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Abstract

Efficiently solving partial differential equations in geothermal systems is increasingly important, particularly for
coupled processes. Accurately describing these systems usually involves high-dimensional parameter spaces and
computationally expensive forward simulations, which makes the exploration of multiple scenarios for uncertainty
quantification or sensitivity analysis challenging. Surrogate modeling helps overcome this barrier by significantly
reducing the computation time. However, the partial differential equations can exhibit non-linear and chaotic
behavior when natural convection occurs, which might complicate surrogate modeling. In geothermal systems,
where fault zones act as preferential fluid pathways leading to convection, geological conditions and physical
properties sometimes allow multiple numerical solutions for the same external conditions. Slight variations in
parameters or numerical schemes can produce distinct convection regimes, resulting in both physical and numerical
challenges. In this study, we construct surrogate models of an idealized thermo-hydraulic fault model using the
non-intrusive reduced basis method, which integrates physics-based and data-driven approaches. By incorporating
physical preconditioning, exploring possible bifurcation points, and using entropy generation-based surrogates,
we demonstrate enhanced surrogate model accuracy. This work highlights key considerations for constructing
effective surrogate models in convection-dominated systems.
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1 Introduction

The need to accelerate the numerical solution of systems governed by partial differential equations (PDEs) is
increasingly essential. Whereas purely conductive thermal models once described geothermal studies, it is now
state of the art to consider coupled thermo-hydraulic-mechanical (THM) systems, and sometimes also chemical
processes and phase-changes [1-5]. These coupled systems lead to more complex PDEs, which may be non-linear
and chaotic, such as in convective systems [6]. Therefore, in systems affected by natural convection, temperature
predictions at depth become progressively more uncertain [7]. Convective systems also involve high-dimensional
parameter spaces and numerous degrees of freedom, leading to computationally expensive forward simulations.
Unfortunately, understanding the underlying physical processes - and thereby enabling informed decision-making
- requires extensive parameter studies, sensitivity analyses, and uncertainty quantification [4, 8]. Additionally,
in forecasting and monitoring applications, it is often desirable to establish a digital twin of the system with an
efficient forward computation [9]. Surrogate models have proven to be a powerful tool to enable such studies.
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Although various types of surrogate models have been successfully created for different geothermal applications
[10-12], their use in dynamical systems, such as convective systems, remains challenging due to both physical
and numerical complexities. Such systems can involve fault zones that act as a preferential pathway and generate
thermal anomalies through density-driven hydrothermal convection. Fault zones can exhibit significant geothermal
potential and might play an essential role in the success of deep geothermal systems [13—16]. Recent studies even
indicate that the potential of high-temperature geothermal systems around crustal fault zones is underestimated
[17, 18].

From a geological perspective, characterizing the temperature regime at fault zones is associated with high
uncertainties in their petrophysical, hydraulic, and structural properties [19]. Even over short distances, faults
show significant variation in complexity along strike and dip [20]. The physical complexity arises from the
fact that in these systems, even under fixed external conditions, the equations of motion can allow multiple stable
solutions. Another characteristic is the potential for chaotic states, where irregular behavior can persist indefinitely,
even when external conditions remain constant, and the high sensitivity of the solution to initial conditions [21,
22]. Also, the morphology and magnitude of convection cells are sensitive to the permeability distribution and
orientation of the fault zone [23, 24]. The numerical complexity arises because different models with slightly
different parameters, numerical solvers, or spatial and temporal discretizations can arbitrarily result in one of the
possible stable solutions [25, 26]. However, numerical stability requires the same solution to be obtained for the
same input. To the best of our knowledge, no surrogate model for a system that includes convection at a fault has
been created to date.

In this paper, we investigate various approaches to efficiently generate a surrogate model of the thermal state at
a fault and examine the associated numerical and physical challenges. We use the non-intrusive reduced basis (NI-
RB) method, a physics-based machine learning method which combines physics-based and data-driven approaches
[27, 28]. In the context of geoscientific applications, it has proven to provide speed-ups of three to six orders of
magnitude depending on the problem and the number of time steps [4]. Beyond conventional metrics from the
machine learning community, we use the entropy generation number N, to characterize the behavior of the non-
linear geothermal system [29, 30]. We propose that physical preconditioning, analyzing possible bifurcation points,
and using entropy generation-based surrogates can significantly enhance the performance of the surrogate model.

2 Background and methods

In the following, we present the governing equations for thermo-hydraulic (TH) modeling. Afterward, we introduce
the parameters controlling the convective behavior, the concept of entropy generation, and the NI-RB method,
which is responsible for constructing the surrogate models.

2.1 Governing equations
The numerical solution of TH coupled PDEs is performed with the finite-element software package COMSOL

Multiphysics® (Version > 6.2). The continuity equation for a 3D porous medium, including Darcy’s law, is [31,
Eq. 4.16]:

0 R
E(W)f) + V.- (prvp) =gy,

-

k -
vp=——(p—prg), (D
K

where g is the porosity, p the density, ¢ the fluid source term, v p the Darcy velocity, k the permeability (in this study
isotropic), u the dynamic viscosity, g the gravitational acceleration, and p the pressure. The subscript f denotes
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fluid properties. This PDE is known as the groundwater flow equation in its pressure formulation, since pressure
p is the sole primary variable. The fluid density and viscosity are expressed as functions of p and temperature 7',
following the formulation of Zyvoloski et al. [32].

Following the discrete fracture matrix (DFM) approach, faults are represented explicitly as lower-dimensional
geometric objects (2D surface) embedded in a porous matrix [33]. This approach is common for modeling geother-
mal systems where faults or fractures have a strong structural influence on flow and transport processes [5, 13, 34,
35]. The continuity equation is solved for the in-plane components (tangential to the fault plane) [36, Eq. 4.24]:

0 -
dFE(QDFPf) +Vr - drpsvp,T) =drqy,

- kp.T -
vpr = ———(Vrp — prgr),: (2)
Ky

where d is the thickness and the subscripts 7 and F denote the tangential component and fault properties,
respectively. In Eq. 2, the fault is considered a porous medium where the lower-dimensional element is transversally
“invisible”. While this makes the model effective for longitudinal flow in permeable faults, it is incapable of
representing them as low-permeability barriers [35]. Consequently, this study assumes that faults act as a hydraulic
conduit embedded in a low permeable matrix.

Considering a local thermal equilibrium and no internal heat source, the heat equation in the 3D medium is
solved for [37, Eq. 2.3]:

oT -
pmcp,m¥+pf6p’fvd'VT = A V2T + qo, (3)

where ¢, represents the isobaric heat capacity and A is the thermal conductivity. The subscript m refers to bulk
medium properties, calculated as the weighted arithmetic mean of the solid (s) and fluid ( f) phases:

PmCp.m = 1- §0)/Oscp,s + POFCp, f “)
Am = (1= @)hs + @iy &)

At the fault, Eq. 3 becomes [38, Eq. 4.85]:

aoT R
dF/Om,FCp,m,FE +drpsep op,1 - V1T = dpim pVFT + qo, (6)

where the additional source term g represents the out-of-plane heat flux transferred from the domain to the fault.

2.2 Convection

The scenario considered in this study can be regarded as an extension of the Horton-Rogers-Lapwood problem
[39, 40], the porous media analogue of the Rayleigh-Bénard problem, to a 3D fault system (Fig. 1). In its original
formulation, a homogeneous porous medium with finite vertical thickness and infinite horizontal extent is placed
between perfect heat conductors. The fluid is driven by a temperature difference AT imposed between the plates.
Due to thermal expansion, the fluid at the bottom is less dense, establishing an inherently unstable state under
gravity [21]. As the fluid cannot rise as a whole since it is a closed system, instability occurs once the imposed
temperature difference is sufficient to overcome the stabilizing effects of thermal conduction and viscosity. The
Darcy-modified Rayleigh number Ra characterizes the onset of convection and is a dimensionless control parameter
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that measures the ratio of the destabilizing buoyancy force to the stabilizing dissipative forces [6, Eq. 12.89]:

2
garpscy rkHAT
Ra — fPyCp.f .

7
. )

Here, o ¢ is the thermal expansion coefficient of the fluid and H is the height of the system. If Ra is below the critical
value Rac, there is only one uniform “conducting” solution to the system in the form of a constant temperature
gradient T (x, y,z) = To + z - (AT /H) [37, Eq. 6.8]. If Ra > Ra,, natural convection will take place in the
porous medium. The non-trivial solution to Ra. is called the fundamental convective flow of the system [41]. As
Ra increases, the flow turns time-dependent, undergoing a series of bifurcations that progress from periodic to
quasiperiodic and eventually to chaotic behavior [42]. Depending on the initial condition (IC), multiple solutions
can coexist within certain parameter ranges in convection problems [43].

Two dimensionless parameters further control the flow dynamics. First, the Prandtl number Pr, defined as the
ratio of thermal to viscous damping mechanisms acting on the fluid [37, Eq. 6.19],

pr= 2T (8)
Am

controls the domain sizes of equilibrium state and dynamic solutions [21].

In general, natural convection tends to reach an equilibrium state when Pr is high and Ra is low, while more
complex and unstable flow patterns typically occur at low Pr and high Ra [44]. The second parameter controlling
the solution is the aspect ratio of lateral to vertical extent &. Beck [45] successfully determined the preferred
cellular modes of convection patterns at the onset of convection for different aspect ratios in a 3D medium.

An equilibrium solution can be forced using suitable IC by a guess based on a Fourier series that matched the
boundary conditions (BCs) [46, Eq. 12]:

T )= As (7‘[2) mmx nwy T z ©)
X,v,z) = Asin (— ) cos cos | —— - .
o H Hh, Hh, H

Ra, is strongly influenced by the specific problem setup and has been the subject of extensive investigations. In
the Horton-Rogers-Lapwood problem, the critical Rayleigh number is equal to 4772 [40]. Nield [47] demonstrated
that Ra, can range from three to 477 for the same problem setup, depending on the prescribed BCs. Moreover, Ra,
further decreases when considering a temperature-dependent fluid viscosity instead of a temperature-independent
one [48]. When it comes to faults, analytical expressions have been developed: Murphy [49] and Zhao et al. [41]
assume a temperature-independent viscosity in their calculations. However, viscosity is known to significantly
affect the onset of convection [48], which may limit the applicability of their expressions to real-world scenarios.
In contrast, the formulation from Malkovsky and Magri [50] accounts for a temperature-dependent viscosity.

Nevertheless, Ra has limited applicability in geothermal applications because its constituent parameters (Eq. 7)
are rarely constant in real-world systems. Geological systems often involve heterogeneous, anisotropic media
and complex geometries for which no analytical expressions for Ra exist. Then, these parameters are typically
simplified through domain-averaging, which can yield similar Ra values for systems that behave differently in
reality. For example, Niederau et al. [30] found that varied permeability distributions with the same harmonic
average produced different outcomes, with convection occurring in some regions while others remained conductive.
Thus, a representative Ra that universally characterizes convection in heterogeneous or layered porous media does
not exist [51].
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2.3 Entropy generation

While Ra provides a predictive measure of the system behavior, the assessment of the entropy generation has
proven to be a valuable diagnostic tool [30]. Convective heat transfer through fluid-saturated porous media is
inherently irreversible, arising from two main sources: (1) transfer of heat in the direction of finite temperature
gradients and (2) fluid friction from viscous flow through the pores [6]. For a general three-dimensional convection
process, the local rate of volumetric entropy generation S/’ is [6, Eq. 12.39]:

gen
A ne
Sten = Strerm + Stive = 75 (V)2 + #(vmz >0, (10)
0_,_1 ﬁoz—’
>0 20

where the first term accounts for heat transfer and the second term for fluid friction. The entropy generation number
Nj is the dimensionless form of Eq. 10 over the volume and by definition the ratio of the actual entropy generation
rate S, to the minimum (characteristic) entropy transfer rate S. [52, 53]:

gen min
o _ | 4| | HAT)? an
meTE || BT |
fVSgéndV
Ny = = (12)
fVSmlndV

The first term in square brackets in Eq. 11 corresponds to isoflux BCs, while the second term applies to isothermal
ones [54].

Borsing et al. [29] analyzed the transient behavior of entropy generation for systems with different geother-
mal gradients. A value of Ny =~ 1 suggests a conduction-dominated system, whereas higher values indicate a
convection-dominated one. In a convective system at an equilibrium state, entropy generation increases to a peak
before relaxing into a steady-state plateau, corresponding to the state where a quasi-static thermodynamic equi-
librium is reached. This finding is consistent with the study of Magherbi et al. [55], who found that fluctuations in
total entropy generation indicate oscillatory flow influenced by BCs when natural convection occurs. Moreover,
the entropy generation at dynamic equilibrium is proportional to the initial temperature gradient, which further
indicates the suitability of using entropy generation as a measure of hydrothermal state.

The Bejan number Be is defined as Syj',  / Sé’én [52]. Be = 1represents the limit where heat transfer irreversibility
is dominant, while Be = O represents irreversibility entirely due to fluid friction. The case of Be = 0.5 corresponds
to a condition where the entropy generation rates from heat transfer and fluid friction are equal. Borsing et al. [29]
and Niederau et al. [7] found that in geothermal systems Be ~ 1, indicating that viscous dissipation effects are
negligible. Therefore, we assume in the following that S\ = S/

gen therm*

2.4 Non-intrusive reduced basis method

The NI-RB method is a projection-based model order reduction technique that reduces degrees of freedom while
preserving the input-output relationship. It consists of two phases: the offline and online stages. During the offline
stage, the surrogate model is constructed, including all computationally expensive tasks. After its construction, the
surrogate can be used in the online stage for fast and efficient forward evaluations [27, 56]. The reduced solution
Usp 1s a linear combination of the reduced coefficients 9(1) and the basis functions 1; that span the reduced space
Vib:

e (1) = Ze(”w)wl € Vi, (13)

i=1
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where /i are the model parameters. Before constructing the surrogate model, it is necessary to generate n; training
snapshots of full-order solutions through forward simulations. In this study, we use between 100 and 200 training
snapshots depending on the number of parameters. The parameters are sampled with the quasi-random Latin
Hypercube sampling strategy [57]. Next, basis functions are selected using r modes of the Proper Orthogonal
Decomposition (POD) from the training snapshots. This involves performing a singular value decomposition and
truncating the resulting singular vectors based on a user-defined threshold €. The cumulative energy criterion
assesses the singular values o to choose r modes from the basis functions, where the basis functions correspond
to the most influential singular vectors [28, 56, Eq. 3]:

r 2

In the next step of the offline stage, the coefficients Qr(g) depending on the parameters i are determined, which
can be considered as a regression problem. As the governing equations are non-linear, we use feed-forward neural
networks for this step, implemented with the Pytorch [58] and Lightning [59] Python libraries. During training,
the parameters serve as features, and the matrix product of the basis functions and the training snapshots as data.
Before constructing the surrogate model, it is important to scale both the snapshots and the parameters. The
respective scaling norms will be indicated for every surrogate model presented in this manuscript. We perform
hyperparameter optimization using the Optuna Python package [60]. Once a model mapping i onto Qr(é) is found,
the online stage can be performed according to Eq. 13. More details about the implementation of NI-RB can be
found in Hesthaven and Ubbiali [27] and Degen et al. [56].

The predictive accuracy of the surrogate models is assessed using the mean squared error (MSE) between each
node of the full-order model and surrogate model, defined as follows:

N
1 2
MSE = Z(utme,j — ur )% (15)
J=1
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Fig. 1 (a) Schematic representation of the synthetic model. (b) and (c) show the temperature distribution for two distinct
values of 7}, with all other parameters fixed as indicated in Table 1, which results in two and five stable convection cells at
1 x 1013 s simulation time. (d) and (e) show the corresponding entropy generation
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Also, we evaluate the MSE and correlation coefficient (R%) of N, between the full-order model and surrogate
model:

N
1
MSEy; = N Z(Ns,true,j - Ns,rb,j)z, (16)
j=1

R2 — Z;V:l(Ns,rb,j - Ns,true)z (17)

N - ’
Zj:] (Ns,true,j - s,true)2

where N, denotes the average Ny. Lower MSE values and R? values closer to 100 % indicate a better predic-
tive performance of the surrogate model. The additional evaluation of Ny provides physical insights into model
reliability that standard statistical metrics (MSE) might overlook.

3 Synthetic model

As implied in the previous section, we consider a two-component model to investigate the potential of the NI-RB
method to construct reliable surrogate models. The synthetic model (Fig. 1) consists of a host rock and a fault.
Its vertical extent is H = 4 km, while the horizontal dimensions measure 4 km in the x-direction and 5 km in the
y-direction (parallel to the strike of the fault). Thus, the aspect ratios of the domain are 4y, = 1.25 and A, = 1.00.
Dirichlet temperature BCs are prescribed at the top and bottom boundaries, while the vertical boundaries are
assumed to be adiabatic. No-flow BCs are applied for the pressure component on all boundaries, while pointwise
constraint pressure BCs are imposed at the top four corner points to guarantee a solution. Discretization is carried
out using tetrahedral elements, with a maximum resolution of 100 m along the fault and 500 m in the host rock
(1a).

With these mesh settings, the model has been validated against the “3D Benchmark of Free Thermal Convection
in a Faulted System” from Magri et al. [65]. The benchmark originally modeled the fault as a 3D equivalent
porous medium, employing a mesh of rectangular bricks that is specifically refined near the fault. We reproduce
the same solution for the temperature and velocity field for the DFM and 3D approach with a tolerance of
0.6°C and 1.2 x 10~ ms~!. The comparison is shown in the supplementary material. We justify the use of the
DFM approach because it results in significantly fewer degrees of freedom in the finite element model compared
to equidimensional representations (2.2 x 10° vs. 8.8 x 107 ), thereby reducing the computational cost of the
simulations by a factor of approximately 13. The resulting faster evaluation of the full-order model was particularly
helpful when experimenting with surrogate modeling, as the NI-RB method relies on the generation of a large
number of a priori snapshots.

Throughout the study, we will investigate surrogate models with different spans of parameter spaces listed in
Table 1. The parameter ranges are extracted from published databases and the literature indicated in the footnotes
of the table. Accounting for non-constant fluid properties, Ra values in this study range from 0.02 to 0.7 in the
host rock and between 474 and 11535 at the fault, based on the reference values in Table 1.

4 Results

In the following, we present the construction of surrogate models that capture the system’s thermal state. To assess
the influence of different sources of uncertainty, we first vary parameters individually and eventually analyze their
combined effects, adopting a similar approach to Degen et al. [66]. Validation of the NI-RB approach is carried
out by comparing surrogate model predictions against full-order solutions obtained from randomly sampled test
parameter sets. In addition to standard performance metrics, N; is evaluated as an indicator of model reliability.
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Table 1 Fixed and free parameters of the surrogate models that will be investigated in this study. The parameter ranges are
chosen to be consistent with datasets and case studies as specified below the table

Parameter Symbol Reference value Range Unit

BC
Top temperature To 20 - °C
Bottom temperature T, =To+ AT 180 130 to 2201 °C

Fault
Dip B 60 55 to 902 °
Thermal Conductivity AF 2 2 to 481 Wm~K™!
Volumetric heat capacity Cp,F Ps,F 2 % 100 - JK'm™3
Porosity oF 20 1 to 2581 %
Permeability kr 1.5 x 10713 10~ to 10712121 m?
Fault width dp 50 - m

Host rock
Thermal Conductivity A 2 2 to 414 Wm~K~!
Volumetric heat capacity Cp Ps 2 x 10° - JK !m™3
Porosity 10 0.1 0.1 to 154 %
Permeability k 10-17 10717 to 10715 2] m?

Fluid
Thermal Conductivity Ay 0.65 - Wm~!K!
Specific heat capacity Cp.f 4200 - JK kg™!

[1]1[17,61].

(2] [62].

[3] [63].

[4] [64]

4.1 Surrogates for the temperature and entropy generation field (Varying T,)

For the construction of the first surrogate model, only the bottom temperature 7}, is varied in 150 training snapshots.
As shown in Eq. 7, it is directly proportional to Ra and thus directly affects the convective behaviour of the system.
Plotting 7} against Ny of the training snapshots (Fig. 2) reveals a bifurcation diagram. When 7}, < 143 °C, only
conducting solutions exist where N; is close to one. For 7j, > 143 °C, which corresponds to Ra. in this model,
the first bifurcation happens, resulting in a solution with two convection cells and increasing entropy generation.
By definition, a convection cell or cellular mode contains one upwelling and one downwelling region [29]. As Tj,
increases, up to four different convection regimes can coexist for similar 7, values. In total, two to seven convection
cells are observed in Fig. 2. If more training snapshots were calculated, the data points of each convection regime
would appear as fully connected lines. As an example, the region from 177 °C to 181 °C is shaded red for later
comparisons. The temperature field for two T}, values in this region is displayed in Fig. 1b and c. According to
Eq. 2, only 2D convection cells occur at the fault. The onset of a new convection regime leads to a lower energetic
state of the system. For instance, the snapshot in Fig. 1b, which has two convection cells, corresponds to Ny = 1.3,
whereas the snapshot with five convection cells in Fig. 1c has Ny = 1.1, even though its 7} value is 2 °C higher.
We evaluate a surrogate model for the temperature field 7 in Fig. 3, where the hyperparameters of the neural
network and POD are shown in Fig. 3c. Note that this is the best obtained result after performing a hyperparameter
search using the Tree-structured Parzen Estimator algorithm with 60 trials. In Fig. 3a, the calculated N; from the
surrogate is overlaid on Ny from the full-order solutions for the test and training set. The temperature fields, which
serve as the basis for calculating Ny, are illustrated for five representative test samples of 7}, in Fig. 17 of the
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Fig.2 Entropy generation numbers N of the full-order

model training set when varying 7j, from 130 °C to 220 °C.

The snapshots are taken at 10! s. The colours represent
the number of cellular modes. The red-shaded region
illustrates an exemplary 7, range where up to four
different convection regimes coexist
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Fig. 3 Results of the surrogate model of the temperature field when varying 7},. (a) shows the calculated N from the
temperature field of the full-order solutions from the training and test data set, as well as from the surrogate model. The
lower-right panel shows the MSE for the scaled temperature field 7', with the corresponding unscaled values given in brackets
in units of °C2. (b) shows the correlation between the predicted and test N;. (¢) displays the hyperparameters of the neural

network and POD
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Appendix. A comprehensive comparison across the entire test dataset for all surrogate models evaluated in this
study is available in the supplementary material.

It is visually evident in Fig. 3a that the surrogate model’s performance decreases as 7} increases. Before the
second bifurcation at 160 °C, the predictions align almost perfectly with the full-order solutions. The multistability
in the system for 7;, > 160 °C introduces larger errors to the surrogate solution. Especially when the amount of
training data is low for a specific convection regime, the errors can become significant. For example, predictions
for seven convection cells are poorly predicted because only three training snapshots exist for this regime (Fig. 2).
The MSE for the scaled training and validation datasets are approximately 5.83 x 10~* and 5.85 x 10~*, which
corresponds to an average error of ca. 4.8 °C per node for the unscaled datasets. The results are obtained with 28
basis functions, indicating a high level of complexity for this idealized problem compared to other benchmark
examples [4].

Next, we construct a surrogate model for the entropy generation Sgén directly, rather than the temperature.
Exemplaric snapshots of Sgén of the red shaded region in Fig. 2 are shown in Fig. 1d and e. Due to its range of up

to three orders of magnitude, Sgén is log transformed first before applying any further scaling to it. In the POD

(a)

Surrogate model of entropy generation Sg,,

1.5 1 i
Training Convection
O Test cells
1.4 - -, @ o
Y Surrogate :
Difi & o : ° O 2
134 | ifference P o 3
oo Test - Surrogate "
0 *\ O 4
= 1.2 A ® y @ O 5
d Q [ ] @ O 7
1.1 w / Model errors (MSE)
Training: 1.44e-03
1.0 - (3.92e-16)
: : I I I —Test: 1.76e-03
140 160 180 200 220 (4.23-16)
Th[°C
(b) e (©)
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14 ° , Number of basis functions 25
/ Scaling features Z-Score
1.3 // Scaling output MinMax
o .7 Training data 150
" ./ Test data 20
= 1.2 , Hidden layers [13, 120, 294, 74, 54]
k) S Activation Sigmoid
|°_’ 11 " Number of epochs 19333 (Steps 58000, batch size 64)
-1 Learning rate 1.495 x 1073
'” MSEys: 1.03e-03 Optimizer Adam
10 & R?: 93.665% Max. abs. rel. error log;,(Sgen) 17 %
T T T T
1.0 11 12 13 14

Surrogate N [-]

Fig. 4 Results of the surrogate model of the entropy generation field when varying 7j,. (a) shows the calculated Ny from
the temperature field of the full-order solutions from the training and test data set, as well as from the surrogate model.

The lower-right panel shows the MSE for the scaled entropy generation field Sgén, with the corresponding unscaled values

given in brackets in units of (W K~'m=3s~1)2. (b) shows the correlation between the predicted and test Ny. (¢) displays the
hyperparameters of the neural network and POD
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step, the tolerance is lowered by one order of magnitude to € = 99.999 % compared to the temperature-based
surrogate model (Fig. 3c). However, a comparable number of basis functions is extracted: 25 versus 28. The log
transform of Sgén impacts the POD step; without it, only 14 basis functions would be extracted. Although the
global error of the scaled data set is in the order of 10~3 (Fig. 4) and slightly higher than in the surrogate model of
the temperature field (order of 10~* in Fig. 3a), the MSE y; has reduced to 1.03 x 1073 compared to previously
3.36 x 1073. The entropy generation fields Sge/n, used to calculate Ny in Fig. 4, are shown for five representative
test samples of 7}, in Appendix Fig. 18.

Whereas visual errors were already visible from 160°C in Fig. 3a, the quality of the predictions in Fig. 4a
starts to visually decline from 200°C. In general, the quality of the predictions has increased: For the entropy
generation—based surrogate model, the predicted Ny matches the true values more closely in regions with coexisting
convection regimes, particularly between 160 - 170°C and 195 - 205°C. In contrast, the temperature-based
surrogate model shows greater variance in N within these ranges. We elaborate on this further at the beginning

of the Discussion. Henceforth, we will utilize surrogate models for Sge,,.

4.2 Reaching insufficient accuracies when multistability cannot be resolved (Varying the dip 8)

In the next example, we vary the dip angle of the fault § from 55° to 90° while keeping all the other parameters
fixed as indicated in Table 1. As the variation of the dip angle leads to different amounts of nodes in the mesh
grid, we map the data points onto a uniformly spaced control mesh with a resolution of 100 m. The resolution was
chosen as a compromise between the memory consumption of the interpolated data sets and the MSE y s between
the original meshes and the control meshes. By projecting the temperature gradient VT directly onto the control
mesh, the resulting MSE y, remains below 5 x 107> for a resolution of 100 m. Moreover, the value range of Seen
is preserved during the projection, since Sgén o VT (Eq. 10). This is particularly beneficial for consistent data
scaling in the offline stage of the surrogate construction.

Unlike Ty, § is not directly proportional to the Rayleigh number. Since the vertical height H is kept constant,
lower dip angles 6 < 90° increase the space for the convective pore-fluid flow to take place and result in a decrease
of the gravity component along the fault. These two effects ensure that lower dip angles promote convective fluid
flow, thereby reducing Ra. [67].

We generate 150 training sets and calculate the respective Ng. As shown in Fig. 5, convection occurs across the
entire range of &. This indicates that Ra consistently exceeds Ra. with the flow field transitioning through two to
six convection cells.

We evaluate an entropy generation-based surrogate model for 30 test samples in Fig. 6. While the model MSE
are in the same order magnitude 1073 as the previous 7}, surrogate, the R? value is significantly lower at 61 %
compared to values higher than 90 % for the 7}, surrogates. A possible explanation for the comparable MSE is the
substantially increased nodal density resulting from interpolation onto the control mesh, which raises the number
of nodes by approximately a factor of four. In contrast to the original mesh, where element sizes increased with
distance from the fault plane, the control mesh employs uniform discretization. As the highest variance in entropy

Fig.5 Entropy generation numbers N of the training set 1.359 @® Convection
when varying § from 55° to 90°. The snapshots are taken at 1.30 4 ’ @® cells
1 x 1013 5. The colors represent the number of cellular ® ® 2
modes — 1.25 1 06 CCD @ 3
“ & O 4
= 1.20 O 5
6
1.15 @j&@j o O 0O 0
1.10 M 0 @O
6IO 7I0 8I0 9IO
K rel
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Fig. 6 Results of the surrogate model of the entropy generation field when varying é. (a) shows the calculated N from the
entropy generation field of the full-order solutions from the training and test data set, as well as from the surrogate model.

The lower-right panel shows the MSE for the scaled entropy generation field Sé’én, with the corresponding unscaled values

given in brackets in units of (W K~ !'m~3 5712, (b) shows the correlation between the predicted and test Nj. (¢) displays the
hyperparameters of the neural network and POD

generation — and consequently the most significant prediction errors — arises in the proximity of the fault plane,
the mesh refinement primarily introduces additional regions with comparatively small errors outside convection-
driven temperature anomalies. This redistribution of error reduces the MSE, which reflects a domain-averaged
metric.

Additionally, 147 basis functions are chosen, reflecting the high complexity of the system and approaching the
150 training snapshots, which indicates that the whole problem’s complexity is not entirely captured. However,
additional training snapshots were not generated because the underlying complexity arises from the solution
ambiguity: overlapping solutions occur across nearly the entire dip range, whereas the overlap for varying 7j,
was more localized between 160 °C to 220 °C. In the next section, we will introduce the concept of physical
preconditioning to circumvent this issue. Consequently, during training of the surrogate model, no clear relationship
between & and the reduced basis coefficients 6 could be found in the machine learning step. This ambivalence
causes most predicted values to fall between the trajectories associated with each convection regime. In addition,
specific convection regimes are represented by only a limited number of training samples (e.g., for two or six
convection cells). Between dips of 65° to 70°, the dominant solution corresponds to five convection cells, whereas
between 70° to 80°, the preferred solution shifts to four cells. Test cases outside these ranges are never predicted
correctly. Consequently, the surrogate fails to make reliable predictions of Sgg,.

@ Springer Computational Geosciences


https://doi.org/10.1007/s10596-026-10421-w

https://doi.org/10.1007/510596-026-10421-w Page130f29 33

(a) Same parameter samples as in Fig. 2 (b) Same parameter samples as in Fig. 5
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Fig. 7 Entropy generation number N; of the training data set with physical preconditioning (Eq. 9). The red-shaded region
in (a) marks the same range as in Fig. 2

4.3 Reducing the number of bifurcations by physical preconditioning

As seen in the previous section, multisolutions, where different convection regimes coexist for the same parameters,
might lead to significant inaccuracies in the surrogate model. A suitable choice of temperature ICs can reduce the
number of bifurcations, thereby placing the system closer to the basin of attraction of a specific solution [22]. For
example, the IC of the Elder Problem were placed close to the border of the basin of attraction of two solutions,
which made the numerical simulation extremely sensitive to any perturbation [68].

In the case of the idealized scenario in this study, each of the induced multicellular configurations of Eq. 9 will
become an equilibrium state solution provided this solution is stable and exists. As we consider a planar fault, we
setm =0, n =2,and A = 1 to start with one upwelling in the center of the fault. The final IC is obtained by
superimposing Eq. 9 on the constant temperature gradient between Ty and 7j,. Re-evaluating the same training
and test parameter sets of 7j, and § from Figs. 2 and 5 shows that the variance in the convection regimes is reduced
(Fig. 7). In the case of T}, (Fig. 7a), equilibrium state solutions with only two or four convection cells are observed.
Onset of convection starts at 7, ~ 143 °C, consistent with the previous example in Fig. 2. However, only one
additional bifurcation is found at approximately 181 °C, leading to four convection cells. The red shaded region
denotes the same region as in Fig. 2 for reference. In this model, a clear progression from two to four convection
cells is visible.

For varying 6 (Fig. 7b), the convection regimes are also restricted to two or four cells, with a bifurcation at 82°.
In contrast, two-cell solutions only appeared between 55° to 60° in Fig. 5. In summary, adding Eq. 9 with n = 2
results in two convection cells until the solution is no longer physically possible, at which point the bifurcation
occurs.

Next, we construct surrogate models with the training sets in Fig. 7. The results for varying 7, are shown in
Fig. 8. Compared to using a constant geothermal gradient as IC, the MSE for the training and test sets decreased
by four and three orders of magnitude, respectively. Consequently, the surrogate and full-order model solutions
are visually indistinguishable. To evaluate the surrogate model’s performance across different convection cells at
comparable N values, five additional test samples were added within the 7, range of 175 °C to 195 °C (cyan stars
in Fig. 8a). Also, only eight basis functions are extracted in the POD step, compared to 25 in Fig. 4, indicating the
reduced complexity of the problem.

Similarly, the surrogate model for varying § performs better when perturbed ICs are applied (Fig. 9). Training
MSE decreases by two orders of magnitude and test MSE by one order of magnitude, while R? improves from
61 % to 93 %. The number of basis functions decreases slightly, from 147 to 133, indicating that a variable dip
angle introduces substantial complexity into the system, largely independent of the chosen IC. Nevertheless, most
surrogate solutions remain visually indistinguishable from the full-order solutions. An exception occurs for the two
test samples located near the bifurcation point at 82°, where errors are anomalously high. Without these two test
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Fig. 8 Results of the surrogate model of the entropy generation field when varying 7}, after physical preconditioning. (a)

shows the calculated N, from the entropy generation field of the full-order solutions from training and test data, as well as from

the surrogate model. The lower-right panel shows the MSE for the scaled entropy generation field Sé’én, with the corresponding

unscaled values given in brackets in units of (W K~ m~—3s~12. (b) shows the correlation between the surrogate and test Nj.
(¢) displays the hyperparameters of the neural network and POD

samples, the test MSE is 5.0 x 107> compared to 1.4 x 10~% and MSEy improves by two orders of magnitude
to 3 x 107% with R? being 99.94 %, showing that the inaccuracies are mainly related to the two test samples.
Consequently, even with suitable ICs, ambiguities persist in the vicinity of bifurcation points.

4.4 Transition to oscillatory convection regimes (Varying k)

Similar to T}, the fault permeability kr is directly proportional to Ra (Eq. 7) and directly influences the convective
behavior of the system. From a geological point of view, it exhibits greater variability than 7}, potentially spanning
over several orders of magnitude across multiple scales, particularly at faults [41, 62]. We construct a surrogate
model considering varying kr ranging from 5 x 1071 m? to 1 x 10712 m? and evaluate N, of the training
data in Fig. 10, where Ra, is reached at approximately 8 x 10~'* m?. For clarity, we plot N, for kr starting at
5 x 10~ m?2, since all solutions below 8 x 10~'* m? remain in the conductive regime. The second and third
bifurcations occur at 2.5 x 10713 m? and 2.9 x 10~!3 m?, corresponding to the formation of three and four
convection cells in an equilibrium state regime. To illustrate this, the phase space of the transient simulation for
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Fig.9 Results of the surrogate model of the entropy generation field when varying § after physical preconditioning. (a) shows
the calculated Ny from the entropy generation field of the full-order solutions from training and test data, as well as from the
surrogate model. The lower-right panel shows the MSE for the scaled entropy generation field Sé’e’n, with the corresponding
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a sample with two convection cells at kr = 2.0 x 10713 m? is shown in Fig. 11a, where Nj is plotted against
its temporal derivative at each time step of the solver. The color of the points indicates the simulation time, with
brighter colors indicating later times. Due to the imposed IC and the initial time step of 5 x 1072 s, a peak appears
at the start of the transient simulation. This peak disappears once fluid motion generates a thermal upwelling for

Fig. 10 Training samples when varying kr from 2.0 JConductive Equilibrium  Quasi-stationary<| [ Convection
1 x 107 m? to 1 x 10713 m?. Note that the x-axis is cut ' C.e”so
for visualization purposes. The snapshots are taken at _ 181 @ 2
1 x 1013 s for the equilibrium state solutions and at w16 O@@%@ o 3
11 : : =z 0 4
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Fig. 11 Phase space of two training samples in Fig. 10. The color of each point denotes the simulation time, with brighter
colors indicating later times. The red boxes show a detailed view of a selected region

increasing solver time steps. The onset of convection starts when Ny > 1. In the phase space, the orbit moves
toward an attractor at (Ngy ~ 1.477, 9; Ny = 0) and remains there.

In contrast, no equilibrium state solutions exist for kr > 3.5 x 1013 m?, implying that the temporal variation
of N is not constant. In Fig. 10, which shows the relationship of kr with N; at the last time step, no clear relationship
can be inferred. Also, labeling the convection cells was omitted due to unstable convective fingers appearing at the
bottom edges of the fault plane. However, the phase space of a transient simulation for kr = 6.5 x 10713 m? in
Fig. 11breveals that the orbit behavior corresponds to a quasi-stationary solution because the model orbits a basin of
attraction at Ny between 1.77 and 1.79. The positive and negative temporal changes of N, correspond to oscillations
between higher and lower energetic states of the system. The simulations were first run up to 2 x 10'!'s to identify
quasi-stationary regimes, which require more computation time than equilibrium state regimes because we use an
implicit solver with backward differentiation formulas and automatic time-step selection. The equilibrium state
solutions were run 10'3 s to ensure convergence. Consequently, the training snapshots show both equilibrium state
solutions at 10'3 s with clear bifurcation points and quasi-stationary solutions at 2 x 10'!s.

Next, we construct a surrogate model using the training samples from Fig. 10 and physical preconditioning,
with the results shown in Fig. 12. Due to the value range over several orders of magnitude, the k values are log
transformed first before any further scaling. Compared to the model with varying 7} (Fig. 8), which required eight
basis functions, this case extracts 28 basis functions, reflecting the higher complexity of the problem. While only
two and four equilibrium state convection cells were observed in the 7}, case, varying kr introduces three distinct
equilibrium state regimes as well as a quasi-stationary regime. The training and test MSEs are 8.9 x 107> and
2.3 x 1074, respectively. This higher complexity likely explains the reduced performance, with test errors about
two orders of magnitude larger than in the 7} surrogate. The largest local errors occur in regions where unstable
convective fingering develops. Nevertheless, the surrogate model successfully captures the different convection
regimes, achieving an R? of 99.93 % and an MSEy, of 2.2 x 1074,

4.5 Varying multiple parameters

Finally, we will vary all free parameters listed in Table 1. To remain within the scope of this study - focusing
on the construction of surrogate models for convection-dominated systems - § will not be varied. The simulation
time was set to 2.5 x 102 s to avoid excessive computation times once a quasi-stationary state is reached, as
we employ an implicit solver with backward differentiation formulas and automatic time step selection. The N
values of the training snapshots are displayed for the previously examined parameters 73, and kr in Fig. 13 while
the results for the remaining parameters are provided in the supplementary material.
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Fig. 12 Results of the surrogate model of the entropy generation field when varying kg after physical preconditioning. (a)

shows the calculated N, from the entropy generation field of the full-order solutions from training and test data, as well as from
"

the surrogate model. The lower-right panel shows the MSE for the scaled entropy generation field Sy, with the corresponding
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Within the observed N, range (1.0 to 2.4), conductive regimes, onset of convection towards a steady-state,
equilibrium state convection, and quasi-stationary (dynamic) regimes exist. The majority of the snapshots show an
equilibrium state with two convection cells or a quasi-stationary regime, whereas only 10 and 11 samples show three
and four convection cells. This may affect predictions of convection regimes for which fewer training snapshots
are available, as seen in the initial example for varying 7j. Unlike in previous simulations, no clear bifurcation
points are visible due to the simultaneous variation of multiple parameters, even with physical preconditioning.

In total, 200 training and 30 test snapshots are computed. The POD step with a 99.999 % tolerance € yields 52
basis functions when using the min-max normalization. The scaled model MSEs of log;(Sge,) are 1.1 x 1073 and
1.2 x 1073 for training and test samples with a maximum local error of 26 %. The metrics of the test set for true
and predicted Ny are shown in Fig. 14: Whereas the MSE y is the highest obtained (5.94 x 103 in all surrogate
models so far, the R? value of 98 % indicates a high predictive performance of the surrogate. The highest deviation
occurs for a “false negative" sample, where convection occurs (Ny; = 1.3) but is not predicted by the surrogate
(Ns = 1.0). For this sample, 7, = 131 °C lies at the lower limit of the range and kr = 6.5 x 10~13 m?2 at the
upper limit, indicating that the training set may not adequately cover this combination. However, the surrogate
produces reliable predictions for this study.

4.6 Comparing computation times

The minimum simulation time in COMSOL Multiphysics® of the last presented model is approximately two
minutes for the conductive solution. The longest simulation time took over 1000 minutes for highly convective
solutions due to the adaptive time stepping (12th Gen Intel® Core™ i7-12700 2.10 GHz,64 GB RAM, using 5
of 20 cores). Evaluating the 30 test samples during the online stage of the surrogate model took approximately
1 ms, which results in speed-ups from 10* to 107. The training for the optimal neural network took ca. 30 minutes.
During hyperparameter optimization, ca. 50 neural networks are generated whose training time took between 10
and 60 minutes, depending on the hyperparameters.

To demonstrate the utility of surrogate models, we calculate the expected computation times for a global
sensitivity analysis (SA). This analysis explores how variations of uncertain input parameters impact the quantity
of interest Ny [69]. Depending on the objective, SA can help to identify where additional data acquisition can
reduce uncertainty and how to simplify the model’s complexity. Also, they can rank parameter influence, thereby
revealing dominant physical processes and enhancing model understanding [70]. Conducting a Sobol SA for
this model would require approximately two million samples, using 2! evaluations per parameter [71, Theorem
2]. Uncertainty quantifications typically require thousands to millions of forward computations as well [10, 72].
Assuming an average simulation time of 10 minutes with the finite element solver, two million evaluations require
approximately 38 core-years (computation time). In contrast, the same evaluations during the online stage of
the surrogate would be approximately 33 minutes. Parallel computing can further reduce the evaluation time, as
sensitivity analyses can be fully parallelized. Moreover, calculating the quantity of interest Ny can further increase

the computation time, since it involves integrating the entropy generation field Sé/én-
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5 Discussion

Within this study, we present how physics-based machine learning can be used to construct reliable surrogate
models for predicting the thermal state of an idealized fault system. We discuss how the surrogate performance
can be enhanced by reducing physical complexity through physical preconditioning and using entropy generation
as a measure. Next, we examine the implications of our results for real-world applications and how analyzing
Ny helps characterize the system. Finally, we highlight the limitations of this study and outline potential future
research directions.

5.1 Implications for surrogate modeling of convective systems

Constructing surrogate models for the entropy generation field Sgén, rather than the temperature field T, yielded
slightly better results. The coexistence of different solutions - regions with overlapping N; for the same configu-
ration, similar to the Elder problem [68] - can lead to difficulties during the surrogate model construction.

The equilibrium state solutions for varying 7, were better predicted by entropy generation-based surrogate
models than by those based on temperature, up to a temperature of approximately 210 °C, even without physical
preconditioning. Incontrastto 7', S gén can vary over several orders of magnitude (Fig. le). The log, transformation,
applied before any further scaling, can compensate for most of the unequal scaling. In the POD step, the entropy
generation field extracted a number of basis functions similar to the temperature field, despite a lower tolerance
€. Since calculating Sgén depends on the temperature gradient, it is unsurprising that each POD mode captures a
different amount of the system’s energy.

We observed that physical preconditioning can substantially enhance the performance of surrogate models. This
approach, used to force a specific family of solutions in convective systems, has also been applied by other authors
[46, 73]. However, it comes at a cost: changing the IC can potentially hide some physically possible solutions from
the practitioner. For instance, modifying the IC for varying 7} produced only two or four convection cells (Fig. 7a),
whereas without such perturbations, the same parameters could yield between two and seven cells (Fig. 2). These
observations highlight the importance of a stochastic perspective when modeling free convection, particularly
when no prior information about the temperature field is available. As noted by Xie et al. [74], free convection
processes inherently allow multiple physically plausible solutions, including bifurcating and oscillatory patterns,
which a single deterministic simulation cannot capture. Introducing random perturbations to ICs expands the
range of possible outcomes and helps account for this variability. Horne and Caltagirone [75] pointed out that
mathematical solutions to non-linear problems should include nondeterministic forcing to avoid results that are
correct mathematically but unlikely physically. Surrogate models have a particular potential in this context, as
they enable stochastic analyses of physical processes due to significant speed-ups [4]. To fully explore the solution
space, one promising approach could be to treat the wave numbers m and n from the perturbation function (Eq. 9)
as additional inputs to [, allowing the surrogate to capture all potential solution branches.

In this study, the IC from Eq. 9 was applied to the entire 3D domain, even though convection is expected to occur
only along the fault. Ideally, the IC would be prescribed only on the fault itself. However, COMSOL Multiphysics®
does not allow initial temperature conditions to be assigned explicitly to surfaces. We assume that applying them
to the full domain does not affect the results and yields behavior equivalent to prescribing them only at the fault.

A key advantage of surrogate modeling lies in the substantial computational savings achieved by using sur-
rogate models instead of full-order model evaluations. Solving convection scenarios with the full-order model
requires minutes for equilibrium state solutions and up to hours for quasi-stationary solutions due to adaptive
time-stepping. In contrast, evaluating the surrogate takes only milliseconds, resulting in a speed-up of up to seven
orders of magnitude. This comparison excludes the offline training stage. However, when the objective is to per-
form global sensitivity or uncertainty analyses involving millions of forward simulations [69, 70], the benefits
become immediately apparent.
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Although parameter ranges in real-world applications may be more restricted than those listed in Table 1,
similar phenomena to those observed in this study can still arise. While ideal periodic patterns can be generated in
experiments, natural convective patterns are typically disordered [76]. Nevertheless, assumptions made in many
applications of numerical modeling can lead to stationary convection patterns [34, 77-81], which may lie close
to bifurcation points. When constructing a surrogate model, it is therefore crucial to identify such points to make
a well-informed evaluation of the surrogate’s performance. Even with physical preconditioning, the surrogates
exhibited their most significant errors in the vicinity of these bifurcation points, which is unavoidable. Around the
bifurcation point, no surrogate model (independent of the technique) will result in a reliable model. This is not
only a physical effect but is also largely increased by the numerical instability around these points. For parameter
spaces with higher dimensions, identifying bifurcation points may help identify local points of degraded quality.
While this study uses a box, in reality, the potentially convective layer will have a much smaller aspect ratio,
which reduces the likelihood of convection. This study highlights the importance of investigating faults, which in
real-world scenarios represent likely locations for convection [17, 80, 82]. This entails a more favorable condition
for the surrogate models in real-case scenarios.

As evaluating entropy generation may seem like an abstract concept, it can be helpful to examine the effect of
temperature uncertainties on the entropy generation. To explore this, we randomly introduced positive and neg-
ative temperature perturbations to representative full-order snapshots from our study and computed the resulting
maximum absolute relative error on log;(See,,), shown in Fig. 15. Across the entropy generation-based surrogate

en

models, the maximum observed local errorsgwere approximately 25 % for log IO(Sgén), corresponding to temper-
ature inaccuracies of around 1K to 2 K. Considering that true in-situ temperature measurements are affected by
uncertainties of up to several Kelvin [83], the approximation errors from the surrogate are in the same order of
magnitude. From Eq. 10 and Fig. 15, a power-law relationship between temperature inaccuracies and local errors
in entropy generation can be inferred. For instance, if the maximum local errors are reduced to 15% or 10 %,
this would correspond to temperature uncertainties of roughly £0.5K and 40.1 K, respectively. Achieving lower
error levels may be possible in real-world scenarios with more restricted parameter ranges or under equilibrium
conditions.

Nj is a highly informative quantity of interest for TH systems, as it captures both the thermal and hydraulic
components (Eq. 10). It can be used to address epistemic uncertainties as demonstrated by Santoso et al. [84] in
a sensitivity analysis of a TH model of The Hague, Netherlands. Additionally, when combined with information
entropy, it serves as a valuable metric for interpreting and comparing uncertainties in the modeled subsurface
geology and simulated flow fields [85]. However, we only used the thermal contribution and ignored the viscous

Fig. 15 Maximum absolute relative error when comparing Impact of temperature uncertainty
the entropy generation from the full-order temperature on 10910 (5" gen)
field with and without randomly added temperature
uncertainties. The blue and orange lines correspond to the
last time step of Fig. 11. The green line is the test dataset — 1 _
with the highest local error (21 % at § = 68.4 ° in Fig. x 10
7b). The red line corresponds to Fig. 1d §
§ 10° 3
©
o
% 107" 3
© —e— Varying k (2.0 - 10713 m?)
= Varying k (6.5 - 1013 m?)
o —@— Varying 6 (highest local error)
10 —e— Varying T}, (180.1 °C)
T ML | MR | LA | ML | T
10°  10° 10 10° 10'

Temperature inaccuracy [K]
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dissipation in this study. Evaluating the entropy generation numbers N visc for the equilibrium and quasi-stationary
state in Fig. 11 yielded 0.02 and 0.05, respectively, compared to their thermal contribution 1.48 and 1.79. This
results in a Bejan number of 98.7 and 97.2 %. Thus, viscous dissipation has a negligible contribution to the total
entropy generation, especially in homogeneous media and when considering realistic viscosity ranges of water
[29]. However, if low-permeability heterogeneities block preferred convective flow paths, viscous dissipation can
play a larger role [30, 46]. Also, when systems exhibit a combination of forced and natural convection, viscous
dissipation should not be neglected [86].

The evaluation of the Ny has proven to provide additional information about the system. Its calculation from
Sgén is straightforward (Eq. 12), and it can help to identify bifurcation points of equilibrium solutions. In this
study, Ny values showed a clear dependency on the parameters. At the bifurcation point, the transition to a pattern
with a higher wavelength resulted in a sudden jump towards a lower Ny. This observation stands in contrast with
Borsing et al. [29], who found a jump towards a higher Ny when a solution exists for a higher wavelength pattern
while keeping the aspect ratio and temperature gradient fixed. One reason could be the use of the characteristic
entropy generation using isoflux BC (Eq. 11) introduced by dummy layers instead of isothermal ones. Moreover,

(a)

Surrogate model of entropy generation Sg.,

Convection
cells
1.35 1 ® 2
O 4
-
= 1.30 4 Training
| O Test *
% Surrogate
Difference Model errors (MSE)
1051 | Test - Surrogate W Tralnlng:(15.7%?ée_-1075)
r ! ! ! ! ! ! —Test: 1.68e-04
55 60 65 70 75 80 85 90 (2.45e-17)
5 o
(b) “ (©)
Scaling features Z-Score
MSEpns: 1.42e-04 ..// Scaling output Min Max
136 4|_R* 97.683% 0 Training data 150
— /’ Test data 30
— Feature 1
= 132- 4 Labels 85731
< oY Hidden layers 03, 230, 156, 82, 238]
B /./ Activation Sigmoid
= 1.28 7 Number of epochs 1999 (Steps 4000, batch size 85)
.7 Learning rate 1.275 x 1073
" ° Optimizer Adam
1.24 1 Max. abs. rel. error log;o(Sge,)  21.0 %

124 128 1.32 1.36
Surrogate Ns [-]

Fig. 16 Results of the surrogate model for the entropy generation field when varying § using a purely data-driven approach
compared to Fig. 9. (a) Shows the calculated N from the temperature field of the full-order solutions from training and test

data and from the surrogate model. The lower-right panel shows the MSE for the scaled entropy generation field Sé’én, with
the corresponding unscaled values given in brackets in units of (W K~'m~3s71)2. (b) shows the correlation between the
predicted and test N;. The box shows the MSE and correlation coefficient. (¢) displays the hyperparameters of the neural

network
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the simulations were performed in a 2D medium. In a 3D medium, the heat flux towards the host rock will be
higher when the energetic state is distributed in fewer convection cells, which results in a higher N;.

5.2 Comparison to data-driven surrogate models

Data-driven surrogate models, although widely used [8, 11, 87], can exhibit disadvantages compared to physics-
based approaches. To highlight these differences, we construct an additional surrogate model for the case of a
varying dip angle §, with the training data shown in Fig. 7b. We employ a neural network (NN) that directly maps
the parameter [ to Sé’én of each node of the 3D mesh, with the results presented in Fig. 16. The training and test
MSEs (5.23 x 107 and 1.68 x 10~%) are comparable to those of the NI-RB surrogate, and both approaches show
maximum local errors of 21 % on the test dataset. Similar to NI-RB, the largest errors occur near the bifurcation
point at 82°. Excluding the two samples responsible for these peak errors, the training and test MSE reduce to
5.2 x 107 and 5 x 1072, respectively. The training error is thereby one order of magnitude larger than the NI-
RB approach, while the test error remains unchanged. The corresponding R? is 99.89 %. As Degen et al. [66]
emphasized, analyzing the differences between full-order and surrogate solutions can help address their respective
qualities. When they compared predicted versus true stress distributions along depth, the differences for NI-RB
appeared as straight lines, whereas the NN produced mostly straight lines with superimposed oscillations. This
reflects the fact that the NN yields results that statistically vary around the physical response, while the NI-RB
approach remains physically interpretable. In particular, NI-RB has proven to guarantee the scientific requirements
of scalability, interpretability, generalizability, and robustness for surrogate models [4, 88].

The differences between the NN and NI-RB are also visible when evaluating the predicted and true Ns in
Fig. 16b. Unlike the NI-RB surrogate, where the points mainly lie on the identity line (Fig. 9b), the NN results
are slightly shifted, consistent with the oscillatory behavior reported in Degen et al. [66]. This observation further
suggests that using Ny as an additional performance metric might be suitable for 3D models, where assessing local
differences can be complicated due to large-scale geometries.

5.3 Limitations

In this study, we represented the fault as a lower-dimensional interface, which is a reasonable assumption when
fluid flow follows the fault plane [35]. In this implementation, convection is constrained to 2D circulation cells
within the fault plane. Nevertheless, both 2D and 3D modes of thermal convection can coexist at fault zones
[18, 24]. Implementing a fully 3D fault core and damage zone would enable the investigation of interactions
between topography- and thermally-driven flows within permeable units, such as helicoidal flow patterns [24].
Also, in natural systems, fluid dynamics often result from a combination of forced and free convection [16,
18, 89]. Previous studies have shown that the onset of convection in heterogeneous geologic media is highly
sensitive to variations in the standard deviation of the lognormal permeability field [90]. Furthermore, depth- and
time-dependent variations in permeability can significantly influence the convection patterns at fault zones [23].
Finally, while neglecting viscous dissipation in Sgén is justified for this study, it should be considered in future
work, particularly in systems with forced convection driven by a hydraulic gradient. Also, the NI-RB shows its
full potential when considering time-dependent problems. Then, a reduction takes place in both the temporal
and spatial dimensions when performing the POD step [66]. Evaluating surrogate model performance under such
conditions can be an interesting task for future research.

6 Conclusion

We present multiple approaches to efficiently construct surrogate models of a fault zone-host rock system that
includes natural convection. While the benefits in the form of speed-ups of several orders of magnitude are apparent,
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hidden challenges arise from the coexistence of multiple solutions and transitions to dynamic, quasi-stationary
convective regimes. In the following, we highlight key considerations when developing surrogate models for
convective geothermal systems:

e Depending on the application, building the surrogate for the entropy generation field Sgén may provide more

robust results than a temperature-based surrogate. Since Sgén captures both thermal and hydraulic effects, it

can serve as a comprehensive indicator for evaluating epistemic uncertainties that can be directly computed
from the surrogate.

The evaluation of the entropy generation can help identify bifurcation points, where surrogate performance

typically deteriorates. Recognizing these regions can explain - and potentially mitigate - model limitations.

Exploring the phase space of the entropy generation number N, can help to identify stationary, quasi-stationary,

and chaotic states of the system.

Nj can be a suitable additional metric to evaluate the performance of the surrogate.

e Free convection processes inherently allow multiple physically plausible solutions, including bifurcating and
oscillatory patterns, which might require a stochastic evaluation of the system instead of a deterministic one.
When no prior information about the system is available, the incorporation of the perturbation parameters m, n
to the parameter space i of the surrogate model might help explore all possible solution branches with the
surrogate model.
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