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Analyzing and developing new quantum error-correcting (QEC) schemes is one of the most prominent
tasks in quantum computing research. In such efforts, introducing time dynamics explicitly in both analy-
sis and design of error-correcting protocols constitutes an important cornerstone. In this work, we present
a graphical formalism based on tensor networks to capture the logical action and error-correcting capabil-
ities of any Clifford circuit with Pauli measurements. We showcase the functioning of the formalism on
new Floquet codes derived from topological subsystem codes, which we call XYZ ruby codes. Based on
the projective symmetries of the building blocks of the tensor network we develop a framework of Pauli
flows. Pauli flows allow for a graphical understanding of all quantities entering an error-correction analy-
sis of a circuit, including different types of QEC experiments, such as memory and stability experiments.
We lay out how to derive a well-defined decoding problem from the tensor-network representation of a
protocol and its Pauli flows alone, independent of any stabilizer code or fixed circuit. Importantly, this
framework applies to all Clifford protocols and encompasses both measurement-based and circuit-based
approaches to fault tolerance. We apply our method to our new family of dynamical codes, which are in
the same topological phase as the 2 + 1-dimensional color code, making them a promising candidate for
low-overhead logical gates. In contrast to its static counterpart, the dynamical protocol applies a Z3 auto-
morphism to the logical Pauli group every three time steps. We highlight some of its topological properties
and comment on the anyon physics behind a planar layout. Lastly, we benchmark the performance of the
XYZ ruby code on a torus by performing both memory and stability experiments and find competitive
circuit-level noise thresholds of approximately equal to 0.18%, comparable with other Floquet codes and

2 + 1-dimensional color codes.
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I. INTRODUCTION

Reliable quantum computing can be pursued even in the
presence of errors: To this aim, the field of quantum error
correction (QEC) is concerned with designing quantum
error-correcting codes, protocols for decoding, and fault-
tolerant schemes for quantum computing [1]. With the
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first QEC codes being proposed in the 1990s [2], only in
recent years have steps been taken towards the experimen-
tal implementation of large-scale quantum error-correcting
codes [3—12], with remarkable progress. Current QEC
schemes, however, are still challenging to scale up with
current technological capabilities, or require significant
resource overhead. Therefore, it remains a fruitful and
at the same time crucial endeavor to investigate novel
schemes to design and analyze protocols for fault-tolerant
storage and computation.

A stabilizer-based error-correcting code is defined to be
the joint eigenspace of a group of commuting operators
[13]. Hence, measuring these operators repeatedly gives
rise to an error-correcting protocol where the measurement
outcomes are used to infer if a physical error affected the
system and potentially correct for that. Importantly, the
order in which the stabilizer operators are measured affects

Published by the American Physical Society
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neither the evolution of encoded logical information nor
the possibility of inferring a suitable recovery given the
measurement outcomes of the protocol.

Recently, novel schemes have been presented that rely
on repeatedly measuring noncommuting operators in a spe-
cific order. While we should not generically expect such
a scheme to preserve any information, one can carefully
choose the operators that are being measured to design
a fault-tolerant dynamical error-correcting scheme [14].
Removing the commutativity requirements allows one to
circumvent many obstacles that appear for naive stabilizer
measurements. Importantly, the weight, i.e., the physical
qubit support of the check operators that are measured
throughout a protocol, can be drastically reduced. This
constitutes an important avenue of research as high-weight
operators usually come along with complicated quantum
circuits that induce substantial circuit-level noise in many
architectures. Additionally, the time ordering allows one to
protect a qubit with a measurement sequence that without
time ordering (i.e., as a subsystem code [15]) would not
encode any logical qubits. Dynamical schemes where the
same measurement sequence is repeated periodically over
time have been coined Floguet codes [16,17] and after a
first instance, the honeycomb code, presented in Ref. [14],
the concept has attracted much attention.

For stabilizer-based QEC codes, topological stabilizer
codes [18] have been promising candidates for reliable
quantum information storage due to their intrinsic scalabil-
ity with only local measurements. Similarly, in the context
of dynamical codes, it has taken little time for construc-
tions to arise based on models for topologically ordered
phases [19-24]. It turns out that in topological protocols
defined in 2 4 1 spacetime dimensions, where time order-
ing is important, the effective logical degrees of freedom
can be understood in terms of the data of an underly-
ing topological phase, characterized by an Abelian anyon
theory by considering associated 1-form symmetries [25].
Importantly, a spacetime perspective is of essence and
the operators carrying the encoded information cannot
be understood from a static, spatial perspective alone in
order to argue about fault tolerance in the presence of
circuit-level noise.

In this work, we contribute to a more thorough under-
standing of QEC in spacetime by extending existing
graphical formalisms for QEC to a tensor-network-based
formalism that captures all protocols defined from Clif-
ford operations. On a higher level, our aims are twofold:
We extend the common ZX calculus [26] and obtain a
graphical representation of protocols that is closer to the
actual components of a circuit involving ¥ measurements.
Tracking Pauli operators through these networks yields a
complete description of all algebraic quantities entering a
QEC protocol and an associated decoding problem. More-
over, we showcase the usefulness of this framework by
analyzing a class of dynamical error-correcting protocols

involving Y measurements. Specifically, we focus on topo-
logical codes and introduce a new family of topological
Floquet codes. These codes can be constructed from any
2-colex [27], a trivalent and plaquette-tricolorable planar
graph and is defined by a measurement sequence on the
gauge generators of Bombin’s topological subsystem code
[28]. Within this family, we mainly focus on the codes
obtained from a hexagonal lattice, defined on a system of
qubits composed of three qubits per vertex of the origi-
nal lattice. We refer to this subfamily of protocols as XYZ
ruby codes. As atopological code the associated subsystem
code is related to an Abelian anyon theory. In this case, it is
the three-fermion theory [29,30], which is a chiral subthe-
ory of the color code anyon model. In the dynamical setting
we find, however, that the actual logical operators that are
protected and corrected for in the protocol are related to
the color-code anyon model. As such, our code realizes
the color-code phase in spacetime and hence offers a richer
set of natively implementable fault-tolerant logical gates.
For different schedules, this has already been observed in
Ref. [22]. In contrast to other known schedules though,
the qubits themselves are not in a state of the color-code
phase at every time step of the protocol. They undergo
an instantaneous phase transition during the measurement
sequence to a phase that hosts more anyons. To the best
of our knowledge, this is the first two-dimensional Floquet
code where this happens.

In order to showcase the strength of the three-colored
graphical calculus for QEC, we go so far as to design,
simulate, and decode circuits for the XYZ ruby code. Con-
cretely, we combine the spacetime tensor-network methods
for QEC with the understanding of the anyon physics of
the ruby code to devise fault-tolerant QEC experiments
that benchmark different properties of the code. In particu-
lar, we perform memory experiments and the first stability
experiments for a dynamical code, under different error
models (phenomenological, EM3 and circuit-level noise).
We find logical error rates and thresholds comparable to
other Floquet codes encoding the same number of qubits.

A. Guide to the reader

In Sec. 11, we give the necessary background on dynami-
cal QEC protocols and two-dimensional topological codes.
In Sec. III, we introduce the XYZ ruby code as a Floquet
code and analyze the topological phases of the instanta-
neous states. These sections can be read independently
of Sec. IV, which provides a pedagogical introduction
into the three-colored graphical calculus for QEC, essen-
tial to understand the remainder of this work. The reader
interested in a more rigorous treatment is referred to
Appendix A where we also present our main technical
mathematical result on how to understand the sequential
application of Clifford maps (including measurement).
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In Sec. V, we start by giving our perspective on a
general “probing experiment” in spacetime. We then elab-
orate on the fault-tolerance properties of the protocols and
construct and perform numerical experiments. We present
the necessary considerations when designing planar codes,
respectively, boundaries in spacetime, of a topological pro-
tocol defined in the bulk in Sec. VI and sketch a general
construction for topological codes. Lastly, in Sec. VII,
we comment on more general aspects of spacetime QEC,
make connections to existing formalisms and comment on
emerging perspectives and open questions arising from a
tensor-network representation.

II. PRELIMINARIES

In this section, we introduce the important concepts
that are required for our analysis of the XYZ ruby code.
First, we give a high-level introduction to dynamical codes
based on Pauli measurements. This class of codes has been
introduced as instantaneous stabilizer group codes, or ISG
codes in Ref. [17]. Second, we introduce graphical tools
to analyze such codes in a spacetime tensor-network lan-
guage inspired by the ZX calculus [26,31]. Importantly, we
include tensors to represent ¥ measurements more directly
in our framework. This renders the analysis of dynami-
cal protocols involving measurements in the Y basis much
easier and more efficient. Lastly, for readers more familiar
with algebraic structures of topologically ordered systems,
we give an overview on how certain algebraic features of
topological stabilizer codes in two spatial dimensions can
be described by an Abelian anyon model [32]. We will
focus on the anyon models associated to toric and color
codes in which most of the abstract mathematical language
simplifies significantly.

Before we go into details, let us fix some notation. Con-
sider a system of n qubits with a Hilbert space (C?)®". For
the rest of this work, we denote the Pauli matrices on qubit

J by
10 0
Zf:(o —1)’ )9:(1

. 0 —i
and Yf—’X/Zj—<l~ )

These Pauli matrices together with a phase i generate the
n-qubit Pauli group, denoted by P,. Any element P € P,
can be given a weight w : ‘P, — Z>(, which we define to
be the number of tensor factors (qubits) on which P acts
with a Pauli operator that is not proportional to the identity.

We call an Abelian subgroup of the Pauli group a stabi-
lizer group and the common +1 eigenspace of all elements
in that group the associated stabilizer code. Importantly,
any state in the stabilizer code is stabilized by any Pauli

element in the stabilizer group. If we want the stabi-
lized subspace to be at least one dimensional, we require
additionally that —1 is not contained in that group [13,33].

A. ISG and Floquet codes

Projectively measuring a (multiqubit) Pauli operator P
projects a system of qubits onto the eigenspace associ-
ated to the measurement outcome. If the system was in a
stabilizer state before the measurement, the postmeasure-
ment state will again be a stabilizer state whose stabilizer
group can be efficiently calculated from the initial stabi-
lizer group Sy and the Pauli operator P [34]. We call the
stabilizer group of the system immediately after a (Pauli)
measurement the instantaneous stabilizer group (ISG).
This term has first been introduced in Ref. [14] together
with the honeycomb code, the first Floquet code in the
literature. The idea of ISG and Floquet codes is to use
measurements to drive a quantum system between different
ISGs while preserving the logical information. The goal of
the following paragraph is to make this more specific.

We define an ISG code via a sequence (ordered list) of
sets of Pauli operators

M =[My, M, M,, .. ], (2)

such that (M) is a stabilizer group for all i [17]. We
call elements in M; checks. In principle, one can con-
sider sequences with a (countably) infinite number of
elements, although for this work it suffices to consider
finite ones. Since (M;) is Abelian, measuring all checks
in M; projects the system unambiguously onto the sub-
space stabilized by ({(—1)" M;; | M;; € M,}). The binary
numbers {m; € {0,1}|j =1,2,...,|M,;|} label the mea-
surement outcomes of each of the measured Pauli oper-
ators. Note that the structure of the stabilized subspace
is the same independent of the measurement outcome. In
particular, only the signs of the stabilizer generators will
differ. Hence, without restricting generality, we will later
often assume that all measurement outcomes are 0 to sim-
plify the analysis of the instantaneous code states. To avoid
notational clutter, we denote the operation of “measuring
all elements in M;” by m,. If the system has initially been
stabilized by a stabilizer group S;, measuring M; drives
the system into a new stabilizer group S;;; that can be
efficiently constructed from S; and M,

S =5 Siy1. 3)

Starting from an initial stabilizer group Sy, an ISG code
hence defines a sequence of ISGs

So % 5 2L, M (4)

In most cases, we will assume Sy = {1}, i.e., we start with
an arbitrary state. To initialize a particular logical state,
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however, one might want to fix Sy to some other stabilizer
group, for example ({Z;}_,), stabilizing the product state
vector |0)®".

A Floguet code is defined by a finite sequence M. The
length of M is referred to as the period T € Z- of the
Floquet code and the measurements are repeated periodi-
cally after the first round mg, my, ..., my_, i.e., we define
M; = M; mod - The number of logical qubits encoded in
the subspace stabilized by a stabilizer group S; is captured
by its rank r;, the minimal number of independent genera-
tors. Specifically, the number of encoded logical qubits is
given by k; = n — r;. Note that 7; is a nondecreasing func-
tion in i, where i is now associated to the time steps in the
measurement protocol.

In this work, in order to encode a logical qubit in an
ISG code, we require that there exists ie Z such that r;
is constant for all i > i. Following Ref. [17], we say that
the ISG code establishes k = n — r; logical qubits after i
measurements. This is closely connected to the fact that
all pairs (S;, Si11) for i > i form a reversible pair of stabi-
lizer groups in the sense of Ref. [35]: Two stabilizer groups
(S;, Siy1) form a reversible pair if any element s € S; that
commutes with S;y; is also contained in S; and, vice
versa, and element s’ € S; that commutes with S; is con-
tained in S;. Importantly, this condition is not sufficient to
have a fault-tolerant ISG code but only guarantees that the
logical information is preserved by the measurement that
switches from S; to S;41. To incorporate error-correcting
abilities, one needs to specify how to decode on the set
of measurement outcomes. In the next section we illus-
trate how we use graphical methods to analyze the fault-
tolerance properties of a spacetime measurement circuit
associated to an ISG code. For more details on formal defi-
nitions and basic properties of sequences of ISGs, we refer
the interested reader to Refs. [17,35].

B. Topological stabilizer codes and their anyon models

In two-dimensional topological stabilizer codes anyons
appear as local (pointlike) violations of stabilizers that can-
not be created by any local operator [36]. They can be
associated to topological (quasiparticle) excitations of an
exactly solvable Hamiltonian

H=-)"S, (5)

defined by a choice {S;} of a (local) generating set of the
stabilizer group. If ({S;}) fulfills the error-detection con-
dition [33] for any local error, the above Hamiltonian is
topologically ordered [37] and we identify the (degener-
ate) ground space of that Hamiltonian with the code space
of ({Si}).

In two spatial dimensions, any such excitations can
be created at the endpoints of Pauli operators supported

on stringlike regions [38—40]. The associated (stabilizer
equivalence classes of) string operators can be labeled
by an (Abelian) fusion group A and a complex phase 6 :
A — U(1). The fusion group 4 relates to how the (equiva-
lence classes of) string operators multiply, while the phase
0 captures the commutativity of a string of type a with
itself. Specifically, a string operator defined along a self-
intersecting path is stabilizer equivalent to a string operator
defined on a nonintersecting path with the same endpoints
times a complex phase, given by 6. In fact, this data (4, 6)
defines an Abelian anyon model [32], an Abelian braided
fusion category. Interestingly, any Pauli topological stabi-
lizer code realizes an anyon model that is equivalent to
some (finite) number of copies of the toric-code anyon
model [39,40].

Many properties of topological codes become apparent
when interpreting them as ground spaces of the topologi-
cally ordered Hamiltonians introduced above. In particular,
this perspective is helpful to construct logical operators
as nontrivial anyon string operators, to describe native
locality-preserving logical gates in terms of symmetries
of the anyon model [41] and to construct boundaries and
domain walls in terms of anyon condensation [19]. In this
section, we introduce the toric-code and color-code anyon
model and show the equivalence of the latter to two copies
of the former explicitly.

1. Toric-code anyon model

The toric code is the most commonly known topological
code for quantum error correction. It is constructed from
the quantum double model of the Abelian group Z, [42].
It can be defined on any planar graph by placing qubits on
the edges of that graph. For each vertex v, we introduce
a vertex stabilizer 4, acting with X on all qubits on the
edges incident to that vertex. Similarly, we introduce a sta-
bilizer B, for each plaquette p that acts with Z on every
qubit on the edges forming the boundary of that plaquette.
Planarity of the underlying graph guarantees commutativ-
ity of both types of stabilizers. In Fig. 1, we illustrate how
anyons appear at the endpoints of the string operators in
the toric code defined on a triangular lattice.

The toric code hosts four types of anyons, commonly
denoted by Atc = {1, e,m,f }. Under fusion, they form the
group Z, X Z,,

axl=1xa=a,

axa=1, VaeAr, (6a)

exm=mxe=f. (6b)
Additionally, a braiding is defined via
0p=0,=0,=1 and 65 =—1. (7)

In analogy with usual particles, we call 1, e, and m bosons
(they have topological spin 1), and f a fermion (it has topo-
logical spin —1). On the lattice, the nontrivial spin of /" is
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FIG. 1. A toric-code model can be defined from any planar
graph. (a) The associated codespace is defined by placing a qubit
on every edge and adding stabilizer generators on vertices and
plaquettes. The plaquette stabilizers act with Pauli-Z operators
around the qubits on the boundary of that plaquette and can be
thought of as a (homologically trivial) loop (cycle) of Z operators
on the direct lattice. The vertex stabilizers act with Pauli-X oper-
ators on all qubits adjacent to the vertex and can be understood
as acting along a (homologically trivial) loop on the dual lattice
(cocycle). Isolated violations of these stabilizers can be under-
stood as anyons of the toric-code anyon model and are created
at endpoints of X strings on the dual lattice (m anyons violating
a plaquette stabilizer) or Z strings on the direct lattice (e anyons
violating a vertex stabilizer). Combining these two types of string
operators such that their endpoints are close to each other cre-
ates the fusion product of e and m, which is a fermion f'. The
fermionic statistics can be seen from the fact that the string oper-
ators of e and m anticommute if they intersect an odd number
of times. (b) We depict a small example where two interlinked
loops of string operators act like —1 on the code space.

captured by the fact that the string operators creating e and
m anyons do not commute, see Fig. 1.

2. Color-code anyon model

The color code has been introduced as a family of topo-
logical stabilizer codes defined on any trivalent planar
graph with tricolorable plaquettes [28]. In this construc-
tion, the qubits are placed on the vertices and two stabilizer
generators are defined for each plaquette. One type, Sl)f ,
acts with X on all qubits surrounding plaquette p and the
other type, Sg , acts with Z on all qubits surrounding p. The
trivalency and colorability ensures commutativity of all the
stabilizers on any of these lattices.

In Fig. 2, we illustrate the color code defined on a hexag-
onal lattice. We label each of the violations according to
the color and Pauli label of the operators creating it. For
example, a violation of a single ij (that is not simultane-
ously a violation of Sg) for a red plaquette p is labeled by
rz since it is localized at a red plaquette and can be created
by a product of Pauli-Z operators. A single violation of
that type, labeled by the color ¢ € {r, g, b} and Pauli label
p € {x,v, z}, can only be created by a nonlocal operator.
For example, when placed on an infinite plane, this could

FIG. 2. The hexagonal color code is defined on a system of
qubits played on vertices of a hexagonal lattice. The stabilizer
group of the associated code has two types of generators per
plaquette: One acting with a product of Pauli X on each qubit
surrounding the plaquette, and one acting with Pauli Z on the
same qubits. A state violating a set of these generators can be
associated with a state with anyonic excitations at the plaquettes
whose stabilizers are violated, labeled by the color of the pla-
quette and the Pauli operator that created them when applied to
a codestate. A single Pauli error creates a triple of anyons, one
at each plaquette touching the qubit. This gives rise to the anyon
fusion rule rx x gx x bx = 1. An isolated anyon can be cre-
ated at the endpoints of certain string operators. For example, the
boson rx is created at the endpoints of a string of X operators
acting on pairs of qubits along red edges, connecting red plaque-
ttes. Similarly, one can create the other bosons in the color-code
anyon model by acting with two-qubit Pauli operators of the form
P ® P on the qubits on edges of a given color.

be a half-infinite string operator connecting plaquettes of
the same color c. Any color-code boson can be created
by a product of string operators of definite Pauli and color
type, which we label with cp. For now, we will call these
string operators generating string operators and the asso-
ciated anyons generating anyons [43]. Additionally, there
are products of string operators labeled by different colors
and Paulis that create an inequivalent anyon. We will see
in the next paragraph that these will be the fermions in the
color code.

In the color-code stabilizer model, we notice that any
single-qubit Pauli creates a triple of violations on the pla-
quettes surrounding the qubit. On the level of the anyon
model this means that any triple of such violations with
the same Pauli label corresponds to the trivial anyon,

rx X gx Xbx =1, ®)

and analogously for the other Pauli labels. Similarly, the
same holds for a triple of anyons with the same color but
different Pauli labels.

It is instructive to order the generating anyonsina 3 x 3
“magic square,” where each row corresponds to a Pauli and

010360-5



JULIO C. MAGDALENA DE LA FUENTE et al.

PRX QUANTUM 6, 010360 (2025)

each column corresponds to a color label [41],

rx | gx | bx

ry | gy | by ©))
rz | gz | bz

The square is aligned such that the fusion product of
every row and of every column is 1. Phrased differently,
the fusion product of any two anyons in the same row
(column) is the third anyon in the same row (column).
Products of two anyons that do not share a row or a col-
umn are anyons of the color code outside of this table.
Taking the constraints above into account, we count six
additional inequivalent nontrivial anyons. Looking at the
string operators, we notice that each anyon in the square is
a boson and the six not directly represented in the square
are fermions, i.e., have topological spin —1, see Fig. 2. We
conclude that the color code has 16 inequivalent anyons:
the trivial anyon 1, nine bosons in the table above, and six
inequivalent products of these bosons that are fermions. In
the following, we denote the anyon model of the color code
with Ccc.

As stated before, any two-dimensional topological Pauli
stabilizer code is described by an anyon model that is
equivalent to some number of layers of the toric code. In
particular, this is also true for the color-code anyon model.
Specifically, there exists an unfolding [44] of the color-
code anyon model into two copies of the toric code. We
demonstrate the unfolding by relabeling a set of generators
for the color-code anyon model to a set of generators of
the anyon model of two decoupled layers of the toric code.
For this we label each anyon of two layers of the toric
code by (a,b), where a,b € {1,e,m,f } label the anyon
restricted on layer one, respectively, two. For example, we
can identify

rx | gx | bx (e, 1) | (e,e) | (1,e)

ry gy |by <« (em) | (f.f) | (me)

rz | gz | bz (I,m) | (mym) | (m,1)
(10)

In this unfolding, the six fermions of the color code are
labeled by
f1=(0), f2=(e),

f3 = (f,m), (11a)

f4 = (fa 1)5 f5 = (eﬂf)9 f6 = (m’f) (llb)
Note that £, £, £3 as well as £4, £5, £4 form a closed sub-
theory of the color-code anyons. When viewed as an anyon
model on its own, each of these subtheories are equiva-
lent to the “three-fermion” anyon model [19,29,32]. The
unfolding into two copies of the toric-code anyon model

shows that the color-code anyon model can be identified

as the Abelian group Acc = Z2X4 together with a topo-
logical spin Occ = O1c ® Orc that acts like the product of
toric-code spins on the two Z, x Z, factors of Acc.

The symmetries of an anyon model play an important
role in the encoding and manipulation of logical informa-
tion in topological codes. A symmetry of an anyon model
A is a permutation of the anyons that leaves all the any-
onic data invariant, i.e., preserves the fusion as well as the
braiding properties. For the two-dimensional color code,
the group formed by all symmetries, i.e., the automor-
phism group Aut(Acc), can be understood in terms of
symmetries of the boson table in Eq. (9) [41]. One can
permute the rows and columns individually—permuting
color or Pauli labels—and also mirror along the diag-
onal—exchanging color and Pauli label. This yields an
automorphism group of (S3 x S3) X Z;,. For a more elabo-
rate treatment of the color-code anyon model we refer the
reader to Refs. [19,41].

III. THE XYZ RUBY CODE

In this section, we present two variants of the XYZ ruby
code. Both are defined on the same lattice of qubits and
checks of only weight 2. We first analyze a period-3 pro-
tocol and then a period-6 protocol, which can be thought
of as a rewinding version of the period-3 protocol (in the
sense of Ref. [22]). We find that the logicals of the protocol
can be described by a color-code anyon model, although
the instantaneous state is not always in the same phase as
a color-code state.

The XYZ ruby code is defined on a system of qubits on
the vertices of the ruby lattice shown in Fig. 3, tessellating
a compact, oriented, two-dimensional manifold. Addition-
ally, we require that we can three color the interior faces,
as indicated in Fig. 3. Later, we refer to these hexago-
nal faces as plaquettes and the rings of 18 qubits around
each hexagon as plaques. To each edge, we associate a
two-body Pauli check: A XX check to every red edge, a
YY check to every green edge and a ZZ check to every
blue edge. The union of these checks generate the gauge
group of Bombin’s subsystem code [45]. As we will see in
this section, adding a schedule on the checks reveals richer
code properties than just the ones of the subsystem code.
We refer the reader interested in the relationship between
the XYZ ruby code and the topological subsystem codes
from Ref. [45] to Sec. VII A.

The (period-3) XYZ ruby code is defined by the follow-
ing sequence of checks:

M: ) ) 3
[O=0), =@, D= (12)

i.e., we define a protocol where we periodically measure
the blue, red, and green edges in the respective bases.
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FIG. 3. (a) The XYZ ruby code is defined on qubits placed on
the vertices of the ruby lattice with three-colorable plaquettes.
The error-correcting protocol only involves weight-2 measure-
ments between neighboring qubits. (b) The color of the edges
indicates the Pauli basis of the measurement. Along a blue edge,
a ZZ measurement is performed, along a green edge a YY mea-
surement is performed and along a red edge a XX measurement is
performed. In this work, we consider two different schedules, one
with periodicity three (black arrows) and one with periodicity 6
(gray arrows). The period-6 schedule is a rewinding version of
the period-3 schedule. (c) Both schedules are designed to read out
the stabilizers of the associated subsystem code [28]. For each
plaque(tte), the subsystem code has two independent stabilizer
generators.

A. Establishing four logical qubits

Having defined the measurement sequence, we now
track the ISGs through multiple rounds of measurements
following the stabilizer formalism with measurements [13,
14]. Without loss of generality, we can assume the mea-
surement outcomes are all +1, i.e., that the measurement
projects onto the +1 eigenspace of all measurements in
that round, see Refs. [17,31]. We start at time ¢ = —4 with
an arbitrary state, stabilized by S_4 = {1}.

The first round of measurements adds all ZZ terms to the
stabilizer group,

S* = b
3 = (O=0Q) (13)

where the set of generators is understood to be the set of
all ZZ operators acting on qubits connected by a blue edge.
Note that at this time step the stabilized states are superpo-
sitions of codestates of three-qubit repetition codes on the
triangles.

The next measurements are XX measurements on the
red edges in Fig. 3. None of the ZZ operators measured
in the previous time step commutes with any of the XX
operators. However, there are extensively many elements
in S_; that do commute with XX on the red edges. They
are Pauli-Z operators acting on qubits connected by cycles
composed of alternating red and blue edges. This includes
homologically trivial cycles generated by cycles around

each plaquette,

(14)

and homologically nontrivial cycles around the handles of
the ambient manifold,

(15)

(16)

Note that the generators in the first line are local and of
constant weight (2 and 12), whereas the generators in the
second line are supported on nontrivial loops around the
torus and hence their support grows extensively with the
system size. The path along which the nonlocal Z stabiliz-
ers act can be deformed (locally) by applying the local Z
stabilizers.

The next measurements, Y'Y along all green edges, again
anticommute with the measurements of the previous time
step. The product of XX edges within each hexagonal pla-
quette commutes with all of the YY measurements and
hence remains in the stabilizer group. Additionally, the
product of both trivial and nontrivial Z loops with the XX
terms along their paths acts only in the Y basis and hence
also commutes with the Y'Y measurements. Taken together,
the stabilizer group at t = —1 reads
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At t = 0, we measure ZZ along the blue edges again. None
of the YY generators above commute with all ZZ measure-
ments. Moreover, none of the nonlocal stabilizers remain
in the stabilizer group after the ZZ measurements. Both the
weight-12 Y loops as well as the weight-6 X plaquettes
can be multiplied with YY edges to commute with the just-
measured ZZ operators. Combined, the XYZ ruby code
establishes at 1 = 0, with the ISG

(18)

Note that this stabilizer group was discussed in Ref. [46]
as the group of local integrals of motion of the associated
subsystem code Hamiltonian in one corner of its phase dia-
gram. For a longer discussion on the connection of the
XYZ ruby code to Bombin’s subsystem code we refer to
Sec. VII A. The code defined by this stabilizer group hosts
four logical qubits per handle of the manifold on which
we place the ruby lattice. To see this, we can count the
number of independent generators of the stabilizer group
and compare it to the Euler characteristic of the manifold.
Alternatively, we can view the stabilizer group as obtained
from a concatenation procedure. Specifically, the ZZ sta-
bilizers define a three-qubit repetition code on each of the
triangles. The effective qubits of the higher-level code sit
on the vertices of the hexagonal lattice obtained from iden-
tifying each blue triangle with a qubit. On the effective
qubits, the remaining stabilizers act like the stabilizers of
the hexagonal color code [28], which encodes exactly four
qubits per handle.

B. Reversible stabilizer groups and logical
automorphism

In this section, we track the ISGs after having estab-
lished four logical qubits. We will see that after # = 0, the
number of logical qubits stays constant even though the
ISGs change. To prove this, we construct logical operators,
representing N (S,)/S,, for any ¢ > 0.

At t = 0, after the second ZZ measurement, we can use
the logical string operators of the color code to construct
representatives of the logical operator classes N (Sy)/So.
Specifically, the color code admits a basis of logical oper-
ators that can be associated to anyonic string operators
(cf. Sec. II B). For each handle there are four indepen-
dent pairs of string operators that act like pairs of Pauli-X
and Z operators on distinct encoded qubits, see Fig. 4. For
example, we can take a noncontractible string of X oper-
ators along red edges to represent a logical X operator.
We can represent the corresponding anticommuting logi-
cal Z operator by an operator acting with Z operators on
green edges (connecting green plaquettes) of the effective
color-code lattice along a noncontractible loop around the
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FIG. 4. When defined on a torus the XYZ ruby code encodes
four logical qubits. In fact, the logical Pauli operators can be
understood as color-code anyon string operators around homo-
logically nontrivial cycles. On the torus, there are two inequiva-
lent cycles, which we label with a superscript (1), respectively
(2),1in (a) and (¢). In (a), we show one choice of generators for
the logical Pauli operators on one pair of logical qubits. They are
labeled by red and green X, respectively Z, bosonic string oper-
ators. The anyon exchange statistics ensures that they obey the
necessary commutation relation as can be seen in (b) for a set
of logical operators at f =0 mod 3. We depict that a green Z
string overlaps with one of the red X strings on the three qubits
on a single blue triangle. The Pauli group on the other two logical
qubits are generated by the same type of anyon string operators
going around inequivalent cycles, see (c).

same handle but in the orthogonal direction. By construc-
tion, their support overlaps on an odd number of qubits
and the two operators form an anticommuting pair of log-
ical operators that square to one, i.e., generate a logical
Pauli group. Exchanging red and blue in the construction
above yields an additional pair of logical Pauli operators.
Finally, we can exchange X and Z in both pairs of opera-
tors resulting in a total of four pairs of independent logical
Pauli operators per handle of the ambient manifold. In fact,
these are all of the logical Pauli operators for any color
code on an orientable manifold (without boundaries). The
physical representatives of the logicals of Sy are obtained
by replacing each Pauli operator along the noncontractible
loop with the logical Pauli operator of the three-qubit repe-
tition code on the blue triangles. In Fig. 5, we show a subset
of logical representatives, including the ones at # = 0.

At t =1, we measure XX on every red edge. This
updates the stabilizers to form another ISG,

(19)
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)
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FIG. 5. The period-3 XYZ ruby code implements a logical Z3 automorphism a on the logical Pauli group. The figure shows the
evolution of a pair of anticommuting logical operators throughout three cycles of the period-3 XYZ ruby code. At time ¢, for each
logical operator we show a nontrivial representative that is shared among A (S;) and AV (S;; ). Note that to find a logical operator at
t =2 mod 3 that is preserved by the ZZ measurement the logical operator has to be multiplied by YY edges as well as by nonlocal
Y strings in the the stabilizer group S,. For the anticommuting logical operator we only show the representative at time steps ¢ = 0
mod 3. Picking a basis of logical operators (in which the leftmost representatives are identified with X'| and Z,) for the times ¢ = 0
mod 3 we can understand the action of the automorphism a on that pair of logical Pauli operators as X | > Z3Z4 > X,Z4 — X
and Z| — Z,X 4+ X3X4 — Z,. Note that we show different representatives for the logical operators at = 0 mod 3 compared to
Fig. 4. How the logical operators transform from one time step to the next can easily be obtained from the logical flows associated to
the logical Paulis, see, e.g., Fig. 10 for two exemplary logical flows.

Note that S; needs nonlocal generators, which is not
the case for Sp. This is indicative for a phase transition
between states in Sy and &;. We will later show that,
indeed, S; is in the same phase as three toric codes, see
Sec. III C. &) has a greater rank than S_, (where we mea-
sured XX along red edges the last time) and the same rank
as Sp. When counting the number of independent gener-
ators to determine the rank one has to take into account
global relations amongst the generators. For example, the
product of all weight-6 X generators is the same as the
product of all XX on red edges. As a consequence, the
logical information encoded in the stabilized subspace of
Sy is preserved in the subspace stabilized by S;. This can
be shown by giving a representative logical Pauli opera-
tor that is shared among N (S;) and N (S;), as shown in
Fig. 5 for one pair of logical operators. In fact, we can find
such representatives by identifying corresponding logical
operators of the lower-level repetition code on the blue
triangles. All the logical X strings, for example, can be
represented by X ®3 on each triangle, which commute triv-
ially with the XX measurements. For the Z strings, we have
to find logical Z representatives of the lower-level code
that commute with the XX measurements. For that, note
that all of the Z strings go along edges of a given color
(in the higher-level color code). For each such edge, we
can find exactly one red (XX') edge in the ruby lattice run-
ning perpendicular to it. It connects two physical qubits of
two different triangles. The product of a Pauli Z on both
of these qubits implements a logical Z ® Z on the logical

qubits associated to the two triangles and commutes with
the XX measurement along that red edge. We can combine
these ZZ operators along a noncontractible path connect-
ing plaquettes of the same color. This gives a set of logical
operators for both Sy and S;. Together with the logicals
composed of Pauli-X operators, they form a complete set
of representatives of the logical Pauli group of both stabi-
lizer groups. This shows that Sy and &) form a reversible
pair of stabilizer groups. Importantly, however, since S
needs nonlocal generators and Sy does not, they do not
form a locally reversible pair [47]. This manifests itself
by the fact that one can view the ISGs as changing their
topological phase during the measurement sequence. We
will elaborate on this further in Sec. III C.

At t = 2, we measure Y'Y along every green edge. This
updates the stabilizer group to

(20)

Again, we can find a logical representative shared amongst
N(S)) and N (S,) for each logical coset. Starting from
the representatives from before, inherited from the ¢t =0
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round, we have to multiply XX stabilizers along the red
edges to obtain the representatives that commute with the
YY measurements. In Fig. 5 we show the transformation of
a pair of anticommuting logical string operators through-
out three measurement cycles. All other logical string
operators are of the same form but act along paths connect-
ing different colors or along a homologically inequivalent
loop. Again, finding a logical representative shared among
both A/(S;) and N (S,) for each logical class shows that
S1 and S, form a reversible pair of stabilizer groups.

At t = 3, we measure ZZ again, which maps the ISG
back to Sy and can find logical operators that are shared
amongst NV (S;) and N (Sp) for each logical coset. This
shows that the ISGs define a reversible sequence of stabi-

lizer groups,

S1 —)82

@n

After one period, the code gets mapped back to itself. As
such, the measurement sequence defines a logical auto-
morphism a; on N(S,)/S; for each ¢, captured by the
following diagram:

ag
N(8:)/S:
my Mo
M1
Cf\jf(stﬂ)/stﬂ E— N(5t+2)/3t+®

Ot+1 O+2 (22)
Each a, itself is a Clifford unitary on the respective
codespace that is implemented by a full period of the
measurement cycle. To evaluate the logical automorphism
we can pick any reference ISG and track how the log-
ical operators evolve through a cycle of measurements.
Let us pick Sy, which describes a topological code with
an anyon model equivalent to that of the two-dimensional
color code. A single cycle of measurements implements
an automorphism on the logical Pauli group of that code,
which can equivalently be understood as an automorphism
of its anyon model. Reference [41] classified all the auto-
morphisms of the color-code anyon model. In particular,
any automorphism is uniquely defined by the action it
has on the color-code boson table, see Eq. (9). Tracking
the logical string operators through one cycle of measure-
ments we find that the XYZ ruby code implements a shift
along the diagonal of that table. In particular, the automor-
phism has order 3, which can be seen in Fig. 5, where

we show the evolution of one pair of logical string oper-
ators through three cycles of measurements. Specifically,
the figure shows the transformation

rx — bz > gy > rx— --- and (23a)

(23b)

gz > ry > bx—> gz — .

Graphically, we depict the automorphism applied on the
color-code anyons within one period with

=pc Aut(Acc).

~

24

On a subset of logical Pauli operators it acts like
X+ Z3Z4+> X2Zy—> X +— .- and (25a)
71H7274H)?3Y4H71H---, (25b)

as we show explicitly in Fig. 5. The explicit labeling
of the above logical operators is an arbitrary choice, of
course. However, the automorphism necessarily preserves
the commutation relation amongst any pair of logicals,
independent of the choice of basis. In a different basis,
for example, we would find that some logical operators are
“static” operators in the protocol. Consider a logical oper-
ator at f = 0 mod 3 that is associated to moving one of
the fermions £, £, or £3 as defined in Eq. (11) around a
homologically nontrivial cycle. The fermions are products
of bosons in the table above that lie within the same orbit
of the automorphism. In fact, the automorphism simply
exchanges the two constituent bosons and the composite
(fermion) is left invariant by the automorphism. Indeed,
we find that the associated logical operators are shared by
all of the ISGs. We discuss this in the context of the asso-
ciated subsystem code further in Sec. VII A. We note that
an isomorphic automorphism was found in other schedules
on the same set of checks in Ref. [22].

C. Instantaneous topological phase transitions

We have seen that the ISG & is in the same phase
as the two-dimensional color code, which helped us sig-
nificantly in finding the logical operators and their trans-
formations throughout the measurement sequence of the
XYZ ruby code. In this section, we will analyze the other
two ISGs, S; and S,, with respect to their topological
properties. In particular, we consider the locally generated
part of the ISGs as defining the topological phase of the
stabilizer group and interpret the nonlocal stabilizers as
additional constraints on the codespace of the topological
code defined by the locally generated one. Interestingly, we
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find that the code undergoes an instantaneous phase tran-
sition [48] from the color-code phase into three copies of
the toric-code phase. A similar behavior was observed in
Ref. [23], where the ISGs undergo a transition from an X -
cube model to layers of the 2 + 1-dimensional toric code.
To the best of our knowledge, the XYZ ruby code is the
first two-dimensional code appearing in the literature that
features such an instantaneous phase transition.

Similar to Sy, we can view &) and S, as stabilizer
groups of a concatenated code, where the XX, respectively
YY, checks are stabilizers of a lower-level [[2, 1, 1]] code.
Viewed in this way, the other stabilizer generators act as
higher-level stabilizers as a product of logical operators on
these smaller codes. For both S; and S, the higher-level
code is generated by weight-3 and weight-6 stabilizers, see
Fig. 6. Additionally, we find that the local part of the stabi-
lizer groups can be decomposed into three factors, each
of which acts on a different subset of qubits. The three
subsets can be associated to three colors, red, green, and
blue, following the colorings of the edges of the underlying
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FIG. 6. At t=1 mod 3 the ISG (after establishing) can be
mapped to the one of three copies of toric codes on triangular
lattices by a local isometry. (a) This can be seen explicitly by
interpreting the XX stabilizers on the red edges as stabilizers
of a lower-level [2, 1, 1] repetition code. This defines an effec-
tive qubit on each red edge of the ruby lattice, which can also
be viewed as associating one qubit to each edge of the underly-
ing honeycomb lattice. The other stabilizer generators of S; are
mapped onto weight-3 Z and weight-6 X stabilizers on the effec-
tive qubits. The stabilizer generators can be grouped to act on
three nonoverlapping subsets of qubits: the ones associated to the
red, green, and blue edges of the underlying honeycomb lattice.
We exemplify how the stabilizers act on the effective qubits by
showing generators of S that effectively act only on the qubits
associated to red edges. (b) On each of the three subsets, the
effective stabilizers reduce to the ones of a toric code on a trian-
gular lattice, cf. Fig. 1. We draw the lattices for the effective toric
codes overlapping in three different colors. For better readabil-
ity we highlight the lattice on which the effective red toric code
is defined. The lattices defining the other two toric codes differ
only by translation, with vertices placed in the center of plaque-
ttes of a different color. The same mapping can be performed for
S, where the basis of the lower-level stabilizers changes from X
to Y.

hexagonal lattice, cf. Fig. 2. On each subset, the stabilizer
group reduces to the stabilizer group of a toric code on
a triangular lattice (see Fig. 6). Since there are no addi-
tional local stabilizers, we conclude that the topological
order of states stabilized by S; and S, is that of three
copies of the toric code. Specifically, the code undergoes
an instantaneous phase transition from the color code to
three copies of the toric code when the XX or YY checks are
measured on a state stabilized by Sy. Similarly, the reverse
transition is induced by measuring the ZZ checks on S
or S,. The additional nonlocal stabilizers can be identi-
fied with anyon string operators along nontrivial cycles and
implement a nonlocal constraint on the codespace. In fact,
the string operators act nontrivially on all three copies of
effective toric codes and can be viewed as moving the elec-
tric charges (e anyons) of all three copies jointly around a
nontrivial cycle. As such, the nonlocal stabilizers can be
viewed as logical operators of the three toric codes and it
being in the stabilizer group enforces a parity constraint
on their logical qubits [49]. This explains how the logi-
cal dimension remains constant even though the number
of anyons in the code changes periodically in time.

D. Rewinding schedule

In this section, we explain a rewinding schedule based
on the schedule discussed so far in Sec. III. The idea of a
rewinding schedule was originally introduced in Ref. [50]
to define boundaries for the honeycomb code, a Floquet
code that applies a nontrivial automorphism after one
length-3 period. Reference [22] formalized this concept
and applied it to other Floquet codes in two and three
spatial dimensions to engineer transitions between desired
ISGs. A rewinding schedule can in general help to con-
struct boundaries, logical gates or other desired features of
the ISG.

A Floquet code is considered rewinding if the measure-
ment sequence M [see Eq. (2)] is symmetric with respect
to time reversal, 1.e., is of the form

(Mo, My, .oy Mgy, Mgy, My, Mol (26)
for some k € Z. [22]. Note that in this definition both
Mi_1 and M, are performed twice in a row. In either
case, the second of the two measurements will not have any
effect on the ISG or logical operators at that time, besides
potentially changing signs of some stabilizers if an error
occurs. Hence, we also refer to a schedule in which these
measurements are not repeated as rewinding.

For the XYZ ruby code we analyze a rewinding schedule

defined by the period-6 measurement sequence

M, = [0=0), @=R®, D=0,

O=Q), =D, Q=) (27)
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Note that in this rewinding schedule there are two types of
Z measurements: One sandwiched by XX measurements
and one sandwiched by YY measurements. We pick this
rewinding schedule since the second ZZ measurement is
needed to establish an ISG in the color-code phase, cf.
Sec. IIT A.

In the following, we describe the ISGs in the rewind-
ing schedule. Again, consider starting with the first round
of ZZ measurements at t = —3. Since the measurement
rounds att = —3, —2, —1, and 0 agree with the nonrewind-
ing schedule [see Eq. (12)], we find that the rewinding
schedule also establishes four logical qubits in ISG S just
after the second round of ZZ measurements. At t =1, YY
is measured along the green edges, which drives the sys-
tem into a new ISG, which we denote by Sj. First note
that the Y stabilizers all remain in the stabilizer group
and so do all the Z®° stabilizers around the inner plaque-
ttes [see Eq. (18)]. Although the individual ZZ stabilizers
anticommute with the YY measurement operators, certain
combinations commute with them. Specifically, ZZ opera-
tors acting on qubits connected along a loop of green and
blue edges remain in the stabilizer group after the YY mea-
surement. These loops naturally fall into homology classes,
so we sort the stabilizers associated to these loops into the
same classes. The homologically trivial stabilizers are all
generated from weight-6 operators forming a loop around
a single plaquette,

(28)

Additionally, there is a stabilizer of extensive weight for
each homologically nontrivial loop. We hence add one
generator for each homology class obtained from a prod-
uct of ZZ operators along a representative loop along green
and blue edges. Taken together, the system is driven into a
code stabilized by

s-(= LD
QL8

Note that S} is related to S; [Eq. 19] by a lattice rota-
tion of /3 together with a product of on-site unitary
(X + Y)/~/2, swapping X and Y bases.

At t =2, XX operators along red edges are measured.
With similar arguments as for the transition S; — S, in the

29

nonrewinding schedule we see that the XX measurement
at t = 2 in the rewinding schedule drives the system into a
code stabilized by

s-(eo L
L3 L6

In particular, the Y®° generators and the Z®° generators
acting on the inner plaquettes remain in the stabilizer group
and the ZZ loops along green and blue edges have to be
multiplied with YY stabilizers to commute with the XX
measurement operators. We again find that rotating the lat-
tice by /3 and applying (X + ¥)/+/2 to every qubit maps
Shto S [Eq. (20)].

At t = 3, the ZZ measurements along the blue edges are
repeated and we find that the system is driven back to a
state stabilized by Sy. From there, XX operators along red
edges are measured, followed by YY measurements along
the green edges, performing the transformation of the
nonrewinding schedule until 1 =6 =0 mod 6. To con-
clude, after establishing that the stabilizer groups undergo
a periodic transformation,

(30)

S, &0 5

7N
So So

o\ S

ST — 8%
1 my 2 (31)

we see that we encounter a length-6 rewinding sched-
ule. Note that the same measurements are performed as
in the period-3 schedule just in a different order, see
Eq. (21). Since all measurements in the above diagrams
are reversible we can infer from the mirror symmetry of
the above diagram that the sequence implements a triv-
ial automorphism on the encoded logical Pauli algebra
[22,35]. We can track representatives of the logical opera-
tors through a full period of measurements in the rewinding
schedule and verify that the cosets of logical operators are
mapped back onto themselves, i.e., the rewinding sched-
ule implements a trivial automorphism on the logical Pauli
group. The explicit transformation of logical operators can
be deduced from the logical flow as we will see later.

We find that after three time steps the code is also
mapped back onto itself and the logical operators undergo
the nontrivial automorphism of the period-3 schedule. Due
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to the rewinding, the second half of the period implements
the inverse of that automorphism rendering the action of
the full period of measurements on the logical Pauli group
trivial. For the rest of this work, we will investigate the
XYZ ruby code with a rewinding schedule.

IV. THREE-COLORED GRAPHICAL CALCULUS
FOR QEC

In this section, we introduce the concept of a three-
colored graphical calculus for quantum error-correcting
protocols defined by circuits composed of Pauli measure-
ments and Clifford operations. In the following we write
“circuit” for short since we only consider these types of
circuits for now. In principle, one can analyze any such
protocol with the usual ZX calculus, as shown for example
in Refs. [26,31]. For protocols involving Y measurements,
however, the formalism becomes less elegant and the map-
ping between a ZX diagram and circuit substantially more
tedious. It is desirable to work with a representation that
is closer to the “native” operations considered in an QEC
protocol.

In the ZX calculus the elementary building blocks are
two types of tensors, also called spiders, usually repre-
sented by circles of two different colors. We propose an
extension to the graphical representation of circuits with
spiders of a third color. Since tensors of three different col-
ors—red, green, and blue—will play a central role, we call
such a tensor network an RGB tensor network (RGB TN).
Additionally, we extend the concept of Pauli flow [51] to
that setting and rigorously define all algebraic quantities
entering a quantum error-correction analysis from these
flows alone. This gives rise to a purely graphical descrip-
tion of all the quantities needed to perform error correction
on a circuit.

We would like to note that there have been other pro-
posals to add a third color to the ZX calculus, specifically
Refs. [52,53]. From our perspective, both approaches lack
some properties that we find desirable for a representa-
tion of circuits, independent of their geometric structure.
Reference [52] resorts to a two-dimensional ambient space
when defining the spiders. In particular, the formalism only
allows for left- and right-pointing legs attached to individ-
ual tensors. In light of the fact that we want to consider
spacetimes of higher dimensions than two and we can
interpret the time direction freely in these protocols [17],
we want to avoid such choices. This is resolved in Ref. [53]
with a graphical calculus that is defined independently of
its ambient space but adds orientations to the edges. The
authors’ goal was to obtain a calculus that is fully symmet-
ric among the three colors. In order to achieve this they
have to change one of the two tensors of the ZX calculus.
In our context this is highly undesirable since simple cir-
cuit elements, such as the CNOT gate, are nicely expressed

in terms of original ZX tensors. We aim to fix both prob-
lems with minor additions to the Clifford ZX calculus by
only adding a third type of tensor. To avoid the dependency
on some ambient space, we will allow for edges attach-
ing to that third tensor to be “flipped” without the need of
adding orientations to all edges or tensors.

A. Building blocks

The idea behind the graphical calculus is to represent the
circuit as a tensor network, which can be assembled using
simple elementary building blocks. The goal of this section
is to first introduce the tensors from which we build up the
tensor network representing any circuit. All tensors will
be considered over C?, i.e., any “wire” will be associated
with a two-dimensional complex vector space. As such, it
carries a computational basis, which we write as {|0) , 1)}
and identify it with the two orthogonal eigenstates of the
Pauli-Z matrix.

The key building blocks will be three types of tensors.
To each type, we associate a color: blue, red, or green. For
each color, we define two tensors, labeled by s € {0, 1}. In
the following, we define each type of tensor in terms of its
matrix elements in a computational basis. We define a blue
s spider by

(32)

for any number of legs. This tensor implements a con-
straint on the vector space spanned by all the labelings
of the legs, indicated by the three dots next to the tensor.
Specifically, for s = 0 it is the usual § tensor enforcing all
labels to have the same value. Similarly, we define a red s
spider by

(4

d |'{b {1 a+b+c+---4+d=s mod 2
9

0 else

=0a@b@cd - Dd,s- (33)
It represents a constraint on the joint parity of all the legs of
the tensor. Specifically, for s = 0 it projects onto the even
sector whereas for s = 1 it projects onto the odd sector.
Lastly, we introduce a third type of tensor, namely a green
s spider, a complex tensor defined by

(0

. b
bt
%C :Za+ + +C§a®b@(;,.®d,5v

e (34)

The green tensor implements a similar constraint as the
red tensor but additionally adds a phase generated by i,
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depending on the explicit configuration on the input legs
of the tensor. For later convenience, we also want to cap-
ture tensors that act with a —i on some legs. Hence, we
introduce “flipping” of inputs of green tensors, which we
denote with a black arrowtip on a leg attached to the tensor.
Specifically, we define

(0

d b
. —atb td
c =1 atbtet ot 6{1@1}@(:4“@(1,3

o 35)

to denote the tensor with the « leg flipped. Note that flip-
ping all edges is the same as complex conjugating the
tensor,

e e (36)

For the rest of this work, if there is no explicit s label given,
we consider the spider to be a s = 0 spider. Sometimes, we
will refer to the s = 1 spider as a signed spider.

Lastly we note that the three spiders are related by basis
transformations defined by the two-legged tensors

1
- (-1 ab
a%b = (5a7bia, (37b)
_ L ateap

For example, the blue spider can be obtained by conjugat-
ing either a red or green spider by the above tensors,

In Appendix A, we give a more complete overview on
RGB tensor networks and equivalences thereof. In par-
ticular, we show that relations amongst different tensor
networks give rise to a “calculus” based on these networks,
similar to the ZX calculus.

(38)

B. Graphical representation of circuit elements

In the following, we show how a generic Clifford cir-
cuit with Pauli measurements can be mapped to a tensor
network of tensors that were just introduced.

One can think of each of the three colors as correspond-
ing to one of the three Pauli labels, with red corresponding
to X, green to Y, and blue to Z [54]. Specifically, their
two-legged signed versions represent the Pauli matrices

(39a)

—O—-—Y— (39b)
1

—Q—-—Z (39¢)

Together with usual Hadamard and S gate, represented by
the tensors

—o—-—{H7

(40a)

—o—-—5

the signed blue, green, and red spiders generate the single-
qubit Clifford group. To complete the full Clifford group,
we need a two-qubit gate, for example, the CNOT gate. The
CNOT gate can be defined as a matrix with entries

(40b)

CNOTjy jj» = 8i 8’ s (41)

which can be represented by the tensor network

(42)

This completes the representation of any Clifford unitary
in the three-colored calculus.

Additionally, we can represent any multiqubit Pauli
measurement nicely as an RGB tensor network. More con-
cretely, we represent projective measurements in terms
of the projectors onto a given measurement outcome. As
such, the measurement outcome appears as a classical label
of the network.

Let us start with a simple example of a two-body mea-
surements. They constitute the elementary operations of
the XYZ ruby code, defined in Sec. III. We represent the
projector onto outcome m € {0, 1} of a Z ® Z measurement
via the following tensor network:

:
Z - (43)

Similarly, an XX measurement can be represented by
swapping @ with @ in the above diagram.
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We can use only blue and red spiders in combination
with Hadamard boxes to also include Y measurements, see,
for example, Fig. 3 in Ref. [31]. However, this comes with
a fairly big notational overhead where the components
in the tensor network do not resemble the actual build-
ing blocks of a circuit implementing that measurement.
Using the green spiders, we can represent measurements
involving Pauli ¥ more directly. For example, consider a
YY measurement. We find that

Y
—_—Y

m+ 1
O (44)

3
I
—o—Q

represents the projector onto the subspace associated to the
YY measurement with outcome m € {0, 1}. Note that the
sign of the blue spider on the right represents the flipped
measurement. This is an artefact on the details of how we
defined the green tensor. In most cases we do not need
to consider the flipped measurement explicitly since the
respective stabilizer groups only differ by a sign.

In fact, we can represent any multiqubit Pauli measure-
ment as a tensor network following a recipe presented in
Appendix A.

C. Pauli flow and logical isomorphism

In this section, we introduce Pauli flows in terms of
projective symmetries of the building blocks of our tensor-
network representation of circuits. We use the term “pro-
jective symmetry” because the operations we want to con-
sider leave the individual tensors invariant up to a phase.
Specifically, we obtain a graphical rule on how to track the
propagation of Pauli operators through the network.

Let us start with a simple example of the identity tensor
represented by a naked wire. The Pauli matrices behave in
the following way:

(45)

We find that, up to phases, they form an Abelian group
751 =~ 7, X Z,. Since these spiders can be freely moved
around a wire and commute up to phases, we only need
to keep track of which Pauli acts, not in which order and
not which phase factor it carries. We represent this by
highlighting the wire in one of three colors,

1
+ b — (460
{_0_7 _O_} > C—
(46b)

1

—— -

(46¢)

Formally, the map depicted by “+"" can be understood as
the map mapping the single-qubit Pauli group to Z, x Z,,
whose three nontrivial elements we depict with three dif-
ferent colors. The commutative addition in Z, x Z, is
represented by the following rules, when “adding” two
highlights,

L] ] G
— L] S

= oo and (472)
D G
-}~ = =+ —

In the following, we derive the projective Pauli sym-
metries of the blue, green, and red spider and represent
them graphically using the highlights introduced above.
The blue spider obeys the following relations:

b (48a)

by (48b)

that can be understood as its projective Pauli symmetries.
Every symmetry operation defines a valid highlight of the
legs around a tensor, which we call Pauli flows of that
tensor. Specifically, we highlight a leg in the color of the
tensor with which the symmetry acts on that leg. For a
more stringent mathematical treatment we also consider
the trivial symmetry operation, acting with an identity ten-
sor on each leg, as a trivial Pauli flow, where no leg is
highlighted. Moreover, we see in Eq. (48) that the blue
tensor acquires a sign when applying a signed red tensor
on each of its legs if and only if s = 1. We indicate that
by highlighting the (classical) s label of the tensor and
say that the tensor is charged with respect to that flow.
Together, the set of projective symmetries of the blue ten-
sor, Eq. (48), defines the following Pauli flows of the blue
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tensor:

WL ¥

We find that the tensors of the other colors have similar
projective symmetries leading to these Pauli flows:

W W
W

It is helpful to think of all allowed Pauli flows around a ten-
sor as being generated by generating flows of two types.
The first type highlights an even number of legs in the
same color as the tensor. The second type highlights all
legs in one of the two complementary colors, as well as
the s label. Adding these highlights gives rise to all Pauli
flows of an individual tensor. Note that single-legged ten-
sors play a special role, since they do not have pairs of
legs. As a result, they only allow for the second type of
nontrivial Pauli flow, highlighting the leg and the sign in
one complementary color.

From the flows of a single tensor we can construct the
flows of any tensor network composed of these tensors. We
define a Pauli flow of a network as a highlight of legs in
the network that is a Pauli flow—as defined above—when
restricted to any of the constituents of the network. The
notion of charge carries over directly to a set of tensors:
Consider a set of (signed) RGB tensors 7 in an RGB net-
work [55] and a given flow F. F highlights a subset of
signs in the network, which we denote by S. The charge of
T is defined as the binary sum of highlighted signs of the
tensorsin 7, c7 = ) gy s mod 2.

Reference [31] introduces a similar concept called Pauli
webs. There, the authors work with a two-colored (ZX)
calculus and two-colored flows. Implicitly, they include
a third highlight as well by allowing a combination of
the two. We take a more direct approach by explicitly
working with a third color and adding the third type of ten-
sor. This makes the flow diagrams more symmetric and
easier to work with. Additionally, we introduce the rig-
orous notion of tensors being charged with respect to a
flow, which—to the best of our knowledge—is a concept
newly introduced in our work. It will be central to our
perspective on spacetime quantum error correction (see
Sec. IV D). For a rigorous treatment of Pauli flow, we refer
to Appendix A 3.

(49)

(50a)

(50b)

By mapping a given circuit to an RGB tensor network,
we can understand its logical action in terms of Pauli flows.
Let us illustrate this with a simple example: a single-qubit
teleportation circuit is

) —4€

jéoo>-%11){
(51)

In our tensor-network notation, omitting the adaptive Pauli
correction, it can be represented by the diagram [56]

(52)

where the measurement outcomes my and my are repre-
sented by signs of two of the tensors. The flows describe
how Pauli operators propagate through the circuit (up
to global phases). In particular, there are flows where
the input and output wire of the circuit is highlighted.
Specifically, the network has two independent flows

myz mz

n .
mx and mx

(53)
These flows indicate that the circuit maps

X1~ (—D™X; and Z; +— (—1)"#Z;, (54)
which fully determines its action since it is a Clifford cir-
cuit that acts unitarily on the information encoded on the
input qubit. Moreover, we recover that the circuit acts
like X™2Z™X on the logical state, determining the adaptive
correction applied in Eq. (51).

D. Error correction in spacetime from Pauli flows

In the previous paragraph we have sketched how the
Pauli flows of the teleportation circuit (defined for three
physical qubits) give rise to an effective logical (Clif-
ford) circuit on a single qubit. The concept of a logical
isomorphism is central to our analysis of dynamical error-
correcting schemes. A circuit composed of Clifford opera-
tors and Pauli measurements implements an isomorphism
from an input logical Pauli group to an output logical Pauli
group. We call this isomorphism the logical isomorphism.
Both the input logical Pauli group and the output logical
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Pauli group will be defined in terms of an input stabilizer
group S, and an output stabilizer group Sous.

In this subsection, we show how the Pauli flows of (a
tensor-network representation of) a given circuit can be
used to understand the logical isomorphism implemented
by the circuit. In particular, we will rigorously define the
input and output stabilizer group, the logicals, and detec-
tors by their associated Pauli flows. When introducing
errors, the notion of a charged tensor will be important
to understand the effect of an (Pauli) fault on the syn-
drome and encoded logical information. Later in this work,
we will use exactly these methods to benchmark the logi-
cal isomorphism implemented by the XYZ ruby code, see
Sec. V.

Let us consider a circuit from n qubits to m qubits
expressed as an RGB tensor network together with all its
Pauli flows. The set of all flows forms a group, which
we denote by F'. Its identity is given by the trivial flow,
not highlighting any edge in the network (nontrivially).
We distinguish between three types of Pauli flows, form-
ing subsets of F: detector flows D, stabilizer flows S, and
logical flows L. In the following, we introduce these three
types and explain how the Pauli flow gives rise to quan-
tities entering the error-correction procedure and illustrate
these quantities in a tensor network representing repeated
measurements of the stabilizers of a repetition code. We
will see that the notion of tensors being charged with
respect to a given flow plays a central role. For a rig-
orous definition and treatment of the types of flows and
associated quantities in the QEC protocol, we refer to
Appendix A 3.

(1) Detector flows: Pauli flows that only highlight inter-
nal legs nontrivially are called detector flows. In
fact, the set of detector flows form a group D under
adding the flows according to Eq. (47) and can be
considered as a symmetry group of the network [57].
We will later use conserved quantities related to that
symmetry for decoding.

(2) Stabilizer flows: Pauli flows that can be generated
by flows that may highlight either input or out-
put legs nontrivially are called stabilizer flows. We
denote the set of all such flows by S. From S, we can
in fact derive a stabilizer group

Sin X Sout < Prrtm (55)

that factors over input and output Pauli groups.
Given a stabilizer flow s, the associated Pauli word
is obtained by taking the highlight of s restricted
on the input and output legs and interpreting it as
a Pauli operator that is the product of the Pauli oper-
ators associated to each individual highlight on each
open leg. We identify a trivial highlight with 1, a
red highlight with X', a green highlight with ¥, and a

blue highlight with Z. The sign in front of the Pauli
word associated to flow s is obtained from the signs
charged with respect to s.
In Sec. V, we consider detectors in the bulk of an
RGB tensor network and imagine cutting this net-
work along a set of edges. In fact, all the detector
flows that had nontrivial highlights on the cut edges
will be promoted to nontrivial stabilizer flows of the
cut network. This perspective helps us to understand
slices of detector flows as instantaneous stabilizers.
(3) Logical flows: A Pauli flow that highlights both
input and output legs is called a logical flow. It
captures how the network transforms (logical) Pauli
operators on the input legs into logical Pauli oper-
ators on the output legs. Specifically, every logical
flow can be associated with a Pauli operator sup-
ported on both input and output legs in the same
way as discussed for the stabilizer flows. Impor-
tantly, every Pauli word will carry a sign given by
the tensors charged with respect to the correspond-
ing logical flow. The set of Pauli words obtained in
this way again form a stabilizer group

SZ = 7Dn+m (56)

that commutes with both &y, and Syy. Importantly,
this group has no element that is only supported on
input or output legs that is not contained in S;, and
Sout- As such, it defines a logically entangled state
between the codes of Si, and S,y and since it is
also a Pauli group, it can be identified with a Clif-
ford unitary by identifying one part of the entangled
state with its dual and thereby interpreting a stabi-
lizer state on a joint system as a linear map between
the two systems. For details on this relation, we refer
to Appendix A3 b.

As with stabilizer flows, adding a detector flow does
not change the Pauli word on the input and output
legs assigned to a logical flow. In contrast, adding a
stabilizer flow does change the Pauli word assigned
to the logical flow. However, it will not change
the logical coset of the Pauli word with respect to
Sin X Sout. Hence, we call two logical flows equiv-
alent if and only if they differ by a detector or a
stabilizer flow. One can check that this defines a
valid equivalence relation, using the Abelian group
structure of the Pauli flows of the network and the
equivalence classes determine the logical isomor-
phism applied by the linear operator represented by
that network.

Figure 7 summarizes the different types of Pauli flows and
the associated algebraic structures. We give a more rigor-
ous construction of all the stabilizer groups defined from
Pauli flows in Appendix A 3 and prove that the stabilizer
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FIG. 7.

Schematic depiction of the three different types of Pauli flows, defined by how they highlight the input and output legs. (a)

Detector flows are purely internal and give rise to a symmetry group of the RGB tensor network. It determines the classical data that
can be used for decoding, see Sec. V A and Appendix A 3. (b) Flows that are generated by flows that highlight only input or output
legs nontrivially can be mapped to input and output stabilizer groups. (c) Flows highlighting both input and output legs give rise to
a stabilizer group supported on both input and output qubits and together and can define the logical Clifford applied on the logical

operators of the input and output logical stabilizer group.

group obtained from Pauli flows on the input and output
legs of the network fully describe the logical encodings
on either side and the explicit isomorphism applied by the
network. We want to remark that the main technical result
presented in Appendix A 3 b applies more generally to any
Clifford operations and their composition.

Let us illustrate the concepts introduced above via a
guiding example based on a circuit implementing repeated
measurements of the stabilizers of a repetition code. Con-
sider n qubits on a line stabilized by the stabilizer group
({ZiZ;}i;y), generated by Z ® Z on neighboring qubits.
The following tensor network represents two consecutive
measurements of a stabilizer generator

mQ'

Time is understood to go from left to right and the dots
indicate the rest of the circuit, performing the same mea-
surements on other pairs. The labels on the red tensors
correspond to the measurement outcomes of the two-body
Z ® Z measurements. The detector flows of this network
are generated by internal loops of blue flows,

m2

with respect to which two red tensors are charged. This
tells us that without noise the measurement outcomes ful-
fill my +mp; =0 mod 2. This information can be used

(57)

(58)

for decoding. Consider a single-qubit X fault happening
in between the two measurements. The tensor network
including the fault reads

1

m mo

and inherits its detector flows from the fault-free network,

mz.

We see that the fault is charged with respect to the detector
flow and the constraint now reads m; +my; =1 mod 2.
As such, we can detect this single-qubit Pauli error by
calculating the parity of the measurements charged with
respect to a detector flow. Note that this network only
has blue detector flows. Hence, Z faults, represented by
blue tensors, can never be charged with respect to any
detector flow in this network telling us that they are all
undetectable. To assess the logical effect of an undetectable
error, we have to consider the logical flows. In this sim-
ple example there are two independent logical flows, e.g.,
represented by

my mo and my mo oy

(59)

(60)

(61)
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showing that a single logical qubit is preserved through
the circuit. Note that when restricted to either input or out-
put legs the highlights of the logical flow give rise to an
anticommuting pair of logical operators. We find that the
undetectable Z fault is charged with respect to the red flow,

my ma

(62)

and hence corresponds to a nontrivial logical error, i.e.,
has a consequence on an encoded state [58]. Note that this
is not the case for every undetectable fault. For example,
consider the two-qubit Z fault,

(63)

It is not charged with respect to any detector flow, i.e.,
is undetectable. At the same time, it is not charged with
respect to any logical flow (since the charge is defined mod
2) and hence has trivial action on the encoded qubit. We
say such a fault is inconsequential. Taking a step back, this
is also expected since at the time when the fault happens
the associated Pauli operator Z;Z; is an element of the ISG.
With respect to the chosen input (on the left) and output
(on the right), the network also has stabilizer flows, e.g.,

which shows that any associated circuit projects any input
state into a +1 eigenstate of the stabilizer (—1)™Z;Z;
after the first measurement, up to signs of the stabilizers
of the repetition code. By symmetry of the network we
find the same stabilizer flows on the output legs. Knowing
these stabilizer groups is mainly important when design-
ing QEC experiments (see Sec. V A) and interfacing codes
(see Sec. VII).

We would like to highlight that the preceding analysis
of the effect of faults was independent of their physical ori-
gin. In particular, we could have placed faults on different
edges in the network, possibly representing different types
of physical error mechanisms, e.g., measurement errors,

(64)

and could follow the same arguments. This naturally leads
to the definition of a fault distance as the smallest number
of (order-p) generating faults that need to be combined to
form a consequential undetectable fault. Importantly, this
definition depends on the error model but is applicable to
all cases where the noise acts as a stochastic Pauli channel.
Note that the definition of fault distance has appeared sim-
ilarly in Ref. [59], but we phrase it in terms of the language
of RGB tensor networks and Pauli flows.

We also want to note that there is an efficient algorithm
to obtain all Pauli flows of a network. If the network
directly comes from a circuit, we can equivalently perform
standard stabilizer tableau calculations rendering it unnec-
essary to describe the algorithm in this work. There may
still be advantages gained in the simulation performance
by considering the tensor network representing the whole
spacetime evolution instead of time slices through the net-
work, which is done in a more conventional simulation
with stabilizer tableaus. We leave this analysis to future
work.

V. FAULT TOLERANCE IN THE XYZ RUBY CODE

In this section, we investigate the fault-tolerance prop-
erties of the XYZ ruby code. To set the stage, we first
introduce the notion of probing an error-correcting pro-
tocol. This will unify various types of error-correction
experiments [60] and give a constructive framework to
assess the quantities that can be probed in a given experi-
ment. It will also make transparent how initialization and
read-out layers have to be designed in order to probe a
desired quantity. We note that our perspective is closely
related to the one obtained from the detector error model
[61,62] and Delfosse’s spacetime code [63], which we
comment on in Sec. VII C.

We exemplify our perspective by benchmarking vari-
ous quantities in the XYZ ruby code on a torus. To do
so, we first identify the Pauli flows of the tensor network
of the XYZ ruby code with a rewinding schedule. We
describe the detector, stabilizer, and logical flows and give
some intuition on how they are affected by Pauli errors
within the circuit. We find that, as expected, the tensor
network is truly topological and there is a natural sep-
aration between local and nonlocal flows. This leads to
two types of QEC experiments that we perform: memory
and stability experiments. Both have physical interpre-
tations in terms of the underlying topological phase. In
both experiments, we find competitive thresholds and an
exponential suppression of the logical error rate under
various noise models for moderate system sizes using a
belief propagation decoder enhanced with ordered and
localized statistics decoding (BP + OSD/LSD). Finally,
we describe the details of the implementation and the
numerical experiments we perform to extract performance
indicators.
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A. Probing an error-correcting protocol

In the following, we introduce the concept of probing an
error-correcting protocol expressed as an RGB tensor net-
work. Since we live in a classical world, we will never be
able to probe the full linear map implemented by an error-
correcting protocol in a single experiment. In practice,
“initialization” and “read-out” circuits have to be chosen,
probing only matrix elements. When probing an RGB ten-
sor network, both initialization and read-out layers can
also be expressed as an RGB tensor network, usually of
constant depth. They are networks that only have input,
respectively output, legs and their (logical) action is fully
described by their stabilizer flows.

We understand a logical probing experiment as the ten-
sor network obtained when terminating the tensor network
of the error-correcting protocol with an initialization and
read-out layer. This tensor network does not have any
open legs and hence represents a number. However, this
number will not play an important role in the experiment.
More importantly, all Pauli flows of the full experiment are
detector flows. As such, they all give rise to a set of signs of
tensors (mostly these will correspond to measurement out-
comes) whose sum is 0 mod 2 in the absence of noise. In
particular, they define a classical (linear) code. These will
be the only quantities entering the probing experiment.

Every RGB tensor network is labeled by a set of signs
of individual tensors. Some of them are fixed (to O or
1), others are open. One can think of the open ones as
being determined by measurement outcomes. Let M be the
Z,-vector space spanned by all possible signs in the ten-
sor network. For convenience, we can disregard the ones
being fixed to 0 and assume we investigate a circuit where
the remaining signs correspond to measurement outcomes.
The set of detector flows of the experiment forms a group,
which we denote by D. It defines a classical linear code
Cp C M. For any probing experiment we pick a subgroup
of decoding flows Dy < D. This subgroup also defines a
linear classical code, C% and a quotient group D/D, of
observable flows. Importantly, Cp C C}”). In this context,
the decoding problem can be phrased as follows: Given the
syndrome information associated to Dy, respectively ce,
find a prediction for the information associated to D/D,.

In practice, we define D and D, in terms of their gener-
ators, which in turn defines parity-check matrices Hp and
H{ for both Cp and C4 [64]. H will be a submatrix of Hp
(obtained by removing rows associated to the constraints
D/D,) and we denote the complementary submatrix as Hp).
Given these definitions, the (numerical) experiment works
as follows:

(1) Sample the full erroneous circuit, resulting in a
binary vector of Z, values (e.g., measurement out-
comes) m.

(2) From these infer

(a) syndromess = Him and
(b) observations 0 = Hjm.

(3) Decode the syndrome s, ideally using information
about the error model [65], to obtain a binary vec-
torm’ € M that can be interpreted as a proposed set
of measurements that need to be flipped to “redo”
the effect of the errors in the circuit. In that reading,
m’ has a 1 at the position of each measurement that
needs to be flipped and 0 everywhere else.

(4) From m’, calculate a predicted value for the obser-
vations 0’ = o @ Hym’.

(5) Declare a failure if 0> # 0.

Of course, only specific choices for D and D, give rise to a
meaningful experiment. Moreover, the choice of initializa-
tion and read-out layer highly influences the choices that
are even possible.

In practice, however, there are clear guidelines in
designing both the initialization and read-out layer as well
as for the choice of D;. For the main part of this section
we focus on topological codes where there are two main
classes of experiments that differ by the choice of observ-
ables. In both cases, the detector group D splits into a
locally generated part Dy, and a part that cannot be cre-
ated locally. We pick D; = Dy and identify D/Dy,. with
the set of observables of the experiment.

1. Memory experiments

A memory experiment probes the capability of a cir-
cuit to preserve logical information over time [18]. The
observables are defined by flows that connect the two time-
like boundaries of the experiment in a nontrivial way, i.e.,
are nontrivial elements in D/Djy.. In particular, they are
formed by logical flows of the circuit that are “closed off”
by stabilizer flows of the initialization and read-out layer.
Additionally, some of the stabilizer flows of the circuit are
promoted to local boundary detector flows. Together with
the local detector flows of the circuit itself they gener-
ate the group D, and with that define the syndromes for
decoding. We depict the different classes of Pauli flows in
a memory experiment in Fig. &.

For example, to probe a logical flow that has only blue
highlights on the output legs, we want to choose an ini-
tialization and read-out layer that only have blue stabilizer
flows. Moreover, it should allow for an attachment of
the blue logical flow. This is achieved, for example, by
a single-qubit initialization in the Z basis represented by
single-legged red spiders.

Importantly, the choice of logical flow that can be
attached to the initialization and read-out layer automati-
cally rules out other logical flows being probed and bound-
ary detector flows being formed. For example, probing a
logical Z-type flow rules out a probe of an anticommuting
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FIG. 8. Schematic depiction of the process of designing and performing an error-correction experiment to probe (nontrivial) observ-
ables in a protocol. We think of the left and the right of the cubes being identified, as well as the front and the back, as the code is
defined on a torus, and time going upwards. (a) Given the bulk of a protocol and its flows, input and output layers need to be chosen
to preserve the desired set of stabilizer and logical flows. (b) After closing off the input and output, the experiment is described by the
detector flows of the resulting network. In topological protocols the homologically nontrivial flows are probed, using the local detector
flows as input to the decoder. On the left, we depict the flow probed in a memory experiment, on the right the flow that is probed in a
stability experiment. In general, they can be performed within the same experiment. (¢) The choice of temporal boundaries determines
which flows are probed in the experiment. A read-out layer can render a flow that was nontrivial in the bulk of the protocol trivial
in the actual experiment. Here, we illustrate this for a red-colored flow that one would naively consider a nontrivial observable for a

stability experiment.

X -type flow. Additionally, the local detector flows at the
boundary are also constrained. As a consequence, close
to the boundary, there will be Pauli errors that are not
detectable in the experiment. However, since the logicals
that would be flipped by that error are not probed by the
experiment, any errors of that form are inconsequential
and hence do not lower the distance observed in these
experiments.

2. Stability experiments

The concept of a stability experiment has been intro-
duced in Ref. [66] as a numerical experiment that probes
how well a code can perform lattice-surgery-like oper-
ations. More specifically, it allows us to give a better
estimate on how many times measurement rounds have
to be repeated to suppress undetectable error chains in the
time direction.

In this subsection, we focus on stability experiments
in the context of 2 4 1-dimensional topological codes.
The observables in a stability experiment are defined by
nontrivial detector flows that connect spatially separated
boundaries without connecting any of the temporal bound-
aries. Again, we understand nontrivial as being in a non-
trivial equivalence class in D/D,.. Note that these flows
only exist for certain spatial boundary configurations.

Specifically, they are supported on a spacelike region in
which the topological code has a property called topolog-
ical charge conservation that guarantees a given parity on
the stabilizers supported in that region [67]. For example,
the stabilizers of the toric code (placed on, e.g., a surface
without a boundary) multiply to the identity operator. In
general, one can think of these types of nonlocal flows as
giving rise to a global constraint on the stabilizers of an
ISG. Any topological code has this property when placed
on a closed, compact manifold, such as a torus or a surface
with a single connected boundary component.

3. Interplay of stability and memory experiment

As stated above, it might seem that a stability
experiment and memory experiment can be designed inde-
pendently of one another but performed simultaneously.
However, this is not true for topological codes. In order for
it to be a nontrivial stability experiment we want the detec-
tor flow of the observable to be nontrivial in D/Djy. In
particular, this depends on the local detectors close to the
boundaries, including the temporal ones. In order to per-
form a stability experiment we have to choose initialization
and read-out layers that do not close off the local flows
that could move the stability observable into the bound-
ary and thereby make it trivial. This restricts the type of
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stability experiments that can be performed simultaneously
to a memory experiment. For example, we cannot probe an
X -type memory observable together with an X -type sta-
bility observable, even if the circuit itself has both types
of flows to begin with. Either the stability observable will
be trivial or the X -type logical flow will be trivial in the
experiment, i.e., can be written as a sum of local detector
flows.

We illustrate this phenomenon in Fig. 8. Such trade-
offs exist in any topological code and are related to the
fact that all boundaries in the experiment have to be
topologically protected boundaries in order to have a proto-
col with macroscopic fault distance. In 2 4+ 1 dimensions,
these are fully determined by so-called Lagrangian sub-
groups, which determine what type of anyon worldlines
can be terminated at that boundary. These in turn define
which detector flows exist close to the boundary (the ones
detecting the confined anyons) and which logical flows
can terminate at the boundary (the ones that correspond
to the worldsheet of the logical operators associated to the
anyons in the Lagrangian subgroup).

B. Pauli flows of the XYZ ruby code

In the following, we identify Pauli flows of the XYZ
ruby code protocol defined by the rewinding schedule. As
described in the section above generically for topologi-
cal protocols, we partition the Pauli flows into local and
nonlocal flows.

1. Decoding flows

We find detector flows of the rewinding protocol by first
considering spacelike symmetries and then consecutively
highlighting edges of the XYZ tensor network until we find
a spatially and temporally confined Pauli flow, so we will
use them as decoding flows in probing experiments. In the
following, we will refer to them as defectors. Consider one
unit cell of the ruby lattice with a few time steps before and
after a ZZ measurement. Inserting a generator of the ISG,

(65)

as faults at that time step have, by definition, trivial action
on the circuit. In the three-colored graphical calculus, this
corresponds to placing two-legged spiders for each qubit
a generator acts on which leaves the RGB tensor network
invariant. Mapping these to highlights [cf. Egs. (46)] does
not give a valid detector flow yet. For this, we have to con-
struct highlights of adjacent edges, such that at each tensor,
the highlights correspond to a Pauli flow, and nontrivial
highlights form a spatially and temporally compact set.
We can assume that the highlights emanating from the ISG

generator are part of a detector flow, because the previous
measurement rounds have initialized this generator. Owing
to the mirror symmetry of the network, we can expect that
the corresponding measurements of the following rounds
will contribute in forming a detector. We therefore also
only need to highlight edges in one time direction, e.g.,
in time forward after the ZZ measurement, and the other
half of the highlights are their mirror.

We start with the Z-plaquette generator and highlight the
corresponding inner [68] timelike edges after the ZZ mea-
surement at # = 3 in blue [cf. Fig. 9(a)]. At the green spider
in the next time step ¢ = 4, valid highlights of legs are all
blue with an even number of red highlights, cf. Eq. (50a).
Having the next XX measurement in mind we choose a pair
of red highlights on the horizontal and vertical upwards
outgoing legs of the spider. At the red spiders (t = 5), we
choose to highlight the horizontal legs in red, leading to
a (half) closed flow. A reflection about the ZZ measure-
ment at ¢t = 3 generates a closed Pauli flow in one unit cell
from times r =1 mod 6 to t =5 mod 6 and therefore a
detector flow.

Analogously, detectors can be formed by starting with
blue highlights after the ZZ measurement at ¢t = 0. After
the next (and before the previous) XX measurement, the
color of the detector flow should be green in order to
be closed at the YY measurement in t =2 and ¢ = 4, see
Fig. 9(b). These detectors exist for every unit cell, and we
call them /7 and plaquette detectors.

Also from an operational perspective these are rea-
sonable detectors: measuring XX and YY once gives the
eigenvalue of the Z plaquette as a product of the outcomes
around the plaquette. This operator trivially commutes
with the following ZZ measurement. In the rewinding
schedule, now measuring YY and XX reads out the pla-
quette a second time without randomizing its eigenvalue.

The Y- and X -plaque stabilizer generators give rise to a
second set of detectors, shown in Figs. 9(c) and 9(d). These
plaque detectors start and end in a ZZ measurement and
have again two different colors. Depending on the mea-
surements around the middle ZZ step, we call them
and /b (right) for YY and XX measurements.

Another set of local detectors is purely spacelike and
formed by the triangles of the ZZ measurements high-
lighted in blue. They correspond to the constraint that the
value of the third ZZ measurement is already determined
by the sum of the first two.

This completes the set of generating detectors for the
rewinding schedule. In the period-3 schedule, we find anal-
ogous plaquette and plaque detectors. Note that they do
not exhibit the mirror symmetry about the ZZ measurement
due to the missing symmetry in the schedule.

2. Observable flows

Here, we show two types of flows that we will use as
observables in memory and stability experiments.
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FIG. 9. Detectors of the XYZ ruby code in the rewinding schedule, with time going upwards. For each detector flow, there exists
an equivalent one shifted by six time steps, corresponding to the period of the schedule and equivalent ones centered around every
plaque(tte). Whenever a measurement spider is charged with respect to the flow (i.e., it is highlighted by a different color), it con-
tributes to the set of measurements that are constrained to be deterministic in the error-free case. Cutting detector flows gives rise
to instantaneous stabilizers. (a) 7/ and (b) plaquette detector flows. These flows combine 12 measurements that correspond to
reading out the eigenvalue of the six-body Z plaquette twice by combining XX and YY measurements. (c) and (d) Hrb plaque
flows. They correspond to measuring a 18-body Y- or X -plaque operator two times. Taken together, all detector flows densely cover

the RGB tensor network.

The first are the logical flows of the QEC protocol
that is implemented by the RGB TN observable flows.
They are directly related to logical operators of the ISGs,
cf. Fig. 4. In fact, using the intuition developed in the
construction of detectors, we can find the measurements
required to properly transform the logical operator from
one time step to the next, cf. Fig. 5. In Fig. 10, we depict
two (Pauli-)inequivalent logical flows, which we will refer
to as 7b (or Ly) and as (or Ly) logical flows. They
are supported along homologically nontrivial membranes
as in any 2 + 1-dimensional protocol. When constructing
a memory experiment, we will use thin layers that are
compatible with one type of these and declare them as
observables of the memory experiment.

The second type are detector flows that cannot be
generated by above introduced local detector flows. We
employ these global detector flows as observables in a
stability experiment. From topological charge conserva-
tion, we expect the existence of four independent global

constraints, one for each independent anyon in the color
code [42]. These give rise to two types of logical flows
that are closely related to conservation laws in the (static)
subsystem code. There, a global constraint is the product
over all small string operators of one color around all ver-
tices that evaluates to identity [cf. Eq. (5) of Ref. [45]].
To obtain those, we highlight the blue edges around all
plaques of one color, e.g., red as shown in Fig. 11(a).
Adding highlights backward in the time direction, there is
a choice of consistent highlight to apply at the next (YY)
step. We change the color to red such that at the next XX
measurement, the highlights can be chosen to close the
flow obtaining an 5 observable flow. Choosing a second
color of plaques for highlighting the blue edges at the ZZ-
measurement time step, we get an independent observable
flow. The third color, however, is the product of the flows
of the other two colors, up to local triangle detectors. This
gives a total two independent observable flows. A second
set of two independent flows can be equivalently obtained
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FIG. 10. We show parts of two logical flows in the bulk of the
XYZ ruby code with the rewinding schedule. When cutting the
network along a plane perpendicular to the time direction, i.e., at
some time 7y, the flows give rise to logical operators of the ISG at
to. As in any 2 + 1-dimensional topological protocol, the logical
flows are membranelike, indicated with the colored dots on the
left and the right of both flows. Each nontrivial logical flow is
supported along one homologically nontrivial membrane. In (a),
we show an ) (Ly) logical flow that when cut after 7 = 0 gives
rise to a rx string operator going through the red plaquette shown
at the bottom, cf. X'| of Fig. 4. Cut after ¢ = 3, the string operator
has evolved to a bz operator through the blue plaquettes adjacent
to the blue plaquette. Similarly, the o/ (Ly) logical flow in (b) on
the right can be associated with a rz x gz = bz (after t = 0)
and a gy (after r = 3) string, as expected from the automorphism
applied in these three time steps, cf. Eq. (24).

starting at the ZZ-measurement step at = 0 mod 6, sand-
wiched by two XX measurements, which we show for
highlight around green plaques in Fig. 11(b). Again, the
product of two such flows of two colors yields the flow
of the third color. We therefore get two more independent
(2h) observable flows. It is apparent in the structure of both
observable flows that they cannot be generated by products
of local detectors, which only deform the observable flows
in spacetime.

Already at that point, even before constructing the actual
probing experiment, we can make statements on the fault
tolerance of the protocol, based on decoding and observ-
able flows as we show in the next subsection.
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FIG. 11. Observable flows related to global constraints of the
ISGs, i.e., products of ISG elements. There are two indepen-
dent constraints related to which color of plaquettes are chosen
in space (see also main text). Additionally, an offset in time
gives two additional independent flows to get a total of four as
expected by topological charge conservation in the color-code
phase. In (a), we show the 7/ closing off blue highlights on ZZ
edges around a red plaque. In (b), we show a time offset 2/ flow,
starting with blue highlight around a green plaque.

C. Phenomenological fault tolerance

To investigate the fault tolerance of the protocol, we
consider a simplified but complete error model based on
the observations [69] that

(1) a measurement error during measurement Mpp is
equivalent to a Pauli error P’ # P just before and
after a noiseless measurement,

(2) any Pauli P is proportional to a product of two
other Paulis, P oc P'P”, and it is therefore enough
to consider a basis of two Pauli operators after each
measurement,

(3) aPauli fault P can be commuted through a measure-
ment Mpp,

(4) after a measurement Mp,p,, the Pauli operator P;P;
is part of the ISG, such that the errors P; and P; are
stabilizer equivalent P; ~ P;.

The last property is a consequence of the just-measured
two-body operators on edges being inconsequential faults
or fault equivalences [70].
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This leaves a restricted error model where we place
single-qubit X, ¥, and Z faults after the XX, YV, and ZZ
measurements respectively. Any other Pauli fault (of arbi-
trary weight involving any spatial or temporal location)
can be generated by this set. We show some of these prop-
erties in the RGB TN in Appendix C, Fig. 23. Since any
single-qubit fault on the other qubit(s) of the just-measured
edge (triangle) is equivalent, we can also think of the red,
green edges and blue triangles as the elementary faults.

All the elementary faults of this error model violate three
detectors. This is similar to the action of elementary faults
in a standard color code, where X - and Z- faults violate the
three adjacent plaquette detectors, ¥ «« ZX and cy = ¢z +
cxy mod 2 for X and Z faults inserted in the network at the
same location. Here cp is the charge of the corresponding
P spiders with respect to the Pauli flows of the network, or
equivalently, the syndrome. We find, however, that other
properties are different from 2 + 1-dimensional color-code
decoding graphs.

Firstly, the XYZ ruby code is not CSS and a Y elemen-
tary fault is independent of X and Z elementary faults.
Secondly, the elements of the ISG of the current time step
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FIG. 12.

represent inconsequential errors at that time step, i.e., any
fault can be multiplied by an element of the ISG to get
an equivalent fault with the same action on the codespace.
As shown in Sec. III B, the elements of the ISG can be
regarded as stabilizers of a color code for Sy and three
copies of toric codes for S\ and S{”. This phase transition
is reflected in the behavior of faults at different time steps,
for which we would like to develop a physical intuition.
To this end, suppose we place the elementary faults on
a single qubit and investigate how these violate the detec-
tors. In Fig. 12(a), we show detectors in time, represented
as vertical shades in the color of the respective highlights
of the flow. Horizontal lines represent single-qubit X, ¥,
and Z faults after the corresponding two-body measure-
ments. Whenever crossing horizontal and vertical lines
have different colors, the fault is charged with respect to
the corresponding decoding flows and triggers the asso-
ciated check in the decoding graph. Note that elementary
X faults only violate o-type detectors (i.e., plaques
and plaquettes) and elementary Y faults only violate /-
type detectors (i.e., /b plaques and /- plaquettes). The Z
faults violate plaques only. To describe how syndromes of

(a) Action of elementary faults on detectors. We place single-qubit X, Y, and Z faults after XX, Y7, and ZZ measurements,

respectively, and represent them by horizontal shades. We draw the temporal extent of the detectors vertically and use a shade cor-
responding to the highlights of the Pauli flows. We also indicate the edges contributing to the value of the detector. Whenever the
colors of single-qubit faults and detectors differ, the corresponding detector is violated. (b) This allows one to draw a time slice of the
decoding graph, a bipartite graph with elementary faults connected to the detectors they trigger. We represent detectors by hexagons
and dodecagons attached to the last time step of the corresponding shade. For the X and Y elementary faults, the decoding graph
corresponds to two Tanner graphs of (classical) repetition codes. Z elementary faults violate plaques of a single time step. (c) For
every time step where detectors close, we draw a plane associating them to their spatial location. Since elementary faults flip three
detectors, we now represent them as triangles. We draw a subset of faults of the resulting spacetime decoding graph. Time follows the
arrows, elementary faults are red (X), green (Y), and blue (Z) triangles. Elementary faults occurred on qubits that are supported on a
red (green) edge cut by the short side of the X (Y) triangle, or on one of the three qubits covered by the Z triangle. A detector that
is violated is filled. («—3) Elementary faults violate three detectors. (81_3) We show some faults that do not flip any detectors. They
are typically related to elements of the ISG (8 3), but can also involve faults of different time steps. (y) Pure Y (and X) faults always
violate two plaque stabilizers on the endpoints of a string. (§) Combination of ¥ and Z faults.
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elementary faults combine, we draw decoding graphs that
have vertices for faults and detectors and edges between
fault £; and detector D; if E; triggers D; . In Fig. 12(b), we
show a decoding graph abstracting away the spatial loca-
tions of faults and detectors, focusing on their action in
time. The X and Y faults generate Tanner graphs of clas-
sical repetition codes, similar to how measurement errors
trigger two temporally spaced detectors of a surface-code
experiment. The Z faults violate plaques of a unique time
step, in a similar way to data-qubit errors of a color-code
experiment.

In Fig. 12(c), we extend that picture to include faults
at different spatial locations. First, the temporal behavior
induces a natural bipartition of the detectors into those
violated by X and Z faults after t =0 mod 6, and those
by Y and Z faults after t =3 mod 6. For every detec-
tor we place vertices on the ruby lattice in the center
of the plaque(ttes). Because the elementary faults always
trigger three detectors, faults are extended to hyperedges,
which we draw as triangles in Fig. 12(c). Whenever an
odd number of a triangle’s corners touch a detector, it is
violated.

We draw subsets of fault configurations, starting with
the elementary faults in Fig. 12(c) (). The Y and X faults
violate a single plaquette and two plaque detectors span-
ning over different time steps. The Z faults violate three
adjacent plaques in a single time step. Superimposing a
triangular lattice on the ruby lattice with triangles in the
faces, this is equivalent to how Z faults behave in a regular
color code on a hexagonal tiling.

In Fig. 12(c) (B8), we show some other inconsequential
errors. In (8), six Z faults in a loop surrounding six trian-
gles, such that each involved plaquette detector is flipped
twice, are undetectable. These fault configurations corre-
spond to the stabilizer of the ISG at that time step, cf.
Eq. (29), and have a resemblance to the smallest homo-
logically trivial loops in hexagonal color codes. In (8;) we
show two X faults on one plaquette, both repeated at con-
secutive time steps as an inconsequential error that spans
space and time. The weight-6 X fault shown in (83) is
another fault related to ISG elements, this time a stabilizer
of one of the three toric codes of Sy, cf. Fig. 6.

The relation to the decoding problem of toric codes
becomes apparent in Fig. 12(c) (y). If we restrict the ¥ (X)
faults to the subset of plaque detectors, they always trig-
ger them in pairs at the endpoint of a string of faults. We
believe that this can be used to design a matching-based
decoder, similar to how matching decoders are adapted to
color codes [71-73].

Having established that the distance of the XYZ ruby
code is O(s) (where s is the one-dimensional system size)
and considering that any single-qubit fault can be uniquely
identified, we conjecture that the XYZ ruby code also
exhibits a threshold. This is supported by the numerical
results of the following sections. A mapping to a random

bond Ising model that incorporates the above-mentioned
equivalences can provide a lower bound on a maximum-
likelihood decoder but is left for future work (cf. e.g.,
Refs. [74,75]). We would like to note that we expect an
interesting model, considering that the decoding graph (of
the restricted noise model) is that of interleaved color-code
and toric-code decoding graphs.

D. Circuits for memory and stability experiments and
noise models

Knowing the colors of the highlights of decoding and
observable flows, we can design memory and stabil-
ity experiments by choosing compatible input and out-
put layers corresponding to single-qubit initialization and
measurement. Take, e.g., an initialization in the n-qubit
product-state vector |0)®”. This corresponds to a collection
of single-legged red tensors as already mentioned above.
These have blue Pauli flows and can therefore attach to any
other blue Pauli flow. Both the Ly and Ly memory logi-
cals have blue flows around one of the ZZ measurements.
Cutting a bulk protocol in between ZZ and YY or ZZ and
XX measurement, respectively, therefore allows us to ini-
tialize the Ly and Ly logicals. Crucially, these cuts allow
us to fault tolerantly initialize the corresponding logical,
because we can form enough detectors by closing stabi-
lizer Pauli flows. In particular, the first ZZ measurements
are deterministic, as are the Pauli flows that are half of the
plaquette detectors (i.e., the product of subsequent XX and
YY measurements, or vice versa). We show the memory
experiment protocols graphically in Fig. 13.
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(b) (01" 22 Y Y—X X—ZZ—X X—Y Y— 27> 10)°"
o— [ — —e
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FIG. 13. Memory experiments. We show thin Z-basis initial-

ization and measurement slices that sandwich the bulk protocol.
The upper stripes of the (potentially repeated) bulk sequence
indicated by D corresponds to decoding flows (cf. Fig. 12) and
the lower to observable flows (cf. Fig. 10). In (a), we cut the net-
work after measuring XX and before measuring ZZ to attach the
initialization spiders. Similarly, we cut after the ZZ (and before
an XX) measurement to attach the read-out spiders. The (blue)
Pauli flows of the single-leg spiders match the blue highlight
of the logical flows; this choice of cut therefore initializes
and reads out these logical operators. Additionally, o/ o-plaquette
stabilizer flows can be closed to generate detectors at the bound-
aries. In (b), cuts shifted by one half-cycle achieve the same for
the Ly logical flow.
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FIG. 14. Stability experiments. We show thin X -basis initial-
ization and measurement slices that sandwich the bulk protocol.
The upper stripes of the (potentially repeated) bulk sequence
indicated by D corresponds to decoding flows (cf. Fig. 12) and
the lower to observable flows (cf. Fig. 11). In (a), we cut the net-
work after measuring XX and before measuring ZZ to attach the
initialization spiders. Similarly, we cut after the ZZ (and before
an XX measurement to attach the measurements). The (blue)
Pauli flows of the single-leg spiders do not match the blue high-
light of the ZY.X -like stability flows, this choice of cut therefore
leads to random initialization. Additionally, -plaquette stabi-
lizer flows do not close to generate detectors at the boundaries.
In (b), cuts shifted by 1 half-cycle achieve the same for the Lyy;
stability flow.

For stability experiments the relevant observables are
initially random, so we initialize in a different basis and
declare the global constraints of Fig. 11 as observables, see
Fig. 14.

We benchmark two different circuit implementations
with different noise models. First, we assume that direct
two-body Pauli measurements are available. When mea-
suring the three edges of a triangle one after another, a
cycle (XX — YY — ZZ) takes five steps. Unlike for the
honeycomb code, some qubits will therefore be idling dur-
ing the ZZ measurements. For this circuit, we employ
two noise models. The first is a phenomenological noise
model where we insert single-qubit depolarizing chan-
nels D®!(p) in between the check measurements. Addi-
tionally, every measurement outcome is flipped with the
same probability p. The second is the EM3 noise model
[76] that is commonly used in the Floquet-code litera-
ture. Here, single-qubit depolarizing channels are replaced
with two-qubit depolarizing channels D®?(p) after a check
measurement. This is motivated by the expected behav-
ior of hardware noise on potential Majorana-based quan-
tum computing platforms [77]. We expect the EM3 noise
model to have a reduced distance due to two-qubit faults
that already appear at first order. A detailed analysis of
the noise channels of the elementary building blocks is
deferred to Appendix C.

Additionally, we construct circuits with single-qubit ini-
tialization and measurement in the Z basis, single-qubit
Clifford rotations on the data qubits, and entangling CNOT
gates. We place one auxiliary qubit on each edge to facil-
itate the two-body measurements and schedule the gates

FIG. 15. Translating the XYZ ruby code tensor network to a
circuit. We first use basis changes to express the network with
blue and red spiders. We then split the red measurement spiders
to Z-basis initialization, two CNOTs and a Z-basis measurement.
The circuit can be scheduled such that in the bulk of the protocol
no qubit is ever idle. Here, Czyy = Hyz;H permutes the bases
anti-cyclically. Note that any circuit obtained from rewrite rules
performs the readout.

as shown in Fig. 15. With the exception of the first three
layers in this circuit, no data or auxiliary qubits are idling.
We use a uniform circuit-level noise model, with noisy
operations specified in Table I.

E. Sampling, decoding, and notes on implementation

We construct the circuits in stim [61] and annotate
the measurements that contribute to detectors and observ-
ables, as well as error channels. We generate a defector
error model by evaluating with respect to which ele-
mentary faults defined by the error channels the detector
and observable flows are charged [78]. The detector error
model is a list of elementary faults with their probabil-
ity and the detectors and logical observables this fault
flips. We can directly sample detection events (syndromes)
s € ;¢ and logical flips (observations o € F%) [79]. This
completes the first two steps of probing the error-correcting
protocol, cf. Sec. V A. To decode this syndrome, we con-
vert the detector error model into a detector matrix My €

. . k .
39" a logical matrix M; € F,*"™ and a prior vector

TABLE 1. Noise models used in benchmarking the circuits
in this work. The noisy multi-Pauli measurement gate Mpp(p)
has two different realizations. In the phenomenological model,
Mpp(p) corresponds to a single-qubit depolarizing channel on
data qubits of its support and a noisy measurement outcome. In
the EM3 model, the single-qubit depolarizing channel is replaced
by a two-qubit depolarizing channel on data qubits of its support
and a noisy measurement outcome.

Noise model Phenomenological, EM3 Circuit level

Noisy gateset Initz (p) Initz (p)
Mpp(p) Mz (p)
Ci()

CNOT(p)

Idle(p) Idle(p)
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p € R". Here ng, n., and k are the number of detectors,
error mechanisms, and logical observables, respectively.
The task of a decoder is to find a set of error mechanisms
ec Fge that fulfills M e = s, i.e., a set of error mechanisms
that produces the observed syndrome. To verify whether
a correction would result in a logical error, the predic-
tion 0* = M;e has to equal the observed logical flips, i.e.,

0 ® 0* = 0. Note that we decode directly for error mecha-
nisms and not for flipped measurements, therefore adapting
the protocol compared to step 4 and 5 of Sec. V A to make
use of information on the error model. Using the faults or
the measurement outcomes is equivalent for getting the
predicted values of the observables. However, including
information on the probability of faults can only improve
the accuracy of decoding.

Based on our discussion above, the effective error model
derived from the circuit is not trivially decomposable into
errors with at most two syndromes. This renders a non-
adapted matching-based decoder such as pymatching not
suitable for this problem. We therefore employ the general
purpose two-stage decoders belief propagation + ordered
statistics decoding (BP + OSD) and the recently intro-
duce belief propagation + localized statistics decoding
(BP + LSD) [80—82]. The first stage uses belief propaga-
tion on the Tanner graph defined by the detector matrix
M, to approximate the single error mechanisms’ marginal
probabilities based on the observed syndrome s and the
a priori probabilities of elementary error mechanisms p.
Typically—and in particular if the Tanner graph con-
tains many small loops—BP is inconclusive in its output,
returning an error guess that does not match the observed
syndrome. However, it usually points to a subset of likely

direct measurement

erroneous qubits; OSD then brute forces the solution of the
decoding problem on that subset via matrix inversion. LSD
provides a speed-accuracy trade-off by doing inversion on
localized cluster, which we exploit to generate more data
for larger codes and smaller physical error rates. We give
details on the implementation of BP 4+ O(L)SD and the
used parameters in Appendix D.

F. Results

In all following results, we take a conservative approach
and report the logical failure probability as the probability
that at least one of the four independent (logical) observ-
ables probed in the experiment is predicted wrongly by the
decoder.

1. Memory experiment

In Fig. 16, we show logical error rates for the Ly log-
ical observable with increasing distance d and d cycles
for the phenomenological, EM3 and circuit-level noise
model, respectively. We find that for all three circuits and
noise models, the logical error rate curves cross, indicat-
ing the existence of a threshold. Errors are obtained from a
finite-size scaling analysis, which we detail in Appendix E.
For the phenomenological noise model we find

PP 0.28 + 0.02%. (66)
For the EM3 noise model we find
M3~ 0.36 + 0.04%. (67)

measurement via auxiliary qubit

F — BP+OSD e

® [1244] ® [1244]
® [[162,4,0]] ® [[162,4,6]]
[[288,4,8]] [[288,4,8]]
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FIG. 16. Memory experiment for the Ly logical observable using direct two-body measurements and measurements using an auxil-
iary qubit. We decode using BP + OSD (solid lines) and BP + LSD (dotted lines) for low physical error rate. BP 4+ LSD has a higher
logical error rate, but decodes orders of magnitude faster. For the direct measurements, we compare a phenomenological and an EM3
noise model with the latter showing a slightly higher threshold (pg™ & 0.36 & 0.04% vs pthh ~ (.28 £ 0.02%) but a worse scaling
for small physical error probabilities p. Measuring using an auxiliary qubit and simulating full circuit-level noise shows a crossing at
P&l A 0.18 £ 0.01%. Here and in all other plots, error bars are standard Monte Carlo sampling errors and are smaller than the symbol.
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For the circuit-level noise model we find

Pl 2 0.18 £ 0.01%. (68)

The scaling of the logical error rate in the low p regime
is o« p* = p“/? for the phenomenological and the circuit-
level noise model, as expected. Because the distance of the
codes on the torus is even, no failure occurs for faults with
weight less than d/2. This confirms that these circuits and
noise model are fault tolerant, as the (dynamic) fault dis-
tance coincides with the static distance of the codes defined
by the ISGs. As expected, the fault distance is halved when
using the EM3 noise model. This is reflected in a flattening
of the curves at low physical error rate p.

The standard depolarizing threshold for d rounds of the
(toric) honeycomb Floquet code is estimated in Refs. [76,
83] to lie within 0.2—0.3%, which is not significantly larger
than our approximately equal to 0.18%. Note, however,
that for the toric honeycomb code, they report the failure
rate of one of the logical qubits to better compare to pla-
nar surface codes. Asymptotically, the threshold for failure
of one or any of the logical qubits is the same. Due to
the considered system sizes and the suboptimality of the
decoder used, we consider our numbers a conservative esti-
mate of the asymptotic threshold. We observe an improved
threshold for the EM3 noise model, however only by a fac-
tor of approximately equal to 2 compared to a factor of
approximately equal to 5 for the (toric) honeycomb Flo-
quet code. One reason for the difference is that we measure
the triangles in three separate two-body measurements.

Constructing and benchmarking fault-tolerant circuits
for stabilizer readout of planar static color codes with trian-
gular boundaries encoding a single logical qubit has seen
progress in circuit-level noise thresholds from 0.1% [84] to

direct measurement

0.143 £ 0.001% [71] and 0.2% [85]. These improvements
arise, on the one hand, by constructing more involved cir-
cuits for syndrome measurements using cat states or flag
constructions, and, on the other hand, designing better
decoders. The circuits to measure the two-body stabiliz-
ers in our protocols are inherently simple and we achieve
thresholds that compare well to values from the literature,
despite reporting the probability that any of the four logical
qubits fails. Additionally, a comparison is difficult because
of our usage of BP + O(L)SD decoders, which is a funda-
mentally nonoptimal approach. Moreover, BP + O(L)SD
has a reduced accuracy for large decoding problems, i.e.,
many qubits or a lot of rounds, see, e.g., Ref. [86]. This can
be observed in Fig. 17, where we show the suppression
of logical error rate with growing size in the subthresh-
old regime. The suppression is exponential for low error
rates and small distances. In particular for the circuit-level
noise, the suppression deviates from exponential for larger
distances. It is left for future work to construct a decoder
that is efficient and accurate enough to perform reasonable
simulations for larger decoding problems. This can involve
designing a new decoder based on the considerations in
the previous section, or decoding with a sliding-window
decoder [72,87-90].

2. Stability experiment

We also perform stability experiments and show results
in Fig. 18. In the phenomenological noise model, we sim-
ulate sizes 2 and 3. For size s = 2, we simulate 2,4, 6, 10,
and 16 measurement cycles. In all noise models, the logi-
cal error rate scales o< p”eveles/2 for low physical error rates
p. This implies that this timelike distance of the stability
experiment coincides with the spacelike fault distance for

measurement via auxiliary qubit

distance d

FIG. 17.
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distance d

Cuts for the £y memory experiment decoded with BP + LSD at different physical error rates p showing the suppression of

logical error rate with code distance. Well below threshold, we observe an exponential suppression for small distances. We attribute
the flattening of the curves, in particular, for circuits with auxiliary qubits, to nonoptimal decoding of zeroth-order BP 4- LSD, see the

main text and Appendix D.
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FIG. 18.

Stability experiment of the Ly stability observable for direct measurements using phenomenological and EM3 noise model,

as well as measurements using an auxiliary qubit. In all noise models, the logical error rate scales o p"e<tes/2 for low physical error
rates p. This implies that this timelike distance of the stability experiment coincides with the spacelike fault distance for ncycjes = 2s.

Neycles = 25. This means concretely, that we can read off
these experiments how many rounds of measurements are
needed to reach a desired distance for the global observ-
able. Or, more practically, how many rounds are needed to
obtain a target logical error rate given a physical error rate.
The global observables are typically measured in space-
like parts of dynamical protocols, like moving a logical
qubit or performing lattice surgery for entangling oper-
ations like logical CNOTs [91]. The stability experiments
also allow us to explore how different error rates for data
qubit and measurement errors influence the performance
of the error-correction protocol, which we consider an
interesting avenue for future research.

VI. TOWARDS PLANAR CODES

So far, we have considered topological codes with log-
ical qubits coming from the nontrivial topology of the
ambient manifold on which the model is defined. It is
also possible to use stable boundaries to encode logi-
cal information robustly in a topological code. From the
anyon perspective a stable boundary type is defined by
a Lagrangian subgroup of anyons L, determining which
anyons can condense at the boundary [92,93]. On the
level of the stabilizer group and logical operators, the
Lagrangian subgroup determines which string operators
can be terminated at the boundary without leaving the
codespace. In general, devising models for boundaries of
a well-defined type is a nontrivial task. Specifically, for
ISG codes, if a bulk measurement sequence transforms an
anyon string operator s at time ¢ into a string operator s’
at time 7 4 1, a boundary where s can terminate at ¢ has to
transform into a boundary where s’ can terminate at ¢ + 1.
At the same time, the measurement is not allowed to read-
out the associated string operators. Moreover, a Floquet

code can apply a nontrivial automorphism to the logical
operators after multiple rounds of measurements. As a con-
sequence, (discrete) time-translation symmetry has to be
broken at the boundary into a coarser symmetry. This leads
to an enlargement of the periodicity of the schedule close
to the boundary. If the automorphism applied after one
cycle has finite order o, the period at the boundary has to
be enlarged from 7 to oT.

For example, the honeycomb code is in a toric-code
phase throughout the whole evolution. As such, it can
have two boundary types, usually referred to as rough
and smooth, condensing e and m anyons, respectively.
Since it applies a Z, automorphism after one length-3
cycle, exchanging the electric and the magnetic anyons
of the underlying toric code, the boundaries have to be
transformed into each after one cycle of measurements,
which leads to a period doubling in the presence of bound-
aries [50].

Additionally to transforming according to the bulk evo-
lution of the ISGs, a spacetime boundary has to be fault
tolerant. In the case of topological protocols, this means
that there are no constant-sized fault configurations that
lead to a logical error. So far, boundary constructions have
been understood well for some specific examples, with the
most general framework that uses dynamical anyon con-
densation to understand 2 + 1-dimensional Floquet codes
[19,20,50].

In the following, we will present two equivalent per-
spective on boundaries in the XYZ ruby code. First, we
give a macroscopic description of how the ISGs have to
transform in the XYZ ruby code in order to preserve the
encoded logical information. Specifically, we pick Sy as
our reference ISG and use the automorphism applied after
one cycle of XX -YY-ZZ measurements to argue about how
each of the six possible boundaries have to transform.
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Second, we sketch an explicit method to construct bound-
aries for topological protocols using the spacetime tensor-
network representation. A subset of boundaries obtained
in this way for the XYZ ruby code can be found in
Appendix B and are by construction fault tolerant. We
want to note that this construction, in principle, works for
any topological Clifford protocol, that is, for any protocol
whose bulk is defined by local quantum operations and has
amacroscopic fault distance with only local detector flows.

A. Tracking Lagrangian subgroups

For our first analysis, we pick Sy as a reference ISG
and assume we devised a schedule that has established a
topological boundary at ¢ = 0. Since Sy is in the phase of
the two-dimensional color code (see Sec. III A) there are
only six possible topological boundaries [41], three differ-
ent “color” boundaries, where bosons of a given color in
{r, b, g} can condense, and three different “Pauli” bound-
aries, where bosons of a given Pauli label in {x, vy, z} can
condense.

Assume the ISG at ¢ = 0 realizes a boundary of type a
described by a Lagrangian subgroup L,. After three rounds
of measurements, the anyon permuting automorphism ¢
from Eq. (24) is applied. This does not change the bulk
stabilizer group [cf. Eq. (21)] but acts nontrivially on the
stabilizer generators close to the boundary. On the macro-
scopic level, this changes the boundary type. To obtain
the new boundary type we apply the automorphism to the
Lagrangian subgroup and get a possibly changed boundary
described by L, = ¢(L,), where the function is understood
to be applied elementwise. Since ¢ preserves the braiding
data of the anyon model, L, is again a Lagrangian sub-
group but potentially of different type. We find that there is
no boundary that is invariant under ¢. There are, however,
two transitive subsets of boundaries: Color boundaries
get mapped to color boundaries and Pauli boundaries get
mapped to Pauli boundaries. For example, ¢ maps a r
boundary to a b boundary and the b boundary to a g bound-
ary. Following the notation introduced in Ref. [41] for the
different boundary types as rows, respectively, columns,
of the color-code boson table [Eq. (9)] we can, for exam-
ple, track the transformation of the color boundaries in the
following way:

XXX

K...

Q%XW(

@ ><|>< x| @<
0 <| X — X|@X
o< X ¥ XlelX (69)

Similarly, the Pauli boundaries need to transform in the
following way:

XX X
XXX
(0 JX
/N

00 e XXX

XXX — 0 0 ®

XXX 7 XXX (70)

In the rewinding schedule, the automorphism is applied
after three rounds—the first half the period—and then
inverted throughout the second half.

B. Constructing boundaries in spacetime

Given the rather intricate transitions that the instanta-
neous boundaries need to undergo throughout one cycle
of the rewinding schedule, a systematic construction of
boundaries for topological protocols might seem out of
reach. We find that this can be achieved using the RGB
tensor-network representation of the protocol together with
the Pauli flows. Specifically, we can construct a boundary
of a given type by cutting the RGB network describing the
bulk of the protocol along an arbitrary plane and consider
the stabilizer state defined by the Pauli flows of the bulk.
In this perspective, a boundary corresponds to terminating
the tensor network along the cut with a (thin) RGB tensor
network that attaches to the cut legs but has no additional
open legs. The network that is attached along the cut has
to be chosen such that it preserves the desired set of (log-
ical) flows. Additionally, the stabilizers mapping between
the logicals representatives have to be “read out” along the
boundary to form the detector flows close to the boundary.
In Appendix B, we present three distinct types of bound-
aries that can be combined to form a triangular code [94].
For the instantaneous color codes (at t = 0 mod 3), these
boundaries correspond to the three Pauli types discussed
in the previous section. A more elaborate treatment of the
construction is left for future work.

VII. REMARKS

In this section, we want to remark on some aspects
of the XYZ ruby code and spacetime fault tolerance not
touched on in the main part of this work. First, we com-
pare the Floquet code to its associated subsystem code,
introduced by Bombin in Ref. [28], and other topological
subsystem codes. Secondly, we comment on how fault tol-
erance beyond topological codes can fit into the framework
of Pauli flows and highlight some potentially interesting
aspects of protocols defined via quantum operations of
constant weight. Moreover, we comment on how the con-
cept of Pauli flows of a protocol and the design principles
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for a probing experiment discussed in Sec. V A are related
to the recently introduced spacetime code construction for
Clifford circuits [63]. Lastly, we comment on how rewrite
rules of RGB tensor networks naturally lead to an equiv-
alence class of protocols and highlight some interesting
equivalences between protocols defined in different spa-
tial dimensions. We argue that Pauli flows could play a
central role in a topological classification of these equiva-
lence classes and how such a classification, also beyond the
Clifford case, could help in the construction of composable
fault-tolerant protocols.

A. Comparison to topological subsystem codes

The group generated by all check operators of a Floquet
code can be thought of as a gauge group of a subsys-
tem code. We call this subsystem code the associated
subsystem code [17]. One can understand the bare logi-
cal operators of a two-dimensional topological subsystem
code as generating a 1-form symmetry associated to an
anyon model [30].

The associated subsystem code of the XYZ ruby code is
Bombin’s topological subsystem code constructed from a
hexagonal lattice [28]. Its anyon model is the three-fermion
model [28,29], a chiral anyon model. It attracted some
attention in the community of topological phases since
there cannot exist a gapped, commuting projector Hamilto-
nian on finite-dimensional degrees of freedom—and with
that no stabilizer code—whose ground states represent a
chiral anyon theory [36,40,95,96].

In contrast to the anyon model of the subsystem code,
we find that the XYZ ruby code as a three-dimensional pro-
tocol, in fact, is described by the color-code anyon model,
which is equivalent to two copies of the three-fermion
anyon model and nonchiral. One can think of the logical
qubits of the subsystem code as “static” and the additional
logicals as “dynamical” qubits of the XYZ ruby code. For
the subsystem code these dynamically generated qubits are
gauge qubits. These gauge qubits, however, have logical
operators of extensive size. We have chosen the measure-
ment schedule such that the extensive gauge qubits are
never fixed which renders them logical qubits of the proto-
col. In fact, any measurement schedule on the generators of
the gauge group that reads out the stabilizers of the subsys-
tem code that we investigated gives a protocol associated
to the color-code anyon model [97].

In that sense, the anyon model of the subsystem code
does not characterize the topological phase of the measure-
ment protocol, as already popularized by the honeycomb
code and its CSS counterpart [14,19,98], where the anyon
theory of the associated subsystem code, respectively of
its stabilizer group, is a proper subtheory of the toric-code
anyon model. It would be interesting to investigate the
phases arising in protocols derived from other subsystem
codes representing chiral anyon theories, for example,
chiral subsystem codes from Ref. [30].

From the QEC perspective it might also be interesting
to investigate how different measurement schedules on the
same set of checks affect the properties of the arising pro-
tocol. For example, the instantaneous topological phase
transition present in our schedule seems like a fairly unique
feature compared to other schedules, compare, e.g., with
Ref. [22]. It is an open question if this has implications on
the error-correcting capabilities of the schedule.

B. Fault tolerance in nontopological protocols

In the sections above we have mainly discussed topolog-
ical protocols as they are central to our analysis. However,
both memory and stability experiments can be thought
of in the context of nontopological protocols. Here, we
define topological protocols as error-correcting protocols
that admit a complete set of local detector flows. That
means we consider a family of QEC circuits to be topo-
logical if they give rise to a family of locally generated
detector flows such that the fault distance—with respect to
that set of detectors—grows with the number of physical
qubits. In these cases, there is a natural partition of detec-
tor flows of any probing experiment into local and nonlocal
flows, as described in the subsections above. Moreover, for
topological protocols there has been established a thorough
understanding of how to understand fault tolerance with
respect to local noise [18,99—101].

One might ask in which sense fault tolerance can be
understood generically in the case of nontopological pro-
tocols. i.e., given an experiment with its flows, can one
make rigorous statements about the fault tolerance with
respect to a given error model? And more importantly, can
we argue about fault tolerance based on the structure of the
detector flows of the protocol, say, e.g., their weight distri-
bution and a guarantee on the fault distance? The natural
generalization of “locality” of detector flows is obtained
by ignoring their geometric locality but considering only
the scaling of the number of edges that are nontrivially
highlighted by the flows within the a family of proto-
cols. If one can choose a set of detector flows of bounded
weight to define syndromes and correct all observables
(with extensive weight), we propose to call the correspond-
ing protocol “spacetime LDPC” [102]. As far as we know
there is no good reason to believe that this notion of space-
time LDPC is similarly important to fault tolerance as it is
believed to be for an instantaneous stabilizer code. Impor-
tantly, quantum operations of constant weight can lead to
protocols that are not LDPC. An interesting example in
that regard is a recently proposed (modified) schedule for
the Bacon-Shor code that is believed to have a threshold
but does not fall into that category, see Ref. [103]. Even
though most detector flows used for decoding have low
weight, the fractal structure of the protocol creates some
high-weight detector flows and hence a decoding graph
with unbounded check weight. In light of the fact that the
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previously considered (unmodified) schedule associated
to the Bacon-Shor code only has detectors of extensive
weight and is not thresholded we consider the question if
there has to exist a minimum amount of constant-weight
detector flows in order to be fault tolerant an interesting
question for further research. It would also be interesting
to investigate the structure of the detector flows in pro-
tocols based on fracton codes [104,105] to inspire new
and in particular efficient decoding strategies for type-II
fracton models. The more exotic structure of the resulting
decoding graph could reveal insights into the origin of fault
tolerance beyond more well-behaved topological codes.
The example above indicates that detector flows do not
need to be of strictly bounded weight in order to achieve
fault tolerance with a protocol based on bounded-weight
quantum operations.

C. Connection of Pauli flow to outcome and spacetime
codes

In Ref. [63], Delfosse and Paetznick introduce the out-
come code of a Clifford circuit. It is a classical affine linear
code on the space spanned by all measurement outcomes.
In fact, we recover similar constraints on the set of signs in
the network based on detector flows. In our formulation,
we end up with a linear code because we include signs
of tensors that might flip measurements also without noise
(e.g., Pauli unitaries). The way that the outcome code is
translated to form a linear code in Ref. [63] is equivalent to
identifying these operations and flipping the measurements
accordingly, i.e., inverting the affine translation with which
a linear code is translated to obtain the outcome code. In
Appendix A 3 d, we give a rigorous derivation of the linear
code obtained from detector flows.

Additionally, the authors of Ref. [63] introduce the
spacetime code, a quantum code derived from the circuit
and the outcome code. One can understand the stabilizers
of the spacetime code directly from the tensor-network pic-
ture. The spacetime code is defined with respect to a time
direction, i.e., an interpretation of the tensor network as
a sequential application of stabilizer quantum instruments
on a set of qubits. Given that interpretation, we can identify
each detector flow with a stabilizer of the spacetime code.
Specifically, each stabilizer is the product of Pauli opera-
tors associated to the highlights of the detector flow on the
edges associated to qubit worldlines [106].

For a fixed circuit and error model, the spacetime code
gives a faithful description of the behavior of faults in the
QEC protocol. The commutation relation of a fault with a
stabilizer of the spacetime code are exactly given by the
charge of the fault with respect to the associated detector
flow.

More generally, Pauli flows carry more information.
Since they are preserved by all rewrite rules of the net-
work, they are independent of the interpretation of the

network. For example, consider two circuits 4 and B that
implement the same stabilizer measurement. In the RGB
tensor-network formulation any such pair of equivalent cir-
cuits is related by a rewrite rule presented in Appendix A 2.
Pauli flows are a preserved quantity in the sense that we
can update the flows locally with each rewrite without
computing the full detector flow and the associated con-
straints on the signs explicitly, see Appendix A 4. In that
way, there is a direct translation between these quanti-
ties in the RGB tensor-network formulation. Note that this
includes mappings between protocols based on static sta-
bilizer codes, dynamical Floquet-style readout schemes
as well as measurement-based computation schemes. It
would be interesting to see if one can extend the formalism
in Ref. [63] to construct direct mappings between the out-
come and spacetime codes of circuits related to the same
underlying tensor network.

In a fault-tolerant architecture it makes sense to think
about logical blocks, specific building blocks from which
any logical operation is built out of. We think of them
as being expressed in terms of protocols on the physical
level that have an effective logical action. When compos-
ing logical Clifford blocks it is natural to understand the
Pauli flows of the combined block in terms of the Pauli
flows of the individual blocks. In the spacetime code, it is
not that obvious how to combine the spacetime codes of
two logical blocks (see also Lemma 3). We see the rea-
son for that in the fact that there is no direct analog of
stabilizer and logical flows in the spacetime code. They
can be mapped to a certain subset of logical operators of
the spacetime code but there are many more logical oper-
ators that have no direct interpretation in the composition
of logical blocks as they act purely internal to the network,
respectively, circuit. It would be interesting to see a more
direct way to incorporate the composition of logical blocks
into the spacetime code formalism.

D. Equivalence classes of protocols and associated
invariants

We want to finish on a more general thought arising from
considering Pauli flows in RGB tensor networks.

One can use certain rewrite rules of RGB tensor net-
works, presented in Appendix A2, to define a sensi-
ble equivalence relation between RGB tensor networks.
Under that equivalence relation we find that many pro-
tocols are equivalent even though they live in dif-
ferent spatial dimensions. A well-studied example of
that is the equivalence between the fault-tolerant iden-
tity gate in measurement-based quantum computation
(MBQC) with the three-dimensional cluster state and the
2 4 1-dimensional protocol based on the surface code on a
square lattice as illustrated in Ref. [40].

One can make this equivalence much more explicit and
rigorous and concrete by viewing a MBQC scheme as
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a full protocol where qubits are initialized in a product
state, a constant depth Clifford circuit is applied to pre-
pare the resource state and single-qubit measurements are
performed. If the preparation circuit is local, and constant
depth, in some dimension D, the TN of that protocol is
equivalent to a TN of a protocol over time composed of
operations that are local in D — 1 dimensions by treat-
ing one spatial direction as the time direction and rein-
terpreting qubit worldlines accordingly. Vice versa, any
protocol defined by a tensor network that is local in some
spacetime dimension D can be rewritten and reinterpreted
as a constant-shot (MBQC) protocol. A similar connec-
tion was made in Ref. [101] and also applies to other
three-dimensional stabilizer states such as states of the
three-dimensional toric code [107], 3D color code [27],
or topological single-shot protocols [108,109] that can, in
principle, be identified with 2 + 1-dimensional protocols.

The striking feature of Pauli flows is that one can think
of them as being preserved throughout the process, giving
rise to an invariant of an equivalence class of protocols.
A direct consequence of that is that the logical isomor-
phism applied by a protocol as well as the input and output
stabilizer groups are preserved by all rewrites. Finding
an (algebraic) invariant that captures the fault-tolerance
properties of a protocol, possibly with respect to some
“unit volume” would constitute a big step in the under-
standing of fault tolerance beyond individual (classes of)
protocols and in defining a “phase” of a stabilizer tensor
network.

These invariants would also be important when com-
bining logical blocks. Given one block with invariants
A and one block with invariants B, can one make state-
ments about the invariant of the composed block? So
far, we only know how to explain this for Clifford
protocols in terms of Pauli flows and techniques pre-
sented in Appendix A. A more general algebraic treat-
ment of the Clifford case could inspire new perspectives
on the understanding of fault tolerance for non-Clifford
operations.

VIII. CONCLUSION AND OUTLOOK

In this work, we have established a Pauli flow formal-
ism, which unifies an error-correction analysis for proto-
cols based on Clifford circuits and Pauli measurements.
The formulation in terms of a tensor network leads to a
well-defined equivalence between different protocols and
circuits that share their fault-tolerance properties and also
provides a systematic procedure to design various imple-
mentations of the same logical operation with a clear
handle on the error-correcting properties. The concept of
Pauli flow emerges from combining projective symmetries
of the elementary building blocks of an RGB tensor net-
work consistently to obtain symmetries of the full network.
Defining the notion of tensors being charged with respect

to such a symmetry allows us to tie together the design and
fault-tolerance analysis of a protocol directly in spacetime.
Specifically, we can rigorously derive a unified perspec-
tive on properties of an error-correcting protocol from first
principles within the tensor-network representation. This
goes beyond the specific representation of a protocol in
terms of the RGB tensors and applies to all Clifford proto-
cols, independent of the underlying paradigm of quantum
computation. With this, we tie together existing notions on
error correction in spacetime [31,61,63] that have taken
different approaches, where either a family of a topological
protocol or explicit circuits take center stage. We do this
by proving very general algebraic properties of stabilizer
tensor networks that are not tied to specific implemen-
tations or even error-correcting operations. Although a
tensor-network representation is very natural for topolog-
ical protocols our analysis on how to think about QEC in
spacetime does not require any (spatial) locality. Hence,
we believe it is helpful to investigate any active QEC pro-
tocol through the lens of a tensor-network representation
of the full spacetime evolution of the system. Formulat-
ing the tensor network in terms of RGB tensors allows
for additional flexibility as local rewrite rules can be used
to turn non-fault-tolerant schemes into fault-tolerant ones.
This makes this method appealing for both code design and
fault-tolerant circuit compilation.

To make this case, we have constructed a new dynami-
cal error-correcting code based on repeated measurements
of two-body operators, which we call the XYZ ruby code.
We have analyzed the dynamic protocol using “traditional”
methods and have shown how the graphical calculus
allows us to think of the protocol directly in spacetime and
devise the algebraic object required for error correction
and fault-tolerance properties. We have further used the
RGB tensor networks to construct fault-tolerant protocols
and circuits to probe the memory and stability qualities
of the XYZ ruby code under different noise models. We
have explained how to generate and decode a decoding
graph from the detector flows and have developed a thor-
ough physical understanding of faults and their action
on the detectors. We have performed numerical experi-
ments, decoded using general-purpose decoders, and have
found that the XYZ ruby codes show a threshold in the
vicinity of 0.18 £ 0.01% for full circuit-level noise. We
believe that this could be further improved upon by design-
ing decoders specifically tailored for the code using, e.g.,
restriction or matching-based approaches. Even as such,
the thresholds are comparable to and competitive with
other Floquet and non-Floquet codes in the literature. In
particular, static color codes require contrived syndrome
readout constructions using, e.g., flag qubits, whereas our
dynamical version relies on two-body nearest-neighbor
measurements only.

The locality and performance of XYZ ruby codes places
them as promising candidates for near-term fault tolerance.
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Additionally, the XYZ ruby code allows for more transver-
sal gates than Floquet codes realizing toric codes [22],
because it is in the topological phase of a color code.
Logical gates implemented transversally are naturally fault
tolerant and introduce a very limited amount of noise in the
protocol [13,27,110]. Similarly, the small weight of mea-
surements in Floquet codes limits the spreading of faults.
With properly introduced boundaries, one can design logi-
cal gates based on lattice surgery protocols, which rely on
fault-tolerant joint logical measurements between differ-
ent code patches [91,111,112]. For the honeycomb code,
one way to perform these joint measurements was shown
in Ref. [50]. We have sketched how boundaries could be
introduced in the XYZ ruby code. Important next steps
include the microscopic realization of these boundaries and
design of measurement sequences that join multiple copies
of the code along those boundaries to perform said joint
logical measurements.

More generally, Pauli flows offer a versatile tool to
design interfaces between logical blocks in spacetime
without resorting to a specific code on which the proto-
col could be based on. In particular, Pauli flows allow
one to systematically join microscopically different blocks
with little overhead. For topological protocols these inter-
faces can be described abstractly as topological defects
in a topological spacetime. Analyzing how other types of
defects, such as twist defects, can be described locally in
terms of Pauli flows constitutes an interesting avenue for
further research. We believe that this connects to formula-
tions of fault-tolerant logical gates within a measurement-
based computation scheme based on Walker-Wang models
enriched with external symmetry defects [113,114]. We
hope that, once we understand how to construct these
defects explicitly within the bulk of a tensor network, we
can use this insight to design similar defects in more gen-
eral classes of protocols that involve nonlocal operations.
This would extend our understanding of how to imple-
ment fault-tolerant logical operations to protocols based
on QLDPC codes that offer better distance and encoding
rates.

To achieve computational universality, fault-tolerant
logical non-Clifford operations are needed. Towards a
more general understanding of those, we think it is impor-
tant to investigate non-Pauli symmetries in our tensor-
network formulation.

We hope that Pauli flows in RGB tensor networks and
the new competitive dynamical QEC code will contribute
to inspire further research and drive the progress towards
scalable fault-tolerant quantum computing.
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APPENDIX A: RGB TENSOR NETWORKS AND
PAULI FLOW

In this section, we give some additional properties and
relations for RGB tensor networks (RGB TNs). We will use

we find similar relations for red and green tensors,

R e

1. Representing any Pauli measurement as an RGB TN

Consider a system of n qubits. Projective measure-
ments of an operator O project the system into a definite
eigenspace of O, associated with the image of a mea-
surement outcome labeled by a projector P,,. Specifically,
starting with |y), the postmeasurement state, knowing the
outcome m, is proportional to P, |). Within our graph-
ical formalism we represent any Pauli measurement with
a binary outcome m € {0, 1} with the associated projector.
For a generic n-qubit Pauli operator P ® P, ® --- ® P,
this projector reads

1
P, = E(]l+(—1)’”P1®P2®--~®Pn). (A3)

In the following, we describe a recipe of how to construct
the graphical representation of that projector with an RGB
TN.

(1) Each qubit comes with its own worldline, which we
represent by a line,

(Ad)

We identify the left-hand side with the “input” and
the right-hand side with the “output.” This can be
motivated by interpreting that diagram as represent-
ing an identity operator on (C?)", mapping from the
left to the right.

the definitions introduced in Sec. IV. Equation (38) shows
how the blue tensor can be seen as the red, respectively
green, tensor in a different local basis. Using unitarity of
the basis transformations,

= ———= (A1)
d \Jﬁ - n% - ‘Q.%
S S8+ (A2)
[
(2) Introduce a red m tensor for the measurement,
) .m
(AS)

(3) Place an s = 0 tensor on each qubit wire taking
part in the measurement. The color of the tensor is
determined by the Pauli type of the measurement
operator on that qubit (X, red; Y, green; Z, blue). For
the green tensor we have to “flip” the right-pointing
output to represent the correct measurement. For
example, fora X ® Y ® - - - ® Z measurement, we
place the following tensors:

O (A6)

By flipping the input of the green tensors where the
wire attaches from the right we have chosen to inter-
pret the resulting diagram as a map from the open
wires on the left to open wires on the right. Specif-
ically, the projector of a measurement of a Pauli
operator that includes a Y operator is not generi-
cally symmetric (as a linear operator) so the diagram
cannot be mirror symmetric either.

(4) Finally, we connect the newly introduced tensors to
the measurement tensor. Depending on the colors
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of the tensors that are connected, we place an addi-
tional basis transformation on the connecting wire.
A blue tensor is connected to the measurement ten-
sor with a simple wire. A red tensor is connected via
the basis transforming tensor that maps it to the blue
tensor (in this case, the Hadamard box). Similarly,
the green tensor is connected via the basis trans-
forming tensor that maps it to the blue tensor. For

J

the X ® Y ® - - - ® Z example above, this yields

)

m

(AT)

Single-qubit measurements can be viewed as projections onto eigenstates of single-qubit Pauli operators, i.e., initializa-
tions of single-qubit Pauli eigenstates. As such it is helpful to directly represent these as single-legged tensors,

)~ S D)~ S A [(Z1)) Sy

2. Putting the calculus onto the three colors

In the main text, we have focused on constructing an
RGB TN given an explicit circuit, i.e., sequence of gates
and then using this representation to analyze the QEC
properties of that circuit. However, we find that RGB TNs
have local rewrite rules that allow one to locally rewrite a
given RGB TN without changing the global action, i.e.,
the linear operator it represents. These types of rewrite
rules induce an equivalence relation amongst RGB ten-
sor networks. These equivalences are a core part of the
ZX calculus [26], where the central objects are equiva-
lence classes of diagrams and not individual diagrams.
One could say that these equivalences constitute the “cal-
culus” part of the ZX calculus. Reference [31] showed
that (the bulk of) a fault-tolerant measurement-based quan-
tum computation protocol, the CSS Floquet honeycomb
code [19,98] and the two-dimensional surface code are
equivalent in exactly that sense. In Ref. [17], these rewrite
rules were used to “Floquetify” the two-dimensional color
code, i.e., construct a Floquet code that only uses one- and
two-body measurements that is equivalent to the proto-
col where the stabilizer generators of the hexagonal color
code are periodically measured. These equivalences are

;a bg :‘a—i-bl:

o

(A8)

(

also useful when considering individual circuit compo-
nents. For example, Ref. [116] used these equivalences to
improve read-out circuits for the square surface code. All
these examples show that such equivalences are a desirable
feature for a graphical representation of any circuit.

Since the ZX calculus is complete [26], we could
express our green tensor in terms of ZX tensors and use
the ZX rewrite rules. We argue, however, that working
with more direct relations involving only green tensors
themselves is more helpful when actually working with
RGB networks. In the following, we present these relations
for all three types of tensors [117]. Let us start with the
blue tensors. A straightforward tensor-network calculation
shows that they obey the following relations:

; a bE a+b
E (A9)

Using the basis transformations from Eq. (A2) and unitar-
ity, Eq. (A1), this implies that the tensors of the other two
colors fulfill the following relations:

(A10)

Note that when splitting and fusing the green tensors, the orientation of the input and output is important. These relations

hold for any number of legs.
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Using Eq. (A2) and the (projective) symmetries of the
blue tensor, shown in Eq. (48), we obtain similar symme-
tries for the tensor of the other two colors,

s* ZS‘ = 58' and

. (Alla)

\6// :“.8?/-“ <—1>s*‘8§‘~.

pyl (A11b)

J

S D

which allow one to remove or add loops into the network.
Often, we do not care about constants appearing via such
contractions and think about a normalized version of each
network. Note that for the first rule shown above we can
use Egs. (38) and (A2) to obtain a similar a relation involv-
ing a green tensor. This will, however, have some basis
transformations on contracted legs so the rule is not fully
symmetric among the three colors.

Another straightforward calculation shows how we can
graphically see that single-qubit Pauli measurements ini-
tialize a qubit in a given Pauli eigenstate,

= ?m7 = ?/71 and = §m.

(A14)
Note that in this section we do not give a minimal nor
a complete set of graphical rules but we solely aim to
gather the most useful rules when considering analyzing
and working with active QEC schemes.

a. Example: Teleportation circuit

Here, we show how a naive representation of the tele-
portation circuit shown in Eq. (51) is rewrite equivalent to

Additionally, they fulfill a generalized bialgebra rule for
the Z and X tensors [118],

(A12)

Applying the basis transformation rules (A2) we can derive
similar rules involving the green (Y) tensor. Importantly,
this particular rule is not fully symmetric with respect to
permuting the colors.

There is a second set of rewrite rules of the form

(A13)

mx
(A15)

Including a preparation circuit of the Bell pair on the left
we start with the following network representing the tele-
portation circuit, which we can rewrite in two steps in to
the diagram above:

myz myz myz
mx — mx — mx,

(A16)

where we first used the splitting rules and then used that for
each type of tensor, its two-legged version with s = 0 cor-
responds to the identity matrix, and, can just be removed.
The diagram on the right is exactly the same as the one in
Eq. (A15) by construction as a tensor network, which is
independent on how the lines are drawn on the paper.
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3. Physical meaning of Pauli flows: A logical
isomorphism protected by a classical code

In the main text, we introduced a set of colorings of
edges of an RGB tensor network that represents how Pauli
operators can propagate through the network. Here, we
want to make the meaning of these highlights more pre-
cise in terms of their associated constraints and stabilizer
groups on the input and output qubits.

First, we want to complete the rules of highlighting
introduced in the main text [see Eq. (50a)] to all compo-
nents of an RGB network. Specifically, we have not yet
defined a highlight for the basis transformations, defined
in Eq. (37). Calculating how these tensors map between
different Pauli types,

(Al7a)

—O— - o@D (i
1 1

_O_:'.'<>O':'O<>.' (Al7c)

we obtain the following generators of “valid” highlights
for these elements:

009
§(>U

(A18)

a. Setting the stage

Consider an n-qubit Pauli group P,, n € N, and a bipar-
tition of » into ny and ng = n — ny qubits. We can write
Py = Pn, ® Ppy. In the following, we show that a stabi-
lizer group S < P, of rank n defines a unique isomorphism
between a logical Pauli group embedded into P,, and
P, If clear from context, we denote a single-qubit Pauli
operator P € P; on qubit i with P;. We denote the center
of a group G <P, by Z(G) = {x € G|xg = gx Vg € G}
and its centralizer over the Pauli group by C(G) = {p €
P.|pg = gp Vg € G}. Note that we omit the subscript
in the centralizer whenever we consider centralizers over
the Pauli group. Sometimes we will refer to a “real Pauli
group.” With that, we denote the subgroup of the Pauli
group that only has real entries, generated by all X and Z
operators. Note that Y is not directly included in that group
but only +iY.

Lemma 1. Consider the space of n qubits with a bipar-
tition C2' = A ® Bwith A ~ C*" and B~ C¥* . Let S <
‘P, be a rank-n stabilizer groupon 4 @ B.Let Sy = {a|a ®

1 € S} be a group isomorphic to the maximal subgroup
of § solely supported on 4 and analogously Sp, the maxi-
mal subgroup of S supported on B. Then S together with a
bipartition (4, B) defines a group isomorphism

os.B) NS g - NGs) g (A19)
where S gives rise to a complete set of representatives of

both N(S4) and N(Sp). Vice versa, any such isomorphism
defines a stabilizer group on 4 ® B of maximal rank.

We remark that this holds for any bipartition and holds
due to the maximality of the rank of S.

Proof. The main object in our proof will be the
group generated from truncated stabilizers, such as S|4 =
({lala® b e S})and S|p = ({b|a ® b € S}). By including
all operators generated from the truncated stabilizer group
we might add —1 to the group due to noncommutativity of
restricted stabilizers. Let Sy = {a|a ® 1 € S} be a group
of operators on A that is isomorphic to the maximal sub-
group of S supported on 4 and similarly Sp for B. Since S
is a stabilizer group, S, is in the center of S|4. Hence, we
can decompose S|4 as [119]

Sla = Sqx Sl (A20)
In fact, S, is the center of S|4 up to operators proportional
to the identity, (i/1), due to the maximality of the rank of S.
We can see this by taking an element ' € Z(S|4) = {x €
S|4 lxs = sx Vs € S|4}. It commutes with a € S|4, hence,
defines an element ¢’ ® 1 that commutes with S and hence,
due to its maximality, must be included in S. By definition
of SA, a e SA.

Hence, Z(S|4/S4) € (—1,84). In fact, this inclusion is
an equality if and only if S|4 includes anticommuting Pauli
operators, i.e., S4 has nonmaximal rank (on A4).

S|4/S4 admits a generating set of pairwise anticom-
muting operators [120]. As such, it is isomorphic to the
group of logical Pauli operators with real entries, i.e.,
Sla = N(Syo) N {X;, Zi}_,)). The same applies for S|p, the
stabilizer group truncated to the qubits in B.

a. Construction of isomorphism. Let Sy Q@ Sp=1{a®
bla e Sy,b e Sg}. Consider the quotient group S/(Sy ®
Sp) = {xS4 ® ¥Sp | x ® y € S}. Note that we can write any
element in S/(Sy ® Sg) as xSy @ ySp forx € S|y and y €
S|p. From this we define the map

ps(4,B) : Sl — Sl |

xSy ySp for xS, ®ySp € S/SA ® Sp’
(A21)
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In the following, we show that this is a well defined group
isomorphism.

First, we show that it is well defined, i.e., there exists
no two cosets ySp # y'Sp such that xSy ® ySp, xSy ®
y'Sp € §/(S4 ® Sp) for some x € S|,4. Assume Jy,y’ € S|
such that ySp # y'Sp. Since Sy ® Sp is central in S the
cosets S/(S4 ® Sp) admit a group structure. This implies
that S, ® yy'~'Sz € S/(S4 ® Sp), ie, 1 ®yy ! €S. By
definition of Sp, yy'~! € Sy and we obtain ySz = )’Ss,
contradicting our assumption. This shows that ¢ is well
defined.

Let us tweak the argument slightly to see that ¢ is in fact
injective. Assume it was not. This means Ix # x’ € S|4 :
xSy ® ySp,x'Sy ® ySp € /S, ® Sp. Again by the group
structure of the cosets, this implies xx'~'S, ® Sz € S/Sy ®
Sz and xx'~!' € S4. Which contradicts the assumption
xSy # x'S,. Surjectivity of ¢ can be shown similarly. By
construction via a quotient group, for any ySg € S|g/Sk
there exists a coset xSy ® ySp € S/S4 ® Sp for some x €
S|4 and with that ySg € Im(pg). This shows that ¢ is a
bijection.

It remains to be shown that ¢y is a group homomor-
phism. This is straightforward to calculate using the cen-
tralness of Sy and S in S|4 and S|p. Letx @ y,x’ ® y’ € S.
Then

Ps(xS)@s(X'Sy) = ySpy'Sp = yy'Sp = @s(xx'Sy),
(A22)

where we used centrality of Sg and the group structure on
S/S4 ® Sp.

We can extend ¢g to act on a full logical Pauli group
N(Sy)/S4 by letting it act like the identity on all phases
(1), the factors by which S|, differs from N(Sy), i.e., we
define ¢ (i"xS4) = " (xS4) for any m € Z,x € S|4. This
completes the proof that ¢ is an isomorphism.

b. Construction of stabilizer group. To construct a max-
imal rank stabilizer group from a given isomorphism, we
reverse the construction above. Consider isomorphism ¢’
between logical Pauli groups, on given codes, defined by
stabilizer groups S, and Sp of rank ny — k and ng — k,
respectively. Consider the subgroup of the domain of ¢’
that is generated by cosets that act like X and Z operators,
i.e., it does not contain the logical —1 and any imaginary
logical Pauli and denote it with I~’¢,/. We use ¢’ to con-
struct cosets xSy ® ¢’ (xSy), forxS, € 13¢r. Take a complete
set of representatives R, = {x; ® y;}?%, for these cosets.
Since ¢’ is a group isomorphism, they generate a stabi-
lizer group Sz = (R,) on 4 ® B that is in the centralizer
of both Sy ® 1 and 1 ® Sp. We define the stabilizer group
associated to ¢’ as

Sy = (S4®1,Sp @ 1,S45) >~ Sy x Sp x Sqp. (A23)

It remains to be shown that it is of maximal rank. Since
every factor above is independent, the ranks add up and
we obtain

rank(S,) = rank(Sy) + rank(Sp) + rank(Syp). (A24)

Let ny be the number of qubits in 4 and np be the
number of qubits in B. We can use the fact that the iso-
morphism is on k logical qubits to obtain rank(Sy) =
ny — k,rank(Sz) = ng — k,rank(S4p) = 2k. Plugging this
into Eq. (A24) yields rank(S,) = ny —k+ng — k + 2k =
ny4 + np, which is the maximal rank of a stabilizer group
on a system of ny + np qubits. |

Note that this can be generalized straightforwardly to
Pauli stabilizer groups on qudits. In that case, one should
take the adjoint on the B factor to not overcomplicate
things in the interpretation of the resulting stabilizer group.
Besides that, the proof goes through in the same way, as
long the qudit dimension is finite.

c. An algebraic perspective. Before getting into more
details on how to identify an RGB tensor network with an
isomorphism above, we want to comment on how to under-
stand the above isomorphism analogously on the level
of a full “logical algebra,” the algebra of matrices act-
ing within the logical subspace. This is not too important
for any logical Clifford operation but should be consid-
ered when generalizing logical operations beyond Clifford
operations in a unified manner. Once a non-Clifford oper-
ation is applied, the full evolution of the system cannot
be described by any Pauli group isomorphism anymore
but should be described by a *-isomorphism on a logical
algebra. In the following, we want to sketch how the Clif-
ford case and a logical group isomorphism fits into this
algebraic perspective.

Consider a Pauli stabilizer group S < P, and its nor-
malizer group N(S) = {p € P,|pS = Sp}. Both S and
N(S) are sets of linear operators on a finite-dimensional
vector space that are closed under multiplication. As
such, they span a *-algebra where the matrix adjoint T,
transposing and complex conjugating, plays the role of
the *-operation. Let S = spang(s € S) be the commuta-
tive *-algebra spanned by the stabilizer group. Since for
Pauli stabilizer groups, the normalizer equals the central-
izer, N(S) = C(S) ={p € P,|ps =sp Vs €S}, it spans
the commutant

C(S) = spanc(p € C(S)). (A25)
Note that any element in that algebra acts the same within
one “syndrome sector,” a subspace that transforms irre-
ducibly under the action of S [121]. Within the trivial
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syndrome sector, the space of states [122] in the image of

1
P= G 2 €S

seS

(A26)

the logical action of elements in C(S) is formally char-
acterized by Ag = span:(C(S)/S), which again is a *-
algebra. In fact, since C(S)/S is isomorphic to a Pauli
group, it spans the full matrix algebra on the logical sub-
space, Ag >~ M, where k = log,(dim(A)) denotes the
number of logical qubits on which A acts.
The isomorphism ¢g(4, B) obtained in Lemma 1 can be
lifted to a *-isomorphism
®5(4,B) 1 Ag, — Ag, (A27)
on two (formal) logical algebras. Importantly, a logical
Clifford isomorphism is an isomorphism of that kind that
happens to be fully described by an isomorphism on a
particular basis of Ag, and Ag,, the Pauli basis. A non-
Clifford operation will not be described by such a group
isomorphism but is intrinsically an algebra isomorphism
that can map single Paulis to sums of Paulis.

b. The Logical isomorphism implemented by an RGB
tensor network

In this section, we want to show that any RGB ten-
sor network (TN) implements a logical isomorphism on
some logical Pauli algebra. As a byproduct, we show in
the proof of Lemma 3, how to think of the composition
of (logical) Clifford blocks in a unified manner, indepen-
dent of a specific encoding. This applies to any Pauli
stabilizer tensor network and gives a complementary per-
spective on how to view the stabilizer formalism including
measurements and may give insight onto how to better
understand architectures for quantum computations on the
logical level.

Proposition 1. Let T be an RGB tensor network com-
posed of red, green, and blue tensors, introduced in
Egs. (32)+34), as well as the basis transformations defined
in Eq. (37), with n € Zs( open legs. Consider a bipartition
of the open legs into two subsets 4 and B. Equivalently, we
denote the vector space associated to these legs with 4 and
B. T can be interpreted as a linear map A — B, considered
as the vector spaces assigned to the input and output legs,
and can act via conjugation as a map B(4) — B(B) map-
ping linear operators on A4 to linear operators in B. As such,
it implements an isomorphism

or(4,B) : NSa) g — NGs) /g (A28)

for some stabilizer groups S on 4 and Sz on B.

Given Lemma 1, this reduces to showing that any RGB
TN admits a stabilizer group of maximal rank, i.e., when
it is interpreted as a state, it is a unique stabilizer state.
We proceed step by step and first show that this structure
holds for any of the constituents of an RGB TN and then,
in Lemma 3, show how to construct the stabilizer group
of a contracted network, knowing the stabilizer groups of
the constituents. This lemma is independent of the specific
RGB TN representation and applies to all stabilizer ten-
sor networks and with that to any linear map composed of
Clifford operations.

In the following, the red, green, and blue spider, defined
in Egs. (33), (34), and (32), as well as the basis transfor-
mations, defined in Eq. (37), are considered “elementary
building blocks” of an RGB TN.

Lemma 2. Let t be an elementary building block of an
RGB TN with n legs. As a state, it is stabilized by a
stabilizer group of rank #.

Proof. Let us go through each building block. We will
map the projective symmetries of the tensors to a stabilizer
group of maximal rank. Each of the symmetries of the ten-
sors considered in this work are Pauli symmetries, i.e., they
can be viewed as multiplying the tensor with a tensor prod-
uct of Paulis on the vector space associated to the open legs
of a tensor.

We find that the Pauli operators associated to the sym-
metries of the basis transformations in Eq. (A17) indeed
commute and generate a rank-2 stabilizer group. For exam-
ple, the first tensor in Eq. (A17), admits two generators
X ®Z and Y® Y. Since they have two legs, this is a
maximal stabilizer group and fully defines the tensor.

For the red, green, and blue spiders, we consider the
symmetries defined in Egs. (48) and (A11). We find that
their symmetry groups are related by permuting the color
(i.e., Pauli type), such that it suffices to consider a single
color. Take the blue tensor with n open legs. Its symme-
tries are shown in Eq. (48). It has one X -type symmetry
with which we associate the stabilizer (—1)*X®”, where s
is the value of the sign of the tensor, and a Z-type symme-
try for each pair of legs (i,j) associated to the stabilizer
Z;Z;. A simple counting argument shows that the group of
these Pauli operators is indeed a stabilizer group of rank 7.
One can view this stabilizer group as the stabilizer group
of'a GHZ-like state. Similarly, for the other colors there are
two types of stabilizer generators, one that acts on all input
legs and might carry a sign of —1 and a set of operators
that act on pairs of legs with a different Pauli type.

This completes the proof for each of the elementary
building blocks. |

Given that the elementary building blocks are defined by
a stabilizer group of maximal rank, we want to proceed by
showing how to obtain the stabilizer group of a tensor net-
work composed of these building blocks. Specifically, the
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FIG. 19. An alternative perspective on Lemma 3 and the construction in our proof of it. Given two linear Clifford maps#: 4 — £
and ¢ : £ — B each of which acts like an isomorphism ¢; and ¢, on an encoded logical Pauli group (possibly a different one for ¢ and
¢'), we can construct the isomorphism applied by the contracted network, a linear map from 4 — B explicitly. This is done by finding
a subgroup of Pauli operators on which the isomorphism can be composed and deriving a resulting stabilizer group on 4 ® B from it.
Using the equivalence in Lemma 1, this stabilizer group can be associated to a logical isomorphism of the contracted network. Note
that, in a sense, the global stabilizer group on 4 ® B is more fundamental since it fully describes the entire network. Lemma 1 tells us
that for any bipartition (4, B) we can infer the induced logical isomorphism from a logical Pauli group on 4 to a logical Pauli group on
B. For a detailed description of the construction of the composite isomorphism we refer to the proof of Lemma 3.

following lemma and its proof give an explicit construc-
tion of the resulting stabilizer group when contracting two
stabilizer TNs along an arbitrary subset of legs.

Lemma 3. Lettand ? be two tensor networks with n and
' open legs that admit stabilizer groups S® and S©, both
with maximal rank (n and »’). Consider an ordered subset
L={l,bh,...,1.} of c legs of ¢, with ¢ < min(n,n’), and
identify them with another ordered subset of legs ¢’ of ¢ of
the same size. We can define a unique contraction of ¢ and
¢ by joining ¢ with ¢’ according to their order and denote
the contracted network with 7 o, .

The contracted network ¢ o, ¢, admits a stabilizer group
of maximal rank that is uniquely determined from the
stabilizer groups of z and 7, respectively.

We illustrate the “joining operation” for two stabilizer
tensor networks and an alternative interpretation of Lemma
3 in Fig. 19. The idea behind the construction of the
isomorphism, respectively, the stabilizer group, of the con-
tracted network is that 7 effectively acts like measuring the

stabilizer group Séﬂ) on a code stabilized by Sg) [123]. How
to treat the action of such a measurement on a set of logical
operators is part of the usual stabilizer formalism and cap-
tured well by many references, e.g., Refs. [13,17,124]. Our
proof builds on that to find the right set of operators along
which a composition of the isomorphism of ¢; and ¢, make
sense and shows that this indeed leads to a composite iso-
morphism, respectively, a contracted tensor network with
a full-rank stabilizer group.

Proof. Let A be the vector space associated to the set
of open legs of ¢ in the complement of ¢ and B the vector

space associated to the set of open legs of # in the comple-
ment of ¢'. In this proof, we aim to construct a stabilizer
group of maximal rank on 4 ® B from S® and S¢). We
denote their maximal subgroups supported on the con-

tracted legs as Sét) and S‘E/) and their restricted subgroups

by S@|, and S|, (cf. notation from the proof of Lemma
1). Since there is a unique 1-1 mapping from £ to £', we
use ¢ in all expressions. Additionally, we use the same
symbol ¢ for the vector space associated to the contracted
legs. The vector spaces considered in this proof are 4, ¢,
and B.

Recall from Lemma 1 that we can think of S|, and
S|, as generating a complete set of (real) logical oper-
ators including corresponding stabilizer groups SE’) and

Séﬂ). Moreover, by Lemma 1 the problem of identifying
a stabilizer group of maximal rank on 4 ® B is equiva-
lent to constructing an isomorphism between the logical
Pauli group of a (stabilizer) code in 4 and the logical Pauli
group of a (stabilizer) code in B, both defined by a sta-
bilizer group S4 and Sp. In this proof, we will start with
the isomorphisms ¢, and ¢,, associated to ¢ and ¢ with
the given bipartition of the space associated to the open
legs, A ® ¢ and £ ® B. We denote the the number of logi-
cal qubits on which ¢; acts by & and the number of logical
qubits on which ¢, acts by £'.

Consider the maximal joint subgroup of (potentially
trivial) logical operators (generated by logical X and Z
representatives),

Py =S89, NS, (A29)
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Each element in P, can be identified with a coset of SE’)

and Sy) by the unique homomorphism that given a normal
subgroup H < G implements the map g — gH. More-
over, P, forms a subgroup of both §®|, and $©|,. Taken
together, P, defines both a subgroup of cosets with respect
to SE’) and S,Etl).

We are now set to construct the maximal stabilizer group
of ¥ o, t. We start with the (probably nonmaximal) stabi-
lizer group S = S/(f) & Sg) ={5,®5p |8, € Sﬁf),sb € Sg/)}
and add commuting terms to get a stabilizer group of max-
imal rank. This is done by composing the isomorphisms of
t and ¢ along a well-defined intersection. We can summa-
rize the construction as follows: For each p € P,, we add
a representative of ¢, ! (pSff)) @y (pSét,)) to S. This gives
a systematic mapping of elements in Py, operators acting
on £, to stabilizers on 4 ® B such that they encode the iso-
morphism applied by the contracted network, ¢ o, ¢. Let us
elaborate on the individual steps of the construction. It can
be understood with the following commutative diagram:

N(SY) ——— §Wn s, N(S5 )

ls&” .5% \5}“” J.Sg’)
)

N(5Y) e NS NSM)L er N(SR)
e AR AR
SA £ V4 SB

(A30)

where in the top row we have sets composed of physical
operators on A4, £, and B, respectively, and on the bot-
tom row we have sets of cosets over different stabilizer
groups. One should interpret this diagram as defining the
maps associated to the arrows in the top row [125]. Each
step in the construction outlined above can be understood
as an arrow in this diagram. Specifically, we go from top
to bottom by identifying an operator with a coset with
respect to a given stabilizer group. The “inverse” opera-
tion, going from bottom to top is “taking a representative
of a coset.” The horizontal arrows on the bottom represent
isomorphisms so admit proper inverses. In the procedure
described above the stabilizer added to S is obtained by
taking an element p in the intersection set in the top center
and mapping it to an operator p4 on 4 by going in clock-
wise direction in the left loop and then to an operator pg on
B by applying maps in counter clockwise direction in the
right loop. The operator added to S is given by p4 ® p3.
This is done for each element in P,, the intersection set.

It remains to be shown that S is now a stabilizer group
of maximal rank. Let n, be the number of qubits in 4 and
ng be the number of qubits in B. We know that S/(f) has rank

ny — k and Sg/) has rank np — k’. Hence, we need to show
that the procedure of adding elements to S described above
increases the rank by exactly k + &’. Since the construction
starts with a stabilizer group that contains the stabilizers in

SX) and Sg) we only need to consider elements in P, in

nontrivial logical cosets with respect to Sét) and SEH). Addi-
tionally, due to the group structure on the cosets, we only
need to consider a suitable generating set for the group of
cosets. For each nontrivial generating coset for which there
is at least one p € Py, the rank is increased by one.

To prove that this construction leads to a stabilizer group
of maximal rank, we employ techniques introduced in
Ref. [124] for code deformations. Consider the subsystem
code with the gauge group

G =8 (A31)
generated by the two stabilizer groups on £ given by ¢ and
. We denote the center of that gauge group by S¢ = Z(G).
Up to signs, it corresponds to the stabilizer group associ-
ated to G. We can interpret the sets in the construction of S
in light of that subsystem code. Let

Lg=C(Se)/G (A32)
be the group of inequivalent sets of logical Pauli operators
of this subsystem code and k¥ = log,(|L| /4) the number
of logical qubits in that subsystem code.

We can identify both Sét) and Sét,) as stabilizing a (partly)
gauge-fixed subspace since they are Abelian subgroups of
G. Each p € P, that is a nontrivial logical with respect to
G, is hence also a nontrivial logical with respect to Sé’)

and S?/). Recalling that P, is exactly the real subgroup of
C(Sg), we find that it includes all nontrivial logicals and
hence the rank of S is increased by at least 2« when fol-
lowing the construction described above. Additionally, P,
includes logical operators of the gauge qubits of the code,

operators that are nontrivial logicals in Sét) but not in SEH)
and vice versa. In fact, P, contains exactly the gauge log-

ical operators that are not fixed in Sg) but in SEH) and vice
versa. Note that here, P, only contains one operator per
logical (gauge) qubit. In Sg) there are k — k gauge qubits
unfixed and in Sg) there are &’ — k gauge qubits unfixed.
Following the construction above we find that for each of
these unfixed gauge qubits the rank of S is increased by 1
when following the construction above.

Taken together, we find that the procedure above
increases the rank of S by 2k +k—x + k' —k =k + k.
This leads to a full rank of Sof n —k+m —k+ k+k =
n + m, which is the maximal rank and hence completes our
proof. ]

This leaves us with all the necessary ingredients to prove
the main proposition of this section.

Proof of Proposition 1. Given Lemma 1 and Lemma 3
the theorem follows by induction. Any RGB TN can be
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obtained by a sequence of contractions of the form in
Lemma 3 and with that admits a stabilizer group of max-
imal rank. By Lemma 1, this leads to the isomorphism in
Proposition 1. ]

In the proof of Lemma 3 we used an auxiliary subsys-
tem code to prove that the stabilizer group constructed had
maximal rank. It is defined as being generated by the sta-
bilizer groups that determine the codes on which ¢ and #
act on like an isomorphism. We found that all nontriv-
ial logical operators of the subsystem code survive the
composition. They determine the size of the logical Pauli
group on which the contracted network acts isomorphi-
cally. The other logicals that survive the composition are
gauge logicals of the subsystem code and correspond to
logical qubits of either ¢ or ¢ and are “measured” within ¢
or ¢, respectively.

c. Basics of Pauli flows

Given this fact, we proceed in defining the concept of a
Pauli flow based on the projective symmetries of the RGB
tensors and associated colorings defined in the main text
and here, and elaborate on their physical meaning. It is not
surprising that they fully characterize the network since
its logical action in Proposition 1 was obtained from the
symmetries leading to Pauli flows. Additionally to the log-
ical action, we first show that detector flows give rise to a
linear code in the space of measurement outcomes. Based
on this “redundancy” within the network, we construct a
group homomorphism between (cosets of) Pauli flows and
a stabilizer group on the Hilbert space associated to the
input and output legs that captures the logical isomorphism
applied by the circuit.

Definition 1 (Highlights and Pauli flows). Let T be an
RGB tensor network with a set of tensors V and edges E
connecting them. Each of the red, green, or blue tensors in
the network might carry a sign, labeled s, that has a value
5 € Zy = {0, 1}. We denote the set of all signs in 7 with
M (T). Given any any subset m C M (T) we can define its
value by adding the values of its elements,

M= j mod2. (A33)

We define a Pauli highlight to be a coloring of edges and
signs where each edge and sign is highlighted in one of
four colors {trivial, red, green, blue}. A Pauli flow F(T) is
a highlight that for each tensor individually is valid, i.e.,
either it is trivial (all edges connected to v as well as the
sign highlighted trivially) or is of the form of one of the
highlights in Eqgs. (49) and (50a).

Definition 2 (Detector flows). We call a Pauli flow in
which only internal edges in an RGB tensor network are

highlighted nontrivially a detector flow. We denote the set
of detector flows of a given RGB TN by D(7).

For clarity, here we review in a more formal setting the
necessary definitions made informally in the main text, and
derive the main theorem from these.

Note that we distinguish between the sign of a tensor as
an abstract object and its value. In some cases these values
might be fixed (e.g., when applying a Pauli operator on an
edge in the network) or obtained in an experiment (e.g., for
measurement outcomes). In most cases one can think of a
sign as being analogous to its value (see Definition 5) but
this distinction simplifies upcoming definitions.

Lemma 4. The set of all Pauli flows F(T) of an RGB
tensor network 7 forms an Abelian group under the group
operation inherited from the group operation of the high-
lights on each edge, defined in Eq. (47). We denote this
group operation by @r. The set of detector flows D(T)
forms a subgroup of F (7).

Since the group operation @ is Abelian, we refer to it
as an addition.

Proof. First, we define an “addition” on highlights by
lifting the addition defined for each edge individually to
highlights on the network by applying the rules of Eq. (47)
to each edge individually. Additionally, we impose the
same rules of combining highlights of signs. Clearly, this
fulfills all the conditions of a group multiplication where
the trivial highlight on all edges and signs plays the role of
the (unique) unit and the group operation is by definition
commutative and any flow is its own inverse. This ren-
ders the Pauli flows a group isomorphic to Z, 9 for some
integer dr.

Given this notion of summing with the obvious choice of
identity, it remains to be shown that Pauli flows are closed
under that operation. Looking at Egs. (49) and (50a) we
can see that the sum of two valid highlights again is a valid
highlight and hence the product of two Pauli flows f; and
/> is again a Pauli flow f; ©F f>.

If two flows highlight an edge e trivially, then their
sum clearly also highlights e trivially. From this it follows
directly that the set of detector flows is closed under ®f,
i.e., a subgroup of F (7). |

The abstract group formed by F'(7) can be viewed as a
subgroup of ZJ 2l where |E| is the number of edges in
T. Additionally, we can include the highlight of the signs
carried by the tensors into the definition of Pauli flows by
incorporating additional Z, variables for each tensor that
can be charged with respect to a flow.

Definition 3 (Pauli looping of a flow). For any Pauli
flow f € F(T) on an RGB tensor network 7' we associate
the following two-step transformation to the network:
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(1) Apply the symmetries associated to the flow, for
each tensor in the network.

(2) Combine the remaining Pauli tensors on each con-
tracted leg to a global phase.

We call any such transformation (Pauli) looping of the
flow f.

The first step can be understood as iteratively moving
and transforming Pauli operators through the network as
we show for an exemplary detector flow in a TN repre-
senting a repetition code circuit in Fig. 20. Note that the
last step can always be performed by the definition of the
Pauli flow.

Definition 4 (Sign of a flow). Let f € F(T). Applying
the looping of f results in a network that differs by the
starting network only by a &1 prefactor ¢, and Pauli ten-
sors on the open legs. Consider a fixed orientation of the
green tensors that remain on the open legs, e.g., pointing
into the network. For this orientation, we define the sign of
the flow f assgn(f') = (1 + ¢;)/2. It takes values in {0, 1}.

For the purposes discussed in this paper the choice of
fixed “reference” orientation on the open legs does not
matter, as long as it is fixed.

d. Detector flows define a classical linear code

In this section, we prove that the group of detector flows
gives rise to a classical linear code in the space of all
possible sign configurations of the network. This proof
works for any RGB TN, including those not necessar-
ily coming directly from a circuit [126], but for example

(_1)m1+m2

1
ﬁ19
(ml +mo =0 mod

1
my

from a measurement-based protocol, where the tensor net-
work represents the amplitudes associated to measurement
outcomes obtained from single-qubit measurements on a
“resource state” represented as an RGB TN.

Lemma 5. Let d be a detector flow. It holds that
sgn(d) = 0.

Proof. By definition of a detector flow, it highlights all
open legs trivially. As such, there is no choice for a ref-
erence orientation on the open legs when defining its sign
sgn(d). By definition of sgn(d), the network before and
after applying the Pauli looping of d is exactly the same,
up to a prefactor (—1)%"?_ This prefactor has to equal 1
for the network to give nonzero values, i.e., sgn(d) = 0.
If this is not fulfilled the network evaluates to zero, which
says that the probability of observing a particular sign con-
figuration of elementary tensors that leads to sgn(d) = 1 is
Zero. |

We illustrate the proof for a detector flow of a repetition
code circuit in Fig. 20.

Lemma 6. Let f; and f, be two Pauli flows of the same
RGB TN. In that case it holds that sgn(f;) @ sgn(fz) =
sgn(f| ®r f), where @ denotes the addition of Pauli
flows and @ addition modulo 2. Phrased differently, sgn
is group homomorphism.

Definition 5 (Sign space). Let M(T) be the set of all
signs of an RGB tensor network. We define the sign space
M7 as the formal Z, span over M (T), spang, (M(T)). This

mi mao
T
1

=
T

’)

my

My ™ o o @ (_1)m2

n9

FIG. 20. We show an exemplary detector flow associated to two repeated ZZ measurements as happening, for example, in a repetition
code circuit. Any such detector flow defines a constraint on the values of the signs charged with respect to that flow. In the case shown,
m; +my; = 0 mod 2, which can be seen explicitly by constructing a sequence of transformations that leave the contracted network
invariant (following in the arrow in the figure). We first add two (blue) s = 1 tensors on one edge of the (blue) highlight and iteratively
push one of the tensor through the network using the symmetries of the individual tensors. For the shown detector flow, the network
acquires a phase of (—1)"17 through that sequence, which has to equal 1 if the network gives a nonzero value.
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equips My with a canonical basis in which each basis ele-

ment corresponds to a specific sign label. We denote the

basis element associated to sign s € M(T) by e; € M.
Each Pauli flow f* defines a projection p; : My — My,

m = ste‘g = pr(m) = Z €.

seM ses(f)

(A34)

We call the image of p; the subspace charged with respect
tof.

Theorem 1. Let D(T) be the group of detector flows of
an RGB tensor network with a generating set of flows Gp.
It defines a linear code Cp C ]V[T, defined as the kernel of
a parity-check matrix Hp whose rank (as a linear operator)
equals the rank of D(7T) (as a finite Abelian group).

Physically, the space Cp corresponds to the space
spanned by all sign values that fulfill Lemma 5 for every
detector flow of the network. This space is equivalent to
the outcome code introduced in Ref. [63] up to some sub-
tleties in how the space of all signs is set up. Specifically,
we include all signs in the network, not only measurement
outcomes. This includes Pauli operators that would poten-
tially flip some stabilizers and thereby render the resulting
outcome code (in the language of Ref. [63]) an affine lin-
ear code. Since we include the signs attached to tensors that
represent Pauli operators, we obtain a linear code without
any further modifications.

We use the code Cp to infer errors occurring while
performing a QEC protocol. Specifically, we associate a
vector in M7 to the recorded signs during the QEC protocol
and obtain a syndrome by applying Hp to it.

Proof. Letd € D be a detector flow and define the vec-
torh,; = Zses( 4 & € Im(p,) lying in the subspace charged
with respect to d. In fact, we can define a (linear) subspace
C;= ker(hg), where hg ‘M — 75 is understood as a lin-
ear map that acts via taking the dot product with the vector
h,;. The kernel of Cj is the subspace spanned by sign values
that fulfill sgn(d) = 0.

Now consider two independent detector flows d, and d,
with the associated subspaces C,, and C,. By linearity of
the dot product and transposition and Lemma 6 it follows
that

Cd| N Cd2 = Cd1 N Cd2 N Cd]EBFdz' (A35)
Hence, it suffices to consider a generating set of detector
flows, Gp, when defining the space

Cp= () Ca= () Ce = ker(Hp),

deD(T) geGp

(A36)

where Hp is the matrix whose rows are {h; lg e Gp). N

e. The logical isomorphism from Pauli flows

Given an RGB tensor network 7 and its Pauli flow
group F(T) as well as its detector subgroup D(T), we can
construct a quotient group of F(7)/D(T) >~ S and an iso-
morphism to a stabilizer group on the input and output
legs of T that we associate to the network. This stabi-
lizer group is exactly the stabilizer group that captures the
logical isomorphism applied by 7 in Proposition 1.

Consider an RGB tensor network with n + m open
edges. We interpret the first n legs as “input” legs and
the remaining m legs as “output” legs. In the follow-
ing, we define a group homomorphism from F(7) onto
75n+m = Puam/{i), the quasi-Pauli group on the vector
spaces associated to the open legs in the network.

Definition 6. Letf € F(T) be a flow of an RGB tensor
network 7. Consider its restriction onto the input and out-
put legs and let coly (i) be the color of the highlight of edge
ie{l,2,...,n+m}. Let p: {trivial, red, green, blue} —
P1 be the inverse map of the map defined in Eq. (46). We
define p : F(T) — 75n+m

n+m

() = Q) plcols (i),

i=1

(A37)

to map onto Pauli operators modulo phases on the input
and output spaces, where the labeling of the open edges
is chosen that the first n tensor factors correspond to the
“input” space and the remaining m tensor factors to the
“output” space.

Lemma 7. p is a group homomorphism.

Proof. First, we note that F'(T), as a group, is isomor-
phic to a subgroup of Pg, the quasi-Pauli-group on all
edges of T, contracted or open, which itself is isomorphic
to Z;2E,

Having established the isomorphism between a high-
light and a quasi-Pauli-group, it remains to be shown that
p ()P () = p(fi Dr f2). Noting that the group law on the
highlights directly resembles how their images under p
multiply, i.e., p is a group homomorphism onto Py and
p(f) is a simple tensor product over images of p we find
that this is indeed the case. |

Corollary 1. ker(p) = D(T).

Proof. By definition, elements in D(7) have trivial
highlights on the input and output edges. This shows that
D(T) C ker(p). Moreover, p is injective, i.e., has trivial
kernel. Hence, ker(p) € D(T). |

As D is the kernel of p, we can unambiguously define p
to act on F(T)/D(T) by taking an arbitrary representative
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in f/D(T) as input into p. Since D(T) is a normal subgroup
(F(T) is Abelian), the induced map pp : F(T)/D(T) —

Prim 1is still a group homomorphism. Moreover, it is
clearly injective.

Definition 7. We define ¢ : PP

(Y17,

that maps each coset to its representative, with +1 sign.
This map can be straightforwardly defined on 75,,+m by tak-
ing its tensor product (®"*™_ We will sometimes omit the
superscript if the domain and with that the superscript is
clear from context.

1]~ 1, [X]+— X, [Z]1— Z, (A38)

The map ¢ allows us to map images from pp to actual
Pauli operators in input and output spaces. It is defined
such that the image in the Pauli group is well behaved, in
the sense of the following key lemma.

Lemma 8. p = 1o pp is an injective group homomor-
phism.

Proof. Since pp and ¢ are both injective, p is injective.
It remains to be shown that p is a group homomorphism.
Specifically, we need to show that two Pauli operators
in Im(p) commute since it could only fail to respect
the (Abelian) group multiplication up to signs that were
modded out in the definition of p.

We can see this directly from Proposition 1. In fact,
as common in the stabilizer formalism, any Pauli *-
homomorphism P, — P,, can be understood as a group
homomorphism from cosets with respect to an “input” sta-
bilizer group to cosets with respect to an “output” stabilizer
group. As such, it can be understood as a collection of
pairs (p;, p; ), for some p; € P,,p; € P, indicating that (a
coset containing) p; gets mapped to (a coset containing)
p; - Importantly, not every operator in P,, respectively P,,,
appears in these pairs. Moreover, there can be many p;’s for
the same p; and many p;’s for the same p;, which can be
understood as stabilizer equivalences on P,, respectively,
‘P, induced by some sort of projection (measurement) in
the circuit.

Following the construction of p we find that the image
of p is exactly the minimal set of these pairs of Pauli
operators that defines the homomorphism but without any
signs. To show that omitting these signs does not alter the
group structure, we need to show that all elements in Im(p)
commute. To show this, consider two different elements
Pi ®pj,p; ® p; € Im(p). By the homomorphism it is guar-
anteed that [p;, p] = [p;, p;], where [a, b] = ab — ba is the
algebra commutator. Hence, [p; ® pj>p; ®p;] =0 for all
Pi ®pj,p; ® p; € Im(p), which completes the proof. W

We have just constructed an isomorphism of (cosets of)
flows to the stabilizer groups associated to the RGB tensor

network that capture the logical encoding and nontrivial
Clifford applied by it, namely Im(p). There is still some
freedom, however, in choosing the signs of elements in
Im(p) consistently. On the level of the logical action p
determines the Clifford action up to Paulis since these are
exactly the operators that might change the sign of a Pauli
operator by conjugation.

We can resolve this ambiguity within the Pauli flow
formalism though, by including the signs of the flows
explicitly. Note that this is the first time in this section
where we actually need to consider how a given flow
extends into the network, not only its restriction on the
open legs.

Theorem 2. The map p : F(T)/D(T) — P,1, defined
as
D) = (=15 (1), (A39)

where f is an arbitrary element in fD(7), is well defined
and & = Im(p) is a stabilizer group.

Proof. p only differs from p (which is well defined) by
adding a factor (—1)%""). By Lemma 5, this factor is inde-
pendent of the choice of representative in fD and hence p
is well defined.

Lemma 8 says that Im(p) is a stabilizer group. By
Lemma 6, the added factor (—1)%¢"Y) also multiplies like
the elements in F'(T), following the multiplication of the
flows. Combined, the additional sign factor does not alter
the group structure and by Lemma 5 the identity coset is
(the only coset that) gets mapped to the identity operator,
p(D(T)) = p(D(T)) = 1, rendering it a stabilizer group.
In particular, —1 # Im(p). ]

Often, we might abuse the notation slightly and use p
for a map that directly maps flows, rather than cosets of
flows, to Pauli operators. Since the step of identifying a
given flow with a coset is unambiguous.

Definition 8. As a subgroup of P,.,, = P, ® Py, we
can decompose S = Im(p) into three parts
S = Sin X Sout X Sy, (A40)
where &y, is the maximal subgroup only generated by
Paulis of the form P ® 1,, (only acting on the input space),
Sout the maximal subgroup generated by Paulis of the form
1, ® P’ and S, the subgroup that cannot be generated by
operators that act trivially on one side of the tensor product.
We call S, the input stabilizer group, Sy the output
stabilizer group and S, the logical stabilizer group. Anal-
ogously, we call their preimages under p input and output
stabilizer flows and logical flows.
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In fact, S is exactly the stabilizer group obtained when
following the procedure described in Sec. A3 b based on
the symmetries of the elementary building block of an
RGB TN. As constructed, Pauli flows capture exactly these
symmetries and the signs of the flows track how Pauli
operators acquire a sign when propagating through the net-
work. We can also track the composition described in the
proof of Lemma 3 graphically by matching up Pauli flows.
This makes this tool very useful when analyzing arbitrary
Clifford protocols.

4. Comments on Pauli flows when applying rewrite
rules to RGB network

We have seen that Pauli flows capture the full action
of a given RGB network and give rise to the error-
correcting capabilities of the associated protocol via its

J

a r Y
K- =

where x +y = a mod 2. Similar relations are obtained
when splitting and fusing red and green tensors. Note that
the number of signs charged with respect to a given flow
can change when applying the rewrite rules. As a conse-
quence, the isomorphism class of the linear code obtained
from the detector flows (see Theorem 1) is not an invari-
ant under rewritings. This is the first indication that QEC
performance can differ within one family of equivalent
protocols. One should be aware, though, that the perfor-
mance of a protocol highly depends on the error model and
less about the details of the classical code on the signs in
the network. Here we find a 1-1 correspondence of flows
before and after the local rewriting. The same applies when
canceling loops between differently colored tensors, e.g.,

¢ ; and ¢
? ? (A42)
and when applying the generalized bialgebra rule, e.g.,

and

(A43)

a o @
d*l——)

detector flows. Since a given tensor network can be used
to construct a whole equivalence class of concrete proto-
cols implementing the same logical action via the rewrite
rules discussed in Sec. A 2, it is natural to ask how Pauli
flows change under this equivalence relation. We will see
that the flows of two equivalent networks ¢ and ¢ are in a
sense isomorphic: Given ¢ and its flows, the flows of ¢ are
uniquely determined by the sequence of rewrites we need
tomap tto .

To understand this more concretely, let us look at the
individual rewrite rules. In fact, we can use the stabilizer
group of each individual constituent to argue about how
the flows change. There are different types of rewrite rules.
The simplest one being the splitting rules presented in
Egs. (A9) and (A10). For these it is easy to see that the
flows after the splitting operation are uniquely determined
by the flows before. For example,

(A41)

(

The blue flows are mapped analogously by symmetry of
the diagram.

For the rules discussed so far there is a 1-1 mapping
between the flows before and after rewriting, which makes
the statement “flows are preserved” hold exactly. There is a
remaining rule that is important to include, namely the rule
that allows one to remove loops among tensors of the same
color. Each of these loops can carry a detector flow, which
has to be added when “spawning” such a loop or removed
when canceling such a loop. Given the explicit rewrite, we
can still uniquely determine the flows after the transforma-
tion. Namely, we add or remove one generator from a set
of generating flows,

o e A

This holds analogously for the red and the green tensor but
for the flows of a different color. Since the resulting map
from the group of all flows before to the flows after the
rewrite is invertible (even though the flows are not mapped
onto each other 1-1), we say that the flows give rise to an
invariant under the rewrite rules. We leave a more rigor-
ous mathematical study of the mathematical structure of
that invariant to future work. Since adding a loop is the
only way how to increase the rank of the group of flows
F(T) this is the rewrite rule that adds nontrivial constraints
(detectors) on the signs of the network.
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APPENDIX B: DYNAMICAL BOUNDARIES IN where we think of disregarding the network associated

THE XYZ RUBY CODE to the half-space depicted in gray, above the black line.
After cutting, we obtain a (three-dimensional) network
with open legs at the boundary. The boundaries along this
cut are defined by a specific two-dimensional stabilizer
tensor network with which we terminate the open legs
along the cut. The stabilizer group of the network with
which we terminate the open legs determines the Pauli
flows close to the boundary (cf. Lemma 3) and with that
the QEC properties, such as the emerging logical flows and
the fault distance.

Given the (topological) algebraic data associated to the
nonlocal flows, respectively, the logical operators they
represent along the spacetime boundary, we can impose
conditions on the stabilizer state with which we terminate
the boundary. In Fig. 21, we present three distinct bound-
aries associated to the Pauli boundaries of the underlying

In this section, we present three distinct boundaries to
the XYZ ruby code with the rewinding schedule. Each
boundary is given in terms of its representation as an
RGB tensor network and is obtained from cutting the bulk
network along a plane that is parallel to the time direc-
tion. This cut can be represented on the spatial lattice of
qubits. In Fig. 21, we present boundaries defined along the
following cut:

B ¢olor-code phase. From the perspective of the ISGs the
-
t=3 \
e [ 1 oe
o
t=2 — | ]
o0
t=1 ||| ||
4 } ot L4
: ] e ||
t=0 b oo i1
— 2z} 2
ot o1 -
p=* =1 otto — ,"‘
t=5 L Hi ]
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t=4 7 il I~ Lo (|-
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t=3 Tl ]
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t=0 :1;: T t=0 :*.r' 1 —H_

FIG. 21. Three dynamical boundaries for the XYZ ruby code in the rewinding schedule (cf. Sec. III). The time steps are expressed
modulo 6. We construct the boundaries by cutting the network along a plane in spacetime and terminating the open legs by attaching
a specific two-dimensional tensor network. The stabilizers of the attached tensor network determine, which flows are preserved in that
procedure. There are choices for which the preserved flows give rise to a topological boundary. Here we show three inequivalent ways
to terminate the boundary topologically, two explicitly resolved in terms of an RGB TN and the third one implicitly via an elementary
cell of the boundary tensor network, which is defined by its stabilizer flows in Eq. (B2). At each boundary a different set of nonlocal
flows can end, illustrated by L and S on the top left. Additionally, the local (detector) flows that deform them in the bulk can end at the
boundary. For example, for the boundary on the left we show representatives of two inequivalent logical flows (probed in memory and
stability experiments) that end at the boundary. They are both deformed by the same set of local (detector) flows, shown next to them.
Analogously, the other boundaries shown allow for inequivalent logical flows to end. Importantly, the logical operators associated to
the nonlocal flows that can end at two different boundaries of the three above anticommute. In fact, the boundaries correspond to the
three Pauli boundaries of the underlying color-code phase and can be used to define a code on a triangle encoding a single logical qubit,
as discussed in Ref. VI. The color boundaries can be constructed similarly but one might want to consider a different cut to simplify
the construction.
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boundary type changes according to the discussion in
Sec. VI. In spacetime, however, each boundary should be
regarded as a topological boundary of a unique type. This
can be seen by looking at the nonlocal flows in the system
with boundaries. We find that when introducing a boundary
only a subset of the nonlocal flows survive. In particular,
the nonlocal flows that are preserved along the boundary
are associated to a Lagrangian subgroup of the underlying
color-code anyon theory. As a consequence the nonlocal
flows admit a topological symmetry in the bulk of the net-
work, i.e., they can be freely deformed by a subgroup of
local detector flows. The detector flows that deform the
nonlocal flows close to the boundaries are also preserved at
the boundary in our construction as can be seen in Fig. 21.

= —

J

=

—

[

e S m— o —

Since the microscopic realization and associated circuits
have to be constructed separately using rewrite rules of the
RGB TN representing the boundary in spacetime, we only
show an explicit realization of the boundaries for two of the
three types. The third boundary is defined by the elemen-
tary tensor from which we construct the two-dimensional
TN with which we terminate the boundary. It is designed
such that the following holds: If we interpret the nonlocal
flows that can end at the first boundary as X -type logicals
and the ones that can end at the second boundary as Z-type
logicals then the third boundary allows their product, Y-
like logicals, to end. The boundary itself is defined by an
eight-legged tensor with the following stabilizer flows:

(B2)

The associated stabilizers (cf. construction in Sec. A3e)
uniquely determine the network up to signs of the
stabilizers.

We leave the detailed construction of the other three
types of color boundaries and corners between them to
future work.

(a) (b) ]
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FIG. 22. Noise models for direct measurements. (a) Phenomenological noise model with single-qubit depolarizing noise in between
every noisy two-body measurement. (b) EM3 noise model with correlated two-qubit depolarizing noise before the noisy two-body
measurement. (c) Circuit implementation of the (noisy) two-body Pauli measurement.
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FIG. 23. Equivalences of error mechanism to derive the effective noise model of single qubit X, Y, and Z faults after XX, YY, and ZZ
measurements. (a) A measurement error, here of an XX measurement, is represented as a flip of the measurement spider sign. Using
the rewrite rules Eq. (A9), we can pull out the flip of the measurement as a two-legged s = 1 spider. This can be further rewritten to
a blue spider just before, and after the measurement. (b) Pauli faults in the same basis as the measurement can be pushed through the
measurement using the splitting rule for the red spider [Eq. (A10)].

(a)

APPENDIX C: FAULT TOLERANCE OF and
ELEMENTARY CIRCUIT-BUILDING BLOCKS
Here, we show fault-tolerance properties of the three D% (p) = (1 — p)p+ 1£ Z EE'pE'E.
noise and circuit models we use. Figure 22 shows the (a) 5 EE'e[1X,Y.Z)9\I
phenomenological, (b) EM3 noise model for direct mea- (C2)

surements, and (c) circuit-level noise model. We use a
uniform noise model with parameter p and depolarizing

noise channels Qubit initializations and measurements are followed by

bit-flip channels,
D¥(p)=(-pp+5 Y EpE (D)

EelX.Y,z) B(p) =1 —p)p +pXpX. (C3)
(a) (c)
Decoding Method p (%)
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FIG. 24. Comparison of different decoding methods for £y memory experiments for the distance 4 XYZ ruby code using the phe-
nomenological noise model and four rounds. In (a), we fix the OSD order to 20 and the BP iterations to 19. In general, BP + OSD
with the product-sum (PS) algorithm gives the lowest logical error rate at the cost of the highest decoding time per shot, shown in
(b). BP + LSD with the minimum-sum (MS) algorithm offers almost an order of magnitude faster decoding per shot, at the cost of a
lower accuracy. (c) A different number of BP iterations shows oscillatory behavior in the logical error rate using OSD postprocessing.
An odd number of iterations gives lower logical error rates. In (d) we show the overall decoding time per shot, which decreases with
increasing number of BP iterations.
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For the phenomenological noise model, any two-qubit
error is an event O(p?), whereas for the EM3 noise model,
two-qubit Pauli errors are already first order O(p). This
explains the halved fault distance of the direct measure-
ment circuit with EM3 noise.

The implementation of the two-qubit Pauli measurement
with an auxiliary qubit, single-qubit rotations and CNOTSs
keeps detrimental two-qubit faults at order O(p?). This is
due to the fact that all two-qubit errors on the data qubits
that are O(p) are stabilizer equivalent to a single-qubit
error. These are two-qubit depolarizing errors after the first
CNOT, where the Pauli on the auxiliary qubit has part Z,
i.e., a fault of the form PZ with P € {X, Y, Z}. This part
can propagate to the lower data qubit, such that (before
the single-qubit rotation), the effective Pauli error on the
data qubits is PZ with P € {X, 7, Z}. Before rotating, any
of the circuits has implemented a ZZ measurement, which
is then part of the stabilizer group. The effective Pauli error
is therefore stabilizer equivalent to a single-qubit error,
PZ ~ PI. This shows that the chosen implementation of
two-body measurements is fault tolerant. Figure 23 shows

equivalences to derive the effective error model we use for
the argumentation on fault tolerance in the main text.

APPENDIX D: BELIEF PROPAGATION AND
POSTPROCESSING PARAMETERS

We decode the syndrome by converting the detector
error model of the noisy circuits to a detector matrix,
a logical matrix and a prior vector, see the main text.
We use the open source library bposd [81]. It offers a
variety of belief propagation and postprocessing methods.
As postprocessing methods, we use the well-established
ordered statistics decoding (OSD) [80], and the recently
introduced localized statistics decoding (LSD), that offers
a better speed-accuracy trade-off enabling us to perform
Monte Carlo sampling for larger distances, at the cost of a
higher logical error rate. For the OSD postprocessing and
an OSD order set to 20, we observe a similar logical error
rate across all available BP methods, with the product-sum
method giving a good trade-off between decoding time and
logical error rate, see Fig. 24(a). The maximum number of

phenomenological EM3 circuit level
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FIG. 25. Finite-size scaling analysis of thresholds, for £y memory experiments with d cycles and the three circuit and noise model

defined in Sec.V D. We make the ansatz p; (p) = s*/°f (s'/”(p — pw)), where s is the linear system size s = 2d. The pyfssa package
then determines the critical exponents and threshold that gives the best data collapse.
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FIG. 26. Memory (left) and stability (right) experiments for Ly observables compared to Ly observables shown in the main text in

Sec. V F show that within error bars, the performance coincides.

BP iterations shows oscillatory behavior: An odd number
shows significantly lower logical error rates compared to
an even number of maximum iterations. We do not inves-
tigate this behavior any further here and fix the number of
maximum iterations to 19 in all of our simulations.

APPENDIX E: FINITE-SIZE SCALING ANALYSIS
OF THRESHOLDS

We perform finite-size scaling analysis on the logical
error rate of £y memory experiments using the open-
source package pyfssa [127]. We make the ansatz for a
scaling in the form of p; (p) = s¢/f (s'/*(p — pw)), where
s is the linear system size s = 2d and f'(x) a linear dimen-
sionless function. The pyfssa package then determines
the critical exponents and threshold that gives the best data
collapse. The results are shown in Fig. 25. We extract crit-
ical exponents of approximately equal to 1 thresholds for
the phenomenological noise model of

PP A 0.28 + 0.02%. (E1)
For the EM3 noise model we find

P A 0.38 + 0.04%, (E2)
and for the circuit-level noise model

P~ 0.18 4 0.01%. (E3)

Note that because BP + postprocessing is not an MLD
decoder, these numbers do not represent fundamental (i.e.,
optimal) thresholds of the code. The collapse is evidently
not perfect, which we attribute to the suboptimality of the
decoder. We, however, still use this method to get a reason-
able estimate, including uncertainty, for the crossing point
of the logical error curves.

APPENDIX F: Ly EXPERIMENTS

In Fig. 26 we show that the Ly memory and stabil-
ity observables perform within error bars the same as the
Ly observables shown in the main text Sec. VF. This is
expected due to the symmetry of the code and protocols.
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