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We perform a high-statistics lattice QCD calculation of the low-energy two-nucleon scattering amplitudes. To
address discrepancies in the literature, the calculation is performed at a heavy pion mass in the limit that the
light quark masses are equal to the physical strange quark mass, m, = mg >~ 714 MeV. Using a state-of-the-art

momentum space method, we rule out the presence of a bound di-nucleon in both the isospin O (deuteron) and
1 (di-neutron) channels, in contrast with many previous results that made use of compact hexaquark creation
operators. To diagnose the discrepancy, we add such hexaquark interpolating operators to our basis and find that
they do not affect the determination of the two-nucleon finite-volume spectrum, and thus they do not couple to

deeply bound di-nucleons that are missed by the momentum-space operators. Furthermore, we perform a high-
statistics calculation of the HAL QCD potential on the same gauge ensembles and find qualitative agreement
with our main results. We conclude that di-nucleons do not form bound states at heavy pion masses and that
previous identification of deeply bound di-nucleons must have arisen from a misidentification of the spectrum

from off-diagonal elements of a correlation function.

DOI: 10.1103/d2hg-h6d4

I. INTRODUCTION

Our ability to predict the low-energy, two-nucleon (NN)
forces directly from the underlying theory of strong in-
teractions, quantum chromodynamics (QCD), remains an
outstanding theoretical challenge. Achieving such quantitative
predictions from QCD will refine our description of matter
in the universe, enabling us to improve our microscopic de-
scription of the reactions that power the stars and disentangle
effects seen in laboratory detectors when rare processes occur.
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To carry out such predictions, lattice QCD (LQCD) can
be used to make systematically improvable calculations of the
properties and interactions of nucleons directly from the quark
and gluon degrees of freedom of QCD. Such calculations are
carried out in Euclidean space-time, where Monte Carlo meth-
ods can be used to stochastically evaluate QCD correlation
functions as ratios of path integrals. For single hadrons, the
spectrum is easily determined from the long-time behavior
of the correlation function. However, for two hadrons, their
scattering amplitudes are not directly accessible due to both
the finite volume and the Euclidean metric.

To access the two-particle scattering amplitudes, the finite-
volume formalism in the form of the two-body quantization
condition (QC2) [1,2] is used to relate the two-particle
spectrum in finite volume to the infinite volume scattering
amplitudes. Specifically, what is required is a precise and

Published by the American Physical Society
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accurate determination of the interacting energy of the system.
A significant challenge for two-nucleon (NN) calculations is
that this interaction energy is O(0.1%) of the total energy
of the system. Because LQCD is a relativistic quantum field
theory (QFT), and calculations are carried out with quark
and gluon degrees of freedom, we must compute the total
energy of the system rather than having direct access to these
small interacting energies. This is not a problem in princi-
ple, but LQCD calculations of temporal correlation functions
involving nucleons also suffer from an exponentially bad
signal-to-noise (S/N) problem [3,4]: in the large time limit,
the S/N degrades roughly as S/N ~ ,/Ngmple €Xp[—A(mn —
%mﬂ )t] where A is the number of nucleons.

For small Euclidean times, correlation functions receive
significant contributions from excited states. For single
hadrons, the excited state gap is roughly set by 2m, . Thus,
the ground state is resolvable over a Euclidean time of
roughly 1-2 fm. In contrast, for NN calculations, the ex-
cited state gap is roughly set by the quantized momentum
modes of the nucleon. With periodic spatial boundary condi-
tions, these are AE, = 2(my + p2)'/? — 2my &~ p*/my with
pn = /n(27 /L) for integer n. For typical sizes of the lattice
L, these energy gaps are O(20-50) MeV and thus, without
a suppression of the excited states, the ground state is not
resolvable until 4-10 fm in time, while the S/N for NN
calculations has degraded around 7 &~ 2 fm. Thus, for correla-
tion functions constructed from a single creation/annihilation
operator, there is no region in time where the ground state
dominates the signal and the S/N is sufficiently large that the
ground-state interaction energy can be precisely or accurately
determined.

This S/N problem has contributed to discrepancies in the
literature, even at heavy pion masses of m, ~ 800 MeV,
where the S/N challenge is significantly less severe. No-
tably, different groups report qualitatively conflicting results
on whether di-nucleons form bound states, for example, see
the 2012 and 2013 reviews from the annual lattice conference
Refs. [5,6]. In particular, after the first dynamical LQCD cal-
culation of the NN system was performed [7], an alternative
method was proposed to determine the NN interactions [8],
which is known as the HAL QCD potential [9,10]. Earlier cal-
culations of NN systems indicated deeply bound di-nucleons
[11-17] while results with the HAL QCD potential found no
bound states [18-20].

This discrepancy was believed to be due to uncontrolled
systematic uncertainties with the HAL QCD potential method
[6,21-25]. At the same time, subsequent work by HAL QCD
raised serious concerns about the calculations that observed
bound states [18-20,26]. This was followed up by two-baryon
calculations that utilized a set of operators that enabled the use
of momentum space creation operators, in contrast with the
local hexaquark (HX) creation operators used in Refs. [11-17]
(these operators will be defined subsequently). These new
methods found significantly reduced binding energies in the
case of the H dibaryon [27,28], and a lack of bound states
in the case of di-nucleons [29,30]. This discrepancy has long
plagued progress toward the physical point and led to a lack
of confidence in results reported for further two- and more-
nucleon scattering amplitudes [31,32].

In this work, we address the systematic uncertainty arising
from the methods used to determine the spectrum and the
subsequent amplitudes by utilizing all classes of methods in
the literature on the same set of LQCD gauge configurations,
isolating this source of uncertainty. The calculation is car-
ried out at a heavy pion mass in the SU(3) flavor limit with
my; = mg =~ 714 MeV, minimizing the S/N challenge as well
as mimicking the pion mass point of previous calculations
where discrepancies occur. We find that di-nucleons do not
form bound states on this ensemble with =50 confidence for
the deuteron and =2.5¢ for the di-neutron.

II. NN SPECTRUM AND AMPLITUDES

Scattering amplitudes are generally not directly accessible
in LQCD calculations (although see Refs. [33,34] for a pro-
posal to do so with smeared spectral functions). Instead, the
two-particle finite-volume quantization condition [1,2] (QC2),
often referred to as “the Liischer method,” provides a mapping
between the two-particle spectrum and the infinite volume
scattering amplitudes: in essence, the two-particle interactions
cause the energies to be shifted, in a finite volume, from their
corresponding noninteracting values, providing a relationship
between the scattering phase shifts and geometric functions
that depend on the spatial geometry and boundary conditions.
Therefore, the essential ingredient in determining the scatter-
ing amplitudes with LQCD is the spectrum. In particular, the
small shift of the two-particle energy from the noninteracting
levels must be determined. For NN systems, AEny = Enn —
2my is ~0(0.1%) of the total energy, presenting significant
challenges for an accurate and precise determination, given
the known excited-state contamination and S/N degradation
challenges in LQCD calculations.

An emerging conclusion from recent literature
[27,29,30,32,35-37] is that, to accurately identify the
spectrum, it is necessary to use a basis of interpolating
fields that includes momentum-space creation operators as
opposed to the method of only using a spatially local HX-like
creation operator that was common initially. All results in
the literature have made use of momentum space annihilation
operators. Therefore, using the HX creation operators leads to
off-diagonal correlators in the space of a creation-annihilation
operator basis. The complication with such correlation
functions is that the overlap factors are not guaranteed to be
positive. This can lead to subtle cancellations between excited
states and the ground-state contributions to the correlation
function, such that a “false plateau” in the corresponding
effective energy is identified as the lowest-lying state [18].

There are several methods of constructing momentum-
space creation operators, which all require quark propagators
from all spatial sites on the source timeslice to all spatial
sites on the sink timeslice, so-called all-to-all propagators.
The most common method in the literature is known as the
distillation framework [38]. A variant of this method, known
as the stochastic Laplacian Heaviside (sLapH) method [39], is
what we use in this work. A different momentum sparsening
method [40] is utilized by NPLQCD [30,41].

We construct a set of NN operators as described in
Ref. [42]. We use multihadron operators, which are linear
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TABLE 1. For a given total momentum Py, = do ZT”, where dy,
is a vector of integers, we list the cubic irreps that use in this work
that are expected to have a large overlap with S-wave scattering in
the deuteron channel (left) and the di-neutron channel (right). The
g label denotes irreps of definite positive parity while the u label
denotes irreps of definite negative parity. We also list the number of
operators used for that irrep in order to build the correlator matrices
and determine the spectrum.

Deuteron Di-neutron

a2, Irrep Nop Irrep Nop
0 Tie 15 A 6

1 A, 10 Ay 10
1 E 18

2 A, 15 A 21
2 B 19

2 B, 21

3 Ay 9 A 9

3 E 17

4 A, 7 A 10
4 E 15

combinations of products of the individually momentum-
projected constituent hadron operators. Each multihadron
operator has a given total momentum, and therefore the
constituent hadrons in each term must have momentum that
sums to this total. The particular linear combination is deter-
mined by constructing an overall operator that transforms in
a given irreducible representation (irrep) A of the little group
of the total momentum. This allows a hadron in one term to
carry a different momentum than in another term, so long as
they are all related by rotations within the little group and sum
to the same total momentum. In Table I, we list the different
irreps used for the isoscalar, spin triplet (deuteron) channel
and the isovector, spin-singlet (di-neutron) channel, as well as
the number of independent operators used for each irrep.

The energies of the stationary states in finite-volume are
discrete and are determined using the standard Hermitian cor-
relator matrix method [43—47] in lattice QCD. Given a set of
Nop operators, an Ny, X Nop matrix of two-point correlation
functions is evaluated for a range of temporal separations ¢
using a Markov-chain Monte Carlo method. The elements of
the Hermitian correlator matrix have spectral representations
given by

Cij(1) = <sz|0,»(t)0}(0)|9>
— Z Z-(H)ZT(n)e_E”t
i ] ’

where |€2) is the vacuum, the time-independent overlap factors
are Zi(") = (2]0;|n), and the sum runs over eigenstates of
the Hamiltonian that have nonzero overlap with the states
created by the operator basis. Note that negligible temporal
wrap-around contributions are omitted in Eq. (2.1). It is not
practical to fit our results directly using Eq. (2.1). Instead, the
correlator matrix is rotated to be as diagonal as possible. The
simplest way to do this, which we call the single pivot method,
is to solve the generalized eigenvalue problem (GEVP) using

2.1

the correlator matrix at two different times

C(ty)V = Clty) V Ay, 2.2)

where the columns of V contain the eigenvectors and Ay is
the diagonal matrix containing the corresponding eigenvalues.
The matrix V should be normalized such that VIC(#)V = I,
where [ is the identity matrix. The matrix V is determined
only once using the mean values of the matrix elements of
C(ty) and C(ty). The following single-pivoted matrix D(¢) is
then formed using

D) =ViC@)V. (2.3)

The choice of the two times 7; and #, must be made judiciously
to ensure that D(¢) is diagonal within statistical errors for a
large range in t well beyond 7. If this can be achieved, then the
single energy E; of the /th eigenstate (I = 0, 1, 2, . ..) of those
which have overlap with the states created by the operator
basis can be obtained by a simple fit to the single diagonal
element Dj;(¢), which takes the form

[o.¢]
Du(t) = |Z"[e Bt + 37 |z e B,

n=Nop

(2.4)

noting that the leading excited-state contamination comes
from the Ny, + 1 eigenstate that overlaps the states created
by the operator basis [48]. The overlap factors for the original
operators are then given by

Z" = Cy(to) Vi Zl(l)- (2.5)

These overlap factors provide helpful information for identi-
fying the eigenstates.

As we discuss in more detail in Sec. IIB, the diago-
nal correlators in Eq. (2.4) still have nontrivial excited-state
contamination. These effects must be included in the corre-
lator analysis to obtain a robust extraction of the spectrum
that incorporates systematic uncertainty associated with the
excited-state contamination. Our analysis suggests they can
be accurately modeled as inelastic excitations of the single
nucleons used to construct the NN correlators.

Two other methods besides the single-pivot method are in
common use. One, known here as the rolling-pivot method,
applies the GEVP of Eq. (2.2) for every time slice ¢, fixing
only fy,

C()Vr(t) = C(to)Vr(t)Ar(7), (2.6)
yielding a rolling-pivoted correlator matrix
Dg(t) = Vi ()Ct)Vr(0). 2.7

The matrix Vg(¢) is determined only once for each ¢ using
the mean values of the matrix elements of C(¢) and C(ty).
A similar but slightly different method, here known as the
principal correlator method, uses the eigenvalues in Ag(f)
as the diagonal correlators to fit. The GEVP must be solved
for each bootstrap resampling to obtain error estimates of the
eigenvalues. Both the rolling-pivot and principal correlator
methods suffer from the possible need to carry out eigenvector
pinning to ensure a consistent identification of the eigenstates
as both time and bootstrap resamplings change. Although we
use the much simpler single-pivot method for our final results,
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FIG. 1. Effective mass of the pion (left) and nucleon (middle) as a function of N,, at two different choices of total momentum of the
correlators. The effective mass is constructed as m(f,) = In[C(¢t; — 0.5)/C(t, 4+ 0.5)] in both cases for 7, = 2.5. The smearing profile of the

quark source is plotted in the right panel for different numbers of N,,.

we also employ the rolling pivot to check for agreement of the
results obtained with the single-pivot method.

The Hermitian correlator matrix method described above
is sometimes referred to as a “variational” method in the
literature. However, we emphasize that this should not be
confused with the variational method in quantum mechanics,
which is an approximation scheme used to obtain an energy
bound by minimizing the expectation value of the Hamilto-
nian in a parametrized wave function. The variational method
in quantum mechanics does not guarantee convergence to the
lowest-lying energies of the system when using a fixed num-
ber of wave-function ansitze. By contrast, the pivoted matrix
introduced above can be interpreted as a change of operator
basis to one that is, in a sense, optimal from a variational
perspective. In this case, however, Euclidean time projection
ensures that, as long as the overlap of the operator basis with
the lowest-lying state is nonzero, that state will be isolated at
sufficiently large Euclidean time separations. Moreover, the
functional form of the excited-state contamination is now ex-
plicitly determined by the Euclidean time dependence, and it
is exponential with a large energy gap that depends on the size
of the operator basis. Thus, the systematics of the two methods
are quite different: the Hermitian correlator matrix method
does not yield upper bounds, but rather estimates whose
excited-state contamination can be systematically understood
and suppressed via Euclidean time evolution. Furthermore,
increasing the size of the operator basis improves control over
this contamination by enlarging the energy gap that governs
its suppression.

A. Details of the lattice calculation
1. Lattice action

This calculation uses the CLS lattice action [49], which is
an Ny = 2 + 1 isotropic clover-Wilson action that is nonper-
turbatively O(a) improved, and the Liischer-Weisz improved
gluon action with tree-level coefficients was used with peri-
odic boundary conditions in all directions. The lattice spacing
is a~0.086 fm with a lattice volume of 48% x 96. The
three quark masses are all approximately equal to the phys-
ical strange quark mass, i.e., m, = my = my ~ mP™*, which
leads to m, L ~ 15. This ensemble was generated in Ref. [29]

and named C103.! A total of 1490 configurations are used
from four replica. The choice of quark masses was made to
roughly match the SU(3) symmetric calculation of Ref. [12]
where it was claimed that deeply bound di-nucleons existed
[12,15,17].

2. Interpolating operator construction

This study uses the stochastic Laplacian Heaviside
(sLapH) method [39] to construct single- and two-nucleon
operators such that the individual nucleons are projected to
a definite momentum in both the source and sink operators.
A first step in utilizing the distillation or sLapH method is
to choose how many eigenvectors (Ny) of the stout-smeared,
three-dimensional, gauge-covariant Laplacian to use from
which to build the sources (and sinks), for which larger Ney
amounts to less smearing of the quark sources/sinks. It is well
known that more smearing reduces contributions from excited
states but also increases the stochastic noise of correlation
functions. In Fig. 1, we show the effective mass of the pion
and nucleon at two different values of total momentum as a
function of N,,. We also plot the smearing profile for various
choices of N,,. Balancing the reduction of excited-state con-
tamination without increasing the stochastic noise leads us to
choose N,y = 384 in this work. Stout-link smearing [50] with
staple weight 0.10 with 20 iterations is used for the gauge-
field when constructing these sources. Variance reduction is
achieved by dilution of the noise with full spin dilution and
interlace-6 dilution in the LapH eigenvector indices. Further
details of our implementation of the sLapH method are pre-
sented in Ref. [29].

When m, = my = m; and QED interactions are ignored,
QCD has an SU(3) flavor symmetry. SU(3) flavor basis states
|A, I, L5, Y) can be labeled by irrep A (the quadratic and cubic
Casimirs), isospin /, isospin projection /3, and hypercharge Y.
Note that Y = S + B, where S is strangeness and B is baryon
number. The baryons N°, N*, A%, ©~, 20 %+, E~, E then
all have the same mass since they all reside in a flavor 8
irrep. For NN scattering at the SU(3) symmetric point, we

'In the CLS naming scheme settled after they were generated, this
ensemble would be named C150.
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must consider the 8 x 8 flavor irrep, whose decomposition
into irreps is

88=108080103 10 & 27. (2.8)

The deuteron is a neutron-proton pair with / =0 and Y = 2
and it occurs in the 10 flavor irrep. The di-neutron is a neutron-
neutron pair with / =1 and ¥ =2 and it occurs in the 27
irrep.

The majority of our calculations in our other studies are
carried out using SU(2) flavor symmetry since we usually
employ the more realistic approximation m, = my with m;
being much heavier. A significant amount of work has gone
into designing the SU(2) operators and into the software eval-
uating the correlations of such operators. Hence, we utilize
our SU(2) operators even for this calculation at the SU(3)
symmetric point. The states produced by our SU(2) nucleon
operators should have substantial overlap with those produced
by SU(3) nucleon operators and should lead to the same
lowest-lying energy in each isospin channel. Another way to
view our use of SU(2) nucleon operators is to note that we
have not initially block-diagonalized the spectrum as much as
could be done with SU(3) operators, but the same spectrum
should be obtained in the space spanned by the states created
by the operators.

B. Correlator analysis: Conspiracy model

In all previous LQCD calculations of two-baryons, one
consistent observation is that the excited-state contamination
of the two-baryon correlation function is nearly the same as
that of the single-baryons. For example, the effective mass
of the ratio correlation function exhibits mild excited-state
contamination and often plateaus earlier in time than ei-
ther the two or single baryon correlators. This has led to
a common strategy of fitting the ratio correlation functions
to extract the interaction energies, AE = Ey,y, — Ey, — Ej,
[15,20,28,29,36,51]. Such a strategy is criticized, for example,
in Refs. [17,30], because even if the two-nucleon correlator
is positive-definite, and thus monotonically approaches the
large-time limit, the ratio correlation function is not guaran-
teed to do so.

We addressed this issue in Ref. [29] by constructing a fit
function that was also a ratio

Gy (1)
Cy,()Cy, (1)’
where both the numerator and denominator were described

with a sum of exponentials with positive overlap factors, r, =
Zn/ZO with z, = (n|01£2), A, = |Zn|2,

Nmax
C(t) = Age ™' [1 + ) 1l e_A”°’i|,

n>1

R(1) (2.9

(2.10)

and A, = E, — Ey. A global fit was performed to R(z) and
the individual nucleons N;(z). Stability of the ground-state
energies was studied by varying the time-range used in the
analysis as well as the number of excited states used in the
numerator and denominator functions.

We improve upon this strategy in two ways:

(1) We directly fit the two-nucleon correlation functions,
as well as the single-nucleon ones, rather than fitting
the ratio correlation function, for which Eq. (2.10) is a
robust model for all numerical results.

(2) Conspiracy model. Motivated by the observed cancel-
lation of excited states in R(¢), we build a model of the
NN correlator that reflects this observation, deriving
the number of states used to describe the NN correlator
from the number used to describe the single-nucleon
correlators, so that the NN excited states have the free-
dom to conspire to cancel with those in the individual
nucleons. We further elaborate on this model in the
following.

If the two-nucleons did not interact with each other, then
the NN correlation function could be described as the product
of the two single nucleon correlators:

Ni—1 N>—1

1) _—E® 2) —E?
Can(@) = | DAV || D AP

n1=0 n=0

@2.11)

In the limit that the two nucleons are the same, such as for the
case when the total momentum of the NN correlator is zero,
the NN correlator would then be described by the square of
the single-nucleon correlator.

For two nucleons, which are strongly interacting, such a
model may not provide a good estimate for the overlap factors,
but it is still a good starting point for the NN energies since
the interacting energy is of O(0.1%) of the total energy of
the system. Therefore, the conspiracy model is constructed as
follows:

(1) If N states are used for the single nucleons, then N2
states are used to describe the NN correlator in the
general case, and N % in the case where the two
nucleons have the same magnitude of momentum.

(2) The overlap factors of the NN correlator are
parametrized independently from the single nucleon
correlators.

(3) The ground and excited state energies of the NN cor-

relator are parametrized as

ENN = EN' + EN' + 8Epm, (2.12)

where EN = E(I)V" + A;V(") is the nth energy of nucleon i
and §E,,, is an interaction energy between the nth state
of nucleon-1 (V;) and the mth state of nucleon-2 (N>).

(4) A global analysis is performed to simultaneously con-
strain the single-nucleon ground- and excited-state
energies, EVi, along with the two-nucleon interacting
energies, 6E,,, as well as the overlap factors for all
correlators in a given irrep.

There is freedom to pick which pair of single nucleons to
use as the reference state when building the conspiracy model,
provided the correct center-of-mass energies are constructed
for the QC2 analysis of the amplitude. To automate the choice
of N; and N, for the analysis of a given principle correlator
in an irrep, we first examine the relative overlaps of a given
NN operator with the various principle correlators, Eq. (2.5).
Often, a given operator predominantly couples to a single
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level, leading to a one-to-one mapping between the operators
and the levels. When this is not the case, we use the effec-
tive energies of the single nucleons and the corresponding
NN correlator to pick a reference set of single nucleons by
minimizing abs(Exn — Ey, — Ej, ) across the set of N and N,
states that can be used to make an operator in the given NN
irrep.

We contrast this conspiracy model with an agnostic model
in which the number of excited states in the NN correlator
is not fixed by the choice of the single nucleon correlators,
nor are the energies coupled as in Eq. (2.12). Our previous
work implemented such an agnostic model (and also fit the
ratio correlation functions). In this work, we show that the
conspiracy models are favored over the agnostic models as
measured by the Bayes factor in a Bayesian analysis.

1. Estimation of priors for the conspiracy model

The fit priors must be carefully chosen to avoid biasing the
posterior extraction of model parameters while maintaining
the stability of the multi-exponential fit. The priors, fit win-
dows, and number of excited states are derived from preset
criteria applied uniformly rather than hand-selecting these
choices for each correlator.

The first step we take is to use Eq. (2.10) to describe each of
the two-point functions. For the single nucleons, the effective
mass and effective overlap factors

_ C()
Megr(t) = In (m)
Aeir(t) = ™01 C(1),

can be used to estimate the ground state priors for a given
correlator. In this work, we use a reference time to estimate
the Gaussian priors as

Eo = megr(tet)N'(1, 0.1),
Ao = Actr(tet)N'(1, 1),

where N (1, o) is a Gaussian distribution of mean p and
width o. Examining the effective mass of the nucleon, we
choose a reference time of #, = 10 as it is sufficiently close
to the region of ground-state saturation to provide a good
estimate of these parameters.

For the excited-state parameters of the single nucleon, we
use a Lognormal distribution to prior each mass gap, such that
if X ~ Lognormal(it, o) then In(X) ~ N (i, o). Each mass
gap is estimated to be 2m,, and the ratio overlap factors are
priored with the square of a normal distribution,

(2.13)

Ay, -1 = Lognormal(2m,, , my ),

7. = N(1, 0.25), (2.14)
with m, determined in Ref. [29] and our updated my
am; = 0.310810(95), amyn = 0.70267(40). (2.15)

This ensures the ordering of excited-state energies according
to their n label, and the resulting ratio overlap factors are
positive definite and of O(1 £ 0.5).

For the parameters of the NN correlation functions, the
priors of the overlap factors are estimated in the same way

as described above. Since we model the NN energies as in
Eq. (2.12), we need estimates for the §E,,,, parameters. For the
ground-state interaction energy, we use the effective mass of
the ratio correlation function at #,.r to estimate the prior mean,
and we choose to give it a 100% width

8Ego = mB:(tet)N'(1, 1), (2.16)

where the superscript R indicates Eq. (2.9) is used to construct
the effective mass. For the excited-state interaction energies,
we use this effective mass to estimate a width but set the mean
to zero

SE yn = 8E = N(0, m5; (ter)). (2.17)

This construction of priors, with generously wide widths,
ensures that the numerical data, when it is informative, is the
only significant ingredient informing the posterior ground-
state parameters of interest.

2. Comparison with other analysis strategies

A comparison with other analysis strategies in the literature
provides some of the reasons for our use of this conspir-
acy model. The analysis procedures used in Refs. [52-61]
are based on the Prony method [62], the generalized pencil
of function (GPoF) method [63,64], or some combination
of these two methods. A recent interest has arisen in us-
ing the Lanczos algorithm with such methods [65,66] which
have been shown to be equivalent to the Prony-like methods
[67,68]. There has also been a suggestion of using Laplace
filters [69]. Common to all of these strategies is an attempt to
isolate individual eigenvalues of the correlation functions and
model their contributions by single-exponential forms. The
large number of eigenstates which contribute to the spectral
representation of any correlation function usually makes such
isolation difficult and prone to unknown systematic errors.
As with multi-exponential fits to any correlation functions,
especially if the single nucleons are constructed with only
simple 3-quark interpolating operators, the higher-lying ex-
ponential decay rates extracted should not be interpreted as
stationary-state eigenvalues of QCD as the operator basis is
not sufficient to reliably isolate these individual eigenstates. In
all of these strategies, the higher-lying decay rates should be
viewed as just nuisance parameters used to model the excited-
state contamination, which is a sum of an infinite number of
exponentials, by a sum of a finite (usually small) number of
exponentials.

Another important point to keep in mind is the fact that the
conspiracy model is applied after the use of the GEVP, which
is also utilized to removed excited-state contamination arising
from the lower-lying NN interacting modes. The observed re-
maining excited-state contamination comes from higher lying
modes, n > Nyp in Eq. (2.4). These other methods will also
have to contend with this excited-state contamination, which
as we show below, most likely arises from excited states of the
single nucleons.

Rather than trying to isolate an eigenstate that can be
described by a single exponential, the conspiracy model is
designed to capture the apparent physics contained in the NN
correlators after the GEVP is used to diagonalize the basis of
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operators: the diagonal NN correlators are well described by
Eq. (2.11) with small corrections induced by the interactions
of these states. The conspiracy model not only allows for a
systematic way to account for this excited-state contamination
and its impact on the extraction of the ground-state energies,
but also takes advantage of the positive-definite nature of these
diagonal correlators to utilize regions in Euclidean time where
the signal is not lost to the noise. In future work, it will be
interesting to quantitatively compare the conspiracy model
with the other analysis strategies mentioned above.

C. Deuteron channel results
1. Correlator analysis and the NN spectrum

A QC2 determination of scattering amplitudes depends on
an accurate and precise spectrum. The deuteron channel is
isospin-0 and spin-1, yielding numerous irreps that overlap
with the S-wave at low energy. We list them in Table I along
with the total number of NN operators we use in each irrep.
This work considers the lowest one or two levels in each irrep
after diagonalizing the correlator matrices.

It is essential to ensure that all the systematic uncertainty
associated with various choices that go into analyzing the
correlators is accounted for, including

(1) the choice of model to describe the correlation func-
tions, such as the conspiracy or agnostic model;

@
3

the choice of GEVP times, f and ?4;
the number of excited states used for the single and NN

correlators;
(4) the choice of £). for the single nucleon analysis;
(5) the choice of £V and "N for the NN analysis.

min ax

Our final chosen fit model is a conspiracy model with

(1) to = 5 and t; = 10 for the GEVP times;

(2) N, = 8 blocking;

(3) 3-state model for single nucleons, N,, = 3;

(4) N =tV = 4 for the single and NN correlators;

5) tj{y =20 and t;\.”v = 15 for the single and NN correla-
tors, respectively.

This model is applied uniformly for all the 15 irreps/levels
considered in this work.

We begin by comparing conspiracy and agnostic models.
In this and the following, we plot effective-mass bands and
ground-state energies from the chosen fit posterior. We com-
pare various agnostic fits with either two or three exponentials
for the single nucleon, and two, three, four, and six exponen-
tials for the NN correlators. With fixed data, we can use the
Bayes factor to determine the relative probability of a model
given the data.

We show the results of this comparison for the T, irrep in
the top panel of Fig. 2. To guide the eye, we plot the posterior
effective mass of the NN correlator (top panel) and the ratio
correlator (middle panel). The ratio correlator’s effective mass
is constructed by taking the ratio of the correlated posterior
of the NN and single nucleons. The bottom panel lists the
normalized weight factors, wpedel, Normalized over the set of
eight models used in this comparison. This analysis shows
that

p 4
14151} C: Nya=3 § A:23 § A32 | A3 4
% % eff mass A24 F A33 1 A36
£ L4107 § AN, =2 N, =2
S o
S g 1
1.405 8- & BE Fx mn ) S —
e SRR §%$
< 0.000 e
:1‘) ®
He E
=8 -0.001 i $
Eﬁ oAt i S Goar Gl [ I I
K| g i | ;
—0.002 ‘ ‘ ‘ X % 1 |
20.75
S50,50 . L.
0.251 +- %
0.00 et s 08 G oA a8
) 4 6 3 10 12 14 16
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¥
1.415 $ Nua=21 310 4
Cﬂ § eff mass
5: 14101 ¢ 3 f
S o
K )
1405 | -5 5 & % & @ § %qu; ————————————
e
= 0.000 o
,ED ®
:i%—oo(n & " $
b R % ****** I B N
—0.002
0.75
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025t% © o ©° ©° o
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FIG. 2. Comparison of the ground-state NN energy and energy
shift in the Tj, channel using the conspiracy (C) and agnostic (A)
models (top). For the former, we show the preferred final model
while for the latter, we vary the number of exponentials used to
model the single (n) and NN (nn) correlators. The band and dashed
lines are from the conspiracy model with 3-states for the single
nucleon, to guide the eye. The relative probability for a given model
(Wmode1) at each #;, is determined from the Bayes factor. We also
show stability of the conspiracy model with respect to the number
of states used to describe the single nucleon correlators (bottom).
The Q-value factor is similar to the frequentist P value but uses the
augmented x2/dof [70].

(1) for this irrep (and the others), the conspiracy model is
favored over the agnostic models by the Bayes factor
weight.

(2) fits with three or more states for the NN correlator
are all consistent, while those with only 2 states are
consistent at the 1 to 2 sigma level but systematically
different for all #,;,.

(3) For the agnostic model, we observe that increasing
the number of exponentials in the NN correlator sig-
nificantly increases the uncertainty in determining the
interacting energies.
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r TABLE II. We list the energy levels of the single nucleon where
0.000 PN 3% 4 53 6 7% 8 n denotes the squared integer of momentum, E? = M3 + n(2w /L)*.
- _ We also list what the energy would be if the continuum dispersion
~0.002f @ W wg relation were satisfied.
= %
g —0.004} §rﬁ i n=20 n=1 n=2 n=3 n=4
~
= i f L E, 0.7027(4) 0.7142(4) 0.7261(4) 0.7374(4) 0.7489(4)
3 —0.006¢ B i % Cont. 0.7027(4) 0.7148(4) 0.7266(4) 0.7383(4) 0.7499(4)
Bl N
—0.008} % 5
# terms of g2,. With our increased precision, the results have
oo ., ., ., . . . . . become sensitive to two sources of systematic uncertainty as
Tlg(o)A2(1>E(1)A2(2)Bl(2)32(2)142(B)E(3)A2(4)E(4) Compared with Ref. [29]
0.000f P N,—2F 38 4 (1) The final NN energy is sensitive to whether it is taken
from the fit, or reconstructed using §Eyy and the con-
—0.002} D L tinuum dispersion relation of the single nucleons.
] m (2) In some of the boosted channels, our results have be-
& come sensitive to § — D mixing.

—0.0041 %
—0.006 1

—0.008 %

—0.010}
T14(0)A2(1) E(1) A2(2)B1(2)B2(2)A2(3) E(3) A2(4) E(4)

lab
SEgy /my

FIG. 3. Stability of the ground-state interaction energy, § Ey, for
all 15 irreps/levels used in this work for the deuteron. Note that the
two levels in A, (1) have overlapping values of §Ey.

In addition, we show that with the conspiracy model, the
resulting values and uncertainties of these §Ey, values are
more stable with respect to variation of the number of expo-
nentials, the value of £ and other user choices.

The stability under variation of the number of states used
in the single-nucleon fits for the conspiracy model is shown
in the bottom panel of Fig. 2. The stability with respect to the
choice of GEVP times, the blocking or binning size, the final
time used for the NN correlator, and the minimum time used
for the N correlator, can be found in Appendix A.

Overall, for all these variations, we find that the conspiracy
model provides a stable extraction of the ground-state NN
energy and interaction energy. We have shown these stability
plots for the lowest level in the Ti, irrep, and we find similar
stability for all irreps considered in this work. In Fig. 3, we
plot the stability of §Eyp in all 15 levels from the various irreps
considered in this work for two of these systematics, and the
remainder are plotted in Appendix A.

2. Amplitude analysis

Given a spectrum, we turn to applying the single-channel
QC2 for which there is a one-to-one mapping between each
energy level and a value of the amplitude. As in Ref. [29],
we use the “spectrum method,” as described in Ref. [71],
to determine parameters of g cot$§ from the resulting energy
levels. This is done by constructing the x? loss function in

Regarding (1), our single-nucleon energy levels are sta-
tistically different from what would be predicted from a
continuum dispersion relation. We list the energy levels in
Table II along with the continuum dispersion value. A fit to
the spectrum using

2m\?
E? = M§+gn<7) 2.18)
yields the values of
My = 0.7027(4), (2.19)
& = 0.9790(53). (2.20)

It is expected that the leading discretization effects to
the spectrum cancel in the energy splitting, 6Eyp = Exnn —
E| — E,, suggesting that using the continuum dispersion re-
lation to reconstruct the single nucleon energies E; = [M} +
n;(2m /L)*1'/? is more appropriate for the QC2 as its deriva-
tion assumed such a dispersion relation. This expectation was
recently formally derived in Ref. [72].

Regarding the S — D partial-wave mixing, Ref. [73] dis-
cussed in detail the expected mixing in these channels using
the QC2 formalism with spin 1/2 particles [74,75]. Depending
on the total momentum boost vector, different linear combina-
tions of the spectrum results from different irreps can be used
to remove the leading dependence upon the S — D mixing,
such as

n=(0,0,n):Exp = $Ea, + 3EE,

n=(0,nn):Esp= %EAZ + %EBI + %EBZ, (2.21)

with integer n. In Fig. 4, we plot the resulting determination
of g cot § in this channel from a single-channel QC2 analysis.
We plot the results in units of m, to more easily compare with
our earlier results [29]. Parametrizing ¢ cot § with an effective
range expansion (ERE),

cotéd -1 - 2 4
qeotd _ +m(i) ng(i) e
my amy 2 \my my

(2.22)
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FIG. 4. Resulting phase shift expressed as g cot§ (top) and § in
degrees (bottom) from the single-channel QC2 analysis after irrep
averaging. The solid points are used in the analysis. The open data
are the original results before irrep averaging. The dotted line in
the gcot$ plot is (—¢g?)"/?, i.e., the virtual bound state condition.
A crossing between the g cot § and this curve implies the presence of
a virtual bound state. The NN ONLINE-PWA phase shift is obtained
from Ref. [76] using the partial wave analysis of experimental data
[77].

we determine the scattering length a and effective range r. The
scattering length is stable under variations of the ERE order,
while the effective range shows sensitivity to the truncation.
Some of the analysis results are presented in Table III.

The presence of a bound state requires a negative value of
q cot 8|,—, corresponding to a positive value of the scattering
length with the above parametrization. While our results leave
a significant systematic uncertainty on the determination of
the effective range parameter, depending on the order used in
the ERE, the determination of the scattering length is observed
to be robust, and rules out a bound state on this ensemble by
more than 5o . Instead, a virtual bound state is found, given by
the condition ¢ cot 8(¢*) = +(—q>)"/? for negative g°. This is

TABLE III. Results of the ERE parameters in the deuteron chan-
nel at O(¢2,, ) and O(q?, ) in the ERE expansion.

0.000f PeN=2b 3db 4 s5d6d7H 8
—0.001}
§> —0.002f H% % % i +
1%70.003» AHJH #ﬁ %
© _o0.004} % i ﬁ%
—0.005 % + HJ% % +
BN Vo 1 W R R WE TR WFY
0.000} b N,=2% 3% 4
et ;
-0
Gty § ﬁ
© _o.004} ﬁ %
—0.005} H
—0.006k ‘ ‘ ‘ ‘

A14(0)

FIG. 5. Stability of the ground-state interaction energy, 8 Eyo for
all eight irreps or levels used in this work in the di-neutron channel.

illustrated in Fig. 4 by the crossing between the fits and the
“virtual bound-state condition.”

D. Di-neutron channel results

We perform a similar stability analysis for the di-neutron
scattering channel, finding the same optimal model used for
the deuteron channel works well. In Fig. 5, we show the
summary stability plots for the laboratory-frame energy shifts,
8Ey for the eight levels in various irreps used in this work.
Performing an amplitude analysis as with the deuteron, we
determine the scattering length and effective range parame-
ters at different orders in the ERE, listed in Table IV. This
analysis also rules out a bound state in the di-neutron channel,
and reveals the existence of a virtual bound state. For the
di-neutron, the issue of partial-wave mixing does not affect
the analysis, as it does for the deuteron channel. Figure 6
shows the resulting g cot§ and phase shift. One interesting
observation is that the effective range, ry, in the di-neutron
system is larger than that of the deuteron.

TABLE IV. Results of the ERE parameters in the di-neutron
channel at O(¢?,, ) and O(g? , ) in the ERE expansion.

ERE Order an, iy Antd x2/dof [dof] ERE Order amy, iy m? x2/dof [dof]
@, —5.06(63)  7.05(45) 1.88[7] T, —3.06001)  12.2(1.4) 0.78 [6]
q?_m_ —5.10(68) 4.2(1.4) 9.94.4) 1.39 [6] q?_m_ —2.55(95) 5.4(5.0) 24(15) 0.21 [5]
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2.0F TABLE V. Example NN operators used in the I = 0 T, and the
I = 1A, channels for total momentum P = 0. The operator notation
151 and the integers in the second and third columns are described in the
text.
§
510 { NN Operator I=0T, I=1A
2S) ; —®—Alg(P}, = 0)
205 l —e—AL(PZ, = 1) NI[G,(0)]o N[G1,(0)]o 1 1
....................... ——AL(PZ, = 2) N[G (1)]o N[Gi(D)]o 2 1
0.0 : —e—AL(P2, =3) | %[G(Z)]o N[G(2)]o 3 1
—e—AL(P2, = 4) [G(3)]o N[G(3)]o 2 1
—010 —005 0.00 005 010 015 020 025
Q2. m? . .
cm. /o Ref. [42]. The subscripts g (1) denote even (odd) parity. The
80y - ERE: O(¢ ) Clebsch-Gordan coefficients that fully define each operator
[dl—neutron channel} ERE. o (q;'"") are not given, but are available upon request. The numbers of
6ol ——=-NN bNL(IIHE _ PWA independent Clebsch-Gordan combinations for each operator
ST —— type are shown in the second column of Table V for the
;)5 S T isosinglet channel, and in the third column for the isotriplet
<_a0tf T channel.
& | e T The study is performed on a subset of the 1490 C103 con-
] figurations used in Sec. II, that being 400 of the first replica.
200 On each configuration, eight randomized source times are
used, and the number of noise combinations used at the sink
. . . . . is 8 for the HX operator and 14 for each baryon operator. As
(9.00 0.05 0.10 0.15 0.20 0.25

2 2
qC.I]l./mﬂ'

FIG. 6. Resulting phase shift plots for the di-neutron channel
from the single-channel QC2. All notation is as in Fig. 4.

III. HEXAQUARKS AND THE NN SPECTRUM
A. Adding HX operators to the basis

The results in the previous section did not include HX
operators in the basis when constructing C;;(¢). The authors
of Ref. [30] suggested such operators may more efficiently
couple to bound states than those where the nucleons are
individually projected in momentum space. Therefore, in this
section, we explore the impact of including HX operators in
the resulting identification of the NN spectrum.

The local HX operator we use is constructed in a similar
manner and is designed to match that used in Refs. [12,17,30]
as closely as possible. For this study, we focus on Py = 0
for both the deuteron in the 7i, irrep and the di-neutron in
the A, irrep. In the Tj, symmetry channel, nine operators are
used: one HX and eight nucleon-nucleon, all of which are
single-site operators. The correlator matrix is averaged over
the three rows of the Ti, irrep. In the A;, symmetry channel,
five operators are used: one HX and four nucleon-nucleon.
Again, the HX and individual nucleons are single-site opera-
tors. These operators are summarized in Table V.

In Table V, each single-nucleon operator N is specified
by, in square brackets, the irrep of its little group, with the
squared spatial momentum, in units of (277 /L), shown in
parentheses, and a subscript indicating a spatial identification
number. The spin and orbital structure associated with each
identification number can be obtained from the authors upon
request. The notation for the irreps follows the conventions in

a first step, we compare the effective energies associated with
the HX operators with those associated with the two-nucleons
at rest (NO-NO) operators, as well as the effective energy
associated with the NONO-HX cross-correlator, see Fig. 7 for
the deuteron and Fig. 8 for the di-neutron.

One sees that, for both isospin cases, the excited-state con-
tamination is significantly less for the two-nucleon operator

T T T | T T T T
|* Isosinglet T]g N
- e NONO diag .
N e HX diag
"¢ e 4 NONO-HX cross| ]|
&
ST B * . o i
L 3 = 3 _|
1.5 . N . [)
1 1 1 | 1 1 1 1 |
5 10

FIG. 7. Comparison of the effective energy associated with the
hexaquark operator (red points) with that of the two-nucleons at rest
operator (blue points) and the off-diagonal correlator with an HX
source (green) for the isosinglet 7, channel. Excited-state contami-
nation is significantly less for the two-nucleon operator.
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e e 4 NONO-HX cross| ]

=
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LgN i : ¢ . . { T
s 4 gl

FIG. 8. Same as Fig. 7 except for the di-neutron channel.

than the local HX operator. One also sees that the statisti-
cal errors in the HX correlator are significantly larger than
those from the nucleon-nucleon NO-NO correlator. The cross-
correlator in both isospin cases appears to produce an effective
energy quite similar to that of the NO-NO correlator, but with
much larger statistical errors. These observations suggest that
HX operators are not necessary to extract the lowest-lying
energy in each channel.

In Fig. 9, we show the extracted NN spectrum for both the
Ty, (left) and Ay, (right) symmetry channels with (left, blue)
and without (right, green) the HX operators in the basis. One
observes that

23 ; i .
= [ |
S 2.2_— ]
s 0 ]
h 2.1-— "an £ s .

[ i g s s 1

i 55 38 T 3 ]

2_— I = s s .
=0T ]g(O) I=1 4 Ig(O)

FIG. 9. Energy spectrum as ratios over nucleon mass for each
isospin channel with zero total momentum. The blue circles and
squares indicate results obtained using the entire correlation ma-
trices, including the hexaquark operator. Green circles show the
energies obtained using the correlation matrices excluding the hex-
aquark operators. The blue square in each channel indicates the
energy corresponding to a hexaquark-dominated level.

(1) the addition of the HX operators leads to the identifi-
cation of a new state, but it is high up in the spectrum.

(2) the determination of the low-lying spectrum is not
affected by the inclusion of the HX operator.

Using Eq. (2.5), we can determine how well each operator
couples to the various energy levels. In Figs. 10 and 11, we
show the overlap of the HX operator and the two lowest
momentum NN operators on the various energy levels for
the deuteron and di-neutron, respectively. In both cases, the
HX operator clearly couples strongly to the highest energy
level and relatively poorly to all other levels in the system,
consistent with the observations above.

From this study, we conclude that the HX operators are not
needed to correctly identify the low-lying NN spectrum, nor
do they couple well to these states of interest for extracting the
low-energy NN amplitudes.

B. Off-diagonal correlators with HX operators

In Chap. 15 of Ref. [32] and in Ref. [30], the authors
suggested that including local HX-type operators may be im-
portant for revealing their elusive bound state in the spectrum,
arguing that the off-diagonal correlators may provide a more
effective means to find them. These authors use a toy model
to illustrate their point. They introduce a three-state system
with energies Ey < E; < E, and two operators A, B, where
the energies and overlap factors are given by

Ey=n—A, E =1, E=n+}, 3.1

Zy=(e,vV1—€20), Zg=1(c0,vV1—¢€%). (32

Both operators A, B create states which have a small but iden-
tical overlap € with the lowest-lying state of energy E, the
state created by operator A predominantly overlaps the first-
excited state of energy E| and has an exact zero overlap with
the E, state, and the state created by operator B predominantly
creates the second-excited state of energy E, and has an exact
zero overlap with the E; state. The off-diagonal correlation
function constructed from the two operators A and B in this
case goes as

C(t) = e*e B0, (3.3)

Effective mass plots using values € = 0.05, n =03, A =
0.1, § =0.1 are shown in the left plot of Fig. 12. The ef-
fective masses for the so-called principal correlators Ag, X
are shown, as well as the effective mass corresponding to the
oft-diagonal correlator Cy;. The principal correlators are the
eigenvalues of the matrix C(fy)~"/?> C(t) C(ty)~'/%. Here, we
used 7o = 5 with eigenvector pinning to identify the levels.
The black curve shows the perfect extraction of E| starting at
zero temporal separation from the off-diagonal correlator. The
blue curve associated with the principal correlator Ay(¢) even-
tually plateaus at Ey, but not until large temporal separations
are reached, due to the small coupling to the Ey state. The red
curve is associated with the principal correlator A;(¢), which
plateaus eventually to E|.

This is a contrived and unrealistic (if not impossible to
attain) toy model since it has been engineered to produce
a perfect energy extraction from the off-diagonal correlator
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FIG. 10. Overlap factors for the hexaquark and two momentum-based operators in the isosinglet 7}, channel. N (d*)N(d?) refers to an
operator expected to predominantly create or annihilate a two-nucleon state in which one nucleon has momentum p = (27 /L)d, where d is a

three-vector of integers, and the other nucleon has momentum —p.

due to the exact zeros in the Z,, Zp factors. To achieve this
situation in general would require an exact diagonalization of
the full volume of lattice operators, not the use of a single
operator. Making only a single change, allowing an arbitrarily
small, nonzero overlap with the states

Zy = (e1.\/1 — €] — €3, &),

Zp = (€1, €2, (/1 — €] — €3) (3.4)
immediately makes the effect go away, with the off-diagonal
correlation function now scaling as

C(t)= €2€7E1t + 6267E2[ + elzg*EO’ 4+ (3.5)

Here we see that, in fact, it is the higher excited states that
dominate at intermediate times, as the overlap onto the ground
state is O(€2).

An even more realistic model is studied in the right-hand
plot of Fig. 12. For this plot, two simple changes are made
from the original toy model [30,32]: the overlaps with the
ground state are not set to be the same for the states created
by operators A and B, and the exact zeros in the Z4, Zp factors
are replaced by small but nonzero values:

ZA = (61, 1/ 1-— 612,63), ZB = (62, €3,4/ 1-— E%) (36)

Effective-mass plots using values €; = 0.04, ¢, = 0.08, €3 =
0.03 with the same values of n =0.3, A=0.1, §=0.1
are shown in the right plot of Fig. 12. One sees that when

parameter values are not cleverly engineered to produce a
perfect off-diagonal correlator, the black and blue curves tend
to £y around the same temporal separation ¢ &~ 50, completely
eliminating the advantage of the off-diagonal correlator.

This model is still unrealistic since there are no couplings
to the many higher levels as there would be in actual lat-
tice QCD computations. Lastly, consider a more realistic toy
model with ten levels and three operators A, B, C and param-
eters chosen simply to be

Energies : (0.2,0.3, 0.4, 0.45, 0.50, 0.55, 0.60,
0.65, 0.70, 0.75),

Zy = (€,x,6,6,6,6,8,6,8,8), x=0.90,
Zg = (€,6,x,6,6,8,8,6,6,6), §=0.10,
Zc =(€,6,6,x,8,6,6,8,6,6), €=0.05 (37

The effective masses corresponding to the three principal
correlators Ag(t), A(t) , A2(2), as well as the effective mass
corresponding to the off-diagonal correlator Cy, (¢), are shown
in the top row of Fig. 13. The principal correlators have been
determined using #y = S in the left plot, and 7y = 25 in the
right plot. The off-diagonal correlator shows no advantage. In
the bottom row, a small § = 0.005 is assumed. An advantage
is observed in the bottom left plot for #y = 5, but this goes
away as fy is increased, as shown in the bottom-right plot.
These toy models also highlight the importance of carefully
choosing the times used in constructing the rotation matrices
through the GEVP, particularly #y. In the single-pivot method

1,\ T T I 7\ T T T T T \7 7\ T T T T \7
I HX | L.2p N(O)N(0) 12 N(DN(1) ]
0.8 T Lty . 1 miam .
o061 | . 08 1 o 08 .
S £,0.6/F 4 5,06 -
Nk N0 N
I 0.44F . 0.4 .
0.21 , 0.2 . 0.2 .
0._4_|—I_||—T—|I_T_| | GA T ol
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

Level number n

Level number n

Level number n

FIG. 11. Overlap factors for the hexaquark and two momentum-based NN operators in the isotriplet A, channel (similar to Fig. 10).
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FIG. 12. (left) Effective masses corresponding to the two prin-
cipal correlators Ag(¢), A;(¢), shown as blue and red curves,
respectively, and the effective mass corresponding to the off-diagonal
correlator Cp;(¢), shown as a black curve, for the unrealistic toy
model from Refs. [30,32] with parameter values given in Eq. (3.2).
The parameter values have been cleverly engineered so that the oft-
diagonal correlator leads to a perfect extraction of energy Ej. (right)
The same quantities as in the left plot, but using the more realistic
parameter values of Eq. (3.6). When parameter values are not chosen
to produce a perfect off-diagonal correlator, the black and blue curves
tend to E, around the same temporal separation ¢ & 50.

described in Sec. II, the effective masses associated with the
diagonal elements of the rotated correlator matrix given in
Eq. (2.3) are guaranteed to monotonically decrease to the
lowest-lying energy whose eigenstate has nonzero overlap
with the state created by the rotated operator. When the prin-
cipal correlator method is used (described in Sec. II), as was
done to generate Figs. 12 and 13, this monotonicity is no
longer guaranteed since the overlap factors can acquire time
dependence. The dramatic variations observed in the effective
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FIG. 13. (top left) Effective masses corresponding to the three
principal correlators Ag(¢), A;(¢), A2(¢), shown as blue, red, and
green curves, respectively, and the effective mass corresponding to
the off-diagonal correlator Cy;(¢), shown as a black curve, for the
ten-level, three-operator toy model described in the text, with pa-
rameter values given in Eq. (3.7). Principal correlators have been
computed using 7y = 5. (top right) Same as the plot on the top left,
except the principal correlators have been determined using 7y = 25.
No advantage is observed for the off-diagonal correlator. (bottom left
and right) Same as the top row, except § = 0.005 is used. On the left,
an advantage is seen for the off-diagonal correlator, but this goes
away as 1, is increased (see right).
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FIG. 14. Effective energies associated with diagonal elements of
the rotated correlator matrix of Eq. (2.3) for the model given in
Eq. (3.7) but with § = 0.005 for two choices of 1y, t;.

masses are shown in Figs. 12 and 13 for small temporal sepa-
rations are a symptom of the fact that the operators are poorly
coupled to the lowest energy state in the system. In such a
situation, the importance of studying the dependence on the
extracted spectrum as a function of 7y and ¢, is amplified. The
effective energies for two different choices of 7y, z; using the
single-pivot method applied to the toy model of Eq. (3.7) are
shown in Fig. 14. On the left, one sees that 7y, z;, have been
chosen much too small, producing a rotated correlator matrix
that does not remain diagonal for times larger than 7;. On the
right, the rotated correlator remains diagonal for times larger
than 74, indicating a good choice of £y, #;. This great sensitivity
to g, #; in this model is again a symptom of the poor operator
choices. For the LQCD results presented in this work, we find
no evidence of such behavior.

Our conclusion is that it is nearly impossible for an off-
diagonal correlator to reveal a level hidden from the correlator
matrix method, especially for a hexaquark operator that has
been shown to contain copious amounts of excited contami-
nation. In fact, negative weights in the spectral representation
of an off-diagonal correlator with a slow falloff of contribu-
tions from higher-lying states are more likely to cause plateau
misidentifications.

A preponderance of the evidence suggests that the use
of an off-diagonal correlator and plateau misidentification
was the most likely culprit for the discrepancy between
early lattice QCD studies of NN scattering at the SUQ3)g
symmetric point which claimed bound-state formation (see
Refs. [12,15,78], among others) and more recent studies
which make use of Hermitian correlation matrices (see, for
example, Refs. [27-30,36,79] and this work) which find no
bound-state formation.

The discrepancy can be seen in Fig. 15. The scattering
phase shift g cot(8)/m, for the deuteron is shown in the up-
per plot of Fig. 15. Early results from Refs. [12,78], which
used an off-diagonal correlator are shown in green, suggesting
a bound state, whereas more recent results from Ref. [29],
which used a Hermitian correlation matrix, are shown by
the red, blue, and magenta points with gray and magenta
bands, suggesting no bound state. Note that Refs. [12,78]
used a tadpole-improved Liischer-Weisz gauge action and
a stout-smeared clover fermion action with lattice spacing
0.145 fm, while Ref. [29] used a tree-level improved Liischer-
Weisz gauge action and a nonperturbatively O(a)-improved
clover Wilson fermion action from CLS with lattice spacing
0.086 fm. The quark masses also differ, leading to a pion
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FIG. 15. (left) Comparison of scattering phase shifts in the deuteron channel determined in Ref. [29], shown as red, blue, magenta points
and magenta and gray bands, with phase shifts determined in Refs. [12,78], shown as green points. (middle, right) Effective mass, shown
as blue points, from Fig. 2 of Ref. [16] for the deuteron on a 48* spatial lattice from an off-diagonal correlator involving a local hexaquark
operator at the source and a nucleon-nucleon operator of zero momentum at the sink. The horizontal green line indicates the approximate
energy extraction from Fig. 4 of Ref. [12], with the violet line indicating approximately where the energy extraction from Ref. [29] would be
for this 48 lattice. (bottom right) Effective mass, similar to that in the center plot, but for the di-neutron.

mass of 800 MeV in Refs. [12,78] and about 710 MeV in
Ref. [29]. These lattice actions, spacings, and volumes are
similar enough that they are unlikely to be the cause of the
large discrepancy seen in the upper plot of Fig. 15.

The discrepancy boils down to a difference in energy ex-
tractions. Effective masses from Ref. [16] for the deuteron
(lower left plot) and di-neutron (lower right plot) are shown
in Fig. 15 for a 483 spatial lattice. A single off-diagonal corre-
lator involving a local hexaquark operator at the source and a
nucleon-nucleon operator of zero momentum at the sink was
used to determine these effective masses, which are shown as
blue circles with errors. The horizontal green lines indicate
the approximate energy extractions from Ref. [12], with the
vertical thickness indicating the statistical uncertainties. The
horizontal dashed lines indicate the energies of two noninter-
acting nucleons at rest in the deuteron and di-neutron cases.
The occurrences of the horizontal green lines well below
the horizontal dashed lines, along with similar differences in
other energy extractions, essentially lead to the bound states
observed, for example, in the upper plot. The horizontal violet
boxes indicate approximately where the energy extractions
from Ref. [29] would be for this 483 lattice. The lowest-lying
energies in Ref. [29] occur slightly below the noninteracting
energies. Hence, the discrepancy essentially arises from the
differences between the green and violet lines, along with
similar differences from other energy determinations.

Temporal correlators in lattice QCD admit a spectral rep-
resentation of the form shown in Eq. (2.1), which ignores
negligible temporal wrap-around contributions. For a diagonal
i = j correlator, the weights of the exponentials in the above
spectral representation are guaranteed to all be positive,

oo
Cilt)y = [z e ", (3.8)

n=0

which greatly restricts the behavior of such correlators. Off-
diagonal i # j correlators are not subject to such restrictions
and can have negative weights. The initial rise of the blue
points at small temporal separation in Fig. 15 certainly in-
dicates the unwelcome presence of large negative weights in
the spectral representation. Furthermore, excited-state con-

tamination in a simple single off-diagonal correlator decays
slowly as e~ E1=E0) 'where Ej is the energy of the lowest-lying
state and E; is the energy of the second lowest-lying state.
Contamination in a diagonal correlator obtained from a gen-
eralized eigenvalue problem optimization decays much more
quickly as e=®v—Eo) for an N x N correlator matrix. Given
the possibility of negative weights and the slow decay of
excited-state contamination in a single off-diagonal correlator,
the likelihood of plateau misidentification is uncomfortably
high.

To illustrate how plateau misidentification could have oc-
curred, consider a five-exponential form for the off-diagonal
correlator

Ct)y=e (1 +Aje™" + Age™ ™

+ Aze™ M 4 Agem 2. (3.9)

For the two lowest gaps, we take values that are expected
for a 483 spatial lattice. The other two gaps are set to be
large enough to handle the observed short-time behavior of
the effective mass. In particular, we take
Ap =0.025, A, =A;+0.025,
Az =A+05, Ays=A;+1.0, (3.10)

then using the Ej values shown by the violet boxes, we can
solve for the weights A}, A,, A3, A4 using correlations at times
t =2,3,7, 11. For the deuteron (I = 0, 3S;), we find

Ay = —1.0483, A, =0.4133,

Az =0.6495, As= —1.7750, (3.11)
and for the di-neutron (I = 1, 'Sy), we obtain

A = —1.0986, A, =0.4993,

A3 =0.7127, A4 = —1.9065. (3.12)

The resulting effective masses are shown as the violet curves
in Fig. 16. The violet curves reproduce the observed be-
haviors at small temporal separations and show amazingly
flat plateau-like behavior for a temporal range from about
t/a = 10 to 20, as illustrated in the left-hand plots of Fig. 16.
However, the right-hand plots display the behaviors for larger
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FIG. 16. (upper left) Same as the bottom-left plot of Fig. 15 but
also includes the fit from Eqgs. (3.9)—(3.11) as a violet curve. For
temporal range t/a = 10-20, the violet curve shows a remarkable
but false plateau. (upper right) Same as the upper-left plot in this
figure, but continued to much larger temporal separations, showing
the slow approach to the asymptotic limit. (lower left) Same as the
bottom right plot of Fig. 15, but also includes the fit from Egs. (3.9),
(3.10), (3.12) as a violet curve. (lower right) Same as the lower-left
plot in this figure but continued to much larger temporal separations.

temporal separations, showing how the approaches to the
asymptotic limits given by the violet boxes are exceedingly
slow. These plots are for illustrative purposes only to show
how this could have happened; they do not prove that this
did happen. This illustration is similar to that presented in
Ref. [20].

IV. HAL QCD POTENTIAL

Finally, we compare with the HAL QCD potential method
for extracting the NN phase shifts [8—10]. Prior to this work,
HAL QCD was the only collaboration to have used this
method.

This formalism uses as input the following off-diagonal
two-nucleon correlation function,

Can(t, 1) = Y (IN(, x + DN, )N (0NT(0)),

X

“.1

where the annihilation fields are spatially local and the sum
over x projects the total system to zero momentum. A sum
over r yields an off-diagonal correlator that can be used in
the QC2 formalism. Rather than following this approach, the
HAL QCD potential method instead focuses on utilizing the
spatial distribution of the correlation function to extract a
Nambu-Bethe-Salpeter (NBS) wave function rather than spec-
tra. This wave function may then be used to solve for the
potential, and in turn, scattering phase shifts, using the NBS
equation.

In the large-¢ limit, one has

O, 1) =) " (0)Z,e 5, 4.2)

where the sum is over elastic two-nucleon scattering states,
Z, denotes the overlap of the creation operator with the nth
state, E, = 2(M% + ¢>)"/? denotes the energy of this state, and
Y"(r) denotes the NBS wave function.

Note that this assumes that ¢ is sufficiently large that in-
elastic states do not contribute and this must be carefully
checked - while it is clear that contributions from inelastic
excited states should die off exponentially more quickly than
low-lying elastic-scattering states, studies of single-nucleon
correlation functions have shown that in practice it may be
notoriously difficult to suppress these contributions within
the time ranges typically available for two-nucleon correla-
tion functions. This, of course, is also an issue within the
QC2 method. In both cases, the situation can be ameliorated
through the use of the ratio of correlation functions,

Can(t, 1)
Cn()? '

where near-cancellation between inelastic single-nucleon
excited-state contributions leads to significant suppression
(though in this work we choose instead to adopt the “conspir-
acy” fits detailed in the previous Section for the QC2 method).
This situation must be carefully checked within both the QC2
formalism and the HAL QCD potential method, as contribu-
tions from excited states enter differently into the spectrum
versus the potential, as detailed below, and as the interpolating
operators are typically different for the two setups.

The ratio R(¢, r) then satisfies a time-dependent version of
the NBS equation in a given scattering channel,

R(t,r) = (4.3)

8t2 _ 3. / /
[4MN — 3 —H01|R(t,r) = /d YU, PR, 1), (4.4)

where Hy = V? /My. This modified, time-dependent,
Schrodinger-like equation, referred to as the time-dependent
NBS equation in Ref. [9], is valid for a correlator R(z, r)
that has contributions from excited elastic NN scattering
states, as well the ground state, although it still assumes the
inelastic single nucleon and two-nucleon excited states do not
contribute.

Numerical determination of the potential, U (r, r’) in gen-
eral, is challenging. In practice, in both the literature and in
this work, the leading local approximation of this nonlocal
potential is most commonly used:

Ur,t') = [Ve(r)+---18(r — 1), 4.5)

where additional terms include gradient terms as well as spin-
orbit mixing. HAL QCD has investigated both of these extra
contributions [80,81]. In this work, we neglect higher-order
terms in the gradient expansion. Furthermore, we restrict our
attention to the 71, (A1) irreps for the deuteron (di-neutron),
which are dominated by the central potential Vi (r) at low
energy. As discussed in Appendix B4, we verified that re-
maining £ > 4 contributions are negligible by performing an
£ = 0 projection of the NN correlator data and comparing the
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resulting potential and phase shifts. This is similar to the use
of the Misner method [82] by the HAL QCD collaboration
[83].

While such a gradient expansion may suggest some sort
of low-energy approximation, there is no known relevant en-
ergy scale to properly cut off such an expansion, which is,
in general, uncontrolled. Possibilities for testing the relative
sizes of such corrections have been proposed by the HAL
QCD collaboration and involve the use of two-nucleon cor-
relation functions having different source operators [81]. In
such cases, it is imperative to fully control the long-time
behavior of the calculated potential for each source operator.
We explore the time-dependence in detail in this work.

In this work, we investigate the effects of different ana-
lytic forms used to fit the potential, including incorporating
regulated one- and multiple-pion exchange potentials, and
exploring the use of harmonic oscillator (H.O.) basis functions
as well as Gaussians for the short-range contribution V(r).
The HAL QCD collaboration has primarily used a Gaussian
basis to describe the potential [9], but they have also explored
the possibility of adding a one- and two-pion exchange terms
[81]. The use of harmonic-oscillator basis functions is new in
this work. The various potentials we fit to the results include

Vi(r) = Vi(r) + Ve (N)[+Var (r)], (4.6)

where the [+V,, (7)] indicates it is optionally included.
For the one- and two-pion exchange potentials, we utilize
aregulated Yukawa potential of the form

—mr

_L,rZ
Vi(r) = —g—(0—e "),

A7)

where m, c, p are free parameters. The coupling is modeled as
g = ¢® and we have absorbed the m~' that usually accompa-
nies the »~!. Parameter m models the mass of the exchange
particle. Parameters ¢ and p control a regulator that removes
the nonphysical short-range divergence that comes from treat-
ing nucleons as point particles. The regulator is borrowed
from the Argonne v;g one-pion exchange potential implemen-
tation [84], equations (17) through (19), with ¢ (related to
the nucleon size) controlling the range of the regulator and
p its strength. We performed fits with p = 1 and p = 2, with
results favoring the more rapid cutoff with p = 2. We find no
sensitivity to the number of terms (representing multimeson
fits) included in the fit function, and also find that the fit is
fairly insensitive to any of these fit parameters.

For the short-range terms, we explore three different func-
tional forms:

Y v /by “Gaussian"
Vir) =\ Eue PO () harmose” - (48)
S vie PV Hi(r/b;)  “1Dosc,”

where v; are strengths for the various terms. For all three func-
tions, the b; are length scales associated with different order
terms. In the case of the three-dimensional (3D) harmonic
oscillator, the b parameter is the same for all terms to preserve
the orthogonality of the basis functions. L; and H; are Laguerre
and Hermite polynomials, respectively. The Gaussian basis is

what is often used by HAL QCD. The 3D harmonic-oscillator
choice is a complete orthogonal basis commonly used on
calculations of nuclei with nucleon degrees of freedom. The
one-dimensional (1D) oscillator functions are used to demon-
strate that the functional form used to describe the potential
has little impact on the resulting phase shift, provided the basis
is able to describe the numerical potential data in the relevant
region of r that affects the phase shift at low energies.

Given a parametrization of the potential, with parameters
constrained from the results, we investigate extracting the S
matrix in two different ways, the first of which is the standard
method of numerically solving the Schrédinger equation to
determine the asymptotic wave function. The second uses
the variable phase method [85], see Chap. 19, equation (19).
A simple first-order differential equation for S(R) involving
V(r)®(R — r) is given, where the Heaviside function forces
the potential to zero outside of range R. The initial condition is
S(0) =1, and S(00) = S, the desired S matrix. One advantage
with this method for future work is that coupled channels
are directly supported. Also see Ref. [86] for an extension to
nonlocal potentials.

In addition to the aforementioned tests of systematics of
the HAL QCD potential, we also explore the effects of the
finite-volume on the extracted potential, and the effects of
discretization of the NBS equation. The results of these stud-
ies are incorporated into an overall systematic error on the
extracted scattering phase shifts through a bootstrap analysis.
Details of these systematics are discussed below.

A. Details of the calculation

Zero-momentum wall sources without any 3D smearing
were used to compute the quark propagators on the gauge
configurations after they were Coulomb-gauge fixed. These
quark propagators were used to compute both the N and NN
correlation functions. We performed the calculation on 16
equally spaced time-sources on all 1490 configurations, with
a random starting time on each configuration for a total of
23 840 sources. The annihilation interpolating fields utilzed
point-sinks, projected to zero-momentum for the single nu-
cleons. The full relative momentum of the NN correlation
functions were computed at zero total momentum, utilizing
the FFTW library [87], allowing for a reconstruction of the
full position-space correlator at the sink. These sources are the
most commonly used by the HAL QCD collaboration based
on their studies of wall versus smeared correlation functions
[81].

Details of constructing the potential from Eqs. (4.4) and
(4.5) are provided in Appendix B 4.

Below, we detail the four main sources of systematic error
associated with the potential method, as well as our methods
for mitigation.

1. Excited-state contamination

Inserting Eq. (4.5) into Eq. (4.4) and solving for the local
potential leads to the following relation:

Velt,r) =

9
R(t,r) |:4MN -0 — H()1|R(z" r). (4.9)
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FIG. 17. Example plots of the extracted potential Vc(z,r) as a
function of Euclidean time ¢ in the deuteron channel for small (top)
and large (bottom) values of r. Both axes are in units of fm.

If R(¢,r) is free from inelastic excited-state contamination,
then Ve (¢, r) = Ve(r). At finite 7, we can estimate contami-
nation to this relation from inelastic excited states by using
the functional form of the correlation functions and inserting
them into the ratio correlator, Eq. (4.3). This yields
]I\!N,Il

Ve(t, 1) = Ve(r) + 8Ve(aj(rye

—2a; ANe A, (4.10)

where AII\IN‘I is the mass gap from the ground-state NN energy
to the first inelastic NN state and AY is the mass gap to the
first single nucleon inelastic mass gap. See Appendix B 1 for a
derivation of this formula. This motivates a multi-exponential
fit of the form

Vet 1) = Vo) + Y ap(r)e >,

n=1

@.11)

where «,(r) and A, (r) are independently fit for each r.

In this work, we use this functional form to investigate
extrapolating V(¢, r) to obtain V¢ (r). Note that the overlap
factors are a function of r, and therefore, the contamination
from excited states will differ for different values of r. One
may expect, for example, that as one reduces r to the point
where the radii of the two nucleons begin to overlap, greater
contamination from inelastic excited states intrinsic to the NN
system will occur. We find that this is indeed the case, as
shown in Fig. 17 for small (top) and large (bottom) reference
values of r. One also finds a drop in the signal-to-noise ratio
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FIG. 18. (top) Example plot in the deuteron channel for the
extracted potential V¢ (¢, r) as a function of Euclidean time, ¢, for
intermediate r, showing a fit to a sum of exponentials, Eq. (4.10).
Gray data points are not included in the fit. (bottom) The extracted
infinite time potential, V(r), from fits to the data in the top panel,
as a function of the minimum time of data included in the fit (#,;,),
and for a given number of states included in the sum of exponentials
(nstates).

as r is increased. This can presumably also be traced to the
r dependence of the overlap factors, giving greater overlap
of the noise onto a 3-pion state as r is increased [3,4]. For
these reasons, the fit ranges and number of states in multi-
exponential fits must be carefully chosen, and may in general
depend on r. Figure 18 illustrates the results of such a study
at a fixed intermediate value of r = 0.5 fm.

In Fig. 19, we show the potential in the deuteron channel
for various Euclidean times, as well as the extrapolation of
the potential to infinite time. The same plot for the di-neutron
channel is presented in Appendix B 3. Performing such ex-
trapolations is clearly merited for controlling systematics in
precision calculations utilizing the potential method, as choos-
ing a single fixed value of the time, #, may be biased due to
correlated fluctuations. Furthermore, due to the r dependence
of the overlap onto excited states discussed previously, it may
not be possible to choose a single value of ¢ such that inelastic
excited states are well-controlled for all values of r. In Fig. 20,
we show the resulting phase shift as a function of scattering
momentum squared utilizing a given fixed value of . Different
forms of the short-distance portion of the fit function, denoted
“harmosc” (“Gaussian”) for the harmonic oscillator (Gaus-
sian) basis. We find that for early and intermediate times,
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FIG. 19. Potential, Vc(z, r), in the deuteron channel for various
Euclidean times ¢ as a function of » and in units of fm.

particularly in the deuteron channel, the different choices
for the form of the short-distance potential give results that
disagree significantly from each other, even for low energies
(large r), signaling combined discretization and excited-state
contaminations. For later times and for the extrapolated poten-
tial, we find no significant differences between the different fit
forms and include both in our quoted systematic error band.
Due to the increased sensitivity to inelastic excited states
for small r, we furthermore vary the minimum r value (rpy;,)
included in fits to V(1) to incorporate a systematic for any re-
maining excited-state contributions for r < 0.4 fm. Figure 21
shows the effects on the scattering phase shifts in the deuteron
scattering channel as a function of the scattering momentum.
We note here that varying rp;, within our fits simultaneously
quantifies sensitivity to both inelastic excited-state and dis-
cretization effects, which are each amplified for small r. The
results of this study will be discussed in the next section.

2. Discretization effects

In addition to the discretization effects present in the cor-
relation functions themselves, the potential method utilizes a
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FIG. 20. Scattering phase shift in the deuteron channel for var-
ious Euclidean times ¢ as a function of momentum transfer in the
center-of-mass frame, g.n, in units of the pion mass m,. Phase
shifts are determined using two examples of our fit functions from
Eq. (4.8), 1Dosc (solid) or Gaussian (dashed), for the short-range
portion of the potential.
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FIG. 21. Scattering phase shift g cot§ versus g2, in units of m,
in the deuteron channel using various cuts to the data, r > rp,, in the
fits of the potential.

discretized version of the Schrédinger equation. Furthermore,
the assumption that all elastic excited states satisfy the same
Schrodinger equation applies only to the continuum theory. At
finite lattice spacing, higher elastic excited states also contain
larger discretization errors, leading to further possible time
dependence even within the elastic state time-regime, and fur-
ther combined finite Euclidean time and discretization effects.
Similarly, as discussed in Secs. IIC and II D, the irreps with
boosted nucleons had greater sensitivity to the lattice cutoff
for these energies using the QC2 formalism. This leads to the
expectation that on a given lattice ensemble, even if all other
systematics have been well-controlled, the two-formulations
may disagree, and the size of any discrepancies may be in-
dicative of the sizes of discretization effects. Further studies
at finer lattice spacings are necessary to test this.

Here, we investigate contributions from discretization ef-
fects that are particular to the potential method. We take the
ratio of correlation functions for times sufficiently large that
only elastic excited states contribute, Eq. (B5). A discretized
version of Eq. (4.9) leads to

1 cosh ANNE _ 1
Ve(a,r) = R,(t,1)| ———n
c(a,r) R(H); ( r)[ e
v2y,
+ sinh ANNE Ya¥nlr) (r)]
My (r)

L e
_VC(r)+R(t,r)Xn:|: 48My
ANNE 3 V2 2
+( ) Vata ]Rn(t,r), (4.12)

6 Man(l')

where
Ry(t.1) = Y (0)Zp e
and V, is any discretized version of the Laplacian. We have
used the symmetric definition for the temporal derivative, such
that the leading lattice spacing dependence from this term
comes in beyond O(a?).
Thus, we see that even within the regime dominated by
elastic-scattering state contributions, there is residual time

(4.13)
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dependence whose coefficients are of order O(a?). In turn,
discretization effects will be present in the extracted poten-
tial coming from the sum of all states whose contribution is
non-negligible within a given time range. In contrast with
Eq. (4.10) for which the contamination comes from a rela-
tively large inelastic energy gap, AIIIN’I and AY, from this
expression, we see that discretization effects lead to cor-
rections that are only suppressed by elastic NN excitations,
ANNE AII\IN’I, AY. These effects must be carefully consid-
ered for precision calculations and when comparing results
between the QC2 and potential methods.

Restoring explicit lattice spacing dependence to Eq. (4.12)
shows each correction term scales as O(a?) with respect to
the leading term. Thus, naive discretization of the spatial and
(symmetric) temporal derivatives leads to O(a?) discretization
effects. In this work, we attempt to reduce some of these
discretization effects by using improved derivatives for the
Schrddinger equation. For example, we can improve both the
spatial Laplacian and temporal derivatives by including lattice
points that are multiple lattice sites displaced from each other.
Because we have the full position-space correlator, we are able
to improve the derivative to all orders up to the lattice cutoff
by computing the Laplacian directly in momentum space. The
temporal derivative, however, mixes contributions at different
Euclidean times, which will have different excited-state de-
pendence. Therefore, we limit the number of temporal hops
to two when computing improved temporal derivatives. The
results of these changes are shown in Fig. 22. We find that
the potential only differs significantly to different levels of im-
provement for r < 0.2 fm. We were unable to find stable fits to
Ve (r) including data below r &~ 0.4 fm, limiting our study of
the stability of the phase shift to values of r,;, greater than this
value. However, for the low scattering momenta of interest,
we find little sensitivity of the phase shift to rp;, < 0.5 fm,
therefore, we are insensitive to the effects of discretization of
the Schrddinger equation at r < 0.2 fm. We choose to adopt
the O(a*) improved Schrodinger equation for our final results.

Finally, we test systematics coming from the short-range
portion of the potential through various tests of the fit model.
The HAL QCD collaboration has utilized a Gaussian basis
to describe the potential, as well as exploring the possibility
of adding a one-pion exchange term for the long-range tail
and rho-exchange for intermediate-range contributions [51].
In this work, we thoroughly investigate the effects of different
analytic forms used to fit the potential, including incorpo-
rating regulated one- and multiple-pion exchange potentials
(see Sec. IV A 3), and exploring the use of harmonic oscilla-
tor basis functions versus Gaussians. With differences in the
results from different bases for the short-range potential, and
variation in 7, included in the fit, we can probe discretization
effects coming from short-range contributions. Fits utilizing
Fmin S 0.5 fm and all three forms for the short-distance fit
function are included in our final quoted systematic.

Another discretization systematic arises from the modi-
fied dispersion relation, Eq. (2.18), for which we found § =
0.979(5), Eq. (2.20). A proposal to account for this effect is to
modify Eq. (4.4) by replacing V> — £V?, see Appendix B 2.
As with the other discretization effects discussed in this sec-
tion, we find that this does not have a statistically significant
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FIG. 22. Potential as a function of r in the deuteron channel.
Black data uses temporal and Laplacian lattice derivatives for the
Schrodinger equation, which are improved to O(a*), blue data uses
the O(a*) improved temporal derivative, with a continuum Laplacian
up to a cutoff set by the edge of the Brillouin zone, and purple data
uses unimproved [O(a?)] derivatives. The bottom plot shows a en-
larged portion indicating the minimum r = 0.35 fm above which we
no longer see significant discrepancies between the different levels
of improvement. All units are in fm.

effect on the potential or subsequent value of gcot$. Since
HAL QCD noted some impact of higher £ > 4 contributions
that they removed with an £ = 0 projection using the Misner
method [82], we also performed an £ = 0 projection, finding
that the £ > 4 contributions are subpercent variations that
appear as a small noise contribution and do not affect our
phase shift results, see Appendix B 4.

3. Finite-volume effects

Similarly to the QC2 method, the potential method takes
into account the finite volume by using a nonperturbative
solution to the Schrodinger equation, subject to a periodic
boundary condition. This boundary condition is then unfolded
to deduce the infinite-volume phase shift. The QC2 method
assumes a contact interaction, thus, corrections scale with
the physical size of the interaction as O(e™"), representing
the probability for an exchanged scalar of mass m to travel
through the boundary. The potential extracted using the po-
tential method is similarly polluted by the long-range tails of
periodic copies of the potential occurring from the boundary
condition. The overlap of these mirror images also scales as
O(e™™L), assuming again that the long-range portion of the
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FIG. 23. Scattering phase shift g cot 8 versus gy, in units of m,
in the deuteron channel using various cuts to the data, r < ryay, in
the fits of the potential.

potential can be described through Yukawa exchange of a
scalar particle.

We test sensitivity to finite-volume effects in multiple
ways. First, we test different forms for the long-range terms
in the fit function to the potential. For this, we use a sum of
regulated Yukawa potentials, varying the number of included
terms in Eq. (4.7). We furthermore test the sensitivity of the
fit to different cutoffs at large r > ry.. The fits are again
nearly completely insensitive to these changes, as shown in
Fig. 23. We include fits using rp.x = 1.3 fm as part of our
quoted systematic band.

4. Derivative expansion

While the above-mentioned systematics differ in certain
respects between the QC2 method and the potential method,
these differences are expected to vanish in the continuum
and infinite-volume limits. However, a systematic within the
potential method remains unresolved in these limits, namely,
the use of a leading-order cutoff in the derivative expansion for
the potential. Sensitivity to such effects can be probed using
correlation functions having different spatial dependence at

2 - -
= Gaussian
1.5F - harmosc
. = 1Dosc

V(r)[fm™]

0 0.2 0.4 Oi6 0j8 1 1.2 1.4
7 [fm]

the source [81]. In such cases, care must be taken to disentan-
gle effects from excited states, discretization, and derivative
cutoff combined (see sections above). In this work, the wall
source was the only source from which we obtained a signal,
thus, we cannot probe the sizes of such effects.

B. Final results

In Fig. 24, we show the potential extrapolated to t — 0o
as a function of r (black data). Fits to these data that are
included in our final error band for the phase shift are shown
as blue (purple) bands, representing fits utilizing both single-
and double-meson exchange, Eq. (4.7), and a sum of two or
three Gaussians (harmonic-oscillator functions) to represent
the short-range portion of the potential. While the fits using
Gaussians and harmonic-oscillator functions show completely
different behavior for » smaller than the included fit range,
we find no significant difference in the resulting phase shifts
within the energy range of interest [Fig. 24 (right)]. This also
means the phase shift in this energy range is not sensitive to
the divergent nature of the short-range part of the potential
[88]. We therefore conclude that the physics of interest is
insensitive to the behavior of the potential below this range.
We also find no significant differences in our fitted potential
having greater than one long-range term and greater than
two short-range terms. The chosen fits furthermore include
two different long-range cutoffs, ryx ~ 1.3, 1.45 fm, and two
different short-range cutoffs, i, ~ 0.4, 0.5 fm, for which we
saw relative stability in the phase shift results (see previous
sections).

Due to the large number of highly correlated data points,
we could not accurately determine the covariance matrix for
the entire dataset of Vo(r) on our given ensemble size. There-
fore, we cut the data by only including every fifth point
within rpi, < 7 < rnax, then performed further fits with the
starting point varying between ruyin — Fmin + 67min, Where
Tmin + 87min 1S the fourth point away from r,,;, in the sequence.
All such fits are included in our final quoted band for the phase
shift.
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FIG. 24. Potential V(r) (left) in the deuteron channel as a function of r, in units of fm (black data). Colored bands represent all fits included
in the final analysis, where the different colored bands utilize different functions as a basis for the short-range contributions [Eq. (4.8)]. Vertical
dashed lines represent the two possible minimum values of r included in the fits. The right figure shows the resulting g cot § arising from these
two different choices of the short-range potential over the full range of fits explored. One can see that the choice of short-range potential and
the choice of r,;, do not have any significant impact on the determination of g cot § in this low-energy regime.
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FIG. 25. Scattering phase shift g cot§ versus gZ in units of m,
in the deuteron channel. The band includes all fits to the potential, as
discussed in the text.

The scattering phase shift as a function of scattering mo-
mentum in the deuteron scattering channel is shown in Fig. 25
with the di-neutron presented in Appendix B 3. The band
represents the total contribution from all fits as discussed
above and includes estimates of excited-state, discretization,
and finite-volume effects.

V. DISCUSSION AND CONCLUSION

We presented a high-statistics calculation of the NN scat-
tering amplitudes in the SU(3) flavor limit with a heavy pion
mass of m, ~ 714 MeV. The calculation was designed to
target a mass region where a discrepancy in the literature
on the nature of the NN systems, whether they form bound
states, has persisted for more than a decade, see for example
Refs. [5,6]. To address this controversy, we computed the
NN amplitudes with several methods in the literature on the
same set of underlying gauge ensembles, allowing us to isolate
systematic uncertainties arising in the methods.

The stability of the extracted spectrum was investigated
by varying all common aspects of the correlator analy-
sis. We introduced the conspiracy model to describe the
remaining excited-state contamination after the GEVP anal-
ysis removes the low-lying excited-state contamination. This
model assumes the excited states in the resulting diagonal
NN correlators are well described by the inelastic excitations
of the single-nucleons used to build the NN operators. We
find this model is more probable than one that treats the NN
excited states in an agnostic fashion, as determined through
the Bayes evidence, see Secs. II B and I C.

A thorough analysis of various sources of systematic un-
certainty that arise in the HAL QCD potential method was
conducted, identifying the most significant one being the
infinite-time extrapolation of the potential, which in principle
as well as in practice with our results, requires a separate
extrapolation at each range because the excited-state con-
tamination is |r|-dependent. After controlling this systematic
uncertainty, all choices of parametrizing the potential with
various analytic forms, as well as cutting off the long or short-
range parts of the potential, lead to consistent determinations
of gcoté.
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FIG. 26. Comparison of gcot§ between the Luscher analysis
and the HAL QCD potential for the deuteron (top) and di-neutron
(bottom).

In Fig. 26, we plot the resulting g cot § results from both
the single-channel finite-volume QC2 analysis as well as from
the HAL QCD potential, which show qualitative agreement
between the methods. The source of small quantitative dis-
crepancy between these methods is not currently resolved.
As discussed in the present work, the discretization errors
between the methods are not the same, so a continuum ex-
trapolation is required for such a comparison. If discretization
effects are the source of discrepancy, those in Eq. (4.12)
seem the most likely because they are only exponentially
suppressed by energy gaps to the elastic NN scattering modes,
and thus both difficult to resolve and more relevant for low-
energy. Another obvious candidate to check is the derivative
expansion of Eq. (4.5), which we have not explored in this
work. Finally, it would be interesting to use the HAL QCD
method to construct optimized operators [89] and then use the
correlation functions built from them to see if improvements
in the extraction of the energy and subsequent QC2 can be ob-
tained. Despite this small discrepancy, both methods exclude
bound states.

In Sec. IITA, we investigated the impact of including
hexaquark operators in the basis of NN operators used to
construct the positive-definite matrices of correlation func-
tions. In both NN channels, we found that the hexaquark
operators did not have any statistically significant impact on
the determination of the low-lying spectrum, indicating that

024002-21



JOHN BULAVA et al.

PHYSICAL REVIEW C 113, 024002 (2026)

such operators produce states with negligible overlap onto the
scattering states of interest.

In Sec. III B, we discussed the toy model presented in
Ref. [30] and in Chap. 15 of Ref. [32] that argues the off-
diagonal correlators may be able to capture a deeply bound
state that the other operators are not sensitive to. Recognizing
the unrealistic and contrived nature of their model, we made
small, simple, and physically reasonable changes to the model
and showed that the off-diagonal hexaquark correlator pro-
duced no advantage whatsoever.

The present work utilized a single lattice spacing and also
a different clover action from that in Refs. [12,15,17]. Ref-
erence [28] observed significant discretization effects for the
H dibaryon. We do not expect this to be the source of the
discrepancy, however. The H dibaryon is a special case, and
in the SU(3) flavor limit, it is expected to have a purely
attractive interaction [90]. Second, preliminary results for the
di-nucleon on the same ensembles as the H dibaryon show
milder discretization effects as well as a trend to move further
from being a bound state as the continuum limit is approached
[36].

We conclude that di-nucleons do not form bound states
at heavy pion mass. In the case of the deuteron, the QC2
analysis rules out a bound state on this ensemble by >5¢.
In the case of the di-neutron, a bound state is excluded at the
<30 level. Previous identification of bound and deeply bound
di-nucleons [12-15,17] most likely arose from a misiden-
tification of a plateau in the effective energy arising from
opposite sign contributions allowed in off-diagonal correla-
tion functions, as first suggested by HAL QCD [18]. This
observation also invalidates all two- and higher-body LQCD
matrix element calculations that utilized these off-diagonal
correlation functions because those results relied upon the
assumption of deeply bound di-nucleons to relate the finite
and infinite volume matrix elements, which are in general
nontrivial in magnitude; see, for example, Ref. [91], thus
leaving the previous results with an unquantified systematic.

Having demonstrated the efficacy and reliability of two-
nucleon calculations with the sLapH method, it is time to
move to LQCD calculations with lighter pion masses. In
particular, calculations with m, < 200 MeV are desired, such
that extrapolations to the physical pion mass are feasible. The
results of this work represent a significant step toward deriving
nuclear physics from first principles.
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APPENDIX A: CORRELATOR ANALYSIS SYSTEMATICS

In Fig. 27, we show the sensitivity of the extracted ground-
state total NN energy as well as the interaction energy versus
the choice of 7y and #; used to perform the GEVP, the blocking
or binning size used (), the choice of the final time used for
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FIG. 27. Stability of the ground-state energy and interaction energy in the T}, irrep versus the choice of GEVP times, the number of states
to parametrize the single-nucleon correlators, the final NN time, and the minimum N time. The posterior of the chosen fit with #, = 5, 7, = 10,

and N;pe; = 3 is plotted to guide the eye in both cases.

analyzing the NN correlators (r}™), and the minimum time

used for the single nucleon correlator (7Y; ). For the blocking,
N, = 1 indicates no block averaging, leaving us with all 1490
configurations, while N, = 8 leaves us with 187 “configura-
tions.” See also Figs. 28 and 29.

APPENDIX B: HAL QCD POTENTIAL ANALYSIS DETAILS
1. Inelastic excited-state contamination

The single-nucleon correlation functions are described by

Cn(t) = Age ™M (1 + Z aneAT’> ,

n=1

B

with AN = E, — My and &, is the overlap of the interpolating
operators on the nth state normalized by Ay. We can simi-

larly parametrize the NN correlation function while separating
the sum over states into elastic-scattering modes of the two
ground-state nucleons from the inelastic states arising either
from single-nucleon inelastic states, or inelastic states intrin-
sic to the NN system, such as AA scattering,

Cnn(t, 1) = CE(t, 1) + Ol (2, 1), (B2)
where the two contributions are
Cin(, 1) = e 2NNy (nZF e 0,
n=0
Col(t. 1) = e N "W, (1) Z]e (B3)

n=1

where the energy gaps are ANNVE = 2(M2 + ¢2)V/? — 2My

n
and AN = ENNL_ 2370 Inserting these expressions into
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FIG. 28. Stability of the ground-state interaction energy §Ey for all 15 irreps or levels used in this work for the deuteron. Note that the two

levels in A, (1) have overlapping values of § Eyg.

the ratio correlation functions and retaining only the leading
inelastic excited-state contributions, one has

CNN (t, I') E Ve
R(t,r)= — =R"(t,r R (t,r
.0 =" 5 (t,0)+ Rt 1)
~ [Z Yn(r)ZE e—AifN'Ef} [1—2ae77]
n=0
W (r)Zle 8 (B4)
Under this approximation, the elastic ratio function
REG 1) =) yum)zie ™™ (BS)

n=0

gives rise to the time-independent central potential V¢ (r),
while the inelastic terms

R'(t,r) = R(t,r) — 20, Ry(t, 1),
Ri(t,r) = W (r)Zle ™"

_ (AN NN,E
RU(t, 1) =Y (r)ZF e ATHaror,
n=0

(B6)

give rise to time-dependence in the determination of V¢ (, r).
Each state in RE (¢, r) satisfy the relations

2
(a3")

L AMy

My

’

q;

My

Yn(r) = [Ho + Ve (0)]$(r). (B7)

Under the approximation that the first inelastic state W, (r) is
an asymptotic scattering state that does not couple to other
states, it will satisfy similar relations with a different potential,

Vi) = Ve(r) + 8Ve(r). (B8)
The latter terms in Eq. (B6) depend on the elastic NBS wave
functions, ¥ (r), enabling some simplifications. Applying the

right-hand side (RHS) of Eq. (4.9) to the expression above
leads to

Ve(t,r) =

! Ve(RE(t, v) + VIR (2, 1)
Rt,1)| € ’ cIRA

AN
— 2a R (1, P)|:Vc(l') + Aﬁ“(l + —1)}
4My
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FIG. 29. Stability of the ground-state interaction energy §Eyo for all eight irreps or levels used in this work in the di-neutron channel.

~ AI{IAEN E ,—(AN+ANNEy
—2011; 0z >
RI(t,1)
~V, 8V, 1
c(r) + C(r)R(t,r)
AN\ RL(t, 1)
—2a AN 1+ =L ) B9
% 1( +4MN> R(.1) (BY)

To get the second equality, we used ANN « AY to drop the
last term. As AN > ANNE and AI]\IN’I > ANNE the latter two
terms are exponentially damped as

Rll (t,r) ~ (e_(Ar]\IN,]_AgN.E)t) ~ e_AII\IN,[l,
R(,r)
/
Ry(2, 1) ~ O(e—(All"—A(T;TN,E)t) N (B10)
R(t, 1)

This leads to Eq. (4.10).

2. Dispersion relation modification

Consider the HAL QCD potential equation, Eq. (4.4), with
only elastic-scattering states contributing to R(¢, r) and use
of the leading approximation to U (r, r’). Consider this equa-

tion for a single elastic mode, n,

82
|:4At4N - at - HO}R,,(I, r) = /d3r/U(r7 r/)Rﬂ(t’ r/)

E? V2
|:4An4 +E, — ﬁ:|Rn(tvr) =Vc(l')Rn(t,I'). (Bll)
Define the energy of this state as
E, =2,/q2+8q> + M* —2M,
27\?
q = n<7> , (B12)

such that g, is the quantized momentum from the peri-
odic boundary conditions and 8¢ is the distortion induced
by the interactions. Then the kinetic operator V2R, (t,r) =
—¢>R,(t, r) and one can show that

o a + 84,
LR, (t,x)=|L—2 —E,[R,(t,T), B13
IY; (z,1) [ i (t,r) (B13)
and thus from Eq. (B11), we have the relation
62
Man(Iv r) = Ve(r)R,(t, r). (B14)
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FIG. 30. Same as Fig. 26 except using the lattice dispersion relation in the QC2.

Now consider the situation where the single nucleons have
a modified dispersion relation due to the lattice discretization
effects, Eq. (2.18). From the derivation above, we see this
would impact the energy, such that

ES =2,/6q% + 8% + M2 — 2M.

Therefore, in order to maintain the relation between the inter-
acting energy, 8¢>/M and the potential, we need to modify the
HAL QCD potential equation as

(B15)

o 9 Vth = | &Y UE R, G, ¥
|:4MN_[_€:H:| n(’r)_/ r (r,r)n(,r),
(B16)

such that the éqﬁ term cancels as above, leaving the relation
Eq. (B14).

As mentioned in Sec. IV A2, we did not observe statisti-
cally significant changes to the medium- and long-range part
of the potential, or the resulting g cot 8, with this modification,
and so it does not seem to be the source of discrepancy shown
in Fig. 26. In contrast, if we use the lattice dispersion relation
in the QC2 analysis, thereby introducing discretization errors,
we observe a shift in the resulting values of g cot § that are on
the order of the discrepancy between the HAL QCD potential
result and the QC?2 results. This is shown in Fig. 30.

3. Di-neutron potential analysis

In this Appendix, we collect the same study of systematics
presented in Sec. IV except for the di-neutron system (see
Fig. 31).

4. Constructing the potential

The code we use to compute the HAL QCD potential, the
LALIBE library [99], branch feature/mp_nn, produces NN
correlation functions in relative momentum space with Py, =
0. As discussed in the main text, they were generated with
zero-momentum wall sources for each nucleon.

a. Ay, projection

We first need to eliminate all partial waves other than ¢ =
0. Most of them can be quickly removed by projection to Ay,
leaving only £ = 0, 4, 8, 10, .... We perform the projection
on the momentum space correlation function in a two-step
process by averaging over all the symmetry transformations
on the data that leave an element of A, invariant:

def Alg_projection(NN):
# pseudo code
# positive parity projection
NN_g = NN( p_x, p_y, p_z)
NN_g += NN(—p_x, p_y, p-2z)
NN_g += NN( p_x,—p_y, p_-z)
NN_g += NN(C p_x, p_y,—p_z)
NN_g += NN(—p_x,—p_y, p_-2)

NN_g += NN(—p_x, p_y,—p_z)
NN_g += NN( p_x,—p_y,—p_z)
NN_g += NN(—p_x,—p_y,—p_2)
NN_g / 8.0

# equivalent axes swap

# O=p_x, 1=p_y, 2=p_z

NN_Alg = NN_g

NN_Alg += NN_g.swap(0,1)

NN_Alg += NN_g.swap(1,2)

NN_Alg += NN_g.swap(2,0)

NN_Alg += (NN_g.swap(0,1)) .swap(1,2)
NN_Alg += (NN_g.swap(0,2)) .swap(2,1)

NN_Alg = NN_Alg / 6.0
return NN_Alg

Later steps in the extraction of the HAL QCD potential
require a position space representation, Eq. (4.1), which is
produced by a Fourier transform back to relative coordinate
space. This correlation function is then divided by the single-
nucleon one created with the same wall source and projected
to zero momentum at the sink, creating Eq. (4.3), which is then
fed into Eq. (4.4) to solve for the central potential, Eq. (4.9).
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FIG. 31. We show the resulting potential and phase shift analysis as in Figs. 19-21 and 23-25, except for the di-neutron channel.
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FIG. 32. The potential at t = 12 without (left) and with (right) the £ = 0 projection described in the text.

b. Projectionto £ = 0

We initially expected that ¢ =4,6,8,... compo-
nents of the A;, projected R(z,r) would be small,
but decided to perform a projection to £ =0 to be
sure.

Our projection method is to first create an interpolator
from the lattice values of R(z, r) using the Python function
scipy.interpolate.RegularGridInterpolator. Then
we perform integration on spherical shells against Y(#) to
extract the radial function in the partial-wave expansion at a
set of radii spaced at a/2. The spherical integration is imple-
mented using an order 9 Lebedev quadrature rule provided
by scipy.integrate.lebedev_rule. Order 9 means that
it will exactly integrate up to an £ =9 Y!(#), eliminating
£ =4, 6, 8 components exactly.

A 1D interpolator is then constructed from the radial func-
tion samples and used to update the R(z, r) values on the
lattice sites. The update happens in a ball that does not reach
the faces of the volume. Later steps will not use data in the
corners of the volume.

This projection method is equivalent to the Misner method
[82] used by the HAL QCD Collaboration [83].

The observed variation between the £ = 0 projected R(z, r)
and the A, projected version it was derived from was less
than 1% and we observed no significant changes in the result-
ing phase shifts derived from the potential. Using the £ = 0
projection slightly reduces uncertainties from small changes
in r that require large changes in direction to remain the
lattice. Essentially the small ¢ = 4 contribution acts as noise.
Figure 32 shows the potential at + = 12 with and without the
£ = 0 projection.

c. Improved time derivatives

Last, we provide detail on the extraction of the time deriva-
tives needed for Eq. (4.4). At each time and space point we
sampled R(r + Az, r) with Ar from {—2, —1,0, 1, 2}. This
five-element vector is called v. We then fit a quartic polyno-

mial with five coefficients ¢ to reproduce v. Let

1 -2 4 -8 16
1 -1 1 -1 1
M=|1 0 0 0 0 (B17)
111 11
1 2 4 8 16

Each row of M contains powers of At begining with —2 in the

top row, eg. My; = (—2)', My; = (—1)", etc. Then

Mc =v. (B18)

Each row of Ar powers is dotted with the as-yet unknown

coefficients ¢ to produce the samples R(t + At, r) in v. Mul-
tiplication on both sides by M~! produces the coefficients

c=M7lv. (B19)

The improved derivatives implemented in the code can be

determined from derivatives of the polynomial evaluated at
At =0.

—8,R(t) = —ci + 0(a*)

1
= IR +2) Rt ~2)]

—§MU+D—M%4H+me

3?R(t) = 2¢; + O(a*)

__ 1 _oy_ 2RO
= —5[R(+2) + Rt~ )]~ =

4
+§ma+n+mh4n+m¢) (B20)

The spacing dependence of the error for the second derivative
benefits from a symmetry-induced cancellation, yielding the
same order error as the first derivative.
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