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Abstract

The Gradient Flow formalism has proven to be a useful tool in both lattice gauge theory
and perturbation theory since its introduction in its current form in 2010. Besides scale
setting, which drove its prominence in lattice gauge theory, its smoothing properties
and the connection to physical observables provided by the short flow-time expansion
have made it a viable tool for lattice studies of various quantities, such as the energy-
momentum tensor or four-quark operators describing B-meson mixing and lifetimes.

In this thesis, we apply the Gradient Flow to the quark chromomagnetic dipole operator
as a first step towards a determination of the neutron electric dipole moment. This re-
quires input from both lattice gauge theory and perturbation theory, since the matching
coefficients relating the physical unflowed operators to flowed ones can be calculated per-
turbatively, while the hadronic matrix elements of such flowed operators are calculated
on the lattice. We determine the matching coefficients through next-to-next-to-leading
order, up to terms vanishing at zero flow-time. As a second application, we study the
flowed topological charge density and the flowed singlet axial current, which appear in
the Adler–Bell–Jackiw anomaly.

Finally, we extend the framework of flowed quantum chromodynamics to the unbroken
phase of the Standard Model, excluding Yukawa interactions in this first approach.
The flowed Standard Model offers an alternative method to infer the renormalization of
Standard Model effective field theory operators to higher orders in perturbation theory.
Such a calculation requires knowledge of the flowed field renormalization constants, which
we determine, among other quantities, to next-to-next-to-leading order in the gauge
couplings and the scalar coupling.
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Zusammenfassung

Der Gradientenflussformalismus hat sich seit seiner Einführung in seiner gegenwärtigen
Form im Jahr 2010 als hilfreiches Werkzeug sowohl in der Gittereichtheorie als auch
in der Störungstheorie erwiesen. Neben der Skalenbestimmung, die ihn in der Gittere-
ichtheorie bekannt gemacht hat, machen ihn seine Glättungseigenschaften und die durch
die Entwicklung in kleinen Flusszeiten hergestellte Verbindung zu physikalischen Observ-
ablen zu einer wertvollen Methode, die unter anderem zur Implementierung des Energie-
Impuls-Tensors auf dem Gitter und zur Untersuchung der Mischung und Lebensdauern
von B-Mesonen zum Einsatz gekommen ist.

In dieser Dissertation wenden wir den bereits bekannten Gradientenfluss der Quan-
tenchromodynamik als ersten Schritt zur Berechnung des elektrischen Dipolmoments
des Neutrons auf den chromomagnetischen Dipoloperator an. Die Bestimmung des elek-
trischen Dipolmoments des Neutrons erfordert sowohl gittereichtheoretische als auch
störungstheoretische Rechnungen, da zwar die Matching-Koeffizienten, die den Bezug
zwischen Operatoren bei positiver Flusszeit und den physikalischen Operatoren bei ver-
schwindender Flusszeit herstellen, perturbativ berechnet werden können, die Berechnung
der hadronischen Matrixelemente dieser Operatoren allerdings auf dem Gitter erfolgen
muss. Wir bestimmen das Matching der Operatoren bei positiver und verschwinden-
der Flusszeit zu nächst-nächst-führender Ordnung unter Vernachlässigung von Termen,
die im Limes verschwindender Flusszeit gegen null gehen. Eine weitere Anwendung,
die wir betrachten, betrifft die Untersuchung der topologischen Ladungsdichte und des
Singlet-Axialstroms, wie sie in der Adler–Bell–Jackiw-Anomalie auftreten, bei positiver
Flusszeit.

Zuletzt erweitern wir den Gradientenflussformalismus der Quantenchromodynamik zum
Standardmodell in ungebrochener Phase, wobei wir Yukawa-Wechselwirkungen zunächst
vernachlässigen. Das bei positiver Flusszeit betrachtete Standardmodell bietet eine alter-
native Methode zur Bestimmung der Renormierung von Operatoren, die in der effektiven
Feldtheorie des Standardmodells auftreten, zu höheren störungstheoretischen Ordnun-
gen. Eine solche Bestimmung setzt allerdings die Kenntnis der Feldrenormierungen der
Felder bei positiver Flusszeit voraus, die wir zu nächst-nächst-führender Ordnung in den
Eichkopplungen und der Skalarkopplung bestimmen.
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Chapter 1

Introduction

The Yang-Mills Gradient Flow was first considered implicitly in 1982 by Atiyah and
Bott [1] who studied classical Yang-Mills theory over a Riemann surface in the context
of Morse theory to gain insight into the topological structure of the gauge connection
configuration space. An explicit flow equation for the gauge connection was then later
given in a paper by Donaldson [2] on a similar topic. Around the same time it has already
been noted in lattice QCD that the extraction of non-perturbative effects in observables
at small distances is hindered by high-momentum fluctuations and different methods
had been used or suggested to circumvent this issue [3]. Among these was the idea to
average the gauge fields over a small smearing region around every lattice site, which
is described by a heat-equation like flow equation in the continuum [4], and leads to an
exponential suppression of high-momentum contributions. A more rigorous treatment
of the flow in continuum QCD was then done in 2006 by Narayanan and Neuberger [5],
studying the large-N behavior of Wilson loops.

In 2009, Lüscher applied this technique to construct trivializing maps which map the
gauge fields to their strong-coupling limit [6] with the original idea being to improve
the efficiency of the lattice algorithms. In Ref. [7] he then analyzed the properties
of the flows he used to generate the trivializing maps and laid the foundations of the
technique commonly referred to now as the Gradient Flow formalism (GFF). Finding
that the vacuum expectation value of the flowed gauge action density does not require
renormalization through next-to-leading order (NLO) suggested that the GFF has some
peculiar renormalization properties and a year later, Lüscher and Weisz proved that the
flowed gauge field indeed does not require renormalization [8]. While this does not hold
for flowed quarks [9], composite operators constructed from renormalized flowed fields do
not require any additional renormalization beyond that of the fundamental parameters
and the flowed fields and thus they do not mix under the renormalization group (RG)
[8, 9].

The relation between the unphysical flowed composite operators and the physical observ-
ables is established by means of the short-flow-time expansion (SFTX) which expresses
a flowed operator as a series of unflowed operators and flow-time dependent coefficients.
Inverting this relation for a complete operator basis allows one to replace unflowed com-
posite operators by flowed ones which are better behaved on the lattice due to their
finiteness. The flow-time dependent coefficients can be calculated perturbatively and
one can thus apply perturbative techniques developed for higher-order calculations in
unflowed theories with only slight modifications. Since the ultraviolet (UV) properties of
the theory are encoded in these coefficients, one can also use them to extract the anoma-
lous dimensions of the unflowed operators. This motivates the investigation of using
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2 CHAPTER 1. INTRODUCTION

the GFF to renormalize Standard Model effective field theory (SMEFT) operators. The
flowed version of the Standard Model (SM) needed for this is formulated and investigated
in chapter 5, where in this first approach we neglected the Yukawa couplings.

On the lattice side, the prominence of the GFF has been mainly driven by its use for scale
setting [7, 10, 11], but its versatility has been proven by various other applications like
the extraction of thermodynamical quantities from the flowed energy-momentum tensor
[12–16], non-perturbative calculations of the beta function [17–19] and the mixing and
life-times of B mesons [20, 21].

In chapter 2 we review the perturbative formulation of the GFF for a general SU(N)
gauge theory including flowed quarks and discuss some of the main features and prop-
erties of the GFF. We introduce the SFTX which we make use of in all of the later
chapters and briefly summarize some main properties of the renormalization of unflowed
composite operators. A main difference to usual perturbative calculations is the appear-
ance of new types of integrals in the GFF, the solution of which using analytical and
numerical methods we discuss. We present the known two-loop master integrals and a
selection of analytically known three-loop integrals.

In chapter 3 we apply the SFTX to the quark chromomagnetic dipole moment (CMDM)
which contributes to rare kaon decays and the ϵ′/ϵ-ratio parameterizing direct CP-viola-
tion [22, 23]. We determine the SFTX coefficients through next-to-next-to-leading order
(NNLO), improving on previous NLO results [24]. It also serves as a first step towards
an analogous calculation for the quark chromoelectric dipole moment (CEDM) which
contributes to the neutron electric dipole moment (nEDM) and the SFTX of which is
currently known through NLO [24] . Since the upper bound on the experimental value of
the nEDM is expected to be lowered by two orders of magnitude by new experiments in
the near future [25–31] and the SM prediction is still many orders of magnitude smaller
[32], the nEDM leaves a large window for possible beyond the Standard Model (BSM)
effects which require an improvement of the current lattice results and thus improved
matching with NNLO SFTX coefficients for lattice calculations using the GFF [33].

Another interesting quantity to study in the GFF is the topological charge density which
appears in the chiral anomaly as a measure of the non-conservation of the axial vector
current. In chapter 4 we calculate the SFTX for the operators appearing in the anomaly
relation through NNLO, derive the corresponding flowed anomalous dimensions and
discuss the relation of the GFF to the Nielsen-Ninomiya theorem (NNT).

As already mentioned, the finiteness of flowed operators allows us to extract the renor-
malization matrix of unflowed operators from the SFTX coefficients. The GFF thus
offers a way to systematically calculate the renormalization of higher-dimensional op-
erators. We have verified this approach already in chapter 3 where we could extract
elements of the renormalization matrix for dimension five operators in quantum chro-
modynamics (QCD).

A natural application of this would be SMEFT for which the full renormalization is
known through NLO, but only partial results are published for NNLO [34]. We thus
adapt the GFF for the SM in the unbroken phase. We calculate all flowed field renor-
malizations and propose a new scheme independent renormalization of the fermion and
scalar fields based on the finiteness of the Noether currents. The full treatment of Yukawa
couplings is, however, delayed to future work and as a first step we only consider a fully
flavor-conserving version of the SM.

Our results could also be used in future calculations in a lattice version of the SM
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which has recently been proposed, although care must be taken when dealing with the
continuum limit in theories that are not asymptotically free [35].

Altogether, in this thesis we consider several applications and an extension of the GFF.
While we address specific aspects in each chapter, the overall aim is to provide a coherent
perspective on its potential use in different contexts.





Chapter 2

The perturbative Gradient Flow
in QCD

In this chapter we introduce the GFF for QCD, following Refs. [7–9]. From now on we
work in Euclidean spacetime with d = 4 − 2ϵ dimensions, unless stated otherwise.

2.1 Flow equations and Lagrangian formulation

The Euclidean Lagrangian of an SU(Nc) Yang-Mills theory with nf fermion fields ψi
with bare mass mB and the gauge boson field Gaµ in Rξ-gauge reads

LQCD =
1

4
GaµνG

a
µν + ψ

(
1

2

↔
/D +mB

)
ψ − 1

2ξ

(
∂µG

a
µ

)2
+ c∂µD

ab
µ c

b , (2.1.1)

where a summation over fundamental color and spinor indices is implied. The third
term is the gauge-fixing term and the last term is the corresponding Faddeev–Popov
ghost term. We will refer to this theory as QCD and to the gauge boson as the gluon
for simplicity. The gluon field strength tensor is given by

Gaµν = ∂µG
a
ν − ∂νG

a
µ + gBf

abcGbµG
c
ν , (2.1.2)

and gB is the bare strong coupling. The d-dimensional Euclidean spacetime indices are
denoted by lower-case greek letters, while a, b and c are adjoint color indices and fabc is
the structure constant (cf. appendix A.1).

It is convenient for the calculations in the following chapters to parametrize the coupling
through

aBs ≡
g2B
4π2

. (2.1.3)

We used a form of the covariant derivative in the fundamental representation which is
explicitly symmetric under integration by parts (IBP),

↔
Dµ= Dµ −

←
Dµ , Dµ = ∂µ + gBG

a
µt
a ,

←
Dµ =

←
∂ µ − gBG

a
µt
a . (2.1.4)

In the adjoint representation, the covariant derivative reads

Dab
µ = δab∂µ − gBf

abcAcµ . (2.1.5)

The main idea of the GFF is to continue the spacetime dependence of the above fields
to an additional dimension called the flow time t. At t = 0 the boundary conditions

5



6 CHAPTER 2. THE PERTURBATIVE GRADIENT FLOW IN QCD

ensure that usual QCD is recovered, while the evolution of the fields at t > 0 is fully
determined by the dynamics at t = 0 and classical flow equations which evolve the fields
from t = 0 to positive flow time. The flow equations are chosen in such a way that
they are compatible with the symmetries of the theory and produce the heat equation
at leading order in an expansion in the fields.

For QCD we choose the flow equations [8, 9]

0 = ∂tG
a
µ −Dab

ν G
b
νµ − κDab

µ ∂νG
b
ν ≡ F a

µ , (2.1.6)

0 =
(
∂t −D2

)
ψ + κ∂µG

a
µt
aψ ≡ Fψ , (2.1.7)

0 = ψ
(←
∂t+

←
D

2
)
− κ∂µG

a
µψt

a ≡ F̄ψ , (2.1.8)

where Ga
µ(t, x) is the flowed gluon field, ψ(t, x), ψ(t, x) are the flowed quark and an-

tiquark fields, respectively, and κ is an additional gauge fixing constant. The flowed
field strength tensor Ga

µν(t, x) is defined analogously to the unflowed one, but with Ga
µ

instead of Gaµ, as are the flowed covariant derivatives Dµ and Dab
µ . The initial conditions

are
ψ(0, x) = ψ(x) , ψ(0, x) = ψ(x) , Ga

µ(0, x) = Gaµ(x) . (2.1.9)

The new gauge fixing parameter κ arises due to the possibility of flow-time dependent
gauge transformations. In fact, the solutions of the flow equations for κ = 0 are related
to those with κ ̸= 0 by [7]

Gµ|κ̸=0 = ΛGµ|κ=0Λ
−1 + Λ∂µΛ−1 , (2.1.10)

where Gµ = Ga
µt
a and Λ is determined by

∂tΛ(t, x) = −κ
(
∂µGµ(t, x)

)
Λ(t, x) . (2.1.11)

The new gauge fixing term proportional to κ is required in order to dampen the gauge
modes of the flowed gauge fields as we will explicitly see from the flowed gauge boson
propagator later.

Note that only the gluon flow equation is actually a gradient-flow equation in the sense
that it evolves the fields along the negative gradient of the unflowed action,

∂tG
a
µ(t, x) = −δSYM[G]

δGaµ(x)

∣∣∣
Ga

µ(x)→Ga
µ(t,x)

, (2.1.12)

driving them towards the classical solution. We have set κ = 0 here for brevity; other
values can be obtained by a t-dependent gauge transformation. However, the action
here is the pure Yang-Mills action without fermions. Fermionic terms arising in the
gradient with respect to the gauge field are thus neglected in the minimal flow equation
Eq. (2.1.6). The fermionic flow equations are not directly related to a gradient of the
action. We will briefly consider modifications of the flow equations in section 2.3.

The flow equations can be solved iteratively as an expansion in gB, expressing the flowed
fields in terms of unflowed ones [8]. One can then insert the solution in a matrix element
of a flowed operator and use standard techniques to calculate it to the desired perturba-
tive order. This approach has been implemented through three-loop order in Ref. [17]
for the determination of the flowed gluon action density.

Alternatively, one can formulate the GFF as a theory in D + 1 dimensions and derive
the corresponding Feynman rules [8, 36]. In this case, the flow equations can be imple-
mented using Lagrange multiplier fields which appear only linearly in the action, thereby
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ensuring that the flow equations hold exactly (without quantum corrections). Flowed
QCD is thus described by the Lagrangian [8]

LfQCD = LQCD − 2

∫ ∞
0

dsLaµF
a
µ +

∫ ∞
0

(
η̄Fψ + F̄ψη

)
, (2.1.13)

with the Lagrange multiplier fields Laµ, η and η̄, the equations of motion (EOM) of which
are equivalent to the flow equations. The Feynman rules derived from this Lagrangian
can be found in Ref. [36].

2.2 Perturbative solution of the flow equations

We now want to investigate some core properties of the GFF. For this, let us first consider
flowed quarks. Their linearized flow equations both reduce to the heat equation,

(∂t − ∂2)ψ = 0 , (2.2.1)

which is solved by

ψ(t, x) =

∫
y
K(t, x− y)ψ(y) , K(t, x− y) =

∫
p
eip(x−y)e−tp

2
. (2.2.2)

Here we used the abbreviations∫
x
≡
∫

ddx ,

∫
p
≡
∫

ddp

(2π)d
, (2.2.3)

for spacetime and momentum integrals, respectively. We can now insert this solution
into a two-point function of flowed quarks in momentum space,

⟨ψi,α(t, p)ψj,β(s, q)⟩ = e−tp
2−sq2⟨ψi,α(p)ψj,β(q)⟩ (2.2.4)

= (2π)dδd(p+ q)δij
(−i/p+mB)αβ

p2 +m2
B

e−(t+s)p
2
,

where we have made flavor and spinor indices explicit and used the result for the unflowed
quark propagator,

⟨ψi,α(p)ψj,β(q)⟩ = (2π)dδd(p+ q)δij
(−i/p+mB)αβ

p2 +m2
B

. (2.2.5)

We can thus identify the flowed quark propagator,

= δij
−i/p+mB

p2 +m2
B

e−(t+s)p
2
, (2.2.6)

where it is now apparent that the GFF suppresses high-momentum contributions, so t
can be thought of as a cutoff scale which, however, preserves all relevant symmetries of
the theory.

In order to derive the Feynman rule of the mixed propagator ⟨η̄ψ⟩, a so-called flow-line,
we consider the generating functional of flowed QCD,

Z[J ] ≡ 1

N

∫
Dϕ exp

[
−
∫ ∞
0

dt

∫
x
LfQCD(t, x) − ⟨J, ϕ⟩

]
, (2.2.7)
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where N is determined by Z[0] = 1. We denote the fieldsG, ψ, ψ, L, η and η̄ collectively
as ϕ and their corresponding sources as J and define the inner product of fields ⟨A,B⟩ =∫∞
0 dt

∫
xA(t, x)B(t, x). The quark part of the exponent reads

−⟨η̄,Qψ⟩ + ⟨Jψ,ψ⟩ + ⟨η̄, Jη̄⟩ + O(ϕ3) , (2.2.8)

where Q is the differential operator from the linearized flow equation acting on the flowed
quark by

Qψ(t, x) =

∫ ∞
0

ds

∫
y
δd(x− y)δ(t− s)(∂s − ∂2y)ψ(s, y) . (2.2.9)

In order to complete the square, we have to find the Green’s function Q−1 of Q which
satisfies

QQ−1ψ(t, x) = ψ(t, x) . (2.2.10)

As can be shown by a direct check of the above condition, it is given by

Q−1ψ(t, x) =

∫ ∞
0

ds

∫
y
θ(t− s)K(t− s, x− y)ψ(s, y) . (2.2.11)

We can now complete the square by applying the shifts

ψ → ψ + Q−1Jη̄ , η̄ → η̄ + Q−1Jψ , (2.2.12)

resulting in

−⟨η̄,Qψ⟩ + ⟨Jψ,ψ⟩ + ⟨η̄, Jη̄⟩ −→ −⟨η̄,Qψ⟩ − ⟨Jψ,Q−1Jη̄⟩ (2.2.13)

After performing the path integral and taking the functional derivatives of Z[J ] with
respect to Jψ and Jη̄, one obtains the quark flow line

= δijθ(t− s)e−(t−s)p
2
, (2.2.14)

where the arrow denotes the direction of increasing flow-time. Since the linearized flow
equation of the antiquark is the same as for the quark, the antiquark flow-line has the
same Feynman rule. For the gluon, one obtains the flow-line [8]

= δabθ(t− s)

[(
δµν −

pµpν
p2

)
e−(t−s)p

2
+
pµpν
p2

e−κ(t−s)p
2

]
(2.2.15)

and the flowed propagator

=
δab

p2

[(
δµν −

pµpν
p2

)
e−(t+s)p

2
+ ξ

pµpν
p2

e−κ(t+s)p
2

]
(2.2.16)
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by an analogous calculation. Note that the longitudinal part of the gluon flow-line is
only exponentially suppressed if κ > 0 and the same holds true for the longitudinal term
of the flowed gluon propagator (which only exists for ξ ̸= 0).

The interaction terms in the flowed part of the Lagrangian give rise to flowed vertices
at t > 0. We still write the Feynman rules in d-dimensional spacetime, so the flow time
integrals

∫∞
0 dt are absorbed into the flowed vertices. Since a flowed vertex must always

have exactly one outgoing flow-line, the domain of integration over t is always limited by
the Heaviside step functions in the flow-lines. Examples for additional vertices at t > 0
are shown in Fig. 2.1. Note that in vertices like (a) involving quarks there cannot be an
outgoing gluon flow-line since the gluon flow equation contains no quark terms and thus
the action does not contain any products of quarks with the gluon multiplier field. As
shown in vertex (b), there are now interactions of flowed quarks with two gluons due
to the quadratic covariant derivative in the quark flow equation. The Feynman rules for
flowed vertices can be found in Refs. [36, 37].

(a) (b)

Figure 2.1: Vertices at flow-time s > 0 introduced by the GFF.
The dashed arrows represent lines which can be flowed propagators or
incoming flow-lines. The field labels are as in Eq. (2.1.13), but all fields
in the vertices can be at zero or positive flow time. The fermions here
bear explicit fundamental color indices.

This also implies that closed loops composed entirely out of flow lines vanish since the
flow-time integral domain is reduced to a point by the Heaviside step functions. Thus, a
diagram in flowed QCD can always be decomposed into a tree of flow lines dressed with
regular and flowed propagators. The tree structure of flow lines is a direct consequence
of the fact that the flow equations hold exactly.

2.3 Alternative flow equations

We have seen in the previous sections how the flow equations lead to an exponential
damping of the fields at t > 0, effectively providing a smooth gauge-invariant cut-
off regularization. These features are a direct consequence of the two main properties
imposed on the flow equations: They must be invariant under the same symmetries as
the original theory and they have to reproduce the heat equation (or more generally a
reaction-diffusion equation) at leading order. These conditions do not fix the form of
the flow equations entirely and alternative forms of flow equations have been considered
in the literature. In particular, a natural alternative to the minimal gluon flow equation
Eqs. (2.1.6) is to derive it from the gradient of the full QCD action. Keeping κ = 0 for
brevity, this results in

∂tG
a
µ(t, x) = −δS[ψ,ψ,G]

δGaµ

∣∣∣∣
(x)→(t,x)

= Dab
ν G

b
νµ − gBψγµt

aψ , (2.3.1)
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Figure 2.2: A vertex at flow-time s > 0 which is only present in
non-minimal Gradient Flows when the gluon flow equation is modified
by a quark term.

where (x) → (t, x) indicates that all fields should be replaced by flowed fields. For the
fermions, one cannot simply use the gradient of the action since the fermion equation
of motion is linear and thus one does not obtain the heat equation in first order in the
fields. The gradient can, however, be multiplied by /D, leading to

∂tψ(t, x) = /D
2
ψ(t, x) . (2.3.2)

Mass terms could also potentially be included in the fermion flow equation, leading to
a reaction-diffusion equation instead of a heat equation at leading order. Interestingly,
due to the identity

/D
2

= D2 − i

2
σµνG

a
µνt

a , (2.3.3)

the chromomagnetic dipole operator which we consider in section 3 appears as a term
in the fermion flow equation in this case.

Another major difference with respect to the minimal flow equations are additional
structures for flow-line trees emerging when fermions are included in the gauge boson
flow equation. Other than in the minimal Gradient Flow, the extra quark term in the
gluon flow equation can multiply the gluon multiplier field, giving rise to quark-gluon
rules with an outgoing gluon flow-line like the one shown in Fig. 2.2. This can enhance the
number of diagrams needed to calculate certain quantities. In the gluon action density,
for example, only quarks at t = 0 have to be considered in the minimal Gradient Flow
since flowed fermion vertices at t > 0 automatically lead to closed fermion flow-line
loops. A similar simplification applies to the QCD static force as well [38]. This is no
longer true if there are vertices like the one in Fig. 2.2 due to which the flow-lines can
leave a fermion loop through a gluon.

In Ref. [39], the most general flow equations for the gauge and fermion fields have been
derived and their effect on the gluon action density and the fermion field renormalization
has been considered. The flowed ghosts are treated as in the minimal Gradient Flow,
however. The general flow equations differ from the above ones only by arbitrary factors
multiplying the additional terms (compared to the minimal flow equations). Apart from
the chromomagnetic dipole operator in Eq. (2.3.2) and the non-singlet vector current in
Eq. (2.3.1) no additional non-minimal terms can appear in the flow equations.

The gluon field does still not require additional renormalization in the non-minimal Gra-
dient Flows. Regarding the renormalization of the flowed fermions, the two coefficients
of the additional non-minimal terms can be chosen in such a way that they do not re-
quire renormalization through NLO [39], similar to the flowed scalar fields considered
in section 5. While the non-minimal flows might thus offer some advantages, they lead
to more complicated evolution equations and diagrammatic complexity. This becomes
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particularly clear when a non-minimal evolution of a scalar field is considered. Let us
assume a scalar version of QCD which we can view as the SU(2)-Higgs sector of the
SM, a modification of which we consider in chapter 5. The flow equation is derived from
the gradient of the action (which is possible since the equation of motion for scalars is
elliptic, other than that for fermions), and reads [40]

∂tϕ = −
δSsQCD

δϕ†(x)

∣∣∣∣
(x)→(t,x)

= (D2 +m2
B)ϕ+

λB
2
ϕ|ϕ|2 . (2.3.4)

Thus, not only does this generate a flowed scalar self-interaction vertex, but the mass
will occur in the exponential suppression factors in the scalar flowed propagators and
flow-lines. This makes the calculation of higher terms in an expansion in the mass more
computationally complex.

With the minimal flow equations (which we also choose for the scalar in section 5), these
complications are avoided and we thus only consider minimal flow equations in the rest
of this thesis.

2.4 BRST variation and flowed ghosts

The unflowed Lagrangian is symmetric under the Becchi-Rouet-Stora-Tyutin (BRST)
transformation

δBRSTX = θsX (2.4.1)

with a Graßmann constant θ and the operator s defined by [41]

sGaµ = Dab
µ c

b , sBa = 0 ,

sca = −1

2
g0f

abccbcc , sψ = −caT aψ , (2.4.2)

sca = Ba EOM
=

1

ξ
∂µG

a
µ , sψ = caψT a ,

where Ba is the Nakanishi-Lautrup field. This can be seen by considering the operator

O = ca
[

1

2
ξ − ∂µA

a
µ

]
(2.4.3)

and its BRST variation

sO =
1

2
ξBaBa −Ba∂µG

a
µ + ca∂µD

ab
µ c

b EOM
= − 1

2ξ
(∂µG

a
µ)2 + ca∂µD

ab
µ c

b , (2.4.4)

where we have used the equation of motion of the Nakanishi-Lautrup field. This is
the gauge fixing and ghost part of LQCD. Since the BRST transformation is nilpotent
(s2 = 0) and a gauge transformation for ψ, ψ and Gaµ, it follows that sLQCD = 0.

Since BRST symmetry restricts the possible counter terms, it is a vital tool in the proof
of renormalizability [41] and an extension to flowed QCD has been found in Ref. [8].

Because of the initial conditions, we can simply replace the unflowed fields with flowed
fields in the above unflowed BRST transformations. However, this is not a requirement
for the flowed antighost since the antighost does not appear in the transformations of
physical fields. Thus, it does not have to satisfy any particular boundary condition.
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In fact, the flowed antighost d̄a(t, x) is used as a multiplier field to implement the flow
equation of the flowed ghost da(t, x) via a term

Ld = −
∫ ∞
0

dt d̄a(t, x)
(
∂td

a(t, x) − κDab
µ ∂µd

b(t, x)
)
, (2.4.5)

added to the Lagrangian, where da(t, x) satisfies the boundary condition da(0, x) = ca(x).
Note that the flow equation for the ghost reduces to ∂td

a(t, x) = 0 for κ = 0, so the
flowed ghost is then independent of t. By requiring the BRST variation of the full flowed
action to vanish, one obtains the transformations of the remaining fields [8, 39],

sLaµ = fabcLbµd
c , (2.4.6)

sη = −daT aη , (2.4.7)

sη̄ = daη̄T a , (2.4.8)

sd̄a = η̄T aχ− χT aη −Dab
µ L

b
µ + fabcd̄bdc . (2.4.9)

This treatment of the flowed antighost implies that we cannot define flowed versions of
gauge variant operators which contain antighost fields. We can, however, still calculate
matrix elements of flowed operators with unflowed ghosts as external states as might be
useful in the context of the method of projectors discussed later.

Note that flowed ghosts do not contribute to matrix elements if there are no flowed
ghosts in operator insertions or in the external states, since in this case the flowed
ghosts necessarily form closed flow-line loops which vanish.

2.5 Properties of the Gradient Flow

In this section we give a brief summary of results obtained in Refs. [8, 9]. Among the
most important properties of the GFF is the fact that composite operators at t > 0 do
not require additional renormalization.

BRST symmetry furthermore prohibits the existence of counter-terms for the flowed
gluon field on the boundary t = 0, too, so the flowed gluon does not require any field
renormalization. However, this only holds as long as the convention of Ref. [8] (which
is common in lattice gauge theory) is used where the explicit gauge coupling is removed
from the covariant derivative by a rescaling of the gauge field. In the convention used in
this thesis, the gauge field therefore requires a renormalization proportional to that of
the gauge coupling.

For the flowed fermion the situation is different as it receives counter-terms from the
terms ∫

x

(
η(0, x)ψ(x) + ψ(x) η(0, x)

)
(2.5.1)

formed from fundamental fermions and Lagrange multiplier fields at t = 0 which are not
excluded by BRST symmetry [9]. Their effect amounts to a field renormalization

ψR(t, x) = Z
1/2
ψ ψB(t, x) (2.5.2)

which we will consider in detail in section 2.11.

For Feynman diagrams in the GFF we have a number of rules:

1. Closed loops of flow lines vanish.
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2. All flowed vertices have exactly one outgoing flow-line and can have none or mul-
tiple ingoing flow-lines.

3. As a consequence of the above, any diagram with an insertion of an operator at
positive flow time contains a flow-line tree. The flow-lines start at the first flowed
vertex and end at an insertion of an operator at t > 0.

4. In the minimal Gradient Flow, ghost and fermion flow-lines continue along the
ghost or fermion line and cannot become gluon flow-lines.

5. As implied by the above properties, flowed ghosts do not appear in any diagram
if only ghost-free flowed operators care considered.

6. Equally, flowed fermions do not appear in any diagram if only fermion-free oper-
ators are considered. This only holds if the minimal gluon flow equation is used,
however.

We make use of these properties for example by setting diagrams with closed flow-line
loops to zero using the Perl script closedloops [42] before any calculation is performed.
In Tab. 3.1 we present and discuss the numbers of diagrams removed by this procedure
for several calculations.

2.6 The short-flow-time expansion

Consider a set of composite operators OB
i in QCD and their flowed counterparts Oi(t)

which are constructed by replacing all fields in the OB
i by their flowed versions at t > 0.1

One can then ask how the flowed operators are related to the unflowed ones in the limit
t → 0. The answer is provided by the so-called SFTX [8] which expresses the smeared
(and in this sense non-local) operators Oi(t) as a sum of unflowed local operators with
flow-time dependent coefficients,

Oi(t, x) =
∑
j

ζBij(t)OB
j (x) . (2.6.1)

We can split the operators into groups On,B
i by their mass dimension n. Differences in

mass dimension give rise to powers of t multiplying the matching coefficient, which we
now assume does not contain any polynomial dependence on t,

On
i (t, x) =

∑
m

t(m−n)/2
∑
j

ζBnm|ij(t)O
m,B
j (x) , (2.6.2)

implying that for m > n the contributions on the right-hand side (RHS) are of order t
and can be neglected in the SFTX if we are only interested in the O(t0) behavior of the
matching coefficients. We can then focus on the mixing with equal- or lower-dimensional
operators.

If, however, we want to invert the matching matrix and there are inverse powers of t
present due to mixing with lower-dimensional operators, the determinant of the matching

1In fact, this definition matches the one usually used in lattice calculations where the fields are
evolved by solving the flow equations numerically. In principle, however, one could multiply flowed
operators defined this way by a factor f(m2t) with an analytic function f such that f(0) = 1 and
obtain equally valid flowed operators. Such non-trivial factors are neither required by our calculation
nor considered in the literature, however, so we do not consider them any further.
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matrix will involve products t−ntn ∼ 1, so higher orders in t are required to obtain the
determinant and thus the inverse to O(t0). Let ∆n be the maximal difference of mass
dimensions of operators in a given complete basis. Then the matching matrix can have
inverse powers of at most t−∆n and thus we need to take into account all matching matrix
elements with at most a power t+∆n, i.e., we need the full matching matrix and cannot
neglect any of its elements due to the required order in t. In the problems considered in
this thesis, this is only relevant in the case of the chromomagnetic dipole operator (see
section 3.2).

A standard way of determining the mixing matrix elements ζij is to perform a matching
calculation, taking suitable matrix elements of both sides of Eq. (2.6.1). This comes
with the disadvantage that on the RHS one ends up with regular Feynman integrals
depending on m and external momenta and on the left-hand side (LHS) one has to
compute Gradient-Flow integrals with t as an additional scale. This leads to cumbersome
calculations which can be avoided using the so-called method of projectors [43–45].

This method has been developed in order to calculate Wilson coefficients in operator
product expansions (OPE). Its main idea is that the separation scale of an operator
product introduces a new scale and thus matrix elements of this product can be non-
vanishing even if all the other scales are set to zero. In the expansion, however, the
separation scale is only present in the Wilson coefficients and setting all other scales
to zero leads to vanishing scaleless tadpole diagrams and only tree-level contributions
remain which are trivial to calculate. Thus, by finding suitable matrix elements, one can
define projectors which project out the desired Wilson coefficients.

We will now explain the application of the method of projectors in more detail in the
context of the GFF where the separation scale is replaced by the flow time t.

The viability and usefulness of the method of projectors has already been verified in
the context of the GFF in various cases. In Ref. [14] it has been used to determine the
SFTX of the QCD energy-momentum tensor and in Ref. [46] it was applied to the SFTX
of the dimension four QCD operators contributing to the hadronic vacuum polarization.
In Ref. [47] it was used to determine the SFTX of fermionic bilinear operators in QCD.

To apply the method of projectors, we construct a projector Pi for each operator Oi

such that Pi[Oj ] = δij by taking an amputated Green’s function which is one-particle
irreducible with respect to all internal lines except for flow-lines and applying suitable
derivatives with respect to external momenta and masses. Afterwards we set all scales
except for the flow time to 0, arriving at scalar integrals with t as the only scale. The
flow time naturally serves as the analogue of the separation scale in the context of OPEs
here: It defines an effective smearing radius such that flowed fields depend on unflowed
fields evaluated inside this radius. Since after the projection at t = 0 all integrals are
scaleless, they vanish and we are only left with tree-level contributions on the RHS of
Eq. (2.6.1). Higher perturbative orders only contribute to the LHS.

One may wonder if it is safe to set the external scales to zero. In fact, this is only
possible since the diagrams generated by a projector must be one-particle irreducible
with respect to propagators. This prevents terms of the form 1

q2+m2 or 1
q2

with q being
a combination of only external momenta. Such propagators would be undefined if the
scales are set to zero. In one-particle irreducible diagrams, however, there is always a
loop momentum flowing through every propagator which allows us to set the scales to
zero in a well-defined way. The only lines with respect to which the diagrams are allowed
to be reducible are the flow-lines which, however, have no denominator structure and
are well-defined at vanishing momenta and masses.
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Note that since the external legs connect to unflowed fields, their amputation just cancels
the denominator, i.e., the unflowed propagator, leaving a remnant e−sp

2
term, where s is

the flow time of the vertex connected to the external leg. In general, such exponentials
arising from the external legs must be taken into account. In all cases considered in this
thesis, however, they can be neglected due to the choice of projectors.

This is because no projectors used in the following chapters ever differentiate twice with
respect to the same momentum. The differential operators DP used in the projectors
thus satisfy

DP

n∏
i=1

e−sip
2
i

∣∣∣
q1,...,qn,m=0

= 0 , (2.6.3)

so they can be safely commuted through the exponentials on the external legs which in
the end reduce to 1 as all external momenta are set to 0.

If, however, we would have two derivatives with respect to the same momentum, we
would obtain a non-vanishing contribution

∂

∂qµ

∂

∂qν
e−tq

2

∣∣∣∣
q=0

= −2tδµν (2.6.4)

from the external legs. This only vanishes if the projectors are defined to be traceless in
the Lorentz indices.

Concerning the orthogonalization of the projectors, it is often more convenient to first
choose a set of projectors which are only linearly independent and then orthogonalize
the mixing matrix afterwards with its leading order (LO) part,

ζorth.(t) = ζ(t) ζ−1LO(0) , (2.6.5)

such that ζLOorth.(0) = 1. Here, taking t = 0 is understood as setting the flow-time to
zero before taking the projectors, i.e., applying the projectors to the unflowed basis.
Note that the LO matrix can only depend on t if there are loop diagrams at zeroth
order in the couplings. This is only possible if the SFTX involves vacuum expectation
values of operators which have a two-leg Feynman rule. Otherwise, ζLO is automatically
t-independent, as we will see explicitly in chapter 3.

The method of projectors requires knowledge of the complete basis of operators up to
the desired mass dimensions. Since the Green’s functions appearing in the projectors
are not physical, the projectors may yield non-vanishing results when applied to unphys-
ical nuisance operators like EOM operators, total derivatives or BRST-exact operators
which are the BRST variation of some other operator. Thus, such operators have to be
considered in order to derive the correct orthonormalization of the projectors. Once the
proper projectors are found, one can neglect the nuisance operators again as we will see
in the next section.

With the method of projectors we obtain a bare SFTX matrix ζB(t). It is rendered
finite by the renormalization of the flowed fields, masses and couplings as well as the
renormalization matrix of the unflowed operators. Let us assume that in the flowed
operators all fields and parameters are already renormalized. Then this implies that all
UV divergences of the flowed operators are already removed. But then, we still have to
renormalize the unflowed operators in order to obtain the finite ζR(t),

O(t, x) = ζB(t)OB(x) = ζB(t)Z−1OR(x) = ζR(t)OR(x) , (2.6.6)
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where Z is the renormalization matrix of the unflowed operators. Since ζB(t) is calculated
from matrix elements of renormalized flowed operators, this implies that Z−1 does not
cancel UV but infrared (IR) divergences in ζB(t). This can be understood by considering
the effect of the Gradient Flow in an illustrative example calculation.

We consider a flowed complex scalar ϕ4-theory (like the pure Higgs sector of the model
considered in chapter 5) and the flowed operator ϕ†(t, x)ϕ(t, x). We want to compute
its matching coefficient with its unflowed version (which as a composite operator renor-
malizes like the scalar mass). At NLO the coefficient is determined by the diagram

∼ λB

∫
d4+2ϵIRp

(2π)4+2ϵIR

e−2tp
2

(p2)2
=

λ

π2

(
1

ϵIR
+ fin.

)
+ O(λ2) , (2.6.7)

where we have used d = 4 + 2ϵIR since the diagram is UV finite, and λ is the scalar
self-coupling. The crossed vertex represents the insertion of the flowed operator while
the other vertex is a four-scalar interaction at t = 0 from which two flowed propagators
connect to the operator vertex. Since we use minimal flow equations, this is the only
NLO diagram (otherwise there may be outgoing flow-lines attached to the flowed version
of the four-scalar vertex, for example). Considering the same diagram at t = 0 yields

λB

∫
p

1

(p2)2
= λB

∫
|p|<Λ

d4+2ϵIRp

(2π)4+2ϵIR

1

(p2)2
+ λB

∫
|p|>Λ

d4−2ϵUVp

(2π)4−2ϵUV

1

(p2)2

=
λ

π2

(
Λ2ϵIR

ϵIR
+

Λ−2ϵUV

ϵUV

)
+ O(λ2)

=
λ

π2

(
1

ϵIR
+

1

ϵUV
+ O(ϵIR) + O(ϵUV)

)
+ O(λ2) , (2.6.8)

where we have regulated the UV and IR divergences in their respective domain of con-
vergence in the complex d plane. Setting ϵIR = −ϵUV, the integral vanishes as expected
in dimensional regularization since it is a massless tadpole (like all diagrams beyond
LO if a projector is applied to an unflowed operator). Comparing the divergences, we
find that the IR divergence is the same, but the UV divergence is absent in the flowed
result. Thus, we can infer the IR divergence from the flowed result and use the fact that
IR and UV divergences cancel in massless tadpoles to infer the UV divergence caused
by the respective unflowed composite operator. The IR divergences remaining in ζB(t)
after renormalizing the flowed fields and parameters are thus canceled by the unflowed
operator renormalization. This fact had already been observed in the application of the
method of projectors to unflowed operator product expansions in Ref. [44].

Note that the above matching coefficient can be extracted through NNLO from the
matching coefficient of the Higgs field bilinear which we consider in section 5.9.

2.7 Gradient-Flow integrals

The integrals arising from the application of the method of projectors result in Gradient-
Flow integrals which have t as the only scale. The main difference with respect to
regular Feynman integrals is the presence of the exponential suppression factors and
the additional integration over the flow-time variables. These are introduced through
vertices at t > 0 and bounded from above by the flow time of the next vertex, i.e., the
vertex the flow-line exiting the first vertex enters. Thus, the tree structure of flow lines
gives rise to nested flow-time integrals in general.
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The exponential suppression factors enter through the flow-lines and the flowed propa-
gators. The exponentials of the external legs are already set to 1 after the method of
projectors has been applied since they only depend on external momenta which are set
to 0 after all derivatives with respect to momenta have been performed.

The general form of an L-loop Gradient-Flow integral obtained from the method of
projectors is

I(t1, ..., tF , T1, ..., TN , b1, ..., bN ) ≡
∫ t1

0
ds1· · ·

∫ tF

0
dsF

∫
p1,...,pL

e−(T1P
2
1+···+TNP 2

N )

(P 2
1 )b1 . . . (P 2

N )bN
.

(2.7.1)

Here, the upper bounds tf of the flow-time integrals are in general functions of the
flow-time variables associated with the outer integrations,

tf : [0,∞)f−1 → [0,∞), (sf−1, ..., s1) 7→ tf (sf−1, ..., s1) . (2.7.2)

The bn are integers and the Tf are linear combinations of the flow-time integration
variables sf , arising from the product of the exponential factors, which are non-negative
inside the flow-time integration domain.

The number of independent denominators N is given by N = L(L+1)/2 and the number
of flow-time integrations F is limited by the number of vertices of a diagram.

The independent denominators Pi are linear combinations of loop momenta. Through
three-loop order, there is only one topology from which all distributions of momenta in
a diagram can be derived by pinching, i.e., contracting internal lines. We choose

{Pi}1-loop = {p1} (2.7.3)

{Pi}2-loop = {p1, p2, p1 + p2} (2.7.4)

{Pi}3-loop = {p1, p2, p3, p1 − p2, p1 − p3, p2 − p3} . (2.7.5)

Note that at four-loop and higher orders there are multiple topologies, so the integrals
can in general not be described by a single set of denominators. These higher-order
calculations are, however, beyond the scope of this thesis.

In order to simplify the integral structure, one can perform a linear substitution of the
flow-time integral variables, normalizing them by their respective upper bounds,

sf = uf tf . (2.7.6)

This limits the range of the flow-time integrations to the interval [0, 1] and the integral
now assumes the form [48]

I(c,a, b) =

∫
[0,1]F

duuc
∫
p

exp
{
−t(a1(u)P1(p)2 + · · · + aN (u)Pn(p)2)

}
(P1(p)2)b1 . . . (PN (p)2)bN

. (2.7.7)

We also define normalized and dimensionless versions of the integrals,

Î(c,a, b) = (4πt)Ld/2t−bI(c,a, b) . (2.7.8)

With p = (p1, ..., pL) we abbreviate the L loop momenta, c = (c1, ..., cF ) are non-negative
integers and we use multi-index notation, defining

uc ≡ uc11 . . . ucFF , b ≡
N∑
i=1

bi . (2.7.9)
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The functions ai(u) are polynomials in the flow-time integration variables which are
again non-negative in the flow-time integration domain.

Since t is the only scale of the integrals calculated in this thesis, we can set t = 1 through-
out the calculation and reconstruct the correct power of t from dimensional analysis.
The polynomial t-dependence of the SFTX coefficients can be derived from the mass
dimensions of the operators under consideration while their logarithmic t-dependence
is determined by the logµ2 terms which arise when the results are renormalized in the
minimal subtraction (MS) scheme.

2.8 Integral reduction

Once a result is obtained in terms of scalar Gradient-Flow integrals, it is convenient
to reduce the integrals to a set of master integrals before their evaluation since the
number of integrals is usually drastically reduced by the reduction. The reduction of
integrals relies on IBP relations and symmetries. The IBP relations are implied by
translational invariance of the integrals in dimensional regularization. Since at this
point all external momenta are set to 0, we can only take a total derivative with respect
to a loop momentum,

0 =

∫
[0,1]F

duuc
∫
p

∂

∂pµj

(
pµi
e−t(a1P

2
1+···+aNP 2

n)

(P 2
1 )b1 . . . (P 2

N )bN

)
(2.8.1)

= δijdI(c,a, b) −
∫
[0,1]F

duuc
∫
p

e−t(a1P
2
1+···+aNP 2

n)

(P 2
1 )b1 . . . (P 2

N )bN

N∑
n=1

(
tan +

bn
Pn

)
pµi
∂Pn
∂pµj

.

The scalar products of loop momenta arising from ∂Pn/∂p
µ
j can be rewritten in terms of

the Pi again. Thus, the IBP identities arising from insertion of derivatives with respect
to loop momenta relate integrals with shifted indices cf and bn.

For the specific case of Gradient-Flow integrals, we can also insert derivatives with
respect to the flow time,∫ tf

0
dsf

∂

∂sf
f(sf , ...) = f(tf , ...) − f(0, ...) , (2.8.2)

which thus relates integrals with one flow-time integration less. When the flow-time inte-
gration variables are substituted to the ui, there is an analogous relation. An algorithm
for the automatic generation of both kinds of IBP relations for Gradient-Flow integrals
has been developed in Ref. [49] and implemented in Mathematica [50]. An alternative
implementation in Python has been developed in Ref. [51].

These identities can be used to reduce the integrals to a smaller set of master integrals
using the Laporta Algorithm [52]: For the indices b, integer values are inserted, leading
to a set of seed integrals. These are chosen in such a way that their complexity is the
same as the complexity of the integrals one wants to reduce. The complexity is encoded
by a lexicographical ordering of the integrals with respect to an integral identification
number which can be defined in different ways, leading to different bases of master
integrals. From the seed integrals, IBP relations are generated which then relate the
seed integrals to the integrals one wants to calculate. The resulting system is then
reduced with a Gauß-type elimination algorithm. The details of this procedure in the
context of the GFF are explained in detail in Ref. [37].

Several programs have implemented the Laporta algorithm. In our calculations, we use
Kira [53–55] and FireFly [56, 57] together with custom Mathematica [50] scripts.
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2.9 Master integrals and integral evaluation

At one-loop order, all occurring integrals can be reduced to a single master integral,

Î(0, 2, 0) = (4πt)d/2
∫
p
e−2tp

2
=

1

4
+ ϵ

1

4
log 2 + ϵ2

1

8
log2 2 + ϵ3

1

24
log3 2 + . . . . (2.9.1)

At two-loop order, there are six master integrals,

M
(2)
1 = Î({0}, {1, 1, 1}, {1, 1, 0}) , M

(2)
2 = Î({0}, {2, 0, 0}, {0, 1, 1}) , (2.9.2)

M
(2)
3 = Î({0}, {2, 2, 0}, {0, 0, 0}) , M

(2)
4 = Î({0}, {2 − u1, u1, u1}, {0, 0, 0}) , (2.9.3)

M
(2)
5 = Î({0}, {1, 1, 1}, {0, 0, 0}) , M

(2)
6 = Î({0}, {1 − u1, 1 + u1, 1 + u1}, {0, 0, 0}) .

(2.9.4)

They have all been evaluated in closed analytical form in Ref. [14] using Schwinger
parametrization and consequent direct integration with Mathematica [50]. They are
then expanded in ϵ through O(ϵ6) using the Mathematica package HypExp [58, 59]. The
closed form and the first terms in the expansion are given by

M
(2)
1 =

1

d− 2

(
32−

d
2 2F1

(
1, 1; 3 − d

2 ; 3
4

)
d− 4

− 2π csc

(
πd

2

))
(2.9.5)

= log

(
4

3

)
+ ϵ

(
Li2(1/4) + 2 log2(2) − log2(3)

2
+ log

(
4

3

))
+ . . . , (2.9.6)

M
(2)
2 = − 1

d− 2
23−dπ csc

(
πd

2

)
(2.9.7)

=
1

4ϵ
+

1

4
+

log(2)

2
+ ϵ

(
ζ2
4

+
1

4
+

log2 2

2
+

log 2

2

)
+ . . . , (2.9.8)

M
(2)
3 = 2−d =

1

16

(
1 + 2 log(2)ϵ+ . . .

)
, (2.9.9)

M
(2)
4 = 22−2dB 1

4

(
1 − d

2
, 1 − d

2

)
=

1

32ϵ
− 7

96
+

log 2

8
− log 3

32

+ ϵ

(
− 7

96
− log 2

8
+

log2 2

8
− log 3

96
− log2 3

64
− Li2(1/4)

16

)
+ . . . , (2.9.10)

M
(2)
5 = 3−d/2 =

1

9

(
1 + log(3)ϵ+ . . .

)
(2.9.11)

M
(2)
6 = 22−2d

(
B 3

4

(
1 − d

2
, 1 − d

2

)
−B 1

2

(
1 − d

2
, 1 − d

2

))
=

1

24
+

log 3

32

+ ϵ

(
Li2(1/4)

16
− ζ2

32
+

1

24
+

log2 3

64
+

log2 2

8
+

log 3

96

)
+ . . . , (2.9.12)

where the dots indicate that the expansion in ϵ has been performed through O(ϵ6). The
special functions appearing in these integrals are the incomplete Euler beta function
Bx(z1, z2), the hypergeometric function 2F1(a, b; c; z) and the dilogarithm function Li2(z)
for which there is a reflection identity,

Li2(1 − z) = −Li2(z) + ζ2 − log(z) log(1 − z) . (2.9.13)

Making use of the reflection identity for the case z = 1/4 allows us to express all special
values of the dilogarithm function appearing in our results in terms of Li2(1/4).
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While no new one- or two-loop master integrals have been found since the finding of the
first six ones despite greatly expanding the scope of two-loop calculations, at three-loop
order the basis of master integrals is usually very sensitive to the specific problem under
consideration and new problems frequently require new master integrals.

This may hint at the basis of master integrals not being finite at three-loop order. In
fact, the proofs provided in Refs. [60–62] for finiteness of the master integral basis only
apply to standard Feynman integrals and not to Gradient-Flow integrals (or not in a
straightforward way, at least) because of significant differences like the presence of flow-
time integrals which do not map to usual Schwinger parameter integrals (see below) due
to the different domain of integration.

Since the three-loop master integrals are usually only known numerically and depend on
the specific problem, and because the reduction does not provide a significant speed-up
for the cases considered in this thesis, we evaluate the three-loop integrals directly by
numerical integration, without performing a prior reduction.

For the numerical evaluation of the three-loop integrals we use the program ftint [48,
63]. It rewrites the Gradient-Flow integrals in Schwinger parametrization, where nega-
tive denominator powers are accounted for by derivatives with respect to (generalized)
Schwinger parameters,

I(c,a, b) =

∫
[0,1]F

duuc
∫
p

exp
{
−t
∑N

n=1 anP
2
n

}
∏N
n=1(P

2
n)bn

=
∏
bi<0

(−t)bi ∂
bi

∂xbii

∏
bj>0

(−t)bj
(bj − 1)!

∫ ∞
0

dxj x
bj−1
j

×
∫
[0,1]F

duuc
∫
p

exp

−t

 N∑
n=1

anP
2
n +

∑
bi ̸=0

xiP
2
i

 . (2.9.14)

The loop integral now is a multivariate Gaußian integral and can be evaluated analyti-
cally. The result is then handed over to pySecDec [63–65] which performs the remaining
integrations numerically using the sector decomposition algorithm [66–68]. ftint also
allows us to reduce the number of integrals by symmetry relations before numerical
integration.

Through two-loop order, we have compiled a comprehensive list of integrals and their
reductions to master integrals. This list currently contains 55 one-loop integrals and
17,200 two-loop integrals.

At three-loop order, we have compiled a list of symmetry relations currently counting
1115 integrals. Numerical values have been obtained for 6247 three-loop integrals.

Note that not all of the integrals in the above lists are directly related to results presented
in this thesis since these lists also include integrals from test calculations, for example.

Since some quantities at three-loop order require a rather small amount of master inte-
grals, we have tried to obtain some three-loop results analytically. By direct calculation,
this was only possible for integrals with at most two propagators since after Schwinger
parametrization the dimensionality of the domain of integration complicates the analytic
integration otherwise. However, none of the three-loop quantities considered in this pa-
per exclusively depends on these analytically known integrals and thus no three-loop
result in this thesis is given in analytical form. This might be possible, however, if more
sophisticated methods like integrand expansion [69] are applied to the remaining master
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integrals, as has been proved useful in determining other three-loop results in analyt-
ical form [36]. Therefore, we still give the analytical results for the three-loop master
integrals here. For compactness of notation we will write the integrals as

Î(c,a, b) = Î(c)ab . (2.9.15)

The analytical results are

Î(0)1,1,0,1,0,00,0,1,0,1,0 = − π

d− 2
2

d
2
−132−d csc

(
πd

2

)
, (2.9.16)

Î(0)0,1,1,1,1,00,0,0,0,0,0 = 2−D , (2.9.17)

Î(0)0,1,1,1,1,00,0,1,1,0,0 =
1

d− 2

(
26−d 2F1

(
1, 1; 3 − d

2 ; 8
9

)
9(d− 4)

− π2
d
2
−1 csc

(
πd

2

))
, (2.9.18)

Î(0)0,1,1,1,1,00,1,1,0,0,0 = Î(0)0,1,1,1,1,00,0,1,1,0,0 , (2.9.19)

Î(0)0,1,1,1,1,01,1,0,0,0,0 =
21−d

d− 2

(
8 2F1

(
1, 1; 3 − d

2 ; 2
3

)
3(d− 4)

− π2d/2 csc

(
πd

2

))
, (2.9.20)

Î(0)1,1,2,1,0,00,0,0,0,0,0 = 6−d/2 , (2.9.21)

Î(0)1,1,2,1,0,01,1,0,0,0,0 =
6−d/2

(d− 4)(d− 2)

(
9 2F1

(
1, 1; 3 − d

2
;

3

4

)
− 2π3d/2(d− 4) csc

(
πd

2

))
,

(2.9.22)

Î(0)1,1,2,1,0,01,0,0,1,0,0 = Î(0)1,1,2,1,0,01,1,0,0,0,0 , (2.9.23)

(2.9.24)

Î(0)1,1−u1,u1,u1+1,u1,0
0,0,0,0,0,0 = −21−d/23−d/2

d− 2
F1

(
1 − d

2
;
d

2
,
d

2
; 2 − d

2
;− 2

−1 +
√

13
,

2

1 +
√

13

)
,

(2.9.25)

where the Appell hypergeometric function of the first kind F1 appears as a new special
function. The above results have all been checked to agree with the corresponding
numerical results by evaluating them numerically at small finite values of ϵ.

2.10 Renormalization of composite operators

Composite operators appear in many highly relevant contexts in quantum field theory.
Apart from the Lagrangian density itself, they are required for the formulation of Ward
identities and constitute such important physical observables like the energy-momentum
tensor. At higher mass dimensions, non-renormalizable composite operators appearing
in effective field theories like SMEFT are used to parametrize BSM effects in a model-
independent way.

Taking the limit of a product of fields at different spacetime points where the distance
between the points goes to zero usually leads to additional UV divergencies. Using an op-
erator product expansion, the UV or small-distance effects can be absorbed into Wilson
coefficients multiplying composite operators which are compatible with the symmetries
of the theory.

The fact that composite operators constructed from flowed fields are free of exactly these
kinds of extra divergencies and their matrix elements are renormalized by multiplicative
renormalization of the fundamental parameters and fields makes the Gradient Flow a
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valuable tool in the study of composite operators. The renormalization pattern of com-
posite operators is restricted by a number of conditions. In dimensional regularization,
for example, where the regulator is dimensionless, composite operators of different mass
dimension do not mix under renormalization (at least if we count operators multiplied
by different powers of a mass factor as distinct operators) [70].

A second condition which we will make use of in the following chapters is a theorem due
to Joglekar and Lee [71–73]: We abbreviate gauge-invariant physical operators by G, op-
erators vanishing due to EOM by E , and BRST-exact ones by V. With this classification,
the renormalization matrix and its inverse are triangular,

G
V
E


B

=


Z−1GG Z−1GV Z−1GE

0 Z−1V V Z−1V E

0 0 Z−1EE



G
V
E


R

, (2.10.1)

Applying this to the bare SFTX, we obtain

O = ζBGGB + ζBV VB + ζBE EB (2.10.2)

= ζBGZ
−1
GGG

R +
(
ζBGZ

−1
GV + ζBV Z

−1
V V

)
VR +

(
ζBGZ

−1
GE + ζBV Z

−1
V E + ζBEZ

−1
EE

)
ER .
(2.10.3)

Note that ζBG only renormalizes through Z−1GG. Thus, if we have made sure that the pro-
jectors are orthogonal over the full basis (including EOM and BRST-exact operators),
the renormalization of the physical part ζBG of the mixing matrix can be performed, ne-
glecting nuisance operators. If, however, the projectors are not orthogonal with respect
to nuisance operators, the SFTX mixes operators of the different classes G, E and V, ren-
dering the seemingly physical sub-matrix non-renormalizable if counter-terms provided
by unphysical operators are not taken into account.

2.11 Renormalization Group in the Gradient Flow

In this section we consider the new renormalization constants needed in flowed QCD.
Most of the results of this section can be generalized to the modified version of the SM
considered in section 5 in a straightforward way.

In our convention, the flowed gauge boson requires a field renormalization ZG,

GR = Z
1/2
G GB , (2.11.1)

where ZG = Zs, i.e., the flowed gauge boson renormalizes in the same way as the coupling
(cf. section 2.5 and appendix B), while the flowed fermion is renormalized in the MS
scheme by multiplication with the renormalization constant Zψ,

ψR = Z
1/2
ψ ψB . (2.11.2)

The requirement of a flowed fermion renormalization leads to problems when combining
lattice and perturbative results since the field is renormalized in different schemes on
the lattice and in perturbation theory, respectively. This problem can be solved by
introducing a finite renormalization for the flowed fermion which cancels its anomalous
dimension, called the ringed scheme. We define

◦
ψ =

( ◦
Zψ

)1/2
ψB , with

◦
Zψ = ζψZψ , (2.11.3)
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where ζψ is determined by requiring the all-order identity〈 ◦
ψ(t, x)

↔
/D
◦
ψ(t, x)

〉
m=0

≡ − 2Ncnf
(4πt)2

(2.11.4)

for the vacuum expectation value (VEV) of the flowed so-called fermion kinetic operator.
The finite renormalization ζψ is known through NNLO [36] and the RHS of Eq. (2.11.4)
is chosen such that ζψ = 1 + O(as).

Note that this is not the only way to remove the anomalous dimension of the flowed
fermion. In general, any SFTX coefficient matching a fermionic flowed operator to a
finite unflowed operator offers a possibility to define a similar scheme since requiring the
matching coefficient to equal its LO value makes the RHS of the SFTX RG-invariant in
such a case. For the ringed scheme, we use the matching of the fermion kinetic operator
to the unit operator (which is trivially finite). Another possibility which we explore
in section 5.5, although in a different model, is to choose the matching of the flowed
non-singlet vector current to the unflowed non-singlet vector current (which is finite due
to Ward identities). For QCD, the required matching coefficient has been obtained in
Ref. [47] through NNLO.

The flowed fermion renormalization has been obtained for the first time in Ref. [9]
through NLO. In Ref. [14] the finiteness of the energy-momentum tensor has been used
in order to obtain it through NNLO analytically. In the MS scheme it is given by

Zψ = 1 − as
γψ,0
ϵ

+ a2s

[γψ,0
2ϵ2

(γψ,0 + β0) −
γψ,1
2ϵ

]
+ O(a3s) , (2.11.5)

where

γψ =
∞∑
n=0

an+1
s γψ,n = asβ

d

das
logZψ , (2.11.6)

with the coefficients of the anomalous dimension through NNLO given by

γψ,0 = −3

4
CF , γψ,1 =

(
1

2
log 2 − 223

96

)
CACF +

(
3

32
+

1

2
log 2

)
C2
F +

11

24
CFTRnf .

(2.11.7)

The conversion factor to the ringed scheme has first been defined and calculated through
NLO in Ref. [74].2 The NNLO contribution has been calculated in Ref. [36]. In total,
we have

ζψ = 1 − as

(
γψ,0Lµt +

3

4
CF log 3 + CF log 2

)
+ a2s

(
γψ,0

2
(γψ,0 − β0)L

2
µt +

[
γψ,0(β0 − γψ,0) log 3

+
4

3
γψ,0(β0 − γψ,0) log 2 − γψ,1

]
Lµt +

c
(2)
χ

16

)
+ O(a3s) , (2.11.8)

where the flow-time dependence enters through the logarithm

Lµt = log
(
8πµ2t

)
(2.11.9)

2In fact, there a normalization by the scalar fermion bilinear instead of the fermion kinetic operator
had been considered as an option but this has been rejected. As opposed to the vector current, this
operator has an anomalous dimension at t = 0 which needs to be accounted for, and its VEV vanishes
at vanishing fermion mass.
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and we have collected the non-logarithmic NNLO contributions in the coefficient

c(2)χ = CACFcχ,A + C2
Fcχ,F + CFTRnfcχ,R (2.11.10)

with

CACFcχ,A = −23.7947 , CACFcχ,F = 30.3914 ,

CACFcχ,R = −131

18
+

46

3
ζ2 +

944

9
log 2 +

160

3
log2 2 − 172

3
log 3 +

104

3
log 2 log 3

− 178

3
log2 3 +

8

3
Li2(1/9) − 400

3
Li2(1/3) +

112

3
Li2(3/4) = −3.92255... .

(2.11.11)

Note that the digits in the above numerical coefficients are not affected by numerical
uncertainty.

Let us now consider a set of operators OB(x) and their respective flowed versions
OB(t, x). They are all expressed in terms of the bare flowed fields (Ga

µ)B and ψB

which are independent of the renormalization scale µ. In order to obtain renormalized
results, the operators need to be multiplied by some powers of Zψ and ZG (and possibly
other renormalization constants like Z−1m if they depend linearly on the bare mass, for
example). Note that we do not fix any scheme for the renormalization constants here,
i.e., we allow for additional finite renormalizations. All these renormalization constants
are then collected in a diagonal matrix F (t) such that in the product

OR(t, x) ≡ F (t)OB(t, x) (2.11.12)

all fields and parameters are properly renormalized. Note that F depends on t if we use
a non-minimal subtraction scheme like the ringed scheme.

From our setup, which operates with the bare flowed and unflowed fields, we obtain an
SFTX of the form

OB(t, x) = ζB(t)OB(x) . (2.11.13)

As discussed, the unflowed operators require non-multiplicative renormalization in gen-
eral,

OB = Z−1OR , (2.11.14)

where Z is a renormalization matrix which only depends on as and µ. With this, We
obtain the renormalized SFTX

OR(t, x) = F (t)OB(t, x) = F (t)ζB(t)Z−1OR , (2.11.15)

which allows us to define the renormalized mixing matrix by

ζ(t) ≡ F (t)ζB(t)Z−1 . (2.11.16)

The unflowed operators have an anomalous dimension γ defined by

µ2
d

dµ2
OR(x) ≡ γOR(x) (2.11.17)

which we can obtain from the renormalization matrix (which itself can be obtained from
the bare mixing matrix ζB) by

γ =

[(
asβ

∂

∂as
+ µ2

∂

∂µ2

)
Z

]
Z−1 ≡

∑
n≥0

ans γn . (2.11.18)
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The partial derivative with respect to µ is necessary if the renormalization matrix has
an explicit µ dependence as is the case for bases which include operators differing by
non-integer mass dimension.

We can now make use of the RG invariance of the bare mixing matrix and operators in
order to derive the relation

γ = −ζ−1(t)
(
asβ

∂

∂as
+

∂

∂Lµt

)
ζ(t) + ζ−1(t)

[(
asβ

∂

∂as
+

∂

∂Lµt

)
F (t)

]
F−1(t)ζ(t) ,

(2.11.19)
where Lµt is defined in Eq. (2.11.9). This provides a check of the calculation of the mixing
matrix since the LHS is independent of t, such that the nontrivial t-dependence of the
RHS must cancel. Requiring this cancellation also allows us to express the logarithmic
t-dependent terms in terms of the anomalous dimensions.

If there are only fermionic operators which are renormalized in the ringed scheme, the
second term in Eq. (2.11.19) vanishes since the ringed flowed fields have a vanishing
anomalous dimension.

Our definition of the anomalous dimension of the flowed gluon is

γGGR = −2µ2
d

dµ2
GR ⇒ γG = −µ2 d

dµ2
logZG = +β|ϵ=0 (2.11.20)

where we have used ZG = Zs. Note that this anomalous dimension can be canceled
by rescaling the gluon with the gauge coupling as is done in the lattice convention
where the coupling only appears as a factor multiplying the gluon action density in
the Lagrangian. However, this convention has the disadvantage that the coupling now
appears in the gluon propagators, which is why we stick to the convention in which the
flowed gluon requires a field renormalization.

The flowed fermion has an anomalous dimension defined by

γMS
ψ ψR ≡ −2µ2

d

dµ2
ψR ⇒ γMS

ψ = −µ2 d

dµ2
logZψ . (2.11.21)

This implies that for operators which are renormalized by the flowed gluon field renor-
malization Zs alone, the second term on the RHS of Eq. (2.11.19) reduces to −β while
for flowed operators which are rendered finite by the flowed fermion renormalization Zψ
alone, it reduces to −γψ.

With the fermions being renormalized in the ringed scheme, the only remaining object
directly related to the MS scheme is the gauge coupling.3 A GFF scheme for the coupling
has been proposed and calculated through NLO in Ref. [7] and the results have been
extended to NNLO in Ref. [17]. The flowed gauge coupling is defined as

aGF
s ≡ as

32π2t2

3NA
⟨Ga

µνG
a
µν⟩ , (2.11.22)

where the prefactor normalizes the RHS such that we have aGF
s = as + O(a2s). Since

aGF
s is independent of µ (see section 5.4 where we discuss the corresponding quantities

in the SM), one can choose µ always in such a way that the Lµt terms vanish and aGF
s

only depends on the flow-time.

3Anomalous dimensions of composite operators can be translated into a GFF scheme, too, see sec-
tion 3.4.
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The results of this chapter can be generalized to theories with multiple couplings in a
straightforward way. Note that in chapter 5, where we discuss a modified version of
the SM, the beta functions are defined in a different way, however (cf. Eqs. (C.1.4) and
(C.1.13)).

2.12 Automation

The calculation of SFTX coefficients is automated using a tool chain developed in
Refs. [36, 49, 75]. It is based on an automatic generation of the diagrams using QGRAF

[76, 77]. We then use tapir [78] for the insertion of the Feynman rules and exp [79,
80] for the identification of topologies. As a result, we obtain an expression for each
diagram which is readable by FORM [81, 82] and simplified until it is expressed in terms
of scalar integrals. Integrals which vanish due to closed flow-line loops are identified
using closedloops [42] and directly set to 0. Two-loop integrals are then reduced to
a set of master integrals using Kira [53–55] and FireFly [56, 57] together with custom
Mathematica [50] scripts. At three loops, we compute the integrals numerically using
ftint [48, 63]. The configuration of these tools and the preparation of the input files,
including the definition of projectors and the derivation of Feynman rules, is performed
using prepsetup [83] and frules [84].



Chapter 3

The chromomagnetic dipole
operator

One of the most profound open questions in modern physics is the origin of the matter-
antimatter asymmetry in the universe. The Sakharov conditions [85] require any in-
teraction responsible for the baryon asymmetry to violate CP-symmetry. However, the
amount of CP-violation predicted by the SM is insufficient to explain the observed baryon
asymmetry [86]. This discrepancy strongly motivates the search for new sources of CP-
violation beyond the SM, which could manifest at energy scales not directly accessible
to current experiments.

The nEDM provides an observable sensitive to BSM CP-violating effects which is free of
backgrounds for many orders of magnitude (see Ref. [87] for a review). The experimental
upper bound on the nEDM has been determined most precisely using ultra-cold neutrons
[88, 89], the latest experiments [90, 91] reaching an upper bound of order 10−26 e cm,
while the SM prediction (due to the CP-violating phase of the CKM matrix) is of order
10−32 e cm [32], leaving a large window of possible BSM effects to be discovered in future
experiments [25–31] which aim at reducing the upper bound by up to two orders of
magnitude.

The BSM contributions to the nEDM can be systematically modeled by an effective field
theory approach, where BSM effects are captured in the Wilson coefficients multiplying
higher-dimensional operators which are renormalizable up to higher orders in the inverse
BSM scale. At hadronic scales the dynamics is governed by QCD. At mass dimension
five, the only CP-violating operator is the CEDM operator

OCE = gBϵµνρσψσµνGµνψ , (3.0.1)

while at dimension six the four-fermion operators and a purely gluonic operator are
expected to give the dominant contributions to the nEDM [92]. In this chapter, we only
consider dimension five operators, though.

Note that even at dimension four there is a possible CP-violation due to the topological
charge density

L ∋ θg2s
64π2

ϵµνρσGµνGρσ (3.0.2)

or complex quark masses that can appear in the Lagrangian. The two contributions are,
however, not independent due to chiral rotations, and one commonly chooses to move
all the CP-violating effects into the topological charge density. In this case, the nEDM

27



28 CHAPTER 3. THE CHROMOMAGNETIC DIPOLE OPERATOR

offers a valuable restriction since the current experimental upper bound on the nEDM
requires the value [93]

θ ≲ 10−10 , (3.0.3)

the unnatural smallness of which is known as the strong CP-problem. We will study the
topological charge density in the GFF in a different context in chapter 4.

The nEDM dN can be determined from Wilson coefficients Ci and hadronic matrix
elements M by [87]

dN = Mθθ +

(
v

ΛBSM

)∑
i

MiCi , (3.0.4)

where v is the Higgs field expectation value and ΛBSM is the BSM scale. While the
Wilson coefficients multiplying the effective CP-violating operators in an effective field
theory can be calculated perturbatively (as they capture the small-distance physics)
[94], the hadronic matrix elements required to determine the nEDM are inaccessible to
perturbative calculations due to confinement and one has to resort to non-perturbative
techniques like lattice QCD. However, the renormalization of the CEDM operator is
complicated on the lattice and requires matching with the MS scheme used for the
perturbative evaluation of the Wilson coefficients.

The GFF provides a method to circumvent these issues as it renders composite operators
finite. Thus, flowed operators can be evaluated on the lattice and by an SFTX they can
be matched to physical operators perturbatively, allowing a definition of flowed Wilson
coefficients. This approach circumvents both matching of regularization schemes and the
renormalization of lattice matrix elements. Lattice calculations involving the CEDM
have been performed in Refs. [33, 95, 96] and NLO matching required for the flowed
Wilson coefficients has been investigated in [24, 97].

In this chapter, we calculate the NNLO matching of the CMDM operator as a first
step towards the NNLO matching of the CEDM operator, avoiding in a first approach
nuisances caused by the implementation of γ5 in d-dimensional space-time. The CMDM
is, however, also an interesting quantity on its own as it contributes to the K0 − K̄0

oscillation caused by indirect CP violation and rare kaon decays leading to direct CP
violation parameterized by the ϵ′/ϵ ratio [22, 23].

Also note that in the massless case [24], the CMDM results also apply to the CEDM
since in this case there appear no singlet-like diagrams requiring a special treatment of
γ5. We have already published our NNLO results for the massless case in Ref. [98].

3.1 Operator basis and construction of projectors

We work in QCD with nf fermions of mass m. Since the chromomagnetic dipole operator
has mass dimension five, the SFTX includes operators of dimensions one, three and five.
Higher-dimensional operators only contribute terms which vanish in the limit t→ 0. At
dimension one, there is only an operator proportional to unity,

OB
1 = mB1 , (3.1.1)

while at dimension three there are the two operators

OB
2 = m3

B1 , O3 = ψψ . (3.1.2)

At dimension five, there are three operators which vanish in the limit of massless quarks,

OB
4 = m5

B1 , OB
5 = mBψ

↔
/D ψ , OB

6 = mBG
a
µνG

a
µν , (3.1.3)
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and the chromomagnetic dipole operator

OB
7 = igBψσµνG

a
µνt

aψ , (3.1.4)

with σµν ≡ i
2 [γµ, γν ]. The factor igB here serves to make the perturbative order in

the coupling match the loop-order and ensures that the operator is hermitian and the
matching coefficients are real.

Since the flow time has mass dimension −2, the mass dimensions of operators in the
SFTX can only differ by even integers. Consequently, no operators of dimension zero,
two, or four appear in our basis. This does not, however, reduce the complexity of the
calculation, as dimension-five operators can always be constructed from dimension-four
ones by multiplying with a mass factor.

In addition to the physical operators above, there are five nuisance operators (four at
dimension five and one dimension-four operator multiplied by a mass factor) [99],

N1 = ∂2(ψψ) , N2 = mBψ
(↔
/D +2mB

)
ψ , (3.1.5)

N3 = ψ

(
/D
2
+
←
/D
2
−2m2

B

)
ψ , N4 = ψ

(←
/D /D +m2

B

)
ψ , (3.1.6)

N5 = gBψ
(
/A /D−

←
/D /A+ 2mB /A

)
ψ . (3.1.7)

N1 is a total derivative while N2, N3 and N4 vanish by EOM. N5 is a BRST-exact
operator. One might also think of the total derivative operator ∂µ(ψσµνDν)ψ which,
however, is not linearly independent of the set of operators listed above, since

2i∂µ
(
ψσµνDνψ

)
+ N3 + 2N4 −N1 = 0 (3.1.8)

holds without use of EOM or IBP relations as follows from

ψ
(
/D
←
/D −

←
/D /D

)
ψ = 2i∂µ

(
ψσµνDνψ

)
, and ∂2(ψψ) = ψ

(
/D+

←
/D
)2
ψ . (3.1.9)

As discussed in section 2.10, these nuisance operators are required to obtain renormal-
izable and gauge-invariant results: While they themselves vanish in physical matrix
elements, they do contribute to projections (as projectors are usually not defined us-
ing physical matrix elements or respecting momentum conservation). Thus, neglecting
the nuisance operators leads to non-orthogonal projectors and thus gauge-variant and
non-renormalizable terms are projected out of the flowed operators. For this reason we
must keep track of the nuisance operators until we have arrived at an orthonormal set
of projectors.

Expressing O7 in terms of flowed operators requires knowledge of the inverse SFTX
matrix of the flowed versions of the above physical operators. We thus define flowed
versions for each of the operators by

O1(t, x) = Z−1m mB1 , (3.1.10)

O2(t, x) = Z−3m m3
B1 , (3.1.11)

O3(t, x) =
◦
ZψψB(t, x)ψB(t, x) , (3.1.12)

O4(t, x) = Z−5m m5
B1 , (3.1.13)

O5(t, x) =
◦
ZψZ

−1
m mBψB(t, x)

↔
/DB ψB(t, x) , (3.1.14)

O6(t, x) = ZsZ
−1
m mBG

a
B,µν(t, x)Ga

B,µν(t, x) , (3.1.15)

O7(t, x) =
◦
ZψψB(t, x)σµνG

a
B,µν(t, x)taψB(t, x) . (3.1.16)
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We determine the coefficients in the SFTX of O7(t, x) using the method of projectors
(the rest of the matching matrix being already known [46]). Since the corresponding
operators are proportional to unity times a power of the mass, the projectors P1, P2 and
P4 are trivial, only taking mass derivatives of a VEV,

Pi[X] =
1

ni!

∂ni

∂mni
B

⟨0|X|0⟩1PImB=0 , (3.1.17)

where i ∈ {1, 2, 4} and n1 = 1, n2 = 3 and n4 = 5. The superscript on the matrix element
indicates that it is one-particle irreducible in all internal lines except for flow-lines. Note
that the above projectors are precisely of the form which allows for non-vanishing 1-loop
contributions to the LO matrix as explained in section 2.6. Since they have no external
legs, inserting an operator with a two-leg rule, such as the fermion bilinear ψψ, would
give rise to a non-vanishing one-loop diagram at zeroth order in the coupling. However,
the chromomagnetic operator considered here has rules with at least three legs, so no
such contributions appear in its SFTX.

The projector onto the fermion bilinear is given by

P3[X] = − 1

4Nc
⟨ψi(q1)ψi(q2)|X|0⟩1PI, amp

q1,q2,mB=0 , (3.1.18)

where the fermion in the projector has a fixed flavor, so no normalization factor 1/nf
is required, and the unflowed parts of the external propagators are amputated (the
exponentials generated by the external legs are not relevant here, either, see section 2.6).
So far, all projectors are already orthonormal. For the rest of the physical dimension-five
projectors, we first define normalized linearly independent projectors,

P ′7[X] = − i

8D(D − 1)gB

1

NATR

∂

∂qν3
⟨ψi(q1)ψi(q2)Gaµ(q3)|σµνtaijX|0⟩1PI, amp

q1,q2,q3,mB=0 ,

(3.1.19)

P ′6[X] = − 1

4D(D − 1)NA

∂

∂mB

∂

∂qρ1

∂

∂qρ2
⟨Gaµ(q1)G

a
µ(q2)|X|0⟩1PI, amp

q1,q2,mB=0 , (3.1.20)

P ′5[X] = − i

4DNc

∂

∂mB

∂

∂qµ2
⟨ψi(q1)ψi(q2)|γµX|0⟩1PI, amp

q1,q2,mB=0 . (3.1.21)

For the orthogonalization of the above projectors, we further need projectors onto the
nuisance operators which we again require to be linearly independent and normalized,

P ′N1[X] =
1

8DNc

∂

∂qµ1

∂

∂qµ2
⟨ψi(q1)ψi(q2)|X|0⟩1PI, amp

q1,q2,mB=0 , (3.1.22)

P ′N2[X] = − 1

16Nc

∂

∂m2
B

⟨ψi(q1)ψi(q2)|X|0⟩1PI, amp
q1,q2,mB=0 , (3.1.23)

P ′N3[X] =
1

16Dg2BNATR
⟨Gaµ(q1)G

a
µ(q2)ψi(q3)ψi(q4)|X|0⟩1PI, amp

q1,q2,q3,q4,mB=0 , (3.1.24)

P ′N4[X] =
i

4D(D − 1)Nc

∂

∂qµ1

∂

∂qν2
⟨ψi(q1)ψi(q2)|σµνX|0⟩1PI, amp

q1,q2,mB=0 . (3.1.25)

P ′N5[X] =
i

4DgBNATR

∂

∂qµ1
⟨Gaµ(q1)ψj(q2)ψi(q3)|taijX|0⟩1PI, amp

q1,q2,q3,mB=0 . (3.1.26)

Note that none of these projectors take derivatives with respect to the same momentum
more than once. Thus, there are no contributions from exponentials in the external legs
and we can safely set these to 1.
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Calculating and inverting the LO mixing matrix, we see that the orthogonalization of
the physical projectors is given by

P7 = P ′7 − P ′N3 +
1

2
P ′N4 + P ′N5 , (3.1.27)

P6 = P ′6 , (3.1.28)

P5 = P ′5 − P ′N2 + P ′N3 − P ′N5 . (3.1.29)

Note that in the orthogonalization of the physical operators, there is no contribution
from P ′N1, so we can drop the total derivative operator N1 from the basis.

3.2 Renormalization

Since the projectors as defined above project onto the bare operators, the SFTX needs
to be renormalized. We define renormalized operators by

Oi =
∑
j

ZijOB
j . (3.2.1)

Since in dimensional regularization, operators of different mass dimension do not mix un-
der renormalization, the renormalization matrix is split into blocks according to the mass
dimensions of the operators. The sub-matrix renormalizing the subset {OB

4 ,OB
5 ,OB

6 } can
be expressed in terms of the anomalous dimensions of QCD since these operators appear
in the QCD Lagrangian [100, 101]. It is given by [46]

Z3x3 = Z−1m


Z−4m 0 0

8µ−2ϵZ−4m Z0 1 0

4µ−2ϵZ−4m as
∂Z0
∂as

−2γmβ − ϵ
β

 , (3.2.2)

where Zm, γm and β are defined in appendix B. Z0 is the renormalization constant of the
QCD vacuum energy [101–103]. It appears due to the presence of operators proportional
to the identity in the basis and leads to mixing of other elements of the SFTX matrix
into VEVs due to renormalization. The anomalous dimension of the vacuum energy is
given by

γ0 = (4γm − ϵ) + βas
∂Z0

∂as
≡ −Ncnf

(4π)2

∞∑
n=0

ans γ0,n , (3.2.3)

with

γ0,0 = 1 , γ0,1 = CF ,

γ0,2 = −C2
F

(
131

32
− 3ζ3

)
− CFCA

(
−109

32
+

3

2
ζ3

)
− 29

8
CFTRnf , (3.2.4)

where ζ3 = ζ(3) = 1.202... is the the Riemann zeta function evaluated at 3. Z0 is then
given by

Z0 =
Ncnf

(4π)2ϵ

[
1 + as

(
γ0,1
2

− 2γm,0
ϵ

)
+ a2s

(
2

3ϵ2
(β0γm,0 + 4γ2m,0)

− 1

6ϵ
(β0γ0,1 + 4γ0,1γm,0 + 8γm,1) +

1

3
γ0,2

)]
+ O(a3s) . (3.2.5)
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In the renormalization matrix, the explicit µ-dependence due to the factor µ−2ϵ is re-
quired since the operators OB

2 and OB
3 have mass dimension d = 4 − 2ϵ while OB

4 has
mass dimension 4.

Similarly, the renormalization of the dimension three operators {OB
2 ,OB

3 } can be derived
from the renormalization of the dimension four operators mBψψ and m4

B which also
appear in the Lagrangian. It is given by

Z2x2 =

(
Z−3m 0

−4µ−2ϵZ−3m Z0 Zm

)
, (3.2.6)

where again the factor µ−2ϵ accounts for the difference in the mass dimensions. We can
now write the renormalization of the full basis

O = {O1,O2,O3,O4,O5,O6,O7} (3.2.7)

of physical operators as

O = ZOB , Z =


Z−1m

Z2x2

Z3x3

Z⃗TCM ZCM

 , (3.2.8)

where the empty entries of Z are understood to vanish. The block-diagonal form of the
renormalization matrix arises due to non-mixing of operators of different mass dimension
in dimensional regularization. The coefficient ZCM can be extracted from [104], while
the mixing coefficients Z⃗TCM have not been calculated yet to our knowledge.1

The anomalous dimension matrix can be obtained from Z by Eq. (2.11.18) and assumes
the form

γ =


γm

γ2x2

γ3x3

γ⃗TCM γCM

 . (3.2.9)

Due to the complicated relation of the renormalization matrix elements to the anomalous
dimensions (caused by the presence of a VEV leading to poles already at O(a0s)) we
only give the final results for Z⃗CM for convenience, without formally expressing it in
terms of the anomalous dimensions using the renormalization group equation (RGE)
Eq. (2.11.18). We use the RGE, however, to express the higher-order poles in terms of
lower-order coefficients which allows us to give analytical results for these in the case of

1It might be possible to extract them from the results of Ref. [105].
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ZCM,1. We obtain

ZCM,1 = µ−2ϵ
asCFNcnf

4π2ϵ

{
1 +

3

2ϵ
+ as

(
0.33333CA + 0.74999CF + 3.0833nfTR

+
1

ϵ

[
47

24
CA +

31

12
CF − 7

2
nfTR

]
+

1

ϵ2

[
− 17

24
CA +

23

8
CF +

2

3
nfTR

])}
+ O(a3s) ,

(3.2.10)

ZCM,2 =
3asCF

ϵ
+ a2sCF

(
1

ϵ

[
175

48
CA − 5

4
CF − 31

6
nfTR

]
+

1

ϵ2

[
− 17

8
CA + 3CF + 2nfTR

])
+ O(a3s) , (3.2.11)

ZCM,3 = −asnfTR
ϵ

+ a2snfTR

(
1

ϵ

[
− 5

8
CA − 3

4
CF

]
+

1

ϵ2

[
7

6
CA − CF − 1

3
nfTR

])
+ O(a3s) ,

(3.2.12)

where the factor µ−2ϵ is required again due to the difference in the mass dimensions of
the operators, cf. Z3×3 in Eq. (3.2.2).

We can estimate the uncertainty of the numerical results for the 1/ϵ poles of ZCM,1 by
considering the cancellation of poles in the anomalous dimension matrix. The remaining
poles are all smaller that O

(
10−10

)
. Thus, the results and the numerical precision

suggest that the exact result is given by

0.33333CA + 0.74999CF + 3.0833nfTR ≈ 1

3
CA +

3

4
CF +

37

12
nfTR , (3.2.13)

the difference of the LHS and the RHS being O
(
10−7

)
(note that we only display the

first 5 significant digits in the numerical result and we use the full result to calculate the
above difference).

The diagonal element ZCM can be expressed in terms of the anomalous dimensions in a
straightforward way,

ZCM = 1 − as
γ
(1)
CM

ϵ
+ a2s

[
−
γ
(2)
CM

2ϵ
+

1

2ϵ2

(
γ
(1)
CMβ0 +

(
γ
(1)
CM

)2
)]

, (3.2.14)

with

γ
(1)
CM =

1

2
CA − 5

4
CF , (3.2.15)

γ
(2)
CM =

11

9
C2
A − 1057

288
CACF +

51

32
C2
F + nfTR

(
41

72
CF − 43

144
CA

)
(3.2.16)

being the coefficients of the anomalous dimension matrix element

γCM =
∞∑
n=1

γ
(n)
CMa

n
s . (3.2.17)

We write the SFTX as in Eq. (2.11.15) with

F (t) = diag(Z−1m , Z−3m ,
◦
Zψ(t), Z−5m ,

◦
Zψ(t)Z−1m , ZsZ

−1
m ,

◦
Zψ(t)) , (3.2.18)
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where we have made the t-dependence of the flowed fermion renormalization constant
in the ringed scheme explicit. The renormalized mixing matrix is then given by

◦
ζ(t) = F (t)ζB(t)Z−1 . (3.2.19)

As a check we calculate the regular anomalous dimension matrix using Eq. (2.11.19)
and Eq. (2.11.18) and find that both calculations agree with each other and with the
literature in the cases where the results are already known.

In order to write the physical CMDM operator in terms of flowed operators, the full
matching matrix ζ(t) is needed since it must be inverted,

O7(x) =

7∑
j=1

(ζ−1)7j(t)Oj(t, x) , (3.2.20)

where the sum runs over the set of physical operators defined in Eq. (3.2.7). For the
entries ζ7j(t) corresponding to the SFTX of the chromomagnetic operator only NLO
results are known [24] while the rest of the matrix has already been calculated through
NNLO, neglecting terms of O(t) [36, 46].

In this thesis, we generally neglect contributions of O(t). While this truncation prevents
us from obtaining the exact inverse matrix, the results remain directly relevant for the
subtraction of power divergences in t on the lattice [24]. The missing O(t) contributions
are confined to four additional non-vanishing elements, ζ34(t), ζ35(t), ζ36(t), and ζ37(t).

3.3 Results

In the following, we present the results for the SFTX coefficients of O7 through NNLO
in the ringed scheme. We give the coefficients mutliplying the flow-time dependent
logarithms Lµt defined in Eq. (2.11.9) explicitly although they can be inferred from the
renormalization group. We obtain

◦
ζ71 =

3asCFNcnf
8π2t2

{
log

(
4

3

)
+ as

(
0.5207CA + 0.2679CF − 0.08789TRnf

+ Lµt

[
0.2637CA + 0.2157CF − 0.09589TRnf

])}
, (3.3.1)

◦
ζ72 =

9asCFNcnf
8π2t

{
log

(
4

3

)
+

1

3
Lµt + as

(
0.6464CA − 0.4491CF + 0.2853TRnf

+ Lµt

[
1.057CA + 0.03075CF − 0.2810TRnf

]
+ L2

µt

[
0.3055CA + 0.25CF − 0.1111TRnf

])}
, (3.3.2)

◦
ζ73 = −CF

t

{
3

2
as + a2s

(
− 5

6
TRnf + CF

(
− 3

4
− 14 log 2 +

45

8
log 3

)

+ CA

(
91

24
+

13

4
log 2 − 9

4
log 3

)
+ Lµt

[
11

8
CA − 9

8
CF − 1

2
TRnf

])}
, (3.3.3)
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◦
ζ74 = −21asCFNcnf

64π2

{
1 − 12 log 2 + 6 log 3 − 8

7
Li2(1/4) − 30

7
Lµt −

8

7
L2
µt

+ as

(
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µt
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− L3
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, (3.3.4)
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log 3
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(3.3.5)

◦
ζ76 = −nfTR
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+

1

3
log 2 +
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+
c
(2)
χ

16

}
.

(3.3.7)



36 CHAPTER 3. THE CHROMOMAGNETIC DIPOLE OPERATOR

The coefficient c
(2)
χ is defined in Eq. (2.11.10). Note that we have already presented the

coefficients
◦
ζ73 and

◦
ζ77 in Ref. [98].

We can estimate the uncertainty of the numerical results in
◦
ζ71,

◦
ζ72 and

◦
ζ74 from the ϵ

poles remaining after renormalization. These are at most of order O(10−9) (keeping the
color factors as algebraic variables). We only give four significant digits for the numerical
results, however.

Through NLO, our results for the above SFTX coefficients of O7 agree with Ref. [24].
We also calculated the rest of the matching matrix as a check and find agreement with
Ref. [46] through NNLO. Furthermore, we performed all calculations for the above
results in general Rξ gauge and found them to be independent of the gauge parameter.

The gauge dependence only cancels after the proper orthogonalization of the projectors.
In particular, neglecting the contribution of the gauge variant operator leads to a gauge
dependent result for ζ57 at NNLO. This shows that a proper treatment of the nuisance
operators is crucial in order to obtain the correct results and gauge variant operators
have to be taken into account when setting up the basis of operators.

Sample diagrams contributing to the projections are shown in Fig. 3.1. In Tab. 3.1 we
show the numbers of diagrams generated for the naive projections of the CMDM grouped
by the external legs appearing in the projectors.

External legs Projectors Diagrams Closed flow-line loops

none P1, P2, P4 157 24

ψ, ψ P3 , P
′
5, P

′
N1, P

′
N2, P

′
N4 222 30

G, G P ′6 497 0

ψ, ψ, G P ′N5 3089 468

ψ, ψ, G, G P ′N3 49866 8280

Table 3.1: Numbers of NNLO diagrams generated for the naive pro-
jections of the CMDM (third column) and the number of diagrams
vanishing due to the presence of closed flow-line loops (fourth column).
The numbers only depend on the external legs defined in the projec-
tors. For the projectors P1, P2 and P4 the NNLO diagrams are of
3-loop order, while they are of 2-loop order for the other projectors.

3.4 Flowed anomalous dimensions

The flow-time dependence of the flowed operators is governed by an equation resembling
the RGE [46],

t
d

dt
O = γO , (3.4.1)

where γ is the flowed anomalous dimension matrix. Noting that the fundamental oper-
ators are independent of t and the mixing matrix only depends on t through

Lµt = log
(
8πµ2t

)
, (3.4.2)
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(a) (b) (c)

(d) (e)

Figure 3.1: Sample diagrams for the four combinations of external
legs appearing in the projectors. Diagram (a) contributes to ζ77 and
ζ75, (b) to ζ76, (c) to ζ77 and ζ75, (d) contributes to ζ73 and (e) to ζ71,
ζ72 and ζ74.

the flowed anomalous dimension can be obtained by

γ =

(
t

d

dt
ζ(t)

)
ζ−1(t) =

(
∂

∂Lµt
ζ(t)

)
ζ−1(t) . (3.4.3)

Note, however, that this only holds for the full matching matrix since it involves the
inverse of ζ(t) which, as discussed before, cannot be obtained if O(t) contributions are
neglected in ζ(t).

3.5 Outlook on the chromoelectric operator

In this chapter we considered the SFTX of the quark chromomagnetic operator. The
chromoelectric operator

OCE = ϵµνρσψσµνGρσψ (3.5.1)

on the other hand is an interesting object as it directly contributes to the CP violation
leading to the nEDM. The operator basis mostly generalizes from the CP even case,
replacing the CP even operators by CP odd ones by inserting a γ5 (if the operators are
bilinear in the quark fields) or replacing the field strength tensor by its Hodge dual in
the case of the action density (resulting in the topological charge density operator). In
one case, however, there is an ambiguity: The chromoelectric operator can be defined as
above or as

O′CE =
1

2i
ψ{σµν , γ5}Gµνψ , (3.5.2)

where {·, ·} is the anticommutator which makes sure that the operator is hermitian
even in schemes in which γ5 does not anticommute with the other Dirac matrices (see
section 4.1 for a detailed treatment of this issue). These two operators are only linearly
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dependent in four dimensions, but independent in D = 4− 2ϵ dimensions [106], because
of the strictly four-dimensional identity

ϵµνρσσ
ρσ D=4

= 2iσµνγ5 . (3.5.3)

The operator E ≡ OCE − O′CE therefore vanishes in four dimensions, but not in di-
mensional regularization. Such operators are known as evanescent operators and they
must be taken into account since they can provide counter-terms to the physical oper-
ators [106] and the projectors have to be orthogonalized with respect to the evanescent
operators as well.

3.6 Conclusion

We have presented the NNLO contributions to the SFTX coefficients of the flowed
CMDM in QCD with massive quarks, neglecting O(t) coefficients, thereby extending
and improving upon the previously known NLO results [24] and the NNLO results for
the massless case [98]. As a by-product, we have also obtained three new entries of
the renormalization matrix of QCD dimension-five operators. In deriving these results,
we confirmed that a consistent treatment requires the inclusion of several nuisance op-
erators, including gauge-variant ones, in accordance with the general structure of the
renormalization matrix found by Joglekar and Lee (see section 2.10).

Beyond their intrinsic technical interest, these results strengthen the theoretical foun-
dation for GFF techniques applied to higher-dimensional operators. In particular, they
provide the first step towards a full determination of the SFTX of the CEDM, a quantity
of direct phenomenological relevance for studies of CP violation. We have shown that,
in general, gauge-variant nuisance operators have to be considered in the construction of
the operator basis required for a proper definition of projectors. This offers a blueprint
for future analyses of other higher-dimensional operators within flowed QCD and its
extension to the SM which we will discuss in chapter 5.



Chapter 4

The chiral anomaly

The chiral anomaly plays a crucial role in perturbative and lattice QCD. While the
continuum action is invariant under chiral transformations classically, this symmetry is
broken by quantization since the measure of the fermionic path integral breaks chiral
symmetry. [107]. This breaking leads to the anomaly and has important physical con-
sequences, such as allowing pseudoscalar bosons coupled to axial currents to decay into
two gauge bosons at one loop via the famous triangle diagram—the most prominent
example being the π0 → γγ decay [108, 109].

The anomalous Slavnov–Taylor identity corresponding to chiral symmetry transforma-
tions relates the divergence of the singlet axial current to the topological charge density.
Remarkably, the coefficient of this relation is already exact at one loop; higher-order
corrections vanish due to the Adler–Bardeen theorem [110], a property referred to as
one-loop exactness of the anomaly.

Higher-order calculations generally require a regularization scheme in order to control
divergences. It is well-known that dimensional regularization breaks crucial properties
of γ5, leading to a breaking of global invariance under chiral transformations or a wrong
anomaly relation, depending on the implementation of γ5. These issues are reflections
of the NNT which is a no-go theorem concerning the regularization of chiral fermions.

A lattice version of the NNT was first stated in Refs. [111, 112]. It implies that under
a natural set of assumptions, there must necessarily be an equal number of left- and
right-handed fermions, leading to the problem of fermion doubling on the lattice. Sub-
sequently, a version accounting for general regularization methods has been developed
in Ref. [113].

Since the topological charge plays a central role in lattice QCD and exhibits special
properties under the Gradient Flow, it is natural to ask how the anomaly is realized
within a GFF-based regularization. A first step in this direction was made in Ref. [114],
where the SFTX of the singlet axial current and the topological charge density was
calculated through NLO.

In this work we extend the analysis of Ref. [114] by calculating SFTX of the operators
appearing in the chiral anomaly of massless QCD to NNLO. This allows us to test
the t-independence of the topological charge at higher orders and to provide matching
coefficients that can connect lattice results at finite flow time to the physical t → 0
limit. Using recent four-loop results for the renormalization of the axial current, we
furthermore obtain the flowed anomalous dimension governing the t-dependence of the
anomaly operators through order a3s.

39
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The remainder of this chapter is organized as follows: in section 4.1 we review the
subtleties of the definition of γ5 in dimensional regularization as a consequence of the
NNT. In section 4.2 we introduce the relevant operators appearing in the anomaly
relation of the unflowed theory and discuss their renormalization. We consider the
effect of the GFF on the anomaly in section 4.3 and discuss the definition of the flowed
operators and the application of the method of projectors in section 4.4. Our results
are presented and discussed in section 4.5 and used to calculate the flowed anomalous
dimensions in section 4.6.

4.1 Treatment of γ5 in dimensional regularization

In this section we recapitulate the properties of γ5 in Euclidean spacetime and its treat-
ment in dimensional regularization which is required to obtain the correct chiral anomaly.
In four-dimensional Euclidean spacetime, γ5 is defined by

γ5 = γ1γ2γ3γ4 =
1

4!
ϵµνρσγµγνγργσ (4.1.1)

and we have {γµ, γ5} = 0 ∀µ . From this it follows that

tr(γ5γµγνγργσ) = 4!ϵµνρσ . (4.1.2)

It is well-known that there is no definition of γ5 in dimensional regularization which
satisfies all the four-dimensional Dirac algebra relations. For example, requiring that

{γµ, γ5} = 0 (4.1.3)

holds for general d implies

(d− 4) tr(γ5γµγνγργσ) = 0 , (4.1.4)

which is consistent with the non-zero value of the trace at d = 4, but requires the trace
to vanish for any d ̸= 4. Since in dimensional regularization all results are meromorphic
functions in d, we cannot recover the four-dimensional theory from its extension to d
dimensions if we have to deal with γ5. In particular, the scheme where γ5 anticommutes,
commonly referred to as the naive dimensional regularization (NDR) scheme, does pre-
serve chiral symmetry but does not reproduce the correct chiral anomaly relation given
in Eq. (4.2.6), which relies on the relation Eq. (4.1.2).

Another way to define γ5 is to give up chiral symmetry in d dimensions by dropping
the requirement {γµ, γ5} = 0 and instead reproduce the correct chiral anomaly in d = 4
dimensions. This approach is taken by dimensional reduction [115] which has been
developed in the context of supersymmetry (since supersymmetry is broken by dimen-
sional regularization), and by the ’t Hooft-Veltmann (HV) scheme which was introduced
together with dimensional regularization itself in Ref. [116]. In this scheme, the full
d = 4 − 2ϵ dimensional spacetime is decomposed into a direct sum of a 4-dimensional
and a −2ϵ dimensional spacetime. γ5 is then defined as a purely four-dimensional object,

γ5 = γ1γ2γ3γ4 , (4.1.5)

even at d ̸= 4.

Alternatively, we can define γ5 as

γ5 =
1

4!
ϵµνρσγµγνγργσ , (4.1.6)
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where, however, the Levi-Civita tensor is now assumed to only live in the four-dimensio-
nal subspace, effectively projecting out the four-dimensional Dirac matrices from the
product. Assuming that all γ5 have been rewritten in this way, the Levi-Civita tensors
can be contracted in four dimensions and the resulting determinant of metric tensors can
then be continued to d dimensions. The rest of the calculation, involving contractions
with momenta and Dirac matrices, can then be performed fully in d dimensions. We
refer to this procedure as the Larin scheme [117].

Note that while the Larin scheme does not lead to a vanishing anomaly like the NDR
scheme, it still does not lead to the correct anomaly as long as we use the MS scheme or
modified minimal subtraction (MS). However, it is possible to restore the anomaly by
introducing a finite renormalization of the axial vector current [117].

The complications in defining γ5 in dimensional regularization are a special case of the
NNT [113]. In its general form it is a no-go theorem concerning the regularization of a
gauge theory with chiral fermions. It states that there cannot exist a regularization of
such a theory which satisfies all of these conditions:

1. invariance under the global part of the gauge symmetry,

2. different numbers of left- and right-chiral Weyl fermions,

3. bilinearity of the action in the Weyl fields and

4. the theory gives rise to the correct chiral anomaly.

Note that the first two conditions together imply that the gauge group is a chiral trans-
formation. For our purposes, where the numbers of left- and right-chiral fermions are
the same and the gauge group is vectorial, we should thus adjust the list of conditions
by replacing the first two by the requirement of invariance under a global chiral trans-
formation. Since the QCD action is bilinear in the fermion fields for any regularization
we consider, the NNT implies that there is no regularization which preserves both chiral
symmetry and the chiral anomaly.

Applied to dimensional regularization, the NDR scheme leads to a vanishing anomaly
(such that it cannot be restored even by a finite renormalization) while satisfying all
other conditions. The Larin scheme with an additional finite renormalization, on the
other hand, satisfies all conditions except for invariance under the global chiral symmetry
since γ5 no longer anticommutes in d ̸= 4 dimensions.

4.2 The chiral anomaly

In this chapter we consider a Yang-Mills theory with nf massless quarks given by the
Lagrangian 2.1.1. The Lagrangian is symmetric under vectorial and (in four dimensions)
chiral SU(N) transformations,

SU(N)V : ψ → eiαψ , (4.2.1)

SU(N)A : ψ → eiαγ
5
ψ , (4.2.2)

leading to two classically conserved currents, the singlet vector current

js,µV = ψγµψ , (4.2.3)
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which is also conserved at quantum-level, as well as the singlet axial current

js,µA = ψ[γµ, γ5]ψ , (4.2.4)

where a summation over flavor indices is implied and the commutator [γµ, γ5] guarantees
hermiticity of the singlet axial current in schemes with a non-anticommuting γ5. The
singlet axial current is anomalously non-conserved due to the breaking of chiral invari-
ance by dimensional regularization in the Larin scheme. We refer to these currents as
singlet since they transform as singlets under the flavor group.

We follow Refs. [117, 118] in rewriting the singlet axial current as

js,µA =
1

3!
ϵµνρσψγνγργσψ . (4.2.5)

The non-conservation of the axial current manifests itself in the anomalous Ward identity

∂jsA,R = as
nfTR

4
qR , (4.2.6)

where
∂jsA,R ≡ ∂µj

s,µ
A,R (4.2.7)

is the divergence of the renormalized axial current and qR is the renormalized topolog-
ical charge density. The bare singlet axial current is given by Eq. (4.2.5) and the bare
topological charge density is

q = ϵµνρσG
a
µνG

a
ρσ . (4.2.8)

The bare operators are related to the renormalized ones by [117, 119](
qR

∂jsA,R

)
= Z

(
q

∂jsA

)
, Z =

(
Zs ZqA

0 Zs
A

)
, (4.2.9)

where Zs is the gauge coupling renormalization constant given in appendix B and the
renormalization constant Zs

A is split into an MS part and a finite part which serves the
purpose to restore the anomaly relation in the Larin scheme,

Zs
A = Zs,MS

A Zs,f
A . (4.2.10)

Both the MS and the finite part were calculated in Ref. [117] through NNLO (or higher).
The MS part is given by

Zs,MS
A = 1 − as

γsA,0
ϵ

+ a2s

[
1

2ϵ2
(
(γsA,0)

2 + β0γ
s
A,0

)
−
γsA,1
2ϵ

]
+ O(a3s) (4.2.11)

where γsA,i are the coefficients of the anomalous dimension

γsA = asβ(as)
d

das
logZs,MS

A (as) =
∞∑
n=0

an+1
s γsA,n , (4.2.12)

with the first two coefficients given by

γsA,0 = 0 , γsA,1 = −11

12
CACF − 5

12
CFTRnf . (4.2.13)

The finite renormalization is given by

Zs,f
A = 1 − asCF + a2s

(
11

8
C2
F − 107

144
CFCA +

31

144
CFTRnf

)
+ O(a3s) . (4.2.14)
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4.3 General properties of the anomaly in the Gradient
Flow

Let us consider how the conditions of the NNT are affected by the GFF which introduces
the flow time t as a new UV regulator. The Lagrangian (2.1.13) of flowed QCD has terms
bilinear in ψ and ψ (from the regular QCD Lagrangian) as well as mixed terms with
Lagrange multipliers which are only linear in ψ, ψ. However, the flowed Lagrangian is
bilinear in the combined fields (ψ,η) and (ψ,η).

The GFF is constructed in such a way that it introduces a soft UV cutoff in a way that
preserves all original symmetries of the theory, in particular Lorentz and gauge sym-
metry. It does not affect the chiral symmetry either. However, note that the Lagrange
multipliers have opposite chirality compared to the fermion fields since the fermion flow
equation has a trivial Dirac structure. The GFF still relies on dimensional regulariza-
tion. As we have seen before, IR divergences related to UV divergences of unflowed
composite operators still remain in SFTX calculations. Thus, we cannot fully replace
dimensional regularization by regularization with t and chiral symmetry thus remains
broken even at t > 0.

Since in the chiral theory left- and right-handed fermions are decoupled, we can define
any numbers of chiral fermions. In particular, we can consider a theory of only left-chiral
fermions (or only right-chiral ones). It remains to examine the effect of the GFF on the
chiral anomaly.

In the GFF approach, the topological charge and the axial current are replaced by
their corresponding flowed versions by replacing the QCD fields by flowed fields. The
flowed operators are then related to the unflowed ones by means of the SFTX. As a
consequence of the general properties of the GFF, the flowed topological charge is free
of UV divergences and can be calculated on the lattice. A remarkable property of the
flowed topological charge is that in the continuum limit it is independent of t. This has
been shown in Ref. [120] (also see Ref. [114]). By means of the flow equations it can be
shown that the identity

∂tq(t, x) = ∂µWµ(t, x) (4.3.1)

holds, where q(t, x) is the flowed topological charge density defined in Eq. (4.4.9) and

Wµ(t, x) = 4ϵµνρσ∂tG
a
ν(t, x)Ga

ρσ(t, x) (4.3.2)

is a gauge invariant current. Partial integration then implies that the topological charge
is independent of t up to surface terms which vanish in perturbation theory [120]. Thus,
the limit t → 0 is particularly well-behaved despite the discretized topological charge
having a remaining t dependence due to lattice artifacts.

As mentioned above, the flowed operators must be related to the unflowed ones by an
SFTX, the coefficients of which have been obtained through NLO in Ref. [114]. Our
aim is to extend this calculation to NNLO and to examine the effects of the GFF on the
anomaly.

4.4 The flowed axial currents and chiral anomaly

In this section, we consider the SFTX of the topological charge density and the diver-
gences of the singlet and non-singlet axial currents.

The SFTX of the singlet and non-singlet axial currents themselves have already been
obtained in Ref. [47] through NNLO, where the results presented in this chapter, which
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I have calculated independently, have been used as a check. Concerning the singlet
and non-singlet axial currents, the results of Ref. [47] are expected to hold for their
divergences, too, because of the identity

P∂O[∂X] = PO[X] , (4.4.1)

where the projectors are assumed to be naive, so no orthogonalization has been per-
formed. It follows from the fact that the total derivative introduces a total momentum
which is canceled again by the momentum-derivative of the projector. Here, we check
that this indeed holds for the divergence of the singlet and non-singlet axial currents
through NNLO explicitly and also take the mixing with the topological charge density
into account.

We assume that the theory is symmetric under a flavor group with traceless generators
ha. We first define diagonal and non-diagonal currents by

jµA,rs =
1

3!
ϵµνρσψrγνγργσψs , (4.4.2)

jµA,rr =
1

3!
ϵµνρσψrγνγργσψr , (4.4.3)

where r ̸= s are flavor indices and no summation over these is implied. We can now
define the non-singlet current by

jns,µA =
∑
r ̸=s

harsj
µ
A,rs +

∑
r

harrj
µ
A,rr , (4.4.4)

where we suppress the index a on the LHS since we chose a specific flavor generator from
now on. We also assume that the generators are normalized such that

tr
(
hahb

)
= δab (4.4.5)

in order to simplify the projectors (see below). The singlet current, on the other hand,
is defined by

js,µA =
∑
r

jµA,rr , (4.4.6)

just as before. Note that all of the above operators are considered bare. As implied by
Eq. (4.2.9), the divergence of the singlet current renormalizes multiplicatively including
an additional finite renormalization due to the Larin scheme. The current itself renor-
malizes with the same renormalization constant. The non-singlet current renormalizes
multiplicatively, too,

jns,µA,R = Zns
A j

ns,µ
A , (4.4.7)

where the renormalization constant is split up into an MS and a finite part again,

Zns
A = Zns,MS

A Zns,f
A . (4.4.8)

The renormalization constants are given in Ref. [117] (see also Ref. [47]). In the Larin
scheme this finite renormalization is chosen in such a way that matrix elements of the
non-singlet axial current match those of the vector current since the absence of fermion
loops guaranteed by the tracelessness of the flavor generator allows us to use the NDR
scheme. Thus, in this case the schemes should give the same result. Effectively, the
finite renormalization for the non-singlet axial current restores the anti-commutativity
of γ5 which is broken in the Larin scheme.
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We can now define flowed versions of the above currents and the topological charge
density by replacing the fields by their flowed counterparts,

q(t, x) = ϵµνρσZsG
a
µν(t, x)Ga

ρσ(t, x) , (4.4.9)

jrs,µA (t, x) =
1

3!

◦
Zψ∂µϵµνρσψr(t, x)γνγργσψs(t, x) , (4.4.10)

jrr,µA (t, x) =
1

3!

◦
Zψ∂µϵµνρσψr(t, x)γνγργσψr(t, x) , (4.4.11)

where the flowed fields are understood to be bare. The flowed singlet and non-singlet
axial currents are constructed from these in the same way as in the unflowed case.

The SFTX of the divergence of the non-singlet current is given by

∂jnsA = ζns,BA ∂jnsA + O(t) . (4.4.12)

It can only mix with itself as there is no other dimension four operator with the same
flavor group structure. The renormalized mixing coefficient is then given by

ζnsA = (Zns
A )−1ζns,BA . (4.4.13)

The singlet current mixes with the topological charge under the flow,(
q

∂jsA

)
= ζBZ−1

(
q

∂jsA

)
, ζB =

(
ζBq ζBqA

ζBAq ζs,BA

)
+ O(t) , (4.4.14)

where Z is defined in Eq. (4.2.9) and we can obtain the renormalized mixing matrix by

ζ = ζBZ−1 =

(
ζq ζqA

ζAq ζsA

)
. (4.4.15)

As has been outlined in section 2.6, the mixing coefficients are accessible to perturbative
calculations using the method of projectors. For the operators considered here, no
nuisance operators need to be taken into account and orthonormal projectors onto the
diagonal (r = s) or off-diagonal (r ̸= s) currents and the topological charge are directly
given by

P rs∂j [X] =
i

4Nc

1

d(d− 1)(d− 2)(d− 3)
ϵµνρσ

∂

∂qµ2
⟨ψi,r(q1)ψi,s(q2)|γνγργσX|0⟩1PI, amp

q1,q2,mB=0 ,

(4.4.16)

Pq[X] =
1

4NA

1

d(d− 1)(d− 2)(d− 3)
ϵµνρσ

∂2

∂qρ1∂q
σ
2

⟨Gaµ(q1)G
a
ν(q2)|X|0⟩1PI, amp

q1,q2,mB=0 .

(4.4.17)

Note again that products of Levi-Civita tensors are reduced in four dimensions. We thus
have

ϵµνρσϵµ′ν′ρ′σ′ = δ
[µ
µ′δ

ν
ν′δ

ρ
ρ′δ

σ]
σ′ , ϵµνρσϵµν′ρ′σ′ = δ

[ν
ν′δ

ρ
ρ′δ

σ]
σ′ , (4.4.18)

ϵµνρσϵµνρ′σ′ = 2δ
[ρ
ρ′δ

σ]
σ′ , ϵµνρσϵµνρσ′ = 6δσσ′ , (4.4.19)

ϵµνρσϵµνρσ = 24 , (4.4.20)
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where [. . . ] denotes unnormalized antisymmetrization and the Kronecker deltas are to
be understood as d-dimensional again. Note that the d-dependent normalization factors
in the projectors arise from the contractions of these Kronecker deltas in d dimensions.

We can now obtain the matching coefficient of the non-singlet current by projecting onto
the diagonal and off-diagonal parts and contracting with a flavor generator,

ζns,BA =
∑
rs

hasrP
rs
∂j [∂j

ns
A ] , (4.4.21)

where a is fixed to the same value as in the flowed operator. Since all terms depending
on the generator ha drop out due to normalization and its effect then only amounts to
removing all triangle-like contributions where the fermion lines of the operator and the
projector are not connected, the matching coefficient is also given by

ζns,BA = P rs∂j [∂j
rs
A ] , (4.4.22)

where r ̸= s. We implemented the projector in this way since it does not require the
additional implementation of flavor generators.

For the singlet current, we can either directly calculate the full projection or we make use
of the fact that the diagrams contributing to the singlet projection split into triangle-like
diagrams and non-singlet diagrams where the fermion line of the projector is connected
to the operator. The non-singlet contribution is already given by ζns,BA , so we only need
to calculate the triangle-like part

ζ∆,BA = P rr∂j [∂jssA ] , (4.4.23)

where r ̸= s, and then obtain

ζs,BA = ζns,BA + nfζ
∆,B
A . (4.4.24)

Some sample diagrams appearing in the SFTX of the singlet and non-singlet current are
shown in Fig. 4.1.

4.5 Results

For the divergence of the non-singlet axial current, we obtain the same mixing coefficient
as is given in Ref. [47] for the non-singlet axial current itself. We also find

ζAq(t) = 0 + O(a3s) (4.5.1)

This can be understood by writing the topological charge as divergence of the Chern-
Simons current, which is not BRST invariant. Thus, it cannot contribute to the SFTX
of the singlet axial current. Due to (4.4.1), this also holds for the divergences of the
currents.

For the flowed topological charge we find

ζq(t) = 1 + O(a3s) , (4.5.2)

which is in agreement with Ref. [114]. It is expected that ζq = 1 holds to all orders
since t-independence of this coefficient it is crucial for the t-independence of the flowed
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(a) (b) (c)

(d) (e) (f)

Figure 4.1: Sample diagrams appearing in the SFTX of the axial
currents. Diagrams (a), (b) and (c) contribute to the the non-singlet
current while (d) and (e) contribute to the triangle-like term of the
singlet current. Diagrams of the form of (f) vanish.

topological charge. Since q(t) is the divergence of a gauge invariant current, it is inde-
pendent of t for t > 0 as we have seen in Eq. (4.3.1). If we now check the t-dependence
using the SFTX, we find

∂tQ(t) =
1

64π2

∫
x

(
∂tζq(t)qR(x) + ∂tζqA(t)∂jsA(x)

) !
= 0 . (4.5.3)

Perturbatively, the second term vanishes when integrated over since it is a total deriva-
tive, so we conclude that ∂tζq(t) = 0 which is satisfied for our NNLO result. While q is
a total derivative, too, we cannot set its integral to zero because it is the divergence of
a gauge-variant current and its integral is a topological invariant.

(a) (b) (c)

Figure 4.2: Sample diagrams contributing to the coefficient ζqA.

The two nontrivial elements of the mixing matrix ζ(t) are the self-projection ζsA(t) of the
singlet axial current and its contribution ζqA(t) to the SFTX of the topological charge
density. They are given by
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ζsA(t) = 1 + asCF
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4
log 3
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1

4
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+ CFTRnf

(
− 1

96
+
ζ2
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+
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log 3

+
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8
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)
+ Lµt

[
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(
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96
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16
log 3

)
+ CFTRnf

(
17

24
+

1

3
log 2 +

1

4
log 3

)]
+
c
(2)
χ

16

}
, (4.5.4)

ζqA(t) = −asCF

(
9

2
+ 3Lµt

)
+ a2s

{
45

16
C2
F + CFCA

(
− 2789

144
− 299

6
log 2 +

165

4
log 3

+
5

4
Li2(1/4)

)
+ CF trnf

(
139

36
+ ζ2

)
+ Lµt

[
9

4
C2
F − 85

6
CACF +

10

3
CFTRnf

]
+ L2

µt

[
− 11

4
CACF + CFTRnf

]}
. (4.5.5)

Here we have used the ringed scheme and applied the finite renormalization of the Larin
scheme. Some sample diagrams contributing to ζqA are shown in Fig. 4.2. Note that the
ringed scheme only affects ζsA(t) since it is a projection of the only operator involving

flowed fermions. The coefficient c
(2)
χ is given in Eq. (2.11.10). We abbreviate it here since

it is only known numerically. Note, however, that it contributes additional terms to all
color structures.

Note that the mixing coefficient ζqA(t) is allowed to depend on the flow time without
spoiling the flow-time independence of q(t) since the divergence of the axial current does
not contribute to the topological charge.

As expected, the result for ζsA(t) agrees with the result obtained in Ref. [47] for the
SFTX of the singlet axial current itself. This provides a check of Eq. (4.4.1). ζsA(t) also
agrees with the NLO results of Ref. [114], as does our result for ζqA(t), for which the
NNLO contribution, however, is new.

As a check, both coefficients were calculated in general Rξ gauge through NNLO and are
independent of the gauge fixing parameter. The logarithmic terms are consistent with
the RG equation (2.11.19).

4.6 Flowed anomalous dimensions

Since there are no power-divergences in t, we can calculate the flowed anomalous dimen-
sion from the results obtained through O(t0) consistently. It is given by

γ(t) =

(
t

d

dt
ζ(t)

)
ζ−1(t)

= −
(
asβ

∂

∂as
ζ(t)

)
ζ−1(t) − ζ(t)γζ−1(t) +

[(
asβ(as)

∂

∂as
+ t

d

dt

)
F

]
F−1 (4.6.1)
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where the second line can be derived from Eq. (2.11.19) and

F = diag(Zs,
◦
Zψ) (4.6.2)

is the matrix of flowed field renormalizations, implying that the last term in the equation

before amounts to a diagonal matrix with β(as) and
◦
γψ = 1 on the diagonals.

We find the flowed anomalous dimension matrix to have the form

γ =

(
0 γqA

0 γA

)
. (4.6.3)

It is particularly convenient to choose the ringed scheme here since this allows us to
calculate the flowed anomalous dimension to order a3s. This is because the unflowed
anomalous dimensions start at order a1s and the factor asβ(as) starts at order a2s in the
limit ϵ → 0. The flowed fermion field renormalization is only known to a2s, but in the
ringed scheme, this does not matter as its anomalous dimension vanishes. The beta
function, currently known to a5s [121], is only needed to a3s for this calculation.

We also need the unflowed anomalous dimension matrix to a3s. It is of the form

γ =

(
γq γqA

0 γA

)
. (4.6.4)

For the singlet axial current, γA has been obtained to this order in Refs. [117, 122].
In Ref. [117] it was shown, however, that the off-diagonal element of the anomalous
dimension matrix is given by

γqA(t) =
γA

can(as)
(4.6.5)

where can(as) is the one-loop exact coefficient appearing in the anomaly relation which
we define later in Eq. (4.7.2). Since it is proportional to as, γA is required to order a4s
in order to obtain the full matrix to order a3s. The required four loop result has been
obtained rather recently in Ref. [123]. The remaining diagonal element of the anomalous
dimension matrix related to the topological charge is given by [117]

γq = −β(as) . (4.6.6)

As a check we recalculate the flowed anomalous dimension for the singlet axial current
with the same methods and setup and find agreement with Ref. [47] to order a3s. The
result for the off-diagonal element is new. It is given by

γqA(t) = −3asCF + a2s
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(4.6.7)

where ζ3 = ζ(3) = 1.202 . . . is a value of the Riemann zeta function and we have given
the dependence on Lµt (which is defined in Eq. (2.11.9)) explicitly.

Note that the flowed anomalous dimension of the axial current is RG invariant in the
ringed scheme, but γqA(t) is not: Since in the GFF the only renormalization required
at t > 0 is the flowed field and the coupling renormalization, we can infer that for the
flowed axial current we have

µ2
d

dµ2
jsA(t, x) =

[
µ2

d

dµ2
log

◦
Zψ

]
jsA,B(t, x) = 0 (4.6.8)

since in the ringed scheme the flowed fermion field is invariant under the RGE. We have
used the fact that we can write

jsA =
◦
Zψj

s
A,B (4.6.9)

where jsA,B is independent of µ. Taking a flow-time derivative, using the definition of
the flowed anomalous dimension and assuming that it commutes with the µ derivative,
we can then derive from this that γA is independent of µ.

For the off-diagonal element of the flowed anomalous dimension, we can start from the
relation

µ2
d

dµ2
q(t, x) =

[
µ2

d

dµ2
logZs

]
q(t, x) = −βq(t, x) . (4.6.10)

Taking a flow-time derivative of this expression and proceeding as before yields the
relation

µ2
d

dµ2
γqA(t) = −βγqA(t) , (4.6.11)

which is satisfied by our result.

4.7 Flowed anomaly relation

We can write the anomaly relation in a general form as

0 = ∂jsA,R(x) + can(as)qR(x) , (4.7.1)

where in our convention

can(as) = −as
nfTR

4
. (4.7.2)

Using the SFTX, we can rewrite the anomaly in terms of flowed operators,

0 = ∂jsA(t, x) + can(as, t)q(t, x) , (4.7.3)
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where

can(as, t) =
ζsAcan(as)

ζq − can(as)ζqA
. (4.7.4)

The denominator has the form 1 − O(a2s) and thus only the LO coefficient of ζqA con-
tributes to the NNLO flowed anomaly coefficient. For the ratio of the anomaly coeffi-
cients we then obtain

can(as, t)

can(as)
= ζsA(t) + a2sCFTRnf

(
9

8
+

3

4
Lµt

)
+ O(a3s) , (4.7.5)

where again the ringed scheme and the finite renormalization of the Larin scheme are
applied.

It is worth noting that when the result is expressed in terms of the Gradient Flow
coupling aGF

s defined in Eq. (2.11.22), almost all Lµt dependence vanishes and only a
term

3

2
a2sCFTRnfLµt ∈ can(as, t) (4.7.6)

remains. This remaining term can be traced back to the sign of the logarithmic term in
the triangle contribution by which the matching coefficient of the singlet axial current
differs from the non-singlet one. If the sign of this term would be reversed, all logarithms
would cancel in the result for the flowed anomaly coefficient if it is expressed in terms
of aGF

s . However, after careful consideration, the sign seems to be correct and the Lµt
dependence does in fact remain in the anomaly coefficient.

From the flowed anomaly one can derive a relation among the flowed anomaly coefficient
and the flowed anomalous dimensions which we use as a check. Taking a derivative of
the anomaly relation with respect to Lµt we arrive at

1

can(as, t)
t

d

dt
can(as, t) − γA(t) − can(as, t)γqA(t) = 0 . (4.7.7)

Since can(as, t) starts at order a1s, we can only check this relation to order a2s where we
find it to be satisfied. It also requires the logarithmic term in Eq. (4.7.6) to remain in
the flowed anomaly coefficient.

We see that the flowed coefficient reproduces can(as) only at leading order, implying on
first glance that the GFF violates one-loop exactness of the anomaly relation. However,
we can of course change the finite and t-dependent renormalization of the flowed fermion,
i.e., replace the ringed scheme by a scheme in which the anomaly relation is restored.
This new scheme is given by

ψ̂ = Ẑ
1/2
ψ ψB , where Ẑψ =

can(as)

can(as, t)
ζψZψ . (4.7.8)

Note, however, that in this scheme, the flowed fermion is not independent of µ anymore
since the flowed anomaly coefficient is µ-dependent.

The flowed anomaly relation might offer some interesting applications on the lattice. If
a lattice fermion regularization is used which allows one to calculate the divergence of
the singlet axial current, then together with the topological charge density one can infer
the anomaly coefficient at t > 0. By the above result, this coefficient is linked to αs, so
this might offer a new way to determine αs at low energies from lattice data.
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4.8 Conclusion

We have calculated the SFTX of the operators appearing in the chiral anomaly of mass-
less QCD through NNLO and calculated the flowed anomalous dimension matrix to or-
der a3s. We could verify that the the topological charge is t-independent perturbatively
through NNLO. In addition, we formulated a flowed version of the anomaly relation
and calculated the coefficient relating the flowed topological charge to the flowed singlet
axial current, which in the unflowed theory is one-loop exact. The GFF introduces an
additional UV regulator which does not break chiral symmetry, while still relying on
dimensional regularization as an intermediate step and as an IR regulator. As such, it
is interesting to observe how it relates to the NNT. At t > 0 we find that the flowed
anomaly relation is no longer one-loop exact. The higher order contributions can be
removed, however, by a t-dependent finite renormalization.



Chapter 5

The flowed Standard Model

The GFF has already been successfully applied to numerous problems in QCD. As a
by-product of the perturbative GFF one also obtains the anomalous dimensions of the
operators involved in the calculations. This includes NNLO anomalous dimensions of
dimension-six four-quark operators [20, 124], the dimension-five chromomagnetic opera-
tor which we considered in the last chapter, the dimension-four operators appearing in
the QCD Lagrangian [46] and the QCD energy-momentum tensor [14]. One might thus
wonder if the GFF could not be used as a method to obtain the operator renormalization
in particular in the context of effective field theories.1

In SMEFT, pushing the known NLO anomalous dimension to NNLO accuracy is of
interest because one can improve the precision of SMEFT contributions to LHC processes
or low-energy precision observables and investigate the structure of the SMEFT mixing
pattern [127] which has been observed to have interesting characteristics such as non-
trivial scheme-dependent zeros at NNLO [128] or holomorphy of the NLO anomalous
dimensions [129]. Also, higher-order contributions can be used to estimate the theoretical
accuracy [130].

Higher-order contributions to the anomalous dimensions also introduce new mixing
among the operators. Thus, more operators contribute to a single observable which
induces new correlations of Wilson coefficients and thus constrains the fits to experi-
mental data. The effect of RG running has proven significant at NLO [131] and NNLO
anomalous dimensions have been obtained in some sectors of the SMEFT [126], namely
for the case of non-leptonic ∆F = 2 operators (where only QCD effects are taken into
account) [132] and for a SU(N) gauge theory including Dirac-fermions and scalars [133].

Concerning the calculational tools, the GFF based renormalization method would add to
a list of already existing methods to calculate the NLO and NNLO anomalous dimensions
of SMEFT operators. On-shell methods and unitary cuts have been used at one-loop
[134, 135] and two-loop order [133, 136]. The R∗ formalism [137–140] together with
the background field method [141, 142] have been applied to the dimension six gluonic
operator through 3-loop [127]. At NLO the full 2499×2499 anomalous dimension matrix
of dimension six SMEFT operators has been calculated in the background field gauge
[143–145] and there are ongoing efforts aimed at calculating the full NNLO anomalous
dimensions of SMEFT using various methods [34].

A GFF based calculation of the NNLO anomalous dimensions could provide a strong
check and, depending on the relative calculational efforts, might be a viable alternative
to existing methods.

1For an introduction to and review of the SMEFT see Refs. [125, 126].
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In this chapter, we consider a flavor-conserving version of the SM where we have set
all Yukawa couplings to zero in a first approach. Since Yukawa couplings have not yet
been considered in the GFF, we aim at first studying them separately and add them to
the model considered in this chapter in the future. We will introduce the flow equations
for all the fields and, by calculating suitable quantities, we determine the anomalous
dimensions of the flowed fields, the ringed scheme conversion factors and the vacuum
energy renormalization.

5.1 The flowed Standard Model Lagrangian

For the rest of the chapter we consider a flavor-conserving version of the SM (i.e., we
set the Yukawa couplings to zero) with ng generations of fermions and one scalar in the
unbroken phase with mass m. Although we only consider one scalar as there is only
one Higgs field in the SM, we introduce the marker variable nh multiplying each scalar
loop. Note that a proper treatment of multiple scalars requires slight modifications of
the Feynman rules (see appendix C.3). Our notation for the field content is shown in
Table 5.1.

Instead of the SM gauge groups we consider the more general group

SU(N3) × SU(N2) × U(1) , (5.1.1)

where the SM gauge group is recovered by N2 = 2 and N3 = 3. Note that anomaly
cancellation requires N2 = 2 (cf. section 5.2), but we keep SU(N2) general in order to
distinguish the contributions of different gauge groups more clearly.

Since the scalar sector of the SM is related to scalar QCD, the results presented in this
chapter partially overlap with the ones published in Ref. [146] where we have considered
a flowed massless SU(N) theory with scalars and fermions. The results we will give
here were, however, calculated independently by me and were used to check the results
presented in Ref. [146] which were calculated by Jonas T. Kohnen and Niels Felten.

The full covariant derivative in the fundamental representation is

Dµ = ∂µ + gB1 Y Bµ + gB2W
i
µτ

i + gB3 G
a
µt
a , (5.1.2)

with the weak hypercharge operator Y , the SU(N2) generators τ i and the SU(N3) gen-
erators ta. The conventions regarding the Lie algebra can be found in Appendix A.1.
The field strength tensors are given by

Bµν = ∂[µBν] , W i
µν = ∂[µW

i
ν]+g

B
2 f

ijk
2 W j

µW
k
ν , Gaµν = ∂[µG

a
ν]+g

B
3 f

abc
3 GbµG

c
ν , (5.1.3)

where [. . . ] denotes unnormalized antisymmetrization in the indices. With this, we can
write the flavor-conserving SM Lagrangian as

LSM = q̄L /DqL + ūR /DuR + d̄R /DdR + l̄L /DlL + ēR /DeR

− 1

4
BµνBµν −

1

4
W i
µνW

i
µν −

1

4
GaµνG

a
µν

+ (Dµϕ)†(Dµϕ) −m2
Bϕ
†ϕ− λB

4
(ϕ†ϕ)2

+ Lgh + Lgf , (5.1.4)

where the gauge fixing terms are

Lgf = − 1

2ξB
(∂µBµ)2 − 1

2ξW
(∂µW

i
µ)2 − 1

2ξG
(∂µG

a
µ)2 , (5.1.5)
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Fundamental field Representation Y Flowed field

ϕ SU(N2)
F
L ⊗ U(1)FY yh Z

1/2
ϕ ϕB

uR SU(N2)
F
L ⊗ SU(N3)

F
C yu Z

1/2
u (uR)B

dR SU(N2)
F
L ⊗ SU(N3)

F
C yd Z

1/2
d (dR)B

qL SU(N2)
F
L ⊗ SU(N3)

F
C ⊗ U(1)FY yq Z

1/2
q (qL)B

lL SU(N2)
F
L ⊗ U(1)FY yl Z

1/2
l (lL)B

eR U(1)FY ye Z
1/2
e (eR)B

B 1 0 Z
1/2
1 BB

W SU(N2)
A
L 0 Z

1/2
2 WB

G SU(N3)
A
L 0 Z

1/2
3 GB

Table 5.1: Overview of SM fields, their representation and weak hy-
percharge Y as well as the corresponding renormalized flowed fields
written as products of flowed field renormalization constants and
bare flowed fields. The values of the weak hypercharge guaranteeing
anomaly cancellation are given in Eqs. (5.2.6) to (5.2.7). Z1, Z2 and
Z3 are the gauge coupling renormalization constants of our model (cf.
appendix C.1).

and the ghost Lagrangian is given by

Lgh =
∑
i=2,3

tr c̄i∂µ[Dµ, ci] , (5.1.6)

with the SU(N2) ghost c2 and the SU(N3) ghost c3. As in QCD, it is convenient to
define the couplings

aB1 =

(
gB1
)2

4π2
, aB2 =

(
gB2
)2

4π2
, aB3 =

(
gB3
)2

4π2
, aB4 =

λB

4π2
. (5.1.7)

While the three gauge couplings renormalize multiplicatively like in QCD, the scalar self-
coupling λ has additive counter terms which are not proportional to λ (for details on
the renormalization, see appendix C.1). This follows from the appearance of divergent
one-loop diagrams as the one shown in Fig 5.1 in the scalar four-point function.

We can now introduce flow equations analogously to the QCD ones. Thus, for the gauge
fields we have

0 = ∂tXµ − [Dν ,Xνµ] − κ[Dµ, ∂νXν ] ≡ F µ
X , Xµ(0, x) = Xµ(x) , (5.1.8)

with X ∈ {B,W ,G}. We choose the same κ for all gauge fields for simplicity. In the
end, we will set κ = 1 for all calculations. For W i

µ and Ga
µ this equation takes the

same form as the QCD one since the generators of different groups commute. Thus,
these gauge fields flow independently of each other. For the B boson the situation is
even simpler. Since U(1) is abelian, the adjoint covariant derivative is just the partial
derivative and the flow equation for Bµ reduces to the heat equation,

0 = ∂tBµ −
[
∂2δµν + (κ− 1)∂µ∂ν

]
Bν . (5.1.9)
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Figure 5.1: A diagram contributing to the non-multiplicative renor-
malization of the scalar self-coupling in the SM.

This can be solved exactly. The solution in the case κ = 1 is particularly simple,

Bµ(t, p) = Bµ(p)e−tp
2
. (5.1.10)

Because of the linearity of the flow equation, no B boson flow lines are required as they
only serve the purpose of perturbatively solving the flow equation in diagrammatic form.

The fermion flow equations are formally the same as the QCD ones,

0 = ∂tf −
[
D2 − κ(∂µDµ − ∂2)

]
f = Ff , (5.1.11)

0 = ∂tf̄ − f̄
[ ←
D

2
+κ(∂µDµ − ∂2)

]
= F̄f , (5.1.12)

f(0, x) = f(x) , f̄(0, x) = f̄(x) , (5.1.13)

with f ∈ {uR, dR, qL, lL, eR}. Flow equations for scalar fields have already been con-
sidered in the context of other theories in Refs. [146–148]. Here, we chose the flow
equations

0 = ∂tϕ−
[
D2 − κ(∂µDµ − ∂2)

]
ϕ = Fϕ , (5.1.14)

0 = ∂tϕ
† − ϕ†

[ ←
D

2
+κ(∂µDµ − ∂2)

]
= F †ϕ , (5.1.15)

ϕ(0, x) = ϕ(x) , ϕ†(0, x) = ϕ†(x) . (5.1.16)

Just as in QCD, we now introduce Lagrange multiplier fields to implement the flow
equations in the Lagrangian. We assign a multiplier field to each SM field by

fR → λfL , fL → λfR , ϕ → λϕ , (5.1.17)

W a
µ → V a

µ , Gaµ → Laµ , (5.1.18)

where f is a fermion. Note that for the fermions, the multiplier fields have opposite
chirality since the flow equations have a trivial Dirac structure. The B boson does not
require a multiplier field since its flow equation is solved exactly.

The flow part of the Lagrangian added to the SM Lagrangian then reads

Lfl =

∫ ∞
0

dt

∑
f

(
F̄fλ

f + λ̄fFf

)
+ F a,µ

W V a
µ + F a,µ

G Laµ + Lfl-gh

 , (5.1.19)

where Lfl-gh contains the two flowed ghosts which are implemented just as in QCD.
Note that there are no flowed antighosts again, these are instead interpreted as Lagrange
multipliers. Also, flowed ghosts will again not contribute to any matrix elements as long
as there are no ghosts in external states or operator insertions.
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5.2 Anomaly cancellation

In the SM, there can in general appear gauge anomalies which would render the theory
unphysical. They are, however, canceled by summing the anomalous triangle diagrams
shown in Fig. 5.2 over all fermions appearing in the loops. Then, the axial contributions
from different flavors cancel each other and the total amplitude for the gauge anomaly
vanishes.

One can also turn this around and require the cancellation of the gauge anomalies,
leading to a quantization of the weak hypercharge [149]. Since we work in a more
general gauge group, we derive the cancellation conditions in their general form. The
pure SU(N3) anomaly cancellation condition requires

N2 = 2 , (5.2.1)

since the elements of the left-handed quark multiplet have to combine with the two right-
handed quarks in order to cancel the anomaly. However, we will still treat N2 as a general
parameter in the following in order to distinguish the contributions of the different gauge
groups more clearly. For N2 = 2, the pure SU(N2) gauge anomaly vanishes due to the
vanishing anomaly coefficient

tr
(
τ i{τ j , τk}

)
= 0 . (5.2.2)

Requiring the axial part of the triple B boson triangle diagram to vanish, we obtain the
cubic equation

N2y
3
l +N3N2y

3
q = y3e +N3(y

3
u + y3d) , (5.2.3)

while the two mixed diagrams with one B boson and two W bosons or gluons yield the
linear equations

N3yq + yl = 0 , yu + yd = N2yq . (5.2.4)

Since there are five fermion hypercharges, a fourth condition is needed in order to fix
the hypercharges up to one undetermined parameter2. One may choose the condition
resulting from the requirement that the gravitational anomaly (with one B boson and
two gravitons) has to vanish, too,

N3N2yq +N2yl = N3(yu + yd) + ye . (5.2.5)

Note that the above equations are all homogeneous in the hypercharges. Thus, there is
only one parameter remaining which the hypercharges depend on linearly and which can
thus be absorbed into the U(1) generator. The ratios of the hypercharges are therefore
fixed. Leaving the electron hypercharge as a free parameter, we find the solution

yl
ye

=
1

2
,

yq
ye

= − 1

2N3
, (5.2.6)

yu
ye

=
N3 − 1

2N3
,

yd
ye

= −N3 + 1

2N3
, (5.2.7)

where we have inserted N2 = 2. This yields the SM values for ye = −1 and N3 = 3.
Since the theory is symmetric under uR ↔ dR, there is also a solution with the charges
of the right handed quarks interchanged, of course.

2As has been shown in Ref. [150], it is also possible to derive the SM values of the hypercharges from
requiring gauge anomaly cancellation and charge quantization, using Fermat’s last theorem. This does
not generalize to the more general gauge groups considered here in a straightforward way, however.
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Figure 5.2: Diagrams requiring anomaly cancellation. Gravitons are
displayed as double-line waves. The three-gluon diagram leads to the
requirement N2 = 2 which automatically renders the three-W diagram
non-anomalous. The triangle diagrams not shown here vanish due to
the generators of the non-abelian gauge groups being traceless.

As far as the effect of the GFF on anomaly cancellation is concerned, every triangle
diagram vanishes as soon as at least one of its vertices is at t > 0 since this creates a
closed loop of flow-lines. Thus, the flowed theory is still free of gauge anomalies if the
unflowed one is. Note that this argument does not apply to non-minimal Gradient Flows
(cf. section 2.3).

However, as explained in the next chapter in more detail, we will calculate the SFTX of
various flowed fermionic operators with fixed flavor. Insertions of such operators generate
non-vanishing anomalous triangle diagrams. The anomaly here again only cancels if all
possible operator insertions are summed up. Since in any application this should be
the case, we can neglect the anomalous contributions in such diagrams. We thus only
calculate non-singlet type diagrams and can apply the NDR scheme.

5.3 Overview of quantities

A main objective of this chapter is to determine the renormalization constants of the
flowed fields through NNLO. At NLO, mixing of different sectors is impossible and the
fermion renormalization constants can thus be inferred from the QCD ones. At NNLO,
however, mixed contributions of different gauge groups and the scalar sector lead to
non-trivial new results.

Concerning the fermions, different quantities can be used to extract the renormalization
constants. The original NLO calculation by Lüscher [9] in flowed QCD relied on an
explicit calculation of the 1-loop self-energy diagrams contributing to ⟨ψ(t, x)ψ(s, y)⟩.
In Ref. [14], the NNLO flowed fermion field renormalization in QCD was determined
analytically by taking advantage of the fact that the NNLO mixing of the operators
appearing in the QCD energy-momentum tensor were known. Alternatively, one can
calculate the VEV 〈

ZψψB

↔
/D ψB

〉∣∣∣
m=0

(5.3.1)

which must be finite by multiplicative renormalization with Zψ alone. However, the
NNLO contributions to this VEV are of 3-loop order and can thus only be calculated
numerically with the methods currently available.
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An alternative which allows one to obtain analytical results without having to consider
operator mixing is provided by the SFTX of operators which are finite (or renormalize
trivially) already in the unflowed theory. For fermions in our model, the fermionic non-
singlet vector current is suited for this purpose. Since the non-singlet vector current
is the conserved current of the flavor group, it is a finite operator. Furthermore, it
allows us to safely use anticommuting γ5. Since we are neglecting Yukawa couplings,
we consider the generations as different flavors. We use the same strategy to obtain the
mixing coefficient here as described in section 4.4, so we do not need to consider explicit
flavor generators and instead we define the non-singlet vector current as

jµf ≡ f̄1γ
µf2 , (5.3.2)

where f1 and f2 are fermions of different generations which transform under the same
representation of the symmetry groups and have the same charges, such that the current
is well-defined and gauge invariant.

Note that the above vector current is only finite for each fermion separately since we omit
the Yukawa couplings. In this case, we have an additional global U(1)5 symmetry, where
each factor transforms one of the five fermion species. The SM Yukawa interactions
break this symmetry into a product of only two U(1) groups,

U(1)5
Yukawa−→ U(1)leptons ⊗ U(1)quarks . (5.3.3)

This implies that the lepton currents can mix with each other under renormalization, as
can the quark currents. A selection of diagrams responsible for mixing of the currents
under the Gradient Flow is shown in Fig. 5.3. Approaching the extension of the GFF
to the SM via the flavor-conserving version of the SM thus provides a clear intermediate
step: it helps establish the structure of the GFF extension and enables various checks
before moving on to the full SM in future work.

Figure 5.3: Sample diagrams leading to a mixing of different vector
currents through Yukawa interactions.

The flowed fermionic vector currents

jµf ≡ f̄1γµf2 (5.3.4)

are defined as usual by replacing the unflowed fields with their renormalized flowed
counterparts. Its SFTX is given by

jµf (t, x) = vf (t)jµf (x) + O(t) , (5.3.5)
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and we can extract the flowed fermion renormalization through NNLO analytically from
the requirement that vf (t) be finite.

Regarding the scalars, we can use the finite vector current defined by

jµϕ ≡ ϕ†
↔
D
µ
ϕ (5.3.6)

and its SFTX
jµϕ(t, x) = vϕ(t)jµϕ(x) + O(t) , (5.3.7)

to extract the flowed scalar field renormalization Zϕ.

Just as in QCD, we can also define a ringed scheme in the SM which allows us to obtain
RG invariant quantities. We define the operators

S(x) = ϕ†(x)ϕ(x) , and Kf (x) = f̄(x)
↔
/D f(x) . (5.3.8)

The SFTX of their flowed counterparts (again defined with renormalized flowed fields)
is given by

Kf (t, x) =
(
Kf

0 (t) +Kf
m(t)m2

)
1 +Kf

1 (t)S(x) + O(t) , (5.3.9)

S(t, x) =
(
S0(t) + Sm(t)m2

)
1 + S1(t)S(x) + O(t) . (5.3.10)

where the unflowed operators on the RHS are understood to be renormalized. The
relation of the bare and renormalized SFTX coefficients is described in section 5.7. The
finite renormalizations ζf and ζϕ of the fermion and the scalar fields, respectively, are
then implicitly defined by

ζfK
f,MS
0 (t) = Kf,LO

0 (t) , ζϕS
MS
0 (t) = SLO

0 (t) , (5.3.11)

where the superscript MS implies that the quantity is renormalized in the MS scheme.
Kf,LO

0 and SLO
0 (t) are the respective scheme-independent LO coefficients.

The gauge boson field renormalization is given by the renormalization of the corre-
sponding couplings just as in QCD. We check this explicitly by considering the flowed
operators

X2 ≡ trXµνXµν (5.3.12)

for X = B,W ,G (defined with renormalized flowed fields). They also allow a definition
of the SM couplings in a GFF scheme, cf. Eq. (2.11.22). Their SFTX is given by

X2(t, x) =
(
X0(t) +Xm(t)m2

)
1 +X1(t)S(x) + O(t) . (5.3.13)

The flowed quartic scalar operator is given by

H ≡ λ(ϕ†ϕ)2 , (5.3.14)

(see section 5.8), where the flowed fields are understood to be renormalized. Its SFTX
in terms of renormalized operators is given by

H(t, x) =
(
H0(t) +Hm(t)m2

)
1 +H1(t)S(x) + O(t) . (5.3.15)

The last quantity we want to derive is the vacuum energy renormalization which appears
in the renormalization of the SFTX coefficients multiplying the operator m21. We derive
it from the renormalization of the coefficient Sm(t). Several checks are provided by the

renormalization of Kf
m(t), Xm(t) (with X = B,W,G) and Hm(t).

An overview of all the 36 quantities calculated in this chapter can be found in Tab. 5.2.
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ZO O 1 m2 S jµϕ jµu jµd jµq jµl jµe

Zϕ S S0 Sm S1 0 0 0 0 0 0

Zϕ jµϕ 0 0 0 vϕ 0 0 0 0 0

Zu jµu 0 0 0 0 vu 0 0 0 0

Zd jµd 0 0 0 0 0 vd 0 0 0

Zq jµq 0 0 0 0 0 0 vq 0 0

Zl jµl 0 0 0 0 0 0 0 vl 0

Ze jµe 0 0 0 0 0 0 0 0 ve

Zu Ku Ku
0 Ku

m Ku
1 0 0 0 0 0 0

Zd Kd Kd
0 Kd

m Kd
1 0 0 0 0 0 0

Zq Kq Kq
0 Kq

m Kq
1 0 0 0 0 0 0

Zl Kl K l
0 K l

m K l
1 0 0 0 0 0 0

Ze Ke Ke
0 Ke

m Ke
1 0 0 0 0 0 0

Z1 B2 B0 Bm B1 0 0 0 0 0 0

Z2 W 2 W0 Wm W1 0 0 0 0 0 0

Z3 G2 G0 Gm G1 0 0 0 0 0 0

Z2
ϕ
λ
λB

H H0 Hm H1 0 0 0 0 0 0

Table 5.2: Overview of the quantities calculated in this chapter. The
first column shows the flowed operator renormalization constants de-
fined by O = ZOOB, where the renormalized flowed operators O
shown in the second column are defined with renormalized couplings
and flowed fields while OB is defined with the corresponding bare cou-
plings and flowed fields. The bottom right part of the table separated
by double lines shows the coefficient in the SFTX of the flowed opera-
tor in the second column multiplying the unflowed operator shown in
the first row.
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5.4 Gauge boson action densities

We consider the VEVs of the action densities B0,W0, G0 defined in Eq. (5.3.13) through
NNLO which here implies 3-loop order. They can be used to define the gauge couplings
in a GFF scheme in analogy to QCD (see Eq. (2.11.22)). Through NLO we used general
Rξ gauge for each boson and confirmed that the results are gauge independent. At 3-
loop order we chose Feynman gauge since keeping general Rξ gauge leads to many more
integrals which have to be evaluated numerically. We checked, however, that all the
VEVs are consistent when mapping different gauge groups onto each other and that in
the case of QCD they agree with the literature [17].

The results depend on the logarithm Lµt defined in Eq. (2.11.9), but this dependence
can be reconstructed from the result for Lµt = 0 using RG equations. Let

A1 = B0 , A2 = W0 , and A3 = G0 . (5.4.1)

Since Ai is renormalized by multiplicative renormalization with a gauge coupling renor-
malization constant, its anomalous dimension is proportional to the corresponding beta
function defined in appendix C.1. We thus find from Eqs. (2.11.19) and (2.11.20) that

µ2
d

dµ2
(aiAi) =

 4∑
j=1

β(j)
∂

∂aj
+

∂

∂Lµt

 (aiAi) = 0 (5.4.2)

for all three gauge boson action densities. We normalize the VEVs to their LO values
by

Âi =
Ai

ALO
i

, i = 1, 2, 3 , (5.4.3)

where the leading-order contributions are

ALO
1 =

3

32π2
, ALO

2 =
3NA2

32π2
, ALO

3 =
3NA3

32π2
, (5.4.4)

and expand the Âi in the couplings and the logarithmic terms as

Âi = 1 +

∞∑
n=1

n∑
l=0

∑
i1...in

Âli,i1...inai1 . . . ainL
l
µt . (5.4.5)

Note that writing the expansion in this way implies that the coefficients Âli,i1...in can al-
ways be chosen to be symmetric in i1 . . . in. In order to reduce redundancy, in the results
we will give the coefficients multiplying particular products of couplings. These coeffi-
cients can be obtained from the Âli,i1...in by summing over all permutations of i1 . . . in,

denoted as Âli,(i1...in) (the exact definition of this notation is given in Eq. (C.1.11)). For

consistency of notation, we will always write (i1 . . . in) in the results even if there are no
index permutations other than the trivial one.

At orders beyond N4LO this notation has the disadvantage that at least one index ik
always has to appear twice since there are only four couplings. At these orders a multi-
index notation would thus be preferable.

With the beta functions as defined in appendix C.1, the logarithmic terms through
NNLO are given by

Â1
i,j = −δijβ(i)0 , Â2

i,jk = δijδjk

(
β
(i)
0

)2
,
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Â1
i,jk = −β(i)1,jk − 2δijδikβ

(i)
0 Â0

i,i , (5.4.6)

where no summation over multiple indices is implied. We calculated the analytic NLO
as well as the numerical NNLO results.

Through NNLO, many results in our model share a similar structure and can partially
be inferred from known QCD results and diagrammatic considerations. We therefore
distinguish the numerical coefficients from the group and coupling structure. For this,
we have to introduce some notation.

For a fermion or scalar field F ∈ {u, d, q, l, e, ϕ} we use these conventions:

• δF2 = 1 if F transforms in the fundamental representation of SU(N2), else δF2 = 0

• δF3 = 1 if F transforms in the fundamental representation of SU(N3), else δF3 = 0

• δFH = 1 if F = ϕ, else δFH = 0

Whenever a fermion loop is inserted into a B boson propagator, we will encounter the
combination

Σyf =
∑

f ferm.

y2fN
δf2
2 N

δf3
3 =

(
y2u + y2d

)
N3 + y2qN2N3 + y2l N2 + y2e . (5.4.7)

Note that one can rewrite the sum over the weak hypercharges in terms of group factors
and only one hypercharge using the anomaly cancellation conditions, leading to

Σyf =

(
3

2
+

1

N3
+
N3

2

)
y2e

N3=3
=

10

3
y2e , (5.4.8)

where we have assumed N2 = 2. With these conventions, we can write the vacuum
expectation values of the B boson action density as

Â0
1,(1) = −XngngΣyf −XnhnhN2y

2
h ,

Â0
1,(11) = nhN2y

4
h

(
Xnh2nhN2 +Xcfh

)
+XnghΣyfngnhy

2
hN2 +Xng2n

2
gΣ

2
yf

+Xcfgng
∑

f ferm.

y4fN
δf2
2 N

δf3
3 ,

Â0
1,(12) = −NA2T2

(
Xcfgng

(
y2l + y2qNc

)
+Xcfhnhy

2
h

)
,

Â0
1,(13) = −XcfgNA3T3ng

(
y2u + y2d + y2qN2

)
. (5.4.9)

where the X... are numerical coefficients. For Lµt = 0, they are given by

Xca =
13

9
+

11

6
log 2 − 3

4
log 3 , (5.4.10)

Xng = −1

9
, Xnh = − 5

36
, (5.4.11)

Xca2 = 1.748 , Xcag = −0.9864 , (5.4.12)

Xcah = −0.7639 , Xcfg = 0.1531 , (5.4.13)

Xcfh = −0.3453 , Xng2 = 0.03025 , (5.4.14)

Xnh2 = 0.02376 , Xngh = 0.04878 . (5.4.15)
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For the numerical coefficients we display four significant digits. The numerical accuracy
can be estimated from the cancellation of the poles in the renormalized results through
order O(10−6). The numerical evaluation (see section 2.9) also produces a numerical
error which is multiplied by a marker variable. These errors are simply added together
and thus do not reflect a proper error propagation. However, for the coefficient Xca2

these added errors amount to a value of 0.0001, which is larger than the pole cancellation
by two orders of magnitude and should thus be considered a more proper estimate of
the actual numerical error of this coefficient. This does still not, however, affect the four
significant digits (implying three decimal places for this coefficient) we display.

For the W boson action density, we obtain

Â0
2,(2) = XcaCA2 +Xng

(
1 +N3

)
ngT2 +XnhnhT2 ,

Â0
2,(12) = −

(
Xcfg

(
y2l +N3y

2
q

)
ng +Xcfhy

2
hnh

)
T2 ,

Â0
2,(22) = Xca2C

2
A2 + CA2T2

(
Xcagng

(
1 +N3

)
+Xcahnh

)
+ CF2T2

(
Xcfgng

(
1 +N3

)
+Xcfhnh

)
+ T 2

2

(
Xng2

(
1 +N3

)2
n2g +Xngh

(
1 +N3

)
ngnh +Xnh2n

2
h

)
,

Â0
2,(23) = XcfgNA3T2T3ng , (5.4.16)

and for the gluonic one we have

Â0
3,(3) = XcaCA2 +Xng

(
2 +N2

)
ngT3 ,

Â0
3,(13) = −Xcfg

(
y2u + y2d +N2y

2
q

)
ngT3 ,

Â0
3,(23) = XcfgNA2T2T3ng ,

Â0
3,(33) = Xca2C

2
A3 + T3ng

(
2 +N2

)(
XcagCA3 +XcfgCF3

)
+Xng2T

2
3

(
2 +N2

)2
n2g ,

(5.4.17)

At NLO all three results have terms proportional to ng or nh (arising from diagrams like
(b) and (c) in Fig. 5.4), while the W boson and the gluon also have terms proportional
to CA3 or CA2, respectively, arising from diagrams like (a). These are missing for the B
boson due to the abelian nature of the corresponding gauge group. For the same reason,
up to pinching and flow lines, the only NNLO diagrams contributing to the B boson
result are (g) (where the fermion loops can be replaced by scalar ones, too), (h) and
(d) (replacing the gluon with a B boson). The scalar does not contribute to the gluon
action density through NNLO since all such contributions as the one in diagram (f) are
of higher order. The numbers of diagrams contributing to the coefficients are shown in
Tab. 5.3.

Interestingly, there are no contributions by diagrams like (i) which are proportional to a4.
They do not vanish algebraically, however, but only after inserting the numerical values
for the 3-loop integrals. This is in agreement with the fact that there are no contributions
of the scalar self-coupling to the beta functions of the gauge bosons through NNLO in
the SM [151].

5.5 Flowed fermion field renormalizations

In this section we consider the SFTX of the flowed fermionic vector currents jµf defined
in Eq. (5.3.4) in order to derive the flowed fermion field renormalizations in the MS
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.4: Some diagrams contributing to the gauge boson action
densities. The B boson is displayed in green, the W boson in blue and
the gluon in red. Solid lines with arrows represent fermions and dashed
ones represent the scalar boson. The crossed vertex is the vertex of the
respective flowed action density. Note that Diagram (f) only arises at
N3LO while Diagram (i) vanishes.

Quantity NLO NNLO

B0 31 (7) 1067 (167)

W0 28 (14) 1192 (330)

G0 27 (13) 1099 (263)

Table 5.3: Numbers of diagrams contributing to the VEVs of the
gauge boson action densities. We show the full number of diagrams as
well as the number of diagrams which do not vanish due to closed flow-
line loops in parentheses. For the coefficients Bm, BWm and Gm the
numbers are the same. Note that here, omitting diagrams with closed
flow-line loops greatly reduces the number of diagrams to compute.
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scheme as well as a conversion factor to a new non-minimal scheme which we call the
caron scheme. Deriving the field renormalization from the SFTX of the vector currents
(instead of the fermion kinetic operators) offers the benefit that the NNLO results can
be calculated analytically through a 2-loop calculation. However, we also consider the
VEVs of the fermion kinetic operators in order to derive the conversion factors to the
ringed scheme and to check the field renormalization obtained from the vector currents.

Again, the NLO results can directly be inferred from the known QCD ones since there
is no mixing of different sectors through NLO. We still show these redundant results
for completeness, though. The numbers of diagrams contributing to each coefficient are
shown in Tab. 5.4. Sample diagrams contributing at NLO and NNLO are displayed in
Fig. 5.5.

The relation between the anomalous dimensions and the renormalization constants is
given in appendix C.2. Using Eq. (2.11.19) and the fact that the vector currents are RG
invariant, we find that(

4∑
i=1

β(i)
∂

∂ai
+

∂

∂Lµt

)
log vf (t) =

(
4∑
i=1

β(i)
∂

∂ai
+

∂

∂Lµt

)
logZMS

f = −γf . (5.5.1)

Normalizing the flowed fermions with the flow-time dependent coefficients might offer
an alternative to the ringed scheme which we call the caron scheme, defined by

f̌ = Ž
1/2
f f , Žf =

ZMS
f

vf (t)
. (5.5.2)

From Eq. (5.5.1) it follows that, in the caron scheme, the anomalous dimension of the
flowed fermion is canceled. We have verified this explicitly and confirmed that the µ-
dependence of the caron field renormalizations vanishes through NNLO. It should be
noted, however, that since this scheme relies on the limit t → 0, it may be less well
suited for lattice applications than the ringed scheme.

Consider an SFTX of an operator which is bilinear in a fermion or scalar field (which we
call F ). Let X(t) be the SFTX coefficient multiplying a finite unflowed operator (like a
vector current or the identity). We expand the coefficient as

X(t) = Xlo +

4∑
i=1

(X0,i +X1,iLµt) ai +

4∑
i,j=1

(
X0,ij) +X1,ijLµt +X2,ijL

2
µt

)
aiaj + O(t) .

(5.5.3)

Due to the non-renormalization of the RHS of the SFTX, the logarithmic terms can be
derived using the RGE by

X1,j = −γj , (5.5.4)

X1,(jk) = −γ(jk) −
1

2

(
X0(jγk) +X0(kγj)

)
+

4∑
l=1

β
(l)
0,(jk)X0,l , (5.5.5)

X2,(jk) =
1

2

[
γ(jγk) −

4∑
l=1

β
(l)
0,(jk)γl

]
, (5.5.6)

where γ is the anomalous dimension of the flowed operator which in the cases considered
here amounts to the field anomalous dimension of the flowed version of F . However, we
still give the logarithmic terms explicitly for convenience.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.5: Sample diagrams contributing to the factors in
Eq. (5.5.7). Note that diagram (i) vanishes.

We can write the SFTX coefficients in a general way for all vector currents considering
the diagrammatic structure through NNLO:

X0,1 = −Xnloy
2
F , X0,2 = XnloCF2δ

F
2 , X0,3 = XnloCF3δ

F
3 , X0,4 = 0 ,

(5.5.7)

X0,(11) = y4FXdiag + y2F

(
ngXmixGΣyf +XmixHN2nhy

2
h

)
, (5.5.8)

X0,(12) = −2δF2 y
2
FCF2Xdiag , (5.5.9)

X0,(13) = −2δF3 y
2
FCF3Xdiag , (5.5.10)

X0,(14) = −y2fnh(N2 + 1)Xsc-mix , (5.5.11)

X0,(22) = δF2
(
CF2T2ng(1 +N3)XmixG + CF2CA2Xdiag + C2

F2Xdiag + CF2T2nhXmixH

)
,

(5.5.12)

X0,(23) = 2δF2 δ
F
3 CF2CF3Xdiag , (5.5.13)

X0,(24) = CF2nhXsc-mix , (5.5.14)

X0,(33) = δF3
(
CF3T3ng(2 +N2)XmixG + CF3CA3Xdiag + C2

F3Xdiag

)
, (5.5.15)

X0,(34) = 0 , (5.5.16)

X0,(44) = δFHXsc-sc(N2 + 1)n2h . (5.5.17)
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We will see that this or a similar general form of the SFTX coefficients can be obtained
for all results in this chapter.

For the fermionic vector currents, i.e., with X = vf , we find

Xlo = 1 , Xnlo =
1

8
− 3

4
Lµt , Xsc-mix = 0 , Xsc-sc = 0 , (5.5.18)

Xdiag = − 41

128
− 5

32
ζ2 +

1

2
log 2 +

1

4
log2 2 +

3

2
Li2(1/4) +

log 2

2
Lµt +

9

32
L2
µt , (5.5.19)

Xdiag = −763

384
− 5

32
ζ2 −

13

4
log 2 +

1

4
log2 2 +

27

8
log 3 +

21

16
Li2(1/4)

−
(

53

24
+

1

2
log 2

)
Lµt −

11

32
L2
µt , (5.5.20)

XmixG =
35

192
+

1

16
ζ2 +

5

24
Lµt +

1

16
L2
µt , XmixH =

65

384
+

1

32
ζ2 +

1

6
Lµt +

1

32
L2
µt .

(5.5.21)

We obtain the flowed field renormalization constant from requiring that vf (t) be finite.
We can then infer the anomalous dimension γf through Eq. (5.5.1). It can be expanded
as

γf =

4∑
i=1

γfi ai +
4∑

i,j=1

γfijaiaj + O(a3k) . (5.5.22)

The coefficients of the anomalous dimension take the same form as the general coefficient
X(t) in Eq. (5.5.7), i.e., we can set γfi = X0,i and γfij = X0,ij (and the logarithmic terms
vanish, of course) and obtain

Xlo = 0 , Xnlo =
3

4
, Xdiag = − 3

32
− 1

2
log 2 , XmixG = −11

48
, (5.5.23)

XmixH = −17

96
, Xdiag =

223

96
− 1

2
log 2 , Xsc-mix = Xsc-sc = 0 . (5.5.24)

Projecting this result onto scalar QCD (sQCD) (i.e., only taking the SU(N2) part of
our model with qL and ϕ and omitting all the other fields), we can compare our result
with Ref. [146] and find agreement. There, however, the flowed fermion renormalization
was determined from the finiteness of Kf (t), which as a VEV requires a 3-loop calcula-
tion for NNLO accuracy and thus only numerical results could be obtained at NNLO in
Ref. [146]. Analytical results in QCD have been obtained previously in Ref. [14] using
the non-renormalization property of the energy-momentum tensor, so only the contri-
bution of the scalar was not known analytically in Ref. [146]. Using the finiteness of
the vector current in order to determine the flowed fermion renormalization instead,
we obtain analytical results through NNLO here, allowing us to identify the numerical
coefficient in Eq. (3.18) in Ref. [146] as

0.1771 → 17

96
= 0.17708 . . . . (5.5.25)

Note that the last digit on the LHS has been rounded.

The conversion factors ζf for the ringed scheme can be obtained from the SFTX of
the flowed fermion kinetic operators given in Eq. (5.3.9). They are given by the VEV
normalized by its LO value,

ζf =

(
Kf

0

)
LO

Kf
0

=
1

K̂f
0

. (5.5.26)
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K̂f
0 has the same structure as X(t) in Eq. (5.5.7), so with K̂f

0 as X(t) we obtain

Xlo = 1 , Xnlo = log 2 +
3

4
log 3 − 3

3
Lµt , (5.5.27)

Xdiag = 0.4021 − 0.6975Lµt + 0.2812L2
µt , (5.5.28)

XmixG = 0.1225 − 0.02368Lµt + 0.06250L2
µt , (5.5.29)

XmixH = 0.02340 + 0.05065Lµt + 0.03125L2
µt , (5.5.30)

Xdiag = 1.487 − 0.5856Lµt − 0.3437L2
µt , (5.5.31)

Xsc-mix = 0 , Xsc-sc = 0 , (5.5.32)

where we displayed the logarithmic terms again for convenience although they can be
derived from Eq. (5.5.4). The precision estimated from pole cancellation is O(10−8) for
the above numerical coefficients.

Note that using the vector currents in order to derive the flowed field renormalization
constants allows us in principle to calculate these through N3LO numerically with the
methods currently available. However, the numbers of three-loop diagrams and the
corresponding integrals are large. For the most simple case, the electron vector current,
there are 78362 diagrams and 5989 scalar integrals which need to be evaluated. For
the most complicated case, the quark doublet vector current, there are already 693941
diagrams. We thus leave this calculation to future work.

5.6 Flowed scalar field renormalization

An analogue of the ringed scheme for the scalar field is provided by the definition

◦
Zϕ⟨ϕ†(t, x)ϕ(t, x)⟩ ≡ N2

32π2t
,

◦
Zϕ = ζϕZ

MS
ϕ . (5.6.1)

Note that for scalars we do not run into problems by using the scalar bilinear to define
the ringed scheme, while for fermions this would cause complications if the fermions
are massless (as in the model we consider in this chapter) since such a term would
break chiral symmetry. We can thus infer ζϕ from the VEV of the scalar bilinear (see
Eq. (5.3.9)) by

ζϕ = SLO
0 /S0 = 1/Ŝ0 . (5.6.2)

The logarithmic terms of Ŝ0 can be determined in the same way as the ones of the vector
currents in Eq. (5.5.4) since the unflowed operator 1 has no anomalous dimension. We
still display them for convenience, however. Note that due to the anomalous dimension
of the flowed scalar field vanishing at 1-loop order, the only logarithmic terms are linear
ones at NNLO. With Ŝ0 as X(t) in Eqs. (5.5.7) to (5.5.17), we find

Xlo = 1 , Xnlo = 1 + 2 log 2 , (5.6.3)

Xdiag = 2.481 + 0.5764Lµt , XmixG = −0.5425 − 0.3354Lµt , (5.6.4)

XmixH = −0.4551 − 0.1673Lµt , Xdiag = 4.267 + 1.194Lµt , (5.6.5)

Xsc-mix = 0 , Xsc-sc = −0.02539 − 0.007812Lµt . (5.6.6)

As a check, we compare this with the sQCD results obtained in Ref. [146] and find the
results to agree.

The numerical accuracy estimated from the cancellation of poles is O(10−4), which is
rather large. However, the coefficientXsc-sc which might be affected in its last digit agrees
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with the four significant digits given in Ref. [146] where the result has been computed
with higher accuracy.

For an analogue of the caron scheme, we can use the SFTX of the flowed Noether current,

jµϕ(t, x) = vϕ(t)jµϕ(x) + O(t) , (5.6.7)

and define

ϕ̌ = Ž
1/2
ϕ ϕ , Žϕ =

ZMS
ϕ

vϕ(t)
. (5.6.8)

vϕ has again the same structure as X(t) in Eqs. (5.5.7) to (5.5.17), and with vϕ as X(t)
we obtain

Xlo = 1 , Xnlo = 0 , (5.6.9)

Xdiag =
111

128
− 1

8
ζ2 +

13

2
log 2 − 7

8
log2 2 − 33

8
log 3 +

9

8
log 2 log 3

− 9

32
log2 3 +

3

2
Li2(1/4) +

(
11

4
log 2 − 3

32
− 9

8
log 3

)
Lµt , (5.6.10)

XmixG =
5

64
+

1

16
Lµt , XmixH =

7

128
+

1

32
Lµt , (5.6.11)

Xdiag = −231

256
− 1

8
ζ2 −

19

8
log 2 +

11

8
log2 2 +

21

16
log 3 − 9

8
log 2 log 3 , (5.6.12)

+
9

32
log2 3 +

9

32
Li2(1/4) +

(
− 65

64
− 7

4
log 2 +

9

8
log 3

)
Lµt , (5.6.13)

Xsc-mix = − 3

16
− 1

32
ζ2 +

9

32
Li2(1/4) , Xsc-sc = − 7

512
− 1

128
Lµt . (5.6.14)

As was the case for the fermions, the scalar field anomalous dimension behaves exactly
like the flowed fermion ones concerning the discussion after Eq. (5.5.22). Thus, with γϕ

as X, we obtain

Xlo = 0 , Xnlo = 0 , Xdiag =
3

32
− 11

4
log 2 +

9

8
log 3 , (5.6.15)

XmixG = − 1

16
, XmixH = − 1

32
, (5.6.16)

Xdiag =
65

64
+

7

4
log 2 − 9

8
log 3 , Xsc-mix = 0 , (5.6.17)

Xsc-sc =
1

128
, (5.6.18)

which agrees with the logarithmic terms in the result above. The numbers of diagrams
contributing to vϕ at NLO and NNLO are shown in Tab. 5.4.

5.7 Vacuum energy renormalization

In this section we consider the vacuum energy renormalization which is needed for the
renormalization of the matching coefficients with the dimension two scalar operators
m21 and ϕ†ϕ.

Let OB be some flowed operator which is a singlet under all symmetries of the theory
(so in our case S, H, B2, W 2, G2 or Kf ) and which is defined using bare flowed
fields and bare couplings. The renormalized flowed operator O is defined with the
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Quantity NLO NNLO

vu , vd 20 1536 (940)

vq 30 3085 (2061)

vl 20 1564 (968)

ve 10 498 (258)

vϕ 29 3267 (2423)

Table 5.4: Numbers of diagrams contributing to the SFTX of the
fermionic and scalar vector currents. We show the full number of dia-
grams as well as the number of diagrams which do not vanish due to
closed flow-line loops in parentheses.

corresponding renormalized flowed fields and renormalized couplings. Let us denote the
mass dimensions of these operators by

[OB(t, x)] = n− aϵ , [O(t, x)] = n− bϵ , (5.7.1)

where n, a and b are integers. For S, B2, W 2, G2 and Kf we have a = b = 2, while for
H we have a = 2 and b = 4 due to the presence of λB in HB. The bare SFTX is then
given by

OB(t, x) =
[
CB
0 (t) +m2

BC
B
m(t)

]
1 + CB

S (t)
[
ϕ†(x)ϕ(x)

]
B

+ . . . , (5.7.2)

where we have omitted the mixing with unflowed operators of mass dimension larger than
two. The coefficients CB

i (t) can have non-integer mass dimension. The renormalized
SFTX on the other hand is given by

O(t, x) =
[
C0(t) +m2Cm(t)

]
1µ−bϵ + CS(t)

[
ϕ†(x)ϕ(x)

]
R
µ(2−b)ϵ + . . . , (5.7.3)

where the renormalized coefficients are given by

C0(t) = ZOµ
aϵCB

0 (t) , CS(t) = ZO
µ(a−2)ϵ

Zm
CB
S (t) , (5.7.4)

Cm(t) = ZO

(
µaϵZmC

B
m(t) +

µ(a−2)ϵZ0

Zm
CB
S (t)

)
. (5.7.5)

Due to the factors µaϵ and µ(a−2)ϵ they are ensured to have integer mass dimension. ZO is
the product of flowed field and coupling renormalization constants needed to renormalize
OB (cf. Tab. 5.2), Zm is the scalar mass renormalization and Z0 is the vacuum energy
renormalization. The relations between the bare and renormalized coefficients can be
derived using the methods developed in Refs. [100, 101]. In particular, we used the fact
that the unflowed scalar bilinear operator S(x) renormalizes like the inverse squared
scalar mass.

Apart from an additional global factor 1/ϵ, Z0 has the same general form as the other
renormalization constants. The necessity of the extra divergent factor becomes clear if
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we consider the loop orders of the quantities in the above relation: Since Cm(t) is derived
from a VEV and CS(t) is derived from a two-point function, the loop order of Cm(t)
exceeds the one of CS(t) by one for fixed order in the couplings. Thus, higher poles can
appear in Cm(t) which require counter-terms of the same order, generated by the extra
1/ϵ in Z0.

For QCD, the vacuum energy renormalization has been first derived in [101] through
NLO (two-loop order) and is by now known through five-loop order [103]. We give it
through NNLO in Eq. (3.2.5). For the SM, however, we have not found any results in
the literature and thus derived Z0 through NNLO ourselves from the finiteness condition
on the coefficients Cm(t). The various operators for which we calculated this coefficient
provide a strong check of our calculation. Furthermore, this shows that the GFF can be
applied to derive unflowed renormalization constants in a rather straightforward way.

The anomalous dimension of the vacuum energy is given by

γ0 = (2γm−ϵ)Z0+

4∑
i=1

β(i)
∂Z0

∂ai
≡ N2nh

(4π)2

(
γ0,0+

4∑
i=1

γi0ai+

4∑
i,j=1

γij0 aiaj

)
+O(a3i ) . (5.7.6)

The equivalent formula for QCD has been derived in Ref. [101]. Note that there γm is
the anomalous dimension of the fermion mass. Since we only have a scalar mass, γm
comes with a factor 2 instead of 4 in our case.

The vacuum energy renormalization constant is given by

Z0 = −N2nh
(4π)2

1

ϵ

{
γ0,0 +

4∑
i=1

ai

(
γi0
2

+
γim
ϵ

)

+

4∑
i,j=1

aiaj

[
1

3
γij0 +

1

ϵ

(
1

3
γ{ij}m − 1

6

4∑
l=0

β
(l)
0,ijγ

l
0 +

1

6
γ{imγ

j}
0

)
1

ϵ2

(
1

3
γ{imγ

j}
m − 1

3

4∑
l=1

β
(l)
0,ijγ

l
m

)]}
+ O(a3i ) , (5.7.7)

where we have used the general form of the beta functions defined in Eq. (C.1.8) and
x{iyj} ≡ xiyj + xjyi denotes unnormalized symmetrization. We can check the above
formula by projecting it onto QCD. Due to our conventions for the sign of the anomalous
dimension of the mass and the fact that in our case the mass is that of a scalar, we can
reproduce the QCD formula for Z0 symbolically as given in Ref. [46] in the case of only
one coupling (a gauge one) and with the replacement γm → −2γm. Note, however, that
due to the different massive particles we cannot compare the numerical results for Z0 by
inserting the values of γm and γ0 since these are different in our model.

The normalized anomalous dimension γ0/γ
LO
0 has the same form as X(t) in Eqs. (5.5.7)

to (5.5.17), where we have to choose F = ϕ as the field. With γ0/γ
LO
0 as X(t) we thus

obtain

Xlo = 1 , Xnlo = 2 , (5.7.8)

Xdiag = 1.309 , XmixG = −0.5312 , (5.7.9)

XmixH = −0.6718 , Xdiag = 1.970 , (5.7.10)

Xsc-mix = 0 , Xsc-sc = 0.1875 . (5.7.11)
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5.8 Quartic scalar operator

In section 5.4 we have calculated the VEVs of the gauge boson action densities which
can be used to define the gauge couplings in a GFF scheme just like in flowed QCD.
In our model, however, there is the scalar self-coupling as well, for which we have not
defined a flowed version yet. We can define it to be the quantity H0(t), the vacuum
expectation value of the scalar self-coupling term which appears in the Lagrangian. The
renormalized quartic scalar VEV is obtained as described in section 5.7.

From the RG invariance of the bare version of this operator, we find the RGE

µ2
d

dµ2
logH0(t) = ϵ− 2γϕ +

β(4)

a4
, (5.8.1)

which we use as a check. We also compare β(4) found from our results through NLO
with the literature [152] and find agreement. The µ-dependence of H0(t) which per-
sists even in the ringed or caron scheme is a disadvantage compared to the flowed
gauge couplings since it prohibits a matching with lattice results. However, the quantity
Ĥ0(t) = H0(t)/a4 is RG invariant and given by

Ĥ0(t) =
N2(1 +N2)n

2
h

256π2

(
1 + 4.772 a2CF2 − 0.1834 a4nh − 4.772 a1y

2
h

)
+ O(a3i ) . (5.8.2)

This could be matched with a corresponding lattice evaluation of Ĥ0(t) in order to extract
the scalar self-coupling λ from lattice data. The above coefficients have a numerical
uncertainty of O(10−9) estimated from polce cancellation.

5.9 Remaining SFTX coefficients

With Z0 as obtained in the last section, we can renormalize all the remaining projections
of the Lorentz singlet flowed operators onto the dimension two operators.

The flowed fermion kinetic operators only start to mix with ϕ†(x)ϕ(x) at two-loop order
since due to the absence of Yukawa couplings in our model the fermions do not directly
couple to the scalar boson. Thus, the results are finite and free of logarithmic terms.
They are given by

Kf
1 (t) =

(
− 3

4
+5 log 2− 9

4
log 3

)
ng

(
a21y

2
hy

2
fN

δf2
2 N

δf3
3 +a22δ

f
2CF2N

δf3
3 T2

)
+O(a3i ) . (5.9.1)

Mixed terms ∼ a1a2 vanish due to the vanishing trace of the single SU(N2) generator in
the quark loop and the projector line.

The results for the mass terms of the VEV of the fermion kinetic operators are equally
simple due to the fact that the scalar is the only massive particle and thus the mass only
starts to contribute at three-loop order. The results are given by

Kf
m(t) = 0.006399N2nhng

(
a21y

2
hy

2
fN

δf2
2 N

δf3
c + a22δ

f
2N

δf3
c CF2T2

)
+ O(a3i ) , (5.9.2)

with a numerical uncertainty of O(10−7) estimated from pole cancellation.

Since the B and W bosons directly couple to the scalar, the mass starts to contribute
to the VEVs of their action densities already at two-loop order. We obtain

Bm(t) =
3a1N2nhy

2
h

32π2

{
(2 + Lµt) + a2CF2

(
3.393 + 1.999Lµt

)
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+ a1

((
− 3.393 − 1.999Lµt +

(
1.163 + 0.7782Lµt + 0.1666L2

µt

)
N2nh

)
y2h

+
(

1.658 + 1.221Lµt + 0.3333L2
µt

)
ngΣyf

)}
+ O(a3i ) , (5.9.3)

Wm(t) = −3a2N2CF2nh
32π2

{
(2 + Lµt) + a2

((
3.393 + 1.999Lµt

)
CF2

+
(
14.45 + 9.888Lµt + 1.833L2

µt

)
CA2 − T2

((
1.658 + 1.221Lµt + 0.3333L2

µt

+ (1.658 + 1.221Lµt + 0.3333L2
µt)N3

)
ng

+ (1.163 + 0.7782Lµt + 0.1666L2
µt)nh

))
− a1y

2
h

(
3.393 + 1.999Lµt

)}
+ O(a3i ) . (5.9.4)

The numerical uncertainty of the above results estimated from pole cancellation is
O(10−4) which might affect the last digit of the smallest numerical coefficients. Since the
gluon does not directly couple to the scalar, scalar mass effects in its action density VEV
must be mediated by a fermion loop. Thus, such contributions only start to contribute
at four-loop order and we have

Gm(t) = 0 + O(a3i ) . (5.9.5)

For the projection of the action densities onto the bilinear scalar operator we obtain

B1(t) =
3

2
y2ha1 + a21y

2
h

{(
9

4
+

9

8
Lµt +

(
2

3
+

1

4
Lµt

)
N2nh

)
y2h

+

(
5

6
+

1

2
Lµt

)
ngΣyf

}
− 9

4
a1a2y

2
hCF2

(
1 +

1

2
Lµt

)
+

3

8
a1a4y

2
hnh

(
1 +N2 +

1

2
(1 +N2)Lµt

)
+ O(a3i ) , (5.9.6)

W1(t) = −3

2
CF2a2 + a22CF2

{
− 28

3
CA2 +

9

4
CF2 +

2

3
T2nh +

5

6
T2(1 +N3)ng

+ Lµt

(
− 11

4
CA2 +

9

8
CF2 +

1

4
T2nh +

1

2
T2(1 +N3)ng

)}
− a1a2y

2
hCF2

(
9

4
+

9

8
Lµt

)
− a2a4CF2nh(1 +N2)

(
3

8
+

3

16
Lµt

)
+ O(a3i ) ,

G1(t) = 0 + O(a3i ) , (5.9.7)

where G1(t) vanishes through NNLO because the first diagrams contributing to it start
to appear at three-loop order.

The projection of the scalar bilinear operator onto itself takes the form

S1 = Xlo +
(
− y2ha1 + CF2a2

)
Xnlo + nh(1 +N2)a4Xnlo4

+ a21

(
y4hXdiag + y2hngXmixGΣyf + nhN2y

4
hXmixH

)
− 2a1a2y

2
hCF2Xdiag − y2hnh(1 +N2)a1a4Xsc-mix

+ a22

(
CF2T2

(
(1 +N2)ngXmixG + nhXmixH

)
+ CF2CA2Xdiag + C2

F2Xdiag

)
+ a2a4CF2nh(1 +N2)Xsc-mix + a24(N2 + 1)n2hXsc-sc , (5.9.8)
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which differs from Eq. (5.5.7) by some extra factors (N2 + 1) and the appearance of a4
at NLO. The factors are given by

Xlo = 1 , Xnlo = −1

4
(1 + 3Lµt) , Xnlo4 =

1

8
(1 + Lµt) , (5.9.9)

Xdiag = − 9

32
− 5

32
ζ2 +

43

8
log 2 − 7

8
log2 2 − 39

16
log 3 +

9

8
log 2 log 3

− 9

32
log2 3 +

15

8
Li2(1/4) +

[
− 1

8
+

11

4
log 2 − 9

8
log 3

]
Lµt +

3

32
L2
µt ,

(5.9.10)

Xdiag = −397

192
− 7

64
ζ2 −

47

8
log 2 +

11

8
log2 2 +

75

16
log 3 − 9

8
log 2 log 3 +

9

32
log2 3

+
3

4
Li2(1/4) +

[
− 91

48
− 7

4
log 2 +

9

8
log 3

]
Lµt −

19

64
L2
µt , (5.9.11)

XmixG =
5

24
(1 + Lµt) +

1

16
(ζ2 + L2

µt) , (5.9.12)

XmixH = −55

96
− 1

32
ζ2 +

11

3
log 2 − 3

2
log 3 +

7

8
Li2(1/4) +

5

12
Lµt −

5

32
L2
µt , (5.9.13)

Xsc-mix =
1

2
+

5

8
log 2 − 9

16
log 3 − 3

8
Li2(1/4) +

5

16
Lµt , (5.9.14)

Xsc-sc = − 15

128
− 3

128
ζ2 −

3

32
Lµt −

3

128
L2
µt . (5.9.15)

The normalized projection Sm/S
(0)
m of the scalar bilinear onto m2, where we define

S(0)
m =

N2nh
(4π)2

, (5.9.16)

takes the same form as S1 in Eq. (5.9.8), with

Xlo = 1 + Lµt , Xnlo = 4 + 5 log 2 − 9

2
log 3 − 3Li2(1/4) +

5

2
Lµt , (5.9.17)

Xnlo4 = 0 , (5.9.18)

Xdiag = 1.678 + 3.626Lµt + 0.6702L2
µt + 0.03125L3

µt , (5.9.19)

Xdiag = 3.820 + 2.472Lµt + 0.08539L2
µt − 0.09895L3

µt , (5.9.20)

XmixG = −1.219 − 0.5482Lµt − 0.1250L2
µt + 0.02083L3

µt , (5.9.21)

XmixH = −1.164 − 1.019Lµt − 0.2499L2
µt − 0.05208L3

µt , (5.9.22)

Xsc-mix = 0 , (5.9.23)

Xsc-sc = −0.1270 − 0.1127Lµt − 0.03125L2
µt − 0.007812L3

µt , (5.9.24)

where we have given four significant digits. For the the smallest coefficients, the last digit
might be inaccurate, however, estimated from the cancellation of the poles which is only
accurate through O(10−5) for Xsc−sc and through O(10−4) for the other coefficients. The
actual uncertainty might be lower that this, however, so we also display digits affected
by the pole cancellation uncertainty.

The projection H1(t) of the quartic scalar interaction term onto the scalar bilinear is
given by

H1(t) = − 1

16
a4(N2 + 1)nh −

1

64
a4

(
a2CF2 − a1y

2
h

)
(N2 + 1)nh(3 + 8 log 2 − 3Lµt)
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+
1

128
a24(N2 + 1)n2h

(
24 log 2 − 12 log 3 − (N2 + 1)(1 + Lµt)

)
+ O(a3i ) .

(5.9.25)

For the mass term, we obtain

Hm(t) = −
a4n

2
h

256π2
N2(1 +N2)

{
(1 + Lµt) +

(
a2CF2 − a1y

2
h

)(
4.105 + 4.886Lµt

)
− a4nh(1 +N2)

(
0.5761 + 0.4315Lµt

)}
. (5.9.26)

with an uncertainty of O(10−5) for the numerical coefficients, estimated from the can-
cellation of the poles.



Chapter 6

Conclusion

In this thesis, we applied the perturbative Gradient Flow formalism in QCD to the quark
chromomagnetic dipole operator and the chiral anomaly. Furthermore, we developed an
extension of the GFF to the flavor-conserving SM in the unbroken phase.

Using established methods for perturbative calculations in flowed QCD, we found that in
the case of the CMDM operator we had to extend the basis of operators to include both
operators which vanish by equations of motion as well as gauge-variant operators. This
enabled us to extend the known NNLO results for the SFTX of the CMDM operator
in the massless case presented in Ref. [98] and the NLO results in massive QCD [24] to
NNLO with massive quarks. As a by-product, we found the dimension-five renormal-
ization matrix of physical effective operators in QCD. Our results provide a significant
step towards determining the SFTX of the CEDM which can then be combined with
lattice data to increase the precision of the nEDM predictions from lattice simulations as
required by the increased precision of upcoming experiments. Our results also show that
the GFF can be successfully applied to effective operators at higher mass dimensions as
is required for possible future applications in SMEFT renormalization.

We then studied the effect of the Gradient Flow on the operators appearing in the
Adler-Bell-Jackiw anomaly in QCD. While we verified the topological charge density
itself being independent of the flow time through NNLO up to total derivative terms
which vanish when integrated, its mixing with the divergence of the singlet axial current
is non-trivial. We derived a flowed version of the anomaly relation and considered the
effect of the flow on the conditions in the NNT, finding that it breaks one-loop exactness
by generating higher-order contributions to the flowed anomaly. While these additional
terms can be removed by a t-dependent finite renormalization, the GFF still relies on
dimensional regularization of IR divergencies. Thus, even when reproducing the correct
anomaly relation, it still breaks chiral symmetry.

Furthermore, we developed a Gradient Flow formalism for a flavor-conserving version
of the SM in the unbroken phase, the main new features being the presence of multiple
gauge groups as well as a scalar field. We defined minimal flow equations respecting the
symmetries of this modification of the SM and implemented them into our established
setup used for perturbative calculations in flowed QCD. We calculated the renormaliza-
tion constants of the fermion fields and the scalar through NNLO in all couplings and
checked that in the case of multiple gauge groups the flowed gauge bosons do not require
additional renormalization. We suggested a new scheme to define RG invariant flowed
fermion and scalar fields by normalizing them with the SFTX matching coefficients of
the flowed vector currents and calculated several quantities in order to check the validity
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of our setup and the consistency of our results. Among these quantities were the vac-
uum expectation values of quark kinetic operators, the gauge boson action densities, the
scalar bilinear and the scalar self-interaction term. In order to renormalize these, the
vacuum energy renormalization of the flavor-conserving SM is required which we were
able to derive from our results through NNLO. The flowed SM may provide a viable
alternative for existing methods used to renormalize SMEFT operators through NNLO
and could be used in future lattice simulations of the SM.



Appendix A

Conventions

A.1 Group theory

Conventions for QCD

We define the SU(N) Lie algebra for all groups considered in this thesis by

[ta, tb] = fabctc , (A.1.1)

where the structure constant is assumed to be real and equal to the one in the more
common convention (here denoted with a hat) which has

[t̂a, t̂b] = ifabct̂c . (A.1.2)

The conventions are related by ta = it̂a, implying that the ta are anti-hermitian. Our
results will depend on the group invariants: CF and CA are the quadratic Casimir
operators in the fundamental and adjoint representation, respectively, while Nc and NA

are the dimensions of these representations. TR is the trace normalization factor. The
group invariants are implicitly defined by

taijt
a
jk = −CFδik , fabcfacd = CAδ

bd (A.1.3)

tr
(
tatb
)

= −TRδab , δii = Nc , δaa = NA , (A.1.4)

implying the relations

NA = N2
c − 1 , CF =

TRNA

Nc
= TR

N2
c − 1

Nc
, CA = 2TRNc . (A.1.5)

Note that the number of group factors in a term corresponds to the loop order.

Conventions for the flavor-symmetric version of the SM

Since the ta in our QCD convention are anti-hermitian and traceless, they appear in
group transformations as eu

ata ∈ SU(N). We adapt this convention for the two non-
abelian groups SU(N2) and SU(N3) in our simplified version of the SM. This implies
that we can effectively replace SU(N) by U(1) by setting ta = i, with only one generator.
This implies NA = 1 and CA = 0 as well as

TR = 1 , CF = 1 , Nc = 1 , (A.1.6)
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and
Dµ = ∂µ + gAaµt

a → ∂µ + igAµ . (A.1.7)

Thus, if we define the covariant derivative as in Eq. (5.1.2) (i.e., without the factor i),
then g1 must be imaginary. This is because U(1)iα with α ∈ R and the term proportional
to g1 in the covariant derivative has to cancel the imaginary contribution i∂µα from the
gauge transformation. Thus, in our results we have a1 ∼ g21 < 0 and we obtain SM or
QED results in the usual conventions only after the replacement a1 → −a1.

Regarding the non-abelian groups, we denote the SU(N2) generators by τ i and the
SU(N3) generators by ta. They obey the commutation relations

[τ i, τ j ] = f ijk2 τk , [ta, tb] = fabc3 tc , [τ i, ta] = 0 . (A.1.8)

We denote the group invariants by an additional index 2 for SU(N2) and 3 for SU(N3)
invariants. Thus, for SU(N2) the Casimir operators are CF2 (fundamental) and CA2

(adjoint), while the dimensions of the representations are N2 (fundamental) and NA2

(adjoint). For SU(N3) the Casimir operators are CF3 (fundamental) and CA3 (adjoint),
while the dimensions are N3 (fundamental) and NA3 (adjoint). The relations among the
invariants stated above for QCD apply to both SU(N2) and SU(N3) in the same form.

Since we use general group factors for SU(N2) and SU(N3), we can do cross-checks
by mapping the gauge groups onto each other as depicted in Fig. A.1. For mixed
SU(N2)⊗SU(N3) results, we can check symmetry in exchanging the gauge groups.

SU(N2) SU(N3)

U(1)

Figure A.1: Group mapping cross-checks for parts of the results
obtained in the flavor-symmetric version of the SM.

Note that these symmetries do not apply to all results since the fermions and the scalar
transforming in the fundamental representation are not symmetric with respect to swap-
ping the gauge groups. In particular, the scalar does not couple to SU(N3). This also
implies that we obtain the already known results for scalar QCD [146] not from the
actual QCD sector of the flavor-symmetric SM, but from the electroweak sector, and we
have to map SU(N2)→SU(3). Furthermore, we cannot reconstruct SU(N) results from
U(1) since the invariant group factors become trivial for abelian groups.

A.2 Dirac algebra

In Euclidean space, the Dirac matrices γµ are hermitian,

(γµ)† = γµ , (A.2.1)

and satisfy the anticommutation relation

{γµ, γν} = 2δµν , (A.2.2)
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implying (γµ)2 = 1 ∀µ . The fifth Dirac matrix in four dimensions, defined by

γ5 = γ1γ2γ3γ4 =
1

4!
ϵµνρσγµγνγργσ , (A.2.3)

is hermitian as well, anticommutes with the other four Dirac matrices and satisfies the
important properties

(γ5)
2 = 1 , tr(γ5) = 0 . (A.2.4)

Its generalization to d = 4−2ϵ dimensions depends on the scheme chosen and is discussed
in more detail in chapter 4.1.

The spin generators which appear in the definition of the CMDM operator are given by

σµν =
i

2
[γµ, γν ] . (A.2.5)





Appendix B

QCD renormalization

We define the d-dimensional QCD beta function β through

µ2
d

dµ2
as(µ) ≡ as(µ)β(as(µ)) , (B.0.1)

where as = g/(4π2). It is expanded in the coupling as

β(as) = −ϵ−
∞∑
n=0

an+1
s βn . (B.0.2)

The coupling is renormalized in the MS scheme by

aBs = µ2ϵZsas , (B.0.3)

where

Zs = 1 − as
β0
ϵ

+ a2s

(
β20
ϵ2

− β1
2ϵ

)
+ O(a3s) , (B.0.4)

with

β0 =
1

4

(
11

3
CA − 4

3
nfTR

)
, β1 =

1

16

(
34

3
C2
A − 4CFTRnf −

20

3
CATRnf

)
. (B.0.5)

The fermion mass is renormalized by

mB = Zm , (B.0.6)

where
Zm = 1 − as

γm,0
ϵ

+ a2s

[γm,0
2ϵ2

(γm,0 + β0) −
γm,1
2ϵ

]
+ O(a3s) . (B.0.7)

Its anomalous dimension is defined by

γm ≡ −asβ(as)
∂

∂as
logZm ≡ −

∞∑
n=0

an+1
s γm,n , (B.0.8)

with

γm,0 =
3

4
CF , γm,1 =

3

32
C2
F +

97

96
CACF − 5

24
CFTRnf . (B.0.9)
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Flowed Standard Model

C.1 Coupling renormalization

The bare couplings in Eq. (5.1.7) can be written in the MS scheme as

aBi = µ2ϵaBi (C.1.1)

with

aBi = ai +

∞∑
n=2

4∑
i1,...,in=1

z
(i)
i1...in

ai1 . . . ain , (C.1.2)

where the dependence of the ai on the MS renormalization scale µ is not written explic-
itly. For the gauge couplings, Eq. (C.1.2) simplifies to

aBi = Ziai , i ∈ {1, 2, 3} , (C.1.3)

but the scalar self-coupling a4 renormalizes non-multiplicatively. For this reason we
choose a convention for the definition of the beta functions different from QCD: The
dependence of the couplings on µ is governed by the RG equation

β⃗ ≡
(
β(1), . . . , β(i)

)
≡ µ2

d

dµ2
a⃗ , (C.1.4)

where a⃗ = (a1, a2, a3, a4). From the RG invariance of a⃗B, one obtains the beta functions
expressed in terms of the bare couplings,

β⃗ = −ϵN · a⃗B , where (N−1)ij ≡
∂aBi
∂aj

. (C.1.5)

Through NNLO, the gauge coupling beta functions do not depend on a4. We can thus
write them as

β(i) = −ϵai − a2iβ
(i)
0 − a2i

3∑
j=1

β
(i)
1,jaj + O(a4i ) , (i < 4) . (C.1.6)

The beta function of the scalar self-coupling does depend on all couplings and can be
written as

β(4) = −ϵa4 −
4∑

j,k=1

β
(4)
0,jkajak −

4∑
j,k,l=1

β
(4)
1,jklajakal + O(a4i ) . (C.1.7)
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For compactness of notation, we might want to write the beta functions of all couplings
in a formally equal form. We thus write them generally as

β(i) = −ϵai −
4∑

j,k=1

β
(i)
0,jkajak −

4∑
j,k,l=1

β
(i)
1,jklajakal + O(a4i ) , (C.1.8)

which directly turns into the scalar self-coupling beta function for i = 4. For i < 4 we
identify

β
(i)
0,jk = δijδikβ

(i)
0 , β

(i)
1,jkl = δijδikβ

(i)
1,l , (C.1.9)

where no summation over multiple indices is implied. Note that the coefficient multi-
plying a monomial of couplings in some perturbative result X is not directly related to
an element of the coefficient tensor xi1...in appearing in the perturbative expansion

X =
∞∑
n=0

∑
i1,...,in

xi1...inai1 . . . ain (C.1.10)

since the coefficient tensor is contracted with a symmetric product of couplings. We
correct for this by always giving as results the unnormalized sum over all permutations
of different coupling indices, i.e.,

x(i1...in) =
1

m1! . . .mk!

∑
π∈Sn

xπ(i1)...π(in) , (C.1.11)

where π ∈ Sn is an element of the symmetric group of order n and the mk are the multi-
plicities of indices ik appearing more then once. For example, the coefficient multiplying
a21a4 in β(4) is given by

−β(4)1,(114) = −
(
β
(4)
1,114 + β

(4)
1,141 + β

(4)
1,411

)
= −3!

2!
β
(4)
1,114 , (C.1.12)

where the last equality holds if β
(4)
1,ijk is symmetric. Since it is always contracted with

a symmetric coupling tensor, we always choose the coefficient tensors to be symmetric,
too.

In terms of the beta functions, the renormalization constants of the gauge couplings are
given by

Zi = 1 − ai
β
(i)
0

ϵ
+ a2i

(
β
(i)
0

)2
ϵ2

− ai

3∑
j=1

aj
β
(i)
1,j

2ϵ
+ O(a3k) . (C.1.13)

For these, we have the relation

µ2
d

dµ2
logZi = −β

(i)

ai

∣∣∣∣∣
ϵ=0

. (C.1.14)

The numerical values of the beta function coefficients are the same as in QCD or scalar
QCD through NNLO, with appropriate replacements of the group factors for SU(N2)
and SU(N3) and the numbers of fermions and scalars.

The bare scalar self-coupling is given by

aB4 = a4 +
4∑

i,j=1

aiaj
β
(4)
0,ij

ϵ
+

4∑
ijk=1

aiajak

(
−
β
(4)
2,ij

2ϵ

)
, (C.1.15)



C.2. ANOMALOUS DIMENSIONS 87

and the coefficients of the beta function through NLO are given by

β
(4)
(11) = −

3y4h
4

1 +N2nh
nh(1 +N2)

, β
(4)
(12) =

3y2hCF2

2(1 +N2)nh
, (C.1.16)

β
(4)
(13) = 0 , β

(4)
(14) =

3y2h
2
, (C.1.17)

β
(4)
(22) =

3(CA2CF2 − 4C2
F2 − 4CF2TRnh)

16(1 +N2)nh
, β

(4)
(23) = 0 , (C.1.18)

β
(4)
(24) = −3CF2

2
, β

(4)
(33) = β

(4)
(34) = 0 , (C.1.19)

β
(4)
(44) = −4 +N2

2
nh . (C.1.20)

Note that higher orders do not contribute to any results we calculated and that the
variable nh indicates the presence of scalar loops and does not directly correspond an
actual number of degenerate scalar fields (cf. the discussion below (C.3.24)).

C.2 Anomalous dimensions

We consider a quantity AB = ZAA which we expand as

A = 1 +

2∑
n=1

n∑
l=0

4∑
i1,...,in=1

Al,i1...inai1 . . . ainL
l
µt + O(a3i ) . (C.2.1)

The anomalous dimension of A is then

γ ≡ −µ2d logZ

dµ2
= −

4∑
i=1

β(i)
∂ logZ

∂ai
, (C.2.2)

where we expand γ as

γ =
4∑
i=1

γiai +
∑
ij

γijaiaj + O(a3i ) . (C.2.3)

Then, Z can be expressed in terms of γ by

Z = 1 +

4∑
i=1

ai
γi
ϵ

+

4∑
i,j=1

aiaj

[
γij
2ϵ

+
1

ϵ2

(
γiγj −

4∑
l=1

β
(l)
0,ijγl

)]
+ O(a3k) (C.2.4)

and the logarithmic terms of A are given by

A1,j = −γj , (C.2.5)

A1,jk = −γjk −
1

2
(A0jγk +A0kγj) +

4∑
l=1

β
(l)
0,jkA0l , (C.2.6)

A2,jk =
1

2

[
γjγk −

4∑
l=1

β
(l)
0,jkγl

]
. (C.2.7)
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C.3 Feynman rules

We give the full set of Feynman rules for our flavor-symmetric version of the flowed SM.
The rules for QCD can be derived from these by considering only the QCD sector.

The propagators and flow-lines for gauge bosons X ∈ {B,W,G}, fermions and the scalar
are given by

=
δab

p2

[(
δµν −

pµpν
p2

)
e−(t+s)p

2
+ ξX

pµpν
p2

e−κX(t+s)p2
]
, (C.3.1)

= δabθ(t− s)

[(
δµν −

pµpν
p2

)
e−(t−s)p

2
+
pµpν
p2

e−κX(t−s)p2
]
, (C.3.2)

= δij
−i/p+mB

p2 +m2
B

e−(t+s)p
2
, (C.3.3)

= δijθ(t− s)e−(t−s)p
2
, (C.3.4)

= δij
1

p2 +m2
e−(t+s)p

2
, (C.3.5)

= δijθ(t− s)e−(t−s)p
2
, (C.3.6)

where for the gauge bosons the respective gauge group indices a and b have to be used
(and δab → 1 for the B-boson). The indices i, j for the scalar and fermion propagators
and flow-lines represent all fundamental internal group indices of the corresponding fields,
i.e., i = (i2, i3) with i2 a SU(N2) and i3 a SU(N3) index for the quark doublet. For the
electron, which has no indices, set δij → 1. For all vertices we assume the momenta to
be outgoing. The pure gauge vertices are given by

= igBf
a1a2a3

(
δµ1µ2(p1 − p2)µ3 + δµ2µ3(p2 − p3)µ1

+ δµ3µ1(p3 − p1)µ2
)
, (C.3.7)
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= −igBf
µ1µ2µ3

∫ ∞
0

ds
(
δµ2µ3(p3 − p2)µ1 + 2δµ1µ2(p2)µ3

− 2δµ1µ3(p3)µ2 + (κX − 1)
(
δµ1µ3(p2)µ2 − δµ1µ2(p3)µ3

))
(C.3.8)

= −g2B
(
fa1a2efa3a3e

(
δµ1µ3δµ2µ4 − δµ1µ4δµ2µ3

)
+ fa1a3efa2a4e

(
δµ1µ2δµ3µ4 − δµ1µ4δµ2µ3

)
+ fa1a4efa2a3e

(
δµ1µ2δµ3µ4 − δµ1µ3δµ2µ4

))
(C.3.9)

= −g2B
∫ ∞
0

ds
(
fa1a2efa3a3e

(
δµ1µ3δµ2µ4 − δµ1µ4δµ2µ3

)
+ fa1a3efa2a4e

(
δµ1µ2δµ3µ4 − δµ1µ4δµ2µ3

)
+ fa1a4efa2a3e

(
δµ1µ2δµ3µ4 − δµ1µ3δµ2µ4

))
(C.3.10)

There are no pure gauge vertices with mixed gauge bosons since the gauge bosons are
not charged with respect to the other groups. For the B-boson, no self-interactions exist
(since for U(1) we have fabc = 0 due to commutativity).

The four-boson rules (C.3.9) and (C.3.10) can cause some complications since they do
not factorize into external and internal group factors. With previous setups, this prob-
lem was solved by introducing so-called σ-particles [36] which do not propagate, but
only decompose the four-boson vertex into three three-boson subdiagrams (s-, t- and
u-channel like). A disadvantage of this approach is that the number of diagrams is arti-
ficially enlarged. An improvement of the setup [83], simplified further by the replacement
of q2e [79, 80] by tapir [78], allowed us to factorize the four-boson vertex using tensor
structures which are only contracted after the combination of internal group factors and
the Lorentz part of the calculation, whereby only the products in (C.3.9) survive.

The vertices connecting one gauge boson to a fermion or scalar field are given by

= gBX(T aXX )if̄ ifγ
µXPf , (C.3.11)

= igBXT
aX
if̄ if

Pf

∫ ∞
0

ds
[
2pµXf + (1 − κX)pµXX

]
, (C.3.12)
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= −igBXT
aX
if̄ if

Pf̄

∫ ∞
0

ds
[
2pµXf + (1 − κX)pµXX

]
, (C.3.13)

= igBXT
aX
i
ϕ† iϕ

(
pϕ − pϕ†

)
µX

, (C.3.14)

= igBXT
aX
i
ϕ† iϕ

∫ ∞
0

ds
[
2pµXϕ + (1 − κX)pµXX

]
, (C.3.15)

= −igBXT
aX
i
ϕ† iϕ

∫ ∞
0

ds
[
2pµXϕ + (1 − κX)pµXX

]
, (C.3.16)

where Pf is the chiral projector corresponding to the chirality of the fermion, e.g.,
Pu = PR and Pq = PL. The respective opposite projector corresponding to the anti-
fermion is denoted as Pf̄ . The generator T is to be understood as a tensor product of unit
matrices and the generator corresponding to the gauge boson coupling to the scalar or
fermion field (including factors of the hypercharge if X is the B-boson). The fundamental
indices of the group corresponding to X get attributed to the corresponding generator
while any other fundamental group indices form Kronecker deltas. For example, if in
Eq. (C.3.11) the fermion is a quark doublet with color and electroweak indices if̄ = (i, I),
if = (j, J) and the boson is a gluon, then the rule is

gBX(T aXX )if̄ ifγ
µ = gB3 t

a
ijδIJγ

µ , (C.3.17)

where a and i, j are the SU(N3) indices of the adjoint and fundamental representation,
respectively, and I, J are the indices of the fundamental representation of SU(N2). But
if the boson is a B boson, then the rule is

gBX(T aXX )if̄ ifγ
µ = gB1 yqδijδIJγ

µ . (C.3.18)

Note that the flowed rules for the fermion and the scalar are identical up to the presence of
a chiral projector in the fermion vertices since we chose the corresponding flow equations
to be formally identical. In non-minimal flows there would appear more complicated
Dirac structures in the fermion vertices.

For the vertices connecting two gauge bosons and two fermion or scalar fields we obtain

= gBXg
B
Y PfδµXµY

{
taXX , taYY

}
if̄ if

∫ ∞
0

ds , (C.3.19)
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= gBXg
B
Y Pf̄δµXµY

{
taXX , taYY

}
if̄ if

∫ ∞
0

ds , (C.3.20)

= gBXg
B
Y δµXµY

{
taXX , taYY

}
i
ϕ† iϕ

, (C.3.21)

= gBXg
B
Y δµXµY

{
taXX , taYY

}
i
ϕ† iϕ

∫ ∞
0

ds , (C.3.22)

= gBXg
B
Y δµXµY

{
taXX , taYY

}
i
ϕ† iϕ

∫ ∞
0

ds . (C.3.23)

The anticommutator reduces to 2taXX taYY if the gauge bosons are different and the fun-
damental indices are then distributed over their corresponding generators. If the bosons
are equal, the pair of fundamental indices corresponding to the group of the gauge boson
is attributed to the corresponding anticommutator of generators while the rest of the
indices form Kronecker deltas as before. Note that for the fermion vertices, the diagrams
where the flow-line has the same or opposite direction as the fermion line differ only in
the chiral projector. For the scalars, the vertices are the same.

The scalar self-interaction vertex is given by

=
1

2
λB
(
δijδkl + δilδjk

)
, (C.3.24)

where i, j, k, l are the fundamental SU(N2) indices. Note that since we assume only one
scalar particle to exist in the model, there is no Kronecker delta combination of flavor
indices as there is for the SU(N2) indices. If we would assume multiple flavors of scalar
particles, such an additional flavor structure would appear. Also note, as explained in
section 5.1, that nh only serves as an indicator for scalar loops and does not represent
an actual number of flavors. Otherwise, depending on the diagram structure, we would
have to replace, e.g., nh → nh + 1 (for a four-scalar vertex where two legs close to a
loop) or n2h → nh(nh + 1) (if both pairs of legs form loops). Setting nh = 1 recovers the
correct flavor-conserving SM results.
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List of Acronyms

QCD quantum chromodynamics

GFF Gradient Flow formalism

IBP integration by parts

EOM equations of motion

BRST Becchi-Rouet-Stora-Tyutin

SM Standard Model

SFTX short-flow-time expansion

LO leading order

NLO next-to-leading order

NNLO next-to-next-to-leading order

UV ultraviolet

IR infrared

SMEFT Standard Model effective field theory

VEV vacuum expectation value

RG renormalization group

MS minimal subtraction

nEDM neutron electric dipole moment

BSM beyond the Standard Model

CEDM quark chromoelectric dipole moment

CMDM quark chromomagnetic dipole moment

RHS right-hand side

LHS left-hand side

RGE renormalization group equation

NNT Nielsen-Ninomiya theorem

NDR naive dimensional regularization

HV ’t Hooft-Veltmann

MS modified minimal subtraction
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[54] P. Maierhöfer and J. Usovitsch. “Kira 1.2 Release Notes”. In: (Dec. 2018). arXiv:
1812.01491 [hep-ph].

[55] J. Klappert et al. “Integral reduction with Kira 2.0 and finite field methods”. In:
Comput. Phys. Commun. 266 (2021), p. 108024. doi: 10.1016/j.cpc.2021.108
024. arXiv: 2008.06494 [hep-ph].

[56] J. Klappert and F. Lange. “Reconstructing rational functions with FireFly”. In:
Comput. Phys. Commun. 247 (2020), p. 106951. doi: 10.1016/j.cpc.2019.106
951. arXiv: 1904.00009 [cs.SC].

[57] J. Klappert, S. Y. Klein, and F. Lange. “Interpolation of dense and sparse rational
functions and other improvements in FireFly”. In: Comput. Phys. Commun. 264
(2021), p. 107968. doi: 10.1016/j.cpc.2021.107968. arXiv: 2004.01463

[cs.MS].
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[99] Ò. L. Crosas et al. “One-loop matching of the CP-odd three-gluon operator to
the gradient flow”. In: Phys. Lett. B 847 (2023), p. 138301. doi: 10.1016/j.phy
sletb.2023.138301. arXiv: 2308.16221 [hep-lat].

[100] V. P. Spiridonov. “Anomalous Dimension of G2
µν and β Function”. Report. No.

IYaI-P-0378 (1984).

[101] V. P. Spiridonov and K. G. Chetyrkin. “Nonleading mass corrections and renor-
malization of the operators mψ̄ψ and G2

µν”. In: Sov. J. Nucl. Phys. 47 (1988),
pp. 522–527.
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