has to submit her whole private valuation
(or a fake one, which she should not), while 9t can be a dynamic mechanism, i.e., a

mechanism that involves more than one round of communication.
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CHAPTER 2

Selling a Matroid Base via an Ascending Auction

In this chapter, we consider an ascending multi-item auction, where the auctioneer is
constrained to sell an independent set of a given matroid. The auction was introduced
by Bikhchandani, de Vries, Schummer, and Vohra in the paper An Ascending Vickrey
Auction for Selling Bases of Matroids” at SODA 2008 [Bik+08] and published in the
journal OR in 2011 [Bik+11] (in the sequel, we only reference the journal version). While
the auction itself is very elegant, its analysis in the original papers is quite laborious and
cumbersome. We show that this does not need to be the case with a simpler analysis.

2.1 The Economic Model

We consider a market consisting of a set of m indivisible distinguishable items E and a
set of n buyers N. Each buyer i € N is interested in a subset of items E; € E and has a
valuation v;: E; — Z.,. We may also write v;(X) = ¥,.x vi(e) for any subset X ¢ E;,
i.e., the valuation of each buyer is additive. The auctioneer is constrained to sell an
independent set of a matroid M = (E,Z).

Recall from Section 1.5 the three desirable properties for an auction:

(G1) bidding truthfully is a dominant strategy and never leads to negative utility,
(G2) the resulting allocation should be economically efficient, and

(G3) the auction runs in (strongly) polynomial time.
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However, in this chapter we aim to design an ascending auction, i.e., instead of a sealed-
bid auction, where every buyer submits her complete valuation function as her bid, the
buyers reveal information about their valuations incrementally over time via back-and-
forth communication with the auctioneer, which yields more decision points where a
buyer might act strategically. We can show that goal (G1) is too much to ask for, as a
dominant strategy—let alone a truthful one—does not need to exist. Hence, we relax
(G1) to

(Gr*) bidding truthfully is an equilibrium strategy and never leads to negative utility.

However, to obtain any incentive guarantees it is clear that the auctioneer has to deter-
mine prices that buyers have to pay in order to disincentivize overbidding for items.
Then we obtain an extensive form game I = (N, (Z;)ien, (#; ) ien ), where the Z; will
essentially be communication from buyer i to the auctioneer, whenever i is queried
and u; (X, p) = v;(X) — p is i’s utility upon receiving X and paying p.

The aforementioned paper by Bikhchandani, de Vries, Schummer, and Vohra [Bik+11]
introduces a clock auction (a special kind of ascending auction) that sells a base of the

given matroid at Vickrey prices.

The main building block for showing that the ascending auction (described in Sec-
tion 2.3) fulfills properties (G1*), (G2), and (G3) is Theorem 13 in [Bik+11] (or Theo-
rem 2.8 in this thesis). It states that the auction computes a welfare-maximizing base
(which yields (G2) immediately) and charges Vickrey prices (which is the key for prov-
ing (G1*)). This work provides a simpler proof of the theorem using only some matroid

folklore lemmas.

It might not seem too obvious why the model described above is interesting, however,
one can make up countless applications. Indeed, every combinatorial optimization
problem that can be reformulated such that the objective is to just find a maximum
weight base can be viewed as a market in which different agents assign weights to
elements that are just interpreted as their maximum willingness to pay for that element.
A typical setting where matroid constraints can arise is public procurement, i.e., when
a governing body purchases a contract over the provision of goods or service from
some organization or company, which then becomes a representative for that governing
body to provide those goods or services. Usually, those kind of contracts come with

' Procurement refers to the process by which an organization sources, negotiates, and purchases goods,
works, or services from an external source. In that sense, the roles of buyer and seller are reversed. Our
setting allows for such a process as well, by simply interpreting the price as a discount that is deducted from
a previously known baseline price.
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the guarantee that the the organization that won the contract will become an exclusive
supplier of the particular goods or services as an exchange for lower prices (but also a
guaranteed revenue as a sole provider of essential goods or services). To give a concrete
but simple example, say a government wants to rebuild its highway network and offers
private companies to purchase a contract that allows them to build, maintain, and
operate the roads in exchange for the permission to charge tolls to drivers who want to
use a road. In a small enough country, the highway network should roughly resemble a
spanning tree to ensure that every road becomes essential for some journeys and there
is no possible detour to avoid a road (and hence, giving the maintaining company some

revenue via tolls).> Other examples include:

o scheduling jobs to machines: bidding that an agent’s job gets processed on a fast
machine (a partition matroid, [DGS86]) or before its due date (a classic example
from the maybe best-known textbook on analysis of algorithms [Cor+22]3),

« allocating homogeneous goods (a uniform matroid, [Auso4]),

« pair-wise kidney exchange: bidding that a patient-donor pair is part of a maximum
matching to perform as many transplantations as possible (a matching matroid or a
transversal matroid, [RSUos]),

« spatially distributed markets: bidding for identical (or very similar goods) in different
locations such that transportation costs, tariffs, or embargoes have to be considered
(a partition matroid, [BNPog]),

o bandwidth-markets: bidding for channels that are less noisy and more reliable against
any fading issues (polymatroid, [THoz]),

« multi-class queueing systems: bidding for a higher priority in a queueing system
(polymatroid, [SY92]).

Note that the latter two applications use polymatroids and hence, are a little more
involved if one wants to apply the auction we present in this chapter. A naive way to
apply the auction is by applying Helgason’s reduction [Hel72] mentioned at the end
of Section 1.3. More recently, Raach and de Vries [RV25] describe a more direct way
of applying the auction directly on the polymatroid instead of the associated matroid
obtained by Helgason’s reduction and thus, avoiding the pseudo-polynomial blow-up

caused by the reduction.

?Privatization of roads and highways is widely unpopular in Germany but very much present in other
countries of the world. For instance, in France roughly 80% of highway kilometers are under private conces-
sion.

30ne could call it scheduling matroid but this term is not widely used. However, if we want to assign a
type of matroid here that can model this scheduling problem, then a transversal matroid will do.

2.1 The Economic Model
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Finally, it is also possible to model markets that do not have any matroidal restrictions
and in which buyers are competing for the same sets of items by simply creating for
each item e € E and each buyer i € N a copy (e, i). Then we can find a market-clearing
allocation (or a Walrasian equilibrium#) by simply building a partition matroid with
partition {{(e, i) }ien }ecr and capacities 1 for each part. If buyers have more delicate
valuation functions than additive ones considered in this chapter, we need more involved

auctions, which will be clarified in Section 3.1.1.

2.1.1 Contribution

We provide a simplified proof the main theorem of Bikhchandani, de Vries, Schummer
and Vohra [Bik+11] that states that an ascending auction computes Vickrey prices and
returns a welfare-maximizing allocation. The original proof requires a very microscopic
analysis of the auction: In every step, one has to keep track of deleted items and cocircuits
that act as a witness for price-setting items, building an auction history, which is called
VCG sequence. In contrast, our proof does not require this step-by-step view of the
auction and instead only uses three matroid folklore lemmas which reduces the length
of the proof significantly, is less technical and less index-heavy. The chapter as a whole,
however, is still self-contained and includes a few more insights that are worth noting.
We also give some more details about the issues of communication costs and privacy
which are after all two crucial selling points for ascending auctions over sealed-bid

auctions.

This chapter is based on the paper A Simplified Analysis of the Ascending Auction to Sell
a Matroid Base which has been accepted for publication in the January 2026 volume of
Operations Research Letters [PR26] and is also available as a preprint [PR24].

2.1.2 Related Work

There is a substantial body of literature on ascending auctions (or dynamic or iterative
auctions in general), and over the course of this thesis, we touch different branches
of this exciting part of mechanism design. In this subsection, we restrict ourselves to
references that are closest to the present interest and our model. For a broad overview

on dynamic auctions, we refer to Chapter 11 in [Nis+o7] and [Paro6b; BNos].

4See Chapters 3 and 4 for a very detailed treatment.
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The VCG mechanism [Vic61; Clay1; Gro73] (cf. Theorem 1.31 in Section 1.5) is a corner-
stone of mechanism design as it lays out a blueprint for incentive compatible mechanism
in any conceivable environment with the objective of maximizing social welfare. It does
not come without weaknesses though. While the potentially bad running time is not a
result of the mechanism itself but just a result of the nominal welfare maximization
problem, the fact that the VCG mechanism is a direct mechanism makes the costs of
communication very high as buyers have to report their whole valuation function. Thus,
mathematical economists and computer scientist were in search of dynamic auctions
that implement the VCG mechanism in which buyers only have to reveal relevant parts
of their valuation functions—which is also desirable with respect to privacy require-
ments. Multiple auctions that implement the VCG mechanism in a dynamic setting
exist [Auso4; Auso6; COP15; VSVoy; Bik+o1; MPoy; SY14]. Typically though, these
auction have multiple price trajectories or involve a proxy auctions that are a bit strange
to follow. This is in contrast to the paper by Bikhchandani, de Vries, Schummer, and
Vohra [Bik+11] whose auction we consider in this chapter.

The VCG mechanism additionally has some drawbacks in terms of revenue generation,
which on one hand can be very low and is also non-monotone in the buyers’ bids.
Moreover, while the mechanism itself is strategy-proof (truthful bidding is a dominant
strategy), it is vulnerable to collusion. Finally, even though the payment rule of the
VCG mechanism sounds intuitively fair (players pay the utility loss of the other buyers
incurred by their participation), it can be considered unfair as buyers might have to pay
two different prices for the same item [AMo6].

2.2 Background Theory

In Section 1.3 we gave a primer on matroid theory. There are a few statements that we did
not mention there as they are quite tailored for the present interest in this chapter. An
integral part of the auction that is introduced in the next section is that the auctioneer
has to keep track of the cocircuits of the given matroid and its minors that appear
during the auction. In Section 1.3 we introduced cocircuits of a matroid as the circuits
of its dual, however, while it remains helpful to think of cocircuits this way, a neat part
of this analysis is that matroid duality is not really relevant to follow the analysis of the
auction (or at least, can be hidden without leaving black boxes).

2.2 Background Theory
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There is an equivalent primal definition of what a cocircuit is, which allows us to omit
the concept of the dual matroid in the sequel.

Proposition 2.1. Let M = (E, B) be a matroid. Then C* is a cocircuit of M if and only
if it is an inclusion-wise minimal set with the property that C* N B # & for all B € 3.

Moreover, for all e € C* there exists a base B € B such that C* n B = {e}.

Proof. Let C* € C* and B € B. As C* is a circuit of M*, there is no proper subset of C*
which is a cocircuit. If C* n B = &, then E \ C* 2 B and hence C* € 7%, contradicting
the fact that C* is a circuit of M*.

Now let e € C* € C*. Assume for all B€ B, Bn C* o {e}, then (C* —e) N B + @. As
C*eC*,C"—e¢C* ie,C*—eecI*. Thus, Ex (C*—e) = (E~\ C*) + e, contains a
base B’ € B and hence, (C* —¢)nB' = 2. O

Conveniently, this description of cocircuits gives us a very natural interpretation of
why the auctioneer has to keep track of them during the auction. We will follow-up on
this in the next section.

Another useful result is due to Brualdi [Bru69g], who showed that the base exchange
property of matroids (cf. Axiom (B2) from Proposition 1.10) can be strengthened to

allow for a simultaneous exchange between two bases.

Proposition 2.2 (Strong Base Exchange [Bru6g, Theorem 2]). Let M = (E,B) be a
matroid and B, B € B. Then for all e € B \ B', there exists some f € B’ \ B such that
B-e+feBandB' —f+ecB.

Before we consider the ascending auction, we remark that there exists a sealed-bid
auction which runs in strongly polynomial time for this model, namely the direct VCG
mechanism (cf. Theorem 1.31): the auctioneer starts by collecting the bids b(e) € Z,
from every buyer i € N for every item e € E;, which may or may not be equal to her true
valuation v;(e). Based on the resulting bid vector b = (b(e)).cr, the auctioneer first
computes a base B € B of maximum b-weight. To compute B, the auctioneer might use
the Matroid Greedy Algorithm as described in Section 1.3. Afterwards, the auctioneer
computes for every buyer i € N the Vickrey price, which incentivizes truthful bidding
(cf. [Vic61; Clay1; Groz3] and Section 1.5). In our setting the Vickrey price of buyer
i€ Nis

ps(i) = max b(B)-b(B\E;). (2.1)

BeB\

i
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Since for every i € N a base of maximum b-weight in M \ E; can be computed with the
Matroid Greedy Algorithm, the auction runs in strongly polynomial time. As already
argued in the introduction, we prefer an ascending auction over a sealed-bid auction,
since an ascending auction is more transparent and requires less information from the

buyers.

2.3 The Auction

Recall that we consider an auction in which an auctioneer is selling a finite set of
distinguishable, indivisible items E to a finite set of buyers N. We assume that each
buyer i € N is interested in buying only the items in a subset E; C E, and that each
buyer i € N has an additive valuation function, i.e., they have a non-negative integral
valuation v;(e) € Z, for each item e € E; and for each subset X € E;, we write
vi(X) = Y.exvi(e). In the auction we consider, the auctioneer is constrained to
sell a base of a given matroid M = (E,Z) on E, where Z denotes the collection of
independent sets. We may assume that E only contains those items for which at least
one buyer is interested in buying them. Notice that we can assume without loss of
generality that no two players are interested in buying the same item. If not, say if
e € E; n E; for some item e € E and two buyers i # j, we can replace e by two
parallel copies e’ and e/, and replace M = (E,T) by M’ = (E’,I’) with ground set
E'=E-eu{e,e/} (andE/ =E; —e+ ei,E; = Ej - e + ¢/) and independence system
T',whereZ' ={IeZ|e¢Iju{l-e+e',I-e+el:1eZ,ecl}. Thisconstruction
extends naturally to the case when even more than two buyers are interested in the

same item.

In other words, we can assume that {E; } ;e is a partition of E. Thus, an instance of our
auction is defined by a matroid M = (E,Z) on a finite set E partitioned into {E; } ;e
and a valuation function v: E - R, with v(e) = v;(e) for the (unique) buyer i € N
with e € E;. We furthermore assume that none of the buyers initially is a monopsonist
in the sense that no cocircuit of M is contained in any E;. Otherwise, we could just
resolve the monopsonies by selling an item from the monopsony (buyer’s choice) for

price o in the same way we resolve monopsonies later in the auction (see below).

The paper [Bik+11] describes and analyses an ascending auction that meets the three
mechanism design goals to (i) incentivize truthful signals, (ii) compute a welfare-maxi-

mizing base, and (iii) run in strongly polynomial time. In this section, we give a slightly

2.3 'The Auction
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modified but equivalent presentation of the auction introduced in [Bik+11]. An analysis
of the auction, which is significantly simpler than the one in [Bik+11], is presented in

Section 2.4.

Sketch of the ascending auction At any point of the auction, we can partition the
items in E into three parts: the set of deleted items D, the set of contracted items I, and
all remaining items E \ (D uI). Intuitively, items in D will remain unsold, the items
in I are already sold, and for all remaining items are still active in the auction, which
may or may not be sold later. A key ingredient of the auction is that the auctioneer
has to keep track of the cocircuits of the currently observed matroid M\ D /I (a minor
of the original matroid M). As cocircuits have a non-empty intersection with every
base, the auctioneer has to make sure that he sells at least one item of each cocircuit
in order to sell a base. The idea now is that the auctioneer increases the price for all
items simultaneously. At any time, a buyer j has the option to announce that there is an
item f ¢ E; that she would not buy if the price (currently p) would increase further.
She may also announce this for multiple items of her set and other buyers may do so
at the same time. In the sequel, we refer to those items as critical at price p. Then, the
auctioneer removes critical items from the matroid one after another. This removal will
be carried out as a deletion in the matroid. Now as every item occurs in some cocircuit
(unless it is a loop) and the cocircuits of the restricted matroid are the same up to
removal of the deleted item (see Lemma 2.6 below), some cocircuits decrease in size.
At some point there will be a cocircuit C* that is completely contained in some buyer’s
item set E;; in that case, we call C* a monopsony. Note that in [Bik+11], they refer to
such a cocircuit as a monopoly, which is just as accurate in case of a reverse auction
or procurement. Whenever a monopsony C* ¢ E; occurs, the auctioneer asks the
buyer i (the monopsonist) to name her most valuable item e from C*. This announced
item e will then immediately be sold to buyer i at price p (in the words of Ausubel
[Auso4], buyer i has clinched an item). After item e is sold, the auctioneer removes e
from the matroid. This removal, however, will be performed as a contraction. Note that
a deletion of an item f might create multiple monopsonies (up to n — 1) which will all
be resolved with the aforementioned procedure. After that the auctioneer resumes to
deleting critical items until he either recognizes another monopsony (he then proceeds
as above) or he runs out of critical items (he then increases the price of all remaining
items by 1). Note that it might very well happen that an item that is announced as
critical at price p still gets sold at price p if there are multiple items of the same cocircuit
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announced as critical at the same time. In that case this item will just be skipped by the
auctioneer in the deletion loop.

As a nice gimmick of this process, we also have a price for every individual item that is
sold during the auction. This is in contrast to the direct VCG mechanism which only

returns a total for every buyer.

The pseudocode Ascending Matroid Auction below gives a precise description of the
auction. We amended the original pseudocode of [Bik+11] only in the sense that we left
out the tie-breaking (which is arbitrary anyway) and perform the deletion steps right
away instead of after resolving all monoposonies that would have occurred.

Ascending Matroid Auction: M = (E,Z) monopsony-free, partition
{Ei}iEN OfE
1 I:=a@,p:=0,p(e) =oforalle e E
2 while I ¢ B do

3 p=p+1

4 R(p) := {f € E| f announced as critical at price p}

5 for f e R(p) \ I do

6 M:=M\f

7 while M contains a monopsony C* ¢ E; of some buyer i do

8 e := item from C* that buyer i chooses to buy now at price p
9 I=1+e¢

10 ple)=p

1 M:=M/e

12 return B:=Iand p

Initially, the auctioneer only knows the matroid M = (E,Z) (that he can access via
an independence oracle) and the partition {E; };cn. For all further information, the
auctioneer has to receive signals from the buyers, i.e., answers to queries about their
valuation functions (see paragraph on truthful signaling below). As usual in matroid
optimization, we assume that the auctioneer has access to an independence oracle. That
is, he might query for any set X € E, whether X € Z in time O(1). Note that, using an
independence oracle, the auctioneer can efficiently check whether the conditions in
the two while loops are satisfied.

Lemma 2.3. A query to a base oracle can be simulated with ® (m) independence oracle
queries.
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Proof. Given a set X, we want to determine whether X € B but only may query “Is
Y € Z?”. We first do a query “Is X € Z7?”. If the answer is false, then we can already
terminate with false.’ Otherwise, we iterate through all e ¢ X and query “Is X+e € Z?”.
If the answer is true for any of those, then we again can return false as X was not
maximal independent. Otherwise, if all those queries were answered with false, then
we answer with true. In total, there are 1+ |E \ X| € ©®(m) queries to the independence

oracle to answer the base oracle query. O

Lemma 2.4. The auctioneer can identify a monopsony of single buyer with @ (m) inde-
pendence oracle queries.

Proof. We describe how the auctioneer can determine a monopsony of buyer i (or
verify that she does not have one) at a stage where items in D are deleted and items in I
are contracted. By Proposition 2.1, to check whether E; contains a cocircuit of M\ D/ I,
it suffices to check whether E; contains items that are in every base of M\ D/I.

The auctioneer runs the Matroid Greedy Algorithm on M\ D/I\E; to determine a
base B of the remaining items except the ones of buyer i.® This requires |E \ (D U
TU E;)| queries. After that the auctioneer queries the independence oracle for every
e € E;~ (IuD), “Is B+ e € Z?”. Every time the oracle answers true, the item e is part
of the monopsony, otherwise it is not. If all those queries are answered with false,
then i is not a monopsonist. These are |E; \ (D u I)| additional queries, i.e., a total of
|[ENx (DUI)| e ®(m). O

It is worth pointing out that if we somehow have access to the independence oracle of
the dual matroid M*, i.e., the coindependence oracle of M, then instead of querying
all items of the current minor to find one monopsony within one buyer’s set E;, it
suffices to check the items in E;. So in total @ (m) queries to the coindependence oracle
suffice to find all monopsonies of M\ D/ I. If the matroid has a compact description,
i.e., an encoding that has polynomial size in |E| (which indeed is the case for all the
matroids we introduced in Section 1.3.2), then it is also conceivable to determine the
dual description of the matroid and only work with this (handling contractions and
deletions in reverse). In that case the initial effort to convert the matroid description to
its dual is amortized over the course of the auction and more efficient. Note that this

5Note that this step is not necessary in our case as the Ascending Matroid Auction maintains an indepen-
dent set.

®Mind that D and I both can contain items in E;. In that case we assume the operations to be performed
from left to right, i.e., only the remaining items in E; get deleted.
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only holds if the class of the dual matroid is also closed under deletion and contraction
(which is, for instance, not the case for gammoids and transversal matroids). The details
can be found in the bachelor’s thesis of Kempkes [Kemz2s, Chapter 4].

Truthful signaling We emphasize that the communication between auctioneer and
buyers takes place only in lines 4 and 8. We say that buyer i is signaling truthfully if
her signals to the auctioneer are consistent with v; in the following sense: If buyer i
is asked to report on her critical items in line 4, she truly announces those items e as
critical for which v;(e) = p. Furthermore, whenever the auctioneer asks buyer i for
her most-valued item in her monopsony C* ¢ E; in line 8, she truly selects the item of

largest v-value in her monopsony C*.

Example 2.1. Consider the graphic matroid in Figure 2.1 with edges labeled by its
buyer’s valuation. At price p = 1, there are no critical items (Figure 2.1a). Hence, the
auctioneer raises the price of all items to p = 2 at which multiple items become critical.
After deleting one of those critical items, the auctioneer observes that three buyers now
hold a monopsony (Figure 2.1b). While two of those monopsonies are singletons, one
buyer still has to signal to the auctioneer which item in her cocircuit she values the most
(Figure 2.1c). Note that in this example untruthful signaling would be a strategy that
is inconsistent with every possible valuation function since one of the two items was
announced as critical while the other one was not). After contracting all best elements
from each monopsony, the auctioneer is left with two more parallel elements, both of
which are critical, so he performs another deletion (Figure 2.1d) resulting in another

singleton monopsony (Figure 2.1e) which can be contracted.

2.4 Analysis

Recall the three mechanism design goals (G1*), (G2), and (G3) described in the in-
troduction. Computational efficiency, i.e., property (G3), is clearly fulfilled: The run-
ning time of the auction scales polynomially in the number of items and buyers.
It even runs in strongly polynomial time by using a long-step variant that only re-
quires a reasonable consistency check on the signals (see [Bik+11] and [RV25] for the

polymatroid case). That is, by replacing Line 3 in Ascending Matroid Auction with

3 | p:=min;en{q; | smallest q; > p for which i has a critical item}

2.4 Analysis
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5 70 el
At p =1, no critical items, At p = 2, three critical State after contracting items
no monopsonies. items, delete the one by buyer1,  for buyer 3 and 4, buyer 2
three monopsonies. decides to take her higher value
item for price 2.
2
Ounen Ounes -
2 2
Delete critical item of Buyer 3 has now a
buyer 2. monopsony, sell her the item.

Example iteration (see Example 2.1) on a graphic matroid with four buyers 1 (black,
solid), 2 (red, dashed), 3 (blue, dotted), 4 (green, dotdashed): For p = o0 and p = 1 there are no
critical items. When p increases to 2 multiple items get critical and trigger some sales, including
some of critical items.
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and the understanding that in Line 4 every buyer who minimized the term in Line 3’
has to announce at least one item as critical, we obtain a long-step auction that results
in the same outcome.

In this section, we give a simplified analysis of the auction that shows that the auction
returns a welfare-maximizing base (property (G2)) and charges Vickrey prices. As it
turns out, this (together with an observation on inconsistent signals) is sufficient to
show that truthful signaling is an ex post equilibrium (see Section 2.6 below), i.e., the
auction also fulfills (G1¥).

The keys to show that the Ascending Matroid Auction yields a welfare maximizing
allocation (under truthful signals) and assigns Vickrey prices are a few statements about

cocircuits and how they evolve by taking minors of the matroid.

In essence, we will need the following three matroid folklore lemmas. Since the proofs
of these lemmas are not always easy to find (including Dawson’s Lemma, which we do
not state verbatim below), we give their proofs here.

Lemma 2.5 (Cocircuits after deletion). Let C* be a cocircuit of M and e € E. Then

C* — e is a union of cocircuits of M \ e.

Proof. We prove the following stronger statement (see [Oxlo6], Exercise 2 in Sec-
tion 3.1):

LetCeCande€E.

(a) Ifec C, then{e} cCorC—ecC(M/e).
(b) Ife ¢ C, then C is a union of circuits of C(M / e).

Our statement follows as the dual statement by taking deletions in the cocircuit set
instead of contractions in the circuit set and the understanding that the empty set is an
empty union of cocircuits if e was a coloop and a single cocircuit is the union over a
singleton.

(a) Lete € C € C.If C = {e}, there is nothing to show. Otherwise, consider M/ e.
Assume C—e ¢ C/e,ie.,, C—e € I/eor C— e properly contains a circuit of M/ e.
AsZ/e={IcE-e|l+ecT},theformer cannot be true, so assume the latter
case. Let C' c C—ewith C' € C/e. Butthen C' + e c Cand hence, C' + e € 7
thus, C' € Z/e.

2.4 Analysis
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(b) Lete ¢ C € C.If C € C/e, we are done. Otherwise, note that C ¢ 7/ e as the
contrary would imply C + e € Z and hence, C € Z. To show that C does not

contain any f outside of a circuit of M / e with other items from C, we show that

PM/e(C) :PM/E(C_f)

forall f € C. Suppose not, i.e., par/(C) = ppse(C - f) +1for some f € C. Then
using the identity from Proposition 3.1.6 in [Oxlo6]

pmsz(X) =p(XUZ)-p(2Z)

we also have that

p(C+e)—p(e) =p(C-f+e)—p(e)+1
— p(C+e)=p(C—f+e)+1,

which implies with submodularity and |[{ f}| = 1 that p(C) = p(C - f) + 1and
hence, C ¢ C. 0

Lemma 2.6 (Cocircuits before deletion). Let C* be a cocircuit of M \ e. Then C* or

C* + e is a cocircuit of M.

Proof. Clearly, at most one can be true. As C* € C*(M\ e), we know that C* n B # &
by definition for all B € B(M \ e). Thus, E ~ C* does not contain a base of M \ e. Also
E~ (C* +e) does not contain a base of M: Suppose it would, i.e., BS E\ (C* +¢e) with
B e B,then B € Z and hence, Be Z(M\e) as e ¢ B. Now assume E \ (C* \ T) does not
contain a base B for some maximal @ ¢ T ¢ C*, making C* := C* \ T c C* a cocircuit
in M\ e. But then C* € C*(M \ ¢), which contradicts the fact that C* e C*(M\e). O

Lemma 2.7 (Augmentation by cocircuit, [Daw8o, Theorem 1]). Let I be an independent
set of a matroid M that can be extended to a maximum weight base. Let C* be any
cocircuit of M/ I and e € C* its maximum weight element. Then I + e is independent and

can be extended to a maximum weight base.
Proof. Let B be a base of maximum weight with I ¢ B with respect to weight function
w. If e € B, we are already done. Otherwise, choose B, € B/ with B, n C* = {e}. Such

a B, always exists as C* is by definition an inclusion-wise minimal set in E \ I that
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intersects every base of M /I. Now construct a base of M by taking B = B, u I and
observe that BN C* = {e} holds as well (as C* ¢ E \ I), which means that C* is also a
cocircuit of M. Since e € B \ B, by the strong base exchange property (Proposition 2.2),
there exists some f € B \ B such that both, B— f + e ¢ B,and B- ¢ + f ¢ B. Note
that f ¢ I, since f € B\ B ¢ B\ I Then it also follows that f € C*, as otherwise
(Bo—e+f)nC* c(B-e+ f)nC* = &, contradicting the fact that C* is a cocircuit of
M and M /1. Since B is a base of maximum weight, the weight of base B - f + e cannot
be larger; thus, w(e) < w(f). However, since e, f € C* and e is max-weight element
of C*, we have w(e) = w(f), implying that B — f + e is a max-weight base containing
I+e. O

Now let us state the main theorem of [Bik+11] and prove it in a new and shorter way.

Theorem 2.8 ([Bik+11, Theorem 13]). The Ascending Matroid Auction returns a welfare-

maximizing allocation and assigns Vickrey prices.

Proof. For the proof, we assume truthful signals from the buyers. The discussion in

Section 2.6 shows why this is justified.

First, we show that the resulting allocation B is welfare-maximizing. For that it suffices
to show that I, the set of sold items in the Ascending Matroid Auction, is max-weight
base extendable throughout the whole auction. Since we start with I = &, the statement
is obviously true in the beginning. Given some stage of the auction with sold items I
and deleted items D, we consider the minor M\ D/I. Say e € E \ (D U ) is the next
item to be added to I. This means e is an item of maximum value in some monopsony
C*, i.e,, a cocircuit of M\ D/I. Thus, by applying Lemma 2.6 repeatedly, we have that
C* = C* u D' is a cocircuit of M /I for some D’ € D. As v(e) > v(f) forall f € D
(and in particular D), e has also maximum value in C*. Hence, by Lemma 2.7, I + e is

max-weight base extendable.

Now let us show that the auction also charges Vickrey prices to the buyers. For each
e € B, let f, denote the item which is deleted before e was added to I, i.e., f, is the
price-setting item for e and we have p(e) = v(f.) . We need to show that for all i ¢ N

B =BNE;u{f,:ecBnE}

is a max-weight base of M \ E;. Note that a deletion of an item f can create at most

*

one monopsony per buyer: If C;', C; are both monopsonies of buyer j, then C’ + f
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and C] + f are both cocircuits in the matroid before deleting f and hence, by the
cocircuit exchange property, there exists a cocircuit C; ¢ (C; u C;) - f which would
be a monopsony of j before deleting f. That is, B has the correct cardinality to be a
base of M\ E; (recall that initially there is no monopsony in M). Thus, we only need
to show that B’ is indeed welfare-maximizing and independent M \ E;. We again use
Lemma 2.7 to show that all elements e € B \ E; are still suitable for the new base and
that for all e € Bn E;, its corresponding f, is a suitable replacement. Consider some
e € B and the set I before e was added. Then e was an item of maximum value in some
monopsony C* of M\ D/I . We also have v(e) > v(f) for all f € D . Thus, e also
has maximum value in C* = C* u D', a cocircuit of M /I with D’ € D by applying
Lemma 2.6. Moreover f, € D’ as otherwise C* would have been a monopsony before

fe was deleted. From here, we make a case distinction:

Case 1: e ¢ E;. By applying Lemma 2.5 on M /I w.r.t. all the items in E;, we also have
that e has maximum value in some cocircuit of M /I\E; = M\ E;/I and hence, by

Lemma 2.7, I + e is max-weight base extendable for M \ E;.

Case 2: e € E;. Deleting E; (including e) yields the minor M /I\E; = M\ E; /. Note
that v(f.) > v(f) for all f € D as f, was deleted last. Applying Lemma 2.5 on M /I
w.r.t. all items in E; yields that there is a cocircuit C* c C* of M\ E; /I with fe as item
of maximum value. So by Lemma 2.7, we have that I + f, is max-weight base extendable
in M\ E;. O

2.5 No Dominant Strategy

In the beginning of this chapter, we mentioned that we need to relax our auction design
goal (G1) to (G1*) as we cannot expect, in an ascending auction, to obtain an auction
that has truthful signaling as a dominant strategy. In fact, there might not even exist a
dominant strategy at all. This is already pointed out in [Bik+11] but without a concrete
example. Below we provide a small example how buyers can react differently on events
within the auction such that truthful signaling might not be a best response (and hence,

not a dominant strategy).

A strategy in the Ascending Matroid Auction is a mapping that returns an action for each
possible information set a buyer might have at any of her vertices in the corresponding

extensive form game which we sketched in Figure 2.2.
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feRr(p)

monopsony
C*cE;
choose favored
item from C*
e
M:=M]/e

further deletions
and contractions

pi=p+1

The Ascending Matroid Auction as game in extensive form. The auctioneer’s

vertices are square and his actions are completely determined by the pseudocode of Ascending
Matroid Auction (with arbitrary tie-breaking). The round vertices are labeled with the buyer that
gets to do an action. The reporting of critical items happens simultaneously, i.e., all vertex
labeled i in such a phase (red, dashed) have the same information set. If all buyers report & as
critical, the auctioneer increases the price and we start over (green, dotted—this phase is just as
the red one again). If R(p) is not empty (yellow, dashdotted), the auctioneer starts deleting
items until he spots a monopsony which trigger further communications with the respective

monopsonist and contractions according to her answer.
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Example 2.2. Consider the market with two buyers N = {1,2} and four items E =
{e',e*, f*, f*}. We have the valuations v; = (v;(e'),v;(f')) are v, = (2,4) and v, =
(3,3). In Figure 2.3 you find the graphic matroid on E (which actually also can be
viewed as a partition matroid). Let us denote by 7, the truthful strategy of buyer 1, i.e.,
announcing e, as critical at price 2 and f, at price 4, independent of whatever buyer 2
does. Also note that there will never be a monopsony containing both e, and f;, so
if buyer 1 ever becomes a monopsonist, her choice of item is unique. If buyer 2 also
signals truthfully (call this strategy 7,), then by the VCG Theorem T, is a best response.
However, there is a second strategy that yields the same outcome against 7,: Buyer 1
can use an altruistic strategy against 7, (call this strategy a,) by instead of announcing
e, as critical at price 2, she already does so at price 1 (but signaling truthfully from there
onward), which yields a lower price for e, for buyer 2. Note that a; and 7, are the only
two best responses against 7, (except for the ones that involve overbidding on f,, which
are clearly not dominant either), so if there is a dominant strategy, it has to be one of
those two.

Buyer 2 on the other hand can also incentivize the altruistic signal of buyer 1 by in turn
also signal altruistically by her strategy «,, which works as follows:

o If buyer 1 announces e, as critical at price 1, she announces f, as critical at price 2
(giving buyer 1 a better price on f,).

o If buyer 1 announces e, as critical only at price 2 (truthfully), she announces f, as
critical at price 3 (truthfully).

In this case a, is a better response against «,, which means that 7, is not dominant.

However, buyer 2 might also react spiteful against «, (call this strategy o, ), which works
as follows:

« If buyer 1 announces e, as critical at price 1, she announces f, as critical at price 4
(giving buyer 1 a worse price on f;).

o If buyer 1 announces e, as critical only at price 2 (truthfully), she announces f, as
critical at price 3 (truthfully).

Here we have that 7, is a better response against g, than a,, so a, is not dominant either
and hence, there cannot be a dominant strategy at all.

In essence, the problem for buyer 1 is that she does not know for her first decision point
whether buyer 2’s reaction will be altruistic or spiteful towards her first signal, which

makes neither of her possible strategies dominant.
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Graphic matroid from Example 2.2 with two buyers 1 (red, dashed) and 2 (blue,
dotted) where signaling truthfully is not a dominant strategy for buyer 1.

2.6 Truthful Equilibrium

The previous section shows that—unlike the direct VCG mechanism—the Ascending
Matroid Auction truthful signaling generally is not a dominant strategy (as there might
be no dominant strategy at all). However, we can show that truthful signaling is an
equilibrium strategy. More precisely, the state in which every buyer signals truthfully is
an ex post Nash equilibrium, which is still a very strong incentive guarantee (albeit not
as strong as an equilibrium in dominant strategies) as probabilistic beliefs that buyers
might have or not have about the valuation functions of others are irrelevant. Even
under the assumption that a buyer might have full knowledge about the other buyers’
valuations, truthful signaling is still without regret if those buyers also signal truthfully.
In other words, if we fix a buyer i and assume that all buyers but i signal truthfully,
then i’s best response is to signal truthfully as well. The proof follows the Revelation
Principle (cf. [Mye81] and Theorem 1.32 in Section 1.5).

To illustrate the proof, let us first look at a sealed-bid proxy auction: at the beginning of
the auction, all buyers submit a bid b;: E; — R, to a proxy buyer (e.g., the auctioneer
himself), who does not know whether b; is truthful or not. Then the proxy buyers
answer all the requests of the auctioneer in Lines 4 and 8 of the Ascending Matroid
Auction consistently with b;. As we have shown, the Ascending Matroid Auction
will now return an optimal allocation (w.r.t. the b;s) and Vickrey prices. By the VCG
Theorem, the dominant strategy for each buyer is to submit her true valuations to her

proxy buyer. The proxy auction is sketched in Figure 2.4.

The key difference between the Ascending Matroid Auction and the described proxy
auction is that in the latter the buyers are submitting a valuation (truthful or not) and
stick with it for the entire auction, while in the former they can in principle answer
requests of the auctioneer in a way that is inconsistent in the sense that the signals
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cannot be represented by any valuation function. This kind of strategic behavior could

be beneficial to a buyer because she can react to events during the auction.

A signaling strategy o; is called consistent if there is a valuation function v; such that
truthful buyer i with valuation v; would signal according to ¢;. Given a valuation
function v;, we denote by y;(v;) the (unique) signaling strategy that is consistent with
vi.

First we reprove the following lemma from [Bik+11] that states that among consistent

strategies, truthful ones are best provided that everyone else is truthful.

Lemma 2.9 ([Bik+11, Lemma15]). Let 7 = (7y,..., T,) be the state in which every buyer
signals truthfully (i.e., w.r.t. valuations v;: E; - Z, for all i € N) in every iteration of the
Ascending Matroid Auction. Let o; be the signals of some i € N consistent with some false

valuation vi: E; — Z, in response to 7_;. Then u;(7) > u;(0;, 7_1).

Proof. If all buyers i € N play consistently according to their true valuation function v;,
then by Theorem 2.8, the Ascending Matroid Auction computes an allocation, i.e., a base
B, that maximizes welfare, i.e., ¥;cy vi(B N E;) and charges Vickrey prices p;(i) w.r.t.
these valuations. By Theorem 1.31, we have that a deviation to a valuation function v; of
one buyer i € N and consistent signals w.r.t. this false valuation yield to an allocation
and Vickrey prices corresponding to this false valuation. As the direct VCG mechanism

is incentive compatible, buyer i cannot increase her utility by this deviation. O

However, this lemma alone is not sufficient to conclude that truthful signaling is an
equilibrium in the Ascending Matroid Auction since we only considered deviations to
signaling schemes that are consistent w.r.t. some valuation. We still need to show that
signals that are inconsistent with any possible valuation function also cannot improve

a buyer’s utility. For an example of such inconsistent signaling, see Figure 2.5.
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At price p = 2 two items are (truthfully announced) as critical: one by buyer 1
(green, dotdashed), one by buyer 2 (red, dashed). If buyer 2s item gets deleted first by the
auctioneer, player 1 has a monopsony and could now announce her critical item as best, which
would be inconsistent with the information that her other item is not critical.

The following lemma shows that every inconsistent strategy can be replaced by a con-
sistent strategy that yields the same outcome in the Ascending Matroid Auction. The
proof is also due to [Bik+11] and just restated here to give a complete and instructive

presentation.

Lemma 2.10 ([Bik+11, Lemma 16]). Let 0 = (1;,y—;) be a state in which buyer i plays
an inconsistent signaling strategy 1; and all other buyers j € N \ {i} signal consistently
via y; for a valuation v; (truthful or not). Then there exists a valuation function v{ such
that o’ = (yi(v?), y-i) achieves the same allocation and prices in the Ascending Matroid
Auction.

Proof. Suppose i is awarded the items B; = {e,,...,e,} S E; at prices p,, <... < p,,.
Moreover, let p ¢ be the price for each f € E; \ B; in which i reported f as critical.
We define a valuation function v{ for buyer i that yields the same outcome if i signals

consistently according to this valuation.

Let P be the highest price computed by the Ascending Matroid Auction w.r.t. to the
state 0. For all e; € B;, we set v{(ex) = (P+1) + (q— k) and for all f € E; \ B,
we set v (f) = py. Then we have that all e € B; are still awarded to buyer i in state
o’ = (yi(v?), y-i) and she will also receive them in the same order as the (g — k) terms
in her valuation yield an ordering according to which i will select an item e; before any
item e, € B; with € > k if they ever occur simultaneously in a monopsony controlled by
buyer i. Moreover, for all e € B; and f € E; \ B;, we have v{(e) > P +1> p =v{(f).
Buyer i will also report all f € E; \ B; as critical at price ps in Line 4. However, note
that in state o she might also report additional items that got awarded to her anyway as
the tie-breaking removed other items first such that she controlled a monopsony. There

is no difference in the outcome, however, as in ¢’ the same monopsony arises but i is
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reporting an item as her favorite of this monopsony, which under the signaling ¢’ will
not be an item that has previously been reported as critical. O

As a corollary, we obtain the following theorem.

Theorem 2.11 ([Bik+11, Theorem 17]). For any profile of true valuations v;, truthful

signaling is an ex post equilibrium of the Ascending Matroid Auction.

Proof. Suppose all buyers j € N \ {i} are signaling truthfully. Then by Lemma 2.10,
there is a consistent signaling strategy that can be used as a best response. Among con-
sistent strategies, by the Revelation Principle (cf. Theorem 1.32) and the VCG Theorem,

signaling truthfully is a best response (Lemma 2.9). O

2.7 Communication Requirements and Privacy

As discussed in the introduction, ascending auctions might be preferred over sealed-bid
auctions as communication costs might be lower or because a buyer does not have to
give up her entire private information to the auctioneer, even though the total running
time of the auction might be worse. In this section, we elaborate a bit more on these
two arguments and compare how the Ascending Matroid Auction compares against its

counterpart, the direct revelation VCG mechanism.

2.71  Communication

The sealed-bid VCG auction requires that all buyers submit their valuation v;: E; — Z..
to the auctioneer and after the computation of the optimal allocation B along with prices
D, the auctioneer has to report those back to the buyers. Note that the first stage (the
bidding phase) intuitively takes place in private communication between an individual
buyer and the auctioneer, while the second stage (the report of the outcome) could
be done via a public channel or in private with each individual buyer. If we assume
that each buyer only needs to know which items she has won and at which price, then
the amount of bits in each model would be the same (as the auctioneer only sends the
information about an item to the corresponding buyer). On the other hand, if we want
all buyers to know the complete outcome of the auction but do not allow existence of a
public channel (for whatever reason), the auctioneer has to send the complete outcome

to each buyer via a separate channel. We assume each buyer to use the same indexing
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scheme for the items, so aword « € {0,1}" (or {0,1}" for an individual buyer i, where
m; = |E;|) uniquely determines a subset of E (or E;, respectively). We take a look at a
minimal protocol (in terms of number of bits to be send) using the public channel to
announce the results. We also assume the communication to be noise-free and without

any errors.

A-priori, the valuations are unbounded and hence, so are the number of bits required
to conduct the auction. Let us assume that v, := max{v;(e) : i € N, e € E;}. Then
the first stage requires © (m1(10g Vimax + 1)) bits of communication from the buyers to
the auctioneer. Then, the auctioneer sends m bits to the public channel announcing the
resulting allocation B and ©(p(M ) (log vimayx + 1)) bits for the prices (where the k-th
number refers to the price of the k-th item that has been announced with a 1in the initial
string. In total this yields ©((m + p(M))(log Vimax + 1) + m) bits of communication.
Note that there are not many degrees of freedom to change the protocol to conduct
the sealed-bid auction. Clearly, the auctioneer needs every buyer’s complete valuation
function (assuming that the matroid is loop-free), to determine B and p correctly. For
the auctioneer it can sometimes be cheaper to just enumerate the sold items using their
index if p(M) is small compared to m to announce B to the buyers (then this would
correspond to p(M)(log m +1) many bits). For the prices, a way to save communication
costs is by announcing a price per buyer instead of item. These are not arguments from
communication complexity (they are not necessary here since the protocol consists of
a sequence of one-way protocols), the auctioneer essentially needs to find the highest
and second-highest value of a cocircuit and to determine those he indeed has to see all
of them. There is also nothing that we can do about sending those values with at least

logarithmically many bits.

Now let us consider the protocol for the Ascending Matroid Auction. The auctioneer
can use a single bit for each price increment step, which will amount to up to V bits. If
a buyer stays silent after a price increment, it means that she does not have any critical
item. Otherwise she can just announce her critical items using log m + 1 bits per critical
item. Note that it might very well happen, that all m items might be announced as critical
during the auction and even at different price steps, which would make an encoding of
a subset every time significantly less efficient (m*> vs m(log m + 1) many bits). To tell a
buyer that she is currently a monopsonist, the auctioneer can communicate the buyer’s
monopsony. This has to happen p(M) many times and needs up to m bits every time.
The monopsonist then has to name a single item from this cocircuit using logm + 1
many bits. Note that the auctioneer does not have to announce the price to the buyer

2.7 Communication Requirements and Privacy
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since it is already known to her using the price increment bits of the auctioneer. In
total this protocol uses ® (Vmay + m(logm + 1) + p(M)(m + logm + 1)) many bits.
Indeed these are more bits than the sealed-bid auction uses, in particular because the
auctioneer has to send a bit for every price increment step (up to V many), whereas the
sealed-bid auction, the number V only has to be sent occasionally (as bid or as price)

using log vimax + 1 many bits, while nothing has to be sent V' times.

However, one can envision a way to avoid the explicit announcement of a price incre-
ment. After all, we introduced the Ascending Matroid Auction as a clock auction, so
we might just use a clock as a proxy to determine the current price. This model is also
studied in communication complexity (see e.g., Impagliazzo and Williams [IW10]).
We already used silence of a buyer after a price increment step as information that that
buyer does not have any critical item at the current price. The goal is now to use a
similar idea to avoid sending a single bit for a price increment step up to V times. If
we use a discrete synchronized clock, then we can use elapsed time as information for
the buyers that the price increased with enough time in between to perform necessary
communication of critical items, monopsonies, favored items, and deletion and con-
traction operations. That is, we are trading additional elapsing time (measured by a
synchronized clock accessible by all agents) for bits that do not have to be sent, which
would reduce the total number of bits to be sent during the Ascending Matroid Auction
to @(m(logm+1) +p(M)(m+log m+1)), which are less bits than what the sealed-bid

auction needs if V' is large enough.

This comparison does not need to be considered fair; after all, using a synchronized
clock, auctioneers and buyers in the sealed-bid auction could also just submit their
information encoded in unary (using elapsing time) and then just sending a single bit
as a separation symbol. However, using a synchronized clock in a clock auction clearly
seems to be less absurd than its use in a sealed-bid auction. For practical purposes the
comparison between those two protocols using different models of communication

seems appropriate.

2.7.2  Privacy

Finally we also discuss how the Ascending Matroid Auction preserves buyers’ privacy.
An auction is a preference elicitation process, i.e., a method to learn sufficiently much
information about the agents to make an optimal decision (here, finding and allocating

a maximum weight matroid base). In computational social choice theory, Brandt and
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Sketch of the two protocols.
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Sandholm [BSos] say that a social welfare function preserves unconditional privacy if
no coalition of agents can uncover any information except the information that can
be inferred from the outcome and the coalition’s preferences. This definition has been

altered by Milgrom and Segal [MS20] to work with clock auctions.”

Definition 2.12 ([MS20]). A communication protocol for an auction has the uncon-
ditional winners’ privacy property if for any buyer i € N and any possible private
information v;, v} and possible private information of other agents v_; such that the
protocol yields the same items for i (i.e., a(v;,v_;) N E; = a(v},v_;) N E;, where « is
the allocation determined by the protocol), the protocol finishes in terminals with the

same outcome.

In sealed-bid auctions, the auctioneer would just examine all bids to determine al-
location and prices (in our case, determine the highest and second-highest bid per
cocircuit). However, this is not really necessary; the auctioneer needs to know the
second highest bid in a cocircuit to determine the price but not really the amount of
the highest bid. The information that there is a higher bid (and that bidder’s identity) is
enough to determine a winner. This is what the Ascending Matroid Auction exploits:
assuming no ties (for the sake of this argument), the buyer with the highest valuation
in a cocircuit will not reveal to the auctioneer what exactly her bid is. By not reporting
any critical item, she just signals to the auctioneer that her bid is still higher than the
current price and hence, any potential second-highest bid with that amount.

However, if we instead use the long-step variant of the Ascending Matroid Auction, a
winning buyer reveals more information (at least the value of her least-desired item)

but still less than in the sealed-bid auction.

7Note that an auction is indeed just a protocol to implement a social welfare function.
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CHAPTER 3

Ascending Auctions via Maximum Flow

For this and the following chapter, we change the market setting a bit. The auctioneer is
no longer constrained to sell an independent set of a matroid but in fact, wants to sell
all items, while every buyer should receive a subset of items such that none of them
feels that they would rather have more, less, or other items at current prices. That is,
we aim for prices that support a market-clearing allocation or more explicitly, there
is neither excess supply nor excess demand. We refer to such an equilibrium state as

Walrasian equilibrium, named after French economist Léon Walras [Waly4].

The theory of Walrasian equilibria has been very well studied. In particular, there is a
very well understanding about the existence and computation of Walrasian equilibria.
Kelso and Crawford [KC82] showed that Walrasian equilibria are guaranteed to exist if
the valuation functions of the buyers have the gross substitute property, and Gul and
Stacchetti [GS99] proved in their Maximum Domain Theorem that gross substitute
valuations are essentially the biggest class of valuation functions that guarantee existence
of Walrasian equilibria.’ In their follow-up work [GSoo], they provided the framework
for auction algorithms that compute Walrasian prices with the very simple idea that also
follows the spirit of a Walrasian tdtonnement process: Starting from all-zero prices, the
auctioneer increases prices on items that have excess demand until a market-clearing

allocation is possible. For the setting in which workers have to be assigned to jobs

"We will go into details about the gross substitute property in Chapter 4.
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(the unit demand and unit supply setting), this auction has already been studied by
Demange, Gale, and Sotomayor [DGS86]. This can be expressed by the pseudocode

Generic Ascending Auction.

Generic Ascending Auction: [GSoo]

1 pi=o0
> while excess demand set F € E exists do
3 L fore € Fdo

| pe)=p(e) +1

s Compute a Walrasian allocation x
6 return (x, p)

4

We will define the term excess demand set precisely in Definition 3.8 in Section 3.3.2 but
for now, we go with an informal description: Given valuation functions of buyers and
prices, we can describe for every buyer i and every subset F of items, how many items
i needs at least from F to receive a bundle she is happy with, this number is called the
requirement of i on F. Then, a set F is in excess demand if the total requirement (the

sum of all requirements on F) is larger than the cardinality of F.

Gul and Stacchetti left one crucial detail open: How can items in excess demand be
computed? This gap was initially filled by Ausubel [Auso6; Ausos] using submodular
function minimization. Murota, Shioura and Yang [MSY13] and Shioura [Shi17] showed
that the function that has to be minimized is not just submodular but L*-convex, which
admits using a faster version of submodular function minimization. Moreover, these
algorithms also work when items are available in multiplicities and that without having
a preprocessing that creates a single item for every copy of some good. However, one
might argue that this is still an overpowered sledgehammer for the problem of finding

an excess demand set.

In this chapter, we show how one can use a far more basic algorithm, i.e., maximum
flow algorithm, to compute the excess demand sets if the valuation functions are easy
enough, namely item-capped additive valuations introduced in the following section.
The more general case will be handled with a bit more involved, but nonetheless elegant
algorithm in Chapter 4. Moreover, we also discuss how a buyer submits her demand
correspondence to the auctioneer, which is non-trivial to do in a non-exhaustive way

in most settings.
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3.1 The Economic Model

We consider a market consisting of a set of m indivisible distinguishable item types
E with quantities b(e) € Z, for all e € E and a set of n buyers N. We denote the set
of bundles that a buyer can receive by [0,b]z = {x € ZF | 0 < x(e) < b(e),e € E}.
Each buyer i € N has a valuation for each item type, i.e., a function ¥;: E - Z,, and a
capacity d; € 7, U {00} that specifies the maximum number of units a buyer can buy
in total. From 7, and d;, we then derive the item-capped additive valuation function

vi:[o,blz = Zy, as follows

) = max{ (e (0) 3 <0y < iy € ). 65

ecE

Note that a buyer i’s valuation function is fully determined by the pair ((#;(e))ceg, d;)-

We design an ascending auction that finds an allocation X = (x;);ey and prices p =

(p(e))eer that satisfy the following properties:
(P1) Forall i € N, x; maximizes buyer i’s utility among all x € [0, b]z, i.e.,
x; € argmax{v;(x) — (p,x) : x € [0,b]z}.
(P2) For all e € E we satisfy the capacity constraint induced by b, i.e.,

> xi(e) <b(e).

ieN

(P3) Forall e € E with p(e) > o, all copies of e are sold, i.e.,

> xi(e) > b(e).

ieN

(P4) The allocation X maximizes total utility, i.e.,

Xe argmax{z vi(yi): Y €]o, b]g} .
ieN
(P5) The prices p are component-wise minimal among all prices that satisfy (P1)-(P4).
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Given a price vector p, we can define buyer i’s demand correspondence, the set of all of
her preferred bundles under the given prices, by

D;(p) = argmax{v, (x) - (p.x) : x € [0,b]2)

and her indirect utility function, i.e., the utility upon receiving such a preferred bundle
and paying its price, by

Vi(p) := max{v;(x) — (p,x) : x € [0,b]z}.

We say a price vector p supports an allocation X if forall i € N, x; € D;(p).

Now Property (P2), which in the economical sense states that there is no excess demand,
can be read as a packing constraint. That is, we need to find one bundle x; from each
D;(p) such that the there is enough supply to pack all the demanded bundles. An
allocation x = (x;);en satisfying all packing constraints is called packing. On the other
hand, Property (P3), stating that there should be no excess supply, can be viewed as
a covering constraint. That is, we need to find one bundle x; from each D;(p) such
that the total demand covers the total supply. An allocation x = (x;);en satisfying
all covering constraints is called covering. Both of these conditions (P2)+(P3), or no
excess demand and no excess supply, or packing and covering® together with the demand

constraint (P1) define a Walrasian equilibrium.

Definition 3.1. We call a price vector p packing if it supports a packing allocation (P2).
It is called covering if it supports a covering allocation (P3). If it supports an allocation
X that is both packing and covering, it is called Walrasian and then (X, p) is called

Walrasian equilibrium.

Note that we assume our valuation functions to be non-decreasing since the per-item
valuations 7;(e) are non-negative for all i € N and all e € E. This monotonicity of the
valuation functions v; is also called free disposal; items that do not contribute positively
to a buyers valuation (not utility) can be disposed by her at zero additional cost. With
the free disposal property, we also have that an allocation can be considered Walrasian
if all items with a positive price are sold. Items with price zero can then be allocated
arbitrarily.

For the rest of the chapter, we will see how to obtain a Walrasian equilibrium via an

ascending auction that only uses simple algorithmic ideas to determine excess demand

>One might also say partitioning.
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sets, which we formally define in Subsection 3.3.2. For the moment, one can think of
an excess demand set as a subset S € E from which the buyers need more units of
items than are available. In some sense, the here presented auction can be viewed as an
efficient implementation of the auctions of Gul and Stacchetti [GSoo], and Ausubel
[Auso6] for the special case where all buyers have a valuation function of the type

described in (3.1).

In the sequel, we use the convention that functions, sets etc. that are associated with a
buyer i, carry the buyer’s index as subscript, e.g., D;(p) and x;, whereas items e are

referred to using parentheses, e.g., b(e) or x;(e).

3.1.1  Differences to Chapter 2

Before we discuss the auction, we briefly discuss in which way the auction here differs
from the matroid auction in Chapter 2. To illustrate, let us restrict the model above such
that b(e) = 1for all e € E and d; = co. We also refer to this restricted model as the unit
supply case. With the Ascending Matroid Auction we can in fact find a market-clearing
allocation for the unit supply model from this chapter by transforming the market given
by E, N and (v;);en to an instance of the market in Chapter 2 with sets E’, (E})en,
valuations (v!);cn and a matroid M’ as follows: Introduce one copy of each item per
buyer, i.e., we build the set E’ = E x N and the demand sets E! = {(e,i) : e € E}.
The valuation functions vi: E; - Z, are then just given by vi((e, i)) = #;(e). Then we
define the partition matroid M’ on the partition {{(e, i) : i € N}}.er and capacity
1 for each part. A market-clearing allocation of E then corresponds to a base of the
partition matroid defined above, where an element (e, i) in the base means that item e

is allocated to buyer i.

This shows, that the Ascending Matroid Auction can find a market-clearing allocation
in unit supply markets when all buyers have additive valuation functions (without a cap
on the number of items). Using either Helgason’s reduction [Hely2] or the extension
by Raach and de Vries [RV25] it is also straight-forward to do the same by adding
multiplicities, i.e., lifting the restrictions on b(e) for all e € E again. However, there
does not seem to be any immediate way to also use the Ascending Matroid Auction

when we also want to use a limit on the number of items that buyers can buy.

On the other hand, one should point out that the setting in Chapter 2 allows a gen-
eralization of the term market-clearing. As seen above, the notion of market-clearing
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can be modeled via a very easy partition matroid on the items but Chapter 2 allows for
arbitrary matroids.

3.1.2 Contribution

In this chapter we describe how to find an excess demand set (specifically the inclusion-
wise minimal one with maximum shortage) that is required in the Generic Ascending
Auction only using a simple algorithmic idea if the valuation functions are item-capped
additive valuations. The economic setting generalizes the one of Demange, Gale, and
Sotomayor [DGS86] for matchings but it is a special case of markets with strong gross
substitute valuations considered by e.g., Ausubel [Auso6] and Murota, Shioura, and
Yang [MSY13]. However, the algorithms for this more general setting rely on submodular
function minimization, which is highly non-trivial and slower.

This chapter is based on the paper A flow-based ascending auction to compute buyer-
optimal Walrasian prices which was published in the Wiley journal Networks in 2024
[Eic+24a] but also available as a preprint [Eic+23a]. There are different ways to show
that the in the paper presented auction returns buyer-optimal Walrasian prices. In the
paper, these correctness results are shown directly on the auction by using properties
of the auxiliary flow network. Here, we give an altered presentation (compared to
the paper version) and provide different proofs using auxiliary theorems and lemmas
by Ausubel [Auso6]. In particular, this means that Lemmas 3.6, 3.7,and 3.12 are new,
and Lemma 3.11, Corollary 3.15, and Theorem 3.18 have new proofs. An advantage of
presenting the results in this way is that it offers a smooth transition into Chapter 4,

where the proof strategies are similar.

Since the paper [Eic+24a] was produced in close collaboration with all coauthors, in
particular Katharina Eickhoff, we decided to use it in both PhD theses. While the
description of the auction and its correctness are included in both theses, the foci are
different. This thesis puts a special emphasis on running times and communication
models whereas in the upcoming thesis of Katharina Eickhof the focus is set to struc-
tural results on equilibria and price monotonicity. For that reason, the latter results are
just stated without proof in this thesis.
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3.2 Background Theory

We already introduced directed graphs in Section 1.1. There is a rich theory on flow
networks, originally by Ford and Fulkerson [FF62] which has a vast spectrum of appli-
cations.

Definition 3.2. A flow network is a capacitated directed graph G = (V, A, u) with two
dedicated vertices s, t € V (source and sink) and capacities u: A - R,.

Given a flow network G = (V, A, u) with source s and sink ¢, a flow (s-t-flow) is a
mapping f: A — R, that obeys the following constraints

capacity no edge is overcongested, i.e., f(a) < u(a) forall a € A and

flow conservation for all v € V \ {s, t} the flow entering v is the same as the flow
exiting v, i.e., Yoes-(v) f(@) = Lacor(v) f(a)-

The value of the flow is val(f) = ¥ ,c5+(5) f(a).

This definition prompts the following problem.

MaximuM Frow
Given: flow network G = (V, A, u), sources € V,sink t € V.,
Find:  s-t-flow f: A > R, such that val(f) is maximized.

The MaximuM FLow problem is a prototype combinatorial optimization problem
with multiple elegant ways to solve it. One particular feature—that is also exploited by
most algorithms—is that there is very intuitive upper bound on the optimal objective

function value, which is the minimum cut (cf. Figure 3.1).

Definition 3.3. Given a flow network G = (V, A, u) with source s and sink ¢, a cut (or

more explixitly, an s-t-cut) isaset S € V with s € S and ¢ ¢ S. The capacity of the cut is
cap(S) = Lyeo+(s) u(a).

Clearly, by the capacity constraint, the value of the maximum flow cannot exceed the

capacity of the minimum cut, the solution to the following problem.

MiNnimum Cut
Given: flow network G = (V, A, u), sources € V,sink t € V.,

Find:  s-f-cut S ¢ V such that cap(S) is minimized.

3.2 Background Theory
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A visual proof of the fact that the minimum cut upper bounds the maximum flow.
Given any s-t-cut S, every unit of flow that leaves s has to eventually cross the cut, i.e., travel
from a vertex in S to a vertex outside of S (orange edges). There can be at most cap(S) units that
can do this due to the capacity constraints. Since this bound has to hold for all s-¢-cuts, it also
has to hold for the minimum cut.

Remarkably, the two problems MaxiMuM FLow and MiNiMum CuT are dual to each
other and hence, their optimal objective function values are equal. This yields the

following famous theorem by Ford and Fulkerson [FFs56].

Max-Flow-Min-Cut Theorem (3.4) ([FF56, Theorem 1]). Let G = (V, A, u) be a flow
network with source s and sink t. Let f* be a maximum s-t-flow and S* a minimum
s-t-cut. Then val(f*) = cap(S*).

Moreover, if the capacities are all integral, then there exists a maximum flow that is
integral and it can be found efficiently by various algorithms using different paradigms
(and hence, also a minimum cut). In particular popular because of their simplicity are
augmenting path algorithms, which are usually presented in everyone’s first course in
algorithms; the first one being by Ford and Fulkerson [FF56], however their presentation
lacked details to make the algorithm polynomial in the size of the network, which were
provided later by Dinic [Dinyo] and independently by Edmonds and Karp [EK72].
More recently, so called push-relabel algorithms became more popular, the first such
algorithm is due to Goldberg and Tarjan [GT88]. Push-relabel algorithms are often
outperforming augmenting path algorithms in theory and practice; not just for the
MaximuM FLow problem but for various combinatorial optimization problems. Very
recently, Chen, Kyng, Liu, Peng, Probst Gutenberg, and Sachdeva presented how to

compute a maximum flow in almost linear time [Che+23].
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For our purposes, we will use the maximum flow in some auxiliary network to determine
an allocation of the items. However, more interestingly, we use a slightly different
auxiliary network and use a minimum cut to determine the items on which we increase
the prices to reach a Walrasian price vector. Given a solution of the MaxiMum FLow
problem f*, we can determine a minimum cut by performing a breadth-first search in

the residual network Gy« = (V, Ags, ug+), where

Ap-={aeAlu(a)> f"(a)} u{(v,u): (u,v) € Awith f(u,v) >0}

— «—

Apx A px

and residual capacities

-
up(a)-f*(a) ifae Ag,
Ufx ( a) = . . «—

f*(a) ifae Ay

Clearly, the minimum cut in a flow network does not need to be unique. However, the
set of all minimum cuts is a lattice with union and intersection as join and meet. The
BFS in the residual network will always find the bottom element of this lattice, i.e., the
inclusion-wise minimal minimum cut, which we will also refer to as the left-most min

cut.

Finally, we shortly demonstrate how we can use the Maximum FLow problem to
determine an allocation. An allocation of items to buyers is a generalized matching
problem: every item type e can be allocated up to b(e) times and a buyer i might
be interested in buying multiple items, say up to d;. For the sake of simplicity, let us
restrict to the unit supply and unit demand setting for the moment, i.e., an allocation
determines at most one buyer for every item and vice versa. This can be formulated as
a matching problem in a bipartite graph: Given prices p and demand correspondences
D;(p) for each buyer, we arrange buyers i € N and items e € E in the bipartite graph
G(p) = (NUE, A(p)) with

A(p) = {(i,e) : e € Di(p)}.

Then the problem of finding a maximum allocation is just solving the matching problem
in G(p).

And here is how we can solve the problem:

3.2 Background Theory
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From bipartite graph G to flow network G.

MAXIMUM CARDINALITY BIPARTITE MATCHING
Given: Dbipartite graph G = (LUR, A).
Find:  matching y € A of maximum cardinality.

From G, we construct the flow network G = ({sfuLuRuU{t}, A, u) with

A={(s0):telyu{(tr):{trteA el reRyu{(r.t):reR}

_A)o
and capacities
1 ifa=(s,8)with€elL,
—
u(a)=40c0 ifa=(6,r)e A,,
1 ifa=(r,t)withreR.

An integral maximum flow f* now corresponds to a matching y = {{¢,r} : f*(&,7) =
1}. A neat feature that comes in handy to find sets in excess demand (which are pre-

venting a packing allocation) is the following theorem by Hall [Hal3s].
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Hall’s Marriage Theorem (3.5) [Hal3s, Theorem 1]. Let G = (L U R, A) be a bipartite
graph. Then G has a matching covering L if and only if [T (S)| > |S| for all S c L.

A set S ¢ L violating the constraint of the theorem is called a Hall violator. A Hall
violator can be computed (if it exists) using the residual network of a maximum flow
in the auxiliary network by simply computing a minimum cut §* and its intersection
with L,ie,S* nL.

The case for maximum generalized matching with capacities greater than 1 on either
side of the bipartite can now also easily be handled by just adjusting the capacity of the
incoming edges for vertices € € L and outgoing edges for vertices r € R. However, for
the allocation problem in our market setting a few more steps are required, which we

present in this chapter.

3.3 The Auction

Recall that we are given item types e € E with quantities b(e) and buyers i € N with
item-capped additive valuations v; (determined by per-item valuations 7;(e) and a
capacity d;). We are looking for a price vector p such that there exists an allocation
X with the property that v;(x;) — (p, x;) is maximized for all i € N, subject to the
constraints for all e € E that ¥,y x;(e) = b(e), i.e., the allocation should be both
packing and covering. Consequently, we also need to find Walrasian prices that support
such an allocation and we want to do so via an ascending auction which works as follows:
Starting at prices p = o, the auctioneer asks all buyers which bundle they would like
the most at the given prices (i.e., their demand correspondence). If it is not possible
to fulfill all the demands (i.e., there is no packing allocation), then there is a subset
of item types that are in excess demand and the auctioneer increases prices on these
item types. On the other hand, if the auctioneer can give every buyer a set that she
prefers without overselling an item type, then the auction stops. We will give a precise
description of the auction in pseudocode Flow Auction at the end of the section. As
an illustrative example, we show how the price raising steps (i.e., Gul and Stacchetti’s

Generic Ascending Auction) work in the unit demand setting.

Example 3.1. Consider the following market with four buyers N = {1,2,3, 4} and four
items E = {e,, e,, €5, e, }. The valuations for items (¥; = (v;(e,), 7;(e,), Vi (e;), Vi(e,))
for i € N) are as follows: 7, = (1,0,0,1), ¥, = (0,1,2,0), #;, = (1,1,3,1), and ¥, =

3.3 The Auction
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(1,0,5,0). This yields the unit demand valuation functions v;: 2f — Z, with v;(S) =
max.cs ¥;(e) for all i € N. Given any price vector p = (p(e))cer, to determine
whether it is Walrasian (i.e., a packing and covering allocation exists), it suffices
to find a perfect matching in a bipartite graph: G(p) = (N U E,{{i,e} : ¥;(e) -
p(e) maximum and non-negative} ). In our example, the corresponding demand graph
for all-zero prices (G(0) is depicted in Figure 3.3a. We can see that there is no perfect
matching in G(0). Hence, by Hall's Marriage Theorem, there has to exists a Hall violator
S = {2,3,4} and its neighborhood I'(S) = {e,} is an excess demand set on which we
increase the price by 1. Intuitively, the three buyers 2, 3, and 4 demand the item e, but it
is available only once. In the next demand graph G(o, 0,1, 0) the Hall violator of the
previous iteration is again a Hall violator but this time e, is also in its neighborhood, so
one could increase the price on e, and e, this time (cf. Figure 3.3b. However, the item
e, is not really in excess demand; only buyer 2 is interested in it, so we do not really
want to increase its price (our objective is not revenue maximization, in fact, we would
like to obtain minimal Walrasian prices). A more careful look at the graph reveals that
the set {3, 4} is also already a Hall violator and its neighborhood only contains {e, }
again (see Figure 3.3¢). Depending on the chosen Hall violator (and the corresponding
excess demand set), we end up with the demand graph in Figure 3.3d or Figure 3.3¢,
corresponding to the price vectors p = (0,1,2,0) or p = (0, 0,2,0) (both Walrasian),

respectively.

Remark. The unit demand setting can always be modeled such that the number of
buyers and items are the same: if there are less buyers than items, we can add dummy
buyers that have a valuation of o for all items. On the other hand, if there are less items
than buyers, then we can treat “getting nothing” as something that is captured within
the market by adding dummy items that every buyer values at o.

3.3.1 Demand Correspondences and Oracles

In the auction briefly sketched above, the auctioneer asks every buyer i € N in every
iteration with price p for her demand correspondence D;(p), i.e., the set of bundles
that maximize her utility under the given prices. We assume in this chapter (and also

Chapter 4) that buyers will report their demand correspondence truthfully.> When

3Unlike for the auction in Chapter 2, this is not a mild assumption, however. We will show in Section 3.5
that the auction we present here is not incentive compatible. That is, truthful reporting is not an ex post Nash
equilibrium of the auction.
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G (o) with Hall violator and G(0,0,1,0) with Hall G(0,0,1,0) with smaller
excess demand set. violator and excess demand set. Hall violator and excess demand
set.

G(0,1,2,0) with perfect G(0,0,2,0) with same
matching. perfect matching but lower
prices (and less edges).

Mlustrations of the demand graphs for Example 3.1. Hall violators are highlighted in
yellow boxes on the left, their neighborhood (excess demand set) in red on the right. A perfect
matching is highlighted with a thick green line.
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given explicitly, this might require a lot of communication from buyer to auctioneer as
the following example illustrates.

Example 3.2. Consider the case with m item types each in quantity b(e) = 1and a buyer
1with d, = 2. Assume the prices to be such that #,(e) — p(e) = u for some u > o and all
e € E, i.e., she values every item the same. Then every subset of E of size * is a preferred
bundle, i.e., 1’s demand correspondence has size |D,(p)| = (”;) eQ(2"m™3).4

However, in the the special case where buyers have item-capped additive valuations
one can argue that specifying all of those sets in the demand correspondence explicitly
is not really necessary. There is a very simple greedy algorithm to construct a preferred
bundle. Its correctness essentially follows from the fact that the set of (inclusion-wise
minimal) preferred bundles form a matroid base set. We prove this fact below for the
unit supply setting, where b(e) = 1 for all e € E. The actual statement then follows
either by Helgason’s reduction (cf. Theorem 1.15) or by our own reduction for the more
general case of gross substitute valuations whose reduction we will demonstrate in
Section 4.7.

Lemma3.6. Let E be our finite set of items and D; (p) denote the demand correspondence

of a buyer i € N restricted to inclusion-wise minimal sets, i.e.,
D;(p) = {X S E|vi(X) - p(X) maximum and X minimal},
where v; is an item-capped additive valuation. Then (E,D;(p)) is a matroid.

Proof. We prove the base axioms (cf. Proposition 1.10). Clearly (B1) holds as the utility
maximization problem is over a non-empty finite domain. For (B2), consider any
X,Y eD;(p)and e e X\ Y. Suppose forall f € Y \ X wehave X — e + f ¢ D;(p), i.e.,
Vi(X)=p(X) > vi(X=etf)-p(X—e+ f) = vi(X)=F1(e)+7: (/) -p(X)+p(e) ~p(f).
But then 7;(e) — p(e) > ;(f) — p(f) and hence, v;(Y - f+e) —p(Y - f+e) > v;(Y)
in contradiction to Y € D;(p). O

Lemma 3.6 is a special case of a more general statement (Lemma 4.5) about gross

substitute valuations, which we will use in Chapter 4.

We can classify the item types into four tiers:

4By Stirling’s approximation, (ﬁ) ~ ) 22

2
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Construct Preferred Bundle:
Input: Valuations 7;, demand d;, prices p
Output: Preferred bundle x;
1+ Determine order e, >; ... >; ey, such that e >; f only if
vi(e) = p(e) 2 ¥i(f) - p(f)

while d; > oand k < m and ¥;(e;) > p(ex) do

3 | xi(ex) :=min{b(e),d;}
4 d;:= di_xi(ek)

5 k=k+1

6 return x;

crucial items E}(p) := {e € E | forall x € D;(p),x(e) = b(e)}. The buyer wants to
buy the whole supply of those item types.

replaceable items E?(p) := {e € E | thereexists x, y € D;(p),x(e) > o, y(e) <
b(e)}. The buyer wants to fill up her bundle with any of those items. Each item in this
set is replaceable by any other item in this set.

omittable items E}(p) := {e € E | there exists x € D;(p) ~ Di(p),x(e) > o}. The
buyer is indifferent between receiving these items to fill up her bundle and not receiving

these items. In particular, since we assume all valuations to be non-negative, E?(p)

contains all item types e with p(e) = o that are not already contained in E}(p) U E;(p).

unwanted items E?(p):={e ¢ E |forall x e D;(p), x(e) = o}. Items that would be
replaced in every preferred bundle by an item with better payoff, in particular those

that would actually yield negative utility under current prices.

Given valuations ¥; and demands d; for each i € N it would suffice to just communicate
these m + 1 numbers to auctioneer once but this would defeat the purpose of having an
ascending auction and would just resemble a sealed-bid auction. An ascending auction
(following the framework of [GSoo]) should only ask for the demand correspondence

of a buyer given a price vector p. Using our definitions above, the auctioneer can ask for

an implicit description of D; (p) by simply asking for the sets E}(p), E;(p), and E; (p).

In summary, this yields a very simple communication protocol between auctioneer
and buyers (requiring to send just 2|E| bits per buyer and price vector) which reveals
indeed the complete demand correspondence of every buyer given the posted prices to

the auctioneer.
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In the sequel, we refer to such a request of the auctioneer to a buyer as a call to a tier
oracle and we analyze the auction under algorithmic aspects with respect to the number
of tier oracle calls the auctioneer has to make to determine an excess demand set.

The following lemma is useful for item-capped additive valuations.

Lemma 3.7. For all price vectors p and x ¢ D;(p), there exists some y € [0, b]z such
that y = x — x. + Xy for some e, f € EU{@} and v;(x) — (p,x) <vi(y) = (p, y)-

Proof. Letx ¢ D;(p).

Case 1: |[x||, < d;. If there exists some f € E with 7;(f) — p(f) > o and x(f) <
b(f),then y = x + xs (e = @) is the desired vector. In this case f can be chose from
E}(p) UE?(p). Otherwise, x must contain some e € E#(p) because x € D;(p) € Di(p)
if x contains all items from E} and E} without exceeding the demand d;. Then y = x— y,
(f = @) is as desired.

Case 2: || x|, = d;. Then x cannot contain the full supply of items in E} ( p) and otherwise
only items from E?(p) as it would be a set from i’s demand correspondence. If there is
an f € E}(p) with x(f) < b(f), then we can exchange this with any e € supp x \ E}(p)
and obtain y = x — y. + xf as desired. Otherwise, there is an item e € E; (p) U E{(p)
which can be exchanged against some f € E7(p).

Case 3: | x|, > d;. Again, if there is an item for E}(p) available, we can just add it, to
improve utility. The same is true if there are items in E}(p) available but x(E}(p) u
E:(p)) < d;. Otherwise, if x contains a bundle from D;(p), then removing any e €
Ei(p) U E¥(p) with p(e) > o yields again more utility. If no such item exists, then
there must be too many items of E?(p) and at least one of them mus have a positive

price. O

Note that Lemma 3.7 actually holds for much more general valuation functions, the
gross substitutes, for which it is not only a necessary but also sufficient condition as
shown in [GSg9].

3.3.2 Excess Demand and Excess Supply

We still need a a formal notion of excess demand and supply in our model. In principle
the auctioneer needs to know for any set F C E, there are enough units of item types
in F available to assign to buyers according to their demand correspondences. This
motivates the following definition.
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Definition 3.8. Let p be a price vector, F € E and i € N. We denote is requirement on
Fwrt. pby

rl(F):= min (xxe).

The total requirement on F w.r.t. p is then given by

rP(F):= Y rP(F)
ieN
A set F € E is in excess demand® if rP (F) > b(F). We call the difference r* (F) — b(F)
the shortage of F.

Intuitively, ¥ (F) is composed by the number of crucial items in F and the minimum
number of replaceable items in F that has to be in a preferred bundle (i.e., the difference

of d}(p) and the number of items outside of F that can substitute items in F).

Remark. Letv;:[0,b]z — Z, be an item-capped additive valuation and F < E. Then it
holds that,

rf(F) = b(FnEj(p)) + (d; (p) - b(Ei (p) N F))" -

3.3.3 A Flow Network to Check for Excess Demand

The auctioneer has to be able to determine an excess demand set or an allocation that
is both packing and covering, given the buyers’ responses (as a tier oracle) to a price
vector p. We have seen (in Example 3.1) that the case with unit demand and unit supply
can essentially be handled using an algorithm for perfect bipartite matchings, which

boils down to solving an instance of MaxiMuM FLow.

The duplication method A natural idea is it to transform every instance of the multi-
supply and multi-demand setting to a unit supply and unit demand setting by treating
an item type e with quantity b(e) just as b(e) individual items and a buyer i with
demand d; as d; individual buyers. Certainly, an ascending auction of the unit supply
and -demand instance will return Walrasian prices, but these prices are in general not

buyer-optimal, as the following example demonstrates.

Example 3.3. Consider one buyer N = {1} with a demand of d, = 2, and two different
items E = {e,, e,} with a supply of b(e;) = b(e,) = 1 which are valued differently

Soverdemanded
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by the sole buyer, say #, = (5,1). If we copy the buyer, there is no stable allocation if
p(e;) < 4 as both copies compete for object e,. If p(e,) = 4, both copies of the sole
buyer are indifferent between the objects and thus, p = (4,0) and x = ((1,0), (0,1)) is
a Walrasian equilibrium. However, considering the original situation, since the buyer is
alone p = (0,0) and x = (1,1) is the buyer-optimal Walrasian equilibrium. The intuitive
explanation is that the duplication method is oblivious to the fact that the two copies
represent the same buyer and hence, the computed Hall sets are wrongly interpreted as
competition between two buyers. Thus, the prices computed by the duplication method

are not buyer-optimal.

Another weakness of such an attempt is that the resulting matching problem (solved by

a maximum flow algorithm) blows up the graph exponentially.

Now we make a more sophisticated attempt to model the problem to find an excess
demand set (or to determine that non exists and the prices are Warasian). Using the
tier oracle, which yields the four sets E}(p) to E}(p) for each buyer i and her total
demand d;, we construct the following auxiliary flow network G(p) = (Vs, Ac(p))
with vertices Vg = {s,t} U (N x [2]) U E and edge set

Ag(p) ={(s,(i,k)):ieN,ke[2]}u{((i,1),e):ie N,ecE;(p)}
u{((i,2),e):ieN,ecEi(p)}u{(e,t):ecE}.

The main idea is that a flow which completely saturates the incoming edges of a buyer i,
i.e., (i,1) and (i,2), corresponds to a vector of her demand correspondence. To this
end, we split for each i € N her demand into d;}(p) = b(E}(p)) and d; (p) = min{d; -
di(p),b(E:(p))}. Then we can use the idea from Section 3.2 to assign capacities
ub:Ag(p) — Z. on the edges:

ub (s, (i,1)) = di(p) forallieN,

ub.(s,(i,2)) =d; (p) forallie N,

ub.((i,1),e) = b(e) forallie Nandalle € Ej(p),

ub((i,2),e) =min{b(e),d?(p)} foralli e Nandall e € E}(p),
ul(e,t) = b(e) foralle € E.

Note that we did not set the capacities of the ((i, k), e)-edges to oo (just as in described
in Section 3.2 for the MAXIMUM CARDINALITY BIPARTITE MATCHING problem). By
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d;, (p)
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b(e,)

Lote b(e,)

2 > 2
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min{b(e.), d; (p)}
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d: (p)
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‘ ' b(er) @ e
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Sketch of an auxiliary flow network. The blue buyer i, has only item type e, as
crucial and e, as replaceable, i.e., she wants to buy the full supply of e, but only a fraction of the
supply of e,. The green buyer i, competes with 7, for e, as it is also a crucial item type for her but
she is indifferent between filling up her bundle with e, or e,. The red buyer i; has multiple item

types that are crucial and replaceable. Finally the yellow buyer i, only has replaceable items.
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choosing these values a bit more carefully, the capacity of an s-¢-cut has an economic
interpretation. If S = {s} or S = V5 \ {t}, then cap(S) is just the total requirement
rP(E) or the total supply b(E), respectively. More general, given an s-t-cut S, we can
compute its capacity as follows (see Figure 3.5):

ap($)= 3 di(p)+ 3 ble)+ 3 min{be).di(p)}+ 3 b(e)

(i,k)¢S (i,1)eS (i,2)eS e€S
e€E;(p)\S ecE; (p)\S
=rP(B)+ 2 b(e)= 3 di(p)
~——  e€S (i,k)eS

const.

supply — demand in §

+ Z b(e) + Z min{b(e),d:(p)}.
(i,1)eS (i,2)€S
ecE;(p)\S ecE: (p)\S

correcting term
part of the demand that can be covered outside of §
That is, the capacity of an s-t-cut S (with at least one buyer vertex and one item vertex)
is just the difference between the supply of items within S and the demand of the buyers
within S for those items (plus a constant). Hence, a minimum cut in this network
corresponds to a set of buyers and items for which this difference is minimum or,
in other words, for which there is a maximum shortage of items. An inclusion-wise
minimal such cut (i.e., the left-most min cut) necessarily includes a minimal set (again,

w.r.t. inclusion) of items that are in such a maximum shortage.

Lemma 3.9. A price vector p is packing if and only if G(p) admits a flow of value

cap({s}).

Proof. From an integral s-t-flow f: Ag(p) — Z, we can construct a packing allocation
X of bundles: One unit of flow via vertices (i, k) and e for some i € N, k € [2],and e € E
corresponds to one unit of x;(e). More precisely x;(e) = f((i,1),e) + f((i,2), e) for
allie N, e e E.>7 The assignment is feasible, since a feasible flow will not have more
than b(e) units of flow routed through e.

Since G(p) only has integral capacities u’,, there exists an integral maximum flow f*. It

has value val(f*) = cap({s}) if and only if all s-leaving arcs are saturated by f*, which

®By construction, we have E}(p) n E2(p) = @ however, which means at least one of those summands is
identical zero.
7Under abuse of notation, we treat f(a) = oifa ¢ Ag(p).
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The three type of edges that occur in an s-t-cut of G(p).

means that every buyer’s total demand under prices p (i.e., d}(p) + d?(p)) is saturated
with items from there respective tiers of crucial (E}(p)) and replaceable items (E; (p)),

respectively. O

However, we cannot be sure whether such an allocation—additionally to being a packing
one—is also covering and hence, Walrasian. Item types that yield zero payoft to a buyer
i are never allocated to i using the flow network construction for G. To allocate the
remaining items (if any), we construct another auxiliary network H(p) = (Vu, Au(p))
based on G(p) with vertex set Vg = Vg U {(i,3) : i € N} U {(i,,3)} and edge set

An(p) = Ag(p) u{(s,(i3)) : i e N} U{((i,3),e) :i € Ny e e E}(p)}.
The capacities uby: Ay (p) — Z., are given by ulj| 4. (,) = ul, and

ub (s, (i,3)) =d; - (d}(p) + d:(p)) forallie N,

ub ((i,3),e) =d; - (d}(p) + d:(p)) for all e € E?(p) with p(e) > o,
up(s, (i0,3)) = b(E),
ub ((i0,3),e) = b(e) for all e € E with p(e) = o.

We introduce a dummy buyer i, that will be allocated all items that have price o and

are not demanded by anyone else. Recall that this is not in violation of the covering
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constraint for Walrasian equilibria as we can just assume that these items may stay
unallocated or—equivalently—are just allocated to any buyer who may dispose them
for free.

The following lemma is obvious.
Lemma 3.10. A maximum flow f* of G(p) is feasible in H(p).

Lemma 3.11. A maximum flow f* in H(p) corresponds to a Walrasian equilibrium if
and only if p is packing and val(f*) = cap(Vy \ {t}).

Proof. As p is packing, there is a packing allocation and it is feasible to assign a flow
according to this allocation in H(p) due to Lemma 3.10. Starting with this flow, every
buyer stays within her demand correspondence if we augment the flow in H(p) using
paths via their respective (i, 3)-vertices as she only receives items that cannot lower her
utility (as the flow will respect her total capacity d;). The dummy buyer i, is capable
of receiving all items with price o, so if the maximum flow indeed saturates all (e, t)-
edges, then the resulting allocation x is indeed covering and hence, (x, p) is a Walrasian

equilibrium. O

Note the following subtlety in the proof above. We started with the initial flow that we
can receive from G(p) and augment it in H(p) until all edges entering ¢ are saturated.
Maximum flow algorithms might not necessarily maintain the initial flow; however,
if we assume that the used algorithm is an augmenting path algorithm that augments
along shortest paths (i.e., the Edmonds-Karp Algorithm) then there will never be a
rerouting of flow away from (i,1)- or (i, 2)-vertices towards a (j, 3)-vertex for some
j # i. Moreover, the leftover items with price o will all be allocated towards the dummy
buyer i, first. If after that there is still some slack on some edge entering ¢, then its
corresponding item type e must have positive price but cannot be in anyone’s tier 1 set
and every augmentation (if possible) with just replace an allocation with an equivalently
good one for the buyers involved. On the other hand, if there is no augmentation possible
such that all edges entering ¢ are saturated, then the price vector is not covering, i.e.,
the price vector already exceeded the minimal Walrasian price vector. However, by
Ausubel [Auso6] and [BLN13] this will not happen given that our price increment steps

are always performed on the minimal excess demand set of maximum shortage.

Note that the final flow f in H(p) with p Walrasian and f such that edges (s, (i,1)) and
(s, (i,2)) are saturated yields a suitable allocation that assigns every buyer a set from
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her demand correspondence and allocates all items to (non-dummy) buyers except for
those that are not demanded even at price o.

For the sake of convenience, from now on we will omit the price vector p when it is
clear from the context, i.e., we will shorten E}(p), ..., E}(p),d;(p),d;(p), G(p) etc.
to E},...,E},d}, d}, G, respectively.

3.3.4 Implementing the Auction

We can now implement the Generic Ascending Auction using the aforementioned flow

networks.

Flow Auction:

1 pi=0

2 Construct G(p) and compute integral maximum flow f*
3 while val(f*) < cap({s}) do

4 Compute left-most minimum cut § € Vg

5 foree SnEdo

s | | ple)i=ple)+1

7 Construct new G(p) and compute integral maximum flow f*

8 Construct H(p) and compute integral maximum flow f* that corresponds to
complete allocation X
o return (X, p)

In Line 2, we can choose from a variety of algorithms for the MAxiMmum FLow problem
as mentioned in Section 3.2. From any integral solution, we can also easily construct
the required (left-most) minimum cut for Line 4 by running a breadth-first search from

s in the residual network.

After analyzing correctness and running time of the Flow Auction, we also present two
improved implementations in the next section.

3.4 Analysis

In this section, we prove that the Flow Auction computes indeed a Walrasian equilibrium
and that it is the (unique) buyer-optimal one, i.e., the prices are component-wise

minimal. Moreover, we show that the running time to find the necessary excess demand
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sets is polynomial in |N| and |E|. We cannot guarantee that the total running time is

polynomial as it also depends on max;ey 7;(e) but the two suggested variants with
ecE

warm starts and long steps yield an improvement of the total running time (while still

being only pseudo-polynomial).

3.4.1 Correctness

The analysis involves a series of technical lemmas. We first show that if we increase
the price of the items in a set F € E a buyers indirect utility decreases by exactly her

requirement for F.

Lemma 3.12. Let p be a price vector, F C E, and i € N. Then V;(p+ xr) = Vi(p)—rF (F).

Proof. Let x € D;(p) that uses as few items from F as possible, i.e., exactly r/ (F) and
yeDi(p+ xr)- Then

Vi(p) =vi(x) = (p,x)
=vi(x) = (p>x) + (xp> x) = (Xp:X)
=vi(x) = (p+ xr x) + (Xp» X)
<vi(y) = (p+xpy) + (xp>x)
=Vi(p+ xr) + (xrx)
=Vi(p+ xr) + 7 (F).

Next we show that for all x € [0, b]z, Vi(p) > vi(x) - (p + xp,x) + r/ (F). Then the
other direction follows from taking x € D;(p + xr). For x € [0, b]z let k = V;(p) -
(vi(x) = (p, x)). We prove the inequality by induction on «. If k¥ = o, then x € D;(p)
and hence, (ys,x) > r/(S) forall S ¢ E. Thus,

vi(x) = (p+ xp x) = vi(x) = (p, x) = (x5, x)
= Vi(p) - (xr x)
< Vi(p) - rl(F)
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as desired. Now let « > o. Then, by Lemma 3.7, there exists y € [0, b]z with y = x—x.+xs
for somee, f € Eand v;(y) — (p, y) > vi(x) — (p, x) and hence, the k corresponding
to y is smaller. We apply the induction hypothesis with y and obtain

Vi(p) 2vi(y) = (p + xe: ) + 1} (F)
=vi(y) = (p,y) = (xr> y) + 1 (F)
> v;(x) = (p,x) +1= (xp, y) + 1} (F)
>vi(x) = {p,x) = (xe. x) + 1] (F),
=vi(x) = {p+ xp %) + 1T (F),

where the second inequality follows from integrality of v;, x, y, and p and the last
inequality from the fact that y = x — x, + xr and hence, their inner products with yr
can differ by at most 1. O

The next lemma essentially justifies Definition 3.8. In particular, we show that a price

vector p is packing if and only if there is no set in excess demand.

Lemma 3.13. A price vector p is packing if and only if there is no set F € E in excess
demand. Moreover, if p is not packing and S* C V5 (p) is a left-most minimum cut, then

F = S* N E is in excess demand.

Proof. By Lemma 3.9, there is a packing allocation if and only if there exists a flow
fin G(p) with val(f) = cap({s}) = X;cy d} + d?. Thus, by the Max-Flow-Min-Cut
Theorem, p is packing if and only if {s} is a minimum cut (which then happens to
be the left-most minimum cut) of G(p) So consider f with val(f) = Y ;.ndi +d},
implying that a packing allocation exists, and let F € E. Then for all (i, k) € N x [2] we

have by flow conservation,

=df <b(e)
2 (@K e) = f(s (k)= X f((K)se) (32)

> max{o,d* - b(EF \ F)}.
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Now we use the inequality above to show that the total demand on F does not exceed
the supply of F:

rP(F) = 1] (F)

ieN

> (b(E;n F)+(d; - b(E} \ F))")

> (d; - b(E} F) + (0] - b(ET N F)))

=Y (max{o,d} - b(Ej \ F)} + max{o,d} - b(E} \ F)})

ieN

SZ( > f(h)e)+ X f((i,Z),e))

ieN \e€E;NF e€EINF

=2 2 (f((i1).e) + f((ir2),¢))

ecF ieN

=2 flet)

eeF

< b(F),

where we used (3.2) at the first inequality. Thus, F is not in excess demand.

Now we show that the condition is also sufficient. Suppose p is not packing and let $*

be the left-most minimum cut in G(p). Since p is not packing, we have

cap(S*) < cap({s}) = 3. d; + d; (3.3)

ieN

Let F:=S*nEand P := §* n (N x [2]). The capacity of $* is

cap(S)=b(F)+ > 3 ble)+ > dk (3.4)

(i,k)eP eeEX\F (i,k)eN\P
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By combining and rearranging (3.3) and (3.4) we get the following chain of inequalities:

b(F)y< > df- > b(Ef\F)

(i,k)eP (i,k)epP
= > (df-b(Ef v F))
(i,k)eP
< ) max{o,b(Eff \F)}
(i,k)eP
=r?(F).
Thus, F is in excess demand. O

So far we essentially showed that if the auction terminates, the resulting prices and
allocation are packing. We still need to show that the auction indeed is guaranteed to ter-
minate and that the prices are not only packing but also covering. To show termination,
we utilize a potential function, the Lyapunov L: ZE — Z, with

L(p) =3 Vi(p) + (p.b),
ieN
which is lower bounded by o (as both terms are clearly non-negative) but decreases
in every iteration of the auction by a positive integer (we show this in the proof of
Theorem 3.18) and hence, has to reach its minimum. The Lyapunov in its continuous
version was introduced by Varian [Var81]. Its discrete version, which we use here, has
been used by Ausubel [Auso6]. Indeed, our flow auction is an efficient implementation

of Ausubel’s auction restricted to item-capped additive valuation functions.

Lemma 3.14 ([Auso6, Proposition 1]). A price vector p is Walrasian if and only if
L(p) < L(q) for all price vectors q.

From Lemma 3.12, we immediately get the following corollary.

Corollary 3.15. Let p be a price vector and F C E, then the difference of the Lyapunov is
exactly the shortage of F, i.e., L(p) = L(p + xr) = r*(F) — b(F).

Now recall that a minimum cut corresponds to an excess demand set of maximum
shortage (see the discussion after the flow network construction in Subsection 3.3.3).
The following corollary will imply together with a result of Ausubel [Ausoé6] that the
Flow Auction will not accidentally pass by a Walrasian price vector in the sense that
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a price of an item type is increased such that an excess supply set is generated. Thus,
assuming that there was no excess supply set at the initial price vector (say o), there will
never be an excess supply set during the auction, which implies that the first packing

price vector must be Walrasian.

Corollary 3.16. Let S* be the left-most min cut of G(p). Then S* N E is the minimal
minimizer of L(p + yx) overall X C E.

To prove the main theorem, we only need one more lemma by Ausubel [Auso6]. Its

proof can be found in [Ausos].

Lemma 3.17 ([Auso6, Proposition 4]). Let p. be the minimal Walrasian price vector

and p < p.. Let S € E be a minimal excess demand set of maximum shortage at p. Then
PHXsS P

Theorem 3.18. The prices p returned by Flow Auction are Walrasian. Moreover, they are

minimal Walrasian.

Proof. Let p. be minimal Walrasian. We show that p = p,. From the loop variant
val(f*) < cap({s}), we know that if the Flow Auction terminates, the returned prices
must be packing due to Lemma 3.9. To show that the auction indeed terminates, we

use the Lyapunov
L(p) = 3 Vi(p) +(p,b).
ieN

Note that L(p) > o for all p € Z, since V;(p) = max{v;(x) — (p,x) : x € [0,b]z} >
vi(0) = (p,0) =oand (p,b) >0as p,b >o0.Thenlet K:= L(0) = ¥,y Vi(0) > 0. We
now show that in each iteration of the while loop of the Flow Auction, the Lyapunov
has to decrease by at least 1. Since K = L(0) is finite and L is lower bounded by o, this
can only happen finitely often and hence, the auction has to terminate eventually. Let
F C E be an excess demand set in some iteration of the Flow Auction, i.e., we increase
the price for all e € F and obtain p’ = p + yp. Thus, we have (p’, b) — (p,b) = b(F).
However, ¥,y Vi(p) = Xien Vi(p') = rP(F) > b(F) by Lemmas 3.12 and 3.13. Hence,
in total L decreases by at least 1 when going from p to p’. Thus, the Lyapunov can
decrease at most K times and the auction has to terminate after at most K iterations.
However, the auction terminates only if there is no excess demand set and hence, the
resulting price vector has to be packing by Lemma 3.13. Using Lemma 3.17, we also
have that using a minimal minimizer F € E of L(p + xr) (which we do by selecting

Chapter 3 Ascending Auctions via Maximum Flow



the left-most min cut S of G(p) and using F = S N E, see Corollary 3.16), then for the
resulting price vector it holds that p + yr < p.. 0

3.4.2 Running Time

It is clear that the total running time of the Flow Auction cannot be bounded in n = |N|
and m = |E| alone as the number of price increments also depend on the valuation
functions, which can take arbitrary high numbers. However, Murota, Shioura and Yang
[MSY13] show that the number of price increment steps—in our case the number of

max
*

maximum flow and minimum cut computations—is just pT** = max.cg p«(e), where

D+ is the (minimal) Walrasian price vector, which is found by the Flow Auction.

Theorem 3.19 ([MSY13, Theorem 1.2]). The number of price increments in the Generic
Ascending Auction, using a minimal excess demand set of maximum shortage in every

iteration, is | px — Po| o, Where p,, is the initial price vector.

The more interesting question is, how fast a single computation of an excess demand
set is. In the Flow Auction this depends of course on the used algorithm for Maximum
FLow, whose running time typically depends on the size of the graph (the number
of edges) and sometimes the maximum capacity. In our case, the size of the flow net-
work is bounded by O(nm) as we have 2n edges from s to the buyer vertices, at most
nm edges between buyer and item vertices, and m edges from item vertices to t. The
maximum capacity is B := max,cg b(e). We use the shorthand TO as a placeholder
for the time that a tier oracle call required and MF for the time of a maximum flow
computation. To give an intuition, as we have seen in Construct Preferred Bundle a tier
oracle essentially just requires sorting the items according to their payoff, which can
be done in time O(m log m). Note however, that this task is carried out by the buyers
and not part of the auction, which just has to receive two bits of information per item
and buyer that encode to which tier an item belongs to. We briefly mentioned a few
algorithms for the MaximuMm FLow problem in Section 3.2. The fastest known algo-
rithm by Chen, Kyng, Liu, Peng, Probst Gutenberg, and Sachdeva achieves a running
time of O((nm)'*°™") log B). However, we also need to take into account the initial
construction of the flow network (for which we need the tier oracles) and the minimum
cut computation. Using the tier oracles, we can construct all O (nm) edges of the graph.
No matter whether, the maximum flow algorithm uses a residual network or not, we

can construct it from an optimal integral flow after its termination to build the residual
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network, also with O(nm) edges and run a breadth-first search to find the left-most
minimum cut, which again is linear in the number of edges, i.e., O(nm). In summary,

the running time is dominated by the maximum flow computation.

Theorem 3.20. A single price increment step of the Flow Auction requires O(nTO+MF)
time.

Note that this running time is faster than the previous method by Murota, Shioura, and
Yang (for more general valuation functions, however), which has a running time of
O(nDO + nm*log(nmB)ExQO), where DO is an oracle call that returns one set from
a demand correspondence, and ExO an oracle call that returns for a given set D and
two item types e, f how many units of e can be exchanged for the same number of
units of f such that the resulting set is still in the demand correspondence.® As we
use different oracles, the running times stated above are not directly comparable but
note that the running time of a tier oracle can simply be bounded by O(mlogm) as
it suffices to sort the item types once in decreasing order of #;(e) to assign the item
types to their respective tier. In the following chapter, we also see that the running time
bound by Murota, Shioura, and Yang above is not the best possible as we improve it to
O(nDO +nm3ExO) (for arbitrary strong gross substitute valuations; cf. Corollary 4.32).
The running time to determine an excess demand set achieved by Flow Auction in
Theorem 3.20 can still be better (using the running time for MFof O((nm)'*°®")) by
Chen, Kyng, Liu, Peng, Probst Gutenberg, and Sachdeva [Che+23]) even if we assume
that DO and ExO require O(1) time if n°) < m>~°(), j.e., when the number of buyers
is not drastically larger than the number of items.

In the following we present two ways to improve the overall running time of this

auction.

warm-start auction use the optimal flow from the previous iteration to obtain an
optimal flow for the current iteration by observing how the buyers’ demand correspon-
dences change (i.e., which items go from crucial to replaceable or vice versa).
long-step auction decrease the number of rounds the auction has to perform by
increasing prices by a value greater than 1 in case the auxiliary network G does not
change too much (in the sense that the left-most min cut stays the same).

One easy observation that we can make is that the auxiliary flow network for prices p+ yr

for some excess demand set F clearly cannot change too much from the network for

8We discuss these oracles more in the next chapter.
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prices p. The idea is now to amend the flow network according to the updated demand

correspondences but keep as much flow as possible from the previous assignment.

The procedure can be found in the pseudocode Flow Update Algorithm. Let D, :=
Yien di(p) +d:(p), i.e., the minimum number of items that have to be assigned to
have a packing allocation. We can show that the obtained flow—while not necessarily
optimal for G(p + yr)—will have a slack that is at most the shortage under p.

Flow Update Algorithm:

Input: Network G(p) with maximum flow f and network G(p’), where
p' =p+ xrforsome F CE

Output: A feasible flow " in G(p") with D, —val(f) > D, — val(f")
1 fl=0
2 for (i,e) € N x E with f((i,1),e) >oor f((i,2),e) >odo
if ((i,1),e) € Ag(p') then

| Add f((i,1)e) + f((i>2), €) units of flow to " on path (s, (i,1), e, t)
elseif ((i,2),e) € Ag(p’) then

| Add f((i,1)e) + f((i,2), €) units of flow to " on path (s, (i,2), e, t)

7 return f

(= " B Y

We show first that the flow that we obtain from Flow Update Algorithm is indeed

feasible.

Lemma 3.21. The flow f computed in Flow Update Algorithm is a feasible flow in G(p").

Proof. Note that flow conservation is fulfilled in every vertex of G(p") by construction.

It remains to show that the capacity constraints for G(p’) are satisfied. Let S be the
left-most minimum cut in iteration G(p) and F = S n E the set of items on which the

prices are increased.

« For (s, (i,1)) we assign ¥,z () (f((i,1), €) + f((i,2), ¢)) units of flow and the
capacity is given by ¥, (,r) b(e). Note that f((i,1),e) + f((i,2), ) < b(e) since
the only edges leaving e has capacity b(e) already in G(p).

o For (s, (i,2)) we analyze the change from d}(p) to d;(p’), i.e., when items in F
increase in price.

- If there are item types in E; (p) n E}(p"), let Z := E}(p) n E}(p") be the types

which move from E? to E} and Y := E?(p) n E?(p") be the types that stay in E?.

3.4 Analysis
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We know that the objects in E?(p) N F € E;(p"). Moreover, the objects in E}(p)
stay in E}(p'), i.e., E}(p) € Ei(p’). Hence, the demand d} increases and the
demand d; decreases by the number of items in Z, i.e., ¥,z b(e).
Recall that left-most minimum cut § is defined by the vertices reachable from s
in the residual network corresponding to f. By definition ZnF =@ and Y C F.
If (i, 2) is in the left-most minimum cut, the edges in the cut which are leaving this
vertex are saturated in any maximum flow. Thus, f((i,2),e) = ub((i,2),e) =
b(e) for e € Z. 1t follows that u%((i,2),e) = min{b(e),d?} = b(e) since
otherwise with this item type the complete demand could be saturated. But this
is a contradiction since buyer i wants to buy items with less payoft at prices p’,
in other words e € E}(p’) and not e € E; (p’).
Since this flow is shifted to (i,1) after the price update, the flow is reduced by
the number of items in Z as well, thus the capacity constraints are still satisfied.
If (i,2) is not in the left-most minimum cut, we cannot reach (i, 2) from items
in Y ¢ F. Hence, the flow on the edges ((i,2), e) with e € Y is zero (otherwise
the backwards edge exists in the residual network and (i, 2) is reachable). Thus,
in the Flow Update Algorithm we do not assign any flow to an edge through the
vertex (i,2). Hence, the capacity of (s, (i,2)) is still not exceeded.

- Consider the case where E}(p) N E}(p’) = @.
If E? does not lose any objects by the price update, we know that

di(p)=di(p)+ ). ble).

eeE(p)nE; (p)

Hence, the capacity is not exceeded on (s, (i,2)).
It remains to show that the capacity is not exceeded if E; loses some objects (it may
get new types from E}, however). The only situation which can cause problems is
if the demand of objects in E} decreases. The demand d; only decreases if there
are objects moving from E? to E} (which does not happen by assumption) or if
there are not enough objects with a positive payoff. The latter case implies that
all items available in E?(p’) are demanded and thus, the capacity constraint on
(s, (i,2)) is fulfilled.

o For edges (e, t) with e € E the capacities do not change, so the constraints in G(p")

are trivially fulfilled.
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o For ((i,1),e) and ((i,2), e) it follows directly by the definition of the capacity
for G(p') and since the capacities on the s-leaving and t-entering edges are not
exceeded. O

Lemma 3.22. The adaption of the network and the check whether the set of objects F in
the left-most minimum cut changes runs in time O(nTO + nm).

Proof. After asking every buyer to report their demand correspondences for the new
prices, every edge is checked and then in constant time the flow is adapted (see Flow
Update Algorithm). Afterwards, the left-most min cut can be computed by a breadth-
first search in the residual network. As there are O(nm) many edges, the statement
follows. 0

We can use the structure of the left-most minimum cut to show that if the flow decreases
in an update step, then the demand decreases by at least the same amount. This will

help us to show that the prices returned by the auction are covering.

Lemma 3.23. Given a maximum flow in G(p) with corresponding left-most minimum
cut S. Let F = SN E be the excess demand set and p’ = p + yr be the price vector after the
price update. Then, the demand d; + d;} of buyer i will decrease at least by

2 f2)e). (3:5)
eeE; (p):
e¢E; (p")VE; (p)
Proof. If (3.5) is zero, the statement is obvious. Thus, from now on, we consider the
cases when flow is removed. This can only occur if some item types get a payoff of zero

after the price update, i.e., if
F'= EX(p) ~ (Ei(p") VE}(p")) # @,

Note that F’ describes the set of item types which move from E? to E;. Since E? just
contains types with that yield no additional utility and E7 only those with a positive

payoff, all item types in F’ are contained in F.

By definition, the demand d} + d;} will decrease by

max{o,d(p)- Y b(e)}.

e€EX(p)\F

3.4 Analysis

91



92

If (i,2) is contained in the left-most minimum cut, all edges from (i,2) to E}(p) \ F
are saturated (since they are not reachable from (i,2)). Hence, there can be at most
d; () = eer:(p)~r b(e) > 0 units of flow going through (i, 2) to vertices in F'. Thus,
for buyer i we reduce the demand at least by the removed flow units traveling through
a vertex of i.

If (i,1) is not contained in the left-most minimum cut, there is no flow on the edges
from (i,2) to F. Thus, no flow through buyer i is removed and we are done in this case

as well. O

Corollary 3.24. The flow f computed in the Flow Update Algorithm satisfies
D, —val(f) > Dy —val(f").

While the Flow Update Algorithm in the worst case does not really speed up the
auction (or even one iteration of it), it is clear that in some cases a maximum flow
computation can be skipped in iterations where the auxiliary network did not change at
all, for instance. However, the Flow Update Algorithm becomes really useful when we
combine it with the following approach to make the whole auction faster by decreasing

the number of iterations.

One natural approach to speed up the auction is to increase the price by more than 1
on items of an excess demand set. Clearly, this has to be done carefully as otherwise we
might increase the price of an item by too much such that it was not in excess demand
for some price vector between the original price and the new one. This could even lead
to the undesired outcome that we overshoot the minimal Walrasian price vector. We
want to increase the prices only by that much such that the left-most minimum cut
does not change, i.e., find the correct increment g such that one price-raising step is
performed instead of g increments of 1. A natural idea is to use a binary search for
q (in contrast, the unit price increments are essentially a linear search for q). Clearly,
one drawback of this is that buyers have to reveal more information: instead of only
revealing their demand correspondences for price vectors that are reached during the
auction (between p, = o and p.) they also have to reveal their demand correspondences
for virtual prices that will never be reached by the auction. In particular, the prices that
are presented to the buyers are not monotone. What is nice about the binary search is
that it essentially leaves the communication protocol between auctioneer and buyers as
it was for the unit-step auction: the auctioneer announces prices (virtual or not) and
the buyers respond with their partition into tiers for these prices.

Chapter 3 Ascending Auctions via Maximum Flow



However, it is not a priori clear that a binary search would work correctly. After all,
between a unit increment and the increment q found by the binary search, there might
be a different increment g’ < g for which the left-most minimum cut in the particular
auxiliary network G(p + q") changes. The following lemma by Shioura [Shi17] implies
that this is not the case.

Lemma 3.25 ([Shi1y, Proposition 4.16]). Let S C E be a steepest descent direction at p of
the Lyapunov, i.e., L(p + xs) is minimum and let S’ C E be a steepest descent direction
atp+ xs. Then, o < L(p+ xs) — L(p+ xs + xs') < L(p) — L(p + xs) holds. Moreover,
assuming that S and S’ are chosen as minimal steepest descent directions, at least one of
the following holds:

(i) L(p+xs) = L(p+ xs+ xsr) <L(p) = L(p+ xs) or
(i) $'28.

In our case, this means whenever the left-most minimum cut changes, then either the
shortage decreases (the slope of the Lyapunov, cf. Corollary 3.15) or the number of item
types that are in excess demand increases. Due to the implied monotonicity of the
left-most minimum cut, we hence can apply the binary search to find the optimal price
increment. To perform the binary search, we use an upper bound on the valuations
Vmax ‘= MaX;en,ecg Vi (€) that the auctioneer is ought to know, which in most economic
settings is a reasonable assumption. Note that Lemma 3.25 also applies to the more
general market settings in which buyers can have arbitrary gross substitute valuations
(see Chapter 4) and is not restricted to the Flow Auction which only works for item-
capped additive valuations.

Lemma 3.26. Every update step (Line 12) takes time at most O(nTO + nm).

Proof. To increase the flow by one unit (or more), we use a breadth first search (BES)
in the residual network. The same is true for the computation of a min cut. The BFS
runs in time O (nm).

By Lemma 3.22 the adaption of the network runs in time O(nTO + nm). O

Lemma 3.27. The number of update steps is bounded by O(log(Vmax)mD, ).

Proof. At the end of the auction we obtain some prices p, and some flow f* such that
val(f*) = cap({s}) = D,,. It starts with the all o-flow and D,. During the algorithm
val(f) — D, is non-increasing (see Corollary 3.24). If it decreases in an update step it
decreases by at least by one.

3.4 Analysis
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Long-Step Auction:

1

2

3
4
5
6

10

11

12

-
w

14

p=o
Construct G(p) and compute integral maximum flow f* and left-most
minimum cut §*

while val(f*) < cap({s}) do

Kyp = Vmax
Ao =1

._ aup+0610
===

while a,, > «j, do
Construct G’ := G(p + ays+ng) and compute left most minimum cut
Sl
if $' = §* then a, = a else ayp =«

l Qup+&lo J
2

o =

P=p+axsnE
Construct new G(p) (using the Flow Update Algorithm) and augment to
new integral maximum flow f* and compute left-most minimum cut §*

Construct H(p) and compute integral maximum flow f* that corresponds to
complete allocation X
return (X, p)
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Using Lemma 3.25 we can show that this value decreases all O(log(?max)m) update
steps.

Given some network and some flow, if we can augment the flow, clearly the value
val(f) — D, decreases. So assume it is not possible to augment the flow. With one
update step we can recognize this situation and compute a minimum cut giving an
minimal excess demand set of maximum shortage. It is possible that we amend the
network in the next update step, but in the resulting graph, the adapted flow is already
maximum, i.e., the minimum cut does not change. Using a binary search, we can find
in O(log(¥max)) time a point where the minimum cut changes.

It is still possible that the left-most minimum cut changes, but the capacity of the
minimum cut and thus, the value of the maximum flow remains the same. Using
Lemma 3.25, we know that the left-most minimum cut changes monotonically. By the
structure of the network, the left-most minimum cut is determined by the item types in
the cut. Thus, a left-most minimum cut with the same capacity can be seen at most m
times. Hence, after O (log(¥max ) m) update steps, the flow needs to be augmentable. [

As a corollary of Lemma 3.26 and Lemma 3.27 we obtain a running time bound of
Long-Step Auction.

Theorem 3.28. The running time of the Long-Step Auction is bounded by O (log(Vmax ) mnDo(m+

TO)), where Viax = mMaxien,eep Vi(e) and Do = Y ey di-

3.5 Optimality and Incentives

In this last section of the chapter, we show a few properties of Walrasian equilibria. A
fundamental result is that any Walrasian equilibrium is Pareto-efficient, i.e., no agent
(including the seller or auctioneer) can improve their own utility without some other
agent losing utility. This is generally referred to as First Welfare Theorem which is rooted
in the works of Pareto [Paro6a] and Walras [Waly4] and formally proven by Arrow and
Debreu [ADs4; Arrsi; Debsi] and is a long-standing result which is included in every

textbook on microeconomics. As its proof is easy but elegant, we restate it here.

First Welfare Theorem (3.29) ([Arrs1, Theorem 2], [Debs1]). Every Walrasian equilib-
rium (x, p) is Pareto-efficient.

Proof. Suppose (x, p) is a Walrasian equilibrium but not Pareto-efficient. Then there
exists a feasible allocation x* such that v;(x) > v;(x;) and there is some buyer j € N
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for which this inequality is strict. However, we then must also have (p, x7) > (p, x;)
as otherwise x cannot have been Walrasian since for all i € N, we also have v;(x;) —

(p>xi) 2 vi(x]) = (p,xF). In total, by summing over all i € N, we obtain

Y vilxi) = {poxi)) 2 Y (vilx]) = (p, 7).

ieN ieN
Now observe that Y, n{p,x;) = (p, b) as x is Walrasian (in particular packing, i.e.,
foralle € E, ¥,y xi(e) < b(e) and for every e for which this inequality is strict,
we must have p(e) = o). Moreover, Y;n(p, x]) < (p,b) as x* is also feasible (i.e.,
Yien %5 (e) < b(e) for all e € E). This implies

Yo vilxi) 2 Y vi(x])

ieN ieN
in contradiction to our assumption that there exists a buyer j with v j(x;) > v;(x;) and
for all other buyers i € N ~ {j} it holds that v;(x¥) > v;(x;). O

Corollary 3.30. Every Walrasian equilibrium (x, p) maximizes utilitarian welfare.

Corollary 3.30 also implies that we can use the VCG mechanism (see Theorem 1.31) to
show that there is a direct revelation mechanism that is dominant strategy incentive
compatible.

However, the following example shows that we in general do not obtain Vickrey prices

when running the Flow Auction.

Example 3.4. Let N = {1,2,3} and E = {e,, e, }. Say the demands of the buyers are
d, = d, = 2and d; = 1, and the supplies b(e,) = 3 and b(e,) = 2. The valuations per
item are given by the following vectors: 7, = (3,1), 7, = (2,0), and 7, = (0,1) It is easy
to see that there are two (symmetric) feasible allocations (x = ((2,0), (1,1), (0,1)) and
¥y =(1,1),(2,0), (0,1))) and they are both socially optimal, so let us consider x.

Then the net effect of buyer 1 on buyer 2 (i.e., the loss of utility that buyer 1 imposes on
buyer 2 by her presence) is 2, so the only possible price for e, is 1 if prices should add up
to Vickrey prices. Since buyer 2 also has to purchase an item of e, once, object e, needs
to be subsidized (i.e., assigned a price of —1) to give her a total cost of o. However, this
would give buyer 3 total cost of —1, which is not consistent with the VCG mechanism.

As an immediate observation from the last example, we can also see that it would have
been better for buyer 2 to submit her preferred bundles according to a false valuation

Chapter 3 Ascending Auctions via Maximum Flow



function 7, = (0,0), which would have resulted in prices p = (0,0) and the same
allocation. Hence, she would have gotten a payoft of 2. The prices we would have
obtained by the auction with truthful reporting would have been (2, 0) which yields a
payoff of o for buyer 2. Thus, the Flow Auction does not incentivize truthful reporting

of demand correspondences.

3.5 Optimality and Incentives
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CHAPTER 4

Faster Dynamic Auctions via Polymatroid Sum

In this final chapter on auctions in this thesis, we allow the buyers to have even more
general valuation functions. In fact, we only restrict the valuation functions to be
(strong) gross substitutes, which in some sense is the least restrictive class that we can
go to without losing the guarantee that Walrasian equilibria exist (and that they can
be efficiently computed). Conveniently, the auction itself that we are going to use is
essentially the same as before. We start at all-zero prices and iteratively increase the
prices of items that are in excess demand until we reach an equilibrium. The only
difficulty that arises when going from item-capped additive valuations to (strong) gross
substitute valuations is that the excess demand sets cannot be found via a minimum cut
in a flow network. In essence, this is due to the fact that with gross substitutes valuations,
we do not have the possibility to rank item types into the four tiers and then allocate
them in that order. As the name gross substitutes suggests, two (or more) items can be
substitutes of each other which means that them combined are not as valuable as the
sum of the individual valuations.

In this chapter, we present how we can determine excess demand and excess supply
sets for ascending and descending auctions (and hybrids) if all buyers have (strong)
gross substitute valuations. We use a very eflicient and yet quite simple algorithm
to solve a polymatroid sum problem, which in the case of unit supplies is just the
matroid union problem. From the solution to those auxiliary problems, we can easily
construct the excess demand set or excess supply set, respectively. After running the
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ascending auction, we obtain the unique minimal Walrasian prices and conversely after
running a descending auction—which works very similarly—we obtain the unique
maximal Walrasian prices. The running time to solve the auxiliary problems and the
construction of the required sets is also faster than the methods by Ausubel [Auso6],
Murota, Shioura, and Yang [MSY13], and Shioura [Shii7]. We also discuss how the
communication protocol has to be set up, which is more involved than for the auctions

in Chapter 2 and 3.

4.1 The Economic Model

The market setting does not differ a lot from the one in Chapter 3. We still consider a
market with m indivisible distinguishable item types, collected in a set E and quantities
b(e) € Z,. This yields the set of possible bundles [0,b]z = {x € Z¥ | 0 < x(e) <
b(e),e € E}. We also still have n buyers from a set N but instead of a valuation per
item type (¥;(e)) and a demand d;, that define only item-capped additive valuations,

we consider arbitrary (for the moment) valuations v;: [0, bz > Z,.

Recall from the previous chapter that given a price vector p, a player i’s indirect utility

function, i.e., the maximum utility she can achieve under those prices, is given by

Vi(p) = max{v;(x) - (p,x) : x € [0, b]z}

and her demand correspondence, the set of bundles that achieve this maximum utility
(preferred bundles), is defined by

D;(p) := argmax{v;(x) — (p,x) : x € [0,b]z}.

For the auctions that we discuss in this chapter (to obtain minimal and maximal equi-
librium prices), we are particularly interested in inclusion-wise minimal and maximal

bundles in her demand correspondence i.e.
Di(p) = {xeDi(p) | x— x. ¢ Di(p) forall e € E}

and
Di(p) = {x e Di(p) | x + x. ¢ Di(p) forall e e E}.
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Definition 4.1. A valuation function v;: [0, b]z — Z, is gross substitute if for any two
price vectors p and g with p < g, and any bundle x € D;(p), there exists some bundle
y € D;(q) such that x(e) < y(e) for all e € E with p(e) = q(e). It is called strong gross
substitute if additionally v; is concave-extensible' and x(E) > y(E) holds for those
bundles.

There are multiple equivalent ways to define gross substitutes. From an economic per-
spective, the ones by Gul and Stacchetti [GS99] and Ben-Zwi [Ben1y] are suitable.
However, in particular relevant for our work is the equivalence to discrete convex
functions (more precisely M"-concave functions) which has been shown by Fujishige
and Yang for the unit supply case [FYo3] and Murota, Shioura and Yang for the general
case of strong gross substitutes [MSY13] (see also Lemma 4.3). The class of gross substi-
tute valuations is very important since Walrasian equilibria are guaranteed to exist for
markets in which every buyer holds a gross substitute valuation as shown by Kelso and
Crawford [KC82]. Moreover, Gul and Stacchetti [GS99] showed that gross substitutes
are a largest class (containing unit demand valuations) that have this guarantee. For a

broad overview, we also refer to the survey by Paes Leme [Pae17].

In the following we give a few example and non-examples of gross substitute valuations.
For the sake of convenience, we may also use the set notation (instead of vectors) in
examples, in the unit supply setting, i.e., if b(e) = 1 for all e € E. That is, instead of
v;(x;) with a o-1-vector x;, we may write v;(X;), where X; = {e € E | x;(e) = 1}.

4.1.1 A Landscape of Valuation Functions

Gross substitutes are a very general class of valuation functions that essentially capture
(1) the concept of decreasing marginal returns and (2) substitutability of similar goods.
To illustrate these concepts, for (1) one can think of pieces of cake; The first piece of
cake makes the one consuming it usually happy, maybe this is also still true for a second
piece. However, eating too many pieces will inevitably lead to a stomach ache, so the
value of later pieces of the cake will not be as high as the value of the first pieces. For
(2), consider again two pieces of cake, one chocolate cake and one apple pie. One can
have a preference for either one of the cakes but they still are substitutes in the sense

that if one already owns a chocolate cake, the demand for apple cake decreases.

'A function v;: [0, b]z — Z+ is concave-extensible if there exists a concave function v;: {x e R" | 0 <
x < b} — Rsuch that v; (x) = 9;(x) for x € [0, b]z.

4.1 The Economic Model
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While this economic interpretation of gross substitutes (Definition 4.1) seems very
general, it is clearly not the only sensible way how a valuation might look like. As
a counterpart, one can also define gross complements for different goods that have
(1) increasing marginal returns or (2) complement each other. To also illustrate those,
for (1) think of a collection of coins (stamps, trading cards, etc.). A complete collection,
say all State quarters of the United States, might be considered worth more than its
nominal value of 12.5 USD as a collector would not have to search for missing coins. On
the other hand, an incomplete collection would have a value that is just the nominal
value of the coins in the set. For (2), one can also think of two goods as pencil and
eraser. The pencil might just have a value on its own but the eraser is mostly useless if

its owner does not also own a pencil.

Indeed among Gul and Stacchetti’s alternative definitions of gross substitute valuations
[GS99], we can also find the no complementaries condition which outrules the existence

of complementing goods.

Now we give a few examples of gross substitute valuations. It is easy to recognize
that unit demand valuations (v;(S) = max.cs ¥;(e)) and additive valuations (v;(S) =
Yees Vi(€)) (also with item caps, cf. Chapter 3) are all gross substitute. Another easy
examples are symmetric concave valuations which have the form v;(S) = h(|S|) for

some monotone concave function h:Z, — Z,.

A less obvious examples are weighted matroid rank functions that are determined by
a matroid M; = (E,Z;) and weights 7;: E — Z,. A valuation of a subset S C E is
then v;(S) = maxcr, Y ,esnr Vi(e). As a last example we mention OXS valuations,
introduced by Lehmann, Lehmann, and Nisan [LLNo6], which can be described by
a bipartite graph G; = (PUE, A) and edge weights w: A — Z,. The valuation of S is
then given by v;(S) = max{z{k’e}ey w(k, e) : y matching in G,-}.

Figure 4.1 indicates how the different examples of valuation functions relate to each
other. These inclusions all follow from either Gul and Stacchetti [GS99] or Lehmann,
Lehmann, and Nisan [LLNo6].

The following example also demonstrate why we restrict ourselves to (strong) gross
substitute valuations and do not make any further statements to complementaries as
Walrasian equilibria are not guaranteed to exist if there is a buyer with a valuation

function that is not gross substitute.
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gross substitutes

| submodular )

Landscape of valuation functions. All inclusions are strict.

Example 4.1. Consider an example with two players N = {1, 2} and three items E =
{es, €, e; } with unit supply. The valuation functions of the players are as follows (note

that they are not gross substitutes):

2 if{e,e,} €S, 2 if{e, e} CS,
vi(S) =141 if{e,e.} ¢S, {e;}cS, v.(S) =11 if{e,e;} ¢S, {e}cS,
o otherwise, o otherwise.

Here p = (0, 0, 0) is not packing since the unique preferred bundle of buyer 1is {¢e,, €, },
while the unique preferred bundle of buyer 2 is {e,, e;}. The vector p = (0,1,0) is
packing but it is not covering, since item e, is not sold although it has a positive price.

All other prices are clearly also not covering.

4.1 The Economic Model
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4.1.2 Differences to Chapter 3

In the previous chapter, we restricted ourselves to item-capped additive valuation
functions, which indeed are a subclass of gross substitutes. In this chapter, we tackle the
whole class of gross substitutes with different dynamic auctions (ascending, descending,
and hybrids of both). While the overall framework stays the same, in particular the
Generic Ascending Auction by Gul and Stacchetti as a foundation for our auctions, we
have to adapt our method to find the excess demand sets (and excess supply sets for
price decrements, e.g., in the descending auction). The main reason for that item types
cannot be ordered into tiers such that we can pick the items from top of the order to
construct a preferred bundle for a buyer. In contrast, with general gross substitutes, we
can also have the following: Let e, f € E be two different item types that a buyer i values
very highly on their own; however, if i already owns e, she might not have any demand
for f as e and f are substitutes (e.g., two cars of similar size but different brands). While
there is still a greedy algorithm that constructs a preferred bundle, it has to be more
dynamic regarding the order items are picked. This also has the consequence that a
flow algorithm cannot be used anymore to determine excess demand sets: figuratively
speaking, to keep a flow-based algorithm, we would need some gadget that allows
us to adjust capacity on one edge because there is flow on another edge, which is not
something that conventional maximum flow algorithms are able to handle. Instead, we
introduce another algorithm that can handle the full (poly)matroidal structure that is

contained in gross substitute valuations.

4.1.3 Contribution

The contribution of this chapter are twofold: we provide faster auction algorithms, and

we present structural results on price monotonicity.

In the same vein as Murota, Shioura, and Yang [MSY13], we exploit the special struc-
ture of the Lyapunov to obtain even faster running times. We view the submodular
minimization problem from a dual viewpoint as a matroid union problem (for the unit
supply case) or a polymatroid sum problem (for the multi-supply case), and use a fast
(and also simple) push-relabel algorithm for this problem. Let us denote by DO the
time needed for each demand oracle query and by ExO the time of each exchange oracle
query (see Section 4.3 for definitions and discussion). Then, our algorithm runs in
time O(n - DO + nm? - ExO) in the multi-supply case. In comparison, the algorithm
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in [MSY13] runs in time O(n - DO + nm*log(nmB) - ExO), where B is the maxi-
mum number in the supply vector b. For the unit supply case, the problem becomes
the classical matroid union problem, and we obtain an even better running time of
O(n-DO + (m? + nm*) - ExO). Note that our algorithm is significantly simpler than
the one in [MSY13].

An auxiliary exchange graph with respect to some optimal solution will then reveal a
minimal excess demand set of maximum shortage (or a minimal excess supply set of
maximum abundance) which we can use for our auction setting.

Our push-relabel algorithm is a special implementation of the more general submodular
flow feasibility algorithm by Frank and Miklos [FM12]. In this context, our contribution
is giving an efficient implementation in terms of the number of queries to an oracle.
The description in [FM12] is generic and gives bounds in terms of basic operations.
Implementing a single such operation may take O(nm - ExO); however, we show that
this can be amortized over a sequence of basic operations. See Section 4.1.4 on further
discussion of push-relabel algorithms.

Our second main contribution is on price monotonicity. We make a clear conceptual
distinction between packing, covering and Walrasian prices. For example, it is not clear
a priori whether there may exist a packing price vector g with q(e) < p.(e) for some
items e € E, where p, denotes the buyer-optimal Walrasian price vector, or whether
there may exist a covering price vector q’ with g’(e) > p*(e) for some items e € E,
where p* is the maximal Walrasian price vector. Theorem 4.37 states that in fact p. < g
for all packing price vectors q and Theorem 4.42 states that p* > g for all covering price
vectors q.

Building on this result, we can also prove in Section 4.8 that the minimal and maximal
Walrasian prices, respectively, react naturally to changes in supply and demand, i.e., if
total supply of items decreases or the total demand of buyers increases, the minimal
and maximal Walrasian prices can only increase. Independently, Raach [Raa24] proved
the same monotonicity results.

This chapter is based on the paper Faster Dynamic Auctions via Polymatroid Sum which
was published in the ACM journal Transactions on Economics and Computation in 2025
[Eic+25] but it is also available as a preprint [Eic+24b]. A previous version of the paper
[Eic+23b] was also accepted at The 19" Conference on Web and InterNet Economics
in 2023. The difference between the two versions is that Meike Neuwohner joined as
a co-author and we extened together the results on price monotonicity for maximal
Walrasian prices (see above). We give a complete description of the algorithms and
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auctions and prove their correctness and running time guarantees, also with a special
focus on communication costs (oracles) and the different implementation details for
unit-supply and multi-supply settings. We only briefly sketch the structural results for
weaker notions of equilibria and price monotonicity (which follow from the former).
These parts will be subject of the PhD thesis of Katharina Eickhoff but can of course be
already found in the published paper [Eic+25].

4.1.4 Related Work

In this section, we give a literature review over the topics related to our economic model
and equilibrium concept. For an excellent overview over (strong) gross substitutes,
Walrasian equilibria, and ascending auctions we refer to the survey by Paes Leme

[Pae17].

Gross substitutes and Walrasian equilibria  Gross substitute valuations are the fron-
tier in mechanism design both from an economic and computational perspective. Kelso
and Crawford [KC82] showed in their seminal paper that a Walrasian equilibrium is
guaranteed to exist if all valuation functions satisfy the gross substitutes condition that
in layman’s terms can be stated as, “the demand for an item does not not decrease, if
only the prices of other items are increased”.> Roughly speaking, the study of economic
models from an algorithmic and complexity theoretical point of view really started off
in the 1990s when also the foundations of algorithmic game theory were laid out. Gul
and Stacchetti [GS99] showed with their Maximum Domain Theorem that indeed gross
substitutes are a maximal class of valuation functions (containing unit demand valua-
tions) that guarantee the existence of Walrasian equilibria. Additionally, they provided
equivalent definitions for the gross substitutes condition and showed that Walrasian
prices form a complete lattice, which implies that there exist unique component-wise
minimal and maximal Walrasian price vectors. There are additional equivalent charac-
terization of gross substitutes by Ben-Zwi [BLN13]. However, the characterization by
Fujishige and Yang [FYo3] turns out to be most useful from a mathematical point of
view. It states that a valuation function has the gross substitutes property if and only if
it is M"-concave, which allows for the usage of powerful tools from discrete convexity.

This result also has been extended to strong gross substitutes valuation functions by

2 A formal definition is provided in Section 1.
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Murota, Shioura, and Yang [MSY13]. The differences between strong gross substitutes
and “weak gross substitutes” is discussed by Milgrom and Strulovici [MSog].

There are other classes than (strong) gross substitutes for which Walrasian prices are
guaranteed to exist [SYog; BLN13] but these classes do not contain the natural unit
demand valuations. On the other hand, for certain subclasses of gross substitute val-
uations such as unit demand valuations [DGS86; MT10] and item-capped additive
valuations (see the previous chapter and [Eic+24a]) for which the structure of Walrasian
prices has been described more explicitly.

Dynamic Auctions or Walrasian titonnement Léon Walras, the namesake of our
equilibrium concept, already proposed how equilibria may be found, namely by a
‘tatonnement’3 process. This procedure basically describes a dynamic auction: an auc-
tioneer posts prices and unless these prices are at equilibrium, the auctioneer makes an
adjustment. The first modern study of such a process was done by Demange, Gale, and
Sotomayor [DGS86] for unit demand valuations. In Gul and Stacchetti’s follow-up work
[GSoo], they gave the framework for ascending auctions for gross substitutes valuations
which we already used in Chapter 3; that is, start at all-zero prices and increase prices
on an inclusion-wise minimal excess demand set of maximum shortage until there
is no excess set anymore. They proved that such an auction always terminates with
minimal Walrasian prices. However, while they showed that an excess demand set of
items has to exist whenever the prices are not yet at equilibrium, they left it open how
to compute those sets. This gap was initially closed by Ausubel [Auso6; Ausos] using
submodular function minimization on a discrete version of the Lyapunov function
(a submodular potential function, introduced by Varian [Var81] for divisible goods)
which is minimized at Walrasian prices. If all valuation functions are gross substitutes,
then this function is submodular and its minimum (and every steepest descent direc-
tion, which corresponds to an excess demand set of maximum shortage) can be found
efficiently using submodular function minimization, which can be done efficiently (see
[GLS81; IFFo1; Iwao3; I009; LSW1s5; Cha+17]). Murota, Shioura, and Yang [MSY13]
showed that the Lyapunov function is not just submodular but Lf-convex, which allows
for even faster methods than plain submodular function minimization. Note that these
methods in [Auso6; MSY13] allow for descending auctions or other kinds of dynamic

auctions, where prices maybe adjusted in a non-monotone fashion. Similar auctions and

3French: trial-and-error
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guarantees for termination with minimal and maximal Walrasian prices are discussed
in [AAT13] and [BLN13].

We should mention that the literature mentioned above follows the definition of a
dynamic auction as proposed by Gul and Stacchetti [GSoo]. However, the literature
also explores other auction designs, e.g., in [BOo2; Auso4; PUoo; AMo2] that consider
slightly different market settings or different ways for buyers to report their demands

to the auctioneer.

A weak point of dynamic auctions would be their running time if we assume full
information for the auctioneer; e.g., in an ascending auction |p. |« price increase
steps are needed, where p, is the (minimal) Walrasian price vector computed by the
auction [MSY13]. This process can be speeded up by increasing prices on an excess
demand set not only by one but by the maximum possible amount before the steepest
descent direction of the Lyapunov function changes. This results in at most nmB price
adjustment steps (c.f. [Shi1y, Proposition 4.17]). Further speed ups of the ascending
auction as a rounding scheme are discussed in [Pae17, Section 10.1.]. There are other
algorithms which can compute Walrasian prices efficiently, for instance by Paes Leme
and Wong [PW2o0]. However, in contrast to dynamic auctions, these algorithms need

direct information of the valuation functions, i.e., by a value oracle.

Oracles and communication complexity To compute Walrasian prices, it is crucial
to get some information on buyers’ valuation functions. Usually, the necessary com-
munication between auctioneer and buyers is modeled via oracle calls. Depending
on which oracle type is used, one can get different information. A comparison of the
computational power of some oracle types can be found, e.g., in [BN10]. In literature,
typically, value oracles and demand oracles are used for dynamic auctions. In case of
direct mechanisms, there is also the concept of bidding languages as introduced by Nisan
[Nisoo]. However, those are necessarily very exhaustive in their space requirements. A
essentially optimal bidding language for gross substitute valuations is due to Klemperer
[Kleog] who developed the Product-Mix Auction for the Bank of England which uses
the auction to trade collaterals such as UK soverign debt or mortag-backed securties.
More recently, in collaboration with Baldwin, Bichler, Fichtl [Bal+24], Baldwin and
Lock [BKL24] the efficiency of this auction is shown for strong substitute valuation
functions. Lock, Goldberg, and Marmolejo-Cossio [LGM22] also show how to learn
the efficient encoding of strong substitutes using the Product-Mix Auction bidding

language via demand and valuation oracles. For our dynamic auctions, we require a
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demand oracle and an exchange oracle as those work naturally in our proposed algo-
rithm to find the required excess demand or excess supply sets. The exchange oracle is
related to the dynamic rank oracle [Bli+23], as both provide information on sets close
to already requested ones. A detailed overview which oracles we use and how they can

be compared is given in Section 4.3.

Incentives As a corner stone of auction theory and mechanism design, we have the
VCG Theorem [Vicé61; Clay1; Groy3] that states that there is a sealed-bid mechanism
that has truthful bidding as a dominant strategy. However, as briefly discussed in
the introduction, ascending auctions are often preferred as they yield a more natural
and transparent price-finding process. As a consequence, mathematical economists
went to great lengths to implement the VCG mechanism in an ascending auction
[Ausog; Auso6; VSVoy; Bik+o1; Bik+11; MPo7; SY14; COP15]. Kern, Manthey, and
Uetz [KMU16] showed that for unit demand valuations, the auction by Demange, Gale,
and Sotomayor [DGS86] mentioned above indeed returns Vickrey prices. If we go
beyond unit demand valuations, Vickrey prices cannot be achieved using a single price
trajectory in a dynamic auction, as shown by Gul and Stacchetti [GSoo] since the
auction does not gain enough information during the iterations to determine Vickrey
prices. However, there exist variants of dynamic auctions that circumvent this and can
obtain Vickrey prices [Auso6; SY14; COP15], e.g., by the use of proxy auctions, which
compute multiple price trajectories.

In a multi-supply setting, we already noted in Chapter 3 ([Eic+24a]) that Vickrey
prices that are Walrasian and in which every copy of an item has the same cost, do not

necessarily exist.

Discrete convexity: matroid union and polymatroid sum We refer the interested
reader to the monographs by Murota [Muro3] and Fujishige [Fujos]. There is also a
survey on the connections between discrete convexity and auction theory by Shioura
[ST1s5].

As pointed out above, all buyers having (strong) gross substitutes valuation functions
means that we can use methods from discrete convex optimization to solve the compu-
tational problem that arises during a dynamic auction. In particular, the whole auction
can be viewed as an iterative process to minimize a submodular (and even Li-convex)
function [Auso6; MSY13; MSY16; Shii7]. As we will see in the sequel, these methods
can be quite complicated. For the unit supply case and gross substitutes valuations,
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the problem of finding a minimal excess demand set of maximum shortage becomes
equivalent to the matroid union problem on n matroids, which is efficiently solvable as
shown by Edmonds [Edm68]. Over time, more efficient algorithms were developed by
Knuth [Knuy3], Greene and Magnanti [GM75], Cunningham [Cun86], Chakrabarty,
Lee, Sidford, Singla, and Wong [Cha+19], and most recently by Terao [Ter23] and Blik-
stad, Mukhopadhyay, Nanongkai, and Tu [Bli+23]. Note that some of these methods
are hard to compare due to the use of different oracles.

In the more general setting with multi-supply and strong gross substitutes valuations,

we need to consider the more general polymatroid sum problem.

Push-relabel algorithms The algorithms mentioned above to solve the matroid
union and the polymatroid sum problem are so called augmenting path algorithms.
They start by taking a trivially feasible solution (e.g., the empty set or the all-zero vector,
respectively) and augment it by finding additional elements that can be added to the
current solution or (k + 1)-to-k-swaps to increase the size of the solution until it is
optimal. However, more recently, so called push-relabel algorithms have been studied
for various combinatorial optimization problems and they can outperform augmenting
path algorithms both in theory as well as in practice. The push-relabel paradigm was
introduced for the maximum flow problem by Goldberg and Tarjan [GT88]. The idea is
in some sense dual to augmenting path algorithms: One starts with a possibly infeasible
solution which otherwise satisfies some optimality condition. The push and relabel
operations then maintain this optimality condition while making the solution “less
infeasible” over time. We use a push-relabel algorithm by Frank and Miklés [FM12] for
matroid union. Our algorithm in Section 4.4 gives an efficient implementation in the
auction setting and also generalizes to polymatroid sum and M-convex sets in general.
It is interesting to note that the level functions and local exchanges of push-relabel
algorithms have some resemblance to auction algorithms, as already pointed out by
Bertsekas [Bergz]. In our push-relabel algorithm in Section 4.4, one could interpret the
level £(e) of an item as a small marginal price discount used for tie-breaking.

4.2 Background Theory

In this section, we give important definitions and theorems from discrete convex

analysis which we will use in four different dynamic auctions in order to find excess
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demand or excess supply sets. We refer to the monographs by Murota [Muro3] and
Fujishige [Fujos] for more details. Remarkably, these definitions and derived theoretical
and practical results have a very natural direct economical interpretation, in particular

in the context of dynamic auctions, which we will discuss in the sequel.

Definition 4.2. A valuation function v;:[0,b]z = Z, is M-concave if for any x, y €
[0, b]z and for any e € supp™ (x — y), there exists some f € supp™ (x — y) U {@} it holds
that

vi(x) +vi(y) <vilx = Xe + x7) +vi(y = X5 + Xe)-

Lemma 4.3 ([MSY13, Theorem 1.5]). A valuation function is strong gross substitute if
and only if it is M¥-concave.

Definition 4.4. A set of bundles B ¢ [0, b]y is M-convex if for any x, y € BB and for
any e € supp” (x — y), there exists f € supp™(x — y) such that x — y, + s € B and
Y= X5+ X« €B.

Lemma 4.5. Ifv;:[0,b]z — Z, is strong gross substitute, then D;(p), and D;(p) are
M-convex sets for any price vector p € ZE.

Proof. We only show the statement for D;(p), the argument for D;(p) is analogous.
By Lemma 4.3, the valuation function v; is M'-concave. Thus, the utility function
u;(x, p) = vi(x) — (p, x) is also M"-concave in x as the sum of an M"-concave and a
modular function. Let p € Z and x, y € D;(p). Let e € supp* (x — y). Then there exists
f esupp™(x - y) u{@} such that u; (x, p) + u; (y, p) < ui(x = xe + x> p) + ti(y -
Xf+ Xe> p)- Thus, 2Vi(p) < ui(x = xe + x> p) + 4i(y = X1 + Xe» p)- If the inequality
was strict, then at least one of the terms must be strictly larger that V;(p), which is not

possible. Hence, the inequality is an equality and both terms have to be equal to V;(p).
Thus, X — xe + Xf>¥ = Xf + Xe € Di(p).

We still need to show that no other bundle strictly contains x” and y’. Solet x, y € D;(p)
and x" = x — x, + xs for e and f as above. We need to show that x’ is not covering and
is not covered by any z € D; (p). Assume towards a contradiction that there exists some
z € Di(p) with z < x” but z # x'. Then, there exists some g € E with z(g) < x(g).
Since x € D;(p), we must have z(f) = x(f) + 1 as otherwise z < x and z # x as well, a
contradiction.
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Moreover, z(e) < x(e) —1as z < x’. Thus, f € supp*(z — x) = {f} and hence, by
M -concavity of u;, we have

ui(z, p) +ui(x, p) <ui(z = x5+ xg p) + 4i(x = Xg + x> P)

for some g € supp™(z - x) U {@}. Note that z — x; + x, € Di(p) by the same argument
as above. By minimality of x, we must have g # &, however. By definition of z and g, we
have z— yf + xg < x. As x is minimal in D;(p), we must then also have x = z — ¢ + x,.
As z(e) < x(e), this implies g = e. However, this yields the contradiction z(e) + 1 <
x'(e) < x(e). O

Lemma 4.6. Ifv; is a gross substitute valuation function, then
(i) D;(p) = argmin{| x|, : x e D;(p)} and
(ii) D;(p) = argmax{||x|,: x € D;(p)}.

Proof. We only prove the first statement, the other proof is analogous.

The 2 inclusion is trivial. For the C part choose any y € argmin{| x|, : x € D;(p)} with
Iyl < x|, for some x € D;(p). In particular, choose x such that its Hamming distance
is closest to y. Then there exists some e € supp™ (x — y) and hence by M"-convexity of
Di(p) (see Lemma 4.5) some f € supp~ (x—y)U{@} such that x’ = x— y, +xf € Di(p).
Independent of the choice of f, the Hamming distance between x and y is shorter

than the distance between x and y, a contradiction. O

Lemma 4.7 ([Muro3, Theorem 4.15]). Let B € [0, b]z be an M-convex set. Let p:2F —
Z., be a mapping
p(S) = max{x(S) : x € B}. (4.1)

Then p is an integer valued submodular set function and S is the set of integer points in
the corresponding base polytope. That is,

B={xeZE|x(S)<p(S)forall S c E,x(E) = p(E)}.

Let us summarize the above. If v; is gross substitute, then it is also M#-concave which
leaves us in a mathematically good-natured place. In particular, the demand correspon-
dences D;(p), Di(p), Di(p) are M-convex sets, which means that after removing an
item from a demand set, we can just augment with a different item (or none) to get
back to a demand set. One might argue that this is a more direct definition for the
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term “gross substitutes”. Moreover, D;(p) and D;(p) are sets of integer points in a
polymatroid base polytope.

Definition 4.8. For an M-convex set B C [0, b]z with associated polymatroid rank
function p as defined in (4.1), and a vector x € B, we say that a set S C E is tight if
x(S) = p(S). We denote the collection of tight sets w.r.t. B and x by T(x) :={SS E|

x(8) = p($)}-

In the context of a demand correspondence, an set of item types is tight w.r.t. x if we
cannot add further items of those types to x without leaving the demand correspon-
dence.

Lemma 4.9. Given an M-convex set B with associated rank p and x € BB, the collection
of tight sets Tg(x) is closed under union and intersection. Consequently, there also exists
a unique minimal and maximal tight set (in particular for every e € E there is one that
contains e).

Proof. LetS, T € Tp(x). Then, by submodularity of p and the fact that x € 5,

%(8) + x(T) = p(S) + p(T)
>p(SUT)+p(SNT)
>x(SUT)+x(SNT)
=x(S) +x(T).

Hence, x(SUT) =p(SuT)and x(SNT) = p(Sn T), i.e, the union and intersection
of Sand T are tight. O

For an M-convex set 3, a bundle x € 3, and an item type e € E, we denote the unique
minimal tight set containing e by

Te(x,e):== () S.
SeTn (x)
e€S
We will show in Lemma 4.12 that 75 » (x,e) and 75, (x, e) contain exactly those
item types f € E, that admit an exchange with e w.r.t. a minimal or maximal preferred
bundle x, respectively. That is, x — x. + xf € Di(p) orx - x. + Xf € Di(p), respectively.
Since we consider gross substitute valuations, we know that the demand correspon-
dence D;(p) for any p € Z£ is M-convex. Hence, to check whether a price vector p is
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packing or covering, we only need to check whether there exists a packing or covering,
respectively, that uses one demand set per buyer. More precisely, we are interested in a
partitioning (i.e., an allocation that is both packing and covering) of [0, b]z into vectors
X1y .. Xy from Dy(p), ..., D,u(p). So it is not surprising that an auction algorithm
will also involve an algorithm to compute a partitioning of [0, b]z from M-convex set.
However, we also use the same algorithm in a less obvious way: in our approach the
algorithm for M-convex partitioning does not only compute an allocation, if one exists,
but also computes a witness (or dual solution) in case it does not exists. We show that
this witness happens to be an excess demand or excess supply set in which we want to

adjust the prices in our dynamic auctions.

In particular, we consider the following general problem that has to be solved in every
iteration of any of the dynamic auctions (which still follow the same paradigm as the

Generic Ascending Auction).

M-cONVEX SET PACKING
Given: M-convex sets BB,,...,B, ¢ [0,b]z.
Find:  vectorsx, € B,,...,x, € B, such that 3.7 x; < b.

This problem generalizes the following two:

MaATRrOID UNION
Given: matroids M, = (E,Z,),..., M, = (E,Z,).
Find: partition of independent sets I, € Z,, ..., I, € Z,,.

POLYMATROID SUM
Given: polymatroids M, = (E,p,),..., M, = (E, p,), capacities b(e) for all
ecE.
Find:  vectors x, € P(p,),...,x, € P(p,) such that 37 x; < b.

Min-Max Theorem for POLYMATROID SUM (4.10). Let E be a finite set, N = {1,...,n},
and B = Xy Bi, where for all i € N, B; € [0, b]z is an M-convex sets with associated
rank function p;. Then

rﬂg{{x min{z xi(e), b(e)}} = I;lcl}rsl{z pi(ENF)+ b(F)} (4.2)

ecE ieN ieN
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Proof. We first show that

Z}smin{%xi(e),b(e)} < ;\:]p,»(E N\ F) +b(F)

holds for all x € B and all F ¢ E and hence, also for the maximum over all x € 8 and
minimum over all F C E. Let x € B be an arbitrary vector and F € E be an arbitrary

set. Then we have

2. Pi(ENF)+b(F) 2 ), xi(ENF) +b(F)

= 3 Yxi(e)+ > b(e) (4.3)

ecENF ieN ecF

>y min{z xi(e), b(e)} .
e€E ieN

The first inequality holds with equality if and only if x;(E~ F) = p;(E~ F) foralli € N.
The second inequality holds with equality if and only if forall e € F, 3,y x;(e) > b(e)
andforalle ¢ F, ¥,y xi(e) <b(e).

It remains to show that such a pair (x, F) that satisfies the inequalities in (4.3) with equal-
ity always exist. We postpone this part of the proof and show it as part of Lemma 4.17,
which explicit constructs x and F as desired with our Push-Relabel Algorithm. O

Observe that (4.3) from the proof expresses some complementary slackness conditions

(cf. duality in linear programming), which we summarizes in the following corollary.

Corollary 4.11. Given a collection of M-convex sets B = X,y B; with associated rank
functions p; for all i € N, a vector x € B is optimal for M-CONVEX SET PACKING if and
only if there exists a set F C E with

(1) foralle € F, ¥y xi(e) > b(e),

(2) foralle ¢ F, ¥y xi(e) <b(e), and

(3) forallie N, x;(ENF)=p;(ENF).

4.3 Demand Correspondences and Oracles

Typically, the running times of algorithms is measured in terms of the input size. How-
ever, this becomes impractical when the input is too large. For instance, to determine
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the maximum flow in a capacitated network (as we do for the Flow Auction), we only
need a graph and the capacities on each edge as input. This can be encoded by a single
matrix and recall from Chapter 3 that the size of the graph used in the Flow Auction
was just bilinear in the number of items and buyers which exploited the simple struc-
ture of the demand correspondence that arises with item-capped additive valuation
functions. For the more general gross substitute valuation functions that we consider
in this chapter, this simple structure is lost and as a corollary of a theorem by Knuth
[Knuy4], it is generally impossible to encode the demand correspondence—or more
general, an M-convex set—in space that is polynomial in the number of items. Hence,
evaluating the running time in the input size is not the most forthright thing to do: even
the brute-force running time would be bilinear then (assuming arithmetic operations

and comparisons are done in constant time), while it is exponential in n and m.

Thus, it is more appropriate to measure the running time of the algorithms and auctions
rather directly in n, m, and a number of oracle queries, i.e., queries to get information
about the solution space that are not part of the input. With some justification, one can
call an algorithm with access to an oracle efficient if its running time is polynomial in n,
m, and the number of oracle queries. From a computational point of view, this seems
like a fair measure as such an oracle query essentially resolves a computational step
that is understood to be efficient (like finding some base of a polymatroid). However,
the treatment of those computations as oracle query also especially makes sense in our
setting of a dynamic auction, where the M-convex sets (the demand correspondences
of the buyers) are supposed to be private information that the central computing entity
(the auctioneer) should not have full access to. Moreover, the computation of those
sets are not really part of the auction itself and rather something that is supposed to be
done by the buyers on their own.

This section introduces two types of oracles that our algorithms will use to solve the
aforementioned problem M-cONVEX SET PACKING and its two special cases MATROID
UNioN and POLYMATROID SuM. In the auction setting it is also opportune to view
a query to an oracle as communication with a specific buyer i about her demand
correspondence. For the dynamic auctions that we consider later, we are particularly
interested in D;(p) and D;(p) so it is convenient to think of those sets when we talk
about the M-convex sets B; and minimal or maximal preferred bundles x; from those
sets in the sequel.

The first type of oracle we call demand oracle which returns one (arbitrary) x; € 3; for

some i € N. When discussing running times, we will use DO as a placeholder for the
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time that a single demand oracle queries takes. In terms of a dynamic auction, a demand
query presents prices p(e) for all e € E to the buyer who then responds with a set in her
demand correspondence, i.e., a vector x; that maximizes v;(x;) — (p, x;) among all x; €
[0, b]z. It is important to stress that a demand oracle indeed just returns a single vector
instead of the whole set I3;, so the answer of the oracle is guaranteed to be polynomial
in time and space with respect to the number of item types m. Demand oracles are
common in auction theory they provide a good balance between expressiveness and
efficiency in terms of the amount of work to actually compute a response to a query
and the number of bits that have to be sent (see [NSo6; BN10]).

However, it is clear that a single vector x; € 3; for every i € N does not suffice to
determine an optimal solution deterministically. The algorithms we present here will
just use x = (x;);en as an initial solution but build an optimal solution using the second
type of oracle which we call exchange oracle which we describe below. Given some
x;i€B;ande, f € E, let

wi(e, f) =max{a € Z|x; —ay. +ays B},

i.e., the maximum number of possible exchanges of e for f such that the resulting vector
is still in ;.

The following lemma is enlightening.

Lemma 4.12. For an M-convex set B;, i € N with associated rank function p;, x; € B;,

and e, f € E, we have
wi(e, f) =min{p;(S) —x;(S) | e ¢S, f € S}. (4.4)

Thus, w;(e, f) > o ifand only if e € Tp,(x;, ). Further, a set S is tight w.r.t B; and x; if
and only if Tg,(x;, f) € Sforall f €.

Proof. Let a := w;(e, f) and let B denote the minimum value on the right-hand side
of (4.4), and S a minimizer. By definition, x| = x; — ay. + axs € B;. We first show
a < B. This follows since x}(S) < p;(S), and x}(S) = x;(S) + a, and therefore =
pi(8) —x;(8) 2 x{(S) — x:(S) =x{(S) - (xi(S) —a) = .

Let us now turn to & > f3. Towards a contradiction assume that x;" = x; - Bx. +Bxs ¢ Bi,
thatis, x!'(T) > p;(T) for some T € E. Thus, x!'(T) > x;(T); by definition, this means
that f € T, e ¢ T. Hence, T is in the feasible domain of the minimization problem
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in (4.4), giving p;(T) — x;(T) > 8. But this means that x!'(T) = x;(T) + f < p:(T),
leading to a contradiction. This completes the proof of (4.4).

From here, the second statement is immediate. For the final statement, since 7, (x;, f)
is the inclusion-wise minimal tight set containing f, it is clearly contained in every
tight set S ¢ E with f € S. Conversely, if Tp,(x;, f) € S is true for every f € S,
then Uyes 75, (xi> f) = S, which is tight as it is the union of tight sets according to
Lemma 4.9. O

The exchange oracle is queried with some vector x; (obtained either by the demand
oracle directly or feasible exchanges that have been queried before) and two item types
e and f. The oracle answers with the maximum number of exchanges of e and f that
are allowed starting from x;, i.e., the number w; (e, f). Note that in some cases this
number might be o but cannot be negative as this would imply that x; ¢ B;. Regarding
running times, we use the placeholder ExO to denote the time that is needed to answer

an exchange query.

Note that both DO and ExO depend on how the underlying set B; is represented to the
algorithm that computes it and on the algorithm itself.

We shall also discuss which other oracles would be alternatives to ours. A common
model to represent the valuation functions v; is by a value oracle that upon receiving
a bundle x; € [0, b]z returns v;(x;). Given a value oracle, a bundle x; € B;(p) for
some prices p and B; € {D;(p),D;(p),Di(p)} can be computed using the greedy
algorithm by m? value oracle calls, provided that v; is (strong) gross substitute, where
any of these choices of 53; is a polymatroid base set. Given x; € B; and « € Z, checking
if x; — ay. + axs € B takes a single value oracle call. Thus, one can compute w; (e, f) in
O(log(B)) calls to the value oracle where B := max,cg b(e). We can also formulate the
computation of w; (e, f) as submodular function minimization problem in (4.4). Hence,
one can use a (strongly) polynomial submodular function minimization algorithm (see
Section 1.2 for references). Nevertheless, this requires access to p;(S), which may lead
to running a greedy algorithm for each query. The following example shows that the
particular running times DO and ExO heavily depend on the representation of the

valuation function, using the example of OXS functions.

Example 4.2. Let us consider the following OXS valuation function (see also Subsec-

tion 4.1.1) on a market with unit supply which is given by a weighted bipartite graph
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G=(EuT;,A; ;). Avector x; € {0,1}F corresponds to the set X; = supp(x;) and
then the valuation is given by

vi(x;) = max{7;(S) : S € X; such that there exists a matching covering S}.

In this case, the time needed to evaluate a demand oracle query (i.e., DO, the time to
find a set x; € D;(p) for some p) equals the time needed to find a maximum weight
matching in a bipartite graph. The Hungarian method [Kuhss] (see also e.g., [Cor+22]
for a more contemporary description) is a classical algorithm to solve this problem but
better algorithms exists in particular if the graph is sparse ([DK69; GK97; DS12]).

To compute an answer to an exchange oracle query (i.e., ExO, the time to find the num-
ber w; (e, f) given some X; € D;(p)), we only need to decide whether an alternating

path from e to f with respect to a matching supporting the current set X;.

For the unit supply setting, the sets D;(p) and D;(p) are matroid base sets and our
task is to solve MAaTROID UNION. For matroid optimization, the usual oracle settings are
via independence or rank oracle queries. Such oracles may be expensive if our primary
oracle is for the valuation function v;: each independence or rank oracle query may
require running a greedy algorithm.

To take the actual computation time to answer the oracle query in some underlying
structure into account, Blikstad, Mukhopadhyay, Nanongkai, and Tu [Bli+23] propose
to use the dynamic rank oracle. The idea is that given an independent set S, it is easy to
find an independent set close to S, but much harder to find an independent set which
is farther away (with respect to the symmetric difference of the sets). To be precise, a
dynamic rank oracle starts with the empty set S = &, then three different operations
are denoted as oracle calls (1) adding an element to S, (2) deleting an element from S,
and (3) obtaining the rank of S (see also [Bli+23, Definition 1.2]).

Our exchange oracle ExO is efficient from this point of view, since given an independent
set, we always query sets with symmetric difference of size two. We can perform an
exchange oracle query by using three dynamic rank oracles calls.* Note that we assume
that we do not have to build the first independent set X; with the dynamic rank oracle
but that we can perform the queries starting from the set that we obtained from the
demand oracle. A demand oracle query can be answered by O(m) dynamic oracle

queries. The other way around, the dynamic rank oracle is stronger than the exchange

4If we cannot perform the queried exchange, one can also argue that we need two dynamic oracle calls
more to return to the original set, i.e., five dynamic oracle calls for one exchange oracle query.
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oracle, in the sense that the dynamic rank oracle can compute the rank of a given set S
in O(|S|) computations, while the exchange oracle cannot answer this query. Note that
in the algorithm for the unit supply setting, we will use exchange operations that do
not change the rank of the sets, so in fact we know the ranks as well. It can therefore be
said that the two models behave very similarly in the matroid case and our exchange

oracle model can be generalized to polymatroids.

If we analyze our MATROID UNION algorithm (see Section 4.4.3) in the unit supply
setting with the dynamic rank oracle, we get a running time of O((m? + nm?) - DRO).
Hence, the running time of our MaTROID UNION algorithm in the dynamic rank oracle
model is not comparable to the running time O (poly(nlog(m))m?> - DRO) of [Bli+23]

as we are linear in n, while [Bli+23] achieve a better dependency on m.

4.4 Solving MATROID UNION and POLYMATROID SuM

We now show how the aforementioned problems MATROID UNION and POLYMATROID
SuM can be solved. This is on the one hand important in order to compute an allocation
for a suitable, i.e., Walrasian, price vector p but as we teased earlier, we can also use the
dual problem to compute an excess demand set or excess supply set to adjust the prices in
adynamic auction, which we will show in Theorem 4.25 and Theorem 4.30. Conveniently,
the dual solution to MATROID UNION and POLYMATROID SuM, respectively, will just fall
off from an auxiliary graph that we use in the algorithm to solve the “primal” problem.
This is indeed very similar to the our observations from Chapter 3, where an excess
demand set also could be found (if it exists) using a minimum cut, which is the dual
solution to the underlying MaximuM FLow problem. Moreover, there are multiple
ways—or algorithmic paradigms—to solve these problems. As for MaximMuM FLow,
we can find an optimal solution using augmenting paths algorithms (Ford-Fulkerson
Algorithm and Edmonds-Karp Algorithm, cf. Section 3.2) or push-relabel algorithms
(Goldberg-Tarjan Algorithm, Preflow-Push). While the Ford-Fulkerson algorithm (and
its efficient derivate by Edmonds and Karp) and the Goldberg-Tarjan algorithm for
MaximuM FLow are pretty much standard in maths and computer science curricula, it
is less common to encounter algorithms to solve MATROID UNION and POLYMATROID
SuM even in advanced courses. In this section we present a push-relabel algorithm for
PorymaTRrOID SUM that we developed based on the one by Frank and Miklés [FM12]
for MaTROID UNION.
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4.4.1 Knuth’s Algorithm for MATROID UNION

As a gentle introduction, we start by presenting an augmenting path algorithm to solve
Matroip UnioN. The first algorithm for MATROID UNION is due to Edmonds [Edm68].
The algorithm we present here was developed by Knuth [Knuy3] and independently by
Greene and Magnanti [GM75].

Recall from Theorem 1.8 in Section 1.3 that a union of matroids again yields a matroid.

As introduced above, for MATROID UNION we are given n matroids M,, ..., M, with
M; = (E,Z;) foralli e N ={3,...,n} all defined on the same ground set E. The task
istofindaset] =1, w...w]I, of maximum cardinality such that I; € Z; for all i € N.
For any i € N with matroid M; = (E,Z;) and any I € Z; we can construct an exchange
graph G;(I;) = (E, A;, F;), where

Ai={(e,f)eExE|ecl,fé¢l;and I, - e+ f €I;},
Fi:{€¢1i|1i+€€1i}.

In some sense, G;(I;) depicts the set I; and its independent neighborhood, where the
neighborhood of I; consists of all independent sets of M; that can be obtained from I;
by either exchanging two elements along an edge in A; or adding one element from
F; without dropping any from I;. Intuitively, G;(I;) shows which elements a buyer i
that is currently awarded the set I; would like to add to her set or which one she is
willing to exchange without losing utility. Recall that in the unit supply setting D;(p)
is a matroid base set.

Given a feasible solution I = I, w ... w I,,, we can merge the exchange graphs of
G,(L,),...,G,(I,) into an exchange graph G(I) = (E, (A;)ien> (Fi)ien), which will
be the base of Knuth's Algorithm for MATROID UNION. Visually, one can think of edges
and vertices in this exchange graph being colored by the set N.

The overall procedure of constructing G(I) is given in the pseudocode below. Note
that additionally to storing the current independent set I; for each matroid M;, we
also store for each element e to whose independent set it currently belongs (owner
mapping). Maintaining both, the partition and the owner mapping is straight-forward
and we assume the changes in the latter are made implicitly when updating the former
in the following steps.
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Construct Exchange Graph:

Input: Matroids (M; ) ey and partition of independent sets (I;);en
Output: Exchange graph G(I)
1 Fii=@,A; =@ forallie N

2 for f e Edo

3 j := owner (f)

4 forie N~ {j}do

5 forec; do

6 if I; —e+ f €Z, then
7 L LAi::Ai+(e,f)

o

ifI,“FfEI,‘ then
9 LFi::Fi-"_f

10 return (E, (A;)ien, (Fi)ien)

From an exchange graph G(I) = (E, (A;)ien, (Fi)ien) We can essentially read off
whether the current set I is maximum by conducting a breadth-first search from
F := Ujen Fi. Say the resulting set is

R:={e € E | e is reachable in G(I) from some f € F}.

Then we can augment I if RN (E \ I) # @ which is formalized in the following lemma
and pseudocode. The idea is to take a shortcut-free path from some f € F to some
e € R\ I and exchange the elements along this path according to the color of the arcs
of that path. Let us call the resulting set I, which is feasible as we made only feasible
exchanges along the exchange graph. This results in the starting element f being free,
while the resulting set I has the same size as I. Now we only have to add f to some I;
with f € F;.

Lemma 4.13 ([Scho3, Theorem 42.4]). The set I is an independent set of maximum
cardinality in the union of matroids if and only if Rn (ENI) = @.

Example 4.3. Consider the following three matroids on the common ground set

E={e,...,es}

o M, (blue) is a partition matroid with E, = {e,, e,,e;,¢e,} and E, = {es}, E; = {es}
and capacities ¢, = 3, ¢, = 0, and ¢; = 1, also depicted in Figure 4.2a.
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Knuth’s Algorithm for Matroid Union:
Input: Matroids ((M;);en)
Output: Maximum Partition of independent sets
1 Ij:=gforallie N, I:=UjenI;
2 G(I) = (E, (A1) ien> (Fi)ien) := Construct Exchange Graph
3 while P := shortcut-free F-(E \ I)-path in G(I) exists do
4 for (e, f) e Pdo

5 i:= owner (e)
6 Li=Ii-e+f
7 f := first vertex on P

8 I;:=1; + f for some i € N with f € F;
s | G(I):= Construct Exchange Graph

10 return (Ii)ieN

o M, (red) is a graphic matroid where {e,, e,, e, } are a circuit, e,, e5 are parallel edges,
and e is a loop as depicted in Figure 4.2b.
o M, (green) is a transversal matroid with two sets {e,, e,, ;, e, } and {e;, es }, also

as depicted in Figure 4.2c.

While we can run Knuth’s Algorithm for Matroid Union using the empty set as initial
allocation, this becomes a bit tedious and these steps are not that insightful. Instead let
us fast-forward to the allocation I, = {e,, e,, €5, €5}, I, = {e,}, and I, = @. In particular

the item e is not allocated. Then we get the following possible exchanges:

« In M, we can exchange e, for any item out of {e,, e,, e, }, therefore, we have A, =
{(e1,e4),(es,€4),(e5,€4)}. As I, is a base of M,, we have F, = @.

o In M,,anyitem of F, = {e,, e,, e; } can be added to I, (in fact, any two of those items
even). Moreover, we can exchange e, for es, i.e., A, = {(es, e5) }u{(es, f): f e F,}.

 As I, = @, there is nothing to exchange, i.e., A, = @. However, any item except e,
can be added to I, i.e., F; = E \ {e5}.

Note that the unallocated item e, cannot be directly allocated to anyone without re-
moving an item. The exchange graph is depicted in Figure 4.2d. We now need to find a
shortcut-free path from F = F,UF, UF, to Ex\ (I, Ul, Ul;). A breadth-first search from
F can yield to different paths (depending on the start vertex). For the sake of exposure,
let us choose a path from e, (which is colored by M, (red) and M, (green)). The path
is {e,, ey, €5} via a (blue) M,-edge and a (red) M,-edge. The colors indicate how the
allocation changes:

4.4 Solving MATROID UNION and POLYMATROID SUM
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exchange graph G(I)

Matroids and exchange graph for Example 4.3.

o The item e, gets allocated to I, or I, as it is colored by these two matroids, say I;.

o The blue edge (e,, e,) indicates that e, gets replaced by e, in I,.

o The red edge (e,, e;) indicates that e, gets replaced by e; in L.
This yields the new allocation I, = {e,,e;,e,,¢es}, I, = {e5}, and I; = {e,}, which
clearly is maximum. The corresponding exchange graph cannot have a path from F

into E \ I as the latter set is empty.

Theorem 4.14 ([Knuy3]). Knuth’s Algorithm for Matroid Union computes an optimal
solution to an instance of MATROID UNION with n matroids on a ground set of size m
in time O(m? + m*nlO), where |O represents the time for a query to an independence
oracle.

4.4.2 A Generic Push-Relabel Algorithm for M-cCONVEX SET PACK-
ING

We already briefly explained the push-relabel paradigm to solve combinatorial opti-
mization problems (in particular submodular function minimization problems and sub-

classes of those) at the beginning of this chapter. Recall that the push-relabel paradigm
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states to take an arbitrary solution—not necessarily feasible—that satisfies an optimal-
ity condition and maintain this optimality condition while making the solution “less
infeasible” over time. In this subsection we present a push-relabel framework to solve
the M-cONVEX SET PACKING problem and apply it to PoLyMmATROID SUM. We again
will make use of an exchange graph as described in the previous subsection, however,
additionally to the color of an edge (that indicates which of the buyers would make
the exchange) we also use a weight for each edge (that indicates with how often that
exchange is possible as there are multiple copies of an item type). Our push-relabel
algorithm is based on the one by Frank and Miklés [FM12] who presented one for
MaTtroIp UNION and a more general one for the feasibility problem SUBMODULAR
FLow. Our algorithm generalizes the former (in the sense that it works not just for
matroids but also polymatroids) but is a special case of the latter. In [FM12], the running
time of the algorithm is only measured in terms of basic operations, i.e., pushes and
relabels that get performed, while our analysis also involves the number of necessary

oracle queries. Here we also give a self-contained presentation of the algorithm.

In the following, we consider M-convex sets B,,...,B, € [0,b]z and for each i €
N ={1,...,n} afixed vector x; € B;. Of course, in our auction setting the M-convex
sets B; will be demand correspondences and the x; € I3; to preliminary allocations
of items (bundles). This economic inspiration for the problem at hand also gives us
some intuitive natural language to use, which we will do in the following Since we
consider a push-relabel algorithm, we do not restrict ourselves to vectors of bundles
x €8 =B, x... x B, that satisfy the capacity constraints induced by b. For x € B, let
us call an item type e scarce’ if 3",y xi(e) > b(e) and ample® if ¥,y xi(e) < b(e).

For the algorithm we define a label function (or level function) €:E - {o,1,...,m} and
denote €in(S) := min{€(e) : e € S} for any S € E. We use the shorthand 7;(e) for
Ts, (e, x;),1.e., the collection of tight sets w.r.t. 3; and x; that contain e (cf. Definition 4.8

and Lemma 4.9).

Definition 4.15. Given x; € BB; for all i € N, a label function &:E - {o0,1,...,m} is
valid if

(L1) £(e) = oif e is scarce,
(L2) €min(Ti(e)) >€(e) —1forallie Nande € E.

Soversold
Sundersold
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Recall the definition of the edge weights: given a vector x; € B; for some M-convex
set B;, we have w;(e, f) = max{a € Z | x; — ay. + ays € B;}. The general idea of the
push-relabel algorithm is as follows. Initially, all e € E have the label o, i.e., £(e) = o.
As long as there are ample items left that have a label smaller than m, we take such an
item f and try to push at this item type. If this is not possible, we relabel f. These two
operations work as follows

push (at f w.r.t. e and i) If we find an item e with e € T;(f) for some ample item
f and buyer i € N with £(f) = £(e) — 1, then we update x; = x; — ay, + ayy with
o :=min{b(e) - YjeN xj(e),wi(e, f)}.
relabel (f) If no such item exists, we update £( f) := &(f) + 1.
For the analysis later, we make the following distinction between pushes: If in a push,
the minimum a = min{b(e) - ¥ ;cy xj(e), wi(e, f)} is attained at the w; (e, f) term,
we call it a saturating push; otherwise, if the minimum is only assumed by the first term

b(e) = ¥ jen xj(e), then it is called a non-saturating push.

Push-Relabel Algorithm:

Input: M-convex sets B = (B;) ien
Output: Maximum independent vector
1+ Arbitrary vector x € B
2 l(e):=oforallecE
3 while ample item f with €(f) < m exists do
4 Select any such f
5 if e and i with e € T;(f) and €(e) = €(f) — 1 exists then
// push at f w.r.t. e and i

6 a=min{b(e) - ¥y xj(e), wi(e, f)}
7 X=X = aye +axy
8 else

// relabel f
s | [ ef)=ef)+r

10 return x

We now show with two lemmas that the Push-Relabel Algorithm computes an solves
the PoLYMATROID SuM problem. For that, we use the conditions (L1) and (L2) from
Definition 4.15 as invariants that are maintained throughout the execution of the algo-

rithm.

Lemma 4.16. The invariants (L1) and (L2) hold throughout the Push-Relabel Algorithm.
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Proof. Clearly, both invariants hold at initialization. Invariant (L1) holds also in all
subsequent iterations as labels are only changed for ample items, which will never

become scarce by choice of « in any iteration.

For invariant (L2), consider any iteration 7 of the Push-Relabel Algorithm that satisfies
(L2). We show that then it will also hold in the next iteration 7 + 1. If this iteration 7 + 1
performs a relabel for some item f, then in iteration 7 we have that for all e € T;(f) it
holds that €(e) > £(f) — 1; otherwise a push would have been performed at f w.r.t. e
(if equality) or (L2) would have been already violated in iteration 7 (if inequality was
reversed). Thus, €min (7:(f)) = €(f), and hence, (L2) also holds in iteration 7 + 1 where

f’s label increased by one.

Now suppose, iteration 7 + 1 performs a push at f w.r.t. some e € E and i € N instead.

That is, we make an update x{ := x; — oy + ayy for some & > 0. Let 7;'(g) denote the
tight sets for each g € E and j € N after the push in iteration 7 + 1 and 7;(g) refers to
the tight sets before the push in iteration 7, where we assume (L2) holds. We need to
show that

Cmin(T;(g)) 2 €(g) -1 (4.5)

holds for all j € N and all g € E. For all j # i and all g € E this is immediate as the
-
=
true for j = i and g € E where e ¢ T;(g), since in this case 7;(g) is also tight for x} and

hence, T;(g) € Ti(g). Hence, it is left to show that (4.5) hold for j = i and g € E with
e € Ti(g). Wehave T, (g) € Ti(g) u Ti(f), since the union of two tight sets (before
the push) is tight again by Lemma 4.9. Thus,

vectors and the labels do not change, i.e., x’ = x; and 77 (g) = Ti(g)- It also is clearly

gmin(ln,(g)) > min{€min(7:(g)), €min (Ti ()}
= min{€min (7i(g)). £(e)}
= emin(,ﬁ(g))>

where the penultimate equality follows from the facts that £(e) = €yin(7:(f)) if f is
selected for the push and that (L2) is satisfied before the push. The last equality follows
by e € Ti(g). Thus, (4.5) holds true also after the push in iteration 7 + 1. O

Lemma 4.17. The Push-Relabel Algorithm returns an optimal solution to the POLYMA-
TROID SUM problem (4.8).
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Proof. First note that when the algorithm stops, there is some unused label: by pigeon-
hole principle, with m+11labels but only m item types, there exists some k € {0,1,...,m}
with €7 (k) = @.

By the first half of the proof of the Min-Max Theorem for POLYMATROID SUM (4.10),
we already know that

> min{z xi(e), b(e)} <> pi(ENF)+b(F)
433 ieN ieN

holds for all x € B and all F ¢ E and if it holds with equality, then x is optimal by
Corollary 4.11 (note that without the second half of the proof of Theorem 4.10, the
corollary yields still a sufficient condition).

We now show that the Push-Relabel Algorithm constructs x and a witness set F as
desired, completing the proof of the Min-Max Theorem for POLyMATROID SUM. Let
F ={ecE|¢(e) <k}, where k is the aforementioned unused label. Note that it is
entirely possible that F € {@, E}.

Since there is no ample item e with £(e) < m by the stopping criterion of the Push-
Relabel Algorithm, there is also no ample item in F. Thus,

> xi(e) > b(e)
ieN

for all e € F. Also note that

> xi(e) <b(e)

ieN
for all e ¢ F as for those £(¢e) > o holds while scarce items have the label o by (L1).
Finally, since 7;(e) € E\ F forall e € E \ F by (L2) and the choice of k, we have

xi(ENF)=pi(ENF)

for all i € N. That is, x and F satisfy the complementary slackness conditions of
Corollary 4.11. Hence, E \ F = U,cpr Ti(e) is tight for all i € N as a union of tight
sets. 0
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4.4.3 An Efficient Implementation for MATROID UNION

Let us now consider the unit supply setting first, i.e., where we have b(e) = 1foralle € E.
In that case, for all i € N we have B; < [0, 1]z which just corresponds to a matroid base
set where every x; € B; is the indicator vector of a base B; of the underlying matroid.
Then it is also very easy to describe the tight sets and weights of the exchange graph.
The tight sets w.r.t. B; and e (technically, y.) are

T(e) = {e} ifeeB;,
C(Bj,e) ife¢ B,

where C(B;, e) denotes the fundamental circuit of B; and e. All the weights in the
exchange graph are binary, i.e., w;(e, f) € {0,1} and these values are just redundant
information as they are already contained in the exchange graph as w; (e, f) = 1if and
onlyif (e, f) € A;.

In the body of the while loop, given an ample item f, the algorithm checks if it can
perform a push at f. For this, the algorithm might need to go through all i € N, and
check whether there exists an item e in the fundamental circuit C(B;, f) with label
¢(e) = €(f) — 1. This may cost nm queries, but only if f has label £(f) = 1. If f has
the label £(f) = o, we can immediately relabel. Whenever f has the label £(f) > 1,
then it suffices to go through each item e at most once, since each item e of with label
2(e) = £(f) —1is allocated exactly once (by (L1) and since there is only one unit per

item). In particular, this means that all pushes are saturating.

The proof of the following theorem makes use of the described procedure to bound the

running time.

Theorem 4.18. The Push-Relabel Algorithm can be implemented in running time O(n -
DO + (m? + m*n) - EXO) for the unit supply case.

Proof. The algorithm starts with finding an initial allocation x in # - DO time. Given an
allocation x, we can compute how often an item e is allocated in time O(nm). These
values can be updated in time O(1) at every push operation. Moreover, these values
allow us to maintain a list of all ample items, which needs O(m) time for initialization
and can be maintained in O(1) at each push. Note that at a relabel operation, nothing
changes for these values and the list.
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We find an ample (i.e., unsold) item e and check its label €(e) in O(1). If £(e) = o, we
can relabel immediately. If £(e) = 1, we will go through all buyer-item pairs of items
with label o to determine whether a push is possible, otherwise we relabel. This takes
O(mn) exchange oracle queries. For every other label k > 2, any item on label k —11is
allocated to at most one buyer (by (L1), and since there is only one unit per item). Thus,
we just need to go through the items once to determine a push or a relabel operation.

This can be done in O(m) exchange oracle queries.

The number of relabel operations per label k > 1 is bounded by O(m). The number
of pushes per label is also bounded by O(m). To see this, we show that for each label
k the value ®(k) := ¥, | B3¥| is non-decreasing in every relabel or push operation,
where |B>*| is the number of items in B; that were added to the bundle when their label
was at least k. Relabel operations are only used for ample items, and hence, they do
not affect the B?k sets; thus, @ (k) does not change. At any push at f with respect to
eand i, |B]2.k| does not change for j # i. For buyer i with bundle B;, the item e which
leaves B; has a label exactly one lower than the the label of the item f which enters the
bundle. Hence, | B>*| does not decrease. When pushing at f with respect to i and e with
¢(e) = k, we strictly increase |B3*| and thus, ®(k).

Since ®(k) < m for each k > 1 (as each item with label k > 1is currently allocated to

exactly one buyer), we get a bound of m on the number of pushes per level.

This gives a total running time of O((m?>n+m?)-ExO) after finding the initial allocation,
where the first term is generated by the pushes and relabel operations on items labeled

1 and the second term captures all remaining pushes. O

We will later show that from this solution of the PoLyMATROID SUuM problem, we can
construct an excess demand set or excess supply set within the same running time.
Essentially, there is just one breadth-first search in an exchange graph (similar to the
one used by Knuth’s Algorithm for Matroid Union) missing, which only requires time
linear in the size of the exchange graph (O(nm?)).

4.4.4 An Efficient Implementation for POLYMATROID SUM

In this subsection, we give a fast implementation of the Push-Relabel Algorithm for
PorymatroID SuM which we will later use to find excess demand and excess supply sets
in the setting where item types are available in multiple copies. The crucial difference
to the setting in the previous section is that a non-ample item type e can be allocated
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to more than one buyer. That means if we want to perform a push at some ample item
type f with respect to e, we might have multiple buyers i to choose from and indeed,
might also have to select multiple of them to allocate all units of f. It is crucial to search
for the suitable buyer-item pairs (i, e) in a structured way such that we do not repeat
unnecessary work—we already made this observation in the unit supply case if £( f) > 1;
in that case we also only needed to look at every e at most once to determine whether a
push is feasible. For the sake of convenience, we assume both, the buyers and item types
to be indexed by naturals,i.e, N = {1,...,n} and E = {1, ..., m}. Then we define that
a buyer-item pair (i, ) is lexicographically smaller than the item pair (j, f) if i < j, or
i = jand e < f. In this case we write (i, e) < (j, /). When we search for a buyer-item
pair to perform a push, we use the lexicographical ordering to scan through these pairs.
This idea is not novel in combinatorial optimization. The approach has already been
used in [Sch8o] for PoLYMATROID INTERSECTION and has also been used by Fujishige
and Zhang [FZ92; FZ96] in push-relabel algorithms for problems involving submodular
functions. Note that the Push-Relabel Algorithm (or the original version by Frank and
Mikl6s [FM12]) does not rely on a specific selection rule to perform the push correctly.
The goal of this rule is simply to limit the number of queries to the exchange oracle and

in particular, avoid unnecessary queries.

Algorithm We implement the Push-Relabel Algorithm for PoLYMATROID SUM with
two subtleties: (1) we always select an ample item f with highest label ¢(f) among
those that have a label strictly smaller than m, and (2) for some given item e, when
selecting the buyer-item pair (i, e) for the next push, we always select the pair which
is lexicographically smallest among all buyer-item pairs that fulfill the necessary re-
quirements for a push at item f. In Lemma 4.19 we show that between two relabels of
some item f the algorithm does not have to go back in the lexicographic order to find
suitable buyer-item pairs (i, e) to perform a push, which limits the number of pairs

that we have to search through between two relabels of some item to just O(mn).

The pseudocode Push-Relabel Algorithm for Polymatroid Sum makes this description

more precise.

Correctness We show a lemma from which we can follow that the Push-Relabel

Algorithm for Polymatroid Sum computes an optimal solution to POLYMATROID SuM.
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Push-Relabel Algorithm for Polymatroid Sum:

2 fore e Edo

3
4

5
6
7
8

10
11
12

13

14
15

17

18
19

20

Input: Polymatroids (P;);en
Output: Maximum independent vector
1 Arbitrary vector x € 8

// initialize labels and exchange pointers

2(e):=o0

L (e ge) = (11)
while there is an ample item f with €(f) < m do

push = false

Select f € argmax,ep{€(g) | g is ample and €(g) < m}

for buyer-item pairs (i, e) in lexicographically increasing order starting with
the pair (jf, g5) do

ifwi(e,f)>o0and €(f) =€(e) +1then // buyer-item pair to
perform a push

ifinot push then

push = true
a:=min {b(f) - Zjeij(f)’Wi(esf)}
Xi=X;— 0)e + Ay
if b(f) - Xjen xj(f) <wi(e, f) then // non-saturating
push
(jr-gr):=(i,e) // set pointer to current pair
continue with next ample item f (by aborting the for loop)
// f is not ample anymore
else // saturating push

(> 8f) = {

next pair in lex. order

(i,e+1) ife+1exists, )
] ) // set pointer to
(i+1,1) otherwise

// relabel if no push was found for f

e(f) = e(f) +1
(s> gr) = (1,1) // reset pointer to first pair in lex.
order

21 return x and €(e) foralle € E
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Lemma 4.19. Let f € E with £(f) = k and let i € N. If all pushes in the Push-Relabel
Algorithm are performed with respect to some minimal suitable item, then

min{e € T;(f) | €(e) = k—1}, (4.6)

is non-decreasing and strictly increasing at every saturating push at f with respect to e
and i until f is relabeled.

Proof. We show that the statement is true after each push and after each relabel.

If a push operation is performed with respect to some buyer j # i, then neither 7;(f)
nor the labels change and hence, the minimum is the same as before for fixed f and i.
From some bundle x;, the push yields the bundle x] = x; — ay. + ay for some a € Z,
and we denote the corresponding tight sets by 7;'(-). We now consider a push with
respect to i and some item e and distinguish between the cases whether the push is

performed at f or some other item g # f.

o pushat f (wrt. i and e): Then e = min{e € T;(f) | £(e) = k —1} by the assumption
of the lemma that the Push-Relabel Algorithm performs every push on a minimal
suitable item.

If the push is saturating, then we have & = w;(e, ) and any further exchange
between those items is not feasible, i.e., x; — x. + x5 ¢ Bi, and hence, e ¢ T;'(f)
by Lemma 4.12. Moreover, p; (T;(f)) = x;(T:(f)) = x/(T:(f)) since e, f € T;(f).
Thus, 7;(f) is a tight set with respect to x; and hence, 7;(f) ¢ 7;(f). We get that
T!(f) € Ti(f) \ {e}, from which it follows that the minimum in (4.6) is strictly
increasing.

Now suppose the push is non-saturating, i.e., we have a < w; (e, f). Then further
exchanges of e and f are accepted by i, more precisely, x! — (w;(e, f) — a) x. +
(wi(e, f) —a)xs € B;, implying e € T (f) again by Lemma 4.12. Moreover, 7;(f)
is tight with respect to x} and thus 7;(f) ¢ 7;(f), which implies that the minimum
of (4.6) is still e.

o pushat g+ f (wrt.iande):If g, e ¢ T;(f), then T/ (f) = T;(f) and hence, (4.6)
remains the same.

Now suppose that g € 7;(f), then it holds that 7;(g) < 7;(f) by Lemma 4.12. Thus,
we also have that e € 7;(f) which implies that x{(7;(f)) = x;(T;(f)). Since T;(f)
is tight, we have x; (7;(f)) = pi(T:(f)). In other words, T;(f) remains tight after
the push at g. This yields 7' (f) € 7;(f) as T,/ (f) is the minimal tight set containing
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f with respect to x; and the fact that 7;(f) is already a valid candidate set. Thus, we
must also have that (4.6) can only increase.

Finally, we consider the case where g ¢ 7;(f) but e € 7;(f). Then we have 7, (f) €
T:(f)uTi(g) since T;(f)uT;(g) is tight as the union of tight sets (Lemma 4.9) and
remains tight after the push as it contains g and e. If the £(g) > k, then €, (T:(g)) >
k by (L2) and hence, {e € E | £(e) =k —1} n T/ (f) € Ti(f)- In other words, every
item that is a candidate for the minimum after the push is also in 7;(f), i.e., a
candidate already before the push as all items in 7;(g) have a label which is too high.
If¢(g) = k, then

min{e’ € T;(g) | €(¢) =k —1} > min{e’ € T;(f) | (e') = k -1},

=e

since we assume that e € 7;(f) and €(e) = k —1and thus, e is a suitable item for the
minimum on the right-hand side. Hence, we get that 7, (f) ¢ 7;(f) u T;i(g) from
which it follows that (4.6) cannot decrease after the push.
The last case where £(g) < k cannot occur since €(e) = £(g) —1 < k —1as we push
at ¢ with respect to e and e € 7;(f), which implies €(e) > €(f) — 1=k —1which is
a contradiction.
The argument for a relabel is straight-forward: A relabel does not change 7;( f) as the set
of buyer i stays the same. Moreover, due to (L2), there does not exist an item e € T;(f)
with label k — 2 = €(e) < €(f) —1 = k — 1. Thus, there is no further candidate item in
e € Ti(f) | €(e) = k — 1} over which we take the minimum. If however, the relabel is

performed on the current minimum of (4.6) for f, then this minimum increases. [

In the Push-Relabel Algorithm for Polymatroid Sum, we perform pushes with respect
to the lexicographically minimal buyer-item pairs, which automatically satisfies the
condition of Lemma 4.19. Thus, we can apply the lemma to obtain monotonicity of
(4.6) for every buyer i. This implies that, when fixing i, the potential items for a push
at f are non-decreasing, and we ignore items that have been already considered until
f is relabeled. Moreover, at a saturating push (4.6) strictly increases and thus, also
the buyer-item pair, i.e., we move down the lexicographic order. Hence, the Push-
Relabel Algorithm for Polymatroid Sum is indeed a valid implementation of the general

push-relabel framework.

Corollary 4.20. The Push-Relabel Algorithm for Polymatroid Sum returns an optimal
solution to POLYMATROID SUM.
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Running Time As we already discussed in Section 4.3, our running time analysis is
not in terms of the input size but instead in terms of 7 (the number of polymatroids),
m (the number of item types), and DO and ExO (the time for an oracle query). This
is due to the fact that a compact encoding of the inputs is not possible in general and
would yield to misleading statements about the performance of the algorithm.” As we
already showed in Lemma 4.19, a saturating push makes the candidate set to find the
minimum (4.6) strictly smaller and hence, the minimum strictly increases. Hence, the
number of saturating pushes between relabels is bounded by mn. But what about the
non-saturating pushes? Since the minimal labels do not necessarily increase, we do not
get such a trivial upper bound as for saturating pushes. The main idea to get a bound
after all is that in the Push-Relabel Algorithm for Polymatroid Sum, we always choose
an ample item type with the maximum label below m for a push and the fact that an
initially ample item type will not be ample after a non-saturating push and can only get
ample again if there is a push on an item type with a higher label.

Lemma 4.21. The number of non-saturating pushes in the Push-Relabel Algorithm for

Polymatroid Sum is at most m>.

Proof. We call the set of iterations between two relabel operations a phase. As soon as
every item type e € E has reached £(e) = m, the algorithm stops since then there is no
item type left we can choose for a push. Since an item type of label m is never selected
for either operation, there can be at most m* phases (m item types that are relabeled at

most m times).

We will show that for each e € E there can be at most one non-saturating push in each
phase. Here we use the algorithm’s choice of an ample item e for which £(e) = k is
maximal. After a non-saturating push at e, e is not ample anymore. Hence, it cannot
be picked for a push until it becomes ample again. A push on an item with label k’
can make an item type ample but only on level k” — 1. Thus, e can only become ample
again due to a push at f with £(f) = k + 1. However, no such item type can exist until a
relabel operation (initiating the next phase) by choice of e as item type with maximum

label. Hence, there can be at most one non-saturating push per item type per phase. As

7An illustrative example is the case for 3-MATROID INTERSECTION if the matroids are given explicitly by a
list of their bases (of length that might be superpolynomial in |E|). Then the problem becomes easy by just
comparing the intersection of every triple of bases. However, the problem is complete for NP if we assume
the matroids are given by more succinct encodings (list of circuits or hyperplanes but also in particular
assuming only an independence oracle). A detailed discussion is due to Mayhew [Mayo8].
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there are at most m” phases and at most m non-saturating pushes per phase, we have
that the total number of non-saturating pushes is bounded by 3. O

Theorem 4.22. The Push-Relabel Algorithm for Polymatroid Sum runs in O(nDO +

nm>ExQ) time.

Proof. We can find an initial allocation in time O(nDO) time by asking every buyer

i € N for a vector x; € B;.

According to Lemma 4.21, the number of non-saturating pushes is bounded by O(m?).
We can estimate the running time of all relabel operations and saturating pushes induced
by a fixed item e while it is on level £(e) = k. Given e, we go through all buyer-item
pairs in a structured way such that we consider every buyer-item pair at most once
unless there is a non-saturating push. So, without counting the non-saturating pushes,
an item e with fixed label k induces a running time of mn arithmetic operations and
edge weight queries (in particular one call to ExOfor each buyer-item pair). Since there
are m item types, that can happen for at most m different labels with a total addition of

m? for non-saturating pushes.

In the analysis so far, we ignored the time needed to pick an ample item type e with the
maximal possible label below m. We show now that this is not a bottleneck operation.
We do so by using a standard network flow push-relabel argument (see e.g., [AMO8S,
Section 7.8]). In the beginning we initialize a list per label giving all ample item types
that have this label. Initially, all lists are empty except for the list for label o, which
contains all ample item types. This construction takes O(m) time but is only needed
once. Moreover, we keep track of the maximal label smaller than m that has a non-
empty list. The list is easily maintainable, since only one item type changes its label
and the status of being ample or not per iteration. The total increase of the maximal
relevant label is bounded by O(m?) (m item types with up to m labels). Thus, the total
decrease is at most O(m?). Hence, scanning the lists to find the first non-empty list is
not a bottleneck operation. Having such a data structure, we can access any item type

from the list for the maximum label in O(1) time. O

4.5 Excess Demand and Supply with Discrete Convexity

Recall the idea to determine an excess demand set in the Flow Auction. We first put
every item type into a tier for every buyer that essentially determined how useful the
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items of this type are for that buyer (Ej: crucial to get all, E: substitutable by others,
E?: fine to omit, E}: crucial to omit. From this classification, we could determine how

large the demand on a specific subset F C E is and compare it against the supply.

As mentioned in the introduction of this chapter, we cannot use the same approach here
since we cannot rank item types individually on how useful they are to a buyer; instead
an item’s usefulness to a buyer also depends on what other items a buyer receives with
it.

Hence, we need a more sophisticated approach to determine the total requirement on a
set F C E if the valuation functions are not just additive functions but more general

gross substitutes.

Recall from Definition 3.8 that i’s requirement on F is defined by rf (F) = min,ep, () x(F)
and the total requirement on F is r”(F) = ¥,y ¥ (F). Note that the requirement can

be defined only using D;(p), i.e., 7 (F) = min x(F) as all v; are strong gross

xeD;(p)
substitute. In particular, we can express the requirement in terms of the rank function
of D;(p), ie., ! (F) = p? (E) - p” (E \ F). For the dynamic auctions, that we present
in the sequel, we are particularly interested in sets that maximize the shortage of an
item set (or maximize the abundance) in order to adjust prices on items where the
gap between supply and demand is bigger and hence, closing this gap faster. In the

following, we use the shorthand short? (F) := ”(F) - b(F) for the shortage of F at
price p.

Lemma 4.23. If all buyers have (strong) gross substitute valuations, then prices p are
packing if and only if short? (F) < o for all F € E.

Proof. Let p be packing and x = (x;);en be a corresponding packing allocation. With-
out loss of generality, x; € D;(p). Then, using the polymatroid rank function associated
with D;(p), i.e., pf (F) = max{x;(F) : x; € D;(p)}, we have 3’ (E) = x;(E) for all
i € N. Thus,

> PL(E) = 3 xi(E)

ieN ieN

SN

ecE ieN

= Zmin{zxi(e)sb(e)}’

ecE ieN
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where the last equality holds as x is packing. By Theorem 4.10, we have then

S PIE) = min{z xi(e), b(e)}

ieN ecE ieN

< max Z min{z yi(e), b(e)}

€D ¢eE ieN

{Z BL(ENE) + b(F)}.

= min
SE {jeN

Thus, we have for all F ¢ E that

S (B (E) - p(EN F)) < b(E). (47)

ieN

=r?(F)

That is, no F is in excess demand.

To show necessity, assume that there is no excess demand set at price p and use (4.7) to
obtain

HEF) (P

Emin{z yi(e), b(e)}}

ieN

Y

Thus, equality must hold throughout the chain of inequalities and equalities. In par-
ticular, this means that there exists an allocation y € D with ¥, y:(e) < b(e) for all

e € E, i.e., y is packing and so is p. O

The next step is to link a solution x of the PoLyMATROID SUM problem

mavmein{Z x,»(e),b(e)} (4.8)

x€D ecE ieN
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to the problem of finding a set of maximum shortage.

Lemma 4.24. Assume x = (x,,...,x,) an optimal solution to (4.8). Then, a set S C E
has maximum shortage if and only if the following three properties hold:

(1) E N Sis tight (w.r.t. 5i(p))for allieN,

(2) S does not contain an ample item type, and

(3) S contains all scarce item types.

Moreover, there is a unique inclusion-wise minimal set fulfilling (1), (2), and (3).

Proof. Let S € E and p be any price vector. We have

short?(8) = " p¥(E) - (Z PP(ENS) + b(s)).
ieN ieN

Hence, S has maximum shortage if and only if it is a minimizer of the right hand side

of (4.2). Since x is optimal, we get by the Min-Max Theorem for POLYMATROID SUM,

> min{Z xi(e), b(e)} =Y PY(ENS) +b(S).
ecE ieN ieN

By Corollary 4.13, this is the case if and only if S satisfies (1), (2), and (3).

Moreover, if S and S’ satisfy these three properties then SNS’ and SUS’ do so, too. Hence,
there exists a unique inclusion-wise minimal set that satisfies those properties. O

We already defined the concept of an exchange graph for Knuth’s Algorithm for Matroid
Union that indicates for every buyer i and a set I; € Z; that is currently allocated to her
which items can be added or exchanged such that the resulting set stays independent
in buyer i’s matroid. Recall that for the PoLymAaTROID SUM problem, we presented a
push-relabel algorithm to solve the problem and the concept of an exchange graph was
not necessary. However, in this section the exchange graph becomes relevant again to
perform the search for the inclusion-wise minimal excess demand set with maximum
shortage. While G(I) for the MaTROID UNION problem was defined for feasible solution
I (i.e., a partition of E), our Push-Relabel Algorithm for Polymatroid Sum algorithm
instead might oversell item types (i.e., they become scarce) but we can still define an
exchange graph in a very similar way.

Given a solution x to (4.8) at price p, define Gi(xi) = (E,A;)forieN by
A, :{(e,f)eE><E|xi—Xe+Xf€’5,-(p)}.
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ENS

Proof sketch that an arbitrary set S satisfying Lemma 4.24 must contain R, which
consequently also must satisfy Lemma 4.24. Dashed red edges cannot exist by construction of R
(left) or due to Lemma 4.12 (right).

Note that the construction of this graph can be realized by querying the exchange oracle
(ExO, see Section 4.3) about any (e, f) pair with x;(e) > o and x;(f) < b(f). We let
G(x) = (E, A, S), where A = U;cy A; and § = {e € E | e is scarce}.

Theorem 4.25. Let x be an optimal solution to (4.8). Then the minimal excess demand
set of maximum shortage is the set R = {f € E | f is reachable from some scarce item e}
of items that is reachable from S in G(x).

Proof. Let S be an excess demand set with maximum shortage. By Lemma 4.24, S
contains all scarce item types and no ample item type (with respect to x). Moreover,
E \ S is tight for all i € N and hence, by Lemma 4.12, there is no edge (e, f) € A with
e € Sand f ¢ S. Now consider R. By definition, R contains all scarce items. As all ample
items are in E \ § and there is no path from S to E \ S, we also cannot have any ample
item in R. Also by definition, there is no edge from R to E \ R and hence, by again
invoking Lemma 4.12, E \ R is tight for all i € N. Thus, again using Lemma 4.24, R has
maximum shortage. Finally R ¢ § since otherwise there is some item f e RN\SCENS
that has a path from some scarce item e in G and in particular an edge from S to E \ S,
contradicting Lemma 4.12. O

Figure 4.3 depicts a visual aid to the proof of Theorem 4.25.

Additionally to a purely ascending auction, we also introduce descending auctions and
hybrids of both in the next section. Intuitively, a price decrement is necessary if the
demand on a subset of item types is too low, i.e., if there is excess supply on that set.
Consequently, we also need to identify those excess supply sets and a search in the
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exchange graph (this time starting at ample item types) seems like a good first idea.
A subset S of item types is in excess supply if not all items from S are sold even if
every buyer receives a preferred bundle that uses the maximum number of items in S.
We formalize this in the following definition, where we use the rank functions of the

polymatroids corresponding to D; (p) for buyers i € Ni, i.e.
5(F) = max(x(F) : x < Dy(p)}.

Definition 4.26. Let p be a price vector. A set F C E is in excess supply® if ;. p7 (F) >
b(F) and we call the difference ¥;y p? (F) — b(F) the abundance of F.

We denote the abundance of a set F by

abun’(F) = b(F) - Y. p?(F).
ieN
Note that the abundance can be directly be defined with the rank functions p? of the
polymatroid corresponding to D;(p), while the shortage required a detour via the
requirement function. The intuition behind this is that the rank function is indeed
an upper bound (or a capacity), whereas the requirement has to be understood as a
lower bound (cf. Definition 3.8). In particular, we want to stress that abundance and
shortage are in some sense complementary to describe the demand on a market but it is
clearly not true that short” (F) = — abun’ (F) or even that a negative shortage implies a

positive abundance. In economic literature, the function p? is also called the redundant.

Using the notion of abundance and excess supply, we can formulate a lemma that is a

counterpart to Lemma 4.23.
Lemma 4.27. If all buyers have (strong) gross substitute valuations, then prices p are

covering if and only if abun’ (F) < o for all F ¢ E.

Proof. Observe that for any price vector p, we have

max {Zmin{Zx,-(e),b(e)}}Sb(E). (4.9)

xeD(p) \ecE ieN

8underdemanded
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Moreover, we have equality in (4.9) if and only if there is a covering allocation x € D(p)
and then p is covering. Now assume that p is covering. Using the Min-Max Theorem
for PoLyMATROID SUM (Theorem 4.10), we get

Ig}il{b(F) + Z;]p(E \ F)} = xle%az);) {Z;Emin{%xi(e), b(e)}}
= b(E).
We obtain

b(F)+ Y p(ENF)>b(E)  forallFCE

ieN
< b(ENF)+ Y p(F)>b(E) forallFcE
ieN
— abun’(F) <o forall FC E.

That is, there is no excess supply set F.

Next we show that there is a covering allocation if there is no excess supply set. By the
same argument as above, we get

b(E) < rpcig{b(F) + 2 P(EN F)}

ieN
- max {zmin{Zx,-(e),b(e)}} (4.10)
x€D(p) \ecE ieN
< b(E),

where the first inequality holds as there is no excess supply set and the equality holds
by the Min-Max Theorem for PoLymaTROID SUM. Thus, (4.10) holds with equality
everywhere, in particular for the last inequality. However, this is only possible if there
is a covering allocation x € D(p). O

Rearranging terms in the abundance formula yields

abun’(F) = b(F) - Y. p?(F)

b(6) - (b2~ F)+ 37 (6 )

ieN
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and from there we obtain the following corollary.

Corollary 4.28. A set F € E is maximal abundant under prices p if and only if

E\Feargmin{b(S)JrZﬁf(E\T):TQE}.
ieN

Moreover, F is a minimal excess demand set of maximum abundance if and only if E \ F
is a maximal minimizer of S = b(S) + Xy pL(EN S).

This allows us to again use the Min-Max Theorem for PoLymaTROID SUuM and the Push-
Relabel Algorithm for Polymatroid Sum to find such a set. Recall the POoLYMATROID
SuMm problem, this time over D(p):

ma,}\(Zmin{Z x,-(e),b(e)}. (4.11)

x€D ¢cE ieN
We obtain an analogue of Lemma 4.24.

Lemma 4.29. Assume x = (x,,...,x,) is an optimal solution to (4.11). Then, aset S C E
has maximum abundance if and only if the following three properties hold:

(1) S is tight (w.r.t. D;(p)) forall i € N,

(2) S includes all ample item types, and

(3) S does not contain a scarce item type.

Moreover, there is a unique inclusion-wise minimal set fulfilling (1), (2), and (3).

Analogously to the exchange graph to find a minimal excess demand set of maximum
shortage, we now define an exchange graph to find a minimal excess supply set of
maximum abundance. Let x be a solution to (4.11) and define G;(x;) = (E, A;) with

Ai={(e.f) € ExErx—xo+ xy € Dy(p)}.

We define further G(x) = (E, A, $) with A = U,y A; and S = {e € E | e is ample}.

Theorem 4.30. Let x be an optimal solution to (4.11). Then the minimal excess supply set
of maximum abundance is the set R = {f € E | f is reachable from some ample item e}
of items that is reachable from S in G(x).

Note that the set R in Theorems 4.25 and 4.30 can be obtained by simply using a breadth-
first search, and hence, in time linear in the number of edges of the respective exchange

4.5 Excess Demand and Supply with Discrete Convexity
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graph. Thus, given a solution to (4.8) and (4.11), respectively, the main workload is to
construct the exchange graph.

Lemma 4.31. The minimal excess demand set of maximum shortage and the minimal
excess supply set of maximum abundance can be computed in time O(nm* - ExO), given

an optimal solution x to (4.8) and (4.11), respectively.

Lemma 4.31 together with Theorem 4.22 (or Theorem 4.18) yields the total running

time to find excess demand and supply sets.

Corollary 4.32. In the multi-supply setting, given prices p, we can compute a minimal
excess demand set of maximum shortage and a minimal excess supply set of maximum
abundance in time O(nDO + nm3ExO). In the unit supply setting, the running time
reduces to O(nDO + (m? + nm>)ExO).

Compared to the previous state of the art by Murota, Shioura, and Yang [MSY13] which
has a running time of O(nDO + nm*log(nmB)ExO), where B = max.cg b(e), we gain

a factor of mlog(nmB); in particular, we lose the dependence on B.

4.6 The Auctions

We already established that a dynamic auction essentially simulates a (discrete) gradient
descent method on the Lyapunov. More precisely, given any price vector p and a set
F ¢ E, if a dynamic auction increases (or decreases) the price on F the Lyapunov
decreases if and only if F is an excess demand set (or an excess supply set, respectively)
and the decrement is proportional to the shortage (or abundance, respectively) of F
under price p.

As the Lyapunov is submodular and the minimizers of any submodular function form
a lattice, by Lemma 3.14, this is also true for the Walrasian price vectors. In particular,
there exists a unique buyer-optimal, i.e., minimal Walrasian price vector p,. and a
unique seller-optimal, i.e., maximal Walrasian price vector p*.°

Ausubel [Auso6] has shown that p, and p* can be obtained via the following Ascending

Auction and Descending Auction, respectively. Note that the former is just an imple-

9Note however, that seller-optimal Walrasian does not need to mean revenue-maximizing: A single buyer
on a market with two items {e;, e, } and a unit demand valuation of #, = (3,1) yields a maximal Walrasian
price vector of (2, 0) with allocation {e, }. However, the price vector (3,2) leads to the same allocation but
with revenue 3 instead of 2.
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mentation of the Generic Ascending Auction by Gul and Stacchetti [GSoo] and in fact
the Flow Auction is also just an implementation of the Ascending Auction.

Ascending Auction:

1 Sufficiently low price vector p

> while an excess demand set F C E exists do

3 F := argmin{|F'| : F’ ¢ E with short’(F") maximum}
4 fore € Fdo

s || p(e)=ple)+1

6 return p

Descending Auction:

1 Sufficiently high price vector p
= while an excess supply set F ¢ E exists do
3 F := argmin{|F'| : F' ¢ E with abun’ (F") maximum}

4 for e € F do
s || ple)=ple) -
6 return p

A minor defect of these two auctions might be the fact that the starting prices of item
types cannot be arbitrary: if the Ascending Auction has a starting price that is higher
than the minimal Walrasian price vector, then it cannot find this price vector at all.
Even more crucially, if its starting price is higher than the maximal Walrasian price
vector, then the Ascending Auction does not find a Walarasian equilibrium at all, since
it cannot resolve excess supply sets and hence, will not obtain a covering allocation. It
is natural to also consider hybrids of the previous two auction and these allow for an
arbitrary starting price vector. However, those auction will not necessarily find one of
the extremal Walrasian price vectors but just an arbitrary one. The first auction has
two phases; in the first phase we eliminate all excess demand sets by increasing prices
and in the second we eliminate the excess supply sets by decreasing prices. Importantly,
since we choose the excess demand and excess supply sets carefully (by not increasing
prices of items with a shortage and not decreasing prices on items with abundance),
we will never create additional excess supply sets and excess demand sets, respectively
during the process.

4.6 The Auctions
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Two-Phase Auction:

1
2
3
4
5

10

Arbitrary price vector p

while excess demand set F € E exists do

F := argmin{|F'| : F’ ¢ E with short’(F") maximum}
for e € F do

L@ =p(e) 4

while excess supply set F C E exists do
F := argmin{|F’| : F' ¢ E with abun? (F’) maximum}

for e € Fdo
| p(e)=p(e) -1
return p

Murota, Shioura, and Yang [MSY13] shows that one can reduce the number of iterations

by interleaving both phases and always performing an increasing or decreasing step

depending on which of the two provides the greater reduction of the Lyapunov. This

results in the following Greedy Auction.

Greedy Auction:

1

Arbitrary price vector p

> while an excess demand set F, C E or excess supply set F, C E exists do

3
4

5
6

7

8
9

10

F, == argmin{|F’| : F’ ¢ E with short’(F") maximum}
F, := argmin{|F’| : F' ¢ E with abun’ (F’") maximum}
if short” (F,) > abun? (F,) then

for e € F, do
[ p(e)=p(e) 11
else

for e € F, do
L [ p(e)=ple) -1

u return p

The latter two auctions of course loose the property that we are guaranteed to find a

minimal or maximal Walrasian price vector, provided that the starting price vector is

not component-wise lower (or higher, respectively) than the minimal (or maximal)

Walrasian price vector.
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4.7 Extremal Equilibrium Prices

We already mentioned that the set of Walrasian prices forms a lattice (with component-
wise minimum and maximum as meet and join operation, respectively) as they are the
set of minimizers of a submodular function, namely the Lyapunov (cf. Lemma 3.14). As
a consequence, there exists a unique minimal and a unique maximal Walrasian price
vector, p, and p*.

Packing and covering prices are already interesting on their own as they both constitute
weaker notions of equilibria (packing: every buyer gets a preferred bundle, covering: all
items are sold). Moreover, packing and covering prices are guaranteed to exist, also if
the valuation functions are not gross substitutes, e.g., by setting the prices very high
(such that no buyer is interested in any good) or to zero, respectively. It is a natural
question whether these relaxations of Walrasian equilibria inherit the lattice properties
and whether minimal packing prices or maximal covering prices (if they exist) are
guaranteed to be Walrasian. Particularly, the question whether minimal packing and

maximal covering prices exist is interesting.

We first demonstrate that packing and covering do not have a unique minimum and
maximum, respectively, if the valuations are not gross substitutes and hence, cannot
form a lattice.

Example 4.4. Given a market with four item types E = {e,, e,, €5, ¢, } where b(e) =1
for each e € E and two buyers N = {1,2}. The valuations for the first buyer are given
by the item-wise valuations #, = (6, 6, 6,10) and the (non-matroidal) independence
systemZ, = {IC F | F € {{e;, e,,¢;}, {e,} } }. The valuation of a bundle S is given by
v,1(S) = maxjez, Y perns 71 (€). The valuation function for the second buyer is defined
similarly using item-wise valuations 7, = (10, 6, 6, 6) and the independent sets Z, =
{IcF[Fe{{e},{es 564} }}

First we show that there is no packing price vector p with 3", p(e) < 8. Consider sucha
vector p and let E' be all elements in e € E with p(e) < 6. Clearly, |[EX\ E’| < 1. The unique
preferred bundle for buyer 1is {e,, e,, e, } N E’ and for buyer 2, it is {e,, e;, e, }NE’. Since
|{e1, e, €5} n{e,, e;, e,}| = 2 the intersection of the preferred bundles is non-empty,
so p cannot be a packing price vector.

Moreover, there are packing price vectors with ¥, p(e) = 8, namely p = (0,2+ a, 6 —
a,0) with a € [0, 4] are packing price vectors, since the first buyer is indifferent between
{e1, e,,e;} and {e,} and the second one is indifferent between {e, } and {e,, e;, ¢, }.

4.7 Extremal Equilibrium Prices
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Thus, the allocation {e, } to the first buyer and {e, } to the second buyer is packing. This
family of packing prices gives a component-wise minimal vector (o, 2, 2, 0) which itself
is not packing. However, since Y, p(e) = 8 for all price vectors in the defined family,
they are all buyer-optimal packing prices. Hence, clearly, the buyer-optimal packing
prices are not unique and moreover these buyer-optimal packing price vectors are all

not covering.

Note that the valuation functions in this example are not strong gross substitutes.
Consider the valuation function of the first buyer. It holds that {e,, e,, e;} € D,(0). But
if we increase the prices of items e, and e, by 6, i.e., p = (6, 6, 0,0), there is no demand
for e, anymore since D, (p) = {{e, } }. Similarly, the valuation function of the second

buyer is also not strong gross substitutes.

Example 4.5. Given a market with three item types E = {e;, e,, ;} and unit supply,
i.e, b(e) = 1for each e € E, and two buyers N = {1, 2}. Both buyers have the same
valuation function, given by the following table:

N 2 {e} {e} {e} {enes} {enest {esest E

vi(S) o 7 7 8 14 13 13 18

Then p = (6,7,7) is covering, since D;(p) = {{e.},{e..e.},{e;}} for both i € N.
Moreover, p’ = (7,7, 6) is covering with D;(p) = {{e,}, {e:, €.}, {e;}} forboth i € N.
However, g = p Vv p’ = (7,7,7) is not covering, as D;(q) = {{e;} }.

Note however, that there is a Walrasian price vector above all these price vectors, which
is p* = (7,7,8).

The following example shows that even with gross substitute valuations (even unit
demand), we do not have the property that packing prices form a lattice as the join of

two packing price vectors is not necessarily packing.

Example 4.6. Consider a market with three item types E = {e,, e,, e, } and unit supply,
i.e., b(e) = 1for each e € E, and two buyers N = {1,2}. Both i € N buyers have the
same unit demand valuation function (i.e., gross substitute) with item-wise valuation
7; = (2,2,2). Now consider the price vectors p = (1,1,3) and p’ = (3,1,1). Then the
demand correspondences are D;(p) = {{e,},{e.}} and D;(p") = {{e.},{e;}} for
each i € N and hence, both p and p’ are packing as we can assign one item each
under those prices. However, the price vector g = p v p’ = (3,1,3) is not packing as
Di(q) = {{e,}} forboth i € N.
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On the other hand, we can show that there is a unique minimal packing price vector
and a unique maximal covering price vector. Moreover, we can also prove that these
vectors are equal to the minimal, respectively maximal, Walrasian price vector. The
necessary lemmas and the theorems that follow are just stated here; their proofs can be
found in the published research paper [Eic+25] and will also get a special treatment in
the PhD thesis of Katharina Eickhoft.

As we have seen in the previous sections, it is beneficial in an algorithmic context, to
distinguish between the unit supply case (where b(e) =1 for all e € E) and the case

where items are available in higher quantities since we can achieve better running times.

However, from a purely structural view, there is not really a difference between those
two cases: every market with multiple quantities of item types can be transferred into
a unit supply market by simply treating every unit of an item type as an individual
object. Formally, let E be a set of item types and b € ZE the supply vector. Then we can
define £ := {&,,..., () : € € E} as the set of all copies of all item types ¢ € E. In that
case a set S C E corresponds to some allocation x € [0, b]z if for all e € E it holds that
x(e) = |{é € S| éisacopy of e}|. Under abuse of notation, we may write v(S) instead
of v(x) in that case. The remaining results of this chapter are all rather structural and
not very algorithmic, so for the sake of convenience, we restrict ourselves to the unit

supply setting.

Note that the reduction to the unit supply case is not completely exact in the following
sense: If we consider a multi-supply market on (E, b), we force the auctioneer to charge
the same price for each unit of an item type, whereas in the unit supply market on E
corresponding to (E, b) different copies of the same item might have different prices.
It seems counter-intuitive but those anomalies can also happen at equilibrium as the

following very simple example demonstrates.

Example 4.7. Consider a market with one item type E = {e}, b(e) = 2, and one buyer
N = {1} with valuation v(0) = 0,v(1) = 2,v(2) =3.0n E = {¢,, &, } the discriminating

price vector p = (0,1) is Walrasian with allocation ({¢,, ¢, }).

However, when we consider extremal Walrasian prices, i.e., minimal and maximal ones,
then this subtlety does not matter as the minimal and maximal Walrasian prices on E
coincide with the minimal and maximal Walrasian prices on (E, b), respectively, as the

following lemma expresses.

4.7 Extremal Equilibrium Prices
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Lemma 4.33. A vector p is the minimal (maximal) Walrasian price vector in a market
on (E,b) ifand only if p = ((p(e))iii))eeE is the minimal (maximal) Walrasian price
vector in a market on E.

The following lemma states that if all buyers have strong gross substitute valuations on
E, then the described reduction to the unit supply setting results in valuation functions

are gross substitutes.

Lemma 4.34 ([MSY13, Proposition A.1]). Given a strong gross substitutes valuation
v;:[0,b]z — Z, the corresponding valuation after reduction to the unit supply setting

vii2f — Z, is gross substitute.

4.71 Minimal Packing Prices are Walrasian

Ben-Zwi, Lavi, and Newman [BLN13] already showed that a packing price vector p on
a unit supply market is necessarily Walrasian if there is a Walrasian price vector p’ such
that p < p’. Their argument can be carried forward fairly easily to the multi-supply
setting.

Proposition 4.35 (generalized from [BLN13, Proposition 4.13]). Let p be Walrasian and
let q < p be a packing price vector. Then q is Walrasian.

However, this does not imply that there exists a unique minimal packing price vector
as it is not a priori clear whether there can exists a packing price vector p for which
ple) < p.(e)but p(f) > p.(f) for some e, f € E. We can show that this is indeed not
the case.

Lemma 4.36. Let p.. be the minimal Walrasian price vector and q be any packing price
vector. Moreover, let x be a packing allocation w.r.t. q. Then p.(e) < q(e) foralle € E
with ¥,y xi(e) > o.

Using this lemma, we can show that indeed any packing price vector is necessarily

component-wise not smaller than the minimal Walrasian price vector.

Theorem 4.37. Let p, be the minimal Walrasian price vector. Then p,. < q for all packing

price vectors q.
As a direct consequence of Theorem 4.37, we obtain the following corollary.
Corollary 4.38. There exists a component-wise minimal packing price vector and its

equal to the minimal Walrasian price vector.
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4.7.2 Maximal Covering Prices are Walrasian

We now establish a analogous theorem for maximal covering prices and show that
those coincide with maximal Walrasian prices. By Lemma 4.34, it suffices to do so for
the unit supply setting. The roadmap towards such a theorem is the following: given a
unit supply market on E with buyers i € N and gross substitute valuations v;: 2f — Z,
let p* be the maximal Walrasian price vector and g be a covering price vector. We fix a
covering allocation (S;);en W.r.t. . As (S;)ien is covering, we have Uy S; = E but it
does not necessarily hold that S; N S; = & for pairwise different i, j € N. The latter is the
main difficulty for a complementary result to Theorem 4.37 as a covering allocation does
not need to be feasible in the first place. We denote by k, = |{i € N | e € S;}| how often
an item e is allocated under allocation (S;);cn. Then we construct an market instance
in which k. copies of e are available for each e € E, i.e., E' = {e,,...,¢; :e € E},
and show that g (the covering price vector for E) is Walrasian for E’. To this end, let
v:E' — E,e! — e be the projection of E’ onto E and we define the new valuation
functions vi: E' — Z, for each i € N by vi(S") = v;(w(S)).

For a price vectors p € ZF and p’ € ZE we denote the demand correspondences in the
respective markets by D;(p) and D(p’), respectively. As a shorthand, we also define
for some price vector p’ € Zf, for the market on E’ a corresponding price vector for

the market on E that uses the minimal price among all copies, i.e., p* € Z£ with
p'(e) =min{p’(e;) s1< <k}

foralle e E.

Lemma 4.39. Let p’ € ZE and S’ c E' be an arbitrary set. Then S' € D'(p') for some
i € N if and only if the following conditions hold:

L y(S") e Di(ph),
2. §' only contains cheapest copies of each item, and

3. whenever S’ contains multiple copies of an item, all of them have price o.
Lemma 4.40. Ifv;:2" — 7Z, is gross substitute, then v': 2F S 7 s gross substitute.

Lemma 4.41. Let p € Z% be a covering price vector on a market on E. Then p' € Zf,
with p(e’) = p(y(e")) forall ¢’ € E' is a Walrasian price vector on the market for E'.

Using these lemmas, we can prove a complementary theorem of Theorem 4.37 for

covering prices.

4.7 Extremal Equilibrium Prices 151



152

Theorem 4.42. Let p* be the maximal Walrasian price vector. Then p* > q for all
covering price vectors q.

Corollary 4.43. There exists a component-wise maximal covering price vector and its
equal to the maximal Walrasian price vector.

4.8 Monotone Comparative Statics

In this final section, we present additional results on monotonicity in supply and
demand for the (unique) buyer-optimal, as well as for the (again unique) seller-optimal
Walrasian prices, provided that all buyers have (strong) gross substitute valuation
functions. This shows that Walrasian equilibrium prices react naturally to changes in
supply or demand.'® Decrease in supply of an item type e € E is straight-forward: We
just decrease the supply vector b at position e. The decrease in demand, we model as an
item truncation, i.e., instead of following the valuation function v; as it is, we consider

again a demand d; (cf. the item-capped additive valuations from Chapter 3).

Definition 4.44. Letv;:[0,b]z — Z, be a valuation function and d; € Z,. The item

truncation of v; w.r.t. d; is given by
vi(a) = max {vi(y) | y < x|yl < di}

Note that if we choose d; large enough, say d; = ||b|,, then v = v;. Under abuse of
notation, we may also write Vf for a demand vector d = (d;) ;e to refer to the truncated

valuation function vfl".

Using a non-trivial Lemma by Collina and Weinberg [CW20], we have that (strong')
gross substitutes are closed under item truncation, i.e., if v; is (strong) gross substitute,
then so is v?" forany d; € Z,.

We can then show two monotonicity results:

Theorem 4.45. (i) Let p., p* be the buyer- and seller-optimal Walrasian price vector
w.r.t. some supply vector b = (b(e)) g and p’,, p*' the buyer- and seller-optimal
Walrasian price vectors w.r.t. some supply vector b’ < b. Then foralle e E' = {f €

E|b'(f) > o} it holds that p.(e) > p.(e) and p*'(e) > p*(e).

'*While our paper [Eic+25] was under revision at TEAC, Raach published equivalent results [Raaz4].
'if we apply the reduction from Lemma 4.34
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(ii) Let p«, p* be the buyer- and seller-optimal Walrasian price vector w.r.t. some
demand vector d = (d;)en and p’,, p*’ the buyer- and seller-optimal Walrasian

price vectors w.r.t. some demand vector d’ < d. Then for all e € E it holds that

pi(e) <p.(e)and p'(e) < p*(e).

The proof of this theorem can be found in detail in our article [Eic+25] and in the
upcoming PhD thesis of Katharina Eickhoff. Theorem 4.45 (i) can be viewed as a
monotonicity result w.r.t supply wheres as (ii) captures price monotonicity in demand.
Note that there is no direct dependency which prices increase if the supply of say only
one item decreases. As item types are substitutes, the shortage that is created by an item
type which has now a lower supply can cause a price increase of any other item.

There is not a direct way to generalize the result of Theorem 4.45 (ii) to other changes
in the valuation functions (which would include, for instance, per-item demands) as

the following example shows.

Example 4.8. Consider a unit supply market with three items E = {e,, e,, e; } and three
buyers with unit demand valuations ¥, = (2,3,0), ¥, = (0,1,1) and 7, = (0,1,1), i.e.,
v;(S) = max,es 7;(e) for all S ¢ E. The buyer-optimal Walrasian prices are given by
P+ = (0,1,1). Now, assume that the valuation of the first buyer for the second item e,
is decreased by one, i.e., 7/ = (2,2,0). In this setting, the prices p’, = (0,0, 0) is the
buyer-optimal Walrasian price vector. Hence, the price of the items whose valuation
was not changed are the same or reduced by one unit.

Consider the same setting again and assume that the first buyer decreases her valuation
for item e, as well, i.e., 7" = (1, 2, 0). The minimal Walrasian price vectoris p, = (0,1,1).

Thus, the price of the items whose valuation was not changed are increased by one unit.

The example shows that the minimal Walrasian prices do not change in a monotone
way when the valuations change. This seems to be intuitive since if the valuation of
one item is decreased, it could increase the demand for other items which then have a
shortage and the price would need to increase. On the other hand, the item itself is less
attractive, such that the demand can reduce and thus also potential competition for
that item vanishes.

Also note that the question regarding price monotonicity w.r.t. changes in valuations is
a somewhat very restricted problem, as the strong gross substitutes property might get

lost if one is not careful with the changes in the valuation function.

4.8 Monotone Comparative Statics
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CHAPTER 5

The Greedy+ Algorithm for Submodular Cover

And now for something completely different.

— Monty Python
(British comedy group)

The greedy paradigm is probably the most used first approach to tackle all sorts of
combinatorial optimization problems algorithmically. On one hand, the idea to always
make a step that provides the most bang per buck is very natural and resembles the
steepest descent method from continuous optimization, which guarantees to find at
least a local optimum. On the other hand, due to its simplicity, the analysis of a greedy
algorithm does not require too many case distinctions or other pitfalls as the selection
rule for the next step is simple and fast and the structure of the solution has some sort
of monotonicity property that can be exploited in the analysis of the quality of the
solution. However, it is also known that for most combinatorial optimization problems,
a greedy algorithm might return a solution that can be arbitrarily bad compared to the
optimum; linear optimization problems on matroids being the notable exception. In
this chapter, we consider the SUBMODULAR COVER problem,' which generalizes a lot
of combinatorial optimization problems and suggest an improved greedy algorithm
which finds an optimal solution to a SUBMODULAR COVER problem if its structure is
simple enough.

'In the literature, one may also find the name SUBMODULAR SET COVER.
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5.1 Introduction

A set function z: 2F — Z, is called normalized if z(@) = o and monotoneifforall S ¢ T
it holds that z(S) < z(T). The SuBMopULAR COVER problem on a finite ground set E
can be formally described using just two functions, a linear cost function c: E - Z, and
a monotone submodular coverage function z:2F — Z,. The task is to find a cover of z,
ie,asetS c E with z(S) = z(E) of minimum cost ¢(S) = .5 c(e).

SUBMODULAR COVER
Given: finite ground set E, monotone submodular coverage function z:2* — Z,,
linear costs ¢: E — Z,.
Find:  cover S € E (2(S) = z(E)) with ¢(S) minimum.

As a gentle start, we consider the SET COVER problem, whose decision version is among
Karpss initial list of NP-complete problems [Kary2] and hence, it is unlikely that it can

be solved in polynomial time by a deterministic algorithm.

SET COVER
Given: universe U of points, a set of subsets E = {e,, ..., e, } (¢; €U) and a cost
function ¢: E - R.

Find: S € E of minimum cost such that U,.s e = U.

For such a SET CoVER instance (U, E, c), we can define a coverage function z:2f — Z,
by z(S) = |U,cs |- Note that this function is indeed monotone and submodular. We
can use in the following natural greedy algorithm which iteratively selects the subset

that offers the cheapest cost-per-unit ratio.

Wolsey’s Greedy:

Input: A monotone submodular function z:2F — Z, and a linear cost
function c: E - R,
Output: A cover S
1 S=¢g
while z(S) < z(E) do
3 é:= argmin{z(sfe(%:eeEwithz(S+e)>z(S)}

N

4 S:=S+e

s return S
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SET COVER instance from Example 5.1. The costs of the singleton sets are given
above the set in green, while the cost of the large set containing all elements are labeled below
the set in blue.

Wolsey [Wol82] showed that Wolsey’s Greedy is a H(max,g z(e))-approximation,
where H(k) is the k-th harmonic number, i.e., H(k) = ¥¥_, z <1+ Ink. This does not
hold only if z is a coverage function of a SET COVER instance but also for the more
general SUBMODULAR COVER problem.

Proposition 5.1 ([Wol82, Proposition 3]). Wolsey’s Greedy is an H(max,cr z(e))-approximation
algorithm for SUBMODULAR COVER.

Interestingly, this bound is tight already for a very simple instance presented in the
following example.

Example 5.1. Consider the SET COVER instance with universe U = {1,...,n} and the
family of sets E = {eo, €,, €,,..., €, withe, =U, e; = {i} forall 0 < i < n, and costs
c(eo) = 1+ ¢ with some & > o and c(e;) = ; forall o < i < n. The instance is also
depicted in Figure 5.1. Then Wolsey’s Greedy returns the solution {e, ..., e, } with cost

H(n), whereas the optimal solution {e, } has cost1 + &.

Another theorem by Moshkovitz [Mosi2] (building upon Feige’s slightly weaker re-
sult [Feig8]) shows that it is impossible that there can exist a better algorithm for
SuBMODULAR COVER (and even SET CovER) than Wolsey’s Greedy unless P = NP.

Proposition 5.2 ([Mosi12, Theorem 1.2]). For any ¢ > o, approximating SET COVER on
inputs of size n better than (1 - ¢) Inn is NP-hard.

However, there is a very simple adaption to Wolsey’s Greedy that would have found
the optimal solution to the instance in Example 5.1: By taking into account that the
addition of the set e, would have allowed to remove all other sets added so far, the

algorithm could have saved costs for redundant elements. That is, instead of looking at
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the ratio , one could instead consider the ratio <=S(RG:) "where R(S,e)

c(e)
z(S+e)-z(S) z(S+e)-z(S)
is the most expensive set of elements f € S that can be removed from § after adding e
without losing coverage. Note that determining the set R(S, e) is not necessarily easy

but in this chapter we will learn about a few functions where it is.

Summarizing, the greedy approach often fails as it is easy to trick the algorithm into
making an initial decision that looks good but does not pay off later. In this chapter, we
consider a subclass of SUBMODULAR COVER problems, which are forgiving for those
kind of mistakes in the sense that an optimal solution can still be recovered by simply
reverting some steps that previously have been made which turned out to be useless.
Accompanying with a sufficient condition for those kind of problems, we give a greedy

algorithm that solves those problems optimally.

5.1.1 Contribution

These here presented results are unpublished at the time of writing this thesis.

We define a subclass of submodular functions that we call generalized ranks, which
have a one-to-many exchange property that is stronger than the (one-to-one) base
exchange property of matroids (cf. Section 1.3.3). A natural greedy algorithm for the
SuBMODULAR COVER problem on these functions selects an element in each iteration
that has the cheapest cost-to-coverage ratio but accounting for cost saved via deleting
redundant elements. If the generalized rank has some nice property in an auxiliary
exchange graph, we can show that this algorithm guarantees an optimal solution and its
running time is polynomial if and only if the identification of redundant elements can
be done in polynomial time. Further, we developed the foundations of some duality
theory on generalized ranks.

5.1.2 Related Work

Matroid theory originated in the 1930s by the work of Whitney [Whi3s]. He considered
them as an abstract generalization of matrices and the notion of linear independence.
Our notation is mainly based on the modern monograph by Oxley [Oxlo6]. As de-
scribed above, optimizing a linear function of a matroid is easy using he matroid greedy
algorithm and its correctness stems from the base exchange property of matroids. There
have been various attempts to generalize or adapt this exchange property to achieve
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even more general abstractions. Notable examples are greedoids by Korte and Lovész
[KL84] and exchange systems by Brualdi and Scrimger [BS68].

Finding a minimum cost base (or spanning set) of a matroid (or any independence
system) can easily also be recognized as a covering problem, which are among the most
studied combinatorial optimization problems. Any minimizing integer program with
non-negative data and >-constraints can essentially be viewed as a covering problem.
Among them are also various hard problems such as SET COVER or VERTEX COVER
whose decision variants are on Karp’s original list of NP-complete problems [Kary2].
However, while solving those problems optimally in polynomial time seems unlikely,
there are elegant methods to achieve approximate solutions, sometimes with a greedy
algorithm. In particular, Chvatal’s work [Chvy9] for the SET COVER problem and Dob-
son’s paper on greedy heuristics for integer programming [Dob82] make a good starting
point in the literature. Wolsey [Wol82] gives an analysis of the greedy algorithm for the
very general SUBMODULAR COVER problem, which is in the current interest. In partic-
ular, Wolsey shows that SUBMODULAR COVER can be approximated up to a factor of
1+1In(max,cg z(e)) and a result by Moshkovitz [Mosi2] building upon a slightly weaker
result by Feige [Feig8] shows that this is best possible unless P = NP. It is also natural
to use greedy algorithms that are based on linear programming duality. Hochbaum
[Hoc82] showed that a dual greedy algorithm (with a clean-up phase at the end) achieves
an approximation factor for SET COVER of max,¢y [{e € E | p € e}|. Extending this
idea [Fujoo] yields an approximation algorithm for SuBMoDULAR COVER with an ap-
proximation guarantee of maxscg (Y ,..x 2(S + ) —z(S)) / (2(E) —z(E \ S)), where
X is a cover of z/: 255 — Z, with 2/(T) = z(Su T) - z(S). A different special case of
SuBMODULAR COVER is the KNapsack COVER problem for which linear programming
duality leads to an approximation factor of 2 as shown by Carnes and Shmoys [CSo8]
using strengthened formulations using flow cover inequalities by Carr, Fleischer, Leung,
and Phillips [Car+99]. Note that the KNapsack COVER (while equivalent w.r.t. com-
plexity to its packing variant) has an unbounded integrality gap, whereas KNAPSACK
(PACKING) has an integrality gap of 2 [Car+99]. We also refer the reader to the survey
on SUBMODULAR COVER by Fujito [Fujoo] and the monograph by Fujishige [Fujos].

Submodular functions and related optimization problems occur in several real-world
applications, for instance, economics (as they have a diminishing returns property,
which makes them natural valuation functions over sets of goods, see e.g., [MSog]) and
machine learning (e.g., for multi-document summarization, as information coverage

can be modeled using graph cuts, see e.g., the survey by Bilmes [Bil22]). While Sus-
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MODULAR FUNCTION MINIMIZATION has a strongly polynomial algorithm (the most
popular one is due to Iwata, Fujishige, and Fleischer [IFFo1] but the newer ones in
[Iwao2; Iwao3; I009; Orlog; LSW1s5; Cha+17] have stronger running time guarantees),
SUBMODULAR FUNCTION MAXIMIZATION is hard (for an overview, we refer to [KGi4]).
The SuBMODULAR COVER problem can be formulated as a SuBMODULAR FUNCTION

MAXIMIZATION problem as we maximize coverage subject to minimum cost.

5.2 Background Theory

Exchanges in Matroids Recall from Section 1.3 that a matroid M = (E,Z) is com-
pletely determined by its rank function p: 2f — Z, with p(S) = max{|I|: I e Z,1c S},
which is monotone and submodular and for all S ¢ E it holds that o < p(S) < |S] (cf.
Proposition 1.12). By the base axiom (B2) (cf. Proposition 1.10), it is always possible
to make a one-to-one exchange between two bases. It is not hard to see that this also
holds for arbitrary independent sets by just restricting to a truncated matroid. However,
there is an intriguing stronger property for those exchanges which we can observe in

an exchange graph.
Definition 5.3. Let M = (E,Z) be a matroid and I € Z. The bipartite graph Dy (I) =
(E, A) with bipartition (I, E \ I) and

A={{e,f}:ecl,f¢l,]-e+feI}

is called exchange graph.

Lemma 5.4 ([Scho3, Corollary 39.12a]). Let M = (E,Z) be a matroid and I, ] € T with
|I| = |J|. Then there exists a perfect matching in D (I) between I~ J and J N L.

Duality in Optimization Covering problems are prototypical examples of combina-
torial optimization problems, in particular, linear ones. We can usually write them in

form of an integer program that looks like

minimize Y c(e)x.
[233)

subject to Ax > b (5.1)

x € {o,1}F
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where ¢ € RE, A ¢ REHXE, and b € R[f] contain non-negative data. These kind of
programs can be solved by using, for instance, branch-and-bound techniques on its
linear relaxation
minimize ) c(e)x,
e€E

subjectto Ax > b (5.2)

Xzo0

which can be solved in polynomial time using the ellipsoid method [Kha8o] or interior
point methods [Kar84]. In practice, linear programs are also solved using the simplex
method [Dané63] although there are (so far) no polynomial running time guarantees.
There is a neat theory in linear optimization around duality. For every linear program
there is a corresponding dual program. The one for (5.2) is

maximize Z b(j));
jelk]
subjectto ATA < ¢ (5:3)

A>o

which easily can be recognized as a linear relaxation of a packing problem.

The following theorem is fundamental. It was first proven by von Neumann to prove
that two-player zero-sum games have a value, i.e., a minimum profit (or maximum
loss) for either player that can be guaranteed (in expectation) by playing a minimax
strategy [Neu28]. Duality theory was rigorously formalized in the 1950s by Dantzig
[Dané63] and Gale, Kuhn, and Tucker [GKT51].

Strong Duality Theorem (5.5) ([Dan63; GKT51]). Let P be a linear program and D
its dual. Let x* be an optimal solution to P and A* an optimal solution to D. Then,

c(x*) =b(A*).

It is important to note that duality theory in matroids (say with a linear objective
function) is not the same thing as duality in linear programming. Yet, we can make an

obvious statement that has a similar flavor as the Strong Duality Theorem.

Proposition 5.6. Let M = (E,Z) be a matroid and w: E - R, a weight function. If
B € B is a base of M with minimum weight w(B), then B* = E \ B € B* is a cobase of
M with maximum weight w(B*).

5.2 Background Theory

161



162

In both cases, one can observe that the dual solution acts as a kind of witness for
optimality of the optimal primal solution.

5.3 Generalized Ranks

We denote by E the ground set of our covering problems. A cover of a set function
z:2F » 7, isaset S ¢ E with z(S) = z(E).? In particular, we are interested in covers
that are optimal with respect to some cost function c:E — R,, i.e., they minimize
c(8) = ¥ pes c(e) among all covers S € E.
As mentioned in the introduction, we want to generalize the one-to-one exchange
property (base exchange property (B2)) of matroids to a one-to-many exchange property.
We borrow some words from matroid terminology. Given a monotone submodular
coverage function z: 2F — Z, we say that

(1) S C Eis z-independent if z(S —e) < z(S) foralle € S.

(2) S € Eis z-dependent if it is not z-independent.

(3) S < Eis z-spanning if z(S) = z(E) (i.e., if S is a cover).

(4) For S C E, its z-span corresponds to the set (S), := {e € E | z(S + e) = z(S)}.

(5) S € Eisaz-baseifitis z-independent and z-spanning.

The following definition captures the main object we study in this chapter.

Definition 5.7. A function z:2f - Z, isa generalized rank if
(1) zis normalized, monotone, and submodular, and

(2) for every z-independent set S € E, we have z(S) = ¥, z(e).

For ease of notation, we may write z*(S) := ¥ ,.s z(e) for any S € E.

Note that the rank function of a matroid satisfies the conditions in Definition 5.7. We
will use two running examples of generalized ranks which are the coverage functions
of LAMINAR SET COVER problems and POWER-0F-Two Knapsack COVER problems

introduced below.

5.3.1 Examples

Weighted Matroid Ranks  Given a matroid M = (E, T), we immediately have that its
rank function p is a generalized rank. However, we can also consider weighted matroid

>Usually for covering problems one would aim to find a set S with z(S) > z(E). However, since we
restrict ourselves to monotone coverage functions, the definition of a cover with an equality constraint is
equivalent.
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ranks, i.e., given item weights w: E — Z,, we define z:2F — Z, by z(S) = max{w(I) :
IeZ,IcS}.

Proposition 5.8. A weighted matroid rank is a generalized rank.

Proof. Let M = (E,Z) be a matroid with rank function p and weights w: E - R,. Let
z be as described above and denote for some S € E a maximum weight independent
set within S by Is. The fact that z is normalized, monotone, and submodular is well
known. Let S ¢ E be z-independent. Then z(S — e) < z(S) for all e € S which implies
S € T and hence, z(S) = w(S). O

SET COVER on a Laminar Family Recall the SET COVER instance from Example 5.1
(Figure 5.1). What makes the instance somewhat easy is that the available sets are all
nested, i.e., if there are multiple options to cover the same points of the universe, it is
always feasible to select exactly one set to cover a point. In other words, we never have

to use two sets that overlap anywhere. This motivates the following definition.

Definition 5.9. Let U be a universe of points. A family of subsets E € M is laminar if
foralle, fe Ewithen f + @wehaveeC for f Ce.

LAMINAR SET COVER
Given: Laminar family E = {e,, ..., e, } of subsets of a universe U/, costs c: E —
R,.
Find:  Subset S € E such that U,.s e = U with ¢(S) minimum.

We can define a coverage function (not just for LAMINAR SET COVER but also the

general SET COVER) as described in the introduction by z(S) = |Uees €-

Proposition 5.10. The coverage function of a LAMINAR SET COVER instance is a general-

ized rank.

Proof. Normalization, monotonicity and submodularity are clear even in the case
for non-laminar families. By submodularity, we immediately have for any set z(S) <
Y ees 2(e), in particular for z-independent ones. Suppose there is a z-independent set
S with z(S) < ¥,es z(e). Then there must exist e, f € S with e n f # @. By linearity of
E, we have without loss of generality e € f. But then z(S — e) = z(S), a contradiction

to the assumption that S was z-independent. O

5.3 Generalized Ranks
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KNaPsack COVER with only Powers of Two The KNaPSACK problem is one of
the prototypical NP-complete problems. Given a set of items with weights and profits
and a knapsack with some capacity, one is tasked to find a subset of items that does
not exceed the weight capacity but maximize the total profit. This is conceptually a
packing problem but in this chapter we consider covering problems. As sketched in
Section 5.2, packing and covering problems are sort of dual to each other. We can define

the KNaPsack COVER problem as follows:

Knapsack COVER
Given: ItemsE = {e,,..., e, } with weights w(e), costs c: E — R, and a target
weight W.
Find:  Subset S C E such that the total weight w(S) > W with ¢(S) minimum.

As its packing counter part KNapsack COVER, it is also an NP-hard optimization prob-
lem which however, can be formulated as a SuBMODULAR COVER problem. However, by
restricting the item weights and target weights to powers of 2, we obtain a generalized

rank as a coverage function.

PowER-0OF-Two KNaPsack COVER
Given: ItemsE = {e,, ..., e, } with weights w(e) that are powers of 2 and a target
weight W, i.e., w(e), W e {2F : k€ Z,} forall e € E, costs c: E — R,.
Find:  Subset S € E such that the total weight w(S) > W with ¢(S) minimum.

Given an instance to POWER-OF-Two KNAPSACK COVER, we set the coverage z: 2F — 7Z,
to z(S) = min{w(S), W}. Before we show that this indeed yields a generalized rank,

we prove the following lemma.

Lemma 5.11. Forany W = 2" and S € E with w(S) > W such that w(e) < W for all
e €S, we have some T C S withw(T) = W.

Proof. We show this by induction on m:
The claim is clearly true for W = 2° = 1 by the assumption that W > w(e) forall e € E.

Suppose z(e) = w(e) < ¥ forall e € S. Then by induction hypothesis we must, there
exists T, € S such that w(T;) = . Moreover, w(S\ T;) > W — & = ¥ Applying
the induction hypothesis again, we must also have T, ¢ S\ T, with w(T,) = . Then
T = T, u T, is the desired set.
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Otherwise, if there exists some f with w(f) > %, then we must have by our assumption
that W > w(e) for all e € E that actually w(f) = W and hence, we can simply choose

T={f} O

Proposition 5.12. The coverage function for POWER-OF-Two KNAPSACK COVER is a

generalized rank.

Proof. Normalization and monotonicity are clear. Submodularity holds as z is the lower
envelope of a modular function and a constant. Condition (2) follows now by observing
that every S € E with w(S) < W is trivially z-independent and for all w(S) > W, we
can always find a subset T ¢ S with w(T) = W = z(T) by Lemma 5.11. O

Power-of-Two Truncated Generalized Ranks We can generalize the last example by

setting a capacity restriction to an arbitrary generalized rank.

Let z be a generalized rank such that z(e) € {2* : k € Z,} for all e € E. Let also
W e {2F : k € Z,}. Then we can consider the truncation z':2* — 7, given by
Z'(S) = min{z(S), W}. In this case, we say that the function z’ is a Power-of-Two

Truncated Generalized Rank.

Proposition 5.13. Any Power-of-Two Truncated Generalized Rank is a generalized rank.

Proof. LetZ/(S) = min{z(S), W} be a Power-of-Two Truncated Generalized Rank. It
is clear that z’ is monotone and normalized. Also, z’ is submodular as it is the minimum

of a submodular function and a constant.

The fact that it is a generalized rank follows from Lemma 5.11 that we already used for
Proposition 5.12. Indeed, assume that S is z’-independent. Then § is also z-independent.
Hence, z(S) = 3,5 z(e),and thus, z’(S) = min{z*(S), W }. As the z values are powers
of two, if z/(S) = W there exists a subset T € S such that z(T) = W. This implies that
T = S, as otherwise z'(S—e) = 2’(S) forany e € S\ T. Hence, z'(S) = z*(S). Similarly,
if 2'(S) = z(S) = z*(S). Hence, z’ is a generalized rank. O

5.3.2 Basic Properties

In what follows, we introduce basic properties of the structure of z-independent sets
and generalized ranks. In the following proposition, we show that under submodularity,
the family of z-independent sets forms an independence system.

5.3 Generalized Ranks

165



166

Lemma 5.14. Let z:2F — Z, be a submodular and monotone function. Then, if T is
z-independent, any S C T is also z-independent.

Proof. For any e € S, submodularity implies z(T) — z(T — e) < z(S) — z(S — e).
By monotonicity, z(T — e) < z(T) which implies then z(S — e) < z(S), i.e, S is
z-independent. O

Lemma 5.15. Let z:2F — Z, be a submodular and monotone function. Let S, T C E be
two sets such that z(T) > z(S). Then, there exists e € T \ S such that z(S + e) > z(S).

Proof. Monotonicity implies that z(Su T) > z(T) > z(S). Since z is a submodular
function, we have z(SU T) — 2(S) < ¥ ,er s (2(S + €) — z(S)). Therefore, we have

> (2(S+e)-2(S))2z(SuT)-2z(S) >o.
eeT\S
Asz(S+e)—2z(S) >oforall e € T\ S, there must exist one e € T \ S such that
z(S+e)—2z(S) > o. O

Lemma 5.16. Let z:2" — 7Z, be a generalized rank and S C E. For any e € EX\ S, we
have
z(S+e)—2z(S) =z(e) - z(R)

for some z-independent set R C S+e. Moreover, if S is z-independent and z(S+e) > z(S),

then R can be taken as any inclusion-wise maximal set such that z((S+e)\R) = z(S+e).

Proof. Firstlet us assume that S is z-independent. If z(S+e) —z(S) = o the result holds
by taking R = {e}. So let us assume that z(S + e) — z(S) > o. Let R be any maximal set
such that z((S + e) N\ R) = z(S + e). Hence, (S + e) \ R is z-independent by definition.
Notice that e ¢ R as otherwise z(S + ¢) = z(S). Then we have that

z2(S+e)= > z(f) +z(e).

feS\R

Thus, as S is z-independent,

2(S+e)-2(S)= ), z(f)+z(e) - Y z(f) =2(e) - 3 z().

f€S\R feS feR
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As S is z-independent and R € S, we have that R is also z-independent and hence,
Z(R) = ¥ per 2(f)- This implies the case where S is z-independent and the second part
of the lemma.

Let us now show the lemma when § is not z-independent. Let S’ € § be a minimal set
such that z(S) = z(S’). For the proof to follow it suffices to show that z(S+e) = z(S'+e).
Clearly z(S + €) > z(S' + e) by the monotonicity of z. By submodularity it holds that
z(S+e)-2z(S) <z(S"+e)—2z(S"). As z(S) = z(S") we obtain that z(S’" + e) —z(S') =
z(S + e) — z(S), and hence, we can apply the result for the z-independent set . [J

Remark. In general, unlike matroid ranks, for a generalized rank z, an inclusion-wise
maximal z-independent set is not necessarily a z-base. This can easily be seen by a
LAMINAR SET COVER instance with U = {1,2} and E = {{1}, {1,2}}. Then {{1}} isan
inclusion-wise maximal z-independent set but not a z-base as it does not cover 2.

Remark. Itis clear that any z-base is necessarily an inclusion-wise maximal z-independent

set but it does not need to be cardinality-wise maximal z-independent set. The LAm-
INAR SET COVER instance with U = {1,2} and E = {{1}, {2}, {1,2}} has two z-bases
{{1},{2}} and {{1, 2} } which have different cardinality.

Note that for Lemma 5.16 if z is the rank function of a matroid, then |R| < 1. On the other
hand, for the coverage function of a LAMINAR SET COVER instance, the set R can have
larger cardinality: take for example the laminar family E = {{1,2,3}, {1}, {2}, {3}},
then take § = {{1},{2}} and e = {1, 2,3}, then R = {{1}, {2} }. Although for laminar
set cover functions the maximal set R is unique, in general this is not the case. For
example, take z to be the (unweighted) rank of a graphic matroid. Then adding e to a
forest S might close a cycle and then R can be any singleton of an element on the cycle.

In the following lemma, we summarize the main properties of the span operator.

Lemma 5.17. Let z:2F — 7, be a generalized rank. The following hold:
(i) (-), is inflationary, i.e., S € (S), for all S € E.

(ii) (-), is monotone, i.e., (S), € (T), forall S T C E.

(iii) (-), is idempotent, i.e., ((S)Z) (S), forall S c E.

(iv) z(S) =z((S),) forall S € E.

(v) If(S), € (T), then forany AC E, (SUA), < (T UA),.

(vi) Let SCE, Ac(S),,and T C Ewithz(SUT) =2(S) +2z(T). Thenz(AuT) =

z(A) +z(T).

z

5.3 Generalized Ranks
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Proof. For (i), observe that for any e € S we have z(S + ¢) = z(S) and hence, e € (S)

z*

For (ii), let e € (S),, i.e., z(S + e) = z(S). By submodularity, for any T 2 S that z(T +
e)—z(T) < z(S+e)—z(S) = o and by monotonicity it follows that z(T +e) —z(T) = o
and hence, e € (T)

z*

For (iii), the inclusion 2 follows directly from (i) and (ii) as S € (S),. For the other
inclusion, let e € ((S)Z>z. Then z((S), +e) = z((S),) = z(S), where the second equality
follows from submodularity of z. Now suppose z(S + €) > z(S), then by monotonicity
of z, z((S), + e) > z(S + e) > z(S) in contradiction to z((S), + e) = z(S).

For (iv), we have z(S) = z(S + e) for all e € (S), by definition. Then by submodularity,
z((S),) = z(SU ({S), N 5)) < 2(8) + Lee(s)..s 2(S + €) = z(S). By monotonicity,
equality must hold throughout.

For (v), we notice that (SU A), = ((S), U A)Z. Indeed, the inclusion ¢ follows from

monotonicity and the fact that S € (S)_. For the other inclusion, we notice that

(S),uUAc(SUA),,

and property (ii) implies
(($),uA) c(sua),.

We conclude analogously that (T U A), = ((T), U A)Z. Thus,
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Finally, for (vi), since A ¢ (S),, we have by (iv) and monotonicity of z that z(S) =
z(SuU A) > z(A). Note that by the assumption that z(S U T) = z(S) + z(T) we have
T n(S), = @. Hence,

z(S)+2z(T)=2z(SUA) +2z(T)
>z(SUAUT) +2z(@)
=z(SUAUT)
>2z(SuT)
=z(S) +2(T)

where the first inequality follows from submodularity and the second from mono-
tonicity. In total, we must have equality throughout the whole chain which implies
zZ(SUAUT) =2z(SUA)+z(T). Again using submodularity twice, we have

z2(T)=2z(SUAUT)-2z(SUA) <z(AUT)-z(A) <z(T)

which again enforces equality throughout and hence, z(AU T) = z(A) + z(T) as
desired. O

Remark. Note that the requirement for z to be a generalized rank is not necessary for

items (i)-(v) of Lemma s5.17. It suffices that z is normalized, monotone, and submodular.

5.4 One-to-Many Exchange Properties for z-Bases

Arguably, the base exchange property of matroids ((B2) in Proposition 1.10) is the key
feature that makes its theory so rich. Simply put, the base exchange property allows
one to move from a non-optimal base to an optimal base via a finite sequence of one-
to-one exchanges and each of them is a strictly improving step. This is a property that
other structures, in particular independence systems (without the exchange property)
are lacking. In some sense, our goal is to find a structure that allows us to go from a
non-optimal base to an optimal base via improving one-to-many exchanges and give
an optimal algorithm for this structure. While matroids are most often defined using
set systems (E,Z), (E, B), (E,C) etc. (independent sets, bases, circuits, ... ), they can
also be defined via a rank function (E, p), which for us is the most convenient starting
point for the generalization.

5.4 One-to-Many Exchange Properties for z-Bases
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rl s fel ] ¢ ]
e
o 1 2 3 4 5 6 7 8

Two z-bases, S and T, of a LAMINAR SET COVER Two z-bases, S and T, of a POWER-OF-Two
instance. The bold sets are selected, the dashed ones Knarsack COVER instance.
are not.

Examples of (S, T')- and (T, S)-exchangeable and non-exchangeable elements. In
both cases, for element e € T \ S thereisno R € S \ T such that (S \ R) + e is a z-base. The red
elementsin (S\ T) U (T \ S), i.e,, f and h, are either (S, T)- or (T, S)-exchangeable.

We already presented Lemma 5.16 which gives already an idea how a one-to-many
exchange is feasible for generalized ranks. However, we clearly cannot expect that there
is a direct counterpart of every property that can be derived from the base exchange
property of matroids. Intuitively, this is due to the lack of symmetry in the exchanges,
which (already in its name) is present in one-to-one exchanges. For example, given two
z-bases S, T € E and some e € T \ §, there is not necessarily a set R € S \ T such that
(S + ) \ Ris again a z-base. We give an example of this in Lemma 5.2 for LAMINAR
SET COVER and POWER-0F-Two KNaPsack COVER.

Figuratively speaking, an exchange of e € T\ Sand R € S\ T is only possible if z(e) is
large enough such that it covers elements in T'. This prompts the following definition.

Definition 5.18. Let z:2f — Z, be a generalized rank and S, T be two z-bases. We say
thate € T\ Sis (S, T)-exchangeable if there exists R € S \ T such that (S+e) \ Risa

z-base.

This section is devoted to identifying a large collection of (S, T')-exchangeable and
(T, S)-exchangeable elements. As we will see, these elements are deeply connected to
the greedy algorithm below.

Given some z-spanning set S € E, we can always construct a z-base, i.e., some set BC §
with z(B) = z(E) by using the algorithm Greedy z-Base, which uses a total order > of
the elements e, > ... > e,, with the property that z(e;) > z(ej,) forall j € [m —1]. We
call an order with this property weight-respecting.
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Greedy z-Base:

Input: Generalized rank z: 2F 5 7. asubsetS c E, and weight-respecting
order >
Output: A z-base
1 B« %]
2 for e € S in order of > do
3 if z(B + ¢) > z(B) then
L | B<B+e

5 return B

We refer to the z-base B that we obtain from Greedy z-Base as the greedy z-base relative to
(S, 2). For the analysis, we enumerate the iterations of Greedy z-Base by 7 € {o, ..., m},
where B, = @ and B.,, = B, + ey, if z(B; + e;) > z(B;) and otherwise B,, = B..
Then B,, = B is the output of the algorithm.

Lemmas.19. Let z:2F — 7, be a generalized rank. The set B returned by Greedy z-Base

is indeed a z-base.

Proof. We need to show that B is z-spanning and z-independent.

Assume towards a contradiction that B is not z-spanning, that is, z(B) < z(S) = z(E).
Then, by Lemma 5.15, there exists e, € S\ Bsuch that z(B+e;) > z(B). By submodularity
of z, we then have that z(B,-, + e;) > z(B,-,). Hence, Greedy z-Base would have

selected e;, a contradiction. Thus, B is z-spanning.

To show that B is z-independent we proceed by induction. Clearly, B, = & is z-
independent. Consider the set B; before entering iteration 7 + 1 of the for loop. Assume
by induction that B, is z-independent and that z(B; + e;4,) > z(B;), s0 ey, is added.
(The other case where e, is not added is trivial as we keep the set B, in that case, which
by induction hypothesis is z-independent.) Notice that z(e;+,) < z(e) for all e € B,
by our assumption on the ordering of S. As z(B; + €;+;) > z(B), by Lemma 5.16
there exists a z-independent set R € B; + ey, such that z(B; + e;,) — 2(B;) =
z(er11) —z(R) > o. Since z(e.4,) < z(e) for all e € R, we must have that R = &. Thus,
Z2(Br + ers1) = 2(By) + 2(€r41) = Leep, 2(e) + z(ers1), which means that B, + e, is
z-independent. O
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The next theorem uses the last lemma to show that a z-base B within S U T exists such
that all elements in Bn (TAS) are either (S, T)- or (T, S)-exchangeable; see Figure 5.2
for examples, where the set B is depicted in red.

Theorem 5.20. Let z:2F - Z, bea generalized rank and S and T be two z-bases. There
exists a z-base B € S U T satisfying the following. Let e € B (S \ T) (respectively
e € BN (T \S)). Then there exists a set R € T \ B (respectively R € S \ B) such that
(T + e) \ R (respectively (S + e) \ R) is a z-base.

Proof. Fix any weight-respecting ordering on SU T = {e,,..., e, }, i.e., an order
(SuT,>)withe > fonlyifz(e) > z(f) foralle, f € SUT. Let B be the corresponding
greedy z-base. Take e € B and without loss of generality assume that e € S. Consider the
greedy z-base relative to T + e with the same ordering used for SU T = {e,, ..., e, }
but restricted to T + e (which is z-spanning). Call this new z-base B'.

The main idea of the proof is to show that Bn (T + ¢) € B’ € T + e. This implies, in
particular, that e € B, and hence, the z-base B’ equals (T + ¢) \ R for some R < T \ B,
which implies the theorem. Observe that showing that Bn (T + ¢) € B’ is equivalent to
the following: when running Greedy z-Base on T + e, the algorithm selects all elements

from B that belong to T + e. In the following, we assume that e = e, for some 7.

Foranyte {1,...,m}andset AcSUT,letuscall A.; := An{e,..., e, }, the set

of elements in A considered before e, in the greedy algorithm.

Claim 1. Foreach t € {1,...,m} it holds that ((SU T)<;), = (B<:),. Analogously, for
each T € {1,...,m} it holds that ((T + e)<.), = (BL,),.

Proof. The two statements in the claim are analogous, so it suffices to show the first
one. We first show that ((S U T)<), S (B<r),. Let 2’ be the restriction of z to elements
in{e,..., e, }. Applying Lemma 5.19 to 2, as we have that the set {e,,...,e,,} is
z'-spanning by definition, we obtain that the partial solution given by the algorithm,
B<;, is a z'-base. In other words, for all e € (Su T, we have that z(B., + ¢) = z(B<;).
Thus, (SU T)<r € (B<;),. By Lemma 5.17.(ii) and Lemma 5.17.(iii), we obtain that
((SUT)<r), € (Bcr),. Finally, as B.; € (S U T),, we also get by Lemma 5.17.(ii) that
(B<r), € ((SU T)<;),. The claim follows. |

Claim 2. Foreach 7€ {1,...,m} it holds that (B.,), € (B<;),.
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Proof. This follows quite directly from Claim 1, as (T + )<, € (SU T)<, and thus,
((T+e)<r), € ((SUT)<), by the monotonicity of the (-), function. Therefore, the
claim holds as (B.,), = ((T + e)<7), € ((SU T<;)), = (B<r),- ]

Claim 3. All elements in Bn (T + e) belong to B'.

Proof. Take any element e, € BN (T + ¢). To show that e, belongs to B’ is suffices to
notice that e; ¢ (BZ,),. But as e; € B, we have that e; ¢ (B.;),. Claim 2 implies then
that e, ¢ (BL,),. ]
With the last claim we conclude that e = e, € BN (T + ¢) € B’ € T + e. It then follows
that B' = (T + e) \ R for some R € T \ B. The theorem follows as B’ is a z-base by
Lemma 5.19. O

It is natural to ask whether generalized ranks also have a many-to-one exchange property
(instead of one-to-many). That is, given two z-spanning sets S, T and a z-base B SU T,
can we find for each e € BN (S~ T) some R € T \ B such that (SUR) — e is a z-base.

The following example shows that this is not the case.

Example 5.2. Consider a ground set E = {e,, €1, €,, €5, €,, fo, f1, f2}» the 4-uniform
matroid M, over the ground set {e,, e,, e;, €,, f;, f>}, and the free matroid (i.e., all
subsets are independent) M, over the ground set {e,, f, }. We consider the matroid
given by the direct sum of M, and M,, ie, M = M, ® M, = (E,Z). Also, define
w(e;) =w(fj) =1fori,j>1,w(e,) = 2and w(f,) = 4. We consider the generalized
rank

z(S) :max{Zw(e):]g S, JeZ,w(]) < 6}.

ee]
The proof that this is a generalized rank follows along the same lines as the proof of
Proposition 5.13.
Consider the z-base S = {f,, fi, fo} and T = {eo, ..., e,}. Observe that the unique
greedy z-base computed by Greedy z-Base in S U T is B = {e,, f, }. However, T — e,

cannot be extended to a z-base (without removing elements).

5.5 The Greedy+ Algorithm

In this section, we propose an algorithm that solves certain SUBMODULAR COVER
problems optimally. As a motivation, recall that the default greedy algorithm for Sus-
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MODULAR COVER as described in Section 5.1 fails to find an optimal solution on a very
simple SET COVER instance (namely, a LAMINAR SET COVER instance, see Example 5.1).
The key observation from this example is that the optimal solution—at any point—could
have been salvaged if the algorithm did not choose the set with the best cost-to-coverage
ratio but instead also accounted for saved cost, i.e., the cost of sets that could have been
removed from the solution as they become redundant.

We use the notation R(S, e) := argmax{c(R) : z((S\R) +e) =z(S+e),R € S}. Later
we show that for some special cases R(S, e) can also be computed efficiently.

Greedy+:

Input: A monotone submodular function z: 2 — Z, and a linear cost
function c:E - R,
Output: A z-spanning set
1 S« @
> while z(S) < z(E) do
3 éeargmin{w:eeEwithz(S+e)>z(S)}
4 S<(S\R(S,e))+e

s return S

As usual for algorithms that operate on set functions, we assume that the values z(S) for
each S ¢ E are given by an oracle in time O(1). If R(S, e) can be computed efficiently
(i.e., in polynomial time), then finding the arg min in Line 3 requires just a linear search
of elements e € E \ S, which makes every iteration efficient.

In the sequel, we denote the iterations of Greedy+ by numbers 7 € {1,2,...,r} and the
currently allocated sets, chosen elements, and set of removed elements by S+, e, and
R, respectively. That is, for all 7 € {1,2,...,r}, we have S; := (S;-, \ R;) + e,, where
So =@.

Remark. The subproblem to find the set R(S, ¢) in each iteration is a SUBMODULAR
COVER problem itself: Essentially, we need to find a cost-minimum set T € S + e,
such that z(T) = z(S + e). All those covering sets T yield a feasible removal set R via
R = (S+e)~ T and we have R(S, e) constructed from a cover T of minimum cost. Note

that by monotonicity of z and choice of e, we must have e € T and hence, e ¢ R(S, e).

First note that Lemma 5.15 implies that Greedy+ always terminates if the coverage
function z is monotone and submodular as it always finds a suitable element to augment
the current set.
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Before we go into the analysis regarding the optimality of Greedy+ for SUBMODULAR
CovVER problems, we make a few observations about the algorithm that will come in
handy.

The next lemma shows that if an element can be added to the current set such that
it stays z-independent without removing any previously selected elements, then this
element had the same property in all previous iterations already, i.e., the removal steps

of Greedy+ were not relevant for that element.

Lemma 5.21. Let z: 25 — 7, be a generalized rank function. Then for every iteration T
of Greedy+ and all e € E \ S, if S; + e is z-independent, then S,_, + e is z-independent.

Proof. 1t holds that z((S;-, \ R;) + e;) = z(S;, + e;). By submodularity and mono-
tonicity of z it follows that z(S,_, + e, + €) = z((S;—; ~ R;) + e; + e). Subtracting the
first equality from the second yields

z(S; +er+e)—z(Sr+e) =z((Simu N Ry) +er+e) —z((Sr—s “Ry) + ;)
=2z(S;+e) —z(S;) =z(e)

where the second equality follows from the fact that S; + e is z-independent and z is a

generalized rank. Again using submodularity, we have

z(e) 2 z(S;- +e) —z(S:-y)

2 Z(ST—I +er+ e) - Z(ST—I + er) = z(e))

hence, we have equality throughout and in particular z(S,_, + ) = z(S;-,) = z(e). O

Also consider the contrapositive of Lemma 5.21. It implies that, given a generalized
rank z, if e € R; (and hence, z(S; + e) = z(S;)), then we must have z(S,/ + ) = z(Sy)
for all 7/ > 7. Thus, once an element is removed from a partial solution of Greedy+, it
never has to be considered again in later iterations as its marginal coverage will remain
o. That means, there are at most |E| iterations of the while loop of Greedy+. Thus, we

obtain the following corollary:

Corollary 5.22. Let z:2F — 7, be a generalized rank and consider any SUBMODULAR
CoVER problem on z. Then the total running time of Greedy+ is in O(|E|*RO), where
RO is the running time to determine the set R(S, e) in each iteration.
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With structure, the running time can be better than that; the aforementioned bound
assumes a naive linear search of the arg min in Line 3. In Section 5.7, we give some
implementation of the removal oracle for LAMINAR SET COVER and POWER-OEF-Two
Knapsack Cover and show that there running time RO is indeed polynomial in |E|.
The following lemma states that whenever Greedy+ selects an element e, which does
not prompt any removal of previously selected elements (i.e., R, = &), thenall f € §,_,
have a better cost-to-weight ratio than e,.

Lemma 5.23. Let z:2F — 7Z, be a generalized rank function. Then for every iteration T

of Greedy+ in which z(S;) = z(S¢—, + e) = 2(S;-,) + z(e,), it holds for all f € S,_, that

() _ cler)
2(f) " 2ler)’

Proof. This is trivially true for S,;. Assume as induction hypothesis that the statement
holds for S; = (S;—; N R;) + e, and now consider S;4, = (S; N Ry, ) + €. f Ry, # O,

then there is nothing to be shown, so assume R,,, = @.

Case1 (f € S;, N R;): By Lemma 5.21, we know z(S,_, + €741) = 2(S:-,) + z(€er41).
% <)

Case2 (f ¢ S;—, \ R,, ie., f = e,): Suppose 2221; > ;Eit‘; Then we have
c(er) - c(Ry) _ c(er) - c(Ry) B c(ersr) < c(er)
z(e;) —z(Ry)  z(S;i+er)—2z(Siy) ~ z(ers)  z(er)’

Then by the induction hypothesis we have

where the equality holds as z is a generalized rank function and the first inequality
follows from the Greedy+ selection rule and Lemma 5.21. Since z(e;) > z(R), we
have that this is equivalent to:

Then by the mediant inequality,® we then must have some g € R; € S,_, with

c(g) _cler) _ clern)
> >
z(g)  z(er)  z(er)
3For integers pi, ..., Pk»>qi» - - - » k- it holds that
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which contradicts the induction hypothesis as e, was feasible to add to S,_, by

Lemma 5.21. L]

In the following, we call a set S € E regular w.r.t. z and c if the condition of Lemma 5.23
holds, i.e.:

Foralle € EXS: If S + e is z-independent, then Cgf) < @) for all feS. (s)

z(f) = z(e)

5.5.1 A Sufficient Optimality Condition

We want to describe a subclass of SUBMODULAR COVER problems on which Greedy+ is
guaranteed to compute an optimal solution. To this end, we first define for a coverage
function z and two z-independent sets an exchange hypergraph. The idea is that these
hypergraphs give us a similar property as the bipartite exchange graphs of matroids

(see Section 5.2).

Definition 5.24. Let z:2F — Z, be a monotone submodular function and S, T € E
two z-independent sets with S € (T),. We call Gg 7 = (S~ T, T \ S, H) with

H={(R,e):Rc S T,eecT~S,z(S+e)=z(S)-z(R) +z(e) >z(S)} (H,)
U{(R,e):RcS~T,eeT~S,z(S+e)=2(S)+z(e)and z(R) < z(e)} (H,)
U{(R,Q):RS S T,QcT~SQ¢c(S),,z((SNR)uQ) =2(S)} (H3)

the exchange hypergraph of z with respect to S and T.

Example 5.3. Consider some covering problem (e.g., POWER-OF-Two KNAPSACK
Cover) with z(E) =16 and suppose we have a partial solution S (with z(S) < z(E))
and a solution T (with z(T) = z(E)). We depicted parts of the exchange hypergraph
in Figure 5.3, where the first three elements in both sets are the same (S n T in light
red) and all others differ (S in shades of green, T in shades of blue). The exchange
hypergraph Gg 1 only uses elements in the symmetric difference of S and T'. Elements
e € T\ § that can be added to S such that S + e is z-independent have a hyperedge
(2, e), which is of type (H,). Those elements e that make S + e z-dependent have a set
R to build hyperedge (R, e), where R € S \ T is a minimal set such that (S\ R) + e is
z-independent (this R is not necessarily unique, in particular not for POWER-OF-Two
Knarsack COVER).
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: (R,Q) € H,

T T T T T T T T

15 16

Example of an exchange hypergraph for a POWER-0F-Two KNaPSACK COVER
instance. The red elements are in the intersection of S and T, while the blue elements are taken
from T \ S and the green ones from S \ T.

Elements e that can be added to S such that it remains z-independent can also contain
hyperedges of type (H,) if there are subsets R € S \ T that can be removed while still
increasing the overall coverage.

Finally, subsets R S\ T'and Q € T \ § that can just be swapped without changing
the coverage build hyperedges of type (H,).

Note that Figure 5.3 only shows four hyperedges of the corresponding exchange hyper-
graph for demonstration; the actual number of hyperedges here is much higher. We
denote the hyperedges of type (H,), (H,), and (H;) by H,, H,, and H;, respectively.

Note that in the special case, where z is the rank function of a matroid, the associated
exchange hypergraph is just a bipartite graph, which always admits a perfect matching
(cf. e.g., [Scho3, Corollary 39.12a]). While Definition 5.24 is a bit obscure, we can use it
to show that Greedy+ is guaranteed to compute an optimal solution to SUBMODULAR
CoveR if the underlying coverage function z has only exchange graphs that admit a
perfect hypermatching for regular sets S. We now define a subclass of generalized rank

functions.

Definition 5.25. A generalized rank z:2F — Z, is nice if for any cost function ¢: E - R,
and any two z-independent sets S, T with S ¢ (T), and S satisfying the regularity
condition (#) w.r.t. z and ¢, Gs, 1 admits a perfect hypermatching.

In Section 5.5.2 we show that the coverage functions of LAMINAR SET COVER and
PowEeR-0F-Two KNaPsacK COVER, and the rank function of a matroid are all nice.
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The following lemma shows that whenever a z-independent set satisfying (#) can be
augmented using some new element such that the resulting set remains z-independent,

then removing any other element is not a descent direction.

Lemma 5.26. Let z:2"¥ — 7, be a generalized rank and S be a z-independent set
satisfying property (a), and e € E\ S with z(S + e) = z(S) + z(e). Then for allR ¢ §

with z(R) < z(e), it holds that % < ;Eg:;ggg

Proof. Consider any e € E\ S with z(S+e) = z(S) + z(e), and any R ¢ S with z(R) <
z(e). By property (#), we know that ;Eg < ;EZ; forall f e R.LetR = {f,,..., fx}.
Note that R is z-independent as S is z-independent. Then, by the mediant inequality,

(o) 2(f) e(f), , 2(f) <) _ (R)
2e) " 2®) 2(f) TR 2(fe) T 2(R)

; > ;Eﬁg is equivalent to

Observe that

c(e
z(e
c(e) c(e)-c(R)
2(0) * () —2(R) .

We are now ready to prove some sufficient optimality conditions for Greedy+.

Theorem 5.27. Ifz:2F — 7, is a generalized rank function that is nice, then Greedy+
returns an optimal solution to the SUBMODULAR COVER problem for every linear cost
function c:E — R,.

Proof. We show that in each iteration 7 of Greedy+, the current z-independent set S,

is an optimal solution to
min{c(S):S c E,Sisaz-baseon (S;),}. (SCy)

Towards a contradiction assume there is a nice generalized rank function z: 2f — Z,
and a cost function ¢: E — R, where there exists a first iteration 7 for which the current
solution S; = (S;—, \ R;) + e, is not optimal for (SC;). Let S* be an optimal solution for
(SC,) and consider the exchange hypergraph Gs,_, s« = (V, W, H), where V = §*\S,_,,
W = S,.,\ §* and H as given by Definition 5.24. Observe that S,_, € (S;), = (S*),.

By Lemma 5.23, we have that any intermediary solution of Greedy+ satisfies (#) w.r.t.
any z and ¢ and hence, per Definition 5.25, Gs__, s~ admits a perfect hypermatching p.
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We partition y into y,, y,, 4, by distinguishing hyperedges in y according to the lines
(H,), (H,), and (H,) in Definition 5.24. We also partition V and W into V;, V,, V; and
Wi, W,, W, such that for all e € V; U W; it holds that e is covered by a hyperedge in y;
forall i € [3].

Since we assume by the induction hypothesis that S,_, is optimal for (SC,_,), each
exchange along y,-hyperedges cannot lower the cost, thus, c(W;) < ¢(V;). Note that
c(S;) > ¢(S*) is equivalent to c(e;) — c¢(R;) > ¢(V) — ¢(W) and then we can derive

c(er)—c(Ry) >c(V)—c(W)

(@)
2 (Vi) +¢(V2) = e(Wh) = ¢(W2).

For each hyperedge (R, e) € y,, we have

e —c(R) __ c(e)-c(R)
z(Sioi+er) —2(S—y) ~ 2(Sio +e) —2(So-y)
_c(e)-c(R)

z(e) - z(R)’

where the inequality follows by the Greedy+ selection rule and the equality holds

as (R, e) is a y,-hyperedge (i.e., as defined in (H,)). Suppose V = {e,,...,e,} and
W =R, w...wR,,, where (R, e;) € u, are the hyperedges of type (H,). Define T(?) =
{ey,...,e;} fori e [€]and T(®) = @. Using that V; and W, are both z-independent, we
can use the mediant inequality to derive

c(er) —c(Ry) < min c(e) —c(R)

z(Seo +er) —2(S:2)) T (Re)ep, 2(S—y + ) — z(So—y)
< i o))
S L 0 TO) (S, U T@)

c(ee) —c(Re,) }
2(S;o, UTO) = z(S,, u TE-D)
c(Vi) = c(W1)
- Z(Sr—l U Vl) - Z(ST—I)
(V) - (W)
z2(Vi) —2(Wy)’

where the second inequality follows by submodularity of z and the equality by z(S,-, U
Vi) = 2(Se-1) = 2(Se-) + 2(V) = 2(Wh) = 2(81-0).
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Now consider the hyperedges (R, e) € y,. For those, we have

c(er) — c(Ry) < min @
Z(Sr +er) —2(Sr-y) T (Re)eps z(e)
L) e®)
" (Re)ep, z(e) — z(R)
< C(Vz) - C(Wz)
T 2(V,) - z2(Wa) ’

where the first inequality is due to the Greedy+ selection rule, the second one follows by
Lemma 5.26 (and the fact that S;_, satisfies (#)), and the last one again by the mediant
inequality applied to the whole set .

Using the latter again for both y,- and y,-hyperedges, we obtain

c(er) —c(Re)  _ e(W) +¢(Va) —e(Wh) = ¢(W2)
Z2(Sio +er) —2(Se) T zZ(V) +2(V,) —z2(W,) —z2(W,)

Since

Z(Sr—l + e‘r) - Z(Sr—l) = Z(ST—l uVu Vz) - Z(ST—1)
=z(Vi) +2(V2) - 2(Wy) - 2(W2)

this implies c(e;) —c(R;) < c(V,)+¢c(V,)—c(W,) —c(W,) in contradiction to (¥). [

5.5.2 Nice SUBMODULAR COVER Problems

We show that the coverage functions of LAMINAR SET COVER and POWER-OF-TwoO
Knapsack COVER are nice and therefore, by Theorem 5.27, Greedy+ is guaranteed to

compute an optimal solution to these problems for any linear cost function.
Proposition 5.28. The coverage function of a LAMINAR SET COVER instance is a nice

generalized rank.

Proof. Let S, T € E be two z-independent sets with S € (T), and § satisfying (#). For
the sake of convenience, assume S N T = &; otherwise the sets in the intersection are
omitted in the exchange hypergraph anyway. We can partition S into two sets (S<, $%),

5.5 'The Greedy+ Algorithm 181



182

where §< of sets that are covered by some e € T and S of sets that cover multiple items

in T. Formally,
S<={feS|fceforsomeee T},

S>:{feS|f: UeforsomeQET}.
ecQ

Note that the latter set indeed has an equality in its condition as otherwise f ¢ (T),.

We can also find a similar partition (T~, T<) for T with

T<={eeT]|ec fforsome f €S},
T =T~ T=.

Further observe that due to z-independence of S and laminarity of E, we must have that
S< can again be partitioned into (S5 ).er> such that S5 = {f,,..., fi, } with f; c e for
all i € [k,] and some cardinality k.. Then, we can find a perfect hypermatching in G, r
using only edges of type (H,) and (H,): We have one hyperedge (S, T<) € H,. For the
remaining sets, we can again split T~ into two sets (T3, T2 ), where T2 contains those
e € T” for which we have that the inclusion-wise maximal set R € S withe 2 U feR f
the inclusion is strict. In that case, (R, ¢) € H, for this largest R (which may be empty).
All remaining sets e € T> are covered using hyperedges (R, {e}) € H,. This covers all
e € T by enumeration. Note that all f € S are also covered as otherwise some f € S
would either be excluded from (T), or, we would not have chosen a maximal set R

above, when considering the hyperedges (R, e) € H,. O

Essentially, the proof just makes a tedious case distinction on how the setsin S and T
can relate to each other; By the conditions of Definition 5.25, we must have that for all
f € S covering some e € T, we must have that T actually contains a complete tiling of
f> otherwise f ¢ (T),. For the remaining sets f € S, we must have either a complete
tiling of some e € T (which we can exchange via (H,)) or it is strictly covered by some
e € T, which yields hyperedges of type (H,). This is also depicted in Figure 5.4.

Proposition 5.29. The coverage function of a POWER-OF-Two KNaPsACK COVER in-

stance is a nice generalized rank.

Proof. Let S, T ¢ E be two z-independent sets with S € (T'),. If T is not z-spanning,

then we must have S c T and hence, if the inclusion is strict, we have some only
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SZ) T<) (H3) S<) T:>a (H3) S<a T>>a (Hl) Qa T>>) (Hl)

Mlustration of the proof of Proposition 5.28. Sets f € S are blue and dashed, sets
e € T are red and solid. Underneath the nested sets, one can find the corresponding hyperedges
in the exchange hypergraph that are used in the perfect hypermatching.

hyperedges (@,e) € H, to cover all e € T \ S. If both S and T are z-bases, then
(S, T) € H, and that is the whole matching. So let us assume that only T is a z-base
but z(S) < W. If there is some a set Q € T \ S such that z(S) + .o w(e) = W, then
we have (g, e) € H, for all e € Q as a matching hyperedge and (S, T \ Q) € H, for
the remaining elements. Otherwise choose any inclusion-wise minimal Q ¢ T with
z(S)+X. w(e) > Wand some e, € Q. By choice of Q, we have z(S)+ X e« fe,} W(e) <
W in particular w(e,) > 1 (and Q does not contain any element with weight 1). Then
by Lemma 5.11, there exists some R € § such that w((Su Q) \ R) = W. Now we can

construct a perfect hypermatching as follows:

p={(a,e):ecQ{e}}U{(R, &), ((SNT)NR,(T~S)\Q)}. O

5.6 Towards a Duality Theory for Generalized Ranks

In this section, our goal is to generalize the concept of duality in matroids to generalized
ranks, which could potentially increase the number of tools to approach optimization
problems involving these objects. As it will be discussed, it is not clear whether the
natural definition of duality leads to a generalized rank function or not, but we provide
sufficient conditions for that to happen in terms of the dual of the dual of the generalized
rank function, revealing a rich and interesting structure along that line. Furthermore,
we prove that in some relevant cases, the dual of a generalized rank function is indeed
a generalized rank function. Prospectively, duality theory for generalized ranks could
reveal more natural optimality conditions for SUBMODULAR COVER problems that are
closer to know duality results from linear programming (Strong Duality Theorem) or
matroid theory (Proposition 5.6).

5.6 Towards a Duality Theory for Generalized Ranks
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5.6.1 The Dual of a Generalized Rank

We start by defining the dual of a generalized rank, which naturally generalizes the
notion of duality from matroid theory. Recall that we write z*(S) = .5 z(e) for any
SCcE.

Definition 5.30. Given a function z: 2 — Z,, we define its dual z*:2f - Z, as
z2°(S) :==max{z"(J) : z(E~]) =z(E),] € S}.

We say that if z is a loopless generalized rank, that is, if z(e) > o for all e € E, then S
is z*-independent if and only if z(E \ S) = z(E), that is, S is z*-independent if and
only if E \ § is z-spanning. Moreover, S is a z*-base, if and only if E \ S is a minimal
z-spanning set, which is equivalent to saying that E \ S is a z-base. In other words, the
collection of z-bases is in one-to-one correspondence with the collection of z*-bases
by taking complements.

Observe that, if z is the rank function of a loopless matroid M = (E,T), then z* is the
rank of the dual matroid M*. Indeed, let S € E. Recall that ] € E is independent in M*
ifand only if E \ ] contains a z-base, that is, if and only if z(E \ J) = z(E). By definition
of z¥, we have that

z°(S) =max{z"(J): z(E~]) =z(E),] € S}
=max{z*(J) : J is independent in M*,] c S} .

Moreover, as M is loopless, it holds that z(e) = 1 for all e € E, and hence, z*(]) = |]|
for any set J.

As mentioned before, it is not known whether the dual of a generalized rank function
is a generalized rank function itself; however, as the following proposition shows,

submodularity of the dual is the only missing link.

Proposition 5.31. Assume that z:2F — Z, is a loopless generalized rank. Then, z*

is normalized, monotone, and satisfies that, for every z*-independent set S, z*(S) =

(z")*(S).

Proof. Normalization is trivial. For monotonicity, let S € T € E. If z*(S) = z*(J) and
z(EN]) =z(E) with J € S ¢ T, then clearly ] is feasible for the maximization problem
defining z*(T), and hence, z*(T) > z*(J) = 2*(S).
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For the third property, let S be z*-independent, that is, z* (S — e) < z*(S) forall e € S.
Let J ¢ S, with z(E N~ J) = z(E), be such that z*(S) = z*(J). Then, notice that if
S # J, we can take e € S \ ] and obtain that z* (S — e) = z*(J) = z*(S), which yields
a contradiction. Hence, ] = S. Thus, z*(S) = z*(S) = 3,5 z(e). Finally, we observe
that z*(e) = z(e) for all e € S. Indeed, z* (e) can be either z(e) or o. However, as z is

loopless z(e) + o. Hence, z(e) = z*(e) for all e. O

5.6.2 Reflexivity

As we will see, the dual of the dual of a generalized rank function z, namely z** := (z*)*,
plays a fundamental role as sufficient condition for z* to be a generalized rank function.
We will start by providing a simple characterization of z**-independent sets. The

following simple proposition will be helpful for our purposes.

Proposition 5.32. Let z:2F — Z, be a generalized rank and S € E be any set. Let R be
an inclusion-wise maximal subset of S such that z(S \ R) = z(S). Then ¥,z z(e) =
Yees 2(€) —z(S), in particular Y. . z(e) is independent from the particular choice of R.

Proof. By the maximality of R we have that S \ R is z-independent. This implies that

z2(8)= > z(e) =) z(e) -, z(e). O

eeS\R e€S ecR

Lemma 5.33. Let z:2F — Z, be a normalized and monotone function satisfying that,
for every z-independent set S C E, z(S) = z*(S). Assume that z* is loopless (that is,
z*(e) > oforalle € E). A set S is z**-independent if and only if there exists a z-base
B C E that contains S. In particular, if S is z** -independent then it is also z-independent.

Moreover, we have that for all S,
Z27(8) :=max{z"(J) : J € S s.t. ] € B for some z-base B}.
Proof. Let S be a z**-independent set. By definition,
2"(8) = max{(z")"(J) : 2" (E\ J) = 2" (E), ] < S}.

Let ] be a maximizer of this optimization problem. If J is a strict subset of S, then
z**(J) = z**(S), and hence, S is not z**-independent. We conclude that J = S, which
implies in particular that z*(E \ §) = z*(E). Similarly, if z*(E \ S) = z*(E), then
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z°*(S) = (2)(S) < (z*)*(S—e) = z**(S - ¢) for all e € S, where the inequality
follows as z* is loopless. We conclude that S is z**-independent if and only if z* (E) =
Z*(ENS).

Consider now the two optimization problems defining z*(E \ S) and z* (E), which

are,

z*(E):
z"(ENS):

max{z"(I):z(E~I) =z(E),I ¢ E},
max{z"(I):z(E~I) =z(E),I S E~S}.

Notice that the family of feasible sets for the optimization problem defining z*(E \ §)
is included in the family of feasible sets for the optimization problem defining z* (E).
Then, if z*(E \ S) = z*(E), there must exist a set I € E \ S that is also optimal for
z*(E). In particular, as z* is loopless, I € E is maximal, that is, for all e ¢ I it must hold
that z(E~ (I+e)) = z((E~1) —e) < z(E). This implies that E \ I is z-independent.
Asalso z(E~I) = z(E), we conclude that E \ I is a z-base. This implies that S € (E\ 1)
is contained in a z-base.

Similarly, assume that there exists a z-base B such that S € B. Let I = E \ B. Then clearly
z(E~T) = z(B) = z(E). Also I is inclusion-wise maximal, as B is z-independent. By
Proposition 5.32, I must be optimal, and hence, z*(E) = z*(I). Since I € E \ S, then
I is also optimal for the optimization problem defining z*(E \ S). We conclude that
Z(E)=z"(E\S).

With all this we conclude that S is z**-independent if and only if there exists a z-
base B C E that contains S. It clearly follows that, if S is z**-independent, then S is
z-independent, as S is contained in a z-base. O

With the last lemma, we already observe that is not true that z** = z for any generalized
rank function. This is in contrast to the case where z is the rank function of a matroid,

where z** = z holds.

Definition 5.34. We say that a generalized rank function z:2f — Z, is reflexive if
z=2z"".

By the previous lemma, we obtain that z is reflexive if and only if every maximal
z-independent set is also a z-base. Equivalently, z is reflexive if and only if every z-

independent set is contained in a z-base.
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Proposition 5.35. Consider a generalized rank function z:2F — 7, without coloops.
Then, z is reflexive if and only if every inclusion-wise maximal z-independent set is a

z-base.

Proof. Suppose first that z is reflexive, and let S be an inclusion-wise maximal z-
independent set. By Lemma 5.33, S is contained in some z-base, and due to its maximality
must be a z-base as well.

Suppose now that every inclusion-wise maximal z-independent set is a z-base, and
consider an arbitrary set S. Let $’ € § be a maximal z-independent set; by construction,
z(S) = z(8"). Let S’ be an inclusion-wise maximal z-independent set containing S’,
which by hypothesis is a z-base. By Lemma 5.33, this implies that z**(S) > z(S') = z(S),

and hence, z**(S) = z(S). As S was an arbitrary set, this means that z is reflexive. [J

It is easy to construct examples of generalized ranks that are not reflexive. For example,
consider the coverage function of the laminar family given by the collection of sets
{{a,b},{a}}. However, we notice that for a generalized rank arising from a LAMINAR
SET COVER instance, we can remove all sets that are not contained in a z-base (equiva-
lently, we remove all elements that are loops of z**, which we call cocoloops). This does
not change the collection of z-bases. Notice that for solving a SUBMODULAR COVER
instance, we only need to consider the collection of z-bases, so removing the cocoloops
do not change the optimal solution of the submodular cover instance. Moreover, in
this case is not hard to see that removing the cocoloops yield a new function which is

reflexive.

Lemmas.36. Let z:2F — Z, be a loopless generalized rank function. Then, z* is reflexive.

Proof. Let S be a inclusion-wise maximal z*-independent set. We need to show that S
is a z*-base. We know that

z°(S) =max{z"(J) : z2(E~J) = z(E),J < S}.

As S is z* independent, then the maximizer J of this optimization function must be
J = S, as otherwise z*(J) = z*(S). Therefore, z(E \ S) = z(E). As S is a maximal
z-independent set, then S is inclusion-wise maximal such that z(E) = z(E \ S). By
Proposition 5.32, z*(S) has the same value as any other maximal set with z(E) =
z(ENS). Therefore, if Bis a z*-base, then z* (B) = z*(S), and therefore z* (S) = z*(B).
This implies that S is also a z*-base. We conclude that z* is reflexive. O
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Given the last lemma, we obtain that z* = z*** = (z**)*. As z** is reflexive, a possible

way to show that z* is submodular is to show that z** is submodular. This would imply

that the dual of a generalized rank is always a generalized rank.

The next lemma gives an identity satisfied by z* and z** for any generalized rank

function z.

Lemma 5.37. Let z:2F — 7, be a generalized rank function without coloops. Then, for
any S C E, it holds that

2°(S) = 2°(S) - 2(E) + 2" (E\ S).
Proof. By definition we have that
2*(S) = max{z" (J) : z(E~ J) = z(E), ] < S}.
Taking I = E \ ] then
z°(S) =max{z"(E~I):z(I) =z(E),E~ScI}.
As z* is modular, it holds that z*(E \ I) = z* (E) - z*(I), and thus
2*(S) = 2" (E) - min{z"(I) : z(I) = z(E), (E~ S) € I}.

Also, z(I) = z(E) is equivalent to the fact that I contains a z-base B. Moreover, as
z*(e) > o for all e € E and we are minimizing z*(I), in an optimal I it holds that
I=(E~ S) U B for some z-base B. Therefore,

z°(8) =z"(E) —min{z"(B) + z" ((E ~ S) \ B)) : Bis a z-base}.

Since z*(B) = z(E) isa constant, and z* ((ENS)\ B)) =z"(E~S) —z" (BN (E\S))
we obtain that

z°(S)=z"(E)-2z(E) - z"(E~ S) + max{z" ((E ~ S) N B)) : Bisa z-base}.

Finally, we observe that max{z*((E ~ S) n B)) : Bisaz-base} is z**(E \ S) by
Lemma 5.33. O
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Corollary 5.38. Ifz:2F — 7Z, is a reflexive generalized rank without coloops, then z* is
also a generalized rank.

Proof. We just need to argue that z* is submodular as the remaining conditions are
already subject of Proposition 5.31. If z is reflexive then z = z**. Thus, by Lemma 5.37,
z*(S) =2z"(S) —2z(E) + z(E\ S). As z* is modular, z(E) is constant, and z(E \ S) is

submodular, we conclude that z* is submodular. O

The main open problem of this section is given by the following conjecture.

Conjecture 5.39. Ifz:2F — 7Z, is a generalized rank, then z* is a generalized rank.

5.7 Efficient Implementations of the Removal Oracle

In Section 5.5.1 we gave some sufficient conditions to when Greedy+ returns an optimal
solution. However, to make Greedy+ efficient, we still need to show that the set R(S, e)
forany S € E and e € E \ S can also be efficiently computed. Previously, we just queried
a removal oracle and represented its running time by RO. If it is the case that RO is
polynomial in |E|, then the arg min computation in Line 3 of Greedy+ just requires a
linear number of computations of those sets R(S, e) (a linear search) and hence, we

have a total running time that is polynomial in |E|.

5.71 LAMINAR SET COVER

As a warm-up, we first show that if z is the coverage function of a LAMINAR SET COVER
instance, then R(S, ) can be computed greedily as R(S, e) will be a z-base (actually a

unique one) of maximum cost in a simple partition matroid.

Lemma s.40. Let z:2F — 7Z, be a coverage function for a LAMINAR SET COVER instance,
S € E z-independent and e € E \ S such that z(S + e) > z(S). Then (S,R(S, e)) with
R(S,e) ={RcS|z((S\R)+e)=12z(S+e)} is a matroid where R(S, e) is the
collection of independent sets.

Proof. Clearly, @ € R(S, e) and by monotonicity R € R’ € R(S, e) implies R € R(S, e).
For the augmentation property, let R, R’ € R(S, e) with |R| < |R’|. Note that for all
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feReR(S,e), wehave f C e. By pigeon hole principle, there exists f € R’ \ R. Any
of these f are suitable to augment R:

z(S+e~(R+f))= g‘

geS+eN(R+f)

=l U gu e ‘
gESN(R+S) ;;g

for all geR+f

=|Ugue
ges

=z(S+e).

Thus, R+ f € R(S, e). O

More explicitly, (S, R(S, E)) is a partition matroid with partition {S,, S, }, where S, =
{feS|fne+a}, S, =8\, and capacities k, = |S,], k, = o.

5.722 POWER-OF-Tw0O KNAPSACK COVER

To compute an optimal set R(S, e) that can be removed upon adding e to S is itself
indeed a POWER-OF-Two KNaPsack COVER problem. We present a strategy to compute
it efficiently.

Let S; be the set of elements that Greedy+ selected up until iteration 7. We maintain a
binary tree 7 := T, = (V, A) with root r to store the elements in S,. Before we describe
the tree in detail, we introduce some notation. For a vertex v € V, we denote the subtree
rooted at v by 7 (v) and the leaves of 7 (v) by L(v). The elements e € S, will be the
leaves of 7.

We denote the weight and cost of a vertex v € V by the sum of weights and costs,
respectively, of L(v), i.e.,

wv)= > w(e) and  c(v)= > c(e).

eeL(v) eeL(v)

The level (or height) of a vertex v € V is denoted by h(v) and is defined as the number of
edges on the unique path from r to v (hence, h(r) = o). Each vertex v € V will represent
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An example of the tree data structure for POWER-OF-Two KNapsack COVER. The
active vertices are round, tight vertices are square. Only the root 7, the last right child g of P and
leaves are carrying a label (the latter are elements from the current set S;). We highlighted the

path P with a red dashed line.

a block (of the knapsack) of size 2™ ("), We call a vertex v € V with w(v) = 2" "(")

tight, otherwise active. The knapsack is full if w(r) = 2™ = W.
We maintain the following invariants on 7 during the execution of Greedy+:

(M) w(v) <20 forallve V
(I2) Every e € S, is placed as a leaf at level h = m — log, w(e), (in other words

m—h

w(e) = 27", i.e, every leaf is tight).

(I3) Foreveryv e V,if v has a right child, then v has a tight left child.

(I4) For each inner vertex v € V it holds that it is tight if and only if both of its children
are tight.

(Is) On each level h, the tight vertices are sorted from left to right in non-decreasing

cost.

From (I3) and (I4) it follows that on each level, there is at most one vertex that is not
tight and this vertex is necessarily the right-most one on this level. Moreover, as long as
the knapsack is not full, i.e., w(r) < W, there is a unique path P from r to a tight vertex
such that all vertices on this path are active except for the last one (it might consist only
of ). We denote the last vertex on this path that is a right child by g (which has to be

an inner vertex if the knapsack is not full yet; we treat r as a right child if necessary).

Figure 5.5 illustrates how knapsack blocks and subtrees relate to each other.
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Consider now again the vertex g and denote its level € = h(q). If the next element e,
that Greedy+ selects has weight 25~/ with j < ¢, then we perform the sole removal
step Sr4y i= S¢ + x40 N R(Sy, €14, ), where R(S;, e44,) = L(p) with p being the unique
active vertex on p at level j (between r and g). In this case Greedy+ terminates.

Now suppose w(e;y,) = 2™/ for j > £. Then e, will just be added to S, (i.e.,
R(S;, e;+,) = @) and we need to update 7.

Either way, note that the tree 7 gives us an efficient way to compute the arg min in
Line 3 of Greedy+. Once e,,, is determined, we can perform an update step on T

(provided that indeed w(e,,) < 257°).

Let h be the required level of e, (as per invariant (I2)). Note that the level 4 contains

at most one active vertex we call it « if it exists.

Update Tree:
Input: previous tree 7T for set S;, new element e, for level h
Output: optimal removal set R(S,, .+, ) or updated tree T,
v if w(S;) + w(ers,) > W then
2 L Determine unique vertex « on P at level h

3 return L(«)

// Otherwise, construct T,i,:
if level h contains an active vertex o then

4
5 if o is a left child then
6 | Replace T («) with e, and add T («) as right child of ’s parent
7 else
8 Let f3 be the first right child on the path from « to r (other than «) and
y be B’s left child
9 Replace T () with e, and add 7 («) to the subtree on 8 (adjust for
height)
10 for ¢ := h —1downto h(y) —1do
1 L Reorder Subtrees on € and y
12 else
13 Let 8 be the active vertex with the highest level h(3)
14 Add a right child to 8 and then as many left children as necessary to add
€r4, as leaf

15 return 7.,

Note that by design, most of the invariants are clearly fulfilled after calling Update
Tree. The only non-obvious one is (I5) if we are in the second case as the block y which
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just became tight might be cheaper than other blocks on its level to the left. This gets
resolved using the following subroutine and has to be iterated as rearranging a level
can also upset the order on a lower level (closer to the root).

Reorder Subtrees:
Input: current tree 7, level ¢, vertex y
Output: Reordered tree such that invariant (I5) is recovered on ¢
1 Leta, <a, <...<a, bean ordering of tight vertices other than y on level £
if c(y) < c(a,) then
3 Let i be the maximum index with c(a;) < c(y)
Replace T(a;4,) with T(y) and move all further T'(a;) to the right

N

S

Intuitively, Reorder Subtrees moves a subtree rooted at y to the left by exchanging
it with its siblings and cousins until the order at level ¢ is restored. The Update Tree
method then calls the same method on y’s new parent to reorder the subtrees on its
level.

We depicted in Figure 5.6 how the tree 7 changes after insertion of some new element.

Lemma 5.41. The invariants (I1)-(I5) are maintained throughout the algorithm.

Proof. At the beginning with S, = & and 7, only consisting of the root r the invariants
are all clearly fulfilled.

Now let us assume 7 satisfies all invariants and we add an item e,,, that does not
trigger the end of the algorithm, i.e., we need to update the tree at level h. We check

each invariant for each case:

Case 1: Level h does not contain an active vertex. (else case in Line 14). In that case,
T++, mostly stays the same as 7, we just added a right child to the last active
vertex on the path P and sufficiently many left children on that. By construction,
(I1)-(I4) are all satisfied in 7+4,. By Lemma 5.23, the cost-to-weight ratio of

€r41, 1€, clern) , is larger or equal than of all other elements in S; and hence,
w(eces) 8

also for every tight vertex of 7. Thus, (Is) is also still satisfied.

Case 2: Level h contains an active vertex « and it is a left child (Line 6). The invariants
(I1)-(I4) again hold by construction and (I5) follows again by Lemma 5.23.
Note that « is at level /& but now as a right child. It has a better cost-to-weight
ratio than e, (also as per Lemma 5.23 but it is still an active vertex and hence,
not a tight one, so we do not violate (I5).

5.7 Efficient Implementations of the Removal Oracle
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Level h contains an active vertex a which is a left child.

Level h contains an active vertex a which is a right child.

Mlustration how Update Tree changes the tree 7 when inserting a new element e;,.
Circles and rounded triangles denote active vertices and subtrees with active root, respectively,
and squares and sharp triangles tight vertices and subtrees that only have tight vertices,
respectively.
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Case 3: Level h contains an active vertex « and it is a right child (Line 9). Again, (I1)-
(I4) are satisfied by construction. In particular for (I4), we have that all vertices
in T(y) are tight now. Also note that such a y exists as otherwise e,,, would
have exceeded the knapsacK’s capacity.

At this point, the parent of e,, (and all vertices up to y) might violate (I5)
as it turned from active to tight and hence, have to be sorted into its correct
position which we do by calling Reorder Subtrees. We call this subroutine
recursively to also reorder the vertices at a lower level (closer to the root) as

they get affected by the reordering on the higher level. O

Running Time Performing Line 3 in Greedy+ requires to iterate over alle € E \ S;
and compute R(S;, e) which requires constant time if e is small enough such that the
knapsack is not full after its addition. Otherwise, we need to find the right vertex (q)
where e would trigger a removal step. Naively, we then could find L(gq) (if we save
the tree explicitly, then a BES or DFS does the trick, which needs time linear in S;).
However, we can do this step more efficiently as the leaves L(q) are not actually needed
to compute the arg min, just their cost. For every internal vertex v we can store its costs
¢(v) in the vertex, so finding q is sufficient. For that, we do not even need a BFS as
we just have to follow the path P (which is always taking the right child if it exists and
otherwise taking the left child unless it is tight).

However, after determining é, we have to do some work to update the tree. The insertion
requires essentially just a constant number of operations (moving pointers around,
creating some new ones). The reordering of the subtrees should also be linear as every
level has at most |S,;| many vertices that have to be reordered. Whenever we swap
subtrees, we also need to compute the costs of the ancestor vertices, which again are

just linearly many.

5.7 Efficient Implementations of the Removal Oracle
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CHAPTER 6

Conclusion

In this final chapter, we look back at the results of this thesis but also point out the open

problems and future research directions.

6.1 Review

We saw that matroid theory has proven itself to be useful in the context of dynamic auc-
tions. Matroids (or let us say matroidish structures) occur naturally in form of demand
correspondences if the valuation functions of buyers are (strong) gross substitutes—a
very general class of valuation functions that have the natural decreasing marginal
returns property. This allows us to use methods to determine excess demand sets (or
excess supply sets) with rather simple complexity. The achievement is twofold: Algo-
rithms for MATROID UNION and POLYMATROID SUM (and of course MAXIMUM FLow)
are rather simple to implement on a computer provided, we can represent valuation
functions. But more importantly, these methods are also fast and this came with a little
bit of a surprise. Algorithms for minimizing a submodular function (or Li-convex func-
tion) are sledgehammer methods for all kinds combinatorial optimization problems
on the one hand. However, one the other hand, they are also quite tailored for finding
excess demand sets as strong gross substitute valuations come with their equivalence

to M-concave functions that give us exactly Li-convex functions to minimize. It was
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quite astonishing that in the end, we were able to not just propose a simple method to
solve the problem but also to do it faster.

We also gave a simplified analysis of an ascending auction that sells at equilibrium a
maximum weight base of a matroid. In this auction, matroids were not just appearing as
a hidden part of the mechanism, they were rather put in there in the economic model.
Yet, these market are quite natural and allowed for a more general notion of “clearing

the market’, i.e., by imposing a matroid constraint instead of a partitioning constraint.

Finally, we attempted to give optimality conditions for a greedy algorithm that is not as
stubborn in the sense that it will take back some choices if there is an easy improvement
step using a one-to-many exchange instead of just additions. This gave rise to a class of
submodular functions we call generalize ranks, which inherit some useful properties

from matroid rank functions.

6.2 Open Problems

As researchers, we never run out of problems to explore—each answer uncovers new
questions, and every advance reveals deeper layers of complexity. For our market settings
with Walrasian equilibria, recall that we only looked at a pure exchange economy—a
market in which there is a fixed set of items and buyers who want to buy them. However,
there is a whole second side of these Arrow-Debreu markets that is omitted from any
considerations of this thesis, that is the production side, whereas we only looked at
the consumption side. Also for these two-sided markets, it is known that Walrasian
equilibria exist under just mild conditions. It is now very natural to ask, whether we

can extend our methods of finding those equilibria in the two-sided model.

We already looked at monotonicity of extremal Walrasian equilibria, when we change
the supply and demand of a market (for a suitable mathematical model of those terms,
but not without alternatives). There are more general techniques in comparative statics
that might be adaptable to find stronger results, e.g., how non-extremal Walrasian
equilibria react to changes in supply and demand (or other parameters). A promising
direction would be, for instance, to develop or explore discrete envelope theorems and
apply them to the market.

These are interesting further research directions that are worth exploring. However,
the previous chapter was meant to open up a new theory of a subclass of submodular
functions and therefore offers probably the most open problems, which are also more

Chapter 6 Conclusion



foundational. Above all stands Conjecture 5.39 which would make duality theory of
generalized ranks much stronger. As we tried to draw parallels to matroid theory,
there is the question, whether we can also describe set systems of z-independent sets
axiomatically, i.e. find cryptomorphisms for generalized ranks. We also saw the Greedy+
does not find an optimal solution to problem of finding a minimum cost maximum
weight base of a matroid. However, there is a simple fix to this by allowing the algorithm
to also make one-to-many exchanges that do not increase the coverage (and just lower
costs). It takes further research to check if we can get optimality guarantees for all
generalized ranks, ideally necessary and sufficient conditions. Another interesting
questions is whether we can make also more general statements about the removal
oracle that is used by Greedy+, in particular, under which conditions it can be computed
efficiently. Finally, note that Greedy+ is an algorithm that is natural to use on all kinds
of covering problems. It would be interesting to determine termination guarantees,

running time bounds, and approximation factors for those.

6.2 Open Problems
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