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demand for real-time vehicle dynamics simulation. Real-time capable high-
fidelity multibody simulation models are required that capture the influ-
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ing dynamics accurately. Elastic bushings, commonly used in wheel implicit euler method;
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ical stiffness of the equations of motion and pose significant challenges for method; HHT-o integrator
real-time simulation. Non-iterative implicit integration methods offer an

attractive solution by combining stability, accuracy and deterministic com-

putational effort. These methods avoid iterative solutions of nonlinear

equation systems by exploiting the Jacobians of the equations of motion,

making them well suited for real-time applications. To reduce their compu-

tational effort, this study simplifies several non-iterative implicit integration

methods with a linearization-based equations of motion approximation

that is updated every few integration steps. The performance of the meth-

ods is evaluated and compared for real-time multibody simulations of a

double wishbone suspension with elastic bushings. The influence of the

integration step size and the update frequency of the equations of motion

evaluation and linearization on computation times and accuracy is ana-

lyzed using dynamic suspension tests.
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1. Introduction

Virtual vehicle development is becoming increasingly important as it offers the potential for a
more targeted, cost-effective and safer development process. The driving simulator is one of the
key tools for driving dynamics evaluation, allowing for subjective assessments even in early devel-
opment stages without the need for physical prototype vehicles (Carpinelli et al. 2016;
Jatarzadehpour, Bidlingmaier, and Corves 2021; Schmidt et al. 2015). This requires real-time cap-
able vehicle dynamics simulation models that provide their output at a fixed output rate and
complete all computations in each simulation step within a predefined time frame. Furthermore,
high accuracy is required to realistically capture the driving characteristics of the vehicle to be
assessed. In the following, we will focus on the wheel suspension system, as it significantly affects
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driving dynamics through its kinematic and elastokinematic design. Elastic bushings are used to
connect the suspension bodies in order to improve ride comfort and driving characteristics
(Ersoy and Gies 2017). They lead to compliant wheel position changes that affect the handling
and are therefore important to include in accurate vehicle dynamics models.

There are many approaches in literature for real-time vehicle dynamics simulation. A system-
atic overview is provided in (Archut and Corves, 2025). Lumped-mass and lookup-table based
models simplify the suspension to a single mass that performs only translational wheel travel
motions with respect to the vehicle body (Blundell and Harty 2015). Suspension kinematics and
elastokinematics are optionally represented by means of static lookup-tables (Adamski 2014;
Candreva et al. 2014). This modeling approach leads to simple, inherently real-time capable
vehicle dynamics models, but their validity for detailed analysis is limited (Cibrario et al. 2014;
Falchi et al. 2022). In contrast, multibody-based suspension models describe the suspension as a
complex multibody system composed of the individual suspension components, allowing for a
detailed representation of its kinematics and elastokinematics (Blundell and Harty 2015; Rill
2019). However, incorporating elastic bushings in vehicle dynamics simulation models for real-
time applications is challenging. Their high stiffness and damping properties, combined with the
low inertia of the suspension control arms and other components, lead to highly oscillatory or
strongly damped motions. These “fast” motions superpose motions on the “slow” time scale, e.g.,
the comparatively slow wheel travel motion. This is associated with high numerical stiffness of
the equations of motion (EOM), posing special challenges for real-time capable numerical inte-
gration. Explicit integration methods are often not suited due to their limited stability range.
While implicit integration methods offer better stability properties, they usually require solving of
nonlinear equations through iterative solution methods, typically involving high and non-
deterministic computational effort. This limits their applicability for real-time simulations.

Several approaches in literature aim to enable real-time simulations of multibody-based sus-
pension models with elastic bushings (Archut and Corves, 2025). Many of these methods rely on
model simplifications to reduce complexity and numerical stiffness, e.g. by superimposing elasto-
kinematic effects based on quasistatic approximations (Salaani, Heydinger, and Grygier 2003;
Rulka and Pankiewicz 2005; Kim and Jeong 2009) or data-driven models using neural networks
(Zhang et al. 2025), neglecting the inertia of fast-moving small masses (Burgermeister, Arnold,
and Eichberger 2011), incorporating additional spring-damper elements (Lefevre, Kracht, and
Schramm 2020) or applying low-pass filters (Lefevre, Kracht, and Schramm 2020; Kracht and
Schramm 2020). These modifications often enable the use of explicit integration methods but
may come at the cost of reduced model accuracy. Other approaches focus on improving compu-
tational efficiency without compromising accuracy as much. This includes approximating con-
straint equations (Lee, Kang, and Bae 2014), utilizing efficient linear algebra implementations and
matrix libraries (Hidalgo and Garcia de Jalén 2015) as well as parallel processing (Schmidt et al.
2015; Hidalgo and Garcia de Jalén 2015; Prescott 2014; Klomp, Sundstrom, and Johnsson 2017),
or limiting the number of iterations when solving nonlinear equation systems to make the com-
putational effort of implicit integration methods deterministic (Prescott 2014).

Another approach are non-iterative implicit integration methods such as linear-implicit integra-
tion schemes, which promise stable and real-time capable time integration of numerically stiff sys-
tems (Archut and Corves, 2025). They utilize the Jacobians of the EOM to transform the nonlinear
equation systems of implicit integration methods into linear equation systems (Rill 2006), which
can be solved efficiently and with deterministic computational effort using direct methods. Hence,
these methods are well suited for real-time applications. Numerical stability can also be achieved
with approximated Jacobians instead of exact ones (Arnold, Burgermeister, and Eichberger 2007),
which, e.g., are precomputed for characteristic configurations before real-time simulation (Arnold,
Burgermeister, and Eichberger 2007) or are calculated neglecting the partial derivatives of the inertia
forces (Rill 2006; Schmitt 2019). The linear-implicit Euler method is a non-iterative implicit



MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES . 3

integration method frequently used in real-time vehicle dynamics simulation (Carpinelli et al. 2016;
Rill 2006; Schmitt 2019; Butz, Simeon, and Stadler 2010). It is easy to implement but may lack suffi-
cient accuracy for complex applications (Arnold, Burgermeister, and Eichberger 2007). An alterna-
tive are higher-order Rosenbrock-Wanner (ROW) methods or W-methods (Rosenbrock 1963;
Steihaug and Wolfbrandt 1979), which can be considered as a linear-implicit version of Runge-
Kutta methods. Their computational effort, order and numerical damping can be adapted through
specifying their number of stages and parameters (Arnold, Burgermeister, and Eichberger 2007;
Bursi et al. 2008; Rang 2015). A two-stage ROW integration approach has been utilized for real-
time simulation of detailed suspension models with different topologies including elastic bushings
(Archut and Corves, 2025). More recently, a novel non-iterative version of the structural implicit
HHT-o integrator has been proposed for real-time simulations, whose numerical damping proper-
ties can easily be adjusted through the numerical damping parameter « (Kim, Song, and Kim 2019).
Its applicability has been demonstrated for a simple multibody system (Kim, Song, and Kim 2019).

Against this background, the goal of this paper is twofold: it aims for a modification and a
more detailed analysis of the aforementioned non-iterative integration methods. To reduce the
computational effort of these methods, the first goal is to simplify them by exploiting the linear-
ization of the EOM. Usually, the EOM are evaluated once or even multiple times in each integra-
tion step. In the following, however, the EOM will be approximated based on a linearization that
is computed analytically and updated only every few integration steps. In the intermediate inte-
gration steps, both the EOM and their Jacobians are approximated accordingly. This
simplification seeks to scale computational effort and accuracy of the simulation by adjusting the
frequency at which the EOM evaluation and linearization is updated. It will be applied to differ-
ent non-iterative integration methods, including the commonly used linear-implicit Euler method,
ROW/W-methods and the non-iterative implicit HHT-a method. The second goal of this paper
is to compare these simplified methods with each other. Their performance in real-time vehicle
dynamics simulations will be evaluated using a multibody simulation model of a representative
double wishbone suspension with elastic bushings. Accuracy and computational effort of the dif-
ferent integration methods are compared and the influence of the integration step size as well as
the EOM evaluation and linearization update frequency is analyzed.

The remainder of this paper is structured as follows: The considered non-iterative implicit
integration methods are introduced and simplified using the linearization-based EOM approxima-
tion in Sect. 2. The multibody simulation model of the wheel suspension is presented in Sect. 3.
In Sect. 4, the dynamic suspension tests used to analyze the performance of the integration meth-
ods are described. The results in terms of accuracy and computation times are presented in
Sect. 5. The paper ends with the conclusion given in Sect. 6.

2. Non-iterative implicit integration methods for multibody simulation

The EOM of a multibody system described by a minimum set of coordinates are given by

i =K(r)v (1a)

M(r)v = h(r,v,u) (1b)

with the initial conditions r(# = 0) = ry and v(t = 0) = vo. They are a set of nonlinear ordinary
differential equations for the vector of generalized coordinates r and the vector of generalized
velocities v. M(r) denotes the mass matrix, which may depend on the generalized coordinates, h
is the vector of generalized forces, and K(r) is the kinematics matrix describing the linear trans-
formation of the generalized velocities to the time derivatives of the generalized coordinates. The
varjable u serves as a placeholder for all possible inputs, e.g., forces or prescribed motions.
Further explicit time-dependencies are not considered.
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The EOM (1) can be linearized in an arbitrary linearization state ry,, viin and uy, and approxi-
mated as

r= Kth (23)

Mlinv = hlin + ]r,lin (I‘ - rlin) + ]v,lin (V - Vlin) + ]u,lin (u - ulin) (Zb)

with the EOM evaluation in the linearization state according to

hiin = h(¥in, Viin, Win ) (3a)
Mlin = M(rlin) (3b)
Klin = K(rlin) (3C)
and the Jacobians
oh
Ir,lin - a (43)
oh
= 4b
Iv,hn v ( )
oh
o= 4
Iu,lln au ( C)

The numerical stiffness of the multibody system is quantified based on the eigenvalues 4; € C,
i=1,..,n, of the linearized EOM, using the stiffness ratio in the linearization state defined as
(Dahmen and Reusken 2008)

SR = ng';.lX(liil/lijI) : (5)

The system is called numerically stiff if the real parts of all eigenvalues 4; are negative and the
stiffness ratio is much larger than one (Dahmen and Reusken 2008). This implies that the system
exhibits very different stiffness or damping properties, leading to dynamics on different time
scales, i.e., “slow” and “fast” dynamics. Accordingly, multibody systems of wheel suspensions with
elastic bushings have high numerical stiffness, cf. Sect. 1.

In the following, different non-iterative implicit time integration methods that promise stable
and real-time capable integration of the numerically stiff EOM (1) will be introduced and simpli-
fied by exploiting the linearization (2). Table 1 shows an overview of the considered integration
methods, namely the linear-implicit Euler method, ROW-/W-methods and the non-iterative
implicit HHT-o method with different parameters.

2.1. Linear-implicit Euler method
The well-known implicit Euler method can be written for EOM (1) as

rk+1 _ rk + AtintK(rk+l)Vk+l (63)

M(rkﬂ)vkﬂ _ M(rk+1)vk + Atmth(rk“,vkﬂ,ukﬂ), (6b)
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Table 1. Non-iterative implicit integration methods und parameter sets.

Nr. Abbreviation Method Parameters

1) LIE Linear-implicit Euler method -

2) LSRT2 ROW-/W-method with two stages (W2) (Bursi et al. 2008)
3) ABE2 ROW-/W-method with two stages (W2) (Arnold et al. 2007)
2) LSRT3 ROW-/W-method with three stages (W3) (Bursi et al. 2008)
5) ROS3PRw ROW-/W-method with three stages (W3) (Rang 2015)

6) nHHT-o (0) Non-iterative implicit HHT-o method (nHHT-) a=0

7) nHHT-o (—1/3) Non-iterative implicit HHT-o method (nHHT-x) o=-1/3

8) nHHT-o (—0.1) Non-iterative implicit HHT-oo method (nHHT-x) o= —0.1

with Aty denoting the fixed integration step size and k the current integration step. Based on
that, the linear-implicit version of this method can be derived by exploiting the Jacobians (4) of
the EOM (Rill 2006). To this end, we approximate the EOM in the next integration step k + 1
using their linearization (3). This allows to transform the implicit nonlinear equation system (6b)
into the linear equation system

(Mlin - Atint]v,lin - Atizntlr,linKlin)vk+1 = Mlinvk

(7)
+Atint (hlin + ]r,lin(rk - 1‘lin) - Iv,linvlin + Iu,lin (uk+l - ulin)) .

As a result, the generalized velocities v¥*! are calculated by directly solving the linear equation

system (7), without the necessity for iterative solution methods. Subsequently, the generalized
coordinates r*! are explicitly calculated using Equation (6a) and the approximation K(r**!) =
Kijin. By reusing the EOM linearization (2) from the linearization state, in particular using the
generalized forces hy, and their Jacobians in equation system (7), the expensive EOM evaluation
and linearization before each integration step can be avoided.

It should be noted that the inputs u**! in the integration step to be calculated must be known
for setting up equation system (7). However, they are usually directly available or can be approxi-
mated accordingly, e.g., based on prescribed load cases or driving maneuvers in offline-simula-
tions or based on the driver’s input in a driving simulator.

2.2. ROW- and W-methods

ROW- and W-methods are a linear-implicit version of Runge-Kutta methods (Rosenbrock 1963).
As in the linear-implicit Euler method, a linear equation system is obtained by exploiting the
Jacobians of the EOM, whereby W-methods, unlike ROW-methods, use approximated Jacobians
(Stethaug and Wolfbrandt 1979). The integration formula of ROW-/W-methods with s stages,
based on (Arnold, Burgermeister, and Eichberger 2007; Rang 2015) and modified for EOM (1)
with explicit consideration of the inputs wu, is

Io 0 Kiin Al'k’i Klin\N’k’i
= Atiney;; il = ki ki ki
0 My rlin Jvlin Av™ h(r™,v", a"™)
(8)
0 K, |2 Ar® 0 i
+Atint yl] ki + Atint Z (Vz]Auk)
r,lin ]v,lin j=1 Av® ]u,lin j=1
with i = 1,...,s and the identity matrix L. The vector Au* is given by
k+1 _ ik
YL — )
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and the stage vectors !, ¥F and 4"’ are defined as
i-1
P = rf o Aty (agArt) (10a)
=1
V=V At Y (aAVM) (10b)
[
a5 = u* + A, Auk. (10¢)

With the vectors Ar®’ and AvF' from each stage i, the generalized coordinates r**! and veloc-
ities v<*1 are calculated as

=1y AtintZ(biArk’i) (11a)

i=1

N
VL = v At Y (BiAV). (11b)
i=1

The number of stages s and parameters b;, ¢;, a;; and Vij determine order, stability and numer-
ical damping of the integration (Bursi et al. 2008; Rang 2015). They are specified in adherence to
certain order conditions, refer for example to (Rang 2015) for an overview of these order condi-
tions. With parameters s =1, b; = 1, ¢; = 0 and y,; = 1, the method has order 1 and maximum
numerical damping, and actually simplifies to the linear-implicit Euler method (Arnold,
Burgermeister, and Eichberger 2007).

Equation (8) is further modified to reduce the computational effort of the integration. While
the mass and kinematics matrices as well as the Jacobians are already approximated by the ones
from the linearization state rjy,, Vi, and wjy, the EOM are still evaluated in each integration stage
i to compute the generalized forces h(¥*, ¥/, @*"). To prevent this time-consuming computation,
the generalized forces are approximated using the right-hand side of the EOM linearization (2b).
Furthermore, the linear equation system (8) is separated, leading to the linear equation system

(Mlin - Atintyiilv,lin - (Atintyii)zlr linKlin> Avk’i = hlin + Ir,lin(fk’i - rlin) + ]v,lin (vk’i - Vlin)

—1 i
+]u,lin( uhn) + Atmt Ir lin ]v lin Z ())1] > + Atint]u,linX: (yszuk)

2 - (12)

i—1
+Atint) ;i 1in Kiin o 4 Aty E (VgAVkJ)
=

for AVS with half the number of unknowns compared to (8) and the equation

i-1
AP = Ky, | ¥+ AtintVﬁA"k’i + AtintZ(VUAka) (13)
=1

for direct calculation of Arf. As a result, Ar® and Av®' can be obtained with less computational
effort than through solving the large linear equation system (8).

There are many parameter sets for multi-stage ROW- and W-methods in literature, a few of
which we considered for the comparison in this study, see Table 1. This includes the L-stable
integration methods with two (LSRT2) and three (LSRT3) stages by Bursi et al. (Bursi et al
2008). They have order 2 and 3, respectively. The parameter set for two stages, given in (Arnold,
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Burgermeister, and Eichberger 2007) and in the following referred to as ABE2, provides order 3,
which reduces to order 2 if the Jacobians are approximated, and features no numerical damping.
The last method we considered is ROS3PRw with three stages derived by Rang (Rang 2015).

2.3. Non-iterative implicit HHT-o method

Based on the conventional implicit HHT-o method (Hilber, Hughes, and Taylor 1977), Kim et al.
(Kim, Song, and Kim 2019) proposed a non-iterative implicit HHT-o integrator. The conven-
tional method has shown good performance in multibody simulation, as summarized in (Kim,
Song, and Kim 2019). Its numerical damping properties can easily be controlled through the
numerical damping parameter o (Hilber, Hughes, and Taylor 1977). Based on the equations in
(Kim, Song, and Kim 2019), the non-iterative implicit HHT-o method is modified for integration
of EOM (1) with explicit consideration of the inputs u and EOM evaluation and linearization in
the arbitrary linearization state ryy, Viin and uy, to

At 2
A = Ky (vk + % (1 f)v At D Avk> (14)

and

(Mlin - Atmt/ivlin AtlzntﬂjrlinKlin)Av = h(l‘ V u ) + Atmt/]r 1in Klin

Aty 2 15
(Vk +— ) : (1 - ﬁ) ) + Atmty(l + a)]uhnAu ( )

The vector of generalized accelerations ¥* is calculated with
M, V¢ = h(rk,vk, uk) (16)

and the Jacobians ir,hn, iv,hn and ju)hn are defined as

jr,lin = (1 + a)]r,lin (173)
iv,lin = (1 + CX)]V,lin (17b)
iu,lin = (1 + O‘)]u,lin' (17C)

Similarly to the previously presented integration methods, we approximate the vector of gener-
alized forces h(r¥, vk, u¥) using the right-hand side of the EOM linearization (2b), exploiting the
already known vector of generalized forces and Jacobians from the linearization state.

With the solution of the linear equation system (15) for Avk and subsequent calculation of Ar*
with (14), the generalized coordinates and velocities in integration step k + 1 are calculated as

P = ¢+ A AP (18a)

= vk + At AV, (18b)

o, f and y are parameters of the method. The last two can be expressed in terms of the numerical
damping parameter « as

(19a)

(19b)
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A feasible range for the numerical damping parameter is — 1/3 < o < 0, with zero numerical
damping for o =0 and increasing numerical damping for decreasing « (Hilber, Hughes, and
Taylor 1977). We chose three different values of o for the following analysis, see Table 1: The first
one is a = 0, i.e., no numerical damping; the second one is « = —1/3 with maximum numerical
damping in the given parameter range; the third one is o = —0.1, which was also chosen in
(Hilber, Hughes, and Taylor 1977) for a comparison with other dissipative integration algorithms.
It should be noted that the method with « = 0 equals the ROW-/W-method with parameter val-
uess=1,b;=1,¢, =0and y,;, =0.5.

2.4. Computational workflow of the EOM linearization and integration

The presented non-iterative implicit integration methods have been simplified by exploiting the
EOM linearization (2) in the arbitrary linearization state rji,, Vi, and uy,. This linearization state
can either be chosen to be the state in the current integration step k, the state in a previous inte-
gration step, or even the initial configuration before real-time simulation. In the latter cases, not
only the Jacobians are approximated with those from the linearization state, but also the EOM
themselves are approximated based on the linearization. Thus, the demanding EOM evaluation
and Jacobian computation in each integration step are avoided.

Figure 1 shows the computational workflow of the EOM linearization and integration. After
the initialization and an initial EOM evaluation and linearization, the generalized coordinates and
velocities are computed in each integration step k with one of the non-iterative implicit integra-
tion methods. The simulation ends as soon as the specified simulation time tg is reached.
Updating the EOM evaluation and linearization is necessary when the generalized coordinates or
velocities change significantly, causing significant change of the mass matrix, kinematics matrix
and, in particular, the Jacobians. Theoretically, the EOM evaluation and linearization could be
updated adaptively, meaning more frequent updates when the system configuration changes a lot
and less frequent updates when it changes only slightly. Real-time simulation, however, requires
deterministic computational effort to ensure that the real-time requirement is met in each single
time step. To this end, the EOM evaluation and linearization is updated at a constant frequency,
regardless of the actual configuration change. To specify this frequency, a fixed linearization step

?

Initialization
k=0, ro, vo

EOM Evaluation and Linearization mod(k - Atipg, Atrin) = 0
Calculate Mlina Klinv hlinv
Jr,lin: Jv,linv Ju,lin

d(k - Atint, Aty 0
ko kt1l mo( nt 11:1)7'é

Integration

Calculate r*, v¥

k- Ating < ts

k- Atint =ts

Figure 1. Flow chart of the computational workflow.
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size Aty, is introduced that is an integer multiple of the integration step size Af;,,. Depending on
its choice, the EOM evaluation and linearization is updated before the next integration step, or
the next integration step is directly performed reusing the previous EOM evaluation and
linearization.

Updating the EOM evaluation and linearization only every few time steps saves computation
time over the entire simulation time ts. However, the computation time in the different simula-
tion steps is not constant. Simulation steps that involve the computationally demanding EOM
evaluation and linearization require more computational effort than those that consist solely of
integration steps. In contrast, real-time applications usually run with a constant step size Atgr,
providing the same time span for completing all required computations in each time step. There
are essentially two ways for exploiting the computational workflow depicted in Fig. 1 in such a
real-time application. The first option is to choose the integration step size as Aty = Afgr. In
this case, one integration step is performed in each time step of the real-time simulation, while
the EOM evaluation and linearization is updated only every few time steps. The real-time capabil-
ity of the simulation is then determined by the computationally most demanding time steps that
include the EOM evaluation and linearization update. In the remaining time steps, the computa-
tional effort is reduced, allowing the available calculation time to be used for external computa-
tions that may run simultaneously in the real-time application. The second option is to choose
the linearization step size as Af;, = Atpr. In this case, each time step of the real-time simulation
includes one EOM evaluation and linearization update as well as several integration steps. This
can potentially increase simulation accuracy with only a slight increase in computational effort,
compared to a real-time simulation with an EOM evaluation and linearization update and only
one integration step per time step.

3. Multibody system of the double wishbone suspension

The considered double wishbone suspension is a representative example for passenger vehicles in
terms of topology and parametrization. It is a challenging problem with respect to real-time
simulation due to the high number of model elements and degrees of freedom as well as its
numerical stiffness.

3.1. Topology of the suspension

The suspension system features the typical topology of a double wishbone suspension, as shown
Fig. 2. The wheel mounts are connected to the vehicle body via upper wishbones, lower wishbones
and trailing arms. Furthermore, they are connected to the steering rack via track rods. The damper

Trailing Spring Damper

Anti-Roll Bar

Upper Wishbone

Anti-Roll Bar Link
Lower Wishbone

Figure 2. Double wishbone suspension.
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in each spring damper unit is modeled with a damper tube and a piston rod, connected by a point-
to-point force element with nonlinear damping characteristics. Similarly, the main springs are each
separated into two bodies with a point-to-point force element in between representing the spring
characteristics. Both sides of the suspension are coupled through an anti-roll bar, consisting of two
rigid bodies and a discrete rotational spring. The anti-roll bar is connected to the damper tubes via
anti-roll bar links. Furthermore, the wheels are connected to the wheel mounts with bushing force
elements representing the wheel bearing stiffness. All bodies are considered as rigid. They are con-
nected to each other through bushing force elements with generally nonlinear stiffness and damping
properties in all three translational and rotational directions. Most of the connections in the suspen-
sion system are actual elastic bushings with functional stiffness and damping properties to represent
the elastokinematic properties of the suspension. The few kinematic joints in the system are
replaced by bushing force elements with appropriate stiffness and damping values in order to avoid
kinematic constraints. As already mentioned, point-to-point force elements are used to model the
damper and main spring characteristics. Furthermore, the wheel travel is limited by bump and
rebound stops with highly progressive stiffness.

The suspension model provides all inputs that are necessary for integration into a full vehicle
model. The motion of the vehicle body can be imposed as a prescribed motion. In the same way,
a steering input can be imposed as a prescribed motion of the steering rack. Furthermore, tire
forces and torques as well as drive and brake torques can be applied onto the wheels.

All in all, the multibody system of the suspension consists of 24 rigid bodies (not taking into
account the vehicle body and the steering rack whose motions are prescribed) and 55 force ele-
ments, resulting in a total of 144 degrees of freedom.

3.2. Equations of motion

All bodies in the multibody system of the suspension are solely connected through force ele-
ments, without using any kinematic constraint. Thus, its dynamics is directly described by the
nonlinear ordinary differential EOM (1), which is obtained by combining all Newton-Euler equa-
tions of the separate bodies. Here, the vectors of generalized coordinates and velocities of a body
[ are defined as

T
0 0 0
r = [ X1 Y7 O Oy Oﬂx'az] (20a)

T
0 0 0 B B B
Vi = [ Vil Vyl Vzl Wyl Wy] Wz } (20b)

and combined to the generalized vectors of the overall system as

r=[r - r, ] (212)
v=[vl v, (21b)

where m is the total number of bodies. °x;, °y;, %z and %v,, “vy, ®v,; denote the displacement of
the body w.r.t to the design configuration and its velocity in the global coordinate system. The
rotational kinematics is described by yaw-pitch-roll-angles o), o, ; and o, ; with a current frame
rotation sequence, and angular velocities *w,, fw,;, o, given in the corresponding body coord-
inate system. Singularities are avoided by exploiting the limited motion range of the bodies and
defining their body coordinate systems accordingly to prevent large rotations about the critical
axis. Because of the parametrization of the suspension model, the EOM have a high numerical
stiffness with a stiffness ratio SR > 5-10* in the design configuration.
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3.3. Implementation

The model of the double wishbone suspension system is implemented in Matlab/Simulink
R2020b. It is divided mainly into two subsystems, namely the EOM evaluation and linearization
subsystem as well as the integration subsystem according to Fig. 1. Each subsystem consists of
several Matlab function blocks, in which the model equations of the different multibody compo-
nents and the integration formulas are implemented.

In the EOM evaluation and linearization subsystem, all model elements of the suspension are cal-
culated to formulate the EOM. The linearization is performed analytically in order to adhere to the
time restrictions of real-time simulations. The analytical linearization procedure consists of calculat-
ing all required partial derivatives of the model elements and combining them appropriately to set
up the Jacobians. More details on this procedure can be found in (Archut and Corves, 2025).

The integration of the EOM is performed in the integration subsystem. All integration meth-
ods from Sect. 2 have in common that rather large linear equation systems must be solved. To
this end, the corresponding coefficient matrices are decomposed using LU decomposition and the
linear equation systems are solved through forward and backward substitution. Since the coeffi-
cient matrices only change if the EOM evaluation and linearization is updated, LU decomposition
is performed only once after each update.

Based on the Matlab/Simulink model, C Code is generated with the Simulink Coder
(MathWorks, 2025). The Intel oneAPI Math Kernel Library (Intel) is employed in the code gener-
ation process. This library contains optimized implementations of the Basic Linear Algebra
Subprograms (BLAS) and the Linear Algebra Package (LAPACK). During compilation, Simulink
Coder generates calls to BLAS and LAPACK functions to speed up linear algebra operations.

4. Dynamic suspension tests

Numerical simulations of dynamic suspension tests with the double wishbone suspension model
were performed to analyze the performance of the integration methods. To this end, inputs to
the model were defined, the model was simulated using the different integration methods, and
error quantities relative to reference solutions were calculated. In the following, the dynamic sus-
pension tests are described.

4.1. Load cases

Four different load cases were considered for the analysis, categorized into full vehicle load cases
and test rig load cases. Full vehicle load cases were used to simulate extreme driving conditions.
To obtain the model inputs for these load cases, the suspension model was incorporated as a sub-
system into a nonlinear full vehicle two-track model, which was completed by a Magic Formula
tire model. Driving maneuvers were performed, and all inputs to the suspension subsystem were
recorded. The recorded inputs were then utilized to perform dynamic suspension tests with the
suspension model alone, employing the different integration methods. The following driving
maneuvers, which focus on the lateral dynamics, were considered.

Sine with dwell test: The sine with dwell test, typically used to evaluate electronic stability control
systems, is standardized according to ISO 19365 for validating vehicle dynamics simulation (ISO
19365:2016 19365:2016, 2016). In this test, the vehicle is coasting from an initial velocity of
80 km/h. The steering input consists of a sine wave with a frequency of 0.7 Hz and a dwell time
of 500 ms at the second peak amplitude, see Fig. 3. The maximum steering angle is 2.5 d¢ .3,
with ¢34 being the angle that produces a lateral acceleration of 0.3 g in a slowly increasing
steer test at 80 km/h. The maximum lateral acceleration in the sine with dwell test is close
to 0.7 g.
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Figure 3. Steering inputs ¢ for the sine with dwell test (left) and the fishhook maneuver (right).

Fishhook maneuver: The fishhook maneuver is a standardized maneuver designed to maximize
the roll motion of a vehicle and is usually used as an anti-rollover test (U.S. Department of
Transportation and National Highway Traffic Safety Administration 2013). The steering input is
shown in Fig. 3 and consists of a first steer with a maximum steering angle of 6.5 d¢ .4, a short
dwell time, and then a counter steer with the same maximum steering angle. After a second
dwell time, the steering angle is returned to zero. During the maneuver, the vehicle is coasting
from an initial velocity of 50 mph, which is approximately 80 km/h. The maximum lateral accel-
eration is close to 1.1 g with a momentary liftoff of the right front wheel.

The test rig load cases are not standardized but designed to find the accuracy limits of the integra-
tion methods for extreme conditions, which may be worse than usual driving conditions. In these
load cases, the vehicle body is fixed and forces are applied on the wheel center points of both
wheels. All other inputs, namely steering, wheel torques, drive torques and brake torques, are zero.
The following test rig load cases, which focus on the vertical dynamics of the suspension, were
considered. The given forces are specified in the vehicle body coordinate system, with the x-axis
pointing to the front, the y-axis pointing to the left and the z-axis pointing upwards. _

Force step: In this load case, a force step is applied with a step height of fwcp =
(0, 0, 15000 )" N. Before the force step input, the suspension is in static equilibrium at a force
fo.wecp = (0, 0, 5000 )T N. This load case produces a large wheel travel and activates the highly
stiff and nonlinear bump stops of the suspension.

Force frequency sweep: Starting from the static equilibrium at a constant force fowcp =

(0, 3000, 5000)" N, a force frequency sweep from 0 Hz to 30 Hz with a constant amplitude of

o~

fwep = (—1500, 1500, 3000)T N and a duration of 10s is applied. This excites the suspension
with high longitudinal and lateral forces at different frequencies.

4.2. Experimental design and evaluation of the numerical simulations

The dynamic suspension tests were performed with the integration methods shown in Table 1
and integration and linearization step sizes Aty and At;, ranging between 0.1 ms and 10 ms.

The accuracy of the non-iterative implicit integration methods was evaluated through compari-
sons with reference results. The Matlab/Simulink model was recently compared to a model of the
same suspension in the commercial multibody software Simpack (Archut and Corves, 2025). In
the present analysis, we want to focus on the integration methods themselves and compare them
to a solver for numerically stiff systems delivered with Matlab/Simulink. Therefore, the reference
results were obtained with the Matlab/Simulink model using the solver ode23tb with an error tol-
erance of 107%. This solver employs an implicit Runge-Kutta formula with a trapezoidal rule step
as first stage and a backward differentiation formula as second stage (MathWorks, 2025). The
deviations between the simulation results obtained with the non-iterative implicit integration
methods and the reference results were quantified with the root mean square error defined as



MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES . 13

n
Z()’i - yi,ref)2
i=1
e = — ) (22)
Here, y; and yi,r are the values of a signal and the reference signal at the sample i, respect-
ively, and n is the total number of samples. The evaluated signals for the full vehicle load cases
are the lateral wheel displacement swcp, of the left wheel center point and the total lateral force
fyp, that is applied from the suspension system onto the vehicle body. Both quantities are given
in the vehicle body coordinate system. For the test rig load cases, the same quantities were con-
sidered but in vertical direction, i.e., swcp, and fyp,, since these load cases focus more on the
vertical than the lateral dynamics.

5. Results

In this section, the results of the suspension tests are analyzed. This includes the accuracy with
EOM evaluation and linearization update before each integration step and, subsequently, only
every few integration steps. Before that, computation times are presented to evaluate the accuracy
in relation to the computational effort.

5.1. Computation times
The computation times are evaluated using the real-time factor

RTF = t¢/ts, (23)

which is the ratio between the specified simulation time ts and the computation time f¢ required
to complete the simulation. For RTF <1, the simulation is considered as real-time capable.
Please note that definition (23) evaluates real-time capability as an average over the entire simula-
tion time fs, regardless of the actual computational effort in the individual time steps, as dis-
cussed in Sect. 2.4. The real-time factor was determined as a mean value of multiple simulations
with a simulation time of t; = 10 s on a personal computer with an Intel Core i7-3770 CPU at
3.40 GHz. The results for the linear-implicit Euler method, the ROW-/W-method with different
number of stages and the non-iterative implicit HHT-o method are shown in Fig. 4.

L\}\}al B Aty = 2.0ms

2 T W3 [ Atig = 1.0ms
2 nHHT-o B Aty = 0.5ms
z — i B Aty = 0.2ms
" 1.0 [ Wlwz I Atjy = 0.1ms
& == W3
< [ nHHT-a
8 LIE
: W1
2 05 w2
B w3
- nHHT-«
z LIE
§ Wi
= 02 w2
£ nHHT-o
B LIE
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nHHT-a
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Figure 4. Real-time factor RTF of the integration methods for different linearization step sizes At;, and integration step sizes Atin;.

Real-time factor RTF
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The results show that, independent of the integration method, the largest amount of the com-
putation time is required for the EOM evaluation and linearization and subsequent LU decom-
position of the corresponding coefficient matrix, of which one execution takes approximately
0.68 ms in total. Accordingly, the real-time factor increases significantly with decreasing lineariza-
tion step size, and real-time capability can only be achieved with linearization step sizes Aty
down to 1ms. In contrast, the actual integration of the generalized coordinates and velocities is
computationally less demanding. A single integration step with the linear-implicit Euler method
requires only approximately 0.014 ms. Both the nHHT-o method and the ROW-/W-method with
one stage (W1) require nearly identical computation times, approximately 1.6 times that of the
linear-implicit Euler method. The computation times of the ROW-/W-method increase with the
number of stages: by a factor of 2.6 for two stages (W2) and by a factor of 4.5 for three stages
(W3) compared to that for one stage. Given the low computation times of an integration step
compared to an EOM evaluation and linearization update, the choice of the integration method
has only a moderate impact on the real-time factor. For instance, using the ROW-/W-method
with three stages increases the real-time factor by only about 11 % compared to the linear-
implicit Euler method, when the EOM evaluation and linearization is updated before each inte-
gration step.

Furthermore, performing multiple integration steps between two EOM evaluation and linear-
ization updates, i.e., Atiny < Ay, does not drastically increase the real-time factor. As an example,
halving the integration step size while maintaining the same linearization step size leads to an
increase of only 2 % when using the linear-implicit Euler method, and an increase of 13 % with
the ROW-/W-method with three stages. Conversely, doubling the linearization step size while
keeping the integration step size constant nearly halves the real-time factor, with a decrease of
49 % for the linear-implicit Euler method and 44 % for the ROW-/W-method with three stages.
These results demonstrate the good scalability of the required computation times through the
choice of the integration and linearization step sizes.

All in all, real-time capability is achieved on the considered hardware with a minimum linear-
ization step size of At;, = 1 ms. The integration step size Aty can be selected smaller, depending
on the integration method.

5.2. Accuracy with EOM evaluation and linearization update before each integration step

The accuracy analysis begins with the results obtained with updating the EOM evaluation and lin-
earization before each integration step, i.e., Afy, = Atiy. The error values for the different load
cases are shown in Fig. 5, with the definition of the integration methods given in Table 1.
Generally, the results obtained with the linear-implicit Euler method have the lowest level of
accuracy. Particularly in the test rig load cases, the error values are almost one order of magni-
tude higher compared to the most accurate results obtained with the other integration methods,
at some step sizes even more. Only the lateral wheel displacement ey in the full vehicle load
cases is computed with an accuracy similar to that of the most accurate methods. The LSRT2
method, one of the ROW-/W-methods with two stages, provides the best results, achieving the
lowest error values for almost all load cases and step sizes. It outperforms the other ROW-/W-
method with two stages, ABE2, and even both three-stage ROW-/W-methods, LSRT3 and
ROS3PRw, despite their higher computational effort.

The accuracy of the results obtained with the non-iterative implicit HHT-o method ranks
between those of the linear-implicit Euler method and the LSRT2 method. The numerical
damping factor o shows a significant impact, as the error values obtained with o = 0, i.e., with-
out numerical damping, are up to half an order of magnitude smaller than those obtained with
the other choices of o. In some cases, the accuracy with o =0 is even very similar to that of
the LSRT2 method, provided the step size is small enough. Besides accuracy, the performance
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of the integration methods also differs in terms of robustness. The methods with high numer-
ical damping, especially the linear-implicit Euler method and the ROW-/W-methods LSRT2
and LSRT3, tend to have better robustness and provide stable simulation even with large step
sizes of up to 10ms. In contrast, simulations with the other integration methods become
unstable for step sizes higher than 2ms or even 1ms, resulting in infinite error values not plot-
ted in Fig. 5.

In the following, time plots obtained with step sizes of 1 ms and 0.5ms are analyzed, as these
step sizes are particularly relevant for vehicle dynamics simulation. The integration methods
selected for this analysis include the linear-implicit Euler method, since it is often used for real-
time vehicle dynamics simulation; the LSRT2 method, since it provides the best results across the
considered load cases; and the non-iterative implicit HHT-a method with « = 0, since it requires
slightly less computational effort than the LSRT2 method but achieves comparable results in
some cases.

Figure 6 shows the results for the sine with dwell test. The time histories of the wheel displace-
ment and the vehicle body force confirm the high accuracy of the LSRT2 method. Even with a
step size of 1ms, deviations from the reference results remain within the range of plot accuracy.
In contrast, the linear-implicit Euler method fails to accurately capture the oscillations of the
vehicle body force caused by the sudden stop of the steering motion at t =~ 3 s, as these oscilla-
tions are damped out too quickly. The solutions obtained with the non-iterative implicit HHT-o
method depend heavily on the step size. While the results obtained with a step size of 0.5ms are
within the range of plot accuracy, the results with a step size of 1 ms exhibit an offset of the
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Figure 6. Lateral wheel displacement sycp, and lateral force fyg, on the vehicle body for the sine with dwell test.
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Figure 7. Lateral wheel displacement swcpy and lateral force fygy on the vehicle body for the fishhook maneuver.

wheel displacement in the static equilibrium before the sine with dwell maneuver as well as devia-
tions during the maneuver. Moreover, unphysical oscillations of the vehicle body force occur
att ~ 3.2 s.

The results for the fishhook maneuver, presented in Fig. 7, show similar characteristics to
those observed for the sine with dwell test. However, this maneuver is slightly more demanding.
Consequently, the time histories of the vehicle body force obtained using the LSRT2 method with
a step size of 1 ms and the non-iterative implicit HHT-« method with a step size of 0.5ms have
slightly higher deviations from the reference results compared to those in the sine with dwell test.
The LSRT2 method with a step size of 0.5ms still provides very high accuracy, with deviations
remaining within the range of plot accuracy.

Figure 8 shows the results for the force step input. Again, the time histories obtained with the
LSRT2 method show very high accuracy, even with a step size of 1 ms. The results obtained with
the linear-implicit Euler method reveal excessive damping, causing the oscillations to decay too
quickly as already observed for the full vehicle load cases. Furthermore, an offset of the wheel dis-
placement in the static equilibrium before and deviations in the oscillations after the force step
input are observed in the results obtained with the non-iterative implicit HHT-o method with a
step size of 1 ms.

The results for the force frequency sweep are given in Fig. 9. The time histories obtained with
the LSRT2 method and the non-iterative implicit HHT-o method are very similar. Highly accur-
ate results are achieved with a step size of 0.5ms, with deviations remaining within the range of
plot accuracy throughout the entire frequency range. With a step size of 1ms, slightly higher
deviations can be observed at higher frequencies, specifically in the time interval 8 s <t < 8.2 s.
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Figure 8. Vertical wheel displacement sycp, and vertical force fyg, on the vehicle body for the force step input.

The linear-implicit Euler method, once again, fails to accurately represent the system response,
not only at high but also at low frequencies in the time interval 3 s <t <3.5 s.

Overall, the LSRT2 method demonstrates the best performance in terms of accuracy, with
deviations remaining within the range of plot accuracy even with a step size of 1 ms in most of
the cases. The non-iterative implicit HHT-¢ method can provide very similar accuracy but
requires a step size of 0.5 ms. With this step size, however, computation times are almost twice as
high as those of the LSRT2 method with a step size of 1ms, meaning that real-time capability
can no longer be maintained, cf. Fig. 4. With a step size of 1ms, the method does not provide
satisfactory accuracy, as deviations of the wheel displacement and unphysical oscillations of the
vehicle body force appear. Furthermore, the results indicate that the linear-implicit Euler method,
despite requiring the lowest computational effort, is not well suited for this complex application.
The error values are in some cases more than one order of magnitude higher than those obtained
with the other integration methods, and the time histories reveal excessive damping causing oscil-
lations to decay too quickly.

5.3. Accuracy with EOM evaluation and linearization updates every few integration steps

The analysis in Sect. 5.1 demonstrated the scalability of the required computation times through
different choices of the integration and linearization step sizes Aty and Atj,. This raises the fol-
lowing questions regarding simulation accuracy and computation times: Is it possible to improve
the accuracy achieved with a specific integration method by reducing the integration step size
while maintaining the same linearization step size? This approach would involve performing mul-
tiple integration steps reusing the EOM evaluation and linearization from a previous step.
Additionally, is it possible by reducing the integration step size to achieve a better compromise
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Figure 9. Vertical wheel displacement sycp, and vertical force fyg, on the vehicle body for the force frequency sweep.

between simulation accuracy and computation time with one integration method than with
another integration method and an EOM evaluation and linearization update before each integra-
tion step? To address these questions, Fig 10 presents the error values obtained with different
integration step sizes Aty and fixed linearization step size At;,. The following conclusions can
be drawn from these results.

Simulation accuracy is strongly affected by the choice of the linearization step size. As the lin-
earization step size decreases, i.e., the EOM evaluation and linearization is updated more fre-
quently, the resulting error values also decrease. This applies to all integration methods but
becomes particularly evident in the results obtained with the LSRT2 method. Here, reductions of
up to one order of magnitude are observed for the full vehicle load cases, and up to half an order
of magnitude for the test rig load cases, when the linearization step size is reduced from 2ms to
Ims. A further reduction from 1ms to 0.5ms leads to a slightly smaller improvement of the
error values, especially for the full vehicle load cases. These results indicate the high nonlinearity
of the suspension model, which necessitates frequent updates of the EOM evaluation and
linearization.

Furthermore, simulation accuracy can be improved for a given linearization step size by reduc-
ing the integration step size. However, the extent of this effect varies across the different integra-
tion methods. The error values obtained with the linear-implicit Euler method show a significant
reduction. As an example, with a linearization step size of 1ms, the error values of the vehicle
body force in the full vehicle load cases are reduced by up to 40 % when the integration step size
is halved, and in the test rig load cases, the error values of the wheel displacement are reduced by
up to 20 % and those of the vehicle body force by almost 35 % and up to 55 %, depending on
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the load case. For the non-iterative implicit HHT-« method, improved accuracy can be observed
especially for the full vehicle load cases. In particular, the outliers with large error values that are
associated with deviations in the wheel displacement and unphysical oscillations in the vehicle
body force for Aty = Aty =1 ms (cf. Figs. 6-9) are eliminated by reducing the integration
step size to 0.5ms. For the LSRT2 method, however, no substantial accuracy improvement can
be achieved by reducing the integration step size for a given linearization step size. This
demonstrates that this method achieves high accuracy even with relatively large integration step
sizes.

In the analysis of the simulation results with EOM evaluation and linearization update before
each integration step, i.e., with Aty = Atyy,, the LSRT2 method with a step size of 1 ms provided
the best compromise between accuracy and real-time performance. No better compromise could
be found with any of the other integration methods by reducing the integration step size while
maintaining a constant linearization step size. Although the accuracy obtained with the linear-
implicit Euler method is improved, error values remain higher than those of the LSRT2 method
with a step size of 1 ms. The non-iterative implicit HHT-« method can provide comparable accur-
acy by reducing the integration step size, but this requires similar or even slightly higher compu-
tation times than the LSRT2 method with a step size of 1 ms. Consequently, the LSRT2 method
with Atine = Atin = 1 ms remains the best choice for balancing real-time capability and accuracy
in this analysis.

6. Conclusion

This study simplifies various non-iterative implicit integration methods by exploiting a lineariza-
tion-based EOM approximation and assesses their performance for real-time vehicle dynamics
simulation, specifically focusing on multibody simulations of a double wishbone suspension. The
suspension model incorporates elastic bushings to account for its elastokinematic effects on driv-
ing dynamics. The high stiffness and damping properties of the elastic bushings contribute to
high numerical stiffness of the EOM, posing challenges in real-time simulations for applications
such as driving simulators. Several non-iterative implicit integration methods from literature were
employed to achieve real-time capability: the linear-implicit Euler method, ROW-/W-methods
with different number of stages and parameters, and a non-iterative implicit HHT-« method with
different amounts of numerical damping. These methods have been simplified to further reduce
the computational effort, approximating the EOM and their Jacobians through analytical linear-
ization that is updated either before each or only every few integration steps.

The analysis revealed that most of the computational effort is associated with the EOM evalu-
ation and linearization, specifically at least 87 % when the EOM is evaluated and linearized
before each integration step, depending on the integration method. Consequently, overall compu-
tation times of the various integration methods differ only moderately. Moreover, the results
demonstrate the good scalability of computation times as they can be significantly reduced
through less frequent EOM evaluation and linearization updates. Alternatively, the number of
integration steps can be increased with only moderate increase of computation times.

Suspension tests with different full vehicle and test rig load cases were performed to analyze
the accuracy of each integration method. Although frequently employed for real-time vehicle
dynamics simulation, the linear-implicit Euler method did not provide satisfactory accuracy in
this complex application, with error values in some cases higher by more than one order of mag-
nitude than those of the best integration methods with the same step sizes. The ROW-/W-meth-
ods vyielded the best results, with the accuracy depending on the number of stages and
parameters. Notably, the analyzed three-stage methods did not provide better performance than
those with two stages, despite their higher computational costs. The accuracy of the non-iterative
implicit HHT-o method was between that of the linear-implicit Euler and the ROW-/W-methods.
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The best results were obtained without numerical damping, achieving accuracy comparable to the
ROW-/W-methods in some cases.

Furthermore, it was demonstrated that the EOM evaluation and linearization update frequency
strongly affects simulation accuracy, due to the nonlinearity of the suspension model. Error values
were reduced by up to one order of magnitude through a reduction of the linearization step size
from 2ms to 1 ms. The effect of reducing the integration step size for a given linearization step
size depends on the integration method. While this approach was effective for the linear-implicit
Euler method and the non-iterative implicit HHT-a method, the accuracy of the LSRT2 method
(one of the analyzed ROW-/W-method with two stages) could not be further improved.

All in all, the LSRT2 method with a step size of 1 ms and EOM evaluation and linearization
update before each integration step offered the best compromise between accuracy and real-time
capability in this analysis.

The present study utilized a double wishbone suspension model as a representative example
for passenger vehicles, demonstrating the effectiveness and robustness of the proposed simplifica-
tions. It should be noted that the same multibody modeling methodology and integration with
the LSRT2 method have also been applied to another suspension type, namely a multilink suspen-
sion (see (Archut and Corves, 2025)). To further validate the transferability of the results, the
detailed analysis and comparison of the different integration methods presented here should be
extended to the multilink suspension or other suspension types, or even to multibody models of
completely different systems.
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