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Abstract
Milling is a highly flexible and productive machining process characterized by an intermittent tool-workpiece engagement. To
further increase productivity, several force control strategies have been proposed tomaintain a constant load on themilling tool
for arbitrary engagement conditions. One example is model predictive force control (MPFC), which is attractive for milling
because it achieves high control performance without requiring calibration experiments. However, so far it has been limited
to three-axis milling. Machining processes for complex components like Blisks (bladed disks) require additional degrees of
freedom, referred to as multi-axis synchronous milling. Multi-axis milling poses a sensing challenge: Table rotations disturb
the force measurement of conventional table dynamometers. In this contribution, we propose anMPFC for five-axis positional
milling (also referred to as 3+2-axis milling) as an intermediate step towards five-axis synchronousmilling.We use an inverted
measurement model to compensate for rotational disturbances and introduce a novel method to identify the angular position of
the milling tool with maximum engagement for each position along the tool path in five-axis positional milling. Adaptations
in the generation of the position-dependent reference and careful parameter tuning enable the control scheme to optimize the
feed velocity without exceeding the computation time. The proposed method for approximating the maximum engagement
is applicable to both three-axis and five-axis positional milling. In five-axis positional milling, it reduces the mean absolute
force error from 42.6N achieved with an established approximation to 1.2N. In an experimental machining operation, the
MPFC reduced machining time by 67% compared with the manufacturer’s recommended feed velocity, without substantially
increasing the maximum tool load, and achieved a median absolute force-tracking deviation of only 10.3N. Overall, these
results demonstrate that the MPFC can be transferred from three-axis to five-axis positional milling while maintaining high
control performance, representing an intermediate step towards application in five-axis synchronous milling.
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Introduction

Milling is a highly versatile machining process that is
especially beneficial for manufacturing components with
complex geometries and high quality requirements. Themain
influence on both component quality and production time is
the process force that acts between the milling tool and the
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workpiece, which is monotonically related to the feed per
tooth. For a constant spindle speed, the feed per tooth is
proportional to the feed velocity, which is uncomplicated to
manipulate in comparison to other machining parameters.
Thus, feed velocity has become a key process variable in
milling (Matsubara & Ibaraki, 2009). Very slow feed veloc-
ities keep tool loads low, but lead to extended production
times. In contrast, inadequately high feed velocities cause
excessive loads on the milling tool, and thus premature tool
failure (Klocke, 2011, p. 345). Therefore, manipulating feed
velocity as a function of process force is of great interest to
improve milling processes (Ulsoy & Koren, 1993).

The process force depends strongly on the engagement
conditions, which vary depending on the relative positions
and respective geometries of both the milling tool and the
workpiece. In particular, complex milling operations result
in a wide range of engagement conditions and thus in varying
process forces. Other factors such as tool wear and inhomo-
geneities in the workpiece material also substantially impact
the process force (Klocke, 2011, pp. 68-71).

This high complexity poses challenges when introduc-
ing force control strategies in the milling process. Therefore,
choosing a constant feed velocity that is tuned with respect
to the worst-case engagement is often the most practical
strategy in industrial milling. This leaves the potential of
closed-loop force control largely unexploited, even though it
could both increase productivity and reduce the dependence
of process quality on operator experience (Ulsoy & Koren,
1993).

Motivated by this untapped potential, research has focused
on force-based adaptation of feed velocity using various
approaches. Early studies attempted to maintain a com-
manded active force using closed-loop control, namely
fixed-gain controllers (Milner, 1974) and adaptive con-
trollers (Lauderbaugh&Ulsoy, 1989;Ulsoy&Koren, 1989).
Although promising results were reported when the cut-
ting conditions matched those used during tuning, the need
for reliable additional sensors and a narrow working range
prevented the use of force control in industrial applica-
tions (Liang et al., 2004). A major step in realizing force
control was the development of process simulation soft-
ware, e.g., MasterCam or MACHpro, which has become
industrially established (Altintas et al., 2014). These tools
allow for the determination of engagement conditions along
the tool path, and thus a sufficient prediction of process
forces. Currently, popular approaches for force control can
be divided into simulation-based open-loop control, referred
to as feedrate scheduling (FS), and model-based closed-loop
control (Matsubara & Ibaraki, 2009).

Because FS relies solely on simulation results, the calcu-
lated feed velocity can be executed on standardCNCmachine
tools without additional sensing, making the method attrac-
tive for industrial applications. The feed velocity is typically

derived either from thematerial removal rate (MMR) or from
mechanistic force models. MMR-based methods are easier
to implement and thus already available in several commer-
cial CAM systems. However, in complex three- to five-axis
milling operations, only force model-based approaches cur-
rently achieve sufficient accuracy (Kurt & Bagci, 2011).
Force model-based FS approaches invert a linear process
model to compute the feed velocity needed to set com-
manded process forces. They obtain respective force model
coefficients from calibration cuts (Boz et al., 2010; Erkork-
maz, 2013; Salami et al., 2007). Although these approaches
provide excellent results immediately after calibration, the
accuracy degrades continuously with progressive tool wear.
The reason is the identified force model parameters, which
do not adapt according to the tool wear. Consequently, FS
approaches result in a mismatch between the active force in
simulation and themilling operation, and thus in an increased
load on the tool (Matsubara & Ibaraki, 2009). A promising
solution is tool condition monitoring systems that detect tool
wear and adapt the force model parameters accordingly (Liu
et al., 2022). However, to the best of our knowledge, no tool
condition monitoring system has been integrated in an FS
approach to adapt the force model parameters and thus the
feed velocity with respect to tool wear so far.

Closed-loop force control approaches, however, consider
the changing process behavior inherently. In order to estab-
lish a closed-loop force control strategy in milling, various
strategies have been explored to either measure or estimate
the process force. Some estimate the process force based on
motor currents (Altintas & Aslan, 2017; Tong et al., 2023)
or accelerations (Bakhshandeh et al., 2024), while most con-
trol schemes rely on commercially available dynamometers
(Altintaş, 1994; Altintas &Munasinghe, 1996; Koren, 1988;
Lauderbaugh & Ulsoy, 1989).

Modern adaptive force control strategies optimize the feed
velocity offline, similar to force model-based FS approaches.
For forcemodel parameter identification, calibration tests are
conducted. An adaptive controller then adapts the feed veloc-
itywith respect to the commandedprocess force,with a safety
margin that accounts for simulation inaccuracies (Altintas &
Aslan, 2017; Nishida et al., 2019; Tong et al., 2023; Zuperl
& Cus, 2012). These controllers were effective for arbitrary
engagement conditions, although their effectiveness has so
far been shown only for small errors in initially identified
parameters, and their performance for greater identification
deviations remains unknown. Moreover, the need for cali-
bration experiments to identify the force model parameters
complicates their use in industrial settings and therefore
reduces their attractiveness for industrial applications.

Optimization-based control schemes with a continuously
updated force model are particularly attractive for industrial
use because they do not require such calibration for param-
eter identification. Our group previously proposed a model
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predictive force controller (MPFC) to adjust the feed veloc-
ity online, based on a prediction of the upcoming changes
in the engagement conditions. In Schwenzer et al. (2022),
we proposed a 2-layer design of the controller: A refer-
ence generator calculates a position-dependent trajectory of
the feed velocity required to reach the commanded process
force. The underlying process model is based on a nonlin-
ear mechanistic force model and the engagement conditions
acquired by simulation. The MPC transforms this position-
dependent reference into a time-dependent one and sets the
feed velocity, aiming for maximum productivity while not
exceeding the reference velocity. Therefore, the MPC sub-
stantially increases the feed velocity while the milling tool
is not engaged and sets it accordingly during engagement.
To enable continuous adaptation, an ensemble Kalman filter
(EnKF) identifies the force model parameters for the current
revolution. Thus, the reference trajectory is generated based
on the most recent force measurement. In addition, the EnKF
enables identification in more complex engagement scenar-
ios.

While the described MPFC showed good control perfor-
mance in three-axis milling, the controller cannot be used
in multi-axis milling. First, the influence of the machine
table’s rotation distorts the dynamometer-based measure-
ment of process forces. Second, the controller approximates
the maximum force per revolution based on the engagement
conditions in the middle of the cutting depth, an approxima-
tion that is only valid in three-axis milling.

To overcome these limitations and make the MPFC appli-
cable to five-axis positional milling, we extend the control
algorithm described in Schwenzer et al. (2022) and make the
following key contributions:

• Integrating a measurement model into the MPFC to
reconstruct the process forces from table dynamometer
measurements under arbitrary table orientations.

• Developing an approximation of the maximum force per
revolution that enables online optimization of the feed
velocity in multi-axis milling while accounting for vary-
ing engagement conditions along the tool’s rotational
axis.

• Demonstrating effective force control experimentally in
five-axis positional milling.

Section Modeling presents the models and the force
approximation necessary to apply the MPFC to multi-axis
milling. The implementation of the main components is
described in Section Model predictive force controller. Sec-
tion Evaluation setup and protocol introduces the benchmark
machining process and protocols for simulation and exper-
iment. Section Results examines the approximation quality
and the control performance. We discuss the performance
of the MPFC and highlight the controller’s potential for

improvement in Section Discussion. Section Limitations
focuses on limitations of theMPFC that are not yet addressed
in its current version.

Modeling

Sections 3 introduce the submodels for a milling model in
detail. Furthermore, SectionApproximation of themaximum
force per revolution presents a novel method to efficiently
approximate the maximum force per revolution.

Model overview

The milling model for multi-axis milling consists of three
submodels, shown in Fig. 1. The machine model approx-
imates the dependency of the feed velocity vf on the
commanded feed velocity vf,cmd, based on the dynamics of
the machine tool. The process model represents the engage-
ment and therefore determines the process force FP based on
the feed velocity. In addition to the feed velocity, the process
force depends on the engagement conditions betweenmilling
tool andworkpiece. Inmulti-axismilling, themeasured force
is disturbed by the gravitational force FG and oriented in
the direction of the table dynamometer. Therefore, the mea-
surement model describes the dependence of the measured
force FM on the process force FP and other influences such as
mass of the workpiece and orientation of the machine table.
All three submodels are formulated to be computationally
efficient for use in the MPFC. The computation time of each
submodel remains below 1ms per evaluation.

Machinemodel

The machine model approximates the three translational
degrees of freedom of the machine tool with its built-in
position and velocity control. Due to the impact of the under-
lying control loops on the dynamics of the machine tool, a
modeling approach using a physics-driven model is not prac-
tical. Instead, the dynamics of the machine tool is modeled
as a second-order lag system between the commanded feed
velocity vf,cmd, which corresponds to the manipulated vari-

Three-axis milling process

Multi-axis milling process Engagement

Conditions

Machine 

Model

Process

Model

Measurement

Model

Fig. 1 Components of the model of a milling process according to
Fussell and Srinivasan (1991). In the block diagram, we assume a con-
stant spindle speed. The patterns represent the individual models and
indicate which model is employed in each component of the control
system
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Bottom slice

Fig. 2 Discretization of the milling tool according to Stemmler et al.
(2019)

able, and the feed velocity vf (Stemmler et al., 2017). Further
details on the parametrization of themodel and its quality can
be found in Appendix A.

Process model

The process model describes how the process forces in
tangential, radial, and passive directions depend on the
feed velocity and various process parameters. We formu-
late a model based on the nonlinear Kienzle-model (Kienzle,
1952), combined with a runout model (Kline et al., 1982).
In addition to the process parameters, the model comprises
eight forcemodel parameters, which are identified separately
for each machining operation. The process model is defined
and validated in detail in Rüppel et al. (2024). Therefore, we
briefly summarize the key aspects relevant in this contribu-
tion below.

The Kienzle-model describes process forces according
to the formation of chips, where chips are defined by
their width b and thickness h. In addition to this geomet-
ric information, the Kienzle-model utilizes two empirical
Kienzle-parameters ki and mi for each force direction to
describe the milling process.

The Kienzle-model is applicable for a straight cutting
edge. To account for the curved cutting edge of helical end
mills with their helix angle β and number of teeth Nth, the
milling tool is divided into Ns sliceswith the slicewidthbn , as
depicted in Fig. 2. The cutting edge for each slice is assumed
to be straight, allowing the formulation of the Kienzle-model
for each slice individually (Sutherland & DeVor, 1986). The
discretization introduces several indices for force direction,
tooth, tool slice, and discrete angular position, which are
summarized in Table 1.

The angular position ϕq,n, j is formulated for each slice n
and each tooth j based on the angular position ϕ0(q) of the
milling tool. Similarly, the force component Fi,n, j according

Table 1 Explanation of the indices used in the process model

Index Meaning Range

i force direction in CSCE t (tangential), r (radial) and
p (passive)

j tooth index j ∈ [1, Nth]
n index of the slice in the

discretized milling tool
n ∈ [1, Ns]

q index of the discrete
angular position of the
bottom slice

q ∈ [1, Nq]

to the Kienzle-model is given by

Fi,n, j = kiδ(ϕq,n, j )bnh
1−mi
q,n, j , i ∈ {t, r , p} (1)

for the process force in tangential (t), radial (r ) and
passive (p) directions, respectively. The overall force com-
ponent is obtained by summing the contributions of all slices
and teeth, reading:

Fi =
Nth∑

j=1

Ns∑

n=1

Fi,n, j , i ∈ {t, r , p}. (2)

The model depends on the angular position ϕq,n, j of each
cutting edge and the binary engagement factor δ, with

δ(ϕq,n, j ) =
{
1 ϕin,n ≤ ϕq,n, j ≤ ϕex,n

0 else
, (3)

which indicates whether the angular position of the cutting
edge is between the entry angleϕin and the exit angleϕex with
respect to tool and workpiece. The engagement of a slice is
shown in Fig. 3.

Entry and exit angles, along with other geometric param-
eters such as the feed direction angle α and the cutting
depth ap, are obtained for discrete points on the tool path
through an engagement simulation. They are summarized in
the engagement condition matrix � according to

� = (
pf ϕin,1 · · · ϕin,Ns

ϕex,1 · · · ϕex,Ns
α ap · · ·) . (4)

To acquire the engagement condition matrix, we use the soft-
ware dPart (Ganser et al., 2021).

The chip thickness is composed of the undeformed chip
thickness hnom,q,n, j that forms during an ideal engagement
of the milling tool, and the runout hrnt,n, j that tool deflection
causes. Hence, the chip thickness is defined as

hq,n, j = hnom,q,n, j + hrnt,n, j (ρx, ρy, n, j, β, dm, Ns). (5)
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Fig. 3 Engagement of a single slice according to Stemmler (2020).
MTCS denotes the machine tool coordinate system

with the runout being dependent on tools diameter dm, the
helix angle β and the empirical runout parameters ρx and ρy.
The undeformed chip thickness reads

hnom,q,n, j = ft(vf , vc, dnom, Nth)| sin ϕq,n, j | (6)

with the cutting speed vc. The functions are formulated in
detail in Rüppel et al. (2024). In force control strategies,
mainly the load on themilling tool perpendicular to its axis of
rotation is of interest because these force components cause
the deflection of themilling tool and, consequently, its break-
age. This load is represented by the active force Fa, which is
defined as

Fa =
√
F2
t + F2

r . (7)

Measurement model

The measurement model describes the influence of the pro-
cess force FP on the measured force FM. It is formulated
for a measurement setup with a table dynamometer mounted
on a machine table, which has two rotational degrees of
freedom, as depicted in Fig. 4. Conceptually, themodel trans-
forms the process force predicted in the coordinate system
of the cutting edge (CSCE) into the machine tool coordinate
system (MTCS), adds the gravitational force FG associated
with the workpiece and measurement-related masses, and
then transforms the resulting force into the measurement
coordinate system (MCS)1 of the dynamometer, taking into
account the current table orientation and the tared gravita-
tional load. Themeasurementmodel used in this contribution

1 The coordinate systems are represented as follows: a vector a is
denoted as Ca in the CSCE, Ta in the MTCS and Ma in the MCS.

Fig. 4 Machine tool setup for multi-axis milling, highlighting the coor-
dinate systems. The Machine Tool Coordinate System (MTCS) serves
as the inertial coordinate system, the Measurement Coordinate System
(MCS) is fixed to the table dynamometer, and the Coordinate System
of the Cutting Edge (CSCE) is fixed to the milling tool

was first introduced and validated in Ochudlo et al. (2023)
and is briefly summarized in the following.

The Kienzle-model defines the process force FP in the
coordinate system of the cutting edge (CSCE). the process
force CFP reads

CFP = (
Ft Fr Fp

)T
(8)

based onEq. (2). The process force transforms into theMTCS
according to

TFP = (
Fx Fy Fz

)T =
Nth∑

j=1

Ns∑

n=1

TCC(α, ϕq,n, j )
CFP,n,j (9)

with the rotation matrix TCC from CSCE to MTCS, which
depends on the angular position ϕq,n, j of the cutting edge
and the feed direction angle α.

Besides the process force FP, the gravitational force FG

influences the measured force FM. The dynamometer is
tared before the machine table is rotated. Thus, an apparent
constant negative force −FG,0 acts on the table dynamome-
ter in the inverse orientation to where taring took place
(frame M�). The gravitational effect depends on the work-
piece mass MWP and workpiece’s initial mass MWP,0,
respectively. In MCS, the measured tared force MFM is
expressed as

MFM = (
Fu Fv Fw

)T

= MCM0
M0CT

(TFP + TFG(MWP)
)

− M0CT
TFG,0(MWP,0)

(10)
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with the constant rotation matrix M0CT fromMTCS toMCS
at the instant of taring and the rotation matrix MCM0 that
results from the machine table’s nutation and spin angles
about the x- and z-axes by angles ϑx and ϑz, respectively
(precession angle is zero).

While the masses of the table dynamometer and the fixing
aid remain constant during milling, material is continuously
removed from theworkpiece, decreasing theworkpiece’s ini-
tial mass. This continuously reduces the mass affecting the
measurement. Thus, the material loss is calculated based on
the prior work of Rüppel et al. (2023). The rotation matrices
are provided in detail in Appendix B.

Approximation of themaximum force per revolution

Due to the intermittent engagement between workpiece and
milling tool, the active force oscillates between its maximum
and minimum level at tooth-passing frequency. This oscilla-
tion is irrelevant to the force controller, as the feed velocity
is not intended to follow it. Instead, the controller considers
the maximum active force Fa,max per revolution.

Since the active force depends on the orientation between
milling tool and workpiece, the angular position ϕ0 of the
milling tool, depicted in Fig. 2, determines the maximum
active force:

Fa,max = Fa(ϕ0,max), whereϕ0,max = argmax
ϕ0

Fa(ϕ0) (11)

using the formulation in Eq. (7). The angular position ϕ0,max

denotes the angular positionwhere themaximumactive force
over one revolution occurs.

Solving the optimization problem in Eq. (11) results in a
high computation time. Since the controller operates at a high
sampling rate, the optimization problem needs to be solved
offline. Therefore, approximations of the maximum active
force Fa,max are investigated to determine the corresponding
angular position ϕ0,max.

According to (Schwenzer, 2022, p. 95), the maximum
active force in three-axis milling occurs when the middle
slice ϕq,Ns/2,1 is perpendicular to the feed direction. When
the middle slice is not engaged, the maximum active force
occurs at the entry or exit angle of the tooth. Here, we refer to
this approximation as the Approximation using the Middle
Slice (AMS). It reads

ϕ0,max =

⎧
⎪⎨

⎪⎩

ϕin + 	ϕ , ϕin ≥ π
2 − 	ϕ

ϕex , ϕex ≤ π
2 + 	ϕ

π
2 + 	ϕ

2 , else

(12)

with

	ϕ = Nsbn
dm
2

tan(β). (13)

AMS only holds when all slices along the tool’s rotational
axis have the same engagement conditions andwhenonly one
tooth is engaged at a time. In multi-axis milling, however,
the tool’s rotational axis is generally not aligned with the
workpiece, resulting in different engagement conditions for
each slice. To address this challenge, we propose a novel
approximation strategy, which we refer to as Approximation
using Convolution (AC).

To find the maximum active force over one revolution, the
sum of the chip thicknesses needs to be maximized with
respect to the engagement conditions. Because the force
model parameters are unknown for a specific machining pro-
cess, we seek a formulation that separates their influence
from the engagement over one revolution. This separation
enables computation of the angular position with maximum
engagement offline, and online calculation of the active force
by evaluating one angular position. For AC, we divide one
revolution of the milling tool into Nq discrete angular posi-
tions, and thus the angular position ϕ0 of the milling tool is
described according to

ϕ0(q) = (q − 1)
2π

Nq
. (14)

The angular position ϕq,n, j of each cutting edge depends
on the angular position ϕ0 of the milling tool, on the
tooth j in relation to the number of teeth Nth and on the slice
n taking into account the milling tool’s shape (see Fig. 2):

ϕq,n, j = ϕ0(q) − 2( j − 1)π

Nth
−

n∑

o=1

(o − 0.5)bn
dm
2

tan(β).

(15)

The chip thickness consists of the undeformed chip thick-
ness hnom and the chip thickness hrnt caused by runout (see
Eq. (5). Since the runout parameters cannot easily be sep-
arated from the calculation of the chip thickness, we first
examine the undeformed chip thickness hnom according to
Eq. (6) while neglecting runout. Neglecting the runout is pos-
sible because it is constant over one revolution for a given
tooth and slice. The undeformed chip thickness depends on
the feed velocity and the engagement conditions, and it is not
directly influenced by the forcemodel parameters. To find the
maximum of the undeformed chip thickness, we introduce
the engagement condition ψ per slice based on Eqs. (3-6),
with

ψ(ϕq,n,t ) = δ(ϕq,n,t )| sin(ϕq,n,t )|. (16)

The cutting edges’ angular positions are represented in the
toolmatrixMtl ∈ R

Ns×Nq . Thismatrix stores the positions of
the cutting edges around the circumference of the tool. Each
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row corresponds to a slice and each column to a discretized
angular position. The entries of the tool matrix are 1 for the
positions of the cutting edge and 0 for all other positions,
resulting in a structure of the form

Mtl =

⎛

⎜⎜⎜⎝

0 1 0 . . . 0 0 1 0 . . . 0 0 0
...

0 0 0 . . . 1 0 0 0 . . . 0 1 0
0 0 0 . . . 0 1 0 0 . . . 0 0 1

⎞

⎟⎟⎟⎠ .

2π ← 0

(17)

The arrow below the matrix indicates the direction of an
ascending angular position of the cutting edges.

The engagement conditions are representedby the engage-
ment matrixMψ ∈ R

Ns×Nq , which is defined as

Mψ =
⎛

⎜⎝
ψ(ϕ1,Ns,1) . . . ψ(ϕNq,Ns,1)

...

ψ(ϕ1,1,1) . . . ψ(ϕNq,1,1)

⎞

⎟⎠

0 → 2π

(18)

By performing a convolution operation, denoted by ∗,
between the tool and engagement matrices, we determine
the angular position ϕ0,max of the milling tool causing the
maximum active force by evaluating the convolution result
at angular index q and taking the column sum:

ϕ0,max = ϕ0(qmax), qmax = argmax
q

∥∥(Mtl ∗ Mψ)(q)
∥∥
1 .

(19)

During convolution, each discrete angle in the tool matrix
must match the corresponding discrete angle in the engage-
ment matrix, so that the computed overlap represents the
actual physical alignment. To compensate for the inherent
inversion in the convolution operation, the order of ascend-
ing angular positions in the two matrices must be reversed,
as already indicated in Eq. (17–18).

After computing the angular position with maximum
undeformed chip thickness over one revolution (see Eq. (19),
we consider the effect of runout, which affects the force on
each tooth differently. Since runout depends on several pro-
cess variables and may vary during machining, its effect is
difficult to predict a priori. To account for the effect of runout
without adding additional sensors for radial displacement,we
compute the maximum active force by evaluating the active
force for each tooth according to

Fa,max = max
j

Fa

(
(ϕ0,max + ( j − 1)

2π

Nth
), vf

)
. (20)

As the calculation is based on known runout parameters for
a given feed velocity, it must be carried out online, result-
ing in Nth force evaluations, one for each tooth. Although
the formulation does not reduce the online force evaluation
to a single angular position per revolution, the number of
evaluations remains acceptable for online computation of the
maximum active force.

Model predictive force controller

The following sections introduce the closed-loop force con-
troller and give details on the different components.

Controller overview

The above-mentioned models are employed in a model pre-
dictive force controller (MPFC), which is depicted in Fig. 5.
The manipulated variable is the commanded feed veloc-
ity vf,cmd, and the controlled variable is the active force Fa.
The controller relies on the measurements of the feed posi-
tion pf , the feed velocity vf , the angular position ϑ , and the
measured force MFM. The measured force is transformed
into the process force TFP by inverting the rotation model
in Eq. (10). The workpiece mass MWP along the tool path is
computed from the engagement condition matrix �, which
is obtained from an engagement simulation. While both the
engagement condition matrix and the workpiece mass are
computed a priori, the main components of the MPFC are
repeatedly executed at every time step. Based on the engage-
ment conditions and the measured process force, a parameter
estimator identifies the state vector xPR comprising the pro-
cess force and the forcemodel parameters. The updated force
model parameters are then used by a reference generator
to calculate the reference feed velocity vf,Ref required to
achieve the commanded active force Fa,cmd. Based on this
velocity reference and the machine tool’s state vector xMT,
a velocity controller actuates the machine tool by setting the
commanded feed velocity vf,cmd. The machine tool’s state
vector xMT is estimated using the Extended Kalman filter
introduced in Stemmler (2020).

Although we do not explicitly evaluate the force-tracking
error between commanded and measured active force, the
measured process force is fed back in every time step through
the online update of the process model. Since the measured
process force includes the active force and directly influ-
ences the reference feed velocity, we classify the scheme as
a closed-loop controller. In the following sections, the main
components of the force control scheme are introduced in
detail.
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Fig. 5 Block diagram of the
MPFC. The patterns indicate
which models are used in the
respective controller
components (see
Section Modeling)

Parameter
Identification

Engagement
Simulation

State
Estimation

Force
Rotation

CAD, tool geometry

Machine Tool
including 

Table Dynamometer

Reference
Generator

Control
Velocity

Mass Loss

online

offline

Parameter estimation

Influencing factors like tool wear continuously change the
dynamics of the milling process, leading to an increasing
mismatch between the process forces predicted by the pro-
cess model and those measured in machining. To adapt the
process model to these varying dynamics, we continuously
estimate the parameters of both the Kienzle-model and the
runout model using an ensemble Kalman filter (EnKF) based
on prior work of Schwenzer et al. (2022).

The state vector xPR,which represents themilling process,
contains the instantaneous process force inMTCS and the six
force model parameters, resulting in

xPR = (
Fx Fy kt mt kr mr ρx ρy

)T
. (21)

Adetailed formulation of theEnKFcanbe found inAppendix
C.

For tuning the EnKF, the number of particles NE deter-
mines the ensemble size, and the measurement covari-
ance �PR approximates the measurement noise. We assume
that the influence ofmeasurements in the x-direction on those
in the y-direction, and vice versa, can be neglected. Thus, the
measurement covariance �PR is a diagonal matrix, which
reads

�PR =
(

�PR,1 0
0 �PR,2

)
(22)

with the covariance values �PR,1 and �PR,2. The primary
restriction on the number of particles is the sampling
time. For initialization of the ensemble matrix XPR, which
comprises all particles, we used the approach introduced
in Schwenzer et al. (2022). The force model parameters of

different particles span over a wide range of materials, rep-
resenting literature values from aluminum to Inconel and
beyond. This approach guarantees convergence within the
initial force model parameter space and eliminates the need
for calibration experiments to roughly determine parameters
for a specific machining process.

Reference generator

The reference generator calculates the reference feed veloc-
ity vf,ref that results in the commanded active force Fa,cmd.
The basic formulation of the reference generator used in
this contribution was first introduced in (Schwenzer, 2022,
pp.93-98). However, computational requirements required
adaptations for multi-axis milling, as outlined in the follow-
ing.

The reference generator calculates the reference depen-
dent on the base position vector pf,Ref . The base position
vector comprises a number NRef of evenly spaced positions
along the tool path, separated by the distance 	pf , resulting
in

pf,Ref(k) = pf(k) + (
0 	pf 2	pf . . . (NRef − 1)	pf

)T
.

(23)

Due to the discretization of the milling tool, the reference
feed velocity cannot be calculated analytically. Therefore,
the reference generator solves the optimization problem

min
vf,Ref

‖Fa,cmd − Fa,max(ϕ0,max( pf,Ref), vf,Ref , CRef xPR)‖2

(24)
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numerically using the derivative-free optimizer BOBYQA
(Powell, 2009), considering the angular position ϕ0,max with
maximum engagement and the current force model param-
eters. For extracting the force model parameters from the
parameter estimation state vector xPR, we define the output
matrix

CRef =
(
02×2 02×6

06×2 I6×6

)
(25)

with the zero matrix 0n×m ∈ R
n×m and the identity

matrix In×n ∈ R
n×n .

In three-axis milling, the computational cost of determin-
ing the reference feed velocity was not a concern. Solving
the optimization problem for NRef = 300 base positions
required approximately 22ms in total (Schwenzer, 2022,
p. 98). However, in multi-axis milling, the complex engage-
ment conditions substantially increase the computation time
per optimization. Solving the optimization problem for a sin-
gle base position can take up to 4ms, and the computation
time is not deterministic. Consequently, in five-axis posi-
tional milling the reference generator can no longer compute
the reference feed velocity for 300base positions and requires
modification. The modified working principle of the refer-
ence generator is shown in Fig. 6.

To reduce computational requirements, we increase the
discretization distance to 	pf = 0.3mm and interpolate
values between two calculated references in increments of
0.05mm to flatten the reference feed velocity. Since the ref-
erence generator determines the active force for the base
position vector, the controller can respond only to changes
in engagement conditions at the resolution provided by the
discretization distance. Further increasing the discretization
distance has proved impracticable because the controller
can no longer accurately set the commanded feed velocity
to prevent excessive force peaks. Despite these efficiency
improvements, considering the worst-case calculation time,
only five reference points are calculated per controller cycle,
resulting in a reference feed velocity for only 1.5mm ahead.
This reference proved insufficient for the MPFC to adapt the

0 100.3 0.6 0.9 1.2 5.71.5

C1

I1

C2

I2

C3

I3

C4

I4

C20

I20

C34

I34
C7

C6
I7

C5 I5

I6

in mm

Fig. 6 Anticipatory operating principle of the reference generator with
respect to abrupt changes in the engagement conditions. C marks posi-
tions at which the optimization explicitly computes a reference point. I
marks positions filled in by linear interpolation

machine tool’s feed velocity in time to react to abrupt changes
in the engagement conditions.

Therefore, after four steps, the algorithm jumps ahead
by 15 steps (or 4.5mm) and linearly interpolates all values
between these points. The machine tool needs roughly 10ms
to set large velocity differences, which occur for instance
upon the tool’s entry into the workpiece. Considering the
maximum feed velocity, the machine tool would advance
1.9mm in this time. In order to detect the entry into the work-
piece early enough, a jump ahead in the reference of three
times the maximum progress proved sufficient. This update
strategy ensures that the MPFC always has sufficient, up-to-
date information on the desired velocity. The optimization
then resumes from step five (1.5mm) until the next controller
cycle begins. As a further precaution, the velocity vector is
populated with the most recently calculated values up to a
distance of 10mm.

Velocity control

The reference generator computes a reference feed velocity
that, according to the process model, results in the com-
manded active force. However, this computation does not
take the machine tool’s dynamic limitations into account. If
the reference feed velocity were used directly as the manip-
ulated variable, the limited acceleration and deceleration
capabilities of themachine tool could lead to temporary force
peaks, especially at abrupt changes in engagement condi-
tions. The velocity control, therefore, aims to command the
highest achievable feed velocity that does not violate the
commanded force, while respecting the dynamic limitations
of the machine tool. By predicting the near-future behav-
ior of the machine tool and setting the manipulated variable
at each time step k according to a cost function, the Model
Predictive Controller (MPC) computes a commanded feed
velocity that respects these dynamic limitations while stay-
ing as close as possible to the reference feed velocity. The
MPCpredicts the behavior over the prediction horizon,which
is defined by the lower prediction horizon N1 and the upper
prediction horizon N2. Predicted values over the prediction
horizon are denoted as (·|k). By introducing the prediction
horizon and minimizing a cost function for Nu optimization
variables, the MPC handles the control task with respect to
computational limits. The general formulation is introduced
in detail in Maciejowski (2002). In this contribution, we use
the reference-tracking linear MPC formulated in Stemmler
et al. (2017).

Initially, the MPC transforms the position-dependent ref-
erence feed velocity into a time-dependent one. Based on the
last predicted position pf(·|k − 1), the maximum possible
increase in the current position is approximated by

pf,max(·|k) = pf(·|k − 1) + Tsvf,cmd,max (26)
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with the maximum feed velocity vf,cmd,max that the machine
tool can safely provide. The maximum feed velocity vf,max

is determined according to

vf,max(·|k) = vf,Ref
(
pf(·|k − 1)

)
(27)

based on the prediction of the MPC and the reference
feed velocity calculated by the reference generator. For-
mulating the optimization problem requires decomposing
the commanded feed velocity vf,cmd(k) into the previ-
ously commanded velocity vf,cmd(k − 1), which cannot be
further optimized, and the optimized commanded veloc-
ity 	vf,cmd(·|k) according to

vf,cmd(·|k) = vf,cmd(k−1)+
⎛

⎜⎝
1 · · · 0
...

. . .
...

1 · · · 1

⎞

⎟⎠ 	vf,cmd(·|k). (28)

The MPC determines the position and velocity over the pre-
diction horizon using the state space defined in Eq. (D15),
which enables the MPC to predict the position pf(·|k) and
velocityvf(·|k)usingboth theknown future systemdynamics
and the dynamics caused by changes in the commanded feed
velocity.Theprediction is introduced indetail inAppendixD.

The cost function for the MPC consists of four terms: the
tracking error between the desired and predicted positions,
the change in the optimized variable, and two termsminimiz-
ing the slack variable ε, which introduces soft constraints on
the feed velocity. These terms are weighted by the weighting
matrices Q, R, and T, respectively:

min
	vf,cmd,ε

‖ pf,max(·|k) − pf(·|k)‖2Q + ‖	vf,cmd(·|k)‖2R
+‖ε(·|k)‖2T + Tε(·|k).

(29)

For the weighting matrices, we choose

Q = I, R = γ I, T = ηI, (30)

with the tuning parameters γ and η. The optimization is sub-
ject to constraints

vf,cmd(·|k) ≤ vf,cmd,max,

vf(·|k) ≤ vf,max(·|k) + ε(·|k),
ε(·|k) ≥ 0,

(31)

which encode that the commanded feed velocity may not
exceed the maximum velocity of the machine tool, and that
the feed velocity may not exceed the velocity given by the
reference generator. The non-negative slack variable ε is
introduced to guarantee feasibility at each time step when
the second constraint cannot be satisfied.

Optimization is carried out using the solver qpKWIK,
which is provided by Schmid and Biegler (1994). Although
optimization considers the commanded feed velocity over the
entire prediction horizon, the MPC only outputs the current
commanded feed velocity vf,cmd(k|k) to actuate themachine.

Evaluation setup and protocol

For evaluation of the MPFC, we designed a test geome-
try and defined appropriate production parameters for stable
machining, presented in Section 4.1. Section 4.2 explains the
simulative validation of the approximation of the engagement
conditions in detail. Additionally, we conducted experiments
on a specialized machine tool integrating a non-industrial
hardware framework, which allowed acquisition of detailed
signals and precise manipulation of the machining process,
as described in Section 4.3.

Design of the benchmarkmachining process

The benchmark five-axis positional machining process used
in this work was first introduced in Rüppel et al. (2024) and
is briefly described here. The machined geometry, depicted
in Fig. 7, was designed to cover a wide range of engagement
conditions that are typical in industrial milling processes.
Consequently, tuning the algorithm to a particular engage-
ment scenario was not possible.

In both three-axis milling and five-axis positional milling,
the milling tool enters and exits the workpiece three times.
The first cut (area A) is characterized by a straight entry
and an exit with an angle of 32◦ with the tool engaged with
its full diameter in the workpiece. In the second cut (area
B), the milling tool enters the workpiece with an angle of
32◦ and exits the workpiece straight. The milling tool has a
radial immersion of 75% of the tool diameter. In the third cut
(area C), characterized by a greater cutting depth, both entry
and exit are straight, and the milling tool has a radial immer-
sion of half its diameter.

In three-axis milling, the milling tool and workpiece are
aligned (ϑx = 0◦), whereas in five-axis positional milling,
the workpiece is tilted by ϑx = 20◦ during machining. Tilt-
ing the workpiece increases process complexity, because the
engagement conditions vary along the tool height from slice
to slice, while in three-axis milling they remain identical for
all slices at each position on the tool path (see Fig. 8).

Particularly during the quick entry and exit of the milling
tool, rapid changes in the engagement conditions highlight
the force controller’s ability to suppress force peaks. In
contrast, the constant engagement phases reveal the overall
control performance and adaptability under uniform condi-
tions.
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Fig. 7 Detailed representation
of the machined geometry with
its three cuts A–C according to
Rüppel et al. (2024)
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To visualize these effects, Fig. 8 additionally shows
the qualitative active force that occurs in simulation when
machining with a constant feed velocity for both three-axis
and five-axis positional milling.

As discussed, the active force comprises both quick
changes and constant sections. The increased complexity in
multi-axismilling is especially notable during the tool’s entry
and exit, where the engagement conditions change for each
position on the milling path and for each slice differently,
resulting in a more complex shape of the active force.

We set up the milling process according to the manufac-
turer’s recommendations and pre-trial results. The process
parameters are shown in Table 2.

Simulation protocol to validate the approximation
of themaximum force per revolution

The approximation of the maximum force per revolution is
a key factor to enable online optimization of the feed veloc-

ity with respect to the predicted active force. The AMS has
already proven to be applicable in three-axis milling.

We hypothesize that the AC provides similar quality in
approximating the maximum force in three-axis milling as
the AMS. Furthermore, we expect AC to maintain high
approximation quality in multi-axis milling.

To validate the approximations, we performed simula-
tions of the milling process for both three-axis and five-axis
positional milling using the simulation model introduced
in Rüppel et al. (2024).

The force was calculated with a sample rate of 5kHz to
ensure that the active force is computed close to its peak.
To obtain the maximum active force per revolution, we
introduced a sliding window spanning one revolution. The
maximum active force inside the sliding window was deter-
mined, then thewindow advanced forward by one revolution,
resulting in non-overlapping segments covering the entire
simulation result.

For each sample point where a maximum active force was
found, the active force was also calculated using the same
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Table 2 Parameters of the
machining process

Number of teeth Tool diameter Helix angle Cutting speed Slice width
Nth dm β vc bn
(-) (in mm) (in ◦) (in mmin−1) (in mm)

2 10 35 80 0.1

Table 3 Force model parameters in simulation

Kienzle-parameters Run-out parameters
kt kr mt mr ρx ρy
(in N/mm2) (in N/mm2) (-) (-) (in mm) (in mm)

1720 122 0.17 0.61 −0.001 −0.001

process parameters and ϕ0,max from both AMS and AC. As
quality metrics, the mean absolute error (MAE) and the max-
imum difference 	Fa,max between the maximum simulated
active force2 and the approximation were determined. The
maximum difference 	Fa,max reads

	Fa,max = Fa,max(ϕ0,max) − Fa,max, (32)

Weconducted each simulationusing a constant feedveloc-
ity, ensuring that process force variations arose solely from
changes in the engagement conditions.

To choose the feed velocity appropriately, we relied on
information provided by the tool manufacturer. The tool
manufacturer provides recommendations for the feed veloc-
ity based on the workpiece material and the engagement
conditions. For a fully engaged milling tool with a cutting
depth of 2.5 mm and 42CrMo4 as a workpiece material,
the manufacturer recommends a feed velocity between a
minimum of vf,min = 7.64mmmin−1 and a maximum
of vf,max = 183.35mmmin−1 (Seco Tools GmbH, 2025).
Thus, we performed simulations considering these two tech-
nological limits and their resulting mean value. We used the
same feed velocities for both three-axis milling and five-axis
positional milling because the manufacturer did not provide
recommendations for a multi-axis milling process.

The force model parameters set in the simulation are
shown in Table 3.

Experimental protocol to validate thempfc

The effectiveness of force controllers can be demonstrated by
their ability to maintain a commanded force throughout the
machining process and maximize the feed velocity when not
engaged. The general effectiveness of an MPFC has already
been shown for three-axismilling by Schwenzer et al. (2022).

2 To distinguish between measurement and model-based calculation of
a variable a, we denote the measured variable as a.

We hypothesize that our proposed MPFC can similarly
maintain the commanded active force in five-axis positional
milling, thereby significantly reducing production time com-
pared to machining with a constant feed velocity, without
adversely affecting the milling tool. We expect our proposed
controller to achieve similar results in five-axis positional
milling as the force controller introduced by Schwenzer et
al. (2022) in three-axis milling.

To validate the MPFC, we manufactured the geome-
try introduced in Section 4.1 three times. We conducted
machining operations on a five-axis Mazak VARIAXIS i-
600 machine tool equipped with a Siemens SINUMERIK
840D sl numerical control (NC) unit. Theworkpiecematerial
was 42CrMo4 steel, and the milling tool was the two-fluted
cemented carbide end mill JSE512100D2C.0Z2 SIRA sup-
plied by Seco Tools GmbH, Erkrath, Germany. The initial
workpiece mass was 8.78kg for the controlled experiment
and 8.14kg for the experiment with constant feed velocity,
respectively. During machining, 7g of workpiece material is
removed from the workpiece.

A measurement setup comprising a Kistler 9255B table
dynamometer, connected to a Kistler charge amplifier
Type 5070, recorded the forces at a sampling rate of 5kHz,
i.e., about 60 times higher than the tooth-passing frequency of
85Hz. The controller ran on a compact Rio (cRio) real-time
edge computer by National Instruments with a sampling rate
of 50Hz. Process signals were obtained via the Axis Data
Stream (ADAS) software feature and transmitted at 500Hz
to the cRio device. To manipulate the feed override, the cRio
communicated with the NC via OPC Unified Architecture
(OPC UA). The override was updated via synchronous func-
tion.

Preliminary tests were performed to determine appropri-
ate parameters for the force controller. The corresponding
parameters are summarized in Table 4. Both the MPC and
the EnKF were configured such that their computations are
always completed within one control cycle. In terms of
control effectiveness, the tests revealed that the choice of
the MPFC parameters γ and N2 most substantially affects
control performance. Consequently, the parameter tuning
focused particularly on these two parameters.

Since closed-loop force control in multi-axis milling is
currently an active research topic, a technological and eco-
nomic view on choosing the optimal commanded active force
in multi-axis milling has been lacking thus far. Therefore, we
determined an appropriate commanded active force based
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Table 4 Parameters of the
MPFC in the experimental
validation

EnKF tuning parameters MPC tuning parameters
�PR,1 �PR,2 N1 Nu N2 η γ NE NRef Ts vf,cmd,max

(-) (-) (-) (-) (-) (-) (-) (-) (-) (in s) (in mmmin−1)

3000 3000 3 4 16 104 0.5 20 200 0.02 1272

on the tool manufacturer’s information for three-axis milling
provided in Section 4.2.

Hence, we machined the non-tilted geometry in Fig. 7
using the recommended maximum feed velocity vf =
183.35mmmin−1. The maximum active force measured in
this experiment was 342.3N. Since we used a new tool, the
tool manufacturer guarantees safe operation of the milling
tool for forces below this value. Therefore, we set the com-
manded active force to Fa,cmd = 300N for the closed-loop
experiments with a tilted workpiece. For the baseline experi-
ment, we again chose the tool manufacturer’s recommended
maximum feed velocity.

We evaluated the force controller’s performance using
multiple quality metrics. Since the controller’s objective is
to maximize productivity, we consider the overall machining
time and the cutting time, where the tool is actively engaged.
The latter metric is particularly relevant because it remains
unaffected by the feed velocity between cuts, which might
be carefully adjusted in industrial applications. However, this
adjustments would require the use of simulation tools that are
not always available in industry, or a trial-and-error approach
that requires substantial time and operator experience, mak-
ing the adaptation attractive only for long production times
or high-volume manufacturing.

Besides maximizing productivity, maintaining a desired
commanded force is a main concern for the force con-
troller. Preliminary evaluations revealed that evaluating the
difference between commanded and measured active forces
throughout the machining process is heavily influenced by
limitations in machine dynamics and inaccuracies in the sim-
ulated engagement conditions. These effects overshadowed
the exceeding of the commanded active force, which is the
key factor in maintaining the force. Thus, force metrics com-
prising the entire machining process provide limited insight
into the controller’s effectiveness.

To capture short but potentially tool-damagingpeaks in the
active force, we evaluate the maximum active force ‖Fa‖∞
duringmachining. As ameasure of the force-tracking perfor-
mance, we introduce the median absolute deviation (MAD),
which quantifies the deviation from the commanded force
while being robust to the aforementioned limitations. To fur-
ther focus on exceedances of the commanded active force,
we compute the root mean square error for all Ncg instances
where the active force exceeds the commanded active force,

indicated as CG-RMSE in the following. The CG-RMSE
reads

CG-RMSE =

√√√√√ 1

Ncg

Ncg∑

i=1

(Fa,i − Fa,cmd)
2, where Fa,i > Fa,cmd.

(33)

Results

We conducted both simulations and milling experiments to
evaluate approximation quality and force controller perfor-
mance. In the following sections, we present these results.

Simulation results

The simulated active force and the calculated active force
based on both approximations for three-axis and five-axis
positional milling are shown in Fig. 9. Circles indicate the
maximum simulated active force in each segment of the slid-
ing window.

The performance of the approximations is summarized in
Table 5.Overall, as the feed velocity increased, themaximum
active force as well as the MAE and the maximum devia-
tion tended to increase for both approximations. A notable
exception was the MAE for small feed velocities using AC
in five-axis positional milling, which is higher compared to
the MAE for increased feed velocities.

For three-axis milling, both approximations performed
equally well, with MAE values below 1N for all feed
velocities. The AC proved less susceptible to temporary
inaccuracies, reducing the maximum deviation to 29.5N
compared to 64.0N for the AMS.

By contrast, the AMS no longer accurately represented
the maximum force per revolution in five-axis positional
milling, resulting in an increase in MAE of up to 42.6N. In
comparison, the AC maintained an MAE of 1.24N, thereby
outperforming the AMS.

Experimental results

An exemplary result of the five-axis positional milling
experiment with the tool manufacturer’s recommended feed
velocity and with the closed-loop manipulated feed velocity
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a)

b)
AMS

slid. wind.
AC

Fig. 9 Simulated active force from the process model and correspond-
ing approximations of the maximum active force during machining of
the test geometry at a constant feed velocity of 183.35mmmin−1, a)
for a non-tilted workpiece, b) for a tilted workpiece. AMS refers to the
establishedApproximation using theMiddle Slice, whereasAC denotes
the Approximation using Convolution (see Section Approximation of
the maximum force per revolution). The label slid. wind. refers to the

sliding window, which is used to determine the maximum active force
per revolution. The figure shows that both the AMS and the AC cor-
rectly determine the angular position at which the maximum force per
revolution occurs. While the AMS can no longer approximate the max-
imum active force per revolution in five-axis positional milling, the AC
still maintains a high approximation quality

Table 5 Comparison of the approximation quality for different feed velocities

feed velocity max.force quality metric max. force difference quality metric max. force difference
AMS AC

vf ‖Fa‖∞ MAE ‖	Fa,max‖∞ MAE ‖	Fa,max‖∞
(in mmmin−1) (in N) (in N) (in N) (in N) (in N)

Three-axis 7.64 54.34 0.0955 13.2 0.0852 5.05

95.5 185.6 0.439 41.8 0.479 6.04

183.35 296.6 0.790 64.0 0.872 29.5

Five-axis position. 7.64 64.97 17.0 34.7 5.98 13.6

95.5 186.5 28.7 68.6 1.22 27.4

183.35 297.1 42.6 103 1.24 24.5

is depicted in Fig. 10 and Fig. 11, respectively. Themaximum
active force obtained from the sliding window is shown in
blue, and the predicted maximum active force based on the
identified force model parameters is shown in green.

The results of the five-axis positional milling experiments
are summarized in Table 6. When manufacturing with the
constant feed velocity, the active force remained below the
commanded value for most of the machining operation,
resulting in amaximumpeak force of 322N and aCG-RMSE
of 6.53N. However, the good performance in avoiding force
exceedance came at the expense of poor force-tracking per-
formance. The constant feed velocity led to a conservative
active force for most of the machining process (see Fig.10),

as reflected by a MAD of 89.7N and a machining time of
86.1s.

In contrast, the MPFC achieved substantially better force-
tracking performance with a MAD of 10.3N, and thereby
reduced the machining time to 28.6s (corresponding to a
time reduction of approximately 67%). Exceedances of the
commanded force occurred more frequently, however, the
MPFC was able to prevent high peak forces, limiting the
maximum peak force to 384N and the CG-RMSE to 26.1N
(see Fig. 11).

To put our results in perspective, we additionally eval-
uated both the time and force metrics from the three-axis
milling experiment in Schwenzer et al. (2022). In that study,
the commanded active force was increased to 500N because
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feed velocity

commanded active force

measured active force

predicted max. active force

measured max. active force

Fig. 10 Feed velocity and resulting active force in baseline experiment,
where a constant feed velocity of 183.35mmmin−1 was used

the workpiece material and therefore the tool manufacturer’s
recommendation differed. Furthermore, the constant feed
velocity was set less conservatively, resulting in a higher
force-tracking performance, but at the same time in higher
force exceedance and thus in a CG-RMSE of 60.6N instead
of 6.53N as observed in this contribution.

The MPFC improved maintaining the commanded force
compared to machining with a constant feed velocity, reduc-
ing both the MAD from 37.8N to 22.0N and the CG-
RMSE from 60.6N to 13.5N. Since reducing active force
exceedance resulted in similar cutting times, the controller
reduced the machining time mainly by increasing the feed
velocity between cuts (Schwenzer et al., 2022).

Discussion

The following sections evaluate and discuss both the approx-
imation quality and the controller performance.

Fig. 11 Feed velocity and resulting active force using the MPFC. The
figure shows the controller’s ability to maintain the active force at its
commanded value during machining of the test geometry by adjusting
the feed velocity

Quality of the approximation of themaximum force
per revolution

In three-axis milling, the low MAE indicated that both the
AMS and the AC generally determined the correct angular
position ϕ0,max, where the maximum active force per rev-
olution occurred (see Table 5). The MAE was similar for
both approximation methods, and the AC was more robust
against temporary approximation errors of the engagement
conditions, which was shown by the reducedmaximum devi-
ation.

Hence, our hypothesis was confirmed that the AC pro-
vides a high approximation quality in three-axis milling.
Since the AMS has already demonstrated its effectiveness in
a closed-loop force controller, the similarly performing AC
can probably be used in three-axis milling without decreas-
ing control performance. The smaller maximum deviation
may reduce the likelihood of high peak forces, but was not
verified in this contribution.
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Table 6 Results of the experimental validation in five-axis positional milling and experimental validation from Schwenzer et al. (2022) in three-axis
milling for comparison

commanded force force metric max. force cutting time machining time
Fa,cmd MAD CG-RMSE ‖Fa‖∞ tcut ttotal
(in N) (in N) (in N) (in N) (in sec) (in sec)

Five-axis positional milling

MPFC 300 10.3 26.1 384 20.6 28.6

Const. feed velocity 300 89.7 6.5 322 35.2 86.1

Three-axis milling (from Schwenzer et al. (2022))

MPFC 500 22.0 13.5 529 25.3 33.6

Const. feed velocity 500 37.8 60.6 626 25.5 63.6

Inaccuracies in the approximation can be separated into
two categories. The first category was the model error
due to approximation inaccuracies, particularly noticeable
when engagement conditions changed rapidly, as exemplar-
ily observed in Fig. 9 a) at 76.1s using the AMS.

The second type was a periodic deviation between the
simulation and the approximation, which arose from dis-
crete sampling of the angular position in simulation. If the
angular position was not sampled exactly at the point of
the highest active force, a small error occurred because the
approximation suggested a slightly higher active force than
the simulation. We provide a more detailed analysis of this
deviation in Appendix E. This deviation becamemore severe
with smaller tool engagements, especially observable at the
tool exit and in the third cut.

We were unable to separate these two types of errors
without increasing the sample rate of the simulation model,
which, however, is not possible in the experimental validation
due to the sampling rate of the table dynamometer. Conse-
quently, we did not compensate for the periodic deviation,
but rather evaluated the combined resulting error.

In five-axis positional milling, the AMS no longer accu-
rately determined the maximum force, causing the MAE
to increase to 42.6N. The different engagement conditions
across the milling tool’s height probably prevented an accu-
rate approximation using the middle slice.

In contrast, the AC maintained good model quality for
a wide range of feed velocities, achieving a MAE of less
than 1.24N for high feed velocities. Inaccuracies arising
from the sampling rate of the simulation model likely
accounted mainly for the observed deviation. Furthermore,
minor fluctuations in the engagement conditions acquired by
the engagement simulation reduced the approximation accu-
racy. Thus, we could confirm our hypothesis that the AC is
both viable in three-axis and five-axis positional milling.

Further improving approximation quality would require
an increase in the number of slices Ns. However, a trade-off
between accuracy and calculation time needs to be found to
operate theMPFC. For small feed velocities, numerical inac-

curacies had a greater impact on the model quality, resulting
in an MAE of 5.98N for the minimum feed velocity. For the
machining process in this contribution, however, a high feed
velocity was desired and, therefore, the lower technological
limit of the feed velocity was less critical. The MAE of less
than 1.24N for higher feed velocities and a maximum devi-
ation comparable to that of the AMS in three-axis milling
indicate that the AC has a high approximation quality and
can be used in an MPFC for five-axis positional milling.

It is important to note that the evaluation of the active force
at all angular positions unlikeϕ0,max led to lower active forces
than the true maximum active force. However, in the open-
loop simulation, the feed velocity was not adjusted based
on this incorrect approximation. Using an incorrect approx-
imation in a closed-loop experiment would result in high
oscillations of the active force due to inaccurate identifica-
tion and prediction of the active force, potentially leading to
the controller becoming unstable. This could result in dam-
aging the machine tool, therefore, we do not test an MPFC
including the AMS in five-axis positional milling in this con-
tribution.

Performance of the force controller

The experiments indicate that the MPFC is able to maintain
a commanded active force in a five-axis positional milling
operation, clearly outperforming the machining approach
using a constant feed velocity. The MPFC reduced the MAD
from 89.7N in the experiment with a constant feed veloc-
ity to 10.3N, while maintaining the commanded active force
with just minor force exceedance and a CG-RMSE of 26.1N
(see Table 6). Considering this CG-RMSE and the overall
maximum active force of 384N across all three experiments,
it is highly unlikely that the process forces adversely affected
themilling tool. Thus, our hypothesis that theMPFC is appli-
cable in five-axis positional milling is confirmed.

High peak forces in the controlled experiment were pri-
marily observed when the engagement conditions changed
rapidly. Presumably, the MPFC could not fully compensate
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for these changes due to model inaccuracies. Nevertheless,
the controller quickly adapted to maintain the commanded
active force, thereby limiting excessive process forces. Under
steady engagement conditions, the controller effectively
maintained the commanded active force with only minor
inaccuracies,most likely due to slightmismatches in the force
model parameters or small errors induced by the measure-
ment model.

At the beginning of the first cut, the EnKF caused a
decrease in the commanded velocity. While converging
to an accurate set of force model parameters, the param-
eters temporarily represented higher process forces than
experimentally observed, forcing the reference generator to
calculate a commanded feed velocity smaller than actually
needed. This slowing effect is visible at 1.8s in the peak
of the predicted active force shown in Fig. 11. We could
have improved the prediction of the active force if we had
initialized the forcemodel parameters in a smaller range typi-
cal for the workpiece material. However, since the ensemble
converged to a realistic set of parameters after only a few
iterations, we decided to preserve the wide initial range to
ensure convergence for different materials without tuning.

Identification quality decreased with increasing cutting
depth, as observed in the third cut starting at 23.3s.
Since the MPFC comprises a force model-based optimiza-
tion and velocity controller, feed velocity adaptations are
not directly driven by the difference between commanded
and measured active forces, but rather by the difference
between commanded and predicted values based on the force
model parameters identified. Consequently, high identifica-
tion quality is essential for good control performance.

When investigating identificationqualitymore thoroughly,
high peak forces caused by the non-converged estimation
overshadowed other inaccuracies in the identification. Thus,
we excluded predicted peak active forces that weremore than
twice the control goal from the evaluation. After removing
these large outliers, the CG-RMSE of the calculated active
force above the commanded active force was only 8.7N and
therefore substantially lower than the CG-RMSE of the mea-
surement. Assuming a perfect identification, the CG-RMSE
using the predicted active force would closely match the
CG-RMSEconsidering themeasured active force. Thus, CG-
RMSE indicates that there remains potential to improve the
identification of force model parameters.

The machining time revealed the major benefit of the
MPFC, as it enabled a reduction of 67% in production time
compared to the constant feed velocity. This reduction can be
explained by two effects: First, themachine tool increases the
feed velocity when the milling tool is not engaged, thereby
shortening the time spent outside the workpiece. In the base-
line experiment, the feed velocity remained constant between
engagements. As discussed in Section 4.3, this part of the
machining process could be improved in industrial applica-

tions, albeit with considerable additional effort. Second, the
MPFC reduces the cutting time tcut from 35.2 s to 20.6s.
This reduction is the result of optimization of the feed veloc-
ity with respect to the current active force, which is only
possible using a force controller. Consequently, production
time can be reduced by at least 41%, even if the feed velocity
between engagements is already optimized via other means.

Comparing our proposedMPFCwith the one presented in
Schwenzer et al. (2022) is challenging because of differences
in the workpiece material and commanded velocity. The
authors in Schwenzer et al. (2022) focused on the reduction
of process force exceedance. Thus, the cutting time remained
constant, and the controller achieved a reduction in produc-
tion time only by increasing the feed velocity between cuts
compared to their benchmark test.While ourMPFC achieved
a smallerMAD infive-axis positionalmilling, theCG-RMSE
and maximum active force for five-axis positional milling
both surpassed values for three-axis machining in Schwenzer
et al. (2022). However, all values are in a comparable range.
Thus, our results support the hypothesis that our MPFC
performs comparably in five-axis positional milling as the
controller in Schwenzer et al. (2022) in three-axis milling
despite the additional complexity. However, for a detailed
analysis of the control performance, both controllers should
be evaluated under identical conditions, which is not part of
this contribution.

The results demonstrate that the introduced test geometry
(see Fig. 7) enables a detailed analysis of the force-tracking
performance of the controllers.With amaximum active force
of 322N in the experiment using a constant feed velocity,
our choice of a commanded force of 300N was appropriate.
However, the test geometry only partially allows validation
of the compensation for gravitational effects in the force
measurement. The gravitational force ‖MFG‖ affects the
measurement in u-direction by approximately 99N in the
controlled experiment, i.e., about one third of the commanded
force. Therefore, the initial workpiece mass and the table
alignment arewell suited to validate the correct integration of
the force rotation model. In contrast, the removed workpiece
mass of 7g changes the measured force by only about 0.02N
during machining. Consequently, the integration of the mass
loss model cannot be substantially validated by machining
the test geometry in this work.

In addition to validation of the mass loss model, longer
machining timeswould result in progressive toolwear, which
is a major challenge for modern control schemes. From a
theoretical point of view, the MPFC should be able to com-
pensate for tool wear by continuously adapting the force
model parameters to the current tool state. This, however, still
needs to be demonstrated in future experiments. In our cur-
rent setup, substantially extending the machining time was
not possible due to limitations in the microcontroller’s mem-
ory and, consequently, in the maximum tool path length.
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Limitations

Although the control scheme demonstrates that advanced
control methods are applicable to milling, its current imple-
mentation is confined to rough milling with end mills and
depends on force measurements from a table dynamometer.

While primarily focusing on process forces acting on
the milling tool is sufficient in rough milling, geometric
tolerances and surface quality become dominant perfor-
mance criteria in finishing operations. The MPFC shows
potential to effectively satisfy geometric tolerances by main-
taining the active force at a commanded level. Thus, tool
deflection is limited and becomes more uniform throughout
machining, which, in combination with appropriately chosen
commanded forces, can potentially result in reduced scrap.
However, the controller currently adapts the feed velocity
very frequently. In turning, frequent variations of the feed
velocity are known to promote favorable chip breakage, but
this oscillation must be chosen carefully in order to main-
tain a high surface quality (Smith et al., 2010). Before using
the MPFC in finishing operations, additional constraints on
manipulating the feed velocity will likely need to be included
in the control law to achieve a high surface quality.

Beyond end mills, the MPFC framework could also be
adapted to other tool geometries by modifying the process
model and the engagement simulation, utilizing engagement
models for ball end mills (Lee & Altintaş, 1996) or new
tool shapes such as barrel end mills (Olvera et al., 2020).
Additionally, more complex tool path planning strategies
could be added to the reference generator, which account
for effects such as tool deflection (López de Lacalle et al.,
2007). However, all of these extensions must be imple-
mented with respect to the limited computation time, as
additional geometric computations will increase the com-
putational complexity.

As long as motor current-based force estimation lacks
sufficient accuracy for online force model parameter identi-
fication, the control scheme must rely on additional sensors.
Novel sensor systems such as rotating cutting dynamome-
ters (Kuljanic et al., 2002) or sensory-tool holders (Möhring
et al., 2020; Schuster et al., 2023) are unaffected by gravita-
tional and inertial effects, eliminating the need to compensate
for these effects. However, their acceptance and widespread
integration in industrial milling remain uncertain.

Conclusion

In this contribution, we adapted an MPFC for five-axis posi-
tional milling.

Experimental results confirmed that the controller effec-
tively handled the increased complexity of five-axis posi-
tional milling. It maintained the commanded active force
across various engagement conditions and prevented high
peak forces, thereby ensuring a safe machining process. As
the controller design is path-independent, only the results
from the engagement simulation have to be updated for dif-
ferent milling operations.

Further research will extend the validation to indus-
trial machining processes that involve substantial material
removal, greater cutting depths, and application of coolant.
Such machining operations will indicate the influence of the
mass loss model on the control performance and test the con-
troller under progressive tool wear.

Our experimental results have already revealed a gradual
loss of performance at greater cutting depths. Most likely,
the EnKF and reference generator cause this gradual per-
formance loss, since they would exceed their maximum
allowable sample times without the adaptations and careful
tuning emphasized in this publication. Although the limited
computation time of the reference generator did not appear to
impact control performance in our experiments, a decrease
in control performance was observed due to an inaccurate
identification of force model parameters, probably caused
by a poor discretization in the parameter estimation. Con-
sequently, reducing the computation time is a key factor in
further improving the MPFC.

When extending the MPFC for five-axis synchronous
milling, the inertial forces acting on the table dynamome-
ter have to be compensated for, and the enlarged engagement
table has to be adapted for use on real-time hardware. Apart
from that, no structural changes to the force controller are
required.

Appendix A Details on themachinemodel

The transfer function of the machine tool relating the com-
manded feed velocity vf,cmd to the resulting feed velocity vf
reads

Vf(s)

Vf,cmd(s)
= Kω2

0

s2 + 2ζω0s + ω2
0

e−sTd (A1)
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Table 7 Parameters of the machine model

Static gain Damping Cutoff-frequency Time delay
K ζ ω0 Td
(-) (-) (in s−1) (in s)

1 1 100 0.04

with the static gain K , the damping ratio ζ , the cutoff
frequency ω0, the time delay Td, and the Laplace variable s.

The numerical values of the model parameters are given
in Table 7. We identified them based on step responses that
represent a wide range of velocity changes, which occur reg-
ularly in milling. Identification was carried out using the
Matlab Identification Toolbox (Rüppel et al., 2024). The
resulting model reproduces the experimental data with a nor-
malized root mean square error of 6.46%.

Appendix B Details on themeasurement
model

The rotation matrix TCC from CSCE to MTCS depends on
the angular position ϕq,n, j of the cutting edge and the feed
direction angle α:

TCC =
⎛

⎝
cos(α − ϕq,n, j ) − sin(α − ϕq,n, j ) 0
sin(α − ϕq,n, j ) cos(α − ϕq,n, j ) 0

0 0 1

⎞

⎠ . (B2)

The constant rotation matrix M0CT from MTCS to MCS
at the instant of taring and the rotation matrix MCM0 that
results from the machine table’s nutation and spin angles
about the x- and z-axes by angles ϑx and ϑz, respectively
(precession angle is zero), read:

MCM0 =
⎛

⎝
cos(ϑz) − sin(ϑz) 0
sin(ϑz) cos(ϑz) 0

0 0 1

⎞

⎠

⎛

⎝
1 0 0
0 cos(ϑx) − sin(ϑx)
0 sin(ϑx) cos(ϑx)

⎞

⎠ ,

M0CT =
⎛

⎝
1 0 0
0 −1 0
0 0 −1

⎞

⎠ .

(B3)

Appendix C Details on parameter estimation

The EnKF estimates the states in two steps, including a
model-based propagation and a correction using currentmea-
surements. To propagate the ensemble, we introduce the
ensemble matrix XPR,

XPR = (
xPR,1 . . . xPR,NE

)
, (C4)

with the number of particles NE for propagation. Each par-
ticle x̃PR,i (k) is propagated under the assumption that the
forcemodel parameters remain constant from the last update.
Based on these updated force model parameters, the process
force in MTCS is calculated, and each particle x̃PR,i is prop-
agated according to

x̃PR,i (k)

=
(
Fx

(
x̂PR,i (k − 1), vf (k)

)
Fy

(
x̂PR,i (k − 1), vf (k)

)
x̂TPR,i (k − 1)

)T

(C5)

using the process model described in Section Process model.
The state covariance PPR is determined by calculating the
variance of the propagated particles, which reads

PPR = 1

NE

(
X̃PR(k) − E(X̃PR(k))

) (
X̃PR(k) − E(X̃PR(k))

)T
.

(C6)

The correction step is based on the force measurement
obtained by the table dynamometer. The measurement vec-
tor yPR is defined as

yPR = CPRxPR, (C7)

where the process output matrix CPR is given by

CPR =
(
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

)
. (C8)

To account for measurement noise, the measurement covari-
ance �PR is defined, and noise samples ηi are extracted
according to

ηi ∼ N(0,�PR), (C9)

where the noise values of all samples represent white Gaus-
sian noise. The perturbed measurement zi is obtained by
adding the noise value ηi to the measurement yPR according
to

zi (k) = yPR(k) + ηi (k). (C10)

Analogous to the ensemblematrix, the noisematrixE defined
as

E(k) = (
η1(k) · · · ηNE

(k)
)

(C11)

is introduced. Based on this formulation, the approximated
measurement covariance matrix RPR reads

RPR(k) = 1

NE
E(k)ET(k). (C12)
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The Kalman gain KPR, which weights the measurement and
the propagation, is computed according to

KPR(k) = PPR(k)CT
PR

(
CPRPPR(k)CT

PR + RPR(k)
)−1

(C13)

and the state vector updated as follows

x̂PR,i (k) = x̃PR,i (k) + KPR(k)
(
zi (k) − CPR x̃PR,i (k)

)
.

(C14)

Appendix D Details on velocity control

To derive the MPC, the machine model’s transfer function
in Eq. (A1) is transformed into a state-space representation.
The state vector xMT of the machine tool comprises the posi-
tion pf on the tool path, the feed velocity vf and the feed
acceleration v̇f . Considering the input uMT, the output vec-
tor yMT, the state matrix AMT, the input vector bMT and the
outputmatrixCMT of themachine tool, the state-spacemodel
is defined as follows:

ẋMT = AMTxMT + bMTuMT

yMT = CMTxMT
(D15)

with

xMT = (
pf vf v̇f

)T
,

uMT = vf,cmd ,

yMT = (
pf vf

)T
.

(D16)

The state matrix AMT, the input vector bMT and the output
matrix CMT of the machine tool read

AMT =
⎛

⎝
0 1 0
0 0 1
0 −ω2

0 −2ζω0

⎞

⎠ ,

bMT = (
0 0 Kω2

0

)T
,

CMT =
(
1 0 0
0 1 0

)
.

(D17)

Since theMPC operates in a discrete manner, the continu-
ousmachinemodel inEq. (D15) is discretized.Consequently,
the state matrix AMT and the input vector bMT are trans-
formed in their discrete forms according to Tsai et al.
(2011), denoted as AMT,D and bMT,D, respectively. The out-
putmatrixCMT remains unaffected by the discretization. The

resulting discrete state-space reads

xMT(k + 1) = AMT,DxMT(k) + bMT,Du(k − Nt − 1),

yMT(k) = CMTxMT(k)

(D18)

for each time step k. The time delay Td is represented by time
delay’s number of time steps Nt times the sampling time Ts
according to

Td = NtTs. (D19)

Due to the system’s inherent time delay Nt , the control
inputs cannot influence the state dynamics between the cur-
rent time step k and time step k+Nt . Consequently, the states
are propagated as

xMT(k + Nt|k) = ANt
MT,D +

Nt−1∑

j=1

A j−1
MT,DbMT,Dvf,cmd(k − j).

(D20)

Based on these propagated states, the prediction of the MPC
reads

yMT(·|k) =

⎛

⎜⎜⎜⎜⎜⎝

pf (k + N1|k)
vf (k + N1|k)

...

pf (k + N2|k)
vf (k + N2|k)

⎞

⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎝

CMTA
N1−Nt
MT,D
...

CMTA
N2−Nt
MT,D

⎞

⎟⎟⎠ xMT(k + Nt|k)

+

⎛

⎜⎜⎜⎝

CMT
∑N1−Nt−1

j=0 A j
MT,DbMT,D

...

CMT
∑N2−Nt−1

j=0 A j
MT,DbMT,D

⎞

⎟⎟⎟⎠ vf,cmd(k − 1)

+
⎛

⎜⎝
�(N1 − Nt − 1) . . . �(N1 − Nt − Nu)

...
. . .

...

�(N2 − Nt − 1) . . . �(N2 − Nt − Nu)

⎞

⎟⎠

	vf,cmd(·|k)
(D21)

with

�(i) =
{
CMT

∑i
j=0 A

j
MT,DbMT,D , i ≥ 1

0 , i < 1.
(D22)
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Appendix E Details on approximation quality

To evaluate the influence of the sample time on the deter-
mined approximation quality, we further examined the dif-
ference between the maximum active force predicted by
the approximation methods and the maximum active force
derived from the sliding window. The simulation model
ran with a sampling time of 0.2ms, which resulted in the
simulation of the angular position with an increment of
	ϕ0 = 0.0533 rad. Since the approximation methods did
not account for the sampling rate of the simulation model,
a small difference emerged between the predicted angular
position ϕ0,max with the maximum force from the approx-
imation methods and the angular position from the sliding
window. This angular difference	ϕ0,max resulted in an error
in the maximum force. To determine the relevance of this
effect, we calculated the MAE for all values in the range
[0,	ϕ0,max] exemplarily for three-axis milling with the feed
velocity vf = 183.35mmmin−1. The result is shown in
Fig. 12. The black line indicates the length of an increment
in the angular position.

For both AC and AMS, the MAE increased with increas-
ing angular difference, as long as the angular difference is
smaller than an increment in the angular position. Thus, the
periodic deviation was caused by the sampling time of the
simulation model. In three-axis milling, the MAE did not
increase substantially after an increment of the angular posi-
tion was reached. Hence, the approximation methods located
the same angular position as the sliding window in nearly
every instance, and most of the model error was caused by
the sampling rate of the simulation model.

The evaluation also indicates that the influence of the
periodic deviation is likely less than 1N. Consequently,
the approximation error in multi-axis milling cannot be
attributed solely to this numerical effect.

angular increment 

in simulation

Fig. 12 Dependence of the maximum force difference on the angular
position inaccuracy
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