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Semi-empirical models for liquid-liquid equilibrium (LLE) are essential for chemical process design but rely on
experimental data for parameter estimation. In the face of high experimental costs, determining an informa-
tive experimental plan is crucial for constructing and validating these models efficiently. Optimal experimental
design (OED) for (bounded-error) guaranteed parameter estimation (GPE) is a valuable approach to planning
LLE experiments, but it has been limited to systems with simple input-output relations. We extend this method
to systems whose input-output relation is implicitly given by an equation system with additional semi-infinite
constraints, which corresponds to the rigorous computation of an LLE. Excess Gibbs free energy models are
highly flexible but can predict spurious phase splits due to (i) using non-rigorous computations, or (ii) parameter
values that are problematic in the sense that they lead to erroneous model behavior. To mitigate these issues
in experiment planning, we (i) employ rigorous calculations using Baker’s criterion, and (ii) enforce additional
requirements, based on [Mitsos et al. Chem. Eng. Sci., 64(3):548-559, 2009] to exclude parameter values that
lead to erroneous model behavior. We solve the resulting problem using (generalized) semi-infinite programming
techniques and provide a proof of concept using the Redlich-Kister model to plan the OED to reduce parame-
ter uncertainty. Our approach successfully avoids wrong predictions due to problematic parameter values and
computes an experimental design that significantly reduces the predicted parameter uncertainty. However, our
method is computationally demanding, necessitating advancements in numerical methods for practical applica-
tions involving multiple parameters or more complex excess models.

1. Introduction

Process simulations are an integral component of chemical engineer-
ing, playing a crucial role in tackling global challenges such access
to clean water or responsible production. The semi-empirical models
used therein, typically depend on semi-empirical thermodynamic mod-
els which inherently include mixture-dependent parameters that need to
be estimated based on experiments (Kontogeorgis et al., 2021). Consid-
ering the limited availability of resources, including limited experimen-
tal resources, optimal experimental design (OED) is an indispensable
approach that can help guide experimental efforts, maximizing knowl-
edge gain while minimizing resource consumption and costs (Frances-
chini and Macchietto, 2008).

Model development for process simulations typically involves three
key steps. Note that the following steps are usually not carried out
in one single sequence but in an iterative manner (Franceschini and
Macchietto, 2008). After some preliminary tests have been conducted,
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the model structure is defined (i), which usually relies on semi-
empirical thermodynamic models, e.g., NRTL (Renon and Prausnitz,
1968), Redlich-Kister (Redlich and Kister, 1948), UNIQUAC (Abrams
and Prausnitz, 1975), modified Wilson (Tsuboka and Katayama, 1975),
or other excess models (Pfennig, 2004). Exceptions are predictive mod-
els; e.g.; (PC(P))-SAFT (Gross and Sadowski, 2001; Gross and Vrabec,
2006; Chapman et al., 1990), predictive PCP-SAFT (Nhu et al., 2008),
COSMO-RS (Klamt, 1995) and data-driven predictive models using; e.g.;
transformers (Winter et al., 2022), graph neural networks (Medina et al.,
2022; Qin et al., 2023; Rittig et al., 2023; Medina et al., 2023), or ma-
trix completion methods (Jirasek et al., 2022; Chen et al., 2021); which
we do not consider in this work. (ii) Experiments are designed and con-
ducted to collect measurement data. (iii) The measurement data are uti-
lized for parameter estimation.

In step (i), model building, OED can be applied for model iden-
tification and discrimination (Box and Hill, 1967; Karimshoushtari
and Novara, 2020). In step (ii), after the model structure has been
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\begin {equation}\label {eq:condition:isopotential} \begin {array}{rcl} \gamma _{1}\left (\bar {T},\mbb {p},\bar {x}_{1}\right ) \cdot \bar {x}_{1} & \mpeq & \gamma _{1}\left (\bar {T},\mbb {p},\bar {x}_{2}\right ) \cdot \bar {x}_{2} \\ \gamma _{2}\left (\bar {T},\mbb {p},\bar {x}_{1}\right ) \cdot \left (1-\bar {x}_{1}\right ) & \mpeq & \gamma _{2}\left (\bar {T},\mbb {p},\bar {x}_{2}\right ) \cdot \left (1-\bar {x}_{2}\right ), \end {array}\end {equation}
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\begin {equation}\label {eq:break_symmetry_enforce_split} \tag {mass balances} \begin {aligned} x_{1} - x_{\mr {total}} & \mple 0 \\ x_{\mr {total}} - x_{2} & \mple 0 \\ x_{1} + \eps _{\mr {split}} - x_{2} & \mple 0. \end {aligned}\end {equation}


\begin {equation}\label {eq:condition:tangent_plane:sip_type} \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},\bar {x}_{1}\right ) + \left . \frac {\partial \bar {G}^{\mathrm {M}}}{\partial x} \right |_{\bar {T},\mbb {p},\bar {x}_{1}} \left (y - \bar {x}_{1}\right ) \mple \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},y\right ), \ \forall y \in \mc {X}.\end {equation}
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\begin {equation}\label {eq:condition:tangent_plane:sip_type:discretized} \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},\bar {x}_{1}\right ) + \left . \frac {\partial \bar {G}^{\mathrm {M}}}{\partial x} \right |_{\bar {T},\mbb {p},\bar {x}_{1}} \left (y^{d} - \bar {x}_{1}\right ) \mple \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},y^{d}\right ),\end {equation}
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\begin {equation}\label {eq:subproblem:condition:tangent_plane} \begin {array}{rlrlrr} f^{(4)} \mpeq \mpmax {\mb {y} \in \mc {X}} & \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},\bar {x}_{1}\right ) + \left . \frac {\partial \bar {G}^{\mathrm {M}}}{\partial x} \right |_{\bar {T},\mbb {p},\bar {x}_{1}} \left (y - \bar {x}_{1}\right ) - \bar {G}^{\mathrm {M}}\left (\bar {T},\mbb {p},y\right ), \end {array}\end {equation}
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\begin {equation}\label {eq:condition:g_locally_convex} \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T,\mb {p},x_{i}} \mpge 0, \ \forall i,\end {equation}
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\begin {equation}\label {eq:gE_redlich_kister} \bar {G}^{\mr {E}}\left (T,\mb {p},\mb {x}_{l}\right ) \mpeq \mrbb {R}T x_{l,1} x_{l,2} \sum _{i=0}^{n_{p}} p_{i} \left (x_{l,1} - x_{l,2}\right )^{i},\end {equation}
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\begin {equation}\label {eq:condition:gibbs_convex_outside_l_and_r:gsip_type} \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T,\mbb {p},y} \mpge 0 , \ \forall T \in \mc {T}, \ \forall y \in \left [x_{\mr {L}},x_{1}\right ] \cup \left [x_{2}, x_{\mr {U}}\right ].\end {equation}
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\begin {equation}\label {eq:condition:gibbs_tangent_plane_boundary_l:sip_type} \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{\mr {L}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T,\mbb {p},x_{\mr {L}}} (y - x_{\mr {L}}) \mple \bar {G}^{\mr {M}}\left (T,\mbb {p},y\right ) , \ \forall T \in \mc {T}, \ \forall y \in \left [x_{\mr {L}},x_{\mr {U}}\right ]\end {equation}


\begin {equation}\label {eq:condition:gibbs_tangent_plane_boundary_r:sip_type} \bar {G}^{\mr {M}}\left (T,\mb {p},x_{\mr {U}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T,\mbb {p},x_{\mr {U}}} (y - x_{\mr {U}}) \mple \bar {G}^{\mr {M}}\left (T,\mbb {p},y\right ) , \ \forall T \in \mc {T}, \ \forall y \in \left [x_{\mr {L}},x_{\mr {U}}\right ].\end {equation}
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\begin {equation}\label {eq:condition:gibbs_secant:gsip_type} \begin {aligned} \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{1}+\delta _{x}\right ) & + \frac { \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{2}-\delta _{x}\right ) - \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{1}+\delta _{x}\right ) }{ \left ( x_{2} - \delta _{x} \right ) - \left ( x_{1} + \delta _{x} \right ) } \left ( y - \left (x_{1} + \delta _{x}\right ) \right ) \\ & \mple \bar {G}^{\mr {M}}\left (T,\mb {p},y\right ) , \ \forall T \in \mc {T}, \ \forall y \in \left [ x_{1}+\delta _{x} , x_{2}-\delta _{x} \right ]. \end {aligned}\end {equation}
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\begin {equation}\label {eq:condition:gibbs_convex_outside_l:sip_type:discretized} \min \left \{ - \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T^{d},\mbb {p},y^{d}} , - \left ( x_{2}^{d} - y^{d} \right ) \right \} \mple 0\end {equation}


\begin {equation}\label {eq:condition:gibbs_convex_outside_r:sip_type:discretized} \min \left \{ - \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T^{d},\mbb {p},y^{d}} , - \left ( y^{d} - x_{1}^{d} \right ) \right \} \mple 0.\end {equation}


\begin {equation}\label {eq:subproblem:condition:gibbs_convex_outside_l} \begin {array}{rlrlrr} f^{(9)} \mpeq \mpmax {\substack {T \in \mc {T}, y_{} \in \mc {X}, \\ \mb {x} \in \mc {X}^{2}}} & - \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T,\mbb {p},y} \\ \mpst & y \mple x_{1} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mbb {p}, \mb {x} \\ & \text {\ref {eq:break_symmetry_enforce_split} hold for } \mb {x} \end {array}\end {equation}


\begin {equation}\label {eq:subproblem:condition:gibbs_convex_outside_r} \begin {array}{rlrlrr} f^{(10)} \mpeq \mpmax {\substack {T \in \mc {T}, y_{} \in \mc {X}, \\ \mb {x} \in \mc {X}^{2}}} & - \left . \frac {\partial ^{2} \bar {G}^{\mr {M}}}{\partial x^{2}} \right |_{T,\mbb {p},y} \\ \mpst & x_{2} \mple y\\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mbb {p}, \mb {x} \\ & \text {\ref {eq:break_symmetry_enforce_split} hold for } \mb {x}. \end {array}\end {equation}


\begin {equation}\label {eq:condition:gibbs_tangent_plane_boundary_l:sip_type:discretized} \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},x_{\mr {L}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T^{d},\mbb {p},x_{\mr {L}}} (y^{d} - x_{\mr {L}}) \mple \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},y^{d}\right )\end {equation}


\begin {equation}\label {eq:condition:gibbs_tangent_plane_boundary_r:sip_type:discretized} \bar {G}^{\mr {M}}\left (T^{d},\mb {p},x_{\mr {U}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T^{d},\mbb {p},x_{\mr {U}}} (y^{d} - x_{\mr {U}}) \mple \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},y^{d}\right ).\end {equation}


\begin {equation}\label {eq:subproblem:condition:gibbs_tangent_plane_boundary_l} \begin {array}{rlrlrr} f^{(15)} \mpeq \mpmax {T \in \mc {T}, y_{} \in \mc {X}} & \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{\mr {L}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T,\mbb {p},x_{\mr {L}}} (y - x_{\mr {L}}) - \bar {G}^{\mr {M}}\left (T,\mbb {p},y\right ) \end {array}\end {equation}


\begin {equation}\label {eq:subproblem:condition:gibbs_tangent_plane_boundary_r} \begin {array}{rlrlrr} f^{(16)} \mpeq \mpmax {T \in \mc {T}, y_{} \in \mc {X}} & \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{\mr {U}}\right ) + \left . \frac {\partial \bar {G}^{\mr {M}}}{\partial x}\right |_{T,\mbb {p},x_{\mr {U}}} (y - x_{\mr {U}}) - \bar {G}^{\mr {M}}\left (T,\mbb {p},y\right ). \end {array}\end {equation}


\begin {equation}\label {eq:condition:gibbs_secant:sip_type:discretized} \begin {aligned} & - \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},y^{d}\right ) + \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},x_{1}^{d}+\delta _{x}\right ) \\ & + \frac { \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},x_{2}^{d}-\delta _{x}\right ) - \bar {G}^{\mr {M}}\left (T^{d},\mbb {p},x_{1}^{d}+\delta _{x}\right ) }{ \left ( x_{2}^{d} - \delta _{x} \right ) - \left ( x_{1}^{d} + \delta _{x} \right ) } \left ( y^{d} - \left (x_{1}^{d} + \delta _{x}\right ) \right ) \mple 0. \end {aligned}\end {equation}


\begin {equation}\label {eq:subproblem:condition:gibbs_secant} \begin {array}{rlrlrr} f^{(19)} \mpeq \mpmax {\substack {T \in \mc {T}, y_{} \in \mc {X}, \\ \mb {x} \in \mc {X}^{2}}} & - \bar {G}^{\mr {M}}\left (T,\mbb {p},y+\delta _{x}\right ) + \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{1}+\delta _{x}\right ) \\ & + \frac { \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{2}-\delta _{x}\right ) - \bar {G}^{\mr {M}}\left (T,\mbb {p},x_{1}+\delta _{x}\right ) }{ \left ( x_{2} - \delta _{x} \right ) - \left ( x_{1} + \delta _{x} \right ) } \left ( y - \left (x_{1} + \delta _{x}\right ) \right ) \\ \mpst & x_{1} + \delta _{x} \mple y \\ & y \mple x_{2} - \delta _{x} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mbb {p}, \mb {x} \\ & \text {\ref {eq:break_symmetry_enforce_split} hold for } \mb {x}, \end {array}\end {equation}
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\begin {align}\label {eq:oed_for_gpe_walz} \begin {array}{rlrlrr} \mpmin {\mb {T}\in \mc {T}} \mpmax {\mb {p}_{j,i} \in \mc {P}\left (\mb {T}\right )} & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i} \right ) \\ \mpwt \mc {P}\left (\mb {T}\right ) \mpeq & \left \{ \mb {p} \in \mct {P} \left | \begin {aligned} & \mb {2}\eta _{\mr {L}} \mple \mbh {x} - \mb {x} \\ & \mb {2}\eta _{\mr {U}} \mpge \mbh {x} - \mb {x} \\ & \mbh {x} \text { is the model system output for } \mb {T} \text { and } \mbh {p} \\ & \mb {x} \text { is the model system output for } \mb {T} \text { and } \mb {p} \end {aligned} \right . \right \}, \end {array}\end {align}
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\begin {equation}\label {eq:oed_for_gpe} \begin {array}{rlrlrr} \mpmin {T\in \mc {T}} \mpmax {\mb {p}_{j,i} \in \mc {P}\left (T\right )} & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i} \right ) \\ & \\ \mpwt & \mc {P}\left (T\right ) \mpeq \left \{ \mb {p} \in \mct {P} \left | \begin {aligned} & \mb {2}\eta _{\mr {L}} \mple \mbh {x} - \mb {x} \\ & \mb {2}\eta _{\mr {U}} \mpge \mbh {x} - \mb {x} \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mbh {p}, \mbh {x} \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mb {p}, \mb {x} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mbh {p}, \mbh {x} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mb {p}, \mb {x} \\ & \text {\eqref {eq:condition:gibbs_convex_outside_l_and_r:gsip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_l:sip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_r:sip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_secant:gsip_type} holds for } \mb {p} \end {aligned} \right . \right \}. \end {array}\end {equation}
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\begin {equation}\label {eq:oed_epigraph_reformulation} \begin {array}{rl} \mpmin {\substack { T\in \mc {T}, \mu \in \R , \\ \mbh {x}, \mb {x}_{j,i} \in \mc {X}^{2}} } & \mu \\ \mpst & \left \{\begin {aligned} & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i} \right ) - \mu \mple 0 \\ & \lor \exists j,i : \left \{\begin {aligned} & \mb {2}\eta _{\mr {L}} \mple \mbh {x} - \mb {x}_{j,i} \lor \\ & \mb {2}\eta _{\mr {U}} \mpge \mbh {x} - \mb {x}_{j,i} \\ \end {aligned}\right \} \end {aligned} \right \}, \ \forall p_{j,i} \in \mc {P} \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mbh {p}, \mbh {x} \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mb {p}, \mb {x}_{j,i} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mbh {p}, \mbh {x} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } T, \mb {p}, \mb {x}_{j,i}, \\ & \\ \mpwt & \mc {P} \mpeq \left \{ \mb {p} \in \mct {P} \left | \begin {aligned} & \text {\eqref {eq:condition:gibbs_convex_outside_l_and_r:gsip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_l:sip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_r:sip_type} holds for } \mb {p} \\ & \text {\eqref {eq:condition:gibbs_secant:gsip_type} holds for } \mb {p} \end {aligned} \right . \right \}. \end {array}\end {equation}


$\mu $


$\mbh {x}$


$\mb {x}_{j,i}$


$j \in \mc {J} \mpeq \left \{\mr {L}, \mr {U} \right \}$


$i \in \mc {I} \mpeq \left \{ 1, \ldots , n_{\mr {p}} \right \}$


\begin {equation}\label {eq:oed_gpe_lle:ulp} \begin {array}{@{}rl@{}ll@{}} \mpmin {\substack { T\in \mc {T}, \mu \in \R , \\ \mbh {x}, \mb {x}_{j,i}^{d} \in \mc {X}^{2}} } & \mu \\ \mpst & \left \{\begin {aligned} & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i}^{d} - p_{\mr {L},i,i}^{d} \right ) - \mu \mple 0 \\ & \lor \exists j,i : \left \{\begin {aligned} & \mb {2}\eta _{\mr {L}} \mpge \mbh {x} - \mb {x}_{j,i}^{d} \lor \\ & \mb {2}\eta _{\mr {U}} \mple \mbh {x} - \mb {x}_{j,i}^{d} \\ \end {aligned}\right \} \end {aligned} \right \}, & \forall d \in \mc {D}^{(23)} & \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mbh {p}, \mbh {x} \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } T, \mb {p}, \mb {x}_{j,i}^{d}, & \forall d \in \mc {D}^{(23)} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T, \mbh {p}, \mbh {x}, & & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T, \mb {p}_{j,i}^{d}, \mb {x}_{j,i}^{d}, & \forall d \in \mc {D}^{(23)} & \forall l \in \mc {D}^{(3)}. \end {array}\end {equation}


$\min $


$\mc {D}^{(23)}$


$4 + 2 n_{\mr {p}} \mpabsnorm {\mc {D}^{(23)}}$


$\mbh {x}$


$\mb {x}_{j,i}^{d}$


$\mc {D}^{(3)}$


$\mc {D}^{(3)}$


$\mc {D}^{(23)}$


\begin {equation}\label {eq:oed_gpe_lle:mlp:non_discr} \begin {array}{rlll} \mpmax {\substack { \mb {p}_{j,i} \in \mct {P},\\ \mb {x}_{j,i}, \mb {x}_{c,j,i}^{d} \in \mc {X} }} & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i}\right ) - \bar {\mu } & \\ & & & \\ \mpst & \mb {2}\eta _{\mr {L}} \mple \mbhb {x} - \mb {x}_{j,i} & & \\ & \mb {2}\eta _{\mr {U}} \mpge \mbhb {x} - \mb {x}_{j,i} & & \\ & & & \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } \bar {T}, \mb {p}, \mb {x}_{j,i} \\ & \text {\eqref {eq:condition:tangent_plane:sip_type} holds for } \bar {T}, \mb {p}_{j,i}, \mb {x}_{j,i} & & \\ & & & \\ & \text {\eqref {eq:condition:gibbs_convex_outside_l_and_r:gsip_type} holds for } \mb {p}_{j,i} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_l:sip_type} holds for } \mb {p}_{j,i} \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_r:sip_type} holds for } \mb {p}_{j,i} \\ & \text {\eqref {eq:condition:gibbs_secant:gsip_type} holds for } \mb {p}_{j,i}, \end {array}\end {equation}


$\bar {T}$


$\mbhb {x}$


$\bar {\mu }$


$\bar {\mu }$


$\bar {T}$


\begin {equation}\label {eq:oed_gpe_lle:mlp} \begin {array}{@{}l@{}lll} f^{(25)} \mpeq & \mpmax {\substack { \mb {p}_{j,i} \in \mct {P},\\ \mb {x}_{j,i}, \mb {x}_{c,j,i}^{d} \in \mc {X} }} \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i}\right ) - \bar {\mu } & \\ & & & \\ \mpst & \mb {2}\eta _{\mr {L}} \mple \mbhb {x} - \mb {x}_{j,i} & & \\ & \mb {2}\eta _{\mr {U}} \mpge \mbhb {x} - \mb {x}_{j,i} & & \\ & & & \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } \bar {T}, \mb {p}_{j,i}, \mb {x}_{j,i} & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } \bar {T}, \mb {p}_{j,i}, \mb {x}_{j,i}, & & \forall l \in \mc {D}^{(3)} \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(7)}^{d}, \mb {p}_{j,i}, \mb {x}_{(7),j,i}^{d}, & \forall d \in \mc {D}^{(7)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_convex_outside_l:sip_type:discretized} holds for } T_{(7)}^{d}, \mb {p}_{j,i}, \mb {x}_{(7),j,i}^{d}, & \forall d \in \mc {D}^{(7)} & \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(8)}^{d}, \mb {p}_{j,i}, \mb {x}_{(8),j,i}^{d}, & \forall d \in \mc {D}^{(8)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_convex_outside_r:sip_type:discretized} holds for } T_{(8)}^{d}, \mb {p}_{j,i}, \mb {x}_{(8),j,i}^{d}, & \forall d \in \mc {D}^{(8)} & \\ & & & \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_l:sip_type:discretized} holds for } \mb {p}_{j,i}, & \forall d \in \mc {D}^{(13)} & \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_r:sip_type:discretized} holds for } \mb {p}_{j,i}, & \forall d \in \mc {D}^{(14)} & \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(18)}^{d}, \mb {p}_{j,i}, \mb {x}_{(18),j,i}^{d}, & \forall d \in \mc {D}^{(18)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_secant:sip_type:discretized} holds for } T_{(18)}^{d}, \mb {p}_{j,i}, \mb {x}_{(18),j,i}^{d}, & \forall d \in \mc {D}^{(18)}, & \end {array}\end {equation}


$c \in \mc {C} \mpeq \left \{ (7), (8), (18) \right \}$


$6 n_{\mr {p}} (1 + \mpabsnorm {\mc {D}^{(7)}})$


$\mbh {x}$


$\mb {x}_{j,i}$


$\mb {x}_{c,j,i}^{d}$


$\mc {D}^{(23)}$


$\mc {D}^{(23)}$


$\bar {T}$


$\mbhb {x}$


$\bar {\mu }$


$\alpha \mpgt 0$


\begin {equation}\label {eq:oed_gpe_lle:aux} \begin {array}{@{}r@{}l@{}ll@{}} f^{(26)} \mpeq & \mpmax {\substack { \zeta \in \R , \mb {p}_{j,i} \in \mct {P},\\ \mb {x}_{j,i}, \mb {x}_{c,j,i}^{d} \in \mc {X} }} \zeta & \\ & & & \\ \mpst & \sum _{i=1}^{n_{\mr {p}}} \left ( p_{\mr {U},i,i} - p_{\mr {L},i,i}\right ) - \bar {\mu } \mpge \alpha f^{(25)} \\ & & & \\ & \mb {2}\eta _{\mr {L}} - \left ( \mbhb {x} - \mb {x}_{j,i} \right ) \mple \mb {1} \zeta & & \\ & - \mb {2}\eta _{\mr {U}} + \left ( \mbhb {x} - \mb {x}_{j,i} \right ) \mple \mb {1} \zeta & & \\ & & & \\ & \text {\eqref {eq:condition:isopotential} \& \ref {eq:break_symmetry_enforce_split} hold for } \bar {T}, \mb {p}_{j,i}, \mb {x}_{j,i} & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } \bar {T}, \mb {p}_{j,i}, \mb {x}_{j,i}, & & \forall l \in \mc {D}^{(3)} \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(7)}^{d}, \mb {p}_{j,i}, \mb {x}_{(7),j,i}^{d}, & \forall d \in \mc {D}^{(7)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_convex_outside_l:sip_type:discretized} holds for } T_{(7)}^{d}, \mb {p}_{j,i}, \mb {x}_{(7),j,i}^{d}, & \forall d \in \mc {D}^{(7)} & \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(8)}^{d}, \mb {p}_{j,i}, \mb {x}_{(8),j,i}^{d}, & \forall d \in \mc {D}^{(8)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_convex_outside_r:sip_type:discretized} holds for } T_{(8)}^{d}, \mb {p}_{j,i}, \mb {x}_{(8),j,i}^{d}, & \forall d \in \mc {D}^{(8)} & \\ & & & \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_l:sip_type:discretized} holds for } \mb {p}_{j,i}, & \forall d \in \mc {D}^{(13)} & \\ & \text {\eqref {eq:condition:gibbs_tangent_plane_boundary_r:sip_type:discretized} holds for } \mb {p}_{j,i}, & \forall d \in \mc {D}^{(14)} & \\ & & & \\ & \text {\eqref {eq:condition:tangent_plane:sip_type:discretized} holds for } T_{(18)}^{d}, \mb {p}_{j,i}, \mb {x}_{(18),j,i}^{d}, & \forall d \in \mc {D}^{(18)}, & \forall l \in \mc {D}^{(3)} \\ & \text {\eqref {eq:condition:gibbs_secant:sip_type:discretized} holds for } T_{(18)}^{d}, \mb {p}_{j,i}, \mb {x}_{(18),j,i}^{d}, & \forall d \in \mc {D}^{(18)}. & \end {array}\end {equation}


$6 n_{\mr {p}} \left (1 + \mpabsnorm {\mc {D}^{(7)}}\right ) + 1$


$c \in \mc {C} \mpeq \left \{ (7), (8), (18) \right \}$


$\eps ^{\mr {f}}$


$\mc {D}^{(3)}$


$5$


$\bar {G}^{\mr {E}}$


$p_{4}$


$p_{4}$


$\hat {p}_{4} = p_{4}$


$\mct {P}$


$p_{4}$


$p_{4}$


$\hat {p}_{4} \mpeq p_{4}$


$p_{4}$


$p_{4,\mr {lb}}$


$p_{4,\mr {ub}}$


$\widetilde {\mathcal {P}}$


$p_{4,\mr {lb}}$


$p_{4,\mr {ub}}$


$p_{4}$


$\bar {G}^{\mr {M}}$


$\bar {G}^{\mr {M}}$


$p_{4}$


$p_{4}$


$\mc {T}$


$p_{4,\mr {lb}}$


$p_{4,\mr {ub}}$


$p_{4}$


$\bar {G}^{\mr {M}}$


$p_{4}$


$p_{4} \mpeq \SI [round-mode=places,round-precision=0]{-12}{\kilo \joule \per \mole }$


$\bar {G}^{\mr {M}}$


$p_{4}$


$p_{4} \mplt \SI [round-precision=2]{-4.67}{\kilo \joule \per \mole }$


$\mc {T}$


$\mb {2}\eta _{\mr {L}} \mple \mbh {x} - \mb {x} \mple \mb {2}\eta _{\mr {U}}$


$p_{4,\mr {lb}}$


$p_{4,\mr {lb}}$


$p_{4,\mr {ub}}$


$p_{4}$


$n_{\mr {T}}$


$2.1$


$\mathrm {GHz}$


$2540$


$\mathrm {Mbit}$


$306$


$\mathrm {K}$


$p_{4} \in \left [\SI [round-precision=2]{-4.67}{\kilo \joule \per \mole }, \SI [round-precision=2]{-3.14}{\kilo \joule \per \mole } \right ]$


$p_{4}$


$\mct {P}$


$85$


$\mathrm {%}$


$10$


$\mathrm {%}$


$8$


$11$


$\mathrm {min}$


$\SI [round-precision=0]{20}{\minute }$


$p_{4}$


$p_{5}$


$p_{5,\mr {lb}} \mpeq \SI [round-mode=places,round-precision=1]{2.5}{\kilo \joule \per \mole }$


$p_{5,\mr {ub}} \mpeq \SI [round-mode=places,round-precision=1]{7.5}{\kilo \joule \per \mole }$


$\mct {P} \mpeq \left [p_{4,\mr {lb}}, p_{4,\mr {ub}}\right ] \times \left [p_{5,\mr {lb}}, p_{5,\mr {ub}}\right ]$


$12$


$\mathrm {h}$


$30$


$\mathrm {s}$


$5$


$\mathrm {min}$


$11$


$\mathrm {h}$


$3.2\times 10^{3}$


$\mct {P}$


$x_{1,1} \mple x_{2,1}$


$x_{l,i}$


$i$


$l$


$x_{2,1} - x_{1,1} \mpge \eps _{\mr {split}} \mpgt 0$


$\varphi _{j}$


\begin {equation}\begin {aligned} x_{l,2} & \mpeq 1 - x_{l,2}, \ \forall l \\ \varphi _{1} & \mpeq \frac {x_{2,1} - x_{1,\mr {total}}}{x_{2,1} - x_{1,1}} \\ \varphi _{2} & \mpeq 1 - \varphi _{1}. \end {aligned} \label {Xeqn27-A.1}\end {equation}


\begin {equation}\bar {G}^{\mr {M}}\left (T,\mb {p},\mb {x}_{l}\right ) \mpeq \mrbb {R}T \sum _{c=1}^{n_{\mr {c}}} x_{l,c}\ln {x_{l,c}} + \bar {G}^{\mr {E}} \label {Xeqn29-A.2}\end {equation}


$\bar {G}^{\mr {E}}$


$n_{\mr {p}}$


$n_{p}$


$f : \R ^{n_{\mr {x}}} \rightarrow \R $


$\mb {g}^{\mr {u}} : \R ^{n_{\mr {x}}} \times \R ^{n_{\mr {y}}} \rightarrow \R ^{n_{\mr {gu}}}$


$\mb {v}^{\mr {iu}} : \R ^{n_{\mr {x}}} \rightarrow \R ^{n_{\mr {viu}}}$


$\mb {v}^{\mr {eu}} : \R ^{n_{\mr {x}}} \rightarrow \R ^{n_{\mr {veu}}}$


$\mb {v}^{\mr {il}} : \R ^{n_{\mr {y}}} \rightarrow \R ^{n_{\mr {vil}}}$


$\mb {v}^{\mr {el}} : \R ^{n_{\mr {y}}} \rightarrow \R ^{n_{\mr {vel}}}$


$\mc {X}$


$\mc {Y}$


$\mr {lb}$


$\mr {ub}$


$\varepsilon ^{\protect \mathrm  {a}}$


$\mbb {x} \in \mc {X}$


$\eps ^{\mr {a}}$


\begin {equation}\mb {g}^{\mr {u}}\left (\mbb {x},\mb {y}\right ) \mple \eps ^{\mr {a}} \cdot \mb {1}, \ \forall \ \mb {y} \in \mc {Y},\nonumber \end {equation}


$\eps ^{\mr {a}} \mpge 0$


$\mbb {x} \in \mc {X}$


$\eps ^{\mr {a}} \mpeq 0$


$\mb {x}^{\mr {S}} \in \mc {X}$


\begin {equation}\mb {g}^{\mr {u}}\left (\mb {x}^{\mr {S}},\mb {y}\right ) \mplt \mb {0}, \ \forall \ \mb {y} \in \mc {Y}.\nonumber \end {equation}


$\varepsilon ^{\protect \mathrm  {f}}$


$\mb {x}^{\mr {S}} \in \mc {X}$


$\eps ^{\mr {f}}$


\begin {equation}f\left (\mb {x}^{\mr {S}}\right ) \mple f^{*} + \eps ^{\mr {f}} \land \mb {g}^{\mr {u}}\left (\mb {x}^{\mr {S}},\mb {y}\right ) \leq - \eps ^{\mr {S}} \cdot \mb {1}, \ \forall \ \mb {y} \in \mc {Y},\nonumber \end {equation}


$\eps ^{\mr {f}}, \eps ^{\mr {S}} \mpgt 0$


\begin {equation}\label {eq:sip:llp} \begin {array}{rlrlrr} g^{(\mr {B.3})} \mpeq \mpmax {\mb {y} \in \mc {Y}} & \mpmax {j \in \left \{1 \dots n_{\mr {gu}}\right \}} g^{\mr {u}}_{j}\left (\bar {\mb {x}},\mb {y}\right ), \\ & \\ \mpwt & \feassetY , \end {array}\end {equation}


\begin {equation}\label {eq:sip:lbp} \begin {array}{rlrlrr} f^{(\mr {B.2})} \mpeq \mpmin {\mb {x} \in \mc {X}} & f\left (\mb {x}\right ) \\ \mpst & \mb {g}^{\mr {u}}\left (\mb {x},\mb {y}^{d}\right ) \mple \mb {0}, \ \forall \ \mb {y}^{d} \in \mc {Y}^{\mr {DISC}}, \\ & \\ \mpwt & \feassetX , \end {array}\end {equation}


$\mc {Y}^{\mr {DISC}} \subsetneq \mc {Y}$
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identified, OED for parameter estimation can be used to increase pa-
rameter precision (Franceschini and Macchietto, 2008; Atkinson et al.,
2007).

This contribution is only concerned with step (ii): specifically, we
advance OED for guaranteed parameter estimation (GPE). Note that we
assume no structural system-model mismatch and do not consider any
problems arising from numerical difficulties. Our envisioned OED appli-
cation is as follows. For many separation and purification processes, it is
necessary to determine a liquid-liquid equilibrium (LLE) model. Often,
initial measurement data of a temperature-dependent LLE miscibility
gap is available and the model structure has been already defined. Us-
ing these data, a parameter estimation was conducted to obtain an initial
guess for the parameter values of the underlying excess model utilized in
modeling the LLE. In our contribution, our objective is to plan an optimal
experiment in the GPE setting to further reduce the predicted parameter
uncertainty in the underlying excess model. Note that if an inadequate
model is being used, all efforts to reduce the predicted parameter un-
certainty may be in vain. Therefore, the underlying excess model must
be selected with great care, and it should be reassessed repeatedly to
determine whether the chosen model is adequate. In existing OED ap-
proaches, usually only the necessary criterion for phase stability is used
to predict the LLE because enforcing the sufficient condition leads to
an embedded optimization problem, or equivalently to a semi-infinite
constraint. This may lead to wrong predictions and subsequently to addi-
tional experimental effort. Further, wrong predictions may be obtained
through problematic parameter values in the sense that incorrect phase
splits or the prediction of more phases than observed are predicted. To
avoid wrong predictions through the mentioned causes, we (i) extend
OED for GPE for systems whose input-output relation is implicitly given
by an equation system with additional semi-infinite constraints, which
in our case is an LLE application and (ii) present an algorithmic adaption
of existing algorithms for the solution of the resulting hierarchical opti-
mization problem. In our formulation, we use the sufficient condition for
phase stability and additionaly include constraints to avoid problematic
parameter values. Last but not least, we present (iii) a proof-of-concept
case study reducing the predicted parameter uncertainty.

1.1. Optimal experimental design for parameter estimation

OED for parameter estimation can be categorized into two main
approaches: statistical OED (e.g., refer to Pronzato (2008), Aster and
Thurber (2013) reviewing theory, and Franceschini and Macchietto
(2008) reviewing applications) and bounded-error OED methods (Pron-
zato and Walter, 1990). Statistical OED methods are often based on
maximum likelihood methods and aim to minimize the estimated
parameter variances by considering the stochastic characteristic of the
measurement uncertainties and their impact on the parameter uncer-
tainty (Franceschini and Macchietto, 2008). These statistical methods
are justifiable if the stochastic characteristics of measurement uncer-
tainties are known, as is often the case (Dong et al., 2005). On the other
hand, the necessary assumptions for the statistical methods are some-
times not met or challenging to verify (Milanese and Belforte, 1982; Dai
et al., 2019) or repeated measurements are not feasible (Belforte et al.,
1987; Marvel and Williams, 2012). In these cases, bounded-error OED
methods can be applied because they do not rely on statistical assump-
tions and do not propose replicate experiments (Pronzato and Walter,
1989). Bounded-error OED methods assume that the measurement er-
ror is bounded and additive, with no other hypothesis concerning their
statistical distribution (Pronzato and Walter, 1990; Walz et al., 2018).

More specifically, (bounded-error) OED for GPE computes an exper-
imental design (to be carried out) that minimizes the estimated size of
the feasible parameter set or an over-approximation thereof (Pronzato
and Walter, 1990). The feasible parameter set! consists of all parameter

! The feasible parameter set is also called feasible parameter region (Norton,
1987), parameter uncertainty set (Belforte et al., 1988), set of consistent param-
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values consistent with the model, the measurements, and their unknown
but bounded measurement errors.

OED for GPE methods builds on the concepts of GPE, also known
as set-membership or bounded-noise parameter estimation (Walter and
Piet-Lahanier, 1990; Milanese and Vicino, 1991). A small size of the fea-
sible parameter set corresponds to high parameter reliability. As com-
puting the exact feasible parameter set, and therefore also the OED for
GPE, is often time-consuming (Milanese and Belforte, 1982; Walz et al.,
2018; Norton, 1987), ellipsoid, orthotropic (Milanese and Vicino, 1991;
Belforte et al., 1990) or other approximations (Belforte and Tay, 1993;
Belforte and Gay, 2000, 2004; Schweppe, 1968) are used instead.

For earlier works on OED for GPE, refer to Belforte et al., 1987; Pron-
zato and Walter, 1989; Norton, 1987; Belforte et al., 1984, who give
an overview of linear models, and Pronzato and Walter, 1990; Belforte
et al., 1988, for the nonlinear case. In more recent years, Borchers and
co-worker(s) employ OED for GPE to discrete-time systems that are lin-
ear in the parameters and compute a one-step (Borchers et al., 2011)
(multi-step (Borchers and Findeisen, 2011)) input design to minimize
the volume of the feasible parameter set. Marvel and Williams, 2012
consider nonlinear continuous-time systems and leverage interval anal-
ysis to compute the next experiment design. Hasenauer et al. (2010)
consider a class of implicit nonlinear discrete-time systems and apply
their OED for GPE approach to a biochemical reaction network. Both,
Marvel and Williams (2012), Hasenauer et al. (2010), compute discrete
optimal inputs.

In a series of papers (Mukkula and Paulen, 2016a,b, 2017a), Gottu
Mukkula and Paulen compute the OED for GPE for various applications
by first overapproximating the feasible parameter set and then deter-
mining the next experiment to minimize the estimated overapproxima-
tion of the feasible parameter set. Through over-approximation of the
feasible parameter set by a box, the OED for GPE problem becomes a
min-max bilevel program (BLP). This BLP is, up to this point, a rigorous
and general method of OED for GPE. Gottu Mukkula and Paulen solve
this BLP by replacing the lower-level problem (LLP) with its KKT con-
ditions, which leads to a mathematical program with equilibrium con-
straints. They note that one must ensure that the solution of the mathe-
matical program with equilibrium constraints is globally optimal in the
LLP (Mukkula and Paulen, 2016a). Their earlier works (Mukkula and
Paulen, 2016a,b) do not guarantee global optimality in the LLP, but they
later propose an a posteriori check for verifying global optimality in the
LLP (Mukkula and Paulen, 2016b) and a heuristic for cases where this
check fails (Mukkula and Paulen, 2017a). Mukkula and Paulen (2017a)
note that their heuristic leads to an increased probability of identifying
local optima of the OED problem.

In Walz et al. (2018), we build on the work of Mukkula and Paulen
(2017a) by applying a solution method that guarantees a global solu-
tion to the OED problem. We employ an algorithm based on our prior
work (Mitsos and Tsoukalas, 2015) for generalized semi-infinite pro-
grams (GSIPs), which is simplified to the min-max bilevel structure of
the OED problem. First-order necessary conditions of the LLP are not
used therein. Note that the usage of semi-infinite programming tech-
niques is not novel (Zakovi¢ and Rustem, 2003; Rustem and Howe,
2002). In Walz et al. (2018), we were able to obtain a global solution
for the simple case study, but not for the more complex case studies.
The bottleneck is whether the used subsolver converges in a reasonable
time.

In the OED formulation of previous works (Walz et al., 2018;
Mukkula and Paulen, 2016a,b, 2017a) an explicit analytical input-
output relation is required for the underlying model. This restriction
might be one of the reasons why OED for GPE is still considered infeasi-
ble in flow sheeting software (Asprion et al., 2020). This also motivates
this work, where we extend OED for GPE for systems whose input-output

eters (Hasenauer et al., 2010), consistent parameter set (Borchers et al., 2011),
or (model) membership set (Pronzato and Walter, 1989).
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relation is implicitly given by an equation system with additional semi-
infinite constraints.

In contrast to classical approaches, such as Fisher information-based
approaches, bounded-error OED methods perform a worst-case experi-
mental design, which safeguards against experiments that perform well
on average but poorly for certain parameter values. In bounded-error
OED, minimizing the volume of the feasible parameter set (which cor-
responds to the 100 % non-asymptotic confidence region (Pronzato and
Walter, 1989)), also called V-optimal design, can be seen as the natu-
ral counterpart to classical/statistical D-optimal design, where the joint
confidence ellipsoids are minimized (Theorem 1 in Pronzato and Wal-
ter, 1990). Marvel and Williams, 2012 provide a comparision of their
bounded-error OED approach to traditional V- and D-optimality design
criteria.

For other closely connected OED approaches, the interested reader
may refer to Asprey and Macchietto, 2002; Welsh and Rojas, 2009;
Mukkula et al., 2021; Mukkula and Paulen, 2022; Denis-Vidal et al.,
2019; Mukkula and Paulen, 2017b; Walz et al., 2020.

1.2. Notions on generalized and semi-infinite programming

In OED, we encounter concepts and notions of bilevel and (general-
ized) semi-infinite programming because the definition of the objective
and/or constraints of the OED problem involves solving a lower-level
optimization problem. BLPs and (generalized) semi-infinite programs
((G)SIP) consist of two levels, an upper level and a lower level. Note
that one must solve the LLP to global optimality to check the feasibility
of a given candidate solution point. The BLP or GSIP can be reformu-
lated as a single-level problem if the LLP satisfies regularity conditions
and is convex (Dempe, 2002). However, in our OED application, the LLP
is inherently nonconvex because the nonconvexity of the Gibbs free en-
ergy function is necessary to model a phase split. In recent years, several
methods have been proposed for hierarchical problems that do not rely
on convexity assumptions. For more details, the interested reader may
refer to our recent literature review (Djelassi et al., 2021).

In our contribution, we apply an adaptive discretization-based ap-
proach, which builds on the approach of Blankenship and Falk (1976)
and its successors. Blankenship and Falk (1976) present an algorithm
for solving SIPs, i.e., an optimization problem that is constrained by
a parametric constraint. This parametric constraint is defined through
an index set of infinite cardinality. For a general formulation of an SIP,
refer to (B.1) in Appendix B. Blankenship and Falk (1976) replace the in-
finite index set by a finite discretized set. This discretized problem is an
approximation of the original SIP, more precisely, a relaxation. The ap-
proximation of (B.1) is iteratively improved through an adaptive refine-
ment scheme. Conceptually, the successors Mitsos and Tsoukalas (2015),
Djelassi et al. (2019), Falk and Hoffman (1977), which we will use to
solve the OED problem in this contribution, apply the same adaptive
discretization-based procedure as Blankenship and Falk (1976). Note
that these successors (Mitsos and Tsoukalas, 2015; Djelassi et al., 2019)
utilize an upper-bounding procedure to find a global solution that is SIP-
feasible, c.f., Definition 2 in Appendix B. However, in our application,
the necessary assumption for the upper-bounding procedures is not sat-
isfied. As a result, we rely solely on the relaxation-based lower-bounding
procedure.

1.3. Modeling liquid-liquid equilibria

Two main approaches exist for modeling LLEs. The first approach re-
lies on solving nonlinear equations, which correspond to the first deriva-
tives of the Gibbs free energy, i.e., equal activities, and the mass bal-
ances. The second approach directly minimizes the Gibbs free energy or
solves a related optimization problem.

Methods of the first approach rely on the isopotential condition,
which uses the property that a system is in equilibrium if the thermo-
dynamic potential is equal across all phases. Many numerical methods
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have been developed to solve these challenging nonlinear equations;
however, a fundamental problem is that thermodynamically incorrect
solutions are often predicted, such as erroneous phases or trivial solu-
tions that mistakenly suggest a homogeneous mixture. This is because
the first approach relies on the isopotential condition to compute sta-
tionary points, i.e., local minima, maxima, or saddle points of the Gibbs
free energy curve. The isopotential condition is only a necessary con-
dition for phase stability, and the predicted solutions can be unstable
(Serensen et al., 1979). However, these methods are used more fre-
quently (often, with appropriate good initial guesses to avoid trivial
solutions) because the second approach, while being more reliable in
practice, is computationally more demanding.

Methods of the second approach can be broadly categorized into
three categories (Marcilla et al., 2010): (i) Michelsen (1982a,b) present
a stability condition, which can be geometrically interpreted as the ver-
tical distance between the tangent hyperplane and the Gibbs free energy
surface, and use this condition in their phase split calculations. The pre-
sented stability condition of Michelsen (1982a,b) is closely connected to
the tangent plane (TP) criterion of Baker et al. (1982), also called Gibbs
TP. We propose in Mitsos and Barton (2007) a stability condition based
on the Lagrangian dual of the Gibbs TP stability criterion. The solution of
the dual problem describes the stable phase split. Notably, our method
permits very weak assumptions: An unknown, even infinite, number of
phases is allowed,; it is not required that all species are present in every
phase; and the Gibbs free energy must only be continuous. (ii) Eubank
et al. (1992) present the area method, where they maximize the inte-
grated area between the TP and the Gibbs surface. (iii) Eubank and Hall
(1995) present an equal area rule which uses a similar concept to the
van der Waals loop. The equal area rule and modifications thereof, e.g.,
Sapkowski and Hofman (2023), find the common tangent line, which
corresponds to finding an equal area construction for the derivative of
the total Gibbs free energy.

Partially due to the inherent flexibility of the excess model, LLEs have
been successfully predicted with both approaches. While this flexibility
is advantageous in some cases, it can also be problematic. Parameter
values can be problematic in the sense that incorrect phase splits or the
prediction of more phases than observed are predicted (Mitsos et al.,
2009a; Bollas et al., 2009). These issues can arise regardless of the ap-
proach used to compute the LLE. Marcilla et al. (2017) show that an
unexpectedly high number of (randomly selected) publications include
problematic parameter values and predicted LLE data that are inconsis-
tent, i.e., predictions do not agree with experimental data, tie-lines do
not satisfy Gibbs stability criteria, or even the isopotential condition is
not satisfied. Eight years later, Marcilla et al. (2025) show that these
challenges remain.

In this work, we use ideas from our previous work (Mitsos et al.,
2009a), which resolves the limitations of standard parameter estimation
methods that may produce problematic parameter values. Mitsos et al.
(2009a) use the Gibbs TP criterion to check stability during parameter
estimation and, additionally, introduces a series of conditions to exclude
problematic parameter values. The conditions for excluding problematic
parameter values essentially constrain the curvature of the Gibbs sur-
face through local convexity conditions and confining the Gibbs surface
between tangent and secant lines. The Gibbs TP criterion and the addi-
tional conditions to exclude problematic parameter values are written as
(generalized) semi-infinite constraints and ensure that only the observed
phase behavior is predicted with the obtained parameter values.

In a somewhat related fashion to Mitsos et al. (2009a), Marcilla et al.
(2010) present a software that uses a robust computation algorithm to
fit parameter values of excess models to equilibria data. Their method is
robust in the sense that they exclude problematic parameter values. The
method employs some topology analysis of the Gibbs energy of mix-
ing. They enforce, as in our work (Mitsos et al., 2009a), local convexity
conditions and also some empirically derived restrictions. In contrast to
Mitsos et al. (2009a), they do not write their conditions as (generalized)
semi-infinite constraints, but enforce them on a grid of points. They suc-
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cessfully apply their method to multiple multi-component systems (e.g.,
Olaya et al., 2008; Reyes-Labarta et al., 2009; Gomis, 2011).

1.4. Optimal experimental design for liquid-liquid equilibria
characterization

If the semi-empirical model used in process simulations is not pre-
dictive, its parameters must be fitted to experimental data. However,
the thermodynamic functions, e.g., the activity, can not be measured
directly. LLE data can be used to estimate parameters included in ex-
cess models, as the chemical potentials of the components are equal
at equilibrium. A standard method for characterizing an LLE involves
adding the components to a closed vessel in known quantities, stirring,
and tempering the vessel until equilibrium is reached. After equilibra-
tion, samples are taken from both phases, and their compositions are
subsequently determined. Finally, the parameters of the excess model
are fitted to the LLE data (Pfennig, 2004).

OED possesses great potential for characterizing LLEs because con-
ducting LLE measurements is cost- and labor-intensive. OED enables ef-
ficient planning that minimizes laboratory effort while still reducing
parameter uncertainty. Usually, Fisher information-based criteria are
used for OED and the LLE is modeled using the isopotential condition
(Dechambre et al., 2014; Duarte et al., 2019). However, due to the high
cost of experiments, measurement data may be scarce, which raises the
question of whether the necessary assumptions for the classical/statis-
tical methods, i.e., assumptions concerning the stochastic characteris-
tics of the measurement uncertainties, are satisfied. Additionally, the
planned experimental designs may be suboptimal in the sense that the
planned experiment does not provide informative measurement data,
leading to additional experimental effort. For example, the experimen-
tal design could suggest compositions to the experimenter where the
available data does not indicate any phase splitting. This may be caused
by wrong LLE predictions resulting from, e.g., modeling the LLE solely
with the isopotential condition or using problematic parameter values for
the local composition models. As the utmost goal should be to minimize
experimental effort, we propose to use an OED for GPE approach for
planning the next experiment design, (i) base our computations of the
LLE predictions on the sufficient condition for phase stability, i.e., the
Baker’s criterion (Baker et al., 1982), and (ii) impose the additional con-
ditions of Mitsos et al. (2009a) onto the parameter values such that erro-
neous predictions due to problematic parameter values are avoided and
the feasible parameter set is more tightly approximated by excluding
problematic parameter values. Our proposed formulation leads to a gen-
eralized min-max problem with embedded (generalized) semi-infinite
constraints. We solve this problem using a specialization of the gener-
alized semi-infinite algorithm, based on Mitsos and Tsoukalas (2015),
Djelassi et al. (2019), Falk and Hoffman (1977).

The contribution is organized as follows. In Section 2.1, we recapit-
ulate the thermodynamic background for modeling LLEs and the ideas
of Mitsos et al. (2009a) to exclude problematic parameter values that
may lead to wrong predictions. Section 2.2 covers OED for GPE and its
application to the intended LLE application. Furthermore, we present
a specialized algorithm for solving the introduced OED for GPE prob-
lem and the necessary subproblems used in the solution procedure. Sec-
tion 3 presents an illustrative case study, using the Redlich-Kister model
as the excess model. In Section 4, we review the current limitations of
our propsed method and provide an outlook and potential directions for
future research. We conclude our work in Section 5.

2. Methodology

In the following section, we present the methodology for addressing
our three contributions, namely (i) extending OED for GPE for systems
whose input-output relation is implicitly given by an equation system
with additional semi-infinite constraints, which in our case is an LLE
application, (ii) presenting an algorithmic adaption for the solution of
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the resulting hierarchical optimization problem, and (iii) plan an OED
for a proof-of-concept application.

2.1. Thermodynamic background

In the following, we provide a short review of the thermodynamic
background necessary for modeling LLEs and concepts presented by Mit-
sos et al. (2009a) to exclude problematic parameter values that could
result in inaccurate predictions. We consider a binary two-phase sys-
tem, as local composition models such as NRTL (Renon and Prausnitz,
1968) are based exclusively on binary interaction parameters. Three-
and higher multi-component systems are described with permutations
of the binary interaction parameters between all species. Hence, LLE
data of binary systems is already sufficient, avoiding the need for very
costly multi-species experiments. Note that an extension to multicom-
ponent systems is, in principle, straightforward, but would drastically
increase the computational effort.

For simplification purposes, we assume non-vanishing phases and
that all species are present in all phases. As is typically the case in LLE
computations, we neglect the pressure influence (Stephan et al., 2017).
We would like to emphasize that our simplifications may be restrictive,
particularly near the critical point, when phases disappear, or in cases
of structural system-model mismatch. Because we do not consider re-
actions, the total number of moles (of each species) is constant, and
we can omit the molar Gibbs free energy of formation (Pfennig, 2004).
Therefore, we can base our computations using the mole fractions and
molar quantities of the Gibbs free energy of mixing GM. Using the closing
condition and mass balances, we can eliminate all describing state vari-
ables except for the mole fraction of the first species in the first phase,
x|, and the mole fraction of the first species in the second phase, x,. For
notational convenience, we arbitrarily enforce without loss of general-
ity that x; < x,. The derivative of the molar Gibbs free energy of mixing

~M
ol
is difficult to handle for optimization solvers, we restrict the mole frac-
tions to x € [Xpin, 1 — Xpin| 1= &, with x> 0. However, for small x,;,
this is not restrictive, as we assume that each species is present in each
phase (Mitsos et al., 2009a). For ease of notation, we define x| = x,,
and xy = 1 — x;, and aggregate the mole fractions of the phases in the

T

75 is indefinite at x = 0 and x = 1 and approaches —co. As infinity
D.x

min

vector x = (x1,x,) .

2.1.1. Modeling liquid-liquid equilbria

In the following, we reiterate the isopotential condition and TP cri-
terion by Baker et al. (1982), which we use to model the LLE. We will
highlight how the TP criterion results in a semi-infinite constraint. The
isopotential condition reads for a (binary) two-phase system described
by x at constant temperature T

n(T.px) 5 = n(T.p%) % )

n(T.p.%) (1-%) = n(T.p%) (1-%),
with y; being the activity coefficient of component i, and p being the pa-
rameters of the underlying excess model (Pfennig, 2004). Recall that (1)
together with the mass balances (simplifications see Appendix A.1), is
only a necessary condition for phase stability, which, if solely used, may
lead to wrong predictions. Incorrect predictions may lead to additional
experimental effort. To minimize experimental effort in the laboratory,
we also enforce the TP criterion.

The TP criterion reads (Baker et al., 1982)

AM (= s oGM - AM (5 -
GM(T,p, %))+ =—|  (y—x) <GM(T.p,y), Vye X. 2
Bx T.p.%
The dummy symbol y is introduced instead of x to emphasize the key dif-
ferences between them: y is the worst-case realization from the set X in
(2), while x corresponds to the model output. (2) is a semi-infinite con-
straint and can not be implemented in or handled by standard (MI)NLP
solvers. Therefore, in adaptive-discretization based methods for SIPs,
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Table 1

Tabular overview of the conditions in the OED problem. For a graphical interpretation see Fig. 1.
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Equation Description Implications for LLE predictions Constr. type Discretized condition Corresp. subproblem
[€D)] Isopotential condition with mass balances necessary condition for Equality - -
phase stability
2) TP critereon with mass balances sufficient condition for SIP 3) (€))
phase stability
5) GM locally convex at x, and x, implied by (2); enforced for computational ~ Equality - -
speed up
(6) GM convex outside the phase split no erroneous phase splits predicted outside GSIP (7) & (8) (9) & (10)
the observed phase split
(11) & (12) TP constructed near x ~ 0 & x ~ 1 below no erroneous phase splits predicted outside SIP (13) & (14) (15) & (16)
GM the observed phase split
a17) Secant strictly below GM in the interior of ~ no metastable phase splits predicted inside GSIP (18) (19)

the phase split

the observed phase split

the constraint is discretized and relaxed to
oGM

GM(T,p, %)) + - (»! = %) <GM(T,p,y"), 3)

T.p.%

with y? € ¥PISC ¢ X, In the implementation, we approximate the
derivative 26| ~ with —GM(T’ﬁ’z%)_éM(T’ﬁ’X')
ox |Tp,x| Xy=X]

vestigations have shown that this formulation slightly reduces the com-
putation burden for binary systems.

The solution procedure employed in this contribution uses the re-
laxed TP criterion (3) in conjunction with (1), and mass balances. The
predicted phase split x (for given T and p) is stable, if the optimal ob-

jective value of

because preliminary in-

® = max
f yeX

— - ~M
GM(T,p. %)) + 22

s ¥ E) =GN T DY) @
is equal to 0. Note that in (4) and all following equations the symbols
have superscript and subscript numbers in parentheses to indicate their
association with the corresponding equation. Standard NLP solvers can
only solve an NLP to a certain tolerance. Therefore, we consider x feasi-
ble, i.e., it describes the LLE, if the optimal objective value of (4) is less
equal to a small £#® > 0. If f® > 2@ the predicted phase split is not
stable and the solution of (4) is used to refine the discretization XP!SC
and the LLE computations are repeated.

In our experience, additionally adding the constraint that GM is lo-
cally convex at x; and x, accelerates convergence (Mitsos et al., 2009a).
This constraint, which is implied by (2), reads

9*GM
0x2 T.px;

>0, Vi, 5)

where x; denotes the composition of the two phases. Hence, in the im-
plementation, (5) is added as a constraint.

The excess Gibbs free energy included in GM, c.f., Appendix A.2, is
typically computed using NRTL (Renon and Prausnitz, 1968), Redlich-
Kister (Redlich and Kister, 1948), UNIQUAC model (Abrams and Praus-
nitz, 1975), modified Wilson model (Tsuboka and Katayama, 1975), or
other excess models (Pfennig, 2004). Pragmatically, the Redlich-Kister
model, c.f., (A.3) in Appendix A.2, is chosen in this contribution as a
proof-of-concept. This relatively simple excess model is chosen to re-
duce the computational burden. Note that the proposed OED for GPE
method is in theory directly applicable to other excess models; however,
it would result in higher computational demand. Further note that the
computational burden is the bottleneck of the proposed OED method,
c.f., Section 3, and using more complex excess models is currently not
computationally feasible.

2.1.2. Conditions for the exclusion of problematic parameter values

While local composition models have been successfully used to pre-
dict LLEs, their flexibility has been proven to lead to wrong predictions
(predicting wrong phase splits or more phases than measured, modeling

homogeneous azeotropes as heterogeneous, etc. (Mitsos et al., 2009a;
Bollas et al., 2009; Marcilla et al., 2017, 2025)). For example, consider
a binary mixture that has one observed liquid-liquid split at x, and x,
for a total composition x,.,. Fig. 1a shows the Gibbs free energy of
mixing GM used to model this LLE. If the total composition is between
x| < Xoa < X, and a rigorous method is used for the predictions, the
observed phase split is predicted. However, if the total composition is,
e.g., x:mal, the spurious phase split at ~ x’] and ~ x, is predicted; even if
a rigorous method is being used. This is due to GM being non-convex on
the left-hand side of x,. Therefore, the corresponding parameter values
are considered problematic. This example also highlights the drawbacks
if only the necessary isopotential condition (1) is used for the predictions
without (2). Then, for x,, the phase split with the common tangent line
at x| and ~ x, may be wrongly predicted. Note that the wrong phase
split prediction between x’I and ~ x, fulfill condition (1) but not (2). To
exclude such problematic parameter values, the model predictions are
usually checked after parameter estimation. Otherwise, as in our exam-
ple, incorrect predictions may be encountered in the modeled processes
if these problematic parameters are used. The method proposed by Mitsos
et al. (2009a) addresses the limitations of standard parameter estima-
tion methods. Mitsos et al. (2009a) introduce a series of conditions to
check stability during parameter estimation to exclude these problematic
parameter values. The inclusion of these conditions into the parameter
estimation leads to a BLP.

We have utilized and extended rigorous parameter estimation, ex-
cluding problematic parameter values, in several extensions (Bollas et al.,
2009; Mitsos et al., 2009b; Glass et al., 2017, 2018; Glass and Mitsos,
2017, 2019), considering a variety of thermodynamic systems. Note that
the methods have been implemented in the software package Bilevel
Optimization Algorithm for Rigorous & Robust Parameter Estimation in
Thermodynamics (BOARPET) (Mitsos et al., 2018) and that BOARPET
is also available as a plugin to the DECHEMA package DPP (DECHEMA
e.V., 2024).

In this contribution, we utilize the idea of Mitsos et al. (2009a) of
checking phase stability during parameter estimation by including it di-
rectly into the OED for GPE. In contrast to Mitsos et al. (2009a), who
require that their additional conditions for parameter values p only hold
for the measured temperatures, we require the conditions to hold for all
possible temperature values, i.e., over a continuous temperature range.
By pursuing our idea in Mitsos et al. (2009a) with greater rigor, the cor-
responding (generalized) semi-infinite constraints become multidimen-
sional and, as such, more difficult. If the conditions outlined by Mitsos
et al. (2009a) are satisfied over the entire temperature range for a given
set of parameter values, we postulate that the resulting LLE predictions
are unique, e.g., no additional (wrong) phases are predicted. By includ-
ing phase stability checks into the OED framework, we aim to ensure
that (i) the planned experiments are meaningful — this may not be the
case if a wrong phase split is predicted — and (ii) the prediction of x is
unique. The second part is already included in the first, but it should be
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Fig. 1. Fig. la visualizes GM for parameter values which are not considered feasible. Fig. 1b to d visualize the conditions for parameter values p to be considered
feasible by Mitsos et al. (2009a). Note that the visualization shows the respective conditions for a fixed temperature and not, as required in this contribution, over
the whole temperature range 7. The phase split is denoted by x; and x,. Yellow dashed lines represent the common tangent lines.

(a) Visualization of GM of parameter values p, which may lead to wrong predictions (due to GM being non-convex left of x,), making them problematic, and, thus,
considered infeasible. Note that the shown common tangent line fulfills (1) but not (2). This tangent is only found if a non-rigorous solution method is used.

(b) Visualization of (6). To avoid erroneous predictions, GM should be convex with respect to the mole fraction outside the phase split. Parameter values, as used in
1(a), are excluded by the shown condition.

() Visualization of (11) and (12). The centers of the tangent expansion are x; and x;, respectively. To avoid erroneous predictions, GM should lie above the tangents.
Parameter values, as used in 1(a), are excluded by the shown conditions.

(d) Visualization of (17). To avoid erroneous predictions, GM should lie above the shown secant in the interior of the phase split. Note that parameter values, as used

in 1(a), are not excluded by the shown condition because the respective secant in the interior of the phase split x, and x, fulfills the shown condition.

emphasized as it is required by the solution algorithm, which is heavily
based on Dijelassi et al. (2019) (and specialized with ideas from Mitsos
and Tsoukalas, 2015; Falk and Hoffman, 1977).

Mitsos et al. (2009a) consider a binary mixture with one liquid-liquid
split over the temperature (and pressure) range under consideration.
Mitsos et al. (2009a) motivate that parameter values p should only be
considered feasible if GM is convex in x outside the phase split, the Gibbs
TPs developed at x; and xy lies below the Gibbs free energy surface,
and the secant, which is constructed approximately at the phase split, is
strictly below the Gibbs surface within the phase split, c.f., Fig. 1b to d
and Table 1.

Convexity of GM outside the phase split

The extended condition that GM must be convex on the whole tem-
perature range with respect to the mole fraction outside the phase split,
c.f. Fig. 1b, reads

9*GM
ox? T.p.y

>0, VT €T, Vye [xL,xl] V] [xz,xU]. 6)

Note that x; and x, describe the phase split, depend on the (in the case
of Mitsos et al. (2009a), measured) temperature T and parameter val-
ues p, and must satisfy (2). (6) is a generalized semi-infinite constraint.

Reformulation, relaxation, and discretization (akin (3)) of (6) yield two
semi-infinite constraints (for the left- and right-hand side outside the
phase split)

. 0*GM d_ 4
— —(x4 = <
min { preal (x2 Y ) <0 7
and
. 92GM i }
min<{ — ,— —x <0. 8
{ prcl I ) ®)

Note that x? is implicitly defined through 7%, p, (2), and mass balances.
For fixed parameter values p, we can check if these parameter values
fulfill (7) and (8) for all possible values of y € X by solving the subprob-
lems

O = max G
TET,yeX, 2 |1 by
xeXx?
s.t. y<x; (C)]

(2) holds for T, p, x
mass balances hold for x
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and
2GM
£19 = max -
TET yeX, X% |7 by
xex?
s.t. X, <y (10)

(2) holds for T, p, x
mass balances hold for x.

Note that (9) and (10) are themselves SIPs with (4) being their corre-
sponding LLPs, which can be solved with Algorithm 3 in Appendix B. If
(the final lower bound of) the optimal objective value f© (and f(0)
is less equal to €29 p fulfills the corresponding condition. If not, the
optimal solution T* and y* of (9) (and (10)) are used to discretize (7)
(and (8)).

Note that the algorithm by Mitsos (2011) is not applicable for (9),
(10), and (19) (to be introduced) because it requires an £’ -optimal SIP-
Slater Point, c.f. Definition 4 in Appendix B. However, an &f-optimal
SIP-Slater Point does not exist in the considered cases because of (2).

Gibbs tangent plane below GM at the boundaries
The Gibbs TPs constructed near x; ~ 0 and xy; ~ 1 must lie below
GM, c.f. Fig. 1c. This condition extended on 7 reads

i M i
GM(T.pox )+ | (p—x) <GMT.p.y). VT €T, Vy € [xp.x]
ox T.pxp
an
and
M oGM Mo =
GM(T,p,xy) + =— (v —xyp) SGM(T, p,y), VT € T, ¥y € |xp, xy].
6x T,i),XU

(12)

These two conditions exclude parameter values that will predict addi-
tional spurious phase splits outside the true one (case E in Mitsos et al.,
2009a), e.g., parameter values producing a GM curve as depicted in
Fig. 1a would be excluded. Again, discretizing using index d yields

~M

- _ Ple. - _
GM(T,p,x) + ey 0 —x) < GM(T9, p,»?) 13)
pe T‘],IJ,XL
and
GM(T¢ oGM d_ AM (d = o d
poxy) + —— o4 —xp) < GM(T4, p, y?). 14
0x |7d pxy

Similarly, we can check if parameter values p fulfill conditions (11) and
(12) by solving the subproblems

(15 = max GM(T, p,x ) + 262 —-x) - GM(T, p,
f = max (Topox) + S| =X = GNTp.y)
(15)
and
£09 = max  GM(T,p,xy) + 2 (v = xy) = GM(T', p. ).
TEeT . yeX ox Tp.xy

(16)

Again, if (the final lower bound of) the optimal objective value of (15)
and (16) is less equal to £~(!3) and £~(16), p fulfills the corresponding
conditions.

Secant strictly below GM in the interior of the phase split

In order to exclude additional phases from the predicted phase split,
Mitsos et al. (2009a) additionally require that the secant, which is con-
structed approximately at the phase split, lies in the interior of the pre-
dicted phase split strictly below the Gibbs surface (case C in Mitsos et al.,
2009a), c.f. Fig. 1d. As strict inequalities and open sets are difficult to
handle numerically, a back-off §, > 0 is introduced and the strict in-
equality is relaxed to
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GM(T,i),xz - 5x) - G_M(T,[),xl +5x)
(x2 - 6x) - (xl +6x)
<GM(T,p,y), VT €T, Vy€ [x; +6,,x, — 8]

GM(T, p,x, +6,) + (y=(x1+6y))

a7

Similar to (6), x depends on the temperature T and parameter values
p. Reformulation, relaxation, and subsequent discretization, akin (6),
yields

—GM(1,p.y*) + GM(T9,p. x4 +5,)
GM(T?,p. x4 = 5,) - GM(T?, p.x? +5,) (18)

o) en) O bead)=o

Feasibility of parameter values p in (17) can be checked by solving the
subproblem

19 = max -GM(T,p,y+6,) +GM(T,p,x; +6
f TeT yex, ( D,y x) ( D X1 x)
e oM )-aM( )
GV (T,p,xy—6, ) =G (T.p,x|+6
+ - +6
(xp=6)—(x1+6,) (y (xl X)) (19)

st.  x;+6,<y
y< Xy — 5x

(2) holds for T, p, x
mass balances hold for x,

which itself is an SIP with (4) being its corresponding LLP. If (the final
lower bound of) the optimal objective value (1% is less equal to a small
419 p fulfills the corresponding condition. Otherwise the optimal so-
lution T* and y* of (19) are used to discretize (18).

2.2. Optimal experimental design for guaranteed parameter estimation and
its application to liquid-liquid equilibrium systems

The OED for GPE problem reads (Walz et al., 2018; Mukkula and
Paulen, 2016a,b, 2017a)

. ny
min max . ' i i
Ter pj‘iGP(T) Z,:l (pU,l,t pL,l,l)
2 <X —x
. =20y > X —
withP(Ty= {pep[v=*"* ,

% is the model system output for T and p
x is the model system output for T and p

(20)

T .
where Pji = (P,-,i,u ,pj,,-,np) with jeJ={LU} and
ieT={1,...,n,}, P and T are subsets of the real numbers of

dimension n, and nr, p are the nominal parameter values, 7 and
ny denote the maximum upper- and lower measurement errors, and
x is the measured model system output. In (20), we aim to find the
experimental conditions T that minimize the size of the estimated fea-
sible parameter set. Considering the trade-off between computational
burden and precision, we pragmatically choose to over-approximate
the size of the feasible parameter set using an orthotope, c.f., Fig. 2a,
and minimize its circumference. This orthotope, which encloses the
feasible parameter set, is defined by 2n, points in the parametric space,
i.e, p_; and py, each being a vector of size n,. Extending the approach
to other (tighter) convex over-approximations is straightforward, e.g.,
minimizing the volume of the orthotope, similar to A-optimal designs
of statistical approaches that minimize the dimensions of the enclosing
box around the joint confidence interval (Asprey and Macchietto,
2002). The nominal parameter values p are known a priori and are
consistent with the measurements, i.e., they are contained in P(T) (for
all possible T). Therefore, in OED for GPE, the feasible set of the lower
level P(T) is never empty; in contrast to GPE, where this might be
the case (Walz et al., 2018). Therefore, we call (20) a min-max BLP,
analogous to BLPs where the lower level is also never infeasible. To
obtain meaningful results, the number of experiments should be equal
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Fig. 2. Visualization of the feasible parameter set, model outputs, and measurement uncertainty.
(a) Visualization of the feasible parameter set for n, =2 and aspired minimization of (the overapproximation) thereof. Based on Walz et al. (2018), Mukkula and

Paulen (2016a).

(b) Visualization of the measurement uncertainty (shaded gray of width #; — ;) and GM for different parameter values. The predicted phase split with the nominal
parameter values p is denoted with x, and x,, and parameters with superscripts denote different parameter values, i.e., p' € P.

to the number of uncertain parameter values, i.e., ny = n,. Similar to
Mukkula and Paulen (2017a), we assume that P is not limited by P,
i.e., 9P(T)N P =@, VT. One could naively set 7 = R"; however, this
leads to profound implications for the employed solution algorithm, as
discussed by Jungen et al. (2022) for the case of SIPs. Therefore, we
pragmatically chose P as a compact set that is sufficiently large, c.f.
Section 3.

For now, assume an analytical input-output relationship for x exists,
i.e., we have an analytical function that gives us x = g(T, p). Fig. 2b
shows, assuming such an analytical input-output relationship for the
mole fractions x exists, the prediction of the LLE for different param-
eter values. The prediction with parameter values p® is not within the
measurement error, therefore not considered feasible.

In the following, we extend the OED for GPE approach to the case
where the model output itself is implicitly defined by an optimization
problem, as in the case for computing LLEs with (4). Hence, in contrast
to previous works (Walz et al., 2018; Mukkula and Paulen, 2016a,b,
2017a), we are able to consider a vaster variety of systems. As a re-
sult, our solution procedure is adapted to the inclusion of additional
(G)SIP constraints. Note that the applied solution strategy (to follow)
requires that the solution of this optimization problem is unique. In our
considered OED application, for a fixed total composition, we aim to
find the optimal temperature to reduce the parameter uncertainty in
the underlying excess model. We retain the introduced symbols from
(20), and denote the scalar experimental design variable (optimal tem-
perature) with T € 7, andthe uncertain parameters of the underlying

excess model with p € P. We consider the mole fractions of the phases
as the model outputs. Since, at a given temperature, the mole fractions
of the phases are uniquely determined, the uniqueness assumption is
fulfilled in our application. This is presumably the case in real-world as
well as for our predictions. Note that extending to multiple experiments is
conceptually straightforward but is omitted for notational convenience.

The resulting OED problem with rigorous LLE computations embed-
ded reads

anelgl p:g}}fn 2721 (PU,i,i - pL,i,i)
2 <X —x
2y > X —x
(1) & mass balances hold for T, p, X
(1) & mass balances hold for T, p, x
_|(2) holds for T, p, %
with PT)=<{peP

(2) holds for T, p, x
(6) holds for p
(11) holds for p
(12) holds for p
(17) holds for p

(21)
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We assume that the nominal parameter values p fulfill the conditions
(6), (11), (12), and (17). This is not restrictive as, e.g., the open-source
software 1ibDIPS (Jungen et al., 2023) comes with the capabilities of
estimating parameter values, enforcing conditions like (6), (11), (12),
and (17) on a temperature range.

Note that (21) is, by assumption, feasible. In contrast to previous
work, the measured model system output is determined implicitly by
(1), mass balances, and a semi-infinite constraint, i.e., (2). Additional
semi-infinite and generalized semi-infinite constraints are imposed, i.e.,
the conditions of Mitsos et al. (2009a), to exclude problematic parameter
values. Revisiting Fig. 2b, in addition to parameter values p? (prediction
not within measurement errors), now p' and p? are also not considered
feasible. The prediction with p' does not fulfill (17), and p? does not
fulfill (6).

Using the epigraph reformulation, we reformulate (21), eliminating
the T-dependency of P(T), to

min u
TeT ,ueR,
%%} ,€X2
"p
Z (Pui = PLii) —H <0
s.t =l

, Vp;; €P
2, KX —x;,V ’
v aj,i:
2y =2 X —x;
(1) & mass balances hold for T, p, %
(1) & mass balances hold for T, p, x; ; (22)

(2) holds for T, p, %
(2) holds for T, p, X

(6) holds for p

. _|(11) holds for p
with P=JpeP
(12) holds for p

(17) holds for p

Note that we have introduced the additional variables yu, X, and x s
withje J={L,U}andie I ={L,...,n,}.

Discretizing (22) and relaxing the strict inequalities (akin Walz et al.,
2018) yields the upper-level program

min "
TeT ,ueR,
xxd ex?

s.t. J , vd € D@
o Zanic—x/._jv
v 3j,i: R M
2ny <X — x;;

(1) & mass balances hold for T, p, X
(1) & mass balances hold for T, p, x}’yi Vd € D@

(3) holds for T i), %, vi e D®
(3) holds for T, p . x9 . vd e D@ vie DY,
(23)

The conjunction in (23) can be reformulated using the min-operator,
making it solvable with standard NLP solvers. Note that the number
of optimization variables depends on the discretization D®®. (23) has
4+ 2np‘D(23)‘ variables. (23) has (4) as an LLP for % and for each xii.
The solutions thereof are used to populate the set D®.

Although one discretization set D suffices, in the numerical case
study in Section 3, a separate discretization set is introduced for each
semi-infinite constraint. As a result, the number of constraints and,
therefore, the computational burden is reduced.

To populate the discretization set D%, a medial-level problem, and
in some cases an additional auxiliary problem (to follow) must be solved.
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The medial-level problem is developed from

n

b _
max Z,-=1 (PU,i,i - PL,i,i) —H
Pji€P,
xj_,v,xCdVNEX
st 2p <k- xl i
2y > % - X;;

(1) & mass balances hold for T, p, X @29

(2) holds for T', p; ;, x;;

(6) holds for p i

(11) holds for P
(12) holds for Pj.i
(17) holds for Dji»

with T, %, and /i being fixed to the optimal values of (23). Note that
is retained in the objective function solely for notational convenience.
(24) computes the overapproximated feasible parameter set for a given
temperature 7. Using the same strategy as before, discretizing yields

&= pmax Z (PU,u —PL,z,[> — i
i
xjxd €%
st 2 <X -x,
2ny 2% —x;
(1) & mass balances hold for T,pj’l-, x;;
(3) holds for T, p; ;. x; ;. vi e D®
(3) holds for Td), Pjis (7)11 vd e D7, vieD®
7
(7) holds for T . p; ;. x{,, . . vd € D7
(3) holds for T"), Djis (8)“ vd e D®, vIieD®
(8) holds for T4 ©Piiv (8)11 vd € D®
(13) holds for p; ;. vd € DU
(14) holds for p;, vd € D%
d 18 3
(3) holds for Tls),pj,, 8 vd e D, vIeD®
(18) holds for Ty . p; ;. x{yg) . - vd € D1¥),
(25)
with ¢ € C = ((7).(8).(18)}. (25) has 6n,(1 + |D(7)‘) variables. (25) has

the following LLPs: (4) for %, each X5 and each xc s (9); (10); (15);
(16); and (19), which are used to populate the respectlve discretized
sets. Similar to the solution approach by Mitsos and Tsoukalas (2015),
an auxiliary problem has to be solved to generate the discretization for
D® if no GSIP-like Slater point is obtained in (25). If a GSIP-like Slater
point is already obtained in (25), its solution is used to populate D?3.
Note that it is also possible to solve a subproblem, which directly max-
imizes the semi-infinite constraint of (23), instead of first solving (25)
and then, if necessary, an additional auxiliary problem. This approach
is pursued by Djelassi et al. (2019) but comes with the drawback that
this subproblem is of increased size. Our computational results in Sec-
tion 3 (to follow) indicate that the complexity of the subproblem is a
limiting factor, suggesting that this approach may not be optimal for
our application.
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For fixed T, %, and j from (23) and « > 0, the auxiliary problem is
defined as

709 = max _
CER,ijeP,

xji,x4 EX
e i

n -
st. 3.0 (pusi—pLig) — A2 af®

2 — (%

-x;;) <1
2+ (k—x;;) <K

(1) & mass balances hold for T,pj,,., X,

(3) holds for T', p; ;, x; ;, vi e D®

(3) holds for Td), P <7>/: vd e D7, vIieD®
(7)

(7) holds for T7),p} P (7)/‘ Vd € D

(3) holds for T ), P (8)11 vd e D®, vIieD®
(8)

(8) holds for Tg),p/,, 700 Vd € D

(13) holds for p; , vd € D13

(14) holds for p; ;. vd € DY

(3) holds for Tlg),pj - (18)” vd e D“:), vl e DO
(18)

(18) holds for Tlg),p/,, (18)./.° vd € DU,

(26)

(26) has 6np<1 + |D(7)‘) + 1 variables. The subproblems and discretiza-

tion procedures of (26) are identical to the ones of (25).

Given the above-defined subproblems, we can solve (21) by an adap-
tation of the algorithms proposed by Mitsos and Tsoukalas (2015),
Djelassi et al. (2019), Falk and Hoffman (1977). From Djelassi et al.
(2019), we adapt the idea to handle equality constraints, from Mitsos
and Tsoukalas (2015), we adapt the idea to solve an auxiliary problem
to generate the discretization, and from Falk and Hoffman (1977), we
adapt the idea to use the solution of (25) as the upper-bound. The latter
is also done by Walz et al. (2018). Note that these successors (Mitsos and
Tsoukalas, 2015; Djelassi et al., 2019) utilize an upper-bounding proce-
dure to find a global solution that is (SIP-)feasible, c.f., Definition 2
in Appendix B. However, in our application, the necessary assumption
for the upper-bounding procedures is not satisfied due to the reformu-
lations we applied. As a result, we rely solely on the relaxation-based
lower-bounding procedure. The simplified pseudocode of the algorith-
mic adaption is given by Algorithm 1, which uses Algorithm 2 and Algo-
rithm 3, see Appendix B, as subprocedures. Note that in the loop starting
in Line 10 of Algorithm 2, we check conditions (7), (8), and (18). There-
fore, we loop over ¢ € C = {(7),(8),(18)}.

Algorithm 1 and Algorithm 2 have the potential for parallelization,
as the stability checks (Line 3 and 9 in Algorithm 1 and Lines 4 and
11 in Algorithm 2) and checks to avoid problematic parameter values
(Lines 16, 22, and 27 in Algorithm 2) can be computed in parallel. This
parallelization might increase scalability.

As the proposed algorithms are adaptations of Mitsos and Tsoukalas
(2015), Djelassi et al. (2019), Falk and Hoffman (1977), which have
been proven to converge within finite time, we argue in the following
that their convergence guarantees are transferable to our adaptation.
The assumptions necessary by Falk and Hoffman (1977) and Mitsos and
Tsoukalas (2015) are included in Djelassi et al. (2019) which assume;
Assumption 1: compact host sets; Assumption 2: continuous functions;
Assumption 3: approximate solution of subproblems; Assumption 4: the
solution of the coupling equality constraints is unique and exists; As-
sumption 5: the infimum of GSIP is equal to the optimum of the re-
laxed problem; Assumption 6: existence of ' -optimal GSIP-Slater point.
Assumptions 1, 2, and 6 hold for our case. Assumptions 3 and 5 are
standard technical assumptions. Assumption 4 of Djelassi et al. (2019)
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warrants further discussion. (1) is an equality constraint which couples
the upper and media level, while (2) is a selection constraint, ensuring
that the solution of (1), i.e., the predicted phase split, is unique. There
exists a discretization of D®, such that when using criterion (2) and
(used and discretized) condition (3) predict the same unique phase split
(within some tolerance). Through the algorithm, we ensure that such
a discretization is found. Now, assume parameter values are chosen by
the solver (when solving (25)) that do not fulfill a condition reviewed
in Section 2.1. These parameter values are subsequently excluded by
solving the corresponding subproblem and refining the respective dis-
cretization(s), c.f., Algorithm 2. Therefore, problematic parameter val-
ues, which might produce non-unique predictions, are excluded. Note
that while our argument provides an outline of the convergence proof
for our algorithmic adaptation, a formal proof is beyond the scope of
this contribution and will be addressed in future work.

3. Case study

As an illustrative case study, we use a 5M-order Redlich-Kister model
as the underlying G* model. The presented case study serves as a proof-
of-concept, demonstrating the feasibility of our method while also high-
lighting the computational cost of the solution. Table 2 and 3 provides
an overview of the used values. Pragmatically, we only consider pa-
rameter p, to be uncertain. Therefore, only p, is the nominal parameter
with p, = p,. Note that p, is chosen for demonstrational purposes and
further improvements to the (MI)NLP subsolvers are needed for real life
applications including more uncertain parameters. The respective initial
bounds p,, and p,, are given in Table 3. The set P defined through
p4yp and py, is arguably sufficiently large. This can be seen in Fig. 3b
where the feasible parameter set is not restricted by py, or py,,. Re-
call that nominal parameters are known a priori and are assumed to be
consistent with the measurements and model. All other Redlich-Kister
parameters are considered to have no uncertainty, are fixed, and are
equal to the values in Table 2. We selected parameter p, along with its
uncertainty range for demonstrational purposes to show that our ap-
proach effectively works to exclude problematic parameter values not
fulfilling the conditions reviewed in Section 2.1.2. Fig. 3a exemplary
shows GM for different parameter values of p, and temperatures. For
p, =—12kImol™!, GM is nonconvex on the left side of the phase split,
violating (6) (and additionally (11)). Therefore, these parameter values
are problematic and not considered feasible in our setting.

The estimated parameter uncertainty of p, for an additional mea-
surement at the respective temperature is depicted in Fig. 3b. For p, <
—4.67kI mol™!, at least one of the conditions reviewed in Section 2.1 is
violated for at least one temperature within 7 and, therefore, these val-
ues are not considered feasible. Because the conditions reviewed in Sec-
tion 2.1 (and not the measurement uncertainty, i.e., 25, < % — x < 2n),
is restrictive for p, , , the predicted p4, does not depend on the temper-
ature. On the other hand, the predicted p,;, depends on the temperature
because for larger values of p, the measurement uncertainty is restric-
tive.

We implemented Algorithms 1 and 2 in our open-source software
1ibDIPS - Discretization-Based Semi-Infinite and Bilevel Programming
Solvers (Jungen et al., 2023). Out of the box, 1ibDIPS provides solvers
for the deterministic global solution of (G)SIPs, existence-constrained
SIPs, min-max programs, and BLPs with upper- and lower-levels of
(MI)NLP type. For the solution of these hierarchical programs, adaptive
discretization-based schemes are implemented. The implementation of
Algorithms 1 and 2 is strongly based on existing solvers implemented in
1libDIPS and can be seen as an adaptation. For example, Algorithm 3, see
Appendix B, is already provided in libDIPS and used in Algorithm 2 as
a sub procedure. In the implementation, Algorithms 1 and 2 have been
extended to support planning multiple experiments at different temper-
atures. This extension is straightforward: the conditions must hold for
all planned experiments n and the corresponding subproblems must be
extended for each planned experimental condition. Note that planning
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Fig. 3. Influence of p, on the curvature of GM and estimated feasible parameter set. All other parameter values are set to the values given in, c.f., Table 2.

(a) GM for different parameter values of p, and temperatures.

(b) Estimated parameter uncertainty of p, for an additional measurement at the respective temperature. Data generated by solving (25) for various temperature

values within 7, in increments of one unit.

multiple experiments leads to more complex and an increased number
of subproblems.

The computations are conducted on the RWTH High-Performance
Computing cluster CLAIX running Rocky Linux 9 using on each core
two Intel Xeon 8468 Sapphire processors running at 2.1 GHz with up to
2540 Mbit RAM and 96 cores per cluster node. All subproblems are solved
using MAiINGO version 0.8.1 (Bongartz et al., 2018), configured to uti-
lize CPLEX version 22.1.1 (IBM ILOG CPLEX v22, 2022) to solve (mixed-
integer) linear programs and (mixed-integer) quadratic programs.

The optimal temperature for the next experiment is computed
to be at 306K with an estimated overapproximated feasible pa-
rameter set of p, € [-4.67k] mol~!, =3.14KkJ mol‘l]. This is in agree-
ment with the brute-force prediction depicted in Fig. 3b. Consider-
ing the initial bounds on p,, c.f., 7 in Table 3, the parameter un-
certainty is reduced by 85%. If the feasible parameter set is as-
sumed to be already narrowed by the conditions reviewed in Sec-
tion 2.1, the improvement is still 10%. We would like to point out
that even after performing OED for GPE, uncertainties (now reduced)
remain in the parameter values, which in turn affect the model
predictions.

Note that for the considered case study, condition (8) was never ob-
served to be violated. However, it is still enforced for consistency rea-
sons. We utilize one full cluster-node (96 cores) and terminate after 8 it-
erations (in Algorithm 1) and 11 min (wall-clock time). The overall com-
putation is thus comparable to an LLE experiment, which often takes
only 20 min to reach equilibrium (Pfennig, 2004). Recall, however, that
the case study is only a proof-of-concept due to the simple thermody-
namic model and the single uncertain parameter.

11

We also test whether the case study can be extended by incorpo-
rating additional uncertain parameters. For that purpose, additional to
py also ps is imposed with uncertainty, i.e, ps;, = 2.5kJ mol~!, Dsub =
7.5kImol™, P = [pyup. Paus] X [Ps.ip> Ps.un]- Recall that the number of
planned experiments should be equal the number of uncertain param-
eters (Section 2.2). Hence, the corresponding subproblems are adapted
for planning two experiments at (different) temperatures. As outlined in
Section 3, the subproblems can be easily adapted for planning multiple
experiments, and the implemented algorithms also support this. Note
that considering two uncertain parameters would not be sufficient for
real-world applications, where the number of uncertain parameters is
usually much higher.

The resulting OED problem could not be solved by utilizing two full
cluster-nodes (192 cores) and a maximum wall-clock time of 12 h. In the
first iteration of Algorithm 1, the subproblems (23) and (4) are all solved
in less than 30s. Then, Algorithm 2 is called, and in the first main itera-
tion, all subproblems and Algorithm 3, see Appendix B, used for check-
ing and computing the discretization for (7), (8), and (18), terminate
in less than 5 min. After discretization, (25) is intractable for MAINGO?.
After more than 11h, the absolute gap is still 3.2 x 10°. The upper and
lower bounds reported by MAINGO remain unchanged within this time,
indicating that the optimal solution is most likely found during prepro-

2 Since (25) can not be solved within a reasonable time, we are unable to
compute the estimated parameter uncertainties at different temperatures, as was
done in the brute-force prediction shown in Fig. 3b for the case of one uncertain
parameter.
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Algorithm 1: Simplified pseudocode for solving (21). All sub-
problems are solved globally. User inputs are the initial dis-
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Algorithm 2: Simplified pseudocode for solving subproblem
(SP), i.e., (25) or (26). All subproblems are solved globally.

User inputs are the solution point of (23) 733, ;423); the ini-
tial discretization sets D0, D70 p®O D30 D180, ha.
rameters @, %.q; and tolerances e*¥n, ¢2(7), 28 2.(18)
g2(15) | £2.(16) (superscript and subscript numbers in parenthe-
ses indicate the corresponding equation). Note that ¢ € C =
{(7),(8),(18)}.

1 set DO « DO DN DO, DB — pEO, DU  DPUNO,

DU® U0, s/ initialize

solve (SP) for fixed 7®® and x®*® to obtain £GP, pfip), x

and x*©P ;
C.j,i

forall j,ie J,1I do

cretization sets D@30, D3)0; parameters a,,, @,q; and toler-
ances £* (absolut optimality tolerance of the experimental de-
sign), e=® (superscript and subscript numbers in parentheses
indicate the corresponding equation). Outputs are the optimal
objective value f?¥ and optimal solution point 7.

1 set D@ « DEHO DO DB [ BD « —c0, and UBD « ;
// initialize
2 solve (23) to obtain 4@, T®¥, £®3, and x;’»i(23); // compute

(SP)
Jii 2

)

exp. design
// check stability of X
3 solve (4) for T®, p, %> to obtain f@ and y*;

23 using the TP critereon

w

4 if f@ > 2@ then // check stability of xfip) using the TP critereon
// TP critereon violated, refine discretization, 4 solve (4) for 7?3, pfl_m’ x;ip) to obtain f® and y*;
& resolve (23) s if f@ > 2@ then
5 D DO Uiy h // TP critereon violated, refine
6 go to Line 1; discretization, & resolve (SP)
7 end 6 DO DO Uy
// check stability of x:.j"im) using the TP critereon 7 go to Line 2;
s forall j,i,d € J,1,D? do 8 end
9 solve (4) for T®, p?, xj"‘.(B) to obtain f® and y*; 9 end
10 if f@ > 2@ then 10 foralle,j,i,d(c)e J,1,C,D¢ do
// TP critereon violated, refine // check stability of Xi’](..sip) using the TP
discretization, & resolve (23) critereon
1 DY _D(S) Uik 11 solve (4) for fixed Tcd, ;S[.P), x‘Z’;S[.P) to obtain /@, and y*;
12 go to Line 1; b if /> 4 then ) s
13 end // TP critereon violated, refine
14 end discretization, & resolve (SP)
15 set LBD « u®; // update lower bound 13 DB DB Uy
// check optimality of computed exp. design 14 go to Line 2;
16 solve (25) using Algorithm 2 for fixed T?® and u®? to obtain s end
1@ and p%; // check condition ¢ to avoid problematic
17 if f@9 > 0 then parameter values
18 if 2p <32@® - x52,5 DA 2n > &3 - xf,.s ) then 16 solve (P-c) using Algorithm 3 for fixed pﬁ.sip ) to obtain f®-©)
// Slater condition fulfilled; refine and y*; '
discretization 17 if f®P-9 > ¢80 then
19 D® « D& Upfis) // problematic parameter values detected,
20 else refine discretization, & resolve (SP)
// generate valid discretization with (26) and 18 D© « D© Ui
refine discretization 19 go to Line 2;
21 O — s 20 end
22 do 21 end
23 solve (26) using Algorithm 2 for fixed T®?, 43, // check (15) to avoid problematic parameter values
and f@ to obtain f?% and pff); 22 solve (15) for fixed T?¥, pfip) to obtain U9, and y*;
24 A= afqeq; 23 if U9 > (15 then
25 while f29 > (; // problematic parameter values detected, refine
26 D23 L pe3) Up(_2_6) discretization, & resolve (SP)
o 20 | DI < DIy
27 end .
25 go to Line 2;
28 else
29 ‘ terminate; // computed exp. design optimal 2 end . )
30 end // check (16) to avoid problematic parameter values
31 if @ 4 4@ < UBD then 27 solve (16) for fixed T?, pfip) to obtain U9, and y*;
32 set UBD « f®) + u®3; // obtained better exp. 28 if U0 > ¢206 then
design // problematic parameter values detected, refine
33 end discretization, & resolve (SP)
34 if UBD — LBD < &* then 29 DI« DD (y*};
35 ‘ terminate; // computed exp. design optimal 30 go to Line 2;
36 end 31 end
37 Go to Line 1; 32 return P and pfl_l’);

12



D. Jungen et al.

Table 2

Redlich-Kister parameters used in the case study. Note
that we only consider p, to be uncertain, i.e., only p, is
a nominal parameter with p, = p,. All other parameters
are considered to have no uncertainty.

Parameter Value

n 7kJ mol™!

P 4.5kJ mol™!

2] —4.5kImol™!

Pa —4.6kImol™!

s 5kJ mol™!
Table 3

Total composition, measurement bounds, temperature range,
and initial parameter bounds used to define 7 in (21).

Parameter Value

Xtotal 0.6

o -0.01

my 0.01

T [273.15K, 373.15K]
Pamb —12kJ mol™

Paw —~2kJ mol™!

P [quh > Paub

cessing. This motivates ad-hoc approaches which will be discussed in
the next section.

4. Limitations and outlook

The overarching challenge of the OED for GPE approaches is that
it comes with high computational costs. This is especially the case for
our application because the embedded LLE computations and additional
requirements to avoid problematic parameter values further increase the
computational burden. We found that extending our approach to two
uncertain parameters already becomes computationally infeasible, i.e.,
the employed subsolver does not solve the respective subproblems in a
reasonable time. Due to this limitation, we can not answer the questions
how our approach scales with multiple uncertain parameters and the
size of the parameter set P. The case study presented in Section 3, which
considers a single uncertain parameter value, serves only as a proof-
of-concept, demonstrating that our method is feasible. For real-world
applications, the computational burden must first be reduced in order
for our method to be applicable.

Reduction of the computational burden

We see potential for reducing the computation burden on four dis-
tinct levels: in the formulation itself, through the implementation of
ad-hoc or heuristic approaches, within the hierarchical algorithms, and
the utilized subsolvers.

In the formulation itself, simple reformulations, e.g., using a big-
M formulation for reformulating the encountered conjunctions in the
subproblems, as done by Walz et al. (2018), might already reduce the
computation burden.

Simple ad-hoc or heuristic solution approaches are also possible.
However, they come at the cost of losing rigor in computation. For ex-
ample, Walz et al. (2018) terminate each optimization subproblem once
a predefined time limit is reached. Through pre-mature termination no
guarantee of global optimality within the subproblems is given. Walz
et al. (2018) justify their ad-hoc approach by the non-changing upper
bound reported by the subsolver during solution. We saw the same be-
havior in our case study. A non-changing upper bound is an indicator
that the optimal solution has already been found. Note that the global
solution of the subproblems is required for the employed solution algo-
rithm. Hence, this ad-hoc solution approach should be treated with cau-
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tion. Using tailored heuristics to the system at hand also holds potential
to reduce the computational burden. Olaya et al. (2008) demonstrated
that for a ternary liquid mixture with closed miscibility gaps, additional
empirical constraints on the parameter values can be derived. In our ap-
plication, this would result in a smaller search space, potentially speed-
ing up computations.

At the level of the hierarchical algorithms for solving GSIPs and SIPs,
there surely is hidden potential for speeding up the computations. For
example, we demonstrated in Jungen and Mitsos (2024) that a slight
adaptation of an existing adaptive discretization-based algorithm re-
sulted in significant speed-ups. Seidel (2020), Djelassi (2020), Zingler
and Mitsos (2025) investigate how the sensitivity information of the
lower-level objective function might lead to fewer iterations necessary
to converge. Recall that the optimal solution of the lower level is used
for populating the discretization. Further recall, that these discretization
points, in essence, cut off infeasible points, thereby iteratively improving
the approximation. Seidel (2020), Djelassi (2020), Zingler and Mitsos
(2025) show that this can reduce the number of iterations necessary to
converge. The reason is that by using additional sensitivity information
of the lower-level objective function, a larger set of points is excluded
with each discretization point. However, incorporating this sensitivity
information comes with the additional cost that the subproblems might
become harder to solve, hinting that his approach may not be ideal for
our application, especially since the subproblems are already computa-
tionally very expensive.

Moreover, at the level of subsolvers, custom relaxations of functions
have been shown to have a significant impact on the computation time
(Tawarmalani and Sahinidis, 2004; Floudas and Gounaris, 2009). In par-
ticular for NRTL, we have shown in Najman et al. (2019) that custom
relaxations can significantly reduce the computation time of global op-
timization in chemical process design. However, therein, we assume
constant parameter values, implying that generalization would be nec-
essary for our OED application. Fortunately, the recent developments
and improvements of (MI)NLP solvers give hope that even with (possi-
bly) not-so-optimal computationally efficient algorithms for hierarchi-
cal programs, applications to real-world problems will become more and
more feasible. This positive outlook is at least supported by the increas-
ing number of publications and real-world applications in which hierar-
chical programs have been solved over the last decade.

Extensions and future work

Once numerical challenges are overcome, a quantitative comparison
to classical OED approaches should be carried out. Further, extensions
to more phases should be investigated. Recall that we pragmatically con-
sidered a binary two-phase LLE with non-vanishing phases. In real-world
applications, binary systems at a given temperature and pressure exhibit
predominantly at most one LLE split. Therefore, our restriction to only
two phases seems warranted. However, the question remains of how to
handle LLEs where phases disappear, and/or the total number of phases
is not known a priori. Mitsos and Barton (2007) present an approach
where the number of phases must not be known a priori to compute
the LLE. Adapting the approach of Mitsos and Barton (2007) appears
promising for overcoming this challenge. Furthermore, the overall com-
position should be considered an experimental design variable. Upon the
successful implementation of these extensions, integrating the OED for
GPE approach into process simulation software should be considered.

Other future work might entail tighter approximations of the feasi-
ble parameter set, as the orthotropic approximation is very pessimistic
(Pronzato and Walter, 1990). Walz et al. (2018) note that for one of
their case studies, the computed design leads to the smallest over-
approximated feasible parameter set; however, this does not correspond
to the actual smallest possible feasible parameter set.

Furthermore, tailoring the OED for GPE to the intended application
remains the ultimate goal, as done by Walz et al. (2020). A comparison
to statistical approaches, e.g., Fleitmann et al. (2021, 2022), remains to
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be seen. However, one must note that such a comparison is difficult, as
the best OED approach is likely strongly case-dependent.

5. Conclusion

Existing approaches of optimal experimental design (OED) for guar-
anteed parameter estimation (GPE) were not applicable to systems
whose input-output relation is implicitly defined through an equation
system and additional semi-infinite constraints. Examples of such sys-
tems are systems with embedded liquid-liquid equilibria (LLEs) which
are modelled using a rigorous method, i.e., the Baker’s criterion. Embed-
ded LLE computations further complicate matters as problematic param-
eter values may be encountered which lead to erroneous predictions.
To be able to incorporate LLE computations into the OED for GPE for-
mulation, we extended an existing formulation and solution procedure.
Further, we enforced additional requirements to avoid problematic pa-
rameter values.

In our numerical case study, we presented a proof-of-concept using
the Redlich-Kister model to plan an OED that significantly reduced the
predicted parameter uncertainty.

One of the main challenges encountered in OED for GPE approaches
is the high computational costs of solving the subproblems. This is es-
pecially the case in our application as we use a rigorous formulation
for modelling the embedded LLE. Due to computational costs, our pro-
posed method is currently not feasible for real-world applications that
typically involve multiple uncertain parameters. We propose four ap-
proaches to reduce computational effort: modifying the subproblem for-
mulation, implementing ad-hoc or heuristic methods within the hierar-
chical algorithms, and within the subsolvers used. Finally, we outline
extensions and future work, once computational challenges have been
overcome.

Acronyms
BLP bilevel program
GPE guaranteed parameter estimation
GSIP generalized semi-infinite program
LLE liquid-liquid equilibrium
LLP lower-level problem
NLP/(MDNLP  (mixed-integer) nonlinear program
OED optimal experimental design
SIp semi-infinite program
TP tangent plane
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Appendix A. Liquid-liquid equilibrium model
A.1. Reduction of the model complexity

With the following assumptions, we can eliminate all describing state
variables except for the mole fraction of the first species in the first
phase and the mole fraction of the first species in the second phase. We
consider two species and two phases, and assume that all species are
present in all phases and non-vanishing phases. Recall that an extension
to multi-component and multi-phase systems is conceptually straightfor-
ward. For notational convenience, we arbitrarily enforce that x; ; < x, J,
with x,; being mole fraction of the ith species in phase /. This directly
leads to0 x;; — X1 1 2 gy > 0. Using the closing condition and the defi-
nition of the phase ratios ¢;, we obtain

Xip=1-=x/5, VI
X2,1 ~ X1 total
@ = — (A1)
X210~ X1,
o =1-09.

Eliminating the second component and dropping the subscript for the
components, we obtain the simplified mass balances
X1~ Xtotal <0
Xotal —X2 <0 (mass balances)

x|+ Egpiip — X3 < 0.

A.2. Thermodynamic relations

The molar Gibbs free energy of mixing reads

N
GM(T,p,x;) =RT z X Inx;, +GE

c=1

(A.2)

and is comprised of an ideal and an excess contribution. The molar
excess Gibbs energy GP stems from an excess model, in our case, the
Redlich and Kister model. The npth—order Redlich-Kister model reads for
two components (Redlich and Kister, 1948)

n,

G*(T.p.x;) = RTx;;x;, Z pi(xp) = x10)".
i=0

(A.3)

with n, denoting the number of parameters.
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Appendix B. Blankenship and Falk solution algorithm for SIPs

The general formulation of an semi-infinite program (SIP) is given
by

min f(x)
xeX
st. g'xy)<0,Vye),
(B.1)
with X := {x € [x"’,x“b] D v(x) <0, vU(x) = 0}

Y= {ye[y*y®] : vl <0, v(y) =0},

the objective function f : R"x — R, the semi-infinite constraint function
g" : R"™ X R™ — R"su, non-coupling upper-level equality and inequal-
ity constraints v : R — R™iu and v*" : R — R, non-coupling
lower-level equality and inequality constraints ! : R" — R and v*' :
R" — R™el, In the definition of the host sets X and Y the superscripts
“Ib” and “ub” denote finite upper bounds and lower bounds of the upper-
and lower-level variables, respectively.

Definition 1 (¢*-SIP-feasible point). A point x € X is £*-SIP-feasible in
(B.1) if

g'E )<L Vyed,
with £* > 0.

Definition 2 (SIP-feasible point). A point x € X is called SIP-feasible
in (B.1) if it fulfills Definition 1 (Definition 1) with £® = 0.

Definition 3 (SIP-Slater point). A point x5 € X is called an SIP-Slater
point in (B.1) if

g“(xs,y) <0, Vyel.

Definition 4 (¢f-optimal SIP-Slater point). A point x5 € X is called an
¢! -optimal SIP-Slater point in (B.1) if

f(xs) Sf*+£f/\g“(xs,y) <-5-1,Vye),
with !, €5 > 0, c.f., Lemma 2.4 in Mitsos (2011).

To solve (B.1) with the algorithm proposed by Blankenship and Falk
(1976), c.f., Algorithm 3 in Appendix B, (B.1) is decomposed into (B.2)
and (B.3) which read

f(x)

(B.2) = min
f xeX

st gi(x,y9) <0, ¥V y? € YPISC, (B.2)
with X :={x € [x®,x"] : p(x) <0, v*(x) =0},
with YPISC ¢ y, and
B3) = max max gY(x,y),
& ey jellong, &(&.y)
(B.3)
with Y := {y S [ylb,y“b] (vl (y) <0, voli(y) = 0},

Note that Algorithm 3 is already provided in 1ibDIPS (Jungen et al.,
2023). Algorithm 3 and its adaptations can be used to solve design prob-
lems involving embedded thermodynamic equilibrium (applied in Kara-
casulu et al., 2020; possible in, e.g., Glimtis, 1997; Clark and Westerberg,
1990; Clark, 1990).
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