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Abstract

The goal of this thesis is twofold. We study two types of computational problems: first,
a decision problem, which is a graph orientation problem, and second, optimization
problems in the realm of bilevel optimization and robust optimization. We derive a host
of hardness and tractability results for a bunch of combinatorial problems within these
two settings. Our completeness results span over the first and the second level of the
polynomial hierarchy; we obtain NP-complete and ¥5-complete results.

For the graph orientation problem, we study SC-OrieNTATION (SCO) wherein the
task is to determine whether we can make an undirected graph ‘singly connected” by
means of edge orientations; a digraph D is said to be singly connected if for each (ordered)
pair of vertices s,t € V(D), there is at most one path from s to ¢ in D. Our main result
concerns graphs of a fixed girth ¢ and coloring number c. For every g,c > 3, the problem
restricted to the graph class Gg ., which consists of instances of girth ¢ and coloring
number ¢, is either NP-complete or in P. Not only that, but when SCO is in P on G,
we show that G, . contains only yes-instances of SCO. It is noteworthy that our hardness
result relies on the existence of a solitary no-instance of SCO in Gg . The results of this
nature—either NP-complete or all yes-instances—are rare in the field of computational
complexity.

Further, we consider bilevel optimization problems in which the ground set is par-
titioned between two decision makers whose objective functions are nested into each
other. We study the bilevel versions of the assignment, interval scheduling, and inde-
pendent set problems, and categorize them into their respective complexity classes. One
result that stands out here is that BILEVEL INTERVAL SCHEDULING does not increase the
complexity of the problem (both the underlying problem and its bilevel version are in
P), whereas BILEVEL INDEPENDENT SET goes from NP-hard to X5-hard for the setting in
which both decision makers have sum type objective functions.

Lastly, within the setting of adversarial optimization under uncertainty, we intro-
duce a model called recoverable robust optimization with commitment. Ours is a recoverable
robust optimization model, in which the recovered solution must contain all surviving
elements chosen in the initial solution. We study our model on different combinatorial
optimization problems from the algorithmic and complexity perspective.



Vi



Deutsche Zusammenfassung

Das Ziel dieser Arbeit ist es, zwei Arten von Problemen der Informatik zu untersuchen:
Erstens ein Graphorientierungsproblem (ein Entscheidungsproblem) und zweitens Op-
timierungsprobleme aus dem Bereich der Bilevel-Optimierung und der robusten Opti-
mierung. Wir zeigen fiir eine Reihe kombinatorischer Probleme in diesen beiden Bere-
ichen, ob diese entweder schwer oder effizient l6sbar sind. Unsere Schwereergebnisse
erstrecken sich tiber die erste und zweite Stufe der polynomiellen Hierarchie; wir zeigen
insbesondere, dass die dazu betrachteten Probleme vollstindig fiir die Klassen NP bzw.
25 sind.

Fiir das Graphorientierungsproblem untersuchen wir die SC-OrienTaTION (SCO),
bei der es darum geht, zu bestimmen, ob ein ungerichteter Graph durch Kantenori-
entierungen ,einfach zusammenhidngend” gemacht werden kann. Ein Digraph D heifst
einfach zusammenhingend, wenn es fiir jedes (geordnete) Paar von Knoten s,t € V(D)
hochstens einen Pfad von s nach t in D gibt. Unser Hauptresultat ist beziiglich Graphen
mit fester Taillenweite (engl.: girth) ¢ und fester Knotenfarbungszahl (engl. chromatic
number) c: Fiir jedes g, c > 3 ist das Problem, eingeschréankt auf die Graphklasse G , die
aus Instanzen mit Taillenweite ¢ und Farbungszahl ¢ besteht, entweder NP-vollstindig
oder in P. Dariiber hinaus zeigen wir, dass SCO eingeschridnkt auf G, in genau dann
in P liegt, wenn G, nur Ja-Instanzen von SCO enthilt. Bemerkenswert ist, dass unser
Schwereresultat auf der Existenz einer einzigen Nein-Instanz von SCO in G, beruht.
Ergebnisse dieser Art — also das ein Problem entweder NP-vollstindig ist oder auss-
chliefilich aus Ja-Instanzen besteht — sind im Bereich der Komplexitdtstheorie selten.

Weiterhin betrachten wir zweistufige Optimierungsprobleme, bei denen die Grund-
menge in genau zwei Teilmengen partitioniert ist. Beide Teilmengen sind assoziiert
mit einem Entscheidungstrdger und deren Zielfunktionen héngen jeweils auch von
den Entscheidungen des anderen ab. Wir untersuchen die zweistufigen Versionen
vom Zuordnungsproblem (engl.: assignment problem), vom Intervallplanungsproblem
(engl.: interval scheduling) und vom stabile Mengenproblem (engl.: independent set)
und ordnen sie in ihre jeweiligen Komplexititsklassen ein. Ein hier herausstechendes
Ergebnis ist, dass BILEVEL INTERVAL SCHEDULING die Komplexitdt des Problems nicht er-
hoht (sowohl die nominale als auch die Bilevel-Version liegen in P), wohingegen BILEVEL
INDEPENDENT SET X5-schwer wird (die nominale Version ist nur NP-schwer), wenn beide
Entscheidungstrager gewichtete Summen als Zielfunktionen haben.

Schliefilich stellen wir im Kontext der robusten Optimierung unter Unsicherheit
ein Modell namens Recoverable Robust Optimization with Commitment (deutsch: Reparier-
bare Robuste Optimierung mit Bindung) vor. Unser Modell erfordert, dass die wieder-
hergestellte Losung nach ,feindlichem Eingriff” alle in der Ausgangslosung enthaltenen
Elemente enthilt, die nach dem Eingriff weiter verfiigbar sind. Wir untersuchen unser
Modell anhand verschiedener kombinatorischer Optimierungsprobleme beziiglich Al-
gorithmik und ihrer Komplexitat.
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1

Introduction

. 1o not know math is a severe limitation to understanding the world.”

—RicHARD P. FEYNMAN [Feyos]

The world is driven by various challenging problems. Let it be problems related to
scheduling jobs to a machine, directing a street network to enforce a one-way scheme,
setting the revenue-maximizing prices for your products subject to the buyer’s behav-
iors, or reserving a service for some customers, knowing that, when some of them cancel
their reservations, we might have difficulty filling up the freed-up slots. These compu-
tational problems become more and more involved as they get more and more layered.
As we encounter the diversity of various such problems, the most natural question that
arises is: how realistic is it to find the best possible solution for a specific problem? Addi-
tionally, can we tell whether the problems mentioned above are equally challenging? The
answer to the first question is that it might not be possible to solve every computational
problem in reasonable time. However, if we cannot solve them efficiently in reasonable
time, we can at least sort them according to how difficult they are to solve. This answers
our second question. We can potentially show, with the help of a well-established theory,
that a particular problem is at least as difficult as the other. The underlying theory is
known as the computational complexity theory, and it allows us to differentiate problems
according to their intricacies.

Evidently, the exemplary computational problems mentioned above have different
structures. Some are straightforward questions that can be answered by a single deci-
sion maker, while others seem to involve some dependencies with more than one deci-
sion maker. For a combinatorial problem, its version that involves one decision maker
is most likely to be easier than its version that involves two decision makers. Before we
try to tackle these problems, it makes sense to estimate their intrinsic difficulty level.
Then, one could use suitable tools that are developed to solve another problem of a
similar difficulty level. Computational complexity theory classifies problems in differ-
ent complexity classes. Moreover, a problem can be shown to be complete for a particular
complexity class, which means it is as hard as any other problem that belongs to the
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class, or in other words, it is one of the hardest problems of that class. The basic com-
plexity classes are the well-known classes P and NP, which are widely believed not to
be equal, although whether or not P = NP is a longstanding open question in the field
of theoretical computer science.

In this thesis, we dive into studying computational problems in different frame-
works. Namely, we study a graph orientation problem, various combinatorial optimiza-
tion problems in the framework of bilevel optimization, and another set of combinatorial
optimization problems within the framework of robust optimization. Our study involves
finding polynomial-time algorithms, if possible, or placing these problems in their re-
spective complexity classes in the computational complexity landscape, especially in the
polynomial hierarchy. We briefly discuss the above-mentioned frameworks below.

1.1 Graph Orientation to Singly Connectedness

Within the framework of graph orientation problems, we are given an undirected graph,
and the task is to convert it into a directed graph (network) which satisfies some desir-
able properties.

Chapter 3 of this thesis is devoted to studying a graph orientation problem in which
our goal is to convert an undirected graph into a singly connected digraph. A directed
graph is called singly connected if, for any ordered pair of vertices s, ¢, there exists at
most one path joining s to t in the digraph. We refer to the feasibility problem of
graph orientation to singly connectedness as SC-ORIENTATION. In Chapter 3, we give
a detailed introduction to the class of graph orientation problems. We also discuss SC-
ORIENTATION along with its prospective applications. Moreover, we commit to study-
ing SC-ORIENTATION from a viewpoint of computational complexity, and carry out our
study on different graph classes, and further classify the problem on those classes into
P and NP.

1.2 Bilevel Optimization

The topic of bilevel optimization has garnered significant attention in the last two
decades. The framework of bilevel optimization is used to understand the dynamics be-
tween two hierarchical decision makers, classically referred to as a leader and a follower,
whose optimization problems are nested into one another. The leader is considered to
be the first decision maker who decides on her set of variables, followed by the follower,
who then decides on his set of variables. Since the follower, in a way, “reacts” to the
leader’s choice of variables, and the leader’s objective value also depends on the fol-
lower’s chosen set of variables, the leader has to take her decision in anticipation of how
the follower will react. In case the follower has multiple optimal reactions, there are two
common settings in which the follower may react. One is called the optimistic setting, in
which the follower is altruistic towards the leader, thus he has her best interest in mind,



1.3. Recoverable Robust Optimization

and the other is called the pessimistic setting, in which the follower is spiteful towards
the leader, thus he behaves like an adversary.

In the bilevel optimization problems, the leader is often considered to have full
knowledge of the follower’s variables and his objective function. Despite this, these
problems can be significantly challenging compared to their underlying single-level
counterparts.

In this thesis, we study a particular class of bilevel optimization problems called
the partitioned-items bilevel optimization problems, in which the variable set is partitioned
into the leader’s and the follower’s variable sets. We give a detailed introduction of
the partitioned-items bilevel optimization problems in Chapter 4. Our study involves
various bilevel variants of the ASSIGNMENT problem, the INTERVAL SCHEDULING problem,
and the INDEPENDENT SET problem.

1.3 Recoverable Robust Optimization

Recoverable robust optimization is used to deal with uncertainty in adversarial opti-
mization. Here, the goal is to opt for a solution that works the best when the worst
possible scenario is revealed, and following that, we are allowed to adapt the opted
solution within some recovery bounds. Often, the goal is to optimize the value of the
adapted solution; however, sometimes, the recoverable robust optimization framework
allows us to destroy the opted solution in the phase of adaptation. And not all unper-
turbed elements of the opted solution are guaranteed to survive the adaptation phase.

In Chapter 5, within the realm of adversarial optimization under uncertainty, we intro-
duce and study a recoverable robust optimization model that demands certainty. We call
this model recoverable robust optimization with commitment because we demand commit-
ment to the opted solution. Our model works the following way. Given a combinatorial
optimization problem, we have to opt for a feasible solution at first. Afterwards, when
an adversarial scenario is revealed, in the adaptation phase, we are required to find an
adapted solution that must contain the remaining elements from the opted solution.
Clearly, this optimization scheme is more involved than the bilevel optimization prob-
lems discussed above. Even though here we also have only two decision makers, namely,
the optimizer and the adversary, the decision procedure goes back and forth between
the two decision makers multiple times. In general, a problem of recoverable robust
optimization with commitment can be written as a multilevel optimization problem,
which involves three stages that are hierarchically nested: the optimizer opting for the
first-stage solution, the adversary revealing an uncertain scenario (by means of deletion
of some elements), and finally, the optimizer adapting the partial remaining solution to
an adapted solution.

In this thesis, we investigate the model of recoverable robust optimization with com-
mitment on some combinatorial optimization problems where the nominal problems
are MATROID Basis, MATCHING, INDEPENDENT SET, and INTERVAL SCHEDULING.
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1.4 Publications

This thesis comprises, but is not limited to, several research topics that I worked on
during my doctoral studies. Three of the articles have been peer reviewed and published;
one of them is published in a conference proceedings and the other two in a journal.
Additionally, the fourth article is yet to be published.

List of Publications Stated below are the publications that are content-wise significant
to this thesis. The works mentioned below include a number of co-authors. Having said
that, I have contributed to the different phases that led to the listed publications. In par-
ticular, I have been a part of the exploration of various ideas, further conceptualization,
investigation, understanding, and analysis of them, up to the thorough write-up of the
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Tim A. Hartmann and Komal Muluk
published in the proceedings of the 34" International Workshop on Combinatorial
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(preprint: [HM23b])

* A note on the complexity of the bilevel bottleneck assignment problem
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* On the Complexity of Bilevel Independent Set Problem
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(preprint: [Mul26])
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* On the complexity of singly connected vertex deletion
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2

Preliminaries

This chapter is devoted to introducing and revising all necessary terminologies and
theoretical concepts that are required to grasp the contents of this thesis. We begin with
basic set theoretic notations, then proceed with definitions of various graph theoretical
concepts. Later, we discuss notions from the field of complexity theory, in particular,
the polynomial hierarchy; one ought to know these concepts before diving into the
technicalities of the following chapters.

2.1 Basic Notations

In set theory, a set is a collection of distinct elements; it is usually denoted by a capital
letter and presented using curly parentheses. When the repetition of an element is al-
lowed, we explicitly refer to it as a multiset. For a set S, the cardinality of the set is the
total number of elements in the set and is denoted by |S|. We denote the set of natural
numbers (including zero) by IN, the set of integers by Z, and the set of real numbers by
RR. Moreover, R, represent the subsets of non-negative elements of R. For n € N, define
[n] == {1,2,...,n}. Given two constants C1,C; € Ry, we denote C; is much greater than
(or much less than) C, with notation C; > C; (or C; < Cy, respectively). For simplifi-
cation, we define the addition and subtraction of a single element from a set with the
notations: S +a := SU{a} and S —a := S\ {a}, respectively. The power set of a set S is
denoted by 2% := {X | X C S}. A k-partition of a finite set S is a grouping of elements of
S into k non-empty subsets S1,Sy,...,Sk, S; C S for all i € [k], such that Ui-‘zl S; =S and
SiNS; = o foralli,j € [k], i # j. We denote a k-partition of Sby S; U S, U ... U .
Given a function f: S — R4, we define for a subset S’ C S, f(5') := Y .cq f(e).
Elements in a set are not ordered, meaning the order in which they are stated is
not important and does not carry any meaning. However, we do sometimes need to
distinguish between two sets depending on the sequence of elements therein. For this
purpose, we use the notion of ordered sets. An ordered set is also a collection of distinct
elements. But unlike regular sets, the order in which the elements appear here matters,
and they are usually presented using round parentheses. We further distinguish between

7



2. Preliminaries

an ordered pair and an unordered pair. The former is an ordered set containing exactly two
elements, e.g. (a,b), and the latter is a regular set with exactly two elements {a,b}.

Throughout the thesis, we use the notation < to define an update operation on a set
(sometimes also on a graph), for example, in order to update a set A with the addition
of an element b, we may write, A <~ AU {b}.

This thesis includes a bunch of combinatorial optimization problems that are derived
from graphs. So in Section 2.2, we define all relevant terminologies from the field of
graph theory.

2.2 Graph Theory

In the field of discrete mathematics, a graph is a structure consisting of two finite sets,
namely a set of nodes (or vertices) and a set of edges (or arcs for directed edges). Each
edge of the graph is comprised of a pair of vertices called its endpoints (unless we discuss
hypergraphs, which are a generalization of graphs wherein an edge can join any number
of vertices). Depending on whether the pairs are ordered or unordered, the graph is
characterized as a directed or an undirected graph. The field emerging from the study of
graphs is called graph theory.

An undirected graph is usually denoted by the notation G = (V(G), E(G)) with V(G)
being the set of vertices and E(G) being the set of edges. We sometimes relax the notation
and only refer to the sets as V and E. Each edge e € E is incident to two vertices in V(G).
For undirected graphs, we denote an edge e incident to vertices u and v by either {u, v}
or simply uv. Vertices u and v are the endpoints of e. Two edges are said to be adjacent
if they share at least one endpoint. If a graph contains multiple replicas of an edge, i.e.,
E is a multiset, then it is referred to as a multigraph; the replicated parallel edges are
called multiple edges or multi-edges. A simple graph is an undirected graph with an edge
set E C (‘2/) ; simple graphs have no loops (i.e., edges where both the endpoints match)
and no multiple edges. Given a graph G = (V, E), the deletion of a vertex v € V along
with all its adjacent edges is called vertex deletion. Similarly, deletion of an edge e € E
from the graph is called edge deletion. In this text, we sometimes use graphs wherein
each edge has a numerical weight associated with it. A graph with a weight function
w: E — Ry is called a weighted graph; an unweighted graph has no weights associated
with its edges.

A directed graph or digraph, on the other hand, is usually denoted by D with V(D) as
its set of vertices and A(D) as its set of arcs. We sometimes refer to the vertex set and
arc set simply by V and A, respectively. The arc set in a digraph is A C {(u,v) | u,v €
V}. Note that A is a set of ordered pairs, that means, each arc @ € A has a direction;
a = (u,v) € A implies the arc is directed from vertex u to v. Simultaneously, a is an
outgoing arc of u and an incoming arc of v. When we look past the direction of the arcs
in a digraph D, we get the underlying undirected graph of the digraph; for a digraph D
we denote its underlying undirected graph by Gp. Thus V(Gp) = V(D), but the edge
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set E(Gp) contains an edge {u,v} for each arc (u,v) € A(D); these are the underlying
undirected edges of the arcs.

For an undirected graph G = (V,E) and a vertex v € V, the degree (or valency) of v
in G, denoted by 5 (v), is the total number of edges incident to v in G. When it is clear,
we simply write 6(v). A vertex with dg(v) = 0 is called an isolated vertex. A vertex with
dc(v) = 1is called a pendant vertex or a leaf vertex. The minimum degree (or maximum
degree) of a graph G is the least (or highest) number of edges incident to a vertex in the
graph, and it is denoted by the Greek letter ¢ (or A, respectively). §(G) := min{dé(v) | v €
V} and A(G) == max{é(v) | v € V}. The set Ng(v) := {u € V | uv € E} forms the open
neighborhood of v in G, and the set Ng[v] :== Ng(v) U {v} forms the closed neighborhood of
v in G. When it is clear from the context, we omit the subscript and denote these terms
simply as N(v) and NJv] .

Similarly, for a digraph D = (V, A) and v € V, we distinguish between the indegree
and outdegree of v. The indegree (or outdegree) of v is the total number of incoming (or
outgoing) arcs incident to v and it is denoted by 0, (v) (or 8}, (v), respectively). Analo-
gous to the neighborhood notions in undirected graphs, here we define N; (v) := {u €
V | (u,v) € A} for the set of in-neighbors of v and N, (v) == {u € V | (v,u) € A}
for the set of out-neighbors of v. Additionally, we define Nj[v] := Np(v) U {v} and
N{[v] :== N (v) U {v} for the respective closed neighborhood sets. We omit the sub-
script D when it is clear from the context. A vertex v € V(D) is called a source if
6~ (v) =0, and a sink if 67 (v) = 0.

For a general (directed or undirected) graph G = (V,E), a subgraph G' = (V',E’) of
Ghas V' C V and E’' C E. For a subset V' C V, an induced subgraph of G on V' consists
of the vertex set V' and all edges in G whose both endpoints lie in the set V'. Such an
induced subgraph is denoted by G[V’]. Further, we use the notation G \ V' to denote the
induced subgraph G[V \ V'].

A path (or a directed path) in a graph (or a digraph) is a finite or infinite sequence of
distinct vertices such that each consecutive pair of vertices in it shares an edge (or an
arc in a specific direction). We denote a path P going through vertices u,v, w, x, and y
using the notation uvwxy. Sometimes, we also denote a path using edges e, >, €3, and
e4 using the notation ejeyezes. The length of a path is the total number of edges in the
path. A subpath of a path is a subsequence of consecutive vertices in the original path.
Fors,t € V, an s-t-path joins vertices s and ¢ such that they are the endpoints of the path.
A cycle in a graph is a closed path such that the first and the last vertex match and the
path contains at least one edge. We denote a cycle going through vertices u, v, w, x, and y
using the notation uvwxyu. We use the same notation for both directed and undirected
paths, but it will be clear from the context which path we have at hand. The distance
between two vertices u,v € V of a graph is the length of the shortest path joining those
two vertices. The length of a cycle is the total number of edges in it. The length of the
shortest cycle in a graph is called the girth of the graph. Graphs which do not have any
cycles are called acyclic graphs. By definition, an acyclic graph has girth co. A graph
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which only consists of a cycle of length 7 is called an n-cycle, and is denoted by C,,. For
a cycle C, the set of vertices in C is denoted by V(C), and the set of edges in C is denoted
by E(C). A chord in a cycle C is an edge e = uv such that u,v € V(C) bute ¢ E(C).

An undirected graph G = (V,E) is connected if there is a u-v-path joining each pair
of vertices u, v € V. A connected component, or sometimes only referred to as a component,
of a graph G is a maximal connected subgraph of G. A graph is called disconnected if
it has at least two distinct connected components. A vertex v € V is called a cut vertex
if the deletion of v along with its incident edges increases the number of connected
components in the graph. A graph is k-vertex-connected if at least k vertices are required
to be deleted to make the graph disconnected. Similarly, a bridge is an edge in the graph
which, when deleted, renders the graph disconnected. And a graph is k-edge-connected if
at least k edges are required to delete to make the graph disconnected. A directed graph
D is said to be weakly connected if its underlying undirected graph is connected, and it is
said to be strongly connected if for every pair of vertices u,v € V, there are directed paths
in D both from u to v and from v to u.

A proper vertex coloring of a graph assigns colors to the vertices of the graph such
that no two adjacent vertices receive the same color. If a proper coloring uses exactly k
colors for k € IN, that is, there is a surjective mapping f: V(G) — {1,...,k} such that
f(u) # f(v) when {u,v} € E(G), then it is called a k-coloring. A graph is said to be
k-colorable if there exists a k-coloring of that graph. The chromatic number or the coloring
number of a graph G is the smallest integer k such that G has a k-coloring. The chromatic
number of G is denoted by x(G).

Two important edge operations that we use in this thesis are edge contraction and
edge subdivision. An edge contraction is when an edge e = uv is deleted from the graph,
and its endpoints u and v are identified. An edge subdivision of e = uv introduces an
additional vertex, say w, and modifies the edge by deleting uv and introducing two new
edges uw and wv to the graph instead.

Given an undirected graph G = (V, E), an independent set of G is a subset of vertices
S C V such that the induced subgraph G[S] does not contain any edges. On the other
hand, a clique is a subset of vertices S C V such that {{u,v} | u,v € S} C E. A vertex
cover of G is a subset S C V such that the vertex deletion of S from G renders the
graph without any edges; the set V' \ S is an independent set when S is a vertex cover. A
feedback vertex set of G is a subset S C V such that deletion of S from G renders the graph
acyclic. A matching in G is a subset of edges M C E such that no two edges e;,e, € M
share an endpoint. The vertex set formed by collecting the endpoints of all edges in the
matching is said to be covered by the matching. A matching that covers the entire vertex
set of the graph is called a perfect matching.

Since a given graph can be drawn in various ways, an embedding of a graph is a
specific drawing of the graph on the Euclidean plane IR?. For a particular embedding of
a graph, crossing edges are the set of edges that intersect with each other apart from their
endpoints.
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The complement of a graph G = (V,E) is a graph G = (V,E) where V = V and
E={{uv}|{un} ¢ E}.

The line graph of a graph G contains the vertex set corresponding to E(G), and there
is an edge between two vertices if and only if the corresponding edges are adjacent, that
is, they share an endpoint in G.

An undirected graph H is called a minor of G, if H is obtained from G by performing
a sequence of operations: either edge deletion, vertex deletion, or edge contraction.

For further reading related to the concepts in graph theory, we refer the reader to the
books by Bollobés [Bolg8], Bondy and Murty [BM76], Diestel [Die12], and West [Weso1].

2.2.1  Graph Classes

Throughout this thesis, we discuss and perform our study on various graph classes.
We state some of them in this section. It is noteworthy that some graph classes have
a forbidden graph characterization, that means, one can completely characterize the given
graph class using some substructures (a set of individual graphs), called obstructions, that
are forbidden to exist in any graph belonging to that graph class. Depending on the type
of the forbidden set relation, the obstructions cannot exist as a subgraph, an induced
subgraph, a homeomorphic subgraph (also called topological minor), or sometimes as a
graph minor. See for example [Kur3o, CRSTo6]. For a given graph class, if its obstruction
set contains graphs Gi, Gy, ..., Gy as a forbidden induced subgraph, then we can also
denote this graph class using the notation (Gy, Gy, ..., Gi)-free. If this obstruction set is
finite, the graph class also said to have a finite forbidden set.

Now, we introduce a few graph classes in the undirected setting.

Complete graphs contain edge set E = {{u,v} | u,v € V}; they have edges between
every pair of vertices. A complete graph on n vertices is denoted by Kj,. A cluster graph
is a graph in which each connected component is a complete graph.

Forests are those graphs for which each connected component is cycle-free. They are
also known as acyclic graphs. By definition, cycles of all length act as an obstruction set
for forests. Every forest graph is 2-colorable.

Cactus is a class of graphs in which each edge is contained in at most one cycle. In
other terms, any two cycles share at most one vertex.

The class of bipartite graphs contains graphs wherein the vertex set V can be biparti-
tioned into two sets V = X U Y, and every edge {u,v} € E implies the vertices u and v
belong to different parts of the bipartition. Since each edge of the graph go across sets X
and Y, there does not exist an edge which has both the endpoints either in X orin Y. In
other terms, X and Y are independent sets of the graph. Consequently, every bipartite
graph is 2-colorable and vice versa. A complete bipartite graph Ky, , has |X| = m, |Y| = n,
and the edge set E = {{u,v} |u € X,v € Y}.

The class of near-bipartite graphs contains all graphs whose vertex set can be parti-
tioned into two sets, one, an independent set, and the other set induces a forest. Since a
forest is 2-colorable, all near-bipartite graphs are inherently 3-colorable.

11
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The class of split graphs contains all graphs whose vertex set can be partitioned into
two sets, one, an independent set, and the other induces a complete graph. These are
exactly the graphs which are (Cy4, Cs, 2K )-free, where 2K; is a graph consisting of two
non-adjacent edges.

A graph is called a chordal graph if each cycle of length at least 4 in it has a chord.

Interval graphs are undirected graphs in which each vertex corresponds to an interval
on the real line and two vertices are adjacent to each other if and only if their corre-
sponding intervals intersect. Every interval graph is chordal.

A distance hereditary graph has a property that they maintain the vertex distances
between every pair of vertices in any connected induced subgraph that contains the pair
of vertices. Moreover they can be constructed starting from a single isolated vertex with
the following operations:

(A1) a pendant vertex to u € V(G), that is, add a vertex v and an edge {u,v};

(A2) true twin on a vertex u € V(G), that is, add a vertex v with neighborhood N(v) =
N(u) and an edge {u,v};

(A3) false twin on a vertex u € V(G), that is, add a vertex v with neighborhood N(v) =
N(u), but without adding the edge {u, v}.

There exists a finite forbidden set that characterized the class of distance hereditary
graphs; they are exactly the (house, hole, domino, gem)-free graphs. A hole is a chordless
cycle of length 5 or more. The other obstructions, namely house, domino, and gem, are
depicted in Figure 2.1.

Figure 2.1: From left to right: a house, a domino, a gem, and a P4.

Cographs do not contain a P4 as an induced subgraphs. A P, is a path of length 3
and it consists of 4 vertices (refer to Figure 2.1). Moreover, cographs can be constructed
starting from a single isolated vertex using the complementation and disjoint-union
operations:

(B1) Kj is a cograph;
(B2) if G is a cograph, then so is G;

(B3) if G and H are cographs, then so is the disjoint union of G and H.

12
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The class of planar graphs contains those graphs for which there exists a planar em-
bedding; these graphs can be drawn on a Euclidean plane R? without having any cross-
ing edges. They are also completely characterized by forbidden minors, K5 and K 3.

The class of perfect graphs has a property that, for each induced subgraph, the chro-
matic number is equal to the size of the maximum clique of the subgraph.

2.3 Complexity Theory

Computational problems consist of a set of instances such that there is a function that as-
signs a solution or output to each instance of the problem. There are numerous types of
computational problems, for example, counting problems, decision problems, optimiza-
tion problems, search problems, etc. Throughout this thesis, we mostly focus on decision
problems and optimization problems. For an instance 7 of a computational problem P,
the length of the instance, also known as its size, is the total number of bits used to encode
7 under a given encoding scheme, e.g., binary encoding or unary encoding. The size
of an instance Z is denoted by |Z|. We often ask questions like whether we can find
“efficient” algorithms to solve a computational problem.

An algorithm A is called efficient if there exists a polynomial p such that A finds a
solution to every instance Z in time at most p(|Z|). The problems for which efficient
algorithms exist are considered to be easy. When we are struggling to come up with an
efficient algorithm for a problem, a natural question that arises is whether the problem
is too difficult to be solved using an efficient algorithm. This leads us to the topic of
complexity theory, which explores the inherent difficulty—the hardness—of computational
problems.

Definition 2.1. A decision problem consists of tasks whose solutions are only yes or no.
A decision problem P consists of a set Jp of instances which is partitioned into two
subsets (Vp, Np), where the subset Jp contains all the instances for which the solution
to the decision problem P is yes, and the subset NV'p contains all the instances for which
the solution to the decision problem P is no. We refer to the instances in Vp and Np as
yes- and no-instances, respectively.

Definition 2.2. A deterministic algorithm solves a decision problem P, if for an instance
7 € Jp it returns the solution “yes” if and only if Z € Vp. Moreover, the algorithm halts
for all instances Z € Jp, so a no-instance receives a solution “no”. If the total number of
steps taken by the algorithm is polynomial in the size of the input instance Z, then the
algorithm is said to be a deterministic polynomial-time algorithm.

13
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Definition 2.3. The complexity class P contains all decision problems for which there
exists a polynomial-time deterministic algorithm.

The problems belonging to class P are also known as tractable.

Definition 2.4. A deterministic polynomial-time algorithm A is said to be a polynomial-
time verifier for verifying the yes-instances of a decision problem P, if for every Z € Vp,
there exists a certificate c whose size is polynomially bounded in the size of Z, such that,
A returns “yes” to the input pair (Z,c), and for every Z € Np, no pair (Z,c) will ever
return “yes”.

Definition 2.5. The complexity class NP contains all decision problems that have a
polynomial-time verifier which verifies all the yes-instances.

The name NP stands for non-deterministic polynomial-time. An equivalent definition of
the class NP can be given using non-deterministic algorithms that run in polynomial time.
A non-deterministic algorithm, essentially, allows a perfect guess, called a certificate or a
witness, that can then be verified. NP is the class of problems that can be solved using a
non-deterministic algorithm that runs in polynomial time.

Indeed, if a problem can be solved deterministically in polynomial time, then it
also has a polynomial-time verifier, or equivalently, a non-deterministic polynomial-
time algorithm. Thus, P C NP. However, the question whether P = NP or P # NP is one
of the most fundamental open questions in the field of complexity theory.

Analogously to NP, we can define the following class that requires certificates for
no-instances instead of yes-instances.

Definition 2.6. The complexity class coNP contains all decision problems that have a
polynomial-time verifier which verifies all the no-instances of the problem.

Given a problem P, its complement, P, is the problem in which all yes-instances of P
are no-instances of P, and vice-versa. Thus, P € NP if and only if P € coNP.

Definition 2.7. A polynomial transformation, a polynomial reduction, or a Karp reduction
from a decision problem P; to another decision problem P, is a (many-one) mapping f
that maps every instance Zp, € Jp, to an instance Zp, € Jp, such that

¢ the function f is deterministically computable in polynomial time, and

e forall Zp, € Jp, Ip, € Vp, if and only if f(Zp,) € Vp,.

14
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If there exists a polynomial reduction from problem P; to P,, then we say P; is polyno-
mially reducible to P,, and we denote this by P; <p P,.

Consequently, given a polynomial reduction from P; to P,, if problem P, is easy,
i.e., it can be solved using a deterministic polynomial-time algorithm, then this implies,
problem P; can be solved using a deterministic polynomial-time algorithm as well. In
other words, if P; <p P,, then we may say that the problem P; is at least as hard as the
problem P;.

Let Py, P2, P3 be three decision problems such that P; <p P, and P> <p P3, then
P1 <p Ps. That means polynomial transformation are transitive.

Definition 2.8. A decision problem is called NP-hard if every problem in the class NP
can be polynomially reduced to it.

For complexity classes P and NP, it is wildly believed, across mathematicians and
computer scientists, that these classes are not equal. Thus unless P = NP holds, an NP-
hard problem cannot be solved using a polynomial-time algorithm. In fact, if a single
NP-hard problem can be solved using a deterministic polynomial algorithm, then all
problems in the class NP are polynomially solvable. Ultimately, this would then prove
P = NP.

Definition 2.9. A decision problem P is said to be NP-complete if it is both NP-hard and
belongs to the class NP.

All above definitions revolve around the idea of an algorithm which returns the
solution in time polynomial in the length of the input instance. Although, the length of
the input instance heavily depends on the encoding that one uses to store the instance.
The basic schemes of encoding numbers are binary and unary. In binary, it takes up
to 1 + logn bits to encode the integer 1, however, in unary, it takes n bits. Conversion
from binary to unary encoding is an exponential blow-up, in the size of the encoding,
that does not provide any additional information about the number. Consequently, the
length of an instance encoded in unary is exponentially larger than the length of the
same instance encoded in binary. This gives much more time for an efficient algorithm
of an instance in unary, as its running time is only required to be polynomial in 7 instead
of logn. To account for this kind of oddity, we call an algorithm a pseudopolynomial
algorithm if it is polynomial on unary encodings but not necessarily polynomial on
binary encodings.

For the problems that remain hard, even when their instances are encoded in unary,
we have the following definition.

15
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Definition 2.10. If an NP-hard problem attains a pseudopolynomial algorithm, then the
problem is said to be weakly NP-hard. Otherwise, they are said to be strongly NP-hard.

An instance of a computational optimization problem, a minimization or maximiza-
tion problem, can be solved by asking a series of question based on its decision coun-
terpart. For example, one can convert a task of finding a maximum value over a compu-
tational function to a problem of deciding whether there exists a function’s value that
exceeds a specific target value, say an integer value k. Thus a hardness result of a deci-
sion problem translates to the hardness result of its optimization counterpart. Although,
in this thesis, we also discuss some optimization problems, most often we simply look
into their decision variants for the study.

For further conceptual reading on complexity theory, we refer the reader to [ABoo,
GJ79], and [Papos].

2.3.1 The Polynomial Hierarchy

Meyer and Stockmeyer defined the polynomial hierarchy in 1972 [MS72]. The poly-
nomial hierarchy is a scheme of classifying multi-level decision problems into various
hierarchical classes, also known as levels, over a complexity landscape. It consists of the
classes P, NP, and coNP at its foundation. Recall that P is the class of problems that can
be solved using a deterministic polynomial-time algorithm. Indeed, for a problem in P,
all its yes- and no-instances can also be verified using a deterministic polynomial-time
algorithm. However, NP is the class of decision problem whose yes-instances can be ver-
ified using a deterministic polynomial-time algorithm, although, its no-instances are not
necessarily verifiable by any deterministic polynomial-time algorithm. Consequently,
the class NP could contain decision problems that are not at all solvable using a de-
terministic polynomial-time algorithm. Similarly, coNP is the class of decision problem
whose no-instances can be verified using a deterministic polynomial-time algorithm;
its yes-instances are not necessarily verifiable using a deterministic polynomial-time al-
gorithm. This notion of sorting decision problems, depending on how difficult it is to
verify their yes- or no-instances, sits at the heart of the polynomial hierarchy. Extrapolat-
ing this idea, we get the next complexity classes in line, which are called ZS and Hg (the
set of complements of problems in X5). The class X5 consists of the decision problems
whose yes-instances can be verified using a deterministic polynomial-time algorithm
that has access to an NP-oracle. An NP-oracle can be seen as a black box which solves
a problem P in NP in one step, and for each instance in Jp, it returns whether it is a
yes-instance or a no-instance. Note that, an NP-oracle is also a coNP-oracle. Analogously,
the class I} consists of the decision problems whose no-instances can be verified using
a deterministic polynomial-time algorithm that additionally has access to an NP-oracle
(or equivalently, a coNP-oracle), and so on.
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PH
pI IT
x5 I
NP coNP
P

Figure 2.2: The polynomial hierarchy illustrated, assuming strict inclusions.

Each level of the polynomial hierarchy is defined inductively using its previous lev-
els. The complexity class £} and its complement coX?, the class IT, sit at the k' level of
the polynomial hierarchy. All in all, we get, £§ = IT§j = P, £} = NP, IT} = coNP, and
P = NP1, where NP1 denotes the class of decision problems that can be solved by
a non-deterministic polynomial-time algorithm that has access to a £} ;-oracle. On the
other hand, IT} = coN P,

Each class of the polynomial hierarchy is closed under polynomial transformations.
Given a problem P in some class XP, if there exists a polynomial transformation from
P’ to P, then the problem P’ also belongs to the class XF.

Due to the recursive definition of the construction of the polynomial hierarchy, we
get that each class at a specific level, contains all classes from the levels below (see
Figure 2.2). We know that both NP and coNP contain the class P. Additionally, both
¥ and IT§ contain the classes NP and coNP. Recursively, ¥ O ¥P ; and X} D IIP ..
Consequently, we get,

O CTEC - CXp

Interestingly, it is still unknown whether any of the above inclusions are strict. However,
it is strongly believed that any two consecutive complexity classes are not equal, other-
wise it may invoke what is called as “the collapse of the polynomial hierarchy”. That
means, if XP = ZI’(’H, then X =P forall i > k.

The polynomial hierarchy, altogether, is denoted by PH, and is defined as a combined
class PH = Uien X} Equivalently, PH = Uy IT;. In case, X = P, for some k, the
polynomial hierarchy is said to collapse to the k-level: %P = PH. Due to the notion of
the collapse of the polynomial hierarchy, P = NP is a stronger conjecture than NP = Zg.

Moreover, if &} = IT} for some k > 1, then X} = ¥ =TI for all i > k, and again the
polynomial hierarchy collapses to the kh-level [MS72, Wra76].
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A decision problem P is said to be XP-hard if every problem in the class ¥ can
be polynomially reduced to it. Additionally, P is said to be XP-complete if P is Xp-
hard and it also belongs to the class ¥f. Meyer and Stockmeyer [MSy2], and Stock-
meyer [Sto76] showed that each class of the polynomial hierarchy contains a problem
which is complete for that class. They showed that the k-ALTERNATING QUANTIFYING
SATISFIABILITY problem is YP-complete. An instance of the k-ALTERNATING QUANTIFY-
ING SATISFIABILITY problem consists of a Boolean expression ¢ over a set of boolean
variables {xij | i <k, j<m}, and the task is to verify whether the following formula is
true:

E|X11X12 e X1m Vx21x22 o Xom E|X31X32 e X3 kal Xk @

where the quantifier Q is either 3 when k is odd or ¥V when & is even.

Using the polynomial hierarchy, we can pinpoint the exact hardness of a problem
much better than simply restricting ourselves to P and NP. Under the assumption
that the polynomial hierarchy does not collapse, the fact that a problem P is, say %}-
complete, captures much more information about its true complexity than just showing
its NP-hardness.
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Graph Orientation to Singly Connectedness

This chapter of the thesis is devoted to study a graph orientation problem called, SC-
ORIENTATION. Most of the results mentioned in this chapter is a joint work with my
former colleague Tim Hartmann. Our work has been published at the 34" International
Workshop on Combinatorial Algorithms (IWOCA) [HMz23a]. Furthermore, a full ver-
sion of the paper is also under review at the Journal of Computer and System Sciences
(JCSS). Given that, this chapter contains additional results that are not part of the above
mentioned publication. The notable differences are as follows. We give several exam-
ples illustrating the concepts of singly connectivity and sc-orientation in Section 3.3;
this way we adhere to more detailed presentation of our work. We introduce the con-
cepts of reverse orientation and unique sc-orientation in this chapter. Within Section 3.4,
Lemma 3.10 and Lemma 3.11 are new. Additionally, Section 3.6.4 on the consequence of
our dichotomy result, Section 3.7.3, and Section 3.7.4 are new. The results in Section 3.7.2
have been adapted with the help of newly added Lemma 3.11.

3.1 Graph Orientation Problems

Graph orientation problems are a well-known class of problems in which, given an undi-
rected graph, the task is to decide whether we can assign a direction to each edge such
that the resulting directed graph satisfies a particular desired property. Examples for
such properties are acyclicity, strongly connectivity, existence of Eulerian circuit, etc.
The graph orientation problems are important because of the emerging field of design-
ing networks; some mathematical networks are modeled by directed graphs. Think of
a rapidly developing city with an old streets layout. Due to the everyday increase in
traffic demand, we need to adapt the streets existing network to accommodate the cur-
rent rush. A well-established way of handling this issue is to convert all (or partial)
streets into one-way streets by allocating a distinct direction to them, which we call an
orientation (or mixed-orientation). In this particular case, the goal would be to orient the
streets while maintaining the previously existing connectivity. This is a practical exam-
ple of a graph orientation problem which is used in traffic control (check this application
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in [Rob39]). When focused on converting all streets into one-way streets, the above men-
tioned problem reduces to finding a strongly connected orientation. Robbin’s theorem,
from 1939, states that there exists a strongly connected orientation of a graph if and only
if the given undirected graph is 2-edge-connected [Rob39]. Further it is possible to find a
strong-orientation of a graph in polynomial time, if one exists. Naturally, due to its prac-
ticality, the study of Robbin’s theorem was generalized over the class of mixed graphs.
Here, researchers focused on finding an extension of a partial orientation of a mixed
graph to a full orientation such that the digraph thus obtained is strongly connected
(see, for reference [BT80, CGT85]).

A tournament is a directed graph whose underlying undirected graph is a complete
graph. The out-degree of a vertex in a tournament is referred to as a score of that vertex.
Yet another graph orientation problem, from the practical point of view, is to convert a
complete graph into a tournament which additionally has a score structure (also known
as score sequence) with a dominance relation. If the vertices are assumed to be members
of the society, then this means that there are members who dominate every other mem-
ber of the society either directly or indirectly through a single intermediate member.
Landau’s theorem gives a complete characterization of tournaments in terms of its score
sequence (see [Lans3, Lans1]).

More theoretically, consider a simple problem of converting an undirected graph to
a directed acyclic graph by means of an orientation of edges. All simple graphs can
be converted into directed acyclic graphs by simply considering a Depth-First search
(DFS) tree on the graph and directing all edges from the ancestor to the descendant.
This trivially solves the decision version of the graph orientation problem on all simple
graphs for the desired property of acyclicity.

For further overview on the class of graph orientation problems, we refer the reader
to a book by Bang-Jensen and Gutin [BGo8, Chapter 11].

In this study, we consider ‘singly-connected” as our desired property of the graph
orientation problem.

Definition 3.1. A directed graph D is singly connected if for every ordered pair of vertices
s,t € V, there is at most one path from s to ¢ in D.

Ironically, singly connected graphs can be disconnected. This property is motivated
by the following examples.

First is that of a computer network with probabilistic behavior. Consider there are
multiple paths that can lead to a destination. We desire to have a control over this model,
and would like to know, deterministically, which path was executed in order to reach the
destination. To accomplish this, one can convert the (undirected) network into a singly
connected (directed) network to ensure if, with any positive probability, a destination
is reached, then which path was taken. This way troubleshooting becomes easier as we
know which node or link in the network has failed.
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Another motivating example is to consider navigating a vast number of passengers at
an airport. More often than not, we encounter ambiguous signs at airports. For example,
a scenario in which a sign on one path says “Gates starting with C are this way”, while
another sign—in the exact opposite direction to the previous one—says “All gates are
this way”. A passenger who is seeking a route to gate C could be utterly confused by
such signs. Assuming there was no ‘logical” error in the signs, perhaps both paths lead
to the gate C, however, one of them could also be a long detour. In order to achieve
simplified passenger navigation and passenger comfort, it is desirable to have the signs
in a way that a person only sees one sign at a time. So, there is a unique path if we
follow the sign from point A to point B.

3.2 Associated Work

There has been a few studies around the singly connected graphs in the literature. The
verification problem, which verifies whether a given directed graph is singly connected,
is shown to be solvable in polynomial time [BC93, Khugg, DJ15].

In 2022, a study was conducted on the vertex deletion version of the singly connected
problem [DKM " 22]. Here the authors asked, given a directed graph D, does there exist
a set of k vertices whose deletion renders a singly connected digraph. Alongside, they
pointed a close link of the SINGLY CONNECTED VERTEX DELETION (SCVD) problem to the
FeEDBACK VERTEX SET (FVS) problem. In FVS, we are given an undirected graph and the
task is to find a set of at most k vertices, for a given integer k, whose removal makes the
graph cycle-free. They argued how SCVD is a directed counterpart of FVS, which makes
it theoretically important.” Our problem is a natural follow-up question in this direction
which looks at the graph orientation version.

3.2.1 Contribution

In the upcoming sections, we prove that if a (triangle-free) graph has an sc-orientation,*
then it also has an acyclic sc-orientation. Thus, the SC-ORIENTATION problem could also
be reformulated as: determine whether there is an acyclic sc-orientation of the graph.
So, in addition to a graph being oriented to an acyclic digraph, SC-ORIENTATION also de-
mands the orientation to a singly connected digraph. As discussed earlier in Section 3.1,
it is trivial to find an acyclic orientation of the graph. However, in contrast to that, we
prove, the additional singly connected condition makes it harder to decide whether such
an orientation even exists or not.

1The difference between DIRECTED FEEDBACK VERTEX SET (DFVS) and SCVD is to decide whether there
exist at most k vertices whose deletion renders an acyclic digraph and a digraph with at most one path
between two vertices, respectively.

*We briefly defined “singly connected” property in Section 3.1. Sc-orientation is an orientation to achieve
singly connectivity; all terms related to SC-ORIENTATION are defined in Section 3.3.
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In Section 3.6, we show dichotomy results on general graphs. As an upper bound,
we show that, for any graph with girth at least twice its chromatic number, the graph
is sc-orientable. Hence, the problem is tractable for such inputs. To account for this,
we study SC-ORIENTATION restricted to the graph class G, the class of graphs that
have girth ¢ and chromatic number c, for some positive integers g,c. Our main result
is that, for each pair g,c¢ > 3, SC-ORIENTATION restricted to gg,c is either NP-complete
or vacuously tractable (meaning, G, . consists of only yes-instances of the problem). For
the record, we would like to note the rarity of such “NP-hard or trivially yes” proof. We
do not pinpoint the exact boundary for the values of g and ¢ where the transformation
from P to NP-hardness occurs. The approach is to compile an NP-hardness proof that
solely relies upon a single no-instance of the given girth ¢ and chromatic number c.

Additionally, in Section 3.5, we prove that SC-ORIENTATION is NP-complete even for
planar graphs. Our hardness holds for all graphs restricted to girth at most 4. Com-
plementing this result, we show that planar graphs of girth at least 5 are always sc-
orientable; hence, the decision problem is tractable. Moreover, our NP-hardness reduc-
tion on planar graphs can be modified to show NP-hardness also on perfect graphs.

As further results, we provide polynomial-time algorithms for the SC-ORIENTATION
problem on some special graph classes such as distance hereditary graphs, chordal
graphs, and cographs (see Section 3.7). For the class of distance hereditary graphs, we
give a concise definition of the yes-instances by a set of finite forbidden subgraphs.

From the technical side, we provide two simplifications of the problem in Section 3.4.
First, in triangle-free graphs, we restrict the search for an sc-orientation to the orienta-
tions that also avoid directed cycles. Second, we show that, in fact, we can assume that
the input is triangle-free. Interestingly, we further show that triangle-free sc-orientable
graphs can be characterized by a vertex ordering 7, such that the corresponding orien-
tation in which every edge is directed towards the vertex that is higher in the ordering
is an sc-orientation.

3.3 Examples Illustrating Singly Connectivity

In this section we discuss, the concepts of singly connected digraphs and singly connected
orientations. We give illustrations of multiple examples and build the concepts related to
singly connectivity.

3.3.1 Singly Connected Digraphs

Recall the definition of singly connected digraphs: A directed graph D is singly con-
nected if for every ordered pair of vertices s,t € V(D), there is at most one path from
s to t in D. We illustrate the singly connected property of a digraph with the help of
an example shown in the Figure 3.1. The left digraph has a cyclic orientation and con-
tains, for any specific ordered pair of vertices, at most one path joining the ordered pair.
Thus it is a singly connected digraph. Note that it is crucial to consider ordered pairs
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w w
[ ] [ ]
. / \.v ) / \.v
singly connected digraph non-singly connected digraph

Figure 3.1: llustrating example of a singly connected and a non-singly connected di-
graph

of vertices for the definition of singly connected digraphs. On the other hand, the right
digraph contains two disjoint paths joining the vertices u and w, namely, path uow and
path uw. Thus this digraph is not singly connected.

During a study in 2022 [DKM " 22], the authors gave a characterization of the singly
connected property of digraphs in the following way. They showed that, if a digraph D
is not singly connected, then there exists a pair of vertices u,v € V(D) such that there
are two paths from u to v, whose inner vertices are disjoint, that is say paths P; =
UxX1X2X3 ... Xav and Py = uy1y2ys . ..ypv where x; # y; for all i,j. They call such paths
internally vertex disjoint paths.

Lemma 3.2 ([DKM " 22], Lemma 1). A digraph D is not singly connected if and only if there
exist two vertices u,v € V(D) such that there exist two internally vertex disjoint paths from u
to v.

We observe (from Lemma 3.2), since for each non-singly connected digraph D, there
is a pair of vertices which bear two internally vertex disjoint paths P; and P, between
them, these paths together form a cycle in the underlying undirected graph Gp of D.
Thus, given a digraph, if one checks every cycle in the underlying undirected graph for
singly connectivity, this gives a brute force algorithm to verify the singly connectivity of
the digraph. Although, it is not efficient.

The problem of testing whether a digraph is singly connected or not was introduced
in an exercise in the classical book “Introduction to Algorithms” by Cormen, Leiserson,
Rivest and Stein [CLRSo1]. Buchsbaum and Carlisle, in 1993, gave an algorithm running
in time O(n?) [BC93]. Khuller, in 1999, proposed an algorithm for testing single connect-
edness using a similar approach [Khugg]. There have been other attempts to improve
this result, for example see the paper by Dietzfelbinger and Jaberi from 2015 [D]15].
They propose an O(a - B + m) algorithm, where « and B are the total number of sources
and sinks, respectively, in the reduced graph obtained by first contracting each strongly
connected component of the graph into one vertex and then eliminating vertices of in-
degree or outdegree 1 exhaustively.

In the remainder of the chapter, we solely focus on whether it is possible to make an
undirected graph into singly connected digraph, and if yes, then how do we do it?
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3.3.2 Singly Connected Orientation

Let us define some notions that are relevant for the rest of the chapter.

For an undirected graph G, an orientation is a mapping ¢ that maps each edge
{u,v} € E(G) to either of its endpoints u or v, which results into a directed graph
Ge. So each edge {u,v} € E(G) becomes either (u,v) or (v,u), but not both, in the arc
set E(Gy). We define o({u,v}) := v when ¢ orients the edge {u,v} towards the vertex
v meaning we have the arc (1, v) in Gg; similarly, c({u,v}) = u implies we have the arc
(v,u) in Gg. For a path P = ujuous...uy,, an alternate orientation along P is the orienta-
tion in which for each vertex its incident arcs on the path are directed either towards the
vertex or away from that vertex.

Definition 3.3. An orientation ¢ is an sc-orientation (singly connected orientation) if G,
is singly connected. A graph G is said to be sc-orientable if there exists an sc-orientation
of G. Moreover, we say that a graph G is non-sc-orientable if there does not exist any
sc-orientation of G.

Let 0 be an orientation which results into a digraph G, then the reverse orientation o
of ¢ yields a digraph G such that A(Gz) = {(1,v) | (v,u) € A(Gy)}. Similarly, given
a digraph D, we denote the reversed digraph obtained by reversing the direction of each
arc in D, by D. Note that, D is singly connected if and only is D is singly connected.
This is because of Lemma 3.2; D has at least two internally vertex disjoint paths from u
to v if and only if D has at least two internally vertex disjoint paths from v to u. As a
result, sc-orientation of a graph is never unique. However, in this text, abusing the term,
we say a graph has a unique sc-orientation if it has a unique sc-orientation up to reverse
orientation. If a graph has a unique sc-orientation, then fixing the direction of one edge
fixes the orientation of all edges up to single-connectedness, that means as long as we
are forcing sc-orientation, we get a unique orientation after fixing the direction of one

edge.

Sc-orientation of a triangle. Consider a simple undirected graph G; wherein V(G;) =
{u,v,w} and E(G1) = {{u,v},{v,w},{u, w}}. This graph is also known as a triangle.
Note that this is the underlying undirected graph of the digraphs mentioned in Fig-
ure 3.1. From the orientations illustrated in Figure 3.1, we know that there exists a singly
connected orientation for Gy; the left orientation in Figure 3.1 is singly connected. Hence
G is sc-orientable. Moreover, for a triangle graph, the only sc-orientation possible is a
cyclic orientation. However, we note that there are still two sc-orientations of Gj, each
corresponding to the cycles uvw and uwv. But since those are reverse orientations, we
safely say that a triangle has a unique sc-orientation.

Sc-orientation of a 4-cycle. A 4-cycle or C4 is a graph consisting of V(Cys) = {a,b,c,d}
and E(Cy) = {{a,b},{b,c},{c,d},{a,d}}. A C4 realizes only two types of sc-orientations
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Figure 3.2: Two types of sc-orientations of C4: (a) cyclic orientation and (b) source-sink
orientation. (c) contains the unique sc-orientation of a domino, also known as, a (2 x 3)-

grid graph (Go,3).

as given in Figure 3.2. One, 01, which returns A(Cs,,) = {(a,b), (b,c), (c,d),(d,a)} and
the other, oy, which returns A(Cy,,) = {(a,b),(c,b),(a,d),(c,d)}. It is worth noticing
that o7 and o> are not unique up to reverse orientations. We say o is a cyclic orientation
and o7 is a source-sink orientation, and one is not obtained from another by means of
reversing all the arcs.

Sc-orientation of a domino. The domino is obtained from two C4 graphs by identify-
ing exactly one edge. See Figure 3.2. Although the building blocks of a domino are Cy4
graphs, there does not exists an sc-orientation of a domino wherein any induced C4 has
a cyclic orientation. As soon as we include one cyclic orientation of one of the 4-cycles,
no matter what the orientation of the other 4-cycle is, we always get two disjoint paths
joining an ordered pair of vertices in the graph. This is easy to verify by a trial and
error method. It turns out that a domino also has a unique-sc-orientation. Moreover,
each Cy therein has a source-sink orientation. We use domino graphs as building blocks
for a crucial structure required in deriving the hardness results in Section 3.5. Thus the
unique-sc-orientation of a domino serves as an essential property in our main tool in
the later sections.

A domino is a (2 x 3)-grid graph; grid graphs can be embedded by putting the ver-
tices on the integer co-ordinates of a Cartesian plane, and there exists an edge between
two vertices if and only if they are unit distance apart. An (m x n)-grid graph can be
embedded using m horizontal lines and 7 vertical lines, and is denoted by G .

Examples of non-sc-orientable graphs. In contrast to the above example, there are
graphs for which no sc-orientation exists. Two such crucial examples are a diamond and
a house graph (see Figure 3.3). It is easy to verify that no orientation of a diamond
or a house graph is singly connected. An attempt to seek sc-orientation of a diamond
will require each of its triangular subgraphs to form a directed cycle. Without loss of
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Figure 3.3: Examples of non-sc-orientable graphs

generality, if the edge {b,d} is oriented (b,d), this enforces the orientation of the rest
of the arcs to be (d,a),(a,b),(d,c) and (c,b). This results into two distinct paths from
d to b, namely paths dab and dcb. Thus, for a diamond graph, there does not exist an
sc-orientation.

Similarly, for a house graph (see for example Figure 3.3), let the chord {g,s} be
oriented (s,q). This enforces the triangular arcs to be (gq,7) and (r,s). Additionally, as
discussed earlier, the 4-cycle can either have a cyclic or source-sink orientation. If the 4-
cycle has cyclic orientation, we have arcs (s, q), (9, p), (p,t), (t,5),(q,7), and (r,s), which
results into two distinct paths between vertices g and s, namely grs and gpts. Otherwise,
if the 4-cycle has source-sink orientation, we have arcs (s, q), (p,q), (p,t), (s,t),(gq,r), and
(r,s), which results into two distinct paths between vertices p and t, namely pt and
pqrst. Thus, for a house graph, there does not exist an sc-orientation.

Examples of trivial graph classes. There are numerous graph classes for which mem-
bership implies an sc-orientation. This includes the class of forests, cactus graphs, bi-
partite graphs, near-bipartite graphs, etc. We state the results on these graph classes
below:

Forests do not contain cycles. Thus there cannot be two disjoint s-t-paths between
any two vertices s and t in the graph.

Proposition 3.4. Every orientation of a forest is an sc-orientation.

Cactus graphs have a property that each edge in it is contained in at most one cycle,
so the corresponding edge sets of all cycles are pair-wise disjoint. Thus, when each cycle
is given a cyclic orientation, there cannot be two disjoint s-t-paths between any two

vertices s and ¢ in the graph.

Proposition 3.5. For every cactus graph, giving a cyclic orientation to each cycle in the graph
and any orientation to the rest of the edges results into an sc-orientation of the graph.

For bipartite graphs, orienting all edges from one set of the bipartition to the other
results into singly connected digraph.
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Proposition 3.6. Bipartite graphs are sc-orientable.

All in all, inspiring from the notion of graph orientation problems discussed in Sec-
tion 3.1, in this chapter, we indulge ourselves into orienting undirected graphs to make
them singly connected. The chapter is devoted to study the following problem.

SC-Or1ienTATION (SCO)
Given: A simple undirected graph G = (V,E).
Task:  Decide whether G is sc-orientable.

Since the verification of singly connectivity of a digraph is polynomial-time solv-
able [BCo3, Khugg, DJ15], for our SC-ORIENTATION problem, this implies, that an sc-
orientation of G serves as an NP-certificate. Thus we get the following result.

Lemma 3.7. SC-ORIENTATION is in NP.

3.4 Preprocessing Techniques

In this section, we state a few technical observations that are useful for our later results.
The upcoming lemma shows when searching for an sc-orientation of a graph, it suffices
to search for an sc-orientation that additionally avoids directed cycles of length at least 4.

Lemma 3.8. A graph G is sc-orientable if and only if there is an sc-orientation o of G where G,
contains no directed cycle of length at least 4.

Proof. (<) The reverse direction is clear from the definition of sc-orientable graphs.

(=) For the forward direction, since G is sc-orientable, let ¢ be any sc-orientation
of G. If G, does not contain any directed cycle of size at least 4, then we are done.
Otherwise let v1v; ... 9,01, k > 4 be a directed cycle C in G,. Let us denote the set of
vertices of C by V(C). Note that the induced graph G,[V(C)] is exactly this cycle C and
it does not contain any chords. Because a chord in the cycle gives us two paths between
the endpoints of the chord, one followed through the arcs of the cycle, and the other
consisting of the chord itself.

Now let the orientation ¢’ be same as o except the orientation of the edges {v1,v,}
and {v3,v4} reversed, i.e., unlike G,, the graph G, contains arcs (v, v1) and (v4, v3).
Let us refer to the set of newly oriented arcs {(v2,v1), (v4, v3)} by A’. We claim that ¢’ is
an sc-orientation and it does not create any new directed cycle in G, apart from those
present in G-

Let us first prove that G,/ is singly connected. Suppose the contrary, and let s,t €
V(G,) be such that there are two vertex disjoint paths from s to t, P and P}, in G,.
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At least one of Pj, P, must use an arc from A’, otherwise Pj and Pj are present in G,
contradicting to the fact that G, is singly connected. We consider the following cases:

* Cuse 1: Exactly one of P|, P;, say P;, contains vertices from V(C) and Pj does not
intersect with the vertex set V(C). This implies there exists a path P, = P; in G,.
Now while tracing the path P from s to t, consider the first vertex and the last
vertex on P that belongs to V(C). Let the vertices be v; and v; respectively; there
exists a path P joining v; to v; in the cycle C of G,. Then by replacing the path
between v; to v; in P| by P, we can obtain a path P; from s to t in G,. Note that
Py # P,, as P; contains vertices from V(C). Thus we get two disjoint paths in G,
contradicting to the fact that G, is singly connected.

e Case 2: Both Pj, P} intersect V(C). Assume that either s ¢ V(C) or t ¢ V(C).
Without loss of generality, consider s ¢ V(C). Tracing P; from s to ¢, let v; be the
first vertex that belongs to V(C). Similarly, while tracing P; from s to t, let v; be the
first vertex that belongs to V(C). If v; = v;, we get two paths from s to v; in G, a
contradiction to ¢ being an sc-orientation. Thus v; # vj; there exists a path P from
v; to v; in the cycle C. In this scenario, we get two paths from s to v; in G, one
being the subpath P, of P; from s to v;, and the other is obtained by concatenating
the subpath s. .. v; of P| with P. Both are disjoint paths from s to v; in G, giving us
a contradiction to ¢ being an sc-orientation. Similarly, if we assume that t ¢ V(C),
then we attain a similar contradiction. Here, the argument follows by considering
the last vertices on each of the paths P; and P, that belong to the vertex set V(C),
while tracing them from s to .

 Cuase 3: Both s,t € V(C). Note that at least one of P|, P}, say P|, contains at least
one arc (u,v) such that u € V(C) and v ¢ V(C). This is because it is impossible
to have two paths from s to ¢ that consists of vertices only from V(C), as there
are no chords in G,[V(C)], and thus no chords in G,[V(C)]. Then while tracing
Pj from s to t, let v; be the last vertex such that P; contains an arc (v;, w;), where
v; € V(C) and wy ¢ V(C). The vertex v; € V(C) be such that P; contains a subpath
vjwy ... w,v; where wy ¢ V(C) for k € [n]. Then we obtain two paths from v; to
v; in Gy, namely P; = v;w; ... w,vj, and P, can be traversed on the cycle C. Thus
giving two disjoints paths from v; to v; in G, a contradiction.

So far we have proved that ¢’ is an sc-orientation. To prove our claim we only need
to show that the newly oriented arcs from A’ do not create new directed cycles in the
graph G,. Assume the contrary. If there is a new cycle C’ in G,» that was not present in
Go, then this cycle must include an arc from A’. If C’ contains only one arc from A’, say
(v2,v1), then there is a path from v; to v; in G, which does not contain the arc (v1,v7),
thus we get two disjoint paths from v; to v, in G,, which is a contradiction to G, being
singly connected.

Now if C’ contains both the arcs from A’, namely (v, v1) and (v4, v3), then let C' =
V201WIWY . . . WiV4V3Wi4] - . . W;T2. Note that the vertices wq,wy, .. -, Wj ¢ {Ul,vz, U3, 04}.
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Thus in this case, we get two disjoint paths from v; to v4 in Gy, namely v1v,v3v4 and
v1wiws . .. w;v4. This concludes the proof because each time we encounter a directed
cycle of size at least 4, we can change the direction of two nonadjacent arcs, and thus
reduce the total number of directed cycles in the graph by at least 1. O

Further, by the following lemma, we can remove triangles from the input graph
unless it contains a diamond or a house as an induced subgraph. It is easy to check
whether a graph G contains a diamond or a house graph as an induced subgraph. We
can a priori check whether the given graph contains a diamond or a house as a subgraph,
and if so, conclude that the instance is a no-instance of SC-ORIENTATION. For each small
graph H such as a diamond or a house graph, one can check whether there exists a
graph homomorphism from H to G in polynomial time.

Lemma 3.9. Let a (diamond, house)-free graph G contain a triangle uvw. Then G has an sc-
orientation if and only if G', resulting from G by contracting the edges in uvw, has an sc-
orientation.

Proof. We contract the triangle uvw (by contracting edges {u,v} {v,w}, and {u, w}) in
G to a single vertex in G'. Let z be that single vertex in G'.

(=) Since G is sc-orientable, let o be an sc-orientation of G; the triangle uvw obtains
a cyclic orientation in G,. We show that then ¢’ is an sc-orientation of G’ where ¢’ is
defined as follows:

) {fr({x,y}) ity 47,

c({x,y'}) ify==zand {x,y'} € E(G) where v’ € {u,v,w}.
Note that since G is a diamond-free graph, an edge {x,z} € E(G’) implies there is a
unique iy’ € {u,v,w} such that {x,y'} € E(G).

For the sake of contradiction, assume that ¢’ is not an sc-orientation. That means G{,,
is not singly connected, and due to Lemma 3.2, there are two internally vertex disjoint
paths from some vertex s € V(G’) to vertex t € V(G’). Let these two s-t-paths in G/, be
P| = sx1x...xyut, and Py = sy1y>...yst. Then either z € {s,t} or z belongs to exactly
one of {x1,x2,...,Xm} or {y1,y2,...,yn}. If z does not belong to either of the paths, then
Pj, P, are present in G,. This is not possible as G, is singly connected. If z = s, then there
exist arcs (a,x1), (b,y1) in G, where a,b € {u,v, w}. We thus obtain two a-t-paths or two
b-t-paths, depending on the orientation of the edges of triangle uvw, in G,. Similarly, if
z = t, then there exist arcs (x;,a), (yn,b) in G, where a,b € {u,v,w}. We thus obtain
two s-a-paths or two s-b-paths, depending on the orientation of the edges of triangle
uvw in G,.

If z belongs to only one path, say z belongs to Pj. Assume z = x;. Then there are
vertices a,b € {u,v,w}, such that the arcs (x;_1,a), (b, x;11) belong to G,. When a = b,
P, := Pjis a path in G,. Otherwise a # b, then let P be an a-b-path obtained by traversing
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the arcs of triangle uvw of G,. Then P, = s...x;_1Px;11...t, and P, := Pj are disjoint
s-t-paths in G, hence, a contradiction.

(<) Let ¢’ be an sc-orientation of G’. With the help of Lemma 3.8 we assume that
G/, does not contain a directed cycle of length at least 4. We then show that ¢ is an
sc-orientation of G where ¢ is obtained from ¢’, and for the edges of the triangle uvw
in G, it orients the edges to obtain a cyclic triangle. Assume the contrary, there are two
internally vertex disjoint s-t-paths P;, P, in G, for some s,t € V(G). At least one of
Py, P, contains edges from triangle uvw and thus vertices from the set {u, v, w}. Then we
distinguish among the following cases:

* Case 1: Exactly one path of P, P, goes through the vertices of the triangle uvw. Say
only P; = svy...vt does so, and let the first and the last vertex in Py N {u,v, w}
be v; and vj, respectively. Note thats,t ¢ {u,v,w}, as P, does not traverse through
the vertices of uvw. Then let P, := P> and Pj be same as P; but where the subpath
v; ... v; is replaced by the vertex z in G,. Then Py, P; are disjoint s-t-paths in G

1y
o
contradiction that G/, is singly connected.

* Case 2: Both paths Pj, P, traverse through the vertices of the triangle uvw, but
s,t ¢ {u,v,w}. Let path P} = sv;...v,t and P» = sw; ... wyt. Then let v;, w; be
the corresponding first vertices of P;, P, that belong to {u, v, w}. Let path P| be the
subpath of P; from s to v;(= z in G’), and let P} be the subpath of P, from s to
wi(= z in G'). We obtain two disjoint s-z-paths in G/,.

* Case 3: Paths P;, P, both traverse through the triangle, and exactly one of s, t, say
s, belongs to {u,v,w}. Here t ¢ {u,v,w}. Let v; be the last vertex of Py such that
vj € {u,v,w}. Similarly w; be the last vertex of P, such that w; € {u,v,w}. Then
P| = vj(=zin G')...t, and P; = wj(= zin G')...t are disjoint z-t-paths in G/,.
Thus we get a contradiction.

e Case 4: The remaining case is to consider {s,t} C {u,v,w}. Since the triangle
uvw forms a directed cycle in G, at least one of the paths P, P,, say Pj, visits
vertices not in {u,v,w}. Let v10;...v; be a subpath of P; where v1,v; € {u,v,w}
and vy,...,v;_1 ¢ {u,v,w}. Because G is (diamond, house)-free, i > 5. Then G/,
contains a directed cycle zv,...v;_1z of length at least 4. A contradiction to our
initial assumption that G/, does not contain any directed cycle of length at least 4.

Since all cases led to a contradiction, G, must be singly connected. O

As a consequence of Lemma 3.9, it is easy to either reduce an instance of SC-
ORIENTATION into an instance with girth at least 4 or return that it is a no-instance.
Thus, let us now restrict ourselves to instances of girth at least 4. Under this assump-
tion, Lemma 3.8 states that if a graph is sc-orientable then there exists an acyclic sc-
orientation. From here, it is easy to work out that if we restrict the acyclic orientation
o to a cycle C in G, i.e. when considering C,, there are always two source vertices and
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two sink vertices in the directed cycle C,. However, what is remarkable is the following
result. Given a graph of girth > 4, we can characterize an sc-orientable graph by an
ordering of its vertices 7t: V(G) — {1,...,|V(G)|}. We show that, the corresponding
orientation that orients each edge to the endpoint that is higher in the ordering is in fact
an sc-orientation. Moreover, the converse also holds.

Lemma 3.10. Let G be an undirected triangle-free graph. Then G is sc-orientable if and only if
there exists a vertex ordering, that is a bijective mapping, 7: V(G) — {1,...,|V(G)|} such
that every cycle C in G contains distinct vertices uj,u, € V(C) where every v € Nc(u;),i €
{1,2} has 7t(u;) < mt(v).

Proof. It suffices to show that there are at least two vertices in every cycle which are
lower in the ordering 7t than their neighbors in the cycle.

(=) Let ¢ be an sc-orientation of G. We may assume that G, has no directed cycle
due to Lemma 3.8.

Let us construct a vertex-ordering 7t such that o({w;, wy}) = w; if and only if
m(wy) < m(wz). We may define an ordering for each component of G separately. So
assume that G is connected. If V(G) = {v}, define rr(v) = 1. Else, find a vertex v
that is a sink in G, as follows. Pick an arbitrary vertex u. If it is not already a sink,
there is at least one out-going edge (u,v), and we consider v instead and repeat this
procedure. Since G, has no directed cycle, we may not visit a vertex twice, and hence
eventually have to find a sink v. Then set r(v) = |V(G)|. Recursively define 7r(w) for
w € V(G) \ {v} by restricting to graph G \ {v}. This way, o({w, wz}) = w; if and only
if m(wy) < m(ws), as desired.

Given such an ordering 7, all it remains to prove is that each cycle C in G has
two distinct vertices uy,up € V(C) where v € Nc(u;),i € {1,2} has m(u;) < 7(v).
Assume contrary, and let C be a cycle which does not contain two distinct vertices
uy,up as desired. Let s and t be the vertices of V(C) with the lowest and the highest
values assigned by the mapping 7 in C, respectively. Let Nc(s) = {a1,b1}. Clearly, s
satisfies 7(s) < m(a;) and 7(s) < 7(by). But due to our assumption no other vertex
u' € V(C) satisfies m(u') < m(v) for both v € Nc(u'). This implies the two paths
from s to t in G[C], namely P; = saqa;...a,t and P, = sbiby ... byt have vertices which
satisfy 7(s) < m(a1) < ... < m(ay) < m(t) and 7(s) < 7w(by) < ... < 7w(bw) < 7(t),
respectively. Due to our construction of 7, this implies the paths P; and P, are also the
directed paths in G,. And we get two disjoint paths from s to t which contradicts that o
is an sc-orientation.

(<) Let a permutation 7: V(G) — {1,...,|V(G)|} be such that every cycle C in G
contains distinct vertices uy,uy; where v € N¢(u;),i € {1,2} satisfies 7t(u;) < 7(v).
We define an orientation ¢ by setting o({u,v}) = argmax,cy, ., 7(w) for every
edge {u,v} € E(G), and claim that G, is singly connected. Assuming the contrary,
s,t € V(Gy) be such that there are internally vertex-disjoint s-t-paths P;, P> in G, by

31



3. Graph Orientation to Singly Connectedness

Figure 3.4: Splitting the graph across a cut-vertex and reducing it to multiple instances.

Lemma 3.2. Then Pj, P, together from a cycle C’ in the underlying undirected graph G.
This cycle C’ has two distinct vertices uj, u) € V(C’) such that v € Nc(u}),i € {1,2},
and 7t(u}) < 7t(v'). Note that, this implies both 1, 1} are source vertices of the directed
paths P; or P,. However, no vertex v € V(C') \ {s} will satisfy v € {u},uj}, because
they are either the inner vertices of the directed paths, or the endpoint ¢t which is a sink
node. O

It is trivial to see that for an arbitrary instance of SC-ORIENTATION, it is enough
to solve it on each connected component of the graph. However, in what follows we
show that, in fact, it is enough to solve the problem on 2-vertex-connected graphs. One
can rely on an algorithm on 2-vertex-connected instances for any possible instance of
SC-ORIENTATION.

Lemma 3.11. Each instance of SC-ORIENTATION can be reduced to solving the problem on
several 2-vertex-connected graphs.

Proof. Recall that 2-vertex-connected graphs are those which are still connected after
deletion of any single vertex from the vertex set; these are also called 2-connected graphs.

If the given instance G = (V, E) is not 2-vertex-connected, then there is a vertex, also
known as a cut vertex, v € V(G) such that deletion of v renders at least 2 connected
components in G \ {v}. For each cut vertex, our preprocessing technique reduces the
instance by splitting it across the cut vertex, that is, we consider each connected compo-
nent of G\ {v}, add a copy of v to it along with its incident edges with the vertices of
the component. For illustration see Figure 3.4.

The reduced instance is a set of k-many 2-vertex connected subgraphs of G. We
claim that the G is a yes-instance of SC-ORIENTATION if and only if all of the k reduced
components are yes-instances of SC-ORIENTATION.

(=) The forward direction is easy to see because each reduced component is a sub-
graph of G and thus an sc-orientation of G restricted to the component gives us an
sc-orientation of that component. This holds of all reduced components.

(<) Note that the edge set of G is partitioned into the edge sets of the reduced
components. We start with fixing an sc-orientation of each reduced component. We
further exploit the fact that each edge e € E(G) belongs to exactly one of the reduced
components. Thus, we construct an orientation of G by directing each edge e as per
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the sc-orientation of the reduced component it belongs to. We are now left to show
that the resulting orientation of G is indeed an sc-orientation. If not, then according to
Lemma 3.2, there exist two vertices uj, s € V(G) such that there are two internally
vertex disjoint paths from u; to up. This either implies that u; and u, belong to the
same reduced component or two-different ones. In the former case, it contradicts the
sc-orientation of the reduced component, and in the latter all paths must pass through
the cut vertex v, thus there cannot be such two internally vertex disjoint paths. ]

To conclude this section, below we give an example of a 2-vertex-connected non-sc-
orientable graph with girth 4.

Example 3.12. Figure 3.5 contains an example of a non-sc-orientable graph with girth
four. Here, we state two different embeddings of a Mobius ladder on 8 vertices.

Figure 3.5: A non-sc-orientable graph with girth 4 and chromatic number 3: a Mobius
ladder on 8 vertices.

3.5 NP-Hardness on Planar Graphs

This section derives NP-hardness of SC-ORIENTATION on planar graphs. As we have pre-
viously discussed in Section 3.3.2, since verification of singly connectivity of a digraph
can be done in polynomial time [BC93, Khugg, DJ15], SC-ORIENTATION is in NP. To show
hardness, we give a reduction from a variant (to be shortly defined) of the PLANAR 3-SAT
problem [Lic82]. Given a 3-SAT formula ¢, a variable-clause graph corresponding to ¢ is
a graph obtained by taking the variables” and clauses’ representatives as the vertex set,
and the edge set contains an edge between a variable and a clause representative nodes
if the variable or its negation appears in the clause. We use the variant of 3-SAT wherein
there exists a planar embedding of the variable-clause graph of the given boolean for-
mula, and there are some additional edges (only connecting clause nodes) which form
a cycle traversing through all clause nodes. We denote the cycle traversing through all
clause nodes as clause-cycle, and the problem as CLAUSE-LINKED PLANAR 3-SAT. Below
we give the formal definition of the CLAUSE-LINKED PLANAR 3-SAT problem.
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Figure 3.6: A Ladder showcasing the coupling edges. This graph is a domino; it is also
known as a (2 x 3)-grid graph denoted by Gy 3.

CLAUSE-LINKED PLANAR 3-SAT

Given: A boolean formula ¢ in conjunctive normal form (CNF) with clauses C =
{c1,...,cm} wherein each clause contains exactly three literals on the set of
variables X = {x1,x,...,x,}, and a planar embedding of the variable-clause
graph together with a clause-cycle.

Task:  Verify whether ¢ is satisfiable?

Kratochvil, Lubiw, and Nesetril proved the NP-hardness of the CLAUSE-LINKED PLaA-
NAR 3-SAT problem; they denoted this problem by PLANAR CycLE 3-SAT [KLNog1].

Theorem 3.13 ([KLN91], Proposition 4.1). The CLAUSE-LINKED PLANAR 3-SAT problem is
NP-complete.

Now, we give a reduction from the above mentioned NP-hard problem, CLAUSE-
LINKED PLANAR 3-SAT, to the SC-ORIENTATION problem in order to prove its NP-
hardness.

Theorem 3.14. SC-ORIENTATION is NP-complete even for planar graphs.

Proof. Our idea is to take the planar embedding of the given boolean formula ¢, and
use this as a backbone for our construction.

Let us first define 17 to be an ordering of clause nodes such that the clause-cycle
traverses through C as per the ordering 77. Now, let the given planar embedding of ¢
be IT, and the underlying variable-clause graph be G, (¢). For the reduction, we define
a clause gadget and a variable gadget to replace the clause nodes and variable nodes
in I'l. Further we define how to connect the clause and variable gadgets corresponding
to the edges in G, (¢@). To begin with, let us start with the following interesting graph
structure:
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Figure 3.7: Extended Ladder (L)

Ladder. Recall our investigation about the sc-orientation of a domino from Sec-
tion 3.3.2. A domino, also known as a 2 x 3-grid graph and denoted by G,3 (see Fig-
ure 3.6), has a unique sc-orientation up to reverse orientation. As a consequence, if we
fix the orientation of one edge, the orientations of all other edges is fixed up to singly-
connectedness (every vertex becomes either a sink or a source of the oriented domino).
We capture this compelling nature of influencing the orientation of edges in the fol-
lowing definition. We are specifically interested in a special pair of edges {a1,b;} and
{as, b3} like the bottom edge and the top edge in the Figure 3.6 which additionally
satisfies the following conditions.

1. (a1,b1) and (ap,bp) are coupled, that is, for every sc-orientation o, either
o({a;, b;j}) = b; fori € {1,2}, or o({a;,b;}) = a; fori € {1,2}, and

2. there is an sc-orientation o without any directed path from {a1, b1 } to {ap, bo }. That
is, in the directed graph G, one cannot reach from the edge {a1,b;} to the edge

{az, bz}

Since the directions of coupling edges matter, we always refer to them in ordered
pairs. Notice the embedding of domino given in Figure 3.6, the bottom edge and the top
edge of the domino are coupled in orderings (a1, b1) and (a3, b3). The coupling property
is transitive, in the sense, if (u1,v1) and (up,v2) are coupled, and (up,v2) and (u3, v3)
are coupled, then so are (u1,v1) and (u3,v3). If we take two dominos and identify the
top edge of one to the bottom edge of another (forming a 2 x 5-grid graph), the very top
and the very bottom edges are also coupled. Further extrapolation can be made to form
a ladder (a 2 x n-grid) for n > 3. Moreover, note that the bottom and the middle edges
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(c) type 2 (d) type 3

Figure 3.8: Different types of clause nodes according to their neighborhoods in the planar
embedding IT of G (¢).

of a domino are in the reverse direction in every sc-orientation. Hence they are coupled
in (a1,b1) and (by, a2), or we say they are reverse-coupled in (a1,b1) and (ay, by).

The coupling property of edges in dominos helps us attach (in any direction) as
many 4-cycles as we want to a ladder without affecting the unique sc-orientations of
the structure. Let us call the ladder with the additional 4-cycles an extended ladder (L)
(see Figure 3.7). For our reference, let us call the bottom of the ladder, in the embedding
given in Figure 3.7, the 0-step. Let us call the set of edges which are coupled with the
0th-step by even edges, and the set of reverse-coupled edges by odd edges. All in all, if
we fix the orientation of the 0"'-step, the orientation of the whole ladder is fixed up to
an sc-orientation. Let us construct a large enough extended ladder £;;, we call this, the

universal ladder.

Clause gadget. In the planar embedding I1, each clause node c is adjacent to three
variable nodes, say x,y,z, and two more clause nodes, say ¢; and c;. There are four
types in which ¢ can be surrounded by nodes x, v, z, ¢, c2 in I. These four types depend
on the total number of variable nodes from {x,y,z} that are embedded in the inner part
of the clause cycle in the planar embedding I1. The clause c is type 0 when none of x, v,
and z is embedded in the inner part of the clause cycle. Similarly, it is type 1, type 2,
or type 3 when either 1, 2, or 3 variable nodes from {x,y,z} are embedded in the inner
part of the clause cycle, respectively. For reference see Figure 3.8. For a replacement
to each of these four types of configurations, we define four different clause gadgets
(see Figure 3.9 and Figure 3.10). For ¢ € C, the basic structure of the clause gadget
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Figure 3.9: Clause gadget for type 0 (left) and type 1 (right)

G, includes an 8-cycle which contains 3 edges ¢, e}, and e; (corresponding to x,y, and
z), and five generic edges e, ¢5,¢5, €5, 5. In addition, the universal ladder Ly passes
through the gadget as shown in the Figures 3.9 and 3.10. For each of the four types of
clause gadgets, we distinguish two edges of the clause gadget from where the universal
ladder enters and exits by the notations (in.) and (out.), respectively.

Variable gadget. Each variable node x in IT is replaced by a sufficiently large ladder-cycle
LCy, see Figure 3.11. The bold edges in Figure 3.11 correspond to the 0"-steps of £C,.
The orientation of all Oth—steps in L£C, can either be clockwise or anticlockwise in an
sc-orientation of the graph. This is because of the cyclic ladder formed in the gadget.
The two types of orientations are in one-to-one correspondence with the two boolean
assignments of the variable in the 3-SAT formula.

Construction. We make the following replacements while constructing our input graph
G of SCO from the planar embedding I1 given in the input of the CLAUSE-LINKED PLaA-
NAR 3-SAT problem:

* Replace each clause node c in IT by a clause gadget G, in G.
* Replace each variable node x in I1 by a variable gadget LC, in G.

e Replace each edge {x,c} in IT by extending a ladder from the variable gadget £C
to the edge ¢ of the clause gadget G.. If ¥ appears in C, then we identify an odd
step of LC, to e5. If x appears in ¢, then we identify an even step of L, to the
corresponding edge ey

e For an edge {c;,c;} in I, where c;,c; are clauses and c; appears before c; in the
clause-cycle 7, add a ladder G, 4 having bottom edge (a3, b1) and top edge (a2, b2).
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Figure 3.10: Clause gadget for type 2 (left) and type 3 (right)

Identify (a1, b1) with the (out.,) and (ap, by) with the (incj), while maintaining the
planarity. Moreover, let us fix the 0™'-step of the universal ladder £ to be the
(inc,) edge of the clause gadget G, .

Note that all clause and variable gadgets are planar, and the edge replacements by
ladder also maintains the planarity of the resulting graph.

We remain to prove that the CLAUSE-LINKED PLANAR 3-SAT instance is a yes-instance
if and only if the corresponding constructed instance of the SC-ORIENTATION problem
is a yes-instance.

Correctness of the NP-hardness reduction. As per our construction of the clause gad-
gets, for each structure G, the (in.) and (out.) edges together are either oriented clock-
wise or anticlockwise in every sc-orientation of G. Moreover, all the (in.) edges are
oriented in one direction for all ¢ € C, and all the (out.) edges are oriented in the other
direction. If we fix the orientation of the Ot
edges associated with £;, and consequently fixes the orientation of the (in.) and (out.)

-step of Ly, it fixes the orientation of all

edges for all ¢ € C. It also fixes the orientation of all generic edges in G, for all c € C.
Refer to Figure 3.12 for the illustrations of the clockwise and anticlockwise orientations
of (in.) and (out.) pairs of the clause gadget. For all clause gadgets, the orientation is ei-
ther clockwise or it is anticlockwise; the orientation is fixed by the unique sc-orientation
of the universal ladder £;; and is determined by the orientation of the 0%-step of £y;.
We now prove that the CLAUSE-LINKED PLANAR 3-SAT instance is a yes-instance if and
only if the corresponding constructed instance of the SC-ORIENTATION problem is a
yes-instance.

(=) LetT: X — {0,1} be an assignment of variables in X such that ¢ is satisfied.
Let us fix the orientation of the Oth-step of Ly such that for ¢ € C, the (in, out.) pairs
are oriented anticlockwise (in this setting, each clause gadget has the anticlockwise ori-
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Figure 3.11: Variable gadget (left), denoted by LC, for a corresponding variable x, and
its sc-orientation (right). The 0t'-steps of the variable gadget are highlighted in bold,
whereas the even steps and the odd steps are colored red and blue, respectively. For an
sc-orientation, the orientation of a single edge pre-determines the orientation of all other
edges. There are only two possible sc-orientations of the variable gadget, depending on
the the 0t-steps are oriented clockwise or anticlockwise.

entation from Figure 3.12). We orient the 0%-steps of £C, anticlockwise if I'(x) = 1, and
clockwise if T'(x) = 0. We claim the resulting digraph D thus formed is singly connected.
Note that, according to our construction, for an sc-orientation, the Oth-step of Ly, and
the Oth-steps of LCy, x € X, influence the orientation of all other edges in G. Thus, the
only possibility of forming two paths between a pair of vertices is in the clause gadgets:
;egegei (or P, = eiefcege;egegei). To avoid path P,
at least one edge in {ef, e}, e} has to be oriented in the reverse direction to that of the
generic edges in the path. This always happens because one of {x,y,z}, say x satisfies
¢, and hence according to the construction e gets the reverse direction. All other undi-
rected cycles in G contain at least 2 ladder vertices each with 2 ladder edges incident on
them within the cycle. Moreover, the incident ladder edges make them both either sinks
or sources of the cycle. Thus, there are no two directed paths forming in this cycle. This
results into an sc-orientation D of G.

(<) If G is a yes-instance of SC-ORIENTATION, then for each clause gadget, there is
at least one variable edge, say e, that is oriented in the opposite direction to that of the
edges ef, e5, 5, e; this avoids formation of two disjoint paths between the endpoints of
ez of the clause gadget. The orientation of all variable edges, e, e;, e;, depend on their
respective variable-gadgets. In the sc-orientation of G, consider the orientation of the
Oth—step of Ly, that is the orientation of (in.,,out.,) pair, and the orientations of the oth-
steps of the variable-cycles. If the orientations of £ and LC, are the same, then assign
value I''(x) = 1, otherwise assign I''(x) = 0. We claim, the resulting assignment I" is a
satisfying assignment of ¢. Note that each variable is either set to 1 or 0 in I". Moreover,

through paths P; = ef and P, = efegese
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Figure 3.12: Clockwise (left) and anticlockwise (right) orientations of the in. and out,
edges. Depending on the type 1 or type 2 clause gadget used, the out. edge is either e
or ej respectively.

for each clause ¢ € C, there is at least one literal x € ¢ which avoids the formation of
paths P; and P>. The corresponding literal which prevents these multi-paths is set to 1
in I, and hence each clause of ¢ is satisfied by assignment I".

Since all gadgets have size O(|¢|), our reduction is polynomial. O

Observe that, the reduction used in the above theorem produces the graphs in the
reduced instance to be of girth 4 and not less. Thus, in turn, we end up proving hardness
for the class of graphs of girth exactly 4. However, as a consequence of Theorem 3.14,
one can indeed prove that the hardness also holds for graphs of girth 3. For this, just
add an extra triangle in the construction of Theorem 3.14. Since the additional triangle
is an isolated component, it always gets a cyclic orientation and does not interfere in
deciding whether the rest of the graph is sc-orientable or not. Consequently we get the
following result as a corollary.

Corollary 3.15. SC-ORIENTATION is NP-complete for graphs of girth 3 and 4, even if planar.

3.6 Dichotomy between the Girth and the Coloring Number

Notably, up until now the NP-hardness reduction heavily relied on the ladder structure
which consists of cycles of length 4. Hence the constructed instances in Section 3.5 have
girth 4. Recall the girth of a graph is the length of its shortest cycle. Now the question is,
can we extend this result to girth 5 graphs or for graphs of even higher girth?
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3.6.1 Planar Graphs With Girth at Least 5 are SC-Orientable

In this section, we prove an even stronger statement: Every near-bipartite graph G of girth
at least 5 is sc-orientable. Recall that a graph is near-bipartite if it has an independent
feedback vertex set, that is, its vertex set can be partitioned into two sets such that one is
an independent set and the other induces a forest. We further show that, unless P = NP,
the NP-hardness proof cannot be extended to planar graphs of girth 5, since, as we show
below, such graphs are always sc-orientable.

Theorem 3.16. Near-bipartite graphs of girth at least 5 are sc-orientable.

Proof. To prove this theorem, it suffices to give a valid sc-orientation ¢ of any near-
bipartite graph G. Let I U F be a partition of V(G) such that the vertex subset I is an
independent set of G, and the induced graph G[F] is a forest. To obtain the digraph G,
corresponding to an orientation ¢, orient all edges that are incident to I away from I;
hence all the vertices in I are sources in G,. Fix a coloring of G[F] with colors {1,2} such
that no two adjacent vertices have the same color. Thus all edges in G[F] join a vertex
with color 1 to anther vertex with color 2. Further orient the edges belonging to G[F]
towards the vertex with color 2; hence all vertices in color class 2 are sinks in G,.

We claim that G, is singly connected. Assuming otherwise, let the vertices s,t &
V(Gy) be connected by two internally vertex disjoint paths P;, P,. Since Pj, P> form a
cycle in the underlying undirected graph G and G has girth at least 5, at least one of
Py, P, say Py, has length at least 3. Let s, v1,v5,v3 be the first 4 vertices of P;. Note that
v1,v2 € I, because they both have an incoming arc in G, and each vertex in [ is a source
in Gy. Thus vy, v2 € F. And since they are adjacent to each other, exactly one them must
belong to the color class 2 in G[F]. Hence one of v, v; is a sink in G,. This contradicts
to the existence of path P, because they both have an outgoing arc in G,. Thus G, is
singly connected. O

Since planar graphs of girth at least 5 are near-bipartite [BGo1], we get the following
corollary from Theorem 3.16.

Corollary 3.17. Planar graphs with girth at least 5 are sc-orientable.

At this point, it is worth noticing that every near-bipartite graph has chromatic num-
ber at most 3. We use the ideas from this section to derive some upper bounds in the
next section.

3.6.2 Upper Bounds

Extrapolating the ideas discussed in Section 3.6.1, here we show, given a general graph
if the girth of the graph is at least twice its coloring number, the graph is sc-orientable.
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Theorem 3.18. Let girth(G) > 2x(G) — 1. Then G is sc-orientable.

Proof. Again, to prove the theorem, it suffices to give a valid sc-orientation ¢ of
the graph. For a graph G, consider its proper vertex-coloring given by a mapping
f:V(G) — {1,...,x(G)}. Let ¢ be an orientation which orients each edge {u,v} to
the vertex which corresponds to the higher color class, that is, we set o({u,v}) =
arg maxwe{u,v} f(w)

We claim that G is singly connected. Assuming the contrary, let vertices s, t € V(G )
with two disjoint s-t-paths P;, P> in G,. Let Py = sv1v2...0,t and P» = swwy ... wpt.
Then Pj, P, together form a cycle sv10s . . . UytWy W1 - . . wowqs of length at least girth(G)
in the underlying undirected graph G. Moreover, since girth(G) > 2x(G) — 1, at least
one of the paths, say P;, has length at least x(G). Thus P; consists of more than x(G)
many vertices. By pigeonhole principle, this implies, there are at least two vertices
v;,v; € V(P1) with f(v;) = f(v;). Without loss of generality say v; appears before v;
while tracing P; from s to t. To form an s-t-path, we know that v;’s successor/out-
neighbor v; 1 on path P; must have a higher color than v;. With the same logic, each v; &
has a strictly higher color than v; ;_; in the mapping f. This contradicts f(v;) = f(v;).
Thus we cannot have two disjoint s-t-paths in G,. As a result, G is sc-orientable. ]

As a remark, by Grotzsch’s Theorem every planar graph with girth at least 4 is 3-
colorable [Gr59]. Hence, Corollary 3.17 also follows from Theorem 3.18.

3.6.3 Coupling Gadgets and the Respective Hardness

As of now, we do not know whether there even exists a non-sc-orientable graph of girth
at least 5. Intriguingly, however, we do not need to answer this question to follow a
dichotomy between the polynomial-time decidability and NP-completeness. That is, for
every g, ¢ > 3, we show that, SC-ORIENTATION when restricted to graphs of an arbitrary
girth ¢ and an arbitrary coloring number c is either NP-complete or trivially solvable
(as in, all instances are yes-instances). Let us denote the class of graphs of girth ¢ and
chromatic number ¢ by G . Our proof does not pinpoint the exact boundary between
polynomial-time decidability and NP-completeness. From Theorem 3.18, we only know,
for a fixed value of the chromatic number ¢’, there is an upper bound g’ for the values
of girth such that the hardness is only unclear on G, where ¢ < ¢’; and all instances
belonging to G, » where ¢ > g’ are yes-instances. Moreover, we showed in Section 3.5,
the NP-hardness on G for ¢ = 4; our hardness reduction reduces to graphs of girth
3 and 4 (see Theorem 3.14 and Corollary 3.15). Moreover, as discussed in Section 3.3.2,
all bipartite graphs are yes-instances of SC-ORIENTATION (see Proposition 3.6). Thus SC-
ORIENTATION contains only yes-instances for all G, , for ¢ < 2 and any arbitrary value

of g.
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Our goal in the rest of this section is to settle the complexity of SC-ORIENTATION on
all graph classes o for ¢ > 3 and ¢ > 3. Now the key ingredient for our dichotomy
result (between P and NP) is to compile an NP-hardness proof that solely relies on a
single no-instance of a certain girth ¢ and coloring number c.

The main building block of our construction is a coupling gadget. It is a graph that cou-
ples the orientation of two special edges but that does not enforce a coloring depending
on the orientation. An sc-orientable graph H with special edges {a1,b1},{a2, b2} € E(H)
is a coupling gadget on (a1, by), (az, by) if

(1) (a1,b1), (a2, by) are coupled, that is, for every sc-orientation o, either o ({a;, b;}) = b;
fori e {1,2}, or o({a;, b;}) = a; for each i € {1,2},

(2) there is an sc-orientation without any directed path from {a;,b;} to {az, b2}, and

(3) there exist two x(H)-colorings f, f’ of H such that f(a1) = f(a2), f(b1) = f(b2)
and f'(ay) = f'(b2), f'(b1) = f'(a2).

For example, the G, 3-grid graph (see Figure 3.6) is not a coupling gadget as it only
satisfies properties (1) and (2), but not (3). x(Gz3) = 2, and there exists a unique (up
to symmetry) coloring of Gy3 in two colors. However, if we consider the graph Gj4 U
K3, that is a graph with two components, one is Gy4 and the other is a triangle, it
is a coupling gadget. Here x(Gy4 U K3) = 3, and we can easily satisfy all the above
properties. Note that, in the latter example we considered G4, whereas in the former
one we have G, 3. It is an easy exercise to see that G, 3 U K3 is also not a coupling gadget,
and still fails to fulfill (3).

Lemma 3.19. For every g,c > 3, there is an sc-orientable graph G € Gq .

Proof. Erd6s gave a non-constructive proof to show that, for arbitrary large values of
c and g, there exists a graph of girth at least ¢ and chromatic number at least c
(see [Erdsg]). Although more explicit construction of such graphs are also given
in [AKR" 16, Lov68].

According to Erd&s’ result, for each g, ¢ there exists at least one graph G in some G 1,
g > gand ¢’ > c. Given such a graph G, there exists a graph in Gg» » for all 3 < ¢"” < ¢;
this can be obtained by adding a cycle C¢» to G. Moreover, since G € Gy, one can find
a graph in Gy »_1 by one-by-one deleting vertices of G until we find a graph G’ with
chromatic number exactly ¢’ — 1. With each deleted vertex, the chromatic number of the
graph reduces by at most one. Additionally, the girth of G’ is definitely at least ¢/, and
can be further reduced to obtain a graph with girth exactly g’ by adding a cycle Cy to G'.
If we keep deleting vertices of G’, we will eventually get a graph of chromatic number c.
This can be further converted to get a graph in G, by adjusting its girth. Hence, G is
non-empty. When ¢ > 2¢ — 1, Theorem 3.18 yields that G is sc-orientable. Otherwise,
g < 2c — 1. Then, one can consider an sc-orientable graph Gy.—1. € Goc—1, and, in order
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Figure 3.13: A gadget for the construction of Lemma 3.20

to control the girth of the graph, add a connected component C, to it. Thus, the graph
Goc—1,0 UCq € Gy ¢ is sc-orientable; it has girth ¢ and chromatic number c. O

Lemma 3.20. For ¢ > 3, ¢ > 4, there is a non-sc-orientable graph G € Gy (, if and only if there
is a coupling gadget H € G .

Proof. (=) Consider a non-sc-orientable graph G € G,.. We want to assume that G
contains at least one edge {u,v} such that subdividing {u,v} yields an sc-orientable
graph. If that is not the case, pick an edge {u,v} and consider the graph G’ resulting
from graph G where {u, v} is subdivided into a path uwv. To assure termination, initially
assume all edges unmarked, and consider subdividing an unmarked edge {u, v} before
considering any marked edges. Whenever an edge {u,v} is subdivided, mark the new
edges {u,w} and {w,v}. The procedure terminates at the latest when all edges are
marked since then the resulting graph is bipartite and hence trivially sc-orientable. Each
above step does not decrease the girth and does not increase the coloring number.

Now, let H' consist of a copy of G where edge {u, v} is subdivided resulting in a path
uwv such that H' has an sc-orientation ¢. Note that girth(H’) > girth(G). Crucially, o
couples arcs (u,w) and (v, w), meaning it orientates both {1, w} and {w, v} either both
away from w or both towards w. To see this, assume an sc-orientation ¢’ that, without
loss of generality, has ¢/ ({u,w}) = w and ¢'({w,v}) = v. As a consequence, we get an
sc-orientation of G by simply adapting ¢’ by deleting arcs (1, w), (w,v), and adding arc
(1,v). This contradicts to G not being sc-orientable. Thus, indeed, arcs (1, w), (v, w) are
coupled.

To construct H, we introduce four copies Hy, Hy, H3, Hy of H' naming their vertices
with subscripts 1, 2, 3, 4 respectively. We identify the vertices w1, u, and vertices vq, wo, u3
and vertices vy, w3, 14 and vertices v3, wy; see the gadget in Figure 3.13. (Eventually our
graph H results from adding another sc-orientable graph from G, ., which we can ignore
for now.) By the transitivity of the coupled edges in Hy, Hy, H3, Hy, in the end, we get
that edges (u1,w;) and (ws,v4) are coupled. This shows that H satisfies Property (1).
In particular, combining sc-orientations of Hy, Hy, Hz, Hy that agree on the orientation of
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the edges on the path P = ujusuzuswyvs (Which have to be alternately orientated), yields
existence of an sc-orientation of H. To show Property (2), consider any sc-orientation ¢.
Up to reverse orientation, ¢ has the edges on P oriented towards w; and w3. Then H,
contains no directed path from u; to vy, since this would imply two distinct u;-w-paths.
Similarly, there is no directed path between 15, v2. Additionally, there won’t be any path
from up/w; to uz/wo, because if there is then it has to lie completely in H; or Hp, and
this is not possible as w; and w, have degree 2 in H; and Hj, respectively. This concludes
that H satisfies Property (2).

Finally, we state the colorings f and f’ with colors {1,..., x(H’) } that show Property
(3). Note that since H' is derived from G by subdividing several edges, H' is x(G)-
colorable. Moreover since {u, v} is an edge in the original graph G, there exists a x(G)-
coloring of H' where the vertices u and v have different colors. Additionally in this
coloring all three vertices u#, v, and w have pairwise-distinct colors. Note that the vertices
V(H;) \ {u,w;,v;} do not share edges with the vertices V(H;) \ {u;, w;, v;} for any i, j. At
this point we simply give the two colorings f and f’ on the vertices of P and this can be
extrapolated to a valid coloring of H; for each i. To obtain a coloring f, let the vertices of
P be colored with f(u1) =1, f(u2) =2, f(uz) =3, f(us) =4, f(ws) =1, f(va) = 2, and
f' be the coloring in which vertices of P are colored with f'(u1) =1, f'(u2) =2, f'(u3) =
3, f'(us) =4, f'(ws) =2, f'(v4) = 1. Here we use that ¢ > 4.

So far, the coloring number did not increase as the colorings f and f’ demonstrate.
Also the girth does not decrease since every chordless cycle is contained in a copy of H'.
In order to ensure that H € G, ., we update the graph by appending another graph as
an extra component to it. Let G’ be an sc-orientable graph in G, .. Note that such a graph
always exists from Lemma 3.19. We update H by doing a disjoint union of H with graph
G'.So, H + HUG'. Since G’ forms its own component, it does not interfere with the
properties (1)-(3) observed so far. Thus H is a coupling gadget on (11, w1) and (w4, v4).

(<) Let H € Gg be a coupling gadget on (a1, b1) and (a2, by). Let ' = g. We con-
struct a non-sc-orientable graph G € G, from g’ copies of H, denoted as H', .. ., HS'. In
each H', let (a},b!) and (a5, b}) be the corresponding pair of coupling edges. Essentially
we glue the coupling gadgets together at their coupled edges in a cycle while introduc-
ing a final “twist” of the coupling edges. The graph G results from identifying ué,ail*l
and identifying b, bi*! for i € {1,...,¢' — 1}, and identifying ag,b% and identifying
bgl,a%. We further add an sc-orientable graph Gg. € G to our construction (such a
graph always exists because of Lemma 3.19). As a result of the additional final twist, we
force the edge (a},b}) to reverse couple with itself. Which is not possible. Thus G is not
sc-orientable.

The constructed graph G has the same girth as H, since any chordless cycle either
has length at least ¢’ or is contained in a copy of H. Also we can color G with ¢ colors
using the c-colorings f, f’ of Property (3). We use f to color H' with f(a}) = f(a}) and
f(bl) = f(bb), fori € {1,...,¢' — 1}. Finally, we use the c-coloring f’ to color H8' which
then agrees on the coloring of the vertices shared with H' and shared with H8~1.  [J
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Theorem 3.21. For g,c > 3, SC-ORIENTATION restricted to the graphs in G is either NP-
complete or contains only yes-instances and is hence trivially polynomial-time solvable.

Proof. Consider fixed g,c > 3. If all graphs in G . are sc-orientable, then an algorithm
may always answer ‘yes’ to decide whether they are sc-orientable. If not, there exists at
least one no-instance of SC-ORIENTATION in G . In this case, we claim, it is NP-hard to
decide whether an arbitrary graph in G is sc-orientable. We use the coupling gadget
H € Gg derived in Lemma 3.20, when the problem contains at least one no-instance on
Gg,c- However, Lemma 3.20, is applicable only for ¢ > 4. Thus towards the end of this
proof, we consider the case of c = 3 separately.

In order to prove the NP-hardness claim, we draw ideas from the NP-hardness
construction given in Theorem 3.14. Recall, in Theorem 3.14, each clause gadget consists
of a cycle which has generic edges and variable edges (see Figure 3.12). Moreover, the
orientation of generic-edges and variable-edges are fixed once we fix the orientation of
the 0t-steps of the universal ladder and the variable-gadgets respectively. Let o be such
a fixed orientation. Note that, ¢ is not an sc-orientation if and only if there is a clause
gadget whose all variable-edges are oriented in the same direction as that of edge ef,
and thus forming two disjoint paths in the cycle. We exploit this property of the clause
gadget.

Adaptation to the NP-hardness Construction given in Theorem 3.14:

* Let us call the cycles shown in Figure 3.12 as the outer cycle of the clause gad-
get. We construct a clause-gadget where the outer cycle of the gadget has an even
length. Let ¢’ € {g, ¢+ 1} be odd. Update the construction of clause-gadget in
Theorem 3.14, and replace the edge ¢5 by a path consisting of a set of edges
{e5,.¢5,, - .,egql}. This way, the length of the outer cycle in the clause-gadget is
at least g. Moreover, since the outer cycle has even length, there exists a 2-coloring
of the vertices of each outer cycle.

* The universal ladder and the variable-gadgets (in this case, the variable-ladders)
each consists of plenty of copies of the coupling gadgets H € G, stacked on each
other such that each pair of consecutive coupling gadgets share a unique coupled
edge. We refer to these unique edges as the steps of the ladder.

* According to Property (2), the coupling-edges (a1,b1) and (az,by) of a coupling-
gadget are disjoint. Thus one can introduce a coupling gadget between a pair of
disjoint edges to make them coupled. Note that for an arbitrary edge {a,b}, we
can couple (a’,b") with (a,b), or (b,a). The latter is simply done by introducing
a twist in the graphical representation of the structure. Moreover, to avoid short
cycles of length less than g, we can do the coupling by introducing a stack of g
many coupling gadgets instead of one coupling gadget between a pair of disjoint
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edges. Using this idea, we connect all the generic edges of the clause-gadgets to
the universal ladder. Just like we did in Theorem 3.14, we couple with ¢f, €5, e5 and
€5,,€,,---,¢ ,, and by adding the final twist, reverse-couple with the edge e5.

4

e Similarly, we couple variable-edges with the steps of their respective variable lad-
ders. We couple ¢} with the variable ladder if x € c, else we reverse-couple e with
the variable ladder if X € c.

Correctness of the Construction: The constructed instance of the SC-ORIENTATION prob-
lem indeed has girth ¢. This is because, since the coupling gadget H belongs to class
Gg,c, the universal ladder and the variable gadget have girth g, and the outer cycle of
each clause has length at least g. In addition we maintain distance at least ¢ between
an edge of the clause-gadget and an edge of a (universal/variable) ladder, as between
each pair of coupling edges, we allow a stack of ¢ many coupling gadgets to avoid short
cycles. Of course, to enforce the girth ¢ on the constructed instance, one can add an
sc-orientable graph G € G . as an additional component. We claim that the constructed
instance has chromatic number c. Each outer cycle of the clause-gadget can be colored
with colors {1,2}. We color each step of the ladders also with colors {1,2}. It remains
to extend this coloring to the internal vertices of each coupling-gadget. This is possible
because of Property (3) of the coupling gadgets: There exist two x(H)-colorings f, f/
of the coupling gadget H such that f(a1) = f(a2), f(b1) = f(b2) and f'(a1) = f'(b2),
f'(b1) = f'(a2). Hence each coupling-gadget has a coloring using f or f’ that respects
the prescribed coloring. Also, note that the coupling gadget H itself cannot be colored
with less than c colors as H € G, hence the chromatic number of the entire constructed
instance is c.

At last, we perform polynomial many replacements as the gadgets have constant
size. Thus our reduction is polynomial in the size of the input instance.

The proof of Theorem 3.14 can be adapted in this settings in a way that the rest of
the arguments about the correctness of the construction follow as it is.

Now, for the case of ¢ = 3, we claim that the NP-hardness proof given in Section 3.5
is on planar graphs of girth 4 and coloring number at most 3. Observe that, each gadget
(clause gadget or variable gadget) used in the construction of Theorem 3.14 is bipartite.
Thus there exists a 2-coloring for each of these gadgets individually. The odd cycles
occur because we identify different types of steps (odd or even steps) of the variable
gadget to the edges of the clause gadgets. Due to the presence of these odd cycles, the
reduced instances are not 2-colorable, but they can be colored using 3 colors as given
in the following. We start with a 2-coloring of the nodes which are part of the universal
ladder (this covers all clause nodes). Then, start with a 2-coloring for each variable
gadget, and whenever, while trying to identify the variable edges with clause edges, if
the coloring of the endpoints does not match, then we adapt the coloring of the variable
gadget locally using a third color such that, in the end, the coloring of the identified
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endpoints match. Additionally, for the case, when ¢ = 3 and girth at least 5, we know
from Theorem 3.18 that all such graphs are sc-orientable.

Moreover, the NP-hardness result in Theorem 3.14 can be adapted to girth 3 graphs
by simply adding a triangle as an additional component to the graph. O

3.6.4 Consequence of Our Dichotomy Result

Due to our dichotomy result from Theorem 3.21, we know that, for each graph class G, .,
SC-ORIENTATION is either NP-complete or consists only of yes-instances, and hence, is
trivially polynomial-time solvable. Moreover, due to Theorem 3.18, we get that for all
g, ¢ such that ¢ > 2c — 1, G, consists of only yes-instances of SCO. Finally, due to
Theorem 3.14, we get NP-completeness on G4 3 and G3 3. In this section, we give a scheme
to extrapolate a tractability result, as well as a hardness result over the graph classes G,
for relevant values of ¢ and c. We give the scheme as follows:

Theorem 3.22. If SC-ORIENTATION is NP-complete on Gq ., then it is also NP-complete on
Gy o forall g < gand " > c.

Proof. It follows because each instance in Gy can be converted into an equivalent in-
stance in Gy where g’ < ¢ by simply adding a cycle of length ¢’ as an additional
connected component. Similarly, each instance in G, can be converted into an equiva-
lent instance G, 7, ¢’ > ¢ by adding an sc-orientable graph of chromatic number ¢’ to it.
Such an sc-orientable graph always exists due to Lemma 3.19. Thus the NP-hardness of
Gg,c shows NP-hardness on gg,,c, ¢’ < g and on lecr, ¢’ > c¢. Inductively, it also shows
NP-hardness on G, for all ¢’ < g and ¢’ > c (see Figure 3.14, top part). ]

Theorem 3.23. If Go . consists of only yes-instances of SC-ORIENTATION, then so does Gg1 ¢
forall g > gand ' <c.

Proof. This holds because, an instance of SC-ORIENTATION in Gg  can be converted to
an equivalent instance in G, ., for ¢’ > ¢ and ¢’ < c. Additionally, due to Theorem 3.21,
SCO is NP-hard even if there is a single no-instance in a graph class Gq . As a result
if the class G, contains only yes-instances, then all graph classes G, ./, for ¢ > ¢ and
¢’ < ¢, also consist of only yes-instances (see Figure 3.14, bottom part). O

As a remark, we point out that, although the cascading effects of a complexity result
(Theorem 3.22) and an algorithmic result (Theorem 3.23) hold for any graph class G,
we do not know whether SC-OrIENTATION is NP-hard or polynomial-time solvable for
any graph class G, where ¢ <2c—1and ¢ > 5.
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girth(G)
(@)

girth(G)
(@)}

x(G)

Figure 3.14: The overview of the cascading effect when some G  is shown to be NP-hard
(see Theorem 3.22) or consists of only yes-instances (see Theorem 3.23). Note that this
illustration is merely hypothetical and it does not settle the complexity of the case G7g.
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u 0 u We 0

Figure 3.15: Illustrating the modification of edges from Theorem 3.14 to obtain NP-
hardness on perfect graphs.

3.7 Complexity on Special Graph Classes

In this section, we consider further more variety of special graph classes and settle the
complexity of SC-ORIENTATION on these graph classes. We first start by considering the
class of perfect graphs. After that we study the distance hereditary graphs as a special
case.

3.7.1  NP-Hardness on Perfect Graphs

Perfects graphs are characterized by a property that, for every induced subgraph of the
graph, the size of the maximum clique therein is equal to its chromatic number. First we
show that the NP-hardness proof from Theorem 3.14 can be adapted to perfect graphs.
Consequently we prove the following result.

Theorem 3.24. SC-ORIENTATION is NP-hard even for perfect graphs.

Proof. We modify our NP-hardness reduction from Theorem 3.14 as follows: In the re-
duced instance, for each edge ¢ = {u, v}, introduce two new vertices w, and w,. Delete
edge ¢, and instead add edges such that there is a path uw,v, and a triangle uw,w,. See
Figure 3.15.

Then according to Lemma 3.9, the modified instance is equivalent to the original
instance in the sense that the modified graph is sc-orientable if and only if the originally
constructed graph is sc-orientable. Further, it can be checked that the modified graph
is 3-colorable. In the reduced instance, if one deletes all newly added w/, then we are
left with a bipartite graph, because each w, subdivides the edge e. Thus there exists a 2-
coloring of the remaining graph when all w;,’s are deleted. Moreover, each w;, is adjacent
to exactly two vertices which also share an edge. We can introduce a third color for the
set of all w), and the resulting 3-coloring is a proper coloring of the graph. Since each
edge in the original graph has been modified, it is easy to check that the modified graph
has a maximum clique of size 3. Thus all in all, it is perfect. O]

3.7.2 Polynomial-Time Solvable on Distance Hereditary Graphs

Now we derive two classifications of the distance hereditary graphs that are sc-
orientable. One way is to simply restrict the recursive definition of distance hereditary
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graphs to (locally) avoid a diamond subgraph. The second is a concise classification by

forbidden induced subgraphs. In what follows, we will see both of these approaches.
In 1986 [BM86], Bandelt and Mulder showed a graph is distance hereditary if it can be

constructed starting from a single isolated vertex with the following operations:

(A1) a pendant vertex to u € V(G), that is, add a vertex v and edge {u,v};

(A2) true twin on a vertex u € V(G), that is, add a vertex v with neighborhood N(v) =
N(u) and edge {u,v};

(A3) false twin on a vertex u € V(G), that is, add a vertex v with neighborhood N(v) =
N(u), but without adding the edge {u, v}.

We tweak the above definition and call a graph strongly distance hereditary if it can be
constructed from a single isolated vertex with the following restricted operations:

(S1) a pendant vertex to u € V(G);
(S2) true twin on a vertex u € V(G), restricted to u where |[N(u)| = 1; and

(S3) false twin on a vertex u € V(G), restricted to u such that the neighbors of u do not
share an edge between them, that is, when E(G) N {{a,b} | a,b € N(u)} = @. Let
us define N(u)? := {{a,b} | a,b € N(u),a # b}

Observe that the forbidden operations—which we are allowed to do for the con-
struction of distance hereditary graphs but not for the construction of strongly distance
hereditary graphs—would immediately imply a diamond as a subgraph. Thus every dis-
tance hereditary graph that has an sc-orientation must be strongly distance hereditary.
Now, we show the converse is also true.

Theorem 3.25. The sc-orientable distance hereditary graphs are exactly the strongly distance
hereditary graphs. They can be recognized in polynomial time.

Proof. We show that every strongly distance hereditary graph indeed allows an sc-
orientation.

Recall from Lemma 3.11, we can split any graph G across all its cut vertices to obtain
a set of 2-vertex-connected components. Furthermore, G is sc-orientable if and only if all
the 2-vertex-connected components thus obtained are sc-orientable. Now, we show the
following property for a strongly distance hereditary graph G: Every 2-vertex-connected
component is a bipartite graph or a triangle.

This property implies that G is sc-orientable, as G decomposes, according to
Lemma 3.11, into bipartite graphs and triangles, which are positive base cases of our
decomposition. Checking this property is possible in polynomial time. To specifically
check for strongly distance hereditariness, an additional test of whether G is distance
hereditary suffices; this is possible in linear time [DHPo1, HMoo].
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It remains to show the above property. An isolated vertex is a bipartite graph. From
there, we proceed inductively. Let G’ be derived from G by performing one of the opera-
tions to construct a strongly distance hereditary graph. We assume G satisfies the above
property and inductively prove the property for G'.

e For attaching a pendant v to vertex u € V(G): The 2-vertex-connected components
of G’ are those of G and the edge {u,v}. Component formed by the edge {u, v} is
bipartite, and the original components of G remain a bipartite graph or a triangle.

e For attaching a true twin v to a vertex u € V(G) with [N(u)| = 1: Let N(u) =
{w}. Note that the vertex w is a cut vertex in G'. Thus the 2-vertex-connected
components of G’ are a triangle {u, v, w} and the original components of G. Thus
for G', every 2-vertex-connected component remains either a triangle or a bipartite

graph.

e For attaching a false twin v to a vertex u € V(G), where N(u)?> N E(G) = @: Let C
be the 2-vertex-connected components of G. Let u be a part of a 2-vertex-connected
component C € C. Note that C is not a triangle since N(u)?> N E(G) = @. Thus C
is bipartite. Since N(u) = N(v), we can add vertex v to the same component C
and retain its bipartite structure as the vertices u and v can be put in the same part
of the bipartition. Thus all 2-vertex-connected-components of G are again either a
triangle or a bipartite graph. O

Bandelt and Mulder showed in [BM86], the distance hereditary graphs are exactly
the (house, hole, domino, gem)-free graphs, where a hole is any cycle of length at least
5. We show, in the above result, replacing ‘gem” with ‘diamond’ result into exactly the
strongly distance hereditary graphs.

Lemma 3.26. The strongly distance hereditary graphs are exactly the graphs with house, hole,
domino and diamond as forbidden induced subgraph.

Proof. We show both inclusions: Let HHDD-free graphs be those graphs with house,
hole, domino, and diamond as a forbidden subgraph.

(©) Let G be a strongly distance hereditary graph, that is distance hereditary and sc-
orientable; see Theorem 3.25. Then G has house, hole, and domino as well as diamond
as forbidden induced subgraphs; hence is HHDD-free.

(2) Let G be HHDD-free. Then G is also gem-free and hence is distance hereditary.
We show that every 2-vertex-connected component of G is bipartite or a triangle which,
as per Theorem 3.25, implies that G is sc-orientable and thus strongly distance heredi-
tary. Consider a 2-vertex-connected component C of G which is neither bipartite nor a
triangle. Note that C contains at least 3 vertices. Moreover, since C is hole-free and not
bipartite, it contains a triangle uvw. As C is not merely a triangle, there is at least one
other vertex u* € C\ {u, v, w}. Since C is a 2-vertex-connected component, u* must have
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two disjoint undirected paths to two vertices of u, v, w, say P, is a path from u* to u and
P, is a path from u* to v. Depending on the size of P; and P>, we either get a hole, a
diamond, or a house. Thus forming a contradiction to G being HHDD-free. Therefore
every 2-vertex-connected component of the graph is either bipartite or a triangle. O

3.7.3 Polynomial-Time Solvable on Chordal Graphs

In this section, we prove the following result on the class of chordal graphs.

Theorem 3.27. SC-ORIENTATION is polynomial-time solvable on chordal graphs.

Proof. We preprocess an instance of chordal graphs using Lemma 3.11. Note that accord-
ing to Lemma 3.11, a chordal graph splits into several 2-vertex-connected components
which are individually chordal. This is because each cycle is preserved under the pre-
processing due to Lemma 3.11. Thus we restrict ourselves only to 2-vertex-connected
chordal graphs. Consequently, this instance of SC-ORIENTATION must contain a cycle.

Within the set of 2-vertex-connected chordal graphs, we now distinguish the yes-
instances of SCO from the no-instances.

According to the definition of chordal graphs, each cycle of length at least 4 in the
graph has a chord. Thus, if G has a cycle of length at least 4, it contains diamond as
a subgraph. This implies G is a no-instance of SCO. Otherwise, G contains cycles of
length at most 3. Since we restrict to simple graphs, this implies, G contains a cycle of
length exactly 3. Let this cycle be xyzx. We claim that G is either just a triangle or it
is a no-instance of SCO. If V(G) \ {x,y,z} # &, then there exists a vertex v € V(G),
v ¢ {x,y,z}. Without loss of generality, let v be adjacent to x. Since x is not a cut-vertex,
because G is 2-vertex-connected, there exists a larger cycle of length at least 4 in G, hence
creating a contradiction.

As a result, after preprocessing according to Lemma 3.11, all chordal graphs that do
not contains a cycle of length at least 4 are sc-orientable. O

3.7.4 Polynomial-Time Solvable on Cographs

There exist a representation of cographs in terms of cotrees. Cotrees are trees in which
every internal vertex is either a join node or a disjoint union node. The join nodes and
disjoint union nodes corresponds to the join and disjoint union operations, respectively.
All leaves of the cotree correspond to the nodes of the original cograph. A subtree rooted
at a node T of the cotree corresponds to the induced subgraph on the set of vertices
residing in the leaves of the subtree rooted at T. A disjoint union operation simply takes
the union of the subgraphs rooted at the children node. A join operation, in addition
to the disjoint union, also adds edges between every pair of nodes coming from two
different children’s subgraphs.
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Theorem 3.28. SC-ORIENTATION is polynomial-time solvable on cographs.

Proof. Given a cograph G, it suffices to check whether each connected component of G
is sc-orientable. Here we assume that G is connected. Thus, the root node of the cotree
of G must consist of a join operation. Let G, Gy, both non-empty graphs, be subgraphs
of G such that the root operation of the cotree joins G; and G;. If G; or G, contains a
Ps, ie. a path of length 3, then G contains a diamond as a subgraph. Since diamond
is a forbidden structure for sc-orientable graphs, this join operation results into a no-
instance of SC-ORIENTATION. Hence, a cograph is a yes-instance if G; is a collection of
singleton edges and isolated vertices and G, contains one vertex (or vice versa). It is also
a yes-instance if G; and G; both are collections of isolated vertices. O

3.8 Concluding Remarks and Future Directions

We have given a construction of an NP-hardness reduction of the SC-ORIENTATION prob-
lem on a graph class G, ., which relies solely on the existence of a single no-instance of
SCO in gg,c. This kind of hardness result, which develops from a single no-instance of
the problem, is very uncommon in the field of computational complexity. As a conse-
quence of our result, we have shown that SC-ORIENTATION restricted to graphs of girth ¢
and chromatic number ¢, for every g,c > 3, is either NP-complete or contains only yes-
instances, and thus, is in P. While we show NP-completeness for low girth and chromatic
number (x(G)), and we know that for relatively large girth compared to x(G), the prob-
lem is trivially in P because it contains only yes-instances, it yet remains to pinpoint the
exact boundary between the NP-hard and P cases.

The overview of our dichotomy result is shown in Figure 3.16. Here, a node (g, c) in
the grid is associated with a graph class that contains all graphs of girth ¢ and chromatic
number c. For G, in the gray region, we have that SC-OrIENTATION is NP-hard if and
only if there exists a no-instance in Gg .. As shown, to extend the NP-hardness result,
one needs to simply find a no-instance of the girth and chromatic number of interest (or
alternatively merely a coupling gadget). The smallest graph class for which we do not
know whether a no-instance exists is the class Gs4 consisting of graphs of girth 5 and
chromatic number 4. On the other hand, one might improve Theorem 3.18 to also hold
for smaller values of girth g.

Among many interesting technical results, we showed that a triangle-free graph is sc-
orientable if and only if there exists an acyclic sc-orientation of the graph. Triangles in the
graph can be easily dealt with. And it suffices to solve the SC-ORIENTATION problem on
2-vertex-connected graphs. Further, we showed that the problem is NP-hard on planar
and perfect graphs. On the other hand, it is polynomial-time solvable on chordal graphs,
cographs, and distance hereditary graphs. Further to the existence of sc-orientation, it
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Figure 3.16: An overview of our dichotomy result.

would be interesting to know how many such sc-orientations exist; thus, a potential
question would be to find the counting complexity of the problem.

For the SC-ORIENTATION problem in this chapter, our task was to convert an undi-
rected graph into a singly connected digraph. Another interesting setting would be to
capture the essence of partial orientations by converting an undirected graph to an sc-
orientable mixed graph, or by converting a mixed graph to an sc-orientable digraph.

Graph orientation problems can be used to navigate a crowd to find efficient crowd
management solutions. Crowd management is a way of organizing a huge number of peo-
ple at large events (such as concerts, football games) or public spaces (such as airports,
malls), in order to ensure safety and efficiency.> Crowd management solutions involve
a variety of disciplines, network design being one of them. Depending on the crowd
management scenario, one may search for suitable properties that are desired, for the
network to be oriented. This might lead to interesting problems that demand orientation
to mixed graphs.

3Not to be confused with crowd control, which is rather concerned with on-site actions to prevent and
contain crowd crushes or riots by adapting to (unexpected or expected) crowd occurrences.
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Partitioned-Items Bilevel Optimization
Problems

In this chapter, we take a sharp turn from decision problems and now focus on some
optimization problems. More specifically, here we study bilevel optimization problems.
Classically, these problems consist of two decision makers whose optimization problems
are nested into each other. We study the class of partitioned-items bilevel problems
where the set of decision variables is partitioned between the two decision makers.
We study this class of problems on three different combinatorial problems, namely the
ASSIGNMENT problem, the INTERVAL SCHEDULING problem, and the INDEPENDENT SET
problem. A part of the results mentioned in Section 4.3 is a joint work with my former
colleague Dennis Fischer and my late supervisor Prof. Gerhard Woeginger [FMW22].
Section 4.3.2 is newly added and does not belong to the publication mentioned earlier.
All other results, especially the study on BILEVEL INTERVAL SCHEDULING from Section 4.4
and BILEVEL INDEPENDENT SET from Section 4.5, have not been peer-reviewed before,
although, they appear on arXiv [Mul26].

4.1 Introduction to Bilevel Optimization

The field of bilevel optimization is grown rapidly over the last few decades. A bilevel
optimization problem consists of two interleaved optimization problems that are con-
trolled by two non-cooperating decision makers called the leader and the follower. Both
decision makers have a private objective function, a private set of decision variables,
and a private set of constraints on their variables. Furthermore, there are coupling con-
straints that connect the decision variables of the leader and follower to each other;
these constraints can appear in the constraint set of both the leader’s or the follower’s
optimization problem. Both decision makers want to optimize their private objective
function. The decision-making process is as follows. First, the leader makes her decision
and fixes the values of her variables, and then the follower reacts by setting his vari-
ables. The leader has perfect knowledge of the follower’s scenario (objective function,
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4. Partitioned-Items Bilevel Optimization Problems

variables, and constraints) and also of the follower’s behavior. The follower observes the
leader’s actions, and then optimizes his private objective function subject to the deci-
sions made by the leader (and subject to all the imposed constraints). As the leader’s
objective function and, possibly, the coupling constraints in the leader’s problem de-
pend on the follower’s decision, the leader must carefully take the follower’s reaction
into account.

The concept of bilevel optimization goes back to the economic duopoly model of
von Stackelberg [Sta34] from the 1930s. Jeroslow in 1985, obtained the first complex-
ity results for bilevel optimization problems; his results imply that bilevel linear pro-
grams with continuous variables are NP-hard and that bilevel integer linear programs
are even Zg—hard [Jer85]. Over the last two decades, bilevel optimization has received
enormous attention in the optimization community. We refer the reader to the book by
Dempe [Demoz], to the survey by Brotcorne, Marcotte & Savard [BMSo8], and to the
annotated bibliographies of Dempe [Demo3] and Colson, Marcotte & Savard [CMSo5]
for more information on this area. Further recent overview on the topic with ample
references can be found in [DKPK15, Dem2o]. Moreover, we highly recommend read-
ing a survey by Woeginger, which builds intuition for the complexity class X5, and
elaborates on the troubles that might arise due to the existence of the additional quan-
tifier [Woez21]. The article leaves us with some concrete questions and concerns in the
field of bilevel optimization that need to be addressed in order to get a good hold on
solving these problems belonging to the second level of the polynomial hierarchy. This
is crucial because until now, a lot of literature on bilevel problems mostly contains neg-
ative results, i.e., X5-hardness and inapproximability results for various %5-hard prob-
lems [KL95, Umagg]. Griine and Wulf even derived a meta reduction technique which
proves ¥5-completeness of a number of problems [GW25]. We lack the tools and tech-
niques needed to tackle these problems algorithmically [Woe21].

Meyer and Stockmeyer, in their classical paper on the polynomial hierarchy [MS72],
gave the first X5-complete problem, which was the 2-ALTERNATING QUANTIFIED SATISFI-
ABILITY problem ((B;) as short). An instance of B, consists of a Boolean expression ¢ in
the disjunctive normal form (DNF) over two sets of Boolean variables X and Y, and the
question is to decide whether there exists a truth assignment to the variables in X such
that for all truth assignments to the variables in Y, the expression ¢ is satisfied. We use
an alternating problem called BSNF to prove £5-hardness of our results in Section 4.5.1.

In this chapter, we investigate a class of bilevel optimization problems called
partitioned-items bilevel problems, which we define in the next section.

4.2 The Class of Partitioned-Items Bilevel Problems

In a very recent study by Henke and Wulf [[HHW25], they coined an umbrella term
partitioned-items bilevel problems to cover a specific class of bilevel optimization prob-
lems, which involves a bipartitioned ground set of variables, such that each part of the
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4.2. The Class of Partitioned-Items Bilevel Problems

bipartition is controlled by a decision maker; the leader controls one set of variables,
and the follower controls the other set of variables.

Depending on the combinatorial optimization problem at hand, we have different
types of ground sets of variables. For example, when considering the ASSIGNMENT prob-
lem, we are interested in choosing a desired subset of edges of the given bipartite graph.
Thus, the edge set of the graph can be regarded as the ground set. Similarly, for the IN-
DEPENDENT SET problem, the vertex set of the graph can be regarded as the ground set.

The goal of the bilevel problem is that both decision makers, despite having po-
tentially distinct objective functions, work together to build a feasible solution of the
underlying problem.

A real-life scenario which involves a partitioned-items bilevel problem is as follows:
Think of a factory with only one machine and two operators who have completely dis-
joint skill sets. There are several jobs (with designated time slots) that can be performed
at this machine, but only one job can be run at a time. Each job has a tight time window
in which it can be performed. Due to the mutually exclusive skill sets of the operators,
each job can be performed by either of the operators, but not both. Each operator bene-
tits differently from a job that gets done (they also benefit from each other’s jobs). Their
individual goal is to optimize their personal total payoff. In order to schedule the jobs
on the machine, a specific, say more senior operator, chooses a set of her jobs that she
would like to execute during their respective time slots, so she reserves the machine
for those times. Then the second operator arranges a suitable subset of his jobs that he
wants to perform, while making sure that the time windows of his jobs do not clash
with the jobs of the other operator. This is a bilevel variant of the INTERVAL SCHEDUL-
ING problem. We refer to this problem as simply BILEVEL INTERVAL SCHEDULING (BIScH,
as short) and discuss it thoroughly in Section 4.4. In order to view an instance of this
problem, we refer the reader to Figure 4.2.

For the sake of defining the structure of partitioned-items bilevel problems that we
consider in this thesis, let us denote, for the time being, the ground set of an arbitrary
combinatorial optimization problem by E. Moreover, let us denote the feasibility set of
the combinatorial optimization problem by F; note that 7 C 2E. Now, we define the
general problem formulation that we use throughout this chapter.

4.2.1  Our Bilevel Problem Formulation

Consider a combinatorial optimization problem with the set of feasible solutions F C 2F
over a ground set E. Due to the partitioned-items formulation, the set of variables, E, is
partitioned into two subsets, E = E; U E; where E; is controlled by the leader and Ef
is controlled by the follower. Additionally, we have weight functions w,, ws: E — Ry,
wy for the leader and w f for the follower. Moreover, we have two objective functions c
and d for the leader and the follower, respectively. Where, typically, the leader’s objective
function, ¢, depends on her weight function wy, for example ¢(LUF) = Y ,c; r we(v),
whereas the follower’s objective function, d, depends on his weight function wy. Then
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our bilevel optimization problem is formulated as follows:

irél]g c¢(LUF) (4.1a)

where F C E ¥ solves the follower’s problem

lg_rguEr} d(LUF) (4.1b)

such that LUF € F

The formulation given in the Problem (4.1) corresponds to a minimization problem; for a
maximization problem, we have slightly different formulations. We explore them in the
later sections when we discuss the BILEVEL INTERVAL SCHEDULING problem in Section 4.4
and the BILEVEL INDEPENDENT SET problem in Section 4.5.

Note that, in the definition above, we have two optimization problems, namely one
mentioned in (4.1a) which we refer to as the leader’s optimization problem and another
mentioned in (4.1b) which we refer to as the follower’s optimization problem. In general,
the goal is to solve the leader’s optimization problem subject to the condition that the
follower chooses his set of variables, i.e., F C Ef, that optimizes his own objective func-
tion. The leader has to choose a set L C E;, which in the end can be augmented by a
suitable follower’s reaction F such that L U F belongs to the family F of feasible solu-
tions. An action L C E, of the leader is called a leader’s feasible action if there exists a
follower’s reaction F such that L U F € F. Given a leader’s feasible action L C E;, we
denote the set of the follower’s suitable reactions to it by Q(L) :== {F C Ef | LUF € F}.
Now, given the set L, a follower’s reaction F’ C E is called a follower’s feasible reaction if
F' € arg ming. e ) d(L U F). Note that for a specific leader’s action L, the follower may
have multiple feasible reactions. In this case, we consider two classical settings in which
the follower reacts. First, we consider the optimistic setting in which the follower always
chooses, among his feasible reactions the one which benefits the leader the most. Sec-
ond, we consider the pessimistic setting, in which he reacts by choosing the set F which is
the worst for the leader. The asterisk () in the follower’s problem in (4.1b) encodes the
follower’s behavior, either optimistic (o) or pessimistic (p). Given a leader’s action L,
we denote the follower’s optimal reaction to it (according to o or p setting) by Fr. Note that,
in case the follower’s optimal reaction is also not unique, all such reactions evaluate to
the same leader’s objective value and the same follower’s objective value. So, from the
optimization perspective, a specific optimal reaction of the follower does not make any
difference, thus without loss of generality, we say the follower’s optimal reaction.

Furthermore, we consider two types of objective functions, up to optimistic or pes-
simistic setting, namely the sum type and the bottleneck type. The leader’s sum type
function (cs) and bottleneck type function (c;) can be defined as follows:

cs(S) =3 we(v), (4-2)

veS
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¢ (S) = max  wy(v), (4-3)

vES
where S is a subset of the ground set E. We define the follower’s objective functions

ds(S) and dy(S) analogously; there we use the follower’s weight function wy instead of
wWy.

ds(S) = Z Wf(U), (4.4)
veS
dy(5) = max  wg(v). (4-5)

The bottleneck functions here are written for a minimization problem; for a max-
imization problem, however, they change to ¢,(S) = minyes wy(v), and dy(S) =
minyes ws(v).

Throughout this chapter, we discuss eight different variants of bilevel problems that
emerge from choosing:

(C1) the leader’s objective function from ¢ or ¢,
(C2) the follower’s objective function from ds or d;, and
(C3) the behavior of the follower from o or p.

For simplicity, we represent each of these variants using a 3-tuple, each component of
the tuple capturing a binary choice from the above three factors.

Thus we represent a variant as (c,d, %), wherein ¢ € {cs, ¢}, d € {ds,dp}, and
* € {o,p}.

The eight variants were studied thoroughly in a paper by Gassner & Klinz in
2009 [GKog]. There they considered all these variants over the ASSIGNMENT problem.
In this chapter, we build on this study, and discuss this very problem in Section 4.3.
Later in this chapter, we also study the BILEVEL INTERVAL SCHEDULING and BILEVEL
INDEPENDENT SET problems in similar settings.

Finally, we describe the definitions of the underlying combinatorial optimization
problems that we consider here.

ASSIGNMENT
Given: A bipartite graph G = (V,E) and a weight function w: E — R;..
Task:  Find a perfect matching M C E that minimizes Y ,c); w(e).

INTERVAL SCHEDULING

Given: A set of intervals I = {i,i,...,in} on the real line and a weight function
w: I — Ry.

Task:  Find a subset of pairwise-disjoint intervals I’ C I that maximizes Y ;c; w(i).

INDEPENDENT SET
Given: A graph G = (V,E) and a weight function w: V — R;.
Task:  Find an independent set V' C V that maximizes } .y w(v).
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4.2.2 Associated Work

Lately, numerous articles have been devoted to studying the partitioned-items bilevel
optimization problems.

Starting from the simplest case of the BILEVEL SELECTION problem [Henz5], the study
has expanded to the bilevel versions of more complex problems. For the underlying
SELECTION problem, given a cost function over a finite set of items and a positive integer
k, the task is to select exactly k items which minimize the total cost. In addition to
the bilevel version of the SELECTION problem, Henke also deals with the robust bilevel
version of the problem [Henz5].

One of the generalizations of the BILEVEL SELECTION problem is the BILEVEL As-
SIGNMENT problem. Gassner and Klinz studied the BILEVEL ASSIGNMENT problem and
showed them to be NP-hard for seven variants out of the eight variants we discussed in
Section 4.2.1 [GKog]. The unresolved case from [GKog] consists of bottleneck objective
functions for both the leader and the follower in the optimistic setting.

Yet another generalization of the BILEVEL SELECTION problem is the BILEVEL KNAP-
SACK problem, which has been shown to be Zg-hard for three different variants, one
of which is a partitioned-items problem formulation [CCLW14]. Additionally, two of
the three problem variants have been shown to be solvable in pseudopolynomial time,
and the remaining one is strongly NP-hard [MAVH12]. The authors of the former study
also derived some approximation results for the three bilevel knapsack variants studied;
they showed two of their variants do not allow polynomial-time approximation algo-
rithms with a worst-case guarantee (unless P = NP), however, for the third variant,
they were able to derive a polynomial-time approximation scheme [CCLW13]. This is
the first approximation result derived for a £5-hard problem in the history of approxi-
mation algorithms. Carvalho, Lodi, and Marcotte gave a polynomial-time algorithm to
solve a continuous bilevel knapsack problem [CLLM18], which was further improved by
Fischer and Woeginger [FW20]. Yet another study on robust bilevel continuous knapsack
problem was done by Buchheim and Henke [BH22].

Moreover, the partitioned-items version of the BILEVEL SPANNING TREE problem has
been studied in [BHI22]; the authors also considered the eight variants of the prob-
lem as we do, and they showed that some variants are NP-hard, while some are in P.
Additionally, a few other bilevel versions of the spanning tree problem have been stud-
ied [SZP19, SPR23]. A recent addition to the list is a study on the partitioned-items
BILEVEL SHORTEST PATH problem, wherein Henke and Wulf completely classified the
problem variants into classes of the polynomial hierarchy [HW25].

Arguably, several robust optimization problems can be seen through the lens of
bilevel optimization [GKST25]. Some robust optimization problems can also be seen
as an interplay between two hierarchical decision makers where the robust uncertainty
lies in the decision variables of the second decision maker who is an adversary to the
first decision maker. When seeing robust optimization from a bilevel point of view, the
objective functions of both decision makers are in complete clash with each other; one

62



4.2. The Class of Partitioned-Items Bilevel Problems

Optimistic
| ds dp
¢s | X-complete (Thm 4100 NP-complete (Thm 4.15)
cp | X5-complete (Thm 4.10) P (Thm 4.11)
Pessimistic
‘ ds dp
Cs ZS -complete (Thm 4.100 NP-complete (Thm 4.14)
Cp ZS -complete (Thm 4.100 NP-complete (Thm 4.12)

Table 4.1: Computational complexity results of BIS on simple undirected graphs for
different variants emerged from (cs/cp, ds/dp, 0/p).

wants to minimize it, the other maximize. Buchheim, Henke, and Hommelsheim inves-
tigated the robust counterparts of bilevel problems with uncertain follower’s objective;
they showed that, when considered interval uncertainty, the problem can be X5-hard
even when the underlying bilevel variant is NP-equivalent and the follower’s problem
is tractable [BHH21].

4.2.3 Contribution

In this chapter, we provide a variety of computational complexity results ranging over
polynomial-time algorithms, NP-hardness, and even X5-hardness, for a number of dif-
ferent variants of bilevel optimization problems.

In Section 4.3, we present our study on the bilevel assignment problem. Recall the
formulation of the bilevel problem given in (4.1), and the eight variants mentioned in
Section 4.2.1. During this study, we settle the last variant (of the eight variants mentioned
in Section 4.2.1) left open by Gassner & Klinz for over 10 years (see for reference [GKo9]).
Moreover, we give an NP-hardness reduction that unitedly works for all the variants of
the bilevel assignment problem discussed in [GKog]. Our reduction shows NP-hardness
in the strong sense. Moreover, as a byproduct of this result, we show that there does not
exist an approximation algorithm for the bilevel assignment problem, unless P = NP.
Additionally, we show that the decision versions of these variants of the problem belong
to the class NP, and thus prove NP-completeness for the decision versions of all consid-
ered variants. We remark that the BILEVEL ASSIGNMENT problem is yet another general-
ization of the BILEVEL SELECTION problem. BILEVEL SELECTION and its other generaliza-
tion, namely the BILEVEL KNAPSACK problem, have been thoroughly studied in [[Hen25]
and [CCLW14], respectively. The BILEVEL SELECTION problem is polynomial-time solv-
able [Hen25], whereas we prove that its generalized version, the BILEVEL ASSIGNMENT
problem, is NP-hard.

In the next study, in Section 4.4, we consider the BILEVEL INTERVAL SCHEDULING
problem (BIScH as short). We show that BIScH is tractable when the leader’s objective

63



4. Partitioned-Items Bilevel Optimization Problems

Optimistic
‘ ds db
¢s | NP-complete (Thm 4.17) P (Thm 4.18)
Cp N P-Complete (Thm 4.20) P (Thm 4.11)
Pessimistic
| ds dy
c | N P—complete (Thm 4.17) P (Thm 4.19)
¢p | NP-complete (Thm 4.20) NP-complete (Thm 4.20)

Table 4.2: Computational complexity results of BIS on the class of bipartite graphs for
different variants emerged from (cs/cp, ds/dp, 0/p).

function and the follower’s objective function are of sum type, in both the optimistic
and the pessimistic settings. We give a dynamic programming algorithm that runs in
O(n*logn) time, where 7 is the total number of intervals in the given instance.

Pursuing the close link between the INTERVAL SCHEDULING problem and the INDE-
PENDENT SET problem, next, we carry forward our study of bilevel optimization on the
BILEVEL INDEPENDENT SET problem (BIS) in Section 4.5. Here we start with a general
study on simple undirected graphs. We get the results mentioned in Table 4.1 for the
eight different variants emerging from considering (cs/cp, ds/dp, 0/ p) on general simple
undirected graphs. Additionally, the results mentioned in Table 4.2 are for all variants
of BIS on bipartite graphs.

4.3 Bilevel Assignment

In the field of computer science, the ASSIGNMENT problem is also referred to as BIPARTITE
MarcHING. The first algorithm to solve the AssIGNMENT problem was given by Kuhn
in 1955 [Kuhs5]. It was later refined by Munkres in 1957, see [Mun57]. Kuhn called the
algorithm as the Hungarian method as it heavily relies on ideas developed by Hungarian
scientists, especially Kénig and Egervary.

As mentioned earlier, we consider the bilevel assignment problem in the same set-
ting as defined in the Problem (4.1). Gassner & Klinz [GKo9] first studied the eight vari-
ants considered in Section 4.2 on the assignment problem. To revise, the eight variants
emerge by choosing the types of the objective functions for the leader and the follower,
i.e. whether ¢ € {c;,¢,} and d € {d;,d, }, and the behavior of the follower, either o or p.

Given a bipartite graph G = (V,E) wherein the edge set is partitioned into the
subsets E; and Ef which are controlled by the leader and the follower, respectively, we
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formally define our bilevel assignment problem analogous to (4.1) below:

irélhg: c¢(LUF) (4.6a)

where F C E ¥ solves the follower’s problem

Ir:rgug} d(LUF) (4.6b)

such that L U F is a perfect matching in the given bipartite graph

Out of the eight variants, Gassner & Klinz [GKog] establish the NP-hardness for seven
bilevel assignment variants, and leave the complexity of the eighth variant as an open
problem; the eighth variant consists of both bottleneck functions ¢, and d;, along with
the optimistic behavior of the follower. To accomplish all their results, they derive three
different hardness reductions from the VERTEX COVER problem: Given an undirected
graph G = (V,E) and a positive integer k, the task is to find a subset S C V of at
most k vertices such that the removal of this set renders the graph edgeless, that is the
graph G[V \ S| does not contain any edges. Here, we derive our reduction from the
BALANCED COMPLETE BIPARTITE SUBGRAPH (BCBS) problem, and we not only resolve
the complexity of the last open variant, but also give a unified reduction which works
for all eight variants.

The open problem of Gassner & Klinz. It consists of the bottleneck objective functions
for both decision makers, that is for ¢ = ¢; and d = d;, and further contains the opti-
mistic behavior of the follower. Thus the open case of Gassner and Klinz is (¢, dj, 0). We
refer to this as the Bilevel Bottleneck Assignment Problem (BiBAP). An instance of BiBAP
is built around a bipartite graph G = (V, E). The edge set E is partitioned into a part E,
that is controlled by the leader and a part Ef that is controlled by the follower. The leader
has her own private weight function wy;: E — R, on the edges, and also the follower
has a private weight function wy: E — R4 on the edges. The BiBAP problem is formally
stated below.

minimize max{wy(e) | e € LUF} (4.7a)

so that L CE,

and so that F C E solves the optimistic follower’s problem

minimize* max {w¢(e) | e € LUF} (4.7b)
so that L U F is a perfect matching

Here, the optimization process is as discussed in Section 4.2. The leader and the
follower sequentially select their desired subsets L C E; and F C E respectively so that
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LUF forms a perfect matching in G. The objective of the leader is to minimize her private
bottleneck weight max {w(e) | e € LUF}, and similarly the objective of the follower
is to minimize his private bottleneck weight max {w¢(e) | e € LU F}. For simplicity of
presentation we will assume that in the case of infeasible solutions, where L U F does
not form a perfect matching, the objective values of the leader and the follower become
infinitely large. As a consequence, the leader will always pick some set L that can be
extended to a perfect matching by adding some edges from Ef, and the follower will
always select some set F whose union with L forms a perfect matching. Whenever the
minimizer F in (4.7b) is not uniquely determined, the follower acts according to the
optimistic setting and among all possible minimizers selects one that (in combination
with the set L selected by the leader) yields the best objective value for the leader. In
(4.7), this optimistic variant of minimization is indicated by the little star in the follower’s
problem.

On our quest to settle the open problem of Gassner & Klinz [GKog], we prove that
the eighth and last variant of the bilevel assignment problem is NP-complete. Though
our proof draws some ideas from [GKoo], it is technically very different and uses a
number of new ideas.

4.3.1 The Hardness Proof

In this section we present the NP-hardness proof for problem BiBAP. Eventually, we
point out that our hardness reduction works for all eight variants of the bilevel as-
signment problem mentioned in Section 4.2.1. Additionally, we show that the decision
versions of all these variants belong to the class NP. Consequently, we prove our main
result, Theorem 4.4, stating the NP-completeness of the decision version of all variants
of the bilevel assignment problem.

For the hardness result, the argument is done through a polynomial-time reduc-
tion from the NP-hard BALANCED COMPLETE BIPARTITE SUBGRAPH problem; we refer the
reader to Garey & Johnson [G]79] and to Johnson [Joh87] for more information on this
problem, in particular, about its hardness result.

BALANCED COMPLETE BIPARTITE SUBGRAPH (BCBS)
Given: A bipartite graph H = (Vy, Eyy) with bipartition Vi = W; U W, of the vertex
set and with Ey C {{w,w'} | w € W; and w’ € W,}, and a positive integer
k.
Task:  Verify whether H contains a complete bipartite subgraph with k vertices on
each side of the bipartition.

Now consider an instance of BCBS consisting of the bipartite graph H = (W; U
Wa, Eg) and the integer k. Without loss of generality we assume that both sides W; and
W, have the same size, and we denote n = |W;| = |W,|; furthermore we will assume
k < n. We construct bipartite graph G = (V,E) with 4n vertices and (3n? — |Ey| + 1)
many edges as follows (also see Figure 4.1):
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* For every vertex v € W; and for every vertex w € W, the vertex set V contains the
corresponding vertices a(v) and a’(w).

e Additionally, the vertex set V contains extra 2(n — k) vertices by, ..., b,y and

bi,..., b, _,, and another 2k vertices ¢y, ...,cp and cj,...,c}.

e For every v € Wy and w € W, the edge set E contains the edge {a(v),a’'(w)} if
and only if {v,w} ¢ Ep.

* The edge set E connects every vertex a(v) to the n vertices b},...,b/ , and
¢i,...,¢, and it connects every vertex a’'(w) to the n vertices by,...,b,_; and
C1,++-,Ck.

* Finally the edge set E contains the single edge {c, ¢} }.

Note that the constructed graph G is indeed bipartite, as every edge connects some
unprimed vertex to some primed vertex. Next, we specify the edge weights for the leader
and for the follower.

e For the leader, the edges e = {a(v),a’(w)} all have weight w;(e) = 1, whereas the
remaining edges in E have weight 0.

e For the follower, the 21 edges e = {a(v),c,} and ¢’ = {a'(w), ¢;} with v € W; and
w € W, carry the weight w¢(e) = wg(e’) = 1. All other edges in E have weight 0
for the follower.

Finally, we specify the edge sets E; and Ey controlled by the leader and the follower.

e The set E; consists of the edges {a(v),b}} and {a’(w),b;} withv € Wy, w € W, and
1<j<n—k

* The set Ef contains all the remaining edges: the edges {a(v),a’'(w)}, the edges
{a(v),c}} and {a’(w), c;}, and the single edge {cy, c; }.

This completes the construction of the BiBAP instance. Since all edge weights w,
and wy only take the values 0 and 1, the possible objective values for the leader and the
follower, in the BiBAP instance, are 0 and 1. We next state some simple observations on
the behavior of the leader and the follower. Note that the matching L C E; selected by
the leader contains at most 2(n — k) edges, since every edge in E; is incident to one of
the 2(n — k) vertices by,...,b,_rand by,...,b] .

Lemma 4.1. Let L C E; be an arbitrary matching chosen by the leader.

(i) If |L| < 2(n — k), then no reaction F C Eg of the follower can yield a perfect matching
L UF for the graph G. Hence in this case, the objective values of the leader and of the
follower are infinite.
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Figure 4.1: NP-hardness reduction from BCBS to BiBAP. Here, we use straight lines to
show an edge between a specific pair of nodes, whereas we use a wavy line joining
two sets to describe that every vertex of one set is adjacent to every vertex of the other
set. The leader’s set of edges are drawn in blue while the follower’s set of edges are
drawn in red. The edge weight for the leader and the follower is given in blue and red,
respectively.

(ii) If |L| = 2(n — k), then there exists a reaction F C Ej of the follower that yields a perfect
matching L U F in graph G. Hence in this case, the objective values of the leader and of the
follower are finite.

Proof. For (i), observe that the 2(n — k) vertices by, ..., b,y and b},..., b, , are pairwise
non-adjacent and are only incident to edges controlled by the leader. If |L| < 2(n — k),
then one of these 2(n — k) vertices will not be saturated by L U F.

For (ii), observe that every matching L C E, with |L| = 2(n — k) saturates the 2(n — k)
vertices by, ..., b,_yand by, ..., b;fk together with n — k of the a-vertices and n — k of the
a’-vertices. The unsaturated vertices may be divided into two groups: The first group
consists of the k unsaturated a-vertices together with ci,. . .,c;(, and the second group
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consists of the k unsaturated a’-vertices together with cy, ..., c. As either group induces
a balanced complete bipartite subgraph in G and as all edges in these two induced
subgraph belong to set Ef, the follower easily extends L to a perfect matching L U F
for G. O

Lemma 4.2. Let L C E; with |L| = 2(n — k) be some matching chosen by the leader, and let
F C Ef be the optimal reaction of the follower to L.

(i) If F does not contain any of the edges {a(v),a’(w)} with v € Wy and w € Wy, then the
leader has objective value O and the follower has objective value 1.

(ii) If F contains one of the edges {a(v),a’(w)} withv € Wy and w € Wy, then the leader has
objective value 1 and the follower has objective value 0.

Proof. The only edges with non-zero weight for the leader are the edges {a(v),a'(w)},
and all these edges are controlled by the follower. Hence the leader has objective value 0
in (i) and objective value 1 in (ii).

Let U denote the set of vertices a(v) with v € W; that are not saturated by L, and
let U’ denote the set of vertices a’(w) with w € W, that are not saturated by L. Note that
|U| = |U'| = k. In (i) the follower must saturate the vertices in U by matching them to
¢}, ..., . As the edge to vertex c} has weight 1 for the follower, his objective value is 1.
In (ii) the follower saturates one of the vertices in U and one of the vertices in U’ by
picking an edge {a(v),a’(w)} for F. The remaining k — 1 vertices in U can be matched to
€}, --+,Cr_y, the remaining k — 1 vertices in U’ can be matched to ¢y, ..., cx_1, and finally
the two vertices ¢, and c; can be matched to each other at cost 0. This yields an objective
value of 0 for the follower. O

Lemma 4.3. In the BiBAP instance the leader can reach an objective value of 0, if and only if
the bipartite graph H = (W1 U Wa, Egy) in the BCBS instance possesses a complete bipartite
subgraph with k vertices on each side of the bipartition.

Proof. (<) First assume that there exist subsets X; C W; and X, C W, with |X;| =
|X2| = k so that X; U X, induces a complete bipartite subgraph in H. Then the leader
picks for her set L a perfect matching between b7, .. .,b;fk and the vertices a(v) with
v € Wp \ Xj together with a perfect matching between by, ..., b, i and the vertices a’(w)
with w € W, \ X5. Since X; U X, induces a complete bipartite subgraph in graph H,
the unsaturated a-vertices and a’-vertices induce an independent set in graph G. Now
Lemma 4.2.(i) completes the argument.

(=) Next assume that graph H does not contain a complete bipartite subgraph with k
vertices on each side of the bipartition. Then for any action L of the leader, let Y; C W;
denote the vertices v € W for which L does not saturate a(v), and let Y, C W, denote
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the vertices w € W, for which L does not saturate a’(w). Then |Y;| = |Y2| = k, and
by our assumption the subgraph of H induced by Y; U Y, can not be complete. Hence
there exists at least one edge e = {a(v),a'(w)} in G, so that the matching L does neither
saturate a(v) nor a’(w). Lemma 4.2 yields the small objective value 0 for the follower in
case he puts such an edge e into his set F, and a large objective value 1 for the cases
where he does not use any such edge. Hence the follower will choose such an edge e for
F, and will thereby yield an objective value of 1 for the leader. ]

Lemma 4.3 establishes the correctness of our reduction: The optimal objective value
of the leader in the constructed BiBAP instance tells us the answer to the BCBS instance.
Since the edge weights introduced in the reduction are polynomially bounded in the
input instance size and the encoding of the reduced instance does not decrease, the
reduction actually yields NP-hardness in the strong sense.

The polynomial-time reduction from BCBS to BiBAP is simple and highly structured.
In the constructed instance of BiBAP, the follower has so little decision power that behav-
ior according to the optimistic setting and behavior according to the pessimistic setting
yield the same outcome. Furthermore, it can be verified that the behavior of leader and
follower also does not change, if one or both of them switch from bottleneck objective
function to sum objective function. Hence, our construction yields as a by-product a uni-
fied alternative proof for the seven hardness results that have been derived in [GKog].
Finally, we remark that our reduction also implies the inapproximability of problem
BiBAP: Unless P = NP, there is no polynomial-time approximation algorithm for BIBAP
that approximates the optimal objective value of the leader with a worst case ratio. This
holds because, according to our NP-hardness reduction, it is hard to decide whether the
leader achieves an objective value 0 (see Lemma 4.2 and Lemma 4.3). Thus we claim the
inapproximability, as any approximation result would contradict this hardness result.

4.3.2 Containment in NP

Having proven the NP-hardness for all 8 variants of the bilevel assignment problem in
the previous section, we would like to point out that we are far from determining the
exact complexity class of the decision version of those problems. Even if the decision ver-
sion of a problem is proven to be NP-hard, it could still be proven harder (for example,
¥5-hard), unless its containment in NP is proven as well. In particular, decision versions
of bilevel problems tend to be X5-hard because of their innate intertwined structure. As
discussed at the beginning of this chapter, a bilevel optimization problem consists of two
interleaved optimization problems: we are interested in finding a leader’s feasible action
such that along with a follower’s optimal reaction to it, the leader’s objective function
evaluates within the desired bounds. For a more detailed explanation, see the survey by
Woeginger titled “The trouble with the second quantifier” [Woe21].

Our goal in this section is to identify the exact complexity of decision versions of
all bilevel variants considered. So far, we have shown NP-hardness. Now we show the
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containment in NP and settle the complexity for these variants. It is often more involved
to verify the containment in NP for a bilevel optimization problem compared to its
underlying single level variant. This is because, in addition to checking the feasibility of
the given certificate, we may also need to verify that the certificate, in fact, accounts for
the optimal reaction of the second decision maker. Thus verification of a certificate to a
bilevel optimization problem requires solving the lower level optimization problem. In
light of the hardness results in [GKog], we want to point out that the authors of [GKog]
did not comment on the completeness of their results—they mainly focused on the
optimization versions of the problem than that of the decision versions—and thus did
not fully resolve the exact complexity of the problems. In this section, we close this
gap by showing that all eight variants of the bilevel assighment problem indeed belong
to NP.

In order to show that a decision problem belongs to the class NP, one needs to show
that there exists polynomial-sized certificate that is also verifiable in polynomial time.
Let G = (V, E; U Ey) be the given graph with weight functions w; and w¢ for the leader
and the follower, respectively. We consider the leader’s action L C E; as our polynomial-
sized certificate and show that it can be verified whether choosing L leads to the final
objective value of at most k for the leader, where k is the bound given in the decision
version of the problem.

Each of our attempts to prove containment in NP involves some sophisticated strate-
gies. In what follows, we club different variants together to implement our strategies:

e Cuase (cs,ds,0/p): When both the leader and the follower have sum type objective
functions, and the leader chooses L C E;, delete all vertices V(L) saturated by the
matching L in G. Note that if we can calculate the follower’s optimal reaction Fy,
to a leader’s action L, then we can verify whether the leader’s objective function
value ¢;(L U F) < k. So, the task boils down to solving for the follower’s optimal
reaction F; in polynomial time. For this, we consider the subgraph G’ of G on
vertex set V \ V(L) with only follower’s edges incident on it, and further update
the follower’s weight function as follows:

- for an optimistic follower, update,
we(e) < wr(e) +e-wp(e),

— for a pessimistic follower, update,
we(e) < wr(e) —e-wy(e),
1

Yecr, wr(e)
f
for the assignment problem as a subroutine to calculate the minimum weighted

where ¢ = > 0 is a very small number. Use the Hungarian method

perfect matching on G’ with respect to the updated weight function w; [Kuhss].
Let M be the solution obtained using the Hungarian method. We claim that M
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72

is equal to the follower’s optimal reaction Fr. Since ¢ is a small positive number,
the follower’s weights are perturbed only slightly to capture the essence of the
behavior of the follower towards the leader. Note that these tiny changes do not
influence the choice of the follower’s matching F. Thus, the set M belongs to the
set of follower’s optimal reactions to L. Further if there are multiple follower’s
optimal reactions available, the follower chooses the best or the worst possible
outcome for the leader, according to the updated function in the optimistic or
pessimistic setting, respectively.

Case (cp,ds,0/p): Here, since the leader’s objective function is of bottleneck type,
the task boils down to verifying whether wy(e) < k for all e € L U Fy, for the given
leader’s action L and the follower’s optimal reaction Fy, to it. For this we again
consider the graph G’ without vertices covered by L along with only follower’s
edges E' = {uv | u,v ¢ V(L) and uv € Ef}. We further color an edge e € E'
with color red if wy(e) > k. That means, the leader’s action L results into a final
assignment which evaluates the leader’s objective function value to < k if and only
if the follower does not choose any of the red edges. To calculate the follower’s
optimal reaction F;, we update the follower’s weight function as follows:

— for an optimistic follower, update

we(e) +e  ifeisred,

wf(e) — {

we(e) otherwise,

— for a pessimistic follower, update

wi(e) we(e) —e  ifeisred,
we(e) otherwise,

where ¢ > 0 is a very small number. Then, use the Hungarian algorithm to cal-
culate the minimum weighted perfect matching in G’ according to the updated
weight function wy. Among multiple feasible reactions available, an optimistic fol-
lower would try to avoid taking red edges as they worsen the leader’s objective
function, whereas a pessimistic follower would rather take a red edge to be cynical
towards the leader. All in all, from here, F;, can be calculated in polynomial time
and consequently the leader’s objective value. So one can verify a certificate in
polynomial time and both these variants belong to the class NP.

Case (cs,dp, 0/p): The cases where the follower’s objective function is of bottleneck
type are a bit involved as the leader has the power to restrict the weight of the
follower’s reaction. The follower’s goal is to minimize the max{wy(e) | e € LUF}.
Note that a leader’s reaction L already bounds the follower’s function value from
below, let us denote this lower bound by lowerg, := max.c; w¢(e). When the leader
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has a sum type objective function, and we have given the leader’s action L, the
task boils down to calculating F; in G’, the remaining graph with E' = {uv |
u,v ¢ V(L)and uv € Ef}, and checking whether Y-,/ 5, w¢(e) < k. We sort the
follower’s weights of all edges in E’ in a non-descending order. Let the ordering be
T = (w}, wj%, . ,w}?). Let i € [m] be the smallest integer such that lowerg, < w;}.
Then for each j € {lowery,, w}, w}“
for a minimum weighted perfect matching in the subgraph G; = (V/, Ej) where
Vj’ =V \ V(L) and E; = {e € E' | ws(e) < j} with respect to the following weight
functions depending on the variant in hand:

Sy, w}”} in an incremental fashion, we solve

— in the optimistic setting, use the weight function w,, and

— in the pessimistic setting, use the weight function —wy,.

Use the Hungarian method to solve for the minimum weighted perfect matching
in G]f according to the respective weight function: In the optimistic setting the
follower chooses, if he had multiple options, the one that additionally minimizes
the leader’s objective function. On the other hand, a pessimistic follower chooses
a set that maximizes the leader’s objective function. It is clear that the resultant
perfect matching obtained this way is equal to F;. Then, we calculate the final
objective value for the follower and check whether ¢;(L U Fy) < k.

Case (cp,dp,0/p): The last pair of variants have bottleneck objective functions for
both the leader and the follower. Here, we use a combination of two strategies
mentioned in the previous cases. First, since the leader is of bottleneck type, it is
crucial to verify whether for all e € LU Fy, wy(e) < k. We again consider only
the remaining graph G’ with the follower’s edges E’ C Ey. Color an edge e € E’
red, if wy(e) > k. To tackle with the follower’s bottleneck function, we consider
the follower’s weight values in an ascending order similar to what we did in the
previous case. For each | € {lowerdh,wj}, w}“,...,wj’ﬁ} (where i is the smallest
index such that lowery, < wlf) in an incremental fashion, we solve for a minimum
weighted perfect matching in the subgraph G; = (V},E;) where V/ := V\ V(L)
and E; = {e € E' | ws(e) < j} with respect to the following weight functions
depending on the variant in hand:

- in the optimistic setting, use the weight function

€ if e is red,
w(e) +
0 otherwise,

- in the pessimistic setting, use the weight function

—¢ if e is red,

w(e) « {

0 otherwise,
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for a very small number & > 0. Solve the instance G]’~ with weight function w to
calculate the minimum weighted perfect matching. Consider the perfect matching
obtained in G]’» for the smallest value of j. If we find a matching, then depending on
whether a red edge was selected or not, we determine whether the original bilevel
optimization instance is a yes-instance.

Thus, we conclude that the decision versions of all bilevel assignment variants are con-
tained in NP. All in all, we formulate the following summarizing theorem.

Theorem 4.4. A decision version of a variant of the bilevel assignment problem is NP-complete
in the strong sense when the leader has bottleneck or sum objective function (cy/cs), the follower
has bottleneck or sum objective function (d,/ds), and the follower behaves in an optimistic or
pessimistic way (o/p).

4.4 Bilevel Interval Scheduling

An instance of the INTERVAL SCHEDULING (IScH) problem consists of a set of intervals I
on the real line and a weight function w: I — Ry. The task is to find a subset I’ C I
of pairwise non-intersecting intervals that maximizes the total sum of weights within
I'. Note that, unlike the ASSIGNMENT problem in the previous section, the underlying
INTERVAL SCHEDULING problem is a maximization problem. In this thesis, we study var-
ious different variants of the INTERVAL SCHEDULING problem according to the Problem
(4.1), therefore we refer to its normal, non-bilevel version as the underlying INTERVAL
SCHEDULING problem. Frank, in 1976, gave a dynamic program for solving INTERVAL
ScHEDULING optimally [Fray6]. In fact, he proposed a polynomial-time algorithm to find
the maximum weighted independent set on chordal graphs. Since interval graphs are
a subclass of chordal graphs and the INTERVAL SCHEDULING problem is equivalent to
finding the maximum weighted independent set on interval graphs, this algorithm also
works for our problem. Since we need the solution of the INTERVAL SCHEDULING problem
as a subroutine in our algorithm, we briefly revise the well-known dynamic program for
INTERVAL SCHEDULING in our words below.

4.4.1 Reviewing the INTERVAL SCHEDULING Problem

Consider an instance 7 of INTERVAL SCHEDULING with a set of intervals I =
{i1,i2,...,in}, where each interval i; = [a;, b;) starts at a; and ends at b;, and a weight
function w: I — R which assigns a weight w(i;) > 0 for each interval i; € I. We denote
by F(I) the set of feasible solutions of Z, i.e., F(I) is the family of all sets of pairwise-
disjoint intervals in I. Let A = {a3,...,a,} and B := {by,...,b,} be the collection of
start- and end-points of all intervals, respectively. Without loss of generality, we assume
that the intervals are ordered according to a non-descending order of their end-points,
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i.e., we have b; < b; for all i < j. We define INTERVAL SCHEDULING in terms of half-open
intervals because, the INTERVAL SCHEDULING problem with closed intervals in which the
endpoints are allowed to intersect, can be easily converted to our problem. Moreover,
the setting of half-open intervals allows us to be carefree regarding the boundary cases.

Definition 4.5. Define p(k) to be the largest possible index smaller than k such that, for
the pair iy and i, of intervals, we have b, < a. That means i, is the last interval
in the ordering which completely ends before the interval iy starts. If no such interval
exists, then set p(k) = 0.

Now, we define an operator opt™>" such that opt>"[k] returns the maximum weight
of a subset of pairwise-disjoint intervals within {iy, iy, ..., i }. Define opt'>"[0] := 0.

We use a bottom-up approach and recursively calculate the values of opt S [k] for all
k € [n]. Observe that the optimal value of the solution to the given INTERVAL SCHEDULING
instance resides within opt'>"[n]. In the bottom-up approach of our dynamic program,
assume that all values of opt>"[j] for j < k — 1 are calculated. Then recursively we get,

opt'SN[k] := max { opt > [k — 1], opt™® [p(k)] + w(ix) }

Depending on whether the interval i} contributes towards the max-weighted subset of
intervals, we arrive to opt'>"[k] from different sets. Thus we maintain a predecessor,
pred (k) for each k € [n], to remember how we calculated the value of opt>[k].

k—1  if optSh[k] = opt'>N[k — 1],
p(k) otherwise.

pred(k) == {

Once the values of opt>"[k] and pred (k) are calculated for all k € [n], the opti-

t5<h[x], and the subset of inter-

mal value of the INTERVAL SCHEDULING problem is op
vals corresponding to the optimal value can be calculated by traversing back through
the predecessors in a particular way. We store the corresponding subset of intervals in
Sol™h (I, w). For exact details about how to compute Sol'>"(I,w), refer to Algorithm

ISch-DP.

Due to the bottom-up construction of our dynamic program and since each step of
recurrence relation can be executed in polynomial time, Algorithm ISch-DP produces
an optimal solution in polynomial time. Sorting of the intervals according to their finish
times takes O(nlogn) time. Finding the p(k) values can be done using binary search
in O(nlogn) time. Additionally, calculating the recurrence formula takes another O(n)
time. Thus overall, the above mentioned algorithm has running time O(nlogn).
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Algorithm ISch-DP: Dynamic program for the INTERVAL SCHEDULING problem

Input: A set of intervals [ = {iy,ip,...,i,}, such that iy = [ay, by), ax < by for each
k € [n], b; < bj when i < j, and a weight function w: I — R.
Output: A maximum weighted subset of pairwise-disjoint intervals in I and its
corresponding weight.
1 optSN[0] :=0
fork:=1ton do
3 p(k) = largest index less than k such that bp(k) < ay, if no such interval
exists, set p(k) := 0.

4 | optSh[k] := max { optSh [k — 1], optSh[p(k)] + w(ik)}

_ - 1Sch1] — opfSchir
s | pred(k) == k—1  if opt . [k] = opt™"[k —1],
i p(k) otherwise.

X:=n

SolSh (I, w) = @
while x # 0 do

if opt>h[x] # opt>h[pred(x)] then
10 | Sol'Seh(I,w) := Sol'h(I,w) U {i,}
x = pred(x)

1z return opt™>[n] and Sol>M(I,w).

N

(=2}

o 0 3

1

[

4.4.2 Problem Formulation

In this section, we study the bilevel version of the INTERVAL SCHEDULING problem as per
the formulation given in the Problem (4.1). Let us delve straight into formulating the
corresponding BILEVEL INTERVAL SCHEDULING problem.

Let I = {iy,i2,...,ix} be a set of intervals in which each interval i; = [a;, bj) con-
sists of a start point 4; and an end point b; such that a;,b; € Ry, and a; < b;. Let
7 = (i1,12,...,1n) be the sequence of intervals in I according to the non-decreasing or-
dering of their end points. So b; < by for all j < j'. Define Iy := {iy,ip,...,ix} for any
k € [n]. The intervals in I are partitioned into two sets, I = I, U I s where I, is the set
of intervals controlled by the leader and I is controlled by the follower. Both players
have their own weight functions wy, ws: I — R,. The players also have their own ob-
jective functions ¢,d: 2! — R, ; c and d are the objective functions of the leader and the
follower, respectively. Here, we consider both c and d to be of sum type, i.e., we con-
sider ¢s(LUF) = Yiepupwe(i) and ds(L U F) = Y p wy (i), respectively. The ultimate
task is for the leader to choose her subset L C I, of pairwise-disjoint intervals, that the
follower later augments with his chosen subset F C Iy of additional pairwise-disjoint
intervals—all the while trying to optimize his own objective function ds(L U F)—such
that, in the end, the leader achieves the best possible weight for her objective function,
i.e., ¢s(L UF) is maximized. Note that we consider the variants with sum type objective
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Figure 4.2: Example of an instance of the BILEVEL INTERVAL SCHEDULING problem. In-
tervals controlled by the leader and the follower are drawn in blue and red colors, re-
spectively. The corresponding leader’s and follower’s weights for each interval are also
shown in blue and red colors, respectively.

functions for the leader and the follower. So we only consider (cs,ds, 0/p) variants of
the BILEVEL INTERVAL SCHEDULING problem. These are formally stated below:

max wy (i) (4.8a)
LCI, ie%P

where F C I solves the follower’s problem

max” we (i) (4.8b)
FCly ie%P d

such that L U F is a set of pairwise-disjoint intervals in I,

where * € {o,p}, and thus encodes the behavior or the follower, either optimistic or
pessimistic. Also note that, the follower’s weights are irrelevant for the objects controlled
by the leader.

Refer to Figure 4.2 for an illustration of an instance of the BILEVEL INTERVAL
SCHEDULING problem.

Let us again consider the p(k) values for each iy € I as per the Definition 4.5.

4.4.3 A Dynamic Program

We devise a dynamic programming algorithm, namely Algorithm BISch-DP, to solve the
BILEVEL INTERVAL SCHEDULING problem for the (c;,ds, 0/p) variants. Later in Lemma 4.7,
we prove that one can incorporate the follower’s behavior, either optimistic or pes-
simistic, in the follower’s weight function; In Lemma 4.7, we provide strategies to update
w;y for this purpose. Thus throughout this section, we assume that, the follower always
chooses according to his behavior, either optimistic or pessimistic.
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We begin this section by stating a recursive formulation for our dynamic program,
prove its correctness, and thus the validity of our algorithm. In Algorithm BISch-DP,
opt[n] returns the leader’s optimal objective value, and SolP'>"(I) returns a correspond-
ing leader’s action which results in the optimal solution over the interval set I.

Now, we begin by giving a recursive formulation to calculate the optimal objective
value of the leader in an instance restricted to the intervals Iy = {iy, iy, ...,i}. Let us
define opt[k] as the maximum value that the leader can achieve on an instance of interval
set I. Assume that we have precalculated all opt[k’] for all k¥’ < k, then we show that
we can calculate the value opt[k] in polynomial time using the precalculated values. Let
ip == [~0,0) for a very small value 6 > 0 with weights wy(ip) := 0 and w¢(ip) := 0. We
define our base case as:

opt[0] == 0.

Further, we claim that opt[k] satisfies the following recurrence relation.

max {wg(ik) + opt[p(k)], opt[k — 1]} if i € I,

max‘ ;<ulf{ y {Opt[p(j)] + wl(if) + ZieSOIISch(]}'k’wf) wé(i)} if i € If/
i€l Ul

optlk] =

where, Ij;k ={iclf|ic\IjandiNi; = @}, and the set SolISCh(IJ];’k, wy) is obtained

using the Algorithm ISch-DP on the set of intervals I}’k with the weight function wy. The

ik

IISCh(I}’k, wy) is a maximum weighted subset of pairwise-disjoint intervals in I}

set So
according to the follower’s weight function wy.
In the upcoming lemma, we prove the correctness of our recurrence formulation for

optlk].

Lemma 4.6. The function optlk| describes the leader’s optimal objective value when only the
subset of intervals {iy,1ip,. .., i} is considered.

Proof. When k = 0, there are no intervals to choose from. Thus each set of pairwise-
disjoint intervals is an empty set and the leader’s objective function evaluates to 0. As
we defined opt[0] := 0, this case holds. Otherwise k # 0, in that case either i, € I; or
el f-

First, consider the case when iy € I;. Let I* C {iy,i,...,it} be a set of pairwise-
disjoint intervals which optimizes the leader’s objective function. An important remark
is that, the set I* need not be a max-weighted set of pairwise-disjoint intervals accord-
ing to wy, but it is rather obtained by a systematic leader-follower interplay; it is a
feasible solution, L U Fy, of the BILEVEL INTERVAL SCHEDULING problem. For such an
I* C {i,iy,...,i}, exactly one of the following two holds: either iy € I* or iy ¢ I*.
(i) If iy € I*, then the rest of I* satisfies I* \ {ix} C {il,iz,...,ip(k)} as iy Niy # @ for
all p(k) < x < k. Recall that {i1,i,...,i,4)} =t Ik The set I" \ {ix} maximizes the
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4.4. Bilevel Interval Scheduling

Algorithm BISch-DP: A Dynamic program for BILEVEL INTERVAL SCHEDULING
with sum type objective functions for both leader and follower

Input: A set of intervals I = {iy, iy, ..., i, } bi-partitioned into [ = I, U I ¢. Each
interval iy := [ay, by), a, by € Ry, ax < by. For alli < j, b; < bj. And two
weight functions wy, we: I — Ry

Output: The optimal objective value for the leader’s objective function given in

the Problem (4.8). The corresponding subset L C I; of pairwise-disjoint
intervals such that an optimal reaction Fi C Iy results into optimizing

max Y ierop, We(i)-

1 For the boundary cases, let iy := [—4,0) for a very small value > 0.
2 Iy = I; U {ip}, define weights w(ip) := 0 and wy(ip) := 0
3 opt[0] :==0

4 for0<r<s<ndo

5 I}’S::{ielf|i€Is\Irandiﬂir:®}
6 | Compute SolISCh(I;’S ,wy) using the Algorithm ISch-DP.

7 fork:=1ton do

8 p(k) = largest index less than k such that bp(k) < ay, if no such interval
exists, set p(k) := 0.

9 if iy € Iy then

" opt[k] := max {wg(ik) +opt[p(k)], opt[k — 1]}

_ : ISch1] — opfSchir _
3 pred (k) = k—1  if opt ‘ k] = opt™"[k —1],
p(k) otherwise.

12 else iy € If
o || ot = max e {optp)] + i) + 5t w00}
i]‘GIg
14 pred(k) := arg max jx {opt[p(j)] + wy (if) + ZieSollsch(I}"",wf) wK(i)}
Z'jEI[

15 x = n and SolP5N () := &
16 while x # 0 do
17 if iy € I, then

18 if optS>h[k] # opt™>"[k — 1] then
19 | SoIBSh(T) := SolPISeh (1) U {ir }
20 x := pred(x)

21 elsei, €1 f

22 x = pred(x

23 SolBISeh (1) := SolPSh (1) U {i,}

24 | x=p(x)

25 return opt[n] and SolBSN ().
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leader’s objective function over the set of intervals Ly, because if not, then there is
yet another set I’ C Ip(k) which maximizes the leader’s objective function over Ly
Then we can construct a set of pairwise-disjoint intervals I’ U {iy}, which returns a
leader’s objective value greater than that of I*. Since the set I’ U {iy} is also a fea-
sible solution to the BILEVEL INTERVAL SCHEDULING problem over the interval set I,
this contradicts the optimality of I*. Thus, we conclude that I* \ {i;} maximizes the
leader’s objective function over the set of intervals I, which is captured in opt[p(k)].
So, Yicr- we(i) = opt[p(k)] + we(ix). (i) If iy ¢ I*, then I* C I;_;. We claim that I*
also maximizes the leader’s objective function over I;_1. If not, then a subset I” C I 4,
I* # 1" that optimizes the leader’s objective function in I;_; can replace I* to return
a better leader’s valuation also for set Iy, which again contradicts the optimality of I*.
Thus, we conclude that I* maximizes the leader’s objective function over I;_;. Conse-
quently, the leader’s value obtained by I* can be captured by opt[k — 1]. Thus in this
case, Y i~ wy(i) = opt[k — 1]. As a result, if i € I, then

opt[k] = max {Z{Jg(ik) + opt[p(k)], opt[k — 1]}

Now, consider the remaining case when ix € . Once more, let I* C {i1,12,...,ix} be a
set of pairwise-disjoint intervals which optimizes the leader’s objective function. Since
ix & Iy, consider the largest index j, j < k, such that i; € I* N I,. If no such j exists,
then none of the leader’s intervals are a part of the optimal solution I*, and we assume
j = 0 with wy(ip) :== 0, wf(zo) = 0, and opt[0] := 0, and p(0) := 0. Since, I* > i;, we
claim that I* C I U{ZJ}UI “ where I o) = i1 iz, ., iy} and I] ={ielflic

I\ ljand iNi; = @} (also, define I}] = If N ).

The condition I* C I, U {ij} U Ij’k holds because, if j is the largest index such that
ij € I"N 1y, then no other mterval that intersects i; belongs to I*. Moreover, each 1]/ el

with j* > j also belongs to the set I;. Note that the three sets I,(;), {i;}, and I} are
pairwise-disjoint," in the sense that they do not share common 1ntervals For reference,
see Figure 4.3. Additionally, each pair of intervals i and i’ belonging to two distinct sets
from I, {i;}, and I fk is non-intersecting. Again, refer to Figure 4.3. Now, we claim that
the followmg holds:

(a) Ziel*mp(j) wy(i) = opt[p(j)],
(b) Yicrngiy we(i) = we(ij), and
(C) ZiEI*ﬁI}'k wé(l) = ZiGSOlISCh(IJ];-’k,sz) wé(l)’

where the set SolISCh(IJ]( ,Wy) is obtained using the Algorithm ISch-DP on the set of

intervals I}’k with the weight function wy.

'not to be confused with the set of pairwise-disjoint intervals
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Figure 4.3: When iy € I;: partitioning of the intervals across an interval i; € I,. When i;

belongs to the leader’s action L C I, the sets I,;) and I}’k are completely disjoint. The

intervals from I,,;) do not intersect with i;, nor do they intersect with any interval in I}’k.

Similarly, i does not intersect with any interval from Ij];’k.

Let us start with claim (a). Note that the set I* NI, can be built by the leader-
follower interplay of the BILEVEL INTERVAL SCHEDULING problem. Assume that claim (a)
does not hold. Then either } e ny, wy (i) < optlp(j)] or Yierny; wy(i) > opt[p(j)]. For
is the subset of pairwise-

the former case, consider (I* \ I,(;)) U I, , where I

ptp(j)] pt[p(j)]
disjoint intervals in I, that corresponds to the optimal value opt[p(j)]. The set (I*\

Ly(jy) U Iopep(j)) s also a feasible solution for the BILEVEL INTERVAL SCHEDULING problem
on the interval set I;.. Moreover,

) we(i) > Y we(i),

FE (P \ () Ulopelp(j) el
as Yierniy, wy(i) < opt[p(j)]. This contradicts the optimality of I*.
As for the latter case, if Yicpny,, wy (i) > opt[p(j)], this contradicts with the defini-

tion of opt[k| because opt[p(j)] is the maximum value that the leader can achieve on the
interval set I,(;). Thus, we conclude that (a) always holds.

For claim (b), note that the chosen index j < k is the last index that satisfies i; €
I* N Iy. Indeed, since i; € I*, (b) holds trivially.

Now, we discuss claim (c). Since the leader’s feasible action (I* N I;) C I* \ ¥, and

ij € I*N I, none of the intervals in I}’k overlaps with an interval from the leader’s
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action I* N I;. Additionally, as we noticed earlier, the sets Ijjc’k and Ip(j) are disjoint, and
the range of their intervals is non-overlapping. This allows the follower to solve his
problem independently on each of these sets. Altogether, the follower’s optimal reaction
to I N I, includes solvin% for the max-weighted subset of intervals, according to the

weight function wy, in I]](’ and I,;) which do not overlap with intervals in I* N I,. To

obtain such a subset of intervals over Ij];’k, the follower simply solves the underlying
INTERVAL SCHEDULING problem on an instance with interval set I}"k and weight function
w¢. We can use the Algorithm ISch-DP and obtain the solution SolISCh(I}’k, wy¢). Thus,
the leader’s objective function in I* N I}'k must evaluate to the value ¥, ¢ i, (1 20 wy(i).
Thus, claim (c) holds.

As a result of (a), (b), and (c), when i} € I, we enumerate over all j < k such that
ij € Iy can be the last® interval of the leader’s action in set Iy. Then the optimal solution

of BILEVEL INTERVAL SCHEDULING on interval set I; lies within one of these cases. As a
result, when i, € If, we calculate the value of opt[k] by using the following recursive

formula:
optlk] = max  opt[p()] +w (i) + )}, wii) o O
ég[[ i€SollSch (I;’k,wf)

Lemma 4.7. Given a leader’s action L C I, the follower’s optimal reaction F; C I r can be
calculated in polynomial time both for the optimistic and the pessimistic behavior of the follower.

Proof. In order to capture the essence of the optimistic or pessimistic behavior of the
follower in (4.8), we use similar strategies as mentioned in Section 4.3.2. In particular,
we update the follower’s weight function w; according to the following rules. For all
i € I, we do:

¢ if the follower behaves optimistically, update,

wf(i) — wf(i) +e-wy(i),
¢ if the follower behaves pessimistically, update,

we(i) < wp(i) —e-we(i),

1
ZBEE f wy (e)
weight function to capture the behavior of the follower.

where ¢ := > 0 is a very small number which slightly modifies the follower’s

*according to the ordering in 7
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Note that, for any subset I’ C I,

Y we(i) < Y (wp(i) e we(i)).

icl’ icl’

Due to our choice of ¢,

argmax ) (wg(i) £e-wy(i)) = argmax Y _ wy(i).
rcr o er rerier
So, the follower indeed always chooses a set F C Iy which optimizes his objective func-
tion. Moreover, due to the additional +) ;. ¢ - wy(i) term—whenever the follower is
faced with multiple feasible reactions to L—he additionally maximizes Y ;cy € - wy(i)
in the optimistic setting and minimizes ) ;cy € - wy(i) in the pessimistic setting. That
means, when the follower has multiple feasible reactions, in the optimistic setting, he
acts in favor of the leader and in the pessimistic setting he acts against the interest of
the leader. ]

Theorem 4.8. The algorithm BISch-DP returns the optimal value for the BILEVEL INTERVAL
SCHEDULING problem given in (4.8) and it runs in polynomial time in the size of the input
instance.

Proof. We gave a recurrence formula to calculate the optimal objective value of the
BILEVEL INTERVAL SCHEDULING problem when the instance consists of intervals only
within the set Iy = {i1,iy,...,ix}. We store this optimal value in opt[k]. As shown in
Lemma 4.6, our recurrence relation is correct, and it indeed maintains the leader’s op-
timal objective value within interval set I;. Furthermore, it is easy to verify that we im-
plement this exact recurrence in Algorithm BISch-DP. We use the bottom-up approach
in the execution of our algorithm. For each k € [n], opt[j] for all j < k is calculated
before calculating the value of opt[k]. All in all, the output of the algorithm returns
opt[n], which is the optimal value of the BILEVEL INTERVAL SCHEDULING problem on the
instance with interval set {i1,7,...,i,}.

Now, for the running time of the Algorithm BISch-DP: It takes O(nlogn) time to ar-
range the intervals in non-decreasing order of their end points, another O(nlogn) to cal-
culate the indices p(j) for all j € [n]. For all pairs i < j, it takes altogether (}) - n-nlogn,
ie., O(n4 log n), to calculate the set I}’j and the corresponding value of SolISCh(I}’j , wf).
Furthermore, it takes O(n?) to execute the recursive formula in the bottom-up manner.
Hence, Algorithm BISch-DP has time complexity O (n*logn). O

For the forthcoming section, we generalize our study and consider the bilevel vari-
ants for the INDEPENDENT SET problem over some other graph classes such as general
graphs and planar bipartite graphs.
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4.5 Bilevel Independent Set

In Section 4.4, we studied the BILEVEL INTERVAL SCHEDULING problem. The field of graph
theory contains an analogous problem to INTERVAL SCHEDULING which is solving the
INDEPENDENT SET problem on the class of interval graphs. So, in a way we can say that,
in Section 4.4 we solely focused on studying the bilevel independent set problem on the
class of interval graphs. There we focused on the interpretation of interval graphs in
which each vertex is associated with an interval on the real line and two vertices in the
graph are adjacent if and only if their corresponding intervals intersect each other. In this
section, we generalize this study to different graph classes. We study the bilevel version
of the INDEPENDENT SET problem here. We call this problem BILEVEL INDEPENDENT SET
(BIS). Unlike the polynomial-time results for BIScH, here we show a variety of hardness
results for different variants of BIS. When considering sum type objective functions
for both leader and follower, the problem difficulty increases significantly from being
polynomial-time solvable for the BIScH to being >5-hard for BIS.

An instance of BILEVEL INDEPENDENT SET (BIS) consists of a graph G = (V, U Vy, E),
where V; and V are the sets of vertices controlled by the leader and the follower, respec-
tively. Moreover, let wy, ws: V, U Vy — R be their weight functions, respectively. Then
the BILEVEL INDEPENDENT SET problem is to optimize the following objective function.

ILIéa\;j c¢(LUF) (4.92)

where F C Vf solves the follower’s problem

gg/}; d(LUF) (4.9b)

such that L U F is an independent set and L U F # &.

where (*) encodes the behavior of the follower, either optimistic or pessimistic. We
again note that we are dealing with a maximization problem. Additionally, note that,
we impose an extra condition that LU F # & in our problem. This is because, if we
allow L U F = &, then in case of bottleneck functions for both decision makers, since the
minimum over an emptyset is o, both the leader and the follower will always choose a
null set.

We study the above formulation given in (4.9) of the BIS problem on the class of
simple undirected graphs and bipartite graphs. In the upcoming section, we begin the
study of BIS on the simple undirected graph class.

4.5.1 Complexity on Simple Undirected Graphs

In this section, we study the 8 different variants of the BILEVEL INDEPENDENT SET prob-
lem and settle their computational complexity on simple undirected graphs. Please refer
to Section 4.2.3 for a overview of our results given in Table 4.1.
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To begin with, we study the variants of the Problem (4.9), where the leader’s objective
function is of sum or bottleneck type, so ¢ € {cs,c;}, the follower’s objective function is
of sum type, so (ds), and the follower acts as per the optimistic or pessimistic setting,
so o or p. Throughout this subsection, we work towards proving the result stated in
Theorem 4.10. For all four variants (cs/cp, ds, 0/p), we give a unified reduction from the
following X5-complete problem:

Problem: BSNF
Given: A boolean formula ¢ in CNF that contains exactly three literals per clause
and consists of a variable set which is partitioned into X U Y.
Task:  Does there exist a truth assignment to the variables in X such that there is no
truth assignment to the variables in Y that would help satisfy the formula ¢?

The problem BSNF belongs to a class of bilevel problems called adversarial problems
for which the underlying NP-complete problem is the classical SATISFIABILITY problem.
Moreover, BSNF is equivalent to the 2-ALTERNATING QUANTIFIED SATISFIABILITY problem
(also known as B), i.e., the problem whether 3XVY ¢, where ¢ is a DNF formula. The
problem B, was the very first problem that was proven to be complete for the second
class of the polynomial hierarchy by Meyer and Stockmeyer [MS72]. Wrathall showed
that B, remains X5-complete when restricted to instances with at most three literals per
clause [Wra76]. Since By is Z‘Z’ -complete, so is BZCNF. Berit Johannes stated, in her doctoral
thesis, that BSNF is X5-complete [Joh11].

Construction of an instance of BIS: Let us consider an instance I of BzCNF which
consists of a boolean formula ¢ with two sets of variables X = {x1,x2,...,x,,} and
Y = {y1,y2,...,Yyn, }, and the clause set C = {Cy, ..., Cy, }, where each clause C; contains
exactly three literals. Now, we construct an instance I’ = (V, U Vi, E, wy, w f) of BIS as
follows (also see Figure 4.4):

e For each variable x; € X, the set V; contains vertices a;,4;. Denote the set of all
these vertices by A.

* For each variable y; € Y, the set Vy contains vertices b;, b;. Denote the set of all
these vertices by B.

e For each clause C; = (I} VI? V I?) € C, add vertices c},c?,c3, ¢; to set Vi.

e For each i € [n1], add an edge {a;,4;} to E. For each i € [ny], add an edge {b;, b;}
to E.

e For each i € [m], add edges {c},c?},{c}, 3}, {c?, 3}, {c}, ci}, {c? ci}, {c,ci} to E.

1

e For all i € [m], if I} is a positive literal, say I} = xj, then add edge {c},a;} to E;
add edge {c},b;} to E when I} = y;. Similarly, if I! is a negative literal, say I! = ¥;,
then add edge {c},a;} to E. Also add {c},bj} to E when I} = j;. Add similar edges
corresponding to all three literals lil, liz, lf’ of the clause C;.
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@ = (x3VxVF)
A (X2 V %3V 1)
/\<X1\/X3\/y3)
A(y1Vy2Vis)

Figure 4.4: £5-hardness reduction from BSNF to BILEVEL INDEPENDENT SET for variants
(CS /Ch/ dS/ O/ p)

e Finally, add a vertex z to set Vy and make it adjacent to c; for all i € [m].

So far we have constructed the underlying graph of the instance I’ of BIS. In Fig-
ure 4.4, the set of blue vertices is V; and is controlled by the leader, while the set
of red vertices is Vy and is controlled by the follower. Let M,R € R, such that
R :=3|C|+ny+1and M := m - R + 1. Finally, we conclude our construction by defining
the weight functions for the leader and the follower as follows:

(M,0) ifveA,

(1, M) ifve B,

(we(v),w(v)) = ¢ (1,10) ifv € {c},c?,c3} foralli € [m],
(R,5) ifv=c;foralliec m],

(0,1) ifv=z
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Note that the constructed graph is a simple undirected graph, and the construction
itself can be done in polynomial time. Based on the above construction, we prove the
following lemma.

Lemma 4.9. In the BIS instance, when the follower has a sum type objective function, ds, the
leader achieves an objective value > M - nq + R (when considered cs) and value > 1 (when
considered cp), if and only if, in the BSNF instance, there exists a truth assignment for the
variables in X such that the formula ¢ is not satisfied for any truth assignment of the variables
inY.

Proof. First, for the follower’s optimal reaction F, observe that z ¢ F if and only if ¢; € F
for some i € [m]. Now, we argue that, for the leader’s objective function c; (or ¢;), her
objective value is > M - n; 4+ R (or > 1) if and only if F does not contain the vertex z.

When the leader has a sum type objective function, cs, her optimal action L always
contains at least one vertex from each set of pairs {a;,4;} because of their associated
weight M, and at most one vertex because a4; and a; are adjacent to each other. There
are n; many such pairs {a;,d;}. Thus, the leader chooses 177 many blue vertices in her
action. Moreover, z ¢ F only when ¢; € F for some i € [m]. Since each vertex c; carries
weight R for the leader, clearly the leader’s objective value, for objective function c, is
assured to be at least M - n; + R if and only if the follower with a sum type objective
function does not add vertex z to F, because it only happens if he adds at least one of
the ¢;’s in F. When the leader has objective function ¢;, irrespective of her chosen action
L, her objective value is 0 if z € F, and 1 otherwise.

1.2 3

In our construction, the vertices c;,c?, c7, ¢; form a clique, so the follower, due to his

sum type function, always chooses exactly one vertex from set {c},c?,c?,¢;} for each
2, or ¢}

can be included in F. It

i € [m]. Due to his weight function w¢, he always prefers either of ¢}, c

3
i

over c;. As
a result, vertex ¢; belongs to F if and only if none of ¢}, c?, or ¢
is crucial to note that the follower can add c{ to F only if its neighbor in A U B is not in
LUF. Also recall that, according to our construction, cf: has a neighbor in A U B which
is the negation of its corresponding literal l{ .

Finally, we claim that there exists a leader’s action L for instance I’ of BIS wherein,
for all feasible reactions F of the follower, F cannot contain any of the c}, ciz, cf’ for some
i, if and only if for the instance I of BgNF, there exists a truth assignment of X variables
which renders the formula ¢ unsatisfied for any truth assignment of the Y variables.

(=) In the instance I, let f: X — {0,1} be a truth assignment such that there is
no truth assignment for Y which satisfies formula ¢. Then consider L = {a; | f(x;) =
1} U{a; | f(x;) = 0}. For this action L of the leader, we claim that there exists at least
one i € [m] such that the follower cannot add any of ¢}, c7, ¢} into F. Assume otherwise,
and there exists an optimal reaction F’ of the follower such that for all i € [m] at least

2 3

one of ¢}, c?,c3

{b;,b;}, since the follower’s objective function is of sum type. Then consider the truth

is in F’. Note that F’ also contains exactly one vertex from each pair
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assignment f’: Y — {0,1} where we set f'(y;) = 1 if and only if b; € F". Note that for
1

each set {c;

,CZZ, c? }, at least one of their neighbors in A U B is not in L U F’. Since each
vertex corresponding to a literal Z{ is adjacent to a vertex corresponding to its negative
counterpart in A U B, this implies the truth assignment f of the variables in X, and the
truth assignment f” of the variables in Y satisfy the formula ¢. We get a contradiction to
the assumption.

(<) Consider the leader’s action L which results in an optimal objective value >
M - n1 + R (when considered c¢;) and > 1 (when considered cp). Then consider the truth
assignment fx: X — {0,1} where fx(x;) = 1 if and only if 4; € L. We claim that this
is a feasible solution of the BSNF instance I, i.e., fx cannot be extended to a satisfying
assignment. Assume otherwise, and let fy be the truth assignment to the variables in
Y such that fx and fy satisfy ¢. Now consider the follower’s partial reaction Pr which
contains the set {b; | fy(y;) = 0} U {b; | fy(y;) = 1} in instance I'. We claim that the
partial reaction Pr of the follower can be extended to a complete reaction F such that
L UF returns an optimal leader’s value < M - n; + R (when considered ¢;) and < 1
(when considered c;,). This is a contradiction.

Note that, if each clause C; is satisfied with assignment fx, fy, at least one of the
literals corresponding to c},ciz, or cz-3 has truth value 1. Let ¢} € {c},c?, cf’} be a ver-
tex whose corresponding literal evaluates to 1. Thus, according to the construction
of assignments fx and fy, the neighbor of ¢ in AU B does not belong to L U Pr. As
N(c/)N(AUB) ¢ LU P, the set {c;} U (LU Pr) is also an independent set. Extrapolat-
ing this to every clause, the follower will be able to add at least one of the vertices c}, cz-z,
and ¢? to his partial solution Pr for all i € [m]. Note that all these vertices are pairwise
non-adjacent. So altogether they form an independent set. Thus none of {ci,ca,...,cn}
can be included into the follower’s reaction anymore, as for each i € [m] at least one
of ¢;’s neighbors from {c},c?,c?
follower will include the vertex z into his reaction. Thus, the leader’s objective function
will evaluate to < M - n7 + R (when considered c;) and < 1 (when considered c). O

} is already in the follower’s reaction. As a result, the

Theorem 4.10. The decision version of the BILEVEL INDEPENDENT SET problem is ¥.5-complete
when the leader has bottleneck or sum objective function (c,/cs), the follower has sum objective
function (ds), and the follower behaves in an optimistic or pessimistic way (o/p).

Proof. Lemma 4.9 establishes the correctness of our reduction when considering the
leader’s objective function ¢ € {cs,¢;} and the follower’s objective function ds. Conse-
quently, it proves that BIS is computationally at least as hard as the problem BSNF over
those cases. Moreover, note that, these results hold irrespective of the behavior of the
follower. Thus, the results hold for both the optimistic and the pessimistic setting of
the follower. As a consequence, we showed that BIS is Zg-hard when considering the
leader’s objective function to be ¢; or ¢, the follower’s objective function to be ds, and
the follower’s behavior to be o or p.

88



4.5. Bilevel Independent Set

We now show that, the problem belongs to the class X5 of the polynomial hierarchy
by showing that a given certificate (L, F) consisting of a leader’s action and a follower’s
reaction can be verified in polynomial time if one has access to an NP oracle. For a
given certificate (L, F), we need to verify whether F is indeed an optimal reaction of the
follower to the given leader’s action L. For that one can check whether L U F is indeed
an independent set. Additionally, we also need to check whether d;(L U F) > ds(LUF’)
for all F' C V; such that LU F’ is an independent set. For the follower with a sum
type objective function, the items controlled by the leader are irrelevant in the objective
function. Thus, we can delete all vertices in L and all their neighbors from the graph.
Now, using the NP oracle, calculate the maximum weighted independent set F* C Vf
in the remaining graph. Finally, verify if ds(F) = ds(F*). If yes, this implies, ds(F) >
ds(F') for all F' C Ve such that L U F’ is an independent set. We additionally need to
make sure that the final objective value of the leader is at least k; this is achieved by
checking whether ¢(L U F) > k. Moreover, the optimistic or the pessimistic behavior of
the follower can be captured by updating the follower’s weight function such that it also
captures the essence of the leader’s weight function, i.e., by assuming w¢(v) < ws(v) +
e-wy(v) in the optimistic setting and ws(v) < w¢(v) — e wy(v) in the pessimistic setting.
Thus the above formulation evaluates to true if and only if, for a given instance of BIS,
there exists a leader’s action L which can be extended by a follower’s optimal reaction
F such that ¢(LUF) > k. O

Moving forward, we now consider the cases where both the leader and the follower
have bottleneck objective functions, i.e., we consider variants (c;, dp, 0/p). The respective
problem formulations are given below:

i LUF .
max . min {w¢(v) |v € LUF} (4.10a)
where F C V; solves the follower’s problem
* i LUF .
;rg/)f( min {w(v) | v € LUF} (4.10b)

such that L U F is an independent set and LU F # &
where * € {o,p}, and it encodes the optimistic or pessimistic behavior of the follower.

Theorem 4.11. The BILEVEL INDEPENDENT SET problem is polynomial-time solvable when
both the leader and the follower have bottleneck objective functions and the follower behaves
optimistically, i.e., when considering (cp, dp, 0).

Proof. Since the follower behaves optimistically, given a leader’s non-empty action L C
Vi, L # &, the follower can be assumed to react by selecting an empty set. This is because
the follower does not improve his objective function d;, by any other choice of set F but

89



4. Partitioned-Items Bilevel Optimization Problems

might only reduce the leader’s objective value by doing so. Thus F; .o = &, where Fj .
denotes the optimal reaction of the follower for the leader’s action L # &. However,
when L = &, the follower reacts by choosing a single element v € V; which optimizes
the following objective function:

max  wy(v)
veF*

where F* = argmax  w¢(v)
UEVf

In other words, the follower reaction F;_g contains a vertex which maximizes his own
objective value, and when there are multiple optimal reactions, he chooses one which
additionally maximizes wy(v).

For the case (¢, dp,0), if L # &, then it is safe to assume L C {v’ | v €
arg max.y, wy(v)} because the follower’s optimal reaction is F :» = @, and thus
maxycy, We(v) is the best objective value that the leader can achieve.

In consideration of the above cases, the leader strategically chooses either a ver-
tex from argmax,y, we(v) if wy(Fr—g) < maxeey, wi(v), or L = @ if wy(F—g) >
maxyey, We(v).

Calculating both arg max,.y, w/(v) and F;—z can be done in polynomial time. Thus,
the (cp, dp, 0) variant of BIS is tractable. O

Theorem 4.12. The decision version of the BILEVEL INDEPENDENT SET problem is NP-complete
when both leader and follower have bottleneck objective functions and the follower behaves pes-
simistically, i.e., when considering (cp, dp, p).

Proof. In this case, given a leader’s action L C V), the follower’s optimal reaction is as
follows:

e When L = &, the follower’s reaction is

F. = min wy(v), where F* = argmax w¢(v)
veEF* UGVf

The follower picks—among all maximum weighted vertices according to the
weight function w;—one which has the minimum weight according to the weight
function wy.

* When L # &, the follower reacts by choosing

F, = argmin  wy(v),
0eVAN(L)
wy(v)>dy(L)
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Figure 4.5: NP-hardness reduction for the BILEVEL INDEPENDENT SET problem when con-
sidering (cp, dp, p). The blue vertices form the set V;, whereas the red vertices form the
set V.

if no such v € Vy\ N(L) exists, then Fi = @ A pessimistic follower always tries to
sabotage the objective function of the leader as long as he does not reduce his own
objective value in the process. Given a leader’s action L C V; as a certificate, the optimal
reaction of the follower F; can be calculated in polynomial time, and one can verify the
leader’s final objective value c;(L U Fy). Thus the problem belongs to the class NP.

In order to show hardness, we give a reduction from the VERTEx COVER problem to
the decision version of BIS. In VErRTEX COVER, given an undirected graph G = (V, E) and
a positive integer k, we are asked to find a subset S C V of at most k vertices such that
the removal of this set renders the graph edgeless, i.e.,, G[V' \ S| is an empty graph.

Let I = (G = (V,E), k) be an instance of the VERTEx COVER problem. Then we
construct a new instance I' = (G’ = (V; U V, E'), k', wy, w¢) of the decision version of
BIS where both leader and follower have bottleneck type objective functions and the
follower behaves pessimistically. Here, k’ is the threshold in the decision version of BIS.
We give the construction as follows (also see Figure 4.5):

e For each v € V, add k copies of v to V; let v',7%,...,05 € V, for i € [k]. Define
Vi={v'|ve V}forallic [k

For each e € E, add a vertex v, € V.

If an edge e is incident to v, add edges {¢',v.} € E’ for all i € [k].

Make each G[Vi] a clique, so add edges between each pair of vertices in V'.

Let k' =1.
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Finally we conclude our construction by defining the following weight functions:

1 ifoev, M ifveV,
we(v) = . wy(v) = .
0 lfUGVf, M le)GVf,

where M > 0.
Correctness: Now, we show that I is an yes-instance of the VERTEX COVER problem if
and only if I’ is a yes-instance of BIS when considered (c;, dy, p).

(=) In the instance I of the VERTEX COVER problem, assume that there is a subset
S C V with |S] < k such that G[V \ S] does not contain any edges. Then we claim
that there is a leader’s action L C V; in I’ which yields an objective value 1 for the
leader. From each set V/, i € [k], we pick one vertex corresponding to a vertex in S. Let
the resultant set be the leader’s action L. We have at most k vertices in S, so it can be
guaranteed that L is an independent set. Moreover, there are at most k vertices in S and
we have k many different sets Vi each for i € [k]; we can cover one copy of each vertex in
S from the sets V'. Given this choice L of the leader, the follower cannot pick any vertex
in the solution because V¢ \ N(L) = &, as every edge e € E was covered by a vertex in S.
Since F;, = @, the leader’s objective function is simply ¢,(L U F1) = ¢,(L) = 1.

(<) Now, if there exists a leader’s action L C V; for which she achieves the objective
value at least 1, then it is clear that Vi €N (L), since the follower was not able to
sabotage the leader’s objective function by picking a vertex from set V;. Moreover, since
L is an independent set, |L| < k because the leader can choose at most one vertex from
each of the sets V', i € [k]. Consider the corresponding vertices in V(G) whose copies
were chosen in L. Let us denote this set by S; |S| < k. Note that S covers all edges in
E(G), since Vy C N(L). Thus, S is a vertex cover of G. O

Later, we will modify the construction used in the above theorem to show further
NP-hardness on bipartite graphs (see Theorem 4.20).

For the study on simple undirected graphs, we still remain to address the cases when
the leader’s objective function is of sum type (cs), the follower’s objective function is of
bottleneck type (d;), and the follower behaves either optimistically or pessimistically.

We first give a unified reduction which shows NP-hardness for both variants
(cs,dp,0) and (cs,dp, p). Then we argue the NP containment of the decision versions
of both variants (cs,dp, p) and (cs, dp, 0).

Theorem 4.13. The decision version of the BILEVEL INDEPENDENT SET problem is NP-hard
when the leader’s objective function is of sum type, the follower’s objective function is of bottleneck
type, and the follower behaves optimistically or pessimistically, i.e., when considering (cs, dp, 0)
and (cs, dp, p).

Proof. We give a naive reduction from the INDEPENDENT SET problem which works for
both the variants. It is well-known that INDEPENDENT SET is NP-complete [Karog]. Con-
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sider the underlying graph G = (V,E) of an instance I of INDEPENDENT SET. Take a
replica of this graph to construct an instance I’ of BIS. Let the vertex sets controlled by
the leader and the follower be V, = V and Vi=g, respectively. Moreover, consider the
weight functions of the leader and the follower to be wy, w¢: V — {1}.

Note that the follower always has an empty reaction irrespective of his behavior
because Vy = & implies he does not have a choice. So the leader does not have to
care about the follower’s reaction. Hence, for the variant (cs,d,, p) and (cs, dy,0), the
BIS problem boils down to solving for the maximum weighted independent set in the
graph according to function w,. This is equivalent to solving the original instance I of
the INDEPENDENT SET problem. Thus our reduction is sound. The variants (cs, dy, 0) and
(cs,dp, p) of BIS are NP-hard. O

Next we show that the decision version of the (c;,d,, p) variant of BIS is in NP and
thus this variant is NP-complete as a consequence of Theorem 4.13.

Theorem 4.14. The decision version of the BILEVEL INDEPENDENT SET problem is contained in
the class NP when the leader’s objective function is of sum type, the follower’s objective function
is of bottleneck type, and the follower behaves pessimistically, i.e., when considering (cs, dy, p).
Additionally, BIS is NP-complete for the variant (cs, dy, p).

Proof. First, we show the containment in the class NP. The certificate is just the leader’s
solution L. If L = &, then a pessimistic follower selects a vertex that is best for him and
worst for the leader which can be computed using:

min - w; ()

where F* = argmax w¢(v).
UGVf

If L # &, then any additional vertex by the follower can neither improve the follower’s
objective value nor make the leader’s value worse, hence the follower selects nothing.
Hence, for any given certificate L C V/, one can calculate the follower’s optimal reaction,
and consequently verify the leader’s final objective value. Thus, the problem is in NP.
Taking the NP-hardness shown in Theorem 4.13 into account, we conclude that this
variant is NP-complete. O

Lemma 4.15. The decision version of the BILEVEL INDEPENDENT SET problem is contained in
the class NP when the leader’s objective function is of sum type, the follower’s objective function is
of bottleneck type, and the follower behaves in an optimistic way, i.e., when considering (cs, dp, 0).
Additionally, BIS is NP-complete for the variant (cs, dy, 0).

Proof. To show containment in NP, we show that there is a valid polynomial size cer-
tificate which can be verified in polynomial time. Let the certificate be made up of both
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the leader’s and the follower’s chosen set of variables L U F. To check whether L U F is
a valid solution of BIS, we need to check if L U F forms an independent set. However,
along with that, we also need to prove that the follower’s optimal reaction Fj, to the
leader’s action L evaluates the objective function of the leader to a value that is at most
as much as the solution L U F does. Once these conditions are verified, it is easy to cal-
culate the objective value of the leader, so calculate Y, r w/(v) to verify whether the
given instance is a yes-instance of variant (cs,dp, 0) of BIS.

Verifying if L U F is an independent set is trivial in polynomial time. Consider the
induced subgraph over the vertex set L U F and check whether there is an edge in it. If
L # &, then the follower’s objective value cannot be greater than d,(L). In this case, the
follower’s objective value can never improve by choosing more vertices, it is determined
entirely by the leader’s solution. Thus, in addition to L U F being an independent set,
if dQy(LUF) = dy(L) for L # @, then F belongs to the set of the follower’s feasible
reactions to L. Now, for the part when L = &, the follower’s reaction F needs to satisfy
the following conditions:

(1) LUF is an independent set in the graph, which is equivalent to F being an inde-
pendent set.

(2) F C argmax{w¢(v) | v € Vy} because the follower wants to maximize the min-
imum weighted vertex in the solution, thus he would only chose from the set of
vertices which gives him the highest weight possible.

It is easy to check whether conditions (1) and (2) hold. Moreover, since the follower be-
haves optimistically towards the leader, it suffices to have one witness (for example, the
set F here) to show that, the leader’s objective value evaluates to at least Y ,c; r w(v).
This is because the optimistic follower would help maximize the objective function of
the leader. Thus, he will always choose a set F C argmax{w¢(v) | v € V¢} which works
the best for the leader.

As a result, the variant (cs, d, 0) of BIS belongs to the class NP. O

4.5.2 Complexity on Bipartite Graphs

In this section, we study BILEVEL INDEPENDENT SET on bipartite graphs. The maximum
weight INDEPENDENT SET problem is polynomial-time solvable on the class of bipartite
graphs [Edmo65]. However, when considering bilevel variants of this problem, we get a
variety of results on different variants. Please refer to Section 4.2.3 for an overview of
our results given in Table 4.2.

We first consider the variant (cs, ds, 0/p). Moreover, we would like to point out the
drastic change in the computational complexity for these variants: BIS is £5-complete
on general graphs, whereas here we prove that it is NP-complete on bipartite graphs.
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4.5.2a Both decision makers have sum type objective functions

This subsection is devoted to studying BIS on bipartite graphs when both the leader
and the follower have sum type objective functions. We additionally show our results
on planar bipartite graphs. Note that a hardness result on planar bipartite graphs also
proves hardness on the class of bipartite graphs. We also give a unified reduction for the
variants where ¢ = ¢;, d = ds, and the follower behaves optimistically or pessimistically.
We show that, for both of these cases, the problem is NP-complete.

The reduction is from the planar vertex cover problem which has been shown to be
NP-hard [Lic82]. Given a planar graph and a positive integer k, the planar vertex cover
problem asks if there is a vertex cover of size at most k.

Let I = (G = (V,E), k) be an instance of the planar vertex cover problem. Let
V ={vy,v2,...,0,} and E = {ey,e3,...,en }. Now, we construct an instance I’ = (G’ =
(ViU Vg, E'), K, wy, wy) of the decision version of BIS as follows (also see Figure 4.6):

e For each v; € V, add vertices a;,a; in V;. Define A = {ay,...,a,} and A" =

{a},...,a,}.

e For each ¢; € E, add vertices b;,b; in Vy. Define B := {by,...,by,} and B’ =

{b},..., b}
* For each i € [n], add an edge {a;,a;} to E'. For each j € [m], add an edge {b;, b/}
to E’.

* Add an edge {a;,b;} to E’ if and only if edge ¢; is incident to vertex v; in E.

As Figure 4.6 shows, the reduced instance is clearly a bipartite graph, however, note
that, the coloring depicted in the figure is not according to the bipartition. Now, we
argue that the constructed instance is additionally a planar graph. This holds because
we can use a planar embedding of the original graph as a backbone to obtain a planar
embedding of the constructed graph: Consider a planar embedding of graph G, replace
each v; by a;, delete each edge ¢; and instead add a new vertex b; such that b; is embed-
ded at the midpoint of edge e;. Now add all edges {a;, bj}; due to the planar embedding
of G the resulting graph is still planar. The additional vertices a; and b} along with
the edges {a;,a;} and {bj, b;} can be appended to vertices a; and b, respectively, while
preserving the current planarity of the graph.

Finally we conclude our construction by defining the following weight functions:

0 ifve AUB, 0 ifve AUA,
we(v) =<1 ifveA, wg(v) = 4100 ifv € B,
M ifvebB, 1 ifveB,

where M € IN, 100 < M is a sufficiently large number.
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Figure 4.6: NP-hardness reduction for the BILEVEL INDEPENDENT SET problem on planar
bipartite graphs when considering (cs, ds, 0/p).

Now it remains to argue that, for all the considered cases, I is a yes-instance of the
planar vertex cover problem if and only if I’ is a yes-instance of BIS.
To show the correctness of this construction, we prove the following lemma:

Lemma 4.16. In the BIS instance, the leader achieves value at least k' := (mM + n — k) if and
only if the initial instance of the planar vertex cover problem has a vertex cover of size at most k.

Proof. (<) Let S C V be a vertex cover of graph G = (V,E) of size at most k. Then
the leader’s action L = {a; € A | v; € S}U{a} € A’ | v; ¢ S} results in an objective
value of > (mM + n — k) for her: Clearly, L is an independent set. Note that, for each
vertex b; € B, b; has a neighbor in L because, in the planar vertex cover instance, the
set S covers all the edges of the graph. Thus, given L, the follower cannot pick a vertex
from the set B in his reaction F.. Moreover, the optimal follower’s reaction is F;, = B/,
independent of whether he is optimistic or pessimistic. Then ¢;(LU F;) = mM + |{a] €
A’ | v; ¢ S}| > mM + n — k. This holds for both the optimistic and pessimistic settings,
since the follower’s reaction is unique.

(=) Consider that BIS contains a leader’s action L which results in an objective value
at least mM + n — k. This can be achieved if and only if the follower chooses F O B'.
Also, note that, if both b; and b} are available then the follower will always pick b; over
b; because it gives him a better objective value. Thus, for each b; € B, L must contain a
vertex which is adjacent to b;. Let Ly = LN A be such that B C N(L,4). Note that the
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corresponding vertex set S’ = {v; € V' | a; € L4} is a vertex cover of the original instance
I of the planar vertex cover problem. Now, it only remains to prove that |Ls| < k.
Suppose the contrary, |L4| > k, then LN A’| < n —k. Thus, ¢,(LUF.) < (mM+n—k),
a contradiction. Hence, |L4| < k. ]

Theorem 4.17. Let G = (V, E) be a planar bipartite graph where V. = V, U Vy, along with
two weight functions wy,wg: V. — Ry such that Vi, w, correspond to the leader and Vi, wy
correspond to the follower. The decision version of the BILEVEL INDEPENDENT SET problem is
NP-complete when the leader has a sum objective function (cs), the follower has a sum objective
function (ds), and the follower behaves in an optimistic or pessimistic way (o/p), i.e., when
considering (cs,ds,0/p).

Proof. For both variants of the problem considered above, the problem lies in NP because
a valid certificate is the leader’s solution. The follower’s solution is just a weighted
independent set problem on the remaining graph which is computable in polynomial
time as the graph is bipartite. This consequently shows BILEVEL INDEPENDENT SET on
planar bipartite graphs is also in NP. The optimistic or pessimistic behavior of follower
can be captured by using the updated weight function of the follower, i.e., by assuming
wg(v) < ws(v) +e-wy(v) in the optimistic setting and w¢(v) < ws(v) —e-w,(v) in the
pessimistic setting.

Moreover the correctness of the reduction follows from Lemma 4.16. Thus the cases
(cs,ds,0/p) are NP-complete. d

4.5.2b Leader with sum type and follower with bottleneck type objective function

In this section, we restrict to the variants (c;,dp,0) and (cs, dp, p) on bipartite graphs. We
prove that BIS is polynomial-time solvable for both of these variants.

Theorem 4.18. For a bipartite graph G = (V, E), BIS is solvable in polynomial time when con-
sidering the leader’s objective function of sum type, the follower’s objective function of bottleneck
type and the follower behaves in an optimistic way, i.e., case (cs, dp,0).

Proof. For L = &, Fi—y consists of the max-weighted independent set with respect to the
leader’s weight function wy, on the graph G[F*|, where F* = arg max,y, w¢(v), which
is computable in polynomial-time as we are dealing with bipartite graphs.

Observe that, given a non-empty leader’s action L C Vj, the follower’s objective
value cannot be greater than d,(L). Moreover, since the follower is optimistic, he will
always react with the maximum weighted independent set (with respect to the weight
function wy) on the graph G[F*], where F* = {v € V;\ N(L) | ws(v) > dy(L)}. In this
case, the leader’s optimal action can be calculated using Algorithm 1.
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Algorithm 1: (¢, dp, 0) on bipartite graphs

Input: A bipartite graph G = (V, E), and the weight functions wy, ws: V — R,.
Output: An optimal leader’s action L,y for the case (cs, dp, 0).

Calculate the follower’s reaction F;—g.

val == wy(FL_y)

=

2

3 Lopt =0

4 R:= Vg

5 while R # @ do

6 | Selectv* € R // w¢(v*) sets the threshold for dy(L) value
7 | V' ={v €V ]ws(v') > we(v*),v" ¢ N[v*]}

8 | Calculate the maximum weighted independent set Sy of G[V'] according to

wp.
9 | if zfzg(v*) + Yoes,, We(v) > val then
10 val == w(v*) + Loes,, we(v)

11 L Lopt = {U*} U (SV/ N Vg)

12 R:=R \ {U*}

13 return L.

Description of Algorithm 1: When L # o, the follower’s objective value has a lower
bound; it cannot be greater than d;(L). In fact, it suffices to consider that only one vertex
from L actually enforces the bound d,(L). Hence, we enumerate over all possible vertices
v* € Vy that can influence the value of the lower bound d, (L) for the follower. Once, v* €
Vy is fixed, the leader considers the set of vertices V' = {0/ € V [ ws(v') > wy(v*), 0" ¢
N[v*]}, and calculates the maximum weighted independent set Sy in the subgraph
G[V'] according to the weight function wy. The maximum weighted independent set
obtained this way, over all the vertices v* considered, gives us a leader’s optimal action.

Correctness of Algorithm 1: A leader’s action L C V; sets a threshold for the optimistic
follower’s reaction. The follower chooses a reaction Fy such that minyer, wy(v) > dy(L).
We go over all possible threshold values d,(L) that a leader’s action can impose on the
follower. And for each one of them, we calculate an optimal solution. Let S C V be the
set which returns the best possible value for the leader among all the enumerated cases.
Then the leader’s optimal action is S N V. This proves the correctness of our algorithm.

Moreover, there are at most polynomial many steps which individually take at most
polynomial time. Thus, Algorithm 1 runs in polynomial time. O

Theorem 4.19. Given a bipartite graph G = (V,E), BILEVEL INDEPENDENT SET is solvable
in polynomial time when considering the leader’s objective function of sum type, the follower’s
objective function of bottleneck type, and the follower behaves in a pessimistic way, i.e., case

(CS/ db/ p)
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Proof. If L = &, then the follower’s optimal reaction is to chose from the vertices which
maximizes his objective value the one with the least w, value. Otherwise, if L # &,
the pessimistic follower will not choose any vertex as it will only increase the leader’s
objective value and not his own. Thus, the leader accordingly chooses either L = @ or
the maximum weighted independent set, with respect to wy, in V,. The latter can be
calculated in polynomial time [Edm65]. O

The results obtained in Section 4.5.2a and Section 4.5.2b demonstrate a decrease in
the computational complexity of BIS on bipartite graphs compared to the results on
general graphs. Naturally, this is because the underlying INDEPENDENT SET problem
is easier on bipartite graphs than on general graphs. However, when considering the
variant (cp, dy, p) on bipartite graphs in the next section, we retain that the problem is
NP-complete on bipartite graphs similar to Theorem 4.12 on general graphs. We show
that, with slight changes, the same construction works for proving NP-hardness for the
variants (cp, ds, 0/p).

4.5.2¢ The remaining variants on bipartite graphs

Next we consider the cases (cp, dp, p) and (cp, ds, 0/ p) on bipartite graphs, and prove that
BIS is NP-complete for these variants. We modify the NP-hardness construction used in
Theorem 4.12 such that the reduced instances map to bipartite graphs. The remaining
case (cp,dp,0) is polynomial time solvable even on general graphs (see Theorem 4.11);
this result translates on the subclass of bipartite graphs.

Theorem 4.20. The decision version of the BILEVEL INDEPENDENT SET problem is NP-complete
on bipartite graphs when considering any of the variants (cy, dp, p) and (cp, ds, 0/p).

Proof. The NP-hardness proof in Theorem 4.12 is for the variant (c;,dp, p) on general
graphs wherein the constructed graph contains odd cycles. To show NP-hardness on
bipartite graphs, we only need to get rid of these odd cycles and construct equivalent
bipartite instances for each instance created in Theorem 4.12. For this purpose, we in-
troduce for each vertex v € Vi, i € [k], an extra vertex (v')’. We include the set of
all these vertices in V; and assign weight 1 for the leader and M for the follower. Ad-
ditionally, for each edge {u',v'}, for all i € [k] we add a vertex (u'v')’. We include
the set of all these vertices in Vy and assign weight 0 for the leader and M for the
follower. Next, we replace each edge {u',v'} from the previous construction by edges
{u, ()}, {0, (@)}, {(u')", (u'v")'} and {(o")", (u'v")'} (see Figure 4.7).

Note that the resultant graph is bipartite with two parts being {v. | e € E(G)} U
{(v") |v e V(G),i € [k]} and {v' | v € V(G),i € [k]} U{(u'0") | u,v € V(G),i € [k]}.

We further prove that the leader achieves objective value at least 1 if and only if the
original instance of the VERTEX COVER problem has a vertex cover of size at most k. Note
that the leader achieves objective value 0 if and only if the follower’s reaction satisfies
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Figure 4.7: NP-hardness reduction for the BIS on bipartite graphs when considering
(cp,dp, p) or (cp, dp,0). The blue vertices form the set V; whereas the red vertices form
the set Vy.

F # @. In order to make sure that F = &, we claim that the leader has to choose at most
one vertex from each Vi. Consider the contrary. If two vertices u' and v in V' belong
to the leader’s (optimal) action, then the leader cannot pick either of (u')’ and (v')".
Then a pessimistic follower would certainly pick (u'v')’ in his solution set F. Moreover,
an optimistic or pessimistic follower with sum type objective function would also pick
the available vertex (u'v')’ into his solution, as this will increase his objective value by
M. Thus, this construction works for the variants (¢, dp, p) and (cp, ds, 0/p) on bipartite
graphs.

Let S be a vertex cover of graph G of size at most k. Then L which includes, for each
i € [k], a copy v' of a distinct vertex v € S and all other (v')’ copies whose neighbors
have not been chosen earlier, is an optimal leader’s action resulting in objective value 1
for the leader.

Similarly, if the constructed instance of BIS is a yes-instance, then there exists a
leader’s action L, which results in her objective value being 1; here the cardinality |L N
{v' | v € V(G),i € [k]}| < k. Construct a set of the corresponding vertices in G. This
set is a vertex cover of G of size at most k, since for each vertex v,, there is at least one
neighbor in LN {v' | v € V(G),i € [k]}.

Thus, the above construction proves NP-hardness on bipartite graphs for the cases
(cp, dp, p) and (cy, ds,0/p).
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Moreover, the variant (¢, dy, p) belongs to the class NP, as argued in Theorem 4.12.

To show the NP containment of the variant (cp,ds,0), we claim that LUF C V, U
Vr serves as a valid certificate. First calculate, for the leader’s action L, a maximum
weighted independent set [—with respect to weight function w;—in G[S] where S =
{v € Vs | v & N(L)}; it is possible to do this in polynomial time as we are dealing
with bipartite graphs. A follower’s feasible reaction F to L must satisfy Y ,c; ws(v) =
Yoer W (v). If this holds, further check that L U F is an independent set and calculate the
leader’s objective value argmin, ; w¢(v). Thus, it is possible to verify a yes-instance
of the decision version of (cy, ds,0) in polynomial time. Hence, the (¢, ds, 0) variant of
BIS is NP-complete on bipartite graphs.

For the last variant (c;,ds, p), the follower behaves in a pessimistic way and has
sum type objective function. So his goal is to select a maximum weighted—with respect
to function wy—independent set F from G[S] that additionally minimizes the value
min,cr wy(v). This can be achieved by doing the following: First, consider the vertices
in S in an ascending order of their w, values. Then one-by-one, check for each vertex
v € S, the maximum weighted independent set—with respect to function w;—in GIS]
that includes the vertex v. If the follower’s total weight is the same as that of set I
calculated above, then this serves as the optimal reaction of the follower towards L. If
not, then calculate for the next vertex v in S. This way, we can calculate the follower’s
optimal reaction to L in polynomial time and check for the decision bounds of the
problem. Thus, the (cp, ds, p) variant of BIS is NP-complete on bipartite graphs. ]

Recall from Theorem 4.11, BILEVEL INDEPENDENT SET for (cp,dp, 0) is polynomial-
time solvable on general graphs. Consequently, it is also polynomial-time solvable on
bipartite graphs.

4.6 Concluding Remarks and Future Directions

Following a recent trend of studying bilevel optimization problems in which the entire
variable set is partitioned into two subsets—each controlled by a distinct decision maker
involved in the optimization scheme—we studied the BILEVEL ASSIGNMENT, BILEVEL
INTERVAL SCHEDULING, and BILEVEL INDEPENDENT SET problems in the same setting. We
considered eight different variants emerging from selecting either sum type (cs,ds) or
bottleneck type (¢, dy) objective functions for the leader and the follower, and further
considering the optimistic (o) or pessimistic (p) settings, which reflect the behavior
of the follower towards the leader when faced with multiple choices for an optimal
reaction.

For the BILEVEL ASSIGNMENT problem, we resolved the computational complex-
ity status of the last variant (cp,dp,0) left open by Gassner and Klinz in the year
2009 [GKog]. On the bright side, our reduction works for all eight variants unifiedly.
We remark that our reduction also implies the inapproximability of the problem: Unless
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P = NP, there is no polynomial-time algorithm for the BILEVEL ASSIGNMENT problem
that approximates the optimal objective value of the leader with any approximation
guarantee.

We further studied the BILEVEL INDEPENDENT SET problem on the class of simple
undirected graphs and also on bipartite graphs (see Table 4.1 and Table 4.2). We com-
pletely classified the complexity status of all eight variants of this problem on both of
these graph classes. As anticipated, when going from simple undirected graphs to bi-
partite graphs, the computational complexity of most of the variants reduced by exactly
one level of the polynomial hierarchy. However, interestingly, the variant (c;, dy, p) dis-
regarded this trend, and for this, the computational complexity of the problem remained
the same.

We also studied BIS on the class of interval graphs, which we called the BiLEVEL
INTERVAL SCHEDULING problem. Here we only considered the variants (cs,ds,0) and
(cs,ds, p), and we gave an algorithm that runs in O(n*log n) time. It would be interesting
to know what complexity results hold for the other variants.

Some of the tractability results that we have presented are evolved by exhaustively
searching through all possible leader’s actions and the follower’s reactions to them. It
would be nice to design algorithms that exploit some structure of the problem.

For the future outlook, one could deviate from the partitioned-items bilevel problems
and consider the settings wherein the sets of variables controlled by the leader and the
follower are not disjoint.

Other combinatorial optimization problems can be studied with respect to the eight
variants of bilevel optimization problems we consider here. It would be interesting to
find approximation algorithms for these problems, especially the case where the leader’s
and the follower’s objective functions are of a sum type.

From a broader perspective, it would be interesting to study some of these “ex-
tra hard” bilevel problems within the realm of parameterized complexity or using the
toolkit of approximation algorithms.
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Recoverable Robust Optimization with
Commitment

This chapter revolves around a new model that we introduced in the field of Robust Op-
timization, called Recoverable Robust Optimization with Commitment. We study this model
on several combinatorial optimization problems and prove tractability and intractabil-
ity results. The results mentioned in this chapter emerge from a joint work with Felix
Hommelsheim, Nicole Megow, and my supervisor Britta Peis [[IMMP23]. This work has
been published in the Mathematical Programming journal.

5.1 The Model

Robust optimization has become a central framework in operations research which deals
with uncertainty in decision-making and optimization. Unlike traditional optimization,
where parameters are assumed to be known precisely, robust optimization considers
scenarios where some parameters are uncertain but lie within a predefined uncertainty
set, which may be specified implicitly. Early research in this area focused on computing
static solutions that optimize the worst-case cost. For comprehensive overviews, we refer
to [KY97, BEGNog, BK18]. However, it is well recognized that this approach may lead
to overly conservative solutions as a single, potentially very unlikely, scenario might
heavily influence the outcome.

To address this issue of conservatism in robust optimization and introduce more flex-
ibility, various frameworks have been proposed, including two-stage adjustable robust
optimization by [BGGNoy], recoverable robust optimization by [LLLLMSo9], and demand
robust optimization by [DGRSo5]. These frameworks share a common two-stage struc-
ture: In the first stage, a solution is determined based on the uncertainty set, while in
the second stage, after the uncertain scenario has been revealed, the initial solution can
be adjusted within some predefined recovery bounds. This second-stage adjustment is
referred to as recourse.
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In this work, we use the notion of recoverable robust optimization as introduced by
Liebchen, Liibbecke, Mohring, and Stiller [LLMSo9]. Initially developed in the context
of timetabling, linear programming, and railway optimization, it seeks first-stage solu-
tions that can be adapted feasibly across all scenarios within specified recovery bounds;
the corresponding recovery bounds are modeled, for example, via the size of the sym-
metric difference of solutions. The cost is typically evaluated as the sum of the first- and
second-stage costs, potentially under different cost functions. This model has been suc-
cessfully applied to a variety of combinatorial optimization problems such as the short-
est path problem [Biisi2, [KZ24a, [KZ24b], spanning tree and more general matroid
problems [HKZ17a, HKZ17b, LPT21], perfect matchings [DMP " 15], scheduling prob-
lems [BG22], knapsack problems [BCKK19, BKK11a], and selection problems [LLW21]
which led to insights into the computational complexity, as well as the development of
exact and approximate algorithms for solving these problems.

A major drawback of recourse models, including the recoverable robustness frame-
work, is that they do not necessarily preserve the elements of the initial solution dur-
ing recourse. However, such preservation is crucial in many practical applications, par-
ticularly when commitments or promises have been made. In any reservation-based
system—such as hotel bookings, rental car reservations, or airline seat reservations—the
supplier guarantees services to the customers holding reservations. If a customer can-
cels her reservation, the supplier may modify the set of reserved customers, but must
ensure that, the previously reserved customers who did not cancel remain part of the
modified solution. In such scenarios, the supplier can only augment the existing set of re-
served (and not canceled) customers with new customers, without altering the existing
commitments.

This motivates us to introduce our new model Recoverable Robust Optimization with
Commitment, where we commit to the first-stage decision, and restrict the recourse action
to augmenting the partial solution which remains after the cancellation or after some
other uncertain disruption has taken place. More formally, we define the problem as
follows.

Recoverable Robust Optimization with Commitment. Consider a combinatorial op-
timization problem P with ground set E, a set /' C 2E of feasible solutions, and a
weight function w: E — R, where the task is to find a solution S € F maximizing
w(S) = Y,csw(e). In the first stage in our model, we choose a solution S € F to the
underlying problem P; it is important to note that this solution need not be an optimal
solution. Then, in the second stage, a set D C E of at most k elements is deleted, followed
by a step in which a set R C E\ D of size at most ¢ elements is added to S\ D such
that the resulting set is still a solution, i.e., S’ = (S\ D) UR € F. We call S the first-stage
solution and S’ the second-stage solution. The goal is to select a first-stage solution S that
maximizes the weight of the second-stage solution, w(S’) in the worst case.
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We refer to the set D that is deleted as the interdiction and the set R that is added as
recourse. The interdiction can be seen as an act of an adversary who aims to delete a set
D C E that decreases the final objective value w(S’) as much as possible. The adversary
can be assumed to have full knowledge of the set R C E \ D that we would optimally
add during the recourse phase following the deletion of D. Thus, we solve the following
problem:

max min max w((S\D)UR) . (k, £-RP)
SeF DCE RCE\D, [R|<(
IDI<k  (s\D)UReF

For the sake of simplicity, we update E <— EU {@}, i.e. the set E is updated such
that @ € E; we define w(@) := 0. The inclusion of the empty element in E allows us to
conveniently represent scenarios involving empty deletions or additions of the elements
in E. In fact, in the later parts of this chapter, we may require multiple (at most linear
in the size of the input) empty elements to realize different variables (for example in
Algorithm 1, u and b both could be empty). Thus, we assume that our updated set E
always contains sufficiently many empty elements at any point.

Further, throughout the chapter, we consider downward-closed set systems F, mean-
ing that if X’ C X and X € F, then X’ € F. This way, we guarantee that for any solution
S € F, its partial remaining solution S \ D also belongs to F. Thus in the worst case, if
the recourse is not possible, then we satisfy the restriction that the second stage solution
must be a feasible solution.

Additionally, for a set X and an element g, we use X + ¢ := XU {g} and X — g ==
X\ {8}

A significant part of this chapter deals with the special case of the (k, /-RP) with
k =1 and ¢ = 1. Formally we define this restricted version as follows:

max min max w(S—d+r). (RP)
SeF dcE reE—d
S—d+reF

Without loss of generality, we assume that the interdiction is non-empty.

For a combinatorial optimization problem P, we call the robust variant of P as in
(RP) the robust counterpart of P, or RoBust P in short. We usually call the problem P
the underlying or nominal problem. Note that the definition of any robust counterpart
directly follows from the definition of the corresponding nominal problem and the def-
inition of (RP).

As an example, consider a car-rental company with a single car, which we wish to
rent out to different customers to maximize the total revenue. All customers have their
own time intervals in which they want to rent the car exclusively and a price they are
willing to pay. If there is no uncertainty, this is equivalent to an instance of the INTERVAL
SCHEDULING problem, where we are given a set of weighted intervals on the real line,
and the goal is to find a maximum-weighted set of pairwise-disjoint intervals. See the
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Figure 5.1: An example of an INTERVAL SCHEDULING instance.

definition of the INTERVAL SCHEDULING problem in Section 4.2.1 from Chapter 4. How-
ever, after the selection of the initial solution, some customers might withdraw from the
contract, leading to less revenue for our company. In this case, we could still add un-
served customers to our remaining initial solution. Although the additional customers
should not be in conflict with our remaining initial solution, as those reservations were
firm. As a concrete example, consider the five intervals (1,3), (2,5), (4,7), (6,9), (8,10)
with weights 10,8, 2,8, 10, respectively, each representing a customer (see Figure 5.1).
Picking (1,3), (4,7), and (8,10) is an optimal solution to the underlying problem with
value 22. An optimal solution to the robust counterpart, however, is to pick only (1,3)
and (8,10), knowing that if (1,3) or (8,10) is interdicted, in the recourse one can add
(2,5) or (6,9), respectively. This leads to a worst-case weight of 18 after the interdic-
tion and recourse. On the other hand, when considering the optimal solution to the
underlying problem, i.e., picking (1,3), (4,7), and (8, 10), the deletion of interval (1,3)
would lead to a final value of 12 in the robust version, as the interval (4,7) blocks the
recourse. This shows that selecting an optimal solution to the nominal problem need not
be optimal for its robust counterpart.

The Adversary Problem. A closely related problem is the adversary problem of (k, /-RP).
It is the subproblem of (k, -RP) in which the set S € F is already fixed and the adversary
needs to find the optimal interdiction set D. That is, given some S € F, the task is to
solve the following problem:

i S\D)UR). k, ¢-AP
B pepfBle (GVPIUR) A

IDI<k  (S\D)UReF
Note that if ¢ > |E| for (k, -RP), it is optimal to choose an empty first-stage solution,
as the recourse is essentially unbounded. Hence, for ¢ > |E|, we can assume S = &.
For this case, problem (k, /-AP) is often called the interdiction version of the problem
and is also known as the most vital edge problem. For many underlying problems, its
interdiction version is NP-hard if k is part of the input, including spanning tree inter-
diction [FS99, Zen1s], matching interdiction [ZRP " 09, Zen1o], or shortest path inter-
diction [BKS98]. However, for constant k the adversary problem is clearly polynomial-
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time solvable by simple enumeration when the underlying nominal problem is also
polynomial-time solvable.

Bounded-Regret Problem. Another closely related problem, which is both indepen-
dently interesting and crucial for parts of our results, is the bounded-regret version of our
problem. In the setting of our model, after the interdiction of an element d € E, one
takes the recourse action that may add an element r € E — d to the set S — d which max-
imizes the total weight of the final solution. However, the weight of the final solution
w(S — d +r) could be less than the weight of the initial solution w(S). This weight loss,
w(S) —w(S —d+r), can be seen as a regret; we denote it by A(d,S) and it is formally
defined as:

Ad,S) =w(S) —max{w(S—d+r)|reE—-d,S—d+re F}.

The goal in the bounded-regret problem is to find a maximum-weight solution S
such that, for each element d € E, the interdiction of d followed by the construction of a
maximum-weight second-stage solution S — d + 7, results in a regret bounded by some
given value A € IR; formally:

max  w(S). (A-RP)
SeF
A(d,S)<A: VdeE

We note that for some values of A the problem (A-RP) can be infeasible. We denote by
wopt(}\) the objective value of (A-RP) for an optimal solution, if one exists. The bounded-
regret version for general values of k and ¢ of the problem is defined analogously. How-
ever, in this work, we focus on the above mentioned case with k = ¢ = 1. Now, notice
the tight connection between the bounded-regret version (A-RP) and the robust counter-
part (RP) of a problem. If we have a polynomial-time algorithm for (A-RP), and if there
are only polynomial-many different candidates for A values, then one can enumerate
over all A values and solve (A-RP) for each one of them. Finally, to solve (RP), we are
interested in the A value which maximizes wopt(A) — A. The idea is that, if we choose a
set S C E corresponding to the solution wqpt(A) while selecting the first-stage solution
of (RP), the maximum regret, even after adversarial interdiction and recourse, will be at
most A. Thus, the corresponding value max, wept(A) — A gives us an optimal solution of
(RP). Now, observe that for k = ¢ = 1, the total number of possible A values is at most
O(|E|?) and hence polynomially bounded. Note that A can also be negative and hence
we also enumerate over these choices. All in all, when there are only polynomial many
possible realizations of A value, then (RP) can be polynomially reduced to (A-RP).
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5.2 Associated Work

Recoverable robust optimization is a powerful framework for decision-making under
uncertainty that combines robustness with limited adaptability. Due to its general-
ity, many (robust) combinatorial optimization problems can be naturally interpreted
as recoverable robust problems. Most research in this area has focused on settings
where the second-stage costs are uncertain, and recourse actions are constrained by
a parameter that restricts the symmetric difference between the first-stage and second-
stage solution. When facing discrete uncertainty—where a finite list of potential cost
functions is explicitly given— many recoverable robust problems turn out to be NP-
hard, even for problems that are polynomial-time solvable in the full-information set-
ting, such as the shortest path problem [Biis12], basic scheduling and selection prob-
lems [KYgy, BKK11b, GLW22]. To address this issue, approximation algorithms have
been proposed; see for example, [CG16, GLW22].

In contrast, under interval uncertainty, these problems often reduce to finding two
solutions to the nominal problem minimizing the weight for two different cost func-
tions, while ensuring that the size of the symmetric difference is bounded. This reduc-
tion has been applied to problems such as the selection problem [LLLW21], spanning
trees [[HKZ17a], general matroids [[.’T21], the traveling salesperson problem [GL.W21],
and the assignment problem [FHLW21].

While most prior work focuses on cost uncertainty, some recent works have be-
gun assuming structural uncertainty [DMP 15, IKK"22], as we do in this thesis. For
instance, [DMP " 15] studied the following related model: given a bipartite graph and
a set of uncertain edges F, the task is to find a perfect matching M such that for any
subset F' C F with |F/| < r, the graph G — F’ contains a perfect matching M’ where
the symmetric difference of M and M’ is bounded by some parameter. The authors
of [DMP" 15] establish hardness results for this problem and give characterizations for
graphs that admit such matchings M.

Similar two-stage concepts that introduce a degree of adaptivity in robust optimiza-
tion have been explored under different names. One example is adjustable robustness,
studied by [BGGNoy] in the context of robust linear programming and applications to
multi-stage inventory management problem. Here, certain solution variables have to be
fixed in the first stage, before the uncertain data is revealed (“here and now” decisions),
whereas other variables can be adjusted in a second stage, after the uncertain data be-
comes known (“wait and see” decisions).

In contrast, in demand robustness or two-stage adjustable robustness, all solution vari-
ables are free to be adjusted in the second stage. However, the extent of these adjust-
ments is regulated via a cost function, where the cost for setting a variable in the second
stage (typically selecting it to be part of the solution) is substantially higher than its
first-stage cost. This model has been studied extensively from both complexity and ap-
proximation perspectives for problems such as certain linear programs [BG1o, ZdHS18,
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HFG24], a variety of discrete covering problems including shortest paths, Steiner trees,
set cover, and facility location [DGRSos5, FIMMoy, KKMS13, GNR14, HGS21], match-
ing [HHGHS21], and scheduling problems [CMRS15].

In all these different models, a commitment to the first-stage solution is not ex-
plicitly required. Instead, recourse is constrained by restricting the symmetric differ-
ence between first-stage and second-stage cost and/or by applying different cost func-
tions for the two stages. In this chapter, we explicitly require commitment to the first-
stage solution while allowing limited adaptation in the second stage. This adaptation is
achieved, in the second stage, by adding a restricted number of additional elements to
the partially remaining first-stage solution. Notably, similar fine-grained restrictions on
recourse budgets have been explored in some problem-specific contexts. For example,
Biising, Koster, and Kutschka explicitly limit the total number of items that can be added
or removed from the first-stage solution for the knapsack problem, in an experimental
context [BKIK11b]. Further, [BG22] require that a certain number of jobs must have the
same scheduling position in the first and second stage in a single-machine scheduling
problem. With our model, we aim to provide a general framework for recoverable ro-
bustness with commitment, unifying and extending such problem-specific approaches.

In this chapter, we focus on problems with downward-closed feasibility set, where
a feasible solution remains feasible if arbitrary elements are removed. Hence, the struc-
tural uncertainty impacts only the solution quality (cost) and not its feasibility. This
proves to be both interesting and challenging within our model.

A somewhat opposing setting is captured by bulk-robustness and flexible network de-
sign. In this framework, we select a superset of a solution that remains feasible even if a
subset of elements from a given list is deleted. Hence, considering upward-closed prob-
lems, the goal is to find a minimum-cost solution that remains feasible in any scenario.
Bulk-robustness has been studied in various contexts such as connectivity and match-
ings [ASZ15, AHM22, HMS21, CJ23, BCHI24]. The key difference between this model
and ours is that, in this model, the structure of the solution can differ significantly from
that of the nominal problem, whereas in our setting, the structure of a feasible solution
remains unchanged.

For a swift introduction to robust combinatorial optimization, we refer the reader to
a book by Goerigk and Hartisch [GH24].

5.2.1 Contribution

We present algorithmic and complexity results for a variety of combinatorial optimiza-
tion problems in the model of Recoverable Robust Optimization with Commitment. In
this chapter, we focus on some underlying problems that are combinatorial optimization
problems with a downward-closed feasibility set, and which can be solved in polyno-
mial time. As one would expect, robust counterparts of some of these problems turn out
to be NP-hard, even in the setting k = ¢/ = 1. However, in some cases, the robust coun-
terpart indeed remains polynomial-time solvable. The most prominent problem in this
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| unweighted ~ weighted

(k, £)-RoBusT MATROID When k < / P P
(1, p)-RoBUST INTERVAL SCHEDULING for constant p P P
(1,1)-RoBUST BIPARTITE MATCHING NP-hard NP-hard
(1,1)-RoBUST BIPARTITE INDEPENDENT SET P NP-hard

Table 5.1: Computational complexity of some combinatorial optimization problems.
Note that NP-hardness results also prove NP-hardness for the general (k, £)-case.

category is the RoBusT MATROID problem. We show that RoBusT MATROID is polynomial
time solvable if k < /. In fact, we show that it suffices to solve the nominal problem for
obtaining an optimal first-stage solution for the robust counterpart. However, this result
does not hold as soon as k > {. For other problems, solving the robust counterpart is
much more involved. Table 5.1 summarizes our results.

A major challenge in designing algorithms for the robust problem lies in the fact that
a first-stage solution S must be robust against any interdiction with possible recourse
taken into account. Even when k = ¢ = 1, the problem is not easy. Intuitively, we may
pre-compute for each element f € E, a “backup element” for the scenario in which
the element f fails. We then solve “the problem with backups”. However, this increases
the problem’s complexity substantially, as such backups must not be selected for the
solution S, and the uncertainty about the failing element (and its activated backup)
causes complex dependencies.

Next, we discuss our main results for the variety of problems; definitions follow later.

Robust Matroid (RM). We study the problem of finding a maximum-weight indepen-
dent set of a matroid in the robust setting. We refer to this problem as Ropust MATROID
(RM for short). We show that an optimal solution to the nominal problem, i.e. the prob-
lem of finding the maximum weight independent set in a matroid, is also an optimal
first-stage solution for its robust counterpart, whenever k < £.

Hence, the classical greedy algorithm for the nominal problem implies a polynomial-
time algorithm for RM. This is a bit surprising since the adversary problem of a spe-
cial case of the nominal problem, SPANNING TREE INTERDICTION, is NP-hard in general.
However, this is not a contradiction since in our algorithm and proof, we do not need
to actually compute the adversary’s response and can simply prove that computing an
optimal solution to the nominal problem is also optimal for RM.

Further, we give two cases in which this property is not true: First, we show that for
k > ¢, the optimum solution to the nominal problem need not be an optimum solution
to RM, even if k = 2 and ¢ = 1. Second, we also show that for any non-matroid, this
property is not true, even if k = ¢ = 1. Therefore, for k < ¢, matroids are exactly those
downward-closed structures for which the price of robustness, i.e., the worst-case ratio
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between the weight of an optimal solution to the underlying problem and the weight of
an optimal first-stage solution to its robust counterpart, is guaranteed to be 1.

Robust Bipartite Matching (RBM). Even for the unweighted case, we show that RBM
is NP-hard; we give a reduction from 3-SAT. Here, the underlying problem, BIPARTITE
MATCHING, can be viewed as a special case of a matroid intersection problem. Hence,
our complexity result for RBM reveals a drastic increase in problem difficulty when
the underlying problem involves finding a maximum-weight independent set of the
intersection of two matroids instead of a single matroid. This is somewhat surprising, as
for a single matroid, even an optimal solution of the nominal problem is optimal for its
robust counterpart.

Robust Bipartite Independent Set (RBIS). A maximum-weight independent set in a
graph is the complement of a minimum-weight vertex cover, which on bipartite graphs
can be found (in polynomial time) via a primal-dual algorithm that simultaneously com-
putes both a maximum-weight matching and a minimum-weight vertex cover. Hence,
the complexity of BIPARTITE INDEPENDENT SET and BIPARTITE MATCHING is the same,
and even the algorithms are very similar (which inspired us to look into these problems
more closely). However, the complexity of the robust counterpart of bipartite indepen-
dent set, RBIS, depends highly on the weights. We show that, for unit weights, RBIS is
polynomial-time solvable (even in more general Kdnig-Egerviry graphs). We prove this
by reducing the problem to finding repairable maximum independent sets, which are
maximum independent sets S satisfying that for each v € S there is some u € V' \ S such
that S — v + u is an independent set. We then show that repairable maximum indepen-
dent sets can be found in polynomial time (if they exist). Further, we show that RBIS is
NP-hard in the weighted setting.

Robust Interval Scheduling (RISch). We give a polynomial-time algorithm for the
(1,1)-RoBusT INTERVAL SCHEDULING problem. This problem is equivalent to the RoBusT
INDEPENDENT SET problem on interval graphs. For convenience, we view this problem as
selecting pairwise-disjoint intervals from a set of intervals and call it ROBUST INTERVAL
ScHEDULING (RIScH). Our key ingredient is a reduction of RIScH to its bounded-regret
version. In general, it is not straightforward to construct a polynomial-time algorithm for
the bounded-regret problem even in the case of the matroid independent set problem for
which we know that the robust counterpart can be solved efficiently. As a crucial step,
we show that for a given A, the bounded-regret ROBUST INTERVAL SCHEDULING problem
can be reduced to a more general interval scheduling problem, which we call INTERVAL
ScHEDULING WITH COLORs (ISC), and for which we give an efficient dynamic program.
Furthermore, we outline how this result can be generalized to (1, p)-RoBUST INTERVAL
SCHEDULING for any constant p € IN.
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5.3 Robust Matroid

In this section, we study the RoBust MATROID (RM) problem. We first define some pre-
liminaries related to matroids and their properties. For an extensive review on matroids,
we refer to the book by Oxley [Oxlo6].

5.3.1 Background Notions in Matroids

In many combinatorial optimization problems, we are tasked to select a subset of ele-
ments of a ground set subject to some feasibility constraint. A matroid is a distinct com-
binatorial structure that provides a particularly well-behaved notion of what constitutes
as a feasible set. Note however that, in the matroid literature, a “feasible set” is usually
referred to as independent." The following definition states in which way matroids are
“well-behaved”.

Definition 5.1. A matroid is a pair M = (E,Z) in which E is the ground set and Z C 2F
is the family of independent sets which satisfies the following axioms:

(I1) the empty set is independent, i.e., @ € Z,
(I2) if [eZ,then ' e Z forall I' C I, and

(I3) if [ I' e ZTand |I| < |I'|, then [+ a € Z for somea € I'\ I.

Axiom (I1) guarantees that there always exists an independent (i.e. feasible) set, (12)
states that each subset of an independent set is also independent, and (I3) states that an
independent set can always be extended, by adding elements from another independent
set that has cardinality strictly larger than that of the original independent set.

An (inclusion-wise) maximal independent set is called a basis. As a consequence of
(I3), it follows that, all bases of a matroid have the same cardinality. A set X, that is not
independent, i.e. X ¢ Z, is called dependent. An (inclusion-wise) minimal dependent set
is called a circuit. Given a matroid M = (E,Z), we denote the set of all its bases by B
and the set of all its circuits by C.

An interesting feature of matroids is that, a matroid can be completely determined
by its set of bases or circuits. We define this in the following two propositions.

Proposition 5.2. M = (E,Z) is a matroid and B is its set of bases if and only if the following
two conditions hold:

'This brings us in the unfortunate situation that the word “independent” is overloaded in this thesis. On
one hand, we have an independent set in graph theoretic sense (see Section 4.5 and Section 5.5), whereas
on the other hand, independent sets in the matroid sense. However, we assure the reader that this shall
not constitute an issue; we only use the word independent in the matroid sense within this section and the
other notion will not occur here.
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(B1) B # @ and

(B2) forall B,B' € Bandall a € B\ B, there exists b € B'\ B such that B—a+b € B.

Proposition 5.3. M = (E,Z) is a matroid and C is its set of circuits if and only if the following
three conditions hold:

(C1) @ ¢C,
(C2) forall C,C" € C with C C C' it holds that C = C’, and

(C3) forall C,C" € C witha € CNC/, there exists C"" € C with C" C (CUC') —a.

Given a set of bases B or circuits C, we can derive the set of independent sets by

e Z={ICE|ICBforsome B € B} or
e Z7={ICE|I2CforallC e},

respectively.
Proposition 5.2 can be strengthened to the following proposition due to Brualdi
[Bru6g], which we will refer to as strong basis exchange.

Proposition 5.4 (Theorem 2, [Bru6g]). A non-empty collection B C 2F forms the set of bases
of a matroid if and only if for all B,B' € B and all a € B\ B’ there exists b € B' \ B such that
bothB—a+be Band B —b+a € B.

Moreover, we have for every basis B € B and every a ¢ B that, there exists a unique
circuit C(B,a) € C with C(B,a) C B + a called the fundamental circuit with respect to B
and a.

Furthermore, matroids are closed under two different removal operations. Let M =
(E,Z) be a matroid and D C E. The deletion of D yields the matroid M\D := (E\
D,7\D), where Z\D := {I € Z | IND = @&}. The contraction of an independent D
on the other hand yields the matroid M/D = (E\ D,Z/D), where Z/D = {I € T |
IUD € T}. The latter definition of a contraction can also be extended to arbitrary
contraction sets D, i.e. dependent ones, by performing the contraction with a maximal
independent set D’ C D and a deletion of the remaining elements D” = D \ D/, i.e.
M/D = M/D'\D". For more details see, for example, [Scho3, Chapter 39].

5.3.2 Recoverable Robust Optimization with Commitment is Easy on Ma-
troids

In this section, we consider the problem (k, £)-RoBust MATROID ((k, ¢)-RM), for k < ¢
which is defined as follows:
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(k, ¢)-RoBusT MATROID ((k, £)-RM)
Given: A matroid M = (E,Z) with weight function w: E — R;.
Task:  Find I € 7 such that for all D C E, |D| < k, there exists R C E\ D, |R| </
such that ((I'\ D) UR) € Z, and the weight w((I \ D) U R) is maximized.

Let B be the collection of bases of the matroid M = (E,Z). We will prove that for
any weight function w: E — R4, any maximum-weight basis in B is also an optimal
solution to (k, ¢)-RM if k < £. We use the following lemma.

Lemma 5.5. Let B be a maximum-weight basis of M and let d € B. Further, let r €
argmax{w(g) | § € E\{d}, B—d+ g € B}. Then B —d + r is a maximum-weight ba-
sis of M\{d}.

Proof. Let B = B —d +r, and let B* be a maximum weight independent set in M\ {d}
with |B* N B'| maximum. If B’ # B*, take any a € B* \ B. By the strong basis exchange
property from Proposition 5.4, there exists b € B’ \ B* with B —a+b € B and B’ —
b+ a € B. Therefore we have that (i) w(a) > w(b), since B* is a maximum weight
basis of M\{d}, and by our choice of B* being closest to B’. Hence, B — b + a cannot
be a basis of M, since w(B —b+a) > w(B), and B was a maximum weight basis of
M. Therefore we have that b ¢ C(B,a), but b € C(B,a), where B = B —d + r. This
implies that d € C(B, a), and thus (ii) w(a) < w(r) by the choice of r as an element of
maximum weight among those that can be feasibly exchanged with d. But then (i) and
(ii) together imply that w(b) < w(r). Since d € C(B,r) N C(B, a), by the circuit exchange
property, there exists a circuit C C (C(B,r)UC(B,a))\{d} CB—d+r+a = B +a.
Thus, this circuit C must be equal to the unique circuit C(B’,a) which contains b. It
follows that b € C(B/,a) = C C (C(B,r) UC(B,a)) \ {d} with b ¢ C(B, a), implying that
b € C(B,r). Summarizing, B — b + r is a basis of larger weight in matroid M than B, a
contradiction. O

Theorem 5.6. Any maximum-weight basis of M is an optimal first-stage solution for (k,{)-
RoBustT MATROID when k < (. Thus, (k,£)-RoBusT MATROID is polynomial-time solvable
when k < /4.

Proof. Let S be a maximum weight basis of M and let S* be an optimal first-stage solu-
tion to RM. Furthermore, let D be the set of elements that are deleted by the adversary
in the worst-case for the first-stage solution S and let S’ be its second-stage solution
after the deletion of D and the recourse. Thus, S’ is a maximum-weight basis in ma-
troid M\F/(S \ F). Additionally, let S}, be the second-stage solution for the first-stage
solution S* with interdiction set D. We will show that w(S") > w(S},). Since D was the
worst-case choice of the adversary for S and D could also be chosen as an interdiction
set for 5*, we have that then S is also an optimal first-stage solution. Hence, it remains
to prove w(S’) > w(Sy).
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Consider the adversary and the recourse as a one-by-one process, in which the ele-
ments in D are deleted one after the other in a fixed order, and after each deletion of an
element (the adversary’s action) another element is added to the solution (the recourse),
until all elements of D have been deleted and each recourse has been added. That is,
we have a fixed order of the elements in D, i.e., d1,d>,...,d, d; € D for1 < i < k
and in step i the element d; is deleted and an element r; € E\ (SU {dy,da,...,d;}) is
added to S such that (SU{ry,r2,...,7i}) \ U;‘:l{dj} is an independent set (or an element
rf € E\(S*U{dy,dy,...,d;}) for S*, respectively). Hence, we consider this process for
S and S*. Note that we can do this process if k < £.

In this process, one can potentially add elements from (E \ S) N D that are then
removed again in a later step (and the same for S$*). Furthermore, in this process,
as recourse for the elements in the first-stage solution S we always add the elements
from the remaining set of elements E \ (SU {dy,d, ..., d;_1}) that maximizes the weight
of the resulting basis of M \ U;;%{dj}. That is, r; € argmax{w(g) | ((S+ g —d; U
{ri,ra,...,ric1}) \ U;':l{dj}) € T}. Note that this is always possible due to the strong
basis exchange property (taking By = SU{ry,...,7i_1} \ {d1,...,di_1}, a := d;, and
B, := §'). For the optimal first-stage solution S*, if some element is deleted during the
process, we simply add some element from the final solution Sp,. Let S; and S}, 0 < i <k,
be the intermediate bases obtained by this process for S and S*, respectively. Again, note
that we can always add an element for each removed element since k < /.

Now we invoke Lemma 5.5 and have that S; is a maximum weight basis of M — {d; }.
Furthermore, iteratively we can now invoke Lemma 5.5 to show that S; is a maximum
weight basis of M \ U;zl{dj}. Hence, we have that w(S;) > w(S) forall1 <i <k.In
particular, since Sy is an optimal basis of M \ F, and since Sy contains all elements from
S\ F, it follows that w(S") = w(Sy), implying w(S") = w(Sx) > w(S;) = w(S}). As a
result, by using the polynomial-time greedy algorithm for the matroid basis problem
([Krus6], see citations in Chapter 40 of Schrijver’s book), we can compute an optimal
first-stage solution for (k, £)-RoBusT MATROID in polynomial time when k < /. O

In contrast to Theorem 5.6, we now give a simple example on graphic matroids which
illustrates an optimal nominal solution need not be an optimal robust solution for our
model when k > £.> The example is for the smallest possible case, i.e. when k = 2 and
¢ =1.

Example 5.7. Consider the diamond graph G given in Figure 5.2 with the corresponding
weight function given on the edges of the graph.

Given the graph in Figure 5.2, the maximum weighted spanning tree in the graph
consists of the edge set S = {ba, bc, bd}. However, if we consider this solution as the
first-stage solution for our (2,1)-RM problem, the worst adversarial deletion is the edge

*We thank Ruiyang Zhang for noticing this counterexample which he discovered during his master’s
thesis conducted at the Chair of Management Science at RWTH Aachen University [Zha25].
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3
a c
5 3
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b d
8

Figure 5.2: Counterexample where optimal nominal solution is not optimal for the ro-
bust counterpart for the (2,1)-RoBust MATROID problem.

set {ab, bd}. Then followed by our recourse of edge ac, we achieve the final second-stage
solution of weight 7. With simple trial and error, it is easy to verify that for the given
first-stage solution, this is the optimal second-stage solution in our model. Contrary
to that, we claim the nominal-optimal first-stage solution need not be optimal for the
robust counterpart. Consider a suboptimal nominal solution S' = {ab,ac,cd}. Here,
the worst case adversarial deletion set is {bd,cd}, which can no longer be extended
by adding another edge into the partial remaining solution. Hence the second-stage
solution following the set S’ is {ab, ac} with final weight 8.

Further, we show that matroids are the only downward-closed set systems for which
an optimal solution to the nominal problem is also an optimal solution to its robust
counterpart (provided that k < /).

Theorem 5.8. For every non-empty downward-closed set system F C 2F which is not a matroid,
there exist weights w: E — Ry such that an optimal solution to the nominal problem is not an
optimal first-stage solution for the robust counterpart.

Recall that a non-empty downward-closed system F C 2F is not a matroid if the ex-
change property (I3) is violated. Such non-matroids can be characterized via the following
lemma (see, for example, [FGH " 17] for the proof).

Lemma 5.9 ([FGH " 17]). Let F C 2F be a non-empty downward-closed system which is not a
matroid, and let F C JF be the collection of the inclusion-wise maximal sets in F. Then there
exist two sets X,Y € F, and three elements {a,b,c} C XAY := (X \Y)U (Y \ X) such that
for each set Z € F with Z C X UY, either a € Z, or {b,c} C Z.

Proof of Theorem 5.8. Take X,Y € F, and the three elements {a,b,c} C XAY as in the
statement of Lemma 5.9. We set the weights of all elements in E \ {a,b,c} to zero, and
w(a) = 3, w(b) = w(c) = 2. Then the optimal first-stage solution for the (1,1)-robust
counterpart is to select either S = {b}, or S = {c}. Then, if the adversary interdicts, one
can still add {a} and achieve a second-stage value of 3. Otherwise, if the adversary does
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not interdict, one can extend to the optimal solution of the underlying problem {b,c} of
value 4.

In contrast, if the first-stage solution S is equal to a nominal optimal solution, then S
necessarily contains {b,c}, and one can only achieve a value of 2. Because if either b or
c is interdicted, one cannot extend S by an element of positive value in the recourse. [

In the following greedoid? example, we illustrate why our approach of choosing an
optimal nominal solution in the first-stage, for a non-downward-closed set system, does
not result into an optimal robust solution even for the case k =1,/ = 1.

Example 5.10. Consider a greedoid G = (E,F) with ground set E = {a,b} and the
collection of independent sets to be {@, {a},{a,b}} along with weight function w: E —
{1} and w(S) = |S| for S C E. The optimal nominal solution for this greedoid is to
choose the set {a,b}. However, if we do choose the first-stage solution to be {a,b} and
the adversary deletes element 4, it renders the set {b} which is not an independent set.
Moreover, neither can the set {b} be extended to an independent set using a recourse
action. Thus, we even fail to achieve feasibility for the (1,1)-RP. Instead, a better first-
stage solution would be to only pick {a} which is suboptimal but if nothing gets deleted,
we can add b to get {a, b} of weight 2. Moreover, if the single element a gets deleted, we
cannot add anything but we are left with & which is still independent.

5.4 Robust Bipartite Matching

MaxiMuM MATCHING is a combinatorial optimization problem in which we are given
an undirected graph G, and the task is to find the maximum cardinality matching in
G. It is well known that one can find a maximum-cardinality matching in polynomial
time even for a general graphs [Edm65]. In stark contrast to this, we show that the
robust counterpart of MaxiMuM MATCHING becomes intractable even when we restrict
ourselves to bipartite graphs. In this section, we consider the problem RoBUST BIPARTITE
MarcHING (RBM), which is the problem (RP) where F consists of all matchings in
an underlying bipartite graph. We study the decision version of this problem. Note
that the problem to find a maximum cardinality matching in a bipartite graph is a
classical application for MATROID INTERSECTION, i.e., the problem to find a maximum
cardinality set which is independent in two matroids on the same ground set E. Hence,
the following result illustrates a drastic increase in the complexity when considering the
intersection of two matroids instead of a single matroid. Below we give a definition of the
UNWEIGHTED ROBUST BIPARTITE MATCHING problem.

3Greedoids are structures similar to matroids which instead of (I2) satisfy the property that for each
non-empty I € Z, there exists e € I such that I —e € T.
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UNWEIGHTED ROBUST BIPARTITE MATCHING (RBM)
Given: An undirected bipartite graph G = (V, E) and a positive integer k.
Task:  Decide whether there is a matching M in G such that for each d € E there
exists an edge r € E — d for which M — d + r is a matching of cardinality at
least k.

Before we proceed, we make a general statement on Robust maximum cardinality
problems. Consider the unweighted version of problem (RP), where the task is to find a
set S € F which maximizes |S — d + r| after the interdiction of d € E and the possible
recourse of element r € E — d. Note that |S —d + r| > |S| — 1. Thus, it suffices to restrict
our search of S to the maximum cardinality sets in /. Moreover, it suffices to consider
d € S. We call a solution S € F of the nominal problem repairable, if for each d € S there
exists an element r € E \ Ssuch that S —d +r € F.

Observation 5.11. For the robust counterpart (RP) of a combinatorial problem P with unit
weights, there is a maximum cardinality solution S to ‘P that is optimal for (RP). Furthermore,
if there is a maximum cardinality solution S of ‘P that is repairable, then S is optimal.

We are now ready to state and prove the main result of this section.
Theorem 5.12. UNWEIGHTED ROBUST BIPARTITE MATCHING problem is NP-complete.

Proof. Clearly, the UNWEIGHTED ROBUST BIPARTITE MATCHING problem is in NP, because
for any given matching M, one can enumerate for each possible deletion of edge d € E
the recourse r € E — d, and verify whether |[M —d +r| > k.

If we set k to be the size of a maximum cardinality matching, then by Observa-
tion 5.11, we need to essentially find a repairable matching in the graph. Thus, it suffices
to show that deciding whether there exists a repairable matching of maximum cardinal-
ity is NP-hard. We refer to this problem as REPAIRABLE BIPARTITE MATCHING (REPBM)
and give a reduction from 3-SAT: given a set of Boolean variables X = {x1,x2,...,%,}
and a formula ¢ in conjunctive normal form, where each clause has 3 variables, does
there exist a truth assignment that satisfies ¢?

Let I be an instance of 3-SAT with a set X of Boolean variables and a set ¥ =
{Cy,Cy,...Cy} of clauses in which |C;| = 3. We construct an instance Irgrpm of problem
RePBM with input graph G = (V, E) as follows (see also Figure 5.3):

e For each variable x; € X in I, we add two nodes a; and 4; in V(G) corresponding to
a positive and negative literal of x;, respectively. We set A = {ay,...,a,,a1,...,d,}.
Moreover, we add b; in V(G) for each x; € X and set B := {by,...,b,}. Ad-
ditionally, for each clause Ci €Y, we add two nodes ¢j,zj in V(G) and set
C={c1,...,cm} and Z := {z3, ...,z }. Finally, we have V(G) = AUBUCUZ.
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90:(X1VX2VJ?3)/\(J?1VJ?2\/Xn)
A~ AN(x1 VsV xy)

Figure 5.3: NP-hardness reduction from 3-SAT to UNWEIGHTED ROBUST BIPARTITE
MATCHING.

* Let the edge set E(G) be the union of the following set of edges.

(a) For alli € [n], add a;b;, a;b; to E(G).4
(b) For all j € [m], add c;z; to E(G).
(c) If x; € Cj, then add a;c;j to E(G) and if %; € Cj, then add a,c; to E(G).

Note that G is bipartite as V(G) can be partitioned into two independent sets, A U Z
and BUC.

Given a satisfying truth assignment 7y : X — {0,1} of I, we show that the matching
M = {cjz; | j € [m]} U{aib; | v(x;) = 0} U{a;b; | y(x;) = 1} is a solution for IRgrpm-
Notice that |M| = m + n because M leaves exactly n unsaturated vertices in V(G). The
set of these n unsaturated vertices constitutes of one element from each {a;,a;} where
i € [n]. These are precisely the literals with truth value 1 assigned to them by -. All
edges r € M contain either some b;, i € [n], or some c;, j € [m], as an endpoint. Note
that M is a matching in G of maximum cardinality.

To prove that M is a solution of Irgrpm, We show that for each edge d € M there is an
edge r € E(G) \ M such that M — d + r is a matching. In other words, for each edge d,
there is an edge r connecting an unsaturated vertex in V(G) to an endpoint of d. If d is
incident to b;, we take as r the other edge incident to b;. If d is incident to c;, then there
is an unsaturated vertex a; such that a;c; € E(G) \ M, or an unsaturated vertex @; such
that g;c; € E(G) \ M. This is because M is derived from the satisfying truth assignment
7 of I, and clause C; contains some literal x; or X; with truth assignment 1.

Next, we show that if Ireppm is a yes-instance of REpBM, then I also is a yes-instance
of 3-SAT. If IrgrMm is a yes-instance of REPBM, then there is a matching M’ of size m + n
in which each d € M’ has an edge r € E(G) \ M’ such that M’ — d + r is a matching.

4In this chapter, we do not need to worry about directed edges, so we simply denote the undirected
edges by an alternating notation without any braces, e.g. we use uv instead of {u,v}.
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First, we claim that we can assume without loss of generality that M’ contains all
edges in {c;z; | j € [m]}. Assume this is not true. Then, since M’ has to have size m + 1,
there must exist some edge a;c; € M’ or some edge a;c; € M'. Without loss of generality,
assume we are in the former case. Then we claim that M" = M’ + cjzj — a;c; is also
a repairable matching of cardinality m + n. Clearly, M” is a matching of cardinality
m + n. Hence, it remains to show that for each d € M” there exists some r € E\ M"
such that M" —d +r is also a matching. First, consider some d € M" \ {¢;z;}. In that
case, set r to be some edge such that M’ — d + r is a matching (which exists since M’
is repairable). Observe that r cannot be incident to ¢; (since a;c; € M) and also not
incident to z; (since z; has degree 1). Hence, M" — d +r is a matching. Second, consider
the case d = cjzj. Now choose r = a;c;. In this case, clearly, M" —d 4 is a matching
since M" — d +r = M'. By applying this procedure iteratively to all edges a;c; € M’, we
obtain the desired result.

Observe that all edges in M’ are either of the form c;jz; for some j € [m], or of the
form a;b; or a;b; for some i € [n]. Hence, since M’ has cardinality exactly m + n, either
a; or d;, i € [n] is saturated by M'. Let U C A be the set of vertices in A that are not
saturated by M'. Let v : X — {0,1} where y(x;) = 1ifa; € U, and y(x;) = 0if a; € U.
We claim that this assignment satisfies the formula ¢.

For the sake of contradiction, assume that o does not satisfy ¢. Then there is a clause
C; for which all three literals in C; evaluate to 0. Now consider the corresponding vertices
in the graph G; the literals evaluate to o because the corresponding vertices are matched
to b; in the matching M’. This implies there is no r € E(G) \ M’ which replaces the edge
cjzj € M’. However, this contradicts the fact that M’ is a solution to IrgpMm.

The size of the reduced instance of RBM is polynomial in the total number of vari-
ables and clauses of the 3-SAT instance. Hence our reduction implies that UNWEIGHTED
RoBusT BIPARTITE MATCHING is NP-complete. [

5.5 Robust Independent Set on Bipartite Graphs

This section is devoted to the RoBusT INDEPENDENT SET (RIS) problem, which is the
problem (RP) where the feasibility set F is the set of all independent sets. In the follow-
ing we consider bipartite graphs and show that the UNWEIGHTED ROBUST INDEPENDENT
SET problem admits an efficient algorithm on bipartite graphs. This result extends to
Konig-Egervdry graphs which generalize bipartite graphs; they are graphs in which the
size of a minimum vertex cover equals the size of a maximum matching ([Dem79]).
Finally, we show that the weighted problem is NP-hard even on bipartite graphs.

Theorem 5.13. UNWEIGHTED ROBUST INDEPENDENT SET is polynomial-time solvable on bi-
partite graphs.
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By Observation 5.11, it suffices to show that we can find a repairable maximum
cardinality independent set in a bipartite graph if it exists, or declare that none exist.
Hence, Theorem 5.13 follows directly from the following lemma.

Lemma 5.14. A bipartite graph G contains a repairable maximum cardinality independent set if
and only if the underlying graph admits a perfect matching such that each edge in the matching
has a degree-one endpoint.

Note that in order to check whether a graph admits a perfect matching such that
each edge in the matching has a degree-one endpoint, it suffices to compute a maximum
cardinality matching M, and check whether M is perfect, and whether each edge of M
has at least one endpoint of degree 1.

Proof. Let G admit a maximum independent set S C V(G) which is repairable. Then by
definition, for all v € S, there is a vertex w € V \ S such that S — v 4 w is also an inde-
pendent set. Note that, if w ¢ N(v), then S + w is an independent set in contradiction to
the fact that S is an independent set of maximum cardinality in G. Hence for all v € S,
there is a vertex w € N(v) such that S — v+ w is an independent set. We call w the backup
vertex of v. Note that N(w) NS = {v}. This implies that in a repairable independent set
S, each vertex v € S has a distinct backup vertex w. Hence, there should be at least |S|
many backup vertices in the graph (one for each v € S), and since the backup vertices
do not belong to the independent set S, we have |S| < 4. As the size of a maximum
independent set in a bipartite graph is at least 5, we have |S| = 5. Therefore, G contains
a perfect matching M = {vw € E | v € S,w is a backup of v}. Now consider a vertex
v € S and its backup vertex w € N(v); w is the only neighbor of v, otherwise S is not
an independent set or some vertex u € V' \ S is not a backup vertex. Thus each v € S is
degree-one.

Now let us assume that G has the desired properties. We show that there is a re-
pairable maximum cardinality independent set in G. If the graph contains a perfect
matching and every matching edge is incident to a degree one vertex, then a collection
of these degree-one vertices, S C V(G), one from each edge in the perfect matching, is
a solution of the instance of the problem. Observe that for each vertex v € S, the unique
neighbor w of v serves as a backup vertex. O

Notice that the crucial properties used to prove Lemma 5.14 and Theorem 5.13 even
hold for Kénig-Egervary graphs and thus we get the following.

Corollary 5.15. UNWEIGHTED ROBUST INDEPENDENT SET is polynomial-time solvable in
Kénig-Egervdry graphs.

This is interesting in the following sense: Theorem 5.12 yields a hardness result for
UNWEIGHTED ROBUST BIPARTITE MATCHING. Recall, from the preliminaries Section 2.2,
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that the line graph of a graph G contains the vertex set corresponding to E(G), and
there is an edge between two vertices if and only if the corresponding edges share an
endpoint in G. In general, a maximum independent set in the line graph of a graph G
corresponds to a maximum matching in G, and hence can be computed in polynomial
time. However, while Theorem 5.13 gives a polynomial-time algorithm for UNWEIGHTED
RoBusT INDEPENDENT SET on bipartite graphs, this one-to-one correspondence and The-
orem 5.12 imply that UNWEIGHTED ROBUST INDEPENDENT SET is NP-hard in line graphs
of bipartite graph.

Corollary 5.16. UNWEIGHTED ROBUST INDEPENDENT SET is NP-hard in line graphs of bipar-
tite graphs.

Next, we show that the complexity of RoBusT INDEPENDENT SET on bipartite graphs
changes with weights. We now consider the decision version of the RoBusT INDEPEN-
DENT SET problem.

RosusT INDEPENDENT SET (RIS)

Given: An undirected graph G, a weight function w: V' — R, and a positive inte-
ger k.

Task:  Decide whether there is an independent set S in G such that for each v € V
there exists a node v’ € V — v which results into another independent set
S—v+7 such thatw(S—v+v) >k

Theorem 5.17. RoBUST INDEPENDENT SET is NP-complete on bipartite graphs.

Proof. We prove that the above mentioned decision variant of ROBUST INDEPENDENT SET
is NP-hard on bipartite graphs. We give a reduction from 3-SAT.

Given an instance I of 3-SAT with the set of variables X = {x1,x2,...,x,} and
a satisfiability formula ¢ with clauses Y = {Cy,Cy,...Cy}, we construct an instance
I' = (G, w, k) of the RoBusT INDEPENDENT SET problem as follows (also see Figure 5.4):

e For each variable x; € X, we take vertices a;,a;, b;, bl-l,bf in V(G). For each clause
C; in @, we add a vertex ¢; in V(G). Moreover, we add 3 representative vertices,
1.2 .3

Cj CirCi, corresponding to each literal in Cj.

e The edge set E(G) consists of the following set of edges:

— For alli € [n], add b;b}, b;b?, bla;, b?a; € E(G).
- For all j € [m], add cjc},cjcjz-,cjc;’ € E(G).

- Add an edge between the three vertices c]1 2

L Ct
7]
sponding literals in the clause, for example if C; = (v1 V 02 V v4), then add

edges c%al,c%ﬁz, ci’a4 € E(G).

,c]3 and their respective corre-
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5.5. Robust Independent Set on Bipartite Graphs

9= (x1VxaVIz)A (X1 VIV,
/\---/\(X1VX3\/J?”)

Figure 5.4: NP-hardness reduction from 3-SAT to (weighted) ROBUST INDEPENDENT SET
on bipartite graphs.

e For the weight function w : V(G) — R4, consider 1 < r < s, and 7,5 € Ry.
Moreover, set the weight function as follows:

s ifve{c|jem}u{b|ien]},
w)={r ifve{{d,&e|jembuleli?|icn}},
1 ifUE{ai,ﬁi’iE[ﬂ]}-

e Setk=(m+n—1)s+r+n.

Note that the constructed graph is bipartite.

First, let us assume that ¢ is a yes-instance and let v : X — {0,1} be the truth
assignment. We claim that S = {¢; | j € [m]}U{b; | i € [n]} U{a; | v(x;) = 0} U {a; |
v(x;) = 1} is a solution to I’ of weight at least k. First, observe that S is an independent
set and that w(S) = (m +n)s +n = k+s — r. Moreover, note that a; ¢ S if and only if
v(x;) = 1. For all j € [m], there exists a vertex c} € {c},cjz-,c;’} such that c} corresponds
to a literal a for which y(a) = 1, and hence a ¢ S. Thus c;. is only connected to ¢; in
S. Therefore, this vertex c} can be a backup vertex of ¢j, meaning that S + c} —¢j is an
independent set of weight k. Also, with a similar argument, there is a backup vertex b}
or b? for every b; € S. Thus, for each v € S of weight w(v) = s, there is a backup vertex
v’ of weight w(v’) = r. Consequently, for each v € S there exists some v' € V'\ S such
that w(S) + w(v') —w(v) > (m+n—1)s+r+n =k, as claimed.
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5. Recoverable Robust Optimization with Commitment

Next, let us assume that there is an independent set S of G such that for each
v € S there is some v € V \ S with w(S) +w(v') —w(v) > (m+n—1)s+r+n = k.
We construct a truth assignment 7 for I. Observe that S must contain all m + n ver-
tices of weight s, and none of the weight r vertices since they are all neighbors of
weight s vertices. Furthermore, by the property of S, for each c¢; there is a vertex
c} € {c}, CJZ, C?}, such that the corresponding literal of c}, say a,isnotin S, ie., S+ c} —Cj
is an independent set (i). Since for all v € S there exists some v' € V' \ S such that
w(S) —w(v) +w(v') > (m+n—1)s+r+mn, set S must contain n vertices from set
A={ay,...,ay,a,...,3,}. Furthermore, since for each b; there is a vertex v’ of value r
such that S + v — b; is an independent set, not both 4; and 4; are in S. Hence, exactly
one of a;,a; belongs to S (ii). We take the set of vertices in A which are not part of S and
define the assignment y(x;) = 1 if and only if a; ¢ S. We claim that v is a truth assign-
ment. Clearly, by (ii), ¢ is an assignment; and by (i), 7y satisfies exactly the definitions of
a truth assignment. O

5.6 Robust Interval Scheduling

In this section we consider RoBusT INDEPENDENT SET on interval graphs. For conve-
nience, we use the standard interval representation of an interval graph G = (V,E)
where each node is represented as an interval in R, and an independent set in G cor-
responds to a selection of pairwise-disjoint intervals. We refer to the task of finding a
maximum-weighted subset of disjoint intervals as INTERVAL SCHEDULING (IScH) and its
robust counterpart as RoBusT INTERVAL SCHEDULING (RIScH). It is known that ISchH is
solvable in polynomial time via dynamic programming [Fray6] (or with a greedy algo-
rithm in unweighted setting); we also revised this dynamic algorithm in Section 4.4.1.
Now, we formally define the ROBUST INTERVAL SCHEDULING problem as follows.

(1,1)-RoBUST INTERVAL SCHEDULING (RIScH)

Given: A set of intervals I = {iy, is,...,iy}, where i; = [a;,bj), a; < bj, aj,b; € Ry, a
weight function w: I — R, and a family F C 2! of sets of pairwise-disjoint
intervals in I.

Task:  Calculate the maximum achievable value of the second-stage solution, that
is, for an optimal pairwise-disjoint subset of intervals S C I, calculate the
maximum value of w(S — i; + i) over the deletion of any interval i; and the
best possible recourse by another interval i, thereafter.

Recall that & € I as we redefine each of our ground sets such that it includes &; this
way the empty set in I can be used to show the possible empty deletion and the empty
recourse. Moreover, sometimes we refer to [a;, b;) N [a, bx) simply by i; N ij.

We prove the following main result in this section.
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Theorem 5.18. There is a polynomial-time algorithm for (1,1)-RoBUST INTERVAL SCHEDUL-
ING.

Later in Subsection 5.6.4, we generalize our results and layout a polynomial-time
algorithm to solve the (1, p)-RoBUST INTERVAL SCHEDULING problem for an arbitrary
integer p.

5.6.1 Algorithm Outline and Proof Roadmap

Here, we outline our algorithmic approach for the proof of Theorem 5.18. As mentioned
in the Section 5.1, one can reduce the robust counterpart of a nominal problem to its
bounded-regret version (A-RP). The bounded-regret version of RIScH, which we denote
as A-RoBUST INTERVAL SCHEDULING (A-RIScH), asks to find S € F which optimizes the
following objective function:

max w(S), (A-RIS)
SeF
A(l']',s)g/\: VijGI

where the regret A(i;,S) = w(S) — max{w(S —i; +1i,) | iy € I —i;,S—ij+i, € F}.
The value A(i;, S) defines the loss in the objective value occurred due to the change in
the solution when i; fails. Note that, if i; € S, then we simply have A(i;, S) = w(i;) —
max{w(ig) ‘ iy € I\S, S—ij—f—ig S ]:}

Due to the established tight connection between (A-RP) and (RP) formulations, a
polynomial-time algorithm for A-RIScu implies a polynomial-time algorithm for RIScH,
since here the total number of different values of regrets is bounded by O(|I|?). Fol-
lowing the definition of regret, each pair of deletion and recourse interval gives us a
potential regret value, for example, deletion of i; followed by the recourse of i, gives us
a potential value of A = w(i;) — w(i). As a result, we have the following proposition.

Proposition 5.19. A polynomial-time algorithm for the problem A-ROBUST INTERVAL
SCHEDULING implies a polynomial-time algorithm for (1,1)-ROBUST INTERVAL SCHEDULING.

Given Proposition 5.19, it remains to provide a polynomial-time algorithm for A-
RIScH for an arbitrary fixed value of A € R. For the bounded regret version, the regret
(or the maximum loss) in the objective value, after an element has been deleted, should
be at most A. Therefore, it will be convenient to hedge against regrets larger than A by
defining for each interval i; a backup of weight at least w(i;) — A; this backup can then be
used in the recourse if interval i; fails. Further, we give a formal definition of a backup
of an interval.
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5. Recoverable Robust Optimization with Commitment

Defining backups. Let F(I) be a collection of sets of pairwise-disjoint intervals in the
interval set I, and S € F(I). We define, for each element i; € I, a backup element B(i;,S):

B(i;,S) € argmax w(iy) .
igGI\(S-‘rl’j)
S—ii+iseF(I)

Informally speaking, B(i;, S) is a best possible recourse that can be added to the remain-
ing solution S — i; when i; is interdicted. Hence, (i;, S) serves as a backup for i;.

Note that, for an interval i; € S, its backup B(i;, S) = iy may or may not intersect
with i;. Hence, the backup interval i; of i; satisfies one of the following two conditions:

(@) S —ij+iy € F(I),but S +iy ¢ F(I), which occurs if i; Niy # @, or
(b) S +l]/ € .F(I), when Z]ﬁl]/ = .

In case (a), interval iy cannot be used as a backup for any other interval i # i;, since
ij € Sand i;Niy # @. Hence, we call such a backup the private backup of interval i;.
In case (b), interval i; can be used as a backup for any interval i € I\ {iy}, since iy
does not intersect with any interval in S, and hence we call such a backup a universal
backup. Note that since a universal backup, say u, can be used as a backup for any
interval i € I — u, it is enough to have one such backup for all intervals that might not
have a private backup. For a first-stage solution set S, we want a universal backup u
to be in argmax{w(iy) | iy € I\ Sand S +i; € F(I)}. For the case where A < 0 and
u is interdicted, if there is no recourse, the value A(u,S) = 0 is strictly larger than A.
This contradicts the feasibility of S. To deal with this issue, we choose an extra backup
b along with our universal backup u. In particular, we aim to have b € arg max{w(i;) |
ip € I\ (S+u)and S+iy € F(I)}. Moreover, we have w(u) > w(b). Note that, since
we have @ € I, if there is no candidate interval to serve as a universal backup or an
extra backup, we have u = @ or b = &, respectively. All in all, we solve an instance of
the A-RIScH problem by first guessing a pair of universal and extra backup, u,b € I, and
then solving the problem.

Later in Subsection 5.6.3, we show that for the correct guess of a universal and
extra backup, u and b values, the A-RIScH problem can be reduced to solving a more
general interval scheduling problem, which we call INTERVAL SCHEDULING WITH COLORS
(ISC). Below we give a formal definition of INTERVAL SCHEDULING wiTH COLORs (ISC):
An instance Z = (I,w) of ISC consists of a set I of intervals and a weight function
w: I — Ry. Each interval i; € I potentially has two half open intervals [¢;,7;) and
[aj, b;) associated with it which satisfy ¢; < a; < b; < r;. The inner interval [aj, b;) is blue
and the interval [/}, ;) is green. A feasible solution of this INTERVAL SCHEDULING WITH
CoLogrs instance is a subset S of intervals such that for each pair of intervals i;, iy € S we
have that [a, b;) and [¢, 7¢) do not intersect and that [ax, by) and [/}, 7;) do not intersect.
That is, the blue part of any interval in the solution is not allowed to intersect with the
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green parts of any other interval in the solution. The task is to pick a feasible solution
of maximum weight.

Altogether, we state the pseudocode of our algorithm for (1,1)-RoBUST INTERVAL
SCHEDULING in Algorithm (1, 1)-RISch.

Algorithm (1,1)-RISch:
Input: A set of intervals I = {iy,1,...,in}, where iy = [ay, by), ar < by for all
k € [n], and a weight function w: [ — R.

Output: Calculate the maximum achievable value of the second-stage solution,
that is, for an optimal pairwise-disjoint subset S C I, calculate the
maximum value of w(S — i; + i) over the deletion of any interval i; and
the best possible recourse by another interval iy thereafter.

1 Let A be a collection of all potential A values.
Let B := I x I be the set consisting of all pairs of universal and extra backups.

N

3 optRISh(]) =0 // optimal value of (1,1)-RIScH
4 for A € A do

5 | for (u,b) € Bdo

6 Create an instance I, ;, , of ISC.

7 Calculate opt'>(I, 4 »). // optimal value of the ISC instance
8 if optRSN (1) < opt™>C(1,, ) — A then

9 L OptRISch(I) — OPtISC(Iu,b,A) Y

10 return optNISN(]).

o

Before we describe our reduction from A-RoBUST INTERVAL SCHEDULING to INTERVAL

ScHEDULING WITH COLORS, we first show, in Section 5.6.2, the INTERVAL SCHEDULING
wiTH COLORS problem is tractable.

5.6.2 Dynamic Program for Interval Scheduling with Colors

The INTERVAL SCHEDULING WITH COLORS problem is as follows:

INTERVAL SCHEDULING WITH COLORS (ISC)

Given: A set of intervals I;isc = {i,io,...,in}, where each interval iy = [¢, k) con-
sists of a blue part [a, bx) and a green part [{k, r) with § < a < by < 1y,
ax, b, Uk, 1 € R4, and a weight function w: I — R.

Task:  Find the maximum possible weight of a subset S C Ijgc such that for each
pair of intervals i]', i €85, [11]', b]) N [fk, T’k) = & and [ak, bk) N [6], 1”]') = .

INTERVAL SCHEDULING WITH COLORS is polynomial-time solvable and we give the
following dynamic programming algorithm to solve it.
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5. Recoverable Robust Optimization with Commitment

Theorem 5.20. There is a polynomial-time algorithm for INTERVAL SCHEDULING WITH COL-
ORS.

Proof. Note that each interval in an instance of INTERVAL SCHEDULING WITH COLORS
consists of a blue part and a green part. The green part is always a superset of the blue
part. The task is to calculate the maximum weight of a subset of intervals S C Iigc such
that the blue part of each interval in S does not intersect with the blue or green part of
any other interval in S. Now, we extend the classical dynamic programming algorithm
of the INTERVAL SCHEDULING problem (see for example [Fray6] or Section 4.4.1) to the
INTERVAL SCHEDULING WITH COLORS problem. We denote by F(Iisc) the set of feasible
solutions within the interval set [jgc.

Let A= {ay,...,a,} and B := {by,...,b,} be the sets of starting and ending points
of blue parts of all intervals, respectively. Furthermore, let L := {¢;,...,¢,} and R :=
{r1,...,ra} be the sets of starting and ending points of green parts of all intervals,
respectively. Moreover, let E:= AUBULUR.

Let us define an ordering over the elements in sets B and R. Let 71, and 77, be the non-
decreasing orderings over the elements of sets B and R, respectively, such that 71, (i) = b’
and 71,(i) = ' for all i € [n].> This givesus b! <P? < ...<b'andr!l <2< ... <1
Moreover, we define I; y == {ix € Iisc | by < tand ry < t'} for all t,#' € E.

The idea behind our dynamic program is to always maintain the maximum possible
weight of a subset of intervals within the set I;, where t,#' € E. We store this value
in the term opt>“[t,#']. Further we incrementally calculate the values of opt>“[t,#'] for
larger t and ' values. Note that opt'>C[t, #'] = maxy<;,<y opt'>C[b, r]. Due to this relation,
it suffices to calculate the values opt'>[b, 7] for all b € B and r € R. In the end, the
solution for ISC lies in the term optSC[b", #"].

Without loss of generality, we assume that the first interval in the ordering 7, is iy,
and i; has the maximum weight among the intervals that end at r! = ;. For the base
cases, we define opt>[b!,r!] values for all i € [n]; we claim that optSC[b/, 7] = w(iy).
Since r! is the first endpoint of a green part in the instance Iigc, arg max;, Iy w(i) = iy.
Thus we get

optSC[b!, 1] = w(iy) Vi€ [n].

Additionally, for all t,# < r!, optSC[t,#'] := 0 because in that case I;y = @.

Now we give a recurrence relation to calculate the values of opt™®¢[b/, /] when we
have a priori all values of opt>C[t,#] for all + < b’ and # < /. For that define R;, :=
{ixr€lisc| by <tandry,=r}forallt € E, v € R.

Then we have,

optSC[bi, 1] := max { optSC[p’, ¥ 71], ‘max. { opt'SCey, ay] + w(ik)}}-

< bt v/

5Not to be confused with the notations b; and r;; the little i in the subscript corresponds to the interval
i € I, while the little i in the superscript corresponds to the index according to the orderings 7, and ;.
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This recurrence relation is true because the maximum weighted subset either picks an
interval from the newly available intervals with green endpoint exactly r or it does
not consist of any such intervals. Additionally, a feasible solution can take at most one
interval from the set R, ,; because for all intervals iy € Ry ,j, 1 = rl. As a result, for each
pair in R, j, the blue part of one interval must intersect with the green part of the other.
Hence no two intervals in Ry ,; are compatible. Since all these cases are considered in
the recurrence relation, it is correct.

Further, we calculate the values starting from b* = b! to b’ = b". As a result we get
our final solution opt'>¢[p", "]. The pseudocode for this dynamic program can be found
in Algorithm ISCDP.

It is straightforward to verify that the above dynamic programming algorithm re-
turns the optimum objective value in polynomial time. O

In the next subsection, we provide a reduction from an instance of the A-RoBusT IN-
TERVAL SCHEDULING problem to polynomial many instances of the INTERVAL SCHEDUL-
ING WITH COLORS problem. We further show that, we can find the optimum solution
value for a given instance of A-RIScH by solving all the ISC instances obtained by choos-
ing u and b.

5.6.3 The Algorithm for Bounded-Regret Interval Scheduling

We present an efficient algorithm for A-RoBusT INTERVAL SCHEDULING for a fixed value
of A. As discussed in Section 5.1, if we have a polynomial-time algorithm for the (A-RP)
problem, and if there are, in total, polynomial-many different A values, then we have a
polynomial-time algorithm for our original robust problem (RP). We use the dynamic
programming algorithm that we obtained for INTERVAL SCHEDULING WITH COLORS in
Subsection 5.6.2 as a subroutine in the algorithm for the A-RIScu problem.

Theorem 5.21. Given a polynomial-time algorithm for INTERVAL SCHEDULING WITH COLORS,
there is a polynomial-time algorithm for A-ROBUST INTERVAL SCHEDULING.

Proof. To prove the theorem, we first describe the reduction from A-RoBUST INTERVAL
SCHEDULING to INTERVAL SCHEDULING WITH COLORS (ISC) and then prove its correctness.

Let Z = (I,w, A) be an instance of A-RIScH. In the first step, we enumerate over all
pairs of intervals u,b € I such that w(u) > w(b) > —A, and corresponding to each such
pair, we construct an instance Z, , (A) = (I ,(A),w') of the INTERVAL SCHEDULING WITH
CoLors problem (see Figure 5.5 for reference).

First, fix a pair u, b € I of universal backup and the extra backup. Note that there are
three cases: (i) there are no universal and extra backups, (ii) there is no extra backup,
but some universal backup, or (iii) there are both universal and extra backups.

For each interval i; € I, we add the following set of intervals in I/ , with weights
w’, which cover all possible recourse actions in case i]- is deleted. We further define a
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Algorithm ISCDP: Dynamic program for INTERVAL SCHEDULING WITH COLORS

Input: A set of intervals Iisc = {i1,12,...,in}, where each iy = [¢k, ) consists of
a blue part [ag, bx) and a green part [¢y, 1) with ; < a; < by < 1y, and a
weight function w: isc — R

Output: Find the total weight of maximum weighted subset S C Iigc such that

for each distinct pair of intervals ij,ix € S, [aj,b;) N [{k, k) = @ and
[ak, bk) N [5], 1’]) = .
by, by, ..., by}

1 B:= {

2 R={r,ry,...,m}

3 E:=BURU {ﬂl,ﬂz,. . .,an} U {f],gz,. . .,fn}

4 Ry, ={ix€hgc|by<tandry=r}forallt € E, r € R.

5 It,t’ = {lk € Iigc ‘ by <tandr < t,} forall t,t' € E.

6 Let opt™>[t,#'] be the maximum weighted set in F(I; ) where I; s C [igc.

7 Let 71, and 7, be non-decreasing orderings of all points in B and R, respectively.
s (i) = b’ and 71, (j) := 7/

9 Let b0 := 0.

10 Let i1 be the maximum weighted instance with r| = rl.

11 opt'SC[b, 1] :== w(iy) for all i € [n]. // base cases

12 Forallt,t' € E, t' <r!, optSC[t,#] := 0.
13 fori:=1ton do

14 forj:=2ton do

15

Forallt,t e E,b 1 <t< b,/ 1<t < rj,optlsc[t, t = optISC[bi_l,rj_l].
Forallt e E,vi"1 <t <7, optISC[bi, t) = optISC [bi, r]'—l]_

opt'SC[v!, /] := max { opt™[0', 7171, max { opt™>“[fy, ax] + w(ix) }}

lkeRbl,I’/

16 return optSC[b", r"].
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function A, j, to model the regret and use this function to prune I’ , in order to obtain
I (A).
u,b

* The first set of intervals covers the possibility of using the universal backup u as
recourse. Thus, for each interval i; € I\ {u,b} in A-RIScH, we add an interval i} to
I, in ISC with w’ (1]’) = w(ij). Moreover, the blue part of i} is set to [a;, b;), which
is the original interval i;. Additionally, the green part of 7 is also set to [a;, ;). We
set Au,b(i}) = w(ij) — w(u).

* The second set of intervals corresponds to the possibility of using a private backup.
Thus, for each ordered pair of intervals (ij,ix) from set I\ {u,b}, ij # i, such
that i; and i intersect, we add an interval i}‘ to I} ,. We set w' (z;‘) = w(i;) and
Au,b(i;‘) = w(i;) — w(ix). Let £j; := min{a;, ar} and r;; = max{bj, bx}. Then we
define the blue part of i}‘ to be [a;,b;) and the green part to be [{;, 7).

This finishes the construction of the set I/ ,.

Pruning: Finally we want to make sure that the blue part of an interval does not
intersect with the intervals corresponding to the universal and extra backups. For that,
we simply delete all those intervals from I , which intersects with u and b. Further,
we define I, (A) == {i} € I, | Aup(i}) < A} to include all intervals of I , that have a
Aup-value of at most A. As a result we get our instance Z) , (A) = (I, ,(A), w'), here w’
is restricted to the set I | (A). See Figure 5.5 for reference. Let (I} ,(A)) be the set of
feasible solutions of Z; , (7).

In the remainder of the proof, we show that an optimal solution S* of 7 is in one-to-
one correspondence with an optimal solution S of Z, ,(A) which maximizes the value
w'(S) over all u,b € I. Moreover, the set S has the same weight and regret value as
that of S*. To get an intuition, first observe that all intervals in I} ,(A) correspond to the
intervals in I; we simply add the green parts to them. Green parts of intervals correspond
to their respective backup intervals, and hence, they are allowed to intersect in a chosen
solution of ISC. Furthermore, note for all intervals i; € I ,(A) we have A, (i) < A,
which encodes that the regret we suffer if the corresponding interval i; is interdicted
is indeed at most A. Now, it remains to show that from an optimum solution S* of Z,
we can compute an optimum solution S of Z) ;(A) of the same weight, and from an
optimum solution S to Z, ,(1) we can compute an optimum solution S* to 7 of the
same weight and regret A.

Let S* be an optimum solution to Z. We now construct, in polynomial time, a solution
to the corresponding instance Z; ,(A) of ISC of the same weight. By definition we have
that w(i;) — w(B(i;,S*)) < A. Without loss of generality, we assume that S* does not
contain # and b.

By construction of Il’l’b(/\), for each i,, € S* that uses the universal backup # when
im fails, there is a new interval iy, in I} , (A) with w'(i},) = w(in) and A, (i},) = w(in) —
w(u). Since w(iy) — w(B(im, S*)) < A, we have that A, ;(7;,) < A, and hence iy, € I} ,(A).
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Figure 5.5: Reduction from (1,1)-RoBUST INTERVAL SCHEDULING to INTERVAL SCHEDUL-
ING WITH COLORs. This example illustrates the reduction corresponding to the guessed
values u = iy, b = i, and A = —1. The A’ values corresponds to the A, ;, values for
each interval. The crossed intervals in the instance of ISC are the pruned intervals. The
intervals ig, i’6, ig, ig, ig, and ig are pruned because their blue part overlaps with the uni-
versal backup. Additionally, the intervals i and ij are pruned because their A’ values

are greater than the current A = —1 value.
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We let
Su = {i), | im € S* and iy, has universal backup} .

Now consider any interval i,, € S* that has a private backup i = B(im, S*). By
construction of I} (1), there is an interval ik < 7, ,(A) with @' (i*) = w(iy) and
Aup(i%) < w(im) — w(ix) < A. Hence, ik, is contained in I, ,(A). We let

Sp == {i* | iy € $* and i, has a private backup iy = B(in, S*)} .

Let S = SpUSy. We claim that S is a feasible solution to Z; ,(A). This directly
follows from the definition of green and blue parts of the intervals: First, observe that
all intervals in S are indeed contained in I;,b(/\)- Second, note that no two blue parts of
intervals in S intersect, since S* is a feasible solution before the failure of any interval.
Third, observe that no green part intersects with a blue part of any other interval in S,
as S* — iy + B(im, S*) is feasible for any interval i,, € S* and its backup B(i,;, S*). Hence,
S is indeed a feasible solution to Z; ,(A). Finally, observe that w(5*) = w(S).

Next, we show how to construct, in polynomial time, a feasible solution to Z from an
optimum solution to Z; , (1) with the same weight and regret A. Recall that u,b € I are
the universal and extra backups that maximize the optimum solution value of Z/ , (1),
where w(u) > w(b) > —A. Let S be an optimal solution to Z; , (). Similar to before, let

Su={imel,,|i,cS}

be the set of all intervals in S that correspond to intervals without private backups.
Furthermore, let
p="{in €Lyl 5 €5}

be all intervals in S that do have a private backup.

We now construct a solution $* to Z as follows. First, for each i;, € S}, we add
im to S*, where the (universal) backup of i, is u. Note that by the feasibility of S we
have w(iy) — w(u) < A. Second, for each i],‘,Z € S, we add i,, to S*, where the (private)
backup of iy, is ix. Again, note that by the feasibility of S we have w(i,,) — w(ix) < A.
Now observe that S* is a feasible solution to Z since S is a feasible solution, and hence
no blue parts intersect. Furthermore, since S was feasible to Il’[,b()\), the universal or
private backup of any interval can be added without violating feasibility.

Finally, observe that by construction of Z| , (1) we have that
w(S) = w(S*) and w(iy) — w(B(im, S*) < A for all i, € S*,

since for all i,, € S;; USp, we have w(i,,) — w(B(im,S)) < A. Hence, the regret is at most
A if some element i, € S* is interdicted. In case no element in S* is interdicted, note that
since w(u) > w(b) > —A, we have that either u or b is not interdicted and hence can be
added for recourse. Hence, in this case as well, we have a regret of at most A. O
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5. Recoverable Robust Optimization with Commitment

Finally, combining Proposition 5.19 with Theorem 5.21 and Theorem 5.20 directly
implies Theorem 5.18.

5.6.4 Generalization to (1, p)-Robust Interval Scheduling

So far we have given an efficient algorithm for (1,1)-RoBUST INTERVAL SCHEDULING
problem. Our algorithm relies on solving the bounded regret version of the problem; we
exploit the fact that for (1,1)-RIScH, there are only O(n?) many different values that A
can possibly realize. In this section, we extrapolate the same idea to the (1, p)-RoBusT
INTERVAL SCHEDULING problem for any constant p. Here, since the total number of dif-
ferent values that A can realize is O(n”*!), we can again exploit the strong connection
between robust version of a problem with its bounded-regret variant. For a particular
A value, however, we need to solve the bounded regret version of (1, p)-RIScH problem
which we refer to as A-(1, p)-RIScH. Recall from Theorem 5.21, in order to solve A-RIScH,
we enumerated the total number of different ISC instances that we need to solve, which
depends on the total number of different universal and extra backups. When the total
number of ISC instances are polynomial many and ISC is polynomial-time solvable, we
have an efficient algorithm for A-RIScH.

For an instance Z = (I,w) of the generalized (1, p)-RIScH problem, we now enu-
merate the total number of ISC instances that we need to generate in order to solve
an instance of A-(1, p)-RIScH. Since we are allowed to add at most p intervals after the
deletion of at most 1 interval, we have to be careful while defining the backups for an
interval. Note that for the deletion of an interval, its p many backups could be a combi-
nation of universal backups and private backups. To capture this we define even more
types of backups, namely g-private backup, g-universal backup, and g-extra backup for each
q € [p]; these new backups consist of 4 many pairwise-disjoint intervals.

Let us first define a private backup for each i; € I. Recall that, by definition, a private
backup of an interval intersects the interval. Thus a g-private backup of interval i; must
be derived from the set P = {ix € I | [ax,bx) N [a;,b;) # @} by selecting g many
pairwise disjoint intervals from P \ {i;}. Each P, i; € I, can be calculated in O(n)
time. Further, each g-private backup of i; can be calculated using the standard dynamic
program for the interval scheduling problem which additionally keeps a track of the
total number of intervals in the solution. Finally, for the interval representing a g-private
backup of i; in an instance of ISC, we can extract the endpoints of its green part in O(n)
time. The total number of intervals corresponding to private backups is n - ZZ=1 (Z),
which is polynomial in the size of the input instance.

Now regarding the universal backups, for an interval with (p — g)-private backup we
need a g-universal backup. Although, a unique g-universal backup does not work for all
intervals with (p — g)-private backup. This is because it might happen that a g-universal
backup intersects a (p — g)-private backup, and hence are not compatible to form a full
p-sized backup together. However, each g-universal backup could only intersect with the
private backups of at most 2g other intervals. Thus we have to reserve, in total, 29 + 1
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many g-universal backups for each g € [p — 1]. Although, it suffices to have a unique
p-universal backup because by definition it does not intersect with any interval with
O-private backup. All in all, for an instance of A-(1, p)-RIScH, we need to enumerate
over 1+ 25;11 (29 +1) € O(p?) many total universal backups. Since a universal backup
consists of at most p intervals, the total number of intervals we need to enumerate is
O((nP)P*), which is polynomial for constant p.

Finally, we enumerate the total number of extra backups. Note that extra backups
are used when an interval from the universal backup is deleted. Since we are dealing
with deletion of at most 1 interval, for each interval that gets deleted from the unique
p-universal backup, we need a p-extra backup.

Altogether, enumerating over all different kind of p + 1 + 25;11 (29 +1) € O(p?)
many universal and extra backups results into an instance of ISC which can be solved
in polynomial time. Moreover, since there are polynomial many such reduced instances
of ISC, we get the following result.

Theorem 5.22. There is a polynomial-time algorithm for (1, p)-RoBUST INTERVAL SCHEDUL-
ING for an arbitrary constant p.

5.7 Concluding Remarks and Future Directions

We have introduced a new model called Recoverable Robust Optimization with Commitment
and initiated the first study on this model. We started by investigating the model on
various combinatorial optimization problems; we settle the computational complexity
of our considered problems (both tractability and intractability). While our focus was
on polynomial-time solvable problems with a downward-closed feasibility set, it would
be interesting to extend the study to a broader class of problems, including NP-hard
problems. We note that problems whose feasibility set is not downward-closed pose an
additional challenge that the adversarial deletion might destroy the feasibility of the
remaining partial solution, which is then required to be repaired by the recourse action.

Our results only scratched the surface of our model. We started off considering the
basic (1,1)-RP variants of several problems and proved them to be hard even for this
simple case. However, it would be interesting to see how the computation complexity
unravels for the general variant of the problem with arbitrary valued k and /. We spec-
ulate the complexity, for the general variant of a problem, could shoot up to X5-hard or
even to a higher level of the polynomial hierarchy.

In the general variants, we gave an efficient algorithm for (k, £)-RoBusT MATROID
problem when k < /. But as our results show, this algorithm does not work when
k > £. It still remains to show what happens to (k,/)-RM when k > /¢, whether the
problem remains polynomial-time solvable or turns hard. Similarly, even though we
have efficient algorithms for (1, p)-RoBUsT INTERVAL SCHEDULING for a constant value p,
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the complexity status of (k, /)-RoBusT INTERVAL SCHEDULING and also the (k, £)-RoBusT
INDEPENDENT SET remains open.

Finally, the bounded-regret version was crucial in order to solve the ROBUST INTERVAL
SCHEDULING problem. So, naturally, one could look into whether the bounded-regret
version of other problems can be solved in polynomial time as well.

With an additional twist, one could study yet another variant of this model in which
cancellations/deleted elements are charged. For example, given two weight functions
w,w': E — R4, solve the following variant:

max min max w((S\D)UR) +w'(D) .
SeF DCE RCE\D, |R|<f
ID|<k  (S\D)UReF

This variant is applicable in scenarios where every reservation comes with a base price
for cancellations.
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