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Abstract

Points are simple and versatile primitives for representing geometry in computer graphics, with
applications including physical simulation and geometric deep learning. Current approaches in these
directions are already powerful, but they are still lacking in specific areas. For one, implicit particle-
based fluid simulation is an active area of research that has shown improvements for a variety of effects,
but, at the time of publication of the relevant work, had not been successfully explored for surface
tension. This is an important force for realistic fluid motion. In addition, particle simulation has not
been quantifiably established as a viable alternative to more traditional grid-based simulation methods,
particularly for complex melt-driven processes. Finally, reconstructing closed surfaces from surface
particles is an ill-posed problem without a clear or simple solution. Existing methods, particularly
in deep learning, often fail to generate satisfying surfaces using direct inference and may rely on
additional optimization passes at test-time to create a better fit. To address these shortcomings, this
thesis investigates how the fidelity and efficiency of using particles can be improved in two primary
directions.

First, for particle-based fluid simulation with Smoothed Particle Hydrodynamics (SPH), methods are
developed to address challenging thermodynamic, melt-driven scenarios. An implicit cohesion-based
surface tension model is introduced and strongly coupled with implicit viscosity to improve stability,
especially in high-tension regimes. In addition, implicit formulations for melting and solidification,
together with accurate particle-to-grid transfer, enable quantitative studies of welding and thermal
spraying. These studies show good agreement between the SPH framework and established grid-based
approaches while providing efficient high-resolution simulations for free-surface dynamics.

Second, for point-based deep learning, an efficient hybrid point-grid architecture is presented to
reconstruct neural distance fields from point-cloud inputs. The method combines point processing and
latent grid representations in a single forward-pass encoder-decoder design, enabling accurate and
efficient shape reconstruction of closed surfaces. It is shown that this architecture is fast to evaluate
and train, while outperforming other baselines on the reconstruction task.

Taken together, the presented works improve point-based methods both in terms of physical
accuracy in simulation and efficient geometric representation learning.
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CHAPTER 1
Introduction

Motion and movement are ever-present in our daily lives. As children, we quickly learn to understand
and interact with our surroundings, as well as how our actions affect materials around us. For example,
we learn how to throw and catch a ball, how to swish liquid inside a glass, or how to place our feet
so that we do not slip on icy surfaces. While physical interactions just occur all around us, it takes a
tremendous amount of research and mathematical modeling to emulate these interactions within virtual
environments. In fact, doing so with any reasonable accuracy would massively exceed the entirety
of all our compute capabilities combined. Therefore, the goal of physical simulation in computer
graphics is largely to capture these interactions with a focus on visual plausibility—think “Does this
look natural?”—instead of extreme physical accuracy—“Is this bouncing ball exerting a contact force
equal to that of real-world measurements?”

Physical motion is formally described through differential equations that relate the change in
an object’s state to the sum of outside influences and any internal changes. Restricting ourselves to
motion on everyday scales—consider a coffee maker, water bottle, car, or frying pan—Newton’s laws of
motion are sufficient. Furthermore, we will follow the continuum mechanics approach of assuming
that all physical quantities are defined at every point in space. Then, in order to be able to run physical
simulations on computer hardware, these “infinitely-fine” continuum models have to be discretized, i.e.,
they have to be made finite as computer algorithms only have finite computational capacity.

In practice, this can be done by using geometric shapes of varying complexity. Typically, points
are the basis of any discretization and can be connected to form, e.g., triangles and quadrilaterals, or
in 3D, tetrahedra, hexahedra, and more. Points are pivotal to these representations, i.e., the triangle
cannot exist without the three distinct points where its edges intersect. In fact, a given shape could be
entirely represented by points, without any connectivity, which simplifies the discretization process
to simply placing points in space. The result is a fast, flexible, and versatile representation that can
nonetheless capture intricate details. It further permits topological changes without having to reconnect
parts of the geometry to avoid problems like element inversions and self-intersections. Using only
points unfortunately comes at the cost of not defining clear material boundaries as well as connectivity
within a material, such as strands or fibers. Nevertheless, as shown in Figure 1.1, points are used as
an effective representation in a variety of computer graphics applications, such as 3D scanning, scene
reconstruction with Gaussian splatting and, of course, physical simulation (often fluid simulation).

This thesis focuses on Lagrangian point-based discretizations. In this framework, physical space
and materials are represented by a collection of unstructured points, commonly known as point clouds.
In contrast to the Eulerian perspective, where the simulation frame is fixed in space, the Lagrangian
perspective tracks points as they move with the material. This is the simplest possible representation,
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1. Introduction

Figure 1.1. Showing a variety of use cases for point-based representations in graphics. The left image

shows a 3D lidar scan from the KITTI dataset [Geiger et al. 2013] used in vision tasks for autonomous

driving. The middle image shows scene reconstruction with Gaussian splatting
1
and the right image shows

a particle-based fluid simulation [Bender et al. 2023].

natively only containing its own position, even though it may be augmented by orientation and some
kind of shape in practice. Particles also carry field quantities, such as mass or temperature (enthalpy),
as they move through the domain, naturally conserving these quantities without numerical dissipation.

Within point-based discretizations there exist a variety of open problems, as there are with any
methodological approach. In this thesis, we mainly aim to tackle two categories of these problems. First,
we aim to extend and improve the fidelity of point-based simulations in complex scenarios that require
modeling thermodynamic phase-change phenomena found in industrial manufacturing processes. In
particular, we will focus on the particle-based simulation method Smoothed Particle Hydrodynamics
(SPH). Despite its name implying simulation of fluids (where it has its origin), SPH is used to simulate a
large variety of materials and physical effects, as we discussed in a recent state-of-the-art report [Holz
et al. 2025]. Second, we want to improve the efficiency of using point-based representations and mitigate
problems due to a lack of surface definition in point clouds in a data-driven way. For this, we will build
on geometric deep learning to process point clouds in a permutation and translation invariant manner,
while proposing an architecture that aim to maximize information extraction.

To start with, we will narrow down the scope of phase-change processes. In this thesis, we look
specifically at tungsten inert gas (TIG) welding [Jeske et al. 2022b] and thermal spraying [Jeske et al.
2022a]. For the simulation of these melt-driven processes, purely grid-based methods (FEM, VOF) are
the de facto standard [Cadiou et al. 2020, Hertel et al. 2014, Mokrov et al. 2021, Semyonov 2014].
These simulations can be very costly in many ways. They require precise geometric meshes, which
have to be recomputed as the geometry is adjusted. The simulation itself can be very expensive due
to a high number of degrees of freedom and may fail to capture topology changes in the geometry
without expensive remeshing operations. In addition, they are limited to the domain they define in
advance, and often cannot capture anything outside this region of interest. Finally, the region of interest
(such as a weld seam) often has to be “baked” into the geometric mesh, which makes application to
dynamic processes much more difficult than to quasi-static processes. All of these drawbacks can be
addressed by employing a particle-based simulation framework such as SPH, which simulates a number
of particles that can freely move in an unbounded domain and can change topology without requiring
any additional computation. This leads to the definition of our first questions:

Research Question 1

How can we model complex melt-driven processes such as TIG welding and thermal spraying using

the SPH method?

1Centrale II viewed using krpano.
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1.1. Outline

Research Question 2

What degree of quantitative accuracy can we expect the SPH method to achieve in comparison to

established grid-based solvers in simulating melt-driven processes?

While the goal in graphics is often visual plausibility, the goal here is to bridge the gap and show
that visual plausibility is often intertwined with quantitative accuracy. Simulating these processes
accurately further involves high surface tension forces and phase changes. Previous methods simulating
surface tension rely on explicit integration, which can struggle with stability in high-stiffness scenarios,
limiting their overall applicability [Jeske et al. 2023]. In addition, there are already a number of implicit
primal and dual solvers for the SPH framework. They show the benefits of implicit integration both in
terms of simulation stability and efficiency, generally because larger time steps can be taken. A logical
question is therefore:

Research Question 3

How can surface tension be formulated implicitly to ensure simulation stability in high-tension

scenarios? Can it be strongly coupled with other implicit solvers to further improve efficiency and

stability?

Even though existing SPH simulations are effective, there remains a core challenge when represent-
ing an object using particles, namely reconstructing its surface. Trying to determine which surface
resulted in the current particle sampling is a fundamentally ill-posed problem, i.e., a problem where
small changes in the particle configuration could cause a large change in the underlying surface. Implicit
surface representations that define the surface as an iso-contour of a volumetric field can be used to
mitigate this problem. For example, rigid objects within particle simulations can be represented implic-
itly as volumetric (signed) distance fields (SDFs), greatly accelerating interactions. However, extending
this geometric representation to deformable objects poses a challenge. Implicit representations, such
as SDFs, are powerful for interactions of rigid objects, but computing them for dynamically changing
geometry is computationally expensive. As deep learning is well suited to constructing priors from
data and mapping patterns to specific outputs, we investigate whether it could offer a more efficient
mapping from explicit point sets to implicit fields. We consider the final question:

Research Question 4

How do we derive a deep learning architecture to efficiently construct and update implicit represen-

tations of deforming point-based objects?

All of these questions will be addressed in the course of this thesis. The next section will give an
outline of the various parts and chapters.

1.1 Outline

This thesis is divided into two main parts, both of which fundamentally use point primitives as a basis.
The first part concerns itself with the particle-based simulation method Smoothed Particle Hydrody-
namics (SPH). To start, Chapter 2 introduces fundamentals about the SPH method, specifically how it is
used to discretize continuum mechanics equations of motion. This includes a description of explicit
and implicit fluid solvers. The following chapters will then be based on peer-reviewed publications.
Chapter 3 describes an implicit cohesion-based surface tension model that shows improvements with
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1. Introduction

respect to simulation stability and computational efficiency. Then, it is shown how the SPH method
can be used to simulate melt-driven fluid phenomena with an accuracy that is comparable to more
established grid-based discretizations. First, for a high-frequency tungsten inert gas (HF-TIG) welding
process, in Chapter 4, and second, for the simulation of a microscopic droplet impact that is observed
when thermally spraying material coatings, in Chapter 5.

The second part of this thesis concerns deep learning approaches for point-based representations.
While deep learning is very well established for grid-based representations, such as images, or sequential
data, such as text, it is much harder to generalize these concepts to unstructured collections of points.
Therefore, Chapter 6 will first introduce some of the general concepts of point-based deep learning.
Subsequently, in Chapter 7, a recently proposed method for efficiently processing point cloud inputs
within neural networks (NNs) will be outlined. This method uses points in combination with a
background grid for efficient spatial aggregation and proposes consistent point-to-grid transfers that
aim to preserve as much information about the points as possible. In the final chapter of this thesis,
Chapter 8, the presented topics are summarized and possible future work is discussed.

Please take note that the content of this thesis is largely based on peer-reviewed works as discussed
in the next section. These works resulted from a collaborative research effort. As such, the language in
Chapter 3, Chapter 4, Chapter 5 and Chapter 7 is written from the perspective of a collective “we”.

1.2 List of Publications

Over the course of my employment as a researcher at the Computer Animation group of RWTH
Aachen University I have contributed to a number of scientific articles. These articles are published
in peer-reviewed scientific journals and were, in part, presented at international conferences. The
following contains a list of publications for which I was the main author:

Jeske, Stefan Rhys, Jonathan Klein, Dominik Michels, and Jan Bender [2026]. “HYVE: Hybrid
Vertex Encoder for Neural Distance Fields”. In: IEEE Transactions on Visualization and Computer

Graphics 32.4, pp. 2962–2973. doi: 10.1109/TVCG.2026.3658870.
Jeske, Stefan Rhys, Lukas Westhofen, Fabian Löschner, José Antonio Fernández-fernández,

and Jan Bender [2023]. “Implicit Surface Tension for SPH Fluid Simulation”. In: ACM Trans. Graph.

43.1, 13:1–13:14. doi: 10.1145/3631936.
Jeske, Stefan Rhys, Jan Bender, Kirsten Bobzin, Hendrik Heinemann, Kevin Jasutyn, Marek

Simon, Oleg Mokrov, Rahul Sharma, and Uwe Reisgen [2022a]. “Application and Benchmark
of SPH for Modeling the Impact in Thermal Spraying”. In: Computational Particle Mechanics 9.6,
pp. 1137–1152. doi: 10.1007/s40571-022-00459-9.

Jeske, Stefan Rhys, Marek Sebastian Simon, Oleksii Semenov, Jan Kruska, Oleg Mokrov,
Rahul Sharma, Uwe Reisgen, and Jan Bender [2022b]. “Quantitative Evaluation of SPH in TIG
Spot Welding”. In: Computational Particle Mechanics 10.1, pp. 1–18. doi: 10.1007/s40571-022-00465-x.

In addition, I have made contributions to a number of other peer-reviewed works:

Böttcher, Timna, Lukas Westhofen, Stefan Rhys Jeske, and Jan Bender [2025]. “Implicit
Incompressible Porous Flow Using SPH”. In: ACM Trans. Graph. 44.6, 268:1–268:13. doi: 10.1145/
3763325.

Holz, Daniel, Stefan Rhys Jeske, Fabian Löschner, Jan Bender, Yin Yang, and Sheldon An-
drews [2025]. “Multiphysics Simulation Methods in Computer Graphics”. In: Computer Graphics

Forum 44.2, e70082. doi: 10.1111/cgf.70082.
Löschner, F., J. A. Fernández-Fernández, S. R. Jeske, and J. Bender [2024]. “Curved Three-Director

Cosserat Shells with Strong Coupling”. In: Computer Graphics Forum, e15183. doi: 10.1111/cgf.15183.
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Mokrov, O., S. Warkentin, L. Westhofen, S. R. Jeske, J. Bender, R. Sharma, and U. Reisgen [2024].
“Simulation of Wire Metal Transfer in the Cold Metal Transfer (CMT) Variant of Gas Metal Arc
Welding Using the Smoothed Particle Hydrodynamics (SPH) Approach”. In: Materialwissenschaft

und Werkstofftechnik 55.1, pp. 62–71. doi: 10.1002/mawe.202300166.
Westhofen, L., J. A. Fernández-Fernández, S. R. Jeske, and J. Bender [2024]. “Strongly Coupled

Simulation of Magnetic Rigid Bodies”. In: Computer Graphics Forum, e15185. doi: 10.1111/cgf.15185.
Bender, Jan, Lukas Westhofen, and Stefan Rhys Jeske [2023]. “Consistent SPH Rigid-Fluid

Coupling”. In: Vision, Modeling, and Visualization, pp. 209–217. doi: 10.2312/VMV.20231244.
Bobzin, K., H. Heinemann, K. Jasutyn, S. R. Jeske, J. Bender, S. Warkentin, O. Mokrov, R. Sharma,

and U. Reisgen [2023]. “Modeling the Droplet Impact on the Substrate with Surface Preparation
in Thermal Spraying with SPH”. In: Journal of Thermal Spray Technology 32.2, pp. 599–608. doi:
10.1007/s11666-023-01534-0.

Löschner, Fabian, Timna Böttcher, Stefan Rhys Jeske, and Jan Bender [2023a]. “Weighted
Laplacian Smoothing for Surface Reconstruction of Particle-based Fluids”. In: 9 pages. doi: 10.2312/
VMV.20231245.

Löschner, Fabian, José Antonio Fernández-Fernández, Stefan Rhys Jeske, Andreas Longva,
and Jan Bender [2023b]. “Micropolar Elasticity in Physically-Based Animation”. In: Proceedings of
the ACM on Computer Graphics and Interactive Techniques 6.3, 46:1–46:24. doi: 10.1145/3606922.

Westhofen, Lukas, StefanRhys Jeske, and Jan Bender [2023]. “A Comparison of Linear Consistent
Correction Methods for First-Order SPH Derivatives”. In: Proceedings of the ACM on Computer

Graphics and Interactive Techniques 6.3, 48:1–48:20. doi: 10.1145/3606933.
Fernández-Fernández, José Antonio, Lukas Westhofen, Fabian Löschner, Stefan Rhys Jeske,

Andreas Longva, and Jan Bender [2022]. “Fast Octree Neighborhood Search for SPH Simulations”.
In: ACM Transactions on Graphics 41.6, 242:1–242:13. doi: 10.1145/3550454.3555523.

Kugelstadt, Tassilo, Jan Bender, José Antonio Fernández-Fernández, Stefan Rhys Jeske,
Fabian Löschner, and Andreas Longva [2021]. “Fast Corotated Elastic SPH Solids with Implicit
Zero-Energy Mode Control”. In: Proceedings of the ACM on Computer Graphics and Interactive

Techniques 4.3, 33:1–33:21. doi: 10.1145/3480142.
Löschner, Fabian, Andreas Longva, Stefan Rhys Jeske, Tassilo Kugelstadt, and Jan Bender

[2020]. “Higher-Order Time Integration for Deformable Solids”. In: Computer Graphics Forum 39.8,
pp. 157–169. doi: 10.1111/cgf.14110.

1.3 Contributions

The content of this thesis is mainly based on the four first-authored works listed above. The following
will outline my contributions to these works, all of which were published using “RWTH Aachen
University” affiliation according to §5 Article (4) of the doctoral degree regulations of Faculty 9 at
RWTH Aachen University. For all first-authored publications, I personally researched related work,
implemented the presented methods, performed comparisons with competing methods, and wrote
most of the manuscript. Unless stated otherwise, co-authors assisted with optimization of the method,
running experiments, rendering and visualization of results and feedback on the written manuscript.
The following gives a brief outline of the work each paper entailed in chronological order.

• Quantitative evaluation of SPH in TIG spot welding [Jeske et al. 2022b]: The main motivation
for this work was to establish a baseline for the quantitative accuracy of the Smoothed Particle
Hydrodynamics method in welding simulations. To achieve this, existing SPH models were
extended to account for heat transfer and phase change from solid to fluid and vice-versa by
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1. Introduction

means of a momentum sink. This momentum sink was implicitly integrated to guarantee stability.
An auxiliary method was developed to transfer SPH quantities to a regular grid by solving a
least-squares system for the coefficients of linear basis functions, which aimed to accurately
capture physical quantities on the particles. Ultimately, the work was able to show the agreement
between the SPH solution and that of the commercial solver COMSOL, while also validating both
results with an additional custom FEM solver provided by one of the co-authors.

• Application and benchmark of SPH for modeling the impact in thermal spraying [Jeske et al. 2022a]:
This work was motivated similarly to the work above, but instead of welding, the main focus
was to evaluate the accuracy and efficiency of the SPH method in thermal spraying simulations.
In particular, this concerned droplet impact and solidification at very small spatial scales. The
melting and solidification model of the method above was used. However, as surface tension
plays a much more important role in thermal spraying due to the small spatial scale and rapid
solidification process, an explicit curvature-based surface tension model was used and augmented
by an implicit cohesion model. The SPH implementation was compared with a preexisting
solution using the Volume of Fluid method, showing remarkable agreement. Our results also
aligned well with known analytical solutions. Overall, using SPH resulted in net performance
gains for these kinds of thermal spraying simulations.

This work was jointly first-authored together with Kevin Jasutyn. This decision was made, as I was

solely responsible for developing and implementing the simulation method, while Kevin Jasutyn

conducted most of the experiments independently and provided me with valuable context about the

simulation processes. This is the first time this work has been used in a dissertation to the best of my

knowledge.

• Implicit Surface Tension for SPH Fluid Simulation [Jeske et al. 2023]: From the previous two works
a lot of insight was gained into how to develop an implicit SPH model. The experience was
used to derive and develop a novel fully implicit cohesion-based surface tension model. This
was shown to outperform other state-of-the-art methods for computing surface tension in SPH
both in terms of performance as well as stability, by being able to stably simulate very large
surface tension coefficients. The work was published in the ACM Transactions on Graphics
(TOG) journal and presented at the SIGGRAPH ’24 conference in Denver, USA.

• HYVE: Hybrid Vertex Encoder for Neural Distance Fields [Jeske et al. 2026]: Finally, starting from
a long-running cooperative project, a method was developed to quickly compute the signed
distance field of arbitrary shapes using neural networks. The method was first intended to use
tetrahedral and triangle meshes as an input and to use a learning-based approach. However, as
robust analytical solutions already exist for this case, the project pivoted to using (oriented) point
clouds, since the solution for these is less well established and can benefit from geometric priors,
a task for which deep learning is well suited. The hybrid architecture of this work was motivated
by extracting as much detail as possible from the positional information of the input point cloud
while using efficient data processing on 3D voxel grids to propagate information across spatial
scales. It was shown that the proposed method outperforms other shape encoding methods on
the shape reconstruction task. The work was published as a journal paper in IEEE Transactions
on Visualization and Computer Graphics.
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CHAPTER 2
Foundations of Smoothed Particle

Hydrodynamics

Continuum mechanics is a well-researched field that deals with modeling real-life materials. As the
name implies, it models the behavior of physical matter as a continuum, in other words, assuming
that physical values are defined at every point in continuous space. These models are also known as
macroscale models, since their continuum assumption typically only holds when considering materials
at “observable” scales, i.e., visible with the naked eye. However, it is known that the continuum
assumption does not hold at smaller scales, since, to our current understanding, there exist discrete
structures at the smallest level of matter, e.g., atoms. At smaller scales, this is (partially) accounted
for by other models, like the meso-scale Lattice-Bolzmann Method [W. Li et al. 2020, Lyu et al. 2021]
or the micro-scale Molecular Dynamics model [Adcock and McCammon 2006]. For this thesis, we
exclusively use macro-scale models for which the continuum assumption holds. The following will
give a very brief introduction to continuum mechanics, focusing on fluid mechanics in particular. For
more information on the topic, the reader is referred to the works of Batchelor [2010], Chorin and
Marsden [1990], and Landau and Lifshitz [2013].

There are a variety of proposed models for continuous materials, but all follow the conservation of
momentum as described by the well-studied Cauchy momentum equation

ρ
Dv

Dt
= ∇ · σ + f, (2.1)

which relates the change in momentum to the divergence of the stress tensor σ and the external forces f.
The density is denoted by ρ. Continuum models then describe the internal forces of a given material
using the stress tensor σ. There is a large variety of well-studied materials, but for this thesis we will
focus on incompressible viscous fluids. For this kind of material, the stress tensor can be derived to be

σ = −pI + µ
(
∇v + (∇v)T

)
, (2.2)

where p represents an isotropic stress, called pressure, µ is the viscosity coefficient, v is the velocity
and I ∈ R3×3 the identity matrix. Inserting the stress tensor, Equation (2.2), into the Cauchy momentum
equation, Equation (2.1), will yield an equation describing the motion of incompressible viscous fluids.
The resulting equation is the so-called Navier–Stokes equation. Writing it out in full form yields

Dv

Dt
= − 1

ρ
∇p + ν∇2v + fext

ρ
, (2.3)

where the first term on the right-hand side denotes the pressure force which counteracts compression.
The second term denotes the viscosity force which acts as a kind of internal friction and fext denotes
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2. Foundations of Smoothed Particle Hydrodynamics

external volumetric forces (force per unit volume). Note that the units of all terms are those of
accelerations (force per unit mass). This equation is typically augmented by the continuity equation,
which enforces the conservation of mass. In the Lagrangian frame, this follows directly from the fact
that the mass m = ρV of an infinitesimal material element is constant,

Dm

Dt
=

Dρ

Dt
V + ρDV

Dt
= 0 ⇐⇒ Dρ

Dt
+ ρ∇ · v = 0, (2.4)

where D
Dt denotes the material derivative. Since the element is transported with the material, its

boundary moves with the local velocity, such that its volume changes at the rate DV
Dt =

∮
v · ndS =

V ∇ · v, i.e., the velocity divergence measures the local rate of volumetric expansion [Batchelor
2010]. Expanding the material derivative as Dρ

Dt =
∂ρ
∂t + v · ∇ρ recovers the equivalent Eulerian form

∂ρ
∂t + ∇ · (ρv) = 0. For incompressible fluids, the density of each material element additionally remains
constant along its trajectory,

Dρ

Dt
= 0. (2.5)

Note that this does not require the density to be spatially uniform, only that it is not changed by the
motion of the material. Inserting Equation (2.5) into Equation (2.4) and using ρ > 0 directly yields

ρ∇ · v = 0⇔ ∇ · v = 0, (2.6)

which results in the condition that the velocity field must have a divergence of zero. Note that
this condition was also used to simplify Equation (2.3) when inserting the stress tensor given by
Equation (2.2). More commonly, this is called a “divergence-free” velocity field, which can be thought
of as the reduction of the continuity equation, Equation (2.4), for incompressible fluids, Equation (2.5).

As previously mentioned, the work in this thesis deals mainly with fluid simulations using particle-
based representations. In other words, we use particles to represent discrete “chunks” of matter. This
process is typically referred to as “discretization” and is necessary for us to be able to solve continuum
models on computer hardware with finite resources. A common method in computer graphics using a
particle-based representation is called Smoothed Particle Hydrodynamics, which is frequently used for
the simulation of incompressible fluids. While SPH can also discretize other continuum models, its use
in this thesis is mainly for fluid simulation. Generally speaking, the representation using points allows
for a very versatile and flexible simulation method that is able to simulate free surface flows very well.
Furthermore, attaching a finite mass to each particle perfectly conserves mass by construction. This type
of discretization is classified as Lagrangian, where individual material points represent actual material
and move as the material moves. It stands in contrast to so-called Eulerian types of discretization, in
which discretization points are fixed in space and “observe” as the actual material moves through space.
Figure 2.1 illustrates the conceptual difference between Eulerian and Lagrangian viewpoints. Both yield
valid results and are used in practice for continuum mechanics simulations in computer graphics. They
can even be used in combination in so-called “hybrid” discretizations.

This chapter will first cover the fundamentals of the Smoothed Particle Hydrodynamics method.
Afterwards, the method itself will be derived and the discretization of differential operators shown.
Using these tools we will then investigate how to construct an explicit simulator. Then we will discuss
how to derive an implicit closure for the pressure forces and how to use Chorin splitting to enable
implicit time integration, which improves stability in state-of-the-art simulation methods. Finally, the
chapter will end with a brief summary.

2.1 Motivation and Derivation

Smoothed Particle Hydrodynamics is a particle-based Lagrangian discretization method that is used
to discretize partial differential equations (PDEs). Initially, it was conceived for the simulation of
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Eulerian view

fixed control volume
(field at fixed locations)

Lagrangian view

moving material points
(particles carry state)

Figure 2.1. Comparison between the two perspectives commonly used in fluid simulation. In the Eulerian

view, quantities are evaluated at fixed spatial locations, i.e., the material moves but the evaluation points

remain fixed. In the Lagrangian view, material points are tracked as they move through space.

astrophysical phenomena [Desbrun and Gascuel 1996, Gingold and Monaghan 1977, Lucy 1977,
Monaghan 1992]. In computer graphics, it is mainly used for the simulation of incompressible fluids by
discretizing the Navier–Stokes equations, and it was adopted in this field in the early 2000s [M. Müller
et al. 2003]. To this day, SPH fluid simulation is an established method in a wide variety of fields
[Farrokhpanah et al. 2021, Jeske et al. 2022b, Komen et al. 2020]. Recent advances in graphics include
the simulation of snow [Gissler et al. 2020], the simulation of deformable objects [Kugelstadt et al.
2021a, Peer et al. 2018], and the strong coupling between fluids and rigid bodies [Gissler et al. 2019].
In the following, we derive how to construct differential operators on an unstructured collection of
points using SPH. The derivations will mostly follow the works by Ihmsen et al. [2014b], Koschier
et al. [2019, 2022], M. B. Liu and G. R. Liu [2010], and Price [2012].

Typical derivations start with the integral identity using the δ distribution

f(x∗) = (f ∗ δ)(x∗) =
∫

f(x)δ(x∗ − x)dx, (2.7)

which states that the convolution of function f with the delta distribution δ is simply equal to the
evaluation of function f. Since the δ distribution, shown conceptually in Figure 2.2, is not possible to
be discretized or computed in practice, it is approximated using a smoothed variant. One such function
that approaches the δ distribution in the limit is the Gaussian bell function. However, the Gaussian is
not an ideal choice for computational efficiency since its value is non-zero everywhere and only decays
towards zero for values approaching infinity. More generally, the δ distribution is approximated using
a kernel function W, such that the integral from above reads

f(x∗) ≈ (f ∗W)(x∗) =
∫

f(x)W(x∗ − x;h)dx, (2.8)

where the kernel function W is additionally parametrized by a so-called smoothing length h. As the
name implies, increasing h increases the amount of “smoothing” introduced by the approximation of
using W, by taking into account a larger area of influence surrounding evaluation point x∗.

In order to be a sufficient approximation of the δ identity in Equation (2.7), the kernel function
needs to fulfill the following properties:

normalization condition
∫

W(x;h) = 1, (2.9)

delta condition lim
h→0

W(x;h) = δ(x), (2.10)

symmetry condition W(x;h) = W(−x;h), (2.11)

positivity condition W(x;h) ⩾ 0, (2.12)

compact-support condition W(x;h) = 0 for ||x|| > r, (2.13)
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Figure 2.2. The cubic spline kernel as commonly used for SPH simulations in computer graphics. The

smoothing length h is varied, which changes the width of the function and the compact support (non-zero

region, Equation (2.13)).

where r denotes the compact support radius of kernel function W.
For Equation (2.8) to be a valid approximation of Equation (2.7), only the first two conditions have

to be satisfied, i.e., Equation (2.9) and Equation (2.10). In other words, the kernel function has to be
normalized (much like the δ distribution) and has to converge to the δ distribution as the smoothing
length h approaches zero. The other conditions become important in the context of physical simulation.
First, the symmetry condition, Equation (2.11), ensures that there is no bias regarding specific particle
arrangements. Second, the positivity condition, Equation (2.12), ensures that estimations of physical
quantities cannot result in negative values when dealing with incomplete integration domains in
practice. This is particularly important when computing things such as mass, volume and density, where
negative values can be particularly problematic (and unphysical). Finally, the compact-support condition,
Equation (2.13), ensures that only a small subset of points contributes to integral approximations at a
certain point. This avoids quadratic algorithmic complexity in the number of points in the simulation
and allows SPH simulations to scale to large numbers of points. One such function that fulfills all of
these conditions is the so-called cubic spline kernel which is shown in Figure 2.2. For the definition of
this function, the reader is referred to the works of Koschier et al. [2019] and Monaghan [1992].

Discretization Using a kernel function W that fulfills all of these conditions, we can discretize the
integral in Equation (2.8) on a set of particles, which results in

SPH Scalar Approximation

f(x∗) ≈
∫

f(x)W(x∗ − x;h)dx,

≈
∑

j∈𝒩(x∗)
V(xj)f(xj)W(x∗ − xj;h),

(2.14)

where j ∈ 𝒩(x∗) denotes all particles whose position xj is located within the compact support of kernel
W centered around position x∗. Further, V(xj) denotes the volume associated with particle j and f(xj)
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the function value f at the location of particle j. Implicitly this equation assumes that the function
value f is constant within the volume of particle j. Equation (2.14) is generally known as the main
equation for SPH discretizations. It can trivially be extended to vectorial or matrix quantities, and
allows quantities defined on a set of unordered particles to be evaluated at arbitrary positions in space.
This evaluation, however, also assumes that the region of interest is evenly covered with particles, in
which case SPH is first-order consistent [Westhofen et al. 2023]. If there is a deficiency of particles,
then the approximation accuracy will degrade. Nevertheless, this is rarely a problem in practice with
countless state-of-the-art publications utilizing the SPH method for simulating a variety of different
materials. It is also featured prominently as one of the main methods enabling multiphysical simulation
in computer graphics [Holz et al. 2025].

Derivatives In order to use SPH to simulate physical phenomena, e.g., incompressible fluids, the
Navier-Stokes equations which were introduced in Equation (2.3) have to be discretized. To that end,
we need to be able to compute discrete derivatives, since Equation (2.14) only discretizes scalar (and
vector) quantities. However, it can be trivially modified to compute (spatial) derivatives with respect to
the current position by moving the derivative operator to the kernel function, i.e.,

SPH Scalar Derivative

∇x∗f(x∗) ≈ ∇x∗
∫

f(x)W(x∗ − x;h)dx,

=

∫
f(x)∇x∗W(x∗ − x;h)dx,

≈
∑

j∈𝒩(x∗)
V(xj)f(xj)∇x∗W(x∗ − xj;h).

(2.15)

The form above is for scalar quantities, but it can also be formulated for vector derivatives as follows

∇x∗f(x∗) ≈
∑

j∈𝒩(x∗)
V(xj)f(xj)∇x∗W(x∗ − xj;h)T ,

∇x∗ × f(x∗) ≈ −
∑

j∈𝒩(x∗)
V(xj)f(xj) × ∇x∗W(x∗ − xj;h),

∇x∗ · f(x∗) ≈
∑

j∈𝒩(x∗)
V(xj)f(xj) · ∇x∗W(x∗ − xj;h),

(2.16)

where the negation in the cross product stems from its anti-commutative nature. Higher-order deriva-
tives work analogously to the derivatives stated above, although a “trick” is commonly used to avoid
computation of second derivatives of the kernel function W. For example, the following form for the
Laplacian, as presented by Brookshaw [1985], can be used

∇2f(x∗) ≈ −
∑

j∈𝒩(x∗)
V(xj)

[
f(x∗) − f(xj)

] 2||∇x∗W(x∗ − xj;h)||
||x∗ − xj||

. (2.17)

This form of the Laplacian generally results in more stable simulations as opposed to using the second-
order derivative of the cubic-spline kernel function. While using a kernel function of higher polynomial
degree could also be an option, this has not been well-established in the SPH literature in computer
graphics.

2.2 SPH Algorithm

Now that we have established how to discretize differential operators using the SPH framework, we can
begin to construct a simple algorithm to simulate the motion of incompressible fluids by applying them
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Figure 2.3. Smoothed Particle Hydrodynamics discretization of continuous media into particles. The

image on the left shows the continuous surface, while the image on the right shows the actual discretization
as particles [Löschner et al. 2023].

to the Navier-Stokes equations in Equation (2.3). To do so, we use the method of lines, which discretizes
the spatial and time dimensions separately. This is common practice in almost all numerical PDE solvers,
with the exception being methods using, e.g., space-time finite elements. For the spatial domain, i.e., for
pressure, viscosity, and external forces, we use the SPH framework. This works by first discretizing our
continuous domain Ω ⊂ R3 using a finite set of particles with positions xi ∈ R3, i ∈ [1, . . . ,N] as seen
in Figure 2.3. To use the SPH equations from the previous sections in practice, we will use a shorthand
notation in which

fi = f(xi) (2.18)

denotes the evaluation of scalar quantity f at the position of particle xi. Furthermore, we will use
double indices to denote differences between function evaluations at xi and xj

fij = f(xi) − f(xj), (2.19)

and the special case of
Wij = W(xi − xj;h), (2.20)

for the evaluation of the kernel function using particles i and j. For the time domain we use ODE
solution methods, of which forward Euler or backward Euler are most commonly used in SPH. To keep
things simple, we will consider an explicitly integrated SPH algorithm that directly computes pressure
forces using an equation of state (EOS) from density values. Furthermore, an explicit computation of
viscosity will be used. While this is not the typically used state of the art in SPH simulation, it can be
configured to yield acceptable simulation results and is much more illustrative of the SPH algorithm.
The following will describe the individual methods for computing the pressure and viscosity terms of
the Navier-Stokes equations. They are repeated here for clarity

Dv

Dt
= − 1

ρ
∇p + ν∇2v + g,

where fext
ρ has been replaced with the constant gravitational acceleration g.

2.2.1 Explicit

The Navier-Stokes equations constitute three equations (in 3D), but contain four unknown variables,
namely velocity (3 components) and pressure (1 component). Therefore, we need an additional equation
to fully solve the PDE. We recall that incompressible fluid simulation also imposes an additional
equation, called the continuity equation, Equation (2.4), which for incompressible fluids reduces to
the requirement that the velocity field be “divergence-free”, Equation (2.6). It is common practice to
define a closure for the unknown pressure by requiring that the pressure forces should act in a way
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that counteracts any non-zero divergence that occurs in the fluid velocity field. In other words, the
pressure values should counteract compression and expansion of the fluid and ensure that the density
remains constant. Since velocity divergence and fluid density can be converted using the continuity
equation, rewritten here in Lagrangian form

Dρ

Dt
= −ρ∇ · v, (2.21)

it can be more suitable to directly use density deviations to prevent density drift rather than using
velocity divergence. Note that although Equation (2.5) requires Dρ

Dt = 0 for a continuous incompressible
fluid, the discrete density obtained from Equation (2.25) generally deviates from the rest density. The
residual Dρ

Dt therefore serves as a measure of the violation of the incompressibility constraint that
the pressure forces have to remove. There is a large number of ways to derive such a relationship. A
straightforward way is to define a so-called equation of state (EOS) that directly relates pressure values
to the deviation from the fluid rest density ρ0. Examples of such equations are

pi = κ

(
ρi

ρ0
− 1

)
, (2.22)

pi = κ (ρi − ρ0) , (2.23)

pi = κ

((
ρi

ρ0

)γ
− 1

)
. (2.24)

Here κ and γ denote constants that can be tuned to obtain the desired material behavior and ρi denotes
the current density estimated by SPH. For a specific particle i at location xi this is computed as

ρi ≈
∑
j∈𝒩i

mjWij, (2.25)

where we use the shorthands introduced in Equation (2.18) and Equation (2.20). The pressure force can
be computed by directly evaluating the gradient of the pressure values obtained from the chosen EOS,
e.g., Equation (2.22) by using

∇pi ≈ ρi
∑
j∈𝒩i

mj

(
pi

ρ2
i

+
pj

ρ2
j

)
∇iWij. (2.26)

The astute observer will notice that this is not the general-purpose form of the gradient presented
in Equation (2.15). Instead, it is another “custom” approximation which results in symmetric force
contributions between all pairs of particles. The derivation of this form is presented by Price [2012].

The viscosity force can be directly computed using a specialized second-order derivative formulation

µ∇2vi ≈ µ2(d + 2)
∑
j∈𝒩i

mj

ρj

vij · xij
||xij||2 + 0.01h2∇Wij, (2.27)

where d is the number of spatial dimensions. This formulation avoids direct computation of the second
derivative of the kernel W and additionally conserves linear and angular momentum.

Using Equation (2.25), Equation (2.26) and Equation (2.27) we can now construct a full SPH algorithm
under the condition that we can determine the particle neighborhoods 𝒩i, i ∈ [1, . . . ,N]. Since this is
trivial to do in 𝒪(N2) by looping over all other particles for each particle, we instead refer to Koschier
et al. [2019] for an introduction to the more efficient compact hashing algorithm. The only missing
part is integrating the time derivative, for which the symplectic Euler scheme is frequently used

vn+1
i = vni + ∆tan

i ,

xn+1
i = xni + ∆tvn+1

i .
(2.28)
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Algorithm 1 Explicit SPH
1: procedure FluidSolve
2: for all particles i do
3: ρi ← ComputeDensity(i) ⊲ Equation (2.25)
4: pi ← ComputePressureValue(i) ⊲ Equation (2.22)
5: end for

6: for all particles i do
7: ai ← ai − 1

ρi
ComputePressureForce(i, ρi) ⊲ Equation (2.26)

8: end for

9: for all particles i do
10: ai ← ai + 1

ρi
ComputeViscosity(i) ⊲ Equation (2.27)

11: end for

12: for all particles i do
13: vi ← vi + ∆t (ai + g)
14: xi ← xi + ∆tvi
15: end for

16: end procedure

Here a denotes the acceleration, v the velocity and x the positions of each particle i. In addition, ∆t
denotes the discrete time step size and it should be noted that the newly “updated” velocity vn+1

i
is

directly used to compute xn+1
i

. The full sequence of steps is shown in Algorithm 1. When implemented
correctly, this yields a fully functioning SPH simulator. However, due to explicit integration, this
simulator is only stable for a restrictive set of time step sizes, pressure stiffness coefficients and viscosity
coefficients.

2.2.2 Implicit

The previous section constructed a fully functional explicit SPH simulation method. Due to limitations
inherent to explicit time integration, we will look at how these can be overcome by using implicit time
integration alongside operator splitting. Indeed, current state-of-the-art SPH solvers commonly make
use of implicit Euler time integration, which greatly improves simulation stability. Operator splitting
is further employed, such that one does not have to solve the full PDE implicitly, but instead solves
subproblems and then composes these to form the full solution. It is common for current SPH solvers
to use fractional-step or Chorin splitting [Chorin 1969, Issa 1986, J. Kim and Moin 1985] and to follow
the scheme of

1. Computing non-pressure forces (viscosity, surface tension, turbulence, etc.),

2. Computing an intermediate velocity with constant accelerations and non-pressure forces,

3. Projecting pressure values to ensure a divergence-free final velocity using intermediate velocities.

The process of how to go from the full Navier-Stokes equations, Equation (2.3), to an algorithm that
computes pressure and non-pressure forces implicitly will be detailed in the following. To do so, this
thesis aims to be as general as possible and avoids some of the simplifications that are made in related
works, such as IISPH [Ihmsen et al. 2014a] and DFSPH [Bender and Koschier 2015].

Pressure Poisson Equation

For implicit integration, we run into the same problem as for explicit integration, namely that we
need an equation to compute pressure forces. While we could use one of the closures defined in
Equation (2.22), which use a stiffness parameter κ and allows for weak compressibility, we instead want
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an equation that is accurate for incompressible fluids in the continuum. For this purpose, the typical
closure is obtained by taking the divergence of the full Navier-Stokes equations

∇ · Dv

Dt
= ∇ ·

(
− 1
ρ
∇p + ν∇2v + g

)
. (2.29)

The divergence operator and the material derivative do not commute directly, but instead satisfy

∇ · Dv

Dt
=

D

Dt
(∇ · v) + tr

(
(∇v)2

)
, (2.30)

as follows from ∂i
(
∂tvi + vj∂jvi

)
in index notation. Since we enforce that ∇ · v = 0 for mass

conservation at all times, and therefore also D
Dt (∇ · v) = 0, the left-hand side reduces to the purely

kinematic term tr
(
(∇v)2

)
. The remaining terms simplify to

∇ · (ν∇2v) const. ν
= ν∇2(∇ · v) = 0,

∇ · g = 0,

such that reordering for the pressure yields

∇ ·
(

1
ρ
∇p

)
= − tr

(
(∇v)2

)
. (2.31)

This is the general form for the pressure Poisson equation, with a velocity source term, assuming that
the kinematic viscosity ν is constant. In the Eulerian frame, this source term is equivalently written as
−∇ · (v · ∇v), since ∇ · (v · ∇v) = tr

(
(∇v)2

)
for divergence-free v. Attempting to solve this equation

alongside the Navier-Stokes equations results in a coupled system of non-linear equations between
velocity and pressure and is generally not attempted for SPH simulation methods. Instead, an operator
splitting scheme is applied to first compute velocity and then compute pressure using the “known”
velocity. This splitting scheme splits up the full equation into two discrete steps, namely computing an
intermediate velocity v∗ from non-pressure forces

v∗ − vn
∆t

= ν∇2vn + g, (2.32)

and then using backward Euler integration to compute the pressure forces

vn+1 − v∗
∆t

= − 1
ρ∗
∇pn+1. (2.33)

This kind of splitting into velocity and pressure is frequently used in the simulation of incompressible
fluids, albeit in a variety of slightly modified forms [Bender and Koschier 2017, Ihmsen et al. 2014a,
Solenthaler and Pajarola 2009].

We can take the divergence of Equation (2.33) and require that ∇ · vn+1 = 0, resulting in

∇ · vn+1 = 0⇔ ∇ · v∗ − ∆t∇ ·
(

1
ρ∗
∇pn+1

)
= 0,

⇔ ∇ ·
(

1
ρ∗
∇pn+1

)
=

1
∆t
∇ · v∗,

(2.34)

where ρ∗ is fluid density at the intermediate step. It should be noted that this equation is the discrete
Lagrangian counterpart of Equation (2.31). The intermediate velocity v∗ collects all non-pressure terms,
such that taking its divergence and rearranging for pressure on the LHS recovers Equation (2.31) in
the limit ∆t→ 0. For a finite time step, however, the two are not identical. In the Lagrangian frame,
the advective contribution is not part of v∗, but is instead realized by the motion of the particles, such
that the source term tr

(
(∇v)2

)
of Equation (2.31) is not represented within a single step. Equivalently,
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2. Foundations of Smoothed Particle Hydrodynamics

projecting onto ∇ · vn+1 = 0 on the current particle configuration does not yield a divergence-free
velocity field on the advected configuration, since ∇· and D

Dt do not commute, cf. Equation (2.30). This
form of the PPE is used in practice and results in stable simulations, but it is known to lead to a density
drift/loss of volume over time [Kugelstadt et al. 2021b], which is consistent with this splitting error and
further numerical errors, depending on the actual method and implementation. Instead, Equation (2.34)
can be reformulated using the discretized version of the continuity equation, Equation (2.21), to replace
the velocity divergence by the density deviation

ρ∗ − ρn
∆t

= −ρn∇ · v∗, (2.35)

⇔ ∇ · v∗ = ρn − ρ∗
∆tρn

. (2.36)

If we also assume that the density at time n is equal to the rest density ρ0, we have

∇ · v∗ = ρ0 − ρ∗
∆tρ0

. (2.37)

This allows us to rewrite Equation (2.34) in terms of local density deviations

∇ ·
(

1
ρ∗
∇pn+1

)
=

ρ0 − ρ∗
∆t2ρ0

. (2.38)

This was a somewhat lengthy but mostly complete derivation of the form that the PPE usually takes
in the context of SPH simulations, and it can also be found in the same form in the state-of-the-art
report by Koschier et al. [2022] with a small difference. Namely, the density on the LHS is assumed to
be equal to the rest density ρ0 instead of the density at the intermediate step ρ∗ and can therefore be
canceled out of the equation

∆t∇2pn+1 =
ρ0 − ρ∗
∆t

. (2.39)

However, doing so can result in inconsistencies as the density is variable across the incremental step,
which needs to be taken into account. As a matter of fact, most implicit SPH pressure solvers already
do this, as the Laplacian of the pressure force is calculated in two first-order derivatives, where

ai,p = −∇pi

ρi
≈ −

∑
j∈𝒩i

mj

(
pi

ρ2
i

+
pj

ρ2
j

)
∇iWij, (2.40)

is the symmetric version of the first derivative and

∇ ·
(
∇pi

ρi

)
≈ −∇ · ai,p = −

∑
j∈𝒩i

mj

ρj
(aj,p − ai,p) · ∇iWij, (2.41)

is another first derivative of the pressure accelerations. This form assumes that the density is variable
and does indeed compute the divergence of the full pressure acceleration numerically, even if it is often
written differently. However, there is still a slight inconsistency, as the density values at the start of the
timestep, i.e., ρn

i
are used here, instead of the density values at the intermediate step ρ∗

i
, as would be

consistent with the derivation. The full discretized per-particle PPE in velocity form is given by

Divergence PPE

∑
j∈𝒩i

mj

ρj
(ai,p − aj,p) · ∇iWij =

1
∆t
∇ · v∗i, (2.42)

and in density form by
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2.2. SPH Algorithm

Density PPE

∑
j∈𝒩i

mj

ρj
(ai,p − aj,p) · ∇iWij =

ρ0 − ρ∗i
∆t2ρ0

. (2.43)

The density ρi is computed using Equation (2.25) while the divergence of the velocity is typically
computed using the same anti-symmetric SPH approximation for first-order derivatives as is used for
the divergence of the pressure gradient in Equation (2.41)

∇ · vi =
∑
j∈𝒩i

mj

ρj
(vj − vi) · ∇iWij. (2.44)

In practice, the density ρ∗
i

is computed by using Equation (2.35), which introduces the divergence of
the velocity field into the density deviation, resulting in the RHS of Equation (2.43) to look like

ρ0 − ρ∗i
∆t2ρ0

=

ρ0 −
(
ρi − ∆tρ0

∑
j∈𝒩i

mj

ρj
(v∗

j
− v∗

i
) · ∇iWij

)
∆t2ρ0

, (2.45)

which contains only known quantities. It would also be possible to advect the particles into the
intermediate state and to determine ρ∗ using Equation (2.25). This is however not done in practice.

Note that these equations are still linear in the pressure values, which is why we can use typical
linear-system solution methods to find the actual pressure values pi. The most common method in
SPH is to use either matrix-free conjugate gradient or Jacobi iteration.

Relaxed Jacobi Iteration

In this section, the relaxed Jacobi iteration will be presented, which is frequently used to solve the PPEs
in Equation (2.42) and Equation (2.43). For this, we first define the linear system Ap = b implied by
these equations as

(Ap)i =
∑
j∈𝒩i

mj

ρj
(ai,p − aj,p) · ∇iWij,

(bdensity)i =
ρ0 − ρ∗i
∆t2ρ0

,

(bdiv)i =
1
∆t
∇ · v∗i.

The (relaxed) Jacobi iteration starts with an initial guess for the vector of pressures p and iteratively
refines the individual values according to the scheme

p
(l+1)
i

= (1 −ω)p(l)
i
+ ω

Aii
(bi −

∑
j≠i

Aijp
(l)
j
), (2.46)

where Aii and Aij denote individual elements of matrix A. This can be rewritten as∑
j≠i

Aijp
(l)
j

= (Ap(l))i −Aiip
(l)
i

. (2.47)

Doing so simplifies implementation, since we now only need to determine the full sparse matrix-vector
product Ap and the diagonal matrix elements Aii, instead of all individual matrix elements Aii and
Aij. Finally, this yields the relaxed Jacobi update rule for the pressure values

p
(l+1)
i

= (1 −ω)p(l)
i
+ ω

Aii
(bi − (Ap(l))i +Aiip

(l)
i
),

= p
(l)
i
+ ω

Aii
(bi − (Ap(l))i).

(2.48)
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2. Foundations of Smoothed Particle Hydrodynamics

This iteration further requires a stopping criterion, which tells the solver that the solution is sufficiently
close to the “true” solution. Convergence is typically measured in the average absolute residual of the
linear system.

Pressure Clamping

A significant issue for SPH simulation, and implicit pressure solvers in particular, is the problem
typically known as “particle-deficiency” or “tensile-instability” at the fluid surface. The approximation
properties of the SPH method are only well-defined for filled volumes. However, at the surface of
the fluid, roughly half of the domain will be empty of particles and therefore lacking in integration
points. This causes the fluid density to be severely underestimated by Equation (2.25) and a resulting
large attractive pressure force that attempts to pack fluid very densely at the surface. The result is
either unnatural particle clumping at the fluid surface for explicit solvers, or simulation instabilities for
implicit solvers.

A common technique to mitigate this problem is to apply so-called “pressure clamping”, which
simply clamps negative pressures to zero

p̂i = max(pi, 0). (2.49)

Pressure clamping can also be applied for the implicit solver using relaxed Jacobi iteration by clamping
each individual iteration update

p
(l+1)
i

= max
(
p
(l)
i
+ ω

Aii
(bi − (Ap(l))i), 0

)
. (2.50)

Applying pressure clamping unfortunately prohibits the use of potentially more efficient linear solvers,
such as the conjugate gradient method. Clamping introduces a discontinuity and therefore causes the
previously linear system to essentially become non-linear in nature.

Non-pressure Forces

The implicit pressure solver can be used as it was derived above. However, the non-pressure forces as
computed by Equation (2.32) are still explicitly integrated. We can change this to

v∗ − vn
∆t

= ν∇2v∗ + g, (2.51)

for implicit integration. As done by Weiler et al. [2018] we can formulate this as a linear system in
terms of velocity v∗

v∗
i
− vn

i

∆t
= 2(d + 2)ν

∑
j∈𝒩i

mj

ρj

v∗
ij
· xij

||xij||2 + 0.01h2∇iWij + g, (2.52)

which results in a system of linear equations

(Av∗)i = v∗i − ∆t2(d + 2)ν
∑
j∈𝒩i

mj

ρj

v∗
ij
· xij

||xij||2 + 0.01h2∇iWij,

(b)i = vni + ∆tg,

which can be solved very efficiently using the matrix-free conjugate gradient method, because no
clamping has to be applied here. Optionally, a block-diagonal preconditioner and initial guess can be
used to accelerate convergence.
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2.3. Summary

Algorithm 2 Implicit SPH
1: procedure FluidSolve
2: for all particles i do
3: ρi ← ComputeDensity(i) ⊲ Equation (2.25)
4: end for

5: for all particles i do
6: v∗

i
← vi + ∆tg + ∆t

ρi
ComputeViscosity(i) ⊲ Equation (2.27)

7: end for

8: p0
i
← 0, ∀i

9: l← 0
10: repeat

11: for all particles i do
12: p

(l+1)
i
← max

(
p
(l)
i
+ ω

Aii
(bi − (Ap(l))i), 0

)
⊲ Equation (2.50)

13: end for

14: l← l + 1
15: until ρerr/ρ0 < tol ⊲ typically tol ≈ 10−3

16: for all particles i do
17: vn+1

i
← v∗

i
+ ∆tai,p(p(l)) ⊲ Equation (2.40)

18: end for

19: for all particles i do
20: xi ← xi + ∆tvn+1

i
21: end for

22: end procedure

Algorithm

In this section, we derived the pressure-Poisson equation (PPE) to determine pressure values in implicit
solvers for incompressible fluids. Solving implicit integration for pressure and velocity simultaneously
is a very challenging problem, which is why operator splitting/Chorin splitting is commonly used to
separate the equation into two subsequent steps. The first part, Equation (2.32), computes an intermedi-
ate velocity field v∗ that takes into account all non-pressure forces. The second part, Equation (2.33),
determines the pressure forces by using (one of) two alternate but equivalent formulations of the
previously derived PPE. One uses the velocity divergence as a source term, Equation (2.42), while the
other uses deviation from rest density as a source term, Equation (2.43).

In the most obvious case, the non-pressure forces are computed by explicit integration and the
pressure forces by implicit integration through the PPE. An example of such a scheme is shown in
Algorithm 2. However, as shown in the previous subsection and by Weiler et al. [2018] it is possible
to also use implicit integration for non-pressure forces. Nevertheless, this still uses two distinct and
separate steps to compute pressure and non-pressure forces. An attempt at strong coupling can be
made for instance by iterating between implicit pressure and non-pressure forces [S. Liu et al. 2022],
which however, incurs increased computational cost.

2.3 Summary

This chapter briefly presented the fundamentals of the SPH method and applied them to fluid simulation.
Specifically, we looked at how to construct an explicit and an implicit simulation method. The explicit
method used an analytical closure to compute pressure forces from rest density deviations. The implicit
method instead constructed an additional equation by taking the divergence of the entire Navier-Stokes
equation, which results in the so-called pressure Poisson equation (PPE). Furthermore, the equation is
split into two separate steps, the first of which only considers non-pressure forces and the second only
pressure forces. Finally, implicit solvers typically use relaxed Jacobi iteration to solve the PPE and apply
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2. Foundations of Smoothed Particle Hydrodynamics

pressure clamping to prevent artifacts at the free surface. Implicit pressure solvers represent the current
state-of-the-art in SPH, with active progress being made on strong coupling between multiple materials
[T. Xie et al. 2023]. In the next chapters, we will first look at an effective way to model surface tension
with the SPH method. Afterwards, we will examine applications to complex melt-driven processes,
namely welding and thermal spray.
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CHAPTER 3
Implicit Surface Tension for SPH

Fluid Simulation

Surface tension effects can be readily observed in everyday situations at home or in nature. A dripping
water faucet, the formation and merging of soap bubbles or the movement of water striders on a pond
are just a few examples which are impossible without surface tension. There are many use cases for
simulating these effects in computer animation, whether for small-scale water features or artistic effects
like droplets running down a soda can. Even outside these applications, modeling surface tension is
crucial for specific engineering problems, for example in additive manufacturing. Overall, the numerical
simulation of surface tension is an active area of research in various fields. In the context of this
thesis, this chapter addresses the objective defined in Chapter 1 of improving stability and efficiency of
point-based simulation methods via implicit formulations.

At its core, surface tension is the result of unbalanced molecular attraction forces at the fluid
interface. This imbalance results in forces minimizing the surface area of the fluid and tensile stresses
parallel to the surface, which can roughly be compared to a kind of “elastic” membrane. Of course this
is a highly simplified description and actually incorporating surface tension in continuum mechanical
fluid simulations poses several challenges. First of all, surface tension is not inherent to models based
on the Navier-Stokes equations and has to be modelled explicitly in contrast to molecular simulations,
where surface tension arises directly from the intermolecular potentials. Furthermore, depending on
the choice of numerical discretization method, the fact that surface tension effects specifically apply to
the fluid surface can cause nontrivial accuracy or stability issues, as well as complicate coupling with
the rest of the fluid model.

Previous SPH surface tension methods in computer graphics have, for the most part, used explicit
time integration. Building on the SPH fundamentals presented in Chapter 2, this becomes an issue
when aiming to simulate cases with large surface tension coefficients, as they end up requiring small
time steps in order to obtain a stable simulation. In addition, the simulation of certain effects containing
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3. Implicit Surface Tension for SPH Fluid Simulation

Figure 3.1. Left: A dripping water faucet showing realistic stream and droplet formation for small-scale

water effects. Middle: A child’s toy in which droplets fall through a maze of obstacles due to gravity. A

reservoir at the top of the toy causes droplets to be formed through funnels, falling through the maze and

recombining into a single fluid mass at the bottom. Right: A water-bell, which is formed due to surface

tension when two opposing vertical water streams meet. Our surface tension method is able to maintain

the shape, while the surface at its thinnest point is just 2–3 particles thick.

surface tension, such as the formation of thin sheets during splashing, requires a delicate balance of
forces and stability of surface tension that has not yet been shown using explicit SPH surface tension
methods. As such, we aim in this chapter to develop an implicit scheme for computing surface tension
forces in order to improve simulation stability and enable the use of large force coefficients without
reducing time step sizes. To this end we present the following contributions.

First, we derive a cohesion force which is inspired by the balance of forces at the molecular scale.
This force is defined such that it only acts on the surface of the fluid while cancelling out in the interior.
This property is achieved by making use of the symmetric SPH kernel function, enabling our model to
seamlessly integrate with existing SPH solvers. After discretizing with SPH we apply the backward
Euler method for time integration, yielding a non-linear system of equations. For the system we
subsequently propose a non-trivial linearization for improved solver performance.

Second, we extend our surface tension force by an adhesion term for interaction with rigid objects
and further strongly couple it with a state-of-the-art implicit viscosity force [Weiler et al. 2018].
The strong coupling is achieved by solving a single monolithic linear system. This results in more
stable simulations compared to solving surface tension and viscosity sequentially by avoiding coupling
artifacts, which become more noticeable for cases with both larger surface tension and viscosity
coefficients. The monolithic solver is able to directly find a solution satisfying both equations, instead
of having to iterate between them or favoring one over the other by solving them in succession.

Finally, we demonstrate that using our method, we are able to simulate a large variety of surface
tension effects. These range from cohesion dominant cases, such as droplet formation and fluid crowns,
to adhesion dominant cases, such as covered spheres and surface wetting, as well as cases requiring a
delicate balance between the two, such as a catenoid between two rigid tori. In Figure 3.1, a selection of
these complex surface tension effects is shown.

3.1 Related Work

Over the years, a number of different approaches have been developed to simulate surface tension
using a variety of discretizations. As the goal of our work is to present an improved and implicit surface
tension model for SPH simulation, we first present a brief review of SPH surface tension approaches.
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Afterwards, we outline the broader context of how surface tension can be simulated using different
discretization and simulation methods. Finally, we summarize the findings most relevant to our work.

3.1.1 Particle-Based Surface Tension

At a microscopic scale, surface tension is known to originate from an imbalance of molecular forces at
fluid interfaces [Nelkon 1969, Popinet 2018]. As SPH is a particle-based Lagrangian discretization
method, some works have attempted to emulate this molecular force by introducing attractive forces
between particles [Becker and Teschner 2007, Clavet et al. 2005, Tartakovsky and Meakin 2005,
T. Yang et al. 2016, 2017]. These works have partially been documented to suffer from increased particle
clustering at the surface [Huber et al. 2015]. T. Yang et al. [2016, 2017] show that using a significantly
larger support radius can alleviate the particle clustering problems in some of the previous works
and propose an improved particle-particle interaction force for surface tension. They use a Jacobi
iteration-based strong coupling between pressure and non-pressure forces (including surface tension).
This however comes at the cost of significantly increased computational complexity.

At the macroscopic scale, surface tension is generally derived through the thermodynamic equilib-
rium across the fluid interface [Landau and Lifshitz 2013]. Derived from this is the Young-Laplace
equation that describes forces acting on the surface of the fluid. Brackbill et al. [1992] reformulated
this equation using a mollifier function for volumetric simulations. This is called the Continuum Surface
Force (CSF) approach. This approach was initially adopted for SPH simulations by Morris [2000],
and subsequently by several others [He et al. 2015, X. Hu and Adams 2006, M. Müller et al. 2003,
M. Zhang 2010, Zorilla et al. 2020]. It integrates well with the SPH framework and is able to produce
comparable results to cohesion based approaches when tuned correctly. Nevertheless, the computation
of the curvature with SPH is known to be prone to errors [Morris 2000], especially in the interior
of the fluid, requiring the usage of non-trivial thresholds or explicit surface classification to alleviate
this. Notably, Zorilla et al. [2020] present an improved, but computationally expensive approach for
computing accurate curvature values. Finally, Akinci et al. [2013] present a hybrid approach utilizing
both curvature (through non-normalized normal vectors) and cohesion forces aiming to combine the
best of both methods. This method is further built upon by X.-K. Wang et al. [2017], by coupling it
with the IISPH method [Ihmsen et al. 2014a]. Comparisons of select models based on the microscale
considerations (inter-particle force) and models based on the CSF approach are presented by Huber
et al. [2015] and L. Yang et al. [2019].

3.1.2 Further Approaches

Grid-Based Similar to Lagrangian particle methods, the fluid interfaces which are required for surface
tension are often only implicitly defined in grid-based methods. The surfaces can be reconstructed by
using an interface tracking technique such as the level-set method [Aanjaneya et al. 2013, Kang et al.
2008, Ni et al. 2020, Patkar et al. 2013, W. Zheng et al. 2009] or the volume of fluid method [Albadawi
et al. 2013, Hong and C.-H. Kim 2003, 2005]. However, while grid-based Eulerian methods allow for
changing topology, the resolution is often constrained by the necessity to discretize a very large region
outside of the actual region of interest. A recent work by Y.-L. Chen et al. [2020] addresses this issue
by proposing a cut-cell method able to resolve the liquid surface at sub-grid scale. The level-set method
has also been successfully applied to the simulation of soap bubbles [Kang et al. 2008] as well as air
bubbles and bubble clusters [W. Zheng et al. 2009].

Mesh-Based Lagrangian mesh based approaches typically facilitate accurate computation of surface
tension forces by explicitly modeling the surface of the fluid. There are a number of mesh-based ap-
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proaches incorporating surface tension effects focusing on surface only (non-volumetric) discretizations
of fluids. These include the simulation of droplets covering other objects [Y. Zhang et al. 2012], the
simulation of viscous thin sheets [Batty et al. 2012] and threads [Bergou et al. 2010], thin films on
other surfaces [Azencot et al. 2015] and surface only discretizations of bubbles and thin films [Da et al.
2015, Ishida et al. 2020, 2017]. B. Zhu et al. [2015, 2014] propose a codimensional simulation method
to allow for changing surface topology. Finally, Misztal et al. [2012, 2014] derive and implement a
fully coupled solver containing pressure, viscosity and implicit surface tension on moving unstructured
tetrahedral meshes.

Hybrid Hybrid methods typically aim to make use of Lagrangian particles and Eulerian grids together,
combining benefits of both approaches to capture incredibly diverse effects. W. Zheng et al. [2015]
apply a hybrid particle marker-and-cell grid to better capture free surface flows. Hong et al. [2008]
propose a novel approach of using SPH to simulate air bubbles within an Eulerian grid based simulator.
A versatile surface tension approach based on the minimization of an energy which is proportional to
the surface area of the liquid is proposed by Hyde et al. [2020]. This approach can be used within the
material-point method or particle-in-cell approach and has been further extended to model phenomena
with spatially varying surface tension coefficients [J. Chen et al. 2021]. Boyd and Bridson [2012]
propose a FLIP method which explicitly reconstructs the fluid surface for accurate surface tension
computation. A hybrid method which uses a Lagrangian surface mesh instead of particles is introduced
by Schroeder et al. [2012], in which the surface mesh is coupled to an Eulerian discretization. A similar
approach has also been proposed by Ruan et al. [2021] and has been extended to strongly couple with
solid objects interacting with the surface.

Recently, Xing et al. [2022] introduced a hybrid position-based method for simulating small-scale
surface tension phenomena, by detecting surface particles, reconstructing a local triangle mesh and
formulating surface tension constraints.

3.1.3 Summary

While a number of particle-based surface tension models have already been proposed, there have
always been drawbacks and limitations to what effects a single method was able to capture. Most
previous SPH-based methods modeled surface tension with explicit forces, which can cause stability
issues for large parameter values or large time steps. We propose an implicit surface tension method in
SPH-based fluid simulation to address this problem. This includes an implicit approach for boundary
adhesion, as well as strong coupling with an implicit velocity solver.

As opposed to the method of Xing et al. [2022], we do not have to resort to detecting surface
particles explicitly, or potentially costly reconstructions of local meshes. Surface particles are implicitly
detected using our proposed cohesion kernel and surface forces constructed such that surface area is
reduced.

Compared to the approach of T. Yang et al. [2016, 2017], we are able to implicitly integrate surface
tension forces using comparatively small particle neighborhoods of only 30-40 particles. We also use
conjugate gradient (CG) iteration to solve a linear system instead of nonlinear Jacobi iteration, which
also has some more favorable convergence properties.

Ultimately, we show that the implicit nature of our method enables us to plausibly simulate a wide
variety of surface tension phenomena within a purely particle-based surface tension model.
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Air

Water

Figure 3.2. Surface tension force as a result of micro-scale force imbalances. Interior particles are

completely surrounded in all directions, so that pairwise cohesive forces (grey arrows) add up to zero.

Particles at the surface have no neighboring particles in a specific region, such that summation of pairwise

cohesive forces (grey arrows) causes a net force (red arrow) in the direction of the fluid interior.

3.2 Method

As surface tension is fundamentally an effect caused by unbalanced molecular forces at the micro-scale
(see Figure 3.2), this results in a net force at the fluid interface. It can be thought of as “tightening”
the surface, forming a kind of elastic membrane with the tendency to reduce the surface area of the
interface.

In the following, we will derive our surface tension force from continuum micro-scale considerations.
We chose this approach because transferring surface tension originating from molecular cohesive forces
to the domain of SPH particle simulation is the more natural transition, resulting in a native formulation.
Meanwhile, curvature based approaches require specialized solutions to prevent non-zero curvature
values in the interior of the fluid. Inspired by the molecular cohesive forces we define a continuous
model for surface tension forces, which we discretize in space using SPH. For time discretization, we
propose an adapted variant of the linearized backward Euler method. We strongly couple this linear
system with implicit viscosity forces and further extend it to be able to include adhesion effects at solid
boundaries.

We use the well-established operator splitting approach for SPH, previously discussed in Section 2.2.2,
which means that we separately compute and integrate pressure and non-pressure forces. This weak
coupling between pressure and non-pressure forces is the current standard for SPH simulation [Ihmsen
et al. 2014b, Koschier et al. 2022], and we have not found it to be prohibitive for the effects we aimed
to simulate with our method, especially when using the implicit pressure solver Divergence-Free
Smoothed Particle Hydrodynamics (DFSPH) [Bender and Koschier 2017]. Nevertheless, we also
present a short description of an iteration-based strong pressure-coupled approach, as well as how it
relates to the weak pressure-coupled algorithm in Section 3.2.5. A comparison and brief discussion
between the coupling schemes is then provided in Section 3.3.1.

Finally, we propose a particular weighting function for our cohesion force approach, which relates
how strongly particles interact with each other depending on their distance vector. We construct it in a
way to prevent previously mentioned clustering artifacts at the surface.
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3.2.1 Derivation

For our method, we adopt the micro-scale assumption that the surface tension force results from a
force imbalance at the fluid interface, as shown in Figure 3.2. We formalize this in the continuum as

fst(x∗) = −σ
∫
Ω

x∗ − x
||x∗ − x||W(x

∗ − x;h)dx, (3.1)

where W is a compactly supported weighting function on the integration domain Ω, and σ ∈ R+

denotes the surface tension coefficient. Note that σ is not directly proportional to the otherwise
commonly used surface tension parameters derived for curvature-based surface tension, although it
shares the same units [N m−1]. W further depends on the distance vector between evaluation point x∗

and integration point x, and the smoothing length h (which is equivalent to the corresponding SPH
quantity).

Intuitively speaking, this integral accumulates force contributions of all points x in the domain in
the direction of evaluation point x∗ and weights them through evaluation of the function W. As long as
W is an even function, the total force will be zero when integrating over a symmetric domain, e.g., the
interior of the fluid. Only when integrating over non-symmetric domains, e.g., at the fluid surface, does
the integral evaluate to a non-zero value. In addition, W can be adjusted to exhibit different attractive
or repulsive properties. For example, at the molecular level, W might be chosen such that the net
force corresponds to the force resulting from the Lennard-Jones [1931] potential. This potential is
an even function yielding an attractive force when molecules are further than some molecule-specific
distance apart, diminishing smoothly with increasing distance. For smaller distances it results in a
rapidly increasing repulsive force, proportional to the inverse distance.

In our work we denote Wcubic as the standard cubic spline kernel [Monaghan 1992] often used in
SPH simulations, with a small modification resulting in

W(x∗ − x;h) = ||x∗ − x||Wst(x∗ − x;h), (3.2)

Wst(x∗ − x;h) = θ


Wcubic(x∗ − x;h), for ||x∗ − x|| > dpart

Wcubic
(

x∗−x
||x∗−x||dpart;h

)
, otherwise .

(3.3)

Here dpart denotes the particle diameter, such that the value of Wst, and implicitly also the value of W,
is clamped to a constant value as the distance between particles decreases below dpart. In all of our
simulations we set h = 2dpart. The additional factor θ = 10

7 (for 3D simulations) is derived, such that
the modified cubic-spline kernel function is again normalized, i.e. the integral of the kernel over the
compact support is equal to one.

The multiplication by the distance ||x∗ − x|| and the clamping of the cubic-spline kernel ensure that
the attraction is maximal at a one-particle-diameter distance dpart and linearly tends to zero as particles
get closer. As such, the SPH discretization of Equation (3.1) is given by

fst(xi) = −σ
∑
j∈𝒩i

mj

ρj
(xi − xj)Wst(xi − xj;h), (3.4)

where mj is the mass and ρj is the density of discrete particle j in the neighborhood𝒩i around position
xi. Note that due to the dependency on the density ρj, the term also depends on all positions xk in the
neighborhood k ∈ 𝒩j, since

ρj =
∑
k∈𝒩j

mkW
cubic(xj − xk;h). (3.5)

This dependency has considerable significance for our implicit integration scheme which we introduce
in the following. The formulation in Equation (3.4) is very similar to the surface tension force employed
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by Becker and Teschner [2007], yet differs in derivation and construction of the custom clamped
kernel function.

In the following, we will use the shorthands Wij = Wst(xi − xj;h) and xij = xi − xj. In order
to symmetrize Equation (3.4), we introduce ρij =

1
2 (ρi + ρj) and mij =

1
2 (mi +mj) as the averaged

densities and masses. This yields the symmetric force

fst(xi) = −
∑
j∈𝒩i

σ
mij

ρij
xijWij︸         ︷︷         ︸

fij,st

.
(3.6)

Finally, the acceleration on particle i resulting from the discretized surface tension force can be written
as

ai,st = −
1
mi

∑
j∈𝒩i

fij,st = −
σ

mi

∑
j∈𝒩i

mij

ρij
xijWij . (3.7)

Discretizing this equation in time using the forward Euler method yields

ai,st =
vt+1
i
− vt

i

∆t
= − σ

mi

∑
j∈𝒩i

mij

ρtij
xtijW

t
ij , (3.8)

resulting in a closed expression for vt+1
i

. Discretizing with the backward Euler method instead, this
equation becomes

ai,st =
vt+1
i
− vt

i

∆t
= − σ

mi

∑
j∈𝒩i

mij

ρt+1
ij

xt+1
ij Wt+1

ij , (3.9)

which results in a non-linear system for the velocity vt+1
i

, since the (non-linear) kernel function and
the density both depend on xt+1

i
= xt

i
+ ∆tvt+1

i
.

3.2.2 Implicit Surface Tension

In the following, we describe the implicit time integration in more detail. Using an implicit method
improves the stability significantly when using large surface tension forces in combination with larger
time steps. This enables the simulation of complex surface tension effects that explicit methods struggle
to handle at typical time step sizes. The explicit version in Equation (3.8) directly yields a closed solution
for velocity vt+1

i
, while the implicit version in Equation (3.9) requires solving a non-linear system.

Unfortunately, a full non-linear solver such as Newton’s method is not well suited for our specific
problem. The combination of Newton iterations together with a sparse linear system solver quickly
becomes prohibitively expensive, both in terms of computational complexity as well as memory
requirements of storing the Jacobian and intermediate results for line-search. More crucially, a full
Newton’s method for surface tension would entail many more iterations over all particles, its neighbors,
and neighbors of neighbors than just a linear system solve It would further need to run the costly
neighborhood search to evaluate new densities in each Newton iteration. As such, we instead describe
our solution method for linearized implicit surface tension forces in the following.

Naive Linearization To be able to solve the non-linear system we choose to employ a linear
approximation. The most obvious approach to this would be to simply linearize Equation (3.9) in
velocity

ai,st(xt+1(vt+1)) = ai,st(xt+1(vt))
+ ∇v ai,st(xt+1(v))

��
vt (vt+1 − vt)

+ 𝒪(∆v2) .
(3.10)
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Solving this linear system can be viewed as solving the non-linear system using a single Newton iteration.
However, in our experiments we quickly disregarded this approach as untenable. The derivative has to
be computed with respect to the velocities of all particles in the immediate neighborhood, as well as their
immediate neighbors, due to the dependencies mentioned previously. Using an iterative matrix-free
linear system solver, this led to significantly worse performance and scaling, quickly dominating all
other terms in the SPH solver. In addition, we found that the quality and stability of the simulations
using this approach were, if anything, slightly inferior to the following approach.

Improved Linearization Instead of directly linearizing Equation (3.9) in velocity, we instead split
the term into two parts g and h

vt+1
i
− vt

i

∆t
= − σ

mi

∑
j∈𝒩i

mij

gt+1
ij︷︸︸︷

Wt+1
ij

ρt+1
ij

ht+1
ij︷︸︸︷

xt+1
ij , (3.11)

and linearize them independently with respect to time t. Realizing that the term h only depends linearly
on particle positions xi and xj, it is linearized using backward Euler time integration. This results in

ht+1
ij =

(
xti + ∆tvt+1

i − xtj − ∆tvt+1
j

)
, (3.12)

preventing any longer range dependencies on velocities outside of the immediate neighborhood of
particle i. The other term g, which does have dependencies outside of the immediate neighborhood, is
approximated using a first-order Taylor expansion at time t

gt+1
ij ≈ g̃t+1

ij = gtij + ∆t
∂gij

∂t

����
t

= gtij + ∆t
(
∂gij

∂x
· v

)����
t

. (3.13)

This results in a formulation which only depends on quantities at time t. Therefore, it can be computed
in advance of solving the linear system. The individual terms of g are

gtij =
Wt

ij

ρtij
, (3.14)

and (
∂gij

∂x
· v

)����
t

=
∇iWt

ij
· vt

i
+ ∇jWt

ij
· vt

j

ρtij

−
Wt

ij

2

(∑
k∈𝒩i

mk(vti − vtk) · ∇iWt
ik

ρtij
2

+
∑

l∈𝒩j
ml(vtj − vtl) · ∇jWt

jl

ρtij
2

)
.

(3.15)

The first line in this equation corresponds to the time derivative of the kernel function Wij, which
has been expanded using the product rule, see Equation (3.13), to the spatial derivative of the kernel
function times the velocity. The spatial gradients ∇i and ∇j denote derivatives wrt. particle positions
xi and xj. The second and third line correspond to the time derivative of the reciprocal averaged
density ρij, which has been expanded analogously. These terms can be recognized from the continuity
equation as the negative divergence of the velocity field ∇ · v times density ρ

− (ρ∇ · v)i =
∑
j∈𝒩i

mj(vi − vj) · ∇iWij . (3.16)
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We precompute and store this scalar value per particle and thus eliminate the need for iterating over
neighbors of neighboring particles in the linear solver. Now that all terms have been identified, we can
assemble the final linearized system

vt+1
i
− vt

i

∆t
= − σ

mi

∑
j∈𝒩i

mij

(
xtij + ∆tvt+1

ij

)
g̃t+1
ij ,

⇔ vt+1
i + ∆t2 σ

mi

∑
j∈𝒩i

mijv
t+1
ij g̃t+1

ij = vti − ∆t
σ

mi

∑
j∈𝒩i

mijx
t
ijg̃

t+1
ij .

(3.17)

This can also be written as
(I + ∆tA)vt+1 = vt + b, (3.18)

where

Aii = I3
σ

mi
∆t

∑
j∈𝒩i

mijg̃
t+1
ij , Aij = −I3

σ

mi
∆tmijg̃

t+1
ij for i ≠ j ,

bi = −∆t
σ

mi

∑
j∈𝒩i

mijx
t
ijg̃

t+1
ij .

(3.19)

Here, Aij denotes the matrix block corresponding to the entry of particles i and j, while Aii denotes
the diagonal matrix element and I3 the 3x3 identity matrix. The constructed linear system is symmetric
positive definite if all particles have equal mass m = mi, which allows us to use the iterative matrix-
free Conjugate Gradient (CG) method to find the solution. Indeed, we only perform simulations with
uniform particle masses. It would, however, be possible to use a different iterative linear solver, such as
BiCGStab, to solve the non-symmetric system for non-uniform particle masses.

The linear system could also be solved as three smaller systems, as the individual velocity com-
ponents do not depend on each other. However, this can only be done when solving implicit surface
tension in isolation and is no longer possible when strong coupling with viscosity is desired, see
Section 3.2.4.

We use a matrix-free CG solver, since it is more efficient both in terms of memory and computation
time, as the linear system never actually has to be fully assembled. We also use the previous change in
velocity to compute a prediction to warmstart the linear solver

vpred = vt +
(
vt − vt−1) . (3.20)

We have found this to significantly reduce computation time by decreasing the number of required
solver iterations. We have further implemented and tested solver acceleration using a block-diagonal
preconditioner. However, we have not observed any significant improvements, although this may be a
possible direction for further study.

3.2.3 Adhesion

We have formulated an implicit linear system that allows us to compute cohesive surface tension forces
within the fluid itself. We extend this by defining an additional force which allows us to describe the
surface tension properties between a fluid and a rigid object in contact. To achieve this we use an
analogous formulation as for the previous cohesion model and introduce an adhesion coefficient σb,
which defines how strongly the fluid is drawn to the rigid object. We further assume the usage of the
Volume Maps boundary handling method [Bender et al. 2019]. Within this method, boundaries are
simply defined by the volume Vb

i
occupied within the compact support of particle i, the closest point

on the boundary xb
i

, and the velocity of the boundary vb
i

. All other properties, such as rest density, are
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σ = 1625
σb = 0.0σ

σ = 3250
σb = 0.0σ

σ = 6500
σb = 0.0σ

σ = 1625
σb = 0.7σ

σ = 3250
σb = 0.7σ

σ = 6500
σb = 0.7σ

σ = 1625
σb = 0.9σ

σ = 3250
σb = 0.9σ

σ = 6500
σb = 0.9σ

Figure 3.3. Effect of droplet adhesion to a flat plane when using different cohesion and adhesion parame-

ters. The columns from left to right show increasing surface tension coefficientsσ = [1625, 3250, 6500]N m−1
,

while the rows from top to bottom show increasing adhesion coefficients σb = [0σ, 0.7σ, 0.9σ]N m−1
as a

fraction of the surface tension coefficient.

assumed to be identical to the fluid properties. The system in Equation (3.19) can easily be extended to
incorporate adhesion

Aii = I3
∆t

mi

©­«
∑

b∈𝒩b
i

mb
i σ

bg̃b,t+1
i

+ σ
∑
j∈𝒩i

mijg̃
t+1
ij

ª®¬ ,

bi = −
∆t

mi

©­«
∑

b∈𝒩b
i

mb
i σ

b
(
xti − x

b,t
i
− ∆tvb,t

i

)
g̃b,t+1
i

+σ
∑
j∈𝒩i

mijx
t
ijg̃

t+1
ij

)
,

(3.21)

where b ∈ 𝒩b
i

denotes all neighboring boundaries of particle i, and mb
i = 1

2 (mi + ρ0V
b
i
) denotes the

averaged mass. Here Vb
i

corresponds to the volume occupied by the boundary in the compact support
of particle i, obtained from the volume maps approach by Bender et al. [2019]. Note that Aij remains
unchanged and that the linear system remains symmetric for uniform particle masses. The term g̃b,t+1

i

looks slightly different,

g̃b,t+1
i

=
Wb,t

i
1
2 (ρti + ρ0)

+ ∆t
(
∇iWb,t

i
· vt

i
− ∇iWb,t

i
· vb,t

i
1
2 (ρti + ρ0)

−
Wb,t

i

2

(∑
k∈𝒩i

mk(vti − vtk) · ∇iWt
ik( 1

2 (ρti + ρ0)
)2

))
.

(3.22)

Here the term corresponding to the density gradient of the boundary is dropped, as the density of
the boundary volume is assumed to be constant and equal to the rest density. While we show only
the derivation of the adhesion terms for Volume Maps boundary handling, the formulation can be
adapted easily to other implicit boundary representations (e.g., [Koschier and Bender 2017]) or explicit
boundary representations (e.g., [Akinci et al. 2012]).

The effect of combining different adhesion coefficients with different cohesion coefficients is shown
in Figure 3.3. This figure shows that the droplet shape becomes more spherical as the surface tension
coefficient increases. Increasing the adhesion coefficient makes the droplet flatter and spread out further
across the plane, while also changing the contact angle between the droplet and plane.

3.2.4 Implicit Viscosity

Having obtained an implicit linear system containing both cohesive and adhesive surface tension effects,
we propose to make one final modification. In the following, we introduce strong coupling of our
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surface tension force with the implicit viscosity force proposed by Weiler et al. [2018] by solving both
in a single linear system. In contrast to weak coupling where successive solves of the systems can be
problematic for convergence, we expect strong coupling to yield better results. In practice we observed
stability benefits as well as performance benefits since fewer overall CG iterations were required.

For low-viscosity fluids, the weakly coupled standard explicit viscosity model performs reasonably
well. However, compared to the following strong coupling approach when using surface tension, using
an explicit viscosity model is not actually more computationally efficient. This is due to the very similar
matrix structure of our implicit surface tension model and the implicit viscosity model of Weiler et al.
[2018].

Strongly coupling both effects can be accomplished by simply solving both linear systems simulta-
neously, i.e.

vt+1
i
− vt

i

∆t
= ft+1

i,st + ft+1
i,visc. (3.23)

Because the implicit viscosity method by Weiler et al. [2018] is given in very similar notation, we
extend the linear system in Equation (3.18) by the contribution of viscosity

(I + ∆t(Ast +Avisc)) vt+1 = vt + bst, (3.24)

where the st subscript denotes the contributions from surface tension given by Equation (3.19) and
Equation (3.21). The visc subscript denotes the contribution from viscosity forces

Avisc,ij = 2(d + 2)
µmij

ρt
i
ρt
j

∇iWt
ij
xt
ij

T

||xt
ij
||2 + 0.01h2 , Avisc,ii = −

∑
j∈𝒩i

Avisc,ij, (3.25)

where µ is the dynamic viscosity coefficient, d the number of spatial dimensions and h the smoothing
length of kernel functionW. The kernel for viscosity is the standard SPH cubic kernelWij = Wcubic(xi−
xj;h). As both linear systems are symmetric positive definite individually — under the assumption of
uniform particle masses — the combined system inherits this property. Therefore, we make use of the
same iterative CG solver as described previously, with the same initial guess as warmstart. The full
algorithm for our implicit surface tension method is shown in Algorithm 3. For all experiments, we use
a relative residual error tolerance tol = 0.001 and a maximum number of iterations itermax = 100.

In the accompanying video material1, we show a comparison using varying viscosity parameters
with a constant surface tension coefficient. Larger viscosity values result in a smooth surface yet lead
to damped fluid motion. Lower viscosity values are less dissipative, yet result in more chaotic motion at
the fluid surface. This effect can generally be observed for inviscid fluids using SPH and is already well
documented by Monaghan [1989, 1992], where a proposed solution is to apply velocity smoothing in
order to add coupling between velocities of neighboring particles.

3.2.5 Pressure Coupling

Due to the nature of surface tension forces acting in normal direction to the fluid interface, they
are directly opposed to pressure forces. Surface tension forces lead to a minimization of the surface
area of the fluid, while pressure forces counteract compression and, to a certain extent, expansion
of the fluid. While there have been previous works investigating strong coupling of pressure and
non-pressure forces [Hopp-Hirschler and Nieken 2019, S. Liu et al. 2022], we have not found weak
coupling of our implicit surface tension and the implicit pressure solver to cause any issues. To verify
this, we extended the “DFSPH-IV” approach of S. Liu et al. [2022] to strongly couple the implicit
pressure solver by interleaving it with our proposed implicit surface tension solver. The outline of

1https://youtu.be/xWXTQJl4pZ0
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Algorithm 3 Implicit Surface Tension with Viscosity
1: procedure ComputeSurfaceTensionWithViscosity
2: for all particles i do
3: (ρ∇ · v)t

i
← PrecomputeDivergence ⊲ Equation (3.16)

4: bt
i ← ComputeCohesionAdhesionRHS ⊲ Equation (3.21)

5: vt
i,pred ← ComputeWarmstart ⊲ Equation (3.20)

6: end for

7: vt+1
i
← SolveCG(bt

i , vt
i,pred) ⊲ Equation (3.24)

8: for all particles i do
9: ai ← ai +

vt+1
i
−vt

i

∆t ⊲ Add acceleration
10: end for

11: end procedure

Algorithm 4 Simulation Step
1: procedure SimStep
2: for all particles i do
3: 𝒩i ← FindNeighboringParticles(i)
4: end for

5: for all particles i do
6: ρi ← ComputeDensity(i)
7: v∗

i
← vi + ∆tg ⊲ Add gravity

8: v∗
i
← v∗

i
+ ∆tai,np ⊲ Add explicit non-pressure forces

9: end for

10: while iter < itermax do
11: v∗ ← DFSPH_DivergenceFree(v∗)
12: ast ← ComputeSurfaceTensionWithViscosity(v∗) ⊲ Algorithm 3
13: v∗ ← v∗ + ∆tast
14: v∗ ← DFSPH_ConstantDensity(v∗)
15: end while

16: for all particles i do
17: vi ← v∗

i
⊲ Update velocity

18: xi ← xi + ∆tvi ⊲ Update positions
19: end for

20: end procedure

the resulting algorithm is shown in Algorithm 4. Weakly-coupled operator splitting can be recovered
when setting itermax = 1. Results comparing explicit surface tension, weakly pressure-coupled implicit
surface tension and iteration-based strong pressure-coupled implicit surface tension are presented in
Section 3.3.1.

Only for very large time steps, combined with very large surface tension coefficients, did the weakly
coupled iterative solvers not converge. These configurations incurred a lot of compression from the
surface tension forces. The subsequent application of the pressure solver to enforce constant density
would then result in very large pressure forces and could lead to instabilities. This was, however,
typically easy to resolve by slightly reducing the time step size, particle radius, or both. In addition,
weakly coupled pressure and non-pressure solvers remain the current state of the art for SPH simulation
methods [Ihmsen et al. 2014b, Koschier et al. 2022]. We leave further and more thorough investigations
of strong pressure coupling as a possible direction of future work, as the selection of time step size was
not a constraining factor in any of our simulations.
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Ours (implicit) Ours (iterative) Ours (explicit)

Figure 3.4. Comparison of a droplet forming in zero-gravity. Our implicit method (left) remains stable

and forms a smooth sphere while the explicit version of our method (right) becomes unstable with increasing

surface tension parameter. The iterative method for strong coupling with pressure forces (middle) also

remains stable.

3.3 Results

In this section, we aim to show the efficacy of our implicit surface tension method using a wide variety
of examples. To begin with, we investigate the different variations of our proposed method, namely
explicit integration, implicit integration with weak pressure coupling and finally implicit integration
with iteration-based strong pressure coupling. Subsequently, we directly compare our implicit method
with weak pressure coupling to other SPH surface tension methods in order to show that we are able to
match, if not even outperform existing approaches.

Afterwards, we show in more detail the capabilities of our method, especially with respect to the
large surface tension coefficients enabled by our implicit method. We were not able to reproduce the
majority of these examples with the other approaches due to instabilities from their explicit integration.

Unless otherwise specified, we use the Divergence-Free SPH pressure solver [Bender and Koschier
2017] and the implicit viscosity method of Weiler et al. [2018]. For all methods we use the implemen-
tations available in the open-source SPH framework SPlisHSPlasH [Bender et al. 2026].

3.3.1 Sphere Stability

Visual Comparison To start with, and to further show the stability of the implicit formulation, we
compare the implicit version of our surface tension method against the explicit version in a zero-gravity
setting and without viscosity. For implicit surface tension, we present two versions: one utilizing
weak pressure coupling, being commonly used in recent SPH publications, and another employing
the iterative strong coupling scheme proposed by S. Liu et al. [2022] with itermax = 5 iterations (see
Algorithm 4). The lack of viscosity ensures that surface tension and pressure are the only forces acting
on the fluid. Furthermore, we use XSPH velocity smoothing as described by Monaghan [1989] with a
factor of 0.5. The visual comparison is shown in Figure 3.4.

The fluid starts out as a block and the surface tension coefficient is initialized to a small value. After
2 s, this value is increased continuously — such that the block should transform into a sphere — until
the explicit method becomes unstable (shown in the figure). It is clearly observable that the explicit
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Figure 3.5. Surface energy over time for the simulations in Figure 3.4.

Table 3.1. Comparison of performance metrics for the sphere stability scene. ST abbreviates “surface

tension”, while DFSPH iterations denotes the number of pressure solver iterations.

Explicit Implicit Iterative
Avg. ST Time [ms] 3.95 9.34 31.92
Avg. ST & Pressure Time [ms] 12.61 44.74 154.51
itermax [-] 1 1 5
Avg. DFSPH Iterations [-] 4.13 49.89 209.75
σtstart [N m−1] 70000 54000
σtend [N m−1] 140000 108000

method forms irregular clumps at the fluid surface, while the implicit methods form a smooth and
stable sphere. This disparity can be attributed to the explicit method getting “stuck” in locally optimal
configurations, while solving a linear system in the implicit methods better accounts for the global
shape of the fluid. Additionally, the explicit method seems to “gain” volume, which is another artifact
where the outermost layer of particles detaches from the bulk of the fluid, to form a kind of “hull”.

Although both implicit methods form a stable sphere, the surface of the iteration-based strong
pressure coupling appears somewhat “rougher”. We attribute this to the fact that we had to reduce the
surface tension coefficient to 0.77x that of the weakly coupled simulation to obtain comparable results.
This change in apparent magnitude of effects was also documented in the work of S. Liu et al. [2022].

Surface Energy The evolution over time of the average free surface energy (see He et al. [2015]
and Cahn and Hilliard [1958]), of the three variations is shown in Figure 3.5. For the explicit solver,
the surface energy oscillates in the beginning after settling into a kind of equilibrium. It slowly starts
decreasing until dropping rapidly to zero as the simulation becomes unstable and particles scatter.

In contrast, both implicit methods drop quickly to a stable energy level as a sphere is formed. The
energy continues to decrease slightly with increasing surface tension, as some particles in the sphere
rearrange into a more optimal configuration.

Timing To conclude the comparison, we briefly outline some representative performance metrics in
Table 3.1. It is clear that the explicit method is computationally the cheapest, followed by the implicit
method with weak pressure coupling and finally the implicit method with strong pressure coupling. It
is notable that 5 strong coupling iterations do not result in 5 times longer runtime but “only” incurs a
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Ours (strong coupling) Ours (weak coupling) Zorilla et al. [2020]

Akinci et al. [2013] Becker and Teschner [2007] He et al. [2015]

(a)
Ours (strong coupling) Ours (weak coupling) Zorilla et al. [2020]

Akinci et al. [2013] Becker and Teschner [2007] He et al. [2015]

(b)

Figure 3.6. Comparison of a variety of state-of-the-art SPH surface tension methods. (a) Two fluid blocks

are released in zero gravity and form a droplet. (b) After reaching a stable configuration, gravity is enabled

and the droplets fall onto a flat plane without adhesion. The shading of the particles shows the magnitude

of the velocity, with a lighter color indicating a larger velocity value.

factor of roughly 3.4. Also, due to the very large surface tension coefficient, a lot of pressure iterations
and large pressure values are required to counteract the compression.

Summary This example shows that the proposed iteration-based strong coupling between surface
tension and pressure forces is possible, but not needed to maintain stable interactions between our
implicit surface tension and pressure solvers, even in the absence of viscosity. Overall, we did not
observe any tangible benefits when using this particular coupling approach. Specifically, it did not
allow larger time steps, did not result in more dynamic movement, and did not improve stability over
weak pressure coupling. As such, we will use our implicit solver with weak pressure coupling for all
following experiments, unless otherwise stated.

Further investigation of more advanced methods coupling pressure and non-pressure forces might
yield different results, however, possibly making simulations of even stronger surface tension effects
possible at even larger time steps.

3.3.2 Comparisons

For the following comparisons, the parameters for the pressure and viscosity solvers are kept consistent
across the different surface tension models. The parameters of the other surface tension models were
adjusted to the best of our abilities to yield the best possible result in each situation. Note that here,
strong and weak coupling refers to coupling between surface tension and viscosity.
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Ours (strong coupling) Akinci et al. [2013]

Becker and Teschner [2007] Zorilla et al. [2020]

Figure 3.7. The formation of a fluid crown when a ball of water is dropped into a container.

Double Droplet and Impact First, two fluid blocks are released and kept in zero-gravity until they
contract into a single stable fluid mass (see Figure 3.6a). In this comparison, only our method (using
both strong and weak coupling of viscosity and surface tension) as well as the method of Zorilla et al.
[2020] are able to obtain an actual fluid sphere from the initial double block configuration. While the
method of Akinci et al. [2013] forms an ellipsoid, the method of Becker and Teschner [2007] forms
almost two distinct spheres and using the method of He et al. [2015] we have unfortunately not been
able to obtain a stable configuration as a single fluid mass. The reader is encouraged to refer to the
accompanying video material2 to confirm that our method also produces the most dynamic behavior
during droplet formation.

Once a stable fluid mass has formed, ideally a droplet, gravity is reactivated and the droplet falls
onto a flat plane (without adhesion) and should form a stable flattened droplet (see Figure 3.6b). We can
observe all methods being able to form some kind of droplet, with the exception of He et al. [2015]. Yet
again, we can see that both the shape of the droplets as well as the velocity distributions on the surface
are the most stable for our method. It is also possible to see that the (discouraged) weak coupling of
viscosity with our method introduces some small velocity oscillations in the regions of largest curvature,
while the result with our proposed strong coupling does not. The parameters of each method were
adjusted such that the simulation is stable and produces droplets of similar shape on the flat plane at
the end of the simulation. For a more dynamic view of this comparison, the reader is referred to the
accompanying video material3.

Droplet Crown For the next comparison we show another common example for surface tension
simulations, namely the droplet crown. A ball of water is dropped into a still pool, which causes a
splash to form in the shape of a crown. The results of this experiment are shown in Figure 3.7. For
the comparison, the method of He et al. [2015] and our method with weak viscosity coupling are
disregarded. It can be seen that all models are able to produce a fluid crown. The model of Becker
and Teschner [2007] and Zorilla et al. [2020] produce more splashing individual droplets, while our
method produces a slightly more cohesive crown with intricate details and fewer individual splashes.
The crown for Akinci et al. [2013] is more subdued and spread out but still visible. Note however, that

2https://youtu.be/xWXTQJl4pZ0
3https://youtu.be/xWXTQJl4pZ0
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3.3. Results

Table 3.2. Time step sizes and average timings per simulation step of the surface tension models in two

of the comparison cases. All values are given in ms and the runtimes include the implicit viscosity solver.
The abbreviations sc and wc denote strong coupling and weak coupling with implicit viscosity respectively,

while BT denotes the method by Becker and Teschner [2007].

Double Droplet Droplet Crown
∆t Avg. Runtime ∆t Avg. Runtime

Ours (sc) 2.0 1.90 2.0 22.00
Ours (wc) 2.0 3.06 2.0 36.57
Akinci et al. 1.0 2.91 2.0 32.60
BT 0.5 1.51 2.0 21.69
He et al. 0.5 1.92 2.0 32.25
Zorilla et al. 0.8 24.21 2.0 436.10

Ours (strong coupling) Akinci et al. [2013]

Figure 3.8. A stream of fluid is emitted over the top of a sphere, adheres to and covers the object and

drips down in a uniform stream.

there is no absolute ground truth to what this droplet crown should look like. As such any one of the
methods cannot be said to be better or more “realistic” than the others.

Table 3.2 shows a performance comparison of the various methods. It is evident that our method
performs very competitively in terms of computational efficiency. Strong coupling especially shows
significant performance improvements, which we attribute to the fact that the surface tension and
the viscosity matrix have the same structure. It should further be noted that all methods have been
parallelized using OpenMP. However, our method was further optimized using SIMD vectorization
while the explicit methods were not. For the double droplet comparison, we were able to use larger
time steps than all other explicit methods, while we used the same time step for all methods in the
droplet crown example. For the droplet crown example the surface tension coefficient was chosen to be
an order of magnitude smaller than for the double droplet comparison, which is why the other explicit
surface tension methods also remained stable. This comparison shows that our method is already able
to perform very competitively in cases with low to moderate surface tension forces, while it is able to
outperform existing approaches for larger surface tension forces.

Sphere Adhesion For a final comparison we set up a scene in which fluid is emitted onto a sphere,
coats the sphere due to adhesion and drips down at the bottom without separating from the object. We
compare our method only with the method of Akinci et al. [2013] because the methods of Zorilla
et al. [2020] and Becker and Teschner [2007] do not implement adhesion. The comparison is shown in
Figure 3.8. We can see that our method is able to cover the sphere almost perfectly uniformly, dripping
down in a thin and contained stream. For the method of Akinci et al. [2013], however, we struggled

39



3. Implicit Surface Tension for SPH Fluid Simulation

Figure 3.9. A water bell forms when the streams of two equal and opposite vertical emitters meet. The

particle view is cut open by a clipping plane to visualize the interior. Parameters: ∆t = 0.001 s, particle
radius = 0.015 m, density = 1000 kg m−3

, ν = 0.2 m2 s−1
, σ = 7560 N m−1

.

to find a good balance of adhesion and cohesion forces to achieve the same effect, resulting in the
clustering of particles around the bottom of the sphere and a less uniform stream dripping down. In
addition, the particle coloring, which indicates the velocity magnitude, shows that our method produces
smooth velocity transitions, while the method of Akinci et al. [2013] produces larger fluctuations.

3.3.3 Further Examples

In the previous subsection we compared our method to other SPH surface tension methods and were
able to confirm the effectiveness and stability of our method on common surface tension benchmarks.
In the following we will instead focus on testing the limits of our method by showing its full capabilities
and versatility in a number of challenging scenarios.

Water-Bell First, we investigate two interesting effects which can be achieved using just two emitters.
The first, called the water bell, is achieved by arranging two emitters vertically facing each other (see
Figure 3.1 and Figure 3.9). In our example, the fluid streams meet and spread out horizontally until
gravity causes them to drop down vertically. Due to the surface tension forces acting on the fluid,
the vertically falling ring of fluid contracts before merging into a single stream. This results in the
formation of a stable bell-like shape, which can also be observed in reality. In our experiments, we have
not been able to reproduce this result with any of the other explicit SPH surface tension methods.

Fluid Chain The second effect, termed fluid chain, is achieved by arranging two fluid streams meeting
at an angle from above (see Figure 3.10). As the streams meet and first expand into the perpendicular
direction, similar to the water bell in Figure 3.9, a first link is formed. The second link is formed due to
surface tension forces contracting the first chain link and expanding it into a plane perpendicular to
the first chain link. Finally, the surface tension force balances out and contracts the fluid into a single
stable stream. The size and number of chain links can be varied by changing the angle and velocity of
the inflow. As with the water-bell, we have not been able to qualitatively reproduce this result with
any of the other explicit SPH surface tension methods. While the method of Akinci et al. [2013] was
able to reproduce a cohesive fluid “string”, the chain links that formed were barely discernable at best.

Droplet Toy In Figure 3.1 we show the simulation of a child’s toy containing droplets. A reservoir
at the top of the toy causes droplets to drip down through funnels, entering a maze of obstacles. The
droplets fall through the maze and deform dynamically, bouncing against obstacles and merging with

40



3.3. Results

Figure 3.10. Two fluid streams causing the formation of a fluid chain. The particle view is cut open

by a clipping plane to visualize the interior. Parameters: ∆t = 0.001 s, particle radius = 0.01 m, density =

1000 kg m−3
, ν = 0.0125 m2 s−1

, σ = 8400 N m−1
.

other droplets to form larger droplets. This simulation shows the ability of our method to readily
simulate cases with large surface tension coefficients (the droplets maintain an almost spherical shape
at any size) and interactions with boundary objects. The key parameters for this simulation are: ∆t
= 0.001 s, particle radius = 0.025 m, density = 1000 kg m−3, ν = 0.002 m2 s−1, σ = 5 × 105 N m−1, σb =
1.25 × 105 N m−1.

Dripping Faucet Another simulation presented in Figure 3.1 is the simulation of water dripping
from a leaky faucet into a glass. The faucet has a diameter of 2 cm, while the glass is 14 cm tall. The
simulation consists of 250k particles at the end of the simulation, with a diameter of 0.1 mm. Due to the
slow emission of fluid, water gathers at the top of the faucet until the surface tension cannot counteract
the gravitational force anymore. At this point, the water drips down in a small stream, which breaks
up into smaller droplets due to surface tension. It should be noted that the faucet does not contain
a so-called “aerator” at the tip, which is why this dripping behavior is more reminiscent of a garden
hose water tap, rather than a kitchen sink. The key parameters for this simulation are: ∆t = 7 × 10−5 s,
particle radius = 5× 10−5 m, density = 1000 kg m−3, ν = 5× 10−6 m2 s−1, σ = 0.02 N m−1, σb = 0.01 N m−1.

Thin-Films Using our implicit method and a careful balance of cohesion, adhesion and viscosity
forces, we show the simulation of a catenoid soap film connecting two tori in Figure 3.11 on the left. The
tori are first moved closer together and then apart, causing first an expansion and then a contraction of
the catenoid.

Our model is also capable of simulating “soap” bubbles. The bubbles are made up of a thin soap phase,
wrapped around a second much lighter “gas”-phase of particles, to emulate the internal air pressure of
the bubble. For the coupling of the two phases we make use of the density-contrast multi-phase model
from Solenthaler and Pajarola [2008]. A similar two-phase approach has been used by T. Yang
et al. [2017] for the simulation of blowing bubbles, yet using a volume fraction-based multiphase model
instead of two distinct phases. We show the simulation of two and 27 colliding bubbles in the middle
and right of Figure 3.11, respectively.
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Figure 3.11. Simulation of a thin-film catenoid connecting two tori (left), two colliding bubbles (middle),

and 27 colliding bubbles (right) using our method. The catenoid simulation in particular demonstrates the

ability of our method to robustly handle complex interactions of surface tension, adhesion and viscosity.

The inside of the bubbles are filled with air particles, while the film is made up of soap particles. Parameters:

∆t = 0.002 s, particle radius = 0.004 m, density = 1000 kg m−3
, ν = 0.02 m2 s−1

, σ = 107.52 N m−1
.

While our model is able to keep the thin surfaces stable and intact, we have observed that the
results generally lack surface detail (capillary-waves) and appear somewhat “smoothed”. We attribute
this to the problem of using a 3D SPH kernel for simulating a 2D phenomenon. In order to more
accurately handle these cases, we believe combining our method with a co-dimensional model [H.
Wang et al. 2020] to be a promising direction of further research. Nevertheless, we believe our surface
tension method being able to stably simulate thin-film behavior is an interesting and worthwhile result.
This type of thin-film simulation is unthinkable with the aforementioned explicit SPH surface tension
approaches.

3.4 Conclusion

Previous surface tension approaches for SPH have been mostly explicit [Akinci et al. 2013, Becker and
Teschner 2007, He et al. 2015, Zorilla et al. 2020], requiring small time steps to simulate complex
phenomena with large coefficients and intricate force interactions. Furthermore, explicit curvature-
based methods often suffered from inaccurate curvature computation from the color field, while explicit
cohesion-based methods have been known to suffer from increased particle clustering at the surface
(see Section 3.1).

In this chapter we have presented our model for computing surface tension forces implicitly in SPH
simulations. We have derived a non-linear surface tension force from inter-particle cohesion forces, have
proposed a suitable linearization and solution method, and have described how to incorporate adhesion
effects. In addition, we have shown how to strongly couple our approach with a state-of-the-art implicit
viscosity solver [Weiler et al. 2018].

We have demonstrated the versatility of our approach on a number of well-known benchmarks,
including droplet formation, droplet impact on a flat plane, fluid crown and sphere adhesion. Going
beyond these simple benchmarks, we have presented a variety of more challenging scenarios which
typically required a specific balance between cohesion, adhesion and viscosity forces to function as
expected. This chapter therefore addresses the improved fidelity objective formulated in Chapter 1,
building on SPH fundamentals from Chapter 2.

Nevertheless, we have observed our model to also have some limitations. While we are able to
simulate strong surface tension effects, we sometimes needed to use the momentum-conserving and
non-dissipative XSPH velocity smoothing to avoid overly chaotic motion at the surface. This, however,
is well established for inviscid SPH simulations, which naturally decouple velocities of neighboring
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particles [Monaghan 1989]. Furthermore, while we were even able to simulate thin films, these
simulations were generally less predictable and harder to tune. We attribute this to the fact that we
attempted to simulate a 2D phenomenon using a 3D discretization. Especially in SPH, thin films cause
significant particle deficiency with large parts of the compact support being empty. We believe that
combining our method with existing codimensional [H. Wang et al. 2020] or thin-film simulation
[M. Wang et al. 2021] approaches could be interesting for future work. Finally, we observed some of
our simulation results to appear overly smoothed, most likely due to the dissipative nature of implicit
integration schemes. Possible approaches to reintroduce details would be the simulation of capillary
waves [S. Yang et al. 2016], or the investigation of higher-order and less dissipative integration schemes
[Löschner et al. 2020]. Together with the melt-driven application chapters, Chapters 4 and 5, further
possibilities for future work are consolidated in Chapter 8.
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CHAPTER 4
Quantitative Evaluation of SPH in

TIG Spot Welding

The Smoothed Particle Hydrodynamics method (SPH) was introduced in Chapter 2. In recent
years it has been increasingly investigated for the simulation of manufacturing processes, such as
arc welding [Ito et al. 2012, Ito et al. 2015, Komen et al. 2020, Trautmann et al. 2018]. This chapter
follows the overall goal defined in Chapter 1 to evaluate point-based SPH methods on melt-driven
manufacturing processes against established Eulerian baselines. However, until now, SPH has not
been quantitatively compared for the application to arc welding processes, in particular to assess its
performance regarding calculation speed and computational accuracy. Therefore, in this chapter, the
open-source implementation of the SPH method SPlisHSPlasH [Bender et al. 2026] is extended to
account for heat transfer, specific boundary conditions, and the influence of external forces (such as
the Lorentz force). In order to study the applicability of our SPH method for the simulation of arc
welding processes, a test case was set up modeling a simplified tungsten inert gas (TIG) spot-welding
process. The test problem was solved separately by means of our SPH implementation and two different
FEM models implemented in Wolfram Mathematica (WM) [O. P. Semenov et al. 2021] and COMSOL
Multiphysics, allowing for the simulation of weld pool formation under the axisymmetric assumption.

For this comparison, the problem was idealized by using constant material properties in the sim-
ulation and assuming a flat free surface. Typically, this kind of problem is well within the strengths
of Eulerian methods, whereas the SPH method is known to have difficulties with strictly bounded
domains. While other works only consider the application of SPH to the entire process, we aim to
first establish the accuracy of the SPH method in this idealized and bounded scenario. This is done
by rigorously comparing against known Eulerian methods, whose properties have been well studied
for many years. The electromagnetic Lorentz force, which is the main driving force for the convective
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heat transfer in the melt pool, was calculated in advance by the WM-Code. The resulting vector field
was exported and applied to the SPH simulation as an axisymmetric external force, while it was solved
within COMSOL given the same boundary conditions.

We summarize the main contributions of this chapter as follows:

• The proposition of a novel SPH algorithm for the simulation of the TIG spot-welding process,
which utilizes implicit time integration to significantly improve simulation stability, and enables
the use of larger time steps (in line with the implicit SPH direction developed in Chapter 3).

• The construction and implementation of a fast projection scheme for the integration of surface
effects for SPH fluids.

• A novel particle to grid interpolation method which, compared to existing methods such as Shep-
ard interpolation, is able to generate smoother fields while maintaining very high interpolation
accuracy. This is extended by a smoothing algorithm in order to fill in holes of the interpolated
grid due to missing particles.

• The quantitative comparison and in-depth analysis of our SPH method against WM-FEM and
COMSOL-FEM for TIG spot-welding simulation.

Overall, we show remarkable agreement between our SPH method and the two FEM methods,
especially COMSOL, while still remaining within the margin of error exhibited by the comparison
between WM-FEM and COMSOL-FEM. This result is made all the more remarkable considering that
our SPH model solves the problem in full 3D while both WM and COMSOL solve the problem in 2D
with rotational symmetry.

4.1 Related Work

The tungsten inert-gas (TIG) welding process is widely applied. While it has lower productivity than
gas-metal-arc welding, it has advantages when high weld-seam quality and optical appearance are
required. It is especially suitable for welding root passes, thin metal sheets, and materials prone to
oxidation. It is therefore often applied in chemical and food processing plants.

For the present validation, the “spot-welding” variant of the process is studied for simplicity, where
the welding torch position is fixed and no filler material is supplied. In addition, we consider high
frequency TIG (HF-TIG), in which the electromagnetic Lorentz force, as a result of the concentration
of the arc, causes the formation of significant flow patterns in the weld pool. For the usual process,
in which the distribution of electric current on the surface of the liquid is typically less concentrated,
the Lorentz force is less dominant. Therefore, only the weld pool formation caused by the heat flux
from the arc and the influence of the Lorentz force is studied, which is sufficient for a first qualitative
comparison with Eulerian methods.

To facilitate the comparison, the non-linearities of the material parameters, like latent heat and
temperature-dependent thermal and electrical conductivity or viscosity were neglected, instead applying
constant values for the relevant material parameters, which allowed the Lorentz force to be pre-
computed. Also, since the modeling of the free surface of the weld pool requires a special treatment
in the Eulerian framework, like volume of fluid (VOF) or level-set, the free surface deformation and
Marangoni effect were neglected, although their modeling would pose a great advantage for the SPH
method. The main focus of the present work is therefore not to present the most accurate model of the
welding process. Instead, we aim to investigate the applicability of the SPH method for welding-process
conditions and to quantitatively compare its performance against the common Eulerian methods under
identical conditions.
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4.1.1 SPH Methods in Welding Simulation

SPH has been adopted for many different applications, including the simulation of weld pool dynamics.
The mesh-free nature of SPH enables the simulation of large deformations and free surface motion
and coupling of many physical processes, which makes it an attractive method for many real world
problems.

Das and Cleary [2016] use SPH in three-dimensional arc welding simulations in order to study
temperature distributions, flow patterns and plastic strain in the filler material and residual thermal
stresses in the workpiece.

Ito et al. [2015] perform full simulations of TIG welding using the SPH method and show results
for different material properties due to different sulfur contents and evaluate the flow patterns and the
shape of the weld pool.

Trautmann et al. [2017] similarly perform weld pool simulations using SPH for a TIG welding
process. They consider buoyancy, viscosity and surface tension as flow driving forces and the arc
pressure, shear and thermal effect were parametrized using experimental studies. The penetration
profiles of three different welding currents were compared to experimental results and show decent
agreement.

A hybrid approach is investigated by Komen et al. [2020], who use an Eulerian grid and Lagrangian
particles in conjunction to simulate gas metal arc welding (GMAW). Molten metal is simulated by
means of SPH, while the arc plasma and gas are simulated on a grid. The methods are then weakly
coupled and executed iteratively.

Komen et al. [2018] also simulate the GMAW process under consideration of droplet formation and
compare the weld pool shapes against experimental results. To visualize results more easily, they use
ensemble averaging to transfer particle data onto a regular grid.

These types of simulations are difficult to validate, as they describe very complex systems with many
interacting components, and this is evident with Trautmann et al. [2017] being one of the few works
which attempts to validate their results using experimental data. In this chapter, we instead compare
our proposed SPH method against Eulerian simulations as a proof of concept, showing that SPH can
obtain very good agreement in the resulting weld-pool shapes, as well as temperature and velocity
distributions. A similar study will be conducted in Chapter 5, which shows excellent performance
of the SPH method when compared against the Eulerian VOF method for the simulation of droplet
impacts in thermal spraying. This allows us to justify the usage of SPH to obtain physically meaningful
results, also for cases that pose more difficulty for Eulerian methods, for example when considering a
free surface. Our investigations confirm the quantitative accuracy of our proposed method, as well as
the suitability of the SPH method as a whole for these kinds of applications.

4.1.2 Eulerian Methods in Welding Simulation

Eulerian methods are very common for the simulation of arc welding processes and have been used
since the advent of computational welding simulation. A common difficulty in these methods is the
calculation of free surface flows. There are several numerical approaches which are commonly used
for description of these free surface flows. They can be divided into two main groups [Semyonov
2014]. The first group includes the so called Front Capturing Methods (FCM) in which a fixed Eulerian
computational mesh is employed and a free surface is “expanded” along the volume of a certain layer.
The thickness of this layer corresponds to several lengths of a computational cell. The most popular
FCM are Volume of Fluid (VOF) [Haidar and Lowke 1996, Hertel et al. 2014] and Level Set (LS)
[Cadiou et al. 2020] methods.
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There exist also a number of other approaches where the free surface is considered as a sharp
interface between two media, e.g., [Medale et al. 2004, 2008, Nguyen et al. 2017]. For example, the
Arbitrary-Lagrangian-Eulerian method (ALE) allows for deformation of the mesh, but it cannot solve
problems with significant topological changes, like flow-splitting. However, most common arc welding
processes involve melting, detachment and impingement of filler material into a weld pool. Additionally,
the attachment of the electric arc to the liquid electrodes is determined by thin sheaths (anode and
cathode sheaths), which are located exactly at the surface of the liquid electrodes and therefore a sharp
definition of the free surface is necessary to consider these phenomena [Mokrov et al. 2021, O. Semenov
et al. 2012]. Therefore, neither the VOF/LS approach, nor the ALE approach are completely satisfactory
to accurately capture the process. Due to its strengths in modeling free surfaces as well as considering
discontinuities and large topological changes and deformations, the SPH method became an interesting
approach for modeling arc welding processes. However, little is yet known about the quantitative
performance for the calculation of conductive/convective heat transfer compared to established Eulerian
methods in the context of arc welding processes.

4.2 Method

Firstly, we want to refer to the table at the front of the document, providing a reference to unique
symbols and shorthands used in this thesis. Please refer to this table when the meaning of symbols
does not become clear from the immediate context.

In this section we briefly describe our SPH model and the discretization of the governing equations
for incompressible weld pool dynamics. The general foundations of the SPH method are described in
Chapter 2.

4.2.1 Fluid Flow

Recall from Equation (2.3), that the Navier-Stokes equations for incompressible fluid flow are given by

ρ
Dv

Dt
= −∇p + µ∇2v + fext. (4.1)

For this work we make use of an implicit solver for both pressure [Bender and Koschier 2015] and
viscosity [Weiler et al. 2018], as outlined in Section 2.2.2. The remaining forces in Equation (4.1), which
are modeled as a part of the external volumetric force, are the Lorentz force and the Momentum Sink
which accounts for the morphological material change during solidification and melting.

The Lorentz force is computed in advance of the simulation and interpolated bilinearly from a
grid onto the particles. This is analogous to the widely used approach for calculating Lorentz forces
in arc-welding process simulations, as used by Cho and Na [2021], where the stationary analytical
solution developed by Kou and Sun [1985] is used to calculate the Lorentz forces.

The Momentum Sink in our arc welding simulation model is computed using the Darcy-term
method, which is a common approach to model the solidification of pure metals [Brent et al. 1988]
and alloys [Voller et al. 1990]. The method adds an acceleration to the Navier-Stokes equation which
has a strong flow inhibiting effect on the fluid, once the temperature of the fluid reaches below melting
temperature Tl

aporosity = −vC(1 − fl(T )), (4.2)

fl(T ) =


1 T > Tl,

0 T ⩽ Tl.
(4.3)
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Algorithm 5 Fluid Solver
1: procedure FluidSolve
2: DFSPH_DivergenceFree ⊲ [Bender and Koschier 2015]
3: SolveViscosity ⊲ Equation (2.52)
4: for all particles i do
5: SolveMomentumSink(i) ⊲ Equation (4.6)
6: end for

7: DFSPH_ConstantDensity ⊲ [Bender and Koschier 2015]
8: ∆t← ComputeCFLTimeStep( )
9: for all particles i do

10: vi ← vi + ∆t
(
ai + fext

ρ

)
11: xi ← xi + ∆tvi
12: end for

13: end procedure

In the above equations C denotes the morphological constant and fl(T ) is the temperature-dependent
liquid fraction, which is modeled using the heaviside function. The values for C are often very large,
resulting in very large deceleration as soon as T ⩽ Tl, so large in fact that simulations using explicit
time stepping can become unstable. We remedy this by constructing an algebraic equation which
computes the acceleration using the projected velocity of the next time step as in the following

aporosity =
vt+1 − vt

∆t
= −vt+1C(1 − fl(T )), (4.4)

vt+1 = vt
1

1 + C∆t(1 − fl(T ))
. (4.5)

The acceleration is then computed by inserting the expression for vt+1

aporosity =
vt

∆t

(
1

1 + C∆t(1 − fl(T ))
− 1

)
. (4.6)

This semi-implicit formulation allows the usage of larger time steps in the simulation without causing
instabilities. It should be noted that using large time steps with implicit Euler integration is known to
add a significant damping effect, which diminishes the effect of the Darcy-term. This can be controlled
by carefully determining a time step in the order of magnitude of C−1 which is typically still very small
C−1 ∈ [10−8, 10−4]s, but not necessarily as small as would be required for explicit integration.

The main fluid driving forces in our simplified model of TIG spot welding is the Lorentz force while
the fluid behavior is otherwise significantly influenced by viscosity and the melting of solid material.
The extensive use of implicit solvers enables us to have stable simulations when using large simulation
time steps as well as large morphological constants C.

Finally, an overview of our SPH fluid solver is presented in Algorithm 5.

4.2.2 Heat Transfer

Heat transfer is computed using the Fourier equation

D(ρcpT )
Dt

= ∇ · (λ∇T ) + ¤q′′′, (4.7)

where ρ denotes the material density [kg m−3], cp the specific heat capacity [J kg−1 K−1], T the tem-
perature [K], λ the thermal conductivity [W m−1 K−1] and ¤q′′′ the contribution from volumetric heat
sources [W m−3]. For the purpose of our SPH simulation we make use of the relationship between
specific enthalpy ĥ [J kg−1] and the temperature when the observed medium is incompressible

ĥ(T ) =
∫ T

0
cp(T )dT . (4.8)
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In this formulation cp may also be a function of temperature, taking into account, e.g., the latent heat
of melting. Resulting in the following formulation in terms of specific enthalpy

ĥ
Dρ

Dt
+ ρDĥ

Dt
= ∇ · (λ∇T ) + ¤q′′′. (4.9)

Dρ
Dt = 0 is already enforced by the constant density component of the implicit pressure solver so that
this term immediately drops out. The remaining terms are discretized using SPH and explicit Euler
time integration, resulting in the following discrete equation for the fluid particle with index i

ρi
ĥt+1
i
− ĥt

i

∆t
= ∇ · (λ∇T )ti + ¤qt

i
′′′. (4.10)

The heat conduction term is discretized by

∇ · (λ∇T )i =
∑
j∈𝒩i

mj

ρj

4λiλj
λi + λj

(Ti − Tj)
∇iWij · xij
||xij||2 + 0.01h2 , (4.11)

as proposed by Brookshaw [1985] and is well documented in the literature, e.g., by Trautmann et al.
[2017] and Das and Cleary [2016]. It should be noted, that 0.01h2 is a small value dependent on the
smoothing length h to avoid division by zero, and that the thermal conductivity λi = λ(Ti) is generally
a function of temperature.

4.2.3 Heat Sources

In this section, a surface heat source ¤qt
i,surface

′′ with constant power and Gaussian distribution is used.
Many surface classification techniques are available, however the more accurate they are, the more
computationally expensive they typically become. In this work it was found, that the coverage vector
technique, as presented by Barecasco et al. [2013], works quite well. It results in almost flawless
classification for the initial grid configuration and remains stable throughout. The normalized coverage
vector n̂i for particle i is computed as

ni =
∑
j∈𝒩i

(xi − xj), (4.12)

n̂i =
ni

||ni||
. (4.13)

This vector points in the direction of the lowest particle density in the particle neighborhood. The
coverage angle αi for particle i is calculated using

αi = min
j∈𝒩i

cos−1
(
n̂i ·
(xj − xi)
||xj − xi||

)
, (4.14)

which indicates the smallest angle between the coverage vector and any neighboring particle j. Here
𝒩i contains the indices of particles in the compact support radius of particle i. Particle i is classified
as a surface particle only if αi > α0. This is the case when there is no other particle j within a cone
of α0 around the coverage vector n̂i. In other words, particle i is uncovered by other particles. We
have observed excellent classification results using an angle of α0 = 35◦. Surface classification using
the coverage vector is displayed in Figure 4.1. The particle shaded in green is classified as a surface
particle, because no other particles are present in a cone of α0 around the coverage vector n̂i. The red
particle is classified as an interior particle since there are two other particles in the α0 cone around the
coverage vector.

For the particles classified as surface particles, we propose the following fast projection method
to compute the influence of a directed heat source. In general however, this method could also be
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n̂i

α0 xi − xj n̂i

xi − xj

Figure 4.1. Surface particle classification using Equation (4.14). The green particle is classified as a

surface particle while the red particle is classified as an interior particle.

Figure 4.2. Projection of an area heat source onto previously detected surface particles. The green

particles are visible, the yellow particle is discarded by a depth test, and the red particles are invisible to the

heat source.

used to apply arbitrary boundary conditions at the fluid surface. First, an area heat source checks for
particle visibility in its own projection region. This is shown in Figure 4.2. All surface particles which
lie outside of the region in normal direction of the area source (white area) are discarded. Then all
remaining surface particles are checked for other neighboring particles in a cone around the vector
in normal direction to the source. The green particles are eventually classified as being visible from
the surface while the red one is covered by a neighboring particle in the direction of the source. The
yellow particle would be classified as visible, but can be discarded by an additional depth test.

In this work, the heat source is parametrized as a Gaussian and in order to ensure constant power of
the heat source, weighted normalization is applied using precomputed Gaussian weights. This results
in the expression

¤q′′i,surface = Psourcewi
3

πr2
HS

exp
(
−3 ||xi − x0||

2

r2
HS

)
, (4.15)

where rHS is the standard deviation, x0 the center of the Gaussian, and wi the weight needed for
normalization of the total power to the target power Psource.

The subscript i,surface denotes only the particles which have in the previous step been identified as
surface particles and have been determined to be “visible” from the heat source, while ¤q′′ denotes the
heat source as Watts per unit area [W m−2].

In our TIG simulation setup, all boundaries are adiabatic and do not require any special handling
for heat transfer. Since heat can only be conducted within the material itself, the SPH formulation
is adiabatic by construction. Finally, the enthalpy in terms of the temperature (and vice versa) is
precomputed by integration of Equation (4.8). Our heat solver is outlined in Algorithm 6, while the full
algorithm containing both the heat solver and fluid solver is shown in Algorithm 7.
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Algorithm 6 Heat Transfer Computation
1: procedure ComputeHeatTransfer
2: for all particles i do
3: ComputeTemperature(i) ⊲ Equation (4.8)
4: end for

5: for all particles i do
6: ClassifySurface(i) ⊲ Equation (4.14)
7: end for

8: for all particles i do
9: ApplyHeatSource(i) ⊲ Equation (4.15)

10: end for

11: for all particles i do
12: ComputeHeatConduction(i) ⊲ Equation (4.11)
13: end for

14: for all particles i do
15: ExplicitEulerIntegration(i) ⊲ Equation (4.10)
16: end for

17: end procedure

Algorithm 7 SPH Solver
1: procedure SolveFluidAndHeatConduction
2: t← tstart
3: while t < tend do
4: ComputeHeatTransfer( ) ⊲ Algorithm 6
5: FluidSolve( ) ⊲ Algorithm 5
6: t← t + ∆t
7: end while

8: end procedure

4.2.4 Particle to Grid Transfer

For scientific evaluations it can be quite cumbersome to use particle data, since many visualization
techniques, i.e., line plots, contour plots, stream lines, etc. rely on the ability to interpolate the underlying
data at any point in space. While this can be achieved by using the common SPH summation from
Equation (2.14), this method suffers from the issue of particle deficiency at fluid boundaries, where the
interpolation quality will decrease rapidly. The ability to accurately reconstruct constant functions can
be restored by using normalization, as is also done by Komen et al. [2018], which often yields satisfactory
results in practice. This normalized SPH interpolation is also often called Shepard interpolation in
literature and simply normalizes Equation (2.14)

A(x) =
∑

j∈𝒩x
VjAjW(x − xj;h)∑

j∈𝒩x
VjW(x − xj;h)

, (4.16)

which locally restores the property of accurately representing constant functions.
Nevertheless, we propose a novel method which does not rely on the SPH kernel for interpolating

particle data onto a grid. Instead, it provides an efficient and accurate way of transferring the underlying
continuous field from the particle nodes to specific grid nodes. Our proposed method overlays a regular
grid (in theory this could be any kind of unstructured grid) and solves a linear least squares problem
for the values at the grid nodes

min
N∑
i=1
(f(xi;θ) − yi)2, (4.17)

where f(xi;θ) is the function which linearly interpolates the values at the nodes of the grid θ =

(θ0, . . . , θM) ∈ ℛM to the position xi of particle i and yi is the field value at particle i. The normal
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equations for this problem are given by

MTMθ = MTy Mij = wij. (4.18)

The matrix M ∈ ℛN×M has as many rows as there are particles and as many columns as there are
grid nodes. wij denotes the linear interpolation weight of particle i from grid node j. Matrix M is very
sparse and the linear system is solved using the matrix-free conjugate gradient solver of Eigen. M is
further extended by a set of identity equations for empty grid cells, using a field-dependent default
value for the right-hand side.

Depending on the desired grid resolution, it may be possible for gaps to appear in the interpolation
grid, where no particles contribute to the interpolated value. In order to avoid this we perform a
smoothing step where the values in the missing cells are filled in by using Laplacian smoothing

∆θ = 0. (4.19)

Other smoothing kernels, e.g. Bi-Laplacian or Gaussian kernels, may also be used, but we have found
the simple 7 point 3D Laplacian kernel to work well for our purposes. To do the smoothing step, we
implemented a fast marching algorithm to select the grid nodes which are directly adjacent to grid
nodes with neighboring particles. For the smoothing operation, the already computed grid values serve
as boundary conditions such that gradients from the already computed fields are preserved and the
gaps can be filled in with meaningful values. The actual boundary of the enclosing grid is treated using
zero-gradient boundary conditions. In practice, we frequently used a grid size equal to the particle
diameter and smoothed for up to a distance of 1 to 3 nodes. This yielded very good results in the regions
with gaps as will be discussed later in the evaluation of Figure 4.7.

In comparison to the usual interpolation technique which uses SPH to average local information at
a specific position, our method attempts to approximate the underlying field globally and continuously
over all particles. In practice, we have found this to result in smoother interpolated fields while at the
same time having equal or better approximation quality. A brief evaluation of our interpolation method
is shown in Section 4.3.1.

4.2.5 Boundary Conditions in SPH

Boundary volumes are taken into account using the analytical approach for Volume Maps by Bender
et al. [2019]. As the name suggests, the method computes analytical volume contributions of solid
objects to the SPH integral as a precomputation step, so that it can be evaluated using a simple lookup
and polynomial interpolation. As discussed in the original paper, this method has the advantage of
accurately representing solid objects and boundary conditions, and the resulting surface varies smoothly
with position. If the boundary is sampled by particles, e.g., using the method of Akinci et al. [2012],
particle movement becomes bumpy due to the unevenness of the discretization.

Using Volume Maps, boundaries can simply be integrated into the typical SPH summation of
Equation (2.14) resulting in the following equation

Ai =
∑
j∈𝒩f

i

Vf
jA

f
jWij + Vb

i A
b
i Wib, (4.20)

where the superscript f denotes contributions from fluid particles and b from boundary objects. The
volume Vb

i
denotes the precomputed volume occupied by the boundary in the compact support radius

of particle i, while the weight Wib is computed for a representative particle on the surface of the
boundary. Finally, Ab

i
is chosen to comply with prescribed boundary conditions, e.g., being set to a

fixed value for Dirichlet boundary conditions. For our model, the Volume Maps boundaries are mainly
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used to extend the fluid domain and to avoid particle deficiencies for the computation of density and
pressure.

We use free slip boundaries at all surfaces, meaning that

∂vt

∂n

����
∂Ω

= 0, (4.21)

where ∂Ω denotes the entirety of the bounding cylinder (see Figure 4.3), while ∂/∂n denotes the
derivative in normal direction. The velocity in tangential direction to the surface is denoted by vt.
This does not require any special treatment in the SPH formulation. Additionally, we impose adiabatic
boundary condition for the heat equation

∂T

∂n

����
∂Ω

= 0, (4.22)

for the entire boundary, while additionally adding a source term at the top surface (line DC in Figure 4.3)
of the boundary

¤q′′
����
DC

= ¤q′′surface, (4.23)

which is computed using the heat source from Equation (4.15). The adiabatic condition is also satisfied
by construction and the method described in Section 4.2.3 is used to apply the heat sources.

4.2.6 2D-FEM Model

Model of electromagnetic processes in COMSOL

For the magnetostatic simulation by means of COMSOL Multiphysics we use the so called Am −φ
formulation which gives equations for the magnetic vector potential Am and the scalar electric potential
φ

∆Am = −µ0J, (4.24)

B = ∇ ×Am, (4.25)

∇ · (σe∇φ) = 0. (4.26)

Here J and B are the current density and magnetic induction respectively, µ0 is the permeability of
vacuum and σe is the electrical conductivity. The volumetric Lorentz force is governed by

FL = J × B. (4.27)

The governing equations, Equation (4.24) and Equation (4.26), are subject to the boundary conditions

n ×Am

���
AB

⋃
BC

⋃
CD

= 0, (4.28)

∂φ

∂r

���
BC

= 0, (4.29)

φ

���
AB

= 0, (4.30)

σe
∂φ

∂z

���
CD

= Jn, (4.31)

where Jn denotes the current density distribution along surface CD.
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Figure 4.3. Computational domain for both SPH and FEM simulations. The FEM methods solve the

problem in rotational symmetry in the ABCD plane, while SPH considers the full cylinder by explicit

rotation of ABCD around the denoted symmetry axis.

Model of electromagnetic processes in WM

The model of electromagnetic processes is based on the stationary magnetic field diffusion equation
[Davidson 2001] which in the case of axial symmetry reads

1
r

∂

∂r

(
r
∂Bθ

∂r

)
+ ∂2Bθ

∂z2 −
Bθ

r2 = 0, (4.32)

where Bθ is an azimuthal component of magnetic induction. From Ampere’s law

µ0J = ∇ × B, (4.33)

the next boundary conditions for Equation (4.32) can be readily obtained

Bθ

���
CD

=
µ0
r

∫ r

0
Jn(s)sds, (4.34)

Bθ

���
BC

=
µ0Iw
2πLr

, (4.35)

∂Bθ

∂z

���
AB

= 0. (4.36)

Here Lr is the radius of computational domain (see Figure 4.3), while Iw denotes the welding current.
Under the given magnetic field, the current density and Lorentz force are obtained from Equation (4.33)
and Equation (4.27), respectively.

Numerical procedure in COMSOL Multiphysics

The governing equations in COMSOL are solved using the Finite Element Method (FEM). For temporal
discretization the BDF (backward differentiation formula) was applied, with default settings of COMSOL
5.6. The spatial discretization can be seen in Figure 4.4. Here the nodes used quadratic shape functions
for temperature, velocity, magnetic strength and for scalar and vector potential. The shape functions
utilized for the solution of the pressure were linear. The sparse direct solver PARDISO was selected to
solve the resulting system of linear equations.

Numerical procedure in WM

The governing equations are solved using the Galerkin Finite Element Method (FEM) [O. Zienkiewicz
et al. 2014]. A characteristic-based scheme [O. C. Zienkiewicz and Codina 1995] was used in temporal
discretization of Equation (4.1) and Equation (4.7) along with FEM approximation in space, see Figure 4.5.
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Figure 4.4. COMSOL mesh as mixture of quadrilaterals and triangles.
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Figure 4.5. FEM mesh as Quad9 quadrilaterals. The Navier-Stokes equations are solved in the region of

interest Ω = {0 mm < r < 3.5 mm, 0 mm < z < 5 mm} while heat transport is solved across the entire
domain.

Nine-node biquadratic shape functions are employed for velocity, temperature and magnetic fields
whereas pressure is approximated by four node bilinear shape functions. Such a choice of mixed inter-
polation for velocity and pressure fields provides stability of the numerical procedure [O. Zienkiewicz
et al. 2014]. The sparse direct solver PARDISO [Schenk and Gärtner 2004] was employed to solve
the resulting systems of linear equations. All numerical algorithms were implemented in the Wolfram
Mathematica Language (WM).

4.3 Results

4.3.1 Grid Interpolation

As noted before, while all subsequent evaluations could technically be done on particle data alone, many
existing evaluation functions and programs, e.g., ParaView and Tecplot, are tailored to grid structures
and unstructured meshes. This makes regular and unstructured meshes very appealing for quantitatively
evaluating and comparing scientific data. To this end, we compare the interpolation accuracy using
naïve SPH interpolation, Equation (2.14), Shepard-corrected SPH interpolation, Equation (4.16), and our
proposed least-squares linear interpolation, Equation (4.17).

Figure 4.6 shows a comparison of the different interpolation approaches. Each method has been
used to compute the particle to grid transfer of the same particle data. The error is computed by
interpolating these grids back to the original particle positions and computing the mean absolute error.
The underlying particle data is the velocity field of a randomly selected frame of a fluid dynamics
simulation in motion, but the same trend is visible regardless of which field is approximated. The
regular grid spacing dspacing is determined by a multiple ngrid of the SPH particle radius rpart

dspacing = ngrid · rpart. (4.37)

The resolution of the grid shown in Figure 4.6 is then computed as the inverse of this factor, n−1
grid, i.e., a

higher resolution corresponds to a smaller grid spacing dspacing and thus a larger number of total grid
nodes.
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Figure 4.6. Comparison of particle-to-grid interpolation techniques.

Figure 4.7. A comparison of our proposed least-squares interpolation method using smoothing of one

surrounding grid node (left) and Shepard interpolation (right) without smoothing.

Shepard interpolation was evaluated using a varying factor for the SPH compact support radius
depending on the factor for grid spacing hshepard = dspacing · nshepard. It can be seen that both our
proposed least-squares interpolation as well as Shepard interpolation using the grid spacing with a
factor of 1 and 2 as compact support radius perform the best in this comparison. Naïve SPH interpolation
performs best when the compact support radius is equal to the compact support used in the actual
simulation. It also suffers from worse interpolation quality due to particle deficiency at the surface,
leading to large errors in the interpolation.

For finer resolutions it can be seen that the least-squares interpolation performs best in all cases,
while the Shepard interpolation with a factor of 2 and subsequently a factor of 4 have a comparable error
when a grid spacing of 0.5rpart and 0.25rpart is used respectively. From this comparison we conclude
that both Shepard interpolation, as well as our proposed least-squares interpolation can work very well
for particle data. The interpolation quality of our least-squares approach becomes more apparent when
the grid-resolution increases further still.

Another advantage of our interpolation can be seen in Figure 4.7, where the particle to grid transfer
of the temperature field using two different interpolation methods is shown. The left half shows the
interpolation of our proposed least-squares method and smoothing for up to one neighboring grid node,
and the right side shows Shepard interpolation.

From this qualitative comparison it is possible to see that while the values are almost identical in
the entire domain, the least squares interpolation results in a much smoother field. This is especially
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Table 4.1. Material parameters of high-alloy steel

Property Unit Value
Density ρ kg m−3 8100
Surface tension σ N m−1 disabled
Viscosity µ Pa s 0.004
Thermal conductivity λ W m−1 K−1 22.9
Electrical conductivity σe S m−1 106

Heat capacity cp J kg−1 K−1 800
Melting temperature Tl K 1773
C from Equation (4.6) s−1 3.7 · 104

Table 4.2. Domain parameters

Property Unit Value
Radius of the cylinder Lr m 15 · 10−3

Height of the cylinder Lz m 5 · 10−3

Initial temperature K 300
Heat source center x0 m (0, 6 · 10−3, 0)
Heat source dist. radius rHS m 2.7 · 10−3

Heat source power Psource W 1213.8
Total current Iw A 140
External forces fext N m−3 See Figure 4.8

visible at the temperature contour lines within the black border. In this figure the advantages of our
smoothing approach can also be observed. While the top right of the Shepard interpolation shows gaps
in the interpolation due to missing particles, the left side shows that this part (top left) can be filled in
with very plausible values using the aforementioned Laplacian smoothing. While the filled in values
should be treated with care, this kind of filling in allows consistent reconstruction of fixed domains
from particle data.

For all following particle to grid interpolations we use our least-squares interpolation with a grid
resolution of twice the particle radius, because this is the same resolution as for the WM and COMSOL
simulations. In addition, we apply a smoothing of up to 3 grid nodes, although only for times close
to the end of the simulation is the full smoothing length actually needed. At this resolution it can be
expected to incur a mean absolute error in the interpolated data of roughly 4 % for scalar values.

4.3.2 Simulation parameters

To allow for a first validation, the relevant material parameters have been simplified to constants, see
Table 4.1. It should be mentioned that the morphological constant C is usually given without division
by density, where it evaluates to C = 3 × 108 kg m−3 s−1.

The properties are applied homogeneously over the calculation domain, which consists of a ro-
tationally symmetrical cylinder, as seen in Figure 4.3. The details of the computational domain can
be seen in Table 4.2. It is important to note that the SPH domain is realized in full 3D, while the FEM
domain considers only a 2D plane with rotational symmetry around the symmetry axis AD.

The external Lorentz force field due to electromagnetic forces is computed in advance of the fluid-
flow simulation, according to Equation (4.27) in order to be able to use the same external forces for
both the SPH and WM simulations. The magnetic strength field is obtained from the solution of
Equation (4.32) by the WM solver. From these the Lorentz forces FL are computed using Equation (4.27),
and are then included as external volumetric forces fext in the Navier-Stokes equations, Equation (4.1),
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Figure 4.8. Lorentz force in the region of interest with the direction indicated as an arrow and the

magnitude indicated as the underlying color.

by a rotation of the 2D plane around the symmetry axis

fext = FL. (4.38)

The vector field of the forces is calculated from the applied electric current density Jn(s) in Equa-
tion (4.34), distributed as a Gaussian along the DC boundary (see Figure 4.3) in the same way that the
heat source distribution is defined in Equation (4.15), but with the welding current Iw

Jn(s) = Iw
3

πr2
HS

exp
(
−3 ||xi − x0||

2

r2
HS

)
. (4.39)

Figure 4.8 shows the Lorentz force in the region of interest. The Lorentz force for COMSOL was
calculated within the software according to Section 4.2.6 and was found to be nearly identical in the
region of interest, showing only small deviations farther away due to differences in the system of
equations (see Section 4.2.6 and Section 4.2.6).

The convergence of the simulation was achieved using the numerical parameters listed in Table 4.3
and Table 4.4. The SPH particle diameter is chosen to be equivalent to the element size in the region
of interest for the WM and COMSOL simulation. The WM method and the SPH method use adaptive
time integration using the CFL criterion, with identical maximum time step sizes but different factors.
The WM method makes use of both second-order consistent implicit time integration as well as higher
order finite-element basis functions. As such, the CFL factor in SPH was chosen heuristically to be
smaller, since only a first-order implicit time integration scheme with operator splitting is used. For
COMSOL, the backwards differentiation formula (BDF) with default parameters was used for temporal
discretization.

The SPH simulation was run on a compute node with 36 cores and took 86 h for 2.5 s of simulated
time. The WM simulation was run on a 4 core machine and completed in roughly 9 h. Finally, the
COMSOL simulation was run on a compute node with 48 cores and completed in approximately 20 min.
It should be strongly noted that these computations are not directly comparable. For one, the simulations
were run on very different hardware. Additionally, the SPH method was run in full 3D which has
significantly more degrees of freedom than the rotationally symmetric WM and COMSOL simulations.
In the SPH simulation we use roughly 3.5 million particles with 3 degrees of freedom for all vector
quantities, while the meshes of the COMSOL and WM simulation have roughly 10k grid nodes with
2 degrees of freedom for all vector quantities. As such the number of degrees of freedom of the SPH
simulation is ≈ 500 times larger than for the other simulation methods. In our opinion, this shows good
performance and scaling of our SPH method.
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Table 4.3. Numerical parameters of SPH

Property Unit Value
SPH particle radius m 5 · 10−5

Maximum time step s 1 · 10−4

CFL criterion - 0.1

Table 4.4. Numerical parameters of WM

Property Unit Value
Element size in region of interest m 10 · 10−5

Maximum time step s 1 · 10−4

CFL criterion - 0.5
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Figure 4.9. Melting temperature (1773 K) iso-contours at different times for SPH, WM and COMSOL

without Lorentz force fext = 0 N m−3
, i.e., pure heat conduction.

4.3.3 Simulation results

Conductive Heat Transfer

Before the quantitative comparison of forced convective and conductive heat transfer is performed, a
comparison without the external forces fext was made, i.e., without any fluid movement and therefore
no convection. As can be seen from the shape of the melting temperature iso-contours in Figure 4.9, the
calculation for the conductive heat transfer was in perfect agreement between SPH, WM and COMSOL
for all time steps. Therefore, we consider the purely conductive part of the heat transfer module in SPH
as validated.

Forced Convective and Conductive Heat Transfer

Quantitative Comparison The dimensions of the melt-pool over the course of the simulations are
shown in Figure 4.10, for the case when the external forces were set to the Lorentz force as shown in
Equation (4.38). The weld pool dimensions are computed by solving a non-linear algebraic equation for
the position of the melting front. Overall both characteristic melt-pool dimensions, the depth and the
width, show very good agreement between all three methods and exhibit a similar development over
time. The depth of the weld pool for the SPH and COMSOL simulation match almost perfectly across
all time steps. During the first t < 0.5 s the WM weld pool is deeper, but afterwards agreement between
all three methods is again observed for t > 0.5 s. Starting at roughly t > 1.25 s the development of the
depth increases for the WM solver, reaching full penetration about ∆t ∼ 0.1 s earlier than the SPH
method, while the COMSOL solution is a bit slower still, reaching full penetration ∆t ∼ 0.03 s later.
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Figure 4.10. Evolution over time of the melt-pool dimensions, depth and width, at 4.5 mm.

Also the depth of the COMSOL solution does not seem to develop entirely smoothly, displaying minor
kinks at t = 1.35 s and t = 1.5 s.

As the interpolation of the SPH solution onto a grid has limitations close to the boundaries, because
fewer particles are available for interpolation, the width was not computed exactly on the boundary,
but 0.5 mm below the surface. While we use our proposed interpolation method to obtain a plausible
filling-in of the gap close to the boundary, a better result is obtained when looking at the weld pool
width within the domain. Here the width matches up nearly perfectly between all three solver methods,
with a minor deviation for t < 0.5 s, where the COMSOL solution appears right between the SPH and
WM solution.

In Figure 4.11 the melting temperature iso-contour can be seen at characteristic time steps of
t = 0.3 s, t = 1.0 s and t = 1.6 s. These characteristic times were also chosen for all future comparisons.
At 0.3 s the melt-pool is more shallow in SPH, compared to WM and COMSOL, with its melting contour
having a very similar shape to that shown in Figure 4.9 for the same time. This suggests that the
convective heat transfer has not yet started in the SPH case, which could be due to insufficient amount
of particles to allow for any fluid movement. At 1.0 s we can see excellent agreement between the SPH,
WM and COMSOL method, not just in terms of maximal width or depth but also in the general shape
of the melt-pool. At 1.6 s the agreement between SPH and COMSOL can still be regarded as very good,
while WM deviates for these solutions in the lower part of the melt-pool z ⩽ 0.001 m, as full penetration
of the workpiece is already achieved for WM at this time step, whereas both SPH and COMSOL are just
about to reach the bottom boundary. For the intermediate part 0.001 m ⩽ z ⩽ 0.0045 m, the COMSOL
solution is right in between the WM and SPH solution. It should be mentioned that there are slight
deviations in the top part z > 0.0045 m for the SPH solution, which occur due to missing particles.

To obtain a better understanding of the significant velocities, the velocity distributions at t = 1.0 s
along the symmetry axis (z) are shown in Figure 4.12. The shape of the velocity distribution is very
similar for all three solutions, while the difference between WM and COMSOL is quite comparable to
the difference between COMSOL and SPH. This is especially remarkable since both WM and COMSOL
are FEM solvers of the same problem. In the light of the observed differences between both FEM
approaches, the disagreement of the SPH method with the FEM solvers appear to actually be within
the margin of error that can be expected from the application of FEM in general. On the contrary, the
overall level of agreement is especially remarkable when considering that in SPH an entirely different
discretization is used and that a whole three dimensional domain is simulated. The agreement in the
radial direction is very good for all three methods. For SPH the velocities fluctuate around 0 m s−1,
due to the three dimensional nature of the simulation. The fluctuations of the velocity for SPH may
also be partly attributed to the fact that only a slice of full 3-D data is examined, where no constraints
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Figure 4.11. Melting temperature (1773 K) iso-contours at different times for SPH and WM, including

conductive heat transfer driven by the Lorentz force.
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Figure 4.12. Velocity by component along the symmetry axis at t = 1.0 s.
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Figure 4.13. Temperature along symmetry axis at different times. The dotted black line marks the

melting temperature (1773 K).

explicitly enforce strict movement within the radial plane. As such, it is only to be expected for a
certain amount of statistical noise to be present in the SPH velocity components, compared to the FEM
methods where the considered axis was realized as a rotational symmetry boundary, and as such does
not permit movement in radial direction.

Lastly, the temperature for the chosen characteristic time steps along the symmetry axis (z) is
shown in Figure 4.13. Again we can make similar observations as before. We see excellent agreement
in the temperature distribution for t = 1.0 s between all three methods, while some deviation can be
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observed for times close to the beginning t = 0.3 s and for times close to full penetration t = 1.6 s. At
time t = 0.3 s it should be pointed out that SPH reaches a higher maximal temperature at z = 0.005 m
and does not share the characteristic shape we observe for the other distributions, but exhibits a more
uniform temperature decay as one would expect from a purely conductive heat transfer. As mentioned
earlier in the description of Figure 4.11, this is most likely due to inhibited fluid movement at early
times, as can also be observed later in Figure 4.14b for t = 0.3 s. Again, for time step t = 0.3 s COMSOL
aligns more closely with WM, although not reaching perfect agreement. The shape of the COMSOL
solution at this time seems to indicate weaker conductive heat transfer than WM, therefore most likely
representing an intermediate state between the SPH and WM solution, which is an observation already
made for some of the previous data, e.g., Figure 4.12.

For t = 1.0 s we see excellent agreement between all three solutions for the lower half of the
temperature distributions (z > 0.0025 m), however in the upper half we observe slightly higher
temperatures in SPH compared to WM and COMSOL.

At t = 1.6 s the largest discrepancy between the three solutions can be found at the bottom of
the melt-pool. While SPH and COMSOL show very good agreement at the lower part of the axis
(z ⩽ 0.001 m), the WM solution differs strongly from both. This could be, as previously mentioned,
due to the effect of the lower boundary, as WM has already achieved full penetration at this time step,
while SPH and COMSOL have not yet achieved it. However, for the upper part of the axis (z > 0.001 m),
the agreement between COMSOL and WM is very good, while the temperatures calculated by SPH
are slightly higher, with the deviation increasing slightly with increasing z. All distributions have the
previously mentioned characteristic shape, however the WM solution consistently predicts a deeper
weld pool, indicating a stronger convective heat transfer in the entire melt-pool, consistent with the
observations on the velocities in Figure 4.12. Regarding the temperature profile along the height axis it
can also be said that our SPH method lies well within the margin of error that can be expected between
two different FEM solvers.

Qualitative Comparison Following the quantitative analysis, we now show a qualitative comparison
of the SPH and COMSOL solutions for half of the cross section at times t = 0.3 s, t = 1.0 s and t = 1.6 s.
These times were selected, as both t = 0.3 s as well as t = 1.6 s showed the greatest differences between
the methods with regard to the melt-pool dimensions shown in Figure 4.10. While the deviations
were strongest in comparison with the WM solution, this qualitative comparison focuses on SPH and
COMSOL, where agreement of the melt-pool dimensions was best.

Over the whole duration, the time t = 0.3 s showed the largest disagreement between both methods,
as can also be seen from Figure 4.10 and Figure 4.11. The disagreement is within the expected margin
of error indicated by the comparison of the two FEM methods. Looking in more detail at Figure 4.14a
and Figure 4.14b, one can see that the melt-pool in the COMSOL simulation is slightly deeper than the
melt-pool in the SPH simulation, while the melt-pool radius appears comparable. It is also possible
to observe the distinct deviation in the velocity field between the two simulations, which is in line
with the observation of the velocity in Figure 4.12. A stable vortex seems to have already developed
in the COMSOL simulation, while the SPH particles are barely in motion. We explain this by the
very restrictive boundary condition in the SPH simulation. The fluid will remain motionless until
there is enough space for particles to overwhelm, or circumvent, the pressure forces keeping the fluid
incompressible. Since we are using an implicit pressure solver, the pressure forces will be quite large
until a suitably large region of the fluid has melted, allowing for more movement while still maintaining
incompressibility. The difference in velocity also explains the deviation in melt-pool shape, since at
t = 0.3 s the SPH simulation is still transferring heat only by conduction, while the melt-pool in the
FEM solutions deepens due to increasing convection.
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(a) Temperature at t = 0.3 s. (b) Velocity at t = 0.3 s.

(c) Temperature at t = 1.0 s. (d) Velocity at t = 1.0 s.

(e) Temperature at t = 1.6 s. (f) Velocity at t = 1.6 s.

Figure 4.14. Side-by-side comparison of SPH and FEM results of temperature (left column) and velocity

(right column). The SPH solution is always shown on the left within each figure while the WM solution is

shown on the right.

Next, in Figure 4.14c and Figure 4.14d, we show the temperature and velocity distributions at
t = 1.0 s for both SPH and COMSOL. Overall these results show excellent agreement, both in terms of
the melt-pool dimensions (width and height) as well as the actual temperature and velocity field. The
temperature fields appear almost identical, however, the melt-pool contour exhibits small deviations,
especially close to the top boundary. In addition, the velocity magnitude of the SPH simulation at
the symmetry axis is slightly lower than that of the COMSOL simulation. We are unsure about this
deviation and can only speculate that the velocity slightly decelerated due to the increased pressure
forces (slight over-pressure). Otherwise, there are no movement inhibiting forces acting on the fluid
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which are not shared across both simulations, i.e., viscosity and momentum-sink. Regardless of the
difference in velocity magnitude, the flow pattern is, similar to the temperature field, almost identical.

Finally, considering the simulations at t = 1.6 s in Figure 4.14e and Figure 4.14f we show the instance
where full penetration is reached for both solvers, almost simultaneously, see also Figure 4.10. One
can see that the comparison of the temperature fields shows very good agreement as well, where the
general shape of the melting-temperature iso-contour is captured accurately across almost the entire
region, except for a small area close to the top surface. The velocity field also exhibits the same flow
pattern as at t = 1 s, where the velocity magnitude is again slightly lower in the SPH simulation than in
the COMSOL simulation.

Overall, we can observe very good agreement between the flow patterns and temperature distribu-
tions of both simulation methods. We speculate that the observed differences at t = 0.3 s result from
restricted motion in SPH due to high pressure forces, which would also explain the diminished velocity
magnitude at subsequent time steps, but we could neither confirm nor refute this speculation in a brief
investigation. While this discrepancy warrants further study, we have shown successfully that the
observed flow pattern and temperature field agree very well over a long duration and retain distinct
similarities when the melt-pool depth differs.

4.4 Discussion

The comparison of the results from the SPH, WM and COMSOL solvers yields intriguing results. The
simplifications strongly favor the application of an Eulerian method, and one of the main goals of
this comparison was to investigate whether the SPH method is able to achieve good results in such
a setting. Based on the preceding evaluation, we believe this is indeed the case, as we observed very
good quantitative agreement between the SPH and COMSOL methods, while also observing the same
overall trends in the WM method.

Firstly, the conductive heat transfer was confirmed to work as expected, up to differences which
can be accounted for by differences in spatial and temporal discretization. Secondly, the convective
heat transfer seems to be in good agreement between SPH and COMSOL, as can be seen, for example,
from the melting-temperature iso-contours in Figure 4.9. Convective heat transfer in WM appears to
occur slightly faster. This is in line with the observations on the velocities, see Figure 4.12, that seem to
exhibit some deviation for all three methods of ≈ ±20%. In the light of these deviations the excellent
agreement for the melt pool depth at 0.6 s < t < 1.3 s seems somewhat surprising. Figure 4.13 seems to
confirm that the convective heat transfer in downward direction is slightly slower at all times of the
SPH simulations as the temperature at the top, close to the heat source, is slightly higher. Nevertheless,
the temperature profiles align almost perfectly for SPH and COMSOL towards the bottom of the melt
pool, where the WM solution deviates significantly from both. The evolution of melt-pool depth in
SPH and COMSOL between 0.2 s < t < 0.5 s, as seen in Figure 4.10, seems especially intriguing, as
both methods agree while the WM solution shows a deviation. We can only assume that this deviation
between the two FEM solvers is due to implementation specific details.

Another observation relates to the fact that the SPH solution deviates from the other two mostly at
earlier times, i.e., t < 0.3 s, where the number of particles in the melt pool seems to be insufficient to
allow development of a flow pattern. At the same time the implementation of a fixed boundary wall is
not native to SPH, as SPH has its strengths especially in the treatment of unbounded domains and, to
a certain degree, free fluid surfaces. The pressure forces in SPH might actually block the flow, while
for WM the consideration of fixed wall boundary conditions is natural to the method and no such
restrictions exist when a free-slip condition is used.
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It should be kept in mind however, that for a real process, the free surface is not actually confined
in such a way. Of course, for a comparison of melt pool development with the real process, also the
non-linearity of the material parameters must be considered. Here, the inclusion of the latent heat in
terms of the Stefan-Problem is known to present a significant challenge, among others. Nevertheless,
even established Eulerian approaches have difficulty reaching satisfactory agreement without the use of
strong compensation models and all the peculiarities that derive from the challenges related to the free
surface deformation, discontinuities and strong topological changes, that are typical for arc welding
processes. As such, while the inclusion of latent heat in terms of the Stefan-Problem is also no trivial
task for SPH methods, we consider our SPH model to be a suitable candidate for performing simulations
of the more complex interactions and physics of the real process, due to the improved ability to model
surface deformation, discontinuities and significant topological changes.

4.5 Conclusion

In this chapter, a full 3D SPH model for the simulation of a TIG spot-welding process is proposed
and compared quantitatively with 2+1D FEM simulations implemented in Wolfram Mathematica and
COMSOL. We show remarkable agreement between our SPH method and the WM and COMSOL
methods, especially given the differences observed between WM-FEM and COMSOL-FEM when solving
identical problems. In the context of this thesis, these results provide the first quantitative benchmark
for melt-driven SPH processes introduced in Chapter 1.

Overall, our work confirms the expectation that the SPH method has at least equivalent capability
for quantitatively modeling welding processes. This holds even under conditions simplified to compen-
sate for limitations of Eulerian methods (free surface), while at the same time strongly favoring the
application of an Eulerian method (bounded domain). Therefore, we expect that SPH can outperform
Eulerian approaches under more realistic conditions, i.e., allowing for a free surface and requiring full
3D also for the Eulerian method, especially once numerical treatment of non-linear material parameters
is included. This chapter establishes a baseline for the corresponding thermal-spray study in the
upcoming chapter.
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CHAPTER 5
Application and Benchmark of SPH
for Modeling the Impact in Thermal

Spraying

Thermal spraying is a coating technology where particles of a feedstock material are heated, fully or
partially melted and accelerated to high speeds onto a substrate. Through the impact of many particles
a coating is built up. As a coating technology, thermal spraying is divided into three major process
variants: flame spraying, electric arc spraying and plasma spraying [Davies 2004]. This chapter follows
the overall goal defined in Chapter 1 to evaluate point-based SPH methods for melt-driven processes
against established Eulerian baselines, and complements the TIG welding study conducted in Chapter 4.

In this chapter, we take a closer look at plasma spraying, which is characterized by particle velocities
of up to v = 800 m s−1 [Pawlowski 2008] and high plasma temperatures in the range of T = 6000 ◦C to
T = 15 000 ◦C, which are significantly above the melting temperature of any known material [Davies
2004]. The injected particles are mostly in the size range of d = 20 µm to 90 µm [Pawlowski 2008]. As
the particles spread upon impact, rapid solidification occurs with cooling rates in the range of ¤qcooling =
107 K s−1 to 108 K s−1 as a result of heat transfer from the liquid material to the underlying substrate and
to the ambient atmosphere [A. Vardelle et al. 2014]. Thus, the particle deformation on the substrate,
cooling, and solidification occur in rapid succession.

The properties of the coating, such as its durability or thermal conductivity are directly related to
its microstructure, which is in turn directly related to the particle impact process. Therefore, a detailed
understanding of the dynamics of particle impact on the substrate is essential for better control of
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the coating build-up. The deposition of particles during plasma spraying can only be poorly observed
experimentally, due to the fact that splat formation and solidification occur within a few microseconds
[Goutier and Fauchais 2011]. Consequently, many studies have been devoted to numerical and
analytical investigation of particle impact, splat formation, and solidification [Chandra and Fauchais
2009, Ghafouri-Azar et al. 2003, Pasandideh-Fard et al. 2002b, M. Vardelle et al. 1995, K. Yang et al.
2012].

Apart from the simulation of the plasma jet and the heat transfer from the plasma to the particles,
the impact of the melted particle onto the substrate and its subsequent deformation are of great interest.
Given this context, the core contribution of this chapter is a novel SPH model that makes extensive use
of implicit solvers and improves both simulation performance and stability (in line with the implicit SPH
direction developed in Chapter 3). The novelty of our model comes from the unique combination of SPH
components for thermal spraying, as well as the reformulation of explicit models into a single unified
implicit linear system. Within this scope, we also introduce implicit formulations for established SPH
correction methods that aim to improve physical accuracy. To better understand the capabilities of SPH
for modeling droplet impacts, we quantitatively compare our SPH implementation to the volume of fluid
(VOF) method on Eulerian grids using Ansys Fluent for a highly simplified case. This comparison shows
strong agreement in the overall shape of the impacted droplet. Using our SPH method, we also simulate
the droplet at significantly higher resolution while requiring only a fraction of the computational cost.

Furthermore, we present and discuss SPH simulation results in terms of droplet spread factor with
varying initial droplet diameters. For these simulations we explicitly discretize the substrate and take
into account the transient heat transfer between droplet and substrate as well as temperature-dependent
material properties. Overall, we are able to show that SPH is a very suitable method for the simulation
of droplet impacts in thermal spraying.

5.1 Related Work

In the past, droplet impact simulations have often been performed with the Eulerian volume of fluid
(VOF) method. The VOF method can be used for the simulation of the free surface interface between
two or more immiscible fluids by tracking the volume fraction of each of the fluids in two- or three-
dimensional meshes. However, in the process of particle impact a large deformation of the molten
particle occurs, from spherical to a thin layer. Therefore, it requires a very fine, or spatially adaptive,
mesh discretization over a large area of the simulation domain. While fine meshes require exponentially
increasing computational resources, mesh adaptivity is very difficult to implement correctly and still
incurs a noticeable performance penalty. Most of the computational cost of VOF algorithms is incurred
by the cells that form the interfaces between different fluids [Borrell et al. 2013].

Other than tracking the position of the free surface, the heat transfer and especially the effect of
solidification strongly influences the dynamics of the particle impact process. A popular method to
model the effect of solidification is the enthalpy-porosity method [H. Hu and Argyropoulos 1996].
Here, heat transfer is solved in enthalpy formulation, with addition of a source term that is dependent
on the solid fraction of the semi-solidified fluid in the so-called “mushy zone”, to account for the latent
heat of melting and solidification. Furthermore, another related source term is added to the momentum
equation to account for increased flow resistance of the fluid in the semi-solidified region, due to growth
of dendritic structures. This momentum sink, also called Darcy-term, is dependent on the permeability,
which in turn is also dependent on the solid fraction in the “mushy zone”.

Several works have applied the VOF method for modeling particle impact in the thermal spray
process. Pasandideh-Fard et al. [2002a] developed a 3D model to simulate the impact and solidification
of a molten droplet on a flat substrate by applying the fixed velocity approach for solidification, where
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the solid is defined as liquid with infinite density and zero velocity. Another example is Y. Z. Zheng et al.
[2014], who developed a 3D particle impact model during plasma spraying utilizing the momentum
source method of Ansys Fluent for modeling the solidification.

While these studies helped to increase the understanding of the particle impact and solidification in
thermal spraying, a lot of computational time was generally required. In previous works the particle
impact and solidification was modeled using a modified momentum source approach [Bobzin et al.
2019] which was then applied to simulate multiple particle solidification [Bobzin et al. 2021b]. The
most recent work presents a calculation of the effective thermal conductivity using information of
inter-splat gaps derived from a simulation of multiple splats of Al2O3 droplets [Bobzin et al. 2021a].
However, while the experimental results showed the characteristic length of the gaps to be < 1 µm,
the simulation could only resolve gaps with a width of its cell size of 2.25 µm. This was resolved by
numerically smearing the particle boundaries in this model and then enabling an approximately correct
calculation of the thermal conductivity. However, this was only an interim solution, not a physically
correct representation of the problem.

Due to the high computational cost of VOF-based Eulerian approaches, there has been a range of
works applying the Smoothed Particle Hydrodynamics (SPH) method to the simulation of thermal spray
deposition. This is often due to the versatility of SPH regarding the simulation of changing domain
topology, free surfaces as well as multiple phases.

Since the feedstock material in the thermal spray process consists of particles and at the same time
the SPH method is based on discretization particles, first and foremost the terms should be properly
distinguished. The term particle is from now on used for the SPH discretization particle of the numerical
method, while the feedstock particle that is molten in the thermal spray process and projected towards
the surface will be termed droplet.

Fang et al. [2009] introduce many ideas for the SPH simulation of droplet spreading and solidification.
They propose an improved pressure correction scheme and show simulations of droplets impacting on
a solid substrate as well as similarities to some images obtained from experiments. In addition, for heat
conduction an artificial heat model based on internal energy is used. Particles are classified into liquid,
melting and solid, and a source term in the momentum equation accounts for phase change. Results are
then compared to an experiment.

A similar approach is pursued by M. Zhang et al. [2008] without the pressure correction, but also
considering melting of the substrate for high thermal conductivities, low thermal capacities and high
droplet temperatures. However, a validation of the method was not performed.

Farrokhpanah et al. [2017, 2021] present a novel method for the simulation of latent heat in
SPH with specific application to Suspension Plasma Spraying, which is a variant of the thermal spray
process. They use an explicit weakly compressible SPH approach with advected density, as well as an
enthalpy-viscosity method to model the process of solidification.

Abubakar and Arif [2019] introduce a hybrid approach for the simulation of spray deposition.
The SPH method is used to model the dynamics of splat formation during the spray process while
the Finite Element Method (FEM) is used to model the solidification and compute residual stresses.
The results are validated qualitatively by comparison with experimental results in literature. While
this approach is quite novel it relies on a very complex system in which numerical errors can occur at
many different places (especially during transfers between discretizations). A coupled Eulerian and
Lagrangian approach is also pursued by Z. Zhu et al. [2015] to simulate spray deposition of semi-molten
ceramic droplets.

Other relevant SPH works, especially regarding heat transfer, melting and solidification can be
found in the simulation of arc welding processes [Ito et al. 2015, Komen et al. 2018, Trautmann et al.
2018]. Komen et al. [2018] in particular also simulate the impact of molten droplets onto a substrate
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and investigate the effect on the weld pool, although the droplet impact velocities are significantly
smaller and the droplet size is significantly larger than in thermal spraying.

5.2 Method

5.2.1 SPH Discretization

In the following, we will briefly outline our SPH method for the simulation of the droplet impact in
thermal spraying. An introduction to the fundamentals of the SPH method can be found in Chapter 2.
To recap, the equations typically used for the simulation of incompressible fluids are the continuity
equation, Equation (2.6), and the Navier-Stokes equation, Equation (2.3). They are repeated here for
quick reference:

−ρ∇ · v = 0, (5.1)

ρ
Dv

Dt
= −∇p + µ∇2v + fext. (5.2)

Implicit solvers as presented in Section 2.2.2 are used for both pressure [Bender and Koschier 2015]
and viscosity [Weiler et al. 2018], the same as in Chapter 4. The external forces contain both gravity
and surface tension. For surface tension we make use of an explicit continuum surface force-based
(CSF) approach for consistency with the VOF method comparison. For an overview of notation, the
reader is again referred to the table at the beginning of this thesis and to Chapter 2.

Surface Tension

Surface tension computation in SPH is known to be a challenging problem, since it is very difficult to
obtain a clear definition of the fluid surface. There exist formulations based on fluid surface curvature,
often derived from the Continuum Surface Force (CSF) model by Brackbill et al. [1992], as well as
formulations based on intermolecular forces. For our purposes, we have implemented the CSF model of
M. Müller et al. [2003] based on the model of Morris [2000], where the force fi,st, curvature ∇2ci,
and surface normal ni are computed from a smoothed color field ci:

ci =
∑
j

mj

ρj
Wij, (5.3)

ni =
∑
j

mj

ρj
(cj − ci)∇Wij, (5.4)

∇2ci = −
∑
j

mj

ρj
(ci − cj)

2||∇Wij||
||xi − xj||2 + 0.01h2 , (5.5)

fi,st = −σ∇2ci
ni

||ni||
. (5.6)

Here σ denotes the surface tension coefficient [N m−1] and 0.01h2 is a small factor relative to the
smoothing length h that prevents division by zero. The computation of the normals and especially the
curvature is documented to be prone to errors due to particle disorder, however we have not observed
any significant instabilities in our simulations. This could be due to the extremely small time scale of
our simulations as well as due to other forces being more dominant.

Solidification

Solidification is often considered to be one of the main determining factors of the dynamics of the
thermal spray process. It depends on the splat thickness, the thermal conductivities of both the sprayed
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feedstock material as well as the underlying solid material, and the thermal contact resistance between
the flattening droplet and the substrate. It directly affects the deformation behavior, the splat shape and
the coating microstructure [Pawlowski 2008]. The fluid of the droplet is cooled upon contact with
the wall and the subsequent solidification process is modeled by taking into account a Darcy-term
(momentum sink), after the well-known Enthalpy-Porosity method, for modeling the solidification of
pure metals [Brent et al. 1988] and of binary alloys [Voller et al. 1990]. The latent heat of melting
and solidification is neglected for the initial comparisons between our SPH model and Ansys to keep
the comparison as simple as possible. However, as the heat transfer solver is formulated in terms of
the enthalpy, it can be easily extended to include the latent heat, which is shown in the simulations
presented in Section 5.3.2.

We make use of the same Enthalpy-Porosity model as in Section 4.2.1 of the previous chapter about
TIG-welding. The acceleration of this model is given by

aporosity =
vt

∆t

(
1

1 + ∆tC(1 − fl(T ))
− 1

)
. (5.7)

This Darcy-term adds a deceleration to the Navier-Stokes equation which has a strong movement
inhibiting effect on the fluid, once the temperature of the fluid becomes low enough. This so-called
momentum sink accounts for the semi-liquid state in the so-called mushy-zone, where already some
nucleation and dendrite growth has occurred, thereby affecting the properties of the fluid. The effect is
controlled by the liquid fraction fl(T ), again modeled as a simple Heaviside function

fl(T ) =


1 T > Tl,

0 Tl − ∆Tl ⩽ T ⩽ Tl,

− T ⩽ Tl − ∆Tl,
(5.8)

where the liquidus temperature is denoted by Tl and the temperature range of the mushy-region by ∆Tl,
such that the fluid is assumed to be completely solid as soon as T ⩽ Tl−∆Tl. The final branch indicates
complete solidification by an undefined factor −, as particles become frozen in place and unaffected by
fluid forces. This is also the main difference to the approach in Chapter 4, where only melting occurred.
This chapter instead simulates only solidification. The temperature range ∆Tl essentially lets us control
how long the particles will be treated as “liquid” before their position becomes fixed. Furthermore, the
semi-implicit formulation generally allows the usage of larger time steps in the simulation without
causing instabilities, but comes at the cost of slightly dampening the effect. The parameters for the
momentum-sink are shown in Section 5.2.3.

Correction Terms

In our implementation we have found that it is also necessary to add correction terms, which improve
the quality of SPH simulations. The first such term was documented by Monaghan [1989] and reduces
the interpenetration of particles by smoothing the velocity field while conserving linear and angular
momentum, without adding dissipation. The acceleration of this correction, also sometimes called
XSPH, is given by

ai,xsph = − ϵ

∆t

∑
j∈𝒩i

mij

ρij
(vi − vj)Wij, (5.9)

where ϵ denotes the (dimensionless) strength of this smoothing, mij the average mass between particle
i and j and ρij the average density. In the original work ϵ = 1 was proposed, yet we have found
smaller values, in the range of 0.1 to 0.3, to be preferable in our simulations. Smaller values caused less
smoothing and retained more fluid details.
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The second correction addresses the issue of tensile instability at the surface of SPH fluids. When
using a method which recomputes the density instead of advecting it, it occurs that the density estimate
at free surfaces is erroneous due to missing particles and causes an uncontrollable artificial surface
tension effect. This is solved in the DFSPH method by only considering “over”-pressures due to larger
density values and clamping smaller densities to the rest density. This entirely removes the instability
at the surface, but comes at the cost of reduced fluid cohesion. In order to restore fluid cohesion a
corrective force of the form

ai,cohesion = − γf

mi

∑
j∈𝒩f

i

mij

ρij
xijWij, (5.10)

is employed, where γf is a parameter controlling the strength of cohesion [N m−1] and 𝒩 f
i

denotes the
neighborhood of fluid particle i within the same fluid phase.

Adhesion to other phases and boundaries is formulated analogously

ai,adhesion = −γ
b

mi

∑
j∈𝒩b

i

mij

ρij
xijWij, (5.11)

where γb is a parameter controlling the strength of adhesion [N m−1] and𝒩b
i

denotes the neighborhood
of fluid particle i within the boundary phase. It should be noted that for the case that γb = γf the
net cohesive-adhesive-force at the boundary is zero. Adhesion is therefore modeled by γb > γf and
repulsion by γb < γf. By design this correction term only adds forces in regions with particle deficiency
and is inspired by the work of Monaghan [2000], yet instead of adding an additional repulsion term
the attraction is first clamped by the implicit pressure solver and then reintroduced as cohesion and
adhesion. A very similar cohesive force was also used by Becker and Teschner [2007].

We note that due to the anti-symmetric nature of these formulations, they conserve angular and
linear momentum. In order to further improve the stability and to be able to use larger time steps, we
formulate these corrections implicitly in terms of velocity and incorporate them, together with the
viscosity force, into a single linear system

vt+1
i
− vt

i

∆t
=
µ

ρi
2(d + 2)

∑
j∈𝒩i

mij

ρj

vt+1
ij
· xij

||xij||2 + 0.01h2∇Wij

− ϵ

∆t

∑
j∈𝒩i

mij

ρij
vt+1
ij Wij
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i

mij

ρij
xijWij,

(5.12)

where vij = vi − vj, xij = xi − xj and d is the number of spatial dimensions, i.e., d = 3. This linear
system is solved using the matrix-free conjugate gradient method.

At the time of development we were not aware of any other works utilizing implicit solvers in SPH
simulations to this degree. By doing this, we observe a significant performance improvement because
simulations can use large time steps without becoming unstable.

Pseudocode of our full fluid solver is shown in Algorithm 8. The only explicitly computed component
is surface tension, while pressure and the remaining forces are integrated implicitly, although in separate
steps. Heat transport is governed by the Fourier Equation and solved using the explicit method described
in Section 4.2.2. The full SPH solver is summarized in Algorithm 9.
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Algorithm 8 Fluid Solver
1: procedure FluidSolve
2: DFSPH_DivergenceFree ⊲ [Bender and Koschier 2015]
3: SolveViscosityAndCorrections ⊲ Equation (5.12)
4: for all particles i do
5: ComputeSurfaceTension(i) ⊲ Equation (5.6)
6: SolveMomentumSink(i) ⊲ Equation (5.7)
7: end for

8: DFSPH_ConstantDensity ⊲ [Bender and Koschier 2015]
9: ∆t← ComputeCFLTimeStep( )

10: for all particles i do
11: vi ← vi + ∆tai

12: xi ← xi + ∆tvi
13: end for

14: end procedure

Algorithm 9 Solver Overview
1: procedure FluidAndHeatSolver
2: t← tstart
3: while t < tend do
4: HeatSolve( ) ⊲ Algorithm 6
5: FluidSolve( ) ⊲ Algorithm 8
6: t← t + ∆t
7: end while

8: end procedure

5.2.2 Boundary Conditions

Boundary contributions for all SPH terms are computed using the approach of Akinci et al. [2012].
The only boundary in our simulation is the substrate, which will be described further in Section 5.2.3.
Using the approach of Akinci et al. the boundary is sampled using a single layer of particles on the
surface of the boundary. The contribution of the boundary to the SPH summation of fluid particles can
be generalized as

Ai = Af
i +Ab

i =
∑
j∈𝒩f

i

VjAjWij +
∑
j∈𝒩b

i

Vb
j A

b
j Wij. (5.13)

The superscript f indicates contribution from fluid particles while b indicates contribution from
boundary particles within the compact support of particle i. The volume of boundary particles is
computed using

Vb
i =

1∑
j∈𝒩b

i
Wij

, (5.14)

which is an SPH summation over the other boundary particles in the compact support of boundary
particle i. The boundary volumes are incorporated into summations of fluid particles by extending
fluid quantities into the boundary region. This means, for example, using the rest density of the
fluid to compute a mass using the boundary volume and utilizing this contribution for fluid density
computations. Similar considerations can be made for all other cases, such as for the Fourier equation.
The heat conduction term in Equation (4.11) is extended by the following term for the boundary
contribution

∇ · (λ∇T )bi =
∑
j∈𝒩b

i

Vb
j 2λi(Ti − Tb

j )
∇iWij · xij

x2
ij

. (5.15)

This is equivalent to Equation (4.11), when also using λb
j
= λi and prescribing the wall temperature

Tb
j

. This allows specifying a Dirichlet boundary condition on the substrate. According to Mostaghimi
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Table 5.1. Material properties of ceramic droplet and boundary conditions.

(a) Material properties of the ceramic droplet: Al2O3 [Bobzin et al. 2021a]

Property Unit Value
Droplet diameter µm 62
Density kg m−3 3,950
Specific heat J kg−1 K−1 900
Thermal conductivity W m−1 K−1 30
Viscosity kg m−1 s−1 0.055
Surface tension kg s−2 0.8
Melting temperature K 2,027

(b)Wall boundary conditions

Property Unit Value
Wall temperature K 300
Free-slip boundary condition

D = 62 µm

Droplet in-flight
properties:
T = 2500 K
v = 200 m s−1

Substrate
T = 300 K

X

Y

Z

Figure 5.1. Schematic diagram of the simulation domain for the droplet impact.

and Chandra [2018] the estimated heat loss of the droplet to the surrounding gas is roughly three
orders of magnitude lower than that of heat conduction into the substrate. Therefore, we assume the
free surface of the droplet to be adiabatic, i.e., we neglect heat losses of the droplet into the surrounding
gas for our current investigations.

5.2.3 Simulation Domain

In the previous sections, we introduced our simulation model for droplet impact onto a substrate with
solidification. Subsequently, we describe the simulation setup used to compare our SPH model with
Ansys Fluent. Figure 5.1 shows the simulation domain for droplet impact. This includes the material
properties, the initial droplet in-flight properties, the substrate wall properties and boundary conditions.
The material properties of the ceramic droplet are listed in Table 5.1. Further, the simulation parameters
in Ansys Fluent and for SPH are listed in Table 5.2.

Ansys Fluent

A 3D thermal spray coating build-up model based on a previous publication [Bobzin et al. 2021a],
was created and implemented in Ansys Fluent. In this model the impact of thermally sprayed ceramic
droplets onto a flat substrate was simulated. A momentum-source function was used to simplify the
calculation of the solidification process, with parameters as seen in Table 5.2c. A laminar viscous model
was used and the energy solver was enabled. The dimensions of the spatial domain are 225 µm x 225 µm
x 75 µm, incorporating the droplet as well as a surrounding gaseous atmosphere which was assumed
to be air. The mesh edge length is 2.25 µm which resulted in a calculation mesh of 330,000 cells. The
boundaries of the domain consist of an inlet for the droplet on top, with velocity vp = 200 m s−1, the
substrate as a free-slip wall at the bottom and outlets with pressure pamb = 101 325 Pa and backflow
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Table 5.2. Simulation parameters

(a) Simulation parameters in SPH

Property Unit Value
Particle radius rpart µm 0.4
CFL min time step size s 1×10−12

CFL max time step size s 1×10−8

Simulation method - DFSPH
XSPH ϵ Equation (5.9) - 0.3
Cohesion γf Equation (5.10) N m−1 200
Adhesion γb Equation (5.11) N m−1 200

(b) Simulation parameters in Ansys Fluent

Property Unit Value
Domain size µm 225×225
Mesh size µm 2.25
CFL min time step size s 1×10−12

CFL max time step size s 1×10−7

Simulation method - FVM

(c) Momentum sink parameters

Property Unit Value
Tl K 2,027
∆Tl K 100
C s−1 3×107

total temperature Tout = 3000 K. The interior domain is filled with air at Tgas = 2400 K at the start of
the simulation. The temperature of the substrate is set to Tsubstrate = 300 K. The free-slip boundary
condition was applied for the contact between the droplet and the substrate and a VOF-approach
was assumed for the reconstruction of the free surface of the ceramic droplet and the surrounding
gas phase. Due to the rapid solidification resulting from the Dirichlet thermal boundary condition,
the free-slip boundary condition appeared to be a reasonable assumption in our experiments. The
numerical parameters of the simulation in Ansys Fluent are summarized in Table 5.2b. The simulations
were performed using Ansys Fluent 2020 R2.

SPH

The same 3D thermal spray coating build-up model was created using our SPH method. The domain of
the simulation model is shown in Figure 5.2a. The numerical parameters for the simulation and for the
momentum sink are each listed in Table 5.2a and Table 5.2c, respectively. The droplet has a diameter of
ddroplet = 62 µm and initial in-flight temperature T = 2500 K and downward initial velocity magnitude
||v0|| = 200 m s−1. The droplet was discretized by particles with an individual radius of r = 0.4 µm
and consists of 238,310 particles in total. The substrate was modeled as a rigid body with a Dirichlet
boundary condition for the temperature of Twall = 300 K and a free-slip boundary condition for the
momentum equation. The model was implemented in a custom branch of SPlisHSPlasH [Bender et al.
2026].
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Droplet diameter: 62 µm
Particle radius: 0.4 µm
A droplet consists of
238,310 particles

Wall T = 300 K
Free-slip boundary condition

50 µm

(a) Computational domain of droplet impact simulation

in SPH.

Droplet diameter: 62 µm
Mesh size: 2.25 µm
A droplet consists of
9,689 cells

Wall T = 300 K
Free-slip boundary condition

50 µm

(b) Computational domain of droplet impact simulation

in Ansys Fluent.

Figure 5.2. Computational domain of droplet impact simulation.
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Figure 5.3. Convergence analysis of the simulation models in SPH and Ansys Fluent.

5.3 Results

In this section, we evaluate our SPH model in two different settings. First, we compare the results of
our SPH model to the results obtained by a simulation using Ansys Fluent with the VOF method. For
this, we consider simplified material parameters and boundary conditions in order to eliminate possible
modes of deviation and inaccuracy in both methods. We first attempt to find sufficient discretization
densities by conducting a mesh convergence analysis using the diameter of the splat as the convergence
indicator value. Afterwards, we take into account temperature-dependent material properties, the
latent heat of melting and the heat transfer into the substrate. With this we evaluate splat shapes and
spread factors of different diameter droplets and validate these results by comparison with an analytical
expression.

5.3.1 Comparison to Ansys-Fluent

Mesh Convergence First, a sensitivity analysis of the mesh and particle resolution was conducted.
The droplet impact simulation was run with different mesh sizes and particle resolutions. Both simula-
tions were computed on 32 cores of a high-performance compute cluster. For the simulation in Ansys
Fluent, the coarser, coarse, reference, and fine computational meshes consist of 83349, 165099, 330000,
and 540000 cells respectively. For the simulation using our SPH method, the coarser, coarse, reference,
and fine particle resolutions consist of 60112, 119129, 238310, and 476486 particles, respectively. The
results in Figure 5.3 show that as the resolution increases in SPH and Ansys Fluent, the diameters
of the splats converge and remain nearly identical at resolutions above these values. In addition, the
increasing resolution leads to a longer computation time. The computation time required to solve the
simulation in Ansys Fluent from coarser to finer mesh resolution is about 5, 8, 20 and 30 minutes. On the
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Figure 5.4. Comparison of cross-sections of the droplet impact in SPH (left) and Ansys Fluent/VOF=0.5

(right), for several points in time.

other hand, SPH generally requires less computation time, which is about 1, 4, 5 and 20 minutes from
coarser to finer particle resolution. Ultimately, the reference mesh size of 2.25 µm and the reference
particle radius of 0.4 µm are used in subsequent simulations for Ansys Fluent and SPH, respectively.

Results Figure 5.4 shows droplet impact, subsequent spreading, and solidification modeled with SPH
(left) and Ansys Fluent (right). The main dynamics of the process occur at the three points in time
shown. Overall, there is high agreement between the two methods. However, it should be noted that
the Ansys Fluent approach is performed with the VOF method for modeling the free surface of the
liquid and therefore the presented shape represents the iso-surface of volume fraction 0.5 of the ceramic
phase. While the overall resolution of the mesh is quite high, it is relatively coarse in the region of
interest, as can be seen in Figure 5.5. As such, the dispersion of the fluid boundary surface can be
considerable in the VOF method and the apparent area of the cross section appears somewhat smaller
than the area of the cross section in the SPH method, although in both cases the total mass is conserved.
Nevertheless, Figure 5.6 shows the decrease of the ratio of mass enclosed by the VOF-0.5 contour with
respect to the total fluid mass, as the mass disperses across a larger region. After impact at t = 0.5 µs,
the mass share of the VOF-0.5 contour of the droplet decreases steadily and then levels out at t = 1.4 µs.

Another peculiarity is the shape of the droplet in free flight. While in the SPH method, the shape is
highly spherical, the VOF droplet appears to be elliptically compressed in the direction of flight in the
VOF method. While the surrounding region of the droplet is filled with stagnant air, the droplet itself is
immersed in an airstream of the impact velocity in order to avoid compression due to drag. As such,
the slightly compressed shape can only be explained by difficulties in using a transient inlet function.

Figure 5.7 presents top views of droplet impact at several points in time. The splat shapes in Fluent
and SPH are almost perfectly symmetric. Furthermore, it was observed that the splat seems to cool off
faster in Fluent than in SPH. However, it should be noted again that the visible surface in Ansys Fluent
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Figure 5.5. Cross-section of the volume fraction of the ceramic phase in Ansys Fluent at t = 1.0 µs.
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Figure 5.6. Mass share of the ceramic phase enclosed within the volume VOF ⩾ 0.5 of the total mass of

the phase.

corresponds to the volume fraction 0.5 of the ceramic phase. Additionally, for times t ⩾ 1.0 µs the
thickness of the splat became smaller than 5 to 6 mesh cells (see also Figure 5.5), which is problematic
in the VOF approach, as it disperses the boundary of the free surface and therefore requires several
mesh cells for the transition from one fluid to the other. When the ratio of the number of cells in
the transition region to the number of cells with volume fraction 1.0 becomes very large, it becomes
more difficult to make accurate observations about the enclosed volume. This is due to the fact that
observations about the enclosed volume become highly sensitive to the selection of the contoured
volume fraction. It is therefore concluded that the results for t ⩾ 1.0 µs should be considered with care,
but they are included in this figure for reference.

The diameter and the height of the formed splat were compared for SPH and Ansys Fluent for
several volume fractions of the ceramic phase (0.1, 0.5, 0.9) over time in Figure 5.8. The droplet impacted
the substrate at 0.5 µs and subsequently spread out, gaining in diameter and losing in height until
it reached a steady state. When examining the diameter and height of the splat calculated with the
VOF method in Ansys Fluent, the dimensions vary significantly depending on the volume fraction,
consistent with the observation in Figure 5.5. Figure 5.8a shows good agreement in diameter between
SPH and the VOF method. The diameter calculated with SPH lies between those at volume fractions
0.5 and 0.9. It should be noted that the cohesion correction parameter (see Section 5.2.1) was adjusted
manually to reach this agreement. As discussed in the analysis of Figure 5.7, the presented results of
Ansys Fluent for t ⩾ 1.0 µs do not have a sufficient mesh resolution, despite having a total of 330k cells,
and are therefore not discussed further.

The height, as seen in Figure 5.8b shows the same tendency for both approaches but a consistently
smaller height was observed for all volume fractions of the ceramic phase in Ansys Fluent when
compared to SPH. This is again consistent with the observed decrease in cross-section area in Figure 5.5
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Figure 5.8. Comparison of the diameter and height of the simulated splats over time for SPH and Ansys

Fluent at several volume fractions (0.1, 0.5, 0.9) of the ceramic phase.

and in mass share of the droplet in Figure 5.6. However, since both the height as well as the diameter
have a strong influence on the heat transfer from the splat to the substrate, this difference is of high
significance. We attribute higher confidence to the SPH result regarding the height, because it does not
suffer from the aforementioned volume dispersion.

Figure 5.9 shows a comparison of the simulated maximum, minimum, and average velocities over
time, evaluated over a half-space in radial (x) and height (y) direction for Ansys Fluent (at VOF = 0.5)
and SPH. As the droplet impacts the substrate at t=0.5 µs, it can be seen in Figure 5.9a that shortly
after impact a very strong increase of the maximum radial velocity from the initial maximum radial
velocity of 0 m s−1 occurs for both methods. This increase reaches roughly 350 m s−1 for SPH, while the
maximum radial velocity reaches nearly 600 m s−1 in the case of Ansys Fluent. After this initial increase,
the maximum radial velocity decreases towards zero for both cases. Compared to this, the average
velocity taken over a half-space in both cases shows good agreement, with SPH exhibiting a consistently
lower average radial velocity. Furthermore, it can be observed that the minimum velocity in the Ansys
Fluent case remains zero for the entire duration, while the minimum velocity in SPH becomes negative,
with a small but distinct minimum of approximately −40 m s−1 at the moment of impact. During the
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Figure 5.9. Comparison of the maximum, minimum and average radial and axial velocity of the droplet.

time shortly after impact, the negative velocities in radial direction are somewhat contrary to the
expected dynamics of the process, in which the fluid of the droplet would spread outward (positive
velocity in radial direction) to form the splat. Upon further investigations, these particles are generally
located near or on the cut plane where due to particle disorder some particles accelerating in negative
x-direction may appear.

In Figure 5.9b the maximum, minimum, and average velocity in vertical direction are shown. Please
note that the droplet moves towards the substrate, i.e., in negative y-direction. After impact at t =
0.5 µs, the maximum vertical velocity decays smoothly to zero in the case of Ansys Fluent. In contrast
to this, the observed maximum vertical velocity shows a slightly different behavior in SPH. It has a
peak of almost −400 m s−1 at the time of impact t = 0.5 µs before decreasing smoothly towards zero.
The maximal vertical velocities of both cases for t ⩾ 0.6 µs show an otherwise excellent agreement.
Similarly, the minimum velocity drops rapidly after impact and remains at zero or close to zero in the
case of Ansys Fluent, while the minimum velocity simulated in SPH shows a different post-impact
behavior. At the time of the impact, the minimum velocity reaches an absolute minimum of roughly
50 m s−1 before approaching zero.

It is noticeable that the peak of the maximum velocity precedes the negative peak of the minimum
velocity. While this can be understood in terms of a rebound effect, the reason for the large spread
between minimum and maximum velocity, as well as the deviation with Ansys Fluent of these observ-
ables will be discussed later in detail in the analysis of Figure 5.10. Finally, the average velocities of
both simulation methods have an excellent agreement over time, even better than was the case for the
radial velocity in Figure 5.9a. The droplet starts with a velocity of −200 m s−1 in both methods, then
the average velocity in vertical direction decreases gradually after impact and reaches zero at t = 1.0 µs.

A more detailed analysis of the apparent disagreement noted in Figure 5.9b can be seen in Figure 5.10
for the moment of impact at t = 0.5 µs. It can be seen in Figure 5.10 that a small fraction of particles
at the side of the droplet have a very high vertical velocity of −350 m s−1 (color-coded in blue). Next
to particles that are in contact with the wall, a small fraction of particles experience the rebound
effect and their velocity reaches nearly 50 m s−1 (color-coded in red), before being counteracted by
the bulk movement of the droplet. The main bulk of the particles has a velocity range from 0 m s−1

to −200 m s−1, which corresponds to the in-flight velocity of the droplet and solidified particles. This
observed velocity peak at the moment of impact is assumed to result from the sudden difference in
velocity due to solidification of the fluid and the subsequent increase in local density and pressure.
However, this does not necessarily imply an unphysical result, but on the contrary it might actually
capture the real conditions even more accurately than the Eulerian method in Ansys Fluent.

Note that the investigation of minimum and maximum velocities are difficult to compare quantita-
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Figure 5.10. Axial velocity at the moment of impact; the in-flight velocity of the droplet is directed in

negative y-direction.

Table 5.3. Material properties of ceramic droplet and substrate. Note that the latent heat of melting and

the specific heat capacity are included in the specific enthalpy.

(a) Temperature-dependent material properties of the ceramic droplet: Al2O3 [Bobzin et al. 2021a]

Property Unit Value

Specific enthalpy J kg−1 Figure 5.13a (blue)
Thermal conductivity W m−1 K−1 Figure 5.13b (blue)

(b) Material properties of the substrate: AISI 440C stainless steel

Property Unit Value
Density kg m−3 7,850
Specific enthalpy J kg−1 Figure 5.13a (grey)
Thermal conductivity W m−1 K−1 Figure 5.13b (grey)
Viscosity kg m−1 s−1 5
Melting temperature K 1,756

tively and are only discussed in order to give better insight into the dynamics of the process for each
simulation method. While the actual values differ slightly, the overall trends visible in the minimum
and maximum velocities are very similar for both methods.

5.3.2 Simulation with Substrate

We now investigate the spread factor of droplet impacts given different initial diameters. For this we
modify previous material properties to be temperature-dependent and to also take into account the
latent heat of melting. In addition, we explicitly discretize the substrate and also introduce temperature-
dependent material parameters. The modified material properties are summarized in Table 5.3 and
Figure 5.13. Note that only modified material properties are listed and that the cohesion γf and adhesion
factors γb were adjusted to γf = 300 N m−1 and γb = 300 N m−1.

We simulate droplets of three different diameters: 30 µm, 45 µm and 62 µm. The droplets and
substrate are discretized with a particle radius of 0.4 µm. This resulted in a total of 1908591, 1972736,

81



5. Application and Benchmark of SPH for Modeling the Impact in Thermal Spraying

Figure 5.11. Splat shapes of various initial droplet sizes after 2 µs of simulated time. From left to

right: 62 µm, 45 µm, 30 µm. The black circles denote the measured splat diameter. Best viewed at high

magnification in the digital version.
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Figure 5.12. Comparison of spread factors of various droplet sizes with maximum spread factors

according to Pasandideh-Fard et al. [1996].

2119910 particles for the three different droplet diameters, respectively. The computation time required
to solve the simulation from the smallest to the largest droplet diameter was about 21, 51 and 53 minutes,
respectively. The large number of particles in the simulation is mostly due to the discretization of the
substrate, which may be further optimized in future work to reduce the computation time. The splat
shapes of these droplets are shown in Figure 5.11.

For all splats, movement has ceased after 2 µs of simulated time and a splat with splashes has formed,
a process which is described in the literature for sufficiently large impact velocities [Mostaghimi and
Chandra 2018]. The only remaining process is the solidification by heat conduction into the substrate.
The speed of solidification is well-known to be governed by the thermal contact of droplet and substrate.
This thermal contact is naturally modeled by our adhesion method which effectively governs the
average distance of particles from the surface of the substrate and the particle density on the surface of
the substrate. Higher adhesion values would result in a better thermal contact while smaller values
would inhibit thermal contact, which may be interpreted as describing the surface roughness of the
sprayed surface on a macro scale.

The maximum spread factor ξmax =
Dmax
D0

of the different initial droplet sizes D0 equal to 30 µm,
45 µm and 62 µm calculated by the SPH solver are shown in Figure 5.12. These droplet diameters
correspond to non-dimensional Reynolds numbers of 431, 646, and 891 for Re = ρV0D0

µ , and Weber
numbers 5925, 8888, and 12245 for We = ρV0

2D0
σ . According to Pasandideh-Fard et al. [1996], since

the Weber numbers are much larger than the Reynolds numbers, capillary effects can be neglected.
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(b) Thermal conductivity of Al2O3 droplet and AISI 440C stainless steel substrate as a function of temperature.

Figure 5.13. Temperature-dependent material properties of ceramic droplet and substrate.

Therefore, the maximum spread factor can be approximated as 0.5 Re0.25. The maximal diameter of our
simulations Dmax was evaluated by hand to 60 µm, 100 µm and 142 µm, respectively. The corresponding
circles are shown in black in Figure 5.11. The results obtained for the maximum spread factor with
the SPH method show a good correlation (R2 = 0.9565) with the analytical results approximated by
Pasandideh-Fard et al. [1996] as well as with the results predicted by Farrokhpanah et al. [2021]
(R2 = 0.9960). For a direct comparison of spread factors between our results and the analytical results
see Figure 5.12. We conclude that our model is able to reproduce the droplet spread factor increase that
is known to occur with an increase in initial droplet diameter.

5.4 Discussion

In the previous section we compared the results of our SPH simulation against a simulation using the
commercial tool Ansys Fluent.

While in the real process the partial melting of the droplet and the heat transfer, including the latent
heat of melting and solidification, cannot be neglected, the main goal in this chapter was to compare the
performance of fundamentally different numerical methods under droplet-impact conditions in thermal
spraying. It is therefore considered justified to initially keep the model as simple as possible, also
neglecting most non-linearities like temperature-dependent material parameters for the comparison.

We used identical physical models and parameters for all phenomena, except for the corrective
terms employed to improve SPH accuracy. The corrective factors were adjusted to be as small as
possible in order to closely match the droplet dimensions computed by Ansys Fluent. From this, we
obtained excellent results and good agreement with the Ansys Fluent simulation.

In terms of computational efficiency our proposed SPH method also compares very favorably to
Ansys Fluent. In our SPH method, we used a total of 230k particles, while Ansys Fluent used 330k mesh
cells. While it may seem at first that the SPH discretization is coarser, the actual discretization density
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50 µm

Figure 5.14. Ray-traced rendering of the droplet impact dynamics simulated with SPH.

in the region of interest, i.e., in the droplet, was ∼ 2.83 ≈ 22 times higher than the discretization density
used by Ansys Fluent, whose mesh edge length was 2.25 µm, corresponding to 2.8 times the particle
diameter of 0.8 µm. At the same time, our SPH method was able to finish the simulation in roughly 5
minutes, while Ansys Fluent required roughly 20 minutes. This is a remarkable result, as it allows a
significant refinement in the region of interest, while reducing the simulation time by a factor of 4. All
the more interesting are the scaling implications for the simulation of multiple droplet impacts. The
increased performance allows for faster iteration times when simulating multiple droplets as well as
significantly more accurate resolution of gaps in the coating on the scale of < 1 µm.

Our evaluation also showed that the selection of the liquid fraction for contouring of the ceramic
phase has a significant impact on droplet diameter, and especially on droplet height. This has to do with
the dispersion of the liquid surface that is ever-present for FVM-simulations using the VOF approach
and adds an additional restriction on the mesh resolution. Using our SPH method, we completely
avoided this dispersion issue and obtained a high-resolution simulation with a clearly defined surface.
A ray-traced rendering of a surface reconstruction of the SPH particle data is shown in Figure 5.14.

Finally, we extended our SPH simulations to explicitly discretize the substrate and to take temperature-
dependent material parameters into account. Using this setup, we simulated three droplet impacts
with different initial diameters and showed good agreement of the simulated spread factor with the
analytical expression proposed by Pasandideh-Fard et al. [1996].

5.5 Conclusion

In this chapter, we have shown that it is possible to simulate molten droplet impact in the thermal spray
process using nearly identical physical parameters in both an SPH discretization and an FVM (finite
volume method) discretization in Ansys Fluent. We performed a quantitative analysis of the simulations
by considering droplet height, diameter, and velocity distributions over time. All of these showed
good agreement, while the few disparities were isolated and explained. This extends the quantitative
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SPH-versus-Eulerian validation from TIG welding (Chapter 4) to microscopic droplet impact.
We introduced a novel SPH model that uses implicit integration for all forces except surface tension.

Because of this, our simulations remain stable for a wide range of large time steps. We also showed
that our SPH method is an efficient and accurate alternative to the commercial FVM method in Ansys
Fluent. Our SPH method is able to have a higher discretization density in the region of interest while
only requiring a quarter of the simulation time. Methodologically, this also partially motivated the fully
implicit treatment of surface effects developed in Chapter 3.

As a next step, the work in this chapter could be extended by considering multiple droplets of
varying size and velocity. When considering multiple droplets, the gaps in the coating may also be
evaluated to a higher degree of accuracy than was previously possible. A further extension could enable
the simulation of multiple, only partially melted droplets of both varying size as well as varying ratio
of solid material at the core. Furthermore, the consideration of rough surfaces and resulting contact
angles could also be interesting for future work. These findings and their relation to the broader thesis
contributions are summarized in Chapter 8.
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CHAPTER 6
Foundations of Deep Learning
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Figure 6.1. A simple multi-layer perceptron (MLP) with one input, two hidden layers of width 3 and one

output. All layers are fully-connected.

The previous part of this thesis dealt with fluid simulation using particle representations. This under-
scored the versatility of how particles can be used in practical applications. In contrast, this part will
focus on using particles in the context of deep learning. Specifically, how shapes represented by 3D
point clouds can be efficiently processed and encoded into a learned signed distance field, without
actually having knowledge of the ground truth shape. To provide some context, this chapter will focus
on what deep learning fundamentally represents, how neural networks “learn” and what challenges
need to be overcome when learning on three-dimensional data.

Machine Learning (ML) generally describes methods for fitting prediction models to data and it has
always been a core field of computer science. Deep Learning (DL), the process of learning patterns
from data using deep neural networks, is a subset of machine learning in which enormous progress
has been made in recent years. The most recent and noteworthy milestone is the emergence of the
transformer architecture [Vaswani et al. 2017] and its use in Large Language Models (LLMs). These
are trained on vast amounts of accumulated human knowledge in the form of text and, when scaled
to billions or trillions of parameters, exhibit human-like conversational capabilities. The capabilities
notably include information retrieval, which makes them immensely useful in many different fields.

The first part of this chapter will focus on introducing Multi-layer Perceptrons (MLPs), which are
the fundamental building blocks of general DL methods. Further, it will be outlined how MLPs are
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“trained” by adjusting learnable weights through a process called stochastic gradient descent (SGD).
This includes how to compute the derivatives needed for the SGD optimizer to be able to run. For these
fundamentals, we will follow the foundational work of Goodfellow et al. [2016]. The second part of
this chapter will give a brief overview of geometric deep learning, with applications to point clouds
specifically, and will finally discuss the considerations that should be made when using points within
Neural Networks (NN). This part generally follows the works of Bronstein et al. [2021] and Y. Xie
et al. [2022]. This will lead into Chapter 7, where a hybrid point and grid neural network architecture
for shape reconstruction from point cloud inputs will be presented.

6.1 Multi-layer Perceptrons

Multi-layer Perceptrons (MLPs) are a fundamental building block of deep learning. Traditionally,
they are also called feedforward neural networks. Both of these terms describe key characteristics of
these networks, one being “multi-layer” which generally means that the computation can be split up
into several discrete “layers” that have to be fully computed before the next layer can be evaluated.
“Feedforward” refers to the fact that these networks only have forward connections and no connections
to earlier parts of the computation. This is in contrast to “recurrent” neural networks which do contain
connections to earlier parts of the network, which, prior to the emergence of transformer networks, were
state-of-the-art for Natural Language Processing (NLP) tasks. The reader is referred to Goodfellow
et al. [2016] for further detail as these kinds of networks will not be discussed here.

Now we will go through how to construct a simple neural network and then go into detail about
how it is “trained”. A schematic view of a simple feedforward neural network with multiple layers, i.e.,
an MLP, is shown in Figure 6.1.

This MLP can be interpreted as a composition of functions, where the “depth” of the model is
equal to the number of function compositions, three in this case. To be specific, the output y in this
illustration is computed by

y = ((xW1 + b1)TW2 + b2)TW3 + b3, (6.1)

which is an entirely linear function. Here W represent learnable parameters, typically called weights,
and b represent learnable offsets called biases, which are often implicitly represented as part of the
weights. Note, that the biases are not explicitly shown in Figure 6.1. Finally, x denotes the input to the
neural network and y denotes the (scalar) output. Using only linear operations in this way causes the
entire computation to collapse into a single linear operation with weight matrix Ŵ and offset b̂

y = xŴ + b̂. (6.2)

This is a common problem with linear models in machine learning and can be solved in two ways.
One is to transform the features x using a specific non-linear function ϕ and fit a linear function in
this transformed space. The second, and in deep learning more typical, option is to add a non-linear
“activation function” in between individual linear operations. With increasing network depth, this allows
the model to “learn” non-linear feature transformations within the model, by essentially preventing
linear operations from “collapsing”. As an example, we add activation functions to Equation (6.1) to
obtain

y = f(3)(f(2)(f(1)(xW1 + b1)TW2 + b2)TW3 + b3). (6.3)

As long as functions f(1), f(2) and f(3) are non-linear, this function can then represent non-linear functions
as a whole. The final composition yields the output of the network, which becomes an interpretable
quantity.
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Figure 6.2. Commonly used non-linear activation functions in deep neural networks.

One of the simplest and most widespread activation functions is the so-called rectified linear unit
(ReLU), see Figure 6.2. This is essentially a “barely” non-linear function given by

ReLU(x) =

x for x > 0,

0 otherwise,
(6.4)

which is linear for positive values and zero for negative values. This simple function is sufficient for
deep neural networks to represent highly non-linear functions and is therefore still widely used at
the time of writing. Other commonly used functions are, e.g., the sigmoid or tanh functions which
are also depicted in Figure 6.2. The sigmoid function output is bounded from 0 to 1 and tanh from
-1 to 1. Unfortunately, their gradients can saturate, meaning that the gradient will be approximately
zero for very large and very small inputs. This can become a problem when using gradient-based
optimization as this effect cancels out any meaningful gradients for these value ranges. In contrast,
the ReLU function always either has a gradient of one or zero. While modern optimization methods
mitigate this problem to a large degree, it should still be taken into account when choosing appropriate
activation functions.

All intermediate states are not necessarily interpretable and typically only used in the process of
computing the output value. These states are also called “hidden” states. Regardless of the output
dimension of the network, the hidden layers are typically vector-valued. The dimension of the hidden
layer vectors is called the width of a network. The hidden layer vectors are often interpreted as many
individual “neurons” that take all inputs from the previous layer and compute a single output value
through linear combination with adjustable weights. This linear combination is then passed through
an activation function. The term "neuron" is inspired by how biological neurons work. However, it
should be noted that neural networks do not make it their goal to model how the human brain works,
but instead aim to achieve the best-possible statistical generalization. The complexity, and to a certain
degree the representational ability, of the neural network composite function is given both by the
depth and width of the network. Deeper and wider networks also generally have a larger number
of parameters, which is why the number of parameters of a network is generally indicative of the
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maximum complexity of the trained function. State-of-the-art open-source neural networks in language
modeling are documented to have almost a trillion trainable parameters [DeepSeek-AI et al. 2025], with
that number expected to already be exceeded by closed-source models. The next section will briefly
describe how parameters are algorithmically adjusted to fit a specific goal.

6.2 Training

The process of adjusting the functions of the network to achieve a specific goal is typically referred to
as “training”. Training can be achieved by presenting data to the network and prescribing conditions
on the output. If a specific value is known and enforced during training, this is called “supervised”
training. If some values are known and some are unknown, it is called “semi-supervised,” and if all
are unknown, it is called “unsupervised.” In the case of unsupervised learning, constraints typically
describe the properties of a valid solution without directly enforcing specific values. One very common
example of unsupervised learning is called autoregressive. This means that the network learns to
perfectly reconstruct its input. Such a task sounds trivial, but is often combined with a lossy memory
“bottleneck” within the neural architecture, such that the model is forced to use patterns in the data to
more efficiently store the input and be able to reconstruct it after the bottleneck. It can be used as a
pretraining step that is then followed by more specific supervised learning tasks, e.g., classification or
segmentation of images. Another example of unsupervised learning that is gaining more popularity is
the so-called physics-informed loss [Raissi et al. 2019, Sitzmann et al. 2020b, Tancik et al. 2020]. This
loss uses autograd functionality of the learning framework to compute derivatives, which are in turn
penalized with the residual of a differential equation. In this way, physical operators can be learned
without having access to data that is costly to compute, or can even reconstruct physical fields from
sparse measurements.

To explain the general training process, we will consider the supervised setting. Note, however,
that the concepts of supervised training easily translate to the other cases. Supervised training starts
with having a set of data points𝒟 =

{
(x∗

i
,y∗

i
)
}n
i=0, which are assumed to be drawn independently and

identically distributed from an underlying data distribution 𝒫 defined over the data domain x∗
i
∈ 𝒳 ∗ ∀i

and label domain y∗
i
∈ 𝒴 ∗ ∀i. In addition, there is assumed to exist an unknown function f∗ for which

f∗(x∗
i
) = y∗

i
for all i ∈ [0, . . . ,n]. The supervised learning problem reduces to finding a parametrized

function fθ that approximates the unknown function f∗ as closely as possible by using data pairs𝒟 to
adjust the network parameters θ accordingly. But how do we quantify how close our approximation
is to the “true” function? One of the most common ways is to use the L2 loss, also called the Mean
Squared Error (MSE) loss function:

ℒMSE(x∗,y∗) =
1
n

n∑
i=0
||y∗i − fθ(x∗i)||2, (6.5)

which is the average of squared differences between the neural network output and ground truth label
values. It is a convex function, whose minimum is achieved iff y∗

i
= fθ(x∗i), ∀i. There are other loss

functions, but the L2 loss is frequently used as it more strongly penalizes outliers than values already
close to the desired solution. This often gives a more desirable solution for a network’s weights than,
e.g., the L1 loss, which only penalizes the absolute value of deviation.

6.3 Backpropagation and Stochastic Gradient Descent

The loss function can also give us information about how the parameters θ, i.e., the weights of the
network, need to be changed to reduce the loss and yield a closer approximation of the desired function.
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Figure 6.3. The backpropagation algorithm as used frequently in deep learning frameworks. The

computational graph of the forward pass (Figure 6.1) is traversed in reverse order, and derivatives of the

loss with respect to individual parts of the network are accumulated. The dots denote summations over the

respective partial derivatives.

Specifically, the weights can be adjusted in the direction of the negative gradient of the loss function
with respect to the network parameters − ∂ℒ

∂W
k,j
i

. This expression can be expanded using the chain
rule, such that a single “backward-pass” of the computational graph is sufficient to compute all the
derivatives. However, this is only true for scalar loss values, which is why multiple losses are generally
aggregated by summation or weighted averaging. The backward pass for the computational graph of
Figure 6.1 is shown in Figure 6.3. For example, the expression for ∂ℒ

∂W3
3

can be expanded using the chain
rule to

∂ℒ
∂W3

3
=

∂ℒ
∂y1

∂y1

∂W3
3

, (6.6)

where for ℒ = ℒMSE
∂ℒ
∂y1

= 2(y∗1 − y1), (6.7)

and
∂y1

∂W3
3
= f(3)

′
h3

2. (6.8)

The last expression is yet another application of the chain rule to Equation (6.3), where f(3)
′ is the

derivative of the last activation function with respect to its input andh2 = f(2)(f(1)(xW1+b1)TW2+b2),
such that h3

2 is the third component of this expression.
As mentioned previously, having the derivatives of the loss function with respect to the network

parameters allows us to adjust the parameters in a way that reduces the loss. This process is called
gradient descent and modifies the weights using

Wnew
i,j = Wold

i,j − η
∂ℒ

∂Wold
i,j

, (6.9)

where η is called the “learning rate” and is often in the range of η ∈ [0.0001, 0.1]. Since the available
data is not presented to the network all at once but instead in smaller, and typically randomly selected
so-called “batches”, this process is called stochastic gradient descent (SGD) and is known as the most
straightforward and reliable way to optimize the weights of neural networks. Nevertheless, the Adam
[Kingma and Ba 2017] and AdamW [Loshchilov and Hutter 2019] optimizers are a lot more popular
nowadays, mainly due to their superior speed and general robustness.

These derivatives are not computed by hand in practice. Instead, a process called automatic
differentiation is used in almost all deep learning frameworks today. During network evaluation, a
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computational graph (a directed acyclic graph to be specific) is stored automatically, representing all
computations. At the time when derivatives need to be computed, this graph is traversed in reverse
order and so-called adjoint mode derivatives computed. For scalar loss functions this only requires
a single backward pass to compute all derivatives of the loss function with respect to the network
parameters. Recently, however, popular frameworks such as PyTorch [Paszke et al. 2019] started
implementing ahead-of-time compilation for forward and backward code, which can considerably
improve runtime and reduce memory usage, allowing larger models to be trained efficiently. For more
information on automatic differentiation, the reader is referred to the book by Naumann [2012].

6.4 Deep Learning on Particles

2D concepts Deep learning on high-dimensional data is fundamentally very challenging. Already in
3D Euclidean space it becomes very difficult to learn meaningful features and representations, due to
the sheer variety of possible shapes. However, geometric deep learning as described by Bronstein
et al. [2021] teaches us that we can leverage regularities, i.e., symmetries in the domain, by imposing
geometric priors to improve the learning process. This has been used in the field of computer vision
for image processing for decades. The convolutional neural network (CNN) architecture with its
shared weights is a translation-equivariant operator, meaning that the output shifts along with any
input translations. Local pooling operators separate different scales, increasing the “receptive field”
of the network. Global pooling is entirely translation invariant, meaning that the output is always
the same, regardless of any input translations. All of these components together impose a strong
geometric prior that allows CNNs to learn meaningful features in 2D image space. Accounting for
translational invariance/equivariance within network architecture essentially reduces the feature space
and functionally “maps” different data to the same features.

Transfer to 3D While this is a well-understood concept for 2D Euclidean geometry (images), it
becomes exponentially harder for 3D geometry. Already the increase in memory usage when storing
dense 3D feature grids can make working on neural networks for 3D processing prohibitively expensive.
In addition, the geometric representation of 3D geometry is not always given by grids, but is frequently
given as point clouds, originating, for example, from LiDAR scanners. While this is often a more
memory-efficient representation since only non-empty space is represented in memory, it comes with
its own set of challenges. Namely, how do we apply the geometric deep learning blueprint of combining
translation invariant, translation equivariant and scale-separating operations on point clouds? We also
face another problem, namely that the ordering of the points in the point cloud can possibly affect the
output of the neural network. As such, we face the extra challenge of ensuring that permutation of the
input points does not affect the output of the neural network.

Point-network components To repeat the problem statement more plainly: how can a neural
network that traditionally processes grid-based data of a fixed dimension be generalized so that it can
process unordered point clouds of varying sizes? How can it be ensured that passing the points in a
different order to the network results in a correspondingly permuted ordering of output values? For
this Qi et al. [2017b] came up with three simple operations, which are shown in Figure 6.4.

The first, shown in Figure 6.4 (a), consists of the steps “Subsample” and “Pooling”. Subsample selects
a specific number of points from the input, e.g., by randomly sampling a fixed ratio of points from the
input set. Qi et al. [2017b] also suggest using what they call Farthest-Point Sampling (FPS), which is
supposed to select a number N of the most meaningful points. With this selection (orange points),
all other points are assigned to at least one orange point based on, e.g., a radius graph. The features
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Figure 6.4. Neural Network components for imposing geometric priors on point cloud inputs.

from the other points are then collected into the orange points by a permutation invariant aggregation
method, such as summation, averaging or simply taking the maximum value for each feature dimension.
This operator is permutation equivariant, because the ordering of the output changes alongside the
ordering of the input. It is translation invariant, since only relative positions are taken into account.
This operator increases the “receptive field” of the networks, because each point effectively represents
a whole region of points, thereby changing the viewing scale on the data.

The second operator in Figure 6.4 (b) is a simple point-wise transformation. It simply applies the
same function to each input point individually. As such, it is trivially permutation equivariant, such
that the output ordering changes alongside the input ordering. It is also translation invariant, as long as
no absolute positions are used as features within the network. This operator is the traditional learning
“backbone” of point networks, containing the majority of learnable parameters.

The final operator in Figure 6.4 (c) is the global pooling operator. In contrast to the local pooling
operator in (a), it simply aggregates all the points into a single point, again using, e.g., summation.
This operator is trivially both permutation invariant and translation invariant, since the ordering of
points and their absolute translation has no impact on the output. The drawback of this operator is
that it frequently underfits the data [Buterez et al. 2022]. In other words, this means that a lot of
information is lost in the global pooling process. Networks using the features from global pooling
struggle to accurately use patterns in the data in their respective tasks.

Generalization to message passing The different approaches shown in Figure 6.4 can be unified
in the “message-passing” framework, such as the one proposed by Fey and Lenssen [2019], which is
shown in Figure 6.5. The purpose of this framework is to provide a unified way of describing operations
on point clouds and graphs, such as the ones described above. This shared mathematical notation is
given by

xnew
i = γ

(
xi,

⊕
j∈𝒩i

ϕ
(
xi, xj,ei,j; θϕ

)
; θγ

)
, (6.10)
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where xi denotes the point feature of point i and ei,j denotes the (optional) edge feature between nodes
i and j. In addition, γ(· · · ; θγ) and ϕ(· · · ; θϕ) denote learnable functions parametrized by θγ and θϕ,
respectively. Finally, 𝒩i denotes the neighborhood of point i, which could, for example, be obtained
through a k-nearest-neighbor (k-NN) or radius-neighbor query algorithm. Neighborhoods are typically
stored as edges of a graph, i.e., pairs of point indices for easier (batch) processing. All of the operations
displayed in Figure 6.4 can be expressed using the message passing paradigm. The local (a) and global (c)
pooling operations can be entirely expressed by defining the neighborhood 𝒩 and using the respective
aggregation operator without any learnable networks. The point-wise transformation can be expressed
by simply not using a neighborhood, i.e., 𝒩 = ∅ and defining xnew

i
= γ

(
xi; θγ

)
, so that the new point

features only depend on its own previous point features. Nevertheless, the message passing paradigm
allows much more sophisticated notions of graph learning to be expressed and implemented.

The attentive reader might also be able to draw a parallel between the message-passing framework
and the SPH approximation presented in Chapter 2, particularly Equation (2.14). In fact, the SPH
function approximation can also be written using message passing, by setting⊕

j∈𝒩i

=
∑
j∈𝒩i

, (6.11)

ϕ
(
xi, xj,ei,j; θϕ

)
=

mj

ρj
fjW(xi − xj;h), (6.12)

θϕ = h, (6.13)

γ(xi,yi; θγ) = yi. (6.14)

Abusing notation a little, the features x are briefly reinterpreted as the concatenation of position x,
mass m, density ρ, and function f. This should simply serve as an illustration of the versatility of the
message passing framework and has no further relevance with respect to SPH simulation.

Alternatives to point-based networks While research into point-based deep learning, and more
generally graph-based deep learning, is still ongoing, another option is to simply discretize the point-
based data onto a regular voxel grid. This is done frequently in practice, and can be as simple as
initializing an indicator function, 0 for empty and 1 for filled, on a voxel grid underlying the points,
as is shown in Figure 6.6. The decisive advantage of this approach is the ability to then use the
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Figure 6.6. Voxelization of point features onto a background grid.

plethora of well-established grid-based neural network architectures for further processing. In addition,
networks utilizing dense 3D grids are typically very fast to evaluate, since the underlying dense matrix
multiplication operations are computational workloads that are particularly well suited for modern
graphics cards. They follow predictable storage access patterns and constitute uniform computational
loads, ideal for massively parallel execution. However, this can quickly result in memory issues, as
storing learned features on multiple dense 3D grids can become prohibitively expensive.

To become more scalable, there are multiple possible solutions that can be investigated. For one,
adaptive hierarchical data structures can be used, such as sparse voxel octrees [Takikawa et al. 2021,
P.-S. Wang et al. 2022]. The challenge then becomes to construct, store, and process these sparse
data structures efficiently on accelerator hardware (GPUs). Another option is to forego the use of
grids entirely and simply work purely on point data. The drawback to this, however, is that pure
point-based networks generally have worse performance than grid-based networks and show slightly
inferior results on average [Y. Xie et al. 2022]. The natural remaining option — and also the approach
that we will investigate in Chapter 7 — is to combine point-based networks with a few dense grids on
multiple levels of detail in a hybrid architecture. By doing this, one could combine the benefits of both
representations while mitigating the drawbacks.

6.5 Encoder-Decoder Networks

Finally, a specific network architecture relevant to our work, namely the encoder-decoder network, will
be briefly presented. Figure 6.7 shows this type of network conceptually. As the name implies, it consists
of two main components, namely the encoder and the decoder. Individually, they consist of smaller
building blocks, such as the point-network components discussed above. The goal of the encoder is
to take the input of the network, and to transform it into a so-called “latent” representation. In other
words, the encoder should compress the input data, typically into a fixed-size vector. The decoder then
takes the latent representation as input and decodes it into the final output. For images, this could
be, e.g., per-pixel classification or global image classification. Figure 6.7 shows a special case for the
encoder-decoder, called an autoencoder. This implies two properties. First, that the encoder-decoder is
trained in an unsupervised manner, and second, that it should exactly reproduce the input data.

While it might sound nonsensical to train a neural network to simply reproduce what is already
known, the really interesting part here is the space of latent representations, the so-called “latent space.”
This contains a compressed view of our data distribution and can be used in a variety of ways. For
instance, latent spaces can be sampled to generate new data points that adhere to the patterns set forth
by the training data, thus generating, for example, previously unseen shapes or images. Latent spaces
of multiple data instances can also be combined or interpolated to result in smooth transitions between
previously discrete points. Finally, the latent representation can be used as a starting point for solving
further downstream tasks. In other words, the encoder is used as a fixed component to train a different
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Figure 6.7. Encoder-Decoder network architecture for point-based networks. The point data is compressed

by the encoder into a latent representation z of fixed dimensionality and subsequently decompressed by the

decoder.

network using the latent code. Overall, encoder-decoder networks are a highly relevant and useful
architecture for applying deep learning to practical problems. More detail on autoencoders can be
found in Chapter 14 of the book by Goodfellow et al. [2016].

6.6 Summary

In this chapter, we looked at the fundamental concepts of deep learning. Specifically, we have seen how
neural networks at their core are constructed, evaluated, and trained to fulfill a specific goal. Namely,
backpropagation and gradient descent are the core mechanisms by which all neural networks are
trained. Furthermore, there is a large variety of other neural network components, such as activation
functions, optimizers, loss functions, and general network architecture that also substantially impact
the potential performance of a neural network. We also looked at the task of learning on point clouds
in particular. For this kind of data, it is of interest to derive learning operators that can leverage
regularities in the training data to improve the learning process. To this end, learning operators that
are translationally invariant and permutation equivariant/invariant were described, which emulate
well-studied convolutional operators for grid inputs. However, arbitrary geometric data is challenging
to work with and the development of neural network operators on this kind of data is still an area of
active research [Bronstein et al. 2021]. Finally, we have briefly introduced a simple but very influential
neural architecture called the encoder-decoder, which will be used in the next chapter.
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CHAPTER 7
HYVE: Hybrid Vertex Encoder for

Neural Distance Fields

Algorithms processing 3D geometric data have become omnipresent and an integral part of many
systems. These include, for example, systems evaluating LiDAR sensor data, game engines, 3D asset
visualization, and physical simulation used in engineering prototypes. In recent years, deep learning
methods have been increasingly investigated to assist in solving problems pertaining to 3D geometry.
Within this thesis, this chapter addresses the second main objective defined in Chapter 1, namely
improving the efficiency of point-based representations in a data-driven way. The required background
on deep learning and point-based learning is summarized in Chapter 6.

Neural shape representation is the task of using neural networks to predict shape occupancies
or surface distances at arbitrary spatial coordinates. Recent works have shown the ability to capture
intricate details of 3D geometry with ever-increasing fidelity [Long et al. 2023, Y. Wang et al. 2022].
However, a significant number of such works employ an auto-decoder-based architecture, which
requires solving an optimization problem when representing new geometry. Additionally, the auto-
decoder still has to be evaluated for all query points individually, which can become very costly when
evaluating these systems for high-resolution reconstruction [Y. Xie et al. 2022]. Finally, many of these
methods also require annotated and densely sampled ground truth data. Meta-learning approaches, e.g.,
by Sitzmann et al. [2020a] and Ouasfi and Boukhayma [2022], mitigate this problem, but also have to
run several iterations of gradient descent to specialize the network for each new model before inference.
Encoder-decoders can instead encode the shape in a single forward pass [Boulch and Marlet 2022,
Chibane et al. 2020a, B. Zhang et al. 2023], and typically employ computationally cheaper decoder
networks for evaluating query points. Nevertheless, these approaches also often require elaborate data
preprocessing pipelines, and rely on labeled training data.
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Figure 7.1. The reconstruction of a 3D scan of a beehive (left) and comparisons between input points and

our corresponding reconstructions on the Objaverse dataset (right) [Deitke et al. 2023]. These examples

show the capability of our neural distance field encoder to capture a large amount of detail in a single

forward pass, using only oriented point clouds as input.

One of the core motivations for this work was to develop a neural distance field-based method
that could be used for signed distance computation of both rigid and deforming shapes. Both are
represented as points and the latter can change often, requiring frequent recomputation of the distance
field. The deformations and dynamics of these shapes are not explicitly learned by the network but
instead implicitly captured through geometric changes in the input shape. As a result, we wanted to
keep the decoder network computationally efficient and, instead of latent optimization, we wanted to
develop an encoder capable of generating fast and accurate latent codes for this decoder network. The
encoder-decoder architecture specifically is briefly presented in Section 6.5.

Therefore, we propose an end-to-end learnable encoder-decoder system that is not bound by
previous data preprocessing constraints and can be trained using only the zero-level set, i.e., surface
samples as labeled data, which are readily available with a minimal amount of preprocessing. This kind
of training was previously introduced for auto-decoders [Sitzmann et al. 2020b], and is enabled by
using the eikonal equation as a training target. Similar approaches have been attempted for encoders
by Atzmon and Lipman [2020a,b], using global encoders augmented by latent-optimization at test-time.
Yet to the best of our knowledge, this kind of training is not well-established using encoders without
latent-optimization.

We summarize our contributions as follows:

• We derive an encoder architecture for representing 3D shapes. The key component of this encoder
is the hybrid and interleaved execution of graph-level convolutions and 3D grid convolutions, as
well as back-and-forth feature projections. Our motivation for this hybrid approach is the ability
to accurately extract information from surface points and to efficiently process information in
grid (Euclidean) space.

• We introduce a novel way of voxelizing point features within network architectures, in which
the pooling operator is replaced by projection of the entire “feature-field” onto the grid. We show
that this results in less-noisy and more detailed surfaces, particularly when point normals are
used as additional input.

• We show that the accuracy of our architecture is intuitively controllable. Using a model with as
little as 38K parameters (including the decoder) can already achieve excellent visual quality while
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being very fast to evaluate. This makes it potentially useful for practical applications within
resource-constrained computing platforms.

• We show the feasibility of training encoder-decoder networks on the eikonal equation for high-
fidelity 3D shape encoding. We also propose a simple yet effective modification to the loss
function that can gracefully handle poorly oriented surface normals in the training data, e.g.,
caused by non-manifold or non-watertight geometry.

In the evaluation, we show that we are able to reconstruct better quality surfaces than other
state-of-the-art methods. Sample reconstructions of our method are shown in Figure 7.1.

7.1 Related Work

Neural fields have become an integral part of research in geometric deep learning, with hundreds of
papers published in recent years. A comprehensive overview is given by Y. Xie et al. [2022]. One of the
seminal works on deep learning for unstructured data is the introduction of PointNet [Qi et al. 2017a].
From today’s perspective, one of the major limitations of this work is the difficulty of learning high-
frequency functions from low-dimensional data [Rahaman et al. 2019, Xu et al. 2019]. The solution to
the problem is addressed by more recent approaches such as NeRFs [Mildenhall et al. 2020] and Fourier
Feature Networks [Tancik et al. 2020]. In essence, the idea is to use positional encoding, inspired by the
embeddings proposed by Vaswani et al. [2017] for transformer networks. These embeddings compute
a mapping from low dimensional positional information (typically 2D or 3D) into higher dimensional
spaces, e.g., using a specific number of Fourier basis functions [Tancik et al. 2020]. A concurrent work
shows that using periodic activation functions inside an MLP also significantly improves reconstruction
quality and surface detail [Sitzmann et al. 2020b], the single layer of which can again be seen as a
kind of positional encoding [Y. Xie et al. 2022]. Subsequent works improve the usage of positional
encodings, e.g., by controlling the frequency through a feedback loop [Hertz et al. 2021] or modulating
the periodic activations using a separate ReLU-activated MLP [Mehta et al. 2021]. Other benefits of
using periodic activations are the ability to better learn high-frequency mappings and the continuous
differentiability of these activations which is useful for evaluating network derivatives as training
targets [P. Y. Chen et al. 2023, Raissi et al. 2019, Y. Wang et al. 2022].

There are many approaches for representing 3D shapes using neural networks. For clarity of expo-
sition we will classify them into global-prior and local-prior based methods. In addition, we will discuss
overfitting-based methods, general unsupervised shape encoding and neural scene representation.
Finally, we will differentiate our work from previous works.

Global methods These do not make use of geometric structures in the network itself, and can
generally be used irrespective of the discretized representation of the geometry. Typically auto-decoder
methods, in which the latent representation is optimized during training and testing, are in this category
[Atzmon and Lipman 2020a,b, Gropp et al. 2020, Mehta et al. 2021, Mescheder et al. 2019, Park et al.
2019, Sitzmann et al. 2020b, Y. Wang et al. 2022]. The network can then be queried using both the latent
feature and a 3D coordinate to evaluate either a distance metric or an occupancy value. Meta learning
approaches also fall into this category. A few iterations of gradient descent are used to specialize
the weights of a generalized network to a new shape [Ouasfi and Boukhayma 2022, Sitzmann et al.
2020a]. An approach that has both discretization-dependent and independent components is presented
by P. Y. Chen et al. [2023], where the discretization-dependent encoder is typically discarded during
inference. The amount of encoded details by these methods is naturally bounded by the number of
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Figure 7.2. Convolution block that extracts features for a specific grid resolution. For clarity of illustration,

a 2D rather than 3D grid is shown here. The input is a set of vertices (with position / feature data) and

edges (encoded as vertex indices). The + denotes element-wise vector addition. The block has two outputs,

feature values on the vertices and grid values for each grid cell. For all resolutions, a 2 × 2 convolution

kernel is used. n: number of vertices. m: number of edges. f: number of features (on the first level, the

features are the spatial coordinate of each vertex).

network weights. Unfortunately, pooling-based set encoders for global conditioning frequently underfit
the data [Buterez et al. 2022].

Local methods This group of methods typically relies on using spatial structures, namely spatial
grids or point clouds, within the network itself for the extraction of meaningful information [Boulch
and Marlet 2022, Chabra et al. 2020, Chibane et al. 2020a, Huang et al. 2022, 2023, C. Jiang et al.
2020, Lombardi et al. 2019, Peng et al. 2020, Ren et al. 2024, Tang et al. 2021, P.-S. Wang et al. 2022,
Williams et al. 2022, B. Zhang et al. 2022, 2023]. This is a valuable approach since it is quite difficult
for neural networks to encode the high-frequency functions needed to represent detailed fields in 3D.
Previous works make efficient use of discretized structures, e.g., point clouds, meshes or voxel-grids as
either inputs or outputs [Buterez et al. 2022, Hertz et al. 2021, Qi et al. 2017a, Takikawa et al. 2021].
There are also exceptions using other discretized structures. One such work uses triplanes instead of
volumetric grids for latent diffusion 3D generation tasks [Gupta et al. 2023], while another makes
use of grid “patches” representing local geometric features that are merged through a global octree
structure [Lin et al. 2023]. A similar approach is used by Yariv et al. [2024], which uses patches of
small volumetric grids covering the object surface. For encoder-type methods, extracting local features
generally improves network performance over global ones.

More recently, kernel-based methods combine local features in spatial structures with an inference-
time sparse linear solve [Huang et al. 2022, 2023, Williams et al. 2022]. This allows local methods to
more strictly adhere to the input point cloud and scale to larger inputs, at the cost of the linear solve
in addition to inference with a “convolutional-backbone” network. Finally, T. Müller et al. [2022]
propose an efficient way to use sparsity through multiresolution hashing and demonstrate its potential
applicability for many of the local methods discussed here.

Unsupervised shape encoding A number of recent works investigate the ability to train networks
for shape representation without direct supervision [Atzmon and Lipman 2020a,b, C. Chen et al. 2025,
Chibane et al. 2020b, Gropp et al. 2020, S. Li et al. 2025, Long et al. 2023, Ma et al. 2021, Peng et al. 2021,
Sitzmann et al. 2020b]. Most of these works focus on auto-decoders and generally use optimization of
latent codes during inference, while others “overfit” small networks to specific shapes [Ma et al. 2021].
Some also use unsigned distance fields, which enables training on non-manifold geometry but increases
reconstruction difficulty. While Tang et al. [2021] also use sign-agnostic optimization of occupancy
fields, they still require ground-truth occupancy values for pre-training. Notably, Gropp et al. [2020]
introduce the formulation of the unsupervised eikonal loss, which was further refined in the work of
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Sitzmann et al. [2020b]. In our work we extend this loss to improve training on data with inconsistent
normal orientations.

Neural scene representations and diffusion-based 3D generation Apart from our focus on
shape reconstruction, recent neural scene representations reconstruct scenes from posed multi-view
images. Prominent approaches include neural implicit fields, often neural radiance fields (NeRFs)
[Barron et al. 2023, Fridovich-Keil et al. 2023, Z. Li et al. 2023, Mildenhall et al. 2020] and explicit
primitive-based methods such as 3D Gaussian splatting [Y. Jiang et al. 2024, Kerbl et al. 2023, G. Wu
et al. 2024]. The dominant objective is photorealistic novel-view synthesis and interactive editing.
While geometric reconstruction is possible (e.g., implicit-surface methods like Neuralangelo), most
pipelines prioritize rendering quality and speed over watertight mesh extraction.

For generating 3D shapes or assets from text or images, diffusion models have become the most
common paradigm [Cheng et al. 2023, Z. Wang et al. 2023, Zhao et al. 2025]. Nevertheless, a recent
autoregressive model shows competitive performance compared with prevalent diffusion models for
shape generation [Wei et al. 2025].

Differentiation from Related Works Many previous works focus on either purely point-based
or grid-based approaches with prior voxelization of input points. Early works by Z. Liu et al. [2019,
2022] explore the use of hybrid point-voxel architectures for object segmentation and classification and
show promising results in terms of accuracy and efficiency. In the latter work, the authors particularly
focus on the efficiency aspect, presenting a method to find an optimal neural architecture to fit into a
specific computational budget, again with application to classification and segmentation of 3D scenes.
In contrast to previous work, we expand the capabilities of hybrid approaches to the unsupervised
3D reconstruction task and explore important design decisions. This includes details on network
construction and the often-overlooked point-to-grid feature transfer methods to maintain consistency
between grid and points.

As opposed to other works operating purely on point-based data [Boulch and Marlet 2022, B.
Zhang et al. 2023], we find the use of a grid beneficial in terms of both efficiency and accuracy. We
also use graph-convolutions at the point-level, extracting information at the smallest possible scale,
while P.-S. Wang et al. [2022] use graph-convolutions at the voxel-level, as a surrogate for sparse
grid-convolutions. Our formulation also retains information about the local positioning of the points in
the grid cells by not voxelizing the input as is common with purely grid-based approaches [Chibane
et al. 2020a, Ren et al. 2024, P.-S. Wang et al. 2022]. Using these components we propose and ablate
an architecture that outperforms previous baselines on a number of popular datasets and behaves
predictably when changing internal resolutions and latent sizes. We further propose to approximate a
continuous feature field that adheres to the input points by coupling point-centered and grid-centered
convolutions through feature projections. In contrast to recent works [Huang et al. 2023, Park et al.
2019, Williams et al. 2022], we maintain this “continuity” without any additional optimization or linear
solves at inference-time.

7.2 Zero-Level-Set Encoder

In the following, we present our encoder-decoder architecture, including our convolution block for the
encoder, the decoder structure, the loss function along with our modification to support non-manifold
geometries, and the overall training process. We will also propose a new way to transfer information
from points to voxels within neural networks, which is inspired by hybrid Eulerian-Lagrangian physical
simulation methods.
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Figure 7.3. The encoder-decoder architecture of our network. The encoder computes vertex and volumetric

features at multiple resolutions. By passing the feature vector through the convolution blocks, neighbor

information is collected. The implementation of the convolution blocks is shown in Figure 7.2. After the

last block, the point feature vector is discarded. The + denotes element-wise vector addition. n: number of

vertices. f: number of features. s: number of SDF sample points.

Our inputs are surface point clouds of 3D objects, given by a set of points𝒫 = {pi}Ni=1 , pi ∈ R3. In
order to use graph convolutions, we create edges ℰ ⊆ {1, . . . ,N} × {1, . . . ,N} between points, using e.g.
k-nearest neighbors (k-NN) or radius graph connectivity. Within the network, the surface points store
abstract f-dimensional feature vectors (fi ∈ Rf), rather than 3D coordinates. This input representation
also allows for utilization of known point connectivity, e.g., for partially meshed point cloud inputs or
triangle soups.

7.2.1 Encoder-Decoder Architecture

Convolution block We introduce our hybrid point-grid convolution block in Figure 7.2 as the main
building block for our encoder. This is in contrast to many previous encoder approaches that use either
only point data [Boulch and Marlet 2022, Mescheder et al. 2019, Qi et al. 2017a, B. Zhang et al.
2023] or transfer point data to voxel grids for further processing [Chibane et al. 2020a, Peng et al.
2020]. To get the best of both, we instead interleave these approaches. The intuition behind this idea
is that the points represent exactly the shape that should be encoded. In order to reason about the
surrounding space of the object, the features are projected onto a grid and propagated by using shallow
convolutional layers. Then, to extract as much information as possible about the shape, features are
interpolated from the grid to the input points and propagated between the nodes. The use of shallow
3D convolutions makes the network faster to evaluate and use less intermediate storage.

First, a graph convolution operator (e.g., EdgeConv by Y. Wang et al. [2019]) transforms each
point feature fi using the edge connectivity information. Next, we project the feature vectors onto
a grid. We do this using our projection method described in Section 7.2.2. A 2 × 2 × 2 convolution
and subsequent deconvolution with activation (where the feature count is doubled for the latent space
to retain information) is then used to exchange information between neighboring cells. We map the
features back onto the points through tri-linear interpolation using the 8 closest cell centers. Here, they
are combined with the original output of the graph convolution before finally being processed through
a single per-point fully-connected layer. This output serves as the input of the next convolution block,
while the deconvolved grid values are cached for later use.

We reason that the grid is suitable for distances in Euclidean space, because the regular grid structure
implicitly assumes regular distances between cells and across convolution weights. This information
can be used implicitly to more accurately locate patches of points, projected to individual grid cells,
within the global structure. In turn, the graph convolution can maximize information extraction from
the input points at a smaller scale. Connecting the points based on geometric proximity and using the
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relative distance in graph convolutions makes the information extraction more “fine-grained” within
local patches of points. Combining both multiple times throughout the network makes the feature
extraction time and memory efficient.

Encoder The overall encoder-decoder architecture is shown in Figure 7.3. At the beginning of
the encoder, the input point positions 𝒫 are transformed to per-point features fi through positional
encoding [Tancik et al. 2020] and a single linear layer with ReLU activations. We feed the encoded
positions through a fixed number (typically 4-5) of our hybrid convolution blocks (as described above)
with increasing resolution (contrary to the usual decreasing order of convolutional neural networks).
The concatenated outputs of the grids form the grid vector (the point-level feature output of the last
convolutional block can be discarded). Values from each level of the grid vector are extracted for each
of the s SDF sample positions by tri-linear interpolation. The results are summed element-wise to form
the final latent vector. We note that when latent vectors for additional sample positions are computed,
there is no need to recompute the grid vector — it can be cached for future use.

Decoder The decoder receives the sample features and sample positions as input, see Section 7.2.4, and
processes them individually to compute a single signed distance value for each sample. As architecture
we make use of the proposed decoder of Mehta et al. [2021], which is an augmentation of the SIREN
layer proposed by Sitzmann et al. [2020b]. The feature vector is passed through a ReLU-activated MLP
and the sample position through a sine-activated MLP. The activations of the ReLU MLP are then used
to modulate the activations of the sine MLP whose output is the final SDF value. In our experiments,
we have found sine-based decoders to consistently outperform ReLU-based decoders. In our testing,
regular SIREN layers often had instabilities, which was remedied by using the modulation proposed by
Mehta et al. [2021].

The decoder is specifically chosen to be a smaller network, since per our motivation, it should be
efficient to evaluate for a very large number of query points.

7.2.2 Point-to-Grid Transfer

Instead of the usual voxelization schemes applied in neural networks – typically occupancy indicators,
max pooling or average pooling – we propose to use the particle-in-cell interpolation approach [Harlow
1962, C. Jiang et al. 2015]. This approach is commonly used in hybrid physical simulation methods
in order to transfer momentum from particles to an enclosing grid. The concept of this transfer is
sketched in Figure 7.2. As opposed to commonly-used pooling operations, which only transfer features
to the closest grid node, our projection operation splits up the feature vector across the eight closest
grid nodes (for linear basis functions), shown by the black arrows. This intuitively allows for the
reconstruction of a more accurate and consistent “feature-field” by using a more meaningful geometric
operation. The feature vector fi at each grid point i can be computed using

f̂i =
∑
p

wipmpfp, wi =
∑
p

wip, fi =
f̂i

wi
,

where fp ∈ Rf denotes the feature vector at point p. We further assume unit masses mp = 1, meaning
that each point carries the same amount of “weight” as all others. This quantity could theoretically be
used to relatively weight contributions according to local point density or variability, or even to learn
via, e.g., an attention-based mechanism. Lastly,

wip = N
(xp − xi

h

)
N

(yp − yi

h

)
N

(zp − zi
h

)
,
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Table 7.1. Metadata about each of our datasets. 𝒪 denotes a roughly even split of manifold and

non-manifold instances.

(a) Number of shapes and vertices

Trained Shapes Tested Shapes Trained Vertices Tested Vertices
Dragon 2,400 300 2,210 2,210
Armadillo 2,400 300 25,441 25,441
DFAUST 6,258 2,038 30,000 100,000
ScanNet 1,513 100 30,000 100,000
Thingi10k 2,000 200 4 - 4,995 282 - 4,890
ShapeNet v2 planes 1,632 421 434 - 14,879 457 - 13,888
Objaverse 2,000 200 50,000 100,000

(b) Dataset properties

Manifold Noisy Sparse
Dragon ✓ ✗ ✗
Armadillo ✓ ✗ ✗
DFAUST ✗ ✓ ✗
ScanNet ✗ ✓ ✓
Thingi10k ✓ ✗ ✓
ShapeNet v2 planes ✗ ✗ ✗
Objaverse 𝒪 ✗ ✗

denotes the interpolation weights, h the grid spacing and N the linear interpolation function given by

N(x) =


1 − |x|, 0 ⩽ |x| < 1

0, 1 ⩽ |x|.

Using this interpolation scheme instead of a pooling approach allows for a smoother transition between
graph-convolutions and grid-convolutions, since both of them now approximate the same continuous
“feature-field”. We show in Section 7.3.3 that this improves reconstruction quality and reduces noise
in reconstructed surfaces when compared to max pooling, especially when used in conjunction with
input normals.

This projection scheme can also be interpreted as a kind of “cross-attention” layer, that computes
grid features using a weighted sum of point features. Namely, the dot-product between key and query
is replaced by the geometric weights wip computed from the interpolation function N. In contrast to
regular scaled dot product attention, one can directly obtain grid features from point features, without
“initializing” the grid features in any way.

7.2.3 Loss Function

An SDF can be defined as the unique solution Φ of the following eikonal equation:

∥∇Φ(x)∥ = 1 for x ∈ Ω \ΩS ⊂ R3,

Φ(x) = 0 for x ∈ ΩS,
(7.1)

where Ω is the SDF domain and ΩS is the surface of the object. Related to the work of Smith et al.
[2021], Sitzmann et al. [2020b] proposed the following loss function as a measure of how well the
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eikonal equation is satisfied

ℒeikonal =

∫
Ω

| ∥∇Φ(x)∥ − 1| dx +
∫
ΩS

|Φ(x)| dx

+
∫
ΩS

(1 − ⟨∇Φ(x),nx⟩) dx

+
∫
Ω\ΩS

exp(−α|Φ(x)|) dx.

(7.2)

Here Φ(x) denotes the predicted signed distance value of our neural network at position x ∈ Ω, and
nx denotes the target surface normal. The exponential in the last term is a weighting function which
“pushes” signed distance values away from zero for points not on the surface. The original work notes
that the value of the constant α should be chosen as α ≫ 1, however, we have found that this is
sometimes detrimental to the desired effect, while choosing a lower value of α ≈ 10 yielded the best
results.

If the input surface is non-manifold or self-intersecting, the inside and outside of the object’s volume
are not well defined and normal vectors do not necessarily point in the right direction. For these cases
we introduce a simple modification that ignores the sign of the normal:

ℒsurface normal =

∫
ΩS

(1 − |⟨∇Φ(x),nx⟩|) dx. (7.3)

This change alone still allows for the result to be a valid signed distance field. As we discuss in
Section 7.3.2, this greatly improves performance on meshes with poor quality. An example of multiple
reconstructed SDF contours from a model trained using all of these losses on the ShapeNet v2 planes
dataset is shown in Figure A.2 in the appendix for this chapter.

7.2.4 Training

A major advantage of our proposed architecture is that ground truth SDF values for the input point
cloud never have to be computed. However, it does need sample points to train the network. While
these could theoretically be generated on the fly, we sample the evaluation points in advance to reduce
the training overhead. In order to evaluate the eikonal loss, only the sample positions and classification
into (1) surface and (2) non-surface samples are required. After normalizing the input point clouds to
the unit cube, the training samples can be trivially generated.

We sample them in the following ways: (1) Surface points. If the source is a triangle mesh rather
than a point cloud, its surface is randomly sampled to create additional on-surface samples. If it is a point
cloud, we either take all available points or subsample to a reasonable number (typically 100k-200k). (2a)
Random points in the surrounding volume are sampled as off-surface samples (no check is performed if
these points actually lie on the surface per chance since the surface has zero measure as a volume).
(2b) If surface normal information is available, additional close-to-surface samples are generated from
random points on the surface by displacing them along the surface normal. These additional samples
are not strictly needed but aid the training process, as the SDF is most detailed close to the surface.

We train our encoder-decoder architecture end to end by inputting batches of surface point clouds
and sample points and computing output signed distance values. The set of input points is always
disjoint from the set of sample points. Automatic differentiation is used to provide spatial derivatives
for the SDF gradients in ℒeikonal.

107



7. HYVE: Hybrid Vertex Encoder for Neural Distance Fields

Increasing feature size

In
cr

ea
sin

g
gr

id
siz

e

16 32 64

1x

2x

4x

1.05 s / 0.60 MB0.56 s / 0.30 MB 1.95 s / 1.2 MB

0.58 s / 2.40 MB 1.08 s / 4.80 MB 1.99 s / 9.58 MB

0.63 s / 19.17 MB 1.19 s / 38.34 MB 2.33 s / 76.67 MB

Figure 7.4. From top to bottom, we increase the size of all latent grids, while from left to right the latent

feature size is increased. Below each figure, the inference time for 17M points (2563
regular grid) and the

storage requirements for the latent grid are shown. The number of trainable network parameters for feature

sizes 16, 32, and 64 are 38K, 151K, and 604K, respectively, regardless of the specific grid sizes.
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Figure 7.5. Comparing our method to related baselines. All methods use a variable number of input

points for the Thingi10k and ShapeNet v2 datasets, while POCO and 3DS2VS use a fixed number of input

points. Please refer to the accompanying video
1
for a more immersive comparison.

7.3 Results

The evaluation of our method is split into three parts: First, we compare different model sizes (i.e.,
number of learned parameters and grid resolutions) with respect to the amount of detail they can
reconstruct. Second, we compare our results to a number of recent encoder architectures to highlight the
advantages of our approach. Finally, we showcase the improvement of using our proposed point-to-grid
feature projection over pooling-based voxelization. Details on general model ablation can be found in
Section A.1 of the appendix for this chapter.

1https://youtu.be/ykKsjeX2-0M
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IFNet POCO 3DS2VS Ours Ground Truth Ours high-res

Figure 7.6. Comparing our method to related baselines on the indoor scene scan dataset ScanNet [Dai

et al. 2017]. The results of ONet and ConvONet are omitted due to poor quality. In the rightmost column, we

additionally show the results obtained with our method utilizing double resolution grid sizes and oriented

point clouds. Best viewed under magnification in the digital document. Please refer to the accompanying

video
2
for a more immersive comparison.

Datasets To cover a variety of relevant scenarios, we use seven different datasets, which are summa-
rized in Table 7.1. The first two datasets consist of synthetic deformations of two different simulated
solid objects, a low-resolution dragon and a high-resolution armadillo, which were computed using
the IPC simulation framework [M. Li et al. 2020]. We additionally use the raw point scan data of the
dynamic FAUST (DFAUST) dataset [Bogo et al. 2017], which consists of temporally deforming 3D
shapes and the ScanNet dataset [Dai et al. 2017] which contains a large variety of scanned indoor
scenes. Due to the origin of these datasets, they contain varying amounts of holes and noise. To analyze
performance on variable point count as well as single-class and multi-class encoding, we employ the
Thingi10k dataset as provided by Y. Hu et al. [2018] as well as the “planes” category of the ShapeNet v2
dataset [Chang et al. 2015]. Finally, we use the public-domain models of the Objaverse dataset [Deitke
et al. 2023] to test the ability of our method to fit more complex shapes.

Baselines We focus our comparison on other encoder-based 3D shape representation methods, as
they are most similar to our work. To that end we implemented the encoder components of Occupancy
Networks (ONet) [Mescheder et al. 2019], Convolutional Occupancy Networks (ConvONet) [Peng
et al. 2020], Implicit Feature Networks (IFNet) [Chibane et al. 2020a], Point Convolution for Surface
Reconstruction (POCO) [Boulch and Marlet 2022] and 3DShape2VecSet (3DS2VS) [B. Zhang et al.
2023]. To ensure a fair comparison, we use the same training and testing data for all models as well as
the same modulated-SIREN decoder as discussed in Section 7.2. In addition, we use the same eikonal
loss for all baselines, which trains all models to compute signed distance fields. We should note that
while we use 3DS2VS for reconstruction, it is more strongly targeted towards latent compression and
generation. Furthermore, the implementations of POCO and 3DS2VS were unfortunately not trivially
adjustable to account for a variable number of input points during training, which is why they are
evaluated using a fixed number of input points for our versions of the Thingi10K and ShapeNet v2
datasets. Specifically, we sample the mean number of points for each geometry across the respective
datasets to train these models. For all comparisons with the other methods, our model utilizes five
layers of latent grids with resolutions [4,8,16,32,64], a latent size of 64, k = 8 for k-NN connectivity
and EdgeConv [Y. Wang et al. 2019] as point convolution operator. Please refer to Section A.1 in the
appendix for this chapter for details on model component ablation.

Metrics We use four different metrics in our evaluation: The widely used Chamfer distance (CD) in
L1 and L2 norm, normal consistency (NC), intersection-over-union (IoU) and F-score. The Chamfer

2https://youtu.be/ykKsjeX2-0M

109

https://youtu.be/ykKsjeX2-0M


7. HYVE: Hybrid Vertex Encoder for Neural Distance Fields

Table 7.2. A summary of the comparisons between our encoder method, ONet [Mescheder et al. 2019],

ConvONet [Peng et al. 2020], IFNet [Chibane et al. 2020a], POCO [Boulch and Marlet 2022] and

3DShape2VecSet [B. Zhang et al. 2023]. The table shows the L1 Chamfer distance (CD-L1), L2 Chamfer

distance (CD-L2), normal consistency (NC), intersection-over-union (IoU) and F-score (F). The arrow

indicates whether lower or higher values are better. The best score is marked using a bold font. All values

are given scaled to ·10−2
. Footnotes for specific values:

1
Evaluated on a subset of 200 random shapes due to

computational constraints.
2
Better metric but less desirable solution.

3
Trained and evaluated using a fixed

number of input points instead of a variable number.

Metric Method Dragon Armadillo DFAUST ScanNet Thingi10k ShapeNet
v2 w/ Eq.
(7.3)

ShapeNet
v2 w/o
Eq. (7.3)

CDL1 ↓ mean ONet 5.581 4.451 16.50 15.64 12.69 34.89 10.02
ConvONet 3.960 2.377 1.627 10.69 10.62 3.734 4.424
IFNet 2.681 1.259 1.015 1.559 2 3.888 2.180 2.724

POCO 2.981 2.594 3.480 1 29.82 3.235 3 3.843 3 4.382 3

3DS2VS 2.823 1.291 1.181 7.722 6.196 3 2.362 3 6.104 3

Ours 2.406 0.934 0.662 4.721 3.222 1.888 3.547

CDL2 ↓ mean ONet 0.281 0.322 3.667 3.000 2.298 19.76 1.161
ConvONet 0.143 0.096 0.070 1.421 1.407 0.164 0.235
IFNet 0.056 0.048 0.101 0.022 2 0.135 0.035 0.055

POCO 0.067 0.067 0.217 1 14.53 0.120 3 0.264 3 0.243 3

3DS2VS 0.062 0.012 0.049 1.520 0.596 3 0.050 3 0.600 3

Ours 0.049 0.005 0.004 0.679 0.112 0.027 0.092

NC ↑ mean ONet 82.20 83.35 82.70 64.51 62.16 59.61 58.11
ConvONet 88.89 90.80 94.50 63.91 67.11 75.43 72.31
IFNet 95.63 95.87 96.52 83.36 2 92.27 82.34 81.61

POCO 92.39 89.06 84.93 1 65.13 93.57 3 78.01 3 73.66 3

3DS2VS 92.64 94.12 95.33 74.22 79.74 3 83.35 3 70.11 3

Ours 96.33 98.22 97.41 82.27 94.26 86.75 78.67

IoU0.01 ↑ mean ONet 32.41 32.60 20.90 9.428 11.65 17.70 11.97
ConvONet 51.12 53.72 56.78 8.687 14.51 36.68 29.93
IFNet 74.20 76.84 76.25 52.26 50.71 55.10 39.69

POCO 63.80 37.25 39.52 1 31.83 78.42 3 38.76 3 30.57 3

3DS2VS 66.79 71.32 72.96 35.49 38.66 3 52.54 3 23.98 3

Ours 87.73 89.76 85.82 52.29 80.02 66.96 27.30

F0.01 ↑ mean ONet 48.04 49.56 23.44 16.15 16.59 18.29 18.85
ConvONet 68.44 74.68 82.04 13.54 21.30 56.87 45.84
IFNet 94.29 96.86 96.50 73.10 2 68.32 79.17 58.06

POCO 86.53 56.65 68.94 1 20.15 91.73 3 61.94 3 43.52 3

3DS2VS 87.75 93.12 95.31 52.33 54.14 3 78.80 3 40.32 3

Ours 99.47 99.82 97.89 71.01 93.86 93.23 40.44

Table 7.3. Number of parameters and inference time of the different encoder baselines compared in

Table 7.2.

ONet ConvONet IFNet POCO 3DS2VS Ours
Params 626K 1.1M 1.9M 12.8M 106M 747K
Time 2.45 s 0.7 s 15.3 s 120 s to 330 s 12.3 s to 20.1 s 2.34 s

distance compares distances between two point clouds A and B by finding the distance to the closest
point in B for each point in A and taking the average of the L1 and L2 norms, respectively. While the
values typically correlate strongly, the L2 Chamfer distance penalizes outliers more strongly than the
L1 Chamfer distance and is therefore also reported for completeness. The normal consistency instead
compares orientations of normals by also finding the closest point in B for each point in A, but instead
computing the cosine similarity of the normal vectors and taking the average. The same is done for
the reverse direction and the results are summed together in the case of the Chamfer distance, and
averaged in the case of the normal consistency.

The IoU and F-score are computed using a “thick-shell” surface representation of prediction and
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ground truth surfaces. For the IoU, a voxel grid of 2563 is sampled and cells marked as 1 that are within
a distance of 0.01 for both the prediction and ground truth. The IoU is then the number of cells that are
1 in both grids divided by the number of cells that are 1 in either grid.

The F-score is computed in a similar manner, but uses sampled points instead of a regular grid. In
specific, we sample 100k points on the surface of the predicted and ground-truth mesh, respectively.
Recall is computed as the number of ground-truth points that are within 0.01 distance to the predicted
surface, while precision is the reverse, i.e., the number of predicted points within 0.01 to the ground-truth
surface. The F-score is finally computed as usual.

For all tests we use 100-2000 individual reconstructions and report mean values for all metrics.

Hardware and Framework We train all models on RTX 4000 Ada GPUs with 20 GB of memory
(they also fit on an RTX 2080 Ti which increases the training times reported below by ≈ 30 %). The
training time for 400 epochs of our model using a batch size of 16 on a single GPU is between 1-2
days. Most other models trained in similar time, apart from IFNet, POCO, and 3DS2VS which required
between 3-16 days on a single GPU. We implemented all of the models in this chapter in the PyTorch
framework [Paszke et al. 2019]. In addition, we make use of PyTorch-Geometric for its 3D graph and set
learning capabilities [Fey and Lenssen 2019]. All models were trained using the Adam optimizer using
a learning rate of 5e-4 and a batch size of 16. We have also implemented the tri-linear interpolation and
point-to-grid projection using custom CUDA kernels. For the former, this includes the double backward
pass, which is not supported by the native PyTorch interpolation function, but necessary because we
are using network gradients in our training target. We limit the impact of the additional GPU memory
and compute-load of this double-backward pass, by only differentiating the “small” decoder network
twice, instead of the whole encoder-decoder structure.

7.3.1 Model Size

The number of features per point and the resolutions of the grids are tunable parameters of our
architecture. Increasing them enables the network to capture more surface details, at the cost of
increased storage requirements or computation time. The results are shown in Figure 7.4. We find that
the network behaves very intuitively and that results degrade gracefully when the model size is reduced.
Most notably, the models in the first column with a latent size of 16 all contain only 38K network
parameters in total, of which the decoder contains just 1.4K. High-frequency features vanish first which
makes small model sizes particularly appealing for applications such as approximate collision tests, e.g.,
in physical simulation, or deployment in resource constrained environments, e.g., edge devices.

7.3.2 Comparison to Related Work

We now discuss comparisons to the other baseline shape encoder methods on six datasets. They are
shown for all methods and datasets in the accompanying video3, as well as in Figure 7.5, in Figure 7.6,
in Table 7.2, and in Table 7.3. We can summarize that our method outperforms the other baselines with
respect to reconstructed surface detail in terms of all metrics on nearly all datasets. There is however
one exception, where IFNet seemingly performs better on ScanNet. On closer inspection, this is due
to IFNet finding a less-desirable minimum to the eikonal loss, by “wrapping” thin sheets around the
sparsely distributed geometry. While this results in smaller loss values, this is clearly a less desirable
and less useful result. The visual comparison in Figure 7.6 and the accompanying video4 confirm this
observation.

3https://youtu.be/ykKsjeX2-0M
4https://youtu.be/ykKsjeX2-0M
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Figure 7.7. Visual comparison of our architecture using pooling-based and projection-based point-to-grid

transfers. Rows two and three from the top use point normals as extra input.

A potential risk of using k-nearest-neighbor (k-NN) connectivity in our method is for fine detail to
become “connected”. However, out of all the baselines, only our method was able to reconstruct the
individual teeth of the cog wheel in the Thingi10k dataset. In addition, some methods also struggle
with the hand of the armadillo and the claws of the dragon, while our method is able to reproduce them
in better detail. We attribute this to the effectiveness of our proposed architecture and point-to-grid
feature projection at extracting point-level information and detail. This assumption is supported by the
results in Figure 7.7.

From Table 7.3 we can see, that our method also is able to reconstruct a dense grid of approx. 17M
points in only 2.35 s, while IFNet takes more than 6x longer. Only ConvONet is faster on the recon-
struction task, however at significantly lower quality. We can conclude that our approach offers the
highest quality per parameter.

Our model consistently exhibits very low L2 Chamfer distance on all datasets. This indicates that
there are fewer outliers, which means that the performance of our network is more predictable for a
given level of accuracy. This is underlined by the comparison in Figure 7.4, which shows the effect of
changing latent size and grid resolutions. Very small networks with our architecture can already have
remarkable representational abilities.

Finally, we introduced a simple modification to the loss function, Equation (7.3), to be able to compute
distance fields for surfaces with inconsistent surface normals, which we tested on the ShapeNet v2
dataset. Results without this modification are shown in the grey column in Table 7.2. We observed an
improvement on all metrics for five of the six tested methods, with the exception of ONet [Mescheder
et al. 2019], which partially performed better using the original loss. Although it should be noted that
the model did not seem to be able to deal well with the changing number of vertices in the dataset,
which is why we interpret this result as an outlier.
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7.3.3 Point-to-Grid Feature Projection

As described in Section 7.2.2, we propose a physically-inspired method to project particle features to
the convolutional grid. We find that the feature projection generally makes reconstructions smoother
and details sharper, as can be seen in Figure 7.7. We further compare our method using projection
with the well-established max pooling operator in the top two rows for each metric in Table A.5 of the
appendix for this chapter. Simply exchanging the pooling operator for our projection already results in
improved metrics for most datasets. This exchange comes at identical network complexity and memory
requirements and nearly identical training and inference speed.

In the case that the input point clouds contain information about orientation, i.e., point normals,
these can be used as additional inputs to our network. To do so, they are concatenated to the surface-
point positions (see Figure 7.3). Results using normals are shown in the bottom two rows for each metric
in Table A.5 for the pooling-based and projection-based variants of our network, respectively. Again,
projection measurably improves performance, outperforming almost all other variants of our model
across all datasets. The reconstructed surfaces in Figure 7.7 again show improved surface smoothness
and detail sharpness. We also apply projection-based pooling using input normals to the ScanNet
dataset, using twice the resolution of the baseline model, and show the results in the right column of
Figure 7.6. It is again possible to see improved surface detail and smoothness. The reader is encouraged
to view examples from the other datasets in the second half of the accompanying video5.

Since projection maps a single point to eight grid cells in contrast to the one-to-one mapping of
pooling, we have at times found it useful to apply dropout within the projection operator. In practice
we have found a larger dropout factor to be necessary, when the shapes within a dataset are more
diverse. For the Objaverse dataset, we in fact only keep one of the eight points during training, whereas
for the dragon and armadillo datasets we keep all eight.

7.4 Conclusion

We have shown that our hybrid approach of interleaving graph and grid convolutions, including point-
to-grid projection and feature interpolation, is capable of outperforming other state-of-the-art encoders
on the surface reconstruction task from point cloud inputs. We are able to do this using only surface
information and additional unlabeled samples in the surrounding volume, which prevents us from
having to solve for a ground truth signed distance field in advance. We have also introduced a physically-
inspired projection operator for particle-to-grid feature transfers in neural networks and shown its
effectiveness. Using this projection enables the reconstruction of both more detailed and less noisy
surfaces, by improving “feature-field” consistency between point-based and grid-based representations.
This chapter addresses the second main objective defined in Chapter 1, namely improving the efficiency
of point-based representations in a data-driven way. The contribution complements the simulation-
focused SPH chapters and is summarized jointly in Chapter 8.

We believe that this work could provide a foundation for further research on efficient models for
3D shape encoding. For instance, exploring the sparsity of our latent grids could enable the use of
ever-higher latent resolutions, resulting in accurate encoding of almost arbitrarily complex shapes.
Combined with small latent sizes, this could result in a more scalable architecture, where the accuracy
can be determined by available compute capabilities. Another interesting direction of further study is
the use of the latent grid as a basis for shape generation. Multiple latent representations could also
be blended, or operators could be learned on the latent codes to achieve specific effects. Finally, in
the spirit of using traditional geometric techniques within neural architectures, it could be explored

5https://youtu.be/ykKsjeX2-0M
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whether projecting surface features to outer grid cells using methods such as fast marching or Laplacian
smoothing could further improve predictions at distant points. The reader is referred to the project
website hyve.physics-simulation.org for implementation details.
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CHAPTER 8
Concluding Remarks

This thesis used the simplest geometric primitive, points, for two purposes. These overarching goals
were defined in Chapter 1, as extending and improving the fidelity of point-based simulations in complex
melt-driven scenarios and improving the efficiency of using point-based representations for point-based
surfaces.

8.1 Summary

The first of these goals was addressed in Part I on particle-based fluid simulation, specifically in
Chapters 3 to 5. Answering the first two research questions, we can conclude that complex melt-driven
processes can be captured with satisfying accuracy using the SPH method. We show that it achieves
comparable accuracy to established methods for both the tungsten inert gas (TIG) welding process
and the thermal spraying process. In addition, we are able to resolve the splat in thermal spraying
with higher resolution than a comparable volume of fluid (VOF) approach, while also improving
computational performance. This is done by incorporating a free enthalpy-based heat transfer model
and implementing an implicit momentum sink for melting and solidification. All of these components
result in a system that quantifiably improves the fidelity and accuracy of the SPH method for complex
melt-driven scenarios. Focusing on strong surface tension effects, we found a way to formulate surface
tension forces as an implicit linear system. We achieve this by selectively linearizing a cohesion-
based surface tension model. This enables us to stably simulate a wide range of tension coefficients,
outperforming previous work both in terms of stability and computational efficiency. As the resulting
implicit system is a primal system solving for updated velocities, it naturally permits strong coupling
between surface tension and viscosity. Strongly coupling these effects results in overall improved
performance and accuracy if both forces are used.

The second goal was addressed in Chapter 7 of Part II, which considers deep learning methods as a
way to improve the efficiency of point-based representations. Addressing the final research question,
we construct a hybrid neural architecture using both points and enclosing grids to extract information
from the input point cloud. This information is aggregated into a grid-based latent representation that
can be efficiently queried at new positions to compute signed distance fields. In this way, we show that
we are able to quickly compute SDFs, both for a single physically deforming shape and for the more
general case of shape reconstruction from input points. Our proposed method outperforms existing
architectures and approaches in terms of both reconstruction accuracy and computational efficiency,
thus achieving our overall research goal.
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All in all, points are powerful geometric primitives, both because their geometric simplicity makes
them easy and efficient to use and because of the breadth of available models. In this thesis, we looked
at specific methods to improve the fidelity and efficiency of these representations, using the Smoothed
Particle Hydrodynamics (SPH) method for fluid simulation and a hybrid point-grid architecture for
deep learning. Ultimately, we show that points can be used accurately in both continuum mechanics
and geometry.

8.2 Outlook

The work on particles in this thesis underscored the remarkable effectiveness of this representation.
Nevertheless, there remain a number of questions and open problems that result from the presented
works. First, considering SPH fluid simulations, we identify several avenues for improvement with
increasing perceived level of difficulty. To start, the thermal model for melt-driven processes, while
robust and well-founded, did not take into account factors such as latent heat, whose inclusion would
significantly improve the accuracy of the captured process. Furthermore, while temperature-dependent
parameters were modeled as non-linear through tabulation, the temperature solve was explicitly
integrated and decoupled from the fluid solve. Combining these solvers in a monolithic system could
further increase the fidelity of the simulation, but would result in a massively complex system depending
on implementation.

The surface tension force in our work of Chapter 3 was based on cohesion forces. This resulted in
visually correct results and is a great tool for high-surface tension scenes. However, we believe that a
curvature-based approach using the continuum surface force (CSF) model might yield more consistent
results if implemented correctly. Currently, CSF models are often unstable and very prone to errors,
resulting from highly fluctuating second derivatives, which are used to compute the curvature of the
surface. Zorilla et al. [2020] show that a robust geometric estimate of curvature values can remedy
many of the problems with the method and capture intricate surface tension effects, but still falls prey to
instabilities caused by explicit integration for high stiffnesses. We believe that attempting to formulate
an implicit CSF model with a geometric curvature estimate could be a worthwhile direction of further
research.

This leads to the final, and possibly most difficult, problem that this thesis identifies as possible
follow-up work for SPH simulation. One of the most fundamental limitations in formulating the
implicit surface tension force for this work was the constraint that the implicit system had to be
linear. This is a purely practical limitation born from computational concerns, since there is no actual
mathematical restriction. Let us assume we use Newton’s method to solve for primal variables, velocity
and position. Then we need to take the first and second derivatives of the function we aim to minimize,
invariably a function that is based on an SPH sum as in Equation (2.14). Taking the derivative with
respect to positions automatically involves iterating not just over a particle’s immediate neighborhood
but also over the neighbors of all particle neighbors, because positions xi are also contained in the
kernel for computations of all neighbor densities ρj. This alone results in a significant increase in
computational requirements. In addition, running a Newton iteration would require computing a
new particle state every iteration, including neighborhood search. This twofold problem alone makes
investigating non-linear solvers for SPH a challenging proposition. Possible remedies could include
adapting neighborhood search algorithms to include an uncertainty radius and computing slightly
larger neighborhoods, as well as simplified non-linear systems that keep positions fixed while solving
only for velocities. In addition, quasi-Newton non-linear solvers such as the limited-memory BFGS
solver could be explored for more efficient solutions.

In the deep learning work we showed that we are able to use a latent representation to effectively
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encode geometry. The logical next step is to explore the structure of this latent representation for a
variety of downstream tasks, such as generating new shapes or learning latent editing operators to
modify and combine existing shapes directly in latent space. For shape generation, we could further
explore attention mechanisms to improve information extraction from the input point cloud, such as
Point Transformers [X. Wu et al. 2024], or cross-attention between grid and point representations.
Finally, the efficiency aspect of the model could be further explored by using the inherent sparsity of
latent grids, which could enable scaling to even larger model sizes and ease deployment on compute-
constrained devices.
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APPENDIX A
Appendix for HYVE: Hybrid Vertex
Encoder for Neural Distance Fields

A.1 Ablation

This section provides information on the various ablation experiments that we conducted in the context
of our work.

A.1.1 Design Ablation

To highlight the impact of different design choices within our network architecture, we first conduct a
number of ablation studies. The first covers three decisions within our convolution block in Figure 7.2:
1) using the nearest neighbor instead of linear interpolation to map values from latent grid back to the
input points, 2) enabling/ disabling the graph convolutions (GNN), and 3) enabling/ disabling the grid
convolutions (CNN).

The results for different combinations are reported in Table A.1. The most impactful component is
clearly using the grid convolutions, which also contains the majority of trainable weights. The next
subimportant decision is enabling the graph convolution. Furthermore, interpolation seems to have a
greater impact on network performance when the graph convolution is also enabled. This is because
without the graph convolution, the interpolated features are immediately projected back to the grid,
eliminating most implicit information gain. For maximal performance, all options should enabled.

Next, we investigate the impact of varying the number of nearest neighbors (k) for connecting the
input point cloud, using point convolutions [Qi et al. 2017a] instead of edge convolutions [Y. Wang
et al. 2019], and finally reversing the resolution of latent grids. We show the results in Table A.2. In the
depicted parameter sequence, the grid order has the single largest impact. This suggests that coarse
features are extracted earlier and fine features later in the network. Using an increasing number of k
consistently improves both CD-L1 and NC. For all experiments we use the settings corresponding to
the best result.

In addition to this, we investigate the impact of increasing the number of nearest neighbors (k)
in combination with changing the point-to-grid interpolation scheme. The results of this ablation
are shown in Figure A.1. It becomes clear that increasing the number of nearest neighbors (k) has
a positive impact on all metrics regardless of the transfer method used. However, we also observe
that our proposed projection method appears to scale better with increasing k, and it outperforms
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Table A.1. The results of comparing different design choices within the structure of our network (see

Figure 7.2). The table shows the L1 Chamfer distance, normal consistency, intersection-over-union (IoU)

and F-score. GNN refers to graph-convolutions and CNN refers to grid-convolutions. The cell color coding is

derived from the mean value, different metrics use different color maps. The arrow indicates whether lower

or higher values are better. A darker color corresponds to a better value.

(a) Chamfer distance L1 ↓ mean / std (·10−2
)

Interpolation on Interpolation off

GNN CNN on CNN off CNN on CNN off

on 2.607 /
0.253

4.637 /
1.936

2.771 /
0.355

4.819 /
2.026

off 3.141 /
0.736

12.40 /
1.270

3.176 /
0.774

12.67 /
1.388

(b) Normal Consistency ↑ mean / std (·10−2
)

Interpolation on Interpolation off

GNN CNN on CNN off CNN on CNN off

on 95.53 /
1.480

85.75 /
7.193

94.88 /
2.055

85.54 /
8.190

off 92.50 /
4.472

85.85 /
5.997

92.30 /
4.683

85.81 /
5.969

(c) IoU0.01 ↑ mean / std (·10−2
)

Interpolation on Interpolation off

GNN CNN on CNN off CNN on CNN off

on 76.69 /
8.015

34.21 /
15.19

70.35 /
12.30

38.89 /
19.61

off 61.29 /
18.40

27.74 /
10.30

59.42 /
17.65

28.92 /
11.07

(d) F0.01 ↑ mean / std (·10−2
)

Interpolation on Interpolation off

GNN CNN on CNN off CNN on CNN off

on 95.87 /
4.836

51.74 /
21.45

91.48 /
9.472

57.37 /
25.49

off 81.76 /
18.26

35.51 /
12.04

80.59 /
18.49

36.00 /
12.20

Table A.2. Ablation study of the influence of the grid order, graph convolution and the number of nearest

neighbors on the performance of our method. CD-L1 denotes the L1 Chamfer distance, NC the normal

consistency, IoU the intersection-over-union and F the F-score. The best values are highlighted in bold. All

values denote the mean.

GNN Res. k-NN CD-L1 ↓ NC ↑ IoU0.01 ↑ F0.01 ↑
PointConv Decr. None 1.045 96.603 82.651 99.165
EdgeConv Decr. 2 0.994 97.423 85.719 99.613
EdgeConv Incr. 2 0.953 97.765 88.754 99.684
EdgeConv Incr. 4 0.947 97.807 89.197 99.724
EdgeConv Incr. 8 0.942 97.938 89.542 99.771

pooling-based point-to-grid transfer for all values of k > 2. For all of our experiments we otherwise
use k = 8, as increasing k further appears to result in diminishing returns.

A.1.2 Noise Ablation

We investigate our architecture’s sensitivity to noise by training and testing using different noise levels.
We add noise by perturbing input vertices by a random amount drawn from 𝒰(−σ,σ) in random
direction (see Table A.3) or in normal direction (see Table A.4). Here, σ is the noise level shown in the
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Table A.3. Comparison of the L1 Chamfer distance, normal consistency, intersection-over-union (IoU)

and F-score (F) across different noisy perturbations in random directions of the input points. Rows indicate

the noise level used during training and columns during testing. The best value for each metric is marked

in bold font.

(a) Chamfer Distance L1 ↓ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 3.349 3.348 3.357 3.397 4.198
5e-4 3.358 3.358 3.361 3.403 4.262
5e-3 3.381 3.379 3.397 3.448 4.268
1e-2 3.403 3.404 3.415 3.464 4.345

(b) Normal Consistency ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 93.200 93.189 93.063 92.702 81.880
5e-4 93.114 93.097 93.016 92.633 81.777
5e-3 93.001 93.017 92.918 92.616 82.344
1e-2 93.130 93.117 93.037 92.809 83.813

(c) IoU0.01 ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 77.000 76.950 75.272 71.615 36.144
5e-4 76.598 76.603 75.115 71.503 35.673
5e-3 76.356 76.375 75.261 72.393 36.860
1e-2 73.923 73.934 73.509 71.860 37.767

(d) F0.01 ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 91.725 91.743 91.480 90.537 48.793
5e-4 91.614 91.606 91.425 90.443 47.880
5e-3 91.459 91.469 91.244 90.532 49.494
1e-2 91.254 91.252 91.110 90.451 50.569

0 2 4 8 16
k-NN

3.4

3.6

3.8

CDL1 ↓

0 2 4 8 16
k-NN

88

90

92

94

96

98
NC ↑

0 2 4 8 16
k-NN

65

70

75

IoU0.01 ↑

0 2 4 8 16
k-NN

80

85

90

F0.01 ↑

Pooling Projection

Figure A.1. Ablation study comparing pooling and our projection operator when using different numbers

of nearest neighbors (k) to connect input points for the graph convolution. Increasing k consistently results

in improved metrics, where our proposed projection operator benefits more and consistently outperforms

pooling for k > 2. We compare using the L1 Chamfer distance, normal consistency, intersection-over-union

(IoU) and F-score.

column labels and row labels of the respective tables. Since the coordinates have been normalized to
the unit box, the maximum evaluated noise of 5e-2 corresponds to a shift of 1/40 of the bounding box
edge length. Our model remains stable during training up to noise levels of 1e-2 both in normal or
random directions and even benefits from data augmentation using noise in normal direction.
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Table A.4. Comparison of the L1 Chamfer distance, normal consistency, intersection-over-union (IoU)

and F-score (F) across different noisy perturbations in the direction of vertex normals of the input points.

Rows indicate the noise level used during training and columns during testing. The best value for each

metric is marked in bold font.

(a) Chamfer Distance L1 ↓ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 3.381 3.381 3.429 3.534 4.684
5e-4 3.370 3.371 3.410 3.517 4.642
5e-3 3.365 3.365 3.415 3.531 4.667
1e-2 3.417 3.417 3.452 3.567 4.731

(b) Normal Consistency ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 93.070 93.059 92.770 91.850 77.978
5e-4 93.035 93.033 92.768 91.804 77.722
5e-3 93.254 93.244 93.058 92.503 78.971
1e-2 93.200 93.213 93.165 92.915 80.882

(c) IoU0.01 ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 74.459 74.396 71.118 63.869 19.128
5e-4 75.429 75.417 71.846 64.361 19.056
5e-3 75.375 75.372 73.537 68.036 19.557
1e-2 72.430 72.527 72.392 70.457 20.812

(d) F0.01 ↑ mean / std (·10−2)

Train \Test none 5e-4 5e-3 1e-2 5e-2

none 91.198 91.196 90.369 86.334 25.295
5e-4 91.508 91.496 90.706 86.788 25.213
5e-3 91.518 91.512 90.996 88.918 25.550
1e-2 91.138 91.144 90.944 89.934 26.985

A.1.3 Point-to-Grid Feature Projection

In addition to the visual comparison in Figure 7.7, Table A.5 shows the metrics comparing pooling- and
projection-based feature transfers across all datasets.

A.1.4 Contours of Volumetric Signed Distance Field

Despite mostly showing only the zero level-set of the computed signed distance field, our network
also produces a reasonable volumetric signed distance field. We show this briefly in Figure A.2, where
contours are generated at multiple iso-values for the signed distance field.

A.1.5 Non-manifold Handling

Non-manifold meshes, mostly in the form of non-watertightness or self-intersections appear in a
number of different datasets (Table 7.1). We show in Figure A.3 using an example from the Objaverse
dataset, that our model is able to deal with these self-intersections fairly well.
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Table A.5. Comparing our method with pooling-based and projection-based point-to-grid transfers.

Optionally, input vertex normals are also used. We evaluate the L1 Chamfer distance (CD-L1), normal

consistency (NC), intersection-over-union (IoU) and F-score (F). Bold font marks the best value in each

metric and dataset. All values are given scaled to ·10−2
.

Metric Method Dragon Armadillo DFAUST ScanNet Thingi10k ShapeNet
v2

Objaverse

CDL1 ↓ mean Pool w/o n 2.455 0.956 0.627 4.339 3.270 2.011 1.222
Proj. w/o n 2.406 0.934 0.662 4.721 3.222 1.888 1.363
Pool w/ n 2.486 0.934 0.700 4.156 3.446 1.118

Proj. w/ n 2.427 0.906 0.626 4.269 3.075 1.604

NC ↑ mean Pool w/o n 96.25 97.86 97.65 82.98 93.65 86.11 92.95
Proj. w/o n 96.33 98.22 97.41 82.27 94.26 86.75 92.00
Pool w/ n 96.37 98.27 97.61 85.15 95.53 94.87
Proj. w/ n 96.53 98.47 97.83 85.33 95.89 95.25

IoU0.01 ↑ mean Pool w/o n 84.84 88.63 88.40 54.88 78.85 61.24 65.75
Proj. w/o n 87.73 89.76 85.82 52.29 80.02 66.96 61.49
Pool w/ n 80.15 89.01 84.76 57.33 61.74 66.79
Proj. w/ n 87.30 92.00 88.76 56.50 87.58 86.53

F0.01 ↑ mean Pool w/o n 98.97 99.82 98.17 73.68 92.45 88.53 89.35
Proj. w/o n 99.47 99.82 97.89 71.01 93.86 93.23 85.28
Pool w/ n 98.69 99.87 97.53 75.84 81.09 81.02
Proj. w/ n 99.71 99.89 97.88 74.72 97.47 93.45

Figure A.2. Visualization of various level-sets using our method on an instance of the planes category

from the ShapeNet v2 dataset [Chang et al. 2015].

Figure A.3. Our model is able to resolve a large number of self-intersections in the Objaverse dataset

[Deitke et al. 2023] without special treatment, as long as surface normals have consistent orientation. The

left image shows our reconstruction without self-intersections, while the right image shows the ground-truth

shape containing self-intersections. The transparent renders show a close-up of the marked red region to

make self-intersections visible.
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