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Abstract

In this paper, we construct Hecke eigenforms for two families of quotient spaces of mero-
morphic cusp forms on SL,(Z). We show that each quotient space in the first (resp. second
family) is isomorphic as a Hecke module to the space Spx (resp. My ) of cusp forms (resp.
holomorphic modular forms) of the same weight on SL,(Z).
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1 Introduction and statement of results

Hecke theory for holomorphic modular forms is one of the most fruitful tools for (holo-
morphic) modular forms. It is therefore natural to seek some kind of Hecke structure also
for more general spaces of meromorphic modular forms. For the space Mifzk of weakly
holomorphic modular forms, i.e., such meromorphic modular forms whose poles, if any,
are supported at cusps, this has been achieved by Guerzhoy in [12]. The main difference to
the holomorphic theory is that Hecke operators increase the pole order at oo, so there are
no truly weakly holomorphic eigenforms in the strict sense. Guerzhoy [12] instead factored
out by a suitable Hecke-stable subspace and defined eigenforms for the quotient space. This
subspace is distinguished in a number of ways. For a prime p and n € N with p | n, the n-th
Fourier coefficients of its elements are divisible by high powers of p, yielding congruences
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for coefficients of weakly holomorphic modular forms [13]. Moreover, elements of this space
basically lead to vanishing period polynomials [5].
As an example, consider the weight 6 weakly holomorphic modular form
Ee(2)°
A(2)

Here and throughout, we let ¢ := ¢**'¢ and define the weight 2k Eisenstein series

J6.ico(2) 1= + 1488E4(z) = 61_] —73764q — 86241280q2 +0 (613) .

4k &
Ey():=1—— > ox_1(n)q",
B HZ:; 1

with o, (n) :=)_ din d” and By, the k-th Bernoulli number. Moreover

oo

o0
AR =g ] -g)* =) t(ng"
n=1 n=1
is the weight 12 modular discriminant. Since the constant term in the Fourier expansion
of fs,ico vanishes, fg oo belongs to the subspace S!6 - Mé of weakly holomorphic cusp
forms, i.e., those weakly holomorphic modular forms whose constant term vanishes. Setting

D := 5. and using the fact that D*~! sends M} _,, to S}, (see [9, Theorem 1.2]), one
verifies that Es(z)
D5 8{z = — [ .
(36) = soemt0
Since Eg(2)
AS( z) = ¢~ 4 504 + 73764 + 26950404 + O (¢°) ,
z

we see that % ¢ St 4050 fo,ic0 & D3(S" 4) because any solution to the differential equation
D>(F) = — fs.ic0 differs from % by a polynomial in z of degree at most 5, and thus % is
the only modular solution. However, it turns out that for m € N we have

Soioo| Tn = 050m) foioo € D* (S14) (1.1)
where T, denotes the m-th Hecke operator defined in (2.5). Denoting
I = D* (M) and TR = DX () ), (1.2)

we see that fg ;o has eigenvalue os5(m) under the Hecke operator T, in S!6 /Jgo(o). These
eigenvalues match those of E¢, demonstrating the fact that

(Sék N Sj;c) /J’zio =S  and (S!Zk N Sj;c) /Jéfo =~ Moy

as Hecke modules (see [5, Theorem 1.2]). Here Szlk denotes the subspace of forms which
are orthogonal to Sy; under the (suitably regularized) Petersson inner product. In particular,
if k = 3, the quotient space on the left-hand side of the second isomorphism is spanned by
J6.ic0» While Mg is spanned by Eg (note that S¢ = {0}, so S!6 N S6l = Sé).

Motivated by (1.1) and applications such as the Eichler—Shimura theory [5] and con-
gruence properties [13], we construct appropriate subspaces generalizing J]’z‘,){o and J é?:,)o to
meromorphic modular forms. Meromorphic cusp forms, originally studied by Petersson [20],
have also been a flourishing subject in the recent past (see e.g. [1-3, 6]). These forms may
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have poles in the upper half-plane H but decay exponentially towards ico. One of the main
problems in finding a notion of Hecke eigenform in this context is that Hecke operators
move the pole, which makes it more complicated to find a good space to factor out by. We
hence decompose the space of meromorphic cusp forms into certain natural Hecke-stable
subspaces and then consider the action of the Hecke operators on these subspaces. Note that
for a function f : H — C, the space

Sox(f) = (flokT : m €N)

is the smallest Hecke-stable subspace containing f. We investigate such subspaces for certain
natural choices of f. Specifically, for fixed 3 € H and k, £ € N with k > 2, we choose for
f the weight 2k elliptic Poincaré series lIJSk._Z, defined in (2.8). These Poincaré series
are characterized by their growth at 3 and span the subspace of meromorphic cusp forms
orthogonal to holomorphic cusp forms by [21, Satz 7-8] (see also Lemma 2.2). We abbreviate

Sgk,_g = Sy (\ygk,—l) = <"I”§k!_[|2kTm T me N>.

Our generalization of J 127(0 and J é‘,’:o to subspaces of S%k,— ¢ 1s motivated by an algebraicity
conjecture of Gross and Zagier [11, Conjecture (4.4)], which has recently been proven by
Li[16, Theorem 1.1] and Bruinier-Li—Yang [8]. To describe this, suppose that (A,;);>1 is a
sequence for which A, # 0 for only finitely many m. Suppose A,, are chosen such that for
any weight 2k cusp form f with Fourier expansion f(z) = Y o, ¢ r(m)q™

> Amey(m) =0. (1.3)

m=1

Gross and Zagier used such sequences to build linear combinations of the automorphic
Green’s function' G, (z, 3) evaluated at different points. They further conjectured that these
combinations satisfy certain algebraic properties. For example, let G’ (z, 3) be the extension
of Gi(z, 3)l0,3 T defined for all z, 3 € H in [11, equation (5.7) on p. 251].2 Then a special
case of the algebraicity conjecture claims that if 3 is a CM-point of fundamental discriminant
D and (A;,,)m>1 satisfies (1.3), then

o
D amm TGP G 3) = P D R log |, (14)

m=1

where $ is an algebraic number lying in the class field of Q(+/D), and u € N is half of the
number of roots of unity in QD) (see 11, Conjecture 4.4 on p. 317]).
If g is modular of weight 2¢ — 2k on SL,(Z), then we define?

Ge(2.3) = ok —0.5(2.3) = Y _m*™ g (3)|py_p, Twg"™- (1.5)

m=1

I The automorphic Green’s function, defined in (2.10), is a non-holomorphic modular form of weight zero
which is an eigenfunction under the Laplace operator (see (2.2)).

2 Here and throughout, f(z, 3)|k,; O (resp. f(z, 3)|k,;O) means that the operator O acts on the two-variable
function f in the z-variable (resp. 3-variable).

3 Note that the sum does not converge everywhere; see Lemma 4.1 for details about the meromorphic
continuation in z.
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We omit the dependence on k and £ if it is clear from the context. Fix k, £ € N with k > 2

and 3 € H. Condition (1.3) naturally leads one to consider the spaces*
By = {9 g e RN (Mha) ], (1.6)
Bteeo = lgg(z DigeR Ty (S!Hk)] : (1.7)

Here, writing z = x + iy throughout

-1 . .0 2k
Ry 5 = Ryp—2p—20---0Rypr with Ry :=2i—+ —
9z y
denotes the Maass raising operator repeated £ — 1 times. It raises the weight of a modular

object from 2 — 2k to 2¢ — 2k. For £ = 2k, Bol’s identity (see [9, Lemma 2.1]) yields
R3S} = —(@m)* 1 p2=t (1.8)

so these spaces emulate the spaces defined in (1.2). We prove in Theorem 1.1 that J%k,— ¢, and

J%k,%,o are subspaces of Sgkﬁl. One can thus view the spaces in (1.6) and (1.7) as images
under themap f +— Gre-1(£)(z, 3) from weakly holomorphic modular forms of weight 2—2k
to meromorphic cusp forms of weight 2k. The existence of a weakly holomorphic modular
form with a prescribed growth towards ;oo is governed by the Fourier coefficients of weight
2k cusp forms (see [20, Satz 7]), yielding a link with (1.3).

We next consider an example that emulates the behaviour from (1.1). Set

fo.i2) = EA((Z)) — g + 480¢% + 2588044 + 1385420804 + O (q5) : (1.9)
g5(2):= AS((Z)) (J( )*—3480,j(2)° +3838860,j (2)2 — 1425282400, (z) + 1 14237825024)
= é (q*5 —3126¢~" +269944157887364 + 519615094283304960(]2)
+O<q3> es,, (1.10)
27(2) = é 12;((;)) ( J(2)0 — 4968 j(2) + 9176868 (z)* — 7736486240 (z)°
2925506969154 ()2 — 411526489432464 j(z) + 12317318339088384)
= é (q ~7 _ 16808 ! + 10625045828793993¢ + 1689691172521357344768q2)
+0 (q3) es,,
where o = i(l) = 1187.006489..., j(z) := E“EZ; is the modular j-function, and the

Fourier expansions hold for y > 1. A straightforward calculation (using (4.5) below with
k=3,¢=1,and 3 = i) yields that

foi@6Ts — 05(5) fo.i(2) = =27 "G, (z. i) € Tp _ .
foi@leTy — os(7) fo.i(2) = —2719G, (2. 1) € Tg _y .

This behaviour, which parallels (1.1), is not isolated. Much like fe.i00, the function fe;
S _ generates the one-dimensional quotient space S 1/ I 6.—1,0- and the following theorem

4 For a detailed explanation of the connection between condition (1.3) and (1.6) we refer to Remark 4.4.
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gives an isomorphism as Hecke modules between the spaces Sox and Mo, and the quotient
spaces formed by factoring S;k _p out by the subspaces of S;k _p defined in (1.6) and (1.7).

Theorem 1.1 For k, £ € N with k > 2, the spaces J‘;k _p and J‘;k._[ o are Hecke-stable
subspaces of S‘%k _¢ and the following are isomorphisms of Hecke modules:

3 3 ~ 3 3 ~
S2k,7l/J2k,7£ = S, SZk,fli/JZkﬁZ.O = M.

The example fg; corresponds to E¢ under the second isomorphism SZ’Zk _¢ / J%k 00 =
My for k = 3, £ = 1, and 3 = i. We further elaborate upon this in Section 5 and also show
that

A(z)? 2 3 4 5 6
G() = ———"—+—— =¢q° —4143¢° + 16868385~ — 686866826354 + O
@ = Lo+ 15a0 ¢ 1 1 ¢ +0(d)
(1.11)
maps to A under the first isomorphism Sgk,—e/J%k,—z = Sopfork =6, =1,and; = H’%ﬁ

The paper is organized as follows. In Sect. 2, we introduce non-holomorphic and meromor-
phic modular forms such as harmonic Maass forms and meromorphic cusp forms, construct
bases for these spaces, and recall certain operators. In Sect. 3, we review some properties of
elliptic Poincaré series originally considered by Petersson [20, 21]. In Sect. 4, we investigate
G¢(z,3) and prove Theorem 1.1. Finally, in Sect. 5, we describe how to construct mero-
morphic Hecke eigenforms using the isomorphism that is used to prove Theorem 1.1 and
demonstrate this construction by explaining how f¢; is chosen.

2 Preliminaries

2.1 Meromorphic modular forms and harmonic Maass forms

We lety = (‘; Z) € GL;‘ (Q) act on H via fractional linear transformations. As usual, for
k € Z and a function f : H — C, we define the weight 2« slash operator

@y v = det() (cz + d) > f(y2). (2.1

We include the variable z in the notation for the slash operator |, ; and other operators if the
variable is not clear from context. We say that f satisfies weight 2« modularity for SL(Z)
if flocy = f forevery y € SLo(Z). We call f a meromorphic modular form (for SLy(Z))
of weight 2« if f is meromorphic on H, satisfies weight 2k modularity for SL,(Z), and if
there exists ng € Z such that f(z) =< e~27"0Y as 7 — ioco. We say that f has a pole at ioc if
ng < 0. A meromorphic modular form is a meromorphic cusp form if ny > 0. On the other
hand, if f has no poles in H, then f is a weakly holomorphic modular form. (Holomorphic)
modular forms are those weakly holomorphic modular forms with ng > 0 and cusp forms
are those holomorphic modular forms with ng > 0.

We also require certain non-holomorphic modular forms. Following [7], a real-analytic
function f : H — C is a harmonic Maass form of weight 2« (for SL,(Z)) if it satisfies:

(1) The function f is modular of weight 2« on SLy(Z).
(2) The function f is annihilated by the weight 2« hyperbolic Laplace operator

A 2(2 PN ey (L4 2.2)
==y |—=+-— iky|—+i—). .
2 Y\ ax2 9y? I\ ox dy
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(3) There exists ¢ € R such that f(z) = O(e?) as y — oo.

For k¥ < 0 a harmonic Maass form of weight 2« has a Fourier expansion (for some ng € Ny)

f@= )" ctmg" +c; Oy + Y ;T -2, —4wny)g",
n>—ng n=ngo

n#0

where for s € C with Re(s) > 0 we let I'(s, y) := f‘oo t~le~"dt denote the incomplete
gamma function. The principal part of f atioo is '

Zc}f(n)q" + c;(O)yl_ZK + Zc;(n)l"(l — 2K, —4mny)q".
n<0 n>0

Defining &, := 2iy?* BIZ, we have
Age = =822 0 &2,

and &, maps harmonic Maass forms of weight 2« to weakly holomorphic modular forms of
weight 2 — 2« (see [7, Proposition 3.2]). We let H;:Sp denote the space of harmonic Maass
forms which map to cusp forms under &, . Note that a harmonic Maass form f lies in HZC;SP
if and only if there is a polynomial P € C[q] such that f(z) — P(q) is bounded as y — oo.

2.2 Operators

For m € N, the V-operator is given by

ﬂdszfW@zm”ﬂ@h(ﬁ 3. 2.3)

We define the U-operator by

e o k—1 - 1 J
f@|Un :=m Z;f(z)‘zk (0 m) (2.4)
J:

Note that if f is translation-invariant, then f has a (local) Fourier expansion of the type
f@) =),z c(n;y)q". We have

@V = Y emmyg™ and £@n = Ye (mn: L)
nez ned
Combining these operators, one defines the m-th Hecke opemtor5 (m e N)
2
_ mn rcy _
f(Z)|2KTm = Z Z F2u=1 (rT’ 7) qn = Z,JK ]f(Z)}U% oV, 2.5)
neZr|ged(m,n) rim

If f satisfies weight 2k modularity for SL;(Z), then so does fl|a T, (see e.g. [19,
Proposition 2.3]). For m € N, we let

M, = {M € Matr»(Z) : det(M) = m} (2.6)

5 Note that there exist multiple normalizations of 7}, (differing by a power of m) in the literature. The above
definition (2.5) is chosen so that it preserves integrality of Fourier coefficients for x € N.
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be the set of 2 x 2 integer matrices of determinant m and choose a set of representatives

R 1= {(“ b) cad=m,d>0, b (rnodd)}

0 d
for the right cosets in SL,(Z)\M,, (see e.g. [22, p. 38]). By (2.5), (2.4), and (2.3), we have
F@lyTn=m"" > f@)|, M. 2.7)
MeR,,

We also require the well-known commutator relations.

Lemma2.1 Let f : H — C be a real-analytic modular form of weight 2k € 27, i.e., a
real-analytic function on H which transforms like a modular form of weight 2k. Then

1
Ry (f‘zKTm) = ERZK(f)|2K+ZT;”'

Proof Plugging the last equalities in (2.3) and (2.4) into (2.5) and using that the raising
operator commutes with the slash operator on GL;r (R) yields the claim. O

2.3 Elliptic Poincaré series

Forz, 3 € H,let X;(z) := =3, r;(2) := |X;(2)|. For k € Z, the weight 2« elliptic expansion

z—

around 3 of f : H — C is defined as
f@=@=") ¢ (r;@.n) X;2)",

nez

for r = r;(z) sufficiently small.® If f is meromorphic on H, then there exists nz .o such that
c;(r,n) = 0forn < ny o and c;(r, n) is independent of r; in this case, we simply write
¢;(n). The principal part of f around 3 is given by
-1
G=37" ) mX;)"

n=n;,0

For k € N with k > 2 and ¢ € Z, we define the elliptic Poincaré series of weight 2k as

W@= Y v 7 238)
y€SLa(Z) <
with seed
wgk’g(z) =(z— ;D_sz;, )" (2.9)

Denote by w; half of the size of the stabilizer of 3 in SL(Z). Petersson [21, Satz 7] showed
that if £ # —k (mod w;), then \Ilgk’ ¢ vanishes identically. Moreover, for £ < 0 with £ =
—k (mod w,), [21, Satz 7] implies that W3, , has principal part 2w, (z — 3) ™2 X; (2)" in its
elliptic expansion around the point 3 and is holomorphic at points in H U {i oo} which are not
SL;,(Z)-equivalent to 3. Moreover, Petersson showed in [21, Sitze 7-9] that these Poincaré
series generate Sy (see also [15, Section 4.3]).

Lemma 2.2 The space Sy is generated by {\Ilz‘a’kl :eZ, 3 € H)

6 Considered by Petersson in [20, (2a.16)] for holomorphic functions.
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We also require a two-variable Poincaré series that is SL, (Z)-invariant, has singularities
in H, and is an eigenfunction under the Laplace operator A in both variables. For z, 3 € H
and s € C with Re(s) > 1, the automorphic Green’s function is defined by

Gz = Y & @V (2.10)

y€SLa(Z)
Here g (z,3) := —Q,—1(1 + lzg_\f;lz) = —Q,_1(cosh(d(z, 3))) with Q; the Legendre func-
tion of the second kind (see [17, 14.2.1]),d(z, 3) := log(m) denotes the hyperbolic

lz—=31—1z—3]
distance between z and 3, and y := Im(3) throughout. For further properties of G,(z, 3), see

[10, 14].

2.4 Harmonic Poincaré series

We also require a special family of harmonic Maass forms. To describe it, for w > 0 set
Ms(~w) = w IM_ _1(w),
2 2
where M, ,(c) denotes the M-Whittaker function (see [17, 13.14.2]). For k, m € N define
P22k, —m (2) 1= —Mo_g k (—4mmy)e 2T~
For k > 2 we let 7ok, be the weight 2 — 2k harmonic Maass—Poincaré series
1
Fa—ok,—m(2) 1= m Z P22k, —m (Z)|2—2k7/’
v €l \SL2(Z)

where T := {# (}|) : n € Z}. The function F>_o, _,, has principal part e~>"" (see the
usp

remark before [4, Corollary 6.12]) and {F2_2,—» : m € N} is a basis for the space H20—2k'

3 Properties of elliptic Poincaré series
To prove Theorem 1.1, we require some properties of the elliptic Poincaré series. We first
investigate the relation between the Hecke operators on lllgk ((2) in z and 3.

Proposition 3.1 Fork e Nwithk > 2, ¢ € Z, and n € N, we have,

n 2k+¢
wgk,é(z)‘zk ZT" = <§> <y2k+£qjgk_g(Z)) ‘ T,.

—2k—20,3

In order to prove Proposition 3.1, we require another Poincaré series. For n € N, we
choose a set of representatives of the left cosets in M,/ SLy(Z) (see (2.6)),

Ln = {(8 Z) cad=n,d>0, b (moda)}

and define

Weea@=n0 30 3 @), My 3.0

y€eSLa(Z) MeL,

with 1//23,{, ¢ asin(2.9). Itis not hard to see that \Ilgk’ ¢.n are well-defined. They can be constructed
from the functions \IJgk’ ¢ as follows.
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Lemma3.2 We have
3 3
Vo en(2) = ‘yzk,z(Z)|2k,zT”

Proof Swapping the left coset representatives £, appearing in (3.1) with right coset
representatives R, and combining with (2.7) and (2.8) gives the result. ]
We have the following relation between lllgh , and \Ilgk’ en

Lemma3.3 Fork e Nwithk > 2, ¢ € Z, and n € N, we have

2k+C 2k+0.\y,3 2k+0.\y,3
n <y ‘I’Zk,g(z)) ‘—2/(—2@ ZT” Y \Ile ‘, 2 (2).

Proof By (2.5), plugging in (2.4) and (2.3) to evaluate the U- and V-operators, we have

n_q

2k+0,3,3 —2k—t=1 2kt 2%k w3 t+i)
( Yo Z(Z)> |_akae T =1 Do Z Yoo @ (3.2)
rin Jj=0

2k+¢

On the other hand, we may rewrite y times the seed from (3.1) as

2t k=1 Z Wzkz(z)‘ 2k+€ Z 2kzwzu<r z:r])

MeL, r|n

We make the change of variables r %

1 o (222
A T, ()

rin

and plug in the definition of /3, , to obtain

—2k Ny
_ nz —r _ nz—r
g2k 2k12r 2kZ< J ) X3< - J)

r\n

2

—2k -1
1 rey+r 1 ity
g2kt l 2% 3+ €_ k4t 2%
E E ( ) X2y @7 =y > r E Voro (@)

rln rin j=0

Therefore, plugging this into (3.1), using (2.8), and comparing with (3.2), we obtain

YZkH‘I"gk (@) = y2k+£% Z 2k Z Z wzrkgm (Z)‘Zk ,
rin j=0 y€SLy(Z)
yzkwl 30 i q,zrk“;" (2) = n2k+t <y2k+z‘p5k z(Z)) ‘ T,
ne —2k—20.3
O
We are now ready to prove Proposition 3.1.
Proof of Proposition 3.1 Combining Lemma 3.2 and Lemma 3.3, we conclude that
1\ 2kt
Zk z(z) ‘I’Zk en(@ = <§> (y2k+l‘l’gk,e(z)> ‘_2,‘_25‘3 Ty
O
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We also need the following relation between \Ilgk,_ ¢ and ook .
Lemma3.4 Forf € Nandy > max{Im(y3) : y € '}, we have the Fourier expansion
(_1)k2372kny572k 0

-1 Z RSN (Focok—m () q™.

m=1

‘ng,% (@) =

Proof We proceed by induction. The case £ = 1 is [6, (3.10) and (3.11)].
Now assume that the lemma holds for some ¢ € N. We multiply both sides of the lemma

by y2~* and apply raising in weight 2¢ — 2k in 3 (for y > Im(y3) for all y € SL,(Z)),
yielding
> (=9 Ry (v X,07)) | v
yeSLa(2) a
(_ 1)]{23721{ S

s .
“©—-1n! Z Rg_zk(fz,Zkﬁm (3))62mm~.
’ m=1

Here we note that the contribution to the sum over m from the principal parts e~27"3
of F2_ok,—m(3) at each cusp y3 converges absolutely and locally uniformly because of the
restriction y > Im(y3). We then compute

e N

Rog—2k; <y2k_KX3 (Z)_K> = @3t

(2k —0)(z —3) +2ily + (2 —2k)(z — 3)),

where the first term comes from differentiating y?*~¢, the second comes from differentiating

(z — 3¢, and the third comes from the term 2%;21(. We then rewrite the right-hand side as

g2kl (7 3t

_ 2k—€—1 —{—1
Goprr T RET

Hence
(_ 1)]{23—2/{7.[ o

2k—L—1 l
Ly ‘ng,_g_l(z) = -1 Z Ry o (f2—2k,—m (5)) q".
’ m=1

Dividing both sides by £y?*~¢~! then yields the claim for £ + 1, completing the proof. O

4 Proof of Theorem 1.1

Before proving Theorem 1.1, we use Lemma 3.4 to extend the definition of G, (z, 3).

Lemma4.1 Let k € Nxj. For g € Rg:;k(Hzciszpk) and 3 € H, G,(z,3) converges for y
sufficiently large (depending on 3) and has a meromorphic continuation to H.

Proof Choose F € Hfiszpk such that g = Rg:ik (F). Since {F2_2k,—n : n € N} is a basis (see

Section 2.4) for the space H2cis2pk’ there exist ¢(n) € C and ng € N such that

no
F =Y cm)Frsk n

n=1
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By comparing principal parts (recall (2.5) and the principal part ¢ " of F_2k, —,), we have
n"" 2 Fr skn = Fa-ri—1|y_p Tn- 4.1
Thus we obtain "o
F=Y con™ " Fy g 1], 5, T
n=1

Therefore we obtain

no

g= Zc(n)nZk ]Rg ék (.7'-2_2/(,_1 |272an) .

n=1

Plugging thisinto (1.5), for y sufficiently large (depending on 3, where we use the convergence
by Lemma 3.4) we have

Ge(z,5) = ZmZk ZZC(”)”zk "R (7:2 2%-13)]5 )’22 wImg™.  (42)

m=1

We then use Lemma 2.1 £ — 1 times to rewrite the right-hand side of (4.2) as

Z m*=¢ ZC(H)HZk R (Frmak—1(3)) o oxTn 0 Tug™.

n=1

Since Hecke operators commute (see for instance [22, equation (42)]), we can rewrite this as

oo no
Z m*t Z"(”)"zk ZR% ék (F2-26,-1(3)) yze—szmqmbe—zk,;,T"'

We next interchange the sums. This is valid due to the growth condition

’ 2kt 2k—L pt-1 C"M(Im(é)erb))

2-2k (7:2—2/&—1(3)) |zefszM|2z72an

<<3 e

implied by the convergence of the series in [10, Theorem 3.1]. Therefore (4.2) becomes

no 00
2%—t 2U—t pb—1
Ge(z,3) = E 1C(n)n (E 1m R,- 2k(f22k,1(3))|2z—2kqum) lzefzk,aT"'
n= m=

(4.3)

We use Lemma 2.1 again £ — 1 times to rewrite the sum inside the parentheses on the
right-hand side of (4.3) as

¢}

Z m?~ le ;k (7'—272k,*1(5)|2—2kT"1> q".

m=1
We next employ (4.1) again followed by Lemma 3.4 to rewrite this as

_ DR e - g
T

Z Rz 2k ~7'—2—2k,—m(5)) qm 2k. g(z)

Plugging this into (4.3), we obtain

1 k22k 3 {—
Go(,3) = (=1 ( Z (M2 e( 2kflq,§k’7£(z)> |21£—2k,3T"' 4.4)
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Since \I/%k _, is meromorphic and well-defined for all z € H and the sum is finite, we obtain
a meromorphic continuation for G (z, 3). O

To prove Theorem 1.1,we next show that we have Hecke-stable subspaces of S%k’7 ‘-

Lemma 4.2 The spaces J%k,—e and J%k,_&o are Hecke-stable subspaces OfS%k,—Z'

Proof We first show that J] 2t and J2k _g,0 are subspaces of Szk _¢- Recalling (1.6) and
(1.7), both are vector spaces due to the hneanty in g in the definition (1.5) and the fact that
Rg %k(M2 o) and Rg %k(Szfzk) are vector spaces. Noting that Jz,@%,o C “]]2k,7£ because

Rg ék(S2 2k) C R2 2,((Mé_zk), it remains to show J%k,—z - Sgk,—e- For this, let G¢(z, 3)
with g € szzk(M272k)' We use Lemma 3.3 followed by Lemma 3.2 to rewrite (4.4) as

—1)k22%k=3 g — 1)1 210
(=D ( ) 2kt Z

T

Ge(z,3) = eV, @]y T 4.5)

n=1

Thus G, (z,3) € Sgkﬁz’ ) J%kﬁz,o - J‘;kﬁ[ - Sgkﬁz are subspaces.
Finally, to show that the subspaces are Hecke-stable, we apply |2, 7 to both sides of
(4.5) to obtain

( 1)k22k 3(@

Ge (23|, Tr = Z my* W @)y o T (46)

Since the Hecke operators commute, we may interchange them to obtain
y2k_€‘p23k,—z(1)|zk,zTn o, =y ‘Ijgk,—e (Z)|2k,zT’ © Tn. “7)
We then use Lemma 3.2 followed by Lemma 3.3 (with £ +— —£) to rewrite
vt ‘pzjk,—z(Z) |2k,zTr ==t (yzk_[‘l’gk,—z@) |2z—2k,;, Ir. (4.8)

Plugging (4.7) and (4.8) into the right-hand side of (4.6) yields
( 1)k22k 3(( _ 1)‘ 2k ' Z

T

2%t
Gz, 3)|2k . c(n) (y ‘I’zak,—z(Z)) |2z72k,;,Tr 2k, -

We next interchange the Hecke operator 7}, in z inside with 7} in 3 to obtain

( 1)k22k 3(6 _
gg(zd)!zk,sz r? (Z ()< % Ew§k7_£(1)> |2k,zT" !2(2—2k,3T’

==, (, aeon, Tr 4.9)

using (4.5) in the last step. Plugging (4.9) into the definition (1.5) and then interchanging
Hecke operators in 3, we obtain that

o
Ge@ )y Tr = D (mr)* @) |y Tr 0 Tng” = 1r*Ggppy p1,(z.3)  (4.10)
m=1

Since Mé—Zk and S!zfzk are both Hecke-stable, Lemma 2.1 implies that Rﬁ:ék(Méfzk) and
Rg:ik (S!2_2k) are both Hecke-stable as well. O

For the proof of Theorem 1.1 we require certain isomorphisms.
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Lemma 4.3 The following spaces are isomorphic as Hecke modules,
cusp ! ~ cusp ! ~
Hy"5 My o = Sk, Hy 5 [ S5 o = Moy,
Proof By [9, Theorems 1.1 and 1.2 and Lemma 2.1] (also see Lemma 2.1 for the normaliza-

tion), D?~1ig an isomorphism from Hzciszpk to S!Zk N Sj;c which, by (1.8) and Lemma 2.1,
essentially commutes with the Hecke operators in the sense that

p2k-1 <f}2,2kTm> _ ml—ZkD2k—l(f)|2kTm.

We then consider the reduction of this map modulo D! (Mé_Qk) (resp. D?*~1 (S!2—2k)) and
use the homomorphism theorem. Since D**~! is a bijection from Hzciszpk to S!Zk n Sj;c, the
kernel of the composition of D%~ followed by the reduction map to D2*~! (Mé_2k) (resp.
D*=1(8y_o!)) is M}_,, (resp. S}_,,). Therefore

cusp | ~ ! 1L 2k—1 !

Hy 55 [ My = <S2k N SZk) /D (M2—2k) ;
cusp | ~ ! 1 2k—1 !
Hy 5/ S = <S2k N Szk) /D <S272k) :

Now using the isomorphism in [5, Theorem 1.2] completes the proof. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 In order to prove the isomorphisms, for k, £ € N with k > 2, we
consider the map Qg_zu : H;Ezpk — Sgk,—é given by

032t (FI@) = Gt (5(2.3). @.11)

We claim that Q%_Zk ¢ 1s a bijection between H;iszpk and Sgk.—e and essentially commutes
with the Hecke operators in the sense that

3 %1
Q272k,2(‘7_—)’2k,sz =m0 ok (‘7:|2—2k Tm) : (4.12)

We first show how the claim follows from this: Note that by definition

3 ! _7 3 ! — 7
@22k (M2—2I<) =dy - and 05y, (SZ—zk) =J5% —c0:

Hence if Q‘;z «.¢ is a Hecke-equivariant isomorphism from H,jﬂ?k to Sgk,, ¢» then the quotient

map Q%_ZM (mod J%k,—e) (resp. Q%_ZM (mod Jgk,—e,o)) has kernel Mé—Zk (resp. S!Z—Zk)’
yielding the Hecke-equivariant isomorphisms

3 3 ~ pgCusp /! 3 3 ~ goUsP /¢!
SZk,—Z/JZk,—Z = Hy o/ Ms Szk,—z/Jzk,—e,o = Hy 5/ ok (4.13)

After establishing (4.13), the theorem immediately follows by Lemma 4.3.
It therefore remains to show that Q%_qu ¢ 18 an isomorphism and satisfies (4.12). Since

g > G, is linear, it suffices to prove that it sends a basis of HZCESZPk to a basis of S‘gk _¢- From
Section 2.4 we know that {F2_2¢ —, : r € N} is a basis for Hzcﬂszpk, while {\Ifgk _oloxTy i1 €
N} is a basis for S%k.— ¢ by definition of the space. We claim that
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(=DF22%=3 0 — 1!
T

0o (Fr-2k—r) = YU @y T @414
which then immediately implies that Q%_Zk. ¢ 18 an isomorphism.

To show (4.14), we plug (4.1) into Lemma 3.4 and then apply Lemma 2.1, yielding that
for y sufficiently large, depending on 3, we have

(_1)k23—2kn.y€—2k o
T Zmz" Ry (Frak—1®)) Ly 0y Tmg™. (4.15)

‘I’ik,—e (2) =

Combining (4.8) with (4.15) and then interchanging the Hecke operators yields

2k—L\j,5
Y ‘I’kfe(z)‘zsz’
( 1)1{23 2k

T p2k—t 2k—€ pl—1
(e _ 1)‘ Z R2 2k -7:2—2k,—1(3)) |2€—2kTr|2f—2kqum' (416)

We then use Lemma 2.1 £ — 1 times to rewrite
-1 —1 pt—1
Ry -3 (F2-2k1®) Ly Tr =77 Ry (fz*Zk’*1(3)|2—sz’) '

The right-hand side of (4.16) then becomes

(_1)/(2372](7.[’.2/(71 o okt i
€ —1)! Zm Ry 2k(-7:2 2k -13) |5y )‘zz S Ing™.
) m=1

We next use (4.1) to rewrite

PR (fZ*Qk»*l(3)|2—2kT’) = Ry i (Fr-2k, - (3)).-

Plugging back into (4.16) gives

2k—L1,3 (D232 & 2k—€ pt—1
Y \Ijzk,_((z)|2k’ZTr = -1 Z m* Ry (Fa2k,—r (3)) |2272kqum.
. m=1

Comparing with the definitions (1.5) and (4.11), we obtain (4.14). It remains to show that
(4.12) holds. Applying (4.10) followed by Lemma 2.1, we have

2%—1 3
0 z(]:)(z)|2k im = gRg L@ 7, (@3 =m0 o (ﬂz-sz’") (@),

20— 2k

yielding (4.12). O

We end this section with a remark about the motivation for our definition and its relation
with Gross and Zagier’s conjecture [11, Conjecture 4.4, p. 317].

Remark 4.4 Let (A,),>1 be a sequence of complex numbers, only finitely many of which are
# 0. Note that, using (4.1),

o0 o
2%-1 !
Z)»rr Faok,—1l—2Tr = Z?»rfz—zk,—r € My_»

r=1 r=1

if and only if there exists a weakly holomorphic modular form with principal part ) oo | A"
atioco. Applying Riemann—Roch (for example, see [20, Satz 1]), such a weakly holomorphic
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modular form exists if and only if for every f € Sk

o0
> heep(r) =0.
r=1

Hence (1.3) is equivalent to
(o]
-1 -1 !
g=8. = Z)“ngfzk (Frok—r) € RN, <M2—2k) ;
r=1

and (4.5) constructs from such g a sum G, of the ‘Ijgk,_g(Z)bk,z T, analogous to the sum
appearing in the formula (1.4) conjectured by Gross and Zagier, but in higher weight. Since
Gg € Jgk,—z if and only if g € Rﬁ:;k(Mé_zk), this formed the motivation for the definitions

of the subspaces Jgk’7£ and Jgk’,w.

5 Examples of meromorphic Hecke eigenforms

In this section, we consider two examples of meromorphic Hecke eigenforms which are
counterparts of holomorphic modular forms under the isomorphism in Theorem 1.1. The
first, fs; as defined in (1.9), has the same eigenvalues as the Eisenstein series Eg. The
second example, G defined in (1.11), has the same eigenvalues as the cusp form A.

5.1 A meromorphic Hecke eigenform associated to an Eisenstein series

Here, we investigate fe; given in the introduction and explain how it is defined. Noting that
S¢ = {0} and Mg = CEg Theorem 1.1 and (4.13) yields that for every £ € N

{0} =S¢ = Séﬁ,—z/ﬂﬂg,—e = Hiljtsp/M!—m CEs = Mg = Sg,—z/Jg,—z,o = Hiisp/sl—m
Choosing the generator F_4 _; of HETP/S!_A‘, by (4.12) we see that Qé[(]-'_4,_1) is a Hecke

eigenform in Sé —e/Jé _¢. o With eigenvalues n2~lgs(n) under T,. We choose ¢ = 1 and

3 =i and explicitly compute Qé,l (F-4,-1). By (4.4) we have

Ql6,1 (f_47—1) = g]—‘,4v,1(17 l) = _;\Ijé’,l(z).

Normalizing yields the eigenform

1 . A
a\pé,—l(z) O f6.i (2).

27 E¢(z)
The calculation given in the introduction illustrates that f ; is a meromorphic Hecke eigen-
form corresponding to (a constant multiple of) E¢ under the isomorphism in Theorem 1.1.
Specifically, the eigenvalues under T, for m € {5, 7} are directly computed and shown to
match the eigenvalues os(m) of Eg under 7.

5.2 A meromorphic Hecke eigenform associated to a cusp form

In this example we establish a meromorphic counterpart of Ramanujan’s A-function under
1++/7i

the isomorphism in Theorem 1.1. Let 3 = —5~* to be the unique CM point of discriminant
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—7 in the standard fundamental domain. Furthermore let Q2 := Q_7 the Chowla—Selberg
period of discriminant —7 (for an explicit formula in terms of the I'-function see e.g. [22,
equation (97)]). With this we can explicitly evaluate (see [22, p. 87]),

E4(3) = 15Q%, Es(3) =27V79°, AG) =-Q2, jG) =—-15. (5.1
Together with the valence formula this implies that the weight 12 modular form
F(2) = E4(2)’ + 15°A(z) = 1 + 4095¢ + 98280¢> + 178050604° + O (¢*) € M1>

has a simple zero in 3 and vanishes nowhere else in the fundamental domain.

We claim that G = ATZ, defined in (1.11), is a meromorphic Hecke eigenform whose
eigenvalues agree with those of A. For this, we consider the Maass—Poincaré series F_o —1
as a non-trivial representative of the space HiLisop / M!_10 = §1» = CA, where we use the first
isomorphism in Lemma 4.3. As in the previous example, the image of this Poincaré series
under the map Q?z’l yields a constant multiple of the elliptic Poincaré series \llf’z’i 1- By [18,

Theorem 1.1], for any prime p
F_10,-11Tp — p Mt (p)For0,-1

is a weakly holomorphic modular form. Set

E4(2)*E
8@ = % = ¢ 7% + 2497 — 196560 — 477095369 — 36883651564>
<
+0(q%) € ML,
We find that

Foro-11Tr — 27 e @) F 11 =27 Mg,
Fo10-11T5 =373 Foyo-1 =371 — 768)g.

To see this, note that the principal parts are equal in in each case, wherefore the difference of
both sides of the equality must be a holomorphic modular form of weight —10 and hence 0.
We may use these to compute the first few Fourier coefficients of \llfz’71 in terms of

o= F_10-13) and B = g(3) = %ﬁ, where we employ (5.1) for the last equality.

Namely, by Lemma 3.4, up to a multiplicative constant, we have, for y sufficiently large,
Wi, _1(2) = ag + (B — 24a)q” + (2520 — 4143B)g” + O (¢%). (5.2)

In order to show that G is indeed a meromorphic Hecke eigenform corresponding to A,
we use Theorem 1.1 and show that G equals (up to a constant multiple of A itself) the elliptic
Poincaré series \sz,f 1- Since \Ilfz,f 1 and G in (1.11) both have weight 12 and a simple pole

TR

in 3 and nowhere else in the fundamental domain, it follows that % is a modular function,

holomorphic in H with at most a simple pole at i co. Comparing Fourier coefficients in (1.11)

and (5.2) we find that

\11132!_] (Z)
G(2)

It follows therefore that, again up to a constant factor,

. , . F(z2)
= g™ +@4119a+$)+196884ag+0 (¢7) = ¢(j()+3375)+f = a T+,

Ui, | =BG +aA.
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Since we can ignore the term oA, Theorem 1.1 yields our claim that G is a meromorphic
Hecke eigenform corresponding to A. To illustrate this we can compute

G(@)|T> — (—24)G(z) = q + 16868409¢% + 2796875149143334° + 0 (¢*), (5.3

2Me(@)| T = g7* + 2472 +2048¢ " — 402751440 — 7553771839488¢ + O (¢?)
= g(2) (j(2)* — 1512 (2) + 374784) (5.4)
3g(2)| T3 = ¢ 70 +24¢ 73 — 34820210880 — 279486295564635364 + O (¢°) (5.5
= g(2) (j()* — 3000/ (z)* + 2784384 (2)? — 842201064 (z) + 52796307708) .

As predicted by Theorem 1.1, evaluating the polynomials in j obtained in (5.4) and (5.5) in
3 (ie., j(3) = —153), yields exactly the coefficients of gZ and ¢ in (5.3).
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