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ARTICLE INFO ABSTRACT

Keywords: Physics-informed neural networks have been widely applied to solid mechanics problems. However, balancing
Physics-informed neural network the governing partial differential equations and boundary conditions remains challenging, particularly in
Crack propagation fracture mechanics, where accurate predictions strongly depend on refined sampling near crack tips. To

Fracture mechanics
Kolosov-Muskhelishvili potential
Transfer learning

Williams enrichment

overcome these limitations, a Kolosov—Muskhelishvili informed neural network with Williams enrichment is
developed in this study. Benefiting from the holomorphic representation, the governing equations are satisfied
by construction, and only boundary points are required for training. Across a series of benchmark problems,
the Kolosov—Muskhelishvili informed neural network shows excellent agreement with analytical and finite
element method references, achieving average relative errors below 1% and R? above 0.99 for both mode I
and mode II loadings. Furthermore, three crack propagation criteria (maximum tangential stress, maximum
energy release rate, and principle of local symmetry) are integrated into the framework using a transfer learning
strategy to predict crack propagation directions. The predicted paths are nearly identical across all criteria,
and the transfer learning strategy reduces the required training time by more than 70%. Overall, the developed
framework provides a unified, mesh-free, and physically consistent approach for accurate and efficient crack
propagation analysis.

1. Introduction With growing computational resources, machine learning (ML) and
deep learning (DL) have shown strong potential for PDE-governed

Fracture mechanics in engineering components and materials has solid mechanics [14-16]. They have been applied to surrogate mod-
been a critical research area in solid mechanics for decades [1]. Ow- eling of constitutive behavior [17,18], fatigue life prediction [19-
ing to the lack of closed-form analytical solutions for complex crack 21], microstructure reconstruction [22,23], discovery of closed-form
problems, numerical methods have become the predominant approach. surrogates via symbolic regression [24,25], and identification of un-

The finite element method (FEM) [2-5], phase-field methods (PFM) [6,
71, and peridynamics (PD) [8,9], among others [10,11], are well-
established tools for modeling crack initiation and propagation, and
have achieved remarkable success across application domains [12].
These approaches solve the governing partial differential equations
(PDEs) for equilibrium and kinematics, coupled with constitutive mod-
els. Nonetheless, mesh-objective predictions for crack paths and en-
ergy release rates remain challenging: near-tip singularities often re-
quire specialized elements or strong local refinement in FEM; phase- > A o o
field formulations introduce an internal length scale that interacts tion, PINNs have been applied to elasticity [39,40], plasticity [41,42],

with the mesh; and PD solutions depend on the discretization horizon damage [43], and fatigue [44-47]. In fracture mechanics, two main
interplay [13]. formulations have emerged: (i) energy-based approaches that minimize

known material parameters [26-28]. However, ML/DL methods are
intrinsically data-driven and typically demand sizable, high-quality
datasets [29]. Although small-data strategies exist [30-32], sparse and
noisy data can severely degrade performance and limit applicabil-
ity [33-371.

Physics-informed neural networks (PINNs) [38] address data
scarcity by embedding physics through loss terms that penalize the
governing PDE residuals and boundary conditions. Since their introduc-
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a variational functional, and (ii) PDE-based approaches that penalize
field equations and boundary data. Representative energy-based studies
include the variational PINN for phase-field brittle fracture by Goswami
et al. [48], a physics-informed variational DeepONet for crack-path
prediction [49], and an energy-minimization loss for quasi brittle
crack growth under complex loading [50]. While such approaches
mitigate the need to explicitly resolve displacement jumps [51], ac-
curate recovery of stress intensity factors (SIFs) and T-stress remains
challenging [52,53], and high-accuracy volume quadrature with strong
tip refinement is typically required. On the PDE side, Gu et al. [54]
enriched PINNs with Williams’ functions to better capture near-tip
singular fields, with extensions to fatigue growth [55] and bimaterial
cracks [56]. Beyond PINNs, Wang et al. [57,58] developed improved
back propagation neural networks for fracture by combining crack-
tip enrichment with an optimized parameter selection strategy, which
enhanced convergence, accuracy, and crack-growth prediction under
limited data. Alternatively, PINNs based on holomorphic representation
eliminate PDE-residual terms from the loss by satisfying the field
equations a priori [59], and can be combined with enrichment to
capture near-tip singularities [60]. Nevertheless, performance can still
be sensitive to the relative weighting of displacement, traction, and
interface terms, especially when magnitudes differ across materials and
load levels. Additionally, holomorphic networks can still not simulate
crack growth automatically. In contrast, PDE-based PINNs remain
sensitive to the balance between PDE and boundary condition (BC)
losses and often require careful calibration.

To overcome these limitations, a Kolosov—Muskhelishvili informed
neural network (KMINN) with Williams enrichment is developed for
linear-elastic fracture mechanics (LEFM) in this study. Leveraging the
KM holomorphic representation, the governing equations are satisfied
by construction, and only boundary points are required for training. As
a result, refined meshes near crack tips become unnecessary, while the
enrichment accurately captures the singular near-tip fields. A root mean
square (RMS) normalized boundary loss is used with physically con-
sistent scaling to balance displacement, traction, and interface terms,
rendering the training insensitive to load amplitude and material con-
stants in practice. In addition, three crack-growth criteria, maximum
tangential stress (MTS), maximum energy release rate (MERR), and
the principle of local symmetry (PLS), are integrated within a transfer
learning (TL) strategy to predict propagation directions and enhance
training stability.

The remainder of this study is organized as follows. Section 2 shows
the governing equations and the first-order Williams model expansion.
Section 3 gives the details of the KMINN with Williams enrichment
framework. Section 4 provides case studies validating the approach.
Section 5 presents discussion and outlook, and Section 6 concludes the
research.

2. Problem formulation

This section presents the problem formulation of the KM potential
for linear elasticity. Next, the first-order Williams model expansion is
introduced. The two most important theories in this study are reviewed
to make a more comprehensive understanding of the problem.

2.1. Complex representation of linear elasticity equations

For isotropic, homogeneous, linear elastic materials, the strong form
of the 2D equilibrium equation is given by,

+_+f1:0, 1)

S+ +/2=0, &)
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where ¢;; denotes the stress tensor, f; is the body force (zero in this
study), and x; is the spatial coordinate. The stress tensor is related to
the displacement field by Hooke’s law,

\2 ..
0 =2p (eij+m‘€kk5ij)’ ih,j=1,2, 3)
where ¢;; is the strain tensor, v represents the Poisson’s ratio, and §;;
is the Kronecker delta. y is the shear modulus, and Lamé constant A is
related to the Young’s modulus E and Poisson’s ratio v by the following
equation,
_ E G= Ev
2(1+v)’ A+v)A-2v)°

The strain tensor is related to the displacement field by the strain—

displacement relation,

_1 a'/‘i_i_a“j =12 ()
ftj—z 0xj ox, , Ly=1,2,

u C)

where u; is the displacement field. Moreover, the boundary conditions
are given by,

(Dirichlet),
(Neumann),

on I,
on I;

(6)

where #; is the prescribed displacement, 7; is the prescribed traction,
and n; is the outward normal vector on the boundary I, and T;.

The complex representation of the linear elasticity equations is
given by the complex potential function &(z), where z = x + iy is
the complex variable, and ¢(z) and w(z) are analytic (holomorphic)
functions representing the complex potentials on the domain. The
Egs. (1), (2), (3) and (5) can be described as Kolosov—-Muskhelishvili
(KM) formulations as follows,

0 +0,,=4Re(2¢"(2)+v'(2)), -

Oy — 0y +2i0,, =2 (29" (2 +y'(2)) .

Further, each stress and displacement component is given by,

o =Re (2(p’ -z - l[/,) N

Oy = Re (Z(p, + Z(p” +II/,) ,

oy, =Im (Z(p” + 1//) s

u =—Re(K(p—2(p'—y7), ®
X 2M

U, = 21—MIm(K(p—Zqo'—y‘/),
where x is Kolosov constant, defined as k = (3—v)/(1 +v) for plane
stress problem and x = 3 — 4v for plane strain problem, (-) denotes
the complex conjugate, and ¢’ and ¢” represent the first and second
order derivatives of the complex potential function ¢(z) concerning z,
respectively.

2.2. Williams model expansion

The crack tip stress field of the Williams model is expressed in
terms of the complex potentials ¢(z) and w(z), which are holomorphic
functions defined in the complex plane. The stress components can be
expressed as,

Orx — 0,y +2i0,, =2(2¢"(2) + ¥/ (2))

=Az_1/2+Bz_3/22+Cz°, ©)

where A = —-B = K;/2V/27,C = -T for mode I, and A = B =
iK;;/2V2x,C = —T for mode II. The stress intensity factors K; and
K;; are the mode I and mode II stress intensity factors, respectively.
The term T is the T-stress, which could be ignored in the first-order
Williams model. Thus, the crack tip stress field for mode I is expressed
in terms of the stress intensity factor K; and the polar coordinates (r, )
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as follows,

o, = K cosg <1 —singsin ﬁ)
= 2xr 2 2 2
K; 9< .0 . 30>
lo, = cos — [ 1+ sin =sin— ), (10)
” 2xr 2 2 2

K 6 . 0 30
COS — SIn — COS —,

27 2

ny =

~

where r is the distance from the crack tip, and 6 is the angle measured
from the crack plane. The angle 6 is defined in the domain 6 € (-z, z],
where § = 7 and § = —r denote the top and bottom crack surfaces,
respectively. Additionally, the displacement field near the crack tip can
be expressed as,

K
uX:—I LCOSQ[K—1+25H12(Q)],
2u \ 2z« 2 2
1D
u -5 LsinQ[K+l—20032(g)]
YT ouV 2z 2 2/1"
Moreover, for mode II, the stress field is given by,
Kir 0( 6 . 30>
o, = sin = [ 1+ cos = sin— |,
= 2zr 2 2 2
Krr 0( 6 . 36‘)
10, =— sin— (1—-cos—-sin— |, (12)
” 2xr 2 2 2
K
axy=—isinzgcoss;—0.
2xr

The displacement field near the crack tip for mode II can be ex-
pressed as,

K
X:# L51n—[r<—1+2cosz<g)],
2u 2 2 2
3 s 13)
11 r 2(0
y _ﬂ 2—COQE[K+1—ZSIH (5)]

3. Methodology

The methodology of the KMINN with Williams enrichment is pre-
sented in this section. First, the KMINN with the Williams enrichment
framework is built to capture the stress and displacement fields near
the crack tip. An RMS normalized boundary loss is used with physically
consistent scaling to balance displacement, and traction terms, render-
ing the training insensitive to load amplitude and material constants in
practice. Next, a precise analytic method is introduced to estimate the
SIFs from the KMINN output. Finally, three crack propagation criteria
are integrated within a TL strategy to predict propagation directions for
each step and enhance training stability.

3.1. Kolosov-Muskhelishvili Informed Neural Networks (KMINN) with
Williams enrichment

KMINN is a subclass of complex-valued neural networks that ex-
tends real-valued PINNs to the complex domain. The core component
is a KM network that uses holomorphic activation functions. This
design makes the network output holomorphic on the computational
domain. This property is well-suited for 2D linear elasticity problems.
As outlined in Section 2.1, a 2D linear elastic solution is fully described
by the two holomorphic KM potentials. By directly learning these po-
tentials with a KM network, KMINN satisfies the governing equations by
construction [60]. Based on this, the KMINN with Williams enrichment
is developed in this study to capture the stress field singularities near
the crack tip by requiring only BC collocation points.
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For each subdomain, two branches are used to approximate the
holomorphic KM potentials, denoted by ¢, and y, as shown in Fig. 1.
A neural network that approximates a holomorphic function must be
built from holomorphic components. Since a network is a composition
of linear operations and activation functions, the activation functions
must be complex differentiable. An entire function is employed as the
activation function of the KMINNs as given by,

f(2) = exp(2). 14

The choice of the entire activation is discussed in detail in [59].
Note that the exponential equation has analytic and calculus readiness,
caused by its derivatives being itself. Moreover, sums of exponentials
form a rich basis for approximating holomorphic functions, which un-
derpins the KMINN universal approximation property described for the
framework. Whereas exponential activations can amplify magnitudes
and gradients, an exponential-aware scaling [59] and He’s initial-
ization [61] schemes are applied to stabilize forward and backward
passes.
(@) %)
Specifically, for each complex linear layer £, : C'in — Cou,
the weights are initialized by a complex He’s scheme with layerwise
variance parameter p,,

9 =o0. (15)

@) @) pe
2RWij ’SWU NN<O’ 2n<m>’

in

Let x©@ denote a representative batch of boundary inputs. A single
forward sweep at initialization produces,

x@ = d)(y(f)) — eXp(y([)), (16)

. S 2] .

and the empirical second moment m®) = E||x“)|"|. Given a parameter
p > 0 and the number of Gaussian pre-stabilizing layers M,, the
layerwise variance parameter p, is chosen as,

% , <M,
pe =1 B[lxe0P?] a7
pe P, £>M,.

y(f) = WD)

Practically, we initialize layer ¢, propagate once to update the statis-
tics for layer #+1, and continue. This data-dependent layerwise rule
keeps the empirical second moment approximately constant through
exp(-), damping activation growth and stabilizing backpropagation from
the first steps. In addition, small variance initialization and gradient
clipping are applied to further prevent gradient explosion.

Furthermore, the first-order Williams enrichment is applied to the
KMINN to generate the Williams model potentials ¢}, v, . Based on
the first-order Williams model described in Section 2.2, the stress field
near the crack tip can be expressed in terms of the complex potentials
¢ and y as follows [60],

-_K
= \/ﬂ\/—’
AT

where K = K; — iK; is the complex stress intensity factor, and K =
K;+iK,; is its complex conjugate. It should be mentioned that Eq. (18)
is not entire over the full domain due to the \/E term. This term
introduces a multi-valuedness that requires a branch cut to be defined.
Thus, domain decomposition (DD) is employed to partition the do-
main along the crack line, ensuring the Williams enrichment potentials
remain well-defined and single-valued within each subdomain. This
partitioning also avoids impacting the training process during crack
propagation. In this study, the DD is achieved through interface lines
as shown in Fig. 2. Two types crack are defined in this study: internal
crack and edge crack. For the internal crack, it includes two crack
tips ™ and n~ representing the positions of the positive and negative
crack tips, respectively. For the edge crack, it includes only one crack

18
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Branch 1 for ¥

Enrichment KM formulations

-
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---------------

e
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Dirichlet BC

~

Neumann BC

J

A

Fig. 1. KMINN framework with Williams enrichment for each subdomain.

Fig. 2. Domain decomposition for the KMINN with Williams enrichment. (a) Initial pre-crack domain. (b) Post-crack domain. Red solid line represents the initial
crack line, purple solid line represents the crack line after crack propagation, and blue dashed line represents the interface between two subdomains to ensure
the holomorphicity of Williams enrichment part.
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tip n* = n~ representing the position of the crack tip. In the initial
configuration, the artificial interface is taken along the crack extension
for straight cracks or along a tangent line for curved cracks; after each
propagation step, the interface is updated to remain tangent to the
latest crack propagation direction.

To fit the arbitrary position of the crack shape, the rotation and
translation of the KM complex potentials are applied, which is ex-
pressed as,

@(z) =€ (e (z—1n)), 19)

w(z)=e 7y (e (z—n) =7 (7 (z-n),
where ¢ and § are the KM complex potentials defined in the subdomain
Q;, a is the rotation angle, and 7 is the translation vector.

In each subdomain ©;, the complex potentials are,

z€E€Q;, (20)

{co,(Z) =0,;(2) + oy, (D) + 0y, (2,
J

wi(2) = w, (D) +uy, (D) +uy (2,

where @, ;(z) and v, ;(z) are the holomorphic potentials restricted to
Q;, and (p;/,j(z), (pﬁ,’j(z), y/;fv’j(z), and vy, (2) are the Williams model
potentials for the positive and negative crack tips in subdomain €2;. The
branch cut of \/Z is aligned with the crack line to avoid phase jumps.
Thus, combining Egs. (18)—(20) gives,

R
+ ()= K/,j eian e—iaxj(z_ )
Py j\2) = _\/Z Ppj)
(0 = LT [T )
W \/_ Li”
27

1 _ Kt gt —ia*
P U PN oy

V2r

+ ot
Kb 1 ] zeQ, (1)
5 A ,
/ e—ta:/ (z — PTj)
1 o Ky i [ ,
N [ (K= 5*) ey e (Z —p,J>
V2n
_Kyhy 1 ]
2 7ia” —
e (z - plvj)

where K,Tj and K denote the complex stress intensity factors for the
positive and negative crack tips in subdomain £, respectively. a;fj and
a, are the local crack tip rotation angles, and p;fj and p;, represent
the positions of the corresponding crack tip locations. Thus, the KMINN
output is the sum of the holomorphic part and the Williams enrichment
part. Its holomorphicity in each subdomain is proven in Appendix A.

The KM formulations in Eq. (8) are applied to obtain the stress
and displacement fields in each subdomain. Unlike classical PINNs,
the KMINN loss function enforces only the BCs, as the governing PDEs
are already satisfied automatically for holomorphic functions. The loss
function is defined as a weighted sum of the mean squared errors on
the boundaries,

I}

L= g‘; W (£ +£042), w) = ST 22)
where £, Ei“), and £(IS) are the loss functions on the Dirichlet bound-
ary I, Neumann boundary I}, and interface boundary I'; respectively.
wl(;:. is the weight of the boundary s based on the length of the
boundary. The interface condition between each subdomains is defined

as [62],
[e; -nl=0, 23)
[u;1=0,

where n is the outward normal vector on the interface boundary, o; is
the stress field on the interface boundary, and u; is the displacement

vy (2) =
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field on the interface boundary. Furthermore, pre-normalized fields are
defined as follows,

. c . u Oref L
&= , it = e = ref ,ref , (24)
Oref Uref E

where o,.; is the RMS of applied tractions on Neumann boundaries,
L, is a domain length scale. E’ is the effective modulus, which
is E for plane stress and E/(1 — v?) for plane strain. The method
makes all boundary loss terms unit-free and comparable in magnitude
across different BC types and across materials with different properties,
improving the training stability and generalization ability.

The individual loss terms for the Dirichlet I',, Neumann I}, and
interface I'; boundaries are defined as,

¢ i 7, 2
=1 2, ot )
t o zel;
=05 2 (Jmcl s o).
1 z; €l

where N, N,(S), and N;S) are the number of training points on their
respective boundaries. This approach is highly efficient as it only
requires training points on the domain boundary, not its interior. Thus,
KMINN does not require interior meshes nor PDE residual terms in the
training process.

Referring to [63], the mixed training strategy is applied to train the
KMINN with Williams enrichment to further improve the training sta-
bility and generalization ability. Simply, the KMINN is trained by Adam
optimizer [64] in the first stage, and then the L-BFGS optimizer [65]
is employed to fine-tune the model in the second stage. The strategy
combines the advantages of fast convergence of Adam optimizer and
the stability of L-BFGS optimizer.

3.2. Stress intensity factor estimation

In LEFM, the SIFs are fundamental parameters to characterize stress
and displacement fields near the crack tip [66]. The SIFs can be
extracted from the network parameters like Kl+ , KT, K; , and K5 . How-
ever, this direct extraction is sensitive to the local Williams expansion
and to how accurately the network resolves the r~1/2 fields in the
immediate vicinity of the crack tip, which can introduce fitting bias.
To obtain more robust and globally consistent estimates of K; and K,
an interaction-integral (I-integral) formulation is additionally utilized
in this study.

Among a series of fracture methods, the J-integral method which
was originally proposed by Rice [67] is the most prevalent for its
clear physical meaning. J-integral method is based on the strain—
energy release rate and its path-independence facilitates its numerical
implementations. The J-integral is defined as,

J = f(W&lj—a,.j u,.,l)nj dr, (26)
r

where W = %0',- ;€;; is the strain energy density, u; 1 =0u;/dx,, and n; is

the outward unit normal to the contour I.

Only isotropic elastic materials are considered in this study. The
I-integral combines the actual field (u,c) with an analytically known
auxiliary field (u?“x,oi‘}“x), which corresponds to a unit mode I or
unit mode II singular solution. Therefore, the auxiliary stress and
displacement fields are given by [68],

u™ =2z KA @+ Kl o).
27)

0w = —= [K3™gl @) + Kl @)

11 8ij
Y 2 Y



S. Zhou et al.

where K2 and K% are the auxiliary SIFs, and f/(9), f{/(9), gi’j(é)),
and g'!(6) are the auxiliary functions defined in the polar coordinates
(r,0), which can be expressed as,

K—cosf ¢
; —2,,{ COSE
Fi@O =] “Coso . ol
————ssin ¢
2u 2
2+ Kk +cosf 0
IT gy _ 2u 2
[t o= 2—k—cosé ol
2 ’ (28)
p
3 o 1 so 7.0 1 . 59
; 3 ZCObz—zCOS; Zblnz—zblni
g:.(0) = s
Y Zsing—lsinﬁ §cosg+lcos2
247271 2 4272771 2
Zsing—lsinﬁ §cose—lcos2
10) = 4 2 4 2 4 2 4 2
Y gcose—lcos@ —lsing+lsmﬁ
4 2 4 2 4 2" 4 2

For a two-dimensional crack in an isotropic linear-elastic body, the
J-integral can be related to the mode I and mode II SIFs as [69],

1 22 2
J = E (K} +KFp) 29
where E’ = E in plane stress and E’ = E/(1 — v?) in plane strain.
Similarly, the I-integral can be calculated by,

2
I=— (K K™ + K Kjp) (30)
where I is the mutual energy release rate, which is defined as the
energy release rate per unit crack area. The set of SIF K{**, K{}*
can be determined by taking {1,0} or {0,1} for mode I or mode II,

respectively. The mode I and mode II SIFs then follow directly as,

K, = £
51

K E' an G
11 — ? .

In practice, the SIFs can be estimated using the I-integral method
with circular contours from the auxiliary stress and displacement fields
in the KMINN results. In theory, for linear elastic fracture without
body forces, the interaction integral is path-independent. However, in
practice, the SIFs results are influenced by boundary effects or near tip
singularities due to crack length and tip position [70]. Consequently,
we compute I over several contours of different radii and identify
a radius range in which the resulting K; and K;; are stable. This
procedure is discussed below.

3.3. Fracture growth criteria

For fracture modeling, if the crack propagates or not is determined
by the fracture criteria. The SIF K; and K;; are obtained from the
KMINN by the I-integral method as discussed in Section 3.2. Thus, the
situation of crack propagation for mixed-mode loading is evaluated by
equivalent strength criterion, which is given by,

<1, no growth,

Ky >2 < Kir >2
+ =1, onset, (32)
<KLL' Kli,c

>1, growth,

where K; . and K;,; . are the critical SIFs for mode I and mode II,
respectively.

To predict the crack growth direction and path, several fracture
criteria are commonly used in engineering applications. In this section,
the MTS, MERR, and the PLS criteria are introduced for achieving the
crack growth direction prediction in KMINN.

The MTS criterion is a fracture criterion that is based on the maxi-
mum tangential stress at the crack tip, which was originally proposed
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by Erdogan and Sih [71]. The MTS criterion is widely used in engineer-
ing applications to predict the crack propagation direction of materials.
The MTS criterion is implemented in the KMINN by calculating the
maximum tangential stress at the crack tip and determining the crack
growth direction based on the MTS. The near crack tip stress field under
polar coordinates (r,§) can be expressed as,

ogo(r,0) = ! [chose'g - 3Ky, sin & cos2? ,

27r 2 2 2

1 [ 4 6 [ 33)
T.(r,0) = Zﬁr[KISiHECOSE + K;; C°S§(1—3Sin2§)],

where oy, is the normal stress, 7, is the shear stress, respectively.
The principal direction should satisfy z,,(r - 0,6) = 0, among those
directions the crack advances where o, reaches its maximum tensile
value. The crack growth direction can be calculated by,

00y
—% _,
20
For a pure SIF-domain field, the crack growth angle 6; can be

calculated by,

2 [ x4 22
3Ky, +4/ K] +8K7K},

2 2
K7 +9K7,

7,9 =0, Ggg > 0. (34

Or = arccos (35)

The MERR criterion is another fracture criterion that is based on the
maximum energy release rate at the crack tip, which is an extension of
Griffith’s theory to mixed-mode loading [72]. It assumes that the crack
propagates in the direction of the maximum energy release rate G. This
is the path of least resistance from an energetic standpoint. The crack
growth direction can be determined by the maximum energy release
rate G and the angle 6,

dG(©) _ 0. and d%G(9) -

do do2 0 (36)

For isotropic materials, the equation of G(9) can be obtained by,
1
G(9) = E(K,2 +K2). (37)

The crack growth angle 6 is calculated by,

1
05 = argmax, <F(K12 + K121)> . (38)

The PLS criterion is a widely accepted criterion for predicting the
initiation angle of crack propagation under mixed-mode loading [73].
The criterion postulates that the crack will kink at an angle ¢ such
that the stress field in the immediate vicinity of the new crack tip is
purely symmetric like locally pure mode I. Mathematically, this local
symmetry is achieved when the shear stress intensity factor at the
kinked tip vanishes,

K, (0) =0. (39)
Similarly, the crack growth angle 6 is,
0p = argmin |K,;(0)|. (40)
0

This condition is notably equivalent to the prediction derived from
the MTS criterion [74]. Among the possible solutions for 6 from
Eq. (39), the physically admissible one is chosen, which must yield
a tensile opening at the new tip, K;(§) > 0, rather than crack face
interpenetration of K;(6) < 0.

3.4. Transfer learning strategy

Transfer learning strategy is a powerful and efficient technique in
the field of ML [75]. Its core idea is to use the knowledge from a pre-
trained model as a starting point to fine-tune a new model on a new
task. Instead of starting from scratch, the new model can leverage the
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Table 1
Nested-loop crack growth with transfer learning and SIF seeding.

Algorithm: KMINN crack growth with transfer learning

input: geometry, loads, E, v, ngeys, 4a, schedules (Nxgums Nypros)s reduced
(N pdam» Niprcs)> I-integral radius r, criterion € {MTS, MERR, PLS}

output: crack path, {6,}, {K},K;,}

1 for s =1ing, do

2 if s =1 then

3 build BCs with Williams & tips; init weights & tip SIFs
4 train with {Adam,L-BFGS}

5 (K},K},) < Lintegral @ r

6 0, « criterion(K},K},)

7 else

8 extend crack by Aa along 6,_;; update DD spine/overlap
9 map SIFs via Cotterell-Rice using 6,_;

10 instantiate new boundary; load previous weights; seed (K}, K},)
11 fine-tune with {Adam,L-BFGS}

12 (K}, Kj,) < Lintegral @ r;

13 0, < criterion(K;, Ki)

14 end if

15 stop if tip hits boundary or s = ngy

16 end for

pre-trained model’s learned representations and parameters to achieve
better and faster training performance on the new task. This allows the
new model to benefit from prior knowledge rather than training from
scratch.

In the crack propagation loop, as the crack grows with small steps
of size Aa, the geometry and boundary conditions change only slightly
from the previous step. Therefore, it is better to reuse the network
weights and SIFs from the previous step as an informed initialization
for the next step. This maintains the continuity of the auxiliary field
while reducing unnecessary parameter searches.

It should be noted that Cotterell-Rice (C-R) first-order perturbation
method [76] is used to map the SIFs at the new tip of a slightly kinked
crack. The equations are expressed as,

K}(0) = K; cos® g — 3K, sin % cos? Q,

2
(4D
.6 0 3 .26
K}, (0) =K, s1n§cos2 5+ Ku (1 - Esm2 5)

where K; and K are the SIFs in the previous step, and K} and K7, are
the SIFs after the kink. The C-R method is necessary during TL process
because the SIFs are defined with respect to the local crack frame. A
small kink changes the frame. Direct reuse of the old SIFs in the new
step leads to mode-mixing errors [77]. The opening and shear parts no
longer match the actual near tip asymptotics [78]. The C-R mapping
transports the amplitudes from the old frame to the new frame with
first-order accuracy in the kink angle. The mapped pair K} and K},
can match the leading square root singularity at the new tip. This is
essential not only for maintaining the continuity of the auxiliary field,
but also for ensuring consistent Mode I growth and preventing spurious
shear artifacts after each increment.

Thus, the crack propagation loop is defined as follows. First, the
geometry and interface is updated. Second, the SIFs are mapped to
the new step using the C-R method as K’ = K| + iK},. Then, the
Williams parts and holomorphic branches start already close to a
feasible state, ensuring the optimizer needs only a short fine-tuning.
Details of computational algorithm for the KMINN derived by TL are
provided in Table 1.

4. Case studies

In this section, the KMINN with Williams enrichment is utilized to
evaluate the SIFs and achieve the simulation of crack propagation. All
case studies were conducted on the high-performance computing (HPC)
cluster at RWTH Aachen University, utilizing NVIDIA H100 GPUs.
The implementation is based on Python 3.13.5 and PyTorch 2.7.0,
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accelerated with CUDA 12.6 and cuDNN 9.5.1. Since the present study
focuses on numerical methodology rather than material calibration, all
cases are solved for a homogeneous isotropic linear-elastic solid with
Young’s modulus E = 210 GPa and Poisson ratio v = 0.3. Additionally,
the element size is set to 0.1 mm in all FEM simulations, giving more
than 5000 CPE4R elements.

4.1. Evaluation of SIFs

To evaluate the accuracy of the KMINN with Williams enrichment,
the SIFs are computed for three benchmark problems: center crack
tensile (CCT), center crack shear (CCS), and oblique center crack tensile
(OCCT), as illustrated in Fig. 3. The considered geometry is a 2D plane-
strain rectangular plate with half-width » = 4 mm and half-height
h = 6 mm, containing a centered crack of half-length ¢ = 1.5 mm. A
remote load of 1 MPa is applied for all cases. Since the governing PDEs
are automatically satisfied by holomorphic functions, only boundary
points are used for training and testing. Specifically, 1000 points are
sampled for training and 100 for testing. The default KMINN employs
three hidden layers with ten neurons each (3 x 10) and a learning rate
of 1072. A mixed training strategy is adopted as first 2500 epochs with
the Adam optimizer followed by 2500 epochs with L-BFGS. In the first
CCT case, both the mixed and full-Adam strategies are compared to
assess the influence of the optimizer. All results are compared against
analytical and FEM references.

4.1.1. Center crack tensile

The first case is a CCT problem, which is a classical problem in
fracture mechanics. The problem is defined as a plate in 2D plane strain
condition with a center crack under tensile stress load of 1 MPa. The
geometry of the problem is shown in Fig. 3(a). The theoretical mode I
SIF for a finite-width plate is given by [79],

K am =0V/7a [1 - 0.025 (%)2 +0.06 (%)4] sec ’Z’—Z (42)
where ¢ is the applied stress, a the half-crack length, and b the half
plate width.

The training and testing loss curves for the two strategies are shown
in Fig. 4. Both exhibit similar trends, indicating that boundary sam-
pling alone is sufficient to train the model effectively. The Adam-only
strategy achieves stable convergence before 2500 epochs but shows
fluctuations thereafter, whereas the mixed strategy yields smoother
convergence and lower final losses. Therefore, the mixed optimizer is
adopted for all subsequent cases.

To further validate the predictive capability of the KMINN model,
the predicted stress fields are compared with FEM results under iden-
tical geometry and boundary conditions. As shown in Fig. 5(a)-(f),
the KMINN reproduces the stress singularity near the crack tips and
matches the global stress distribution from FEM results closely.

The choice of the integration radius in the I-integral method
strongly influences the accuracy of SIF evaluation. From Eq. (42), the
theoretical K; ,,, = 2.375 MPa +/mm. Ideally, the computed SIF should
be independent of the integration path and radius. However, a too
small radius leads to numerical noise due to singularities, whereas a
too large radius introduces boundary effects. As shown in Fig. 5(g), the
predicted SIF slightly exceeds the analytical value for r/a < 0.3, but
good agreement is achieved for 0.4 < r/a < 1.0. Thus, r/a = 0.4 is
selected as the optimal radius for this case.

Finally, the SIFs for varying half-crack lengths from 0.5 mm to
3.0 mm are compared with analytical predictions in Fig. 5(h). Excel-
lent agreement is obtained with a global R? = 0.996. All relative
errors are below 1%, except for a = 3.0 mm, where boundary effects
slightly increase the deviation to less than 3%, which is still accept-
able. These results demonstrate that the Williams-enriched KMINN
accurately captures the stress fields and SIFs for the CCT problem.
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Fig. 3. Three typical fracture mechanics case studies for KMINN with Williams enrichment. (a) Center crack tensile (CCT) case, (b) Center crack shear (CCS)

case, (c) Oblique center crack tensile (OCCT) case.
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Fig. 4. Training loss curves of two training strategies for the center crack
tensile problem.

4.1.2. Center crack shear

The second benchmark case is the CCS problem, which is employed
to further evaluate the accuracy of the KMINN with Williams enrich-
ment, as shown in Fig. 3(b). The plate geometry is identical to the CCT
case, representing a 2D plane-strain rectangular plate with a centered
crack of half-length a = 1.5 mm. A remote shear load of z = 1 MPa is
applied on the four edges of the plate. Note that it is a clockwise shear
load on the top and bottom edges, and a counter-clockwise shear load
on the left and right edges to achieve an equilibrium. The theoretical
mode II SIF for a finite-width plate is expressed as [79],

Kif am =1 ﬂa[1—0.025<%)2+0.06<§>4] sec 22, (43)

which yields K;; an, = 2.375 MPa y/mm for the present geometry. Fig.
6(a)-(f) compares the predicted stress fields from KMINN and FEM.
The results confirm that the KMINN model successfully reproduces the
expected stress singularities near the crack tips, while the global stress
distribution agrees well with the FEM reference.

To determine the optimal integration radius for the [I-integral
method, the evaluated SIFs at various radii are compared with the

analytical value, as shown in Fig. 6(g). Similar to the CCT case, the
results are sensitive to the integration radius when it is very small due
to numerical noise near the crack tip. Good agreement is obtained for
0.4 < r/a < 1.0, indicating that r/a = 0.4 provides the most accurate
and stable SIF evaluation in this case.

Finally, Fig. 6(h) presents the SIFs obtained for different crack
half-lengths ranging from « = 0.5 to 3.0 mm, compared with the
analytical predictions. Excellent agreement is achieved with an overall
R? = 0.994. The relative errors remain below 1% for all cases except
a = 3.0 mm, where the boundary and singularity effects slightly increase
the deviation to less than 4%. These results further verify the capability
of the Williams-enriched KMINN to accurately evaluate mode II SIFs
under shear loading conditions in CCS problem.

4.1.3. Oblique center crack tensile

To evaluate the performance of the proposed KMINN framework
under mixed-mode loading, the OCCT problem is analyzed, as shown
in Fig. 3(c). The geometry corresponds to a 2D plane-strain rectangular
plate containing a central crack of half-length a = 1.5 mm, inclined at
an angle of 6§ = 30°. A remote tensile stress of 1 MPa is applied in the
oblique direction.

Fig. 7(a)-(f) compares the predicted and FEM stress fields for the
OCCT configuration. The results show that the KMINN with Williams
enrichment accurately reproduces the stress distribution and singularity
near the crack tips, achieving close agreement with the FEM reference
results.

The mode I and mode II SIFs obtained from FEM are K; gy =
1.808 MPa \/ﬁ and K;; pgv = 0.984 MPa \/IE, respectively. These
are compared with the KMINN-predicted values in Fig. 7(g). To de-
termine the optimal integration radius for the I-integral method, the
global relative error is defined as,

— Serp2 2
€Ty /py = \/ €IT7 +€rr7,, 44

where err; and err;; denote the relative errors of K; and K;;, respec-
tively. The variation of err,,,,, with respect to the integration radius is
shown in Fig. 7(h). The minimum global error occurs at r/a = 0.3,
which is therefore selected as the optimal radius for the I-integral
evaluation in this case.
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Fig. 5. Simulation results for the CCT case. (a)-(c) FEM stress fields, (d)-(f) KMINN stress fields, where all stress contours are given in MPa, (g) SIFs comparison
with different I-integral radii, (h) SIFs relative error comparison with different crack half-lengths.

4.2. Crack propagation with transfer learning

The accuracy of SIF evaluation in the three benchmark cases was
verified in Section 4.1. In this section, three fracture criteria are inte-
grated into the KMINN using a TL approach to predict crack propaga-
tion directions, thereby enabling subsequent crack growth simulations.
To investigate the applicability of KMINN in crack propagation, three
representative cases are considered: single-edge notch tensile (SENT),
single-edge notch shear (SENS), and oblique single-edge notch tensile
(OSENT), corresponding to mode I, mode II, and mixed-mode loading,
respectively, as illustrated in Fig. 8. The plate has a half-width of 4 mm
and a half-height of 6 mm. All cases are subjected to a uniform stress of
1 MPa. Boundary sampling employs 2000 points for training and 200
for testing. The KMINN employs three hidden layers with ten neurons
each (3 x 10) and a learning rate of 10~2. Crack growth is advanced

with a fixed increment of 4¢ = 0.1 mm over 50 steps. The study for
the incremental step size Aa is conducted in Appendix C. A mixed
training strategy is employed to train the KMINN at each step. In the
first step, both optimizers run for 2500 epochs; at subsequent steps,
the TL method is applied by warm-starting from the previous step’s
weights and SIFs, followed by fine-tuning for 500 Adam epochs and
500 L-BFGS iterations. The three fracture criteria are incorporated to
predict the crack propagation path, and the corresponding results are
discussed below.

4.2.1. Single edge notch tensile

In the SENT case, the geometry is modeled as a 2D plane strain
problem with an initial edge crack g, = 1 mm and a uniform tensile
stress load of 1 MPa. Fig. 9 overlays the predicted crack paths for
MTS/MERR/PLS and reports the loss histories with/without TL and
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Fig. 6. Simulation results for the CCS case. (a)-(c) FEM stress fields, (d)-(f) KMINN stress fields, where all stress contours are given in MPa, (g) SIFs comparison
with different I-integral radii, (h) SIFs relative error comparison with different crack half-lengths.

representative stress fields at steps 1/25/50. In Fig. 9(a), the three
crack propagation paths derived from three types of fracture criteria
have been successfully predicted by the KMINN model, indicating the
KMINN model with Williams enrichment can effectively predict the
crack propagation path for the SENT case. Additionally, all three crite-
ria yield nearly coincident crack propagation paths for isotropic SENT,
indicating that KMINN with Williams enrichment robustly recovers the
path under pure Mode 1.

Fig. 9(b) shows the loss curves of training and testing points about
the MTS criterion with or without the TL method at the 50th steps.
With the TL method, merely 500 iterations each of Adam and L-
BFGS significantly outperform the performance achieved by over 5000
epochs without it, reaching an MSE of 10~*. The loss curves indicate
that the TL method achieves faster convergence compared to the with-
out TL approach. Notably, the TL method also exhibits more stable
convergence, even when in the Adam optimizer stage. This illustrates
that the TL method can effectively reduce training time and enhance
training efficiency. Fig. 9(c) shows the representative stress fields of
the SENT case with MTS criterion and TL method at 1st, 25th, and
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50th steps. The crack path is illustrated as a red line in each subfigure.
The stress fields exhibit the expected near-tip singularity and global
symmetry consistent with the loading, demonstrating the effectiveness
of our approach in simulating the entire cracking process.

4.2.2. Single edge notch shear

The initial edge crack is ay = 1 mm and a remote shear traction of
1 MPa is applied for the single edge notch shear (SENS) case. Fig. 10
illustrates the crack propagation path, loss curves, and stress fields at
steps 1/25/50 for the SENS case. The crack path exhibits a pronounced
deflection from the initial crack path in Fig. 10(a). Furthermore, the
three criteria predict modest divergence path only at beginning steps,
whereas the full propagation path is still similar to each other.

At step 50 of MERR criterion, Fig. 10(b) confirms that TL acceler-
ates and stabilizes the convergence relative to training from scratch.
Stress fields at each step of MERR criterion in Fig. 10(c) display the
expected anti-symmetric patterns of o, near the tip and a loss of global

symmetry after propagation. Furthermore, o,, and o,, redistribute
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accordingly with the evolving crack path geometry, consistent with
Mode II-dominated growth.

4.2.3. Oblique single edge notch tensile

An oblique edge crack of length ay = 2 mm is oriented at 6, = 45°
under remote tension 1 MPa for the oblique single edge notch tensile
(OSENT) case. The crack propagation results of OSENT case are shown
in Fig. 11. As shown in Fig. 11(a), the crack paths initially display a
small deflection from their geometric orientation, a behavior caused by
the mixed-mode loading. Following this, the crack path systematically
deflect away from their initial alignment and curve towards the loading
direction, eventually propagating perpendicular to the applied load.
This observed behavior is consistent with our previous experimental
results on mixed-mode fracture propagation [25,80].

Moreover, Fig. 11(b) again shows faster convergence with TL at
step 50 of PLS criterion. The stress field evolution of PLS criterion in
Fig. 11(c) illustrate mixed-mode features. o, retains a tensile-dominant

11

character, while o, carries the obliquity-induced shear. Additionally,
after crack propagation, the solution lacks global symmetry, in line with
the oblique geometry and mixed loading.

5. Discussion

The numerical results presented in Sections 4.1 and 4.2 systemati-
cally demonstrate the accuracy and robustness of the proposed KMINN
framework across a series of case studies. The model successfully repro-
duces both the global and local features of the stress fields, achieving
excellent agreement with the analytical SIFs and FEM stress-field refer-
ences for the three static cases. Although the I-integral is theoretically
path-independent in LEFM, the extracted SIFs in the present framework
still exhibit some sensitivity to the integration radius in practice, mainly
because only the first-order Williams enrichment is adopted and the
higher-order crack-tip terms are omitted. Therefore, a suitable radius
should be selected within an intermediate range that is neither too close
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to the crack tip nor too close to the external boundary. Nevertheless,
the extracted SIFs remain stable and show good agreement with the
reference solutions within such a reasonable radius range. In most
cases, the SIFs evaluation has a consistently average relative error that
remains below 1%, and the RZ values for CCT and CCS cases are
more than 0.99, confirming that the Williams-enriched formulation of
KMINN effectively captures the near-tip singular behavior.

Additionally, the crack propagation simulations of the three fracture
criteria (MTS, MERR, and PLS) are implemented with the Williams-
enriched KMINN framework. The Fig. 12 shows the further comparison
of the crack propagation angles for the three fracture criteria with
different steps for each case. It can be seen that the PLS criterion
shows slight fluctuations in the initial stage, especially for the SENS
case. However, the MTS and MERR criteria are more stable in this
stage. Nevertheless, the crack propagation angles are nearly identical
for the three criteria in the stable stage, which is consistent with the
results in other literature [81-83]. The fundamental reason lies in
the symmetry of the crack-tip stress field in isotropic material [84].
Regardless of whether the fracture process is interpreted from an
energy-based or stress-based perspective, the crack tends to propagate
along a path that minimizes the mode II component, approaching zero,
thereby extending in a purely opening mode. Cotterell and Rice [76]
demonstrated that, for isotropic and homogeneous materials under
mixed-mode loading, the crack deflects towards the direction where
K;; = 0. Under this condition, the predictions given by the different
fracture criteria coincide. Consequently, for typical brittle materials
subjected to pure mode I loading, all criteria predict straight crack
growth, whereas under mixed-mode I/II conditions, their predicted
deflection angles are nearly identical. In the KMINN simulations, the
predicted stress fields near the crack tip show that the shear component
quickly decreases to nearly zero along the crack propagation direction.
Therefore, the learned solution naturally satisfies the K;; = 0 condi-
tion without any additional constraint. That is why the MTS, MERR,
and PLS criteria yield almost identical propagation paths in isotropic
materials.

From a mechanistic perspective, the model generation is derived
from the integration of physically-informed enrichment and knowledge
reuse. The Williams enrichment embeds the square-root singularity
directly into the neural network representation, thereby reducing the
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Table 2
The simulation time of crack propagation cases under different criteria with
or without TL. (units: minutes).

SENT SENS OSENT

MTS MERR PLS MTS MERR PLS MTS MERR PLS
With TL 20.1 20.1 20.0 27.4 335 33.8 345 331 33.5
Without TL 87.0 86.3 89.9 1384 1442 135.0 1149 1385 139.2

learning task on the network and ensuring that the crack-tip asymp-
totics are satisfied by construction. This eliminates the requirement for
refined sampling near the crack tips and stabilizes the SIFs extraction
using the I-integral method. On the other hand, the TL method reuses
previously trained network weights and SIF information from earlier
crack-growth steps, allowing the model to retain the stress-field mem-
ory of prior configurations. As clearly shown in Figs. 9-11(b), the TL
method significantly accelerates the convergence, requiring only about
1/5 of the number compared to the approach without TL. Table 2
details the simulation times for crack propagation cases under different
criteria, comparing scenarios with and without TL. Notably, adopting
the TL strategy reduced computation time by more than 70%. This
acceleration is due to the physical similarity between subsequent crack
growth configurations. Since the stress and displacement fields evolve
smoothly with respect to the crack increment, the pretrained weights
already approximate the correct functional subspace. As a result, the TL
method effectively acts as a low-dimensional projection operator in the
parameter space, confining the subsequent optimization to a physically
consistent manifold [85]. Furthermore, the TL method also exhibits
more stable and smooth loss curves, making the training process more
efficient and reliable.

Compared with conventional FEM and real-valued PINNSs, the pro-
posed KMINN framework offers distinct advantages. First, it satisfies
the governing PDEs by construction through the KM potential for-
mulation, reducing computational cost by eliminating volume sam-
pling. The refined sampling scheme is unnecessary in the KMINN
framework, particularly for the crack propagation problems, compared
to the FEM and real-valued PINN methods. The latter rely on the
carefully designed sampling schemes to ensure the accuracy of the
solution [56,86]. Second, the enriched representation requires a much
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smaller network to achieve comparable accuracy to FEM meshes with
thousands of elements. For instance, in the CCT case, the KMINN
framework requires only 1000 training points to achieve comparable
accuracy to FEM meshes with more than 5000 elements. Third, the TL-
based propagation strategy provides a unified approach for sequential
crack-growth problems without re-meshing or re-training from scratch,
which is typically unavoidable in FEM [62]. These characteristics make
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the KMINN framework not only computationally efficient but also
inherently scalable to mixed-mode fracture problems.

Nevertheless, some limitations remain. The present study is re-
stricted to 2D plane-strain, linear-elastic fracture problems for isotropic
materials, which is consistent with the KM representation and the first-
order Williams enrichment adopted in this work. Future extensions to
elastic—plastic, anisotropic, and 3D problems would require substantial



S. Zhou et al.

Theoretical and Applied Fracture Mechanics 144 (2026) 105582

(a) © b
Al = Pre-crack ( )100 TL Train
MTS TL Test
ol MERR 10-11 _ _
PLS — Without TL Train
o) - g Without TL Test
—~ 1n-2L
ol 10
4}
1073 | , , , , ,
0 1000 2000 3000 4000 5000
Epoch [cycle]
(C) O-yy O-xy
454 143 4.10
3.45 1.01 3.51
235 [ 10.58 2.92
1.26 0.16 233
Step 1

0.16 -0.26 174
-0.94 -0.68 1.14
203 -1.10 0.55
3.13 -1.52 0.04

11.38

9.35

7.31

5.28

324

1.21

-0.83

-2.86

3735

31.35

25.35

19.35

13.35

7.35

1.35

-4.65

vV

5.46

4.15

2.84

1.53

0.22

-1.09

2,40

9.46

. ﬁ 4.83
\ 0.20
-4.43

6.77

27.99

23.36
18.73

14.10

1200
9.79
7.50
521
291
~ 0.62
168
3.97

Fig. 10. Crack propagation results for the single edge notch shear (SENS) case. (a) Crack propagation path for the three fracture criteria, (b) loss curves of MERR
criterion with or without TL method, (c) stress fields and crack path (red line) of 1st, 25th, and 50th steps for the MERR criterion with TL method. All stress

contours are given in MPa.

modifications to the present framework, including enriched nonlinear
crack-tip representations, hybrid physics—data training strategies, and
fundamentally different 3D elasticity formulations. Moreover, the first-
order Williams enrichment without T-stress term is only used in current
work. T-stress is a constant stress term parallel to the crack surface.
It does not have a singularity but has an important influence on the
stress state at the crack tip. James et al. [87] introduced the shielding
effects of the plastic region on stress fields in various directions by using
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the Inr term in the enrichment term, which provides a richer crack-tip
representation beyond the first-order Williams expansion. Therefore,
extending the present KMINN framework with higher-order Williams
terms and T-stress contributions is considered a promising direction for
future work. Despite these challenges, the results highlight that KMINN
provides a promising foundation for next generation PINN frameworks
for fracture mechanics, with potential applications in damage tolerance
analysis and fatigue life prediction.
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6. Conclusions

This study built a KMINN framework with Williams enrichment and
the TL method for accurate and efficient fracture analysis. The devel-
oped model reproduces analytical and FEM reference results across a
series of benchmark cases, achieving average relative errors below 1%
in SIF evaluation and R? > 0.99 for both mode I and mode II loadings.

The enrichment strategy ensures that the near-tip singularity is
captured by construction, while the TL scheme reduces the required
training time by more than 70% compared with training from scratch.
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The method successfully predicts crack propagation paths in SENT,
SENS, and OSENT configurations, where the propagation angles ob-
tained from MTS, MERR, and PLS criteria are nearly identical in
the stable stage, consistent with theoretical expectations for isotropic
materials.

These results confirm that KMINN provides an accurate and physi-
cally consistent framework for simulating mixed-mode crack growth,
offering a model that is PDE-independent in the training process
relative to conventional PINN approaches. Future work will focus
on extending the formulation to include plasticity-related or T-stress
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case.

enrichment, to further address plasticity and anisotropy effects in
complex fracture systems.
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Appendix A. Holomorphicity of the williams enrichment on sub-
domains

Proposition. Let Q2; C C be a subdomain obtained by removing, for each
crack tip plij with orientation alij, the ray,

f:{pfj+ei“f/t 1 1<0}, (A1)
and the tip itself. Define the affine map,
Wz =eMi(z=pE),  zeQ, (A.2)

and choose the branch of \/_ that is holomorphic on C \ (-0, 0], with the
branch cut aligned with Rf so that h;—r(_Q )N(=00, 0] = @. Then the Williams
enrichment is,

ot (= i1 NI
W \V2r !
+

i = == [ (K- ) e o
w.ji T \/— Lj~ ' J .
2
Ki +
1P 1
2 )

16

which is holomorphic on @, i.e., 02‘1’3{/,]- = azw;j =0in Q,.

Proof. Since hf is complex affine,

6Zh;f'(z) =0, h]#(z) #0on Q;. (A.4)

Let S(w) = \/E on C\ (—o0,0] and R(w) = 1/\/5 on the same slit
domain. Then,

1 1
S'w)=——, Rw)=->w32 (A.5)
2¢/w 2
By the Wirtinger chain rule,
. 1
o: s @) | = ' @) 00 2) = 0=0, (A6)

2,4 /hji(z)
0:[R(h2(2)| = R(W(2) 0:h2(2) = (—% [h?(z)r3/2> 0=0. (A7)

Multiplying by constants and adding preserves holomorphicity. Hence,

62(p§,,j(z) =0, Biwﬁ,’j(z) =0, z€Q;. (A.8)

Therefore, q;ij and y;;, . are holomorphic in the domain excluding the
branch cut and the tip. Thus,

Oj= @it Oy T Oy W =Y Yy Yy (A.9)

are holomorphic.
Appendix B. Hyperparameter and model structure research

The hyperparameters and model structure play an important role
in the performance of the KMINN framework. In this section, the CCT
case is employed to investigate the influence of the learning rate,
hidden layer number, and hidden layer size, in order to determine
appropriate values for the present study. Fig. B.1 presents the influence
of these parameters on the performance of the KMINN framework. It
can be found that acceptable accuracy can be obtained for a wide
range of hyperparameter settings, and most tested combinations yield
relative errors of the evaluated SIFs below 5%. The best performance is
achieved when the learning rate is 1 x 10~2, the hidden layer number
is 3, and the hidden layer size is 10.

Furthermore, the number of training points is investigated to ensure
the accuracy of the SIFs evaluation. Fig. B.2 shows the influence
of the number of training points on the performance of the KMINN
framework. It can be observed that the evaluated SIFs are not sensitive
to the number of training points when the number of training points
exceeds 1000. The computational cost of the proposed model and FEM
time are provided in Table B.1. The comparison is carried out using
different numbers of boundary points for KMINN and a representative
mesh resolution for FEM, in order to provide a practical reference for
the computational cost of the two methods. The best balance between
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Fig. B.1. Effect of the hyperparameters on the performance of the KMINN framework for the CCT case, (a) 1 x 1073, (b) 5x 1073, and (c) 1 x 1072.

Table B.1
Comparison of the total computational time of KMINN and FEM under different
boundary point and mesh resolutions.

Method Resolution type Number of Total time (s)
points/elements
KMINN Boundary points 100 31
KMINN Boundary points 200 34
KMINN Boundary points 500 37
KMINN Boundary points 800 39
KMINN Boundary points 1000 43
KMINN Boundary points 1200 45
KMINN Boundary points 1500 48
KMINN Boundary points 2000 54
FEM Elements 5000 6
0.020
_ 0015}
=
e
i
» 0.010F
2
=]
=
5]
=4
0.005
0.000 1 1 1 1
0 500 1000 1500 2000

Number of Points [-]

Fig. B.2. Effect of the number of training points on the performance of the
KMINN framework for the CCT case.

accuracy and computational cost is obtained when 1000 training points
are adopted for KMINN.

Appendix C. Incremental step size study

In this section, the incremental step size is investigated to evaluate
the stability of crack propagation. The SENS case with the MTS criterion
is employed to study the influence of the incremental step size on
the performance of the KMINN framework. Fig. C.1 presents the crack
propagation paths of the SENS case under different incremental step
sizes. It can be seen that the crack propagation path becomes unstable
when an increment of 4e = 0.5 mm is adopted, especially during the
early propagation steps. Therefore, by considering the balance between
model stability and computational cost, an incremental step size of
Aa = 0.1 mm is adopted in this work.

Data availability

Data will be made available on request.
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Fig. C.1. Effect of the incremental step size 4a on the performance of the
KMINN framework for the SENS case.
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