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A nonlinear model of the compaction drum: from chaotic 
behavior prediction to delayed feedback control

Dong Feng 

Faculty of Civil Engineering, RWTH Aachen University, Aachen, Germany 

ABSTRACT 
This article presents a nonlinear two-degree-of-freedom (2-DOF) model of 
the compaction drum, incorporating both nonlinear stiffness and delayed 
feedback (DF) control. The system exhibits rich dynamical behaviors, 
including periodic, quasi-periodic, and chaotic motions, depending on par
ameter variations. Through harmonic balance and numerical methods, the 
frequency response is analyzed, and the optimal damping and stiffness 
parameters are identified. The Melnikov method is employed to derive 
analytical criteria for the onset of chaos, which are validated through 
numerical simulations, including phase portraits, Poincar�e maps, Fast 
Fourier Transform (FFT) spectra, and Lyapunov exponents. Furthermore, a 
DF control strategy is proposed to suppress chaotic vibrations and increase 
the threshold for chaos. Numerical results demonstrate that the controller 
effectively stabilizes the system and enhances its dynamic performance. 
This study provides both theoretical and practical insights into the predic
tion and control of chaotic behavior in compaction machinery.

HIGHLIGHTS 

� A 2-DOF nonlinear model of the compaction drum with delayed feed
back control was proposed.
� Frequency response was analyzed using both harmonic balance and 

numerical methods.
� Melnikov method predicted chaotic thresholds, validated by numerical 

simulations.
� Delayed feedback control effectively suppressed chaos and broadened 

the stable operating region.
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1. Introduction

Vibratory compaction machinery is a cornerstone of modern construction, essential for achieving high 
density and stability in soil and asphalt foundations (Batey 2009; Feng 2026a; Feng, Fu, and Liu 2026; 
Kumar Das and Sharma 2026; Wers€all, Nordfelt, and Larsson 2017). For asphalt pavements in particu
lar, effective vibratory compaction is also crucial for promoting adequate densification and interlocking 
of road aggregates, which directly affects the mechanical integrity and long-term durability of the pave
ment structure (Feng 2025b; Feng, Guan, et al. 2026). The core of such machinery is its vibratory 
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system, typically comprising an oscillator and an internally rotating eccentric block (Anderegg and 
Kaufmann 2004; Paulmichl, Adam, and Adam 2019; Yoo and Selig 1979). The dynamic interaction 
between these two components is the primary source of the compaction force. However, this very 
interaction, often characterized by strong nonlinearities from stiffness, damping, and inertial coupling, 
can lead to complex and undesirable dynamic phenomena, including bifurcations, multi-periodic 
orbits, and chaos (Feng 2026d; Liu et al. 2021; Lu et al. 2023). These phenomena manifest as excessive 
vibrations, reduced compaction efficiency, accelerated structural fatigue, and increased energy con
sumption (Liu et al. 2019; Steffanoni et al. 2024; Xu et al. 2020), making a deep understanding of the 
nonlinear dynamics inherent in the coupled oscillator–eccentric-block system paramount to optimiz
ing design and ensuring operational reliability.

Traditional modeling approaches often simplify the vibratory system of the compaction drum to a 
single-degree-of-freedom (SDOF) model (Beainy, Commuri, and Zaman 2014; Feng 2025a; Pietzsch 
and Poppy 1992; Xu et al. 2022; Zhang et al. 2022), focusing solely on the oscillator’s response. 
In engineering applications, this simplification can lead to noticeable prediction deviations, such as 
underestimating vibration amplitude near resonance (Pistrol et al. 2024) and mispredicting the operat
ing-point shift (Koruk and Rajagopal 2024) when soil support conditions vary, which may cause sub
optimal parameter tuning in field compaction. In addition, SDOF formulations often fail to capture 
exciter-related behaviors observed in practice, including speed-dependent excitation force attenuation 
(Chen et al. 2019) and stability changes induced by dynamic feedback from the drum (Rainer 
Massarsch and Fellenius 2005). While useful for basic analysis, such models fundamentally neglect the 
dynamic interplay between the oscillator and the eccentric exciter. This interaction is critical, as the 
motion of the eccentric block directly provides the excitation force while simultaneously being influ
enced by the reaction from the oscillator. Treating the oscillator and eccentric block as two independ
ent coupled masses characterized by a two-degree-of-freedom (2-DOF) model undoubtedly enables a 
more precise characterization. Existing compactor models primarily focus on the coupling between the 
compactor frame and the compactor drum (Fang et al. 2018; Peng et al. 2024; Pistrol et al. 2023; Wu 
et al. 2022). However, in real-world systems, nonlinearities—such as those arising from nonlinear stiff
ness elements designed to isolate vibrations or from large-amplitude motions—are intrinsic and can 
drastically alter the system’s behavior (Lu et al. 2016; Wang et al. 2021; Yu et al. 2024; Zhou et al. 
2024). Accurate prediction of such nonlinear responses also relies on a reliable characterization of the 
underlying constitutive behavior, since different representations of inelastic deformation can lead to 
noticeable variations in the predicted mechanical response (Feng 2026f; Zhang and Needleman 2021a, 
2021b, 2020). A comprehensive 2-DOF compactor drum model that fully incorporates these nonlinear
ities is therefore necessary to accurately predict and analyze the system’s performance across its entire 
operational range.

Beyond accurate modeling, the control of the complex dynamics generated by this coupled sys
tem remains a significant challenge. The onset of chaos is particularly detrimental, leading to 
unpredictable and uncontrollable vibrations (Pyragas 1993; Werndl 2009). Passive control strat
egies, through parameter optimization of stiffness and damping, have been widely studied (Fan, 
Huang, and Huo 2024; Guo and Fang 2024; Hicken and Ramakrishnan 2024). While effective 
within a narrow operational band, their performance is inherently limited and non-adaptive. 
Active control strategies present a promising alternative for suppressing nonlinear oscillations 
and stabilizing chaos (Zhang et al., 2026; Huang et al., 2026). Related advances in active vibration 
and wave control, spanning flexible cables and strings as well as nonlinear beam, vehicle, and sus
pension systems, have demonstrated that feedback-based strategies can reshape resonance charac
teristics, dissipate vibration energy, and enlarge stable operating regions under complex excitation 
conditions (Abdelmonem 2025; Bauomy 2024, 2025; Bauomy and EL-Sayed 2025). Among these, 
delayed feedback (DF) control (Pyragas 1992), known for its ability to stabilize unstable periodic 
orbits without requiring a reference trajectory, is particularly well-suited for this application 
(Guo, Hu, and Ren 2022; Phohomsiri, Udwadia, and Bremen 2006; Watanabe, Prasad, and Sakai 
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2024; Watanabe and Prasad 2025). Its implementation only requires feeding back the system’s 
own time-delayed states. Beyond single-mode oscillators, DF control has also been applied to 
multi-degree-of-freedom nonlinear systems, including nonlinear vibration absorbers and intern
ally resonant 2-DOF structures, where appropriate combinations of feedback gain and delay can 
reshape the dynamic response and suppress resonant vibration (Chen et al. 2014; Zhao and Xu 2007). 
Recent studies have separately advanced nonlinear vibration modeling (Feng, Fu, Zheng, et al. 2026; 
Feng and Zheng 2026), chaos-prediction and control techniques (Feng 2026b, 2026e), and the dynamic 
analysis of vibratory compaction machinery (Fang et al. 2022); however, limited attention has been 
given to integrating these three research directions within an internally coupled compaction-drum 
model that simultaneously resolves exciter-induced chaos and its active suppression. Despite its proven 
efficacy in various chaotic systems, the application of DF control specifically to the 2-DOF coupled 
oscillator-eccentric-block system, with the aim of understanding its impact on the chaotic threshold 
and overall system stability, has not been thoroughly explored. Furthermore, in previous studies, com
pactors were typically coupled to the ground, making it impossible to isolate the chaotic effects caused 
by the oscillator and the eccentric block separately (Du 2025; Feng 2026c).

The present study aims to address these research gaps by developing a sophisticated 2-DOF nonlin
ear model that captures the essential dynamics of the coupled oscillator–eccentric block system within 
a compaction drum. Unlike conventional compactor–soil models and previously reported coupled- 
oscillator formulations, the proposed model isolates and explicitly represents the internal interaction 
between the oscillator and the eccentric block, thereby revealing exciter-induced energy transfer, reson
ance distortion, and transitions among periodic, quasi-periodic, and chaotic responses that cannot be 
resolved using a lumped SDOF representation. Beyond applying the Melnikov method in a standard 
form, this study derives a chaos-onset criterion for the reduced 2-DOF compaction-drum system and 
systematically evaluates its applicability against the full nonlinear model through quantitative threshold 
comparisons, error metrics, sensitivity analyses, and Lyapunov-exponent robustness tests. The DF con
troller is then incorporated into the same analytical framework to clarify how the control gain and 
delay modify the effective dissipation, shift the chaos boundary, and enlarge the stable operating 
region. Accordingly, the principal contributions are the development of an internally coupled nonlin
ear drum model, the analytical and numerical characterization of its resonance and chaos mechanisms, 
the quantitative assessment of the approximation-based Melnikov threshold, and the establishment of 
a DF strategy for chaos suppression. These results provide both new theoretical insight into coupling- 
driven chaos in compaction machinery and practical guidance for selecting excitation and control 
parameters to avoid unstable operating regimes.

The overall methodological workflow and the organization of the remaining sections are sum
marized in Fig. 1. The subsequent analysis proceeds from frequency-response characterization to 
chaos prediction and validation, then to delayed-feedback control and the final synthesis of the 
main findings.

2. Mathematical model of the compaction drum

In order to focus on the internal dynamic response of the drum induced by the eccentric excita
tion, a simplified planar formulation is adopted in this study. The drum–ground interaction and 
the associated contact-induced response are not included in this study, so that the roles of the 
oscillator–eccentric block coupling and the introduced nonlinear stiffness can be investigated in a 
clear and tractable setting. In this article, we propose a 2-DOF compaction drum model incorpo
rating nonlinear stiffness and DF control (see Fig. 2). The dynamic equations of the model were 
established based on the following assumptions:

1. The oscillator and eccentric block were considered as lumped masses with stiffness and 
damping;
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2. All connecting elements were assumed to be massless;
3. The model was simplified to a 2D system, vibrating only in the vertical direction.

Figure 1. Roadmap of the analytical and numerical investigation.

Figure 2. Two-degree-of-freedom compaction drum model.
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In addition, the eccentric excitation acts in a rotating manner in the plane. Since the drum– 
ground coupling is not considered in the present model, the dynamics of interest are governed 
mainly by the internal exciter-driven response rather than by any direction-specific contact con
straint. Under this setting, choosing the vertical direction as the vibration coordinate is a conveni
ent representation within the planar model, and an equivalent formulation could also be written 
along the horizontal direction without changing the core mechanism discussed in this study. 
Accordingly, the main purpose of the present work is not to reproduce the detailed drum–soil 
interaction or to predict the practical compaction response, but to reveal the nonlinear mechan
ism by which the spring-coupled drum system can generate and regulate chaotic motion. In this 
sense, the study is focused primarily on chaos analysis and control in a simplified theoretical 
model, where the essential nonlinear effect can be isolated and examined more clearly.

Let us take the static equilibrium positions of the oscillator and eccentric block as the origins 
of their respective coordinates, with the vertically upward direction taken as positive. The 
dynamic equations for the compaction drum model were as follows:

m1€x1 þ c1 _x1 þ k1x1 þ knlx3
1 þ c2 _x1 − _x2ð Þ þ k2 x1 − x2ð Þ þ Fc ¼ 0,

m2€x2 þ c2 _x2 − _x1ð Þ þ k2 x2 − x1ð Þ ¼ Fex,
(1) 

where x1 and x2 are displacements of the oscillator and eccentric block, respectively. _x1 and _x2 
are the velocities of the oscillator and eccentric block, respectively. In practical measurements, x1 
can be obtained using a linear variable differential transformer or a non-contact laser displace
ment sensor mounted relative to the drum frame. The velocity _x1 can either be measured directly 
using a laser Doppler vibrometer or estimated from the sampled displacement signal through fil
tered numerical differentiation or a state observer. €x1 and €x2 are the accelerations of the oscillator 
and eccentric block, respectively. m1 and m2 are the masses of the oscillator and the eccentric 
block, respectively. k1 and k2 are the linear stiffness coefficients of the oscillator and eccentric 
block, respectively. c1 and c2 are the damping coefficients of the oscillator and eccentric block, 
respectively. knl is the nonlinear stiffness coefficient of the oscillator. knlx3

1 accounts for the dom
inant amplitude-dependent stiffness of the oscillator-side support (e.g., mounting/isolator ele
ments), where nonlinear behavior is most likely to occur under large-amplitude vibrations. By 
contrast, the oscillator–eccentric block connection is mainly a constrained mechanical linkage 
whose deformation is relatively small compared with the support motion, so its stiffness and 
damping are reasonably approximated as linear in this model. Fc is the control force, calculated 
as follows:

Fc ¼ −Kx1 t − sð Þ, (2) 

where K is the DF displacement gain, which determines the strength of the control force and can 
be interpreted as an equivalent active stiffness based on the delayed displacement. The time delay 
s is the delay interval used to generate the feedback signal x1 t − sð Þ, which effectively introduces 
a phase shift between the control force and the oscillator motion and thus influences the vibra
tion-suppression effect.

Fex is the excitation force:

Fex ¼ f0cos xtð Þ ¼ m2rex
2cos xtð Þ, (3) 

where re and x are the eccentric distance and rotation speed, respectively. The rotation speed 
was calculated as follows:

x ¼ 2pf , (4) 

where f is the vibration frequency.
To facilitate analysis and numerical calculations, Equation (1) was rewritten in dimensionless 

form:
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€X1 þ 2f _X1 þ sX1 þ X3
1 þ g _X1 − _X2

� �
þ a X1 − X2ð Þ − jcX1 s − ~sð Þ ¼ 0,

c€X2 þ g _X2 − _X1
� �

þ a X2 − X1ð Þ ¼ Fcos Xsð Þ,
(5) 

where the dimensionless parameters are defined as follows:

t ¼
s

x0
, x0 ¼

ffiffiffiffiffiffiffi

k1j j

m1

s

, L ¼

ffiffiffiffiffiffiffi

k1j j

knl

s

, X1 sð Þ ¼
x1 tð Þ

L
, X2 sð Þ ¼

x2 tð Þ
L

, f ¼
c1

2m1x0
, g ¼

c2

m1x0
,

a ¼
k2

k1j j
, c ¼

m2

m1
, F ¼

f0

m2Lx2
0

, X ¼
x

x0
, jc ¼

K
m1x

2
0

, ~s ¼ x0s, s ¼ sign k1ð Þ,

(6) 

where s ¼ 1 indicates positive linear stiffness, representing a single-well Duffing oscillator model pri
marily exhibiting hardening phenomena; s ¼ −1 indicates negative linear stiffness, representing a dou
ble-well Duffing oscillator model primarily exhibiting period-doubling bifurcations and chaotic 
phenomena. In practical mechanical systems, an effective negative linear stiffness can arise from nega
tive-stiffness elements or bistable mechanisms (e.g., pre-buckled structural components, magnetic 
negative-stiffness devices, or dedicated negative-stiffness isolator configurations), which are widely 
used in vibration isolation and vibration control (Le and Ahn 2011; Platus 1992; Zhu and Chai 2024). 
In the present study, the negative-stiffness spring is introduced to represent a class of practically used 
negative-stiffness or bistable elements in a simplified form. Under this setting, the model can capture 
the essential nonlinear restoring mechanism associated with such elements, thereby providing a suit
able basis for analyzing spring-induced complex responses, including inter-well motion and chaos.

In this study, the key model parameters were selected based on widely used drum parameter sets 
reported in prior studies on vibratory compaction drums. Specifically, the mass, stiffness, damping, 
and eccentric excitation parameters were chosen to fall within the typical ranges of classic drum con
figurations documented in the literature (Cui et al. 2024; Feng 2025a; Lu et al. 2023), ensuring that 
the proposed 2-DOF model remains representative of practical engineering systems. On this basis, 
knl was introduced to capture the amplitude-dependent stiffness effect commonly attributed to isola
tors and contact-related nonlinearity in real drums, while the damping parameters were kept con
sistent with reported values to maintain comparable dynamic response levels.

Accordingly, the small-mass-ratio, weak-damping, and small-delay assumptions introduced in 
the subsequent analytical derivations can be interpreted as regime conditions rather than restric
tions on the full numerical model: the eccentric-block mass must remain substantially smaller 
than the primary vibrating mass, the dissipative terms must be small relative to the conservative 
restoring forces, and the feedback delay must be short compared with the dominant vibration 
period. Outside these ranges, the closed-form Melnikov and small-delay approximations may lose 
quantitative accuracy, and the full 2-DOF ordinary differential equation (ODE) or delay differen
tial equation (DDE) model should be used for response prediction.

In summary, this section established a dimensionless 2-DOF nonlinear model that explicitly 
represents the internal coupling between the oscillator and the eccentric block. The formulation 
incorporates nonlinear oscillator-side stiffness, linear coupling elements, eccentric excitation, and 
delayed displacement feedback within a unified framework. The adopted simplifications isolate 
the exciter-driven mechanism while retaining the essential mass, stiffness, damping, and control 
interactions required for the subsequent frequency-response, chaos, and control analyses. The 
analytical assumptions introduced later are treated as regime-specific approximations, whereas the 
complete ODE or DDE model remains available for numerical prediction outside these regimes.

3. Frequency response of the system

To investigate the frequency response of the 2-DOF compaction drum model, we first considered 
the case without DF control. Then, Equation (5) was rewritten as:
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€X1 þ 2f _X1 þ sX1 þ X3
1 þ g _X1 − _X2

� �
þ a X1 − X2ð Þ ¼ 0,

c€X2 þ g _X2 − _X1
� �

þ a X2 − X1ð Þ ¼ Fcos Xsð Þ:
(7) 

Equation (7) cannot be solved analytically. Therefore, the numerical method and the har
monic balance (HB) method (Blondel 1919; Ginoux 2017) were employed to approximate the 
solution of Equation (7). First, the following state-space vector was defined for the numerical 
solution:

u ¼

u1

u2

u3

u4

2

6
6
6
6
4

3

7
7
7
7
5
¼

X1

_X1

X2

_X2

2

6
6
6
6
4

3

7
7
7
7
5
: (8) 

Taking the derivative of Equation (8), the dynamic system can be expressed as:
_u ¼ Amatrixuþ Bmatrix u, sð Þ, (9) 

where Amatrix and Bmatrix u, sð Þ are defined as follows:

Amatrix ¼

0 1 0 0
− sþ að Þ − 2fþ gð Þ a g

0 0 0 1
a

c

g

c
−

a

c
−

g

c

2

6
6
6
6
6
4

3

7
7
7
7
7
5

,

Bmatrix u, sð Þ ¼

0
−u3

1

0
F
c

cos Xsð Þ

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

:

(10) 

In this study, the ode45 (Dormand and Prince 1980; Shampine and Reichelt 1997) func
tion in MATLAB was employed to numerically solve the system of ODEs depicted in 
Equation (10). In the frequency-response calculations, the relative and absolute error toleran
ces were set to 10−6 and 10−8, respectively, and the maximum step size was limited to 0.1 in 
dimensionless time; 2000 equally spaced output times were requested for each frequency 
point. For the long-time nonlinear-response, chaos-diagnostic, model-comparison, and 
instantaneous-feedback calculations, stricter settings of RelTol ¼ 10−8 and AbsTol ¼ 10−9 

were adopted, with MaxStep ¼ 0:5TX ¼ p=X, where TX ¼ 2p=X is the excitation period. All 
other ode45 options retained their MATLAB default values. The initial conditions for this 
system are as follows:

X1js¼0 ¼ 0, _X1js¼0 ¼ 0, X2js¼0 ¼ 0, _X2js¼0 ¼ 0: (11) 

In addition, the HB method was used to analytically approximate the solution of Equation (7). 
Assuming that the system responds at the fundamental frequency X, the harmonic solutions are 
taken as follows:

X1 ¼ Acos Xsþ /ð Þ ¼ Re ~X1eiXs
� �

, ~X1 ¼ Aei/,

X2 ¼ Bcos Xsþ wð Þ ¼ Re ~X2eiXs
� �

, ~X2 ¼ Beiw,
(12) 
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where A and B represent the dimensionless displacement amplitudes of X1 and X2, and / and w 

are the corresponding phase angles.
Due to the presence of the nonlinear term X3

1 (see Equation (7)), it is necessary to approximate 
it using fundamental frequency harmonics. In this study, we only considered a first-order 
approximation, thus neglecting higher harmonics (i.e., considering only the fundamental fre
quency component). Therefore, we approximate the nonlinear term as:

X3
1 �

3
4

A2Acos Xsþ /ð Þ ¼
3
4

~X1
�
�
�
�2 ~X1eiXs: (13) 

Substituting Equations (12) and (13) into Equation (7), we obtain:

−X2 þ iX 2fþ gð Þ þ sþ að Þ þ
3
4

~X1
�
�
�
�2

� �

~X1 − iXgþ að Þ~X2 ¼ 0,

− iXgþ að Þ~X1 þ −cX2 þ iXgþ a
� �

~X2 ¼ F:
(14) 

Converting Equation (14) into matrix form, we obtain:

D~X1
X, Að Þ −D~X1 ~X2

−D~X1 ~X2
D~X2

Xð Þ

" #
~X1

~X2

" #

¼
0
F

" #

: (15) 

where:

D~X1
X, Að Þ ¼ −X2 þ iX 2fþ gð Þ þ sþ að Þ þ

3
4

A2,

D~X1 ~X2
¼ iXgþ a,

D~X2
Xð Þ ¼ −cX2 þ iXgþ a,

A ¼ ~X1
�
�
�
�:

(16) 

Solving Equation (15), we obtain:

A ¼ ~X1
�
�
�
� ¼

D~X1 ~X2
F

D~X1
X, Að ÞD~X2

Xð Þ − D2
~X1 ~X2

�
�
�
�
�

�
�
�
�
�
,

~X2 ¼
F

D~X2
Xð Þ −

D2
~X1 ~X2

D~X1
X,Að Þ

:

(17) 

By solving Equation (7) using the adaptive ode45 method and the HB method, respectively, 
and considering two different combinations of damping parameters, the amplitude-frequency 
curves shown in Fig. 3 were obtained. As illustrated, both the numerical solution and the analyt
ical approximation exhibited a periodic growth trend. The numerical discrepancy between the 
two remained within 1%, indicating good consistency between their results.

To better interpret the resonance features in Fig. 3, the two natural frequencies of the corre
sponding linearized 2-DOF system were computed by linearizing Equation (7) around the equilib
rium and neglecting the nonlinear stiffness term. As expected, two modal frequencies exist. For 
the present parameter sets with a small mass ratio (c ¼ 0:01), the higher natural frequency is 
mainly associated with the local relative motion of the eccentric block and lies far above the prac
tical excitation range considered here. Therefore, only the lower, physically relevant natural fre
quency is reported and marked in Fig. 3 (Xn ¼ 1:407 in (a) and Xn ¼ 1:379 in (b)). As shown in 
Fig. 3, the system response is dominated by a pronounced resonance region near Xn: The steep 
peak and the sudden amplitude change indicate a typical nonlinear resonance feature with jump 
behavior, implying the coexistence of multiple steady responses in a narrow frequency band. 
Comparing panels (a) and (b), the larger damping level leads to a smoother response and a 
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reduced peak magnitude, which is consistent with enhanced energy dissipation and improved 
suppression of large-amplitude vibrations.

To provide a theoretical baseline for parameter selection and to interpret the resonance-mitigation 
mechanism, we further relate the present 2-DOF configuration to the classical tuned-mass-damper set
ting. In the small-response regime (or equivalently, by linearizing Equation (7) around the equilibrium 
and temporarily neglecting the nonlinear stiffness term), the eccentric block behaves as an attached 
absorber mass, and the pair ða, gÞ plays the role of stiffness and damping tuning parameters that shape 
the resonance peaks of the primary oscillator. Therefore, Den Hartog’s theory (Hartog 2013) is intro
duced here as a practical and widely accepted guideline to estimate near-optimal tuning values, which 
are then used as reference values (initial design points) for the subsequent nonlinear analysis. 
According to Den Hartog’s theory (Hartog 2013), a displacement-based peak method can also be used 
to approximate the optimal stiffness and damping parameters for Equation (7). The optimal stiffness 
ratio (i.e., equivalent resonance matching) is:

aopt �
1

1þ c
: (18) 

The optimal damping ratio is:

gopt �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3c

8 1þ cð Þ

s

: (19) 

We considered the cases where c ¼ 0:01 and c ¼ 0:05: These values correspond to a small 
mass-ratio regime, which is physically reasonable for compaction drum systems where the eccen
tric block typically acts as an internal exciter with a mass much smaller than that of the primary 
drum-related vibrating structure. Therefore, adopting c� 1 is not only convenient for analytical 
treatment, but also consistent with the engineering role of the eccentric block as a secondary sub
system that perturbs, rather than dominates, the overall drum vibration.

For c ¼ 0:01, the theoretically optimal parameters are:

aopt �
1

1þ 0:01
� 0:990,

gopt �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 � 0:01

8 1þ 0:01ð Þ

s

¼ 0:061:
(20) 

Figure 3. System frequency response curve for (a) s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, F ¼ 0:1, a ¼ 1, (b) s ¼ −1, f ¼
2� 10−3, g ¼ 0:04, c ¼ 0:01, F ¼ 0:1, a ¼ 5:

MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES 9



For c ¼ 0:05, the theoretically optimal parameters are:

aopt �
1

1þ 0:05
� 0:952,

gopt �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 � 0:05

8 1þ 0:05ð Þ

s

¼ 0:134:
(21) 

Furthermore, a scan of different parameter combinations was performed to obtain the max
imum amplitude at steady state, with the results shown in Fig. 4. For the two cases, the minimum 
values of Xmax were 0.983 and 0.944, respectively, with the corresponding ða, gÞ values being 
(0.985, 0.058) and (0.948, 0.012), respectively. Compared with the theoretically optimal parameter 
combination, the parameter combination obtained through parameter scanning exhibited slight 
differences, though these remained within acceptable ranges. Quantitatively, for c ¼ 0:01, the 
deviations in a and g are about 0.5% and 4.9%, respectively, while for c ¼ 0:05, the deviation in 
a remains small (about 0.4%) but the deviation in g becomes much more pronounced. This indi
cates that the optimal stiffness is relatively robust to nonlinear effects, whereas the optimal damp
ing is more sensitive to amplitude-dependent resonance shift and distortion of the frequency– 
amplitude response, which are not captured by the classical linear Den Hartog theory. This is 
attributed to the shift in resonance peak positions (frequency deviation, distortion in the fre
quency-amplitude response, etc.) when Den Hartog’s optimal tuning conditions are applied to 
nonlinear systems. Consequently, the optimal parameter combination derived from numerical 
simulations differs from the theoretical values.

In summary, the frequency-response analysis demonstrates that the coupled system exhibits 
pronounced nonlinear resonance and jump behavior near its lower natural frequency. The close 
agreement between the HB and numerical solutions supports the accuracy of the fundamental- 
harmonic approximation for the investigated conditions, while increased damping reduces and 
smooths the resonance peak. The comparison between Den Hartog’s estimates and the param
eter-scan results further shows that the near-optimal stiffness remains relatively robust, whereas 
the damping optimum is more sensitive to nonlinear resonance distortion. These findings provide 
the passive parameter basis for the subsequent investigation of chaos onset.

Figure 4. Influence of different mass ratios c on optimal parameters based on X ¼ 0:3, s ¼ −1, f ¼ 2� 10−3, F ¼ 0:1: (a) c ¼
0:01, (b) c ¼ 0:05:
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4. Melnikov analysis of chaos

To further investigate the nonlinear behavior of the system, particularly the onset of complex 
dynamics, the Melnikov method (Melnikov 1963) is adopted. By evaluating the Melnikov func
tion, this method provides an analytical criterion for the transverse intersection of the stable and 
unstable manifolds associated with the perturbed homoclinic orbit. Such an intersection indicates 
the occurrence of homoclinic tangles and chaotic dynamics; therefore, the Melnikov approach is 
widely used to estimate the critical parameter threshold for the onset of chaos. In this study, the 
Melnikov criterion is employed to derive an analytical prediction of the chaos threshold, which is 
then used as a theoretical reference for the subsequent numerical analysis and control design.

To apply the Melnikov method, we decompose the system into two parts: a main system that 
is conservative and can be written in Hamiltonian form, and a small perturbation that includes 
damping, coupling, and external forcing. For this purpose, we introduced a small parameter e 

and assumed the damping to be small:

2f ¼ e~f,
g ¼ e~g:

(22) 

Substituting Equation (22) into Equation (7), we obtain:

€X1 þ sX1 þ X3
1 þ a X1 − X2ð Þ ¼ −e ~f _X1 þ ~g _X1 − _X2

� �� �
,

c€X2 þ a X2 − X1ð Þ ¼ Fcos Xsð Þ − e~g _X2 − _X1
� �

:
(23) 

When e ¼ 0, Equation (23) is:
€X1 þ sX1 þ X3

1 þ a X1 − X2ð Þ ¼ 0,
c€X2 þ a X2 − X1ð Þ ¼ Fcos Xsð Þ:

(24) 

This is a forced 2-DOF nonlinear Hamiltonian system, whose Hamiltonian can be expressed 
as:

H Z, sð Þ ¼
1
2

_X2
1 þ

c

2
_X2

2 þ
s
2

X2
1 þ

1
4

X4
1 þ

a

2
X1 − X2ð Þ

2 − FX2cos Xsð Þ, (25) 

where Z ¼ X1, _X1, X2, _X2
� �

:

It should be noted that this weak-coupling reduction is introduced only to derive a tractable 
analytical criterion within the Melnikov framework. The full coupled 2-DOF dynamics, including 
strong coupling effects, are still investigated numerically in the subsequent sections, where the 
analytical result serves as a reference. To obtain a tractable reduced form for qualitative analysis, 
we adopt the physically motivated assumption that the coupling stiffness a is sufficiently small 
compared with the primary oscillator stiffness level (i.e., a� 1 in the nondimensional form). 
This corresponds to a weak-coupling regime in which the interaction between the oscillator and 
the eccentric block introduces only a higher-order correction to the intrinsic nonlinear oscillation 
of X1: From an engineering perspective, this assumption is reasonable when the internal exciter 
mainly acts as a secondary subsystem that perturbs, rather than dominates, the global vibration of 
the drum. In this sense, the weak-coupling condition is adopted here as an analytical idealization 
for identifying the onset of complex dynamics, while the engineering behavior of the actual sys
tem is further evaluated through the full numerical model. Under this weak-coupling approxima
tion, the leading-order dynamics of the oscillator can be obtained by neglecting the coupling 
term aðX1 − X2Þ in the first equation of Equation (24), yielding the simplified autonomous 
Duffing equation in Equation (26) for the double-well case (s ¼ −1):

€X1 − X1 þ X3
1 ¼ 0: (26) 
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Multiplying Equation (26) by _X1 and integrating yields:

_X1 €X1 − _X1X1 þ _X1X3
1 ¼ 0¼)

d
dt

1
2

_X2
1 −

1
2

X2
1 þ

1
4

X4
1

� �

¼ 0: (27) 

Thus, there exists an integration constant C such that:
1
2

_X2
1 −

1
2

X2
1 þ

1
4

X4
1 ¼ C: (28) 

For the homoclinic orbit connecting to the saddle point X1 ¼ 0 (where X1 ! 0 as s! 61

so that _X1 ! 0), substituting into the left and right limits yields the constant C ¼ 0: Then, we 
have:

1
2

_X2
1 ¼

1
2

X2
1 −

1
4

X4
1¼)

_X2
1 ¼ X2

1 1 −
X2

1
2

� �

: (29) 

Separating variables and solving for X1 sð Þ yields the positive branch (the other branch is 
obtained by sign transformation), resulting in:

dX1

X1

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − X2
1

2

q ¼ 6ds: (30) 

Integrating Equation (30) yields the standard solution:

X1 sð Þ ¼ 6
ffiffiffi
2
p

sech s − s0ð Þ,
_X1 sð Þ ¼ 7

ffiffiffi
2
p

sech s − s0ð Þtanh s − s0ð Þ,
(31) 

where s0 is an arbitrary phase (time) shift of the homoclinic orbit.
For a dynamical system with 2-DOF that is non-autonomous (see Equation (24)), a strictly 

analytical homogeneous solution does not exist. However, we can express X2 in terms of Green’s 
functions to obtain a non-local action on X1: Treating the eccentric block equation in Equation 
(24) as a linear equation with constant coefficients in X2 and letting the forcing term be aX1 þ

Fcos Xsð Þ, we have:

c€X2 þ aX2 ¼ aX1 þ Fcos Xsð Þ: (32) 

Let X2
n ¼

a
c 

(coupling-mass natural angular frequency), then the frequency of the homogeneous 
solution is Xn: Under the stability boundary conditions (assuming the existence of a definite solu
tion such that a steady-state solution without residual terms exists), the causal Green’s function 
G sð Þ is given by:

G sð Þ ¼
1

cXn
sin Xnsð Þ: (33) 

For the linear operator L2 ¼ cd2=ds2 þ a, the solution of Equation (32) can be written as the 
sum of the homogeneous response and the convolution of the Green’s function with the forcing 
term:

X2 sð Þ ¼ X2,h sð Þ þ

ðs

−1
G s − sð Þ aX1 sð Þ þ Fcos Xsð Þ

� �
ds: (34) 

The homogeneous component is X2,h ¼ C1cosðXnsÞ þ C2sinðXnsÞ: Because the bounded 
steady-state response is considered, the residual free-oscillation component is omitted. For X 6¼
Xn, the harmonic part of the convolution satisfies:
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F
ðs

−1
G s − sð Þcos Xsð Þds ¼

F
c X2

n − X2� � cos Xsð Þ: (35) 

Then, the forced solution, obtained from the steady-state Green’s-function convolution without 
free-oscillation components, is:

X2 sð Þ ¼
a

cXn

ðs

−1
sin Xn s − sð Þð ÞX1 sð Þdsþ

F
c X2

n − X2� � cos Xsð Þ: (36) 

The coupling term in the first equation of Equation (24) therefore becomes:

a X1 − X2ð Þ ¼ aX1 −
a2

cXn

ðs

−1
sin Xn s − sð Þð ÞX1 sð Þds −

aF
c X2

n − X2� � cos Xsð Þ: (37) 

The integral term represents the history-dependent reaction of the eccentric block on the oscil
lator, whereas the final term is the transmitted harmonic excitation. Substituting this expression 
into the first equation of Equation (24) yields the following:

€X1 þ sþ að ÞX1 þ X3
1,

−a
a

cXn

ðs

−1
sin Xn s − sð Þð ÞX1 sð Þdsþ

F
c X2

n − X2� � cos Xsð Þ

 !

¼ 0:
(38) 

Thus, the original 2-DOF coupling problem is equivalently transformed into a single-unknown 
nonlocal equation. However, Equation (38) does not possess an analytical closed-form solution. 
Nevertheless, this formulation can be further solved using theoretical approximations (such as 
high-frequency/low-frequency limit expansions) and numerical methods.

When 0 < e� 1, the damping term is considered (see Equation (23)). When the stiffness 
term a is sufficiently small or the damping terms ~f and ~g are sufficiently large, the original sys
tem can be regarded as weakly coupled, thereby converting the 2-DOF problem into a 1-DOF 
problem. However, for a realistic compaction drum model, the above assumptions are overly 
idealized. Therefore, we considered the more general strongly coupled case. For the perturbation 
term in Equation (23), expressed in vector field form:

g Zð Þ ¼

0

−~f _X1 − ~g _X1 − _X2
� �

0

−
~g

c
_X2 − _X1
� �

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

: (39) 

Then, the dynamical system is given as follows:
_Z ¼ JrH Z, sð Þ þ eg Zð Þ, (40) 

where J is the standard 4� 4 symplectic matrix corresponding to the 2-DOF Hamiltonian system 
(i.e., Z 2 R4).

Since the main system is non-autonomous (periodic), we cannot directly apply the stand
ard Melnikov criterion for a single saddle point. Instead, we seek a saddle-periodic construc
tion: namely, the main system (e ¼ 0) possesses a hyperbolic periodic solution P sð Þ (period 
T ¼ 2p=X), and there exists a trajectory Z sð Þ in the extended space that is homoclinic to 
this periodic orbit (asymptotic to it as s! 61). In this case, for a 2-DOF system, the 
Melnikov function measures the distance between stable and unstable manifolds under first- 
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order perturbations, expressed as:

M s0ð Þ ¼

ð1

−1
rH Z, sð Þ � g Zð Þds, (41) 

where s0 is the relative phase between the perturbation and the unperturbed homoclinic (to- 
periodic-orbit) trajectory, and

rH Z, sð Þ ¼

@H
@X1

@H
@ _X1

@H
@X2

@H
@ _X2

2

6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
5

¼

sX1 þ X3
1 þ a X1 − X2ð Þ

_X1

a X2 − X1ð Þ − Fcos Xsð Þ

c _X2

2

6
6
6
6
6
4

3

7
7
7
7
7
5

: (42) 

For the dot product of the Hamiltonian gradient and the perturbation vector (see Equation 
(41)), only the velocity term contributes to damping. Therefore, we have:

M s0ð Þ ¼

ð1

−1
_X1 −~f _X1 − ~g _X1 − _X2

� �� �
þ c _X2 −

~g

c
_X2 − _X1
� �

� �� �

ds: (43) 

Simplifying Equation (43) yields the Melnikov function expression under damped-coupled 
perturbations:

M s0ð Þ ¼ −
ð1

−1

~f _X2
1 þ ~g _X1 − _X2

� �2
h i

ds: (44) 

For Equation (44), a sign change (simple zero) of M s0ð Þ indicates transverse intersection, and 
the system may transition from homoclinic orbits to chaos. However, Equation (44) exhibits cou
pling between X1 and X2: Therefore, a reasonable assumption is required to achieve decoupling.

To proceed with an explicit Melnikov integral, we introduce an additional approximation 
based on a small mass ratio. This assumption is consistent with many practical drum–eccentric 
block configurations where the eccentric block mass is much smaller than the oscillator mass, 
and it enables an analytical closed-form threshold. The validity of the resulting criterion is 
assessed by comparison with numerical results of the full 2-DOF model presented later. When 
c� 1, the mass of the eccentric block is much smaller than that of the oscillator, meaning X2 
follows X1: Therefore, for the second expression in Equation (24), the following approximation 
holds:

X2 � X1 þ
F
a

cos Xsð Þ: (45) 

Equation (45) follows from the leading-order balance of the second equation of Equation (24). 
Specifically, when c� 1, the inertial contribution c€X2 is of higher order, and the remaining 
algebraic balance gives:

a X2 − X1ð Þ ¼ Fcos Xsð Þ þ O cð Þ, (46) 

from which Equation (45) is obtained. This quasi-static approximation is used only to derive the 
closed-form first-order threshold, while the inertia and full coupling of the eccentric block are 
retained in the subsequent numerical simulations.
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Then, substituting Equation (45) into the first expression of Equation (23) yields:

€X1 þ sX1 þ X3
1 ¼ Fcos Xsð Þ − e ~fþ ~g

� �
_X1: (47) 

The resulting critical excitation is given by (see Appendix A):

Fcritical Xð Þ ¼
2
ffiffiffi
2
p

3p
sj j

3
2 ~fþ ~g
� �

sech−1 pX

2
ffiffiffiffiffi
sj j

p

 !

: (48) 

As shown in Fig. 5, the analytical critical boundary predicted by the Melnikov criterion is plot
ted in the ðX, FÞ plane. This boundary provides a threshold indication for the onset of complex 
non-periodic responses associated with transverse intersections of invariant manifolds in the per
turbed system. The curve divides the parameter plane into two qualitatively different regimes: 
when the excitation level lies below the critical line (region A), the system response remains peri
odic for the considered conditions; when the excitation level approaches or exceeds the line 
(regions B and C), the response tends to become non-periodic and more sensitive to small varia
tions in parameters and initial states, which is consistent with the emergence of manifold tangling 
near the transition. In addition, the overall trend of the boundary shows that lower excitation fre
quencies require higher excitation amplitudes to trigger the transition, whereas at higher frequen
cies the critical excitation decreases and gradually levels off, reflecting the frequency-dependent 
balance between energy input from excitation and dissipation in the system.

To validate Equation (48), we selected three points corresponding to A, B, and C in Fig. 5 for 
dynamic response analysis. For each case, we plotted displacement-time diagrams, velocity-time 
diagrams, phase portraits, Poincar�e section diagrams, Fast Fourier Transform (FFT) spectrum 
plots, and Lyapunov exponent diagrams. Figures 6–8 correspond to the results for cases A, B, 
and C, respectively.

A. The oscillator exhibited a regular periodic response: the phase portrait formed a single closed 
loop, and the stroboscopic Poincar�e section collapsed into a compact set of discrete points 
(appearing as a short arc due to the finite phase tolerance and numerical sampling). The FFT 
spectrum was dominated by the driving frequency and its harmonics rather than a 

Figure 5. Influence of initial values on homoclinic orbits based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1:
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continuous broadband component. Moreover, the largest Lyapunov exponent (LLE) remained 
negative and its running estimate converged with time, which is consistent with an asymptot
ically stable periodic motion in this regime. From a physical-mechanism viewpoint, the total 
mechanical energy EðsÞ stayed bounded and oscillated in a highly regular manner. The 
injected power Pin sð Þ and dissipated power Pdiss sð Þ showed a repeatable cycle-to-cycle bal
ance, indicating that the excitation energy was continuously compensated by dissipation 
without cumulative energy growth. Meanwhile, the phase difference D/ðsÞ remained nearly 

Figure 6. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼ 0:2, F ¼ 0:1:

Figure 7. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼ 0:7, F ¼ 0:03:
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constant with a phase-locking level close to unity, reflecting strong coordination between the 
oscillator and eccentric block.

B. The phase portrait of the oscillator exhibited a double-loop structure, and the stroboscopic 
Poincar�e section formed a dense crescent-shaped band rather than collapsing to a single 
point (or a few isolated points). The FFT spectrum showed pronounced components around 
the excitation frequency with broadened sidebands and an elevated spectral floor (partly 
attributable to finite sampling and nonlinear energy redistribution). Meanwhile, the running 
estimate of the largest Lyapunov exponent became slightly positive and exhibited a gradual 
convergence trend. Since the absolute value of the LLE may depend on numerical settings 
(e.g., step size, sampling, and perturbation magnitude), the present result is interpreted 
mainly through its sign and convergence behavior, suggesting that the system has departed 
from purely periodic motion and entered a transition regime with weakly chaotic or quasi- 
periodic features. Consistently, EðsÞ exhibited slow modulation superimposed on the main 
oscillation, implying that the net energy balance varied over longer time scales. 
Correspondingly, Pin sð Þ and Pdiss sð Þ were no longer perfectly cycle-balanced and showed 
intermittent mismatch, which promotes gradual energy redistribution and response modula
tion. The phase difference D/ðsÞ displayed noticeable drift and fluctuations, and the syn
chronization level decreased compared with case A, indicating weakened phase locking 
between the two coupled components.

C. The oscillator exhibited strongly irregular and aperiodic dynamics. The displacement and vel
ocity time histories showed pronounced amplitude modulation and random-like fluctuations, 
and the phase portrait became densely filled over a wide region rather than forming a simple 
closed curve. The Poincar�e map consisted of a scattered cloud of points instead of collapsing 
into a finite set, indicating a loss of periodicity. The frequency spectrum displayed a broad 
continuous distribution with an elevated background level, which is consistent with chaotic 
dynamics. Meanwhile, the running estimate of the LLE stayed positive and showed a stable 
convergence trend after the initial transient, which supports the identification of chaotic 
dynamics when considered together with the other diagnostics. From the energy perspective, 

Figure 8. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼ 0:3, F ¼ 0:5:
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EðsÞ fluctuated irregularly with intermittent bursts, indicating strong non-stationary energy 
exchange within the coupled system. The injected and dissipated powers became highly inter
mittent and no longer exhibited a repeatable cycle-to-cycle balance, which is consistent with 
sustained non-periodic energy transfer. In addition, D/ðsÞ varied erratically over a wide 
range and the synchronization level further decreased, reflecting a loss of coordinated motion 
between the oscillator and eccentric block that accompanies the chaotic regime.

By combining Figures 5–8, it can be observed that the Melnikov-predicted chaos-threshold 
map aligns well with the system’s dynamic response. When the system resides in the periodic 
region, its response remains periodic; however, upon entering the non-periodic region, the 
response exhibits distinct chaotic behavior. The agreement supports the use of the Melnikov 
threshold as a first-order predictor within the investigated parameter range. For practical applica
tions of the compaction drum model, it is recommended that the selected external excitation be 
kept below the chaotic threshold to ensure the system’s observability and controllability.

Additionally, to highlight the significant differences between the 2-DOF and SDOF models, 
their dynamic responses were further compared. In the SDOF model, the oscillator and eccentric 
block are modeled as an integrated unit. The same parameter combinations used in Figures 6–8
were selected for comparison, with the results shown in Fig. 9. As illustrated in Fig. 9, although 
the two models may exhibit similar periodic responses under some low-excitation conditions, 
clear discrepancies arise once the coupling-induced internal dynamics become non-negligible. In 
particular, the phase portraits and Poincar�e sections show that the 2-DOF model can display 
markedly different attractor structures and motion classifications compared with the lumped 
SDOF model, including non-periodic responses that are absent or significantly weakened in the 
SDOF prediction under the same ðX, FÞ settings. The total energy evolution further indicates that 
the explicit oscillator–eccentric block coupling enables additional energy exchange pathways, 
which alters the response stability and the transition tendency toward complex dynamics. The 
comparison shows that the 2-DOF model captures coupling-induced attractor structures and 
non-periodic responses that are absent or substantially weakened in the SDOF model.

Figure 9. Dynamic response comparison between 2-DOF and SDOF models.
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In addition, Fig. 10 provides a systematic comparison between the Melnikov-based analytical 
threshold and the complete numerical results. The upper-left panel shows that the two threshold 
curves exhibit the same frequency-dependent decreasing trend and agree particularly well over 
the low-to-intermediate frequency range. The upper-right panel further quantifies this agreement: 
the signed relative error is close to zero at several frequencies, while the analytical model gener
ally produces a conservative underestimation of the numerical threshold at higher frequencies. 
The largest discrepancy occurs near X ¼ 0:55, but the analytical prediction still correctly captures 
the overall variation and the location of the transition boundary. These results indicate that the 
reduced Melnikov formulation provides a reliable first-order estimate of chaos onset despite the 
small-mass-ratio, weak-damping, and decoupling approximations used in its derivation.

The lower-left panel shows that the analytical threshold is comparatively insensitive to varia
tions in the mass ratio, with the corresponding error remaining small over most of the investi
gated range. By contrast, the damping-level sensitivity is more pronounced, especially when the 
damping is substantially below its baseline value, indicating that the weak-damping approxima
tion is the primary source of quantitative uncertainty. Around the baseline condition, both sensi
tivity curves remain within a relatively limited error range, supporting the applicability of the 
analytical criterion to the parameter regime considered in this study. The lower-right panel con
firms the numerical robustness of the largest Lyapunov exponent calculation: after the initial tran
sient, the running exponent remains positive and converges to a stable range, while the 
dispersion among different integration steps and renormalization intervals gradually narrows. The 
consistently positive convergence envelope supports the identification of the selected response as 
chaotic and demonstrates that this classification is not sensitive to the numerical settings used in 
the Lyapunov calculation.

In summary, the Melnikov analysis provides an analytical boundary for estimating the onset of 
complex non-periodic motion in the coupled system. The numerical diagnostics distinguish the 
regular periodic, transitional weakly chaotic or quasi-periodic, and fully chaotic regimes through 

Figure 10. Quantitative validation and robustness assessment of the Melnikov chaos threshold.
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their attractor structures, spectra, energy-transfer behavior, phase coordination, and Lyapunov 
exponents. Comparison with the complete 2-DOF simulations confirms that the analytical thresh
old captures the principal frequency-dependent trend, although damping-related approximations 
introduce greater uncertainty than variations in the small mass ratio. The consistently positive 
and convergent Lyapunov estimates obtained under different numerical settings further support 
the robustness of the identified chaotic response.

5. Delayed feedback control

Furthermore, DF control was considered to increase the threshold for chaos. Based on Equation 
(5), critical excitation was further determined by introducing a small parameter analogous to 
Equation (22):

2f ¼ e~f,
g ¼ e~g,

jc ¼ e~jc:

(49) 

Substituting Equation (49) into the first equation of Equation (5) yields:

€X1 þ sX1 þ X3
1 ¼ Fcos Xsð Þ − e ~fþ ~g

� �
_X1 − ~jcX1 s − ~sð Þ

� �
: (50) 

Performing a first-order Taylor expansion of X1 s − ~sð Þ yields:

X1 s − ~sð Þ ¼ X1 sð Þ − ~s _X1 sð Þ þ O ~s2ð Þ: (51) 

It is noted that the first-order Taylor approximation in Equation (51) is valid under a small- 
delay assumption, i.e., the delay ~s is sufficiently small compared with the dominant time scales of 
the system response. In nondimensional terms, this typically requires ~sX� 1: Under this condi
tion, the neglected higher-order terms O ~s2ð Þ remain small.

Substituting Equation (51) back into Equation (50) yields:

€X1 þ sX1 þ X3
1 ¼ Fcos Xsð Þ − e ~fþ ~gþ ~jc~s

� �
_X1 − ~jcX1

� �
: (52) 

For the analytical threshold calculation, the same small-mass-ratio reduction introduced in 
Section 4 is retained, so that the eccentric-block coordinate is eliminated at leading order and the 
influence of DF control is represented in the primary-oscillator equation. This SDOF reduction is 
used only to obtain a tractable Melnikov criterion and does not replace the original coupled 2- 
DOF control model.

The remaining derivation process is analogous to Equations (57)–(65) and is not repeated 
here. When we again choose the most favorable case where the phase of the Melnikov function 
makes the cosine equal to 1 (cos Xs0ð Þ ¼ 1), the critical excitation is:

Fcritical Xð Þ ¼
2
ffiffiffi
2
p

3p
sj j

3
2 ~fþ ~gþ ~jc~s
� �

sech−1 pX

2
ffiffiffiffiffi
sj j

p

 !

: (53) 

According to Equation (53), Fig. 11 compares the chaos thresholds under DF control for vari
ous parameter combinations. Compared with the original threshold curve, DF control signifi
cantly increased the threshold for chaos. This behavior can be interpreted from an energy-balance 
perspective. Using the first-order delay approximation in Equations (51) and (52), the delayed 
feedback term − ~jcX1 s − ~sð Þ can be decomposed into an effective stiffness contribution − ~jcX1 
and an additional velocity-proportional term − ~jc~s _X1 sð Þ, which acts as an equivalent active 
damping. Consequently, increasing the control gain jc and/or the delay ~s raises the effective dissi
pation level, as reflected by the factor ~fþ ~gþ ~jc~s

� �
in Equation (53). Physically, stronger dissipa

tion means that a larger external excitation amplitude is required to compensate for the increased 
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energy loss per cycle before the onset of chaotic motion. Therefore, the critical excitation Fcritical 
increases over a wider frequency range, leading to the broadened chaotic threshold curves 
observed in Fig. 11.

Guided by Equation (53), the delay was confined to the small-delay regime, while the gain– 
delay combinations were varied systematically to examine how the effective dissipation ~jc~s influ
ences the chaos threshold and the controlled response. Representative parameter sets spanning 
progressively stronger control levels were then selected from this parametric investigation and 
further verified using the complete DDE model. Similar gain–delay selection procedures based on 
stability characteristics and controlled-response evaluation have been employed in related 
delayed-feedback studies (Kumar et al. 2025; Kumar and Mitra 2023; Prasad, Mitra, and Gayen 
2026).

The parameter combinations shown in Fig. 11 were employed to implement DF control for 
the case described in Fig. 8. In this study, the dde23 (Shampine and Thompson 2001) function in 
MATLAB was used to numerically solve the DDE in Equation (5). The relative and absolute error 
tolerances were set to 10−8 and 10−9, respectively, and the maximum step size was restricted to 
1
2 TX ¼ p=X, where TX ¼ 2p=X denotes the excitation period, consistent with the stricter ode45 
settings adopted for the long-time nonlinear simulations. A constant history function equal to the 
initial state specified in Equation (11) was prescribed over − s � t � 0, and the adaptive solution 
was subsequently evaluated at equally spaced time points for the phase-space, Poincar�e, spectral, 
energy, and Lyapunov analyses. All other dde23 options retained their MATLAB default values.

The subsequent numerical assessment is performed using the complete 2-DOF DDE model, 
with the oscillator–eccentric-block coupling and both state coordinates fully retained. The 
reduced analytical threshold serves as a first-order design reference; its quantitative conclusions 
may become less accurate when the mass ratio, coupling strength, or delay departs from the 
assumed regime and should be verified using the complete model under such conditions.

The controlled responses are presented in Figures 12–14. Overall, DF control drives the system 
from an irregular aperiodic regime to a regular bounded regime. In the phase portraits, the 
uncontrolled trajectory densely fills a wide region, whereas the controlled responses form clear 

Figure 11. Comparison of different chaos thresholds for DF control based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼

0:02, c ¼ 0:01, a ¼ 1:
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closed multi-loop orbits. Consistently, the Poincar�e sections change from a scattered cloud to a 
finite set concentrated on a closed curve, indicating the recovery of regular recurrence. As the 
control gain and delay increase, the oscillation amplitude of X1 and _X1 decreases and the orbit 
becomes more compact, demonstrating an enhanced suppression of large-amplitude motion.

Figure 12. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼ 0:3, F ¼
0:5, jc ¼ 0:02, ~s ¼ 1:0:

Figure 13. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼
0:3, F ¼ 0:5, jc ¼ 0:05, ~s ¼ 2:0:
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After applying DF control, the total mechanical energy EðsÞ becomes bounded with a more 
regular cycle-to-cycle pattern. Meanwhile, the injected power and the dissipated power exhibit a 
more consistent balance over time, indicating that DF control reduces the intermittent energy 
accumulation that characterizes the uncontrolled chaotic response. In addition, the phase differ
ence between the oscillator and eccentric block becomes more constrained, and the phase-locking 
level remains high, showing that DF control promotes coordinated motion and suppresses desyn
chronization-like behavior associated with chaotic energy exchange. These observations explain 
physically why DF control expands the stable operating regime by regulating the net energy input 
and improving coupling coordination.

The running estimate of the LLE decreases markedly compared with the uncontrolled case and 
exhibits a stable convergence trend, which is consistent with the observed transition to regular 
bounded motion. The controlled system is a time-delay system with effectively infinite-dimen
sional dynamics, while the exponent plotted here is obtained from a finite-dimensional numerical 
procedure based on discretized time histories, which may yield a small positive bias in the transi
tion regime. Therefore, the post-control dynamics are assessed by combining multiple diagnostics. 
The closed phase trajectories, compact Poincar�e sets, regular energy evolution, and strong phase 
locking jointly indicate that the DF controller effectively suppresses chaos and stabilizes the 
response into a regular operating state, even though the finite-dimensional LLE estimate may not 
be strictly non-positive in all cases.

DF control was further compared with displacement-based and velocity-based feedback con
trol. For displacement feedback control, the control force in Equation (5) becomes:

~Fc ¼ −KpX1 sð Þ, (54) 

where Kp is the displacement feedback gain.
For velocity feedback control, the control force in Equation (5) becomes:

~Fc ¼ −Cv _X1 sð Þ, (55) 

where Cv is the velocity feedback gain.

Figure 14. System response results based on parameters s ¼ −1, f ¼ 2� 10−3, g ¼ 0:02, c ¼ 0:01, a ¼ 1, X ¼ 0:3, F ¼
0:5, jc ¼ 0:1, ~s ¼ 3:0:
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Following the same simulation setup used in Figures 12–14, comparable gain magnitudes were 
adopted for the two benchmark controllers (Kp ¼ 0:1, Cv ¼ 0:1). The response results of the con
trolled system are summarized in Figures 15 and 16, respectively.

Compared with the traditional controllers, DF control yields a more pronounced regularization 
of the nonlinear response in the phase plane and Poincar�e section. Under DF control, the phase 
trajectories become more organized and the Poincar�e set contracts more clearly, whereas instant
aneous displacement/velocity feedback still leads to a broader phase-space spread and a more 

Figure 15. System response results based on displacement-based feedback control (Kp ¼ 0:1).

Figure 16. System response results based on velocity-based feedback control (Cv ¼ 0:1).

24 D. FENG



scattered Poincar�e distribution. Consistently, the FFT spectra indicate that DF control suppresses 
broadband components more effectively, while the benchmark controllers retain relatively stron
ger broadband content. In addition, the synchronization-related indicator provides further evi
dence of the coupling regulation effect. As shown by the phase-difference panel and the 
corresponding PLV value, DF control achieves a stronger phase-locking tendency between the 
oscillator and the eccentric block than the instantaneous feedback benchmarks, indicating a more 
coherent coupled motion. This enhanced phase coordination is also consistent with the observed 
reduction of irregular response features (phase-space dispersion and broadband spectral content) 
under DF control.

Overall, compared with instantaneous displacement/velocity feedback, DF control provides a 
clearer regularization of the nonlinear response, evidenced by a more compact Poincar�e set and a 
stronger suppression of broadband spectral components. Moreover, the higher PLV under DF 
control indicates improved phase coherence between the oscillator and the eccentric block, high
lighting the superior effectiveness of DF control in stabilizing the coupled dynamics.

In addition, Fig. 17 further evaluates the robustness of DF control by quantifying how small 
perturbations in the control gain jc and time delay ~s affect the vibration-suppression perform
ance. The contour maps report the normalized root mean square (RMS) index J=J0 and normal
ized peak index A=A0 of X1, where values closer to 1 indicate performance close to the baseline 
controlled case and larger values indicate degraded suppression. Overall, the results show that the 
control effectiveness varies smoothly in the ðjc, ~sÞ plane, without abrupt performance loss for 
small parameter deviations, suggesting a robust operating region.

The sensitivity slices provide more direct insight. For a fixed delay ð~s ¼ 2Þ, increasing jc leads 
to only a gradual change in J=J0, indicating that moderate gain perturbations do not significantly 
deteriorate the RMS suppression. For a fixed gain jc ¼ 0:2ð Þ, increasing ~s causes a clear reduction 
in J=J0, implying that the time-delay setting plays a more influential role in improving suppres
sion within the tested range. Consistently, the peak-response map A=A0 exhibits the same qualita
tive trend as the RMS map, confirming that the robustness conclusion holds for both average and 
extreme vibration measures.

In addition, although Equation (53) shows that the first-order chaos threshold increases with 
the effective damping contribution kc~s, it does not provide a finite unconstrained optimum 
because increasing either parameter continuously raises the predicted threshold within the small- 
delay approximation. In practice, kc and ~s may be selected through constrained numerical 

Figure 17. Influence of small perturbations in control gain jc and time delay ~s on control effectiveness.
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optimization by minimizing a weighted combination of the RMS or peak response and control 
effort while satisfying actuator, delay, and stability limits, with the parameter maps in Fig. 17 pro
viding a feasible design domain. A limitation of DF control is that the optimal parameter com
bination depends on the operating condition, while excessive gain or delay may increase actuator 
demand, produce unfavorable phase shifts, invalidate the small-delay approximation, or even 
destabilize the closed-loop system.

In practical implementation, the DF controller could be realized using a displacement sensor 
mounted on the oscillator, a real-time digital controller that stores the measured response over 
the prescribed delay interval, and an electromechanical or hydraulic actuator that applies the 
resulting control force (Feng 2025a, 2026c). Such a prescribed delay can be implemented in a 
digital feedback loop by sampling the sensor signal, storing it in a finite memory buffer, and 
retrieving the corresponding past value at each control step, as demonstrated by digital signal 
processor-based DF experiments on flexible structures and digital vibration-control studies of sus
pended cables (Cai and Chen 2010; Koll�ar 2021). The smooth response variations observed in 
Fig. 17 indicate that moderate errors in the control gain and delay do not cause an abrupt loss of 
effectiveness, although the delay should be tuned with particular care because it directly deter
mines the phase relationship between the control action and the drum motion. Compared with 
instantaneous displacement or velocity feedback, DF control provides an additional phase-adjust
ment capability and does not require an externally prescribed reference trajectory; however, its 
implementation requires signal storage and accurate timing, and its performance may be affected 
by sensor noise, actuator saturation, computational latency, time-varying operating conditions, 
and uncertainty in the drum parameters. Moreover, because the present model does not include 
drum–ground interaction, experimental calibration and hardware-in-the-loop or field validation is 
required before the proposed controller can be directly applied to practical compaction 
machinery.

In summary, DF control raises the predicted chaos threshold and transforms the uncontrolled 
irregular response into a more regular and bounded motion by increasing effective dissipation 
and regulating the phase relationship between the coupled components. Compared with instant
aneous displacement and velocity feedback, DF control produces more compact attractors, weaker 
broadband spectral content, and stronger phase coordination. The control effectiveness also varies 
smoothly under moderate perturbations of the gain and delay, indicating a useful degree of 
parameter robustness, although accurate delay tuning remains important.

6. Discussion

Building on the above analytical and numerical results, this section discusses the practical impli
cations of the proposed framework and summarizes its main advantages in two aspects, namely 
dynamic response prediction accuracy and chaos control efficiency. A key advantage of the pre
sent framework is that the internal exciter dynamics are represented explicitly through the two- 
mass coupling, which naturally separates a global drum-dominated motion from a relative-motion 
component associated with the eccentric block. This modal separation provides an interpretable 
mechanism for response changes across operating conditions and helps explain why a lumped 
SDOF description may miss or misclassify complex responses. In particular, once the relative 
motion becomes non-negligible, the coupled system admits additional energy-transfer pathways 
between the two components, so that qualitatively different long-term behaviors can arise under 
the same external excitation. From the perspective of response prediction, the 2-DOF formulation 
therefore improves the model’s ability to discriminate between periodic, transitional, and fully 
non-periodic regimes in a physically meaningful way, rather than attributing all response changes 
to a single effective coordinate.
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Compared with instantaneous feedback strategies, delayed feedback provides an additional 
degree of freedom in shaping the phase relationship between the control action and the system 
motion. This feature is particularly beneficial in coupled nonlinear dynamics, where suppressing 
irregular responses requires not only reducing amplitudes but also regulating coordination 
between subsystems. In the present model, DF control improves the coherence of the coupled 
motion by promoting phase coordination between the oscillator and the eccentric block, which in 
turn reduces irregular energy exchange and mitigates intermittent energy accumulation. As a 
result, the controlled responses exhibit a clearer tendency toward regular bounded motion over a 
wider parameter neighborhood, indicating that DF control can achieve stabilization without rely
ing solely on high instantaneous gains. From an engineering standpoint, this phase-aware regula
tion mechanism provides a practical explanation for the observed expansion of stable operation 
and the improved robustness of the control effect with respect to small parameter perturbations. 
In practical compaction operations, however, system parameters may vary due to manufacturing 
tolerances, material property changes, structural wear, and varying working conditions. Therefore, 
a meaningful direction for future research is to extend the present framework to include param
eter disturbances and time-varying uncertainties, so that the dynamic prediction and controller 
parameter design can better reflect the complexity of real operating environments.

7. Conclusion

This study developed a nonlinear 2-DOF model of a compaction drum that explicitly represents 
the internal coupling between the oscillator and the eccentric block and incorporates DF control. 
The harmonic balance and numerical results revealed pronounced nonlinear resonance and jump 
behavior, while the comparison with Den Hartog’s estimates showed that the near-optimal stiff
ness is relatively robust but the damping optimum is more sensitive to nonlinear resonance dis
tortion. The Melnikov analysis provided a first-order analytical criterion for chaos onset, and its 
predictive capability was assessed against the complete numerical model using threshold errors, 
sensitivity analysis, phase portraits, Poincar�e sections, FFT spectra, and Lyapunov-exponent 
robustness tests. The results demonstrate that internal coupling creates energy-transfer pathways 
and dynamical transitions that cannot be represented adequately by a lumped SDOF model.

The DF controller increased the chaos threshold and transformed irregular responses into 
more regular and bounded motions by modifying the effective dissipation and phase relationship 
between the coupled components. The accompanying energy, power-balance, and phase-locking 
analyses indicate that the controller suppresses intermittent energy accumulation and promotes 
coordinated oscillator–eccentric-block motion. More broadly, the proposed framework connects 
analytical chaos prediction, complete nonlinear simulation, and active control within a unified 
model, providing a useful basis for identifying unstable operating regions and selecting excitation 
and control parameters in vibratory machinery. Nevertheless, the conclusions are limited by the 
planar lumped-parameter representation, the omission of drum–ground interaction and vertical 
compaction dynamics, the small-mass-ratio, weak-damping, and small-delay assumptions used in 
the analytical reductions, and the absence of experimental validation. Accordingly, the present 
engineering implications should be interpreted as theoretically informed guidance rather than 
direct field-performance predictions.

Future work should first identify model and control parameters from instrumented drum 
measurements and validate the predicted thresholds and control effects through laboratory, hard
ware-in-the-loop, and field experiments. The model can then be extended to higher-dimensional 
systems that include the drum, frame, cab, soil or asphalt layer, contact loss, material nonlinear
ity, and spatially varying support conditions. More complex delay formulations should also be 
investigated, including multiple and time-varying delays, distributed delays, and neutral-delay sys
tems containing delayed velocity or acceleration terms, for which stability, bifurcation, and 

MECHANICS BASED DESIGN OF STRUCTURES AND MACHINES 27



chaos-control conditions may differ substantially from those derived here. Adaptive or robust 
controllers that account for sensor noise, actuator saturation, parameter uncertainty, and chang
ing operating conditions would further support the development of reliable intelligent compaction 
systems.
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Appendix A: Melnikov chaos analysis

To facilitate the use of the Melnikov method, Equation (47) was written in standard form as 
follows:

€X1 þ
dV
dX1
¼ eg X1, _X1, s

� �
, (56) 

where the potential energy is V X1ð Þ ¼
s
2 X2

1 þ
1
4 X4

1, and the small perturbation is g X1, _X1, s
� �

¼

− ~fþ
�

~gÞ _X1þ Fcos Xsð Þ:
For the Duffing system with two wells (s < 0), an undamped homoclinic orbit X1h sð Þ connects 

two saddle points X1 ¼ 6
ffiffiffiffiffi
sj j

p
: Then, for the total energy H without damping, the following holds:

H ¼
1
2

_X2
1 þ V X1ð Þ ¼ 0: (57) 

Solving Equation (57) yields the analytical expression for the homoclinic orbit:
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tanh
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2
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,
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:

(58) 

Then, the Melnikov function for Equation (47) can be defined as:

M s0ð Þ ¼ −
ð1

−1
_X1h sð Þ − ~fþ ~g

� �
_X1h sð Þ þ Fcos X sþ s0ð Þð Þ

h i

ds: (59) 

Expanding Equation (59) yields:

M s0ð Þ ¼ − ~fþ ~g
� �ð1

−1
_X1h sð Þ
� �2ds
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Damping dissipates energy

þ F
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External excitation inputs energy

: (60) 

where the first and second integrals represent the energy dissipated by damping and the energy 
input from external excitation, respectively.

Substituting X1h sð Þ from Equation (58) into the damping integral in Equation (60) yields:
ð1
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� �2ds ¼
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Let T ¼
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s; then ds ¼
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dT, and we obtain:
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For the external excitation integral in Equation (60), we have:
ð1

−1
_X1h sð ÞFcos X sþ s0ð Þð Þds ¼

ð1

−1
_X1h sð Þcos Xsþ Xs0ð Þds

¼ cos Xs0ð Þ

ð1

−1
_X1h sð Þcos Xsð Þds,

(63) 
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where:
ð1

−1
_X1h sð Þcos Xsð Þds ¼ psech

pX

2
ffiffiffiffiffi
sj j

p

 !

: (64) 

Substituting Equations (61) and (64) into Equation (60), chaos occurs when the Melnikov 
function has a zero:

M s0ð Þ ¼ − ~fþ ~g
� � 2

ffiffiffi
2
p

3
sj j

3
2 þ Fpsech

pX

2
ffiffiffiffiffi
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p

 !

cos Xs0ð Þ ¼ 0: (65) 

For Equation (65), the maximum value occurs when cos Xs0ð Þ ¼ 1: In this case, the calculation 
of the critical excitation corresponds to Equation (48).

Appendix B: Mechanism-based physical indicators

To complement the geometric and frequency-domain analyses, three mechanism-related physical 
indicators are introduced to reveal the underlying energy flow and coupling behavior of the 
2-DOF system. These indicators are evaluated directly from the numerical time histories of the 
dimensionless responses.

The instantaneous dimensionless total mechanical energy of the coupled system is defined as:

E sð Þ ¼
1
2

_X2
1 þ

c

2
_X2

2 þ
s
2

X2
1 þ

1
4

X4
1 þ

a

2
X1 − X2ð Þ

2, (66) 

which consists of the kinetic energy of the oscillator and eccentric block, the linear and cubic 
potential energy of the oscillator, and the coupling spring energy. The time evolution of E sð Þ pro
vides a direct measure of the system’s overall vibration intensity and stability.

Since the external excitation is applied to the eccentric block, the instantaneous injected power 
is given by:

Pin sð Þ ¼ Fcos Xsð Þ _X2 sð Þ: (67) 

The instantaneous dissipated power due to structural and coupling damping is:

Pdiss sð Þ ¼ 2f _X2
1 sð Þ þ g _X1 sð Þ − _X2 sð Þ

� �2
: (68) 

Accordingly, the energy balance for the system satisfies:

dE
ds
¼ Pin sð Þ − Pdiss sð Þ, (69) 

which can be used as a consistency check for numerical integration and, more importantly, pro
vides a physically interpretable basis to assess how excitation and dissipation compete over time.

To quantify the coupling-induced coordination between the oscillator and the eccentric block, 
instantaneous phases /1 sð Þ and /2 sð Þ are extracted from X1 sð Þ and X2 sð Þ via the Hilbert transform 
(after removing the mean to avoid DC bias). The instantaneous phase difference is defined as:

D/ sð Þ ¼ wrap /1 sð Þ − /2 sð Þð Þ 2 −p, pð �, (70) 

and the degree of phase synchronization is quantified by the phase-locking value (PLV):

PLV ¼ eiD/ sð Þ
� ��
�
�

�
�
�, (71) 

where h�i denotes time averaging. A PLV close to unity indicates strong phase locking, whereas 
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smaller values indicate weaker synchronization, which is often associated with quasiperiodic or 
chaotic responses in coupled nonlinear oscillators.

Appendix C: Computation of the largest Lyapunov exponent (LLE)

The largest Lyapunov exponent (LLE) reported in this study is computed from the numerical 
time histories of the full 2-DOF system using a standard variational-dynamics approach based on 
QR re-orthonormalization. The nonlinear state vector is:

Z sð Þ ¼ X1 _X1 X2 _X2
� �T

2 R4, (72) 

and the system is integrated with MATLAB ode45 (Dormand and Prince 1980; Shampine and 
Reichelt 1997) using relative and absolute tolerances of 10−8 and 10−9, respectively, and a max
imum step size set to 0:5Tdrive (where Tdrive ¼ 2p=X). A transient interval of 100Tdrive is 
discarded, and the LLE is evaluated on the remaining time window up to 300Tdrive:

To compute the local linearization, the Jacobian matrix AðsÞ ¼ @f =@Z is approximated at each 
sampled time sk by finite differences. Specifically, with a perturbation size eFD ¼ 10−8, each 
column of AðskÞ is obtained as:

A :, jð Þ �
f sk, Zk þ eFDej
� �

− f sk, Zkð Þ

eFD
, (73) 

where ej is the j-th unit vector and f denotes the right-hand side of the state-space model.
Over a small interval Ds (taken as the mean sampling time step of the post-transient solution), 

the state transition matrix of the variational system is approximated by:

Uk ¼ exp A skð ÞDs
� �

: (74) 

The tangent basis is propagated as Yk ¼ UkQk−1, followed by QR decomposition Yk ¼ QkRk:

The logarithms of the diagonal entries of Rk are accumulated to obtain the Lyapunov spectrum 
estimates. The LLE is then taken as the maximum component of the spectrum, and its running 
estimate is recorded as a function of elapsed time to demonstrate convergence. In the implemen
tation, QR re-orthonormalization is performed at every time step (i.e., the renormalization inter
val equals Ds), and the LLE curve shown in the figures corresponds to this running maximum 
estimate.
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