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 A B S T R A C T

Three-dimensional geological modelling is an essential tool for understanding subsurface features, supporting 
advanced exploration of natural resources, their sustainable development, and the identification of optimal 
locations for carbon storage. Recently, efficient neural network approaches have been developed to handle 
large datasets and to integrate diverse observations and prior knowledge into geological models. Previous work 
has demonstrated that neural networks are powerful tools for geological modelling, but quantifying uncertainty 
in their predictions remains an open issue. In this work, we address the uncertainty arising from both network 
parameters and observational data. We explore the full space of possible geological model realizations using 
a Hamiltonian Monte Carlo sampler, and quantify the uncertainty of predicted geological interfaces within 
a Bayesian neural network framework. Our experimental results demonstrate that the Hamiltonian Monte 
Carlo sampler effectively explores the posterior distribution in function space and quantifies the uncertainty of 
predicted geological interfaces for both a noise-free borehole dataset from the North Sea and a noisy dataset 
interpreted from geophysical well logs in Saskatchewan, Canada. We also apply the method to a simple faulting 
scenario involving a normal fault in flat stratigraphy. Furthermore, in comparison with the commonly used 
Monte Carlo dropout approach, the Hamiltonian Monte Carlo sampler exhibits superior accuracy in assessing 
epistemic uncertainty in a noise-free dataset. However, computational efficiency remains a potential challenge 
in large dataset and network.
1. Introduction

Three-dimensional geological modelling is important in various 
fields, including mineral exploration, oil and gas field development, 
groundwater management, and engineering geology. Common
approaches to 3-D geological modelling are generally divided into two 
main types: explicit modelling and implicit modelling (Wellmann and 
Caumon, 2018). Explicit approaches (Caumon, 2010; Mallet, 2002; 
Sprague and de Kemp, 2005) typically construct each interface inde-
pendently, often with a high level of geometric clarity and detail. This 
makes them suitable when precise geometric definitions are required. 
However, explicit approaches have limitations in modelling efficiency 
and adaptability, due to the extent of manual intervention and data 
processing required (Hillier et al., 2023). Implicit approaches can be 
further categorized into meshless approaches (Calcagno et al., 2008; 
Hillier et al., 2014; Lajaunie et al., 1997; de la Varga et al., 2019; Martin 
and Boisvert, 2017) and mesh-based approaches (Frank et al., 2007; 
Caumon et al., 2013; Laurent, 2016). A significant feature of implicit 
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approaches is that multiple conformal interfaces can be modelled by 
the same scalar field, allowing a more automated and flexible mod-
elling process. These approaches are particularly effective in handling 
incomplete and scattered data. However, despite their advantages, the 
underlying mathematical models can limit scalability when incorpo-
rating large amounts of geological data and knowledge (Hillier et al., 
2023), as implicit representations require an interpolation of a scalar 
field one dimension higher than the modelled object - so, in typical 
3-D geological modelling cases, the interpolation of a 3-D scalar field 
to represent 2-D geological interfaces.

Recently, neural networks have been applied to overcome this lim-
itation and shown to be effective interpolators for implicit geological 
structural modelling (Bi et al., 2022; Guo et al., 2021; Hillier et al., 
2021, 2023). These neural network frameworks can integrate diverse 
geological data and incorporate domain knowledge through various 
strategies (Wu et al., 2023), especially by using appropriate feature en-
coding (Chen et al., 2024). In previous studies, predictions of geological 
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structures from multiple runs of the neural network are shown to be 
similar, but not identical; however, the confidence in these predictions 
is typically not considered. Goodfellow et al. (2016) reported that 
training deep neural networks entails minimizing a highly non-convex 
loss function, the variability in predictions across runs arises from the 
random initialization of network parameters. Generally, beginning from 
different initial weights and biases, the neural network converges to 
a solution that may vary, resulting in different predictive geological 
structures. A common practice to improve reproducibility is to set a 
fixed random seed or use pretrained models. However, such deter-
ministic result represents only one realization in the solution space. 
Therefore, quantifying uncertainty in neural network-based geological 
modelling remains an open challenge.

Over the past two decades, Bayesian inference and Monte Carlo 
simulation have been widely used to evaluate structural uncertainty in 
geological modelling. These probabilistic approaches generate ensem-
bles of subsurface realizations that take into account both observations 
and prior geological knowledge (Tarantola, 2005; Caers, 2011). For 
instance, stochastic sampling has been used to evaluate alternative geo-
metric configurations of geological structures and quantify the resulting 
uncertainty (Wellmann et al., 2010; Wellmann and Regenauer-Lieb, 
2012). More recent developments include stochastic inversion strate-
gies, where gravity data is inverted via Monte Carlo sampling to assess 
the variability of subsurface structures (Athens and Caers, 2022; Liang 
et al., 2023), and the use of the abstract graph Markov Chain Monte 
Carlo (MCMC) framework to explore a variety of possible geological in-
terface geometries (Huang et al., 2023). These approaches demonstrate 
the value of probabilistic sampling in capturing the range of possible 
subsurface structures. However, although traditional Bayesian methods 
and MCMC methods are theoretically rigorous, they still have some 
limitations when applied to neural networks with high-dimensional 
parameters, such as slow mixing (Neal, 2011; Izmailov et al., 2021).

To address the critical gap in characterizing the inherent uncertainty 
of predicted geological models generated by existing AI-based methods, 
Bayesian Neural Networks (BNNs) can be employed. These networks 
learn a distribution over neural network parameters and have shown 
promise in characterizing the space of plausible geological models. 
Two common approaches for performing Bayesian inference are MCMC 
and variational inference (e.g., Monte Carlo dropout (Gal and Ghahra-
mani, 2015) and deep ensembles (Lakshminarayanan et al., 2016)). In 
geomodelling research, Monte Carlo dropout and related techniques 
have already been explored to quantify uncertainty in deep learning 
models. Jordão et al. (2023) investigated Monte Carlo dropout and 
deep variational inference to assess the uncertainty of deep convo-
lutional neural network models trained to predict ore type bound-
aries. Maldonado-Cruz and Pyrcz (2021) proposed a method to improve 
dropout frequency tuning in Monte Carlo dropout for uncertainty quan-
tification in subsurface flow prediction. Feng et al. (2021) used the 
Monte Carlo dropout approach to quantify uncertainty in fault detec-
tion using a convolutional neural network. Bao et al. (2023) applied 
the Monte Carlo dropout in multilayer perceptron to predict reservoir 
thickness and quantify uncertainty.

The aforementioned methods approximate the posterior distribution 
in different ways. Deep ensembles train multiple neural networks with 
different initializations and aggregate their predictions to estimate 
predictive variability. Monte Carlo dropout uses stochastic dropout 
masks during inference to mimic Bayesian sampling. Although these 
approaches provide practical uncertainty estimates, they only approx-
imate the true posterior and may underestimate the uncertainty (Li 
and Gal, 2017). Hamiltonian Monte Carlo (HMC) is a promising al-
ternative for Bayesian inference in neural networks due to its ability 
to draw samples from the posterior more accurately than approxi-
mate approaches (Izmailov et al., 2021). Moreover, unlike classical 
MCMC algorithms, which rely on random walk exploration and struggle 
in high-dimensional spaces, HMC utilizes gradient information from 
the posterior distribution to produce lower rejection rates and faster 
2 
convergence, making it better-suited for high-dimensional spaces (Be-
tancourt, 2017; Benker et al., 2021). Recently, advancements in accel-
erated computing hardware (e.g., GPUs) and modern computational 
frameworks such as PyTorch and TensorFlow have made full-batch 
HMC feasible for exploring network parameter distributions and quan-
tifying uncertainty in neural network predictions (Cobb, 2023; Izmailov 
et al., 2021).

Among the existing deep learning frameworks for geological mod-
elling, GeoINR (Hillier et al., 2023) has an efficient modelling imple-
mentation with a low-dimensional parametrization. This aspect makes 
it a good basic choice for applying HMC for uncertainty estimation. 
In this work, we present such a combination of an HMC sampler 
in the GeoINR geomodelling framework to learn distributions over 
neural network parameters instead of fixed values. These distributions 
enable the exploration of parameter sets to characterize the space of 
predicted geological interfaces. To demonstrate the performance of 
HMC in uncertainty quantification within the GeoINR framework, we 
use a noise-free borehole dataset from the North Sea and a noisy 
dataset interpreted from geophysical well logs from Saskatchewan. 
We evaluate the effectiveness of the HMC sampler in exploring the 
posterior distribution over both network parameters (parameter space) 
and predicted scalar values in observational data (function space), 
then quantify the uncertainty in the predicted geological interfaces. 
Moreover, we compare modelling results from an HMC sampler with 
the commonly used Monte Carlo dropout approach.

The remainder of this paper is organized as follows: Section 2 
introduces the related works of neural network architecture in the 
GeoINR and the HMC uncertainty quantification approaches in deep 
learning. Section 3 outlines the model setting for the HMC sampler 
in neural networks and the evaluation metrics. Section 4 presents the 
uncertainty quantification performance in two case studies. Section 5 
discusses the characteristics of the used method. Finally, Section 6 
provides the conclusion.

2. Materials and methods

2.1. Geomodelling with implicit neural representations

Neural network approaches represent a shift from concept-driven 
modelling to data-driven modelling. Implicit Neural Representations 
(INR), also known as neural field interpolation, which draws on the 
neural radiance field (NeRF) (Mildenhall et al., 2020) technology in 
the field of 3-D reconstruction in computer vision, has been demon-
strated as an effective geomodelling method and was first introduced 
under the term GeoINR by Hillier et al. (2023) and extended to fault 
representation by Gao and Wellmann (2025). GeoINR geomodelling 
framework utilizes neural networks to parametrize functions that di-
rectly map spatial coordinates to scalar or vector fields (see Fig.  1a), 
providing a more flexible framework for integrating prior knowledge 
into the model. This approach demonstrates significant promise in 
addressing efficiency and resolution dependency limitations in other 
neural network geomodelling techniques.

The function defining the INR network is given by 
𝑓𝜃(𝐱) = 𝜙𝐿

(

𝐖𝐿 𝜙𝐿−1
(

⋯ 𝜙1(𝐖1𝐱 + 𝐛1)
)

+ 𝐛𝐿−1
)

+ 𝐛𝐿, (1)

where 𝐱 = (𝑥, 𝑦, 𝑧) denotes a spatial coordinate, 𝐷 = {(𝐱𝑖, 𝑦𝑖)}𝑁𝑖=1 is 
the observational dataset in which 𝑦𝑖 is the scalar value associated 
with coordinate 𝐱𝑖. The network parameters are 𝜃 = {𝐖𝑖,𝐛𝑖}𝐿𝑖=1, and 
𝜙𝑖(⋅) denotes the activation function at the 𝑖-th layer. Diverse data and 
model constraints can be incorporated into the modelling process by 
designing proper loss functions in GeoINR. The network parameters 𝜃
are optimized by minimizing the loss functions. Refer to Hillier et al. 
(2023), Gao and Wellmann (2025) for details of the loss function 
settings. The purpose of this work is to verify the effectiveness of 
the HMC sampler for uncertainty quantification within an INR-based 
geomodelling framework, using only the interface points as constraints.
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Fig. 1. Neural network architectures. (a) The GeoINR architecture uses fixed 
value for each trained network parameter; the input features are coordinates 
and the output is the corresponding predicted scalar value. (b) A Bayesian 
neural network with a distribution for each network parameter.

2.2. HMC-based BNN approach

2.2.1. Posterior distribution in BNN
BNNs are a class of neural networks that incorporate Bayesian infer-

ence to model uncertainty in predictions. In contrast to standard neural 
networks, which produce a single value for each network parameter, 
BNNs treat the network parameters as distributions (Fig.  1b). This is 
particularly useful for quantifying uncertainty in geomodelling using 
neural networks. Formally, the posterior distribution 𝑝(𝜃|𝐷, 𝑓 ) of the 
network parameters 𝜃 given the observational data 𝐷 and the neural 
network 𝑓 is defined as (Lampinen and Vehtari, 2001): 

𝑝(𝜃|𝐷, 𝑓 ) =
𝑝(𝐷|𝜃, 𝑓 )𝑝(𝜃|𝑓 )

𝑝(𝐷|𝑓 )
, (2)

where 𝑝(𝐷|𝜃, 𝑓 ) is the likelihood of the parameters 𝜃, 𝑝(𝜃|𝑓 ) is the prior 
distribution of the parameters 𝜃, and 𝑝(𝐷|𝑓 ) is the marginal likelihood, 
which is defined as: 
𝑝(𝐷|𝑓 ) = ∫𝜃

𝑝(𝐷|𝜃, 𝑓 )𝑝(𝜃|𝑓 )𝑑𝜃. (3)

However, the marginal likelihood is intractable due to the re-
quirement to integrate over all network parameters, which can mean 
integration in a high-dimensional space. Consequently, conventional 
numerical integration methods such as quadrature become computa-
tionally prohibitive. A standard approach to overcome this issue is 
the use of sampling methods, such as MCMC. While being the gold 
standard for probabilistic inversion, it can be very slow to converge 
in practical applications. HMC methods mitigate these issues by using 
gradient information to efficiently explore the posterior space, making 
it a promising approach to better approximate the marginal likelihood.

2.2.2. HMC method
The HMC method is based on the principles of Hamiltonian mechan-

ics, which describe the evolution of a system in terms of its position 
and momentum. Here, the position represents the parameters of inter-
est (e.g., network parameters), while the momentum is an auxiliary 
variable introduced to improve sampling efficiency. The Hamiltonian 
is defined as: 
𝐻 (𝜃, 𝑝) = 𝑈 (𝜃) +𝐾 (𝑝) , (4)

where 𝑈 (𝜃) represents the potential energy, defined as the negative 
logarithm of the posterior probability of the parameters 𝜃, formula as: 

𝑈 (𝜃) ∝ 1
2𝜎2

𝑁
∑

𝑖=1

(

𝑦𝑖 − 𝑓𝜃(𝐱𝑖)
)2 + 1

2𝜆2
∑

𝑗
𝜃2𝑗 , (5)

where 𝜎2 is the noise of predicted scalar value in implicit geomodelling 
context, 𝑓𝜃(𝐱𝑖) and 𝑦𝑖 are predicted scalar value and the predefined 
scalar value respectively, 𝜆2 is the variance of the neural network 
3 
parameter prior. For a detailed derivation of potential energy see 
Appendix  A. The kinetic energy term, 𝐾 (𝑝), is typically assumed to 
follow a Gaussian distribution and can be expressed as: 

𝐾 (𝑝) = 1
2
𝑝⊤𝑀−𝟏𝑝, (6)

where 𝑀 is the mass matrix - often set to the identity matrix.
In practice, we need to choose the initial parameters 𝜃 (i.e., the 

initial weights and bias of the neural network), as well as sample the 
initial momentum 𝑝 from a Gaussian distribution. HMC proceeds by 
simulating the Hamiltonian dynamics using the following equations: 
𝑑𝜃
𝑑𝑡

= 𝜕𝐻
𝜕𝑝

,
𝑑𝑝
𝑑𝑡

= − 𝜕𝐻
𝜕𝜃

. (7)

These equations are approximated using the leapfrog integration 
method (Brooks et al., 2011), which iteratively updates the network 
parameters and momentum as follows: 
𝑝𝑡+𝜖∕2 = 𝑝𝑡 −

𝜖
2
∇𝜃𝑈

(

𝜃𝑡
)

, (8)

𝜃𝑡+𝜖 = 𝜃𝑡 + 𝜖∇𝑝𝐾
(

𝑝𝑡+𝜖∕2
)

, (9)

𝑝𝑡+𝜖 = 𝑝𝑡+𝜖∕2 −
𝜖
2
∇𝜃𝑈

(

𝜃𝑡+𝜖
)

, (10)

where 𝜖 is the step size of each updating time. In leapfrog integration, 
the gradient of the potential energy guides the update of the network 
parameters, driving them toward regions of higher posterior probabil-
ity. Moreover, the step size 𝜖 and the leapfrog steps 𝐿 can be adaptively 
determined using the NUTS algorithm in practice (Hoffman and Gel-
man, 2011). The probability of acceptance is calculated according to 
the Metropolis criterion (Metropolis et al., 1953): 
𝛼 = min

(

1, exp(𝐻(𝜃0, 𝑝0) −𝐻(𝜃∗, 𝑝∗))
)

, (11)

where 𝐻(𝜃0, 𝑝0) is the initial Hamiltonian system, and 𝐻(𝜃∗, 𝑝∗) is the 
new state of the Hamiltonian system after some updating steps. With 
probability 𝛼 to accept the new state, otherwise, the current state is 
retained. The sampling procedure is repeated until sufficient samples 
have been collected.

Suppose we obtain a series of parameter samples {𝜃(1), 𝜃(2),… , 𝜃(𝑇 )}, 
where 𝑇  is the number of samples. A distribution over network pa-
rameters 𝜃 combined with a neural network architecture 𝑓 (𝐱, 𝜃) in-
duces a distribution of predicted results. The final predicted mean and 
variances are: 

𝜇[𝑦∗|𝐱∗] ≈ 1
𝑇

𝑇
∑

𝑡=1
𝑓 (𝐱∗, 𝜃(𝑡)), (12)

𝜎2[𝑦∗|𝐱∗] = 1
𝑇

𝑇
∑

𝑡=1
𝑓 (𝐱∗, 𝜃(𝑡))𝑓 (𝐱∗, 𝜃(𝑡))𝑇 − 𝜇[𝑦∗|𝐱∗]𝜇[𝑦∗|𝐱∗]𝑇 . (13)

3. Combining HMC-BNN with geomodelling

The primary objective of this work is to integrate the HMC sampler 
into the GeoINR geomodelling framework and to quantify the uncer-
tainty of predicted geological interfaces. Furthermore, the uncertainty 
information derived from these models should be assessed before being 
used for decision-making. The following sections describe how we 
address these two aspects.

3.1. Model definition

The neural network architecture employed in this study is the same 
as that of GeoINR (Hillier et al., 2023). The input features include 
the coordinates of observational or interpolated points, which are 
processed through several hidden layers to produce a scalar value for 
each point. To ensure stable network training, the input features are 
normalized to the range [−1, 1], and the predefined scalar values of the 
interfaces are assigned within the same range where younger interfaces 



K. Gao et al. Computers and Geosciences 209 (2026) 106123 
having higher scalar values. The Softplus activation function is used to 
ensure a smooth predictive scalar field.

The priors of neural network parameters play a critical role when 
employing HMC to explore their posterior distributions. GeoINR was 
implemented using the PyTorch programming framework, where the 
Kaiming normal distribution (He et al., 2015) is commonly used to 
initialize neural network parameters. It draws initial weights from a 
zero-mean Gaussian distribution with variance scaled by the number of 
neurons in each layer, thereby preserving the magnitude of the variance 
of the network parameters in the forward pass (Glorot and Bengio, 
2010; He et al., 2015). By adopting this initialization as the prior for 
network parameters 𝜃, we assume 𝜃 ∼ 

(

0,
√

2∕𝑛𝑙
2), where 𝑛𝑙 refers 

to the input dimensionality of each neural network layer.

3.2. Evaluation metrics

3.2.1. Checking convergence of HMC sampler
The HMC sampler is used to generate a sequence of parameters 

from the posterior distribution of the network parameters. Since the 
prediction 𝑓 (𝐱, 𝜃) depends on these parameters, placing a distribu-
tion over 𝜃 induces a corresponding distribution over the predicted 
geological interfaces. Typically, deep learning involves a very high-
dimensional space of parameters, making exploration of the exact 
posterior of each parameter (parameter space) computationally expen-
sive. However, in using BNN, our goal is not to perform inference on 
the network parameters, rather to make accurate and well-calibrated 
predictions (Margossian and Gelman, 2024). Izmailov et al. (2021) 
reported that the HMC sampler efficiently explores a posterior distri-
bution in function space that outperforms the posterior distribution 
obtained in parameter space. Similarly, Benker et al. (2021) stated that 
the acceptance of proposed network parameters depends on the result-
ing model fit to the training data. If the predicted result is accepted, 
the new parameter state becomes part of the Markov chain. We are 
primarily concerned with the posterior distribution in function space. 
Therefore, the following analysis of the posterior focuses on function 
space rather than the posterior and convergence of parameter space.

To evaluate the convergence of the HMC sampler, we use two 
metrics: drawn trajectory visualizations and 𝑅̂ diagnostics (Gelman 
and Rubin, 1992). For the drawn trajectory visualizations, a good 
sample chain typically exhibits high-frequency fluctuations, indicating 
low autocorrelation between successive samples, i.e., the degree of 
correlation of the same variable between successive samples is lower, 
which is beneficial for uncertainty quantification. The 𝑅̂ diagnostic 
compares the variance within each independent Markov chain to the 
variance between those chains (each sampling the same parameter) to 
assess whether they have all converged to the same target distribution. 
Approximate convergence is diagnosed when 𝑅̂ is close to 1. The 
recommended proximity of each 𝑅̂ to 1 depends on each dataset, but 
a general goal is to achieve 𝑅̂ < 1.1 (Brooks and Gelman, 1998). We 
use the open-source package ArviZ (Kumar et al., 2019) to compute 𝑅̂
diagnostics.

3.2.2. Checking distributions of uncertainty
To analyse the uncertainty in the location of geological interfaces 

(function space), we employ accuracy plots (Pyrcz and Deutsch, 2014; 
Maldonado-Cruz and Pyrcz, 2021) to evaluate uncertainties across mul-
tiple predicted geological interfaces for a given dataset. The accuracy 
and precision of an uncertainty distribution are based on the proportion 
of true values falling within different symmetric probability intervals of 
the sampled values.

We construct an indicator function 𝜉(𝐮𝑖;𝜔) and consider a range of 
credible intervals 𝜔 = 𝑗

100 , 𝑗 = 1,… , 99. For each interval, if the true 
value lies within the corresponding credible interval of the sampled 
values 𝑓 (𝐮 ), we set 𝜉(𝐮 ;𝜔) = 1; otherwise 𝜉(𝐮 ;𝜔) = 0. Then the 
𝑖 𝑖 𝑖
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Fig. 2. Example of uncertainty calibration at the 90% credible level. Each 
black dot represents one sample drawn from the posterior distribution of 
the scalar value at a single interface point, and the coloured bars show its 
corresponding 90% credible interval. The red crosses denote the true scalar 
value of this interface point. (a) Under-calibrated model: only 60% of true 
values lie within the 90% credible intervals. (b) Well-calibrated model: 90% 
of true values fall within the 90% credible intervals.

proportion of true values within a given interval is calculated as the 
average of this indicator: 

𝜉(𝜔) = 1
𝑛

𝑁
∑

𝑖=1
𝜉(𝐮𝑖;𝜔), (14)

the uncertainty model is considered accurate when the average of the 
indicator function 𝜉 (𝜔) ≥ 𝜔. It is both accurate and precise when 
𝜉 (𝜔) = 𝜔. Conversely, it is inaccurate and imprecise when 𝜉 (𝜔) < 𝜔. 
As an illustration of this concept, we consider a single interface point 
and display ten representative samples from the posterior distribution 
of its scalar value in Fig.  2. Each black dot corresponds to one such 
sample, while the coloured error bars represent the associated credible 
intervals. The red cross indicates the true value used for calibration. If, 
at a given credible level (e.g., 0.9 in Fig.  2), the true values fall within 
the 90% credible intervals approximately 90% of the time (i.e., 9 out 
of 10 samples), the uncertainty model is considered well-calibrated, as 
shown in Fig.  2b.

Following Pyrcz and Deutsch (2014), Maldonado-Cruz and Pyrcz 
(2021), we quantify overall accuracy and precision of the uncertainty 
as: 

𝑎(𝜔) =

{

1, if 𝜉(𝜔) ≥ 𝜔,
0, otherwise,

(15)

𝐴 = ∫

1

0
𝑎(𝜔) 𝑑𝜔, (16)

𝑃 = 1 − 2∫

1

0
𝑎(𝜔)

(

𝜉(𝜔) − 𝜔
)

𝑑𝜔, (17)

where 𝐴 = 1 indicates maximum accuracy over all intervals, and 𝑃 = 1
indicates maximum precision (the calibration curve coincides with the 
ideal diagonal).

The pseudo code for the comprehensive HMC-BNN method with 
uncertainty quantification is presented in Algorithm 1. 

4. Results

4.1. Uncertainty in noise-free dataset

We first consider a noise-free borehole dataset from the North Sea 
to test the implementation of the HMC-BNN approach. The dataset was 
obtained from DINOloket1, an open-source geological database devel-
oped by the TNO Geological Survey of the Netherlands. Specifically, we 

1 https://www.dinoloket.nl/en/subsurface-models/map (last access: 16 
July 2025)

https://www.dinoloket.nl/en/subsurface-models/map
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Algorithm 1 Comprehensive HMC-BNN with Uncertainty Quantification
1: Input: Dataset 𝐷 = {(𝐱𝑖, 𝑦𝑖)}, Network architecture 𝑓 , HMC hyper-parameters (step size 𝜖 (optional for NUTS), leapfrog steps 𝐿 (optional for 
NUTS), number of samples 𝑇 , warm-up steps, number of chains)

2: Output: Posterior samples {𝜃(1), 𝜃(2), ..., 𝜃(𝑇 )}, Predictions 𝜇[𝑦∗|𝐱∗], 𝜎2[𝑦∗|𝐱∗], Convergence metric 𝑅̂, Uncertainty metrics 𝐴, 𝑃
// Phase 1: Model Definition & Initialization (Section 3.1)

3: Normalize input features 𝐱 to range [−1, 1]
4: Define activation function as Softplus
5: Initialize network parameters 𝜃(0)
// Phase 2: HMC Sampling (Section 2.2)

6: Initialize 𝑘 = 0
7: while 𝑘 < 𝑇  do
8:  Sample momentum 𝑝𝑘 ∼  (0, 𝐼)
9:  Set (𝜃0, 𝑝0) = (𝜃𝑘, 𝑝𝑘)
10:  Perform leapfrog integration (using 𝐿 steps if HMC; optional for NUTS)
11:  Update momentum and parameters:
12:  𝑝𝑖 = 𝑝𝑖−1 −

𝜖
2∇𝜃𝑈 (𝜃𝑖−1)

13:  𝜃𝑖 = 𝜃𝑖−1 + 𝜖∇𝑝𝐾(𝑝𝑖)
14:  𝑝𝑖 = 𝑝𝑖 −

𝜖
2∇𝜃𝑈 (𝜃𝑖)

15:  Compute acceptance probability: 𝛼 = min
(

1, exp(𝐻(𝜃0, 𝑝0) −𝐻(𝜃𝐿, 𝑝𝐿))
)

16:  if accepted with probability 𝛼 then
17:  𝜃𝑘+1 = 𝜃𝐿
18:  else
19:  𝜃𝑘+1 = 𝜃𝑘

20:  end if
21:  Save 𝜃𝑘+1 as posterior sample
22:  𝑘 = 𝑘 + 1
23: end while
24: Discard warm-up samples; Collect posterior samples {𝜃(1), 𝜃(2), ..., 𝜃(𝑇 )}
25: Conduct forward pass for all collected 𝜃 sets

// Phase 3: Convergence Diagnostics (Section 3.2.1)
26: Visualize: Generate trace plots for function space and parameter space
27: Compute 𝑅̂: Calculate Gelman-Rubin statistic for predictions 𝑓 (𝐱, 𝜃)

// Phase 4: Prediction & Uncertainty Analysis (Section 3.2.2)
28: for test input 𝐱∗ do
29:  Compute mean 𝜇[𝑦∗|𝐱∗] Eq.  (12)
30:  Compute variance 𝜎2[𝑦∗|𝐱∗] Eq.  (13)
31: end for
32: Calibration Check:
33: Compute total accuracy score 𝐴 Eq.  (16)
34: Compute total precision score 𝑃  Eq.  (17)
used the DGMdeep v5.0 model to select 13 boreholes (Fig.  3a) from a 
region of the North Sea. A total of 63 interface points corresponding 
to five geological units were used as modelling constraints. These units 
include the Upper North Sea Group (NU), North Sea Supergroup (N), 
Chalk Group (CK), Rijnland Group (KN), and basement.

In this case study, the input to the BNN consists of coordinates, 
while the output is a scalar value. The network architecture includes 
two hidden layers, each containing 128 neurons. We assume the bore-
hole dataset is noise-free, and thus focus on the uncertainty from 
network parameters (i.e., epistemic uncertainty). This uncertainty re-
lates to the interpolation uncertainty, also referred to as ‘‘Type 2’’ 
uncertainty in the context of geological modelling (see Mann et al., 
1993; Wellmann et al., 2010). In practice, the potential energy of HMC 
is directly related to the predicted scalar value variance 𝜎2 (Eq. (5)). 
Consequently, selecting a value of 𝜎2 that is excessively small can lead 
to a lower acceptance rate (Eq. (11)). In this case study, we set the ini-
tial value of 𝜎2 to 10−6 and allow it to adapt to the dataset. Probabilistic 
inference is performed using the NUTS sampler implemented in the 
open-source library NumPyro (Phan et al., 2019), which extends HMC 
by automatically selecting both the step size and the number of leapfrog 
steps. Since the HMC sampler starts randomly and stabilizes after a 
certain number of steps, the warm-up phase is set to 400 steps. The 
number of samples should be determined based on model complexity, 
data size, and target posterior quantity. When the sample size is small, 
5 
increasing the number of samples can significantly reduce the Monte 
Carlo standard error; however, when the samples reach stability, the 
marginal benefits of further increasing samples decrease. At this point, 
a more effective strategy is to tune the hyper-parameters of NUTS sam-
pler to improve sampling efficiency (Margossian and Gelman, 2024). 
To obtain a stable and reliable measure of uncertainty while keeping 
the computational cost within reasonable limits, we sample 1500 sets 
of neural network parameters which are then used to generate corre-
sponding scalar field predictions for modelling geological interfaces. 
From these scalar fields, iso-surfaces representing the target geological 
interfaces are extracted. Table  1 summaries the hyper-parameters of the 
model.

After performing HMC sampling with the parameter settings de-
scribed above, the acceptance rate in this case study is 87%. Fig.  3b 
shows the predicted mean of the rock units, and Fig.  3c shows the 
mean of the geological interfaces. In geomodelling, information entropy 
is an effective method to visualize and quantify the uncertainty in 
geological models. We computed the entropy of the sampled geological 
interfaces following Wellmann and Regenauer-Lieb (2012), as shown 
in Fig.  3d. The accuracy plot of the resulting predictive uncertainty 
for this case study is shown in Fig.  4. The uncertainty accuracy and 
precision (by Eqs. (16)–(17)) are 0.7 and 0.99, respectively. This means 
that for roughly 70% of the credible intervals, the proportion of true 
values falling inside the predicted credible intervals met or exceeded 
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Fig. 3. Results of the North Sea borehole dataset. (a) Dataset visualization, with 13 boreholes and 5 geological units, including Upper North Sea Group (NU), 
North Sea Supergroup (N), Chalk Group (CK), Rijnland Group (KN), and basement from top to bottom. (b) Predicted mean of rock units. (c) Predicted mean of 
geological interfaces. (d) Entropy computed from 1500 sampled scalar fields. (e) Slice of the entropy result of the presented HMC-BNN method at the location of 
the borehole 9 along the 𝑦 direction. (f) Slice of the entropy result of the Monte Carlo dropout method at the location of the borehole 9 along the 𝑦 direction.
Table 1
Summary of hyper-parameter settings in the case studies.
 Hyper-parameters (HMC-BNN) North Sea dataset Saskatchewan dataset 
 

Neural network

Input features 3 3  
 Number of hidden layers 2 2  
 Dimension of hidden layers 128 128  
 Output dimension 1 1  
 Activation function Softplus (𝛽 = 1) Softplus (𝛽 = 1)  
 Data normalization [−1, 1] [−1, 1]  
 

HMC

Prior of network parameters Kaiming normal Kaiming normal  
 Leapfrog steps determined by NUTS determined by NUTS  
 Step size determined by NUTS determined by NUTS  
 Prior of noise  (0, 10−6)  (0, 10−2)  
 Warm-up steps 400 200  
 Sampling size 1500 1500  
 Number of chains 3 3  
the expected coverage. At the same time, the calibration curve (blue 
line in Fig.  4) was nearly coincident with the ideal diagonal when 
the credible intervals were accurate, reflecting high precision in the 
uncertainty estimates. In this noise-free scenario, we only accounted 
for epistemic uncertainty, which led to a slight underestimation of 
overall uncertainty and therefore slightly narrower credible intervals. 
This effect is most evident in the higher probability interval, where the 
calibration curve falls below the perfect calibration line; as a result, 
the overall accuracy is 0.7. Note that in Fig.  4, the accuracy and 
precision metrics are computed by comparing the distributions of the 
6 
predicted scalar-field values at the borehole interface locations with the 
predefined scalar values associated with those interfaces, as described 
in 3.2.2.

To compare HMC with Monte Carlo dropout, we set the neural 
network hyper-parameters the same for both methods and generate 
1500 realizations with each. The result, shown in Fig.  3e-f, indicates 
that Monte Carlo dropout fails to distinguish uncertainty between 
observed and interpolated points when the data are noise-free, and the 
uncertainty along the predicted interface is nearly uniform. Another 
drawback of Monte Carlo dropout is its lower predictive accuracy 
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Fig. 4. Accuracy plot of predictive uncertainty for the North Sea model using 
HMC-BNN and Monte Carlo dropout (dropout rates 0.1, 0.3, and 0.5). The 
figure shows the proportion of data captured within predicted probability 
intervals against the ideal 1:1 calibration line, along with overall accuracy 
and precision metrics for the presented HMC-BNN method.

Table 2
Performance comparison of HMC and Monte Carlo dropout 
methods.
 Method MSELoss Realizations/s 
 HMC 1.83 × 10−4 3.15  
 MC-dropout (p=0.1) 1.10 × 10−3 46.03  
 MC-dropout (p=0.3) 2.07 × 10−3 46.16  
 MC-dropout (p=0.5) 4.09 × 10−3 46.11  

compared to HMC. In particular, the mean squared error loss (MSELoss) 
at constrained points is larger when using Monte Carlo dropout than 
when employing HMC, as shown in Table  2. This is due to random 
dropout of neurons during training and prediction, which effectively 
removes information and reduces accuracy. The calibration plot in Fig. 
4 also indicates that HMC yields more reliable uncertainty quantifi-
cation. However, because Monte Carlo dropout requires training only 
a single neural network and then performing multiple forward passes 
through that network to generate realizations, it is significantly more 
computationally efficient than HMC sampling.

We also analyse convergence in both parameter space and function 
space. Fig.  5 shows trace plots of three randomly chosen parameters 
in parameter space and three interface points (from borehole 9, see 
Fig.  3a) in function space. The weight traces in Fig.  5a show high 
autocorrelation because 1500 samples are insufficient to fully explore 
the high-dimensional parameter space, as many network parameter 
settings give the same network function due to symmetries (Neal, 
1996). However, in using BNN, our goal is to make accurate and 
well-calibrated predictions. Therefore, we focus on summarizing the 
posterior distribution of function space, rather than the weight space. 
In this case study, the function space appears efficient and stable 
sampling, as shown in Fig.  5b.

The 𝑅̂ diagnostic results for both parameter space and function 
space are presented in Fig.  6. The 𝑅̂ values of the predicted scalar 
values at the interface points show that approximately 97% of the test 
points achieved 𝑅̂ < 1.1, indicating convergence of the HMC sampler 
in function space. However, the 𝑅̂ values for the network parameters 
remain high, indicating that the HMC sampler has not yet converged 
in parameter space. Achieving accurate posterior distributions for every 
network parameter would therefore require increasing the number of 
samples and carefully tuning the HMC (NUTS) hyper-parameters to 
ensure full convergence. As the goal in this paper is to quantify uncer-
tainty in the predictive scalar values, we primarily focus on function 
space.
7 
4.2. Uncertainty in noisy dataset

In the previous case, we focused on epistemic uncertainty from 
network parameters. However, real field data (e.g., from well logs or 
seismic) are often noisy and this is an additional aspect of uncertainty 
that has to be considered in the geological model interpolation (‘‘Type 
1’’ uncertainty in Wellmann et al., 2010, following Mann et al., 1993). 
It is important to quantify uncertainty from both network parameters 
and data noise. Appendix  B shows an example of estimating noise level 
with HMC. In this section, we use a noisy dataset from the Western 
Canadian Sedimentary Basin (WCSB) in Saskatchewan, Canada (Hillier 
et al., 2023). We select three conformable horizons and randomly 
sample 4500 interface points as constraints (3000 for training and 1500 
for validation). These interface points are unevenly distributed and 
contain noise due to interpretation limits (see Fig.  7a).

The neural network architecture consists of two hidden layers, each 
layer containing 128 neurons, where the input are geological interface 
coordinates and the output is the scalar value for the implicit field. 
We assume homoscedastic noise of dataset, meaning each point has the 
same noise variance. Using a Gaussian prior  (0, 𝑙2) with a standard 
deviation 𝑙 = 10−1 for the inherent scalar value variance within the 
given dataset. In the sampling process, the HMC sampler will sample 
this variance adaptively to the noisy data. We use the open-source 
software NumPyro to conduct probabilistic inference. The warm-up size 
is set to 200, the step size and the leapfrog steps of the HMC sampler 
were automatically determined by the build-in NUTS (Hoffman and 
Gelman, 2011) algorithm.

We sampled 1500 realizations. The predictive mean of the geolog-
ical interfaces is shown in Fig.  7b, and the entropy of these interfaces 
in Fig.  7c; Fig.  7d provides a slice through the entropy volume. Af-
ter sampling, the mean estimated noise variance is 0.218. Using this 
variance, we extracted the 95% credible interval for the predicted 
interface locations (Fig.  7e). These results demonstrate that the HMC-
BNN approach has robust predictive performance on noisy datasets. The 
mean 𝑅̂ diagnostic in function space is 1.0, indicating the HMC sampler 
has achieved convergence in function space. Using the 1500 validation 
points, we evaluate the uncertainty distribution; the predictive uncer-
tainty has accuracy 0.83 (Eq. (16)) and precision 0.98 (Eq. (17)), as 
shown in Fig.  8, indicating good calibration of uncertainty.

5. Discussion

The results have demonstrated the HMC-BNN approach based on 
the aforementioned hypothesis reliably captures uncertainty arising 
both from neural network parameters and from data noise in applying 
the INR method to geomodelling. In this section, we compare HMC-
BNN with a traditional MCMC algorithm, evaluate its performance 
in fault modelling, and discuss its limitations and potential future 
improvements.

5.1. Comparative study with traditional MCMC algorithm

We further compared the HMC sampler with a standard random-
walk Metropolis–Hastings (RMH) sampler under identical conditions 
on the TNO borehole model. We ran a standard RMH sampler using 
a Gaussian random-walk proposal distribution, with its scale tuned 
to achieve the widely cited optimal acceptance rate of approximately 
0.234 (Gelman et al., 1997; Roberts and Rosenthal, 2001). Autocor-
relation is a standard diagnostic for assessing Markov chain mixing 
and effective exploration of the posterior (Cowles and Carlin, 1996). 
The lag-𝑘 autocorrelation, defined as the correlation between samples 
𝑘 iterations apart, is shown in Fig.  9, averaged over all interface points 
in function space for both samplers. As shown, HMC produces sam-
ples with substantially faster decay of autocorrelation, indicating far 
more effective exploration of the posterior. In contrast, RMH samples 
remain highly correlated even at large lags, despite operating at the 
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Fig. 5. The draw trajectory of weightings and predictive values of North Sea model. (a) Weighting draw trajectory of 3 randomly chosen parameters, the green 
dashed line represents the mean value of samples. (b) Predictive scalar value of 3 chosen interface points from borehole 9, the red dashed line represents the 
predefined scalar value.
Fig. 6. The 𝑅̂ diagnostic results of the North Sea model. In function space, 
approximately 97% of the testing points achieve 𝑅̂ < 1.1, which indicating the 
HMC sampler has converged in function space.

theoretically optimal acceptance rate. This behaviour is consistent with 
the well-known result that, in 𝑑-dimensional targets, RMH must use 
a proposal scale 𝜎 = (𝑑−1∕2) to maintain a reasonable acceptance 
probability (Gelman et al., 1997), which forces the chain to take 
very small steps and explore only a small-radius neighbourhood of its 
current state in high-dimensional weight spaces.

These empirical findings align with the literature on HMC’s explo-
ration ability in high dimensions (Neal, 2011; Hoffman and Gelman, 
2011). While RMH can be tuned to reduce autocorrelation by decreas-
ing the proposal scale, doing so inevitably lowers the acceptance rate 
and further slows exploration (Liang et al., 2023). Moreover, because 
RMH lacks gradient guidance, its warm-up phase requires considerable 
manual tuning to locate a suitable region of parameter space, whereas 
HMC can traverse the posterior much more efficiently (Hoffman and 
Gelman, 2011).
8 
5.2. Performance in modelling faults

To demonstrate the ability of the HMC-BNN approach in the faulted 
scenario, a synthetic model with two interfaces and one infinite fault 
is used. Note that in this faulted scenario we consider only uncer-
tainty from network parameters (i.e., the interface constraint points 
are assumed noise-free and the fault location is fixed). The HMC-BNN 
hyper-parameters were set the same as in the case study in Section 4.1, 
except that the number of input features is 4, which has an additional 
fault feature beyond spatial coordinates. We sampled 1500 realizations 
and computed the mean predicted interfaces (Fig.  10a) and entropy 
(Fig.  10b). The uncertainty accuracy and precision of the interface 
positions are 1.0 and 0.78 respectively, indicating good calibration of 
uncertainty. Similar to the results of the first case study, the uncertainty 
produced by the Monte Carlo dropout method is less accurate and fails 
to distinguish between observed and interpolated points, resulting in 
an almost uniform uncertainty along the predicted interface (Figs.  10c 
and 10d).

5.3. Limitations and future work

In the Saskatchewan case study, we assumed a constant noise 
variance for all interface points primarily because the data consisted 
of interpreted well-log horizons where an overall uncertainty level 
could be reasonably assumed. Each borehole pick was considered to 
have roughly the same order of magnitude of interpretational error, 
and we did not have spatially varying uncertainty information for 
different points. Thus, a homoscedastic noise model was a practical 
and appropriate simplification for this dataset. However, our HMC-BNN 
framework can be extended to heteroscedastic noise. If different data 
points had different noise levels, one could model this by allowing a 
separate noise variance parameter for subsets of data, or by making 
the neural network output both a mean and a variance for each 
prediction and using negative log-likelihood as a loss function (Gal 
and Ghahramani, 2015; Kirkwood et al., 2022), effectively learning a 
noise model that could vary with different inputs. This was beyond our 
current scope, but heteroscedastic noise will be considered in future 
work.

In our experiments, we used a simple neural network architecture to 
predict layer-cake geological models, which are relatively straightfor-
ward structures. Table  3 shows the sampling times on North Sea dataset 
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Fig. 7. Results of noisy dataset case study. (a) Scatter interface points for training and validation. (b) Predicted interfaces using 1500 sampled realizations. (c) 
Entropy of the sampled geological interfaces. (d) A slice of entropy result. The solid white lines represent the predicted interfaces and points are the corresponding 
interface observations on the section. (e) Uncertainty bands. The inner shaded area represents one standard deviation (±1𝜎), the outer shaded area is two standard 
deviations (±2𝜎).
Fig. 8. Accuracy plot of predictive uncertainty for the noisy dataset case study.

(used in Section 4.1) and Saskatchewan dataset (used in Section 4.2). 
All experiments were conducted on a Windows 11 desktop PC (Intel 
Core i7-12700K CPU and NVIDIA RTX 3070 GPU). Note that for both 
cases, we used NumPyro for inference, which (at the time of writing) 
does not support GPU acceleration on Windows. As geological models 
become more complex, larger networks are required, which greatly 
increases the dimensionality and computational cost. One potential 
solution is to use split HMC (Cobb and Jalaian, 2021), which partitions 
the parameter space to improve scalability. This approach could help 
mitigate the challenges of applying HMC to complex models and reduce 
computational cost. 
9 
Fig. 9. Comparison of lag 𝑘 autocorrelation for RMH and HMC. HMC shows 
fast decay and efficient mixing, whereas RMH exhibits persistently high 
autocorrelation. Shaded regions denote the 50% intervals across dimensions.

Table 3
Sampling efficiency of the HMC sampler on the North Sea and Saskatchewan 
datasets.
 Dataset Training points Per-realization time cost 
 North Sea dataset 63 0.317 s  
 Saskatchewan dataset 3000 6.636 s  

6. Conclusion

In this work, we extend the implicit neural representation geomod-
elling framework (GeoINR) by incorporating HMC sampler to quantify, 
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Fig. 10. Comparison of uncertainty quantification in the fault scenario. (a) 
Predicted geological interface obtained with the HMC-BNN method, together 
with interface constraint points. (b) Entropy of the sampled interfaces pro-
duced by HMC-BNN. (c) Predicted interface using the Monte Carlo dropout 
method. (d) Entropy of the sampled geological interfaces generated by Monte 
Carlo dropout.

for the first time, the prediction uncertainty of geological models gener-
ated by these neural networks. We focused on uncertainty arising from 
network parameters and observational data, exploring the full space of 
possible realizations of predicted geological interfaces. Two case studies 
demonstrated that the HMC-BNN method can generate high-quality 
posterior samples and well-calibrated uncertainty estimates. Moreover, 
the HMC-BNN method outperforms the commonly used Monte Carlo 
dropout method in the accuracy of uncertainty quantification under 
noise-free conditions. While computational cost increases with model 
complexity, our results highlight the practical feasibility of HMC-BNNs 
for geological modelling. Future work may investigate more scalable 
HMC variants and improved hardware acceleration to further enhance 
efficiency.
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Appendix A. Derivation of the potential energy

The posterior distributions of network parameters is 
𝑃 (𝜃 ∣ 𝐷) ∝ 𝑃 (𝐷 ∣ 𝜃)𝑃 (𝜃), (18)

where 𝜃 is the network parameters, 𝐷 = {(𝐱𝑖, 𝑦𝑖)}𝑁𝑖=1 is the dataset. In 
the HMC, the potential energy 𝑈 (𝜃) is defined as the negative logarithm 
of the posterior: 
𝑈 (𝜃) = − log𝑃 (𝐷 ∣ 𝜃) − log𝑃 (𝜃). (19)

In context, the HMC sampler is used for regression task, assume 
the outputs 𝑓𝜃(𝐱𝑖) are conditionally independent given 𝐱𝑖 and network 
parameters 𝜃, and each 𝑦𝑖 follows a Gaussian distribution: 
𝑦𝑖 ∼  (𝑓𝜃(𝐱𝑖), 𝜎2), (20)

where 𝜎 is the predicted data noise. Thus, the likelihood for each data 
point is 

𝑃 (𝑦𝑖 ∣ 𝐱𝑖, 𝜃) =
1

√

2𝜋𝜎2
exp

(

−

(

𝑦𝑖 − 𝑓𝜃(𝐱𝑖)
)2

2𝜎2

)

, (21)

then the joint probability distribution of all constraint points is 

𝑃 (𝐷 ∣ 𝜃) =
𝑁
∏

𝑖=1
𝑃 (𝑦𝑖 ∣ 𝐱𝑖, 𝜃), (22)

taking the negative log-likelihood yields: 

− log𝑃 (𝐷 ∣ 𝜃) = 1
2𝜎2

𝑁
∑

𝑖=1

(

𝑦𝑖 − 𝑓𝜃(𝐱𝑖)
)2 + constant. (23)

For the prior term, assume a Gaussian prior for the network param-
eters: 
𝜃𝑗 ∼  (0, 𝜆2), (24)

and the joint probability distribution of all network parameters is 

𝑃 (𝜃) =
∏

𝑗

1
√

2𝜋𝜆2
exp

(

−
𝜃2𝑗
2𝜆2

)

, (25)

then the negative log-prior becomes 

− log𝑃 (𝜃) = 1
2𝜆2

∑

𝑗
𝜃2𝑗 + constant. (26)

In practice, the constant is ignored since it does not affect the HMC 
dynamics. Final form of the potential energy is 

𝑈 (𝜃) = 1
2𝜎2

𝑁
∑

𝑖=1

(

𝑦𝑖 − 𝑓𝜃(𝐱𝑖)
)2 + 1

2𝜆2
∑

𝑗
𝜃2𝑗 . (27)

Appendix B. Data noise estimation with HMC-BNN

In Eq. (5), the noise of predicted scalar value 𝜎2 is integrated into 
the potential energy term and can be treated as an additional learnable 
parameter. Therefore, it is feasible to sample the noise parameter 
concurrently with the network parameters using an HMC sampler. To 
demonstrate this, we conducted a simple curve-fitting experiment: we 
generated synthetic observation points with a target value 𝑦 = 0 and 

https://doi.org/10.5281/zenodo.15973414
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Fig. 11. Uncertainty quantification with the HMC sampler in different noise levels. The blue line is the predictive mean, the shaded area represents the 95% 
confidence intervals.
added Gaussian noise  (0, 𝜎2) to them. An HMC-BNN with two hidden 
layers, each consisting of 128 neurons, is employed, where the input is 
𝑥 and the output is predicted 𝑦. We adopt a Gaussian prior  (0, 1) for 
the learnable standard deviation of data noise and network parameters. 
The sample size is 1500, and three noise standard deviations of 0.1, 0.2, 
and 0.5 are tested.

The predicted uncertainties and estimated noise standard deviations 
obtained are shown in Fig.  11. The results demonstrate that the HMC 
sampler effectively estimates the noise levels. The 95% confidence 
intervals adequately encompass all observational data points. In regions 
with dense data distribution, epistemic uncertainty is substantially 
reduced, and aleatoric uncertainty predominates. In contrast, epistemic 
uncertainty dominates in regions lacking observational data.

Data availability

The data used in this paper can be found at https://doi.org/10.
5281/zenodo.15973414.
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