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Locality is a fundamental feature of many physical time evolutions. As-
sumptions on locality and related structural properties also underlie recently
proposed procedures for learning an unknown Hamiltonian from access to the
induced time evolution. However, no protocols to rigorously test whether an
unknown Hamiltonian is in fact local were known. We investigate Hamiltonian
locality testing as a property testing problem, where the task is to determine
whether an unknown n-qubit Hamiltonian H is k-local or e-far from all k-local
Hamiltonians, given access to the time evolution along H. First, we emphasize
the importance of the chosen distance measure: With respect to the operator
norm, a worst-case distance measure, incoherent quantum locality testers re-
quire ©(2") many time evolution queries and an expected total evolution time
of (2" /¢), and even coherent testers need (2"/2?) many queries and Q(2"/2 /)
total evolution time. In contrast, when distances are measured according to
the normalized Frobenius norm, corresponding to an average-case distance, we
give a computationally efficient incoherent Hamiltonian locality testing algo-
rithm with query complexity O(1/¢%) and total evolution time O(1/e3), based
on randomized measurements. In fact, our procedure can be used to simulta-
neously test a wide class of Hamiltonian properties beyond locality. Finally, we
prove that learning a general Hamiltonian remains exponentially hard with this
average-case distance, thereby establishing an exponential separation between
Hamiltonian testing and learning. Our work initiates the study of property
testing for quantum Hamiltonians, demonstrating that a broad class of Hamil-
tonian properties is efficiently testable even with limited quantum capabilities,
and positioning Hamiltonian testing as an independent area of research along-

side Hamiltonian learning.

1 Introduction

In quantum mechanics, systems evolve according to the unitary group generated by some
self-adjoint Hamiltonian [Sch26b; Sch26a; Sto32]. This makes extracting information
about an unknown Hamiltonian from access to the corresponding time evolution a central
task when it comes to understanding fundamental processes in physics, which is studied
for instance in quantum sensing [All+25]. Moreover, given recent progress in experimental
implementations of early quantum devices, extracting Hamiltonian information also gains
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technological relevance, for instance for benchmarking applications in quantum simulation
and quantum computing.

In many physically relevant quantum systems, the Hamiltonian describing the time
evolution is not an arbitrary self-adjoint operator but has additional structure. In par-
ticular, as physical processes often arise from local interactions, k-local Hamiltonians —
Hamiltonians that can be written as a sum of terms that act non-trivially only on & out of
the overall n many subsystems, often with & = O(log(n)) or k = O(1) — play an important
role in modeling real-world systems. Additionally, some proposed quantum computing ar-
chitectures such as [AAB+19; AC25] also come with natural locality constraints, and are
thus naturally described by (possibly even geometrically) local Hamiltonian interaction
terms. In addition to fundamental and practical relevance, locality also carries theoretical
importance. For instance, a majority of recent works establishing rigorous guarantees for
learning an unknown Hamiltonian from either its Gibbs state or from access to its time
evolution (see Section 1.3 for an overview) rely on structural assumptions on the Hamil-
tonian that in particular require locality, such as having a bounded-degree interaction
graph. However, no protocols for testing whether an unknown Hamiltonian satisfies such
assumptions were known. The testing protocol we propose in this work can hence be used
to check whether a given unknown Hamiltonian satisfies this assumption and thus serve
as a preprocessing step for learning. Furthermore, by iteratively applying our protocol for
different locality parameters, we can estimate the locality parameter and thereby quantify
the amount of resources needed for Hamiltonian learning. Additionally, our protocol can
be used to check the implementation of a known Hamiltonian, as any implementation will
very likely be imperfect due to cross-talk between qubits and other sources of noise.

In this work, we investigate the tasks of testing locality and more general properties of
an unknown Hamiltonian, such as sparsity and being low-intersection (see Remark B.2),
in the framework of property testing. Concretely, given access to the time evolution'
according to an unknown Hamiltonian H, we aim to determine whether H is k-local or far
from all k-local Hamiltonians. In fact, versions of this Hamiltonian locality testing task
have already been proposed as interesting problems, albeit not studied, in [MW16; SY23].
We demonstrate that the feasibility of Hamiltonian locality testing crucially relies on how
distances between Hamiltonians are measured. On the one hand, we establish hardness
of locality testing with the distance measured by the operator norm. On the other hand,
for the normalized Frobenius norm as distance measure, we give an efficient Hamiltonian
locality tester. In fact, we show that our algorithm can be modified to efficiently test
for a variety of Hamiltonian properties, specified by subsets of all possible Pauli strings.
Finally, we highlight a crucial difference between Hamiltonian testing and learning: While
we achieve efficient Hamiltonian property testing with respect to the normalized Frobenius
norm, we show hardness of learning an arbitrary Hamiltonian with the same notion of
distance.

1.1 Problem statement: Hamiltonian locality testing

Throughout, we consider the Pauli expansion H = }_pcp apP of an n-qubit Hamiltonian
H, where P,, = {I, X, Y, Z}®" is the set of n-qubit Paulis and where the ap = Tr[HP]/on
are the (real) Pauli basis coefficients of H. We call the Hamiltonian H k-local if ap =0
holds for all P € P,, with |P| > k. Here, |P| denotes the weight of a Pauli string P, that

'We note that we do not assume access to inverse time evolution. While inverse time evolution access
is natural if the unknown quantum process is realized via a quantum circuit, reversing time can be hard in
physically motivated scenarios; as argued in [TW25], inverse time evolution access is a non-trivial resource.
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is, the number of non-identity tensor factors in P. We w.l.o.g. assume that age» = 0 to
avoid physically irrelevant global phases. We phrase the problem of testing whether an
unknown Hamiltonian is (at most) k-local as a property testing problem:

Definition 1.1 (Hamiltonian locality testing). Given a locality parameter 1 < k < n,
a norm |||-||, and an accuracy parameter ¢ € (0,1), the Hamiltonian k-locality testing
problem, denoted as Nﬁf(s), is the following task: Given access to the time evolution
according to an unknown Hamiltonian H, decide, with success probability > 2/3, whether

(i) H is k-local, or

(it) H is e-far from being k-local, that is,

‘H — ﬁ’” > ¢ for all k-local Hamiltonians H .

If H satisfies neither (i) nor (ii), then any output of the tester is considered valid.

Here, we can use different norms |||-|| to measure the distance between two Hamilto-
nians. Motivated by operational interpretations as worst-case and average-case notions of
distance, respectively, we focus on the Schatten co-norm ||-|| (aka operator norm) and
the normalized Schatten 2-norm ﬁ |-l (aka normalized Frobenius norm).

In this work, we study how easy or hard it is to achieve Hamiltonian locality testing
with respect to these different norms. On the one hand, we consider incoherent quantum
algorithms, which can only perform measurements on single copies of time-evolved states,
and which cannot interleave Hamiltonian time evolution with control operations. Here, we
do, however, allow for adaptively chosen input states and measurements in the different
experiments performed for testing. On the other hand, we also consider more general
coherent quantum algorithms, describing the most general quantum experiments that can
be performed when given access to an unknown Hamiltonian time evolution. Additionally,
we may restrict the algorithms to have access to no or only few auxiliary qubits. See
Section 2.4 for a detailed discussion of the kinds of quantum protocols that we consider.
Our negative results cover both the incoherent and the coherent case. Our positive results
are phrased in the framework of simple incoherent quantum testing algorithms. As such,
they serve as examples of the power of simple-to-implement protocols for testing properties
of a Hamiltonian, which may be feasible in short- or mid-term quantum devices.

1.2 Main results

An immediate approach towards solving the testing problem from Definition 1.1 is to
(approximately) learn the unknown Hamiltonian to a sufficient accuracy and to then decide
based on whether the learned hypothesis Hamiltonian has the desired property or not.
Given that the unknown Hamiltonian H can be arbitrary, instantiating this approach
requires Hamiltonian learning protocols that work without any structural assumptions.
Such procedures were recently proposed in [Car24; CW25]. However, as we discuss in
more detail in Section 4.1, this naive “testing via learning” strategy with the protocols
of [Car24; CW25] has an undesirable feature: When working with any norm except for
the {oo-norm on the coefficient vector (ap)p, ||-||pauli,c0, it uses a number of queries to the
unknown Hamiltonian and a total evolution time that both scale exponentially in n. This
raises the question:

For which norms is it possible to efficiently test Hamiltonian locality?

We provide the first rigorous answers to this question In our first result (see Theo-
rems 3.1 and 3.6 for a formal statement), we show that the locality testing task is hard
with the Schatten co-norm:
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Theorem 1.2 (Hardness of Hamiltonian locality testing with respect to the operator norm
— Informal). For k < O(n), any ancilla-free, incoherent, adaptive quantum algorithm that
solves the k-locality testing problem ’mlfnc (€), even only under the additional promise that

the unknown Hamiltonian H satisfies Tr[H] = 0 and ||H|,, < 1, has to make at least
N > Q(2™) queries to the unknown Hamiltonian and has to use an expected total evolution

time of at least E[T] > Q (%) FEven any coherent quantum algorithm achieving the same
has to make at least N > €} (2”/2) many queries and has to use a total evolution time of

at least T > Q (%)

Here and throughout, we use © to hide factors that are polylogarithmic in the leading
order term. Theorem 1.2 says that testing k-locality is not possibly query-efficiently or
with efficient evolution time when using the Schatten co-norm as a distance measure. In
fact, we show this for all Schatten p-norms, p > 1. With our next result, we demonstrate
that this changes significantly when considering the normalized Schatten 2-norm instead,
which (see Appendix A.2) corresponds to a an average-case distance measure for unitaries
and channels [Nie02] that has recently been considered in a variety of testing and learning
contexts [MW16; Hua+22; Car+23; Car24; Zha+24; BY23; Hua+24; Nad+24; VH24].
With this distance measure, we can achieve efficiency in terms of the number of queries,
the total evolution time, and even with respect to the classical post-processing time. In
particular, we give a procedure that tests whether an unknown Hamiltonian is k-local and
that achieves this with a polynomial number of queries, a polynomial overall evolution
time, and with polynomial classical post-processing time.

Theorem 1.3 (Efficient Hamiltonian locality testing with respect to normalized Frobenius
norm — Informal). Let k < O(n). When promised that the unknown Hamiltonian H
satisfies Tr[H] = 0 and |H||,, < 1, there is an ancilla-free, incoherent, non-adaptive
quantum algorithm that solves the Hamiltonian k-locality testing problem T19° 1l (€) using
Zawllle
O (e71) many queries to the unknown Hamiltonian, a total evolution time of O (¢73), and
k+3
TL64
stabilizer states as inputs and stabilizer basis measurements at the output.

a classical post-processing time of (’)( Moreover, the testing algorithm uses only

In fact, while we state Theorem 1.3 (the formal version of which can be found in
Corollary 4.3) in terms of locality testing, our procedure allows us to establish a more
general Hamiltonian property testing result. In particular, we show (see Theorem 4.2 for a
detailed statement): Let S C P, be a subset with |S| < O(poly(n)), let ¢ > Q(1/poly(n)).
Then, we can efficiently test, even tolerantly, whether H consists only of Pauli terms in
S or whether H is e-far with respect to \/% |||, from the set of all such Hamiltonians.

More precisely, we can do so with O (1/e*) < O(poly(n)) many queries to H, with a
total evolution time of O (1/e3) < O(poly(n)), and with a classical post-processing time
of O (n?|S|/e?) < O(poly(n)). Again, this testing procedure uses only stabilizer state
inputs and stabilizer basis measurements at the output, both of which are efficiently
implementable. Thus, by choosing a suitable set S, we can for example test whether
an unknown Hamiltonian is exactly k-local, (at most or exactly) geometrically k-local, or
whether it has a desired interaction graph.

Our algorithm achieving the guarantees in Theorem 1.3 and its extended version to
more general Hamiltonian properties, specified by some subset S, are novel additions to
the randomized measurement framework [Elb+22]. In particular, we inherit the “measure
first, ask questions later” feature. That is, the data in our testing algorithm can be
collected even without knowing the Hamiltonian property that is to be tested as long as
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an a priori bound on its size and the desired accuracy are known in advance; and once
collected the data can be used to test multiple properties simultaneously. This then allows
us to test properties such as whether a Hamiltonian has a sparse Pauli basis expansion or
whether it is a low-intersection Hamiltonian.

While Theorem 1.3 assumes ||H| ., < 1, we can easily extend the result. Namely,
assuming || H |, < B, we can rescale the accuracy to & = ¢/B and test whether H = H/B
is k-local or é-far from k-local. As all relevant complexities scale inverse-polynomially
in the accuracy, this results in polynomial dependencies on B. Hence, our procedure is
efficient for B < O(poly(n)), which is for instance the case if H is a sum of polynomially
many Pauli terms with bounded Pauli coefficients.

In our final result, we highlight a large separation between Hamiltonian testing and
learning. On the one hand, we have shown that normalizing the Frobenius norm makes
it possible to efficiently test arbitrary Hamiltonian properties. On the other hand, even
after normalizing the distance measure, learning a general Hamiltonian from time evolution
access remains hard:

Theorem 1.4 (Hardness of Hamiltonian learning with respect to normalized Frobenius
norm — Informal). Any (even coherent) quantum algorithm that, when given time evolution
access to an arbitrary n-qubit Hamiltonian H, promised to satisfy Tr[H] = 0 and ||H|| , <
1, with success probability > 2/3, outputs (the classical description of) a Hamiltonian H

such that \/% HH — fIH2 < ¢ has to make at least (22”) many queries to H. Any non-
adaptive incoherent quantum algorithm achieving the same without auziliary qubits has to
use a total evolution time of at least (22?”)

Juxtaposing Theorem 1.3, and its extension to general properties, with Theorem 1.4
(and its formal version, given as Theorem 5.1), we see that the naive “testing via general
learning” approach fails for Hamiltonian property testing if we do not have prior promises
on the structure of the unknown Hamiltonian. In fact, Hamiltonian locality testing, and
even more general Hamiltonian property testing, is significantly easier than the infeasi-
ble task of general Hamiltonian learning, but requires approaches tailored specifically to
testing. Finally, we note that the reasoning behind Theorem 1.4 also gives rise to an
Q (%) query complexity lower bound for any coherent quantum algorithm that learns
an unknown k-local Hamiltonian to accuracy € in normalized Frobenius norm. Thus we
obtain a superexponential-in-k separation between learning under a k-locality promise and
testing for that same promise, which constitutes a learning versus testing separation in
the sense commonly considered in property testing.

1.3 Related work

Classical and quantum property testing. Since its origins [BLR93; RS96; GGR98],
property testing has evolved into an important area of theoretical computer science,
with connections to, among others, learning theory and probabilistically checkable proofs
[Ron08; Gol17; BY22]. Among the plethora of classical property tasks, those of low-degree
testing [Alo+03] and junta testing [Fis+04; Bla09] can be viewed as counterparts of quan-
tum Hamiltonian locality testing. Similarly, testing for Fourier sparsity of a Boolean
function [Gop+11] can be viewed as a classical version of testing whether a Hamiltonian
has a sparse Pauli basis expansion. More recently, the field of quantum property testing
[MW16] has emerged. It includes a long line of works on testing properties of classical ob-
jects from quantum data access [Deu85; DJ92; Sim97; AS07; Buh+08; Cha+10; ACL11;
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BHH11; HA11; AA18; Amb+16; GL20]; investigations into testing properties of quan-
tum states [HM13; OW15; HLM17; Car+17; BO20; GNW21; SW22; Gre+24]; proofs of
proximity for unitary properties [Dal+422]; unitary and channel versions of junta testing
[CNY23; BY23]; unitary property testing more broadly [LW22; SY23]; and Hamiltonian
symmetry testing [LW22].

Hamiltonian learning. One way to infer properties of a Hamiltonian clearly is to learn
the coefficients of the Hamiltonian. There has been a lot of work on this topic, hence the
references below should not be understood as a complete review of the field. For our
purposes, there are two approaches to Hamiltonian learning. In the first, one has access
to the unitary dynamics of the Hamiltonian of interest [SLP11; BAL19; Zub+21; HKT22;
Wil+22; Yu+23; Car24; DOS24; Hua+23; CW25; Li424; Mob+-23; Sti+24; GCC24]. We
are allowed to prepare appropriate initial states, choose how long the system should evolve,
and perform measurements of our choosing afterwards. In the second, our aim is to learn
the Hamiltonian from copies of Gibbs states, i.e., thermal equilibrium states [Ans+21;
HKT22; RS24; Rou+24; Bak+24; GCC24]. For these algorithms to be efficient, it is
usually assumed that the Hamiltonian to be learned is local. Our results can therefore be
seen as complementary to the above protocols for Hamiltonian learning: we first determine
the locality of the Hamiltonian using our results and then run an appropriate learning
protocol.

Coherent vs. incoherent quantum learning. Quantum-enhanced learning algorithms
can use advanced quantum processing, such as multi-copy measurements and coherent
long-time evolutions with interleaving control operations, to achieve a quantum advantage
over conventional algorithms. Recent work has investigated such advantages in learn-
ing and testing quantum states [BCL20; HKP21; Che+22; Hua+22; Aru+23; Che+23b;
Faw-+23a] as well as unitaries and quantum channels [ACQ22; Che+22; Hua+22; Car24;
Che+23a; Ouf23; FOS25; Faw+23b], and in learning Hamiltonians [Hua+23; Li+24]. Our
lower bounds constitute an addition to the toolkit developed in these prior works. No-
tably, the algorithms achieving our upper bounds use only simple quantum processing as
is common in the randomized measurement paradigm [HKP20; Elb+22].

1.4 Techniques and proof overview

Let d = 2™ be the dimension of an n-qubit system.

Hamiltonian locality testing lower bound. To prove the first Hamiltonian locality
testing lower bound of Theorem 1.2, we identify an underlying Hamiltonian many-vs-one
distinguishing problem that can be solved with high success probability by any successful
locality tester, and then establish lower bounds for this distinguishing task. Concretely,
we consider the following task: Given access to the time evolution along a Hamiltonian H
that is promised to satisfy either (i) H = 0 or (ii) H = &(V |0)(0| VT —TI/d), where V is a
Haar-random n-qubit unitary, decide whether (i) or (ii) is the case.

We show that Hamiltonian locality testing indeed suffices to solve this distinguishing
problem via a concentration of measure argument. Namely, using the concentration of
a Lipschitz function of Haar-random unitaries around its mean [MM13], we show that
e(V|0)(0| VT — 1/d) with Haar-random V is (¢/2)-far with respect to |-||,, from any
fixed, traceless Hamiltonian K with ||K|| < 1 with probability > 1 — exp(—£(2")).
As the set of k-local Hamiltonians admits an ||-|| -covering net H. whose size satisfies
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log|H,| < min{(k+1)(3n)*,4"}, a union bound now implies that (V" |0)(0| VT —1/d) with
Haar-random V' is simultaneously (¢/4)-far, again with respect to ||-||,, from all k-local
Hamiltonians with high probability. Therefore, any high-probability algorithm for testing
Hamiltonian k-locality to accuracy £/4 in the operator norm also manages to distinguish
between (i) H = 0 and (ii) H = ¢(V|0)(0| VT —I/d) with Haar-random V with high suc-
cess probability. In particular, any lower bound for this distinguishing task immediately
implies a lower bound for Hamiltonian locality testing.

To establish such a lower bound, we follow [Faw+23b]. To explain the proof of the
lower bound, we use the learning tree representation of [Che+22]. That is, we think of
the possible outcomes of an adaptive distinguishing algorithm as leaves in a tree, where
the observed measurement outcomes in each round determine how the learner moves from
the root to a leaf. Viewed this way, Le Cam’s two-point method implies that solving the
distinguishing task with constant success probability requires the leaf distributions induced
by the different hypothesis Hamiltonians to have at least a constant total variation (TV)
distance. For technical reasons, we in fact consider a slightly different test: Distinguish
between the channels (i) U = id or (ii) U;(-) = aid(:) + (1 — a)e ¥ ()el for a random
H as above. We show that as long as a < ﬁ’ where IV is the number of queries, the
leaf distributions induced by these two different hypotheses still have at least a constant
TV distance. Next, we use Pinsker’s inequality to upper bound (the square of) this TV
distance by the Kullback Leibler (KL) divergence, as the KL divergence is more amenable
to decoupling the dependence between the random observations at different steps. Taking
a mixture of the identity channel and the time evolution under the alternate hypothesis
as in (ii) is important to make a second order Taylor expansion of the logarithm function
that occurs in the KL divergence possible. However, this alone is not sufficient since
the (expected) second order term in this expansion can diverge if the input states and
measurement projectors are orthogonal. To address this issue, at each step k € [N], we
distinguish between two types of paths of length k: those for which the overlap between the
input state and the measurement operator (corresponding to the final node in the path)
is too small, and those for which the overlap is not. When the overlap is too small, we
use a simple lower bound on Born’s probability under 2(-) = aid(-) + (1 — a)e H (.)eltH
in terms of the probability under ¢; = id (here again taking the mixture proves to be
essential). When the overlap is not too small, we can Taylor expand the logarithm to
second order and control the resulting term using Weingarten calculus. Overall, we achieve
a TV distance upper bound of 3%, O (% - E[min(1, 5tk)]), which when compared to
the constant lower bound implies the claimed bounds on N, the number of queries, and
on E[X4_, t1], the expected total evolution time. This completes the sketch of the lower
bound for incoherent learners, which we view as our main contribution for testing lower
bounds.

For coherent testers, we obtain lower bounds that are quadratically weaker, using the
same distinguishing problem. Lower bounds with the same scaling but based on a simpler
distinguishing problem have appeared in the literature on quantum phase estimation, see
for example [MW23, Section 3]. While similar in spirit, the simpler distinguishing task
does not seem to yield the stronger linear-in-d scaling for the incoherent case. Also, it
has previously been considered for access models different from ours. For example, the
lower bound in [MW23] assumes access to the unknown unitary only at a fixed time, but
requires also access to its inverse.

Hamiltonian locality testing upper bound — Commuting case. For clarity of
exposition, we begin with a simpler setting, focusing on commuting Hamiltonians con-
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sisting of terms from {I, X }®*". That is, we assume that we can expand the Hamiltonian
as H = 3 pcqxyen apP. Our concrete task under consideration thus becomes: Given
access to the time evolution along an unknown Hamiltonian H = }_pc(y xyen apP with
Tr[H] = 0 and ||H||,, < 1, decide, with success probability > 2/3, whether H is k-local
or e-far from k-local in normalized Schatten 2-norm distance. The underlying idea for
locality testing in this special case will carry over to the general setting.

Our algorithm for solving this property testing problem is as follows: We prepare the
state |0) (0| and let it evolve under the unknown Hamiltonian for time t = O(g). At the end
of this evolution, we perform a measurement in the computational basis {|i) (i|};c(o,13»- We
repeat this procedure N = O(1/poly(e)) times. If at least one of the N rounds produces
an n-bit string with at least k + 1 non-zero entries, i.e., with Hamming weight > k+ 1, as
measurement outcome, we conclude that the Hamiltonian H is e-far from being k-local.
Otherwise, we claim that H is k-local.

The proof of correctness for this algorithm has the following structure. Observe that
|7) = X7|0) for any j € {0,1}" and that U; = e"! ~ I+ itH holds for short times
t. Here, we write X7 to mean X' ® ... ® XJ», where X? = I. Consequently, we have
(4] Ut |0) = &0 +itay; for all j € {0,1}". In particular, for any n-bit string j with weight
j| >0,

| (G U 10) |7 = #2]axs |

If H is indeed k-local, then ay; = 0 holds whenever |j| > k, and we find that

> 1lUo) [P =0,

J:lil>k

so the probability that the algorithm falsely claims that H is far from k-local when it is
indeed k-local is approximately zero.

Conversely, if the Hamiltonian H is e-far from any k-local Hamiltonian in normalized
Schatten 2-norm, this means that >_ . i~ |axi|? > €2 because of Parseval. We infer that

ST T0) P R 22
J:lgl>k

Note that we have to choose ¢t small enough for the approximation to be correct. By
repeating the algorithm O(t~2¢72) = O(¢~*) many times, we can increase the probability
of the algorithm to be correct to a constant. To make the above reasoning precise, we use

the Taylor expansion of e in order to bound the error in the approximation e*# ~ I+itH.

Hamiltonian locality testing upper bound — General case. In the case of a gen-
eral Hamiltonian H, we can no longer limit ourselves to preparing and measuring in the
computational basis. Instead, we need to prepare and measure in several different bases.
A convenient choice are some d+ 1 mututally unbiased bases (MUBS) B;, which are known
to exist in our case since d = 2" is a prime power [WF89]. We write

Bi = {|#ij)}jeqi,ap, 1 <i<d+1.

MUBs are known to be particularly suited for determining the state of a quantum system
[WEF89]. Moreover, MUBs were used for Pauli channel learning [FW20]. They can be
explicitly constructed from covering the Pauli group with d+ 1 stabilizer groups that only
have the identity element in common but are otherwise disjoint.

Motivated by our previous discussion, we consider for a Pauli operator P with weight
| P| the overlap | (¢; ¢| P |¢; ;) | and find that it is either 0 or 1. This motivates the following
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algorithm: We choose (i,7) € [d] x [d + 1] uniformly at random and prepare the state
|¢i ;) (¢i;|. We let it evolve under the unknown Hamiltonian for time ¢t = O(e). At
the end of this evolution, we perform a measurement in the basis B;. We repeat this
procedure N = O(1/poly(e)) times. If at least one of the N rounds produces an output ¢
such that all Pauli strings P with |P| < k satisfy | (¢ ¢| P |¢: ;)| = 0 — which we denote
by [¢ie) »k |¢ij), meaning that we detected a non-locality —, then we conclude that the
Hamiltonian is e-far from being local. Otherwise, we claim that H is k-local.

By construction, if |¢; ¢) < |¢i;), then | (¢; |¢i ;)| = 0 for m € {0,1}. Using
e ~ 1+ itH, we find that if the Hamiltonian is k-local, then in any single round, the
probability of our procedure falsely detecting a non-locality is

1 d+1

qa 1) 2 2 el 1ou) PL{Ibue) =i 015)}) =

1=1 j#L

P (|gie) =k |9ij) =

If the Hamiltonian is e-far from being k-local, we can use the fact that d + 1 MUBs in
dimension d form a 2-design [KR05] to infer the following upper bound on the probability
of not detecting the non-locality in any single round:

P (lgie) ~k |0ig)) < D + > M (1)
" nd dd+1 dd+1)

P:|P|<k P:|P|<k

We use e ~ 1+ itH to conclude Tr (PeitH ) ~ itdap if P # 1. Furthermore, expanding

e to second order, we can approximate
| Tr (eltH) 1~ d? — d*t? Z lap|®.
P

Combining this with H being e-far from k-local in normalized Frobenius norm, which
means Y p, pjsy |ap|® > €%, the second term in Equation (1) can be upper bounded by
1 — t22. The first term can be seen to quickly approach 0 as n grows. Hence,

t22

P ([pse) ~k 10ij) 81— -

Note that we again have to choose t small enough for the approximation to be correct.
By repeating the algorithm N = O(t~2¢72) = O(¢~*) many times, we reduce the error
probability to a small enough constant. Again, we use the Taylor expansion of e to
make the above reasoning precise. Choosing ¢ = O(e) lets us control the higher order
terms appearing in this expansion.

Hamiltonian learning lower bound. Similarly to the reasoning behind Theorem 1.2,
we follow [Fla+12; Haa+17; BCL20; LN25; FOS25; Ouf23] and begin by identifying a
distinguishing problem, whose existence we guarantee through a probabilistic argument,
and that any successful general Hamiltonian learner can solve. We then establish lower
bounds for that distinguishing task through information-theoretic arguments.

To set up our distinguishing problem, let O = diag(+1,...,4+1,—1,...,—1) be the
diagonal 2™ x 2™ matrix with half of the diagonal entries equal to +1 and the other half
equal to —1. We consider Hamiltonians H of the form H = eUOU', where U is a Haar-
random n-qubit unitary. Using well known expressions for the first and second moments
of the Haar measure, we show that the expected square of the normalized Frobenius dis-
tance between two such Hamiltonians satisfies EUyNHaarn[%n |Hy — HVHS] = 2¢2, and
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that the second moment of this quantity is bounded as EUVVNHaar"[Z%n |Hy — Hy|)3) <
6¢2. Holder’s inequality then implies that the expected normalized Frobenius distance
satisfies EU,VNHaarn[\/% |Hy — Hyl|ls) > 1.1e. Combining this with a Lipschitz con-

centration argument, we conclude that ﬁ |Hy — Hy|l, > € holds with probability

> 1 — exp(—Q(22")). Therefore, by a union bound, there exists a set of M = exp(£2(4™))
unitaries U,, 1 < & < M, such that the Hamiltonians H, = 5UxOU£ are pairwise e-far
apart with respect to \/% ||-l. In particular, any algorithm that can learn an unknown
Hamiltonian to average-case accuracy ¢ is able to distinguish between these M candidate
Hamiltonians. Via Fano’s inequality, this implies the mutual information lower bound
I(X :Y) > Qlog M) > Q(4"), where X ~ Uniform([M]) and where the random variable
Y describes the outcomes observed by the learner.

We then provide complementary mutual information upper bounds for two different
scenarios. First, we consider coherent procedures that use the Hamiltonian time evolution
sequentially interspersed with control channels. The mutual information can be upper
bounded by the Holevo information y [Hol73]. This quantity can be decomposed as
X = Eé\[zl Xt wWhere xj reflects the amount of information acquired after the k-th use of
the Hamiltonian time evolution. Using standard properties of the von Neumann entropy,
we can bound x; < 2n. Comparing this with the previous mutual information lower
bound, we conclude that any such learner has to query the Hamiltonian time evolution at
least N > Q(4"/n) many times.

Second, for incoherent learners that use neither an auxiliary system nor adaptivity
in their choice of experiments, we decompose the overall mutual information as Z(X :
Y) < SN, Z(X : Yy), where the random variable Y; describes the measurement outcome
that the learner observes in the /" experiment. That is, we have P[Y; = y|X = z] =

14 —iteHy it Hy
A (@ =071 pecits

the measurement is described by {\,

¢§Z>, where ty is the evolution time, p, is the input state, and

¢§E><¢5£ }ye- Using that H2 = &% and therefore
etz = cos(te)l + isin(te)U,OU}, we show via a careful analysis that Z(X : Yy) < O(tse)
and hence we obtain Z(X : Y) < O(e YV, ty + /poly(27)/M). Comparing this to our
Fano-based mutual information lower bound of Z(X : Y) > Q(4") and recalling that M is
doubly exponential in n, we obtain the lower bounds on the total evolution time and the
query complexity stated in Theorem 1.4.

1.5 Directions for future work

Motivated by the question of how to test whether an unknown Hamiltonian is k-local,
we proposed a framework for Hamiltonian property testing. Here, we considered different
ways of measuring distances between Hamiltonians. With worst-case distance measures,
exemplified by the operator norm, we showed that exponentially many queries as well as
exponentially long time are required to solve the locality testing problem. In contrast, for
the normalized Frobenius norm, leading to an average-case notion of distance, we gave a
broadly applicable Hamiltonian testing algorithm that uses only single-copy measurements
on short-time evolutions of certain randomized input states, and that is resource-efficient
with respect to the number of queries, total evolution time, and computation time in-
volved. Finally, still in the regime of average-case distances, we showed that learning is
exponentially harder than testing.

There are several promising ways of extending our Hamiltonian property testing frame-
work, for instance by changing the notions of distance and access. First, one may consider
other physically motivated notions of distance, such as quantum Wasserstein distances
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[De +21] or distances relative to (some distribution over) a set of input states and a set
of output observables of interest. The former would lead to Hamiltonian testing (and
learning) that takes an underlying locality structure into account, wheres the latter would
be reminiscent of classical shadows [HKP20; HCP23] and shadow tomography [Aar20;
BO21]. Second, one may change the form of access to the unknown Hamiltonian from
time evolution access to access to copies of a Gibbs state, an access model already well
studied in Hamiltonian learning (compare Section 1.3). Also, exploring the possibility
for quantitative improvements in our bounds seems important. For instance, concerning
upper bounds, coherent quantum algorithms may be able to achieve Heisenberg-limited
scaling for testing, as they already have for Hamiltonian learning [Hua+23; Li+24] and
unitary tomography [Haa+23; Zha+24]. Regarding lower bounds, it would be interest-
ing to generalize Theorems 1.2 and 1.4 to ancilla-assisted incoherent quantum algorithms.
Finally, we highlight another possible extension to the Hamiltonian testing framework
proposed here: Whereas we focus on property testing for time-independent Hamiltonians,
more general testing questions for time-dependent Hamiltonians or even GKLS generators
[Lin76; GKS76] from access to the generated quantum dynamical semigroups could be of
interest.

Note added. After the first version of our work appeared on the arXiv, Francisco Es-
cudero Gutiérrez shared with us his approach to tolerant Hamiltonian property testing
and to local Hamiltonian learning based on entangled inputs [Esc24]. We are grateful for
this exchange, which motivated us to improve upon the first version of our work, tight-
ening the analysis underlying our upper bounds to remove the n-dependence in the total
evolution time and number of experiments as well as to achieve a tolerant version of our
tester.

2 Preliminaries

2.1 Notation and basic definitions

Let log denote the natural logarithm and log, the logarithm to base 2. For compactness,
for n € N we will abbreviate [n] := {1,...,n}. We write 1(&X") for the indicator function
on the set or event X'. For a complex number z € C, we will denote by $(z) its real part
and 3(z) its imaginary part.

We will make extensive use of the Schatten p-norms || - ||,, for p € NU {oo}. They are
defined for any n X m matrix X as

| X o= Te[| X P> = Tx[(VXTX))o

Here, XT is the Hermitian conjugate of X. The case p = oo is the operator norm of X.
The Schatten 2-norm is also known as the Frobenius norm, whereas the Schatten 1-norm
also goes by the names of trace or nuclear norm. Here, we can employ different measures
of distance between Hamiltonians. Moreover, we consider the normalized Schatten p-

norms |H||p- And finally, we use ||H||paulip = (ZpePn|ap|p)1/p to denote the norm

1
an/p
induced by the ¢,-norm of the coefficient vector of H. Note that \/%HH ll2 = | H ||pauti,2
by Parseval’s identity.

Depending on context, we will mean by a quantum state either a unit vector |¢) € C¢
for some appropriate dimension d € N or a density matrix p, i.e., a positive-semidefinite
d x d matrix of unit trace. A linear map N from d; X di to dy x dy matrices will be

called positive if it maps positive-semidefinite matrices to positive-semidefinite matrices.

Accepted in { Yuantum 2026-01-13, click title to verify. Published under CC-BY 4.0. 11



Moreover, it will be called completely positive if N’ ® id,, is positive for all n, where id,
is the identity map on an additional n-dimensional system. If a completely positive map
is in addition trace-preserving, we will call it a quantum channel. For general background
on quantum information theory, we refer the reader to a textbook such as [Wat18].

Finally, we will need some objects from classical information theory. Given two prob-
ability distributions P, @) on a finite alphabet ), their total variation distance is

V(P.Q) =5 Y 1P() - Q).

yeY
Their Kullback-Leibler divergence is
Py
KL(PIQ) == X P(y) s (12 )
yeY Q(y)

if supp P C supp @), where we define 0log0 := 1, and +oo otherwise.

Given two random variables X, Y on finite alphabets X, ), respectively, and joint
probability distribution Pxy on X x ) with marginals Py on X and Py on )Y, their
mutual information is

I(X : Y) = KL(PX}/HPX &® Py) .

2.2 Mutually unbiased bases of stabilizer states

We define the Pauli matrices in the standard way

(1) () (h)

The set of n-strings formed by the Pauli operators together with the identity matrix will
be written as P, = {I, X, Y, Z}®". Note that unlike the set

{eiew/2gl®',,®o-n 10=0,1,2,3, 0; € {]I,X,Y,Z}} 5

which is the Pauli group, the set P, is not a group. We will also need the quotient group
of the Pauli group with its centralizer. We will write this Abelian group as

P, = {01 @ ©0,|0=0,1,23, 0; € {IX,Y, Z}} /{#1, i} .

There is a bijection between elements in P,, and elements in P,, and we will write P(g)
for the element in IP,, corresponding to g € P,,.

We will make extensive use of the following known two lemmas, see e.g. [Ban+02;
FW20].

Lemma 2.1. P, can be covered by d+ 1 stabilizer groups Gi,...,Ggay1 satisfying for all
i

e ‘G’L’ =d,
4 CGZ' = Gi;
. G;NG; = {I}.

Here, Cq, = {g € Py, : [P(g9), P(h)] = 0 Vh € G;}. It can be thought of as the centralizer
of G; in the Pauli group, where we are only interested in elements with a fized choice of
stgn.
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From these stabilizer groups, we can construct sets of pure states: However, let us first
note that {P(g) : g € G;} are not groups. We can, however, turn them into groups: there
are signs (; 4 € {£1} such that {¢;4P(g) : g € G;} is an Abelian group, the stabilizer
group. There are two ways to see this. Either, we start with a set of generators for G;
and keep track of the signs when multiplying the corresponding P(g) in order to generate
the group. Alternatively, we choose a common eigenstate |¢) of all the P(g), g € G,
which exists since all the P(g) commute and define P(g)|¢) = (i gle). In this case,
{S(g) == CigP(g) : g € G;} will be a stabilizer group for |p).

Lemma 2.2. Let G € {G1,...,Gas1}. The set Mg ={Mg =335 co(=1)P"S(p) }reas
forms an orthonormal basis consisting of rank-1 stabilizer states.

Here we use the notation Ag = P, /G and por = 0 if P(p)P(r) = P(r)P(p) and
por =1if P(p)P(r) = —P(r)P(p) (note that we could have put arbitrary signs in front

of the P(p), P(r) without changing the value of p o r). To not overload the notation, we
define Ag, = {ri}9_, and introduce the notation

61) {0l = Mg, = 5 3 (1) 5(p) )
pEG;
Now we have d+1 mutually unbiased bases (MUBs) B; = {Wz’,j)};l:l fori=1,...,d+1. We
will use the fact that MUBs of stabilizer states form a 2-design. 2-designs were used for the
problem of testing the mixedness of states by [Yu21]. Stabilizer states and measurements
were used for the problem of Pauli channel learning by [FW20)].

d+1
Proposition 2.3 (Pauli group, MUB and 2-design). The bases { {]qﬁw>}] 1}

form an MUB and a 2-design. That is:

1 d+1 d I+ F
TR |0i.)(i s @ [0i)(ijl = ———=
d(d+1) ;; I TR d(d + 1)

=1

where F' =3, . |vy) (yz| is the flip operator.
Proof. One way to see this is to apply [KR05, Theorem 1]. We only need to prove that:

1 1 A A 2
- dop= =
This identity can be checked easily since ](qﬁ”\(ﬁk 0 = -~ 1f i # k and |(¢; |die)| =

1({j =1}). Indeed, we can check |[(¢; j|drr)| = —d ifi # k:
|{biglone)l* = Tr (16i){bil [Pr,e)(Drel)

1 pori 1
=Tr (d > (=1)PS(p) - P

GD“*&#O

peG; p' Gy
1 i 1
—_ -1 por’ -1 po'r- _ =
D SNV SV
pEG;NGy

since G; N Gy, = {I}. Alternatively, we could have argued using [KR05, Theorem 3]. [

Finally, the operation po ¢ has a nice property that we’ll need later, which has already
been used, for example, in [FW20].
Lemma 2.4. Let q € P, and let G be any subgroup of P,. Then
1)P°? =1(q € C,
€] G| > (= (g € Cq).

peEG
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2.3 Problem statement: Hamiltonian property testing

We consider n-qubit Hamiltonians H expanded in the Pauli basis, H = _pcp, apP, with
P, = {I, X,Y, Z}®" the set of n-qubit Paulis and with (real) coefficients ap = Tr[HP]/2n,
Throughout this work, the Hamiltonian properties of interest are characterized by a subset
S C IP,, and we say that H has property Ilg, write H € llg, if ap =0 for all P ¢ S. For
instance, the property of being (at most) k-local is characterized by the subset Si_joc =
{P € P, : |P| <k}, where we use |P| to denote the weight of P, that is, the number of
non-identity tensor factors. Other examples of properties that our framework encompasses
are geometric locality or having a given interaction graph.

We now define Hamiltonian property testing of I1g as the task of deciding, given access
to the time evolution according to an unknown Hamiltonian H, whether H has property
IIg or whether H is far from all Hamiltonians that have property Ilg.

Problem 2.5 (Hamiltonian property testing). Given a property Ilg associated to a subset
S C Py, anorm |||-||, and an accuracy parameter € € (0,1), we denote by ’ﬁﬁ‘f (e) the fol-
lowing Hamiltonian property testing problem: Given access to the time evolution according
to an unknown Hamiltonian H, decide, with success probability > 2/3, whether

(i) H has property Ilg, that is, H € Ilg, or
(i) H is e-far from having property Ilg, that is, VH € Ig: H’H — ]:I’H >e .
If H satisfies neither (i) nor (ii), then any output of the tester is considered valid.

Remark 2.6. A short discussion of the physical interpretation for the different norms
used above is in order. Among the Schatten p-norms, we highlight the Schatten co-norm
(aka operator norm) as a worst-case distance. Namely, in Appendiz A.1, we show that, at
least for short evolution times, the Hamiltonian distance HH — IZTHOO is tightly related to,
—UHGH |)2 and the diamond
—itH(.)eitH'

among others, the worst-case output fidelity maxy[(|e
norm distance between the unitary time evolution channels e *H (e and e

Second, to illustrate the relevance of the normalization factor in normalized Schatten
p-norms, we single out the normalized Frobenius norm and interpret it as an average-case

distance measure. Here, we demonstrate in Appendix A.2 that \/% HH — ﬁIH2 18, again

for short times, connected to the average output fidelity E|y)~Haar, U(M e itH itH |¢>\2},
the normalized Frobenius norm distance between the time evolutions e gnd e 7 and
other average-case distance measures.

Finally, the norms ||-||pautip, @ particular for p = 2,00, have featured in recent work
on Hamiltonian learning, see Section 1.3. They make intuitive sense for learning and
testing tasks in which the interest is in estimating or validating properties of interaction

strength parameters in a Hamiltonian.

The central goal of this work is to understand how easy or hard this Hamiltonian
property testing problem is. More specifically, we are interested in the number of queries
to the time evolution as well as in the total evolution time necessary and sufficient to
solve the testing task. Additionally, we consider whether one can successfully approach
Hamiltonian testing via Hamiltonian learning.
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Figure 1: lllustration of a non-adaptive incoherent strategy for learning/testing properties of a Hamil-
tonian H from its time evolution channel U;(-) = e~ () It is called ancilla-free if the auxiliary
systems have dimension 1, otherwise it is called ancilla-assisted. The classical computer processes the
observations (i1,...,ix) to distinguish between two hypotheses Hy/H; (in testing) or to produce an
approximate Hamiltonian H (in learning).

2.4 Types of strategies for Hamiltonian property testing

In order to solve the Hamiltonian property testing problem, we consider several differ-
ent scenarios, depending on what kind of access to the quantum system and how many
additional resources we grant the tester.

Incoherent strategies. We start by presenting incoherent strategies. That is, the tester
can use the quantum system only once per step. Therefore, in round & of the overall proce-
dure, the tester can prepare a quantum state py, let the time evolution U (-) = e 1H (-)eltH

o) ()} s,

where Z;, is a set of measurement outcomes. Note that we could have taken a general pos-
itive operator-valued measure (POVM) here, but that without loss of generality, we can
assume the POVM to consist of rank-one elements. If the input state, the duration of the
time evolution, and the choice of measurement are allowed to depend on the outcomes of
previous measurements, the incoherent strategy is adaptive, otherwise it is non-adaptive.
We can also add ancilla qubits to the strategy by preparing the input state p; on a
(d X daux)-dimensional system instead of restricting to dimension d, subsequently letting
the time evolution act as U;, ®id, where the identity acts on the ancilla qubits, and finally
measuring both systems with Mjy. If we add the ancilla, we call the strategy ancilla-
assisted, otherwise we will speak of ancilla-free strategies. See Figure 1 for an illustration
of non-adaptive strategies and Figure 2 for an illustration of adaptive strategies.

run for a chosen time ¢, and finally perform a measurement My = {)\gk)
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Figure 2: lllustration of an adaptive incoherent strategy for learning properties of a Hamiltonian H from
its time evolution channel U, (-) = e " (.)el™H It is called ancilla-free if the auxiliary systems have
dimension 1, otherwise it is called ancilla-assisted. The classical computer processes the observations
(i1,...,in) to distinguish between two hypotheses Hy/H; (in testing) or to produce an approximate
Hamiltonian H (in learning).

Uy, ] Uty A

14 M Ny-1 M @E) E_g —> output
/7<

Figure 3: lllustration of a coherent strategy for learning properties of a Hamiltonian H from its time
evolution channel Uy (-) = e itH (.}l The classical computer processes the observation i to distin-
guish between two hypotheses Hy/H; (in testing) or to produce an approximate Hamiltonian H (in
learning).
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Coherent strategies. The second type of strategies are the coherent strategies. Here,
the tester is allowed to access the time-evolution multiple times before measuring, possibly
interleaving these time evolutions with the application of quantum channels. Thus, the
tester will prepare an initial quantum state p on a (d X dayx)-dimensional quantum system
and then choose times t1,...,ty and quantum channels N7, ..., Ny_1 acting on quantum
systems of dimension d X daux such that the output state before the measurement is

PP = [y @id] o Ny_1 0 [Upy_, ®id]o...0o N7 o [Uy, ®id](p),

where the identities act on the ancilla qubits. Finally, the tester measures p°***"* using a
POVM acting on (d X dayx )-dimensional quantum systems. See Figure 3 for an illustration.

3  Lower bounds for Hamiltonian locality testing

In this section, we will give lower bounds for the Hamiltonian locality testing problem,
thereby proving Theorem 1.2. We will first consider lower bounds for incoherent testing
strategies in Section 3.1. Subsequently, we consider the more general coherent strategies
in Section 3.2, for which we can only give weaker bounds.

3.1 Incoherent setting

In this section, we will prove the following hardness result for Hamiltonian locality testing
with respect to unnormalized Schatten norms:

Theorem 3.1. Letn > Q(1), k<O ( @ )) andp > 1. Suppose that N < exp(O(n)) /M)

The problem 7"1‘|’|C( g), even under the additional promise that the unknown Hamiltonian

log

H satisfies Tr[H] = 0 and ||H|, < 1, requires an expected total evolution time of

E {Zk 1 tk} =Q (W) and a total number of independent experiments N = ) (%)
in the adaptive ancilla-free incoherent setting.

In order to prove Theorem 3.1, we will consider the following test:
Ho : Us(p) = id(p) = e 10 pelt0 Vs Hy Uy (p) = e HH peitt (3)

where H = n(|v){v| — I/d) for n = n(e) > 0 a function of € to be chosen later, and
|vy =V |0),V ~ Haar(d). We will need a couple of lemmas to determine the relation of
this toy problem of distinguishing these two time evolutions to the problem Tﬁf (€) that
we care about.

First, we show the that the operator norm between H and any fixed traceless Hamil-
tonian (of bounded operator norm) is bounded below with high probability.

Lemma 3.2. Let d > 4, H = n(|v)(v| —1/d) for n >0 and |v) =V |0),V ~ Haar(d) and
let K be a fized traceless Hamiltonian such that || K||s < 1. We have that

n d
— < 2| < —_ .
P(HH Kl < 2) _exp( 1728)

Proof. Consider the function:

F(V) = (v K [v) = (0] VIKV |0).
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We have E[f(V)] = TrK = 0. Moreover f is 2-Lipschitz with respect to the Euclidean
norm. Indeed, let U and V be two unitaries and |u) = U |0),|v) = V |0). We can first use
the triangle inequality and then the Cauchy-Schwarz inequality to show that:

[fU) = F(V) = [ (ul K |u) = (v] K |v) |
< [{u=v| K u) [+ [ {v]| K |u—v)|
< [{u = vlu = o) |["2] (ul K2 [u) |2 + [ — vlu = 0)[Y?] (o] K2 |0) |'/2
< 2[(0] (U = V)'(U = V) |0) [V2|I K2||°
<2|U = V2| Koo

Hence f concentrates around its mean [MM13, Corollary 17], for all s > 0:

82
PfV)=E[f(V)] =) =P(f(V) > s) <exp <_48|CyiKH2>

Therefore using (v| (H — K) |v) < ||H — Koo and || H||so < 7

P (HH — K|oe < g) <P (<vr (H - K)|v) < g) 1 ({HKHOO < 32?7})
p((1- 2 n—s0n < )1 ({iKe < 311)
- (- =2}
o (e ) ({1512 )

< exp <—1;‘28).

Here, we used 1/d < 1/4 in the second to last inequality. O

IN

Lemma 3.3. Letn > 2, k<O (log( )> and H = n(|v){v| = 1/d) for n > 0 and |v) =

V'10),V ~ Haar(d). Then, H is (n/4)-far (in the operator norm) from all k-local traceless
Hamiltonians of operator norm at most 1 with high probability.

Remark 3.4. Since for any p > 1 and any Hermitian operator X we have || X|, >
| X ||oo, the (random) Hamiltonian H is (n/4)-far in the p-norm from all k-local traceless
Hamiltonians of operator norm at most 1. Therefore, we can focus on the case p = co.

Proof of Lemma 3.3. We shall take H. an e-net in the space of k-local Hamiltonians for
the co-norm at the level of the coefficients. For each K = } pcp, . \pj<r arP € Ils, .

such that || K| < 1 we have ||a| = maxp |ap| = maxp w < maxp % <

1. For k-local Hamiltonians, many entries of « will be zero, namely all the ones that
correspond to P such that |P| > k. In this case, we can construct an e-net on the non-
zero entries of cardinality at most [H:| < (1/e)Nk where Nj, = S°%_ (7)3%. Now if K =
>_pep,:|p|<k @PP € Ilg, ., then we can find a similar element K = > pep,:|p|<k PP €
Ly, in our e-net such that for all |P| < k we have |ap — ap| < e. Thus,

| = Koo < | K = K|l < \/de? Ny < 7
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for € = 1/(4v/dNy). Now we apply the union bound and Lemma 3.2 to bound

n n
PVNHaar(d) (HK € Hsk—loc : HH - KHoo < 4> < ]P)VNHaar(d) (HK € He: HH - KHoo < 2>

< Y Prattunta (I - Kl < )
KeHe

d

< =
< |,Hs‘ exp ( 1728)

1\ Ve d
- (5) P <_1728>

4 /AN \ ( d)
= exp | ——=|.

- 1728

Moreover, as k < n/2, we have the following simple upper bound on Ny:

N, = zk: (Z) 3* < min ((k +1) (Z) 3’“,4”) < min ((k +1)(3n)*,47) .
5=0
Hence,
4/ d Ny, N d 93n on
( ; > exp (_1728> < exp <(k—i— 1)(3n)" log (U) — 1728) < exp (—02(d))

if n2(3n)" < c-2" for a small constant c. This is valid, for instance, as long as k <

@] (%) Therefore, with high probability, H = n(|v)(v| —1/d) is not (n/4)-close to any

k-local Hamiltonian if k < O (%) O

Now we proceed to prove Theorem 3.1. Our proof strategy is inspired by [Faw+23b].

Proof of Theorem 3.1. Let H = n(|v)(v|—1/d), U, = e "Xl and let U, ; be the unitary
channel:

Uy () = e ANI=Yd) peint- (w01 -1/d) — o=t to)el peine ool — 7, o0

A 1/3-correct algorithm should distinguish between the identity channel and U, ; with at
least a probability 2/3 of success. In the incoherent setting, the tester can only choose
an input pg at each step k, the time evolution t; and perform a measurement using the
POVM M; = (A [6(7) (o
can depend on the previous observations, that is, the algorithm can be adaptive. Let
I<n = (I1,...,In) be the observations of this algorithm where N is a sufficient number
of independent experiments to decide correctly with a probability at least 2/3.

Let P be the distribution of (I1,...,Iy) under the null hypothesis Hy (H = 0); let @ be
the distribution of (I1,...,Ix) under the alternate hypothesis H1 (H = n(|v){v| —1/d)).
More concretely: The distribution of (I3, ..., Iy) under Hy is:

RSN <k>}
P {kHlm (o3| ox|oit))

}iez, on the output quantum state Uy, (pi). These choices

Pk

11, AN
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Moreover, the distribution of ([y,...,Iy) under H; and conditioned on the choice of
unitary V is:

U tklok' U tk

Qv = { 11, /\ < b;,
Let £ be the event that 7(V |0)(0| VT —1/d) is not (n/4)-close to any k-local Hamiltonian.
By Lemma 3.3, we have P (£) > 1—exp(—£(d)). Under this event, every correct algorithm
should be able to distinguish between P and Qv so we can apply Le Cam’s method [LeC73].

For technical reasons, we will use instead of Qv the following parameterized distribu-
tion for a € [0,1]:

Qp = { 122 (o)

k=1

o >}Z : (4)

1yt N

(apr + (1 — @)Uyt iU} )

o) )

115N
So we need to generalize Le Cam’s inequality for small a:

Lemma 3.5 (Generalized Le Cam). Letn > Q(1). Let k < O <1og(n)

if there is an incoherent algorithm that correctly distinguishes between P and Qv with
success probability at least 2/3, then

For any a < 10N,

1
18"
Proof. The proof can be found in Appendix C. 0

EV’\‘Haar(d) [TV(P QV)]

Hence, as long as o < ﬁ we can use Jf; instead of QQy and have a similar Le Cam
separation (albeit with a worse constant). From now on we will set a@ = 10 ~- The next
step is to use Pinsker’s inequality to move from the TV distance to the KL divergence,
which is more suitable for studying the adaptive incoherent setting. By Jensen’s and
Pinsker’s inequalities we have:

2
182

The KL divergence can be expressed as follows:

KL(P|Q%) = Eiwp(—log) <C§(E))>

N ¢Z(k)
:Eiwp(—log) (H << b

k=1

< 2Ey maar(a) [TV(P, Q)] < 2By tann(a) [TV(R Q%)Q} < Ev~Haar(a) [KL(P[QV)] -

(apk + (1= ) Uss kUL, ) | 0))
W)

(o
iy
(k)

N ¢ik
—Eip Y (- log) (a o
k=1

Uv tkpkUgtk ¢Ef)>)
k) )

Now, we will use a case distinction based on a probability threshold as in [Faw+23b].
Note that here, since we do not have the freedom to choose a non-unitary channel, we
choose @ = 1jy rather than o = % as in [Faw+23b]. This comes with the cost of an
additional logarithmic factor in the lower bound.

For k € [N] and i< = (i1, ..., 1), define the event

> < (1 —czz(ntk))} '

Gk, iz0) = { (0] e o2
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We can distinguish whether the event G is satisfied or not:

N

IE:VNHaar(cl) KL(PHQ%/) = Z EVNHaar(d)Eigk (1(g(k7 Z§k>)+
k=1
(k)

i,
1(G°(k, i<k)))(—1og) <<

(apr + (1 — Ot)Uv,tkpkUJ,tk) z(,l:)>)
k) (k )

Let us first analyze the setting when the event G holds. Fix k € [N], observe that we have

the inequality:
Fm)wﬁm%ﬂrﬂm%z%gﬁ§
(e[

(k) vt v k
ol

The last inequality follows from the monotonicity of the logarithm. Then we can control
the expectation under the event G as follows:
(k)
oL >)

o
Ev~Haar(@)Eic, 1(G(k, i<k))(— log) ( -

(apr + (1 — QU piUS )
(k) (k)
(01| e |oi)

. 1
< Evotaar(d) Eic, 1(G (K, i<k)) log <a>

k k k . 1
= Ev Haar(d)Eicy_; Z Agk) <¢§k) Pk ¢§k)> 1(G(k,i<k))log <a>
(1 — cos(nty) 1
< IEVNHaar 7«<k 1 Z)\lk ( T] k ) 1 t Z<k log <a>

— cos(nty)
< EV~Haar l<k 1 Z)\lk ( 77 >10g< >

= log(10N) Ei_,_, (1 —cos(nty)) (5)

d <
¢(’“)> <
ik =
MZM and in the last equality the fact >, )\1(-::) = d which is an implication of the fact
that My = {)\Z(k) ¢§k)><q§5k) }EI is a POVM. Next, under G¢(t,i<y), we will use instead
) k -
the following inequality valid for all z € [0, +00):

where we used in the second inequality the fact that under G we have <<;SZ(~}’:) Ok

(—log)(z) < —(z — 1) 4 2log(10N)(z — 1)2. (6)

A simple proof can be found in Lemma C.2.
We apply the inequality (6) for

6 (apr + (1 = &)Uy prUS ) [0 oMU,
a::< ¢ ( Wotebilos,) k>:oz+(1—a)< .

(81| on|o1)”) (o
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Let My, =1— Uy, = —(e7 % — 1) [v)(v| and Syy, =1 — $M,,,. The first term of the
upper bound of Inequality (6) is

N (apr + (1 = a)Uy iU )

(k (k)
—(z—-1)=1- <¢ik P >

T
<¢z(,]:) Ml},tkpk vt;C ¢ > <¢£:) Sv,tkpkM;rtk ¢§,]:)>
=(1-a ® +(1-a) CIPPG
<¢ & (5 o |0))
o) vt%ﬁ o5
_2(1_a)3%< : ;’; : > (7)
and by using first the inequality (33 + y) < 22 4y ) and then the Cauchy Schwarz
)> and /pi M, vtk Zf)>, we can upper bound
the second term of Inequality (6) as follows
(- 1)? (8)

2

<¢§:) (apr + (1 — O‘)Uv,tkpkUg ) ¢§,]:)>
= <¢ ¢(k)> —1

_(1_a) (2§R<¢( vty Pk (]I:)> <¢ Utkpk utk(b >)
- (%] o |0) (6% pre |04
o0 My [0 o | Mogemntly, 6000\
<&1®2(<<¢) t(“>>0 +%1_®2(< <#§pk@§> >)
#?A@k%M;RQ? 00| My oMy, [60)\
§8(1—a)2(< <¢ ¢ (;:>> >)+2(1—a)2<< <¢§f; ¢t> >)

(9)

Let us compute the expectation of Equation (7). Let M, S such that M, = VMV and
Svt, = VSVT. Concretely

fl—e_i"tk‘ O /%—&-
M = O Od,l and S = L O I[d_l

—mtk

Note that Tr(M) = (1 — e~ "), Tr(S) = 5 mtk , Tr(MST) = isin(nty), Tr(MS) =
Loe ™% and MM = M + M' = MTM. We have

R(Tr(M)Tr(S)) =R ((1 _ e—intk)(d B % N e—;n k ))

= (1 — cos(ntg))(d — % + COS(Qntk)) + %sinQ(ntk)

1
< (1 — cos(nty))d + 3 sin?(nty,) .
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Moreover,
R(Tr(M)Tr(S)) > —1/2sin?(nty) .

Hence,

R(TR(M)Te(S))] < (1 — cos(nti))d + 3 sin®(nt)

So we have by Weingarten calculus [CSO6] (see Appendix D for the most important facts
used here):

(60| M8l [80)
B N Py
REy ~Haar(d) (<¢£’:)' VMV VSTV ‘¢§f)>)
- (6O o o) ‘
%Za,ﬁGGQ Wg(af, d)Tr (M, ST)Tl"ﬁ(u)(Pk»
<¢(k) ¢(k)>
1k 1k
R (dTr(MST) + dTr(M)Tr(S5) <¢§f)

Pk

40) ot

)\

Pk

Pk

o) = (5" (61 o
a(@ = 1) (6] pr|0f))

o)) — Tr(M)Tx(S))

Pk

(10)

| ROTr(M)Te(S))(d (60| i |61 ) = 1)
RICRIAER d(@ = 1)

. - L in2 (k) (k)
< 2(1 — cos(nt)) 9 (1 — cos(nty)) sin?(ntz)
B d d? <¢§'f) Pk ¢§k)> d2 <¢§’“> i ¢§k>>'

Recall the notation

t
Bic(X(in,--i)) = > [TAY (o

i1,oie k=1

Pk

on) ) X (i, yir)
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If we take the expectation E;<; under the event G°(t,i<j), we obtain

68| My 5, 18T, |
1EVNHaar( i<k (gc(k Zk?)) (%< : (k)tk (7::]; : >
(6| pr|olt))

<¢Z(II:) Mvvtkpksl,tk (Z)'E]’:)>
IEVNHaalr(d) R ®) ®
— _ . 2
< B 1(G° (k. iy)) [ 2 C )y 2L costiti)) + s o)

(1—cos(ntr)) | 2(1 — cos(rtx)) + sin®(ntx)
< Ei, ( ] + 2 <¢§k) ) ¢£k)> )

< Eigk 1(gc(ka lks))

. (k) 2(1 — cos(nty)) + sin®(nty)
Eg“%&k (o[ e o) ( 2 (69 54 [60) )

_E. (4(1 — COS(ntkC;) + sinQ(ntk)> ’ (1)

where we use ), )‘z(;]:) d. We move to the expectation E;_, of the first term of Equa-

tion (8), it is non negative so we can safely remove the condition 1(G°(k,ix)):
(k)
o4))

k

<¢£k) Mv,tk pkMJ7tk
S
b5,

o] oy))

Moy, peM] th
k k
(6| pi o)
k k k
= EVEigkf1 Z )‘Ek) <¢§k) Mv,tkpkM;r,tk ¢z(k)>
= Eigk 1EVTr( v tkpkM’I tk) = Eigk JEvTr(My,g, + Mg,tk)pk)

_E 2(1 — cos(nty)) (12)

1<k—1 d

EVEi<k1(gc(kuik))<¢ % > < EvE;

Pk

1— —inty,
because Ey M, 1, = %H.

Concerning the expectation of the second term of Equation (8), we apply again the Wein-
garten calculus (Lemma D.1) to have:

<¢1(1]:) Mv,tk Utk (Z) > ’ ]EVNHaar(d) <¢z(;’:) Uatkpka A ¢£f)>2

Evetaara CIPARG - B .0

(o3| pxc|0lt)) (5] e |0 >
By (0t ) (00| VMV VMV 60 (67| VALV oV MV

<¢§,’f’ pulol)”
- S We(Bat,d)Trg—1 (M, MT, M, M)
< > a,fe6y
e |69 ) (69 s 6902
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Note that

s Pk

SN (6] prs |0 ) (o))
e {1 1x(62). (o] ot |01") (o1}
(

Tr(pz) < 1 and ¢(k) pz ¢£}I:)> < <¢§,l:)
M = (1 —e %) ]0)(0| , we have

}

Tray [plm

2
k

Pk Pk

URCATAT NS

Pk ¢§f)> < 1. Moreover, it is clear that since

g (M, MY, M, MY)| = |1 — e % |*Trg(|0)(0], [0)(0], [0){0] , [0){0]) = 4(1 — cos(ntx))*.

Also, we know that for all (o, 8) € &F: |Wg(Ba™',d)| < 12 [CS06] for d > 4, so

’Wg(/Ba_lv d)Tr,B*1 (M7 MT? Ma MT)Tra’y ( ¢£:)><¢z(f) ¢§f)><¢z(f) ) pk) ‘
< 40(1 — cos(ntk))2.

s Pk

Therefore we have:

k E)\ \ 2
E (<¢z('k) Mv,tkPkMJ,tk ¢§k)> - 40 - 412(1 — cos(nt))?
V ~Haar(d) (%) (k) 2 -
(%] o |0)) d* (| or |8y
Now if we take the expectation [E; <, under the event
. 1 — cos(nt
GO(kyick) = {<¢§,]:) P ¢£,’:)> > (L= cos(tv)) d2(n ) },
we obtain:
2
o0 | Mog oMy, |05
E; EVNHaar d 1(gc(kvl<k)) < - - o . >
<k (d) < (k) (k)
40 - 4!2(1 — cos(nty))? 1
< Ei 1(G°(k, i<k)) :
= (o0 o |08)) (o8] pre |0l
40 - 412(1 — cos(nty))? d?
< 1(G (R, i<k)) ( (o0 pi [60T) (1= cos(tn))

= ]Eigk—l Z )\z(';’:) <¢z(,]:)
ik

k) (40 - 412(1 — cos(nty))
S Eigk—1 Z )‘Ek) < d2
i

~E., (40 S412(1 — coS(ntk))> ’ (13)

Pk ¢§f)> 1(G°(k,i<k)) (40 421 - Cos(m‘k)))

a2 (6] pr |0

d
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where we use >, AR — g, By adding up Equations (11), (12) and (13), we obtain:

ik
(k) (k)
o >)

| oy | (api + (1= )V, piULy,)
EingVwHaar(d)]‘(gc(kv ZSk))(_ log) (< . - .

k k
(6% prc |01)
2(1 — a)R( ﬁbz('k) My, Pksl,t ¢z(k) )
< Ei By naar(@)1(G(k,i<k)) < & k(k) — >
2
(410810 (1 — 0)? (6| My, pidf, [
+Ei§kEVNHaar(d)1(gc<k’7ng)) (k)< : ‘ (k) 2 : - >
(k) i (k)
(bz‘ M'U, pka ¢z
+EiSkEVNHaar(d)l(gc<k7iSk))1610g(10N)(1_a>2 < . (k)tk (kt)k k>
-k <(8 + (160 - 412 + 32) log(10N))(1 — cos(nty)) + 2sin2(ntk)>
i<k—1 d '

Therefore using this upper bound and the upper bound in Equation (5) we get an upper
bound on the expected KL divergence:

IEVrvHaar(cl) KL (P ‘ | Q?/)

N 68N U, oo UL, 80
= 3 iy B mttaar(a) (LG (i) + 1(G (i) (~ Tog) (< : ¢;';)> >)

k=1 <¢§,]:) Pk
N
log(10N)(1 — cos(nty))
< ]Ei<k71
P O

R <(8 + (160 - 412 + 32) log(10N)) (1 — cos(nty)) + 2sin2(77tk)>
1<k—1 d

‘ <(8 + (160 - 412 + 33) log(10N)) (1 — cos(nty) + 2sin2(77tk))>
1<k—1 d

IN

N

> E

k=1

al (10 + (160 - 412 + 33)log(10N)) min(1, nt;)
Z Bicy s d

k=1

where we used 1 — cos(z) < min(1,z) and sin?(x) < min(1,z) for > 0. Finally since

Ey ~Haar(d) KL(P||QY) > % we deduce that:

iv: IEZ'<Ic—1 min(la ntk) > 2 2';[ =0 ( d ) .
£ s 182(10 + (160 - 412 + 33) log(10N)) log(V)

In particular, we have N log(N) > Q (d) which implies that:

v-o(ilz)

Finally, the expected total evolution time is lower bounded as follows:

al d
E[Y t] =0 () |
202w
We can set & = 17/4 and use our assumption that N < exp(O(n))/e°M) to get the claimed
expected total evolution time lower bound. ]
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3.2 Coherent setting

In section, we will prove another hardness result in the more general coherent setting.
However, we will pay for the greater generality with slightly weaker bounds.

Theorem 3.6. Let n > 2, k < O(log( )), and p > 1. The problem 7T|1‘|’|°( ), even

under the additional promise that the unknown Hamiltonian H satisfies Tr[H] = 0 and

. . . N on/2
|H||, <1, requires a total evolution time of > j_; ty, = Q( -

) and a total number of
independent experiments N = 2 (2"/2) in the ancilla-assisted coherent setting.
In order to prove Theorem 3.6, we will again consider the following test:
Ho : Uy (p) = id(p) = e 0 pelt0 Vs Hy Uy (p) = e HH peltH (14)
where H = n(|v)(v| —1/d) for n > 0 and |v) = V' |0),V ~ Haar(d). The following proof is
similar in spirit to [AKO07] (see also [Ben+97]).

Proof of Theorem 3.6. We use here the construction from Lemma 3.3. Let H = n(|v)(v|—
I/d) for n > 0 and |v) = V' |0),V ~ Haar(d). H is (n/4)-far (in the operator norm) from
any k-local trace-less Hamiltonian of unit operator norm with high probability. Let £
be the event that H is (n/4)-far (in the operator norm, which we can again focus on as
discussed in Remark 3.4) from any k-local trace-less Hamiltonian of unit operator norm.
We have by Lemma 3.3:

PVNHaar(d) [gc] < exp (_Q(d)) :

In the sequential setting the tester can choose times t1, . .., ¢t and any (dX dayx)-dimensional
operations N7, ..., Nn_1, a (dXdaux )-dimensional input state p and a (dX dayux )-dimensional
measurement device M. Under the null hypothesis Hg, the map U; is always the identity
so the output state (before the measurement) is:

pgutput(p) =Ny_10-- 0Ny ONI(IO)'

In contrast, under the alternate hypothesis H;, the map U; is close to the identity and the
output state (before the measurement) is:

PP (p) = [Upy ®id] o Nv—1 0 [Uyy_, ®id] 0+ 0 Ny o [Uy, ®id] 0 N7 0 [Uy, @ id](p).

We will often drop the argument p for readability if it is not explicitly needed. On the one
hand, using the correctness of the algorithm and the data processing inequality applied
on the 1-norm we have:

6" = By htaaye [, 2 2TV (Bern(1/3)] Bern(2/3)) = 5
On the other hand, we have by the triangle inequality

HEVNHaar(d) { Outpu] Ev - Haar(d)|€ [fh . t} H

= m HP(S)EVNHaar( d) [Pcfutput} Ev ~Haar(d) [ TP ({E)) }H

= P(lg)HP(g)EVNHaar( [Ompm ({50})} P (&) Ev~Haar(a) [Outpm ({5})”’

< HEVNHaar(d) [P‘futput ({&% ”’ + e HEVNHaar(d [ guputy ({5})”‘
P (£°)
P ()
(d))

<P(E°) + P ()

< 2exp (-
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hence for d = (1), by the triangle inequality:

pSUtPUt - IEVNHaar(d) [pclmtput} H
> | p0" P — By taar(a) e {P‘futput] H1 - HEVNHaar( d) [P‘futput} Ey - Haar(d)|€ [ Output} H1
> 2 20 (-0(d) > 5.

Writing the input state as p = Y, \; |9:) (@], e.g., using its spectral decomposition, the
triangle equality implies:

Z)\

So there is a unit vector |¢) = |¢;) such that:

1
3

P (60) (1) — By taarta 02" (60611, =

237 (6)(0]) ~ By mttaaa) [P (19) (0], > 5.

We use the notation U; = e *# and the following Kraus representation of each channel

Nilp) = X4, AkipA,T%. Moreover, we will use the following shorthand notations for ¢,
meN, {<m:

X=X Xp1... X,
Xi = Xme_l .. .X[.

So we can write:

(I ( 1T Aki> |¢><¢|< 11 ALi>,
L i= 1

N —
pciutput(|¢><¢‘): Z (UtN®]I)( H Ak Ut ®H)|¢ ¢|( H UT®H AT)(UtN ®]I)T

Ki,eey kn_1 i=1:N—-1 i=1:N—
Hence, the triangle inequality implies
By ~taar(a) [07" P (10)(6D)] = 25" (10) (@D,
— —
(Une @ 1) H AU eD) ool ( T] Wl enal) Uy o1
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We can write the latter difference of states as a telescopic sum. A subsequent application
of the triangle inequality yields:

(U 2 T)( H A, (U, @ D) 6)ol ( f[ (U], 2D AL,) Uy @ 1)

kl ..... kN—l i=1:N—1 i=1:N—1
— —
~( II ae)eel( II AL)
i=1:N—-1 i=1:N—-1 1
N < < —
<Y > |( TWi @ D). —nen( T Aw)lexel ([T @] enal)
s=1kq,..., kn_—1 suN—1 i=11s—1 i=1:N-—-1 1

(A)
N “— — N
+EvY. > |(IT a) el (I 4l -nent( ] AL(%@W)‘
s=1kq,..., kn—1 i=1a:N-—-1 i=1us—1 i=su:N—-1 1
(B)
On the one hand, using Uy — T = (e — 1) |v)(v| we have
|( [1 W, DA (@, ~1) @H( [T W)l ( T] @leonal)
su:N—1 =1: i=1:N—-1 1
=le ™ —1l|( [T Wep @A) (o) |®JI( [T 4n)lede ( I1 (UJI-@H)AL)
i=s::N—1 i=1us—1 i=1u:N-—1 1
< leints 1| <¢|( [[ wien AT)( I 4., @11)\@
i=1:N-—-1 i=1:N—-1
&)'L IT A, [v)(v@ﬂ]IJ IT AL @i, =D L II Wi, @ DAL| |®HL IT 45.|19)
j=1::s—1 | j=s::N—1 j=s::N—1 =lus—1

where we used the Cauchy-Schwarz inequality. Again, by using the Cauchy-Schwarz

inequality for the sums over ki,...,ky_1 and Ey as well as using the Kraus identities
Dk Ay, T Ay, = I in the last line we obtain:
(A)

s=1 Kiy...y kn_1 su:N—1

( [T, DA, )[(Uts—m@m( HAki)¢><¢|<} 11 <U;®H>AL>

1

<Y By Y Ie‘i"ts—1IJ<¢<_

J [ [T 45 |lwlen| T AL@i,, o1 H Ui DA )0l IT 4% |19
i=1:1s—1 i=s:N—1 N — i=1:1s—1

<Z|e_”7t —1|\lEvk > (4] ( H Ul @A )( 11 Aki(Uti®H)> ¢><Evk >

s=1 i=1:N—1

<¢|[ IT AL |loelen| T AL, H Utm®]1 o eler| T Al ¢>>
1=1s—1 i=s:N—1 aN— 1=1s—1

N
=l -1y
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as Ey < Haar(d) [|[V) (v]] = Ev taar() {V\O><O|Vq = TY(‘%ODH = %. On the other hand,
using U; — I = (e7 — 1) |v)(v| and the Cauchy-Schwarz inequality we have

‘( H Ak>|¢ < ﬁ AL_) U, —D 1) ( H Al Utmm)*)

i=1:N-1 i=1lus—1 i=s:N—1
= [ee 1]

1

( 11 Ak>|¢> ¢|< IT 4 ) |®H< T A4l Um@ﬂ))
i=1:N—-1 i=1:1s—1 i=suN—-1

<ot M( ) I1 at)w
1=1us—1 i=1ns—1

1

— — —
lel IT AL |[lv)(v]eT H LU, @) H tiyr @ DA, ([|v)(v| @] H Al l10)-
i=1us—1 i=s:N— aN— 1=1s—1

Hence by using the Cauchy-Schwarz inequality for the sums over ki,...,ky_1 and the
expectation Ey and by using the Kraus identities > ;. ALA;% = I in the last line we obtain:

J<¢|l IT AL |0 elen] T AL, oD [ I1 Wi @ DA |[lw)wlen| [T AL |16)
1=1::5—1 1=s:N—1 1=s:N—1 1=1::5—1

N — — —
gZIGi”tS—ll\lEv 3 <¢< HAL)( HAL) ¢><Ev S el T AL

s=1 ki,..., kn_1 i=11s—1 i=1lus—1 K1,..ey kn—1 i=1is—1

loywlel | [ AL Ui, @D [ (Ut @ DA, | [[o)wl@n) | [T Al |¢>>
i=s:N—1 i=s:N—1 1=15—1

N
. 1
= Z |emt5 — 1|\/7
s=1 d

Therefore, using

e — 1| = \/(cos(nt) —1)2 +sin?(nt) = \/2(1 — cos(nt))
< min{v/2, /2(nt)2} = min{v/2, v2nt},

we get the following upper bound:

By ttaaray 77" (80D — 6" (&) (@])]|, < (A) + (B)

cog ]

Zmln{Q V2nts}
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Finally, as HEVNHaar(d) { PV (B) | — po P (| (QSDH > 1, we deduce that

|-
itk fn

k=1

%

and

Vd
Nz@.

We can set € = /4 to finish the proof. O

Remark 3.7. In Equation (3), we consider the problem of distinguishing between the
trivial time evolution and what can be seen as a noisy version thereof. However, the noise
model we use is somewhat artificial. It would be interesting to find examples of physically
relevant Hamiltonians for which such hardness statements can be proved. We leave this
question to future work.

4 Upper bounds for Hamiltonian property testing

4.1 Upper bounds inherited from Hamiltonian learning

Before presenting our Hamiltonian property testing results, we discuss what known Hamil-
tonian learning results imply for testing. To the best of our knowledge, the procedures
from [Car24; CW25] are currently the only Hamiltonian learning algorithms from dynam-
ics that work for arbitrary Hamiltonians without locality assumptions, and thus the only
ones immediately applicable to our locality testing scenario via a naive “learn general
Hamiltonian, then check property” approach. Analyzing their performance as testers will
further highlight the importance of the chosen norms and in particular demonstrate that
a different approach is needed when taking the normalized Frobenius norm as distance
measure.

[Car24; CW25] gave two different approaches — the former based on Pauli shadow
tomography methods applied to the Choi state of the forward short-time evolution in
combination with Chebyshev interpolation for polynomial derivative estimation, the latter
using forward and backward short-time evolution and block-encodings to create pseudo-
Choi states as well as (classical) shadow tomography tools — for learning an unknown
Hamiltonian from query access. For our purposes, it is important to carefully consider
the performance measure in their learning task. Namely, the procedures of both pa-
pers produce H-Hpaump approximations to the coefficient vector of an arbitrary unknown
Hamiltonian. Concretely, [Car24, Theorem 1.3] achieves this for p = co. That is, their
Hamiltonian learning algorithm produces estimates ap, P € {I, X,Y, Z}®"\ {I®"}, that

~ 4
satisfy |ap — ap| < e simultaneously for all P € {I, X,Y, Z}®"\ {I®"}, using O <ni°°>

queries to the Hamiltonian evolution, each for short time ¢t = O (ﬁ), thus leading to a

3
n||H|5,
4

total evolution time of O ( ) The guarantees in [CW25] are phrased for p = 2 and

use a number of queries to the Hamiltonian evolution that scales linearly with the number
of Pauli terms in the Hamiltonian. While not discussed explicitly in [CW25], this direct
dependence on the number of terms can be removed when focusing on p = oc.

As learning is a more demanding task than testing, the results of [Car24; CW25]
immediately imply (even tolerant) Hamiltonian locality testers with the same query com-
plexities and total evolution times as their learning procedures. However, there is an
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important caveat: This works only for the norm ||-[|p,;; oo- When trying to solve a Hamil-
tonian property testing problem with respect to [|-||p,,;, for any 1 < p < oo, the only
bounds that can be obtained immediately from [Car24; CW25] (via Hélder’s inequality)
scale exponentially in n. This complication arises because in our testing task we do not
want to make any assumptions on the unknown Hamiltonian, in particular it can have
exponentially many Pauli terms. When considering unnormalized Schatten p-norms |||,
on the level of the Hamiltonians, the situation is similarly bad if not worse, since naive
attempts at controlling a [|-[| -difference even via the [|-||p,,; ;-difference incur an addi-

tional exponential overhead due to [|P|, = 2"/P for all n-qubit Pauli strings P. Even
normalizing the Schatten p-norms does not resolve this issue. For instance, by Parseval’s
identity, ﬁ [l = [ lpaus 2> but we have observed above that the complexities of [Car24;
CW25] scale exponentially for the case of ||-[|p,,;; o and arbitrary unknown Hamiltonians
with potentially exponentially many terms.

In summary, while the results of [Car24; CW25] can in principle be used for Hamil-
tonian property testing, and even for the tolerant version thereof, they suffer from ex-
ponential query complexities and total evolution times for any of our norms of interest
except for the weakest, |||[p 00 In particular, they do not give rise to query-efficient
solutions for the operationally relevant norms ||-|| ., and ﬁ ||-l5- Additionally, their meth-
ods require potentially challenging-to-implement quantum capabilities (such as maximally
entangled input states, access to both forward and backward time evolution, and/or en-
tangled multi-copy measurements for shadows). Finally, neither of the two approaches
achieves computational efficiency, even for [|-[|p,,; - Thus, while relevant for Hamilto-
nian learning, we consider [Car24; CW25] insufficient for our Hamiltonian testing purposes
and develop a new procedure that is tailored to the testing task at hand.

Note added. In the property testing literature, there is another well known way of
obtaining testing from learning, see for instance [Ron08, Proposition 2.1]. Here, one first
runs a proper learning algorithm for the class that one wishes to test and then checks
whether the resulting hypothesis is close to the unknown object that generates the data.
Instantiating this approach in our scenario to test whether an unknown Hamiltonian has
property S thus requires (a) a proper learning algorithm for Hamiltonians with property S
and (b) a procedure for tolerant Hamiltonian identity testing or for estimating the distance
between a hypothesis Hamiltonian (a classical description of which is known, and which
has property S) and a general unknown Hamiltonian, to which one has time evolution ac-
cess. For the normalized Schatten 2-norm, assuming the (non-trivial) ability to simulate
the time evolution according to the hypothesis Hamiltonian, one can use the connection
to the average-case fidelity between short-time-evolved input states drawn from the Haar
measure (or from a 2-design) established in Appendix A.2 to achieve distance estimation
as in (b). However, while the prior work reviewed in Section 1.3 achieved (a) for properties
of Hamiltonians with a bounded-degree interaction graph, no efficient Hamiltonian learn-
ing algorithms for more general S, in particular for k-local Hamiltonians, were known.
More recently, [ADE25, Result 1.6] gave the first efficient algorithm for learning k-local
Hamiltonians in normalized Schatten 2-norm when auxiliary systems are available. Thus,
the “testing via (proper) learning” template can now be used for Hamiltonian k-locality
testing. However, as outlined above, this does not apply to more general S, requires
auxiliary systems and Hamiltonian simulation capabilities, and inherits the exponential
dependence on k? in both the total evolution time and the number of experiments from
[ADE25, Result 1.6]. Here, we aim for more broadly applicable and more resource-efficient
Hamiltonian property testing procedures.
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Algorithm 1: Testing Properties for Hamiltonian Evolutions

Input : A Hamiltonian H, a property Ilg, and an accuracy parameter € € (0,1)
Output: The null hypothesis Hy or the alternate hypothesis H;

1t §;

2 N "2log(3)—‘;

1222

3 for s+ 1to N do
Sample i ~ Uniform[d], js ~ Uniform[d + 1];
Input state : ps = |ds, j,)(Bi,.5.|;
Evolve under H for time ¢;
Measurement : My = {|¢;, ¢){(¢i, ¢|}¢ and observe €5 «— M(Us(ps));
if [¢i,5.) #s |di,0,) then

return H; and stop
10 end

© 0w N o o s

11 end
12 return Hj

4.2 Upper bounds in the randomized measurement framework

In this section, we will prove a general theorem that shows that efficient property testing is
possible with respect to the normalized Schatten-2 norm, from which Theorem 1.3 follows
as a special case.

Definition 4.1 (Relation between states according to a property). Let |¢) and |1)) be two
unit vectors and S C P,. We say that |¢p) and |¢) are equivalent under the property S
if they are equal or |) can be obtained from |¢) by applying a Pauli operator in S. We
denote this relation by ~g and its negation as ~g. Formally,

|6) ~s ) & 30 € [0,27), IP € SU{L}: Plg) =& 1)
e 3IAPe SU{L}:|(¢| P|y) | = 1.

If |@) »g W), we say that a violation of the property S is detected by the pair of unit
vectors (|9) , [¥)).

With this definition in place, we can give the algorithm for testing the property Ilg as
Algorithm 1. Recall that the |¢; ;)(¢; ;| are the MUBs constructed from stabilizer states
defined in Equation (2). In Algorithm 1, the Hamiltonian is given as a black box that,
given a time, runs the time evolution under the Hamiltonian for each input state provided
and allows for any measurement at the end. The property Ilg is given as a list of strings
specifying the Pauli operators in S.

Theorem 4.2. Let S C P, such that |[SU{I}| < (2711—2?54, and let € € (0,1). Suppose that
the Hamiltonian H satisfies Tr(H) = 0 and | H |00 < 1. Algorithm 1 tests whether H € Ilg
or \/127||H—KH2 > ¢ for all Hamiltonians K € Ilg with probability at least 2/3 using a total

evolution time O (%3) , a total number of independent experiments N = O (é) , and a total

2
classical processing time O (%ﬁj{m) Each experiment uses efficiently implementable
states and measurements.

In fact, as we argue in the proof of Theorem 4.2, the procedure uses only stabilizer
state inputs and stabilizer basis measurements. Each of these can be realized with Clifford
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circuits and thus with at most (9(%) many Hadamard, phase, and controlled-NOT gates

[AGO4]. Thus, Algorithm 1 is efficient in terms of the number of experiments, the total
evolution time, and the classical and quantum processing time.

Testing locality corresponds to the property Ils, . .., where Sp_jocal = {P € Py, :
|P| < k} satisfies |S| = S-F_ (7)3% < (3n)**1. For this special case, we obtain:

Corollary 4.3 (Testing locality — Restatement of Theorem 1.3). Let n > 2 and € > 0 be

such that (3n)F1 < %. Suppose that the Hamiltonian H satisfies Tr(H) = 0 and
|H||oo < 1. Algorithm 1, when given the property S = Si_1oc, tests whether H is k-local or
%HH — Hipealll2 > € for all k-local Hamiltonians Hyeq with probability at least 2/3 using

a total evolution time O (a%), a total number of independent experiments N = O (i),

k+3
and a total classical processing time O (%)

Remark 4.4 (Testing many properties). In situations where we are interested in testing
many properties at once or we are not confident about the exact property we want to test
during the data acquisition phase, we should find a way to perform the Hamiltonian prop-
erty testing with an arbitrarily small error probability. It turns out that changing the data
processing (statistic/estimator) part of Algorithm 1 slightly solves this issue. Concretely,
using the concentration of an estimator that compares the empirical number of violations,
i.e., counting how many outcomes are measured such that |¢;, ;.) ~s |¢i. ¢.), with a thresh-
old, we are able to achieve an error probability 6 with a complexity that scales as log(1/6).
Via a union bound and setting 6 — §/M, this allows us to test many properties at once
with only an overhead that is logarithmic in M, number of properties. See Appendix B.1
for details.

Remark 4.5 (Assumption on the set S). The assumption on the set S —|S U {I}| <

n 4
(2 ;21)6 — for which we can prove a rigorous guarantee on the complexity of Algorithm 1
limits the range of properties we can test. If we are only interested in having efficient tests
and thus |S| < O(poly(n)), this assumption should always be satisfied. Nonetheless, we
are able to extend the result of Theorem 4.2 to any set S using an additional number naux

of ancilla qubits, where Naux = {logQ (%ﬂ. See Appendix B.2 for details.

ongd

Remark 4.6 (Tolerant testing). In Theorem /.2, the null hypothesis is that the unknown
Hamiltonian H s itself an element of Ilg. In the spirit of tolerant property testing
[PRROG6], one may aim to weaken this to H merely being close to the set Ilg. In Ap-
pendix B.3, we extend our result to this tolerant Hamiltonian property testing scenario.

Remark 4.7 (Assumption of independent and identically distributed (i.i.d.) input). We
assumed that the tester runs N 1i.i.d. unitary evolutions in order to decide the correct
hypothesis. Note that the proof works even if the unitary evolutions Uy, ... ,Ux are not
identical, i.e., the Hamiltonians may be different as long as they remain in the same hypoth-
esis class. However, the assumption of independence is crucial for the proof. Moreover,
the naive application of the de Finetti theorem (on the Choi state, as in [Faw+24]) would
require an overhead in the copy complexity that is exponential in the number of qubits.

Remark 4.8 (Implications for testing with respect to other norms). Theorem 4.2 is
phrased in terms of ﬁ |-Il5. Recalling that ﬁ [llg = Il pauti2 as well as the mono-
tonicity ||lpauip < Illpawig for 1 < ¢ < p < oo, we immediately see that the results of
Theorem 4.2 also apply to Hamiltonian property testing with ||'HPauli,p for any p > 2 as
distance measure. Similarly, as the normalized Schatten p-norms satisfy the monotonicity
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property in/p ||||p < 27}/q ||Hq for 1 < p < gq < oo, the results of Theorem /.2 immediately
Il for any 1 < p <2.

carry over to testing with respect to 2n1/p

Proof of Theorem 4.2. We need to show that the error probability under the null and
alternate hypotheses is at most 1/3.

Error probability under the alternate hypothesis. Here we suppose that H is e-far
from Ilg. Let i = (i1,...,in), 5 = (J1,...,jn) and £ = (¢1,...,LN). The error probability
is

Ei,j,l []P)Hl quihﬁ) ~S |¢i1,j1>a R |¢iN7£N> ~S |¢iN,jN>H = IEi1,j1,€1 [P(|¢i1,€1> ~S ‘¢i1,j1>)]N :
We now evaluate E;, j, ¢, [P (|¢1,0) ~s [¢41,51))] = Eijie [P (19i0) ~s [¢5,5))] as follows:
Eije[P (|¢z e) ~s 19i3))]

d—|—1 Z| ¢zf|eltH|¢U> |2 ({‘¢zl> ~s |¢z]>})

§j|@A&Hw”|2(ﬁeapesuw}eﬁww> Plij)})

Z Z| (6151 Pe™™ |¢y 5 |221({30:ei9|¢i,6>:P|¢i,j>})

PeSu{H} 1,J
Z Z| ¢M|PeltH |i,5) |
PESU{]I} 1,J
Tr (PeltHe*‘tHPT) + |Tr (PettH) }2
d(d+1)

d+1

z

PeSU{T}

(¢) d
= ddr1) Z 1)

PeSu{l} Pesu{ﬂ}

> (it)mTr(PHm)

m!
>0

where we used in (a) that >,1 ({EIO el g ) = P\QSZ-J-)}) < 1 because, if we have

01, 01,02, £ such that €1 [¢; ,) = P ¢y ;) = €% |his, ), then [(¢s.0,|6i,) = 1, but {[dir)}i
is an orthonormal basis, so /1 = £5. In (b), we used the fact that {|¢; ;) }i ; forms a 2-design.
The first term of (¢) can be computed exactly:

d  |SU{l}

b AT

For the second term of (c), we deal first with the case P = I:

2 2
1 (i)™ my| 1 (it)™ m
d(d+1) H;O . PHT) = a0 };O 1 T
- - 2
1
< ———|d— —Tr(H?) +
< T P
<1 (d2 — dPTe(H?) + 4d2t4)
= dd+1)

1
= d—t2d 2 4 4dtt .
o ( > lor
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In the third step, we evaluated the squared absolute value |z|?> = Zz and bound the higher
order terms, using that |Tr(H™)| < d|H|| < d and 3,54 2 Tr(H™) < 0.06 - dt* since
t < 1. Note that third order terms vanish. B

For the other cases in (c):

2
1 (it)™
> S T(PH™)
1
PeS\{I} d(d+1) m>0 e
2
e iDD Tr(PH™)
d(d+ 1) PeS\{]I} m>2
_ |(it)dap|? (it)™ . itdop (—it)™ .
=2 @D +d(d+1 ‘Z i TPH )‘”% @D 2t FPHT)
PeS\{I} PeS\{]I} m>2 Pes\{I} m>2
|(it)dap|? 1 (it)™ m 2 2td m ”
<
< 2 Tdarn +d(d+1)z‘z ol WPHM) |+ > oy D lapl - [Te(PH™))
PeS\{I} >3 PeS\{H}
< Z dt2ap 1t)m Tr(PHm)Tr PHm Z Z Z|Tr Hm
- d+1 d d+1 mlm/ d+1 m' oF
PeS\{I} Pm,m’>2
)™ (=)™ gty 2 m
il 2. et d+1 D it THTHT) £ d+1Z Tr(H™H
PES\{]I} m,m’>2 m>3
d o 2% 4
STl 2 ek +1 2 At gy v
PGS\{]I} m,m’>2
< Ly > ap|+3t
—d+1 P '
PesS\{1}
where we use Y pad < 1, 35 Tr(PA)Tr(PB) = Tr(AB), [Tr(H™)| < d|H||% < d,
Em>2fn, el —1—t<t? andzm>3m, et—l—t—ggti‘,
Therefore
2
|SU{L} {H}| 1 (it)™ "
Eije [P (1) ~s |9i5))] = + > Z —Te(PH™)
d+1 PesOm d(d+1) m!
|S U {I}| 1 9 5 A
< + d—t*d > |ap|* + 7dt
d+1 d+1 e
S U{I}|
<1-— t2 2 ‘ 7t4 15
<1y B (15)
1252
<1-—
2

where we used
o Forall K €1lg, %HH—KHQ > €80 Y pgg a? > 2 (choose K = Y peg STr(PH)P),
ISP < 2 7 < 2.
For t = g, it is sufficient to add the condition that the size of the set S satisfies

(d+1)-¢&?

I} <
Su{m < s
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We can choose the number of repetitions to be N = 2102g(2 ) 50 that:

Ei,j,e [IFDHI H¢i1,€1> ~S ‘¢i1,j1>7 7‘¢iN,ZN> ~S ‘¢iN7jN>]]

N t262 N 1
= Ei17j17ll [P(|¢i1/1> ~S |¢i1,j1>)] <|1l- 7 < g

Error probability under the null hypothesis. Here we suppose that H € IIg. The
error probability is

Ei,j,l []P)H1 [‘¢i1,€1> kol ’¢i1,j1> or --- or ’¢iN,€N> >3 |¢'LNJN>H

SN -Eip o [P (16i,00) s [0iyg0))] -

Observe that under the event {|¢;¢) =g |¢i;)} we have £ # j since I € S U {I}. Also
|bie) ~s |¢i;) implies (@i H |¢p; ) = 0 since H € Ilg . To see this we can write

¢ j) (@i | = ézpegi(—l)T;OPS(p) where 7“;- € Ag,, then for Q € P,, we have
1

[(0iel Q1eig) P = =5 D0 (Z1)EP P Ta(S(p1) QS (p2)Q)
Pl,PQGGi
1 rio rto o
:ﬁ SO ()RR T (S(p) S (1) QQ)
p1,p2€G;
- Z rzop—i-r;.op—i-qop
pEG

=1 ({rérjq € Gl}) , (16)

where we wrote ¢ for the element in P, corresponding to Q € P,. In the last line,
we have used Lemma 2.4. Moreover, we used the fact 7 o p + sop = (rs) o p which
can be seen from (—1)")°PP(r)P(s)P(p) = P(p)P(r)P(s) = (=1)"PP(r)P(p)P(s) =
(—=1)"°P(=1)*°PP(r)P(s)P(p). Thus either (¢; /| Q |¢i ;) = 0 or |(¢;, ) =1&

Q|bij) = el? |¢i¢). Hence, under the event {|¢;¢) =g |¢i;)} we have <¢1g|H |i ) =
for m = 0, 1. Therefore:

d+1

D> Wil € 10i,) P ({Igie) =5 19i5)})

i=1 j#L

Boia [P (60) =5 1605))) = s

2

(Diel H™ |9ig)| 1({|9i,e) =5 |9i5)})

d+1 (it)m

rE DML

i=1 j#L |m>0

& (it)™
d+1 Z_Z > (e H™ (1)

m>2
d+1 ym )m’

d+1 22 Z #<¢i7l‘Hm|¢i,j><¢i,j|Hml |i.e)

i=1 5, m,m’'>2

% Z i)™ —i)m' (HmHm)
d+1 m’'>2
<-— % Z — ﬁ|Tr(HmHm,)|
= d+1 m/!
d+1

d+1 Zt4 d=t,
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where we used that {|¢; ;)}; is an orthonormal basis, |Tr(H"™)| < d and ) OF <42,

m>2 "m!
Hence, for t < g and N = Pltgi(;ﬂ we have that

Ei,j,e [PH1 [‘¢i1,€1> ~s ’(bihjl) or --- or ’¢iN,€N> ~s |¢iN7jN>]]
1
<N B [P () s 1005 < [FoE ]

t2e?
2103;(3)t2 Lt < 2log(3) 1

1
g2 - 36 6+ 3

<

Complexity

o Evolution time at each step ¢ = g,

o Number of independent experiments N = Plog(?’)-‘ = [72 10g(3)—"

t2e2 et
€
o Total evolution time Nt = [ngf(—g)w £ < 121§§(3) + G
~—
<1/6

o Total classical processing time: In each round 1 < s < N, we check whether
(@iejel @ l@ice)| = 1 for any Q@ € S U {I}. Via Equation (16), this reduces to

checking whether T‘Z r2q € G;,. As G;, is a maximal Abelian subgroup, it equals

Js C
its own commutator, so we can equivalently check whether TZ r;iq commutes with

all n generators of G;,. Each such commutation check can be performed in time
O(n), see e.g. [SH14, Section 3]. This leads to a total classical processing time of

O (Nn?|S U {T}]) :@(%).

o Complexity of state preparation and measurements: The input states used in our

protocol are (randomly chosen) stabilizer states |¢; ;), each of which can be prepared
using a Clifford circuit with (’)(l(?;n) many 2-qubit gates [AG04]. The measurements
used in our protocol are with respect to some (randomly chosen) orthonormal basis
of stabilizer states. Given any such a target basis, there always exists a Clifford
unitary that maps the computational basis to the target basis. This can be seen via
the surjective group homomorphism between n-qubit Cliffords and the symplectic
automorphism group on (2n)-bit strings [Haal6, Proposition I1.14.], under which
stabilizer groups correspond to (symplectically) isotropic subspaces, and then using
the fact that every symplectic subspace can be obtained by applying a symplectic
transformation to a span of a suitable number of canonical basis elements in F3"
[Haal6, Proposition I1.8]. Thus, each of our measurements can be implemented by a

Clifford circuit with O(; :;n) many 2-qubit gates [AG04] followed by a computational
basis measurement.

O]

5 Lower bounds for learning a general Hamiltonian

In this section, we prove Theorem 1.4 on lower bounds for learning a general Hamiltonian
in normalized Schatten 2-norm.

Theorem 5.1 (Formal version of Theorem 1.4). Letn > 11. Suppose that the Hamiltonian
H satisfies Tr(H) =0 and | H||o < 1.
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e Any coherent algorithm that constructs H such that % |H —H||5 < ¢ with probability

at least 2/3 has to use a number of independent experiments N = ) (2%")

o Any non-adaptive ancilla-free incoherent algorithm that constructs H such that % || H—

H||y < e with probability at least 2/3 has to use a total evolution time (2%”)

We note that the hardness results of Theorem 1.4 immediately carries over to normal-
ized p-norm with p > 2 via standard norm inequalities.

We follow a standard strategy for proving lower bounds for learning problems [Fla+12;
Haa+17; LN25; FOS25; Ouf23].

Proof. We use the following construction inspired by [BCL20]:

Hy = eUOUT where U ~ Haar(d), and O = diag(+1,...,+1,—1,...,—1).

d .. d ..
5 times 5 times

Note that in particular Tr[O] = 0 by construction. For such a Hamiltonian we have
1Hlloo < lUlloollOlloc]|UT |l = € < 1. The expected distance between two independent

Hamiltonians Hy and Hy satisfies:
E 1HH — Hy —éE Tr ((UOUN?| + 2T [UOUTVOVT| + Tr |(VOVT)?
S — s3] = S8 [ [wouy] o |« [voviy]]
2e2
_ 9.2 27 t
=2+ = E[Tr [UOU OH
2e2
= 252 + ?(TI'[O])Z
=22,

Here, the second equality used invariance of the Haar measure, the third equality used

E {U OUT} = %H, and the last equality used Tr[O] = 0. Moreover for d > 2,

e s

1
E | 1Ho - Byl

84 2
= SE [(2d +2m(UoUtvovt)) }

— 4t ‘ff@ [T [voutol] + 4;24E [(Tr [OUTOUD?

82
§464+d—€2§652.
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Here, the third equality again used Haar invariance, while the fourth equality used E [UOUT] =
%H = 0 as well as (relying on [Ann24, Corollary 13])

E {(Tr [(OUTOU])Q}
=T [0%? (E [(UT0U)*?) )]

0®2ﬁ (Tr[0®2]]l + FTY[O%?F] — %FTr[O@] — ;Tr[FO®2]]l)]

((Tr[O])4 + (o)’ - % (1x(0?) (Tr[O])2>

=Tr

_ 1
A2 -1
d2
:ﬁ

<2,

with F' the flip operator. So by Hoélder’s inequality:

3
EEHHU—HVHQ} . (2e2)3

—||Hy — V||2} > — > 1le.
Vd [%HHU — Hyll; } 6

Observe that the function f: (U, V) — ﬁHHU — Hy||2 is Lipschitz:

f(U, V)= fU", V")
- % |lvoUt —vovt|, —|[u'ou't — v'ov'|,|
[

\[
% [lUoUt —UOU" |5 + |UOU'T — U'OU |5 + ||[VOVT = VOV'T||5 + [VOV'T — V'OV,
< —= Ut =TT+ |U=U'|la + VI = V|l + |V -V

< \/gHI ll2 + |l ll2 + |l ll2 + || 2]

[lUOUT — VOVt —U'OU"T + V'OV,

2e
ZT\HU—U/H2+HV—V/H2|

2\[5

7 (U, V) = (U, V)2,

where ||[(U,V) — (U, V')||2 = \/HU U'|l2+ ||V —V'||3. Hence, by the concentration
inequality of Lipschitz functions with respect to the Haar measure [MM13, Corollary 17]:

22 82d2
P(f(U.V) ~E[f(UV)] < —s) < exp ( - (VG)) = exp (‘962> '

So, since E [f] > 1.1e:

2 72 2
P(f(UV)<e) <P(f(UV)-E[f(U V)] < —0.1¢) < exp (— 920?)62> = exp (—960()) :

Therefore, by iteratively picking independent Haar-random unitaries, we can construct a
family F' = {H, = eU,OU] }xe (v) where M = exp (38400) that is e-separated with high
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probability. In fact, by the union bound, we have that:
1
P (F is not e-separated) = PP <E|x #£2' € [M]: ﬁ”Hx — Hyll2a < 5>

1
< M?P (\/EHHI — Hyll2 < g)

42 42
< . _
= %P (19200) %P ( 9600>
d2
< — .
= ( 19200)

Let X ~ Uniform[M] and Y be the observations of a correct algorithm. By Fano’s

inequality we have:

2

I(X :Y)>(2/3)]log(M) — log(2) > — log(2

(X:Y) > (2/3) log(M) ~log(2) > 2~ log(2)

Coherent algorithms. Let x € [M]. A coherent algorithm using the time evolution
t = UL(-) = e (el chooses the input state p, the evolution times t1,...,ty and
the channels N7,..., Ny_1 and measures the output state:

o = [UN ®id] o Ny_1 0+ o N o UL ®id](p).

Without loss of generality, we can assume that the channels Ni,...,Ny_1 are unitary
(Stinespring dilation theorem) and the time evolution unitaries {U'} act on different
systems { Ay} of dimension d (we can include swap channels in A7, ..., Ny_1 if necessary).

The global system is thus A; - - - Ay E where E is an ancilla system of arbitrary dimension.
For k € [N], we denote UI; = Z/[ék oNj_10---0MN] oU;l(p), 0'2 = p and Ny = id so that we
have

of = Uk o Ny 1 (oh ).

Denote by 7, = ﬁ 2315\4[:1 Uk o Nj_1(cF=1) and &, = ﬁ zﬁil Ni_1(ak=1).

For any bipartite state (45, the von Neumann entropy satisfies the subadditivity prop-
erty S(AB)¢ < S(A)¢ + S(B)¢ and the triangle inequality |S(A)¢ — S(B)¢| < S(AB)¢
[NC10], so for all k& € [n], we obtain

S (Al <o AkAk+1 oo ANE)Wk <S (A1 oo Ak—lAk+1 oo ANE)Tl'k + S(Ak)ﬂ-k, and
(17)
—S (A1 A1 ApApys - ANE)g, € =S (A1 Ap 1 Agpr - ANE)g, + S (Ag)g, - (18)
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Hence the mutual information between X and the observation of the coherent algorithm
Y can be bounded as follows

—
S
=

1Y 1Y
I(X:Y) < S(MZU;V> R TOILAC
=1 r=1
(b)ﬁg 1 iwj k iv: 1 g: k-1
= Sl—=> o, ] —> S|—=)> o,
k=1 (M =1 ) k=1 <M =1

© gL N o1y o1 1
Py k - —_ - -
2 (g i) o ()

N
S(Ar- Ap 1 ApApsr - ANE), — > S (A1 A1 AxAgyr - ANE),

Tk

A
= I
El
i [M=
I
i
I

IA
™=

N
S(Ar-Ap1Apgr--ANE) . + > S(Ap)n,

B
Il
—
b
Il
—

N N
— Z S (Al Ak;—lAk—f—l . ANE)£ + Z S (Ak)Sk
k=1 k=1
(e) N N
= Z S(Ag)m, + Z S (Ak)gk
k=1 k=1

where (a) uses Holevo’s theorem [Hol73]; (b) is a telescopic sum and uses the fact that
S (aiv ) = S (p) for all z as all operations we apply are unitary; (c) uses the assumption
that Aj_1 is a unitary channel; (d) uses the inequalities (17)&(18); and (e) uses the fact
Tra,, [mk] = Tra, [€]-

Since Z(X : Y) > % — log(2) we deduce that

d? log(2)

N > - .
= 76800log(d)  2log(d)

Ancilla-free incoherent non-adaptive algorithms. In this setting, the algorithm
selects a set of input states {pg}sen], time evolutions {Z;},c[n), and measurement de-
vices {Mg}ge[]v], which we assume without loss of generality to be of the form M, =

{/\ie ¢’Le[ > <¢z€ (z)lez > < fé

}i, for projectors and non-negative coefficients A;, satisfying >, A,

d. At step £ € [N], the input state is transmitted through the channel U (p) = e~ itefle peltets

and the output state is measured using the device My, resulting in the outcome I,.
For a non-adaptive algorithm, the observations Y = (I1,...,Iy) are independent con-
ditioned on X, so

I(X:Y)=Z(X: L,....,In) = S(I1,..., In) — S(I1,...,IN|X)
N N
<Y S(Ie) = S(LeX) =) T(X : L.
/=1

Fix [ € [N] and recall the notation U (p) = e~z peiteHe where H, = eU,OU], we have
the joint distribution of (X, Ip):

. 1
alw,ie) = =N, (@, | U (pe)

M

o, ) -
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So the mutual information is:

TOX 1) = S qte i og (21500 )

= £l yte No arh <Z > )
Z N (@, | U (pe) ”>1g(M S < ( 2T

= E{ + 35,
where
1 4 utg ,
2{ = % M)\ig< fe Z/{;e (pf) fe> log (EUNHajr(d) [<¢[ u[t]g(p>) Qbf >]) )
2|7 te 4
=gl (SRR

and Z/{tUlZ (p) = e—itZEUOUTpeiteaUOUT ]
We have for H = eUOU, e = cos(te)I +isin(te)UOUT hence
( fl|l,{£z<pe) |¢fe> = (4t ‘ |efitepr olteHe ’¢f[>
= cos?(tge) < |pz |¢ )+ sin?(t4¢) ¢ f[‘ UoUtp,UoUt |¢f@>
2ot i) {0, OV 6.
B (64,10 pe) |64,)] = cos? (1) (6] |pe w )+ sin?(te)E (64| UOU 0L )]

d d{t :

51n2(t €)

(i,
B [(6h,| Ul (pe) |61,)7] < cost () (41 |Pe|¢ > +sin' (tee)E (6, | UOU T peUOUT [0, )]

+ 4 cos?(tge) sin?(tee) R [( fz| UoU p, |¢f€> <q§f€ | pUOUT |¢fé>}
+ 2cos® (te) sin® (tee)E [(8F, | pe |05, ) (oL, | UOU T p,UOUT |4,)]
+ 43 cos(tee) sin®(tye)E [{ f[‘ UouUtp,UoUT |¢fe> ( f[ | pUOUT |¢fé>]

> cos? (tee)

< cos?(tge) < |pg‘¢ > +Sin4(t€5).(9(d12> (19)
{4 V4
+ cos?(tee) sin?(te) - O (W) )

For E [< (o) @ >], the calculations are similar as in Equation (10). To show
Inequality (19) we used Weingarten calculus Appendix D and the remark that ||O||s =
1,Tr(0) = 0,0 = Land | Wg(m,d)| < O () for 7 € &, and n = 2,3,4.

In particular, we have
(0F, | Us (pe) |94, )

~E[(6,| Ut (pe) | #7,)]
< cos?(tee) (¢, | pe |05, + sin(tee) (¢f,| UOU T p,UOUT | %) .—|—22% cos(tee) sin(tee) (¢F, | pUOUT |¢f))

cos?(tee) (0f, | pe |#1,) + =5t

<1+ d+1)+Vd+r1<2d
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for d > 5. Hence

¢yt oy | Len U |4,) ‘
< u|ux (PZ)|¢M> EK%@’Z’{E{Z(W)M?@” 1

(¢f, | Ut (pe) |95,)
E [<¢fe|u(tfl (pf) |¢fz>]

| sin®(tee) { fz| UoU p,UOUT }éf’f)

.2
+ 2 cos(te) sin(te) <q§f€ | peUOUT |¢f€> - Smdiffe)

< 6dte

Here, we used that sin?(z) < x and that cos(z)sin(z) < z for * > 0. So by taking the
average over the outcome 7y and assuming that Zévzl ty < % (since otherwise we already
have the statement that we set out to prove) we have

4
”> - 1) e [-6d*, 64"
)

2 (pe)

i (pe)
Hence, by Hoeffding’s inequality applied to the i.i.d. random variables {Yx}gce[ M)
1 122d8 log (20 (12248 1
P(M Og())<gexp<_MM1°g(20)>:

M 12248 10°
Therefore with probability at least 9/10, for all [ € [IN], using the inequality log(z) < z—1,
we have:

> Y, -EYy]| >

ZN: s [122d%10g(20)
1

M
o, | UL (pe) |45, 122d81og(2o)
- zg K ute )d)f[ 1 ( < - - 7
;§M (w68 | g e T o )] ) ~
1 N 1 Ut (pe) |44, 12248 log(20
SMZ;ZMM%WZW> @Lﬂ‘ ) ey
x f=1 1y

E
N utz
< EVNHaar(d) Z Z )‘iz < f,g | u%/{ (P ( ‘ pé > ]

¢
=1 i, IEUNHwar(cl) ¢z[}

[%}U“’ o 10)’]

SRNE AT

Z 1 Z[
4 1 2 . 9 1
5, L 6 0900 () + o) i 0 ) (k)
=1 iy COS2(tg€) <¢i1{‘ pe ‘¢iz> + Tle
N
. 1 . 1
< ; ;)‘iz cos* (te) <¢f€ | pe |¢fe> -1+ ; \i, sin? (te) O (d) + Z)w sin?(tye)O <d>
N T N
< Z[cos4(tgs) — 1]+ O (sin(te)) + 1/ M Z (min{t2e?
=1 =1
N
<0 (Z tﬁ) (20)
—
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where we use cos(x) < 1, sin(z) < min{z, 1}. On the other hand, for the second sum 3,
we can use again the inequality log(z) < z — 1:

G (pe)

Ul ( wfif}))

“25 2

Uy (pe) ¢f[>

Uy (pe)

E lf
Eézgﬂz)\ie@f@ 2 (pe >10g< Z<

tUé(Pé)

Uy (pe)
(bé

Uy (pe)

B ¢ ¢ EK%
<§ /\w<¢ pe w>(]\142<e
= X ME ({4 HE PN

=E Tr (Ut (p0))| = ﬁTr (U (p0))

Ut (pe)

=0.
Therefore,
Cl2 N N ; ;
—log(2) <I(X:L,....In) = (X :I) =) (¥]+X5)
38400 Og( )— ( 1, 5 N) ; é Z; +
N
122d8 log(20)
<O
< (Z tg&) + Wi
/=1
N
<0 (Z m) +1
=1
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A Relating Hamiltonian distances to time evolution distances

In this appendix, we give operational interpretations for the operator norm distance be-
tween Hamiltonians as a worst-case distance and for the normalized Frobenius norm dis-
tance between Hamiltonians as an average-case distance. We do so by relating them to
corresponding distances between the associated unitary evolutions in the limit of short
times.

A.1 Operator norm distance between Hamiltonians

The operator norm distance between two Hamiltonians is connected to the following dis-
tance measures on the level of associated time evolution unitaries:

(a) Worst-case fidelity between (pure) output states of the unitaries,

(b) 1-to-1 norm distance between the unitary channels (i.e., worst-case 1-norm distance
between output states over all input states without auxiliary system),

(c) Diamond norm distance between unitary channels (i.e., worst-case 1-norm distance
between output states over all input states with auxiliary system),

(d) Operator norm distance between the unitaries up to a global phase,

disteo(U, V) = min HU - ei“"VH .
p€(0,27) oo

We first recall the distance measures involved and the relations between them. Then, we

demonstrate their connection to the operator norm distance between Hamiltonians.
First, we know that the 1-norm distance between two pure states is closely connected

to their fidelity via || |¢) (o] — ) (¥] [[1 = 24/1 — [(¢|¥)|?, by the equality case in the Fuchs-

van de Graaf inequalities [FV99]. This implies the following connection between the above

distance measures (a) and (b):

_ — max T_ T, = —mi t 2
|24 =Vl = max|U [9) (6] UT = V )] VI 2% min| (V] UTV |o)

Next, as we're dealing with unitary channels, the 1-to-1 and diamond norm distances
coincide, U —V|151 = U — V||o (see [Watl8, Theorem 3.55]). Finally, from [Haa+23,
Proposition 1.6], we know that for two unitaries U, V', the diamond norm distance between
the associated channels U,V and the operator norm distance between the unitaries up to
a global phase coincide up to multiplicative constants:

1 .
5 HU - VH() < dlStOO(Uv V) < ”u - V”o :

So, all four distance measures (a)-(d) above are equivalent.
To understand them on the level of Hamiltonians, let H, H be two n-qubit Hamiltonians
with Tr[H] = Tr[H]. We write the associated unitary time evolutions as U; = e *# and

Uy = e ™ Then, as t — 0, we have for any input state [¢):
~ t2 - 12 -~ :
(U T [)* = (| 1+ itH — S H? —ith = H* + HH[)]* + O(F)
£ i\ 2 ’ 2 ) 2 3
- (1 - Wl — 1) |w>> + 2 (U] (H = B) [¢))” + O(F)

=12 W (H ~ B o)+ (0] (H — D) [)” + O
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Therefore, we have
U = Vo = It = V|11
- 2\/1 — %i;ﬂ\(lbl UL T, ) |2

- 2\/t2 ma (] (H = 22 o) ~ (I (H - D) [9))°) + O(#)

<2\/t2max‘¢ (| (H — H)2 |9)) + O(t3)

2
Mo+ M) = (O + Ain)) ) + O(8)

(21)

2\/t2 max_)\mm) + O( )

2t||H H|lo + O(t?)
)‘Iznaxv)‘mm
2 . 22X Amin) | 0 (43)

{ 2\/t2\H H|Z + O(t3)

= 2t||H — Hl||oo + O(t?)
=t|H — H|o + O(t?)

Here, we used Ayax/min to denote the maximal and minimal eigenvalues of H — H. For
the lower bound in Equation (21), we made the specific choice |¢) = %(Wmag + [¥min)),

where ’¢max /min> are the (orthogonal) eigenvectors of H — H for the eigenvalues A,y /min-

In the second-to-last step, we used that Tr[H —-H | = 0 implies that Apax > 0 and A\pin < 0.
Additionally, in the second-to-last as well as in the last step, we used the Taylor expansion

VIi+tz =1+ 0(z) to get \/tQHH —H|2,+03) = t|H — H|looy/T+O) = t|H —
H|loo (1 + O(t)) and similarly /2 - 2as 4 O(13) = ¢ dmex /T OF) = ¢ 2= (1 + O(1)).
This derivation tells us that, for short times, we can understand the worst-case distances

(a)-(d) via the operator norm distance between the two Hamiltonians underlying the
unitary evolutions.

A.2 Normalized Frobenius norm distance between Hamiltonians

The normalized Frobenius norm distance between two Hamiltonians is connected to the
following tightly related distance measures on the level of the associated time evolution
unitaries:

(a) Frobenius norm distance between (normalized) Choi states,
(b) Normalized Frobenius norm distance between unitaries up to a global phase,
(c) Average-case squared Frobenius norm distance over Haar-random input states,
(d) Average-case squared trace norm distance over Haar-random input states,

)

(e) Average-case fidelity between output states over Haar-random input states.

Note that due to our focus on unitary evolutions, pure input states lead to pure output
states, so that the relevant average-case squared Frobenius and trace norm distances are
related by constant factors. Thus, (c¢) and (d) are immediately related. And via the
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standard relation between the trace distance and the fidelity between pure states, we can
immediately translate between (d) and (e). We now review the connections between (a),
(b), and (c) established in prior work, and then relate (a) to the normalized Frobenius
norm distance between Hamiltonians.

For two m-qubit channels N' and M, we define D(N, M) = % |CN) = C(M)]|y,
where C(N) = (N ®1d)(2) = (N ® id)(]2)(2|) denotes the (normalized) Choi state
obtained by applying the channel to a canonical maximally entangled state. From [BY23,
Proposition 15], we know: If N, M are unital, then

2n+1

Ejg)taar, [IV() (1) = M) (0DIE] = 5oy DIV, M),

Moreover, if we define, for two unitaries U, V,

disto (U, V) = min : HU - einHQ ,

1
2" p€el0,2n

and if we denote the associated unitary channels by & and V, then [BY23, Lemma 14]

tells us
1

V2

Now, consider two n-qubit Hamiltonians H, H with Tr[H] = Tr[H], giving rise to unitary

disto(U, V) < DU, V) < dista(U, V).

time evolutions U, = e and U, = e 1H, Then, as t — 0, we have:
DUy, Uy) = U, 1)U ©1) — (U, » 1)U ]1)”2

Q—it[Ho1,0) - (Q-it[d e ]1,9])“2 +O®#2)

Sl =Sl =Sl -

(H - H)1,9]|, +0(#?)

t
/on

HH—ﬁh+O@y

Thus, in the limit of short times, \/127

H - ﬁH2 closely relates to D(Uy,U;) and thereby

~ ~ ~ 12
also to dist(Uy, U;) as wdlasto,V%%MNHmHn“VﬁkwﬂdﬂU}—lﬂ\w)@Ml&HJ. This tells

us that for short times, the different average-case distance measures (a)-(e) are connected
to the normalized Frobenius distance between the underlying Hamiltonians.

B More general variants of Hamiltonian property testing

In this appendix, we discuss three variants and extensions of the Hamiltonian property
testing procedure presented in Section 4.2. First, we demonstrate how a small modification
to our original procedure allows us to test many properties simultaneously. Second, we
show that we can test arbitrarily large properties when allowing the testing procedure to
use auxiliary qubits. Third, we present a variant of the procedure that can be used for
tolerant testing.
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Algorithm 2: Testing Multiple Properties for Hamiltonian Evolutions

Input : A Hamiltonian H, a set of properties IIg_ for m € {1,..., M}, and an
accuracy parameter € € (0, 1)
Output: The null hypothesis H" or the alternate hypothesis H{" for each

me{l,...,.M}
1t &
2 N ’71001?56(2]\/[/5)—‘;

3 for s+ 1to N do

4 Sample i ~ Uniform[d], js ~ Uniform[d + 1];

5 | Input state : ps = |¢i,,j,) (i ;

6 Evolve under H for time ¢;

7 Measurement : My = {|¢;, ¢){(¢i, ¢|}¢ and observe {5 «— M(U(ps));
8 end

9 for m <~ 1 to M do

10 | i 55N, 1({I60.0) %5, [61,5.)}) < % then
11 ‘ return Hy?

12 else

13 ‘ return H"

14 end
15 end

B.1 Testing many properties

If we want to test many properties S1,..., Sy with the same data acquired, we need to
change the algorithm decision rule. The new decision rule is

Atstepz =1,...,N, let & = {|¢i, 0,) ~s |#i,;.)} and let &, be its complement.
Answer the null hypothesis iff

N
2_: ({&}) <

As we will see below, the error probability can be shown to be at most § by Chernofi-
Hoeffding’s inequality [Hoe63] for the following set of parameters:

e Evolution time at each step t = %,

e Number of independent experiments N = POO log(1/ 5)1 [602 10%(1/ 5)1,

t2¢2 €
2
e Total evolution time Nt = [%ﬁu/(w % < %‘3(1/6) +

€

6
~—
<1/

So, to test M properties we can take the error probability to be § — % and apply a
union bound. The new complexity can be taken to be

e Evolution time at each step t = g,

10010g(M/5)—‘ _ [602 log(M/é)—‘
t2¢2 64 9

e Number of independent experiments N = [
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e Total evolution time

60%log(M/5) | ¢ 600 log(M/cS) €
Nt = _— — _— —
g4 6 g3 6

~—

<1/6

The logarithmic scaling with M and 1/4 is good, however, the dependency in & might be
sub-optimal.

With multiple properties, there is a null and alternate hypothesis for each property.
The null hypothesis H{ at i € {1,..., M} becomes that H € Ilg, and the alternate
hypothesis HY is that H is e far from being in Ilg,. The algorithm for the testing of
multiple properties is therefore Algorithm 2.

Theorem B.1. Let S; C P, such that |S;U{l}| < (QT forallie{1,...,M}. Suppose
that the Hamiltonian H satisfies Tr(H) = 0 and ||H|oo < 1. For each i € {1,...,M},
Algorithm 2 tests whether H € Ilg, or whether ﬁHH — Kl||2 > ¢ for all Hamiltonians
K € Ilg,. The algorithm succeeds with probability at least 1 — § and uses a total evo-

lution time O (logi%), a number of independent experiments N = O (%M) , and

a total classical processing time O (n2 ZM1 %@) Each experiment uses efficiently

1=
implementable states and measurements.

As in Theorem 4.2, we in fact have stronger guarantees than just efficient imple-
mentability for the states and measurements. Also here, the input states are m-qubit
stabilizer states and the output measurements are with respect to some n-qubit stabilizer
state bases.

Proof Sketch. From the proof of correctness in Section 4.2 we have the following inequal-
ities, conditioned on either the null or alternate hypothesis being true:

2 2
Piry(€) = P, (191) ~s I61) < 1— -,

2.2
Pina(€) = Prny(650) s [60) <11 <

for t = g and [SU{I}| < (dﬁi Now we have a linear behavior of the KL divergence:

3.2 2|1,2 2 3.2 9|12 2 L 5
2 - 2 - > .
KL(8t5 HQtE , KL 8tsH4ts Z 100 toe”.
Here, we have used that
KL(p[lap) = (—loga +a —1)p,
KL(ap|lp) = (aloga+1—a)p,

for « € (0,1) and p € [0,1], which can be inferred easily from log(1 + z) > z/(1 + x)
for x > —1. Under the null hypothesis, since §t2£2 > 1t252 > Pg, { ], we can apply the
Chernoff-Hoeffding inequality (see [Hoe63] or [MullS Theorem 2.1]):

Ly ey » e ! <osn (- (Feea [¢]))

x 1
< exp <—NKL( t2e 2H4t2 2>)

<exp (—N 100 e 2) <6
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for N — "10010g(1/5)

t2¢2

decreasing on (0,1) for any p € [0, 1], which can be verified by differentiating in .
The alternate hypothesis case is similar. The bounds on the classical processing time
and on the quantum circuit sizes required for state preparation and measurements follow
as in the proof of Theorem 4.2. O

W. Here, we have used in the second inequality that a — KL(p||ap) is

Remark B.2. We highlight two applications of Theorem B.1. The first is Hamiltonian
sparsity testing, that is, the task of testing whether an unknown Hamiltonian H has an
at most k-sparse Pauli basis expansion or is e-far with respect to %H |2 from all such

Hamiltonians, where k = O(1). This can be embedded into the scenario of Theorem B.1 by
testing M = (4nk_1) = O(4™) many properties of size k simultaneously, each corresponding
to a possible set of at most k Pauli terms that appear with non-zero coefficients. As our
bounds in Theorem B.1 scale logarithmically with the number of properties, Algorithm 2
solves this sparsity testing problem with an efficient number of queries and an efficient total
total evolution time. If \/% |H|ly = 1, meaning Y pep, |ap|* = 1, then Algorithm 2 can
even be used to estimate the support of H. Namely, in this case, each of the M properties
that gets assigned the corresponding null hypothesis in the second for-loop corresponds to
a Pauli support such that the corresponding coefficients of H have a squared fo-norm of
>1—e2,

Second, we can use Theorem B.1 to test whether an unknown H is a low-intersection
Hamiltonian. This property served as an important assumption in recent work on Hamilto-
nian learning, for instance in [HKT22; Hua+23]. We call a Hamiltonian H = Y pcp, apP
a (k,0)-intersection Hamiltonian if |P| < k for all P € P, with ap # 0 and if
HQ € P, | ag # 0 A supp(P) Nsupp(Q) # 0} < 0 for all P € P, with ap # 0.
Here, supp(P) = {1 < i < n | P; # 1} denotes the support of an n-qubit Pauli string.
We speak of a low-intersection Hamiltonian if both k,0 = O(1). Given fized k and 9,
there are at most 20 ) many different dual interaction graphs (see [HKT22] for a
definition) that a (k,0)-intersection Hamiltonian can have. (A loose bound that does not
take D into account can be seen as follows: By the locality constraint, admissible dual in-

teraction graphs have at most Y5_, (7)3% < O(nk*1) vertices and thus at most O(n2k+1)
edges. As each edge can either be present or not, there are at most 20(n?+1) many admis-
sible dual interaction graphs.) Therefore, by simultaneously testing all the size-O(n*+1)
properties corresponding to different valid dual interaction graphs, Algorithm 2 can test
whether an unknown H is a (k,0)-intersection Hamiltonian; and thanks to Theorem B.1,

the query complexity and total evolution time for doing so can be bounded in terms of
log 2@(npoly(k,a)) _ O(nPOIY(k’D)).

B.2 Testing arbitrarily large properties

In Theorem 4.2, we can test a property Ilg if the size of the set S satisfies:

(d+1)e*

<
Su{ < S

To lift this assumption, we propose to use auxiliary systems. The idea is that if we can
add an naux-qubit ancilla, then we can query the unitary

eitH ® ]IQn"Lux - eitH@I[Qnaux
So we can think of testing H ® lonaux instead of H, and the relevant property now is
S, = (S U{I}) ® Ignaux. This is not exactly true, because we cannot enforce that

Thaux
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Algorithm 3: Testing Arbitrary Properties for Hamiltonian Evolutions

Input : A Hamiltonian H, a property Ilg, and an accuracy parameter € € (0,1)

Output: The null hypothesis Hy or the alternate hypothesis H;
Naux < [IOgQ (%&Ujm)-‘ ;

Snaux < (S U {I[}) ® ]IQnaux;

t &
N "210g(3)—‘;

[uny

w N

'y

122
for s+ 1to N do
Sample i; ~ Uniform[2""aux] | jo ~ Uniform[27F7awx 4 1];
Tuput state : pq = 61, (Giu:
Evolve the first n qubits under H for time t;
Measurement : Mg = {|¢;, ¢)(i, ¢|}¢ and observe {3 «— M [(U; ® idp,,.)(ps)];
10 | if ¢, 5.) %S, @) then
11 ‘ return H; and stop
12 end

© o 9 o O«

13 end
14 return H

H @ Ignaux is e-far from Ilg, — given that H is e-far from Ilg. However, in terms of
distance, we only need that > pgg a2, > g2 for our proof. To see this, let us bound P (£)
under both the null and alternate hypothesis, where we write again £ = {|¢; ¢) ~s [¢i )}
and & for its complement.

First, under the null hypothesis, the main ingredient in the proof in Section 4.2 is the
observation that if H € IIg and |¢; ¢) =g |¢i ;), then for all j # [ we have (¢; o| H™ |¢; ;) =
0 for m = 0,1. This is not affected if we add ancilla as |¢;¢) s, |¢ij) = VP €
Snaus * [ (Giel Pldig) | # 1= VP € SULIL} : | (¢ie| P @ Ionawx [¢55) | # 1, thus (¢ (H ®
Tonaw )™ |¢i5) = (di el H™ @ Ignaux |5, 5) = 0 for m = 0, 1. Hence, under the condition that
the null hypothesis is true,

P, [5} <t

by the same reasoning as before. Next, under the alternate hypothesis, we have (by the
previous calculations):

Pulels ¥ S ;T:;x -y
' 2
+ PESEU{H} 2n+naux(2i+naux Y mzzzo (1:2:” Tr(P(H ® Ignaus)™)
' 2
- m + Pe%{ﬂ} 2n+naux(2i+naux 1) mzz:o (12:” Tr(PH™)2"x
‘ 2
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to have

Then we can continue as in the proof of Theorem 4.2

aux *

PH1[5]§—|SU{HH + > !

+Naux 22n
@mme+1) - plom 2

S UAT}
(27’L+naux + 1)

<1-—t%? 4 + 7tt.

Hence, if we choose t = §, then we have Py, [é_’} < %. Thus, we have to fulfill the

following in order to ensure Py, [€] <1 — %:
S U 1222 4 1222
SO _fe” e g mi< 55

ntnaw = 4 144

The second inequality holds with our choice of ¢ as |S U {I}| > 1, and the first inequality
holds if

naux 2 log2 (w) .

ongd

As we have always |S U {I}| < 22", a number of auxiliary qubits
144 . 2™ 144
Naux = 10g2 o4 =n-+ 10g2 87

is enough to ensure Pp, [£] < 1 — % With this amount of ancilla qubits, we can test
any set S, regardless of its size.
Since we have the inequalities

2.2 2.2
P, (&) <1— "2 and Pug(8) <% for t=2,
2 4 6

the query complexity and the total evolution time are the same as for the ancilla-free
algorithm. The classical processing time changes compared to Theorem 4.2 in that we
now need to check properties of (n + naux)-qubit Paulis. With the same arguments as in
the proof of Theorem 4.2, we see that the relation ~g,  can be checked with O((n +
Nawx) 2| Snaue|) = O(n?|S U {I}|) classical processing time. Here, we used O as a notational
simplification that hides a factor polylog(1/e). Finally, the input states are now (n+naux)-
qubit stabilizer states and the measurements are in some bases of (n+n,yuyx)-qubit stabilizer
states, so the quantum circuit sizes can be bounded as before upon replacing n by n+naux,

leading to quantum circuit complexities of O (%) =0 (J;L), where the O again
1

hides factors that are polylogarithmic in 2
Thus, we have shown the following theorem in this section:

Theorem B.3. Let S C P,,. Suppose that the Hamiltonian H satisfies Tr(H) = 0 and
|H|loo < 1. Using naux = [logQ (MH ancilla qubits, Algorithm 3 tests whether

ongt
H eIlg or \/12—"\\H—K||2 > ¢ for all Hamiltonians K € Ilg with probability at least 2/3 us-
ing a total evolution time O (E%), a total number of independent experiments N = O (ﬁ),

n?|SU{l}|
!

and a total classical processing time C’j( ) Each experiment uses efficiently im-

plementable states and measurements on O(n + log(1/e)) many qubits.

Accepted in { Yuantum 2026-01-13, click title to verify. Published under CC-BY 4.0. 63



Algorithm 4: Tolerantly Testing Properties for Hamiltonian Evolutions

Input : A Hamiltonian H, a property Ilg, and accuracy parameters
0<e1 <1

Output: The null hypothesis Hy or the alternate hypothesis H;

t /ap(e3 —d);

N {3010g(3)<s%+s%)]

t2(e2—€2)? ?

[y

N

3 for s< 1 to N do

4 Sample is ~ Uniform[d], js ~ Uniform[d + 1];

5 | Input state : py = |6i..) (i

6 Evolve under H for time t;

7 Measurement : Mg = {|¢;, ¢)(¢i, ¢|}¢ and observe {5 <= M (U(ps));
8 end

o if % 300 1({I¢i,.0.) s [¢i,5,)}) < $t2(223 + 3¢7) then
10 ‘ return H
11 else

12 ‘ return H;
13 end

B.3 Tolerant Hamiltonian property testing

So far, we have focused on the standard setting of property testing. Now, we turn our
attention to tolerant testing [PRR06]. In our Hamiltonian case, we formulate a tolerant
property testing problem as follows:

Problem B.4 (Tolerant Hamiltonian property testing). Given a property Ilg associated
to a subset S C P, a norm |||-||, and two accuracy parameters 0 < g1 < g9 < 1, we denote
by 7TIIHHIS (€1,€2) the following Hamiltonian property testing problem: Given access to the
time evolution according to an unknown Hamiltonian H, decide, with success probability
> 2/3, whether

(i) H is e1-close to having property Ilg, that is, there exists H € IIg such that
|l# = & <21, or

(ii) H is eo-far from having property Ilg, that is, VH € Ig: H‘H — fIH' >e9 .

If H satisfies neither (i) nor (ii), then any output of the tester is considered valid.

Clearly, the tolerant testing problem mnllf (€1,€2) is at least as hard as NIHHIS (e2), so
the lower bounds of Section 3 for locality testing with respect to unnormalized Schatten
p-norms carry over straightforwardly. More interestingly, in this section, we show, via
a variant of the analysis from Section 4.2, that an analogue of Theorem 4.2 holds for
Algorithm 4.

n 2 2)\2
Theorem B.5. Let 0 < ¢ <e2 <1, and let S C Py, such that |SU{I}| < %.
Suppose that the Hamiltonian H satisfies Tr(H) = 0 and ||H||oo < 1. Algorithm /j tests

whether there exists H € Tlg with #HH—]:IHQ <egjor \/12—n||H—K||2 > g9 for all Hamil-

tonians K € g with probability at least 2/3 using a total evolution time O (W),
2
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1

52751)352>7 and a total classical pro-

a total number of independent experiments N = O ((

. . 218U{1
cessing time O (%

measurements.

). Each experiment uses efficiently implementable states and

Proof Sketch. First, note that the error probability under the alternate hypothesis (i.e., in
case H is eo-far from having property Ilg) can be upper bounded with exactly the same
reasoning as in the proof of Theorem 4.2 (Eq. 15) to obtain

By P(0u) s oi)] < 1 - 225+ Bt <y ot 4 g
+1
for |S U {I}| < (d + 1)t*. So, we only have to adapt the analysis of the error probability
under the null hypothesis.
Therefore, suppose that H is e1-close to having property Iy and let H € IIg be such
that \/% |H — H|js < &1. Following the reasoning from the proof of Theorem 4.2, we have
to upper bound the expression

1 d+1

TaT T 2 2 (Buel 100 1 ({due) s 163)))

i=1 j#L

Using that under the event {[¢;() s [¢i;)}, we have both (¢i¢|l[¢;;) = 0 and
(die| H |¢ij) =0, we can expand the exponential series and obtain:

JZ[ (|¢z €> Kad) ’¢Z,]>)]

7], [ (|¢7,€> >s |¢z,_7>)] (22)
: del (@ 3 PL({Ibee) s 160)])
1 > 7 et 7,
T d(d+1) & gy LE 190 €7 78 1Pisj
d+1 (it)™ 2
a2 |2 (Gie H™ 163 5)| 1({|die) s |0)})
i=1 j£0 [m>0
d+1 2
d+1 S fit (el (7 = ) 1o + 3 S0 (gl 1)
i=1 ju m>2 m!
1 d+1
P ZZH biel (H — ) |6:)] (23)
! §Rd+1 t H-H (i)™ L H™ | 24
+ 2 d(d+1 Zzljzel (Z)zé‘ )|¢Z,]> Z>2 m! <¢)z,j‘ |¢z,£> ( )
2
+1) (12, (i e H™ |dig)| - (25)
m>2 '

The term in (25) has already been upper bounded by #* in the proof of Theorem 4.2. Now,
we address the remaining two terms. First, note that

d+1
) = 775 X 32 T610) (il (H = ) g 055 G — 1)
1 R T — 1))

Zt2Tr H-H)? = < t?e?,

T dd+1) d
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where the second step used that {|¢;;)}; forms an ONB for every i, and where the last
step used that \/%HH — HJ|2 < &1. Now, we bound the final remaining term:

d+1 m +1

(24) = ?RZ > —Tr [|¢i,€> (il (H — H) |¢15) (D41 Hm]

21]Zm>2
tm-‘rl

T [(H — H)H™|

_ol Mﬁ H— e
2d m>2,zm odd m! [( ) }
1 -1 m—1 it)ym _
- 2& m23,zm: even ( (277’ - 1(;) o [<H - H)Hm_l}
< 3tt.

where the second step used that {|¢;;)}; forms an ONB for every i¢; the third step
used that H = H' and H = HT, so that Tr [(H — FI)Hm] € R for all m; the fourth

step used |Tr[(H — ﬁ)Hmfl]\ < ||[H — H|1|H||' < Vd|H — H|s < d and thus
> md (m Gy | Te((H — HYH™ )| <0.22 - dt* since t < 1.
Comblmng the upper bounds on (23), (24), and (25), we have shown that

Eijie [P (|6ie) s |¢ig))] < t7e] + 3t* + ¢ < %7 + 4¢* . (26)

Following the logic laid out in Appendix B.1, we set t? = (3 — %) and the new decision

rule is:

At step s =1,..., N, let & = {|di, 0.} ~s |¢i, ;) } and let & be its complement. Answer
the null hypothesis iff

1 X _ 1
N > 1({ED) < 5t2(2€§ + 367).
s=1

To control the error probability under the null hypothesis, we apply the Chernoff-Hoeffding
inequality [Hoe63]:

N
1 . 1 1 _
P | 216D > £+ 33)| < exp (—N K, (57:2(253 +382)|[Pa, [5}))
1
< exp (—N KL (5t2(2s§ +3¢2)||t%? + 4t4>>
1 1
= exp (—N KL (5t2(za§ + 3¢9) gt2(5% + 4&%)))
1 (52 _ €2)2
= N — .20 m2)
P ( 10 2e3 + 3e3
<4

where we used our choice of ¢t and KL(z|ly) > 5(z — y)* for z > y and N =
Pmog(l/a)(egﬁfw

t2(e2—¢2)2
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The alternate hypothesis case is similar.
1

KL (Lo achpw [2])

1
KL <5t2(25§ + 3¢2)|[t%3 — 8t4>>

=

1 1
L (5752(253 + 3¢9) gt2(35§ + 25§)>)

1 (€2 — 2)2
_ B C el
P < 10 3e3 + 2¢2

where we used our choice of ¢ and KL(z|ly) > o&(z — y)? for # < y and N =

"3010g(1/6)(€§+5%)“ -0 (log(l/&)z—:%) -0 ((log(1/5) 2

t2(e2—¢2)2 (e2—¢2)3 ea—e1)3e2

Nt— O (1og<1/5) (aa—a)(aﬁal)) _ 0 (( log(1/6) ) -

(e2—e1)3e2 ea—e1)2-5e95

). This leads to a total evolution time

C Deferred proofs

We now prove Lemma 3.5, using the notation from the proof of Theorem 3.1.

Lemma C.1 (Generalized Le Cam — Restatement of Lemma 3.5). Let n > Q(1). Let
k<O (%) For any a < ﬁ, if there is an incoherent algorithm that correctly

distinguishes between P and Qv with success probability at least 2/3, then

o 1
IE‘:VNHaar(d) [TV(Pv QV)] > T8
We use Le Cam’s method [LeC73]:

Proof of Lemma C.1. Let xp, = /\gf) <¢)§f) Pk ¢§:)> and yi = )\EI:) <¢)Ef) ¢l(]]:)>
Note that since Tr(px) = 1 we have -, @ =3, yp = 1.

Let £ be the event that 7(V [0)(0| VT —1/d) is not (n/4)-close to any k-local Hamil-
tonian. On the one hand, by the correctness of the algorithm and the data processing

inequality, we have that:

U'U7tkpkU”I,tk

1
=3
On the other hand, since we have P (£) > 1 — exp(—£2(d)) by Lemma 3.2, we have by the
triangle inequality:
TV(Ev ~taar(d) [QV]; Evataara)e [QV])

= %Z Ey ~Haar(d) [QV ()] — Ev ~Haar(a) {Qv(i)

TV(P7 EVNHaar(dHE [QV]) > TV(BGI‘Il(l/-?)) H Bern(2/3))

sl

= %ﬁé’) Z P (&) Ev ~tiaar(a) [Qv ()] — By taar(a) [Qv () 1({E})]]

< 5578 2 [P E) Brattania QvDI1UEN| + 5577 2 [P (O Evattnia Qv (LUED)
1L (PEPE) o

<2(P@>+W50
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So by the triangle inequality

IEVNHaLar(d) [TV(Pa QV)} 2 TV(Pa E’VNHaar [Q ])
Z TV(P7 EVNHaar & [ ]) - TV(EVNHaar(d) [QV] 7EV~Haar(d)|5 [QV])
> 5 - exp(-0(d) = §

for d (or, equivalently, n) larger than some constant.
The expected TV distance between P and Qf can be expressed as follows:

2EV~Haar(d) [TV(P7 Q(\’})]

N
= EVwHaar(d) Z zk <¢§f) (apr + (1 - a)Uv t,PEU, 'u tk > H )‘Ef) <¢§f) ¢£k)>

i1y in k=1 k=1 ]

= EVNHaar(d) Z ]

::]2

=

(azy + (1= a)yr) — [ [ (axp + (1 = @)y
k=1

1

i1yeenin |k

= EVNHaar(d) ' Z Z a\S\ )N_|S| H Tk (H Y — H l’k)

Li1sin kes k¢S k¢S
> IEVr'vHaauf(d) [ Z Z O“S‘(l - O‘)N7|S| H Tk <H Yk — H 13k> ‘
i1,.0iN | S=0 keS k¢S k¢S
2| s o e (e 11|
i1,-.,tN |PF#SC[N] kesS k¢S k¢S

When S = (), we recover the TV distance between P and () up to a factor as follows:

EVNHaar(d) [ Z Z a‘sl(l - Oé)N_‘S‘ H Tk (H Yk — H xk) u

i1,..0N | S=0 keS k¢S k¢S

o ()|

N
= IE:VNHaar(d) (1 - Oé Z H )‘ < i U tkPkUJ tk) ¢§,]:)> - H AE,]:) <¢§,]:) Pk ¢5]’:)>u
k=1 k=1

= IE:VwHaaur(d) Z

_7:17-~7iN

Tl N

4(1 — a)N

= 2(1 - a)NEVNHaar(d) [TV<P7 QV)] > 9
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When S # (), we can use the triangle inequality:

Z Z a‘s‘(l - OZ)N7|S| H LTk (H Yk — H ﬂﬁk) ‘

Bl N @#SC[N] kesS kgéS kgéS
-y ¥ Sl—a“m(nwnxk)
Bl N @#SC[N] kesS k¢S k¢S
- T o0 £ ([T [1a)
PASC[N] i1,...,iN kES k¢S k¢S
LS oS- S'Hzxk(nzywnzxk)
0£SC[N] kes i k¢S in kéS in
=2(1—(1—-a)V).
Therefore:
«@ 4(1 - a)N N
2Ey ~Haar(@) [TV(P, Q)] > ————— —2(1 = (1 —a)™).

9

Let o = ¢ where 0 < ¢ < 1/10 is a small constant. We have:

%(1—a)N—2(1—(1—a)N) 292 (1—;>N—2z %2(1—@— - 4_9220 > %.
Therefore
By taarca [TV(P, QP 2 1.

O

Lemma C.2. For all x € |13, 0),

(—log)(z) < —(z — 1) 4 2log(10N)(z — 1),
Proof. Let f(x) =log(z) — (z — 1) + 21og(10N)(z — 1)2. We have for ¢ = m <L
1 1-=z
f(z) = o 1+ 4log(10N)(x — 1) = ( - ) (c—x),
which is positive for x € (0,¢) U (1,00) and negative for ¢ < x < 1, lim,_,o+ f(x) = —o0
and f(1) = 0. Hence, there is a 0 < ¢ < ¢ such that:
m26’<:>f(a:)20.
But we have
f (1) — “1og(10N) — —— 4 14 21og(10N) (1 - 1>2 >1- 5.
10N 10N 10N 10N
Thus, we can take ¢/ < 135 and for all z > 10w > ¢ we have f(z) > 0. O
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D Weingarten Calculus

As we use a random Hamiltonian constructed from sampling a Haar-random unitary ma-
trix in our lower bound proofs, we need some facts from Weingarten calculus in order to
compute the corresponding expectation values with respect to the Haar measure. If 7 is
a permutation of [n], let Wg(m, d) denote the Weingarten function of dimension d. The
following lemma is useful for our results.

Lemma D.1 ([Gul3]). Let U be a Haar-distributed unitary (d x d)-matriz and let
{A;, Bi}ly be a sequence of complex (d x d)-matrices. We have the following formula
for the expectation value:

E[Tr(UBU*AU ... UB,U*A,,)]

= Z Wg(BOé_l, d)T\rﬁfl (Bla s 7Bn)ﬂ07n (Ah SRR An)v
o,BEG,

where v, = (12...n) and Try(My, ..., My) = H;Tr(Iiec; M;) for o = 11;C; and C; are
cycles.

We will also need some values of Weingarten function:
Lemma D.2 ([CS06]). The function Wg(r,d) has the following values:
.« Wg((1),d) = g,
.« Wg((12),d) = gz
e Wg((1)(2),d) = 7,
» Wg((123),d) = g5
. We((12)(3).d) = iy,
e We(()(2)(3),d) = qrrtiide—s»
o Wg((1234),d) = — i —36a-

2
e Wg((12)(34),d) = d8—14d6d+4+96d4—36d2’

o Wg((123)(4),d) = d8714dgf45§l4736d2’
e Wg((12)(3)(4), d) = — —omroa

4_ Qg2
e We(D2)(B3)(4),d) = Fiptioit 500
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