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ABSTRACT

Stabilization techniques in combination with reduced integration are often employed in numerical methods to address problems

of locking while reducing computational costs. In finite elements, concepts such as enhanced assumed strain (EAS) methods
are usually employed in combination with stabilization techniques to tackle certain locking phenomena, such as volumetric or
shear locking. This combination has been shown to improve the performance of low-order finite element formulations while
addressing the downsides of reduced integration. In recent years, the virtual element method (VEM) has emerged as a numerical
approach capable of handling arbitrary polygonal and polyhedral meshes, offering flexibility in mesh generation and refinement.
This flexibility makes VEM particularly suitable for a wide range of applications involving distorted, non-convex, and irregular
meshes. Similar to reduced integration, VEM formulations require stabilization to avoid rank deficiencies and ensure numerical
consistency. Different stabilization techniques have been employed to overcome this issue. In this contribution, a stabilization
technique based on reduced integration is proposed for VEM. The formulation is validated using two numerical examples.

1 | Introduction

The virtual element method (VEM) is an extension of the
finite element method (FEM). It can handle arbitrary polyg-
onal and polyhedral meshes, which do not necessarily need
to be convex, offering flexibility in meshing, see first works
in [1-3]. Advantages are shown especially in fields regarding
crack propagation problems [4], contact problems [5], and mesh
refinement procedures [6]. In comparison to FEM, VEM does
not rely on an explicit computation of shape functions, nor is
complex integration in the element needed [7]. Instead, it intro-
duces a projection onto a polynomial subspace. However, this
projection results in a rank-deficient stiffness matrix, and thus
a stabilization term is needed. Several stabilization techniques
have been developed for both linear and nonlinear problems, as
discussed in, for example, [2, 7-11], or see the recently developed
stabilization-free virtual elements, see [12-14]. In the context
of FEM, stabilization techniques such as hourglass control [15,

16] are commonly employed to address issues that arise in
combination with reduced integration, which is often applied
to avoid locking phenomena. Locking is an underestimation of
the displacements and an overestimation of the stresses, which
occurs in the standard low-order finite element formulation
using full integration. Typical examples of locking phenomena
are volumetric locking for nearly incompressible materials or
shear locking in bending-dominated problems, resulting in a stiff
system. To tackle these issues, concepts such as the enhanced
assumed strain method (EAS) are employed, where a two-field
functional based on the Hu-Washizu variational principle is
introduced [17, 18]. Reduced integration alone typically yields
a rank-deficient matrix and leads to an overly soft structural
response. To address this, some stabilization methods carry out
a Taylor series expansion of the stress with respect to the center
of the element, enabling analytical integration of the weak form,
for example, [19-21]. Given that certain stabilization techniques
apply to both FEM and VEM to avoid rank deficiencies, this
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contribution proposes a stabilization method based on reduced
integration combined with hourglass stabilization. Connections
between VEM and hourglass control techniques have already
been established in [22]. The main focus of this work is to conduct
preliminary tests to investigate whether this approach yields plau-
sible and reliable results considering simple geometries. To this
end, numerical examples involving two-dimensional plane strain
problems are presented to validate the proposed formulation.

2 | Virtual Element Formulation
2.1 | Consistency Term

The domain Q of a body with its boundary T is divided into
a mesh of polygonal elements Q,, each bounded by I',. The
elements do not necessarily have to be convex. The concept of
the virtual element method lies in the approximation of the
displacement u,, through a projection onto a polynomial subspace
u;, — Il(u,) = u,, since the ansatz of the displacement u,, within
the virtual element remains unknown [2]. This leads to a split
of the displacement into the so-called projection part u, and a
remaining part u, — u,

u, = u,; + (u, —u,). @

The projection is defined based on the orthogonality condition
of the gradients. Due to the choice of a linear polynomial ansatz
for u,, which implies a constant gradient over the element, this
condition leads to the following expression for Vu,, [3, 8]

1 1
Vu”_Q_U/quuth_Q_U_/ruuthNdr, @)

where N denotes the outward normal vector along the boundary
T, of the domain Q,. The displacement field u;, can be computed
by a linear ansatz along the edges of the virtual element. For a
more detailed derivation, see [9]. The derivations needed for the
computation of the residual vector R, and the stiffness matrix

oR
K, = =, are obtained by using the automatic differentiation

tool JAX [23], where U denotes the nodal displacement vector
of the virtual element Q.

2.2 | Stability Term

Due to the fact that the consistency term alone leads to a rank-
deficient stiffness matrix, a stabilization term is needed, which
is computed based on the remaining part of the split of the
displacement, see Equation (1). For the sake of simplicity, the
remainder is introduced as u”. The choice of the stabilization
technique is based on the framework of using reduced integration
with hourglass stabilization, see for example, [19, 24]. Here,
the idea of using a Taylor series expansion of the constitutive
quantities at the element center is employed.

In general, the two-field variational formulation based on the
enhanced assumed strain concept (EAS) [17, 18] is defined as

follows:

gi(u, w, du) :=/ S(E) : 5ECdV—/ fo - dudv
By

By 0
- / t,-dudA =0, (3a)
EN:N
go(u, w, du) :=/ S(E) : S8E,,,dV =0, (3b)
By

where the total Green-Lagrange strain tensor E, which is com-
puted based on the remainder in Equation (1), is defined based on
the split of the compatible part E, and the enhanced part E,,;,. For
every virtual element domain Q,, a reference element is defined
while the isoparametric concept is employed, where the (initial)
geometry and displacement are discretized as follows:

x~x"=N()X, u~ W) =NEU, 4
respectively. The element nodal positions and element nodal
displacements based on the remainder are stored in vectors X
and U, respectively. The standard bilinear shape functions N =
(N, L,,...,N, I,), depending on the natural coordinate vector £ =
(&,m)" and the 2x2 identity tensor I,, are used. Based on this, the
Jacobian matrix yields

_ Ox

3

and the compatible Green-Lagrange strain tensor, depending on
the remainder, is obtained as follows:

©)

E. =3 (FY'F -1, ®)

with F” denoting the deformation gradient, while the compatible
B-operator B, is computed by using automatic differentiation
(AD) and yields
E,
B, = — 7
=30 ™

with E, denoting the compatible Green-Lagrange strain in Nye’s
notation and U representing the nodal displacement vector. The
enhanced assumed strain field in Nye’s notation E,,;, is computed
based on the introduction of the incompatible B-operator B,
which is defined in a way to overcome issues of shear locking
depending on the natural coordinate system. Consequently, E,,,
is obtained as follows:

0 0 0
E,..=| o |=1l0 o|lWwW=T"B,,,W=B.,,W. (8
Eenhfr; n §

The transformation matrix T° evaluated at the element center
contains the inverse Jacobian and transforms the enhanced B-
operator to the Cartesian basis system, while W contains the two
additional degrees-of-freedom, [17, 18]. Analogously, the same
discretization holds for the variations SE. and SE.,,. In the
case of the concept of reduced integration, only a single Gauss
point is used to overcome the issues of locking that arise with
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using the standard low-order finite element formulation with
full integration. To avoid the issues of a rank-deficient response,
hourglass stabilization is used. The idea is to employ a Taylor
series expansion of the constitutive quantities at the element
center. This enables a polynomial representation of the stress,
and thus analytical integration of the weak form is enabled.
Consequently, the second Piola-Kirchhoff stress in Nye’s notation

$ is expressed as follows:
1 2 2
2 ZZ( (a;)) L. 5“7’)

i=1 =
j#i

SE)~ S '5:0 + chE(Z 5 L .

e

=8+ C”3<E§§+E”77+E§” §n+E§hE+Eenhn> 9)
N——— N—— ~ /)
=B =B =1Eenn
=80+ ChE(EM + EM® + B,

=:8he

Here, the superscript denotes the derivative with respect to the
natural coordinates. Analogously, a polynomial form of both B,
and B, is obtained. The material tangent is substituted with
a linear elastic so-called hourglass tangent C"¢ to circumvent
linearization. Furthermore, C"¢ is defined in a way such that §"2
has deviatoric characteristics to overcome volumetric locking. It
is defined as follows:

e I
Ci=—51-2 4 0 ug=5 |—7——7 (10

0o o0 3 tr (dev (E?) )
with ,ue“ being the effective shear modulus. To circumvent

linearization, ,ueff is stored as a history variable and taken from
the last converged step. With these derivations, the weak form can
be derived analytically, where the residual vector Ry, is obtained.
For a more detailed explanation, see [25]. At the end, the stiffness
matrix of the stabilization term is computed at the element level
by AD as follows:

aIzstab
ou -

Kstab = (11)
Finally, the residual vector and the stiffness matrix for the virtual
element formulation yield

R=R)+ Ry, K=K+ K. (12)

3 | Numerical Examples

The following two numerical examples serve to test the applied
stabilization technique for the virtual element method. To this
end, rectangular elements are used to investigate whether the
proposed VEM formulation—referred to as VEM-STc+—exhibits
stable and reliable behavior when compared to the traditional
finite element method (FEM). For comparison, the standard low-
order finite element formulation using full integration, denoted
as Ql1, and the low-order finite element formulation based on
reduced integration with hourglass stabilization, denoted as
Q1STc+, see [24], are used. In both examples, a large strain
model is used, where a plane strain state is assumed, where a

=
16 mm

44 mm

Y

L.:c

FIGURE 1 | Cook’s membrane—Geometry and boundary value

48 mm

problem.

compressible neo-Hookean material model with the following
Helmbholtz free energy is chosen

¥ = % (tr (C) - 3 — In(det (C))) + /Zl (det(C) — 1 — In (det (C)))
13)

with C being the right Cauchy-Green tensor and A and ¢ denoting
the two Lamé constants. The results are measured in terms of the
following relative error

|Uc0nv - Uobt|
€, =—, (14)
" |UC01’1V|
where U, denotes the converged solution obtained from
the standard biquadratic finite element formulation, Q2. The
obtained solution at a chosen point with VEM-STc+, Q1STc+, and
Q1 is denoted by Uyy,.

3.1 | Cook’s Membrane

The first numerical example considered is Cook’s membrane. The
geometry and boundary value problem are shown in Figure 1. The
structure is clamped along the left edge, while a constant vertical
loadof p =4 :—m is applied to the right edge in a single load step.

The material parameters are 4 = 100.0 % and u =40.0 %
A convergence study is conducted for the vertical displacement
component U, at the node (48,60), indicated by the red cross at
point (A) in the figure. The results are shown in Figure 2a, where
the converged solution U, = 9.9521 mm with a mesh density
of 4096 elements was used to compute the relative error ¢, in
a logarithmic scale for Ql, Q1STc+, and VEM-STc+. It can be
seen that both QISTc+ and VEM-Stc+ exhibit similar behavior
regarding the development of the relative error as the number
of elements per direction increases, with mesh densities defined
by 2V, where N = 1,2, 3,4, 5,6. For both cases, the range of the
relative error in a logarithmic scale lies between ¢, = 1072 and
€, = 107 for different mesh densities. It is worth mentioning
that, in comparison to VEM-STc+, Q1STc+ shows a jump in the

PAMM, 2025

3o0f6

95US017 SUOLILLIOD SAIIERID 3|t jdde 8Ly Aq peusenob ae sl YO ‘9sn 0 S9InJ 10} Afeid18UIIUO AS|IM U (SUONIPUGD-PUE-SLLIBY WD A | 1M Aleq 18U |UO//SANY) SUONIPUOD pue SIS | U1 89S *[9202/T0/ET] uo Akeiqiauluo A (1M AIsBAIN Uaydey HLMY SBUlo!(qIgsTISIAIUN Ag 0200/ Wed/Z00T 0T/10p/W0d A8 | 1M Ateiq1jpul|uoy/sdiy Wou) pepeojumod ‘v 'Sz0e ‘T90LLTIT



—o—Ql

- . —o— QISTc+
51070 —+— VEM-STc+
&
&
5 1072
=1
o
(5]
2
E 1073 -
[}
o~

10—4 _

1 2 3 4 5 6
Element division 2%V

(a) Study of convergence at point A for U,
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(b) Contour plot of U, for VEM-STc+

FIGURE 2 | Cook’s membrane—Study of convergence for the vertical displacement U, atnode (48,60), point (A) in Figure 1, along with the contour
plot of the displacement field U,,. Here, a converged solution Uy, = 9.9521 mm with a mesh density of 4096 elements is obtained using the standard
biquadratic finite element formulation, Q2, to compute the relative error ¢,. The x-axis denotes the number of elements per direction, defined by 2N
with N = 1,2, 3,4, 5, 6. Results are presented for the standard low-order finite element formulation, Q1, the low-order finite element formulation based

on reduced integration and hourglass stabilization, Q1STc+, and the proposed stabilization technique for the virtual element method, VEM-STc+.

@

L.x

FIGURE 3 | Square block subjected to horizontal uniform body
force—Geometry and boundary value problem.

1 mm

error development between N = 1 and N = 2, where it initially
starts small, then increases sharply, and then decreases in a stable
fashion. The standard Q1 formulation shows a slower reduction in
relative error with increasing mesh refinement. Figure 2b shows a
contour plot of the vertical displacement field U, for VEM-STc+.

3.2 | Square Block Subjected to Horizontal
Uniform Body Force

The second example, taken from [8], considers a square block sub-
jected to a horizontal uniform body force f = (10.5 - 10'°,0)” N3
while the structure is clamped at the left, see Figure 3a. %ﬁe
material parameters are A = 5.1086 - 101° ﬁ and u = 2.6316 -

1010 lz To maintain consistency with the previous example,
a corlil\[;]ergence study is conducted for both the horizontal and
vertical displacement components U, and U, at node (1,1) at
point (A), see Figure 3a, with mesh densities defined by 2V,
where N = 3,4, 5, 6. The results of Q1, Q1STc+, and VEM-STc+

are shown in Figure 4, where the converged solution of Q2 with
Ueony = (U,, U,) = (1.121, -0.03488) (mm) and a mesh density of
16 900 elements was used to compute the relative error ¢, on
a logarithmic scale. It can be seen that Q1STc+ and VEM-STc+
exhibit nearly identical behavior in Figure 4b, while Figure 4c
shows differences in the error development, especially when
considering a coarse mesh. However, as the mesh is refined, the
relative error decreases, and VEM-STc+ progressively converges
toward the results of Q1STc+. Here, for both figures, the relative
error ¢, lies in the range between ¢, = 1072 and ¢, = 107, As
was the case in the first example, the standard Q1 formulation
shows a slower reduction in relative error with increasing mesh
refinement. Contour plots of the displacement fields U, and U,
are shown for VEM-STc+ in Figure 5.

4 | Conclusion and Outlook

This contribution introduces a stabilization technique for the
virtual element method (VEM) based on reduced integration
combined with hourglass stabilization, referred to as VEM-
STc+. To this end, hourglass stabilization of the remainder
is applied, where a Taylor series expansion for the stress is
carried out at the center of the element. The main objective
was to conduct preliminary tests to investigate whether this
approach yields plausible and reliable results, considering simple
geometries. To this end, two numerical examples were presented:
Cook’s membrane and a square block subjected to a horizontal
uniform body force. The results showed a similar convergence
behavior for VEM-STc+ in comparison to Q1STc+. It is worth
mentioning that VEM-STc+ would yield the same results as
QISTc+ if the stabilization term is not based on the remainder
but rather replaced by solely the hourglass term in Q1STc+,
Shs, With this, the consistency term in VEM is comparable
to the constant term in the expansion in Q1STc+. In general,
additional studies are required to assess mesh flexibility, as only
convex rectangular elements were investigated in this work.
Furthermore, a more detailed investigation of the formulation in
terms of different, more complex numerical examples needs to
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(b) Study of convergence at point A for U,

FIGURE 4 | Square block subjected to horizontal uniform body force—Study of convergence for the horizontal and vertical displacement U, U,
at node (1,1), point (A) in Figure 3a. Here, a converged solution Ucoyy = (U, U,) = (1.121,-0.03488) (mm) with a mesh density of 16 900 elements is
obtained using the standard biquadratic finite element formulation, Q2, to compute the relative error ¢,,. The x-axis denotes the number of elements per
direction, defined by 2N with N = 3,4, 5, 6. Results are presented for the standard low-order finite element formulation, Q1, the low-order finite element

formulation based on reduced integration and hourglass stabilization, Q1STc+, and the proposed stabilization technique for the virtual element method,

VEM-STc+.
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FIGURE 5 | Square block subjected to horizontal uniform body force—Countour plot of the displacement fields U, and U, for VEM-Stc+, see

Figure 3a.

be conducted. Moreover, further analysis involving more complex
numerical examples is essential to evaluate the robustness and
applicability of the proposed formulation fully. Overall, the initial
findings are encouraging and lay the groundwork for future
research.
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