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ABSTRACT

Fast and efficient simulation strategies are a basic requirement of technologies such as digital twins. Particularly
for roadway infrastructure, recent developments have demonstrated that the arbitrary Lagrangian Eulerian (ALE)
formulation can be utilized to improve computational efficiency, when simulating the response of such pavement
structures subjected to moving loads. It is also well-established in literature, that model order reduction (MOR) tech-
niques significantly enhance calculation speed. This contribution details the combination of both these tools into a
novel model order reduced arbitrary Lagrangian Eulerian (MORALE) formulation. Both hyperelastic and viscoelastic
material models are considered in this work. Transient simulations of pavement structures subjected to moving loads
are then carried out with the developed framework, and these show a significant enhancement in computational
speed and efficiency over conventional simulation techniques. Also in this work, a comprehensive breakdown of the
computational costs involved in using the MORALE formulation is provided and analysed. Such an efficient and fast
simulation framework is of vital importance in technologies such as digital twins of roadway infrastructure (like pave-
ments), as it enables engineers to quickly run what-if analyses and make informed decisions about the management
of the structure under consideration.

1 | Introduction

The contribution highlighted in this manuscript is part of ongoing research in the collaborative research centre SFB/TRR
339. The aim of this project is to establish a digital twin of the road [1, 2]. Such a digital twin of the road necessitates
the employment of fast and efficient simulation strategies. One approach enabling fast simulations that can predict the
response of pavement structures is the arbitrary Lagrangian Eulerian (ALE) formulation.

ALE approaches are most commonly used in the field of computational fluid dynamics [3-6]. They are also applied as
mesh refinement techniques to counter issues that arise due to extreme mesh distortions [7-12]. ALE approaches also find
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application in moving mesh techniques to describe crack propagation in the field of fracture mechanics [13-16]. In recent
years, the ALE approach has been used to model the steady state rotation of tires using a fixed finite element mesh [17, 18].
Subsequent developments have enabled the simulation of the response of pavement structures to steady rolling (constant
velocity) wheel loads [19, 20]. Further research in this direction has allowed the simulation of the transient response of
pavements subjected to dynamic wheel loads [21, 22], along with the consideration of inelastic material behavior [23].

Moreover, another technique to lower the computation time of the simulations is model order reduction (MOR). For finite
element simulations, projection-based MOR has been widely used [24, 25]. The main idea of projection-based MOR is to
reduce the size of the system of equations by projecting the high-dimensional system onto a low-dimensional subspace.
This is achieved by using a set of basis functions that span the low-dimensional subspace. The reduced system of equations
can then be solved more efficiently than the original system. The reduced order model (ROM) can be constructed using
various techniques, such as proper orthogonal decomposition (POD) [25], balanced truncation [26], and modal basis
method [27]. In this work, we focus on the POD method for constructing the ROM. It has been shown that the POD
delivers accurate approximations for nonlinear problems in solid mechanics [28] and has been extended for various appli-
cations such as component-based MOR [29], adaptively sub-structured elastoplastic simulations [30], and reduced-order
modelling of gradient-extended damage [31]. Furthermore, the POD serves as a basis for most hyper-reduction techniques
such as the DEIM [32-34] or energy-conserving sampling and weighting [35, 36]. The POD is a data-driven approach that
uses snapshots of the solution to construct a low-dimensional basis that captures the dominant features of the solution.

Recent developments showcase the coupling of ALE and MOR in the simulation of rolling tires in contact with the road
[37-39]. In these works, the behavior of the tire is the main focus, and the combination of ALE and MOR techniques
has been demonstrated to improve computational efficiency. However, in the present work, the combination of ALE and
MOR frameworks to simulate the transient response of longitudinally homogeneous pavement structures subjected to
moving loads, is detailed.

This manuscript is structured as follows. In Section 2, the reasoning behind the adoption of the ALE approach to simulate
the response of pavement structures is provided with a kinematics background. Then, the balance laws which are the
basis for an implementation into a finite element framework are provided in Section 3, specifically keeping the ALE
reference configuration in mind. Details on the advection of the solution field as well as material point quantities are
given in Section 4. Next, Section 5 describes the application of model order reduction techniques to the assembled system
of equations which includes contributions from the ALE implementation. Further, numerical studies are carried out and
the results are presented in Section 6, highlighting the benefits of the combined model order reduced arbitrary Lagrangian
Eulerian (MORALE) formulation. Finally, the conclusions drawn from the studies are summarized in Section 7.

2 | Kinematics in the ALE Formulation

Consider the deformation of a body from the initial configuration to the current configuration as shown in Figure 1.
Conventional methods commonly assume that the reference configuration is identical to the initial configuration and
both share the same stationary reference frame eiLagrange. However, for the ALE approach, a reference frame that moves
with time eiALE is introduced. For the particular case of structures subjected to moving loads, the ALE reference frame can
be moved with the same velocity as that of the moving load. This moving reference frame then offers a unique perspective,
where the load appears stationary but the material of the structure (pavements, gantry crane girders, etc.) appears to flow
beneath the load [19]. This comes with the advantage that only the relevant region (domain of interest) around the load
needs to be analysed. Hence, the computational costs associated with discretizing and simulating regions far away from
the load are avoided. When it comes to structures like pavements subjected to moving vehicle loads, this irrelevant domain
can be significantly large, as the entire length of the structure in the path of the moving load would need to be analysed.
It is also worth mentioning that the deformation from the ALE reference configuration can be further decomposed to
accommodate an inelastic intermediate configuration, thereby enabling the simulation of inelastic structures [23].
From Figure 1, the current position x of a material point can be written in terms of the position vectors (X, y, and ){‘(;“LE)
and displacements (u, Wiq, and 1) in various reference frames as

ALE

x=X+u=X+u,; +i=y"+y+u (1)

Tig

It is to be noted that for the pavement structures under consideration in this manuscript, the rigid body displacements
u,;, = 0, because there are no rigid translations or rotations. Therefore, at time = 0, the ALE reference frame and the
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FIGURE1 | ALE kinematics [23].

initial reference frame coincide. However, the ALE reference frame moves with time along with the moving load. Hence,
discretization is carried out with respect to positions y in the moving ALE reference frame, and a new portion of the
overall structure enters the mesh at each point in time. Further, the velocity with which the material of the structure
appears to flow through the mesh is termed “guiding velocity,” denoted w, and expressed as

x| _ IR Aue =) oy o
ot |x ot N a |,
3 | Dynamic ALE Formulation in A Finite Element Framework

The implementation of the ALE formulation into a finite element framework [40] is as per previous research [21, 23],
and is briefly summarized here. The basis for a finite element implementation of a mechanical problem is the balance of
linear momentum. For the transient case in the ALE reference configuration, the strong form of this balance law can be
expressed [17, 19] as

p¥v = DivP + /b, (3)

where p refers to material density, E denotes the first Piola-Kirchhoff stress, and b refers to the applied body forces per
unit mass. Throughout this manuscript, quantities with a hat 0 denote that they are in the ALE reference configuration.
Further, the weak form is obtained by multiplying a test function 7, and integrating Equation (3) over the volume of the
body in the ALE reference configuration with the help of partial integration and the Gauss’ theorem. The weak form is

/ ﬁv-ndf/\+/ E:Gradndl/}:/ ﬁb-ndI?+/ T - ndA. 4
x(B) x(B) x(B) dx(B)

Here, T refers to the externally applied surface traction, and the gradient operator Grado = Z_;D( is the gradient in the ALE
reference configuration. Additionally, y (B) refers to the domain of the body and o y (B) denotes its surface, both in the ALE
reference frame. For the dynamic ALE formulation, the first term (representing inertial contributions) in Equation (4) is
different when compared to conventional formulations. This is because in the ALE reference frame, the material appears
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to flow through the mesh, and the advection of velocity and acceleration terms (which are tied to the material points)
needs to be considered. These are written as

ox 0x
)= —| = = Gradx - w, 5
V(X, 1) o1 |y at){+ adx - w (5)
and v | ovx, 1)
v(x,t) = : = + Gradv(x, 1) - W, (6)
o |x a |,

for the velocity and acceleration, respectively [9, 17, 19, 21]. The position vector in the current configurationisx = y
@, and so, Equation (5) can be written in terms of ¢ as

ALE
o T

ALE

9Xo op
v(X, 1) = + —| +Grade -w, 7
1) ot ot |, ¢ @)
because Grad XOALE = 0. Further, substituting Equation (7) into Equation (6), it is possible to write
02 yALE P
v(X, 1) = + —I| 4+
x,1) o Y
X X
3}
2 - Grad %% -w+Gradgo~alV +
ot |, ot |,
Grad(Grade - w) - w. ()

Finally, the above expression for the acceleration is substituted into the inertia term of Equation (4), and the following
expression for the inertia term can be obtained [21]
2

~ aZ ALE . P
/ ﬁv-qdv=/ ) X‘; .ndv+/ =2
2(B) B 0| PO
~ 0
2-/ P Grad(—(p
x(B) ot
-ndl7+

/ p Grade - ow
2(B) ot X

/ p (Grad(Grade) - w) - w - nd V. 9)
x(B)

-ndﬁ+

>-w-ndl7+

Note that if the guiding velocity w varies in the mesh, additional terms would arise in the above Equation (9), and would
also need to be considered [17, 21]. The linearization and discretization of Equation (9) [21, 23] is summarized in Table 1.

In Table 1, the term H is an orderly arrangement of the shape functions, given by

Ni(&) 0 0 - NJ(& 0 0
HEO=| 0 N( 0 -~ 0 N(& 0 | (10)
0 0 Ni(&--- 0 0 N(&

TABLE1 | Summary of the linearized terms obtained from Equation (9).

No. Tangent Increment Internal force
T  ow %
1 0 — ~ [, HT - 2| ape
T 0 Po T 7ol A
2 /. pH" - HdV* AZe fo PHTH- SE| dV°
T . AdDe %o T A.%| gpe
3 2/, pH" - AdV A% 2/ pH-A- | dV
4 /. PH" - AldV* Ap [, PH" - A’ gdVe
5 J, PH" -A"dVe Ap [, PH A" - pdV*
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where N, (&) refers to the shape function associated with iso-parametric coordinates £ and node k of a given finite element.

The matrix H can be utilized for interpolation from nodal values of any quantity O to the value at integration points within
a finite element. Also, in Table 1, A denotes the matrix

Nyw; 0 0 - Nyw, 0 0
A=| 0 Nyw, 0 -~ 0 Ngw, 0 | 1y
0 0 Nyw --- 0 0  Npw;

where N, ;w; is summed over index i. N, is the gradient of the shape function associated with node k along i-direction,
and w, is the component of the guiding velocity along i-direction. The term A’ in Table 1 refers to the matrix

Ny, 0 0 - Ny, 0 0
A'=| 0 N 0 -+ 0 Ngw, 0 | (12)
0 0 Ny -+ 0 0 N

where ), is the component of ‘2—‘:’ along the i-direction. Since all nodes in the mesh have the same guiding velocity at
X

any given point of time, the matrix A’ can be calculated in a simple manner in structures like pavements. However, in
structures such as rolling wheels, there is typically a non-zero angular guiding velocity. Therefore, the calculation of A’
requires the time history data of the guiding velocity. Further, the term A” from Table 1 is a matrix given by

Nl’l-jiji 0 0 e Nk’ijiji 0 0
A" = 0 Ny jw;w; 0 . 0 Ny jw;w, 0 , (13)
0 0 Nl’ijij,- cee 0 0 Nk,ijij[

where N, is the second derivative of the shape function corresponding to node i in relation to global coordinates y.

For the numerical studies in this work, the stress response is obtained using the St. Venant Kirchhoff hyperelastic
model [21], as well as a nonlinear viscoelastic model based on the Neo-Hookean hyperelastic model [23]. The lin-
earization and discretization of these models is well established in literature [41-43]. The contributions from the iner-
tia term and stress response from the material models can be assembled into the global system of equations in the
ALE reference frame, which has to be solved in every iteration (j) of the global Newton-Raphson scheme and can
be written as
DAPP | 1)\ 9P IR ) U+ : £ _ 0
K; AW"‘Es AE"'(& +K;'+ K7 )A(p: ext _Zl,i ~ inr (14)
i=

In the above Equation (14), K, to K. are the assembled ALE tangent matrices and f; to f; are the assembled inter-
nal forces coming from the ALE formulation as described in Table 1. The matrix K . is the global tangential stiff-
ness matrix resulting from the material response, and f;,, is the corresponding global internal force vector. Addi-
tionally, f,, denotes the assembled vector of external forces. Using the Newmark-beta method, Equation (14) can be
reformulated as

K, A0 =G. (15)

The global dynamic tangential stiffness matrix is computed as

1 14
KT,dyn = KT + ﬂAIZKZ + ME3 + 54 +E5’ (16)

where f and y are time integration parameters and Az denotes the time increment. Further considerations for the dynamic
ALE formulation include the solution field (displacement, velocity, and acceleration) update, and history variable update
procedures. Theses aspects are also as per previous work [23, 44], and for the sake of completeness, are briefly detailed in
the next Section 4.
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4 | Update Procedures Required in the Dynamic ALE Formulation

In transient numerical simulations, time integration is necessary. This means that the solution field (displacement, veloc-
ity, and acceleration) of any time step depends on that at the previous time step (for the Newmark scheme used here).
Since the material of the structure appears to flow through the mesh in the ALE reference frame, an update of the solution
fields to values of the new material points is necessary. The algorithm used for this process is provided [23] in Table 2.

This algorithm can also be used for the update of internal variables « in case the structure under investigation includes
inelastic materials (as in the study reported in Section 6.2), if a sub-mesh is generated using the Gauss integration points
as nodes [23]. The Gauss points of the main mesh are then represented as the nodes of the sub-mesh. Typically, the
evolution of these internal variables is provided in terms of a rate equation involving the material time derivative, which

is of the form
Q= da| _ da + Grad(a) - w. a7)
ot X ot x N ———
N—— Eulerian phase

Lagrangian phase

Using an operator split technique, the material time derivative in Equation (17) can be structured into a Lagrangian
phase and an Eulerian phase [23]. Further, the direct Gauss point advection (DGPA) algorithm utilized in this work
for the history variable advection procedure [23] is also extended to be used with multilayered structures [44]. For the
non-uniform mesh simulated in Section 6.2, the original mesh and the Gauss point sub-mesh are visualized in Figure 2.

The most important aspect in simulating multilayered structures with different material models for the layers, is to isolate
the Gauss point sub-meshes, such that the history variables of one material are not interpolated into those of another
material. Figure 2c clearly shows this separation of the Gauss point sub-meshes by material. In this study, for the sake of
convenience, the same kind of finite elements as in the original mesh (linear bricks with eight nodes) are used in the Gauss
point sub-meshes. However, other kinds of finite elements may also be adopted. Additionally, the sub-mesh generation
needs to be performed only once during the simulation. The generated Gauss point sub-mesh consists of 37,440 nodes
connected by 27,846 finite elements. Thus, with this sub-mesh at hand, the history variables can be advected component
wise through the mesh using the algorithm in Table 2.

5 | Application of Model Order Reduction Techniques

One particularly interesting aspect of the assembled system of equations in Equation (14) is that it is relatively straightfor-
ward to apply projection-based model order reduction to reduce the complexity of solving the equation system, as shown
in [45]. To create the reduced order model (ROM), it is assumed that a projection matrix ® € R™" can be found such that

the displacements ¢ € R™! can be approximated as

Q= 9(pred9 (18)

TABLE 2 | Algorithm used to perform the solution field update between any two consecutive time steps [23].

Start t =t,; Solution fields are known
1. Determine coordinates of the new material points that would move into the mesh nodes at¢,, =1, + At, i.e,,
Xpi1 = Xp — WAL
2. For each mesh node, loop over all elements and identify the element containing the corresponding new
material point
3. Find the isoparametric coordinates (£¢) within the identified element corresponding to each new material
point
4, Ensure that these coordinates lie within the identified finite element abs[£]; < 1; i direction
5. Formulate shape functions N to project values from nodes of identified element to the new material point
6. Interpolate for the value of the solution field at each material point usingu|, =3, N, u, | . k-mesh nodes
7. Overwrite u|, with the interpolated values u|,
End Solution fields updated for start of next step r =7, + At
60f17 International Journal for Numerical Methods in Engineering, 2025
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X Gauss point sub-meshes for each layer (dark colors)
FIGURE 2 | (a) Perspective view of the original mesh, (b) perspective view of the Gauss point sub-meshes, and (c) side view with

the Gauss point sub-meshes (for each layer) overlaid onto the original mesh, corresponding to the study in Section 6.2. The colors
indicate different layers of the pavement structure.

where @,,; € R™! is the reduced displacement vector. Inserting this relation into Equation (15) and applying the Galerkin
projection leads to the reduced system of equations

QTKT dyn9A¢red = QTG (19)
The resulting number of equations has thereby been reduced from » to m. If m < n, the computation time of solving the
equation system is greatly reduced.

In this contribution, the proper orthogonal decomposition technique is used to compute the projection matrix ®. This is
done by collecting ¢ solution states ¢, using the full order model (FOM) in a so-called snapshot matrix D = [(p1 q)f] €
R™”. For example, the snapshots can be obtained from a single full order simulation, where the solution vector @, from
all n, discrete time steps is aggregated into the snapshot matrix. After the snapshot matrix has been constructed, singular
value decomposition is applied to the snapshot matrix

D=UsV', (20)

where U € R™" and V! € R“* are matrices containing the left and right singular vectors, respectively. Additionally,
X € R™ contains singular values in decreasing magnitude ¢, > 6, > 6, on its diagonal, where each singular value o,
indicates the importance of the corresponding singular vector U,, also called POD mode. Finally, the projection matrix
@ is obtained by taking the first m vectors of the matrix of left singular vectors U, such that it reads ® = [U1 Um] . The
number of POD modes m that should be included in the projection matrix can be determined by evaluating the singular
values and finding the number of modes m, such that an energy tolerance is met according to

" oo
== >0l 1)
i=19i
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Further, with the POD technique as a baseline, more advanced hyper-reduction techniques such as the discrete empirical
interpolation method (DEIM) [32] or the energy-conserving sampling and weighting method (ECSW) [36] are typically
used to further enhance computation speed. However, direct utilization of these techniques with the dynamic ALE for-
mulation used in this contribution is not possible. Hyper-reduction techniques like DEIM and ECSW further reduce
the problem by considering only the most significant finite elements of the structure and neglecting the rest. Doing so
would lead to jumps or discontinuities in the solution fields, and more importantly, the fields of internal (history) vari-
ables, because the material constitutive law is not evaluated in the neglected finite elements. Then, this discontinuous
representation of the field of internal (history) variables cannot be updated through the procedure outlined in Section 4.
Therefore, in this manuscript, only POD based model order reduction is employed in the simulations.

6 | Numerical Studies

In this section, two numerical studies, which highlight the benefits of the proposed MORALE formulation are undertaken.
Both studies involve transient simulations, and the Newmark time integration scheme is used with a time step size of
0.05s and parameters f = 0.25, y = 0.5 [46]. All simulations reported in this contribution adopt linear brick type finite
elements with eight nodes and eight Gaussian integration points. For full order simulations, a direct sparse solver was
used, whereas the dense reduced equation system was solved using a direct dense solver.

6.1 | Study1:Basic Example
In this study, a comparison of results from conventional Lagrangian, ALE and MORALE formulations is made by per-

forming simulations on a simple uniform mesh. For this study, a hyperelastic St. Venant Kirchhoff material model is used.
The specimen geometry is depicted in Figure 3.

@ 160
5 80
20 y ,,,,E; ,,,,,,,,,,,,,,,,
NN\
Y 80
- guiding velocity w all dimensions in [m]
20 - all surfaces except top surface
are fully restrained
Z Y
X
(b)
450
80
T e " s
/A >
80 VvV 80
L—J load movement
20
7z Y
X
FIGURE3 | Specimens used in (a) ALE/MORALE simulations and (b) Lagrangian simulation of Section 6.1.
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The boundary conditions used in Lagrangian, ALE and MORALE simulations are such that all surfaces of the simulated
specimen, except the top surface (where pressure load is applied), are fully restrained. The material parameters used are
A = 2500 Pa, u = 1250 Pa (Lamé parameters) and density p = 10.0 kg/m>. In the Lagrangian simulation, the pressure
load p =50 Pa is first applied as a linear ramp over a duration of 1s. Then, it is physically moved, such that it accelerates
to 25 m/s along x-direction in 2 s, maintains this velocity for 10s, and, then, decelerates to a stop in 1.2s. In the ALE
and MORALE simulations, a guiding velocity is supplied to the material of the structure (in the opposite direction of
load movement corresponding to the Lagrangian simulation), such that an equivalent loads movement (compared to the
Lagrangian simulation) is achieved. In terms of discretization, uniform meshes with individual finite elements having
dimensions 10m X 10 m X 10 m, are adopted for Lagrangian, ALE and MORALE simulations. In other words, the finite
element density is the same in all meshes. Further, care is taken to make comparison as fair as possible. Consider Figure 3b,
which shows the geometry of the specimen used in the Lagrangian simulation. The distance to the boundaries from the
centre of the applied load is at minimum 80 m (along the x- and y-direction) over the length of the load path. The domain
considered in the ALE and MORALE simulations is minimized, ensuring that this distance between the load centre
and the boundary of 80 m (along the x- and y-direction), is maintained as shown in Figure 3a. Further, the depth (along
z-direction) of the specimens is also maintained at 80 m, in all three simulations. Accordingly, the Lagrangian simulation
requires a discretization of the entire structure in the path of the moving load, therefore, 5760 finite elements are used,
resulting in 15,840 degrees of freedom. However, the ALE and MORALE simulations only require 2048 finite elements,
resulting in 5400 degrees of freedom. The obtained displacement component u, under the load centre is plotted over time
in Figure 4. Additionally, the times taken for the simulations to run through are listed in Table 3 and plotted in Figure 6. It
is worth mentioning that in this study, all time dependent effects are only due to inertial effects because elastic materials
are used. From the results shown in Figure 4 and Table 3, it can be observed that the ALE simulations are significantly
faster than the conventional Lagrangian simulation, while still achieving reasonable accuracy. The small discrepancies
observed could possibly be attributed to errors during interpolation of the moving load in the Lagrangian simulation, and
the time step and mesh sizes used. To apply the POD to the problem at hand, one full order ALE precomputation with the
aforementioned simulation parameters is conducted, and all # = 330 solution vectors are used to construct the snapshot
matrix. Truncation of the left singular vectors after the normalized singular values have decreased to 1077 leads to a
projection matrix with m = 73 POD modes. Despite the relatively coarse mesh, the simulation time using the MORALE
formulation reduces by a factor of ~4.5 with respect to the full order ALE simulation and by a factor of ~14 with respect
to the full order Lagrangian simulation. As seen in Figure 4, the MORALE solution shows good agreement with the
full order ALE solution. It should be noted that the time reduction factors are given for the online simulation phase. A
beneficial speedup is therefore only achieved if the same reduced order model can be used to simulate altered problems
with high accuracy, such that the methodology can be used, for example, uncertainty quantification. A further study is
conducted, highlighting the prediction accuracy of the MORALE formulation. In this study, only snapshots of one full
order ALE simulation with a maximum guiding velocity w,,,, = 25 m/s and load p = 50 Pa are used to create the ROM.
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FIGURE4 | Displacementu, under the center of the load for the study in Section 6.1, plotted over time.
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TABLE 3 | Time comparison of the Lagrangian, POD-reduced Lagrangian, ALE, and POD-reduced ALE simulations.

POD-Lagrange MORALE

Time required for (s) Lagrange (m = 188) ALE (m = 73)
Computation and assembly of (reduced) material quantities 1101 1193 363 393
Solving (reduced) system of equations 5385 103 1620 26
Computation of (reduced) ALE quantities — — 26 45
POD basis computation — 3 — 0.2
Total 6486 1299 2009 464.2
Relative (-) 1.0 0.2 0.31 0.07
Peak RAM usage (MB) 322 312 222 210
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-0.10 7 G- ~—G- & OG- & DG & OG- & 985 -G & €96 @

-0.15
FOM wyax = 25 m/s, ppax = 50 Pa

= POD wyax = 25 m/s, pyax = 50 Pa
@ = FOM wyax = 20 m/s, ppax = 50 Pa
POD winax = 20 m/s, piax = 50 Pa

= ® = FOM wyax = 30 m/s, ppax = 50 Pa
= POD wyax = 30 m/s, pymax = 50 Pa
=& = FOM wyax =20 m/s, ppax = 25 Pa
POD winax = 20 m/s, pax = 25 Pa
= ® = FOM wyay = 30 m/s, pjax = 25 Pa
POD winax = 30 m/s, piax = 25 Pa

-0.20
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-0.35

0 2 4 6 8 10 12 14 16
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FIGURE 5 | Predictive qualities of the reduced order model created only from the snapshots of the full order ALE simulation with
maximum guiding velocity w,,,, = 25 m/s and load p = 50 Pa, when subjected to varying guiding velocities w,,,, and loads p. Here,
FOM stands for “Full Order Model.”

Then, the reduced order model is used for simulations with different guiding velocities and loads. The results of this study
are shown in Figure 5. The ROM can successfully capture and represent the physical effects arising from varying the load
and guiding velocity. If the guiding velocity is varied, the obtained displacements are also different due to inertial effects.
Further, if the load is varied, the displacement also varies accordingly. Thus, the ROM demonstrates very good agreement
with the reference simulations for all tested cases, and also for simulations where both the guiding velocity as well as the
load is varied.

6.2 | Study2: Complex Example

The simulations in this study use a nonlinear viscoelastic material model on a hyperelastic Neo-Hookean basis [23]. The
material parameters used are listed in Table 4. A non-uniform mesh with refinement in the loaded region is adopted, as
shown in Figure 7.

This non-uniform mesh enables the application of a realistic wheel load from a dual truck tire. With the conven-
tional Lagrangian framework, a refined mesh would need to be used in the entire path of the moving load, and this
would be very inefficient. Therefore, only ALE and MORALE simulations are compared in this study. The boundary
conditions are such that all surfaces of the structure, except for the top surface (where the load is applied), are fully
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FIGURE 6 | Comparison of times required for simulations in Section 6.1.

TABLE 4 | Parameters chosen for the study in Section 6.2.

Layer Elastic branch Viscous branch
Asphalt Bulk modulus x (MPa) 3.0x10% Shear modulus y, (MPa) 1.0 x 102
Shear modulus y (MPa) 2.5%10? Parameter 5, (MPas) 1.0x 103
Density p (kg/m?) 2.3%x10°
Base course Bulk modulus x (MPa) 4.5%x10% Shear modulus y, (MPa) 5.0x 10!
Shear modulus g (MPa) 1.5x 107 Parameter 7, (MPas) 5.0x 107
Density p (kg/m?) 2.2%x10°
Sub-base Bulk modulus x (MPa) 3.0x10? Shear modulus y, (MPa) 5.0x 10!
Shear modulus ¢ (MPa) 1.0x10? Parameter 7, (MPas) 3.333x 107
Density p (kg/m?) 2.1x103
Subsoil Bulk modulus « (MPa) 1.0x 10? Shear modulus y, (MPa) 1.0x 10!
Shear modulus y (MPa) 3.75x 10! Parameter 5, (MPas) 2.5x10?
Density p (kg/m?) 2.0x10°

restrained, resulting in 12,825 degrees of freedom. Amplitude scaling factors for the load application and guiding velocity
are plotted in Figure 8. The loading is first applied as a linear ramp over a period of 2s. Then, the guiding velocity is
applied, such that the load appears to accelerate to a velocity of 100km/h in 3s, starting at time ¢ = 4 s. The ampli-
tude of the load is then varied by +20% in the form of a triangular wave, with a frequency of 5Hz between t =8 s
and ¢ = 12 s, while maintaining the velocity of 100 km/h. Following this, the load amplitude is maintained constant for
the rest of the simulation. Finally, a deceleration is applied from 100km/h at r = 14 s to a stop at r = 19 s. The result-
ing displacements at the central point on the top surface of the mesh are plotted over time in Figure 8 for the ALE
and MORALE simulations. Contour plots of the Euler-Almansi strain component e,, are depicted at various stages of
the full order ALE simulation and the MORALE simulation on one half (cut along the x-direction) of the specimen
in Figure 10.

From the results, it is apparent that the dynamic ALE formulation can satisfactorily capture the transient response of a
pavement structure subjected to a moving wheel load. Further, the total distance traversed by the wheel load during this
simulation is about 305.56 m. The benefit of applying the dynamic ALE formulation is that this entire length does not
need be considered (contrary to a conventional Lagrangian simulation), instead, only the relevant region (8 m along both
x- and y-directions and 2 m along the z-direction) around the load needs to be considered. This enables the simulation of
complex multilayered structures like pavements within a reasonable time frame. It is worth mentioning that a time step
size convergence study has been carried out on this example (omitted here for the sake of brevity). From this study, it has
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(a)
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base course 220 mm

sub-base 360 mm

X
subsoil I 1300 mm
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b
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'
OE ;; ~ ]:280 mm
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Y
N
- N
X h p=0.818 MPa
FIGURE 7 | (a)Perspective view of the non-uniform mesh showing layered structure, (b) top view of the mesh, and (c) close-up
view with loading details corresponding to simulations of Section 6.2.
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FIGURE 8 | Displacementu, under the centre of the load for the study in Section 6.2, plotted over time.
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I Computing and assembly of (reduced) quantities
[ Solving (reduced) system of equations
[ POD basis computation

Relative simulation time [-]

0.2

ALE MORALE
(m=168)

FIGUREY9 | Comparison of times required for simulations in Section 6.2.

TABLE5 | Time comparison of the ALE, and POD-reduced ALE simulations for the complex example.

Time required for (s) ALE MORALE (m = 168)
Computation and assembly of (reduced) quantities 3635 3761

Solving (reduced) system of equations 22,123 104

POD basis computation — 8

Total 25,758 3873
Relative (-) 1.0 0.15

Peak RAM usage (MB) 580 556

been observed that the obtained pavement response (see Figure 8) shows no significant dependence on the time step size.
However, this is true only for the particular set of parameters and mesh chosen in this study. In general, care should be
taken to ensure that time step size is sufficiently small, such that during the advection process, material points can be
subjected to the load (without excessive skipping), and the internal variables can evolve. This improves the accuracy of
the advection process for internal variables.

Further, applying the POD with m = 168 modes, the simulation time is reduced by a factor of ~6.7 as shown in Table 5
and Figure 9. Overall, a good agreement between the result of the full order ALE simulation and the MORALE simulation
can be observed, as shown in Figure 8. Only slight prediction inaccuracies can be observed, when the deceleration starts
att = 14 s. Further, the strain contours plotted in Figure 10 show satisfactory agreement between the ALE and MORALE
simulations, however, the MORALE simulation does show some noise in the lower strain range. This could be caused by
the effects of resonance in the MORALE simulation (because a lower number of modes is considered). However, further
investigations are necessary.

7 | Conclusion

In this contribution, a novel MORALE formulation for the transient simulation of structures like pavements, which are
subjected to moving loads, has been put forth. It has been demonstrated through numerical studies that the formula-
tion is faster than the ALE approach alone, faster than the Lagrangian approach with POD, and also significantly faster
than the conventional Lagrangian approach. Further, the MORALE approach has been demonstrated to work well, even
with inelastic materials and non-uniform meshes. Despite provision of a limited amount of training data, the MORALE
approach achieves high prediction accuracy, reducing the computational effort significantly. The framework could there-
fore be used to boost the efficiency of tasks such as sensitivity analysis or uncertainty quantification. To increase the
accuracy of the MORALE approach further, it could be beneficial to apply clustering techniques to the snapshots and
create local ROMs, specifically tailored to, for example, the acceleration, cruising, or deceleration phases.
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FIGURE10 | Euler-Almansi strain e, contours for the ALE and the MORALE simulations in Section 6.2, plotted on one half (cut
along x-direction) of the specimen, at various time points during the simulations.

14 of 17 International Journal for Numerical Methods in Engineering, 2025

85UB01 SUOWIWOD BAITERID) B|eat|dde au) Aq peusenob a1e saolie O 88N JO S3IN. 0} ARIq1T8UIIUO /B]IM UO (SUORIPUOD-PUE-SLLLB}/W0" AB| 1M ARe1q U UO//SURU) SUORIPUOD PUe SWB L 8Y) 88S *[9202/T0/ZT ] U0 A%igIT8uIuO A81IM *AISIBAIIN UBUIRY H LMY eUI0!AIGSEIS AN AQ 6220, BLIU/Z00T 0T/I0p/W0d B8] ImAseiq1fBul uo//Scy W01} Papeolumod ‘v ‘Seoz *L020260T



Future research should be directed towards the advancement of the presented model order reduction technique through
hyper-reduction strategies like the DEIM or the ECSW. Currently, these advanced MOR techniques are not directly appli-
cable with ALE approaches because of the requirements of the internal variable update procedures. Further developments
along this direction will likely further increase the efficiency and speed of computations, which is vital in digital twins,
because the twinning process necessitates fast (almost real-time) simulations. Further developments could include the
extension of the MORALE framework to utilize advanced multiphysics based material models for the various layers of the
pavement structure, to enable improved prediction capabilities. Analysis of the performance of the developed MORALE
formulation, when applied to more complex geometries with advanced material models (e.g., without the assumption of
longitudinal homogeneity), could lead to further improvements. Moreover, extension of the formulation, such that it can
be applied to rolling tires, is another avenue worth exploring.
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