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This study presents a mathematical framework for investigating the 
dynamics of coexistence and competition among heterotrophic microbes 
across different time scales. Focusing on metabolic interactions, we examine 
how three strategies, public metabolizing, private metabolizing and cheat- 
ing, shape population behaviour. The framework integrates generalized 

Lotka–Volterra dynamics with evolutionary game theory to capture the 
effects of resource exchange, particularly glucose made available by public 
metabolizers and sucrose as a shared substrate driving population growth. 
Game-theoretic pay-offs encode ecological costs and benefits, enabling 
analysis of frequency-dependent interactions among strategies. To capture 
evolutionary realism, we implement laboratory-inspired simulations in 
which strategies can switch between generations, mimicking mutation or 
phenotypic plasticity in microbial populations. These eco-evolutionary dy- 
namics reveal conditions under which all three strategies coexist at interior 
equilibria and show how variation in growth advantages and, illustratively, 
phenotype-switching perturbations produce evolutionary shifts. Numer- 
ical analysis identifies ecological thresholds and fitness asymmetries that 
determine system robustness, long-term coexistence, and the persistence of 
a synthetic, cross-kingdom system linked by nutrient exchange. Together, 
these insights provide general principles for microbial coexistence and offer 
design guidelines for ecosystem engineering, biotechnological applications 
and the construction of stable synthetic communities under ecological and 

evolutionary constraints. 
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. Introduction 

icroorganisms are omnipresent in nature, where they form diverse commu- 
ities composed of genetically different strains or even a variety of species
hat interact and coexist. However, they are not merely passive inhabitants:
icroorganisms constitute the functional backbone of most ecosystems. They 

egulate global biogeochemical cycles, drive primary production and control 
utrient turnover across environments ranging from the human colon mi- 
robiota [1 ] to cloud water [2 ] and soil consortia [3 ,4 ]. Yet, how such diverse
ommunities achieve stable and functional coexistence remains unclear. In 
arallel, there is growing interest in the rational design of synthetic microbial
ommunities with defined composition and controlled interactions [5 ], for
pplications ranging from gut microbiome therapies to bioproduction and 

ioremediation [6 –8 ]. This raises a key question: can such communities be
esigned to exhibit stable and predictable function? 
© 2026 The Authors. Published by the Royal Society under the terms of the Creative Commons Attribution 
License http://creativecommons.org/licenses/by/4.0/ , which permits unrestricted use, provided the original 
author and source are credited. 

doi/10.1098/rsob.250484/6154148/rsob250484.pdf

https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.1098/rsob.250484&domain=pdf&date_stamp=2025-04-23
https://doi.org/10.1098/rsob.250484
mailto:tanvir.hassan@rwth-aachen.de
mailto:anna.matuszynska@rwth-aachen.de
https://doi.org/10.6084/m9.figshare.c.8601257
http://orcid.org/0009-0005-4915-3686
http://orcid.org/0000-0003-0882-6088
http://creativecommons.org/licenses/by/4.0/


2

royalsocietypublishing.org/rsob
OpenBiol.

16:
250484

.......................................................................

communities, both natural and synthetic, is their 
c bes secrete metabolites, enzymes and signalling 
m  –12 ]. These secretions often serve as the basis for 
c c cross-feeding, the fungus Laccaria bicolor secretes 
t es thiamine to support fungal growth [13 ]. Some 
s lasmic space or environment, allowing sucrose to 
b  the producing and neighbouring non-producing 
c

here microbes exchange resources analogously to 
a ar compounds can be interpreted as public goods, 
g volutionary game theory (EGT) [15 ,17 –22 ]. These 
d orks [23 –25 ]. In the classical cooperator–defector 
f hile those that exploit them without contributing 
a  (loners) that avoids participation, enabling coex- 
i dels further incorporate density-dependent feed- 
b damentally alter cooperation outcomes [27 ,30 ]. In 
p zyme production can coexist in a Snowdrift game 
(  analyses reveal that coupling strategy dynamics 
w table states [31 ]. However, these frameworks typ- 
i ediated interactions or provide a direct mapping 
b

ators as public metabolizers ( P ) and defectors as 
c etabolite-mediated interactions [32 ]. Public me- 
t unity [33 ], and can be vulnerable to exploitation 
b p the benefits of the communal pool of resources 
[ et benefit of public-goods production, potentially 
l tegy is given by private metabolizers ( M ), which 
i ontribute to the communal pool and thus do not 
s e exploiters. 

s the Lotka–Volterra predator–prey models [38 ,39 ] 
o logical and microbial systems [40 ,41 ]. While ODE- 
b do not directly encode strategy selection, although 
s EGT captures frequency-dependent selection but 
t e ability to predict long-term outcomes in systems 
w h and evolutionary fitness. In particular, Lindsay 
e ems of cooperators and cheaters under resource- 
e s and does not provide a general characterization 
o

ological and evolutionary dynamics among three 
m he model builds on a generalized Lotka–Volterra 
f es, specifically glucose and sucrose (captured in 
fi ensity-dependent ecological interactions and evo- 
l reted as evolutionary strategies within a unified 

f onto EGT pay-offs, (ii) derivation of closed-form 

e existence regimes via phase-flow diagrams on the 
s ameter from monoculture and pairwise co-culture 
e ns under which all three strategies can stably co- 
e ctly applicable to the rational design of synthetic 
m e model using EGT, allowing strategy frequencies 
t s of microbial cooperation [14 ,15 ], while explicitly 
i rsist, but also how strategy composition changes 
u into the design of robust synthetic consortia. 

2
T microbial strategies can be adopted: a public me- 
t  continuously supplied as the sole carbon source. 
T se into glucose in the surrounding medium. This 
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To address it, we focus on microbial interactions. A key feature of microbial 
apacity to release a wide range of compounds into their surroundings. Micro
olecules into their environment, thereby shaping the ecological landscape [9
ooperative, competitive or neutral interactions [10 ]. For example, in mutualisti
rehalose to attract the bacterium Pseudomonas aeruginosa , which in turn produc
trains of Saccharomyces cerevisiae (baker’s yeast) secrete invertase into the perip
e hydrolysed outside the cell [14 ,15 ]. This sugar then becomes accessible to both
ells. 
To formalize these interactions, an economic perspective is often adopted, w

gents in a market [16 ]. In this context, the production and sharing of extracellul
iving rise to cooperation and exploitation dynamics that align naturally with e
ynamics have been extensively studied in evolutionary public-goods framew
ramework, individuals that produce shared resources are termed cooperators, w
re defectors [18 ,26 ,27 ]. Optional public-goods games introduce a third strategy
stence through cyclic or stable equilibria [23 ,28 ,29 ]. Ecological public-goods mo
acks, demonstrating that resource limitation and population dynamics can fun
arallel, it has been shown that cooperators and defectors with respect to exoen
also known as a hawk–dove game) [14 ,15 ]. More generally, eco-evolutionary
ith population growth can give rise to oscillations, bifurcations and multiple s

cally treat strategies abstractly and do not explicitly account for metabolite-m
etween ecological interaction coefficients and evolutionary pay-offs. 
Here, we adopt a metabolically grounded terminology and refer to cooper

heaters ( C ), following prior work emphasizing mechanistic descriptions of m
abolizers release extracellular enzymes or metabolites that benefit the comm
y cheaters, which avoid the energetic cost of enzyme production, but still rea
34 ,35 ]. Such exploitation can destabilize cooperative systems by reducing the n
eading to population collapse or oscillatory dynamics [31 ,34 –37 ]. A third stra
nternalize resource processing and avoid sharing [32 ,34 ]. While they do not c
upport cheaters, they still incur metabolic costs, distinguishing them from pur
Ordinary differential equation (ODE)-based foundational approaches such a

ffer powerful frameworks to explore these dynamics systematically across eco
ased ecological models capture density-dependent population dynamics, they 
ome game theoretical models have been based on ODEs [42 ,43 ]. Conversely, 
ypically neglects explicit ecological feedbacks [22 ,44 ]. This separation limits th
here metabolic interactions simultaneously determine both population growt
t al. [32 ] demonstrated that private metabolizers can invade and collapse syst
xplicit kinetics. However, this analysis primarily focused on invasion dynamic
f coexistence or evolutionary stability across the full strategy space. 
In this study, we develop a tripartite computational model to explore the ec
icrobial strategies: public metabolizers, private metabolizers and cheaters. T

ramework [45 ], where population growth is influenced by access to resourc
gure 1 ). This abstraction provides an explicit mechanistic mapping between d
utionary game-theoretic pay-offs, allowing ecological interactions to be interp
ramework. This choice enables (i) direct mapping of per capita growth rates 
quilibrium expressions for all three strategies, (iii) systematic exploration of co
trategy simplex, and (iv) a transparent protocol for estimating every model par
xperiments. Our main objective is therefore to determine the precise conditio
xist rather than collapse, with new mechanistic and evolutionary insights dire
icrobial consortia. To incorporate the evolutionary dimension, we extended th

o change based on relative fitness. This builds on prior game-theoretic analyse
ncorporating metabolic privatization. It reveals not only which populations pe
nder the coupled ecological–evolutionary dynamics, providing direct insight 

. Modelling framework 
hrough this work, we model a closed, well-mixed batch culture, where three 
abolizer ( P ) , a cheater ( C ) and a private metabolizer ( M ) ( figure 1 ). Sucrose is
he public metabolizer secretes extracellular invertase, which hydrolyses sucro
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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g ommon resource pool accessible to other commu- 
n

Figure 1. Schematic representation of a tripartite microbial community formalized based on their sugar-mediated interactions. All organisms are heterotrophic and 
utilize glucose (yellow triangle) derived from the breakdown of sucrose (black square). Public metabolizers ( P) secrete extracellular enzymes (black Pac-Man symbol) 
to hydrolyse sucrose into glucose, contributing to a public pool of accessible resources. Cheaters ( C) do not produce enzymes but exploit the publicly available glucose 
without incurring production costs. Private metabolizers ( M ) import sucrose for intracellular digestion using internal enzymes (red Pac-Man symbol), incurring metabolic 
costs while avoiding resource sharing. This scheme forms the conceptual basis for a mathematical model exploring the ecological dynamics of cooperation, exploitation 
and metabolic privatization in microbial communities. 

2
T eralized Lotka–Volterra framework that captures 
i antly, we assume that public metabolizers consti- 
t ently, we do not explicitly model the dynamics of 
e r of free parameters. Moreover, to make the point 
o ve a basal growth even when living alone. At the 
s y dependent on the activity and density of public 
m

 𝜂 ⋅ P2 , 

(2.1) 

w coefficient ( 𝛼) , an inter-strategy competition coef- 
fi n term 𝛼PC captures the growth benefit obtained 

b he public metabolizer population. Thus, 𝛼 quanti- 
fi ratic self-limitation terms (− 𝜂P2 , − 𝜈C2 and − 𝛾M2 ) 
a  batch culture. In such systems, net growth is ul- 
t cumulation of metabolic by-products, and spatial 
i

 pool, which would require additional parameters 
(  to identify from population time series alone, we 
a dely used in microbial community modelling [45 ]. 
C  extracellular invertase secretion (P), intracellular 
e uently, each experiences its own effective carrying 
c oitation-dependent. Allowing distinct coefficients 
f hes among public metabolizers, cheaters and pri- 
v e, in the sucrose/invertase system modelled here, 
i rowth in monoculture [14 ,47 ]. Their proliferation 

Downloaded f
by RWTH Aach
on 04 August
lucose is partially assimilated for its growth, while the rest becomes part of a c
ity members. 

.1. Dynamic model of the tripartite population 
o describe the ecological dynamics of these three strategies, we employ a gen
ntrinsic growth, pairwise interactions, and density-dependent effects. Import
utively express invertase at a constant rate throughout their lifetime. Consequ
nzyme regulation, as done in other approaches [34 ,37 ,46 ], reducing the numbe
f cheating very clear, we do not consider the possibility that cheaters could ha
ame time, it preserves ecological realism, since cheater growth remains directl
etabolizers. 
The resulting system is governed by a set of coupled ODEs: 

⎧ ⎪ ⎨ ⎪ ⎩ 

dP 
dt 

= rp ⋅ P − 𝛼 ⋅ P ⋅ C − 𝛽 ⋅ P ⋅M −
dC 
dt 

= 𝛼 ⋅ P ⋅ C − 𝜈 ⋅ C2 , 

dM 

dt 
= rm ⋅M − 𝛽 ⋅M ⋅ P − 𝛾 ⋅M2 , 

ith seven effective parameters: intrinsic growth rates ( rp , rm ) , an exploitation 
cient ( 𝛽) and strategy-specific self-limitation coefficients ( 𝜂, 𝜈, 𝛾) . The interactio
y cheaters from public metabolizers and the corresponding loss imposed on t
es exploitation intensity rather than cooperative investment per se . The quad
rise as the effective density-dependent regulation in a closed, resource-limited
imately constrained by the depletion of the sole carbon source (sucrose), the ac
nterference, all of which scale nonlinearly with total biomass. 

Rather than introducing an explicit dynamic equation for the shared resource
uptake rates, half-saturation constants and enzyme turnover) that are difficult
dopt the standard reduced-form generalized Lotka–Volterra approximation wi
ritically, the three strategies incur distinct metabolic overheads: constitutive
nzyme synthesis and sucrose import (M) and zero production cost (C). Conseq
apacity ( KP = rp ∕𝜂 and KM 

= rm ∕𝛾), while cheater growth remains strictly expl
or each strategy reflects differences in metabolic constraints and ecological nic
ate metabolizers. The cheater growth term contains no intrinsic rate rc becaus
nvertase-deficient mutants cannot hydrolyse sucrose and thus exhibit no net g
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
en University user
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t uncontrolled proliferation, cheater growth is also 
r

Table 1. Default parameter values used in the main simulations. Starting subpopulation sizes are set to 100 each. 

parameter symbol default value 

public metabolizer growth rate rp 0.5 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

private metabolizer growth rate rm 0.2 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

exploitation coefficient (P → C) 𝛼 0.0002 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

competition coefficient (P ↔M) 𝛽 0.0001 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

density-dependent self-limitation (public) 𝜂 0.0001 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

density-dependent self-limitation (cheater) 𝜈 0.0001 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

density-dependent self-limitation (private) 𝛾 0.0001 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

enomenological approximation rather than a fully 
r rs provide effective interaction strengths that can 
b , stability and evolutionary dynamics. This model 
i d applicability and experimental integration, we 
p  pairwise co-culture experiments. This framework 
e pulation dynamics. 

2

I  growth phase data of monoculture experiments. 
A ure the effect of crowding and resource limitation 
n rs are obtained by fitting the following simplified 

e

(2.2) 

airwise co-culturing experiment, allowing us to 
i ics. The exploitation coefficient 𝛼 is estimated by 
c ion (2.3) ): 

(2.3) 

S  and private metabolizers, both of which utilize 
t h they employ different processing strategies, this 
s owth of M in monoculture to its dynamics in co- 
c

 

(2.4) 

entations of microbial ecological dynamics, with 
c vables. It also lays the foundation for subsequent 
s ifts and resilience under varying environmental 
c

d figures are listed in table 1 . These values were 
c hs consistent with the sucrose/invertase system 
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s strictly dependent on glucose released by public metabolizers, hence the g
ion coefficient 𝛼 and the density of public metabolizers. However, to prevent 
egulated by density-dependent constraints 𝜈. 
Accordingly, the present model should be interpreted as a coarse-grained, ph

esource-explicit mechanistic description. Within this framework, the paramete
e estimated from experimental data, enabling tractable analysis of coexistence
s designed to be readily parametrizable from empirical data. To ensure broa
resent a stepwise protocol for parameter estimation based on monoculture and
nables researchers to directly map ecological interactions onto measurable po

.1.1. Model parametrization 

ntrinsic growth rates of P ( rp ) and M ( rm ) can be estimated from exponential
s population densities increase, density-dependent constraints ( 𝜂 and 𝛾) capt
ear the carrying capacity (supplementary material, figure S2). These paramete
quations: { dP 

dt 
= rp ⋅ P − 𝜂 ⋅ P2 , 

dM 

dt 
= rm ⋅M − 𝛾 ⋅M2 . 

To further parametrize the interaction terms, we can analyse data from a p
solate and quantify key interaction coefficients that define inter-strategy dynam
omparing the growth of the P in monoculture and in co-culture with C ( equat{ dP 

dt 
= rp ⋅ P − 𝛼 ⋅ P ⋅ C − 𝜂 ⋅ P2 , 

dC 
dt 

= 𝛼 ⋅ P ⋅ C − 𝜈 ⋅ C2 . 

imilarly, the competition coefficient 𝛽 quantifies interference between public
he same external sucrose supply (supplementary material, figure S2). Althoug
hared resource creates indirect competition. To estimate 𝛽, we compare the gr
ulture with P ( equation (2.4) ): { dP 

dt 
= rp ⋅ P − 𝛽 ⋅ P ⋅M − 𝜂 ⋅ P2 , 

dM 

dt 
= rm ⋅M − 𝛽 ⋅M ⋅ P − 𝛾 ⋅M2 .

The three systems (2.2) –(2.4) provide minimalistic, yet interpretable, repres
learly defined interaction terms and parameters grounded in empirical obser
tability analyses, allowing us to explore coexistence regimes, dominance sh
onditions. 
The default parameter values used throughout the main-text simulations an

hosen to produce biologically plausible growth rates and interaction strengt
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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a nd evolutionary simulations in the main text are 
g

2

A anying GitHub repository: https://github.com/ 

C otebooks, we provide a browser-based implemen- 
t b.io/mxl- web/tripartite . This interactive version 
a owser and to inspect the resulting population tra- 
j upport transparent model exploration, parameter 
s tal collaborators, exploring the Web-native mod- 
e

2
T trategies is shaped by natural selection and often 
d ively. Our study considers a three-strategy game, 
w ssign pay-offs appropriately, our model accounts 
f

2

T these strategies within a microbiological commu- 
n rs, as they benefit from shared resources without 
c lation. The success of each strategy is thus depen- 
d

pita growth rate, i.e. Fi =
1 
Xi 

d Xi 

d t 
for strategy i with 

a  directly by dividing the right-hand sides of the 
L lence guarantees that any interior ecological fixed 

p h is the equilibrium condition for an interior fixed 

p -offs is standard in ODE-based evolutionary game 
m onsequence of steady-state growth rates equalling 
z tary material, appendix C). Therefore, the player 
p

(2.5) 

(2.6) 

(2.7) 

tes of individual strategies, serving as quantitative 
m her pay-off increases in relative abundance over 
t ance depending on which growth rate advantage 
p

3
T ial system, we first performed a series of numerical 
s enabled us to systematically vary key parameters, 
s e shape population trajectories over time. We also 
p odel parameters on steady-state outcomes. This 
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nd are the values from which all phase-flow diagrams, sensitivity analyses a
enerated. 

.1.2. Numerical implementation and interactive model exploration 

ll simulations were implemented in Python and are available in the accomp
omputational- Biology- Aachen/FightClub/ . In addition to the reproducible n
ation of the tripartite model at: https://computational- biology- aachen.githu
llows users to vary model parameters and initial conditions directly in the br
ectories without local software installation. The Web interface is intended to s
ensitivity inspection and communication of model assumptions to experimen
lling approach described in [48 ]. 

.2. Evolutionary game theory and microbial strategies 
he outcome of interactions of subpopulations exhibiting different metabolic s
epends on the frequency of competing strategies, which EGT captures effect
here each of the three mechanisms represents a distinct subpopulation. To a

or both the benefits and drawbacks experienced by each subgroup. 

.2.1. Three-strategy evolutionary game 

he pay-off illustrates the complex relationships and fitness outcomes among 
ity. From an evolutionary perspective, natural selection often favours cheate
ontributing to their production. This typically leads to a decline in the P popu
ent on population densities and the pay-off of that strategy [49 ]. 
In continuous-time EGT, the pay-off of each strategy is defined as its per ca

bundance Xi . Consequently, the pay-off functions given above are obtained
otka–Volterra system (2.1) by the respective population densities. This equiva
oint (where d P 

d t 
= d C 

d t 
= d M 

d t 
= 0 ) automatically satisfies FP = FC = FM 

= 0 , whic
oint in continuous-time EGT. We note that using per capita growth rates as pay
odels [43 ], and that all pay-offs vanish at the ecological equilibrium, a direct c
ero rather than an indication of equal but non-zero pay-off values (supplemen
ay-offs for different strategies can be expressed as follows. 
(i) Public metabolizers: 

Fp = rp − 𝜂P − 𝛼C − 𝛽M , 

(ii) cheaters: 

Fc = 𝛼P − 𝜈C and 

(iii) private metabolizers: 

Fm = rm − 𝛾M − 𝛽P . 

In this model, pay-off functions are directly mapped to the intrinsic growth ra
easures of fitness that govern population dynamics. A strategy with a hig

ime, shifting community composition towards public–cheater or private domin
revails. 

. Results 
o investigate the ecological and evolutionary dynamics of our tripartite microb
imulations based on a generalized Lotka–Volterra framework. This approach 
uch as intrinsic growth rates and interaction strengths, and examine how thes
erformed a sensitivity analysis that quantifies the impact of perturbing key m
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
en University user
 2026
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a  on system behaviour and long-term community 
s

Figure 2. Impact of different growth conditions of P and M on population abundance. In this figure, we systematically investigate how changes in the intrinsic growth 
rate parameters rp and rm influence the ratio of P and C in the total population. 

3
A arameter individually while holding all others at 
t ver the range 0.5–1 . 5 times its nominal value (i.e. 
− ed from fixed initial conditions, and the resulting 
c imulation. Sensitivities were computed either as 
r reached) or, where applicable, as relative changes 
i

ry material. The system is most sensitive to the 
i ter subsystem, leading to a simultaneous increase 
i metabolizers at the expense of the public–cheater 
p lso exert substantial influence: higher 𝛼 promotes 
c and indirectly benefits P∗ and C∗ . The interaction 
c -negligible effects. 

gnitudes ( ± 20 % and ± 50 % ), which yielded consis- 
t gs indicate that coexistence and regime structure 
a consistent with the analytically derived feasibility 
c

3
W ping other parameters constant, thereby allowing 
u n scenarios involving public and private metab- 
o  respective growth rates ( rp and rm ). The public 
m y by producing shared resources or maintaining 
f r, when the growth rate of the private metabolizer 
b portionate share of resources or suppressing the 
g lity, thereby leading to the extinction of both the 
p
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pproach enables us to identify which interactions have the strongest influence
tructure. 

.1. Sensitivity analysis 
 systematic one-at-a-time sensitivity analysis was performed by varying each p
heir baseline values ( table 1 ). Each parameter was perturbed multiplicatively o
 50 % , − 20 % , + 20 % and + 50 % ). For each perturbation, the system was simulat
hanges in population abundances were quantified relative to the baseline s
elative changes in steady-state values P∗ , C∗ and M∗ (when convergence was 
n time-integrated population abundance (supplementary material, figure S4). 

The resulting sensitivities are summarized in table S1 in the supplementa
ntrinsic growth rates rp and rm . Increasing rp strongly enhances the public–chea
n P∗ and C∗ and a reduction in M∗ . Conversely, increasing rm favours private 
air. The exploitation coefficient 𝛼 and the private self-limitation coefficient 𝛾 a
heaters while suppressing private metabolizers, whereas higher 𝛾 reduces M∗ 

oefficient 𝛽 and the density-dependent terms 𝜂 and 𝜈 have weaker but still non
To assess robustness, results were evaluated across multiple perturbation ma

ent qualitative trends (supplementary material, table S1). Together, these findin
re primarily governed by growth-rate asymmetries and exploitation strength, 
onditions ( §3.6 ) and the phase-flow analysis ( figure 4 ). 

.2. Impact of the growth rate 
e started the analysis of our model by testing various growth rates while kee
s to test the dynamics of species interactions within a shared environment. I
lizers, stable coexistence is critically dependent on the balance between their
etabolizer plays a vital role in maintaining community function, potentiall

avourable environmental conditions that benefit the total community. Howeve
ecomes excessively high, it can dominate the system by consuming a dispro
rowth of the public metabolizer. This imbalance may result in system instabi
ublic metabolizer and the cheater population ( figure 2 ). 
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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eater and private metabolizers is highly sensitive 
t ustain a growth rate sufficiently high to maintain 
i n shared resources. However, this growth advan- 
t  exceeds approximately 2 times that of the private 
m te metabolizer ( figure 2 ). Conversely, if the public 
m bolizer, neither the public nor the cheater popula- 
t re, a narrowly defined growth rate ratio, between 
1  and stable coexistence among all three metabolic 
s

any single population leads to increased density- 
d larly, in the absence of one population, the remain- 
i unter constraints arising from density-dependent 
e ions such as resource competition in real systems, 
t s rather than explicit resource dynamics. Collec- 
t meters can substantially influence the persistence 
a

3
T olizers in microbial communities reflects a finely 
b sities in the short term, yet exhibiting long-term 

r munity development, differences in initial pop- 
u uced at low initial densities, public metabolizers 
c lation through the provision of shared resources 
( heaters accelerate resource depletion, prompting 
a s of community structure (supplementary mate- 
r tly demonstrate convergence towards a common 
s th parameters remain balanced. Specifically, after 
p dentical stable populations for all three strategies 
( ed growth conditions, initial population distribu- 
t are optimally balanced, highlighting the inherent 
r

rivate metabolizers under conditions of elevated 

i r rapid over-exploitation of shared resources sup- 
p ing private populations to expand more rapidly 
(  deviations from typical community dynamics, 
l h parameters stabilize, highlighting the system’s 
r

amics are sensitive to initial conditions and pop- 
u  strategies are primarily determined by balanced 

g re crucial for designing and managing stable syn- 
t ange of starting configurations and environmental 
c

3
T aped by parameters 𝛼 and 𝛽, which govern the 
b ow changes in 𝛼 and 𝛽 independently affect com- 
m cifically considers a previously balanced commu- 
n

blic metabolizers. When 𝛼 exceeds 𝛽, cheater pop- 
u  to intense resource diversion. This imbalance can 
d abolizers crucial for ecosystem stability. However, 
e their survival directly depends on the availability 
o  private metabolizers for shared nutrients. Higher 
𝛽  populations. When 𝛽 significantly exceeds 𝛼, the 
p rds extinction. Conversely, lower 𝛽 values permit 
i  potentially destabilizing the community. 

ong public, private and cheater populations. From 

t rio for stable coexistence is observed when 𝛼 is 
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Numerical simulations demonstrate that stable coexistence among public, ch
o the balance of their growth rates. In particular, the public metabolizer must s
ts own population while also supporting the cheater population that relies o
age must be carefully constrained: when the public metabolizer’s growth rate
etabolizer, competitive pressures lead to the decline or extinction of the priva
etabolizer’s growth rate falls below roughly 1.2 times that of the private meta

ions can persist, resulting in the dominance of the private metabolizer. Therefo
.2 and 2 times higher for public metabolizers, is essential to ensure balanced
trategies. 
Further analysis of population dynamics reveals that excessive growth by 

ependent self-limitation, reducing net growth rates across the community. Simi
ng species may initially experience increased growth, but subsequently enco
ffects encoded in the model. While these effects may reflect underlying limitat
he present model captures them implicitly through effective interaction term
ively, these results demonstrate how variations in growth and interaction para
nd composition of microbial communities. 

.3. Impact of initial population size 
he dynamic interplay among public metabolizers, cheaters and private metab
alanced ecological system, significantly influenced by initial population den
obustness under balanced growth conditions. During the early phases of com
lation composition influence short-term dynamics. When cheaters are introd
an sustain their growth while simultaneously supporting the cheater popu
supplementary material, figure S1a). Conversely, elevated initial densities of c
 temporary decline in public metabolizers and destabilizing the early stage
ial, figure S1b). Despite early fluctuations, our long-term simulations consisten
teady-state equilibrium across all tested initial conditions, provided that grow
rolonged co-culture periods, initial differences diminish, resulting in nearly i
supplementary material, figure S1c). These findings suggest that, under balanc
ions exert limited influence on long-term outcomes when growth parameters 
obustness of the tripartite coexistence to initial perturbations. 
Notably, our simulations also reveal a transient ecological advantage for p

nitial cheater densities. In scenarios where cheaters initially predominate, thei
resses public metabolizers, thereby reducing competitive pressure and allow
supplementary material, figure S1b). While this shift gives rise to short-term
ong-term equilibria consistently re-establish tripartite coexistence once growt
esilience and adaptive capacity. 
Collectively, these results highlight that while short-term community dyn

lation imbalances, the long-term stability and coexistence of these microbial
rowth conditions rather than initial community composition. Such insights a
hetic microbial ecosystems capable of sustaining robust performance across a r
ontexts. 

.4. Impact of the interaction coefficients 
he ecological interactions within microbial communities are significantly sh
enefit-sharing and competition dynamics in the system. This study explores h
unity dynamics, holding other parameters constant. The current analysis spe
ity, characterized by a higher intrinsic growth rate of public metabolizers. 
A higher 𝛼 value indicates greater resource exploitation by cheaters from pu

lations grow substantially, often at the expense of public metabolizers owing
estabilize the community, significantly reducing the population of public met
xcessively high values of 𝛼 can ultimately also reduce cheater populations, as 
f public metabolizers. Parameter 𝛽 quantifies competition between public and
values indicate intense competition, severely constraining the growth of both
rivate metabolizer population cannot compete effectively and is driven towa
ndependent growth, but risk unchecked proliferation of private metabolizers,

The interactions between 𝛼 and 𝛽 critically define coexistence conditions am
he analysis and visual inspection of the provided figures, the optimal scena
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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m sing substantial harm to public metabolizers, and 

p iations from this optimal balance, particularly ex- 
c lting in dominance or extinction events. Figure 3 
i ble coexistence among all three microbial popula- 
t

Figure 3. Impact of interaction coefficient ratios on population dynamics of the tripartite microbial community. Heatmaps show the temporal evolution of public me- 
tabolizer (P, left), cheater (C, centre) and private metabolizer (M, right) population densities under systematic variation of the exploitation ( 𝛼) and competition ( 𝛽) 
coefficients. Upper row: the exploitation coefficient 𝛼 is scaled from 1 × to 5 × its baseline value ( 𝛼 ∶ 𝛽 ratios 1:1 to 5:1) while 𝛽 is held fixed, reflecting increasing 
cheater benefit relative to competitive cost. Lower row: the competition coefficient 𝛽 is scaled from 1 × to 5 × ( 𝛽 ∶ 𝛼 ratios 1:1 to 5:1) while 𝛼 is held fixed, reflecting 
increasing resource competition between public and private metabolizers. A unified colour scale spanning 0–2856 cells is applied across all six panels to enable direct 
cross-panel comparison. Grey shading marks effective extinction, defined as population density falling below 0 . 1 % of the public metabolizer carrying capacity ( KP = 

rp∕𝜂 = 5000 
 

cells
 

; threshold = 5 cells); the dashed red line indicates the time of first crossing of this threshold. All simulations use the default parameter set ( table 1 ) 
with initial conditions P 0 = C 0 = M 0 = 100 cells. 

3
I vade owing to the interplay of exploitation and 

c xist ( P , C > 0 , M = 0 ), the fitness of public is Fp = 

r nvade this system if its fitness, Fm = rm − 𝛽P − 𝛾M , 
e existence between public metabolizer and private 
m ss of M is Fm = rm − 𝛾M − 𝛽P . Cheaters can invade 
t rovided 𝛼 > 𝜂. Lastly, in a system with cheaters 
a  𝛾M − 𝛽P , public metabolizers can invade if rp > 

r f two strategies is typically unstable, as the third 

s  itself, indicating that stable coexistence, when it 
o

3
T pay-offs. For instance, if the public strategy offers 
g blic–cheater equilibrium. Similarly, if the private 
s s a private equilibrium. Mutual cheating is gener- 
a eater–private mixed equilibrium, the populations 
h , which reduces the effectiveness of this strategy. 
T

terior fixed point of the Lotka–Volterra system 

( ed point is mathematically identical to the point 
a  interior evolutionary equilibrium of the system. 
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oderately higher than 𝛽. Under these conditions, cheaters thrive without cau
ublic and private populations maintain competitive yet balanced growth. Dev
essively high 𝛽 or disproportionately high 𝛼, disrupt community stability, resu
llustrates these dynamics, emphasizing parameter ranges that best support sta
ions. 

.5. Stability of a two-strategy coexistence 
n populations with two coexisting strategies, the third strategy can often in
ompetition dynamics. For example, when public metabolizer and cheater coe

p − 𝛼C − 𝜂P , and the fitness of cheater is Fc = 𝛼P − 𝜈C . Private metabolizer can i
xceeds both Fp and Fc , which occurs when rm > rp − 𝛼C and rm > 𝛼P − 𝜈C . In co
etabolizer ( P , M > 0 , C = 0 ), the fitness of P is Fp = rp − 𝜂P − 𝛽M , and the fitne

his system by exploiting public metabolizers, achieving fitness Fc = 𝛼P > 0 , p
nd private metabolizers ( C , M > 0 , P = 0 ), where Fc = 𝛼P − 𝜈C and Fm = rm −
m − 𝛽M + 𝛾M . These mathematical relationships reveal that the coexistence o
trategy can always exploit competitive or cooperative dynamics to establish
ccurs, requires an interior equilibrium involving all three strategies. 

.6. Stability of the interior equilibrium 

he dynamics work by increasing the proportion of strategies that yield higher 
reater fitness compared to private, the population will evolve towards a pu
trategy offers a higher pay-off than the public one, the system will shift toward
lly discouraged because it produces negative pay-offs. In the case of public–ch
ave a lower fitness because of a relative loss of cooperation and competition
herefore, the system moves towards mixed stable equilibria. 
The coexistence of all three strategies ( P , C , M > 0 ) corresponds to an in

 equation (2.1) ), where d P 
d t 

= d C 
d t 

= d M 

d t 
= 0 . As shown in §2.2 , this ecological fix

t which all three pay-offs are equal ( FP = FC = FM 

= 0 ), constituting a stable
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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S erived in supplementary material, appendix C: 

(3.1) 

Figure 4. Projected phase portraits showing pay-off-associated regime shifts in the system. Each triangle represents all possible relative abundances of three strate- 
gies ( P–C–M simplex), with Neq being the total abundance of the analytically derived attractor for the respective parameter set. With the default parameters, the 
feasibility window for interior coexistence corresponds to 1 < rp ∕rm < 5 . The four panels illustrate representative regimes as rp ∕rm increases: convergence to the M - 
only boundary equilibrium ( rp ∕rm = 0 . 5 ), two feasible interior coexistence equilibria ( rp ∕rm = 2 and rp ∕rm = 4 ), and convergence to the P–C boundary equilibrium 

( rp ∕rm = 8 ). Convergence to an interior point indicates stable coexistence of all three strategies, with P∗ > 0 , C∗ > 0 and M∗ > 0 . Red stars ( ⋆ ) mark the analyti- 
cally derived equilibrium composition for each parameter regime. Local stability of the interior equilibrium is assessed by Jacobian analysis in the supplementary material 
(appendix D). 

e of the fixed point itself. It is assessed separately 
b s shown in supplementary material, appendix D. 
A  densities are positive, the Jacobian eigenvalues 
h

 by comparison with the boundary equilibria of 
t ia correspond to ecological regimes in which one 
o  P –C subsystem and the P –M subsystem. Biolog- 
i hen coexistence fails: collapse of the public-good 

s ublic–cheater subsystem or coexistence of public 
a proached in the phase-flow diagrams in figure 4 
c

 quantities ( P∗ , C∗ , M∗ ) are strictly positive, which 
r

(3.2) 

( , M∗ remains positive but P∗ and C∗ become neg- 
a stem instead converges to the M -only boundary 
e system converges to the P − C subsystem equilib- 
r h threshold, the interior equilibrium collides with 
a  of each boundary equilibrium can be assessed by 
s

pay-off functions ( equations (2.5) –(2.7) ) confirms 
t terial, appendix C). Local stability of this interior 
e ∗ , C∗ , M∗ ) (supplementary material, appendix D); 
n  4 ) shows that the eigenvalues have negative real 
p ic stability. 

ch panel is a phase portrait for a specific ( rp , rm ) 
c oexistence point to a boundary equilibrium as the 
g y material, appendix D. When one strategy has a 
s rtex, leading to complete dominance. By contrast, 
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olving these steady-state conditions yields the interior equilibrium densities d

P∗ = 

𝜈( rp 𝛾 − 𝛽rm ) 
𝛼2 𝛾 + 𝜈𝜂𝛾 − 𝜈𝛽2 

, 

C∗ = 

𝛼( rp 𝛾 − 𝛽rm ) 
𝛼2 𝛾 + 𝜈𝜂𝛾 − 𝜈𝛽2 

and 

M∗ = 

𝛼2 rm + 𝜂𝜈rm − 𝛽𝜈rp 
𝛼2 𝛾 + 𝜈𝜂𝛾 − 𝜈𝛽2 

. 

The local stability of this interior equilibrium is not implied by the existenc
y evaluating the Jacobian matrix of the population dynamics at ( P∗ , C∗ , M∗ ) , a
cross the biologically feasible parameter region in which all three equilibrium
ave negative real parts, confirming local asymptotic stability. 
The feasibility limits of the interior equilibrium are most easily interpreted

he system (explicitly in supplementary material, appendix E). These equilibr
r more strategies are absent, including the M -only state, the P -only state, the
cally, these boundary equilibria describe the alternative outcomes obtained w
ystem towards private metabolism, exclusion of private metabolizers by the p
nd private metabolizers in the absence of cheaters. The vertices and edges ap
orrespond to these boundary equilibria. 
These equilibrium expressions are biologically feasible only when all three

equires the growth rates to satisfy 

𝛽

𝛾
<

rp 
rm 

<
𝛼2 + 𝜂𝜈

𝛽𝜈

derived in supplementary material, appendix D). When rp / rm falls below 𝛽/ 𝛾

tive, meaning the interior equilibrium is not biologically realized and the sy
quilibrium. When rp / rm exceeds (𝛼2 + 𝜂𝜈)∕𝛽𝜈, M∗ becomes negative and the 
ium. These transitions represent transcritical bifurcations: as rp / rm crosses eac
 boundary equilibrium and exchanges stability with it [41 ]. The local stability
tandard sub-Jacobian analysis (e.g. [41 ]). 
Substituting the interior equilibrium expressions ( equation (3.1) ) into the 

hat FP = FC = FM 

= 0 (algebraic verification is provided in supplementary ma
quilibrium was assessed via the Jacobian matrix of the system evaluated at ( P
umerical evaluation across the biologically relevant parameter ranges ( figure
arts whenever the equilibrium proportions are positive, confirming asymptot
Figure 4 illustrates these qualitative transitions across parameter space: ea

ombination, and together they show how the attractor shifts from an interior c
rowth-rate ratio crosses the analytically derived thresholds in supplementar
trong growth advantage, the streamlines move towards the corresponding ve
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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w r along an edge, representing a stable coexistence 
o

Figure 5. Population dynamics during evolutionary shifts from private to cheater and public strategies. (a,b) Population dynamics illustrate an initial shift of 30% of 
private metabolizers transitioning gradually into either (a) cheater or (b) public metabolizer strategies, with subsequent increases of 10% each generation. All three 
strategies remain coexistent and stable, even when up to 60% of the private metabolizer population has transitioned, demonstrating resilience and ecological stability 
under evolutionary changes. 

wards the P− M edge, reflecting how ecological 
c e asymmetries determine the direction of further 
e  P− C edge, while increasing rm drives it towards 
t ositive pay-off, cheaters collapse with them, and 

t  transcritical bifurcations at the boundaries of the 
f

3
U s, the three strategies can coexist at a locally sta- 
b ed average fitness owing to the combined costs 
o h no single strategy can dominate persistently. 
H rowth rate but also by its interactions with the 
o

evolutionary simulations that allowed individual 
s tion through mutation or phenotypic switching. 

tep in which a prescribed fraction st of the private 
m ater strategy. For the private-to-public transition, 
t

(3.3) 

w th cycle and st is the imposed transition fraction. 
A

(3.4) 

T trategy-perturbation simulation rather than a for- 
m

nto either cheater ( figure 5a ) or public metabolizer 
( ree strategies remained coexistent and stable even 
a  when the transition rate was increased to 60%. 

etabolizers gain a substantial growth advantage, 
d e, though at reduced equilibrium densities. This 
u tors. Although public metabolizers and cheaters 
m l population size. These outcomes highlight the 
s ces in growth advantages can lead to the collapse 
o
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hen pay-offs are more balanced, the flow converges towards an interior point o
f multiple strategies. 
Increasing density-dependent parameters shifts the interior equilibrium to

rowding suppresses cheaters’ persistence. From any such baseline, growth rat
quilibrium movement: raising rp relative to rm drives the system towards the
he M apex. Once rp falls below the threshold 𝛽rm ∕𝛾 , public metabolizers lose p
he system converges to M -only dominance. These transitions correspond to the
easibility window and are visible in the phase portraits of figure 4 . 

.7. Phenotype-switching perturbation simulation 
nder the appropriate ecological conditions identified in the previous section
le interior equilibrium. While such equilibria may be associated with reduc
f cooperation and exploitation, they represent a dynamic balance in whic
ere, the success of each strategy is determined not only by its intrinsic g
thers. 
To further capture evolutionary realism, we employed laboratory-inspired 

trategies to change between generations, mimicking realistic microbial adapta
After each ecological growth phase, we imposed a fixed strategy-transition s
etabolizer population was reassigned to either the public metabolizer or che

he update was 

⎧ ⎪ ⎨ ⎪ ⎩ 

Pt + 1 = P′
t + st M

′
t , 

Ct + 1 = C′
t , 

Mt + 1 = ( 1 − st ) M′
t , 

here P′
t , C

′
t and M′

t denote the population sizes after one Lotka–Volterra grow
n analogous update was used for private-to-cheater transitions: 

⎧ ⎪ ⎨ ⎪ ⎩ 

Pt + 1 = P′
t , 

Ct + 1 = C′
t + st M

′
t , 

Mt + 1 = ( 1 − st ) M′
t . 

his procedure should be interpreted as a controlled phenotype-switching or s
al replicator-mutator model. 
First, we allowed an initial shift of 30% of private metabolizers to transition i

 figure 5b ) strategies. Then at a rate of 10% shift per generation, gradually. All th
fter the fourth generation, and this mixed population structure persisted even
Additional simulations ( figure 6 ) further demonstrate that when public m

oubling the rate of private metabolizers, the system still supports coexistenc
nderscores the fragile ecological balance required to sustain public contribu
ay persist in small fractions, their decline coincides with an increase in tota
ensitivity of coexistence to fitness asymmetries and demonstrate how imbalan
f strategic diversity within microbial communities. 
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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Figure 6. Evolutionary outcomes of a three-member three-strategy microbial community under varying pay-off asymmetries in heterotrophic microbial consortia. Each 
triangle depicts the final population distribution of public, cheater and private metabolizers of each generation. Colour regions indicate their relative proportions: green for 
P, black for C, and orange for M ; numeric labels show final percentages and total population size. When rp > rm, public metabolizers hold a growth advantage, cheaters  

exploit this benefit, and all three strategies coexist with a low total population. As rm increases and surpasses rp, M dominates and the total population increases, while 
  

P and C persist only in small fractions. 

4
W ters and private metabolizers coexist at a positive 
i T emphasize the critical conditions necessary for 
s rs within microbial communities. Both modelling 
f metabolizers is essential for long-term coexistence. 
W n the cost of cooperation, our simulations indicate 
t hree strategies. 

s, as highlighted by numerical analyses of various 
i aterial, figure S1). A higher initial ratio of cheaters 
c eir maximum population densities and long-term 

s nditions, achieving higher equilibrium densities 
b  findings align with evolutionary game-theoretic 
p ly vulnerable to exploitation unless protected by 
s

ed population shift strategies and provided valu- 
a ven when a large fraction of private metabolizers 
t ree populations, indicating a robust tolerance to 
e ers mutating towards other strategies, it remains 
p olutionary phases. However, substantial shifts to- 
w ding to their elimination unless cooperation costs 
r

ying 𝛼 ∶ 𝛽 and 𝛽 ∶ 𝛼 ratios, reinforced these find- 
i eaters relative to competition costs, consistently 
r izing the balance between these parameters pro- 
m ht how the intensity and direction of competitive 
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. Discussion and conclusion 

e identified a restricted parameter regime in which public metabolizers, chea
nterior equilibrium. The combined results of numerical simulations and EG
table coexistence among public metabolizers, cheaters and private metabolize
rameworks consistently reveal that maintaining a growth advantage for public 
hen growth rates are balanced and the cost of competition remains lower tha

he system tends to stabilize and steady state around a point that includes all t
However, imbalances in growth rates significantly alter community dynamic

nitial population ratios and growth rate parameters ( figure 2 ; supplementary m
onsistently showed detrimental impacts on public metabolizers, suppressing th
urvival. By contrast, private metabolizers benefited indirectly under these co
ecause of decreased competition from the declining public population. These
redictions, supporting the conclusion that cooperative strategies are especial
tabilizing conditions. 
Further insights emerged from evolutionary game simulations that examin

ble insights into resilience and adaptability within microbial communities. E
ransitioned to cheating or public strategies, the system often retained all th
volutionary changes. Notably, even with a large fraction of private metaboliz
ossible for all three strategies to persist within the community during the ev
ards cheaters imposed significant pressure on public metabolizers, often lea
emained sufficiently low, and ecological competition was constrained. 
An extensive exploration of parameter spaces, including the effects of var

ngs. Specifically, higher 𝛼 ∶ 𝛽 ratios, representing elevated exploitation by ch
educed the stability of cooperative interactions ( figure 3 ). Conversely, optim
oted conditions favourable for sustained coexistence. These findings highlig
rom http://royalsocietypublishing.org/rsob/article-pdf/doi/10.1098/rsob.250484/6154148/rsob250484.pdf
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a crobial communities. Moreover, numerically, the 
m  rp / rm lies between 1.2 and 2 ( figure 6 ), but ana- 
l n parameters (supplementary material, appendix 
D ance at the boundaries of the feasibility window 

c llides with and exchanges stability with a bound- 
a zing overall community density while preserving 
d ommunity achieves maximum density. However, 
e to competitive exclusion. Elevated public growth 
r tly higher private growth leads to the extinction 
o how that privatization does not necessarily lead 

t tside the coexistence window defined by growth 
a

c-goods models. After Greig & Travisano [50 ] es- 
t xperimental and theoretical studies showed that 
i oducing or low-producing strains exploit glucose 
r  adds a third metabolic strategy, the private me- 
t ing. This connects our model directly to Lindsay 
e ve systems and cause population decline. By con- 
t Volterra model to derive closed-form coexistence 
c –private strategy space. The loss of resource-level 
m del identifies which combinations of measurable 
g tence. 

y studied, including optional public-goods games 
w 30 ] and game-environment feedback frameworks 
w o analysed cooperation and cheating in biotech- 
n stract pay-off structures or focus on two-strategy 
p bolizer framework. By contrast, our formulation 
i tion coefficients arise from metabolite-mediated 

p This allows us to explicitly connect ecological in- 
t ithin a unified eco-evolutionary framework. 

xplicit sucrose or glucose dynamics, diffusion or 
s esource model. Rather, it provides an analytically 
t elf-limitation jointly shape coexistence. Likewise, 
o tended as robustness tests rather than as a formal 
r g genome-scale metabolic models with dynamic 
fl in-specific metabolism, metabolite exchange, and 

s dicting feasible metabolic interactions in specific 
c eters and environmental constraints, and usually 
d ulation is therefore complementary: it sacrifices 
i for coexistence, boundary collapse and parameter 
s lly parametrizable layer between abstract public- 
g

ical design principles for creating and managing 
m duced into a consortium. Stable coexistence is con- 
t ts and population structure. Hence, their growth 
a ot so high that private metabolizers are excluded. 
O levels, introducing feedback-limited gene circuits 
o ired community states. By identifying parameter 
r onal design of synthetic consortia and the ecolog- 
i levant for synthetic microbial consortia in which 
e  to distribute metabolic labour across community 
m tal bioremediation and microbiome engineering, 
w  individual strains but also on maintaining stable 
i hese results support the use of low-dimensional, 
e ineered microbial consortia will maintain cooper- 
a
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