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annotated dependency pair framework for automatically proving almost-sure termination of prob-
abilistic term rewrite systems, both for full and innermost rewriting. To evaluate its power, we
implemented our framework in the tool AProVE.

1. Introduction

Term rewrite systems (TRSs) are used in many areas of computer science, like symbolic computation, automated theorem proving,
and automated analysis of programs in different languages. Termination is one of the most crucial properties of programs, and
numerous tools have been developed to analyze termination of TRSs, e.g., AProVE [1], Matchbox [2], MultumNonMulta [3], MU-
TERM [4]1, NaTT [5], NTI [6], TTT2 [7], etc. One of the most powerful techniques integrated in essentially all current termination
tools for TRSs is the dependency pair (DP) framework [8-12] which allows modular proofs that apply different techniques in different
sub-proofs.

The DP framework also allows for certification of proofs via tools like, e.g., CeTA [13], and DPs have been formalized in several
proof assistants (e.g., in Rocq (formerly Coq) [14,15], Isabelle [13], and PVS [16]).

Probabilistic programs describe randomized algorithms and probability distributions, with applications in many areas, see,
e.g., [17]. For instance, well-known examples are variants of the probabilistic quicksort algorithm, see, e.g., Section 6. If one uses a
version where every list element has the same probability of becoming the next pivot element, then the algorithm has an expected
runtime of O(n - log(n)), for every possible input list of length n. In contrast, for a non-probabilistic version of quicksort, there always
exists a “worst-case” input of length n such that the algorithm takes at least ()(n?) steps. Several probabilistic programming languages
have been developed. An example is the probabilistic guarded command language (pGCL) [18,19], whose basic form however cannot
express arbitrary data structures. In contrast, TRSs are especially suitable for modeling and analyzing algorithms like quicksort that
operate on (user-defined) data structures like lists, and they were first extended to probabilistic term rewrite systems (PTRSs) in [20,21].

In the probabilistic setting, there are several notions of “termination”. One of the most important notions is almost-sure termination
(AST), which means that the probability of termination is 1. A strictly stronger notion is positive AST (PAST), which requires that
the expected runtime is finite. Moreover, there are several different rewrite strategies. For example, innermost rewriting only allows
rewrite steps at innermost positions in a term. This strategy is the easiest to analyze for termination, and it corresponds to a call-by-
value strategy as used by many programming languages. Thus, in this paper we will not only investigate AST for PTRSs, but we also
consider innermost AST (iAST, allowing only innermost rewrite sequences).
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$\R _{\textsf {alg}}$


$\mathtt {AST}$


$\ell \to \{p_1:r_1,\dots , p_k:r_k\} \in \R $


\begin {align}&\{ \ell ^{\sharp } \to \{p_1:r_1, \ldots , p_i:t_j^\sharp , \dots , p_k:r_k\} \, \mid \, \exists j \in \{1, \ldots , k\}: t_j \trianglelefteq r_j, \rootsym (t_j) \in \SignatureD \} \label {dp A}\\ &\{ \ell ^{\sharp } \to \{p_1:t_1^\sharp , \ldots , p_k:t_k^\sharp \} \, \mid \, \forall j \in \{1, \ldots , k\}: t_j \trianglelefteq r_j, \rootsym (t_j) \in \SignatureD \} \label {dp B}\!\end {align}


$r_j$


$t_j^\sharp $


$\tbot $


$\R $


$r_j$


$t_j^\sharp $


$\R _{rw}$


$\tg \to \{\nicefrac {3}{4}:\tc (\tg , \tg ), \; \nicefrac {1}{4}:\tz \}$


$\tG \to \{\nicefrac {3}{4}:\tG , \nicefrac {1}{4}:t\}$


$t$


$\tz $


$\tbot $


$\tg $


$\R _1 = \{ \eqref {rule-01} \} = \{\tg \to \{\nicefrac {3}{4}:\td (\tg ), \, \nicefrac {1}{4}:\tz \}\}$


$\tG \to \{\nicefrac {3}{4}:\tG , \nicefrac {1}{4}:t\}$


$\R _1$


$\mathtt {AST}$


$\R _{rw}$


$\R _{rw}$


$t \in \TT ^{\sharp }$


$\mathcal {X} \subseteq \SignatureADC \cup \VSet $


$\pos _{\mathcal {X}}(t)$


$t$


$\mathcal {X}$


$\Phi \subseteq \posDT (t)$


$\anno _\Phi (t)$


$t$


$\Phi $


$t$


$\posT (\anno _\Phi (t)) = \Phi $


$\anno _\emptyset (t)$


$t$


$\flat (t)$


$\anno _\emptyset (t)$


$\natural $


$\sharp $


$\flat $


$\disannoPos {\pi }(t)$


$t$


$\pi $


$\R _2$


$\anno _{\{1\}}(\td (\tg )) = \anno _{\{1\}}(\tD (\tG )) = \td (\tG )$


$\flat (\tD (\tG )) = \td (\tg )$


$\disannoPos {1}(\tD (\tG )) = \td (\tG )$


$f \in \SignatureD $


$(\PP , \R )$


$\PP $


$\R $


$m \in \{\ttrue , \tfalse \}$


$\R $


$(\PP , \R )$


$m$


$(\PP , \R )$


$\PP $


$\R $


$\PP $


$\PP $


$(\PP , \R )$


$\R $


$(\PP , \R )$


$\ell \ruleArr {}{}{} \{ p_1:r_{1}, \ldots , p_k: r_k\}^{m}$


$\ell \in \TT $


$\ell \notin \VSet $


$m \in \{\ttrue , \tfalse \}$


$1 \leq j \leq k$


$r_{j} \!\in \! \TT ^{\sharp }$


$\VSet (r_j) \subseteq \VSet (\ell )$


$\ell \to \mu = \{ p_1 : r_1, \ldots , p_k : r_k \}$


$\DPair {\ell \to \mu } = \ell \to \{ p_1 : \anno _{\pos _{\SignatureD }(r_1)}(r_1), \ldots , p_k : \anno _{\pos _{\SignatureD }(r_k)}(r_k)\}^{\ttrue }$


$\R $


$\DPair {\R } = \{\DPair {\ell \to \mu } \mid \ell \to \mu \in \R \}$


$\PP $


$\PP $


$\R _2 = \{\eqref {rule-01}, \eqref {rule-03}\}$


$\R _3 = \{\eqref {rule-01}, \eqref {rule-02}, \eqref {rule-03nd}\}$


$\DPair {\R _2} = \{\eqref {run1-ADP-1}, \eqref {run1-ADP-2} \}$


$\DPair {\R _3} = \{\eqref {run1-ADP-1}, \eqref {run1-ADP-3}, \eqref {run1-ADP-2nd} \}$


\begin {align}\tg & \to \{\nicefrac {3}{4}:\tD (\tG ), \nicefrac {1}{4}:\tz \}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {rule-01}} \label {run1-ADP-1} \\ \td (x) & \to \{1:\tz \}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {rule-02}} \label {run1-ADP-3} \\ \td (x) & \to \{1:\tc (x,x)\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {rule-03}} \label {run1-ADP-2} \\ \td (\td (x)) & \to \{1:\tc (x,\tG )\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {rule-03nd}} \label {run1-ADP-2nd}\end {align}


$r_j$


$\mathtt {AST}$


$\tg \to \{\nicefrac {3}{4}:\tD (\tG ), \nicefrac {1}{4}:\tz \}^{\ttrue }$


$\tG $


$\tD (\tg )$


$\tG $


$\R _{\textsf {alg}}$


$\tLoopOne $


$\tLoopTwo $


$\tTriple $


$\tDouble $


$\mathsf {Loop1}$


$\mathsf {Loop2}$


$\mathsf {Triple}$


$\mathsf {Double}$


\begin {align}\tloopOne (y) & \to \{\nicefrac {1}{2}:\tLoopOne (\tDouble (y)), \; \nicefrac {1}{2}:\tLoopTwo (\tDouble (y))\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {loopOne-1}} \label {run2-ADP-1} \\ \tloopOne (y) & \to \{\nicefrac {1}{3}:\tLoopOne (\tTriple (y)), \; \nicefrac {2}{3}:\tLoopTwo (\tTriple (y))\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {loopOne-2}} \label {run2-ADP-2} \\ \tloopTwo (\ts (y)) & \to \{1:\tLoopTwo (y)\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {run2-rule-3}} \label {run2-ADP-3} \\ \tdouble (\ts (y)) & \to \{1:\ts (\ts (\tDouble (y)))\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {run2-rule-4}} \label {run2-ADP-4} \\ \tdouble (\tz ) & \to \{1:\tz \}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {run2-rule-5}} \label {run2-ADP-5}\\ \ttriple (\ts (y)) & \to \{1:\ts (\ts (\ts (\tTriple (y))))\}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {run2-rule-6}} \label {run2-ADP-6} \\ \ttriple (\tz ) & \to \{1:\tz \}^{\ttrue } & \tag {\ensuremath {\sharp }\ref {run2-rule-7}} \label {run2-ADP-7}\end {align}


$\PP $


$\mathtt {AST}$


$s$


$\pi $


$\ell \ruleArr {}{}{} \{ p_1:r_{1}, \ldots , p_k: r_k\}^{m}$


$\td (\td (x))$


$\tD (\tD (x))$


$\td (\td (x)) \to \{1:\tc (x,\tG )\}^{\ttrue }$


$\pi $


$\pi $


$\pi $


$m = \ttrue $


$r_1, \ldots , r_k$


$\pi \in \posT (s)$


$\mathrel {\protect \smash  {\protect \stackrel  {\protect \raisebox  {1.4pt}{$\scriptscriptstyle \protect \tmspace  +\thickmuskip {.2777em}\protect \mathsf  {i}\protect \:$}}{\protect \smash  {\hookrightarrow }}}^{}_{\protect \mathcal  {P}}}$


$s \in \TT ^{\sharp }$


$\PP $


$\mu = \{p_1:t_1,\ldots ,p_k:t_k\}$


$s \itored {}{}{\PP } \mu $


$\ell \ruleArr {}{}{} \{ p_1:r_{1}, \ldots , p_k: r_k\}^{m} \in \PP $


$\sigma $


$\pi \in \pos _{\SignatureD \cup \SignatureA }(s)$


$\flat (s|_\pi )=\ell \sigma \in \ANF _{\PP }$


$1 \leq j \leq k$


$t_j$


$m$


$\pi \in \posT (s)$


\begin {equation*}\begin {array}{c | ll | ll |} & \pi \in \posT (s) & & \pi \not \in \posT (s) &\\ m = \ttrue & t_j = \quad \; s[r_j\sigma ]_{\pi } & (\mathbf {at}) & t_j = \quad \; s[\flat (r_j)\sigma ]_{\pi } & (\mathbf {nt}) \\ m = \tfalse & t_j = \disannoPos {\pi }( s[r_j\sigma ]_{\pi }) & (\mathbf {af}) & t_j = \disannoPos {\pi }( s[\flat (r_j)\sigma ]_{\pi }) & (\mathbf {nf}) \\ \end {array}\end {equation*}


$s \itored {}{(\mathbf {at})}{\PP } \mu $


$\sigma $


$\ell $


$\flat (s|_\pi )$


$s|_\pi $


$\ell $


$\sigma $


$s$


$\pi $


$t_j$


$m = \tfalse $


$\disannoPos {\pi }$


$\pi $


$\pi \notin \posT (s)$


$\flat (r_j)$


$r_j$


$\itored {}{}{\PP }$


$\widetilde {\PP }$


$\tf (x) \to \{ 1:\tF (x) \}^{\true }$


$\tg (\ta ) \to \{ 1:\tG (\tb ) \}^{\true }$


$\tg (\ta ) \to \{ 1:\tG (\tb ) \}^{\false }$


$(\mathbf {at})$


$\mathtt {AST}$


$r_j$


$\tF (\tG (\tb )) \itored {}{(\mathbf {at})}{\widetilde {\PP }} \{ 1: \tF (\tg (\tb )) \}$


$\tf (x) \to \{ 1: \tF (x) \}^{\true }$


$\pi =\varepsilon $


$\sigma (x) = \tg (\tb )$


$\flat (s|_\pi ) = \flat (\tF (\tG (\tb ))|_{\varepsilon }) = \tf (\tg (\tb )) = \ell \sigma $


$t_1 = s[r_1]_{\pi } = \tF (\tg (\tb ))$


$\tg (\tb )$


$\tG (\tb )$


$(\mathbf {af})$


$m = \tfalse $


$\mathtt {AST}$


$\tg (\ta ) \to \{ 1: \tG (\tb ) \}^{\false }$


$\tF (\tG (\ta ))$


$1$


$\tF (\tG (\ta )) \itored {}{(\mathbf {af})}{\widetilde {\PP }} \{1:\tf (\tG (\tb ))\}$


$\tF $


$(\mathbf {nt})$


$\mathtt {AST}$


$\tg (\ta )$


$\tF (\tg (\ta )) \itored {}{(\mathbf {nt})}{\widetilde {\PP }} \{1:\tF (\tg (\tb ))\}$


$\tg (\ta ) \to \{ 1: \tG (\tb ) \}^{\true }$


$(\mathbf {nf})$


$\mathtt {AST}$


$m = \tfalse $


$\tg (\ta ) \to \{ 1: \tG (\tb ) \}^{\false }$


$\tg (\ta )$


$\tF (\tg (\ta )) \itored {}{(\mathbf {nf})}{\widetilde {\PP }} \{1:\tf (\tg (\tb ))\}$


$(\mathbf {nf})$


$m$


$\false $


$(\mathbf {nf})$


$\R _3$


$\mathtt {iAST}$


$\mathtt {AST}$


$\mathtt {AST}$


$\td (\td (x)) \to \{1:\tc (x,\tG )\}^{\ttrue }$


$\tD (\tD (\tG ))$


$\tG $


$\mathtt {AST}$


$\tG $


$\ell \to \mu ^m$


$\ell |_\pi = x$


$x$


$r \in \Supp (\mu )$


$\ell $


$\pi $


$\ell \to \{p_1\!:\!r_1, \ldots , p_k\!:\!r_k\}^m$


$(\varphi _j)_{1 \leq j \leq k}$


$\varphi _j: \pos _{\VSet }(\ell ) \to \pos _{\VSet }(r_j) \uplus \{\bot \}$


$1 \leq j \leq k$


$\ell |_\pi = r_j|_{\varphi _j(\pi )}$


$\varphi _j(\pi ) \neq \bot $


$\ta (x,y) \to \{1:\tb (x)\}^{\ttrue }$


$\varphi _1(1) = 1$


$\varphi _1(2) = \bot $


$\varphi _1(1) = \bot $


$\varphi _1(2) = \bot $


$y$


$\bot $


$y$


$x$


$\bot $


$1$


$x$


$\ta (\tF ,\tG )$


$\tb (\tf )$


$\tb (\tF )$


$\ta (x,y) \to \{1:\tb (x)\}^{\ttrue }$


$\mathtt {AST}$


$\td (x) \to \{1:\tc (x,x)\}$


$\ell \to \mu $


$\{\ell \to r \mid r \in \Supp (\mu )\}$


$\tc (x,x) \to \{1:\td (x)\}^{\ttrue }$


$\varphi _1$


$\varphi _1(1) = 1$


$\varphi _1(2) = 1$


$\tc (\tg (\tF ), \tG (\tf ))$


$\tc (x,x) \to \{1:\td (x)\}^{\ttrue }$


$\tG (\tf )$


$\tF $


$\mathtt {AST}$


$\tc (\tg (\tF ), \tG (\tf )) \tored {}{}{\PP } \td (\tG (\tF ))$


$\mathtt {AST}$


$\rho \in \pos _{\VSet }(\ell )$


$\ell $


$\rho $


$\varphi _j(\rho )\neq \bot $


$r_j$


$\rho $


$s|_{\pi }$


$\varphi _j(\rho )$


$r_j \sigma $


$\tau $


$\rho .\tau $


$s|_{\pi }$


$\varphi _j(\rho ).\tau $


$r_j \sigma $


$\Psi _j$


$\tc (x,x) \to \{1:\td (x)\}^{\ttrue }$


$\ell = \tc (x,x)$


$r_1 = \td (x)$


$s|_{\pi }$


$\tc (\tg (\tF ), \tG (\tf ))$


$\sigma $


$\ell \sigma = \flat (s|_{\pi })$


$r_1 \sigma = \td (\tg (\tf ))$


$r_1 \sigma $


$\varphi _1(1) = 1$


$\varphi _1(2) = 1$


$\rho $


$\ell $


$r_1$


$\rho = 1$


$\tc (\tg (\tF ), \tG (\tf ))$


$\rho .\tau $


$\tau = 1$


$\varphi _1(\rho ).\tau = 1.1$


$r_1 \sigma $


$\rho ' = 2$


$\tc (\tg (\tF ), \tG (\tf ))$


$\rho '.\tau '$


$\tau ' = \epsilon $


$\varphi _1(\rho ').\tau ' = 1$


$r_1 \sigma $


$\Psi _1 = \{1.1, 1 \}$


$\sharp _{\Psi _1}(r_1 \sigma ) = \sharp _{\{1.1, 1 \}}(\td (\tg (\tf ))) = \td (\tG (\tF ))$


$r_j$


$\pi \notin \posT (s)$


$\sharp _{\Psi _j}(r_j \sigma )$


$r_j$


$\sigma $


$\pi \in \posT (s)$


$\sharp _{\posT (r_j) \cup \Psi _j}(r_j \sigma )$


$r_j$


$\mathrel {\hookrightarrow {{}_{}}\protect \!\protect \!{}^{}_{\protect \mathcal  {P}}}$


$s \in \TT ^{\sharp }$


$\PP $


$\mu = \{p_1:t_1,\ldots ,p_k:t_k\}$


$s \tored {}{}{\PP } \mu $


$\ell \ruleArr {}{}{} \{ p_1:r_{1}, \ldots , p_k: r_k\}^{m} \in \PP $


$(\varphi _j)_{1 \leq j \leq k}$


$\sigma $


$\pi \in \pos _{\SignatureD \cup \SignatureA }(s)$


$\flat (s|_\pi )=\ell \sigma $


$1 \leq j \leq k$


$t_j$


$m$


$\pi \in \posT (s)$


\begin {equation*}\begin {array}{c | ll | ll |} & \pi \in \posT (s) & & \pi \not \in \posT (s) &\\ m = \ttrue & t_j = \quad \; s[\sharp _{\posT (r_j) \cup \Psi _j}(r_j\sigma )]_{\pi } & (\mathbf {at}) & t_j = \quad \; s[\sharp _{\Psi _j}(r_j\sigma )]_{\pi }& (\mathbf {nt}) \\ m = \tfalse & t_j = \disannoPos {\pi }(s[\sharp _{\posT (r_j) \cup \Psi _j}(r_j\sigma )]_{\pi }) & (\mathbf {af}) & t_j = \disannoPos {\pi }(s[\sharp _{\Psi _j}(r_j\sigma )]_{\pi }) & (\mathbf {nf}) \\ \end {array}\end {equation*}


$\Psi _j\!=\!\{\varphi _j(\rho ).\tau \mid \rho \!\in \! \pos _{\VSet }(\ell ), \, \varphi _j(\rho )\!\neq \!\bot , \, \rho .\tau \!\in \! \posT (s|_{\pi }) \}$


$\flat (s|_\pi )=\ell \sigma $


$\bot $


$(\mathbf {at})$


$(\mathbf {af})$


$|\protect \mathfrak  {T}|$


$\F {T}=(V,E,L)$


$\PP $


$(V, E)$


$V \neq \emptyset $


$E \subseteq V \times V$


$vE = \{ w \mid (v,w) \in E \}$


$v \in V$


$L:V\rightarrow (0,1]\times \TT ^{\sharp }$


$v$


$p_v$


$t_v$


$v \in V$


$p_v = 1$


$vE = \{w_1, \ldots , w_k\}$


$t_v \tored {}{}{\PP } \{\tfrac {p_{w_1}}{p_v}:t_{w_1}, \ldots , \tfrac {p_{w_k}}{p_v}:t_{w_k}\}$


$\F {T}$


$(\mathbf {at})$


$(\mathbf {af})$


$\F {T}$


$|\F {T}| = \sum _{v \in \ctleaf } \, p_v$


$\ctleaf $


$\protect \mathtt  {AST}$


$\protect \mathtt  {iAST}$


$\PP $


$\mathtt {AST}$


$|\F {T}| = 1$


$\PP $


$\F {T}$


$\mathtt {iAST}$


$|\F {T}| = 1$


$\PP $


$\F {T}$


$\DPair {\R _1}$


$\F {T}$


$\R _1$


$|\F {T}| = 1$


$\R _3$


$\DPair {\R _3} = \{\eqref {run1-ADP-1}, \eqref {run1-ADP-3}, \eqref {run1-ADP-2nd} \}$


\begin {equation*}\begin {aligned} \tg & \to \{\nicefrac {3}{4}:\tD (\tG ), \nicefrac {1}{4}:\tz \}^{\ttrue } & \eqref {run1-ADP-1} \\ \td (x) & \to \{1:\tz \}^{\ttrue } & \eqref {run1-ADP-3}\\ \td (\td (x)) & \to \{1:\tc (x,\tG )\}^{\ttrue } & \eqref {run1-ADP-2nd} \end {aligned}\end {equation*}


$\R _3$


$\mathtt {iAST}$


$\mathtt {AST}$


$\DPair {\R _3}$


$\tG $


$\nicefrac {9}{16}:\tD (\tD (\tG ))$


$\nicefrac {3}{16}:\tD (\tz )$


$\nicefrac {3}{16}:\tz $


$\nicefrac {1}{4}:\tz $


$\nicefrac {9}{16}:\tD (\tD (\tG ))$


$\tG $


$\nicefrac {9}{16}:\tc (\tG ,\tG )$


$\nicefrac {9}{16}:\tc (\tg ,\tG )$


$\tG $


$\tg $


$(\mathbf {at})$


$(\mathbf {af})$


$\F {T}$


$|\F {T}| = 1$


$\R _3$


$\mathtt {AST}$


$\mathtt {iAST}$


$\R $


$\mathtt {iAST}$


$\DPair {\R }$


$\protect \mathtt  {iAST}$


$\R $


$\mathtt {iAST}$


$\DPair {\R }$


$\mathtt {iAST}$


$\R $


$\F {T}$


$\DPair {\R }$


$\F {T}'$


$|\F {T}| = |\F {T}'|$


$\itored {}{}{\DPair {\R }}$


$\true $


$\DPair {\R }$


$\F {T}$


$\R $


$\F {T}'$


$|\F {T}| = |\F {T}'|$


$\mathtt {AST}$


$\td (x) \to \{1:\tc (x,x)\}^{\ttrue }\,$


$1$


$\bot $


$1$


$2$


$1$


$2$


$\DPair {\R _2}$


$\mathtt {AST}$


$\tD (\tG )$


$\{ 1: \tc (\tG ,\tg ) \}$


$\{ 1: \tc (\tg ,\tG ) \}$


$\R _2$


$\mathtt {AST}$


$\tored {}{}{\PP }$


$\mathtt {AST}$


$\tored {}{}{\PP }$


$\tored {}{}{\PP }$


$\protect \mathtt  {AST}$


$\R $


$\mathtt {AST}$


$\DPair {\R }$


$\mathtt {AST}$


$\R $


$\F {T}$


$\DPair {\R }$


$\F {T}'$


$|\F {T}| = |\F {T}'|$


$\R $


$\DPair {\R }$


$\true $


$\tored {}{}{\DPair {\R }}$


$\DPair {\R }$


$\F {T}$


$\R $


$\F {T}'$


$|\F {T}| = |\F {T}'|$


$\R _{\textsf {alg}}$


$\mathtt {iAST}$


$\mathtt {AST}$


$\DPair {\R _{\textsf {alg}}}$


$\R _3$


$\tg $


$\mathtt {AST}$


$\td (\td (\tg ))$


$\tg $


$\mathtt {AST}$


$\mathtt {AST}$


$\Proc $


$\Proc (\PP ) = \{\PP _1, \ldots ,\PP _n\}$


$\PP , \PP _1, \ldots , \PP _n$


$\mathcal {Z} \in \{\mathtt {AST}, \mathtt {iAST}\}$


$\Proc $


$\mathcal {Z}$


$\PP $


$\mathcal {Z}$


$\PP _j$


$\mathcal {Z}$


$1 \leq j \leq n$


$\mathcal {Z}$


$\PP _j$


$\mathcal {Z}$


$1 \leq j \leq n$


$\PP $


$\mathcal {Z}$


$\mathcal {Z}$


$\mathcal {Z}$


$\PP $


$\mathtt {AST}$


$\mathtt {iAST}$


$\tored {}{}{\PP }$


$n$


$n$


$(\mathbf {at})$


$(\mathbf {af})$


$\PP $


$\mathtt {AST}$


$\mathtt {iAST}$


$\mathtt {AST}$


$\mathtt {iAST}$


$\mathtt {AST}$


$\mathtt {AST}$


$\ttrue $


$\tfalse $


$\Proc $


$\PP $


$\ell \to \{p_1:r_1', \ldots , p_k:r_k'\}^{m'} \in \PP '$


$\PP ' \in \Proc (\PP )$


$\ell \to \{p_1:r_1, \ldots , p_k:r_k\}^{m} \in \PP $


$\flat (r_j') = \flat (r_j)$


$\pos _{\SignatureA }(r_j') \subseteq \pos _{\SignatureA }(r_j)$


$1 \leq j \leq k$


$m' = \ttrue $


$m = \ttrue $


$\Proc $


$\mathtt {AST}$


$\mathtt {iAST}$


$\PP '$


$\F {T}'$


$\PP $


$\F {T}$


$|\F {T}'| = |\F {T}|$


$\ell \to \{p_1:r_1, \ldots , p_k:r_k\}^{m} \in \PP $


$\ell \to \{p_1:r_1', \ldots , p_k:r_k'\}^{m'} \in \PP '$


$\flat (r_j') = \flat (r_j)$


$\pos _{\SignatureA }(r_j') \subseteq \pos _{\SignatureA }(r_j)$


$1 \leq j \leq k$


$m = \ttrue $


$m' = \ttrue $


$\F {T}$


$\F {T}'$


$\F {T}'$


$(\mathbf {at})$


$(\mathbf {af})$


$\F {T}$


$\PP $


$\F {T}$


$\PP ' \in \Proc (\PP )$


$\PP '$


$\F {T}'$


$|\F {T}'| \leq |\F {T}|$


$\Proc $


$\F {T}'$


$(\mathbf {at})$


$(\mathbf {af})$


$\PP = \PP _1 \uplus \PP _2$


$\PP _1 \cup \flat (\PP _2)$


$\mathtt {AST}$


$\PP $


$\PP _2$


$\PP _2$


$(\mathbf {at})$


$(\mathbf {af})$


$\protect \mathcal  {P}$


$\PP $


$\F {T}$


$\PP $


$<1$


$\PP _1 \cup \flat (\PP _2)$


$\mathtt {AST}$


$\PP $


$\F {T}'$


$<1$


$\PP _2$


$(1:t)$


$t \in \TT ^\sharp $


$\posT (t) = \{\varepsilon \}$


$\flat (t) = s \theta $


$\theta $


$s \to \mu ^m \in \PP $


$t$


$\PP $


$\PP $


$\mathtt {AST}$


$\PP $


$\F {T}$


$|\F {T}| <1$


$(1:t)$


$t \in \TT ^\sharp $


$\posT (t) = \{\varepsilon \}$


$\flat (t) = s \theta $


$\theta $


$s \to \ldots \in \PP $


$\PP $


$\mathtt {iAST}$


$t \in \ANF _{\PP }$


$\PP $


$\PP $


$\alpha $


$\alpha '$


$\alpha $


$\nonprob (\PP ) = \{\ell \to \flat (r_j) \mid \ell \to \{p_1:r_1, \ldots , p_k:r_k\}^{\ttrue } \in \PP , 1 \leq j \leq k\}$


$\Sigma $


$\nonprob (\PP )$


$\ttrue $


$t \trianglelefteq _{\sharp } s$


$\pi \in \posT (s)$


$t = \flat (s|_\pi )$


$t$


$s$


$\mathtt {AST}$


$\mathtt {AST}$


$\PP $


$\PP $


$\ell _1 \ruleArr {}{}{} \{ p_1:r_{1}, \ldots , p_k: r_k\}^{m}$


$\ell _2 \to \ldots $


$\sigma _1, \sigma _2$


$t \trianglelefteq _{\sharp } r_{j}$


$1 \leq j \leq k$


$t^\sharp \sigma _1 \to _{\nonprob (\PP )}^* \ell _2^\sharp \sigma _2$


$\alpha $


$\alpha '$


$\tored {}{}{\PP }$


$(\mathbf {at})$


$(\mathbf {af})$


$\alpha $


$\pi $


$\tored {}{}{\PP }$


$(\mathbf {at})$


$(\mathbf {af})$
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$1 \leq j \leq k$


$t^\sharp \sigma _1 \ito _{\nonprob (\PP )}^* \ell _2^\sharp \sigma _2$


$\ell _1 \sigma _1$


$\ell _2 \sigma _2$


$\ANF _{\PP }$


$\protect \mathtt  {iAST}$


$\PP _1, \ldots , \PP _n$


$\PP $


$\Proc _{\mathtt {DG}}^{\mathbf {i}}(\PP )=\{\PP _1 \cup \flat (\PP \setminus \PP _1), \ldots , \PP _n \cup \flat (\PP \setminus \PP _n)\}$
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$\mathtt {AST}$


$\protect \mathtt  {AST}$


$t \in \TT ^{\sharp }$


$\rootsym (t) \in \SignatureD ^\sharp $


$\PP $


$\sigma _1, \sigma _2$


$\ell _2 \ruleArr {}{}{} \mu _2 \in \PP $


$\mu _2$


$\anno _{\{\varepsilon \}}(t) \sigma _1 \to _{\nonprob (\PP )}^* \ell _2^\sharp \sigma _2$
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$\tloopOne $


$\tLoopTwo $


$\tD $


$\tTriple $


$\mathtt {iAST}$


$\mathtt {iAST}$


$\protect \mathtt  {iAST}$


$\ell _1 \in \TT $


$\PP $


$t \in \TT ^{\sharp }$


$\rootsym (t) \in \SignatureD ^\sharp $


$\ell _1$


$\PP $


$\sigma _1, \sigma _2$


$\ell _2 \ruleArr {}{}{} \mu _2 \in \PP $


$\mu _2$


$\anno _{\{\varepsilon \}}(t) \sigma _1 \ito _{\nonprob (\PP )}^* \ell _2^\sharp \sigma _2$


$\ell _1 \sigma _1$


$\ell _2 \sigma _2$


$\ANF _{\PP }$


$\Delta ^{\mathbf {i}}_{\ell ,\PP }(s) = \{ \pi \in \posT (s) \mid s|_\pi $
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\begin {equation*}\begin {array}{cclll} (1) & & \forall \ell \to \mu ^{m} \in \PP & : & \mathcal {A}_{sum}^{\sharp }(\ell ^\sharp ) \succcurlyeq \IE (\mathcal {A}_{sum}^{\sharp }(\mu )) \\ (2) & (a) & \forall \ell \to \mu ^{m} \in \PP _{\succ } : \exists r \in \Supp (\mu ) & : & \mathcal {A}_{sum}^{\sharp }(\ell ^\sharp ) \succ \mathcal {A}_{sum}^{\sharp }(r) \\ & (b) & \text {If } m = \ttrue ,\text { then we additionally have } & : & \mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(\flat (r)) \\ (3) & & \forall \ell \to \mu ^{\ttrue } \in \PP & : & \mathcal {A}(\ell ) \succcurlyeq \IE (\mathcal {A}(\flat (\mu )))\! \end {array}\end {equation*}
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\begin {equation*}\begin {aligned} \tG & \to \{\nicefrac {3}{4}:\td (\tG ), \; \nicefrac {1}{4}:\tz \}^{\tfalse } & (\ref {run1-ADP-1}'') \\ \tD (x) & \to \{1:\tc (x,x)\}^{\tfalse } & (\ref {run1-ADP-2}') \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \Proc _{\mathtt {r}}^{\mathbf {i}}(\PP ) = \Big \{ \PP ' \cup \{ & \ell \to \{p_1:\flat (r_{1}), \ldots , p_k: \flat (r_{k})\}^{m}, \\ & \ell \to \left ( \{p_1:r_1, \ldots , p_k:r_k\} \setminus \{p_j:r_j\} \cup \; \{p_j \cdot q_1:e_1, \ldots , p_j \cdot q_h:e_h\}\right )^{m} \;\}\;\Big \} \end {aligned}\end {equation*}
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\begin {align}\tg (\tf (x,y)) & \to \{1:\td (\tG (\tf (\ta ,\ta )),\tG (\tf (\ta ,\ta )),\tG (\tf (\ta ,\ta ))) \}^{\tfalse } \nonumber \\ \tf (x,x) & \to \{1:\te (\tf (\ta ,\ta ))\}^{\ttrue } \label {Pll-f} \\ \ta & \to \{\nicefrac {1}{2}: \tb _1, \nicefrac {1}{2}: \tb _2\}^{\ttrue }\! \label {Pll-a}\end {align}


$x$


$\te $


$x$


$y$


$\{\tb _1, \tb _2 \}$


$\tg $


$\PP _{\mathsf {ll}}$


$\mathtt {iAST}$


$<1$


\begin {equation*}\includegraphics {fx3}\end {equation*}
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\begin {align}\tf (\te (\tb _1,\tb _1)) & \to \{1:\thterm (\tF (\td (\ta )),\tF (\td (\ta )), \tF (\td (\ta )),\tF (\td (\ta )))\}^{\tfalse } \nonumber \\ \td (x) & \to \{1: \te (x,x)\}^{\ttrue } \label {Prl-d} \\ \ta & \to \{\nicefrac {1}{2}:\tb _1, \nicefrac {1}{2}:\tb _2\}^{\ttrue }\! \label {Prl-g}\end {align}
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$\renterm $


$\PP $


$\capterm _{\PP }^{-1}$


$t^\sharp $


$\protect \mathtt  {iAST}$


$\PP $


$\PP = \PP ' \uplus \{\ell \ruleArr {}{}{} \mu ^{m}\}$


$\Proc _{\mathtt {fins}}^{\mathbf {i}}$


$\mathtt {iAST}$


$\Proc _{\mathtt {fins}}^{\mathbf {i}}(\PP )\!=\!\{\PP ' \cup N \cup \{\ell \ruleArr {}{}{} \flat (\mu )^{m}\}\}$


\begin {equation*}N = \Biggl \{ \delta (\ell \ruleArr {}{}{} \mu ^{m}) \Bigg | \begin {array}{c@{}} \ell ' \ruleArr {}{}{} \nu ^{m'} \in \vr (\PP ), r \in \Supp (\mu ), t \trianglelefteq _{\sharp } r, \\ \delta = mgu(t^\sharp , \renterm (\capterm _{\urules _{\PP }(t^\sharp )}^{-1}(\ell '^\sharp ))), \{\ell \delta , \ell ' \delta \} \subseteq \ANF _{\PP } \! \end {array}\Biggr \} \!\end {equation*}
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$\capterm _{\PP _{\mathsf {fins}}}(\tF (\tq (\ta ))) = \tF (y)$


$\tF (x)$


$\capterm _{\PP _{\mathsf {fins}}}(\tF (\tq (\tb ))) = \tF (z)$


$\tF (x)$


$\tF (x)$


$\tf $


$\tf (\ta ) \to \{\nicefrac {1}{2}:\tG (\ta ), \nicefrac {1}{2}:\tH (\ta )\}^{\tfalse }$


$\tf (\tb ) \to \{\nicefrac {1}{2}:\tG (\tb ), \nicefrac {1}{2}:\tH (\tb )\}^{\tfalse }$


$\tf $


$\tg $


$\thterm $


$\tg $


$\urules _{\PP _{\mathsf {fins}}}(\tG (x)) = \emptyset $


$mgu(\tG (x), \renterm (\capterm _{\urules _{\PP _{\mathsf {fins}}}(\tG (x))}^{-1}(\tG (\ta )))) = mgu(\tG (x),\tG (\ta ))$


$x$


$\ta $


$\thterm $


$x$


$\tb $


$\capterm _{\PP _{\mathsf {fins}}}^{-1}$


$\ta $


$\PP _{\mathsf {fins}}$


$mgu(\tG (x), \renterm (\capterm _{\PP _{\mathsf {fins}}}^{-1}(\tG (\ta )))) = mgu(\tG (x),\tG (y))$


$x$


$\tG (\tb )$


$\tH (\ta )$


$\tf $


$1$


$\tf $


$\mathtt {iAST}$


$\mathtt {AST}$
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\begin {equation*}\begin {aligned} \tf (\tb _1,\td _1) & \to \{1: \tF (\ta ,\te )\}^{\tfalse } & \tf (\tb _2,\td _2) & \to \{1: \tF (\ta ,\te )\}^{\tfalse } \\ \te & \to \{1:\td _1\}^{\ttrue } & \te & \to \{1:\td _2\}^{\ttrue }\\ \ta & \to \{\nicefrac {1}{2}:\tb _1, \nicefrac {1}{2}:\tb _2\}^{\ttrue }\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tf (\tb _1,\td _1) & \to \{1:\tF (\ta ,\td _1)\}^{\tfalse } & \qquad \tf (\tb _1,\td _1) & \to \{1:\tF (\ta ,\td _2)\}^{\tfalse }\\ \tf (\tb _2,\td _2) & \to \{1:\tF (\ta ,\td _1)\}^{\tfalse } & \qquad \tf (\tb _2,\td _2) & \to \{1:\tF (\ta ,\td _2)\}^{\tfalse }\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tf (\td (x)) & \to \{ \nicefrac {3}{4}: \te (\tf (\tg (x)),\tf (\thterm (x))), \nicefrac {1}{4}: \ta \}\\ \tg (\ta ) & \to \{1:\td (\ta )\} \\ \thterm (\tb ) & \to \{1:\td (\tb )\}\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tf (\td (\ta )) & \to \{ \nicefrac {3}{4}: \te (\tF (\tg (\ta )),\tF (\thterm (\ta ))), \nicefrac {1}{4}: \ta \}^{\ttrue } \\ \tf (\td (x)) & \to \{ \nicefrac {3}{4}: \te (\tf (\tg (x)),\tF (\thterm (x))), \nicefrac {1}{4}: \ta \}^{\ttrue }\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \ta & \to \{ \nicefrac {5}{8}:\tc (\ta ,\ta ), \; \nicefrac {3}{8}:\tz \}^\true \\ \tf (\tc (x_1,x_2)) & \to \{ 1:\tc (\tF (x_1),\tF (x_2))\}^\true \! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \trotate (\tcons (x,\xs )) & \to \{ \nicefrac {1}{2} : \tcons (x,\xs ), \; \nicefrac {1}{2} : \trotate (\tapp (\xs , \tcons (x,\tnil )))\} \\ \tqs (\xs ) & \to \tif (\tisempty (\xs ),\;\tlow (\thd (\xs ), \ttail (\xs )), \; \thd (\xs ), \;\thigh (\thd (\xs ), \ttail (\xs ))) \\ \tisempty (\tnil ) & \to \ttrue \\ \tisempty (\tcons (x,\xs )) & \to \tfalse \\ \thd (\tcons (x, \xs )) & \to x \\ \ttail (\tcons (x, \xs )) & \to \xs \\ \tif (\ttrue , \xs , x, \ys ) & \to \tnil \\ \tif (\tfalse , \xs , x, \ys ) & \to \tapp (\tqs (\trotate (\xs )),\; \tcons (x, \,\tqs (\trotate (\ys )))) \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tinit & \to \{ 1 : \tsum (\tcreateL (\tnil ))\} \\ \taddNum (x, \xs ) & \to \{ \nicefrac {1}{2} : \tcons (x, \xs ) ,\nicefrac {1}{2} : \taddNum (\ts (x), \xs )\} \\ \tcreateL (\xs ) & \to \{ \nicefrac {1}{2} : \taddNum (\tz , \xs ) ,\nicefrac {1}{2} : \tcreateL (\taddNum (\tz , \xs ))\} \\ \tplusterm (\tz , y) & \to \{ 1 : y\} \\ \tplusterm (\ts (x), y) & \to \{ 1 : \ts (\tplusterm (x, y))\} \\ \tsum (\tcons (x, \tnil )) & \to \{ 1 : \tcons (x, \tnil )\} \\ \tsum (\tcons (x, \tcons (y, \ys ))) & \to \{ 1 : \tsum (\tcons (\tplusterm (x, y), \ys ))\} \\ \tsum (\tapp (\xs , \tcons (x, \tcons (y, \ys )))) & \to \{ 1 : \tsum (\tapp (\xs , \tsum (\tcons (x, \tcons (y, \ys )))))\} \\ \tapp (\tcons (x, \xs ), \ys ) & \to \{ 1 : \tcons (x, \tapp (\xs , \ys ))\} \\ \tapp (\tnil , \ys ) & \to \{ 1 : \ys \} \\ \tapp (\xs , \tnil ) & \to \{ 1 : \xs \}\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \trotate (\tnil ) & \to \{ 1 : \tnil \} \\[2pt] \trotate (\tcons (x,\xs )) & \to \{ \nicefrac {1}{2} : \tcons (x,\xs ), \nicefrac {1}{2} : \trotate (\tapp (\xs , \tcons (x,\tnil )))\} \\[2pt] \tisempty (\tnil ) & \to \{ 1 : \ttrue \} \\[2pt] \tisempty (\tcons (x, \xs )) & \to \{ 1 : \tfalse \} \\[2pt] \tqs (\xs ) & \to \{ 1 : \tif (\tisempty (\xs ), \tlow (\thd (\xs ), \ttail (\xs )), \thd (\xs ), \thigh (\thd (\xs ), \ttail (\xs )))\} \\[2pt] \tif (\ttrue , \xs , x, \ys ) & \to \{ 1 : \tnil \} \\[2pt] \tif (\tfalse , \xs , x, \ys ) & \to \{ 1 : \tapp (\tqs (\trotate (\xs )), \tcons (x, \tqs (\trotate (\ys ))))\} \\[2pt] \thd (\tcons (x, \xs )) & \to \{ 1 : x\} \\[2pt] \ttail (\tcons (x, \xs )) & \to \{ 1 : \xs \} \\[2pt] \tlow (x,\tnil ) & \to \{ 1 : \tnil \} \\[2pt] \tlow (x,\tcons (y,\ys )) & \to \{ 1 : \tiflow (\tleq (x,y),x,\tcons (y,\ys ))\} \\[2pt] \tiflow (\ttrue ,x,\tcons (y,\ys )) & \to \{ 1 : \tlow (x,\ys )\} \\[2pt] \tiflow (\tfalse ,x,\tcons (y,\ys )) & \to \{ 1 : \tcons (y,\tlow (x,\ys ))\} \\[2pt] \thigh (x,\tnil ) & \to \{ 1 : \tnil \} \\[2pt] \thigh (x,\tcons (y,\ys )) & \to \{ 1 : \tifhigh (\tleq (x,y),x,\tcons (y,\ys ))\} \\[2pt] \tifhigh (\ttrue ,x,\tcons (y,\ys )) & \to \{ 1 : \tcons (y,\thigh (x,\ys ))\} \\[2pt] \tifhigh (\tfalse ,x,\tcons (y,\ys )) & \to \{ 1 : \thigh (x,\ys )\} \\[2pt] \tleq (\tz ,x) & \to \{ 1 : \ttrue \} \\[2pt] \tleq (\ts (x),\tz ) & \to \{ 1 : \tfalse \} \\[2pt] \tleq (\ts (x),\ts (y)) & \to \{ 1 : \tleq (x,y)\} \\[2pt] \tapp (\tnil ,\ys ) & \to \{ 1 : \ys \} \\[2pt] \tapp (\tcons (x,\xs ),\ys ) & \to \{ 1 : \tcons (x,\tapp (\xs ,\ys ))\}\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tor (\tfalse ,\tfalse ) & \to \{ 1 : \tfalse \} \\[1pt] \tor (\ttrue ,x) & \to \{ 1 : \ttrue \} \\[1pt] \tor (x,\ttrue ) & \to \{ 1 : \ttrue \} \\[1pt] \tmoveelements (\xs ,\ys ) & \to \{ 1 : \tif (\tor (\tisempty (\xs ),\tisempty (\ys )), \xs , \ys )\} \\[1pt] \tif (\ttrue , \xs , \ys ) & \to \{ 1 : \xs \} \\[1pt] \tif (\tfalse , \xs , \ys ) & \to \{ \nicefrac {1}{2} : \tmoveelements (\ttail (\xs ),\tcons (\thd (\xs ),\ys )), \nicefrac {1}{2} : \tmoveelements (\tcons (\thd (\ys ),\xs ), \ttail (\ys ))\} \\[1pt] \tisempty (\tnil ) & \to \{ 1 : \ttrue \} \\[1pt] \tisempty (\tcons (x, \xs )) & \to \{ 1 : \tfalse \} \\[1pt] \thd (\tcons (x, \xs )) & \to \{ 1 : x\} \\[1pt] \ttail (\tcons (x, \xs )) & \to \{ 1 : \xs \} \\ \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tinit & \to \{ 1 : \tlessleaves (\tcreateT (\tleaf ), \tcreateT (\tleaf )) \} \\[1pt] \tconcat (\tleaf , y) & \to \{ 1 : y \} \\[1pt] \tconcat (\ttree (u, v), y) & \to \{ 1 : \ttree (u, \tconcat (v, y)) \} \\[1pt] \tlessleaves (x, \tleaf ) & \to \{ 1 : \tfalse \} \\[1pt] \tlessleaves (\tleaf , \ttree (x, y)) & \to \{ 1 : \ttrue \} \\[1pt] \tlessleaves (\ttree (u, v), \ttree (x, y)) & \to \{ 1 : \tlessleaves (\tconcat (u, v), \tconcat (x, y)) \} \\[1pt] \tcreateT (\xs ) & \to \{ 1 : \xs \} \\[1pt] \tcreateT (\xs ) & \to \{ \nicefrac {1}{3} : \xs ,\nicefrac {1}{3} : \tcreateT (\ttree (\xs , \tleaf )) ,\nicefrac {1}{3} : \tcreateT (\ttree (\tleaf , \xs )) \} \! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \tgt (\tz ,\tz ) & \to \{ 1 : \tfalse \} \\ \tgt (\ts (x),\tz ) & \to \{ 1 : \ttrue \} \\ \tgt (\tz ,\ts (y)) & \to \{ 1 : \tfalse \} \\ \tgt (\ts (x),s(y)) & \to \{ 1 : \tgt (x,y) \} \\ \tp (\tz ) & \to \{ 1 : \tz \} \\ \tp (\ts (x)) & \to \{ 1 : x \} \\ \tloop (x) & \to \{ 1 : \tif (\tgt (x,\tz ), x) \} \\ \tif (\tfalse , x) & \to \{ 1 : \tstop \} \\ \tif (\ttrue , x) & \to \{ \nicefrac {1}{2} : \tloop (\tp (x)), \nicefrac {1}{2} : \tloop (\ts (x)) \}\! \end {aligned}\end {equation*}


$\tgt $


$\tp $


$\mathtt {iAST}$


$\mathtt {AST}$


$\tc \to \ta $


$\tc \to \tb $


$\tf (x,y,z) \to \tg (x,y,z)$


$\tg (\ta ,\tb ,z) \to \tf (z,z,z)$


$\tf $


$\tg $


$\nicefrac {1}{2}$


\begin {equation*}\begin {aligned} \tc & \to \{1 : \ta \} \qquad \tc \to \{1 : \tb \} \\ \tf (x,y,z) & \to \{\nicefrac {1}{2} : \tg (x,y,z), \nicefrac {1}{2} : \tf (x,y,z)\} \\ \tg (\ta ,\tb ,z) & \to \{\nicefrac {1}{2} : \tf (z,z,z), \nicefrac {1}{2} : \tg (\ta ,\tb ,z)\}\! \end {aligned}\end {equation*}
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\begin {equation*}\begin {aligned} \teven (\tz ) & \to \{ 1 : \ttrue \} & \teven (\ts (\tz )) & \to \{ 1 : \tfalse \} \\ \teven (\ts (\ts (x))) & \to \{ 1 : \teven (x) \} & \tloop (x) & \to \{ 1 : \tevenif (\teven (x), x) \} \\ \tevenif (\tfalse , x) & \to \{ 1 : \tstop \} & \tevenif (\ttrue , x) & \to \{ \nicefrac {1}{2} : \tloop (x), \nicefrac {1}{2} : \tloop (\ts (x)) \}\! \end {aligned}\end {equation*}
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\begin {equation*}\sum _{n = 1}^{\infty } \left (\frac {1}{d}\right )^n = \frac {1}{d-1}, \text { for all } d \in \IR \text { such that } \frac {1}{|d|} <1.\end {equation*}
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$t''_v = t'_v = t$


$v$


$\F {T}'$


$v \in W$


$W$


$vE = \{w_1, \ldots , w_k\}$


$w_1, \ldots , w_k$


$\F {T}''$


$v$


$\F {T}'$


$\overline {Z}$


$t'_v \tored {}{}{\overline {Z}} \{\tfrac {p_{w_1}}{p_v}:t'_{w_1}, \ldots , \tfrac {p_{w_k}}{p_v}:t'_{w_k}\}$


$\bigcup _{X \in \hat {X}} X$


$\F {T}'$


$(\varphi _j)_{1 \leq j \leq k}$


$\pi $


$\F {T}''$


$t'_v \flateq _{(IH)} t''_v$


$t'_{w_j} \flateq t''_{w_j}$


$1 \leq j \leq k$


$\pi $


$\Junk _{\hat {X}}(t'_v)$


$\pi \in \posT (t'_v)$


$\pi \in \posT (t''_v)$


$\F {T}'$


$(\mathbf {af})$


$(\mathbf {at})$


$\F {T}''$


$(\mathbf {af})$


$(\mathbf {at})$


$\F {T}''$


$(\mathbf {af})$


$(\mathbf {nf})$


$\F {T}'$


$(\mathbf {af})$


$(\mathbf {nf})$


$\posT (t'_{w_j}) \setminus \Junk _{\hat {X}}(t'_{w_j}) \subseteq \posT (t''_{w_j})$


$1 \leq j \leq k$


$\PP \setminus \bigcup _{X \in \hat {X}} X$


$\F {T}'$


$\ell \to \{p_1:r_1, \ldots , p_k:r_k\}^{m}$


$\ell \to \{p_1:\flat (r_1), \ldots , p_k:\flat (r_k)\}^{m}$


$(\varphi _j)_{1 \leq j \leq k}$


$\pi $


$\pi \in \posT (t'_v)$


$\Junk _{\hat {X}}(t'_{w_j})$


$1 \leq j \leq k$


$\bigcup _{X \in \hat {X}} X$


$\bigcup _{Y \in \hat {Y}} Y \setminus \bigcup _{X \in \hat {X}} X$


$\bigcup _{X \in \hat {X}} X$


$>_{\F {G}}$


\begin {equation}\label {SCC induction} \mbox {for every}\, X \in \F {W}, \,\mbox {the ADP problem}\, \overline {\bigcup _{X >_{\F {G}}^* Y}Y} \, \mbox {is}\, \mathtt {AST}.\end {equation}


$>_{\F {G}}$


$\F {G}$


$X \in \F {W}$


$>_{\F {G}}$


$\bigcup _{X >_{\F {G}}^* Y} Y = X$


$\overline {X}$


$\mathtt {AST}$


$X \in \F {W}$


$\overline {\bigcup _{Y >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$Y \in \F {W}$


$X >_{\F {G}}^+ Y$


$\mathtt {Succ}(X) = \{Y \in \F {W} \mid X >_{\F {G}} Y\} = \{Y_1, \ldots ,Y_m\}$


$X$


$\overline {\bigcup _{Y_u >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$1 \leq u \leq m$


$1 \leq u \leq m$


$\overline {\bigcup _{1 \leq i \leq u} \bigcup _{Y_i >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$u = 1$


$\overline {\bigcup _{1 \leq i \leq u} \bigcup _{Y_i >_{\F {G}}^* Z} Z} = \overline {\bigcup _{Y_1 >_{\F {G}}^* Z} Z}$


$\overline {\bigcup _{Y_1 >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$1 \leq u < m$


$\overline {\bigcup _{Y_{u+1} >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$\overline {\bigcup _{1 \leq i \leq u} \bigcup _{Y_{i} >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$\overline {\bigcup _{1 \leq i \leq u+1} \bigcup _{Y_{i} >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$>_{\F {G}}^*$


$\bigcup _{1 \leq i \leq u} \bigcup _{Y_{i} >_{\F {G}}^* Z} Z$


$\bigcup _{Y_{u+1} >_{\F {G}}^* Z} Z$


$\overline {\bigcup _{1 \leq i \leq m} \bigcup _{Y_i >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$\overline {X}$


$\mathtt {AST}$


$\overline {\bigcup _{1 \leq i \leq m} \bigcup _{Y_i >_{\F {G}}^* Z} Z}$


$\mathtt {AST}$


$\overline {\bigcup _{X >_{\F {G}}^* Y} Y}$


$\mathtt {AST}$


$X$


$>_{\F {G}}^+$


$Z$


$Y_i >_{\F {G}}^* Z$


$1 \leq i \leq m$


$\overline {\bigcup _{X >_{\F {G}}^* Y} Y}$


$X \in \F {W}$


$\mathtt {AST}$


$X_1, \ldots , X_m \in \F {W}$


$\F {W}$


$>_{\F {G}}$


$\overline {\bigcup _{1 \leq i \leq u} \bigcup _{X_i >_{\F {G}}^* Y} Y}$


$\mathtt {AST}$


$1 \leq u \leq m$


$>_{\F {G}}$


$\overline {\bigcup _{1 \leq i \leq m} \bigcup _{X_i >_{\F {G}}^* Y} Y} = \PP $


$\mathtt {AST}$


$\overline {X} = X \cup \flat (\PP \setminus X)$


$X \subseteq \PP $


$\mathtt {AST}$


$\F {G}$


$\mathtt {AST}$


$v \in \aV $


$\F {T}$


$t' \trianglelefteq _{\sharp } t_v$


$t' = s \sigma ' \in \ANF _{\PP }$


$\sigma '$


$s \to \ldots \in X$


$s \sigma ' \in \ANF _{\PP }$


$s \theta \itored {}{}{\overline {X}} \{p_1:r_1 \theta , \ldots , p_k:r_k \theta \}$


$1 \leq j \leq k$


$t'' \trianglelefteq _{\sharp } r_j$


$t''^\sharp \theta \ito _{\nonprob (\PP )}^* s^\sharp \sigma '$


$s \theta , s \sigma ' \in \ANF _{\PP }$


$X$


$\Junk _{\hat {X}}(t'_v)$


$\pi \in \Junk _{\hat {X}}(t'_v)$


$\Leftrightarrow $


$B \in \F {W}$


$B >_{\F {G}}^* X$


$X \in \hat {X}$


$\ell \to \{p_1: r_1, \ldots , p_k: r_k\}^{m} \in B$


$\sigma $


$\annoEps (t_v'|_{\pi }) \ito _{\nonprob (\PP )}^* \ell ^\sharp \sigma $


$\ell ^\sharp \sigma \in \ANF _{\nonprob (\PP )}$


$\F {T}'$


$\F {T}''$


$\aV _1 \cap \aV ^{\F {T}'} \subseteq \aV ^{\F {T}''}$


$\PP $


$\mathtt {AST}$


$\PP $


$\F {T} = (V,E,L)$


$<1$


$(1: t)$


$\posT (t) = \{\varepsilon \}$


$\mathcal {T}_\mathtt {UT}(\PP )$


$\F {T}' = (V,E,L')$


$p_v^{\F {T}} = p_v^{\F {T}'}$


$v \in V$


$|\F {T}'| = |\F {T}| <1$


$\mathcal {T}_\mathtt {UT}(\PP )$


$\mathtt {AST}$


$L'$


$\mathcal {T}_\mathtt {UT}(\PP )$


$\F {T}'$


$W \subseteq V$


$L'$


$v \in W$


\begin {equation}\label {usable-terms-soundness-induction-hypothesis} t_v \flateq t'_v \text { and } \posT (t_v) \setminus \Junk (t_v) \subseteq \posT (t'_v).\end {equation}


$t_v$


$\Junk (t_v)$


$\pi \in \Junk (t_v)$


$\Leftrightarrow $


$\ell \to \{p_1: r_1, \ldots , p_k: r_k\}^{m} \in \PP $


$\sigma $


$\annoEps (t_v|_{\pi }) \to _{\nonprob (\PP )}^* \ell ^\sharp \sigma $


$t$


$v \in W$


$W$


$vE = \{w_1, \ldots , w_k\}$


$w_1, \ldots , w_k$


$\F {T}'$


$v$


$\F {T}$


$\PP $


$t_v \tored {}{}{\PP } \{\tfrac {p_{w_1}}{p_v}:t_{w_1}, \ldots , \tfrac {p_{w_k}}{p_v}:t_{w_k}\}$


$\tored {}{}{\PP }$


$\ell \to \{ p_1: r_1, \ldots , p_k:r_k\}^{m}$


$(\varphi _j)_{1 \leq j \leq k}$


$\pi $


$\sigma $


$\F {T}$


$\ell \to \{ p_1: \sharp _{\Delta _{\PP }(r_1)}(r_1), \ldots , p_k:\sharp _{\Delta _{\PP }(r_k)}(r_k)\}^{m}$


$(\varphi _j)_{1 \leq j \leq k}$


$\pi $


$\sigma $


$t_{w_j} \flateq t'_{w_j}$


$1 \leq j \leq k$


$\posT (t_{w_j}) \setminus \Junk (t_{w_j}) \subseteq \posT (t'_{w_j})$


$\pi \in \posT (t_v) \cap \Junk (t_v)$


$\ell \to \{ p_1: r_1, \ldots , p_k:r_k\}^{m}$


$\Junk (t_v)$


$(\mathbf {at})$


$(\mathbf {nt})$


$(\mathbf {af})$


$(\mathbf {nf})$


$\pi \in \posT (t_v) \setminus \Junk (t_v)$


$\Junk (t_v)$


$\sharp _{\Delta _{\PP }(r_j)}(r_j)$


$\posT (t_{w_j}) \setminus \Junk (t_{w_j}) \subseteq \posT (t'_{w_j})$


$1 \leq j \leq k$


$\F {T}'$


$\mathcal {T}_\mathtt {UT}(\PP )$


$(\mathbf {at})$


$(\mathbf {af})$


$\F {T}$


$\PP $


$(\mathbf {at})$


$(\mathbf {af})$


$\F {T}$


$(\mathbf {at})$


$(\mathbf {af})$


$v$


$\Junk (t_{w_j})$


$\posT (t_v) \setminus \Junk (t_v)$


$\mathtt {AST}$


$\Junk (t_v)$


$\pi \in \Junk (t_v)$


$\Leftrightarrow $


$\ell \to \{p_1: r_1, \ldots , p_k: r_k\}^{m} \in \PP $


$\sigma $


$\annoEps (t_v|_{\pi }) \ito _{\nonprob (\PP )}^* \ell ^\sharp \sigma $


$\ell ^\sharp \sigma \in \ANF _{\PP }$


$\overline {\PP } = \urules (\PP ) \cup \{\ell \to \mu ^{\tfalse } \mid \ell \to \mu ^{m} \in \PP \setminus \urules (\PP )\}$


$\PP $


$\mathtt {iAST}$


$\PP $


$\F {T} = (V,E,L)$


$<1$


$(1: t)$


$\flat (t) = s \theta \in \ANF _{\PP }$


$\theta $


$s \to \ldots \in \PP $


$\posT (t) = \{\varepsilon \}$


$\ell \to \mu \in \PP $


$\ell \to \mu \not \in \overline {\PP }$


$\PP $


$\F {T}$


$\overline {\PP }$


$<1$


$\overline {\PP }$


$\mathtt {iAST}$


$\tored {}{}{\PP }$


$\tored {}{}{\PP }$


$\mathcal {A}_{sum}^{\sharp }(r) = \sum _{t \trianglelefteq _{\sharp } r} \mathcal {A}(t^\sharp )$


$\pi \leq \tau \Leftrightarrow \text { there exists } \chi \in \IN ^* \text { such that } \pi .\chi = \tau $


$\protect \mathtt  {AST}$


$\protect \mathtt  {iAST}$


$(\mathcal {A},\succ )$


$\NN $


$\Sigma ^\sharp $


$\PP = \PP _{\succcurlyeq } \uplus \PP _{\succ }$


$\PP _{\succ } \neq \emptyset $


\begin {equation*}\begin {array}{cclll} (1) & & \forall \ell \to \mu ^{m} \in \PP & : & \mathcal {A}_{sum}^{\sharp }(\ell ^\sharp ) \succcurlyeq \IE (\mathcal {A}_{sum}^{\sharp }(\mu )) \\ (2) & (a) & \forall \ell \to \mu ^{m} \in \PP _{\succ } : \exists r \in \Supp (\mu ) & : & \mathcal {A}_{sum}^{\sharp }(\ell ^\sharp ) \succ \mathcal {A}_{sum}^{\sharp }(r) \\ & (b) & \text {If } m = \ttrue ,\text { then we additionally have } & : & \mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(\flat (r)) \\ (3) & & \forall \ell \to \mu ^{\ttrue } \in \PP & : & \mathcal {A}(\ell ) \succcurlyeq \IE (\mathcal {A}(\flat (\mu )))\! \end {array}\end {equation*}


$\F {T} = (V,E,L)$


$\PP $


$\aV = \aV _{\succcurlyeq } \uplus \aV _{\succ }$


$\PP = \PP _{\succcurlyeq } \uplus \PP _{\succ }$


$\F {T}$


$\aV _{\succ }$


$|\F {T}| = 1$


$\mathtt {AST}$


$\PP $


$\F {T}$


$\F {T}^{\leq N}$


$N \in \IN $


$|\F {T}^{\leq N}| \geq p_{min}^{N}$


$N \in \IN $


$|\F {T}^{\leq N}|=1$


$N \in \IN $


$|\F {T}|=1$


$p_{min}>0$


$\PP $


$\PP $


$p_{min}^{N} = \underbrace {p_{min} \cdot \ldots \cdot p_{min}}_\text {$N$ times}$


$s \to \{ p_1:t_1, \ldots , p_k:t_k \}$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}$


$\mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(r_j)$


$1 \leq j \leq k$


$\mathcal {A}(s) \succcurlyeq \mathcal {A}(t_j)$


$a \tored {}{}{\PP } \{ p_1:b_1, \ldots , p_k:b_k \}$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}^{m} \in \PP _{\succ }$


$\pi \in \posT (a)$


$\mathcal {A}_{sum}^{\sharp }(a) \succ \mathcal {A}_{sum}^{\sharp }(b_j)$


$1 \leq j \leq k$


$s \to \{ p_1:t_1, \ldots , p_k:t_k \}$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}$


$\mathcal {A}(\ell ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(r_j)$


$\mathcal {A}(s) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_j)$


$a \tored {}{}{\PP } \{ p_1:b_1, \ldots , p_k:b_k \}$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}^{m} \in \PP $


$\mathcal {A}_{sum}^{\sharp }(a) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}_{sum}^{\sharp }(b_j)$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}$


$\mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(r_j)$


$1 \leq j \leq k$


$\sigma $


$\pi $


$s$


$s|_\pi =\ell \sigma $


$t_h = s[r_h \sigma ]_\pi $


$1 \leq h \leq k$


$\pi $


$\pi = \varepsilon $


$s = \ell \sigma \to \{ p_1:r_1 \sigma , \ldots , p_k:r_k \sigma \}$


$\mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(r_j)$


$1 \leq j \leq k$


$t_j = r_j\sigma $


\begin {equation*}\mathcal {A}(s) = \mathcal {A}(\ell \sigma ) \succcurlyeq \mathcal {A}(r_j\sigma ) = \mathcal {A}(t_j).\end {equation*}


$\pi = i.\pi '$


$s = f(s_1,\ldots ,s_i,\ldots ,s_n)$


$f \in \Sigma ^\sharp $


$s_i \to \{ p_1:t_{i,1}, \ldots , p_k:t_{i,k} \}$


$t_j = f(s_1,\ldots ,t_{i,j},\ldots ,s_n)$


$t_{i,j} = s_i[r_j\sigma ]_{\pi '}$


$1 \leq j \leq k$


$\mathcal {A}(s_i) \succcurlyeq \mathcal {A}(t_{i,j})$


$t_j = f(s_1,\ldots ,t_{i,j},\ldots ,s_n)$


\begin {equation*}\begin {array}{l@{\;}l@{\;}l} \mathcal {A}(s) & = & \mathcal {A}(f(s_1,\ldots ,s_i,\ldots ,s_n)) \\ & = & f_{\mathcal {A}}(\mathcal {A}(s_1),\ldots ,\mathcal {A}(s_i),\ldots ,\mathcal {A}(s_n)) \\ & \succcurlyeq & f_{\mathcal {A}}(\mathcal {A}(s_1),\ldots ,\mathcal {A}(t_{i,j}),\ldots ,\mathcal {A}(s_n)) \\ & & \hspace *{1cm} \text { {(by weak monotonicity of $f_{\mathcal {A}}$ and $\mathcal {A}(s_i) \succcurlyeq \mathcal {A}(t_{i,j})$)}} \\ & = & \mathcal {A}(f(s_1,\ldots ,t_{i,j},\ldots ,s_n)) \\ & = & \mathcal {A}(t_j). \end {array}\end {equation*}


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}^{m} \in \PP _{\succ }$


$(\varphi _j)_{1 \leq j \leq k}$


$\sigma $


$\pi \in \posT (a)$


$\flat (a|_{\pi }) = \ell \sigma $


$b_j \flateq a[r_j \sigma ]_{\pi }$


$m = \ttrue $


$I_1 = \{\tau \in \posT (a) \mid \tau < \pi \}$


$\pi $


$I_2 = \{\tau \in \posT (a) \mid \gamma \in \pos _{\VSet }(\ell ), \pi < \tau \leq \pi .\gamma \}$


$\ell $


$\ell \sigma $


$\ell $


$I_3 = \{\tau \in \posT (a) \mid \gamma \in \pos _{\VSet }(\ell ), \pi .\gamma < \tau \}$


$I_4 = \{\tau \in \posT (a) \mid \tau \bot \pi \}$


$\pi $


$\tau \in I_1$


$\kappa _\tau $


$\tau .\kappa _\tau = \pi $


$\tau \in I_3$


$\gamma _\tau $


$\rho _\tau $


$\gamma _\tau \in \pos _{\VSet }(\ell )$


$\pi .\gamma _\tau .\rho _\tau = \tau $


$1 \leq j \leq k$


$\mathcal {A}(\ell ^\sharp ) = \mathcal {A}_{sum}^{\sharp }(\ell ^\sharp ) \succ \mathcal {A}_{sum}^{\sharp }(r_j) = \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(t^\sharp )$


$\mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(\flat (r_j))$


$m = \ttrue $


\begin {equation*}\begin {aligned} &\mathcal {A}_{sum}^{\sharp }(a)\\ = & \sum _{t \trianglelefteq _{\sharp } a} \mathcal {A}(t^\sharp ) \\ = & \mathcal {A}(\annoEps (a|_{\pi })) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_2} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ \succcurlyeq & \mathcal {A}(\annoEps (a|_{\pi })) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{1cm} \text {{(removed $I_2$)}} \\ = & \mathcal {A}(\annoEps (\ell ) \sigma ) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{1cm}\text {{(as $\annoEps (a|_{\pi }) = \annoEps (\ell ) \sigma $)}} \\ \succ & \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(\annoEps (t)\sigma ) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{1cm}\text {{(as $\mathcal {A}(\annoEps (\ell )) \succ \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(\annoEps (t))$, hence $\mathcal {A}(\annoEps (\ell )\sigma ) \succ \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(\annoEps (t)\sigma )$)}} \\ \succcurlyeq & \sum _{t \trianglelefteq _{\sharp } r_j\sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _{\tau }})) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{1cm}\text {{(by $\mathcal {A}(\ell ) \succcurlyeq \mathcal {A}(r_j)$ and (a))}} \\ \succcurlyeq & \sum _{t \trianglelefteq _{\sharp } r_j\sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _{\tau }})) + \sum _{\tau \in I_3, \varphi _j(\gamma _\tau ) \neq \bot } \mathcal {A}(\annoEps (b_j|_{\pi .\varphi _j(\gamma _\tau ).\rho _\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{1cm}\text {{(moving $\tau = \pi .\gamma _\tau .\rho _\tau \in I_3$ via the VRF)}} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} = & \sum _{t \trianglelefteq _{\sharp } b_j} \mathcal {A}(t^\sharp ) \\ = & \mathcal {A}_{sum}^{\sharp }(b_j)\! \end {aligned}\end {equation*}


$m = \tfalse $


$\sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau }))$


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}$


$\mathcal {A}(\ell ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(r_j)$


$\sigma $


$\pi $


$s$


$s|_\pi =\ell \sigma $


$t_j = s[r_j \sigma ]_\pi $


$1 \leq j \leq k$


$\pi $


$\pi = \varepsilon $


$s = \ell \sigma \to \{ p_1:r_1\sigma , \ldots , p_k:r_k\sigma \}$


$\mathcal {A}(\ell ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(r_j)$


$t_j = r_j\sigma $


\begin {equation*}\mathcal {A}(s) \;=\; \mathcal {A}(\ell \sigma ) \;\succcurlyeq \;\sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(r_j\sigma ) \;=\; \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_j).\end {equation*}


$\pi = i.\pi '$


$s = f(s_1,\ldots ,s_i,\ldots ,s_n)$


$s_i \to \{ p_1:t_{i,1}, \ldots , p_k:t_{i,k} \}$


$t_j = f(s_1,\ldots ,t_{i,j},\ldots ,s_n)$


$t_{i,j} = s_i[r_j\sigma ]_{\pi '}$


$1 \leq j \leq k$


$\mathcal {A}(s_i) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_{i,j})$


\begin {equation*}\begin {aligned} \mathcal {A}(s) = & \mathcal {A}(f(s_1,\ldots ,s_i,\ldots ,s_n)) \\ = & f_{\mathcal {A}}(\mathcal {A}(s_1),\ldots ,\mathcal {A}(s_i),\ldots ,\mathcal {A}(s_n)) \\ \succcurlyeq & f_{\mathcal {A}}(\mathcal {A}(s_1),\ldots ,\sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_{i,j}),\ldots ,\mathcal {A}(s_n)) \qquad \text {{(by weak monotonicity of $f_{\mathcal {A}}$ and $\mathcal {A}(s_i) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_{i,j})$)}} \\ \succcurlyeq & \sum _{1 \leq j \leq k} p_j \cdot f_{\mathcal {A}}(\mathcal {A}(s_1),\ldots ,\mathcal {A}(t_{i,j}),\ldots ,\mathcal {A}(s_n)) \qquad \text {{(as $f_{\mathcal {A}}$ is concave)}} \\ = & \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(f(s_1,\ldots ,t_{i,j},\ldots ,s_n)) \\ = & \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(t_j). \end {aligned}\end {equation*}


$\ell \to \{ p_1:r_1, \ldots , p_k:r_k \}^{m} \in \PP $


$\sigma $


$\pi $


$\flat (a|_{\pi }) = \ell \sigma $


$b_j \flateq a[r_j \sigma ]_{\pi }$


$m = \ttrue $


$\pi \in \posT (a)$


$I_1 = \{\tau \in \posT (a) \mid \tau < \pi \}$


$\pi $


$I_2 = \{\tau \in \posT (a) \mid \gamma \in \pos _{\VSet }(\ell ), \pi < \tau \leq \pi .\gamma \}$


$\ell $


$\ell \sigma $


$\ell $


$I_3 = \{\tau \in \posT (a) \mid \gamma \in \pos _{\VSet }(\ell ), \pi .\gamma < \tau \}$


$I_4 = \{\tau \in \posT (a) \mid \tau \bot \pi \}$


$\pi $


$\tau \in I_1$


$\kappa _\tau $


$\tau .\kappa _\tau = \pi $


$\tau \in I_3$


$\gamma _\tau $


$\rho _\tau $


$\gamma _\tau \in \pos _{\VSet }(\ell )$


$\pi .\gamma _\tau .\rho _\tau = \tau $


$\mathcal {A}(\annoEps (\ell )) = \mathcal {A}_{sum}^{\sharp }(\annoEps (\ell )) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(\annoEps (t))$


$\mathcal {A}(\ell ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(\flat (r_j))$


\begin {equation*}\begin {aligned} &\mathcal {A}_{sum}^{\sharp }(a)\\ = & \sum _{t \trianglelefteq _{\sharp } a} \mathcal {A}(t^\sharp ) \\ = &\mathcal {A}(\annoEps (a|_{\pi })) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_2} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ \succcurlyeq & \mathcal {A}(\annoEps (a|_{\pi })) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{2cm} \text {{(removed $I_2$)}} \\ = &\mathcal {A}(\annoEps (\ell )\sigma ) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{2cm} \text {{(as $a|_{\pi } = \annoEps (\ell ) \sigma $)}} \\ \succcurlyeq & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{2cm} \text {{(by $\mathcal {A}(\annoEps (\ell )) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j} \mathcal {A}(\annoEps (t))$, hence $\mathcal {A}(\annoEps (\ell )\sigma ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t))$)}} \\ \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \succcurlyeq & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ & \hspace *{2cm} \text {{(by $\mathcal {A}(\ell ) \succcurlyeq \sum _{1 \leq j \leq k} p_j \cdot \mathcal {A}(r_j)$ and (c))}} \\ = & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{1 \leq j \leq k} \sum _{\tau \in I_1} p_j \cdot \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ = & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{1 \leq j \leq k} p_j \cdot \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ = & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{1 \leq j \leq k} p_j \cdot \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{1 \leq j \leq k} p_j \cdot \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{1 \leq j \leq k} p_j \cdot \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau })) \\ = & \sum _{1 \leq j \leq k} p_j \cdot \big (\sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{\tau \in I_3} \mathcal {A}(\annoEps (a|_{\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau }))\big ) \\ \succcurlyeq & \sum _{1 \leq j \leq k} p_j \cdot \big (\sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(\annoEps (t)) + \sum _{\tau \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau })) + \sum _{\tau \in I_3, \varphi _j(\gamma _\tau ) \neq \bot } \mathcal {A}(\annoEps (b_j|_{\pi .\varphi _j(\gamma _\tau ).\rho _\tau })) + \sum _{\tau \in I_4} \mathcal {A}(\annoEps (a|_{\tau }))\big ) \\ & \hspace *{2cm} \text {{(moving $\tau = \pi .\gamma _\tau .\rho _\tau \in I_3$ via the VRF)}}\\ = & \sum _{1 \leq j \leq k} p_j \cdot \sum _{t \trianglelefteq _{\sharp } b_j} \mathcal {A}(t^\sharp ) \\ = & \mathcal {A}_{sum}^{\sharp }(b_j) \end {aligned}\end {equation*}


$\pi \notin \posT (a)$


$\mathcal {A}(\annoEps (\ell )\sigma )$


$a$


$\sum _{t \trianglelefteq _{\sharp } r_j \sigma } \mathcal {A}(t^\sharp )$


$m = \tfalse $


$\sum _{i \in I_1} \mathcal {A}(\annoEps (a|_{\tau }[r_j \sigma ]_{\kappa _\tau }))$


$\F {T} = (V,E,L)$


$\PP $


$\mathcal {A}$


$\IN $


$g_{\mathcal {A} \to \IN }: A \to \IN $


$v \in V$


\begin {equation*}\tval : V \to \IN , \qquad v \mapsto \begin {cases} 0, & \text { if } v \in \ctleaf \\ g_{\mathcal {A} \to \IN }(\mathcal {A}_{sum}^{\sharp }(t_v \delta _{\ta })) + 1, & \text { otherwise } \end {cases}\end {equation*}


$t_v$


$v$


$\delta _{\ta }$


$\ta $


$\succ $


$\mathcal {A}_{sum}^{\sharp }(t) \succ \mathcal {A}_{sum}^{\sharp }(s)$


$\mathcal {A}_{sum}^{\sharp }(t \delta _{\ta }) \succ \mathcal {A}_{sum}^{\sharp }(s \delta _{\ta })$


$\tval $


$\tval (v) = 0$


$v$


$\F {T}$


$N \in \IN $


$\F {T}^{\leq N}$


$v$


$\tval (v) \geq N+1$


$C = \ctleaf ^{\F {T}^{\leq N}} \setminus \ctleaf ^{\F {T}}$


$\F {T}^{\leq N}$


$v \in C$


$\tval (v) \geq N+1$


$|\F {T}| = 1$


$|\F {T}^{\leq N}| = 1$


$N \in \IN $


$|\F {T}| = 1$


$a \tored {}{}{\PP } \{p_1:b_1, \ldots , p_k:b_k\}$


$(\mathbf {nt})$


$(\mathbf {nf})$


$\PP _{\succcurlyeq }$


$b_j$


$N$


$\F {T}^{\leq N}$


$p_{min}^{N}$


$|\F {T}^{\leq N}| \geq p_{min}^{N}$


$\IN $


$p_{min}^{N} > 0$


$\IN $


$> 0$


$N \in \IN $


$\PP $


$\PP _{\succ }$


$|\F {T}^{\leq N}| \geq p_{min}^{N}$


$\aV $


$\F {T}^{\leq N}$


$\aV $


$\F {T}^{\leq N}$


$\aV \cap C = \emptyset $


$\aV _{\succ }$


$\aV _{\succcurlyeq }$


$\aV $


$\PP _{\succ }$


$\PP _{\succcurlyeq }$


$v \in \aV _{\succ }$


$\F {T}_v$


$v$


$\aV _{\succ }$


$\F {T}_v$


$\F {T}^{\leq N}$


$\ctleaf ^{\F {T}}$


$C$


$\F {T}$


$\F {T}_v$


$\F {T}_v$


$\tval (v)$


$W^v \subseteq \ctleaf ^{\F {T}_v}$


$\F {T}_v$


$w \in W^v$


$\adtval (w) \leq \adtval (v) - 1$


$\sum _{w \in W^v} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \geq p_{min}^{\adtval (v)}$


$\adtval : V^{\F {T}^{\leq N}} \to \IN $


$v \in V^{\F {T}^{\leq N}}$


\begin {equation*}\adtval (v) = \begin {cases} 0, & \text {if } v \text { is a leaf in } \F {T}^{\leq N} \\ \tval (v), & \text {otherwise} \end {cases}\end {equation*}


$C$


$v \in C$


$\tval (v) \geq N+1$


$\adtval (v) = 0$


$p_{min}^{n} = \underbrace {p_{min} \cdot \ldots \cdot p_{min}}_\text {$n$ times}$


$n \in \IN $


$\adtval (v) \in \IN $


$p_{min}^{\adtval (w)}$


$W^v$


$H$


$\F {T}_v$


$W^v_i$


$1 \leq i \leq H$


$w \in W^v_i$


$\adtval (w) \leq \adtval (v) - 1$


$\sum _{w \in W^v_i} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \geq p_{min}^{\adtval (v)}$


$w \in W^v_i$


$i$


$\F {T}_v$


$i = H$


$\F {T}_v$


$W^v = W_H^v$


$W_H^v$


$\F {T}_v$


$W_H^v \subseteq \ctleaf ^{\F {T}_v}$


$i = 1$


$\PP _{\succ }$


$\pi \in \posT (t_v)$


$vE = \{w_1, \ldots , w_k\}$


$v$


$t_v \tored {}{}{\PP } \{p_1:t_{w_1}, \ldots , p_k:t_{w_k}\}$


$\PP _{\succ }$


$1 \leq j \leq k$


$\mathcal {A}_{sum}^{\sharp }(t_v) \succ \mathcal {A}_{sum}^{\sharp }(t_{w_j})$


$g_{\mathcal {A} \to \IN }(\mathcal {A}_{sum}^{\sharp }(t_v \delta _{\ta })) \geq g_{\mathcal {A} \to \IN }(\mathcal {A}_{sum}^{\sharp }(t_{w_j} \delta _{\ta })) + 1$


$\tval (v) \geq \tval (w_j) + 1$


$\adtval (v) \geq \adtval (w_j) + 1$


$0 < p_{min} \leq 1$


$p_{min}^{\adtval (v)} \leq p_{min}^{\adtval (w_j) + 1}$


$W_0^v = \{w_j\}$


$\adtval (v) \geq \adtval (w_j) + 1$


$\adtval (w_j) \leq \adtval (v) - 1$


\begin {equation*}\sum _{w \in W_1^v} p_{w}^{\F {T}_v} \cdot p_{min}^{\adtval (w)} = p_j \cdot p_{min}^{\adtval (w_j)} \!\stackrel {\bigl (\substack { p_j \geq p_{min} \land \\ \adtval (w_j) \leq \adtval (v) - 1}\bigr )}{\geq }\!\! p_{min} \cdot p_{min}^{\adtval (v) - 1} = p_{min}^{\adtval (v)}.\end {equation*}


$i > 1$


$W_{i-1}^v$


$w \in W_{i-1}^v$


$\F {T}_v$


$wE = \{w_1, \ldots , w_k\}$


$t_w$


$\tored {}{}{\PP }$


$\PP _{\succcurlyeq }$


$\tored {}{}{\PP }$


$\pi \notin \posT (t_w)$


$t_w$


$\{p_1:t_{w_1}, \ldots ,p_k:t_{w_k}\}$


$\mathcal {A}_{sum}^{\sharp }(t_w) \succcurlyeq \sum _{1 \leq j \leq k} p_{j} \cdot \mathcal {A}_{sum}^{\sharp }(t_{w_j})$


$g_{\mathcal {A} \to \IN }$


\begin {equation*}\begin {aligned} g_{\mathcal {A} \to \IN }(\mathcal {A}_{sum}^{\sharp }(t_w \delta _{\ta })) & \geq g_{\mathcal {A} \to \IN }\big (\sum _{1 \leq j \leq k} p_{j} \cdot \mathcal {A}_{sum}^{\sharp }(t_{w_j} \delta _{\ta })\big ) \\ & \geq \sum _{1 \leq j \leq k} p_{j} \cdot g_{\mathcal {A} \to \IN }(\mathcal {A}_{sum}^{\sharp }(t_{w_j} \delta _{\ta })) \\ \Longleftrightarrow \adtval (w) & \geq \sum _{1 \leq j \leq k} p_{j} \cdot \adtval (w_j) \end {aligned}\end {equation*}


$\adtval (w) = \adtval (w_j)$


$1 \leq j \leq k$


$1 \leq j \leq k$


$\adtval (w) > \adtval (w_j)$


$W_{i-1}^v$


$W_{i-1}^{v(1)}$


$W_{i-1}^{v(2)}$


$W_{i-1}^{v(3)}$


$w \in W_{i-1}^{v(1)}$


$\Leftrightarrow $


$w \in W_{i-1}^v$


$w$


$\F {T}_v$


$w \in W_{i-1}^{v(2)}$


$\Leftrightarrow $


$w \in W_{i-1}^v$


$\adtval (w) = \adtval (w_j)$


$1 \leq j \leq k$


$w \in W_{i-1}^{v(3)}$


$\Leftrightarrow $


$w \in W_{i-1}^v$


$1 \leq j \leq k$


$\adtval (w) > \adtval (w_j)$


$w_j$


$w^+$


$w$


$W_{i-1}^v$


$\adtval (w) = \adtval (w_j)$


$1 \leq j \leq k$


$\adtval (w) > \adtval (w^+)$


$\adtval (w^+) \leq \adtval (w) - 1$


$W_{i}^v$


\begin {equation*}\begin {array}{l@{}c@{}l} W_{i}^v \ & = &\ W_{i-1}^{v(1)} \\ \ & \cup &\ \bigcup _{w \in W_{i-1}^{v(2)}} wE \\ \ & \cup &\ \{w^+ \mid w \in W_{i-1}^{v(3)}\} \\ \end {array}\end {equation*}


$W_{i-1}^{v(1)}$


$w$


$w^+$


$w$


$w^+$


$\{w^+ \mid w \in W_{i-1}^{v(3)}\}$


$w_1, \ldots , w_k$


$w$


$w$


$w$


$\bigcup _{w \in W_{i-1}^{v(2)}} wE$


$W_{i}^v$


$\adtval (w) \leq \adtval (v) - 1$


$w \in W_{i-1}^v$


$w' \in W_{i-1}^{v(1)} \subseteq W_{i-1}^v$


$\adtval (w')\leq \adtval (v) - 1$


$w' \in \bigcup _{w \in W_{i-1}^{v(2)}} wE$


$\adtval (w') = \adtval (w)$


$w \in W_{i-1}^v$


$\adtval (w') = \adtval (w) \leq \adtval (v) - 1$


$w' \in \{w^+ \mid w \in W_{i-1}^{v(3)}\}$


$\adtval (w') \leq \adtval (w) - 1$


$w \in W_{i-1}^v$


$\adtval (w') \leq \adtval (w) - 1 \leq \adtval (v) - 2 \leq \adtval (v) - 1$


$w \in W_{i-1}$


$\F {T}_v$


$i-1$


$\F {T}_v$


$W_{i-1}$


$i$


$W_{i}$


$W_{i}$


$i$


$i$


$\bigcup _{w \in W_{i-1}^{v(2)}} wE$


\begin {equation*}\begin {aligned} &\sum _{w' \in \bigcup _{w \in W_{i-1}^{v(2)}} wE} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} \\ = & \sum _{w \in W_{i-1}^{v(2)}} \sum _{w' \in wE}p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} \\ = & \sum _{w \in W_{i-1}^{v(2)}, wE = \{w_1,\ldots ,w_k\}} \sum _{1 \leq j \leq k} p_{w_j}^{\F {T}_v} \cdot p_{min}^{\adtval (w_j)} \\ = & \sum _{w \in W_{i-1}^{v(2)}, wE = \{w_1,\ldots ,w_k\}} \sum _{1 \leq j \leq k} p_{w_j}^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \qquad \text {(as $\adtval (w_j) = \adtval (w)$ for all $1 \leq j \leq k$)} \\ = & \sum _{w \in W_{i-1}^{v(2)}, wE = \{w_1,\ldots ,w_k\}} \sum _{1 \leq j \leq k} p_j \cdot p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \qquad \text {(as $p_{w_j}^{\F {T}_v} = p_j \cdot p_w^{\F {T}_v}$ for all $1 \leq j \leq k$)} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} = & \sum _{w \in W_{i-1}^{v(2)}, wE = \{w_1,\ldots ,w_k\}} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \cdot \sum _{1 \leq j \leq k} p_j \\ = &\sum _{w \in W_{i-1}^{v(2)}} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \cdot 1 \qquad \qquad \text {(as $\sum _{1 \leq j \leq k} p_j = 1$)} \\ = &\sum _{w \in W_{i-1}^{v(2)}} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)}. \end {aligned}\end {equation*}


$\{w^+ \mid w \in W_{i-1}^{v(3)}\}$


\begin {equation*}\begin {aligned} &\sum _{w' \in \{w^+ \mid w \in W_{i-1}^{v(3)}\}} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} \\ = & \sum _{w \in W_{i-1}^{v(3)}} p_{w^+}^{\F {T}_v} \cdot p_{min}^{\adtval (w^+)} \\ \geq &\sum _{w \in W_{i-1}^{v(3)}} p_{min} \cdot p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w^+)} \text {(as $p_{w^+}^{\F {T}_v} \geq p_{min} \cdot p_w^{\F {T}_v}$)} \\ \geq & \sum _{w \in W_{i-1}^{v(3)}} p_{min} \cdot p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)-1} \text {(as $\adtval (w^+) \leq \adtval (w) - 1$)} \\ = & \sum _{w \in W_{i-1}^{v(3)}} p_w^{\F {T}_v} \cdot p_{min}^{\adtval (w)}. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} & \sum _{w' \in W_{i}^v} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} \\ = & \sum _{w' \in W_{i-1}^{v(1)}} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} + \sum _{w' \in \bigcup _{w \in W_{i-1}^{v(2)}} wE} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} + \sum _{w' \in \{w^+ \mid w \in W_{i-1}^{v(3)}\}} p_{w'}^{\F {T}_v} \cdot p_{min}^{\adtval (w')} \\[10pt] \geq & \sum _{w \in W_{i-1}^{v(1)}} p_{w}^{\F {T}_v} \cdot p_{min}^{\adtval (w)} + \sum _{w \in W_{i-1}^{v(2)}} p_{w}^{\F {T}_v} \cdot p_{min}^{\adtval (w)} + \sum _{w \in W_{i-1}^{v(3)}} p_{w}^{\F {T}_v} \cdot p_{min}^{\adtval (w)} \\ \stackrel {(IH)}{\geq } & p_{min}^{\adtval (v)}. \end {aligned}\end {equation*}


$|\F {T}^{\leq N}| \geq p_{min}^{N}$


$N \in \IN $


$Z_{k}$


$\F {T}^{\leq N}$


$\aV _{\succ }$


$k-1$


$\aV _{\succ }$


$k$


$\aV _{\succ }$


$\aV $


$\aV _{\succcurlyeq }$


$\aV _{\succ }$


$\F {T}^{\leq N}$


$\aV \cap C = \emptyset $


$\ctleaf _k$


$\F {T}^{\leq N}$


$k$


$\aV _{\succ }$


$1 \leq k \leq N+1$


\begin {equation*}\sum _{v \in Z_{k} \cup \ctleaf _{k}, 0 \leq \adtval (v) \leq N+1-k} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \geq p_{min}^{N}\end {equation*}


$k = N+1$


\begin {equation*}\begin {aligned} & p_{min}^{N} \\ \leq & \sum _{v \in Z_{N+1} \cup \ctleaf _{N+1}, 0 \leq \adtval (v) \leq N+1-(N+1)} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \\ = & \ \sum _{v \in Z_{N+1} \cup \ctleaf _{N+1}, 0 \leq \adtval (v) \leq 0} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \\ = & \ \sum _{v \in Z_{N+1} \cup \ctleaf _{N+1}, \adtval (v) = 0} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \\ = & \ \sum _{v \in Z_{N+1} \cup \ctleaf _{N+1}, \adtval (v) = 0} p_v^{\F {T}^{\leq N}} \cdot 1 \\ \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} = & \ \sum _{v \in Z_{N+1} \cup \ctleaf _{N+1}, \adtval (v) = 0} p_v^{\F {T}^{\leq N}} \\ = & \ \sum _{v \in \ctleaf _{N+1}} p_v^{\F {T}^{\leq N}} \qquad \text {(as $\adtval (v) = 0$ iff $v$ is a leaf of $\F {T}^{\leq N}$)} \\ \leq & \ \sum _{v \in \ctleaf ^{\F {T}^{\leq N}}} p_v^{\F {T}^{\leq N}} \\ = & \ |\F {T}^{\leq N}| \end {aligned}\end {equation*}


$k = 1$


\begin {equation*}\begin {aligned} & \sum _{v \in Z_{1} \cup \ctleaf _{1}, 0 \leq \adtval (v) \leq N+1-1} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \\ = &\ \sum _{v \in Z_{1} \cup \ctleaf _{1}, 0 \leq \adtval (v) \leq N} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{\adtval (v)} \\ \geq &\ \sum _{v \in Z_{1} \cup \ctleaf _{1}, 0 \leq \adtval (v) \leq N} p_v^{\F {T}^{\leq N}} \cdot p_{min}^{N} \quad \text {(since $\adtval (v) \leq N$)} \\ = &\ p_{min}^{N} \cdot \sum _{v \in Z_{1} \cup \ctleaf _{1}, 0 \leq \adtval (v) \leq N} p_v^{\F {T}^{\leq N}} \\ = &\ p_{min}^{N} \cdot \sum _{v \in Z_{1} \cup \ctleaf _{1}} p_v^{\F {T}^{\leq N}} \\ = &\ p_{min}^{N} \cdot 1 \quad \text {(since $\sum _{v \in Z_{1} \cup \ctleaf _{1}} p_v^{\F {T}^{\leq N}} = 1$)} \\ = &\ p_{min}^{N} \end {aligned}\end {equation*}


$\sum _{v \in Z_{1} \cup \ctleaf _{1}} p_v^{\F {T}^{\leq N}} = 1$


$Z_{1} \cup \ctleaf _{1}$


$\PP _{\succ }$


$Z_{1}$


$\aV _{\succ }$


$1$


$1 \leq k \leq N$
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Algorithm 1: Running Example.

x <0
while x =0 do

{
x<—0691/2x<—1;

1O{
x<—0691/3x<—1;
y<3-y

|}

10 while y > 0 do

11 Ly(—y—l;

1
2
3
4
5 y<2-y
6
7
8
9

As a running example in the first part of this paper (Sections 1-4), we transform Algorithm 1 (written in pGCL) into an equivalent
PTRS and show how our framework proves AST. Here, @, , denotes probabilistic choice, and [] denotes demonic non-determinism.
In every iteration of the first loop, we have a chance of at least 1/3 to leave the first loop and enter the second one, which in turn
terminates after a finite number of steps. Hence, the termination probability for Algorithm 1 is at least 1/3+2/3- 1/3 4 (2/3)2 - 1/3+ ... =
1/3- 220(/3)" = 1. Note that while Algorithm 1 is AST, its expected runtime is infinite, i.e., it is not PAST. This already holds for
the program where only the first possibility of the first while-loop is considered (i.e., where y is always doubled in its body). Then
for the initial value y = 1, the expected number of iterations of the second while-loop which decrements y is % 24+ i -4+ é -8+
...=1+1+1+...=o0. In this paper, we use Algorithm 1 as a leading example to illustrate how to handle algorithms with non-
determinism. While the non-deterministic choice does not affect the termination behavior of Algorithm 1, in general it can indeed
influence termination.

There exist numerous techniques to prove (P)AST of imperative programs on numbers like Algorithm 1 (e.g., [22-33]). In fact, there
are proof rules (e.g., [23]) and tools (e.g., [31]) that can prove AST for both loops of Algorithm 1 individually, and hence for the whole
algorithm. Moreover, the tool Caesar [34] can prove AST if one provides super-martingales for the two loops. However, there are only
few automated methods available to analyze (P)AST for programs with complex non-tail recursive structure [35-37]. The approaches
that are suitable for algorithms on recursive data structures [38-40] are mostly tailored to specific structures, making it challenging
to adapt them to other (possibly user-defined) data structures, or are not yet fully automated. To the best of our knowledge, there exist
no automatic techniques to handle algorithms similar to Algorithm 1 that operate on arbitrary algebraic data structures, i.e., (non-
deterministic) algorithms that first create a random data object y in a first loop and then access or modify it in a second loop using
auxiliary functions, whereas this is possible with our annotated dependency pair framework.! In this paper we develop an approach
for fully automatic termination analysis of (arbitrary) probabilistic TRSs that can successfully analyze probabilistic programs like the
probabilistic quicksort algorithm mentioned above.

Up to now, there were only two approaches for automatic termination analysis of PTRSs. In [41], orders based on interpretations
were adapted to prove PAST, and we presented a related technique to prove AST in [42]. However, already for non-probabilistic TRSs
such a direct application of orders is limited in power. To obtain a powerful approach, one should combine such orders in a modular
way, as in the DP framework. Thus, we presented a first version of a probabilistic DP framework for innermost rewriting in [42].
However, in contrast to the DP framework for ordinary TRSs, the framework of [42] was incomplete, i.e., there are PTRSs which are
iAST but where this cannot be proved with DTs.

Therefore, in this paper we introduce the new concept of annotated dependency pairs (ADPs) to analyze termination of PTRSs. In this
way, we obtain a novel complete criterion for iAST via DPs while maintaining soundness for all processors that were developed in the
probabilistic framework of [42]. Moreover, our improvement allows for additional more powerful “transformational” probabilistic
DP processors which were not possible in the framework of [42].

In [43] we showed that there exist classes of PTRSs where it suffices to analyze iAST in order to prove AST for full rewriting. How-
ever, these classes are quite restrictive (they exclude PTRSs with non-probabilistic non-determinism and impose linearity restrictions
on both sides of the rewrite rules), e.g., a PTRS corresponding to Algorithm 1 would not be contained in this class. Thus, up to now
there were no powerful techniques to prove full AST for more general forms of PTRSs. Therefore, in the current paper we show that
our ADP framework can also be adapted to analyze full (instead of innermost) AST. In particular, our novel ADP framework can also
be applied to prove AST for overlapping PTRSs and it weakens the linearity requirements considerably.

We start with preliminaries on (probabilistic) term rewriting and recapitulate the most important notions of the DP framework
for non-probabilistic TRSs in Section 2. Then, we present our novel ADPs for probabilistic TRSs in Section 3. In Section 4, we
explain the general idea of the probabilistic ADP framework, and present its fundamental processors. In addition, our framework
allows for the definition of new processors which transform ADPs. To increase its power, we extend the probabilistic ADP framework
by transformational processors in Section 5. The implementation of our approach in the tool AProVE is evaluated in Section 6. In
Appendix A, we illustrate our approach on several examples, including PTRSs with non-numerical data structures like lists or trees.
In the main part of the paper, we give proof sketches for all theorems and we refer to Appendix B for the full proofs.

1 Such examples can be found in our benchmark set, see Section 6 and Appendix A.
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The current paper is based on our earlier conference papers [44] and [45], and it extends them by:

A unified formalization and presentation of the ADP framework with all processors for both innermost and full rewriting, whereas
these strategies were previously handled in different frameworks for innermost [44] and full rewriting [45].

A new more general version of the reduction pair processor (Section 4.4) that allows us to use arbitrary algebras where addition
and the barycentric operation E are defined (whereas this processor was restricted to polynomial interpretations in [44,45]).

A new processor based on the subterm criterion of [12] (Section 4.6) in the ADP framework for innermost AST.

A new discussion and counterexamples to show why the linearity requirement is needed for the rewriting processor in the ADP
framework (Section 5.1).

A new instantiation processor (Section 5.2), which is applicable both in the ADP framework for full and innermost AST.

A new forward instantiation processor (Section 5.3), which is also applicable in the ADP framework for full and innermost AST.

A new rule overlap instantiation processor (Section 5.4), which is applicable in the ADP framework for innermost AST.

Proofs for all our lemmas and theorems.

Numerous additional explanations, examples, and remarks.

An improved implementation and evaluation with our tool AProVE.

2. Preliminaries

In this section, we recapitulate the basics of term rewriting and the DP framework for ordinary termination in Section 2.1, and
probabilistic term rewriting in Section 2.2.

2.1. Term rewriting and the DP framework

We assume some familiarity with term rewriting [46], but recapitulate all important notions. We regard finite signatures X =
|+),.eny Z,» Where =, is the set of n-ary function symbols and we require X, # #.2 Let 7 = 7(Z, V) denote the set of all terms over =
and a set of variables ¥, which is recursively defined as the smallest set such that VC 7, and if f €%, and #,,...,7, €T, then
f(ty,....1,) € T. A substitution is a function ¢ : ¥ — 7 with o(x) = x for all but finitely many x € V. We lift substitutions to terms
by defining o(t) = f(o(t)),...,0(,)) for a term t = f(z,...,t,) € T, and we often write to instead of o(r). For a term ¢ € 7, the set of
positions Pos(r) is the smallest subset of N* satisfying ¢ € Pos(r), and if r = f(¢,...,t,) thenforall 1 < j<nand all z € Pos(t;) we
have j.z € Pos(t). Let <y« be the prefix ordering on positions and let <y be its reflexive closure. We say that a position r is above
(strictly above) another position 7 if 7 <y« 7 (x <\« 7), i.e., & is a (strict) prefix of z. Two positions = and r are orthogonal if both
7 £\ 7 and 7 £y 7 hold.

If z € Pos(?) then t|, denotes the subterm at position , i.e., |, = for the root position e and t|; , = t;|, fort = f(z,,...,1,), 1 < j <n,
and = € Pos(¢ ) The root symbol (or variable) at position ¢ is also denoted by root(f) € £ U V. We write ¢ > s if s is a subterm of ¢ and
t > s if s is a proper subterm of  (i.e., if t > s and ¢ # s). Let #[r] , denote the term that results from replacing the subterm ¢|, at position
# with the term r € T, i.e., t[r], = r and Hrly e = f . il g, s ty) forr=f(t;,....t,), 1<j<n,and 7 € Pos(t;). A context is a
term C € 7 (2w {[J}, V) containing the 0-ary function symbol [] exactly once. For a context C and a term ¢, let C[¢] denote the term
resulting from C by replacing the only occurrence of [] by ¢.

A rewrite rule ¢ — ris a pair of terms Z, r € T such that V(r) C V(¢) and ¢ ¢ V, where V(¢) denotes the set of all variables occurring
in t € T. The restrictions V(r) C V(¢) and ¢ ¢ V are imposed to exclude trivially non-terminating systems. Here, # is called the left-
hand side and r the right-hand side of the rule. A term rewrite system (TRS) is a finite set of rewrite rules. As an example, consider
Rex=1{(1),(2)}.

f(s(x)) = c(f(g(x)) @
g(x) = s(x) 2)

A TRS R induces a rewrite relation -5, C 7 x 7 on terms where s — t holds if there is a position 7 € Pos(s), arule ¥ —» r € R,
and a substitution ¢ such that s|, = ¢o (i.e., ¢ matches s|,) and t = s[ro],. A (full) rewrite step s —5 7 is an innermost rewrite step
(denoted s 5 1) if all proper subterms of the used redex #o are in normal form w.r.t. R, i.e., the proper subterms of #o do not contain
redexes themselves and thus, they cannot be reduced with — 5. For example, we have f(g(x)) —‘»Rex f(s(x)). Let NF5 denote the set of
all terms that are in normal form w.r.t. R, and let ANF, denote the set of all terms that are in argument normal form w.r.t. R, i.e., all
terms where every proper subterm is in normal form.

Two rules ¢; — r{,¢, — r, € R with renamed variables such that V(¢,) n V(¢,) = @ are overlapping if there exists a non-variable
position 7 of #, such that #,|, and ¢, are unifiable, i.e., there exists a substitution ¢ such that 7,|,6 = ¢56. If (¢, — r)) = (£, = ry),
then we require that z # £. R is non-overlapping (NO) if it has no overlapping rules. As an example, the TRS R., is non-overlapping. A
TRS is left linear (right linear) if every variable occurs at most once in the left-hand side (right-hand side) of a rule, and it is linear if it
is both left and right linear. Finally, a TRS is non-duplicating if for every rule, every variable occurs at most as often in the right-hand
side as in the left-hand side. As an example, R., is both left and right linear, and hence non-duplicating.

2 This requirement ensures that there exist ground terms. This is not a restriction, since we showed in [43] that almost-sure termination of PTRSs
is preserved under signature extensions.
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We call a TRS R strongly normalizing (or terminating) or SN for short if — is well founded. R is strongly innermost normalizing (or
innermost terminating) or iSN for short if > is well founded.

Next, we recapitulate the DP framework with its core processors to analyze (innermost) termination (see, e.g., [8-12] for further
details). We decompose the signature £ = D ¢ C such that f € Dif f =root(¢) for some # — r € R. The symbols in D are called defined
symbols (representing executable functions) and the symbols in C are constructors (representing data). For R,, we have D = {f, g} and

= {s,c}. For every f € D we introduce a fresh annotated symbol f # of the same arity.® Let D" denote the set of all annotated
symbols st=Dlyy, and 7 = T(Zﬁ,v). For any t = f(/.....t,) € T with f € D, let #* = f¥(,,....1,). The annotated symbols are
used to compare the arguments of two subsequent “function calls”. For example, if we want to prove termination of a TRS containing
only the rule plus(s(x), y) — s(plus(x, y)), then we need to show that the arguments of the defined function symbol plus “decrease”
w.r.t. some well-founded order in every recursive call. To avoid handling tuples of arguments, we use the annotated symbol plus*
to combine the arguments of plus, i.e., we compare pIus”(s(x), y) with pIus”(x, ). More precisely, for every rule £ — r and every (not
necessarily proper) subterm ¢ of r with defined root symbol, one obtains a dependency pair (DP) ## — ¥ that represents two possible
subsequent “function calls” in a rewrite sequence. DP(R) denotes the set of all dependency pairs of R. As an example, we have
DP(R,,) = {(3),(4)}. To ease readability, we often use capital letters like F instead of £,

F(s(x)) — F(g(x)) 3
F(s(x)) — G(x) C)

The DP framework uses DP problems (P, R) where P is a (finite) set of DPs and R is a TRS. A (possibly infinite) sequence tg, t?, rg,

with t Spo -k t , for all j is a (P, R)-chain which represents a sequence of subsequent “function calls” in evaluations. Here, for
any blnary relatlon —, “>*” denotes its reflexive and transitive closure. Moreover, “5,” denotes rewrite steps with DPs from P
at the root and “o” denotes composition of relations. We refer to steps with %, as a-steps (a for annotation, as we rewrite at the
position of an annotated symbol, since rewrite steps with 5, require an annotated symbol at the root), and we call steps with
—x n-steps (n for no-annotation, as we rewrite at the position of a symbol without annotation). The latter are used to evaluate the
arguments of an annotated function symbol. So an infinite chain consists of an infinite number of a-steps with a finite number of
n-steps between consecutlve a-steps. A (possibly infinite) sequence t‘j tIi g ... with tu d ) l>"7‘a tu.+ | for all j is an innermost (P, R)-
chain. Here, “‘—'»7) " is the restriction of 5 to rewrlte steps where the used redex is in NFy. For example, F(s(x)), F(s(x)), ... is an
infinite innermost (DP(R,,), R.,)-chain, as F(s(x)) —>Dp(Rex) R, F(E&(X) —>R F(s(x)).

A DP problem (P, R) is called terminating (or SN) if there 1s no infinite (P R)-chain. It is innermost terminating (or iSN) if there
is no infinite innermost (P, R)-chain. The main result on DPs is the chain criterion which states that there is no infinite (innermost)
sequence f (—”>R 1 (—”>R ... (i.e., R is (i)SN) iff there is no infinite (innermost) (DP(R), R)-chain (i.e., (DP(R),R) is (i)SN). The DP
framework is a divide-and-conquer approach, which applies DP processors Proc of the form Proc(P,R) = {(P;,R}), ..., (P,,R,)}, where
P,Py,...,P, are (finite) sets of DPsand R, R, ..., R, are TRSs, to transform DP problems into simpler sub-problems. A processor Proc
is sound for termination (for innermost termination) if (P, R) is SN (iSN) whenever (P;,R;) is SN (i8N) for all 1 < j < n. It is complete
for termination (for innermost termination) if (P;,R;) is SN (iSN) for all 1 < j < n whenever (P, R) is SN (iSN).

So given a TRS R, one starts with the initial DP problem (DP(R), R) and applies sound (and preferably complete) DP processors
repeatedly until all sub-problems are “solved”, i.e., sound processors transform them to the empty set. This yields a modular framework
for termination and innermost termination proofs, as different techniques can be used for different sub-problems (P;, R ;). To give
an intuition for the framework, the following three theorems recapitulate the three most important processors of the DP framework.
Later in the paper, we will also introduce additional processors which we adapt to the probabilistic setting.

The (innermost) (P, R)-dependency graph is a control flow graph that indicates which DPs can be used after each other in an

(innermost) chain. Its set of nodes is P and there is an edge from f? - tf to fg - tg if there exist substitutions ¢, 5, such that t’f o) —>;

fgo-z (t?al —i>*R fgaz and f?ol, f§<72 € NFy, for the innermost dependency graph). Any infinite (innermost) (P, R)-chain corresponds
to an infinite path in the (innermost) dependency graph, and since the graph is finite, this infinite path must end in some strongly
connected component (SCC).# Hence, it suffices to consider the SCCs of this graph independently.

Theorem 1 (Dependency Graph Processor). Let Py, ..., P, be the SCCs of the (innermost) (P, R)-dependency graph. Then Procp(P,R) =
{(P;,R),...,(P,,R)} is sound and complete for (innermost) termination.

Example 1 (Dependency Graph). Consider the TRS Ripg= {(5)} with DP(Rysg)= {(6),(7),(8)} and the (innermost) (DP(Rsg)s Regg)-
dependency graph depicted in Fig. 1. Here, Procpg(DP(Ryp), Rys,) yields the DP problem ({(8)}, Ry,)-

f(f(gtx)) = flegf(g(f(x)))) )
F(f(g(x))) = F(g(f(g(f(x)))) (6)
F(f(g(x)) — F(gf(x)) )
F(f(g(x)) = F(x) €]

3 The symbols f¥ were also called tuple symbols (or marked symbols) in the literature.
4 Here, a set P’ of DPs is an SCC if it is a maximal cycle, i.e., it is a maximal set such that for any ff - t? and fg - tnz in P’ there is a non-empty
path from f’f - r’f to fg - tg which only traverses nodes from 7’.
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F(f(g(2))) = F(e(f(e(f(2)))))
f(f(g(=))) = f(a(f(a(f(=)))))  F(f(a(x)))—F(g(f(x)))
F(f(g(2))) = F(z)

Fig. 1. (DP(Ry,), R¢sg)-dependency graph.

While the exact (innermost) dependency graph is not computable in general, there exist several techniques to over-approximate
it automatically, see, e.g., [8,10,11]. A basic approximation technique that we will also use for the novel transformational processors
in Section 5 works as follows. To find out whether there is an edge from t’? - t’: to fg - tg we compute the skeleton CapR(tf) of t?

that remains unchanged when reducing t?ol to fgaz for arbitrary substitutions ¢, and o,. CapR(t?) results from replacing all those

subterms of t? by different fresh variables whose root is a defined symbol of R. Here, multiple occurrences of the same subterm are

also replaced by pairwise different variables. So if f € D and ¢ € C, then Capy (c(f(x), f(x))) = c(x,, x,). Afterwards, we check whether
the skeleton Capyp (t?) and fg are unifiable by a substitution ¢ where f’fu and fga are in ANF5, (and thus, also in NFy). If they are, then
we create an edge from f? - t? to fg - tg in the estimated innermost dependency graph. If they cannot be unified, then there is no

innermost rewrite sequence from an instantiation of t? to an instantiation of t’g such that both instantiated left-hand sides f?, fg are
in argument normal form. Thus, this leads to a sound over-approximation of the innermost dependency graph.

To check whether we can reduce t‘: o) to fg 6, in non-innermost chains, we add another transformation Ren that replaces all variable
occurrences (including multiple occurrences of the same variable) by fresh variables. The reason for this additional transformation
is that for non-innermost chains, variables in t? may be instantiated by terms that are not in normal form. Hence, they can be

evaluated to different terms during the reduction of the arguments of t?. Thus, we check unifiability of Ren(CapR(tf)) and fg for the
(non-innermost) dependency graph.

The next processor removes rules that cannot be used for right-hand sides of dependency pairs when their variables are instantiated
with normal forms.

Theorem 2 (Usable Rules Processor). Let R be a TRS. For every f €3F, let Rules, (f) = (¢ — r € R | root(¢) = f}. Moreover, for every
teT (E”, V), the usable rules Uy (v) of t w.r.t. R are recursively defined as follows:

V() =, ifteVorR=0

n
UR(f(t, . 1,)) = Rulesg (/) U | Ve (1) U U Upi(r),  otherwise,
j=1 ¢—reRulesp (f)
where R’ = R \ Rulesg (f).
The usable rules for the DP problem (P,R) are U'(P,R) = Ut tep U‘R(t”). Then Procyg(P,R) = {(P,U'(P,R))} is sound but not
complete for innermost termination.®

To continue Example 1 for innermost rewriting, ProcUR({(S)}, Rffg) yields the problem ({(8)}, ), i.e., it removes all rules, because
the right-hand side of (8) does not contain the defined symbol f.

Finally, the reduction pair processor allows us to use term orders to remove certain DPs. As our probabilistic adaption in Section 4
needs to consider “expected values”, we focus on reduction pairs derived from a #-algebra. An (ordered) =*-algebra is a pair (A, >),
where A maps every function symbol f € zﬁ of arity » to a function A(f) = f4 : A" — A for a non-empty carrier set A. The mapping
A is extended to ground terms, i.e., A(f(ty,...,1,)) = f4(A@)), ..., At,)) for f € ZB, and ground terms ¢, ...,1, € 7%, Furthermore,
> is a well-founded order on 4, i.e., > is well founded and transitive. Now one can obtain a well-founded order on ground terms
by considering ¢, to be greater than ¢, iff A(f;) > A(f,). We extend this to a well-founded order on terms with variables by writing
A(t)) > A(ty) iff A(1,0) > A(t,0) holds for all substitutions ¢ that instantiate the variables of ¢, and ¢, by ground terms. Let > be the
reflexive closure of >. We say that (A, >) is monotonic if A(t;) > A(t,) implies A(C[t,]) > A(C[t,]), and weakly monotonic if A(t;) = A(t,)
implies A(C[#,]) = A(C[t,]) for every context C. The reduction pair processor searches for a weakly monotonic Eﬁ-algebra (A,>) such
that all rules and DPs are ordered by >, and it removes those DPs that are ordered by >.

Theorem 3 (Reduction Pair Processor). Let (A, >) be a weakly monotonic Z“—algebra. Let P = P, w P, with P, # @ where:

1) Vs FeP t Al = AT
Q) Vet st eP Al > AGE)
B) VZoreR AC) = AW
Then Procgp(P, R) = {(P,,R)} is sound and complete for both termination and innermost termination.
Examples for >*-algebras are polynomial [47] or matrix interpretations [48]. A polynomial interpretation (A, >) = (Pol,>) maps
every function symbol f € =¥ to a polynomial fp; € N[V] over the variables V with coefficients from N, see [47]. The order > is
simply the natural order on N. The reduction pair processor allows us to use weakly monotonic polynomial interpretations that do not

5 See [9] for a complete version of this processor. It extends DP problems by an additional set which stores the left-hand sides of all rules (including
the non-usable ones) to determine whether a rewrite step is innermost. We omit this refinement here for readability.

5
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Fig. 2. Infinite R,-RST.

have to depend on all of their arguments, and SMT solvers can be used to search for an appropriate interpretation automatically. For
({(8)}, ), one can use the reduction pair processor with the polynomial interpretation that maps f(x) to x + 1 and both F(x) and g(x) to
x. Then, Procgp ( {(8)}, (6) ={ (ﬂ, ﬂ) }. As Procpg (@, #) = ¢ and all processors used are sound, this means that there is no infinite innermost
chain for the initial DP problem (DP(Ry¢,), Rysg) and thus, Ry, is innermost terminating. This implies that Ry, is terminating, since
Ry¢, is non-overlapping, hence, innermost termination implies termination [49].

2.2. Probabilistic rewriting

Next, we recapitulate the basics of probabilistic rewriting as introduced in [20,21,41,42]. A probabilistic rule has (finite) multi-
distributions on the right-hand sides of its rewrite rules instead of a single term. A finite multi-distribution u on a set A # @ is a
finite multiset of pairs (p : a), where 0 < p < 1 is a probability and a € A, such that Z(p:a)e . p=1. FDist(4) is the set of all finite
multi-distributions on A. For u € FDist(A), its support is the multiset Supp(u)={a | (p: a)€ u for some p}. A probabilistic rewrite rule
¢ — u €T xFDist(T) is a pair such that # ¢ V and V(r) C V(¢) for every r € Supp(u). A probabilistic TRS (PTRS) is a finite set R of
probabilistic rewrite rules.

Example 2.
As running examples, we use the PTRSs R; = {(9)}, R, = {(9),(11)}, and R3 = {(9), (10), (12)} with
g — {3/4:d(g), /4 : 0} 9
d(x) — {1 : 0} 10)
d(x) = {1 : c(x,x)} a1
d(d(x)) = {1 : c(x,8)} (12)

Similar to TRSs, a PTRS R induces a probabilistic rewrite relation —» C 7 X FDist(T) where s > {p; : t|,...,p; : 1} if there are
an £ — {p; i ry,...,p; : rg} € R, a substitution o, and a 7 € Pos(s) such that s|, = ¢o and ¢; = s[r;c], for all 1 <j < k. NF; and
ANF1 are defined as for TRSs. The rewrite step is innermost (denoted s - {p; : ry,...,p; : r¢}) if £o € ANFy. So the PTRS R, can be
interpreted as a biased coin flip that terminates in each step with a probability of 1/4.

To track all possible rewrite sequences (up to non-determinism) with their corresponding probabilities, we lift —5 to rewrite
sequence trees (RSTs).

Definition 1 (Rewrite Sequence Tree, Almost-Sure Termination). Let R be a PTRS. We say that $=(V, E, L) is an R-rewrite sequence
tree (R-RST) if

(1) (V,E) is a (possibly infinite) directed tree with nodes V' # ¢ and directed edges E C V x V, where vE = {w | (v,w) € E} is finite
foreveryve V.
(2) L:V — (0,1]1x T labels every node v by a probability p, and a term ¢,. For the root v € V of the tree, we have p, = 1.

(3) Forall v € V: If vE = {w, ..., w, }, then 1, - {”p—1 : fulp,," ).

An R-RST is an innermost R-RST if the edge relation represents only innermost steps. We say that an RST < converges (or terminates)
with probability |Z| = Y, i ..¢ Pv» Where Leaf is the set of all its leaves. A PTRS R is almost surely (innermost) terminating (or (i)AST
for short) if |Z| = 1 holds for all (innermost) R-RSTs <.

While |Z| = 1 for every finite RST <, for infinite RSTs T we may have || < 1 or even |Z| = 0 if T has no leaf at all. The notion of
AST from Definition 1 is equivalent to the ones in [21,41,42], where AST is defined via a lifting of —5 to multisets or via stochastic
processes. For example, we have |Z| = 1 for the infinite R |-RST < in Fig. 2. As this holds for all R,-RSTs, R, is AST. In Fig. 2, we
split the nodes v of the RST into the corresponding probability p, and the corresponding term ¢, to ease readability instead of writing
(p, : 1,) in a single node. Moreover, we indicated nodes v where the corresponding term ¢, is in normal form.

Example 3. R, from Example 2 is not AST. If we always apply (11) directly after (9) (in a non-innermost step), then this corresponds
to the rule

g— {3/4:c(g.g).l/+:0} (13)
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which represents a random walk on the number of g’s in a term biased towards non-termination (as 3/4 > 1/4). R is not AST either,
because if we always apply (12) after two applications of (9), this corresponds to

g — {916 : c(g.g), 316 : 0, 1/4 : 0}

which is a biased random walk towards non-termination (as 9/16 > 3/16 + 1/4).

However, in innermost evaluations, the d-rule (11) can only duplicate normal forms, i.e., we cannot apply the rule (11) directly
after (9), and hence R, is iAST, see [43]. R; is 1AST as well, as (12) is not applicable in innermost evaluations. For both R, and R;,
we will see that iAST can be proved automatically by our implementation of the ADP framework for iAST introduced in Section 4.

In Example 3 we can see the reason for using multi-distributions instead of distributions. Consider g — {9/16 : c(g,g), 3/16 : 0, 1/4 :
0} again. If we had two different rules that can rewrite 0, e.g., 0 — {1 : a} and 0 — {1 : b}, then we would be able to rewrite both
occurrences of 0 differently. Hence, we do not “merge” those terms in the multi-distribution to {%/16 : c(g,g), 3/16 + 1/4 : 0}.

Example 4. The following PTRS R, 4 corresponds to Algorithm 1. Here, natural numbers are represented via the constructors 0 and
s, and the non-determinism is modeled by the non-deterministic choice between the overlapping rules (14) and (15). In Section 4,

we will prove that R, 4 is AST.

loop1(y) = {1/2 : loop1(double(y)), 1/2 : loop2(double(y))} 14

loop1(y) — {1/3 : loop1(triple(y)),2/3 : loop2(triple(y))} (15)
loop2(s(y)) — {1 : loop2(y)} (16)
double(s(y)) = {1 : s(s(double(y)))} 17)
double(0) — {1 : 0} (18)
triple(s(y)) — {1 : s(s(s(triple(y))))} (19)
triple(0) — {1 : 0} (20)

3. Probabilistic annotated dependency pairs

In this section, we extend DPs to the probabilistic setting, which results in the notion of annotated dependency pairs. Compared to
our first adaption of DPs to the probabilistic setting via dependency tuples in [42], ADPs are easier, more elegant, and lead to a sound
and complete chain criterion. Note that ordinary DPs do not suffice in the probabilistic setting. Similar to the dependency tuples for
complexity analysis [50], we cannot consider each defined symbol in a right-hand side individually, but we have to consider all of
them simultaneously.

Example 5. A natural idea to define dependency pairs for a probabilistic rule # — {p; : r{,...,p; : r,} € R would be (21) or (22):
(£ > {p1 crisepi tg,...,pk sy 1 3je{l,...,k} 1 t; Qr;,root(t;) € D} (21

(4= (py fope ) I Vi€ (1o k) £ 1 S rproot(t;) € D) (22)

For (22), if some r; does not contain any defined symbol, then instead of tf. we use a fresh constructor bot that does not occur in R

instead. So in both (21) and (22), we replace r; by a single term tg in the right-hand side, as in the non-probabilistic DP framework. A
counterexample to such an approach is the PTRS R,,, containing only the rule g — {3/4 : c(g,g), 1/4 : 0} (13) of Example 3, which is
a biased random walk towards non-termination. When using (21) or (22), we would just get the dependency pair G — {3/4 : G, 1/4 :
t}, where ¢ is either O or bot. However, with this dependency pair we lose the information about the second call of the defined
symbol g, which is the reason for non-termination of the random walk. In fact, the PTRS R = {(9)} = {g — {3/4 : d(g), 1/4 : 0}} from
Example 2 would yield the same DP G — {3/4 : G, /4 : t}, although R, is AST, whereas R,,, is not. Thus, using such a direct adaption
of dependency pairs to the probabilistic setting is unsound.

The counterexample R,,, shows that having only one annotation in the right-hand side of each dependency pair is not expressive
enough, but instead we need a rule where all defined symbols in the right-hand side are annotated, called an annotated dependency
pair. As we showed in [51], ADPs are not only useful to analyze probabilistic rewriting, but a suitable variant of ADPs can also be
used to extend the DP framework to (non-probabilistic) relative rewriting. In the following, we first define annotated dependency
pairs (Section 3.1) formally. Then we explain how to perform innermost rewriting with ADPs (Section 3.2) and extend this to an
arbitrary evaluation strategy (Section 3.3). Finally, we adapt the notion of chains to the probabilistic setting (Section 3.4).

3.1. Annotated dependency pairs

We start with some basic definitions regarding the positions in a term, in order to obtain all positions of defined symbols and to
replace certain symbols with their annotated or non-annotated version. For r € 7% and X C =¥ U P, let Pos (1) be all positions of ¢
with symbols or variables from X. For a set of positions ® C Pos, (1), let #4,(r) be the variant of r where the symbols at positions
from @ in ¢ are annotated, and all other annotations are removed. Thus, Pos,; (s (7)) = ®, and fi4(f) removes all annotations from ¢,

7
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where we often write b(7) instead of Ii@(t).6 Moreover, let bI,(t) result from removing all annotations from ¢ that are strictly above the
position z. So for R,, we have fi},(d(g)) = #;,,(D(G)) = d(G), b(D(G)) = d(g), and bT(D(G)) = d(G). To transform the rules of a PTRS into
ADPs, initially we annotate all defined symbols f € D occurring in right-hand sides, as we need to consider all these defined symbols
simultaneously. The left-hand side of the resulting ADP is just the left-hand side of the original rule.

The original DP framework for TRSs initially starts with the DP problem (P, R), where P is the set of all DPs and R contains
the original rewrite rules. Instead of additionally considering the original rewrite rules in our ADP framework, every ADP has a flag
m € {true, false} to indicate whether this ADP may also be used as an ordinary probabilistic rewrite rule without annotations to rewrite
at a position below an annotated symbol. This flag will be modified and used by the processors in Section 4, similar to the ordinary
rewrite rules R in the DP problem (P, R). So an ADP can be used as a collection of all DPs of a rule, but it can also be used as the
original rule itself. We call this the duality of ADPs.

Remark 1. Instead of the flag m, one could of course also regard pairs (P, R) where P is a set of ADPs and R contains the same ADPs
like P but without any annotations. We did not choose this representation since it “duplicates” information (i.e., every non-annotated
original rule can be directly obtained from the corresponding ADP in P by removing all annotations and thus, it is superfluous to store
both the ADP and its corresponding rule). This is in contrast to ordinary DPs where the original rule cannot be reconstructed from the
DPs. Moreover, a representation with pairs (P, R) has the disadvantage that a processor like the usable rules processor would have to
delete rules from R which affects the innermost evaluation strategy and would result in a processor that is not complete. Therefore,
instead of pairs (P, R) we only regard a set of ADPs and use a flag for every ADP to indicate whether this ADP can also be used as an
ordinary rule.

Definition 2 (ADPs, ADP Problem). An annotated dependency pair (ADP) has the form ¢ — {p; : ry,...,p; : r;}", where # € T with
£ &V, m € {true, false}, and for all 1 < j < k we have r; € 7# with V(r;) C V(?).

For arule £ — pu={p, : ry,....,p; : ry}, its canonical annotated dependency pair is DP(£ — u) =¢ — {py : 8 posp¢r) (1) -5 P
it l)OSD(,k)(rk)}"“E’. The canonical ADPs of a PTRS R are DP(R) = {DP(¢ — u) | £ —» u € R}. An ADP problem is a (finite) set of ADPs
P.

In the following, we fix an ADP problem P. Note that in contrast to ordinary dependency pairs as in Section 2.1, due to the duality
of ADPs, the left-hand sides of ADPs are not annotated and the matching used to perform rewriting with ADPs in Definitions 3 and 5
will ignore the annotations as well.

Example 6. For R, = {(9),(11)} and R; = {(9),(10),(12)} from Example 2, we obtain DP(R,) = {(#9), (§11)} and DP(R;) =
{(#9), (#10), (#12)} with

g — {34 : D(G),1/4 : O} #9)

d(x) — {1 : 0} (#10)
dx) = {1 @ e(x, X)) (#11)
d(d(x)) = {1 : c(x,G)}™ (#12)

Similar to the DPs in the non-probabilistic setting, the annotated subterms of a right-hand side r; correspond to those subsequent
“function calls” where we need to prove that the arguments are decreasing to conclude AST. For example, for the ADP g — {3/4 :
D(G), /4 : 0} (#9), we have to compare the annotated left-hand side G to both D(g) and G from the first term in the right-hand side.
When adapting the reduction pair processor to the probabilistic setting in Section 4.4, we will show how to compare a single term
with several annotated subterms on the right-hand side.

Example 7. For R, from Example 4, the canonical ADPs are’

alg
loop1(y) = {1/2 : L1(D®)), Y2 : L2D()}™ #149
loop1(y) = {1/3 : L1(T(»), 2/3 : L2AT(»m)}"™® (#15)
loop2(s(y)) = {1 @ L2(y)}"™* (#16)
double(s(y)) = {1 : s(s(D())}"™* #17)
double(0) — {1 : 0}™™e (#18)
triple(s(y)) = {1 : s(s(s(T(M))}™* (#19)
triple(0) — {1 : 0} (#20)

When defining the rewrite relation for ADPs, the essential part is to determine how to handle annotations if we rewrite above or
below them. We start with defining innermost rewriting.

6 Instead of using fj as an inverse operator to  (like in musical notation), we use b as in the musical isomorphism from differential geometry.
7 For reasons of space, we write L1, L2, T, and D, instead of Loop1, Loop2, Triple, and Double, respectively.

8



J.-C. Kassing and J. Giesl Science of Computer Programming 251 (2026) 103417
3.2. Innermost rewriting with ADPs

As in the classical non-probabilistic DP framework, our goal is to track reduction sequences with a-steps where the root symbol
of the redex is annotated, and between two a-steps there can be several n-steps. Our novel rewrite relation for ADPs refines a-steps
into (at)- and (af)-steps in order to distinguish between rewriting at an annotation by an ADP with flag true or false. Similarly, we
also refine n-steps into (nt)- and (nf)-steps depending on the flag of the ADP that is used to rewrite at a non-annotated position.
Still, the (at)- and (af)-steps are the crucial ones, and when extending chains to the probabilistic setting, we prohibit infinite rewrite
sequences only consisting of n-steps. Similar to the non-probabilistic setting (Section 2.1), this is needed for the reduction pair
processor (Section 4.4) to guarantee termination if we orient the a-steps strictly with a well-founded order, while only orienting the
n-steps weakly.

Rewriting with an ADP problem 7P is like ordinary probabilistic term rewriting while considering and modifying annotations that
indicate where a non-AST evaluation may arise. If we rewrite a term s at an innermost position 7 with an ADP £ — {p; : ry,...,p; :
r}™, then the following properties should hold:

(a) Due to the duality of ADPs, the matching of left-hand sides should ignore the annotations. So for example, we have to be able to
rewrite both d(d(x)) and D(D(x)) with an ADP d(d(x)) — {1 : c(x,G)}'™® at the root.

(b) Annotations below the position z should be removed, as terms below the redex have to be normal forms due to the innermost
evaluation strategy.

(c) Annotations at positions orthogonal to z should be kept.

(d) Annotations at positions strictly above = should only be kept if the ADP has the flag m = true.

(e) Annotations in the right-hand sides r,, ..., r; should only be kept if the redex was annotated at the root, i.e., if 7 € Pos;(s).

This leads to the following probabilistic rewrite relation.

Definition 3 (Innermost Rewriting with ADPs, d»,,). A term s € T* rewrites innermost with P to u = { Py it ... Pt t ) (denoted
s f—‘»P u) if there are an £ — {p; : ry,...,p; : r;}" € P, a substitution o, and a 7 € Posy, ;,:(s) such that b(s|,) = £o € ANFp, and for
all 1 < j <k the term ¢, is defined as follows, depending on the flag m and on whether 7 € Posy(s) holds:

7w € Posp(s) 7w & Posp(s)
m=true | t;= slrol, at) | t;= s[b(r/-)a],, (nt)
m=false | t; =bl(s[rjol,) (af) | 1, =bl(sb(r))ol,)  (nf)

We sometimes indicate explicitly which case of the above definition is used, so, e.g., we write s Li>;';") U

The above definition indeed corresponds to the properties (a)-(e) mentioned above:

(a) When computing the matching substitution o, we only consider the terms ¢ and b(s|,) without annotations.

(b) Since all annotations of s|, below the root correspond to variables of #, the substitution ¢ removes these annotations.
(c) All annotations in s on positions orthogonal to z are not affected when computing ¢;.

(d) If m = false, then b! removes all annotations at positions strictly above .

(e) If # & Pospy(s), then we use b(r ;) to remove all annotations from the right-hand side r i

Let us consider an example for each individual case of Li>7,. For this, we fix an ADP problem 7 containing the three rules f(x) - {1 :
F(x)}'™e, g(a) — {1 : G(b)}*™°, and g(a) > {1 : G(b)} e,

A step of the form (at) (annotation and true) is performed at the position of an annotation, i.e., this can potentially lead to a
non-AST evaluation. Hence, all annotations from the right-hand side r; of the used ADP are kept during the rewrite step. The rewrite
step F(G(b)) f—‘};i)“) {1 : F(g(b))} is done using the ADP f(x) — {1 : F(x)}"® at the root position = = ¢ with the substitution o(x) = g(b).
We get b(s|,) = b(F(G(b))|,) = f(g(b)) = £o and t; = s[r;], = F(g(b)). Note that annotations below the redex are removed, i.e., we obtain
g(b) instead of G(b). This is not a problem because in innermost evaluations, terms below the redex are in normal form anyway.

A step of the form (af) (annotation and false) is similar but due to the flag m = false, this ADP cannot be used below an annotation
in a non-AST evaluation. Hence, we remove all annotations above the used redex. Using the ADP g(a) — {1 : G(b)}f?*¢ on the term
F(G(a)) at position 1 yields F(G(a)) f—i>;;f) {1 : f(G(b))}, i.e., we remove the annotation of F at the root.

A step of the form (nt) (no annotation and true) is performed at the position of a subterm without annotation. Hence, the subterm
cannot lead to a non-AST evaluation, but this rewrite step may be needed for an annotation at a position above. As an example, one
could rewrite the non-annotated subterm g(a) in F(g(a)) &;‘t) {1 : F(g(b))} using the ADP g(a) — {1 : G(b)}"°.

Finally, a step of the form (nf) (no annotation and false) is irrelevant for non-AST evaluations, because the redex is not annotated
and due to m = false, afterwards one cannot rewrite an annotated term at a position above. For example, using the ADP g(a) — {1 :
G(b)}fae instead to rewrite the non-annotated subterm g(a) yields F(g(a)) i, (nh) {1 : f(g(b))}. The case (nf) is needed for innermost
rewriting to ensure that normal forms always remain the same, even if we remove or add annotations in ADPs or if we modify their
flag m. The flag false and steps of the form (nf) will allow us to obtain a usable rules processor which is complete (see Theorem 11),
in contrast to the incomplete usable rules processor from Theorem 2 in the non-probabilistic setting.
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SN
a(z,y) — b(x) a(z,y) — b(x)
VRF ¢1(1) =1,01(2) = L VRF ¢1(1) = L,01(2) = L

Fig. 3. The two VRFs for the ADP a(x,y) — {1 : b(x)}"™e.

3.3. Full rewriting with ADPs

Next, we consider rewriting with ADPs w.r.t. an arbitrary evaluation strategy. As shown in Example 3, the PTRS R; is iAST, but
not AST. To simulate the corresponding non-AST reduction from Example 3 with ADPs, it is crucial that if the variables of an ADP are
instantiated by annotated terms, then these annotations must be regarded when rewriting with this ADP. For example, if one uses
the ADP d(d(x)) = {1 : c(x,G)}"™® (#12) to rewrite the redex D(D(G)) (whose subterm G starts a non-AST evaluation), then it should
still be possible to continue the evaluation of the subterm G afterwards which was “completely inside” the substitution of the applied
rewrite step. (We will illustrate this in detail in Example 9.)

So for full rewriting with ADPs, we have to keep certain annotations below the used redex. To this end, we use variable reposition
functions (VRFs)® to relate positions of variables in the left-hand side of an ADP to those positions of the same variables in the right-
hand sides where we want to keep the annotations of the instantiated variables. So for an ADP ¢ — u™ with #|, = x, we indicate
which occurrence of x in r € Supp(u) should keep the annotations if one rewrites an instance of # where the subterm at position =
contains annotations.

Definition 4 (Variable Reposition Functions). Let £ — {p; :ry,...,p, :r,}" be an ADP. A family of functions (¢;),<;<, with ¢, :
Posy,(£) — Posy(r;) @ {1} is called a family of variable reposition functions (VRF) for the ADP if for all 1 < j < k we have 7|, =r; |‘/’f(”)
whenever ¢;(z) # L.

Example 8. Let us consider the ADP a(x,y) — {1 : b(x)}"*. Here, there are two possible VRFs, viz., ¢;(1) =1 and ¢;(2) = L, or
@ (1) =1 and ¢,(2) = L. We have to map the position of the variable y to L, because y does not occur on the right-hand side. The
position of the variable x can either be mapped to L as well, or to the position 1, which is the position of x on the right-hand side.
This indicates whether we rewrite a term like a(F, G) to b(f) or to b(F). See Fig. 3 for a graphical representation of these VRFs.

Note that VRFs do not allow us to duplicate annotations, i.e., we cannot use ADPs to analyze AST of duplicating rules like d(x) —
{1 : c(x,x)}. A probabilistic rule or ADP ¢ — u is non-duplicating if all rules in {¢ — r | r € Supp(u)} are, and a PTRS or ADP problem
is non-duplicating if all of its rules are (disregarding the flag for ADPs).

A VRF indicates at which positions the annotations should be kept. However, since ADPs do not have to be left linear, this
movement of annotations from the left- to the right-hand side is a bit more involved. Note that our VRFs do not have to be injective,
i.e., for the ADP c(x,x) — {1 : d(x)}'™® a valid VRF would be ¢, with ¢;(1) =1 and ¢,;(2) = 1. Now consider the term c(g(F), G(f)).
Which annotations should be kept when rewriting at the root position with the ADP c(x,x) — {1 : d(x)}'"e? Since both the subterm
G(f) and the subterm F may lead to a non-AST evaluation, this should still be possible after the rewrite step, since both subterms are
completely “inside” the substitution used for matching. Hence, our rewrite relation allows for the step c(g(F), G(f)) &, dG(F)), ie.,
we consider all terms corresponding to the same variable when applying an ADP and merge their annotations. In this way, we obtain
a term that still contains all annotations that may lead to non-AST evaluations.

So whenever there is a position p € Posy(¢) of a variable in the left-hand side ¢ of an ADP and p corresponds to a position
@;(p) # L of the same variable in the right-hand side r;, then all annotations below the position p in the redex s|, must be kept below
the position ¢;(p) in the resulting term r;c. In other words, whenever there is a position r with an annotated symbol at position p.z
in the redex s|,;, then the symbol at position ¢;(p).7 in the resulting term r;o should also be annotated. We collect all these positions
inaset?;.

In our example with the ADP c(x, x) — {1 : d(x)}'™, we have ¢ = c(x, x) and r| = d(x). The redex s|, is c(g(F), G(f)) and thus, for the
matching substitution ¢ with £ = b(s|,), we obtain r; o = d(g(f)). To find out which symbols should be annotated in r, o, we consider
the VRF ¢, (1) = 1 and ¢,(2) = 1 which maps variable positions p of # to variable positions of r,. For p = 1, the redex c(g(F), G(f)) has
an annotation at the position p.r with = = 1. Hence, the position ¢,(p).r = 1.1 in r;c should be annotated. Moreover, for p’ = 2, the
redex c(g(F), G(f)) has an annotation at the position p’.z' with ¢/ = €. Hence, the position ¢,(p’).z’ = 1 in rc should be annotated as
well. Thus, for ¥, = {1.1, 1} we obtain Ji\,,] (ryo)= ﬂ(l_l_”(d(g(f))) = d(G(F)).

Now we can define (full) rewriting with ADPs. As in the definition of innermost rewriting (Definition 3), all annotations of r I should
be deleted whenever 7 ¢ Pos,y(s). Thus, we use ﬁw/ (r;0) which removes all annotations from r; (and only adds certain annotations
on the terms introduced by o). In contrast, if 7 € Pos;;(s), then we use f Pos () )U¥,; (r;0) in order to keep the annotations of r;.

Definition 5 (Rewriting with ADPs, L>p). A term s € T rewrites with P to u={py :ty,....p; : t;} (denoted s Sp w) if there are an
€= A{py i1y, pp 1} € P, aVRF ()¢ for this ADP, a substitution ¢, and a 7 € Posy, ;¢ (s) such that b(s|,) = ¢o, and for all

8 VRFs were introduced in [51] when adapting ADPs to full relative rewriting. However, due to the probabilistic setting, our definition here is
slightly different.
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(a) Innermost DP(R1)-chain tree (b) DP(R3)-chain tree.

Fig. 4. Two chain trees where we indicated nodes labeled by normal forms.

1 < j < k the term ¢; is defined as follows, depending on the flag m and on whether 7 € Pos;(s) holds:
7 € Posp(s) 7 & Posp(s)
m=true | ;= sl Pos ;) )U¥, (rio)l, (at) | 1;= s[ﬁ\l,j (r;o)l,  (nt)
m=false | t; =bl(s[t pos v, (0))  (af) | 1 = bj,(smq,‘] (rjo)l,)  (nf)

Here, ¥, =(¢,(p).7 | € Posy(£), ¢, ()% L, p.T€ Posps(sl,)).

Thus, innermost rewriting is the special case of Definition 5 where we require that b(s|,) = ¢o is in argument normal form and
where we use the VRF which maps all variable positions to L (i.e., all annotations below the redex are removed).

3.4. Chains

For chains in the probabilistic setting we now consider specific RSTs, called chain trees. Chain trees are defined analogously to
RSTs, but the crucial requirement is that every infinite path of the tree must contain infinitely many steps of the forms (at) or (af).

Definition 6 (Chain Tree, |Z|). We say that ¥ = (V, E, L) is a P-chain tree (CT) if

(1) (V,E) is a (possibly infinite) directed tree with nodes V # §§ and directed edges E C V x V where vE = {w | (v,w) € E} is finite

for everyve V.
(2) L:V - (0,1] x T* labels every node v by a probability p, and a term ¢,. For the root v € V of the tree, we have p, = 1.
Pw Pu,
(3) IfvE = {wy, ..., wy ), then t, &, {p—v‘ : ’wl"“’p_f L
(4) Every infinite path in € contains infinitely many rewrite steps with Case (at) or (af).
< is an innermost chain tree if the edges represent innermost rewrite steps. As for RSTs, we say that a CT converges (or terminates)
with probability |Z| = Y i Po» Where Leaf is the set of its leaves.

With this notion of chain trees, we can now define almost-sure termination for ADP problems.

Definition 7 (AST and iAST for ADP Problems). An ADP problem P is called almost surely terminating (AST) if we have || = 1 for
every P-CT 2. It is called almost surely innermost terminating (iAST) if we have |Z| = 1 for every innermost P-CT <.

The corresponding DP(R)-chain tree ¥ for the R,-RST from Fig. 2 is shown in Fig. 4(a). Here, we again have |Z| = 1.

Example 9. To see why VRFs are needed to obtain a sound chain criterion for full rewriting, consider R; with DP(R;) =
{(#9), (#10), (#12)} from Example 6:
g~ {3/4: D), /4 : 0}™  (#9)
d(x) — {1 : O)tree (#10)
ddx)) = {1 : c(x,G)}'"e (#12)
As noted in Example 3, R is 1AST, but not AST. For DP(R;), applying two rewrite steps with the ADP (#9) to G would result in a chain
tree with the leaves 9/16 : D(D(G)), 3/16 : D(0) (which can be extended by the child 3/16 : 0), and 1/4 : 0. Now it is important that the
next application of the ADP (£12) to 9/16 : D(D(G)) allows us to keep the annotation of its argument G, i.e., it can yield 916 : ¢(G,G).
The corresponding chain tree is depicted in Fig. 4(b). Otherwise (i.e., if it could only yield 916 : c(g, G)), the number of G-symbols
would never be increased. Since non-annotated symbols like g do not result in any (at)- or (af)-steps, for all such chain trees ¥ we
would have || = 1, i.e., then the chain criterion would falsely conclude that R is AST.

For innermost rewriting, we now indeed obtain a sound and complete chain criterion as in the non-probabilistic setting, i.e., to
analyze iAST for a PTRS R one can analyze iAST of its canonical ADP problem DP(R) instead.

Theorem 4 (Chain Criterion for 1AST). A PTRS R is iAST iff DP(R) is 1AST.

11
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Proof Sketch. Soundness: Each innermost R-RST € can be transformed into an innermost DP(R)-CT ' with || = |2’| by annotating
at least all defined symbols at the root of subterms that are not in normal form. This is possible since the relation <> only removes
annotations of normal forms if all ADPs have the flag true.

Completeness: Each innermost DP(R)-CT € can be transformed into an innermost R-RST ¥’ with |¥| = 2’| by removing all
annotations. [

DP(R)

For the chain criterion for full AST, we have to impose a restriction on the initial PTRS, namely the PTRS must be non-duplicating.
As mentioned before, our VRFs (and the corresponding full rewrite relation for ADPs) cannot handle duplicating rules correctly. For
example, for the duplicating ADP d(x) — {1 : c(x,x)}"™® (#11), we have three different VRFs which map position 1 to either 1, 1, or 2,
but we cannot map it to both positions 1 and 2. Hence, DP(R,) would be considered to be AST, as D(G) only rewrites to {1 : ¢(G, g)}
or {1 : c(g,G)}, but the annotation cannot be duplicated. Thus, the chain criterion would be unsound for duplicating PTRSs like R,.
To handle duplicating rules, one can adapt the direct application of orders to prove AST from [42] and try to remove the duplicating
rules of the PTRS before constructing the canonical ADPs.

Alternatively, one could modify the definition of the rewrite relation <, and use generalized VRFs (GVRFs) instead of VRFs which
can duplicate annotations. This would yield a sound and complete chain criterion for AST of possibly duplicating PTRSs, but then
one would also have to consider this modified definition of <, for the processors of the ADP framework in Section 4. Unfortunately,
the most important processors would become unsound when defining the rewrite relation <, via GVRFs (see Examples 12 and
19). Therefore, we use VRFs instead and restrict ourselves to non-duplicating PTRSs for the soundness of the chain criterion for full
probabilistic rewriting.®

Theorem 5 (Chain Criterion for AST). A non-duplicating PTRS R is AST iff DP(R) is AST.

Proof Sketch. Soundness: Each R-RST € can be transformed into a DP(R)-CT ¥’ with |Z| = |2’| by annotating all defined symbols.
Since R is non-duplicating and all ADPs in DP(R) have the flag true, we do not remove any annotations when rewriting with <
Completeness: Each DP(R)-CT € can be transformed into an R-RST ' with || = |2’| by removing all annotations. [

DP(R)’

Example 10. As an example, the PTRS R4 from Example 4 is non-duplicating. Hence, we can not only analyze 1AST but also AST
via the canonical ADP problem DP(R,g) from Example 7.

Remark 2. Inthe chain criterion for non-probabilistic DPs, it suffices to regard only instantiations where all terms below an annotated
symbol are terminating. The reason is the minimality property of non-probabilistic term rewriting, i.e., whenever a term starts an infinite
rewrite sequence, then it also starts an infinite sequence, where all proper subterms of every used redex are terminating. However,
in the probabilistic setting such a minimality property does not hold [43]. For R; from Example 2, g starts a non-AST RST, but in this
RST, one has to apply Rule (12) to the redex d(d(g)), although it contains the proper subterm g that starts a non-AST RST.

4. The probabilistic ADP framework

The idea of the DP framework for non-probabilistic TRSs is to apply DP processors repeatedly which transform a DP problem into
simpler sub-problems as we have seen in Section 2.1. The same idea is used in the ADP framework, which yields the first modular
approach for proving AST of probabilistic TRSs automatically. An ADP processor Proc has the form Proc(P) = {P,,...,P,} for ADP
problems P, Py, ..., P,. Let Z € {AST, iAST}. Proc is sound for Z if P is Z whenever P; is Z for all 1 < j < n. It is complete for Z if P; is
Z for all 1 < j < n whenever P is Z. Thus, one starts with the canonical ADP problem and applies sound (and preferably complete)
ADP processors repeatedly until there are no more remaining ADP problems. This implies that the canonical ADP problem is Z and
by the chain criterion, the original PTRS is Z as well.

An ADP problem P without annotations is always AST and 1AST, because then no rewrite step with <, increases the number of
annotations (recall that VRFs cannot duplicate annotations). Hence, then any term with » annotations only starts rewrite sequences
with at most n steps of the form (at) or (af), i.e., all P-CTs are finite.

In Sections 4.1-4.4, we adapt the main processors from Section 2.1 to our new ADP framework for AST and iAST. Whenever
the respective processor can be used for proving AST, we explain the variant of the processor for full rewriting first and afterwards,
we show how one can improve the processor for iAST. Moreover, we introduce an additional processor to remove all occurring
probabilities (Section 4.5), a novel processor based on the subterm criterion of [12] (Section 4.6), and we discuss the possibility of
introducing a processor to switch from full AST to innermost AST (Section 4.7).

All processors in this section are complete, because they only remove annotations and only change flags of ADPs from true to false.

Theorem 6 (Completeness of Processors). Let Proc be an ADP processor which satisfies the following for all ADP problems P: Whenever
there is an ADP ¢ — {p, : r/],..‘,pk : r;(}”’/ € P’ for some P’ € Proc(P), then there is an ADP ¢ — {p, : ry,...,py : 1 }™ € P such that
b(r;.) =b(r;) and POSDu(r;.) C Posyy(r;) for all 1 < j < k, and such that m' = true implies m = true. Then Proc is complete for both AST and
iAST.

Proof. Each (innermost) P’-CT ¥’ can be transformed into an (innermost) P-CT ¥ with |2/| = |Z| by performing the respec-
tive rewrite steps with £ — {p, : ry,...,p, : 1} € P instead of £ — {p; : rj,....p; : r;C}'”' € P'. Since we have b(r;.) =b(r;) and
Pos s (r;.) C Posp(r;) for all 1 <j <k, and m = true if m' = true, T has the same terms as €’ but possibly with more annotations.

9 A related restriction is needed when analyzing (non-probabilistic) relative termination due to the VRFs [51].
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Since every infinite path in ¥’ contains infinitely many rewrite steps with Case (at) or (af), this ensures that ¥ satisfies this property
aswell. O

The above proof structure will often be used for the following soundness proofs as well. Given some P-CT &, we use a P’ € Proc(P)
and construct a P’-CT I’ such that |2’| < |Z|. If the processor Proc removes annotations, then one has to ensure that every infinite
path in ¥’ still contains infinitely many rewrite steps with Case (at) or (af).

Moreover, the following two lemmas are important for the soundness proofs. The first lemma states that if we can partition the set
of ADPs P = P, ¥ P, such that P, U b(P,) is AST, then it suffices to consider 7-CTs where every infinite path has an infinite number of
annotated rewrite steps with nodes from 7, (i.e., infinitely many rewrite steps where ADPs from P, are used with Case (at) or (af)).

Lemma 1 (P-Partition Lemma). Let P be an ADP problem and let T be a P-CT that converges with probability < 1. Assume that P, U b(P5)
is AST. Then there exists a P-CT X' that converges with probability < 1 such that every infinite path uses an infinite number of annotated
rewrite steps with P,.

The second crucial lemma is the Starting Lemma. It shows that w.l.0.g., we can assume that the root of a CT is labeled with (1 : 1)
for a term 1 € 7¥ with Pos: (1) = {¢} and b(r) = s6 for a substitution ¢ and an ADP s — y™ € P. So t is an instantiated left-hand side
where only the root is annotated. The proof for this lemma requires the above P-Partition Lemma.

Lemma 2 (Starting Lemma). If an ADP problem P is not AST, then there exists a P-CT € with |Z| < 1 that starts with (1 : t) for a term
t € T% where Pos (1) = {€} and b(t) = s0 for a substitution § and an ADP s — ... € P. If P is not iAST, then we can further assume that
t € ANFp.

4.1. Dependency graph processor

As in the non-probabilistic setting, the P-dependency graph is a control flow graph whose nodes are now the ADPs from P. Since
a term can now contain multiple annotations, the definition is a bit more involved than in the non-probabilistic setting. An edge
of the dependency graph now indicates whether an ADP « may lead to an application of another ADP «’ on an annotated subterm
whose annotation was introduced by «. This possibility is not related to the probabilities. Hence, here we use the non-probabilistic
variant np(P) = {¢ - b(rj) | €= {p; :rpseee st 1 }™ €P,1 < j <k}, which is an ordinary TRS over the original signature X. For
np(P) we only consider rules with the flag true, as only they can be used for rewriting below annotations without removing them.
We define < s if there is a 7 € Posyy(s) and r = b(s|,), i.e., t results from a subterm of s with annotated root symbol by removing
its annotations.

4.1.1. Dependency graph processor for AST
We start with the dependency graph processor for full AST.

Definition 8 (Dependency Graph). The P-dependency graph has the nodes P and there is an edge from £ — {p; : ry,....p; : ri}"™
to £, — ... if there are substitutions ¢,,0, and a t < r; for some 1 < j < k with o, —>:p(7)) fgaz.

So there is an edge from an ADP « to an ADP o if after a < ,-step of the form (at) or (af) with « at position z there may eventually
come another & ,-step of the form (at) or (af) with o’ at a position z on or below z, where the root symbol of the subterm at position
7 was introduced by a. Since every infinite path in a P-CT contains infinitely many rewrite steps with Case (at) or (af), every such
path traverses a cycle of the dependency graph infinitely often. Thus, as in the non-probabilistic setting, it suffices to consider its
strongly connected components separately. In the ADP framework, this means that we remove the annotations from all ADPs except
the ones in the SCC that we want to analyze.

To automate the following processor, the same over-approximation techniques as for the non-probabilistic dependency graph can

be used, e.g., to estimate whether tﬁal —>;p(7)) fg 6, holds for some ¢, 6,, one checks whether Ren(Capp(t”)) and zfg are unifiable. As in

Section 2.1, Ren replaces all variable occurrences by fresh variables and C app(tn) replaces all those subterms f¢(...) of 1* by different
fresh variables where f occurs on the root position of some left-hand side of P. One could also improve Cap, by only regarding the
root symbols f of left-hand sides of ADPs with the flag m = true as “defined”. In the following, we extend b to multi-distributions,
ADPs, and ADP problems by removing the annotations of all occurring terms. So b({p; : ri,....px = re}) ={p; 1 b(r)s..opp 2 b(rY,
b(# - u)y=¢ - b(u), and b(P)= (b - p) | £ - u € P}.

Theorem 7 (Dependency Graph Processor for AST). Let Py, ..., P, be the SCCs of the P-dependency graph. Then Procy(P) = {P, Ub(P \
P)),...,P,Ub(P\ P,)} is sound and complete for AST.

Proof Sketch. Soundness: For any subset X C P, let X = X Ub(P \ X). Suppose that every P,-CT converges with probability 1 for
all 1 <i<n. We prove that then also every P-CT converges with probability 1. Let ® be the P-dependency graph and let 28 =
{P,....P,} u{{v} C P |visnotinan SCC of B} be the set of all SCCs and all singleton sets of nodes that do not belong to any SCC.
For two X, X, € B we say that X, is a direct successor of X, (denoted X, > X,) if there exist nodes v € X, and w € X, such that
there is an edge from v to w in ®. The core steps of the proof are the following (where the Starting Lemma (Lemma 2) is used in Step
1 and 2, and the P-Partition Lemma (Lemma 1) is used in Step 2):

1. We first show that every ADP problem X with X € 28 is AST. This also holds for the singleton sets. The reason is that if there is
only a single ADP with annotations and this ADP is not contained in any cycle of the dependency graph, then there cannot be
infinitely many steps at annotated subterms, i.e., all paths are finite.
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| double(s(y)) — {1+ s(s(D(y))) }"** (#17)]

double(0) — {1: 0} (£18) |

S loopl(y) = {1/2: L1(D(y)), /2 : L2(D(y))}™(£14) ]

loop2(s(y)) — {1 : L2(y)}" (416) b

T loopl(y) = {1/3: LL(T(y)), /s : L2(T(y))}"*(415) |

triple(0) — {1 : 0} (¢20) |

< triple(s(y)) — {1 s(s(s(T () ™ (#19) ]

(a) DP(Ralg)-dependency graph

d(@) = {1: c(w, 2)}™e (¢11)]

& = {3/4:D(G), /4 : 0}t (19) k=

(b) Innermost DP(R2)-dependency graph

Fig. 5. Two examples of dependency graphs.

2. Then we show that composing SCCs maintains the AST property.
3. Finally, by induction on the direct successor relation we show that for every X € 2B, the ADP problem |J .+, Y is AST (where
©
Step 1 is needed for the induction base and Step 2 is needed for the induction step). This implies that 7 must be AST as well.

Completeness: By Theorem 6. [

Example 11. Consider R,, and its canonical ADPs from Example 7. The DP(R,,)-dependency graph is shown in Fig. 5(a). Its SCCs
are {(#114), (#15)}, {(#16)}, {(#17)}, and {(#19)}. For each SCC we create a separate ADP problem, where all annotations outside the
SCC are removed. This leads to the ADP problems {(f14), (15),b(#16) - b({20)}, {(#16),b(f#14),b(#15),b(#17) - b(#20)}, {(#17),b(#14)
-b(#16),b(#18) - b(#20)}, and {(#19),b(#14) - b(#18),b(#20)}.

Example 12. If we used GVRFs that can duplicate annotations, then the dependency graph processor would not be sound. The
reason is that Procp; maps ADP problems without annotations to the empty set. However, this would be unsound if we had GVRFs,
because then the ADP problem consisting of a — {1 : b}™® and d(x) — {1 : c(x,d(x))}'™® would not be AST. Here, the use of GVRFs
would lead to the following CT with an infinite number of (at) steps that rewrite A to b.

[1Tem 1 A deanp }—f 1]t aan }— - -

4.1.2. Dependency graph processor for iAST

Asin Section 2.1, we can integrate the restriction to innermost rewriting into the dependency graph. So instead of arbitrary rewrite
steps, we now only allow innermost steps. Moreover, the substitutions ¢/, o, need to be chosen in such a way that both ADPs can be
applied in innermost reductions, i.e., we must have 7,0, 7,0, € ANFp.

Definition 9 (Innermost Dep. Graph). The innermost P-dependency graph has the nodes P, and there is an edge from #;, — {p; :

iseeos Py - )" to £, — .. if there are substitutions oy, ¢, and a t < r; for some 1 < j < k such that o, l»;‘lp(p) fgtrz and both 7,0,

and ¢,0, are in ANFp.

Again, the same over-approximation techniques as in Section 2.1 can also be used to estimate the innermost dependency graph
in the probabilistic setting.

Theorem 8 (Dependency Graph Processor for 1AST). Let Py, ..., P, be the SCCs of the innermost P-dependency graph. Then ProcBG(P) =
{PLUDP\Py),....,P,UbP\ P,)} is sound and complete for 1AST.

Proof Sketch. Soundness: Similar to the proof of Theorem 7, just considering innermost rewrite steps.
Completeness: By Theorem 6. [
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Example 13. For R, the innermost and the full DP(R,,)-dependency graph coincide. Thus, for iAST we result in the same ADP
problems as in Example 11.

For the duplicating PTRS R, and its canonical ADPs from Example 6 we can only analyze iAST. The innermost DP(R,)-dependency
graph can be seen in Fig. 5(b). As the only SCC {(#9)} does not contain (#11), we can remove all annotations from ({{11). However,
since (ff11) already has no annotations, Proci)G does not change DP(R,).

4.2. Usable terms processor

The dependency graph processor either removes all annotations from an ADP or none. But an ADP can still contain terms ¥
where no instance t”o—l rewrites to an instance f”az of a left-hand side # of an ADP with annotations, i.e., it can only lead to ADPs
outside the SCC we consider. The usable terms processor removes the annotation from the root of such non-usable terms like D(...) in
DP(R,) = {g = {3/4 : D(G), /4 : 0} (19), d(x) — {1 : c(x,x)}"™e (#11)}. So instead of whole ADPs, here we consider the subterms in
the right-hand sides of an ADP individually. Such a processor was not needed in the non-probabilistic setting, as ordinary dependency
pairs only contain a single annotation.

4.2.1. Usable terms processor for AST

Theorem 9 (Usable Terms Processor for AST). We call 1 € 7* with root(t) € D¥ usable w.r.t. an ADP problem P if there are substitutions
6,0, and an ¢, — y, € P where p, contains an annotated symbol, such that ji(é)(t)al _);p(P) fgaz. Let Ap(s) = {m € Posp(s) | s|, is
usable w.r.t. P} and let Tyr(P)={¢ = {py : Bapo (1o Ph  Bapor Y™ 1€ = {py 2 1y, byt 1) €PY be the transformation that
removes the annotations from the roots of all non-usable terms in the right-hand sides. Then Procy(P) = {Tyr(P)} is sound and complete for
AST.

Proof Sketch. Soundness: For every P-CT I (satisfying the restrictions of the Starting Lemma (Lemma 2)) we generate a 7yp(P)-CT
<’ with |Z'| = |Z|. The CT ¥’ has the same nodes and edges as <. If a node v is labeled by (p, : #,) in E, then it is labeled by (p, : 1))
in ¥’ where we construct the labeling 7/ recursively and ensure that for all nodes v we have

b(t,) = b(t!)and Pospy(t,) \ Junk(t,) C Posp(t)). (23)

Here, for any term 7, let Junk(z,) be the set of positions that can never be used for a rewrite step with an ADP that contains annotations.
Due to (23), every infinite path of 2’ still contains infinitely many rewrite steps at annotations.
Completeness: By Theorem 6. O

Example 14. For AST, Procy; transforms {(#14), (£15),b(f16) - b(#20)} from Example 11 into {(#14"), (#15"),b(#16) - b(§20)} with

loop1(y) — {1/2 : L1(double(y)), 1/2 : loop2(double(y))}™e  (#14")
loop1(y) — {1/3 : L1(triple(y)), /3 : loop2(triple(y))}™® (#15")

The reason is that the left-hand sides of the only ADPs with annotations in the ADP problem have the root loop1. Thus, L2-, D-, or
T-terms are not usable.

4.2.2. Usable terms processor for iAST
As for the dependency graph processor, for 1AST we only consider innermost rewriting in the definitions.

Theorem 10 (Usable Terms Processor for 1AST). Let #; € T and P be an ADP problem. We call t € T # with root(r) € D' innermost

usable w.r.t. | and P if there are substitutions ¢, 6, and an ¢, — y, € P where u, contains an annotated symbol, such that ., (t)o, _i’:*lp(P)

fgaz and both ¢,6, and ¢,0, are in ANFp. Let A;P(s) = {z € Posp(s) | s|, is innermost usable w.r.t. £ and P} and TH.(P)={¢ — {p, :
ﬂAim)(,l)(rl), s Pi ﬂAiﬁP(,k)(rk)}’” | € = {p;:ris--spp:ri )" EP}. Then Proc{JT(P) = {7,},(P)} is sound and complete for iAST.

Proof Sketch. Soundness: Similar to the proof of Theorem 9, just considering innermost rewrite steps.
Completeness: By Theorem 6. O

Example 15. For R.jg> up to now the proof of iAST is identical to the proof of AST, i.e., here the results of Proc{IT on the ADP problems
resulting from the (innermost) dependency graph processor are the same as the results of Procyr.
When considering R, and its ADPs DP(R,) from Example 6 again, Proc{IT replaces (#9) by g — {3/4 : d(G), 1/4 : 0}""® (H9").

4.3. Usable rules processor

Next, we consider the usable rules processor. Here, we will see a major difference between the ADP frameworks for AST and 1AST,
since it will turn out that this processor is only sound for iAST, but not for AST. Therefore, this time we consider innermost rewriting
first.

15
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4.3.1. Usable rules processor for iAST

In an innermost rewrite step, all variables of the used rule are instantiated with normal forms. The usable rules processor detects
rules that cannot be used below annotations in right-hand sides of ADPs when their variables are instantiated with normal forms. For
these rules we can set their flag to false, indicating that the annotated subterms on their right-hand sides may still lead to a non-iAST
sequence, but the context of these annotations is irrelevant.

Theorem 11 (Usable Rules Processor for iAST). For every f ex! and ADP problem P, let Rulesp(f) = {£ — u™e €P | root(#)=f}.
Moreover, for every t € T, the usable rules U (7) of t w.r.t. P are recursively defined as follows:

Up(t) = 8, iftevorP=40¢
n
Up(f(ty, ..., 1,)) = Rulesp(£) U | JUp (1)) U U vp0¢),  otherwise,
j=1 ¢— ut™eeRulesp(f),
reSupp(u)

where P’ = P \ Rulesp(f).
The usable rules of P are U'(P) = Ufﬂmep,reSupp(ﬂ)Jﬂu, Up(i*). Then, the processor Proc{m(P) ={UP)U(l - ufte | ¢ 5 umeP\
U'(P)}} is sound and complete for iAST, i.e., we turn the flag m of all non-usable rules to false.

Proof Sketch. Soundness: Due to the Starting Lemma (Lemma 2) we can restrict ourselves to innermost P-CTs that start with a term
t € T* such that b(r) = s € ANF,, for some s — ... € P. By the definition of usable rules, rules # — u” € P that are not usable are
never applied below an annotated symbol in such 7-CTs. Hence, we can also regard € as a P-CT for P = U'(P)U {£ — uf¥e | £ —
um e P\UP)}.

Completeness: By Theorem 6. [

Note that the innermost evaluation strategy is not affected by our usable rules processor, since it does not remove rules but only
changes their flag to false. This is different from the non-probabilistic DP framework, where the usable rules processor from Theorem 2
reduces the number of rules. This may result in new redexes that are allowed for innermost rewriting. So in [9] one has to extend DP
problems by an additional component to achieve completeness of this processor (see Footnote 5), whereas the usable rules processor
in our new ADP framework is complete.

Example 16. The ADP problem {(ﬁ9)', (#11)} which we obtained for the iAST proof of R, in Example 15 has no subterms below
annotations. So both rules are not usable and we set their flags to false which leads to
G~ (341 d(G), /4 : 0)f (19"

D(x) = {1 t c(x, x)}f* (#1")
Example 17. Consider the ADP problem {(#14'), (#15'),b(#16) - b({20)} from Example 14 that resulted from applying the innermost
dependency graph processor and the innermost usable terms processor to DP(R,,). When proving iAST of R,,, only the double- and
triple-ADPs b(#17) - b(20) are usable, since the defined symbols double and triple occur below an annotated symbol L1. So we can set
the flag of all other ADPs in this problem to false. All other ADP problems resulting from the innermost dependency graph and the
innermost usable terms processor in this example have no usable rules, hence we can turn the flag of all ADPs in these ADP problems
to false.

4.3.2. Usable rules processor for AST

For full rewriting, the usable rules processor is unsound. This is already the case for non-probabilistic rewriting, but in the classical
DP framework there nevertheless exist processors for full rewriting based on usable rules which rely on taking the C,-rules h(x, y) - x
and h(x, y) — y for a fresh function symbol h into account, see, e.g., [9,10,12,52]. However, the following example shows that this is
not possible for AST.

Example 18. Consider the following ADP problem.
a— {5/8: c(a,a), 3/s : 0}™e
fle(x1,x2)) = {1 1 c(F(xp), F(xp)) )™
Although the first ADP has no annotations, the ADP problem is not AST:

[ TF@ F—[Feea s [cFe). Fenf— -

This represents a random walk biased towards non-termination, where the number of F(a) subterms increases by one with proba-
bility 5/8 or decreases by one with probability 3/s.

The ADP problem has no usable rules and thus, the usable rule processor would turn the flag of all ADPs to false. However, if we
now start with F(a) (or F(A)), rewriting a (or A) would remove the annotation of F above, since the flag indicates whether the ADP
can be used to rewrite arguments of an annotated symbol, i.e., F(a) & {5/8 : f(c(a,a)),3/s : f(0)} Hence, then all CTs are finite. This
also holds when adding the C¢-ADPs h(x, y) — {1 : x}™® and h(x,y) — {1 : y}i"e.

Thus, even integrating the Cg-rules to represent non-determinism would not allow a usable rule processor for AST. Moreover, the
corresponding proofs in the non-probabilistic setting rely on the minimality property, which does not hold in the probabilistic setting,
see Remark 2.
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4.4. Reduction pair processor

Next we consider the reduction pair processor, whose adaption is the same for AST and iAST. In the probabilistic setting, we cannot
use arbitrary term orders, but as in [41], we have to consider algebras that allow the definition of an expected value, called barycentric
>#-algebras. Compared to [41], we have to require even more structure, i.e., we have to restrict ourselves to algebras that form an
R ,-semimodule. We will discuss the reasons for requiring R-semimodules below.

Definition 10 (R, -Semimodule). An R,-semimodule (A,+,-,04) (or simply A) is a set A (called the universe) together with two
binary functions + : (Ax A) - A and - : (R,y X A) — A such that (4,+,0,) is a commutative monoid (i.e., + is commutative and
associative with identity element 0,), and such that for all a,b € A, r,s € Ryg we have: r- (a+b)=r-a+r-b,(r+s)-a=r-a+s-a,
Fe(s-a)=(@-s)-a,1-a=a,and0-a=r-04 =0,.

Definition 11 (Barycentric >*-Algebra, N-collapsible). Let A be an R,,-semimodule. We define the barycentric operation E, :
FDist(A) »> A as E,({p; : aj,....,p; : a}) =p; - a; + ... + py - a,. We write E instead of E if A is clear from the context. A function
f 1 A" - Bontwo Ry,-semimodules A and B is called concave w.r.t. a relation > on B if we have f(...,E (u),...) = Eg(f(..., u,...)),
where we define f(....{p; : aj,....p¢ : ar},..)={p; : fC...ay,..),....,p ¢ f(...,a,...)} for every u € FDist(A).

A barycentric *-algebra is a =F-algebra (A, >) on the universe of a R(-semimodule A such that > is compatible with the semimodule
structure and the addition is monotonic w.r.t. >.1° Moreover, for every f € =t, f 4 must be concave with respect to the reflexive closure
> of >. We say that (A, >) is N-collapsible if there exists a concave function g : A — N that embeds > into > on the natural numbers,
i.e., for all ground terms ¢,,1, € T, A(t)) > A(t,) implies g(A(t))) > g(A(1,)).

For example, both polynomial interpretations and matrix interpretations [48] are N-collapsible barycentric #-algebras, provided

that Pol maps each function symbol to a multilinear polynomial, i.e., a polynomial whose monomials have the form ¢ - x';’ X
with ceN and e, ...,e, € {0,1}, to ensure concavity. (Again, we will discuss the reasons for requiring concavity of f, and for

N-collapsibility below.)

In the following, let (A4, >) be an N-collapsible, barycentric ¥#-algebra. The constraints of the reduction pair processor of [Theo-
rem]12 are based on the conditions of a ranking function for AST as in [23]. If one proves AST by considering the rules # — u™ of a
PTRS directly, then one needs a monotonic algebra and requires a weak decrease when comparing .A(¢) to the expected value E(A(u))
of the right-hand side, where we extend .4 to multi-distributions by defining A({p, : #;,....p; : t;}) = {p; : A@),....pc : Alt))}.
Moreover, at least one A(r) with r € Supp(u) must be strictly smaller than .A(¢), see [42].

For ADPs, we do not use the interpretation .A(r) of a term r directly, but we take the occurring annotations into account. Since only
the annotated subterms may lead to non-AST sequences, we only consider the interpretations of these subterms. Hence, we compare
the f-sums'! of the terms r in ADPs, i.e., Agum(r) = ernr A(@*) sums up the values of r’s annotated subterms. So for example, we have

Agum(D(G)) = A(D(g)) + A(G).

If in each rewrite step s SpH of a chain tree ¥, the fi-sum is weakly decreasing in expectation (Agum(s) = [E(Agu,,,(u))),
and additionally, at least one Aim(r) with r € Supp(u) is strictly smaller than Agum(s), then we can conclude that
2 converges with probability 1. Again, Agum is extended to multi-distributions by defining Agum({pl HE ST M O
{p :Agum(t]),...,pk : Agum(tk)}. So for a rewrite step of the form Go, {3/4 : D(G),1/4 : 0} one would for example ob-
tain the constraints A%, (G) = A(G) = E({3/4 : A%, (D@G)). /4 : ALpn(O))) = 34+ A (DG)) + V4 - A% (0) = 3/4 - (AD(R)) + AG)) +
1/4-0=3/4- (AD() + AG)) and A, (G) = AG) > AL, (0) =0.

Lemma 3 (Proving AST of Chain Trees with Algebras). Let T be a P-CT and let (A, >) be an N-collapsible, barycentric =#-algebra such
that for every rewrite step s S, pin T we have: (A) : Af,m(s) = [E(Agum(y)) and (B) : 3r € Supp(p) : Agum(s) > Afum(r). Then we have
|Z| =1, i.e., T converges with probability 1.

Fig. 6 visualizes the interpretation of terms in an example chain tree. As required by (A), the expected ff-sum is weakly decreasing
in each step from a node to its children. Moreover, the step at the root of the example CT satisfies (B), since the left successor 7, has a
strictly smaller #-sum than 7. The f-sum of the right successor #, may even be larger than 7, but the expected f{-sum needs to be weakly
decreasing.

Instead of imposing (usually infinitely many) constraints for all possible rewrite steps s <, u as in Lemma 3, we only want to
impose finitely many constraints which correspond to the finitely many ADPs in the ADP problem P. If these inequality constraints
hold for the ADPs, then they also hold for arbitrary rewrite steps if (A, >) is weakly monotonic. So as in the non-probabilistic reduction
pair processor of Theorem 3, due to the usage of f-sums, weak instead of strict monotonicity is sufficient. However, as in [41], the
requirement of concavity of all functions f, is needed to ensure that we also have weak monotonicity w.r.t. expected values. So
A(t) = E(A(w)) implies

A Gty o)) = a0 AQ@), .00
= f4(....,E(A(n)),...) by weak monotonicity
= E(f4(.... A(u),...)) by concavity

10 A relation > is compatible with the semimodule structure of (4, +, -, 0,)if x > yimplies x+ z > y+zandr-x >r-yforall x,y,z € Aand r € Ry,.
Addition is monotonic w.r.t. > if for all x,y€ A we have x+y > xand x+y > x if y #0,,.
11 This is the reason why we require R, ,-semimodules instead of simply requiring the existence of a barycentric operation E as in [41].
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1[0 (Al (1)) = Al ()
L [ \> v

2] ta] ~ [p1] A%, 00| [P2] A2, 020 (Abur({p1 : 11,92 2 121)

=P1- sum(tl) +p2- Agum(tz)
BVANVANVAY )

Fig. 6. Each term r in the chain tree (left) is mapped to the corresponding f-sum Aﬁu”,(r) (middle). The expected f-sum (right) is always weakly
decreasing.

Similar to Theorem 3, we do not need to find an algebra that orients all ADPs strictly (i.e., where all rewrite steps satisfy property
(B) of Lemma 3). This still allows us to simplify the problem, because then it suffices to consider only those CTs where the non-strictly
oriented ADPs are applied infinitely often on annotated positions.

So to ensure the properties of Lemma 3 for each reduction step, we impose the following constraints for all ADPs (which adapt the
constraints (1) - (3) from Theorem 3 to the probabilistic setting): First, (1) we require a weak decrease when comparing the annotated
left-hand side with the expected value of the f-sums in the right-hand sides (this guarantees that (A) holds for every a-rewrite step
performed with this ADP). The processor then removes the annotations from those ADPs where (2a) there is at least one right-hand
side r whose #i-sum is strictly decreasing. If m = true, then in addition, (2b) the corresponding non-annotated right-hand side b(r) must
be at least weakly decreasing to ensure that nested annotations behave monotonically.!? So (2) guarantees that (B) holds for every
a-rewrite step performed with this ADP. Finally, (3) for every rule with the flag true (which can therefore be used for steps below
annotations), the expected value must be weakly decreasing when removing all annotations (this guarantees that (A) holds for every
n-rewrite step performed with this ADP).

Theorem 12 ( Reduction Pair Processor for AST & iAST). Let (A,>) be a weakly monotonic, N-collapsible, barycentric =*-algebra. Let
P =P, 9P, with P, # @ where:

(1) Ve - " e P D AL = B, ()
@ (@ V&-u"eP, :3reSuppu) b M@ > A9

(b)  If m = true, then we additionally have T A@) = AOG®K)
3) Ve > utve e p L AW@) = E(AGW))

Then Procgp(P) = Procf,LP(P) = {P, Ub(P,)} is sound and complete for (1)AST.

Proof Sketch. Soundness: One first lifts the properties (1) - (3) from ADPs to the properties (4) and (B) of Lemma 3 for rewrite
steps with <. Then, by adapting proof ideas of [23] to the setting of term rewriting, one can show that || = 1 holds for any P-CT
< where every infinite path uses infinitely many steps with ADPs from P, at annotated positions. Thus, by the P-Partition Lemma
(Lemma 1) it suffices to show that P, Ub(P,) is AST.

Completeness: By Theorem 6. [

Note that Requirement (2) only ensures a strict decrease (i.e., Property (B)) for rewrite steps of type (at) or (af). This is the reason
why we require an infinite number of such steps within each infinite path of a chain tree, see Definition 6. Moreover, N-collapsibility
implies that in addition to well-foundedness of >, for every g, € A, the length of every sequence a, > a; > ... is bounded. This is
needed in order to show that the properties (A) and (B) are indeed sufficient for AST. Note that we only need a strict decrease on
terms but not on their expected values. Therefore, in contrast to [41], we can restrict ourselves to functions g which map to the
natural instead of the real numbers.

Example 19. To conclude iAST for R, we have to remove all remaining annotations in the ADP problem {(#9"), (11”)} with

G = {3/4: d(Q), V4 : 0}fae  (197)
D(x) = {1 : c(x,x)}#e (#11"

from Example 16. Then another application of the dependency graph processor yields the empty set of ADP problems. Here, we can
use the reduction pair processor with the polynomial interpretation (A, >) = (Pol,>) that maps G to 1, and all other symbols to 0.
Then (f11’) is weakly decreasing, and (#9") is strictly decreasing, since (1) Pol® (G)=Pol(G) =1 >3/a- Poln (d(G)) + 1/4 - Pol* (0) =

sum sum sum

3/4 - Pol(G) = 3/4 and (2) Polgu »(G) =Pol(G) =1> Polgu »(0) = 0. Thus, the annotation of G in (#9") is deleted.

Note that this polynomial interpretation would also satisfy the constraints for DP(R,) = {(£9), (§11)} from Example 6, i.e., it would
allow us to remove the annotations from the canonical ADP directly. Hence, if we extended our approach for AST to GVRFs that can

12 For example, it ensures that A(G) > A(H) also implies that the §i-sum of F(G) is greater than the #-sum of F(H), i.e., A(G) > A(H) must imply
that A%,,(F(G)) = A(F(g)) + A(G) > A(F(h)) + ACH) = A%, (F(H)), which is ensured by A(g) = A(h).
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duplicate annotations, then the reduction pair processor would be unsound, as it would allow us to falsely “prove” AST of DP(R,).
The problem is that we compare terms with annotations via their -sum, but for duplicating ADPs like (f11), Pol(d(x)) > Pol(c(x, x))
does not imply Pol (d(G)) > Pol? (c(G,G)) since Pol® (d(G)) = Pol(G) and Pol® (c(G, G)) = Pol(G) + Pol(G).

sum sum sum sum

Example 20. To prove AST for R,,, we also have to remove all annotations from all remaining sub-problems. For instance, for
the sub-problem Ps1ary 150y = {147, (#15"),b(#16) - b(#20)} from Example 14, we can use the reduction pair processor with the
polynomial interpretation (A, >) = (Pol,>) that maps s(x) to x + 1, double(x) to 2x, triple(x) to 3x, L1(x) to 1, and all other symbols to
0. Then (#15') is strictly decreasing, since (1) Polgum(U(y)) =Pol(L1(y)=1>1/3- Polgum(U(tripIe(y))) +2/3. Polgum(loopZ(tripIe(y))) =1/3
and (2) Pol‘jum(U(y)) =Pol(L1(y) =1> Pol‘jm(loopZ(tripIe(y))) = 0. Similarly, (#14’) is also strictly decreasing, and we can remove all
annotations from this ADP problem. One can find similar interpretations to delete the remaining annotations also from the other
remaining sub-problems. This proves AST for DP(R,), and hence for R,,.

If we only want to prove iAST for R,,, then the application of the reduction pair processor becomes significantly easier. Except
for b(f17) - b(#20) in the ADP problem Pg1ar) 2151 above, all other ADPs have the flag false after the usable rules processor, see
Example 17. Therefore, (3) and (2b) from Theorem 12 do not apply, and thus, we obtain significantly fewer constraints which makes
the search for interpretations easier for the SMT solver. For example, when proving AST instead of iAST, all ADPs in the ADP problem
{(#19),b(5#14) - b(#18),b(#20)} have the flag true and thus, here we have to find a polynomial interpretation which also makes the

ADPs b(114) - b(116) weakly decreasing, which we do not require when proving iAST.

4.5. Probability removal processor

In proofs with the ADP framework, one may obtain ADP problems P with a non-probabilistic structure, i.e., where every ADP has
the form ¢ — {1 : r}™. Then the probability removal processor allows us to switch to ordinary (non-probabilistic) DPs.

Theorem 13 (Probability Removal Processor). Let P be an ADP problem where every ADP in P has the form ¢ — {1 : r}™. Let dp(P) =
(s> (1 rmeP,t <y r}. Then P is (1)AST if the non-probabilistic DP problem (dp(P), np(P)) is (innermost) terminating. So the
processor Procpg(P) = Proc;R(P) =} is sound and complete for (1)AST if (dp(P),np(P)) is (i)SN.

Proof Sketch. If: Due to the trivial probabilities in each ADP # — {1 : r}", a P-CT € with |Z| < 1 must be an infinite path, where
we use infinitely many rewrite steps at annotated positions. This path gives rise to a (dp(?), np(P))-chain following the construction
of the non-probabilistic chain criterion.

Only if: Every infinite (dp(P), np(P))-chain gives rise to an infinite P-CT €, and because of the trivial probabilities in P, we must
have |Z|=0. O

Remark 3. One may wonder how we can end up in an ADP problem where every ADP has the form # — {1 : r}", if this does not
already hold for the initial ADP problem. The reason is that the processors of our ADP framework do not remove ADPs. However,
sometimes it is possible to get rid of certain ADPs with non-trivial probabilities. Note that the right-hand sides of ADPs like f(x) — {1/2 :
g(x), 1/2 : h(x)}f*¢ without annotations and the flag false are completely irrelevant. We only keep such ADPs in our ADP problem to
ensure that applying ADP processors does not change the set of normal forms, such that the innermost rewrite strategy is not affected.
Thus, it is sound and complete to replace such ADPs # — uf?¢ by a new ADP # — {1 : stop}f@*¢ for a fresh constant stop. In this way,
we keep their original left-hand sides but get rid of any non-trivial probabilities in their right-hand side.

4.6. Subterm criterion

Next, we consider the subterm criterion of [12] which is a purely syntactical way of removing loops from the dependency graph.
This processor has not yet been adapted to the probabilistic setting in our previous conference papers, and we explain the problems
that one has to solve for such an adaption. In the non-probabilistic setting, the subterm criterion searches for a simple projection for
every annotated symbol f%, i.e., a projection proj which maps f* to one of its argument positions i and replaces every term f¥(...)
by its i-th argument. If the projection of the right-hand side pro j(r?) is a subterm of the projected left-hand side proj(£%) for every
dependency pair ## - ! € P, then we can remove those dependency pairs from P where proj(r*) is a proper subterm of proj(£%).

Definition 12 (Simple Projection). A simple projection is a mapping'2 proj that assigns to every n-ary annotated symbol f* € D*
with n > 1 an argument position i € {1, ...,n}. We extend proj to terms with annotated root symbol as follows: For ¢, ...,t, € T with
n>1and proj(f¥) = i, we define proj(f¥(t,, ....1,)) = t,. If f* has arity 0, then we define proj(f*) = f*.

4.6.1. Subterm criterion processor for AST

In the non-probabilistic setting, if proj(Z ) > proj(*) holds for all ## — /# in a set of DPs P, then one can remove all DPs from P
where we have proj(£%) > proj(rt). So the DP processor which transforms (P, R) into (P \ P,, R) is sound and complete for termina-
tion, where P, = (£ > e P | proj(?®) > proj(t)}. The advantage is that in contrast to the reduction pair processor, the criterion
of this processor is purely syntactical (i.e., one does not have to search for interpretations or well-founded relations), and one can
remove DPs without considering the rewrite rules R at all. However, the soundness of this processor for full rewriting relies on the
minimality property, which does not hold in the probabilistic setting, see Remark 2. Thus, such a processor would be unsound for
AST as shown by the following example.

12 Projections are often denoted by z in the literature, but we use z for positions.
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Example 21. The ADP problem with f(s(x)) = {1 : F(x)}'™ and g — {1 : s(g)}'"® is not AST as we can rewrite F(s(g)) to itself by
first applying the f-ADP in an (at)-step, followed by an (nt)-step with the g-ADP. However, consider the simple projection proj which
maps each annotated symbol to its only argument. Then, the projected right-hand side proj(F(x)) = x of the f-ADP is a proper subterm
of the projected annotated left-hand side pro;(F(s(x))) = s(x), while the g-ADP does not contain any annotations, so we can ignore it.
Hence, we would falsely assume that we can remove the annotation of the f-ADP, leading to an ADP problem which is AST as it does
not contain any annotations anymore. The problem here is the non-terminating g-rule that can generate infinitely many s-symbols.

4.6.2. Subterm criterion processor for iAST

For non-probabilistic innermost rewriting, the soundness of the subterm criterion does not rely on the minimality criterion.
Thus, we now show how to adapt the subterm criterion to the probabilistic setting in order to prove iAST. For innermost rewriting,
Example 21 is no longer a counterexample, because the ADP problem from Example 21 is 1AST. The reason is that terms without the
symbol g only have finite reductions, and if the start term contains the symbol g, then we have to rewrite it due to innermost strategy
and we cannot rewrite any F-symbols on positions above g.

However, there is another problem when adapting the subterm criterion to the probabilistic setting. Since we consider ADPs
instead of ordinary DPs, we may have terms with several annotations in the right-hand side. For the reduction pair processor we
solved this problem by considering the ff-sum. However, for the subterm criterion it is not clear how to combine several annotated
subterms. Therefore, we restrict ourselves to ADP problems where all terms in the right-hand sides contain at most one annotation.
This leads to the following processor.

Theorem 14 (Subterm Criterion for iAST). Let P be an ADP problem where all occurring terms contain at most one annotation. Let proj
be a simple projection such that for all £ — u™ € P and all r € Supp(u) where there exists a t 3 r, we have pro j(£%) & proj(t*). Moreover,
let P, C P be the set of ADPs where for all ¢ — u" € P,,, there exist an r € Supp(u) and a term t <y r such that pro (&) > proj(t). Then
the processor Proc‘SC(P) ={(P\ P,)Ub(P,)} is sound and complete for iAST.

Proof Sketch. Soundness: When choosing P, to be P, then the conditions (1) and (2a) of the reduction pair processor that consider
the f-sums are satisfied with the polynomial interpretation that maps each f(xi,...,x,) with f € to x; +... + x, + 1, and each
fixy,....x,) with ¥ e =F to X,,0j(f%) 1-€., We map each annotated symbol to its projected argument by the simple projection proj,
and all other symbols are used to calculate the number of symbols in a term. Due to the restriction to innermost rewriting and the
restriction that ADPs only contain at most a single annotated symbol in each term on the right-hand side, one can show that the
conditions (2b) and (3) are irrelevant in this setting, since we cannot rewrite below the projected position before the next (at)- or
(af)-step at the annotated position.

Completeness: By Theorem 6. O

The idea of this processor is similar to the reduction pair processor. Since in all ADPs, the “value” (which is the term structure in
this case) cannot increase, we can remove those ADPs where there is a chance to decrease the “value”. But in contrast to the reduction
pair processor, we do not have to impose any constraints resulting from disregarding the annotations of ADPs, i.e., we do not obtain
constraints of the form (2b) or (3) in [Theorem]12.

As noted in [53], for non-probabilistic innermost rewriting, the subterm criterion is subsumed by the reduction pair processor
when integrating projections (or “argument filterings”) and an appropriate improved notion of usable rules into the reduction pair
processor [10]. Such an improved reduction pair processor which subsumes the subterm criterion would most likely also be possible
in the probabilistic setting, but the reduction pair processor of Theorem 12 does not subsume the subterm criterion, as demonstrated
by the following example.

Example 22. Consider the ADP problem {(f16),b(#14),b(f15),b(#17)-b({20)} that results from the innermost dependency graph
processor when proving iAST of R,,, see Example 11. Here, we can use the simple projection proj that maps L2 to its only argument.
Then for the only ADP with annotations ({116), the projection of the annotated subterm of the right-hand side proj(L2(y)) =y is a
proper subterm of the projected annotated left-hand side proj(L2(s(y))) = s(y). Hence, by applying Theorem 14 we result in {b({{14)
- b(#20)}, which has no annotations anymore. Thus, we have directly shown that this ADP problem is iAST. So in contrast to the
reduction pair processor of Theorem 12, here we can ignore the other ADPs b(#14),b(#15),b(#17) - b(#20) completely even though
their flags are still true at this point.

4.7. Switching from full to innermost AST

In the non-probabilistic DP framework, there is a processor to switch from full to innermost rewriting if the DP problem satisfies
certain conditions [9, Theorem 32], e.g., if the rules and DPs are non-overlapping. This is useful as the DP framework for innermost
termination is more powerful than the one for full termination and in this way, one can switch to the innermost case for certain
sub-problems, even if the whole TRS does not belong to any class where innermost termination implies termination [49]. As we
showed in [43], to ensure that iAST implies AST for PTRSs, in addition to non-overlappingness, one has to require linearity of the
rules. However, in the non-probabilistic setting, the soundness of this processor relies again on the minimality property which does
not hold in the probabilistic setting (Remark 2). Indeed, the following example which corresponds to [53, Example 3.15] shows
that a similar processor in the ADP framework would be unsound, even if we require that all ADPs are non-overlapping and linear.
Non-overlappingness of ADPs is defined as for TRSs, as both contain only a single left-hand side.
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[/a|f(h(b),b) | [a[f(h(ba)ba) | [Y/a]f(h(ba),bo) | [Y/a] f(h(b2).b2) |

normal form

;e

Fig. 7. Ri,-RST.

Example 23. The ADP problem containing f(x) — {1:F(a)}'™ and a — {1 : a}'™® is not AST as we can rewrite F(a) to itself with the
f-ADP. However, it is 1AST since in innermost evaluations, we have to rewrite the inner a, which does not terminate but does not use
any annotations, i.e., any (at) or (af) steps. Note that the ADPs are non-overlapping and linear. Thus, a processor to switch from full
to innermost AST cannot be applied on the level of ADP problems.

Hence, to prove AST of PTRSs that belong to the classes of [43] where iAST implies AST, one should apply the ADP framework for
iAST, because its processors are more powerful. But otherwise, one has to use the ADP framework for AST.

5. Transforming ADPs

Compared to our first adaption of DPs to PTRSs via dependency tuples (DTs) in [42], the ADP framework is not only easier,
more elegant, and yields a complete chain criterion, but it also has important practical advantages, because every processor that
performs a rewrite step benefits from our novel definition of rewriting with ADPs (whereas the rewrite relation with DTs in [42] was
an “incomplete over-approximation” of the rewrite relation of the original TRS). To illustrate this, we use the following example.

Example 24. Consider the PTRS R, with the rules

a— {1:f(h(g),8)} (24)

g— {l/2:b,1/2:b,} (25)
h(b) — {1 : a} (26)
f(x,by) = {1 : a} 27)

and the RincpiRST in Fig. 7. The term a can be rewritten to the normal form f(h(b,), b;) with probability !/4 and to the terms f(a,b,)
and a that contain the redex a with a probability of 1/4 + 1/4 = 1/2. In the term f(a, b,), one can rewrite the subterm a, and if that ends in
a normal form, one can still rewrite the outer f which will yield a again. So to over-approximate the probability of non-termination,
one could consider the term f(a,b,) as if one had two occurrences of a. Then this would correspond to a random walk where the
number of a symbols is decreased by 1 with probability 1/4, increased by 1 with probability 1/4, and kept the same with probability
1/2. Such a random walk is AST, and since a similar observation holds for all Rj,c,-RSTS, Rjnc is AST (we will prove 1iAST of Ry
with our new transformational processors in this section). In contrast, the DT framework from [42] fails on this example, see [44]
for details.

In the non-probabilistic DP framework, there exist several transformational processors that increase the power of the framework
substantially [10]. To benefit from such transformations in the probabilistic setting as well, in Sections 5.1-5.4, we introduce the
rewriting, instantiation, forward instantiation, and rule overlap instantiation processors for our ADP framework. The latter corresponds
to a weaker version of the narrowing processor from [10], which is unsound in the probabilistic setting in general, as we will see in
Example 30. These transformational processors had not been adapted in the probabilistic DT framework of [42]. While one could
also adapt these processors to the setting of [42], the rewriting processor would be substantially weaker and it would fail in proving
1AST of Ripcp-

5.1. Rewriting processor

We start by considering the rewriting processor. Here, we restrict ourselves to innermost rewriting, as a corresponding processor
for full rewriting is already unsound in the non-probabilistic setting. For that reason, our novel processor can only be used to prove
1AST (but not AST) of Ry

In the non-probabilistic setting [10], the rewriting processor may rewrite a redex in the right-hand side of a DP if this does not
affect the construction of chains. To ensure that, the usable rules for this redex must be non-overlapping (NO). If the DP occurs in an
innermost chain, then this redex is weakly innermost normalizing (or “weakly innermost terminating”), hence by NO also terminating
and confluent, and thus, it has a unique normal form [49].
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In the probabilistic setting, to ensure that the probabilities for the normal forms stay the same, in addition to NO we require that
the ADP used for the rewrite step is linear (L) (i.e., every variable occurs at most once in the left-hand side and in each term of the
multi-distribution x on the right-hand side) and non-erasing (NE) (i.e., each variable of the left-hand side occurs in each term of
Supp(u))-

Definition 13 (Rewriting Processor). Let P be an ADP problem with P = P' w {£ — {p, : ry,...,p; : ri}"}. Letre Posp(r;) for some
1 < j <k such that r;|; €T, i.e., there is no annotation below or at the position 7. If r; &, {q; e, ....q, ¢}, where &
denotes a rewrite step with <, at position ¢ and the applied ADP from P must have the flag true, then we define

P,t.true

Proc (P) = {P’u (€= {py D) ee by 2 DY,

= (o) e me i\ Ay iU dps g :elwij'%:eh})m}}

In the non-probabilistic DP framework, when applying the rewriting processor to a DP problem (P, R), one only transforms the
DPs P by rewriting, but the rules R are left unchanged. But since our ADPs represent both DPs and rules, when rewriting an ADP, we
add a copy of the original ADP without any annotations (i.e., this corresponds to the original rule). Another change to the rewriting
processor in the non-probabilistic DP framework is the requirement that there exists no annotation below z. Otherwise, rewriting
would potentially remove annotations from r;. For the soundness of our processor, we have to ensure that this cannot happen. Hence,
the choice of the used VRF for this rewrite step is irrelevant.

Theorem 15 (Soundness of the Rewriting Processor). Procir as in Definition 13 is sound'® for iAST if one of the following cases holds:

1. Up(r)l,) is NO, and the rule used for rewriting r;|, is L and NE.
2. Up(r;l,) is NO, and all its rules have the form £ — {1 : r'}™e.
3. Up(rjl)isNO, rj &4 o 461 2 €154y 2 €y} is an innermost step, and r;|. is a ground term.

Proof Sketch. Let P/ = Procir(P) andP=P'uU {€ = {p; 17 eepp i)™ Wecall £ — {p; : ry,...,pg : 1 )™ the old ADP, we call
€= ({pytrieep t b\ {pj irjdulp; - tepnesp;gy eh})m the new ADP, and ¢ — {p; : b(r|),...,p; : b(rp)}™ is called the
non-annotated old ADP.

For every P-CT  we create a P'-CT such that |2'| < |Z|. To this end, we iteratively remove usages of the old ADP using a
transformation ® on CTs. The limit T of this iteration is a ’-CT that converges with probability at most |Z|. The transformation
@ always removes a “topmost” usage of the old ADP. There are two different cases, depending on whether the old ADP is applied at
an annotated position:

1. Ifa P-CT € uses the old ADP in a node v at a position 7 € Posy(?,), then &(Z) is a corresponding P-CT that uses the new ADP in
node v. In the first case of Theorem 15, the non-erasingness and non-overlappingness of P guarantee that the rewrite step that we
performed to obtain the new ADP would be performed later on in ¥ anyway. Hence, due to the linearity we can move this rewrite
step to an earlier node without affecting the termination probability. The second case of Theorem 15 corresponds to the original
rewrite processor where all usable rules of r; |, are non-probabilistic. The third case of Theorem 15 is already an innermost rewrite
step because of the restriction to ground terms, and moreover, it is the only possible rewrite step at this position.

2. Ifa P-CT T uses the old ADP in a node v at a position 7 & Pos;y:(t,), then ®(Z) is a corresponding P-CT that uses the non-annotated
old ADP at the root. O

In the last case of Theorem 15, for any instantiation only a single innermost rewrite step is possible for r;|,. The restriction to
innermost rewrite steps is only useful if r; |, is ground. Otherwise, an innermost step on r;|, might become a non-innermost step when
instantiating r;|,’s variables.

Next, we show why the rewriting processor needs the new requirement L in the first case that was not imposed in the non-
probabilistic setting. More precisely, we give counterexamples for soundness if the used rule is not left linear, i.e., a variable occurs
more than once in the left-hand side, and if the used rule is not right linear, i.e., a variable occurs more than once in a term on the
right-hand side. The other new requirement NE is currently used in the soundness proof, but we were unable to find a counterexample
to soundness if the used rule is not NE. In fact, we conjecture that one can omit this requirement, but then one needs a much more
complicated construction and estimation of the resulting termination probability in the soundness proof. The reason is that with
only L we can guarantee that performing this rewrite step at a (possibly) non-innermost redex can only increase the probability of
innermost termination for the rewritten subterm but not decrease it. Increasing the probability of termination for a proper subterm
without any annotations means that we have a higher probability to apply a rewrite step at the position of an annotated symbol
above it. Recall that a CT requires that on each infinite path, redexes with annotated root symbol have to be rewritten infinitely
often (they correspond to the rewrite steps with Case (at) or (af) of Definition 6). Thus, a higher probability of termination of the
proper subterm leads to a lower probability of the leaves in the CT as the probability to rewrite redexes with annotated root is higher.
However, proving this requires a much more involved approximation of the probability for termination than our current proof, where
we additionally require NE.

13 For completeness in the non-probabilistic setting [10], one uses a different definition of “non-terminating” (or “infinite”) DP problems. In future
work, we will examine if such a definition would also yield completeness of Procir in the probabilistic case.
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Example 25 (Left-Linearity is Required for Soundness). To see why left-linearity is required for soundness of the rewriting processor
in the probabilistic setting, consider the ADP problem P, with
g(f(x,») = {1 : d(G(f(a,a)), G(f(a,2)), G(f(a,)))} ™"
f(x,x) = {1 : e(f(a,a))}"™e (28)
a— {1/2:by,1/2: by}tme (29)
This example could also be made non-erasing by adding x as an additional argument to e and by instantiating x and y by all

possible values from {b;,b,} in the g-ADP. The ADP problem 7, is not iAST, as it allows for the following CT whose leaves have a
probability < 1.

[1/1]G(f(b1,b1)] [1/4] G(f(b1,b2)) ] [1/1] G(f(b2,b1)) ] [1/4] G(f(b2,b2))

[/a]cet@an]  [v4]et@a)?] [a]st@a)?]  [va]sfe )]
T T

Here, G(f(a,a))’> denotes the term d(G(f(a, a)), G(f(a, a)), G(f(a, a))). Chain trees starting in G(e(f(a,a))) can never use a rewrite step
with the g-ADP anymore and therefore, they converge with probability 1. So we can rewrite a single G-term to a leaf with a prob-
ability of 1/2 and to three copies of itself with a probability of 1/2. Hence, the full CT corresponds to a random walk that termi-
nates with probability < 1. But without the restriction to left-linearity, we could apply the rewriting processor and replace the
g-ADP by g(f(x,y)) — {1 : d(G(e(f(a, a))), G(e(f(a, a))), G(e(f(a, a)))) }f?¢ and several g-ADPs without annotations, since the usable rules
Up,(f(a,a) = {(28),(29)} are NO. Now in every path of the CT this ADP can be used at most once and hence, the resulting ADP
problem is iAST, which shows unsoundness of the rewriting processor without left-linearity.

Example 26 (Right-Linearity is Required for Soundness). To show the need for right-linearity, consider the ADP problem 7, with
f(e(by.by)) > {1 : h(F(d(a)), F(d(a)). F(d(a)), F(d(a)))} "2

d(x) — {1 : e(x,x)}™ (30)

a— {1/2:by,1/2: by)ie 3D

Note that for the term d(a) we have the following innermost P,-CT.

Hence, the term F(d(a)) can rewrite to F(e(b;, b;)) and then to four occurrences of F(d(a)) again with probability 1/2, or it reaches
a normal form with probability 1/2. This is again a random walk that terminates with probability < 1, so that the ADP problem
P, is not 1AST. But without the restriction to right-linearity of the used rule, it would be possible to apply the rewriting processor
and replace the f-ADP by f(e(b;,b;)) — {1 : h(F(e(a, a)), F(e(a, a)), F(e(a, a)), F(e(a, a))) }2¢ and several f-ADPs without annotations, as
Up,(d(@) = {(30),(31)} is NO. The term e(a,a) can now be rewritten to the term e(b;,b;) with probability 1/4, whereas one obtains
a term of the form e(b;,b;) with i # 1 or j # 1 with probability 3/4. Hence, now F(e(a,2)) can rewrite to a term with four subterms
F(e(a,a)) only with a probability of 1/4, and it reaches a leaf with probability 3/4. This is now a random walk that terminates with
probability 1 and the same happens for all possible CTs. Hence, the resulting ADP problem is iAST, which shows unsoundness of the
rewriting processor without right-linearity.

As mentioned, while a rewriting processor could also be defined in the probabilistic DT framework of [42], the rewriting processor
benefits from our ADP framework, because it applies the rewrite relation <, on ADPs. In contrast, a rewriting processor in the DT
framework of [42] would have to replace a DT by multiple new DTs, because the rewrite relation on DTs in [42] corresponds to
an over-approximation of the actual rewrite relation on PTRSs. Such a rewriting processor would fail for R;,., whereas with the
processor of Theorem 15 we can now prove that R, is 1AST.

Example 27. After applying the usable terms and the usable rules processor to DP(Rjy,), We obtain:

a— {1 : F(H(g),g)}"™® (32)

g— {1/2 1 by, 1/2 1 by}true (33)
h(by) — {1 : A}tme (34)
f(x,by) = {1 : Afalse (35)
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Here, the usable terms processor has been used to replace F(H(G), G) by F(H(g), g) in the right-hand side of (32). The reason is that
G is not usable as the g-ADP (33) does not contain any annotations. Moreover, the usable rules processor has been used to set the flag
of (35) to false, because neither f nor F occur below annotated symbols on right-hand sides.

Next we can apply the rewriting processor on (32) repeatedly until all g-symbols are rewritten, and replace it by the ADP a — {1/4 :
F(H(b,),by), 1/4 : F(H(by),by), /4 : F(H(b}),b,),1/4 : F(H(b,),b,)}"™ e as well as several ADPs a — ... without annotations in the right-
hand side. Now in the subterms F(...,b;) and H(b,), the annotations are removed from the roots by the usable terms processor, as
these subterms cannot rewrite to annotated instances of left-hand sides of ADPs. So the a-ADP is changed toa — {1/4 : f(H(b,),b;),1/4 :
f(h(by), b)), 1/4 : F(H(b,),b,), /4 : F(h(by),b,)}t"e (32'). This ADP corresponds to the observations that explain why Rincpl is 1AST in
Example 24: We have two terms in the right-hand side that correspond to one A each, both with probability 1/4, one term that
corresponds to a normal form with probability /4, and one that corresponds to two A’s with probability 1/4. So again this corresponds
to a random walk where the number of A-symbols is decreased by 1 with probability 1/4, increased by 1 with probability 1/4, and kept
the same with probability 1/2.

Indeed, we can now use the reduction pair processor with the polynomial interpretation Pol that maps A, F, and H to 1 and all other
symbols to 0, to remove all annotations from the a-ADP (32’), because it contains the right-hand side f(h(b,), b;) without annotations
and thus, Polgum(A) =Pol(A)=1> Pol? (f(h(by), b)) = 0. Another application of the usable terms processor removes the remaining

sum

A-annotations from (34) and (35). Since there are no more annotations left, this proves iAST of Rincpl'
5.2. Instantiation processor

In the non-probabilistic setting [10], the idea of the instantiation processor is to consider all possible predecessors s* — t* of a
dependency pair ¥ — v* in a chain and to compute the skeleton Ren(Capg (1)) of 1* (see Section 2.1) that remains unchanged when
we reduce o to ufo for some instantiation o, i.e., when going from one DP in a chain to the next. Then Ren(CapR(t”)) and u* must
unify with some most general unifier (mgu) 5, and e -5 u*c implies that ¢ is an instance of 5. Hence, the instantiation processor
replaces the DP u* — vf by ufs — o¥s.

To adapt the instantiation processor to ADPs and AST, we consider all terms in the multi-distributions on the right-hand sides
of all predecessors. In the non-probabilistic DP framework, the instantiation processor only instantiates the DPs, but the rules are
left unchanged. Due to the duality of ADPs, similar to the rewriting processor, when instantiating an ADP, we add a copy of the
original ADP without any annotations again (i.e., this corresponds to the original non-instantiated rule). In the following, vr(P) is
a variable-renamed copy of P where all variables are replaced by fresh ones, and we use (¢ — {p; : ri.....px : F}™ =¢6 - {p; :
F16,...,py 1 re8}™ for any substitution 6 and ADP ¢ — {p; : ry,....p © ri}™.

Theorem 16 (Instantiation Processor for AST). Let P be an ADP problem with P = P' v {# — u™}. Then Proc;

ins 1S sound and complete
for AST, where Proc;,(P)={P' UN U {£ — b(u)"}} with

N= {5(f - M)

¢ = v evi(P),r € Supp(v),
1 <y 1.6 = mgu(Ren(Capp(i), £%)

Proof Sketch. Let P=P UNU{Z = b(u)"}. We again use the Starting Lemma (Lemma 2) to restrict the form of the CTs that have
to be regarded.

Soundness: Every P-CT gives rise toa P U {£ — u™}-CT that converges with the same probability and uses the ADP # — u™ at most
at the root. The core idea is that every rewrite step with # — ™ at a node below the root can also be done with a rule from N, or we
can use ¢ — b(u)™ if the annotations do not matter, e.g., we rewrite at a position that is not annotated.

If there is a P U {# — u™}-CT which only uses £ — ™ at the root and converges with a probability < 1, then this also holds for
one of its direct subtrees, which is a P-CT.

Completeness: Every P-CT gives rise to a P-CT that converges with the same probability. The core idea is that every rewrite
step with an ADP from N or the ADP ¢ — b(u)™ is also possible with the more general ADP # — x™ that may also contain more
annotations. [

For innermost rewriting, as in the estimation of the dependency graph, we do not need Ren, and only consider those mgu’s §
where the instantiated left-hand sides are in argument normal form.

Theorem 17 (Instantiation Processor for 1AST). Let P be an ADP problem with P = P’ w {£ — u™}. Then Prociins is sound and complete
for 1AST, where Proct__(P)={P’ UN U {£ — b(u)"}} with

ins

N = {6(f - u™)

£ - v evi(P),r € Supp(v),
t <y 1,6 = mgu(Capp(t*), £¥), (£'8,£8) C ANF,

Proof Sketch. Similar to the proof of Theorem 16, just considering innermost rewrite steps. [
Example 28. Consider the PTRS R;,, with the rules
c—{1:a} c—{1:b}
flx,y,2) > {1 : g(x,y,2)}
gla,b,u) = {1/2 ¢ f(u,u,u),1/2 : g(a,b,u)}
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Rins is not AST, since (1 : g(a, b, c)) starts an RST without leaves. However, R;,; is 1AST. Its canonical ADPs DP(R;,) are

ins ins

}true b }true

c—{l:a c— {1

f(x,y,z) = {1 :G(x,y,z)}"e
g(a,b,u) > {12 : F(u,u,u),1/2 : G(a,b,u)}™e

Using only the processors of Section 4, we cannot prove that R, is 1AST. However, we can apply the instantiation processor on
the f-ADP.

As the term ## = F(u, u, ) in the right-hand side of the g-ADP does not have any proper subterms with (possibly annotated) defined
symbols, we have CapoRins)(t”) = ¢*. For the left-hand side #* = F(x, y, z), § = mgu(*, #¥) instantiates x, y, and z by u. So the instanti-
ation processor replaces the f-ADP by f(u,u,u) — {1 : G(u,u,u)}"™® (and moreover, we add f(x,y,z) = {1 : g(x,y, z)}""®). We can now
remove the annotation in the transformed f-ADP by the dependency graph processor, and afterwards remove the annotation in the
g-ADP by applying the reduction pair processor with the polynomial interpretation that maps G to the constant 1 and every other
function symbol to 0. As we removed all annotations, DP(R;,,) and hence R;,; must be iAST.

5.3. Forward instantiation processor

Next we adapt the forward instantiation processor. For non-probabilistic DPs, the idea of the forward instantiation processor [10]
is to consider all possible successors u? — v of a DP s* — ## in a chain, again, in order to find the skeleton that remains unchanged
when rewriting r*o to u®s for some substitution ¢. To find this skeleton, one reverses the rules of the TRS and then proceeds as for
the instantiation processor. Note that these reversed rules might violate the variable conditions of TRSs, i.e., the right-hand side of
a reversed rule may contain variables that do not occur in the left-hand side or the left-hand side may be a variable, i.e., we ignore
these restrictions here. We say that an ADP problem P is collapsing if it contains an ADP # — ™ such that Supp(u) NV # @, i.e., one
of the right-hand sides of an ADP is a variable. For a non-collapsing ADP problem 7 and a term ¢’ € 7, let Cap;l(f’ﬁ) result from
¢'* by replacing all its subterms f(...) by fresh variables where f occurs on the root position of some right-hand side in b(P). For a
collapsing ADP problem P, Cap;)l(f’n) is simply a fresh variable.

Theorem 18 (Forward Instantiation Processor for AST). Let P be an ADP problem with P = P’ w {£ — u™}. Then Proc,,, is sound and
complete for AST, where Procs;,s(P)={P’' U N U {¢ — b(u)"}}. Here,

= {W - W

Proof Sketch. Similar to the proof of Theorem 16. O

¢ = v evi(P),r € Supp(u),t <y r,
& = mgu(t!, Ren(Capy,' (%))

As in the non-probabilistic setting, the variant of this processor for innermost rewriting still has to use the renaming of all oc-
currences of variables via Ren since reversing the rules does not necessarily preserve the innermost evaluation strategy. However,
instead of considering all ADPs from P in Cap;l we can restrict ourselves to the usable rules of #*.

Theorem 19 (Forward Instantiation Processor for iAST). Let P be an ADP problem with P = P' & {# — u™}. Then Proct. _ is sound

and complete for iAST, where Prock. (P)={P’' UN U {£ — b(u)"}}. Here,

= {5(f - u™)

Proof Sketch. Similar to the proof of Theorem 18, just considering innermost rewrite steps. O

fins

fins

¢ > v e Vr(P) r € Supp(u),t Ly r,
8 = mgu(®, Ren(Cap~' . (¢™)),{£6.£'5) C ANF,

lf(ﬁ)

Example 29. Consider the PTRS Ry, with the rules
f(x) = {1/2 1 g(x), /2 : h(x)}
g(a) — {1 : f(q(a)} h(b) — {1 : f(ab)}
q(@) — {1 : a} q(b) » {1 : b}
When trying to prove iAST, by the usable rules and the usable terms processor, we obtain the ADP problem 7%,:
fo0) = (1/2 1 G(x), /2 : H() e
ga) — {1 : F(q(a)}"** h(b) - {1 : F(a(b))}"**
q(a) = {1 : a)'™e qb) = {1 : b}™e
Here, the instantiation processor is useless, as both the mgu of Capp, (F(aa)) = F() and F(x), and the mgu of Cappﬁns(F(q(b))) =
F(z) and F(x) do not modify F(x). However, the forward instantiation processor can replace the original f-ADP with f(a) — {1/2 :

G(a), 1/2 : H(a)}fee and f(b) — {1/2 : G(b), /2 : H(b)}f@"e. The reason is that the only possible successors of the f-ADP are the g- and
the h-ADP. For the g-ADP, we have Up,,,,(G(x)) = @ and thus, mgu(G(x), Ren(CapUp (G(X))(G(a)))) = mgu(G(x), G(a)) instantiates x with
fins

a. Similarly, for the h-ADP, the mgu instantiates x with b. (Note that here the restriction to the usable rules is crucial in the innermost
forward instantiation processor, because Cap;)flv would replace the symbol a by a fresh variable, since it occurs on the root position
ins

in the right-hand side of an ADP from P;,,. Hence, mgu(G(x), Ren(Cap;fl, (G(a)))) = mgu(G(x), G(y)) would not modify x.)
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We can now remove the annotations of the normal forms G(b) and H(a) from the new instantiated f-ADPs with the usable terms
processor, and apply the reduction pair processor with the polynomial interpretation that maps every function symbol to the constant
1, in order to remove all annotations of both new f-ADPs. Finally, we can remove all remaining annotations and prove iAST using
the dependency graph processor. Since the PTRS is non-overlapping and linear, this also implies AST, see [43]. Note that without the
forward instantiation processor, we would have to find a polynomial interpretation that is at least linear.

Example 29 shows that the processors that instantiate a given ADP are not only sometimes needed for a successful termination
proof (as in Example 28), but sometimes they can also ease the search for algebras (e.g., polynomial or matrix interpretations) in the
reduction pair processor, the most time-consuming part of the ADP framework.

5.4. Rule overlap instantiation processor

The narrowing processor [8,10] can only be used in a weaker version in the probabilistic setting, and only for innermost rewriting.
Let? =P'w{¢ — {p, : ry,....p : )"} be an ADP problem. For each 1 < j < k and each < r;, we define its narrowing substitutions
and its narrowing results (as in [50], where narrowing was adapted to dependency tuples for complexity analysis of ordinary term
rewriting). If we have to perform rewrite steps on (an instance of) ¢ in order to enable the next application of an ADP at an annotated
position, then the idea of the narrowing processor is to perform the first step of this reduction already on the ADP ¢ — {p; : ri,...,p; :
ri}". So whenever there is a <y r; and a non-variable position 7 in ¢ such that ¢|, unifies with the left-hand side #’ of some ADP ¢’ —
Py irfpy, i, " € vr(P) using an mgu 5 (such that £5,£’s € ANF,, if we consider innermost rewriting), then & is a narrowing
substitution of t. While the corresponding narrowing result could also be defined for ADPs with non-trivial probabilities, to simplify the
presentation let us assume for the moment that the ADP just has the form #’ — {1 : #/}'®, Then the corresponding narrowing result
is s = 1[r'],6 if we rewrite at a position of ¢ that used to be annotated in r;, and s = #[b(+")], 6 otherwise.

If 6,, ..., 8, are all narrowing substitutions of # with the corresponding narrowing results s, ..., s;, then one would like to define a
narrowing processor that replaces £ — {p; : r, ..., p : 1 }" by £8, = {py 1 1(8¢s-e D) ¢ Ses e, P 1 1S, ), forall 1 < e < d. However,
the main idea of the narrowing processor, i.e., performing the first rewrite step directly on the ADPs, is unsound for probabilistic ADP
problems, as shown by the following example.

Example 30. Consider the following ADP problem:

f(by,d;) — {1 : F(a,e)}fake f(by,dy) — {1 : F(a,e)}fee
e— {1:d)"e e— {1:dy)e
a— {1/2:by,1/2: by}
This ADP problem is not iAST, because it allows for the CT below on the left without any leaves. Note that all occurring terms are
ground terms, hence all narrowing substitutions are just the identity function.
But if we apply the narrowing processor to the ADPs in order to rewrite e, then we replace the two f-ADPs by the following four
new ADPs.
f(by,dy) — {1 : F(a,dy))fee f(by,d;) — {1 : F(a,dy))foe
f(by,dy) — {1 : F(a,d)))feke f(by,dy) = {1 : F(a,dy)}feke

This new ADP problem is iAST, as we reach a normal form with probability 1/2 after each application of an f-ADP. For example,
if we use the first ADP, then we get the CT below on the right. There we reach the normal form F(b,, d,) with probability 1/2.

The difference is that when narrowing the ADP, we have to decide how to rewrite e before we “split” the term into two different
successors with a certain probability, i.e., before we rewrite a to {1/2 : b;,1/2 : b,}.

Thus, in the probabilistic setting, we can only transform the ADP by applying a rewrite rule if we can ensure the same conditions
as for the rewriting processor in Section 5.1. So in the probabilistic setting, the narrowing processor can only instantiate the ADP by
the narrowing substitutions, but it must not perform any rewrite step. Instead, the rewrite steps have to be done via the rewriting
processor afterwards. Thus, instead of calling it narrowing processor, we call it rule overlap instantiation processor as it only instantiates
the ADPs but does not perform any rewrite steps.
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5.4.1. Rule overlap instantiation processor for iAST

Unfortunately, considering only the narrowing substitutions §, ..., , of # is not sufficient. There could be another subterm ' <, r;
(with ¢ # 1) which was involved in a CT (i.e., 'fc _’;p » /6 for some substitutions ¢, 5 and a left-hand side Z of an ADP, where in
the innermost case we require —‘»l’;p(p) instead of _’;pa)))’ but this CT is no longer possible when instantiating ¢ to #'s,, ...,#'5,. We
say that ¢’ is covered'* by §,, ..., 6, if for each narrowing substitution p of ¢/, there is a §, with 1 < e < d such that 6, is more general
than p, i.e., p = 6,9’ for some substitution 4. So the narrowing processor has to add another ADP ¢ — {p; : floy,(s,,...50) ("1 )s -+ Pk °
Beov,51....60 ()}, where cov;(§y, ..., 6,) contains all positions of subterms ¢' < r; which are not covered by §,,...,8,. (Therefore, in
contrast to instantiation and forward instantiation, here we do not have to add another copy of the original rule without annotations,

because the original rule is represented by this additional ADP.) Thus, for innermost rewriting, we obtain the following processor.

Theorem 20 (Rule Overlap Instantiation Processor). Let P be an ADP problemwithP =P’ w{£ — {p; : ris....p; : ri}" L let1 < j <k,
ar}lld lett <y r;. Let &y, ..., 6,4 be dll narrowing substitutions of t, where d > 0. Then Prociroi(P)= {P' U N} is sound and complete for iAST,
where

Proof Sketch. Again, we use the Starting Lemma (Lemma 2) to restrict the form of the CTs that have to be regarded.

Soundness: Every P-CT < gives rise to a (P’ U N)-CT €’ with |2’| = |Z|. The core idea of this construction is that every rewrite step
with & — {p; : ry,...,p : r;}™ can also be done with a rule from N. If we use £ — {p; * feov, (5,501 -5 Pic * Beove(sys Y™ €
N, we may create fewer annotations than with the old ADP ¢ — {p; : r|,...,p; : r}™. However, in the P-CT T we never rewrite at
the position of those annotations that do not get created in the CT 2’, hence we can ignore them.

Completeness: Similar to the completeness proof of Theorem 16. We can replace each ADP 28, — {p; : r|8,,.... P : 6. }" with
the more general ADP ¢ — {p; : ry,...,p; : r;}™, and each ADP ¢ — {p; @ Heov, 5,80 (1 -5 Pi * Heovyisy,....5) (7x)}™ can be replaced
by ¢ - {p, : ri....,p; ¢ ri}™ as well, which may lead to more annotations than before. [

Example 31. Consider the PTRS R

roi*

f(d(x)) = {3/4 1 e(f(g(x)), f(h(x))), /4 : a}
g(@) — {1 : d(a)}
h(b) = {1 : d(b)}

The usable terms processor transforms the canonical ADP problem into the following ADP problem P,;.

f(d(x) — (3/4 : e(F(g(x)), F(h(x))), /4 : a}"™®
g@ — {1 : d@)™
h(b) — {1 : d(b)}™e

The ADP problem P,; (and thus also the original PTRS R,;) is AST and hence iAST, because for every instantiation, at most one
of the two “recursive F-calls” in the right-hand side of the f-ADP can be applied. The reason is that we can either use the g-rule if the
variable x is instantiated with a, or we can apply the h-rule if the variable is instantiated with b, but not both. We apply Proc,,; using
the term # = F(g(x)), where the only narrowing substitution of ¢ = f(g(x)) is 6 = {x/a}. For the other subterm F(h(x)) with annotated
root, its flattened version f(h(x)) is not covered by this substitution, because the substitution § is not more general than the narrowing
substitution &’ = {x/b} of f(h(x)). Hence, we have to generate an additional ADP where this second subterm is annotated. Thus, we
replace the former f-ADP by the following two new ADPs.

f(d(a)) = (3/4 : e(F(g(a), F(h(a))), 1/4 : a}'™*

f(d(x)) — (3/4 : e(f(g(x)), F(h(x))), /4 : a}'™®
Now one can remove the annotation of F(h(a)) from the first ADP by the usable terms processor and then apply the reduction pair
processor with the polynomial interpretation that maps F to 1 and all other symbols to O to remove all annotations, which proves

iAST. Again, proving iAST with such a simple polynomial interpretation would not be possible without the rule overlap instantiation
processor.

5.4.2. Rule overlap instantiation processor for AST
For full rewriting, even a processor like the one of Theorem 20 which only applies the narrowing substitutions but does not
perform any rewrite steps is unsound, as shown by the following example.

14 This was called “captured” in [50].
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Example 32. Reconsider the ADP problem from Example 18 with the ADPs
a— {5/3 : c(a,a), 3/s : 0}
fle(xy, %)) = {1 & c(F(xp), F(xp)) )™

As shown in Example 18, this ADP problem is not AST.

The only narrowing substitution for terms of the form f(x;) (i.e., for the two corresponding terms in the right-hand side of the
f-ADP) is 6 with §(x;) = c(x‘l , x;), since § is the mgu of f(x;) and the (variable-renamed) left-hand side f (c(x"l,x;)). Applying the rule
overlap instantiation processor for each f(x;) < c(F(x,), F(x,)) results in the following ADP.

Fle(ete}, 1., 29)) = {12 o(F(etx], 1)), Fletxt, 1))}

With the ADP problem of Example 18, we could rewrite F(a) to F(c(a, a)) with probability 5/8, and afterwards create two copies of
F(a) using the original f-ADP, leading to a random walk biased towards non-termination.

With the new ADP problem, we can instead rewrite F(c(a, a)) to two copies of itself. However, now this is not done with probability
5/s, but only with probability (5/s)> = 25/64. The reason is that we first have to rewrite each of the two different a subterms to c(a, a),
each with probability 5/s. Thus, we can only rewrite F(c(a, a)) to the term F(c(c(a, a), c(a, a))) with probability 25/64. Now we can indeed
create two copies of F(c(a, a)) using the new f-ADP. However, this is now a random walk biased towards termination, since 25/64 < 1/2.

Indeed, the new ADP problem created by the rule overlap instantiation processor is AST, while the original ADP problem was not

AST, i.e., Proc,; is unsound for AST.

The see why Proc,; is unsound for AST, note that after applying an ADP, the next rewrite step can be “completely inside” the used
substitution if one does not impose an innermost rewriting strategy. So for the “non-AST” reduction in Example 32, after using the
(original) f-ADP to rewrite F(c(a,a)) to c(F(a), F(a)), the next “inner” rewrite step rewrites the a-subterms which did not occur in the
right-hand side of the f-ADP but which were “completely inside” the substitution used for x, and x,. However, if we only consider the
right-hand side of the f-ADP, as it does not contain any a-symbol, we only note that after one application of the f-ADP we eventually
have to use the f-ADP again, leading to the narrowing substitution § in Example 32. But when instantiating the f-ADP with this
substitution, in order to simulate the previous reduction with the new f-ADP, we now need two instead of one “inner” rewrite step
for the a-subterms. In the probabilistic setting, this is a problem if the critical rewrite step (e.g., from a to c(a, a)) is only chosen with
a probability < 1, because the requirement of choosing the critical step two times has a lower probability than only choosing it once.

6. Conclusion and evaluation

In this work, we developed the ADP framework to prove AST and iAST of PTRSs completely automatically. By using annotated
DPs instead of dependency tuples as in [42], we obtain complete criteria for both iAST and AST, which also simplifies the framework
substantially. As explained at the end of Section 1, this paper is based on our conference papers [44,45] and it extends them by
unifying the two separate frameworks for AST and iAST and by several new ADP processors, explanations, and remarks.

Compared to the non-probabilistic DP framework for termination of TRSs [8-12], analyzing (1)AST automatically is significantly
more difficult due to the lack of a “minimality property” in the probabilistic setting, which would allow several further processors.
Moreover, the ADP framework for PTRSs is restricted to reduction pairs based on barycentric, N-collapsible algebras (e.g., to mul-
tilinear polynomial interpretations). The soundness proofs for our processors are much more involved than in the non-probabilistic
setting, due to the more complex structure of chain trees. However, the processors themselves are analogous to their non-probabilistic
counterparts, and thus, existing implementations of the processors can easily be adapted to their new probabilistic versions.

Our novel ADP framework for full AST is particularly useful when analyzing overlapping PTRSs, as for such PTRSs we cannot
use the criteria of [43] for classes of PTRSs where iAST implies AST. The frameworks for AST and iAST differ in power, since some
processors are less powerful for AST, and some are not even applicable for AST. Table 1 illustrates the differences between the ADP
frameworks for AST and iAST. The parts highlighted in italics show the differences to the non-probabilistic DP framework. Here,
“(=)S” and “(—)C” stand for “(not) sound” and “(not) complete”.

We implemented our new contributions in our termination prover AProVE [1] and compared the new version of AProVE based
on the probabilistic ADP framework including all new processors and improvements presented in this paper (journal) with a pre-
vious version of AProVE which only contains the processors as presented in our corresponding conference papers [44,45] (conf).
Moreover, we also compare with a version of AProVE implementing our earlier framework from [42] which used dependency tuples
instead of ADPs (dt). As explained at the end of Section 1, compared to the conference papers of conf, in journal we added the
subterm criterion processor, the instantiation, forward instantiation, and rule overlap instantiation processors, and we extended the
probabilistic reduction pair processors to algebras, which allows the use of, e.g., matrix orders. Similarly, matrix orders can now also
be used in our corresponding criterion of [42] for a direct application of orders to prove AST (outside of the ADP framework). This
direct application of orders was only used with polynomial interpretations in dt and conf, but in journal, we also use it with matrix
orders. Furthermore, note that dt is restricted to the analysis of innermost rewriting, and cannot handle arbitrary rewrite strategies.

The main goal for probabilistic termination analysis is to become as powerful as termination analysis in the non-probabilistic
setting. Therefore, in our first experiment, we considered the non-probabilistic TRSs of the TPDB [54] (the benchmark set used
in the annual Termination and Complexity Competition (TermComp) [55]) and compared journal, conf, and dt with AProVE’s tech-
niques for ordinary non-probabilistic TRSs (AProVE-NP), because at the current TermComp, AProVE-NP was the most powerful tool
for termination of ordinary non-probabilistic TRSs. AProVE-NP includes many additional DP processors and benefits from using
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Table 1

Differences between the ADP framework for AST and 1iAST.
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Processor

ADPs for AST

ADPs for iAST

Chain Crit.
Dep. Graph
Usable Terms
Usable Rules
Reduction Pairs

Probability Removal

Subterm Criterion

From Full to Innermost Rewriting

S & C for non-duplicating

S&C

S&C

- S even with C,-Rules see Example 18
S & C barycentric, N-collapsible algebras
S&C

- S see Example 21

- S see Example 23

S&C

S&C

S&C

S&C

S & C barycentric, N-collapsible algebras
S&C

S & C at most 1 annotation

Rewriting Processor S S & — C see Footnote 13
Instantiation Processor S&C S&C
Forward Inst. Processor S&C S&C
Narrowing Processor - S see Example 30 - S see Example 30
Rule Overlap Inst. Processor - S see Example 32 S&C
Table 2
Evaluation results.
TRS-Innermost #-Examples AProVE-NP  journal conf dt
366 293 170 148 134
TRS-Standard #-Examples ~ AProVE-NP  journal conf  dt
(Innermost) 1512 1114 791 667 612
(Full) 1512 1031 241 201 —
PTRS-Standard  #-Examples  AProVE-NP  journal conf  dt
(Innermost) 128 — 107 88 77
(Full) 128 — 58 56 —

separate dependency pairs for each occurrence of a defined symbol in the right-hand side of a rule instead of ADPs. Clearly, a TRS can
be represented as a PTRS with trivial probabilities, and then (innermost) AST is the same as (innermost) termination. While all three
variants journal, conf, and dt have a probability removal processor to switch to the classical DP framework for such problems, we
disabled that processor in this experiment. As in TermComp, we used a timeout of 300 seconds for each example. The “TRS Innermost”
and “TRS Standard” categories contain 366 and 1512 benchmarks and the results regarding innermost rewriting are shown in the first
two rows of Table 2. One can see that the transformations are very important for automatic termination proofs as we get around 5 %
closer to AProVE-NP’s results when using only the rewriting processor (in conf), and 12-16 % closer when also using the remaining
transformational processors that use instantiations (in journal).

Furthermore, we also tried to prove termination w.r.t. an arbitrary evaluation strategy for the examples from the “TRS Standard”
category. Here, AProVE-NP can prove termination of 1031 examples, while journal and conf (using the ADP framework for full
rewriting) can only show termination of 241 and 201 examples, respectively, see Row 3 of Table 2. Recall that dt cannot handle
arbitrary evaluation strategies. Again, our new transformations clearly increase power, while it becomes clear that proving AST is
significantly harder than proving iAST.

In the next experiment, we used the PTRS benchmark set of the TPDB, containing 128 typical probabilistic programs, including
examples with complicated probabilistic structure and probabilistic algorithms on lists and trees. For instance, it contains the following
PTRS R, for probabilistic quicksort. Here, lists are represented via the constructors nil (for the empty list) and cons, where, e.g.,
cons(s(0), cons(s(0), cons(0, nil))) represents the list [1, 1,0]. To ease readability, we write r instead of {1 : r}.

rotate(cons(x, xs)) — {1/2 : cons(x, xs), 1/2 : rotate(app(xs, cons(x, nil)))}
gsrt(xs) — if (empty(xs), low(hd(xs), tl(xs)), hd(xs), high(thd(xs), tI(xs)))
empty(nil) — true
empty(cons(x, xs)) — false
hd(cons(x, xs)) = x
tl(cons(x, xs)) — x5
if (true, xs, x, ys) — nil
if (false, xs, x, ys) — app(qgsrt(rotate(xs)), cons(x, gsrt(rotate(ys))))
The rotate-rules rotate a list randomly often (they are AST, but not terminating). Thus, by choosing the first element of the resulting
list, one obtains random pivot elements for the recursive calls of gsrt in the second if -rule. In addition to the rules above, R contains
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rules for list concatenation (app), and rules such that low(x, xs) (high(x, xs)) returns all elements of the list xs that are smaller (greater
or equal) than x, see Appendix A.2. Proving iAST of the above rules requires transformational processors to instantiate and rewrite
the empty-, hd-, and tl-subterms in the right-hand side of the gsrt-rule. Thus, dt and conf fail for this example, but journal can prove
1AST of R g (Our ADP framework for AST is not applicable here, since the PTRS is duplicating.)

The AProVE variant dt can prove iAST for 77 of the 128 PTRSs from the corresponding collection of the TPDB, and conf can
prove it for 88. Adding the new and improved processors in journal increases this number to 107, which demonstrates their power
for PTRSs with non-trivial probabilities. When regarding full rewriting, conf can prove AST for 56 examples and journal succeeds
on 58 PTRSs, see the last row of Table 2. For details on our experiments and for instructions on how to run our implementation in
AProVE via its web interface or locally, see: https://aprove-developers.github.io/ProbabilisticADPs/

On this website, we also performed experiments where we disabled individual transformational processors of the ADP framework,
which shows the usefulness of each processor.

In future work, we will try to adapt the ADP framework in order to analyze stronger properties (like PAST) and we want to develop
techniques (and processors for the ADP framework) in order to disprove AST.
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Appendix A. Examples

In this appendix, we present several examples to illustrate specific strengths and weaknesses of the ADP framework and the
new transformational processors. They show that in contrast to most other techniques for analyzing AST, due to probabilistic term
rewriting, our approach is also suitable for the analysis of algorithms on algebraic data structures other than numbers.

A.1. Creating and using lists

Similar to Algorithm 1, the following algorithm first creates a random list, filled with random numbers, and afterwards uses the
list for further computations. In general, our ADP framework is well suited to analyze algorithms that access or modify randomly
generated lists.

The algorithm below computes the sum of all numbers in the generated list. Here, the function createl(xs) adds a prefix of arbitrary
length filled with natural numbers according to a geometrical distribution in front of the list xs. Moreover, app(xs, ys) concatenates
the two lists xs and ys. Finally, for a non-empty list xs of numbers, sum(xs) computes a singleton list whose only element is the sum
of all numbers in xs. So sum(cons(s(0), cons(s(0), cons(0, nil)))) evaluates to cons(s(s(0)), nil).

init > {1 : sum(createL(nil))}
addNum(x, xs) — {1/2 : cons(x, xs), /2 : addNum(s(x), xs)}
createl(xs) — {1/2 : addNum(0, xs), 1/2 : createL(addNum(O0, xs))}
plus(0, y) — {1 : y}

plus(s(x), y) — {1 : s(plus(x, y))}

sum(cons(x, nil)) — {1 : cons(x, nil)}

sum(cons(x, cons(y, ys))) — {1 : sum(cons(plus(x, y), ys))}
sum(app(xs, cons(x, cons(y, ys)))) = {1 : sum(app(xs, sum(cons(x, cons(y, ys)))))}
app(cons(x, xs), ys) — {1 : cons(x,app(xs, ys))}

app(nil, ys) = {1 : ys}
app(xs, nil) = {1 : xs}

Note that the left-hand sides of the two rules app(nil, ys) — {1 : ys} and app(xs,nil) - {1 : xs} overlap and moreover, the last
sum-rule overlaps with the first app-rule. Hence, this PTRS does not belong to any known classwhere iAST implies full AST [43].
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Furthermore, there exists no polynomial order that proves AST for this example directly (i.e., without the use of DPs), because the
left-hand side of the last sum-rule is embedded in its right-hand side. With our ADP framework for full AST, AProVE can prove AST
(hence also iAST) of this example automatically.

A.2. Probabilistic quicksort

In Section 6 we already presented the main rules of the PTRS R, implementing a probabilistic quicksort algorithm, where 1AST
can only be proved if we use the new transformational processors. The following PTRS is the full implementation of this probabilistic
quicksort algorithm.

rotate(nil) — {1 : nil}

rotate(cons(x, xs)) = {1/2 : cons(x, xs), 1/2 : rotate(app(xs, cons(x, nil)))}

empty(nil) - {1
empty(cons(x, xs)) — {1
gsrt(xs) = {1

if (true, xs, x, ys) — {1

if (false, xs, x, ys) = {1

: true}

: false}

. if (empty(xs), low(hd(xs), tI(xs)), hd(xs), high(hd(xs), tI(xs))) }
: nil}

. app(qgsrt(rotate(xs)), cons(x, gsrt(rotate(ys))))}

hd(cons(x, xs)) = {1 : x}
tl(cons(x, xs)) = {1 : xs}
low(x, nil) = {1 : nil}

low(x, cons(y, ys)) — {1

if Low(true, x, cons(y, ys)) — {1
if Low(false, x, cons(y, ys)) — {1
high(x, nil) - {1

high(x, cons(y, ys)) — {1

ifHigh(true, x, cons(y, ys)) = {1

: ifLow(leq(x, y), x, cons(y, ys))}
: low(x, ys)}

. cons(y, low(x, ys))}

:nil}

. ifHigh(leq(x, y), x, cons(y, ys))}
: cons(y, high(x, ys))}

ifHigh(false, x, cons(y, ys)) = {1 : high(x, ys)}
leq(0, x) — {1 : true}
leq(s(x),0) — {1 : false}
leq(s(x). s(y)) — {1 : leq(x. y)}
app(nil, ys) — {1 : ys}

app(cons(x, xs), ys) — {1

: cons(x, app(xs, ys))}

As already briefly explained in Section 6, this quicksort algorithm searches for a random pivot element using the first two rotate rules.
Here, we rotate the list and always move the head element to the end of the list. With probability 1/> we stop this iteration and use
the current head element as the next pivot element. The remaining rules implement the classical quicksort algorithm without any
probabilities. As mentioned in Section 6, app computes list concatenation, low(x, xs) returns all elements of the list xs that are smaller
than x, and high works analogously. Furthermore, hd returns the head element of a list and tl returns the rest of the list without the
head. Finally, empty checks whether the list is empty.

Using our ADP framework, AProVE can automatically prove that this PTRS is 1AST. (As mentioned in Section 6, our ADP framework
for AST is not applicable here, since the PTRS is duplicating.) This example illustrates the need for the new transformational processors:
The rewriting processor (Theorem15) is required to evaluate the functions hd, tl, and empty, and the rule overlap instantiation processor
(Theorem 20) is required to determine all possible terms that these functions can actually be applied on. So for example, we need to
detect that if we have a term of the form empty(x) for a variable x, then in order to apply any rewrite step, the variable x must be
instantiated with either nil or a term of the form cons(y, ys) for some new variables y and ys.

A.3. Moving elements in lists probabilistically

Another interesting probabilistic algorithm that deals with lists is the following: We are given two lists L, and L,. If one of the two
lists is empty, then the algorithm terminates. Otherwise, we either move the head of list L, to L, or vice versa, both with probability
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1/2, and then we repeat this procedure. This algorithm is represented by the following PTRS.

or(false, false) — {1 : false}
or(true, x) — {1 : true}
or(x,true) — {1 : true}
moveElements(xs, ys) — {1 : if(or(empty(xs), empty(ys)), xs, ys)}
if (true, xs,ys) = {1 : xs}
if (false, xs, ys) = {1/2 : moveElements(tl(xs), cons(hd(xs), ys)), 1/2 : moveElements(cons(hd(ys), xs), tI(ys))}
empty(nil) — {1 : true}
empty(cons(x, xs)) — {1 : false}
hd(cons(x, xs)) = {1 : x}
tl(cons(x, xs)) — {1 : xs}

This algorithm is 1AST (and even AST) because we can view this as a classical random walk on the number of elements in the first
list that is both bounded from below by 0 and from above by the sum of the lengths of both lists. In order to prove this automatically,
we again have to use some kind of instantiation processor, e.g., the rule overlap instantiation processor, to find all possible terms that
the functions hd, tl, and empty can actually be applied on. In addition, we also need the rewriting processor again to evaluate these
functions afterwards. Once the moveElements-ADP contains the symbols cons and nil in the left-hand side, we can detect the structure
of the random walk using an application of the reduction pair processor that removes all annotations of this ADP. After that, there is

no SCC in the dependency graph left, and we have proven iAST. Again, our ADP framework for AST is not applicable, since the PTRS
is duplicating.

A.4. Trees

This example illustrates the use of probabilistic term rewriting for algorithms on trees. In the following algorithm (adapted from
[561), we consider binary trees represented via leaf and tree(x, y), where concat(x, y) replaces the rightmost leaf of the tree x by y. The
algorithm first creates two random trees and then checks whether the first tree has less leaves than the second one.

init > {1 : lessleaves(createT(leaf), createT(leaf))}
concat(leaf, y) —» {1 : y}
concat(tree(u, v), y) = {1 : tree(u, concat(v, y))}
lessleaves(x, leaf) — {1 : false}
lessleaves(leaf, tree(x, y)) — {1 : true}
lessleaves(tree(u, v), tree(x, y)) — {1 : lessleaves(concat(u, v), concat(x, y))}
createT(xs) — {1 : xs}
createT(xs) — {1/3 : xs,1/3 : createT(tree(xs, leaf)), /3 : createT(tree(leaf, xs))}
Note that the last two rules are overlapping and thus, there is no known criterion [43] which would allow us to conclude AST from

a proof of iAST. In contrast, our ADP framework is able to prove full AST (hence 1AST) for this example, while the direct application
of polynomial interpretations fails.

A.5. Conditions on numbers

Another important task of termination analysis is to handle conditions on numbers. Such conditions occur in almost every program
and often have an impact on the termination behavior. This is also true for probabilistic programs. For a successful proof of iAST
without transformations, the rules of the PTRS have to express these conditions via suitable “patterns” in their left-hand sides, i.e.,
if one wants to check whether a number is zero or not, then one needs two different rules f(0) — ... and f(s(x)) — ... to perform this
case analysis. However, in programs, conditions are usually implemented via an if-construct, where one could use, e.g., an additional
function gt to check whether a number is greater than another. The same is true for conditions on other data structures than numbers,
as we have seen in the previous examples. If one wants to check whether a list is empty, then without transformations, one needs
two rules (for nil and cons), whereas with transformations, one can use conditions and auxiliary functions like empty.

The following PTRS implements the classical random walk, but we check the condition x > 0 not directly in the left-hand side of
the rule but with an additional function gt(x, y) which determines whether x > y holds. In addition, to decrease the value of a number
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by one, we use the predecessor function p(x) = x — 1.

gt(0,0) — {1 : false}
gt(s(x),0) — {1 : true}
gt(0,s(y)) — {1 : false}
gt(s(x), s(»)) = {1 : gt(x,»)}
p(0) — {1 : 0}
p(s(x)) = {1 : x}
{1 :if(gt(x,0),x)}
if (false,x) — {1 : stop}
{1/2 = loop(p(x)), 1/2 : loop(s(x))}

loop(x) —

if (true, x) —

In this case, we need the rewriting processor to evaluate the functions gt and p and again we need the rule overlap instantiation
processor to check for all possible terms that these functions can actually be applied on. Thus, the ADP framework proves iAST for
this example. Since the PTRS is duplicating, the ADP framework for AST cannot be applied.

A.6. Limits of the instantiation processors

Whenever we have an ADP where the left-hand side of the rule is also contained in the support of the right-hand side, then
instantiations become useless, because we will always have at least the same ADP again after applying the processor. For example,
we need to apply one of the instantiation processors in order to prove innermost termination for the TRS with the rulesc — a, c — b,
f(x,y,z) = g(x,y,z), and g(a, b, z) — f(z, z, z). If we make the f- and g-rules probabilistic by adding the possibility to do nothing in a
rewrite step with the probability 1/2, then we result in the following PTRS.

c—{1:a} c— {1:b}
fx,y,2) = {I/2: g(x,»,2), /2 f(x,,2)}
g(a,b,z) — {1/2: f(z,z,2),1/2 : g(a,b, 2)}
This PTRS is 1AST (but not AST, since the original TRS was also just innermost terminating but not terminating), but we are unable
to show this using the instantiation processor, because if one tries to instantiate any of the rules, this will result in at least the same
rule after the processor. In contrast, in Example 28 we had almost the same PTRS but the f-rule remained non-probabilistic. There,

we were able to apply the instantiation processor and prove iAST using the ADP framework. (However, while instantiation does not
help in our example above, we can prove iAST using the rule overlap instantiation processor.)

A.7. Transformations do not suffice for inductive reasoning

Transformational processors are useful to perform a case analysis, but they do not suffice for PTRSs where one needs inductive
reasoning for the termination analysis. For example, we cannot show AST (not even iAST) of the following PTRS [57] even though
the if-structure seems similar to the one of the probabilistic quicksort example.

even(0) - {1 : true} even(s(0)) — {1 : false}
even(s(s(x))) — {1 : even(x)} loop(x) — {1 : if(even(x),x)}
if (false,x) —» {1 : stop} if (true, x) — {1/2 : loop(x), /2 : loop(s(x))}

The idea here is that the recursion of loop stops if its argument is an even number. If it is not even, then we either increase the
value by 1 or use the same value again. Here, a simple case analysis does not suffice, but we actually have to show (inductively),
that if a number x is odd, then x + 1 is even. This is not possible with the new transformational processors but needs other types of
processors for inductive reasoning (e.g., as in [58] for the non-probabilistic DP framework).

Appendix B. Proofs

In this section, we prove the chain criterion and the soundness and completeness of our processors of the ADP framework. To this
end, we first give some additional definitions and notations, and then prove the lemmas about ADP problems mentioned in Section 4
that we will need throughout the rest of this appendix. We start by defining the notion of a subtree.

Definition 14 (Subtree). Let P be an ADP problem and let T = (V, E, L) be a tree that satisfies Conditions (1)-(3) of a P-CT. Let
W C V be non-empty, weakly connected, and for all v € W we have vE N W =@ or vE N W = vE. Then, we define the subtree T[W]
by I(W]1=W.En(W xW),L"). Let w € W be the root of GIW]. To ensure that the root of our subtree has the probability 1

again, we use the labeling LY (v) = (@ : tvz) for all nodes v € W. If W contains the root of (V, E), then we call the subtree grounded.
P
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The property of being non-empty and weakly connected ensures that the resulting graph GT" is a tree again. The property that
we have vENW =@ or vEN W = vE ensures that the sum of probabilities for the successors of a node v is equal to the probability
for the node v itself.

Example 33. Reconsider the PTRS R with the rule g — {3/4 : d(g), !/4 : 0}. Below one can see the R ,-RST from Section 2.2 (on the
left), and the subtree that starts at the node of the term d(g) (on the right). Note that the probabilities are normalized such that the
root has the probability 1 again.

1]
[rla@]  []o]
~

NF'R1
[o/16]dde)]| [3/16]d(0)] [s/1]dd@)]|  [va]d0]
woX NFRy A.Az NA“ NFR,

We divide the inner nodes of a P-CT into V' \ Leaf = I' w T such that the rewrite step at each node from I' is done with Case (at) or
(af), and the rewrite step at each node from T is done with Case (nt) or (nf). Note that I" contains the “important” nodes that count
for the global Case (4) of a P-CT, i.e., every infinite path must contain infinitely many nodes from I'.

Now we start by proving the I'-Partition Lemma. Compared to the P-Partition Lemma (Lemma 1 from Section 4), the lemma
presented (and proven) here is a bit more detailed and technical. Instead of simply partitioning the set of ADPs, we partition the
set of nodes I" within a chain tree. In this way, we obtain an even more versatile lemma that we can use throughout our proofs.
Furthermore, note that this lemma does not rely on the structure of ADPs or rewriting, but instead, it works for arbitrary infinite trees
labeled by probabilities.

Lemma 4 (I'-Partition Lemma). Let P be an ADP problem and let € = (V, E, L) be a P-CT that converges with probability < 1. Assume
that we can partition ' ="} w T, such that every subtree that only contains inner nodes from I UT"| converges with probability 1. Then there
is a grounded subtree €' that converges with probability < 1 such that every infinite path has an infinite number of nodes from I',.

Proof. Let ¥ = (V,E, L) be a P-CT with |Z| = ¢ < 1 for some ¢ € R. Since we have 0 < ¢ < 1, there is an £ > 0 such that c + £ < I.
Remember that the formula for the geometric series is

Z(-) = L for all d € R such that Lo
n=1 d-1 |d|

Letd =1 +2. Now, we have L 1; < 1and
€ d 14

€

1 1 1 1 1 o /1\"
- +l<-+2-+1<d -<d-1 e (—) . B.1
s+ <$+ ©£+ < ©£< Qd—l<£©"§1d <e (B.1)

We will now construct a subtree ' = (V’, E’, L) such that every infinite path has an infinite number of I', nodes and such that
2] s|s|+i(l)" ®.2)
n=1 d
and then, we finally have
(B.2) RN
1| < |Cz|+”z=‘1(5) =c+

1\" BD
(—) < c+e<l.
/ d

n=

The idea of this construction is that we cut infinite subtrees of pure I' UT, nodes as soon as the probability for normal forms is
high enough. In this way, one obtains paths where after finitely many I' UT; nodes, there is either a node from I', or a leaf.

For any node v € V, let L£(v) be the number of I, nodes in the path from the root to v. Furthermore, for any set W C V and k € N,
let (W, k)y={ve W | L(v) <kV(veT,ALW) < k+ 1)} be the set of all nodes in W that have at most k nodes from I', in the path
from the root to its predecessor. So if v € (W, k) is not in I';, then we have at most k nodes from I'; in the path from the root to v
and if v € (W, k) is in T',, then we have at most k + 1 nodes from I'; in the path from the root to v. We will inductively define a set
U, €V such that U, C &(V, k) and then define the subtree as ' = Z[|J,y Uyl-

We start by considering the subtree €, = T[L(V,0)]. This tree only contains inner nodes from rur |- While the node set 8(V,0)
itself may contain nodes from I',, they can only occur at the leaves of €. Therefore, we get || = 1 by the prerequisite of the lemma.
In Fig. B.8 one can see the different possibilities for . Either ¥, is finite or ¥, is infinite. In the first case, we can add all the nodes
to U, since there is no infinite path of pure I' UT; nodes. Hence, we define U, = 2(V,0). In the second case, we have to cut the tree
at a specific depth once the probability of leaves is high enough. Let d(w) be the depth of the node w in the tree . Moreover, let
Dy(k) = {v e &V,0) | dy(w) < k} be the set of nodes in I, that have a depth of at most k. Since || =1 and | - |is monotonic w.r.t.
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(a) Subtree is finite (b) Subtree is infinite

Fig. B.8. Possibilities for ¥; and T ,.

the depth of the tree ¥, we can find an M,, € N such that

D pfozl—é

veLeat 0 ,dy (v)< M,

Here, LeafT and p;‘! denote the set of leaves and the probability of the node v in the tree T, respectively.

We include all nodes from D,(M,) in U, and delete every other node of E,,. In other words, we cut the tree after depth M,,. This
cut can be seen in Fig. B.8, indicated by the dotted line. We now know that this cut may increase the probability of leaves by at most
%. Therefore, we define U, = Dy(M,).

For the induction step, assume that we have already defined a subset U; C (V,i). Let H; = {v € U; | v € T',, L(v) = i + 1} be the set
of leaves in E[U;] that are inI',. For each v € H;, we consider the subtree that starts at v until we reach the next node from I, including
the node itself. Everything below such a node will be cut. To be precise, we regard the tree ¥, = (V,, E,,, L,) = T[R@WE*,i + 1)]. Here,
vE* is the set of all nodes that are reachable from v.

First, we show that || = 1. For every direct successor w of v, the subtree ¥, = T, [wE}] of T, that starts at w does not contain

v’

any inner nodes from I',. Hence, we have |¥ | = 1 by the prerequisite of the lemma again, and hence
IZ,| = Z P 1%l = Z Pw-1= Z ppo=1
wevE wevk wevE

For the construction of U;, |, we have the same cases as before, see Fig. B.8. Either ¥, is finite or I, is infinite. Let Z, be the set of
nodes that we want to add to our node set U, from the tree T . In the first case we can add all the nodes again and set Z, = V.. In
the second case, we once again cut the tree at a specific depth once the probability for leaves is high enough. Let d,(z) be the depth
of the node z in the tree . Moreover, let D, (k) = {v € V, | d,(z) < k} be the set of nodes in ¥, that have a depth of at most k. Since
¥,/ =1and |- | is monotonic w.r.t. the depth of the tree ¥, we can find an M, € N such that

> a0

weLeafTv d, (w)<M,

We include all nodes from D,(M,) in U, and delete every other node of ¥,. In other words, we cut the tree after depth M,. We now

i+1
know that this cut may increase the probability of leaves by at most (é) ik Therefore, we set Z, = D, (M,).
i

We do this for each v € H; and in the end, we set U, = U; U ey Z,-

It is straightforward to see that |J, .y U, satisfies the conditions of Definition 14, as we only cut after certain nodes in our
construction. Hence, | J, o Uy is non-empty and weakly connected, and for each of its nodes, it either contains no or all successors.
Furthermore, ' = Z[|J,cy U,] is a subtree which does not contain an infinite path of pure T UT, nodes as we cut every such path

after a finite depth.

n
It remains to prove that |'| < |Z| + Z:":l (ﬁ) holds. During the i-th iteration of the construction, we may increase the value
of |Z| by the sum of all probabilities corresponding to the new leaves resulting from the cuts. As we cut at most |H;| trees in the

1

i+1
i-th iteration and for each such tree, we added at most a total probability of (5) “TH]

for the new leaves, the value of |Z| might
increase by

N 1+l
() o= (3)
d |H,|  \d
in the i-th iteration, and hence in total, we then get
(o) 1 n
sz 5 (2)
=<1+ (5)
n=1
as desired (see (B.2)). O
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Next, we prove the Starting Lemma. The proof nicely illustrates how to use the I'-Partition Lemma.

Proof. (Proof of Lemma 2) Assume that every P-CT < converges with probability 1 if it starts with (1 : 7) and Posp;(t) = {¢}. We now
prove that then also every P-CT € = (V, E, L) that starts with (1 : ¢) for some arbitrary annotated term ¢ converges with probability
1, and thus P is AST. We prove the claim by induction on the number of annotations in the initial term z.

If ¢ contains no annotation, then € is trivially finite (it cannot contain an infinite path, since there are no nodes in I') and hence,
it converges with probability 1. Next, if + contains exactly one annotation at position z, then we can ignore everything above the
annotation, as we will never use an (at) or (af) step above the annotated position, and we cannot duplicate or change annotations by
rewriting above them, since we use VRFs and not GVRFs. For t|, with Posy;(t],) = {€}, we know by our assumption that such a CT
converges with probability 1.

Next, we regard the induction step, and assume for a contradiction that for a term ¢ with n > 1 annotations, there is a CT T =
(V, E, L) that converges with probability < 1. Here, our induction hypothesis is that every P-CT € that starts with (1 : ¢'), where
¢’ contains m annotations for some 1 < m < n converges with probability 1. Let I; = {r} and I, = { y € Pos,;(?) | y # 7} for some
7 € Pospy(r) and consider the two terms ﬁn](t) and Iinz(t), which contain both strictly less than » annotations. By our induction
hypothesis, we know that every P-CT that starts with (1 : fi; ,@)or(l: ﬁnz (1)) converges with probability 1. Let &, = (V,E, L,) be
the tree that starts with (1 : jinl (1)) and uses the same rules, the same positions, and the same VRFs as in .

We can partition the I'T-nodes (i.e., the I'-nodes of I) into 1"]I =T% and 1“2‘I =T\ l“(lz (i.e., the I''nodes of ¥, and the rest). Note
that ¥, itself may not be a P-CT again, since there might exist paths without an infinite number of I'¥1-nodes, but obviously every
subtree ¥ of ¥; such that every infinite path has an infinite number of I'Ti-nodes is a P-CT again. Moreover, by extending such a
subtree to be grounded, i.e., adding the initial path from the root of Z; to 2/, we created a P-CT that starts with fi; (), and hence
by our induction hypothesis, converges with probability 1. Thus, this also holds for S’l

We want to use the I'-Partition Lemma (Lemma 4) for the tree . For this, we have to show that every subtree S; of € that only

contains inner nodes from ™ u 1“;5 converges with probability 1. But since ‘2/1 only contains inner nodes from ™ u l“rf it must either
contain infinitely many F]I—nodes (and by the previous paragraph it converges with probability 1), or it contains only finitely many
l“lz-nodes, hence must be finite itself, and converges with probability 1.

We have shown that the conditions for the I-Partition Lemma (Lemma 4) are satisfied. Thus, we can apply the I'-Partition Lemma
to obtain a grounded subtree ' of ¥ with |2’| < 1 such that on every infinite path, we have an infinite number of F;S nodes. Let ¥,
be the tree that starts with ﬂnz(t) and uses the same rules, the same positions, and the same VRFs as in '. Again, all local properties
for a P-CT are satisfied for ¥,. Additionally, this time we know that every infinite path has an infinite number of nodes from I“;~r in
2’, hence we also know that the global property of a CT is satisfied. This means that &, is a P-CT that starts with fj; () and with
|Z,| < 1. This is our desired contradiction, which proves the induction step. i

So we have proven that we can restrict ourselves to CTs that start with (1 : ¢) for a term r € T  where Pos,: (1) = {¢} when
analyzing AST and iAST. Finally, since we eventually have to rewrite at the root of our term ¢ (that only contains an annotation at
the root), we can assume that b(r) = s for a substitution # and an ADP s — u™ € P. Note that for 1AST, we can only perform such a
rewrite step if b(r) = s € ANFp,. O

Next, we prove the chain criterion for full rewriting. In the following, we use the shorthand notations #5(f) = po,»(*) and

B =1,0.

Proof. (Proof of Theorem 5) Soundness: Assume that R is not AST. Then, there exists an R-RST € = (V, E, L) whose root is labeled
with (1 : ) for some term 7 € 7 that converges with probability < 1. We will construct a DP(R)-CT ¥’ = (V, E, L") with the same
underlying tree structure and an adjusted labeling such that pT = p‘f' for all v € V, where all the inner nodes are in I'. Since the tree
structure and the probabilities are the same, we then get || = |’|. So there exists a DP(R)-CT T’ that converges with probability
< 1 and DP(R) is not AST either.

|p‘3|t3| |;D4|t4| |p3|ﬁp(t3)| |P4|ﬁp(t4)| |p5|ﬁp(t5)|
1 1 1 1 1

We label all nodes v € V in €' with #5(¢,), where 7, is the term for the node v in . The annotations ensure that we rewrite with
Case (at) so that the node v is contained in I'. We only have to show that the edge relation represents valid rewrite steps with &

DP(R)’

. . . Pw P .
Let v € V' \ Leaf and vE = {wy, ..., w, } be the set of its successors. Since v is not a leaf, we have r, —5 {% ) S % * 1y, }- This
means that thereisarule # — {p; : ri,...,p; : r;} € R, a position z, and a substitution ¢ such that 7,|, = £o. Furthermore, we have

tw, = 1,lr;0l, forall1 <j<k.
The corresponding ADP for the rule is £ — {p; : #ip(r)), ..., p; : Hp(r,)}"™®. Furthermore, = € Posp;(Hp(7,)) as all defined symbols
are annotated in ff;,(z,). Hence, we can rewrite #,,(¢,) with £ — {p, : fip(r)), ..., p; : #ip(r,)}'"e, using the position x, the substitution

o, and Case (at) applies. Furthermore, we take some VRF (¢;), ;< that is surjective on the positions of the variables in the right-
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hand side, i.e., for all 1 <j <k and all positions 7 € Posy(r;) there exists a 7! € Posy(¢) such that ¢ j(‘r’ ) = 7. Such a VRF must
exist, since R is non-duplicating. We have #,(z,) S ppR) {p : IiD(twl), Dt ﬂD(twk)} since by rewriting with Case (at) we get
Bp I Pos ;) )U¥; (r;ol, = tID(twj) with ¥; defined as in Definition 5. Note that since the used VRF is surjective on the variable
positions of the right-hand side, we do not remove any annotation in the substitution. Furthermore, we annotated all defined symbols
in r;. Thus, we result in t;D(tw/) where all defined symbols are annotated again.

Completeness: Assume that DP(R) is not AST. Then, there exists a DP(R)-CT € = (V, E, L) whose root is labeled with (1 : r) for

some annotated term ¢ € 7* that converges with probability < 1. We will construct an R-RST &' = (V, E, L") with the same underlying
tree structure and an adjusted labeling such that p~ = p " for all v € V. Since the tree structure and the probabilities are the same,
we then get |2'| = |Z|. Therefore, there exists an R-RST I’ that converges with probability < 1. Hence, R is not AST either.

[Ps [o(ts) | [pa]b(ta)] [7]

We label all nodes v € V in €' with b(,), where 7, is the term for the node v in Z, i.e., we remove all annotations. We only have to
show that 2’ is indeed a valid RST, i.e., that the edge relation represents valid rewrite steps with —5, but this follows directly from
the fact that if we remove all annotations in Definition 5, then we get the ordinary probabilistic term rewriting relation again. O

To prove the innermost chain criterion, we define the set Posp,yr, () of all positions of subterms of  that may be used as a redex
now or in future rewrite steps, because the subterm has a defined root symbol and is not in normal form w.r.t. R. This set is needed,
as we cannot simply annotate every defined symbol in the soundness proof of the innermost chain criterion. Instead, we can (and it
suffices to) only guarantee that all the symbols in Posp,yy, (1) are annotated.

Definition 15 ( Posp,yp,, ). Let R be a PTRS. For a term 1 € 7 we define Posp,_yp, () = {7 | 7 € Posp(®),1|, & NFr}.

Example 34. Consider the following PTRS R over a signature with D = {f, g} and C = {a,b} with the rules f(x,a) - {1 : b} and
g(a) — {1 : a}. For the term ¢ = f(g(a), g(b)) we have Posp(r) = {¢,1,2} and Posp-ir, () = {€,1}.

b
Finally, for two (possibly annotated) terms s, ¢ we define s = ¢ if b(s) = b(r). Remember that for innermost rewriting, we do not use
any VRFs, hence, we can ignore them in the proofs for innermost rewriting.

Proof. (Proof of Theorem 4) In the following, we will often implicitly use that for an annotated term r € 7#, we have b(f) € ANFy iff
t € ANFppr) since a rewrite rule and its corresponding canonical annotated dependency pair have the same left-hand side.

Soundness: Assume that R is not 1AST. Then, there exists an innermost R-RST T = (V, E, L) whose root is labeled with (1 : 7) for
some term ¢t € 7 that converges with probability < 1. We use almost the same construction as in the proof of soundness for AST,
however, instead of annotating all defined symbols, we only ensure that all defined symbols from Posp-yr, () are annotated.

FlE [

We construct the new labeling L’ for the DP(R)-CT inductively such that for all inner nodes v € V' \ Leaf with children nodes

vE ={wy,...,w,} we have ¢ %DP(R) { =L :vl . p:" } and use Case (at) so that all nodes are in I'. Let W C V be the set of

nodes v where we have already defined the labeling L'(v). Durmg our construction, we ensure that for all v € W we have
2 and P P !
t, =t, and Posp,yg, (t,) € Posp ().
This means that the corresponding term ¢, for the node v in T has the same structure as the term ¢/ in ', and additionally, all the

. . . . b
possible redexes in ¢, are annotated in t’U. We label the root of T’ with #i,,(¢). Here, we have r = fi;,(t) and Posp,yr o (D) € Posp(t) =
Pos (5 (1)). As long as there is still an inner node v € W such that its successors are not contained in W, we do the following. Let

vE = {wy, ..., w,} be the set of its successors. We need to define the corresponding terms #/ g7 ,t;jk for the nodes w, ..., w,. Since v
Pw p -,

is not a leaf, we have 7, 5>, {—1 ) S :" ! 1, }- This means that there isarule £ — {p; : ry,...,p; : r,} € R, a position z, and

a substitution o such that 7,|, = £o € ANFp. Furthermore we havet,, =t,[r;c], forall 1 < j < k. So the labeling of the successor w;

inZis L(w;) = (p, - p; : t,lr;ol,) forall 1 <j <k
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The corresponding ADP for the rule is ¢ — {p; : §p(r)), ..., p; : Hp(r)}'e. Furthermore, = € Pospa-nry, (1) Sray Posps () and
1, =qm) t,- Hence, we can rewrite ¢/ with # — {p; : ip(ry), ..., py : #p(r,)}™°, using the position z and the substitution ¢, and Case

. . b .
DPR) {p; : t:vl yeeesDiC t:”k} with tf”j =1 [#p(r;)o],. This means that we have ty, = tfv/. It remains to prove

Pospa-ney () € PosDﬁ(t;,/) forall 1 < j < k. For all positions = € Pospaiey (i) = Pospa-r,, (tlr;ol7) that are orthogonal or above

(at) applies. We get 1/ <>

7z, we have r € Pospp-nry, (s R) Sy POSDﬁ(t:)), and all annotations orthogonal or above z remain in tjﬂ/ as they were in t; . For all
positions 7 € Pospa-iry (Tuw,) = POsprwr, (tulr;olz) that are below 7z, we know that, due to innermost evaluation, at least the defined
root symbol of a term that is not in normal form must be inside r;, and thus 7 € Pos,,: (1!, ), as all defined symbols of r ; are annotated
J
in t:v/ =1 [#p(r;)ol,.
Completeness: Analogous to completeness for AST. [J

Next, we prove soundness and completeness of the ADP processors. Recall that most processors are complete by Theorem 6.

Proof. (Proof of Theorem 7) Let X = X ub(P \ X) for X C P.
Completeness: By Theorem 6.

Soundness: Let ® be the P-dependency graph. Suppose that every P,-CT converges with probability 1 for all 1 < i < n. We prove
that then also every P-CT converges with probability 1. Let B = {P;,...,P,} U {{a} € P | « is not in an SCC of G} be the set of all
SCCs and all singleton sets of nodes that do not belong to any SCC. For two X, X, € 28 we say that X, is a direct successor of X,
(denoted X >y X,) if there exist nodes ¢ € X, and § € X, such that there is an edge from « to g in ®. The core steps of this proof
are the following:

. We show that every ADP problem X with X € 28 is AST.

. We show that composing SCCs maintains the AST property.

. We show that for every X € 23, the ADP problem [ J X>3Y Y is AST by induction on >.
. We conclude that 7 must be AST.

AW N

1. Every ADP problem X with X € 28 is AST: We start by proving the following:

Every ADP problem X with X € 2 is AST. (B.3)

To prove (B.3), note that if X is an SCC, then it follows from our assumption that X is AST. If X is a singleton set of a node that
does not belong to any SCC, then assume for a contradiction that X is not AST. By Lemma 2 there exists an X-CT € = (V, E, L)
that converges with probability < I and starts with (1 : ) where Pos; (1) = {¢} and b(r) = s0 for a substitution # and some ADP
a=5s-{p i r.....pp  ri}™ € X. If a ¢ X, then the resulting terms after the first rewrite step contain no annotations anymore and
this cannot start a CT that converges with probability < 1. Hence, we have a € X and thus, X = {a}, since X is a singleton set. Assume
for a contradiction that there exists a node v € I in € that is not the root and introduces new annotations. W.1.0.G., let v be reachable
from the root without traversing any other node that introduces new annotations. This means that for the corresponding term ¢, for
node v there is a ¢’ <, 1, at position 7 such that ' = s¢’ for some substitution ¢’ (since s — ... is the only ADP in X that contains any
annotations in the right-hand side). Let (z, ..., z,,) with z,, = v be the path from the root to v in €. The first rewrite step at the root
must be s o5 {p; : r10,....p; : r0}. After that, we only use ADPs with the flag true below the annotated position that will be used
for the rewrite step at node v, as otherwise, the position = would not be annotated in 7,. Therefore, we must havean 1 < j <k and a
" Ly such that "% —>:‘lp P sto’, which means that there must be a self-loop for the only ADP in X, which is a contradiction to our
assumption that X is a singleton consisting of an ADP that is not in any SCC of ©.

Now, we have proven that the X-CT T does not introduce new annotations. By definition of a P-CT, every infinite path must
contain an infinite number of nodes in T, i.e., nodes where we rewrite at an annotation. Thus, every path in € must be finite, which
means that T is finite itself, as the tree is finitely branching. But every finite CT converges with probability 1, which is a contradiction
to our assumption that ¥ converges with probability < 1.

2. Composing SCCs maintains the AST property: In the second step, we show that composing SCCs maintains the AST property.
More precisely, we prove the following:

Let X C % and ¥ C % such that there are no X, X, € X and Y € Y which satisfy both X; >% ¥ >& X, and Y & X,
and such that there are no Y;,Y, € ¥ and X € X which satisfy both Y; >g X >y Y,and X ¢ Y. (B.4)

If both |Jycp X and (Jygp Y are AST, then (Jycx X U Uycp Y is AST.

To show (B.4), we assume that both | J, ¢ X and |,y Y are AST. Let Z= Uxex X UUyey Y- The property in (B.4) for X and ¥
says that a path between two nodes from | J, .3 X that only traverses nodes from Z must also be a path that only traverses nodes
from | Jycx X, so that | Jy .y Y cannot be used to “create” new paths between two nodes from [,y X, and vice versa. Assume for
a contradiction that Z is not AST. By Lemma 2 there exists a Z-CT & = (V, E, L) that converges with probability < 1 and starts with
(1 : 1) where Pos,;(r) = {€} and b(r) = s6 for a substitution § and an ADP s — ... € Z.
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Ifs > ... € Uyeg X UUyeyp Y, then the resulting terms contain no annotations anymore and this cannot start a CT that converges
with probability < 1. W.1.0.g., we may assume that the ADP that is used for the rewrite step at the root is in [ J ;¢ X. Otherwise, we
simply swap Jy.¢ X with [J, ¢ Y in the following.

We can partition the set T of our Z-CT ¥ into the sets

e I'} := {v €T'| v together with the labeling and its successors represents a step with an ADP from |,y X}
o I, :=T\T,

Note that the labeling represents a step with an ADP from P \ | Jy .4 X at nodes v € I',. Every | Jy .y Y-CT converges with probability
1, since | Jyp Y is AST. Thus, also every | Jy oy Y \ Uy X-CT converges with probability 1 (as it contains fewer annotations than
m). Furthermore, we have |Z| < 1 by our assumption. By the I'-Partition Lemma (Lemma 4) we can find a grounded sub Z-CT
¢’ = (V',E', L") with |Z'| < 1 such that every infinite path has an infinite number of I'; -nodes.

We now construct a |Jy.¢ X-CT " = (V. E/, L") with | n 'Y c %" that has the same underlying tree structure and adjusted
labeling such that all nodes get the same probabilities as in ¥’. Hence, we then obtain |2’| = |T”|. Moreover, every infinite path in
a/ contains infinitely many I'?" -nodes, since every path in ' contains infinitely many I';-nodes and we have I', n\T'Y ¢ T'?". But
this implies that T is indeed a |y X-CT with |2”| < 1, which is a contradiction to our assumption that | ¢ X is AST.

The core idea of this construction is that annotations introduced by rewrite steps at a node v € I', are not important for our
computation. The reason is that if annotations are introduced using an ADP from [ J, .y Y that is not contained in |Jy ¢ X, then
by the prerequisite of (B.4), we know that such an ADP has no path in the dependency graph to an ADP in |J,.¢ X. Hence, by
definition of the dependency graph, we are never able to use these terms for a rewrite step with an ADP from |, X to introduce
new annotations. We can therefore apply the non-annotated ADP from | J, .y Y instead.

We now construct the new labeling L” for the .y X-CT " recursively. Let W C V be the set of nodes where we have already
defined the labeling L”. Furthermore, for any term ¢/, let Junk ¢(¢)) denote the positions of all annotated subterms s <; ! that can
never be used for a rewrite step with an ADP from X, as indicated by the dependency graph. To be precise, we define 7 € Junk @)e
there is no B € 28 with B >u X for some X € X such that there is an ADP ¢ — {p; : r/,... , P : 1} € B, and a substitution ¢ with

Bt 1) _’:p(r)) o, During our construction, we ensure that for every v € W we have

2

! =1 and Posp:(t))\ Junk ¢ () C Pospu(t!)). (B.5)

/
v

We start by setting 1!/ =1/ =1t for the root v of T'. Here, our property (B.5) is clearly satisfied. As long as there is still an inner

node v € W such that its successors are not contained in W, we do the following. Let vE = {w;, ..., w, } be the set of its successors.
We need to define the corresponding terms for the nodes wy, ..., w, in . Since v is not a leaf and ¥’ is a Z-CT, we have 7/ L’?
Pw Puw, . .
{% A e p—" : t;)k }, and hence, we have to deal with the following two cases:
v v

1. If we use an ADP from |J, .y X in T/, then we perform the rewrite step with the same ADP, the same VRF (¢ D i<j<ks the same

position z, and the same substitution in . Since we have 7/ L( 1) 1)), we also get t:ﬂ, 2 t;’,/ for all 1 < j < k. Furthermore, since
we rewrite at position z it cannot be in Junk 4 (#/), and hence, if 7 € Pos(]), then also z € Pos(1!)) by (B.5). Thus, whenever
we create annotations in the rewrite step in ¥’ (a step with (af) or (at)), then we do the same in " (the step is also an (af) or
(at) step, respectively), and whenever we remove annotations in the rewrite step in " (a step with (af) or (nf)), then the same
happened in T’ (the step is also an (af) or (nf) step). Therefore, we also get Pos; (1), 7/)\ Junk ¢ (7], ,j) C Posp: (1) ,) forall1 <j<k
and (B.5) is again satisfied.

2. If we use an ADP from P \ [Jy.¢ X in T/, and we use the ADP £ — {p; : r,...,p; : 1}, then we canuse £ — {p; : b(r)),....p; :
b(r)}" instead, with the same VRF (¢;);<;<, the same position z, and the same substitution. Note that if 7 € Pos;y ("), then all
positions of annotations introduced by the ADP are in Junk )?(I:v/) for all 1 < j < k, since the used ADP is not in Jy.¢ X and by
(B.4) we cannot use another ADP from J, .y Y \ Uycy X to create a path in the dependency graph to a node in | J .y X again.
Otherwise, we remove the annotations during the application of the rule anyway. Again, (B.5) is satisfied.

We have now shown that (B.4) holds.
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3. For every X € 8, the ADP problem | J ., Y is AST: Using (B.3) and (B.4), by induction on >y we now prove that
€]

for every X € %3, the ADP problem U Y is AST. (B.6)

X>5Y

)
Note that >, is well founded, since @ is finite.
For the base case, we consider an X € 2 that is minimal w.r.t. >. Hence, we have | Jy.«, Y = X. By (B.3), X is AST.
©
For the induction step, we consider an X € 2 and assume that | J,.« , Z is AST for every Y € 8 with X >(’; Y. Let Succ(X) =
()
{YeB| X >y Y} ={Y,....Y,]} be the set of all direct successors of X. The induction hypothesis states that [ J, .. , Z is AST for all
L}

1 <u < m. We first prove by induction that for all 1 <u <m, <, Uy >+ z Z is AST.
<isu VY>g

In the inner induction base, we have u = I and hence U, ¢, Uy z Z = Uy, >+ z Z. By our outer induction hypothesis we know
=t= i@ )
that [y, sz Z is AST.
In the inner induction step, assume that the claim holds for some 1 <u <m. Then {Jy .« , Z is AST by our outer induction
w ©

hypothesis and W is AST by our inner induction hypothesis. By (B.4), we know that then W is AST as
well. The conditions for (B.4) are clearly satisfied, as we use the reflexive, transitive closure >25 of the direct successor relation in
both |J, 4, UY,->&Z Z and UYM%Z Z.

Now we have shown that W is AST. We know that X is AST by our assumption and that W is AST.
Hence, by (B.4) we obtain that | J x>y Y AST. Again, the conditions of (B.4) are satisfied, since X is strictly greater w.r.t. >¢ than all
Z with Y, >% Z for some 1 <i <m.

4. P is AST: In (B.6) we have shown that Ux>ay Y for every X € B is AST. Let X, ..., X,, € 28 be the maximal elements of 28 w.r.t.

>@. By induction, one can prove that |J, ., U X5y Y Y is AST for all 1 < u < m by (B.4), analogous to the previous induction. Again,

the conditions of (B.4) are satisfied as we use the reflexive, transitive closure of >¢. In the end, we know that U, ¢, Uys:y ¥ =P
- ©
is AST and this ends the proof. O

Proof. (Proof of Theorem 8) Let X=Xu b(P\ X) for X C P.
Completeness: By Theorem 6.

Soundness: The proof is analogous to the proof for AST but uses the innermost dependency graph ¢ instead. Only Step 1. and 2.
change slightly due to innermost rewriting.

Step 1. Reusing the notation from the proof for AST, existence of a node v € I' in € that is not the root and where we introduce new
annotations leads to a term ¢’ < 7, such that ' = s’ € ANF), for some substitution ¢’ and the ADP s — ... € X where s¢’ € ANFp. The
first rewrite step at the root is s f—i>? {p1 : 10, ....py : 0} Therefore, we must have a 1 < j < k and a ¢’ < r; such that "o #;

p(P)
s%6’ and s6, so’ € ANF;, which means that there must be a self-loop for the only ADP in X, which is the desired contradiction.
Step 2. The construction in this step now considers innermost CTs. Hence, the definition of Junk 4(¢/) uses the innermost depen-

dency graph and innermost rewriting. To be precise, we define z € Junk 4 (#;):¢ there is no B € 28 with B >¢ X for some X € X such

that there is an ADP # — {p, : ry,....p; : ,}" € B, and a substitution ¢ with §(7/ |,,) l):p(P) ¢*c and £*c € ANF,, ). Due to the defi-

nition of the innermost dependency graph, we can still perform each rewrite step from ' analogously in ” with [, nT¥ ¢TI, O

Proof. (Proof of Theorem 9)
Completeness: By Theorem 6.

Soundness: Let P be not AST. Then by Lemma 2 there exists a P-CT T = (V, E, L) that converges with probability < 1 whose root
is labeled with (1 : 1) and Posy;(r) = {€}. We will now create a Ty (P)-CT ' = (V, E, L"), with the same underlying tree structure,
and an adjusted labeling such that pf = pf' for all v € V. Hence, we get |2'| = |¥| < 1, and thus T (P) is not AST either.

We construct the new labeling L’ for the 7;:(P)-CT ' recursively. Let W C V be the set of nodes where we have already defined
the labeling L’. During our construction, we ensure that for every node v € W we have

b
t, =1t and Posp(7,)\ Junk(r,) C Pospy(t)). (B.7)

Here, for any term 7,, let Junk(z,) be the set of positions that can never be used for a rewrite step with an ADP that contains annotations.
To be precise, we define = € Junk(z,):< there isno ADP ¢ — {p, : r,...,p; : 1 }™ € P with annotations and substitution ¢ such that
Betole) ~pop) Fo.

We start with the same term 7 at the root. Here, our property (B.7) is clearly satisfied. As long as there is still an inner node v € W

such that its successors are not contained in W, we do the following. Let vE = {wy, ..., w,} be the set of its successors. We need
. . . . . Puw Pu
to define the terms for the nodes wy, ..., w; in T'. Since v is not a leaf and T is a P-CT, we have 7, <, {% H SRR % Ty )
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If we performed a step with <, using the ADP ¢ — {p; : r|,...,p; : r,}", the VRF (9;) ;<. the position r, and the substitution
o in ¥, then we can use the ADP £ — {p; : #5 ,-)(rD)s - Py * B¢ (i)} with the same VRF (¢;), <, the same position 7, and

the same substitution o. Now, we directly get t, 2 1 3 for all 1 < j < k. To prove Pospy (ij)\ Junk(twj) C Pospy (tjuj ), note that if
7 € Posp(t,) N Junk(z,), then £ — {p; : ry,....p; : r,}" contains no annotations by definition of Junk(z,). Therefore, it does not
matter whether we rewrite with case (at) or (nt) ((af) or (nf)). Otherwise, if 7 € Pos;(¢,) \ Junk(t,), then the original rule contains
the same terms with possibly more annotations, but all missing annotations are in Junk(¢,) by definition of § Ap(r,-)(" ;). Thus, we get
Pos (tw/)\ Junk(tw/) c POSDﬁ(t/wj) foralll1 <j<k.

Finally, in order to see that 2’ is indeed a 7y;(P)-CT, we have to make sure that on every infinite path there are still an infinite
number of rewrite steps with Case (at) or (af). Assume otherwise, i.e., that there exists an infinite path with no such rewrite steps. The
same path exists in ¥, which is a P-CT, so there are infinitely many rewrite steps with Case (at) or (af) in €. This means that every
rewrite step with Case (at) or (af) at a node v in this path is performed at a position in Junk(twj ). But since such rewrite steps decrease
the number of annotations in the term, we cannot have infinitely many of them without rewriting at a position Pos,y(t,) \ Junk(z,),
which is a contradiction. O

Proof. (Proof of Theorem 10)
Completeness: By Theorem 6.

Soundness: We do the same construction as for AST but the definition of Junk(z,) changes according to innermost rewriting.
Here, we define 7= € Junk(r,):< there is no ADP ¢ — {p, : r|,...,p; : r}™ € P with annotations and no substitution ¢ such that
Beule) Shom) ¢*c and %o € ANFp. [

Proof. (Proof of Theorem 11) Let P = U'(P)U {£ — ufe | £ > ym e P\ U (P)}.
Completeness: By Theorem 6.

Soundness: Assume that P is not iAST. Then by Lemma 2 there exists a P-CT € = (V, E, L) that converges with probability < 1
whose root is labeled with (1 : 1) and b(r) = s6 € ANF, for a substitution # and an ADP s — ... € P, and Pos,;(f) = {¢}. By the definition
of usable rules, as in the non-probabilistic case, rules # — u € P that are not usable (i.e., £ —» u & P) will never be used below an
annotated symbol in such a P-CT. Hence, we can also view < as a P-CT that converges with probability < 1 and thus 7 is not iAST. [

The proof for the reduction pair processor is split into two parts. First, we consider the technical part of the proof, and then we
conclude the soundness and completeness of the processor. We use a slightly more complicated lemma here instead of Lemma 3
presented in Section 4. While Lemma 3 imposed conditions on the rewrite relation < _,, we only impose conditions on the ADPs and
lift them to < ,-steps in the proof of the following lemma. Moreover, in Lemma 3, we considered the case where one term in the
support decreases strictly in every rewrite step. Instead, we now want to regard CTs where such “strictly decreasing” ADPs are used
infinitely often in each infinite path of the CT.

Again, let Agum(r) = Z,Sj, A(*). Moreover, we use the prefix order (r <t < there exists y € N* such that z.y = ) to compare
positions.

Lemma 5 (Proving AST and iAST on CTs with Algebras). Let (A,>) be a weakly monotonic, N-collapsible, barycentric Z*-algebra. Let
P =P, 9P, with P, # @ where:

(1 Ve - " e P D AL = B, ()
@ (@ V- u"eP, :3reSupp(n) b Al > Al ()

(b)  If m = true, then we additionally have T A@) = AG®K)
3) Ve > ptve e p L AW@) = E(AGW))

Let ¥ = (V,E, L) be a P-CT. We can partitionT" =T, wT', accordingto P =P, & P.. If
(+) every infinite path in T has an infinite number of ', nodes,
then |Z| = 1.
Proof. This proof uses the proof idea for AST from [23]. For a P-CT < that satisfies (+), the core steps of the proof are the following:
I. We extend the conditions (1), (2), and (3) to rewrite steps instead of just rules (and thus, to edges of a CT).
II. We create a CT =N for any N € N.
III. We prove that |T<N| > pN for any N € N.

IV. We prove that |T<N| =1 for any N € N.
V. Finally, we prove that || = 1.

Here, let p,,;,, > 0 be the minimal probability that occurs in the ADPs from P. As P consists of only finitely many ADPs and all occurring

multi-distributions are finite as well, this minimum is well defined. We have p. = p,.. - ... - Pyin-

N times

I. We extend the conditions to rewrite steps instead of just rules: We show that the conditions (1), (2), and (3) of the lemma
extend to rewrite steps instead of just rules:

41



J.-C. Kassing and J. Giesl Science of Computer Programming 251 (2026) 103417

(@ Ifs— {p; : t;,...,p * t;} using arewriterule £ — {p; : ry,...,p : r} with A(Z) = A(r;) for some 1 < j < k, then we have A(s) >
Alt)).

() Ifas, {py by, pp b} using € — {py :ry,....p 1} € P, at a position 7 € Pospy(a), then A‘jm(a) > Agum(bj) for some
1<j<k

© If s—{p :1t1,....p : ;) using a rewrite rule £ — {py : ry,...,p @ 1} with A@) = Yy pj - A(r)), then A(s) = ¥y p; -
A(t)).

@ Ifas, (p : bpeupy D b USING £ = (py 1y, py )™ € P, then Ay (@) = T2y pj - Al 0)).

Proofs:

(@) In this case, there exist arule £ — {p; : ry,...,p; : r} with A(©) = A(r;) for some 1 < j <k, a substitution ¢, and a position
7 of s such that 5|, = £o and t, = s[r;0], forall 1 <h < k.

We perform structural induction on z. So in the induction base, let = = £. Hence, we have s = £o — {p, : rjo,...,p; : ro}.
By assumption, we have A(¢) > A(r;) for some 1 < j < k. As these inequations hold for all instantiations of the occurring
variables, for ¢ ;=rjowe have

A(s) = A(£0) = Alrjo) = A(1)).

In the induction step, we have 7 = i/, s = f(5(,.... 55 ...,5,), [ €25, 5, = {p; : tigses P s tighsand i, = f(sq, ot jsenns8,)
with ¢, ; = 5,[r;0], for all 1 < j < k. Then by the induction hypothesis we have A(s;) > A(t; ;). For t; = f(s, ..., 1; j, ..., s,) We
obtain
A(S) = A (515850 55,))
= fa(AGs ), s Ay, . Alsy))
Z fa(AGs)), .o ARG ), - A(sy))
(by weak monotonicity of f,4 and A(s;) = A( ;)
= A (S sty joeens8y)
= A(1)).

(b) In this case, there exist an ADP ¢ — {p, : r|,...,p; : F}™ € P,, a VRF (@i<j<ico @ substitution ¢, and position 7 € Pos;:(a)

with b(a|,) = o and b; i alr;c],. First, assume that m = true. Let I} = {r € Posp(a) | 7 < #} be the set of positions of all
annotations strictly above z, I, = {z € Posyy;(a) | y € Posy(£), 7 < = < x.y} be the set of positions of all annotations inside the
left-hand side ¢ of the used redex #c (but not on the root of ©), I3 = {t € Posp(a) | y € Posy(£), n.y < 7} be the set of positions
of all annotations inside the substitution, and let I, = {7 € Pos;(a) | Lz} be the set of positions of all annotations orthogonal
to z. Furthermore, for each r € I, let k, be the position such that 7.k, = z, and for each = € I5 let y, and p, be the positions such
that y, € Posy(¢) and z.y,.p, = . By Requirement (2), there exists a 1 < j < k with A = Agum(fﬂ) > Agum(rj) = Z,Su,/ A%
and, additionally, A(¢) = A(b(r ;) since m = true. As these inequations hold for all instantiations of the occurring variables, we

have
Al (@)
=Y AGH
tdya
=A@ (al )+ Y Al + Y At (al )+ Y, Al + Y Al (al,)
€l t€l, T€l3 T€ly
A (al )+ Y Al @)+ Y, At (al )+ Y, Al(al,)
€l T€l3 T€ly

(removed I,)

=A@ O)0)+ Y, Al @)+ Y, Al (al )+ Y, A (al,)

€l T€l3 T€ly
(as #,(al,) = ,(£)0)
> Y AGM0) + Y, Al (@l )+ Y Al (al )+ Y, Al (al,)

1<yr; €l T€l3 TEIlY
@s At () > Xq,,, Al (1), hence A (£)0) > X,q,,, Al (1)0))
= ) AR + Y, Al ol )+ Y, Alal) + Y Al (al,)

1<yrjo €l T€l; T€lY
(by A(¢) = A(r;) and (a))
= Y AW+ Y, Al ol )+ Y Al p )+ Y, Al

1yrjo el T€l3,0;(r)#L T€ly

(moving = = z.y,.p, € I3 via the VRF)
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=Y Al

1gb;

= A (b))

In the case m = false, we additionally remove ) . I At (al [r 01 ))s and the inequation remains correct.

(c) In this case, there exist a rule £ — {p; : ry,...,p; : ri} with A(®) = Zlgjék pj - A(r)), a substitution o, and a position z of s
such that 5|, = #o, and t; = s[r;0], forall 1 < j < k.

We perform structural induction on #. So in the induction base = = ¢ we have s =6 — {p; : rio,...,p; : ryo}. As AZ) =

Vi< i<k Py A holds for all instantiations of the occurring variables, for 1; = r;c we obtain

A(s) = A(o) = ) - Alro) = ) p; - Alt)).

1<j<k 1<j<k

In the induction step, we have 7 =i.z/, s = f(sy,..., 85 ... 8,), 8; = {p; Pt 1o, p * g}, and 1, = f(sp, ...t 5,0 ,8,) with
t;; = s;lrjoly for all 1 < j < k. Then by the induction hypothesis we have A(s;) > le/‘sk p; - A(t; ;). Thus, we have

A(S) =Af (8155 8js -5 8,))
=f4(A(s1), - s AGsp), oo, A(s )
=f (A, -, Z p; - Al ), - Asy) (by weak monotonicity of f, and A(s;) > ZlSjSk p; - A )

1<j<k

> Z pj - FaCAGs), oo s AWt ), s AS) (as f 4 is concave)

1<)k

= D AUt st 5,)

1<j<k

= D, b Al).

1<j<k

(d) In this case, there exist an ADP £ — {p, : ry,....p, : r,}" € P, a substitution o, and position z with b(a|,) = £o and b; 2
alr;cl,. First, assume that m = true and 7 € Posy(a). Let I} = {r € Pos:(a) | 7 < x} be the set of positions of all annotations
strictly above 7, I, = {7 € Posps(a) | ¥ € Posy(£),n < 7 < z.y} be the set of positions of all annotations inside the left-hand
side ¢ of the used redex o (but not on the root of ), I3 = {r € Posy:(a) | y € Posy,(¢),n.y < 7} be the set of positions of
all annotations inside the substitution, and let I, = {r € Posy(a) | Lz} be the set of positions of all annotations orthogonal
to z. Furthermore, for each r € I, let x, be the position such that 7.k, = z, and for each r € I; let y, and p, be the posi-
tions such that y, € Posy(¢) and z.y,.p, = 7. By Requirement (1), we have A(#,(¢£)) = Aﬁum(ﬂs(f)) = ZlSjSk pj- Ztsur,» A, (1)
and by (3) we have A(?) = Y, <j<k Pj A(b(rj)). As these inequations hold for all instantiations of the occurring variables,

we have
(@
=Y AwH
tﬂﬁa
=A@l + Y, Al (@l )+ Y, Al @)+ Y Alal) + Y Alt(al,)
€l t€l, T€l3 T€ly
A al )+ Y Al @)+ Y, At (al )+ Y, Ad(al,)
el T€l3 T€ly

(removed 1)

=AMt (O + Y, Al (al )+ Y Al (al) + Y, Alt(al,)

€l T€ly T€ly
(as al, = #,(£)o)
=0 D AG)+ Y Al (al) + Y Al )+ Y, Al (al,))

1<j<k 1<yrjo €l T€l; T€ly

Oy AGO) = Ty jei b * iy, A (0), hence AE()0) = Ty )+ igyr,o AE0)
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=Y b O AG)+ Y Y by Al ol )+ Y Alal) + Y Al (al,)
1<j<k 1416 rel| 1<j<k T€l3 =N
(by A@) = X1 <<k P - Alr)) and (0))
=Y b D AG+ Y, D b Al ol )+ Y, Alal) + Y Al (al,)

1<j<k 1<yric 1<j<k rel} T€l3 T€ly
= b X AG+ Y, pye Y Al el N+ Y Alal) + Y At (al,)
1<j<k 1<yrjo 1<j<k el T€l; T€ly
=Y b D AG)+ Y, pye Y AGal el N+ Y b Y Al @l )+ Y by Y Al(al,)
1<j<k 1<4rj0 1<j<k rel; 1<j<k t€l3 1<j<k r€ly
=Y (D AGO) + Y AWl lrol )+ Y Al el )+ Y, Al (al,))
1<j<k 1yric el T€l3 €Y
= 0 ( Y AG+ Y Al Gl ol D+ Y AWyl e )+ D, A(al,)
1<j<k 1<yrjo rel; 7€l3,0;(r)#L T€ly

(moving 7 = 7.y,.p, € I5 via the VRF)
=2 2 A
1j<k  1gyb;
=A%, (b))
In the case 7 ¢ Posp;(a), we need to remove A(#,(¢)o) as this annotated subterm does not exist in a4, and therefore also

Z,ﬂjrjg A(*) in the end, leading to the same result. In the case m = false, we additionally remove Die I A, (al,[r; cl,)) in the
end.

II. We create a CT 2=V for any N € N: Let T = (V, E, L) be a P-CT that satisfies (+). Since A is N-collapsible, there exists a
concave embedding g ,_,n : A = N. We define the tree value of any node v € V in our CT by

0, if v € Leaf

Valeg : V =N, U ] .
gAN(Agm(t,6,)) + 1,  otherwise

Remember that 7, denotes the term in the labeling of the node v. The substitution 6, maps every occurring variable to some constant
a. By definition of >, we know that Agum(t) > Agum(s) implies Agum (t6,) > Agum(séa). The substitution ensures that we are only working
with ground terms, so that Valg really maps each term to a natural number. Furthermore, note that we have Vals(v) = 0 if and only
ifvisaleafin .

For any N € N, we create a modified tree <V, where we cut everything below a node v of the tree with Valg(v) > N + 1. Let
C = Leaf™*" \Leafrz be the set of all new leaves in =V due to the cut. So for all v € C we have Valg(v) > N + 1.

Our goal is to prove that we have || = 1. First, we prove that |2<V| = 1 for any N € N. However, this does not yet prove that
|Z| = 1, which we will show afterwards.

III. We prove that |[T<V| > p,’:l’in for any N € N: Note that in a rewrite step a So APt by et by with Case (nt) or (nf) or in

a rewrite step with an ADP from P, we cannot guarantee that there exists a b; that is strictly decreasing in value. It is also possible
that all values stay the same. Thus, there does not have to be a single witness path of length N in =V that shows termination with
a probability of at least p, . Instead, we have to use multiple witness paths of finite length to ensure that we have |T<N| > pV .15
We first explain how to find such a set of witness paths in a finite sub P-CT that starts with a node from 7, , and then we prove by
induction that we have |T<N| > pV in a second step.

II1.1. We find witnesses in subtrees of =V In this part, we prove a first observation regarding the existence of certain witnesses
that shows a guaranteed decrease of values. Let I' now refer to =V, i.e., I" only contains inner nodes of =V and thus, I'n C = 0.
Moreover, let I', and Iy correspond to the rewrite steps at nodes in I" with P, and P,, respectively. For every v €T, let ¥, be the
subtree that starts at v and where we cut every edge after the second node from I',. This is illustrated in Fig. B.9, where an empty
node stands for a leaf that already existed in =V (i.e., it is in Leaf 2 orin C). Since ¥ satisfies (+) and is finitely branching, we know
that ¥, must

be finite. We want to prove that for such a tree T, we have a set of leaves (a set of witnesses) that show a certain decrease of
values compared to the root value Valq(v). To be precise, we want to prove that there exists a set W' C Leaf®v of leaves in <, with
the following two properties:

(W-1) For all w € W we have Ws(w) < Ws(u) - 1.

T, Valew) _ Valg(v)

W-2) ZM}EWU Pw * Pin 2 Pin

15 N-collapsibility ensures that p¥ >0 is a lower bound on the termination probability. If one wants to adapt this theorem to more complex

algebras (that are not N-collapsible), then one needs to find different ways to obtain a constant lower bound > 0 for every N € N.
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Fig. B.10. Nodes in the induction base.

Here, we use an adjusted tree value function Valg : yt

— 0, if v is a leaf in TN
Valg(v) = .
Valg(v), otherwise

— N, such that for every node v € " we have

This is the same tree value function as before, except for the nodes in C. For all v € C we have Valg(v) > N + 1 and Wg(l)) =0.
Again, we have p'. = p,, - ... - Dy, fOr any natural number n € N, e.g., Valz(v) € N. The first property (W-1) states that all of our

n times
witnesses have a strictly smaller value than the root. Furthermore, we have to be careful that the probabilities for our witnesses are

not too low. The second property (W-2) states that the sum of all probabilities for the witnesses is still big enough. The additional

Z,.“,f‘l(w) is used to allow smaller probabilities for our witnesses if the value decrease is high enough.

In order to show the existence of such a set W, we prove by induction on the height H of ¥, that there exists a set of nodes W}"
such that for all 1 <i < H we have

(W-11) For all w € W,” we have Valg(w) < Valq(v) - 1.

T, Vagw) _ Vale()
(w-21) ZweW,U Puw Prin 2 Prnin :

(W-3!) Every w € W' isa leaf or an inner node at the i-th depth of ¥,.

Then in the end if i = H is the height of the tree T, we get a set W = W}, such that every node in W}, is a leaf in €, (i.e,
le C Leaf¥+) and both (W-1) and (W-2) are satisfied.

In the induction base, we consider depth i = 1 and look at the rewrite step at the root, see Fig. B.10. The first edge represents
a rewrite step with P, at a position 7 € Pospy(t,). Let vE = {w),...,w,} be the set of the successors of v. We have 7, &, {p, :
fwy> s Pk * 1y, } using a rule from P, .

Due to (b) there is a 1< <k with Agum(tv) > Agum(tw/). This means gA_,N(Agum(tvéa)) ZgA_,N(Agum(twjéa))+ 1, and hence

. .. —-— -— . Vale (v Val, 1
Valg(v) 2 Valg(w;) + 1, which also implies that Val(v) > Valg(w;) + 1. Since 0 < p,,;, < 1, we therefore have p:?:’(” < m,‘.’f(w/H .

Thus we can set WO” = {w;} and have (W-1!) satisfied, since Ws(u) > Ws(wj) +1 so ﬁg(wj) < Ws(u) — 1. Property (W-3!) is
clearly satisfied and (W-2!) holds as well since we have

. Pj2PminA )
Valg(w,)SValg(u)—l

2 psv. Valg@) _  Valg(w)) Valz(v)-1 _ Valg(0)

w min J Fmin = Pmin * Prin min
wEWIV

In the induction step, we consider depth i > 1, see Fig. B.11. Due to the induction hypothesis, there is a set /", that satisfies
(W-11), (W-2!), and (W-3!). For every node w € Wiﬁl that is not a leaf of ¥, we proceed as follows: Let wE = {wy, ..., w; } be the set
of its successors. We rewrite 7, either with &, and an ADP from P, or with <, and a position z & Pos(t,,), which rewrites #,, to
a multi-distribution {p; : t,,,....p * t, }
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BN N

Fig. B.11. Induction step.
Due to (d), we have Agum(tw) = Yicj<k Py Agum(twj_). Since g 4_ is a concave embedding we get
EANAL 108 = gun( Y by AL, (1,8)
1<j<k

D by B (AL, (1,8,)
1<j<k

= Valg(w) > Z p; - Valg(w;)
1<j<k

Hence, we either have ﬁs(w) = ﬁs(wj) for all 1 < j < k or there exists at least one 1 < j < k with ﬁg(w) > ﬁ(‘!(wj-).
We partition the set W, into the disjoint subsets Wii(ll), Wii(lz), and WlL_(f ), where

v (l)
U(Z)

cweW_ o weW! andwisaleaf of T,.
@weWL andValq(w) Valq(w)foralll<j<k

S weE W” and there exists a 1 < j < k with Valq(w) > Valw(w ). We denote this node w; by w*.

-weW

s we W”(g)

In the first case, w is already contained in w?, . In the second case, we get ﬁi(w) = ﬁg(w ;) forall 1 < j < k. And in the third

case, we have ﬁs (w) > ﬁg(wﬂ, hence ﬁs (wh) < ﬁs(w) — 1. So for all of these nodes, we can be sure that the value does not
increase. We can now define W}" as:

WV = Wv(l)
i
V] U eW((Z) wE
U {w* we WD)

Intuitively, this means that every leaf remains inside the set of witnesses (Wl,i(ll)) and for every inner node w we have two cases. If
there exists a successor w* with a strictly smaller value, then we replace the node w by this successor w™" in our set of witnesses
{w*r |we W”G) }). Otherwise, all the successors wy, ..., w, of the node w have the same value as the node w itself, so that we have to
replace w with all of its successors in our set of witnesses as there is no single node with a guaranteed value decrease (|, e ) WE).
It remains to show that our properties (W-1!), (W-2!), and (W-3!) are still satisfied for WP, In order to see that (W 1') is sat-
isfied, note that we have Ws(w) < W(}'(U) —1, for all we W” by our induction hypothesis. Thus, for all w’ € W”(l) C Wiﬁ iy
we also obtain W«(w’) SW@(U)-] For all w' e U Lm wE we have Valq(w)—Valq(w) for some w e W“ and thus

Valy(w') = Valg(w) < Valg(v) — 1. Finally, for all w' € {w* | we W'V}, we have Valg(w') < Valg(w) - 1 for some w € W, and
thus Valg (w') < Valg(w) — 1 < Valg(v) =2 < Valg(v) — 1.

Property (W-3!) holds as well, since every node w € W,_; that is not a leaf of ¥, is at depth i — 1 of the tree ¥, by our induction
hypothesis. We exchange each such node with one or all of its successors. The leaves in W;_, are at a depth of at most i by induction
hypothesis and remain in W;. Hence, all the nodes of W, are at a depth of at most i, and the nodes that are no leaves are at a depth
of precisely i.

Finally, we regard (W-2!). For | J

%, Valgw')
2 pwl’) : pmin

7
w' el wE
Uy w®

GWL(Z) wE we have:

T, i Valg (W)
w' min

u'EWU(z) w'ewE
3 i—1

3, Valgw;)
Z Puw; * Pin

ueW"(z) wWE={wy ...y} SISk
= > pf,;j o= (as Valy(w;) = Valy(w) forall 1 < j < k)

v(2) 1<j<k

weW" wE={w;....,wy} S/

Z P p;,” . vf'"s(“’) (as p;l,j’ =p; ‘pi” forall 1 <j<k)

mln
weW”(Z) WE={wy,...,wy} I<j<k
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T, Valgw)
Pw " Ppin . Z pj

weW P wE=(w)..5) 1<j<k

= Z Piv .pgz(‘w 1 @s Y p; =1
MJEW,L(IZ)

= Zo W:<W>
weu/i”(z) ©o T

-1

For {w* |w e Wii(f)} we have:

T, Valgw')
w' min
uz’e(w*lweWii"(f))
_ z, W:I(w*')
- z Py Prin
wew"®
i-1
T, Valg(w') T, X,
> z DPoin * P’ Prin (as Pwl 2 Duin * Pu’ )
wew"®
i~1
T, Valg(w)-1 -— -—
> D Duin P’ Py (as Valg(w*) < Valg(w) — 1)
weW”m
i-1
_ T, Valg(w)
- Z pr ’ pm[n .
weW.”m
i

To summarize, we have

T, Valew')

v

Z Pw, pm[n
u”EI’Vi“

_ T, ValeWw') T, Valgw')

- 2 Py Prin + 2 Py Prin +
wew?) W ey E

> Y o

we Wi”“) wew,

v(2)
-1 i-1

wew,

= Fmin

Val e (w) T,  Valg(w) T,
’ pmin + Z pw : pmin + Z pw
v(3)

Z pf,,” P

w'e{wt |w€VV:(13) }

Vale (w)
! pmin
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Valg (W)
min

IIL.2. We prove that |[2<V| > p¥ for any N € N by induction: We now prove that |[2=N| > p¥ holds for any N € N. Let Z,

denote the set of nodes in =N from I, that have precisely k — 1 nodes from I',. above them (so they are themselves the k-th node
from T, ). Here, I, ', and I, again refer to F=Ni.e., we again have I'n C = §. Let Leaf, denote the set of all leaves in <V that are
reachable by a path that uses less than k nodes from I', . We show by induction that for all 1 < k < N + 1, we have

<N ﬁg(v) N
z pv : pmin 2 pmin

veZULeaf ) ,0<Valg (1SN +1-k

Then, for k = N + 1 we finally have:

N
pmin

IN

<N Wcl(v)
Z pU ' pmin

vEZ 4 ULeaf Ny 1,0<Valg (0)SN+1-(N+1)

<N Valg ()
z Py *Prin

VEZ 41 ULeaf 4 1,0<Val g (0)<0

G<N  Valg(v)
Z pv : pmin

vEZ Ny ULeaf | .ﬁg(y):()

Z pgSN 1

vEZ N ULeaf vy 1, Valg (1)=0
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Z p;]TSN

VEZ N4 ULeaf y 1. Valg (0)=0

= Z P (as Valy(v) = 0iff v is a leaf of T=N)

v€Leaf y 1|

<N
12

IA

D
ueLeafsSN
= 12=N|

In the induction base, we have k = 1, and thus

<N Valz(v)
2 Py " Prin
veZjULeaf,0<Valg (0)SN+1-1
_ F<N  Valg(v)
- Z by * Pyin
v€Z ULeaf | ,0<Valy (0)SN
<N N . -
> Z P, Py, (since Valg(v) < N)
veZuULeaf|,0<Valg (V)N
— N <N
= Pin z Py
v€Z,ULeaf | 0<Vale (1)<N
_ N =N
= Puin * 2 Py
veZ ULeaf |
— N ; <N _
= Prin * 1 (since ZUEZ]ULeaf] b, =D
—_ ,N
pmin

Here, we have ¥ c 7 yicar, p‘fSN = 1, since Z; U Leaf are the leaves of the finite subtree where we cut everything below the first
node of P, (i.e., we cut directly after the nodes in Z,). This tree is finite, because by (+) there is no infinite path without I', nodes.
All finite CTs converge with probability 1.

In the induction step, we assume that the statement holds for some 1 < k < N. Then we have

N
pmin
(IH) <N Vale ()
= z pU : pmin~
veZULeaf ; ,0<Valg (1)SN+1-k
_ TN Valg(v) e<N  Valg(v)
- Z Py " Prin + Z Py “Prin
v€ELeaf vEZy 1<Valg ()<N+1—k
as<N  Valg(v) <N T,  Valg(w)
S Z pU 'Pmm + Z pU ’ prl'pm[n
veLeafy vEZ),1<Valg ()SN+1-k wew?
(existence of the set W by the previous Step 3.1 and (W-2))
_ <N Valg(v) o<N ¥, Valg(w)
- z Py “Prin + Z z Py “Puw Prin
vELeaf vEZ; 1<Valg (V)N +1-k WEW"
_ T<N  Valy(v) T<N  Valg(w)
- Z Py Puin + Z Z Py Phin
veLeafy veZ; 1<Valg (V)N +1-k WEW"
<N T, g=N
(@sp>™ -p =p> )

Every node in WV is either contained in Leaf, | or contained in Z, ;. The reason for that is that W only contains leaves of ¥,
and a leaf in €, is either also a leaf in =V so that it is contained in Leaf,, , or contained in 7, and thus in Z,,, since v is contained
in Z, and there is no other inner node from P, in ¥,. Furthermore, we know that Vals(w) < Vals(v) — 1 for all w € W by (W-1).
Moreover, we have Leaf, C Leaf, ;. Thus, we get

<N Valg(v) G<N  Valg(w)
ZueLeafk Py Ppin + Zvezk,lsﬁg(u)glﬁl—k Zuwew P " Prin

Z o <N Valg (w)
WEZyy ULeaf ;. 0<Valg (w)<N+1-(k+1) Piw min

N

min*

To summarize, we have shown that |T<V| > p

IV. We prove that |<¥| = | for any N € N: We have proven that |[V| > pnl‘fin holds for all P-CTs ¥ that satisfy (+). Hence,
for any N € N, we have

*

1= inf =N > pN 0. B.8
N < is a P-CT satisfying (+)(| Dzp (B.8)

min
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.. .. * « . px(1-p%)
We now prove by contradiction that this is enough to ensure py, = 1. So assume that py, < 1. Then we define ¢ := % > 0. By

definition of the infimum, pE + ¢ is not a lower bound of |=N| for all P-CTs  that satisfy (+). Hence, there must exist a P-CT T
satisfying (+) such that

p;\} <12V < p’]:, +e. (B.9)
For readability, let Z = Leaf T=" be the set of leaves of the tree <N and let Z = V=" \LeafiSN be the set of inner nodes of the tree
%=<N_ Since pfsN = p‘f forall v € V", in the following we just write p,. By the monotonicity of | - | w.r.t. the depth of the tree =V,
there must exist a natural number m* € N such that

i
po> 2 (B.10)

veZ.d(v)<m*

Here, d(v) denotes the depth of node v in =N . For every v € =N with d(v) = m* and v ¢ Z, we define the sub P-CT of TN starting

at node v by TN (v) = TN [v(ET")*]. Then we have
=M= pt+ Y e 1TNOI (B.11)
veZ,d(v)<m* veZ d(v)y=m*

Furthermore, we have

Z pp=1- Z Dy (B.12)

UEZ,d(U}:m* veZ ,d(v)<m*

since Zuei dwy=m Po Do Zdwy<m* Po =1, as the nodes v € Z with d(v) = m* are the leaves of the finite, grounded subtree of TN
where we cut every edge after the nodes of depth m*. We obtain

py te
= Y p+ 2 p TN (by (B.11) and (B.8))
veZ d(v)<m* vEZ,d(v)=m*

2py

Pyt Z Pu'p}k\/

vEZ d(v)<m* veZ,d(v)=m*

Z Py + Dy Z Po

veZ d(v)<m* veZ d(v)=m*

Y omtrh(- Y p) by (B12)

veZ . d(v)<m* veZ. d(v)<m*

p}kv + 2 pv_PT\/ . 2 Py

veZ d(v)<m* veZ.,d(v)<m*

[\

=ph+ 2 (=Y
vEZ d(v)<m*
>py+(1-py)- @ (by (B.10))
=py te
which is a contradiction. So p}, = 1. In particular, this means that for every N € N and every P-CT ¥ satisfying (+), we have
[2=N| =1 (B.13)

V. Finally, we prove that |¥| = 1: We adjust the tree value function for this new tree TV once again and define:

N +1, ifveCo
507 - Iy . T
Vale 1 V - N, v if v € Leaf

>

g_AHN(Agum(lyéa)) +1, otherwise

Now for anode v € V=" we have 0 < )7(1\15(11) < N + 1. Furthermore, we have Valg(v) > ﬁs(u) forallv € V=" . Let |Z=N |17a\lg =
ZUeLeafsgN Dy ﬁg(v). This (possibly infinite) sum is well defined (i.e., it is a convergent series), because all addends are non-negative
and the sum is bounded from above by N + 1, since

p, - Valg(v) < > Py (N+1)=(N+1)- D Py <(N+1)-1=N+1.

<N <N <N
veLeafT= veLeafT= veLeafT=

For the root t of ¥ and <V, we have ﬁa\ls(r) > |g=N |vAalq because due to (d), we know that the (expected) value is non-increasing.

Now we fix N €N and a CT ¥ satisfying (+), and obtain the corresponding transformed tree T<V. Note that by (B.13) we

have |T<N|=1=¢qy + gy, where gy := ¥ py and ¢y = ¥ Po = Xpec Po- Now we can determine

UELeafsSN ,1712\12(0)=0 veLeaf‘ISN J7Eg(u)>0
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|g=N |17;12. The probabilities of zero-valued nodes (i.e., leaves in the original tree) add up to ¢, , while the probabilities of new leaves
due to a cut add up to probability q;V =1-gy.So |‘25N|§;12 =qny -0+ —gqn)-(N+1)=(—-gqp) (N +1). Thus,

Valg(v) > Valy(x) > 1TV |57 > (1-qy) - (N + 1),
which implies gy > 1 - vm_g(lr) Note that g, is weakly monotonically increasing and bounded from above by 1 for N — . Hence,

N+
Valg (%)

il )=1,i.e, g = 1. Hence, we obtain |Z| =limy_ gy =¢=1. O

q :=limy_ gy existsand 1 > ¢ > limy_ (1 —

By Lemma 5, we have finally proven the main technical part for the reduction pair processor in the probabilistic setting. Next,
we want to prove the soundness and completeness of the actual processor, which is fairly easy using Lemma 5 in addition to the
I'-Partition Lemma.

Proof. (Proof of Theorem 12) Let P= P, Ub(P,).
Completeness: By Theorem 6.

Soundness: Suppose that every (innermost) P-CT converges with probability 1. Assume for a contradiction that there exists an
(innermost) P-CT € = (V, E, L) that converges with probability < 1. Let us partition I' =T, wI', according to the used ADPs for the
rewrite steps. Since every P-CT converges with probability 1, so does every subtree of T that only contains I'-nodes from I.. By
the I'-Partition Lemma (Lemma 4), there must be an (innermost) P-CT 2 with |2’| < 1 such that every infinite path has an infinite
number of edges corresponding to P, steps. But this is a contradiction to Lemma 5. O

Proof. (Proof of Theorem 13) Let P be an ADP problem such that every ADP in P has the form # — {1 : r}". Note that every P-CT is
a single (not necessarily finite) path. For such a CT € that is only a single path, we have only two possibilities for |Z|. If the path is
finite, then || = 1, since we have a single leaf in this tree with probability 1. Otherwise, we have an infinite path, which means that
there is no leaf at all and hence |Z| = 0. We prove both the “if” and the “only if” direction, where for innermost rewriting, one has
to use np;(P) instead of np(P).

“only if”: We first consider AST. Assume that (dp(P), np(P)) is not terminating. Then there exists an infinite (dp(P), np(P))-chain

n £ * u £ * n £ *
1y ZdpP) © “npp) 11 ~dp(P) © “npp) L2 T dp(P) © npp) o

such that for all i € N we have tf = f?a,- for some ff - r? € dp(P) and some substitution ¢;. From this infinite (dp(P), np(?))-chain,
we will now construct an infinite P-CT € = (V, E, L). As explained above, we then know that this infinite 7-CT must be an infinite
path, and thus || = 0. This means that P is not AST, and thus, a processor with Procps(P) = @ would be unsound.

r
(e

We start our CT with (1 : tg). In the non-probabilistic rewrite sequence, we have ¢
k > 1 such that

#_ g _ 4 # #_ 4 _
15 = €490 = dpP) 7400 = 5] Znp®) S5 Znp(@) - Znp(p) S = 1] = €10

#

e * # :
0 ~dp(®) © npp) t}> S0 there exists a natural number

Performing the same rewrite steps with P yields terms a, ..., a, such that s; <y a; for all 1 </ < k. Here, one needs that all ADPs
that yield the rules in np(P) have the flag true and thus, the annotations above the redex are not removed. For all 1 <i < k, we now
construct g; inductively.

In the induction base (i = 1), let £, — {1 : r}" € P be the ADP that was used to create the dependency pair fg - rg in dp(P). This

means that we have r < r{. Since we have tg = fgao, we can also rewrite tg with the ADP #; — {1 : rj}" € P and the substitution
o at the root position. We result in a; = r{ oy and thus we have s; = rooy <y ryog = a;.
In the induction step, we assume that s; <y a; for some 1 <i < k. Let z be the annotated position of a; where s; = b(q;)|,. In our

non-probabilistic rewrite sequence we have sf ~np(P) sfH using a rule #’ — b(+') € np(P) and substitution §; at a position r € N* such

that s?l, =¢'5; and S?H = s?[b(r’ )5;1,- We can mirror this rewrite step with the ADP ¢’ — {1 : //}"* € P, since by construction we
have s; <4 ¢; and 5; = b(q;)|,,. We obtain a; &, a1y = ¢;[#¢('5)],, with @ = Pos(r;) U'W; (step with (at)) or @ = ¥, (step with (nt))
by rewriting the subterm of g; at position z.7, which implies s;,; = s;,[b(")8;1, <y a;[e (6], = a4y

At the end of this induction, we result in a,. Next, we can mirror the step t’: Sdpp) © —>:p(p> zg from our non-probabilistic rewrite
sequence with the same construction, etc. This results in an infinite -CT. To see that this is indeed a P-CT, note that all the local
properties are satisfied since every edge represents a rewrite step with <. The global property is also satisfied since, in an infinite
(dp(P), np(P))-chain, we use an infinite number of steps with —dp(p) SO that our resulting CT has an infinite number of I'-nodes.

For iAST we just have to consider innermost rewriting, while the construction remains the same. More precisely, we start with an
innermost (dp(P), np;(P))-chain

i
0

* ® !i i

€i i foei €i *
Iy —dpP) © Znpp) L1 T dp(®) © @) L2 T dp(®) © Tnpy(p)
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and construct an innermost P-CT. But since all the steps in the chain are innermost and since np;(P) has the same left-hand sides as
P, the steps in the CT are innermost as well.

“if”: Assume that P is not AST, i.e., that the processor Procpg(P) = # is unsound. By Lemma 2, there exists a P-CT L = (V,E, L)

that converges with probability < 1 and starts with (1 : ##) such that #* = #*,, for some substitution 6, and an ADP # — {1 : r}" € P.
As explained above, this tree must be an infinite path.

From ¥, we will now construct an infinite (dp(P), np(P))-chain, which shows that (dp(P), np(P)) is not terminating. We start our
infinite chain with the term tg =" We have i & {1 : a}, where a; = fig, (ro,) = roy.
000 S rog) such that if we replace a; = ro, with rgao and obtain the same P-CT except when
we would rewrite terms that do not exist anymore (i.e., we ignore these rewrite steps), then we still end up in an infinite number of
nodes in I" (otherwise, T would not have an infinite number of nodes in I').

Let 7 be the annotated position of ro, where ryo, = b(ro)|,,. We can rewrite the term tg with the dependency pair ## — rg e dp(P),

There must be a term ry < r (i.e., P

using the substitution o, since t, =t = #6,,. Hence, we result in tf) = dp) rgcro = s’f. Next, we mirror the rewrite steps from the P-CT

that are performed strictly below the root of rf)ao with np(P) until we would rewrite at the root of rﬁao- With this construction, we
#

ensure that each the term s in our (dp(P), np(P))-chain satisfies s; <y ¢; and s; = b(a;)|,. A rewrite step at position z.r in a; with

P is then mirrored with np(P) in s?
root.

So eventually, we result in a term t? = si with s, =b(ay)|,, and we rewrite at position z in the P-CT. We mirror the step a; <, @,
with dp(P) and then use the same construction again until we reach term tg,
terms such that

at position 7. Note that we only use a finite number of np(P) steps until we rewrite at the

etc. This construction creates a sequence tﬁ, t’i, ... of

# # * f f *
Iy ~dp®) 900 “nppy 1 dp®) F101 “nppy o

Therefore, (dp(P), np(P)) is not terminating.
Again, the proof works analogously for 1AST just considering innermost rewriting. [

Proof. (Proof of Theorem 14) Consider the polynomial interpretation that maps each f(x,...,x,) with f €Zto x; +... +x, + 1, and
each f¥(x,,...,x,) with f# € =¥ to X 04y 1-€., We map each annotated symbol to its projected argument by the simple projection
proj, and all other symbols are used to calculate the number of symbols in a term.

When choosing P, to be P, then the conditions of the reduction pair processor that consider the f-sums (Case (1) and (2a)) are
both satisfied with this interpretation. On the other hand, the conditions on the flattened ADPs without annotations (Case (2b) and
(3)) may not be satisfied. However, due to the restriction to innermost rewriting and the restriction that ADPs only contain at most
a single annotated symbol in each term on the right-hand side, those cases are irrelevant, because of the following observation:

If we perform an innermost rewrite step with an ADP # — u™ € P at an annotated position = with the substitution o, then £%¢ €
ANFp. Let r € Supp(u) and ¢ < r if r contains an annotated symbol. Note that there exists at most one such ¢ for each r, as there is
at most one annotation in r. Since proj(Z%) & proj(tt) by definition of the subterm criterion, and all proper subterms of #%c are in
NFp, we have proj M e NFp. Hence, we cannot rewrite below the projected position before the next (at)- or (af)-step at the annotated
position. More precisely, this means that the #-sum of the terms cannot change by rewrite steps at non-annotated positions. Thus, in
this case the reduction pair processor works without requiring Case (2b) and (3), as these requirements are never used in its proof if
the rules have no impact on the f-sum of a term. [

Proof. (Proof of Theorem 15) Let P/ = Procir(P) andP =P u{f > (p1 i rpseespi t ™). Wecall € = {p; t rp,...,pi & 1 }™ the old
ADP,wecall £ —» ({p; : ry,.coope s b \Ap; crjYUlpj-qy S ep,....pj - g+ ey))" thenew ADP, and £ — {p; : b(r)), ..., py @ b(r)}" is
called the non-annotated old ADP.

First Case: We start with the case where U} (r;|,) is NO and the used rule £ = {p, : Fi....p, : P4} is L and NE. First, note that
the rule used for rewriting r;|, in the rewrite processor is contained in U (r;|,).'® Since U (r;|,) is NO, we can therefore be sure that
there is only a single rule applicable at position .

Let P be not iAST. Then there exists a P-CT € = (V, E, L) that converges with probability ¢ < 1. We will now create a P’-CT
' = (V',E', L) such that |¥’| < || < 1, and hence P’ is not 1AST either.

The core steps of this construction are the following:

1. We iteratively remove usages of the old ADP using a transformation ® on CTs. The limit T(* of this iteration is a 7’-CT that
converges with probability at most |Z|. The transformation ® always removes a “topmost” usage of the old ADP at some node
x € V. There are two different cases, depending on whether the old ADP is applied at an annotated position:
1.1. For a P-CT ¥, that uses the old ADP at the root x at a position 7 € Pos,y(t,), we create a new P-CT ®(Z,) that uses the new
ADP at the root.
1.2. For a P-CT I, that uses the old ADP at the root x at a position 7 ¢ Pos;;(t,), we create a new P-CT d(Z,) that uses the
non-annotated old ADP at the root.

16 The rules that are applicable at position 7 do not have to be applicable in an innermost RST, see [59, Section 6] and [53, Example 5.14].
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This proof structure will also be used in the other cases for soundness.

1. We iteratively remove usages of the old ADP: W.l.o.g., in € there exists at least one rewrite step performed at some node x

with the old ADP (otherwise, T would already be a PI-CT). Furthermore, we can assume that this is the first such rewrite step in the
path from the root to the node x and that x is a node of minimum depth with this property. We will now replace this rewrite step
with a rewrite step using the new ADP such that we result in a CT £ with the following connections between ¥ and (. Here, for
an infinite path p = v, v,,... ina CT ¥ = (V, E, L), by C(p) = w,, w,, ... we denote the sequence of {F,l_"}-labels for these nodes, i.e.,
we have w; =" if v, €I or w; = I otherwise for all i.

(@ 12V < |2 =c, and
(b) for every infinite path p in T we can find an infinite path p’ in ¥ such that C(p) and C(p’) only differ in a finite number of
I'nodes, i.e., we can remove and add a finite number of I'-nodes from C(p’) to get C(p).

This construction only works because Up(r;|,) is NO and there exists no annotation below 7, and the resulting CT has only at
most the same probability of termination as the original one due to the fact that # — {p, : #,,....p; : #,}™ is also L and NE. Let T _
be the induced subtree that starts at node x, i.e. T, = T[xE*]. The construction defines a new tree ®(<,) such that (a) and (b) w.r.t.
2, and ®(Z,) holds, and where we use the new ADP at the root node x instead of the old one (i.e., we pushed the first use of the
old ADP deeper into the tree). Then, by replacing the subtree ¥ with the new tree ®(Z,) in ¥, we get a P-CT g with (a) and (b)
w.r.t. ¥ and TV, and where we use the new ADP at node x instead of the old one. We can then do this replacement iteratively for
every use of the old ADP, i.e., we again replace the first use of the old ADP in (I to get T@ with (a) and (b) w.r.t. 1 and @,
and so on. The limit of all these CTs lim;_,,, £ is a P’-CT, that we denote by T and that converges with probability at most ¢ < 1,
and hence, P’ is not iAST.

To see that T is indeed a valid P’-CT, note that in every iteration of the construction we turn a use of the old ADP at minimum
depth into a use of the new one. Hence, for every depth H of the tree, we eventually turned every use of the old ADP up to
depth H into a use of the new one so that the construction will not change the tree above depth H anymore, i.e., there exists
an my such that ¥ and (1) are the same trees up to depth H. This means that the sequence lim,_,., T really converges into
a tree that satisfies the first three conditions of a P’-CT. We only have to show that the last condition of a CT, namely that every
infinite path in lim,_ ., £® contains infinitely many nodes from I, holds as well. First, by induction on » one can prove that all
trees T for all 1 <i < n satisfy Condition (4), because due to (b) we can find for each infinite path p € € an infinite path p’
in € such that C(p) and C(p’) only differ in a finite number of T-labels. Hence, if p contains no nodes from T, then p’ contains no
nodes from I', which is a contradiction to ¥ satisfying Condition (4). Moreover, we only replace subtrees after a node in I', the
node itself remains in I', and after we replaced the subtree at a node v, we will never replace a predecessor of v anymore. This
means that the subsequence between the i-th and (i + 1)-th occurrence of I" in p and the subsequence between the i-th and (i + 1)-th
occurrence of T in p’ only differ in a finite number of T nodes again, for every i. Now, let p =v;,v,,... be an infinite path that

starts at the root in T and only contains finitely many nodes from T, i.e., there exists an 1 <i such that v;,v;,,,... contains
no node from T. Again, let my € N such that T(*) and 1) are the same trees up to depth H. The path v;,...,vy must be a
path in 1) as well. For two different H,, H, with i < H, < H, we know that since the path v;,...,v n, contains no node from

(i) We can now construct an infinite path in () that contains no nodes from I', which is a

I, the path must also exist in T
contradiction.

Next, we want to prove that we really have |2(*)| < ¢. Again, by induction on n one can prove that || <c forall 1 <i <n.
Assume for a contradiction that () converges with probability greater than c, i.e. |£(®| > ¢. Then there exists an H € N for the depth

such that Y’ Leat ™™ geoen Px > € Here, d(x) denotes the depth of node x. Again, let mj;; € N such that T and (1) are the same
X af > d(x)<

trees up to depth H. But this would mean that |"#)| > 3 p=Y

2| < c.

& (c0) py > ¢, which is a contradiction to

veLeaf T a(<H xeLeaf ™™ d(x)<H

It remains to show the mentioned construction ®(o).

1.1. Construction of ®(o) if 7 € Pos(z,): Let T, be a P-CT that uses the old ADP at the root node x, i.e, 7, f—i>P {py, S tyesby, ¢
1, } using the ADP £ — {p; : ry,...,p; : r}", the position = with 7 € Posy(t,), and a substitution o such that b(t,|,) = £o € ANFp.

— : _ _pt :
Then ty, = tlrol, if m = true, or ty, = b,r(tx[rja],,), otherwise.

1.1.1 General construction of ®(2,): Instead of applying only the old ADP at the root x
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where we use an arbitrary rewrite step at node y; afterwards, we want to directly apply the rewrite rule at position z.z of the term

t, in our CT, which we performed on r; at position 7 to transform the old into the new ADP, to get

Then, we can contract the edge (x, y ;) to get

and this is equivalent to applying the new ADP. Note that the rewrite step at position z.z may not be an innermost rewrite step in
the CT.

The subtrees that start at the nodes y,, ..., Vi1 Yj4ls -+ » V) TEMAIN completely the same. We only have to construct a new subtree
for node y;, i.e., the node that really changed when applying the rewriting processor. To be precise, let ¥, = Z[y; E*] be the subtree
starting at node V- The construction first creates a new subtree ‘P(‘.Zyj) such that (a) and (b) hold w.r.t. syj and ‘{‘(Q:yj ), and that
directly performs the first rewrite step at position x.z at the root of the tree, by pushing it from the original position in the tree Syl
to the root. This can be seen in the diagram below.

5.6

Again, this push only results in the exact same termination probability due to our restriction that Z — {p, : #,,...,py, : #,} is L and
NE. Then, by replacing syj by lI’(Syj) in T, we result in a tree T/ such that (a) and (b) hold w.r.t. T, and ¥/, and such that we
perform the desired rewrite step at node y;. Finally, we contract the edge (x, y;) in %/, in order to get ®(Z,). Again, (a) and (b) hold
w.r.t. T, and &(T,), and we use the new ADP at the root x in ®(Z,). It only remains to explain the construction of ‘P(Ezyj ).

1.1.2. Construction of ‘P(‘lyj): We will move the first rewrite step that takes place at position .z from the original tree ‘.'!,yl

(example on the left below) to the top of the new tree ‘P(Sy]) (example on the right below) and show that (a) and (b) both hold after
this construction. Below, the circled nodes represent the nodes where we perform a rewrite step at position z.z.

v(T,,)

We will define the P-CT lI’(‘zyj) that satisfies the properties (a) and (b) w.r.t. € ¥ and ‘{’(‘zy/ ), and that directly performs the rewrite

Step 1, S5, e (D1 R JRE R E with the rule Z - {p; : ..., P, : P, }™® € P, a substitution &, and the position z.z, at the
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new root d. Here, we have b(ty lre) = b(r ol,) = b(r |,0) = £6. Let Z be the set of all nodes v of ‘?y where we did not perform a
rewrite step at position z.7 in the path frorn the root x to the node v, or v is the first node in the path 'that performs a rewrite step at
position z.7. In the example we have Z = {uvy,...,vs} \ {v,}. For each of these nodes z € Z and each 1 < e < h, we create a new node
ez € V' with edges asin T, ¥ for the nodes in Z, e.g., for the node 1.v; we create an edge to 1.v5 and 1.vg. Furthermore, we add the
edges from the new root o to the nodes e.y; for all | < e < h. Remember that y; was the root in the tree € T, and has to be contained

in Z. For example for the node 0 we create an edge to 1.v,. For all these new nodes in Z, we show that the following holds:

(T1) t,[7 7], = t’ for the substitution y such that b(z,|, ;) = £y

(T2) Pospy(t, [b(re)J/],,,,) C Posp (1) ).
Y& %
(T3) p, - =P ! * De
Note that we only regard the subtree of the j-th child of the root. By the prerequisite in the definition of the rewrite processor
(there is no annotation below or at position 7), there are no annotations on or below z.r for all nodes in Z.
Now, for a leaf e.z € V' either z € V is also a leaf (e.g., node v,) or we rewrite the position x.r at node z in T, (e.g., node v)). If

we rewrite ¢, QPMUUS {Br * tyyseeesBp Sty s then we have tw =t,[b(?,)r], .. Here, we get Tw, it AIGRT2 . Lm) 1o Posps(1,,,) C
Pos 1z (1, [0(P)r1z.2) Seray Posp(r, ) and p,. (: i) =p." B, =3 pw , and we can again copy the rest of this subtree of ¥ T, in our newly
generated tree ¥(Z, ). In our example, v, has the only successor v,, hence we can copy the subtree starting at node vy, "which is only
the node itself, to the node 1.v; in ¥(T yj)' For v5 we have the only successor v;, hence we can copy the subtree starting at node v,
which is the node itself together with its successor vy, to the node 1.v5 in ¥(Z, ). So essentially, we just have to define the part of the
tree before we reach the rewrite step in Ty, and then, we have to show that (a) and (b) for T ¥ and (% yj) are satisfied. We show
the latter first, and then explain the proof that this label gives us indeed a valid P-CT.

We start by showing (a) for ‘Zyv and ‘P(‘ly ). Let u be a leaf in ‘I’(El'y_). If u = e.v for some node v € Z that is a leaf in ‘ly/ (e.g., node

W(T,) (T3 Zy, Ty,
1.v), then also e.v must be a leaf in ¥(Z, ;) for every 1 < e < h. Here, we get Y|, Pe. ) Zl<e<hpv Po=p, " “Dl<e<h Pe =

T,
o 1=p, i .Ifu = e.vforsomenode v € Z thatisnotaleafin ¥, (e g., node 1.v,), then we know by construction that all successors

(E ,j)(Ts) Ty

T,
of vin ¥, are not contained in Z and are leaves. Here, we get p, ,, Py’ P = pw” for the (unique) e-th successor w of v. Finally,

=~y
(S!'VJ ) — psyj

.~ - Note that these cases cover no leaf of T, tw1ce

W
if u does not have the form u = e.v, then u is also a leaf in Qyj with p,
This implies that we have

T
Wz,
YT, ;)
= Pe.v
ueLeaf\F(z’ )
wg,) ¥(E,) wg,)
= De.v T+ Z De.v + Z Py !
, I, "
eAveLeaf‘P(ty!) eAveLeaf\F( v ueLea[T(z’/)
) I,
veEZ vewE,v¢gZ weZ veLeaf i pewEwgZ
e, g, W(E,)
<3 (ZAM)e T oA
T T T
veLeaf ™ Yj I<e<h veLeaf ™%/ 1<e<h veLeaf 7
veZ veEWEvgZ weZ vewEw¢Z
T, T, T,
< Yo+ Y n7+ Y n)
Iy, < Ty,
veLeaf ~7J veLeaf i veLeaf i
vEZ veEWEvgZ weZ vEWE,wEZ
¥
-3
UELeaft”/‘
=z,
Next, we show (b) for Syj and ‘I/(‘!,y/,). Let p = uy,uy, ... be an infinite path in ‘I‘(Syj) that starts at the root 0. If for all 1 <i we have
u; = e.v; for some node v; € Z and 1 < e < h, then p = v, ... is our desired path in <, Otherwise, there is a maximal 1 < o such that
for all 1 <i <o we have u; = e.v; for some node v; € Z and 1 < e < h. Then our desired path is vy,...,v,,w,u,,,.... Here, w is the

e-th successor of v, in ‘lyj. Note that in the first case, we remove one I-label at the start of our path, while in the other case, we just

move an I-label from the first position to a later one in the path. This shows that (b) is satisfied.

Finally, we prove that ¥(Z, ) is a valid P-CT. We only need to prove that the construction satisfies all of our conditions for the
nodes in Z. As the rest of the tree is copied, we can be sure that all Conditions (1)-(3) of a P-CT are satisfied. Additionally, due to
b)) wrt. & ¥ and ¥(T yj)’ we get (4) as well, because sy/ satisfies (4).

At the root, after applying the old ADP, we directly perform the rewrite step , ~’—i>p {p : 7 Ly Py it ’ hy }, with the rule 7 —
7

{P, : F1s....Dp : Fp}'™e € P, a substitution 6, and the position 7. Then, toy, =1, [b(r )a]ﬂ .- Here, the conditions (T1)-(T3) are clearly
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satisfied. We now construct the rest of this subtree by mirroring the rewrite steps in the original tree (which is always possible due
to the fact that Up(r ;) is NO), and once we encounter the rewrite step that we moved to the top, i.e., once we use a rewrite step at
position 7.7, we skip this rewrite step and directly go on with the e-th successor if we are in a path that went to the e-th successor in
the initial rewrite step, as described above. In the following, we distinguish between two different cases for a rewrite step at a node
u:

(A) We use a step with r—i>P in ‘Z‘,yj at a position orthogonal to z.z.

(B) We use a step with <, in sy/ at a position below z.r. Note that this is the more interesting case, where we need to use the

properties L and NE.

Note that we cannot rewrite above z.r before rewriting at position z.z due to the innermost restriction.
P _ _
» {ppiu1 ) PR pi’ : tﬁ}, then there isarule £ - {p; : Fy, ... Py TpImEP, a substitution &, and a position

u

(A) If we have 1, d,

. _ b o

¢ € N* with b(z,|,) = £6 € ANFp. Furthermore, let { Lz.z. Then, we have ! |, =1, t,[7.7],.|¢ = t,|; for the substitution y such that
tylzr = v, and we can rewrite r, A using the same rule, same substitution, and same position. Then (T3) is again satisfied. Further-
more, we have t;Aq/ =1 [F6]; if { € Pospy(t) ) and m = true, t;.qj = bg(r:}u[Feé]C) if { € Posp(t,,) and m = false, t;.qj =1 bF,)8], if

e.u

¢ & Pospy(t, ) and m = true, or t;q = bg(t/ [b(7,)8],) if ¢ & Posp(r) ) and m = false. In all four cases we get (T1) (using the same
: 4 )

e.u

substitution y) and (T2) as well.

. P - -
(B) If we have 7, d’p {':’—‘ i PR p—% : tqz}, then there is arule £ — {p, : 7y,...,p; : F;}" € P, a substitution §, and a position
¢ e N* with b(r,|,) = /8 € ANFp,. Furthermore, let ¢ > z.7. Since ? - {py : P1,....Py : 7} is L and NE, we know that ¢ contains

exactly the same variables as 7, and all of them exactly once. Furthermore, since Up(r,|,) is non-overlapping, we know that the
rewriting must be completely inside the substitution y for the substitution y such that .|, = ?y, i.e., there is a position n, of a
variable ¢ in 7 and another position y, with z.z.5,..y, = {. Let @,(c) be the (unique) variable position of ¢ in #,. Then, we have

b R R N . .
t;ul,,_,_%@)'lc =11 t“[rey]mlm_%(c)'h = re}’lwe(c)l;rc = y(c)lh = f”'ﬂc-h = tulﬂ-f-m-;rc’ and we can rewrite t;.u using the same rule, same
substitution, and position z.7.¢,(c). x.. Again, in all four cases (T1)-(T3) are satisfied.

1.2. 7 & Pospy(t,): If we have 7 € Posyy(t,), then we can simply use the non-annotated old ADP instead of the old one. Since we
would remove all annotations in the right-hand side of the rule anyway, due to z ¢ Posp;(r,), this leads to the same labels in the
resulting P-CT.

Second Case: Next, we prove the theorem in the case where Uy (r;|,) is NO and all rules in U (r;|,) have the form = {1:r)
for some terms ¢’ and r’.

The proof uses the same idea as in the first case but the construction of ®(o) is easier since Up(r;|,) is non-probabilistic. First
assume that U(r;|,) is not weakly innermost terminating. This means that after using the ADP ¢ — {p; : ry,....p : r}™ as we did
in the soundness proof for the first case, every subterm at a position above .z will never be in NF), in the subtree starting at the j-th
successor y;. Furthermore, since all rules in U(r;|,) have the form ¢" - {1 : '}, we can simply remove all nodes that perform a
rewrite step below z.7. To be precise, if there is a node v that performs a rewrite step below position z.7, then we have t, <, {1 : 1,,}

b s s .
for the only successor w of v. Here, we have t,, = t,[r/ o] ¢ for the used substitution ¢ and position ¢ below z.z. The construction ¥(Z y/)

contracts all edges (x, y) where we use a rewrite step at a position below z.z. This only removes [-nodes, as there is no annotation
below or at position z.z. Furthermore, we adjust the labeling such that the subterm at position z.r remains the same for the whole
CT. Finally, we exchange the rewrite step at the root x from using the old ADP to using the new ADP. Since all subterms at a position
above 7.7 will never be reduced to normal forms in the original CT, it does not matter which subterms really occur. It is easy to see
that ®(Z,) is a valid P-CT and that (a) and (b) hold w.r.t. ¥, and ®(Z,), and this ends the proof if U (r ;l7) is not weakly innermost
terminating.

If Up(r;|,) is weakly innermost terminating, then it follows directly that it is also confluent and terminating [60, Thm. 3.2.11]. We
can use the construction ¥(o) from the first case to iteratively push the next innermost rewrite step that is performed below position
#.7 to a higher position in the tree, until we reach the node that performs the rewrite step at position z.r. Note that we do not need
the conditions L or NE for the used rule here, because only Case (A) of the construction can happen. There is no rewrite step below
possible (Case (B)), since we move an innermost rewrite step further up and there is no rewrite step above possible, since before
doing this construction it was a valid innermost P-CT. Since U (r ;1) is terminating, this construction ends after a finite number of

¥(o)-applications in a tree ‘I,(y‘:") Now ‘Z‘,S") first rewrites below or at position z.7 until it is a normal form. Since all rules in Up(r;|,)

have the form ¢’ — {1 : '}, these rewrite steps are a single path in ‘Zg,","), and it does not matter how long the path is. Furthermore, it
does not matter which rewrite strategy we use, since Up(r;|,) is confluent. We will always reach the same normal form at the end of
this path. Hence, we can replace the steps with the old ADP and the corresponding innermost rewrite steps in the CT by a step with
the new ADP (where the rewriting does not necessarily correspond to the innermost strategy), i.e., we move this non-innermost step
directly to the point where the ADP is applied. We will reach the same normal form and can copy the rest of the tree again.

Third Case: Finally, we prove the theorem in the case where U(r;|,) is NO, r;|, is a ground term, and we have D; o
{q : E|,....q, : E,}, i.e., it is an innermost step.

P,r.t true
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Once again, we use the same idea as in the proof for the second case but the construction of ®(o) is, again, easier. Note that if
Up(r;l,) is non-overlapping, r; contains no variable below position 7, and we perform an innermost rewrite step, then this is always
an innermost rewrite step in every possible CT and this is the only possible rewrite step at this position. Hence, we can move this
innermost step directly after the use of the ADP using the construction ¥(o). Again, here only Case (A) can happen. The reason is that
we have to perform this rewrite step eventually if we want to rewrite above position 7, and all other rewrite steps that we can perform
in such a situation would be at orthogonal positions. So we get the same normal forms in the leaves with the same probability. [

For the proofs of the instantiation processors, we first show some basic properties of Capp, and Ren, similar to the known properties
of the non-probabilistic versions of Capp and Ren.

Lemma 6 (Property of Capp and Ren). Lett,s €T f,

1. If to _i’:p(P) s for some substitution ¢ that maps each variable to a normal form, i.e., o(x) € NFp, for all v € V, then s = Capp(1)6 for

some substitution 5 which only differs from ¢ on the fresh variables that are introduced by Capp.
2. Ifte —>r*lp(p) s for some substitution o, then s = Ren(Capp(t))6 for some substitution 5 which only differs from ¢ on the fresh variables that
are introduced by Ren.

Proof.
1. Letto %np(p),pl K %np(p),pz #np(p),pn s, = s, where l»,lp(p), , again denotes a rewrite step at position p. Let {,, ..., 7,,} be the set
of positions where Capp, replaces the subterms of ¢ by corresponding fresh variables x, ..., x,,. Note that the rewrite steps cannot

be “completely inside” the used substitution o, as it maps every variable to a normal form. Hence, by the definition of Capy, for
each p; there is a higher position z; < p;. Thus, s can at most differ from 7o on positions below a z;. We define 6 to be like o but

on the fresh variables x,...,x,, we define é(x;) = 5l - Then by construction Capy(1)6 = s and 6 and ¢ differ only on the fresh
variables.
2. Letto —uppy 5, S1 ~np(P)py -+ “npP)p, Sn = S- Let {xy, ..., m,} be the set of positions where RenoCapy, replaces the subterms of

by corresponding fresh variables x,, ..., x,,. By the definition of Ren and Capp, for each p; there is a higher position z; < p;. (If the
rewrite step is “completely inside” the substitution o, then Ren replaces the corresponding variable in 7 by a fresh one, otherwise
Capy, replaces the subterm in ¢ by a new variable, which is again replaced by Ren afterwards.) Hence, s can at most differ from tc
on positions below a z;. We define 6 to be like o but on the fresh variables x;, ..., x,, we define 6(x;) = Sz, Then by construction
Ren(Capp(1))6 = s, and 6 and o differ only on the fresh variables.

|

Next, we prove soundness and completeness of the instantiation processor for both innermost and full rewriting. There are only
small changes in the proof due to the rewrite strategy that we highlight once they occur. The same holds for the following forward
instantiation processor.

Proof. (Proof of both Theorem 16 and 17) We will use the following two observations. As in the proof of Theorem 15, let
u=A{py i r. ... pg i) PP =P'UNU {€ = {p; 1 bGr)s.oopp 2 D}, and P=P'u {¢ = {p; :ri.....px ¢ ri}™). First, note that
ANFp, = ANF = ANFZ;, since the left-hand sides in P and P’ are either already from rules in P or instantiated left-hand sides from
P. So it suffices to consider only ANF,. Second, assume that there exists a P-CT ¥ that converges with probability < I whose
root is labeled with (1 : #) and b(f) = s for a substitution 6 and an ADP s — ... € P, and Pos,: (1) = {€}. If in addition, the ADP
£ = {py : FlseersPi © ri}™ may only be used at the root, then we know that not only P is not AST but also that P’ is not AST. The
reason is that if only the root v uses the ADP # — {p; : r|,...,p; : r;}" then all the subtrees starting at one of its direct successors
vE = {wy,...,w;} are P’-CTs. Furthermore, since converges with probability < 1, there must be at least one subtree T[w; E*] that
starts at the node w; for some 1 <i < k and also converges with probability < 1.

Soundness: Let P be not (i)AST. Then by Lemma 2 there exists an (innermost) P-CT € = (V, E, L) that converges with probability
< 1 whose root is labeled with (1 : ) and b(r) = s6 for a substitution 6 and an ADP s — ... € P, and Pos;(t) = {¢}. We will now create
an (innermost) P-CT €' = (V, E, L), with the same underlying tree structure, and an adjusted labeling such that p;5 = pf/ for all

v € V. Furthermore, we will at most use the ADP ¢ — {p, : r|,...,p, : r}"™ at the root. Since the tree structure and the probabilities
are the same, we then get |2’| = || < 1, and hence, using our previous discussion, 7’ is not (1)AST either.
The core idea is that every rewrite step with £ — {p; : ry,...,p; : r;}™ at a node v that is not the root can also be done with a

rule from N, or we can use £ — {p; : b(ry),....p; : b(r;)}™ if the annotations do not matter, e.g., we rewrite at a position that is not
annotated.

We only consider AST in the following construction. If not mentioned otherwise, the proof for iAST works analogously just by
considering innermost rewrite steps. We construct the new labeling L’ for the 7-CT & inductively such that for all nodes v € V' \ Leaf

with children nodes vE = {w;, ..., w;,} we have / S { p:" : ’w] e, p:"' : t’wh } and for all non-root nodes in I' we even have / S
v P
Pw w . . . .
{ % : tf”l s pp—” : t/M " }. Let W C V be the set of nodes v where we have already defined the labeling L’(x). During our construction,
v v
we ensure that for every node v € W we have
b
1, =t/ and Posp;(t,) C Pospy(1)). (B.14)
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This means that the corresponding term 7, for the node v in ¥ has the same structure as the term ¢/ in ¥’, and additionally, every

annotation in ¢, also exists in t’u . The second condition ensures that if we rewrite using Case (af) or (at) in €, we do the same in '/,

i.e., the corresponding node v remains in I' in ¥’. We label the root of ¥’ by (1 : ). Here, (B.14) obviously holds. As long as there is

still an inner node v € W such that its successors are not contained in W, we do the following. Let vE = {w,, ..., w,} be the set of

its successors. We need to define the corresponding terms tfvl, ,t;ﬂm for the nodes wj, ..., w,. Since v is not a leaf and € is a P-CT,
Puwpy

P . .
we have 7, Sp {% HE A s Dy, }. We have the following three different cases:
v v

(A) We have 1, <, (Zen .y %oy ) with an ADP ¢/ — = {p by r;l}"" that is either different to # — {p, :

R Py Wh
155 g - )™ or the node v is the root, using the position z, a VRF (¢;),<;<, and a substitution ¢ such that b(t,|,) = ¢o. Then,
b . . i o
1, =um) t,, and hence also b(t/ | ) = Zo. Thus, we can rewrite the term 1] usmg the same ADP, the same position, the same substitution,
Puy |y Puy,
o B> o0 o } Let 1 <j < h. If 7 € Posy(t,), then also 7 € PosDn(t )

by (B.14). Whenever we create annotations in the rewrite step in € (a step with (af) or (at)), then we do the same in ¥’ (the step is

also an (af)- or (at)-step, respectively), and whenever we remove annotations in the rewrite step in €’ (a step with (nt) or (nf)), then

we do the same in T (the step is also either a (nt)- or (nf)-step). Therefore, we also get PosD;(twj) C PosDﬁ(th )foralll <j<kand
J

and the same VRF. This means that we have 7/ f—> {—L

(B.14) is again satisfied.
(B) We have r, <, (2o sy 2% oy ) using the ADP £ — {p; : rys....py © ry}", the position z, a VRF (¢))1<j<k> and a sub-

Py wy? Po Wk

b
stitution o such thatb(z,|,) = o, and = ¢ Pos,y(t,). Since,, = t’u, we can rewrite the term t[} using the ADP ¢ — {p, : b(rl) P

wy’
(B.14) is again satisfied. In order to prove this, one can do a similar analysis as above. Note that only cases (nf) and (nt) can be applled
in ¥ (since 7 ¢ Posy;(7,)), and we would remove the annotations of the terms r ; anyway in those cases.

. Puw Py . -
(C) Finally, we have 1, <, {p—u1 ) S p_uk i 1, ) using the ADP ¢ — {p, : ry,...,p : r;}", the position 7, a VRF ());<; <

and a substitution ¢ such that b(,|,) = 6, 7 € Pos(t,), and v is not the root. Then te, = DLt pos Lopuw, (ro)]) if m = false and
D

. o . Py Pu
b(ry)}", the same position, the same substitution, and the same VRF. This means that we have 1] L)p { : Y s :" } and

ty, = t,[f Pos (1)U, (r;0)],, otherwise.

We now look at the (not necessarily direct) predecessor z of v that is in I', where the ADP is applied that is used to create the
annotation of the function symbol at position z. There is always such a node z. The reason is that v is not the first node in I and
by the Starting Lemma (Lemma 2) we can assume that a step at the root of the term takes place at the root of the CT, i.e., 7, results
from right-hand sides of 7. Furthermore, we only use rules with the flag m = true to evaluate the arguments of the annotated function
symbol as otherwise, the position = would not be annotated in z,. We show that the path from z to v can also be taken when using
one of the new instantiations of £ — {p, : ry, ... ,pk : rk}’" instead.

Let this predecessor z € T' use the ADP ¢/ — {p| .+, Pj, : 7, )", the position 7/, and the substitution ¢’. Furthermore, let 1 <
j < h and 7 be the position of r;. such that f, (r]| )o! —>np > f.(t,1,) = #.(£)o, which exists by the previous paragraph.

The following consideration now differs for 1AST and AST due to the different approximations (1AST uses only Cap, and AST uses
RenoCapp).

e AST: From f}, (r/ [.)o’ _)np(T)) #.(¢)o together with Lemma 6 we get #},(£)o = Ren(Capp(f, (r; |6 for some substitution § that differs
from ¢’ at most on the variables that are introduced by Ren. W.l.0.g., we can assume that ¢’ is equal to 5 on all these fresh
variables, and since the ADPs are variable-renamed, we can also assume that ¢ is equal to § on all the fresh variables and all the
variables from #’. Hence, §,.(£)6 = Ren(Capp(tiE(r; |.))é implies that we can find an mgu y of #,(¢) and Ren(Capp(ﬁg(rﬂT))) with
o = y{ for some substitution {. Hence, we can apply the new ADP ¢y — {p, : riy,...,p; : ryy}™ € N with the position #, the same

VRF, and the substitution ¢. This means that we have 7/ Sp p;ﬂ : t:v, s p;i : tfu,- } with tfu,- =1 Pos (1)U, (r;yO], if m = true,
v v

or t’wj = bj,(t’u[ﬂ pOSDu(,j)Uq,/(rij)],,), otherwise. Since ¢ = y¢ we directly get t, 2 t’wj and POSDﬁ(Iw/) Cc POSDu(t:uj) so that (B.14) is
satisfied again.

e iAST: From ﬁg(r; |)e’ 5 np(p)
implies §,(¢)o = Capp(]is(r; |.))é for some substitution 6 that differs from ¢’ at most on the variables that are introduced by Capp.
W.l.o.g., we can assume that ¢’ is equal to 6 on all these fresh variables, and since the ADPs are variable-renamed, we can also
assume that o is equal to § on all the fresh variables and all the variables from ¢’. Hence, #,(¢)5 = Capp (1, (r;, |.))é shows there is
an mgu y of #,(#) and Capp (1, (r; |,)) with o = y¢ for some substitution ¢. Moreover, the property {£’¢’,/c} C ANF;, must remain
true when replacing ¢ and ¢’ by the more general substitution y, i.e., {#’y, ¢y} C ANFp. The rest is analogous to the AST case.

#f.(¢)o and the fact that ¢’ maps every variable to a normal form due to innermost rewriting, Lemma 6

Completeness: Let P’ be not (i)AST. Then there exists an (innermost) P'CTT = (V, E, L) that converges with probability < 1. We
will now create an (innermost) P-CT €' = (V, E, L'), with the same underlying tree structure, and an adjusted labeling such that
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pf = pvz' for all v € V. Since the tree structure and the probabilities are the same, we then get |2’| = ||, and thus P is not (1)AST
either.
The core idea of this construction is that every rewrite step with an ADP from N or the ADP ¢ — {p, : b(r)),...,p; : b(r;)}™ is also

possible with the more general ADP # — {p, : ry,...,p; : r;}" that may also contain more annotations. As for soundness, we focus on
AST, but the proof is analogous for 1AST. We construct the new labeling L’ for the P-CT €’ inductively such that for all inner nodes
v € V' \ Leaf with children nodes vE = {wy, ..., w,,} we have t] &, {p;i : t/wl, . p;ﬂ : ’fu,, }. Let W C V be the set of nodes v where

we have already defined the labeling L’(x). During our construction, we ensure that for every v € W (analogous to the soundness
construction) we have

b
t, =1t and Posp(7,) C Posp(t)). (B.15)
We label the root of ¥’ exactly as the root of . Here, (B.15) obviously holds. As long as there is still an inner node v € W such that
its successors are not contained in W, we do the following. Let vE = {wy, ..., w;} be the set of its successors. We need to define the
, Puwy | Puwy, .

corresponding terms ¢

R ”:u,, for the nodes w;, ..., wy,. Since v is not a leaf and ¥ is a P’-CT, we have 1, S {
P

I sl s R

1w, }- We have the following three different cases:

(A) Ifitis astep with &, using an ADP from P’ in €, then we perform a rewrite step with the same ADP, the same position, the same
substitution, and the same VRF in '. This is analogous to Case (A) of the soundness proof.

(B) If it is a step with <, using the ADP # — {p; : b(r))....,p; : b(r)}" in Z, then we use the ADP £ — {p, : ry,...,p, @ r,}" that
contains more annotations in ', at the same position, using the same substitution, and the same VRF. Since we use the same rule

. . . b .
but with more annotations, we end up with ty, = tivj and Posy (tw,) € POSDﬁ(t/wj) again.

() Ifitis a step with <, using an ADP £y — {p; : ry7,...,p; : ry}™ from N in € and a substitution 6, then we use the more general
ADP ¢ — {p, : ry,...,p; : 1 }™in ¥/, at the same position, and the same VRF. Furthermore, we use the substitution y4.

|

Proof. (Proof of both Theor_em 18 and 19) As in the proof of Theorem 16, let y={p; : ry,....p¢ : rc}, P =P'UNU {¢ - {p :
b(ry), ..., pp b)Y, and P =P/ U = {py : ry,.pp ™)

Soundness: The core proof idea, the construction itself, and even the induction hypothesis are completely the same as for the

soundness proof of Theorem 16, only the third case (C) changes.
(C) If we have 1, <, {pl':‘ Dlyps s p[':—b" I 1y, } using the ADP ¢ — {p; : ry,...,p, @ r;}", the position 7 € Pos(s), and a substi-

tution ¢ such that b(z,|,) = £o (Where £o € ANF,, in the innermost case), and v is not the root, then te, = bt [ pos Lo, (r0)]) if
D

m = false and ly, = 1,8 Pos (1)U, (r;0)1,, otherwise.

First consider the case, where there exists no successor z of v where an ADP is applied at an annotated subterm introduced by
some right-hand side r; for some 1 < j < k. Then, we can use £ - {p; : b(ry), ..., pg : b(rp)}™ instead, because the annotations will
never be used.

Otherwise, there exists a successor z of v where an ADP is applied at an annotated subterm introduced by the right-hand side
r; for some 1 < j < k. We show that the path to this successor can also be taken when using one of the new instantiations of £ —

(py @ rise Py o 1 )™ instead.!” At node z we use an ADP ¢/ — VRN PPN A r;l}’”' and the substitution ¢’. Moreover, let = be the
position of r; with #,(r;|,)o —>:p<P) #.(¢")o’.

Again we have two different cases:

e AST: Let Q' = np(P) and let Q = Q'~!. Note that f, (ril)e —>’é, #.(¢")o’ and hence, #.(¢")o’ —>*Q #:(r;],)o. By Lemma 6 one directly
obtains f,(r il = Ren(Capy(#.(£")))6 for some substitution § that differs from ¢’ at most on the variables that are introduced by
Ren. W.1.0.g. we can assume that ¢’ is equal to  on all these fresh variables, and since the ADPs are variable-renamed, we can also
assume that o is equal to 5 on all the fresh variables and all the variables from f,(¢’). Hence, . (r o = Ren(CapQ(jig(f’ )))o shows
there is an mgu y of §,(r ;|;) and Ren(Capg (8. (¢"))) with ¢ = y{ for some substitution {. Hence, we can apply the new ADP ¢y —

{p1 1 r17,....p 2 rpy}™ € N with the position z and the substitution {. This means that we have 7/ S5 {p:‘ : Iiv] s p:" i)
v v J
. . . . . b
with t’wj = b,T,(t’U [ Pos 4 (r) VY, (r;yD],) if m = true, or tf”j =1 Pos 4 (r,)UY; (r;v9)],, otherwise. Since, o = y{ we directly get ty, = I:”/

and POSDﬁ(twj) C Pong(tfﬂj) so that (B.14) is satisfied again

17 1t suffices to consider only one of those successors v of v to find an instantiation of the ADP that could be used instead of the old ADP in order
to reach all such successors. The reason is that this instantiation is equal or more general than the actual concrete instantiation of the ADP that was
used to perform the ADP-step in the actual CT. Hence, every other such successor can also be used with the more general instantiation of the ADP.
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o iAST:Let Q' = np(Up(#.(r;],))) and let Q = Q'L Again i (¢')o’ —>*Q #:(r;l)o, since §,(r;| )0 —>*Q, #.(¢")o’. By Lemma 6 one directly
obtains ,(r;|,)o = Ren(Capy(#,(¢')))5 for some substitution & that differs from ¢’ at most on the variables that are introduced
by Ren and Capy. W.l.o.g. we can assume that ¢’ is equal to § on all these fresh variables, and since the ADPs are variable-
renamed, we can also assume that o is equal to § on all the fresh variables and all the variables from #,(¢’). Hence, ]if(rj |)o =
Ren(Capy(#.(¢")))o shows there is an mgu y of #:(r;|,) and Ren(Capy(#.(¢"))) with ¢ = y¢ for some substitution ¢{. Moreover, the
property {¢o,¢'c'} C ANF;, must remain true when replacing ¢ and ¢’ by the more general substitution 7, i.e., {¢7,£’y} C ANFp.
Hence, we can apply thenew ADP ¢y — {p; : ryv,...,p; : riy}™ € N with the position z and the substitution ¢. This means that we

Pw Pw . .
have ¢/ & {—L : ¢ LU tfﬂj} with z:v/ = DL [# pos o, (r;7Ol) if m = true, or z;,/ =11 pos

o
p{Pv wy " p,

Y, (rj YOles otherwise.

Dt (r; Dl (ry

b
Since, o = y¢ we directly get ly, = 7, and Posps(t,,) € Pos,,: (7!, ) so that (B.14) is satisfied again.
J J

Completeness: Completely the same as for Theorem 16. O

Proof. (Proof of Theorem 20) Soundness: We use the same idea as in the proof of soundness for Theorem 18 but at a node v that uses
the position 7 € Pos(t,) we do not look at the next node that rewrites at an annotated position below or equal to #, but at all such
nodes that can be either annotated or not.

Let P be not iAST. Then by Lemma 2 there exists an innermost P-CT € = (V, E, L) that converges with probability < 1 that starts
with (1 : 7) and f = s6 € ANF, for a substitution # and an ADP s — ... € P, and Pos; (1) = {¢}. Let P’ = P' U N. We will now create an
innermost 7’-CT &' = (V, E, L"), with the same underlying tree structure, and an adjusted labeling such that p:: = pf' forallve V.
Since the tree structure and the probabilities are the same, we then get |2’| = |Z|, and hence P’ is not iAST either.

The core idea of this construction is that every rewrite step with £ — {p, : r(,...,p; : r}"" can also be done with a rule from
N.Ifweuse £ = {p; ! feov 5,50 T > Pic * Beovy 5.5 (7)) € N, we may create fewer annotations than we did when using the
old ADP 7 — {p, : ry,....p; : ri}". However, in the P-CT T we never rewrite at the position of those annotations that do not get
created in the CT ¥/, hence we can ignore them. We construct the new labeling L’ for the 7’-CT ¥’ inductively such that for all
nodes v € V \ Leaf with vE = {w, ..., w,,} we have éﬁ {%1 : t:”l, - p:% : t:”m}. Let W C V be the set of nodes v where we have
already defined the labeling L’(x). During our construction, we ensure that for every v € W we have

b
t, =1t and Posp:(7,)\ Junk(r,) C Pospy(t)). (B.16)

In this case, we define = € Junk(t,):< there isno ADP £ — {p; : ry,...,p; : 1, }™ € P and no substitution o such that #,(z,[,) —>:p(7))
o,

For the construction, we start with the same term at the root. Here, (B.16) obviously holds. As long as there is still an inner
node v € W such that its successors are not contained in W, we do the following. Let vE = {w,, ..., w,,} be the set of its successors.
We need to define the corresponding sets t;)l, ...,t!  for the nodes wy,...,w,,. Since v is not a leaf and ¥ is a P-CT, we have

w,

Pw Puw,
=L wis s Lm . ty }
pL' 1 pl«' m

t, d>p { . We have the following three cases:

(A) Ifitis a step with f—i>P using an ADP that is different from ¢ — {p; : r|,...,p; : r}™ in , then we perform a rewrite step with the
same ADP, the same redex, and the same substitution in 2. Analogous to Case (A) of the soundness proof for Theorem 16, we
can show (B.16) for the resulting terms.

(B) If it is a step with ‘—'»P using the ADP £ — {p, : ry,...,p; : 1} at a position z ¢ Pos,y(t,) in T, then we perform a rewrite step
with £ = {py * feov, 616015 5 P * Heovy(sy....50 (i)} same redex, same substitution, and same position in ¥’. Analogous to
Case (B) of the soundness proof for Theorem 16, we can show (B.16) for the resulting terms. Note that the rule that we use contains
fewer annotations than the original rule, but since z ¢ Pos;y(z,), we remove all annotations from the rule during the application
of the rewrite step anyway.

(C) If it is a step with L'>p using the ADP 7 — {p, : r,...,p; : r;}J" at a position = € Pos,(t,) in T, then we look at specific suc-
cessors to find a substitution § such that £6 - {p; : r6,....p; : 1,6} € N or we detect that we can use the ADP ¢ — {p, :
Beovi 6108005 - Pr * Beoves...8,) ()} and perform a rewrite step with this new ADP, at the same position in ¥'.

Puwy | Puwy

So it remains to consider Case (C) in detail. Here, we have ¢, d 1, } using the ADP ¢ — {p; : ry,....p; :

P {T : twl""’ - g
r;.}™, the position 7 € Pos,(t,), and a substitution ¢ such that b(z,|,) = o € ANFp.

We first consider the case where there is no successor z of v where an ADP is applied at an annotated position below or at
7, or an ADP is applied on a position above z before reaching such a node v. Then, we can use £ — {p; : feoy,5,.....5)"1)s -5 P
Beovi(sy....0) (re)}™ instead, because the annotations will never be used, so they do not matter.

Otherwise, there exists a successor z of v where an ADP is applied at an annotated position below or at r, and no ADP is applied on
a position above z before. Let v, ..., v, be all (not necessarily direct) successors that rewrite below position z, or rewrite at position r,
and on the path from v to z there is no other node with this property, and no node that performs a rewrite step above z. Furthermore,
let ¢, ...,1, be the used redexes and py, ..., p, be the used substitutions.

* (C1) If none of the redexes #,,...,1, are covered by ¢, then we use the ADP & — {p; : floy,5,,...50) 15+ Pk * Heovy@ynn) i)}
with the position 7 € Pos;y;(z,) \ Junk(z,) C ;5 Posp (1)) and the substitution o. Once again, (B.16) is satisfied for our resulting
terms.
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r¢6, )™ with the more general one ¢ — {p, : r(,...,p, : r}", and each ADP Z — {p, : ﬁcovl(ﬁl

(C2) If r =t; for some 1 <i <n, then we can find a narrowing substitution 6, of  that is more general than o, i.e., we have
b,y = 0. Now, we use the ADP £6, — {p; : r6,,...,py : ry6,}" with the position 7 € Pos(t,) \ Junk(t,) C(;py Posy (7)) and the
substitution y such that b(z,|,) = £8,y = £o € ANFp. Once again, (B.16) is satisfied for our resulting terms.

(C3) If t #1; for all 1 <i < n but there is an 1 <i < n such that ¢, is covered, then, since ¢; is covered, there exists a narrowing
substitution §, of r that is more general than p;, i.e., there exists a substitution «; with 6,x; = p;, and since we use p; later on
we additionally have that p; is more general than o, i.e., there exists a substitution x, with p,x, = 6. Now, we use the ADP
€8, = {py 1 184, ..., Py : 16, )" with the position 7 € Pos;(r,) \ Junk(t,) C(;py Pospy(r) and the substitution &k, such that
b(t,l,) = £5,k1k, = £o € ANFp. Once again, (B.16) is satisfied for our resulting terms.

Completeness: The proof is analogous to the completeness proof of Theorem 16. We can replace each ADP 6, — {p : r16ps ..., D :

sy py ﬁcovk(él,.,.,ﬁd)(rk)}m can

be replaced by # — {p; : r|,....p : r}™ as well, leading to more annotations than before. O
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