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ABSTRACT: Electron transfer (ET) at electrochemical interfaces lies at the heart of

numerous modern technologies, yet its theoretical description and computational modeling {ex} (1)
remain dynamic areas of research. This review is aimed at elucidating the key concepts and Ga')
theories of ET kinetics, focusing on the coupling between classical solvent fluctuations and (]

systems, and then systematically explore the regimes of weak, strong, and intermediate
electronic coupling. Special attention is given to solvent dynamics and the structure of the
electrical double layer (EDL), both of which critically impact ET kinetics. Atomistic A S00
simulations, particularly density functional theory (DFT) and molecular dynamics (MD), 1‘ (1)
are highlighted as useful tools for assessing key assumptions such as linear response and

ox + e (&) = red

quantum electronic states of metallic electrodes and redox species. We begin with
fundamental rate theories, reaction coordinates, and time scales relevant to electrochemical Q

determining key parameters such as solvent reorganization energy, electronic coupling
strength, and those describing nuclear dynamics. We conclude by outlining opportunities for
advancing the field through multiscale, quantum-classical models that incorporate EDL
effects, multiple reaction coordinates, solvent-controlled dynamics, and transitions between adiabatic and nonadiabatic regimes. This
review aims to serve as both a conceptual guide and a practical resource for researchers seeking to integrate theory and simulation in
the study of electrochemical ET across diverse systems.
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1. INTRODUCTION

1.1. Preamble

Electron transfer (ET) is a fundamental process underlying a
wide range of chemical, electrochemical, and biological
phenomena and applications. Its fundamental concepts and
theories have been established over several decades through
seminal works' "' and are now systematically presented in
standard textbooks.”"* However, achieving a detailed under-
standing of ET kinetics at electrochemical interfaces (electro-
chemical ET) remains a daunting challenge due to several layers
of complexity. First, the experimentally observable electric
current is due to the reaction kinetics of all elementary ET steps
which could form a complex reaction pathway. While simplified
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concepts such as potential determining step'*'> and rate-

determining step' ' have been developed and widely used, they
have been shown to be insufficient in many cases,"”"* and a full
microkinetic model with all ET steps'~*° is required.

Second, each elementary ET step occurs in a highly complex,
heterogeneous nanoscale interfacial region, namely, the
electrical double layer (EDL) where the local reaction
environment can be drastically different from the bulk
conditions. In this sense, a comprehensive understanding of
electrochemical ET needs to integrate the theory of ET itself and
the EDL theory. EDL effects on electrochemical reactions have
been extensively discussed in recent literature,'”>%**73°

Third, each elementary ET step in the EDL is a complex
process involving the tunnelling of electrons between the
electrode surface and redox species, accompanied by reorgan-
ization of the nuclear configuration from that of the initial state
to that of the final state. Such nuclear reorganization, in a simple
yet common scenario, includes reorganization of both the redox
species itself (inner-sphere reorganization), i.e., adjustments of
bond lengths and angles within the redox species, as well as its
solvent environment (outer—sphere or solvent reorganization),
e.g., changes in solvent polarization in response to charge
redistribution.'” This scenario corresponds to outer-sphere ET
and represents the theoretical minimum of ET, as the chemical
structure of the redox species is preserved. In more complex
cases, bond formation or breaking may occur during the ET
process, e.g., chemisorption of the redox species onto the
electrode surface, as in ion-coupled ET, or intramolecular bond
dissociation, as in bond-breaking ET; such processes are referred
to as inner-sphere ET.’® In general, descriptions of the ET
process are based on the separation of fast electron tunnelling
and slow nuclear reorganization, in which the nuclei first
reorganize to a prerequisite configuration that permits
instantaneous electron tunnelling. Electron tunnelling can be
viewed as electronic transitions between the manifold of
electronic states of the electrode surface and the valence
electronic states of the redox species, which are coupled with
nuclear dynamics. Slower nuclear dynamics and stronger
electronic coupling between the electrode surface and redox
species both lead to stronger electron—nuclear coupling during
the tunnelling process (as discussed in Section 1.2.5). As the
electron—nuclear coupling strength, which can be characterized
by the Landau—Zener parameter, increases from weak to strong,
the electron tunnelling probability increases, and the ET process
crosses over from the nonadiabatic to the adiabatic limit.

Opverall, ET theory at electrochemical interfaces necessitates
theoretical treatments of nuclear reorganization, electron
transitions between the electrode surface and redox species,
and nuclear dynamics in both nonadiabatic and adiabatic
reactions. This review aims to elucidate how these physical
aspects contribute to ET kinetics and address the underlying
concepts, theoretical basis, and computational parametrization
of ET theories. This is achieved through detailed derivations of
key equations that are frequently met in the literature while their
derivations cannot be easily traced. By providing these details
that have often been considered trivial in old papers, the present
review will hopefully serve as an instrumental resource for
undergraduate and graduate students who are not satisfied with
just using the equations but want to know how they are
obtained. To use these theoretical concepts in practice as
explanatory and predictive methods, we discuss the application
of theoretical computational methods, such as density functional
theory (DFT) and molecular dynamics (MD) simulations, to
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simulate diabatic and adiabatic free energy surfaces (FESs) and
quantities such as electronic coupling constants, reorganization
energies, and solvent dynamics that influence ET rates. The
examined quantities include nuclear reorganization energy,
electronic coupling strength between the electrode surface and
redox species, as well as those relevant to nuclear dynamics, such
as the nuclear frequency, nuclear relaxation time, and friction.
Important know-hows and existing challenges in computational
parametrization of ET theories will be discussed.

In the remainder of the Introduction, we clarify in detail
several central concepts and approximations used in ET theory,
and outline the historical development of ET theories. In
Section 2, we introduce the general reaction rate theory, reaction
coordinates (RCs), and time scales in electrochemistry. In
Section 3, we focus on the Marcus theory of ET kinetics with
emphasis on nuclear reorganization, in which the inner sphere
(i.e., the redox species) is treated as a set of harmonic vibrational
modes and the outer sphere (i.e., the solvent) as a dielectric
continuum, and a single effective nuclear coordinate is
introduced to describe their reorganization. Sections 4 and $§
formulate ET rates under weak and strong electronic coupling
between the electrode surface and redox species, primarily based
on time-dependent perturbation theory and model Hamiltonian
approach, respectively, while Section 6 addresses the inter-
mediate coupling regime with explicit consideration of nuclear
dynamics based on generalized Langevin equation and Landau—
Zener theory. As two commonly encountered types of inner-
sphere ET in electrocatalytic reactions, namely chemisorption
and bond-breaking ET, these processes can be treated
theoretically by incorporating additional nuclear coordinates,
i.e., reaction coordinates, associated with bond formation or
breaking, such as the distance between the electrode surface and
redox species in chemisorption, or the distance between two
fragments in bond-breaking ET. Corresponding theoretical
considerations are presented in Section 5.3. The impact of the
EDL on ET kinetics is discussed in Section 7, mainly within a
recent semiclassical continuum model of the EDL.*’~* This
gradual progression underscores the importance of nuclear
reorganization, the electronic structure of the electrode surface,
electrocatalytic effects, adiabaticity, and nonergodicity.

Given the breadth and variety of electrochemical ET, this
review is by no means comprehensive. Focusing on metallic
electrodes, this review does not cover ET at semiconductors and
other materials; interested readers are referred to the classical
review by Gerischer™* and more recent review by Santos and
Schmickler.” Long-range electrochemical ET reactions and ET
reactions at semiconductor electrodes, which are usually
considered nonadiabatic and share many concepts with ET
reactions at metallic electrodes, will be briefly discussed in
Section 4.5. A more comprehensive review has recently been
provided by Nazmutdinov and Ulstrup and their co-workers.*’
Neither do we discuss proton-coupled electron transfer
(PCET), as its theoretical description depends on the relative
time scales of proton motion in different regimes and treatment
of nuclear quantum effects for the transferring proton; excellent
reviews are available in the literature.*”~* Furthermore, we do
not extensively discuss the applications of ET theory but refer
readers to other excellent sources.””>® The preprint version of
this manuscript is available in the arXiv repository.”

1.2. Concepts

1.2.1. Reaction Plane/Volume and Work Term. The ET
rate inherently depends on the distance from the electrode
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surface, as electronic coupling strength between the electrode
surface and redox species,ss"% solvent environment, and local
concentration of redox species vary with the distance. Given that
the electronic coupling strength decays exponentially from the
electrode surface with a characteristic length of only a few
angstroms, the electron tunnelling probability rapidly becomes
negligible beyond this distance such that appreciable tunnelling
occurs only for redox species within a finite volume near the
electrode surface, referred to as the reaction volume. The
reversible work is required for the redox species in the bulk
solution to pass through the diffuse layer of the EDL to reach the
reaction volume, which has a characteristic thickness corre-
sponding to the Debye length of typically several nanometers.
This work term mainly involves overcoming the changes in the
solvation free energy and electrostatic potential energy due to
the presence of the interfacial electric field; hence it depends on
the local reaction environment, and its effect on ET kinetics is
discussed in Section 7.1. As discussed, as the redox species
approaches the electrode surface, the electron tunnelling
probability increases rapidly due to stronger electronic coupling.
However, the local concentration of the redox species decreases
sharply because of repulsive interactions with the electrode
surface. As a result, ET faces two competing effects: shorter
distances would increase the electron tunnelling probability and
thus increase the intrinsic rate constant but simultaneously
reduce the local reactant concentration and thereby suppress the
overall ET rate by the law of mass action. Therefore, ET has an
optimal distance at which the tunnelling probability and reactant
concentration make the maximal contribution to the ET rate.
This optimal distance can be identified as the reaction plane.
Herein, we consider the reduced species donating an electron to
the electrode surface (oxidation reaction) and oxidized species
accepting an electron from the electrode surface (reduction
reaction), each at its respective reaction plane for simplicity. A
more precise evaluation of the ET rate can be achieved by
integrating over the reaction volume,’”*® which will be
discussed in Section 7.

1.2.2. Two-State/Level Model for ET. As the electron
donor or acceptor in electrochemical ET is a semi-infinite
surface, the electronic structure of the electrode surface is
essential for determining the intrinsic ET kinetics. Unlike the
discrete electronic levels of an atom or a molecule, the electronic
states of an electrode have a continuum of electronic states, i.e.,
energy bands, due to the overlap of atomic orbitals in the solid.
These energy bands exhibit a continuous energy distribution
characterized by the electron density of states (DOS). For
metallic electrodes, electrons are filled up to the Fermi level at
absolute zero temperature. At finite temperatures, the electron
occupancy probability transitions smoothly from unity to zero
due to the temperature dependence of the Fermi—Dirac
distribution. This transition, dictated by the Fermi—Dirac
distribution, spans an energy interval of several kT,
approximately 100 meV at room temperature.

Before treating all electronic states, it is beneficial to first
consider the ET between a specific electronic state k on the
metal surface and the valence electronic state a of the redox
species (two-level system) to develop conceptual under-
standing. In this case, depending on whether the electron
resides in the electronic state a or k, we can immediately
recognize two stable electronic states of the ET system: a
reduced one, including the reduced species and its solvation
structure, and an oxidized one, including the oxidized species, its
solvation structure, and the electron in the electronic state k. It is

https://doi.org/10.1021/acs.chemrev.5c00926
Chem. Rev. 2026, 126, 7407—7464


pubs.acs.org/CR?ref=pdf
https://doi.org/10.1021/acs.chemrev.5c00926?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Chemical Reviews

pubs.acs.org/CR

REVIEY

Free energy

Nuclear coordinate ¢

4 |av

/\ Transition

region

Reactant region
f . §2 Product region
e o

Nuclear coordinate ¢

Figure 1. (a) Free energy surfaces (FESs) of the diabatic states k and a as functions of the effective nuclear coordinate £. The diabatic state k
corresponds to the oxidized state with the electron residing in the electronic state k of the electrode surface, whereas the diabatic state a corresponds to
the reduced state with the electron residing in the valence electronic state a of the redox species. The energy gap between the diabatic states is denoted
as AE, as indicated. (b) The adiabatic ground state a and adiabatic excited state /3, which are the constructive and destructive superpositions of the
diabatic states k and a, respectively. The energy gap between the adiabatic states at the point where the diabatic FESs cross is twice the coupling matrix
element V between the electronic states k and a. The transition region, in which the electron transition actually occurs, is denoted by A&, with £, and &,
representing its boundaries. In the reactant region (£ < &;) and product region (& < &,), the adiabatic state o resembles the diabatic state k and g,
respectively. As indicated by the solid arrows, ET proceeds via thermal fluctuations of nuclear configuration into the transition region, followed by
crossing of this region and subsequent relaxation to the equilibrium nuclear configuration of the product. The activation free energy AG” is the free
energy difference between the top of the adiabatic FES of state & and the minimum in the reactant region. Upon crossing the transition region, there is a
finite probability for the system to undergo a transition to the excited state /3, as indicated by the dotted arrow.

expected that the reduced and oxidized states will reach their
minimum free energies at their respective equilibrium nuclear
configurations, which includes both the redox species and the
solvent. The rate constant is then given as the number of
transitions per unit time between the reduced and oxidized
states, where each transition involves the quantum transition of
the electron between the electronic states k and 4, along with
changes in nuclear configuration.

1.2.3. Franck—Condon Principle, Diabatic Free Energy
Surface, and Nuclear Reorganization. Owing to the almost
instantaneous nature of electron tunnelling compared to the
time scale of nuclear motion (see Section 2.5 for details), as a
first approximation the nuclear configuration can be assumed to
remain frozen during electron transitions between the different
electronic states: this is the Franck—Condon principle. When the
system is in the oxidized state at its equilibrium nuclear
configuration, the corresponding reduced state at this
configuration has significantly higher free energy as this nuclear
configuration is far from the equilibrium for the reduced state.
This means that there is a substantial “Franck-Condon barrier”
or a vertical energy gap for the electron transition and the
tunnelling probability is low. In other words, the system is far
from a nuclear configuration where the two states have the same
energy and where the resonance between the states leads to high
electron tunnelling probability. To remove this barrier and to
achieve the resonance condition, the nuclei of the redox species
and solvent need to gradually reorganize into a configuration
away from the equilibrium in the oxidized state toward that of
the reduced state. In this process, the oxidized state moves out of
equilibrium, raising its free energy, while the reduced state
approaches its equilibrium, lowering its free energy. At some
nonequilibrium nuclear configurations resulting from the
nuclear reorganization, the oxidized and reduced states have
the same free energy, the resonance condition is satisfied, and
electron tunnelling can take place at the maximal probability.
The rearrangement of the nuclei from the equilibrium
configuration of the reactant state (oxidized or reduced state)
to these nonequilibrium configurations is referred to as nuclear
reorganization.
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The nuclear reorganization is driven by thermal fluctuations
of the nuclei. For the ET system consisting of N nuclei in both
the redox species and the surrounding solvent, thermal
fluctuations of the nuclear coordinates naturally lead to 3N-
dimensional free energy surfaces (FESs) for the oxidized and
reduced states. Rather than using the highly complex 3N-
dimensional FES, the 3N nuclear coordinates can be projected
onto an effective one-dimensional nuclear coordinate £ as the
RC which captures the overall or collective nuclear reorganiza-
tion driving the ET; the corresponding FESs along this nuclear
coordinate are schematically plotted in Figure la. The two
minima correspond to the oxidized (blue line) and reduced (red
line) states at their respective equilibrium nuclear coordinates.
Small thermal fluctuations about the minima lead to parabolic
FESs, as shown in Figure la, which constitute the typical
graphical representation of Marcus theory. The Marcus
parabolic representation becomes insufficient for ET reactions
accompanied by major structural reorganizations, such as ligand
substitution process”” and inner-sphere ET,*>°" for which more
specific theoretical treatments are required. The inner-sphere
ET reactions, such as chemisorption and bond-breaking ET, are
specifically discussed in Section 5.3. The difference in free
energy between the minimum of the product and that of the
reactant represents the reaction free energy, also known as the
thermodynamic driving force of the reaction. If there is no
electronic coupling between the electronic states k and g,
corresponding to an infinite barrier or distance for electron
tunnelling, electron tunnelling cannot occur, even at the
intersection of the two FESs where the Franck—Condon barrier
is practically zero. In this case, the electronic states of the
oxidized or reduced states remain unchanged as the nuclear
configuration fluctuates. This contrasts with the adiabatic
approximation (Born—Oppenheimer approximation), where
the motions of electrons and nuclei are concerted and electrons
adjust instantaneously to nuclear motion. For this reason, we
refer to the FESs of the oxidized and reduced states as the
diabatic FESs, and label them according to their electronic states
as the diabatic state k and the diabatic state a, respectively.

https://doi.org/10.1021/acs.chemrev.5c00926
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1.2.4. Adiabatic Free Energy Surface. If sufficiently large
electronic coupling exists between the electronic states k and a,
the corresponding diabatic states are split into an adiabatic
excited state ff and an adiabatic ground state @, which give rise to
two adiabatic FESs, as shown in Figure 1b. The coupling
strength between the electronic states k and a can be
characterized by the coupling matrix element, V, with twice its
value corresponding to the energy gap between the adiabatic
states at the point where the diabatic FESs cross. The
characteristic region of the resonance splitting, i.e., sufficient
electronic coupling, is denoted as A¢, with & and &,
representing its boundaries. Beyond this region, the system
remains in the adiabatic state a due to the large energy gap
between the adiabatic states a and f. It is clear that the adiabatic
state @ resembles the diabatic state k for £ < £, and the diabatic
state a for & < £,. Therefore, these two regions can be referred to
as the reactant region and the product region, respectively. In the
region within Af, the lower adiabatic ground state « is a
constructive superposition of the diabatic states k and a, while
the upper or excited adiabatic state /# results from the destructive
superposition of the diabatic states. Adiabatic ET then proceeds
within the A& on the adiabatic FES of the ground state o and A&
is the region where the electron transition actually occurs, and it
is thus referred to as the transition region herein. However, when
the system crosses this region, the state a has a certain
probability of being excited to the state # due to the relatively
small vertical energy gap compared to the reactant and product
regions. Evidently, this probability increases as the coupling
strength V' decreases. In other words, a stronger electronic
coupling leads to a higher probability of electron transition along
the adiabatic FES of the state a.

1.2.5. Effective Nuclear Frequency, Activation Free
Energy, and Electronic Transmission Coefficient. As
shown in Figure 1b, for ET to occur, the nuclear configuration
first fluctuates to a prerequisite configuration at the nuclear
coordinate &, after which the electron transition proceeds as the
system crosses the transition region A£. Within this picture, the
rate constant kpp, defined as the number of successful electron
transitions per unit time, therefore depends on three key factors:
(i) the effective nuclear frequency of thermal fluctuations (v,,),
which sets the number of attempts for the system to cross the
transition region per unit time; (ii) the free energy barrier that
the system must overcome (AG”), defined as the free energy
difference between the top of the adiabatic ground state FES and
the minimum in the reactant region. This barrier determines the
probability of observing the prerequisite nuclear configuration

_ACH
through the Boltzmann factor (¢2% /*"), where ky is the

Boltzmann constant and T is the absolute temperature,
assuming thermal equilibrium within the reactant region; and
(iii) the probability of successful electron transition crossing the
transition region, denoted by k,;—the electronic transmission
coeflicient or tunnelling factor.*®®* Combined, these elementary
considerations give the rate constant as

_ —AG” kT
kET = LKge ?

(1)
which is the standard expression for elementary ET in a two-
level model or homogeneous reactions,'>**%*

1.2.6. Nonadiabatic, Adiabatic, and Dynamics-Con-
trolled ET. Based on the electronic coupling strength and
nuclear dynamics, three limiting regimes of ET can be

distinguished.
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o Nonadiabatic ET at extremely weak electronic coupling.
In this case, the transition region is narrowed down to the
intersection of the diabatic FESs. When the system
crosses this intersection, there is a high probability of
excitation to the upper, excited state f, which leads to a
very small transmission coefficient k. In this regime, the
system state coincides with either of the two diabatic
states throughout the entire region except at the
intersection, so the ET process can be effectively
described by the two diabatic FESs shown in Figure la.
Nonadiabatic ET is particularly relevant for long-range
ET where the electronic coupling constant is small. Some
notable examples include ET across self-assembled
monolayers to redox couples and proteins on metallic
surfaces’”** or ET across thin insulating oxide films on
metallic electrodes.®®

e Adiabatic ET at sufficiently strong electronic coupling. By
“sufficiently strong”, we mean that the energy splitting at
the transition region is large enough such that the system
has a low probability of transitioning to the excited state
and the system evolves on the adiabatic ground state «,
where the electron adiabatically follows the nuclear
configuration on the adiabatic FES of the state o during
the whole ET process. Note that in periodic systems, the
coupling between two diabatic states can be strong even if
the coupling between two single electronic states
(orbitals) is very small®”®” — this indicates that it is
risky to analyze adiabaticity based on orbitals. Compared
with nonadiabatic ET, adiabatic ET exhibits two
characteristic features. First, it is evident that the
transmission coeflicient k is close to unity, which
indicates that the pre-exponential factor in eq 1 is
primarily controlled by nuclear dynamics. Second, the
activation free energy is significantly lowered by the
electronic coupling between the electrode surface and
redox species, which is a manifestation of the electro-
catalytic effect. Some typical examples of adiabatic ET
include ET from the metal to adsorbed species or ET
during adsorption. For traditional outer-sphere couples
with bulky ligands undergoing ET without adsorp-
tion,””*® it is still unclear whether they are electronically
adiabatic or nonadiabatic.

o ET reactions with very small activation free energies, e.g.,
those taking place in slowly relaxing media, can also be
controlled by nuclear dynamics of the reaction environ-
ment. Some notable examples include ET reactions in
ionic liquids® with very slow solvent relaxation extending
to several seconds.”® For instance, in ionic liquids, ET can
be slow despite a small activation free energy, which
points to strong dynamic effects on ET rates. Surprisingly,
the ET in deep eutectic solvents’" appears less sensitive to
dynamics effects than ionic liquids and similar to
traditional nonpolar media such as organic electrolytes
where dynamics (solvent) effects are present but not
dictating.”*~"*

Here we provide only a qualitative description of adiabaticity
using vague terms like “extremely weak” or “sufficiently strong”.
If the nuclei still have enough kinetic energy as they move into
the transition region, there is a high probability that the system
will evolve inertially to state 3, as indicated by the dotted arrow
in Figure 1b. Therefore, the transmission coefficient k; depends
not only on the electronic coupling strength but also on the
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nuclear dynamics. A criterion for adiabaticity can be made by
comparing the time scales of electronic and nuclear motion in
the transition region: the time scale for electronic motion, 7, can
be estimated using the uncertainty principle as 7, = //4V while
the time scale for nuclear motion, 7, = A/v,., is obtained from
the average velocity of nuclei crossing the transition region, v,y,.
The stronger the coupling strength is, the smaller 7, is compared
to 7,,. In this scenario, the electron can adjust itself more quickly
to better follow the nuclear motion in the transition region,
which indicates stronger electron—nuclear coupling. Conse-
quently, the system has a higher probability of transitioning
along the adiabatic FES of state @, resulting in a larger
transmission coeflicient. In both the adiabatic and nonadiabatic
ET, the solvent dynamics can further control reaction prefactor
or even influence the activation free energy in the case of
nonergodic ET, as discussed in Section 6. Understanding the
subtle differences and transitions between these different limits
calls for interpolation across the nonadiabatic, adiabatic, and
dynamics-controlled limits. A more detailed discussion on this
will be presented in Section 6.1.7 and preceding subsections.
To conclude this subsection, we present a general picture of
ET. ET involves the transition of the system from the
equilibrium state of the reactant to that of the product, which
requires adjustments of both classical and quantum subsystems.
‘What we mean by the quantum subsystem includes not only the
electrons but also high-frequency nuclear modes characterized
by vibrational frequencies w satisfying iw>>kp T. Their motions
are much faster than those of low-frequency nuclear modes
satisfying iw << kT, which are treated as part of the classical
subsystem. The classical subsystem first fluctuates to a
nonequilibrium state that allows the transition of quantum
subsystem to occur. This fluctuation process determines the
activation free energy, which can be lowered by the coupling
between the quantum and classical subsystems, a feature
characterized by adiabaticity. Subsequently, the quantum
subsystem undergoes a transition, which determines the pre-
exponential factor, followed by the relaxation of the classical
subsystem toward the equilibrium state of the products. The
above discussion has excluded the quantum nature of high-
frequency nuclear modes, which will be discussed inSection 4.6.

1.3. A Brief History of ET Theory

Elements of a two-level ET reaction, such as a homogeneous
reaction in solution, have been outlined above. Theoretical
consideration of such a process, as mentioned, necessitates
addressing the nuclear reorganization and the electronic
interactions between the electron donor and acceptor. The
importance of nuclear reorganization was recognized through
the role of the solvent in isotopic exchange reactions. Libby was
the first to apply the Franck—Condon principle in an attempt to
explain the slower isotopic exchange reaction rates observed
with smaller ions.” Therein, it was assumed that the electron
undergoes a sudden Franck—Condon transition at the
equilibrium solvent configuration of the reactants. Later, Marcus
realized that, at this configuration, there is no available source of
energy to overcome the considerable Franck—Condon barrier
for radiationless ET in solution. The solvent must reorganize
into a nonequilibrium configuration to remove the Franck—
Condon barrier. Marcus developed a nonequilibrium polar-
ization theory to describe this reorganization” and quantitatively
explain the dependence of isotopic exchange reaction rates on
ion size."””® For ET involving smaller ions, the stronger electric
field around them makes it harder for polar solvent molecules to
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reorganize, thereby slowing the reaction rate. Shortly after
Marcus in 1956, Hush further developed the adiabatic ET theory
at electrochemical interfaces based on a two-level consider-
ation.” Tt was assumed that the charging state of the system
follows the solvent configuration adiabatically, such that, at the
transition state, the charge distribution is intermediate between
those of the initial and final states. The theories of Marcus and
Hush are rooted in transition state theory. Levich and
Dogonadze, in 1959, were first to develop a fully quantum
mechanical theory for nonadiabatic ET reactions in homoge-
neous solutions.” In this theory, the solvent is modeled as a
phonon bath, represented by a collection of harmonic oscillators
with various frequencies, while the weak electronic coupling
between the reactants is treated as a perturbation, such that
electron transition can be described by time-dependent
perturbation theory. Such a phonon bath representation refines
the description of the structured solvent by accounting for its
retarded and nonlocal nature of dielectric response.'>”””*

The above fundamental understanding remains valid for ET
reactions at electrochemical interfaces. The main difference
from homogeneous reactions lies in the involvement of multiple
electronic states of the electrode surface, between which and the
valence state of the redox species ET occurs. Therefore, the
electronic structure factors of the metal surface, such as the
density of states (DOS) and the Fermi—Dirac distribution,
which determine the population and occupancy of electronic
states, must be incorporated in the theory. For nonadiabatic ET
reactions, the electron transitions between each metal electronic
state and the redox species can be viewed as independent
events,”” such that the overall ET rate is obtained by summing or
integrating over the individual contributions from all electrode
electronic states. In the early 1960s, Gerischer, independently,
and the group of Dogonadze, Chizmadzhev, and Kuznetsov
made significant contributions to the formalism of nonadiabatic
ET rates at electrochemical interfaces.””® Although the
formalism was well-developed at that time, it was not until
several decades later that Chidsey verified the importance of
incorporating the Fermi—Dirac distribution of electrons near
the Fermi level from his seminal experiments on redox-active
self-assembled monolayers.”> Weaver is remembered for his
incisive analysis of existing theories for nonadiabatic ET in the
context of simple inorganic outer-sphere electrode reactions.*’
His list of extant anomalies is a source of inspiration for further
works in this area.

For adiabatic ET reactions at metal-solution interfaces, strong
electronic interactions between the metal surface and redox
species may lead to the formation of a hybridized state. In this
scenario, the electronic interactions between all electrode
electronic states and the redox species must be considered
collectively. This can be achieved in a semiclassical manner by
constructing the adiabatic FES from the diabatic FESs of all
electronic states using empirical valence bond (EVB)
approach.” ™** A complete quantum mechanical theory for
adiabatic ET reactions was developed by Schmickler et al.”'’
This theory couples the Anderson—Newns model Hamiltonian
for electronic interactions in a diabatic basis, which was used to
describe hydrogen chemisorption at metal-vacuum interfa-
ces,** "% with the phonon representation for the solvent into a
unified Hamiltonian, referred to as the Anderson—Newns—
Schmickler (ANS) Hamiltonian. A very important implication
of ANS theory is that the electronic interactions broaden the
valence electronic level of the redox species into an energy band,
which may lead to the formation of partially charged
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chemisorbates on the metal surface.®”** An exact expression for
the absolute ET rate within this theory was provided using time-
dependent Green’s function method at the end of the 20th
century.11

Building on the above foundational theories and insights into
ET, theoretical extensions have been developed to encompass a
broader range of ET reactions at electrochemical interfaces. One
such extension addresses bond-breaking ET, a process in which
ET is coupled with the dissociation of a chemical bond in the
redox species. This process involves not only solvent
reorganization but also the reorganization of the distance
between the two fragments resulting from bond breaking,
Therefore, the bond dissociation energy is expected to modulate
the activation free energy. Additional theoretical consideration
for bond-breaking ET reactions necessitates the treatment of the
chemical bond in the redox species, which was pioneered by
Saveant using the semiempirical Morse potential,sg_91 or
alternatively treated using Hiickel molecular orbital theory by
Santos et al.”>”® A quantum mechanical theory of bond-
breaking ET was proposed by German and Kuznetsov,”
showing that as bond dissociation evolves from the classical to
the quantum limit, the pre-exponential factor rather than the
activation free energy is modulated. Another important class of
reactions is proton-coupled ET, which encompasses a wide
range of electrocatalytic processes, including hydrogen
evolution and oxidation, carbon dioxide reduction, nitrogen
reduction, and oxygen reduction. The complexity of theoretical
considerations for such reactions lies in the relative time scales of
the electron, solvent, and proton motions, which give rise to a
broad spectrum of theoretical schemes.*”**~°

2. RATE THEORY AND ELECTROCHEMICAL SYSTEMS

Reaction rate theories provide understanding on how and why
different factors and processes influence (electro)chemical rate
constants. While many rate theories have been developed and
applied for different purposes and conditions, the most widely
used rate theory for heterogeneous (electro)chemical kinetics is
the transition state theory (TST), which is discussed below in
detail. Our main purposes are to (1) establish a general
framework for deriving and computing rate constants, (2)
highlight how the separation of time scales is deeply ingrained in
how we compute and think of rate constants, and (3) show that
within TST only thermodynamics, not dynamics, defines the rate
constant.

A key point in the reactive flux method is the connection
between macroscopic kinetics and microscopic dynamics. This
connection rests on the famous Onsager’s regression hypoth-
esis:”” the relaxation of the average of a macroscopic observable
after a small external perturbation follows the same time law as
the decay of its spontaneous equilibrium fluctuations. In the
context of rate theory, this means the equivalence between the
(macroscopic) relaxation toward equilibrium through an
irreversible process and the small deviations from equilibrium
at the microlevel. The connection between fluctuations and
relaxation is again encoded in the fluctuation—dissipation
theorems and correlation functions as shown by Kubo,”
Zwanzig,99 and others. Again, for rate constants, this means
that the macroscopic rate constant is related to the microscopic
concentration fluctuations, which are quantified through
concentration autocorrelation functions,

fir(t) — (ng) o< (Ong (0)Sng(t)) @)
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where 7ig(t) is the ensemble average of the occupation of the
reactant state, n, at time ¢, (. . .) denotes thermal averaging, (1)
is the equilibrium average of ng, Snp(t) = np(t)-(ng) is the
fluctuation at time t, and (Sng(0)Sng(t)) is the equilibrium
autocorrelation function.

Based on these considerations, the regression hypothesis
connects the microscopic concentration fluctuations and the
macroscopic relaxation toward equilibrium through

<5”R(0)5”R(t)> _ ﬁR(t) — (mg)
<6”R(0)6”R(0)> ﬁR(t =0) - <nR>

= exp[_t/freact]

C(t) =

(©)

where 7,.,= k_, + k_ is the reaction time scale that depends on
the forward (—) and backward («) rate constants.

The precise definition of the reactant concentration is
established by considering the time-dependent probability of
being on the “reactant (R) side” or “product (P) side” of the
configurational phase space of the dividing surface, as shown in
Figure 2:

) Lrer, _ "o
B (t) = O(r < 5 1) = RXCEDNAC)
i=1

0O, ren

(4)

151

1.04

0.51

0.0

-0.51

-0.5 0.0

Figure 2. A schematic of a 2-dimensional XY-configurational phase
space. The gray dots depict the system configuration, and the dashed
red line represents the phase space trajectory. hy and hp denote the
probability of single trajectory to be on the reactant or product side,
respectively, at time when it started from the reactant side.

where hi(t) denotes the probability of a single trajectory to be
on the reactant side at time ¢ when it started from the reactant
side, hy(t) is the average probability that trajectory is on the
reactant side at time t when it started from the reactant side, ® is
a step function, r is the configurational phase space position, and
1* is the location of the dividing surface.

The rate of change of hp(t) is the average time-dependent
probability that a trajectory initiated on the reactant side is on
the product side:

diy (ot =0) = P10 0))
dt QR

=C
fs(t) (5)
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where Qg is the reactant partition function and Cg(¢) is the flux-
side correlation function, which measures the average
probability of a trajectory starting at the dividing surface to
cross to P at time ¢. Time derivative of the macroscopic rate,
expressed in eqs 2 and 3, is equal to Cg(#):

] (6)

dhy(t) dhg(t)  ng(t,) t
= — = exp| —
dt dt Trenct

This is, however, not valid for all time scales; the exponential
relaxation describes long time scales and does not show
transients at short times which are seen in Cg(t) (see Figure
3). The macroscopic rate is valid only for time scales longer than

Ci(t) =

Treact

Tplat

@) hp(t)/ t = constant ®)

_ Tplat
dhp(t) |\ "

dhp(t)
dt dt

EP (t) = constant

N

t

Figure 3. Schematic illustration of the dynamical evolution of (a) the
averaged probability of being on the product side (7;) and (b) its time
derivative. The oscillations observed at short times in both panels
correspond to the transient behaviors and environment relaxation. At
longer times, the oscillations vanish, Tip evolves linearly, and its time
derivative reaches a plateau. The time that it takes for the transient

dynamics to vanish defines the characteristic time scale 7.

transient relaxation of the environment where
react >> T lat >> 7. - exp( lat/Treact) ~ 1 Here’ TreaCt >>

env

Tenw Which means that relaxation along the reaction coordinate
(see Sections 2.1, 2.2, and 3.6) must be the slowest process and
much slower than environment relaxation. The intermediate
time scale 7, corresponds to the average time it takes for the
system to relax in the reactant or product region when the
system starts at the dividing surface and hence allows separating
the transient dynamics of the environment relaxation at short
times (Figure 3) from the reaction probability. In other words,
Tplat Fepresents the time that it takes for the transient dynamics to
vanish, see Figure 3, and one has

dEP(Tplat)
dt (7)

The introduction and separation of time scales is crucial in
rate theory: for the macroscopic and microscopic rate constant
to be compatible, the reaction or relaxation across the dividing
surface needs to take place significantly slower than the
environment relaxes. This requirement will also play a
substantial role in the identification of suitable reaction
coordinates discussed in Section 2.1, 2.2, 2.4, and 3.6. The
separation of time scales leads to eq 7. By invoking this, the final
expression connecting the microscopic fluctuations with the
macroscopic rate constant is given by

Ci(Ty10) = constant

dh ( at)
— Pdt P fs( Iat)
(a1r(t = 0) = 1=y (1))
= lim
= T Qr (8)
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This equation tells that the rate constant is the average flux of a
trajectory starting at the dividing surface to end up in the P basin
1) after the plateau time when transients have vanished but 2)
before the reaction time scale is reached (Figure 3).

The TST is obtained at the zero-time limit of Cg(#), reflecting
the initial behavior of trajectories right after crossing the dividing
surface while not accounting for relaxation or recrossing
dynamics,

(ar(t = 0) = F17 =y (1))

Q

< = —v(0)> Q. < S (0)> -pac” o

where Q7 is the partition function of the dividing surface, AG” is
the free energy difference between the reactants and the dividing

TST
k—>

=lim
t—0"

surface, f = 1/(kgT), and <%v(0)> is average positive velocity

(perpendicular to the dividing surface) of crossing trajectories.
For an ideal dividing surface, there are no recrossings, so the

TST rate (zero-time limit) equals the plateau value: k7 = k_.
In reality, trajectories can recross the dividing surface. Thus:
KT > k.

The general TST requires computing the full partition
functions for both the initial state and the dividing surface or
the corresponding free energies, which can be a formidable task.
However, if simplified models for the partition functions are
required, the computational cost can be significantly reduced. In
ET theory, the most common approximate TSTs are the
harmonic transition state theory (hTST) and the Marcus theory.
In hTST, one assumes that the FES at both the initial state and
dividing surface are parabolic. This enables approximating the
partition functions using harmonic potentials, normal mode
coordinates, and the corresponding vibrational frequencies. As
shown, e.g, in the supporting info of ref,*” the hTST rate
constant is given by

JATST _ Dn —pAGTm

2 (10)

where @, is the effective angular frequency along the reaction
coordinate in the initial state and related to the effective
frequency in eq 1 through , = 27v,. AG,,, is the free energy
barrier within the harmonic approximation, which consists of
the energy barrier and vibrational entropy contributions.

The simplest Marcus-like TST can be obtained from a one-
dimensional, nonadiabatic hTST and further assuming that
initial- and final-state free energy surfaces are given by two
displaced parabolas with the same curvature. The transition state
free energy is obtained from the intersection of these parabolas,
which leads to the Marcus equation:

kMarcus _ @, —/i(AGD+l)2/4l
= —¢
2z (11)
where AG® and A are the reaction free energy and the

reorganization energy, respectively.
Some notes on the above rate theory and TST are in order:

1) Only thermodynamic quantities enter TST — it does not
depend on any dynamic or time-dependent quantities of
the system. This means that “only” comprehensive
sampling of the initial state and dividing surface is

https://doi.org/10.1021/acs.chemrev.5c00926
Chem. Rev. 2026, 126, 7407—7464


https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig3&ref=pdf
pubs.acs.org/CR?ref=pdf
https://doi.org/10.1021/acs.chemrev.5c00926?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Chemical Reviews

pubs.acs.org/CR

REVIEY

2)

3)

5)

6)

7)

needed, and the free energy difference AG” defines the
rate.

TST assumes that all trajectories that are at the dividing
surface and moving toward P at time f, end up as
products. This issue can be mended by computing
dynamic corrections

k

=
TST
kS

Kdyn =

(12)
which measures how many trajectories starting at the

dividing surface end on the product side at 7Kgy, does
depend on the system dynamics and can be computed by
simulating Cg; (7,1,,) from molecular dynamics simula-
tions or from analytical models such Kramers—Grote—
Hynes theory (see Section 6).

The time scale separation is pivotal to the rate theory: the
reaction time scale along the reaction coordinate must be
significantly longer than the environment relaxation. In
practice, this sets constraints on the reaction coordinate
(Sections 2.1, 2.2, 2.4, and 3.6) and means that AG” must
be large enough to make the reaction much slower than
the environment relaxation.

The general rate theory is not restricted to any particular
reaction coordinate; the only requirement is that the time
scale to cross the dividing surface must be significantly
longer than the environment relaxation. This means that
the chosen reaction coordinate must correspond to the
slowest dynamics of the system.

Because dynamics across the dividing surface are much
slower than other processes of the system, reactions are
rare events and enhanced sampling along the reaction
coordinate is required to drive the reaction away from the
reactant state over the dividing surface.

The above treatment is based on classical statistical
mechanics, and the rate equations do not include
quantum or nonadiabatic effects. However, the fully
quantum mechanical rate theory by Miller'*~"%* follows
the classical treatment very closely and the quantum and
nonadiabaticity corrections to the classical (TST) rate
constant can be included as a prefactor

kiuant

K, =
1
e k_)

(13)

In practice, formulating and computing quantum and

nonadiabaticity corrections to the classical rate can be
included in several ways but this is a very difficult problem,
and some possible approaches in electrochemical systems
have been discussed in ref.'** Nonadiabaticity corrections
are discussed in Section 6.
The grand canonical rate theory is developed in an
analogous manner and the only notable difference when
moving to the open systems is the appearance of the time
scale for diffusion or transfer rate of species in the system.
The relevant time scales have been detailed in ref.*” When
the system dynamics due to electrolyte vibration, rotation,
and translation are fast compared to the reaction, the
grand canonical rate theory is obtained by replacing the
canonical partition functions and free energies with their
grand canonical counterparts. If dynamic effects are
important (Section 6), the dynamic corrections should be
computed consistently in the chosen ensemble.
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8) Marcus theory is a specific form of the classical rate theory
as it fulfills all the requirements discussed above. In the
absence of dynamic, quantum, and nonadiabatic
corrections, Marcus theory is a form of classical TST.

2.1. Reaction Coordinates of Electrochemical Systems

The discussion in the previous section shows that applying the
TST or other rate theories requires the identification of a
suitable reaction coordinate (RC, see Sections 2.2, 2.4, and 3.6
for a detailed discussion on RCs). The choice of an RC is not
unique but it needs to fulfill two key criteria:'**~"%° the RC must
1) be a low-dimensional representation or projection of the
degrees of freedom (DOF) describing the advancement of a
reaction and 2) the dynamics along the RC should be slower
than along any other coordinates or DOF relevant to the
reaction. Together, these two requirements lead to the
separation of time scales for relaxation along the RC and other
DOFs. For TST, this means that all other DOFs are in
equilibrium with the RC and can be sampled according to
Boltzmann statistics. While atomic coordinates are often used to
define the RC and the DOF, it should be noted that this is not
necessary; both the RC and other DOFs may also be, e.g,, the
solvent polarization density in continuum models, or an
energetic quantity as discussed below.

When such a RC is identified, the TST rate constant may be
computed by carrying out nonequilibrium sampling of phase
space along the RC and equilibrium sampling along all other
DOFs. The partition function along the RC is given by

Qs) = C [ewpl-pH13(q(x - 9)dx 1
where s is the RC, « the system DOFs, C is a normalization
constant, and H(x) is the Hamiltonian which can be described
either using an atomistic or continuum model. g is a function
that allows using also nonlinear functions of the DOFs as the
reaction coordinate. The full free energy obtained with
Hamiltonian H, ie., Helmholtz free energy along the RC is
given by

F(s) = —kgTIn[Q(s)] (15)
The probability to be at a particular s is given by
[expl—BH(x)18(q(x — s))dx
= = (S —
P [ expl—BH(x) dx (e =
(16)

where the last equation denotes the thermal averaging carried
out with the Hamiltonian H. The probability is connected to the
Gibbs free energy by

G(s) = F(s) — kyTIn(p(s))

= —kBT1n</exp(—ﬂH(s))ds) — kxTIn(p(s)). (17)

The previous equations indicate that the partition functions,
free energies, probabilities, and the TST rate constant along the
RC are obtained by fixing the RC and by carrying out either
equilibrium sampling of the other DOFs in explicit or implicit
models, where the solvent is described either atomically or
through continuum model. The explicitly atomistic model is
mainly used in simulations while the implicit continuum models,
such dielectric continuum or nonequilibrium polarization
models, can be used in both simulations and analytical theories.
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2.2, Explicit Models and Reaction Coordinates

In explicit atomistic simulations, Q(s) is constructed by
explicitly sampling the configurational phase space. Because of
the separation of time scales between the RC and the other
DOFs, equilibrium sampling along the RC is not feasible; as
relaxation along RC is the slowest process of the system,
reactions are usually rare events, which means that reactions
occur on time scale much longer than that of, e.g., vibrations. For
instance, the O—H bond vibration time sets the maximum time
step that can be used in MD simulations, which is typically on
the order of a femtosecond. When this time step is compared
with the reaction time scale of ~ 100 ns, which corresponds to a
small barrier of 0.35 eV, a single reaction would be observed
once every ~ 10° MD steps. Even if such simulations could be
performed, they would be rather uninformative. A cleverer
approach is to take advantage of the times scale separation
between the RC and other coordinates of the system and to use
enhanced sampling methods to drive the system away from a
local minimum into another one, and many efficient
algorithms'®” have been developed to achieve this, and in
Section 3.6 we discuss the umbrella sampling approach widely
used in ET studies.

In explicit models, the RC needs to depend on the atomic
coordinates, but this dependency can be either direct or indirect.
The most used RCs are direct geometric quantities, such as bond
lengths or angles, which work well if the identification of e.g. a
reacting bond is straightforward; an example could be the
adsorption of a species on a surface or bond-breaking ET. Direct
RCs can also combine several geometric parameters into a single
variable; an example is the use of coordination numbers to
describe e.g. (de)solvation or hydrogen bonding effects on
reactions. An indirect RC can, for example, be an energetic
quantity or solvent polarization both of which do depend on
geometry but only indirectly. Such RCs have been widely used in
describing electron transfer reactions where no single bond
length, angle, coordination number, or any other small number
of nuclear coordinates can describe the advancement of a
reaction as these reactions are driven by the overall
reorganization of the reaction medium involving 3N coor-
dinates. An example of such RC is the energy gap coordinate,
discussed in Section 3.6, which describes how the reaction
environment needs to reorganize itself for the electron transfer
to take place iso-energetically. Technically, the energy gap
coordinate is a one-dimensional projection of all system
coordinates into a single energy value and while it does depend
on the geometry of the system, the dependency is very indirect as
many geometries may lead to the same energy gap.

2.3. Implicit Models and Reaction Coordinates

In implicit models, the RC does not depend on any explicit
atomistic or nuclear coordinates but rather on a macroscopic
parameter that describes the advancement of the reaction. In
practice, implicit models use free energy functionals that depend
on macroscopic order parameters to describe the advancement
of reaction. Some classical examples include the Landau theory
of phase transitions where an order parameter describes both the
advancement of the phase transition and related free energies. In
ET theory, the use of implicit models is widespread and e.g. the
Marcus theory was originally formulated using an implicit
dielectric continuum model for the solvent and the non-
equilibrium solvent polarization as the reaction coordinate. This
is discussed in detail in Section 3.
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2.4. Choice of Reaction Coordinates

While the time scale separation between the RC and the other
coordinates is deeply ingrained in rate theory and free energy
sampling, it needs to be re-emphasized that defining or finding
RCs is not easy or even unique. However, the choice of the RC is
critical in practice: it not only defines the efficiency of the free
energy calculations but it also dictates what we learn about the
(electro)chemical reaction mechanisms.'’® In traditional
theories of ET, implicit models, and the compatible EVB
simulations discussed in Section 3.6, a collective nuclear
reorganization coordinate or equivalently the energy gap is
chosen as the RC: this choice informs how all nuclear
coordinates together drive the ET. The participation of
particular nuclear coordinates, such as bond lengths, can be
analyzed a posteriori from simulations.'”® However, explicit
atomistic models and DFT studies in particular often use only a
few nuclear coordinates as the RC and to drive the reaction: in
this case, the reaction is understood from the perspective of how
the free energy depends on changes of few nuclear coordinates
or bond length while the impact of the collective nuclear
reorganization cannot be readily addressed. It is also possible to
combine the total nuclear reorganization coordinate and some
specific nuclear coordinates such as bond lengths to address e.g.
bond-breaking or ion-coupled ET. Finally, the RCs may also
include nuclei and treated quantum mechanically, and this is
most easilgr achieved using path integral centroid as a proxy for
position.1 7

A prime example on how the choice of reaction coordinate
influences our understanding of electrochemical ET is the
comparison of reaction kinetics computed using Marcus-like
approaches using the reorganization coordinate and explicitly
potential-dependent grand canonical ensemble DFT (GCE-
DFT) using specific bond lengths. In Marcus-like theories, the
pivotal idea is that the collective solvent/medium/nuclear
reorganization or polarization drives electron transfer and is the
slowest relevant degree of freedom in the system. This sets the
collective nuclear reorganization as the RC while other
coordinates, such as the bond and angles of the solvent, are
taken to be in equilibrium along this RC. When the coupling
between reorganization and electron transfer is taken to be
linear, i.e., when the linear response theory (or equivalently
linear coupling''°""?) between reorganization and ET is valid,
the iconic Marcus rate theory is obtained, and the reaction rate
has a parabolic dependency on the reaction and reorganization
free energies. An analogous parabolic relation between the
reaction energy and kinetics is also often obtained through
typical explicit GCE-DFT simulations:''”"'* the GCE-DFT
simulations have not, however, used the collective reorganiza-
tion coordinate as the RC but rather a few nuclear coordinates
such as bond lengths as the RC. This indicates that while similar
trends may result from the use of two different RCs, the
understanding may be very different; Marcus-like theories predict
that the collective reorganization drives the reaction while GCE-
DFT-MD simulations would predict changes in some specific
bonds to define the kinetics. Hence, the choice of the RC
dictates the insight on ET kinetics. However, GCE-DFT or
explicit atomistic simulations are not restricted to using specific
nuclear coordinates as the RC, and we have recently”>'">"''¢
shown that also (GCE-)DFT studies can utilize the reorganiza-
tion coordinate as the RC when a diabatic DFT model is used;
this is discussed in Section 3.6 and it provides a way to unify the
description of implicit and explicit models of e.g. electron
transfer kinetics.
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2.5. Time Scales in Electrochemistry

The discussion on reaction coordinates is directly linked with
the relevant time scales of the systems. In principle, theoretical
and computational methods can cover all relevant time scales
but in practical simulations this is not always possible.

Consider, for instance, the EDL effects on ET. First, it is well-
established that resolving the EDL requires a thermodynamic
treatment and that time does not explicitly appear in any
thermodynamic expectation values and quantities such as free
energies and structures. In practice, the simulations of (EDL)
thermodynamics can be achieved through various statistical
liquid state theories, including e.g. with implicit continuum
models, classical DFT, and integral equation methods or with
explicit atomistic models such as molecular dynamics simu-
lations. Furthermore, modeling thermodynamics under com-
mon electrochemical reaction conditions of constant potential
and electrolyte activity is achieved by using the grand canonical
ensemble (GCE) which allows fixing the electron and electrolyte
(electro)chemical potentials as done in experiments. Altogether,
GCE theory of electrochemical thermodynamics is exact''”""®
and widely accepted.''” Implicit EDL models naturally treat the
EDL at thermodynamic equilibrium within the GCE and include
all EDL time scales. Explicit EDL models on the other hand
struggle to treat all time scales as sampling slow degrees of
freedom requires very extensive simulations and because
realizing GCE-MD simulations for nuclei is prohibitively
difficult. Despite these numerical and computational challenges,
the GCE treatment of electrochemical thermodynamics is well-
established and the time scale issue does not, in principle,
influence thermodynamic quantities.

The same is not true for reaction kinetics where the treatment
of time scales is pivotal and where opposing views have been
expressed on the validity of GCE in simulating reaction
kinetics.'””"*' As one of the present authors has emphasized
recently,'*" resolving the utility of GCE in addressing electro-
chemical ET requires careful consideration of the system time
scales as this dictates in which ensemble the kinetics simulations
should be performed. While this issue has been addressed in
recent works, we consider that it is not completely resolved yet
and the discussion on this crucial topic is continued herein.

The disagreements' >’ stem largely from the varying time- and
length scales in electrochemistry: the GCE dictates that the
electrode potential and the electrolyte activity within the EDL
must remain in equilibrium with the electron reservoir
(potentiostat) and the bulk electrolyte, respectively, which in
turn means that potentiostat and electrolyte relaxation time
scales must be shorter than the time scale of the studied reaction.
In other words, simulating reaction rates within GCE is valid
only when the reaction rate is slower than the potentiostat or
electrolyte equilibration. Schmickler and Santos'*’ correctly
point out that local EDL relaxation time after ET is ~ 1 ns,'**
which is much faster than the global potentiostat response time
of ~ 100 ns. For these reasons, Schmickler and Santos argue that
because simulation time scales that can be achieved are less than
1 ns, atomistic simulations of reaction kinetics should not be
carried out within GCE. These EDL and potentiostat relaxation
times can be compared to reaction time scales and converted to
the corresponding reaction barriers by making use of the
correspondence between rate constants and relaxation
times:'*"'** 7. = 1/k. By using a TST rate constant

kT AG* . .
k= =, exp| = ), at room temperature, a relaxation time of
B

7417

1 ns corresponds barrier of 0.25 eV, 10 ns to 0.28 eV, and 100 ns
to 0.35 eV, all of which can be considered rather small barriers
and fast kinetics at room temperature. Importantly, if the
reaction barrier is larger than 0.35 eV the electrode potential
remains in both local and global equilibrium and therefore
constant during a reaction and the GCE is expected to be
applicable for describing the ET kinetics. For small enough
barriers or slow system dynamics, the simulation of ET rates
needs to account for nonergodicity—this is discussed in Section
6.2.

In this context, it must be emphasized that both the time scale
and rate constant must be considered as ensemble averages of
reactive events from an initial state to a final state, not the rate of
a single reactive event of e.g. electron tunnelling or relaxation
dynamics at the transition state.'*"'*® In fact, the electron
tunnelling at the transition state can be considered instanta-
neous and the relaxation rate to the final (equilibrium) state is
indeed controlled by (solvent) dynamics characterized by the
reorganization time 7; this relaxation following ET was studied
by Amatore et al.,'** who showed that the EDL relaxes within ~
1 ns after ET. This indicates that once the reaction has passed
the transition region, the relaxation dynamics at the transition
state take place on the 1 ns time scale and dynamics should be
considered to take place under constant charge rather than
constant potential conditions as the potentiostat time scale is ~
100 ns. It should, however, be noted that this relaxation time
scale is not indicative of the reaction time scale computed from
the rate constant; the reaction rate constant from the initial to the
final state must also account for the time scale of reaching the
transition state where the instantaneous tunnelling and following
relaxation can take place."”> As the reaction rate constant and the
corresponding reaction time scale depend most sensitively on
the free energy barrier (Section 2.1.), one must be careful in
choosing the correct ensemble in which the barrier is computed
and this choice depends on the system time scales. In detail, the
four cases can be identified for the consideration of dynamic
effects in the simulation of electrochemical rate constants:

Case 1: The zero-time limit of the flux-side correlation
function leads to the TST rate constant (eq 9), which is
time-independent, and the rate constant is given by the
free energy barrier computed under the ergodic
assumption. The rate constant does not depend on
dynamics, and the free energies can be computed through
thermodynamic sampling in the chosen ensemble, either
constant potential or charge as both contain the same
information through the Legendre transform. However,
as electrochemical rate constants depend explicitly on the
electrode potential, it is more natural to carry out the rate
constant calculations and the needed sampling in the
grand canonical ensemble. Notably, the time scales are
not relevant in this case as dynamics do not appear in the
TST expression and as thermodynamic sampling to
obtain the barrier under the experimentally relevant
(constant potential) thermodynamic conditions is required.
This case forms the basis for discussing the ET rate
constant in Sections 2-5 and 7.

Case 2: The barrier is very small, and the reaction time
scale is shorter than the double layer or potentiostat
relaxation time scale: 7, < 7. In this case the solvent does
not have time to equilibrate on the time scale of the
reaction, and overall rate is given by the initial state
relaxation dynamics (Section 6.1.4). As the double layer

https://doi.org/10.1021/acs.chemrev.5c00926
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and potentiostat do not have time to relax or equilibrate
on the reaction time scale, the relaxation dynamics should
be computed in the constant charge ensemble but starting
from the grand canonically sampled initial states to match
the constant potential experimental situation.

Case 3: The barrier is very high and the reaction time scale
is longer than solvent relaxation: 7, > 7. In this case, the
double layer and potentiostat have ample time to
equilibrate on the reaction time scale: the overall rate
constant is given by the (ergodic) free energy barrier in
the constant potential ensemble and the dynamic
prefactor correction due relaxation dynamics at the
transition state (Section 6.1.3). If the relaxation dynamics
at transition state are on the order of a few picoseconds,
they should be computed in the constant charge ensemble
but starting from the grand canonically sampled transition
states to match the constant potential experimental
conditions.

Case 4: When the reaction and solvent time scales match,
7, & T, the dynamics influence the free energy barrier: this
is the nonergodic region discussed in Section 6.2.

These four cases show that when the reaction time scale is
much longer than the EDL relaxation time scale, i.e., cases 1 and
3, the rate constant depends (mostly) on the reaction barrier and
can be described within TST, while the relaxation dynamics
control the prefactor, as discussed in Sections 2 and 6. For
reactions with barriers above 0.3 eV, both the EDL relaxation
and the potentiostat can be considered at thermal equilibrium
on the reaction time scale, such that GCE can be used for
describing the reaction kinetics. In cases 2 and 3, we agree with
Schmickler&Santos on the fact that potentiostat achieves
control over the potential on the ~ 100 ns time scale, and the
double layer dynamics influencing the rate constant should be
computed through constant charge dynamics but initiated from
a grand canonical distribution. However, in all other cases,
where the characteristic reaction time scale is much longer than
100 ns, it is more natural to use the grand canonical, constant
potential sampling of free energies to match the experimentally
relevant reaction conditions.

Further insight on whether the electrode potential remains
constant during an electrochemical reaction can be obtained by
analyzing the reaction turnover frequency (TOF), which
measures how many reactions take place at a given active site
in a second. To our knowledge, the highest TOF reported for an
electrocatalytic reaction is ~ 10%/(site*s) as observed for acidic
hydrogen evolution reaction (HER) on Pt nanoparticles at high
overpotentials.'”* While HER consists of two PCET steps, it
facilitates a qualitative discussion on how often a very fast
reaction takes place on a single active site, and under steady state
conditions, the TOF of the HER is equal to the TOF of each
elementary step for a serial reaction pathway. As a typical surface
model used in density functional theoretical (DFT) calculations
consists of ~ 10 HER active sites, the TOF corresponds to ~ 10°
reactions/(cell*s) in a DFT cell. Therefore, a single HER
reaction in a DFT cell takes place once every ~ 1 us on average.
This indicates that even macroscopically very fast and frequent
electrocatalytic reactions 1) are rare events at the microscopic
scale relevant to atomistic simulations and 2) take ~ 100 times
longer to occur in a DFT-cell-sized system than it takes for
potentiostat to relax to a constant potential. Note that, this does
not indicate that the TOF is the upper limit for the elementary
rate constant or that all rate constants should be computed in the
GCE but rather that it gives a useful measure for the frequency of
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electrochemical reactions. In particular, if the TOF is ~ 10*/
(site*s), a reaction will take place every ~ 1 ms in DFT-sized
system. As this ~ 1 ms time scale is much longer than even the
macroscopic potentiostat relaxation (~100 ns), even macrscopi-
cally very fast electrocatalytic reactions are initiated or take place
in a constant potential environment. Depending on the reaction
rate constant and double-layer relaxation dynamics, the
simulation of the rate constant should be carried out by the
correct choice of the cases introduced above.

It should also be noted that, at the small time and length scales
used in DFT simulations, notable fluctuations around the
average electrode potential take place during MD simulations.
The potential fluctuations during constant potential MD are
analogous to the temperature or pressure fluctuations in
constant temperature or pressure MD. In all these cases the
fluctuations are due to the natural response or equilibration time
of the system'>> and can be correctly treated by a careful choice
of the potentio-, thermo-, or barostat algorithm, which does not
alter the natural dynamics of the system. In constant potential
MD the potential fluctuations are enforced through the
fluctuation—dissipation theorem,'*® which links the fluctuations
with the microscopic potentiostat time scale and capacitance of
the system, and which can be implemented in computational
potentiostats. It is important to note that the fluctuations impact
only the instantaneous values and their variance; the fluctuations
do not impact the system dynamics or thermodynamics, or
invalidate the applicability of GCE, when potentiostat accounts
for them correctly.

Finally, it should also be pointed out that if the barrier is low
enough and the reaction time is comparable to (Z,eact ~ Teny) OF
smaller than the environment relaxation time, the assumptions
of transition state theory are no longer valid and TST should not
be used for computing the reaction rate constant. This in turn
means that one must explicitly simulate and sample the system
dynamics, not only the free energy, to compute the reaction rate
as discussed in Section 6.

3. MARCUS THEORY

In this section, we focus on the formulation of Marcus theory for
ET between an oxidized state (diabatic state k) and a reduced
state (diabatic state a), as defined in Section 1.2.2. To this end,
we first consider the thermal fluctuations of the nuclear
configuration, in which the inner-sphere nuclear motions are
treated as a set of harmonic vibrational modes, whereas the
outer-sphere solvent is described as a dielectric continuum. The
solvent configurational fluctuations are implicitly reflected in
fluctuations of the slow or inertial polarization, and the resulting
free-energy fluctuations are treated using nonequilibrium
polarization theory in Section 3.2. Two multidimensional
diabatic FESs for the oxidized and reduced states can then be
obtained. With the constraint of energy conservation, the
intersection of the two diabatic FESs with minimized activation
energy in the nonadiabatic ET regime can be identified, and an
effective nuclear coordinate can be introduced. Finally, we
discuss how the Marcus theory can be parametrized using
explicit MD simulations.

3.1. Thermal Fluctuations of the Nuclear Configuration

As discussed in Section 1.2, the FESs fluctuate with the nuclear
coordinates, or DOFs, of both the inner-sphere redox species
and the outer-sphere solvent. The motions along these nuclear
coordinates can be combined into a set of nuclear modes. For
the inner sphere, these modes, e.g., the low-frequency metal—
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Figure 4. Thermal fluctuations of free energy for the dielectric medium in the charging state D, or @,,. In equilibrium state A, corresponding to the
system at equilibrium solvent nuclear coordinates, the fast polarization P§, and slow polarization P, are in equilibrium with D,,. Due to thermal
motions of solvent molecules, the system may fluctuate into a nonequilibrium state C with the nonequilibrium solvent configuration characterized by
the slow polarization P". To determine the electrostatic free energy in the nonequilibrium state, the system can be constructed by two consecutive
charging—discharging steps: first, a slow charging to state B where the electric displacement D,, is in equilibrium with P*, then followed by a fast
discharging to state C. State B corresponds to the minimum of the electrostatic free energy (dashed curve) in the fictious charging state D,. The
electrostatic free energy in state C is then the sum of the reversible work Wy and Wy, from the two steps. For any state with specific solvent configuration,

there exists a fictitious charging state D,, in equilibrium with it. The electrostatic free energy, G

ut
X

, can be expressed as a functional of D,.

ligand stretching modes, are discrete in frequency and are
specific to a given molecular structure, whereas for the outer-
sphere solvent they form a continuum of frequencies.
Accordingly, the inner sphere modes are treated explicitly,
while the outer-sphere modes are treated using continuum
theory in the following. It should be noted that solvent
molecules in aqua-complexes, e.g, [Fe(H,0)4]*", are consid-
ered part of the inner sphere, as they are tightly coordinated to
the metal center.

For the inner-sphere modes, we consider the simplest case, in
which the nuclear modes remain unchanged during ET and only
small displacements about the equilibrium normal coordinates
occur. Under this assumption, the inner-sphere free energies in
the oxidized and reduced states, G and G2, can be represented
as sums of displaced harmonic potentials about their respective
equilibrium normal coordinates, i.e.,

GEIQ)) = G2 + — P nau(Q, - Q)"
j (18)

GEUQN = 6L + 5 X iohaa(Q, =~ Q)
j (19)

where y; and Q; are the effective mass and normal coordinate of
the jy, nuclear mode, respectively; ®;, and ;.4 are the
corresponding vibrational frequencies in the oxidized and
reduced states; and Q. and Q.4 denote the equilibrium
normal coordinates. The terms, Goy*? and Gof%, denote the
inner-sphere free energies at the equilibrium nuclear config-
urations of the oxidized and reduced states, respectively. As
mentioned, these nuclear modes refer specifically to low-
frequency modes that can be separated from the electronic
motion. The above considerations are provided for illustrative
purposes in the formulation of the theory. In more general cases,
the nuclear modes may also change; for example, a Jahn—Teller
induced symmetry change occurs when [Cr(H,0)4]*" is
converted to [Cr(H,0)s]*". In some cases, anharmonic
potentials can be expected to be important, e.g., for the nuclear
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mode associated with bond dissociation in the bond-breaking
ET. This will be discussed in Section 5.3.

For the outer sphere, in response to the electric field generated
by the redox species, the solvent molecules form a net dipole
distribution around the redox species, effectively screening the
electrostatic field and thereby reducing the electrostatic energy
of the system, a phenomenon known as polarization. The
polarization can be initially classified into two categories based
on the response microscopic mechanisms associated with the
electronic motion and nuclear motion of solvent molecules,
denoted as P° and P", respectively. The former, arising from the
displacement of electron cloud relative to the nuclei of solvent
molecules, occurs on a time scale of 1071°~107"% s, so that it
responds almost instantaneously to charge redistribution in ET.
The latter involves the response of solvent molecules through
reorientation of the entire molecule (orientational polarization)
and distortion of its internal structure (intramolecular polar-
ization) in an external field, occurring on a time scale of
107"*~107"" 5, and typically lags far behind the nearly instant
charge redistribution associated with ET. Hence, we can refer to
P* as the fast polarization, while P" can be termed slow or inertial
polarization. The slow polarization is linked to the solvent
(nuclear) configuration, defined by a set of solvent nuclear
coordinates that fluctuate due to the thermal motions of the
solvent molecules. Fluctuations in the slow polarization modify
the electrostatic interactions with the redox species and
therefore lead to fluctuations in the solvation free energy. It is
also important to note that the large time scale separation
between P and P" makes P" a good outer-sphere or solvent
reaction coordinate for ET kinetics according to the discussion
in Section 2.1.

3.2. Nonequilibrium Polarization Theory

In this subsection, we will derive the fluctuating solvation free
energy of the redox species using nonequilibrium polarization
theory developed by Marcus.” As discussed, the solvation free
energy is expected to fluctuate as the solvent nuclear coordinates
deviate from its equilibrium nuclear coordinates due to thermal

https://doi.org/10.1021/acs.chemrev.5c00926
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motion. We consider a dielectric medium with a charge
distribution, @,,, in the oxidized state. In principle, the charge
distribution in the oxidized state comprises both the charge on
the oxidized species and that on the electrode surface (see
ref."””). However, considering that ET is a local phenomenon
near the metal surface, its effect on the charging state of the
electrode surface before and after an electron transfer is
negligible and significant charge redistribution occurs only on
the redox species. Another way to view this is that ET is a rare
event and the electrode surface charge will on average remain
unchanged. Therefore, when considering ET between the
electrode surface and redox species, we only consider @, as
the charge distribution in the oxidized state, while the electrode
surface charge is held fixed and enters implicitly through its
influence on the solvent’s dielectric properties. However, the
image charge induced by the redox species on the electrode
surface should be included in the charge density distributions of
both the oxidized and reduced states, as it adjusts instanta-
neously to changes in the charge distribution of the redox species
during the ET process. The image charge can modulate the
electronic energy levels of the redox species as well as influence
the solvent reorganization process through electrostatic
interactions. In computational approaches that e)iplicitly treat
metal electrons, either through Kohn—Sham DFT ! or orbital-
free DFT,*”* the electrostatic interactions between the redox
species and the metal electrons are accounted for directly, and
no additional treatment of image-charge effects is required. The
electric displacement D,, corresponding to @, is uniquely
determined by the fundamental electrostatic relation,

V-D,, =, (20)

At the equilibrium nuclear coordinates, the electrostatic free
energy of the system achieves its minimum with the
corresponding fast polarization Pg, and slow polarization Py,
represented by point A in Figure 4. As the solvent deviates from
its equilibrium configuration, the fast polarization remains
unchanged at Pg, while the slow polarization P" varies, pushing
the system to a nonequilibrium state with higher electrostatic
free energy. Point C in Figure 4 represents such a non-
equilibrium state. Thus, the following electrostatic relation holds
for all states in Figure 4,

D, =¢,&E + P, + P" (21)

where g is the vacuum permittivity, and & is the electric field. In
equilibrium state A, we have E=E; and P" = P;_. If the solvent
fluctuations are small, we can assume that the linear response of
polarization to the electric field holds: this linear-response
assumption is a key steg for all Marcus-type theories in both
macroscopic, implicit'"” or microscopic, explicit''' models.
Under this assumption, the solvent can be equivalently modeled
as a set of harmonic oscillators, based on the fact that its
dynamical behavior is identical to that of a linear system.'**"*’
The fast and slow polarization responses are respectively given
by

P:x = )(e 8080): (22)
Ponx = ){ne()aox (23)

where y° and y" are the electrical polarizability of fast and slow
polarization modes, respectively. Based on eqs 21-23, we can
obtain the following relations for the equilibrium state,

D, = &8, (24)

pubs.acs.org/CR
£ — &
P:X = ( = ]DOX
& (25)
g — &
P:X = : = DOX
& (26)

with the optical dielectric permittivity e,

e, = (1 + x%)e, (27)
and the static dielectric permittivity &,

&=+ +1")e (28)

The corresponding relations in eqs 24-26 hold not only for
equilibrium state A, but for any nonequilibrium states with the
electric field €, electric displacement D and polarization
responses P° and P".

To obtain the electrostatic free energy in the nonequilibrium
state C, we need to evaluate the reversible work required to
charge the dielectric medium to that state. For this, we can
conceptualize the process as two consecutive steps: first, a slow
charging process to state B where the electric displacement D, is
in equilibrium with P", then followed by a fast discharging to
state C, as shown in Figure 4. State B corresponds to the
minimum of the electrostatic free energy (dashed curve in
Figure 4) in the fictious charging state D,. The electrostatic free
energy in state C is then the sum of the reversible work from
these two steps.

The reversible work required to charge an electrostatic system
from state i to state j can be given by

W= f [ fD K 8~5D)dV o)

where D; and D are the electric displacements in states i and j,
respectively, and V is the spatial volume. This expression holds
for a quasistatic charging process in which the electric field varies
linearly with the electric displacement. A detailed derivation is
provided in Appendix 9.1. The first charging step is sufficiently
slow to allow both the fast and slow polarization modes to
remain in quasi-equilibrium with the electric displacement field,
which ensures that the relation between the electric displace-
ment and electric field remains in the same form as described in
eq 24. The reversible work required in the first step is then
obtained as,

W = f(ff"aw]dv: f(fop"gﬁp]dv
)

In the second step, the slow polarization cannot react in time
and thus remain fixed at P", while only the fast polarization
responds linearly to the electric field, i.e.,

D=¢E+P" (31)

Then the reversible work required for this process can be
evaluated as follows,
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800

(32)
with ¢ = 1/e,, — 1/g, The electrostatic free energy in the
nonequilibrium state C is then the sum of W} in eq 30 and Wy in
eq 32,

Go'[D,] =W, + Wy

X
= f L prav 4 f “(D, - D, )*dV

2e, 2 (33)
which is a free energy functional of D,,. Similarly, the electrostatic
free energy in the reduced state can be obtained as a functional of
D,:
Guin,) = [Zp2av+ [£(, - D fdv
2, 2 (34)
For each distinct solvent configuration, there is a correspond-
ing fictitious equilibrium distribution of the electric displace-
ment that aligns with the solvent nuclear polarization of that
configuration. We observe that the first terms in Gy and Goug are
the electrostatic free energies in the equilibrium solvent
configurations of the oxidized and reduced species, respectively.
They differ from the Born solvation free energy by the
electrostatic energy of the same charge distribution in the

vacuum,130 ie.,

11 1
Gpom = /—(— - —]Dide, i = ox, red
2\ ¢ & (35)

S

Hereafter, the term solvation energy specifically refers to the
free energy of electrostatic interactions between the redox
species and the surrounding solvent molecules, rather than the
difference relative to the electrostatic energy in vacuum.

The second terms in Gy and Go4 account for nonequilibrium
thermal fluctuations of the electrostatic free energy arising from
deviations of the solvent configuration from their equilibrium
configurations in the oxidized and reduced states, respectively.
The fluctuation in electrostatic energy exhibits the character-
istics of a harmonic oscillator, with ¢ acting as the local force
constant. This harmonic behavior arises from the linear response
of the solvent polarization to the electric field, analogous to the
relationship between force and displacement in classical
mechanics and widely used in statistical thermodynamics. The
first terms in eqs 33 and 34 describe the thermodynamic aspects
of solvation, while the second terms capture the nonequilibrium
aspects.

3.3. Diabatic Free Energy Surfaces

As mentioned, the electronic states on the metal surface form a
continuous energy spectrum, with a certain probability for
electron transitions between each of these states and the
electronic state of the redox species. Let the metal electronic
states be represented by a set of unperturbed, one-electron

eigenstates of the metal-vacuum interface ly;), with the
corresponding energy €. The electronic state of the redox
species involved in the electron transfer, i.e., valence electronic
state is described by an unperturbed state in vacuum ly,) with
energy €, This state corresponds to either the lowest
unoccupied electronic orbital of the oxidized species or the
highest occupied electronic orbital of the reduced species. The
energies of these two orbitals often differ slightly due to orbital
relaxation and electronic correlation effects.'*" As this energy
difference contributes only a constant shift to the reaction free
energy and does not affect the rate constant expressions derived
below, it is neglected here for simplicity. In other words, we
assume the Koopmans’s theorem holds. At the metal-solution
interface, €, and €, consist of a chemical component, denoted as
€p and €), along with an electrostatic component related to the
electrostatic potential of the metallic electrons and the valence
electron of the redox species in the presence of the interfacial
electric field, i.e.,

0
€ = € — ey (36)

0
€& =€ - 604?1 (37)

where ¢y, is the inner potential of the metallic phase, ¢, the
electrostatic potential at the site of the redox species during the
reaction, i.e., the electrostatic potential at the reaction plane.

We now consider an electron transferring between the metal
state k and the state a of the redox species, i.e.,

ox + e () = red (38)

If no overlap or electronic interaction between these two
states exists, the electron will remain either in state k or state a,
and the ET is forbidden. Since electrons move much faster than
nuclei, electronic motion can be separated from the nuclear
motion while the nuclei move within the effective potential
energy surface (PES) generated by the electrons and nuclei
together—this is the Born—Oppenheimer approximation.
Under this approximation, the free energies of the oxidized
and reduced states are given by the sum of the gas-phase
electronic energy of the electrons involved and the correspond-
ing nuclear free energies contributed by both the inner and outer
spheres. These free energies, corresponding to the cases where
the electron occupies the one-electron states k and a,
respectively, can be written as follows:

Gl{Q}, D] =€y + € + G}

1 2 2
+ E Z /’ljwj,ox(Ql‘ - Q—j,ox)
J

¢ 2
+ f E(Dn - D,)dV ()

e 1 2 2
G,;[{Qj}; Dn] = €ed + Gre?:{ + E Z ﬂjwj,rEd(Qj - Qj,red)
J
c 2
+ /— D, — D,4)°dV

with the nuclear free energies of the oxidized and reduced states
at their respective equilibrium nuclear configurations,
eq in,eq 1 2
GOX = GOX‘ + _DOXdV
2¢, (41)
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G =Gop+ [ p2av
2¢,

where €,, and €, are the total electronic energies of the oxidized

and reduced species, respectively. With the assumption of

Koopmans theorem, we have €4 = €, + €, To reduce the

complexity, we assume the same average vibrational frequency

®; ,, for the inner-sphere nuclear mode j of oxidized and reduced

jav

species. As suggested by Marcus,'*” the average frequency is

(42)

20)]’ A oxa)j ,red

w = e
e a)j,ox + a)j,red (43)

As shown in egs 39 and 40, the free energies G, and G, are the
functions of nuclear coordinates, as reflected in their depend-
ence on a set of configurational variables consisting of normal
coordinates of the inner-sphere nuclear modes {Ql} and the slow
solvent polarization D,,. The variations of G, and G, with respect
to the configurational variables constitute the multidimensional
FESs for the oxidized and reduced states, respectively. On these
two surfaces, the electronic states of the oxidized or reduced
species remain unchanged as the nuclei move along the FESs. As
mentioned, we refer to these FESs as the diabatic FESs. The
terms “diabatic” and “adiabatic” in electron transfer originate
from the adiabatic approximation in quantum mechanics, which
differs from their use in thermodynamics, where it indicates no
heat exchange between the thermodynamic system and its
environment.'*’

For electron transfer to occur, electronic interactions, i.e.,
coupling between electronic states k and g, is required. When the
coupling is very weak, nonadiabatic ET is operational, and the
diabatic FESs are only minimally perturbed. For an almost
instantaneous electron transition, the nuclei are frozen and their
kinetic energy remains unchanged, in accordance with the
Franck—Condon principle, in which the electron transition
occurs at a fixed nuclear configuration. Given that the entropy
change associated with the electron transition at a fixed nuclear
configuration—arising primarily from variations in electronic
occupations—is negligible;' the fundamental law of energy
conservation requires that the free energies of the two diabatic
states be equal for the electron transition to occur with
appreciable probability. The transition state or activated state
can then be found at the intersections of the diabatic FESs, as
shown in Figure 5. After the electron transition at the transition
state, the nuclear configuration will naturally relax to the
equilibrium configuration of the reduced state.

3.4. Activation Free Energy

Assuming the configurational variables in the activated state are
{Qf} and D7, the activation free energy Gl of reduction
reaction in eq 38 is the difference between the free energies of
the oxidized state with the configurational variables in the
activated state and that in the equilibrium state:

AGZ, = G,[r*, Df] - Glr,,, D]

ox’ “Yox
_1 2 # 2 C 2
- E Zﬂjwj,av(Qj - Qj,ox) + /Z(Dn - Dox) dV}
]
(44)
where {Qf} and Df are subject to energy conservation, namely,

G{Q]}, D1 =Gl{Q]}, D] (5)
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{Qj.ox}rDox {Q/:}‘Dn: {Qj‘red}aDred
L ®

{Qj}: Dn

Figure 5. One-dimensional schematic representation of multidimen-
sional diabatic free energy surfaces (FESs), G, and G,, for the ET
systems with the electron residing in states k (blue line) and a (red line),
respectively. The nuclear configuration is described by a set of
configurational variables consisting of the normal coordinates {Q]}, and
the slow polarization D,,. Their values at the minima of the FESs and at
their intersections are indicated by the dots on the horizontal axis. For
nonadiabatic ET, the activation states can be found at their
intersections, and the reaction proceeds via: (1) nuclear reorganization;
(2) electron transition at the intersections; (3) nuclear relaxation. AG®,
AGZ4 and AGZ, denote the reaction free energy, the activation free
energy of the reduction reaction, and that of the reverse (oxidation)
reaction, respectively.

By substituting eqs 39 and 40 into the above equation, we
have,

1 2 #
E Z 'ujw';av(sz - Qj,ox - Qj,red)(Qj,red - Qj,ox)

]
+ /;(ZDIT - Dox - Dred)(Dred - Dox)dv - AGO =0,

(46)

with the reaction free energy AG® for a specific metal level &,

AGo(ek) =Gy -G —e =+ AG, — eoh — €
(47)
and the free energies of the reduced and oxidized species at their

respective equilibrium nuclear configurations, including both
electronic and nuclear contributions,

0
Gred = €red + Greeqd (48)

0
Gox = €5 + Gy} (49)

The term AG, = Gigy — Ggl represents the difference in the
equilibrium nuclear free energies of the reduced and oxidized
states. As shown in eqs 41 and 42, this difference arises from
structural distortion of the redox species as well as from the
corresponding change in solvation free energy. The energy
conservation constraint (eq 45) implies that electron transfer
can occur only at the intersections of the two diabatic FESs and
in Figure S we plot the diabatic FESs in a one-dimensional case
as an illustration of this. In this scenario, there is only one single
intersection point that corresponds to a unique set of {Qf} and
D?. However, it should be noted that the diabatic FESs are
inherently multidimensional, resulting in infinitely many
intersection points, each of which corresponds to a distinct set

https://doi.org/10.1021/acs.chemrev.5c00926
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of {Qf} and D7, that satisfies the energy conservation constraint.
Given that the reaction rate decreases with increasing activation
energy, the objective is to identify the set of {Qf'} and D that
minimizes the activation free energy (eq 44) while satisfying the
energy conservation constraint. This minimization corresponds
to finding the most favorable reaction pathway, i.e. the
minimum free energy path. To this end, we construct the
following Lagrange functional,

#1 oA L #
L[{Q’l }l Dn] - E Z/’ljw;%av(Qj - (2;',0x)2
j
Sip* _ 207 —
+ fz(Dn D, )"dV — ¢

1 2
Z z ﬂjwjrav(zQ;?é - Qj,ox - Qj,red)(Qj,red - Qj,ox)
J

+ f %(21),3& - D, - DD, — D, )dV — AG'

(50)
where ¢ is the Lagrange multiplier enforcing the constraint of
energy conservation (eq 46). The minimum of this Lagrangian is
located at a point where its differential with respect to {Q'} and
its variation with respect to DZ are both zero. This leads to

oL 2

- # 2
E - jwj,av(Qj - Q—j,ox) - é:/'tjwj,av(Qj'red - Qj,ox)
]
=0 (51)
5L .,
_=CDn_D0x _CECDre _Dox =0
oD ( ) = &e(Dyeg ) )

By combining eqs 46, 51, and 52, we can solve for ¢, {Qf} and
D7 at the intersections and find the minimized activation free
energy,

AG’
52 l[ﬂ + 1]
F _
Qj - Q—j,ox + é:((zj,red - Qj,ox) (54)
D = D, + &(Deg — D) (55)
with,

/1 = /Iin + /Iout (56)

1 2 2
j‘in = E Z ﬂjwj;av(Qj,red - Qj,ox)

j (87)

/lout = l / L - l (Dred - Dox)zdv

25 \e & (58)

where A is the nuclear reorganization energy, consisting of
contributions from both the inner sphere A, and outer sphere
Aout components. By substituting eqs 53—SS into eq 44, we
obtain the minimized activation free energy for ET at the state k
of the metal surface,

A+ AG(e))

AGZ () = A& =
red( k) 5 41

(89)
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The reaction free energy given in eq 47 can be connected with
the electrode potential by introducing the Fermi level e,

AG (&) = €5 + AG, — ey, — € + (€5 — €5) (60)

At the Fermi level, e = ji,, where fi, is the electrochemical
potential of metal electrons. fi, is in turn related to the chemical
potential of metal electrons y,, and the inner potential of the
metal, ¢y, by,

A =1~ ety (61)

The reaction free energy in eq 60 is locally defined at the
energy level €, of the metal, as it depends on the local
environment that influences the local electrostatic potential ¢,
and the local equilibrium solvation difference, the latter
contributing to the nuclear free energy difference AG,. Here,
we first consider the reaction free energy defined using bulk
solution properties, specifically, the inner potential of the
solution, ¢bg, and the nuclear free energy difference AG2"X. The
difference between this bulk-defined reaction free energy and
the locally defined one is incorporated into the work terms and is
discussed in detail in Section 7. Using bulk solution properties,
the reaction free energy in eq 60 can be rearranged into,

AG (e) = € + AGM™ + oy, T € — € (62)
where @, = Ay - u, /e, is the absolute electrode potential,'**
with A@Y = ¢y - ¢ as the difference between the inner
potentials of metal and solution. A standard equilibrium value of
the absolute electrode potential, @, can be defined as -(e? +
AGP4%) /ey, at which the reaction energy at the Fermi level is
zero. The term in the parentheses refers to the free energy
difference between the reduced and oxidized states at their
respective equilibrium nuclear configuration in the solution
bulk, comprising the differences in both electronic energy in the
vacuum (the electrostatic potential energy of the valence
electron in the interfacial electric field has been eliminated from
€J) and equilibrium nuclear free energy. It is evident that the
absolute value of standard equilibrium electrode potential of the
redox couple is independent of the metal properties as it
depends only on the nature of the redox species and the solvent.
With this definition, eq 62 can be recast into,

AGo(ek) = eo((ﬂabs - (03?35) tTE —€ =¢f + € — €
(63)

with the overpotential 7 defined as,

T (64)
where ¢ and ¢° are the electrode potentials relative to a chosen
reference electrode.'”* The overpotential defined here is
referenced to the standard equilibrium electrode potential
rather than to the equilibrium electrode potential that depends
on the redox-species concentrations through the Nernst
equation. By substituting eq 63 into eq 59, we obtain the
activation free energy for ET at the metal state k as,

(A + et + € — €.)

AGZ,(e,) =
red( k) 4/1

(65)

For the inverse reaction of eq 38, i.e., the oxidation reaction, as
shown in Figure §, the corresponding activation free energy is,
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AGL(e) = AGLy(e,) — AG ()
(A — e + € — &)
44

The solvent effects on the activation free energy are 2-fold.
First, the equilibrium thermodynamics dictate the extent of
equilibrium solvation of the redox species, thereby influencing
the reaction free energy, or driving force. Specifically, the
difference between the equilibrium solvation free energies of the
oxidized and reduced species controls the standard equilibrium
potential of the reaction. Second the nuclear nonequilibrium
fluctuations determine the energetic penalty for reorganizing the
solvent into the transition-state configuration that permits
electron transfer; a smaller reorganization energy indicates a
more favorable process and a lower free energy barrier.

Figure 6 shows the activation free energies at different
electronic state energies for the reduction (solid lines) and

(66)
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Figure 6. Activation free energies at different electronic state energies
for the reduction (solid lines) and oxidation reactions (dashed lines) at
overpotentials of —0.2, 0, and 0.2 V, with line colors transitioning from
light to dark. The reorganization energy is set to 1 eV.

oxidation reactions (dashed lines) at overpotentials of —0.2, 0,
and 0.2 V, with line colors transitioning from light to dark. At the
standard equilibrium potential, where the overpotential
referenced to this value is zero, the activation free energies for
both the reduction and oxidations are equal, each being one-
fourth of the reorganization energy A. As the overpotential
increases, the activation free energy for the reduction rises at
each electronic level, while decreasing for oxidation. At the
absolute zero temperature, the metal electronic states are filled
up to the Fermi level, and therefore reduction reactions are
prohibited above the Fermi level because there are no occupied
states to donate electrons, while oxidation reactions are
prohibited below the Fermi level due to the absence of
unoccupied states to accept electrons. At finite temperatures,
electrons occupy the electrode states following the Fermi—Dirac
distribution such that the electronic states with energies above
the Fermi level can become partly occupied and states below the
Fermi level may be partially unoccupied. While the occupation
of the electrode’s electronic states change due to thermal effects,
in practice only the states near the Fermi level make significant
contributions to the reaction rate as only these states have a
significant contribution on the reaction barrier as discussed in
Section 4.4. Therefore, accounting for thermal effects on the
electrode’s energy level occupations does not significantly alter
the fact that reduction is unfavorable above the Fermi level,
while oxidation is unfavorable below it. Hence, we can attribute

7424

the ET rate primarily to contributions from the Fermi level, with
the corresponding activation energies at this level being,

(4= 5077)2
42

(A + egn)”

AGZ (&) =
red F) 4/1

’ AGZi(eF) = (67)

When the overpotential is small, the second-order terms of 7
can be neglected, resulting in activation free energies that
resemble the form found in the Butler—Volmer equation,

A 1 A 1
AGZ,(e =—+—e,AG¢€ = — — —¢ (small
red( F) 4 ) ol ox( F) 4 2 07/]( i’])
(68)

which give the transfer coefficients (or symmetry factors) of 0.5
for both reduction and oxidation, where the transfer coefficient
is defined as the derivative of the activation free energy with
respect to the driving force AG°, corresponding to ey for
reduction and ey for oxidation.*® The Marcus formulas in eq 67
provide a driving force-dependent transfer coefficient, 0.5(1 +
AG®/1), according to its definition. As the driving force varies
from -4 to 4, the transfer coefficient ranges between zero and
unity, with these two limits corresponding to the activationless
and barrierless reaction regimes, respectively.

The most essential concept introduced by Marcus theory is
the nuclear reorganization energy. It represents the free energy
required to reorganize the nuclear modes from the equilibrium
configuration of the reactant (or product) to that of the product
(or reactant) while the electronic state remains that of the
reactant (or product), as defined in eqs 56—58. The inner-
sphere reorganization energy can be estimated using eq 57, with
the relevant parameters, such as vibrational frequencies and
changes in interatomic distances, obtained from X-ray crystal
diffraction, extended X-ray absorption fine structure (EXAFS)
measurements, and structure-optimized electronic-structure
calculations. The outer-sphere, or solvent, reorganization energy
can be estimated using eq 58 within a continuum model. Beyond
the simple Born-sphere solvation model, the calculation can be
refined by invoking the nonlocal electrostatic description of the
solvent developed by Kornyshev et al."*>'* Further discussions
on the solvent reorganization energy in eq 58 will be given in
Section 7.2. Alternatively, atomistic simulations can be
performed to obtain the reorganization energy and to separate
it into inner- and outer-sphere contributions, as will be discussed
in Section 3.6. As shown in eqs 56—58, when the parameters
entering the reorganization energies are assumed to remain
constant, the reorganization energies for the reduction and
oxidation reactions are identical, since they depend only on the
squared displacements of configurational variables and are
therefore invariant with respect to the ET direction. In this case
of symmetric reorganization, the diabatic FESs for the reduced
and oxidized states can be represented by parabolas of identical
curvature, as shown in Figure la. Asymmetric reorganization is
expected when these assumptions are no longer valid. For the
inner-sphere reorganization, instead of assuming the same
average frequency as in eq 57, such asymmetry may arise from
shifts in the vibrational frequencies between the reduced and
oxidized states. The inner-sphere asymmetry has been estimated
for reactions of large transition-metal complexes,137 e.g,
chromium(III) ethylenediaminetetraacetate (EDTA), in which
the inner-sphere reorganization is prominent; such asymmetry
plays a critical role in the theoretical analysis of the activation
energy.”® The outer-sphere asymmetry arises from different
coupling strengths of the reactant and product with the solvent
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polarization, as a consequence of the distinct intrinsic properties
of the reduced and oxidized species, e.g,, the polarizability."**"*°

3.5. Effective Nuclear Coordinate

Here, we give some further insight on the meaning of the
Lagrange multiplier £ in eq 53. As discussed, each non-
equilibrium nuclear configuration in the oxidized state
corresponds to a nonequilibrium state, with a fluctuating free
energy representing the differences between the free energy of
this nonequilibrium state and the equilibrium state. As shown in
eq 59, all fluctuating free energies associated with different
nuclear configurations of the oxidized state can be identified as
activation free energies at specific values of &, ranging from
negative infinity to positive infinity. In other words, as £ varies in
this range, the corresponding activation free energies effectively
account for all fluctuating free energies of the oxidized state. eq
59 thereby allows us to describe the fluctuating free energy of the
oxidized state using a single, dimensionless parameter &, which
effectively represents the nuclear coordinate. With this, the
diabatic FES of the oxidized state can be described as,

Gi(&) = €y + € + Gl + 28 (69)

where & = 0 represents the equilibrium nuclear configuration of
the oxidized state. As shown in eqs 53 and 63, & varies linearly as
a function of the energy of the metal electronic state k. The
statement around eq 69 indicates that each nonequilibrium state
of the oxidized species can serve as an activated state for electron
transfer at a specific metal electronic state k with its energy
varying from negative infinity to positive infinity. Under real
conditions, the metal states are confined to a specific energy
range, while the density of states (DOS) vanishes outside this
range, making no contribution to the reaction rate. This effect is
captured in the pre-exponential factor of the rate expression,
which will be discussed in Section 4. Similarly, we can find that
the diabatic FES for the reduced state can be also effectively
described as a function of &,

Ga(é:) = €red + Gree(il + j’(é: - 1)2 (70)

where & = 1 represents the equilibrium nuclear configuration of
the reduced state.

3.6. MD Simulations of Diabatic FESs

Molecular dynamics simulations can be used to explain and
understand the microscopic atomistic details of the nuclear
reorganization and nonequilibrium nuclear fluctuations in
Marcus theory. Achieving this requires three key steps: 1) the
definition and construction of diabatic states, 2) finding a
reaction coordinate to project the 3N-dimensional explicit
solvent coordinates onto the 1D nuclear reorganization
coordinate, and 3) sampling diabatic states along this reaction
coordinate. Below, each step is discussed separately. Note that
we do not separate inner- and outer-sphere reorganization as
both are treated as nuclear rearrangements. Hence, the
reorganization contributions obtained from the methods
described in this section refer to the nuclear reorganization
and total reorganization energy.

3.6.1. Defining Diabatic States. A diabatic state can be
generally and qualitatively defined as an electronic state that
does not change its physical character along the reaction
coordinate."*" Mathematically, this means that the diabatic

states {¥,} satisfy

(e, )| e, ) )

P
ES
_ / Wi (r, R) = ¥ (r, R)dr

=0 (71)

at all electronic (r) and nuclear (R) coordinates. This condition
means two different diabatic states remain orthogonal (zero
overlap) to each other even as the nuclear position of the other is
changed. Effectively, this means that the diabatic states do not
change when nuclei move but in practice it cannot be met for
systems with more than a few nuclei.'**

Therefore, in electron transfer studies the practical approach
to generate diabatic states is to build states that approximate eq
71 as well as possible, i.e., minimize the coupling between two
diabatic states. Various schemes to achieve this have been
developed for different purposes'*""'* but they share a few key
similarities: the diabatic states are generally smooth functions of
the nuclear and reaction coordinates, which makes them ideal
for investigating chemical dynamics and kinetics, and the
coupling between the states is minimized.

In the context of Marcus theory, the diabatic states are chosen
to represent the reactant and product states both of which have a
well-defined and localized charge at all solvent geometries. In
practice, this is most often achieved through the use of empirical
valence bond (EVB) approaches pioneered by Warshel et
al."**~ "¢ EVB describes a reacting system as a superposition of
two resonance structures, corresponding to the reactant and
product states, and the energy of the system is described as a
combination of the reactant and product Hamiltonians and their
coupling terms. Notably, the resonance structures maintain their
character in all nuclear arrangements and differ only in their
charge localization. To achieve a connection with Marcus
theory, which describes the ET between donor and acceptor
states, D + A* — D" + A, the resonance structures representing
these two states are used to define the EVB states of reactant
¥, (r,R)) and product I¥,(r,R)), which in the Born—
Oppenheimer approximation are given as

¥ (r, R)) = lyp(r; R))zp i (R)) (72)

I¥y(r, R)) = e, (5 R))zpyey (R)) (73)

where lypa'(R)) and lyp:a(R)) denote the nuclear wave
functions corresponding to the reactant and product states,
respectively. In ET theory, lyp,(R)) and lypra(R)) are often
used to characterize the nuclear structures in reactant and
product states. The total adiabatic wave function is written as a
linear combination of these two resonance structures within a
minimal configuration interaction model:

w2 (p R)) = c¥(r, R)) + cI¥,(r, R)) (74)

[P2dia(y,R)) is the adiabatic state obtained as the solution of a 2 X
2 nonorthogonal Schrodinger equation in the basis of the
reactant and product EVB states through the corresponding
secular equation

H, H, [Cl] 1 Siz [Cl]
=E

H,, H,l|% S, 1|14
H,-E H, — ES;,
— =0
H, — ES,, Hy —E (75)
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where H,-j:<‘Pi(r,R)|IiI|‘Pj(r,R))A are the Hamiltonian matrix
elements for the Hamiltonian H and S;=(¥(r,R)|¥(r,R)) are
the overlap matrix elements which are nondiagonal because
I¥(r,R)) are not eigenfunctions of the H but two different
diabatic Hamiltonians as discussed below. The diagonal
elements of the Hamiltonian matrix correspond to the diabatic
energies, and the off-diagonal elements are the coupling matrix
elements. The diagonalization of the previous equations gives
two adiabatic states: the ground and the first excited state. If the
coupling element, H,, is small, the resulting ground and excited
states strongly resemble the diabatic FESs in Figure la. If Hy, is
large, the adiabatic FES in Figure 1b is obtained — this is
discussed in detail in Section 5.

The diagonal elements of eq 75, the diabatic energies, can be
obtained either using a classical force field, QM/MM (quantum
mechanics/molecular mechanics), or diabatic DFT methods. In
all these cases, one follows the Born—Oppenheimer approx-
imation and then considers the electronic and nuclear parts
separately. Specifically, owing to the much faster motion of
electrons compared to nuclei, the electronic states and
corresponding energies can be obtained by solving the electronic
Schrodinger equation at fixed nuclear coordinates R, i.e.,

(Wp(r; R)Hly, u(r; R)) = EF(R) (76)

(W (15 R)Hly., (r; R)) = E5'(R)

where H, denotes the electronic Hamiltonian, which also
incorporates the Coulomb interactions between nuclei in the
computational simulations. The electronic energy as a function
of nuclear coordinates R, together with the interaction energy
between nuclei, defines the potential energy surface for the
nuclei, whose statistical average contributes to FES. The nuclear
dynamics in the PESs is then obtained from

[T, + Efl]U(DN (R)) = ElTl)(DA* (R))

(77)

(78)

[Tn + EZEI:H){D‘*A (R)> = E;FU(D*'A(R))

where T, is the nuclear kinetic energy, and E; is the total energy
of the system in state |'¥;). It should be noted that the PES or
FES does not include contributions from nuclear kinetic energy.
In classical force field and QM/MM EVB methods, the energies
are computed separately for both acceptor and donor states as
the interactions between redox species and the solvent as well as
the solvent—solvent interactions depend on the redox species’
charge.'**"*® The reacting part of the system is formally
described using the electronic gas-phase Hamiltonian, which
also defines the charge state of the redox species (D + A" or D* +
A). In QM/MM methods the electronic gas-phase Hamiltonian
in the presence of the external potential created by the ligands
and solvent molecules is explicitly evaluated while in classical
force field models this interaction is treated with an effective
force field."*”~"*’ In both cases the nuclear—nuclear interactions
are described through a classical force field and typically force
field “calibration”™®"*%'*! with experiments or quantum
chemical calculations is needed in the EVB simulations.

The construction of diabatic states through DFT requires
modifications to the DFT Hamiltonian to achieve the charge
localization at all nuclear positions. The most common method
to achieve this is constrained DFT (cDFT)"**™"*° which has
been implemented in several electronic structure codes'”’ "%
that can model 2D periodic systems, such as electrochemical
interfaces, and explicitly account for the electrode potential

(79)
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through GCE-cDFT.** In cDFT, the diabatic states are
generated by predefining the charge that a certain group of
atoms should have. This is achieved by defining an extended
energy functional

EUn(r), Vidoer = Bln(Ploer + V] [(n(r)ar = N
(50)

where n(r) is the electron density, w. is the weight function
which defines how the charge is to be partitioned, i.e, the regions
where charge is to be localized, N, is the desired number of
excess electrons within the constrained region, V_ is the
Lagrange multiplier enforcing the charge localization, and
E[n(r)]ppr is the standard DFT energy functional. The
introduction of the constraining terms adds a new effective
local potential to the DFT equations Vw,(r) and the Lagrange
multiplier, i.e., the strength of the local potential, is solved self-
consistently so that the convergence criterion for the charge
localization is satisfied.

3.6.2. Microscopic Description of the Nuclear Reor-
ganization Coordinate. The polarization coordinate used in
the continuum models in the preceding section cannot be
directly adopted for explicit MD simulations because the
polarization corresponds to the collective movement of tens if
not hundreds of solvent molecules which would result in a very
complex and inefficient sampling of a very high-dimensional
FES. Furthermore, it is difficult to identify suitable direct
geometric reaction coordinates, such as bond lengths and angles,
which can describe ET and achieve the needed time scale
separation between the reaction coordinate and other degrees of
freedom. Both of these issues can be circumvented by reversing
the role of nuclear reorganization and the energy gap between
the reactant and product diabatic states; in the continuum
theory, the solvent reorganization leads to the disappearance of
the energy gap between the diabatic states, as shown in Figure
la, and thereby electron transfer while in explicit MD
simulations we are forcing electron transfer by closing the
energy gap and this then leads to solvent reorganization and
charge transfer. This change from “the nuclear reorganization
closing the energy gap” to “energy gap closing leading to nuclear
reorganization” is valid because in computing reversible work
one is free to choose the most convenient reversible path.'**

The energy gap AE(R) can be explicitly specified as the
energy difference between the reactant and product diabatic
states at a given nuclear configuration

AE(R) = H;y(R) — Hy(R) = E(R) — Ey(R) (81)

Because AE(R) depends on all nuclear coordinates (R) of the
system, it can be seen as a projection of all nuclear coordinates
onto a single collective reaction coordinate. The energy gap has a
long history in spectroscopy, the description of relaxation
processes, and it was first used in the MD simulations of
condensed phase reactions by Warshel'**~"** more than four
decades ago; now, the energy gap coordinate can be considered
as a universal reaction coordinate as it achieves efficient
sampling in condensed phases and allows a more localized
description of the transition state than many geometrical
reaction coordinates.'®®

3.6.3. Constructing Diabatic FESs. Using the energy gap
as the reaction coordinate means that the partition functions,
free energies, and/or probabilities as functions of AE(R) need to
be constructed—this is achieved using eqs 14-17 in Section 2.1.
However, the direct computation of these quantities through
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normal MD is not feasible, as discussed in Section 2.2, and
enhanced sampling methods'”” need to be used. The most
common way to sample the energy gap coordinate is to use a
mapping Hamiltonian, which linearly interpolates between the
reactant and product Hamiltonians

H,(R) = aH;(R) + (1 — @)H,(R), & € [0, 1] (32)
where a; is the i point along the discretized path connecting the
reactant and product diabatic states. With this Hamiltonian one
can sample the energy gap coordinate and compute the free
energy changes through free energy perturbation (FEP)
theory'®® or umbrella sampling.'®” Changes in the diabatic
free energy (6G;,(AE)) at it sampling point for the reactant (R,
with Hamiltonian H;;) and product (P, with Hamiltonian H,,)
state are given by'*

5GR(AE) =
—k.Tln 5[AE(R) - (Hll(R) - sz(R))]
' expl ~A(Hy,(R) ~ H,(R)I |
(83)
5G] (AE) =
71l [ SLAER) — (Hiy(R) — Hyy(R))]
’ expl—(H(R) ~ H,(RDT [
(84)
AG, = 2 8G(AE)
j=0 (85)

where (.. .),, indicates that the sampling is carried out at the ith

sampling point using the corresponding mapping Hamiltonian.
The free energies from the previous equations are completely
general and allow constructing the reactant and product diabatic
FESs from MD simulations. Note that the obtained diabatic
FESs do not need to be parabolic as required or predicted by the
Marcus theory, and this general approach can also capture
nonlinear coupling or response between ET and nuclear
reorganization.

3.6.4. Connecting with Marcus Theory. The connection
between the energy gap coordinate and the diabatic FES from
eqs 83-85 can be established in several ways. An elegant way to
achieve this is rewriting the diabatic free energies as the
corresponding probabilities, which then leads to the energy gap
probability distribution

pr (AE) = ((AE — AE(R)))r (86)
for the reactant state and similarly for the product. The subscript
R tells that the sampling is done using the reactant Hamiltonian
H;,. A key assumption in Marcus theory is that the energy gap
has a Gaussian distribution; this assumption is equal to the linear
response theory''” which is equivalent to the linear coupling
model used in e.g. Marcus theory and Anderson—Newns—
Schmickler model Hamiltonian in Section S.1.
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1
J27((AE — (AER))*)
_ (AE - (AEy))?
2((AE — (AE)))r

pr(AE) =

(87)

where (AEyg) is the average value of the energy gap in the
reactant state and of = ((AE - (AEg))*)y is the energy gap
variance in the reactant state. The corresponding free energy is
obtained using eq 17

ky

k. T(AE — (AEg))* T
+ B ( 2< r) + —11‘1(271'6}%)
20y 2
(88)

GRr(AE) = Gy

And similarly for the product state
. keT(AE — (AEp))’

2
20p

;T
Gp(AE) = Gp + BTln(ZnoPZ)

(89)

Both the reactant and product diabatic FESs are quadratic
functions of AE and the variances define the curvature of the
parabola. To arrive at the Marcus equation, one uses the exact

linear free energy relation'®®
Gp(AE) — GR(AE) = AE (90)

which restricts the gap fluctuations to be equal:''>'* 6% = o2.
From this the following relations can be derived'"”

o 1
1= L(aky) - (agp) = 28
) K P (92)
These allow writing the diabatic FESs as'”®
(AE — (AG + 1))?
Gr(AE) =
R(AE) 42 (93)
(AE — (AG - A))* .
Gp(AE) = + AG
o(AE) 42 (94)

At the transition state, the energy gap AE =0, i.e,, Gg(AE) =
Gp(AE). The Marcus barrier in eq 11 is thus obtained from eqs
91-92.

3.6.5. Computational Aspects. The relations in eqs 91—92
enable computing the Marcus barriers through MD simulations
once the diabatic states have been defined and one only needs to
carry out sampling in the reactant and product states. It is also
important to note that we have not specified the ensemble in
which the sampling is carried out—the same formalism is
equally suitable for both canonical, constant charge as well as
grand canonical, constant potential calculations. This means that
the microscopic version of the Marcus theory and the sampling
of eqs 83—87 can be readily applied to simulate electrochemical
ET kinetics either under constant potential or charge conditions.
A theoretical and practical computational difference is that in
constant potential calculations the diabatic Hamiltonian (eq 82)
corresponds to a grand canonical EVB Hamiltonian®* while in
the constant charge calculations it corresponds to a canonical
EVB Hamiltonian such that the former leads to grand free
energies and reorganization energies in eqs 91—92 while the
latter canonical free energies in eqs 91-92.
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It should also be noted that eqs 83-94 contain only time-
independent thermodynamic expectation values, which means
that constant charge calculations can be converted to constant
potential results and vice versa through a Legendre transform.
This is due to ensemble equivalency'’ "' "> which holds for most
electrochemical systems (thin slit systems and thin semi-
conductor electrodes are known exceptions) and which
indicates that the thermodynamic expectation values are
independent of the ensemble. In the current context, this
indicates that sampling in the grand canonical ensemble can be
substituted by sampling in the canonical ensemble and then
weighting the computed quantities using the grand canonical
version of the Boltzmann weight. For instance, the grand
canonical expectation values are obtained from canonical values
through (O(fi.)) = X n(O(N.))exp(-fN,i,) for a general
observable O either as a function of the number of electrons (N,)
or as a function of the electrochemical potential of electrons
(it,), i.e., the electrode potential. To reverse this, the canonical
expectation values are obtained from the grand canonical
sampling by choosing phase space points that have the desired
charge. Note also that when explicitly time-dependent dynamic
effects are included, the canonical and grand canonical
description of ET kinetics are no longer equal as discussed in
Section 6.

eqs 83-94 serve as the foundational equations for atomistic
simulations of ET kinetics. The atomistic simulations using
these equations were realized and accomplished with the
classical EVB simulations in the 1980s first for molecular charge
transfer reactions in polar solvents'**'** followed by bio-
molecular systems.'”* At this time, the interactions and diabatic
states were treated using classical force fields and classical MD
simulations. These early studies on molecular systems were
quickly followed by the first simulations of electrochemical
ET'" still using classical MD force fields and simulations in
early 1990s. The approaches based on classical MD simulations
of electrochemical ET are still in use. They have been extended
from simple outer-sphere reactions to inner-sphere reactions,'
modified with the inclusion of the electrode potential'”*'”” for
constant potential simulations, and further developed with
improved force fields and efficient EVB simulations.'*® While
the classical MD simulations achieve very efficient simulation of
the solvent environment and allow addressing the long time and
length scales needed for comprehensive phase space sampling,
the force field parameters still require careful “calibration” or
fitting against experiments to achieve quantitative accuracy.148

Starting from the early 2000s, the application of classical MD
simulations of ET has been accompanied by various realizations
of EVB-like, diabatic DFT simulations,'”® such as embedding
methods, constrained DFT, and fragment methods. Again, the
earliest simulations were done for molecules in polar solvents' "
followed by biomolecular simulations within DFT/MM-MD
approaches,'”” and most recently by cDFT-MD simulations of
electrochemical ET."'>"'® While DFT-based methods improve
the accuracy of energy and force evaluation with respect to
classical force fields and remove the calibration with respect to
experiments, the achievable sampling efficiency or time and
length scales are compromised. Recent advances in DFT
simulations of electrochemical ET kinetics include e.g. constant
potential GCE-cDFT simulations®” and the use of tight-binding
DFT"”” or QM/MM approaches'*~"** to extend the sampling
time and length scales.
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Avoiding the compromise between accuracy and sampling
efficiency can potentially be achieved by the development and
application of machine learning (ML) techniques that have
recently started to influence the simulation of ET kinetics.
Currently, the ML simulations within the Marcus theory and
EVB methods are limited to the molecules in polar solvents.'**
However, by projecting on the previous advances in the
simulation of ET with classical and DFT methods as well as
the fast developments of ML methods for the simulation of
solid—liquid interfaces'®* and constant potential condi-
tions,"*>~"*" it is likely that the ML-based simulations of ET
in biochemical and electrochemical systems will be realized
rather sooner than later. Nevertheless, simulating the electrified
solid—liquid interfaces within the GCE conditions of constant
electrode potential is still and outstanding challenge for ML
methods.

The main pitfall in EVB simulations is the definition of the
EVB states themselves as they are not unique but depend on the
user’s choice, understanding, and intuition of the studied system.
Another potential issue in the simulations is using a fine enough
discretization (a) in the mapping Hamiltonian eq 82 for the
Hamiltonian such that the FES or umbrella sampling
calculations converge (typically ~ 10 discretization). Regarding
the sampling time scales to converge the mapping Hamiltonian
for a single « value there are no universal measures to estimate
the needed sampling time. Some rough estimates can be
obtained from e.g,, the solvent rotation correlation times which
for water are at least S—10 ps. More generally, the statistical
convergence of the EVB simulations and sampling can be
checked by studying e.g., the energy gap correlation and
relaxation times so that the gap sampling is robust, confirming
that the energy gap distribution and e.g., radial distribution
functions are stationary and do not vary with time, and that the
free energy is converged. Such tests for EVB-MD seem to be rare
as most EVB-MD simulations use classical force fields where the
sampling time is not as pressing as in DFT-MD. In ref."*® it is
concluded that for PCET the free energy converges on times
typical for DFT-MD, i.e., within ~ 10—100 ps. Finally, direct
computation of the electronic coupling constant has not been
widely tested for periodic systems or in the grand canonical
ensemble. While k-point sampling is possible, it is not widely
supported or tested.'>” However, the effective coupling constant
can be estimated indirectly from the energy gap between the
diabatic and adiabatic ground state free energy surfaces through
eq 172 at the transition state:*> H,, = Ed2tic _ gground The
needed energies are obtained from the EVB-FES simulations for
both canonical and grand simulations.*

In addition to developments in the computational methods
for parametrizing Marcus theory for various systems, it should be
remembered that the relations underlying the simple evaluation
of Marcus parameters (eqs 91—92) are valid only within the
linear response theory; if nonlinear solvent effects are present,
enhanced sampling along the energy gap, eqs 83—85 need to be
employed. Such enhanced sampling simulations would be highly
beneficial to study the validity of the linear response theory and
to possibly develop nonlinear Marcus theories. Finally, it should
also be noted that the explicit simulation approaches only yield
the total reorganization energy. If the separation to inner- and
outer-sphere contributions is desired, the approach in ref.'*” can
be employed, see more details in Appendix 9.4. Furthermore,
computational methods to address e.g. nonadiabatic effects and
solvent dynamics, discussed in Section 6, should also be
advanced.
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4. NONADIABATIC RATE THEORY

Section 3 introduced the central concepts and approaches for
understanding the nonadiabatic activation free energy in ET
reactions. However, computing the absolute rate of ET reactions
through eq 1 needs also the prefactors. In nonadiabatic ET
reactions the prefactor v, &, is needed to account for probability
of the electron transfer in the transition region, where the
transferring electron suddenly jumps or tunnels between the
diabatic FESs of the oxidized and reduced states at their
intersection, as required by Franck—Condon principle and
energy conservation. In this section, we will present a quantum
mechanical description of such electron transitions at the
intersection point, as this is essential in formulating an absolute
rate theory of ET.

4.1. The Master Equation

In the nonadiabatic limit, no hybridized states or covalent bonds
are formed, allowing us to treat electron transitions between
each metal state and the redox species as independent events.””
In this case, the coupling between the diabatic states is weak;
under this assumption, the quantum transition of interest at the
intersection occurs directly between the diabatic states k and a
without the involvement of other states. For each diabatic state,
the potential energy surfaces can be obtained within the Born—
Oppenheimer approximation, as shown in eqs 76 and 77. In
particular, these modes include the inner-sphere nuclear
vibrational modes and the constrained orientational motions
of solvent molecules, commonly referred to as librations.'”
Translational modes of the solvent are neglected, as they are
much slower than vibrational modes, and typically frozen during
the whole ET process. The oxidized and reduced states each
consist of a set of microscopic vibronic states, labeled by the
quantum numbers km and an, respectively. The corresponding
total wave functions are denoted as [¥Y,,) and I¥?,), with the
energy eigenvalues given by

Ekm = EI:Uiﬂ + € Ean = E:ﬂn + €, (95)

where Ef'" and ET"™" represent the minima of the PES for diabatic
states k and g, i.e., electronic energies at the equilibrium nuclear
configurations. It is important to note that E;,, and E,, are not
the PES energies as they also include the kinetic energy of the
solvent nuclei and therefore represent the total energy of the
system in each diabatic state. Under the Born—Oppenheimer
approximation the vibronic wave functions can be written as the
product of electronic wave functions and nuclear wave
functions:

L, = Iy (r; Ry, (R)), ¥S,) = ly(r; R)lz, (R))
(96)

where ly;,,) and ly,,) represent the nuclear wave functions in
vibrational states m and n, respectively.

When the electronic states k and a are coupled, quantum
transitions between the vibronic states [¥),) and [¥?,)may
occur. On the time scale of ET, the total system, consisting of the
electronic subsystem and all nuclear modes of the redox species
and solvent, the latter serving as a heat bath, can be regarded as
remaining at constant energy and is therefore microcanonical.
The corresponding master equation for probability of being in
the vibronic state km is given by””
dB,(t) _

dt - z Mfan,kmpan(t) - kz I/Vkrn,a'rlpkm(t)

97)
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where P, and P,, are the time-dependent probabilities of the
system being in states [V}, ) and |¥, ), respectively. W,,,,, is the
rate of transition from [¥3,) to ¥},,), and Wy, is the rate for
the reverse transition. All nuclear modes are considered as a heat
bath for the electronic subsystem, which remains in thermal
equilibrium regardless of the electronic subsystem. Then Py, (t)
and P,,(t) can be factored into a nonequilibrium probability
P,(t) and P,(t) for the electronic subsystem and a thermal
equilibrium probability p,, and p, for the heat bath, i.e.,”

B,.(8) = B(t)p,, Bult) = B(t)p,

Substituting this into the above master equation, and
summing over m, we obtain

dB(t) _  dB,(t)
dt =2 d

t
= 2RO X Wt = 2B 2 Wi,
a mn k mn

= Y WuB(1) - Y. WB(D),
a k

(98)

(99)
with

m]ak = Z m]an,kmpn’ T/Vka = Z T/Vkm,anpm
mn mn (100)

where W, denotes the transition rate of an electron from
electronic state k to a, and W, represents the rate of the reverse
transition. eq 99 resembles the form of a chemical kinetics
equation, with the concentrations of reactants and products
replaced by the probabilities of electronic states. In the case of
first-order ET, e.g., eq 38, W}, and W, correspond to the
oxidation and reduction rate constants,'~ respectively, when
considering ET between electronic state k on the metal surface
and valence state a of a redox species. If multiple electronic states
on the metal surface contribute to the ET, the overall rate
constant is obtained by summing the transition rates over all
pairs of state k and 4, since transitions between each pair of
electronic states are independent under the weak-coupling
condition.

In the following subsections we show how the quantities
entering eq 100 are obtained. In Section 4.2, the transition rates
Wi and Wy, ., are derived using time-dependent perturba-
tion theory. In Section 4.3, the equilibrium thermal populations
pm and p, are described using Boltzmann statistics, where all
nuclear modes are treated as a bath of harmonic oscillators with
an effective frequency. In Section 4.4, the transition rate between
the electronic states, W, and Wy, is formulated. Section 4.5
details the rate constants of ET between the metal surface and
redox species. The nonadiabatic ET rate constant is derived in
the high-temperature limit, in which all nuclear modes behave
classically. This approximation is valid for most cases of
nonadiabatic ET, in which the electronic transition is much
slower than the nuclear (vibrational) dynamics. In Appendix 9.3
we complete the classical picture and present an alternative
derivation of the nonadiabatic ET rate constant based on
Franck—Condon factors, which can also incorporate non-
classical high-frequency vibrations and which gives a micro-
scopic expression for the reorganization energy.

4.2. The Time-Dependent Perturbation Theory

We assume that the ET can be described using one-electron
metal states k and that correlations between them can be
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neglected. This assumption enables treating the electron
transition between each metal state k and state a as independent
events which is generally true at the weak-coupling limit, i.e.,
when the coupling V, is small. The time evolution of the system
state I¥) with the total perturbation Hamiltonian H = H° + V;,
can be described by the time-dependent Schrodinger equation,

(1)) = HI¥(t)) (101)

where the dot over the physical quantity denotes its differential
or derivative with respect to time t. In the absence of coupling
between electronic states, the system Hamiltonian is un-
perturbed H = H° and the system starts in a pure or
superposition state of the diabatic eigenstates of H':

I¥(0)) = ¢, (0)¥],) + ¢, (0¥,

(102)

where ¢,,(0) and c,,(0) are the expansion coefficients at t = 0,
and the squares of their moduli represent the probabilities of
finding the system in the diabatic states I¥},) and I¥2,),
respectively. With this initial condition, I'¥(¢)) can be generally
solved as,

i, t

ww»=%4mwwa4—

iE,,t
exp| — A

where 7 is the reduced Planck constant. Without coupling, the
probability of finding the system in the state I¥,,) or I¥5,) at

time ¢ is then given by,

B(t) = (T?lT(t))z = |ci(0)|2(i = km, an)

) + ¢, (0)I¥5,)

(103)

(104)

which remains constant at their initial values. For instance, if the
system initially is in the diabatic state k, it will not be found in the
diabatic state a at any subsequent time. This implies that no
transitions between the diabatic states k and a can take place
which is expected as H° excludes the electronic coupling
between the metal state k and the valence state a, thereby
preventing the electron exchange between these two electronic
states.

The electron transition in the system may be described by
including a very small time-independent electronic coupling
potential V; between the states k and a. The small V can be
treated as a perturbation acting on the system starting after t = 0,
and the system Hamiltonian H = H® + V. With inclusion of the
perturbation, the expansion coefficients in eq 103 can no longer
remain at their initial values and are expected to be time-
dependent, i.e.,

lwm=%mwmmﬁ

( u;g)
exp| —
h

Substituting the above expression into eq 101, we have,

)+%4mwm

(105)

i (&, (DY, Ye Bort/M o (1)@ Yo Eunt/ )

R O)As SRR N OVAL AR

o (106)

Multiplying from the left with the complex conjugate of ¥9,),
ie., (¥0,, on both sides of the above equation, and integrating
over the electronic coordinates, gives
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i, () = 0, () (VL IPE, )"

G (1) (WO IV WS, Ye ™t (107)

Since the perturbation V; is very weak, the variations of ¢, ()
and c,,(t) are minimal. Thus, as a first-order approximation, we
can replace them with their initial values in the above equation.
Further assuming that the system is initiated from the vibronic
state [P ), we have,

i, t

if16,,(£) = Vi o™ (108)
with the matrix element and frequency
Vi = (a0, = WIVilw ) (0, 00) = HitSun o
(109)
D jon = (Eyy = Eg) /1 (110)
where S}, 1 = I{Xaullim)I* is the Franck—Condon factor, H,; =

<V/a|Vk|Wk> is the electronic matrix element. In writing eq 109, we
have invoked the Condon approximation, by which the coupling
matrix element between any two vibronic states was written as a
product of the electronic matrix element and a nuclear overlap
function. Integrating the differential equation in eq 108 with the
initial condition c,,(0) = 0, we obtain,

1 t
Can(t) = ; A “'/c/m,kmelwml I\Mtdt

The probability of the system transitioning from the state
PP,) to the state [P0,) is then the probability of finding the

system in the state [P0,), i.e.,
; 2
f v e”“an wnt g4
0

If the perturbation V, is time-independent at ¢ > 0, the above
integral can be calculated as,

(111)

P ==

P, t) =l
km,an( ) an (112)

2
_ V{m‘km o Panfnt 1
Pkm,an(t) - 2
h iy
2

_ n/un,kml 2 - Zcos(a)rm,kmt)
- 2 2

h wan,km

21
lVan,kmlzt sin (;wan,kmt)
- e 1 2
Ea)an,km t

(113)

.2
. sin”(wt
As t = 00, we have lim —(Zt )

tooo @

Dirac delta function and the preceding equation becomes

v t 1
7o = Do km
) )

an,km
— E )

= n5(w), where §(w) is the

2
I

Pkm,un(t)

2
n
an

27 2

7 n/un,kml t'5(Ekm (114)
Here, the transition probability is proportional to time. The

transition rate from km to an is obtained as the transition

probability per unit time:

B, .(t)  2x
=22 =-"1v  I’5E
dt 7 an,km ( km

This equation is the Fermi golden rule between two vibronic
states, an and km.

km,an — - Ean)

(115)
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4.3. Thermal Statistics of a Harmonic Oscillator e—/ugz

In this section, we derive the thermal distribution of the nuclear pox(é:) = Q (118)
C

modes over its vibrational states in the oxidized (p,,) and
reduced states (p,), respectively, as appearing in eqs 98 and 100.
We consider one-dimensional case, where the FESs of the
oxidized states are given by eqs 69 and 70. All nuclear modes are
modeled using an effective vibrational mode with the same

frequency w,; = /2A4/u for both oxidized and reduced states,

where y denotes the reduced mass of the motion along the
effective nuclear coordinate . The corresponding effective
vibrational energies are then given by

1 1
€ + = |hwg, €, = [n + = |,
" (Wl 2)‘QH (n 2) Pett (116)

Assuming that all nuclear modes serve as a heat bath that
remains in thermal equilibrium, the Boltzmann statistics hold in
the FESs and the probability of finding the oxidized state with
the vibrational state m is given by

hen

[Zsinh(%ﬂhweff)]_l (117)

where Q. is the canonical partition function approximated as an
effective bath here.

At the high-temperature limit, the nuclear motions behave
classically. The classical nuclei approximation is valid when the
relevant nuclear motions driving the ET reaction include e.g. the
intramolecular vibrations of the redox species and solvent
molecules, and orientational librations of solvent molecules. For
water, its orientational librations fall within a broad microwave
band, ranging from 10"’ Hz to 10> Hz, with the corresponding
energy spacing of these modes ranging from 0.000041 to 0.0041
eV. Since this energy spacing is much smaller than the thermal
energy at room temperature (kgT = 0.025 eV at T = 298.15 K),
these modes can be treated as classical. On the other hand, the
vibrational frequencies of the water are found within the narrow,
high-frequency infrared band, centered around 10" Hz.'* Such
fast vibrations can be assumed to respond instantaneously, i.e.,
adiabatically, to the change in the electronic state of the system.
In this high-temperature limit, where the classical solvent

hen et

o B
m=0

P =

treatment is valid, the discreteness of the vibrational states
vanishes which means that the influence of solvent’s vibrational
properties on ET can be incorporated in €, with a suggested
value of 4.2 g, for water."”

At the high-temperature limit, the state of a harmonic
oscillator representing the effective classical nuclei environment
is described by the corresponding vibrational momenta and
configurations or coordinates. The calculation of thermal
averaged quantities is instead performed in the phase space.
Since the classical Hamiltonians of the vibrational modes in the
oxidized and reduced states appear within the §-function in the
transition rate Wy, ,,, the kinetic energy terms cancel out. As a
result, Wy, ., becomes independent of the momenta, and its
thermal average is obtained over the configurational distribution
function, which is determined by the potential energy of
harmonic oscillators. Given the one-dimensional harmonic
potential in eq 69 for the solvent vibrations in the oxidized state,
the corresponding configurational distribution function is
expressed as
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where Q_ is the canonical configuration partition function and is
obtained by requiring that p,, is normalized:

Similarly, the configurational distribution function for the
one-dimensional harmonic potential in eq 70 can be obtained as,

TG
Q.

It can be readily demonstrated that this yields the same
coordinate partition function, owing to the similar quadratic
dependence of the fluctuating energy on ¢ in both the oxidized
and reduced states.

(119)

pred (é) = (120)

4.4, Electronic Transition Rate

The treatment in Section 3.3. achieves a classical, effective
harmonic treatment of the nuclear modes. Because the harmonic
frequencies of the nuclear modes are assumed to be equal in
both the oxidized and reduced states (eq 116), the effective
nuclear wave functions are also the same. As a result, the nuclear
overlap term in the Golden rule, i.e., eq 115 equals unity and the
difference in the harmonic energies in the d-function can be
replaced with the harmonic potentials due to the cancellation of
the kinetic energy contributions. The thermal averaged
transition rate Wy, in eq 100 then takes the form

2 . .
W= P [ (6B + 48 — B

— A€ - 1)")de

The argument in the J-function coincides with the difference
between the FESs shown in eqs 69 and 70, which vanishes at the
crossing of the two FESs, i.e., at the nuclear coordinate shown in
eq 53. Then the above integral is calculated using the sifting
property of the -function, leading to the Levich-Dogonadze
formula® for the two-level ET rate

(121)

=28 By pepinac @y e
“ nNam ° (122)
By substituting eq 63 into the above equation, we have
= 2_77: i |H |Ze_/i(/1+50’7+€1:_€k)2/41
“T AN am (123)

The electrons further follow the Fermi—Dirac distribution
that describes the probability f(e,) that a state with energy ¢, is
occupied by an electron,

1
€)= —"7"—
&)= G (124)
Accounting for the thermal occupation of the metal state k,
the transition rate Wy, should be weighted by the Fermi—Dirac

distribution function, namely,

WkTu(ek) = flen) W,

— 2_7[ ﬂ 125 k|2f(€k)e—[}(i+e0r]+eF—€k)2/4i

47l (125)
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In the ox@atwn reaction, electrons are trgnsferred from the _ 2zlvl B Bt eg—c) /42
reduced species to the metal surface. It is evident that eqs 115 ed T T Y fee

and 121 remain valid in this case, as we only need to exchange
the labels of a and k in these equations and replace p in eq 121
with p,.4, which does not alter the form of final expressions.
Nevertheless, two distinct points should be noticed in the
oxidation case as compared to the reduction reaction. First, we
need to consider the distribution probability of the reduced
states over the nuclear coordinate rather than the oxidized
species, as the reduced species serves as the reactant in the
oxidation process. Second, we must account for the
unoccupancy probability of state k, since empty electrode states
are required to accept electrons during oxidation. The
temperature-dependent electron transfer probability W,(e;)
from the reduced species to a metal state k is then expressed as,

2n | P 2 —B=egite —ep) /4
22 LB (1 - f(ey))e Pirtane
A 47 ka ( f( k))

(126)

WaTk(ek) =

The above equation for oxidation could also be directly
obtained from the corresponding reduction rate expression by
invoking detailed balance between the oxidation and reduction
rate constants and the equilibrium constant for the reaction in eq
38.

4.5. Rate Constant

As we treat all ET events as independent processes, the total
probability of electrons transferring from the metal surface to an
oxidized species per unit time, namely the reduction rate
constant kg, is the sum of Wi, (e,) over all metal electronic
states,

kred Z I/VkT.; (ek)
k

— 2_71' i z |Hak|2f(€k)e—/J(A+eO;7+€F—€k)2/4/1
n 47ch k (127)

By applying the shifting property of the Dirac delta function,

we have,

kred = fz VV:};C(€)5(€ - €k)d€
k

2z ﬂ f —B(Ateg+ep—e) /42
= = | £ € o1+ €p
i\ am IO

z IH,[*6(e — ¢;)de.
k (128)

The integral is evaluated from negative infinity to positive
infinity, going through each electronic states at the metal surface.
As alluded to in Section 3.4, appreciable contributions to the
electron transfer rate are mostly confined to the energy region
around the Fermi level, spanning over a few kzT around the
Fermi level. Therefore, for practical purposes, the integration
can be limited to this specific energy region near the Fermi level,
hereafter referred to as the active energy region of the metal
surface. If the properties of the metal electrons are nearly
identical within this region, it is reasonable to assume that the
coupling strength remains constant across the considered metal
states: |Hyl* = IH.* ~ IVI%. This leads to the Gerischer
formula,>>%*
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z 5(e — €, )de
k

27Z'|V|2 ﬁ / —B(A+egi+eg—€)* /42
= - e)p(e)e r de,
. ,/471/1 f(©)p(e) (129)

with the DOS of electrons at the metal surface,

ple) = Y 8e - ¢)
k

(130)

The DOS integration over a specific energy range yields the
total number of electronic states within that interval. Based on
eq 129, we can also define the coupling strength between a
specific energy level € of the metal surface and the redox species,

Ale) == Z IH,[*5(e — €,)
k (131)

We should be careful to distinguish between H,; and A(e):
H,, represents the coupling strength between a specific metal
state and the redox species, while A(€) refers to the coupling
strength at a specific energy level, which may contain degenerate
metal states. In other words, A(¢) represents the coupling
strength weighted by the DOS of the metal electrons. If we
further assume that A(€) is independent of the energy level in
the active energy region, namely A(¢) & A, we reach the wide-
band approximation, which assumes that both the DOS of the
metal electrons and its coupling with the redox species remain
relatively constant over the active energy region.'”’ With this, eq
129 can be simplified into,

A 7 —B(A+egi+es—€) /44
koy=—,— / €)e PAteorter de
red h l f( )6 (132)

This equation is commonly referred to as the Marcus—Hush—
Chidsey formula."”>~"** It also shows that the Fermi—Dirac
distribution can be regarded as a modification to the Marcus
energy barrier due to the thermal effects of metal electrons. The
modified barrier at the energy level € is,

(A + egp + € — €) _ Inf(e)
4 P

Figure 7 shows the dependence of reduction energy barrier
modified by the thermal effects of metal electrons on the energy
level at various overpotentials. Compared with the results in
Figure 6, the thermal distribution of metal electrons causes the
energy barrier above the Fermi level to increase significantly as
the energy deviates further from the Fermi level, resulting in a
pronounced minimum free energy barrier occurring near the
Fermi level.

Given that the free energy barrier for electron transfer reaches
a clear minimum around the Fermi level, we can focus
exclusively on electron transfer at this energy level. By
approximating the Fermi—Dirac distribution function as a
Dirac delta function at the Fermi level, we have,

AGZ, () =
red,T( ) (133)

P o= A \/fe—/fuww
T A\ (134)

A more accurate approximation of the Marcus—Hush-
Chidsey formula, obtained through asymptotic matching over
the entire realistic parameter range, is provided in ref."”* As for
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Figure 7. Dependence of the free energy barrier modified by the
thermal effects of metal electrons on the energy level for the reduction
reaction at overpotentials of —0.2, 0, and 0.2 V, with line colors

transitioning from light to dark. The reorganization energy is set to 1
eV.

the oxidation rate constant k., we sum the probability of
electrons transferring from a reduced species to the metal surface
per unit time over all metal states,

k Z k(ek)

OX
2

=z i Z lHuklz(l _f(ek))e—/f(ﬂ—eomek—ep)z/ﬂ
\ 4z P

nh
(135)

By applying the sifting property of the Dirac delta function, we
have

= / > Wh(e)d(e — e)de
k

7 it

H,*5(e — ¢;)de.
k (136)
Similarly, we can readily derive corresponding approximate
forms of eqs 130, 133 and 135 but these are not presented here.

Finally, we connect the rate constants k,, and k.4 with the
corresponding reaction rates, which are

kredNA ox’ = koxNACred

where c¢,, and ¢4 are the local molar concentrations of the
oxidized and reduced species at the reaction site of the redox
species, to be determined in Section 7. N, is the Avogadro

constant.
7[ ﬂ / —B(A+egi+ep—€)* /44
—_— €)e
,/ e f(e)

Z IH, *5(e — €,)de

Vied = ( 137)

(138)

It should be noted that eq 128 remains applicable for ET
reactions at semiconductor electrodes, which are usually
considered to be nonadiabatic.*> However, in semiconductors
the Fermi level lies within the band gap between the conduction
and valence bands. Consequently, the energy integration in eq
128, performed around the Fermi level for metal electrodes,
must instead be separated into contributions from the
conduction band above the Fermi level and the valence band
below it. The presence of the band gap at semiconductor
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electrodes significantly reduces the reaction currents compared
with those at metal electrodes. Another feature of ET reactions
at semiconductor electrodes is that, due to the very low charge-
carrier concentration, most of the interfacial potential drop
occurs on the electrode side.** This is opposite to the situation at
metal electrodes, where the potential drop mainly occurs on the
electrolyte side. The electrostatic potential variation on the
electrode side leads to band bending near the electrode surface.
Therefore, instead of correcting for the potential drop on the
solution side as in ET reactions at metal electrodes, the rate
constant at semiconductor electrodes should include a
correction for the electrostatic potential difference between
the electrode bulk and the surface. The modified Marcus theory
for semiconductor electrode-liquid interface has been developed
in ref.'”

As mentioned in Section 1.2.6, another type of nonadiabatic
ET reaction is long-range electrochemical ET, in which
electrons tunnel between the electrode surface and redox
species over relatively long distances. For long-range electro-
chemical ET, the distance between the redox species and
electrode surface becomes an important parameter affecting the
ET rate, as the coupling matrix element, |[H,/* is sensitive to this
distance and determines the tunnelling probability. Specifically,
a longer distance, corresponding to a smaller overlap between
the wave functions of the electrode electrons and that of the
valence electron of the redox species, leads to weaker coupling
strength. Therefore, a particular feature of long-range electro-
chemical ET is that its rate potentially depends on the electrode
surface charge, which influence the lability of the surface
electronic profile Specifically, as the electrode surface becomes
more negatively charged, electron spillover extends further into
the solution, increasing the overlap between the electronic wave
functions of the electrode and the redox species and thus
facilitating tunnelling. In this sense, it is beneficial to
approximate the coupling matrix element by the overlap of the
electron densities of the redox species and the electrode, rather
than by the overlap of their wave functions, in order to explore
the lability effects on long-range chemical ET reactions. By
doing so, Kornyshev, Kuznetsov and Ulstrup recast eq 128 and
obtained an approximate expression,'”® in which the rate
constant is proportional to the overlap integral between the
electronic densities of the electrode and the redox species. A
jellium model for the metal electrons and an exponential form
for the valence electron density of the redox species were then
used to calculate this overlap integral.'”® They found that the
current—potential relationship can be significantly affected by
the lability of the surface electronic profile, e.g., the asymmetry in
anodic and cathodic current—potential relationships, with
stronger effects observed when the electron localization on the
redox species is greater and the metal electron density is smaller.
This calculation can be further improved using the recently
developed density potential functional theory by Huang,*”*’
which the responses of the metal electrons and electrolyte
particles to the interfacial potential are incorporated self-
consistently through orbital-free DFT and statistical field theory.
It is also attractive for developing ET theories applicable to more
general ET reactions, formulated in terms of electronic density
rather than wave functions, thereby enabling its integration with
density potential functional theory to describe reaction reactivity
at electrochemical interfaces.

in
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4.6. High-Frequency Nuclear Modes

Up to now, we have considered only low-frequency nuclear
modes, which are treated purely classically. The nuclear
coordinates associated with these modes fluctuate toward a
prerequisite configuration at which the quantum subsystem, e.g.,
the electrons considered in the preceding sections, can undergo
transitions via tunnelling. However, the inclusion of high-
frequency nuclear modes is expected to be of great importance
for ET processes at low temperatures and for reactions involving
the transfer of light particles, e.g., protons. The high-frequency
nuclear modes may include local modes within the redox
species, i.e., intramolecular vibrations, and the environmental
modes associated with the high-frequency tails of the solvent
dielectric dispersion spectrum, typically the infrared band, as
discussed in Section 4.3. With these modes included, quantum
transitions in the transition region, as shown in Figure 1, involve
both electron tunnelling and nuclear tunnelling corresponding
to the reorganization of high-frequency nuclear modes. In other
words, at the prerequisite configuration of classical nuclei,
quantum transitions occur between vibronic states of the
reactant and those of the product. Thus, ET between a specific
metal electronic state k and the valence state a of the redox
species can be viewed as transitions between manifolds of high-
frequency vibrational states of the reactant and that of the
product. Assuming that these vibrational states for the reactant
and product are described by nuclear wave functions, y;, and y,,,
respectively, with vibrational energies, €, and €,, the Levich-
Dogonadze formula in eq 122 is modified as'>**"*”

p

47l

¢ PUHAG (e, €,)) /42

_ 2z

ka A

1 -
|Hak|2Q_ z IO{“W b{kv>|28 €,/ kT
q w

(139)

with the canonical partition function of the high-frequency
vibrational states of the reactant,

_ —e,/kgT
Qq - Z €
v

and the reaction free energy between the vibronic states of the
reactant and product,

(140)

AG:w(e,C, €, €,) AGO(ek) +€, — €,

efl + € — € + €, € (141)

eq 139 represents a statistical average of quantum transition
rates over a manifold of reactant vibrational states. The coupling
strength between the vibrionic states of the reactant and product
is determined by the electronic coupling constant, |H,|* and the
overlap factor of the nuclear wave functions, Sz, = (¥ 7)1
The effect of intramolecular quantum modes on the relationship
between the rate constant and the reaction free energy is
discussed in detail in ref.'””

5. ADIABATIC ET RATE THEORY

In the preceding two sections, Sections 3 and 4, we have focused
on the nonadiabatic ET. The electronic coupling between the
diabatic states has been assumed small, which allows treating the
transition state as the crossing point between the diabatic FESs
as well as treating electron transition probabilities as
independent events between individual electronic states of the
metal surface and the valence electronic state of the redox
species. In adiabatic ET, where the coupling between the metal
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states and the valence state of the redox species is strong, such
treatments are no longer valid as all electronic states and
transitions between them are coupled and need to be considered
collectively. The strong electronic coupling is often observed
when the distance between the electrode surface and the
reactants is short or when a covalent bond is formed. Typical
examples include inner-sphere electrostatic pure ET or
decoupled proton—electron transfer reactions taking place on
the electrode surface'”® and adsorption coupled with charge
transfer.''> Also several outer-sphere ET reactions can be
adiabatic on different metallic electrodes.'”” From an exper-
imental point of view, understanding whether the ET reaction is
nonadiabatic or adiabatic is pivotal when selecting the correct
model for analyzing the results and thereby drawing the
conclusions.” In this section, we discuss the case of adiabatic
ET and focus on how stronger coupling necessitates several
modifications to the theory and simulation of ET as we shall
show below by using model Hamiltonian and EVB approaches.

5.1. Model Hamiltonian

Instead of using the exact Hamiltonian and carrying out full
quantum mechanical calculations, the model Hamiltonian
approach adopts a simplified or effective Hamiltonian treatment
to capture the essential physics of the system; this is particularly
advantageous for achieving conceptual clarity and saving
computational cost in the study of (strongly) interacting
many-body systems. A well-known example is the Anderson
impurity model, which describes the interaction between the
localized electronic state of an impurity atom and the valence
electrons in the metallic host.** This model was later extended
by Newns to study the chemisorption of a hydrogen atom on the
metal surface in vacuum.** The Anderson—Newns model
describes the combined systems of the metal surface and
adsorbate in the basis of the one-electron metal and adsorbate
states, which are obtained when the metal and adsorbate are
infinitely far apart. These one-electron states are a set of
unperturbed and orthonormal electronic states with a
continuous energy spectrum € for the metal electronic states
and a localized energy level €, for the valence state of adsorbate.
As the adsorbate approaches the metal surface, they interact and
their electronic interaction is characterized by coupling matrix
elements H;, between the metal states k and the valence state a.
The magnitude of H;, depends exponentially on the distance
between the metal surface and adsorbate, and is typically larger
at shorter distances.”"

In the basis of the diabatic states, the electronic Hamiltonian,
H,, in the Anderson—Newns model can be expressed in the
particle number representation, i.e., the second quantization
form, as,

Hel =en, + Z €m + Z (Hkacljcu + Hukcrjck)

k k (142)
where ¢, ¢; and n; = ¢/¢; are the creation, annihilation, and
number particle operators for the one-electron state i (i = k, a),
respectively. Here, the interaction between the two spin states in
the valence orbital is not considered, which is reasonable in cases
where no valence electrons are initially present, for example, in
the adsorption of a hydrogen ion and when the electron-
correlation effects are expect to be small. However, if necessary,
the spin interaction can be taken into account by incorporating
an additional term into €, within the Hartree-Fork approx-
imation.*
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When considering the electron transfer between the metal i (t) = e, (t) + Hy o (t) (148)

surface and the redox species embedded in the solvent, an
additional Hamiltonian, H,, needs to be introduced to describe
the interactions between the electrons and nuclear modes. As
introduced in Section 3, these nuclear modes include discrete,
localized modes within the redox species and a continuum of
solvent modes. In this context, Schmickler combined the
Anderson—Newns model for the electronic subsystem with a
representation of the nuclear modes as a phonon bath or a set of
harmonic oscillators at the metal-solution interface. A key
assumption in Schmickler’s treatment is that the coupling
between the electronic subsystem and nuclear modes is assumed
to vary linearly with the occupation number in state a.”~ ' />%>*%>
This assumption implies that the nuclear free energy of the redox
species depends linearly on the occupation number n, and
represents another version of the linear response theory. In this
case, H, can be expressed as a switching function that
interpolates between the nuclear free energies associated with
the oxidized and reduced states, weighted by n,:

H,= (1 - n)(GZ + A&) + n,(G + A& — 1)*)
(143)

In the oxidized and reduced states, where the expectation
value of n, is zero and unity, the expectation value of H, yields
the nuclear free energies given in eqs 69 and 70.

The total Hamiltonian H of the system is given by the sum of
the electronic part, H, and nuclear part, H,, namely,

H=H,+H,=H)+ G2+ & (144)
with the modified electronic Hamiltonian H,

H)=¢€n, + Z ey + Z (Hkac,:rcu + Hakcjck)
k k (145)

and the modified electronic energy,
€ =¢€ + AG, + A(1 — 28) (146)

where AG, is the difference in the equilibrium nuclear free
energies of the reduced and oxidized states, as defined after eq
49. eq 145 describes the modification of interaction potential
from nuclear modes on the electronic Hamiltonian at a specific
nuclear coordinate. eq 144 decouples the electronic motion
from the nuclear motion, which is the essence of the Born—
Oppenheimer approximation. The decoupling enables us to
consider the time evolution of the electronic state at a specific
nuclear coordinate. After the electronic couplings between the
metal surface and redox species are switched on, the electronic
state would relax to its equilibrium state at a given nuclear
coordinate, with the corresponding electronic energy reaching
its equilibrium value. The metal surface serves as an electron
reservoir, with its electronic structure and occupation remaining
almost completely undisturbed by the interaction with the redox
species, so the electronic state of the system can be specifically
referred to as the occupation number in state a.

5.2. Time Evolution of the Electronic State
At a specific nuclear coordinate £, the time evolution of the
electronic state of the system can be described by the equations

of motion (EOMs) of H, in the Heisenberg picture, as
follows,**

ihe,(t) = € (t) + Y. Hig(t)
& (147)

with the initial values of ¢,(¢) and ¢,(¢) at t = 0,
c(0) = ¢, a(0) = ¢ (149)

where ¢,(t) and ¢ (t) are the time-dependent Heisenberg
operators, corresponding to the Schrodinger operators ¢, and ¢,
respectively. We distinguish the Heisenberg operators by
explicitly indicating their time-dependence following the
operators. The detailed derivation of the EOMs is provided in
the Appendix 9.2. eq 148 is a first-order differential equation,
which can be solved as,

irt i€ (z—1)/h —iegt/h
o (t =——/ Hy ()™ g 4 o7
k( ) nJo k ( ) k (150)

Inserting the above result into eq 147 gives
A ‘
ihe(t) = €c(t) — %/ ¢ (1) Z |Hkalzel€k(f—t)/hdr
0
k

+ Z H,j;cke_iekt/h
k (151)

By using eq 131 we obtain,

Z |Hk |2ei€k(‘r—t)/h
a
k
+00 N i h
f Y IHPo(e — €)™ de
o 4

1 +oo ie(r—
—f Ae)e D3¢
T —00

(152)

Again, we apply the sifting property of the Dirac delta function
in the first equality. As previously discussed, under the wide-
band approximation, where A(€) = A, we have,

. _ A +oo | _
Y, P = 2 / ¢ MGe = 2nAS(7 — t)
- -

T 3
(153)

where we observe that the integral in the above equation is
exactly the Fourier transform of the Dirac delta function, 27A5(z
- t). Inserting the above identity into eq 151, we obtain,

ine(t) = (€, — iA)c(t) + Z H e /h
k

(154)
which can be explicitly solved as,
o(t) = a(t)e, + X Hip (e
k (155)
with,
a(t) = e emia/n (156)
_ i ie—id)/h /t i(€,~e—iA)e/h
t) = —— d
Al == 0 : (157)

The particle number operator in the Heisenberg picture n,(t)
is then,
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n(t) = ¢ (D), (t)
=la()Pn, + 3. Y HHe B0 (Deley
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k k

(158)

Given the system state |'¥;)) at the initial time, where the metal
states k are fully occupied and state a may be either occupied or
empty, the time-dependent expectation value of n,(t) can be
evaluated as follows,

(n, (1)) = (Foln,()I'Fp)
= (n,(O)la(t)P + D IH I8 (D)F
k

1
—2At/h —2At/h
= <ﬂa(0)>€ 24t/ + ?6 24¢/

2
b
ZIHsz f ¢lCmamib)/ hdr‘
k 0

= (n,0))e " + 3 (n,),
k

(159)
with,
<n >= lHku|2 e—ZAt/h
T e — ) + A
— et ((e €k)t) + 1]
h (160)

In the second identity, the k # kK’ components in the second
term of n,(t), as well as the third and fourth terms, involve
operators that change the particle occupation of the initial state.
These operators map the system state into states that are
orthogonal to the original state, and thus their contributions
vanish when evaluating the expectation value of n,(t). (n,) can
be taken as the probability of finding the electron occupying in
the state a at a later time ¢, starting from a state k prepared at t =
0.” Considering the Fermi—Dirac distribution of metal
electrons at finite temperatures, we have,

(n(1)) = (n,(0))e 2" + 3" f(e,)(my,)
k

= @)+ [1(€) X (m()5(e - e)de.
k

(161)

As a simplification we can set the Fermi level as the energy
zero and approximate the Fermi—Dirac distribution function
using the Heaviside step function at the Fermi level. Considering
that there is no electron initially occupying state a, eq 161
simplifies to,

0
1 4 o2 _ 2e’m”’cos((e“;e)t)

(€ —e) + A

(n,(1)) = de

- (162)

At short times, the occupation number in state a exhibits
oscillatory behavior. However, at long times, specifically for ¢ >
7/(2A), the oscillatory term in eq 162 becomes negligible. In
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this case, the rate of the occupation number changes can be
described as,

d(n,(t))
dt

with the relaxation time of the electronic state being 7, = A/
(24).

The relaxation of the electronic state can be clearly observed
by plotting {n,(t)) in eq 162 as a function of time as shown in
Figure 8 for various coupling constants A. We can observe that

%« (t > 00)) — n(1))

(163)

Ig(A/eV)
0.5F 0
0.4} -1
03} 2
€
<
£ 02 3
0.1t "
0.0F,

-13 -11 -9 B

Ig(t/s)

-17 -15 -7

Figure 8. Time evolution of expectation value of electron occupancy
number in state a at different electronic coupling strength, A. The
parameter €, is set to zero.

the electron occupation number in state a reaches its
equilibrium value faster as the coupling, A, increases. The half
time of this relaxation process coincides with the 7. In the
adiabatic limit, the relaxation to equilibrium electronic state can
be always achieved because the coupling is very strong, allowing
the electronic state to rapidly relax and reach equilibrium at a
given nuclear configuration. By letting time approach infinity,
the exponential terms in the numerator of the integrand in eq
162 vanish, and the equilibrium expectation value of occupation
number in state a is reached. This value, denoted as (n,),
depends on the solvent coordinate &, which affects the value of

» as defined in eq 146. The equilibrium occupation (n, )¢ is thus
obtalned by integrating the Lorentzian DOS of the state g,
centered at €,, up to the Fermi level. In the special case where €,
is set to zero, the Fermi level aligns with the center of the
Lorentzian DOS, resulting in a half-filled state and an
equilibrium occupation value of 0.5, as shown in Figure 8. A
more general expression of (n,); can be derived by taking the
long-time limit of eqs 160 and 161 as

RN R (AL ¥
Moo= =RTTFE e

5.3. Adiabatic Free Energy Surface

As t approaches infinity, the electronic occupation number in
state a will relax to its equilibrium value. This occupation
number can be fractional, ranging between zero and one,
depending on the nuclear coordinate £. The electronic energy of
these fractional electrons in state a is referred to as the bonding
energy. For system states at different nuclear coordinates, the
energy varies due to changes in both the bonding energy and the
nuclear free energy of the redox species with respect to the
nuclear coordinate. In these states, the electronic states of the
system are in equilibrium with the nuclear coordinate and the
free energy dependence along the nuclear coordinate defines the

https://doi.org/10.1021/acs.chemrev.5c00926
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Figure 9. (a) Adiabatic FESs and (b) electron occupancy number in state a as a function of nuclear coordinate & at various electronic coupling

strengths, A. The parameters used are 1 = 1 eV, = 0 V,AG, =0 eV.

adiabatic FES. By approximating the Fermi—Dirac distribution
function as the Heaviside step function in eq 164, we obtain the
adsorbate occupation number as

f(ek)lHkalz
<na>5 = 2 (€ —¢) + A
e N4 k
fo IH, J*5(e — €,)
= ——Q5—5de
—00 (6; — 6)2 + A
o |H,I*5(e — €)

————5d€
[m (6; - 6)2 + N

1 €,
—arccot| — |.
p/1 A

The second identity uses the sifting property of the Dirac delta
function. Upon interacting with the metal electronic states, the
electronic energy of state a broadens into a continuous band
around ¢ with a Lorentzian distribution for adsorbate DOS:

1

i A
(e, —ef + A

(165)

p(e) =
(166)

The filling p, varies with the nuclear coordinate through €,
(see eq 146). The covalent binding energy is then calculated by
integrating the electronic energy in state a up to the Fermi level,

€

0
——de
[m (€; — €)2 + AZ

Bl = [ ep(eie=2

/2

= e, (n,): + A[1n((e —e) + ).
27
(167)

The divergence of the second term arises as a result of the
wide-band approximation.”*® To address this, we can define the
renormalized energy scale by taking the free energy of the system
at £ = 0 as the energy zero, accounting for both the covalent
binding energy and the nuclear free energy. With this, the
covalent binding energy is

EZS(&) = €n,): — €,(&

COV(S)
e} + A
(e, + AG, + 1) + &

A
0){(n,)y + —In
2

(168)
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Then the adiabatic FES can be written as a function of the
nuclear coordinate,

G(&)

€en): — €,(&

A (e) + &

—Iin

2r | (g, + AG, + )" + &
(169)

O)<na>0 + 152 +

It is important to note that at stronger couplings, the system
states at £ = 0 and £ = 1 no longer correspond to the initial and
final states of the system, i.e., the minima of the diabatic FES.
This is because electronic interactions between the metal surface
and redox species can induce partial charges on the redox
species, resulting in a shift in their equilibrium nuclear
coordinates, as will be seen later in this section. If we denote
the nuclear coordinates in the initial and final states as £; and &,
respectively, the reaction free energy is

AG =[e, + AG, + A(1 — 280)(n,)e,

— e, + AG, + (1 — 28)I(n,), + A&}
A (e, + AG, + 4(1 - 2&))* + &
22 | (e + AG, + 21 —28) + & |

(170)

- A&+

Since the Fermi level is taken as the energy zero, changing the
electrode potential by an amount of A¢ will shift €, by a
corresponding amount of e,A¢. In other words, ¢, = €, (@) is
linearly proportional to the electrode potential by a constant, e,.
At the standard equilibrium potential ¢°, AG® = 0, which
requires that €,(¢°) = -AG,, and & + &= 1in eq 170. At the
electrode potential ¢, we have,

€(¢) = —AG, + eo(@ — ¢°) = =AG, + e (171)

By substituting eq 171 into eq 169, the adiabatic FES at the
overpotential 77 becomes,

G(&) = [egn + A(1 — 25)](”‘;4)5 — (egn + A)(n)y + /152

R Ah{ ]

2
https://doi.org/10.1021/acs.chemrev.5c00926
Chem. Rev. 2026, 126, 7407—7464

(e;)2 + A
(e + A + &
(172)

with,


https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig9&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.chemrev.5c00926?fig=fig9&ref=pdf
pubs.acs.org/CR?ref=pdf
https://doi.org/10.1021/acs.chemrev.5c00926?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Chemical Reviews

pubs.acs.org/CR

REVIEY

el + A(1 — 28)
A

() = iarccot( (173)

€, =en + A1 = 28) (174)

As the coupling constant A — 0, we can recover the diabatic
FES for the oxidized state, G,, = A£* and that for the reduced
state, G,.q = eg] + A(€ - 1)% Figures 9a and 9b present the
adiabatic FESs in eq 172 and (n,)¢ in eq 173 as a function of the
nuclear coordinate at various values of A, respectively. When the
electronic coupling is very small, e.g,, A = 0.01 eV, a sudden
transition of the electronic state occurs at £ = 0.5, as shown in
Figure 9b. In this case, the transition region narrows to
approximately a single point and the reactant and product
regions closely resemble their respective diabatic FESs, as shown
in Figure 9a. As Aincreases, the transition region broadens, and
the activation energy decreases. The minima of the adiabatic
FES move closer together, and the reactant or product at their
respective minima acquire partial charges. The distance
dependence of Ais not considered here. During the electro-
sorption process, the redox species approach the metal surface.
Since the electronic coupling strength decays rapidly to zero as
the redox species moves approximately two angstroms away
from the metal surface,”®" the reactants typically do not carry
any partial charge. However, partial charges may still be present
on the chemisorbates. At small overpotentials, we can find that

&= %(1 + %) serves as an approximate solution to dG(&)/0&
= 0, representing an extremum point of the adiabatic FES.
Substituting this value of £ into eq 172 yields the activation
energy for the reduction reaction,

1 2
ln(l + 7( +A:0’7)

agh = Gren) A ]
red —
44 (175)

The first term in the above equation corresponds to the
Marcus barrier at the Fermi level, while the second term
represents the reduction in the Marcus barrier due to covalent
electronic interactions between the metal surface and the redox
species.

In the preceding theoretical treatment, all nuclear coordinates
are assumed to reorganize collectively during the ET process,
and this reorganization is described by a single effective nuclear
coordinate . In this case, the adiabatic FES is one-dimensional
along this reaction coordinate, telling us how the ET process is
driven by collective nuclear motions, as discussed in Section 2.4.
However, the most frequently encountered ET steps in
electrocatalytic reactions are inner-sphere ET involving the
bond formation or breaking. We may wish to understand how
such ET processes are particularly driven by nuclear modes
associated with bond formation or breaking beyond the
collective reorganization of the remaining nuclear modes. In
this regard, it is informative to construct a multidimensional FES
by explicitly including the nuclear coordinates associated with
bond formation or breaking. For chemisorption of a redox
species, e.g., ion adsorption onto an electrode surface, a covalent
bond is formed between the redox species and electrode surface.
The corresponding nuclear coordinate is the distance between
the redox species and electrode surface, denoted as d. The
adiabatic FES for this process is therefore expected to be two-
dimensional, described by the distance d and an effective nuclear
coordinate ¢, i.e., G(&,d). The adiabatic FES in eq 172 can be
extended to this two-dimensional representation by accounting

2w
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for the dependence of relevant parameters on the distance d.
First, the electronic coupling strength increases as the redox
species approaches the electrode surface, as discussed above.
This dependence can be reasonably approximated by an
exponential function of the distance d, with coeflicients fitted
to the A - d relationship obtained from DFT calculations.
Second, the electronic level of the redox species in vacuum, € in
eq 37, exhibits an approximately linear dependence on the
distance d.”°"** Third, the solvent reorganization energy varies
with the distance d, as the solvent dielectric polarization
becomes distance dependent in the presence of a spatially
inhomogeneous interfacial field. Fourth, again due to the
inhomogeneous interfacial field, both the electrostatic potential
energy and the equilibrium solvation energy of the redox species
vary with the distance. This effect can be incorporated by
introducing additional work terms into eq 172 and will be
discussed in Section 7.1. The third and fourth considerations
indicate that it is necessary to incorporate EDL modeling to
properly describe the local reaction conditions. A promising
framework that incorporates both chemisorption and EDL
effects is presented in ref.'”’

Another important inner-sphere ET is bond-breaking ET
involving the dissociation of a chemical bond within the redox
species. The length of this chemical bond, denoted as r, is usually
taken as the geometric RC. The reorganization along this
nuclear coordinate is assumed to be purely classical and to
respond linearly to ET, ie., to the occupation number in the
valence state a of the redox species, consistent with the
assumption made for all other nuclear modes in eq 143. The key
distinction is that the motion along the coordinate r is
intrinsically anharmonic. As in Saveant’s model,” the bond
energy in the initial state can be described by the Morse
potential, whereas in the final state the interaction energy
between the two fragments resulting from bond dissociation is
represented by the repulsive branch of the Morse potential. A
bond-breaking Hamiltonian, Hy, can therefore be introduced in
the form of a switching function that interpolates between these
two energies:91

Hy, =D(1 - n)(1 - e_aM(r_r“))z + Denue_z”M("’e)
(176)

where r, is the equilibrium bond length and D, the bond
dissociation energy. The parameter oy is related to the bond
vibration frequency @, by ay = @, (u,/2D,)"? with p,
denoting the reduced mass of the atoms involved in the bond
dissociation. By incorporating this Hamiltonian into eq 144, the
total Hamiltonian becomes

H=H, + H, + H,

=H} + G + A& + D(1 — ™) (177)

The modified electronic Hamiltonian H,; retains the same
formal structure as in eq 145, except that the modified electronic
energy €, now depends on both & and r:

€& 1) =€ + AG, + A(1 — 2£) — D(1 — 2e” ™)
(178)
The corresponding two-dimensional adiabatic FES can be

directly obtained by modifying eq 172, adding the Morse
potential contribution and replacing €, with eq 178, yielding,
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G, 1) = legr + (1 = 20)K(n,), = (e + 4 + D))
<na>0,re + /152
(€) + &

(e + ) + &

A (
+ —In|
2

] + De(l _ e—uM(r—re))Z,

(179)

where the occupation number of the valence state a is

1
n)e, = —
< u)f,r .

arccot[

Here, (n,),, denotes the occupation number at the nuclear

eg] + A(1 — 28) — D(1 — 2e” M0 ~)
A

(180)

configuration £ = 0 and r = r,, and the corresponding free energy
is taken as the reference. Similarly, at small overpotentials, one
el

finds that £ = %(1 + 0

to 0G(&,r) /0 = 0G(&,r)/0r = 0, corresponding to an extremum
point of the adiabatic FES. The corresponding activation free
energy is then given’" by

) serves as an approximate solution

4 _(/1+De+e(,77)2

T 41+ D) 2w

1+ D 2
Aln(l + —( + eA;' e) ]
(181)

The quantity (4 + D,) represents the total reorganization
energy, arising from both bond dissociation and the collective
adjustment of the remaining nuclear modes. In the present
treatment, bond dissociation is treated entirely classically;
consequently, it modifies only the activation free energy. For a
more rigorous quantum-mechanical descri&)tion of bond break-
ing, interested readers are referred to ref’

5.4. Simulating the Adiabatic FES

DEFT is a ground-state theory where the energy is a functional of
the electron density and the external potential defined by the
nuclei. Hence, the obtained FES along the nuclear coordinates is
by definition the adiabatic one. When combined with enhanced
sampling methods and MD simulations, DFT can be readily
used to compute the adiabatic FES along geometric reaction
coordinates. However, in ET studies the reaction coordinate is
not directly a geometric one but the energy gap coordinate,
which depends only indirectly on the nuclear positions, i.e., the
system geometry.

As discussed in Section 3.6, sampling the energy gap and
constructing the diabatic FES requires the use of diabatic states
and a linear mapping Hamiltonian that interpolates between the
two diabatic Hamiltonians (eq 82). In the adiabatic situation, a
very similar approach can be used to compute the adiabatic FES
along the energy gap coordinate using eqs 83-85 with an
adiabatic Hamiltonian instead of the diabatic Hamiltonians (H;,
or Hy,) used in the construction of the diabatic FESs. The only
difference in simulating the diabatic or adiabatic FES is then to
find or define the adiabatic Hamiltonian to replace H,; and H,,.
In DFT-based methods the most straightforward choice is to just
use the normal ground state DFT Hamiltonian. An alternative
choice is to approximate the adiabatic energies by diagonalizing
the 2 X 2 diabatic Hamiltonian (eq 75) which yields the
adiabatic ground (g) and excited (e) states

7439

Hiy(R) + Hy(R)
2

¥ %\/AE(R) + 41H,(R)P

Hg/e(R) =

(182)

where Hy, (R) is the electronic coupling matrix element, i.e., the
off-diagonal matrix element in eq 75. H}, may be computed in
various ways:

o If both the ground and excited state adiabatic energies or
both the diabatic energies and lower adiabatic energy have
been evaluated, the coupling matrix element is available
from eq 182. This is often done in EVB studies employing
classical potentials for both diabatic states and the
adiabatic ground states. This is also useful in GCE-DFT
studies as one avoids computing the coupling matrix
explicitly for multiple states with a different number of
electrons.®>

In constrained DFT studies, H,, can be readily computed
from the diabatic cDFT wave functions using either the
cDFT-specific formula by Wu and Van Voorhis'** or by
the more general formalism by Migliore.”’° For GCE-
DFT studies, the coupling constant is computed as a
grand canonical expectation value over the coupling-
constant values at constant charge as discussed in Section
3.6.

In EVB with classical potentials, the coupling constant is
often “calibrated” by computing it in the gas-phase or fora
closely related reference reaction. This is permitted as H;,
does not appear to be sensitive to the phase.””” This has
not, however, been confirmed for electrochemical
interfaces.

In the Anderson—Newns theory, the effective H, is often
approximated with an effective coupling constant A,
which is related to the density of states of the reacting
orbital, eq 131. In this case, the coupling constant is
computed by fitting eq 131 to the DOS from quantum
mechanical calculations, most often DFT.*’" Another way
of computing the coupling matrix elements is to
parametrize the Anderson—Newns Hamiltonian (eq
142) by combining DFT with an explicit diabatization
scheme developed in ref.”""

5.5. Rate Constant

To compute the rate constant, we need to find the number of
electrons in state a at the equilibrium value over a characteristic
relaxation time, 7. The electron transition rate at a given nuclear
coordinate can be taken as the change in the number of electrons
. 11,203 :

in state a over 7. '~ Therefore, for the reduction and
oxidation reactions, we have the corresponding electron

" 11,203,204,209 . .

transition rates at a certain nuclear coordinate &,

(”a>§

T (183)

Vvvred(g) =

W) =

- (184)

The probability of ET for the reduction or oxidation reaction
at a given nuclear coordinate £ is then the product of the
transition rate, W, 4(&) or W, (&), and the probabilities of
finding the oxidized state, (&), or the reduced state, p.4(£), at
that nuclear coordinate, respectively. The overall rate constants
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can be obtained by integrating the probabilities of electron

. 203 £ .
transfer over the nuclear coordinates™~ ¢, i.e.,

1
k. g=— d
red T, f<na>§p()x(§) 5 (185)

k== [ = n(Ode

(186)

We first evaluate k4. By substituting eqs 118 and 164 into eq

185, we have,

20 "

ed = —— 2 f(e)IH T,
hQ. ; (187)

with the integral,
e—/ugl

I = f dé
¢ (e — 28 + & (188)
ex=6—€6+AG + 1 (189)

Let u = €, - 24¢, then the integral I can be rewritten as,

1 1 —Ble,—
Le=— f T o Plew=u /4 g,
244 e+ A

= ifl (euk)*fz (),

(190)
with the functions,
1
file) = 5——=
e+ A (191)
e
£, (e) = et (192)

where f; * f, denotes the convolution of the functions f, and f,.
By performing the Fourier transform on I with respect to €, we

have,
I(7) = Fll(ex)]
iﬂfl (€ak)] X ﬂfz(eak)]

_ L(ﬁe—mﬂ) y ’4_71'/16—/112//1
2ala P

i ie—hz//}—Alrl
AN pA

the second equality, the convolution theorem of the

(193)

In
Fourier transform is applied, while the third equality utilizes the
Fourier transforms of the Lorentzian and Gaussian functions.
The integral I, is obtained by performing the inverse Fourier

transform on I,(7),
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I

1 +o00 - .
— / I(t)e'“"dr

T

é /+°° N
—00
1 +00 12— Ar
n % / PR -cos(e,7)dr
\ 0

2
1
2A

= i iRe{‘/‘ﬂ—Oo e—ﬂrz//f—Ar_eieaerT}
A\ pA 0
_1 /= Re{ / e RN dr}.
AN f 0 (194)

The Gaussian-type integral involved in the above equation
can be calculated by the following identity,

/ e—uxz+bxdx — l\/iebz/%erfc(— )
0 2\ a 2/a (19s)
with the complementary error function,
2 o
erfc(x) = — / e’ d
W="z) % (196)

For the Gaussian-type integral in eq 194, we have a = 1/f and
b =ie, - A. Then we obtain,
1 [7

_ L [T Rl 7B e,y
A\ AL 2V 4
1 g,
erfc(—z\/;(zeuk - A)]}

_ T pdu|L [P ;
N z,mR{ (2\/;(6“" " A)]}’

2
where w(z) = ¢ erfc(-iz) is the complex error function.
Substituting I, into eq 187, we obtain the rate constant for the
reduction reaction,

I

(197)

kred = %\/Z_ﬂ ;f(ek)lHkulzRe{w(z)}

_ % \/ ”_f / F(e)Re(w(2)) zk: IH, 5 — ¢,)de,

(198)

with,
z=%\/§(l+eon—€+m)

where we use the sifting property of the Dirac delta function in
the second identity. By applying the wide-band approximation,
we have,

_A[p
kg = E\/H /f(e)Re{W(Z)}d€

(199)

(200)

When the electronic coupling strength between the metal
surface and redox species is very weak, i.e., the coupling constant

L7

7 (A + egn — €), which is real-

Ais very small, we have z &

valued. And we get,
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Re{w(z)} = Re{e_zzerfc(—iz)}

Re{e_zz(l _ A e_yzdy)}
Jr Jo

~2' _ PUrkeq=e) /47 (201)

=e¢

By inserting this result into eq 200, we obtain the rate constant
in the nonadiabatic limit, which is the same as the expression
derived from time-dependent perturbation theory, as shown in
eq 132. Herein, the Fermi level eg is chosen as the energy
reference, which is why it does not appear in the final rate
constant expression. If we only consider the ET at the Fermi
level, i.e., approximating the Fermi—Dirac distribution function
f(€) as a Dirac delta function at the Fermi level, we have,

kiea = A, L2 Re e PUHeor+id)' /4 g —i\/ﬁ
n\ rd 2V A

(A + e + iA)]}

(202)

A similar derivation can be performed for the oxidation rate
constant. The result is presented below without detailed proof.
Under the wide-band approximation, we have,

_A (B :
b= oy 5 (= fORelu) e

with,

(203)

1 [p ‘
—E\/I(ll—eoi’]+€+lA) (204)

6. SOLVENT DYNAMICS AND INTERPOLATING
ACROSS REGIONS

In the preceding sections we have focused on the theory and
simulation of ET kinetics within the adiabatic transition state
theory and its nonadiabatic extension. While these allow
addressing a wide range of phenomena in ET kinetics, they
are based on TST-like theories (Section 2) and therefore do not
incorporate the influence of nuclear dynamics on reaction
kinetics. Specifically, the nuclear modes are fully equilibrated
throughout the ET process. In this section we treat the theory
and simulation of nuclear dynamics in ET kinetics, focusing on
the environmental (i.e., solvent) dynamics, in two ways: first as a
prefactor correction on the TST rate constant, followed by an
account for nonergodic effects in ET kinetics. The inclusion of
dynamic effects in the prefactor also permits interpolating across
different regimes from nonadiabatic, adiabatic, and nuclear
dynamic-controlled limits. This approach may help to answer
questions, e.g., whether outer-sphere ET on graphene-like
electrodes is adiabatic or nonadiabatic,*®*'° whether the nuclear
dynamics control the ET rates in deep eutectic solvents,”" or
whether ET in redox flow batteries take place through inner-
sphere or outer-sphere mechanisms and how this depends on
the redox couple and the electrodes.”’" In all these examples,
understanding the ET mechanism and phenomena controlling it
may aid the design of electrolytes, electrodes, and the redox
couples. Besides using the models with the prefactor correction,
the solvent dynamics only affect the rate through the prefactor
and do not change the barrier: it is assumed that the sampling of
the reaction coordinate, the free energy, and the dynamics are

ergodic. The assumption of ergodicity may break for reactions
with very small barriers or in slowly relaxing solvents such as
ionic liquids;”* these effects are discussed in Section 6.2.

6.1. Prefactor for Solvent Dynamics

As discussed in Section 2, the TST rate constant corresponds to
the zero-time limit of the reactive flux formalism and as such
does not depend on the system dynamics. Within this formalism
the solvent dynamics can be incorporated through a prefactor x
as defined in eq 12, which is developed systematically below
within a general system-bath model of solvent dynamics.
6.1.1. Generalized Langevin Equation and Friction. A
general separation between the system (S) and the bath (B) is
achieved using the Zwanzig-Caldeira-Leggett (ZCL) Hamil-

. 212,213
tonian
Hyei (s, &) = Hy(s) + Hy(x) + Hgp(s, x) (205)

where Hg describes the system moving along the RC, Hy the
bath, and Hgg their coupling while s is the reaction coordinate
and x represents all other coordinates. The bath comprises of
uncoupled harmonic oscillators while Hgy is treated as a bilinear
coupling between the RC and bath oscillators (note that Hgg is
another example of linear coupling between the RC and the
solvent environment). Explicitly, the ZCL Hamiltonian for a
one-dimensional RC is

2 2
P, P; 1
Hyci (s, ) = = + E(s) + Z — + m]wfx]2
2u m; 2
Hy -
B
B Z 2m w;
j
HSB
2 2 2
P cs
s J 2 ]
——+E(s)+2—+—mw x —
el 2
; 2 ; 2 m;w;

(206)

where p; and p; denote the system moving along the RC and of
the bath DOF j, respectively, while y and m; denote the
corresponding effective masses, E(s) is the PES along the RC, m;
and w; are the mass and normal-mode frequency associated with

j
bath DOF j while c; is the coupling constant between the RC and

the bath. The last]term on the first line renormalizes the free
energy and can be included also in the E(s) term.”'>*'*

It has been shown that the ZCL Hamiltonian corresponds
exactly to the generalized Langevin equation.”'”*"* Here we
follow the proof in ref.*'” and start by writing the equations of
motion (EOMs) according to the Hamilton mechanics for the

ZCL Hamiltonian

OH. G
us = ——2k = E(s)+z.x——’s2
Os m.w;
0 (207)
mi aHZCL —m 0)2(% CIS ]
%) = 051 % 2
0%; i@ (208)

If a specific trajectory along the RC, s(t), is known, the
trajectory x;(t) corresponds to that of a driven harmonic
oscillator with a time-dependent external force due to coupling
with RC: f,, (£)=¢s(t). The resulting equation can be solved
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through a Laplace transform with respect to time
f(AN) = LIf] = fomf(t)exp(—At)dt. The Laplace transform
of both sides of eq 208 gives

Ly F g0

2(A) = =
K @) mjA2 + mja)j2 m;
ziézﬂuogt—tvm]
B m (209)

where the convolution of two functions in Laplace space has
been used in the third identity. To go back into the time space,
the Laplace transform yielding the function g, (A)=1/(A* +

@?) needs to be identified: this is g(t) = s1n(a) t)/a) Inserting
g(t) in the above equation, carrying out the integration, and
transforming back to time space one obtains

cs(t ) ﬁ

5(0) = T Lcos(wy)
mle mei
r(0)
+ sin(a)l.t)
m;w;
C: t
- ’2_/ cos[w,(t — £)](¢)dt"
m}wl 0 (210)

When this equation is introduced in the EOM for the system
along the RC, i.e., eq 207, one obtains

Ms = —E'(s) + Z ¢|,(0) — C’S(Oz

+zp() a
fZ

=—mg+mﬂ—4%w—ﬂmwﬁ

cos(a)jt)

sm(a)jt)

cos[a)(t — t)]s(t)dt’

(211)

with the new time-dependent force F(t) and friction kernel I'(t-

t')
¢s(0)

J i

F@—Zm@

p,(0)
sm(a)jt)
@i (212)

5 |cos(wjt)

+Z

2

I(t—t) =Y —scoslw(t — t)]
i (213)
The force F(t) accounts for the instantaneous impact of the
bath DOFs on the force along the reaction coordinate while the
friction kernel depends on the history and velocity along the
reaction coordinate. The last line expresses the motion along the
reaction coordinate through a generalized Langevin equation
(GLE).
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The time-dependent force F(t) depends on the initial
conditions of the RC and the solvent bath, which is described
as an ensemble consisting of many independent harmonic
oscillators oscillating at different frequencies. As the resulting
force F(t) will appear random in time and depend on the
unknown initial conditions, it is more convenient to treat F(t)
statistically. If both the initial velocity and position of the bath
harmonic oscillators have a Gaussian distribution, also the force
will have Gaussian distribution with a mean value of zero
((F(t))=0). If the initial positions of the harmonic oscillators are
independent, the force autocorrelation function is

(F(0)F(t)) = kgTT(t) (214)

This equation is a classical fluctuation—dissipation relation
connecting the fluctuation force F(t) with dissipation due to
friction. The time-dependent friction can assume various
analytical forms but for simulations it is necessary to describe
it in terms of solvent dynamics or relaxation at the atomic level.
Besides the force-correlation function, this can be achieved by
relating the friction kernel with the bath solvent spectral density.
The friction kernel in eq 213 can be rewritten in integral form as

I'(t) = /‘ Z cos(a)t) 05 5wy — ay)do
2 e )
= /0 cos(wt)dw, (215)
with the solvent spectral density

2

c:
J@) =2 ¥ 5w - )

25 me, 1 (216)

which describes the distribution of coupling strengths across
different bath mode frequencies. When J() is proportional to
w, T(t) is proportional to the S-function. In this case, the
resulting Langevin equation is Markovian, with the friction at
time t depending only on the velocity at the same time.

The solvent or outer-sphere reorganization energy can be
computed from the solvent spectral density. When the electronic
subsystem is located at the initial position s;, or final position s,
the corresponding heat bath Hamiltonians (including Hy and
Hgg) are given by

2 2
p 1 CSL/R
HL/R = Z 2—} + zmj(l)}-z xj - fs—z
. m]- mja)}-

(217)

The reorganization energy is then obtained as the ensemble
average of the difference between the two heat bath
Hamiltonians over the initial state

Aoue = <HR - HL>L

Cj(SL + sp) ] Cj(SL = sp)

- Z %mjwiz 2x), — 2 J 2
j

m;w; m;w;

(218)

where (. . .); denotes the ensemble average over the initial state.
In classical mechanics, each x; has a Gaussian distribution with

[
the mean value (xj)L = LLZ Substituting this into the above
m]w]
equation, we have
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19 2 15 =_5
j‘ = — —_ = — //li =2
=2y ot T 2 o’ (AE%), (225)
] 77 ] 7777
1 /°° J(w) kg T I'(t)
=_— ) ——dw () = 2= (£ (0)f (1)) = ——=
2z Jo [ (219) o ! H; (226)
where in the second step the displacement (sg - s;) is included in .. )
the rescaled coupling constant ¢.*” = m(BAE(t) + wSAE) (227)

6.1.2. GLE for Electron Transfer Dynamics. Both the
GLE and ET rate theories require specifying the reaction
coordinate. As we have discussed throughout the review, the
energy gap in explicit atomistic simulations is typically used as
the RC for electron transfer. When the inner-sphere nuclear
modes are not included, the nonequilibrium solvent polarization
can also serve as the RC, as discussed in Section 3.2. However, it
should be noted that these two reaction coordinates are closely
related as they describe the same ET process. In particular,
continuum models often use the energy gap as the reaction
coordinate but dress or write it in terms of e.g. nonequilibrium
solvent polarization.”'~**° For this reason, here we will focus
on GLE with energy gap as the reaction coordinate while in the
following subsections we will present results for both implicit
and explicit solvent models. The GLE for dynamics along the
energy gap coordinate takes the form

USAE(t) = —SAE(t) —L/ﬁIKt—-tdéAE(fyﬁ’+-F0)

(220)

where y is the effective mass along the reaction coordinate and
SAE(t) is the gap fluctuation with respect to its average value.
Explicitly these variables have the form

KT kT
<(m<r>)2> (AE)

o (221)

SAE(t) = AE(t) — (AE) (222)

The friction kernel and the random force are still connected
by the classical fluctuation—dissipation relation (eq 214) and
describe how the solvent influences the energy gap dynamics. A
useful measure for dynamics is given by the normalized energy
gap time-correlation function

_ (SAE(0)SAE(t))

Al = S AE(0)38E())

(223)

which can be used to define an effective relaxation time scale for
the RC.

To obtain closed form equations for the dynamic effects on
ET rates, it is furthermore useful to consider the GLE around a
local parabolic minimum or maximum along the RC that
correspond to the initial and transition states, respectively. In
this case, the GLE for the energy gap coordinate becomes

t
SAE(t) = —w?AE(r) — / L(t — ¢)SAE(E)dE + (1)
0
(224)
where w; is the solvent frequency at the minimum or maximum i
while {; and f; are the effective mass (y;) -weighted friction and

random force around i, respectively. These variables have the
form
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The effective solvent frequency is further related to the force
constant, i.e., curvature, of the parabola

kT
(8E?),

k.
a)iz = —l, ki =
"

(228)

6.1.3. Dynamics at the Parabolic Barrier Region:
Adiabatic ET. For adiabatic reactions, the potential energy
surface around the transition state region can be approximated
as an inverted parabola along the reaction coordinate. In this
case the ZCL Hamiltonian is

2

H;’:CL = j - zﬂ;&w;e(s - 5;&)
4
2 2
3y o1, 5
gy T
j J 7 (229)

where # denotes the barrier, and s, and w, are the barrier
coordinate and frequency, respectivel;r. From this equation it is
) . : 21-223 -
possible to derive a simple result for the dynamic
correction in terms of an effective barrier frequency (w*) that is
modified by the friction exerted on the reaction coordinate by
solvent bath: this is the celebrated Grote—Hynes model for the
prefactor of dynamic solvent effects
W
Keu = —

Wy (230)

where the effective barrier frequency needs to be self-
consistently computed from the equation
2
#_ Wy
W + (L)l ()

(231)

which depends on the Laplace transform of the time-dependent
friction kernel

N #
() = /0 T(t)exp(—wt)dt )

The needed parameters, @, yi, and I'(t) depend on the used
reaction coordinate—when the energy gap coordinate is used,
they are given by eqs 225—228. A simpler expression is obtained
by assuming that the friction does not depend on time and is
therefore a memoryless constant

o0
P~ o) [T =T =pt )
where we have also defined the mass-weighted friction
coefficient . This choice simplifies the GLE to an ordinary
Langevin equation for the dynamics along the RC. This
simplification is justified when memory effects on the friction
are modest, which is satisfied when this solvent relaxation is
much faster than the time scale of the barrier crossing. When the

https://doi.org/10.1021/acs.chemrev.5c00926
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previous equation is inserted in eq 231, the Kramers’ result for
the effective barrier frequency is obtained

(234)

Inserting this in eq 230 gives the famous Kramers’ result for
the prefactor

(235)

When the solvent relaxation is extremely fast compared to the
barrier crossing, the motion over the barrier is effectively
damped and the overdamped, high-friction assumption, { > @,
can be used to approximate the solvent effects on the reactive
frequency and the transmission coefficient

Wy

K, —_/—<x1

overdamped ™ (236)

The above results are amenable to direct parametrization
through MD simulations. However, in many cases it is useful to
express the dynamic solvent effects in terms of experimentally
measurable relaxation times. This can be achieved by writing the
energy gap correlation functions in terms of an analytic function
describing dielectric relaxation dynamics, which are macro-
scopic measures for the solvent polarization or reorganization
dynamics. For this purpose, the (generalized) Langevin
equation for the energy gap is written using an implicit dielectric
model and solved for the energy gap or polarization
dynamics.”'”*'® In this case, time-dependent friction describes
the solvent polarization dynamics, {(t) o (P(0) P(t)) and is
related to dielectric relaxation time scale 7, (t) through

) = A@) = £

oy

(237)

where 7,,(t) depends on time because the dielectric relaxation
may have multiple characteristic time scales for different
processes such as orientational and translational relaxation.
A(t) is the energy gap relaxation time scale introduced in eq 223
and o; is the longitudinal solvent frequency’'® for the
equilibrium solvent fluctuations that can be computed through

eqs 225-228 for the initial state. The well and barrier frequencies
are related by”'°
/Iout -1
8V

2 _ 2
W, = Wy

where A, is the solvent reorganization energy and V the
electronic coupling constant. The impact of the dielectric
relaxation on the barrier crossing dynamics can then be
computed from the Grote—Hynes equation of the effective
barrier crossing frequency (eq 231) using the time-dependent
friction

(238)

w2
+ (wl?frel(wzzl))

where 7, (w) is the Laplace transform of 7,,(t). Given a relation
for the dielectric relaxation function, 7,,(t) the corresponding
dynamic correction can be computed.”'® For instance, the
widely used model for a Debye solvent has only a single
relaxation time and does not depend on frequency. For the

w. =
Tel +
Wrel

(239)

7444

longitudinal relaxation, the Debye solvent with the (rotational)
relaxation time scale 7, has

2
& Wi T Wi T,
%L(S):TL: OOTD_’KGHZ ( LL) +1 _ L°L
& V4 2

(240)

with {; = w;@_ 7;. For rapid relaxation, this equation reduces
the transition-state result, while for high friction and slow
relaxation, i.e., at the overdamped limit, a Zusman-like
equation””” is obtained

~ 1
Koverdamped ~ ——~ =
& g, (241)

which shows that the prefactor is inversely proportional to the
longitudinal solvent relaxation time.

6.1.4. Dynamics in the Initial Well: Nonadiabatic ET.
For a nonadiabatic reaction, the barrier crossing rate or
probability is controlled by the electronic coupling constant
and ET kinetics often depend more strongly on the crossing
probability between the diabatic states than solvent dynamics at
the transition state. However, if the solvent dynamics are
sufficiently slow, they may influence the equilibrium within the
initial state and thereby break the transition state theory
assumption of local equilibrium through the reaction
coordinate. As a result, in the case of nonadiabatic ET, the
solvent dynamics and relaxation in the initial state may control
the reaction rate.

The influence of solvent dynamics in initial state equilibration
and reaction kinetics may be treated with the GLE or Langevin
equation as discussed above for the barrier crossing. As high
friction is required for the initial state relaxation to contribute to
the reaction rate, overdamped dynamics for solvent dynamics
are usually assumed.”'®**%***?*> For the Debye solvent, this
leads to the Zusman expression of the prefactor

1

Kzus ® —F—
1'D\/71'ﬁAG7E

6.1.5. Interpolating between Different Regions. The
previous two sections consider dynamic solvent effects on the
prefactor for the adiabatic and nonadiabatic cases. However, in
practice it is often necessary to also consider intermediate cases
between these two solvent-controlled limits as well as the
influence of electronic nonadiabaticity. This can be achieved by
constructing a well-defined interpolation between nonadiabatic
ET, solvent-controlled adiabatic ET, normal adiabatic ET, and
transition between nonadiabatic and solvent-controlled adia-
batic ET. One way to achieve this is to use the stable states
picture”****® of reaction kinetics where the effective prefactor
can be written in terms of the barrier crossing dynamics or
probability and relaxation dynamics in the initial well. For
instance, the barrier crossing can be treated within the Landau—
Zener (LZ) theory (Section 6.1.6), which interpolates between
the adiabatic and nonadiabatic barrier crossing while relaxation
dynamics in the initial well may be accounted for with the
Zusman model”*’

1 1 1
K.

(242)

Kzus (243)

interpolation

6.1.6. Landau—Zener Prefactor: Transition from
Adiabatic to Nonadiabatic ET. The Landau—Zener model
interpolates between the adiabatic and nonadiabatic electron

https://doi.org/10.1021/acs.chemrev.5c00926
Chem. Rev. 2026, 126, 7407—7464


pubs.acs.org/CR?ref=pdf
https://doi.org/10.1021/acs.chemrev.5c00926?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Chemical Reviews pubs.acs.org/CR
transfer limits and considers the effective velocity or frequency o 230 24,7 \'/?
of the system along the reaction coordinate when crossing the equipartition theorem, Vivg = ( P ) , where yi represents

transition state region. As shown in Figure 1, the nuclei first
reorganize into a prerequisite configuration at which electron
transition can take place. Subsequently, they cross the transition
region with an average velocity v,,,, while the electronic state
gradually transitions from the initial state to the final state. The
process occurring in the transition region can be described by
Landau—Zener theory.'>**%***

To illustrate the Landau—Zener model, we first consider the
ET between the diabatic states k and a, whose free energy
surfaces are described by eqs 69 and 70. As shown in Figure 10,

Vavg

Figure 10. Two-level Landau—Zener model for the description of the
system transition from the diabatic state k to the state a in the transition
region shown in Figure 1. The diabatic states are coupled through the
matrix element Hy, which splits the diabatic states into an upper
adiabatic state  and a lower adiabatic state a. As the nuclei cross the
transition region with an average velocity v,,,, the probability of system
remaining in the initial diabatic state k after the crossing is given by the
Landau—Zener transition probability, P;;. Correspondingly, the
probability of the system transitioning to diabatic state a is 1 - Pr5. In
the former case, the nuclei are likely to relax toward the equilibrium
nuclear configuration of the diabatic state k, leading to a reverse
recrossing in the transition region.

the diabatic FESs in the transition region are split into an upper
adiabatic state # and a lower adiabatic state @ by the matrix
element H,. As the system crosses the transition region with an
average nuclear velocity v,,, the Landau—Zener probability
(PLz) gives the probability that the system undergoes a
transition to the upper adiabatic state 5, which resembles the
diabatic state k at longer times. Assuming that within the
transition region the diabatic FESs vary linearly with the nuclear
coordinate £, with slopes (gradients) S; and S, of the
corresponding diabatic states k and a, respectively, this
probability can be described using Landau—Zener theory as

27 IH,
IS, — S

avg

Py = exp| -
(244)

For the parabolas described in eqs 69 and 70, it can be shown
that the absolute value of the difference between their slopes
remains constant and is equal to 24 at all nuclear coordinates. v,,,
can be considered as the average velocity of the Maxwell—
Boltzmann distribution for a single DOF along the reaction
coordinate, which for ET is the energy gap, and is given by the

7445

the effective mass along the energy gap coordinate in eq 221. For
the classical and harmonic FESs described in eqs 69 and 70, the
effective nuclear frequency along the reaction coordinate is given

by y, = i \/g , from which the reduced mass can be also
u

A .
expressed as yt = 50 Puz can be reformulated by incorporat-
Ty,

ing these considerations as

P zlH,
= ¢ _
v = O T, Jamik,T

In the forward crossing, the probability of transitioning to the
diabatic state a is then given by

(245)

zlH,
hy,\J4mdky T

When multiple diabatic states k exist, with the electron
residing in different electronic states of the metal surface, the
system has a probability Py, of transitioning to the diabatic state
a at each transition region between these diabatic states k and a.
If the coupling between each electronic state k and a is of the
same order of magnitude, the crossings at different transition
regions can be treated as independent events.”” In this case, the
probability of the system transitioning to the diabatic state a is
given by

p=1-[[0-nR)
k

Pa=1-Pz=1—exp| -
(246)

m Y, Hy
=1-exp| ————
huy, | 4mAkgT
/A(e)de
=1— exp|—

Ay, \J4ndk, T |

The probability 1 - P, then indicates the probability for the
system to remain in the original diabatic states k, which gives the
system a chance to reverse and move backward toward another
recrossing of the transition region. Considering this backward
recrossing, there is also a probability P, for the system to
transition to the diabatic state a. Therefore, the probability of a
successful electron transition during each solvent fluctuation
must account for both crossing and recrossing of the transition
region. This leads to the electron transmission coeflicient within
the Landau—Zener model

(247)

2P

a

Kz = ——
1z 1+P

(248)

If we consider ET at the Fermi level, we have A(¢) = Ad(e -
€g). Consequently, P, can be rewritten as

(249)
with the electronic frequency,
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Figure 11. (a) Reduction rate constant, and (b) pre-exponential factor (solid line) as well as activation energy (dashed line) as a function of the
coupling constant Aat zero overpotential. The parameters used are v, = 10" s™' and 1 = 1 V.

2A 1
b= —TFT—

h \J4rdkyT (250)
When combined with eq 1, the rate constant becomes

2(1 - exp(—i>)
2y, CACF
P o~AG7 /KT
2 — exp| -
(1) (251)

where it should be noted that the effective frequency is related to
the corresponding angular frequency through v, = w,/(27). In
the weak coupling limit (A — 0), the exponential term can be
estimated as exp(-x) & 1 - x and the pre-exponential factor in eq
251 is equal to v, and identical to that in eq 134 such that the
pre-exponential factor is fully determined by the electronic
coupling strength between the metal surface and redox species.
In the strong coupling limit, where exp(-x) — 0, the ki,
simplifies to v,, and is entirely determined by the effective
nuclear frequency. The activation energy AG? can be
determined from the adiabatic FES in eq 172 across the entire
range of coupling strengths. For the reduction reaction at small
overpotentials, substituting eq 175 into eq 251 yields

2(1 - exp( —

) ) e—/}(ﬂ+eun)2 /42

2y,

kred =L B

— e

2 exp( )

(/1+€0”I)2
eﬂA/lﬂln(l+T) (252)

Figure 11a shows the above reduction rate constant as a function
of the coupling strength at zero overpotential. The parameters
used are v, = 10" s and 1 = 1 €V. As the coupling strength
increases, the rate constant initially rises rapidly in the weak
coupling regime, then grows very slowly in the intermediate
coupling regime, and finally rises rapidly again in the strong
coupling regime. As shown in Figure 11b, the behavior of the
rate constant at different coupling strengths can be understood
by dissecting the rate into contributions from the pre-
exponential factor and the barrier. In the weak coupling regime,
the pre-exponential factor increases rapidly with electronic
coupling. However, after reaching a certain value, it becomes
limited by solvent dynamics and remains independent of
coupling strength. In the strong coupling regime, the rate
constant is primarily determined by the activation energy, where
stronger coupling reduces the activation energy due to stronger
hybridization between the electrode and the reactant—this is
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sometimes referred to as the electrocatalytic effect. In the
intermediate coupling regime, both the pre-exponential factor
and activation energy exhibit a weak dependence on coupling
strength.

6.1.7. Interpolation across Regions. The stable-state
equation, eq 243, achieves the interpolation between electroni-
cally nonadiabatic and adiabatic limits, as well as the solvent-
dynamics-controlled nonadiabatic limit. It does not, however,
interpolate to adiabatic solvent-controlled reactions where the
barrier crossing dynamics is described by the Kramers—Grote—
Hynes-like equations. This can be tentatively accounted for by
recognizing that for adiabatic reactions k;; = 1, such that k; ; in
eq 243 should be replaced by xgy. On the other hand, for
nonadiabatic reactions k;; < kgy and the solvent dynamics
depend on k. To obtain a uniform interpolation across
different regions, we therefore propose the following formula

1 1 1
+ _
Kzus

K.

Ky zKGH (253)

interpolation

When the solvent is described with the Debye model, the
interpolation between different regions results in Figure 12.
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Figure 12. Interpolation of the prefactor for different regions of
electron transfer. Reproduced from ref.**” Copyright 2019 American
Chemical Society.

6.1.8. Simulating the Dynamic Prefactor. The dynamic
solvent effects can be simulated either through direct MD
simulations of the transmission coeflicient through eq 12 or by
using MD simulations to parametrize the semianalytical models
of the transmission coefficient. The former approach is in
principle simple but computationally expensive as it requires
launching several short MD trajectories at the dividing surface
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and studying whether they end up in the reactant or product
regions. In general, parametrizing the semianalytical models is
computationally less demanding and requires evaluation of the
parameters through eqs 221-228, which give the needed
parameters in terms of the time correlation function for the
energy gap or its time derivative. Once an EVB model and the
diabatic states are constructed and the energy gap is sampled, the
needed correlation functions can be obtained through standard
techniques.231 However, here it is important to notice that
because the prefactor depends explicitly on the time and the
system dynamics, results obtained from canonical and grand
canonical ensembles can no longer be interconverted through a
Legendre transform. This can be appreciated by considering e.g.
eqs 221—228 which show that the quantities entering the
definition of the dynamics prefactor depend explicitly on time,
fluctuations, and system dynamics, which are different in the
canonical and grand canonical ensembles. Hence, choosing the
appropriate ensemble at the start of the simulation is pivotal in
the description of solvent dynamics in ET kinetics.

6.2. Nonergodic Rate Theory of ET Kinetics

Nonergodicity due to slow s;rstem dynamics has been reported,
e.g,, for ET in ionic liquids”* and has led to reconsideration of
the basic foundations of rate theories which typically assume that
the ergodic hypothesis is valid. The ergodic hypothesis assumes
that the ensemble and infinite-time averages of an observable O
are equal and time-independent. For the canonical ensemble this
is written as

[dpdrO(r, p)exp[—pH(r, p)]
Q
/Y p(V)O(X)dY

1

(0)

O(t)dt,

lim
=00 T J0

(254)

where the second equality on the first line introduces the sample
phase space Y and the phase space probability distribution
p(Y). The ergodic hypothesis can naturally be extended to the
grand canonical ensemble.'”!

When applied in the simulation of reaction kinetics within the
TST and its corrections, the ergodic hypothesis dictates that all
needed quantities are time-independent and ergodic; as a result,
the free energies, partition functions, and dynamic prefactors are
time-independent and should be simulated at the infinite time
limit or equivalently through complete phase space sampling of
the relevant portion of the phase space.

Most results of statistical thermodynamics and thereby the
rate theory as presented in Section 2 build on the assumption of
ergodicity, and in most treatments and theories of reaction
kinetics, the system is assumed to be fully ergodic and therefore
ergodic hypothesis is deeply ingrained in chemical kinetics. In a
strict TST perspective, the ergodic hypothesis indicates that all
the time scales of an electrochemical system, discussed in
Section 2.5, from subfemtosecond electron motion to bond
vibrations on the femtosecond scale, picosecond solvent
reorganization, or double layer dynamics on the microsecond
scale, should contribute to the partition functions, barrier, and
kinetics and should therefore be included in the simulations.
While this is not possible in practical simulations, this leads to
very difficult questions: which time scales are relevant to the
reaction kinetics? Which time scales should be included in the
simulation of reaction rates? Should some motions or degrees

7447

freedom appear frozen on the time scale of an electrochemical
reaction?

These questions can be analyzed within the nonergodic ET
rate theory developed by Matyushov****** for protein electro-
chemistry. However, the formalism is applicable more generally
to also electrochemical ET*** and the key insight of this theory is
that some motions and degrees of freedom appear dynamically
frozen on the time scale of reactive ET events. The apparent
freezing of some slow degrees of freedom leads to ergodicity
breaking, which influences both the reaction barrier and the
prefactor, which become functions of system dynamics and
thereby explicitly time-dependent. As nonergodicity places
restrictions on which regions of the phase space contribute to
the partition function and reaction barrier, it dictates that the
phase space averages and sampling times should be limited to
regions where the environment dynamics (7,,) are faster or
equal to the reaction time scale 7,q,c = K™, Tony > Treact OF Teny k >
1. For free energy this is enforced by constraining the phase
space sampling as

) = liml

o7, T

G(z,

nv

/0 " G(t)dt = / _ penar

env’

(255)

In practice, the phase space sampling needs to be limited to
the degrees of freedom that are faster than the ET kinetics of the
studied reaction. For this it is beneficial to cast the phase space in
the frequency domain through a Fourier transform such that
phase space becomes dpdr = [[,[[dpi(@w)dr,(w) for the
frequency (w) for different degrees of freedom i. In the
nonergodic sampling of the phase space, only frequencies higher
than the reaction rate or frequency are considered and the slower
degrees are filtered out. Hence, only the sufficiently high-
frequency motions, 7 > 7, of the environment contribute to the
rate and free energy:

6 = [ 60 [T ] dp(@)dr(e)

w2t i

(256)

Qualitatively, this means that the system does not have
enough time to roam the entire phase space on the reaction time
scale which places restrictions on which regions of the phase
space contribute to the partition function and free energy. More
quantitatively, the system dynamics (7,,,) that are slower than
the reaction time scale (7,.,) are dynamically frozen and do not
contribute to the (time-dependent) thermodynamic quantities.
Hence, nonergodicity is relevant when 7., > 7., as the
contributions from dynamic processes slower than the reaction
do not contribute to the free energy, the partition functions, rate
or other quantities. This can be explicitly seen by rewriting the
TST rate equations, eqs 9 and 12, in terms of the nonergodic
quantities, which leads to the nonergodic (ne) TST

kT Q7 (7n)
h Qi(Tenv)

kyT
= Kdyn(Tenv) BTeXp[_ﬁAG#(Tenv)]

kne—TST(Tenv) = Kdyn(Tenv)

(257)

This equation shows that for a nonergodic system the
dynamics influence both the prefactor and the barrier. Another
way to look at the influence of nonergodicity on ET kinetics is to
consider the reorganization energy. By restricting the sampled
frequencies according to @ > 1/7,,, in the integral of eq 219 for

env
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the solvent reorganization energy in terms of the spectral
density, one obtains

>/u;Zl/7

env

Md(u

w

1
j’out(Tenv) =

27 (258)

which shows that also the solvent reorganization energy and
thereby the Marcus kinetics may depend on dynamics in
nonergodic systems.

6.2.1. Computational and Practical Considerations.
The equations appearing in nonergodic rate theories should be
solved self-consistently or iteratively to satisfy the 7o, > Teact
condition; this iterative process makes computation of the
nonergodic rate constants very difficult and time-consuming as
the simulation of the system dynamics and the rate constant
become dependent on each other. This requires very thorough
sampling of the phase space and the dynamics, which has thus far
been achieved through classical MD simulations for small
molecules,”*® proteins,236 and even a molecule on a metallic
electrode.””” Future studies may extend the choice of methods
to QM/MM and machine learning potentials but to our
knowledge this has not yet been done. It is also important to
notice that both environment relaxation and reactions times
depend explicitly on the sampling time, fluctuations, and
systems dynamics, which are different in the canonical and
grand canonical ensembles, which makes the ensemble choice a
critical issue.

In DFT-level studies it is currently not possible to achieve the
needed sampling but it is important to estimate in which cases
nonergodicity should be accounted for in ET simulations. Such
an analysis was done in ref,'*" where the ergodicity-breaking
was inspected from the perspective of system dynamics. As the
system dynamics naturally depend on the system, it is not
possible to provide general guidelines but for ET reactions in
aqueous electrolytes it was concluded that for reactions with
AG” > 0.3 eV or 1> 1.2 €V the system is expected to be ergodic
for systems that can be studied using DFT. Hence, nonergodic
ET is expected in systems with very fast kinetics or very slow
system dynamics, which may be observed in e.g,, ionic liquids.

7. ELECTRIC DOUBLE LAYER EFFECTS

As ET occurs within a local region of the EDL, the local
properties and reactant concentration in the reaction environ-
ment can differ significantly from those in the bulk solution.
Incorporating these differences and EDL effects into the ET rate
is essential for a comprehensive understanding of experimental
results, particularly in studies of electrolyte effects. The EDL
effects greatly complicate the understanding of ET reaction even
“simple” outer-sphere couples as the electrode charge, potential
of zero charge, and the electrostatic potential within the EDL
may or may not influence ET rate depending on the electrolyte
concentration. More generally, as electrolyte- and potential-
dependent electrostatic or electric field effects are often used to
rationalize electrochemical interfaces,”*® understanding of the
EDL is paramount for understanding how and why ET kinetics
depend on the local reaction conditions under varying
operational conditions.”*”*** A particular example of topical
interest is understanding cation effects on CO, reduction;**" are
the cations effects on ET kinetics due to global, long-range
electric field effects®*’ or local, direct, and short-range
Coulombic interactions.''*** Answering such questions may
help to design optimal reaction conditions and control ET but
this requires e.g, atomic-scale insight on electrostatic effects
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within the EDL’*’ and the development and application of
microkinetic models that account for the variety of EDL-related
phenomena.'*”*** In this section, we examine how the EDL
effects on the ET rate can be described and affected through
three key factors: the work terms, local reactant concentration,
and reorganization energy.

7.1. Work Terms

As discussed in Section 1.2.1, work w,q and w,, are required for
the reduced and oxidized species, respectively, to move from the
bulk solution to the reaction plane for ET to occur. In this case,
the equilibrium free energies of the redox species, as expressed in
eqs 41 and 42, at the reaction plane differ from those in the bulk
solution. Assuming the equilibrium free energies of the redox

species at the reaction site are Gfedru and ng,w respectively, we
have

0 0 0 0
Gred,a = Gred + Wred? Gox,a = Gox + Wox (259)
Here, Gog and Go, are the equilibrium free energies of the
reduced and oxidized species in the solution bulk. By combining
eqs 47,63 and 259, the reaction free energy for the reaction in eq
63 at the reaction plane is corrected to,
- G°

ox,a

AG(e)) = G°

red,a

_ek

Wk

=egl + € — €+ Weg — (260)

The work terms w4 and w,, primarily describe changes in the
electrostatic potential energy and equilibrium solvation energy
of the redox species and can be decomposed into w; = w* +
wi°™, For chemisorption reactions at electrochemical interfaces,
the process is accompanied by changes in the covalent
interaction energy and the desolvation of the redox species
and electrode surface. These effects and their corrections to the
reaction free energy can be self-consistently accounted for by
combining the EDL theory and chemisorption theory to
construct a two-dimensional FES, as introduced in Section 5.3
and in ref.'”” The reaction free energy is then given by the
difference between the minimum of the chemisorbed product
and that of the reactant. The electrostatic potential contribution,
wi, can be approximated by using a simple model where the
redox species are treated as point charges. The corresponding
work term, associated with the change in electrostatic potential
energy of the redox species, is then given by

1 1
wreecelC - WOQXec = (zred - zox)eO(Q?l - ¢S)
= _eOA¢ga

where A@§ = ¢, - ¢bs represents the difference between the
electrostatic potential at the reaction plane within the EDL and
the inner potential of the bulk solution. z,.4 and z,, denote the
valencies of the reduced and oxidized species, respectively. If the
reaction plane is located at the outer Helmholtz plane (OHP),
Ag§ corresponds to the potential drop across the diffuse layer of
the EDL. In this case, A¢g increases monotonically with the
surface free charge of the electrode, o, which is equal in
magnitude but opposite in sign to the excess ionic charge in the
diffuse layer, ensuring the electroneutrality of the EDL. o,
typically increases monotonically with the electrode potential in
the range near the potential of zero free charge (PZFC).
However, the accumulation of partially charged chemisorbates,
which contribute to the dipole potential at the electrode surface,
may lead to a nonmonotonic relationship between surface free
charge and electrode potential.”*~*** When 6, > 0, A% is

Awelec _

(261)
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positive, the overpotential is effectively decreased by A¢g, which
facilitates reduction reactions. Conversely, when og.. < 0, the
overpotential is effectively increased, which facilitates oxidation
reactions.

The difference between the local solvation free energy and its
bulk counterpart arises from solvent screening of the interfacial
electric field, which makes the local dielectric response differ
from that of the bulk. In a qualitative description of local field
effects on ET, the local dielectric permittivity can be assumed to
be a constant, e, for the redox species at a given electrode
potential. Considering the reaction of a spherical ion with a
negligible change in size during ET, the outer-sphere
contribution to w{™° can be expressed though the Born
solvation model as,
zhel( 1 1

solv,0
w' —

! - 1 b
87R | & g (262)

where R is the radius of spherical ion, €’ is the static dielectric
permittivity of the bulk solution, and z; is the ion valence. The
corresponding work term, associated with the change in the
solvation energy of the redox species, is then given by

2 2 2
A solv,o _  solvo _  solv,o _ (Zred — Zox)eo 1 _ L
w = Wred ox - 87R loc b
pd €, &
(263)

where we assume that the reaction plane for both the reduced
and oxidized species are identical. When the electrode potential
deviates from the PZFC, £°° < £°. For reactions where 22,4 > 22,
Aw®™® > 0. In this case, Aw*™° effectively increases the
overpotential, facilitating oxidation reactions while hindering
reduction reactions. Conversely, for reactions where z%4 < 22,
Aw*™® < 0 and the overpotential felt by the redox couple is
effectively decreased: this favors reduction reactions and
suppresses oxidation reactions. As the metal surface accumulates
more excess charge, £ decreases further, which amplifies the
effect of Aw**™°, Apparently, the correction of the work terms to
the ET rate depends on the chosen position of the reaction
plane.

However, we should not expect more than a qualitative
understanding of the work terms related to the solvation from eq
263, which has several limitations. First, a continuum
description of electrostatic or electric field effects cannot fully
mimic the microscopic electrostatic interactions arising from
direct Coulombic interactions between molecules themselves
and with the electrode.”*® Second, the redox species are not
simply spherical and the metal surface may not be perfectly flat
and structureless. Third, the local dielectric constant £ is not
constant and it varies spatially near the metal surface and the
redox species due to the dielectric screening of the interfacial
field by the solvent. To address the latter two issues, we can
model both the redox species and the metal surface with
arbitrary shapes and specific charge density distributions in 3D
space. For such 3D modeling it is necessary to reformulate the
outer-sphere components in eqs 41 and 42 in terms of scalar
quantities, such as electric potential and charge density, rather
than using vector fields. This can be achieved by transforming
the integration of electric displacement fields into those of
charge density and electrostatic potential:
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f %qdv: f EDdV = / (=V¢)Ddv
- /(—V((ﬁiDj) + ¢V -D)dV

= / $edv,

where D; and D; are the electric displacement fields of two
charging states i and j at their equilibrium polarizations, ¢, and E;
the electric potential and field in the charging state i, ¢; the
charge distribution in the charging state j. The first three
identities follow from eq 24, the relation between the electric
field and potential, and the product rule for the divergence
operator. The fourth identity assumes a finite system, where the
first term in the second line of eq 264 vanishes by applying the
divergence theorem. According to eq 264, the equilibrium
solvation free energy in eqs 41 and 42, can be reformulated as,

Ge° = % fqﬁiQidV(i = ox, red)

(264)

(265)

As mentioned, for the system where the redox species are
embedded in the dielectric medium near the metal surface, we
can account only for the charge distribution on the redox species
in the integral of eq 265. If the charge of the redox species is
assumed to be distributed on its surface, eq 265 can be reduced
to a surface integral as,

G = % /gtzfqu(i = ox, red) (266)
where o; represents the charge density distribution on the
surface of species i, and ¢; denotes the corresponding
electrostatic potential distribution on this surface. To calculate
the electrostatic potential distribution, an EDL model is needed
to account for the solvent polarization, as the response of solvent
molecules to the interfacial electric field and the charge of the
redox species significantly affects the local dielectric permittivity
and, consequently, the solvation free energy. Such simulations
can be achieved by using the comprehensive continuum EDL
theory that accounts for both the electron response of the metal
electrons and structured solvent.” This theory also incorporates
the effect of short-range correlations between solvent molecules
and between ions and solvent molecules into solvent polar-
ization, and provides a computationally efficient and more
realistic approach for describing solvation at electrified
interfaces, as shown in Figure 14.

7.2. Solvent Reorganization Free Energy

The inner-sphere reorganization energy is generally independ-
ent of local conditions, as it is primarily determined by the
intrinsic structural properties of the redox species. In this
subsection, we therefore focus on how the outer-sphere (i.e.,
solvent) reorganization energy depends on local conditions. The
solvent reorganization energy, A, is given in eq 58 within the
continuum description of the solvent. This expression shows
that A, depends on the local dielectric permittivity and the
charge distribution of the redox species, the latter being related
to their shape. We begin by developing a qualitative under-
standing of 4., by examining the reduction of a spherical ion
near a metal surface, as depicted in Figure 13. In its oxidized state
the spherical ion is located at a distance d from the metal surface
and has the charge z,,¢, and the radius R. If the ion is very close
to the metal surface, i.e,, d is very small, the metal electrons may
sense the electric field due to the ionic charge and are either

https://doi.org/10.1021/acs.chemrev.5c00926
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Figure 13. Spherical ion in its oxidized state, with the charge z,¢, and
the radius R, is positioned at a distance d from the metal surface. Its
image charge, having the same magnitude but an opposite charge
distribution, is mirrored by the metal surface.

repelled or attracted, resulting in the formation of induced
(surface) charge. The electrostatic effects of this induced charge
can be equivalently represented by an image charge, which
mirrors the ionic charge distribution across the metal surface but
with the opposite sign. Assuming the ionic charge generated by
both the ionic and image charge is uniformly distributed on the
surface of the ionic sphere, D, is given by,

D, = u[_] .

4rri\r,

a a

Z..eol 1
—2 9 2 A(Ir) > R, Iyl > R),
4rry \ 7

D,

0oxX

o(lr] <R, In) < R), (267)

where r, and r;, denote the radial vectors from the centers of the
ionic sphere and image charge sphere, respectively, with their
magnitudes r, and r,. If R changes negligibly during the ET
process, D, 4 can be formulated by simply replacing z,,, with 2,4
in eq 267. Then we have,

2
-
€ € r f

(So] S a

2
o

B 3277

out
(268)

Here, V excludes the volume space inside the spheres. On the
solution side, we assume a constant local dielectric permittivity,
£, while on the metal side the dielectric constant equals €.

The above integral can then be explicitly evaluated,' yielding 4

as,
e 1 1 ( 11 )
8rle, e \R  2d

eq 269 can provide some fundamental insights into the factors
influencing the solvent reorganization energy. An ion with a
smaller radius R exerts a stronger electric force on the nearby
solvent molecules, which makes it more difficult for the solvent
molecules to reorient and which leads to a larger reorganization
energy. A larger reorganization energy is also expected for a
shorter distance d of the ion from the metal surface, where the
solvent molecules experience a stronger electric field from the
image charge. A larger £ indicates that the solvent molecules
have a greater ability to screen the external electric field, which
causes them to sense a weaker electric field from the charge of
the redox species and its image charge. The weaker electric field
experienced by the solvent molecules from both the ion and
image charges allows them to reorient more freely, implying a
smaller reorganization energy. The value of £ depends on the
nature of the solvent as well as the local electric field in the EDL,
which in turn depends on the surface charge and electrode
potential. The solvent properties of a dipolar liquid are primarily
determined by the solvent dipole moment such that a larger

out

(269)
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dipole moment implies a stronger screening ability and thus a
higher €. The field effects reflect the importance of local
reaction conditions, namely EDL effects. At a charged metal
surface, solvent molecules feel a stronger electric field and
become more ordered as they approach the surface, resultingin a
lower £ at shorter distance from the metal surface. The solvent
reorganization energy at the interface is thus generally smaller
than that in the bulk solution, as confirmed by computations and
experiments.zlw’250

For a more accurate and convenient computation for A, at
the continuum level, we first express A, in eq 58 in terms of

scalar quantities. Similar to eq 265, we obtain,

D
[Fpav= [E=Dav= [¢=pav
£y '

with,

(270)

D.
Eioo 1
I3 (271)

where E;° represents the electric field in the charging state i with
only fast polarization present, while ¢{° denotes the correspond-
ing electric potential. Combined with eqs 265 and 270, we have,

/cDiI)jdV = /(qﬁimgj - qﬁiQ}.)dV = —/gzﬁi“deV
with,
B =

where ¢} represents the electric potential change due to the
introduction of slow polarization in charging state i. A, in eq 58
is then reformulated to

(272)

(273)

1 n n n n
;Lout = 5 /(_¢reered - ¢on0x + ¢1‘edQOX + ¢onred)dV

1 n n
_E f(Qred - Q0){)(¢recl - ¢ox)dv’
(274)

which is the same as in ref.'”’ If the charge density is assumed to
be distributed on the surfaces, A, is replaced with a surface
integral,

l n n

/10ut = _5 /(Gred - Gox)(gbred - ¢ox)ds (275)
where 0,4 and o, are the surface charge distributions in the
reduced and oxidized states of the system. As mentioned, when
considering a specific ET near the metal surface, 6,4 and o,,, can
be taken as the charge distributions of the reduced and oxidized
species, respectively.

7.3. Local Concentration

The discussion above focused on the formulation of the rate
constant and the influence of local reaction conditions on it but
the mass action law, which is valid for elementary reactions, tells
that the overall reaction rate is proportional to both the rate
constant and the local reactant concentration at the reaction site.
The local concentration of electroactive species involved in ET
reactions is determined by both the reaction kinetics and mass
transfer effects. While the reaction kinetics can be described by
ET theory, mass transfer is often modeled using the Poisson-
Nernst—Planck equation or its variants,”>**" which account for
diffusion, electromigration, and convection. As the interfacial
electric field is confined within the EDL, typically a nanoscale
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region near the metal surface, electromigration influences the
EDL region whereas mass transfer beyond the EDL side
naturally occurs through diffusion and convection. As a result, a
concentration gradient extending to the microscale or beyond,
may form across the EDL: this is known as the diffusion layer.
Experimental techniques such as rotating disk electrodes
(RDEs), microelectrodes, and pulse methods have been
developed to mitigate the concentration gradient or to decouple
mass transfer effects from reaction kinetics within the diffusion
layer. Therefore, this issue will not be the focus of the following
discussion. However, caution should be exercised in the case of
very fast reactions, where even strong convection methods may
not completely eliminate the concentration gradient, potentially
leading to controversial observations on electrocatalytic
activity>>>~*** or ET kinetics.”® When the reaction kinetics are
slow, mass transfer effects within the EDL can be neglected and
the local concentrations can be approximately described by the
equilibrium state theory of the EDL, wherein the species
concentrations follow an equilibrium distribution, such as the
Poisson—Boltzmann distribution in the simplest case. In this
subsection, we restrict our attention to the concentration
distribution within an equilibrium EDL.

In most electrochemical reactions, the reactants do not
specifically adsorb on the electrode surface. The concentration
distributions of such nonspecifically adsorbing reactants are
controlled by two main factors. First, for ionic reactants the
electrostatic interactions between the free charge on the metal
surface and ionic charge lead to an excess concentration of ions
in the diffuse layer, the extent of which decreases toward the bulk
solution over a distance characterized by the Debye length. The
response of the free charge to the electrode potential may be
affected by electron spillover and surface dipoles formed at the
metal surface. Assuming a Poisson—Boltzmann distribution of
ions, the local reactant concentration can be expressed as,

zegAdy
ksT

loc _ b
e eXp[_ (276)

where ¢ is the bulk concentration of species i. The modifications
to reaction kinetics introduced by accounting for the local
reactant concentration in eq 276 and the work term in eq 261 are
commonly known as the Frumkin correction.”>> The Frumkin
correction is often based on the notation of a reaction plane,
typically designated at the OHP in the simula-
tions, 1 7/35251,254,236

Second, the interactions between reactants and the solvent
medium, structured e.g., by hydrogen bonds, lead to a layered
reactant concentration profile, as observed in molecular
dynamic (MD) simulations.”>” The separation of these solvent
layers is characterized by the periodic length of the spatial
correlation function of the longitudinal solvent polarization.”*®
While such a layered reactant profile is absent in classical EDL
models and requires high computational cost in DFT-based
simulations, the recent density-potential-polarization functional
theoretical approach (DPPFTA)**** offers a semiclassical and
computationally efficient approach to model it under constant-
potential conditions. As shown in Figure 14a and 14b, the
DPPFTA approach captures two essential features of the EDL:
the electronic response on the metal side, which makes the
extent of electron spillover depend on the electrode potential,
and the structured solvent on the solution side leading to
damped oscillations in solvent polarization extending toward the
bulk solution. Oscillations in the solvent polarization further
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Figure 14. Model results* of density-potential-polarization functional
theory for the Ag(110)-0.1 M KPF, aqueous solution interface at five
electrode potentials, referenced to the potential of zero charge, as
indicated in the legend of Figure 14b: (a) distribution of the
dimensionless electron density, with the inset presenting an enlarged
view near the metal surface, (b) distribution of the solvent polarization,
(c) distribution of the electric potential, with the inset showing an
enlarged view on the solution side, (d) distribution of the anion
concentration, with the inset presenting an enlarged view at negative
electrode potentials, (e) distribution of the cation concentration, with
the inset presenting an enlarged view at positive electrode potentials. In
all of these plots, the metal edge is located at x = 0 A. The top panel
provides a schematic illustration of the electric double layer structure,
featuring periodically arranged metal cationic cores, and layered
structures of ions and solvent molecules near the metals surface.
Reproduced from ref.** Available under a CC BY 4.0 license. Copyright
202S The Authors.

lead to an oscillatory electric potential on the solution side, as
shown in Figure 14c. Anions and cations tend to form layered
structures as they accumulate near the peaks and throughs of the
electric potential, which corresponds to their energetically
preferred distributions within the solvent layers, as shown in
Figure 14d and 14e.

The importance of the layered ion concentration profile on
local reaction conditions is reflected in several aspects. First, the
layered structure of ions allows co-ions to have appreciable
densities near the metal surface. As shown in the inset of Figure
14d, even at an electrode potential as negative as —0.2 V vs
potential of zero charge (PZC), the anion concentration in the
first layer remains approximately one-third of that in the bulk
solution. In fact, at a potential of —0.1 V vs PZC, the anion
concentration in the first layer even slightly exceeds the bulk
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concentration. The situation is opposite for cations, as shown in
Figure 14e. The anomalous accumulation of co-ions near the
metal surface is attributed to the structured solvent stabilizing
the co-ions. The non-negligible concentration of anions near the
negatively charged metal surface may be responsible for the
apparent anion effect observed in the electrochemical CO,
reduction reaction.”” Second, the assumption of a single
OHP as the position of the closest nonspecifically adsorbed ions
in classical EDL models may not be reasonable. As shown in
Figure 14d and 14e, anions and cations approach the metal
surface to different extents, each adjusting to better fit between
solvent layers, suggesting that the use of a single, predefined
OHP may be an oversimplification. Third, the layered structure
ofions can help identify the position of the reaction plane, which
would be located at the position of the peak concentration of
ions in the first layer. In classical EDL models, the reaction plane
is chosen based on the sizes of ions and solvent molecules.
However, how closely nonspecifically adsorbed ions can
approach the metal surface also depends on their compatibility
within solvent layers. Fourth, the position of the reaction plane,
chosen based on the first ion layer, is dependent on the electrode
potential. Instead of considering the ET rate only at the reaction
plane, the calculation can be improved by integrating the ET rate
over a reaction volume, as discussed in Section 1.2.1. Such a
reaction volume may be chosen as the first layer of reaction
adjacent to the electrode surface. For subsequent layers of
reactant, the distance from the electrode surface is typically too
large for a non-negligible electron tunnelling probability. The
distance-dependent parameters include the reorganization
energy, the coupling matrix elements, and the local concen-
tration of the reactant. It should also be noted that, when
considering ET rate over the broad electronic spectrum of the
electrode surface, the integration should first be carried out over
the distance from the electrode surface and then over the
electronic energy spectrum.57

8. CONCLUSION AND OUTLOOK

We have reviewed the theory and simulation of electron transfer
(ET) kinetics, aiming to provide a unified and pedagogical
description of the key concepts, derivations of central equations,
and their parametrization through atomistic simulations. On the
theoretical side, we first derived the Marcus activation free
energy, in which the inner sphere (i.e., the redox species) is
treated as a set of harmonic vibrational modes and the outer
sphere (i.e., the solvent) as a dielectric continuum. This was then
complemented by a treatment of quantum transitions between
the electronic states of the metal and redox species using time-
dependent perturbation theory in the nonadiabatic limit. We
subsequently explored the adiabatic ET regime through the
Anderson—Newns—Schmickler model Hamiltonian, which
allows analytic construction of the free energy surfaces (FESs)
from the nonadiabatic limit to the adiabatic limit. Since these
derivations do not explicitly include solvent dynamics, we
further discussed corrections to the pre-exponential factor based
on the generalized Langevin equation. Through the above
systematic review of nuclear reorganization, electronic coupling,
and solvent dynamics, we established a comprehensive
conceptual framework capable of addressing a broad spectrum
of electrochemical ET phenomena and reactions. We have also
shown how the central parameters entering the key equations,
i.e., the reorganization energy, electronic coupling constant, and
solvent nuclear frequency, can be extracted from atomistic
simulations. In addition, we devoted special attention to the role
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of the electrical double layer (EDL), which influences ET rates
through local changes in work terms, reorganization energy, and
concentrations. Taken together, the considered topics provide a
comprehensive understanding of how electrochemical ET can
be achieved through the integration of ET theory with the theory
of the EDL and atomistic simulations. Throughout the review,
we have highlighted exemplary questions that may be answered
by the methods discussed in the preceding sections.

In general, our atomistic understanding of electrochemical ET
can be significantly advanced when experiments are combined
with analytical theories and accurate numerical simulations. In
general, the computational treatment of electrochemical ET
requires a reliable quantum mechanical treatment of the
electrode, a thermodynamics treatment of the solvent/electro-
lyte as well as sampling of the reaction coordinate to compute
the FESs. Currently, this can be achieved using diabatic DFT
methods, such as constrained DFT, coupled with molecular
dynamics (MD) simulations and the mapping Hamiltonian
approach to construct the FES along the energy gap coordinate.
While such DFTEVB-MD simulations can provide an atomistic
and electronic description of ET, it should be noted that even
small errors (~0.1 eV) due to the exchange-correlation
functionals, basis set, k-point sampling or finite-size or -time
effects translate to orders of magnitude errors in rate constant
predictions. Hence, computing accurate absolute rate constants
is challenging. As measuring absolute rate constants is also
difficult, we consider that the best outcome from experiment-
theory-simulation works is best achieved by focusing on
differences, trends, and phenomena rather than absolute values.

Throughout the review we have emphasized the central
assumption of linear response, or equivalently, linear coupling
between the electron transfer and the response or reorganization
of nuclear modes. Specifically, we have shown how the linear
response approximation influences the continuum electrostatic
description in Marcus theory, the EVB simulations and
computation of the reorganization energy, the Anderson—
Newns—Schmickler model, and even the formulation of
dynamic solvent effects starting from the generalized Langevin
equation. In many instances, the linear response theory leads to
significant simplifications, most importantly the possibility to
obtain closed form equations, or more facile simulations of the
key parameters. In general, the linear response theory is valid
whenever the coupling between ET and nuclear reorganization
of the reaction medium is rather weak and when the solvation
properties of the redox couple do not drastically change during
the ET reaction;''” such cases correspond to (bulky) outer-
sphere redox couples, weakly solvated redox couples, and
whenever the solvation of the reactant and products is
“sufficiently” similar. The precise conditions of “sufficiently
similar” are difficult to know a priori, for instance, the case of
Cu®* reduction can be treated using a linear coupling model but
the Zn?* reduction cannot.”®'

It is not, however, generally understood when the linear
response approximation is valid and stronger and nonlinear
coupling between the ET and nuclear reorganization is expected
because the validity of the linear response assumption is rarely
tested. There might be several cases where it breaks down—
most obvious being electrocatalytic or inner-sphere ET reactions
where the solvent goes through significant structural changes
during reactions. Understanding the limits and cases in which
linear response theory remains valid is not only of theoretical
importance but is also of high experimental relevance as the
assumption of linear response is implicitly included in the vast
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majority of ET theories used to analyze experiments. For
instance, whenever a Marcus-like model is used to explain the
ET kinetics or to obtain the reorganization energy, it is implicitly
assumed that the linear response theory holds. For instance,
recently'*>?**7?%* the Marcus—Hush—Chidsey eq (eq 132) has
started to gain traction in analyzing solvent effects of
electrocatalytic reactions and the reorganization energy is used
as a key metric; the Marcus—Hush—Chidsey equation is strictly
valid only for nonadiabatic ET within the linear response region,
and it is not guaranteed that electrocatalytic reactions fulfill
either criterion. While such analysis can be highly useful, it is
pertinent to realize the underlying limitations of the model used.

To understand reactions with significant changes in the
solvation and chemical structure of the redox species, it is
necessary to go beyond the linear response approximation,'"”
and here simulations and theory can be highly complemen-
tary.”®> The most direct way to study the ET kinetics without
relying on linear response is to use the mapping Hamiltonian
approach for direct enhanced sampling EVB-MD simulations of
the free energy surfaces along the energy gap coordinate. Such
simulations can yield both the diabatic and adiabatic FESs, and
in particular the diabatic FESs can inform whether the linear
response assumption is valid; if the diabatic surfaces are
parabolic, the energy gap distribution is Gaussian, and linear
response holds. Any departures from parabolic diabatic FESs are
an indication that the linear response approximation is violated.
While such calculations at the force field"***°° and DFT
levels'*”'7®?%7 indicate that the linear response is a good
approximation for outer-sphere reactions, much less is known
about electrochemical ET or inner-sphere reactions at the
electrode surface. While force field simulations'”* of outer-
sphere electrochemical ET and DFT-level studies'*® of inner-
sphere ET at an oxide surface show that electrochemical ET
reactions may be within the linear response regime, the validity
of linear response should not be taken for granted. For instance,
recent constrained DFT-MD studies showed''® that the initial
outer-sphere electron transfer step in electrocatalytic oxygen
reduction reaction at Pt surface, O, (sol) + e~ = O3(sol), is not
well described by the linear response approximation. On the
other hand, using the same computational approach to study a
very similar reaction, the outer-sphere ET in the CO, reduction
reaction on an Au surface, CO, (sol) + e~ — COj;(sol), shows
that this reaction falls within the linear response region.''” As it
is not currently known how well the linear response assumption
holds for electrochemical ET reactions in general, EVB-MD
studies, especially at the DFT level, are urgently needed to
understand the ET at the atomic scale on realistic electrode
models; to our knowledge, only few such studies have been
carried out.

The possibility and role of nonlinear coupling between ET
and the solvent should also be investigated within analytical
theoretical models. One way to achieve this is to use non-
Gaussian energy gap distribution functions,"'> which allows the
formulation of more complex but still closed form equations
resembling the Marcus theory. Such models are also amenable to
parametrization through EVB simulations which enables the
integration between theory and simulations. Another way to
account for the nonlinear solvent response in analytical theories
is to include multiple solvent reorganization energies e.g. in the
Anderson—Newns—Schmickler model.?®! Also, in this case it is
possible to combine theory and atomistic simulations as
multiple reorganization energies can be used to fit the
Anderson—Newns—Schmickler to reproduce the EVB simu-
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lations carried out with the mapping Hamiltonian. Such a
combined approach could be further extended to systematically
study e.g. electrolyte and electrode potential effects on ET
kinetics within a mixed quantum-classical model*>*'*7*%¢ of
ET and the electrochemical double layer.

Besides the linear coupling or response approximation, the ET
models discussed in Section 4 are made for nonadiabatic ET
where the electronic coupling between the electrode and the
redox species is weak. The adiabaticity emerges in two ways: in
the prefactor and the barrier. In nonadiabatic ET the prefactor
contains the coupling matrix elements describing electron
tunnelling probability. In the barrier, the adiabaticity is more
implicitly present as the barrier is obtained as the crossing point
of two diabatic states, which is valid for weakly coupled states
only. Both conditions underlying nonadiabatic TST are
expected to hold for, e.g, long-distance outer-sphere ET but
to break down at short distances and strong electronic
interactions encountered in, e.g., electrocatalysis where the ET
is expected to be adiabatic. Theoretically, the transition from
nonadiabatic to adiabatic is well-understood as discussed in
Sections S and 6.1.6—6.1.7. From the computational side, the
questions of (non)adiabaticity are most directly addressed
through the EVB-MD simulations of both diabatic and adiabatic
barriers, but for electrochemical systems, such simulations are
rare and only just emerging.”” More well-established ways
include the computation of Landau—Zener factors to interpolate
between adiabatic and nonadiabatic ET.'***”° We expect that
wider utilization and further development of both the EVB and
interpolation methods will enable more detailed understanding
of factors controlling both the reaction prefactor and barrier, and
thereby yield improved and more general understanding of
electrochemical ET. This is not relevant only for simulations and
theory but also for experiments where ET kinetics are often
understood through Marcus—Hush—Chidsey-type nonadia-
batic models even in cases with presumably strong electronic
interactions.

Furthermore, one should also account for the possibility that
nuclear dynamics control the ET kinetics; while it is again
possible to simulate the (solvent) nuclear dynamics either
directly (eq 12) by computing the direct friction (kernel) for the
Kramers—Grote—Hynes models (Section 6.1), or using the
nonergodic rate theory (Section 6.2). All of these are
computationally intensive approaches and we are not aware of
any DFT level studies where these would have been computed
for electrochemical interfaces. To go beyond the time and length
scales of DFT methods and to achieve more comprehensive
sampling while retaining the needed accuracy, developing
diabatic tight-binding DFT approaches,””" improved classical
EVB potentials,'"*® and machine learning methods'®’ to
construct EVB models might be beneficial. The description
and understanding of dynamic nuclear effects is, however,
expected to be highly beneficial to understand fast ET reactions
or ET in complex, nonpolar media such as encountered in e.g,,
electrosynthesis or batteries.

Finally, the models and methods addressed above in this
discussion section assume that the energy gap is the only
relevant reaction coordinate. For a more general description it
might also be necessary to include other reaction coordinates,
such as the distance of the redox couple from the electrode
surface, the bond length coordinate in bond-breaking ET, and
the distance between a redox species and ions in ion-coupled
ET; this calls for the extension to multiple reaction coordinates
which can be done through standard methods'®” but at the
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expense of significant increase in the computational cost. As the
distance between the electrode and redox couple or the breaking
bond length is sampled, it will also be necessary to account for
the possibility of switching between adiabatic and nonadiabatic
ET; this again calls for the evaluations of the electronic coupling
matrix element and the Landau—Zener transmission probability.
Even though this is possible even for electrochemical ET, the
computational cost is high and more efficient simulation
approaches are needed. Despite these difficulties in treating
multiple reaction coordinates, we expect that facing and
overcoming them will be highly beneficial, as it greatly opens
the scope of reactions that can be addressed. Some notable
examples of topical interest include electrodeposition and
dissolution,””* as well as ion-coupled electron transfer”***”>
where the combination of simulations, theory, and experiments
is needed to understand the complex chemistry underlying these
processes.

Overall, our review shows that the basic theory and simulation
methods to address electrochemical electron transfer can now be
considered well-established. At the same time, our review
highlights the outstanding challenges and areas for further
refinement, including the treatment of nonlinear coupling
between ET and the solvent, various time scales and system
dynamics, and a more detailed treatment of the reaction
environment, i.e., the electrical double layer. As the challenges
are common to both analytical theory and simulation, we
consider that closer integration of the theory, atomistic
simulations, and well-controlled experiments would be very
beneficial. For instance, the adiabaticity of outer-sphere electron
transfer kinetics is a basic question in fundamental and applied
electrochemistry but answering this question has required the
careful integration of well-defined electrodes, highly detailed
and sensitive electrochemical experiments, GCE-DFT simu-
lations, and a model Hamiltonian description of ET kinetics.*®
Such studies will push the boundaries of experiments, theory,
and simulations which is beneficial to not only a more detailed
understanding of ET and electrochemical interfaces but also in
addressing even more complex electrochemical reactions
encountered in electrocatalysis.

B 9. APPENDIX

9.1. Electrostatic Energy

The total energy of an electrostatic system is the sum of
Coulomb interactions between all charged particles,

‘me_n‘iz
——Z Z

94,

4relr; — |

47[8'1' - Tl (277)

where g; and g; are the charges of particle i and j, and r, and r; are
their positions. Then we have,

3 [ aste- r>2q<
(r)e(r’)
5/ olr)Q

4relr — 7l
with the charge density distribution,

drdr

-7

drdr (278)
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o(r) = ), a8(r — 1)

i (279)

When we charge the system with an infinitesimal amount of
charge Jp, the reversible work required corresponds to the
difference in electrostatic energy before and after the charging
process, i.e.,

Q(r’)

SU = sW = f (
4relr — r

= [otsa(rir
where the electrostatic potential is defined as
¢(r) = %dﬂ. The reversible work required to charge

the system from g to g; is then given by,

W= f{f:"qﬁag]dr

The reversible work can be equivalently reformulated as
follows,

w= [ [ ovor)i

J{J o)

U v o= [[ [ vo o)
JU e}

where & = —V ¢ is the electric field. The first three identities
follow from the electrostatic relation, the linearity of the
divergence operator, and the application of the divergence
product rule. The fourth identity assumes a finite system, where
the first term in the third line of eq 282 vanishes by applying the
divergence theorem.

9.2. Equations of Motion in the Heisenberg Picture

r —dr ]5Q(r)dr

(280)

(281)

(282)

The Heisenberg picture confines the dynamical evolution of a
quantum system to the operators rather than the quantum state
as done in the Schrodinger picture. A Schrodinger operator Ag
has a corresponding Heisenberg operator Ay(t) defined as,

Ay() = U'(t, t)AgU(t, t,) (283)

where U(tt,) is a unitary operator for time evolution, which
evolves the quantum state at £, to that at ¢ by,

¥, t) = U(t, t,)IY, t,) (284)

where U' (tt,) is the adjoint operator of U(tt,). The equations
of motion (EOMs) for Heisenberg operators, i.e., the differential
equation determining the time evolution of the Heisenberg
operators, have the form,

0AL(t) [ 9As
e [Ag(t), Hy(H)] + 171( o ]

ih

H (285)

where Hy(t) is the total Hamiltonian of the system in the
Heisenberg picture and where the commutation relation
between two operators is,

https://doi.org/10.1021/acs.chemrev.5c00926
Chem. Rev. 2026, 126, 7407—7464


pubs.acs.org/CR?ref=pdf
https://doi.org/10.1021/acs.chemrev.5c00926?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Chemical Reviews

pubs.acs.org/CR

REVIEY

[A, B] = AB — BA (286)

Let us consider a quantum system with the Hamlltoman being
H} in eq 145. Since the Schrodinger operators ¢/ and ¢; are time-
independent, the EOMs of the Heisenberg operators c,(t) and
c(t), which respectively corresponds to the Schrodinger
operators ¢, and ¢, are directly given by eq 285 after neglecting
the last term,

ac( L (60, 100 ()

" dei(t)

= [c(t), Hy(t)]

(288)

To explicitly express the right-hand-sides of the above
equations, we make use of the fact that the Heisenberg operator
Cy(t) associated with the product of Schrodinger operators Cg =
AgBg is equal to the product of their corresponding Heisenberg
operators Ay (t)By(t). This can be shown by,

Cy = U'(t, t)ABSU(t, t,)
= U'(t, t,)AqU(t, t)U'(t, t,)BU(t, t,)
= Ay (t)By(t).

From this it follows that the commutation relation between
two Heisenberg operators is the same as that between the
corresponding Schrodinger operators. The commutation
relations in eqs 287 and 288 for the corresponding Schrodinger
operators can be respectively calculated as,

e Hil = €.l nl + 2, elc, ml + Z Hlc, ¢fc]
k

+ Z H,j;[ca, cjck]
k

(289)

(290)
) 5 T
[Ck’ Hel] = ea[Ck, ﬂa] + Z ekf[Ck, nkf] + Z kaa[Ck, Ck/Cu]
K K
+ Z Hy' o, cloy]
k (291)

The above calculations are straightforward by using the
following relations for Fermions,

{Ci) C]T}

where {A,B} = AB + BA denotes the anti-commutation relation
between the two operators A and B. Then the EOMs can be
obtained as,

ine(t) = () + Y Hia)
k

= 6,']'; {Ci; Cj} =0, {CiT) C]T} =0 (292)

(293)

ihe(t) = e, (t) + Hyel(t) (294)
9.3. Alternative Derivation of the Nonadiabatic ET Rate
Constant

This derivation starts from eq 115, which is the Fermi Golden
rule describing the transition probability between two vibronic
states km and an. By assuming that the system is in thermal
equilibrium, the overall rate between the electronic states kand a
is given by transitions between all vibrational states (eq 100) and
the transition probability is
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T/Vk lH klz Z pkm an, kmé(Ekm - an)

km,an

(295)

where the summation goes over all nuclear wave functions and

__exp(-pE,)
Pen = 5, exp(-pE,,)
vibronic state I¥Y,,) in eq 96. To proceed, the delta function is
replaced by its Fourier transform

kl2 Z pk /an km®XP

km,an

is the Boltzmann weight of the initial

[lt(Ekm — Ean)}
h

t(E E
= |H, Z I /|<)(‘m|)(m>|2 M}dt
km,an
it(E,, — E,)
k|2 Z plc /O(kmle : f ] an><)(an|)(km>
km,an
dt

IHL Zpk /Ofkm [M}mmﬂt,

(296)

where on the second line the overlap integral is written using the
vibrational wave functions. On the fourth line we make use of the
fact the vibrational wave functions are eigenfunctions of the
nuclear Schrodinger eq (eqs 78 and 79, Hy,, Wi ) = Etn Wim))s
and the summation over the final state vibrational states is
eliminated by the using the completeness of vibrational wave
functions: Y gul¥an)(Xan | = 1. While the final form is very general
and can be used to compute the transition probability through
—lt(H"'”h_ H“”)]), it is too
complex for most practical applications. To obtain a more
manageable expression, the vibrational wave functions are
assumed to be those of independent harmonic oscillators, which
are displaced during the transition from the initial to the final
state. In this case, the time integral can be written in terms of the

thermal Franck-Condon factor for the energy gap (D(AE/h))

it(H,,, — H,,)
= Hu,cl2 Zpkm /(){kmlexp[kT]lj(km)dt
km

the energy gap correlation function (exp[

_H ?
—2_D(AE(e,)/h),
(297)
where the Franck-Condon factor is>”*
1
D(AE(e)/h) = exp[—R(0)]
2rh
iAE t
/[exp bt 2 (&) + R(t)]dt
h (298)
and R(t) is

R(t) = fom](w)[eXp(—iwt)(l + n(w)) + exp(iwt)n(w)]

dw (299)

and J(w) is the spectral density of the vibrational states and n(w)
is the Bose—Einstein distribution function of the harmonic
oscillator states. The spectral density J(@) represents the
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coupling strength between the reaction coordinate (energy gap)
and vibrational modes at frequency w. In other words, the
spectral density represents the density of oscillator states
weighted by the electron-vibrational coupling constant. The
spectral density can be computed in terms of the vibrational
normal modes (eq 216) and is closely related to the
reorganization energy

[)m w](w)dw

1

A=
h

(300)

As discussed in Section 6.1, the spectral density can be
computed using MD simulations and if it is split into different
contributions, such as low and high frequencies or outer-sphere
and inner-sphere vibrations, the reorganization energy can be
split into the corresponding parts. While the introduction of the
harmonic oscillators and the Franck-Condon factors simplifies
the formulation of the electron transition probability, the
expression for R(t) and its time integral are still difficult to treat,
and this prevents obtaining a closed form equation. There are
several different ways to proceed to derive results for different
temperature and frequency limits.">"**”**”* Here, we show the
results for the high-temperature case where the nuclear
vibrations can be considered classical; in this case,"® ky T >

Ahwand1 + 2n(w) ~ sz

splitting R(#) into its real and imaginary parts gives

R(t) = /0 " cos(@t(1 + 2n(w)))](@)dw
_i /0 " sin(wf(w))do

‘/000 cos(o)tzz—:f)[(w)dw - i[)oo sin(wt](w))dw.

(301)

> 1. Using this approximation and

~
~

One can expand the cosine and sine terms as a Taylor series
and truncate after the leading terms that depend on wt. This so-
called “slow-fluctuation”, high-temperature limit gives

= (wt) 2T e
(302)

Comparison with eq 300 shows that both integrals now
contain the reorganization energy. Replacing the spectral density
with the reorganization and inserting R(t) in eq 300 gives

it(AE, — ,1)]

D(AEe) /M) = — [ :° exp( -

2rh

ks TtA
[— B ]dt
h (303)
This integral can be evaluated analytically to give
1 AE(e,) + 1)
D(AE(e)/1) = —_exp| - (A + 4
\J44ksT 42ksT (304)

which now contains the Marcus result for the barrier. Inserting
this into eq 297 gives the transition probability as

_2H,P [ . (_ B(AE(e,) + 1)

ka ™ h 47l 42 ] (305)
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Because of the Franck-Condon assumption, energy is
conserved during the ET event and the entropy does not
change. Hence, the energy AE(€,) can be replaced with the
corresponding reaction free energy AG°(ey).

9.4. Separating the Total Reorganization Energy into Inner-
and Outer-Sphere Contributions

In Section 3.6 we discussed EVB-MD simulations and showed
how the total nuclear reorganization energy can be computed.
However, elsewhere in the review we have often treated the
inner- and outer-sphere reorganization components separately.
Here we show how the total reorganization energy can be
decomposed into inner- and outer-sphere components. Here we
focus on the separation in the slow fluctuation, high-temperature
limit valid for classical vibrational modes.

For this, the spectral density of eq 300 is separated in two
contributions, the high frequency inner-sphere part and the low
frequency outer-sphere part:

1 [oo]
= Efo w](w)dw

1 Douter
il

s

mner

A

w](w)dw +

woo w](a))da)]

outer

=4 (306)

outer

The same outcome can be realized by splitting the spectral
density into its inner- and outer-sphere parts:

J(@) =] (@) + ], (@)

A vparticular case arises when the inner part can be
characterized by a few specific vibrational frequencies (@,) as
done, for example, in eq 57,

J (@) = Z cwd(w — w,)

i (308)

(307)

where ; is the coupling constant between the vibrational mode
and the energy gap coordinate. The outer part is then ], (@) =
J(®) - Ji» (w) and the reorganization energy becomes

% /000 w](w)dw
% /0-Do wUOuter(w) + ]inner(w))dw

+ 4

mner

A

=1 (309)

outer
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