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Abstract

Energy storage and conversion devices have become essential to modern society and play a crucial

role in the transition toward a more sustainable energy supply. Solid-state ionic conductors, such as

perovskite oxides, are key materials in these devices. Despite significant progress in recent decades,

many fundamental questions about ion transport in solids remain unanswered. In particular, the

interplay between chemical composition, defect chemistry, lattice symmetry, and external conditions

(e.g., temperature, oxygen partial pressure), and how these factors influence ion diffusion, is still not

fully understood. This thesis addresses some of these open questions using atomistic simulations

to study ion diffusion in perovskite oxides, with an emphasis on practical implications for energy

storage and conversion applications.

A compact guide for performing molecular dynamics simulations of ion transport in solids is

presented, including practical advice on simulation setup and analysis, as well as a discussion of

common pitfalls and how to avoid them.

The poor stability of the superlative oxide-ion conductor Ba0.5Sr0.5Co0.8Fe0.2O2.5 (BSCF) severely

limits its applicability. An alternative composition, in which Ba is replaced by Ca, was investigated

with respect to structural properties and oxygen-vacancy diffusion using molecular dynamics sim-

ulations. The resulting material, Ca0.5Sr0.5Co0.8Fe0.2O2.5 (CSCF), is predicted to exhibit improved

stability while maintaining similar oxygen-vacancy diffusivity, making it a promising candidate for

experimental validation.

Exsolution is a strategy for generating catalytically active nanoparticles on the surfaces of

oxide host materials, yet the mechanisms underlying this process are not fully understood. A new

model for the thermodynamics and kinetics of metal exsolution from perovskite oxides is proposed,

based on the reduction of the transition-metal ion within the host lattice rather than at the surface.

This model accounts for a wider range of experimental observations than previous approaches.

The diffusion of oxygen in polycrystalline (La,Sr)FeO3−𝛿 (LSF) was investigated using molec-

ular dynamics simulations. The results show that at lower temperatures, faster grain-boundary

diffusion of oxide ions occurs due to the near-complete depletion of oxygen vacancies in the bulk

regions.
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Zusammenfassung

Energiespeicher und -umwandlungsvorrichtungen sind für die moderne Gesellschaft unverzicht-

bar geworden und spielen eine entscheidende Rolle beim Übergang zu einer nachhaltigeren En-

ergieversorgung. Festkörper-Ionenleiter, wie Perowskit-Oxide, sind wichtige Materialien in diesen

Geräten. Trotz erheblicher Fortschritte in den letzten Jahrzehnten bleiben viele grundlegende

Fragen zum Ionen-Transport in Festkörpern unbeantwortet. Insbesondere das Zusammenspiel von

chemischer Zusammensetzung, Defektchemie, Gitter-Symmetrie und äußeren Bedingungen (z.B.

Temperatur, Sauerstoff-Partialdruck), und wie diese Faktoren die Ionen-Diffusion beeinflussen,

ist noch nicht vollständig aufgeklärt. Diese Dissertation befasst sich mit einigen dieser offenen

Fragen unter Verwendung atomistischer Simulationen zur Untersuchung des Ionen-Transports in

Perowskit-Oxiden, mit einem Schwerpunkt auf praktischen Implikationen für Anwendungen in

der Energiespeicherung und -umwandlung.

Ein kompakter Leitfaden für die Durchführung von Molekulardynamik-Simulationen des

Ionen-Transports in Festkörpern wird vorgestellt, einschließlich praktischer Ratschläge zur Simula-

tionseinrichtung und -analyse sowie einer Diskussion häufiger Fallstricke und wie diese vermieden

werden können.

Die schlechte Stabilität des herausragenden Oxid-Ionenleiters Ba0.5Sr0.5Co0.8Fe0.2O2.5 (BSCF)

schränkt seine Anwendbarkeit erheblich ein. Eine alternative Zusammensetzung, bei der Ba

durch Ca ersetzt wird, wurde hinsichtlich der strukturellen Eigenschaften und der Diffusion von

Sauerstoff-LeerstellenmittelsMolekulardynamik-Simulationen untersucht. Das resultierendeMate-

rial, Ca0.5Sr0.5Co0.8Fe0.2O2.5 (CSCF), weist eine verbesserte Stabilität auf und behält gleichzeitig eine

ähnliche Sauerstoff-Leerstellen-Diffusivität bei, was es zu einem vielversprechenden Kandidaten

für experimentelle Validierung macht.

Exsolution ist eine Strategie zur Erzeugung katalytisch aktiver Nanopartikel auf den Ober-

flächen von Oxid-Wirtsmaterialien, doch die Mechanismen, die diesem Prozess zugrunde liegen,

sind nicht vollständig aufgeklärt. Ein neues Modell für die Thermodynamik und Kinetik der Metall-

Exsolution aus Perowskit-Oxiden wird vorgeschlagen, das auf der Reduktion des Übergangsmetall-

Ions innerhalb des Wirtsgitters und nicht an der Oberfläche basiert. Dieses Modell berücksichtigt

ein breiteres Spektrum experimenteller Beobachtungen als frühere Ansätze.

Die Diffusion von Sauerstoff in polykristallinem (La,Sr)FeO3−𝛿 (LSF) wurde mittels Molekular-

dynamik-Simulationen untersucht. Die Ergebnisse zeigen, dass bei niedrigeren Temperaturen eine

schnellere Korngrenz-Diffusion von Oxid-Ionen aufgrund der nahezu vollständigen Entleerung

von Sauerstoff-Leerstellen in den Korninnenbereichen auftritt.
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1 Introduction

Many state-of-the-art technological devices utilise solid-state materials. Over the past decades,

the development of new materials and the improvement of existing ones has driven technological

advancements. This includes the miniaturisation of electronic components, the development of

novel energy storage systems, and the creation of new sensors and heterogeneous catalysts. Within

the solid-state field, ion-conductingmaterials are a key subset of materials. They enable the transport

of ions, a property typically associated with liquids, through their lattice.

On the microscopic level, diffusion in any state of matter is explained by the random motion of

particles due to thermal energy. In solids, diffusion is strongly influenced by the presence of well-

defined lattice sites, which restrict the positions of particles much more than in fluids (liquids

or gases), where particles move more freely. This inherent constraint typically results in slower

diffusion rates compared to fluids; however, it also allows for a greater degree of control over

transport properties, opening up a wide range of applications. The interaction with the lattice also

makes the understanding of ion transport in solids more complex.

An industrially relevant class of ion-conducting materials is oxide-ion conductors. They are used

particularly, but not exclusively, in solid oxide fuel cells, oxygen sensors, catalysts, membranes for

gas separation, and resistive switching devices. Depending on the application, it may be that only

the oxide ion transport rates are supposed to be high, while in other applications, additional ionic

species should also be mobile. There are even cases in which the transport rates must be adjustable,

i.e. controlled by external stimuli. Lastly, there are materials with an additional requirement of

high electronic conductivity, so-called mixed ionic–electronic conductors.

Over the years, many different oxide-ion conductors have been developed and studied. Some of the

most prominent are the perovskite-type oxides. These materials, with the general formula 𝐴𝐵O3,

are used because of their high versatility. There are countless possibilities for modifications of the
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structure, from partial or total substitution of the 𝐴- or 𝐵-site cations and the oxygen anions, to
deviations from nominal 𝐴𝐵O3 stoichiometry on both the cation and anion sub-lattices.

From the different factors that control ion migration, to the role of defects and of external stimuli,

many fundamental questions about ion transport in solids remain unanswered to this day. External

conditions such as temperature, oxygen partial pressure, and mechanical stress strongly influence

material properties such as defect concentrations, (electronic/ionic) conductivity, and density, which

in turn affect ion transport. The mechanisms by which these external factors influence transport

properties are often difficult to disentangle by experimental means alone.

The research field of solid-state ionics has undergone a profound revolution with the emergence of

high-performance computers. The ability to simulate materials at the atomic level complements

experimental work by elucidating complex phenomena and allowing for predictions to be made.

Transport properties can be studied by means of molecular dynamics simulations, by allowing the

simulated system to evolve in time. These simulations are carried out utilising Newton’s laws of

motion and principles of statistical thermodynamics. Compared to real-world experiments, systems

simulated with computational methods can be controlled more rigorously, but they are only as good

as the models on which they are based. Although molecular dynamics simulations have been used

for over 40 years, their transferability to the real world is still constantly being worked on.

This thesis first introduces the theoretical background of defects and ion transport in solids. It then

deals in more detail with perovskite-like oxides as well as reaction rates. In the subsequent chapter,

the computational methods used in this work are explained. After the fundamentals are covered,

guidelines for conducting molecular dynamics simulations of ion transport in solids are derived,

demonstrated for an exemplary system, and validated. Attention is paid to the proper setup of the

simulation, a mathematically sound analysis of the results, and the transfer of the results to the

experimental domain.

In the following, three different systems are studied in detail to showcase the influence of vari-

ous factors on ion transport. The first system is the exceptional mixed ionic-electronic conductor

Ba0.5Sr0.5Co0.8Fe0.2O3–𝛿 (BSCF5582), which suffers from poor stability under certain operating condi-

tions. It is shown that, with a simple modification of the material composition, a new material can

be obtained that promises to be more stable. All that is required is the substitution of Ba with Ca,

which likely inhibits an unwanted phase transition while maintaining the high ionic conductivity.
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The second case study concerns the emerging field of exsolution catalysts. These materials are

prepared as solid solutions of a transition-metal oxide and a host oxide material. Upon heating

in a reducing atmosphere, the metal oxide exsolves from the host material, forming nanoparticles

with outstanding catalytic properties. This phenomenon has been demonstrated in many systems,

most of which are composed of a perovskite-type oxide host. The underlying mechanisms, however,

are not yet well understood. In this work, the exsolution of Ni from a SrTiO3 host, a well-known

model system, is studied by means of high-fidelity electronic structure calculations. A new unified

exsolutionmodel is proposed that covers both the thermodynamics and the kinetics of the exsolution

process by considering the reduction of exsolving metal cations within the host material, unlike

previous models, which have proposed the reduction step to occur at the surface.

Lastly, the observation of faster grain-boundary diffusion in polycrystalline (La,Sr)FeO3 (LSF) at low

temperatures is studied by means of molecular dynamics simulations. The complexity of the model

is gradually increased, starting with the bulk material, subsequently introducing grain boundaries,

then allowing for dopant segregation to the grain boundaries, and finally modifying the oxygen

stoichiometry. It is shown that the grain-boundary diffusivity does not decrease as strongly as bulk

diffusivity with decreasing temperature. This is attributed to the oxidation of the material at low

temperatures, which strongly depletes oxygen vacancies from the bulk but not as strongly from the

grain boundaries. Further analysis is performed to clarify the role of grain-boundary space-charge

layers on the grain-boundary diffusivity.
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2 Theoretical Background

This chapter provides a brief overview of the theoretical background relevant to the work presented

in this thesis. All information presented here has been taken from a few textbooks or book chapters

(see Refs [4–8]) unless otherwise stated.

2.1 Defects in Solids

Compared to their idealised counterparts, real crystalline materials contain defects. There are

different reasons for the existence of defects — entropy-driven disorder at finite temperatures, non-

stoichiometry during synthesis, doping, irradiation, mechanical stress, thermal fabrication history,

etc. — and they can have a significant, if not dominant, influence on the material’s properties.

The presence of defects reduces the translational symmetry of the crystal lattice, making the

theoretical description of defective lattices more complex than that of perfect crystals. In ionic

compounds, defect formation increases the lattice energy. For point defects (Sec. 2.1.1), this increase

is offset by the rise in configurational entropy, especially at elevated temperatures. Due to slow

ion transport in many solids, defects can be kinetically trapped at low temperatures, resulting in

metastable states. These defects may be removed by thermal treatment at elevated temperatures

over a certain period of time.

There are different types of defects, which can be classified by their dimensionality. In the following,

point defects (zero-dimensional) and planar defects (two-dimensional) are introduced in more

detail.
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2.1.1 Point Defects

Point defects are the conceptually simplest type of defect and are also referred to as zero-dimensional

defects since they do not extend periodically in any direction. Intrinsic point defects form spon-

taneously as a result of free energy minimisation of the system, driven by an increase of the

configurational entropy. Extrinsic point defects, on the other hand, are introduced from external

sources by doping or substitution of ions, and directly alter the stoichiometry of a material. There

are different types of point defects, of which the most important ones (in the context of solid-state

ionics) are shown in Fig. 2.1 and described in the following.

a) Vacancy b) Interstitial c) Substitutional defect d) Antisite defect

Figure 2.1 Schematic depiction of defects in a binary compound. The atoms are represented by
circles of different colours and size. The square box represents a vacancy Shown are (a) vacancies,
(b) interstitials, (c) substitutional defects, and (d) antisite defects.

• Vacancies: These defects are characterised by a vacant site that would be occupied in the per-

fect lattice. Vacancies are mostly created during crystal growth, through non-stoichiometric

processing conditions, or by thermal activation. Somematerials possess vacant sites as part of

their perfect lattice structure. Although these sites are termed “structural vacancies”, they are

not considered defects in the same sense as they are part of the perfect lattice. A Schottky

defect consists of vacant cation and anion sites of a full formula unit of the compound,

preserving the overall stoichiometry of the crystal.

• Interstitials: Interstitials are atoms that occupy a site in the lattice that would be unoccupied

in the perfect lattice. Only if interstitial sites in the lattice offer enough space for an interstitial

atom to be accommodated, are interstitials formed with a reasonable formation energy.

Accordingly, interstitial atoms are usually small.

• Substitutional defects: In this case, a site is occupied by a different species than in the

perfect lattice. Substitutional defects can be generated by impurities in the precursormaterials

or by introducing them intentionally.
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• Antisite defects: These defects occur when a species occupies a crystallographic site nor-

mally reserved for a different species. Unlike substitutional defects, the occupying species

is part of the host compound but is not located on its native site. Antisite defects do not

necessarily require a direct exchange (“swap”) between two species; a single species can

occupy an incorrect site without a corresponding exchange.

KRÖGER–VINK Notation

Ordinary chemical notation is not well suited to describing defects in a crystal lattice. One of

the problems is the charge of a defect: a vacancy itself, for example, does not carry a charge, but

there is missing charge on one of the regular lattice sites. More important in this context is the

difference between the charge present at the defect site and the charge present at the site in the host

lattice. This relative charge then depends on the lattice site on which the defect is located and the

(quasi-)particle that occupies it.

The Kröger–Vink notation[9] is a widely used convention to describe defects in a crystal lattice.

A defect is described by the symbol 𝑋𝑍𝑌, where 𝑋 is the defect species, 𝑌 is the lattice site, and

𝑍 is the relative charge. Defect species and lattice site are expressed by the chemical symbol or

by lowercase letters v (vacancy), e (electron), h (hole), or i (interstitial).[10] The relative charge can

either be neutral (×), positive (•), or negative (′), where a multiple charge is expressed by repeating
the symbols. As examples, the symbol for an oxygen vacancy in an oxide is vO , and the symbol for

a Sr2+ ion on a La3+ site is Sr′La.

Defect Concentrations

The defect concentration 𝑐 in a system (without any additional constraints) is given by a Boltzmann

expression

𝑐 = 𝑁 exp (−
𝛥𝑓𝐺
𝑘B𝑇

), (2.1)

where 𝑁 is the number of lattice sites (per unit volume). The relevant energetic quantity is the

9
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Gibbs free energy of formation 𝛥𝑓𝐺 = 𝛥𝑓𝐻 − 𝑇𝛥𝑓𝑆, where 𝛥𝑓𝑆 relates to changes of phonon
properties. 𝛥𝑓𝐺 is the free energy required to create a defect in the lattice and is by definition

positive. Thus, it must be compensated by the gain in configurational entropy, −𝑇𝛥𝑆config, for the
defect to be thermodynamically stable. The defect concentration is a function of the temperature,

with the defect concentration increasing with increasing temperature. Typical defect reactions for

ionic solids are presented in Sec. 2.3.3.

2.1.2 Planar Defects

Planar defects are characterised by a plane within the crystal where the atomic arrangement deviates

from that of the perfect lattice. Common examples of such interfaces include grain boundaries,

stacking faults, and twin boundaries, as well as surfaces and interfaces with other materials.

Grain Boundaries

If a material is polycrystalline, it consists of many small crystallites, or grains, that are separated by

grain boundaries. The interior of those grains is identical to that of a single crystal, but the grain

boundaries disrupt the periodic arrangement of atoms. The properties of a grain boundary are

determined by the orientation of the grains relative to each other. One of these properties is the

grain-boundary energy per surface, which is the energy cost associated with the creation of that

grain boundary. All grain boundaries are metastable. In practice, the number of grain boundaries

in a sample can be decreased by treating the material at elevated temperatures.

Grain boundaries are generally classified by their misorientation angle into low-angle grain bound-

aries (≲ 15∘) and high-angle grain boundaries (≳ 15∘). Additionally, there are special types of grain
boundaries, most importantly twin boundaries, where the two grains are related by a mirror plane.

Twin boundaries often have a lower energy than random grain boundaries.[11]

Agrain boundary can be uniquely characterised by five independentmacroscopic degrees of freedom:

the mutual misorientation of adjoining grains, described by the rotation axis (two parameters)

and the rotation angle (one parameter), and the orientation of the boundary plane, described

by the Miller indices of the plane normal (two parameters). Additionally, three microscopic
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parameters define the translational vector, which describes the relative translation of the grains.

While independent of the five macroscopic parameters, these microscopic values influence the

grain boundary energy.[11]

Grain boundaries have a significant impact on ion transport in polycrystalline materials. In many

ceramics, high bulk ionic conductivity is accompanied by significantly lower ionic conductivity

across grain boundaries. In contrast, somematerials with poor bulk ionic transport exhibit enhanced

ionic conductivity along grain boundaries (often described as faster grain-boundary diffusion in a
comparative sense). While some aspects about faster ion transport along grain boundaries are not

yet fully understood, it is generally accepted that the higher ionic conductivity is due to different

concentrations of defects at the grain boundaries compared to the bulk, as well as the different

local structure of the grain boundaries that can facilitate alternative diffusion pathways. The

kinetics of ion transport across grain boundaries can be studied by, i.a., impedance spectroscopy,

and information about transport along grain boundaries can be inferred with this method if bulk

transport properties are known.[4] The theoretical description of faster ion transport along grain

boundaries is often done with the model by Harrison.[12] More details on ion diffusion in solids

are given in the following section.

2.2 Diffusion and Conductivity in Solids

At a given temperature, solid-state mass transport is typically significantly slower than in liquids

or gases because atoms or ions are constrained to fixed lattice positions. For diffusion to occur in

solids, a particle must not only acquire enough thermal energy to overcome the migration barrier

but also require an available neighbouring site (such as a vacancy or an interstitial position or, in

the case of the interstitialcy mechanism, displace another atom into an interstitial site). Atoms

vibrate around their equilibrium positions and only occasionally, with sufficient thermal activation

and the presence of an accessible site, jump to neighbouring positions. While most ionic solids are

slow ion conductors, some exhibit high ionic conductivity and are termed fast ion or superionic

conductors. Several factors influence the ionic conductivity of a material and they are discussed in

the following sections.[7]
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2.2.1 Introduction

Diffusion is phenomenologically described by Fick’s laws.[13] Fick’s first law (2.2) defines a diffusion

coefficient 𝐷𝑖 for each species 𝑖 and relates the flux 𝐽𝑖, of species 𝑖, to the (location-dependent)
concentration gradient ∇𝑐𝑖:

𝐽𝑖 = −𝐷𝑖∇𝑐𝑖, (2.2)

Fick’s second law (2.3) describes the time dependence of the concentration 𝜕𝑐𝑖
𝜕𝑡
.

𝜕𝑐𝑖
𝜕𝑡 = 𝐷𝑖∇2𝑐𝑖 (2.3)

The mathematical description of diffusion at the atomic level was pioneered by Einstein and

Smoluchowski.[14,15] It is based on the random walk of particles and the probability of finding

a particle at a certain position and time. The diffusion coefficient 𝐷𝑖 for diffusive transport in 𝑑
dimensions is related to the mean squared displacement ⟨𝑟2𝑖 (𝑡)⟩ by the Einstein–Smoluchowski
relation[14,15]

⟨𝑟2𝑖 (𝑡)⟩ = 2𝑑𝐷𝑖𝑡, (2.4)

with the mean squared displacement given for 𝑁 particles as

⟨𝑟2𝑖 (𝑡)⟩ =
1
𝑁

𝑁
∑
𝑖=1

(||r𝑖(𝑡) − r𝑖(0)||)
2 . (2.5)

For a 3-dimensional (isotropic and homogeneous) system, the relationship between the diffusion

coefficient and the mean squared displacement is then ⟨𝑟2𝑖 (𝑡)⟩ = 6𝐷𝑖𝑡.

A distinction is often made between diffusion driven by a concentration gradient and self-diffusion.

Diffusion along a concentration gradient results in a net flux of particles, moving the system towards
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a homogeneous distribution. Once this homogeneous state is reached, the net diffusive flux vanishes.

Even in the absence of this concentration gradient, the particles within a system move randomly.

This inherent random motion of particles in a system at equilibrium, driven by the kinetic energy,

is termed self-diffusion.

Self-diffusion in a homogeneous bulk phase is not accessible experimentally, as the concentration

of particles remains spatially uniform and no net flux exists. It is often studied experimentally by

introducing chemically similar but distinguishable particles into the system. These may be different

isotopes of the same element or different elements with similar chemical properties. This is referred

to as tracer diffusion, characterised by the tracer diffusion coefficient, 𝐷∗.

2.2.2 Diffusion Mechanisms in Solids

Essentially, three distinct mechanisms can be observed for ion transport in crystalline solids

(Fig. 2.2).[4] Their occurrence depends on a materials ability to form vacancies and interstitials,

respectively.

a) Vacancy diffusion b) Interstitial diffusion c) Interstitialcy diffusion

Figure 2.2 Schematic depiction of the different mechanisms of ion migration in a binary com-
pound. The ions are represented by circles of different colours and size. The arrows indicate the
direction in which the ions havemigrated. The square box represents an existing vacancy. Shown are
the mechanisms for (a) vacancy diffusion, (b) interstitial diffusion, and (c) interstitialcy diffusion.

Vacancy diffusion

Ions on regular lattice sites migrate to unoccupied lattice sites.

Interstitial diffusion

Ions on interstitial sites migrate to regularly unoccupied interstitial sites.
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Interstitialcy diffusion

Ions displace other ions from regularly occupied to regularly unoccupied interstitial sites and

occupy the vacated sites.

Vacancy diffusion can be described by a vacancy diffusion coefficient𝐷v. In case of a diluted vacancy

concentration, the tracer diffusion coefficient can be related to the vacancy diffusion coefficient

through the tracer correlation factor 𝑓∗ and the vacancy site fraction 𝑥v.[16]

𝐷V =
𝐷∗

𝑓∗ ⋅ 𝑥v
(2.6)

2.3 Perovskite-type Oxides

The archetypal perovskite structure type derives its name from the mineral CaTiO3, first discovered

in the Ural Mountains in 1839 by Gustav Rose. He named it after the Russian mineralogist Lev

Perovski.[17] Nowadays, the group of perovskites comprises a large number of compounds that

are characterised not only by different chemical elements, but also by different symmetries and

properties, thus offering a wide range of possible applications. There are a few hundred experimen-

tally known perovskites[8], and around 250 000 theoretically predicted perovskites[18]. Most notably,

Bridgmanite (Mg,Fe)SiO3 is the most abundant mineral in the Earth’s mantle (ca. 38% of the solid

phase).[8] Perovskite-structured materials have achieved widespread use in various applications,

such as solid oxide fuel cells (SOFCs), solid oxide electrolysis cells (SOECs), photovoltaic cells,

catalysts, and gas sensors, as well as subsidiary interest in the field of superconductivity, magne-

toresistance, and multiferroicity. Depending on the scope of the application, the properties of the

materials can be tailored to achieve high ionic conductivity, catalytic activity, and thermal stability

by adjusting the composition and synthesis conditions.

2.3.1 Crystal Structure

Perovskite-type oxides are described by the general formula 𝐴𝐵O3. The idealised cubic form of the

crystal structure can be understood as a cubic close packing of oxygen and 𝐴 cations, with the 𝐵
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cations occupying interstitial sites. The larger 𝐴 cations have a coordination number of 12, the

smaller 𝐵 cations have an octahedral coordination (with a coordination number of 6).

The cubic perovskite structure is the aristotype (the structure type with the highest symmetry),

distorted structure types with lower symmetry are called hettotypes.[19] Only a few perovskite-type

materials exhibit the cubic symmetry structure at room temperature and instead show symmetry-

lowering distortions. These can be categorised as distortions of the anion octahedra, rotation or

tilting of the octahedra, and off-centering of the 𝐵-site cations from the center of the octahedra.

The relative stability of a perovskite phase can be quantified by the semi-empirical Goldschmidt

tolerance factor,[20]

𝑡G =
𝑟𝐴 + 𝑟X

√2(𝑟𝐵 + 𝑟X)
(2.7)

where 𝑟𝐴, 𝑟𝐵 and 𝑟𝑋 are the radii of the𝐴-site and𝐵-site cations and anions (𝑋), respectively. Generally,
a tolerance factor of 𝑡G > 1 results in a hexagonal structure, while 0.8 ≤ 𝑡G ≤ 1 form corner-sharing

octahedra either in cubic (around 0.9 ≤ 𝑡G ≤ 1) or orthorhombic (around 0.8 ≤ 𝑡G ≤ 0.9) symmetry.
Conclusions drawn from the tolerance factor are a rule of thumb; real materials typically do not

follow these strict boundaries precisely.[21–23]

The ions in the perovskite structure can have different charges, but must satisfy the charge neutrality

of the compound, i.e. 𝑞𝐴 + 𝑞𝐵 + 3𝑞𝑋 = 0. For oxides (𝑞𝑋 = 𝑞O = −2) and other doubly charged
anions, there are three possible combinations of cations that satisfy the charge neutrality: (𝑞𝐴, 𝑞𝐵) =
(+1,+5) (e.g. NaNbO3), (+2, +4) (e.g. SrTiO3), and (+3, +3) (e.g. LaFeO3). A special case is the

derived ReO3 structure type, where the 𝐴-site is unoccupied and the 𝐵-site cations have a charge of
+6.

In addition to the simple primitive perovskite structure, there are many perovskite-related struc-

tures, including inverse perovskites, double perovskites, the brownmillerite structure, Ruddles-

den–Popper (interlayer) phases, Dion–Jacobson phases, and Aurivillius phases. Inverse

perovskites have the 𝐴 and 𝐵 cations swapped, double perovskites have two 𝐵 cations. The brown-
millerite structure can be understood as an oxygen-deficient perovskite superstructure with an

ordering of the oxygen vacancies (𝐴2𝐵2O5). Ruddlesden–Popper phases have a general formula

𝐴n+1𝐵nO3𝑛+1 and consist of 𝑛 perovskite-like layers separated by a rock-salt layer. These structures
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can be used to tune the properties of the resulting materials for specific applications.[24]

2.3.2 Oxide-Ion Conductivity

One of the most important properties of perovskite-type oxides is their high oxide-ion conductivity.

Oxygen transport is generally accepted to occur by a vacancy mechanism. Factors such as the size

and charge of the 𝐴 and 𝐵 cations and the metal–oxygen bond strength influence the oxide-ion
conductivity.[25]

Several design strategies have been employed to enhance oxide-ion conductivity in perovskite-

type oxides by increasing the oxygen-vacancy concentration. Among the most widely used is the

adjustment of the composition by substitution of cations. Reducing conditions during operation

can also increase the oxygen-vacancy concentration. Structural modifications induced by cation

engineering or by the introduction of defects can also influence the oxide-ion diffusion pathway and

activation energy.[26,27] Corresponding chemical reactions are discussed in the following section.

2.3.3 Defect Chemistry

Perovskite-type oxides can accommodate a variety of defects. A fundamental condition for any

defect to form is the maintenance of charge neutrality:

𝑁
∑
𝑖=1

𝑞𝑖𝑐𝑖 = 0 (2.8)

Eq. (2.8) is called the charge neutrality condition or electroneutrality condition. An important defect

reaction is the Schottky reaction, where a whole formula unit of the perovskite (𝐴𝐵O3) is removed

from the lattice. For a 𝐴II𝐵IVO3 perovskite, the Schottky reaction is given by

∅ v′′𝐴 + v′′′′𝐵 + 3 vO (2.9)
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Partial Schottky reactions are also possible, where only 𝐴O or 𝐵O2 formula units are removed.

The concentration of oxygen vacancies is additionally influenced by an equilibrium with the atmo-

sphere:

O×
O vO + 2 e′ + 1

2 O2 (2.10)

Reaction (2.10) shows how perovskites can become mixed conducting under reducing conditions.

Oxygen vacancies can also be introduced extrinsically by doping of the perovskite with aliovalent

cations. A common example is the substitution of the 𝐴-site cation in an 𝐴II𝐵IVO3 perovskite by a

trivalent cation 𝐶 during synthesis:

2𝐴O + 𝐶2O3

𝐴𝐵O3
2𝐴×

𝐴 + 2𝐶′𝐴 + 5O×
O + vO (2.11)

There are essentially two types of electronic defects in perovskite-type oxides: electron holes and

electrons. Reaction (2.10), for example, yields electrons that can be trapped at specific sites in the

lattice. In order for an electron to become trapped at such a site, there must be a corresponding state,

localised at that site, within the band gap. In an 𝐴II𝐵IVO3 perovskite, an electron may be trapped

at a 𝐵IV site, forming a 𝐵III cation. On the other hand, electron holes may also localise at specific
sites such that an ion is oxidised. For example, in SrTiO3, small hole polarons localise at an oxygen

atom.[28]

Defect Chemistry in LS(C)F

Lanthanum strontium cobalt ferrite (LSCF)[29–31] is a well-known class of mixed ionic–electronic

conductors (MIEC) with the general formula La1–𝑥Sr𝑥Co1–𝑦Fe𝑦O3–𝛿 (LSCF). The oxygen-ion conduc-

tivity of LSCF is tailored by the substitution of La3+ with Sr2+ in the host compound LaCo1–𝑦Fe𝑦O3.

Variation in the 𝐵 -site cations, Co3+ and Fe3+, is employed to control the electronic conductivity of
the material. For simplicity, the defect reactions are presented here for the case of 𝑦 = 1. The main
defect reaction for Sr substitution, similar to reaction (2.11), thus reads:
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2 SrO
LaFeO3

2 Sr′La + 2O×
O + vO . (2.12)

Alternatively, and depending on the exact composition, temperature, and oxygen partial pressure,

the Sr substitution can also be compensated by the formation of electron holes. The material can

also lose or gain oxygen from the atmosphere, depending on the temperature and the oxygen partial

pressure 𝑝O2, according to the oxidation reaction

1
2 O2 + vO O×

O + 2h . (2.13)

As a result, the material will have increased oxygen non-stoichiometry 𝛿 under reducing conditions.
The oxygen-vacancy concentration can be further increased by the introduction of 𝐴 -site vacancies
(e.g., La0.98FeO3–𝛿).

The mixed-valence 𝐵 -site cations, Co and Fe, are able to accommodate the additional electrons or
holes, respectively. LS(C)F is prone to phase stability issues, most prominently by Sr segregation to

the surface.

2.4 Reaction Rates

Since chemical reactions are fundamentally stochastic processes, there are two main factors that

influence the rate of a reaction: the frequency to attempt a reaction and the probability (per attempt)

that the reaction will occur. This probability is determined by the activation energy of the reaction,

i.e., the energy barrier that must be overcome to proceed from the reactant state to the product

state.
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2.4.1 Arrhenius Equation

The temperature dependence of reaction rates is described empirically by the Arrhenius equa-

tion:[32]

𝑘 = 𝐴 exp (− 𝐸a
𝑘B𝑇

), (2.14)

with the activation energy 𝐸a. Most diffusion processes are found to obey the Arrhenius equation.
The diffusion coefficient 𝐷 can be related to the rate constant 𝑘 by 𝐷 = 𝑎2𝑘, where 𝑎 is the jump
distance, and the pre-exponential factor 𝐴 = 𝑔𝑓𝜈0 is expressed in terms of a geometric factor 𝑔, the
correlation factor 𝑓, and the attempt frequency 𝜈0. The relationship is then written as

𝐷 = 𝐷0 exp (−
𝛥mig𝐻
𝑘B𝑇

) (2.15)

where 𝐷0 = 𝑔𝑓𝜈0𝑎2 exp (−𝛥mig𝑆
𝑘B

) is the pre-exponential factor.[4]

2.4.2 Transition State Theory

The temperature dependence of reaction rates can be studied in the framework of transition state

theory (TST), which was first formulated by Eyring in 1935.[33] It postulates that a system must

overcome an energy barrier 𝛥𝐺‡ to proceed from the reactant state to the product state. The rate

constant 𝑘 of the reaction is then given by an exponential dependence on the activation energy 𝛥𝐺‡

through the Eyring(–Polanyi) equation:[33,34]

𝑘 = 𝜅𝑘B𝑇
ℎ exp (−𝛥𝐺

‡

𝑘B𝑇
) (2.16)

The transmission coefficient 𝜅 is a dimensionless factor that accounts for the fraction of the flux
through the transition state that leads to the product without returning to the transition state, and

19



2 Theoretical Background

it is usually assumed to be (close to) unity. Expanding the Gibbs free energy 𝛥𝐺‡ = 𝛥𝐻‡ − 𝑇𝛥𝑆‡,
Eq. (2.16) can be rewritten as

𝑘 = 𝜅𝑘B𝑇
ℎ exp (−𝛥𝐻

‡

𝑘B𝑇
) exp (𝛥𝑆

‡

𝑘B
). (2.17)

The quantity of interest for diffusion processes is mostly the activation enthalpy 𝛥𝐻‡. It’s determi-

nation requires to identify saddle point(s) on the free energy surface, i.e. the transition state(s). The

activation enthalpy is then calculated from the energy difference between the transition state and

the initial state, which is a local minimum of the free energy.

20



3 Computational Methods

This chapter provides an overview of the computational methods used in this work. It covers both

the theoretical background of simulation techniques and practical aspects of their implementation.

All information presented here has been taken from a few textbooks or book chapters (see Refs [6,

35–38]) unless otherwise stated.

3.1 Classical Molecular Dynamics

Molecular dynamics (MD) simulations are widely used in materials science to study the time-

dependent behaviour of atoms and molecules. They allow for the simulation of system properties

at finite temperatures, including diffusion, phase transitions, and mechanical properties. The

“classical” designation of the method refers to both the use of classical mechanics to describe the

motion of particles and the use of (semi-)empirical force fields to evaluate interatomic forces. The

following sections provide an overview of the basic principles of classical MD simulations, including

force fields, integration algorithms, and ensembles.

3.1.1 Basic Principles of Classical Molecular Dynamics

MD simulations are based on numerically solving the equations of motion for a system of interacting

particles. These particles must be assigned masses, initial positions and velocities, and forces that

act between them. For simple classical MD simulations, these forces are derived from a force field

represented by analytical potential energy functions. Parameters for these functions are typically

fitted to experimental data or high-level quantum mechanical calculations for a specific material.
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This can be an effective way to include quantum mechanics, but the classification as classical
becomes ambiguous.

For solid-state systems, it is often useful to assume periodic boundary conditions. This means that

the simulation cell is replicated infinitely in all directions, which eliminates edge effects and allows

for the simulation of bulk properties without the need for a large system size. It is also possible to

simulate surfaces by applying periodic boundary conditions in two directions and a vacuum in the

third direction.

The fundamentals of molecular dynamics simulations are rather simple, since the particle motion

is governed by Newton’s second law of motion, combined with forces derived from the applied

force field. A major factor for the computational expense and complexity of a simulation is thus the

level of theory of the force field.

In addition, simulations can be subject to external conditions or forces that interact with the particles

or the simulation cell. These include thermostats and barostats, which regulate the temperature

and pressure by exchanging energy with the system, as well as external fields such as electric or

magnetic fields that influence particle dynamics. The choice and implementation of such external

controls allow MD simulations to realistically model a wide range of physical environments and

phenomena.

3.1.2 Classical Force Fields

Classical force fields provide a computationally efficient approach to modelling the potential energy

surface of atoms and molecules in condensed-phase systems. In contrast to ab initio methods,
which explicitly solve the Schrödinger equation, classical force fields rely on simplified, effective

potential energy functions to describe the interactions between particles. These functions are

typically parametrised to reproduce experimental data (then they are called Empirical Pair Potentials

or EPP) or high-level quantum mechanical calculations.

For ionic solids, most established potentials of force fields𝑉 (𝑟) are composed of a Coulomb term[39]

(for long range interactions) and a non-Coulomb term 𝜙 (𝑟) (for short range interactions):

22



3.1 Classical Molecular Dynamics

𝑉 (𝑟) =
𝑁−1
∑
𝑖=1

𝑁
∑

𝑗=𝑖+1

𝑞𝑖𝑞𝑗
4𝜋𝜖0𝑟𝑖𝑗

+ 𝜙 (𝑟) (3.1)

The charges 𝑞𝑖 and 𝑞𝑗 are effective charges of the ions 𝑖 and 𝑗, respectively. Some potential models
do not use full ionic charges to account for shielding effects. The term 𝜙 (𝑟𝑖𝑗) can take several
forms, depending on the specific material and the desired properties to be modelled. They may

include terms for covalent, ionic, and van derWaals interactions, can be pairwise or many-body, and

may include explicit angular and dihedral terms. The following overview is restricted to two-body

potentials, the simplest and computationally most efficient form.

Common forms are Lennard-Jones[40,41] (3.2), Buckingham[42] (3.3) or Morse[43] (3.4) potentials

and combinations thereof:

𝜙LJ (𝑟𝑖𝑗) = 4𝜖 [( 𝜎𝑟𝑖𝑗
)
12
− ( 𝜎𝑟𝑖𝑗

6
)] (3.2)

𝜙Buck (𝑟𝑖𝑗) = 𝐴 exp (−
𝑟𝑖𝑗
𝜌 ) −

𝐶
𝑟6𝑖𝑗

(3.3)

𝜙Morse (𝑟𝑖𝑗) = 𝐷e (1 − exp (−𝑎 (𝑟𝑖𝑗 − 𝑟e)))
2 (3.4)

The Lennard-Jones potential contains the depth of the potential well, 𝜖, and the finite distance of
𝜙LJ (𝑟𝑖𝑗) = 0, 𝜎, as parameters. In the Buckingham expression, 𝐴 and 𝜌 together describe Pauli
repulsion, while 𝐶 is part of an attractive dispersion term. The Morse potential equals −𝐷e as the

global minimum at 𝑟𝑖𝑗 = 𝑟e. The parameter 𝑎 = √𝑘e/2𝐷e determines the width of the potential and

is a function of the force constant of the bond 𝑘e. All aforementioned parameters are specific to
each pair of species.

In most cases a set of parameters is fitted for a narrow set of particle types and must be validated

for use cases beyond the fitting range. Due to their simple, analytical form, they exhibit lower

transferability than ab initiomethods, but are computationally much more efficient. In contrast,
ab initiomethods provide a more accurate description of the potential energy surface, but those
simulations can exhibit poor statistics due to the limited system size. More recently, machine

learning methods have been developed to close the gap between the accuracy of ab initiomethods
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and the efficiency of classical force fields.[44]

3.1.3 Integration Algorithms

Molecular dynamics simulations are based on Newton’s second law of motion:

F𝑖 ∶= −𝜕𝑉𝑖𝜕r𝑖
= 𝑚𝑖

𝜕2r𝑖
𝜕𝑡2 (3.5)

This second-order nonlinear ordinary differential equation can only be solved analytically for trivial

systems. Instead, numerical integration schemes are used to approximate the solution. There

are two main types of integration schemes: explicit schemes only require the properties at the

current timestep, while implicit schemes require the properties at the current and the next timestep.

Implicit integration schemes are numerically more stable and available for these tasks, but they

are generally unpopular due to the complexity of the potential energy surface. Instead, explicit

integration schemes are generally used. In classical molecular dynamics, the most commonly used

algorithm is the Verlet algorithm[45] (or the velocity Verlet variant[46]). The integration scheme

is obtained by starting from a Taylor expansion of the position r𝑖 around the current time 𝑡 for the
forward (+𝛥𝑡) and backward (−𝛥𝑡) timestep:

r𝑖(𝑡 + 𝛥𝑡) = r𝑖(𝑡) + 𝛥𝑡v𝑖(𝑡) +
1
2𝛥𝑡

2a𝑖(𝑡) −
1
6𝛥𝑡

3 𝜕3r𝑖
𝜕𝑡3 + 𝒪(𝛥𝑡4) (3.6)

r𝑖(𝑡 − 𝛥𝑡) = r𝑖(𝑡) − 𝛥𝑡v𝑖(𝑡) +
1
2𝛥𝑡

2a𝑖(𝑡) +
1
6𝛥𝑡

3 𝜕3r𝑖
𝜕𝑡3 + 𝒪(𝛥𝑡4) (3.7)

The first and second derivatives of the position r𝑖 are the velocity v𝑖 and the acceleration a𝑖, respec-

tively. All terms beyond third order are included in 𝒪(𝛥𝑡4). Summation of Eq. (3.6) and (3.7) leads
to a simplified expression for the position at the time 𝑡 + 𝛥𝑡, where all terms of uneven order cancel
out:

r𝑖(𝑡 + 𝛥𝑡) = 2r𝑖(𝑡) − r𝑖(𝑡 − 𝛥𝑡) + a𝑖(𝑡)(𝛥𝑡)2 + 𝒪(𝛥𝑡4) (3.8)
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The velocity is one of the terms of uneven order that is not present in Eq. (3.8) anymore, but required

for system properties such as temperature and pressure. It can be calculated by subtracting Eq. (3.7)

from Eq. (3.6), dividing by 2𝛥𝑡, and neglecting terms of order 𝒪(𝛥𝑡2):

v𝑖(𝑡 + 𝛥𝑡) = r𝑖(𝑡 + 𝛥𝑡) − r𝑖(𝑡 − 𝛥𝑡)
2𝛥𝑡 + 𝒪(𝛥𝑡2) (3.9)

This is not ideal, since the errors in position and velocity are not of the same order. In addition, the

algorithm is not self-starting, as the position at the time 𝑡 − 𝛥𝑡 is unknown for the first timestep.1

The velocity variant of the Verlet algorithm uses a more elegant approach by shifting Eq. (3.7) by

𝛥𝑡:

r𝑖(𝑡) = r𝑖(𝑡 + 𝛥𝑡) − 𝛥𝑡v𝑖(𝑡 + 𝛥𝑡) + 1
2𝛥𝑡

2a𝑖(𝑡 + 𝛥𝑡) + 1
6𝛥𝑡

3 𝜕3r𝑖
𝜕𝑡3 + 𝒪(𝛥𝑡4) (3.10)

Now, summation of Eq. (3.6) and (3.10) leads to an expression for the velocity update instead of the

position update:

v𝑖(𝑡 + 𝛥𝑡) = v𝑖(𝑡) +
1
2𝛥𝑡 [a𝑖(𝑡) + a𝑖(𝑡 + 𝛥𝑡)] + 𝒪(𝛥𝑡3) (3.11)

The position update is then obtained by inserting Eq. (3.11) into Eq. (3.6):

r𝑖(𝑡 + 𝛥𝑡) = r𝑖(𝑡) + 𝛥𝑡v𝑖(𝑡) +
1
2𝛥𝑡

2a𝑖(𝑡) + 𝒪(𝛥𝑡3) (3.12)

Neglecting the terms of order 𝒪(𝛥𝑡3), the velocity Verlet algorithm is obtained by introducing

half-timestep velocity update v𝑖 (𝑡 +
1
2
𝛥𝑡) ∶= v𝑖(𝑡) +

1
2
𝛥𝑡a𝑖(𝑡):

1The position at the time 𝑡 −𝛥𝑡 can be estimated by calculating r𝑖(−𝛥𝑡) = r𝑖(0) − v𝑖(0)𝛥𝑡, which requires an initial
guess for the velocity. This initial guess is also required for evaluation of the velocity variant and cannot be avoided.
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r𝑖(𝑡 + 𝛥𝑡) = r𝑖(𝑡) + 𝛥𝑡v𝑖 (𝑡 +
1
2𝛥𝑡) (3.13)

v𝑖(𝑡 + 𝛥𝑡) = v𝑖 (𝑡 +
1
2𝛥𝑡) +

1
2𝛥𝑡a𝑖(𝑡 + 𝛥𝑡) (3.14)

The implementation of the velocity Verlet algorithm can be done in a four-step process:

1. v𝑖(𝑡 +
1
2
𝛥𝑡) = v𝑖(𝑡) +

1
2
𝛥𝑡a𝑖(𝑡)

2. r𝑖(𝑡 + 𝛥𝑡) = r𝑖(𝑡) + 𝛥𝑡v𝑖 (𝑡 +
1
2
𝛥𝑡)

3. Calculate a𝑖(𝑡 + 𝛥𝑡) from the forces

4. v𝑖(𝑡 + 𝛥𝑡) = v𝑖 (𝑡 +
1
2
𝛥𝑡) + 1

2
𝛥𝑡a𝑖(𝑡 + 𝛥𝑡)

The Verlet algorithm is a symplectic integrator, conserving phase space volume and energy. This is

especially relevant for long-term simulations, where accumulation of errors can lead to unphysical

results. Its time-reversibility enables running trajectories backwards by changing the sign of 𝛥𝑡,
which can simplify, i.a., error checking and time-averaged property calculations. The choice of a

value for the timestep 𝛥𝑡 is critical. A large 𝛥𝑡 can accelerate simulations accompanied by a decrease
in accuracy, while a small𝛥𝑡 generally improves accuracy butmay lead to numerical instabilities due
to the accumulation of round-off errors. The timestep should ideally resolve the fastest vibrational

modes (e.g. 20THz→ 50 fs[47]), thus it is typically in the single-digit femtosecond range.[37]

3.1.4 Ensembles

A single configuration of a system is not sufficient to describe its properties. Even at absolute zero

temperature, due to zero-point vibrational modes, a system can explore multiple configurations.

The complexity of these configurations increases with system size.

At non-zero, finite temperatures, systems in equilibrium sample numerous distinct microstates.

These systems fluctuate around one or more minima of the potential energy surface, and their
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3.1 Classical Molecular Dynamics

equilibrium state is best described by a probability distribution in phase space. Statistical thermody-

namics imply that the probability of each structure is a function of the temperature and some form

of energy, depending on the external conditions. Fixed variables define the ensemble, e.g. the 𝑁𝑝𝑇
ensemble is characterized by a constant number of particles 𝑁, constant pressure 𝑝 and constant
temperature 𝑇. Caution must be taken as most simulations do not have fixed values for some of
these variables, but rather apply various techniques to ensure convergence of the time averages to

given values.

In three-dimensional space, a classical system without external forces is represented by 6𝑁 coordi-

nates. This 6𝑁-dimensional space is called phase space, and one point in phase space corresponds to
one (micro)state of the system. The 6𝑁 coordinates are distributed over position r𝑖 and momentum

p𝑖 (where both are three-dimensional vectors). The total momentum and position are then given by

the sum of the individual momenta and positions:

r =
𝑁
∑
𝑖
r𝑖 =

𝑁
∑
𝑖
(𝑥𝑖, 𝑦𝑖, 𝑧𝑖) (3.15)

p =
𝑁
∑
𝑖
p𝑖 =

𝑁
∑
𝑖
(𝑝𝑥,𝑖, 𝑝𝑦,𝑖, 𝑝𝑧,𝑖) (3.16)

The total energy 𝐸 is the sum of the kinetic and potential energy of the system. The potential energy

𝐸pot of the system is simply the sum of the potential energies of all particles, as determined by

the force field. The total kinetic energy 𝐸kin is defined as the sum of the kinetic energies of all

particles:[37]

𝐸kin ∶=
1
2 ∑𝑖

𝑚𝑖v𝑇𝑖 v𝑖 (3.17)

According to the equipartition theorem, the average kinetic energy of a particle in a system at

temperature 𝑇 is 1
2
𝑘B𝑇 per degree of freedom. For a three-dimensional system with 𝑁 particles, this

results in an expression for the “kinetic temperature” 𝑇kin:
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𝑇kin =
2𝐸kin
3𝑁𝑘B

= 1
3𝑁𝑘B

𝑁
∑
𝑖
𝑚𝑖v𝑇𝑖 v𝑖. (3.18)

It is important to note that the kinetic temperature is not the same as the thermodynamic temperature

𝑇 of the system, as the latter is obtained as the time average of the kinetic temperature. More details
are provided in Sec. 4.

The pressure 𝑃 is given as the sum2 of a kinetic and a potential energy part:[48,49]

𝑃 = 2
𝑉 (𝐸kin −𝑊) = 𝑁𝑘B𝑇

𝑉 + 1
3𝑉

𝑁
∑
𝑖
r𝑇𝑖 F𝑖 (3.19)

Here, F𝑖 is the total force acting on particle 𝑖. The second term is the virial contribution,[50,51] equal

to −d𝑈
d𝑉

(where 𝑈 = 𝐸pot):

𝑊 ∶= −12

𝑁
∑
𝑖
r𝑇𝑖 F𝑖 (3.20)

Microcanonical Ensemble

The conceptually simplest ensemble is the microcanonical ensemble (𝑁𝑉𝐸), in which the total
energy 𝐸 is strictly conserved. The velocity Verlet algorithm is straightforward to implement for

this ensemble, as all particles experience an undamped motion. Forces are evaluated as the time

derivative of the momentum vectors (F𝑖 =
dp𝑖
d𝑡
). This ensemble is rarely used for simulations of

diffusion processes, because one is usually interested in the dynamics of the system at a temperature

rather than a fixed energy.[46]

2Strictly speaking, it is necessary to introduce the kinetic energy and the virial as tensors to obtain a pressure tensor
rather than a scalar. This is done by replacing the dot products v𝑇𝑖 v𝑖 and r

𝑇
𝑖 F𝑖 with the dyadic products v𝑖 ⊗ v𝑖 and

r𝑖 ⊗ F𝑖, respectively. Since only the scalar pressure is of interest here, this can be omitted for simplicity.
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Canonical Ensemble

Instead of fixing the energy, the canonical ensemble (𝑁𝑉𝑇) attempts to keep the temperature of a
system constant. This is achieved by application of a thermostat, which modifies the velocities of

particles (see Sec. 3.1.5). It is important to understand that the temperature is not constrained to a

certain value as it is the case for the energy in the microcanonical ensemble, since this would require

the kinetic energy to be fixed, or rather, rescaled to the target temperature at each timestep.[52] Such

a strict constraint would lead to an unphysical trajectory of the system. In fact, the fluctuation

(variance) of the kinetic temperature (3.18) around the target temperature is a function of the

number of particles 𝑁, as described in Sec. 4.[35,53–55]

Isothermal-isobaric Ensemble

The isothermal-isobaric ensemble (𝑁𝑝𝑇) combines thermostating with additional barostating. This
allows the system to fluctuate around its equilibrium volume at a given temperature and pressure.

The barostat modifies the lattice vectors of the simulation cell and thus the particle positions

according to its specific implementation (see Sec. 3.1.5). Similar to the temperature, the pressure is

not strictly constant, but fluctuates around the target value with a variance that is a function of the

isothermal compressibility (see Sec. 4).

3.1.5 Thermostats and Barostats

In order to maintain a constant temperature in a molecular dynamics simulation, a thermostat

is applied to the system. There are three main types of thermostats used in classical molecular

dynamics simulations: stochastic, velocity rescaling, and extended system thermostats. Appling a

barostat and/or thermostat to the system is done by appropriate modification of the velocity Verlet

algorithm.[35,37,49,56]
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Stochastic Thermostats

Stochastic thermostats are based on the idea of mimicking the coupling of the system to a heat bath.

In the Andersen thermostat,[57] a number of particles are selected at random at each timestep and

their velocities (and thus their momenta) are resampled from a Gaussian distribution at the target

temperature. The Langevin thermostat[58] adds a random force and a friction term to the equations

of motion for all particles. The magnitudes are determined such that the fluctuation-dissipation

theorem is satisfied. These stochastic thermostats (unless modified) are not suitable for simulations

of diffusion processes, as they destroy the momentum transfer between particles.

Velocity Rescaling Thermostats

While exact velocity rescaling (“strong coupling”) can force the system to a certain temperature at

each timestep,[52] it lacks a physical basis. The Berendsen thermostat[59] thus introduces a “weak

coupling” to exponentially rescale the velocities of all particles to the target temperature:

d𝑇
d𝑡 =

𝑇0 − 𝑇
𝜏 (3.21)

The coupling parameter 𝜏 controls the strength at which the system is coupled to the heat bath,

and the target temperature 𝑇0 is the desired temperature. Due to this coupling, the thermostat
does not produce a correct canonical ensemble: it disproportionally samples temperatures (and

thus velocities and kinetic energies) close to the target temperature, which does not reproduce the

true Maxwell–Boltzmann distribution.[60] Furthermore, one commonly observed undesirable

phenomenon with this type of thermostat is the so-called flying ice cube effect, where rescaling
leads to all kinetic energy being transferred to translational of (and rotation around) the center of

mass.[61,62]

Extended System Thermostats

The third type of thermostat is the extended system thermostat, which is based on the idea of

adding an additional degree of freedom to the system that acts as a heat bath. The widely used
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Nosé[53]–Hoover[54] thermostat introduces a fictitious particle with a mass 𝑄 and temperature 𝑇0
that interacts with the system bymodifications of the equations of motion. It thus applies an indirect

rescaling of the velocities, which ismore physical than the direct rescaling. In principle, the resulting

ensemble can be considered canonical. However, the temperature will exhibit periodic oscillations

with a frequency depending on 𝑄, and only large systems will behave ergodically.[55] It is, despite its
limitations, one of the most widely used thermostats in molecular dynamics simulations.

3.2 Density Functional Theory

3.2.1 Introduction to DFT

Density functional theory (DFT) has become a widely used tool in computational materials science

to study the electronic structure of solid-state materials. Historically, DFT emerged as a more

exact alternative to traditional electronic structure methods like Hartree–Fock (section 3.2.3),

which rely on complex many-electron wavefunctions. By focusing on the electron density as the

fundamental quantity, DFT cuts the problem down to a (semi-)local single-particle description.3

This reduces the computational cost significantly, while maintaining accuracy for many practical

cases.

DFT aims to solve the time-independent, non-relativistic form of the Schrödinger equation, given

as

ℋ𝛹 = 𝐸𝛹. (3.22)

The operatorℋ is the Hamiltonian, and can be written as the sum of the kinetic ( ̂𝑇) and potential
energy operators ( ̂𝑉). The energy 𝐸 is associated with the wave function 𝛹 of the quantum chemical

system. Exact solutions in closed form are available only for one-electron systems; many-electron

systems require approximations.

According to the Born–Oppenheimer approximation,[63] equations for the ionic dynamics are

3Hartree–Fock also employs a single-particle description, but includes non-local exchange.
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decoupled from equations for the electronic state, as the nuclei are much heavier than the electrons.

The electronic Schrödinger equation is then given as:

ℋel𝛹el = 𝐸el𝛹el, (3.23)

with the electronic Hamiltonianℋel = ̂𝑇el + ̂𝑉ee + ̂𝑉ne, where ̂𝑇el is the kinetic energy operator,
̂𝑉ee is the electron-electron interaction operator, and ̂𝑉ne is the electron-nucleus interaction operator.

Here, the nuclei coordinates are considered fixed and are used as parameters. The total energy of

the system is then given as the sum of the electronic and (constant) nuclear energy.

The wavefunction 𝛹 itself is not an observable quantity, but its square modulus, |𝛹|2, can be

interpreted as the probability density of finding an electron in a certain volume element, according

to the Born rule.[64]

3.2.2 Periodicity and the Bloch Theorem

The theoretical description of a finite-sized, molecular (gas-phase) system involves a finite number

of atoms. A molecule’s atomic positions are represented by real-space vectors, r:

r = 𝑛1e1 + 𝑛2e2 + 𝑛3e3, (3.24)

where e𝑖 are the unit vectors of the coordinate system. A 3-dimensional solid-state system, on

the other hand, shows (effectively) infinite periodicity in space. By exploiting the translational

symmetry of the crystal lattice, the description can be greatly simplified, as all information about

the system is contained in the unit cell. Instead of using real space, it is then more convenient to

use reciprocal space, where the reciprocal vectorK is defined as:

K = 𝑚1g1 +𝑚2g2 +𝑚3g3 (3.25)
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where g𝑖 are the reciprocal lattice vectors. The reciprocal lattice is the Fourier transform of the

real-space lattice, such that a large cell vector in real space corresponds to a small cell vector in

reciprocal space (exp(𝑖K𝑇r) = 1). The Bloch theorem states that the wave function of an electron

in a periodic potential can be written as a product of a plane wave and a periodic function:

𝜓𝑛k(r) = 𝑒𝑖k⋅r𝑢𝑛k(r) (3.26)

The wave vector k is a quantum number that describes the periodicity of the wave function, and

𝑢𝑛k(r) is a periodic function with the same periodicity as the crystal lattice. The Bloch theorem

allows the wave function to be described in terms of a small number of wave vectors in the first

Brillouin zone, which may be understood as the unit cell of the reciprocal lattice. The density of

the mesh wave vectors required to properly describe the wave function is system-dependent.

One way of constructing the wave vectors is the Monkhorst–Pack scheme.[65] For a given mesh

of 𝑁1 × 𝑁2 × 𝑁3 mesh points, the wave vectors are constructed as follows:

k𝛼 = g1
𝑘1 +

1
2

𝑁1
+ g2

𝑘2 +
1
2

𝑁2
+ g3

𝑘3 +
1
2

𝑁3
(3.27)

where 0 ≤ 𝑘𝑖 < 𝑁𝑖 are integers. The Monkhorst–Pack scheme ensures that the mesh points are
distributed evenly in the Brillouin zone. The number of mesh points required for a calculation can

be significantly reduced by exploiting the crystal lattice’s symmetry. Furthermore, larger real-space

unit cells often necessitate fewer mesh points in their corresponding smaller reciprocal space cells

to achieve convergence.

3.2.3 HARTREE–FOCK Theory

The Hartree–Fock (HF)[66,67] method is one of the first approaches to solve the many-electron

problem in quantum mechanics. It is based on the idea of expressing the many-electron wave

function as a Slater determinant of single-electron wave functions or spin orbitals. The strength

of this method is that the Pauli exclusion principle is automatically satisfied, as the wave function
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(the Slater determinant) is antisymmetric with respect to the exchange of two electrons.

The spin orbitals can be obtained by using the Rayleigh[68]–Ritz[69] variational principle, which

states that the energy of any trial wave function is always greater than or equal to the true ground

state energy, 𝐸0:

𝐸0 ≤ 𝐸trial =
⟨𝛹trial|ℋ |𝛹trial⟩
⟨𝛹trial|𝛹trial⟩

(3.28)

By variation of 𝛹trial and minimisation of 𝐸trial, the ground state energy and wave function can be
obtained.

The HF method includes a full treatment of the exchange interaction (due to the antisymmetry

of the Slater determinant), but it fails to account for electron correlation. The reason for this is

a limitation to only one Slater determinant, which causes the electrons to only experience the

mean field of the other electrons. Another problem with the HF method, specifically for periodic

solids, is the high computational cost, and the poor scaling with system size [𝒪(𝑁4)]. While post-HF
methods like Configuration Interaction (CI) and Coupled Cluster (CC) can account for electron
correlation, they are even more computationally expensive.[38]

3.2.4 Hohenberg-Kohn Theorems

The first idea of using the electron density as the central quantity in quantum mechanics was

proposed by Thomas and Fermi in 1927.[70,71] In their theory, the energy 𝐸 [𝜌(r)] of a system is a

functional of the spatial electron density 𝜌(r). The Thomas–Fermi model never gained widespread
acceptance, as it failed to explain the electronic shell structure and chemical bonding. The reason

for this failure was the approximation of the kinetic energy based on a homogeneous electron gas.

The breakthrough in the development of modern DFT came with the work of Hohenberg and

Kohn in 1964[72] by proving two theorems:[73,74]

1. The external potential 𝑉(r) can be determined, except for a trivial additive constant, using
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only the electron density 𝜌(r). Thus, it follows:[6]

𝛹 ≡ 𝛹[𝜌(r)] (3.29)

2. By variation of the energy functional 𝐸[𝜌(r)], the exact ground state energy can be obtained
and the electron density 𝜌(r), that minimises the energy, is the exact ground state density:

𝐸0 = min
𝜌(r)

𝐸[𝜌(r)] (3.30)

The Hohenberg–Kohn theorems provide the theoretical foundation for DFT, but they do not

include a direct method for calculating the electron density.

3.2.5 Kohn–Sham Equations

The Kohn–Sham approach introduces a fictitious system of non-interacting electrons that has

the same ground-state density as the real interacting system. The electron density of this auxiliary

system is described as

𝜌(r) =
𝑁
∑
𝑖
𝜌𝑖(r) =

𝑁
∑
𝑖
|𝜓𝑖(r)|

2 , (3.31)

where 𝜓𝑖(r) are the Kohn–Sham orbitals. This auxiliary system is described by single-particle

Hamiltonians, which includes the external potential, the classical Coulomb interaction, and an ad-

ditional term, the exchange-correlation potential, to account for the effects of electron-electron inter-

actions (including kinetic energy corrections). These Schrödinger-like equations or Kohn–Sham

equations are given by:

[− ℏ2
2𝑚∇2 + 𝑉ext(r) + 𝑉H(r) + 𝑉XC(r)] 𝜓𝑖(r) = 𝜖𝑖𝜓𝑖(r). (3.32)

Solving these equations yields the Kohn–Shamorbitals and their corresponding eigenvalues, as well
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as the actual electron density according to Eq. (3.31). Kohn–Sham DFT provides, in principle, an

exact description of the electronic structure in the ground state in terms of electronic exchange and

correlation (XC).While the Kohn–Sham equations provide a computationally efficient way to solve

the many-electron problem, the exact form of the exchange-correlation potential is unknown except

for a few trivial cases (assuming a reasonable amount of calculation time).[75,76] Approximations to

this term are discussed the following section.

3.2.6 Exchange-Correlation Functionals

The exchange-correlation energy is generally only a small part of the total energy of a system,

but it contributes significantly to the binding energy between atoms. Since the exact form of the

exchange-correlation energy is unknown, approximations are required to solve the Kohn–Sham

equations. The different flavours of these exchange-correlation functionals determine the accuracy

of the DFT calculations. The order of the four main types of functionals below is known as the

Jacob’s ladder,[77] where a higher rung indicates a higher level of sophistication, but at the cost of

increased computational expense.

Local (Spin) Density Approximation (LSDA)[78] The simplest form of exchange-correlation func-

tional is the local density approximation (LDA), which is based only on the spatially varying electron

density 𝜌(r). It was, similar to Thomas–Fermi theory, originally derived for the uniform electron

gas.[72] It yields reasonable results for many solid-state systems, but performs poorly for atomisation

energies of molecules by overestimating the binding energy.

Generalized Gradient Approximation (GGA)[79–82] By including the gradient of the electron density,

the generalized gradient approximation (GGA) accounts for the inhomogeneity of the electron

density. This leads to similar or often improved results for solids, while greatly improving the

description of molecular systems compared to LDA. Still, GGA functionals violate many exact

constraints of the exchange-correlation energy, and, more problematically, their variants either

predict accurate energies or geometries, but rarely both.
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Table 3.1 Overview of different types of exchange-correlation functionals.

Functional type Description

Local (spin) density approximation (LDA) 𝜖LDAXC (𝜌(r))
Generalized gradient approximation (GGA) 𝜖GGAXC (𝜌(r), ∇𝜌(r))
Meta-GGA 𝜖GGAXC (𝜌(r), ∇𝜌(r), 𝜏(r))
Hybrid methods 𝛼𝐸HFX + (1 − 𝛼)𝐸DFTX + 𝐸DFTC

Meta-GGA[83–87] A comparatively easy way to circumvent the dilemma of either accurate energies or

geometries is the inclusion of the Kohn–Sham kinetic energy density in the functional. These types

of functionals (meta-GGA) are only slightly more computationally expensive than GGA functionals

because the kinetic energy density is readily available from the occupied Kohn–Sham orbitals.

Hybrid methods[88,89] Hybrid methods replace a fraction of the exchange and correlation energy in

a standard DFT functional with exact exchange energy, taken from Hartree–Fock theory. The

mixing parameter 𝛼 determines the fraction of exact exchange energy included in the hybrid func-
tional. The tendency of Hartree–Fock to over-localise electrons alleviates the over-delocalisation

of GGA functionals. Hybrid functionals significantly increase the computational cost compared to

(meta-)GGA functionals, often by more than one order of magnitude.

Practical Considerations

Typically, LDA tends to underestimate bond lengths and lattice parameters (a phenomenon known

as “overbinding”), whereas GGA usually overestimates them.[6,90–92] In come cases, more accurate

results can come from a supposedly less accurate functional due to favourable error cancellation

(e.g., phonon frequencies are sometimes better described by LDA than GGA functionals).

One of the most widely used GGA functionals is PBE, developed by Perdew, Burke, and Ernz-

erhof.[93,94] The revised version PBEsol[95,96] specifically designed for solids yields more accurate

lattice parameters, with the drawback of less accurate (cohesive) energies.[97]

The major strength of meta-GGA functionals over GGA (and LDA) is their ability to differenti-

ate between single-orbital and overlap regions. This allows for a more accurate description of
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both molecules and solids. One of the most widely used meta-GGA functionals is the Strongly

Constrained and Appropriately Normed (SCAN) functional developed by Sun, Ruzsinszky, and

Perdew,[98] which satisfies all 17 known physical constraints4 of the exact exchange-correlation

functional. SCANhas been shown to provide improved accuracy for the prediction of bulk properties

from semiconducting oxides.[99–102] The lower numerical stability of the SCAN functional com-

pared to GGA and LDA has prompted the development of the more stable, regularised rSCAN[103]

and restored-regularised r2SCAN[104–106] functionals. This improvement of numerical stability is

achieved by relaxing one of the 17 constraints (specifically the fourth order gradient expansion

constraint for exchange GE4X).[104–106] The r2SCAN functional converges on average faster than the

SCAN functional (but slower than the PBEsol functional).[107]

While the aforementioned (semi-local) functionals produce accurate results for many properties,

especially for materials with slowly varying electron densities (for which the electron gas is a good

starting point), they still suffer from a poor description of the band gap. Semi-local functionals lack

the discontinuity of the derivate of the functional with respect to the number of electrons that is

present in exact Kohn–Sham DFT.[108] The description is worse in systems with rapidly varying

electron densities, such as systems with localised electronic states or magnetic effects. Hybrid

functionals have been developed to mitigate these issues while maintaining the single-particle

reference (and thus avoiding the high computational cost of many-bodymethods). These functionals

combine the semi-local exchange-correlation functional with a fraction of exact exchange from

Hartree–Fock theory, which includes the exact exchange energy but neglects the correlation

energy (see section 3.2.3). Thus, Hartree–Fock theory alone overly localises electronic states, but

a specific fraction of it (typically 0.1 to 0.5) can greatly improve the description of band gaps. The

downside is the increased computational cost of more than an order of magnitude.

There are two important categories of hybrid functionals for solids: Global (or unscreened) hybrid

functionals include a fixed fraction of exact exchange for all pair-separation distances. One estab-

lished variant is the PBE0 functional,[109,110] which includes 25% exact exchange and 75% standard

PBE exchange. This specific fraction was determined by perturbation theory.[109] In solids, especially

those with small or no band gaps, these functionals are extremely computationally costly because

the long-range part of the Hartree–Fock exchange decays slowly. There are essentially two ways

to address this issue, either by artificial truncation or by acceleration of the spatial decay. Since

truncation schemes lead to problems in delocalised systems,[111] a more promising approach is the

screening of the Coulomb interaction for a faster decay. One aspect to consider is the compen-

4PBE, on the other hand, only satisfies 11 of the constraints.
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sation of the neglected interactions arising from this approach. To address this, range-separated

(or screened) hybrid functionals have been developed.[112] They employ a partition of the electron

repulsion operator into short-range and long-range components, which are treated separately only

for the exchange interaction but not in the Hartree and correlation terms. The short-range exchange

is thenmixed, but the long-range exchange is fully DFT. The popular Heyd–Scuseria–Ernzerhof

(HSE) functional[113–115] uses the expression

1
|r| =

erfc(𝜔|r|)
|r| + erf(𝜔|r|)

|r| (3.33)

with the error function erf for the long-range and the complementary error function erfc = 1 − erf

for the short-range part. The adjustable parameter 𝜔 (= 0.207Å−1 for HSE06) determines the range

separation; at |r| ≥ 2/𝜔, the short-range interactions become negligible. The choice of the error
function is purely for practical reasons.[113] For 𝜔 → 0, it transforms into the PBE0 functional, while
for 𝜔 → ∞, it becomes the PBE functional.

In molecular computational chemistry, screened hybrid functionals with Hartree–Fock exchange

for the long range part are more popular (e.g. B3LYP[89,116–118]), since the correct long-range decay of

the exchange interaction far from the nuclei may be important. In this case, the incorrect asymptotic

behaviour of the exchange as −𝛼|r|−1 is replaced by the correct −1|r|−1.[119]

HUBBARD U Correction

As described above, non-hybrid exchange-correlation functionals perform especially poorly for

systems with localised electronic states. A computationally cheaper alternative than employing

hybrid functionals is to use a Hubbard 𝑈 repulsion parameter. The idea of DFT+𝑈[120] is to correct

the strong on-site Coulomb repulsion by adding a Hubbard-like term to the Hamiltonian. This

correction is mostly used for the d and f orbitals of transition metals and rare earth elements, but it

can also be applied to p orbitals.[121–123]

There are two established variants of DFT+𝑈 corrections in DFT. Liechtenstein et al.[124] use the
parameters 𝑈 (on-site Coulomb repulsion) and 𝐽 (on-site exchange), whereas Dudarev et al.[125]

use the parameters 𝑈 and 𝐽 as a single parameter 𝑈eff = 𝑈 − 𝐽. The major challenge of this method
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is to determine an appropriate Hubbard 𝑈 parameter for a given element, since no single true

value exists. Methods to determine 𝑈 include linear response theory,[126] fitting to experimental

reaction energies,[127] or adjustment for target properties (e.g., band gaps, magnetic moments, lattice

parameters etc.).

3.2.7 Basis Sets and Pseudopotentials

To solve the Kohn–Sham equations, the Kohn–Sham orbitals must be expanded in a basis set,

either atomic orbitals or plane waves. Atomic orbital basis sets are centred on the atomic nuclei

and can be represented by Slater-type orbitals (STOs) or Gaussian-type orbitals (GTOs). They are

mostly used for the description of molecules, where the atomic orbitals are well-localised. Plane

wave basis sets, delocalized functions periodic within the simulation cell, are particularly effective

for describing solids. The k-dependent wave functions follows Bloch’s theorem Eq. (3.26):

𝜓𝑛(k, r) = ∑
G
𝑐𝑛k(G)𝑒𝑖(k+G)

𝑇r, (3.34)

where G are the reciprocal lattice vectors and 𝑐𝑛k(G) are the expansion coefficients. The choice of
basis set can significantly affect the accuracy and computational cost of DFT calculations: Larger

basis sets generally provide higher accuracy but also require more computational resources. Two

key quantities for PlaneWave Basis sets are the kinetic energy cutoff and the number of valence

electrons. The kinetic energy cutoff determines the number of plane waves used to expand the

wave functions:

ℏ2
2𝑚|k + G|2 ≤ 𝐸cut (3.35)

It follows from Eq. (3.35) that the number of plane waves is k-dependent, such that the number of

plane waves changes smoothly with the cell volume (a criterion using 𝐺cut would have a constant

number of plane waves for each k-point, but would converge more slowly).

The second key quantity is the number of valence electrons. The high potential energy in the core

region leads to strong oscillations in the valence wavefunctions for that region, which requires
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a large number of plane waves to converge. Since core electrons minimally influence valence

properties anyway, pseudopotentials replace them with an effective potential that reproduces the

core electrons’ scattering behaviour. This approach is known as the frozen-core approximation.

There are different types of pseudopotentials. Norm-Conserving Pseudopotentials ensure that the

wavefunction and its derivative are continuous at the core radius. Ultrasoft Pseudopotentials allow

for a smoother cutoff of the core wavefunction, which can lead to a reduction in the number of plane

waves required, but are more expensive to generate. The Projector Augmented Wave (PAW)[128]

method is a more convenient approach to handling core electrons. Here, the wavefunction is divided

into a smooth part and a localized part. The localized part is confined to the core region and is

treated using atomic-like functions. The smooth part is treated using plane waves or other basis sets.

The connection between the smooth and localized parts is established using projection operators.

3.3 Defect and Transition State Calculations

3.3.1 Defect Formation Energies

Isolated defects are more difficult to model than perfect lattice structures. Since they are not periodic

(unless a system of ordered defects is considered), using just a single unit cell is rarely sufficient to

describe them, because the self-interaction between periodic images of the defect can be significant

and lead to substantial errors in the calculated properties. The most straightforward way to improve

the description is to use a supercell approach, where the defect is embedded in a large supercell of

the host structure.

In the supercell approach, the defect formation energy 𝐸𝑓 is calculated as the difference between
the total energy of the supercell with the defect and the total energy of the perfect supercell,

complemented by the chemical potentials of the species added or removed to create the defect:

𝐸𝑓 = 𝐸def − 𝐸host +∑
𝑖
𝑛𝑖𝜇𝑖 + 𝑞𝐸Fermi. (3.36)

In this equation, 𝐸def is the total energy of the supercell with the defect, 𝐸host is the total energy
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of the perfect supercell (with the same number of atoms except the defect), 𝑛𝑖 is the number of
atoms of species 𝑖 added to or removed from the supercell to create the defect, and 𝜇𝑖 is the chemical
potential of species 𝑖. For charged defects, the Fermi level must also be taken into account by
adding the term 𝑞𝐸Fermi, where 𝑞 is the charge of the defect (including its sign) and 𝐸Fermi is the
Fermi level. Additionally, the formation energy should be corrected for finite-size effects (see below

in Section 3.3.1). Since the Fermi level depends on external conditions, defect formation energies

are often reported as a function of the Fermi level.

Finite-size Corrections

Since the earliest attempts, calculations of charged defects have been a challenge. The long-range

Coulomb interaction between charged defects and their periodic images can lead to significant

errors in the calculated defect formation energies. To correct for these errors, several methods have

been developed to account for the finite-size effects in supercell calculations.[129] They are based on

a classical model of a charge distribution in a dielectric medium. Historically, the Leslie–Gillan

method[130] (modelling point charge in an isotropic dielectric medium), the Makov–Payne

method[131] (additionally considering higher-order multipoles) and the Lany–Zunger method[132]

(additionally calculating the quadrupole moment and aligning the electrostatic potential) have

been predecessors to the popular Freysoldt–Neugebauer–Van deWalle (FNV) method[133].

In the FNVmethod, the defect charge is described as a Gaussian distribution, and the difference in

the electrostatic potential between the defective cell (far away from the defect) and the bulk cell

is aligned with the defect model potential. It is widely used in DFT calculations. More recently,

the Kumagai–Oba method[134] was developed to extend the FNVmethod to anisotropic dielectric

systems.

3.3.2 Nudged Elastic Band

Knowledge of the energy barrier of a chemical reaction is crucial for understanding the kinetics

of the process. While it is comparatively easy to calculate the energy of the initial and final states,

which are both local (and possibly even global) minima of the potential energy surface, the transition

state between these states is more challenging to determine. Geometry optimisation methods are

designed to find a minimum, whereas the transition state is a saddle point, a maximum along the
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reaction coordinate but a minimum along all other degrees of freedom. Since the exact geometry of

the minimum energy path is generally not known a priori, several methods have been developed to
find the transition state and its energy barrier.

The original plain elastic band (PEB) method is intended to gather information about the minimum

energy path (MEP) and to determine saddle points of minimum energy paths. A given number of

successive intermediate configurations between initial and final state, termed images, represent the
trajectory between those two states. In order to ensure equidistant images, additional spring forces

between each pair of adjacent images along the path are introduced. This kind of “elastic band”

will tighten during energy minimisation. Therefore, the PEB will yield an inaccurate MEP except

for the special case of a collinear path. This lead to the development of the nudged elastic band

(NEB) method. In this technique, both the real and the spring force are split into their components

parallel and perpendicular to the path. During the energy minimisation, only the perpendicular

part of the real force and the parallel part of the spring force are considered.[135,136] This way, the

images are “nudged” towards the MEP and represent minima in respect to all degrees of freedom

except the reaction coordinate.

In an NEB calculation, the 𝑁 + 1 images are denoted as [r0, r1, r2,… , r𝑁], whereat r0 and r𝑁 are
minima corresponding to the initial and final state. The algorithm optimises all 𝑁 − 1 intermediate
states.

To split the forces into their components, the direction of the path must be determined first. It

is considered to be the tangent 𝜏𝑖 at the point 𝑖 along the path. It is approximated by both of the
circumjacent images:

𝜏𝑖 =
r𝑖 − r𝑖−1
|r𝑖 − r𝑖−1|

+ r𝑖+1 − r𝑖
|r𝑖+1 − r𝑖|

(3.37)

After normalisation of the tangent ̂𝜏 = 𝜏
|𝜏|
, the force F𝑖 is calculated by evaluation of the perpen-

dicular part of the real force ∇𝑉(r𝑖)|⟂ and the parallel part of the spring force F𝑠𝑖 |‖ with the spring
constant 𝑘:
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F𝑖 = F𝑠𝑖 |‖ − ∇𝑉(r𝑖)|⟂ (3.38)

∇𝑉(r𝑖)|⟂ = ∇𝑉(r𝑖) − ∇𝑉(r𝑖) ⋅ ̂𝜏𝑖 (3.39)

F𝑠𝑖 |‖ = 𝑘[(r𝑖+1 − r𝑖) − (r𝑖 − r𝑖−1)] ⋅ ̂𝜏𝑖 ̂𝜏𝑖

Except for mirror-symmetric energy barriers, the NEBmethod is not able to find the exact transition

state.[135,136] To overcome this limitation, the climbing image (CI-NEB) variant has been developed.
The transition state[33,137] corresponds to a saddle point of the energy hypersurface, i.e. a maximum

regarding one degree of freedom (and still a minimum regarding all the other degrees of freedom).

Within the unmodified NEB method, a energy minimisation to every degree of freedom would be

performed so that the images move away from the MEP. After a few iterations of the standard NEB

protocol, the image with the highest energy is selected and, only at this configuration, the real force

parallel to the tangent 𝜏𝑖 is inverted, and the spring force is disregarded:[135,136]

F𝑖,max = −∇𝑉(r𝑖,max) + 2∇𝑉(r𝑖,max)|‖ (3.40)

The convergence of CI-NEB calculations depends, among other factors, on the choice of the spring

constant 𝑘, the number of images 𝑁, the initial guess of the path, and the optimisation algorithm.

3.4 Monte Carlo Simulations

Relationships between atomistic structure and macroscopic properties can be investigated by means

of MD simulations (see Sec. 3.1). However, the exploration of configurational space in MD is

fundamentally limited by the timescales accessible to the simulation: rare events or transitions that

occur infrequently may not be sampled within feasible simulation times. Monte Carlo simulations,

on the other hand, are based on stochastic sampling of the phase space, which generally allows

for a more efficient exploration of the relevant configuration space. Fundamentally, Monte Carlo

simulations consider the probability of a system to be in a certain state, which is determined by the

Boltzmann probability distribution:[138]
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𝑃 (r,p) = 1
𝑍 exp (−

ℋ(r,p)
𝑘B𝑇

) (3.41)

Here, 𝑍 is the partition function 𝑍 = ∫ exp (−ℋ(r,p)
𝑘B𝑇

) dr dp. The probability of a system to be in a

certain state thus depends on the energy of this state and the temperature of the system.

3.4.1 Basic Principles of Monte Carlo Simulations

The basic idea of Monte Carlo simulations is to sample the phase space of a system by generating

(pseudo-)random configurations and determining their energy. This stochastic trajectory is in

contrast to the deterministic trajectory of MD simulations. Since theway inwhich the configurations

are generated is controlled by the user setup, certain irrelevant degrees of freedom can be neglected,

while others can be sampled more efficiently. For example, lattice defects or phase transitions may

be explicitly included or excluded from the generation of configurations, while MD simulations

would require them to be introduced by the dynamics of the system.

The thermal average of a property 𝐴 can be calculated by sampling the phase space and weighting

the values of 𝐴 by the Boltzmann probability distribution:

⟨𝐴⟩ = ∫𝑃 (r,p) 𝐴 (r,p) dr dp (3.42)

Here, ⟨𝐴⟩ is accessible without explicitly letting the positions and momenta of the particles evolve in
time. In practice, the integral in Eq. 3.42 is approximated by a sum over a finite number of sampled

configurations for r𝑖 and p𝑖, and these variables may be transformed into a set of variables that are

more convenient for the system of interest.

3.4.2 METROPOLIS Algorithm

Instead of random sampling of configurations and weighting them consequently by their Boltz-

mann factor, Metropolis et al.[139] suggested to choose configurations according to their Boltz-
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mann factor and weighting them equally. The algorithm was later generalised by Hastings[140]5

and is composed of the following steps:[36]

1. A configuration (r𝑖+1,p𝑖+1) is generated by a random but controlled perturbation of the

current configuration (r𝑖,p𝑖).

2. The energy difference 𝛥ℋ = ℋ(r𝑖+1,p𝑖+1) − ℋ (r𝑖,p𝑖) is calculated. The probability of
accepting the new configuration is given by:

𝑃 (r𝑖,p𝑖 → r𝑖+1,p𝑖+1) = min
⎡
⎢
⎢
⎣
1,
exp (−ℋ(r𝑖+1,p𝑖+1)

𝑘B𝑇
)

exp (−ℋ(r𝑖,p𝑖)
𝑘B𝑇

)

⎤
⎥
⎥
⎦
= {

1 if 𝛥ℋ ≤ 0

exp (−𝛥ℋ
𝑘B𝑇

) if 𝛥ℋ > 0
(3.43)

In other words, the new configuration is always accepted if the energy is lower than the

previous configuration. If the energy is higher, the new configuration is accepted with a

probability that depends on the energy difference and the temperature of the system. In

this case, a random number 𝑧 ∈ [0, 1] is generated, and the new configuration is accepted if

𝑧 ≤ 𝑃.

The value of ⟨𝐴⟩ is then calculated by averaging over the accepted configurations.

3.4.3 Applications of Monte Carlo Simulations

Common types of perturbations in atomistic Monte Carlo simulations include the insertion, dele-

tion, and displacement of single or groups of atoms, as well as the exchange of atoms between

different sites, and lattice volume changes. Monte Carlo simulations can be employed to obtain

thermodynamic properties of a system, but they may also be used to find minimum energy config-

urations that are not realistically accessible by MD simulations. For example, sluggish diffusion

processes may restrict the phase space to be close to the initial state, while Monte Carlo simulations

can reach more distant configurations.

5The original Metropolis algorithm is a special case of the Metropolis–Hastings algorithm for a symmetric
proposal distribution.
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3.5 Codes

3.5.1 Structure Creation, Manipulation, and Analysis

Structures were created, manipulated, and analysed using the pymatgen (Python Materials Ge-

nomics)[141] and ASE (Atomic Simulation Environment)[142,143] packages. Polycrystalline structures

were generated using the atomsk[144] software.

Visualisation of structures as well as further analysis was performed using VESTA[145] and

OVITO[146].

3.5.2 Force Field Simulations

MD simulations were conducted in LAMMPS (Large-scale Atomic/Molecular Massively Parallel

Simulator)[147,148]. Some static simulations were conducted in GULP[149–152] (General Utility Lattice

Program).

3.5.3 Density Functional Theory Calculations

All DFT calculations were performed using the Vienna ab initio Simulation Package (VASP).[153–156]

Finite size corrections were calculated using the sxdefectalign code.[157] Charge partitioning

was performed using the Bader analysis[158] and DDEC6 analysis.[159,160]
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3.6 Computational Details

3.6.1 Force Field Simulations

The interactions in the molecular dynamics (MD) calculations are described with a short-range

potential of the Buckingham form [Eq. (3.3)] and a long-range Coulombic term [Eq. (3.1)]. The

Balducci potential[161] was used for simulations of CeO2 (chapter 4), which is known to yield a

migration barrier of 0.638 eV for oxygen in ceria.[162] For BSCF/CSCF materials (chapter 5), a set
of parameters previously used in the literature was employed,[163,164] and the model was expanded

to include Ca2+ using parameters derived for the same oxygen–oxygen potential. For (La,Sr)FeO3

(chapter 7), parameters derived by Islam et al.[165] for (La,Sr)MnO3 were used, with the model

expanded to include Fe using parameters from Cherry et al.[166] as applied in a static study of
LaFeO3.[167] The potential parameters for all systems are given in Tables S1, S2 and S3.

All MD calculations were carried out using the LAMMPS (Large-scale Atomic/Molecular Mas-

sively Parallel Simulator) code,[147,148] employing the velocity Verlet algorithm[45] with periodic

boundary conditions. Simulations were performed in the isothermal–isobaric (𝑁𝑝𝑇) ensemble at
𝑝 = 1013.25mbar, using a Nosé[53]–Hoover[54] thermostat and barostat (damping times 𝑡𝑝 = 1 ps,
𝑡𝑇 = 0.1 ps) and a timestep of 𝛿𝑡 = 1 fs. Metropolis Monte Carlo calculations[139] were also
performed as implemented in LAMMPS.

3.6.2 Density Functional Theory Calculations

DFT calculations were performed in the context of chapter 6. Core electrons were treated with PAW

pseudopotentials[128] from the VASP 5.4 Perdew–Burke–Ernzerhof (PBE)[93,94] potential set, as

provided by the VASP developers (see Table 3.2).

In order to accurately describe the band gap, the hybrid HSE06 exchange-correlation functional is

used.[113–115] The default value of 25%̇ Hartree–Fock exchange was left unchanged to ensure com-

patibility with other HSE06 calculations[168–171] and because the (direct/indirect) computational band

gap (3.33 eV/3.73 eV) is sufficiently close to the experimental band gap (3.25 eV/3.75 eV).[172,173]

48



3.6 Computational Details

Table 3.2 Pseudopotentials used in the calculations.

Atom Name of potential Electrons

Sr Sr_sv 4s24p65s2

Ti Ti_sv 3s23p63d24s2

O O 2s22p4

Ni Ni 3d84s2

Collinear spin polarisation as well as aspherical contributions to the gradient corrections inside

the PAW spheres were included. Calculations were initialised with high-spin and low-spin config-

urations and then continued only from the lower-energy state. If the initial calculation revealed

the system to have equal spin up/spin down (e.g. all calculations with Ni0 or without an Ni in the

system), it was continued as a non-spin-polarised calculation to reduce the computational cost.

All calculations were performed under periodic boundary conditions. The plane-wave kinetic

energies were truncated at 520 eV for the initial relaxation of the unit cell, yielding a lattice parameter

of 3.899Å. For subsequent calculations, the lattice parameters were kept fixed at a multiple of this
value (i.e. 15.596Å for the 4× 4× 4 cell) and the plane-wave cutoff was reduced to 400 eV to reduce
computational demand. For all supercell calculations with a 4 × 4 × 4 expansion of the cubic unit
cell, the k-point sampling was performed only at the Gamma point (the initial unit cell optimisation

used a 7 × 7 × 7 k-point sampling grid). Atomic positions were optimised until the residual force
were below 0.02 eVÅ−1 (0.04 eVÅ−1 for NEB images). Climbing image (CI) NEB calculations were

performed using the implementation by Henkelman et al.[135,136]

All calculations were carried out in an expansion of the cubic unit cell. This introduces a method-

ological error,[174] because tetragonal SrTiO3 is the ground state at 0K, but this error is negligible in

the present case because of the low energy difference of the two polymorphs (𝛥𝐸 < 0.001 eV per
atom with the HSE functional).

For the calculations of the charge-transition levels, corrections accounting for the periodic self-

interaction of the charge were applied according to the FNV (Freysoldt, Neugebauer, and

Van de Walle) scheme[133] as implemented in the sxdefectalign package.[157] The energy of an

electron was calculated as the sum of VBM (Valence BandMaximum, obtained from a bandstructure

calculation) and the band gap. The energy corrections were calculated for a total dielectric constant

of 6.9, as obtained from a present DFT calculation. It is noted that this value differs from that
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measured in experiments, but this is attributed to the imaginary soft TO1 phonon frequency present

with both PBE andHSE functionals.[170] It is contended that the computational value of the dielectric

constant should be used to obtain the correction term rather than the much higher experimental

value, since this is consistent with the actual dielectric response of the material in the calculation.

For the thermodynamic energy calculations, the same corrections as mentioned above were applied.

In addition, a HSE-specific correction[127,175] of +0.85 eV for the energy of a O2molecule to account

for oxygen over-binding was applied. The procedure to include the effect of the oxygen chemical

potential as a function of temperature and pressure is given in the main text.

For all CI-NEB calculations, no charge corrections were applied to obtain the energy barriers.
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4 Best Practices for Molecular Dynamics

Simulations of Ion Diffusion in Solids

Parts of this chapter have been submitted for publication:1

A. Bonkowski, R. A. De Souza, From Setup to Analysis: A Compact Guide to Per-

forming Molecular Dynamics Simulations of Ion Transport in Solids, submitted.

4.1 Introduction

Before presenting results from molecular dynamics (MD) simulations, it is crucial to ensure that

both the simulation setup and the subsequent data analysis are performed with care and rigour. In

this chapter, best practices for molecular dynamics (MD) simulations, specifically for the study of

ion diffusion in solids, are outlined.

Molecular dynamics (MD) simulations have become a powerful tool for investigating the finite-

temperature properties of condensed-matter systems. By numerically solving Newton’s equations of

motion for all particles,MD simulations can provide insights into awide range of phenomena, includ-

ing diffusion[163,176–178], radiation effects[179–182], heat transfer[183–185], and chemical reactions[186–188].

In the field of energy materials, MD simulations have been particularly valuable for studying ion

transport in solids, a process that plays a crucial role in applications such as Li batteries, solid oxide

fuel cells, and solar-thermal devices.[189–195] By simulating the transport of ions within a crystal

lattice, MD simulations can provide not only diffusion coefficients, and subsequently from simula-

1All simulations were prepared, carried out, and analysed by the author of this thesis. The submitted manuscript was
written by the author of this thesis, with contributions from the co-author.
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tions as a function of temperature, activation energies, but also atomic-scale insights into migration

mechanisms.

The primary objective of many MD studies of ion transport is to determine the diffusion coefficient

of that ion, generally as a function of temperature. Subsequently, an Arrhenius-type expression

can be used to obtain the activation energy of the diffusion process. Such work has been carried out

since the 1950s,[196] albeit with varying degrees of accuracy. Early MD simulations were limited by

the computational resources available at the time, such that only fast diffusion processes could be

studied, and even then, for only limited time periods, andmostly in small simulation cells containing

low numbers of particles. For these reasons, the statistics of the data were often poor, and the results

often had large uncertainties. Increases in computational power and the development of more

sophisticated algorithms have allowed slower processes to be studied, for longer times, and in larger

systems. It has also made even ab initio simulations of ion transport possible. More recently, the
rise of machine learning (ML) approaches has allowed for relatively large systems to be investigated

with close to ab-initio accuracy (although off-the-shelf ML potentials are not necessarily suitable
for MD studies of ion transport).

An MD simulation, performed with no concentration gradient and without an external driving

force, yields the tracer diffusion coefficient 𝐷∗
𝑖 of ion 𝑖 from the evolution as a function of time of

the ions’ mean square displacement, ⟨𝛥r𝑖(𝑡)2⟩ = ⟨||r𝑖(𝑡) − r𝑖(0)||2⟩:[37]

𝐷∗
𝑖 =

1
2𝑛dim

lim
𝑡→∞

d
d𝑡 ⟨𝛥r𝑖(𝑡)

2⟩, (4.1)

where 𝑛dim is the number of dimensions in which diffusion occurs. In most studies, however, 𝐷∗
𝑖 is

obtained by fitting a linear function to a plot of ⟨𝛥r𝑖(𝑡)2⟩ vs. 𝑡, rather than by determining a limiting
value, as indicated in Eq. (4.1).

While fitting a linear function to ⟨𝛥r𝑖(𝑡)2⟩ gives a reliable value of 𝐷∗
𝑖 , calculating the uncertainty

of 𝐷∗
𝑖 solely from the regression error of the linear fit substantially underestimates the true un-

certainty.[197] This is because the regression error assumes that each data point is an independent

measurement, even though the data points show strong autocorrelation, ⟨𝛥r𝑖(𝑡 + 𝛥𝑡)2⟩ being highly
correlated with ⟨𝛥r𝑖(𝑡)2⟩ for small 𝛥𝑡. It is only recently that more sophisticated statistical meth-
ods[197,198] have made the true uncertainty accessible without performing a statistically significant

number of independent MD simulations.
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4.1 Introduction

In this chapter, key practices to be kept in mind when performing MD simulations of ion diffusion

in solids are examined. To begin with, the importance of ensuring proper equilibration of the

simulation cell prior to collecting transport data is discussed. Subsequently, the inherent fluctuations

of thermodynamic quantities are considered, and the relationship between these fluctuations and

system properties is explained. The impact of properly accounting for thermal lattice expansion on

the results is also examined. The improvement of Arrhenius fits by considering the statistical

uncertainty of diffusion coefficients is demonstrated (because this is often underestimated and

especially high for low temperatures). Finally, the conversion of tracer diffusion coefficients to ionic

conductivities is discussed. These points are illustrated with a range of different MD simulations of

oxygen tracer diffusion in oxygen-deficient ceria.

This is by nomeans an exhaustive list. Rather, it is a selection of important issues that are regarded as

receiving insufficient attention in the literature. Other issuesmay be considered by other researchers

to be equally worthy of examination.

4.1.1 Accuracy and Uncertainty

Uncertainty was mentioned above, but it is useful to define exactly what is meant, and to draw

attention to the difference between uncertainty and accuracy. Accuracy2 refers to how close a mea-

surement (or the mean of multiple measurements) is to the true value, while uncertainty quantifies
the range within which the true value is expected to lie. Simulations, being mathematical operations

performed with a certain machine precision, typically exhibit high accuracy in replicating their

model. When carried out again on the same platform, the simulation, being entirely deterministic,

should yield exactly the same result. The accuracy of a simulation in reproducing the behaviour of

a real-world system, however, depends on the quality of the underlying model.

The primary source of uncertainty in simulations stems from the finite number of particles and the

limited simulation time. In contrast, real-world experiments, even when conducted under identical

conditions (and assuming that they lead to identical systems), yield varying results due to inherent

measurement uncertainties.

2Contrary to the common use in scientific literature, ISO defines accuracy as the combination of trueness and precision.
In this work, the term accuracy is used only in the sense of trueness.
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4.2 Force Fields

Onemodel systemwas used for illustration purposes: oxygen-deficient ceria (that is CeO2 containing

oxygen vacancies and no charge compensating defects but a background charge). The force field[161]

was chosen because it is robust and efficient, and because it has been successfully applied to ion

transport in ceria.[162,199–201]

The choice of force field[202,203] is, of course, crucial for the accuracy and speed of the simulation.

Some force fields may, for ion transport, give quantitative agreement with experiment, both in terms

of absolute magnitude of 𝐷∗
𝑖 and its activation enthalpy; others may only allow comparisons of

ion transport between different materials. It is evidently not necessary that ion transport data is

required in the derivation of the force fields (see, e.g., Refs [204–207], in which force fields derived

for glasses and binary oxides quantitatively describe diffusion data for titanate perovskites). Further

discussion of this topic is beyond the scope of this chapter, since it strongly depends on the system

under investigation.

4.3 Setup of the Simulation

4.3.1 Equilibration

To determine a tracer diffusion coefficient 𝐷∗
𝑖 accurately, the system must be in a well-defined ther-

modynamic state, characterized by thermodynamic variables that fluctuate around their respective

equilibrium values. Depending on the thermodynamic ensemble used, some variables are allowed

to fluctuate, either freely or under external control (e.g. by a thermostat or barostat), while others

are kept constant. For example, in the 𝑁𝑝𝑇 ensemble, the particle number (𝑁) is fixed; temperature
(𝑇) and pressure (𝑝) are controlled; and volume (𝑉) and energy (𝐸) adapt to these conditions [with
all variables (other than 𝑁) fluctuating around their equilibrium values]. In the 𝑁𝑉𝑇 ensemble,
the volume is fixed and the temperature is controlled, while pressure and energy adapt to these

conditions. In the 𝑁𝑉𝐸 ensemble, energy and volume are fixed, and the temperature adapts to
these conditions.

The problem is that the system needs to be given time to reach equilibrium from its initial state,
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otherwise it will exhibit initialisation bias, that is, the result obtained depends on the system’s initial

state. Such a bias can be excluded by giving the system sufficient time, but too much time is a

waste of computational resources. The key issue, then, is one of identifying the time from which

equilibrium has been reached. Various schemes have been proposed to tackle the equilibration

problem.[208–213] The relevant quantity is the optimal truncation time 𝑡eq, which cuts off the initial
transient but retains as much data as possible for accurate determination of properties. Ideally, the

scheme should be robust, accurate, computationally cheap, applicable to any observable, not require

manual intervention or inspection, and not rely on empirical or arbitrary parameters.[214] If these

criteria are met, equilibration time detection can be carried out not only during post-processing, but

also on-the-fly for, e.g., high-throughput simulations.

Several studies[214–217] have reviewed methods for determination of the equilibration time (some-

times called warm-up length or burn-in time) and concluded that the Marginal Standard Error

Rule (MSER) is a well-suited metric.[218–221] This rule is based on the concept of minimising the

uncertainty in the mean (it selects a truncation point that minimises the width of the confidence

interval of the truncated mean). This is achieved by calculating the marginal standard error of

the mean as a function of the truncation time and selecting the time at which it is minimal.[221]

Importantly, the determined equilibration time 𝑡eq is unlikely to increase with further simulation
time, assuming equilibrium has already been reached.[216] Modified variants of this method have

been proposed[213,215] to speed up the calculation or to retain more data points.

As an example, the MSER was applied to the equilibration of oxygen-deficient CeO2 at 𝑇 = 2000K
and 𝑝 = 0 bar in Fig. 4.3 (grey data points; a more detailed overview is provided in Fig. 4.1). All

considered quantities (𝑇, 𝑝, 𝐸pot, 𝑉) were found to be converged after about 𝑡 ≈ 5 ps. 𝐸pot was chosen
for consideration instead of 𝐸total(= 𝐸pot + 𝐸kin), as 𝐸kin is proportional to 𝑇 and thus has the same
equilibration time.

Not in all cases is the equilibration time similar for all quantities. While temperature and pressure

often equilibrate faster (they are directly controlled by thermostat or barostat in an 𝑁𝑝𝑇 simula-
tion), energy and volume may take long to reach equilibrium. Likewise, the temperature in a 𝑁𝑉𝑇
simulation may equilibrate faster than the energy. In addition to automatic quantification, visual

inspection is recommended to confirm that equilibrium has been reached. Another equilibration

problem is specific to ion-conducting solids with many energetically similar configurations of the

mobile ions. For such systems, it is not widely appreciated that the ions also have to achieve an equi-

librium distribution, which may deviate substantially from a random distribution. Consequently,
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Figure 4.1 Equilibration of CeO2–𝛿 at 𝑇 = 2000K and 𝑝 = 0 bar using the MSER method. 𝐸pot
and 𝑉 normalised per unit cell. Minima of MSER determined using pyMSER[222]

.

taking a random distribution as the starting point for an MD simulation of ion transport may not be

appropriate. The equilibration time for the ion distribution will generally be substantially longer

than that for the thermodynamic variables. MSER may give a consistent value in such cases, but

it is clear that the system is not yet equilibrated (see, e.g., Fig. 4.2). A different type of case is

the distribution of mobile ions in systems with extended defects (e.g. grain boundaries, disloca-

tions)[2,223,224] or restricted equilibria in systems with immobile ions (e.g. dopants on sublattices

without vacancies)[225].

A more efficient way to tackle the equilibration problem for such systems can be a Metropo-

lis Monte Carlo[139] (MMC) simulation. This method allows the system to access more stable

configurations by applying system modifications, including, but not limited to, random particle

displacements, particle swaps, or lattice volume changes.3 This allows the system to minimise its

3The acceptance of these modifications is based on the Metropolis criterion, which compares the energy of the
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Figure 4.2 Temperature 𝑇, total energy 𝐸, pressure 𝑝, and volume 𝑉 in a simulation of
Ca0.5Sr0.5Co0.8Fe0.2O2.5 at 𝑇target = 900K and 𝑝target = 0 during the first 10ns of the simulation.
Energy and volume are normalised per unit cell. Much longer simulation times are required for
their equilibration (as determined with pyMSER[222]), and even in the supposedly equilibrated
region, a slow decrease in both of these quantities is still observed.
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energy while escaping local minima.[35,37]MMC simulations may be applied alone or in combination

with MD simulations in a hybrid scheme.[226–230] The MMC temperature (for the probability factor)

is a parameter that controls the acceptance rate of the modifications, where a higher temperature

leads to a higher acceptance rate of energy-increasing modifications.

4.3.2 Fluctuations of Thermodynamic Quantities

Experiments onmacroscopic systems typically probe the behaviour of systemswith particle numbers

of the order of amole (𝑁 ≈ 1023) and thus refer to the thermodynamic limit. Under these conditions,
thermodynamic quantities, such as temperature, volume, and energy, arewell-defined and effectively

constant, albeit subject to measurement errors. In contrast, MD simulations often involve vastly

fewer particles (𝑁 ∼ 103 to 106), and thus are far from the thermodynamic limit. Consequently, the

fluctuations of these quantities about their mean values become non-negligible; to the beginner,

they may appear unusually large. Some key points are outlined below to show that, large as

these fluctuations may be, they have to exhibit large values because 𝑁 is so small. Furthermore,

examination of the fluctuations can be useful.

In MD simulations it is important to note that the temperature ̄𝑇 is only well defined as an average
over the simulation time (once the system has reached equilibrium). The instantaneous temperature
̂𝑇, calculated from the instantaneous kinetic energy, should not be considered as the temperature of

the system, as discussed in Ref. [231], even though it is often denoted as such in the literature and in

the output of molecular dynamics software. In an 𝑁𝑝𝑇 simulation, this kinetic temperature, given
by

̂𝑇 = 2 ̂𝐸kin
3𝑁Particles𝑘B

(4.2)

(with ̂𝐸kin as the kinetic energy); the instantaneous pressure ̂𝑝; and instantaneous energy, ̂𝐸total =
̂𝐸kin+ ̂𝐸pot; fluctuate around theirmean values ⟨ ̂𝑇⟩, ⟨ ̂𝑝⟩ and ⟨ ̂𝐸total⟩. The fluctuations can be quantified

by the variance Var[𝑌] = 𝜎2𝑌 = ⟨𝑌 2⟩ − ⟨𝑌⟩2 of the quantity 𝑌. For the temperature, the standard
deviation is given as[231]

system before and after the modification. If the energy is lower after the modification, the change is accepted,
otherwise it is accepted with a probability of exp (− 𝛥𝐸

𝑘B𝑇
).
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𝜎2𝑇 =
2𝑇2

3𝑁Particles
. (4.3)

It is apparent that, the smaller the number of particles, themore the instantaneous temperaturemust

vary during a simulation. This is not a problem with the simulation: rather, it is a thermodynamic

necessity if the simulation is running correctly. For the energy, the standard deviation is related to

the heat capacity 𝐶 through

𝜎2𝐸 = 𝑘B𝑇2𝐶. (4.4)

That is, given a non-zero heat capacity, the system’s energy must fluctuate around its mean value.

Depending on the ensemble, the heat capacity at constant volume 𝐶𝑉 (𝐸total = 𝑈) or the heat
capacity at constant pressure 𝐶𝑝 (𝑈 + 𝑝𝑉 = 𝐻) must be considered.

For simulations in the 𝑁𝑝𝑇 ensemble, pressure 𝑝 and volume 𝑉 fluctuations can be extracted from
the simulation. For the pressure, the standard deviation is given as

𝜎2𝑝 =
𝑘B𝑇
𝑉𝛽𝑇

, (4.5)

where 𝛽𝑇 = − 1
𝑉
(𝜕𝑉
𝜕𝑝
)
𝑇
is the isothermal compressibility, equal to the inverse of the bulk modulus 𝐾.

For the volume in a 𝑁𝑝𝑇 simulation, the standard deviation is given as[232]

𝜎2𝑉 = 𝑉𝑘B𝑇𝛽𝑇. (4.6)

Another relationship concerns not the variance of a quantity, but the covariance between energy

and volume:[37]

Cov[𝐸, 𝑉] = 𝑉𝑘B𝑇2𝛼𝑉 (4.7)

59



4 Best Practices for Molecular Dynamics Simulations of Ion Diffusion in Solids

with the thermal expansion coefficient 𝛼𝑉. Fig. 4.3 shows the quantities from Fig. 4.1 without the

equilibration period as well as their distributions and derived properties. A significant number of

data points is required, so that good estimates of the standard deviations can be extracted. Once

they reach constant values, these expressions can support validation of the simulation setup (and

the force fields) by comparison with experimental data. If good agreement is found for a variety of

properties, it is far more likely that the diffusion coefficients refer to the real system.

Fig. 4.3 shows an excellent agreement between the expected [calculated from Eq. (4.3)] and actual

standard deviations [obtained from the simulation] for the instantaneous temperature (11.44K vs.

11.34K), indicating proper temperature equilibration. The heat capacity of 𝑐𝑝 = 82.70 Jmol−1K−1

is physically reasonable,[233–236] but a direct comparison is not possible, since no experimental data

are available at this high temperature (for comparison 𝑐𝑝 ≈ 78 Jmol−1K−1 at 𝑇 = 800K[234]).

The bulk modulus 𝐾was determined from pressure fluctuations as 𝐾 = 235.2GPa and from volume

fluctuations as 𝐾 = 217.1GPa. Both values are in excellent agreement with experimental values of
204GPa[237], 220GPa[238], 230GPa[239], and 236GPa[240].

4.3.3 Diffusive Regime and Diffusion Coefficient

The use of Eq. (4.1) to obtain 𝐷∗
𝑖 is only valid when the system behaves diffusively, ⟨𝑟𝑖(𝑡)2⟩ ∝ 𝐷∗

𝑖 𝑡.
Some systems exhibit sub-diffusive or super-diffusive behaviour,[241] i.e. ⟨𝑟𝑖(𝑡)2⟩ ∝ 𝑡𝛼, with 𝛼 ≠ 1.
In other words, the mean square displacement does not exhibit a linear increase with time but a

weaker (𝛼 < 1) or a stronger (𝛼 > 1) development. Even though systems of mobile ions generally
show diffusive behaviour in the long-term limit, they often show sub-diffusive behaviour at the

beginning of a simulation. For an Arrhenius plot of the diffusion coefficient, it is crucial to ensure

that data for all temperatures refer to the diffusive regime.

Fig. 4.4 shows data obtained as a function of temperature for oxygen-deficient ceria, a system that

should behave diffusively in the long term limit. Fig. 4.4(a) is the standard plot of ⟨𝑟𝑖(𝑡)2⟩ vs. 𝑡;
Fig. 4.4(b) is a double-logarithmic plot of the same data, and hence clearly reveals the nature of

the diffusive behaviour. For these data, 𝛼 only becomes unity (indicating diffusive behaviour) after
increasingly longer times for increasing lower temperatures. At 𝑇 = 800K, 𝛼 does not reach unity
even after 𝑡 = 5ns, showing that the system does not yet exhibit diffusive behaviour. It is apparent

that simulations at lower temperatures should be run longer to reach 𝛼 = 1 or should be discarded
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Figure 4.3 Temperature 𝑇, energy 𝐸, pressure 𝑝, and volume 𝑉 in a simulation of oxygen-deficient
CeO2 at 𝑇target = 2000K and 𝑝target = 0 during the first 100 ps of the simulation (the equilibration
period for each variable is shown in grey); left: as a function of time, right: relative frequency (grey
equilibration period excluded) of the values with normal distribution fit (dotted red line) and fit
parameters.
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from the determination of 𝛥𝐻mig. As mentioned before, some systems might not reach the diffusive

regime at all, such as systems with different barriers for short- and long-range diffusion.[242]

Figure 4.4 Mean square displacement of oxide ions in oxygen-deficient CeO2 at 800 ≤ 𝑇 /K ≤
2600 (a) on a linear scale, (b) on a double-logarithmic scale, where dotted lines indicate 𝛼 = 1. The
colour gradient indicates the temperature.

4.3.4 Simulations with a Fixed Lattice Volume

Production runs for diffusion simulations can be carried out in the isothermal-isobaric ensemble

(𝑁𝑝𝑇) or the canonical ensemble (𝑁𝑉𝑇). There are two aspects to consider when choosing the
ensemble for the simulation: the activation volume of migration 𝛥‡𝑉 and the thermal expansion of
the lattice.

The second effect will have a more significant impact on the Arrhenius parameters. Upon heating,

generally materials’ lattices expand. This effect can be observed in simulations of the isothermal-

isobaric ensemble (𝑁𝑝𝑇), where the pressure is controlled by a barostat and the cell volume is
allowed to change. The equilibration of the cell volume in this ensemble can take a long time,

especially for disordered systems. In some computational studies, thermal expansion is ignored

and the cell volume is fixed at the initial value from a static (0K) geometry optimisation. This
approach will lead to a non-zero stress in the system that increases with increasing temperature.

The consequence of this stress are changes in the activation barrier of migration of the ions.[243] In

addition, the attempt frequency of the ions will be affected by the stress,[47] which will also affect the
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diffusion coefficient. Since this effect will increase with temperature, diffusion coefficients will be

affected more strongly at higher temperatures and the slope (and therefore the activation enthalpy)

of the Arrhenius plot will be incorrect.

To this end, MD simulations of oxygen diffusion in ceria were carried out with the lattice parameter

fixed to the value obtained from a static minimisation (i.e. at 𝑇 = 0K) (𝑎 = 5.4286Å). Assuming an
activation volume of migration on the order of 𝛥mig𝑉 ≈ 2 cm3mol−1,[244] and an effective pressure

of 𝑝 ≈ 8GPa (see Fig. 4.6), the energy difference between the two simulations should be close to
𝑝𝛥mig𝑉 ≈ 0.16 eV. The actual value will deviate from this estimate because the pressure is not

constant but increases with temperature.

Figure 4.5 Vacancy diffusion coefficients and migration barrier of oxygen in ceria as a function of
temperature for a system with 13814 oxygen ions and 10 oxygen vacancies (six random seeds). The
lattice parameter was fixed at 𝑎 = 5.4286Å. As a comparison, the vacancy diffusion coefficients for
simulations at equilibrium volume are shown as a red solid line.

The results are shown in Fig. 4.5. Vacancy diffusion coefficients are underestimated by a factor

of just under 2 for the whole temperature range of 1000 ≤ 𝑇 /K ≤ 2600. An Arrhenius fit
yields a slightly overestimated migration barrier (0.638 eV for the fixed volume compared with

0.619 eV for simulations with 𝑁𝑝𝑇 equilibration), and an underestimated effective jump frequency
𝜈0 exp (𝛥mig𝑆/𝑘B) (2.86THz compared with 3.89THz). For other materials and migrating species,
the magnitude (and even the sign) of this error will depend on the thermal expansion coefficient

and the strain-dependence of migration enthalpy, entropy, and attempt frequency.

Hence, a requirement for obtaining the correct migration energy (or entropy) is to perform simula-
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Figure 4.6 Average pressure as a function of temperature for the same simulation as in Fig. 4.5.
With increasing temperature, the pressure increases, indicating the suppression of the volume
expansion.

tions with the appropriate volume for that temperature. This can be achieved by performing an

equilibration in the isothermal-isobaric ensemble (𝑁𝑝𝑇) and allowing the cell volume to change,
or by using static calculations to determine the thermal expansion coefficient of the material and

adjusting the cell volume accordingly.

4.3.5 Cell-Size Effects

To evaluate the impact of the supercell size on the diffusion coefficients, MD simulations of oxygen

tracer diffusion in oxygen-deficient ceria at 1000 ≤ 𝑇 /K ≤ 2600 (intervals of 200K) with one
vacancy for 𝑡 = 5ns were performed. Different supercell sizes (2 ≤ 𝑁cell ≤ 8) of Ce4O8 were used.

In order to obtain a good estimate of the true values of 𝛥mig𝐻 and 𝜈0 exp(𝛥mig𝑆/𝑘B), additional
simulations were carried out with an 𝑁cell = 12 supercell with 10 vacancies. Instead of obtaining a
large number of data points for each temperature, five simulations with different random seeds were

performed for each supercell size. By using nine temperatures and carrying out the Arrhenius

fits with each possible combination, 59 = 1953125 fits per supercell size were obtained. Non-linear
weighted least-squares (WLS) fits were used to obtain the activation energies and effective attempt

frequencies (for details on the fitting procedure, see Sec. 4.4.2). The results are shown in Fig. 4.7.
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Figure 4.7 Migration barriers and effective attempt frequencies obtained from non-linear WLS
fits of oxygen diffusion in ceria. Vertical lines indicate the large-cell values as obtained from a
12 × 12 × 12 supercell with 10 vacancies. Bars represent median values.

First, it is important to understand that MD simulations are most often carried out with only one

data point per temperature; this means that the fit will yield one draw from the relevant distribution

in Fig. 4.7, without information on the spread. Even if the distribution is somewhat close to the

true value, as is the case for 𝑁 = 3, a single data point, as obtained fromMD simulations, is likely to

deviate from the true value.

Second, from the data in Fig. 4.7, it appears that both migration barrier and the effective attempt

frequency are reliably determined for supercell sizes of 𝑁cell = 4 and larger, with standard deviations
of 𝜎𝛥mig𝐻 ≤ 0.02 eV and 𝜎𝜈0 exp(𝛥mig𝑆) ≤ 0.28THz, respectively. For the smaller supercell size of
𝑁cell = 3, deviations of the mean from the true (estimated) values are observed. The migration

barrier is overestimated, as evidenced by the deviation of the mean value. For the smallest cells

(𝑁cell = 2), the spread of the data is much larger.

These conclusions are valid for simulations in the limit of long times (here: 𝑡 = 5ns). Even for
these untypically long times, small cells will not converge to the large-cell distributions and thus

are not reliable. For shorter, typical AIMD times, the spread of the data will be larger, especially for
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small cells. For these cases, Eq. (4.11) can reveal more information about the reliability of the data.

One method to estimate the expected number of jumps is to multiply the simulation time with the

jump rate, 𝛤v, given as[197]

𝛤v = 𝜈0 exp (−
𝛥mig𝐻
𝑘B𝑇

) . (4.8)

If this number is in the single-digit range, the data will not have sufficient statistical signifi-

cance.[197]

4.4 Evaluation of the Diffusion Data

4.4.1 The Error in the Diffusion Coefficient

The tracer diffusion coefficient 𝐷∗
𝑖 of tracer particles 𝑖 is calculated from the mean square displace-

ment ⟨𝑟𝑖(𝑡)2⟩ of the ions using the Einstein relation [Eq. (4.1)]. Conventionally, one of two methods
is used to calculate ⟨𝑟𝑖(𝑡)2⟩ from the mean square displacement: Either with an ensemble average

over the displacements of all ions in the system with respect to their initial positions,

⟨𝑟𝑖(𝑡)2⟩ =
1
𝑁𝑖

𝑁𝑖

∑
𝑖=1

||r𝑖(𝑡) − r𝑖(0)||2, (4.9)

or with the ensemble average over a time average,

⟨𝑟2𝑖 (𝛥𝑡)⟩ =
1
𝑁𝑖

𝑁𝑖

∑
𝑖=1

1
𝑁𝑡

∑
𝑡<𝑡sim

||r𝑖(𝑡 + 𝛥𝑡) − r𝑖(𝑡)||2. (4.10)

In the second case, ⟨𝑟2𝑖 (𝛥𝑡)⟩ is then a function of the time lag 𝛥𝑡 rather than the absolute time 𝑡.
This variant is especially common for the analysis of ab initio molecular dynamics simulations,
in combination with a weighted least-squares fit (data points weighted by the reciprocal of their
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variance 1/𝜎2(⟨𝑟2𝑖 (𝛥𝑡)⟩)).[198,245] The problem with this approach is that the data appears much

smoother than with the first method, but the determined 𝐷∗
𝑖 has no substantially lower error.[197] In

fact, any scheme that uses the regression error as an estimate of the error in the diffusion coefficient

is flawed and will underestimate it significantly because of the autocorrelation of the data.

Usler et al.[197] examined the statistics of the diffusion coefficient 𝐷∗
𝑖 . They found that the uncer-

tainty can be estimated from a single MD simulation using the expression[197]

𝑢rel =
√√√√

√

2

𝑛dim𝑁𝑖 ⋅ [1 − exp (− ⟨𝑟2𝑖 ⟩
𝑠2𝑖
)]
, (4.11)

with 𝑠𝑖 as the jump distance of the tracer particle and ⟨𝑟2𝑖 ⟩ as the final mean square displacement.
Eq. (4.11) shows that the relative error in the diffusion coefficient — assuming no large changes

in tracer concentration and jump distance — decreases with increasing temperature (since ⟨𝑟2𝑖 ⟩
increases with temperature) given constant simulation time.

There are other methods to estimate the error in the diffusion coefficient, notably by Bayesian

regression.[198] Thismethod requires data from thewhole simulation (i.e., the full trajectory), whereas

Eq. (4.11) can be calculated from the slope of the ensemble average of the mean square displacement,

which may be calculated on-the-fly during the simulation or even post-simulation from only a small

fraction of structures of the trajectory. (It can also be used beforehand if ⟨𝑟2𝑖 ⟩ can be estimated.)

4.4.2 Linear vs Non-Linear Fitting

To obtain the activation enthalpy and the pre-exponential factor of tracer diffusion, the Arrhenius

expression

𝐷∗ = 𝐷∗
0 exp (−

𝛥𝐻𝐷∗

𝑘B𝑇
) (4.12)

is fitted to data obtained at a variety of temperatures. This equation is most often fitted to the data

𝐷∗(𝑇) in its linearised form:
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ln𝐷∗ = ln𝐷∗
0 −

𝛥𝐻𝐷∗

𝑘B
1
𝑇. (4.13)

Generally, a linear fit is used as it constitutes a robust and straightforward method to determine the

targeted parameters. Linear least-squares fitting, however, can be imprecise if the uncertainties in

the data are not identical (an identical uncertainty would mean that every datapoint has the same

absolute uncertainty).[246] The assumptions of the ordinary least-squares (OLS) method are that the

errors in the dependent variable are homoscedastic (i.e., the variance of the errors is constant for all

values of the independent variable) and that the errors are normally distributed.

It can be assumed that, for MD simulations with long simulation times and thus a large number of

jumps, the relative error in the diffusion coefficient approaches a constant value [see. Eq. (4.11)],
say, 5 %.[197] For a linearised plot of 𝐷∗ vs. 1/𝑇, uncertainty propagation must be considered, where
the uncertainty in ln(𝐷∗) is given by 𝑢ln(𝐷∗) = 𝑢𝐷∗/𝐷∗ = 𝑢rel = 0.05. This means that the error in
the diffusion coefficient is homoscedastic [it is constant for all values of ln(𝐷∗)]. Consequently,
the ordinary least-squares fit will yield very similar results to a weighted least-squares fit for the

linearised data. Since the errors in𝐷∗ are heteroscedastic in the exponential form of the Arrhenius

equation (they are then proportional to 𝐷∗), the ordinary least-squares fit for this type of fit will

perform poorly.

For shorter simulation times (or equally for lower temperatures) where the number of successful

jumps is low, the relative error in the diffusion coefficient will be higher [cf. Eq. (4.12)]. Thus, the

approximation of a constant relative error in the diffusion coefficient does not hold and ordinary

least-squares fitting of the linearised form of the Arrhenius equation yields biased results. In this

case, a weighted least-squares fit must be used, but even then the results are biased for the linearised

form of the fit. This is because the normal distribution of the errors of 𝐷∗
𝑖 leads to a non-normal

distribution of the errors in ln(𝐷∗
𝑖 ).[247] The non-linear weighted least-squares fit yields the correct

results in this case.

The performance of different fitting methods is difficult to assess for actual MD data alone: True

values of relevant parameters (𝛥𝐻𝐷∗
𝑖
, 𝐷∗

0 ) are generally not known and can only be estimated from

large-scale simulations, and a vast number of data points is required to obtain smooth distributions

for 𝐷∗
𝑖 at each temperature. An alternative approach is to generate synthetic data points with

known parameters and uncertainties. To this end, a set of data points was generated by drawing

216 random numbers from a normal distribution of 𝐷∗
𝑖 (𝑇), for which the mean at temperature 𝑇,
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𝐷̄∗
𝑖 , was calculated according to Eq. 4.12. The standard deviation for 𝐷̄∗

𝑖 was calculated according

to Eq. (4.11). This procedure was carried out for the temperature range 600 ≤ 𝑇 /K ≤ 1400 with
intervals of 200K. The obtained activation energies are shown in Fig. 4.8. The linear ordinary
least-squares fit yields a biased mean and an asymmetric distribution of the activation energies.

The weighted least-squares fit yields a slightly biased mean, and only the non-linear weighted

least-squares fit yields the correct mean. The non-linear ordinary least-squares fit exhibits a broad

distribution, indicating that this method should never be used.

Figure 4.8 Migration barriers obtained from linear and non-linear OLS andWLS fits of randomly
generated data points for the temperature range 600 ≤ 𝑇 /K ≤ 1400. The obtained activation
energies are normalised to the true value.

The analysis above shows the performance for idealised data with many draws from the distribution

of the diffusion coefficient at each temperature. In practice, the number of available diffusion

coefficients per temperature is limited and is usually only one (or a few). It is essentially just one (or

a few) random draw(s) from the distribution of the diffusion coefficient at that temperature. Without

the knowledge of the true diffusion coefficient, the error according to Eq. (4.11) will be only an

estimate. If the drawn value of 𝐷∗
𝑖 (𝑇) is higher than the true value, the error will be overestimated,

and vice versa. In small systems, some finite-size effects of different origins (e.g. variations of the

tracer correlation factor 𝑓∗, charge-compensation effects, etc.) can occur. These effects can lead to a
systematic error in the diffusion coefficient (see Sec. 4.3.5). The analysis of real data (see Sec. 4.3.5)

is shown in Fig. 4.9.

As in the ideal case [Fig. 4.8], the linear ordinary least-squares fit (OLS) exhibits a broad distribution
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Figure 4.9 Migration barriers and entropy terms obtained from linear and non-linear OLS and
WLS fits of oxygen diffusion in ceria. Vertical lines indicate the large-cell values as obtained from a
12 × 12 × 12 supercell with 10 vacancies. Bars represent median values.

of the fitted values. In addition, the respective means of activation enthalpy and the entropy term do

not converge to their (estimated) true values as the system size increases. The formation of satellite

peaks is observed. This effect can be explained by the limited number of data points per temperature

and cell size (only five). The non-linear ordinary least-squares fit (n-OLS) exhibits similar behaviour,

but satellite peaks are not observed. In contrast, both types of weighted least-squares fits (linear

and non-linear) yield a much narrower distribution of the fitted values, and the arithmetic mean of

the fitted values is much closer to the true values.

Fig. 4.9 also reveals information about the convergence of these fit values with cell size. For both

WLS fits, median and spread of the entropy term do not change significantly for 𝑁 ≥ 4, but the
spread of 𝛥mig𝐻 slightly decreases. Values for 𝑁 = 3 differ from the larger cell sizes, indicating

that the finite-size effects are not yet converged, and the data series for 𝑁 = 2 appear completely
unreliable. The OLS fits show a somewhat similar trend, but the spread of the values and the

deviations of the medians are much stronger even for𝑁 ≥ 4, suggesting that weighted fitting should
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be used even when finite-size effects are negligible.

The important points can be summarised as follows:

• When the system exhibits a large number of jumps (⟨𝑟2𝑖 ⟩/𝑠2𝑖 ≫ 1), the relative error in the
diffusion coefficient will be constant and OLS fitting or the linearised form of the Arrhenius

equation will yield sufficiently accurate results.

• With a small number of jumps, a weighted least-squares fit should be employed. The lin-

earised fit will yield a biased mean, whereas the non-linear fit will yield the correct mean.

• An ordinary least-squares fit of the non-linear form should never be used.

4.4.3 Extrapolation to Other Temperatures

MD simulations of ion transport are often performed at elevated temperatures where diffusion

coefficients are high enough to yield reliable data (see Sec. 4.3.3). In contrast, temperatures of

interest are often much lower, e.g., the operating temperature of the material (typically in the range

of 300 ≤ 𝑇 /K ≤ 1000). After fitting the high-temperature data to an Arrhenius equation, the
diffusion coefficient is extrapolated to the temperature of interest.

As discussed above, Eq. (4.11) provides a closed-form expression for the uncertainty in the diffu-

sion coefficient from the simulation at a given temperature. With diffusion coefficients and their

uncertainty known for each temperature, the uncertainty of the extrapolated diffusion coefficient

can be assessed. Usler et al.[197] have shown how a reasonably sized uncertainty at the simulation

temperatures can lead to a large uncertainty at the extrapolated temperature. One contributing

factor is the large distance over which the extrapolation is performed, as reciprocal distances become

larger at low (temperature) values, i.e. |𝑇−1
1 − 𝑇−1

2 | is larger if 𝑇1 and 𝑇2 are low.

One approach to estimate the uncertainty of the extrapolated diffusion coefficient is to use the

uncertainties of 𝐷(𝑇) for obtaining maximum/minimum slopes for the fitting. This can yield an

estimate of the uncertainty of the extrapolated diffusion coefficient. More information on the actual

distribution of the extrapolated data can be obtained from a Bayesian approach.
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Figure 4.10 The distribution of the prefactor 𝐷0 (left), the activation energy 𝛥𝐻 (middle), and
the diffusion coefficient 𝐷 at 300K (right) for oxygen diffusion in CeO2–𝛿. The data were obtained
from a Bayesian non-linear fit to the Arrhenius equation for one random seed per temperature.
The corresponding Arrhenius plot is shown in Fig. 4.11.

The procedure does not differ significantly from the usual maximum likelihood estimation. Various

implementations are available that allow for Bayesian data fitting.[248–250] Data for oxygen diffusion

in CeO2–𝛿 (Fig. 4.9) for a 3 × 3 × 3 supercell, using only 100 ps for fitting to mimic typical MD
simulations, were used to extrapolate the diffusion coefficient to 𝑇 = 300K. The distribution of
the prefactor 𝐷0

v , the activation energy 𝛥mig𝐻, and the diffusion coefficient 𝐷v at 300K are shown

in Fig. 4.11. From the data, the extrapolated diffusion coefficient can be given as 𝐷v(→ 300K) =
3.06 ⋅ 10−13 cm2s−1 with 95% confidence intervals of [0.82, 8.94] ⋅ 10−13 cm2s−1, a span of more than

an order of magnitude.

4.4.4 Conductivity from MD Simulations

Although a tracer diffusion coefficient is the ion transport parameter most easily obtained from

simulations, an ionic conductivity is the parameter most easily measured experimentally. In order

to convert from one to the other, the Nernst–Einstein relation and knowledge of the Haven ratio

are required.
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Figure 4.11 Arrhenius plot of the diffusion coefficient of oxygen in CeO2–𝛿. The data was
obtained from a Bayesian non-linear fit to the Arrhenius equation for one random seed per
temperature. The errorbars were calculated with Eq. (4.11). The red lines represent 0.8% of the
whole data set. Fitted using the uravu package[249].

The definition of the ionic conductivity 𝜎𝑖 is given by

𝜎𝑖 = |𝑞𝑖|𝑐𝑖𝑢𝑖, (4.14)

where 𝑞𝑖 is the charge, 𝑐𝑖 is the concentration, and 𝑢𝑖 is the electrochemical mobility of the ion. The
Nernst–Einstein relation[14,15] allows the definition of a conductivity diffusion coefficient 𝐷𝜍

𝑖 as

𝐷𝜍
𝑖 =

𝜎𝑖
|𝑞𝑖|2𝑐𝑖

𝑘B𝑇. (4.15)

In MD simulations, since all particles are effectively labelled, the tracer diffusion coefficient 𝐷∗
𝑖 is

obtained. The relationship between 𝐷∗
𝑖 and 𝐷𝜍

𝑖 is expressed by the Haven ratio 𝐻r,[251,252]
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Figure 4.12 Corner plot of the prefactor 𝐷0
v and the activation energy 𝛥𝐻v for oxygen diffusion in

CeO2–𝛿. The data was obtained from a Bayesian non-linear fit to the Arrhenius equation for one
random seed per temperature. See Fig. 4.11 for the corresponding Arrhenius plot.

𝐻r =
𝐷∗
𝑖

𝐷𝜍
𝑖
. (4.16)

Instead of the ratio of diffusion coefficients, the Haven ratio can also be expressed as the ratio

of correlation factors, 𝐻r = 𝑓∗/𝑓𝜍. The tracer correlation factor 𝑓∗ depends on the diffusion
mechanism and lattice geometry and is known analytically only for a few cases. For a dilute solution

of non-interacting defects, ions as the charge carriers, and the same jump distance for charge carriers

and tracer ions, 𝑓𝜍 = 1.[253]

An expression for 𝜎𝑖 as a function of the computationally available𝐷∗
𝑖 can be obtained by combining

Eq. (4.15) and Eq. (4.16), yielding

𝜎𝑖 =
|𝑞𝑖|2𝑐𝑖
𝑘B𝑇

𝐷∗
𝑖
𝐻r

. (4.17)

Since theHaven ratio is required to calculate 𝜎𝑖 from𝐷∗
𝑖 but is often not known, it is usually assumed
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to be unity, implying a system without correlation effects. This approximation is, in many cases,

inaccurate. The value of 𝐻r may not only deviate strongly from unity, but may also, in principle, be

temperature dependent.

Alternatively, there are two main methods for obtaining a conductivity from MD simulations. The

first is to examine the velocity autocorrelation function to obtain the Onsager transport coefficient

𝐿𝑖𝑖 from which the conductivity can be calculated. The second is to perform MD simulations with

an applied field (within the linear response regime), and the steady-state drift velocity is used to

calculate the electrochemical mobility 𝑢𝑖, and subsequently, the conductivity.

In the first method, the Onsager coefficient 𝐿𝑖𝑖 is obtained from the velocity autocorrelation

function.[254,255]

𝐿𝑖𝑖 =
1

3𝑉𝑘B𝑇
∫

∞

0
⟨𝑣𝑖(𝑡)𝑣𝑖(0)⟩d𝑡. (4.18)

The conductivity is then obtained from the Onsager coefficient as[256]

𝜎𝑖 = |𝑞𝑖|2𝐿𝑖𝑖 (4.19)

In the second method, the conductivity is obtained from simulations with an applied field. When

a field 𝐸 is used under steady state conditions, a drift of the ions in the direction of the field is
observed, expressed by the drift velocity 𝑣drift,𝑖. The electrochemical mobility 𝑢𝑖 is then defined as
the ratio of the drift velocity to the field strength:

𝑢𝑖 =
𝑣drift,𝑖
𝐸 . (4.20)

For small fields, the mobility is independent of the field strength, as the increase in drift velocity

is linear with the field strength.[162] In practice, calculations should be performed as a function of

field strength in order to allow exclusion of data from the non-linear regime.[225,257]

The use of Eq. (4.1) to analyse the results of MD simulations with an applied field is inconsistent
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with irreversible thermodynamics, in the sense of thermodynamic driving forces and resultant

fluxes. Its use will lead to errors. For example, Abdallah and Youssef,[258] used Eq. (4.1) and they

consequently obtain negative activation enthalpies in Arrhenius plots. When a drift is present,

the one-dimensional probability density function of particles is no longer Gaussian, but rather a

displaced Gaussian:

𝑝(𝑥, 𝑡) = 1
√4𝜋𝐷∗

𝑖 𝑡
exp [−

(𝑥 − 𝑣drift,𝑘𝑡)2

4𝐷∗
𝑖 𝑡

] . (4.21)

The mean-squared displacement is then given as the second moment of the probability density

function:

⟨𝑥2𝑖 ⟩ = ∫
∞

−∞
𝑥2𝑝(𝑥, 𝑡)d𝑥 = 2𝐷∗

𝑖 𝑡 + (𝑣drift,𝑘𝑡)2. (4.22)

The additional term (𝑣drift,𝑘𝑡)2 constitutes the additional drift term. While it can be obtained by

analysing the second time derivative of ⟨𝑥2𝑖 ⟩, this analysis can result in large uncertainties. Instead
of analysing the second moment, the mean displacement ⟨𝑥𝑖⟩ can be considered, which is given
as

⟨𝑥𝑖⟩ = ∫
∞

−∞
𝑥𝑝(𝑥, 𝑡)d𝑥 = 𝑣drift,𝑘𝑡. (4.23)

The slope of themean displacement thus yields the drift velocity. WithEq. (4.20), the electrochemical

mobility can be obtained from the mean displacement. Lastly, the conductivity can be obtained by

combining the expression with Eq. (4.14):

𝜎 = 𝑞𝑖𝑐𝑖
𝐸

d⟨𝑥𝑖⟩
d𝑡 (4.24)

The Haven ratio 𝐻r can be obtained by determining the conductivity, either from Eq. (4.19) or

Eq. (4.24), and independently the tracer diffusion coefficient 𝐷∗
𝑖 , and then combining these with

Eq. (4.17).
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4.5 Concluding Remarks

As a beginner, it may be tempting to treat the result of a computer simulation of ion transport

as unimpeachable. The computer has done exactly as instructed: Carry out an MD simulation

and yield a tracer diffusion coefficient. If the simulation is repeated, the same result is obtained.

Unimpeachability is, however, a misconception. As detailed in this chapter, a number of issues

need to be kept in mind, and a number of pitfalls should be avoided.

First and foremost, a sufficient equilibration period is required. This is not only to ensure that the

system is in a well-defined and thermodynamically stable state, but also to have an equilibrium

distribution of the tracer ions, a crucial factor for the determination of tracer diffusion coefficients.

A reliable method to determine the equilibration time is the Marginal Standard Error Rule (MSER),

but visual inspection of the data is still required. Equilibration does not require quantities to be

constant, since inherent fluctuations are a feature of (small) systems. The system size must be large

enough to yield statistically meaningful results and to avoid finite-size effects.

Diffusion coefficients are determined from Arrhenius fits. The fitting procedure is not trivial, as

both linearisation and the omission of properweightingwill lead to biased results. Themost accurate

method is thus a non-linear weighted least-squares fit. Extrapolating the diffusion coefficient to

other (lower) temperatures is a common exercise, but the uncertainty of the extrapolated value can

be large. Bayesian methods can be used to obtain the uncertainty of the extrapolated value.
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Parts of this chapter have been published in:1

A. Bonkowski, C. Perkampus, R. A. De Souza, J. Mater. Chem. A 2023, 11, 10231–
10262.

5.1 Introduction

First introduced into the field in the early 2000s,[259] the perovskite-type oxide Ba0.5Sr0.5Co0.8Fe0.2O3–𝛿

(BSCF5582) is a superlative mixed ionic–electronic conductor. It shows exceptionally high rates of

oxygen diffusion and oxygen surface exchange, and thus outstanding performance as an oxygen

permeation membrane[260] and as a solid oxide fuel cell cathode.[261,262] In addition, it is also a

candidate for use as an anode material in solid oxide electrolysis cells.[263]

BSFC5582 stands out as a mixed ionic–electronic conductor because it exhibits the highest oxygen

nonstoichiometry 𝛿 observed to date within the family of cubic 𝐴𝐵O3–𝛿 perovskite-type oxides

(𝛿 < 0.8);[264,265] and in contrast to the related material SrCo0.8Fe0.2O3–𝛿, it does this without forming

(at 𝛿 = 0.5) an 𝐴2𝐵2O5 brownmillerite-type phase.[266] On the other hand, BSCF5582 displays

very limited thermodynamic stability,[267–270] decomposing at temperatures below 1173K into a

2𝐻 hexagonal (Ba,Sr)CoO3–𝛿 perovskite phase (with face-sharing octahedra) and a Ba- and Co-

deficient cubic perovskite phase (with corner-sharing octahedra).[268] Although the kinetics of

the decomposition become sluggish on the timescale of hours at temperatures below 800K,[265]

1All simulations were prepared, carried out, and analysed by the author of this thesis, with preliminary simulations
prepared, carried out, and analysed by Caitlin Perkampus. The published manuscript was written by the author of
this thesis, with contributions from the co-authors.
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5 Substitution of Ba by Ca in BSCF5582

a preferable approach, especially for material stability in operational devices on the timescale

of years, would be to find an acceptable alternative. BSCF5582 also deteriorates rapidly in the

presence of even small amounts of CO2, and a higher chemical stability in this respect would also

be welcome.[271–273]

Considering the Goldschmidt tolerance factor 𝑡G [Eq. (2.7)],[20] corner-sharing perovskite struc-
tures generally form for the range 0.8 ≤ 𝑡G ≤ 1; hexagonal structures are generally preferred for
𝑡G > 1.[274] Of the four𝐴𝐵O3 parent compounds of BSCF5582, BaCoO3 constitutes themajor problem

in this regard, for its tolerance factor is the largest at 𝑡G = 1.2. If the 𝐵-site composition is kept
unchanged, the tendency of BSCF5582 to decompose to a hexagonal phase could be reduced by

lowering 𝑡G, and this can be achieved by isovalent substitution of Ba2+with smaller cations. Sr2+ can
be discarded immediately as a possibility (on account of SCF forming a brownmillerite-type phase at

𝛿 = 0.5).[275] Ca2+ is a possibility, but perovskites containing Ca2+ tend to exhibit orthorhombic struc-
tures, rather than the cubic structure that is favoured by researchers in looking for high-diffusivity

compositions.[276] Mg2+ can be ignored, since it is too small a cation to form a perovskite phase with

Fe/Co on the 𝐵 -site. It appears, therefore, that there is no easy solution to the stability problem.

A computational study[207] has shown that oxygen-vacancy diffusion in orthorhombic CaTiO3

(𝑡G = 0.964) is faster than in cubic SrTiO3 (𝑡G = 1). This result suggests that, contrary to common
expectations, the Ca analogue of BSCF5582, i.e. Ca0.5Sr0.5Co0.8Fe0.2O3–𝛿 (CSCF5582), may display

high rates of oxygen-vacancy diffusion, even in a distorted perovskite symmetry.

5.2 Results and Discussion

5.2.1 Lattice Symmetry

In investigating CSCF5582, the first major question is the lattice symmetry. The simulations in the

isobaric–isothermal ensemble (𝑁𝑝𝑇) were initialised with orthorhombic symmetry (space group
𝑃𝑛𝑚𝑎) and showed that the cell is cubic above 𝑇 = 1100K for the two different Ca2+–O2– empiri-

cal pair potentials[277,278] (Fig. 5.1). The predicted transition temperature should be regarded with

caution for two reasons. First, simulation cells did not appear to reach equilibrium at lower temper-

atures; and second, MD simulations on other low-symmetry perovskite systems[207,279] considerably
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overestimate phase transition temperatures to the cubic form. If the temperature is also overesti-

mated for CSCF5582, the material may well show cubic symmetry at much lower temperatures, i.e.

those of interest for application as an SOFC cathode or as an oxygen permeation membrane. It is

not inconceivable, though, that the transition temperature is underestimated in our simulations.

Regardless of whether over- or underestimated, this result is advantageous because it allows us to

examine oxygen tracer diffusion in cubic CSCF5582, and to compare its behaviour with that of cubic

BSCF5582.

Figure 5.1 Pseudocubic lattice parameters in CSCF5582, starting from orthorhombic CSCF5582,
shown for two different potential sets with their standard deviation as error bars. For comparison,
the cubic lattice parameters of BSCF5582 are given, where simulations were initialised from the
cubic structure. The lattice parameter of CSCF5582 is smaller than that of BSCF5582 due to the
smaller cation radius of Ca2+ relative to Ba2+.

Simulations at 500K show a cubic cell parameter of 𝑎(BSCF) = 3.799Å, exactly the same as Shiiba
et al.[164], and 𝑎(CSCF) = 3.744Å, slightly lower due to 𝑟Ca2+ < 𝑟Ba2+.

5.2.2 Oxygen-Vacancy Diffusion

To study the oxygen transport properties of the materials, simulation cells containing 40 000 ions

with random distributions of cations and oxygen vacancies were first subjected to an equilibration
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period 𝑡eq,1 ≥ 1.0ns (longer runs were necessary for low temperatures) in the isobaric–isothermal

ensemble (𝑁𝑝𝑇), until the cell parameters converged to constant values. Thereafter, a further
equilibration in the isochoric–isothermal (𝑁𝑉𝑇) ensemble was carried out (𝑡eq,2 ≥ 3.0ns), until the
energy converged to a constant value. In the production runs (𝑁𝑉𝑇 ensemble), the mean-squared-
displacement of the oxide ions, ⟨𝑟2O⟩, was monitored for a period of 𝑡run ≥ 1.0ns. The standard
Einstein relation was applied to ⟨𝑟2O⟩(𝑡) in order to obtain the tracer diffusion coefficient of oxygen,

𝐷∗
O =

1
6
d⟨𝑟2O⟩
d𝑡 .

Relative errors in 𝐷∗
O values were calculated with the formula of Usler et al.[197]; only those values

with a relative error of 1% or lower are plotted in Fig. 5.2. The results for the known system

BSCF5582 are examined first, and the obtained 𝐷∗
O values are compared with data from Shiiba

et al.[164] For the temperature range for which diffusion data was obtained, good agreement was
found between the two datasets, but this is not surprising, since the same set of potentials was

used in both cases. Extrapolating the present data to lower temperatures, it is discerned that the

diffusion coefficients determined by Shiiba et al. at the three lowest temperatures appear to be

Figure 5.2 Oxygen tracer diffusion coefficients versus inverse temperature for cubic
Ba0.5Sr0.5Co0.8Fe0.2O2.5 (circles) and cubic Ca0.5Sr0.5Co0.8Fe0.2O2.5 (squares), obtained from MD simu-
lations. Also plotted are literature data from MD simulations reported by Shiiba et al.[164]
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overestimated. This overestimation is attributed to the simulation cells at these temperatures not

having reached equilibrium. Shiiba et al. used equilibration times of only 𝑡eq ≤ 100 ps, whereas in
the present simulations slow changes in cell energy and volume were observed, even at 𝑇 = 1173K,
on a nanosecond timescale.

Since the equilibration of the oxygen sublattice is evidently the problem — oxygen ions being

the only species whose distribution could change during equilibration —, Metropolis Monte

Carlo (MMC) simulations were performed on the initial simulation cells, swapping oxygen ions

and oxygen vacancies for each temperature of interest. Subsequent MD simulations at the respec-

tive temperatures yielded tracer diffusion coefficients similar those obtained at the end of a long

equilibration run (see Fig. 5.3), with comparable activation enthalpies of diffusion.

Figure 5.3 Oxygen tracer diffusion coefficients versus inverse temperature for cubic
Ba0.5Sr0.5Co0.8Fe0.2O2.5, obtained from MD simulations, with and without preceding MMC sim-
ulations.

An analogous set of MD simulations was performed for CSCF5582 with both empirical pair poten-

tials[277,278] for the Ca2+–O2–. Surprisingly, both sets of potentials yield similar oxygen diffusivities

for cubic CSCF5582, as can be seen in Fig. 5.2. No data is shown for orthorhombic CSCF, since the

temperatures were too low to allow reliable tracer diffusion coefficients to be obtained in accessible

simulation times. Even more surprising (Fig. 5.2) is that there is little difference between the 𝐷∗
O

83



5 Substitution of Ba by Ca in BSCF5582

values obtained for CSCF5582 and for BSCF5582.

5.3 Comparison with Experimental Data

In the remainder of this chapter three questions are considered that the results of Fig. 5.2 raise:

Are the predictions reasonable? Why is the difference in oxygen diffusion rates in BSCF5582 and

CSCF5582 so small? And why does the equilibration take so much time, considering the fast oxygen

diffusion rates?

To examine the first question, finite-temperature data obtained for BSCF5582 is compared with

experimental data. Fig. 5.4 is a comparison of the thermal expansion behaviour. It is important to

note that data from the present MD simulations were obtained at constant non-stoichiometry 𝛿.
The experimental data can be divided into two regimes, with only the data at lower temperatures

referring to constant 𝛿. Above 𝑇 ≈ 770K, the thermal expansion is accompanied by chemical
expansion, caused by an increase in 𝛿 with increasing temperature. To make a strict comparison,
therefore, the present data needs to be extrapolated down to lower temperatures. Good agreement,

Figure 5.4 Lattice expansion of BSCF5582. A (MD, this work, linear fit), B,[280] C,[281] D,[282] E,[283]

F,[284] G.[285]
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as seen in Fig. 5.4, is found on a qualitative level.

On a quantitative level, the thermal expansion coefficient

𝛼 = 1
𝐿0(298K)

d𝐿
d𝑇 (5.1)

is examined. From the present data, a value of 106 ⋅ (𝛼 /K−1) = 12.7 ± 0.1 is obtained, which
compares very well with experimental values obtained from a linear fit for the temperature range

of 473 ≤ 𝑇/K ≤ 773 (where no chemical expansion is observed) of 14.9 ± 0.2,[281] 12.5 ± 0.1,[282]

17.6±0.2,[283] 12.7±0.2,[284] 12.0±0.4,[285] and 10±4.[286] That is, with one exception,[283] there is very
good agreement between simulation and experiment, providing some support for the reasonableness

of the MD results.

As a further test of the MD results, the data for BSCF5582 is compared with experimental

data.[284,287–291] To do this, the different oxygen nonstoichiometries first need to be corrected.

As noted above, a constant value of 𝛿 = 0.5 is used in the simulations, whereas experiments are
generally performed at constant oxygen partial pressure, which means that the nonstoichiometry

varies with temperature (and oxygen partial pressure). The 𝛿(𝑇) values obtained by Mueller et
al.[265] for BSCF5582 (at 𝑝O2 = 0.2 bar) were used to correct the 𝐷∗,sim

O data according to:

𝐷∗,pred
O = 𝐷∗,sim

O
𝛿(𝑇)

3 − 𝛿(𝑇)
3 − 0.5
0.5 .

The resulting values of 𝐷∗,pred
O , extrapolated to the experimental temperature range of 773 ≤ 𝑇 /K ≤

1123, are compared with experimental data in Fig. 5.5. Dataset D[288] was obtained from 𝐷O data

and converted according to 𝐷∗
O = 𝑓∗𝐷O, with 𝑓∗ = 0.69.[292] Datasets E[289] and H[284] were obtained

from 𝐷chem data and converted according to 𝐷chem = 𝛾O𝐷O, with 𝛾O taken from Mueller et al.[265]

for each temperature.

The data appear to fall into two groups. Data from the first group (datasets B,[287] D[288] and F[290] at

lower temperatures) agree well in terms of activation enthalpy with the present value, corrected

for oxygen nonstoichiometry [𝛥𝐻J
mig = (0.92 ± 0.11) eV] vs. [𝛥𝐻A

mig = (1.07 ± 0.02) eV], while
the absolute magnitude is underestimated by one order of magnitude. Given that this set of
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Figure 5.5 Comparison of oxygen tracer diffusion coefficients obtained for Ba0.5Sr0.5Co0.8Fe0.2O3–𝛿.
MD data obtained in this work were corrected for experimental nonstoichiometry (see text). A (MD,
this work), B and C,[287] D,[288] E,[289] F,[290] G,[291] H.[284] Line J [𝛥𝐻mig = (0.92 ± 0.11) eV] and line
K (𝛥𝐻mig = (0.43 ± 0.04) eV) are fits to the two groups of data (see text).

potentials was not fitted to diffusion data, the degree of agreement, and in particular, the agreement

regarding the activation enthalpy, is more than satisfactory. The second group (datasets C,[287]

E,[289] G[291] and F[290] at higher temperatures) agree well with one another, but are substantially

higher than the present results in absolute magnitude, with a much lower activation enthalpy [of

𝛥𝐻K
mig = (0.43 ± 0.04) eV]. Datasets E[289] and H[284] were excluded from the fit, in order to obtain a

good description of as many data points as possible.

In their oxygen tracer diffusion studies, Berenov et al.[287] obtained datasets B and C, and they
concluded (i) that dataset B is the more reliable, and (ii) that dataset C was affected, possibly, by

faster diffusion along pores or grain boundaries. Our MD data (dataset A) is certainly consistent

with this interpretation. Nevertheless, it is unclear why dataset F[290] exhibits a jump from the lower

to the upper group, and why the data for the upper group fall so closely together, although the

density of pores and/or grain boundaries was likely to have varied substantially between the various

studies (C,E,F,G).
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A previous DFT study[293] yielded migration barriers of ≈ 0.5 eV, depending on the exact 𝐵-site envi-
ronment, values that are in better agreement with regime K. However, the calculations were carried

out with rather small supercells (2 × 2 × 2 𝐴𝐵O3 perovskite unit cells) and with strictly alternating

𝐴-site Ba/Sr occupation, severely limiting the transferability to experimental structures.

Having established that theMDdiffusion data for BSCF5582 are consistent with certain experimental

studies (i.e. the 𝐷∗
O values are not physically unreasonable), it is concluded that the predictions

for CSCF5582 shown in Fig. 5.2 are reasonable, too, at least according to the present simulations.

Consequently, it is rather surprising (i) that the two sets of diffusion data for CSCF5582 are so similar

and (ii) that they are so similar to those for BSCF5582. It is contended that these similarities are

not an artefact. The lattice parameters of the two systems are different (see Fig. 5.1). Ion migration

is a complex many-body process, and many factors play a role in determining the rate at which it

occurs. In the present case, it appears, therefore, that the various factors are combining in different

ways to produce roughly the same oxygen-vacancy diffusion coefficients.

Coming to the third question—why the equilibration takes so long—it is found that during the

MMC calculation, both the O–O and the v••O–v••O coordination numbers decrease. The initial random

distribution of oxygen vacancies is characterised by an average coordination number of 6.67 for O

coordinated by O and 1.33 for a vacancy coordinated by a vacancy. These values decrease to 6.54 and

0.70, respectively. In other words, the initial random distribution lead to regions in the supercell

with too many oxygen ions and regions with too many vacancies, relative to the thermodynamic

equilibrium distribution. The need to get vacancies into the oxygen-rich regions, and the oxygen

ions into the vacancy-rich regions is evidently what causes the long equilibration times.

5.4 Concluding Remarks

In conclusion, it is predicted that oxygen-vacancy diffusion in cubic CSCF5582 occurs at the same

rate as in cubic BSCF5582. The respective rates of oxide-ion diffusion [∝ 𝐷v𝛿/(3 − 𝛿)] are expected
to be different, since the oxygen nonstoichiometry 𝛿(𝑇, 𝑝O2) will certainly differ between the two
compounds. It does remain to be seenwhether CSCF5582 adopts cubic symmetry at the temperatures

of interest for fuel cells and permeation membranes, but even if this is not the case, oxygen-vacancy

diffusion in orthorhombic CSCF5582 will probably[207] only be slightly slower than in the cubic form

with a slightly higher activation enthalpy of diffusion. The expected increased chemical stability

87



5 Substitution of Ba by Ca in BSCF5582

of CSCF5582 over BSCF5582, on account of its lower Goldschmidt factor, also remains to be

confirmed. Furthermore, it needs to be determined whether the increased stability is sufficient for

applications.

Lastly, this chapter is considered as drawing attention not only to a new promising mixed ionic–

electronic conductor, CSCF5582, but also more generally, to other Ca-containing perovskites that

may have been overlooked as possible mixed ionic–electronic conductors on account of their lower

symmetry.
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6 Transition-Metal Exsolution from Perovskite

Oxides

Parts of this chapter have been published in:1

A. Bonkowski, M. J. Wolf, J. Wu, S. C. Parker, A. Klein, R. A. De Souza, J. Am.
Chem. Soc. 2024, 146, 23012–23021.

6.1 Introduction

Nanoparticles of transition metals, finely distributed on oxide supports, constitute established

catalytic systems. In recent years, exsolution has become a key method for producing such metal

nanoparticles anchored at the surfaces of 𝐴𝐵O3 perovskite-oxide hosts.[294,295] These systems provide

a range of benefits over those produced by conventional methods— enhanced catalytic activity, high

resistance to agglomeration, homogeneous size distribution, high tunability, and efficient use of pre-

cious metals. An enormous variety of host 𝐴𝐵O3 perovskite compositions has been studied,[296–304]

with the exsolving metal residing initially on the perovskite’s 𝐵 -site and with a high concentration
of 𝐴 -site vacancies.[305] One representative composition[294,295,306] is thus Sr1–3𝑥/2La𝑥Ti1–𝑦Ni𝑦O3–𝑦,

with Sr as the host 𝐴 -site cation, La as the donor species that compensates the 𝐴 -site deficiency,
Ti as the host 𝐵 -site cation and Ni as the 𝐵 -site substituent (that will exsolve). Treatment of such
systems at elevated, but not very high, temperatures in moderately reducing conditions results in

the exsolution of the 𝐵 -site substituent as stable, embedded, well-distributed metal nanoparticles.

1All simulations were prepared, carried out, and analysed by the author of this thesis. Thermodynamic modelling was
carried out by the author of this thesis. The published manuscript was written by the author of this thesis, with
contributions from the co-authors.
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Although, or perhaps even because, exsolution has been observed for such an enormous variety of

𝐴𝐵O3 perovskite systems,[296–304] the thermodynamic origin of exsolution remains unclear. It has

been proposed that the combination of 𝐴 -site deficiency from the starting composition and oxygen

deficiency introduced by reduction is responsible for 𝐵 -site exsolution. This combination produces
a surfeit of 𝐵 -site cations, and to ameliorate the situation, the perovskite lattice expels these 𝐵 -site
cations.[294,297,306,307] This proposal is inconsistent, however, with the general observation that only

the substituent 𝐵 -site cations are exsolved and not the host 𝐵 -site cations. The proposed instability
of the perovskite lattice cannot explain, therefore, the exsolution of 𝐵 -site substituent cations.
An alternative proposal considers exsolution to occur when the Gibbs energy of reduction of the

transition-metal oxide becomes negative.[294,308,309] Support for this proposal has been drawn from

the good agreement found between those transition-metal cations that so far have been observed

experimentally to exsolve from perovskites (and also those that have not) and their respective Gibbs

energies of reduction. Nonetheless, this approach is flawed: the exsolution process is implicitly

separated into two (physically reasonable) steps, the transition-metal oxide’s removal from the

perovskite-oxide host and its subsequent reduction, but then the first step is ignored. Furthermore,

the first step has to be unfavourable (because its reverse is highly favourable), and its Gibbs energy

may be larger in magnitude than the Gibbs energy of reduction. This approach is, therefore,

incomplete, in addition to being empirical, and thus does not provide a fundamental explanation of

exsolution. A third proposal involves the segregation energy of the substituent 𝐵 -site cations to
the surface. According to DFT calculations,[310,311] the energy for the co-segregation of the 𝐵 -site
substituent and an oxygen vacancy is predicted to be much higher than the segregation energy of

the 𝐵 -site substituent alone, and hence, a substantial increase in oxygen-vacancy concentration
leads to exsolution. The first problem with this proposal is that segregation to the surface is not

exsolution. If some moiety segregates to a surface, it resides in the first atomic layer(s) of the solid

and hence it is still part of the host lattice. It has not yet been exsolved as a second phase. A second

problem with the segregation proposal is that it requires the oxygen-vacancy concentration to be

very low in the oxidised state (which is not the case, for instance, for the representative composition

Sr1–3𝑥/2La𝑥Ti1–𝑦Ni𝑦O3–𝑦) and to increase strongly when the system is reduced. Indeed, almost

all exsolving perovskites contain abundant amounts of oxygen vacancies to compensate the net

concentration of acceptor species. The larger problem with this proposal is that the segregation

energy of Ni alone is already negative, meaning that reducing conditions are not necessary: already

under oxidising conditions, Ni should segregate to the surface. And lastly, as a fourth problem of

this proposal, metal nanoparticles[312] submerged in the bulk should not be present in the samples,

as without a surface, there can be no segregation to a surface. Thus, co-segregation of 𝐵 -site
substituents and oxygen vacancies to the surface is also evidently unable to explain exsolution.
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Figure 6.1 Schematic illustration of the preparation and exsolution processes. A transition-metal
oxide is incorporated into a perovskite host lattice at high temperatures under oxidising conditions.
Subsequently, it is exsolved at much lower temperatures under reducing conditions.

In addition to the thermodynamic origin of exsolution being unclear, the reasons for the relatively

fast kinetics remain unknown. Exsolution has been found to take place, for instance, at temperatures

of 𝑇 = 1173K within hundreds of seconds[313] (although much longer times are generally used to

produce catalytic systems). The characteristic temperature–time window for cation transport pro-

cesses in titanate perovskites,[314–316] however, is substantially different, as evidenced by the typical

synthesis conditions for the starting solid solutions, of 𝑇 > 1400K for tens of hours[294,295,305,313,317,318]

(see Fig. 6.1). Curiously, the kinetics of re-incorporation of the exsolved component under oxidising

conditions[319] are consistent with the standard (high) temperature–(long) time window. It is the

discrepancy between exsolution conditions, on the one hand, and synthesis and re-incorporation

conditions, on the other, that remains as yet unexplained.

Lastly, it is remarkable that perovskite oxides constitute the vast majority of host materials that

undergo exsolution.[320] It is suspected that many other oxide systems have been examined experi-

mentally, but the comparatively poor performance of such systems has resulted in these negative

results remaining unpublished. If the combination of factors that makes the perovskites such

excellent exsolution systems could be understood, this knowledge could be exploited to facilitate

property optimisation and to accelerate the development of new systems.

In this way, three critical questions to be addressed in this chapter are arrived at: Why does the

transition-metal substituent exsolve but not the host 𝐵 -site cation? How can exsolution take place

so fast at such low temperatures in such short times? And why does the 𝐴𝐵O3 perovskite structure

constitute such a good host material? Herein, a single model is proposed that provides answers

to these three main questions, and to some secondary questions as well. The core of the model

is that the transition-metal substituents change their valence within the perovskite matrix, as the

Fermi level shifts upwards past the relevant charge-transition levels within the bandgap upon

oxide reduction, Ni2+ in SrTiO3, for example, becoming Ni+ and then Ni0. In comparison with Ni2+,
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the neutral species are energetically unfavoured in the perovskite lattice, and are thus expelled;

and being neutral, they can migrate far more easily within the 𝐴𝐵O3 perovskite lattice. This new

model thus stands in contrast to the standard model, in which substituent cations are reduced

only once they have reached the surface, after they have left the lattice. To elucidate this model,

point-defect behaviour in the model system of 𝐴 -site deficient SrTiO3 with Ni as the late transition-

metal substituent (Ni being the most intensively studied exsolution substituent)[303] is examined, by

means of hybrid density-functional-theory (DFT) calculations.

Although the term exsolution has been applied to a variety of phenomena,[300,321] in this work a

narrower definition is favoured: Transition-metal species coming out of a lattice upon reduction,

leaving the host composition otherwise unchanged and the host lattice otherwise intact (Fig. 6.1).

Consequently, cases that involve host cations or that involve lattice decomposition do not fall under

this definition. Furthermore, in such cases, alternative explanations are available. Here it will

suffice to mention three examples. The first is the appearance of SrO on the surface of SrTiO3 after

a high-temperature anneal.[322] In this case, the host Sr cations come out of the lattice because

of the active SrO partial-Schottky equilibrium (see Eq. 2.9) that produces strontium and oxygen

vacancies in the bulk.[323] The second example is 𝐴 -cation or 𝐵 -cation based phases appearing on
the surface of thin films produced, for example, by pulsed laser deposition. Such thin-film samples

will generally contain concentrations of 𝐴 -site and 𝐵 -site cation vacancies that are far above their
equilibrium values and in general not equal.[315,324,325] High-temperature treatments allow such

systems to reach equilibrium by expelling excess 𝐵 -site or excess 𝐴 -site cations (respectively) as
part of a second phase at the surface. The third example is the appearance of native 𝐵 -site species
from a non-substituted perovskite lattice, such as LaNiO3.[326] In this case, the perovskite lattice

undergoes phase decomposition to a binary oxide and a metal.

In this chapter, hybrid DFT calculations were carried out with the HSE06[113–115] functional in

VASP.[153–155,327] Defect formation energies, corrected for artificial interactions between periodic

images as necessary,[133] were used to obtain the charge-transition levels of Ni and defect reaction en-

ergies; the energy of the oxygenmolecule was corrected for over-binding.[127,175] Activation barriers of

defect migration were obtained by climbing image nudged elastic band (CI-NEB) calculations.[135,136]

Further details are given in Sec. 3.6.2.

Throughout this chapter, a modified version of Kröger–Vink[9,10] notation is employed to describe

point defects, using absolute (real) charges instead of relative charges.[328,329] Given the variety of Ni

charge states and possible sites (𝐴 site, 𝐵 site, interstitial site), the use of absolute charge is less
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confusing. For example, divalent Ni cations sitting on a Ti site and in an interstice are thus Ni2+Ti and

Ni2+i , respectively (rather than Ni′′Ti and Nii ); and an oxygen site from which O2– has been removed

is thus vO.

6.2 Results and Discussion

6.2.1 Charge-Transition Levels of Ni in SrTiO3

Transition-metal cations in perovskite SrTiO3 and BaTiO3 have long been known to change their

formal charge states upon changes in oxygen partial pressure. Particularly well-studied species

include Fe5+, Fe4+ and Fe3+.[330–337] Ni has been examined experimentally to a lesser extent, but

the charge states Ni4+, Ni3+, and Ni2+ have been reported.[338–344] Other transition-metal cations

have received scant attention. The possibility of neutral species has been ignored. Nevertheless,

trends concerning the charge-transition levels of first-row transition-metal cations in BaTiO3 have

been recently extracted by Klein et al.[345] Assuming systematic trends and extrapolating [see Fig.
14(a) of Ref. [345]], for SrTiO3 (noting that charge-transition levels in BaTiO3 and SrTiO3 are not

necessarily identical[346]) a Ni2+/Ni+ transition at 1 eV below the conduction-band (CB) edge and a

Ni+/Ni0 transition just below the CB edge [or equivalently 2.2 eV and 3.2 eV above the valence-band

(VB) edge] are tentatively predicted.

In the present DFT calculations, charge-transition levels were determined for cubic SrTiO3 not

only for Ni𝑧+Ti but also for the defect associate with an oxygen vacancy, (Ni𝑧+Ti vO); for substitutional

species on the 𝐴 site, Niz+Sr ; and for five species with Ni as an interstitial, Ni𝑧+i , (Ni𝑧+i vO), (Ni𝑧+i vOvSr),

(Ni𝑧+i vO2vSr), and (Ni𝑧+i vOvTi). The Nii associates with vSr were examined, not only because of the

material’s 𝐴 -site deficiency, but also because of the results of a previous DFT study;[347] those

with vTi, because the formation of Nii from NiTi results in the formation of vTi. The results are

summarised in Fig. 6.2 for levels between VB and CB edges and around them. The value of the

bandgap used in Fig. 6.2, of 3.34 eV, was taken from the hybrid DFT calculations; it compares well

with the experimental value of 3.25 eV.[172,173,334]

The results of Fig. 6.2 confirm the existence of various transition levels for Ni-containing defects

within the band gap of SrTiO3 but show a more complicated picture than the tentative predictions.
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Figure 6.2 Thermodynamic charge-transition levels of different Ni-containing defects in SrTiO3
obtained from hybrid DFT calculations. The six defects are divided into three groups that refer to
𝐵 -site,𝐴 -site, and interstice occupation respectively. The blue region indicates the valence band; the
orange region, the conduction band. †The (Ni𝑧+i vOvSr) associate refers to a different configuration,
in which the Ni2+ ion is displaced from the octahedral interstice towards the 𝐴 -site vacancy.

According to the hybrid DFT calculations, not all examined Ni defects display all charge states

from 4+ to 0. In particular, it was found that, for Ni residing on the 𝐵 -site, the charge states Ni4+Ti ,
Ni3+Ti and Ni2+Ti are stable, in line with the results of an earlier DFT study.[28] As part of an associate

with an oxygen vacancy,[338] Ni𝑧+Ti can assume 3+ and 2+ charge states, with the 2+/1+ level being

just above the CB edge. On the 𝐴 site — or to be precise: relaxed from a slightly off-centre 𝐴 -site
symmetry position — Ni is also present as either 3+ or 2+. In other words, as a substitutional

species Ni0 is not accessible on either cation site because the relevant charge-transition levels are

well above the CB minimum. Residing in an octahedral interstice as an isolated species, only Ni2+i is

stable, as found in a previous DFT study of Ni2+i in perovskite BaZrO3.[347] With an adjacent oxygen

vacancy, however, Nii can take 2+, 1+ and 0 charge states; and adding one or two 𝐴 -site vacancies to
this associate shifts both transition levels, but they remain essentially accessible. The main results

of Fig. 6.2, therefore, are that Ni can be reduced within the perovskite lattice to Ni+ and even Ni0,

but only if present as an interstitial and as part of an associate with an oxygen vacancy (or with

oxygen and cation vacancies); and that the reduction of Ni to Ni+ or Ni0 occurs at different energy

levels, depending on the nature of the Nii-containing associate.

It is worth emphasising that the equilibrium concentration of a particular Ni species in a particular

charge state on a particular site will depend on the position of the Fermi level and thus on the

oxygen partial pressure and temperature. For example, Ni𝑧+Ti species in Fig. 6.2 can be considered.

At low Fermi levels, corresponding to oxidising conditions, Ni4+Ti will be the dominant charge state,

with Ni3+Ti and Ni2+Ti present at non-zero, though perhaps negligible, concentrations; if the sample is
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now reduced sufficiently, such that the Fermi level crosses the Ni4+Ti /Ni2+Ti charge-transition level,

the dominant charge state will be Ni2+Ti , with Ni3+Ti and Ni4+Ti present at non-zero, though perhaps

negligible, concentrations. In this way, it is recognised that the absence of charge transitions

involving Ni3+Ti in Fig. 6.2 does not mean that this charge state is not stable. It just means that it is not

the dominant one: a non-zero concentration of Ni3+Ti will be present at all finite temperatures.[348,349]

(The case of Fe3+Ti /Fe4+Ti concentrations in SrTiO3 is considered quantitatively, for example, in Figs. 2

and 3 of Ref. [350].) Since neither the defect chemistry of exsolution systems is known quantitatively

nor has the Fermi level been determined in situ, no information is available as to the position of

the Fermi level in the bandgap, neither before nor after reduction. It is noted, therefore, that at

𝑇 = 1000K, a change in oxygen partial pressure from 1 bar to 10−20 bar corresponds to the Fermi
level shifting upwards by 𝛥𝐸F = 1 eV.[351]

Based on these results and on the trends identified by Klein et al.,[345] it can be asserted, first, that
other transition-metal substituents will have different charge-transition levels within the bandgap

and hence will require more or less reducing conditions, corresponding to different Fermi-level

shifts, for exsolution; and second, that accessible neutral levels will be available for the (easily

reducible) late transition-metal cations, such as Ni, Cu, Pd and Rh. For early transition-metal

cations, the charge-transition levels will tend to be well above the CB edge.

Good qualitative agreement is found between these results for substitutional species on the 𝐵 site

and those obtained in two experimental studies[338,343] of SrTiO3 under oxidising conditions (i.e.

Fermi levels relatively close to the VB edge). In one study,[343] Ni4+Ti species were found through

a combination of x-ray techniques; and in a different study,[338] (Ni3+Ti vO) associates were detected

by means of Electron Paramagnetic Resonance (EPR). However, a third study[342] reported charge-

transition levels in SrTiO3 for Ni4+Ti /Ni3+Ti (of 0.15 eV above the VB edge) and for Ni3+Ti /Ni2+Ti (of 1.2 eV

above the VB edge), values that are inconsistent with the results shown in Fig. 6.2. These exper-

imental values were not obtained directly, however, but by fitting electrical conductivity data as

a function of temperature. In addition, the possibility of defect associates such as (Ni𝑧+Ti vO) being

present and having different charge-transition levels was not taken into account. Consequently, the

values of Ref. [342] must be considered effective values, and a direct comparison with the present

data is, therefore, not possible.
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6.2.2 Thermodynamics of Exsolution

The thermodynamics of the exsolution reaction are now considered, assuming for simplicity that the

point defects constitute a dilute solution. An overall exsolution reaction is proposed below, which is

a combination of several point-defect reactions: (in no particular order) reduction of the oxide; full

Schottky disorder, or rather its reverse; Ni species forming defect associates; Ni species changing

their valence; Ni species being displaced from substitutional to interstitial sites; and expulsion of

Ni0 from the lattice. The first two reactions (oxide reduction and Schottky disorder) are briefly

examined, since data exist against which the calculated energies can be validated. In addition, the

expulsion of Ni0 from the lattice is examined, since this defect reaction is a key part of the new

model. Thereafter, the overall exsolution reaction is directly proposed. By taking this shortcut, the

need to specify which defect associates in which charge states are involved (see Fig. 6.2) and in

which order defect association, two valence changes and site displacement occur is avoided. In any

case, all defect associates containing Ni are intermediate species and are thus eliminated in the

overall reaction.

For the reduction of SrTiO3 according to reaction (2.10), a value of 𝛥red𝐸 = 5.7 eV is obtained from the

hybrid DFT calculations, in excellent agreement with experimental values[352–355] of (5.2 to 6.2) eV.
For the full Schottky reaction (2.9) the calculations yield 𝛥Sch𝐸 of 2.20 eV per defect, in reasonable

agreement with values of 1.64 eV and 2.61 eV reported in previous DFT studies,[356,357] and values of

(1.6 to 2.4) eV reported in pair-potential studies.[358–360] The good agreement for both these defect

reaction energies justifies some confidence in the overall predicted reaction energy.

The expulsion of Ni0 from an Nii-containing associate in the perovskite lattice according to, for

example,

(Ni0i vO) Ni0(metal) + vO (6.1)

or

(Ni0i vOvSr) Ni0(metal) + (vOvSr) (6.2)
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is predicted to occur with a reaction energy of 𝛥exps𝐸 = −3.00 eV without vSr and 𝛥exps𝐸 = −1.12 eV
with vSr. These negative values highlight the thermodynamic reason for exsolution: the perovskite

lattice permits Ni2+ to be reduced to Ni0 (see Fig. 6.2), but it does not like having Ni0 present.

The overall reaction for exsolution, starting with one Ni acceptor cation and its compensating

oxygen vacancy (representing 𝑦 in Sr1–3𝑥/2La𝑥Ti1–𝑦Ni𝑦O3–𝑦), reads

vSr + Ni2+Ti + vO + 2O2–
O Ni + O2 + 2 e– + ∅ . (6.3)

The energy of this reaction, Δexsoln𝐸, was computed from the calculated energies of defect formation,

with contributions arising from interface-specific energies being ignored (see later). Calculated in

this way, Δexsoln𝐸 refers to standard conditions (1 bar O2), and hence, a correction for exsolution

occurring under reducing conditions must be applied. This correction, corresponding to a decrease

in the chemical potential of oxygen, Δ𝜇O2
, is given by

Δ𝜇O2
= Δ𝜇ΘO2

+ 𝑅𝑇 ln
𝑝O2

𝑝ΘO2

. (6.4)

From thermodynamic tables,[361] 𝛥𝜇O2
= 2.20 eV at 𝑝ΘO2

= 1 bar for a typical exsolution temperature
of 𝑇 = 1000K is obtained. For a pressure of 𝑝O2

= 10−20 bar, a correction of Δ𝜇O2
= −6.17 eV is

then found. In this way, a — thermodynamically favourable — overall reaction energy of Δexsoln𝐸 =
−2.33 eV is obtained.

One benefit of including the reverse full Schottky reaction in Eq. (6.3) is that Δexsoln𝐸 becomes
strongly favourable (see below). Another benefit is that the morphological changes in the sample

needed to explain the embedding of the metal nanoparticles in the surface (socketing) and in the

oxide bulk are yielded. The reverse of the full Schottky reaction corresponds to the annihilation of a

full unit cell of the perovskite lattice at the surface (or an internal surface), that is, the filling of one

vSr, one vTi and three vO in the bulk with the appropriate host ions from a surface. Lastly, it is noted

that including the reverse Schottky reaction provides an additional contribution (see below) to why

the surface orientation (and termination) of the perovskite grains plays a role in exsolution:[295]

Schottky disorder corresponds to the removal of host ions from the bulk and their attachment at a

surface, and thus its energy depends on the surface orientation.
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In order to emphasise the first thermodynamic benefit, as an alternative the exsolution of Ni2+ from

the B site to the surface as a second phase is considered, without including the reverse Schottky
reaction,

Ni2+Ti + O2–
O NiO (phase) + vTi + vO, (6.5)

combined with the subsequent reduction of NiO under exsolution conditions

NiO Ni + 1
2 O2. (6.6)

Eq. (6.5) is highly unfavourable, with an energy of Δ𝐸 = 7.53 eV. In addition to emphasising the
importance of the reverse Schottky reaction, this is a satisfying result, since the reverse reaction

of Eq. (6.5) is evidently highly favoured, i.e., the incorporation of Ni2+ into the perovskite lattice.

(It should be noted that segregation from the perovskite lattice to the surface does not change this

energy of 7.53 eV, since the Ni2+ cation has to leave the perovskite lattice.) The second reaction is
favourable, with an energy of −1.54 eV, giving a reaction energy for

Ni2+Ti + O2–
O vTi + vO + Ni + 1

2 O2 (6.7)

of 9.08 eV at 𝑇 = 0K and 6.00 eV under the assumed exsolution conditions (𝑇 = 1000K, 𝑝O2
=

10−20 bar). If only Eq. (6.6) is considered [this is the second explanation discussed in the Introduction
(Sec. 6.1)[294,308,309]], then it is clear that exsolution is not explained.

Returning to the overall exsolution reaction of Eq. (6.3), the Δ𝜇O2
correction for a wide range of

temperatures and oxygen partial pressures was calculated, and in this way the conditions under

which exsolution is thermodynamically favourable are mapped out, i.e., the conditions under which

Δexsoln𝐸(𝑇, 𝑝O2
) becomes negative. The results are plotted in Fig. 6.3. As noted above, interface-

specific energetic contributions are not included in these calculations. These are (i) the increased

surface energy arising from morphological changes of the oxide host, (ii) the surface energy of the

nano-sized Ni particles, (iii) the interfacial energy of the perovskite|metal interface, and (iv) the

variation in ΔSch𝐸 with surface orientation. Since the first two are positive, the third is negative,
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Figure 6.3 Thermodynamic prediction of conditions necessary for the exsolution of Ni from
SrTiO3 based on the reaction energy for the overall exsolution reaction, Eq. (6.3). The dotted line
refers to Δexsoln𝐸 = 0; the area above and to the right corresponds to a negative reaction energy and
thus to conditions under which exsolution can take place (in the absence of kinetic hindrance).
Interface-specific energies are not included (see text); dilute-solution thermodynamics are assumed.

and the fourth could be either, the boundary in Fig. 6.3 will be shifted in some non-trivial manner.

The dominant contribution to the overall reaction energy, however, is given by Δexsoln𝐸(𝑇, 𝑝O2
) of

Eq. (6.3), since it determines if the transition-metal substituent is expelled from the host lattice,

whereas the interface-specific terms affect the shape, size and distribution of themetal nanoparticles

on the surface. A shift in the line also results frommoving from the dilute-solution thermodynamics

of the DFT calculations to the concentrated solid-solutions of experiments, with > 1% defects.

Nevertheless, it is found in Fig. 6.3 that sintering at 𝑇 = 1423K in air, for example,[317] allows

nickel to be incorporated into the perovskite lattice, and that exsolution at 𝑇 = 1000K under typical

exsolution conditions is possible. Importantly, the results also indicate that a critical 𝑝O2 is necessary
at a given temperature; this may explain the observation that a critical amount of oxygen vacancies

is required for exsolution.[295]

6.2.3 Kinetics of Exsolution

While the results also predict that the lower the exsolution temperature, the more strongly reducing

the conditions have to be, the reaction kinetics may become too slow at lower temperatures to allow
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the reaction to proceed on a reasonable timescale. Indeed, successful exsolution from titanate-based

perovskites at temperatures below ca. 800K has not been reported,[362,363] which is consistent with,

but does not confirm, a kinetic limitation at these lower temperatures. This brings, then, the second

critical question: Why are exsolution kinetics so fast?

Let the initial kinetics of the exsolution process be considered. Upon exposure to reducing conditions,

a perovskite exsolution system will lose oxygen through ambipolar diffusion of oxygen vacancies

and electronic species (electrons or holes). As a consequence, the slower of these two species will

determine the overall rate of oxygen out-diffusion, and in the representative exsolution system with

high electronic conductivity, this will be oxygen vacancies (and in systems with dominant ionic

conductivity, this will be electronic species). As the reduction front advances into the sample, the

local Fermi level shifts upwards within the bandgap, leading to changes in the populations of Ni in

its various charge states and on its various lattice sites. Since perovskite-type oxides are generally

excellent oxide-ion conductors but extremely poor cation conductors, attention is focused on cation

migration processes. For the exsolution of Ni in perovskite SrTiO3, there are, then, two processes

for which the migration of Ni species is important: the individual jump of Ni from a substitutional

site to an interstitial site, and the long-range out-migration of Ni0i , comprising multiple individual

jumps. Ni also substitutes under oxidising conditions for Ti, and therefore this possibility is also

considered.

First, the migration of Sr2+ on the 𝐴 -site of SrTiO3 by a vacancy mechanism was examined, because

it is a standard case against which results can be validated. The CI-NEB calculations indicated a

linear ⟨100⟩ path and an almost cosinusoidal energy profile, with an activation barrier of 4.13 eV.
This value agrees well with results from experimental[314,315,364] and computational[206,365,366] studies,

in which activation energies of (3.5 to 4.0) eV are reported. Interestingly, and of relevance below, it

is found that the presence of a neighbouring vTi lowers the barrier for the migration of Sr2+ to only

1.48 eV.

Next, the migration of 𝐵 -site cations on the 𝐵 -site sublattice by a vacancymechanismwas examined.

It is noted that themigration of 𝐵 -site cations along ⟨110⟩ in perovskites is energetically unfavourable
because of the strong electrostatic repulsion between themigrating cation and the two𝐴 -site cations
in the saddle-point configuration.[367] As a consequence, migration along ⟨100⟩ will be preferred
(only one 𝐴 -site cation in the saddle-point configuration), and it will be further assisted by an
𝐴 -site vacancy (no 𝐴 -site cations in the saddle-point configuration). Indeed, CI-NEB calculations
yielded an activation barrier for the migration of Ti4+ by a vacancy mechanism along ⟨100⟩ of
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Table 6.1 Activation energies of migration for 𝐵 -site cations in SrTiO3 along ⟨100⟩, in the presence
of vSr.a

Species Ti4+ Ni4+ Ni3+ Ni2+ Ni1+

Δmig𝐸 [eV] 3.40 3.02 2.84 2.09 n.a.

aThese barriers refer to the individual jumps for Ni𝑧+Ti jumping to a neighbouring vTi, but they do not correspond to
the effective barrier for long-range diffusion.

6.54 eV, a barrier that is lowered substantially to 3.40 eV when an adjacent vSr is present. For the Ni

species that are stable substituting for Ti4+, i.e., Ni4+, Ni3+ and Ni2+, the calculated barriers for a

vSr-assisted jump to a neighbouring vTi (see Table 6.1) are smaller in comparison. Consequently, for

the long-range diffusion of the entire Ni𝑧+Ti vTivSr associate in an 𝐴 -site-deficient composition with
very few vTi present, there are three steps in series, and the rate-determining step according to these

calculations will be that for vTimigration (i.e., the jump of Ti4+), since the activation energies for the

other migration steps of Ni𝑧+Ti (with a neighbouring vSr) and vSr (with a neighbouring vTi, see above)

are much lower. It will therefore be the activation energy of 3.40 eV that constitutes the effective
barrier for long-range diffusion of Ni𝑧+Ti species. This activation energy is similar to those found

for cation diffusion in the standard temperature–time window,[314,315] and hence the discrepancy

mentioned in the Introduction (Sec. 6.1) does not seem to be explained.

Coming now to the migration jump of Ni2+ or Ni+ from a Ti site to a neighbouring interstitial

site, the model was kept simple by including a neighbouring oxygen vacancy and a neighbouring

strontiumvacancy. CI-NEB calculations indicated no barrier for the jump, that is, the system’s energy

increased continuously as the Ni ionmoved from the Ti site to the interstitial site. Under equilibrium

conditions, the energy difference between initial and final states, of ca. 2.5 eV for both species,

determines the populations of the two configurations according to 𝑝(Ni𝑧+i )/𝑝(Ni𝑧+Ti ) = 𝑒−Δ𝐸/𝑘B𝑇.
During exsolution, however, the interstitial Ni cations will be quickly reduced in the subsequent

step(s) to Ni0i , thus forcing further Ni cations fromTi sites into interstitial sites in order to re-establish

the quasi-equilibrium. Two points should be noted here. First, only after Nii has migrated away

from vTi can it be reduced to Ni0i (see Fig. 6.2). Second, without vSr, the energies are ca. 1.5 eV
higher, indicating that 𝐴 -site vacancies, by lowering the energy of the interstitial ions, accelerate
the kinetics of Ni jumping from the 𝐵 sites to interstitial sites.

The migration of Ni0i out of the lattice depends, of course, on the defect associate that dominates.

Instead of covering all possible defect associates, only the simplest case was probed, namely the
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migration of Ni0i as part of the Ni0i vO associate. The migration energy for Ni0 was found to be only

1.44 eV. This surprisingly low value can be attributed to the migrating species being neutral. This

low value also raises the question as to the activation barrier for vOmigration as part of the Ni0i vO
associate. Such a barrier was found to be 1.45 eV (which is much higher than the activation energy

for the migration of a free oxygen vacancy, of ca. 0.6 eV[204,368–371]). The long-range diffusion of the
Ni0i vO associate will thus be characterised by an effective activation energy of ca. 1.45 eV.

The migration analysis thus indicates that Ni0i species can be produced and that they are mobile

in the lattice as part of the Ni0i vO associate. It is tempting to conclude that the diffusion of the

Ni0i vO associate determines the overall rate of exsolution, but such a conclusion is not drawn

here because not all possibilities have been examined and only activation energies (and an energy

difference), but not pre-exponential terms, are available. Conceivably, the transfer of Ni cations

from substitutional sites to interstices could determine the overall rate. It is also conceivable that

oxygen-vacancy diffusion in lattices containing 𝐴 -site vacancies and Ni species[207,372] is slower than
the out-diffusion of the Ni0i species. Lastly, it is also conceivable that the rate-determining step may

change during the course of an exsolution run.

It is worth stressing that Ni0i diffusion as part of the Ni0i vO associate does not involve cation vacancies.

In perovskite systems it can occur, therefore, much faster than the vacancy-mediated migration

of the host cations. This has consequences for the kinetics of socket formation, in the form of

the reverse Schottky reaction, relative to that of Ni expulsion from the perovskite. Specifically, it

is supposed that sockets will initially form at those places at the surface (and in the bulk) where

sufficient vSr, vO and NiTi species are present, such that the concomitant formation of Nii species

(and thus vTi) and further vO supplies all the species necessary for the reverse Schottky reaction

to occur, without the need for long-range migration of host cations. At those places where not all

defects for the reverse Schottky reaction are present, Ni may be expelled from the solid to form on

the surface Niad species, which through surface diffusion may join the growing Ni nanoparticle. At

longer timescales, cation-vacancy migration to the nascent socket can occur, but Ni0i may diffuse to

the growing Ni nanoparticle from much further away, since the migration of cation vacancies is

not necessary for the migration of Ni0i . If vSr do diffuse out of a region, however, the kinetics of Nii
forming from NiTi will slow down drastically, because the energy difference for Ni between Ti and

interstitial sites rises substantially (see above).

An explanation is also provided for why the re-incorporation of Ni into the perovskite is sluggish:[319]

nanoparticles of Ni metal quickly become nanoparticles of NiO upon oxidation, but Ni2+, which is
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soluble in the perovskite, diffuses in as a Ni2+Ti vTivSr associate, and thus with an activation energy of

3.40 eV, or without vSrmediation, as Ni2+Ti vTi (i.e. from 𝐵 -site to 𝐵 -site), and thus with an activation
energy of 6.54 eV.

6.2.4 Perovskites as Exsolution Hosts

Lastly, the third major question is addressed: What makes perovskites such superior exsolution

systems? The vast majority of reports concern this class of host oxides; very few examine fluorites,

spinels and simple binary oxides, and even fewer examine other oxides.[320] It is important to note

that, without knowing exactly why other materials failed as exsolution systems, it is difficult to

identify the key characteristics of perovskites. Nevertheless, it can be hypothesised that some or all

of the following features are important: facile chemical diffusion of oxygen out of the lattice, as

this allows for quick reduction; the ability to accommodate oxygen nonstoichiometry; the ability to

accommodate high cation-vacancy concentrations on the non-substituent cation sublattice, as this

allows in a structure with two cation sublattices reverse Schottky disorder and thus socketing; an

electronic-band structure that provides both charged and neutral charge-transition levels within

an accessible range; the possibility to accommodate transition-metal interstitials in various charge

states, and the ease of migration of such transition-metal species, as this allows fast cation transport

whilst maintaining stability of the host. The question may also be turned round: Why are other

oxides comparatively bad exsolution host materials? Fluorite oxides, for example, are good oxygen-

ion conductors, but the exsolution kinetics will be slow, if fast cation-interstitial transport does

not take place. Charge-transition levels for neutral species may be too high for reduction in Ar/H2

mixtures. Spinels do exhibit fast cation transport, but there are no additional interstitial positions

available since the cations already reside in the octahedral and tetrahedral sites of the fcc anion

lattice. Oxygen diffusion in spinels is also relatively slow. Systematic studies on these possibly

unpromising systems are, therefore, required, in order to draw strong conclusions.

6.3 Concluding Remarks

In the standard picture of the exsolution process, transition-metal cations are first removed from a

perovskite lattice upon exposure to reducing conditions, after which they are reduced to the metal
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at the surface. The results of hybrid DFT calculations shown in Figs. 6.2 and 6.3 for Ni in SrTiO3

support an opposite description: Ni cations can be reduced within the perovskite lattice to Ni0,

and it is these energetically unfavoured species that are expelled from the lattice to form metal

nanoparticles. Specifically, the model indicates that upon reduction, which shifts the Fermi level

upwards within the bandgap, certain transition-metal substituents can be reduced within the oxide

host if they have suitable charge-transition levels within the bandgap. In this way, a variety of

experimental observations concerning not only the thermodynamics but also the kinetics of the

exsolution process can be naturally accounted for. Indeed, the model also provides an alternative

definition of metal-nanoparticle exsolution from oxide hosts: the expulsion of a substituent upon

valence change as charge-transition levels within the band gap are crossed.

This model is applicable to all materials that possess a bandgap, within which transition-metal

substituents exhibit charge transition levels. The material does not need to be a good electronic

conductor: an upwards shift in Fermi level occurs in all oxides as chemical diffusion of oxygen out of

the material occurs. The model is not applicable, for example, to the appearance of Fe nanoparticles

on the surface of (La,Sr)FeO3, since Fe is part of the host lattice, providing electronic states that form

the bandgap. The model is possibly applicable to thin-film systems, if other origins of nanoparticle

appearance on the surface (e.g. a lattice containing high, non-equilibrium concentrations of v𝐴 or

v𝐵 reaching equilibrium) can be ruled out.

It should be noted that the model is incomplete, since, for example, the rate-determining step in

the exsolution process is unclear. In addition, several predictions are made that are consistent

with experimental data (e.g. a critical concentration of oxygen vacancies, only late transition-

metal cations having accessible neutral levels), but these need to be investigated systematically

and quantitatively in experiments. Further progress, it is contended, will require a strong interplay

between experiment and computation.
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Parts of this chapter have been published in:1

A. Bonkowski, J. A. Kilner, R. A. De Souza, RSC Appl. Interfaces 2024, 1, 699–710.

7.1 Introduction

Among oxides with high electronic and high ionic conductivity, perovskite-type oxides in

the (La,Ba,Sr)(Fe,Co)O3–𝛿 system constitute many of the best performing materials currently

known.[373–381] Oxide-ion conduction in these materials takes place by oxygen vacancies migrating

through the perovskite lattice, and at elevated temperatures this process takes place at moderately

fast to astonishingly fast rates depending on the composition. At lower temperatures, the rate of ion

conduction diminishes because there are fewer vacancies (sample oxidation occurs) and because

the vacancies are less mobile (migration is thermally activated).

In addition to oxide ion transport within the perovskite lattice, there is the possibility of transport

along grain boundaries. Indeed, for La0.6Sr0.4Fe0.8Co0.2O3–𝛿 (LSCF6482) faster grain-boundary

diffusion of oxygen has been observed, although only at lower temperatures (𝑇 < 775K).[31,382] At
higher temperature, lattice diffusion dominates, as generally observed for (La,Ba,Sr)(Fe,Co)O3–𝛿

compositions. The observation of fast grain-boundary diffusion of oxygen raises a number of

questions. Since a general rule for oxides appears to be that ions that are relatively mobile within

the lattice are slowed down by structural perturbations, such as grain boundaries,[27,383] is there

1All simulations were prepared, carried out, and analysed by the author of this thesis. Analysis methods were
developed by the author of this thesis. Simulation cells were created and analysed by the author of this thesis. The
published manuscript was written by the author of this thesis, with contributions from the co-authors.
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something special about boundaries in LSFC6482 materials that makes them buck this trend? Does

faster diffusion occur along the structural cores of the grain boundaries, or does it occur in adjacent

space-charge zones, in which oxygen vacancies are accumulated? Is the vacancy accumulation

linked to Sr accumulation?[384,385] Andwhy is faster diffusion not observed at higher temperatures?

In this chapter, two (La,Sr)FeO3 (LSF) compositions were taken as model systems, and molecular

dynamics (MD) simulations were used to study oxygen diffusion in polycrystalline perovskite

materials as a function of temperature. LSF represents the simplest of the (La,Ba,Sr)(Fe,Co)O3–𝛿

materials, since it contains only two 𝐴-site cations (one necessarily being an aliovalent substituent)
and one 𝐵-site cation. Several experimental studies of oxygen diffusion in various LSF compositions
exist,[292,386–391] but simulation studies so far have been restricted to static calculations of oxygen-

vacancy migration barriers in the perovskite lattice.[165,167,392–399] Long-range diffusion of oxygen in

(heavily substituted) LSFmaterials has not been simulated, and the effect of grain boundaries on the

rate of oxygen diffusion has not been examined. In this chapter, oxygen tracer diffusion coefficients

were computed using molecular dynamics simulations both within the perovskite lattice as well as

within polycrystalline simulation cells. Rather than studying high-symmetry boundaries that are

confined to a single plane, curved, general boundaries were considered. The chapter is structured in

the following way. The simulation techniques and the analysis methods required for polycrystalline

cells are described in Sec. 7.2. The results are divided into three subsections: oxygen diffusion in

LSF lattices (7.3.1); compositional analysis of polycrystalline cells (7.3.2); and oxygen diffusion in

polycrystalline cells (7.3.3). A discussion of the results is given in Sec. 4.

7.2 Simulation Methods

7.2.1 Bulk Simulation Cells

Bulk cells were created by a 15 × 10 × 15 expansion of the orthorhombic 𝑃𝑛𝑚𝑎 unit cell and thus
contained ca. 45000 ions. For each composition (LSF10 and LSF40), two cells were created by

randomly replacing 10% and 40% of lanthanum ions with strontium ions, respectively. Oxygen

vacancies were introduced, i.e. oxide ions were removed, until the total cell charge was zero.
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7.2.2 Polycrystal Creation

Polycrystalline cells containing 2, 5, 10 or 20 grains were constructed with the atomsk code[144]. In

each case, the grains were created in a cubic simulation cell with cell dimensions of 80Å × 80Å ×
80Å, and thus with ca. 40 000 ions. For ion pairs at the boundaries separated by less than 1.5Å,
one ion was removed at random to avoid instabilities during the minimisation. Since this leads to

𝐴 ∶ 𝐵 ≠ 1, cations at the grain boundary were removed until the numbers of 𝐴- and 𝐵-site ions
were identical. Subsequently, strontium-containing cells were obtained by replacing at random the

appropriate fraction of lanthanum ions with strontium ions. Oxide ions were removed at random

to achieve a charge-neutral simulation cell.

In order to capture some of the variability of grain-boundary structures, three different random

seeds (i.e., differently oriented grain centres, grain volumes, and Sr′La/v••O configurations) were used

to create cells containing 2, 5, 10 or 20 grains, resulting in a total of 12 cells for each compound (LSF10

and LSF40). Representative simulation cells are shown in Fig. 7.1, together with the average grain

volume ̄𝑉 (the cell volume being 512nm3) and the average grain diameters ̄𝑑, assuming spherical
grains.

(a) 2 grains.

̄𝑉 = 256nm3,
̄𝑑 = 7.88nm.

(b) 5 grains.

̄𝑉 = 102.4nm3,
̄𝑑 = 5.81nm.

(c) 10 grains.

̄𝑉 = 51.2nm3,
̄𝑑 = 4.61nm.

(d) 20 grains.

̄𝑉 = 25.6nm3,
̄𝑑 = 3.66nm.

Figure 7.1 Polycrystalline simulation cells generated and used in this chapter. Different grains
are indicated with different colours. ̄𝑉 is the average grain volume; ̄𝑑 is the average grain diameter
(assuming spherical grains).

MD simulations of polycrystalline cells were limited to 𝑇 ≤ 2000K, since some cells appeared to
undergo melting at higher temperatures. Equilibration of polycrystalline cells was performed for

2.0 ns at 2000K. In the production run, the mean-squared displacement of oxide ions wasmonitored

for 1.0 ns at 1200 ≤ 𝑇/K ≤ 2000.
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7.2.3 MMC Simulations

Since cation diffusion in perovskites is generally not amenable toMD simulations,[206,400] on account

of the high migration barriers and thus low ion jump rates, cations will not achieve equilibrium

distributions on the timescale of an MD simulation. For real samples, high-temperature anneals

for several hours at elevated temperatures lead to non-uniform cation concentrations on account

of cation redistribution. In order to investigate the influence of equilibrium cation distributions

on oxygen transport in polycrystalline cells, a Metropolis Monte Carlo[139] (MMC) approach was

used to swap (quasi)particles from both the cation (Sr′La and La×La) and anion (O×
O and v••O ) sublattices

to simulate the high temperature sintering. NB: Through the use of general grain boundaries in

three different simulation cells, cells with a distribution of grain boundaries could be used, which is

a better representation of a real system.[401]

In each MMC step two particles (ions or vacancies) were swapped with each other and the energy

was calculated. The swaps were accepted according to the probability 𝑃 = exp [−𝛥𝐸/(𝑘b𝑇)], where
𝛥𝐸 = 𝐸after − 𝐸before is the energy difference before and after the swap. In static calculations, La×La
were swapped with Sr′La, and, simultaneously, O×

O were swapped with v••O with 100 000 attempts each

after which the total energy was observed to be constant. A hybrid approach (MMC+MD)[402] was

not employed because the swapping of oxide ions and oxygen vacancies is then no longer possible

(owing to the difficulties in identifying oxygen vacancies in MD simulations).

7.2.4 Compositional Analysis

As a consequence of using polycrystalline cells of the type shown in Fig. 7.1 in MD simulations, two

problems are encountered when attempting to determine the compositions of the grain-boundary

and bulk phases:

1. The grain boundary is not confined to a single geometric plane, which makes determining

the composition normal to the grain boundary difficult.

2. Vacancies, being the absence of ions, are difficult to identify in MD simulations, on account

of the ions’ vibrations.
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One possibility[223,403] is to consider grain boundaries at their initial positions from the creation of

the cell, rather than after the MD simulation, but this method was found to be unreliable, since

ions at the boundaries relax substantially within the MD equilibration (altering the nature and the

position of the interfaces). A superior possibility that has been applied to metallic systems is to use

structural identifier methods, such as Common Neighbour Analysis (CNA)[404–406] or Polyhedral

Template Matching (PTM)[407], to differentiate between bulk and grain-boundary regions.

Owing to the highly defective and mobile oxide-ion sublattice, an indirect approach was employed,

namely differentiating grain-boundary from bulk regions based solely on the cations. Specifically,

all anions were removed from the initial simulation cell (for instance, in this case: Fig. 7.1c). The

cations (La, Sr, Fe) form a bcc sublattice, and deviations from this bcc sublattice are thus identified as

grain-boundary regions. The interval cutoff variant[407] of the CNA, as implemented in the ovito

package[146], was used, since manual specification of a cutoff value is not required. Results obtained

from the other methods (not shown) were reasonably similar. The result for the cell shown in

Fig. 7.1(c) is presented in Fig. 7.2. Based only on the cations, the average grain-boundary fraction

Figure 7.2 Polycrystalline cell with 10 grains (see Fig. 7.1c) after equilibration at 1800K. Shown
are only the cations (i.e. La, Sr, and Fe). The colour coding refers to the structure type identified by
common-neighbour analysis of the cation sub-lattice, as implemented in the ovito package.[146]

Blue ions are identified as bcc structured (and hence as bulk ions or grain core), whereas red ions
do not have a bbc type coordination (grain boundary ions).

(number of grain-boundary cations divided by total number of cations) was calculated. It would be

expected that the data for LSF10 and LSF40 are identical, since the data were derived from the same
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Figure 7.3 Average grain boundary fractions (cations only) for the initial structures. As the cells
were subject to MD simulation, the fractions increased slightly. The fractions are higher for LSF40
than LSF10 due to the higher structural perturbation induced by the higher substitution fraction
(see text). Error bars refer to the standard deviation.

initial polycrystalline cell, but as shown in Fig. 7.3, slight differences are observed. The difference

is attributed to the four-times-higher concentration of both Sr′La and v••O in LSF40, which leads to

stronger structural perturbations of the bcc cation sublattice in the vicinity of the grain boundaries

(in addition to the perturbation from the grain boundaries themselves) and thus to more cations

being identified as belonging to this region. This plot is shown because the difference between

LSF10 and LSF40 indicates the limits of this analysis method.

After analysis of the cations’ bcc sublattice, the anions can be considered again. It is possible to use

a nearest-neighbour or cutoff criterion to assign the anions to bulk or grain-boundary cations, but

this approach is not self-consistent, since some anions can be nearest neighbours (or can be within

a cutoff) of both grain boundary and bulk cations, resulting in ambiguous assignment of labels.

Therefore, the criterion adopted was to count anions as grain-boundary particles if the majority of

the five nearest-neighbouring cations is non-crystalline, and as bulk particles otherwise.

Another difficulty concerns vacancy concentrations. As noted above, while oxygen vacancies are

considered as swappable particles in MMC calculations, they are not considered as particles in

the MD simulations (in which a vacancy means that an ion is missing). In order to still extract

oxygen-vacancy concentrations after MD simulations, the oxygen-vacancy fraction was calculated

indirectly. To do so, the number of cations in the respective region was extracted and from that,

the number of oxygen sites 𝑁anions was obtained (3 ⋅ 𝑁cations = 2 ⋅ 𝑁anions). Subtracting the number

of anions actually found with the chemical analysis in the respective region yields the number of

vacancies (and thus the vacancy fraction). Corrections were applied to account for the non-planar
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structure of the grain boundaries by calculating the anion-to-cation ratio in the ideal initial structure

(which deviates slightly from 2 ∶ 3 due to the way anions are assigned), where the vacancy content
is known (LSF10: 1.66%; LSF40: 6.67%).

The analysis methods described above were bundled into a Python library (agility).[408]

7.3 Results

7.3.1 LSF Lattices

Lattice Structure

Lanthanum ferrite exhibits the orthorhombic 𝑃𝑛𝑚𝑎 perovskite structure at room temperature and

ambient pressure. With increasing temperature, phase transitions occur, to rhombohedral 𝑅3̄𝑐
symmetry at 𝑇 = (1228 ± 9)K and then to cubic 𝑃𝑚3̄𝑚 symmetry at 𝑇 = (2140 ± 30)K.[409] Upon
substituting La with Sr, the transition temperatures are lowered substantially, according to both

computational[398] and experimental studies[409,410]. In the MD simulations of LSF10 and LSF40, the

orthorhombic structure was found to transform directly to the cubic phase. The transition tempera-

tures were overestimated in both cases, although the trend towards lower transition temperatures

with increasing Sr content is reproduced (see Fig. 7.4).

Although the potentials are unable to reproduce the rhombohedral phase, this is not critical, since

experimental data for oxygen diffusion refer to the temperature ranges for orthorhombic LSF10 and

cubic LSF40 (1000 ≤ 𝑇 /K ≤ 1373), i.e., phases that are reproduced in the simulations. In fact, the
overestimation of transition temperatures allows tracer diffusion coefficients to be determined at

elevated temperatures, where jump statistics are much better,[197] and then to be extrapolated to

lower temperatures.
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Figure 7.4 Pseudocubic cell parameters 𝑎 (purple squares), 𝑏 (magenta triangles), and 𝑐 (orange
circles) obtained for LSF10 and LSF40 from MD simulations as a function of temperature 𝑇. At
each temperature, two simulations with different random Sr′La distributions and different initial
kinetic-energy distributions were carried out. The phase transitions from orthorhombic (𝑎 ≠ 𝑏 ≠ 𝑐)
to cubic (𝑎 = 𝑏 = 𝑐) are indicated with black lines; the grey line indicates the experimental transition
temperature for LSF40.[410]

Bulk Oxygen Diffusion

Oxygen tracer diffusion coefficients 𝐷∗
O were obtained by monitoring the mean-squared displace-

ment of the oxide ions, ⟨𝑟2O⟩, as a function of time 𝑡 (see Fig. 7.5). If ⟨𝑟2O⟩ evolves smoothly and
linearly with 𝑡, 𝐷∗

O can be obtained from the Einstein relation [Eq. (2.4)]. The relative error in 𝐷∗
O

was calculated from the expression of Usler et al.[197]

In order to compare the results with literature data, the oxygen-vacancy diffusion coefficient 𝐷v was

calculated from the tracer diffusion coefficient 𝐷∗
O, since the MD simulations were performed at

constant oxygen deficiency, whereas experiment refers to constant oxygen partial pressure and thus

varying oxygen deficiency.

𝐷v =
𝐷∗
O
𝑓∗

[O×
O]

[v••O ]
(7.1)

The tracer correlation factor 𝑓∗ for diffusion of a dilute solution of vacancies in a cubic perovskite
is 𝑓∗ = 0.69,[292] and this value is used throughout this chapter even though the site fractions of
vacancies are far beyond the dilute limit and the perovskite composition may deviate from cubic

symmetry.

112



7.3 Results

Figure 7.5 Mean-squared displacement of oxygen ions ⟨𝑟2O⟩ obtained as a function of time fromMD
simulations of LSF10, 𝑛v = 1.66%. Results are shown for various temperatures 1000 < 𝑇K < 3000;
at each temperature, two simulations with different random initial kinetic energy distributions
were carried out.

The oxygen-vacancy diffusivities obtained are plotted in Fig. 7.6a,b for LSF10 and LSF40. Both com-

positions exhibit a lower activation enthalpy of oxygen-vacancymigration for the (high-temperature)

cubic phase than for the (lower-temperature) orthorhombic phase (see Tab. 7.1). Similar be-

haviour was recently observed for oxygen tracer diffusion in the orthorhombic and cubic phases of

CaTiO3.[207] In other words, at constant composition, oxygen-vacancy diffusion in perovskites is

evidently faster in the higher symmetry phase.

Fig. 7.6 also compares the results with experimental data. The experimental 𝐷v data for LSF10

correspond to oxygen-vacancy diffusion in the orthorhombic lattice, and for LSF40, to oxygen-

vacancy diffusion in the cubic lattice (dashed extrapolation in Fig. 7.6b). It is seen that, for dataset

C,[292] the agreement is excellent for both compositions; for dataset D[30] there is good agreement

in terms of activation enthalpies, but some differences in terms of absolute values; and for dataset

E[389] there are larger deviations—it seems to be an outlier. These conclusions are also evident in

the summary of activation enthalpies for oxygen-vacancy migration given in Fig. 7.8.

Table 7.1 Activation enthalpies of oxygen-vacancy migration 𝛥𝐻mig in LSF, obtained from molec-
ular dynamics simulations.

Composition 𝛥𝐻cub
mig / eV 𝛥𝐻orth

mig / eV
LSF10 0.60 ± 0.01 0.88 ± 0.02
LSF40 0.71 ± 0.01 0.90 ± 0.04
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Figure 7.6 Oxygen-vacancy diffusion coefficients 𝐷v as a function of inverse temperature for (a)
LSF10 and (b) LSF40: A, this work (orthorhombic); B, this work (cubic); C,[292]; D,[30]; E,[389]. The
high-temperature simulation data and the linear extrapolation represent diffusion in cubic LSF,
whereas low-temperature data refer to orthorhombic LSF. The transition temperature in LSF40 is
overestimated by the empirical potentials, hence, the linear extrapolation of the cubic data is given
as a guide to the eye. Errors in the diffusion coefficients, calculated with the expression of Usler
et al.,[197] are smaller than the symbol size. Fig. 7.7 compares simulations with different oxygen
vacancy concentrations.

7.3.2 Polycrystalline LSF

Chemical Analysis

The chemical compositions of the grain-boundary and bulk regions were analysed according to the

protocols outlined in Sec. 7.2.4 for the polycrystalline cells after MD runs (i.e. only oxygen vacancies

were allowed to re-distribute) and after MMC+MD runs (i.e. Sr′La and v••O were re-distributed at

𝑇 = 2000K in the MMC calculation; cations were not mobile in the subsequent MD simulations,

but v••O were).
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Figure 7.7 Oxygen-vacancy diffusion coefficients 𝐷v as a function of inverse temperature for
(a) LSF10 and (b) LSF40: A, this work (orthorhombic); B, this work (cubic); C, oxygen vacancy
concentration reduced to 10%; D, oxygen vacancy concentration reduced to 2%.

Case I: Only v••O Equilibrate

Although a system with a uniform distribution of acceptors does not correspond to ceramic samples

sintered at high temperatures, this set of data allows some important points to be made. Fig. 7.9

shows that the Sr′La fraction, averaged over the cells with 2, 5 or 10 boundaries, remains close

to the initial values. This essentially confirms the method, since there are no possibilities for

cations to move, no cation vacancies were introduced into the cell, and cation-vacancy formation is

characterised by prohibitively high energies, so that no cation defects formduring theMD simulation.

Small deviations from the nominal values indicate the limits of the method, with higher deviations

for the more highly substituted LSF40 systems (cf. Fig. 7.3). In contrast, the oxygen sublattice does

equilibrate during theMD run, and the v••O concentration is found to be higher in the grain-boundary

regions than in the bulk regions, indicating a segregation of the vacancies to the grain boundaries.

By increasing the Sr content from LSF10 to LSF40, the relative accumulation is less substantial,

while the absolute change is similar (e.g., ≈ 1% for 2-grain cells).
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Figure 7.8 Activation enthalpy of oxygen-vacancy diffusion in La1–𝑥Sr𝑥FeO3–𝛿 as a function of
strontium content 𝑥: A, this work (orthorhombic); B, this work (cubic); C,[292]; D,[30]; E,[389]; F,[386];
G,[394]. Note that the phase transitions are temperature dependent and thus not all experimental
data points always correspond to the same phase.

Case II: Sr′La Equilibrated at High 𝑇, v••O at All 𝑇

In order to capture the Sr′La distribution after a high-temperature sintering step, MMC simulations

as described in Sec. 7.2.3 were performed, swapping Sr′La and La×La as well as O×
O and v••O with MMC

temperatures in the range of 1000 ≤ 𝑇/K ≤ 2000. The strong decrease in the system’s energy to a
constant value is shown in Fig. S3.

When structures obtained fromMMC calculations with different MMC temperatures were com-

pared, little to no difference in grain-boundary compositions was found. Since the MMC swapping

temperature evidently does not have a substantial influence on the results (see also Fig. S4), only

the cells that were subject to MMC swapping at the highest 𝑇 are used.

The compositional analysis of the equilibrated simulation cells is shown in Fig. 7.10. The Sr content

and the oxygen-vacancy content in the grain-boundary regions increase strongly, decreasing drasti-

cally in the bulk regions. The effects are so pronounced that the bulk of LSF10 has essentially neither

Sr′La nor v••O left. The drastic decreases are due to the rather small grain sizes in the simulation cells,

which result in much higher ratios of grain-boundary volume (see Fig. 7.3) to bulk volume than in a

typical ceramic sample.
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Figure 7.9 𝐴-site fraction of Sr (determined directly) and oxygen-vacancy site fraction (determined
indirectly from cation-to-anion-ratio) after equilibration of the structures at 2000K: (a) bulk and
(b) grain-boundary region. Grain boundary and bulk regions were identified with the Adaptive
Common Neighbour Analysis. The red horizontal lines indicate the expected values. The oxygen
plots show accumulation of oxygen vacancies at the grain boundary. Error bars refer to the standard
deviation.

7.3.3 Oxygen Diffusion in Polycrystalline Cells

For the present analysis of diffusion data, it should be borne in mind that the diffusion coefficients

𝐷∗
O obtained for polycrystalline cells refer to an effective diffusivity, i.e., some average of diffusion

in the bulk phase and along and across grain boundaries. Depending on the relative rates of these

three processes, a variety of scenarios are possible. For example, if diffusion along boundaries is

faster than in the bulk and diffusion across boundaries is not hindered, then an increase in the

effective diffusion coefficient would be expected. This is not the only scenario, however, that may

give rise to higher 𝐷∗
O, so that care must be taken when drawing conclusions from effective diffusion

data.
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Figure 7.10 𝐴-site fraction of Sr and oxygen vacancy fraction (both determined directly) after
MMC ion swapping at 2000K in LSF: (a) bulk region and (b) grain-boundary region. Grain-boundary
and bulk regions were identified with the Adaptive Common Neighbour Analysis. The horizontal
lines indicate the expected values. All plots show accumulation of oxygen vacancies at the grain
boundary. By increasing the Sr content from LSF10 to LSF40, a saturation effect is observed, i.e. the
accumulation is less significant. Error bars refer to the standard deviation.

Oxide ions can be sorted, at the beginning of an MD run, into those in grain-boundary regions and

those in the bulk regions (see Sec. 7.2.4). From the respective ⟨𝑟2O⟩, it may be tempting to calculate
tracer diffusion coefficients for the two regions. If, however, oxide ions leave their initial region

during the course of the MD run and diffuse most of the time in the other region, they still count

as belonging to the initial region. Calculated diffusion coefficients are therefore not necessarily

representative of the regions to which they are attributed. In order to avoid such problems, the

analysis was restricted to effective diffusion coefficients.
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Case I: Only v••O Equilibrate

After thermal equilibration at 2000K for 2 ns, each structure was subject to a 0.5 ns equilibration

period followed by a 0.5 ns production run at the target temperature. Tracer diffusion data are

plotted in Fig. 7.11.

Figure 7.11 Oxygen tracer diffusion coefficients for grain-boundary cells relative to bulk cells for a
homogeneous distribution of Sr: (a) orthorhombic LSF10 and (b) cubic LSF40. The arrow indicates
a decrease in 𝐷∗

O with increasing grain-boundary density. Data for LSF10 at 1000K is omitted from
the plot due to high uncertainties.

Over the entire temperature range, oxygen diffusion is slower in the polycrystalline cells than in

the monocrystalline cells. Moreover, as the total number of grains (and thus the density of grain

boundaries) increases, the diffusivities decrease. This decrease indicates that grain boundaries

hinder oxygen diffusion. In order to explain this behaviour, it is required, in the grain-boundary

regions, that there are fewer oxygen vacancies, or that the oxygen vacancies have a lower diffusivity,

or some combination thereof. In fact, the chemical analysis of Fig. 7.9 revealed that the concentration

of oxygen vacancies is increased at the grain boundaries, leading to the conclusion that 𝐷gb
v has to

be much lower than 𝐷b
v , at least for a random distribution of Sr. The boundaries evidently act as
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a structural perturbation as far as oxygen-vacancy diffusion is concerned, and it could be argued

tentatively that this arises from the lower symmetry of the grain-boundary regions relative to that

of the bulk phase (cf. Sec. 7.3.1).

Case II: Sr′La Equilibrated at High 𝑇, v••O at All 𝑇

Figure 7.12 Oxygen tracer diffusion coefficients in cubic LSF40. The arrow indicates a decrease
in 𝐷∗

O with increasing grain-boundary density. Cells subjected to MMC minimisation exhibit lower
𝐷∗
O values, indicating a deleterious effect from increasing Sr concentrations at the grain boundaries.

In Fig. 7.12, oxygen tracer diffusion coefficients in polycrystalline LSF40 are compared with and

without prior MMC runs, i.e., equilibrium distributions of Sr′La versus homogeneous distributions.

Systems subjected to MMCminimisation exhibited lower values of 𝐷∗
O, indicating that higher Sr′La at

the grain boundaries has a detrimental effect on oxygen transport. Similar behaviour was observed

for LSF10 (see Fig. 7.13).

Since the grain-boundary regions in the cation-equilibrated cells are even richer in oxygen vacancies

(see Fig. 7.10) than in the homogeneous cell (see Fig. 7.9), it is evident that the oxygen-vacancy

diffusivity is diminished by the presence of Sr′La. Indeed, the same behaviour is observed for the

bulk phase: monocrystalline simulation cells of LSF display decreasing oxygen-vacancy diffusivity

with increasing Sr substitution level (see Fig. 7.14).
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7.3 Results

Figure 7.13 Oxygen tracer diffusion coefficients in LSF10. The corresponding data for LSF40 is
shown in Fig. 7.12.

Figure 7.14 Oxygen-vacancy diffusion coefficients 𝐷v as a function of inverse temperature for
different Sr′La concentrations.
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7 Oxygen Grain-Boundary Diffusion in LSF

Case III: Lower v••O Concentration

In the two previous sections, it was shown that (i) the grain boundaries themselves do not give

rise to faster grain-boundary diffusion of oxygen and (ii) that increased amounts of Sr at the grain

boundaries lead to a decrease rather than an increase in oxygen diffusivity. This is not consistent,

however, with experiment. One significant difference between simulation and experiment is that

the simulation cells have a constant concentration of vacancies (that exactly charge compensates

the Sr substituent), whereas the experimental samples have variable oxygen-vacancy concentrations

(corresponding to constant oxygen partial pressure). In particular, experimental samples undergo

oxidation at lower temperatures, and at lower temperatures faster grain-boundary diffusion of

oxygen is observed.[31,382] To mimic sample oxidation in the simulation cells, the number of oxygen

vacancies was lowered (and the Fe valence increased), while the other simulation parameters were

kept constant. Specifically, two new sets of calculations were carried out in which the concentrations

of oxygen vacancies were only 10% or 2% of the original values. The excess charge was compensated

by modifying the Fe3+ charge uniformly (LSF10: to Fe3.09+ or Fe3.098+, LSF40: to Fe3.36+ or Fe3.392+).

Both single crystals and polycrystals were considered, in order to ascertain the differences displayed

by the polycrystalline cells relative to the correct reference values (i.e. single-crystal cells). To

reproduce the experimental situation as closely as possible, the Sr′La distribution obtained from

MMC calculations with the full oxygen-vacancy amount was kept and only the number of oxygen

vacancies was reduced, since the Sr′La distribution that develops at sintering temperatures will not

change at the low temperatures of sample oxidation.

Oxygen diffusivities obtained from MD simulations are given in Fig. 7.15. In single-crystal cells,

tracer diffusion coefficients decrease, relative to the 100% case, by about one order of magnitude

for 10% and another half an order of magnitude for 2%, as expected for the relevant decreases in

the oxygen-vacancy concentrations. The decreases are not, however, exactly a factor of 10 and a

further factor of 5, since not only are there major changes in the oxygen-vacancy concentrations,

but also minor changes in the oxygen-vacancy diffusivities, which can be attributed to increases in

Fe valence or increases in oxide-ion concentration (cf. Fig. 7.7).

In contrast, this behaviour is not seen for the polycrystalline cells on going from 100% of the

Sr′La-balancing vacancies to 10% or 2% vacancies. In LSF40, the variation in isothermal diffusion

coefficient with grain-boundary density is now reversed. An increase in grain-boundary density

leads to an increase of 𝐷∗
O, indicating that faster grain-boundary diffusion is observed when the bulk

concentration of oxygen vacancies is low. For LSF10, two effects are observed that are not present
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7.3 Results

Figure 7.15 Comparison of diffusion coefficients obtained from calculations with (a) 1.7 % (LSF10)
and (c) 6.7 % (LSF40) oxygen vacancies versus calculations with only (b) 0.17% (LSF10), (d) 0.67%
(LSF40), (e) 0.033% (LSF10) and (f) 0.13% (LSF40) oxygen vacancies. In both cases, structures
underwent MMC swapping at 2000K with the full oxygen vacancy concentration, and the Sr′La
distributionwas kept frozen in for the other two oxygen vacancy concentrations. The arrows indicate
the changes in 𝐷∗

O with increasing grain-boundary density.

Figure 7.16 Comparison of diffusion coefficients obtained from calculations with (a) 1.7 % (LSF10)
and (c) 6.7 % (LSF40) oxygen vacancies versus calculations with only (b) 0.17% (LSF10), (d) 0.67%
(LSF40), (e) 0.033% (LSF10) and (f) 0.13% (LSF40) oxygen vacancies. The Sr′La distribution is
homogenous. The arrows indicate the changes in 𝐷∗

O with increasing grain-boundary density.
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7 Oxygen Grain-Boundary Diffusion in LSF

in LSF40. First, the reversal of the variation in isothermal diffusion coefficient with grain-boundary

density is present at the full vacancy concentration, rather than only at lower vacancy concentration

as for LSF40. This is a consequence of oxygen vacancies being almost fully depleted from the

bulk regions after the MMC runs (see Fig. 7.10); thus, the reversal occurs already at the highest

vacancy concentration. Second, in the cases 10% and 2% vacancies, the cells with 2 grains deviate

from the trend by showing higher-than-expected tracer diffusion coefficients. From trajectories

of the molecular dynamics run, bulk transport in regions far away from the grain boundaries was

identified. While only very few oxygen vacancies are available there (most are present at the grain

boundaries), high diffusivities are exhibited as these regions are nominally free of Sr; thus, the

lower activation enthalpy (0.52 eV vs. 0.6 eV) and higher oxygen diffusivity of lanthanum ferrite is

sampled (cf. Fig. 7.14).

Figure 7.17 Oxygen tracer diffusion coefficients in polycrystalline LSF at 𝑇 = 1800K, extracted
from Fig. 7.15, as a function of [v••O ].

Lastly, the extent to which the general behaviour observed in Fig. 7.15 is due to increased Sr′La at

the grain boundaries was investigated. To this end, an additional set of simulations was carried

out with a homogeneous Sr′La distribution. The results are shown in Fig. 7.16. The 𝐷∗
O values in

LSF40 are mostly unchanged due to the smaller relative changes in Sr′La content in grain boundary

regions (see Fig. 7.10), confirming that increased Sr′La accumulation does not play a significant role

in the observed behaviour. In LSF10, however, the two effects mentioned above are not observed,

i.e. the reversal of the variation in isothermal diffusion coefficient with grain-boundary density is
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not present in case (a) with a full vacancy concentration, and the cells with 2 grains do not deviate

from the trend.

To emphasise the main result, Fig. 7.17 shows oxygen tracer diffusion coefficients calculated for 𝑇 =
1800K versus oxygen-vacancy concentration for both compositions. In these double-logarithmic

plots, 𝐷∗
O for the monocrystalline cells decreases, as expected, almost linearly with [v••O ]. 𝐷∗

O for the

polycrystalline cells, however, is essentially constant for LSF10 for all [v••O ] and for LSF40 at the two

lowest [v••O ]. This suggests that [v••O ] within the grain-boundary regions in these simulations is more

or less invariant of the bulk level. The plots also emphasise the need to regard short-circuit diffusion

as faster, rather than fast. For LSF10, the rate of oxygen diffusion in the polycrystalline cells hardly

changes. What does change is its relation to the diffusion rate in the bulk value. One last point is

that care must be exercised in interpreting such data. The bulk composition in the monocrystalline

cells is not the bulk composition in the polycrystalline cells, owing to the small grain size and the

strong [Sr′La] segregation to the grain boundaries.

7.4 Discussion

The main result of this computational investigation is that faster grain-boundary diffusion of

oxygen in polycrystalline LSF materials is only observed when bulk diffusion of oxygen is relatively

slow. This agrees very well with experimental studies[31,382] of oxygen diffusion in polycrystalline

LSCF6482, in which faster grain-boundary diffusion was detected at low temperatures, where bulk

diffusion is substantially diminished on account of sample oxidation.

Looking beyond the (La,Ba,Sr)(Fe,Co)O3–𝛿 system, it is found that the main result also agrees

well with the observation of faster grain-boundary diffusion of oxygen in the (La,Sr)MnO3+𝛿 per-

ovskites.[411–414] Compared with (La,Ba,Sr)(Fe,Co)O3–𝛿 perovskites, (La,Sr)MnO3+𝛿 is an oxygen

hyperstoichiometric material, with the excess oxygen arising from the presence of cation vacancies.

These defects depress the concentration of oxygen vacancies through a Schottky equilibrium,[415–420]

and they also diminish the oxygen-vacancy diffusivity.[279] As a consequence, bulk diffusion of

oxygen in (La,Sr)MnO3+𝛿 is orders of magnitude lower than in (La,Ba,Sr)(Fe,Co)O3–𝛿 compositions,

and faster grain-boundary diffusion of oxygen is observed, not just at lower temperatures, but also

at much higher temperatures.
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7 Oxygen Grain-Boundary Diffusion in LSF

Of the defining questions in the Introduction (Sec. 7.1), one remains unanswered. It concerns

the possible presence and role of space-charge zones. On the one hand, the activation enthalpies

measured experimentally for bulk and grain-boundary diffusion in LSCF6482[382] (and also for grain

boundaries[411] and dislocations[414] in (La,Sr)MnO3+𝛿) are the same within experimental error. This

behaviour is consistent with faster diffusion along space-charge zones at the grain boundaries.[385,421]

On the other hand, the MD simulations yield activation enthalpies of diffusion that are higher for

the polycrystals than for the single crystals (see Fig. S5). This is consistent with the idea that the

boundaries constitute structural perturbations, for which the activation enthalpy of migration is

higher than in the bulk. And faster diffusion then arises from the higher concentration of oxygen

vacancies. (A lower activation enthalpy of oxygen diffusion in LaMnO3 has also been predicted

from DFT calculations,[384] but these predictions do not take cation vacancies into account.) It is,

however, questionable if space-charge zones were rendered properly in the simulations, since the

bulk phases often were completely devoid of defects, and space-charge zones are regions of modified

bulk defect concentrations. The chemical analysis of Sec. 7.2.4 is unable to provide any information,

since it is not sufficiently sensitive to small local deviations in charge neutrality. It is concluded

that the simulations reproduce the experimental results qualitatively, but quantitative agreement

requires a new, extensive set of simulations. In particular, simulations with much larger grains are

required, so that bulk defect concentrations are recovered within the bulk phase. It is estimated

that simulation cells with at least 106 ions are necessary. And in these cells, given the importance of
the degree of oxygen nonstoichiometry, experimental values of 𝛿(𝑇) should be used.

7.5 Concluding Remarks

In this chapter, polycrystalline (La,Sr)FeO3–𝛿 was investigated by means of molecular dynamics

simulations with the aim of improving the understanding of the role of grain boundaries in oxygen

transport. The major findings are as follows:

• Owing to the complexity of polycrystalline simulation cells, extraction of information about

the grain-boundary composition is not straightforward. A compositional analysis protocol

was developed to differentiate between bulk and grain-boundary regions and to quantify

acceptor-substituent and oxygen-vacancy concentrations in the respective regions.

• Oxygen tracer diffusion coefficients in stoichiometric polycrystalline cells are lower than in
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the corresponding monocrystalline cells, and they decrease with increasing grain-boundary

density, confirming a blocking effect of grain boundaries.

• The increased concentration of the acceptor substituent Sr′La at the grain boundaries (as a

consequence of high-𝑇 annealing) was found to have a detrimental effect on oxygen transport,
as it further decreases the oxygen-vacancy diffusivity.

• The observed low-temperature behaviour is reproduced by the simulations when the oxygen-

vacancy concentration is reduced from fully compensating the acceptor substituent to a

much lower level, for which bulk diffusion is drastically diminished. In this case, the grain

boundaries remain oxygen-vacancy rich and thus are the only place where oxygen-vacancy

diffusion can occur. Caution is required in transferring all results to experiments, however,

because of the extremely small grain size in the simulation cells.
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8 Conclusions

The aim of this thesis was to investigate ion transport in ion-conducting perovskite materials, with

a focus on the influence of structural, compositional, and external factors on ionic conductivity.

With atomic-scale simulations, mechanisms of ion transport were studied in detail, and the results

were compared with experimental findings and theoretical predictions.

Chapter 4: Best practices for MD simulations of ion diffusion in solids The first part of the thesis

systematically addressed the critical aspects and best practices for conducting molecular dynamics

(MD) simulations of ion diffusion in solids, in particular the reliability and interpretation of simula-

tion results. While MD simulations are a powerful tool for probing ion transport mechanisms at the

atomic scale, the accuracy and significance of the results depend on careful attention to simulation

setup, statistical analysis, and data interpretation.

A key outcome is the importance of rigorous analysis to ensure that the observables correspond to

an equilibrium distribution of microstates. This includes equilibration not only of thermodynamic

variables, but also of the distribution of mobile ions, especially in systemswithmultiple energetically

similar configurations. The Marginal Standard Error Rule (MSER) was identified as a robust,

automated method for determining equilibration time, but visual inspection remains essential to

confirm true equilibrium, particularly for complex or disordered systems.

Fluctuations in thermodynamic quantities, far from being artifacts, are intrinsic to simulations of

finite systems and provide a means to validate simulation setups and force fields by comparison

with experimental data. It was shown that these fluctuations can be related to material constants,

but many data points (i.e. timesteps) are needed to obtain reliable estimates.

A significant finding concerns the necessity of ensuring that diffusion coefficients are extracted
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from the true diffusive regime. The analysis shows that at lower temperatures or short simulation

times, systems may not reach this regime, leading to unreliable diffusion coefficients and activation

energies. The results emphasize that simulation times must be adapted to temperature and system

specifics, and that data outside the diffusive regime should be excluded from further analysis.

The impact of simulation cell size and ensemble choice was systematically evaluated. It was shown

that small supercells can introduce significant statistical and systematic errors in both diffusion

coefficients and activation energies, and that neglecting thermal expansion by fixing the lattice

volume can lead to substantial underestimation of diffusion coefficients and incorrect Arrhenius

fit parameters. Simulations must therefore be performed with sufficiently large cells and at volumes

appropriate for the target temperature, either by 𝑁𝑝𝑇 equilibration or by explicit adjustment using
thermal expansion data.

A central methodological advance discussed is the proper estimation of uncertainties in diffusion

coefficients. There are serious concerns regarding the common practice of using regression errors

from linear fits, as this approach underestimates the true uncertainty due to autocorrelation in

the data. Instead, closed-form expressions and Bayesian approaches are recommended for robust

uncertainty quantification, which is especially crucial when extrapolating diffusion coefficients to

lower temperatures. The analysis reveals that uncertainties can grow rapidly upon extrapolation,

often spanning orders of magnitude, emphasizing the need for careful statistical treatment.

The correct procedures for fitting Arrhenius-type expressions to diffusion data are clarified. It is

shown that non-linear weighted least-squares fitting yields unbiased estimates of activation energies

and pre-exponential factors, particularly when the number of observed diffusion events is low and

uncertainties are heteroscedastic. Linear fits or unweighted approaches can introduce systematic

biases, especially for cell sizes and simulation times that are, by necessity, used in typical ab initio
MD studies with limited statistics.

Finally, the conversion of tracer diffusion coefficients to ionic conductivities is discussed, with an

emphasis on the role of the Haven ratio and the limitations of common assumptions. Alternative

methods for directly computing conductivity from MD simulations are outlined, such as using the

Onsager coefficient or field-driven simulations, and the importance of consistent thermodynamic

and statistical frameworks is highlighted.
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Chapter 5: Substitution of Ba by Ca in BSCF5582 In the first materials-related chapter, the

chemical composition of a fast oxide ion conductor was modified in order to enhance its stabil-

ity. To this end, the structural and oxygen transport properties of the Ca-substituted perovskite

Ca0.5Sr0.5Co0.8Fe0.2O3–𝛿 (CSCF5582) were investigated. The emphasis was on evaluating whether

CSCF5582 could serve as a chemically more stable alternative to BSCF5582 while maintaining

comparably high oxygen-vacancy diffusion rates.

First, the ability of two well-established Ca2+–O2– potential sets to describe the high-temperature

cubic phases was assessed. Simulations initialised with orthorhombic symmetry revealed that

CSCF5582 becomes cubic above 𝑇 = 1100K, regardless of which potential set was used. Although
the predicted phase transition temperature may be overestimated due to limitations inherent in MD

simulations, this result suggests that cubic symmetry (a prerequisite for high oxygen diffusion in

many perovskite-type oxides) might be accessible under realistic operating conditions. Furthermore,

the reduced lattice parameter observed in CSCF5582 compared to BSCF5582 is consistent with the

smaller ionic radius of Ca2+.

FurtherMD simulations were conducted to calculate oxygen tracer diffusion coefficients,𝐷∗
O, in both

BSCF5582 and CSCF5582 in their cubic phases at constant nonstoichiometry 𝛿 = 0.5. The reliability
of the computed diffusion coefficients for BSCF5582 was validated by comparison with a previous

simulation study, with good agreement observed over a wide temperature range. However, the new

results revealed that previous simulations likely overestimated diffusion at low temperatures due

to insufficient equilibration. The present work employed significantly longer equilibration times,

often in the nanosecond range, as well as additional Monte Carlo-based oxygen-vacancy swapping

to address the shortcomings of previous simulations.

An interesting (and somewhat unexpected) result was that oxygen-vacancy diffusion coefficients for

CSCF5582 closely match those of BSCF5582 across the entire temperature range studied. This agree-

ment was observed for both Ca2+–O2– potential sets, despite the structural distortion expected from

the smaller 𝐴-site cation. Although a definitive conclusion regarding the symmetry of CSCF5582 at
application-relevant temperatures remains pending, these results imply that Ca substitution does

not impair oxygen diffusion, at least in the cubic phase.

To assess the reasonableness of these results, MD-derived lattice expansion and diffusion data for

BSCF5582 were compared with multiple experimental datasets. The calculated thermal expansion

coefficient 𝛼 agreed very well with experimentally measured values in the regime where chemical

131



8 Conclusions

expansion is negligible. Similarly, tracer diffusion coefficients, corrected for experimental oxygen

nonstoichiometry, compared favourably with several experimental datasets. Notably, the MD results

aligned with a subset of literature data characterised by higher activation enthalpies (𝛥𝐻mig ≈
1.0 eV). This suggests that the simulations capture the intrinsic bulk diffusion mechanism, rather
than fast diffusion along pores or grain boundaries, which dominate some other studies with

significantly lower activation energies.

The convergence of CSCF5582 and BSCF5582 diffusion coefficients, despite their different lattice

constants and cation sizes, highlights the complex nature of ionmigration in perovskites. Apparently,

various contributing factors (such as lattice distortion, ion size, and local bonding environments)

combine in such a way that similar diffusion rates are observed in both materials.

Besides thematerial-specific findings, a noteworthymethodological aspect emerged: the importance

of oxygen sublattice equilibration. The initial random distributions of oxygen and vacancies were

far from equilibrium, as shown by significant changes in coordination numbers during Monte

Carlo sampling. These deviations from equilibrium resulted in long equilibration times during MD,

especially at lower temperatures, and emphasize the need for enhanced sampling techniques when

simulating oxygen transport.

Chapter 6: Transition-Metal Exsolution from Perovskite Oxides Next, the importance of atmo-

spheric conditions was addressed, specifically in the context of metal exsolution from perovskite

oxides. A unified thermodynamic and kinetic model was proposed, addressing three critical and

previously unresolved questions: why only the substituent transition-metal cation exsolves and not

the host 𝐵 -site cation, how exsolution can proceed so rapidly at relatively low temperatures, and

why perovskite oxides are particularly suitable host materials. Hybrid DFT calculations, including

charge-transition levels, reaction energies, and migration barriers, were carried out for Ni in SrTiO3,

a widely studied model system.

A key result is the prediction of charge-transition levels that allow Ni to be reduced to neutral

species within the perovskite lattice, but only when Ni resides in interstitial positions and forms

associates with oxygen vacancies, and possibly strontium vacancies. Substitutional Ni on either the

𝐴 -site or 𝐵 -site remains positively charged, even under reducing conditions. Once reduced, neutral
interstitial Ni species (Ni0i ) are thermodynamically unstable in the lattice and are energetically

driven to be expelled as metallic Ni. This provides the thermodynamic rationale for exsolution and
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constitutes the core of the new model: exsolution begins with valence-state changes inside the host

lattice, not at the surface.

The thermodynamic driving force for exsolution was quantified by proposing an overall exsolution

reaction that includes Ni reduction, Schottky disorder reversal, and the formation of metal

particles at the surface. The calculated reaction energy, obtained for typical exsolution conditions

(𝑇 = 1000K, 𝑝O2
= 10−20 bar), was found to be strongly negative (𝛥exsoln𝐸 = −2.33 eV), indicating a

highly favourable process. In contrast, existing alternative models neglecting Schottky reversal or

considering only NiO reduction yield strongly positive reaction energies, showing the importance

of taking into account the solid solution and changes in the host crystal. A thermodynamic map of

the exsolution threshold in (𝑇, 𝑝O2
) space further confirms that exsolution is thermodynamically

favourable at moderate temperatures under sufficiently reducing conditions, and explains the

experimental observation of a critical oxygen-vacancy concentration.

In order to investigate kinetics, migration barrierswere computed for relevant cationic and interstitial

species. Vacancy-mediatedmigration of substitutionalNi on the𝐵 -sitewas found to have an effective
barrier of 3.40 eVwhen assisted by an adjacent vSr. In contrast, the interstitial neutral species Ni0i can
migrate with a much lower barrier of 1.44 eV as part of a Ni0i vO associate. This low barrier explains

the surprisingly fast exsolution kinetics, as this migration pathway avoids the need for sluggish

cation vacancy transport. The initial step of displacing Ni from a Ti site to an interstitial position,

facilitated by vO and vSr, was found to be energetically accessible, though not barrierless.

This kinetic framework also accounts for the observed sluggish re-incorporation of Ni under oxi-

dising conditions: it requires diffusion of charged substitutional species via high-barrier pathways.

Furthermore, socket formation can occur rapidly at defect-rich locations without requiring long-

range cation migration, since expelled Ni can diffuse to surface nucleation sites while maintaining

host lattice integrity.

Finally, several key material characteristics were identified that may explain why perovskites are

uniquely suited for exsolution: their ability to accommodate oxygen nonstoichiometry and cation

vacancies, their favourable band structures for charge transitions, and their capacity to host mobile

interstitial transition-metal species in multiple charge states. Other oxide classes, such as fluorites

and spinels, lack one or more of these properties, potentially explaining their poorer performance.

However, further systematic studies, especially in the experimental realm, are needed to confirm

these hypotheses.
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Chapter 7: Oxygen Grain-Boundary Diffusion in LSF Lastly, oxygen transport in polycrystalline

(La,Sr)FeO3−𝛿 (LSF) was investigated, in order to elucidate the role of temperature and structural

disorder on oxygen diffusion. The simulations revealed that, contrary to some expectations, grain

boundaries do not inherently facilitate faster oxygen diffusion compared to the bulk lattice. Instead,

grain boundaries act as structural perturbations that generally hinder oxygen transport, as evidenced

by the observed decrease in effective oxygen tracer diffusion coefficients with increasing grain-

boundary density. This blocking effect is robust across different grain sizes and compositions, and is

further exacerbated when strontium segregates to the grain boundaries following high-temperature

annealing.

A significant finding is the strong tendency for both strontium and oxygen vacancies to accumu-

late at grain boundaries after high-temperature annealing, leading to pronounced compositional

inhomogeneities between grain-boundary and bulk regions. While the accumulation of oxygen va-

cancies at grain boundariesmight intuitively be expected to enhance local diffusivity, the simulations

demonstrate that the presence of strontium at the boundaries actually reduces the oxygen-vacancy

mobility, resulting in a net decrease in oxygen transport rates. This effect is consistent with the

observed trend in monocrystalline (single crystal) cells, where increasing strontium content leads

to lower oxygen-vacancy diffusivity.

The simulations also clarify the conditions under which faster grain-boundary diffusion of oxy-

gen can be observed. When the overall oxygen-vacancy concentration is reduced (to mimic the

effect of sample oxidation at lower temperatures), the bulk becomes depleted of mobile oxygen

vacancies, while the grain boundaries retain a relatively high vacancy concentration. Under these

circumstances, the grain boundaries become the dominant pathways for oxygen transport, and the

effective diffusivity in polycrystalline samples can exceed that of the bulk. This scenario aligns well

with experimental observations in related perovskite systems, where enhanced grain-boundary

diffusion is detected at low temperatures or under oxidising conditions that reduce bulk vacancy

concentrations.

The compositional analysis protocol developed for these simulations, which employs structural iden-

tification methods to distinguish bulk and grain-boundary regions, proved essential for quantifying

local defect concentrations and understanding their impact on transport properties. It highlights the

importance of considering both structural and chemical heterogeneity in polycrystalline materials,

especially when interpreting macroscopic diffusion measurements.
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Overall, the findings show how the interplay between defect chemistry, cation segregation, and

structural disorder at grain boundaries critically determines the oxygen transport properties of

these perovskite oxides. Enhanced grain-boundary diffusion is not an intrinsic property of the

boundaries themselves, but rather emerges when bulk diffusion is suppressed and the boundaries

remain defect-rich. These results provide a framework for rationalising experimental trends across

different perovskite compositions and processing conditions, and emphasize the need for careful

control of defect distributions and grain-boundary chemistry in the design of materials for solid

oxide fuel cells and related applications. The results also suggest that further progress in modelling

grain-boundary phenomena will require simulations with larger grains and more realistic defect

equilibria, to bridge the gap between atomistic models and experimental systems.

In summary, this thesis has advanced the understanding of ion transport in perovskite materials

by systematically examining how structural, compositional, and external factors influence ionic

conductivity in three distinct contexts: the effect of chemical composition on oxygen diffusion, the

thermodynamics and kinetics of transition-metal exsolution, and the impact of grain boundaries

on oxygen transport at different temperatures. The findings highlight the necessity of a holistic

approach to ion transport phenomena, as these processes are often interconnected and shaped by

multiple factors simultaneously.
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Appendix

Table S1 Buckingham type potential parameters used for the simulations in chapter 4.

Interaction 𝐴𝑖𝑗 / eV 𝜌𝑖𝑗 /Å 𝐶𝑖𝑗 / eVÅ6 source

Ce4+–O2– 1986.83 0.35107 20.4 [161]
O2––O2– 22764.3 0.1490 27.89 [165, 166]

Table S2 Buckingham type potential parameters used for the simulations in chapter 5.

Interaction 𝐴𝑖𝑗 / eV 𝜌𝑖𝑗 /Å 𝐶𝑖𝑗 / eVÅ6 source

Ca2+–O2– (I) 1340.18 0.3214 0.0 [166, 277]
Ca2+–O2– (II) 1090.4 0.3437 0.0 [278]
Ba2+–O2– 1214.4 0.3522 0.0 [163, 422]
Sr2+–O2– 774.2 0.3538 0.0 [165]
Co3+–O2– 1329.82 0.3087 0.0 [165, 166]
Fe3+–O2– 1156.36 0.3299 0.0 [166]
O2––O2– 22764.3 0.1490 43.0 [165, 166]

Table S3 Buckingham type potential parameters used for the simulations in chapter 7.

Interaction 𝐴𝑖𝑗 / eV 𝜌𝑖𝑗 /Å 𝐶𝑖𝑗 / eVÅ6 source

La3+–O2– 1516.3 0.3525 0.0 [165]
Sr2+–O2– 774.2 0.3538 0.0 [165]
Fe3+–O2– 1156.36 0.3299 0.0 [166]
O2––O2– 22764.3 0.1490 43.0 [165]
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A
ppendix

A: Best Practices for Molecular Dynamics Simulations of Ion Diffusion in Solids

Evaluation of the Arrhenius fit

Figure S1 The lattice parameter 𝑎 as a function of temperature for CeO2–𝛿 with different cell sizes and one oxygen vacancy. Five random
seeds were used for each temperature.

Figure S2 The mean squared displacement of oxygen in CeO2–𝛿 as a function of time for different temperatures and cell sizes. The data
was fitted to a linear function, starting at 𝑡 = 1ns, to obtain the diffusion coefficient.
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Appendix

B: Oxygen grain-boundary diffusion in LSF

Figure S3 Total energy of a representative polycrystalline cell (LSF10, 20 grains) during MMC
swapping.
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Appendix

Figure S4 Mean-squared displacement of oxygen ions ⟨𝑟2O⟩ obtained as a function of time from
equilibration MD simulations of a polycrystalline LSF10 cell at 2000K with 2 grains after MMC
swapping at different temperatures.

Figure S5 Activation enthalpies of oxygen diffusion in LSF10 and LSF40, obtained from diffusion
coefficients in Fig. 7.15 and 7.16. For LSF10 structures with low oxygen vacancy concentrations and
2 grains, the activation enthalpy of LFO is sampled (see Fig. 7.14) due to a nominally Sr free bulk
and a few oxygen vacancies in the bulk regions.
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