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 a b s t r a c t

This paper develops a fully coupled forward-backward stochastic differential equation (FBSDE) 
framework for optimal orbit steering near a spiral attractor generated by an Arneodo-Coullet-
Tresser-type chaotic oscillator. The central objective is to preserve the intrinsic orbital geometry 
of the attractor while reducing stochastic deviations from a prescribed reference orbit segment. 
To achieve this goal, a stochastic tracking problem is formulated for a noisy controlled ACT sys-
tem, and the corresponding stochastic maximum principle yields a nonlinear fully coupled FBSDE 
in which the third backward component enters the active chaotic channel through the optimal 
feedback law. The resulting model establishes a direct link between spiral chaotic dynamics, 
stochastic optimal control, and adjoint backward propagation. A compact tensor formulation is 
provided, together with a variational derivation, a local solvability discussion under structured 
assumptions, and a decoupling-field interpretation. The framework offers a mathematically co-
herent and comparatively underexplored route for investigating stochastic orbit steering, random 
attractor neighborhoods, and control-energy allocation in a spiral chaotic environment.

1.  Introduction

Nonlinear chaotic oscillators subject to uncertainty arise in a wide variety of scientific contexts, including fluid transport [1,
2], nonlinear circuits [3,4], mechanical vibration [5–7], and stochastic signal propagation [8–10]. In such systems, deterministic 
instability is often intertwined with external fluctuations [11], parametric uncertainty [12], and incomplete information about forcing 
mechanisms [13]. As a consequence, a purely deterministic description may fail to capture the effective transport properties of 
trajectories over long time intervals. This is particularly true when the underlying dynamics possess strong sensitivity to initial data 
and repeated stretching and folding mechanisms [14–16]. In these settings, stochastic differential equations (SDEs) provide a natural 
mathematical framework for incorporating random perturbations into nonlinear dynamical models while preserving the essential 
geometric structure of the original deterministic flow [17–19]. At the same time, chaotic attractors remain central objects of interest, 
since they encode the long-time organization of trajectories and reflect the qualitative mechanisms responsible for complex oscillatory 
behavior [20–22].

Among the many classes of three-dimensional chaotic systems, the Arneodo-Coullet-Tresser (ACT) family [23–25] occupies a 
distinctive position because of its ability to generate spiral-type attractors with rich reinjection geometry. Compared with more 
frequently studied Lorenz-type systems [26–28], ACT dynamics exhibit a different form of orbital organization, in which trajecto-
ries rotate around a core region before undergoing global return. This spiral structure is not only visually characteristic, but also
dynamically meaningful, since it provides a useful setting for studying nontrivial transport near non-equilibrium invariant sets. When 
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$t \in \lbrack 0,T\rbrack $


$T > 0$


$\mathbf {X}_{t} \in \mathbb {R}^{3}$


$t$


$\mathbb {R}^{3}$


$U_{t}\mathbb {\in R}$


$W_{t}$


$\left ( \Omega \mathcal {,F,}\left \{ \mathcal {F}_{t} \right \}_{t \in \lbrack 0,T\rbrack }\mathbb {,P} \right )$


$\Omega $


$\mathcal {F}$


$\sigma $


$\left \{ \mathcal {F}_{t} \right \}$


$t$


$\mathbb {P}$


\begin {align}{\dot {x}}_{1}(t) &= x_{2}(t),\nonumber \\ {\dot {x}}_{2}(t) &= x_{3}(t),\nonumber \\ {\dot {x}}_{3}(t) &= ax_{1}(t) - bx_{2}(t) - cx_{3}(t) - dx_{1}(t)^{2},\end {align}


$x_{1}(t)$


$x_{2}(t)$


$x_{3}(t)\mathbb {\in R}$


$a$


$b$


$c$


$d\mathbb {\in R}$


\begin {align}\mathbf {x}(t) = \begin {bmatrix} x_{1}(t) \\ x_{2}(t) \\ x_{3}(t) \end {bmatrix}, \label {Xeqn1-2}\end {align}


\begin {align}\mathbf {f}_{0}\left ( \mathbf {x} \right ) = \dot {\mathbf {x}}(t) = \begin {bmatrix} x_{2} \\ x_{3} \\ ax_{1} - bx_{2} - cx_{3} - dx_{1}^{2} \end {bmatrix}, \label {Xeqn2-3}\end {align}


$\mathbf {f}_{0}:\mathbb {R}^{3} \rightarrow \mathbb {R}^{3}$


$\mathbf {e}_{3} = (0,0,1)^{T} \in \mathbb {R}^{3}$


\begin {align}\dot {\mathbf {x}}(t) = \mathbf {f}_{0}\left ( \mathbf {x}(t) \right ) + \mathbf {e}_{3}U_{t}. \label {Xeqn3-4}\end {align}


\begin {align}d\mathbf {X}_{t} = \mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right )dt + \mathbf {\Sigma }dW_{t}, \label {Xeqn4-5}\end {align}


$\mathbf {f}:\mathbb {R}^{3}\mathbb {\times R} \rightarrow \mathbb {R}^{3}$


\begin {align}\mathbf {f}\left ( \mathbf {x},u \right ) = \begin {bmatrix} x_{2} \\ x_{3} \\ ax_{1} - bx_{2} - cx_{3} - dx_{1}^{2} + u \end {bmatrix}, \label {Xeqn5-6}\end {align}


$\mathbf {\Sigma } \in \mathbb {R}^{3 \times 1}$


\begin {align}\mathbf {\Sigma } = \begin {bmatrix} 0 \\ 0 \\ \sigma \end {bmatrix}, \label {Xeqn6-7}\end {align}


$\sigma > 0$


$x_{1} \rightarrow x_{2} \rightarrow x_{3}$


\begin {align}dX_{1,t} &= X_{2,t}dt, \nonumber \\ dX_{2,t} &= X_{3,t}dt,\nonumber \\ dX_{3,t} &= \left ( aX_{1,t} - bX_{2,t} - cX_{3,t} - dX_{1,t}^{2} + U_{t} \right )dt + \sigma dW_{t}.\end {align}


$\mathbf {X}_{0} = \mathbf {\xi }$


$\mathbf {\xi }$


$\mathcal {F}_{0}$


$\mathbb {E}\left \| \mathbf {\xi } \right \|^{2} < \infty $


$\left \| \cdot \right \|$


$\mathbf {M} \in \mathbb {R}^{3 \times 3}$


\begin {align}\left \| \mathbf {x} \right \|_{\mathbf {M}}^{2} = \mathbf {x}^{T}\mathbf {Mx}. \label {Xeqn7-9}\end {align}


$\overline {\mathbf {x}}:\lbrack 0,T\rbrack \rightarrow \mathbb {R}^{3}$


\begin {align}\dot {\overline {\mathbf {x}}}(t) = \mathbf {f}_{0}\left ( \overline {\mathbf {x}}(t) \right ). \label {Xeqn8-10}\end {align}


\begin {align}{\dot {\overline {x}}}_{1}(t) &= {\overline {x}}_{2}(t),\nonumber \\ {\dot {\overline {x}}}_{2}(t) &= {\overline {x}}_{3}(t),\nonumber \\ {\dot {\overline {x}}}_{3}(t) &= a{\overline {x}}_{1}(t) - b{\overline {x}}_{2}(t) - c{\overline {x}}_{3}(t) - d{\overline {x}}_{1}(t)^{2}.\end {align}


$\mathbf {Q} \in \mathbb {R}^{3 \times 3}$


$\mathbf {G} \in \mathbb {R}^{3 \times 3}$


$r > 0$


\begin {align}J(U) = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( \left \| \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right \|_{\mathbf {Q}}^{2} + rU_{t}^{2} \right )dt + \left \| \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right \|_{\mathbf {G}}^{2}} \right \rbrack . \label {Xeqn9-12}\end {align}


\begin {align}\mathcal {U =}\left \{ U:\lbrack 0,T\rbrack \times \Omega \rightarrow \mathbb {R}\left | U_{t}\ is\ \mathcal {F}_{t} - adapted\ and\ \mathbb {E}\int _{0}^{T}{U_{t}^{2}dt < \infty } \right .\ \right \}. \label {Xeqn10-13}\end {align}


$\inf _{U \in \mathcal {U}}{J(U)}$


$\mathbf {X}_{0} = \mathbf {\xi }$


\begin {align}\mathbf {E}_{t} = \mathbf {X}_{t} - \overline {\mathbf {x}}(t). \label {Xeqn11-14}\end {align}


\begin {align}d\mathbf {E}_{t} = \left ( \mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right ) - \mathbf {f}_{0}\left ( \overline {\mathbf {x}}(t) \right ) \right )dt + \mathbf {\Sigma }dW_{t}. \label {Xeqn12-15}\end {align}


\begin {align}dE_{1,t} &= E_{2,t}dt,\nonumber \\ dE_{2,t} &= E_{3,t}dt,\nonumber \\ dE_{3,t} &= \left ( aE_{1,t} - bE_{2,t} - cE_{3,t} - d\left ( X_{1,t}^{2} - {\overline {x}}_{1}(t)^{2} \right ) + U_{t} \right )dt + \sigma dW_{t}.\end {align}


\begin {align}X_{1,t}^{2} - {\overline {x}}_{1}(t)^{2} = \left ( X_{1,t} - {\overline {x}}_{1}(t) \right )\left ( X_{1,t} + {\overline {x}}_{1}(t) \right ) = E_{1,t}\left ( X_{1,t} + {\overline {x}}_{1}(t) \right ), \label {Xeqn13-17}\end {align}


\begin {align}dE_{3,t} = \left ( aE_{1,t} - bE_{2,t} - cE_{3,t} - dE_{1,t}\left ( X_{1,t} + {\overline {x}}_{1}(t) \right ) + U_{t} \right )dt + \sigma dW_{t}. \label {Xeqn14-18}\end {align}


\begin {align}J(U) = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( \mathbf {E}_{t}^{T}\mathbf {Q}\mathbf {E}_{t} + rU_{t}^{2} \right )dt + \mathbf {E}_{T}^{T}\mathbf {G}\mathbf {E}_{T}} \right \rbrack . \label {Xeqn15-19}\end {align}


$- dX_{1,t}^{2}$


$\mathbf {Y}_{t} \in \mathbb {R}^{3}$


$\mathbf {Z}_{t} \in \mathbb {R}^{3 \times 1}$


\begin {align}\mathcal {H}\left ( t,\mathbf {x},u,\mathbf {y},\mathbf {z} \right ) = \left ( \mathbf {x} - \overline {\mathbf {x}}(t) \right )^{T}\mathbf {Q}\left ( \mathbf {x} - \overline {\mathbf {x}}(t) \right ) + ru^{2} + \mathbf {y}^{T}\mathbf {f}\left ( \mathbf {x},u \right ) + \mathbf {z}^{T}\mathbf {\Sigma }. \label {Xeqn16-20}\end {align}


\begin {align}\mathbf {y}^{T}\mathbf {f}\left ( \mathbf {x},u \right ) = y_{1}x_{2} + y_{2}x_{3} + y_{3}\left ( ax_{1} - bx_{2} - cx_{3} - dx_{1}^{2} + u \right ), \label {Xeqn17-21}\end {align}


$\mathbf {y} = \left ( y_{1},y_{2},y_{3} \right )^{T}$


\begin {align}\partial _{u}\mathcal {H}\left ( t,\mathbf {x},u,\mathbf {y},\mathbf {z} \right ) = 2ru + y_{3}. \label {Xeqn18-22}\end {align}


\begin {align}\partial _{u}\mathcal {H}\left ( t,\mathbf {X}_{t},U_{t}^{*},\mathbf {Y}_{t},\mathbf {Z}_{t} \right ) = 0. \label {Xeqn19-23}\end {align}


\begin {align}U_{t}^{*} = - \frac {1}{2r}Y_{3,t}. \label {Xeqn20-24}\end {align}


$Y_{3,t}$


$d\mathbf {X}_{t} = \mathbf {f}\left ( \mathbf {X}_{t}, - \frac {1}{2r}Y_{3,t} \right )dt + \mathbf {\Sigma }dW_{t}$


\begin {align}\nabla _{\mathbf {x}}\mathcal {H} = 2\mathbf {Q}\left ( \mathbf {x} - \overline {\mathbf {x}}(t) \right ) + \left ( \nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {x},u \right ) \right )^{T}\mathbf {y}, \label {Xeqn21-25}\end {align}


\begin {align}\nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {x},u \right ) = \begin {bmatrix} 0 & 1 & 0 \\ 0 & 0 & 1 \\ a - 2dx_{1} & - b & - c \end {bmatrix}. \label {Xeqn22-26}\end {align}


\begin {align}\left ( \nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {x},u \right ) \right )^{T}\mathbf {y} = \begin {bmatrix} \left ( a - 2dx_{1} \right )y_{3} \\ y_{1} - by_{3} \\ y_{2} - cy_{3} \end {bmatrix}. \label {Xeqn23-27}\end {align}


\begin {align}d\mathbf {Y}_{t} = - \nabla _{\mathbf {x}}\mathcal {H}\left ( t,\mathbf {X}_{t},U_{t}^{*},\mathbf {Y}_{t},\mathbf {Z}_{t} \right )dt + \mathbf {Z}_{t}dW_{t}, \label {Xeqn24-28}\end {align}


\begin {align}\mathbf {Y}_{T} = 2\mathbf {G}\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right ). \label {Xeqn25-29}\end {align}


\begin {align}dX_{1,t} &= X_{2,t}dt,\nonumber \\ dX_{2,t} &= X_{3,t}dt,\nonumber \\ dX_{3,t} &= \left ( aX_{1,t} - bX_{2,t} - cX_{3,t} - dX_{1,t}^{2} + U_{t}^{*} \right )dt + \sigma dW_{t},\nonumber \\ dY_{1,t} &= - \left ( 2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{1} \right \rbrack \mathbf {+}\left ( a - 2dX_{1,t} \right )Y_{3,t} \right )dt + Z_{1,t}dW_{t},\nonumber \\ dY_{2,t} &= - \left ( 2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{2} \right \rbrack \mathbf {+}Y_{1,t} - bY_{3,t} \right )dt + Z_{2,t}dW_{t},\nonumber \\ dY_{3,t} &= - \left ( 2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{3} \right \rbrack \mathbf {+}Y_{2,t} - cY_{3,t} \right )dt + Z_{3,t}dW_{t},\nonumber \\ \mathbf {X}_{0} &= \mathbf {\xi },\ \mathbf {Y}_{T} = 2\mathbf {G}\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right ).\end {align}


$\mathbf {Q}$


$q_{1}$


$q_{2}$


$q_{3} \geq 0$


\begin {align}2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{1} \right \rbrack &= 2q_{1}\left ( X_{1,t} - {\overline {x}}_{1}(t) \right ),\nonumber \\ 2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{2} \right \rbrack &= 2q_{2}\left ( X_{2,t} - {\overline {x}}_{2}(t) \right ),\nonumber \\ 2\left \lbrack \mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )_{3} \right \rbrack &= 2q_{3}\left ( X_{3,t} - {\overline {x}}_{3}(t) \right ).\end {align}


\begin {align}dY_{1,t} &= - \left ( 2q_{1}\left ( X_{1,t} - {\overline {x}}_{1}(t) \right ) + \left ( a - 2dX_{1,t} \right )Y_{3,t} \right )dt + Z_{1,t}dW_{t},\nonumber \\ dY_{2,t} &= - \left ( 2q_{2}\left ( X_{2,t} - {\overline {x}}_{2}(t) \right ) + Y_{1,t} - bY_{3,t} \right )dt + Z_{2,t}dW_{t},\nonumber \\ dY_{3,t} &= - \left ( 2q_{3}\left ( X_{3,t} - {\overline {x}}_{3}(t) \right ) + Y_{2,t} - cY_{3,t} \right )dt + Z_{3,t}dW_{t}.\end {align}


\begin {align}\mathbf {Y}_{T} = 2\begin {bmatrix} g_{11} & g_{12} & g_{13} \\ g_{21} & g_{22} & g_{23} \\ g_{31} & g_{32} & g_{33} \end {bmatrix}\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right ), \label {Xeqn26-33}\end {align}


$g_{ij}$


$(i,\ j)$


$\mathbf {G}$


$\mathbf {G}$


\begin {align}Y_{1,T} &= 2g_{1}\left ( X_{1,T} - {\overline {x}}_{1}(T) \right ),\nonumber \\ Y_{2,T} &= 2g_{2}\left ( X_{2,T} - {\overline {x}}_{2}(T) \right ),\nonumber \\ Y_{3,T} &= 2g_{3}\left ( X_{3,T} - {\overline {x}}_{3}(T) \right ).\end {align}


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {\phi }\left ( \mathbf {x} \right )$


\begin {align}\mathbf {A} &= \begin {bmatrix} 0 & 1 & 0 \\ 0 & 0 & 1 \\ a & - b & - c \end {bmatrix},\nonumber \\ \mathbf {B} &= \begin {bmatrix} 0 \\ 0 \\ 1 \end {bmatrix},\nonumber \\ \mathbf {\phi }\left ( \mathbf {x} \right ) &= \begin {bmatrix} 0 \\ 0 \\ - dx_{1}^{2} \end {bmatrix}.\end {align}


\begin {align}\mathbf {f}\left ( \mathbf {x},u \right ) = \mathbf {Ax} + \mathbf {\phi }\left ( \mathbf {x} \right ) + \mathbf {B}u. \label {Xeqn27-36}\end {align}


$U_{t}^{*} = - \frac {1}{2r}\mathbf {B}^{T}\mathbf {Y}_{t}$


$\mathbf {B}^{T}\mathbf {Y}_{t} = Y_{3,t}$


\begin {align}d\mathbf {X}_{t} = \left ( \mathbf {A}\mathbf {X}_{t} + \mathbf {\phi }\left ( \mathbf {X}_{t} \right ) - \frac {1}{2r}\mathbf {B}\mathbf {B}^{T}\mathbf {Y}_{t} \right )dt + \mathbf {\Sigma }dW_{t}. \label {Xeqn28-37}\end {align}


$\mathbf {\phi }$


\begin {align}\nabla \mathbf {\phi }\left ( \mathbf {x} \right ) = \begin {bmatrix} 0 & 0 & 0 \\ 0 & 0 & 0 \\ - 2dx_{1} & 0 & 0 \end {bmatrix}. \label {Xeqn29-38}\end {align}


\begin {align}d\mathbf {Y}_{t} = - \left ( 2\mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right ) + \mathbf {A}^{T}\mathbf {Y}_{t} + \left ( \nabla \mathbf {\phi }\left ( \mathbf {X}_{t} \right ) \right )^{T}\mathbf {Y}_{t} \right )dt + \mathbf {Z}_{t}dW_{t}. \label {Xeqn30-39}\end {align}


\begin {align}\mathbf {A}^{T} &= \begin {bmatrix} 0 & 0 & a \\ 1 & 0 & - b \\ 0 & 1 & - c \end {bmatrix},\nonumber \\ \left ( \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) \right )^{T} &= \begin {bmatrix} 0 & 0 & - 2dx_{1} \\ 0 & 0 & 0 \\ 0 & 0 & 0 \end {bmatrix},\end {align}


\begin {align}\mathbf {A}^{T}\mathbf {y} + \left ( \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) \right )^{T}\mathbf {y} = \begin {bmatrix} \left ( a - 2dx_{1} \right )y_{3} \\ y_{1} - by_{3} \\ y_{2} - cy_{3} \end {bmatrix}. \label {Xeqn31-41}\end {align}


\begin {align}\left \{ \begin {array}{@{}l@{}} d\mathbf {X}_{t} = \left ( \mathbf {A}\mathbf {X}_{t} + \mathbf {\phi }\left ( \mathbf {X}_{t} \right ) - \frac {1}{2r}\mathbf {B}\mathbf {B}^{T}\mathbf {Y}_{t} \right )dt + \mathbf {\Sigma }dW_{t}, \\ d\mathbf {Y}_{t} = - \left ( 2\mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right ) + \mathbf {A}^{T}\mathbf {Y}_{t} + \left ( \nabla \mathbf {\phi }\left ( \mathbf {X}_{t} \right ) \right )^{T}\mathbf {Y}_{t} \right )dt + \mathbf {Z}_{t}dW_{t}, \\ \begin {matrix} \mathbf {X}_{0} = \mathbf {\xi }, \\ \mathbf {Y}_{T} = 2\mathbf {G}\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right ). \end {matrix} \end {array} \right . \label {Xeqn32-42}\end {align}


$\mathbf {B}\mathbf {B}^{T}\mathbf {Y}_{t}$


$U_{t}^{\varepsilon } = U_{t} + \varepsilon V_{t}$


$V_{t} \in \mathcal {U}$


$\varepsilon \in \mathbb {R}$


$\mathbf {X}_{t}^{\varepsilon }$


\begin {align}\delta \mathbf {X}_{t} = \left . \ \frac {d}{d\varepsilon }\mathbf {X}_{t}^{\varepsilon } \right |_{\varepsilon = 0}. \label {Xeqn33-43}\end {align}


\begin {align}d\mathbf {X}_{t}^{\varepsilon } = \mathbf {f}\left ( \mathbf {X}_{t}^{\varepsilon },U_{t} + \varepsilon V_{t} \right )dt + \mathbf {\Sigma }dW_{t}. \label {Xeqn34-44}\end {align}


$\varepsilon = 0$


\begin {align}d\left ( \delta \mathbf {X}_{t} \right ) &= \left ( \nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right )\delta \mathbf {X}_{t} + \mathbf {B}V_{t} \right )dt,\nonumber \\ \delta \mathbf {X}_{0} &= \mathbf {0}.\end {align}


\begin {align}\delta J = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( 2\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )^{T}\mathbf {Q}\delta \mathbf {X}_{t} + 2rU_{t}V_{t} \right )dt + 2\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right )^{T}\mathbf {G}\delta \mathbf {X}_{T}} \right \rbrack . \label {Xeqn35-46}\end {align}


$\mathbf {Y}_{t}$


\begin {align}d\mathbf {Y}_{t} = - \left ( 2\mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right ) + \nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right )^{T}\mathbf {Y}_{t} \right )dt + \mathbf {Z}_{t}dW_{t}, \label {Xeqn36-47}\end {align}


$\mathbf {Y}_{t}^{T}\delta \mathbf {X}_{t}$


\begin {align}d\left ( \mathbf {Y}_{t}^{T}\delta \mathbf {X}_{t} \right ) = \mathbf {Y}_{t}^{T}d\left ( \delta \mathbf {X}_{t} \right ) + \delta \mathbf {X}_{t}^{T}d\mathbf {Y}_{t} + d\left \langle \mathbf {Y},\delta \mathbf {X} \right \rangle _{t}. \label {Xeqn37-48}\end {align}


$\delta \mathbf {X}_{t}$


$d\left \langle \mathbf {Y},\delta \mathbf {X} \right \rangle _{t} = 0$


\begin {align}d\left ( \mathbf {Y}_{t}^{T}\delta \mathbf {X}_{t} \right )\nonumber \\ = \left ( \mathbf {Y}_{t}^{T}\nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right )\delta \mathbf {X}_{t} + \mathbf {Y}_{t}^{T}\mathbf {B}V_{t} - \delta \mathbf {X}_{t}^{T}\left \lbrack 2\mathbf {Q}\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right ) + \nabla _{\mathbf {x}}\mathbf {f}\left ( \mathbf {X}_{t},U_{t} \right )^{T}\mathbf {Y}_{t} \right \rbrack \right )dt\nonumber \\ + \delta \mathbf {X}_{t}^{T}\mathbf {Z}_{t}dW_{t}.\end {align}


\begin {align}d\left ( \mathbf {Y}_{t}^{T}\delta \mathbf {X}_{t} \right ) = \left ( \mathbf {Y}_{t}^{T}\mathbf {B}V_{t} - 2\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )^{T}\mathbf {Q}\delta \mathbf {X}_{t} \right )dt + \delta \mathbf {X}_{t}^{T}\mathbf {Z}_{t}dW_{t}. \label {Xeqn38-50}\end {align}


$\lbrack 0,T\rbrack $


$\delta \mathbf {X}_{0} = \mathbf {0}$


\begin {align}\mathbb {E}\left \lbrack \mathbf {Y}_{T}^{T}\delta \mathbf {X}_{T} \right \rbrack = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( \mathbf {Y}_{t}^{T}\mathbf {B}V_{t} - 2\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )^{T}\mathbf {Q}\delta \mathbf {X}_{t} \right )dt} \right \rbrack . \label {Xeqn39-51}\end {align}


\begin {align}\mathbb {E}\left \lbrack 2\left ( \mathbf {X}_{T} - \overline {\mathbf {x}}(T) \right )^{T}\mathbf {G}\delta \mathbf {X}_{T} \right \rbrack = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( \mathbf {Y}_{t}^{T}\mathbf {B}V_{t} - 2\left ( \mathbf {X}_{t} - \overline {\mathbf {x}}(t) \right )^{T}\mathbf {Q}\delta \mathbf {X}_{t} \right )dt} \right \rbrack . \label {Xeqn40-52}\end {align}


$\delta J$


\begin {align}\delta J = \mathbb {E}\left \lbrack \int _{0}^{T}{\left ( 2rU_{t} + \mathbf {B}^{T}\mathbf {Y}_{t} \right )V_{t}dt} \right \rbrack . \label {Xeqn41-53}\end {align}


$V_{t}$


$2rU_{t}^{*} + \mathbf {B}^{T}\mathbf {Y}_{t} = 0$


$U_{t}^{*} = - \frac {1}{2r}\mathbf {B}^{T}\mathbf {Y}_{t}$


\begin {align}\mathbf {b}\left ( t,\mathbf {x},\mathbf {y} \right ) &= \mathbf {Ax} + \mathbf {\phi }\left ( \mathbf {x} \right ) - \frac {1}{2r}\mathbf {B}\mathbf {B}^{T}\mathbf {y},\nonumber \\ \mathbf {g}\left ( t,\mathbf {x},\mathbf {y} \right ) &= 2\mathbf {Q}\left ( \mathbf {x} - \overline {\mathbf {x}}(t) \right ) + \mathbf {A}^{T}\mathbf {y} + \left ( \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) \right )^{T}\mathbf {y},\nonumber \\ \mathbf {h}\left ( \mathbf {x} \right ) &= 2\mathbf {G}\left ( \mathbf {x} - \overline {\mathbf {x}}(T) \right ).\end {align}


\begin {align}d\mathbf {X}_{t} &= \mathbf {b}\left ( t,\mathbf {X}_{t},\mathbf {Y}_{t} \right )dt + \mathbf {\Sigma }dW_{t},\nonumber \\ d\mathbf {Y}_{t} &= - \mathbf {g}\left ( t,\mathbf {X}_{t},\mathbf {Y}_{t} \right )dt + \mathbf {Z}_{t}dW_{t},\nonumber \\ \mathbf {X}_{0} &= \mathbf {\xi },\ \mathbf {Y}_{T} = \mathbf {h}\left ( \mathbf {X}_{T} \right ).\end {align}


\begin {align}\mathcal {D}_{R} = \left \{ \left ( t,\mathbf {x},\mathbf {y} \right ) \in \lbrack 0,T\rbrack \times \mathbb {R}^{3} \times \mathbb {R}^{3}:\left \| \mathbf {x} \right \| \leq R,\ \left \| \mathbf {y} \right \| \leq R \right \}, \label {Xeqn42-56}\end {align}


$R > 0$


$\mathbf {\phi }$


\begin {align}\left \| \mathbf {\phi }\left ( \mathbf {x} \right ) - \mathbf {\phi }\left ( \widetilde {\mathbf {x}} \right ) \right \| \leq 2|d|R\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \|. \label {Xeqn43-57}\end {align}


\begin {align}\left | - dx_{1}^{2} + d{\widetilde {x}}_{1}^{2} \right | = |d|\left | x_{1} - {\widetilde {x}}_{1} \right |\left | x_{1} + {\widetilde {x}}_{1} \right | \leq 2|d|R\left | x_{1} - {\widetilde {x}}_{1} \right | \leq 2|d|R\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \|. \label {Xeqn44-58}\end {align}


\begin {align}\left \| \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) - \nabla \mathbf {\phi }\left ( \widetilde {\mathbf {x}} \right ) \right \| \leq 2|d|\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \|. \label {Xeqn45-59}\end {align}


\begin {align}\left \| \mathbf {b}\left ( t,\mathbf {x},\mathbf {y} \right ) - \mathbf {b}\left ( t,\widetilde {\mathbf {x}},\widetilde {\mathbf {y}} \right ) \right \| \leq \left ( \left \| \mathbf {A} \right \| + 2|d|R \right )\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \| + \frac {1}{2r}\left \| \mathbf {B}\mathbf {B}^{T} \right \|\left \| \mathbf {y} - \widetilde {\mathbf {y}} \right \|. \label {Xeqn46-60}\end {align}


\begin {align}\mathbf {g}\left ( t,\mathbf {x},\mathbf {y} \right ) - \mathbf {g}\left ( t,\widetilde {\mathbf {x}},\widetilde {\mathbf {y}} \right ) = 2\mathbf {Q}\left ( \mathbf {x} - \widetilde {\mathbf {x}} \right ) + \mathbf {A}^{T}\left ( \mathbf {y} - \widetilde {\mathbf {y}} \right ) + \left ( \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) \right )^{T}\mathbf {y} - \left ( \nabla \mathbf {\phi }\left ( \widetilde {\mathbf {x}} \right ) \right )^{T}\widetilde {\mathbf {y}}. \label {Xeqn47-61}\end {align}


\begin {align}&\left \| \mathbf {g}\left ( t,\mathbf {x},\mathbf {y} \right ) - \mathbf {g}\left ( t,\widetilde {\mathbf {x}},\widetilde {\mathbf {y}} \right ) \right \|\nonumber \\&\quad \leq 2\left \| \mathbf {Q} \right \|\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \| + \left \| \mathbf {A} \right \|\left \| \mathbf {y} - \widetilde {\mathbf {y}} \right \| + \left \| \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) - \nabla \mathbf {\phi }\left ( \widetilde {\mathbf {x}} \right ) \right \|\left \| \mathbf {y} \right \| + \left \| \nabla \mathbf {\phi }\left ( \widetilde {\mathbf {x}} \right ) \right \|\left \| \mathbf {y} - \widetilde {\mathbf {y}} \right \|.\end {align}


\begin {align}\left \| \mathbf {g}\left ( t,\mathbf {x},\mathbf {y} \right ) - \mathbf {g}\left ( t,\widetilde {\mathbf {x}},\widetilde {\mathbf {y}} \right ) \right \| \leq \left ( 2\left \| \mathbf {Q} \right \| + 2|d|R \right )\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \| + \left ( \left \| \mathbf {A} \right \| + 2|d|R \right )\left \| \mathbf {y} - \widetilde {\mathbf {y}} \right \|. \label {Xeqn48-63}\end {align}


\begin {align}\left \| \mathbf {h}\left ( \mathbf {x} \right ) - \mathbf {h}\left ( \widetilde {\mathbf {x}} \right ) \right \| \leq 2\left \| \mathbf {G} \right \|\left \| \mathbf {x} - \widetilde {\mathbf {x}} \right \|. \label {Xeqn49-64}\end {align}


\begin {align}L_{b} &= \left \| \mathbf {A} \right \| + 2|d|R + \frac {1}{2r}\left \| \mathbf {B}\mathbf {B}^{T} \right \|,\nonumber \\ L_{g} &= 2\left \| \mathbf {Q} \right \| + \left \| \mathbf {A} \right \| + 4|d|R,\nonumber \\ L_{h} &= 2\left \| \mathbf {G} \right \|.\end {align}


$T^{*} > 0$


$L_{b}$


$L_{g}$


$L_{h}$


$\sigma $


$T \in ( 0, T^{*}]$


\begin {align}C\left ( L_{b} + L_{g} + L_{h} \right )T^{*} < 1, \label {Xeqn50-66}\end {align}


$C > 0$


\begin {align}\left \| \left ( \mathbf {X},\mathbf {Y},\mathbf {Z} \right ) \right \|_{\mathbb {H}}^{2} = \mathbb {E}\left \lbrack \sup _{0 \leq t \leq T}\left \| \mathbf {X}_{t} \right \|^{2} + \sup _{0 \leq t \leq T}\left \| \mathbf {Y}_{t} \right \|^{2} + \int _{0}^{T}{\left \| \mathbf {Z}_{t} \right \|^{2}dt} \right \rbrack , \label {Xeqn51-67}\end {align}


$\Gamma $


\begin {align}\left \| \Gamma \left ( \mathbf {X},\mathbf {Y},\mathbf {Z} \right ) - \Gamma \left ( \widetilde {\mathbf {X}},\widetilde {\mathbf {Y}},\widetilde {\mathbf {Z}} \right ) \right \|_{\mathbb {H}} \leq \kappa (T)\left \| \left ( \mathbf {X},\mathbf {Y},\mathbf {Z} \right ) - \left ( \widetilde {\mathbf {X}},\widetilde {\mathbf {Y}},\widetilde {\mathbf {Z}} \right ) \right \|_{\mathbb {H}}, \label {Xeqn52-68}\end {align}


\begin {align}\kappa (T) = C_{1}T^{\frac {1}{2}}L_{b} + C_{2}T^{\frac {1}{2}}L_{g} + C_{3}T^{\frac {1}{2}}L_{h}. \label {Xeqn53-69}\end {align}


$\kappa (T) < 1$


$\Gamma $


$\mathbf {u}:\lbrack 0,T\rbrack \times \mathbb {R}^{3} \rightarrow \mathbb {R}^{3}$


$\mathbf {Y}_{t} = \mathbf {u}\left ( t,\mathbf {X}_{t} \right )$


$\mathbf {u}$


\begin {align}d\mathbf {Y}_{t} =& \left ( \partial _{t}\mathbf {u}\left ( t,\mathbf {X}_{t} \right ) + \nabla _{\mathbf {x}}\mathbf {u}\left ( t,\mathbf {X}_{t} \right )\mathbf {b}\left ( t,\mathbf {X}_{t},\mathbf {u}\left ( t,\mathbf {X}_{t} \right ) \right ) + \frac {1}{2}{Tr}\left \lbrack \mathbf {\Sigma }\mathbf {\Sigma }^{T}\nabla _{\mathbf {x}}^{\mathbf {2}}\mathbf {u}\left ( t,\mathbf {X}_{t} \right ) \right \rbrack \right )dt\nonumber \\ &+ \nabla _{\mathbf {x}}\mathbf {u}\left ( t,\mathbf {X}_{t} \right )\mathbf {\Sigma }dW_{t}.\end {align}


\begin {align}\mathbf {Z}_{t} = \nabla _{\mathbf {x}}\mathbf {u}\left ( t,\mathbf {X}_{t} \right )\mathbf {\Sigma }. \label {Xeqn54-71}\end {align}


\begin {align}\partial _{t}\mathbf {u} + \nabla _{\mathbf {x}}\mathbf {ub}\left ( t,\mathbf {x},\mathbf {u} \right ) + \frac {1}{2}{Tr}\left \lbrack \mathbf {\Sigma }\mathbf {\Sigma }^{T}\nabla _{\mathbf {x}}^{\mathbf {2}}\mathbf {u} \right \rbrack + \mathbf {g}\left ( t,\mathbf {x},\mathbf {u} \right ) = \mathbf {0}, \label {Xeqn55-72}\end {align}


\begin {align}\mathbf {u}\left ( T,\mathbf {x} \right ) = 2\mathbf {G}\left ( \mathbf {x} - \overline {\mathbf {x}}(T) \right ). \label {Xeqn56-73}\end {align}


$\mathbf {b}$


$\mathbf {g}$


\begin {align}\partial _{t}\mathbf {u} &+ \nabla _{\mathbf {x}}\mathbf {u}\left ( \mathbf {Ax} + \mathbf {\phi }\left ( \mathbf {x} \right ) - \frac {1}{2r}\mathbf {B}\mathbf {B}^{T}\mathbf {u} \right ) + \frac {1}{2}{Tr}\left \lbrack \mathbf {\Sigma }\mathbf {\Sigma }^{T}\nabla _{\mathbf {x}}^{\mathbf {2}}\mathbf {u} \right \rbrack + 2\mathbf {Q}\left ( \mathbf {x} - \overline {\mathbf {x}}(t) \right ) + \mathbf {A}^{T}\mathbf {u}\nonumber \\ &+ \left ( \nabla \mathbf {\phi }\left ( \mathbf {x} \right ) \right )^{T}\mathbf {u} = \mathbf {0}.\end {align}


\begin {align}U_{t}^{*} = - \frac {1}{2r}\mathbf {B}^{T}\mathbf {u}\left ( t,\mathbf {X}_{t} \right ). \label {Xeqn57-75}\end {align}


$N\mathbb {\in N}$


\begin {align}t_{n} = n\Delta t,\ \Delta t = \frac {T}{N},\ n = 0,1,\ldots ,N. \label {Xeqn58-76}\end {align}


$\Delta W_{n} = W_{t_{n + 1}} - W_{t_{n}}$


\begin {align}\Delta W_{n}\mathcal {\sim N}(0,\Delta t),\ \mathbb {E}\left \lbrack \Delta W_{n} \right \rbrack = 0,\ \mathbb {E}\left \lbrack \left ( \Delta W_{n} \right )^{2} \right \rbrack = \Delta t. \label {Xeqn59-77}\end {align}


$k$


\begin {align}\mathbf {X}_{n + 1}^{(k + 1)} = \mathbf {X}_{n}^{(k + 1)} + \left ( \mathbf {A}\mathbf {X}_{n}^{(k + 1)} + \mathbf {\phi }\left ( \mathbf {X}_{n}^{(k + 1)} \right ) - \frac {1}{2r}\mathbf {B}\mathbf {B}^{T}\mathbf {Y}_{n}^{(k)} \right )\Delta t + \mathbf {\Sigma }\Delta W_{n}. \label {Xeqn60-78}\end {align}


\begin {align}\mathbf {Y}_{N}^{(k + 1)} = 2\mathbf {G}\left ( \mathbf {X}_{N}^{(k + 1)} - \overline {\mathbf {x}}(T) \right ). \label {Xeqn61-79}\end {align}


\begin {align}\mathbf {Y}_{n}^{(k + 1)} = \mathbb {E}_{n}\left \lbrack \mathbf {Y}_{n + 1}^{(k + 1)} + \mathbf {g}\left ( t_{n},\mathbf {X}_{n}^{(k + 1)},\mathbf {Y}_{n}^{(k + 1)} \right )\Delta t \right \rbrack , \label {Xeqn62-80}\end {align}


$\mathbb {E}_{n}\lbrack \cdot \rbrack $


$\mathcal {F}_{t_{n}}$


\begin {align}\mathbf {Z}_{n}^{(k + 1)} = \frac {1}{\Delta t}\mathbb {E}_{n}\left \lbrack \mathbf {Y}_{n + 1}^{(k + 1)}\Delta W_{n} \right \rbrack . \label {Xeqn63-81}\end {align}


$\mathbf {\Psi }\left ( \mathbf {x} \right ) \in \mathbb {R}^{P}$


$P$


\begin {align}Y_{i,n}^{(k + 1)} \approx \left ( \mathbf {\beta }_{i,n}^{(k + 1)} \right )^{T}\mathbf {\Psi }\left ( \mathbf {X}_{n}^{(k + 1)} \right )\ for\ i = 1,2,3,\nonumber \\ Z_{i,n}^{(k + 1)} \approx \left ( \mathbf {\gamma }_{i,n}^{(k + 1)} \right )^{T}\mathbf {\Psi }\left ( \mathbf {X}_{n}^{(k + 1)} \right )\ for\ i = 1,2,3,\end {align}


$\mathbf {\beta }_{i,n}^{(k + 1)}$


$\mathbf {\gamma }_{i,n}^{(k + 1)}$


$\mathbf {X}_{n} = \left ( x_{1},x_{2},x_{3} \right )^{T}$


$t_{n}$


$\mathbf {E}_{n} = \left ( e_{1},e_{2},e_{3} \right )^{T} = \mathbf {X}_{n} - \overline {\mathbf {x}}\left ( t_{n} \right )$


$x_{1,s}$


$x_{2,s}$


$x_{3,s}$


$e_{1,s}$


$e_{2,s}$


$e_{3,s}$


\begin {align}\mathbf {\Psi } = \left \lbrack 1,x_{1,s},x_{2,s},x_{3,s},e_{1,s},e_{2,s},e_{3,s},x_{1,s}^{2},x_{2,s}^{2},x_{3,s}^{2},x_{1,s}x_{2,s},x_{1,s}x_{3,s},x_{2,s}x_{3,s} \right \rbrack ^{T}. \label {Xeqn64-83}\end {align}


$P = 13$


$\left \{ \mathbf {X}_{n}^{m} \right \}_{m = 1}^{M}$


$\sum _{m = 1}^{M}\left | \mathbf {\beta }_{i,n}^{T}\mathbf {\Psi }\left ( \mathbf {X}_{n}^{m} \right ) - \mathcal {T}_{i,n}^{m} \right |^{2}$


$\mathcal {T}_{i,n}^{m}$


\begin {align}\mathcal {T}_{n}^{m} = \mathbf {Y}_{n + 1}^{m} + \mathbf {g}\left ( t_{n},\mathbf {X}_{n}^{m},\mathbf {Y}_{n + 1}^{m} \right )\Delta t. \label {Xeqn65-84}\end {align}


\begin {align}\mathcal {S}_{n}^{m} = \frac {1}{\Delta t}\mathbf {Y}_{n + 1}^{m}\Delta W_{n}^{m}. \label {Xeqn66-85}\end {align}


\begin {align}\mathbf {\Psi }_{n} = \begin {bmatrix} {\mathbf {\Psi }\left ( \mathbf {X}_{n}^{1} \right )}^{T} \\ {\mathbf {\Psi }\left ( \mathbf {X}_{n}^{2} \right )}^{T} \\ \vdots \\ {\mathbf {\Psi }\left ( \mathbf {X}_{n}^{M} \right )}^{T} \end {bmatrix} \in \mathbb {R}^{M \times P}. \label {Xeqn67-86}\end {align}


\begin {align}\mathbf {\beta }_{i,n} &= \left ( \mathbf {\Psi }_{n}^{T}\mathbf {\Psi }_{n} \right )^{- 1}\mathbf {\Psi }_{n}^{T}\mathbf {T}_{i,n},\nonumber \\ \mathbf {\gamma }_{i,n} &= \left ( \mathbf {\Psi }_{n}^{T}\mathbf {\Psi }_{n} \right )^{- 1}\mathbf {\Psi }_{n}^{T}\mathbf {S}_{i,n},\end {align}


$\mathbf {T}_{i,n} \in \mathbb {R}^{M}$


$\mathbf {S}_{i,n} \in \mathbb {R}^{M}$


$U_{n}^{(k + 1)} = - \frac {1}{2r}\mathbf {B}^{T}\mathbf {Y}_{n}^{(k + 1)}.$


\begin {align}\frac {\sum _{n = 0}^{N - 1}\left | U_{n}^{(k + 1)} - U_{n}^{(k)} \right |^{2}}{\sum _{n = 0}^{N - 1}\left | U_{n}^{(k)} \right |^{2} + \varepsilon _{0}} < Tol, \label {Xeqn68-88}\end {align}


$\varepsilon _{0} > 0$


$Tol > 0$


\begin {align}\max _{0 \leq n \leq N}{\mathbb {E}\left \| \mathbf {X}_{t_{n}} - \mathbf {X}_{n} \right \|^{2}} = O(\Delta t). \label {Xeqn69-89}\end {align}


\begin {align}\mathcal {E}_{tot} \leq C_{1}(\Delta t)^{\frac {1}{2}} + C_{2}\mathcal {E}_{reg} + C_{3}\mathcal {E}_{Pic}, \label {Xeqn70-90}\end {align}


$\mathcal {E}_{reg}$


$\mathcal {E}_{Pic}$


$\theta _{Picard}$


$x_{cap}$


$y_{cap}$


$u_{cap}$


$\lambda _{ridge}$


$a$


$a = 5.00$


$a = 5.20$


$a = 5.40$


$a = 5.60$


$a = 5.80$


$a = 6.00$


$a$


$a$


$a$


$a$


$a$


$a$


$a$


$a = 5.60$


$a$


$x_{1} - x_{2}$


$x_{3}$


$a$


$x_{1}$


$x_{2}$


$x_{1}$


$x_{2}$


$x_{3}$


$x_{3}$


$x_{3}$


$\left \| \mathbf {x}(t) \right \|$


$x_{3} = 0$


$x_{1}$


$x_{1,n}^{peak}$


$x_{1,n + 1}^{peak}$


$x_{1,n}^{peak}$


$n$


$x_{1}$


$\sigma = 0.000$


$\sigma = 0.025$


$\sigma = 0.050$


$\sigma = 0.075$


$\sigma = 0.100$


$\sigma = 0.140$


$\sigma $


$\sigma $


$\sigma $


$\sigma = 0.025$


$\sigma $


$x_{3}$


$x_{1} - x_{2}$


$x_{1}$


$x_{2}$


$x_{3}$


$\left \| \mathbf {x} \right \|$


$\left \| \mathbf {x} \right \|$


$x_{3} = 0$


$x_{1}$


$x_{1}^{ref}$


$x_{2}^{ref}$


$x_{3}^{ref}$


$Y_{1}$


$Y_{2}$


$Y_{3}$


$Y_{1}$


$Y_{2}$


$Y_{3}$


$Y_{1} - Y_{2}$


$Y_{1}$


$Y_{2}$


$Z_{1}$


$Z_{2}$


$Z_{3}$


$x_{1}$


$Y_{3}$


$Y_{1} - Y_{3}$


$\psi \left ( X_{t} \right )$


$Y_{3}(t)$


$x_{1}(t)$


$Y_{3}(t)$


$Y_{3}$


$Y_{1} - Y_{3}$


$x_{3} = 0$


$x_{1}$


$\psi \left ( X_{t} \right )$


$Y_{3}(t)$


$\psi \left ( X_{t} \right )$


$x_{1}$


$Y_{3}$


$x_{1}$


$x_{3}$


$u^{2}$


$u$


$Y_{1}$


$Y_{2}$


$Y_{3}$


$x_{1}$


$Y_{3}$


$\left ( x_{1},x_{3} \right )$


$a$


$\sigma $


$a$


$\sigma $


$a$


$\sigma $


$a$


$a$


$a$


$\left | Y_{3}(0) \right |$


$a$


$\sigma $


$a$


$\sigma $


$b$


$r$


$b$


$r$


$b$


$r$


$a$


$\sigma $


$r$


$b$


$r$


$r$


$r$


$\left | Y_{3}(0) \right |$


$r$


$b$


$r$


$b$


$r$


$r$


$b$


$q_{1}$


$q_{3}$


$q_{1}$


$q_{3}$


$q_{1}$


$q_{3}$


$\mathbf {Q}$


$q_{1}$


$q_{3}$


$\left ( q_{1},\ q_{3} \right )$


$q_{3}$


$q_{1}$


$\left | Y_{3}(0) \right |$


$Y_{3}$


$q_{1}$


$q_{3}$


$q_{1}$


$q_{3}$
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Table 1 
Representative literature related to BSDE/FBSDE applications and the positioning of the present study.
Line of work Representative literature Main objective Difference from the present study
Foundational BSDE/FBSDE theory Pardoux and Peng [31]; 

Ma and Yong [46]
Existence, uniqueness, and gen-
eral FBSDE methodology

Focuses on general theory rather than chaotic orbit 
control

BSDE/FBSDE in stochastic control 
and games

Hamadène and Lepeltier 
[47]

Optimal control and stochastic 
differential games

Does not address spiral chaotic attractors or 
geometry-preserving orbit steering

BSDE applications in finance El Karoui, Peng, and 
Quenez [30]

Pricing, recursive utility, and fi-
nancial decision problems

Application domain is finance rather than nonlinear 
chaotic dynamics

Forward-backward stochastic 
methods in filtering

Archibald et al. [48] State estimation and data assimi-
lation under uncertainty

Uses backward or forward-backward stochastic sys-
tems for filtering, not for chaotic orbit tracking con-
trol

Mainstream chaotic control litera-
ture

Dykman et al. [11]; 
Fotsin and Daafouz [12]; 
Tegnitsap et al. [3]

Synchronization, suppression, 
or forcing-based regulation of 
chaotic motion

Typically not formulated as a fully coupled FBSDE 
with backward adjoint orbit steering

Present study This work Stochastic optimal orbit steering 
near an ACT spiral attractor

Uses a fully coupled FBSDE to preserve orbit geom-
etry while reducing stochastic deviation

stochastic forcing is introduced, the deterministic attractor is no longer represented by a single invariant object in the classical sense 
[29]. Instead, one observes a random neighborhood shaped by the deterministic skeleton and continuously deformed by diffusion. 
Such a viewpoint is relevant in applications where noise cannot be neglected and where one wishes to understand how random 
perturbations alter orbit geometry, recurrence patterns, and the energetic cost of maintaining coherent motion near a chaotic set.

In parallel with the development of stochastic dynamics, forward-backward stochastic differential equations (FBSDEs) [30,31] 
have become one of the most powerful tools in stochastic control [32,33], nonlinear filtering [34,35], and probabilistic representa-
tions of nonlinear partial differential equations [36–38]. In particular, coupled FBSDEs provide a natural mathematical language for 
problems in which the future cost of the system influences present optimal decisions through a backward adjoint variable [39–41]. 
Nevertheless, the existing interaction between FBSDE theory and chaotic attractor control remains relatively limited. A large part of 
the available literature focuses either on equilibrium stabilization [42], synchronization [43], or control of more standard benchmark 
systems [44]. Even when stochastic control is considered, the objective is often to suppress chaotic motion rather than to preserve its 
intrinsic orbital structure [45]. This creates a clear limitation in the current literature. For many chaotic systems, especially those with 
spiral attractor geometry, forcing the state to a fixed point does not reflect the true dynamical objective. What is often needed instead 
is a control design that respects the nontrivial orbit structure of the attractor while reducing random deviations from a desirable 
trajectory segment embedded in that attractor.

In this context, it is important to distinguish the broad development of BSDE and FBSDE theory from their much more limited 
use in chaotic orbit regulation. Existing BSDE and FBSDE studies are mainly concentrated in stochastic control, filtering, finance, and 
probabilistic representations of nonlinear partial differential equations, where the main concern is the characterization of adjoint 
processes, value functions, or estimation mechanisms. By contrast, the mainstream literature on chaotic systems has focused more 
often on stabilization, synchronization, or suppression of chaotic oscillations. Comparatively fewer studies have formulated chaotic 
orbit regulation itself within a fully coupled forward-backward stochastic framework, especially for spiral attractors with reference-
orbit tracking objectives. For clarity, Table 1 summarizes the positioning of the present work relative to several representative research 
directions.

Motivated by this observation, the present paper develops a fully coupled forward-backward stochastic framework for optimal 
orbit steering near an ACT spiral attractor. Rather than stabilizing the noisy system to an equilibrium, the proposed model tracks a 
deterministic reference orbit segment extracted from the ACT attractor itself. This formulation leads naturally to a stochastic optimal 
control problem with quadratic tracking and control penalties, from which a nonlinear fully coupled FBSDE is derived by means of the 
stochastic maximum principle. In the resulting system, the third backward component enters the active chaotic channel through the 
optimal feedback law, thereby establishing a direct dynamical coupling between the forward spiral motion and the backward adjoint 
field. The paper presents the model in componentwise form and compact tensor form, provides a variational derivation, discusses local 
well-posedness under structured assumptions, and gives a decoupling-field interpretation together with a time-discrete approximation 
framework.

2.  Stochastic orbit steering for the ACT system

Let 𝑡 ∈ [0, 𝑇 ], where 𝑇 > 0 is a fixed time horizon. Let 𝐗𝑡 ∈ ℝ3 denote the forward state vector at time 𝑡. The notation ℝ3 denotes 
the three-dimensional Euclidean space. Let 𝑈𝑡∈ ℝ denote the scalar control input. Let 𝑊𝑡 be a standard one-dimensional Brownian 
motion defined on a filtered probability space 

(

Ω, ,
{

𝑡
}

𝑡∈[0,𝑇 ],ℙ
)

, where Ω is the sample space,  is the 𝜎-algebra, {𝑡
} is the 

filtration representing the available information up to time 𝑡, and ℙ is the probability measure.
We start from a deterministic ACT oscillator written as:

𝑥̇1(𝑡) = 𝑥2(𝑡),

𝑥̇2(𝑡) = 𝑥3(𝑡),
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𝑥̇3(𝑡) = 𝑎𝑥1(𝑡) − 𝑏𝑥2(𝑡) − 𝑐𝑥3(𝑡) − 𝑑𝑥1(𝑡)2, (1)

where 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)∈ ℝ are scalar state components. The parameters 𝑎, 𝑏, 𝑐, 𝑑∈ ℝ describe, respectively, the linear excitation 
in the first channel, the linear coupling-damping contribution from the second channel, the direct damping in the third channel, and 
the nonlinear quadratic effect in the first state variable.

Introducing the state vector: 

𝐱(𝑡) =
⎡

⎢

⎢

⎣

𝑥1(𝑡)
𝑥2(𝑡)
𝑥3(𝑡)

⎤

⎥

⎥

⎦

, (2)

the deterministic dynamics can be written compactly as: 

𝐟0(𝐱) = 𝐱̇(𝑡) =
⎡

⎢

⎢

⎣

𝑥2
𝑥3

𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 − 𝑑𝑥21

⎤

⎥

⎥

⎦

, (3)

where 𝐟0 ∶ ℝ3 → ℝ3 is the nonlinear drift field.
To account for control, let 𝐞3 = (0, 0, 1)𝑇 ∈ ℝ3 denote the third canonical basis vector. The controlled deterministic system becomes: 

𝐱̇(𝑡) = 𝐟0(𝐱(𝑡)) + 𝐞3𝑈𝑡. (4)

Then, we introduce stochastic perturbations through the following Itô equation [49]: 
𝑑𝐗𝑡 = 𝐟

(

𝐗𝑡, 𝑈𝑡
)

𝑑𝑡 + 𝚺𝑑𝑊𝑡, (5)

where 𝐟 ∶ ℝ3×ℝ → ℝ3 is the controlled drift: 

𝐟 (𝐱, 𝑢) =
⎡

⎢

⎢

⎣

𝑥2
𝑥3

𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 − 𝑑𝑥21 + 𝑢

⎤

⎥

⎥

⎦

, (6)

and 𝚺 ∈ ℝ3×1 is the diffusion tensor. In the present setting, only the third channel is directly perturbed, and therefore: 

𝚺 =
⎡

⎢

⎢

⎣

0
0
𝜎

⎤

⎥

⎥

⎦

, (7)

where 𝜎 > 0 denotes the diffusion intensity.
In the present model, the diffusion term is deliberately introduced only through the third channel. From the structural viewpoint 

(see Eq. (6)), the ACT dynamics are driven most directly through the third equation, where the nonlinear restoring and excitation 
effects are concentrated, so perturbing this channel already propagates randomness to the full three-dimensional state through the 
intrinsic coupling 𝑥1 → 𝑥2 → 𝑥3. From the modeling viewpoint, this single-channel additive noise provides a minimal stochastic setting 
that preserves analytical tractability and makes the forward-backward coupling easier to interpret. Accordingly, the single-channel 
additive noise is treated as a reduced but dynamically meaningful baseline assumption rather than as the most general noise model. 
In more elaborate settings, one may certainly consider multi-channel or state-dependent diffusion terms, but the present formulation 
is sufficient for studying how stochastic perturbations interact with orbit steering near the ACT spiral attractor.

The forward stochastic dynamics can now be written componentwise as:
𝑑𝑋1,𝑡 = 𝑋2,𝑡𝑑𝑡,

𝑑𝑋2,𝑡 = 𝑋3,𝑡𝑑𝑡,

𝑑𝑋3,𝑡 =
(

𝑎𝑋1,𝑡 − 𝑏𝑋2,𝑡 − 𝑐𝑋3,𝑡 − 𝑑𝑋2
1,𝑡 + 𝑈𝑡

)

𝑑𝑡 + 𝜎𝑑𝑊𝑡. (8)

The random initial state is denoted by 𝐗0 = 𝛏, where 𝛏 is an 0-measurable random vector satisfying the square-integrability 
condition 𝔼‖𝛏‖2 <∞. The Euclidean norm is denoted by ‖⋅‖. For any symmetric positive semidefinite tensor 𝐌 ∈ ℝ3×3, the weighted 
quadratic form is defined by: 

‖𝐱‖2𝐌 = 𝐱𝑇𝐌𝐱. (9)

A deterministic reference orbit segment is extracted from the uncontrolled ACT attractor and denoted by 𝐱 ∶ [0, 𝑇 ] → ℝ3. It satis-
fies: 

𝐱̇(𝑡) = 𝐟0
(

𝐱(𝑡)
)

. (10)

In components:
𝑥̇1(𝑡) = 𝑥2(𝑡),

𝑥̇2(𝑡) = 𝑥3(𝑡),

𝑥̇3(𝑡) = 𝑎𝑥1(𝑡) − 𝑏𝑥2(𝑡) − 𝑐𝑥3(𝑡) − 𝑑𝑥1(𝑡)2. (11)
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This reference orbit is central to the entire construction. Instead of forcing the noisy system toward a point equilibrium, the 
controller is asked to keep the stochastic state near this moving target. Such a design preserves the geometric identity of the spiral 
chaotic motion while still suppressing excessive random deviation.

Let 𝐐 ∈ ℝ3×3 and 𝐆 ∈ ℝ3×3 be symmetric positive semidefinite tensors representing running and terminal tracking weights, re-
spectively. Let 𝑟 > 0 denote the scalar control penalty. The stochastic cost functional is defined by: 

𝐽 (𝑈 ) = 𝔼
[

∫

𝑇

0

(

‖

‖

𝐗𝑡 − 𝐱(𝑡)‖
‖

2
𝐐 + 𝑟𝑈2

𝑡

)

𝑑𝑡 + ‖

‖

𝐗𝑇 − 𝐱(𝑇 )‖
‖

2
𝐆

]

. (12)

The admissible control class is: 

 =

{

𝑈 ∶ [0, 𝑇 ] × Ω → ℝ
|

|

|

|

|

𝑈𝑡 𝑖𝑠 𝑡 − 𝑎𝑑𝑎𝑝𝑡𝑒𝑑 𝑎𝑛𝑑 𝔼∫

𝑇

0
𝑈2
𝑡 𝑑𝑡 < ∞

}

. (13)

Then, the stochastic optimal control problem is inf𝑈∈ 𝐽 (𝑈 ) subject to Eq. (5) with 𝐗0 = 𝛏. To describe deviations from the target 
orbit, define the tracking error: 

𝐄𝑡 = 𝐗𝑡 − 𝐱(𝑡). (14)

Then, we have: 
𝑑𝐄𝑡 =

(

𝐟
(

𝐗𝑡, 𝑈𝑡
)

− 𝐟0
(

𝐱(𝑡)
))

𝑑𝑡 + 𝚺𝑑𝑊𝑡. (15)

Its components satisfy:
𝑑𝐸1,𝑡 = 𝐸2,𝑡𝑑𝑡,

𝑑𝐸2,𝑡 = 𝐸3,𝑡𝑑𝑡,

𝑑𝐸3,𝑡 =
(

𝑎𝐸1,𝑡 − 𝑏𝐸2,𝑡 − 𝑐𝐸3,𝑡 − 𝑑
(

𝑋2
1,𝑡 − 𝑥1(𝑡)

2
)

+ 𝑈𝑡
)

𝑑𝑡 + 𝜎𝑑𝑊𝑡. (16)

Using: 
𝑋2

1,𝑡 − 𝑥1(𝑡)
2 =

(

𝑋1,𝑡 − 𝑥1(𝑡)
)(

𝑋1,𝑡 + 𝑥1(𝑡)
)

= 𝐸1,𝑡
(

𝑋1,𝑡 + 𝑥1(𝑡)
)

, (17)

the third error equation can also be written as: 
𝑑𝐸3,𝑡 =

(

𝑎𝐸1,𝑡 − 𝑏𝐸2,𝑡 − 𝑐𝐸3,𝑡 − 𝑑𝐸1,𝑡
(

𝑋1,𝑡 + 𝑥1(𝑡)
)

+ 𝑈𝑡
)

𝑑𝑡 + 𝜎𝑑𝑊𝑡. (18)

The objective functional becomes: 

𝐽 (𝑈 ) = 𝔼
[

∫

𝑇

0

(

𝐄𝑇𝑡 𝐐𝐄𝑡 + 𝑟𝑈2
𝑡
)

𝑑𝑡 + 𝐄𝑇𝑇𝐆𝐄𝑇
]

. (19)

This formulation reveals the essential structure of the problem. The tracking objective is quadratic, the control cost is quadratic, 
the forward drift is nonlinear because of the ACT term −𝑑𝑋2

1,𝑡, and the random forcing acts only in the third channel. These ingredients 
are exactly what make the resulting backward adjoint equation both analytically rich and dynamically meaningful.

3.  Hamiltonian structure and the fully coupled FBSDE

We now derive the optimality system by means of the stochastic maximum principle. Let 𝐘𝑡 ∈ ℝ3 denote the adjoint process and 
𝐙𝑡 ∈ ℝ3×1 denote the backward martingale coefficient. The stochastic Hamiltonian is defined by: 

(𝑡, 𝐱, 𝑢, 𝐲, 𝐳) =
(

𝐱 − 𝐱(𝑡)
)𝑇𝐐

(

𝐱 − 𝐱(𝑡)
)

+ 𝑟𝑢2 + 𝐲𝑇 𝐟 (𝐱, 𝑢) + 𝐳𝑇𝚺. (20)

Expanding the drift contribution gives: 
𝐲𝑇 𝐟 (𝐱, 𝑢) = 𝑦1𝑥2 + 𝑦2𝑥3 + 𝑦3

(

𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 − 𝑑𝑥21 + 𝑢
)

, (21)

where 𝐲 =
(

𝑦1, 𝑦2, 𝑦3
)𝑇 .

The derivative of the Hamiltonian with respect to the scalar control is: 
𝜕𝑢(𝑡, 𝐱, 𝑢, 𝐲, 𝐳) = 2𝑟𝑢 + 𝑦3. (22)

The first-order optimality condition reads: 
𝜕𝑢

(

𝑡,𝐗𝑡, 𝑈∗
𝑡 ,𝐘𝑡,𝐙𝑡

)

= 0. (23)

Hence, the optimal feedback law is: 

𝑈∗
𝑡 = − 1

2𝑟
𝑌3,𝑡. (24)

This formula is the key link between the backward and forward components. Because the control acts precisely in the third 
channel, the third adjoint component 𝑌3,𝑡 measures the marginal future value of perturbations in the active nonlinear direction. Then, 
substituting the feedback law into the forward equation (see Eq. (5)) yields 𝑑𝐗𝑡 = 𝐟

(

𝐗𝑡,−
1
2𝑟𝑌3,𝑡

)

𝑑𝑡 + 𝚺𝑑𝑊𝑡.
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The gradient of the Hamiltonian with respect to the state vector is: 

∇𝐱 = 2𝐐
(

𝐱 − 𝐱(𝑡)
)

+
(

∇𝐱𝐟 (𝐱, 𝑢)
)𝑇 𝐲, (25)

since the diffusion tensor is independent of the state variable in the present model.
The Jacobian tensor of the drift field is: 

∇𝐱𝐟 (𝐱, 𝑢) =
⎡

⎢

⎢

⎣

0 1 0
0 0 1

𝑎 − 2𝑑𝑥1 −𝑏 −𝑐

⎤

⎥

⎥

⎦

. (26)

Therefore, we have: 

(

∇𝐱𝐟 (𝐱, 𝑢)
)𝑇 𝐲 =

⎡

⎢

⎢

⎣

(

𝑎 − 2𝑑𝑥1
)

𝑦3
𝑦1 − 𝑏𝑦3
𝑦2 − 𝑐𝑦3

⎤

⎥

⎥

⎦

. (27)

The backward adjoint equation becomes: 
𝑑𝐘𝑡 = −∇𝐱

(

𝑡,𝐗𝑡, 𝑈∗
𝑡 ,𝐘𝑡,𝐙𝑡

)

𝑑𝑡 + 𝐙𝑡𝑑𝑊𝑡, (28)

with terminal condition: 
𝐘𝑇 = 2𝐆

(

𝐗𝑇 − 𝐱(𝑇 )
)

. (29)

Consequently, the fully coupled FBSDE is given componentwise by:
𝑑𝑋1,𝑡 = 𝑋2,𝑡𝑑𝑡,

𝑑𝑋2,𝑡 = 𝑋3,𝑡𝑑𝑡,

𝑑𝑋3,𝑡 =
(

𝑎𝑋1,𝑡 − 𝑏𝑋2,𝑡 − 𝑐𝑋3,𝑡 − 𝑑𝑋2
1,𝑡 + 𝑈

∗
𝑡

)

𝑑𝑡 + 𝜎𝑑𝑊𝑡,

𝑑𝑌1,𝑡 = −
(

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

1
]

+
(

𝑎 − 2𝑑𝑋1,𝑡
)

𝑌3,𝑡
)

𝑑𝑡 +𝑍1,𝑡𝑑𝑊𝑡,

𝑑𝑌2,𝑡 = −
(

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

2
]

+𝑌1,𝑡 − 𝑏𝑌3,𝑡
)

𝑑𝑡 +𝑍2,𝑡𝑑𝑊𝑡,

𝑑𝑌3,𝑡 = −
(

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

3
]

+𝑌2,𝑡 − 𝑐𝑌3,𝑡
)

𝑑𝑡 +𝑍3,𝑡𝑑𝑊𝑡,

𝐗0 = 𝛏, 𝐘𝑇 = 2𝐆
(

𝐗𝑇 − 𝐱(𝑇 )
)

. (30)

When 𝐐 is diagonal with entries 𝑞1, 𝑞2, 𝑞3 ≥ 0, one has:

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

1
]

= 2𝑞1
(

𝑋1,𝑡 − 𝑥1(𝑡)
)

,

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

2
]

= 2𝑞2
(

𝑋2,𝑡 − 𝑥2(𝑡)
)

,

2
[

𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

3
]

= 2𝑞3
(

𝑋3,𝑡 − 𝑥3(𝑡)
)

. (31)

In this common case the backward system reads:
𝑑𝑌1,𝑡 = −

(

2𝑞1
(

𝑋1,𝑡 − 𝑥1(𝑡)
)

+
(

𝑎 − 2𝑑𝑋1,𝑡
)

𝑌3,𝑡
)

𝑑𝑡 +𝑍1,𝑡𝑑𝑊𝑡,

𝑑𝑌2,𝑡 = −
(

2𝑞2
(

𝑋2,𝑡 − 𝑥2(𝑡)
)

+ 𝑌1,𝑡 − 𝑏𝑌3,𝑡
)

𝑑𝑡 +𝑍2,𝑡𝑑𝑊𝑡,

𝑑𝑌3,𝑡 = −
(

2𝑞3
(

𝑋3,𝑡 − 𝑥3(𝑡)
)

+ 𝑌2,𝑡 − 𝑐𝑌3,𝑡
)

𝑑𝑡 +𝑍3,𝑡𝑑𝑊𝑡. (32)

Then, the terminal condition becomes:

𝐘𝑇 = 2
⎡

⎢

⎢

⎣

𝑔11 𝑔12 𝑔13
𝑔21 𝑔22 𝑔23
𝑔31 𝑔32 𝑔33

⎤

⎥

⎥

⎦

(

𝐗𝑇 − 𝐱(𝑇 )
)

, (33)

where 𝑔𝑖𝑗 denotes the (𝑖, 𝑗)-entry of the terminal tensor 𝐆. If 𝐆 is diagonal, then:
𝑌1,𝑇 = 2𝑔1

(

𝑋1,𝑇 − 𝑥1(𝑇 )
)

,

𝑌2,𝑇 = 2𝑔2
(

𝑋2,𝑇 − 𝑥2(𝑇 )
)

,

𝑌3,𝑇 = 2𝑔3
(

𝑋3,𝑇 − 𝑥3(𝑇 )
)

. (34)

For analytical purposes, it is convenient to separate the linear and nonlinear parts of the forward drift. Define the tensor 𝐀, the 
control tensor 𝐁, and the nonlinear field 𝛟(𝐱):

𝐀 =
⎡

⎢

⎢

⎣

0 1 0
0 0 1
𝑎 −𝑏 −𝑐

⎤

⎥

⎥

⎦

,

Communications in Nonlinear Science and Numerical Simulation 162 (2026) 110319 

5 



D. Feng

𝐁 =
⎡

⎢

⎢

⎣

0
0
1

⎤

⎥

⎥

⎦

,

𝛟(𝐱) =
⎡

⎢

⎢

⎣

0
0

−𝑑𝑥21

⎤

⎥

⎥

⎦

. (35)

Then, we have: 
𝐟 (𝐱, 𝑢) = 𝐀𝐱 + 𝛟(𝐱) + 𝐁𝑢. (36)

The optimal control can be rewritten as 𝑈∗
𝑡 = − 1

2𝑟𝐁
𝑇𝐘𝑡, because 𝐁𝑇𝐘𝑡 = 𝑌3,𝑡 (see Eq. (24)). Hence the optimal forward equation 

becomes: 
𝑑𝐗𝑡 =

(

𝐀𝐗𝑡 + 𝛟
(

𝐗𝑡
)

− 1
2𝑟

𝐁𝐁𝑇𝐘𝑡
)

𝑑𝑡 + 𝚺𝑑𝑊𝑡. (37)

The Jacobian of 𝛟 is: 

∇𝛟(𝐱) =
⎡

⎢

⎢

⎣

0 0 0
0 0 0

−2𝑑𝑥1 0 0

⎤

⎥

⎥

⎦

. (38)

Therefore, the backward equation may be expressed compactly as: 

𝑑𝐘𝑡 = −
(

2𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

+ 𝐀𝑇𝐘𝑡 +
(

∇𝛟
(

𝐗𝑡
))𝑇𝐘𝑡

)

𝑑𝑡 + 𝐙𝑡𝑑𝑊𝑡. (39)

Since:

𝐀𝑇 =
⎡

⎢

⎢

⎣

0 0 𝑎
1 0 −𝑏
0 1 −𝑐

⎤

⎥

⎥

⎦

,

(∇𝛟(𝐱))𝑇 =
⎡

⎢

⎢

⎣

0 0 −2𝑑𝑥1
0 0 0
0 0 0

⎤

⎥

⎥

⎦

, (40)

one has: 

𝐀𝑇 𝐲 + (∇𝛟(𝐱))𝑇 𝐲 =
⎡

⎢

⎢

⎣

(

𝑎 − 2𝑑𝑥1
)

𝑦3
𝑦1 − 𝑏𝑦3
𝑦2 − 𝑐𝑦3

⎤

⎥

⎥

⎦

. (41)

Therefore, the complete compact tensor formulation is: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑𝐗𝑡 =
(

𝐀𝐗𝑡 + 𝛟
(

𝐗𝑡
)

− 1
2𝑟𝐁𝐁

𝑇𝐘𝑡
)

𝑑𝑡 + 𝚺𝑑𝑊𝑡,

𝑑𝐘𝑡 = −
(

2𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

+ 𝐀𝑇𝐘𝑡 +
(

∇𝛟
(

𝐗𝑡
))𝑇𝐘𝑡

)

𝑑𝑡 + 𝐙𝑡𝑑𝑊𝑡,
𝐗0 = 𝛏,

𝐘𝑇 = 2𝐆
(

𝐗𝑇 − 𝐱(𝑇 )
)

.

(42)

This representation makes the source of the full coupling transparent. The forward drift depends directly on the backward variable 
through 𝐁𝐁𝑇𝐘𝑡, while the backward generator depends on the forward state through both the tracking term and the nonlinear 
Jacobian.

4.  Variational derivation and local solvability

The Hamiltonian-based derivation has been presented above. This section provides a variational derivation to clarify the adjoint 
structure and further support the rigor of the formulation. Let 𝑈 𝜀

𝑡 = 𝑈𝑡 + 𝜀𝑉𝑡, where 𝑉𝑡 ∈   is an admissible perturbation and 𝜀 ∈ ℝ
is sufficiently small. Let 𝐗𝜀𝑡  denote the corresponding perturbed state. The first variation of the state is defined by: 

𝛿𝐗𝑡 =
𝑑
𝑑𝜀

𝐗𝜀𝑡
|

|

|

|𝜀=0
. (43)

The perturbed forward dynamics satisfy: 
𝑑𝐗𝜀𝑡 = 𝐟

(

𝐗𝜀𝑡 , 𝑈𝑡 + 𝜀𝑉𝑡
)

𝑑𝑡 + 𝚺𝑑𝑊𝑡. (44)

Differentiation at 𝜀 = 0 yields the linearized variational equation:
𝑑
(

𝛿𝐗𝑡
)

=
(

∇𝐱𝐟
(

𝐗𝑡, 𝑈𝑡
)

𝛿𝐗𝑡 + 𝐁𝑉𝑡
)

𝑑𝑡,

𝛿𝐗0 = 𝟎. (45)
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The first variation of the objective functional is: 

𝛿𝐽 = 𝔼
[

∫

𝑇

0

(

2
(

𝐗𝑡 − 𝐱(𝑡)
)𝑇𝐐𝛿𝐗𝑡 + 2𝑟𝑈𝑡𝑉𝑡

)

𝑑𝑡 + 2
(

𝐗𝑇 − 𝐱(𝑇 )
)𝑇𝐆𝛿𝐗𝑇

]

. (46)

Now define the adjoint process 𝐘𝑡 through: 

𝑑𝐘𝑡 = −
(

2𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

+ ∇𝐱𝐟
(

𝐗𝑡, 𝑈𝑡
)𝑇𝐘𝑡

)

𝑑𝑡 + 𝐙𝑡𝑑𝑊𝑡, (47)

with terminal condition given by Eq. (29).
Applying Itô's product rule to 𝐘𝑇𝑡 𝛿𝐗𝑡 gives: 

𝑑
(

𝐘𝑇𝑡 𝛿𝐗𝑡
)

= 𝐘𝑇𝑡 𝑑
(

𝛿𝐗𝑡
)

+ 𝛿𝐗𝑇𝑡 𝑑𝐘𝑡 + 𝑑⟨𝐘, 𝛿𝐗⟩𝑡. (48)

Since 𝛿𝐗𝑡 has no diffusion term in the present additive-noise configuration, the quadratic covariation vanishes, 𝑑⟨𝐘, 𝛿𝐗⟩𝑡 = 0. 
Substituting the forward and backward equations yields:

𝑑
(

𝐘𝑇𝑡 𝛿𝐗𝑡
)

=
(

𝐘𝑇𝑡 ∇𝐱𝐟
(

𝐗𝑡, 𝑈𝑡
)

𝛿𝐗𝑡 + 𝐘𝑇𝑡 𝐁𝑉𝑡 − 𝛿𝐗
𝑇
𝑡

[

2𝐐
(

𝐗𝑡 − 𝐱(𝑡)
)

+ ∇𝐱𝐟
(

𝐗𝑡, 𝑈𝑡
)𝑇𝐘𝑡

])

𝑑𝑡

+𝛿𝐗𝑇𝑡 𝐙𝑡𝑑𝑊𝑡. (49)

The Jacobian terms cancel, and one obtains: 
𝑑
(

𝐘𝑇𝑡 𝛿𝐗𝑡
)

=
(

𝐘𝑇𝑡 𝐁𝑉𝑡 − 2
(

𝐗𝑡 − 𝐱(𝑡)
)𝑇𝐐𝛿𝐗𝑡

)

𝑑𝑡 + 𝛿𝐗𝑇𝑡 𝐙𝑡𝑑𝑊𝑡. (50)

After integration over [0, 𝑇 ], expectation, and use of 𝛿𝐗0 = 𝟎, we obtain: 

𝔼
[

𝐘𝑇𝑇 𝛿𝐗𝑇
]

= 𝔼
[

∫

𝑇

0

(

𝐘𝑇𝑡 𝐁𝑉𝑡 − 2
(

𝐗𝑡 − 𝐱(𝑡)
)𝑇𝐐𝛿𝐗𝑡

)

𝑑𝑡
]

. (51)

The terminal condition implies: 

𝔼
[

2
(

𝐗𝑇 − 𝐱(𝑇 )
)𝑇𝐆𝛿𝐗𝑇

]

= 𝔼
[

∫

𝑇

0

(

𝐘𝑇𝑡 𝐁𝑉𝑡 − 2
(

𝐗𝑡 − 𝐱(𝑡)
)𝑇𝐐𝛿𝐗𝑡

)

𝑑𝑡
]

. (52)

Substituting Eq. (52) into 𝛿𝐽 (see Eq. (46)) gives: 

𝛿𝐽 = 𝔼
[

∫

𝑇

0

(

2𝑟𝑈𝑡 + 𝐁𝑇𝐘𝑡
)

𝑉𝑡𝑑𝑡
]

. (53)

Because 𝑉𝑡 is arbitrary, the first-order condition is 2𝑟𝑈∗
𝑡 + 𝐁𝑇𝐘𝑡 = 0, and therefore 𝑈∗

𝑡 = − 1
2𝑟𝐁

𝑇𝐘𝑡.
Next, we discuss the structural conditions needed for local well-posedness. Define:

𝐛(𝑡, 𝐱, 𝐲) = 𝐀𝐱 + 𝛟(𝐱) − 1
2𝑟

𝐁𝐁𝑇 𝐲,

𝐠(𝑡, 𝐱, 𝐲) = 2𝐐
(

𝐱 − 𝐱(𝑡)
)

+ 𝐀𝑇 𝐲 + (∇𝛟(𝐱))𝑇 𝐲,
𝐡(𝐱) = 2𝐆

(

𝐱 − 𝐱(𝑇 )
)

. (54)

Then, the FBSDE takes the standard form:
𝑑𝐗𝑡 = 𝐛

(

𝑡,𝐗𝑡,𝐘𝑡
)

𝑑𝑡 + 𝚺𝑑𝑊𝑡,

𝑑𝐘𝑡 = −𝐠
(

𝑡,𝐗𝑡,𝐘𝑡
)

𝑑𝑡 + 𝐙𝑡𝑑𝑊𝑡,

𝐗0 = 𝛏, 𝐘𝑇 = 𝐡
(

𝐗𝑇
)

. (55)

Assume that the solution remains in the bounded cylinder: 
𝑅 =

{

(𝑡, 𝐱, 𝐲) ∈ [0, 𝑇 ] ×ℝ3 ×ℝ3 ∶ ‖𝐱‖ ≤ 𝑅, ‖𝐲‖ ≤ 𝑅
}

, (56)

for some 𝑅 > 0. On this domain, the nonlinear field 𝛟 is locally Lipschitz: 
‖

‖

‖

𝛟(𝐱) − 𝛟
(

𝐱̃
)

‖

‖

‖

≤ 2|𝑑|𝑅‖
‖

𝐱 − 𝐱̃‖
‖

. (57)

Then, we have: 
|

|

|

−𝑑𝑥21 + 𝑑𝑥
2
1
|

|

|

= |𝑑||
|

𝑥1 − 𝑥1||||𝑥1 + 𝑥1|| ≤ 2|𝑑|𝑅|
|

𝑥1 − 𝑥1|| ≤ 2|𝑑|𝑅‖
‖

𝐱 − 𝐱̃‖
‖

. (58)

Likewise, the Jacobian satisfies: 
‖

‖

‖

∇𝛟(𝐱) − ∇𝛟
(

𝐱̃
)

‖

‖

‖

≤ 2|𝑑|‖
‖

𝐱 − 𝐱̃‖
‖

. (59)

Therefore, the following holds: 
‖

‖

‖

𝐛(𝑡, 𝐱, 𝐲) − 𝐛
(

𝑡, 𝐱̃, 𝐲̃
)

‖

‖

‖

≤ (‖𝐀‖ + 2|𝑑|𝑅)‖
‖

𝐱 − 𝐱̃‖
‖

+ 1
2𝑟

‖

‖

‖

𝐁𝐁𝑇 ‖‖
‖

‖

‖

𝐲 − 𝐲̃‖
‖

. (60)
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For the backward generator, one has: 
𝐠(𝑡, 𝐱, 𝐲) − 𝐠

(

𝑡, 𝐱̃, 𝐲̃
)

= 2𝐐
(

𝐱 − 𝐱̃
)

+ 𝐀𝑇
(

𝐲 − 𝐲̃
)

+ (∇𝛟(𝐱))𝑇 𝐲 −
(

∇𝛟
(

𝐱̃
))𝑇 𝐲̃. (61)

Hence, we have:
‖

‖

‖

𝐠(𝑡, 𝐱, 𝐲) − 𝐠
(

𝑡, 𝐱̃, 𝐲̃
)

‖

‖

‖

≤ 2‖𝐐‖

‖

‖

𝐱 − 𝐱̃‖
‖

+ ‖𝐀‖‖
‖

𝐲 − 𝐲̃‖
‖

+ ‖

‖

‖

∇𝛟(𝐱) − ∇𝛟
(

𝐱̃
)

‖

‖

‖

‖𝐲‖ + ‖

‖

‖

∇𝛟
(

𝐱̃
)

‖

‖

‖

‖

‖

𝐲 − 𝐲̃‖
‖

. (62)

Using the local bounds above, we have: 
‖

‖

‖

𝐠(𝑡, 𝐱, 𝐲) − 𝐠
(

𝑡, 𝐱̃, 𝐲̃
)

‖

‖

‖

≤ (2‖𝐐‖ + 2|𝑑|𝑅)‖
‖

𝐱 − 𝐱̃‖
‖

+ (‖𝐀‖ + 2|𝑑|𝑅)‖
‖

𝐲 − 𝐲̃‖
‖

. (63)

The terminal map is Lipschitz: 
‖

‖

‖

𝐡(𝐱) − 𝐡
(

𝐱̃
)

‖

‖

‖

≤ 2‖𝐆‖

‖

‖

𝐱 − 𝐱̃‖
‖

. (64)

Define:

𝐿𝑏 = ‖𝐀‖ + 2|𝑑|𝑅 + 1
2𝑟

‖

‖

‖

𝐁𝐁𝑇 ‖‖
‖

,

𝐿𝑔 = 2‖𝐐‖ + ‖𝐀‖ + 4|𝑑|𝑅,

𝐿ℎ = 2‖𝐆‖. (65)

Then, on a sufficiently short horizon, a Picard contraction argument yields local solvability. In particular, there exists 𝑇 ∗ > 0, 
depending on 𝐿𝑏, 𝐿𝑔 , 𝐿ℎ, and 𝜎, such that for every 𝑇 ∈ (0, 𝑇 ∗], the fully coupled system admits a unique square-integrable adapted 
solution. A schematic sufficient condition may be written as: 

𝐶
(

𝐿𝑏 + 𝐿𝑔 + 𝐿ℎ
)

𝑇 ∗ < 1, (66)

where 𝐶 > 0 is a generic constant arising in the contraction estimate.
If the solution norm is measured by: 

‖(𝐗,𝐘,𝐙)‖2ℍ = 𝔼
[

sup
0≤𝑡≤𝑇

‖

‖

𝐗𝑡‖‖
2 + sup

0≤𝑡≤𝑇
‖

‖

𝐘𝑡‖‖
2 + ∫

𝑇

0
‖

‖

𝐙𝑡‖‖
2𝑑𝑡

]

, (67)

then, the Picard map Γ satisfies: 
‖

‖

‖

‖

Γ(𝐗,𝐘,𝐙) − Γ
(

𝐗̃, 𝐘̃, 𝐙̃
)

‖

‖

‖

‖ℍ
≤ 𝜅(𝑇 )

‖

‖

‖

‖

(𝐗,𝐘,𝐙) −
(

𝐗̃, 𝐘̃, 𝐙̃
)

‖

‖

‖

‖ℍ
, (68)

with: 
𝜅(𝑇 ) = 𝐶1𝑇

1
2 𝐿𝑏 + 𝐶2𝑇

1
2 𝐿𝑔 + 𝐶3𝑇

1
2 𝐿ℎ. (69)

Whenever 𝜅(𝑇 ) < 1, the map Γ is a contraction. This result is especially relevant for the present ACT setting, because the nonlinearity is 
strong enough to preserve the spiral-chaotic character, yet sufficiently structured to permit local FBSDE analysis on bounded domains.

5.  Decoupling-field interpretation and time-discrete approximation

A second important viewpoint is the decoupling-field representation. Suppose there exists a deterministic mapping 𝐮 ∶ [0, 𝑇 ] ×
ℝ3 → ℝ3 such that 𝐘𝑡 = 𝐮

(

𝑡,𝐗𝑡
)

. If 𝐮 is sufficiently smooth, Itô's formula gives:

𝑑𝐘𝑡 =
(

𝜕𝑡𝐮
(

𝑡,𝐗𝑡
)

+ ∇𝐱𝐮
(

𝑡,𝐗𝑡
)

𝐛
(

𝑡,𝐗𝑡,𝐮
(

𝑡,𝐗𝑡
))

+ 1
2
𝑇 𝑟

[

𝚺𝚺𝑇∇𝟐
𝐱𝐮

(

𝑡,𝐗𝑡
)]

)

𝑑𝑡

+ ∇𝐱𝐮
(

𝑡,𝐗𝑡
)

𝚺𝑑𝑊𝑡. (70)

A comparison with the backward equation yields:
𝐙𝑡 = ∇𝐱𝐮

(

𝑡,𝐗𝑡
)

𝚺. (71)

The decoupling field must therefore satisfy the quasilinear PDE: 

𝜕𝑡𝐮 + ∇𝐱𝐮𝐛(𝑡, 𝐱,𝐮) +
1
2
𝑇 𝑟

[

𝚺𝚺𝑇∇𝟐
𝐱𝐮

]

+ 𝐠(𝑡, 𝐱,𝐮) = 𝟎, (72)

with terminal condition:
𝐮(𝑇 , 𝐱) = 2𝐆

(

𝐱 − 𝐱(𝑇 )
)

. (73)

Substituting the explicit forms of 𝐛 and 𝐠, we obtain:

𝜕𝑡𝐮 + ∇𝐱𝐮
(

𝐀𝐱 + 𝛟(𝐱) − 1
2𝑟

𝐁𝐁𝑇 𝐮
)

+ 1
2
𝑇 𝑟

[

𝚺𝚺𝑇∇𝟐
𝐱𝐮

]

+ 2𝐐
(

𝐱 − 𝐱(𝑡)
)

+ 𝐀𝑇 𝐮
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+ (∇𝛟(𝐱))𝑇 𝐮 = 𝟎. (74)

The feedback control becomes:
𝑈∗
𝑡 = − 1

2𝑟
𝐁𝑇 𝐮

(

𝑡,𝐗𝑡
)

. (75)

The decoupling-field representation shows that the backward process can be regarded as a nonlinear feedback surface defined 
over state space and time. From a physical standpoint, this means that the adjoint field acts as a time-dependent geometric potential 
encoding how future tracking cost propagates backward along the random ACT flow.

For numerical approximation, let 𝑁∈ ℕ be the number of time steps and define the grid: 

𝑡𝑛 = 𝑛Δ𝑡, Δ𝑡 = 𝑇
𝑁
, 𝑛 = 0, 1,… , 𝑁. (76)

Let Δ𝑊𝑛 = 𝑊𝑡𝑛+1 −𝑊𝑡𝑛 . Then, we have: 

Δ𝑊𝑛∼  (0,Δ𝑡), 𝔼
[

Δ𝑊𝑛
]

= 0, 𝔼
[

(

Δ𝑊𝑛
)2
]

= Δ𝑡. (77)

A Picard iteration indexed by 𝑘 can be constructed as follows. The forward Euler-Maruyama step is [50]: 

𝐗(𝑘+1)
𝑛+1 = 𝐗(𝑘+1)

𝑛 +
(

𝐀𝐗(𝑘+1)
𝑛 + 𝛟

(

𝐗(𝑘+1)
𝑛

)

− 1
2𝑟

𝐁𝐁𝑇𝐘(𝑘)
𝑛

)

Δ𝑡 + 𝚺Δ𝑊𝑛. (78)

The terminal backward value is: 
𝐘(𝑘+1)
𝑁 = 2𝐆

(

𝐗(𝑘+1)
𝑁 − 𝐱(𝑇 )

)

. (79)

A discrete backward recursion can be written as: 
𝐘(𝑘+1)
𝑛 = 𝔼𝑛

[

𝐘(𝑘+1)
𝑛+1 + 𝐠

(

𝑡𝑛,𝐗(𝑘+1)
𝑛 ,𝐘(𝑘+1)

𝑛
)

Δ𝑡
]

, (80)

where 𝔼𝑛[⋅] denotes conditional expectation given 𝑡𝑛 .
Similarly, we have: 

𝐙(𝑘+1)
𝑛 = 1

Δ𝑡
𝔼𝑛

[

𝐘(𝑘+1)
𝑛+1 Δ𝑊𝑛

]

. (81)

Because these conditional expectations are not available explicitly in nonlinear ACT dynamics, a regression approximation is 
natural. Let 𝚿(𝐱) ∈ ℝ𝑃  denote a vector of 𝑃  basis functions. Then one may write:

𝑌 (𝑘+1)
𝑖,𝑛 ≈

(

𝛃(𝑘+1)𝑖,𝑛

)𝑇
𝚿
(

𝐗(𝑘+1)
𝑛

)

𝑓𝑜𝑟 𝑖 = 1, 2, 3,

𝑍(𝑘+1)
𝑖,𝑛 ≈

(

𝛄(𝑘+1)𝑖,𝑛

)𝑇
𝚿
(

𝐗(𝑘+1)
𝑛

)

𝑓𝑜𝑟 𝑖 = 1, 2, 3, (82)

where 𝛃(𝑘+1)𝑖,𝑛  and 𝛄(𝑘+1)𝑖,𝑛  are coefficient vectors.
In the numerical experiments of this paper, the regression basis is chosen as a low-order polynomial family built from both the 

current forward state and the instantaneous tracking error. More precisely, let 𝐗𝑛 =
(

𝑥1, 𝑥2, 𝑥3
)𝑇  denote the forward state at time level 

𝑡𝑛, and let 𝐄𝑛 =
(

𝑒1, 𝑒2, 𝑒3
)𝑇 = 𝐗𝑛 − 𝐱

(

𝑡𝑛
) denote the deviation from the reference orbit. Before regression, each scalar component is 

standardized by subtracting its sample mean and dividing by its sample standard deviation, in order to reduce scale imbalance and 
improve numerical conditioning. Denoting the standardized variables by 𝑥1,𝑠, 𝑥2,𝑠, 𝑥3,𝑠, 𝑒1,𝑠, 𝑒2,𝑠, 𝑒3,𝑠, the basis vector used in all 
computations is taken as: 

𝚿 =
[

1, 𝑥1,𝑠, 𝑥2,𝑠, 𝑥3,𝑠, 𝑒1,𝑠, 𝑒2,𝑠, 𝑒3,𝑠, 𝑥21,𝑠, 𝑥
2
2,𝑠, 𝑥

2
3,𝑠, 𝑥1,𝑠𝑥2,𝑠, 𝑥1,𝑠𝑥3,𝑠, 𝑥2,𝑠𝑥3,𝑠

]𝑇
. (83)

Thus, the regression space contains one constant term, three linear state terms, three linear tracking-error terms, three quadratic 
state terms, and three pairwise bilinear interaction terms, giving a total of 𝑃 = 13 basis functions. This choice was adopted throughout 
the numerical study because it is rich enough to capture the main local nonlinearity of the ACT dynamics and the state-reference 
mismatch, while remaining sufficiently low-dimensional for stable ridge-regularized least-squares fitting in each backward step.

For a Monte Carlo ensemble {𝐗𝑚𝑛
}𝑀
𝑚=1, the regression coefficients minimize 

∑𝑀
𝑚=1

|

|

|

𝛃𝑇𝑖,𝑛𝚿
(

𝐗𝑚𝑛
)

−  𝑚
𝑖,𝑛
|

|

|

2
, where  𝑚

𝑖,𝑛 is the backward 
target. With an explicit generator approximation, one has: 

 𝑚
𝑛 = 𝐘𝑚𝑛+1 + 𝐠

(

𝑡𝑛,𝐗𝑚𝑛 ,𝐘
𝑚
𝑛+1

)

Δ𝑡. (84)

For the martingale coefficient, one uses: 

𝑚𝑛 = 1
Δ𝑡

𝐘𝑚𝑛+1Δ𝑊
𝑚
𝑛 . (85)

Let: 

𝚿𝑛 =

⎡

⎢

⎢

⎢

⎢

⎣

𝚿
(

𝐗1
𝑛
)𝑇

𝚿
(

𝐗2
𝑛
)𝑇

⋮

𝚿
(

𝐗𝑀𝑛
)𝑇

⎤

⎥

⎥

⎥

⎥

⎦

∈ ℝ𝑀×𝑃 . (86)
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Then, the normal equations take the form:
𝛃𝑖,𝑛 =

(

𝚿𝑇
𝑛𝚿𝑛

)−1𝚿𝑇
𝑛 𝐓𝑖,𝑛,

𝛄𝑖,𝑛 =
(

𝚿𝑇
𝑛𝚿𝑛

)−1𝚿𝑇
𝑛 𝐒𝑖,𝑛, (87)

where 𝐓𝑖,𝑛 ∈ ℝ𝑀  and 𝐒𝑖,𝑛 ∈ ℝ𝑀  are the sampled target vectors.
After the backward coefficients are computed, the discrete feedback update is 𝑈 (𝑘+1)

𝑛 = − 1
2𝑟𝐁

𝑇𝐘(𝑘+1)
𝑛 . A practical stopping rule is: 
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< 𝑇𝑜𝑙, (88)

where 𝜀0 > 0 is a small regularization constant and 𝑇 𝑜𝑙 > 0 is a prescribed tolerance.
Under standard bounded-domain assumptions, the forward strong approximation satisfies: 

max
0≤𝑛≤𝑁

𝔼‖‖
‖

𝐗𝑡𝑛 − 𝐗𝑛
‖

‖

‖

2
= 𝑂(Δ𝑡). (89)

The total error can be represented schematically as: 

𝑡𝑜𝑡 ≤ 𝐶1(Δ𝑡)
1
2 + 𝐶2𝑟𝑒𝑔 + 𝐶3𝑃 𝑖𝑐 , (90)

where 𝑟𝑒𝑔 is the regression error and 𝑃 𝑖𝑐 is the Picard residual.

6.  Numerical experiments

Based on the parameter settings reported in Table 2, a series of numerical experiments was conducted to assess the dynamical 
behavior of the proposed model and to verify the effectiveness of the analytical framework developed in this study. The numerical 
results were organized to examine the deterministic and stochastic ACT attractor structures, the baseline performance of the coupled 
FBSDE control strategy, and the sensitivity of the controlled system to key model and weighting parameters. Particular attention 
was given to orbit morphology, random-attractor characteristics, tracking performance, adjoint-state behavior, control-energy distri-
bution, and the response-surface patterns associated with parameter variation. Taken together, these experiments provide a unified 
illustration of how the theoretical formulation is reflected in the geometry, stability, and control properties of the ACT system under 
stochastic perturbations.

It should be emphasized that the fully coupled solver is implemented here as a damped finite-horizon Picard procedure rather 
than as a global convergence method for arbitrary chaotic regimes. Although classical FBSDE theory only guarantees Picard con-
vergence under restrictive conditions, the present computations remain stable in practice because several numerical safeguards are 
used simultaneously. In particular, the time step is kept sufficiently small, the number of Picard iterations is moderate, the backward 
update is relaxed through the damping factor 𝜃𝑃 𝑖𝑐𝑎𝑟𝑑 , and the forward state, backward state, and control are clipped by the thresholds 
𝑥𝑐𝑎𝑝, 𝑦𝑐𝑎𝑝, and 𝑢𝑐𝑎𝑝, respectively. In addition, the regression step is stabilized by ridge regularization with parameter 𝜆𝑟𝑖𝑑𝑔𝑒, and the 
basis variables are standardized before the least-squares fit, which reduces ill-conditioning during the backward recursion. There-
fore, the numerical results reported below should be interpreted as computations obtained in a stabilized finite-horizon regime for 
which the Picard iteration remains empirically controlled under the selected parameter set, rather than as evidence of unconditional 
convergence for long-horizon chaotic FBSDEs.

6.1.  Deterministic and stochastic ACT attractor structure

Fig. 1 illustrates the geometric evolution of the deterministic ACT attractor when the parameter 𝑎 is varied, while the remaining 
model parameters are kept fixed. Here, 𝑎 denotes the linear excitation coefficient in the third state equation, and it directly affects 
the overall stretching intensity of the flow. From the six subplots, it is clear that the deterministic ACT system preserves a spiral-type 
attractor structure over the selected parameter interval, but the detailed orbit morphology changes noticeably as 𝑎 increases. This 
indicates that the attractor is not rigid with respect to parameter perturbation, and that even moderate changes in linear excitation 
can alter the balance between local rotation and global reinjection.

A first important feature is that the attractor remains bounded throughout the displayed range of 𝑎, which suggests that the chosen 
parameter window corresponds to a dynamically persistent nonlinear regime rather than a transient escape or divergence regime. At 
the lower values of 𝑎, the phase trajectories exhibit a relatively compact spiral organization, with repeated winding around a central 
region and a comparatively regular large-scale return. As 𝑎 is increased, the attractor becomes more stretched, and the orbit branches 
extend further along the longitudinal direction of the phase space. This reflects a strengthening of the global excursion mechanism, 
meaning that trajectories are driven farther away before being reinjected into the central rotating region.

Another notable observation is that the attractor morphology is not monotonic in a purely geometric sense. The panels corre-
sponding to intermediate values of 𝑎 show partial deformation and temporary simplification of the orbit structure, whereas larger 
values recover a more developed spiral-chaotic shape with broader excursion layers. In particular, the case around 𝑎 = 5.60 appears 
comparatively less complex than the neighboring cases, which suggests that the deterministic ACT flow may pass through a transi-
tional regime in which the orbit organization becomes temporarily less folded. This type of behavior is consistent with the fact that 
parameter variation in nonlinear chaotic oscillators often produces alternating windows of stronger and weaker geometric complexity.
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Table 2 
Parameter settings.
 Symbol  Meaning  Value
𝑎  Linear excitation parameter in the ACT drift  5.65
𝑏  Linear coupling-damping parameter in the ACT drift  3.35
𝑐  Direct damping parameter in the third channel  0.95
𝑑  Nonlinear coefficient in the third equation  1.00
𝜎  Diffusion intensity  0.10
𝐐  Running-state tracking weight tensor 𝑑𝑖𝑎𝑔(2.20, 0.55, 0.45)
𝐆  Terminal-state tracking weight tensor 𝑑𝑖𝑎𝑔(4.20, 1.25, 1.10)
𝑟  Control penalty coefficient  0.90
𝑇  Time horizon for the baseline FBSDE simulation  20
𝑁  Number of time steps in the baseline FBSDE simulation  400
𝐱0  Initial state for the controlled forward process [0.23, 0.00, 0.00]𝑇

𝐱(0)  Initial seed used to construct the reference orbit [0.18, 0.03, 0.00]𝑇

𝑀  Monte Carlo sample size for the baseline solve  10,000
𝐾max  Maximum Picard iterations for the baseline solve  6
𝜆𝑟𝑖𝑑𝑔𝑒  Ridge regularization used in regression  10−6
𝜃𝑃 𝑖𝑐𝑎𝑟𝑑  Picard damping factor  0.70
𝑢𝑐𝑎𝑝  Numerical clipping threshold for the control  11.0
𝑦𝑐𝑎𝑝  Numerical clipping threshold for the backward state  18.0
𝑥𝑐𝑎𝑝  Numerical clipping threshold for the forward state  12.0
𝜀0  Initial perturbation amplitude  10−5

Fig. 1. Deterministic ACT attractor morphology under variation of 𝑎: (a) 𝑎 = 5.00; (b) 𝑎 = 5.20; (c) 𝑎 = 5.40; (d) 𝑎 = 5.60; (e) 𝑎 = 5.80; (f) 𝑎 = 6.00.

From the viewpoint of the present study, Fig. 1 serves two purposes. First, it confirms that the ACT model provides a suitable 
deterministic skeleton for constructing a reference orbit with nontrivial spiral geometry. Second, it shows that the parameter 𝑎 has a 
visible and dynamically meaningful influence on attractor morphology, which justifies its later use in sensitivity and response-surface 
analysis. Overall, the figure demonstrates that the deterministic ACT system possesses a stable but shape-sensitive spiral attractor 
family, providing an appropriate foundation for the subsequent stochastic and FBSDE-based orbit-steering analysis.

Fig. 2 provides a more detailed diagnostic view of the deterministic ACT attractor at the baseline parameter set. While Fig. 1 
primarily illustrated how the global attractor morphology changes under variation of 𝑎, the present figure focuses on the internal 
geometric and temporal structure of a single representative regime. Taken together, the six panels show that the baseline ACT 
dynamics possess a well-developed spiral-chaotic organization, combining bounded long-time motion, repeated oscillatory excursions, 
and nontrivial return behavior in phase space.
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Fig. 2. Baseline deterministic diagnostics of the ACT attractor: (a) 3D ACT attractor at baseline parameters; (b) projection on the 𝑥1 − 𝑥2 plane; (c) 
temporal evolution of deterministic ACT states; (d) state radius along the attractor; (e) Poincaré section from upward 𝑥3 crossings; (f) return map 
of successive local maxima.

The three-dimensional portrait in the first panel confirms that the attractor is organized around a spiral-reinjection mechanism 
rather than around a simple closed orbit. The trajectory repeatedly stretches away from the central region and then returns through 
folded branches, indicating a persistent interaction between local rotation and global transport. This interpretation is reinforced by 
the projection onto the 𝑥1-𝑥2 plane shown in the second panel, where the orbit occupies a broad two-lobed region with visible overlap 
and repeated winding. Such a projection highlights the fact that the attractor is not confined to a narrow annular structure, but instead 
explores a comparatively wide part of the reduced phase plane.

The temporal evolution of the three state components in the third panel shows sustained irregular oscillations over the displayed 
interval. The components 𝑥1, 𝑥2, and 𝑥3 remain bounded, but their amplitudes and local oscillation frequencies vary over time, which 
is consistent with deterministic chaotic behavior rather than quasiperiodic motion. In particular, the third component 𝑥3 exhibits 
the largest excursions, reaching visibly higher positive and negative amplitudes than the other two components. This is dynamically 
meaningful because the nonlinear ACT drift is driven through the third equation, so the stronger variation in 𝑥3 reflects the active 
role of that channel in shaping the attractor geometry.

The fourth panel, which shows the state radius ‖𝐱(𝑡)‖, provides a compact measure of how far the trajectory moves from the 
origin over time. The radius oscillates in an irregular but bounded manner, with repeated bursts corresponding to large excursions of 
the orbit away from the central spiral region. The presence of alternating moderate and large peaks suggests that the deterministic 
flow repeatedly switches between relatively compact rotation and more extended reinjection episodes. This observation supports the 
visual evidence from the first panel and confirms that the attractor dynamics are strongly nonuniform along the orbit.

The last two panels further clarify the return structure of the deterministic ACT flow. The Poincaré section, constructed from 
upward crossings of the plane 𝑥3 = 0, produces a scattered but organized point set rather than a single isolated point or a smooth 
closed curve. This indicates that the return dynamics on the chosen section are nontrivial and possess a clear low-dimensional 
geometric pattern. The return map of successive local maxima of 𝑥1, denoted by 𝑥𝑝𝑒𝑎𝑘1,𝑛  and 𝑥𝑝𝑒𝑎𝑘1,𝑛+1, shows a dispersed point cloud 
with evident nonlinear structure. Here, 𝑥𝑝𝑒𝑎𝑘1,𝑛  represents the 𝑛th local maximum of 𝑥1. The absence of collapse onto a single branch 
is consistent with irregular deterministic recurrence and further supports the interpretation that the baseline regime is suitable for 
representing a genuinely chaotic ACT attractor. Overall, Fig. 2 establishes the baseline deterministic regime as dynamically rich, 
geometrically structured, and appropriate for constructing the reference orbit used in the subsequent stochastic control analysis.

Fig. 3 shows how the ACT attractor geometry changes when stochastic perturbation is introduced and the diffusion intensity 𝜎
is gradually increased. Here, 𝜎 denotes the noise intensity in the third state equation, and therefore it directly controls the strength 
of random forcing acting on the most dynamically active channel of the system. The six panels indicate that the global attractor 
remains bounded over the entire range considered, but its internal orbit structure becomes progressively more diffuse as the stochastic 
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Fig. 3. Stochastic ACT attractor morphology under increasing noise intensity: (a) 𝜎 = 0.000; (b) 𝜎 = 0.025; (c) 𝜎 = 0.050; (d) 𝜎 = 0.075; (e) 𝜎 = 0.100; 
(f) 𝜎 = 0.140.

contribution becomes stronger. This confirms that the ACT flow is robust enough to preserve its large-scale phase-space organization 
under moderate noise, while still exhibiting visible deformation at the level of local trajectory geometry.

A first important observation is that the stochastic attractor retains the same broad spiral-reinjection skeleton as in the deter-
ministic regime. Even for the larger values of 𝜎, the trajectories continue to evolve within a structured elongated region rather than 
dispersing into an unorganized cloud. This suggests that the deterministic ACT attractor acts as a persistent geometric backbone for 
the noisy dynamics. In other words, noise does not destroy the overall phase-space architecture immediately, but instead broadens the 
neighborhood in which the trajectories move. This feature is especially relevant for the present study, because the proposed stochastic 
control framework is built on the idea of steering trajectories near a reference orbit extracted from the deterministic attractor.

At the same time, the figure also shows that the effect of noise is not purely monotonic in visual appearance. For smaller values such 
as 𝜎 = 0.025, the trajectories already exhibit noticeable transverse spreading and local irregularity relative to the deterministic case. 
Around intermediate noise levels, the stochastic orbit may appear either more diffuse or temporarily more compressed depending on 
how the random perturbation interacts with the reinjection mechanism over the finite observation window. This is a typical feature 
of stochastic chaotic trajectories, since finite-time realizations do not always display a simple unidirectional broadening with respect 
to the noise parameter. Nevertheless, the overall tendency remains clear: increasing 𝜎 leads to a thicker and less sharply organized 
attractor neighborhood.

Another relevant point is that the random perturbation acts in the third channel, but its geometric influence extends to the full 
three-dimensional orbit. This indicates that the system redistributes stochastic perturbations through the nonlinear coupling of the 
ACT dynamics. As a result, noise injected into 𝑥3 is transmitted to the entire phase trajectory, altering both the local winding structure 
and the reinjection pattern. From the viewpoint of control design, this observation is important because it shows that regulation of the 
third channel is sufficient to influence the full orbit geometry, which is fully consistent with the later optimal feedback law derived 
from the coupled FBSDE formulation.

Overall, Fig. 3 demonstrates that the stochastic ACT system preserves a recognizable attractor morphology under increasing 
diffusion intensity, but that the attractor becomes progressively less sharply defined as random forcing increases. This balance between 
persistence and deformation is precisely the setting in which stochastic orbit steering becomes meaningful. The figure therefore 
provides the necessary dynamical motivation for studying how the coupled FBSDE framework can control trajectory dispersion while 
still respecting the intrinsic spiral structure of the ACT attractor.

Fig. 4 gives a more detailed characterization of the stochastic ACT dynamics at the baseline noise level from the perspective of a 
random attractor. In contrast to the previous figure, which emphasized the visual effect of increasing diffusion intensity, the present 
figure focuses on the internal geometric, temporal, and statistical structure of the noisy attractor under a fixed stochastic regime. 
The six panels show that the random ACT dynamics preserve a coherent large-scale phase-space organization, while at the same time 
displaying broadened recurrence patterns and nontrivial probability structure induced by noise.
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Fig. 4. Random-attractor diagnostics for the stochastic ACT dynamics: (a) 3D random ACT attractor at baseline noise; (b) projection of the random 
attractor on the 𝑥1 − 𝑥2 plane; (c) late-time stochastic evolution on the random attractor; (d) radial probability density on the random attractor; (e) 
Poincaré section of the random attractor; (f) peak-to-peak return map of the random attractor.

The three-dimensional portrait in the first panel shows that the stochastic orbit remains confined within a bounded elongated 
region whose global shape is still strongly reminiscent of the deterministic ACT attractor. This confirms that the deterministic spiral-
reinjection skeleton continues to organize the long-time stochastic motion. The corresponding projection onto the 𝑥1-𝑥2 plane further 
clarifies this point. The noisy trajectory fills a broader region than in the deterministic case, and the loops become visibly thicker, 
indicating that stochastic forcing expands the effective neighborhood explored by the orbit. Nevertheless, the overall two-lobed 
organization remains recognizable, which suggests that the random attractor is not an unstructured diffusion cloud but a geometrically 
meaningful stochastic extension of the deterministic attractor.

The late-time temporal evolution shown in the third panel provides additional insight into how noise modifies the attractor without 
destroying its oscillatory character. All three components remain bounded, but their amplitudes vary irregularly, and the larger bursts 
occur intermittently rather than periodically. In particular, the third component 𝑥3 again shows the strongest excursions, which is 
consistent with the fact that the stochastic perturbation is injected directly into the third equation. This panel indicates that the noisy 
attractor supports persistent irregular oscillation rather than transient fluctuations around a single equilibrium region.

A particularly useful feature of Fig. 4 is the inclusion of the radial probability density of the state norm ‖𝐱‖, where ‖𝐱‖ denotes 
the Euclidean distance of the state from the origin. The histogram reveals that the random attractor is associated with a nonuniform 
radial distribution rather than a sharply concentrated shell. The density is spread over a relatively broad interval, which reflects the 
coexistence of compact spiral motion and larger stochastic excursions. This statistical view complements the geometric portraits by 
showing that the attractor has an internal distributional structure, not just a visible shape in phase space.

The last two panels further demonstrate that the return dynamics remain nontrivial under stochastic forcing. The Poincaré section, 
obtained from upward crossings of the plane 𝑥3 = 0, still forms an organized point set, but the points are more scattered than in the 
deterministic baseline case. This is the expected signature of randomization of the return mechanism. Similarly, the peak-to-peak 
return map of successive local maxima of 𝑥1 remains structured, but the points are more dispersed and occupy a broader region of 
the plane. This means that stochastic forcing perturbs the recurrence law while preserving an identifiable nonlinear return geometry.

Overall, Fig. 4 shows that the stochastic ACT system admits a well-defined random-attractor regime at the baseline noise intensity. 
The attractor remains bounded, geometrically organized, and statistically nontrivial. This result is important for the subsequent 
control analysis, because it confirms that the noisy ACT dynamics possess a coherent random phase-space structure that can serve as 
a meaningful target neighborhood for stochastic orbit steering.

6.2.  Baseline coupled FBSDE dynamics and control diagnostics

Fig. 5 presents the core controlled results of the present study and illustrates how the coupled FBSDE framework performs stochastic 
orbit steering near the ACT attractor. The figure combines geometric comparison, ensemble statistics, tracking performance, control 
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behavior, and adjoint evolution under the baseline parameter setting. Taken together, these panels show that the proposed control 
law does not simply suppress the dynamics, but instead attempts to guide the stochastic trajectory toward a prescribed reference orbit 
while preserving the large-scale ACT phase-space structure.

The first panel compares the deterministic reference orbit with one controlled sample path in three-dimensional phase space. The 
controlled trajectory remains distributed around the same global spiral-chaotic region as the reference orbit, which indicates that the 
controller acts in an orbit-following manner rather than forcing the system toward an artificial equilibrium. At the same time, visible 
deviations remain, especially during larger excursions along the elongated branches of the attractor. This is consistent with the fact 
that the control problem is formulated in a stochastic setting, so exact pathwise coincidence is neither expected nor required. The 
relevant objective is instead the reduction of average deviation from the reference orbit.

This interpretation is reinforced by the second panel, where a controlled stochastic path is compared with an uncontrolled one 
under the same general dynamical regime. The uncontrolled path exhibits more pronounced deviation from the desired orbit geometry, 
whereas the controlled path remains more consistently aligned with the reference attractor region. The difference is not a complete 
geometric collapse, but a clear reduction in orbit drift. This is precisely the qualitative behavior sought in stochastic orbit steering. 
The controller regulates the noisy ACT motion while still allowing the trajectory to evolve within a nontrivial chaotic neighborhood.

The third panel compares the reference state components with the corresponding controlled ensemble means. Here, 𝑥𝑟𝑒𝑓1 , 𝑥𝑟𝑒𝑓2 , 
and 𝑥𝑟𝑒𝑓3  denote the three components of the deterministic reference orbit, while the dashed curves represent the ensemble means 
of the controlled forward process. The agreement is not exact, especially for the third component, but the ensemble averages follow 
the broad oscillatory trend of the reference signal. This indicates that the control law is effective at the mean level, even though 
individual sample paths remain subject to significant stochastic distortion. In particular, the larger discrepancy in the third channel 
is dynamically understandable, since this channel carries both the nonlinear ACT activity and the direct stochastic forcing.

The fourth panel gives the evolution of the tracking error norm. The solid curve represents the mean tracking error, and the dashed 
curves indicate one standard deviation above and below that mean. The error remains bounded over the whole simulation horizon, 
but it increases gradually and shows several bursts at later times. This reveals an important aspect of the problem. Orbit steering near 
a stochastic chaotic attractor is feasible, but it becomes progressively more difficult over long horizons as diffusion accumulates and 
chaotic transport amplifies deviations. The relatively narrow gap between the mean curve and the surrounding bounds in much of 
the interval suggests that the ensemble dispersion of the tracking error remains reasonably controlled, even when the absolute error 
becomes larger.

The fifth panel shows the ensemble-mean control signal. The control remains moderate for most of the time horizon, with alternat-
ing positive and negative phases that reflect the oscillatory nature of the tracking objective. Larger corrections appear at later times, 
which is consistent with the growth of the tracking error observed in the previous panel. This behavior indicates that the controller 
responds adaptively to the evolving orbit mismatch instead of applying a uniformly strong forcing throughout the entire interval. 
Such a pattern is desirable in the present context, because excessive forcing would undermine the geometric character of the ACT 
motion.

Finally, the sixth panel presents the ensemble means of the backward components 𝑌1, 𝑌2, and 𝑌3, which form the adjoint state in 
the coupled FBSDE system. These quantities encode the backward propagation of future tracking cost through the nonlinear stochastic 
dynamics. Their oscillatory and strongly time-dependent behavior confirms that the control mechanism is genuinely coupled to the 
evolving ACT geometry rather than being generated by a static feedback rule. The relatively pronounced variation of 𝑌1 and 𝑌2, 
together with the nontrivial evolution of 𝑌3, indicates that the adjoint field captures both immediate mismatch and longer-horizon 
transport effects. Since the optimal control is determined by the third backward component, the figure also shows that orbit steering 
is mediated by a dynamically structured adjoint response rather than by a purely local correction.

Overall, Fig. 5 demonstrates that the coupled FBSDE control framework is capable of maintaining stochastic ACT trajectories in the 
neighborhood of a prescribed reference orbit while preserving the essential attractor geometry. The control improves orbit alignment 
relative to the uncontrolled case, the ensemble means retain the principal oscillatory pattern of the target trajectory, and the adjoint 
variables exhibit the expected nontrivial backward dynamics associated with a genuinely coupled stochastic optimal control problem.

Fig. 6 gives a more direct view of the internal dynamics of the coupled ACT-FBSDE system at both the pathwise and ensemble 
levels. In contrast to the previous figure, which emphasized reference tracking and control effectiveness, the present figure focuses 
on the structure of the forward state, the backward state, the martingale coefficients, and the iteration behavior of the coupled 
solver. Overall, the results show that the controlled ACT dynamics remain geometrically coherent, while the backward and stochastic 
components retain clear nonlinear and random features.

The first panel shows a representative forward ACT path in three-dimensional phase space. The trajectory still follows the charac-
teristic elongated ACT geometry, indicating that the coupled control does not destroy the basic attractor structure. The second panel 
presents the backward-state portrait on the 𝑌1-𝑌2 plane. Its broad and folded shape suggests that the adjoint dynamics are strongly 
nonlinear and evolve in a nontrivial way along the controlled orbit. The third panel displays the backward martingale coefficients 𝑍1, 
𝑍2, and 𝑍3 for one sample path. These quantities fluctuate around zero for most of the interval, but intermittent bursts are visible, 
indicating localized stochastic sensitivity in the backward equation.

The fourth and fifth panels highlight pathwise variability and ensemble dispersion. The comparison of two forward paths shows 
that, although both trajectories share the same global oscillatory pattern, visible differences in amplitude and phase remain over time. 
This confirms that the control constrains the stochastic motion without eliminating randomness completely. The standard deviations 
of the forward components further show that dispersion grows with time, and that the third component has the largest variability. 
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Fig. 5. Optimal orbit steering near the ACT attractor under coupled FBSDE control: (a) reference ACT orbit and one controlled sample path; (b) 
uncontrolled versus controlled stochastic ACT path; (c) reference states and controlled ensemble means; (d) tracking error evolution under optimal 
feedback; (e) ensemble-mean control signal; (f) ensemble means of backward components.

This is consistent with the fact that the third channel is the most active part of the ACT dynamics and is directly influenced by both 
noise and control.

The last panel shows the convergence history of the fully coupled iteration. The residual increases moderately across the Picard 
steps rather than decaying, which indicates that the coupled ACT-FBSDE problem remains numerically demanding. Nevertheless, the 
growth is gradual, not explosive, suggesting that the computation still stays within a controlled approximation regime. Overall, Fig. 6 
confirms that the proposed framework captures not only the geometric behavior of the controlled ACT system, but also the nontrivial 
backward and stochastic structures that are intrinsic to a fully coupled FBSDE formulation.

Fig. 7 provides additional baseline diagnostics that further clarify the interaction between the controlled forward ACT dynamics 
and the associated adjoint variables. In contrast to the previous figures, which focused more strongly on global orbit steering and 
ensemble-level control performance, the present figure emphasizes local geometric relations, return behavior, terminal-error distri-
bution, and correlation structure. These diagnostics reveal how the coupled state and adjoint components interact beyond standard 
tracking-error summaries.

The first panel shows the coupled portrait between 𝑥1(𝑡) and 𝑌3(𝑡). This plot directly reflects the link between the forward dynamics 
and the third backward component, which is particularly important because 𝑌3 determines the optimal feedback through the control 
law. The portrait is clearly nonlinear and does not collapse onto a simple monotonic curve, indicating that the control action is 
generated through a nontrivial state-adjoint relationship rather than through a fixed proportional correction. The fourth panel, which 
gives the backward-state portrait on the 𝑌1 − 𝑌3 plane, supports the same conclusion. The adjoint trajectory occupies an extended 
and folded region, showing that the backward variables evolve in a strongly structured manner under the baseline control regime.

The second and third panels examine recurrence properties of one controlled path. The Poincaré section, formed from crossings 
of the plane 𝑥3 = 0, produces an organized set of points rather than a diffuse cloud, which suggests that the controlled motion still 
preserves a coherent return structure in phase space. The peak-to-peak return map of successive local maxima of 𝑥1 remains sparse but 
nonlinear, indicating that the controlled trajectory retains nontrivial oscillatory recurrence instead of becoming dynamically trivial. 
Together, these two panels show that the baseline control modifies the orbit without destroying its internal return geometry.

The last two panels provide statistical information. The histogram of terminal tracking error is concentrated in a relatively narrow 
interval, with most realizations clustering around the dominant central range rather than being widely spread. This suggests that, 
under baseline control, the terminal mismatch remains reasonably consistent across the ensemble. The final panel shows the time-
resolved correlation between the observable 𝜓(𝑋𝑡

) and 𝑌3(𝑡), where 𝜓
(

𝑋𝑡
) denotes the scalar diagnostic observable constructed from 

the forward state. The correlation oscillates between positive and negative values over time, which indicates that the relation between 
forward orbit geometry and adjoint response is time-dependent and sign-changing rather than fixed. Overall, Fig. 7 shows that the 
baseline controlled ACT-FBSDE system possesses a coherent coupled structure at both the geometric and statistical levels, further 
supporting the effectiveness and internal consistency of the proposed framework.
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Fig. 6. Pathwise and ensemble diagnostics of the coupled ACT-FBSDE system: (a) representative forward ACT path; (b) backward-state portrait on 
the 𝑌1 − 𝑌2 plane; (c) backward martingale coefficients for one path; (d) two-path comparison of forward components; (e) ensemble dispersion of 
forward states; (f) convergence history of the fully coupled iteration.

Fig. 7. Additional coupled-state and adjoint diagnostics under baseline control: (a) coupled portrait between 𝑥1 and 𝑌3; (b) Poincaré section of one 
controlled path; (c) peak-to-peak return map for one controlled path; (d) backward-state portrait on the 𝑌1 − 𝑌3 plane; (e) distribution of terminal 
tracking error; (f) ensemble correlation between 𝜓(𝑋𝑡

) and 𝑌3(𝑡).
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Fig. 8. Supplementary non-surface diagnostics for controlled and uncontrolled ACT dynamics: (a) controlled and uncontrolled ensemble means; 
(b) sample-path tracking errors; (c) time-resolved average control energy; (d) ensemble dispersion of backward variables; (e) ensemble correlation 
between 𝑥1 and 𝑌3; (f) terminal-state cloud colored by terminal error.

Fig. 8 provides supplementary diagnostics that compare the controlled and uncontrolled ACT dynamics from both forward and 
backward perspectives. Unlike the previous figures, which focused either on attractor structure or on baseline controlled trajectories, 
the present figure highlights ensemble-level contrasts, pathwise tracking behavior, control-energy concentration, backward-state 
dispersion, and terminal-state distribution. These diagnostics reveal how the coupled FBSDE control reshapes the stochastic ACT 
dynamics beyond simple orbit plots.

The first panel compares the ensemble means of the uncontrolled and controlled dynamics for 𝑥1 and 𝑥3. The controlled means 
deviate visibly from the uncontrolled ones over most of the time interval, especially in the third component. This indicates that the 
control action has a persistent influence on the average orbit evolution rather than only producing occasional local corrections. The 
second panel shows the tracking errors of two representative sample paths. The two curves remain close to each other for most of 
the horizon, which suggests that the pathwise tracking performance is relatively consistent across different realizations, even though 
the error grows at later times.

The third panel presents the time-resolved average control energy, measured through the ensemble mean of 𝑢2, where 𝑢 denotes 
the control input. The curve remains moderate for much of the interval but develops several clear peaks, with a particularly strong 
increase near the terminal stage. This indicates that stronger control effort is required when the accumulated stochastic deviation 
becomes more difficult to correct. A related feature appears in the fourth panel, which shows the ensemble dispersion of the backward 
variables. The standard deviation of 𝑌1 is noticeably larger than those of 𝑌2 and 𝑌3, especially at several later-time peaks, implying 
that uncertainty in the adjoint field is distributed unevenly across its components.

The fifth panel gives the ensemble correlation between 𝑥1 and 𝑌3. The correlation oscillates repeatedly between positive and 
negative values, showing that the coupling between the forward state and the control-relevant backward component is strongly time-
dependent. This again supports the interpretation that the control mechanism is dynamically structured rather than static. Finally, the 
terminal state cloud in the (𝑥1, 𝑥3

) plane, colored by the terminal tracking error, shows that terminal realizations remain concentrated 
along a narrow band instead of spreading across a broad two-dimensional region. This suggests that, despite the presence of stochastic 
forcing, the controlled system preserves a relatively organized terminal-state structure, and that larger terminal errors are associated 
with specific regions of the terminal phase cloud rather than with complete loss of coherence. Overall, Fig. 8 further confirms that 
the proposed coupled control framework modifies the ACT dynamics in a systematic and geometrically meaningful way at both the 
ensemble and pathwise levels.

6.3.  Parameter sensitivity and response-surface analysis

Fig. 9 summarizes how the performance of the ACT-FBSDE framework changes when the excitation parameter 𝑎 and the noise 
intensity 𝜎 are varied simultaneously. The six response surfaces describe the running tracking error, terminal tracking error, control 
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Fig. 9. Response surfaces on the 𝑎-𝜎 plane for ACT-FBSDE performance: (a) running tracking error; (b) terminal tracking error; (c) control energy; 
(d) initial adjoint magnitude; (e) finite-time separation exponent; (f) mean orbit radius.

energy, mean initial adjoint magnitude, finite-time separation exponent, and mean orbit radius. Taken together, these surfaces show 
that the coupled control system is sensitive to both deterministic excitation and stochastic forcing, but that the influence of 𝑎 is 
generally more systematic than that of 𝜎 in the displayed parameter window.

The first two panels indicate a clear contrast between running and terminal tracking behavior. The running tracking error remains 
at a relatively high level throughout the scanned region and varies smoothly with the parameters, with larger values appearing mainly 
as 𝑎 increases. By contrast, the terminal tracking error shows a more pronounced downward trend as 𝑎 moves toward the upper end 
of the interval. This suggests that stronger linear excitation does not necessarily improve the cumulative tracking performance over 
the whole time horizon, but it may still help reduce the final mismatch at the terminal time. In other words, the effect of 𝑎 on control 
quality is not uniform across different performance measures.

The third and fourth panels show that the control energy and the mean magnitude of the initial adjoint component |
|

𝑌3(0)|| vary 
more moderately across the 𝑎-𝜎 plane. The control-energy surface exhibits a structured but relatively smooth dependence, indicating 
that the energetic burden of control changes continuously rather than abruptly in this parameter region. The surface for the initial 
adjoint magnitude is even smoother, with only mild variation. This implies that the initial backward response of the coupled system 
remains comparatively stable under moderate joint perturbations of excitation and noise.

The fifth panel, showing the finite-time Lyapunov exponent (FTLE), is visibly more irregular than the other surfaces. Its alternating 
positive and negative regions indicate that short-horizon local separation is highly sensitive to parameter variation and does not follow 
the smoother patterns seen in the tracking or energy indicators. This means that local orbit sensitivity and global control performance 
should not be identified with one another. The last panel shows that the mean orbit radius remains within a relatively narrow range 
and changes more regularly than the FTLE surface, implying that the overall geometric scale of the controlled motion is preserved 
even when local separation properties fluctuate.

Overall, Fig. 9 shows that the coupled ACT-FBSDE performance is jointly shaped by deterministic excitation and stochastic forcing, 
but not all observables respond in the same manner. The response surfaces suggest that 𝑎 mainly governs the large-scale geometric and 
tracking characteristics, whereas 𝜎 adds a secondary but still visible modulation through stochastic broadening. This result supports 
the view that parameter sensitivity in the present problem is multi-layered, with different performance indices emphasizing different 
aspects of the controlled chaotic dynamics.

Fig. 10 shows how the performance of the ACT-FBSDE framework changes when the parameter 𝑏 and the control penalty coefficient 
𝑟 are varied jointly. Here, 𝑏 is the linear coupling-damping parameter in the ACT drift, while 𝑟 weights the control cost in the objective 
functional. Compared with the 𝑎-𝜎 plane, the present parameter plane is more directly related to the balance between intrinsic system 
dissipation and control expenditure. The six response surfaces indicate that both parameters have a clear influence on tracking quality, 
but the effect of 𝑟 is especially pronounced in several key metrics.

The first two panels show the running and terminal tracking errors. The running tracking error remains relatively large over most 
of the scanned region, but its surface is not monotonic and contains visible variations across the 𝑏-𝑟 plane. The terminal tracking 
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Fig. 10. Response surfaces on the 𝑏-𝑟 plane for ACT-FBSDE performance: (a) running tracking error; (b) terminal tracking error; (c) control energy; 
(d) initial adjoint magnitude; (e) finite-time separation exponent; (f) mean orbit radius.

error exhibits even stronger local variation, suggesting that final-time control quality is sensitive to the joint choice of damping and 
control penalty. In particular, smaller values of 𝑟, which correspond to weaker penalization of control effort, tend to be associated 
with improved terminal tracking in some regions, although this improvement is not uniform across the whole surface.

The third and fourth panels help clarify this trade-off. The control-energy surface decreases markedly as 𝑟 increases, which is 
exactly what one would expect, since a larger control penalty suppresses the strength of the feedback action. At the same time, the 
surface for the mean initial adjoint magnitude |

|

𝑌3(0)|| also varies substantially, showing that the backward sensitivity of the control 
system changes together with the energetic cost structure. This indicates that the effect of 𝑟 is not limited to reducing the size of the 
control, but also reshapes the internal adjoint response of the coupled FBSDE system.

The fifth and sixth panels concern the finite-time Lyapunov exponent and the mean orbit radius. As in the previous figure, the 
FTLE surface is less smooth than the tracking or energy surfaces, with alternating positive and negative regions. This again shows 
that local finite-time separation is more sensitive and less regular than the global performance indicators. By contrast, the mean orbit 
radius remains within a comparatively narrow range, even though some local variation is still visible. This suggests that the joint 
variation of 𝑏 and 𝑟 influences control quality and energetic burden more strongly than the overall spatial scale of the controlled 
orbit.

Overall, Fig. 10 indicates that the 𝑏-𝑟 plane captures a central compromise in the ACT-FBSDE framework. Increasing 𝑟 reduces 
control expenditure, but this may weaken tracking performance, while variation in 𝑏 modifies the background ACT dynamics and 
thereby changes the effectiveness of the same feedback mechanism. The figure therefore highlights that the coupled orbit-steering 
performance is shaped not only by excitation and noise, but also by the interplay between intrinsic damping and control cost.

Fig. 11 examines how the ACT-FBSDE performance changes when the running-state weights 𝑞1 and 𝑞3 are varied jointly. Here, 
𝑞1 and 𝑞3 are the diagonal entries of the running weight tensor 𝐐 associated with the first and third state components, respectively. 
Since these two channels play different roles in the ACT dynamics, the figure is useful for clarifying how the weighting strategy in 
the objective functional reshapes tracking quality, control expenditure, and the internal adjoint response.

The first two panels show the running and terminal tracking errors. The running tracking error decreases as the weighting moves to-
ward the larger-𝑞1, larger-𝑞3 region, which indicates that stronger penalization of state deviation improves cumulative orbit-following 
performance over the time horizon. The terminal tracking error, however, displays a less uniform surface and retains some local vari-
ation. This suggests that increasing the running-state weights improves the global tracking tendency more clearly than it improves 
final-time accuracy. In other words, the influence of (𝑞1, 𝑞3

) is more systematic for the accumulated error than for the terminal 
mismatch.

The third and fourth panels reveal a clear cost-sensitivity trade-off. The control-energy surface rises markedly as 𝑞3 increases and 
also grows with 𝑞1 in much of the scanned region. This means that better state regulation is achieved at the expense of stronger control 
effort. The same trend is reflected in the surface for the mean initial adjoint magnitude |

|

𝑌3(0)||, which increases rather smoothly across 
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Fig. 11. Response surfaces on the 𝑞1-𝑞3 plane for ACT-FBSDE performance: (a) running tracking error; (b) terminal tracking error; (c) control energy; 
(d) initial adjoint magnitude; (e) finite-time separation exponent; (f) mean orbit radius.

the plane. Since 𝑌3 is the backward component entering the feedback law, this shows that larger running-state weights strengthen 
the initial adjoint response and thereby intensify the control mechanism.

The fifth panel, corresponding to the finite-time Lyapunov exponent, is again much less regular than the other surfaces. Its 
fluctuating structure indicates that local finite-time sensitivity does not follow the same smooth trend as the tracking and energy 
indicators. By contrast, the last panel shows that the mean orbit radius remains within a relatively narrow band and varies more 
smoothly over the parameter plane. This implies that changing 𝑞1 and 𝑞3 alters the quality and energetic cost of orbit steering more 
strongly than it changes the overall spatial scale of the controlled motion.

Overall, Fig. 11 shows that the choice of running-state weights has a direct and meaningful effect on ACT-FBSDE performance. 
Larger values of 𝑞1 and 𝑞3 generally improve running tracking quality, but they also require more control energy and produce a stronger 
adjoint response. The figure therefore highlights a practical design trade-off: tighter orbit regulation can be achieved through stronger 
weighting of the forward-state error, but this comes with a clear increase in control burden.

7.  Conclusion

This paper developed a fully coupled FBSDE framework for optimal orbit steering near an Arneodo-Coullet-Tresser (ACT) spiral 
attractor under stochastic perturbations. Instead of forcing the ACT system toward an equilibrium, the proposed formulation tracked 
a deterministic reference orbit segment extracted from the attractor itself, so that the intrinsic spiral geometry of the chaotic motion 
could be retained. On this basis, a stochastic optimal control problem was established, and the stochastic maximum principle led 
naturally to a nonlinear fully coupled forward-backward system in which the third backward component entered the active ACT 
channel through the optimal feedback law. The resulting model provided a coherent connection between stochastic chaotic dynamics, 
orbit tracking, and adjoint-based control.

The analytical part of the study clarified the structure of the model through a Hamiltonian formulation, a variational derivation, a 
local solvability discussion, and a decoupling-field interpretation. The numerical results further showed that the ACT attractor main-
tains a recognizable deterministic and stochastic geometric skeleton, while the coupled FBSDE control can guide noisy trajectories 
toward the reference orbit without collapsing the dynamics into a trivial state. The baseline simulations demonstrated meaningful 
improvements in orbit alignment relative to the uncontrolled case, and the additional diagnostics confirmed that the forward dynam-
ics, backward adjoint variables, and stochastic sensitivity remain strongly coupled throughout the evolution. The response-surface 
results also showed that model parameters, control penalization, and tracking weights influence performance in different ways, with 
tracking accuracy, control energy, and local orbit sensitivity exhibiting distinct parameter dependence.

Overall, the present work suggests that coupled FBSDEs provide a useful and comparatively underexplored framework for studying 
stochastic orbit steering in spiral chaotic systems. The ACT setting highlights that effective control in a noisy chaotic environment 
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need not rely on equilibrium suppression, but can instead be formulated as geometry-preserving trajectory regulation near a nontrivial 
attractor. Future work may extend this framework to longer horizons, higher-dimensional chaotic systems, more robust numerical 
schemes for strongly coupled iterations, and alternative cost structures adapted to random attractor neighborhoods.
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