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Non-Markovianity induced by Pauli
twirling
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Noise forms a central obstacle to effective quantum information processing. Recent experimental
advances enable noise tailoring through Pauli twirling, transforming arbitrary noise channels into Pauli
channels. This is essential for fault-tolerant quantum computation, noise characterization, and error
mitigation. Pauli-Lindblad channels aptly parameterize quasi-local Pauli channels, where negative
Pauli-Lindblad parameters have been excluded on the basis of Markovianity of the noise processes.
We study how Pauli twirling affects Markovianity using two established notions, which we term
channel semigroupMarkovianity for channels andMarkovianity by divisibility for channel families. We
prove that (1) any Pauli channel with nonzero Pauli eigenvalues admits a Pauli-Lindblad
parameterization if complexPauli-Lindbladparameters are allowed, and (2) aPauli channelwith strictly
positive and nondegenerate eigenvalues fails to be channel semigroupMarkovian if and only if at least
one of its Pauli-Lindblad parameters is negative. Using this, we show that Pauli twirling can break
channel semigroupMarkovianity, even when the underlying noise process isMarkovian by divisibility,
an important example being the standard implementation of the

ffiffiffiffi
X

p
gate. Thus, allowing negative or

even nonreal Pauli-Lindblad parameters is necessary for correct noise descriptions in experimentally
relevant scenarios, with direct implications for quantumerrormitigation protocols that rely on accurate
noise characterization.

Over the past decades, quantum computing has evolved from a theoretical
curiosity1,2 to a practical reality. Despite impressive experimental
progress3–10, current devices remain far from ideal, with noise threatening to
wash away the very quantum effects that give them an advantage over their
classical counterparts. Among others, this noise arises from a combination
of imperfect quantum gate implementations11,12, crosstalk13–15, and uncon-
trolled interactions with the surrounding environment16,17. The central
obstacle to utility-scale quantum computation is therefore the under-
standing and subsequent reduction of noise processes and the errors they
induce.

Meeting this challenge requires accurate error models. Mathema-
tically, the effect of quantum noise can be described by quantum
channels: completely positive and trace-preserving linear maps on
density matrices. One class of such channels consists of the Pauli
channels, where a tensor product of Pauli operators Pa (known as a Pauli
word or a Pauli string) is applied to the system with probability pa. Pauli
channels are particularly appealing due to the relative ease with which
they can be characterized, analyzed and implemented for simulations on

a classical computer18. The empirical success of Pauli channels as
effective noise models is largely enabled by Pauli twirling, also known as
randomized compiling19. This technique allows an arbitrary noise
channel to be “twirled” into an effective Pauli channel and has become a
standard method20–24. A quantum algorithm is implemented by a
quantum circuit that is compiled into a sequence of elementary quantum
gates. To perform randomized compiling, Pauli words are injected into
the circuit before and after certain gates in a way that preserves the
overall logical operation of the circuit. Repeating this process with dif-
ferent random choices produces a set of randomized but logically
equivalent circuits. Averaging the outcomes over these produces an
effective noise channel in Pauli form.

Although representing noise as a Pauli channel has its theoretical
appeal and experimental practicality, it does not eliminate all challenges. As
the number of qubitsn increases, the parameter count required to describe a
general Pauli channel grows exponentially, rendering a full description
intractable and experimentally inaccessible. To address this scalingproblem,
it has recently been proposed to parameterize Pauli noise channels using a
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sparse set of Lindbladian generators25. These Pauli-Lindblad (PL) channels
are written as

EðρÞ ¼ eLρ; LðρÞ ¼
X
a2S

λaðPaρPa � ρÞ; ð1Þ

where S is a subset of all 4n possible Pauli words and, on the grounds of
physicality26, the PL parameters λa are assumed to be nonnegative, λa ≥ 0.
The complexity of thismodel is determinedby the sizeof the subsetS, which
scales polynomially with n under the assumption of a bounded noise cor-
relation length. In a process similar to cycle benchmarking27, the PL para-
meters of a Pauli channel can be learned experimentally by repeatedly
applying the same noisy Pauli channel and fitting the exponential decay of
Pauli expectation values with circuit depth25. Pauli-Lindblad (PL) models
have been studied theoretically28–30 and validated through error-mitigation
protocols such as probabilistic error cancellation25 and zero-noise
extrapolation26.

Markovianity in quantum systems is usually seen as a property of a
physical process, formalizing in one way or another that at any time, future
states of the system only depend on the current state of the system, and not
previous ones. As we make precise in the following section, one formal
notion of Markovianity relies on the divisibility of the dynamical map,
treating the continuous evolution as a sequence of quantum channels that
are generated by a (possibly time-dependent) Lindbladian31. Here, we call
thisMarkovianity by divisibility. A different notion of Markovianity treats
Markovianity as a property of a single quantum channel, rather than of a
dynamical process32,33. According to this notion, a channel is Markovian if
there exists a semigroupof channels that contains it. Todistinguish from the
earlier notion, we refer to this as channel semigroup Markovianity.

In this work, we study the interplay of Pauli twirling and the two
notions of Markovianity using the framework of open system dynamics.
First,we showthat anyPauli channel canbeparameterizedas aPLchannel if
we lift the restriction that the PL parameters are nonnegative. The (gen-
eralized) PL channels with at least one negative PL parameter can in fact be
physical and turn out to essentially coincide with the channel semigroup
non-Markovian Pauli channels. We apply this characterization of non-
Markovianity and find that, perhaps surprisingly, Pauli twirling can break
the channel semigroup Markovianity of a quantum channel.

We present two examples where channel semigroup Markovianity-
breaking arises. The first is a single-qubit protocol subject to standard
dephasing and relaxation that is Markovian by divisibility. The protocol is
explicitly designed to be simple, yet shows strong Pauli-twirling-induced
channel semigroup Markovianity breaking. A second example is the noise
channel of the standard implementation of the

ffiffiffiffi
X

p
gate under standard

dephasing and relaxation, which is Markovian by divisibility. We estimate
that these effects can be observed under realistic experimental settings,
especially in dephasing-biased quantum hardware, and may in fact already
be present in current implementations of the

ffiffiffiffi
X

p
gate.

These insights are particularly important for quantumerrormitigation
protocols, for which accurate noise descriptions are essential34. Indeed, the
possibility of negative PLparameters, even if theirmagnitude is smaller than
that of the positive ones, introduces a qualitative modification of the noise
models, and their inclusion is therefore crucial for an accurate description
and correct error-mitigated results.

Results
Markovianity by divisibility
Consider a two-parameter family of quantum channels
E ¼ fEt3;t1

jt3 ≥ t1 ≥ 0g, where Et3;t1
describes the time evolution of a

quantum system from t1 to t3. This family is called divisible if for any
intermediate time t2, the total time evolution can be concatenated, i.e., if for
all t3 ≥ t2 ≥ t1 ≥ 0, we have Et3 ;t1

¼ Et3 ;t2
� Et2 ;t1

31. We say that the two-
parameter family E isMarkovian by divisibility if it satisfies the divisibility
condition.

A fundamental result holds when the two-parameter family E is dif-
ferentiable. The Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
theorem31 states that an operatorLt is the generator of the divisible family of
quantum channels if and only if it can be written in the form

dρ
dt

¼ Lt½ρ� ¼ �i½HðtÞ; ρ� þDt ½ρ�; ð2Þ

with H(t) Hermitian and with the dissipator

Dt½ρ� ¼
X
a;b

ΓabðtÞ FaρF
y
b �

1
2
fFy

bFa; ρg
� �

; ð3Þ

where Γ(t) ≥ 0 (positive semidefinite) for all t ≥ 0.
The division into the Hamiltonian part − i[H(t), ρ] and a dissipative

part Dt ½ρ� is unique if the sums run over a traceless orthogonal operator
basis Fa [trðFy

aFbÞ / δab]. The Kossakowskimatrix Γ can be diagonalized as
ΓabðtÞ ¼

P
kuakðtÞγkðtÞu�bkðtÞ, yielding the familiar equivalent form for the

dissipator Dt ½ρ� ¼
P

kγkðtÞ LkðtÞρLykðtÞ � 1
2 fLykðtÞLkðtÞ; ρg

h i
; with

γk(t) ≥ 0, and with jump operators Lk(t) =∑auak(t)Fa. The operatorLt , at a
fixed t, is said to be in Lindblad form if the γk(t) are nonnegative.

The assumption of Markovianity by divisibility is ubiquitous in the
modeling of gate-based quantum computing. At the circuit level, the total
evolution of the qubits is discretized into time steps, each corresponding to a
circuit layer. In general, the state of the system after each time step evolves
according to a complex quantum stochastic process35. The assumption of
Markovianity by divisibility allows us to approximate this dynamics as an
independent sequence of quantum channels. At the gate level, the
assumption ofMarkovianity by divisibility leads to a description in terms of
the time-dependent GKSL equation [Eq. (2)]. In this case, H(t) represents
the control Hamiltonian that implements the intended unitary operation,
while the dissipator captures noise processes such as relaxation and
dephasing.

Channel semigroup Markovianity
When the generator appearing in Eq. (2) is time-independent,Lt ¼ L, the
resulting family of channels forms a one-parameter semigroup,
E ¼ fEtjt ≥ 0g, with Et2

� Et1
¼ Et2þt1

. In this case, each channel Et can be
written as Et ¼ etL, with L the generator in Lindblad form. Motivated by
this observation, Refs. 32,33 introduced a definition of Markovianity as a
property of a single quantum channel, rather than of a family of channels
(i.e., of the evolution or process itself). Specifically, a channel E is called
Markovian if there exists a generatorL in Lindblad form such that E ¼ eL.
For clarity, we refer to this notion of Markovianity as channel semigroup
Markovianity (CSM).Givenan arbitrary channelE one can testwhether it is
CSM by computing log E and verifying that it can be brought to Lindblad
form33. Note that the parameterization in Eq. (1) describes a Pauli channel
that is CSM by construction.

We note that while it is tempting to relate the concepts of CSM to
Markovianity by divisibility, the two describe fundamentally different
mathematical objects. From an individual channel characterization per-
spective, whether it is possible to embed a given quantum channel into a
family that isMarkovian by divisibility is irrelevant in our case and offers no
physical insight into the channel itself.

Pauli twirling
A general quantum channel E admits a Kraus representation of the form
EðρÞ ¼PiKiρK

y
i , where the Kraus operators Ki satisfy the completeness

relation
P

iK
y
i Ki ¼ 136. Then-qubit PauliwordsPa 2 f1;X;Y ;Zg�n form

an orthogonal operator basis, satisfying trðPaPbÞ ¼ 2nδab. Each Kraus
operator can be expanded in this basis asKi =∑aκiaPa, so that we can write
any channel as EðρÞ ¼PabpabPaρPb, with pab ¼

P
iκiaκ

�
ib.We say that the

matrix pab is the Pauli-basis representation of the channel. In particular, a
channel is called a Pauli channel if its Pauli-basis representation is diagonal,

https://doi.org/10.1038/s41534-026-01345-5 Article

npj Quantum Information | (2026) 12:138 2

www.nature.com/npjqi


that is, if EðρÞ ¼PapaPaρPa, where pa is a probability distribution.
Therefore, a Pauli channel is fully characterized by the distribution pa.

An alternative representation of a general channel E is given by its
transfer matrix

Tab :¼
1
2n

tr½PaEðPbÞ�: ð4Þ

The diagonal elements of T are referred to as the Pauli eigenvalues fa,

f a :¼
1
2n

tr½PaEðPaÞ�: ð5Þ

Aswith thematrix pab, Pauli channels have diagonal transfermatrices, thus,
the eigenvalues fa also fully characterize any Pauli channel. The Pauli
eigenvalues fa and the probabilities pa are related by the Walsh-Hadamard
transform

f a ¼
X
k

ð�1Þha;kipk"pa ¼
1
4n
X
k

ð�1Þha;kif k; ð6Þ

where the symplectic innerproduct 〈a, c〉 equals 0 ifPa andPc commute, and
1 if they anticommute18.

Any quantum channel E can be converted into a Pauli channel EP by
Pauli twirling, which is performed by randomly injecting a Pauli word
before, and the same random Pauli word after the channel,

EPðρÞ :¼ 1
4n
X
a;i

PaKiPaρPaK
y
i Pa: ð7Þ

Using again the Pauli basis expansion of the Kraus operators, one finds that
EP is indeed a Pauli channel with pa = ∑k∣κka∣2 18. In other words, Pauli
twirling removes the off-diagonal elements of the Pauli-basis representation
pab. Equivalently, in the transfer-matrix picture, Pauli twirling eliminates the
off-diagonal elements of Tab, yielding T

P = diag(f).

Generalized Pauli-Lindblad channels
Wefirst presentmathematical results, summarized inFig. 1a, on the relation
between Pauli channels and channel semigroup Markovianity. We define
PL maps as those maps of the form of Eq. (1) with λa 2 C. It is straight-
forward to show that there exist PL maps that are not quantum channels.
We therefore define the generalized PL channels as those PL maps that are
also quantum channels. As we show below, the set of generalized PL
channels is essentially equal to the set of Pauli channels.

In terms of the PL parameters λa, the Pauli eigenvalues are given by

f a ¼ exp �2
X
k

λkha; ki
 !

; ð8Þ

as was found in Ref. 25. We find that this expression can be inverted,

λa ¼
1
4n
X
k≠0

ð�1Þha;ki lnðf kÞ; ð9Þ

with the definitionP0 ¼ 1. FromEq. (9), it is clear that thePLparameters λa
are ill-defined for Pauli channels for which there is an a such that fa = 0.
Nevertheless, any such channel canbe approached arbitrarily closely by aPL
channel. Thus, we have the following result.

Proposition. The set of Pauli channels is the closure of the set of gen-
eralized PL channels.

We remark that for the identity channel, the Pauli eigenvalues are f =
(1,…,1). As a result, Pauli channels with at least one vanishing Pauli
eigenvalue fa = 0 represent strong-noise quantum channels and are not
relevant for the characterization of the noise of high-fidelity quantum gates.
Moreover, the eigenvalues satisfy fa ∈ [−1, 1]. Therefore, it is even possible
for theλa to be complex,which, again, occurs only for strong-noise quantum
channels. Consequently, Eq. (9) also shows that thePLparametersλa arenot
unique for these strong-noise channels, due to the possibility of choosing
different branch cuts for the logarithm. This redundancy can be removed by
consistently taking the principal branch of the logarithm, thus producing a
unique representation in terms of λa for each Pauli channel. Equations (8)
and (9) then establish a bijection between the PL parameters λa and Pauli
eigenvalues fa (fa ≠ 0).

Given the bijection between the PL parameters and the Pauli eigen-
values, we have the following proposition, which we state due to its
importance despite its simplicity. The proposition remains valid for some
channelswithpossible negativePauli eigenvalues, and in thedegenerate case
for a single qubit, as long asP has nonzero Pauli eigenvalues; otherwise the
PL parameters are ill-defined.

Proposition. A Pauli channel P with strictly positive and nondegenerate
Pauli eigenvalues has real and nonnegative PL parameters if and only ifP is
channel semigroup Markovian (CSM).

Proof. If a Pauli channelP has real and nonnegative PL parameters λ, then
P ¼ eL, whereL is given in Eq. (1), trivially in Lindblad form. Therefore,P
is CSM. For the converse, assume that a Pauli channelP ¼ eL is CSMwith
L as in Eq. (1). Suppose that P has a PL parameter λa that is not real and
nonnegative. Then it cannot be brought to Lindblad form because λ is
unique and L is already in diagonal form with negative or complex eigen-
values λ, which contradicts the assumption that P is CSM.□

The proposition implies that Pauli channels with negative PL para-
meters (and strictly positive and nondegenerate Pauli eigenvalues) are

Fig. 1 | a The relations between the maps in this paper. The Pauli-Lindblad (PL)
maps (orange,P1) are thosemaps of the formof Eq. (1) with λa 2 C. The generalized
PL channels are defined as those PL maps that are also quantum channels (olive
green, P2). This set is essentially equal to the set of Pauli channels (the latter is the
closure of the former, with limit points depicted as the boundary, P3). The channel
semigroupMarkovian channels (teal, CSM) contain channels that are Pauli channels
(P4) and non-Pauli channels (P5). The Pauli-Lindblad channels are essentially the
CSM channels that are Pauli channels (P4), forming a strict subset of the generalized
PL channels. All possible nontrivial effects of Pauli twirling a quantum channel are
indicated by the yellow arrows. Pauli twirling can break (CSMB), conserve (CSMC),
or instate (CSMI) channel semigroup Markovianity. It can also conserve the non-
CSM property of a channel (nCSMC). b The noise channel of a noisy Clifford gate
U � E, with UðρÞ ¼ UρUy the noiseless Clifford, can be Pauli twirled by inserting a
random Pauli word Pa before, and the conjugated Pauli word PU

a ¼ UPaU
y after the

noisy gate.
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channel semigroup non-Markovian. This aligns with the concept of non-
Markovianity by divisibility in the GKSL equation [Eq. (2)], where it is well-
established that a negative rate at any point in time renders the evolution
non-Markovian.

Using Eqs. (6) and (9) it is now possible to determine whether an n-
qubit Pauli channel characterized by either its probability distribution pa or
by its eigenvalues fa is CSM by checking the signs of the parameters λa. For
example, for a single-qubit Pauli channel, the criterion according toEq. (9) is
fj ≥ fk fl for all permutations (j, k, l) of (x, y, z). This condition for the single-
qubit Pauli channel case was also reported in Ref. 37; our result generalizes
this to the arbitrary n-qubit case.

Gate frame
Consider the noisy implementation Φ of a unitary quantum gate U , with
UðρÞ ¼ UρUy, whereU is the desired unitary. It is always possible to write

Φ ¼ U � E; ð10Þ

which defines the error channel E of the noisy gate. IfU is a Clifford gate, so
thatPU

a U ¼ UPa for somePauli wordPU
a , the noise channel E can be Pauli-

twirled experimentally by picking a Pauli wordPa uniformly at random and
inserting thePauli channelPaðρÞ ¼ PaρPa before and the channelPU

a ðρÞ ¼
PU
a ρP

U
a after the noisy gate19,

1
4n
X
a

PU
a � Φ � Pa ¼ U � EP; ð11Þ

as illustrated in Fig. 1b.Wewish to characterize the Pauli-twirled noise EP of
a quantum gate as a (generalized) PL channel.

Consider a standard gate-based quantum computer, where a quantum
gate, taking time tg, is describedby aprocess that isMarkovianbydivisibility,
i.e., where time evolution is described by Eq. (2). To perform a nontrivial
quantum gate, the HamiltonianH(t) can be time-dependent. To obtain the
error channel, we define the gate frame by ~ρðtÞ ¼ UyðtÞρðtÞUðtÞ, with ρ(t)
the state in the original frame, and dU(t)/dt = − iH(t)U(t). Then we can
write

Φt ¼ U t � Et ; ð12Þ

with U tðρÞ ¼ UðtÞρUyðtÞ the unitary evolution up to time t, and Et the
error up to time t. The noisy quantum gate, with possible coherent and
incoherent errors, is described by the channel Φtg

¼ U tg
� Etg

� Φ. The
error channel Et is generated by ~Lt ¼ �i½~H0ðtÞ; � � þ ~Dt . Here, ~H

0ðtÞ
describes any coherent control errors in the gate frame, and ~Dt is the gate-
frame dissipator, which is obtained by transforming the Kossakowski
matrix,

ΓabðtÞ ! ~ΓabðtÞ ¼
X
c;d

TU
acðtÞΓcdðtÞTU

bdðtÞ; ð13Þ

where TU
abðtÞ is the transfer matrix of U t .

The Kossakowski matrix in the gate frame is thus generally time-
dependent, even if it is time-independent in the original frame.Nevertheless,
it remains positive semidefinite, so that ~Lt generates a family that is Mar-
kovian by divisibility. Because of the time dependence, this does not gen-
erally imply that E ¼ Etg

(which is generated by ~Lt) is CSM, nor does it
imply that EP is CSM. In the following, we give examples showing that even
ifE is CSM,Pauli twirlingmaybreak this property (CSMB).Weadditionally
show thatPauli twirlingmay conserve (CSMC)and instate (CSMI) theCSM
property of E, and may even conserve non-CSM (nCSMC).

Hadamard dephasing
Consider a qubit channel Et generated starting from time t = 0 by a purely
dissipative generator [H(t) = 0], with a single jump operator being the

Hadamard matrix,

Lφ ¼ ðX þ ZÞ=
ffiffiffi
2

p
; ð14Þ

and associated constant dephasing rate γφ > 0. (In this example, the gate
frame equals the original frame sinceH(t) = 0). Since the jumpoperatorLφ is
time-independent, the channel Et ¼ etL ¼ etD is manifestly CSM for any
t ≥ 0. Computing the Pauli eigenvalues fa and using Eq. (9), we find that the
PL parameters of EP

t are

λxðtÞ ¼ λzðtÞ ¼
γφt

2 ;

λyðtÞ ¼ � 1
2 ln½coshðγφtÞ�:

ð15Þ

We note that λ(t) should be interpreted as specifying the value of the PL
parameter for a channel of duration t. For any γφt ≥ 0, thePLparameterλy(t)
is negative. Therefore, Pauli twirling may break channel semigroup Mar-
kovianity (CSMB). Given a PL qubit channel with two equal PL parameters
with value ℓ, the third must be at least � 1

2 ln½coshð2‘Þ�. This is shown by
setting two PL parameters to ℓ (e.g. λx= λz= ℓ), and using Eqs. (6) and (8) to
find the λy for which pa remains a probability distribution. Hadamard
dephasing saturates this bound.

Hadamard dephasing and relaxation
Wenow extendHadamard dephasingwith a relaxation process. Hadamard
dephasing can be viewed as a rotated version of standard dephasing because
Lφ = Ry(π/4)ZRy(− π/4), where Ry(ϑ) denotes a rotation along the y-axis by
angle ϑ. Analogously, we define a rotated relaxation process with the jump
operator L = Ry(π/4)σ−Ry(− π/4), where σ− is the qubit lowering operator,
and we denote the corresponding relaxation rate by γ. Considering a purely
dissipative generator with jump operators Lφ and L, we obtain the channel
Et . Computing the Pauli eigenvalues and using Eq. (9), we find that the
Pauli-twirled channel EP

t is parameterized by

λxðtÞ ¼ λzðtÞ ¼
γφt

2
þ γt

8
; ð16Þ

λyðtÞ ¼
γt
4
� 1
2
ln cosh γφt �

γt
4

� �h i
: ð17Þ

This shows that relaxation competes with dephasing in making λy negative,
resulting in parameter regimes for which λy ≥ 0 and parameter regimes for
which λy < 0. This illustrates that Pauli twirling can also conserve the CSM
property of a (non-Pauli) quantum channel (CSMC).

We expand the right-hand side of Eq. (17) around γφ = γ = 0 to second
order in γφ and γ. Setting the result to zero, solving for γt, and re-expanding
to second order in γφt, we find that the condition for λy(t) < 0 is

γt≲ðγφtÞ2: ð18Þ

The relaxation and dephasing rates γ and γφ are related to the relaxation and
(Ramsey) dephasing times T1 and T

�
2 by γt = t/T1, γφt ¼ t=T�

2 � t=ð2T1Þ.
Similar steps after first making these substitutions in Eq. (17) lead to

t
T1

≲
t
T�
2

� �2

: ð19Þ

Interestingly, if the noise is insufficiently biased towards dephasing, this can
be compensated by longer idling times.

Although we have thus far introduced Hadamard dephasing and
relaxation as a toy model to show negative PL parameters, we stress that it
can be realized experimentally under realistic conditions nevertheless.
Considering a qubit that undergoes dephasing and relaxation that are
Markovian by divisibility, the tilted relaxation and dephasing processes are
implemented by applying a π/4 pulse to the qubit, allowing it to idle for a
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duration t, and then rotating it back with a−π/4 (or 7π/4) pulse. Given any
nonzero relaxation rate, one can explore both sides of the parameter regime
by sweeping the idling time t and observing the sign change of λy. This gives
an exciting opportunity to experimentally observe Pauli-twirling-induced
channel semigroup non-Markovianity.

Though experimentally feasible, Hadamard dephasing and relaxation
is designed as an illustrative example. Since the unitary U involved is the
identity, it does not represent a relevant quantum gate. We therefore pro-
ceed by considering a nontrivial quantum gate.

The
ffiffiffiffi
X

p
gate

Consideraqubit subjected to a circularly polarized resonant pulsewithdrive
strength A in the presence of relaxation and dephasing that are Markovian
by divisibility. In the frame rotating at the drive frequency, the qubit
dynamics is governed by Eq. (2), where the HamiltonianH = AX/2 is time-
independent. The same rotating-frameHamiltonian is obtained if the pulse
is linearly polarized under the rotating wave approximation38. The jump
operators consist of Z, with associated time-independent dephasing rate
γφ ≥ 0, and the qubit lowering operator σ� ¼ ∣0ih1∣, with associated time-
independent relaxation rate γ≥ 0. The closed evolution, i.e., when γ= γφ=0,
describes a rotation along the x-axis, Rx(ϑ), with ϑ = At being the rotation
angle. The

ffiffiffiffi
X

p
gate is implemented at tg = π/(2A).

In the gate frame, the time evolution is generated by ~Lt ¼ ~Dt , where
the jump operators are ~σ�ðtÞ ¼ eiHtσ�e

�iHt and ~ZðtÞ ¼ eiHtZe�iHt , and the
decoherence rates are unchanged. The generated family of noise channels is
therefore manifestly Markovian by divisibility. However, due to the time-
dependent jump operators, Etg

is generally not CSM. Perhaps surprisingly,
using the methods from Ref. 33, we find numerically that for certain
parameter regions of γφtg, γtg, including 0 ≤ γφtg ≤ 2, 0 ≤ γtg ≤ 2, the noise
channel Etg

is CSM nonetheless (see Fig. 2).

We calculate the Pauli eigenvalues fa and the corresponding PL para-
meters λa for the Pauli-twirled error channel EP

tg
utilizing transfer matrix

representations and a cumulant expansion (see Methods). To second order
[i.e., also ignoring terms proportional to γtg ðγφtg Þ2, ðγtg Þ2γφtg , and
ðγtg Þ2ðγφtgÞ2], we find

λxðtgÞ 	 γtg
4 � sin4ϑ

4ϑ2
γφtg �

γtg
4

� �2
;

λy;zðtgÞ 	
γtg
8 1 ± sin 2ϑ

2ϑ

	 
þ γφtg
2 1∓ sin 2ϑ

2ϑ

	 

:

ð20Þ

Using the scheme in Fig. 1b to twirl the noise channel of a noisy gate, the
above PL parameters can only be observed experimentally at ϑ = mπ/2,
because only then the resulting gate is a Clifford gate. For the

ffiffiffiffi
X

p
gate

specifically, ϑ = π/2, in which case

λxðtg Þ 	
γtg
4

� 1
π2

γφtg �
γtg
4

� �2

; ð21Þ

λyðtgÞ ¼ λzðtg Þ ¼
γtg
8

þ
γφtg
2

: ð22Þ

The expressions for λy and λz are exact; at ϑ = π/2 the higher-order
terms drop.

BasedonEq. (21), computations as in theprevious section result inλx<
0 if

γtg≲
2
π

� �2

ðγφtg Þ2; ð23Þ

or in terms of dephasing and relaxation times,

tg
T1

≲
2
π

� �2 tg
T�
2

� �2

: ð24Þ

This is as for Hadamard relaxation and dephasing, but, at equal dephasing
times, γtg needs to be smaller by a factor (2/π)2 ≈ 0.4.

Thus, negative PL parametersmay be observed for the noise channel of
the vanilla implementation of the

ffiffiffiffi
X

p
gate, provided that the noise is suf-

ficiently biased towards dephasing. Platformswhose noise is strongly biased
towards dephasing include semiconductor spin-qubit, NV center, ion trap,
and neutral atom platforms. As a concrete example, consider spin qubits in
silicon, where typically tg ~ 100 ns, T1 ≫ 1ms, and T�

2 
 1� 10 μs39. This

gives
tg
T1
≪10�4 and 2

π

	 
2 tg
T�
2

� �2

 10�4 � 10�2, showing that the condition

on the noise bias can be met. If on any given platform the noise bias is
insufficient, a possible remedy is pulse stretching, i.e., lowering the drive
strength A and thereby increasing tg.

Discussion
We first discuss the impact of our results on quantum errormitigation. The
goal of a quantum computation is often to determine the expectation value
hOi of an observableO with respect to a (pure) quantum state. A quantum
computer applies a quantum circuit to prepare a noisy version of this state
and thenmeasuresO. Quantum errormitigation (QEM) aims to reduce the
effects of noise through repeated circuit execution and classical
coprocessing34. Two prominent QEM techniques are probabilistic error
cancellation (PEC) and zero-noise extrapolation (ZNE)34,40.

Following Refs. 25,26, when PL models are used in QEM, both PEC
and ZNE proceed as follows. After each circuit layer, the map ðEPÞβ is
applied by injecting Pauli words into the circuit, where EP is the Pauli-
twirled error channel of the layer. The map ðEPÞβ has PL parameters
λ0a ¼ βλa, with λa the PL parameters of EP. In Refs. 25,26, these parameters
are assumed to be nonnegative. The injected Pauli words are sampled by

nCSMC

CSMB
CSMC

CSMI

Fig. 2 | Transition diagram of channel semigroup Markovianity for the error
channel of a

ffiffiffiffi
X

p
gate due to Pauli twirling. The two-dimensional parameter space

(γtg, γφtg) is divided into four regions corresponding to the effects of Pauli twirling on
channel semigroup Markovianity. In the region labeled as CSMB (red), the initial
CSM property is broken by Pauli twirling, and the resulting channel can only be
described by a generalized PL channel with a negative PL parameter. In region
CSMC (dark blue) CSM is conserved, and the resulting channel has only non-
negative PL parameters. At extreme dephasing rates (γφtg ≳ 2), the error channel is
non-CSM; Pauli twirling instates Markovianity in region CSMI (purple) and con-
serves non-Markovianity in region nCSMC (teal). The solid white line is the
boundary separating the regions with different channel semigroup Markovianity
after Pauli twirling; the dashed white line depicts the implicit curve λx(tg) = 0 [Eq.
(21)], the second-order approximation of this boundary. Most importantly, region
CSMB contains experimentally relevant scales, shown in the inset, with excellent
agreement between the numerical and analytical second-order boundary.
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writing ðEPÞβ as

ðEPÞβ ¼ �aðwa � þð1� waÞ Pa � PaÞ; ð25Þ

where ⚪a denotes the composition of quantum channels over all a, and
wa ¼ ð1þ e�2λ0a Þ=2. For each a, the Pauli operator Pa is chosen with
probability 1−wa. The product of all sampled Pa yields a single Pauli word,
which is then injected into the circuit. This procedure is repeated for each
circuit layer and for each circuit execution.

In ZNE, the noise is amplified by choosing β > 0. The expectation
values hOi are measured for several values of β. These data points are
then extrapolated to the noiseless limit β = − 1, where ðEPÞβ exactly
cancels EP.

In PEC, β =− 1 is chosen from the outset. This implies λ0a < 0 for all a,
so that 1−wa canno longer be interpreted as a probability. This issue can be
remedied by quasi-probabilistic sampling, as explained in Refs. 25,40. In the
terminology of this paper, ðEPÞ�1

remains a PL map.
The discussion of ZNE and PEC above assumes nonnegative PL

parameters for EP. However, as we have shown in this paper, excluding

negative PLparameters can lead to a fundamentalmischaracterization �EP
of

the true error channel EP. In this case, an incorrect map ð�EPÞβ is applied.
This results in an incorrect estimateof hOi atβ=−1 for bothZNEandPEC.

Nevertheless, ZNE and PEC based on PL models remain wholly pos-
sible when negative PL parameters are allowed. Quasi-probabilistic sam-
pling can be straightforwardly extended to accommodate maps for which
0 ≤wa ≤ 1 for some a, whilewa > 1 for others. This extension applies to both
ZNE andPEC, since both types of coefficientsmay nowoccur in theseQEM
protocols.

In conclusion, we have shown that negative Pauli-Lindblad (PL)
parameters are necessary for the faithful description of non-Markovian
Pauli channels, where non-Markovianity is understood as the violation of
the channel semigroup property. Importantly, such channel semigroup
non-Markovian Pauli channels can arise evenwhen the underlying physical
noise model is Markovian by divisibility, and even when the resulting noise
channel is channel semigroupMarkovian, because Pauli twirling can break
the channel semigroup Markovianity property. This effect occurs, for
example, in the standard implementation of the

ffiffiffiffi
X

p
gate on dephasing-

dominated platforms, and thus provides a concrete opportunity to experi-
mentally observe Pauli-twirling-induced breaking of channel semigroup
Markovianity in a standard implementation of a standard quantum gate.
Allowing for negative PL parameters is essential in quantum error mitiga-
tion, as excluding this possibility may lead to incorrect noise characteriza-
tion, and thereby incorrect error-mitigated results.

We hypothesize that the breaking of channel semigroupMarkovianity
is related to amemory property of the system’s environment. To Pauli-twirl
a channel acting on a system of n qubits, a Pauli word Pa of length n is
inserted before the channel for an a drawn uniformly at random. After the
channel has acted, the same Pauli word Pa is applied again. This requires
storing the sampled value of awhile the channel is acting in a classical degree
of freedom that is located in the control stack but is external to the systemof
n qubits. The ensemble average of the resulting overall channel over many
runs is equal to the channel arising from a lack of knowledge of a already
after a single run. That is, the classical degree of freedom can be seen as an
environment for the systemofnqubits that is stochastic andhasmemory. In
a sense, every sequence of gates requires memory even to store that
sequence, so not every type of memory leads to breaking of channel semi-
groupMarkovianity. A simple example is the scenariowhere a is completely
deterministic. Further work is required to establish the exact relation
between memorylessness of the environment, Pauli twirling, and channel
semigroup Markovianity.

Two factors likely contribute to the fact that negative PL parameters
have not been observed experimentally thus far. First, the possibility of
negative PL parameters has been excluded a priori by assumption through a
constraint in least-squares fitting procedures applied to experimental data

because the negative PL parameters were thought to be unphysical26. Sec-
ond, PL parameters have not yet been experimentally characterized in
dephasing-dominated platforms. As such, this work also serves as practical
guidance when characterizing error channels using PLmodels: when fitting
PL parameters to experimental data, one must explicitly allow for the
possibility of negative values, even if the physical noise is assumed to be
Markovian (by divisibility).

The two illustrative examples that we have considered, namely, a tilted
dephasing and relaxation process, and the noisy

ffiffiffiffi
X

p
gate, are both single-

qubit processes. We emphasize, however, that our theory applies equally to
multi-qubit gates and that negative PLparametersmay similarly arise there,
providing a natural direction for future investigation.

Note:A relatedwork studying a similar phenomenon appeared shortly
after our preprint first appeared online41.

Methods
Perturbation theory of PL parameters
In the rotating frame, the noisy implementation of the Rx(ϑ) gate is
Φ ¼ etgL, where L is given by Eqs. (2) and (3), with a time-independent
HamiltonianH =AX/2 and time-independent Kossakowski matrix, which,
using the Pauli matrices as the operator basis, reads

Γ ¼ 1
4

γ iγ 0

�iγ γ 0

0 0 4γφ

0
B@

1
CA: ð26Þ

The transfermatrix ofΦ is given by the exponentialTΦ ¼ etgTL , where
TL denotes the transfermatrix ofL. DecomposingTL into its Hamiltonian
and dissipative components, TL ¼ TH þ TD, we may write
TΦ ¼ etg ðTHþTDÞ ¼ etgTHeC , where C arises from a cumulant-like
expansion42–44. Retaining terms up to second order in the parameters γtg
and γφtg, we obtain

Cð1Þ ¼
Z tg

0
dse�sTHTDe

sTH �
Z tg

0
dsTDðsÞ; ð27Þ

Cð2Þ ¼ 1
2

Z tg

0
ds1

Z s1

0
ds2 TDðs1Þ;TDðs2Þ
� �

: ð28Þ

The resulting error channel of the noisy gate is therefore described
by TE ¼ e�tgTHTΦ ¼ eC 	 eC

ð1ÞþCð2Þ .
Expanding the exponential to second order in the parameters γtg and

γφtg, we obtain the following perturbative approximation for the transfer
matrix of the error channel,

Tε 	 1þ Cð1Þ þ Cð1Þ	 
2
2

þ Cð2Þ: ð29Þ

The diagonal entries of thismatrix correspond to the series expansion of the

Pauli eigenvalues to second order, f k 	 1þ f ð1Þk þ f ð2Þk . Finally, Eq. (9) and
the second order expansion of the logarithm,

ln f k 	 f ð1Þk þ f ð2Þk � f ð1Þk

� �2
=2, lead to the perturbative expressions for the

PL parameters λk in Eq. (20).

Data availability
The datasets generated and/or analyzed during the current study are not
publicly available due to our work beingmainly analytical and the only data
already being fully represented in Fig. 2, but are available from the corre-
sponding author on reasonable request.
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