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A B S T R A C T

Noise-induced transitions between coexisting attractors are ubiquitous in nonlinear devices and 
natural systems, yet risk quantification becomes nontrivial when excitation intensity is inter
mittent and exhibits volatility clustering. We propose a quadratic backward stochastic differential 
equation (BSDE) approach to compute a dynamic, risk-adjusted switching metric for bistable 
oscillators driven by stochastic volatility. The forward dynamics couples a double-well drift with 
a Cox–Ingersoll–Ross-type variance process and correlated Brownian motions, capturing bursts of 
agitation often observed in ambient vibrations and complex environments. For an overload or 
switching payoff at a terminal horizon, we adopt the entropic risk measure, leading to a quadratic 
BSDE whose exponential transform is a martingale. This yields a numerically stable regression 
Monte Carlo algorithm that estimates the time-resolved conditional risk along trajectories and 
constructs parametric risk surfaces with respect to initial state and volatility. Numerical experi
ments demonstrate that volatility and cross-correlation strongly modulate the probability–risk 
gap: regimes with comparable raw switching probabilities may exhibit markedly different risk 
profiles under risk aversion. The proposed BSDE-based metric provides an early-warning indi
cator for impending transitions and a practical tool for robust design and reliability assessment of 
bistable nonlinear systems under intermittent stochastic forcing.

1. Introduction

Noise-driven transitions between coexisting attractors are a defining mechanism of complex behavior in nonlinear dynamical 
systems [1–4]. In bistable settings, the deterministic drift organizes phase space into basins of attraction separated by an unstable 
saddle, while stochastic excitation provides the fluctuations required for barrier crossing [5–7]. This interplay underpins response 
regimes in bistable mechanical elements, snap-through structures, and reduced-order models of tipping phenomena [8–11]. Beyond its 
engineering relevance, bistable switching is also a canonical scenario for studying rare events, metastability, and non-equilibrium 
transport in nonlinear stochastic systems [12–14]. In addition, related bistable stochastic models have been used in quantitative 
finance to represent market instabilities and regime shifts [15,16]. In that setting, nonlinear drift terms, including cubic potentials, are 
combined with stochastic volatility to capture volatility clustering [17–19]. This connection provides additional context for the present 
modeling choices and motivates transferring risk-sensitive tools to intermittently forced nonlinear systems.

Most analytical and computational studies of bistable switching assume stationary excitation with constant intensity [20–22]. 
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Under this assumption, long-time statistics can be related to stationary Fokker–Planck descriptions, and switching rates can often be 
approximated through asymptotic arguments in the weak-noise limit [23,24]. In many practical environments, however, the forcing 
intensity varies over time and exhibits intermittency, meaning that quiescent periods are punctuated by bursts of elevated agitation 
[25–28]. Such volatility clustering is widely documented in measured vibration environments and in complex stochastic media, and it 
leads to strongly non-Gaussian response statistics [29–31]. In this regime, mean switching probabilities and mean overload levels may 
remain moderate, while extreme episodes dominate the operational risk [32–34].

This motivates reliability metrics that are sensitive to tail behavior and that remain consistent when updated in time as new in
formation becomes available. Dynamic risk measures provide such a framework by assigning, at each time, a conditional assessment of 
future losses based on the current filtration. Among them, the entropic risk criterion is particularly suitable for stochastic dynamics 
because it yields a time-consistent nonlinear conditional expectation with a clear large-deviation interpretation [35–37]. Importantly, 
the entropic criterion admits a backward stochastic differential equation (BSDE) representation with a quadratic driver, thereby 
linking tail-aware risk quantification to the established theory of quadratic BSDEs and, through Markov representations, to semilinear 
parabolic partial differential equations (PDEs) with quadratic gradient terms [38–40].

The present work develops a quadratic BSDE approach to risk-adjusted switching and overload quantification in bistable nonlinear 
systems driven by stochastic-volatility excitation. The forward model couples a double-well drift to a nonnegative mean-reverting 
variance process with correlated noise channels, allowing systematic investigation of intermittency strength and state–intensity 
coupling. The backward component evaluates the dynamic entropic risk of a terminal switching or overload functional, and an 
exponential transform converts the quadratic BSDE into a martingale suitable for stable regression Monte Carlo estimation. This 
combination yields time-resolved conditional risk trajectories and parametric risk surfaces, enabling a direct comparison between 
probability-based switching descriptors and tail-sensitive, risk-adjusted indicators under intermittent stochastic forcing.

2. Forward model: bistable oscillator under stochastic volatility

Consider a filtered probability space 
(

Ω,F , {F t}t∈[0,T] ,ℙ
)

supporting a two-dimensional Brownian motion Wt =
(

W(1)
t ,W(2)

t

)
. 

The bistable state Xt follows the overdamped stochastic dynamics: 

dXt = b(Xt)dt +
̅̅̅̅̅
Vt

√
dW(1)

t

b(x) = x − x3
(1) 

with initial condition X0 = x0. The drift b(x) corresponds to a symmetric double-well potential U(x) = 1
4x

4 − 1
2x

2, since b(x) = − Uʹ(x). 
The equilibria near x = ±1 are stable and the point x = 0 is unstable, providing the classical bistable geometry underlying switching.

To represent intermittent excitation intensity, the instantaneous variance Vt is modeled as a nonnegative mean-reverting diffusion 
of Cox–Ingersoll–Ross (CIR) type [41,42]: 

dVt = κ(θ − Vt)dt+ σv
̅̅̅̅̅
Vt

√
dW(2)

t (2) 

where κ > 0 is the reversion rate, θ > 0 the long-run mean level, and σv > 0 the volatility. This choice is appropriate when the forcing 
amplitude is empirically observed to fluctuate over time with bursts and clustering, while remaining strictly nonnegative.

The two Brownian components are correlated according to: 

d
〈
W(1) ,W(2) 〉

t = ρdt
ρ ∈ [ − 1,1]

(3) 

This correlation plays a mechanistic role by coupling episodes of elevated variance to the state fluctuations that facilitate barrier 
crossing. This introduces an additional dimension of dynamical complexity beyond constant-intensity additive noise.

The pair (Xt ,Vt) forms a Markov diffusion in ℝ × ℝ+ [43]. For sufficiently smooth φ(x, v), the generator L is given by: 

L φ = b(x)∂xφ+ κ(θ − v)∂vφ+
1
2

v∂xxφ+ ρσvv∂xvφ+
1
2

σ2
v v∂vvφ (4) 

which will be used to establish the semilinear PDE representation associated with the backward component.

3. Target functional and quadratic BSDE based on entropic risk

Let T > 0 be a fixed terminal horizon and define a terminal loss ξ as a function of the state at time T. Two common choices that 
encode barrier-related risk are an overload loss and a switching indicator. The overload loss is defined by: 

ξ = g(XT)

g(x) = (x − xthr)
+ (5) 

where xthr may be chosen as the saddle location 0 or as a more conservative safety threshold. This payoff is Lipschitz and typically 
yields better numerical stability. The switching indicator may be defined as: 

ξ = 1{XT>0} (6) 
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which directly targets basin change but introduces discontinuity and may require smoothing or increased sampling for regression 
accuracy.

Risk is quantified through the dynamic entropic risk functional with risk aversion parameter γ > 0: 

Yt = ρt(ξ) =
1
γ

lnE[exp(γξ)|F t ]

t ∈ [0,T]
(7) 

As γ→0, the functional converges to the conditional expectation E[ξ|F t ]. For larger γ, the criterion increasingly emphasizes tail 
contributions, thereby distinguishing regimes with similar mean losses but different extremes. From a practical standpoint, γ reflects 
the degree of conservatism in penalizing rare but severe switching events relative to typical behavior. In engineering applications, γ 
can be calibrated to represent a desired safety margin or reliability requirement by choosing γ such that the resulting entropic risk 
matches an accepted design criterion, such as a prescribed value at risk or conditional value at risk level, an empirically acceptable loss 
threshold inferred from historical or experimental data, or a cost model that assigns larger penalties to extreme events. In practice, γ 
may also be treated as a tunable parameter and selected through sensitivity analysis over a plausible range consistent with allowable 
failure probability and the relative penalty assigned to tail events.

The process Yt admits a BSDE representation. There exists a predictable process Zt ∈ ℝ2 such that: 

Yt = ξ+
∫ T

t

γ
2
‖Zs‖

2ds −
∫ T

t
ZT

s dWs (8) 

or, in differential form: 

dYt = −
γ
2
‖Zt‖

2dt+ ZT
t dWt (9) 

The driver f(z) = γ
2‖z‖2 exhibits quadratic growth, and direct discretization of Y may become unstable when γ is moderate or when 

Vt produces occasional large fluctuations.
A stabilizing step is obtained through an exponential transform. Let us define: 

Ut = exp(γYt) (10) 

By Itô's formula and the structure of the driver [44], Ut is a positive martingale: 

Ut = E[exp(γξ)|F t ]

dUt = ΛT
t dWt

Λt = γUtZt

(11) 

This representation converts the quadratic BSDE into the estimation of conditional expectations of exp(γξ) and of its martingale 
increments, a task well-suited to regression Monte Carlo [45].

When (Xt ,Vt) is a Markov process, one may write Yt = u(t,Xt ,Vt). Under standard regularity conditions, u satisfies the semilinear 
PDE: 

∂tu + L u +
γ
2
⃦
⃦ΣT∇u

⃦
⃦2

= 0

u(T, x, v) = g(x)
(12) 

where Σ is the diffusion matrix of (X,V). The quadratic gradient term aligns with the quadratic BSDE driver and provides an additional 
theoretical interpretation of the risk criterion as a nonlinear deformation of the classical backward Kolmogorov equation [46].

4. Numerical method: regression Monte Carlo based on the transformed martingale

Let tn = nΔt for n = 0,…,N with Δt = T
N, and simulate M independent paths of the forward model. Correlated Gaussian increments 

may be generated by: 

ΔW(1)
n =

̅̅̅̅̅̅
Δt

√
Z(1)

n

ΔW(2)
n =

̅̅̅̅̅̅
Δt

√ (
ρZ(1)

n +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − ρ2
√

Z(2)
n

) (13) 

where Z(1)
n and Z(2)

n are independent standard normal variates.
A practical positivity-preserving discretization for the CIR variance uses full truncation: 

Vn+1 = max
(

0,Vn + κ(θ − max(Vn,0) )Δt+ σv
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
max(Vn,0)

√
ΔW(2)

n

)
(14) 

The state update is then: 
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Xn+1 = Xn +
(
Xn − X3

n
)
Δt+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
max(Vn, 0)

√
ΔW(1)

n (15) 

The backward component is computed through the martingale Ut = exp(γYt). At terminal time: 

U(m)

N = exp
(

γg
(

X(m)

N

))

m = 1,⋯,M
(16) 

For earlier times, the martingale property implies: 

Un = E[Un+1|Xn ,Vn] (17) 

which is approximated through regression. Let {ϕk(x, v) }
K
k=1 denote a set of basis functions and write: 

Un ≈
∑K

k=1

βn,kϕk(Xn,Vn) (18) 

Coefficients are obtained by least squares over simulated samples: 

βn = argmin
β∈ℝK

∑M

m=1

(

U(m)

n+1 −
∑K

k=1
βkϕk

(
X(m)

n ,V(m)
n
)
)2

(19) 

To maintain numerical stability when computing Yn = γ− 1logUn, the regressed values may be clipped below by a small ε > 0: 

U(m)
n ←max

{
U(m)

n , ε
}

(20) 

When the BSDE control Zn is required, it can be recovered from the discrete martingale increment representation. Since the 
following holds: 

Un+1 − Un ≈ ΛT
n ΔWn (21) 

Then we have: 

Λn ≈
1
Δt

E[Un+1ΔWn|Xn ,Vn] (22) 

Once again employing component-wise regression, the objective is Un+1ΔW(i)
n . The control is then obtained from: 

Zn =
Λn

γUn
(23) 

Although many applications only require Y0 or u(0, x0, v0), estimating Z supports internal consistency checks and can be used to 
develop variance reduction or risk-sensitive control extensions.

Numerical credibility is strengthened by reporting diagnostics. The following identity holds: 

U0 = E[exp(γξ) ] (24) 

This permits a direct Monte Carlo estimate from terminal samples that should be consistent with the regression-based U0. Sensi
tivity to basis choice, time discretization, and sample size should also be examined to ensure that the reported risk measures are not 
artifacts of regression instability.

5. Numerical experiments

This section should demonstrate how stochastic volatility and correlation modify switching risk beyond what is captured by 

Table 1 
Benchmark values.

Symbol Meaning Value

T Terminal horizon 10
N Number of time steps 100
Δt Time step size 0.1
M Number of Monte Carlo paths 500
d Polynomial basis degree in regression 2
κ Mean-reversion rate 2
θ Long-run mean 0.15
xthr Overload threshold 0
σv Volatility-of-volatility Baseline: 0.6; Parameter scanning: {0, 0.2, 0.4, 0.6, 0.8, 1.0}
ρ Correlation between W(1) and W(2) Baseline: 0.3; Parameter scanning: {− 0.8, − 0.4, − 0.1, 0.1, 0.4, 0.8}
γ Risk-aversion parameter Baseline: 5; Parameter scanning: {1, 2, 4, 6, 8, 10}
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probability alone. A suitable baseline uses T on the order of ten nondimensional units with a time step that resolves the drift and 
diffusion scales, and a Monte Carlo ensemble large enough to stabilize regression in the presence of intermittent bursts. Then, the 
benchmark values employed in this numerical study are presented in Table 1, after which σv, ρ, and γ are used for parameter scans.

The primary outputs are the risk-neutral expectation E[ξ] and the risk-adjusted quantity: 

Y0 =
1
γ

logE[exp(γξ) ] (25) 

When ξ is an overload loss, E[ξ] provides a mean overload benchmark. When ξ is an indicator, E[ξ] equals the switching probability 
ℙ(XT > 0). In both cases, comparing E[ξ] to Y0 reveals how tail exposure changes under intermittency and risk aversion.

Fig. 1 illustrates the coupled forward dynamics and the associated dynamic risk quantity. The upper panel shows sample paths of 
the bistable state X(t). Most trajectories remain near the left potential well around X ≈ − 1, while a small subset exhibits large ex
cursions and approaches or crosses the barrier region, reflecting the typical sparsity of noise-induced switching in multistable systems. 
The middle panel reports the stochastic volatility V(t), which stays nonnegative and displays intermittent bursts. Because the diffusion 
intensity of the state scales as 

̅̅̅̅̅̅̅̅̅
V(t)

√
, these bursts correspond to short intervals of amplified stochastic forcing. The timing of the largest 

excursions in X(t) is consistent with such high-volatility episodes, supporting the interpretation that intermittency in excitation in
tensity promotes barrier approach and switching. The lower panel presents the dynamic entropic risk Y(t) (see Eq. (7)) reconstructed 
from the regression estimate of U(t) (see Eq. (10)). The near-zero values for most times indicate low conditional risk away from the 
terminal horizon. The appearance of very large negative values close to T is not expected for a nonnegative terminal loss and suggests a 
numerical artifact from regression underestimation of U(t) in the final steps. In practice, this can be mitigated by enforcing a structure- 
preserving lower bound for U(t) when ξ ≥ 0, and by improving regression stability through larger sample size, mild regularization, or 
enriched basis functions near the barrier region.

Fig. 2 examines trajectory-level coupling between the bistable state, the stochastic volatility, and the dynamic entropic risk. For 
each selected realization, the left panel overlays the state X(t) and the volatility V(t), while the right panel shows the corresponding 
conditional risk process Y(t). This layout highlights how short-lived increases in excitation intensity and barrier proximity jointly 
influence the risk signal. Across the displayed trajectories, Y(t) evolves smoothly over most of the horizon and tends to increase when 
the system exhibits either sustained drift toward the barrier region or pronounced volatility activity. In trajectories where X(t) departs 
from the left-well neighborhood and approaches less stable regions, the associated Y(t) typically rises, reflecting an increase in the 
conditional expectation of the terminal loss under the entropic transform. Episodes of elevated V(t) provide an additional mechanism 
for risk escalation, as higher V(t) amplifies the instantaneous diffusion of X(t) and thereby raises the likelihood of large terminal 
deviations. The late-time behavior is also informative. Several realizations show an upturn of Y(t) close to T, which is consistent with 
the fact that the remaining time to recover decreases and the conditional distribution of the terminal payoff becomes more sensitive to 
the current state and volatility. Overall, the figure supports interpreting Y(t) as an early-warning indicator in a probabilistic sense: it 
increases prior to, and in anticipation of, trajectories that are more likely to end with larger terminal overload or switching-related loss 
under intermittent excitation.

Fig. 3 quantifies how the parameter σv alters both risk-neutral switching statistics and the risk-sensitive assessment provided by the 
entropic criterion. The three panels are complementary: the top panel reports the initial entropic risk Y0 for multiple risk-aversion 
levels γ, the middle panel reports risk-neutral benchmarks, and the bottom panel reports the probability–risk gap. In the top panel, 
Y0 increases overall as σv grows, and the separation between curves becomes more pronounced for larger γ. This behavior is consistent 
with the role of σv in generating clustered high-volatility episodes in V(t). Larger σv increases the likelihood and magnitude of transient 
amplification of the diffusion intensity of X(t), which in turn enhances the contribution of rare but severe terminal outcomes. The 

Fig. 1. Ensemble sample paths of the bistable state, stochastic volatility, and dynamic entropic risk.
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stronger growth of Y0 at higher γ reflects the exponential weighting of tail events inherent to the entropic risk. The middle panel shows 
that the risk-neutral benchmarks, namely the mean terminal loss E[ξ] and the switching probability ℙ(XT > 0), also increase with σv, 
but on a comparatively smaller scale. This indicates that intermittency modifies the overall propensity for barrier crossing, yet the 
effect on average metrics remains moderate relative to the effect on risk-sensitive measures. The bottom panel makes this contrast 
explicit. The probability–risk gap grows with both σv and γ, demonstrating that regimes with similar risk-neutral behavior can exhibit 
substantially different risk profiles once tail sensitivity is introduced. In practical terms, increasing σv does not merely shift the mean 
response; it reshapes the distribution by strengthening the influence of burst-driven excursions, and this redistribution is captured 
more sharply by Y0 than by probability-based summaries.

Fig. 4 characterizes how the correlation parameter ρ between the state noise and the volatility noise modifies both the risk-neutral 
switching statistics and the entropic risk assessment. The top panel reports the initial entropic risk Y0 for multiple levels of risk aversion 
γ. The middle panel presents risk-neutral benchmarks, including the mean terminal loss E[ξ] and the switching probability ℙ(XT > 0). 
The bottom panel reports the probability–risk gap, highlighting discrepancies between risk-sensitive and risk-neutral summaries. The 
top panel shows that Y0 increases as ρ moves from negative to positive values, with the sensitivity being more pronounced for larger γ. 
This indicates that positive correlation strengthens the contribution of adverse trajectories under the entropic transform. Mechanis
tically, when ρ > 0, upward fluctuations in the volatility driver tend to align with state-noise increments, increasing the likelihood that 
high-volatility episodes coincide with state excursions toward and across the barrier. Conversely, negative correlation tends to reduce 
this alignment, thereby lowering risk at the same volatility level. The middle panel exhibits a similar monotonic dependence in the risk- 
neutral benchmarks, with both E[ξ] and ℙ(XT > 0) increasing with ρ. The magnitude of change is moderate compared to the top panel, 
which suggests that correlation influences not only average switching propensity but also the tail structure of terminal outcomes, to 
which entropic risk is more sensitive. The bottom panel makes this contrast explicit. The probability–risk gap expands with increasing 

Fig. 2. Early-warning behavior of the dynamic entropic risk along representative trajectories.
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ρ and with increasing γ. This behavior supports the interpretation that correlation acts as a coupling mechanism that reshapes rare- 
event pathways: positive ρ concentrates probability mass into more extreme realizations during volatility bursts, while negative ρ 
disperses trajectories and reduces the effective severity of burst-driven excursions. Overall, the figure demonstrates that correlation is a 
structurally important parameter for risk-aware switching assessment, and its influence cannot be captured reliably using probability- 

Fig. 3. Sensitivity to σv: entropic risk, risk-neutral metrics, and probability–risk gap.

Fig. 4. Sensitivity to ρ: entropic risk, risk-neutral metrics, and probability–risk gap.
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Fig. 5. Risk landscape in the state–volatility plane: heat maps of Y0
(
x0, y0

)
across correlations.
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Fig. 6. Risk landscape in the state–volatility plane: three-dimensional surfaces of Y0
(
x0, y0

)
across correlations.
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based metrics alone.
Fig. 5 visualizes the initial entropic risk Y0 as a function of the initial condition (x0, v0) for a fixed volatility and risk aversion, while 

varying the correlation parameter ρ. Each panel is a heat map over the state–volatility plane, and together the panels provide a 
geometric representation of how correlation reshapes the risk landscape. Across all correlation values, a dominant feature is the strong 
dependence on the initial state x0. Lower risk values concentrate in the negative x0 region, corresponding to initial conditions deep 
inside the left potential well. As x0 approaches and crosses the barrier region near x0 ≈ 0, the risk increases sharply, consistent with the 
increased likelihood of terminal overload or basin change when the system starts closer to the separatrix. The transition in color across 
x0 therefore reflects the basin structure of the underlying bistable drift. The dependence on the initial volatility level v0 is present but 
weaker than the dependence on x0. For fixed x0, larger v0 generally elevates Y0, indicating that higher initial excitation intensity 
increases the conditional contribution of adverse terminal outcomes under the entropic transform. This effect is most visible near the 
barrier region, where small increases in diffusion intensity more efficiently translate into barrier approach and excursions. The cor
relation parameter ρ modifies the shape and steepness of the risk transition across the separatrix. Moving from negative to positive ρ 
tends to increase the risk level on the positive-x0 side and, in some panels, broadens the high-risk region toward smaller x0. This 
behavior is consistent with correlation-induced alignment between volatility fluctuations and state-noise increments, which enhances 
the effective impact of volatility bursts on barrier crossing. Conversely, more negative ρ yields comparatively lower risk and a sharper 
localization of high risk near the separatrix. Overall, Fig. 5 supports the interpretation that the entropic-risk surface provides a compact 
diagnostic of basin-sensitive vulnerability under intermittent excitation. The heat maps reveal that correlation not only shifts risk 
magnitude but also deforms the geometry of risk gradients in the (x0, v0) plane, which is relevant for robust initialization and design 
under uncertain excitation environments.

Fig. 6 provides a 3D representation of the same risk landscape shown in Fig. 5, offering a complementary view of how the initial 
entropic risk Y0 varies with the initial condition (x0, v0) for different correlation levels ρ. Across panels, the dominant geometric feature 
is a pronounced rise of Y0 as x0 approaches the barrier region and moves into the positive side, which reflects the basin structure of the 
bistable drift and the associated increase in terminal-loss likelihood. Variations in v0 modulate the surface height more moderately, 
with higher initial volatility generally lifting the risk level, particularly near the separatrix where diffusion amplification most 
effectively promotes barrier approach. Changing ρ deforms the surface by shifting and tilting the high-gradient region in x0, consistent 
with correlation altering how volatility fluctuations align with state perturbations. Overall, Fig. 6 confirms and visualizes the risk- 
gradient structure inferred from the heat maps, while making the relative contributions of x0, v0, and ρ to the risk magnitude more 
apparent.

Fig. 7 assesses the numerical robustness of the regression Monte Carlo solver through sensitivity of the estimated initial entropic 
risk Y0 to discretization and approximation choices. The left panel varies the number of time steps N, the middle panel varies the Monte 
Carlo sample size M, and the right panel varies the polynomial basis degree used in the conditional expectation regression. The time- 
discretization study indicates that Y0 changes with N, reflecting the combined influence of forward SDE discretization error and 
backward regression error that accumulates across time levels. The non-monotone pattern is typical for coupled forward–backward 
Monte Carlo schemes when both time discretization and statistical regression interact, and it suggests that a moderate step size may 
provide a practical balance between bias and variance for the present parameter regime. The sample-size sensitivity shows noticeable 
variability in Y0 across the tested M. This is consistent with the fact that Ut = exp(γξ) can be strongly heterogeneous under intermittent 
forcing, so that finite-sample regression can under- or over-estimate conditional expectations, especially near maturity. The observed 
dependence supports reporting uncertainty quantification, for example via repeated runs with different random seeds or bootstrap 
confidence intervals, when presenting final numerical values. The basis-sensitivity panel shows that the choice of regression basis 
degree has a material effect on Y0. Lower-degree bases may underfit the conditional structure near the barrier region, whereas higher- 
degree polynomials can introduce instability and overfitting in finite samples. The variation across degrees highlights that the 

Fig. 7. Numerical robustness of the regression Monte Carlo BSDE solver: sensitivity to time step, sample size, and basis order.
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regression step is a principal source of approximation error, and motivates using mild regularization, cross-validation, or localized 
basis enrichment near the separatrix to improve stability. Overall, Fig. 7 indicates that while the method is operational, careful 
calibration of N, M, and basis complexity is necessary for reproducible risk estimates under intermittent stochastic volatility.

6. Conclusion

A quadratic BSDE framework has been developed for risk-adjusted quantification of noise-induced switching and overload in 
bistable nonlinear dynamics driven by stochastic volatility. The forward model incorporates a nonnegative mean-reverting variance 
process and correlated noise channels, enabling controlled investigation of intermittency and state–intensity coupling. The backward 
component uses dynamic entropic risk, resulting in a quadratic-growth BSDE. An exponential transform converts the quadratic 
structure into a martingale representation, which can be estimated by regression Monte Carlo without spatial gridding.

The numerical studies are designed to isolate how volatility clustering and correlation alter tail exposure beyond mean-level 
switching statistics. Increased volatility tends to enlarge the disparity between probability-based measures and risk-adjusted mea
sures, particularly under stronger risk aversion. Correlation reshapes risk landscapes in the joint state–volatility space and can shift the 
regions where barrier crossing becomes risk-dominant. The full conditional risk process provides additional time-resolved information 
that can be interpreted as an early-warning signal when the system approaches the separatrix under elevated volatility.

Extensions include underdamped second-order bistable oscillators, intensity models with jumps or rough components to represent 
stronger intermittency, and the use of the estimated BSDE control to design variance reduction or risk-sensitive control strategies. 
These directions preserve the central theme that quadratic BSDEs provide a mathematically rigorous and computationally practical 
tool for nonlinear stochastic dynamics when tail-aware reliability metrics are required.
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