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Abstract
Cross-talk between qubits is one of the main challenges for scaling superconducting quantum pro-
cessors. Here, we use the density-matrix renormalization group to numerically analyze lattices of
superconducting qubits from a perspective of many-body localization. Specifically, we compare
different architectures that include tunable couplers designed to decouple qubits in the idle state,
and calculate the residual ZZ interactions as well as the inverse participation ratio in the com-
putational basis states. For transmon qubits outside of the straddling regime, the results confirm
that tunable C-shunt flux couplers are significantly more efficient in mitigating the ZZ interac-
tions than tunable transmons. A recently proposed fluxonium architecture with tunable transmon
couplers is demonstrated to also maintain its strong suppression of the ZZ interactions in larger
systems, while having a higher inverse participation ratio in the computational basis states than lat-
tices of transmon qubits. Our results thus suggest that fluxonium architectures may feature lower
cross talk than transmon lattices when designed to achieve similar gate speeds and fidelities.

1. Introduction

Superconducting qubits, in particular transmons [1], are currently the key components of leading
quantum-computing architectures [2, 3]. A common problem in such devices is that the couplings
between qubits, which enable the application of entangling gates, also lead to unwanted static ZZ inter-
actions that cause dephasing of the qubits and are known to hinder the implementation of gates with
high fidelity [4, 5].

Typical superconducting qubit chips have a nearest-neighbor connectivity on a two-dimensional
grid [3, 6]. In the idle mode, such a system can be described approximately by a time-independent lat-
tice Hamiltonian with short-ranged couplings. Variations in the qubit properties, either engineered or
due to imprecisions in the fabrication, show up as disorder in the Hamiltonian. This is important, as
it causes the system to be in a many-body-localized phase with emergent local integrals of motion, so
called l-bits, that can be identified as dressed qubit degrees of freedom [7]. Important questions regard-
ing the operability of such a device are then (i) how strongly the effective qubits are localized and (ii)
how large the residual couplings between them are. The latter includes the static ZZ interaction but also
its generalization to terms involving three or more qubits, which can become dominant in certain para-
meter regions [8].

Previous studies of fixed-frequency transmons have shown that the device parameters need to be
chosen carefully to avoid approaching a quantum-chaotic regime as the number of qubits is increased,
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which would delocalize the qubits and lead to the emergence of problematic longer-ranged couplings [7].
Alternative architectures that employ tunable couplers as additional circuit elements are expected to be
more stable in this regard, since they can approximately decouple pairs of neighboring qubits in the
idle state. However, a residual ZZ interaction generally remains when flux-tunable transmons are used
as couplers outside of the straddling regime [9, 10]. More elaborate schemes may enable a full decoup-
ling at least for individual qubit pairs [11, 12]. One such proposal is to employ C-shunt flux couplers,
which differ from transmons by their positive anharmonicity [5, 12, 13].

In this work, we consider a 2-leg ladder of qubits and numerically study the localization properties
and the static interactions between qubits for both transmon and C-shunt flux couplers. We further do
simulations for fluxonium qubits [14], which are promising candidates for the next qubit generation
due to their large anharmonicity and the improvement in coherence times, focusing on a recently pro-
posed scheme with transmon couplers that was shown to exhibit a strong suppression of ZZ interactions
in two-qubit systems [14]. Our calculations are based on an extension of the density-matrix renormal-
ization group [15] (DMRG) to many-body-localized systems in one dimension [16]. By using matrix-
product-state (MPS) approximations for the computational basis states, it is possible to efficiently simu-
late systems of 8 qubits and 10 couplers, which provides access to static interactions beyond the nearest-
neighbor ZZ couplings and gives an indication of how well different architectures scale to a larger num-
ber of qubits.

The rest of the paper is organized as follows: section 2 introduces the model for the superconducting
qubit systems and the theoretical approach. In section 3, we analyze transmon systems coupled in three
different ways: directly via capacitive coupling, via an additional tunable transmon, and using a C-shunt
flux coupler, while section 4 deals with fluxonium systems coupled via transmon tunable couplers. We
end with a discussion of the results and a summary in sections 5 and 6, respectively.

2. Model andmethodology

2.1. SystemHamiltonian
We consider models of capacitively coupled superconducting qubits and tunable couplers that are
arranged as a two-leg ladder (see figure 1). Their Hamiltonians are of the form

Ĥ= Ĥloc+
∑
⟨q1q2c⟩

[
Tn̂q1 n̂q2 +Tc

(
n̂q1 n̂c+ s n̂q2 n̂c

)]
, (1)

where Ĥloc is the sum of the local terms, T and Tc are the coupling strengths between the qubits and
between the qubits and the coupler, respectively, n̂i is the Cooper-pair number operator for the qubit or
coupler with index i, and ⟨q1q2c⟩ denotes a pair of qubits and the corresponding coupler c. Equation (1)
should be regarded as an approximation of a circuit with coupling capacitances between the qubits
and couplers connected by lines in figure 1. A more accurate treatment would involve extracting the
couplings from the inverse of the capacitance matrix, including longer-ranged terms that we neglect
here, since they are typically at least an order of magnitude smaller than the couplings considered in
equation (1).

Depending on its architecture, the tunable coupler can couple to its neighboring qubits either with
the same sign (s= 1) or with opposite signs (s=−1). While floating architectures with s=−1 are pre-
ferred for C-shunt flux couplers (see [12]), we also analyze floating transmon coupler architectures that
couple to qubits with opposite signs. This allows for a more direct comparison between both archi-
tectures. For the fluxonium system, we adopt the architecture described in [14], where the transmon
couplers couple to fluxonium qubits with the same sign. The local terms Ĥloc depend on the type of
qubit or coupler and are discussed in the corresponding sections. They can also include disorder, which
leads to many-body localization (MBL) of the system [17].

2.2. MBL states in superconducting architectures
The Hamiltonian of a spin-1/2 system in a fully many-body localized phase can be written as [17–20]

ĤMBL =
∑

n∈{0,1}N

wn

N⊗
i=1

τ̂ nii , (2)

where N is the number of sites, wn are real coefficients and l-bits τ̂ i are operators related to the Pauli Z
operators by a quasi-local unitary transformation. Bitstrings n of length N are used to label the different
terms in the operator expansion, with ni = 1 indicating a τ̂ operator at site i. The definition of the l-bit
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Figure 1. Layout of the considered systems of superconducting qubits and couplers.

operators is not unique. One way to construct a set of l-bits is to diagonalize the Hamiltonian, define
an injective map from the product states |n⟩=⊗i |ni⟩ to the eigenstates |ñ⟩ that maximizes the sum of
the overlaps

∑
n∈{0,1}N |⟨n|ñ⟩|2 [21], and set τ̂ i =

∑
n(−1)ni |ñ⟩⟨ñ|. Alternatively, one may use a mapping

based on flow equations [22] or tracing the energy levels starting from a decoupled limit with maximum
localization [7].

Models of superconducting qubits like equation (1) also fit into the above framework, with |ñ⟩
becoming the computational basis states and τ̂ i the Z operators for the dressed qubits. A difference com-
pared with the spin-1/2 case is that the systems include higher-lying excited states for the qubits, and
tunable couplers as additional sites. The computational basis states are therefore only those eigenstates
that are matched with the product states in which the qubits are in one of the two lowest energy levels
and the couplers are in their ground states (ignoring coupling terms between qubits or couplers). After
projecting onto the 2N-dimensional computational subspace, the Hamiltonian again has the form (2),
which defines the longitudinal interactions between idling qubits. The coefficients wn describe how the
frequency of a qubit shifts depending on the state of the other qubits and could thus be measured in
experiments.

In addition to these interactions, we want to investigate how well the computational basis is local-
ized, i.e. how much the dressed basis states |ñ⟩ differ from the corresponding product states |n⟩. A pos-
sible measure for this is the inverse participation ratio (IPR). For a state |ψ⟩, it is defined as

IPR=
∑
n

|⟨ψ |n⟩|4 , (3)

where the sum is over all states in the undressed basis. As the interaction coefficients, the IPR can be
probed in experiments as well. By applying a Rabi pulse to one qubit and testing whether a neighboring
qubit has also been flipped, one could measure how well the qubit states are localized.

To determine the coupling coefficients wn and the IPR numerically, we make use of the fact that
MBL states in one dimension admit an efficient approximation as MPS [23] and employ the DMRG-X
method [16]. The difference compared to the regular DMRG method is that it targets eigenstates based
on their overlap with a reference state, in this case the relevant product states |n⟩. Unless noted other-
wise, the mapping between product states and eigenstates simplifies to picking the eigenstate with the
largest overlap, and one DMRG-X calculation for each n is sufficient. If two product states map to the
same eigenstate, we do additional DMRG-X simulations with an orthogonalization against the previously
calculated states, and switch to the more general mapping mentioned above that maximizes the sum of
overlaps [21].

The interaction coefficients are obtained from the energies En by a Walsh–Hadamard transforma-
tion [7]

wn =
1

2N

∑
n ′∈{0,1}N

(−1)
∑

i ni n
′
i En ′ . (4)

Calculating the IPR from an MPS representation is also straightforward, though the computational cost
scales as χ5 in the bond dimension χ when using a direct evaluation. For large bond dimensions, it is
therefore more efficient to employ a stochastic method scaling like χ3, where one samples from the MPS
in the undressed basis.
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Because of the larger local Hilbert spaces, we used a single-site variant of the DMRG-X algorithm.
As long as the bond dimension χ is small, the local eigenproblems in the DMRG-X can be efficiently
solved by applying a standard solver to the dense-matrix representation of the projected Hamiltonians.
For larger χ, we switched to a matrix-free Krylov method and look for the eigenvector to the smal-
lest eigenvalue of the (Ĥ−λ)2, where λ is the approximate energy from a calculation with small χ. We
checked the convergence for each state by monitoring the variance ⟨ñ|Ĥ2|ñ⟩− ⟨ñ|Ĥ|ñ⟩2. In cases where
the calculations did not converge to the targeted eigenstate with sufficient accuracy straightaway, usually
because the DMRG simulations got stuck in a superposition of two eigenstates close in energy, we found
it helpful to apply an iteration of the shift-invert DMRG method [24], implemented with the library
Krylov.jl [25]. To expand the MPS bonds, we used the method described in [26].

We note that a DMRG-X approach was used recently to study lattices of superconducting qubits. In
that work, a multi-target version of the algorithm was proposed to improve convergence for strongly
hybridized states [27].

3. Transmon qubits

The Hamiltonian of a single transmon with charging energy EC and Josephson energy EJ is [28]

ĤT = 4ECn̂
2− EJ cos

(
ϕ̂
)
, (5)

where ϕ̂ is the superconducting phase that obeys the commutation relation [ϕ̂, n̂] = i with the Cooper-
pair number operator n̂. It is convenient to also introduce the ladder operators for the quadratic part of
ĤT via

ϕ̂=

(
2EC
EJ

) 1
4 (

b̂+ b̂†
)
, (6)

n̂= i

(
EJ
32EC

) 1
4 (

b̂− b̂†
)
. (7)

Considering the transmon regime, where EJ ≫ EC, the cosine term can be expanded in powers of ϕ,
which leads to the widely accepted modeling of transmons as Duffing oscillators:

ĤT ≈ ν b̂†b̂+
α

2
b̂†b̂†b̂b̂ , (8)

with ν =
√
8ECEJ− EC and α=−EC. In the following we truncate the Hilbert space to the lowest 6

eigenstates and study lattices of superconducting qubits described by the Hamiltonian (1) with local
terms as in equation (8). The charging energy is assumed to be EC = 0.2GHz for all qubits, while the
Josephson energy EJ is site-dependent, introducing disorder in the qubit frequencies ν. Throughout this
work, we set h= 1.

Clearly, the choice of disorder will strongly affect the localization of the qubits and their residual
interactions. A common scheme is to have different mean frequencies between sublattices to reduce the
hybridization between neighboring qubits. In addition, quasi-periodic distributions have recently been
proposed to prevent resonances also between qubits that are further apart [29]. We follow [29] and use a
quasi-periodic Aubry–André model for the qubit frequencies [30]:

νi = ν̄+∆
√
2sin

[
π xi

(
yi +

√
y2i + 4

)]
. (9)

In an infinite ladder, ν̄ and ∆ become the average frequency and the standard deviation, respectively.
We choose ν̄ = 5.8GHz, ∆= 0.33GHz, and an 8-qubit lattice with xi ∈ {1,2,3,4} and yi ∈ {1,2} (see
table 1). For the couplings between transmon qubits, we consider three different cases: the ladder (i)
with only static capacitive coupling, (ii) with tunable transmons and (iii) with tunable C-shunt flux
couplers.

3.1. Static capacitive coupling
Figure 2(a) displays the interaction coefficients wn as a function of the capacitive coupling strength T
for a system without tunable couplers (Tc = 0). Naturally, the dominant ZZ couplings are those between
nearest neighbors, which reach values on the order of 10kHz already around T≈ 2MHz. Longer-ranged
terms are orders of magnitude smaller at weak capacitive coupling, but become comparable in strength

4
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Table 1. Parameters of the transmon system with the layout shown in figure 1. All values are in GHz.

Qubit EC EJ ν

1 0.2 24.33 6.040
2 0.2 19.52 5.389
3 0.2 26.13 6.266
4 0.2 19.68 5.411
5 0.2 20.20 5.485
6 0.2 26.12 6.265
7 0.2 19.81 5.430
8 0.2 23.11 5.881

Figure 2. (a) Interaction coefficients wn for transmons without couplers on a ladder. The graphical labels indicate the positions
of the involved Z operators (up to rotations and translations), e.g. the red curves show horizontal and vertical nearest-neighbor
couplings, and the green ones the next-nearest-neighbor couplings along the diagonals. Also included are the specific longer-
ranged couplings discussed in the main text (purple and orange curves). In the shaded region, the state assignment is ambiguous.
The dips in some curves signal sign changes of the corresponding interaction terms. (b) Average IPR for all computational basis
states and separated based on the states of the qubits 3 and 6.

as T increases, indicating that the delocalized regime is approached. In addition to stronger interactions,
increasing T leads to a delocalization of the dressed qubits. This is captured by the average IPR of the
computational basis states, which remains close to 1 up to around T= 5MHz before it drops off and
reaches values of approximately 0.6 for T= 20MHz (figure 2(b)). Overall, our results confirm previous
exact-diagonalization studies of MBL in transmon arrays [7, 29, 31].

It is expected that resonant clusters of sites form as an MBL system gets closer to the delocalization
transition [32]. Here, the first sign of this appears in interaction coefficient for the next-nearest neigh-
bor qubits 3 and 6, whose frequencies ν i are almost degenerate. An indication of the strong hybridiz-
ation is that the IPR is much lower for states with a single excitation between the two qubits. We also
observe substantial long-ranged couplings wn involving qubits 3 and 6 that correspond to the bitstrings
n ∈ {00101000,00010100,00111000,00011100} in figure 2(a). For T> 15MHz, the definition of the
computational basis states becomes ambiguous, as picking the eigenstate with the largest overlap is no
longer an injective map. The results shown are based on the state assignment described in section 2.
There is still an overall increase of the interaction strengths |wn| with T, but with jumps for some coeffi-
cients due to changes in the state mapping. One could also assign the computational basis states by tra-
cing the spectrum as a function of T and identifying the anticrossings where the state labels switch [7].

5
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Figure 3. Strengths of the residual interactions in a system with transmon qubits and tunable transmon couplers. The notation is
the same as in figure 2(a).

Since that method is based on the energy, it might lead to a less erratic T-dependence of the interaction
coefficients for large capacitive couplings. It is clear, however, that the system in this regime would not
be suitable as a quantum-computing device and that any method of state assignment breaks down for
sufficiently large T when the system becomes delocalized.

3.2. Tunable transmon couplers
Let us now add flux-tunable transmons between each pair of directly coupled qubits. These couplers
can be approximately described by the same Hamiltonian (8) as the fixed-frequency transmons.
An important consideration is the choice of the coupler parameters, which ideally should enable
fast gate operations with high fidelity, while decoupling the qubits as much as possible in the idle
regime. The key idea is that a tunable coupler introduces a second coupling channel that can inter-
fere destructively with the direct capacitive coupling. However, full cancellation of interactions
between qubits is only achievable within the straddling regime for transmon tunable couplers,
where the detuning between a pair of coupled qubits is smaller than the absolute value of the
anharmonicity α [10]. Outside this regime, residual ZZ-type interactions remain present, limit-
ing the system’s performance. On the other hand, constraining the system to this parameter regime
enhances problems such as frequency crowding, making a larger detuning between qubits more
desirable.

The model we consider is outside the straddling regime, where a residual ZZ coupling remains, but
a strong reduction compared to an architecture without couplers is possible. To find an appropriate idle
point for the DMRG analysis of the system, we set EC = 0.15GHz for each coupler and determine the
Josephson energy EJ that minimizes the ZZ interaction of the corresponding isolated qubit pair. For sim-
plicity, we also fix T2c/T= 1.2GHz, so that the idle points of the couplers do not change notably as T is
varied.

As shown in figure 3, the strength of the nearest-neighbor terms is reduced by about an order of
magnitude compared to the system without tunable couplers, and there is a clearer separation in energy
scales to longer-ranged interactions. Specific long-ranged terms related to the qubits 3 and 6 still become
significant for large enough T, however, indicating that these tunable couplers are not able to fully
remove the harmful effect of nearly resonant qubits. At very strong couplings T= 20MHz, there are
jumps in some of the interaction coefficients wn, likely caused by the switching of state labels at avoided
level crossings [7]. Such difficulties in assigning the computational basis states are pushed to larger T
compared to the system without tunable couplers.

The IPR is significantly lower compared to the system with static capacitive coupling (see figure 4),
especially for small coupling constants T. This can be attributed to the fact that, although the qubits
appear decoupled in a Schrieffer–Wolff picture [33], their states experience significant dressing due to
strong couplings with neighboring couplers. To distinguish this hybridization from problematic longer-
ranged delocalization, we examine the quantum mutual information between the qubit and the rest of
the system, excluding the directly coupled tunable couplers (figure 4(b)). Labeling the subsystems A and

6
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Figure 4. (a) IPR averaged over all states of the computational basis for a ladder with either tunable transmons or C-shunt
flux qubits as couplers. The inset shows the average hopping amplitudes between qubits and couplers, taking the factors in
equations (7) and (19) into account. (b) average mutual information between a qubit and the remaining system excluding the
connected couplers.

B, respectively, the mutual information for a state |ψ⟩ is

I (A,B) = S(ρA)+ S(ρB)− S(ρA∪B) , (10)

with S(ρ) =−Tr(ρ lnρ) the von Neumann entanglement entropy and ρX = TrX̄(|ψ ⟩⟨ψ |) the reduced
density matrix of subsystem X (with complement X̄). This quantity, averaged over all computational
basis states and qubits, does not increase much until around T= 10MHz, whereas the corresponding
quantity in the model without couplers already starts to rise around T= 5MHz. Tunable couplers thus
appear to be effective in keeping the qubits localized in the sense that they reduce the spread of the
actual (slightly hybridized) computational basis to other qubit sites.

3.3. C-shunt flux couplers
A promising approach to further suppress qubit crosstalk is the use of a hybrid architecture that com-
bines two qubit types with opposite-sign anharmonicities. While [5] proposes reducing crosstalk by
coupling transmons with negative anharmonicities to flux qubits with a positive anharmonicity via a
tunable bus, [12] suggests that the positive anharmonicity of C-shunt flux qubits can also be leveraged
in a coupling device. This allows to couple well-established transmon architectures in a scalable manner
without requiring integration of multiple qubit types on a single chip. A single C-shunt flux coupler is
described by the Hamiltonian

ĤCSF = 4ECn̂
2− 2EJ cos

(
ϕ̂√
2

)
− γEJ cos

(√
2ϕ̂ +

ϕ ext
2π

)
(11)

where γ ∈ R+ and ϕext = 2πΦext/Φ0 is the reduced flux threading the loop of three Josephson junctions.
The parameters EJ, γ and ϕext should be fixed appropriately to decouple the qubits as much as possible
in the idle state. One may also use ϕext as a control parameter to implement two-qubit gates.

An approximate model similar to equation (8) for transmons is obtained by calculating the min-
imum ϕmin of the potential for the phase variable, which satisfies sin(ϕmin/

√
2)+ γ sin(

√
2ϕmin+ϕext) =

0, and then expanding around it. Expressing the Cooper pair number n̂ and flux Ψ̂ in terms of bosonic

7
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creation and annihilation operators b̂ and b̂†, one obtains:

ĤCSF ≈ ν b̂†b̂+
α

2
b̂†b̂†b̂b̂+ 3K3

(
EC
K2

) 3
2 (

b̂
†
+ b̂+ b̂

†
b̂
†
b̂+ b̂

†
b̂b̂
)
, (12)

with

K2 =
EJ
2

[
cos

(
ϕmin√
2

)
+ 2γ cos

(√
2ϕmin+ϕ ext

)]
, (13)

K3 =−EJ
6

[
1√
2
sin

(
ϕmin√
2

)
+ 2

√
2γ sin

(√
2ϕmin+ϕext

)]
, (14)

K4 =− EJ
24

[
1

2
cos

(
ϕmin√
2

)
+ 4γ cos

(√
2ϕmin+ϕext

)]
. (15)

The qubit frequency and anharmonicity are

ν = 4
√
ECK2+α, (16)

α= 12
ECK4
K2

, (17)

and the boson operators are defined by

ϕ̂=

(
EC
K2

) 1
4 (

b̂+ b̂†
)
, (18)

n̂= i

(
K2
16EC

) 1
4 (

b̂− b̂†
)
. (19)

We have truncated the Hilbert space to a maximum of 5 bosons in our simulations.
Previous work has demonstrated that the nearest-neighbor ZZ coupling can be fully removed even

when spectator qubits are included, although the ideal parameter points may change noticeably com-
pared with isolated qubit pairs [12]. In order to have a fair comparison with transmon couplers, we
first pick the parameters based on isolated qubit dimers as before. We again set EC = 0.15GHz for the
couplers and keep the flux parameter fixed at ϕext = 0.51, which is slightly detuned from the point of
maximum anharmonicity α and minimum frequency ν to allow for a fine tuning of ν in both directions
at a later stage. The condition of vanishing ZZ coupling defines a curve in the γ–EJ plane. We minimize
the parameter

ϵ=max
(
|⟨1̃00|001⟩|2, |⟨0̃01|100⟩|2

)
(20)

along this curve to additionally keep the dressed qubit states as localized as possible. Here, |q̃1cq2⟩ and
|q1cq2⟩ label, respectively, the dressed and undressed states of the qubits q1,2 and coupler c.

Figure 5 shows the interaction coefficients wn for the qubit ladder with model parameters determ-
ined in this manner. As expected, the overall reduction of ZZ interactions is significantly stronger
than for tunable transmon couplers, with the nearest-neighbor terms remaining below 20kHz for
T⩽ 20MHz. This corresponds to a reduction of at least one order of magnitude compared to conven-
tional tunable couplers. The specific long-ranged terms discussed for the models with static coupling and
tunable transmon couplers are also strongly suppressed, which is perhaps related to an enhanced localiz-
ation of the dressed qubits due to the minimization of the delocalization parameter ϵ in equation (20).
However, the IPR does not differ much compared to the model with transmon couplers (figure 4), likely
because our parameter choice results in very similar hopping amplitudes for the bosons in both models,
and is in fact slightly lower for T≲ 12MHz. The mutual information, on the other hand, is noticeably
smaller, especially at larger T. Together with the results for the interaction coefficients wn, this suggests
that the C-shunt flux couplers are significantly more effective in reducing the buildup of longer-ranged
correlations with T than transmon couplers (whose parameters are optimized to minimize the ZZ inter-
action). To fully confirm that this is a general difference between the two coupling schemes, one would
have to check additional frequency patterns, however.

Since there is still a systematic increase of the residual ZZ couplings with T, an obvious question is
whether a further reduction is possible by adjusting the coupler parameters using the information of the
full system. Following [12], where such a fine-tuning was demonstrated for a short chain of 4 qubits,
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Figure 5. Same as figure 3 but for tunable C-shunt flux couplers.

Figure 6. (a) Approximate ZZ coupling ζ defined in equation (21) between qubits 3 and 4 as a function of external flux and capa-
citive coupling strength. (b) ZZ coupling for the isolated qubit pair. The avoided level crossing responsible for the jump in ζ is
shown in panel (c).

we take the fluxes ϕext as controllable parameters. To keep the numerical optimization for the full sys-
tem manageable, we do not calculate the entire computational basis and instead define a cost for each
coupler as

ζ =
1

4

∣∣E ′
11− E ′

10− E ′
01+ E ′

00

∣∣ , (21)

where E ′
n1n2 is the energy of the state, in which the qubits connected to the coupler are in the states n1

and n2, and all other qubits are in the 0 state. This becomes equal to the absolute values of nearest-
neighbor couplings in equation (2) when higher-order terms involving 3 or more qubits vanish. As an
example, figure 6(a) displays ζ as a function of ϕext and T for the qubit pair 2 and 3. For small T, the
difference compared to the isolated qubit dimer (figure 6(b)) is mostly a change of the optimal value
for ϕext. Around T≈ 10MHz, however, there is a sudden increase of ζ caused by an avoided crossing
between the eigenstates for n= 01100000 and n= 00110000 (figure 6(c)), showing that the effect of
spectator qubits cannot always be accounted for by a simple shift of ϕext. It should also be noted that
the optimization only addresses the nearest-neighbor ZZ interactions, so we can not reasonably expect it
to remove all stray couplings for larger T, where longer-ranged and multi-qubit terms become import-
ant. Nevertheless, the DMRG simulations confirmed that minimizing ζ independently for each coupler
while keeping the remaining model parameters fixed is sufficient to bring all interaction strengths |wn|
below 50Hz for weak capacitive coupling T⩽ 8MHz.
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4. Fluxoniumwith transmon couplers

Fluxonium is a different type of superconducting qubit, in which a Josephson junction with energy EJ
is shunted with an array of larger junctions that act as an inductance EL [34]. A single fluxonium is
described by the Hamiltonian

ĤF = 4ECn̂
2− EJ cos

(
ϕ̂+ 2πΦext/Φ0

)
+
1

2
ELϕ̂

2 , (22)

where Φext is the external flux threading the qubit loop. We assume Φext =Φ0/2, so that the cosine
term becomes a double-well potential for the flux variable. In numerical simulations, we apply a trun-
cation for each fluxonium in the eigenbasis of its single-qubit Hamiltonian (22), keeping the 8 lowest
eigenstates.

Potential advantages fluxonium qubits offer over transmons are long coherence times [35], and a
higher nonlinearity on the order of a few GHz, which helps preventing leakage into higher energy levels
outside the computational subspace. While larger fluxonium devices have yet to be realized, several dif-
ferent schemes have been proposed to implement two-qubit gates and were demonstrated for systems of
two qubits [14, 36–38]. Recently, it was shown that high-fidelity controlled-Z (CZ) gates can be imple-
mented in an architecture with flux-tunable transmons as couplers [14]. An attractive feature of this
architecture is the suppression of the static ZZ interaction, which is otherwise strong for capacitively
coupled fluxonium qubits because of the large matrix elements of the charge operator n̂ between com-
putational and non-computational states [37]. To investigate how robust the reduction of the ZZ coup-
ling is when going to larger systems, we simulate a device of this type with the same ladder geometry
as in the previous section (see figure 1). Its Hamiltonian has the form (1), with the local terms given by
equations (22) and (8) for the fluxonium qubits and transmon couplers, respectively.

When balancing the parameters of fluxonium qubits, several aspects must be considered. A suffi-
ciently small EC allows for larger coupling capacitances, while EL should not be chosen too large in order
to avoid smaller coherence times. In this specific example, we employ a quasi-periodic arrangement of
qubit frequencies to mitigate the risk of frequency crowding. We emphasize, however, that there exists
a broad parameter regime, and the precise choice may ultimately depend on the requirements of a spe-
cific gate scheme. Based on these considerations we propose the set of parameters listed in table 2. The
strengths of the capacitive couplings are again uniform. For each T, we first determine the value of Tc
that minimizes the average ZZ coupling between nearest-neighbor qubits when treating the qubit dimers
as isolated (see figure 7). We then use the parameters in table 2 along with the optimized coupling Tc
for the MPS simulation of the full system.

Figure 8 shows the obtained nearest-neighbor ZZ couplings and the average IPR. The ZZ couplings
are on the order of a few kHz and deviate only slightly from the results for the isolated qubit dimers.
Moreover, the additional longer-ranged interactions and those involving three or more qubits have coef-
ficients wn with magnitude below 10 Hz, and are thus negligible. The IPR remains at a large value >0.9
for all considered parameters, indicating that the computational basis states remain strongly localized.
This can likely be attributed to the fact that the capacitive coupling only weakly mixes the |0⟩ and |1⟩
states of the fluxonium, and that the additional transmons have a much larger transition frequency, so
that the hybridization with the couplers is also suppressed.

While the results are promising regarding the scalability of a fluxonium-based system, a direct com-
parison with the transmon systems studied in section 3 is difficult because of the specific parameter
choices involved in our simulations. Furthermore, the early stage of fluxonium research leaves several
crucial questions unanswered, and unlike for transmon systems, a large-scale fluxonium chip has not yet
been demonstrated. Key challenges include tackling the increased risk of frequency crowding and find-
ing the best approach for realizing two-qubit gates. [14] proposes a CZ gate implementation, in which
the |11⟩ state of a fluxonium pair is selectively driven to a state outside the computational subspace
and back. This approach leverages the fact that couplings to the second-excited subspace are signific-
antly stronger in fluxonium systems compared to the bosonic type interactions in transmon systems.
However, this method introduces two scaling challenges: ensuring that these higher-energy states remain
addressable in a larger-scale chip and resolving the capacitance budgeting issue commonly associated
with fluxonium architectures. Although these questions fall outside the scope of this work, we emphas-
ize that states in the two-excitation subspace tend to be in a more delocalized regime, which may have
important implications for scalability.

Taking the corresponding eigenstates of the full system into account one can define an effective
Hamiltonian similar to (2) by including terms with operators P̂i =

∑
n∈{0,1,2}N δni2|ñ⟩⟨ñ|. As an example,

figure 8(c) shows the coefficients for interactions of the form ∝Ẑi P̂j, which would be relevant when
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Table 2. Parameters used for the system with fluxonium qubits qi and transmon couplers cij (in GHz). How the qubit labels map to the
ladder is shown in figure 1.

Qubit EC EJ EL ν α

q1 1.05 5.54 0.93 0.254 4.270
q2 1.18 5.36 1.35 0.635 3.649
q3 0.92 4.57 0.98 0.352 3.272
q4 0.97 4.97 1.31 0.512 3.231
q5 1.05 5.02 1.21 0.505 3.449
q6 0.86 4.48 0.94 0.302 3.207
q7 1.14 5.29 1.29 0.573 3.638
q8 0.82 4.11 0.79 0.261 3.059
c12 0.33 17.8 — 6.525 −0.33
c15 0.28 17.7 — 6.017 −0.28
c26 0.32 18.8 — 6.617 −0.32
c56 0.29 17.6 — 6.100 −0.29
c23 0.27 19.2 — 6.170 −0.27
c37 0.28 19.7 — 6.363 −0.28
c67 0.31 15.1 — 5.809 −0.31
c34 0.29 20.3 — 6.573 −0.29
c48 0.31 15.5 — 5.890 −0.31
c78 0.29 17.3 — 6.045 −0.29

Figure 7. ZZ coupling averaged over decoupled subsystems of nearest-neighbor fluxonium qubits and the connecting transmons
as a function of the coupling strengths T and Tc. The line shows the T–Tc curve used for the MPS simulations of the full system.

implementing the CZ gate mentioned above. The calculation only requires eigenstates with at most one
qubit in the |2⟩ state, significantly reducing the number of DMRG simulations. For our model, we find
that the nearest-neighbor couplings are on the order of 1 MHz, while the next-nearest neighbor ones
reach values around a few tens of kHz. These stronger interactions are expected because of the reduced
localization of the states and the fact that the parameters were chosen to minimize the ZZ coupling
specifically.

5. Discussion

Building a superconducting quantum computer requires achieving fast gate operations while minimizing
unwanted crosstalk across the qubit chip. Although increasing coupling strengths enables faster gates, it
also amplifies crosstalk and may even induce chaotic instabilities in larger systems, making it challenging
to strike an optimal balance. For fluxonium qubits, we showed that a transmon-based tunable coupler
can suppress ZZ crosstalk to the level of ∼1 kHz. However, to contextualize this result, particularly in
comparison to transmon architectures, we must assess the coupling strengths required for implement-
ing gates with similar speeds. In [14], a coupling strength of T≈ 120MHz was used to implement a
60 ns CZ gate for two fluxoniums. In contrast, a similar CZ gate in a transmon system with transmon
tunable couplers, as demonstrated in [9], was achieved in a 38 ns gate time with T≈ 20MHz. Notice
that both gates were studied in isolated two-qubit systems. Our simulations suggest that in a scaled-up
qubit layout, residual crosstalk in a fluxonium system would be an order of magnitude lower, indicating
that static ZZ-crosstalk might not be the primary bottleneck for scaling fluxonium-based architectures.
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Figure 8. Average strength of the ZZ interactions between nearest-neighbor fluxonium qubits in the ladder system compared with
the corresponding interactions for isolated qubit pairs (a), and average IPR of the computational basis states for the same system
(b). Panel (c) shows couplings involving higher states as described in the main text.

For a more comprehensive study of the scalability perspectives of fluxonium architectures, it is of course
important to also investigate other sources of cross-talk, e.g. between the dc flux lines for controlling the
qubits and couplers. It should also be noted that by treating the nearest-neighbor coupling as an inde-
pendent parameter, we did not account for capacitive loading [39], which can become a problem when
scaling up the number of qubits as it limits the attainable coupling strengths for fluxoniums with higher
connectivity.

In our simulations, we neglected the longer-ranged terms in the Hamiltonian that should become
more relevant in both transmon and fluxonium systems as the coupling capacitances increase. As an
example, consider the transmon architecture with tunable couplers at capacitive coupling strength
T= 10MHz. Inverting the capacitance matrix that (approximately) corresponds to this model yields
next-nearest-neighbor transverse couplings below 100kHz. In perturbation theory, this causes corrections
to the next-nearest-neighbor ZZ interactions wn in the range 10–100Hz, which is on the order of those
coefficients wn in the model with only nearest-neighbor couplings, but well below the nearest-neighbor
ZZ interactions. The longer-ranged couplings therefore do not appear to significantly affect our results.
However, because of frequency collisions, perturbation theory might underestimate the corrections for
some qubit pairs. Here, further numerical analysis would yield more accurate quantitative predictions for
these corrections.

Lastly, let us comment on the geometry of the system. Although the 2× 4-ladder considered in
this work is small compared to an actual large-scale device, it already has an important feature of two-
dimensional systems in that it includes loops with multiple coupling paths between qubits. In the regime
we are interested in, where the qubits are localized but first signs of delocalization appear, we therefore
expect the ladder model to give meaningful results for the ZZ crosstalk in qubit lattices. The larger con-
nectivity in a two-dimensional system may affect localization measures like the IPR, but since we always
used the same geometry, the comparisons between architectures should still be valid.
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6. Summary

We used density-matrix renormalization-group simulations to investigate how well different schemes for
superconducting qubit devices are able to suppress the static ZZ interaction when the system is scaled
up. In agreement with previous works, we found that lattices of fixed-frequency transmons are limited
to small capacitive couplings on the order of a few MHz, before the nearest-neighbor ZZ interaction
becomes prohibitively large. Although the addition of tunable couplers can reduce the effective inter-
actions between qubits significantly, the qubits will still delocalize at sufficiently large capacitive coup-
lings, and we indeed observe emerging long-range interactions due to near-resonant next-nearest neigh-
bor qubits. Avoiding such frequency collisions should therefore also be beneficial for architectures with
tunable couplers.

We considered parameters outside the straddling regime with relatively large detuning between
nearest-neighbor qubits. Choosing the qubit frequencies in this manner helps keeping the computational
basis states localized but also prevents the tunable transmon couplers from completely suppressing the
static interactions already for a single qubit pair. Using C-shunt flux qubits as tunable couplers leads to
much smaller residual couplings, while requiring more complex circuits.

For the architecture with fluxonium qubits and tunable transmon couplers, the results are promising,
showing an efficient suppression of the ZZ interaction and a large IPR over a wide range of capacitive
coupling strengths.

As direction for future study, it would be interesting to investigate how longer-ranged couplings
influence the delocation as coupling strengths are increased. In principle, such terms could be easily
included in the DMRG simulations. It would also be possible to extend the MPS approach used here
to time-dependent simulations [40], e.g. to investigate the effect of stray couplings during gate opera-
tions [41].
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