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Abstract

This thesis presents models for polyatomic gases at both mesoscopic and macroscopic
levels. At the mesoscopic level, the Boltzmann equation with a polyatomic collision
operator is used, and new collision kernels are proposed allowing flexibility to match
specific gas properties. At the macroscopic level, moment equations—specifically the
14- and 17-moment systems—are used to model flows in the transition regime. The
collision operator is evaluated to obtain transport coefficients, and a data-driven ap-
proach is used to fit model parameters to reproduce experimental values for viscosity,
bulk-to-shear viscosity ratio, and the Prandtl number.

To validate the models, numerical simulations of heat conduction in polyatomic gases
are performed using a finite element method within the FEniCS framework. Regu-
larized version of the 17-moment system with entropy-stable boundary conditions is
developed, and its linear, steady-state form is implemented. The simulations demon-
strate mesh convergence and reveal that, for small Knudsen numbers, non-equilibrium
temperatures converge, consistent with previous results for polyatomic gases. The im-
pact of bulk viscosity is also examined, showing that it primarily affects the dynamical
pressure, while the total temperature profile remains stable.
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Uberblick

In dieser Arbeit werden Modelle fiir polyatomare Gase sowohl auf mesoskopischer als
auch auf makroskopischer Ebene vorgestellt. Auf der mesoskopischen Ebene wird die
Boltzmann-Gleichung mit einem polyatomaren Kollisionsoperator verwendet, und es
werden neue Kollisionskerne vorgeschlagen, die eine flexible Anpassung an spezifis-
che Gaseigenschaften ermoglichen. Auf der makroskopischen Ebene werden Impuls-
gleichungen - insbesondere die 14- und 17-Momentensysteme - zur Modellierung von
Stromungen im Ubergangsbereich verwendet. Der Kollisionsoperator wird ausgew-
ertet, um Transportkoeffizienten zu erhalten, und ein datengesteuerter Ansatz wird
zur Anpassung der Modellparameter verwendet, um experimentelle Werte fiir die
Viskositdt, das Verhiltnis von Schiitt- zu Scherviskositdt und die Prandtl-Zahl zu re-
produzieren.

Zur Validierung der Modelle werden numerische Simulationen der Warmeleitung
in polyatomaren Gasen mit einer Finite-Elemente-Methode im Rahmen von FEniCS
durchgefiihrt. Eine regulierte Version des 17-Momente-Systems mit entropiestabilen
Randbedingungen wird entwickelt und seine lineare, stationdre Form wird imple-
mentiert. Die Simulationen zeigen die Konvergenz des Netzes und zeigen, dass fiir
kleine Knudsenzahlen die Nicht-Gleichgewichtstemperaturen konvergieren, was mit
fritheren Ergebnissen fiir polyatomare Gase iibereinstimmt. Die Auswirkungen der
Volumenviskositdt werden ebenfalls untersucht und es zeigt sich, dass sie in erster
Linie den dynamischen Druck beeinflusst, wahrend das Gesamttemperaturprofil sta-
bil bleibt.
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Chapter 1

Introduction

The central idea of kinetic theory is to statistically describe state of a gas. Rather than
tracking individual molecules and solving Newton’s equations for each one, the kinetic
theory introduces the distribution function f(t,x,v), where t > 0 is time, + € R? is
the position vector, and v € R3 is the particle velocity. The quantity f(¢,z,v)dz dv
represents the number of particles within a phase-space volume centered at (z,v) at
time ¢. This concept, developed independently by Ludwig Boltzmann and James Clerk
Maxwell, leads to the Boltzmann equation, in which particle collisions are modeled by
a collision operator.

This thesis focuses on polyatomic gases. Due to their internal molecular structure, an
additional internal variable I > 0 is introduced to represent internal state of a molecule.
Here, internal energy is modeled as a continuous variable [§]], though discrete models
are also available in the literature, such as in [29].

The physical laws during the collision (such as conservation laws of momentum and
energy) shape the structure of the Boltzmann collision operator, which was first gen-
eralized to polyatomic gases in [8]. Regarding the collision kernel, one of the earliest
practical models was the hard-sphere model only in the velocity variable, which yields
reasonable predictions for viscosity but fails to capture the correct Prandtl number [30].
Motivated by analytical results on well-posedness for the space homogeneous Boltz-
mann equation, new collision kernels were proposed in [23]. In this thesis, we adopt
this collision kernel and combine it with frozen collisions, which are the collisions that
do not change the internal energy [19]. This formulation is referred to as the initial
model. We also introduce an extended model of the collision kernel, designed to enhance
flexibility in predicting first-order transport coefficients [21]. Both models include ad-
justable parameters intended to recover the physical behavior of gases, akin to the role
of parameters in the hard-sphere model. These kernels will be employed with Grad’s
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method to derive moment equations for polyatomic gases.

Grad’s method constructs a system of partial differential equations by integrating
the distribution function over velocity and microscopic internal energy space [25].
This yields macroscopic quantities such as density, momentum, stress, and heat
flux—known as the moments of the distribution function. In this work, we consider dif-
ferent moment systems, including the 14-moment and 17-moment models, presented
in Chapter 3. The choice of moment set depends on the complexity of the physical
phenomena under study; for instance, highly non-equilibrium flows require a greater
number of moments for accurate modeling. Furthermore, first-order transport coef-
ficients are computed, and they depend on both the chosen moment system and the
collision kernel. Comparison with experimental data, which may be used to determine
the model parameters, are carried out in Chapter 4.

In general, the moment method yields a nonlinear system of partial differential equa-
tions. For numerical solutions, techniques such as the Discontinuous Galerkin method
are often used. However, in this thesis, we focus on a steady-state, linearized, and reg-
ularized version of the 17-moment system in a two-dimensional setting, as outlined in
Chapter 5. We derive the regularized 17-moment equations and impose boundary con-
ditions based on the Maxwell accommodation model. The resulting system is solved
using the finite element method for various geometries and mesh refinements. In par-
ticular, we demonstrate second-order convergence toward the analytical solution in a
double-disk domain. Finally, we simulate various heat flow scenarios for polyatomic
gases, as presented in Chapter 6.

The results contained in this thesis are based on the following articles:

V. Djordji¢, M. Pavi¢-Coli¢, and N. Spasojevi¢. Polytropic gas modelling at kinetic and
macroscopic levels. Kinet. Relat. Models, 14(3):483-522, 2021.

V. Djordji¢, M. Pavi¢-Coli¢, and M. Torrilhon. Consistent, Explicit and Accessible Boltz-
mann Collision Operator for Polyatomic Gases. Phys. Rev. E, 104:025309, 2021.

V. Djordji¢, G. Oblapenko, M. Pavi¢-Coli¢, and M. Torrilhon. Boltzmann collision op-
erator for polyatomic gases in agreement with experimental data and DSMC method.
Continuum Mech. Thermodyn., 35:103-119, 2023.

V. Djordji¢, M. Pavi¢-Coli¢, and M. Torrilhon. 14- and 17-moment systems for poly-
tropic gases - comparison regarding transport coefficients. AIP Conference Proceedings,
2996(1):040011, 02 2024.



Chapter 2

Boltzmann equation

2.1 Boltzmann equation for monatomic gases

For monatomic gases, the state of a molecule at time ¢ > 0 is described by its position
in space = € R< and its velocity v € R, where d denotes the dimension of the vector
space. Let z be the total number of particles in the volume Z. According to Newton’s
second law, the motion of particle « is governed by

ddita:va, m%:Fa, a=1,...,z,

where F, is the total force acting on particle «. Under standard atmospheric pres-
sure of 102325 Pa and temperature 273.15 K, one cubic meter contains approximately
z ~ 2.68 x 10%° atoms. Solving a system of 2dz ordinary differential equations is compu-
tationally expensive [14]. Another challenge is specifying initial conditions z,(0) and
v4(0). To circumvent this, kinetic theory introduces the distribution function f (¢, z, v),
which statistically describes the gas. For instance, f(t, z, v)dv represents the number of
atoms with velocities in the interval [v, v + dv] at time ¢ and position z. Integrating over
all velocities yields the number density

n(t,z) = f(t,x,v)dv.
R4

The equation that governs the evolution of the distribution function was introduced by
Ludwig Boltzmamﬂ in 1872 [12].

'Ludwig Boltzmann (1844-1906), Austrian physicist and mathematician
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In the absence of collisions, f remains constant along particle trajectories,

df

— =0. 2.1.1
3 =0 (21.1)
Since x = z(t) and v = v(t), the total derivative becomes

df dz dv
o of  — of - — =0. 2.1.2
g of+Vaf TVl g =0 (2.12)

Assuming the system is isolated, external forces vanish (% = (1/m)Fet = 0), and
(2.1.2) simplifies to the transport equation

Of +v-Vaf =0. (2.1.3)

The solution to (2.1.3) remains constant along the characteristics z = vt 4 C, yielding

de _ ~ dv _
a_oa

which implies f(t,z,v) = f(0,z — vt,v).

To fully capture gas dynamics, interactions—mainly collisions—must be considered.
Since collisions affect velocities, they influence the evolution of f and result in intro-
ducing the collision operator Q)( f) on the right-hand side of (2.1.3)

Of +v-Vof =Q(f) (214

Because of a collision, a particle can change its velocity to v, counted as gain of atoms
with velocity v; or an atom with velocity v can change its velocity to v' which corre-
sponds to a loss of atoms with velocity v. Following this idea, under certain assump-
tions, the collision operator can be split into the gain part Q" (f) and loss part Q~(f),

Q) =T (N +Q (f). (2.1.5)

Kinetic theory involves several assumptions affecting the collision operator [45]. In this
thesis, we assume:

A1l The gas is dilute enough. Typically, if we deal with a three-dimensional gas of »
hard spheres of radius r, this would mean

23 < 1,22 w0 1.

A2 Only binary collisions are considered.

A3 Collisions are localized in time and space.
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A4 Collisions are micro-reversible; the reverse process follows the same path.

A5 Molecular chaos: pre-collisional velocities are uncorrelated.

Assumption A3 implies the collision operator acts only on velocity variable,

df
E - Q(f(t,$, ))(U)

From A2, the two-particle distribution function f2(¢, x, v, v4) is introduced, with
f2(t7 .'137 'U, U*) = f(ta JI, 'U)f(t, Z', 'U*)

by A5. Let p((v/,v}) — (v,vs)) denote the probability that particles with velocities v’
and v}, become v and v, after collision.

The gain term becomes

QT (fw) = - fo(t,z, 0" vl p((V,0)) — (v,v,))dv'dvldoy,

and the loss term

Q™ (f)(v) = - fa(t,z,v,0)p((v, v) = (', 0l))d'dv.dv,.

By A4 (micro-reversibility), the transition probabilities are equal, yielding

QENW = [ (1= FE) ) = (o0 dlde, (210

with shorthand notation

=t a0, fio= f(t@,0)),

- =/ 2.1.7)
f=ft,x,v), fu .= f(t,x,vs).

However, not all collisions are admissible. We assume that the collision conserves mo-
mentum and energy of the colliding particles,

mv + mvl, = mu + mu,, (2.1.8)

S+ P = Sl + Tl (219)
Thus, the transition probability function becomes

p((U/,’U;) - (va*)) = B(U7U*7U/7’U>,k) ’ 6{mv’+m1};:mv+mv*}

5
(B4 2L P=B b2+ B o2}
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where ¢, is the Kronecker delta

5. — { 1 if zis true, (2.1.10)

0 if zis false,

and B(v, vy, ', v},) is the non-negative collision kernel.

To simplify the domain of integration, express pre-collision velocities in terms of post-
collision ones. Define the center-of-mass and relative velocities

V4 vy

V= g v U=V (2.1.11)
pro Y J; Ve e — o, (2.1.12)
Then,
v =V'+ Z,, v, =V'— 1;/ (2.1.13)
Using conservation laws (2.1.8) and (2.1.9)
V=V |ul= (2.1.14)

Thus, V is unchanged and v’ lies on a sphere of radius |u|. In 2D, this is illustrated in
Figure Introduce a unit vector o € S%~! to parametrize v’ as u’ = |u|o. Thus,

;U4 vy 1

V= +§\U—v*]0,

Y — U+ Uy 1|v sulo (2.1.15)
2 2 e

The collision operator now reads

Q(fa f)(’l)) = / [f(t,m,v’)f(t,:c, U;) - f(t,a:,v)f(t,a:,v*)]

RdxSd—1

/U_U*

x B <|U — Vs, a) dodv,. (2.1.16)

v — v ‘

Here, Galilean invariance implies that the collision kernel depends on the relative speed
and the angle between u and ’.

2.2 Boltzmann equation for polyatomic gases

2.2.1 Specific challenges in polyatomic gas modelling

A polyatomic molecule possesses an internal structure that allows it to move with more
degrees of freedom. Compared to the monatomic case, where all of the atom’s energy is
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Figure 2.1: The magnitude of the relative velocity and the center-of-mass velocity re-
main unchanged during a collision, i.e., |u| = |[u/| and V = V.

stored in translational motion, a polyatomic molecule exhibit additional rotational and
vibrational degrees of freedom. The rotational degrees of freedom correspond to the
molecule’s ability to rotate around axes perpendicular to the direction of the molecular
bond. The vibrational degrees of freedom, on the other hand, represent oscillations
along the direction of the molecular bond.

Both types of motion contribute to the macroscopic internal energy e(7"), which is gen-
erally a nonlinear function of temperature. The internal energy e is related to the spe-
cific heat capacity at constant volume ¢, by

de(T)
dT

= ¢,(T), .2.1)
expressed in units of kg - J /K.

A polyatomic gas with constant ¢, is called a polytropic or calorically perfect gas. In
that case,
e(T) = ¢, T, (2.2.2)

with the normalization e(7p) = 0 [27].

Here, values of ¢, will be extracted from experimental data provided by the National
Institute of Standards and Technology [1]. In general, however, the assumption of con-
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stant ¢, is not valid for polyatomic gases [1]. Nevertheless, there exist temperature
intervals in which the experimental values of ¢, remain approximately constant [32].

Alternatively, the constant value of ¢, can be expressed in terms of the number of addi-
tional degrees of freedom 6 > 0
_ 340k

o (2.2.3)

Cy

where k is Boltzmann’s constant and m is the mass of a molecule. Note that ¢ is not
necessarily an integer. Then, ¢ can be inferred from experimental values of ¢, as

§=2"c, —3, (2.2.4)

applicable within temperature ranges where ¢, is approximately constant, for instance
if its relative change is below 5% over a significant temperature range that starts with
the room temperature of 300K [21].

Incorporating the nonlinear behavior of ¢, (2.2.2)) presents a specific challenge for mod-
elling.

One way to resolve it is to introduce an additional continuous variable to account for
the internal energy arising from rotational and vibrational degrees of freedom [8, [15].
This variable is referred to as the microscopic internal energy I > 0. The state of a
molecule is then described by its velocity v and internal energy I. The internal en-
ergy I becomes an independent variable in the distribution function f(¢, z, v, I), where
f(t,z,v,I)dvdI dz represents the number of molecules in the phase-space volume ele-
ment dx dv d, centered at the point (x, v, ) at time ¢t > 0.

The evolution of the distribution function f is governed by the Boltzmann equation

Of +v-Vuf = Q(f> f)(?), I)? (2.2.5)

where Q(f, f)(v, I) is the collision operator for polyatomic gases.

In what follows, we present the polyatomic collision operator in the continuous internal
energy framework using the Borgnakke-Larsen procedure.

2.2.2 Microscopic dynamics of polyatomic gases

As in the monatomic case, collisions and their parametrization play a crucial role in
the structure of the collision operator. Let us consider the collision of two polyatomic
molecules of mass m, having the states (v/, I’) and (v, I}) before the collision. After the
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collision, their states become (v, I) and (v, I.), respectively. We consider collisions in
which both momentum and total energy E are conserved

mu +mu, = mv’ +mul, %|U|2+I—|—%|’U*|2+I* = %|U’|2+Il+%|v;|2+ﬂ<. (2.2.6)
Introducing the center-of-mass velocity V = *£*= and relative velocity u = v — v,, the

conservation laws (2.2.6) become
V=V, E= %u|2+1+1* - %|u'\2+fl+fi. 2.2.7)

Similar to the monatomic case, the center-of-mass velocity is conserved. However, the
magnitude of the relative velocity is not. The objective is to express the pre-collisional
states (v/,I'), (v, I;) in terms of the post-collisional variables (v, I), (vs, I..). Since we
need to determine 2d + 2 variables in d + 1 equations, d 4 1 parameters are introduced.
The direction of the post-collisional relative velocity is represented by o € S?~1. The
remaining two parameters are introduced through the Borgnakke-Larsen procedure [7],

which involves two scalars R, r € [0, 1] such that
%u’ﬁ —RE, I'+I'=(1—-RE, I'=r(1-R)E, I.=(1-r)(1-R)E. 2.28)

In other words, total energy FE is split into a kinetic part RE, and an internal part (1 —
R)E, which is then further divided between the two molecules using the variable 7.

E
/| =24/ [E (2.2.9)
m

which, together with (2.1.13), yields

;U4 Uk RE ;U RE , ,

= — = —\/ — I'=r(1-R)E, I.=(1-r)(1-R)E.

v 5T\ 0 U 5 0, r(I-R)E, I,=(1-r)(1-R)
(2.2.10)

From (2.2.8), we obtain

2.2.3 Collision operator for polyatomic gases

In this section, we present the Boltzmann collision operator for polyatomic gases in the
non-weighted setting [8].

For polyatomic gases, the collision operator has the following form, for d = 3,

e §/2—1
Q(ﬁ f)(vj I) - /[0,1]2><SQ><[O,oo)><R3 <f f* <I,L/s> - ff*)

x BHs(r, R)dRdr do dI, dv,., (2.2.11)




10 2 Boltzmann equation

internal energy space

Figure 2.2: Illustration of different post-collisional scenarios. First, the post-collisional
states (v, ) and (v, I,) are fixed (in gray). Then the parameters o, R, and r are se-
lected. For the blue molecules, R = 0.1, indicating more energy transferred into inter-
nal modes. For the purple ones, R = 0.8, implying that more kinetic energy is retained.
Figure from [23].

with standard notation, f' = f(¢t,z,v',I'), fl. = f(t,z,v,,1I,), and f. = f(t,z, v, Li).
Note that the pre-collisional values are given by (2.2.10).

The function

Hs(r,R) = (r(1—r))"*1 (1 = R)*"'VR, (2.2.12)

ensures the correct weak form of the collision operator, as discussed in the next sec-
tion. It contains the Jacobian of the transformation from the pre-collisional to the post-
collisional quantities.

The parameter 6 > 0 ensures the correct caloric equation of state, given by the relation
(2.2.3). Therefore, the distribution function is renormalized with the factor 1%/,

The function B > 0 is the collision kernel that satisfies

B:= B(v,vi, I, I, R,r,0) = B, v, I' I, R' )", o)

2.2.13
= B(ve,v, L, I, R, 1 —r,—0). ( )
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2.2.4 Properties of the collision operator

The goal of this section is to explore the properties of the polyatomic collision operator

(2.2.11).

Lemma 2.2.1. Forany 6 > 0, the following measure

dA = BHg(r, R)I*> 11"V AR dr do dI, dv, dI dv (2.2.14)

is invariant with respect to the changes

(/U7U*7I)I*7R) T, U) < (’U/,’U;,I/,Ii, R/7T/7O-/)7 (2215)
(v,v6, [, L, Ry7,0) <> (v, 0, L, [, R, 1 — 1, —0). (2.2.16)

Lemma 2.2.2 (The weak form of the collision operator Q(f, f)). For any test function
X (v, I) that makes the following expressions meaningful, the collision operator (2.2.11) takes
the following weak form

[ eUun@ywnara
R3%[0,00)
1

2 /R6><[O,oo)2><[0,1]2><32

Fhe (X', 1) + x (v, L) = x(0, 1) = x (v, 1))

x BHs(r, R)dRdr do dI, dv,dIl dv. (2.2.17)

Proof. After integration of the collision operator (2.2.11) against a test function x(v, /)
with respect to v and I variables, one performs changes of variables (2.2.15) and (2.2.16).
Using invariance properties of the measure dA (2.2.14) stated in Lemma results in

[ Qupt.xnara
R3 x[0,00)

[«
B /R"'X[O sy [0.12x5? (IL.)9/>~1 (@', I') = x(v, 1)) d4 (22.18)
_ /. .
a /RG><[0,00)2><[0,1]2x52 W (X(U*’ L) = x(vs I*)) d4,

which yields the desired estimate (2.2.17). O]

As a consequence of the previous lemma, for some test function x(v, I), the weak form
of the collision operator may vanish. Such functions are called collision invariants.

From the collision laws (2.2.10), it follows that choosing x(v, I) as m, mv, or m@ +1
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leads to a vanishing weak form. Moreover, any linear combination of the following
functions is also a collision invariant [30],

m
muv .
5 |v!2 + 1T

Our next goal is to formulate the H-theorem for the collision operator (2.2.11). To that
end, we first define the entropy production,

D(f) = / Q(f, f)(w, I)log(f(v, I)I~%/*1) dIdw, (2.2.19)
R3x[0,00)

and then study its properties in the following theorem.

Theorem 2.2.1 (H-theorem). Let the collision kernel B be positive almost everywhere, and let
f > 0 be such that the collision operator Q(f, f) and the entropy production D(f) are well
defined. Then the following properties hold,

i. Entropy production is non-positive, that is

D(f) <0. (2.2.20)

ii. The three following properties are equivalent

(1) D(f) =0,
(2) Q(f,f)=0forallv e R3, I €0,00),

(3) There existsn >0, U € R3, and T > 0, such that

3
__n M \2 7s/2-1 -5 (B wv-UP+I)
fiw.1) = 7 (ng) 19271 o= r (3 , (2.2.21)

where Z(T) is a partition (normalization) function
Z2(T) = / 192-le=wrdl = (KT)%/20(5/2),
[0,00)

with I representing the Gamma function.

The proof is given in [8]. The H-Theorem is equivalent to the second law of thermody-
namics and implies that the gas attains a state of maximum entropy, corresponding to
the Maxwellian equilibrium distribution function (2.2.21).
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2.2.5 Frozen collision operator

Frozen collisions are collisions in which the two colliding molecules exchange only their

kinetic energy, meaning that I = I’ and I, = I. This implies that |u| = |«/|, and there-

fore, the Borgnakke-Larsen procedure is not needed. Instead, a standard parametriza-

tion is used, as in the monatomic case (2.1.15)),
|l

v':V+7a, v, =V -

lul

50 (2.2.22)

With this, the resulting frozen collision operator takes the form [19, 4]

Q) (1.7) (01) = [ (£ - 12.) Basdnar, @229
R3 x[0,00) x/S2 I'=I.,

where B := B(v,vs, 1, 1I,,0) is the collision kernel for frozen collisions, which sat-

isfies monatomic-like micro-reversibility, i.e. B(v,vs,I,Ii,0) = B v, 1,1, 0') =

B(ve,v, I, I, —0).

Moreover, the case of frozen collisions is equivalent to R = R’ and r’ = r, so the frozen
collision operator can be seen as a classical non-frozen operator (2.2.11) with a Dirac
delta measure dg— g/ d,—,» and scaled with Hj.

In the further analysis, we will combine the frozen collision operator (2.2.23) and the
non-frozen one (2.2.11)),

Q(f, f) — CUQ(f, f)(non frozen) + (1 _ W)Q(frozen) (f, f) ’ (2‘2‘24)

which is a convex combination with parameter 0 < w < 1.



14

2 Boltzmann equation




15

Chapter 3

Moment method

Moment method is an approximation technique to solve the Boltzmann equation. Mo-
ments are quantities that are reproduced from the distribution function f(t,z,v,I) by
multiplying it with different test functions and integrating over the phase space (v, I).
Taking a general polynomial, we define the convective moment as

“Efzg)z = / 0] 1 v;, vy . v, fdvd, (3.0.1)
R3x[0,00)
where a and b are integers and i1, is....i, € {1,2,3}.

Similarly, non-convective moments are defined as
b
o = / lc[?*1b¢;, ciy i, fdedT (3.0.2)
R3x[0,00)

where ¢ = v — U is the peculiar velocity with respect to the macroscopic gas velocity U.

After multiplying the Boltzmann equation with the test function m/|v|?*I%v;, v;,..v;, and
integrating with respect to v and I, one gets

at/ m|v|2“Ibvilvi2..vinfdvdI + Oy, m\v[QaIbvhw?..vinvifdvdl
R3%[0,00) R3%[0,00)

_ / oy QU D T, fa0dT, (303
R3x[0,00)
that can be rewritten as the transition equation

o™ Lo led)  _ plab) (3.0.4)

1112...0n i 1112...001 1192...00 "
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Here, PZ(IC;:)Z" denotes the production terms, which are computed using the test func-
tion m|v|2¢Iv;, v;, . . . v;, in the weak form of the collision operator Q(f, f). These pro-
duction terms vanish when the test function is a linear combination of the collision

invariants. In all other cases, additional calculations are required.

By choosing a specific set of test functions, one can derive a hierarchy of moment equa-

tions. If this set does not include an equation for the evolution of the flux ug?zsc)zn ,» then

the system is not closed. To close the moment system, higher-order fluxes must be ex-
(a,0)

pressed as functions of lower-order moments, such as v, ;,’ ; . This closure is typically

achieved by integrating an explicit form of the distribution function.

An important practical question arises: which moments should be selected and used?
As we will see, this choice often depends on the specific problem under consideration.

In general, moment equations are inherently nonlinear. This nonlinearity can be under-
stood by examining the physical meaning of the moments themselves.

3.1 Moments in kinetic theory

In contrast to microscopic quantities or the distribution function—which cannot be
measured directly—macroscopic (physical) quantities are often accessible through ex-
periments. These macroscopic quantities are obtained as moments of the distribution
function, as detailed in this section.

Using convective or non-convective moments, physical quantities are defined as fol-
lows. The density p is defined as

u@mzp:/ mfdvdl. (3.1.1)
R3x[0,00)
For the test function muv;, one gets momentum of the gas pU;
u?0>:;ma:1/ mu; fdvdI. (3.1.2)
R3 x[0,00)

Considering the peculiar velocity ¢ = v — U, from the definition of density p and mo-
mentum pU;, the non-convective moment is

#m:/ Wﬁ@ﬂz/‘ m(v; — U;) fdvdI = 0. (3.1.3)
R3x[0,00) R3x[0,00)
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Taking v;v; as the test function,
u? = / mugv; fdvdl = / m(ci + Us)(cj + Uj) fdvdl (3.1.4)
R3x[0,00) R3x[0,00)
= / mCiijdUdI + ,OUZ‘Uj. (315)
R3x[0,00)
The stress tensor p;; is defined by
Dij = pgjq,o) = / me;cj fdudl. (3.1.6)
R3x[0,00)

The stress tensor can be split into its trace-free part 0;; and its trace & that is also called
the non-equilibrium pressure,
Dij = 045 + 0, (3.1.7)

with

R3x[0,00) 3 JR3x[0,00)

Here the index notation with the Einstein convention is used and the trace free part of
2nd order tensor A;; is

1
3
The non-equilibrium pressure & can be further split into hydrodynamical pressure p
and dynamical pressure II

1
Aug) = g(Az‘j + Aji) — 50 Au, (3.1.9)

Z =p+IL (3.1.10)

The flux of stress tensor is calculated from
“E?zéo) = /R - )mijvkdvdf = pUiU;Uk, + piji. + 3Uipj0)5 (3.1.11)

% [0,00
where
(0,0)
Piji.” = Pijk = / mc;c;jcpdvdl, (3.1.12)
R3x[0,00)

and the following notation is used,

1
Aijry = g(Aij + Aji + Aig).

The total energy is obtained by

1 1 m m
- (1,0 (0,1) _ 2 _ 2

p + —p —/ v+ 1 fdvdI—/ —le+Ul"+1) fdvdl
2 m R3><[0,co) ( 2 | ‘ ) RSX[O,CD) ( 2 | | >

1
— [ (Gl 1) savar + S0P
R3x[0,00) * 2 2
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where the internal energy of gas is

3+4 k

m, 2
= - I) fdedl = = 22p = T. 3.1.13
pe /Rgx[om)(zld + )f ¢ 5P ( )

The internal energy of the gas can be further split into two parts

3 k 0 k
pek = / D el?fdedl = Sp=T,,  per = / Ifdedl = —p—Tins.
R3x[0,00) 2 2'"m R3 X [0,00) 2-m
(3.1.14)

On this way, the two non-equilibrium temperatures 6;, and 6;,; are defined with the
total temperature 6,

k k k 3 1) 3+6
O = Ty Ot = ~Tinty 0= ~T, 0py + 20ppy = “2 20, (3.1.15)
m m m 2 2 2

They relate to the dynamical pressure as follows

4] 4]

II= p(etr - 9) = gpw - gznt) = —mp(emt - 0t7")~

Now it is clear that, in the equilibrium, dynamical pressure vanishes and the two non-
equilibrium temperatures coincide.

The energy flux is defined by
/ (TW + I) v; fdvdl = / (T\c + U2+ 1) (c; + Up) fdudl  (3.1.16)
R3x[0,00) * 2 R3x[0,00) * 2

1
= / <%|C|2 + I) szdCdI + <2p|U|2 + p€> U, + Ujpij, (3117)
R3x[0,00)

tot)

where total internal energy flux ¢*°!) is

gttt — / (%1l + 1) cifdear. (3.1.18)
R3x[0,00) * 2
We can split the total heat flux on the translational part ¢ and the internal part s
m, 2
g = —le|*cifdedl, s; = Ic;fdedl. (3.1.19)
R3x[0,00) 2 R3 % [0,00)
In this thesis, we will also need higher order fluxes defined by

1
fug,i’o) = / T\vl%ivkdvd[ = / m]c + U\Q(ci + Ui)(cg + Uy )dodI.
2 R3x[0,00] 2 R3x[0,00) 2
(3.1.20)
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Since
%]c + UP(c; +Us)(ep + Uyp) = %\c[%ick + meicicUj + %]U\%ick
—i—%]c\%ick + me,;U;Ujer, + %|U‘2Uick + %\c +U*(c; + Ui) Uy,
and flux of the translational heat flux is defined

qik —/ T\c\Qcickfdcdv,
R3x[0,00) 2

flux ugli’o) can be expressed as
1 o Lo
JUi = ikt Ujpijk + §!U\ pik + aUi + pjrUsUy + Uy + piiU; Uy (3.1.21)

+ (B\UP v peK> Uiy, (3122)
2
In similar way, flux of the internal heat flux is defined as

1
Lo _ / I(ci + Ui)(cp + Up)dvdI = sip, + s;Ux + s3U; + pe;UiUy,  (3.1.23)
m R3x[0,00)

where the non-convective flux is

1
*ng’l) = Sik = / Icicpdedl. (3.1.24)
m R3 x[0,00)

In the sequel, we study evolution of the moments presented in this section.

3.2 Conservation laws

Conservation laws of Euler represent system of 5 moments . Namely, u(*0), ul(o,o) and

w10 4 41 are studied. Using classical physical variables, the system has the form

Oip + Oy, pU; = 0, (3.2.1)
atpUi + 6%. (pUin + pij) =0, (3.2.2)
1 1 .
) <2p|U 2+ pe) + s, <<2pIU 2+ pe) Uj + Uipij + 4 ”) =0, (3.2.3)

that represents the conservation of density, momentum and total energy. However, the

system above is not closed because fluxes p;; and ql(mt) are not determined as functions

of densities. One possible way to close this system is to use the maximum entropy
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method. The maximum entropy method searches for the distribution function which
maximizes the entropy h, defined as

h=—k / log ( f1—5/2+1) dvdl, (3.2.4)
R3x[0,00)

and also simultaneously reconstructs 5-moment densities

p m
0; = / me; f(t,z, e, I)dIde. (3.2.5)
%p%T R3x[0,00) %MQ_'_I

In fact, the function that maximizes the entropy with 5-moment constraints is the local
Maxwell distribution.

Lemma 3.2.1 (Maximum entropy distribution). The distribution function that maximizes

the entropy h defined with (3.2.4) such that conditions (3.2.5) are satisfied has the form

_ 14 m N3 §/2-1 =2 (B lo—U*+I
Jelv. 1) = m(KT)3/20(6/2) (27rkT) 12 e ), (3.2.6)

where U is the macroscopic velocity.

Proof. The classical procedure of the maximum entropy principle is as follows. Namely,
first the Lagrange multipliers A0) )\51), and ,u(o) are introduced, corresponding to the

constraints (3.2.5). Then, the extended functional reads
L= { — kf log(f17%/%1)

R3 x[0,00)
3
_ (0) W e, © (T2
f()\ m+ S Ame +p (2 B +1)> }d]dc.

=1

The solution of the Euler-Lagrange equation 6£/0 f is given by

3
— 9/2-1 1Mo ™ M. L ooy(m, 2
f=1r exp( 1 k:)\ kZ)\Z Ci— T h (2|c\ —i—I)).

1=

Substituting this form into the constraints (3.2.5) yields a system of algebraic equations,
whose solution allows one to express the Lagrange multipliers in terms of the macro-
scopic densities, leading to the solution (3.2.6). O

Using the distribution function fg, simple evaluations lead to g(tet)

= 0 and bij =
(5ijp%.
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3.3 Method of Grad

In order to describe a higher-order moment system, in particular, higher than 5 mo-
ments presented in the previous section, it is necessary to prescribe a form of the dis-
tribution function. The method of Grad is based on the following expansion of the
distribution function, around the local Maxwellian (3.2.6)),

N
N =18 Qs iniria. i (&, 1), (3.3.1)

=1

where «;,;,. i, denotes the coefficient in front of the polynomial v;,4,. 4, (c, ), N is the
total number of polynomials and fg is the Maxwell distribution (3.2.6). In order to de-
termine the coefficients o;,4,.. 4,, the Grad method requires that the distribution func-
tion fy satisfies the moment condition

u®? :/ mlv? 1%, v4, . . vi, fn dvdl, {iy, 00, ... in, } € {1,2,3}, {a,b} € ZF.
R3 X [0,00)

i1ig..in

(3.3.2)
Using this condition, the coefficients in the expansion of fx can be expressed as func-
(a,b)

tions of the first N moments u; ;' . .

Additionally, polynomials with special properties can be used in the expansion. For

example, Laguerre or Hermite polynomials have orthogonality properties. Using or-
(a,b)

thogonal polynomials leads to a linear moment system in terms of «; .’ ; . However,

the resulting moment equations conceal their nonlinear nature in the mapping between

standard convective moments u,ffls)m and ozz(fzs)m [10]. This approach can also be ap-

plied to polyatomic moment systems.

3.4 14-moment system

The system of 14 moments can be seen as an extension of the Navier-Stokes equations
because it contains additional equations for the stress tensor p;; and the total heat flux
¢*) . It can be found in various references, for example, [31}133,[18]. Here, we provide
them in the convective form.

In order to derive the 14-moment system, one tests the Boltzmann equation with m,
muv;, muv;vj, %MQ + I, and (%\vlz +1 ) v;, which results in the evolution equations for
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density, momentum, stress, total energy, and total heat flux

p + 0, (pUs) = 0,
Ot (pU;) + Ox; (pU;Uj + pij) = 0,
O (pUsU; + pij) + O, (pUiU;Uk + 3U(ipjiy + pijie) = Py

1 O
O (2p|U2 +pe> + Ou; << p|UP? +p€> Uj+ Ui + )"

t)

) (3.4.1)
)

O << plUI? +P€> Ui + Ujpij "‘qzm
+0q, <Qik + sik + Ujpiji + §‘U|2pik + ql(cwt) Ui + pjuUiUk + qgtOt) Uk
—i—pijUjUk + <g|U‘2 + pe) UZUk) = Qi’

where the production terms are

(6)= Lo, (i) Qe a2

These will be computed in one of the following sections. Note that due to collision
invariants, we have conservation of mass, momentum, and energy.

From a hierarchical point of view, some authors distinguish between two hierarchies:
one based on moments that involve only velocity in their definitions, and another that

includes internal energy with their fluxes. From this point of view, the 14-moment
system belongs to a mixed hierarchy.

3.4.1 Grad closure for 14-moment system

In order to compute the fluxes, we can use Grad’s method. First, the distribution func-
tion is expanded as follows:

fin =t (ANOm 4+ 2D es + A ey + u@ (The +1) + 1 (Sl +1) ) (343)

This method requires that the distribution function reproduces the following moments

P m

01' mc;

Dij :/ me;c; fia(t,x,c, I)dI de. (3.44)
LJQrép%T RR3 % [0,00) %‘c‘2+1

e (3P + 1)

i
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This leads to a system of algebraic equations

1m (2)\(0) +(346)0u9 + 29)\§-2)> p=p, 7=123

2

1

50 ((5 +8)0u” + 2A§°)) p=0, i=1,23
%m@p (2)\(0) + (54 8)0p@ + 20>\,§(}j) 8ij +2m822AY p = pij, i,jk=1,2,3
1
mb (2(3 +6)AO 4 (54 5)8 ((3 +0)u® + 2A,§,?)) p= 3%50;),

(2

1 O
m(5+6)6” ((7 +8)0u® + 2&(0)) )

The solution is

NOPES
m
/\(0) o Z(tot)
1 m92p7
\O __(00p+30p —32)6;j — dpi; _ (3 + 6)II6i; — doi
S 2(592mp 2(502mp ’
0 3% —30p
A P
0 2q§tot)
ST CE

Plugging the solution back into the expansion (3.4.3) yields the distribution function

_ P (tot) 3 Tp (m 2 )
— 1- 2 e— 2P (I I
fia fE{ el ¢~ S 2 le|” +

O GRS ) P S £ R A I B
+2p2 <UU—|— 5 011 ) cicj + 5 mp3q c(2|c| —1—1) . (3.4.5)

This coincides with the distribution from extended thermodynamics [38].

With this we can evaluate non-convective fluxes by plugging the distribution function
(3.4.5) into their definition

6+5 -1 o 0 0 o
b+Tp P
9 P ij P i

Qij + Sij =

where we sum two fluxes for simplicity.
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3.5 17-moment system

The system of 17 moments includes two equations for heat fluxes: one for translational
g and one for internal heat flux s. This additional vector equation, compared to the 14-
moment case, provides further information about the coupling between the two heat
fluxes. In the case of a three-dimensional velocity space, there are in total 17 variables:
two scalar variables—density p and temperature 6 or pressure p; six variables for the
symmetric tensor p;;; and three vectors—translational heat flux g, internal heat flux s,
and velocity U.

By taking m, mv;, mv;v;, %m|v\2 +1, %m|v|2vl, and [v; as test functions and integrating
the Boltzmann equation (2.2.5), one obtains the 17-moment system

Orp + O, (pU') =0,
O (pU;Uj + pij) + 0x, (pU;U; Uk - 3U(Zp]k +p,]k) = Py,

1
O <2P|U|2 + pe> + amj <<2pU|2 + ,0€> Uj + Uip” + q](tot)

1
O <(2p|U2 + p6K> U; + Ujpz] + QZ> (351)
1
+0z, <Qik + Ujpijk + §!U\2p¢k + q Ui + pjrUiUy + q; Uy

—i—pijUjUk + (g|U’2 + P6K> UzUk) = Qi,
O (si + Uiper) + 0y, (pesUiUy, + Uiy + Ugsi + six) = Si,

where the production terms are given by

P mu;v;
Q| = / mol2u; | Q(f, £)dT dv. (35.2)
S; R3 xR+ Tv;

3.5.1 Grad closure for 17-moment system

In order to close the 17-moment system and compute closure and production terms, an
approximate distribution function is used:

(0)m

fir=1TJe ( Jm 4+ AMe; + A0 )CZCJ + (*\012 +I> + 1 ‘0’201 + ! )ICz> ;

(3.5.3)
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subject to the following moment conditions

p m
0; me;
Dij _/ meic; | e
= 17(t,x,c, I)dI de.
5500 | = Jasutooey | Blel 5 1 | 0T ED
4 Blel®ei
S; ICi

The use of expansion (3.5.3)) leads to the following system of algebraic equations

%m (2)\(0) +(346)0u© ¢ 29A§2)) p=p, j=1,23,
%9 ((5 +6)0” + 2A§0)) p=0, i=1,23,
%m@p (2)\(0) + B+ 5)9u(0) + 29)\,&%)) dij + 2m92)\§?)p = pij,
im@ (2(3 + 62O 4 (5+6)0 ((3 +6)p© + QAS,?)) p= 3%5
ZQQmp (50u§1) + 70,u§0> + 2>\§0)> = q;,
%562771,0 (((5 + 2)6u(1) + 59,u§0) + 2)\1(-0)> = 8.

Op,

)

The system above has the solution

NOES
m’
tot)
A0 qz(
(2 m92p)
VO (00p+30p = 32)bi; —bpi; _ —(3+ O)I1dy; — S0y
v 260%2mp B 260%2mp ’
W0 — 32 =3%
moo2p
0) _ 24
M = 5mesp’
a1 28
A P

This results in the following distribution function [19]

_ _’ e SHpm o
pr=te{1=Gars) o= 3ot (G4 )

2p? ) mp? “\5 )

6+3 ? 2
+2 (mj + (+)5in> cicj + - <m el*q+ IS) } :

(3.5.4)

(3.5.5)
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Therefore, the following expressions for the unknown fluxes are obtained

2
Dijk = = (¢i0;k + ¢j0ki + qidij)

)
Gij = 2% (Toy; + (5p + 10I0) 6;),  sij = 2% (003 + (6p+ (6 — 3)I) bij) -

Now, it only remains to select the collision kernel and to compute the production terms.
This will be discussed in following chapter.
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Chapter 4

Moments of the collision operator

4.1 Initial model of the collision kernel

In order to compute production terms in the moment equations, one has to select a
collision kernel. One of the first choices was the hard potentials used in the existence
and uniqueness theory for the space homogeneous Boltzmann equation [23]]

B(v,ve, I, I.,7, R, 0)

:b<2_2{0>(Rﬂv—mﬁﬁ—Gﬂ—iﬂé)g+<ﬂ—rﬂL<M£gg>,(41D

where b denotes the angular part function and ¢ > 0. After rewriting the collision
kernel (4.1.1), it can be seen as the geometric mean of pre- and post-collision variables

— Uy AEWALS _ *C I/IC/2 I/I* ¢/2
B(vav*7[7j*77q7R7U):b<vU"J> (|U 7)*| |U U’ +( ) +( * )

|v — v, (AE)4/2 (mE)S/2

(4.1.2)
This model is further improved in [19] by adding a new parameter > 0 in order to
control the influence of internal energies

— 0, TG *C 7'1)6/2 I'l, ¢/2
B(’U;U*;Ia.[*,?”,R,O'):b<v v .O'>K5<|v U*‘ ‘U ’U| + ( ) +(>)< ) ’

v — ] (L) T )2

" (4.1.3)
with
20 (5 + 3)

= AT 6
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which ensures consistency with the monatomic case.

Using the collision kernel (4.1.1), explicit production terms of 14-moment system are
calculated in [18], and for the model (4.1.3) and 17-moment in [19].

To include frozen collisions, we also use model (4.1.3) with a different parameter ns > 0

— v lv — v,]% IS+ 1S
B(v,vi, I, 1,,0) = b(|vv*| -a> ((4E)</2 +77f(mE)€/2 (4.1.4)

4.2 Extended model of the collision kernel

The initial model of the collision kernel can be used in some cases where the Prandtl
number is sufficiently large. However, in order to gain more flexibility, in [21] we ex-
tend the model in the following way.

Since the initial model has the dimension of E¢/2, we factorize the term R/?|u¢ in
order to extract that same dimension, namely, we define

B:b<|z|.0>\u|<
x{”(”%) WRS 147 (r(lR)é)gnL((lr)(lR)g)(
}, @2.1)

Hﬁf(@i (g)‘ff)

where u = v — v, is the relative velocity, and . denotes the Dirac delta function. Here,
w € [0,1], ¢,¢, ¢ > 0, and 7, 7js are new sets of parameters connected with the initial
model via

Ny
N

VAT (5/2)°

<
mlul* 2
—1—(1—(.4.1) 57‘7‘/5RR’< AR )

. . ¢/2 ¢
i=¢ &=¢ ﬁ=<E> 0 ﬁf:<2E) e,

Rm|u|? m|ul?
on the range 7, 7js > 0.

A crucial improvement in the extended model (4.2.1) is the possibility that 7 and 7
can be negative. This follows from the requirement that the collision kernel B must be
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non-negative which is satisfied if the following inequalities hold

- ((r(l R)é)g + ((1 —na R)g>g> >0,
v ((£) (%)) o

Indeed, since 0 < é, IF <1,(,(>0,and R € [0, 1], we obtain

0< (7“(1 _ R)é)

N

g+(<1—r><1—R>{5)g <2

INS /IS
< (L ) oo
0<(g) +(5) =2

which implies the range —1/2 < ), 75 < 0 for non-negativity to hold.

4.3 General approach to compute production terms

In order to obtain a closed model based on the moment system, one must compute
the production terms—in other words, the moments of the collision operator. The
quadratic nature of the collision operator implies non-linear production terms that de-

pend on the selected collision kernel.

The key steps of the collision operator evaluation procedure are as follows:

¢ Select the test function and the corresponding polynomial in the distribution func-

tion in the expansion (3.4.5) or (3.5.5).

* Use the weak form (2.2.17) of the collision operator to obtain the initial integral.

¢ Change to the relative velocity v and the center-of-mass peculiar velocity V. using

(A.1.3), and integrate over V. and o.

¢ Perform integration over R and r.

* Introduce spherical coordinates for u, and integrate over spherical ordinates, |u|,

I, and I..

Based on the procedure above, Mathematica notebooks [16, [17] were created to enable

the efficient computation of collision coefficients.
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In the upcoming sections, we focus on the production terms of linear leading-order in
non-equilibrium densities, as these provide a suitable framework for comparison with
experimental data. As an example for computations, Appendix[A|presents calculations
for the initial collision kernel and the 14-moment system.

4.4 First-order transport coefficients

Originally introduced in the Navier-Stokes—-Fourier framework, the first-order trans-
port coefficients provide a robust closure for the moment system, expressed as

81)(@

3
Dij = (p - Vzaxkvk> 51] - 2#%5 qz(tOt) = *’iaxiTv Zv] € {]-a 253}a (441)
k=1 J

where (1 is the shear viscosity, v is the bulk viscosity, and & is the heat conductivity.
These transport coefficients can be measured experimentally and are typically used in
the Navier-Stokes—Fourier equations for small Knudsen numbers.

In addition to experimental methods, kinetic theory provides theoretical estimates
of transport coefficients at various orders. One such method involves applying the
Maxwell iteration to the system of moment equations to obtain estimates for the first-
order transport coefficients [41} 38]. This process inherently depends on the moments
of the collision operator and the number of moments considered.

After computing the transport coefficients, one can easily evaluate dimensionless ra-
tios such as the Prandtl number, which characterizes the relationship between shear
viscosity and heat conductivity

O R (4.4.2)
2 mk
where a polytropic assumption is applied. An alternative estimate for the Prandtl num-
ber is given by the Eucken formula

Pr(Eucken) _ 2(5 + 5) (443)

25+ 15"

which essentially assumes frozen collisions.
Our objective is to express and analyze the first-order transport coefficients for both the

14-moment and 17-moment systems, considering both the initial and extended collision
kernels. To begin, we illustrate the case of the 14-moment system.
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4.4.1 14-moment case

The production terms for the initial collision kernel (4.1.1), with b(%{i' : a) = K, where

K is a constant, are linearized around the global equilibrium state (3.2.6) and take the
following form

Fllj = —v (Pg o5 + P H(Sij) , @34 = Ukﬁllczl — I;qgtOt)Pq(fot), (4.4.4)
where ;
2
p=L2 (”) . (4.4.5)
mo\p

Here, the collision coefficients Py, P, P,y are obtained by integrating the collision
operator using the Mathematica notebook [17]. The detailed mathematical procedure
is provided in Appendix |A} using a simplified version of the initial collision kernel as
presented in [18]].

By applying Maxwell iteration to the 14-moment system, we obtain the following esti-
mates for the first-order transport coefficients

Lo 20 (045 ﬁT
T304l T T )0

where 7,, 711, and 7, are relaxation times derived from the general form of the produc-
tion terms [37]]

H=DpPTs,

Bl 1 1 —14 =141
Pij :_?Saij_%ﬂ&ija Qi = UirPy, _Tiqqi' (4.4.6)

A direct comparison of equations (4.4.4) and (4.4.6) leads to estimates for the first-order
transport coefficients,

1 20 1 k(5+5) 1
_ _ . 447
PR T saw o) i T T 2 0P “447)
that giver the Prandtl number
pr(i) — Pg"”. (4.4.8)

Initial model

Using the initial collision kernel, which depends on the parameters 6, ,w, 1,7, and K,
the coefficient in front of the stress is given by

P, = f;; [ch (15nk1 +hy 25F2(C + 5)) 4 (1 - w)es (1577fk3 kg 2L (2¢ + 5))} ,
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while for the bulk viscosity it reads

 K2(6+3)
© 3¢16(26 + ¢+ 3)

T X [wCQ <6nk1(25 + )+ ko 2<+45)} ,

and for the thermal conductivity is

4K

9¢1(0+5)(20 +2¢C+7)(20+ ¢+ 3)

x [wea (26 4 2¢ +7) (nk19 {6 + 6% + 6(52 — 7¢) — 3¢% + 30¢ + 40
+(0+¢) [0+ ¢+8)¢—8*+70—8]}

Py =

kg 26F0 [352 + %6(7C +33) + (¢ +3)(¢+ 5)])

+ (1 — w)4e3(20 + ¢ + 3) {3nyks [65% + 6(6¢* + 9¢ + 41)
+¢(3¢(C + 8) + 41) + 70]

1
kg 2672 [352 + S0+ 41) + (20 +5)(2¢ + 7)] H .
The constants used in the above expressions are

2
o) o) T emr(eg)r(ieed)

¢y = /AT <g>r (26+2§+3>F (25+2§+7>’

2 2
klzﬂ-r<5+<)’ k2:p<5> p<<+3>p(<+5>
2 2 2 2
kgzﬁr<g+c>, k4=r<g>r<<+;>.

We observe that all transport coefficients share the same temperature dependence. This
is expected, as they are all derived from the integrals with same collision kernel.

(4.4.9)

Extended model

The extended collision kernel with 14-moments model produces the following collision
coefficients for stress

K 26+
Pa == N
15¢;

(262w(2ﬁ/%1 + ) + e3(1 — w) (e + 1%4)> , (4.4.10)
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while the coefficient in front the dynamical pressure II reads

_ K é3(6 +3)2¢Hw
3 (C+5) 201 C+C+3)

ARk (26 + &) ko (20 + ¢+ C+3)
5 20+ ¢ + 3

. (44.11)

and in front of the total heat flux is

K2ty - 8

Pq(tot) - 961(5+5)(C+5) {kg <(5 <25—|—C—|—3 +6> +4(<+5)>

N iy
(26+C+C+3)(20+C+(+T)
+2¢ (246% + 26(17¢ 4 99) + ¢(11¢ + 114) + 291)
+4(20 4+ ¢+ 7) (662 4+ 6(7¢ +33) +2(C +3)(¢C +5)) +3¢3(20 + ¢ + 7))}
Keptt—w) (1 (W6k6+¢T) (546 +G)
9¢1(0 + 5) 77f3+2C+5 20 +2C+26+7

<é2 (1262 + 125(C 4 6) + (¢ + 9)(3¢ + 17))

kg (116¢ 4 6(66 + 41) + 8¢2 4 48¢ + 70)
+ 26+2C+7 )) » (2412)

where the constants are

2
élzr@) r<5+g+Z’>r<5+c+;>r<;@5+c+é+3)>

><r(;(25+<+é+7)>r<5+c+§}+;>,

62=F<5+§>F(C‘g?’)F<<;7>r<5+c+;>r<5+c+&+;>,
e (e oeeg e e(ees )
xr(;(25+g+§+3)>r(;(25+C+é+7)>,
A\ 2
. ¢ 3 ¢ 7 0+¢
kl—r<5+2+2)F(5+z+z>F<2> ’
1) 1

2
k2:r<2> r(2(25+4+é+3)>r<;(25+4+é+7)>,

- o - - ) .
kg_r<5+<+;>r<2+<f>, k4—r<2>r<5+<+g+;>.

(4.4.13)
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4.4.2 17-moment case

Because the 17-moment system provides two separate equations for the heat fluxes due
to their coupling, the resulting expression for heat conductivity is fundamentally dif-
ferent. To obtain this result, we perform a Maxwell iteration on the 17-moment system
(.5.1). We consider only the linear, leading-order terms of the transport equations for
the stress tensor,

2000, v j) = —7Pyoyj, (4.4.14)
and for translational and internal heat fluxes, with notation (4.4.5),

3p00,,0 = —0 (Pq(o)qi + Pq(l)si>

(4.4.15)
8000,,0 =~ (P0s; + POg,)
and compute for stress tensor and total heat flux qgtOt) =q+ 5;
0
oy = —2?%8%%), (4.4.16)
(tot) _ PO 5P M) 4s(P—p)
0 = 2 2(P,§°)P§°)7P,§1Q)R§1))q e (#4417
as the first order contribution. Then, we can compute transport coefficients
1 20 1 kO (Ps(o) - Ps(l)> +9 (qu) - Pq(l))
=Pz = b= ) R=p—
I/Pa 3(3 + (5) VP]‘[ m 20 (Pq(O)PS(O) _ Pq(l)Ps(l)
(4.4.18)

in terms of production term coefficients.

Thus, evaluating the collision operator to explicitly compute the production terms al-
lows us to formulate a model expression for the Prandtl number using its definition

(4.4.2) and the models for the transport coefficients (4.4.18)),

o (540) 9 (Pq(o)Ps(o) _ Pq(l)PSgl)>
Ty, (5(P = P) +6 (P~ PV))

(4.4.19)

Note that this model depends on the choice of the collision kernel and all parameters
included in it. Our approach is to select the values for the collision kernel parameters
using a data-driven method.
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Initial model

The collision coefficients for the stress o;; and dynamical pressure II are same as those
in 14-moment. For the heat flux subsystem the following result is obtained

0
P

2K [ cow (450K (66 4 3¢ +4) 4+ 2°T3 ko (6(4¢ + 45) + 2(¢ + 3)(¢ +5)))
~ 45¢ 204+C¢+3

es(1— w) (15nfk3 oSt (2 + 5)@)) ,

p) _ 10K cow (3nk1(20 + ) + 625T3ks) p() _ 2K cow (3nk1 (26 + €) + 52¢F3k,)
1 3015(25 + C + 3) ’ s 301(25 + g 4 3) ’

0_ K (8035(1 —w) (Bneks (0 + ¢ +¢) + 02 k)

ST 302 26 +2¢ + 7
L C20w (6254 k(26 + ¢ + 6) + 3nky (26 4+ 5)¢% + 4(26 + 3)¢ + 85(5 + 3) + ¢3)) )
20+C+3 '

It is worth mentioning that the coefficients Pq(l) and P! are connected via

2
)

2

1
Pq():5

PO (4.4.20)
that is also valid the extended model.

Extended model

For the extended model the collision coefficients are

o K25+ (éQw (12:2 (—2515423 +20 + 10) 4 TE1(O(ECHI0)+AC(CHCH8)+45C+ 60))

20+¢+¢+3
q 456, C+5

+é3(1 — w)(2ks + if4)> ,

py _ 32 nk1 (28 + ) o
I 3¢1(C+5)  \6(204+¢+C+3) 20+(¢+3)7
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P(l) - Ké22C+5 w 77];1 (25 + 6) 5’;?2
3¢1(C+5) W4+C+C+3 20+C¢+3)7
C+4 A
PS(O) _ KQA (1_w) 03(25+C+7) i
3¢ 0(2¢+5)(20 +2¢ + 7)(20 +2¢ +2¢s + 7)

x (2iicks (26 +2C +7) (54 G + &) + 0ha(25+2¢ + 26+ 7))

wer | kun

(+5 k2<25+<+3+2> R RNt Ny

(52 (40% +48(C + 6) + (¢ + 12) + 41) + 2¢ (867 + 6(6¢ +46) + (C+6)(C + 7))

+

FCH26 + ¢+ T) + 46(20 4+ C+6)(20+C + 7))] } (4.4.21)

4.5 Fit to experimental data

The goal of this section is to fit the proposed collision kernel models (4.1.3) and (4.2.1)
parameters to recover experimental data for shear viscosity, Prandtl number and ra-
tio of shear and bulk viscosity [14]. Note that we restrict only to gases in polytropic
regime listed in [32]. Experimental data are withdrawn from the database [1, 6, 9, 26]
for gases that behave as calorically perfect on certain temperature range around room
temperature.

4.5.1 Shear viscosity fit

It is known that the temperature dependence of shear viscosity p can be modeled [13]]
as .
/,L T) visc
— == , (4.5.1)
1o (TO
where 1 is the reference viscosity at temperature 7j. Here, we take Tp = 300K, and 1

has units of uPa-s at a pressure of p = 0.092 bar. Using experimental data from [1], we
can determine the viscosity exponent syisc.

On the other hand, integration of the both collision kernels also yields a power-law
dependence, with exponent 1 — (/2. Comparing these, we obtain

¢ =2(1 — syisc) - (4.5.2)
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4.5 Fit to experimental data
[ s [ N, | 0, [ NO | CO | H, |
temp. interval (in K) || [300,600] | [300,430] | [300,550] | [300,550] | [300,890]
0 2.01 2.07 2.18 2.01 1.94
¢ 0.533 0.441 0.42 0.53 0.607
Svisc 0.733 0.779 0.79 0.735 0.696
Ho 17.878 20.633 19.27 17.84 8.938

Table 4.1: Gases that can be modeled as calorically perfect and temperature interval
over which this assumption is valid. Value of 4 connected with the experimentally
measured ¢, at 300K as given in (2.2.4)). Value of ¢ according to the fit with experimental
data for the shear viscosity p according to and the reference value i of the shear
viscosity in the units of pPa-s at temperature 300K and pressure p = 0.092bar.

| gas [ N, ] O, [ NO | CO | Hy |
measured value of Pr || 0.717 | 0.717 | 0.740 | 0.743 | 0.686
pr(Eucken) 0.737 | 0.739 | 0.7417 | 0.737 | 0.735
pr(frozen) 0.697 | 0.705 | 0.708 | 0.698 | 0.691

Table 4.2: Values of the Prandtl number for calorically perfect gases listed in Table
The first one corresponds to the experimentally measured value using its definition
(4.4.2), the second one corresponds to the value obtained according to the Eucken for-
mula (4.4.3), while the third one is the value according to the frozen formula (4.5.4)
which can be seen as a generalization of the Eucken formula.

Therefore, by performing the fit (4.5.1), we obtain a value for (, as summarized in Ta-
ble

Selecting values of ¢ from Table |4.1| ensures the correct exponent. However, the initial
value /i is not guaranteed. To correct for this, we define

1-¢/2
Kl (Y1
fo - 106 m Pylr=1

4.5.2 Prandtl number fit

4.5.3)

The flexibility of the proposed models depends on the choice of the collision kernel
used. To illustrate the possibilities of the initial and extended models in capturing the
range of Prandtl numbers, we first extract relevant experimental values. By applying
the formula for the Prandtl number {#.4.2), together with experimental data for shear
viscosity and thermal conductivity, we obtain corresponding experimental values of
the Prandtl number. For this purpose, we use the same database as in previous sections
[1,26]. The results are summarized in Table After selecting a gas, the parameter §
is determined from the specific heat ¢,, and ( is obtained from the shear viscosity fit.
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Depending on the chosen collision kernel, the Prandtl number becomes a function of
the collision parameters: w, 1, and 7 in the case of the initial model, and w, ¢, ¢, 7, and
7 in the case of the extended model. By varying these parameters for the fixed ¢ and ¢,
one can explore the possible range of Prandtl numbers.

We begin with the initial model and the Prandtl number formulation based on the 17-
moment approximation (£.4.19). Taking § = 2 as a representative value for the gases
listed in Table and varying 0 < w < 1,0 < 5,7y < 1, we obtain the yellow region
shown in Figure Plotting against the viscosity parameter sy;s. (or equivalently ¢ by
(4.5.2)), we show that the initial model can reproduce most of the experimental Prandtl
numbers listed in Table4.1|(indicated by blue dots). The Eucken formula is fully recov-
ered when ( = w = 1y = 0. The lowest possible values are given by the so-called frozen
formula

2(6 +5)

4 -\ 2¢+26+7 ’
0 (2 + EC) C+20+7 + 15

which can be viewed as a generalization of the Eucken formula (4.4.3). The frozen
formula above is identical for both the initial and the extended model.

pr{Frozen) (4.5.4)

However, the case of Hj lies outside the range covered by the initial model. This dis-
crepancy motivated the development of an extended model [21]. Using an analogous
procedure with parameter variations —% <0 <2,0< G < 2, we reproduce
Figure Thanks to the additional parameters in the collision kernel, the extended
model is capable of reproducing values below the frozen Prandtl formula (4.5.4).
This extended range is due to the negative values that 7) and 7 can take. Moreover, the
exponents ¢ and {; contribute significantly to the model’s flexibility.

4.5.3 Shear-to-bulk viscosity ratio fit

The ratio of shear to bulk viscosity can be expressed, after evaluating the Boltzmann

collision operator, as
(Model) (0)
20 Py
v -0 ‘o (4.5.5)
7 3(3+9) pl
where P\”) and PI%O) are functions of the collision kernel parameters. Our goal here is to
identify values for the collision kernel parameters such that we simultaneously match
the experimental data for both the Prandtl number and the shear-to-bulk viscosity ra-

tio, using reference data from [14]. The experimental values of the viscosity ratio are
summarized in Table

Since the extended model demonstrates greater flexibility, we use it here. With the
values of ¢ and ( fixed from the heat capacity ¢, and shear viscosity p fit, we still need
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0.85 — T - . ‘ ‘ ‘
Pr Initial model
0.8
0.75 CcO NO
- °
o N, [ XOD)
0.7 e
---------- ‘
Hy
0.65 L - ! | l | 1
0.66 0.68 0.7 0.72 0.74 0.76 0.28. 0.8
V1sc
possible range (0 <w < 1;0 < 7,7 < 2)
BEucken (( =w=mn=0) --- Frozen (w=n=0)

Figure 4.1: Possible range for the initial model for fixed internal degrees of free-
dom § = 2, obtained by varying the parameters 0 < w < 1, 0 < 7,7 < 2. Blue points
represent experimental data for the Prandtl number from Table |4.2| that correspond to
the viscosity exponent sy;s. from Table

| Gas [N, [ CO [ H, |
’ Measured value of

Table 4.3: Experimental values of the bulk-to-shear viscosity ratio at room temperature
(T = 300 K), summarized in [14].

to determine appropriate values for the parameters w, f, éf, 7, and 7. This yields a
system of two equations: the first fits the Prandtl number to its experimental value

using (4.4.19) (cf. Table 4.4.2); the second fits the viscosity ratio using (4.5.5) to the
& y &

corresponding value in Table This system does not have a unique solution.

To proceed, we first arbitrarily select values for é , C}, and 7), then solve the system nu-
merically using a Mathematica notebook [17]. An example solution is presented in

Table

It is worth noting that the extended collision kernel allows for a wide range of values
for the viscosity ratio, as illustrated in Figure This flexibility arises from the fact
that the collision term Pr(lo) is proportional to w. By choosing sufficiently small values

of w, the ratio v/ can reach arbitrarily high values.
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0.85 — T T T T T T
Pr Extended model
0.8
0.75 CQ NO
- °
o N, e O,
0.7 1 ——teee ===
---------- é
Hy
065 L T | | | | | |
0.66 0.68 0.7 0.72 0.74 0.76 O.ZS_ 0.8
VIscC
possible range (0 < w < 1;—1/2 < #, 7 < 2;0 < (, ¢ < 2)
Eucken (¢ =w =1 = 0) --- Frozen (w =1 =0)

Figure 4.2: Possible range for the Prandtl number for fixed internal degrees of freedom
§ = 2, obtained by varying the parameters —3 < 7,7 < 2,0 < ¢, { < 2 of the extended
model (4.2.1). Blue points represent experimental data for the Prandtl number from
Table [4.2] that correspond to the viscosity exponent syisc from Table Orange dots
represent the lower limiting values of the extended model.

4.6 Comparison between 14 and 17 moment approximation

In this section, we examine the differences between the 14- and 17-moment theories
regarding their estimates of first-order transport coefficients for a fixed collision kernel
(4.1.3). Both theories, for a given choice of collision kernel, yield identical values for the
shear and bulk viscosities. The only difference arises in the estimation of heat conduc-
tivity, which leads to two distinct predictions, given by (4.4.2) and (4.4.19), respectively.
Consequently, comparing the two Prandtl numbers is equivalent to comparing the cor-
responding heat conductivities [22].

To gain an initial insight into the behavior of the two Prandtl numbers, we plot them
as functions of the parameter w in Figure for 6 = 2 and ¢ = 0.5, considering dif-
ferent values of 1 and 7;. The figure shows that the 17-moment theory tends to yield
lower values of the Prandtl number compared to the 14-moment theory, particularly for
values of w close to zero. In the context of moment approximations, this suggests that
one must increase the number of moments in order to achieve convergence or stability
in the Prandtl number prediction—especially for those parameter values that exhibit
significant discrepancies in Figure On the other hand, parameter combinations for
which both the 14- and 17-moment theories yield matching Prandtl numbers indicate
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0.8 ‘ ‘ ‘ :
Pr ’ Extended model ‘
0.75 |- CcO |
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0.7+ |
Hp
0.65 - | | |
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v
m

Figure 4.3: Parametric plot of the Prandtl number and ratio of bulk and shear viscosities
as a function of w € [0, 1], for other extended model parameters set as in Table Blue
points represent experimental values for the pair (ratio of bulk and shear viscosities 7,
Prandtl number Pr).

convergence of the moment approximation cascade.

Figure |4.4|also highlights the significance of the frozen part of the collision operator in
achieving lower Prandtl number values. The case of w = 1, n = 1 is analyzed in [18],
showing deviation even from the Eucken formula (4.4.3), which is often regarded as a
benchmark.

To obtain a more refined understanding, we examine the relative difference between
the Prandtl number estimates:

|Pr — pr17)|

Pr(l4)

as a function of the two primary parameters w and 7. The results are presented as
contour plots with logarithmic scaling in Figure for fixed 6 = 2, ¢ = 0.5, and
different values of 7 € {0,0.2,1,2}. In all cases, a blue region emerges where the
relative error is minimal for specific combinations of n and w. Note that cases with zero
relative error are not visible in Figure4.6|due to the logarithmic scale. In order to close
the model—meaning that all parameters in the collision kernel are fully specified
after initially fixing § and (—the parameters w, 1, and 7; can be chosen such that both
moment systems yield the same estimates for the transport coefficients. However, this
choice influences the range of Prandtl numbers that can be approximated. Figure
illustrates the possible values of the Prandtl number for selected values of { within
the interval [0.4,0.7], assuming a fixed § = 2, under the constraint that the relative
error is less than 10~%. The yellow region in the figure is generated by varying

4.6.1)
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=] N, | O | W
w 0.312052 | 0.540506 | 0.0101187
i -0.3 -0.453 -0.453

7e || -0.207793 | 0.570111 | -0.133879
¢ 0.965 0.965 0.965
(s 0.3 0.965 0.965

Table 4.4: One possible combination of free collision kernel (4.2.1) parameters that pro-
vides matching with experimental data for the Prandtl number and for the ratio of bulk
and shear viscosities. Viscosity exponent syisc and number of internal degrees of free-

dom ¢ are given in Table

0.85
Pr

- PI’(14>,7]:77{:0
""" Pr(”)7 n=mn=0
— Pr(14), n=nmn=0.2
— P, n=mn =02
R S CE -

0.8

0.75 7.~ . Pr(”),n:nf: 1
--- prd) n=0n=2
0.7 | - Pr(m, n=0,n=2
Eucken
065 | | | |
0 0.2 0.4 0.6 0.8 1

Figure 4.4: Possible values of the two estimates for the Prandtl number for specific
choices of parameters plotted over w. We use 6 = 2 and ¢ = 0.5. All red curves corre-
spond to Prandtl numbers from 14-moment equations and blue ones from 17-moment
equations. For some specific choices of parameters both estimates give the same value.

| gas I <o |
) 2.01
¢ 0.53
w 0.295533
n 0.762079
¢ 0.00104185
relative error (4.6.1) || 0.000398379

Table 4.5: Fit for the parameters in the initial collision kernel that minimizes the relative
error between two Prandtl numbers and simultaneously produces the experimental
values of the Prandtl number and ratio of the shear and bulk viscosities ..

0 <w<1land 0 < 7,7 < 2, and then retaining only those parameter combinations
where the relative absolute error between the two Prandtl number estimates is below
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e O, e Ny
0.7 1
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065 | | | | |
04 045 0.5 055 0.6 065C 0.7
possible range of the Prandtl number
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Figure 4.5: Possible values of the Prandtl number that can be estimated with 14-
moment and 17-moment equations simultaneously with relative error lower than 10~%.
The yellow area is produced by fixing the value 6 = 2 on the abcissa while varying
0 <w <1,0<n,n <2 and then selecting the values of the Prandtl number for which
relative error between the two estimates is smaller than 10~%. The parameters of the
collision kernel allow to find cases that provide matching estimates from 14-moment
and 17-moment equations, and at the same time provide the flexibility to choose the
value of the Prandtl number in the yellow area. The blue dots represent experimental
values from Table

10~ for each selected .

These collision kernel parameters allow for the identification of cases in which the 14-
and 17-moment systems produce matching estimates of transport coefficients while still
allowing flexibility in the value of the Prandtl number. However, as shown in Fig-
ure such matching is not always possible for the initial model. For instance, in the
case of CO gas, we identify parameters such that the relative error is negligi-
ble, and both moment systems reproduce the experimental Prandtl number to within
rounding error. This is achieved through a minimization procedure subject to con-
straints that require both moment systems to produce the same Prandtl number and
match the experimental value of the viscosity ratio. The results are presented in Ta-
ble Note that the values of ¢ and ¢ are selected based on the shear viscosity fit and
heat capacity, respectively.

A similar procedure can be performed for the extended collision kernel, which includes
additional free parameters 7, 7, ¢, and (;, in addition to the ¢ obtained from the shear
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Figure 4.6: Absolute relative error between the two estimates for the Prandtl number
obtained by the 14- and 17-moment system for different choices of the parameter 7 =
{0,0.2,1,2} plotted by color contours on a logarithmic scale. Here we use ( = 0.5
and 0 = 2. In all cases vanishing errors are achieved for specific pairs (7, w), however
showing little dependency on the value for 7. Note that the contour where the error is
zero is not visible due to cut-off of the logarithmic scale.

viscosity fit. By varying these free parameters and collecting those configurations for
which the relative error in the Prandtl number is below 104, we obtain the region
shown in Figure .7 It is evident that the extended model enables to recover experi-
mental Prandtl numbers as well. Using a minimization routine implemented in Math-
ematica, we enforce constraints to match the experimental values of both the Prandtl
number and the viscosity ratio v/ji. The results are provided in Table
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Figure 4.7: Possible val ues of the Prandtl number that can be estimated with 14-
moment and 17-moment equations simultaneously with relative error lower than 10~%.
The yellow area is produced by fixing the value = 2 on the abscissa while varying
0<w<1,-1/2<713<20< f , C} < 2 and then selecting the values of the Prandtl
number for which relative error between the two estimates is smaller than 10~%. The
parameters of the collision kernel allow to find cases that provide matching estimates
from 14-moment and 17-moment equations, and, at the same time, provide the flex-
ibility to choose the value of the Prandtl number in the yellow area. The blue dots
represent experimental values from Table

] gas H Ny CcO H,

4] 2.01 2.01 1.94
¢ 0.533 0.53 0.607
w 0.295824 0.42322 0.00363119
7 0.273253 0.358118 0.460997
il -0.271329 0.217425 -0.310027
¢ 0.834 1.11093 1.01831
(s 1.36301 1.19048 0.0838794

relative error (.6.1) || 6.35256*107° | 0.000811569 | 0.00197874

Table 4.6: The combination of free collision kernel parameters that provides
matching with experimental data for the Prandtl number and for the ratio of bulk and
shear viscosities. The fit minimizes the relative error between 17 and 14 moment ap-
proximation of the Prandtl number with constrains on reconstructing experimental val-
ues.
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Chapter 5

Regularized moment equations

The ratio of the mean free path of the gas molecules to the characteristic length scale is
called the Knudsen number, and it characterizes the extent to which non-equilibrium
effects dominate in a gas. For small Knudsen numbers (Kn < 0.01), the flow is in the
continuum regime, and the classical Navier—Stokes—-Fourier (NSF) equations are valid
[35]. To model flows in the transition regime (0.01 < Kn < 1), higher-order models
derived from the Boltzmann equation are employed. Two well-known approaches for
this derivation are the Chapman-Enskog expansion and the Grad moment method.

The Chapman-Enskog method expands the distribution function in powers of the
Knudsen number, yielding the Euler equations at zeroth order, the NSF equations at
first order, the Burnett equations at second order, and the super-Burnett equations at
third order [47,2]. Unfortunately, higher-order equations such as the Burnett equations
are linearly unstable for processes involving short wavelengths or high frequencies,
and thus cannot be used reliably in numerical simulations [36] 42]. To address this,
some authors have proposed modifications to the Burnett equations to improve their
stability [40].

On the other hand, the Grad method yields a system of moment equations, which typ-
ically suffers from issues of hyperbolicity. For example, in the monatomic Grad 13-
moment system, the equilibrium state does not lie within the hyperbolicity region [11].
To improve hyperbolicity, regularization techniques—consisting of additional terms
added to the moment equations—have been developed [42].

Regarding polyatomic gases, Rahimi and Struchtrup derived the regularized 18-
moment equations based on the Bhatnagar—Gross—Krook (BGK) collision operator

QU P = —(f ~ fr). 501)
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However, this operator is known to give incorrect Prandtl numbers and inaccurate re-
laxation times for higher moments [34]. This work was extended using the two term
BGK-type collision operator, resulting in a regularized 19-moment system derived via
the order-of-magnitude method [42].

In this thesis, we derive the regularized 17-moment equations (3.5.1) using the regular-
ization method proposed in [42]. To begin, we introduce new variables that describe
the deviation of higher-order fluxes from their Grad-17 values:

Mijk MECiC)

R;j m(|c|? — 70)cic))

R | = / m(le|* — 100|c|? + 156?) fdedl, i,j €{1,2,3}.
Si | TEO (I = m36) cucy

S |c|2I — 301 — m3 (0]c|? — 36%)

(5.0.2)

After adding the fluxes in (5.0.2) into the 17-moment system (3.5.1) and rewriting it, we
obtain the following nonlinear system

0ip+ 02, (pU3) = 0,
pOU; + 81’1 (pgtr) + pUkaxk Ui + axkaik =0,
4 dqy; U

U,
005 + 2p0; 81‘@ + gaxj> + Oy, (Ukaij + mijk) + 20‘k<i87$k = P(ij>7

3 3 3
piatetr + patrazk Uk + §pUk8xk0t7‘ + 81’ka + io'kjaxk Uj =P,

0 )
piateint + §pUk8:vk91nt + 8zk8k = _P7

5 1
815%' - 597&7’ (8a:kazk + 8@3 (pgtr)) - ;Uzka:vk (petr) + Qkazk Uz (503)

1 7 5p0 1

1 6
- ;Uijaa:ko'kj + (mz‘jk + Q(i5')k) 0z, Uj = Q; — U P,

5}
1)
8t5i + 5917115 (_axko'ki - axz (p‘gtr)) + Skakaz
{5/)9((%7» + eint — 9)

+ 8;% <Sik + éaike + Ok + ;S} + UkSZ) =85, +U;P,

2 2
where the production are
Pjy mec;)
P 2o
o | = Ju ) mof2e; Q(f, f)dI de. (5.0.4)
3 X% 10,00 1

Sz' ICZ'
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Using the Grad-17 distribution function from [19, 21],

2
f p I%flef‘;‘g 7# <1 C(q+5) + UZ] e
7= s\ 2 2, “i%)
M (210)*2 T ($) (mh)* 02p 202
0(Oint — Oir) [m o 3 lc|?c-q 2Ic-s
——— s v 5l =<1 - .0.
me?(6 +3) | 2 el 5T 563p * 803mp )’ (505)
regularization fluxes defined in (5.0.2) vanish.

To obtain a linearized version of the regularized 17-moment system, we expand the
variables around a reference equilibrium state:

p=po+ep, U=eU, 04 =00+, Oim=00+ elin, (5.0.6)
0 = 65, q= G(j, s = 65, Mgk = Emijk, Rij = ERZ']', (507)
R=¢R, Sij=¢Sij, S=¢S. (5.0.8)

After removing the tildes and assuming linearization, the system becomes

Otp + po0z, Ux = 0,
poOLU; + Oy, (pobir + 6op) + Op o, = 0,

4
Oroij + 2pobo0Ujy + 53@'%) + Oz Mt = —%2 (60)** Proij,

3
=000t + P800, U + Do i = =22 (60)°/* (Pobsy = Poblinr),

)
§p03t9mt + Oy, Sk = —% (60)%/2 (Pybins — Poby) ,

5 1 1 £0 ¢/2 0 1
0:di + 500P00s,0tr + 0000, 0 + 50 Rige + 502, R = = (00) / (Pq( Jg— P )S> ;
9 . . _ PO g \¢/2 (pl(o) (1)
Osi + 590[)08@9”&5 + 8kazk + gaxls = - m (90) (Ps §— Ps Q) s

where P, Ps(l), Ps(o), Pq(l) and Pq(o) are the collision coefficients from (.4.15) with

3 4
Py=— .
P os+3
Next, we introduce dimensionless variables
. x .t . p 4 O Oint - Ui
it=7, ti=_ =, Ot 1= 5 Oint = , U= ) 5.0.9
“ L to P Po ! o ! to Vo (5.09)
which yields the reference scalings
5..:& QZL G — Si Miin = Mijk
Y pobo’ T pobovBol T pofovBo’ Y pobov/0o’
g g (5.0.10)
Y oy pobs” 7 oy’ poly
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Assuming % = 1, we define the Knudsen number as

Voo _ V0 plTy) (5.0.11)

:L%O(GO)C/QPU L po

Finally, under steady-state conditions and omitting hats, the linearized regularized 17-
moment system becomes

V.U=0,
VP +V-0=0,
4 1
2(VU)sit + 5(VQ)stf +V-m= e
Ky
V' - — 07‘—07:” s
5 | ) ' Kln(t ! (5.0.12)
gVl TV 045V RAGVR = — g (Pog = 5Ppss),
g VOr + V-0 5V Rt GVR = = (Pyd = 5 Fys5)
K
v‘s:_ﬁa(eint_etr),
g Vlint +V - 542V = —(Pos — 3 Ps)-

Here we used V.2 = V(p + II) = V/(pb;,) that is after linearization and scaling with
pobtp equivalent to VO, + Vp. The scaled coefficients in system (5.0.12) are

However, the system (5.0.12) is not closed. To compute closures in the equations for the
higher-order fluxes in (5.0.2), we employ the BGK collision operator. This provides a
starting model that can later be refined by using the full Boltzmann collision operator
(2.2.17), although it will introduces additional coupling.

In order to compute the closure, the moment equations for the fluxes (5.0.2) will be
employed. Since we are aiming for the linear version of the regularized 17-moment
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equations, after performing linearization, the resulting moment equations take the form

0o  30Ru; 1

Oymijr + 36 Jzy + 7 den = =My,
28 dqy; 1
O Rij + 2000z, miji + 90€ 8$j> = _;R1]7
1
BSis + 200230 _ _Lg
t%] + Oal’j> - _; R

1
O + 2000z, 51 = — S,

where the BGK operator (5.0.1) is used as the collision model. Assuming that the regu-
larization fluxes (5.0.2) relax more faster than the standard 17 moments, i.e., 0;; and ¢;, a
small parameter € < 1 is introduced on the right-hand side of system (5.0.13), yielding

Ooy;  30Rg 1

ij d = ——Mijk,
Oymyji, + 3 085%> + 7 By Mgk
28 9q(; 1

Ot Rij + 20005, miji, + 058%> TER]
1

8ﬂ€+80062qu = ——R, (5.0.14)
TE€

BSi; 120050 — _Lg

b 0(333]> o ; 4
1

S + 2000, 5, = ——S.
TE€

Now, the equations (5.0.14) are expanded in terms of the small parameter e

mije =mp +em) +-- . Ry=RY 4R+, R=RO 4RO ...
Sz‘jzsg)-i-ﬁsi(;)—i‘”w S=80 1My ...

Balancing the terms of order (9(%) yields the zeroth-order approximation:

0 0 0
mi) = RY) =R =8 =s® =, (5.0.15)
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while balancing the terms of order O(1) (i.e., €?) leads to

00 (i OR;; 1
[atmijk + 360 74 + 3 “] = —;m(l)
| f17

28 Jqy; L La
[8tRij + 2000, miji + 90?83& ] = _;Rz(j)»
DA
1, 5.0.16
[8tR + SOOaxqu]“ﬁ? - _;R( )7 ( )
Js(;
[&Sij + 20 } = —151'(1)7
8.T]> ‘f T J
lea
(008 + 260001, 51, = — SV

Evaluating the left-hand sides using the distribution function (5.0.5), setting the e = 1
and using definitions (5.0.9)- (5.0.10) yields the following closure relations

m =m) = —3Kn (Vo)gs s

28

R = R(l) = _Kng (vQ)stf )

S =8W = _2Kn(Vs)y,

S=80=_2KnV-s.
Here, the subscript “stf” denotes the symmetric trace-free part of a tensor. In the fol-

lowing, we shall refer to equations (5.0.12) and (5.0.17) as the R17 equations, where “R”
stands for “regularized,” and 17 denotes the number of variables.

It is worth noting that the subsystem (£, U, 0., 0, q) follows a structure similar to that
presented in [42, 43], but with different closure relations. Setting the regularization
terms in to zero recovers the standard 17-moment polyatomic equations (3.5.1).
Thus, regularization can be interpreted as a specific type of closure for the Grad 17
system, analogous to how the Navier-Stokes—Fourier equations act as a regularization
of the Euler equations, as discussed in [42].

In order to perform numerical simulations, one must equip the system with appropriate
boundary conditions. Here, we consider that the distribution function on the boundary,
with normal vector n and tangential vector ¢, satisfies the Maxwell accommodation
model, which is given by

Xfw(vna Ut) + (1 - X)f(_vna Ut)? lfU n > 07
f(vn,v¢) = { '
f(vn,vr), ifv-n <0,
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where the parameter x controls the ratio of particles accommodated on the wall with
distribution function fy and those reflected. From this, we can extract the odd part of
the distribution function with respect to the normal direction, which is

_ f(even) _ (1 — (odd) i
O () X (fo(vn,ve) = f (Un,ve)) — (L= x)f (Un,vr), ifv-n>0,
£ (v, y), ifv-n<0.

Using the same argument of decomposition into odd and even parts of the distribution
function, we define a polynomial to be odd with respect to the normal direction as

¢(Odd) (¢, I) = (mcn, mepCe, %\c[%n, MC (1, CrCry, MC(y CtCry
5 T
m(|e|? — 70)cincey, Ien, <I - m29> c<nct>> (5.0.18)
and similarly define the even part as

m m
w(even) (Ca I) - (m7 mcy, 5‘0’27 MC(nCp), MC(tCt) s 5‘6’26157
mc<ncnct>,mc<tctct>,m(]c\4 —100|c* 4 156%), m(|c|* — 70)c(nCny,

m(|c|* - 70)cycn, 1, e, (I — mi&) C(nCn)s

T
<1 — mge> ccy |c|* T — 301 —m$ (0]c|* — 307) ) . (5.0.19)

With this, we define a moment variable as odd with respect to the velocity component in
the normal direction if it is generated using the odd polynomial 1/(°d4)(c, T). Conversely,
a moment is even if it is the projection of the distribution function f using (Ve (¢, I)

y(0dd) . / @Z}(Odd) (¢, I)fdedl, yleven) . / w(even)(c’ I)fdedl.
R3 x[0,00) R3  [0,00)
(5.0.20)

Therefore, on the boundary, odd moment variables are related to even ones through the
relation

/ P (e I fdedl =
R3x[0,00)

_2x

i) ORI AiCE) (fu = (e, 1)) deyde, I (5.0.21)
x[0,00

For the particles accommodated on the boundary, we use the Maxwell distribution

f ( I) _ Pw 1 i 15/2—1 _i 1 ‘ _ U’w|2 + l
w4 = m(m@w)o/2T(§/2) \ 2mOv P e \ 2" m))’
(5.0.22)
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where p,, is the mass density, 6* is the temperature, and U" is the velocity on the
boundary. Note that the values in f,, do not necessarily correspond to the physical
temperature or velocity at the boundary. In particular, p,, can be considered as a fic-
titious parameter, which may be determined from other moments to ensure that, for
instance, U,, = 0.

The procedure described above yields nonlinear boundary conditions. However, since
we are aiming for a linear boundary condition compatible with the weak formulation
of the R17 system, a linearized approach is necessary.

As noted in the work of Biinger et al., the boundary conditions given in (5.0.21), after
linearization, are not always entropy stable [10]. Therefore, boundary conditions of the
Onsager type are proposed, which take the following form

y4(0dd) _ 2 ( LAUeven) G) 7 (5.0.23)
2-X

where the matrix L is symmetric and positive definite.

In the case of polyatomic gases, the matrices A, L, and G take the following specific
forms

1 2 1
1 0o -4 -2 L 0 00 N
o1 0 0 0 -100 -
1 9 11
—501—5@000 _2'591”
= 50 5oy oy 000 G 2w 5.0.24
B B B N A I R
0O -1 0 0 0 13 00 o
o 0 0 0 0 0 10 3 gu
o 0 0 0 0 0 01 2
201100000 0000000
010002100 0000000
0012 0000+% 000000
10001 350000 00O0O0O0O0O0
A_000%100000000000 (50.25)
000004 00O0O0O0ODOO0O0O0O
0000O0ODO0O0O0OTO0TO0O0S3Z0T10 3%
000000000 TOOOT1O00O0

To eliminate the density p,,, we relate it to other moments such that U,, = 0 holds at
the boundary. This step is equivalent to a single Gauss elimination step applied to the
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matrix L. Accordingly, the stable boundary conditions for the R17 system take the form

U, =0, (5.0.26)
1
Ont = X <Ut — U + mpnt + 5Qt> ) (5.0.27)
— (20600 — 6) + 2R+ ~R+ 1 (5.0.28)
qn = X tr 5 nn 15 20nn 5 V.
2 2 2 7
nnn:~ I 'r_w_i nn — g —O0nn | » .0.2
m X< 5(6t 0") 25R 75R+5J ) (5.0.29)
=X 1(9 '9“’)+iR TS (5.0.30)
Mptt = X 5 tr op 1 tnn 75 50’nn ot |, .0.
- w 22
Ry = x <_(Ut - Uy ) — Mpnt + 10(]t) ) (5.0.31)
(6 1
Snt = XSt (5.0.33)

/2
=X

x—2"

where x = and n and ¢ denote the normal and tangential directions, respectively.
However, in cases where one wishes to control inflow or outflow, the trivial boundary
condition U,, = 0 in (5.0.26) should be replaced with

Un = Uy = X0 (2 = p” + o), (5.0.34)

which also ensures the unique solution for the pressure &7, since its gradient only con-
tributes to the momentum conservation equation in (5.0.3).

5.1 Derivation of R17 weak formulation

In this section, we derive the variational (weak) formulation of the R17 system of equa-
tions. Analyzing the structure of the R17 equations reveals that the system can be di-
vided into two subsystems.

The first five equations in describe the evolution of variables corresponding to
projections onto velocity polynomials—namely, density, velocity, stress, translational
temperature, and translational heat flux. We collectively refer to this group as the trans-
lational heat flux—stress subsystem.

The remaining two equations in (5.0.12) govern the evolution of internal temperature
and internal heat flux, which result from projections involving the internal energy vari-
able I. We refer to these as the internal heat flux subsystem. These two subsystems
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are further coupled through production terms appearing on the right-hand side of the
equations.

For the translational heat flux—stress subsystem, we adopt the procedure outlined by
Theisen et al., as the equations share a similar structure with the regularized 13-moment
equations for monatomic gases [43]. The weak formulation is obtained via partial in-
tegration, applied to every second equation, starting from the equation involving the
highest-order flux, in order to incorporate all relevant boundary conditions. A similar
integration strategy is employed for the internal heat flux subsystem.

In this thesis, we focus on the two-dimensional version of the R17 equations, defined
over the domain  C R?, and we present the weak formulation for this setting.

We begin by defining the trial function vector as
U= (QtTan@’Ua g, Gintas)a (511)
where each variable in U belongs to a suitable Sobolev space V,, such that

UeH :=Vy, xV;xVz xVyxV,xVy  xV,.

int

Correspondingly, we define the test function vector as

Vi=(¢,r,qv,¢,9,¢) € H.

With these definitions established, the derivation of the weak formulation is presented
in the subsequent sections.

5.1.1 Weak formulation of the translational heat flux-stress subsystem
Weak formulation of the translational heat flux balance

For the translational heat flux equation, we take a test function » :  — R2. Using
partial integration, we obtain

2 )
5]:(71'1 Q(qu2pq58>'7‘dl'
2 2
—/Qtrv'rdm—i—/(r-n)&grdl—/Vr:oda:—i—/(a-n)'rdl
Q r 5 Ja 5.Jr

1 1 1 1
—5/QV7".Rd:U+5/F(R-n)-7“dl—15/QR'V7“dx+15/FRT-ndZ—O.
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Here, the operation “:” denotes second-order tensor contraction, and I' = 9€2. The
expressions in the boundary integrals can be rewritten as

(T-n)etrzetr<:: > ~ < . > = OurTn,
(r-n)RzR(Z’Z>~<é>=R7’n;

Onn Ont 0 1 Tn
(O’ . n) - = Otn Ot 0 0 Tt = OpnTn + OntTe,
0 0 —Onn — Ot 0 0
Rnn Rnt 0 1 Tn
(R . n) T = Rtn Rtt 0 0 Tt = Rnnrn + Rntrt'
0 0 —Rpp— Ru 0 0

After regrouping according to the normal and tangential components of the vector r,
we obtain

2 5
e P,gq—=P,s| -
*Kn Q( aq—5 qs> rdz
2 1 1
—/Qtrv-rdx—/Vr:adx—/Vr:Rdx—/R'Vrdx
Q 5 Ja 5 Ja 15 Jo

1 1 2 2 1
+/F (<9t7‘ + ann + TSR + 50nn> T'n + (50'nt + 5Rnt> T't> dl =0.

Substituting the boundary condition (5.0.28) and combining (5.0.27) with (5.0.31), we

obtain

1 1 1 12 1

1 1
9757" + *Rnn + =R =0"— —Onn + EQna 5Rnt = XF=4 — —Ont-

5 15 4 5 S

Together with the closure relation, this leads to the weak formulation for the transla-
tional heat flux balance

2 5
5Kn/Q <qu2qus) -rdz

2 2
—/Htrv-rda:—/Vr:adx+Kn8/Vr:(Vq)stfdx+SKn/(V-q)-(Vr)dx

3 1 1 12
andnn gw a~4n n =Yn X— dl:()
—i—/F((an + +2Xq>r +<5at+x5qt>rt>
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As the terms in the heat flux balance suggest, the weak formulation also reflects cou-
pling with the stress o;;, translational temperature ¢;,, and internal heat flux s;. For
easier identification of this coupling, we define the following functionals

28 8
a(q,r) 5Kn/qu-rdx+%KH/Q(Vq)Sff:VTdmjLwKn/{)(V-q)(V-r)dm

_12
+/ <2~Qnrn+x25qt7't) di,
etrv /Htr V T

ayz(r, s) qu/s rdz,

2 1
c(o,r) = R /Q o:Vrdx — /1“ <23£)0nn7‘n + 5antrt) di,

= —/erndl,
r

This leads to the final weak formulation of the translational heat flux balance in func-
tional form

a(q,r) — b(O,r) — c(o,r) — arz(r, s) = l1(r). (5.1.2)

Weak formulation of the translational temperature balance

Using the test function ¢ : @ — R, one obtains the bilinear form for the translational
temperature equation

1 1
: — | K — — [ Kb -
/Q(v q)qﬁdx—l—Kn/F J0un b A Kn/F WOimech dz = 0

Defining the functional

1
0 (61,0) = Ko [ oo
r

and using the functional b, the weak formulation of the translational temperature bal-
ance reads

b(¢,q) + a3(0sr, ) — a3(Oint, @) = 0. (5.1.3)
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Weak formulation of the stress balance

For the stress balance, we first rescale the equation by a factor of 1/2. Using the test

function ¢ : Q@ — Ri?g and applying partial integration leads to

ﬂin/ﬂazwdw
2 1
—5/Qq-(V-¢) dx—/QU-(V-w)d:L‘—Q/Qm.‘.dex
2
+5/F(¢-n)-qdl+/r(1!}-n)~Udl

1
+2/F(m-n):¢dl:0.

(5.1.4)

Here, .. denotes the contraction of a third-order tensor with the gradient. The expres-
sions in the boundary integrals can be rewritten as

wnn wnt 0 1 ¢nn
Yeon=| Yo Yu 0 0] =\ Ym |
0 0 _(¢nn - ¢tt) 0 0

Ynn dn
(w : n) q= | VYt | - | & | = Vountn + Vneqs,

0 0
Ynn Un
(¢ : TL) U= wnt | Ut = wnnUn + ¢ntUt7
0 0
Mpnn  Mnnt 0
m-n= | Mnpnt Mntt 0 )
0 0 _(mnnn =+ mntt)
Mpnn  Mnnt 0 ¢nn ¢nt 0
(m-n):p = Mpnt  Muse 0 Yt Yu 0
0 0 _(mnnn + mntt) 0 O _(wnn + wtt>

= mnnnwnn + 2mnntwnt + mnttwtt + (_mntt - mnnn)(_wtt - wnn)

3 1 1
= §mnnnwnn + 2Mupnt Pt + 2 (mntt + 2mnnn> <'¢}tt + 2¢nn> .
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After substituting the rewritten boundary integrals, the weak formulation (5.1.4) be-
comes

QIin/Qo—:lbdx—i/ﬂq.(V.qp) dx—/QU.(v.¢) dx—l/m.'.vwdx

3
+ / <(4mnnn + U + qn> wnn (Ut + Mpnt + Qt> wnt>
r
1
+ / (mntt + mnnn) (¢tt + wnn> dl = 0.
T 2 2

Next, we apply the boundary conditions. We combine conditions (5.0.29) and (5.0.30),
and transform the boundary value for o,,; using (5.0.27)

o 1 1 At
U + mppt = ot —qt + Ut sy Mpnt + =Mppn = X | 20nn + 0w |,
X ) 2 2
3 9 3 o .
zmnnn+Un:X§0nn_ %Qn'i_Un +77(=@—P +Unn)

After applying these boundary conditions and the closure relations (5.0.17), the final
bilinear form of the stress balance becomes

K 0 Y dr +Kn- / (Vo)ys .. Vpda

(1 1 1 29 o
+ / X\ 50nn + 0t wtt + =Unn | + To—ntwnt + | X50nn + XN0nn wnn dl

_/QU.(v.w)dx+/F§<ﬁe@¢mdl

2 1 1
- = /F (Utwwnt + (U;LU - Xﬁpw)wnn) dl

To express this in functional form, we define the following functionals

1 29 -
d(O', 77[)) 2K U Y dr + Kng / VU stf . Vydz + / (XSUnn + Xno'nn) Y dl

+/1" <)~( (;Unn + Utt) <wtt + 2wnn> + ;Untwnt> dl

e(U,w:/QU-(vw)dx
o, 2) = /F 1P L,

cta.0) =3 [0 (V0o [ (Gan+ Sam) dl = ~clw.0),
) == [ U+ (UF = ") o)



5.1 Derivation of R17 weak formulation 61

This yields the final functional form of the stress balance

d(o,¢) —e(U,¥) + f(, ) + (v, q) = 12(¥). (5.1.5)

Weak formulation of the momentum balance

For the weak form of momentum conservation, we use the test function v : Q — R?,
which leads to the bilinear form

/(V-U)-vdx—i—/ VZ - -vdx=0.
Q Q
In functional form, this reads

e(o,v) + g(£,v) =0, (5.1.6)

where

e(o,v):/Q(V'U)-vd:c, g(ﬁz,v):/gvgz'vdx.

Weak formulation od the mass balance

For the lowest-order equation in the translational heat flux—stress subsystem, namely
mass conservation, we perform partial integration using the test function g : 2 — R

/Q(V'U)@dﬂﬁz—/QU-Vc‘jdx%—/F(U-n)éjdlzo.

Here, the boundary condition (5.0.34) is employed, resulting in

—/U.vq(ix+/(U:L“+>2ﬁ(<@—p1*’+om))qdzzo, (5.1.7)
Q r

or equivalently, in functional form,

where
f(nyf):/Ff(ﬁQNUnndl, g(U,(?):/QU'Vdey
WP.) = /F GPadl, 5@ = — /F U — xip®) gl.
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5.1.2 Weak formulation of the internal heat flux subsystem

In a similar manner, we apply partial integration to every second equation. Since in the
internal heat flux subsystem the highest-order term is the internal heat flux, we apply
partial integration with the test function ¢ : 2 — R?, resulting in

1 2 0
Kn5/9<PSS 3 q8q> Edo

/(v €) Oiy da — ;? (V~£)-de—2/V§:de

Grouping terms with respect to the components of the vector £ yields
12 5

—= A s d

Knod Jq ( ) Fy q> Sdw

/(V §) mtd;v—é% (V-f)-de—Q/Vﬁzde

which reveals that the boundary conditions (5.0.32) and (5.0.33) naturally fit:

) 1 s 1) .
§9int + gS + Snn = % + 5011}’ Snt = XSt-

Using the closure relations (5.0.17), we obtain the variational formulation of the internal
heat flux balance:

12 1)
a3 Q(PSS 3 qsq> Edx

4 4
—/Q(V-é)Hmtd:r—l—gdKn/Q(V-f)-(V-s) dac—i—éKn/(sz:(Vs)Stf dz

2 [ (sn 2 [
+/ Sny O Endl+/xst§tdl:0,
oJr\x 2 o Jr

which is equivalent to

az(s,€) — a12(q, &) — b(Bint, &) = 14(§), (5.1.9)
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where
(5,8 = gy [ Pos €t giKn [ (V26 (V25)d
as(s, = Kno /o s S x 5 . s) dx
+4Kn/V§'(V) d+2/8"§dz+2/~§dz
5 Q : Sstfx 51"5&” (51"X8tt )
1
a12(q7§):Kn/QquQ'§dxa (5.1.10)

(i, €) = /Q (V- ) G i,
l4(§) = —/F9w§n dl.

Weak formulation of the internal temperature balance

For internal temperature balance and test function ¥ : 2 — R, one obtains the following
weak formulation

1 1
/ﬂ(vS)’(?d]?-FIQI/QKQeZntIng‘—I<n/QK90tT”l9de—0,

which is equivalent to the variational formulation
6(19, S) + ag(emt, 19) - ag(ﬁtr, 19) =0, (5.1.11)

where the bilinear and linear forms are given by

b, 5) = /Q(V-s)ﬁdx,

1
a3(Oint, V) = Kn/ Kg0ipg ¥ dax.
Q

5.1.3 General structure of R17 weak formulation

Using the Galerkin method, the variational formulation of the steady-state linearized
R17 system reads: Find U/ such that

AUYV)=LYV), YVeH (5.1.12)
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where the bilinear form A is given by

AU, V) :=a(q,r) — b0y, 1) — c(o,7) — ai2(r, s)
+b(6, q) + az(0ir, @) — az(Oint, P)
d(o,¢) —e(U,¥) + f(¢, ) + (¥, q)
+e(o,v) + g(L2,v) (5.1.13)
+ f(o,q) = 9(U,q) + K (2, q)
+az(s,§) — a12(q, &) — b(Oint, §)
+ b(ﬁ, S) + ag(emt, 19) — ag(etr, 19)

and
LV) :=l(r) +12(¢) +13(q) + 14 (§)- (5.1.14)

5.1.4 Finite element discretization

Let us consider a conforming and shape-regular partition 7}, of the computational do-
main Q C R? into triangular elements 7, that is, 7}, = {T}TeTh. Next, we define the
discrete version of the space V, as

Vin ={ueV,:u|l; € Pp(r) VT € T),},

where P, (7) denotes the space of polynomials of maximum degree m, for a given m €
N.

After restricting the function spaces to the finite-dimensional subspace H,; C H by
choosing polynomial ansatz functions for all fields, the standard conforming finite ele-
ment approach leads to the following discrete algebraic system

Asp By —Asp, 0

B A cr'| o -a Ot )

h h h 12,h qn Ll,h

H, -GI FF Py, L

Ch F, —El D, op Lo,

—Ag, 0 A3, B, Oint,n 0

0 —Ajap -BI Ay Sh Layn
(5.1.15)

It is worthwhile to mention that the zero diagonal entry corresponding to the unknown
U}, indicates that the algebraic system is of saddle-point type [5]. Additionally, the diag-
onal block associated with & may also require stabilization. This becomes particularly
relevant when using 77 = 0 or imposing the boundary condition U,, = 0, both of which
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result in a zero diagonal contribution. Therefore, stabilization techniques such as Con-
tinuous Interior Penalty (CIP) methods are proposed, as applied in similar gas dynamic
problems modeled by the Stokes or R13 equations [43,46].
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5.1.5 Stabilization

In this thesis, we employ the Galerkin Least Squares (GLS) stabilization method. The
stabilization term . is defined as

SUY) = S, UYV) + Fp,, UYV) + UV + S5(U, V) (5.1.16)
+ S2UV)+ 20U, V) + S5 (U, V) (5.1.17)
where
K@ Kg
Fo,. (U, V) :==1ohg | (V-q+V U+ —(O — Oint)) - (V-7 +V-v+ ——(¢ —9))du,
Q Kn Kn

iU V) =k [ (755 (O = 00) - (V -6+ {20 = 9

FgU,V) ::thq/

5 14
<2V9tr +V.-0——Kn(V-(Vq)sr)
Q

5
4 1 5
Ik )+ — (Pg— 2P,
3 nV(V q)+Kn( ad ~ 5 qs)>

) <;V¢ + V1) — %Kn (V- (Vr)sir)

4 1 5)
—gKnV(V -r) + Ka <qu - 2qu§>> dz,

) 2 1
(U, V) :—thq/ <2V6mt —2KnV - (Vs) s — gKnV(V - s) + K—(Pss — qusq)>
Q n
1

0 2

(Ps¢ — qusw) dz,
FLp»U,V) =T,h, /Q(V -v) - (V- U)de,
S (U, V) =rhys /Q (VG+(V-4)) - (VP + (V- 0))ds,

Fs(U,V) ::Tghg/

0 <§(VT)Stf + Q(VU)Stf — 3KnV . <v¢>stf + 1w>

Kn
4 1
: <5(V‘1)stf +2(VU)stt — 3KnV - (Vo )gir + Kng> dzx.
(5.1.18)

The parameters 19, 74, T2, T, 75 I are stabilization coefficients, while the terms
he,hq, ho, hy, h, are mesh-dependent scaling factors. Due to the lack of established
guidelines in the literature, these values are chosen empirically to achieve optimal con-
vergence behavior.

The final stabilized weak formulation is then given by

AU,V = AU, V) + 2 U, V) = LV) (5.1.19)
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Chapter 6

Numerical results

6.1 Implementation and convergence result

The FEniCS framework [28) 3] enables finite element implementations based on weak
formulations for a wide range of partial differential equations. It provides both a mod-
ern Python interface and the computational efficiency of a C++ backend. At the core
of the FEniCS framework is the DOLFIN library, which manages communication be-
tween various modules and external software packages. DOLFIN also offers essential
tools for constructing key data structures such as meshes, function spaces, and symbolic
function representations.

In this thesis, we employ the FEniCS framework to implement the vibrational form of
the R17 equations, as described in (5.1.19). Since the R17 system shares a similar struc-
ture with the monatomic R13 equations, we extend the existing FEniCSR13 software
[43]. This extension involves defining new functionals and adapting existing ones. As
an example, we present the Python implementation of the fictional functional as(s, §)
from (5.1.10)

1 def a2(s, xi):

2 return sum ([ (

3 # => stf(grad s): grad xi = sym (grad s): sym(grad xi)-(1/3)x(dev s dev xi)

4+ 2 x(2/delta)*( regs[reg] ["kn"]) xdf.inner( df.sym(df.grad(s)), df.sym(df.
grad(xi)))

5 —(1/3) %2 x(2/delta)*( regs[reg] ["kn"]) » df.div(s) * df.div(xi)

6+ (4 / 3) *(2/delta) * ( regs[reg]["kn"]) * df.div(s) * df.div(xi)
7 +(2/delta)*( 1 / ( regs[reg]["kn"])) xPssxdf.inner (s,x1i)
8 ) *x df.\de \bm x(reg) for reg in regs.keys()]) + sum([(

9 + (2/delta)*x (1 / ( becs[bc]["chi_tilde"])) % n(s) * n(xi)
10 + (2/delta)* becs[bc]["chi_tilde"] x tl(s) * tl(xi)
11 + (2/delta)* bcs[bc] ["chi_tilde"] % t2(s) * t2(xi)
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12

) * df.ds(bc) for bc in bcs.keys()])
Listing 6.1: Implementation of the functional a; in the weak formulation

6.1.1 Analytical solution

In general, finding an analytical solution for a general domain 2 C R? is challenging.
However, for special geometries such as the two-cylinder scenario

Q={r: R <|zl2 < R}, (6.1.1)

an analytical solution is available [43]. Following the traditional values from [43], we
take Ry = 0.5 and Ry = 2. For convenience, we denote the inner cylinder boundary
by I'y and the outer boundary by I';. On the inner wall, we impose the boundary
conditions U’|r, = 0 and U”|r, = 0. The velocity on the outer wall is set as U|r, =
ng = cos ¢ and U/ |, = —ny = —sin ¢.

To ensure a non-trivial temperature profile, we set the wall temperatures as 6"|p, = 1
and §"|r, = 2. The pressure on the outer wall is prescribed as p"|r, = —0.27 cos ¢, while
on the inner wall we set p*|r, = 0. The accommodation coefficient on both I'; and I'y
is taken as x¥ = 1. The remaining parameters are chosen as 7j|r, = 1072 and 7|, = 103,
which induces a pressure-dominated process on the outer wall. The Knudsen number
is fixed at Kn = 1.

Due to the complexity of the solution, we provide the analytical expressions in Mathe-
matica notebook, which is publicly available at [20].

Figure [6.1{shows, on the left, the analytical solution for the stress component o, over-
laid with velocity streamlines. One can observe that the flow is tangential to the inner
cylinder, consistent with [43]. On the right, the total temperature ¢ is depicted along
with the total heat flux g + s, illustrating non-trivial heat flux streamlines. The temper-
ature jump observed is a consequence of the large Knudsen number and the presence
of a cooler zone on the right side of the inner wall.

6.1.2 Empirical convergence study

For the two-cylinder domain, an analytical solution can be computed using Mathemat-
ica notebook [20], and the relative L? error between the numerical solution U/, and the
analytical solutions Uex is defined as

|[Uex — Unllr2(0)
€12 = y
max {|Z/{ex|n€77}

(6.1.2)
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Figure 6.1: Analytical solution in the two-cylinder domain for Kn = 1.

where 1) denotes the set of all nodes in the domain 2. Based on the boundary conditions
described in Section [6.1.T) we compute numerical results for different meshes. For this
purpose, we use unstructured triangular meshes generated with Gmsh [24], varying
the number of nodes—or, equivalently, the maximum triangle size hmax. Figure
shows a series of these meshes. As the mesh is refined, the inner boundary is better
approximated, resulting in a more regular domain representation.

T
P

RRPOER

(@) hmax = 0.99. (b) Amax = 0.63. (€) Panax = 0.33. (d) hmax = 0.17.

Figure 6.2: Series of unstructured meshes used for the convergence study. With a small
number of nodes, the inner cylinder boundary is poorly approximated.

All simulations are performed using P1 (linear) elements, both with and without GLS
stabilization. The following stabilization parameters are used: 7p = 7, = 0.001 and
Ty =1y = 7o = 0.01. Figurepresents the relative L? error e for various values of

hmax .

For coarse meshes, the error exhibits oscillations due to geometric irregularities near
the inner boundary I';, where sharp corners protrude into the domain 2. As the mesh
is refined, the relative error decreases. With the application of GLS stabilization, all
variables demonstrate empirical second-order convergence.
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Figure 6.3: Relative L? error for different mesh sizes hmax. Simulations are performed
using P1 (linear) elements. The left figure shows results without stabilization, while
GLS stabilization is applied in the right figure. Empirical convergence is observed for
all relevant variables, with a maximum order of two. The convergence order of 6y, Oint,
and U, initially first-order, improves to second-order with GLS stabilization.

6.2 Polyatomic heat conduction process

Given that convergence has been confirmed, we proceed with a simulation of heat con-
duction in a 2D domain containing two circular inclusions with different wall temper-
atures and accommodation coefficients, as illustrated in Figure

Figure 6.4: Geometry for the simulation of polyatomic heat conduction. The domain
includes two circles of radius 0.5 inside a rectangular box of dimensions 2 x 1. The left
circle has a wall temperature of " = 2 with accommodation coefficient y = 0.7, while
the right circle has 6" = 1.5 and x = 0.9. The outer walls are maintained at " = 1 with
x = 1. For all boundaries, the velocity is set to U™ = 0, pressure p* = 0, and ) = 1073,

In this setup, we simulate heat flow for nitrogen gas (N3), using polyatomic param-
eters from Table We take 6 = 2.01 and ¢ = 0.533, yielding the following coeffi-
cients (calculated via a Mathematica notebook [17]): Ky = 0.220492, P, = 0.789162,
P,s = 0.731318, and P, = 0.903166. Using these coefficients in the R17 system, we



6.2 Polyatomic heat conduction process 71

investigate heat transfer behavior for various Knudsen numbers. The results are pre-
sented in Figure|6.6|and demonstrate that the difference between internal and transla-
tional temperatures diminishes as the Knudsen number decreases.

This observation is consistent with the findings of van der Woude et al. for the lid-
driven cavity problem with polyatomic gases [44] . The physical explanation lies in the
fact that, as the flow approaches equilibrium (i.e., small Kn), the dynamical pressure

)
IT= H—S(etr - emt)

tends to vanish, indicating minimal deviation between non-equilibrium temperatures.

— T T T T T T

1.0F
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1.224
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-0.00427
-0.00549
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-0.00793
-0.00915
-0.01037

Figure 6.5: Top: Total temperature distribution with total heat flux streamlines for poly-
atomic heat conduction. Bottom: Dynamical pressure II with velocity streamlines. The
simulation is performed for N gas with Kn = 0.2 and the following R17 coefficients:
0 = 2.01, Ky = 0.220492, P, = 0.789162, P,s = 0.731318, and P; = 0.903166. All vari-
ables are discretized using IP; elements with GLS stabilization.

6.2.1 Effect of bulk viscosity

Compared to monatomic gases, which exhibit negligible bulk viscosity, polyatomic
gases demonstrate significantly higher values of bulk viscosity [14]. The aim of this
section is to explore the influence of bulk viscosity in polyatomic gas dynamics.
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Figure 6.6: Temperature profiles along the y-axis at z = 1 for varying Knudsen num-
bers. Plots show internal, translational, and total temperatures. As the Knudsen num-
ber decreases, the internal and translational temperatures converge, indicating the tran-
sition toward equilibrium. Simulation is performed for Ny gas using IP; elements
with GLS stabilization. R17 parameters are as follows: § = 2.01, Ky = 0.220492,
P, =0.789162, Pys = 0.731318, and Ps; = 0.903166.

To gain initial insight, we simulate a heat conduction process using hydrogen (Hy),
employing the same geometry and boundary conditions shown in Figure in order
to directly compare with the nitrogen case. Hydrogen has a notably higher bulk-to-
shear viscosity ratio than nitrogen, making it a suitable test case for comparison.

The polyatomic parameters for hydrogen are listed in Table leading to the follow-
ing coefficients: Ky = 0.00514077, P, = 0.669523, P, = 0.00176659, and Ps = 0.742166.
It is important to note the significant difference in these coefficients compared to the ni-
trogen case. This discrepancy is primarily due to the high bulk-to-shear viscosity ratio
v/u, which necessitates a small value of Ky. Since both Ky and P, are both propor-
tional to w, setting w near zero causes these coefficients to approach zero as well.

For the hydrogen case, the Knudsen number is set to Kn = 0.372737. This is due to
the difference in molecular masses and viscosities jiyp between hydrogen and nitrogen.
After fixing the reference temperature 7y = 300 K, reference pressure py = 0.092 bar,
and the characteristic length L, this leads to the value Kn = 0.372737 according to the
definition (5.0.11).
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Figure 6.7: Top: Total temperature with heat flux streamlines for polyatomic heat
conduction using Hy gas. Bottom: Dynamical pressure II with velocity streamlines.
The simulation uses Kn = 0.372737 and polyatomic R17 coefficients: § = 1.94,
Ky = 0.00514077, P, = 0.669523, P,s = 0.00176659, P, = 0.742166. All variables
are discretized using IP; elements with GLS stabilization.

By comparing Figure |6.7| with Figure [6.5| for nitrogen, we observe that hydrogen pro-
duces a slightly different dynamical pressure near the outer wall. The total tempera-
ture field is also affected, which can be explained as a consequence of the change in the
Knudsen number. To obtain the same Knudsen number Kn = 0.2 for hydrogen, the
value of py in the hydrogen simulation can be adjusted while keeping the other refer-
ence values T = 300K and L the same as for nitrogen. This results in nearly identical
outcomes to those shown for nitrogen in Figure Therefore, the Knudsen number
appears to be the most influential parameter in this context.

However, the influence of other parameters on the results is not entirely clear. To in-
vestigate this, we consider a hypothetical gas characterized by the parameters: § = 2,
¢ = 0.5, and Pr = 0.7. We fix the value of P, = 8K, where K is a constant, and deter-
mine the remaining parameters from the collision kernel to ensure that P, the Prandtl
number Pr = 0.7, and a prescribed bulk-to-shear viscosity ratio are all satisfied. The re-
sulting sets of parameters are presented in Table[6.1} and used to generate the numerical
results shown in Figure

Figure demonstrates that increasing the bulk-to-shear viscosity ratio leads to a
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lv/n] Ko P, P, Pys

1 [ 0.160000 | 0.755556 | 0.827827 | 0.0533333
5 || 0.032000 | 0.684444 | 0.801542 | 0.0106667
10 ][ 0.016000 | 0.675556 | 0.796449 | 0.0053333
30 || 0.005333 | 0.669630 | 0.800047 | 0.0017778

Table 6.1: Polyatomic parameters used to reproduce a constant Prandtl number Pr =
0.7 and shear viscosity P, = 8K for various bulk-to-shear viscosity ratios. Parameters
are fixed at 6 = 2, = 0.5.
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Figure 6.8: Temperature profiles for different bulk-to-shear viscosity ratios. All simu-
lations are performed with the same shear viscosity (F, = 8K) and Prandtl number
(Pr = 0.7). The results indicate that increasing the bulk-to-shear viscosity ratio am-
plifies the difference between the non-equilibrium temperatures, thus increasing the
dynamical pressure II. The total temperature, however, remains largely unaffected.

greater deviation between the two non-equilibrium temperatures, indicating an in-
crease in the dynamical pressure II. On the other hand, the total temperature remains
largely unaffected.
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Chapter 7

Summary and future work

In this thesis, we presented models for polyatomic gases at two different levels.

At the mesoscopic level, we used the Boltzmann equation for polyatomic gases with the
collision operator introduced in [8]. Based on this form, we proposed new models for
the collision kernel by adapting a kernel that ensures existence and uniqueness for the
space homogeneous Boltzmann equation, as shown in [4]. Both the initial and extended
models include a set of parameters that can be tuned to match the behavior of specific
gases.

At the macroscopic level, we modeled flows in the transition regime using moment
equations. By applying Grad’s method, various hierarchies of moment systems can be
derived. In this work, we focused on the 14- and 17-moment systems. These two sys-
tems provide a foundational framework for estimating first-order transport coefficients
via Maxwellian iteration. To enable this, the collision operator must first be integrated
with respect to a set of test functions. This integration—facilitated by a Mathematica
notebook [17]—yields collision coefficients for the chosen moment system and collision
kernel. These coefficients allow for the estimation of transport properties such as bulk
viscosity, shear viscosity, and thermal conductivity.

Using a data-driven approach, we then fit the collision kernel parameters (and equiv-
alently, the collision coefficients in the production terms) to reproduce experimentally
observed values for viscosity, the bulk-to-shear viscosity ratio, and the Prandtl number.
With this, the model is fully closed and ready for numerical simulation. We also exam-
ined the flexibility of the proposed collision kernels and found that the extended kernel
offers greater adaptability, although the initial model remains applicable for certain
gases. Regarding the moment hierarchy, we observed that both the 14- and 17-moment
systems can be used effectively. The collision parameters can be chosen so that both



76 7 Summary and future work

hierarchies closely match experimental data, with minimal differences.

A second major goal of this thesis was the development and implementation of numer-
ical simulations. To this end, we derived the steady-state, linearized, and regularized
17-moment equations and equipped them with entropy-stable boundary conditions. A
variational formulation was then constructed by adapting techniques developed for the
monatomic R13 system [43]. This enabled finite element simulations within the FEniCS
framework. Our simulations demonstrated mesh-dependent convergence to the ana-
lytical solution in a double-cylinder domain, achieving up to second-order accuracy.

With this validated setup, we explored heat conduction in polyatomic gases, examining
the effects of both the Knudsen number and bulk viscosity. We found that for small
Knudsen numbers, the two non-equilibrium temperatures coincide—consistent with
the findings of van der Woude et al. [44]. We also observed that bulk viscosity mainly
affects the profile of the dynamical pressure, while the total temperature profile remains
relatively stable.

In this thesis, we used the BGK-type collision operator as basis to close the R17 equa-
tions. A natural extension of this work would be to explore closures derived directly
from the polyatomic Boltzmann collision operator. Further research could also focus
on analyzing the properties of the R17 system itself. Additionally, the full nonlinear
form of the R17 equations could be applied to one-dimensional shock wave problems,
following the approach taken by Song et al. with the 14- and 17-moment systems [39].
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Appendix A

Computation of the production
terms for the 14-moment model

For the sake of simplicity, the equilibrium distribution function (3.2.6) will be written
as

3
_ 70/2—17 —2= (2|2 +]) =L ()2 ! :
fe=1 Loe 7\ 2 where Ly - (27rkiT> T(5/2) (kT)é/z.

Our aim is to compute the production terms in the fourteen moments approximation,
which amounts to plug the approximative distribution function f14 (3.4.5) into the def-
inition of the product terms (3.4.2),

Pt = / muv;Q(f14, fia) (v, I)dI dv,
RBXR+

Q¢14:/R3 . (%\”’24—[) v; Q(fa, f14) (v, I) dI do.

Introducing the peculiar velocity ¢ = v — U and using annihilations of the collision
operator weak form due collisional invariant, and after the change of variables v — ¢

the expressions (3.4.2) simplify to

Pl = / meic;Q(fuas fua)(c+ U, Tl de, (A.0.1)
RSXR+

e (Gl +1) QUfin, fr)(e+ U, dl e (A02)

3><R+

3
Q=3 una+ [
k=1 R
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As non-equilibrium effects are supposed to be small, products of the distribution func-
tions appearing in the collision integral can be linearized with respect to the non-
equilibrium quantities, o;;,1I,¢;. Using the microscopic conservation laws (2.2.6), it
follows

! / 6—’_3
J1afras — frafiae = fEfE*{QZQ (Ukl+( 5 )5le>

§+5\ " p?
< (c.c! AV — CukCy (tot)
(Ckcl T CypCog — CkCl — CskC l) + 2 mp3 an

< ((FleP+1) eyt (Gl +10) el
2 2
(el + I en = (Gle + L) ) } (A03)

Placing (A.0.3) into (A.0.1) and (A.0.2) yields a suitable approximation for the source
terms P! and Q;*, denoted by ?il;-l and Q,", respectively.

We now introduce the following notation,

/! / /
Pijrr = /mci ¢ () + hy — cret — canca) fEfE

x BHsdodrdRdI,dec,dI de,

Q= [ (FleP+ 1) e ((FleP+ 1) o+ (GleP + 1)
— <%|C!2 + I) Cn — (%\C*P + I*) C*n) TEfEx
x BHsdo dr dRdI, dc, dI de.

Now the parity arguments imply

—14 o0+ 3

Py = 27’;2 (Ukl i 5 )5sz> Piji; (A.0.4)
—14 —14 §+5\ 1 p? .
Q;' = UpPp; + <2> m’”—]ﬁqﬁf 9 Q4. (A.0.5)

For sake of demonstration we calculate the production terms Pl-l ;-1 and @Zl Yin following
sections for the simplified version of initial collision kernel (4.1.3) withw =landn =1

B(v,vi, I, Ic,7, R, 0)

_K <R§|uy< 4 (r(l _ R)é)

Ny
7Y

+ <(1 —r)(1— R)i) 2) , (A.0.6)
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where K is a constant, u := v — vy, ¢ > 0. This can be done on easier way with use of
Mathematica notebook [16]

A.1 Computation of F;;-l

Firstly, we exploit the parity arguments for the term P;;;;. Note that it vanishes unless
indices are equal by pairs - the integral is non zero when ¢ = jand k =l or ¢ = k and
j=1lori=1and j = k. By symmetry, the last two terms lead to the same result and
thus P;;1; can be represented in the following form:

Pijkt = P10ij0r1 + P2(dirji + i1 (A.1.1)

Combining (A.0.4) and (A.1.1) with the fact that pressure tensor is symmetric, we get

=14 P 1. (6+3)
Pz'j = 2792 <20'ij732 + §5ijTHPrrtt .

The term P, can be determined from the system of equations obtained from the repre-
sentation (A.1.1)

Prrtt = 9P1 + 67)27 7Dm‘,rt = 37)1 + 127)27

whose solution is

1 1
Pl - B(Qprrtt - Prtrt)v PQ - %(37)”” - Prv"tt)'
A11 Computation of P,
We first concentrate on the term
Prrtt = mL(Q)/ €7ﬁ(%(|c|2+‘c*‘2)+l+l*‘)
R6x[0,00)2%[0,1]2x.52

x Jel* (117 + [l = lef* = Jexf?)

x BHsI/2 1 1% g dr AR AT, de, dT de. (AL1.2)

Now we pass to the relative velocity u and center of mass peculiar velocity V. by means
of the following change of variables

u

, G =V, — 5 (A.1.3)

(€ex) = (”::C—%VF CZC*) = C=Vc+%
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with unit Jacobian. Therefore, the terms under integral in new variables become
1 2R
R+ 1L = Jef? = Jeuf? = 5 (R— 1) Juf’ + = (T + 1)

and X
[ef + leul = 2|Vel* + 5 Jul*. (A.1.4)

Therefore, we can express the primed quantities from (A.1.2) in center-of-mass frame-
work,

_ 1 2, my, 12
Prrit = mL%/ e wr (MIVel*+ 5 [uP+ 1+ L)
R6x[0,00)2%[0,1]2x .52

2
x BHsI®2711%27 4o dr AR AT, dI du dV,.

1 1 2R
(W e ) (5 R0+ 2 (14 1)

The form of the cross-section (A.0.6)
B(v, v, I,1,,7, R, 0) = KB(|u|,I,1.,7,R), (A.1.5)

allows to immediately integrate with respect to V. and o,

3
Prrtt = mK L] <7TkT> : 27T/ e~ rr (FlulP+I+L)
m R3x[0,00)2 x[0,1]2

KT 1 ) (1 , 2R
X <3m+2|u| > (2(R1)|u| +m(I+I*))

% BHsI%/2-118271 qr AR dI, dI du.

Next, we pass to the spherical coordinates for the relative velocity u. Denoting y = |u/,
and performing integration with respect to the angular part, we obtain

3
Prrtt - mKL(% <M> : 87['2/ e_ﬁ(%y%'l—ﬂ*)
[0,00)3x[0,1]2

X <3];2T+£2> <;(R—1)y+f(1+1*)>
X<mwﬂ(m‘m;f+0*”M—mﬁf>

%y HgI?2 127 qr AR AL, dT dy.

Now we expand all the involved expressions and perform integration with respect to r
and R. For the constant issuing from the integration respect to » and R, we introduce
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the following notation

Clape) = /[0 1]2(7"(1 — )% (1 = RY’'R2(1 — R)*R¥*“drdR

_ TE+a)LB+ 3G+ () (A.1.6)
F(6+a+b+3)0(0+c) B

where I stands for the Gamma function. Using the notation (A.1.6), we obtain

3
Prrw = mKL] ULz 287r2/ e_k%(%y2+1+1*)y2_[5/2*1[£/2_1
m [0,00)

X
N
w

‘W

S~
+

N | =
<
)

"

——
|

N | —
/'S)
J—‘
(]

I I
+2 *
0) v 26(073“70) v (m * m)

¢ ¢
I\ I I\t
(>2+<)2 >}dl*dldy.
m m m

Finally, after performing integration with respect to I, I, and y, we get

¢
2 3+2 2
prrtt:,K& (p) i

m \ p 1—(26+2C+5)

X {3(25 + c)wr(égc> 2 + 2<+4gr<g>2 r (T) r (C;L5> } ;

where the relation p = 2kT was used.

A1.2 Computation of P,

For the term

_1/m 2 2
P =mi} R (B sl P41,
R6x[0,00)2%[0,1]2x.52

x ((c-d)+(c ) —(c-c)* —(cen)?)
x BH;I%/2 112> 4o dr dR I, de, dI de,
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after change of variable (A.1.3) term under integral yields

(c-d)4(c- ) =(ce)=(cc)? =

VeV L (Vo) (Vi) 4

1 1 1
; (weu)? = (Ve ) = S(Ve wluf? = <Jul®,

|

Next, the form of cross section (A.1.5) allow to perform an integration with respect to
Ve,

e—k%(%|u\2+l+l*)

3
mkT\2 1
Prtrt = mKL% <>

m

4 /R3><[0,00)2><[0,1]2><52

m

(B =+ 0 - )

x BHy 2 12*7 dg dr dR I, dI du.
Using relations (2.2.8) we can express

/2 _ 4RE

4R
|u 7:R|u|2+—(l+l*),
m

(el = 0B o = (R + 0+ 1)) (a0,

after which we perform integration respect to o, that yields

e

Prtrt = mKL% <M> 77/ e*ﬁ(%|u|2+1+h)
m R3x[0,00)2 x[0,1]2

kT , 1(R . AR KT 1,
“(R-1 (2o e G S (e
><<m(R )u|+2<3 )IUI+m(+ )<m+6IUI>>
x B Hs1%>71 1% qr dR A1, dI du.

Now we switch to spherical coordinates for the relative velocity u, and integrate with
respect to r and R using the notation (A.1.6) for the constants coming up from this
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integration,

3
Prtrt = mKL(Q) — 247‘('2/ eiﬁ(%y2+I+I*)y215/2_IIE/2_1
m [0,00)3

kT 1/1
_ = ¢+2 4 — = _ ¢+4
" { w000+ 3 (3500~ o) v
4 kT ) ¢
+ EC(O,H—%,O) ( + 6 > (I+ I*)y
kT 1/1 4
BT CESTE S +2<3C<g,1,;>—0<g,oﬁg>>y>

+ (;) 2) (I+ I*)} dI, dI dy.

Finally, performing the integration with respect to I, I,, and y yields

$+2 2
Prant = —K2 <p> _ 2y {9(45 4 2¢ 4 5)aT <542r<>

m \ p F(25+2C+5)

120+ (4(2-1) (g+6)+c(c+12)+39)F(i)%(ggg’)r(C;LE’)}.

A2 Computation of Q;

The parity arguments imply that Q;,, vanishes unless i = n, which for the production

term (A.0.5) implies

—14 —14
Q; =UrPy; + (

§+5\"" p? (tot)1Q
T m7p3qi § rr
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A.21 Computation of Q,,

We now compute the term

o, = 13 e (B4 Py 1)
R6x[0,00)2%[0,1]2x.52

e +1 P2V e e+ (B1P+1) e e

- (?k?+l)d2—(?k4”+h)@w}

x  BHsI*?> 11927V 4o dr dR AT, de, dI de.

X

Switching to the center-of-mass framework by means of the change of variables (A.1.3),
the term under integral becomes

((%|Cl|2 +I’) dc+ <%|C;|2 Jr]i) d-c
m m
(Gl D)1 = (Flel + L) e c)
m m

= Ve = B Vo T () Vo) = T e Vol

1 1 1 1
+§(I’—I,ﬁ) <u’-vc+2u-u’) — 5= L) <u-Vc—|—2|u2>.

The form of the cross section (A.1.5) allows to first integrate with respect to V. and o,

3
O, = KL <M> Can / o (1)
m R3x[0,00)2 x[0,1]2

1/5 m, o 9
X { 4<4kT+8]u\ —|—I>(I L)|ul

mkT o ( (5 5  20R
— “R— —(I+1,
+ 5 |l <<3R 3) lul” + 3m( + ))

+ <i[ + 156kT> kT <(R — 1ul? + %(I + I*)> }

x  BHsI®2711%27 1 qr dRdI, dI du.
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Next, passing to the spherical coordinates for the relative velocity u, denoting |u| = vy,
and integrating with respect to R and r we obtain

3
0, - KI2 (”’“T>2167T2 / o (L)
m [0,00)3

1/5 m
2) ¢l L2 m 9 . 2

2

mkT , (5 1.5 )
oY (30<o,1+g,0)—30(0,<,o)) - (4”16”) MyC1.5.0)

5 1 5
I+1, — mkTa? I+ —kT ) kT
I+ )C(o,g+1,o) (%mk Yy +(4 +16k )k )

<
1)\2 ¢ S 1/5 m
— I34+12) | =2 SkT+ —=2+1)(I-1)9°
* <m> (” )[ 4<4k +8y+>( W C(505)

mkT , (5 1 ) 2
T <3C<37L§>‘3C<570,3>>—<4”ka> Y C(509)

where the constants are defined in (A.1.6). Finally, performing integration with respect
to I, I, y yields

<
9, = —Kp? <p>2+3\/77

4
m

4 5 , (1. 5
+ I+ 1)C, g <%kay + <4I+ 161<:T> kT>

x 12711 dr dy,

2 2 §+¢\?
x {9((25+c—4)(2(25+<—4)+§ +38) + 7¢ +160)7Tr<2>

+2<+5((25+<—4)(25+<—3)+%75+15<+3)r <5>2r(<+3) r<4+5>}.

2 2 2
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