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S U M M A R Y 

Joint petrophysical inversion is a powerful technique for using multiple geophysical modalities 
to estimate petrophysical or geotechnical parameters of the subsurface. A precise knowledge 
of the petrophysical laws for the full model domain is imperative to enable petrophysical 
coupling. In this work, we investigate the effect of partially invalid petrophysical laws on the 
inversion of a synthetic data set, using electrical resistivity tomography (ERT) and seismic 
traveltime data to image a CO 2 plume in a Carbon Capture and Storage (CCS) setup. We 
consider a model consisting of a reservoir and a caprock in which only the reservoir can be 
described by a petrophysical law. We first apply a conventional (joint) petrophysical inversion 

(JPI) and show that the use of wrong petrophysical laws leads to systemic artefacts within the 
parts of the model in which the petrophysical relations are invalid. We then present a new hybrid 

partially petrophysically coupled joint inversion (P-JPI) approach that combines petrophysical 
coupling for regions with valid petrophysical laws, and structural coupling, whenever no 

reliable petrophysical laws are available. The P-JPI approach outperforms tomography based 

on the individual ERT or seismic data set, as well as joint structural inversion (JSI) based 

on the cross-gradient functional. The partially petrophysically coupled joint inversion thus 
enables petrophysical coupling and provides a unique, quantitatively interpretable saturation 

model for the CO 2 -plume. We further show that it is possible to detect zones with incorrect 
petrophysical relations by analysing the difference of the model updates based on the standalone 
data sets. Finally, we combine the detection of zones of incorrect petrophysical laws with the 
P-JPI to derive an inversion scheme that is independent of prior knowledge of the validity 

of petrophysical laws. Our novel methods facilitate direct estimation of the petrophysical 
subsurface parameters from multiple geophysical measurements if petrophysical relations are 
only available for parts of the model domain and provide means to quantify the spatial extent 
of regions where the petrophysical relations are valid. 

Key words: Electrical resistivity tomography (ERT); Inverse theory; Joint Inversion; Tomog- 
raphy; Seismic tomography. 
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 I N T RO D U C T I O N  

omographic techniques based on geophysical measurements are an
ndispensable tool when detailed subsurface models are required.

odels in terms of geophysical parameters, such as seismic veloc-
ties or electric resistivities, are often sufficient if only structural
nformation, such as layer boundaries, is of interest. However, if
uantitative estimates of geotechnical or petrophysical parameters,
uch as porosity, permeability or saturation, are required, inversion
or these parameters is advantageous, especially if (petrophysical)
riors from laboratory measurements or in-situ measurements are
vailable. 

Inverting for petrophysical quantities is often significantly more
ifficult than inverting for geophysical models. This is, among other
C© The Author(s) 2026. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
easons, because petrophysical models are often overparametrized
nd multiple petrophysical parameters are needed to explain a
ingle geophysical quantity. Although traditional geophysical
nversions are also commonly overparametrized, in the sense
hat the number of model parameters exceeds the number of

easurements, the introduction of petrophysical relations with
ultiple independent parameters further exacerbates this issue.

or example, in the Archie equation (G. Archie 1942 ), which
escribes pore-fluid-dominated electrical conduction in porous
edia, resistivity is (traditionally) described by five parameters:

orosity, pore–water saturation, pore–water resistivity and the
aturation and cementation exponents. In such cases, inversion for
ll parameters is impossible, since multiple parameter combinations
an explain the measured data. Therefore, most parameters are
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usually estimated once from laboratory or other data sources and 
then treated as constants throughout the tomography. 

By treating most parameters within the petrophysical relation as 
constants, errors in the estimation of these (constant) parameters 
cannot be corrected for by the inversion. These errors are then com- 
pensated for by the inversion parameter, leading to inaccurate inver- 
sion results. Fur ther more, using only a single geophysical modality 
often provides limited resolution. To address this ambiguity and 
constrain the petrophysical model better, joint inversion techniques 
that exploit data from multiple geophysical methods are often used. 

In recent years, a variety of joint inversion techniques have been 
investigated, including methods that incorporate petrophysical con- 
straints as additional misfit terms (B. Heincke et al. 2017 ) or that 
employ adaptive weighting and inversion schemes (D. Domenzain 
et al. 2020 ; T. Qin et al. 2024 ). However, the two most flexible 
and widely used approaches to date remain structural and petro- 
physical coupling. Joint structural inversion (JSI) assumes separate 
geophysical models of the subsurface. The similarity of the resulting 
models or tomograms is enforced by aligning the structural features 
of the model, that is, their edges. Although various methods have 
recently been proposed to quantify the alignment of structures (see 
e.g. B. Crestel et al. 2019 ), cross-gradient coupling, as introduced 
by L. A. Gallardo & M. A. Meju ( 2003 ), remains the most widely 
used technique in research and has been applied in a wide range of 
applications. 

The application of JSI results in two separate geophysical models. 
These models can then be transformed into petrophysical models 
using petrophysical relationships. However, the resulting petrophys- 
ical models do not match quantitatively, since the models are only 
structurally coupled, making a consistent interpretation difficult. 
In contrast, Joint Petrophysical Inversion (JPI) assumes a single 
petrophysical model, of which geophysical models for the different 
methods are derived by petrophysical relationships. Therefore, JPI 
also couples the models quantitatively and (often) provides a supe- 
rior and unique quantitatively interpretable tomogram (A. Abubakar 
et al. 2012 ). 

JPI has been successfully applied in various contexts (e.g. per- 
mafrost imaging and hydrocarbon exploration) but requires precise 
knowledge about the petrophysical relationships in the full model 
domain. For example, in petrophysical inversions based on Archie’s 
law, it is typically assumed that the cementation exponent, the sat- 
uration exponent and the pore-fluid resistivity are well known, and 
inversion is performed only for saturation and/or porosity. If the 
parameters of the petrophysical relation are only partially known 
or fully unknown, these parameters must be included in the inver- 
sion itself. Inverting for multiple parameters of the petrophysical 
laws strongly increases the number of unknowns within the inver- 
sion problem and therefore drastically reduces the quality of the 
resulting tomograms (F. M. Wagner et al. 2019 ). If, in contrast, the 
petrophysical laws themselves are invalid, then JPI can often not be 
applied. 

In our contribution, we present an approach to use petrophysical 
and structural coupling within a common inversion framework, by 
splitting the model domain into two regions. In regions where the 
petrophysical relationships hold, the subsurface is described by a 
common petrophysical model, and the methods are petrophysically 
coupled. In regions where the petrophysical relations are not valid, 
the subsurface is described by separate geophysical models for each 
method, which are merely structurally coupled. We demonstrate the 
effectiveness of our novel method in a synthetic CO 2 -experiment 
and compare it with pure petrophysical and structural joint inver- 

sion. 
In addition, we discuss the possibility of automatically detecting 
regions with invalid petrophysical relationships purely on the basis 
of the recorded data. For this, standalone inversions are performed 
based on the separate data. In regions, where both standalone meth- 
ods suggest similar model updates, the petrophysical relations are 
assessed to be valid, and the regions remain coupled petrophysi- 
cally. In regions for which both standalone methods have sufficient 
data coverage but suggest strongly dissimilar model updates, the 
petrophysical relations are judged to be invalid, and the models are 
decoupled. Finally, we include the automatic detection of zones with 
invalid petrophysical relations and present a partially joint petro- 
physical inversion scheme that does not rely on prior information 
about the validity of petrophysical relations. 

2  M E T H O D O L O G Y  

2.1 Partially joint petrophysical inversion 

In the following section, we introduce the theoretical framework for 
a partially decoupled joint petrophysical inversion. Without loss of 
generality, we will restrict ourselves to two geophysical methods, 
namely ERT and traveltime seismics (TT). We parametrize the do- 
main with saturation and use Archie’s law and a Brie-Gassmann 
model as petrophysical relations. Archie’s Law, linking saturation 
to electrical resistivities, and the Brie-Gassmann model, mapping 
saturations into P -wave velocities, will be introduced in detail in 
Section 3 . The framework can be generalized to multiple data 
sets, as well as different geophysical methods by exchanging model 
parametrization, petrophysical relations and forward operators. 

In conventional JPI (see Fig. 1 a), the (discretized) subsurface 
is modelled by a single saturation model vector m , which trans- 
lates by petrophysical relationships (e.g. Archies law and the Brie- 
Gassmann model) into separate geophysical model vectors for resis- 
tivities ρ and P -wave velocities v p . As described above, we keep all 
other parameters in these relationships fixed and invert only for sat- 
uration, although inversion for multiple parameters is, in principle, 
possible. For the partially joint petrophysical inversion (P-JPI), we 
assume that the petrophysical relations only hold in a subdomain of 
the model, say the first (trusted) T model cells. In the trusted cells, 
we can parametrize the model using saturations. In the remaining 
untrusted cells, the petrophysical relations do not hold and so satu- 
ration cannot be reliably inferred from velocity or resistivity values. 
Therefore, the model must be characterized geophysically in terms 
of resistivities and velocities, respectively. We then describe the 
subsurface with separate model vectors for each method, with the 
constraint that the first T model values are equal. The ERT model 
mE and the TT model mS are then parametrized as 

mE = (
m1 , . . . , mT , m E 

T + 1 , . . . , m
E 
N 

)
(1) 

mS = (
m1 , . . . , mT , mS 

T + 1 , . . . , m
S 
N 

)
. (2) 

Since the first T components of the model vector coincide, we 
can remove duplicates and combine both model vectors to a joint 
model vector 

m = (
m1 , . . . , mT , m

E 
T + 1 , . . . , m

E 
N , m

S 
T + 1 , . . . , m

S 
N 

)
. (3) 

Denoting the petrophysical relations linking saturation to resistiv- 
ities as pE , as well as the petrophysical relation linking saturations 
to P -wave velocities as pS , the geophysical parameter vectors follow 
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Figure 1. Inversion schemes for conventional (a) and partially decoupled joint petrophysical inversion (b) for two geophysical data sets (ERT and Traveltime 
seismics). 
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s 

ρ = 

(
pE ( m1 ) , . . . , p

E ( mT ) , m
E 
T + 1 , . . . , m

E 
N 

)
and 

v p = 

(
pS ( m1 ) , . . . , p

S ( mT ) , m
S 
T + 1 , . . . , m

S 
N 

)
. (4) 

Based on the geophysical model vectors, we can calculate the
ynthetic response of the models. Given a fixed acquisition scheme,
he resistivity model is mapped by the ERT-forward operator into
pparent resistivities, which are collected in the synthetic data vector

d E 
syn . Similarly, for given shot and sensor positions, the P -wave
elocity model is mapped by the traveltime-forward operator to
raveltimes, which are collected in the synthetic data vector d S 

syn . 
We aim to minimize data misfit between observed and synthetic

ata in the least-squares sense. Therefore, we employ a Gauss–
ewton scheme and collect the residual vectors of the ERT and TT
ata 

E = d E 
obs − d E 

syn and � S = d S 
obs − d S 

syn , 

nd the sensitivity matrices 

J E = ∂d E 
syn 

∂mE and J S = ∂d S 
syn 

∂mS 
, 

here the sensitivities of the data with respect to saturation are ob-
ained using the chain rule [see e.g. Appendix A of F. M. Wagner
t al. ( 2019 )]. We employ a first-order smoothing, realized by the
moothing matrix R , together with a step width damping, realized
y the identity matrix I , to steer the convergence behaviour of the
nversion. The smoothing of the saturation models for the differ-
nt data is weighted with weights αE , αS , the step width damping
ith weights βE , β S . To avoid smoothing between the coupled and

he decoupled regions, we remove rows from the smoothing ma-
rix R , which have non-zero components in the first (coupled) T 
olumns, as well as non-zero components in the remaining (uncou-
led) columns. 

We introduce the following notation to adjust the individual ma-
rices to the joint model vectors: For a matrix A , let A−T denote the

atrix consisting of the first T columns of A and AT − denote the
atrix consisting of the columns from T + 1 onwards. 
We employ a constant weight of one for the ERT data misfit and
eigh the seismic traveltime data misfit with a factor of γ . With

his, we can set up the full Jacobian matrix J , the damping matrix
D and the right-hand side vector b as 

J =
(

J E 
−T J E 

T − 0 
γ J S 

−T 0 γ J S 
T −

)
, D =

⎛ 

⎜ ⎜ ⎝ 

αE R−T αE RT − 0 
γαS R−T 0 γαS RT −
βE I−T βE IT − 0 
γβ S I−T 0 γβ S IT −

⎞ 

⎟ ⎟ ⎠ 

,

b =

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

� E 

γ� S 

−αE R mE 

−γαS R mS 

0 
0 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. (5)

We then apply two variable transformations: First, we apply a
ogarithmic barrier transformation with the lower barrier bl and the
pper barrier bu , using different barriers depending on whether the
odel is described by saturation, resistivities or velocities. With

his, we constrain the model values to the interval ( bl , bu ) and ex-
lude unreasonable model values. This is especially important for
he petrophysically trusted part of the model to constrain the sat-
ration model to values above zero and below one. We define the
arameter transformation ϕ( x) = log ( x−bl ) 

log ( bu −x) , set ˜ m = ϕ(m ) and re-
er to this vector as the model vector in the log-barrier domain.
o account for the variable transformation, we adjust the Jacobian
nd damping matrix according to the product (and inverse function)
ule and refer to the transformed matrices as ˜ J , ˜ D . For a detailed
erivation, we refer the reader to the Appendix A . The minimization
roblem solved in iteration i then reads as follows: 

min 
˜ m 

(‖ �E ‖2 
2 + αE ‖R m E 

i ‖2 + βE ‖ m E 
i − m E 

i−1 ‖2 
)

+ γ
(‖ � S ‖2 

2 + αS ‖R mS 
i ‖2 + βE ‖ mS 

i − mS 
i−1 ‖2 

)
for i ≥ 1 

(6) 

Secondly, we introduce a variable scaling, acting as a right pre-
onditioner, to cope with different magnitudes of sensitivities. Let

art/ggaf531_f1.eps
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˜ J on the diagonal. We apply the variable transformation to the 
log-barrier model vector as μ = S −1 ˜ m . The Gauss–Newton model 
update is then given as the least-squares solution of the system ( ˜ J S 

˜ D 

)
�μ = b . (7) 

The update of the model in the log-barrier domain then follows as 

� ˜ mi = S 
((

˜ J S
)

˜ J S + D2 
)−1 

( J S ) S b for i = 1 , 2 , . . . . (8) 

Both the full Jacobian matrix and the individual matrices com- 
prising the Jacobian in eq. ( 5 ) are usually sparse, so iterative solvers 
for the solution of eq. ( 7 ) are highly recommended. Lastly, we ap- 
ply an absolute lower limit �l and an upper limit �u to updates of 
the models during a single step, to avoid excessive model updates. 
Again, these absolute limits are chosen independently for the model 
values in terms of saturation, resistivities and velocities. The update 
of the petrophysical model is then given as 

mi+ 1 = mi + �mi with �mi 

= min 
(
�u , max 

(
�l , ϕ

−1 ( ˜ mi + � ˜ mi ) − mi 

))
for i = 1 , 2 , . . . . 

In Fig. 1 we show a schematic overview of the conventional joint 
petrophysical inversion and the partially decoupled joint petrophys- 
ical inversion. From this overview, it is evident that the JPI-scheme 
is a specialization of the P-JPI-scheme: If we trust the petrophysi- 
cal relationship throughout the full domain, we have T = N . Then 
columns two and three of J and D are empty and the P-JPI scheme 
becomes the JPI scheme. In this case, the smoothing and damp- 
ing constraints in matrix D are duplicates and can be simplified. 
In a similar fashion, a classical single-data petrophysical inversion 
scheme can be derived from the JPI scheme, if one of the data 
sets (i.e. its corresponding rows in J and D ) is removed from the 
Gauss–Newton system. 

2.2 Partially structurally joint petrophysical inversion 

Within the P-JPI scheme, the model domain is fully coupled (within 
the first T model cells) or completely independent (within the re- 
maining model cells). However, also within the independent parts 
of the domain, the models are likely to share structural similari- 
ties, even if the petrophysical relations in these regions are faulty. 
Therefore, it is obvious to relax the petrophysical coupling to a mere 
structural coupling, instead of completely decoupling the models. 

In this work, we implement structural coupling using cross- 
g radient ter ms. For a discretized model, the cross-g radient ter ms 
aim to minimize the cross product between the spatial gradients of 
the models, so that the minimization problem is augmented with the 
following term 

N ∑ 

i= 1 
‖∇ρ( i) × ∇v p ( i) ‖2 . 

In the case of a 2-D model domain, each cross-product reduces to a 
single component, whereas for a 3-D model domain each summand 
can be substituted by its three components. The cross-gradient term 

then constitute an additional set of equations and enters the Gauss–
Newton system as additional rows with a corresponding weight δ
and right-hand site 

bX =
(∇ρ(1) × ∇v p (1) , . . . , ∇ρ( N ) × ∇v p ( N )

)
. 

The sensitivities of the cross-gradient term with respect to the dis- 
crete model require discretizing the spatial gradient operator. This 
is usually done either with an appropriate finite difference scheme 
if the domain is modelled by a structured grid (L. A. Gallardo & M. 
A. Meju 2003 ), or by a Taylor expansion if the domain is modelled 
by an unstructured grid (C. Jordi et al. 2020 ). As a result of the 
discretization, the gradient in each model cell depends linearly on 
the model value of the cell itself and its neighbours. With that, the 
sensitivities of the cross-g radient ter m with respect to the model 
vector m can be calculated and stored in the sensitivity matrix X . 
For a thorough derivation of the sensitivities, we refer the reader to 
Appendix B . 

The cross-gradient matrix X is now adjusted according to the 
parameter transformations, as described in Section 2.1 , resulting 
in the adjusted matrix ˜ X . With a given weight of δ for the cross- 
gradient constraints, the model update for the PS-JPI is then given 
as the least-squares solution of the system ⎛ 

⎝ 

˜ J S 
˜ D 

δ ˜ X 

⎞ 

⎠ �μ =
⎛ 

⎝ 

b 

−δbX 

⎞ 

⎠ . (9) 

2.3 Joint structural inversion 

In the previous section we added structural coupling to the domain, 
where the models are not petrophysically coupled. We can obtain 
the classical JSI scheme by considering a domain without any petro- 
physical coupling. Therefore, the PS-JPI scheme can be viewed as 
a joint generalization of the JPI scheme and the JSI scheme: If we 
trust the petrophysical relationships over the entire model domain, 
the model is characterized by a single petrophysical model. With 
this, columns two and three of J and D disappear together with the 
cross-g radient ter ms, and we obtain a classical JPI scheme. In con- 
trast, if we do not trust the petrophysical relationship anywhere in 
the model domain, the subsurface is characterized by two separate 
geophysical model vectors. Therefore, the first column of J and D 

vanishes, the cross-gradient terms act on the entire model domain, 
and we obtain a classical JSI scheme. 

3  S Y N T H E T I C  E X A M P L E S  

The P-JPI algorithm is designed to enable a partially joint petro- 
physical inversion in the case where the governing petrophysical 
laws are only valid in parts of the domain. Therefore, in the first 
section of the chapter, we introduce a synthetic case study, which 
is based on a real CO 2 -injection experiment. In the second section, 
we show that neither petrophysical inversions based on a single data 
set (‘standalone’ inversions) nor a conventional JPI approach can 
explain the recorded data. Finally, in the last section we show the 
application of the P-JPI to the synthetic data set and compare it to its 
conventional alternatives in single-data inversions and geophysical 
JSI. 

3.1 Synthetic model and data 

For our synthetic study, we consider a 2-D tomography experiment, 
using ERT and seismic traveltime data, to image the CO 2 saturation 
SCO 2 for a Carbon Capture and Storage (CCS) application. We use a 
model consisting of two regions, the CO 2 -reservoir and its caprock, 
which are separated by a straight, diagonal, lithological boundary. 
Two boreholes with a separation of 50 m have been drilled into the 
reservoir. Through these boreholes CO 2 has been injected into the 
reservoir, which was then trapped at the boundary with the caprock, 
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Figure 2. Geometry and ground-truth saturation SCO 2 (a), resistivity ρ (b), and P -wave velocity vp (c) parametrization of the synthetic model. Sensor positions 
are indicated by white squares. The outline of the CO 2 -plume is highlighted by a black line. 
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orming a distinct flag-shaped plume. The geometry is shown in the
 round-tr uth saturation model in Fig. 2 (a). 

Within the reservoir, we assume complete knowledge of the gov-
rning petrophysical laws. We assume that the reservoir consists of
orous rock, for example sandstone. The porespace is fully satu-
ated with pore water, CO 2 or a mixture thereof. That is, for the
ater saturation SW 

, the CO 2 saturation follows as SCO 2 = 1 − SW 

.
n contrast, the caprock consists of an impermeable rock, for exam-
le shales or clay-rich minerals, in which the petrophysical laws of
he reservoir are not valid. 

For the reservoir, we employ Archie’s law (G. Archie 1942 ) to
odel the relation between CO 2 saturations and resistivities. By

ssuming a fully saturated porespace, Archie’s equation can be
tated in terms of the CO 2 saturation as 

= ρW 

φ−m (1 − SCO 2 ) ︸ ︷︷ ︸ 
SW 

−n (10) 

or porosity φ, pore water resistivity ρW 

, cementation exponent m
nd saturation exponent n . 

For the relation between P -wave velocities and CO 2 saturations,
e use Gassmann’s fluid substitution model (F. Gassmann 1951 )

ogether with a Brie model (A. Brie et al. 1995 ) to describe the
lastic properties of the fluid mixture. Generally, the P -wave velocity
ollows from the shear modulus μ, which is not affected by the fluid
n the pore space, the effective bulk modulus Keff and effective
ensity �eff of the rock by the constitutive equation 

p =
√ 

�−1 
eff 

(
Keff + 4 

3 
μ

)
. (11) 

The effective density of the rock is given as the arithmetic mean
f the density of the rock matrix �matrix and the density of the pore
uid �fluid , where the mean is taken with respect to the porosity φ.
he density of the pore fluid is itself given as the arithmetic mean

with respect to the saturation SCO 2 ) of the density of the pore water

water and the density of the CO 2 , �CO 2 , as 

eff = (1 − φ) �matrix + φ�fluid and �fluid 

= SCO 2 �CO 2 + (1 − SCO 2 ) �water . (12) 

The effective bulk modulus Keff of the fluid filled rock is given
y Gassmann’s equation 

Keff = L 

1 + L 

Kmatrix with 

L = Kdry 

Kmatrix − Kdry 
+ Kfluid 

φ ( Kmatrix − Kfluid ) 
, (13) 

here Kmatrix is the bulk modulus of the rock matrix, Kdry is the dry
ock bulk modulus and Kfluid is the fluid bulk modulus. The bulk
odulus of the fluid, which is a mixture of pore water and CO 2 , is

art/ggaf531_f2.eps
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Table 1. Elastic parameters used in the Brie-Gassmann model. The values are taken from A. Ivanova et al. ( 2012 ) or chosen so that the maximum and minimum 

seismic velocities reported in A. Ivanova et al. ( 2012 ) are reproduced. 

K / μ (GP a ) � (kg m 

−3 ) v (m s −1 ) 

KCO 2 0.01 �CO 2 231.53 vmin 
p,ketzin ∼ 2720 

Kwater 3.63 �water 1164.59 vmax 
p,ketzin ∼ 3200 

Kmatrix 37.78 �matrix 2670.89 – –
Kdry 3.5 – – – –
μ 8.1 – – – –

Figure 3. Modelled petrophysical relations mapping saturation SCO 2 to resistivity ρ (a), and P -wave velocity vp (b) for different porosity parameters. The 
petrophysical relationships employed for caprock and reservoir are shown in (c). 
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modelled by Brie’s equation (with exponent 3) as 

Kfluid = ( Kwater − KCO 2 ) (1 − SCO 2 ) ︸ ︷︷ ︸ 
SW 

3 + KCO 2 . (14) 

To parametrize the model, we follow reports from the Ketzin 
CO 2 storage project, which was established around 2004 by the 
GFZ Helmholtz Centre for Geosciences close to Berlin (Germany). 
During this project, CO 2 was injected into a sandstone formation 
at 650 m depth, which is overburdened by a approximately 210 m 

thick multibarrier caprock system (A. Förster et al. 2006 ), and was 
monitored through surface measurements and four deep boreholes. 
During their petrophysical laboratory experiments, A. Ivanova et al. 
( 2012 ) reported maximum CO 2 saturations of about 50 per cent. 
Therefore, we parametrize the g round-tr uth model with CO 2 satu- 
rations of 50 per cent within the CO 2 plume and 0 per cent within 
the caprock and the remainder of the reservoir. The ground-truth 
saturation model is shown in Fig. 2 (a). 

For the Brie-Gassmann model, we use the elastic moduli reported 
in A. Ivanova et al. ( 2012 ) for sample B2-3b. Unfortunately, the au- 
thors do not provide values for μ and Kdry , so we have to choose 
appropriate values. The elastic moduli used and the velocities re- 
ported by A. Ivanova et al. ( 2012 ) are summarized in Table 1 . 

For the parametrization of Archie’s law, we use a saturation ex- 
ponent of n = 1 . 62 as reported in J. Kummerow & E. Spangenberg 
( 2011 ) for sample B2-3b together with a typical cementation expo- 
nent for sandstone of m = 2 . We then choose the pore fluid resistiv- 
ity as ρW 

= 0 . 03 , so that we get resistivity values between 0.38 μm 

for 0 per cent CO 2 -saturation and 1.18 μm for 50 per cent CO 2 - 
saturation, which are close to the values reported in J. Kummerow 

& E. Spangenberg ( 2011 ). 
In Figs 3 (a) and (b), we show the derived petrophysical laws 

within the relevant saturation range for varying values of porosity 
φ. It is noteworthy that Archie’s law is very sensitive to changes in 
porosity, that is, a small error in the estimate of porosity leads to 
significant errors in the estimate of the CO 2 saturation. This effect 
can be observed in Fig. 3 (a), where the curves corresponding to 
different porosities become almost flat for small resistivity values. 
Therefore, small changes in resistivity amount to large changes in 
the estimated saturation, which makes precise knowledge of the 
porosity imperative. 

In contrast, the P -wave velocity is less sensitive to changes in 
porosity, as shown in Fig. 3 (b), where the curves corresponding to 
different porosities are less flat. Fur ther more, the saturation- P -wave 
velocity diagram exhibits several intersections between curves for 
different porosities. This implies that the same P -wave velocity can 
be explained by different porosity values for the same saturation 
value, highlighting the inherent ambiguity between saturation and 
porosity for seismic data. 

For our synthetic model, we assume a porosity of φ = 0 . 28 within 
the reservoir layer, as reported by J. Kummerow & E. Spangenberg 
( 2011 ) for the B2-3b sample. Within the caprock layer, the petro- 
physical relations described above do not hold, but for simplicity 
we derive geophysical parameters, as if the caprock were subject 
to the same petrophysical laws and a porosity of φ = 0 . 12 , as has 
been reported for the caprock in the Ketzin project (B. Norden et al. 
2010 ). The petrophysical relations used for the reservoir and the 
caprock are also shown separately in Fig. 3 (c). 

From the true saturation model and the different petrophysical 
relations for the caprock and the reser voir, the g round-tr uth geo- 
physical models for the resistivities and P -wave velocities can be de- 
rived. The geophysical g round-tr uth models are shown in Figs 2 (b) 
and (c), where we plot the depth according to a reference datum at 
∼550 m below subsurface. The CO 2 plume is characterized by high 
resistivities, caused by the displacement of conductive pore water, 
and low P -wave velocities, due to the small bulk modulus of CO 2 , 

art/ggaf531_f3.eps


Partially joint petrophysical inversion 7

Figure 4. Observed data shown in cross-plots, with sensors indexed from top to bottom of the borehole. In panel (a) we show the observed apparent velocities. 
In panels (b) to (d) the observed apparent resistivities for fixed injection/measurement electrode distance of 1 sensor or 5 m (b), 2 sensors or 10 m (c) and 3 
sensors or 15 m are shown. 

c  

l  

h  

o
 

l  

d  

c  

s  

a  

l  

T  

s  

s  

t
 

g  

(  

n  

2  

s  

u  

w  

r  

f  

B  

t  

m
 

e  

w  

s  

i  

u  

a  

1  

w  

b  

c  

b  

b
 

a  

n  

m  

p  

h  

c  

a  

w  

t

3

W  

v  

t  

t  

w  

t  

s  

a
 

m  

a  

t

w  

a  

p  

e  

b  

t  

d  

i
 

d  

3  

o  

t  

w  

m
 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/244/3/ggaf531/8417168 by Lehrstuhl für Englische Sprache und ihre D

idaktik - R
W

TH
 Aachen user on 11 February 2026
ompared to the remainder of the reservoir. Within the caprock, the
ow porosity leads to high resistivity values, which are significantly
igher than those from the CO 2 -plume, together with high values
f P -wave velocities. 

To image the CO 2 -plume, the boreholes are equipped with co-
ocated ERT and seismic sensors, of which we use the traveltime
ata. Each borehole has a total of 31 sensors with a 5 m spacing,
overing the depth interval between 30 and 180 m. For the ERT mea-
urements, we consider configurations in which current is injected
cross both boreholes. Both potential measurement electrodes are
ocated either 5, 10 or 15 m above or below the injection electrodes.
he measurement configurations used are shown in Fig. C1 . For the
eismic traveltime measurements, we only consider the data, where
ources are placed in the left borehole (A) with receivers placed in
he right borehole (B). 

For the simulation of the synthetic data and the calculation of the
eophysical sensitivities, we use the open-source library pyGIMLi
C. Rücker et al. 2017 ). The ERT simulation is based on the fi-
ite element scheme for the Poission’s equation (C. Rücker et al.
006 ) and the traveltime seismic simulations are based on Djik-
tras algorithm (T. J. Moser 1991 ). For the forward simulations, we
se a refined version of the coarse inversion mesh. Additionally,
e choose to add the layer boundary between the caprock and the

eservoir to the meshes, since we assume that the location is known
rom the logging data, and omit smoothing over the layer boundary.
oth the forward and the inverse mesh are augmented with a 20 m

hick boundary mesh to mitigate boundary effects. The boundary
esh is omitted from the visualizations for visual clarity. 
We simulate the response of the geophysical g round-tr uth mod-

ls, which are shown in Figs 2 (b) and (c), and pollute both data sets
ith 3 per cent relative Gaussian noise. From the observed noisy

eismic data, we then calculate apparent velocities and display them
n a cross-plot in Fig. 4 (a). For the ERT data, we divide the config-
rations into six subsets, where the measurement electrodes have
 fixed offset of 1, 2 or 3 sensor positions (respectively, 5, 10 or
5 m) above or below the injection electrodes. We omit the data
ith measurement electrodes located above the injection electrodes
ecause of reciprocity. The remaining data are shown in separate
ross-plots in Figs 4 (b) to (d), where the configurations are labelled
ased on the position of the injection electrodes in the respective
oreholes. 

The low velocities and high resistivities of the CO 2 plume, as well
s the high resistivities and velocities of the caprock, are promi-
ently shown in the data. The TT seismic and ERT data show a re-
arkably sharp boundary for a rectangle marked by electrode/sensor
E  
osition 11 in borehole A and electrode/sensor position 7 in bore-
ole B, which are precisely located on the boundary between the
aprock and the reservoir. This rectangle corresponds to data that
re mainly sensitive to the model parameters of the caprock. Thus,
e will use these electrode positions later to quantify the error of

he data with respect to the caprock and the reservoir. 

.2 Conventional (joint) petrophysical inversion 

ithin this section, we first apply a conventional petrophysical in-
ersion to the separate data sets (‘standalone’ inversion) to inves-
igate the resolution capabilities of the individual methods and de-
ermine suitable regularization parameters. Using these parameters,
e then apply a conventional joint petrophysical inversion and show

hat, in regions with invalid petrophysical laws, the JPI tomogram
trongly depends on the weighting of both data sets and comprises
 structured misfit. 

For assessing the recovery of the observed data by the inverted
odel, we use the χ 2 values for the different data, which constitute

n average error-weighted least-squares misfit. The χ 2 values for
he ERT and seismic traveltime data are defined as 

χ 2 
E : =

1 

M 

M ∑ 

i= 1 

( 

( dE 
obs − dE 

syn )( i) 

eE ( i) 

) 2 

and 

χ 2 
S : = 1 

N 

N ∑ 

i= 1 

( 

( dS 
obs − dS 

syn )( i) 

eS ( i) 

) 2 

, (15) 

here eS and eE are error estimators for the seismic traveltime
nd ERT data, respectively, and M and N are the number of data
oints recorded in the corresponding surveys. For this survey, error
stimates are given as the standard deviation of the Gaussian distri-
ution used to generate the noise. The χ 2 values can also be used
o assess the recovery of the model in specific parts of the model
omain. For this, only data sensitive to the specific region under
nvestigation are considered in the sum in eq. ( 15 ). 

Individual inversions are terminated whenever the model update
oes not significantly improve the data fit or a maximum number of
5 iterations is reached. Therefore, we terminate the inversion based
n the individual data, once a model update leads to a decrease of
he corresponding χ 2 value by less than one percent. Consequently,
e terminate a joint inversion if the model updates cause both data
isfits χ 2 

E and χ 2 
S to decrease by less than one percent. 

For the joint inversions, we employ a constant weight of 1 for the
RT data misfit and weigh the seismic data relative to the absolute
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data sizes by setting γ = ˜ γ
‖d E 

obs ‖ 
‖d S 

obs ‖ 
, with the TT-weight ˜ γ . For all 

inversions, we constrain saturations to values between 0 per cent 
and 55 per cent , resistivities to values between 0.3 and 2 . 3 �m , and 
P -wave velocities to values between 2660 and 3500 m s −1 . 

In Fig. 5 we show the resulting saturation (a to c), resistivity (d, e) 
and velocity tomograms (f, g) together with the g round tr uth mod- 
els for the standalone petrophysical inversions. Within the reser- 
voir, the standalone ERT inversion provides a good recovery of 
the CO 2 -saturations, but the structure of the CO 2 -plume appears to 
be smeared, as the model features significant CO 2 -saturation val- 
ues below the CO 2 -plume and outside the monitoring boreholes. 
In contrast, the standalone TT seismic inversion recovers a sharper 
boundary of the CO 2 -plume, as the transition between high and low 

saturation values aligns more closely with the true plume bound- 
ary, but fails to provide a good quantitative estimate of the CO 2 - 
saturations within the plume. 

Within the caprock, neither of the two methods is able to recover 
the geophysical ground truth model, due to the incorrect petro- 
physical laws employed (see Fig. 3 ). In order to match the high 
resistivities of the ground truth resistivity model, the standalone 
ERT inversion recovers very high saturation values, which are con- 
strained by the log-barrier at ∼55 per cent. However, the recovered 
resistivities are still significantly too small. In contrast to that, the 
standalone TT seismic inversion recovers very small saturation val- 
ues, in order to match the high velocities of the caprock. In this 
case, saturations are constrained by the log-barrier at ∼0 per cent 
and the recovered velocities of ∼3200 m s −1 are significantly below 

the ground truth model, which features velocities of ∼3400 m s −1 

within the caprock. 
Fur ther more, both methods exhibit strongly different sensitivity 

patterns. Whereas the traveltime seismic data are only sensitive 
to saturation/velocity variations between both boreholes, the ERT 

data are also sensitive to saturation/resistivity variations up to 25 m 

outside the monitoring boreholes. 
In Fig. 6 we show the data misfit for the recovered models of 

the standalone ERT and seismic traveltime inversions. The seismic 
traveltime misfit is significantly smaller compared to the ERT data 
misfit, indicating lower sensitivity of the seismic data with respect 
to the CO 2 saturation. Both methods achieve a good data fit for the 
data points in the bottom right quadrant of the misfit plot, which 
correspond to data mainly sensitive to the reservoir. Specifically, 
the TT seismic exhibits an almost perfect χ 2 value close to unity. 

In contrast, both methods show a high, strongly structured misfit 
in the top left quadrant, caused by resistivity and velocity models 
that deviate significantly from the g round tr uth. The off-diagonal 
quadrants, which correspond to mixed sensor configurations be- 
tween caprock and the reservoir, show low misfit values for the 
seismic data, but large values for the ERT data. These large misfit 
values for the ERT indicate that the ERT is unable to compensate 
for the faulty caprock model, whereas the TT seismic again appears 
to be more robust. 

In summary, standalone inversions of the seismic and ERT data 
cannot match the observed data when the petrophysical laws are not 
valid over the entire domain. In the regions where the petrophysical 
laws apply, the saturation models are mostly recovered accurately, 
and artefacts are mainly limited to the caprock area. Within the 
caprock, the correct resistivities and velocities cannot be described 
by saturations, as they lie outside the parameter range that can be 
represented by saturations (cf. Fig. 3 c). However, if the petrophys- 
ical relations are incorrect but the relevant geophysical parameters 
can be represented by petrophysical parameters (i.e. if the incorrect 
petrophysical relation covers a smaller geophysical parameter range 
than the true/used relation), standalone inversions can explain the 
observed data, but with incorrect saturation estimates. 

In the next step, we apply a conventional JPI algorithm to the 
observed data. In Fig. 7 , we show the resulting saturation (a to d), 
resistivity (e to h) and P -wave velocity tomograms (i to l) together 
with the g round-tr ust models for TT-weights of 0.1, 1 and 10. 

All tomograms show good quantitative recovery of saturations, 
resistivities and velocities within the lower parts of the reservoir, as 
well as good recovery of the structure of the CO 2 plume. A strong 
weight on the ERT data smears the lower boundary of the recovered 
structure, whereas a strong weight on the seismic data results in a 
sharper and more accurate recovery of the lower boundary of the 
CO 2 plume (cf. 7 c). However, for strong weights on the seismic 
data, low-saturation artefacts are introduced in the centre of the 
CO 2 -plume, effectively cutting the plume in half. 

In contrast to the reservoir, the resulting tomograms show strong 
variations in the caprock with the data weighting used. A small TT- 
weight, and hence a strong relative weight on the ERT data, leads to 
the recovery of high saturation, and therefore high resistivity values 
in the caprock, which get constrained by the upper saturation bar- 
rier. Again, the resistivities recovered are significantly lower than 
the ground truth resistivity values in the caprock. The resulting to- 
mograms are comparable to the standalone ERT inversion, which 
can be seen as a limit case for the TT-weight approaching 0. How- 
ever, the high saturation values imply that the velocity model is not 
accurately recovered within the caprock. 

In contrast, a large TT-weight, and hence a strong relative weight 
on the seismic data, leads to the recovery of low saturation and 
hence high velocity values in the caprock in between both mon- 
itoring boreholes, which get constrained by the lower saturation 
barrier. Again, similarly to the standalone seismic TT inversion, the 
recovered velocities in the caprock are significantly smaller than 
the g round tr uth velocity values in the caprock. Since the travel- 
time data are only sensitive to the model parameters between the 
boreholes, high saturation compensation artefacts are introduced by 
the ERT outside the boreholes, to remedy the inaccurate resistivity 
model between the boreholes. In this case, the resulting tomograms 
between the boreholes can again be regarded as a limit case for the 
TT-weight infinity for all areas which are resolved by both methods. 

In summary, the conventional JPI approach cannot match the 
observed data when the petrophysical laws are not valid within 
the full domain. In the regions where the petrophysical laws hold, 
the saturation model is mostly accurately recovered and artefacts 
are mainly limited to the caprock area. The tomograms from the 
petrophysical inversions based on the individual data showed that 
neither the correct resistivities nor velocities can be described 
with a saturation model. Fur ther more, the application of the 
classical JPI scheme revealed that the different data sets require 
different saturation models within the caprock to match the data: 
the ERT data require high saturation to match the high resistivity, 
whereas the seismic data ask for low saturation to match the high 
seismic velocities. Therefore, either velocities or resistivities are 
preferentially recovered based on the chosen data weight, driving 
the saturation to its corresponding values. 

3.3 Partially joint petrophysical inversion 

When an accurate petrophysical law is not available, a conven- 
tional JPI becomes infeasible, and the coupling has to be either 
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Figure 5. True model parametrizations and corresponding tomograms from the individual petrophysical inversions. Rows display saturation SCO 2 , resistivity 
ρ, and P -wave velocity vp . Columns show the true models and final tomograms from the ERT and TT seismic inversion. Sensor positions are indicated by 
white squares. The outline of the CO 2 -plume is highlighted by a black line. Cells not resolved by the respective method are shown in white. 
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Figure 6. Pointwise data residual for the individual petrophysical inversions shown in cross-plots in multiples of the standard deviation of the added Gaussian 
noise. Sensors are indexed from top to bottom of the borehole. Panel (a) shows the data residuals of the traveltime data. Panels (b) to (d) show the data residuals 
of the ERT data for fix injection/measurement electrode distance of 1 sensor or 5 m (b), 2 sensors or 10 m (c) and 3 sensors or 15 m (d). The cross-plots have 
been subdivided in four ‘quadrants’ according to the sensitivity of the data to the layer interface and individual χ2 -values have been calculated for each of the 
quadrants. 
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relaxed to a structural coupling or completely omitted. Therefore, 
we apply the P-JPI to the synthetic data and compare the results 
to the only structurally coupled JSI, and the results of the stan- 
dalone geophysical inversions. In Fig. 8 , we show the g round-tr uth 
resistivities and the P -wave velocities (a and e) together with the 
tomograms of the standalone geophysical inversions (b and f), the 
tomograms of the JSI (c and g) and the tomograms of the P-JPI 
(d and h). 

The inversions based on the individual data result in different 
tomograms, which are similar in nature to the standalone petrophys- 
ical tomograms shown in Fig. 5 , but are able to recover accurate 
geophysical models within the caprock as well. The tomogram 

based on the ERT data shows a good recovery of the resistivities for 
the caprock and reservoir, even outside the boreholes. The resistiv- 
ity values within the CO 2 plume are well recovered, but the structure 
remains smeared. In contrast, the tomogram based on seismic 
traveltimes recovers the structure of the CO 2 plume better, but does 
not provide a good quantitative recovery of the velocities for the 
CO 2 plume. 

The joint structural inversion provides improved tomograms over 
the standalone inversions. The ERT tomogram appears mostly un- 
changed compared to the standalone ERT inversion, with minor 
improvements in the shape of the CO 2 plume. In contrast, the shape 
of the CO 2 plume in the TT seismic tomogram is aligned with the 
ERT tomogram, showing an arc-like outline. 

The tomograms provided by the P-JPI constitute a strongly im- 
proved model for the reservoir compared to the individual data 
tomograms and JSI tomograms. The structure of the CO 2 plume is 
almost perfectly recovered for both the resistivity and the P -wave 
velocity model. Fur ther more, the recover y of the CO 2 plume out- 
side the crosshole setup is significantly improved as a side effect of 
a more accurate model recovery within the borehole setup. 

In Fig. 9 , we show the misfit cross-plots for the standalone geo- 
physical inversions, the JSI and the P-JPI. JSI and P-JPI exhibit 
notably lower misfit values compared to standalone geophysical in- 
versions especially for the large offset ERT data, demonstrating the 
effectiveness of joint-inversion techniques for this application. The 
misfits of the P-JPI method are superior to those of the JSI, espe- 
cially for the seismic TT data and the off-diagonal quadrants of the 
ERT data. 

For the upper left quadrant, all methods exhibit slightly increased 
misfit levels for the TT data, with the P-JPI method again perform- 
ing best. For the ERT data, the upper left quadrant does not exhibit 
increased levels of misfit, which also appears to be randomly dis- 
tributed. This indicates that the decoupling of the caprock models 
in fact leads to an accurate data fit. 

Fur ther more, the lower right quadrants of the ERT misfit exhibit 
strongly reduced values when compared to the misfit cross-plots 
of the standalone petrophysical inversions in Fig. 6 . Therefore, de- 
coupling the caprock models drastically improves the data fit, even 
for data that are sensitive mainly to the reservoir model. This again 
implies that the wrong caprock model trades off with the reservoir 
and cannot be neglected. 

In contrast to the P-JPI, the geophysical standalone inversions 
as well as the JSI only provide a geophysical model of the do- 
main. These geophysical models can be interpreted as saturation 
only if their values lie within the range of resistivities or veloci- 
ties attainable through the petrophysical relationship (cf. Fig. 3 c). 
Specifically, resistivities between 0.38 and 1.4 �m and P -wave ve- 
locities between 2690 and 3200 m s −1 correspond to saturations 
between 0 per cent and 55 per cent. 

In Fig. 10 we show the ground truth saturation model, together 
with saturation models derived from the standalone geophysical 
inversions, the JSI and the P-JPI. For most methods, the geophysi- 
cal parameters of the caprock cannot be interpreted as saturations, 
since both resistivity and velocity significantly exceed the param- 
eter range that can be associated with saturation by means of the 
petrophysical relation. 

The reservoir saturation models derived from the standalone in- 
versions and the JSI show similar characteristics: For both methods, 
the ERT provides a smeared but quantitatively good recovery of 
the saturation within the CO 2 plume. For the JSI, both tomograms 
show an improved shape of the recovered CO 2 plume, with coher- 
ent boundaries. However, large par ts of the reser voir region of the 
ERT tomogram cannot be interpreted as saturations because the 
recovered resistivities are too small. 

In contrast, most parts of the reservoir can be interpreted in terms 
of saturation for the tomograms derived from the seismic traveltime 
data. The saturation tomograms for both the standalone and the JSI 
show a decent recovery of the CO 2 plume shape. The outline of 
the CO 2 plume of the JSI is aligned with the ERT model. However, 
both saturation tomograms derived from velocity models show a 
poor quantitative recovery of the saturation, which is significantly 
underestimated. 

The P-JPI provides an excellent tomographic result for the reser- 
voir saturation model between the boreholes and a good saturation 
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Figure 7. True model parametrizations together and corresponding tomograms from the JPI using different data weighing factors. Rows show saturation SCO 2 , 
resistivity ρ and P -wave velocity vp . Columns show the true models, and tomograms for data weighing factors of 0.1, 2 and 10, respectively. Sensor positions 
are indicated by white squares. The outline of the CO 2 -plume is highlighted by a black line. Cells not resolved by either ERT or TT seismics are shown in 
white. 
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Figure 8. True model parametrization together with tomograms from the individual geophysical inversions, JSI, and P-JPI. Rows show resistivity ρ and P -wave 
velocity vp . Columns show the true models, and the tomograms from standalone geophysical inversions, JSI and P-JPI. Sensor positions are indicated by 
white squares. The outline of the CO 2 -plume is highlighted by a black line. Cells not resolved are displayed in white. For the P-JPI, cells in the trusted region 
(reservoir) are resolved if they are resolved by either ERT or TT seismics. In the untrusted region cells are considered to be resolved, if they are resolved by 
the their respective method. 
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estimate up to 25 m outside the monitoring borehole setup. Both the 
CO 2 plume outline and the saturation values are recovered very pre- 
cisely. In contrast to the standalone inversions, the P-JPI provides a 
unique saturation model for the reservoir, making the interpretation 
unambiguous. 

4  D E T E C T I O N  O F  Z O N E S  W I T H  

FAU LT Y  P E T RO P H Y S I C A L  R E L AT I O N S  

The P-JPI relies on prior knowledge of where the petrophysi- 
cal relationships are valid. In practice, this information is often 
unavailable or highly uncertain. Therefore, identifying regions in 
which the petrophysical laws hold or break down is crucial, espe- 
cially if limited prior information is available or the subsurface is 
highly heterogeneous. 
For a crosshole setup, the data cross-plots in Fig. 4 reveal that 
certain regions are sensitive only to certain data. Consequently, 
investigating the data misfit in these cross-plots (see Fig. 6 ) can 
indicate regions with high data misfit, which may results from either 
poor data quality or invalid petrophysical relationships. However, 
this method provides only a rough estimate of where petrophysical 
relations break down. Fur ther more, it is unclear whether and how 

this procedure can be generalized to surface or irregular acquisition 
setups. 

In general, regions with inappropriate models are identified 
through model updates during the inversion process. For petro- 
physical relations that are valid throughout the full model do- 
main, performing a full joint petrophysical inversion leads to a 
model that explains both data and therefore no data requests further 
model updates. In contrast, Fig. 8 shows that if the petrophysical 
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Figure 9. Pointwise data residual shown in cross-plots in multiples of the standard deviation of the added Gaussian noise. Sensors are indexed from top to 
bottom of the borehole. Columns correspond to a single inversion, that is individual inversions of the ERT and TT data set respectively, JSI and P-JPI. Rows 
show the data residuals of the traveltime data, and data residuals of the ERT data for fix injection/measurement electrode distance of 1 sensor or 5 m, 2 sensors 
or 10 m and 3 sensors or 15 m. The cross-plots have been subdivided in four ‘quadrants’ according to the sensitivity of the data to the layer interface and 
individual χ2 -values have been calculated for each of the quadrants. 
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Figure 10. True saturation model together with saturation interpreted from the standalone geophysical inversions, JSI and P-JPI. We show the g round-tr uth 
situation (a). Panels (b) to (d) show the saturation interpreted from the resistivity model of the standalone ERT, JSI and mixed saturation/resistivity model of 
the P-JPI. Panels (e) to (g) show the saturation interpreted from the P -wave velocity model of the standalone TT seismics, JSI and the mixed saturation/velocity 
model of the P-JPI. Sensor positions are indicated by white squares. The outline of the CO 2 -plume is highlighted by a black line. Cells not resolved are displayed 
in white. For the P-JPI, cells in the trusted region (reservoir) are resolved if they are resolved by either ERT or TT seismics. In the untrusted region cells are 
considered to be resolved, if they are resolved by the their respective method. Cells with geophysical parameter values outside the range of the petrophysical 
relationship employed cannot be interpreted as saturations and are displayed in grey. 
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relations are invalid in parts of the domain, the resulting model 
does not explain both data. Instead, the recovered petrophysical 
model explains one of the data sets based on the selected data 
weight, as different petrophysical models are needed to explain the 
different data, or constitutes a compromise thereof. In this case, 
both data individually request model updates, which cancel each 
other out. 

We can use this insight to decide whether and where the petro- 
physical relations hold within the domain. Specifically, we compute 
model updates independently for each data set. In regions where 
the petrophysical laws hold, these individual model updates should 
be similar and disappear in the course of the inversion. In contrast, 
in regions where the petrophysical laws do not apply, both model 
updates requested by the individual data will not vanish and differ 
strongly. 
We incorporate this approach in the P-JPI algorithm: In order to 
avoid decoupling parts of the models in which the petrophysical re- 
lationships hold, we first perform conventional joint petrophysical 
inversion steps until the data fit no longer improves significantly 
and a compromise model for both data is reached. Only hereafter 
we allow parts of the model domain to be decoupled. Before each 
subsequent model update, we assess whether and where the petro- 
physical laws hold by comparing model updates derived from the 
individual data. Cells where the difference between both updates 
exceeds a specified threshold are then decoupled. 

To prevent the formation of small, isolated patches, we include a 
minimum area criterion for both coupled and decoupled regions. For 
this, we construct a graph based on the mesh and its connectivity, 
where each cell is represented as a node, and nodes are connected, if 
their corresponding cells neighbour each other. First, we investigate 
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Figure 11. Individual model updates and suggested petrophysical trust region. Panels (a) and (b) show the model updates suggested for the first detection step 
of the petrophysically trusted region. Panel (c) shows the region of model cells with tr usted/untr usted petrophysical relations after the removal of components 
smaller than 500 m 
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he size of all connected components, where the models are sug-
ested to be decoupled and decouple only components that exceed
he minimum area. Secondly, we calculate all connected compo-
ents, where the models are suggested to be coupled, and only keep
hem coupled if they exceed in the minimum area. This approach
revents the occurrence of isolated coupled and decoupled cells. 

We apply the P-JPI approach with automatic detection of the
etrophysical validity to our synthetic data set. We use a TT-weight
f 2.0 and initiate the decoupling process when neither data set
mproves its respective χ 2 misfit by more than 1 per cent, when the
nversion would terminate otherwise. Model cells are decoupled if
he difference between individual updates exceeds 9.9 per cent. 

Figs 11 (a) and (b) display the model updates derived from in-
ividual data sets for the first detection step. The model update
ased solely on the ERT data exhibits only minor updates within
he reservoir and no significant updates within the caprock. In con-
rast, the model update based only on the seismic traveltime data is
arge within the caprock and the uppermost 20 m of the reservoir,
s well as around the location of the CO 2 plume. This observa-
ion highlights the trade-offs between the caprock and reservoir

odels. 
The imbalance in the magnitudes of the model updates within

he caprock area stems from the TT-weight of 2.0 which tends to
avour the ERT-data over the traveltime seismic data (see Fig. 7 ). As
 result, the initial model used to determine the validity of the petro-
hysical laws is similar to the standalone ERT tomogram, and the
nversion based on the ERT data alone suggests only minor updates.
n the reservoir, both model updates show significant contributions,
ndicating that the wrong caprock parameters significantly influence
he reservoir model. 
Fig. 11 (c) shows the final detection result for zones with trusted
nd untrusted petrophysical relations. Wrong petrophysical rela-
ionships are detected in the caprock between the monitoring bore-
oles and in the upper 20 m of the reservoir, again underscoring the
rade-off between the caprock and the reservoir model. 

Fig. 12 shows the final saturation tomogram, together with the
nal velocity and resistivity models. The final saturation tomogram

n Fig. 12 (a) shows a very accurate recovery of saturations in the
eservoir area, where the petrophysical relationships are trusted. In
he caprock, the model remains coupled outside the borehole setup,
s this area is not sensitive to the traveltime seismic data and the
RT data does not request big model updates. In these areas, the
odel exhibits high saturation values around 55 per cent. Although

hese saturation values are generally too small to explain the high
esistivity of the caprock, this model tends to fit the ERT data. 

The final resistivity and velocity tomograms shown in Figs 12 (b)
nd (c) show a good recovery of the resistivity and P -wave velocity
odels within the borehole setup, as well as outside the borehole

etup within the reservoir. 
The resistivity model shows a sharper recovery of the CO 2 plume

oundaries compared to the geophysical standalone ERT tomo-
rams in Fig. 8 (b) and the caprock model is recovered accurately
ithin the borehole setup. Note, however, that the layer boundary

s not recovered as accurately compared to the standalone inversion
ecause we assume no structural knowledge about the subsurface
nd structures are therefore smoothened over the layer boundary.
utside the borehole setup, the resistivity values are significantly

ower than the g round tr uth values, as the domain outside the bore-
ole setup remains coupled and the resistivity values are constrained
y the maximum CO 2 saturation of 55 per cent. 
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Figure 12. Final saturation model (a), resistivity model (b) and P -wave velocity model (c) for the P-JPI with automatic detection of the zones with trusted 
petrophysical relations. Cells not resolved are displayed in white. Cells with untrusted petrophysical relationship are displayed in grey in the saturation model. 
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The P -wave velocity tomogram also exhibits a good recovery 
of the caprock parameters and an improved recovery of the CO 2 

plume outline and parameters compared to the standalone traveltime 
seismic tomography shown in Fig. 8 (f). Again, the layer boundary 
appears smeared compared to the standalone tomography as the 
model is smoothed over the layer boundary. 

In summary, the P-JPI with automatic detection provides im- 
proved reservoir model recovery compared to the standalone geo- 
physical inversion and a unique saturation model for most parts of 
the reservoir. Therefore, the P-JPI with automatic detection provides 
a good solution for the estimation of the CO 2 saturations when no 
information on the structure of the subsurface and the validity of 
the petrophysical relations employed is available. 

5  D I S C U S S I O N  

The synthetic experiments conducted in Section 3 demonstrated that 
joint inversion techniques are highly advantageous within a CO 2 

monitoring scenario, with both individual techniques exhibiting in- 
herent weaknesses. Tomography based only on ERT data provides 
exact quantitative estimates of the CO 2 saturations, but the struc- 
tures appear smeared on the tomograms. Tomography based only 
on seismic traveltime information is capable of providing improved 
information about the subsurface structure but provides only poor, 
effectively unusable quantitative estimates between the boreholes. 

Applying a conventional JPI scheme showed that coupling the 
models petrophysically constitutes a strong quantitative (and hence 
structural) coupling that leads to greatly improved tomograms for 
regions with valid petrophysical relationships. However, if the petro- 
physical relationships are not valid in the entire model domain, 
major artefacts are introduced in regions where the petrophysical 
relationships hold and individual or joint petrophysical inversion 
becomes infeasible. This statement is also supported by the χ 2 val- 
ues in Table 2 , which indicate that both the individual and joint 
petrophysical inversion exhibit very high misfit values. 

Artefacts arising from wrong petrophysical relationships can be 
classified into two categories: First, boundary artefacts occur when 
the correct geophysical parameters cannot be represented by petro- 
physical parameters, causing the parameters to become trapped at 
the prescribed boundaries. Secondly, compromise artefacts occur 
if the geophysical parameters still lie within the range of repre- 
sentable values, but both data need different petrophysical models 
to explain the respective data. This makes the resulting model highly 
dependent on the data weight. 

Relaxing the joint inversion scheme to a mere structural coupling 
leads to an excellent data fit (see Table 2 ) and improved tomograms. 
However, the traveltime tomogram does not profit of the quantita- 
tive information provided by the ERT tomogram. Therefore, JSI re- 
sults in two very different estimates for the CO 2 -saturations, which 
inhibits a quantitative interpretation of the tomograms. Although 
this effect can likely be mitigated by using more sensitive imag- 
ing techniques like seismic full waveform inversion, petrophysi- 
cal coupling constitutes the superior coupling technique, whenever 
applicable. 

Our study demonstrates that decoupling the petrophysical model 
for the caprock while maintaining petrophysical coupling within the 
reservoir results in a highly accurate and unique saturation model 
for the reservoir. Moreover, this approach achieves a significantly 
better fit for both the ERT and seismic data compared to all other 
JPI inversions, clearly outperforming the standalone geophysical 
inversions. Therefore, the P-JPI combines the best of both worlds, 
a quantitatively accurate tomogram with good data fit that is unique 
wherever the petrophysical relations hold. 
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Table 2. TT-weight and χ2 data misfit of different inversion schemes for both ERT and TT data. 

Petrophysical (ind.) Geophysical (ind.) JPI JPI JPI JSI P-JPI 

TT-weight N/A N/A 0.1 2 10 2 2 
ERT 26.23 2.78 27.47 40.32 52.78 1.84 2.15 
TT 1.76 1.05 14.97 6.23 4.34 1.14 1.02 
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Generally, the petrophysically decoupled region should be
quipped with cross-gradient constraints, to make the P-JPI a true
ybrid method. We tested adding cross-gradient constraints for our
ynthetic example, but the resulting tomograms were qualitatively
imilar to those shown in Section 3 , since the caprock does not
xhibit relevant structures. 

The application of the conventional JPI to our synthetic exam-
le led to artefacts mainly in the region of faulty petrophysical
aws but also significantly influenced the region close to the bound-
ry between caprock and reservoir. However, we expect that this
bservation cannot be generalised and depends strongly on the ac-
uisition setup. For example, in surface-based acquisition, we ex-
ect the effects of partially invalid petrophysical laws to be more
evere. 

For the P-JPI, prior knowledge of the zones where the petro-
hysical relations hold and do not hold is required. We showed that
ones of invalid petrophysical relationships can be inferred based
n multiple geophysical data by analysing the model updates re-
uested by the individual data. For our synthetic case, we could
orrectly identify the caprock as a zone of invalid petrophysical
elationships. Unfortunately, the trade-off between the caprock and
eservoir models did not allow us to precisely determine the bound-
ry, and significant parts of the reservoir were also decoupled. We
xpect that the detection of these zones can be improved by using
ore advanced strategies, e.g. decoupling the model before a full

ompromise model is reached to reduce the effect of artefacts and
ocal minima as well as using cross-gradients constraints to enforce
pdates with similar structure. 

Recovery of regions with invalid petrophysical laws, indicated
y divergent model updates suggested by the individual methods,
rovides information only for regions in which both data are sen-
itive. However, in the case of boundary artefacts—that is, when
he petrophysical parameters cannot represent the true geophysi-
al parameters—it is possible to infer the invalidity of the petro-
hysical relationships. In such cases, a standalone petrophysical
nversion does not propose model updates, as the parameters are
onstrained by the log-barrier function. In contrast, a standalone
eophysical inversion will suggest non-trivial model updates be-
ause the geophysical parameters are not adjusted to fit the recorded
ata. Therefore, regions with invalid petrophysical relations con-
trained at the parameter boundaries can be identified by compar-
ng the model updates suggested by standalone petrophysical and
eophysical inversions. However, this remains a subject for future
esearch. 

In practical applications, petrophysical parameters are often only
f interest in some parts of the domain. The P-JPI offers a suit-
ble approach for a target-oriented petrophysical inversion. For this,
he models are only coupled for the target region, where a coher-
nt petrophysical model is enforced, whereas the other regions are
erely modelled geophysically. This approach then limits the influ-

nce of variations of the hyperparameters of the petrophysical laws
nd prevents the occurrence of artefacts thereof. 
26
 C O N C LU S I O N  

oint inversion techniques have the potential to drastically improve
ubsurface imaging compared to single-data inversions. The com-
ination of ERT and seismic traveltime data in the context of es-
imating CO 2 saturations proved to be very advantageous, with
RT providing accurate quantitative information and seismic data
roviding accurate structural information. Employing petrophysi-
al coupling proved to provide superior tomograms but relies on
ccurate petrophysical laws for the full model domain. 

We showed that wrong petrophysical laws lead to artefacts that
trongly depend on the data weighting, as well as to structured
isfit in the data. The P-JPI method provides a hybrid approach,

ombining petrophysical and structural coupling, to create accurate
omograms when the petrophysical laws are only valid in some parts
f the model domain. For this, the geophysical models are petro-
hysically coupled in regions where the petrophysical laws hold,
nd merely structurally coupled, wherever the petrophysical laws
re invalid. This approach is able to provide a unique petrophysical
ubsurface model whenever possible, while providing a good data
t. 
The P-JPI enables the application of joint petrophysical inver-

ion even if the petrophysical laws are not known in the full model
omain or petrophysical parameters only of interest in a subdo-
ain. Finally we showed, that petrophysical joined inversion pro-

ides means, to quantify regions with invalid petrophysical laws.
y combining the benefits of structural and petrophysical coupling,
ur study contributes to improved quantitative subsurface imaging
n multiple geophysical modalities. 
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A P P E N D I X  A :  T R A N S F O R M E D  

JA C O B I A N  M AT R I C E S  

We derive an explicit formula for the transformed Jacobian ma- 
trix ˜ J for both the petrophysical and the geophysical case. Without 
loss of generality, we derive the formulation for the ERT mea- 
surement as the formulation for the seismic traveltime data fol- 
lows by replacing the forward operator, petrophysical law and log- 
barrier transformation with the corresponding seismic equivalents. 
For the petrophysical case, assume a fully petrophysically coupled 
model, that is, the full domain is parametrized by saturations. We 
denote the ERT forward operator by F E and obtain the relationship 

˜ m 

ϕ−1 

−−→ m 

pE 

−→ ρ
F E −→ d E 

obs . By the chain rule, we have 

∂d E 
obs 

∂ ˜ m 

= ∂d E 
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∂ρ

∂ρ

∂m 

∂m 

∂ ˜ m 

. (A1) 

The derivatives of the observed data with respect to the resistivity 

model 
∂d E 

obs 
∂ρ are obtained from the numerical solver, as explained in 

Section 2.1 . The derivative of the geophysical model with respect 
to the petrophysical model ∂ρ

∂m 

and the derivative of the petrophys- 
ical model with respect to the (inverse) log-barrier transformation 
∂m 

∂ ˜ m 

are obtained from a finite difference approximation. The final 
Jacobian matrix follows as 
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(A2

As the last two partial derivatives are constant throughout each 
column, we can rewrite eq. ( A2 ) by matrix multiplication from the 
right as 

˜ J = G · diag 

(
∂ρ1 

∂m1 
, . . . ,

∂ρ1 
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)
· diag 

(
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)
(A3) 

with geophysical Jacobian G = ∂d E 
obs 

∂ρ . 
For the model characterized by geophysical quantities together 

with log-barrier constraints, we obtain the analogue relation ˜ m 

ϕ−1 

−−→ 

ρ
F E −→ d E 

obs . Following the derivations above, the final Jacobian cal- 
culates as 
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and 

˜ J = G · diag 

(
∂ρ1 

∂ ˜ m1 
, . . . ,

∂ρN 

∂ ˜ mN 

)
. (A5) 

In the case of a partly decoupled parametrization, the final Jaco- 
bian is compiled column by column. 

A P P E N D I X  B :  C RO S S - G R A D I E N T  

C O N S T R A I N T S  F O R  U N S T RU C T U R E D  

M E S H E S  

The derivation of the cross-gradient constraints is similar to the 
one presented in C. Jordi et al. ( 2020 ) but has been developed 
independently of this publication. Therefore, we here provide a 
short derivation and point out the major differences to the approach 
presented in C. Jordi et al. ( 2020 ). 

Calculating the gradient for the resistivity ρ and P -wave ve- 
locity v p model requires a discretization of the spatial gradient 
operator. For regular meshes, this can be achieved by standard 
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nite-difference approaches, which are based on Taylor approxi-
ations. This approach can be straightforwardly generalized to un-

tructured meshes: For a general model m , a cell with index c and
ell centre xc , the first-order Taylor approximation reads m ( x) ∼

m ( c) + ∇m ( c)T ( x − xc ) for all x in the neighbourhood of xc . For
wo spatial dimensions, the model gradient ∇m consists of two com-
onents, which can be determined using a least-squares approach.
his approach differs from C. Jordi et al. ( 2020 ) in that we directly
se the Taylor expansion instead of a generalized linear fit, which is
ot fixed at xc to m ( c) , but rather contains an additional offset term.

We choose k neighbour cells n1 , . . . , nk with cell centres
x1 , . . . , xk and collect the Taylor expansions as a system of equa-
ions. 
 

 

 

(x1 − xc )
. . . 

(xk − xc )

⎞ 

⎟ ⎠ 

∇m ( x) =

⎛ 

⎜ ⎝ 

m ( n1 ) − m ( c) 
. . . 

m ( nk ) − m ( c) 

⎞ 

⎟ ⎠ 

= : Dc �m ( x) (B1) 

e define the spatial gradient by the least-squares solution of
q. ( B1 ), more specifically as ∇m ( c) = (Dc 

T Dc )−1 Dc � m ( c) = :
Ec �m ( c) . In contrast to the approach of C. Jordi et al. ( 2020 ), we
o not employ a space-dependent weighting for the solution of the
east-squares problem. 

The discretization operator Dc and its least-squares solution op-
rator Ec depend only on the chosen neighbours and the geometry
f the mesh and can therefore be calculated in advance once and
tored. For a 2-D model, this system is non-singular, if at least two
eighbour cells are considered, which are not aligned with respect
o the cell centre xc . However, we recommend the use of at least
hree neighbour cells for numerical stability. 

By eq. ( B1 ), the spatial gradient depends linearly on the model
tself. We can now calculate the sensitivities of the cross-gradient
erm with respect to the underlying models in two ways: either ex-
anding the right-hand side or deriving explicit sensitivities directly
rom the least-squares representation. 

First, we expand the right hand side and write �m ( c) as a function
f the full model vector m . This yields the following: 

m ( c) = V m with V i, j =
⎧ ⎨ 

⎩ 

1 , for j = ni 

−1 , for j = c 
0 , else 

(B2) 

nd the spatial gradient follows as ∇m ( c) = ˜ Dc V m = : Ec m with
he sparse matrix Ec . 

The discretized cross-gradient term of the resistivity and P -wave
elocity model can then be written as ∇ρ( x) × ∇v p ( x) = (Ec ρ ×

Ec v p )( x) . By basic properties of the cross-product the sensitivities
ith respect to the model vector follow as 

∂
(∇ρ × ∇v p 

)
∂ρ

( c) = 

∂∇ρ

∂ρ
( c) × ∇v p ( c) + ∇ρ( c) × ∂∇v p 

∂ρ
( c) 

= Ec × ∇v p ( c) and (B3) 
∂ ∇ρ × ∇v p 

∂v p 
( c) = 

∂∇ρ

∂v p 
( c) × ∇v p ( c) + ∇ρ( c) × ∂∇v p 

∂v p 
( c) 

= ∇ρ( c) × Ec = −Ec × ∇ρ( c) . (B4) 

Alternatively, sensitivities can be directly derived from the least-
quares solution by rewriting the matrix ˜ Dc column-wise, by 

m ( x) = ˜ Dc �m ( x) =
⎛ 

⎝ 

| | 
˜ D1 

c . . . 
˜ Dk 

c 

| | 

⎞ 

⎠ �m ( x) (B5) 

= m ( n1 ) ˜ D1 
c + . . . + m ( nk ) ˜ Dk 

c −
(

m ( c)( ˜ D1 
c + . . . + ˜ Dk 

c )
)

. (B6) 

he sensitivities therefore directly follow from the matrix Ec as 

∂
(∇ρ × ∇v p 

)
∂ρ j 

( c) = 

∂∇ρ

∂ρ j 
( c) × ∇v p ( c) 

= 

⎧ ⎨ 

⎩ 

−( ˜ D1 
c + . . . + ˜ Dk 

c ) × ∇v p ( c) , for j = c 
˜ Di 

c × ∇v p ( c) , for j = ni 

0 , else 

(B7)

∂
(∇ρ × ∇v p 

)
∂v p, j 

( c) = ∇ρ( c ) × ∂∇v p 

∂v p , j 
( c ) 

= 

⎧ ⎨ 

⎩ 

−∇ρ( c) × ( ˜ D1 
c + . . . + ˜ Dk 

c ) , for j = c 
∇ρ( c) × ˜ Di 

c , for j = ni 

0 , else 
.

(B8)

P P E N D I X  C :  E L E C T RO D E  

O N F I G U R AT I O N S  

he electrodes for the ERT were placed with three different, but
xed, offsets of 5, 10 and 15 m. In all cases, the first current elec-

rode was positioned in the left borehole, and the first potential
easurement electrode was placed at the specified offset below it.
imilarly, the second current electrode was positioned in the right
orehole, with the second potential measurement electrode placed
elow it at the same offset. Both electrode pairs were then moved
ndependently along the boreholes while maintaining the fixed off-
et. 
er on 11 February 2026
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Figure C1. Electrode configurations with fixed offset of 5 m (a), 10 m (b), 15 m (c) superimposed on the true resistivity model. 
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