
Stochastic and Deterministic Algorithms for
Set-Based Data-Driven Computational

Mechanics

Von der Fakultät für Bauingenieurwesen

der Rheinisch-Westfälischen Technischen Hochschule Aachen

zur Erlangung des akademischen Grades eines Doktors der Ingenieurwissenschaften

genehmigte Dissertation

vorgelegt von

Erik Christian Prume, M. Sc.

Berichter*innen: Universitätsprofessorin Dr.-Ing. Stefanie Reese

Frank and Ora-Lee Marble Professor Emeritus Michael Ortiz

Tag der mündlichen Prüfung: 22. Juni 2026

Diese Dissertation ist auf den Internetseiten der Universitätsbibliothek online verfügbar.





Dedicated to Enno & Carl





Acknowledgements

This dissertation consolidates the most important results from my time as a research

assistant at the Institute of Applied Mechanics at RWTH Aachen University. During my

time at the institute, I had the honor of meeting many wonderful colleagues, mentors,

and friends. I would like to thank everyone who was part of this journey.

First of all, I would like to thank my doctoral advisor, Prof. Dr.-Ing. Stefanie Reese.

She supported me as early as my bachelor’s studies by providing me with a position at

the institute, which was always extremely important to me. I am also deeply grateful for

her trust in me, and for her scientific and professional guidance throughout my time as a

research assistant. Without her support, the present thesis would not have been possible.

I am very grateful to my second supervisor, Prof. Michael Ortiz. It was a huge honor

for me to work with him, and I am grateful for the time and patience he invested in me.

Working under his visionary guidance has opened my scientific horizons in many ways

and taught me that anything is possible if one doesn’t give up.

I would also like to thank Prof. Laurent Stainier for making the French-German co-

operation project on data-driven mechanics possible and for supporting me scientifically

in his friendly way.

While I cannot name everyone, the whole IFAM team was a huge support for me.

They gave me the motivation, help, feedback, and laughter to keep me going —thank

you!

At this point, I want to thank all the wonderful friends I met during my studies. They

made my time in Aachen joyful and very special, and I am truly grateful for all the

moments we shared together.

My entire family was always there for me in every possible way, for which I am deeply

thankful. I am especially grateful to my parents, my sisters, my grandmother, aunts and

uncles, as well as my mother-in-law. Without their unconditional support, none of this

would have been possible.

Finally, to my dear wife: thank you for everything—for your laughter and happiness,

your patience, and for showing me new perspectives. You have brightened my life and

helped me become the open-minded and happy person I am today.





Summary

Data-driven methods have transformed the field of computational mechanics in recent

years. Inspired by remarkable advances in data science and artificial intelligence across

various disciplines, researchers in computational mechanics have rethought the way

to tackle existing challenges. In the field of solid mechanics, a central challenge is the

realistic description of the material behavior due to the enormous complexity and variety

of both natural and engineered materials. While the required field theories of equilibrium

and kinematic compatibility are widely valid and mathematically very well characterized,

the classical method of constitutive, phenomenological material modeling is a laborious

task with many modeling uncertainties. The models have to be specifically designed,

calibrated, verified and validated based on the current knowledge and data about the

material. This process has to be repeated as new information and data are obtained,

turning it into an open-ended process.

A significant portion of recently developed data-driven methods target the automation

of this process by implementing universal function approximators such as artificial

neural networks. Such methods are extremely flexible and are designed to handle large

amounts of data e�ciently. Furthermore, basic principles from materials theory can be

implemented in order to regularize the functions and reduce the required amount of data.

In 2016, Kirchdoerfer and Ortiz [82] proposed an alternative approach, herein called

the set-based data-driven method. Instead of working with functional approximations for

the material behavior, the boundary value problem is formulated explicitly in the material

data set. The principal goals of the method are 1) reduction of modeling uncertainties

2) no loss of information for noisy data 3) correct description of materials where no

single-valued functional relationship exists and 4) simple and automated process-cycle

of data acquisition and inference.

This cumulative dissertation aims to contribute to the set-based data-driven method

with a set of novel algorithms addressing several open research questions. A central

theme throughout the dissertation is the identification of whether either a stochastic or

a deterministic algorithm is the best choice for a given problem. The findings are often

surprising; for instance, computing the global minimum of the discrete optimization

problem with combinatorial complexity is best achieved using a stochastic algorithm,

whereas discovering all local minima from a non-convex energy landscape in high
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dimensions was only tractable via a deterministic algorithm.

In the first article, a stochastic algorithm to compute the global minimum of the

set-based minimization problem is developed, introducing a randomized data search

which e�ectively helps to escape local minima emerging from the discrete nature of the

problem. This solver further enables a new goal-oriented data acquisition scheme in the

context of multiscale mechanics driven by a weighted k-means clustering. It was shown

that the error can be consistently reduced by adding a minimal amount of optimally

selected data, saving a substantial amount of costly microstructure simulations.

The second article introduces the foundation for a stochastic description of the set-

based method by considering the whole posterior distribution of possible system out-

comes as compared to a single, deterministic solution. A stochastic, simulated annealing

algorithm explores the distribution by randomly propagating a Markov Chain. While

the algorithm is capable of sampling multi-modal distributions by maintaining a set of

solutions, it is limited to rather small system sizes.

This limitation is overcome by the third article. The proposed algorithm is based on a

basis for the space of equilibrium stress fields, where sparsity of the basis is crucial for

numerical e�ciency. Existing methods to compute such a sparse null basis for general

systems often rely heavily on expensive numerical factorizations or sophisticated graph

algorithms, occasionally leading to conditioning problems. To overcome these problems,

an e�cient algorithm to compute the sparse null basis for the important special case of

linear tetrahedral elements is proposed. Equipped with the basis for equilibrium stress

fields, a deterministic annealing algorithm based on [144] is developed. While slowly

resolving details of the multi-modal distribution, a partial eigenvalue decomposition

in the space of equilibrium stress and compatible strain fields detects the formation of

local minima and provides the directions where to initialize two separate deterministic

minimization runs. By this process, a hierarchical solution set is constructed which

provides the full posterior distribution, serving the purpose of uncertainty quantification.

The method is demonstrated with a brittle fracture problem featuring a local material with

stochastic tensile strength, where every solution represents one possible crack pattern.

As the data set cannot be represented by a single-valued functional relationship, this

result may be seen as a prime example for the set-based data-driven method.



Zusammenfassung

Datengestützte Methoden haben das Feld der Computational Mechanics in den letzten

Jahren grundlegend verändert. Inspiriert von Fortschritten in Data Science und künstli-

cher Intelligenz über verschiedene Disziplinen hinweg, haben Forscher in der Mechanik

die Herangehensweise an bestehende Herausforderungen neu überdacht. In der Fest-

körpermechanik bleibt die realistische Beschreibung des Materialverhaltens aufgrund

der Komplexität natürlicher und technischer Werksto�e eine zentrale Hürde. Während

die Feldtheorien von Gleichgewicht und kinematischer Kompatibilität weitgehend gül-

tig und mathematisch exakt charakterisiert sind, ist die klassische phänomenologische

Materialmodellierung eine mühsame Aufgabe verbunden mit vielen Modellierungsun-

sicherheiten. Modelle müssen auf Basis des aktuellen Wissens spezifisch entworfen,

kalibriert und validiert werden – ein Prozess, der sich bei neuen Daten stetig wiederholt

und so zu einer Daueraufgabe wird.

Viele neuere datengestützte Methoden zielen darauf ab, diesen Prozess durch uni-

verselle Funktionsapproximatoren wie künstliche neuronale Netze zu automatisieren.

Diese sind hochflexibel und verarbeiten große Datenmengen e�zient. Zudem können

materialtheoretische Grundprinzipien implementiert werden, um die Funktionen zu re-

gularisieren und den Datenbedarf zu senken.

Im Jahr 2016 schlugen Kirchdoerfer und Ortiz [82] einen alternativen Ansatz vor,

die hier als Set-basierte datengestützte Methode bezeichnet wird. Statt mit funktionalen

Approximationen zu arbeiten, wird das Randwertproblem explizit im Materialdaten-

satz formuliert. Die Hauptziele sind: 1) Reduktion von Modellierungsunsicherheiten, 2)

Erhalt von Informationen bei verrauschten Daten, 3) korrekte Beschreibung von Ma-

terialien ohne eindeutige funktionale Beziehung und 4) ein automatisierter Zyklus aus

Datenerfassung und Inferenz.

Diese kumulative Dissertation trägt zur Set-basierten Methode durch neuartige Al-

gorithmen für verschiedene Forschungsfragen bei. Ein zentrales Thema ist die Identifi-

kation, ob ein stochastischer oder ein deterministischer Algorithmus für ein gegebenes

Problem die beste Wahl ist. Die Erkenntnisse sind oft überraschend: So gelingt die

globale Optimierung kombinatorisch komplexer Probleme am besten stochastisch, wäh-

rend das Au�nden aller lokalen Minima hochdimensionaler Energielandschaften nur

deterministisch handhabbar war.
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Im ersten Artikel wird ein stochastischer Algorithmus zur Lösung des Set-basierten

Minimierungsproblems entwickelt. Eine randomisierte Datensuche hilft dabei, lokalen

Minima zu entkommen, die aus der diskreten Natur des Problems resultieren. Dies

ermöglicht zudem ein zielorientiertes Datengewinnungsschema für die Multiskalenme-

chanik, gesteuert durch ein gewichtetes k-means Clustering. Es wurde gezeigt, dass der

Fehler durch optimal ausgewählten Daten konsistent sinkt, was teure Mikrostruktursi-

mulationen einspart.

Der zweite Artikel führt die Grundlage für eine stochastische Beschreibung ein, indem

die gesamte Posterior-Verteilung möglicher Systemausgänge statt einer Einzel-Lösung

betrachtet wird. Ein stochastischer Simulated Annealing Algorithmus exploriert die

Verteilung mittels Markov-Ketten. Obwohl der Algorithmus multimodale Verteilungen

durch das Vorhalten mehrerer Lösungen abbilden kann, ist er auf eher kleine Systeme

begrenzt.

Diese Limitierung wird im dritten Artikel überwunden. Der vorgeschlagene Algo-

rithmus nutzt eine Basis für den Raum der Gleichgewichtsspannungsfelder, wobei deren

Dünnbesetztheit entscheidend für die E�zienz ist. Da bestehende Methoden zur Berech-

nung solcher Nullbasen oft auf teuren Zerlegungen oder komplexen Graphalgorithmen

beruhen, wird hier ein e�zienter Algorithmus für den Spezialfall linearer Tetraeder-

elemente vorgestellt. Darauf aufbauend wird ein Deterministic Annealing Algorithmus

nach [144] entwickelt. Während die Details der Verteilung aufgelöst werden, erkennt ei-

ne partielle Eigenwertzerlegung im Raum der Spannungs- und Verzerrungsfelder lokale

Minima und liefert die Richtungen für die Initialisierung von separaten, deterministi-

schen Minimierungen. So entsteht eine hierarchische Lösungsmenge für die Unsicher-

heitsquantifizierung. Die Methode wird an einem Sprödbruchproblem mit stochastischer

Zugfestigkeit demonstriert, wobei jede Lösung ein mögliches Rissmuster darstellt. Da

der Datensatz keine eindeutige funktionale Beziehung zulässt, dient dieses Ergebnis als

ein besonderes Beispiel für die Set-basierte datengestützte Methode.
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1 Introduction

1.1 Motivation

The fundamental motivation of civil engineering is, as the name suggests, to serve the

collective needs of society and improve the quality of human life under consideration

of all associated aspects. This service includes the provision of safety, health, environ-

mental stability and the advancement of supply of basic goods, productivity, mobility,

and infrastructure. These objectives are no longer merely optional technical aspirations

but have become absolute necessities driven by the pressures of an increasing global

population and the growth in per-capita resource demands. The engineering commu-

nity currently faces the daunting reality of resource scarcity, unequal distribution of

materials, and the intensifying environmental degradation and climate change. In re-

sponse, numerical simulations have evolved into one of the most versatile and e�cient

tools available to engineers and scientists for the development and optimization of new

technologies. These digital methodologies empower engineers to understand the be-

havior of complex technical systems and facilitate large-scale virtual prototyping in an

economically e�cient manner.

In the specialized fields of structural and mechanical engineering, the Finite Element

Method (FEM) stands as the central tool for the simulation of mechanical boundary

value problems. Since its modern formalization in the mid-twentieth century, FEM has

achieved a level of dominance due to its relatively simple yet highly e�cient structure,

which allows for the discretization of continuous domains into standard geometric ele-

ments. A mechanical boundary value problem provides the standardized mathematical

description of any physical system, necessitating the precise notation of force equi-

librium, kinematics, material laws, and boundary conditions. The equations of force

equilibrium, derived from Newtonian axioms, dictate that the sum of all forces must

equal zero in static systems. Kinematics establish the geometric relationships between

1
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global displacements and localized strain fields, ensuring that deformations remain com-

patible. However, the closure of this mathematical system requires a constitutive law: a

rule that defines the relationship between stresses and strains for the given material.

While kinematics and equilibrium are governed by axiomatic principles that are

largely independent of the specific material being used, the constitutive law remains

the most complex and variable component of the system. Historically, a vast amount

of literature has been dedicated to characterizing industrial materials such as steel,

aluminum, concrete, and rubber, as well as biological materials like soft tissues and

cardiac cells. The behavior of these materials is often non-linear and characterized

by diverse phenomena including elasticity, plasticity, viscosity, and eventual failure or

damage. Traditional constitutive modeling attempts to capture these e�ects through

a set of carefully chosen mathematical functions and parameters designed to satisfy

fundamental principles such as objectivity and thermodynamic consistency. These

parameters are typically calibrated using experimental data from uniaxial or multiaxial

tests. However, the inherent complexity of materials often leads to modeling bias and

uncertainty, as the prescribed functions may fail to represent the actual material response

accurately, particularly under complex or unseen loading conditions. The consequence

in practice is often that existing material models have to be continuously adapted and

re-calibrated as soon as new material data becomes available, leading to a never-ending

circle of significant economic costs.

This limitation has motivated a significant paradigm shift toward data-driven methods

in computational mechanics. As experimental techniques like Digital Image Correlation

(DIC) and automated test setups produce increasingly more data, researchers are looking

for ways to overcome the drawbacks of phenomenological material modeling. The

principal guideline is to move from a model-centric view to a data-centric view, where

the simulation’s performance is directly tied to the richness and quality of the available

data. By automating the process of data acquisition and material behavior prediction in

a more unbiased but still physical manner, e�cient and reliable simulations are enabled,

in particular when dealing with real-time integration of sensor data in conjunction with

digital twin implementations. Within this emerging field, a distinction can be drawn

between function-based data-driven approaches, such as Artificial Neural Networks

(ANNs), and set-based data-driven approaches. While the former seeks to replace

classical equations with flexible surrogate models, the latter incorporates no functional
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material model but the raw data set directly into the mechanical solver. In the following

state-of-the-art subsections, we will use these two approaches as a basic categorization,

even though both fields have accumulated a large, diverse amount of literature, often

with overlapping methods and ideas.

1.2 State-of-the-art in data-driven computational
mechanics

1.2.1 Function-based data-driven methods

Function-based data-driven approaches center on the use of high-capacity function ap-

proximators, most notably artificial neural networks, to serve as constitutive surrogates.

This methodology recognizes that while the governing equations of equilibrium and

kinematics are known, the material law is often the weakest link in the simulation chain.

By replacing traditional phenomenological material models with ANNs, researchers can

capture complex, high-dimensional relationships that would be otherwise impossible to

formalize mathematically. Furthermore, the flexible and generic model architecture can

capture theoretically a broad range of materials with a systematic way to calibrate the

parameters based on the data.

Artificial neural networks. The application of ANNs to constitutive modeling was

pioneered by Ghaboussi and coworkers in the early 1990s [50]. They demonstrated

that a backward propagation neural network could be trained to predict the stress-strain

response of concrete based on experimental data. However, these early models were

essentially "black boxes" [102]; they provided no guarantee that the predicted material

behavior would be physically reasonable outside of the specific training regime. This

lack of transparency and physical interpretability hindered the adoption of ANNs. The

paradigm shifted with the advent of scientific machine learning and the development of

architectures that directly integrate physical laws into the training process.

The class of Constitutive Artificial Neural Networks (CANNs) [108, 107] approaches

enhance a neural network for the material model by insights from material theory and

microstructural information. Developed to address the limitations of black-box models,

CANNs utilize architectures that inherently satisfy kinematical principles. By using
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strain invariants as inputs, CANNs guarantee material frame indi�erence (objectivity)

and can be structured to enforce properties like polyconvexity, which is essential for the

stability of hyperelastic materials. Further assumptions of the material behavior such as

anisotropy can be additionally included [84, 44].

Inelasticity. Modeling inelastic materials like structural steel presents a significant

challenge because the current stress depends not only on the current strain but on

the entire history of deformation. Thermodynamics-Based Artificial Neural Networks

(TANNs) [113, 155] include thermodynamic quantities like the dissipation rate directly

into the network architecture. Thus, thermodynamic consistency can be ensured by

means of non-negative dissipation rates: a critical requirement for modeling inelastic

and damage phenomena. A detailed treatment of the multiplicative decomposition of

the deformation gradient into an inelastic and elastic part along with the formulation of

inelastic potentials is given in [66]. In [61], the yield function is replaced by a more

flexible machine learning algorithm accounting for a wider range of plastic mechanisms.

It is also possible to learn the whole deformation path with specialized network architec-

tures such as Recurrent Neural Networks (RNNs) [119, 55, 13], networks enhanced by a

proper orthogonal decomposition [67] and graph-based networks [65, 114]. This allows

for a robust representation of path-dependent materials without the need for explicit

internal variable construction.

Automated model selection. As proposed by [39, 153, 41], another strategy is to define

a library of material model components and select the smallest subset of components

su�cient to characterize the material behavior. The calibration works on a global level

using displacement (such as from DIC measurements) and global force data. Further

works on this approach show a close relationship with sparse regression [116] and

optimal automated model selection [128].

Multiscale modeling. A primary application of data-driven constitutive models is

in the field of multiscale computational mechanics [12] In traditional FE
2 schemes

[49], the evaluation of a microscopic Representative Volume Element (RVE) at every

integration point of a macroscopic finite element mesh is computationally staggering.

By training an ANN to act as a surrogate for the RVE, the computational cost can be

reduced by orders of magnitude.

Advanced techniques further involve microstructural data into hierarchical layers that

reflect the physical interactions within the material. These models have been successfully
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applied to composite materials, dual-phase steels and concrete, where they learn e�ective

constitutive laws at the microscale and transfer them to macroscale structural analyses

[160]. A particularly useful network architecture for this challenge are Convolutional

Neural Networks (CNNs) as they can learn directly from microscopic image data [148, 1].

Solving boundary value problems. A di�erent application of ANNs in computational

mechanics is to solve the boundary value problem itself by a neural network as opposed

to using a FEM solver, with early approaches from the 1990s in [31, 99]. This ap-

proach has been popularized by the name Physics-Informed Neural Networks (PINNs)

introduced by [161, 138, 146]. While not directly acting as a material model surrogate,

PINNs incorporate the governing partial di�erential equations (PDEs) directly into the

neural network’s loss function. In structural mechanics, this allows for the solving of

boundary value problems where a neural network approximates the displacement field

while simultaneously satisfying equilibrium and boundary conditions. Even though the

highly e�cient, sparse structure of FEM for mechanical problems is superior from a

numerical point of view, PINNs are applicable for a large range of di�erent PDEs and

show interesting similarities with meshless methods. This motivated further improve-

ments in the form of Neural Operators [106, 91] which construct maps between infinite

dimensional function spaces independent of the particular mesh discretization.

1.2.2 Set-based data-driven methods

In 2016, Kirchdoerfer and Ortiz [82] introduced a novel computing paradigm that di-

rectly includes the data set of stress-strain pairs into the formulation of boundary value

problems. This approach represents a fundamental shift from classical function based

methods and is in the literature referred to the di�erent names constitutive model-free,

distance-minimizing, set-based or direct data-driven method. In particular, any use

of constitutive material models is avoided and thus no functional relationship between

stress and strain is established, motivating the name ’set-based’ in order to distinguish

from ’function-based’ approaches. While it recognizes kinematic compatibility and

equilibrium as universal axiomatic laws which have to be fulfilled exactly, it aims to

minimize any modeling uncertainties and loss of information regarding the complex

material behavior.

The set-based data-driven method computes two solutions simultaneously: 1) the
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assignment of data points to material points (of the finite element mesh) which are closest

in satisfying compatibility and equilibrium 2) the compatible strain and equilibrium stress

field which are closest to the given data set in each material point. As a consequence of

the limited size of data sets, the distance between these two solutions is in general greater

than zero, meaning that the data assignment cannot fulfill the physical constraints exactly.

While this mismatch seems like a drawback due to a seemingly restrictive design choice,

important information is preserved which is generally lost in model-based approaches:

the method quantifies how su�cient the data set is for the given boundary value problem

and where data is missing. It is noteworthy that while the method does not make

predictions for the local material behavior, it has predictive capabilities about the global

system response by joining the local data sets under the constraints of compatibility and

equilibrium.

Various aspects of the direct data-driven method have been addressed in the existing

literature, including mathematical proofs in particular on convergence behavior [23,

141], dynamical problems [83], finite strain theories [124, 24, 131, 93], snap-through

problems [92], non-local micro-polar material behavior [76]. The concept has been

further applied to multi-physical field problems like di�usion [90, 94], magneto-statics

[48] and electro-mechanical coupled [112]. To reduce the required amount of data,

the strict instance based approach has been relaxed by implementing local interpolation

techniques [69, 63, 74, 35, 19]. The possibility to enhance e�ciency by using a quantum

computer has been explored in [159]. Furthermore, the relationship of data-driven

methods to the concept of Constitutive Relation Error [98] has been pointed out in

recent publications, [97] among others. Therein, the same basic guideline to quantify

and reduce the error introduced by a material model while keeping known physical

principles satisfied exactly, is pursued.

Data acquisition. A major advancement in the acquisition of material data is the

Data-Driven Identification (DDI) method developed by [104, 149]. DDI provides an

inverse formulation of the set-based data-driven framework that computes stress-strain

pairs directly from a sequence of non-homogeneous displacement fields (measured via

Digital Image Correlation or Digital Volume Correlation [15]) and boundary forces.

This allows for the construction of high-fidelity material databases of complex deforma-

tions without the need to presuppose any constitutive equations or perform numerous

simple experiments. The method has been successfully applied to identify data sets of
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heterogeneous materials [154], large strain elasticity [26] and inelasticity [100]. More

recently, [103, 60] derived conditions for the uniqueness of DDI solutions and estimates

for the maximum number of data points which can be obtained from a given experiment.

Related, but following a di�erent approach is the contribution of [152], which constructs

a 3D data base by decompressing 1D stress measurements for isotropic nonlinear elastic

materials based on an eigenvalue decomposition of the Cauchy–Green tensor.

Another popular strategy to acquire su�cient data sets is to perform virtual ex-

periments using microstructural RVE models [158, 89, 77, 54, 140] and perform the

data-driven analysis on the homogenized data. Hereby, the RVE evaluation is informed

by the boundary value problem to be solved which coined the term goal-oriented sam-

pling. In particular, the information about the distance between data and compatible

states is useful for completing missing regions of the data set. Compared to classical

multiscale simulations techniques, the two main advantages of this approach are, that no

constitutive model of the homogenized data has to be developed and that the data can

be re-used, thus avoiding duplicate RVE evaluations. This idea was also exploited in

[151], where a sequence of similar microstructural boundary value problems is solved

by iteratively adding missing data.

Robustness of the data-driven solver. It is important to note that the set-based data-

driven problem is of combinatorial complexity, as each data point can be in principle

assigned to each material point. To tackle this challenge, [82] proposed a fixed-point

solver which yields however only an approximate solution which might not be the

global minimizer. In particular, the robustness of the fixed-point solver is dependent

on the sparsity and scattering of the data set, non-linearity of the material behavior,

the initial solution guess and metric parameters. As a consequence, several approaches

were proposed to tackle the problems. In [73], a reformulation of the problem as

Mixed-Integer Programming (MIP) is proposed. This ensures that the solver finds

the global optimal solution rather than becoming trapped in local minima, increases

however the computation times significantly. Another strategy is to fine-tune the metric

parameters for each material point individually [48] and during the solution process

[125]. More recently, [140] proposed a perturbation method in order to escape local

minima, performed by choosing the second nearest data point at randomly chosen

material points.

Uncertainty Quantification. A particularly appealing property of the method is that
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all the material data is included without any loss of information, which is especially

important for noisy data sets and uncertainty quantification purposes. Since the original

fixed-point solver is quite susceptible with respect to outliers in the data set, [83] has

proposed the formulation of a free energy function based on the density of data points,

allowing for a weighted contribution from all data points. The derivation of the free

energy function is based on information-theoretic arguments, with many similarities

to soft clustering formulations [144]. Similarly to the fixed-point solver, the associ-

ated ’maximum-entropy solver’ [83] then computes the maximum likelihood solution

reducing the influence of outliers.

In order to acknowledge the intrinsic uncertainty of materials and measurement errors,

further approaches were developed to enhance the set-based method. In [88, 163], a

comparison between the stochastic finite element method (SFEM) and the direct data-

driven method is given. Therein, the deterministic data-driven fixed-point solver is

still used, examining the influence of random initializations and variance within the

neighboring data. Based on the MIP approach, [75] suggested the use of segmented

least squares to compute confidence bounds of the structural response. More recently

in [142], it was shown how the direct data-driven method naturally includes the full

set of non-unique solutions, which gets neglected by model-based approaches. The

study demonstrated this with the example of buckling with an uncertain buckling failure

strength.

Inelasticity. One of the most important and challenging tasks is the treatment of

inelastic material behavior. In [33], a general method to condition the data set based

on the previous history of deformation was proposed, with a focus on visco-elastic and

plastic materials. Further approaches were developed, including the usage of tangent

information [19], building history surrogate models [9, 132], viscoelasticity in the fre-

quency domain [145]. In the context of multiscale modeling of composite structures,

[62] exploits the knowledge of plastic internal variables to parameterize the data set.

A formulation for brittle fracture is presented in [16] where the crack length is used

as an history variable. In [105], a failure criterion is proposed based on the heuristic

that failure occurs once the distance is exceedingly large, demonstrated with application

for composite materials. Due to the incremental nature of the inelastic problems, using

a nearest neighbor graph data structure has favorable properties for the data search as

investigated in [27, 135]. Therein, it was also shown how thermodynamic quantities
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like the dissipation rate can be used to restrict the data set to physically admissible

trajectories.

1.3 Outline of the dissertation

This cumulative dissertation targets to contribute to the set-based data-driven method by

identifying relevant research questions based on the state of the art, and develop math-

ematically sound as well as numerically practical algorithms to tackle the addressed

problems. The articles are organized by thematic logic rather than chronological publi-

cation date.

The first article [136] addresses the following two research questions:

• Is there an algorithm which can e�ciently and robustly compute the global mini-

mum of the set-based data-driven problem?

• How to optimally enrich a data set to solve a boundary value problem up to a

certain error tolerance, in particular for path-dependent materials?

First, a randomized solver algorithm is developed. The algorithm keeps the e�cient

fixed-point structure of [82], but modifies the data search by randomly deciding if a

material point should optimize for closest strain or stress data in a given iteration. By

this split, the dependency on the metric coe�cients is e�ectively removed. As a result,

the algorithm finds robustly in almost all cases the global minimum with almost no

computational overhead compared to the original, deterministic fixed-point solver. The

proposed algorithm is thus another example that randomization is often a powerful tool

for solving complex, deterministic optimization problems.

The availability of a robust and e�cient solver enabled the development of a converg-

ing data set completion scheme for path-dependent materials in the context of multiscale

modeling. By exploiting the tangent information of the microscale model, an accurate

proposal strain field is computed. Subsequently, a k-means clustering weighted by the

minimum distance error computes the most important missing strain modes. Demon-

strated with a numerical example, it was shown that even for a single boundary value

problem a reduction of evaluated microstructures can be achieved. The computational

gain of this approach becomes even more pronounced if a sequence of similar BVPs is

computed, as demonstrated in [151].
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The second and third article [134, 137] deal with noisy data sets and how to make

stochastic inferences about the system response. Of particular interest are brittle frac-

ture problems with uncertain tensile strength, resulting in highly non-convex energy

landscapes with many non-unique solutions. Thus, the concerned problems are prime

examples for the setting described in [142].

The following research questions are identified:

• How should the material likelihood function be formulated to ensure convergence

to the true behavior with increasing data set size?

• How to sample e�ciently from the resulting, non-convex posterior distributions?

• What is the best way to satisfy the force equilibrium constraint?

In the second article [134], the material likelihood function is derived based on the

formulation presented in [83]. The di�erence is, that we are not only interested in

the maximum likelihood solution, but in the whole distribution of system outcomes.

In other words, the goal is to compute every possible system state which has a non-

zero probability to occur, providing much richer information about the boundary value

problem. With special care, the bandwidth parameter is determined as it is crucial for

comparing di�erent solutions which vary in their degree of incompatibility with the

physical constraints. For the sampling, a population annealing algorithm based on the

Markov-Chain Monte-Carlo (MCMC) method is developed, which is capable to explore

di�erent local minima, demonstrated on a simple truss example with brittle failure. To

sample in the space of equilibrium stress fields, a principal component analysis (PCA)

of a set of equilibrium stress fields was performed, providing a dense sampling basis.

The correct convergence behavior with increasing data set sizes is demonstrated by

comparing the sampled distribution with a derived analytical solution. However, due to

the dense sampling space of equilibrium stress fields and the random movements of the

Monte-Carlo method, only small problems were tractable.

This motivated the third article [137]. Therein, an e�cient algorithm to compute a

sparse basis for equilibrium stress fields is developed. Based on this, the data-driven

problem is reformulated as an unconstrained minimization problem. This enabled

the replacement of the Monte-Carlo sampling by a deterministic annealing algorithm

based on [144, 143]. The algorithm computes a hierarchical set of solutions by detecting
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formations of local minima, and creating a new solution instance for each local minimum

which gets optimized by the annealed fixed-point solver [83]. The resulting solution set

can be used for the purpose of stochastic inference and uncertainty quantification. This

novel approach made it possible to compute realistic, three-dimensional problems with

non-unique solutions which were previously not tractable.
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2.1 Abstract

We propose a randomized data-driven solver for multiscale mechanics problems which

improves accuracy by escaping local minima and reducing dependency on metric pa-

rameters, while requiring minimal changes relative to non-randomized solvers. We

additionally develop an adaptive data-generation scheme to enrich data sets in an e�ec-

tive manner. This enrichment is achieved by utilizing material tangent information and

an error-weighted k-means clustering algorithm. The proposed algorithms are assessed

by means of three-dimensional test cases with data from a representative volume element

model.

2.2 Introduction

In this work, we consider two-scale problems where the finer scale is characterized

by a representative volume element (RVE) that captures the details of the material

microstructure and serves as a local material description of a macroscopic, mechanical

boundary value problem (BVP). This type of material modeling is referred to as upscaling

[49, 38]. In the FE2 method [37], the RVE is evaluated at every material point, time

step and possibly multiple iterations, which can be exceedingly costly. To reduce the

number of RVE evaluations in an inelastic setting, [10] developed a k-means clustering

FE2 approach where material points of similar deformation behavior are grouped and

jointly evaluated.

Another popular approach is to perform a series of evaluations (or "virtual experi-

ments") with an RVE model and calibrate a phenomenological material model to the

resulting data set. More recently, the material modeling is often performed by special-

ized supervised neural network architectures in order to automatize and standardize the

modeling procedure for elastic [108, 4] and inelastic [113, 66] material behavior, see for

instance [109, 45] for a review. A number of methods have been developed in order to

reduce the number of RVE evaluations and improve the accuracy of the trained material

model [46, 72].

The advantage of the supervised approach is the fast model evaluation, while the

disadvantage is that additional modeling uncertainties are introduced by biased modeling

assumptions, including which and how many virtual experiments are performed, how
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validation and verification are performed and what features and functional basis are

chosen for the model. Thus, when performing a predictive computation, i. e., a previously

unseen material state, with a calibrated model, it is often not clear whether the local

response of the material model needs to be validated by an RVE evaluation or may be

assumed to be reliable. In addition, the cost of training the neural network architectures,

while often not accounted for, can be very high, especially with large data sets and

high-dimensional data.

In order to eschew these shortcomings of supervised models, in direct, or unsu-
pervised, data-driven methods a pre-existing material data set is directly used in the

solution of the boundary-value problem [82]. In this manner, only actual unbiased RVE

data are used for purposes of material characterization. Evidently, the accuracy of the

solution depends on the degree of coverage supplied by the material data set, which can

be e�ciently monitored using a distance function [82, 89, 54]. This quantitative metric

can be used to identify regions of insu�cient data coverage and to develop strategies to

acquire new data in a systematic manner.

The direct data-driven method has been extended to large deformations [124, 131],

inelastic material behavior [33, 16] and uncertainty quantification [58, 163, 134]. To

improve the accuracy with sparse data sets, [35, 19] include material tangent information

in the solving process. Furthermore, the method has been applied to other field equations

than mechanics, such as magnetism [30] or electro-mechanical coupled problems [112].

In [104], the direct data-driven method has been reformulated in order to identify stress

data from a sequence of strain field measurements. Similarly, [40] proposes an automated

discovery scheme for plastic material laws using only strain data.

While this paper aims to enable e�cient multiscale computations with synthetic

microstructures, the direct data-driven method has been also used with real data mea-

surements, based on the identification of two-dimensional stress fields [26, 150, 100]

using Digital Image Correlation (DIC) measurements. Particularly challenging, but not

impossible, is obtaining strain data in the three-dimensional case using Digital Volume

Correlation (DVC) measurements [15], which in turn can be used to identify the corre-

sponding stress data. Furthermore, domain specific measurement techniques are used to

obtain real 3D data, see for example [145] which uses elastography data for a viscoelastic

biomechanical problem.

This paper has two novel, significant improvements over previous work. First, it tackles
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the long-standing problem of finding the global optimizer of the double minimization

problem [82] which was also reported in [73, 48, 125]. This problem is in particular

relevant for rather sparse data sets with three-dimensional, nonlinear material behavior.

We propose a simple variation of the original fixed-point algorithm that e�ectively helps

to escape local minima and reduces the dependence on the choice of metric coe�cients.

Compared to previous works, the particular advantages of the proposed approach are that

it is easy to implement and does not increase the computational e�ort, yet is e�ective.

Second, we contribute an incremental improvement for the systematic data acquisition

problem in the multiscale context compared to previous work [89, 54]. In particular, we

show how to exploit the material tangent information and the intrinsic error measure of

the direct data-driven approach using a weighted k-means algorithm. The result is an

e�ective and consistent data set enrichment scheme for nonlinear and path-dependent,

force and displacement driven problems, thus minimizing the number of costly RVE

evaluations in an unsupervised manner.

The paper is structured accordingly: in Section 2, we briefly review the theory of

direct data-driven mechanics; in Section 3 the improved solver is formulated and tested

on a numerical example; in Section 4 the adaptive data generation scheme is developed

and evaluated with the aid of a numerical example. Finally, in Section 5 we summarize

our findings and provide an outlook for further work.

2.3 Preliminaries: direct data-driven mechanics

In this section, we provide a compact review of the direct data-driven computing

paradigm as proposed by [82] and the notation used in the following sections. We

consider discretized mechanical systems of m material points, each characterized by a

strain state "e 2 Rd, a stress state �e 2 Rd and a volume we 2 R. Hereby, the index

e indicates the specific material point and d is the dimension of stress and strain, that

is d = 6 in the considered three-dimensional, geometrical linear case. In addition, we

define the weighted Euclidean norms k"ek2 := "e · Ce"e and k�ek2 := �e · C�1
e �e in

order to account for di�erent units of stresses and strains. The matrix Ce contains metric

coe�cients whose influence is studied in Section 2.4.

The idea of the direct data-driven approach is to formulate the solution of the boundary

value problem explicitly in the given experimental stress-strain data, which is given in
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the form of local data set(s)

De = {("0i, �0
i)}ne

i=1 (2.1)

with ne material data points. The direct data-driven solution is then defined as that

assignment of data points to each material point which fulfills the physical constraints

of force equilibrium and kinematical compatibility simultaneously in an optimal sense.

We describe the kinematical compatibility by the set

E" :=
�
("1, . . . , "m) 2 Rmd : "e = Beu, e = 1, . . . ,m

 
(2.2)

of all strain fields " 2 E" which are derived from displacement fields u 2 Rn by the

geometrical discretized gradient operator Be 2 Rd⇥n. Hereby, n is the number of

degrees of freedom of the overall system including boundary conditions. Similarily, the

force equilibrium is described by the set

E� :=

(
(�1, . . . , �m) 2 Rmd :

mX

e=1

weB
T
e �e = f

)
(2.3)

of all stress fields � 2 E� which fulfill the discretized force equilibrium given a force

field f 2 Rn. Similiarly to the local norms, we define k"k2 :=
Pm

e=1 wek"ek2 and

k�k2 :=
Pm

e=1 wek�ek2 as the global norms accounting for the di�erent material point

volumes we.

Formally, we denote the set of all possible assignments of data points to material

points by

D = D1 ⇥D2 ⇥ · · ·⇥Dm (2.4)

and one such assignment by ("0, �0) = (("0e=1, . . . , "
0
e=m), (�

0
e=1, . . . , �

0
e=m)) 2 D. We

note that Eq. (2.2) and (2.3) constrain the strain and stress fields independently of each

other and the coupling between the two fields is only established by the material data

set.

Using these notations, the direct data-driven problem can be formulated by

min
("0,�0)2D

✓
min
"2E"

k"� "
0k2 + min

�2E�

k� � �
0k2
◆

(2.5)
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with an optimal data assignment ("0, �0) and its corresponding, closest admissible strain

and stress fields (", �) as the solution.

For the computation of the closest compatible strain field and the closest equilibrium

stress field we introduce the two projection operations P"("0) = argmin"2E" k" � "
0k2

and P�(�0) = argmin�2E� k� � �
0k2 which consists in solving two linear, decoupled

systems of equations

⇥
B

T
redWCB red

⇤
u red = B

T
redC"0 (2.6a)

⇥
B

T
redWCB red

⇤
⌘ red = f red � B

T
redW�

0
. (2.6b)

Here B red is the assembled, discretized gradient operator, or B-operator after re-

moving the degrees of freedom associated to Dirichlet boundary conditions, W =

diag(w0, w1, . . . , wm) the material point volumes, C = diag(C1,C2, . . . ,Cm) the met-

ric coe�cients and f the applied external force vector.

From the two solutions of Eq. (2.6) the projection operations follow as

P"("
0) = Bu (2.7)

P�(�
0) = �

0 + CB⌘. (2.8)

Note that B denotes the assembled B-operator including the degrees of freedom ac-

counting for boundary conditions. Also, u contains u red as well as the applied Dirichlet

boundary conditions and ⌘ contains ⌘ red as well as zeros at the constraint degrees of

freedom.

For the two projection operations involved, i.e. the computation of the closest com-

patible strain field P"("0) = argmin"2E" k"�"
0k2 and the closest equilibrium stress field

P�(�0) = argmin�2E� k� � �
0k2 only two linear, decoupled system of equations have

to be solved.

It is important to realize that the number of possible data assignments |D| = ⇧m
e=1ne is

of combinatorial complexity and a solution to problem (2.5) is not directly computable.

Therefore, several heuristic solver schemes has been proposed. The fixed-point solver

proposed by [82] which we call in the following the "original fixed-point solver" is
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summarized in Alg. (1).

Algorithm 1 Original Fixed-Point Solver

Require: Constraint set E = E" ⇥ E�.
Require: Local data set(s) De = {("0i, �0

i)}ne
i=1.

Require: Convergence tolerance TOL
Initialize: ("0, �0) 2 D randomly
Initialize: F0  0, F  1
while |F � F0| < TOL do

Set: " P"("0)
Set: �  P�(�0)
Set: F0  F

Set: F  1
m

Pm
e=1 (k"e � "

0
ek+ k�e � �

0
ek)

for e = 1 . . .m do
Set: ("0e, �

0
e) argmin("0i,�

0
i)2De (k"e � "

0
ik2 + k�e � �

0
ik2)

end for
end while
return ("0, �0), (", �)

2.4 Randomized fixed-point solver: an alternative solver
scheme

2.4.1 Motivation

The first contribution is an enhancement of the original solver scheme summarized in

Alg. 1, which is beneficial for all kind of data-driven problems within the present

framework. As also reported in [73, 125], the original solver fails to find the global

minimizer of the optimization problem, in particular in the case of sparse data sets. In

addition, the accuracy depends on the metric parameter Ce, which has to be chosen in

advance. To improve the accuracy, [73] proposes a mixed-integer global optimization

technique, which becomes however computationally ine�cient for larger systems. More

closely to the original algorithm, [48, 125] proposes to adapt the metric coe�cient

online in an adaptive way in order to improve convergence properties, which requires

however to assemble the sti�ness matrix and build the data search structures multiple

times during the online computation and additional local fitting procedures.
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2.4.2 Proposed method: randomized fixed-point solver

We propose a variation of the original algorithm that overcomes the aforementioned

issues while requiring only minimal changes. The basic idea of the algorithm is to

perform the data search separated for stresses and strains in each material point in

a randomized manner. In contrast to the original algorithm, which assigns to each

material point the data point that minimizes simultaneously the distance of stresses and

strains, our proposed algorithm searches only for the data which is closest with respect

to either stresses or strains. If a given material point executes a strain search (and not a

stress search), it is decided randomly with probability p = 1/2 at each iteration. Since

we cannot expect that the error will decrease in every iteration, it is necessary to adapt

the convergence criteria. The algorithm will be terminated if the optimal solution cannot

be further improved after a certain number of iterations. The algorithm is summarized

in Alg. 2.
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Algorithm 2 Randomized Fixed-Point Solver

Require: Constraint set E = E" ⇥ E�.
Require: Local data set(s) De = {("0i, �0

i)}ne
i=1.

Require: Maximum number of iterations with increasing error n trial

Initialize: ("0, �0) 2 D randomly
Initialize: F min  1
j min = 0, j = 0
while j < j min + n trial do

Set: " P"("0)
Set: �  P�(�0)
Set: F  1

m

Pm
e=1 (k"e � "

0
ek+ k�e � �

0
ek)

if F < F min then
Set: F min  F

Set: j min  j

end if
Set: j  j + 1
for e = 1 . . .m do

Set: r ⇠ Ber(1/2) #Bernoulli random variable
if r = 0 then

Set: ("0e, �
0
e) argmin("0i,�

0
i)2De k"e � "

0
ik2

else
Set: ("0e, �

0
e) argmin("0i,�

0
i)2De k�e � �

0
ik2

end if
end for

end while
return ("0, �0), (", �)

2.4.3 Numerical example: stamp

2.4.3.1 Setup

We compare the proposed randomized fixed-point solver with the original fixed-point

solver by means of a numerical example. The considered boundary value problem is

shown in Fig. (2.1). The data set in this section is set to the reference solution using a

three-dimensional von-Mises plasticity material model with linear isotropic hardening

containing 34606 data points.

The material parameters are chosen as follows: Young’s modulus E = 1000.0[MPa],

Poisson’s ratio ⌫ = 0.3, hardening modulus H = 100.0[MPa] and initial yield strength
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�y0 = 25.0[MPa]. The shear loading ū(t) = (10t/t max, 0, 0) is applied in 10 load steps.

The finite element mesh consists of 3146 linear tetrahedral elements in three dimensional

space.

(a) (b)

Figure 2.1: Stamp boundary value problem.

2.4.3.2 Results

First, we investigate the influence of the metric coe�cients Ce = cI , where we set

the metric tensor proportional to the identity matrix. We consider a single time step at

t = 0.5tmax. The error is defined by the mean distance of the converged solution ("0, �0) to

the reference solution (" ref, � ref) as E ref =
1
m

Pm
e=1 (k"e, ref � "

0
ek+ k�e, ref � �

0
ek) using

a fixed reference metric Ce, ref = 1000I so that the error measurement is independent of

the metric parameter and thus comparable for di�erent choices of c. Since the reference

solution is included in the data set, we ideally expect any data-driven solver scheme to

find a solution which satisfies equilibrium and compatibility up to numerical precision

of the data. The results shown in Fig. 2.2 A) depicts the dependency of the original

solver scheme on the metric coe�cient c. Additionally, the original algorithm fails

to find the global minimizer even for an optimal choice of the metric. In contrast,

remarkably, the proposed randomized solver scheme computes independently of the

chosen metric an almost optimal solution. Performing 30 independent runs, the original

algorithm achieves in the best case for c = 1000 an error of 0.55 while the randomized

solve achieves on average over all choices of c an error of 2.2 · 10�5 with a standard

deviation of 2.0 · 10�4. These measures are heavily influenced by the outliers which
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does not find the exact solution: 423 out of 450 (15 di�erent metrics times 30 samples

each) computations have an error below 10�16 meaning that the exact reference solution

was found in these cases. Thus, the randomized solver finds independently of the

metric coe�cient c in most runs the optimal solution. In Fig 2.2 B) the evolution of

the error during the iterations is shown for both algorithms for c = 1000. While the

original algorithm takes in the first iterations large steps towards the minimum, it cannot

e�ectively escape local minima. The randomized algorithm starts slower and does not

necessarily decrease the error in each iteration, however, it has the capability to compute

almost optimal solutions. Fig 2.2 C) visualizes the local data set and the computed

solution of optimal data assignments of each material point.

The randomized solver comes with no computational overhead. The computation

time per iteration for the original algorithm is on average 0.034[s] and 0.025[s] for the

randomized algorithm. One explanation for this is that the data search in the randomized

algorithm is distributed to two search structures of dimensionality 6 (dimension of

stress/strain) instead of a single search structures of dimensionality 12, without adding

any additional number of search operations. In addition, we emphasize that only minimal

changes are required to implement the proposed randomized fixed-point solver with

respect to the original fixed-point solver [82]. Nevertheless, we observe significant

improvements in both accuracy and robustness with respect to the choice of the metric

parameters.
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(a)

(b)

(c)

Figure 2.2: A) Influence of the metric parameter on the original and randomized al-
gorithm. Shaded areas denote the maximum deviations from the mean of
30 independent runs. B) Error in constraints during the iterations for both
algorithms for c = 1000. C) Blue: Local data set, orange: optimal data point
assignment of each material point.
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2.5 Adaptive data generation using FFT-based
microstructure models

2.5.1 Motivation

In this section, we consider the more realistic scenario in which only an incomplete or

even empty data set is available. We perform virtual experiments using a computational

microstructure model (in the following also called representative volume element (RVE)

model), using its homogenized stress and strain response as data points. Since we use the

data from the RVE model directly in the macroscopic boundary value problem, we ensure

that the material response is "ground-truth" and not a�ected by possibly wrong material

model predictions. Of course, the "ground-truth" of the microstructure model is also

assumption which has to be validated in real-world applications. However, computational

RVE models o�er a convenient way to systematically improve the accuracy of the

complex material behavior by means of refinement of the RVE.

In particular, we develop a systematic and automated scheme for enriching a data set in

order to solve a boundary value problem with a data-driven solver scheme with a desired

accuracy, while minimizing the number of costly RVE evaluations. One advantage of

the direct data-driven paradigm is that a data-driven solution, i.e., an optimal assignment

of data points to material points, provides a direct measure of the data that is missing

in order to fulfil equilibrium and kinematical compatibility for a given boundary value

problem. Using this information leads to a so-called goal-oriented data generation

scheme since it generates data for a specific BVP [54]. Nevertheless, this data may also

be useful for further, di�erent subsequent loading conditions or di�erent BVPs with the

same material.

This paper considers the behavior of a rate-independent plastic material. However,

unloading is not considered, as the focus is on the performance of the data generation

scheme, which is isolated from the e�ects of a history parametrization for the data-driven

solver scheme. It is important to note that even simple loading is path-dependent, and

thus the entire loading path must be considered when evaluating the RVE.
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2.5.2 Proposed method: adaptive data generation

The general procedure of the proposed method is as follows: Step 1) Given the current

data set compute a data-driven solution. Step 2) Compute new proposal strain paths

using the given information of data, equilibrium, and compatibility. Step 3) Cluster

these strain paths to avoid duplicate RVE evaluations using the error measurement. Step

4) Evaluate RVE with clustered strain paths and add the new stress-strain paths to the

data set. Then repeat until desired tolerance is achieved. The following subsections

provide the details for each step.

2.5.2.1 Step 1) data-driven solution

To compute the optimal assignment of data points to material points we use the random-

ized solver scheme proposed in section 2.4. Since a sequence of loadings is applied to the

BVP, we label each solution by a time index t 2 [1, 2, . . . , T ] as ("0t, �
0
t) and ("t, �t), thus

obtaining path data. Recall that ("0t, �
0
t) 2 D is the optimal data field and ("t, �t) 2 E

the closest admissible strain and stress field w.r.t. to that assignment of data. We indicate

path data by an underline, for instance one local, compatible, strain path is denoted by

"e = ("e,1, "e,2, . . . , "e,T ). We also store the local errorFe,t = k"0e,t�"e,tk2+k�0
e,t��e,tk2

at every material point e in every time step t.

2.5.2.2 Step 2) strain paths proposals

We propose to store and use the homogenized material tangent information of the RVE,

which may be either computed analytically or by means of strain pertubations. For each

data point ("0i, �
0
i) 2 De the measured tangent is denoted by T

0
i . Then, we denote the

tangent associated to the local data point assignment ("0e,t, �
0
e,t) 2 De of material point e

at time t by T
0
e,t. The whole tangent field corresponding to the assignment ("0t, �

0
t) 2 D

is then denoted by T
0
t . Using the tangent information allows us to evaluate the RVE in

a purely strain-driven manner, even in a force-driven BVP, which is easy to implement

and always available in contrast to mixed-loading RVE evaluations.

We now compute proposal strain fields "⇤t for each time step t independently, in such a

way that that each is kinematically compatible, and the associated tangent stress field is

in equilibrium. Kinematical compatibility is ensured by expressing "
⇤
t = B redured,t + "t.

The associated tangential stress field around the computed data field ("0t, �
0
t) is then given
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by �(ured,t) = �
0
t + T

0
t (B redured,t + "t � "

0
t). We enforce equilibrium by the discretized

equilibrium equation B
T
redW�(ured,t) = f red. After inserting we obtain

�
B

T
redWT

0
tB red

�
u
⇤
red,t = f red � B

T
redW (�0

t + T
0
t ("t � "

0
t)) (2.9)

which can be solved for u⇤
red,t and thus gives the proposal strain paths "⇤ = {"⇤e}me=1 =

("⇤t : t 2 [1, T ], "⇤t = B redu
⇤
red,t + "t).

The underlying assumption for this approach is, that the material behavior in the

neighborhood of a data point ("0i, �
0
i) is close to its material tangent T 0

i . It is important to

note that this procedure serves only to compute the proposal strain paths in an hopefully

optimal manner for the RVE evaluations, i.e. no extrapolated stress-strain data is included

in the data set, but only actually measured data.

2.5.2.3 Step 3) error-weighted clustering

For each local proposal strain path "
⇤
e we define a weight which accounts for the error of

the material point observed during the data-driven computation by

pe = exp

 
1

↵

TX

t=1

(Fe,t)

!
� 1, ↵ =

1

m

mX

e=1

TX

t=1

(Fe,t). (2.10)

Using this information, we employ a weighted k-means cluster algorithm [110] to cluster

the strain paths using the weights pe in order to give more importance to paths with

larger error, with the result

"̄
⇤
k =

P
e2Sk

pe"
⇤
eP

e2Sk
pe

, k = 1 . . . K (2.11)

where
SK

k=1 Sk is the partition of all material points which minimizes the variance

KX

k=1

X

e2Sk

pek"⇤e � "̄
⇤
kk2. (2.12)

For the sake of compactness we do not provide the details of the well-known (weighted)

k-means clustering as mainstream libraries [127] provide implementations which can be
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directly used without any modification.

The result of the k-means algorithm are the cluster centers{"̄⇤k}Kk=1  KMeans({"⇤e, pe}me=1).

Instead of using these cluster centers for the evaluation of the RVE we use the proposal

strain path which are the nearest to each cluster center. This operation is performed by

the nearest neighbor search

"
⇤
k = arg min

"⇤e2"⇤
k"⇤e � "̄

⇤
kk2, for k = 1 . . . K. (2.13)

The number of clusters K has to be set in advance. Given the number of material points

m, we prescribe a certain cluster ratio r = K/m from which K follows. We will study

the influence of the cluster ratio in the numerical example 2.5.4.

2.5.2.4 Step 4) RVE evaluation

Finally, we compute the new stress data associated to the strain paths {"⇤k}Kk=1. We

perform the RVE evaluations using the Fast-Fourier-Transform (FFT) based fixed point

algorithm proposed by [118]. More e�cient solver schemes [71] are available for

even faster evaluation times. For a review of the state of the art of these solvers

and the computation of material tangents we refer to [147, 51, 53]. The FFT based

solver schemes are e�cient for the evaluation of periodic microstructures and can be

conveniently evaluated with the strain paths without the need to compute an equivalent

displacement loading. In the solver scheme, a reference sti�ness C0 has to be defined,

usually as the average elastic sti�ness matrix of each constituent. For convenience, we

use this reference sti�ness also as the metric coe�cients Ce of the data-driven solver

scheme.

The availability and acquisition of realistic three-dimensional microstructures is still

limited and subject to research. In this work, we obtained a sample from the public

online library Microlib [81] which is based on a generative adversarial network (GAN)

architecture that generates 3D microstructures based on real images of microstructure

slices[80]. The workflow for generating the FFT model used in the following using this

method is visualized in Fig. (2.3)



2.5 Adaptive data generation using FFT-based microstructure models 29

Figure 2.3: Workflow for the generation of the FFT model using SliceGAN
(https://microlib.io) [80, 81]: 1) real image of a microstructure 2) gener-
ated 3D microstructure from a trained GAN 3) downsampled FFT-model
with 323 pixels showing a strain field.

2.5.3 Algorithm summary

The proposed adaptive data generation algorithm is summarized in Algorithm 3.
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Algorithm 3 Adaptive data generation

Require: Constraint set(s) Et.
Require: Initial local data set(s) with tangents De = {(0, 0, T 0

0)}.
Require: Target error tolerance tol

Initialize: it 0
while F99% > tol do

for t = 1 . . . T do
Set: "t, �t, "

0
t, �

0
t, Ft  Min_Dist(Et, De)

Solve Eq. (2.9) for u⇤
red,t

Set: "⇤t  B redu
⇤
red,t + "t

end for
Set: F99%  percentile(Fe,t, 99)
Set: pe (Eq. (2.10))
Set: K = int(r(it) ⇤m) # cluster ratio * number of material points
Set: {"̄⇤k}Kk=1  KMeans("⇤, sample_weights = pe)
Set: "⇤k  argmin"⇤e2"⇤ k"

⇤
e � "̄

⇤
kk2

for k = 1 . . . K do
Set: �⇤

k, T
⇤
k  RVE("⇤k)

Set: De  De [ ("⇤k, �
⇤
k, T

⇤
k)

end for
Set: it it+ 1

end while
return De

2.5.4 Numerical example: beam

2.5.4.1 Setup

As a numerical example, we consider the beam shown in Fig. (2.4). The monotonically

increasing force F (t) is distributed over the surface A as F (t) =
R
A 5 t

[s] da [ MN] for

time t 2 (0, 1)[s] within 20 time steps, having the whole left edge of the beam clamped

in all directions. The mesh consists of 13753 linear tetrahedral elements.

We assume homogeneous material behavior over the structure and no randomization

of the microstructure, i.e. the material behavior of every material point is described by

the same RVE. The RVE is resolved by 323 pixels as shown in Fig. (2.3) and contains

two phases, Aluminium and Copper. We assume that the material behavior of each

phase is less complex than the overall response of the RVE and can thus be described by
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Figure 2.4: Beam boundary value problem.

a Von-Mises plasticity model with isotropic hardening. The material parameters for the

two phases are chosen as follows: E Al = 68000[MPa], ⌫ Al = 0.36, �y0,Al = 240[MPa],

H Al = E Al/1000 and E Cu = 110000[MPa], ⌫ Cu = 0.343, �y0,Cu = 33.3[MPa], H Cu =

E Cu/1000.

2.5.4.2 Results

We evaluate the performance of the proposed adaptive data generation scheme for

di�erent cluster ratios. Every simulation starts with a data set containing only a zero

data point and is iterated until the error tolerance 10�5 is achieved. For this, we measure

the 99-percentile error F99% of all local errors Fe,t. This error measure is much stricter

than for instance the mean or median of all local errors, but excludes a small fraction

of maximum errors which tend to fluctuate due to inaccuracies of the data-driven solver

scheme.

First, we have run the adaptive data generation scheme for the cluster ratios r = 1%

and r = 10%. The error over the data set size is shown in Fig. 2.5). For a better

comparison, we also provide the data set size per number of material points and time

steps. We observe that it is much more e�cient to add very few data (i.e. a cluster

ratio of 1%) in the first iterations instead of adding larger amounts of data. The reason

for this is that at this stage the strain paths are not yet converged and thus the generated

data cannot be reused in later iterations. However, once the system has reached a certain

level of convergence (the cutting point of the orange and blue line in Fig. (2.5) A)) a

higher cluster ratio is more e�cient, since a strong clustering smears out the accurately

requested proposal paths too much.

This motivates our suggestion to start slowly by adding very little data, but then
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successively increasing the cluster ratio. Based on this we have run the scheme using a

successively increasing cluster ratio defined by the heuristic formula

r(it) = [0.1 + (1� e
(�it/20))(10� 0.1)]% (2.14)

where it is the iteration number and 0.1% and 10% chosen starting and final cluster

ratios, respectively. As shown in Fig. (2.5) A) by the green curve this increasing cluster

ratio scheme achieves the best results, i.e. achieves any error level with a minimum

amount of data.

In order to assess what is a reasonable error level we evaluate the macroscopic

response of the system as shown in Fig. (2.5) B). Here, we measure the average, vertical

displacement of the right edge of the beam as function of the applied force density. From

this, we conclude visually that an error range in the order of F99% ⇠ 10�3� 10�4 results

in a converged macroscopic system response.

(a) (b)

Figure 2.5: A) 99-percentile error for the iteratively enriched data sets using di�erent
cluster ratios. B) Force-Displacement curve for di�erent iterations of data
generation. Colored by the logarithm of the 99-percentile error.

The measured CPU times (as computed on a 24 cores shared cluster node) are reported

in Fig. (2.6). We note that, for su�ciently large and realistic RVEs, the CPU time

correlates directly to the amount of generated data, rather than to the number of iterations

of data generation. The reason for this is, that the data-driven solving time compared to



2.5 Adaptive data generation using FFT-based microstructure models 33

the data generation time is much smaller, as shown in Fig. (2.6) B) for the increasing

cluster ratio scheme. Note that the clustering is performed in the order of a few seconds,

and it’s computing time thus neglectable. Choosing a reasonable target tolerance of

F99% = 10�4 the overall computational cost is approximately 12 hours, thus enabling

the solving of the three-dimensional multiscale problem in an acceptable time.

(a) (b)

Figure 2.6: A) CPU times for the di�erent cluster ratios. B) CPU times per iteration
for the increasing cluster ratio scheme until a accuracy of F99% < 10�4 is
reached.

Finally, we compare the performance of the newly proposed randomized fixed-point

solver scheme to the original solver as shown in Fig. (2.7). In addition to the 99-

percentile error, we show the maximum error Fmax = maxFe,t, i.e. the maximum local

error of all material points and times steps. The randomized solver clearly outperforms

the original solver by e�ciently escaping local minima.
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Figure 2.7: Comparison of the original and the newly proposed randomized fixed-point
solver schemes for the increasing cluster ratio. In addition to the 99-percentile
error, the maximum error is shown.

2.6 Summary and concluding remarks

We have presented two algorithms, an accurate solver algorithm and a strategy for

adaptive data generation. Both have been shown to lead to significant improvements for

relevant, three-dimensional multiscale problems.

The proposed solver algorithm is easy to implement and requires only minimal changes

from the original solver algorithm. However, it can significantly improve the accuracy.

This is achieved by searching separately for stresses and strains, thus e�ectively removing

the impact of choice for metric coe�cients. By randomization, local minima can be

e�ciently escaped. Since no additional nearest neighbor searches or other operations

are performed, we observe no additional computational costs.

Based on this solver, we developed a new adaptive data generation algorithm using the

material tangent information and an error-weighted k-means clustering. This automated

and systematic approach to dataset enrichment has consistently minimized errors. For

the numerical example under study, we have reached an acceptable error level at a dataset

size below the number of material points times the number of time steps. In comparison

to a classical inelastic finite element computation, where the RVE must be evaluated

multiple times per time step, the proposed method demonstrates significant potential.

We anticipate the benefits to be even more substantial when multiple boundary value
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problems are computed, allowing for the reuse of previously computed data.

The error-weighted k-means clustering guidance for RVE evaluations can also be

beneficial for model-based schemes. In this context, it can be used to validate the

material model for predictions in regions without measured data by optimal selected,

limited RVE evaluations. Using this for future works, a fair comparison between a model-

based and direct data-driven scheme can be performed. While the clustering algorithm

already incorporates strain path RVE evaluations, future works need to include history

dependent data-driven solvers [33] in order to compute unloading scenarios. Finally,

the proposed method can be extended to data from randomized microstructures and

potentially from di�erent pixel resolution levels for uncertainty quantification purposes.
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3.1 Abstract

We extend the model-free Data-Driven computing paradigm to solids and structures that

are stochastic due to intrinsic randomness in the material behavior. The behavior of

such materials is characterized by a likelihood measure instead of a constitutive relation.

We specifically assume that the material likelihood measure is known only through an

empirical point-data set in material or phase space. The state of the solid or structure is

additionally subject to compatibility and equilibrium constraints. The problem is then

to infer the likelihood of a given structural outcome of interest. In this work, we present

a Data-Driven method of inference that determines likelihoods of outcomes from the

empirical material data and that requires no material or prior modeling. In particular,

the computation of expectations is reduced to explicit sums over local material data

sets and to quadratures over admissible states, i. e., states satisfying compatibility and

equilibrium. The complexity of the material data-set sums is linear in the number of data

points and in the number of members in the structure. E�cient population annealing

procedures and fast search algorithms for accelerating the calculations are presented.

The scope, cost and convergence properties of the method are assessed with the aid

selected applications and benchmark tests.

3.2 Introduction

Some classes of materials exhibit behavior that is intrinsically random. A compelling

example is set forth by brittle materials with random tensile strength [14]. Struc-

tural members made of such materials may fail—and lose their load-bearing capacity

altogether—at tensile stresses that are sensitive to critical flaws in the material. Since

such flaws have random geometry, the tensile strength of the material is likewise random

(cf., e. g., refs. [139, 11] concerning the example of carbon fibers). In addition, em-

pirical material data may be noisy due to experimental measurement error and scatter.

This observational noise may be reduced by improving the precision of the experimental

measurements. By contrast, the intrinsic randomness of the material is not eliminated

by removing observational noise.
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(a) (b)

Figure 3.1: Brittle material with random tensile strength, member e of the structure.
a) Local material likelihood function LD,e providing the likelihood that the
local material state (✏e, �e) be on the unfailed and failed branches of the
local material set, respectively. b) Empirical local likelihood measure µD,e

sampled from LD,e.

The behavior of random materials is characterized by a likelihood measure instead of

a constitutive relation. In principle, any local material state (✏e, �e) is possible, albeit

with varying likelihood. For instance, for a brittle material with random tensile strength

undergoing monotonically increasing strains, the stress may take values in anyone of two

branches, corresponding to a failed or un-failed material, with respective likelihoods

determined by the distribution of tensile strength, Fig. 3.1a.

In addition, local stresses and strains in solids and structures are subject to compati-

bility and equilibrium constraints. These field constraints are known exactly, though the

loading may also be random in some applications. The inference problem is then to de-

termine the likelihood of structural outcomes of interest when the states of the structure

are required to be admissible, in the sense of satisfying compatibility and equilibrium,

and the material is characterized by a given material likelihood measure.

However, the requisite material likelihood measures are often unknown exactly and

characterized only partially through empirical material data, Fig. 3.1b. A common

response to that challenge is to model the empirical material data, e. g., by assuming the

existence of an underlying reduced manifold in phase space masked by noise obeying

a prespecified prior distribution. However, in general no such reduced manifold may

exist and the form of the prior may be unknown and subject to surmise, which inevitably
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introduces modeling bias and uncertainty and may prevent convergence with respect to

the empirical data altogether [126].

For instance, for brittle materials with random tensile strength the material states may

occupy one of two branches, corresponding to a failed or un-failed material, and no

single-valued stress-strain relation exists, Fig. 3.1a. In addition, in approaches based on

Bayesian statistics (cf., e. g., [28] for a review) it is common to presume a certain class of

priors, most commonly Gaussian [85, 86], which may not contain the actual likelihood

function of the material. For instance, if the tensile strength of a brittle material obeys

a Weibull distribution (cf., e. g., [5, 122] for the example of carbon fibers), methods

assuming a Gaussian prior inevitably converge to the wrong answer with increasing

sample size.

In this work, we present an alternative method of inference that determines likeli-

hoods of outcomes directly from the empirical material data and requires no material

or prior-distribution ansätze. We begin by ’thermalizing’ the data, which e�ectively

replaces the empirical material likelihood by a sum of Gaussians of a certain width

[21]. The thermalized likelihoods also follow variationally by minimizing a regularized

Kullback-Leibler divergence [96, 95, 130] from the empirical material likelihood. Like-

wise, an optimal annealing schedule follows variationally by minimizing the regularized

Kullback-Leibler divergence with respect to temperature. The sequence of thermalized

likelihoods thus obtained is then used to approximate expectations of outcomes. In this

manner, the computation of expectations is reduced to explicit sums over local material

data sets and quadratures over admissible states, i. e., states satisfying compatibility and

equilibrium. When restricted to the computation of maximum-likelihood outcomes, the

present approach reduces to the minimum-distance (min-dist) Data-Driven method of

[82] in the deterministic case with uniform data convergence, and to the maximum-

entropy (max-ent) Data-Driven method of [83] in the case of noisy data with outliers.

It bears emphasis that, in the present Data-Driven approach, expectations are computed

directly from the material data and that no material model or prior distribution need to be

contrived at any point of the calculations. The complexity of the Data-Driven inference

calculations is linear in the number of material data points and in the number of members

in the structure or Gauss points in the solid. We formulate e�cient population annealing

procedures and fast-search algorithms for accelerating calculations further. Specifically,

the population annealing algorithm reduces the complexity of the calculations and it
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renders it linear in the size of the material data-point population. The calculations are

further accelerated by recourse to a hierarchical k-means algorithm for the computation

of the annealing energy with limits on the number backtracking operations.

The convergence properties of the method with respect to the empirical data are as-

sessed with the aid of selected applications and benchmark tests, including a standard

verification test based on Gaussian material data, brittle materials exhibiting random

tensile strength, and a simple lightweight space structure. Robust convergence of pos-

terior distributions is obtained in these tests, consistent with quantitative error estimates

derived from analysis [21, 22]. The ability of the proposed Data-Driven method of in-

ference to deal e�ectively with general material data sets and complex behavior without

need for models, hypotheses or assumptions is quite remarkable. The numerical tests

additionally attest to feasibility of the calculations and the e�ectiveness of acceleration

methods such as population annealing and hierarchical k-means searches.

3.3 The inference problem

We consider finite-dimensional systems comprising m components whose state is char-

acterized by two work-conjugate fields ✏ ⌘ {✏e 2 Rd
, e = 1, . . . ,m} and � ⌘ {�e 2

Rd
, e = 1, . . . ,m}. We refer to the space of pairs Ze = {ze ⌘ (✏e, �e) 2 Rd ⇥ Rd} as

the local phase space of component e, and Z = Z1 ⇥ · · ·⇥ Zm = RN⇥N , N = md, as

the global phase space of the system. We suppose that a suitable norm is defined in Z,

e. g.,

kzk = k(✏, �)k =
 

mX

e=1

we

⇣
Ce✏e · ✏e + C�1

e �e · �e

⌘!1/2

, (3.1)

where we > 0 are weights and Ce 2 Rd⇥d
sym,+ are positive definite symmetric matrices,

e = 1, . . . ,m.

3.3.1 Example: trusses

We illustrate the essential structure of discrete field theories by means of the simple

example of truss structures. Trusses are assemblies of bars that deform in uniaxial

tension or compression. The bars are articulated at common joints, or nodes, that act as
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hinges, i. e., cannot transmit moments. Trusses are examples of connected networks that

obey conservation laws. Other examples in the same class include electrical circuits,

pipeline networks, tra�c networks, and others.

The material behavior of a bar e is characterized by a particularly simple relation

between uniaxial strain ✏e and uniaxial stress �e. Thus, in this case the local phase

spaces are Ze = R⇥ R. These local states are subject to the following laws:

i) Compatibility: Suppose that bar e is connected to nodes a and b. Then, the strain

in the bar is

✏e =
ub � ua

Le
· de, (3.2)

where Le is the length of the bar and de is the unit vector pointing from a to b.

ii) Equilibrium: Let Sa be the star of an unconstrained node a, i. e., the collection of

members connected to a. Then, we must have

X

e2Sa

�edeAe + fa = 0, (3.3)

where Ae is the cross-sectional area of bar e and fa is the force applied to node a. ⇤

3.3.2 The constraint set of admissible states

The above example shows that the state of the system is subject to linear constraints of

the general form

mX

e=1

weB
T
e �e = f, (3.4a)

✏e = Beu+ ge, e = 1, . . .m, (3.4b)

where u 2 Rn is the array of degrees of freedom of the system, we are positive weights,

Be 2 Rd⇥n is a discrete gradient operator, BT
e is a discrete divergence operator, f 2 Rn

is a force array resulting from distributed sources and Neumann boundary conditions

and the arrays ge 2 Rd follow from Dirichlet boundary conditions. The constraints (3.4)

are material independent and define an a�ne subspace E of Z, the constraint set. The

constraint set E encodes all the data of the problem, including geometry, loading and
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boundary conditions. The constraints (3.4) can also be expressed in matrix form as

B
T
⌧ = f (3.5a)

✏ = Bu+ g, (3.5b)

with B = (B1, . . . , Bm) 2 RN⇥n, ✏ = (✏1, . . . , ✏m) 2 RN , ⌧ = (w1�1, . . . , wm�m) 2
RN and g = (g1, . . . , gm) 2 RN .

We note that the a�ne space E defined by the constraints (3.5) is a translate of the

linear space E0 defined by the homogeneous constraints

B
T
⌧ = 0 (3.6a)

✏ = Bu. (3.6b)

Evidently, E0 = E✏ ⇥ E�, where E✏ is the linear space defined by (3.6b) and E� is the

linear space defined by (3.6a). Therefore, we have

dim(E0) = dim(E✏) + dim(E�) = dim(Im(B)) + dim(Ker(BT )) = N. (3.7)

Since Z = RN ⇥ RN , it follows that the constraint set E is an a�ne subspace of Z of

dimension N and co-dimension N .

This observation characterizes the structure and dimensionality of the phase space

Z and of the subspace E of all admissible states in Z, or constraint set, i. e., the set

of all the states that satisfy the conservation laws (3.5). To wit, the phase space has

the conventional dual structure Z = RN ⇥ RN of work-conjugate pairs, whereas the

constraint set E is a linear subspace of Z of dimension N and co-dimension N . This

structure is particular to systems obeying conservation laws and sets them apart from

other applications in data science where the data is heterogeneous and unstructured.

3.3.3 Material characterization

We assume that the material behavior is inherently random and characterized by a

positive, continuous, likelihood function LD(y) representing the likelihood of observing

a material state y 2 Z, cf. Fig. 3.1a. Since material behavior is not localized to a

bounded region of phase space in general, the material likelihood function LD contains
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infinite mass and cannot be normalized to define a probability density. The function

�D(y) = � logLD(y) is the corresponding potential.

3.3.4 Example: local material behavior

Material behavior is often local and can be characterized over each member phase space

Ze = Rd ⇥ Rd by a local material likelihood function LD,e 2M(Ze). Assuming that

the behavior of the members is independent, then the global likelihood function is

LD = LD,1 ⇥ · · ·⇥ LD,m, (3.8)

and the global potential is

�D = �D,1 + · · ·+ �D,m. (3.9)

Likelihood functions need not be integrable and do not define a probability density

in general. For instance, suppose that the local behavior is characterized by a sliding

Gaussian of the form, cf. Fig. 3.1a.,

LD,e(ye) = exp
⇣
� we

2s2
k�e � Ce✏ek2

⌘
(3.10)

where ye = (✏e, �e) 2 Ze and the parameter s > 0measures the width of the distribution.

The global likelihood function is, then,

LD(y) = exp
⇣
� 1

2s2

mX

e=1

wek�e � Ce✏ek2
⌘
, k�ek2 = C�1

e �e · �e, (3.11)

y = (✏, �). Equivalently,

LD(y) = exp
⇣
� 1

2s2

⇣
k✏k2 + k�k2 � 2� · ✏

⌘⌘
, (3.12)

with

k✏k2 =
mX

e=1

weCe✏e · ✏e, k�k2 =
mX

e=1

weC�1
e �e · �e, � · ✏ =

mX

e=1

we�e · ✏e, (3.13)
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or

LD(y) = exp
⇣
� 1

2s2

⇣
kyk2 � 2� · ✏

⌘⌘
(3.14)

in the norm (3.1). Evidently, LD,e decays away from the centerline De = {�e � Ce✏e}
but is constant along the line. Hence,

Z

Ze

LD,e(ye) dye = +1, (3.15)

and neither LD,e(ye) nor LD(y) can be normalized. ⇤

3.3.5 Classical inference

If the constraint set E and the material likelihood function LD are fully known, ,

cf. Fig. 3.1a, the expectation of any quantity of interest, represented by a bounded

continuous function f 2 Cb(Z), is simply given by

E[f ] =
R
E f(z)LD(z) dzR

E LD(z) dz
, (3.16)

which fully characterizes the response of the system in the sense of probability.

3.3.6 Example: random trusses

Consider a truss such as defined in Example 3.3.1, with material behavior characterized

by the likelihood function (3.11). In addition, we metrize phase space by means of the

Euclidean norm (3.1). We begin by parameterizing the constraint space E. Recall that

m is the number of members of the truss, Z = Rm ⇥Rm is the phase space and n < m

the number of unconstrained degrees of freedom. Let l = m � n and A 2 Rm⇥l the

matrix whose columns define a basis of Ker(BT ). Further, we define the matrix of

Gauss point volumes as W = diag(w1, . . . , wm). Suppose non-degeneracy in the sense

that � satisfies the equilibrium condition B
TW� = 0 if and only if there is v 2 Rl such

that

� = W�1
Av. (3.17)

We may thus regard v as a discrete Airy potential and A as a discrete Airy operator. In

addition, suppose that ✏ satisfies the compatibility condition A
T
✏ = 0 if and only if there
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are displacements u such that ✏ = Bu. The, the constraint set E0 through the origin,

corresponding to f = 0 and g = 0, admits the representation

E0 = {(✏, �) 2 Z = Rm ⇥ Rm : ✏ = Bu, u 2 Rn; � = W�1
Av, v 2 Rl}. (3.18)

The general constraint set is then the translation

E = z0 + E0, z0 = (✏0, �0), ✏0 = g, B
TW�0 = f. (3.19)

We verify that the dimension ofZ is 2N = 2m and the dimension ofE isN = m = n+l.

We may regard (u, v) 2 Rn ⇥ Rl as a set of coordinates parameterizing E. In this

representation, the posterior likelihood function takes the form

L(u, v) = LD(Bu+ ✏0,W�1
Av + �0), (3.20)

where we write LD(✏, �) for the material likelihood function. The corresponding poste-

rior probability functions then follows by normalization of L(u, v). For instance, if LD

is of the form (3.12), representation (3.20) gives

L(u, v) = exp
⇣
� 1

2s2

⇣
kBu+✏0k2+kW�1

Av+�0k2�2(W�1
Av+�0) ·(Bu+✏0)

⌘⌘
,

(3.21)

or, using the orthogonality properties of A and B,

L(u, v) = exp
⇣
� 1

2s2

⇣
kBu+ ✏0k2 + kW�1

Av + �0k2 � 2W�1
Av · ✏0 � 2�0 ·Bu

⌘⌘
.

(3.22)

From the properties of Gaussian integrals, the expected values (ū, v̄) of the coordinates

(u, v) are obtained by minimizing the potential � = � log(L), with the result,

ū = (BTWCB)�1
B

TW(�0 � C✏0), (3.23a)

v̄ = (ATW�1C�1
A)�1

A
T (✏0 � C�1

�0), (3.23b)

which are computed by inverting the sti�ness and compliance matrices of the truss,

B
TWCB and A

TW�1C�1
A, respectively, with C = diag(C1, · · · ,Cm). The posterior
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probability density then follows as

L(u, v) =
p

det(BTWCB/2⇡s2)
p

det(ATW�1C�1A/2⇡s2)⇥ (3.24)

exp
⇣
� 1

2s2

⇣
(BTWCB)(u� ū) · (u� ū) + (ATW�1C�1

A)(v � v̄) · (v � v̄)
⌘⌘

,

which provides a full account of the probability of outcomes. ⇤

3.3.7 Approximation by empirical data

Suppose, contrariwise, that, as in commonly the case in practice, the material likelihood

functionLD is known only approximately through a sequence of empirical samples, e. g.,

drawn from experimental measurements, consisting of point-data sets Ph = {yh,i, i =
1, . . . ,Mh} ⇢ Z, h = 0, 1, . . . , of size Mh, cf. Fig. 3.1b. We additionally associate

with each discrete data point a certain likelihood ch,i 2 [0, 1] accounting, e. g., for

experimental reliability and scatter [83]. Thus, ch,i = 1 for a data point yh,i that is sure to

be free of experimental error, whereas ch,i < 1 if the experimental measurements show

scatter or are of questionable provenance. For every material point-set Ph, we consider

discrete expectations of the general form

Eh[f ] =
MhX

i=1

⇣Z

E

ph,i(z)f(z) dz
⌘
, (3.25)

where f 2 Cb(Z) is a continuous function representing a quantity of interest, and we

require

ph,i(z) � 0,
MhX

i=1

⇣Z

E

ph,i(z) dz
⌘
= 1. (3.26)

We envision an experimental campaign resulting in point-data samples Ph of in-

creasing size, Mh " 1 and increasing fidelity ch,i " 1. The central question is, then,

under what conditions on the data, if any, and what choices of probabilities ph,i(z) the

approximate expectations Eh[f ] converge to the exact ones E[f ] in the limit as h!1.

We specifically consider probabilities ph ⌘ {ph,i(z), i = 1, . . . ,Mh} that minimize

the regularized Kullback-Leibler (KL) divergence [96, 95]
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G�(ph) =
MhX

i=1

⇣Z

E

⇣
�kyh,i � zk2 + log

ph,i(z)

ch,i
�N log

�

�0

⌘
ph,i(z) dz

⌘
, (3.27)

for some reference �0 > 0. We note that the form (3.25) assumed of the trial expectations

ensures that the implied trial likelihoods are absolutely continuous with respect to the

assumed material point-data set and deterministic loading, a requirement of the KL

divergence. Evidently, the divergence function (3.27) penalizes distance to the constraint

set E, i. e., it assigns an increasing discrepancy to material data points yh,i that are far

from E, while simultaneously attempting to match the a priori likelihood ch,i of the

point. The additional term N log(�/�0) in (3.27) is introduced in order to ensure that

the KL functions (G�) are uniformly bounded with respect to � and it only plays a role

in the variational characterization of �, cf. Section 3.3.8.

The optimal regularized discrete probability ph then follows by minimization of G� ,

with the explicit result

ph,i(z) =
ch,i e��kyh,i�zk2

PMh
i=1

R
E ch,i e��kyh,i�zk2 dz

, z 2 E. (3.28)

We see from this expression that material data points yh,i that are far from the constraint

set E contribute less than points are are close, as expected. The parameter � sets the

scale of the distance as 1/
p
�.

3.3.8 Annealing schedule

We note that, for � ! +1, the posterior probabilities (3.28) degenerate in general.

This degeneracy simply reflects the fact that the point sets Ph are unlikely to have a

consequential intersection with the admissible set E, i. e., the likelihood that a point

yh,i be admissible with respect to a given deterministic loading is zero. As � ! 0, the

posterior probabilities (3.28) also degenerate. There must therefore be an optimal value

of � where the probabilities are least degenerate. Conveniently, this optimal value �h of

� again follows by minimization of the KL divergence (3.27). Thus, evaluating G�(ph)

at the minimizer (3.28), we obtain
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minG� = � log
⇣ MhX

i=1

Z

E

ch,i e��kyh,i�zk2
dz

⌘
�N log

�

�0
. (3.29)

Minimizing with respect to � gives the optimality condition

1

�h
=

1

N

PMh
i=1

R
E ch,ikyh,i � zk2 e��hkyh,i�zk2

dz
PMh

i=1

R
E ch,i e��hkyh,i�zk2 dz

, (3.30)

which defines �h implicitly. Finally, inserting (3.30) into (3.25) we obtain

Eh[f ] =

PMh
i=1

⇣ R
E ch,i e��hkyh,i�zk2

f(z) dz
⌘

PMh
i=1

⇣ R
E ch,i e��hkyh,i�zk2 dz

⌘ , (3.31)

which supplies an expression for the approximate expectations that is explicit up to

quadratures.

3.3.9 Factorization and localization

By exchanging the integrals over E and the sums over data in (3.31), the approximate

expectations have the equivalent form

Eh[f ] =

R
E

PMh
i=1 f(z) e��hkyh,i�zk2

ch,i dzR
E

PMh
i=1 e��hkyh,i�zk2ch,i dz

. (3.32)

The great advantage of this alternative form is that it factorizes with respect to local data,

which eliminates the combinatorial complexity of the first form. Thus, suppose that

Dh =
mY

e=1

De,h, (3.33)

where De,h = {ye,h,i, i = 1, . . . ,Me,h} are local data files. Then,

Z

E

MhX

i=1

f(z) e��hkyh,i�zk2
ch,i dz =

Z

E

f(z)Lh(z) dz, (3.34)
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where

Lh(z) =
MhX

i=1

e��hkyh,i�zk2
ch,i (3.35)

is an inferred likelihood density. For local data, the sum over data factorizes, with the

result

Lh(z) =
mY

e=1

Le,h(ze), (3.36)

where

Le,h(ze) =

Me,hX

i=1

e��hkye,h,i�zek2ce,h,i (3.37)

are local likelihood density functions. We note that the computational complexity of the

expectation is
Pm

e=1 Me,h, instead of
Qm

e=1 Me,h, as before, which renders the evaluation

of approximate expectations computationally feasible.

We further note that, for local data, we can generalize (3.37) to

Le,h(ze) =

Me,hX

i=1

e��e,hkye,h,i�zek2ce,h,i, (3.38)

where we localize temperature. We can then estimate 1/�e,h as the average minimum

distance squared between points in De,h, i. e.,

1

�e,h
⇠ 1

Me,h

Me,hX

i=1

min
j 6=i
kye,h,i � ye,h,jk2. (3.39)

This local approximation of Eq. (3.30) has the advantage that �e,h can be explicitly

pre-computed for each local data set and is therefore used in the following numerical

examples.

Finally, the integrals over E can be conveniently computed by stochastic quadrature.

These and other matters of implementation are discussed next.
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3.4 Numerical implementation

3.4.1 Problem statement

In evaluating (3.32), two main operations need to be performed: the integration over the

constraint set E and the summation over the global material data set for the evaluation

of the material likelihood. The main computational challenges pertaining to these

operations are:

1. The evaluation of the local material likelihood involves a summation over local

data sets for each material point that can be computationally demanding. However,

most data points have negligible influence on the total sum, which suggests the

use of e�cient, carefully designed a propos data structures.

2. The Monte Carlo integration over the constraint set E requires the generation of

random points on E, which requires the repeated solution of global systems of

equations if the sampling is done by projection. It is therefore advantageous to

identify sampling strategies that reduce the number of projections.

3. The thermalized likelihood function implied by (3.31) is exceedingly multi-modal,

featuring peaks at every data point (cf. [73] for a discussion in the context of

min-dist DD). This intricate likelihood landscape arises even if the underlying

likelihood function is smooth and compounds the evaluation of the integrals over

E in (3.31).

These challenges are addressed next in turn.

3.4.2 Population annealing

The complexity of the thermalized likelihood landscape renders the direct application of

standard Markov chain importance sampling strategies, such as the classical Metropolis–

Hastings algorithm [117], di�cult. Therefore, a more tailored sampling strategy is

required, as discussed next.
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3.4.2.1 Population annealing

Population Annealing (PA) [68, 111, 157] is a sequential Monte Carlo method designed

for complex likelihood functions and scalable parallel computations. A set of states,

the population, is maintained in order to explore di�erent regions of phase space that

are possibly separated by energy barriers resulting from local minima. Each population

member performs a relatively short Markov chain importance sampling. In addition,

the population is resampled by a combination of pruning and enriching, in analogy

to Genetic Algorithms. The process is driven by a Simulated Annealing schedule,

which slowly increases the inverse local temperature �e. For every new temperature,

the population is re-equilibrated by resampling and a specified number of Markov chain

moves. In this manner, at low �e the population can escape readily from local minima

and perform a more exhaustive exploration. At high �e, the population is increasingly

driven towards the constraint set E.

3.4.2.2 Initialization and resampling step

The principal idea of the resampling step is to remove and duplicate the population sam-

ples according to their energy while increasing �e in order to accelerate the convergence

to low-energy states. Resampling is done in such a way that the population size fluctuates

around a target population size N⇤
P and equilibrium of the distribution is maintained for

every new temperature.

Initially, at �e = 0, a population P = {zp 2 E : p = 1 . . . NP} of NP states is

generated either randomly by the closest-point projection of random global data points

onto E or using a min-dist DD solver [82]. At initialization, the population size NP

may be chosen equal to the target size N
⇤
P , or set to a di�erent value, in which case the

size gets adapted to the target size during resampling. The energy of the population is

initially set to infinity. For �e > 0, the energy is defined as

ep = �
1

�e

mX

e=1

log
⇣ 1

Me

MeX

i=1

e��ekye,i�ze,pk2
⌘
. (3.40)

where we assume local data and ci = 1 for all data points. The e�cient evaluation of

(3.40) is discussed in Section 3.4.2.4.
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At each iteration, or quench, �e is increased according to

�e = �e +��e (3.41)

for a specified number of quenches NQ. For simplicity, in calculations we choose a

constant increment

��e = �e,f/NQ (3.42)

for a pre-computed target �e,f . The simple choice of �e,f given by the inverse aver-

age nearest neighbor distance (3.39) is used in the numerical examples presented in

Sections 3.5.1 to 3.5.3.

For resampling, the relative weights

⌧̂p = N
⇤
P

e���eep

PNP

i=1 e���eei
(3.43)

are computed for each population member. The required number of copies of population

member p is then conveniently estimated as [156, 7]

lp =

8
<

:
b⌧̂pc, if u > ⌧̂p � b⌧̂pc,

b⌧̂pc+ 1, otherwise,
(3.44)

where u is a random number drawn uniformly from [0, 1) and the floor function bxc is

the largest integer less or equal x. If lp = 0, member p is removed from the population.

The resampling step incurs a modest computational overhead that is o�set by the overall

performance gain resulting from reconfiguring the population to the relevant regions of

the phase space.

3.4.2.3 Markov chain importance sampling step

Resampling introduces a bias since population members may be duplicated. In order

to eliminate this bias, a Markov chain importance sampling step is performed. In this

step, every population member executes a random walk, thereby exploring new states

and decorrelating the population. The random walk consists of repeated random moves

in the constraint set E. We recall that the constraint set E is a linear subspace of
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dimension N = md (number of material points times dimension of stress/strain) in an

2N�dimensional global phase spaceZ. We can conveniently exploit this a�ne structure

and represent E in terms of an N -dimensional basis.

We compute the requisite basis by means of a principal component analysis (PCA). To

this end, we generate K > N random global data points zi 2 Z and project them onto

E. For consistency with the norm (3.1), we further weight the strains and stresses by
p
weC1/2

e and
p
weC�1/2

e , respectively. The weighted states zwi (here and subsequently

the superscript w indicates weighting) are collected in a matrix T 2 RK⇥2N in order

to compute its covariance matrix CE 2 R2N⇥2N . Computing the eigenvectors of CE

associated to the N largest eigenvalues then gives the basis vectors of the constraint set

as a matrix AE 2 R2N⇥N .

To e�ect a move, N random numbers are drawn from a standard normal distribution

and multiplied by a step size sp, transformed back by A
T
E and added to the weighted state

z
w
p

z
w
p,trial = z

w
p + sp g A

T
E, g ⇠ N (0, IN). (3.45)

The proposed move to the trial state zp,trial (obtained by reverse weighting of zwp,trial)

is then either accepted or rejected according to the Metropolis-Hastings acceptance

probability

P�e = min(1, exp(��e(ep,trial � ep))), (3.46)

where ep,trial is the energy of zp,trial. This acceptance criterion allows moves that increase

the energy slightly, in particular at the initial stages of annealing characterized by low �e.

In addition, the step size sp influences the acceptance rate and, therefore, the e�ciency

of the algorithm. In calculations, we chose the simple adaption scheme

sp = sp + (rp � r
⇤)sp, (3.47)

with a target acceptance rate r
⇤ 2 [0, 1]. The acceptance rate rp is measured as the

ratio of accepted moves to the total number of trials NT . The adaption scheme has the

e�ect of reducing the step size if the acceptance rate is smaller than r
⇤, which signals

an overly-aggressive exploration strategy, and increasing it if the acceptance rate is too

small, which contrariwise signals an overly-timid exploration strategy.
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3.4.2.4 Energy computation

The complexity of the evaluation of the energy (3.40) is
P

e Me. However, for su�ciently

large �e a vast majority of the data points contribute neglibly to(3.40), which suggests

restricting the sum with the aid of supporting data structures. In [34], a number of

data structures for local data sets were investigated in the framework of min-dist DD

solvers and the hierarchical k-means tree [47] was found to be particular well-suited for

executing approximate nearest neighbor searches.

In this work, we likewise use the hierarchical k-means implementation of the FLANN

library [120]. The approximate nearest neighbor search provided by the library is per-

formed using a priority queue of maximum lengthN checks in order to reduce backtracking

operations. We employ a radius search technique, which returns all data points ye,i 2 De

within a specified radius

r
2
TOL = � 1

�e
log( TOL). (3.48)

around the query point zp,e. This technique has the advantage over a k-nearest-neighbor

(kNN) search that the number of nearest neighbors k need not be specified. Instead, the

sum is restricted to points whose contribution exceeds the tolerance TOL.

Our numerical tests reveal that using a radius search increases performance markedly

and that, remarkably, the performance gains are insensitive to the choice of tolerance.

Thus, in tests values of TOL = 10�8
, 10�16

, 10�32 delivered nearly identical perfor-

mance. In view of this tradeo�, in all calculations presented subsequently we use

TOL = 10�16. By contrast, the performance of the algorithm is strongly dependent on

the degree of backtracking as set by N checks, cf. Section 3.5.3.

It bears emphasis that only one material data structure needs to be set up for each

specific material in the structure, since all members made of the same material access the

same local data set. Likewise, only one inverse local temperature �e,f and one quenching

scheme is required for each specific material. In particular, if all structural members are

made of the same material, only one material data structure and quenching scheme need

to be maintained and run.
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3.4.2.5 Summary of the algorithm

The described algorithm is summarized in Algorithm 4. It returns the final population

P of size NP . The expectation of a quantity of interest f is evaluated as

E[f ] = 1

NP

NPX

p=1

f(zp), zp 2 P . (3.49)

One advantage of the algorithm is that does not require extensive fine-tuning of the

input variables. Thus, the target population size N
⇤
P , the number of quenches NQ

and the number of Markov chain moves NT are parameters that are chosen as large as

permitted by computational resources. In all calculations, the target acceptance rate is

set to r
⇤ = 0.25. The initial step size s0 influences only the first few iterations as it is

adapted during the quenching schedule. The step size tends to decrease with increasing

dimensionality [57]. Lastly, we note that the population member perform their moves

independently of each other, which renders the algorithm embarrassingly parallel.
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Algorithm 4 Population annealing algorithm

Require: Constraint set E ⇢ Z, basis vectors AE .
Require: Local data set(s) De

Require: NQ, NT , N
⇤
P , s0, r

⇤
, �e,f

Initialize: P  {zp 2 E} randomly or heuristically
Initialize: step size sp  s0

Initialize: energy ep  1
Initialize: �e  0
Set: ��e  �e,f/NQ

for q = 0, . . . , NQ � 1 do
Set: �e  �e +��e

Set: P  Resampling(P ,��e)
for each zp 2 P do

for t = 0, . . . , NT � 1 do
Set: zp,trial  RandomMove(zp, sp, AE)
Set: ep,trial  Energy(De, �e, zp,trial)
Set: u UniformRand(0, 1)
Set: w  exp(��e(ep,trial � ep))
if u  w then

Set: zp  zp,trial

Set: ep  ep,trial

end if
end for

end for
Set: rp  AcceptanceRate
Set: sp  sp + (rp � r

⇤)sp
end for
return P

3.5 Examples of application

We conclude with selected examples of application that illustrate simply the range, scope

and convergence properties of the approach.

3.5.1 Three-bar truss with sliding-Gaussian material data set

We begin with a simple verification example concerned with the three-bar truss shown

in Figure 3.2a loaded by a force P and undergoing a corresponding displacement �.
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In calculations, we set P = 100, L = 1 and all cross-sectional areas A = 1 (here and

subsequently units are omitted). The outcome quantity of interest is chosen to be the

displacement �.

In order to have an analytical reference solution, we assume that the material data set

obeys a sliding-Gaussian distribution, in which case the exact solution of the inference

problem is given in Section 3.3.6. The local material data set is generated according to

Section 3.3.4 with Ce = 10000 and standard deviation s = 5⇥ 10�4. A typical data set

is shown in Fig. 3.2b. We emphasize that such material data sets are the only input to the

calculations and, once generated, the underlying distribution whence they are sampled

is jettisoned altogether and presumed unknown.

(a)

(b)

Figure 3.2: a) Truss with prescribed applied force P undergoing a displacement �.
b) Local material data set with 1000 data points sampled from a sliding-
Gaussian likelihood function.

Calculations are carried out using Algorithm 4 with number of quenches NQ =

100, number of trials NT = 20 and initial step size s0 = 1.0. Nearest-neighbor

searches with radius TOL = 10�16 are performed exactly, i. e., with an unlimited

number of backtracking checks N checks. As a measure of the error we choose the

Kolmogorov–Smirnov statistic e KS, which measures the maximum di�erence between

the exact and computed cumulative distributions.
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(a) (b) (c)

Figure 3.3: Three-bar truss with sliding-Gaussian material data. Computed histograms
vs. exact distribution (red) of displacement � for material data-sets of sizes:
a) Me = 103; b) Me = 104; c) Me = 105.

Fig. 3.3 collects three computed histograms of displacement � for three di�erent

material data-set sizes {103, 104, 105}. The exact Gaussian distribution is shown in

red for comparison. A clear trend towards convergence of the computed histogram to

the exact distribution is apparent from the figure. It bears emphasis that, as expected,

both the exact distribution and the computed histograms of displacement are strictly

unimodal. Unimodality is indicative of a lack of complexity of the behavior of a system.

In particular, the maximum-likelihood state of the system—equivalently, the minimum

free-energy solution—is uniquely defined [83] and the outcomes of the system cluster

around the maximum-likelihood state. For the given problem, the maximum-likelihood

solution is computed to �ML = �2.48 · 10�2.
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(a) (b)

Figure 3.4: Three-bar truss with sliding-Gaussian material data. Convergence of tem-
peratures and computed histograms of displacement �. a) Evolution of �e

during annealing process. b) Kolmogorov–Smirnov (KS) error vs. material
data-set size, NP = 104.

Fig. 3.4a shows the evolution of �e during the annealing process. As may be seen

from the figure, �e increases monotonically with the number of quenches and tends

towards a final value. This final value itself increases with the material data-set size

as the average minimum distance between material data points decreases. Fig. 3.4b

shows the dependence of the Kolmogorov–Smirnov error eKS on the number of material

data points, which again exhibits a clear trend towards convergence. An analysis of the

convergence plot reveals that, asymptotically for large material data sets, eKS ⇠ M
�↵
e ,

where ↵ ⇠ 0.36 is the rate of convergence. These results are consistent with quantitative

error estimates derived from analysis [22]. For completeness, Fig. 3.5a shows the

dependence of eKS on the population size NP . Fig. 3.5b shows the dependence on the

number of quenches NQ for di�erent number of trials NT using a population size of

NP = 5000.
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(a) (b)

Figure 3.5: Three-bar truss with sliding-Gaussian material data, Me = 105. a) KS error
vs. population size, NT = 20 and NQ = 100. b) KS error vs. number of
quenches NQ for di�erent number of trials NT using NP = 5000. The lines
show the mean of 20 repeated computations, the shaded area indicate the
maximum deviation from mean.

3.5.2 Three-bar truss with Weibull tensile-strength distribution

Next, we present a simple example that is designed to illustrate the ability of the method

to deal e�ectively with complex data and behavior. The example concerns the same

structure as in Section 3.5.1, Fig. 3.6a, but the material is now assumed to be brittle with

random tensile strength.
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(a)

(b)

Figure 3.6: a) Truss with prescribed displacement � and reaction force P . b) Local
material data set with 1000 data points sampled from a bimodal likelihood
function with failed and unfailed branches selected according to Weibull
strength statistics, plus superimposed Gaussian noise.

The control parameter is now the displacement �, which is increased monotonically.

The outcome of interest is the corresponding the reaction force P . By virtue of the

monotonicity of �, the strains in all bars also increase monotonically. The behavior

of the bars in compression is linear elastic. By contrast, in bars in tension the stress

increases linearly up to the tensile strength �t > 0 of the material and subsequently drops

to zero at larger strains. In addition, the tensile strength of the material is assumed to be

random and to obey Weibull statistics, with distribution

W (�t) = 1� e�(�t/�0)p , (3.50)

where �0 and p are material-specific parameters. Under these conditions, the likelihood

of observing a local tensile state (✏e, �e) is bimodal and consists of: a branch �e = Ce✏e

with likelihood 1 �W (Ce✏e), corresponding to an unfailed bar; and a branch �e = 0

with likelihood W (Ce✏e), corresponding to a failed bar.

A typical material data set sampled from this likelihood function, with superimposed

Gaussian noise of standard deviation s = 10�4, is shown in Fig. 3.6b. The data set

is intended to mimic empirical data sets such as might be generated experimentally,

including experimental scatter. Again, we emphasize that such material data sets are the
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only input to the calculations and, once generated, the underlying distribution whence

they are sampled is jettisoned altogether and presumed unknown.

(a) (b)

Figure 3.7: Three-bar truss with Weibull tensile strength data. a) Computed mean and
standard deviation of the reaction force P for prescribed displacement �. b)
Computed distribution of P at � = 2⇥ 10�2.

For the simulation parameters, we choose NQ = 50, NT = 10 and NP = 2⇥104 with

data-set size of Me = 103. Fig. 3.7a shows the computed mean and standard deviation

of the reaction force P over a range of prescribed displacements �. Interestingly, the

figure reveals three regimes: i) and initial linear elastic response with low uncertainty,

as measured by the standard deviation; ii) an intermediate regime combining failed and

unfailed bars characterized by a decreasing reaction and high uncertainty; and iii) full

failure, or collapse, with low uncertainty.

Fig. 3.7b in turn shows the computed distribution of P at � = 2⇥10�2. Remarkably,

the distribution is strongly multimodal, a telltale hallmark of complexity. The various

modes correspond to several di�erent possible combinations of failed and unfailed bars

and their attendant likelihoods. For the data used in calculations, the right bar is

computed to remain unfailed with probability 1 or, equivalently, the probability of the

right bar failing is computed to be 0. By contrast, the remaining two bars can be failed

or unfailed with varying likelihoods: no failure (right peak), double failure (left peak),

single failures (two middle peaks). From a global perspective, the various modes in the

posterior likelihood function of P correspond to a clustering, or classification, of global

material data points close to the constraint set. The ability of the method to classify
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outcomes automatically and e�ectively bears remark.

3.5.3 Lightweight space structure

By way of demonstration, we consider the lightweight structure shown in Fig. 3.8

designed to be part of a modular space telescope [101]. We specifically aim to assess

the feasibility of the proposed approach for higher-dimensional problems (constraint set

dimensionN = 39) and its computational performance in terms of resource requirements

and execution times.

Figure 3.8: Lightweight space structure [101]. The red arrow indicates the quantity of
interest (joint eccentricity ue) to be inferred from the analysis.

In calculations, we set the cross-sectional area of the bars to A = 0.1 and the length

of the non-diagonal bars to 1. The structure is constrained throughout its base and

is loaded by longitudinal joint forces P = 5 as shown in Fig. 3.8. As a quantity of

interest, we choose the top central joint eccentricity ue =
p

u2
x + u2

y whereby ux and

uy are the in-plane displacements of the joint. We specifically consider a material data

set with Me = 104 data points sampled from a sliding Gaussian as in Section 3.5.1,

cf. Fig. 3.2. Conveniently, this assumption a�ords a closed-form analytical solution for

the distribution of ue that can be used by way of reference, cf. Section 3.3.6.

For algorithm parameters, we choose NP = 2 ⇥ 103, NT = 10, NQ = 100 and

s0 = 0.01. For faster convergence to low-energy states, we initialize the population

by means of 1000 random min-dist solutions [82] for noise-free data. As expected, the

posterior distribution derived from the initial population is far from the exact distribution,
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Fig. 3.9a. By contrast, a close agreement is achieved following the application of the

population annealing algorithm, Fig. 3.9b, which is remarkable in view of the relatively

small population and material-data sizes used in the calculations. For comparison,

we note that the maximum-likelihood solution [15] is computed to be ue,ML = 0.

This comparison underscores that, while the maximum-likelihood solution can deal

e�ectively with observational noise, it only identifies the most likely state of the system.

By contrast, for intrinsically random systems it is often desirable to infer the entire

posterior distribution of states, as in the present framework.

(a) (b)

Figure 3.9: Lightweight space structure [101]. Computed posterior distributions of the
joint eccentricityue and exact reference distribution (red curves). a) Posterior
distribution obtained from an initial population of 1000 random min-dist
solutions. b) Posterior distribution following application of the population
annealing algorithm.

Finally, we assess the impact of the approximate nearest neighbor search on accuracy

and CPU times for the population size NP = 2 ⇥ 103. The absolute CPU times are, of

course, implementation and machine dependent. In this work, the computations were

performed on a 12-Core AMD Ryzen 9 3900X machine with Python bindings [70] to a

C++ implementation using Standard Template Library Parallel Algorithms.

The CPU times for a direct evaluation of Eq. (3.40) without any data structuring or

acceleration is ⇠ 662 seconds. The radius search with full backtracking terminates in

⇠ 92 seconds, or a seven-fold acceleration. Fig. 3.10 shows the e�ect of the degree

of backtracking measured in terms of N checks. We see from the figure that, whereas

the computation time increases rapidly with the degree of backtracking, accuracy is not
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substantially improved above N checks = 23, at which limit the CPU time is reduced to

8 seconds. This tradeo� further suggests that the performance of the algorithm can

benefit greatly from data structuring techniques such as approximate nearest-neighbor

searches [34], especially for large systems and material data sets. Furthermore, we recall

that the algorithm is embarrassingly parallel, which opens the way for e�cient parallel

implementations, e. g., on GPU machines [7].

(a) (b)

Figure 3.10: Lightweight space structure [101]. Influence of the number of checks for
backtracking approximate in the nearest-neighbor search. a) CPU times in
seconds on a 12-Core AMD Ryzen 9 3900X machine. b) Error eKS of node
eccentricity ue with error bars derived from a sample of 25 calculations.
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4.1 Abstract

We present a new class of solvers for direct data-driven mechanical problems based

on a sparse basis representation of equilibrium stress fields. Our first contribution is

an e�cient algorithm for computing the required sparse null-space basis on tetrahedral

meshes. Only a single QR decomposition is needed to compute a small remaining set

of dense basis vectors associated with boundary conditions and topological holes which

can be handled e�ciently via a partitioned Cholesky factorization. Building on this, we

demonstrate how standard iterative solvers—such as the Newton–Raphson method—can

be applied to direct data-driven formulations. The proposed approach is particularly

valuable for challenging problems with complex data distributions requiring systematic

exploration of the space of equilibrium stress fields. To this end, we introduce an

algorithm that constructs a hierarchical solution set through an eigenvalue decomposition

in the joint space of equilibrium stress and compatible strain fields. We demonstrate

the proposed methodology with a numerical example involving brittle fracture with

probabilistic tensile strength. The resulting family of failure patterns o�ers valuable

insights for uncertainty quantification and design decision-making.

4.2 Introduction

In this paper, we develop a new class of solvers for direct data-driven problems [82, 83]

by explicitly constructing a basis for equilibrium stress fields on tetrahedral meshes.

The basic principle of the data-driven method is to satisfy the equations of kinematic

compatibility and equilibrium exactly while minimizing the modeling uncertainties as-

sociated with a phenomenological material model. This is achieved by incorporating

the data set of stress-strain measurements directly into the formulation of the boundary

value problem. Suitable solutions are then defined as the compatible strain fields and

equilibrium stress fields that minimize a distance to the data set.

Compatibility can be explicitly enforced by parameterizing the strain fields " as

" = Bu+ "0 (4.1)

where B is the discrete strain operator, u is the displacement field, and "0 is an o�set
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accounting for Dirichlet boundary conditions.

In contrast, the equilibrium condition for a stress field� is given by the linear constraint

(BT
V )� = E� = p. (4.2)

Here, E is the discrete divergence operator, V is a diagonal matrix of material point

volumes, and p is the external load vector.

Thus, to derive a basis Z for all equilibrium stress fields we need to compute a basis

for the null space, or kernel, of E satisfying

EZ = 0. (4.3)

Every column of the null basis Z is called a null vector and can be interpreted as a linear

independent stress field which is in equilibrium without external forces; it is therefore

also called a self-stress field [129]. By taking linear combinations of the null vectors,

all possible equilibrium stress fields can be parameterized as

� = Zv + �0 (4.4)

where v represents the degrees of freedom (sometimes referred as redundant forces) and

�0 is a particular solution satisfying

E�0 = p. (4.5)

In principle, computing the null basis Z can be simply done by a QR decomposition

or singular value decomposition of E. However, despite the usual sparsity of E, this

approach leads to a dense null basis which quickly becomes computationally ine�cient

for large 3D problems. This di�culty motivated the development of greedy algorithms

in the 1980s [64, 52, 133, 78] to compute sparse null bases as approximations for the

computationally NP-hard problem of finding the sparsest possible null basis [20]. In

[56], the relationship to the numerically related problem of matrix sparsification was

established. More recently, [79] has proposed an graph-based algorithm for tetrahedral

meshes using numerical factorizations on substructures of the mesh to achieve sparsity

of the null basis.
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In the first part of this paper we develop an algorithm that e�ciently computes a

sparse null basis for tetrahedral elements with a very small fraction of dense columns.

In particular, we provide an exact count for di�erent types of self-stress fields for simply

connected domains and show how they are related in order to avoid linear dependencies.

Then, based on the seminal work of [42] for triangular meshes, we derive the null vectors

from self-equilibrium force fields defined on the set of edges. Finally, we require only

a single QR decomposition in order to compute the remaining, typically very small

fraction of null vectors corresponding to indeterminate supports and topological holes.

As these null vectors cannot be expected to be very sparse in general, we argue that

incorporating a small fraction of dense columns is the most practical approach and show

how a partitioned Cholesky factorization can be used for e�cient application.

In the second part of the paper, we show how the direct data-driven method can

be reformulated as an unconstrained minimization problem using the null basis. In

particular, we develop algorithms for two kind of procedures: energy minimization

(or exploitation) and exploration of energy landscapes. For energy minimization, we

numerically demonstrate the identical convergence behavior of the original fixed-point

solver and a modified Newton-Raphson solver for the proposed, unconstrained problem

formulation. However, computational gains can only be expected for systems with a

very low degree of static indeterminacy. The parameterization of equilibrium stress

fields becomes particularly useful for the exploration of multi-modal energy landscapes

resulting from non-trivial, noisy data sets where no unique stress-strain relationship can

be established, such as in the case of brittle damage [134]. To tackle this challenge,

we finally develop a new algorithm based on the Deterministic Annealing framework

[144, 143] which computes a hierarchical solution set that can be useful for uncertainty

quantification purposes. Finally, we conclude the paper in Sec. 4.5 and give an outlook

for further applications and developments.
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4.3 Part I: An explicit and sparse basis for equilibrium
stress fields

4.3.1 Notation

Part I involves the topology and geometry of tetrahedral meshes. We use the following

notations. Let N,E, F, T denote the sets of nodes, edges, facets and tetrahedrons,

respectively. Let | • | denote the size of a set, for instance |N | denotes the number of

vertices. The elements of the sets are labeled by the lower case letters n 2 N, e 2 E, f 2
F and t 2 T . Furthermore, a geometrical quantity is a set of lower order quantities, for

instance the nodes of a tetrahedron t 2 T are denoted by n 2 t. Using the set di�erence

notation, we can identify a facet of t opposite to node n by (t \ n). We further use the

shorthand notation for conditional sums like
P

n:n2t :=
P

n2N :n2t to indicate the sum

over all nodes of tetrahedron t and likewise
P

t:n2t for the sum over all tetrahedrons

which share a node n. The volumes of various elements are denoted by edge length le,

facet area Af and tetrahedral volume Vt.

4.3.2 Discrete strain and divergence operators

We consider discrete mechanical problems with linearized kinematics defined on tetra-

hedral meshes for the three-dimensional case. The basic field quantities involved are the

infinitesimal strain field

" : T ! sym(R3 ⇥ R3) (4.6)

and the stress field

� : T ! sym(R3 ⇥ R3) (4.7)

which are symmetric tensor fields that are constant over each tetrahedron. We denote

the strain and stress in a given tetrahedron t 2 T by "t and �t.

Both fields are subject to linear constraints: kinematical compatibility and force

equilibrium. We enforce compatibility by deriving the strain field as the symmetric

gradient of a displacement field

u : N ! R3 (4.8)
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as

"t :=
1

2

�
Gradt(u) + GradT

t (u)
�
. (4.9)

Using a standard barycentric interpolation [162], the displacement gradient reads

Gradt(u) := �
X

n:n2t

At\n

3Vt
un ⌦ nt\n (4.10)

where At\n is the area of the facet of tetrahedron t opposite to node n and nt\n denotes

the unit normal of that facet pointing outwards of t, see Fig. 4.1 for a visualization.

We note that the barycentric interpolation yields the same form as if derived from an

isoparametric concept with linear shape functions, but this form proves useful to derive

and show further geometric relationships in the following.

Figure 4.1: Tetrahedron t. The set notation (t\n) denotes the facet of t opposite to node
n with area size At\n and outward unit normal nt\n.

Using a suitable Voigt notation

"t = ("t,11, "t,22, "t,33, 2"t,12, 2"t,13, 2"t,23) (4.11)

�t = (�t,11, �t,22, �t,33, �t,12, �t,13, �t,23), (4.12)

the strain field can be expressed by the matrix vector product

" = B
full
u

full = Bu+ "0 (4.13)

where the superscript ’full’ indicates that the constraint degrees of freedom are included.
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For a cleaner notation, we do not use a di�erent notation for Voigt and tensor forms

but give remarks if required. Rewriting Eq. (4.13) in Voigt notation, the discrete strain

operator consists of the block matrices

B
full
t,n = �

X

n:n2t

At\n

3Vt

2

64
nt\n,1 0 0 nt\n,2 nt\n,3 0

0 nt\n,2 0 nt\n,1 0 nt\n,3

0 0 nt\n,3 0 nt\n,1 nt\n,2

3

75

T

. (4.14)

We say a stress field � is in equilibrium if its nodal divergence balances the external

forces p : N ! R3 as

Divn(�) + pn = 0 8n 2 N. (4.15)

By Cauchy’s stress theorem, we define the divergence

Divn(�) :=
X

t:n2t

At\n

3
�t · nt\n (4.16)

as the net outward force flux of node n.

We call the matrix form of the (negative) divergence operator in Voigt notation the

equilibrium matrix E
full consisting of block matrices

E
full
n,t = Vt(B

full
t,n )T (4.17)

noting the adjoint relationship between the strain and divergence operator. Thus, the

assembled equilibrium matrix after removing the constraint degrees of freedom can be

written as

E = B
T
V (4.18)

where V is the diagonal matrix of tetrahedral volumes.

4.3.3 Dimensionality and components of the null basis

We start by identifying the the number of linear independent null vectors for simply

connected domains, i.e. domains without holes.
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By the rank-nullity theorem, we have

dim( Im(E)) + dim( Ker(E)) = 6|T | (4.19)

where ’dim’ denotes the dimension, ’Im’ the image space and ’Ker’ the kernel or null

space.

Assuming that the supports does not allow any rigid body movements, the dimension

of the image space of the reduced equilibrium matrix is

dim( Im(E)) = 3|N |� |D| (4.20)

with |D| being the number of degrees of freedom constraint by Dirichlet boundary

conditions. Thus, the dimension of the null space Z of E is

dim(Z) = dim( Ker(E)) = 6|T |� (3|N |� |D|). (4.21)

We can get further insights by di�erentiating between internal quantities within the

domain and external quantities on the boundary of the domain, indicated by subscripts

’int’ and ’ext’, respectively. From the counting rules

|N | = |N int|+ |N ext| (4.22)

4|T | = 2|F int|+ |F ext| (4.23)

2|E ext| = 3|F ext| (4.24)

and Euler’s characteristic for closed surfaces

|N ext|� |E ext|+ |F ext| = 2 (4.25)

we obtain

dim(Z) = 3|F int|� 3|N int|+ |D|� 6. (4.26)

To derive independent mechanisms, we propose the split

dim(Z) = (3|F int|� |E int|) + (|E int|� 3|N int|) + (|D|� 6). (4.27)
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The motivation for the split is that a group of internal facets is linked by one internal edge,

creating a dependency which needs to be resolved, see Fig. 4.2 a) for a visualization. The

consequence is that the following mechanisms are required to produce linear independent

null vectors:

• Facet-wise mechanism: (3|F int|�|E int|) null vectors. Each of the 3 edges of every

internal facet creates one null vector which is supported on the pair of tetrahedrons

adjacent to the internal facet. Every internal edge has to be left out once.

• Edge-wise mechanism: (|E int| � 3|N int|) null vectors. An internal edge left

out from the facet-wise mechanism can create one, more complex, null vector

supported by the group of tetrahedrons adjacent to the internal edge. For every

internal node, three internal edge-wise mechanism has to be left out to ensure

linear independent null vectors.

• Dirichlet mechanism: (|D|� 6) null vectors. Every Dirichlet boundary condition

creates one null vectors except for 6 supports preventing rigid body motions.

• Holes in the domain induce further null vectors. A general treatment of homologies

in the sense of algebraic topology [121] is, however, outside the scope of this paper.

Before we derive the algorithms for each mechanism we establish a useful geometric

relation between force fields supported on edges and stress fields as shown next.

4.3.4 Stress fields induced by edge force fields

The preceding analysis suggests that the degrees of freedom are scalars supported on

edges. We follow an intuitive picture and think of force fields supported on the edges

of each tetrahedron from which the stresses can be computed consistently as shown in

this subsection. This approach is a generalization to the three dimensional case of the

concepts introduced in [42].

We consider scalar fields

P : E ⇥ T ! R (4.28)
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subject to the constraint

X

e:n2e

 
X

t:e2t
Pe,t

!
(xe\n � xn)/le = 0 8n 2 N (4.29)

where xn 2 R3 and xe\n 2 R3 are the nodal coordinates of an edge e adjacent to node

n.

Interpreting Pe =
P

t:e2t Pe,t as the resultant force magnitude of edge e, Eq. (4.29)

resembles the classical equilibrium of nodal forces. Then, Pe,t can be also seen as the

part of Pe distributed to tetrahedron t.

We define the associated stress of a tetrahedron t 2 T as

�t =
X

e:e2t

le

Vt
Pe,t(ne ⌦ ne) (4.30)

where ne is a unit vector along the edge e with an arbitrary but fixed orientation.

By inserting Eq. (4.30) into the divergence Eq. (4.16)

Divn(�) =
X

t:n2t

At\n

3

 
X

e:e2t

le

Vt
Pe,tne ⌦ ne

!
· nt\n (4.31)

=
X

t:n2t

X

e:e2t
Pe,t

(lene) · (At\nnt\n)

3Vt
ne (4.32)

=
X

e:n2e

 
X

t:e2t
Pe,t

!
sign(ne · nt\n)ne = 0 (4.33)

we can show that if a force field P satisfies constraint Eq. (4.29), then the associated

stress field is divergence free. Note in particular that

(lene) · (At\nnt\n)

3Vt
=

8
>>><

>>>:

+1, if ne points away from n

�1, if ne points towards n

0, if e 2 (t \ n)

(4.34)

holds (see again Fig. 4.1).
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4.3.5 Facet-wise mechanism

In this section, we give the algorithm how to compute one null vector z based on the

facet-wise mechanism. Each null vector corresponds to one internal facet f 2 F int and

one of its edges e 2 f . Along the given edge e, a pair of opposite unit forces is applied

on the two adjacent tetrahedrons t0 and t1 as

Pe,t0 = +1 (4.35)

Pe,t1 = �1 (4.36)

noting that the required constraint (4.29) is fulfilled trivially since Pe = Pe,t0 +Pe,t1 = 0

and Pe,t = 0 everywhere else, see Fig. 4.2 b) for a visualization.

Figure 4.2: a) Facets adjacent to an internal edge. b) Pair of equal but opposite directing
forces along a shared edge of two adjacent tetrahedrons.

The resulting null vector z is thus supported on t0 and t1 is given by evaluating the

stress function (4.30) to

zt0 = +(le/Vt0)(ne ⌦ ne) (4.37)

zt1 = �(le/Vt1)(ne ⌦ ne). (4.38)

We remark that this approach is a direct generalization of the two-dimensional case

proposed in [42]. The procedure is summarized in Algorithm (5).
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Algorithm 5 Facet-wise mechanism.

Require: Internal facet f 2 Fint

Require: Edge e 2 f

{t0, t1} {t 2 T : f 2 t}
z  0
zt0  +(le/Vt0)(ne ⌦ ne)
zt1  �(le/Vt1)(ne ⌦ ne)
return TensorToVoigt(z)

4.3.6 Edge-wise mechanism

In this section, we derive an algorithm to compute one null vector z based on the

edge-wise mechanism.

Every null vector corresponds to one internal edge e. Let Te = {t 2 T : e 2 t}
be set set of tetrahedrons adjacent to e, which we call a basic module. Further, let

N
cycle
e = {n 2 N : n 2 Te, n /2 e} be the set of nodes forming a cycle around e.

We note that in a typical mesh, N cycle
e contains at least 3 nodes (which is a very well

studied case in classical literature [115]) but usually |N cycle
e | is larger than 3. However,

independent of the size of the basic module, the number of edges of a basic module

is 3|N cycle
e | + 1 which implies that there is exactly one self-stress field for each basic

module. In order to derive an edge-tetrahedron force field Pe,t satisfying Eq. (4.29), We

implement the following procedure:

1. Compute an equilibrium force field Pe which is only non-zero on the edges of the

basic module.

2. Compute Pe,t by distributing the edge forces Pe to the tetrahedrons of the basic

module.

3. Compute z from Pe,t using the stress formula Eq. (4.30).

In order to obtain a self-equilibrium edge force field, we generalize an algorithm of

[2] for basic modules with |N cycle
e | � 3. The algorithm exploits the fact that every

node in the cycle is shared by exactly four edges with a non-zero force, which is the

minimum number of forces in three dimensions to form equilibrium, see Fig. 4.3 for a
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visualization. The edge forces can then be determined by a purely geometrical procedure

using a recursive application of signed volume ratios as described in the following.

Every node n 2 N
cycle
e is joined by the four edges vj := (xej\n�xn), j 2 (1, 2, 3, 4)

of the basic module with force magnitudes Pj . To identify the ratio between two of the

edge forces, P1 and P2 for example, the equation of force equilibrium

P1v1/l1 + P2v2/l2 + P3v3/l3 + P4v4/l4 = 0 (4.39)

is multiplied by a cross product and contraction of the other two edges as

P1(v1 ⇥ v3) · v4/l1 + P2(v2 ⇥ v3) · v4/l2 = 0 (4.40)

yielding
P2

P1
= � l2

l1

(v1 ⇥ v3) · v4

(v2 ⇥ v3) · v4
. (4.41)

ChoosingP1 = 1 as an initial unit force, all other edge forces can be recursively computed

by evaluating ratio Pj/P1, j 2 (2, 3, 4). It is important that edge 1 is an edge of the cycle

in order to ensure non-zero denominators as the denominators are then always signed

volumes of single tetrahedrons. After repeating this process for all nodes of the cycle in

an sorted manner, the force of the central edge e can be computed simply by completing

force equilibrium

Pe = �
1

le
(xe\n � xn) ·

X

e0:n2e0,e0 6=e

Pe0

le0
(xe0\n � xn). (4.42)

at one of its node n 2 e. For the second step, the edge forces are equally distributed to

the tetrahedrons of the basic module as

Pe,t =
1(t 2 Te)P
t2Te

1(e 2 t)
Pe (4.43)

where 1(•) is the indicator function evaluating to 1 if the argument is true and 0

otherwise. We note that the choice (4.43) is not unique but ensures condition (4.29).

Having computed the force field Pe,t, the associated null vector follows again from the

stress formula (4.30). A basic module is visualized in Fig. 4.3 and the procedure is

summarized in Algorithm (6).
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Figure 4.3: Edge forces of an basic module around an internal edge e. The outer nodes
form a cycle (n1, n2, n3, n4, n1) of length K = 4.

Algorithm 6 Edge-wise mechanism.

Require: Internal edge e 2 E int

z  0
Te  {t 2 T : e 2 t}
{na, nb} {n 2 N : n 2 e}
N

cycle
e  {n 2 N : n 2 Te} \ {na, nb}

(n1, n2, . . . , nK = n0, n1) Sort(N cycle
e ) //Sort as an closed cycle using node-edge

connectivity
P(n0,n1) = 1
for k = 1 . . . K do
P(nk,na)  ↵P(nk�1,nk) //↵ :signed volume ratio using Eq. (4.41)
P(nk,nb)  ↵P(nk�1,nk)

P(nk,nk+1)  ↵P(nk�1,nk)

end for
P(na,nb)  Eq. (4.42) // force of central edge e
for all t 2 Te do

for all e0 2 t do
D = |{t 2 Te : e0 2 t}| 2 {1, 2, K}//Distribution factor of Eq.(4.43)
Pe0,t  Pe0/D

zt  zt + (le0/Vt)(Pe0,t)(ne0 ⌦ ne0)
end for

end for
return TensorToVoigt(z)

As an alternative, one can also consider the related lumped stress method [43], where
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self-equilibrium force field supported on the edges of triangular meshes is derived from

jumps in the gradient of an Airy stress function. However, a generalization to the three-

dimensional case is not straightforward [87, 59], which is why the present approach is

preferred.

4.3.6.1 Minimal example

Before continuing, we provide a minimal example featuring the facet- and edge-wise

mechanisms as shown in Fig. 4.4 A). The facet-wise mechanism contributes 3|F int| �
|E int| = 3 ⇤ 9 � 5 = 22 null vectors, which are shown as the first 22 columns in the

sparsity pattern in Fig. 4.4 B). Each null vector is supported on 2 adjacent tetrahedrons

with 6 stress components each. The edge-wise mechanism contributes |E int|�3|N int| =
5� 3 = 2 null vectors, shown as the last 2 columns in Fig. 4.4 B). The first null vector

of this type cycles around edge (0, 4) supported on 3 tetrahedrons, while the second null

vector cycles around edge (0, 3) supported on 4 tetrahedrons. The rank of equilibrium

matrix is rank(E) = 3|N | � 6 = 12 since the rigid body motions are not prevented

by Dirichlet boundary conditions. Thus, we fulfill the rank-nullity condition (4.19) by

rank(E) + rank(Z) = 12 + 24 = 6|T |.

Figure 4.4: A) Minimal example with 6 tetrahedrons, 1 internal node (labeled 0), 5
internal edges and 9 internal facets. B) Sparsity pattern of the null base Z.

(a)

(b)
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4.3.7 Remaining null vectors

Every constrained displacement degree of freedom creates one null vector z of which

6 are linear dependent assuming the boundary conditions do not admit any rigid body

motions of the whole body. Furthermore, every hole in the domain introduces additional

null vectors. For these remaining null vectors, no closed form solution like the facet-wise

or edge-wise mechanism can be generally stated, as they depend on the distribution of

the boundary conditions and geometry of holes. In addition, we cannot expect in general

highly sparse null vectors as the holes can be quite large or boundary conditions may be

sparsely distributed. However, it is important to note that this part of the null space is

significantly smaller than the previous parts as the number of boundary conditions scales

at most quadratic of the surface and not cubic. Furthermore, the number of holes is not

dependent on the discretization and is thus limited. In principle, sparsification strategies

can be employed for this part. We have investigated this approach using methods such as

least angle regression (LARS) [32] or iteratively reweighted least squares (IRLS) [17].

However, these tests proved uncompetitive due to a significantly larger computational

overhead and numerical instabilities such as an ill-conditioned null basis. For our

purpose we found that it is su�cient, numerically more robust and more practicable to

compute the remaining, dense part of the null base ZD as the null vectors of equilibrium

matrix E which are orthogonal to the existing, sparse null vectors ZS .

In general, an orthogonal (but dense) null basis Z of matrix E can be computed by a

sparse QR decomposition [29] of ET as

E
T
P =

h
Q1 Q2

i "
R1

0

#
(4.44)

with column permutation P . Then, Q2 is a null basis satisfying EQ2 = 0. The reason

for this is that any null basis Z also satisfies Z
T
E

T = 0, i.e. the null space of E is

orthogonal to the row space of E. Then, since Q1 is a basis for the row space of E, Q2

spans the null space as it is orthogonal to Q1.

We are now interested in computing only the remaining null vectors of E which are

orthogonal to the known part of the null basis ZS . This can be achieved by a QR
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decomposition of the augmented matrix

[ET
,ZS]P =

h
Q1 Q2

i "
R1

0

#
(4.45)

from which one obtains ZD = Q2. The complete null basis is then given by

Z = [ZS,ZD] (4.46)

where the sparse part ZS contains the null vectors from the facet-wise and edge-wise

mechanisms and ZD contains all remaining, missing null vectors. It is interesting to

note that this mechanism is an instance of the Fault Tolerant Computing [3] theory. If,

due to numerical instabilities, ZS contains some linear dependent null vectors up to a

certain precision, the orthogonalization procedure will add all missing null vectors, thus

automatically correcting previous errors. In practice, however, we did not encounter this

case.

As an alternative, if one is only interested in computing the null vectors corresponding

to the Dirichlet boundary conditions, it is numerically more e�cient to decompose

[E full
E

T ]P =
h
Q1 Q2

i "
R1

0

#
(4.47)

and computeZD = (E full)TQ2. This approach exploits again the orthogonality property

of the row space and the null space: since we consider only null vectors for E which are

in the row space of E full, we ensure that those are orthogonal to its null basis ZS .

The algorithms are summarized in Algorithm (7) and Algorithm (8). While Algorithm

(7) computes all remaining null vectors, Algorithm (8) computes only null vectors from

Dirichlet boundary conditions in a more e�cient way.

Algorithm 7 Remaining null vectors

Require: Equilibrium matrix E

Require: Known part of the null base ZS

QR decomposition with column ordering: [ET
,ZS]P =

⇥
Q1 Q2

⇤ R1

0

�

ZD  Q2

return ZD
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Algorithm 8 Dirichlet null vectors (alternative to Alg. (7))

Require: Full and reduced equilibrium matrices E full
,E

QR decomposition with column ordering: [E full
E

T ]P =
⇥
Q1 Q2

⇤ R1

0

�

ZD  (E full)TQ2

return ZD

4.3.8 Sparse null basis assembly algorithm

In this section, we evaluate the previously developed mechanisms while correctly han-

dling the conditions for linear dependencies as derived in section 4.3.3. While it is in

principle possible to compute the edge-wise and facet-wise part of the null basis sep-

arately, the combined evaluation has the advantage that no column sorting is required

as the sparse matrix is automatically also banded. In addition, since all null vectors

are linear independent by construction, we do not required an additional factorization in

order to remove redundant null vectors. The final algorithm is given in Alg. 9.
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Algorithm 9 Assembly algorithm.

ZS  0
Ie  false 8e 2 E int

Ie  true 8e 2 E ext

In  0 8n 2 N int

In  3 8n 2 N ext

i 1
for all f 2 F int do

for all e 2 f do
if Ie = false then

Ie  true //skip every internal edge once
{na, nb} {n 2 N : n 2 e}
if Ina < 3 then

Ina  Ina + 1 //skip every internal node three times
else if Inb

< 3 then
Inb
 Inb

+ 1 //skip every internal node three times
else
ZS,i  Edge-wise-mechanism(e) (Alg. 2)
i i+ 1

end if
else
Facet-wise mechanism
ZS,i  Facet-wise-mechanism(f, e) (Alg. 1)
i i+ 1

end if
end for

end for
ZD  RemainingColumns(E full

,E,ZS) (Alg. 3 or Alg. 4)
return ZS,ZD

4.3.8.1 Benchmark example

In order to demonstrate how the proposed algorithm performs with a larger problem,

we consider the mesh shown in Fig. 4.6 A). The mesh consists of 19954 elements

and 4030 nodes. The displacements of the nodes at the top and bottom sides are

prescribed in all directions, removing in total 1299 displacement degrees of freedoms.

The required topological connectivities are obtained from the open-source finite element

library dolfinx [8].
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Figure 4.6: A) Benchmark example boundary value problem. B) Sparsity pattern of the
null base. For visualization, the edge-wise and facet-wise parts are plotted
separately.

(a) (b)

The sparsity pattern of the null base shown in Fig. 4.6 B) visualizes that the facet-

wise mechanism (first block of columns) is by far the largest contribution with 94373

columns, followed by the edge-wise mechanism (middle block) with 13267 columns.

Lastly, the Dirichlet boundary conditions contribute 1299 dense columns (last block)

which are approximately 1.2% of all columns. The sparsity, as measured by the number

of nonzero elements divided by the matrix dimensions, of the sparse part (facet-wise

and edge-wise mechanism) is with less than 0.012% very low. The computation times

are promising: a Python implementation running on an AMD Ryzen 9 7950X 16-Core

Processor CPU requires 4 seconds for the sparse part and 3 seconds for the dense part

using Alg. (8). The error of the null basis as measured by the norm kEZk2 ⇡ 10�12 is

at machine precision.

From a practical point of view, forming large dense matrices has to be avoided as much

as possible. For instance, Q2 should be computed by an application of Householder

transformations (as provided by the libraries) on the last 1299 columns of an identity

matrix instead of forming the whole matrix Q explicitly.
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4.3.9 E�cient Cholesky factorization of the null basis

As elaborated in the previous sections, we consider a null basisZ = [ZS,ZD] consisting

of a sparse part ZS and a dense part ZD which has much less columns than the sparse

part. For the later application we require factorizations of H = Z
T
DZ where D is a

symmetric block diagonal matrix. While Z
T
Z is indeed a sparse and banded matrix

due to the orthogonality of ZD, a matrix D destroys this property in general leading to

an unfavorable sparsity pattern of H .

In this subsection, we will briefly present a partitioned Cholesky factorization which

stores ZD separately as a dense matrix leading to much more e�cient factorization

and solving operations. As visualized in Fig. 4.8, matrix H consists of the large,

sparse block HSS = Z
T
SDZS and the small, dense blocks HDS = Z

T
DDZS , HT

DS and

HDD = Z
T
DDZD.

Figure 4.8: Partitioned Cholesky factorization LL
T = H . Light blue and dark blue

blocks are sparse and dense matrices, respectively.

The main block LSS of the lower triangular matrix L can then be e�ciently computed

by a sparse, supernodal Cholesky decomposition [18] as LSSL
T
SS = HSS . Using this

factorization, we can solve LSSL
T
DS = H

T
DS for LT

DS . Finally, LDD is obtained by a

dense but small Cholesky factorization LDDL
T
DD = HDD �LDSL

T
DS .

Then, for solving Hx = b, the forward and backward substitution of L can also be

carried out separately for the sparse and dense parts. The necessary steps are summarized

in Algorithm (10).
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Algorithm 10 Partitioned Cholesky factorization and solving

Require: Sparse columns ZS , dense columns ZD

Require: Symmetric block diagonal matrix D

Require: Right-hand side b

#Factorization
HSS  Z

T
SDZS

HDS  Z
T
DDZS

HDD  Z
T
DDZD

LSS  SparseCholesky(HSS)
L

T
DS  L

�1
SSH

T
DS

LDD  DenseCholesky(HDD �LDSL
T
DS)

#Solving
[bS, bD] b

yS = L
�1
SS(bS)

yD = L
�1
DD(bD �LDSyS)

xD  L
�T
DDyD

xS  L
�T
SS (yS �L

T
DSxD)

return [xS,xD]

4.4 Part II: Application for direct data-driven mechanics

4.4.1 Background: direct data-driven mechanics

We consider compatible and equilibrium states

(",�) 2 R6|T |⇥R6|T | s.t. " = Bu+"0 and B
T
V � = p (4.48)

of mechanical system with |T | material points. Furthermore, we assume to have a data

set

D = {("0i,�0
i)}

nD
i=1 , ("0i,�

0
i) 2 R6 ⇥ R6 (4.49)

of nD stress-strain pair measurements. We assume a homogeneous material behavior,

i.e. every material point shares the same material data set.

As proposed by [82], the feasibility of an admissible state can be directly quantified
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based on the available data by the sum of nearest neighbor distances

F (",�) =
|T |X

t=1

Vt min
("0i,�

0
i)2D

dist2t (("t,�t), ("
0
i,�

0
i)) (4.50)

in each material point. The local distances are defined as

dist2t (("t,�t), ("
0
i,�

0
i)) = ("0i � "t) · Ct("

0
i � "t) + (�0

i � �t) · C�1
t (�0

i � �t) (4.51)

with metric coe�cients Ct and material point volumes Vt. As proposed in [83, 134],

this rather strict measure can be relaxed but by the weighted distance to all data points

as given by the energy

E�(",�) = �
1

�

|T |X

t=1

log

 
nDX

i=1

exp(��Vt dist2t (("t,�t), ("
0
i,�

0
i)))

!
(4.52)

with a regularization parameter �. Notably, the original distance measure (4.50) can be

recovered by the limit

lim
�!1

E�(",�) = F (",�) (4.53)

reducing the sum over all data points to only the closest data point, which we will refer

in the following as the ’min-dist’ limit.

With this at hand, the direct data-driven problem can be written as the constraint

double minimization problem

min
u,�

E�(Bu+ "0,�) s.t. B
T
V � = p. (4.54)

The solution of this problem is thus the compatible strain and equilibrium stress field

which minimizes the weighted distance to measured stress-strain pairs in all material

points. In [82], a fixed-point iteration was proposed to solve the ’min-dist’ limit case

which was extended in [83] to solve the more general, ’min-energy’ case. Therein, an

annealing scheme is used which slowly increases � ! 1 in order to converge to the

global minima. For each smoothness level �, a fixed-point iteration is applied.

The fixed point iteration consists of the two operations of data search and projection
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to admissible states and is repeated until convergence is achieved. The data search is a

local operation. Given an admissible, local state ("t,�t), we define the generalized data

search as

ED["
0
t] =

nDX

i=1

pi("t,�t)"
0
i (4.55)

ED[�
0
t] =

nDX

i=1

pi("t,�t)�
0
i (4.56)

with the softmax function

pi("t,�t) =
exp(��Vt dist2t (("t,�t), ("0i,�

0
i)))PnD

i=1 exp(��Vt dist2t (("t,�t), ("0i,�
0
i)))

. (4.57)

The name data search comes from the fact that this operation reduces in the ’min-dist’

limit to a nearest neighbor search which can be very e�ciently performed, see [34] for

a comparison in this context.

The projection step computes the closest compatible strain field to "
0 := {ED["0t]}

|T |
t=1

and the closest equilibrium stress field to �
0 := {ED[�0

t]}
|T |
t=1. This can be e�ciently

performed by solving two decoupled system of equations

(BT
V CB)u = B

T
V C"0 (4.58)

(BT
V CB)⌘ = p�B

T
V �

0 (4.59)

" = Bu+ "0 (4.60)

� = �
0 + CB⌘ (4.61)

with C = diag(Ct). Hereby, ⌘ are Lagrange multipliers enforcing the equilibrium

constraint, see [82, 83] for further details. Finally, we note that several solver variations

has been proposed in the literature. For better accuracy, [136] proposed a randomized

variant of the data search step, while [125] considered an adaptive scheme for the metric

coe�cients. An alternative approach is also the reformulation as a mixed-integer problem

[73]. Particularly noteworthy is also the inverse problem formulation [104] which can be

used to obtain data sets from digital image correlation experiments. Further strategies

for adaptive, goal-oriented data acquisition were presented in [54].
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4.4.2 Reformulation using null basis

The availability of a sparse basis for equilibrium stress fields allows us to formulate new

solver schemes for the class of direct data-driven problems using the parameterization

" = Bu+ "0 (4.62)

� = Zv + �0. (4.63)

With this at hand, we can rewrite problem (4.54) as an unconstrained minimization

problem

min
u,v

E�(Bu+ "0,Zv + �0) (4.64)

which can be minimized by standard algorithms like the Newton-Raphson method. In

particular, we can derive explicit expressions for the Jacobian and Hessian of E� with

respect to u and v as shown in the following. The Jacobian reads

Ju(u,v) =
@E�
@u

= B
T @E�
@"

= B
T diag

✓
@E�
@"t

◆
(4.65)

Jv(u,v) =
@E�
@v

= Z
T @E�
@�

= Z
T diag

✓
@E�
@�t

◆
(4.66)

with

@E�(",�)
@"t

= �2VtCt(ED["
0
t]� "t) (4.67)

@E�(",�)
@�t

= �2VtC�1
t (ED[�

0
t]� �t). (4.68)

Similarly, the Hessian is given by

Hu(u,v) = B
T diag

✓
@
2E�
@"

2
t

◆
B (4.69)

Hv(u,v) = Z
T diag

✓
@
2E�
@�

2
t

◆
Z (4.70)

with



94 4 A Sparse Basis for Equilibrium Stress Fields

@
2E�
@"

2
t

= 2VtCt � 4�V 2
t Ct

"
nDX

i=1

pi("t,�t)("
0
i ⌦ "

0
i)� ED["

0
t]⌦ ED["

0
t]

#
Ct (4.71)

@
2E�
@�

2
t

= 2VtC�1
t � 4�V 2

t C�1
t

"
nDX

i=1

pi("t,�t)(�
0
i ⌦ �

0
i)� ED[�

0
t]⌦ ED[�

0
t]

#
C�1

t .

(4.72)

Thus, the Hessian matrices consist of the constant terms

H̄u = 2BT
V CB (4.73)

H̄v = 2ZT
V C�1

Z (4.74)

and a remaining term capturing the covariance around an equilibrium state (u,v).

Thus, we can write

Hu(u,v) = H̄u � � Covu(u,v) (4.75)

Hv(u,v) = H̄v � � Covv(u,v). (4.76)

The availability of the Jacobian and Hessian with respect to the degrees of freedom

u and v allows us to use standard solver schemes like the Newton-Raphson scheme

to solve Problem (4.64) as shown in Alg. (11). However, for su�ciently large �, the

Hessian is not positive semidefinite in general. Thus, the problem is non-convex and the

solution of a minimization scheme depends on the initial values. Therefore, one should

also use a modified Newton-Raphson scheme which involves only the constant parts H̄u

and H̄v in order to guarantee positive definiteness. Interestingly, using only the constant

part of the Hessian, the Newton-Raphson update step �H̄�1
J(u,v) resembles exactly

one fixed point iteration of data search and projection as shown numerically in the next

example.
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Algorithm 11 (Modified) Newton-Raphson Solver

Require: Geometry B,Z

Require: Load vectors "0,�0

Require: Regularization parameter �
Require: Initial solution (u,v)

Factorize H̄u = LuL
T
u , H̄v = LvL

T
v

while not converged do
u u� H̄

�1
u Ju(u,v)

v  v � H̄
�1
v Jv(u,v)

end while
(",�) (Bu+ "0,Zv + �0)
return (u,v), (",�)

4.4.2.1 Numerical example: Newton-Raphson and fixed-point iteration

We compare the proposed Newton-Raphson solver with the original fixed-point iteration

solver numerically with the boundary value defined in section (4.3.8.1). We consider

the ’min-dist’ limit with � ! 1. In this case, the covariance terms in the Hessian

vanishes, thus, the constant approximation of the Hessian becomes exact. At the top

nodes, a (dimensionless) displacement of ū = (0, 1, 0) is prescribed. We assume a linear

elastic material behavior with elastic sti�ness matrix C and sample 99770 data points

normally distributed around the reference solution. Furthermore, the metric coe�cients

are chosen to Ct = K.

In Fig. 4.9 the convergence of the energy and computation times for both solver

schemes are reported. Remarkably, both solvers show exactly the same convergence

after starting at the same, randomly chosen, equilibrium state. The solving time of

approximately 12 seconds is still satisfactory given the size of the boundary value

problem and data set.

However, for this example, the solving time and the memory requirements of the

Newton-Raphson solver are significantly higher than the original fixed-point solver [82]

since a bigger system of equation is solved. Thus, the fixed-point iteration is generally

preferable if available. However, the Newton-Raphson solver might be a better choice for

systems with a very low degree of static indeterminacy, or in situations when a general

purpose, or ’black-box’ solver is required for specific implementations.
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Figure 4.9: Numerical comparison of the Newton-Raphson algorithm and the original
fixed-point iteration ’min-dist’ solver [82]. A) Convergence of the energy B)
Computational times.

(a) (b)

4.4.3 Hierarchical solution set: deterministic annealing

As previously studied in [83, 134], the energy landscape E�(u,v) becomes usually very

rough for increasing values of � , i.e. forming multiple local minima. Moreover, these

minima can occur at di�erent scales of �. At low temperatures (large �), individual

data points start to resolve, causing many local minima scattered around each data point.

However, local minima can also occur at higher temperatures due to structural e�ects

and well separated clusters within local data sets. This motivates us to develop an

algorithm which can systematically identify all, or at least multiple, local minima at

each temperature.

Following the framework of Deterministic Annealing [144, 143], the key insight is that

local minima occur if an eigenvalue of the Hessian matrix becomes zero. Furthermore,

the associated eigenvector carries the information in which direction the local minima

are separated. In physical analogy, this process is also called a phase transformation at

a critical (inverse) temperature � crit.

Since the Hessian matrix of E� consists of two separated matrices Hu and Hv (Eqs.

4.75 and 4.76), we need to solve two generalized eigenvalue problems in the form of

det(H̄k � � Covk) = 0 (4.77)
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with k 2 {u, v}. Using the Cholesky factorization of the constant term H̄k = LkL
T
k ,

this is equivalent to the standard eigenvalue problem

det(I � �L
�1
k CovkL

�T
k ) = 0. (4.78)

This determines the lowest value of � at which a phase transformation occurs as

� crit = min
✓

1

�u,max
,

1

�v,max

◆
(4.79)

where �k,max is the largest eigenvalue of L�1
k Covk(u,v)L

�T
k .

Furthermore, the direction of the split is given by

ru =

8
<

:
0, �u,max < �v,max

L
�T
u wu,max, else

(4.80)

rv =

8
<

:
0, �v,max < �u,max

L
�T
v wv,max, else

(4.81)

where wk,max is the eigenvector associated to the largest eigenvalue �k,max. We remark

that the eigenvalue problem is defined on the Hessian with respect tou and v, i.e. directly

in the space of kinematical compatible strains and equilibrium stress fields. In particular,

this step cannot be replaced by a projection type operation, making the availability of

the basis Z crucial.

From a practical point of view, one can note that solving for the largest eigenvalue

of a symmetric matrix can be e�ciently performed without forming the full matrix, for

instance by Lanczos algorithm [25]. Nevertheless, the sparsity of B and Z and the

partitioned Cholesky factorization (Sec. 4.3.9) is important for a good performance.

Since the covariance matrix itself depends on �, Eq. (4.79) is an implicit equation.

Thus, the critical temperatures cannot be directly computed, but has to be estimated by an

annealing schedule which slowly increases �. In each iteration, or quench, every solution

state (u,v) 2 S of the current solution set S is updated by a deterministic minimization

scheme at the current temperature. For this step, either the fixed-point iteration [83] or

the Newton-Raphson algorithm may be used. Then, the maximum eigenvalue problem

is solved and checked if the actual value of � exceeds � crit. If this is the case, the solution
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is duplicated and perturbed along the principal axis as (u± �uru,v± �vrv) by a certain

perturbation amplification �u and �v. We note that the � parameters should be chosen

su�ciently large to ensure that the new solutions do not converge again into the same

local minima. The final algorithm is summarized in Alg. (12).

Algorithm 12 Deterministic Annealing

Require: Geometry B,Z

Require: Load vectors "0,�0

Require: Number of quenches NQ, maximum number of solutions K max

Require: Initial �0 and final � max

Require: Perturbation parameters �u, �v
S  {(u0,v0)}//random initialization of solution set
↵ (� max/�0)1/NQ

�  �0

K  1
for q = 1 . . . NQ do

for i = 1 . . . |S| do
Si  arg min E�(Si)//Newton-Raphson or fixed-point iteration
S 0  {}
if K < K max then
(u,v) Si

� crit, ru, rv  MaxEvProblem(u,v, �) // Eqs. (4.79-4.81)
if � � � crit then
Si  (u� �uru,v � �vrv)
S 0  S 0 [ (u+ �uru,v + �vrv)
K  K + 1

end if
end if

end for
S  S [ S 0

�  ↵�

end for
�  � max

for i = 1 . . . K do
Si  arg min E�(Si)

end for
return S

The algorithm is, as the name suggests, purely deterministic, which constitutes a key
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di�erence from the algorithm presented in the previous work [134]. In that work, a

probabilistic Monte Carlo sampling scheme based on the related concept of simulated

annealing was employed. Therein, random moves are proposed, and the inverse tem-

perature � controls the probability of accepting moves with increasing energy. Notably,

the proposed parametrization of equilibrium stress fields allows for the implementation

of more e�cient, gradient-based Monte Carlo sampling schemes, such as Hamiltonian

Monte Carlo [123]. However, our tests showed that the method of deterministic an-

nealing proved more e�cient in finding low-energy states within complex, multi-modal

energy landscapes.

4.4.3.1 Numerical example: probabilistic failure of a plate with holes

We revisit the simple, 1-dimensional probabilistic failure example studied in [134] in a

more complex, 3-dimensional setting. We consider the boundary value problem shown

in Fig. 4.11 A) and assume a linear elastic material behavior with a Weibull-distributed

Drucker-Prager stress tensile strength as

� DP =
1

2
(1� �t/�c) tr(�) +

1

2
(1 + �t/�c)

r
1

2
�D : �D (4.82)

P fail(� DP) = 1� e
�(� DP/�t)k (4.83)

where �D is the stress deviator � � 1
3 tr(�)I and ’tr’ denotes the trace of a matrix.

Specifically, the artificial data set was created using the following procedure: 1)

Compute the linear elastic solution of the boundary value problem, giving |T | data

points. 2) Add a normally distributed noise term to each strain state. 3) Compute the

stress components by linear elasticity. 4) Draw |T | Weibull-distributed tensile strengths.

5) For each data point, set the stress components to zero if its Drucker-Prager stress

exceeds the tensile strength. 4) Optional: repeat the process.

The following parameters were chosen: elastic parameters E = 100 and ⌫ = 0.3;

tensile and compression strength �t = 10 and �c = 100 (positive per definition);

Weibull shape parameter k = 10; noise term with standard deviation s = 0.01. In total,

3 iterations of data generations were performed, resulting in 3|T | = 10563 data points.

The resulting distribution of Drucker-Prager stresses of the data set and the sampled

tensile strengths are visualized in Fig. 4.11 B).
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Figure 4.11: A) Plate with holes boundary value problem. B) Drucker-Prager stress dis-
tribution of the local data set. The failure probability is Weibull distributed.

(a)
(b)

The sparse basis for equilibrium stress fields has been computed using the algorithms

from Part 1 of this paper with the general Algorithm (7) since the domain contains holes.

The total dimension of Z is 16896, containing 14619 facet-wise and 1977 edge-wise

null vectors as well as 252 null vectors from Dirichlet boundary conditions and 48 null

vectors from the holes.

First, we study the influence of the annealing schedule. Following [134], we estimate

the order of magnitude of � max with �
�1
max proportional to the average nearest neighbor

distance of each data point in the data set times the average material point volume size.

Based on this, we choose conservatively � max = 100. We further choose the perturbation

parameters �u = 10|u|/|ru| and �v = 10|v|/|rv|.
In Fig. 4.13 A), we show the the evolution of the number of solutions for di�erent

number of quenches NQ 2 {50, 100, 150} with a maximum number of allowed solution

K max = 400. In addition, we show for each solution its critical inverse temperature

� crit in each iteration. Thus, a new solution is generated whenever a point � crit is below

the actual � of the iteration (that is, on the left side of the line). If the annealing speed

is too fast (NQ = 50, blue line), many possible phase transitions are not detected and

the solution space is not su�ciently explored. For slower annealing speeds (NQ 2
{100, 150}), we observe a more exhaustive development of solutions. Furthermore, we

can observe two distinct regions of phase transformations: the first one for approximately
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� 2 [20, 60]where phase transitions occur at a relatively high temperature and the second

one for lower temperatures � > 70 with an exponential increase in solutions resolving

finer details of the data set.

Figure 4.13: A) Evolution of the number of solutions during the annealing procedure
with critical temperatures for di�erent annealing rates. The maximum
number of solution is set to 400. B) Energy distribution of the final solution
set for di�erent annealing rates.

(a) (b)

The following computation times for the di�erent number of quenches were recorded

in a Python implementation: 32 min (NQ = 50), 103 min (NQ = 100), 134 min

(NQ = 150). The critical operations are the energy, gradient and Hessian computations,

since the summation is over all data points in all material points. We have used an

NVIDIA GeForce RTX 4090 to perform the embarrassingly parallel summation in

a brute force manner. For larger data sets, it may be beneficial to use data search

algorithms to include only relevant data points in the summation, as previously studied

in [34, 134]. Furthermore, the algorithm can benefit from a parallel implementation as

each solution evolves independently from each other.

In Fig. 4.13 B), the energy distributions of the solution sets at the end of the annealing

schedule for the three di�erent annealing speeds are shown. The important conclusion

is that all solutions have an energy in the same order of magnitude, thus there is not a

single solution as an unique minimizer. Nevertheless, the energy of every solution can

be directly used to quantify how close the equilibrium solution state (u,v) is to the given

data set D. Using the histogram re-weighting method [36], the information about the

relative energy di�erences can also be used to evaluate the results in an energy-weighted
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manner by computing the weights

wk = e
���(E�,k�E�,min) (4.84)

where �� is a factor which can be used to control how strictly energy di�erences should

be handled relative to the solution with minimum energy E�,min. In Fig. 4.15, the reaction

force distribution of the solution set afterNQ = 150 quenches is shown unweighted (light

green) as well weighted by the energy di�erences according to Eq. (4.84) with �� = 1.

The reaction forces are computed by summing (B full)T� at the degrees of freedom in

x-direction at the clamped node set, see Fig. 4.11 A).

Figure 4.15: Original and energy-weighted reaction force distribution of 400 solutions
at a given displacement loading step after NQ = 150 quenches.

Finally, we show in Fig. 4.16 the strain and stress fields in x-direction for a selection

of solutions after NQ = 150 iterations. We emphasize that the boundary value problem

is for every solution the same, but due to the probabilistic tensile strength and thus noisy

data set, no unique stress-strain relationship exists resulting in a large variety of possible

outcomes.

The visualization shows that every solution represents one possible crack pattern,

giving important information for uncertainty quantification and design decisions. Even

though the local data set is relatively simple, the possible outcomes can become, due to

the global equilibrium and compatibility constraints, quite complex. We argue that in

such cases with non-trivial variability in the stresses, the consistent parametrization of the

space of equilibrium stress fields is particularly useful since the eigenvalue analysis, and
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thus the solution space exploration, can include all information about data, compatibility

and equilibrium.

Figure 4.16: A selection of solutions for the same boundary value problem highlighting
the di�erent failure possibilities. Top row: strain "xx fields, bottom row:
stress �xx fields. From left to right: Large reaction force (⇡ 25 [N]),
moderate reaction force (⇡ 12 [N]), low reaction force (⇡ 8 [N]), minimum
energy solution.

4.5 Conclusions

In this paper, we have developed a novel class of solvers for direct data-driven mechanics

using a sparse basis for equilibrium stress fields. First, we developed an algorithm

capable of computing a sparse null basis of the equilibrium matrix for large three-

dimensional problems within seconds. A detailed analysis of the di�erent components

of the null basis enabled us to derive linearly independent generator mechanisms based

on self-equilibrium force fields. Furthermore, a partitioned Cholesky factorization

was presented to e�ciently process the small fraction of dense columns related to

indeterminate supports and holes.

Based on this foundation, we have demonstrated how to use standard solvers, such

as a Newton-Raphson algorithm, to solve the data-driven problem. However, except
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for system with a low degree of static indeterminacy, the approach is computationally

less e�cient than the original fixed point solver. Nevertheless, it might be useful for

situations where the implementation requires the use of an unconstrained solver. Another

potential application might be situations when no system of equations should be solved,

since any gradient descent scheme can be directly used.

We conclude that the true strength of this approach lies in problems with complex and

non-trivial data sets requiring an consistent exploration of the space of equilibrium stress

fields. The characteristic of such problems are rough, multi-modal energy landscapes

which are di�cult to explore. As an example, we have presented a brittle fracture

problem with probabilistic failure strength. An eigenvalue analysis in the space of

equilibrium stress fields and compatible strain fields enabled an e�ective exploration of

the complex solution space. As a result, di�erent possible failure modes were discovered

giving important information for uncertainty quantification and design processes.

This paper introduces several research questions and possibilities for future work.

First, an interesting question from the field of algebraic topology [121] is how to analyze

the topological homologies to precisely determine the number of null vectors associ-

ated with holes. Furthermore, as an alternative to the proposed practical approach of

using dense columns for the supports and holes, developing techniques to find sparse

representations could be considered.

A further important open research question concerns the locking behavior of the pro-

posed method. Standard tetrahedron element formulations that utilize linear displace-

ment interpolation often exhibit artificial sti�ness when approaching the incompressible

limit. However, as noted by [124], the data-driven formulation bears a close relation

to mixed finite element formulations, which are generally known to demonstrate much

more favorable locking behaviors. Consequently, further investigations are required to

fully characterize this aspect. Additionally, it would be interesting to investigate whether

the presented concepts could be adapted to other element types, such as hexahedral

elements.

The approach of computing a solution set using deterministic annealing can be applied

to di�erent data distributions and boundary value problems. To achieve this, developing

robust choices for parameters like annealing speed, maximum solution set size, and

perturbation sizes is crucial. Further research is required to develop e�cient data

sampling strategies that cover all relevant states of deformation. This is particularly
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important for path-dependent materials, for which the response depends on the loading

trajectory [136]. We believe that many applications, particularly safety-critical ones,

benefit from the much deeper insights provided by the proposed approach.
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5 Conclusions and Outlook

The landscape of computational mechanics is undergoing one of its most significant

transformations. By transitioning from a paradigm of phenomenological material mod-

eling to data-driven approaches, the simulations are driven by the quality and amount

of available material data, rather than by specific modeling choices. This point of view

becomes particularly clear through the set-based data-driven method. This cumulative

dissertation has contributed several new methods to this branch of research:

First, an e�cient randomized fixed-point algorithm was developed which can compute

the global minimum of the distance-minimizing problem with almost no computational

overhead compared to the original fixed-point solver. This enabled the development of

a convergent goal-oriented data acquisition scheme for path-dependent materials in the

context of multiscale mechanics. It was shown that even for a single boundary value

problem a significant number of RVE evaluations could be avoided. The e�ciency of

both methods was also demonstrated in follow-up work [151] for a sequence of boundary

value problems.

At the core of this work, a mathematical framework for stochastic inference was de-

veloped. A rigorous treatment of intrinsically random materials and noisy experimental

datasets, made it possible for the first time to consistently compute all non-unique so-

lutions of complex, stochastic mechanical problems. This aspect is one of the biggest

strengths of the set-based data-driven method, as it is not limited to single-valued func-

tions. While this may seem like a minor detail at the local material level, it can have huge

consequences on the overall global system response as the material points are coupled

with each other by compatibility and equilibrium.

Finally, e�cient solver algorithms have been developed to make the stochastic frame-

work applicable to realistic three-dimensional fracture problems. Special care has been

taken for the equilibrium constraint by computing a sparse basis for equilibrium stress

fields for tetrahedral elements. By an eigenvalue decomposition in the space of equi-

107
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librium stress fields, the multitude of solutions can be consistently discovered. The

resulting solution set of the data-driven analysis provides deep insights into the problem.

Importantly, it is directly possible to quantify how close each solution is to the measured

data and thus, how trustworthy the result is.

The new contributions of this dissertation open various future research possibilities.

While the goal-oriented data acquisition scheme is already designed for path-dependent

materials, further research is required to robustly parameterize the deformation history,

in particular for complex, mixed plastic hardening behaviors. One can expect that the

computational gain of this approach is maximal for problems with an expensive material

model evaluation (such as in inelastic multiscale simulations) and for multiple similar

boundary value problems (such as in microstructure optimization). In addition, the

data-driven identification for inelastic materials is still challenging and requires further

research.

The application of a basis for equilibrium stress fields in the field of material property

optimization [64] is well known. The proposed, e�cient algorithm to compute the

sparse basis for three dimensional problems is an alternative to classical turnback-style

algorithms and can support new methods in this field. In addition, it may be used to

compute the number of data points obtainable from data-driven identification [60], and

more broadly in the field of topology optimization [6].

The proposed algorithm to compute the full set of all possible system outcomes can

be applied in various other fields, for instance transport problems, buckling or non-linear

elasticity. Further research is in particular required for the set-based data-driven method

for large deformations, as many works including this dissertation are limited to small

deformations. However, many concepts such as the basis for equilibrium stress fields

are transferable, especially if a nominal formulation in terms of the first Piola-Kirchho�

stress tensor is chosen.

Finally, it remains to emphasize that one particular strength of the set-based data-

driven method is the simplicity of the data collection and inference workflow cycle.

Since no intermediate modeling step, which might require further verification steps, is

required, the process can be easily automated. Furthermore, the method is extremely

robust with noisy data sets, notably because no material tangent is required for solving.

These properties are in particular beneficial in data-rich scenarios, for instance with data

streams from multiple, di�erent sources and continuous inference tasks. Future works
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can explore such setups for shared data sets and automated predictions.
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