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description. The instantaneous contact point is obtained from a global height minimization over
the rotated surface, which couples attitude evolution to a contact selection mechanism that can
switch between competing minimizing branches. Under biharmonic vertical excitation, this
coupling generates strong nonlinearity and leads to period multiplication, intermittency, crisis
transitions, and strange attractors. The two analytical morphologies, distinguished by their phase
functions on the spherical parameter domain, produce different contact-branch organizations and
therefore different routes to chaotic responses under identical forcing conditions. Chaotic
behavior is characterized using stroboscopic Poincaré sampling and maximal Lyapunov expo-
nents, and its onset is related to separatrix splitting in a reduced near-saddle description. The
results indicate that smooth mono-monostatic morphology can act as an intrinsic chaos generator
through contact selection rather than through impacts or multi-contact constraints.

1. Introduction

Mono-monostatic convex bodies form a rare class of homogeneous solids that possess exactly one stable equilibrium and one
unstable equilibrium when resting on a horizontal plane [1-7]. The Gomboc is the best known representative of this class and is
notable because it is close to a sphere while still preserving the minimal equilibrium structure [8]. This combination makes the
Gomboc a natural object for studying how subtle geometric features can control macroscopic mechanical behavior [9-11]. Beyond its
mathematical interest, self-righting convex bodies are relevant to passive stabilization concepts in engineering [12-14], to shape-
induced motion in granular media [15-17] or vibrating environments [18-20], and to broader questions in nonlinear dynamics
where geometry acts as a source of nonlinearity even in the absence of joints or compliant elements [21-23].

Rocking and rolling of rigid bodies have long served as archetypal problems in nonlinear dynamics [24-26]. Periodic excitation of
the supporting surface can produce rich responses including resonant amplification [27], period multiplication [28], intermittency
[29], and chaotic attractors [30,31]. A large fraction of the established literature focuses on polygonal blocks or bodies with sharp
features because their dynamics naturally involve impacts, switching constraints, and piecewise smooth flows [32-34]. In those
settings, the origin of chaos is often traced to corner transitions [35], loss of contact [36], switch transitions [37], or restitution laws
[38]. Smooth convex bodies are less frequently used as canonical examples for forced rocking chaos because they do not offer obvious
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discontinuities in geometry or kinematics, and their contact is often treated through local curvature approximations that reduce the
geometric complexity [39,40].

Despite these advances, the case of a smooth near-spherical mono-monostatic body presents unresolved questions. For such bodies
the restoring torques are entirely shape induced, and the identity of the active contact point is determined globally by which point on
the surface attains the smallest height for the current attitude [41,42]. This introduces a nontrivial selection process that is distinct
from the usual impact-driven mechanisms. However, modeling approaches either prescribe the contact along a simplified curve [43],
or assume small angle approximations that suppress contact migration [44]. These simplifications limit the ability to capture how a
mono-monostatic geometry can generate strong sensitivity to initial conditions under weak forcing, and they make it difficult to
compare different analytical morphologies on equal footing.

The present work investigates forced rocking of homogeneous Gomboc bodies by embedding two analytical morphologies within a
spherical radial surface representation and determining contact through a global height minimization of the rotated surface. This
formulation naturally couples attitude dynamics to a contact selection mechanism that can switch between competing minimizing
branches as parameters and states evolve. The study is motivated by the need for a physics-consistent benchmark model of smooth
mono-monostatic bodies, where chaotic responses can arise from geometry-driven contact selection rather than impacts. The main
objective is to quantify how morphology and forcing jointly govern contact-branch switching, attractor structure, and the onset of
chaos, thereby providing guidance for exploiting self-righting shapes in vibration-driven transport and passive dynamic stabilization.
The system is driven by biharmonic vertical excitation, which provides a controlled route to non-autonomous behavior while pre-
serving a single contact constraint. The study then characterizes the resulting dynamics using stroboscopic Poincaré sampling and
maximal Lyapunov exponents, and connects the onset of chaotic responses to separatrix splitting in a reduced near-saddle description.
By comparing two analytical Gomboc morphologies with different phase functions, the work clarifies how morphology controls
contact-branch structure and thereby shapes intermittency and crisis transitions in smooth convex body rocking.

2. Two analytical Gomboc morphologies and differential geometry of the surface
A body-fixed coordinate frame is attached to the center of mass. Spherical coordinates on the unit sphere are parameterized by
colatitude ¢ and longitude 0, with ¢ € (0, ) and 0 € [0, 2n). The unit direction vector in the body frame is defined as:

singcosf
u(¢,0) = | singsing |, 1)
cos¢

where the vector u has unit magnitude and specifies a ray from the center of mass.
A convex body surface is represented in spherical radial form by a scalar radius function r(¢, ) measured from the center of mass.
The surface point in the body frame is:

X(¢7€) = r(¢79)u(¢7 6)7 (2)

where x is the position vector from the center of mass to a surface point.

Two analytical Gomboc morphologies are considered [45]. Both are specified through quartic relations for the radius and share a
morphology parameter j. The symbol f is a dimensionless shape parameter that controls the amplitude of the radial modulation away
from a sphere. For sufficiently small positive g, the shapes remain strictly convex.

The first morphology is defined by:

r(,0)* = 1+ 4psingcos(6 — 5¢), 3)
and its explicit radius function is:
1
r1(¢,0) = (1 + 4psingcos(0 — 5¢) )4. 4)
The second morphology is defined by:

r(¢,60)* = 1 + 4psingcos (6) — % (cosqﬁ - co:s:qb) ) , 5)

and its explicit radius function is:

ra2(,0) = <1 + 4psingcos (0 - % <cosr/> - cofqb) > ) . (6)

Both forms can be unified through a phase function y(¢,6) defined on the spherical parameter domain:

A=

F(,0) = (1 + 4psingcosy (¢, 0) 3. @

For the first morphology the phase function is:
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X1(¢,6) = 0 —5¢, (8)

and for the second morphology the phase function is:

cos®¢p
2)

£:0.0) =0 (cosp - ©

The phase function y controls the angular alignment of the radial modulation and is the primary distinction between the two
analytical Gombocs.
For differential geometric quantities, the derivatives of u are introduced:

cos¢gcosd —singsind
dyu = | cosgsing |,dyu = | singcosd |. (10)

—sing 0

These provide tangent directions on the unit sphere.
The auxiliary kernel .7 is introduced as a shorthand for the quartic expression inside the radius:

S(p,0) = 1+ 4psingcosy (¢, 0). 1
The radius is then expressed compactly as:

=i (12)
The derivatives of the kernel are:

04-7 = 4p(cospeosy — singsinydyy), 0,/ = — 4Psingsinydyy. (13)
The radius derivatives are:

o7 = %yf*%a,,,y, dor = %,f%ag.(/. 14)
The surface tangents in the body frame are:

0p% = (04T U+ rdsu, dpX = (0pr)U + royu. (15)
The non-unit normal vector is defined as the cross product of tangents:

n(p,0) = 0pX X 0pX, (16)

and the unit normal is:

a- L a7
[Im|

The unit normal n will be used to express the contact condition in a coordinate-free manner.
The phase derivatives differ between the two morphologies. For the first morphology, they are:

Opx1 = — 5,000, = 1. (18)
For the second morphology, they are:
3z 2, .
Op)s = -5 (cos®¢sing — sing), dgy, = 1. (19)

The dependence of d,y, on ¢ concentrates phase variation into specific latitude bands. This difference propagates into d,.7, d,r,
and therefore into the distribution of local minima of the height functional introduced later.

3. Attitude kinematics and vertical excitation

The rigid-body attitude is represented by a rotation tensor R belonging to the special orthogonal group, and it maps vectors
expressed in the body frame to vectors expressed in the inertial frame. The inertial vertical direction is denoted by the unit vector e;,:

0
e,=|0f. (20)
1

The body-frame representation of the inertial vertical is denoted by z, and is defined by:

z, = R'e,, (21

where the vector zj, is the direction of the vertical in the body frame and changes in time as the body rocks.
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Angular velocity expressed in the body frame is denoted by ®. The skew-symmetric tensor associated with a vector a is denoted by
[a],, and satisfies [a] b = a x b for any vector b. Its matrix representation is:

0 —das as
@,=1 as 0 —a]. (22)
—day a; 0

The attitude kinematics are then:
R =R[o],. (23)

This equation is the rigid-body kinematic relation in body angular velocity form.
A useful consequence is the evolution equation for z,. Differentiating z; = RTe, yields:

Zp = — @ X Zp. 24

The support undergoes prescribed vertical excitation, which is expressed through an effective gravitational acceleration g.(t). The
constant g is the gravitational acceleration. The excitation parameters are a; and a,, the acceleration amplitudes of the fundamental
and second harmonics; w, the forcing angular frequency; and y, the phase shift of the second harmonic relative to the first. The
effective gravity is:

&t (£) = g+ acos(wt) + azcos(2wt + ). (25)
The time derivative of gy is:
&y (t) = — mosin(wt) — 2a;0sin(20t + ). (26)

This explicit time dependence makes the dynamics non-autonomous and introduces parametric excitation of the restoring torques.
4. Contact selection by global height minimization and switching structure

The body is assumed to interact with a horizontal plane through a single point contact. For a strictly convex surface, a unique global
minimizer exists for almost all attitudes, but near attitudes where two local minima have nearly equal height, the identity of the global
minimizer can switch. This switching is central to the chaos mechanism discussed in this paper.

For a given attitude R, the inertial height of a surface point x(¢, 0) is defined as the vertical component of the rotated point. The
height functional is:

h(¢,6;R) = elRx(¢, ). 27)
Using z, = R"e;, this can be written purely in body-frame quantities:

h($,0;R) = z,x(6),0). (28)
The global contact parameters (¢",6") are defined as the minimizer of h:

(¢",0") = argn;ignh(gb, 6;R). (29)

The corresponding body-frame contact vector from the center of mass to the contact point is:
r.(R)=x(¢",0), (30)

where the vector r, is a function of the attitude through the minimization process and constitutes a geometric nonlinearity.
Necessary conditions for an interior minimizer are the stationarity of h with respect to ¢ and 6:
dzh(¢",0";R) = 0,0,h(¢",6";R) = 0. (31)
Using the derivatives of x, these stationarity conditions are:
2 0,x(¢p,0") = 0,2, 0px(¢p",6") = 0. (32)

Geometrically, these conditions imply that z, is orthogonal to the tangent plane at the contact, hence parallel to the normal. This is
expressed by:

z, x0(¢",0") = 0. (33)

Sufficient conditions for the minimizer to be a local minimum can be expressed using the Hessian of h on the parameter domain.
The Hessian entries are defined as:

Hy,y, = 044h, Hyg = 040h, Hyy = Ogoh. B4

A sufficient condition for strict local minimality is:
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H,M,((/)*,HA) > O,H{/,rf,Hgg _H;H > 0. (35)
The minimized height is:

h'(R) = rgignh(qb, 6;R). (36)

The center of mass height above the plane is denoted by ¢(R) and is defined by:
(R) = —h'(R). 37)

This definition is consistent with the plane being tangent at the contact point so that the lowest surface point touches the plane.
When multiple local minima exist, the global minimizer can switch. Let hy(R) and hg(R) be two competing local minima values of
the height functional. The switching surface in attitude space is characterized by equality of these branches:

ha(R) = hg(R). (38)
Define the branch gap function Ah(R) as:
AR(R) = hy(R) — hp(R). (39)

Then, the switching occurs on the set Ah(R) = 0. On one side of this set, the contact is associated with branch A, and on the other
side it is associated with branch B. This yields a deterministic switching mechanism that can create large sensitivity to initial conditions
under periodic forcing.

5. Equations of motion about the contact point and energy relations

The rigid body has mass m. The inertia tensor about the center of mass expressed in the body frame is denoted by the second-order
tensor I¢. The inertia tensor about the instantaneous contact point is denoted by I and is obtained via the parallel-axis theorem. The
parallel-axis relation uses the contact vector r. and its skew tensor:

I(R) = Ic - mir.], [, (40)
where the dependence on R is inherited through r.(R).

The gravitational torque about the contact point is computed using the effective gravity g.;(t). The torque is denoted by 7, and is
given by:

T,(R, t) = Mgy (t)rc(R) X 2p. (41)
A linear rotational damping torque 7, is introduced to represent dissipative losses and is defined by a damping coefficient c:

T4 = —CO. 42)
The total torque is:

T=1Ty+7q. (43)

Euler's equation about the contact point is:

LR)®+ LR R0+ x (LR)o) = 7(R, o,t), "
where I is:
ip = - m([fc]x [rC]x + [rc]x [ff]x ) e

Here, 1. is the time derivative of the selected contact vector r.(R), which exists whenever the active minimizer branch is unchanged.
At contact-branch switching events, r. changes discontinuously, and the model should be interpreted in a piecewise-smooth sense
between switching instants.

Eq. (44) is coupled to the kinematic equation R = R[w], and to the contact selection map r.(R). The full model therefore forms a
non-autonomous system with state-dependent switching.

The kinetic energy about the contact point is defined as:

TR, ®) = %mTIp(R)(o. (46)

The potential energy is defined using the center-of-mass height {(R) and the effective gravity:
V(R,t) = mgeff(t)C(R)A (47)
The total energy is:

ER,0,t) = T(R,®) + V(R,t). (48)
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The instantaneous power input by torque is:

P ="t (49)
The dissipation power is:

Pq=a'1y = —cllo|. (50)
The gravitational power is:

Py =01, (51)

These relations clarify the energetic roles of forcing and damping. Even in the absence of explicit impacts, the energy exchange can
be strongly irregular because contact switching changes r. and therefore changes I, and 7, non-smoothly in time.

Finally, to make the formulation self-contained, the complete coupled model used throughout the paper is summarized here. The
state variables are the attitude tensor R(t) and the body-frame angular velocity ®(t). The geometry enters through the analytical
surface map x(¢,0) and the contact-selection rule, which defines the instantaneous contact vector r.(R) via global height minimi-
zation. The external forcing enters only through the effective gravity g (t). With these definitions, the governing dynamics form a non-
autonomous rigid-body system with state-dependent contact selection:

x(¢,0) = (¢, 0)u(¢,0),
h(¢.6;R) = e;Rx(¢,0),
(¢°,0") = argminh(¢, O:R),

. (R) =x(¢,6"),
8eif = 8 + aycos(wt) + axcos(2wt + ),

z, = RTe,,
R= R[(x)}x, (52)
LR) =Ic —m[r(R)], [r.(R)],,
Ip = —m([ic], [r], + [ [E], ),
Tg(R, 1) = m@e(t)re(R) X 2z,
Ty = —C®,
T =14+ 14,

L(R)® + (R, R)@+ 0 x (I(R)o) =17(R,0,t).

In this system, contact switching occurs when the global minimizer changes between competing local minima of the height
functional, which is detected by changes in (¢",0") or equivalently by discontinuous changes in r.(R). This summary provides a single
reference for the coupled geometry, forcing, kinematics, and dynamics that are elaborated in the subsequent sections.

6. Nondimensional form, contact sensitivity, and chaos diagnostics

A nondimensionalization is introduced to identify essential parameter groups and to support efficient numerical exploration. A
characteristic length scale L is defined as the spherical average of the radius function:

27 T
L:% /0 /0 r(h, 0)singdspdo. (53)

The nondimensional time is:
7= wt. (54)
The nondimensional angular velocity is:

-2 (55)
[0}

The contact vector is nondimensionalized as:
I
p. = I (56)
The inertia tensors are nondimensionalized by mL?. The nondimensional inertia about the center of mass is J¢ and that about the
contact point is Jp:
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I I
Jo = m% Jp = m% (57)
Using the parallel-axis relation, there is:
Jp = Jc — [Pc). [Pcl.- (58)
A nondimensional damping coefficient y is defined by:
c
1= i 69
A nondimensional gravity parameter « is defined by:
8
k=1 (60)
The forcing amplitudes are nondimensionalized by g to define A; and A,:
A=A, =2 61)
8 4
The normalized effective gravity becomes:
8eff _
U — 14 A;cost 4 Aycos(27 + ). (62)

A nondimensional torque I' is defined as I' = 7/(mL?»?). Then, the nondimensional gravity torque and damping torque are:

Iy = k(14 Ajcost+Acos8(27 + ) )p. X 2, Ta = — yQ. (63)
The nondimensional Euler equation reads:

JpQ +Q x (JpQ) = Iy +Ty. (64)
The nondimensional kinematics are:

R =R[Q],. (65)

The resulting parameter set consists of j, k, 7, A1, Az, and y, together with the choice of phase function y; or y,. To connect
morphology to dynamics, sensitivity relations with respect to g are introduced. The derivative of the radius with respect to f is:

ﬂ __singcosy

= (66)

ap : /ﬁ
The derivative of the surface point with respect to f is:

ox or

%" 7
For a fixed attitude, the derivative of the height functional with respect to f is:

oh  10x

T 0

When the minimizer is unique and varies smoothly with g, the sensitivity of the minimized height can be approximated by the
derivative evaluated at the minimizer:

b ok

on .oy 69
b Bl g ©9)

This expression makes explicit how g shifts the effective potential and therefore alters the proximity to separatrix structures that
underlie chaotic transitions.
Contact sensitivity to attitude can be formalized by defining the stationarity functions:

Fi(¢,0;R) = 204X, F2(¢,0; R) = 2z} 0px. (70)
At contact, the following conditions hold:
Fi(¢".0;R) = 0,F,(¢ ,6";R) =0. ")

Linearizing these conditions yields an implicit relation between attitude perturbations and changes in (¢",6"):

0,F1 0F | [69"] _  [oF
{%Fz 69F2H59*} - {55}‘ (72)
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When the matrix on the left is invertible, the minimizer is locally well-defined. Near switching sets, the invertibility may degrade
due to competing branches, which supports the interpretation of switching as a geometric source of sensitive dependence.

Chaos diagnostics are formulated in terms of stroboscopic sampling and Lyapunov exponents. The forcing period T is defined by
T = 2n/w. The stroboscopic map .7 is defined by integrating the flow over one period:

Yn+l = %(Yn) (73)

where state y collects the attitude and angular velocity, y = (R, Q). Sampling times are:
t, =ty +nT. 74)
A Poincaré set is obtained from sampled angular velocities {Q(t,) } after discarding transients.
Lyapunov exponents are defined through the evolution of an infinitesimal perturbation 5y governed by the variational equation:

d
aﬁy = A(t)dy. (75)

where A(t) is the Jacobian tensor of the vector field with respect to the state, and it is generally time-dependent due to gi(t) and
branch-dependent due to contact switching. The maximal Lyapunov exponent is [46]:

1 oy
— RihC ANl 76
20 ™y (o) | 7€)

A practical period-wise estimator with renormalization uses separations &, at times t, and a fixed reset size J:

hpr ~ LS % 77)
" NT 2= 5y

A positive value of 1,4, indicates sensitive dependence and supports the presence of a strange attractor in the stroboscopic
dynamics.

7. Reduced separatrix-splitting analysis and morphology-dependent thresholds

To connect forcing parameters to a chaos onset criterion, a reduced near-saddle model is introduced. The unstable equilibrium
corresponds to a saddle of an effective potential. A generalized coordinate q describes rocking motion along a dominant direction, and
p denotes its conjugate momentum. The reduced conservative dynamics are expressed in Hamiltonian form:

. _0Hy, . 0H,

= p= a0 (78)

The conservative Hamiltonian is written as:

Ho(q.p) = 52—+ Ulg), (79)

2M(q)
where the function M(q) is an effective mass and satisfies:

M(q) > 0. (80)
The potential U(q) has a saddle at ¢ = q,:

Ul(gqu) =0,U"(qu) < 0. (81)
The separatrix energy is:

E; = U(qu)- (82)

A homoclinic orbit on the separatrix is denoted by gx(t) and satisfies:

Ho(qn(t) ,Pa(t) ) = E, pa(t) = M(qn(t) )Gx(0)- (83)

Damping and biharmonic excitation are introduced as a small perturbation with strength ¢. The biharmonic form is important here
because it offers two independent control knobs, the second-harmonic amplitude and the phase shift, which allow the separatrix-
splitting condition and the resulting basin structure to be tuned without changing the primary forcing frequency. Moreover, the
second harmonic generically breaks simple single-frequency symmetry and enhances effective stretching and folding in the strobo-
scopic dynamics, thereby widening the parameter window where robust chaotic responses can be observed and compared across
morphologies. Then, the perturbed system is:

. _OH, . 0H,

= p P —E+8G(q7p7t). (84)
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A representative perturbation compatible with damping and biharmonic forcing is:

G(q,p,t) = — pup +11S(q)cos(wt) + v2S(q)cos(2mt + ), (85)

where u is a damping parameter, v; and v, are forcing coefficients, and S(q) represents the coupling of vertical excitation to the reduced
coordinate.

The Melnikov analysis in this section is intended as a reduced, near-separatrix indicator rather than as a fully rigorous theorem for
the complete three-dimensional contact-selection dynamics [47]. The full Gomboc system is non-autonomous and becomes piecewise
smooth because the contact vector r.(R) can change discontinuously when the global height minimizer switches between competing
local minima. Consequently, the exact flow may include switching instants at which derivatives with respect to the state are not
classically defined. For this reason, the Melnikov method is applied only to an idealized reduced subsystem that captures the dominant
near-saddle rocking direction on a fixed contact-selection branch, where the effective restoring behavior can be represented by a
smooth scalar potential.

Within this reduced setting, the unperturbed dynamics are assumed to be a smooth one-degree-of-freedom Hamiltonian system of
the form given in Egs. (78)-(83), with a smooth effective mass M(q) and a smooth effective potential U(q). The existence of a saddle
point of U(q) implies the existence of a separatrix level set in the (gq,p) phase plane, and the corresponding homoclinic orbit g(t) is
assumed to exist as the separatrix trajectory associated with the unstable equilibrium. This assumption is standard for smooth
Hamiltonian systems with a single saddle in the effective potential and is used here to establish a reference separatrix geometry against
which perturbation-induced manifold splitting is evaluated [47].

Regarding perturbation regularity, the forcing and damping terms used in G(g,p, t) are smooth in time and smooth in (q,p) for any
smooth coupling function S(q). The small perturbation requirement is interpreted in the conventional Melnikov sense as a scale
separation in which the combined damping and excitation are weak relative to the characteristic near-separatrix energy scale of the
reduced Hamiltonian, so that the perturbed stable and unstable manifolds remain close to the unperturbed separatrix over one passage.
Under this assumption, the Melnikov function provides a leading-order approximation for the distance between invariant manifolds in
the reduced system, and a sign-changing Melnikov function yields a sufficient indicator for transverse intersections and the associated
Smale-type dynamics in the reduced model.

Finally, because the complete Gomboc dynamics include geometry-driven contact selection and possible switching between
minimizing branches, the Melnikov criterion is used in this work as a qualitative link between forcing parameters, morphology-
dependent effective potentials, and the onset of complex responses, rather than as a stand-alone proof of chaos for the full system.
The main conclusions regarding chaotic behavior are therefore supported independently by direct numerical diagnostics of the full
model, including Poincaré sampling, return-map structure, and maximal Lyapunov exponent estimates.

The Melnikov function is introduced to measure the first-order distance between the perturbed stable and unstable manifolds in the
reduced phase space [48]. It is defined by:

A (to) = / T DR(OG(G() .pa(D) £+ to)dt. (86)

Substituting G yields:

(o) = —p [ " pa(0dt+ 11 / " DR(BS(qn(0) )cos(@(t+to) )dt + vz / " DR(OS(qn(t) )cos(2a(t + o) +y )dt. 87)

Define the dissipative integral:

D— / " p(e)dt. (88)

Define Fourier-type response integrals for the fundamental harmonic:
C = / DPr(t)S(gn(t) )cos(wt)dt, S, = / Pr(t)S(gn(t) )sin(wt)dt. (89)
and for the second harmonic:

Cy = /jo DPr(t)S(gn(t) )cos(2wt)dt,

S:= [ ph(©S(a0) sin(2o)de. (90)
The Melnikov function can then be expressed as:
M (ty) = — uD + 11 (C1cos(wty) — S1sin(wty) ) + va(Cacos(2wty + ) — Sasin(2wty + ) ). 91)

Define the harmonic amplitudes:

Al =4/C+ S A, =4/C+S2. (92)
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A sufficient criterion for transverse intersection of manifolds, and therefore for the possibility of chaotic dynamics in the reduced
system, is that the forcing terms exceed the dissipative term in magnitude:

V1A] +12A; > uD. 93)

In the Gomboc setting, the functions U(q), M(q), and S(q) depend implicitly on the morphology and on the contact selection map.
Consequently, the integrals D, A, and A, depend on the phase function y and on g. This provides a mechanism by which the two
analytical Gombocs can exhibit different chaos thresholds and different crisis patterns even under identical forcing parameters.

8. Results

Based on the parameter settings in Table 1, a series of numerical experiments were conducted to validate the effectiveness of the
analytical framework in this study. Two analytical Gomboc morphologies were examined under identical forcing and dissipation
conditions in order to isolate the influence of shape on contact selection and long-time dynamics. For each morphology, the surface was
discretized at a fixed resolution to enable efficient global contact identification via height minimization at every time step, and the
resulting rigid-body equations were integrated with a fixed-step fourth-order scheme to ensure consistent phase accuracy across long
integrations. Baseline simulations were first performed to characterize the temporal evolution of angular velocity, minimized height,
an energy proxy, and switching activity, which together provide a direct view of how contact branch changes modulate the response.
The same baseline runs were then analyzed using stroboscopic sampling and return maps to reveal invariant set structure, com-
plemented by spectral content and phase portraits to distinguish broadband responses from nearly periodic motion. Chaotic behavior
was further assessed through maximal Lyapunov exponent estimates computed from nearby trajectories and summarized both as a
single scalar indicator and as a time-evolving measure to expose transient growth and convergence. Finally, coarse parameter scans
were carried out over forcing frequency and excitation amplitudes, as well as over the second harmonic amplitude and phase shift, to
map regions of elevated response intensity and contact switching and to compare how the two morphologies organize these regions in
parameter space.

For numerical implementation, the analytical surface x(¢, 6) is evaluated on a fixed tensor-product grid in the spherical parameter
domain, using N, samples in colatitude and N, samples in azimuth as reported in Table 1. This produces a discrete set of body-frame
surface points that remains fixed throughout a simulation, and all contact queries are performed on this precomputed point cloud.

At each time step, the current attitude R(t) obtained from integrating the kinematic equation is used to evaluate the height
functional over all discrete surface points. The active contact is selected as the global minimizer of height within the discrete set, and
the corresponding contact vector r.(R) is updated accordingly. This update is performed at every integration step so that contact
migration is fully coupled to the attitude evolution rather than prescribed a priori. Contact-branch switching occurs naturally when the
identity of the global minimizer changes between consecutive steps, which is detected numerically as a change in the minimizing grid
index and, equivalently, as a discontinuous update of r..

Once r.(R) is selected, the instantaneous inertia about the contact point is assembled using the parallel-axis relation, and the
gravitational and damping torques are evaluated using the same contact vector and the current body-frame vertical z,. The angular-
velocity equation is then advanced using the time-varying contact-point formulation in Eq. (44) together with the kinematics, forming
a closed update cycle at each time step. Between switching instants the model is interpreted as smooth on a fixed minimizer branch,
while switching produces a piecewise-smooth trajectory driven by discrete updates of the active minimizer. This explicit coupling
strategy, which consists of precomputing the discretized surface, performing height minimization at each step, and then integrating the
rigid-body dynamics using the selected contact, is the numerical model underlying all reported simulations and figures.

Table 1

Parameter settings.
Symbol Meaning Value
B Morphology parameter in the radial function r(¢, 0) 0.12
Ny Number of colatitude grid points for contact minimization 90
Ny Number of longitude grid points for contact minimization 180
m Mass 1
g Gravitational acceleration 9.81
c Linear rotational damping coefficient 0.02
® Forcing angular frequency 18.0
Ay Fundamental vertical acceleration amplitude 2.0
Ay Second-harmonic vertical acceleration amplitude 1.0
7 Phase shift of the second harmonic n/3
stepsPerT RK4 steps per forcing period, main run 160
Nper Number of forcing periods, main run 300
So Initial perturbation magnitude for Lyapunov estimate 1077
o Initial angular velocity [0,0,0]"
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8.1. Dynamics and contact selection mechanism

Fig. 1 compares the two analytical Gomboc morphologies considered in this study through a three-dimensional surface rendering
and a corresponding radial map on the spherical parameter domain. The surface is represented in spherical-radial form, where r
denotes the distance from the center of mass to the surface along a direction specified by the spherical angles ¢ and 6. Here, ¢ is the
colatitude ranging from O to x, and 6 is the azimuth ranging from 0 to 2z. The color scale in the radial maps visualizes the magnitude of
r, thereby highlighting how each shape deviates from a perfect sphere.

Both morphologies remain close to spherical, with r varying within a relatively narrow band, which is consistent with the intended
near-spherical mono-monostatic character. This small yet structured variation is crucial: it is sufficiently weak to preserve convexity
and smoothness, but sufficiently organized to induce a nontrivial distribution of low-height candidates that later govern contact se-
lection under rotation. In the rendered surfaces, this manifests as subtle bulging and flattening rather than sharp features, indicating
that the strong nonlinearity observed later does not rely on corners or impacts.

A clear distinction between the two morphologies emerges in the topology of the radial maps. For Gomboc I, the radius map ex-
hibits nearly uniform, diagonally oriented banding across the (¢, #) domain, suggesting an approximately constant phase winding with
respect to ¢. This structure implies that as the body rotates, comparable radial extrema are encountered in a relatively regular pro-
gression along latitude. In contrast, Gomboc II shows banding that is visibly distorted and unevenly distributed over ¢, with broader
regions of gradual variation and more concentrated regions of steeper gradients. This indicates that the radial modulation is redis-
tributed toward specific latitude bands, which is expected to alter how many competing low-height candidates coexist for a given
attitude.

From a dynamical perspective, the radial maps provide an immediate geometric explanation for why the two bodies can exhibit
different contact-branch organizations under identical excitation conditions. The more uniform band structure of Gémboc I suggests
smoother migration of the global height minimizer, whereas the latitude-dependent distortion visible in Gomboc II indicates a higher
likelihood of localized competition among minima. This morphological difference is later reflected in differences in switching activity,
attractor structure, and parameter-space response surfaces, even when the excitation parameters are held fixed.

Fig. 2 visualizes the contact selection mechanism through the height landscape evaluated over the spherical parameter domain for a
representative attitude taken from the baseline simulation. The plotted scalar field is the surface height, defined as the vertical pro-
jection of the rotated surface point, and the white marker indicates the global minimizer that determines the instantaneous contact
point. The two right-hand panels provide local zooms around the minimizer to reveal the curvature and anisotropy of the minimum
basin, which are directly related to the local stability of the selected contact under small perturbations of attitude.

For Gomboc I, the height field exhibits a pronounced low-height basin embedded within a broader undulating landscape. The

Gombdoc I: surface . Gombde I: radius map
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Fig. 1. Analytical Gomboc morphologies and radial maps.
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minimizer lies inside a well-defined depression, while other regions of the domain attain substantially higher values, indicating strong
geometric contrast between the active contact region and non-contact candidates. The zoomed panel shows that the minimum basin is
elongated, implying direction-dependent sensitivity of the minimizing parameters. Such anisotropy is consistent with contact
migration that can be smooth along one parameter direction yet more abrupt along the orthogonal direction when the attitude evolves,
which later contributes to intermittent switching intensity under excitation.

For Gomboc II, the height field is organized differently under the same forcing conditions. The global minimum appears closer to
the boundary of the displayed domain in the full field, and the overall landscape shows a stronger large-scale gradient across colat-
itude. The zoomed panel highlights a comparatively flatter minimum basin in the neighborhood of the minimizer, with weaker local
variation than in Gomboc I. This indicates that a wider set of nearby surface points can remain competitive in height, which is a
geometric precursor to branch competition. In practical terms, a flatter neighborhood increases the likelihood that small attitude
changes or forcing-driven oscillations can alter the identity of the global minimizer, thereby enhancing contact selection switching
activity.

Across both morphologies, the color ranges indicate that the active minima occur at negative height values of order unity in the
chosen normalization, while surrounding regions can differ by a substantial fraction of the full scale. This contrast supports the
interpretation that the contact is governed by a global selection rule rather than by a locally prescribed rolling curve. The qualitative
differences between the two height landscapes in Fig. 2 provide an early geometric explanation for why the two analytical mor-
phologies can exhibit distinct contact-branch structures and therefore distinct routes toward complex and chaotic responses in later
diagnostics.

Fig. 3 summarizes the baseline response of the two analytical Gombocs under identical excitation and dissipation parameters by
reporting four time-domain observables over the first 100 s. The angular velocity components wy, w,, and o, characterize the
instantaneous rocking and twisting dynamics in the body frame. The minimized height h* denotes the minimum of the height func-
tional over the surface at each time, and therefore tracks the currently selected contact branch through the global height minimization
rule. The plotted energy quantity E is an energy proxy constructed from the instantaneous inertia about the active contact point and the
effective gravity. Switching events are marked by dots on the energy time history, where a switch indicates a change in the identity of
the minimizing surface point. The switching rate estimate is obtained from a moving average of the switch indicator and provides a
coarse measure of contact selection activity in time.

For Gomboc I, the angular velocity components exhibit a mixture of irregular amplitude modulation and intervals of more
structured oscillations. This behavior is consistent with non-autonomous forcing combined with geometry-driven contact selection,
where the system alternates between regimes of relatively coherent rocking and regimes where multiple modes participate. The
minimized height h" shows repeated sharp excursions separated by segments of comparatively smoother oscillation. These excursions
indicate episodes in which the global minimizer changes rapidly in response to the evolving attitude, implying intensified contact-
branch competition. The energy proxy E remains bounded within a relatively narrow range while displaying dense fluctuations,
confirming sustained forcing-dissipation balance without monotone drift. The distribution of switching markers is visibly nonuniform,
and the switching-rate curve supports this interpretation by showing a pronounced temporal variation, including a mid-interval
enhancement followed by a sustained reduction. This nonstationarity suggests that the trajectory explores distinct regions of the
attitude-dependent contact landscape over the course of the run.

For Gomboc II, the angular velocity components show a more consistently structured oscillatory pattern, with frequent excursions
and less pronounced long-term modulation than observed for Gombdc I. The minimized height h” exhibits persistent spike-like events
throughout the interval, indicating that rapid contact updates remain active over long times rather than being concentrated in a limited
window. The energy proxy again remains bounded with dense fluctuations, but the switching markers appear more uniformly
distributed in time. This is consistent with the switching-rate estimate, which stays elevated and relatively steady across the interval
compared with the more variable behavior of Gomboc I. In combination with the height-landscape differences in Fig. 2, these ob-
servations support the conclusion that the second morphology sustains more persistent contact-branch competition under the same
forcing conditions.

Overall, Fig. 3 provides time-domain evidence that morphology alters not only the amplitude statistics of ® but also the temporal
organization of contact selection, as reflected in h* and switching-rate variability. These baseline signatures motivate the subsequent
stroboscopic and Lyapunov diagnostics, where the same differences are recast in terms of attractor geometry and sensitivity to initial
conditions.

Fig. 4 resolves the contact dynamics that underlie the baseline responses by reporting the evolution of the discrete contact index, a
smoothed estimate of the switching rate, and the three components of the contact vector r. in the body frame. The contact index is the
integer label of the surface point that attains the global minimum of the height functional at each time step, as determined by the
discrete surface representation used for contact selection. Although the index itself has no intrinsic geometric meaning, abrupt jumps

in the index provide an unambiguous indicator of contact-branch changes. The contact coordinates r. = (rc‘x, Tey rc_yz)T are obtained by
mapping the selected index back to the corresponding surface point in the precomputed point cloud, thereby providing a physically
interpretable description of how the contact location migrates over the body.

For Gomboc I, the contact index shows clear episodes of intermittent behavior. Early in the record, the index exhibits repeated
abrupt jumps interspersed with intervals of gradual drift, indicating alternating phases of rapid contact switching and smoother
contact migration. A long interval of comparatively regular evolution is visible later, where the index varies more smoothly with a
pronounced low-frequency trend. This transition is consistent with the switching-rate estimate, which rises to a higher level during the
interval of dense jumps and then decreases markedly, remaining low for an extended time before partially recovering near the end of
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the window. The contact-coordinate traces support this interpretation. During intervals of frequent switching, the components of r,
show rapid, piecewise changes, whereas during the smoother interval they become more coherent and exhibit nearly periodic mod-
ulation, especially in the vertical component r. .. This separation of regimes suggests that the trajectory alternates between regions of
the attitude space where the global minimizer is well isolated and regions where multiple local minima are competitive.

For Gomboc II, the contact index is dominated by frequent discontinuous resets over the full time window. Compared with Gomboc
I, the index time history shorter intervals of smooth drift and more persistent jump activity, which aligns with the elevated and
comparatively steady switching-rate estimate. The contact coordinates exhibit a repeating, pulse-like pattern in the components,
particularly in r.,, indicating recurrent excursions of the contact location between distinct regions of the surface. The persistence of
this pattern supports the view that, for this morphology, the global minimizer remains in closer competition with alternative candi-
dates over a wider portion of the trajectory, leading to sustained contact-branch switching under the same forcing conditions.

Overall, Fig. 4 clarifies that the complexity observed in the baseline time histories is not solely reflected in ® or in the minimized
height h*, but is directly encoded in the geometry-driven evolution of the contact point itself. The contrast between intermittent
switching in Gomboc I and sustained switching in Gomboc II provides a concrete morphology-dependent mechanism that later
manifests in differences in Poincaré structure, spectral broadening, Lyapunov growth, and parameter-space response surfaces.

In addition to the biharmonic-forcing results, Fig. 5 and Fig. 6 report a harmonic-excitation benchmark obtained by keeping all
baseline parameters unchanged while removing the second harmonic. In this case, the effective vertical acceleration is:

Zeit(t) = g+ Ajcos(ot), (94)

so the response is driven by a single-frequency modulation of gravity with the same w and A; as in the baseline setting (see Table 1),
and with A, = 0.

The time histories show that both morphologies still sustain bounded, nontrivial motion over the 0-100 s window, but with
morphology-dependent organization. For Gomboc I, the angular-velocity components exhibit a clear transition from a more irregular
early-time regime to a later interval with stronger oscillatory regularity, accompanied by a gradual bias in the component amplitudes.
The minimized height h* remains within a narrow band and displays repeated sharp excursions that gradually become more regular
after mid-time, consistent with the system entering a more organized contact-selection regime. The energy proxy remains bounded and
densely fluctuating, indicating sustained exchange between forcing and dissipation without drift, while the switching-rate estimate is
distinctly nonstationary, decreasing early, rising to a pronounced hump around the mid-interval, and then decaying again toward late
times. For Gomboc II, the angular velocity appears more persistently oscillatory with less pronounced long-term modulation, and h"
shows sustained spike-like events across the entire interval. The switching-rate estimate for Gomboc II is comparatively steadier,
remaining elevated with only moderate slow variation, consistent with persistent contact-branch competition even under purely
harmonic excitation.

The contact-index traces provide direct evidence that the dominant nonlinearity under harmonic forcing still arises from geometry-
driven contact selection. For Gomboc I, the index alternates between intervals of smooth drift and abrupt jumps, indicating inter-
mittent switching between minimizing branches. These switching episodes align with the mid-interval increase in the switching-rate
estimate. The contact coordinates r. exhibit corresponding behavior: during high-switching intervals, the components change more
abruptly and irregularly, whereas during lower-switching intervals they become more coherent and quasi-periodic, especially in the
vertical component. For Gomboc II, the contact index shows frequent, repeated reset-like transitions throughout the time window, and
the contact coordinates display a highly regular, pulse-like pattern, indicating repeated migration among a small set of preferred
contact regions on the surface. This morphology therefore maintains a stronger tendency toward persistent branch competition under
harmonic forcing, matching the steadier switching-rate estimate.

Overall, these two figures demonstrate that the absence of the second harmonic does not eliminate contact switching or complex
dynamics, but it reshapes their temporal organization. Harmonic excitation tends to promote more coherent intervals for Gomboc I
while Gomboc II retains sustained switching activity, supporting the interpretation that morphology controls how single-frequency
parametric forcing organizes contact-branch competition and the resulting response regimes.

8.2. Attractor diagnostics and chaotic signatures

Fig. 7 reports stroboscopic diagnostics of the baseline responses through Poincaré sampling and one-step return maps. The Poincaré
clouds are obtained by sampling the angular-velocity vector @ once per forcing period after transients, yielding a discrete set in three-
dimensional w-space that reflects the invariant structure of the stroboscopic map. The one-step return maps plot wy(n + 1) against
wx(n), where n indexes successive Poincaré samples, and provide a compact view of correlation, stretching, and folding in the sampled
dynamics.

For Gombac I, the Poincaré cloud forms a broad, flattened distribution rather than a small set of isolated points. This indicates that
the stroboscopic dynamics do not settle onto a simple periodic orbit over the observation window, but instead explore a higher-
dimensional invariant set. The corresponding return map shows a widely scattered point set with an overall increasing trend, sug-
gesting significant variability in wx(n + 1) for a given wx(n). Such dispersion is consistent with sensitive dependence and the presence
of nonlinear stretching and folding mechanisms, which in the present setting are induced by the combination of biharmonic excitation
and contact selection switching.

For Gomboc II, the Poincaré cloud is also extended, but appears more concentrated along a tilted manifold-like region compared
with Gomboc I. The return map reveals a clearer banded structure with clusters aligned along an increasing relation, indicating
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stronger inter-sample correlation in w,. At the same time, the map remains thick and multi-valued rather than collapsing to a single
curve, which is incompatible with purely periodic motion and points to aperiodic dynamics on a complex invariant set. The clustering
suggests that the system revisits preferred dynamical phases or contact selection regimes more regularly, consistent with the more
persistent switching pattern observed in the time-domain contact diagnostics.

Overall, Fig. 7 shows that both morphologies generate stroboscopic responses that are not reducible to low-period motions at the
baseline parameters. The differences in cloud geometry and return-map organization provide morphology-specific signatures of the
underlying nonlinear mechanism. Gomboc I exhibits a more diffuse return-map structure, whereas Gomboc II exhibits a more orga-
nized but still multi-valued structure, supporting the conclusion that shape-dependent contact selection modulates the degree of
coherence in the stroboscopic dynamics while maintaining an overall route toward chaotic behavior.

Fig. 8 presents complementary frequency-domain and state-space views of the baseline rocking dynamics for the two analytical
Gombocs. The left panels show the power spectrum of wy, computed from the time history of the body-frame angular-velocity
component wy(t). The horizontal axis is frequency in hertz and the vertical axis is a power-like measure in arbitrary units. The right
panels show phase portraits in the (w,,®;) plane, providing a compact projection of the trajectory in angular-velocity space that
highlights geometric stretching, folding, and coherence properties that are not visible from single time traces.

For Gomboc I, the spectrum exhibits a broadband character with multiple peaks superimposed on a low-frequency background. The
presence of several distinct peaks indicates that the response contains coherent oscillatory components, while the elevated spectral
floor and the dense collection of smaller peaks indicate strong modulation and irregularity. This is consistent with a non-autonomous
response in which periodic forcing interacts with morphology-induced contact selection to produce amplitude and phase variability.
The corresponding phase portrait occupies an extended region and shows repeated sweeping motions with frequent direction changes,
indicating that the dynamics explore a wide range of @, and w, values rather than remaining near a thin closed curve. Such a filled and
folded structure is typical of aperiodic motion and suggests the coexistence of multiple dynamically active time scales.

For Gomboc II, the spectrum is more sharply organized, with several prominent narrow peaks concentrated at low frequencies and a
comparatively weaker broadband background. This indicates a response with stronger quasi-periodic or multi-frequency content,
where a small number of dominant components persist over time. At the same time, the spectrum is not purely discrete, since non-
negligible power remains outside the main peaks, implying ongoing modulation rather than strict periodicity. The phase portrait
for Gomboc II is more structured and anisotropic than for Gomboc I, showing clustered excursions along preferred directions in the
(wx, ;) plane. This reflects a trajectory that repeatedly revisits similar angular-velocity configurations, which is consistent with the
more regular contact-coordinate cycling and the more stationary switching activity observed in the contact diagnostics.

Taken together, Fig. 8 indicates that both morphologies exhibit complex rocking responses under the same forcing conditions, but
with different spectral and geometric organization. Gomboc I displays stronger broadband features and a more space-filling phase
portrait, suggesting more intense irregular modulation. Gomboc II displays more concentrated spectral peaks and a more organized
phase portrait, indicating stronger residual coherence despite continued nonlinearity. These differences provide a frequency-domain
and geometric complement to the stroboscopic evidence in the Poincaré and return-map diagnostics.

Fig. 9 quantifies sensitivity to initial conditions under baseline forcing by reporting both instantaneous per-period Lyapunov es-
timates and the cumulative maximal Lyapunov estimate for the two analytical Gombocs. The instantaneous quantity Ains is computed
once per forcing period from the growth of a small perturbation between two nearby trajectories, followed by renormalization to a
fixed separation. The cumulative estimate Ay is the running average of the same growth factors and provides a convergence diag-
nostic for the maximal Lyapunov exponent over increasing observation time. Positive values of A,y indicate exponential separation of
nearby trajectories and are widely used as evidence of chaotic dynamics in non-autonomous systems.

For Gomboc I, Ains rapidly rises from near zero and then fluctuates around a relatively stable level with moderate variability. The
fluctuations reflect time-dependent stretching rates that change as the trajectory visits different regions of the contact selection
landscape, while the absence of sustained negative excursions indicates persistent local divergence on average. The cumulative es-
timate Amax converges quickly during the initial portion of the record and then stabilizes with only minor drift, indicating that the
exponent is well resolved within the simulated time horizon. The converged value remains clearly above zero, supporting the inter-
pretation that the baseline response corresponds to a chaotic attractor in the stroboscopic dynamics rather than to a long-period orbit
with transient irregularity.

For Gomboc II, Ains: exhibits stronger intermittency, with frequent downward spikes superimposed on a positive baseline level.
These intermittent reductions correspond to intervals of reduced stretching, which are consistent with episodes of more coherent
motion embedded within an overall irregular response. Despite this variability, the cumulative estimate A, again converges to a
positive plateau after an initial transient and remains positive throughout the observation window. A small late-time adjustment is
visible, which is consistent with the stronger intermittency of A5 and indicates that longer averaging windows can be beneficial for
this morphology. Nevertheless, the persistence of a positive plateau supports robust sensitive dependence for Gomboc II under the
same forcing conditions.

Overall, Fig. 9 provides a quantitative confirmation of chaos for both morphologies at baseline parameters. The comparison
suggests that the two shapes have similar long-time average exponential divergence rates, while differing in short-time stretching
variability. This difference aligns with the contact selection behavior observed in earlier figures, where Gomboc I exhibits more
pronounced regime changes and Gomboc II exhibits more persistent switching activity, both of which can modulate finite-time
Lyapunov fluctuations without eliminating the long-time positive exponent.
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8.3. Parameter-space organization and morphology comparison

Fig. 10 summarizes how the baseline response of Gomboc I reorganizes in the two-parameter plane spanned by the forcing angular
frequency w and the fundamental vertical-acceleration amplitude A;, while holding the remaining excitation parameters fixed. Each
panel reports a scalar metric computed from short integrations at each grid point, and the plotted surfaces are interpolated only for
visualization. The upper-left panel shows the root-mean-square (RMS) angular speed, denoted here as wgrums, which measures the
overall intensity of rotational motion. The upper-right panel shows the contact switching rate, defined as the number of changes in the
active contact index per unit time. The lower-left panel shows the standard deviation of the stroboscopically sampled w, values,
written as std(wy), which provides a compact indicator of the spread of the stroboscopic response. The lower-right panel shows the
mean minimized height, mean(h"), which reflects how the active contact branches sample the height landscape on average.

Several robust trends are apparent. The wgrys surface exhibits pronounced ridges and valleys rather than monotone dependence on
either parameter, indicating that response intensity is organized by resonance-like structures and nonlinear regime changes. Regions of
increased wgrys tend to coincide with elevated switching rates, suggesting that more energetic rocking promotes more frequent contact-
branch changes. At the same time, this correspondence is not one-to-one: there are parameter zones where switching remains relatively
high while wgums varies more mildly, implying that contact competition can remain active even without a large change in overall
angular-speed level.

The Poincaré spread metric std(wy) also displays a banded organization across the (w,A;) plane. Elevated stroboscopic variability
aligns with regions where the switching rate surface is high, consistent with the interpretation that contact selection switching pro-
vides an effective stretching and folding mechanism in the stroboscopic map. Conversely, lower values of std(wy) appear in patches
where the switching rate is reduced, indicating parameter combinations that support more coherent, lower-variability dynamics.

The mean minimized height surface varies over a comparatively narrow range, reflecting that the body remains close to the plane
and that the morphology is near spherical. Nevertheless, systematic variations are visible and correlate with the other metrics.
Parameter regions with more negative mean(h”) indicate that the active contact tends to occupy deeper minima of the height land-
scape, which can strengthen restoring torques and alter local stability. Where mean(h") shifts upward, the contact samples shallower
parts of the landscape, which can facilitate switching between competing minima and amplify sensitivity.

Overall, Fig. 10 demonstrates that, for Gomboc I, the combination of forcing frequency and fundamental amplitude organizes a
nontrivial response topology characterized by coupled variations in motion intensity, contact-switching activity, and stroboscopic
dispersion. These surfaces provide a practical map for selecting parameter regions that are likely to exhibit strong irregular dynamics
and for contrasting them with regions supporting more coherent rocking under the same morphology.

Fig. 11 investigates how the dynamics of Gomboc I depend on the second-harmonic component of the vertical excitation. The two
control parameters are the second-harmonic acceleration amplitude A, and its phase shift y relative to the fundamental. The forcing
frequency w and the fundamental amplitude A; are held at their baseline values, so the observed variations are attributable to changes
in the relative strength and timing of the second-harmonic contribution. The four panels report the same set of scalar metrics used
previously: angular-speed intensity measured by wgys, contact switching rate, the standard deviation of the stroboscopic w, sequence,
and the mean minimized height mean(h").

The wrys surface shows that adding a second harmonic modifies the response intensity in a strongly phase-dependent manner.
Rather than increasing monotonically with A,, the intensity surface exhibits ridges and localized maxima that shift with y, indicating
constructive and destructive interference between the fundamental and second-harmonic contributions to the effective vertical ac-
celeration. This behavior is expected in biharmonic excitation, where the timing of acceleration extrema relative to the body's rocking
phase can either enhance or suppress the transfer of energy into rotational motion.

The switching-rate surface further indicates that the second harmonic can either promote or moderate contact selection activity
depending on y. Regions of elevated switching form structured bands in the (A3, ) plane, suggesting that contact-branch competition
is not controlled solely by the magnitude of forcing but also by the phase alignment that determines when destabilizing intervals occur
within each forcing cycle. The correspondence between increased switching rate and increased wrus is present in several regions but is
not universal, implying that the second harmonic can alter the contact selection landscape explored by the trajectory even when the
global motion intensity changes only moderately.

The Poincaré spread metric std(w,) exhibits comparatively smoother variation than in the (w,A;) scan, but still displays coherent
phase-dependent modulation. Elevated values tend to align with parameter regions where the switching rate is high, consistent with
the role of contact switching in broadening the stroboscopic distribution. Conversely, reduced stroboscopic spread occurs in patches
where switching is weaker, indicating that a suitable choice of y can partially regularize the response despite the added harmonic
component.

The mean minimized height surface varies over a narrow interval, reflecting the near-spherical geometry and the persistent single-
contact constraint. Nonetheless, systematic changes across (Az,y) are visible and track the regions where switching intensifies.
Parameter regions where mean(h") shifts upward indicate that the active contact samples shallower portions of the height landscape
more often, which is consistent with a greater likelihood of competition among nearby minima. Regions where mean(h") becomes
more negative indicate more persistent occupation of deeper minima, which can stabilize contact selection and reduce switching.

Overall, Fig. 11 demonstrates that the second-harmonic forcing component acts as a sensitive control knob for Gomboc I, capable of
reshaping both response intensity and contact selection activity through amplitude and phase. This phase dependence is particularly
important for identifying parameter combinations that maximize irregular dynamics versus those that promote more coherent motion
under biharmonic excitation.
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Fig. 12 maps the response of Gomboc II across the (w,A;) parameter plane, using the same four scalar metrics as in the corre-
sponding Gomboc I scan. Compared with Gomboc I, Gomboc II exhibits a generally elevated baseline level of wrys across the scanned
region, with variations that are present but less ridge-dominated. This suggests that, for this morphology, the system sustains a
relatively energetic rocking state over a wide range of w and A, consistent with the more persistent contact switching seen in the
baseline time histories. Local maxima and saddles remain visible, indicating that resonance-like tuning and nonlinear regime
boundaries still organize the response, but the surface appears less fragmented into sharply separated high and low zones.

The switching-rate surface shows systematically higher levels than for Gomboc I, with broad regions where switching remains
elevated rather than being confined to narrow ridges. This supports the interpretation that Gomboc II maintains stronger branch
competition over much of the parameter plane, meaning that contact selection switching is less episodic and more robust to changes in
forcing frequency and amplitude. The existence of extended plateaus also indicates that switching activity in this morphology is not
simply a byproduct of increased wgrys, but reflects a geometry-driven propensity for multiple candidate minima to remain competitive
across a broad range of attitudes.

The Poincaré dispersion metric std(w,) displays a localized peak region embedded within a wider background of moderate values.
This organization suggests that while the system often exhibits sustained irregularity, there exist parameter combinations where the
stroboscopic variability becomes particularly large, consistent with transitions such as intermittency or crisis-like attractor expansions.
In contrast to Gomboc I, where elevated dispersion is more broadly distributed, Gomboc II concentrates its strongest stroboscopic
spreading into a smaller region, which aligns with the more structured return-map appearance and the more coherent spectral peaks
observed at baseline.

The mean minimized height surface varies within a narrow band, but its undulations correlate with the other diagnostics.
Parameter regions where mean(h") shifts upward are consistent with more frequent sampling of shallower competing minima, which
can facilitate persistent switching. Regions where it shifts downward suggest more time spent near deeper minima, which can stabilize
the contact selection locally even if overall rocking intensity remains high.

Overall, Fig. 12 shows that Gomboc II organizes the (w,A;) plane into broad domains of energetic motion and sustained contact
switching, with localized zones of enhanced stroboscopic dispersion. This morphology-dependent topology contrasts with the more
ridge-structured pattern of Gomboc I and reinforces the conclusion that the phase-function difference between the two analytical
shapes influences how contact-branch competition persists under changes in forcing frequency and amplitude.

Fig. 13 characterizes how Gomboc II responds to variations in the second-harmonic excitation parameters, namely the amplitude
Az and the phase shift y, while keeping the forcing frequency @ and the fundamental amplitude A; fixed at their baseline values. A
primary observation is that wgys varies only moderately across the (Az,y) plane, forming a gently undulating surface with localized
ridges. This indicates that, for Gomboc II, the second harmonic does not primarily act as a global intensity amplifier, but rather re-
shapes the response in a more selective manner. The most pronounced changes occur in restricted phase intervals, reflecting the
importance of timing between the second-harmonic acceleration component and the internal rocking state. In this sense, y functions as
an effective control parameter that can reorganize the response even when the overall angular-speed level remains within a narrow
band.

The switching-rate surface remains elevated throughout the parameter plane, consistent with the morphology's tendency toward
persistent contact-branch competition. Nevertheless, distinct bands and isolated crests are visible, showing that the second harmonic
can further modulate switching activity beyond its baseline level. These phase-dependent features indicate that the second harmonic
can either reinforce or partially suppress the conditions under which competing height minima exchange dominance. Importantly, the
switching-rate variations are not strictly synchronized with the wgys variations, supporting the conclusion that contact switching is
governed not only by motion intensity but also by how the forcing waveform steers the system through regions of the contact selection
landscape.

The Poincaré dispersion surface std(wy) exhibits clearer phase sensitivity than the wrys surface, with extended zones of increased
dispersion separated by lower-variance regions. This behavior suggests that the second harmonic primarily influences the stroboscopic
map through changes in variability and coherence rather than through large changes in average energy level. Regions of larger
dispersion tend to coincide with elevated switching, which is consistent with the role of contact-branch changes in broadening the
distribution of stroboscopic samples. Conversely, reduced dispersion patches indicate parameter combinations where the response is
comparatively more coherent despite continued switching.

The mean minimized height surface varies over a very narrow range, but it remains informative as a geometric indicator. Subtle
upward shifts in mean(h") align with regions where switching and dispersion are enhanced, consistent with more frequent occupation
of shallower competing minima. Downward shifts correspond to parameter regions where the contact is biased toward deeper minima,
which can locally stabilize the minimizer and reduce stroboscopic spread. Although the magnitude of these changes is small, their
spatial organization across (Az,y) provides a morphology-dependent signature of how the second harmonic biases the trajectory's
sampling of the contact selection landscape.

Overall, Fig. 13 shows that for Gomboc II the second-harmonic amplitude and phase act primarily as modulators of contact se-
lection activity and stroboscopic variability rather than as strong drivers of overall rotational intensity. This contrasts with the more
ridge-dominated patterns observed for Gomboc I and reinforces the conclusion that morphology governs how biharmonic forcing
organizes parameter-space regions associated with irregular dynamics.
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9. Conclusion

This study examined the forced rocking of two analytical Gomboc morphologies under biharmonic vertical excitation, with the
instantaneous contact point determined by global height minimization on the rotated surface. The results show that even for smooth,
strictly convex, near-spherical bodies, contact selection can induce deterministic switching between competing minimizing branches,
providing a strong source of nonlinearity without relying on impacts or multi-contact constraints. Baseline simulations revealed
bounded yet highly irregular responses in angular velocity, minimized height, and an energy proxy, with morphology-dependent
differences in the temporal organization of switching activity and contact migration.

Across both morphologies, stroboscopic diagnostics and Lyapunov analyses consistently indicated chaotic dynamics at the baseline
parameters. The Poincaré clouds and return maps exhibited extended, multi-valued structures incompatible with low-period re-
sponses, while the maximal Lyapunov exponent estimates remained positive after convergence, confirming sensitive dependence on
initial conditions. Importantly, the two Gombocs produced distinct short-time stretching patterns and different levels of coherence in
spectral and phase-portrait signatures, linking the phase-function difference in the analytical morphologies to observable differences in
attractor geometry and intermittency.

Finally, coarse parameter scans over forcing frequency and amplitudes, as well as over second-harmonic amplitude and phase shift,
demonstrated that biharmonic excitation provides effective control over both response intensity and contact-switching statistics, but
that the resulting organization in parameter space is strongly morphology-dependent. Gomboc I showed more ridge-structured and
phase-sensitive response topology, whereas Gomboc II sustained broader domains of elevated switching with more selective ampli-
fication of stroboscopic dispersion. These findings support the conclusion that mono-monostatic morphology can act as an intrinsic
chaos generator through contact selection, and that analytical shape design offers a systematic route to tune chaotic thresholds and
response regimes in smooth convex-body rocking systems.
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