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Abstract

This study explores the complex phenomena involved in simulations of unsteady
solid fuel particle combustion. These simulations use models that depend on
parameters from experiments or small-scale simulations, making it important
to quantify the sensitivities and uncertainties of predicted quantities. The study
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focuses on combustion under different freestream compositions, such as air and
oxy-fuel atmospheres. The first step involves identifying the most sensitive model
parameters, a process developed in a previous study. The framework is extended
to study the evolution of sensitivities over time for a single unsteady particle
undergoing devolatilisation. The dominant model parameters affecting particle
temperature and burning rate are identified for both air and oxy-fuel atmospheres.
The impact of different devolatilisation models on sensitivities is also examined.
Additionally, an adjoint-based active subspace method (AASM) is employed to
quantify uncertainties in predictions. The results show that uncertainties in particle
parameters are much greater than those in gas-phase reaction rates. Furthermore,
uncertainties are larger in oxy-fuel atmospheres than in air, emphasising the effect
of freestream composition on model predictions.

9.1 Introduction

As demonstrated in this book, the new solid fuel sources require careful modelling
of the combustion process as it occurs in the solid particle as well as its interaction
with the surrounding gas. To this end, experimental campaigns have been under-
taken in order to characterise and model the existing heterogeneous and homoge-
neous reactions. Numerical investigations using the developed models, such as char
burnout, devolatilisation and gas-phase reactions, are then used to predict the overall
efficiency of the underlying system. As the models used in these simulations are
developed through experiments, they are reported with a confidence range (i.e. prob-
abilistic variables) and therefore the predictions of the models need to be assessed
in terms of the existing uncertainties. This information would be an indication of the
robustness of the predictions of the simulations. In this chapter, dedicated methods
to extract such sensitivities and uncertainties in the predictions with respect to the
combustion model parameters are presented, both in the solid particle and in the gas
phase.

The most common method for calculating the gradient of various objective func-
tions with respect to model parameters is forward sensitivity estimation. However,
as can be seen from the work presented in this book, the size of the parameter
space (i.e. the number of parameters representing the kinetic models) makes the
forward approach prohibitively expensive. An alternative approach is the adjoint-
based method. This method is an efficient alternative to extract the sensitivities of
relevant quantities of interest (Qol): The performance of the adjoint-state method
does not depend on the number of parameters and is easily applicable to unsteady
configurations. The application of the adjoint-state method in fluid mechanics dates
back to the pioneering work by Pironneau [1], followed by Jameson et al. [2] with
application to aeronautical shape optimisation. Since then adjoint-based techniques
have been used for optimal control of non-linear problems [3], and in particular, in
the combustion community, to study ignition delay time of zero-dimensional reac-
tors [4], steady-state flames [5], and more recently, to high-fidelity turbulent reacting
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flow [6]. For multiphase combustion (solid/gas), the adjoint-state method to steady
and unsteady char combustion is applied [7,8].

Based on this methodology, the analysis of more sophisticated combustion models
is presented in this chapter. More importantly, the variations in the sensitivities of the
most dominant parameters over time are also studied. The results of this investigation
will be important for transient problems such as that of single particle combustion,
which can go through different stages of combustion from degassing, ignition and
char burnout. This strategy will allow to determine whether any of the existing
physical phenomena can cause a significant change in the evolution of sensitivities.

While informative in identifying the sensitive parameters in the model, sensitivity
analysis provides only a local estimate of the variation in the quantity of interest with
respect to each parameter. To gain a global perspective, it is necessary to perform
uncertainty quantification. Traditional methods for performing uncertainty quantifi-
cation (UQ), such as Monte-Carlo, become infeasible when dealing with systems
with a large parameter space (curse of dimensionality). Therefore, several stochas-
tic models have been proposed, such as polynomial chaos expansion (PCE) [9], as
well as other techniques that consider only a small part of the parameter space to
make the analysis affordable. Alternative methods to reduce computational time are
high dimensional model representations (HDMR) [10] and artificial neural networks
(ANN) [11]. Despite ongoing efforts to overcome the curse of dimensionality, these
methods become inefficient as the number of parameters increases. As an alterna-
tive, the active subspace method (ASM) has been proposed [12] to identify the key
directions in the function space of the Qol, allowing for a more efficient analysis.
ASM has been applied to several studies in the field of combustion, proving to be a
successful framework for quantifying uncertainties in various reactive configurations
with a large number of parameters [13,14]. The ASM method has been successfully
combined with the adjoint state method to further reduce the cost of the algorithm and
improve its efficiency by increasing the accuracy of the extracted gradients [15,16].
The technique is called the adjoint active subspace method (AASM).

In addition, an alternative method using only the adjoint information, called the
linear approximation adjoint-based method (LAAM) is proposed, to approximate
the resulting uncertainties. A comparison of this strategy with the state-of-the-art in
the context of a zero-dimensional reactor (Table 9.1) shows that the cost of LAAM is
generally about two orders of magnitude lower than that of ASM. The computational
cost of ASM compared to LAAM increases significantly as the size of the considered
chemical kinetic mechanism increases. This remarkable cost reduction highlights
the advantage of LAAM, especially as a first estimation of the uncertainties of large
mechanisms.

The resulting algorithm is also implemented in the open-source package
Apophis. jl. The package is coded in the Julia language. It is important to note
that Julia is a new programming language designed to facilitate the computation of
scientific applications. Julia combines the execution speed of statically typed lan-
guages with the active performance of dynamic languages. This package provides the
community with a framework for investigating the uncertainties of chemical kinetic
models in an isochoric adiabatic reactor configuration.



242 A.Hassan and T. Sayadi

Table 9.1 Comparison of LAAM to ASM for various gas-phase mechanisms. For more information
regarding the mechanisms the reader is referred to Hassan et al. [15].

Mechanism h2vb GRI 1.2 GRI 2.11 GRI 3.0 ITV

# Species 10 32 49 53 490

# Reaction 21 177 297 325 2072
Time (LAAM) | 160 x 1073 2.6 6 15 2268

[s]

Time (ASM) |50 1203 3716 11571 2.5 x 10°
[s]

Despite the successful use of AASM and LAAM to extract model parameter
uncertainties, the above-mentioned contribution only studied simple configurations
in unsteady zero-dimensional or steady one-dimensional settings. Additionally, pre-
vious studies on sensitivities of solid fuel combustion also considered char models
only, neglecting important phenomena such as devolatilisation. Thus, in what fol-
lows: (i) the evaluation of the effectiveness of adjoint-based methods and AASM in
extracting sensitivities and uncertainties in more complex unsteady systems, includ-
ing devolatilisation, (ii) the identification of the most significant gas-phase reactions
by incorporating detailed gas-phase combustion mechanisms, and (iii) the exam-
ination of the effect of freestream composition on the extracted sensitivities and
uncertainties.

This chapter is structured as follows: Sect.9.2 briefly introduces the underly-
ing configuration and the models used to represent the reaction in the particle and
gas phases, as well as the respective freestream compositions. The simulations
of unsteady axisymmetric particle are then presented and discussed in Sect. 9.3.
Section 9.4 discusses the methodology used to extract the sensitivities and discusses
the extracted sensitivities for the different quantities of interest with respect to the
existing modelling parameters. The evolution of the important sensitivities over time
is also presented and discussed in Sect. 9.5. Section 9.6 presents the AASM algo-
rithms and the results of the uncertainty quantification for different model parame-
ters. The temporal evolution of the extracted uncertainties is also discussed. Finally,
Sect. 9.7 discusses the summary and conclusion of this work.

9.2 Models and Configuration

The configuration considered here is a reactive axisymmetric particle in a fluid, as
shown in Fig. 9.1.

9.2.1 Governing Equations

The governing equations that describe the flow around a reactive axisymmetric par-
ticle in a fluid are presented in a similar way as in the study by Hassan et al. [8]:
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Fig.9.1 Schematic of an
axisymmetric configuration

used in this chapter Heterogeneous
reactions
Flame
front
Homogeneous
reactions
ap 1 0 o
— 4 —— =0, 9.1
ot 0770 -
apYi) 1 0 o aY;
T+r_°‘a_r pr uYi—DiW —(1)[20, (92)
N,
3pT) c¢p 0 o A oT s
+ = — T———) |+ hi w; =0, 9.3
» ot re or pr\” cp Or ; P ©3)
where ¢ and r are the independent variables, i = 1, ..., Ny denotes the species and

o = 2 for spherical coordinates. The diffusion model is based on Fick’s law, and
Fourier’s law has been used to model heat transfer. Also, ¢p denotes the thermal
capacity of the mixture at constant pressure, A its heat conductivity, and D; is the
diffusion coefficient of species i. The mixture density is denoted by p, and the radial
mass-centred velocity is #. The mass fractions and temperature are denoted as ¥; and
T, respectively. In (9.3), the term ) _ h; w; represents the heat release due to chemical
reactions, where h; denotes the specific enthalpy and w; denotes the production rate
of the i™ species.

Mass-Based Coordinates

For ease of implementation, and without loss of generality, the governing equations
can be mapped from the physical coordinates (r, t) to the mass-based coordinate
system (i, 7). This transformation satisfies the continuity equation by introducing
a new algebraic equation in which the discrete form of the mapping equation has
a closed-form solution. Moreover, the direct dependency on the velocity variable is
eliminated from the governing equations. The transformation is carried out using
(9.4) and (9.5):

3 ,
A 9.4
or T By ©4)
0 2 g 9.5)
—=——priu,— +mj— .
o ot PT Moy TGy
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where gy represents the mass flux per unit surface area. Applying chain rule to (9.4)
and (9.5), under the assumption of unity Lewis number, yields to (9.6) and (9.7) that
govern the evolution of species and energy in the transformed coordinates:

aY; o 0Yi a ( zak(‘)Yi) w;
r

o Ty T ag oy) o =0 00

oT ., 9T A 9
5 T Oaw 81#( r? al/f)-f-—Zh wi =0, 9.7)

C
/Opll

where r is computed from the following equation, which in turn enforces mass
conservation:

or _ 1 ©9.8)
wy  pr '

9.2.2 Boundary Conditions and Freestream Compositions

The first set of boundary conditions at the particle surface balances the mass transfers
from the solid phase and the gas phase, which are due to phase change from solid
to gas, resulting from devolatilisation and surface reactions. They take the form of
coupled Robin boundary conditions and, once recast in the transformed coordinate
system, read as

sy b DY

MyYis = Capry®— | —wis=0 9.9)

where C, = 4m. The variables associated with the particle surface are annotated
with the subscript “s”. The burning rate M is the sum of the char reaction rate and
the volatile release rate, which can be expressed as:

Ny
My = tit + ) rivy 9.10)

where 1. is the char burning rate, m1y ; is the volatile mass release rate of species i,
and w; s is the total chemical source of species i at the particle surface. Assuming
thermal equilibrium between the particle surface and the adjacent gas-phase layer, the
gas-phase temperature at the particle surface (7.) matches the particle temperature

(Tp),
T = T, ©.11)

The particle temperature is in turn evaluated by stating the energy conservation in a
spherical control volume delimited by the particle surface

JT;
MPCsa—Ip—Ca,orO“)»——<Zm\,,hv,+mchc)=0, 9.12)
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Table 9.2 Compositions of oxygen-rich air and oxy-fuel atmospheres.

Test case Diluent YS;’ [%] Y& [%] Yé’gz [%] Yﬁ;’ [%] T [K]
Air N, 32.6 0 10.5 56.9 1673
Oxy-fuel CO, 26.2 0 73.8 0 1673

where M, Cs, and A are the particle mass, heat capacity and heat conductivity,
respectively. The enthalpy of the char reaction /. and the devolatilisation Ay ; will be
discussed in Sect. 9.2.3 together with the different source terms. The thermodynamic
properties of the particle are taken from Hassan et al. [8]. The variation in the particle
mass due to combustion and devolatilisation can be computed as

aM,

— M, 9.13
o s (9.13)

Finally, the boundary conditions in the far-field are set to the following Dirichlet
conditions:

Y (t,% — o0) = Y7, (9.14)
T (z,¥ — o0) =T, (9.15)

The compositions considered in this study are presented in Table 9.2, and are similar
to those of Farmand et al. [17] and Farazi et al. [18].

9.2.3 Chemical and Thermodynamic Models

Several terms introduced in (9.9)—(9.12) require modelling. In this section, the chem-
ical and thermodynamic models used to closed the above system are discussed.

Char Combustion
To model the char burning rate, a single-step reaction is considered with the reaction

C(s) + O02(g) — CO2(g). (9.16)

The char burning rate, denoted as 1., is modelled as the rate of oxygen consumption
at the particle surface. This can be expressed as:

e = 0,5 = pe Ke Yo, s dy, (9.17)

where p. is the particle density, K. is the char reaction rate, Yo, s is the oxygen
mass fraction at the particle surface, and dp = 120 pm is the particle diameter.
The char reaction rate is computed using Arrhenius law with E. = 100.9 kJ mol ™!,
Bc = 0and A. = 3020.75 sl Finally, the heat of reactionis i, = 3 x 104 KJ kg_l,
following the model described in the study by Du and Annamalai [19].
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Table 9.3 Volatile species composition.

Species H CO CO, CHy
Composition [%] |32.6 0 10.5 56.9
Devolatilisation

A two-step reaction model [17,19] with first-order kinetics is used to represent the
mass release of devolatilised species, given by

mv,i =& KV,i Mpa (9.18)

where {1 = ¢» = 0.5 are the release constants. The volatile release rate K, ; fol-
lows the Arrhenius law, with the rate constant values for the multiple steps given by
Eypj= 741K mol™ !, Ay = 1.34x10°s7!, By 1 =0, Eyn = 251 kJ mol™!,
Ayp = 146 x 10° s~ ! and Bv.2 = 0. The heat release associated with devolatilisa-
tionishy 1 =hy2=1x 103 k) kg_1 [19]. The species composition resulting from
devolatilisation processes is listed in Table 9.3.

Gas-Phase Kinetics
The gas-phase chemistry is presented by the GRI 1.2 mechanism which includes
177 reactions between 32 species. The different thermodynamic properties for each
species are computed using NASA polynomial correlations [20] and averaged over
the composition as:

P = ﬁ, (9.19)

Wi

where ¢; € {cp,l-, hi, si} represents any thermodynamic specific quantity of the i
species. The corresponding mixture average quantity is denoted as @. Finally, the
closure is completed using the ideal gas law.

9.3  Simulations of an Axisymmetric Solid Particle

The combination of the models and governing equations results in the solutions
demonstrated in Fig. 9.2 for the dominant species. As shown in Fig. 9.2a, carbon
dioxide peaks away from the particle surface. This can be attributed to the high
reactivity of the reaction involving OH 4+ CO = H + CO,, which leads to the con-
sumption of carbon monoxide and the production of carbon dioxide. It should be
emphasised that during this phase, char combustion, also known as the heterogeneous
ignition, is negligible due to the unavailability of oxygen at the particle surface. This
is due to the fact that oxygen is consumed in gas-phase reactions during the devolatil-
isation process.

As quantities of interest, burning rate and particle temperature are considered
and shown in Fig. 9.3. It is essential to identify different stages of temporal evo-
Iution of quantities of interest such as burning rate and particle temperature [8].
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Fig.9.2 Distribution of species in air and oxy-fuel atmospheres at# = 4 ms (reprinted from Hassan
et al. [16], Copyright (2024), with permission from Elsevier and minor editing)

These quantities will later be used to characterise parametric sensitivities. As these
Qol indicate the different stages of particle combustion (preheating, devolatilisa-
tion, ignition, etc.), they help to study the mutual effects and transitions between
different phenomena. Additionally, particle temperature is a major parameter mea-
sured in different experiments, and can be used to compare and validate numerical
results against experimental data [21]. In both the air and oxy-fuel environments, the
particle temperature 7, increases due to the temperature gradient between the hot
medium and the colder particle. During the initial heating stage (¢ < 0.5 ms), both
cases experience similar heating rates due to the significant temperature difference
between the gas and solid phases, as depicted in Fig. 9.3a. However, the heating
rate for the air atmosphere is lower than that of the oxy-fuel atmosphere due to the
more rapid increase in gas-phase temperature for oxy-fuel relative to air. An inflec-
tion point can be observed in the T, evolution curve in Fig. 9.3a around ¢ ~ 6 s,

— — — air atmosphere — oxy-fuel atmosphere

1400-

500+
1200- &
) %D 400
© 1000- =
E 2 300-
<
£ 800 s
& = 200-
Q
S 600 g
=
3 [
& 100
400-
L 07
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time [ms] Time [ms]
a) Particle temperature b) Particle burned mass

Fig.9.3 Temporal evolution of particle temperature and burning rate (reprinted from Hassan et al.
[16], Copyright (2024), with permission from Elsevier and minor editing)
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which is related to the initiation of char ignition. Notably, the inflection point is not
observed for the air atmosphere due to the lower particle heating rate.

9.4 Sensitivity Analysis

This section aims to compute the sensitivities of various quantities of interest (Qol)
with respect to different model parameters. The gradients will be computed for both
the air and oxy-fuel atmospheres, whose compositions are presented in Table 9.2.
Additionally, the evolution of sensitivities in time will be examined. All the sensi-
tivities are normalised, helping to distinguish the dominant parameters.

Sensitivity analysis is a method that enables the determination of the rate of
change of a particular output measure, such as burning rate or particle temperature,
with respect to various model parameters (thermal conductivity, reaction rates, etc.)
or initial conditions. By examining the parameter sensitivities obtained, one can
identify the most influential parameters for the accurate evaluation of the quantity of
interest. Due to the advantages of the adjoint-based algorithms, as highlighted in the
introduction of this chapter, they provide an economical and accurate alternative to
existing approaches such as finite difference or forward estimation method. Using
adjoint-based strategies, the computational cost scales with the number of quantities
of interests as opposed to the number of system variables. In other words, the gra-
dient with respect to all systems parameters can be evaluated in a single (forward
then backward) simulation, making this method very attractive in cases with a large
parameter space, as is the case of interest in this study [8, 15].

Adjoint equations can be derived in various ways: continuous, discrete, or semi-
discrete. In this study, the focus will be on the semi-discrete approach, where the
adjoint operators are directly extracted for the spatial operators, whereas the time
variable is kept continuous. Taking a general form of the system equation in tempo-
rally continuous form gives

% () =F[r,u’ (1), u? (1), p], 9.20)
0=F[r,u’(v),u (1), p] :

where u = (u”, u? ) denotes the state vector. This system of equations is in the form
of a differential algebraic equation (DAE) system of index 1, thus the state vector
consists of differential u? (species mass fraction, gas-phase temperature, particle
temperature, and particle mass) and algebraic u® (mass fractions at the surface) vari-
ables. The vector of the chosen parameters is denoted p. The operator F contains the
discrete form of the algebraic equations (i.e. Robin boundary and Dirichlet boundary
conditions). Similarly, F¢ presents the semi-discrete differential equations and par-
ticle temperature equations. It should be stressed that the DAE of index-1 behaves
differently from ordinary differential equations (ODE) in that no rate of change of the
algebraic variable u® appears in the system. After discretising the spatial operators
of the forward problem, the first step in deriving the adjoint equations is to form the
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following Lagrangian functional

L=Qol(u“,ud,p)—f07ﬂd'{¥—Fd [nu“(r),ud(r),p]}dr

T
+/ 7 F [r, u (), u? (r),p] dr, (9.21)
0

where 7 is the time horizon under consideration, and n“ and nd are the algebraic
and differential Lagrangian (adjoint) variables, respectively. The derivation of the
adjoint equations changes based on the type of Qol (integral or local [8]). In this
study, the interest lies in an average of the Qol in time, written in integral form as

T
Qol = / g [r, u (7), ul (1), p] dr. 9.22)
0

Here g represents the time varying quantity of interest such as particle temperature
or burning rate. Substituting this Qol in the Lagrangian functional from (9.21) leads
to the following adjoint equations

i .
dp? G N aF¢ dg
F+<W) L +(aud) "= g 623
() AN 0N A P
<8u“> 1 +(8u‘1) T = T e ©-24)

where T denotes the transpose operator. In this case, the initial condition of the adjoint
equation is
7’ (T) = 0. 9.25)

The sensitivities can then be evaluated by extracting the gradient of the Lagrangian
with respect to the system parameters p. This leads to

dQol T 7y B aF?
Qol _ / (_g +pd T e > dr. (9.26)
dp o \ap op op

For a detailed derivation of (9.26), the reader is referred to the study by Hassan et
al. [8].

9.4.1 Sensitivities of Particle Temperature

To evaluate sensitivities over all combustion phases and to avoid the complexities

of particle ignition, the time-cumulative particle temperature 7, is examined rather
than its instantaneous value, resulting in

1 T
Qol = =—— / T, d. (9.27)
70
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Fig.9.4 Sensitivity of the average particle surface temperature with respect to the particle param-
eters, for air and oxy-fuel atmospheres (reprinted from Hassan et al. [16], Copyright (2024), with
permission from Elsevier and minor editing)

The integration limits in (9.27) are 1o = 0 and 7 = 5 ms chosen to ensure that
gas-phase ignition occurs in both air and oxy-fuel atmospheres, while avoiding char
combustion.

The sensitivities of particle temperature with respect to different particle (surface)
parameters are shown in Fig. 9.4. It shows that particle size is the most influential
parameter, where increasing particle size results in lower temperatures. Sensitivities
to particle thermodynamic parameters (C. and A) are the most prominent during the
heat-up phase. Sensitivities with respect to char combustion parameters E., 8. and
A, are insignificant due to the absence of heterogeneous ignition. Oxygen is mainly
consumed by gas-phase combustion. Particle temperature also shows low sensitivities
with respect to various devolatilisation parameters. These parameters are however
important when considering particle burning rate, as demonstrated in the study by
Farazi et al. [18] and subsequently gas-phase ignition, and will be highlighted in the
following section. Comparing sensitivities in air and oxy-fuel atmospheres reveals a
similar pattern for both. Notably, the sensitivity to particle parameters ro, Cc and A
are slightly lower in air atmosphere due to weak flammability, where the temperature
gradient between gas and particle decreases.

To assess the effect of the mechanism used to model the gas-phase chemistry on the
extracted sensitivities, a simpler reduced kinetics mechanism (DRM22), consisting
of 104 reactions and 22 species, is implemented in the simulation. The sensitivities
of the particle temperature with respect to the different gas-phase reaction rates are
shown in Fig. 9.5. A comparison with results from the detailed mechanism shows
that the top ten most sensitive reactions are indeed the same in both cases. The first
two dominant reactions in air and oxy-fuel atmosphere remain unchanged, regardless
of the mechanism used.
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O+Hz = H+ OH
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Sensitivity Sensitivity
a) Air atmosphere b) Oxy-fuel atmosphere

Fig.9.5 Sensitivity of the average particle surface temperature with respect to the rates of gas-phase
reactions of different mechanisms for air and oxy-fuel atmospheres

9.4.2 Sensitivities of Burning Rate

The burning rate, denoted by i, is a crucial Qol in particle combustion analysis.
Similar to T, the burning rate is consistently increasing over time. Therefore, it is
reasonable to define the time-averaged value of the burning rate as the Qol. This
value can be defined as follows:

T
Qol = / ring d. (9.28)

0

Rather than analysing the separate effects of char combustion and devolatilisation
(my = mc + my), it is possible to construct a Qol based on the variation of the total
particle mass as shown in (9.13),

T ) T 3Mp
Qol = mydt = — —dr, (9.29)
0 n dt
T am,
Qol = —/ T dt = Mp|, — Myl T, (9.30)
7 T

This approach allows for a more comprehensive evaluation of the overall behaviour
of the combustion process. The values of 79 and 7 are chosen to be similar to
T, in order to facilitate their comparison. Figure 9.6 displays the sensitivity analysis
results with respect to the various system parameters. The sensitivity values for rq are
significant, similar to that of the particle temperature, owing to the strong correlation
between T, and riz;. However, in contrast, the devolatilisation parameters have the
most dominant effect when the char combustion rate is low, as 1, is approximately
equal to my, as there is no heterogeneous ignition. In comparison to the extracted
sensitivities of particle temperature (Fig. 9.4), Fig. 9.6 indicates lower sensitivities
for the thermodynamic parameters.
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Fig.9.6 Sensitivity of the average particle burning rate with respect to the particle parameters, for
air and oxy-fuel atmospheres (reprinted from Hassan et al. [16], Copyright (2024), with permission
from Elsevier and minor editing)
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Fig. 9.7 Sensitivity of the average particle burning rate with respect to the rates of gas-phase
reactions

Figure 9.7 highlights the sensitivities of the particle burning rate with respect to
the gas-phase reaction rates. These results are consistent with the time-cumulative
particle temperature results depicted in Fig. 9.5. The agreement is expected as the
ignition process, particle temperature, and the burning rate are highly correlated
in this setting. The only notable difference between Figs. 9.7a and 9.7b is that the
reaction OH 4+ CO = H + CO; is the most dominant in air atmosphere compared
to oxy-fuel atmosphere. This is due to the high release rate of carbon dioxide in the
air atmosphere, as shown in Fig. 9.2a.

9.5 Evolution of Sensitivities in Time

Given the unsteady nature of the problem, it is important to investigate the temporal
evolution of sensitivities with respect to the most influential system parameters. In
other words, instead of reporting sensitivities at a discrete time, as in the previous
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sections, the evolution of these sensitivities for different time horizons needs to be
reported. This information will allow to assess whether the predicted sensitivities
depend on the time at which they are evaluated and, by definition, on the state of
the time-varying system. This is achieved by adjusting the limits of the integral, for
examplein (9.27), to encompass the entire time domain of the Qol. The time domain is
then discretised into several sequential segments, and the sensitivities are computed
individually for each segment and then aggregated to provide the complete time
evolution. It should also be noted that the sensitivities are in fact the rate of change
of the quantity of interest with respect to the parameter. This rate could be either
negative, meaning an inverse relationship, or positive. In any case, what is important
for this study is the value of this change, as it implies a strong dependency of the
quantity of interest on the respective parameter.

9.5.1 Particle Temperature as Qol

The results of the evolution of particle parameter sensitivities, when considering
particle temperature as the quantity of interest, are shown in Fig. 9.8. These results
demonstrate that the sensitivity of particle temperature (7,) with respect to sur-
face heat conductivity (As) for both air and oxy-fuel atmosphere increases until
t ~ 1.5 ms. This is because the gradient between the adjacent gas layer and particle
temperatures decreases significantly at this stage, minimising the effect of As. Gas
conductivity Ag follows a similar trend but with a more rapid decay rate due to the
propagation of the flame towards the particle surface (not shown here).

Both volatiles activation energy and temperature exponent, (Ey 1 and By, 1), show
a similar behaviour independent of the atmosphere (air/oxy-fuel). They begin to have
an impact after the early non-linear heating phase, close to the gas-phase ignition
onset, as demonstrated in Fig. 9.2a. The sensitivities to particle radius and thermal
capacity (ro and C¢, respectively) increase in both atmospheres as the heating rate of

the particle dd—lp reaches its maximum. Following the ignition onset, their sensitivities
decrease slightly as the heating rate of the particle diminishes and the flame spreads
towards the particle surface.

9.5.2 Burning Rate as Qol

Evolution of particle burning rate sensitivities in time with respect to the top sensitive
parameters is depicted in Fig. 9.9. Similar to particle temperature the sensitives of the
dominant parameters reach their maximum when ignition occurs (¢ = 1 ms). These
results are expected due to the strong impact of gas-phase ignition on devolatilisation
rate and temperature gradient between the gas and particle surface. Comparison of
Figs. 9.9 and 9.8 shows that the sensitivity of the temperature exponent 8y 1 in the
devolatilisation model with respect to burning rate remains nearly constant regardless
of the atmosphere. However, it exhibits a higher sensitivity value when compared to
particle temperature.
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Fig. 9.9 Temporal evolution of the average particle burning rate sensitivities with respect to the
system parameters (reprinted from Hassan et al. [16], Copyright (2024), with permission from
Elsevier and minor editing)

In both atmospheres, the particle burning rate is highly sensitive to the volatile
activation energy Ey 1, especially at an early stage, where #1; & iy and char com-
bustion is negligible. After gas-phase ignition, the particle temperature 7}, becomes
high enough and the sensitivity of the volatile activation energy dwindles with a
similar rate independent of the atmosphere. It is worth noting that the signs of the
sensitivities remain consistent and align with the findings presented in Fig. 9.6.

Comparison of Figs. 9.9 and 9.8 shows that while the atmosphere does not seem
to influence the value and evolution of sensitivities with respect to different par-
ticle parameters, the selected Qol could have a large influence. This suggests that
depending on the quantity to be predicted in such systems, different particle param-
eters could be influential, and how influential depends on the time instance that the
analysis is performed.
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9.6  Uncertainty Quantification

This section provides a brief description of the adjoint-based active subspace method
(AASM), used to identify the dominant directions in the parameter space and to
construct the resulting low-dimensional response surface.

The active subspace methodology aims to construct an M-dimensional subspace
of the n-dimensional parameter space (n << M) that describes most of the variation
of quantity of interest (Qol). The low-dimensional approximation of Qol is

Qol(x) # G(y), y=S'x 9.31)

where G (y) is the response surface, y € RM, x € R", and S is an orthogonal matrix.
The active subspace is then defined as (S). One way to identify the active subspace
is to perform an eigenvalue decomposition of the expectation matrix M defined as

M T
M= - 3 (dQOI) (dQ°I> —WAWT, 9.32)

N 4 dx; dx;
i=1

where N denotes the number of samples, and W and A the eigenvalues and eigenvec-
tors of the expectation matrix. Selecting the first R eigenvectors of this decomposi-
tion then constructs a reduced-order response surface G (y) that spans over the active
dimensions. The gradients in (9.32) in turn are computed using the gradient extrac-
tion technique introduced in the previous section, leading to the adjoint-based active
subspace method (AASM). The access to adjoint capabilities allows a cost effec-
tive method of extracting the required derivatives and has been shown in a previous
study [15] to reduce the overall cost of the active subspace methodology considerably
when applied to a zero-dimensional reactor. In this study, where a higher-dimensional
configuration (i.e. axisymmetric particle) is considered, the gains are expected to be
even more substantial.

To construct the response surface of a Qol with respect to the existing system
parameters, the following steps are taken:

. Choose the appropriate distribution for input variables

. Assemble M random points of the input space, where M = nln (D)

. Use adjoint-based method to compute the expectation matrix C from (9.32)

. Apply eigenvalue decomposition to matrix C and choose the dominant eigenval-

ues and eigenvectors

5. Estimate upper and lower bounds for the eigenvalues with bootstrapping (vary M
and repeat 3 and 4)

6. Construct the mapping matrix S from the dominant eigenvectors and compute the
new variable y = STx

7. Construct the response surface G (y) & f (x) based on the number of active

dimensions

A~ WD =

For more details, regarding the algorithm see the study by Hassan et al. [15].
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Fig. 9.10 Uncertainties of gas-phase reaction pathways for cumulative particle temperature
(reprinted from Hassan et al. [16], Copyright (2024), with permission from Elsevier and minor
editing)

9.6.1 Uncertainties in the Prediction of Particle Temperature
and Burning Rate

As shown in the previous section and due to their impact on both particle temperature
(Tp) and burning rate (r1,), it is crucial to quantify the impact of uncertainties in gas-
phase kinetics and particle parameters on the prediction of these quantities of interest.
The uncertainties will be extracted as explained earlier. Due to the cost associated
with the forward problem and gradient extraction, as well as the high accuracy of
AASM, a total of 100 samples (N = 100) are utilised to construct the covariance
matrix. A single dominant direction (the eigenvector related to the first eigenvalue)
is picked to build the response surface of particle temperature 7}, and the particle
burning rate ;.

First the uncertainties with respect to the gas-phase kinetic models will be inves-
tigated. In this context, the dominant eigenvector is used as a representative of the
dominant reaction pathway, shown in Fig. 9.10, using the average particle tempera-
ture as the Qol. These results can be directly compared to the results of the sensitiv-
ity analysis shown in Fig. 9.5. Figure9.10 shows that OH + H, = H 4 H>O (R1)
and H+ O, = O+ OH (R2) are the most dominant reactions in air and oxy-fuel
atmospheres, respectively, contributing significantly to the overall uncertainty of
predictions.

It is worth noting that R2 also strongly contributes (within the top three reactions)
to the predicted uncertainties of the air atmosphere. This is in contrast with the
sensitivity analysis shown in Fig. 9.5a, where R2 ranks lower in the hierarchy of
sensitive reactions. This highlights the limitation of a local method such as sensitivity
analysis to analyse a complex system such as the one presented here. The reaction
OH + CO = H + CO; remains important in the air atmosphere due to the elevated
production of CO». This result is in alignment with the findings of the local sensitivity
analysis in Fig. 9.5.

Finally, in order to examine the uncertainties of particle parameters on the overall
predictions of the burning rate and particle temperature, a separate analysis is per-
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Fig. 9.11 Uncertainty of particle temperature with respect to particle parameters (reprinted from
Hassan et al. [16], Copyright (2024), with permission from Elsevier and minor editing)

formed, where the kinetic parameters of gas-phase reactions are fixed and the AASM
method is applied only on the samples extracted from the particle parameters shown
in Figs. 9.4 and 9.6.

Since the number of selected particle parameters is smaller than the parameters of
the gas-phase kinetic model, only 70 samples are used to build the response surface.
The dominant eigenvectors, extracted using the AASM approach, highlighting the
global sensitivity of particle temperature with respect to system parameters for each
atmosphere are shown in Fig. 9.11 and can be compared directly to Fig. 9.4. When
comparing global and local sensitivities, depicted in Figs. 9.11 and 9.4, respectively,
it becomes evident that the particle radius ro emerges as the most sensitive parameter.
Furthermore, the global sensitivity of particle thermal conductivity As, as illustrated in
Fig. 9.11, exceeds the sensitivity observed in the local analysis presented in Fig. 9.4.
In contrast to the local sensitivity, Fig. 9.11 demonstrates minimal global sensitivity
for particle thermal capacity C.. Comparing Figs. 9.11a and 9.11b reveals that the
global sensitivity remains consistent, irrespective of atmospheric conditions. These
results are consistent with the findings from the local sensitivity analysis.

9.6.2 Evolution of Uncertainties in Time

However, as stressed previously, it is essential to assess the evolution of uncertain-
ties over time in unsteady configurations. To accomplish this, the integration limits
in (9.28) and (9.27) are sequentially changed from O to 5 ms. Figure 9.12 depicts the
evolution of the predicted mean value and standard deviation, amplified 50 times for
better visibility, superimposed. It reveals that the uncertainties are negligible during
the heating phase regardless of the atmosphere and the Qol, and it becomes relatively
more significant after the gas-phase ignition. This is because the gas-phase chemistry
has minimal influence before the ignition onset. In addition, the uncertainties in the
oxy-fuel atmosphere is consistently higher than that in the air atmosphere for all
quantities of interest. Moreover, the uncertainties in the burning rate exceeds that of



258 A.Hassan and T. Sayadi

— mean value (1°) with standarddeviation o in "red"

1200 -
1000~
1000 -
800 w 04 800 -
= Q02 2
8 =% O L
600 0.0 3 600 © 0.0 - 2
1198 lé?)(l) 1202 1290 1296 1302
400- 400 - Qol
2001 200 ©
o ! . . 00 ! , ; y
0 1 2 3 4 5 0 ! 2. 3 4 5
time [ms] time [ms]

a) Air atmosphere, particle temperature b) Oxy-fuel atmosphere, particle temperat-
ure

500 -
500 -

400 -
400 -

0.10— T
3000 &oo0s
=300 - = 5005
© < 0.00- /
200 - 200 - 500 510 520 530
Qol
100 - 100 -
0- i 0-
0 1 2 3 4 5 0 i 2 3 4 5
time [ms] time [ms]
c) Air atmosphere, burning rate d) Oxy-fuel atmosphere, burning rate

Fig.9.12 Evolution of uncertainties in particle temperature and burning rate with respect to gas-
phase kinetic parameters (reprinted from Hassan et al. [16], Copyright (2024), with permission from
Elsevier and minor editing)

the particle temperature. This is attributed to the fact that the burned mass is more
sensitive to gas-phase kinetics compared to the particle temperature.

Figure9.13 displays the evolution of uncertainties in particle temperature and
burning rate with respect to system parameters. By comparing Figs. 9.13 and 9.12,
it is observable that system parameters have a much more substantial influence on
uncertainties than the reactions rates. This can be attributed to the pre-ignition stage’s
primary role in controlling the particle’s heating rate. Although the atmosphere has
a negligible impact on sensitivities (Figs.9.4 and 9.6), Fig. 9.13 demonstrates that
the uncertainties in an oxy-fuel atmosphere are higher than those in an air atmo-
sphere. Moreover, the uncertainties in the oxy-fuel atmosphere increase as ignition
progresses, in line with the trends seen in reaction rate Fig. 9.12.

Uncertainties in the burning rate before ignition are almost negligible. However,
these uncertainties become significantly more pronounced in both air and oxy-fuel
atmospheres after ignition. Comparing the results of Fig. 9.13 reveals that the uncer-
tainties in burning rate are much higher than those in particle temperature. This
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Fig.9.13 Evolution of uncertainties in particle temperature and burning rate with respect to particle
parameters (reprinted from Hassan et al. [16], Copyright (2024), with permission from Elsevier and
minor editing)

suggests that particle burning rate is more globally sensitive to system parameters.
Moreover, it is important to note that the results of the uncertainties are highly depen-
dent on the uncertainty factor (UF). Therefore, even a small variation in the value
of UF can significantly affect the evolution of uncertainties. Due to the shortage of
reliable information regarding the value of the uncertainty factor for particle param-
eters, the chosen value is (UF = 1.1), as a further increase in this value of UF could
lead to unrealistic results (not show here). Comparing Figs. 9.13 and 9.8 reveals that
while the sensitivities of system parameters remain unaffected by the atmosphere,
the uncertainties are significantly influenced by atmospheric conditions. This under-
scores the importance of performing uncertainty quantification in determining the
influence of system parameters on prediction of different quantities of interest.
Comparing the different probability density functions (PDF) in Fig. 9.13 for par-
ticle temperature 7, and the average burning rate 71, reveals a higher skewness value
for the m¢ PDF compared to the 7, PDF. Furthermore, similar to PDF in Fig. 9.12,
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the PDF for an oxy-fuel atmosphere exhibit higher skewness than those for an air
atmosphere.

9.7 Conclusion

This chapter presents an overview of the sensitivity analysis and the uncertainty
quantification of several models for solid fuel combustion, including char burnout,
devolatilisation and detailed gas-phase kinetics. These models are applied in the
simulation of an unsteady axisymmetric reacting particle. To determine the influ-
ence of the atmosphere, all the results were compared in both air and oxy-fuel atmo-
spheres. The evolution of species shows that carbon dioxide levels increase in the
air atmosphere compared to the oxy-fuel atmosphere due to the high rate of reac-
tion OH + CO = H + CO,. Analysing the particle burning rate reveals exponential
growth after gas-phase ignition as the devolatilisation process becomes highly active,
while the char combustion is negligible due to the limitation of oxygen accessibility
to the particle surface. This result is valid for both air and oxy-fuel atmospheres.

To determine the most critical parameters, a semi-discrete adjoint approach is
utilised. The resulting sensitivities showed that the particle size is the most influential
parameter, regardless of the atmosphere (air/oxy-fuel), when considering the average
particle temperature as the Qol. These results are consistent with the findings of [22].
However, when considering the average burning rate as the Qol, devolatilisation
parameters become more significant due to the insignificant char combustion during
the initial stage of devolatilisation. Additionally, analysis of the sensitivity of different
quantities of interest with respect to gas-phase reaction rates indicated that volatile
species play a vital role. Comparing the dominant reactions in air and oxy-fuel
atmospheres shows that the reactions involving hydroxyl and hydrogen radicals are
the most sensitive reactions.

By analysing the evolution of the sensitivities of the most dominant parameters
over time, it is revealed that the maximum values occur during the early heating
phase of the particle. Moreover, the sensitivity values for most parameters evolve
until the onset of gas-phase ignition, at which point the sensitivity trend changes.
However, the local gradient is not indicative of the actual reaction path, so the AASM
is used to assess global sensitivities, as discussed in the study by Hassan et al. [15].
The reaction pathways were extracted to gain a global insight into the most effective
reactions. High values were extracted for the OH 4+ H, = H + H,O reaction in air
atmosphere and the H + O, = O + OH reaction in the oxy-fuel atmosphere.

Following the same analogies, the evolution of uncertainties for different quanti-
ties of interest (Qol) was extracted and compared. It is observed that there are negli-
gible uncertainties during the heating up phase, but uncertainties gradually increase
after the onset of gas-phase combustion. In the case of an oxy-fuel atmosphere, the
uncertainties are larger compared to an air atmosphere due to higher gas-phase tem-
peratures and earlier ignition. To validate these extracted uncertainties, probability
density functions (PDF) of various quantities of interest related to gas-phase reaction
rates at specific times were extracted.
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Applying AASM in order to extract the global sensitivities of the particle temper-
ature with respect to particle parameters reveals that the most dominant parameter is
particle radius ro independent of the atmosphere. Also, the evolution of uncertainties
in system parameters is analysed over time and compare them with the uncertainties
in reaction rates. The comparison demonstrates that the uncertainties in reaction rates
are negligible compared to those of system parameters. Additionally, similar to the
uncertainties in reaction rates, the oxy-fuel atmosphere exhibits higher uncertain-
ties than the air atmosphere. These findings highlight the higher influence of system
parameters on various quantities of interest (Qol) in comparison to gas-phase chem-
ical rates.

When comparing air and oxy-fuel atmospheres, the PDF reveal that the oxy-
fuel atmosphere displays pronounced skewness and kurtosis owing to its heightened
flammability and extended ignition delay time in gas-phase ignition, in contrast to the
air atmosphere. This underscores the significance of investigating gas-phase ignition
time and location.

Finally, it should be noted that among the parameters that could be influential in
such analysis, initial temperature and pressure are also of great importance. While
the impact of temperature on the burning rate has been previously demonstrated in
the study by Hassan et al. [8], the analysis of the pressure effects has been left as part
of future work, since the models used in this study are all calibrated for atmospheric
pressure.
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