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Abstract

Nondeterminism has been introduced into quantum programming languages to model, for ex-

ample, unspecified behavior. Weakest precondition transformers provide a formal framework for
reasoning about program correctness with respect to a given postcondition. This thesis combines
these ideas by introducing demonic and angelic interpretations of nondeterminism for quantum
programs, together with corresponding weakest liberal precondition transformers. To capture
angelic nondeterminism in a qualitative setting, we introduce predicates represented by sets of
subspaces, where each subspace is represented by a projection. Such a predicate is satisfied
whenever the quantum state belongs to one of the represented subspaces. We show, however,
that natural definitions of the weakest liberal precondition transformer based on these predicates
do not behave as desired for measurements and loops in the demonic setting. For this reason,
the demonic weakest liberal precondition transformer is restricted to singleton postconditions.
We further investigate the corresponding non-liberal weakest precondition transformers using
termination spaces. This yields transformer rules for all language constructs except loops, for
which deriving a transformer rule remains an open problem. Finally, we show that the resulting
weakest precondition variants have the same relations as in the classical case.
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Chapter 1

Introduction

Quantum computing offers computational advantages for certain classes of problems such as
search problems [Gro96] or factorizing [Sho94], motivating the development of quantum soft-
ware. When developing such quantum programs, we want to be able to verify that they actually
behave as desired. As quantum programs become more complex, ensuring their correctness be-
comes increasingly challenging. In contrast to classical programs, this requires reasoning about
quantum phenomena such as superposition, entanglement and measurements. Consequently,
formal verification techniques play an important role in establishing the correctness of quan-
tum programs. One widely used verification framework is Hoare logic [[Hoa69], which has been
successfully adapted from classical to quantum programs [Yinl1]. Central to these approaches
are predicate transformers, particularly weakest preconditions, which enable backward reasoning
by characterizing the initial states from which a desired postcondition is guaranteed to hold
after program execution. While the majority of existing work considers deterministic quantum
programs, nondeterminism has also been introduced into the quantum setting [FX23]. It is use-
ful for modelling underspecified programs, abstractions and alternative implementation choices
during program development. Because a nondeterministic program may have multiple possi-
ble executions from the same initial state, different notions of correctness arise. In particular,
one may require that all executions satisfy the desired postcondition (demonic interpretation)
or that at least one execution satisfies it (angelic interpretation). These two versions motivate
corresponding variants of weakest precondition transformers. In addition, we can distinguish
between weakest liberal preconditions, which allow nontermination, or (non-liberal) weakest pre-
conditions, which require termination. This thesis investigates weakest precondition and weakest
liberal precondition transformers for nondeterministic quantum programs under both angelic and
demonic nondeterminism and studies the relationships between the resulting weakest precondi-
tion variants.

1.1 Related Work

Existing work on quantum Hoare logic can broadly be divided into two approaches: quantitative
approaches based on hermitian operators and qualitative approaches based on subspaces.

Quantitative approaches, such as [Yinl1] and [DP06], represent predicates by hermitian operators
and interpret correctness in terms of expectation values, i.e., a predicate is satisfied to a certain
degree.
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In contrast, Zhou et al. [ZYY19] introduce an applied Hoare logic, in which predicates are
represented by orthogonal projections (or equivalently closed subspaces), leading to a qualitative
approach, i.e., a predicate is either satisfied or not. This is the approach we will follow in this
thesis. Additionally, their framework introduces termination spaces for deterministic quantum
programs, which form the basis of the non-liberal predicate transformers introduced in this thesis.

Feng et al. [FZXX26] develop a refinement calculus for quantum programs featuring prescription
statements, which describe pairs of predicates that specify the required pre- and postconditions of
a program component without prescribing how it is implemented. They provide weakest liberal
precondition transformer rules, which are the basis for the transformer rules developed in this
thesis. However, their language does not include explicit nondeterministic choice.

Li et al. [FX23] introduce the nondeterministic quantum programs that we will consider in this
thesis. Using quantitative predicates, they further develop weakest (liberal) precondition trans-
formers for these nondeterministic programs, which correspond to the demonic interpretation of
nondeterminism.

In the classical case, Verscht et al. [VI(25] provide an overview of the four variants of weakest pre-
conditions and their relations that we study in this thesis, in particular including the distinction
between angelic and demonic nondeterminism.

Building on these works, this thesis introduces qualitative angelic and demonic weakest (liberal)
preconditions for nondeterministic quantum programs. We develop weakest liberal precondition
transformer rules for the angelic and demonic variants and prove their correctness. For the non-
liberal variants, we define the corresponding weakest preconditions using termination spaces and
derive transformer rules for all language constructs except loops. We also investigate how the
four precondition variants relate to each other.

1.2 Outline

Chapter 2 introduces the mathematical background on quantum computing and the quantum
programming language considered throughout the thesis. Based on the classical weakest precon-
dition variants, Chapter 3 introduces the four weakest precondition variants for nondeterministic
quantum programs that we study in this thesis. Chapter 4 defines the qualitative predicates
used in this work and establishes their fundamental properties. Building on these foundations,
Chapter 5 develops the angelic and demonic weakest liberal precondition transformers and proves
their correctness. Chapter 6 introduces the corresponding non-liberal weakest preconditions us-
ing termination spaces and derives transformer rules for all language constructs except loops.
Chapter 7 studies the relationships between the four weakest precondition variants, and Chap-
ter 8 applies the transformers by verifying a simple three-qubit bit-flip error correction scheme.
Finally, Chapter 9 concludes the thesis and presents ideas for future work.



Chapter 2

Preliminaries

This section introduces the necessary background for understanding the subsequent chapters.
We start with the main concepts of quantum computing and then introduce our language for
nondeterministic quantum programs.

2.1 Quantum Computing

Since the predicate transformers developed later in this thesis operate on quantum states, we
first introduce the mathematical framework used to describe quantum systems. This section
briefly explains Hilbert spaces, linear operators, density operators and quantum measurements.
Unless stated otherwise, the definitions follow the definitions from [Yinl1].

Hilbert Spaces

According to von Neumann’s postulate of quantum mechanics [vN55], any isolated quantum
system with finite degrees of freedom can be described by a finite-dimensional Hilbert space. We
therefore begin by defining what a Hilbert space is.

Since Hilbert spaces build upon vector spaces, we first recall the definition of a vector space. For
the vectors, we use the Dirac notation |1).

Definition 2.1
A (complex) vector space is a nonempty set H together with two operations:

Vector addition (+) : H x H — H

and
Scalar multiplication (x): C x H — H

satisfying:
1. (H,+) is an Abelian group,
2. 1¢) = [9),
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3. Aul9)) = Aulg),
4 (A +p)lg) = Alo) + pl9),
5. M|#) + [4)) = Alg) + AlY)
for A\, u € C and vectors |¢), [¢) € H.

A Hilbert space additionally requires an inner product over the vector space. We write \* for
A € C to denote its complex conjugate. For a state [¢)) € H, its conjugate transpose is denoted

by (] = |¥)T = (j)")T.

Definition 2.2
An inner product over a vector space H is a mapping (-|-) : H x H — C satisfying:
1. (¢lg) > 0 with equality iff |¢p) =0,
2. {gly) = {¥l8)",
3. (DAt 4 Aatha) = Ar(@lihr) + Ao (@leha)
for |¢), [¢), [¥1), [¥2) € H and A1, Az € C.
Using the inner product, we define the length of a vector |¢/) € H by ||| = /(®[1). A vector

|1) is called a unit vector if ||¢|| = 1. A pure state of a quantum system is described by such a
unit vector.

Another property we require for a Hilbert space is completeness. It is formulated in terms of
Cauchy sequences and convergence.

Definition 2.3
Let {|tn)}nen be a sequence of vectors in ‘H. The sequence is called a Cauchy sequence if
for every € > 0, there exists an N € N such that

H¢m —%H <e¢
for all m,n > N.

It converges to |¢) € H if for every € > 0, there exists an N € N such that

[¥n — 9l <e

for all m > N.

Definition 2.4
A Hilbert space is a complete inner product space, i.e., a vector space with an inner product,
in which every Cauchy sequence converges to a vector in H.

Two vectors |¢) and |¢) are orthogonal, written |¢) L |¢), if (p|yp) = 0.
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Definition 2.5
A family {|v;)}icr of unit vectors is called an orthonormal basis of H if:

L. |1;) L |¢;) for all @ # j,
2. for every |¢) € H, |¥) = D (Wil)|4).

The cardinality of I is called the dimension of H. Throughout this thesis, all Hilbert spaces are
assumed to be finite-dimensional.

Example 2.6
The state space of qubits is the two-dimensional Hilbert space

Ha ={al0) + B|1) | @, 8 € C}.

The inner product of «|0) + ]|1) and &/|0) + 5'[1) in Hs is a*a’ + f*f for a,d/, 3,5 € C.
The orthonormal basis {|0),|1)} is called the computational basis, where the vectors are

represented in C2 as |0) = (é) and |1) = <(1)> . Unlike classical bits, a qubit can exist in a

superposition of basis states. A reappearing example is |+) = %(|O> +11)).

Quantum programs typically manipulate multiple quantum variables simultaneously. To describe
such composite quantum systems, we use the tensor product of Hilbert spaces [Yinl1]. For any
two Hilbert spaces H1 and Hs, their tensor product is denoted as Hi ® Ho.

Linear Operators, Density Operators and Superoperators

As quantum programs manipulate quantum states, we need to formally express these operations.
They are mathematically described by (linear) operators acting on Hilbert spaces. In this thesis,
we only consider bounded operators:

Definition 2.7
A bounded (linear) operator on a Hilbert space H is a mapping A : H — H satisfying the
following properties:

1. A(lg) + [¢) = Alg) + Aly),
2. A(A[Y)) = AA ),
3. There exists a constant C' > 0 such that

[A1) | < C 1Y) |
for all |¢) € H.

Let £(H) denote the set of bounded linear operators on H. For any operator A € L(H), there
exists a unique linear operator AT on H such that (p|Aly) = (Af|y) for all |p), ) € H. The
operator A' is called the adjoint of A. An operator A on H is called positive if (1| Aly)) > 0
for all |¢) € H. Tt is hermitian if At = A and unitary if ATA = AAY = I, where Iy is the
identity operator on H. We use unitary operators to describe the evolution of closed quantum
systems.
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Example 2.8

Typical unitary operators that appear throughout this thesis are the Pauli X-gate and the
controlled-X (or CX) gate. Their matrix representations with respect to the computational
basis are

1

0 1 0
X_<l 0> and CX = 0
0

O O = O
= o o O
O = O O

The X-gate exchanges the computational basis states |0) and |1). The C X-gate acts on two
qubits and applies the X-gate to the second qubit iff the first qubit is in state |1).

While pure quantum states can be represented by unit vectors, this representation is insufficient
for describing probabilistic mixtures of pure states, which can arise in our quantum programs,
e.g., due to measurements as defined in the next section. For this reason, we use density operators.
A quantum state is represented by a partial density operator p on a Hilbert space H, which is
defined as a positive operator with a trace satisfying ¢r(p) < 1. The set of all partial density
operators is denoted as D(H). Every partial density operator p can be generated by an ensemble
of pure states {|v;) }; with respective probabilities p; (where > . p; < 1), sothat p =", p;|vs) (4.

An evolution from one quantum state to another is described by a superoperator, i.e., a linear
mapping from density operators to density operators, which will be used to describe our pro-
gram semantics in Sec. 2.2.2. A superoperator £ on H is completely positive if for any Hilbert
space K, the extended operator £ ® I maps positive operators on H ® K to positive operators
on H ® K. It is trace-nonincreasing if it does not increase the trace of density operators, i.e.,
tr(E(p)) < tr(p) for all p € D(H) and trace-preserving if it preserves the trace of density op-
erators, i.e., tr(E(p)) = tr(p) for all p € D(H). Throughout this thesis, all superoperators are
completely positive and trace-nonincreasing.

Quantum Measurements

Measurements in a quantum setting are probabilistic and actively change the quantum state. In
this thesis, we only consider projective measurements based on (orthogonal) projections. These
projections are a special type of hermitian operators that are idempotent, i.e., P> = P for all
projections P. Then a measurement on a system with state space H is described by a finite set
of projections {P,,} satisfying the normalization condition ), PP, = Iy.

If the state of a quantum system is represented by a partial density operator p immediately

before measurement, the probability that result m occurs is p(m) = tr(PJszp). Following the

+
measurement, the state of the system collapses to p,, = %.

2.2 Nondeterministic Quantum Programs

Before verifying programs, we need to specify what our programs look like, i.e., the programming
language. The language considered throughout this thesis is taken from [FX23] and extends the
quantum while language described in [Yinl1]. Similar to the classical while-language, it consists
of a small collection of primitive statements together with constructs for sequential composition,
conditionals and loops. In contrast to the deterministic quantum while language, it additionally
includes a nondeterministic choice operator, which models situations where several program
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fragments may be executed without specifying which one is chosen. This section introduces the
syntax and denotational semantics of this language, which will serve as the basis for the weakest
precondition transformers developed in the following chapters.

2.2.1 Syntax

Let V ={q,q1,q2,...} be a finite set of quantum variables, each corresponding to a qubit. For
W CV, let Hyy = ®q€W H,. Here, H, is the two-dimensional Hilbert space associated with
q and the computational basis {|0) ,[1),}, whose order is irrelevant, as we use subscripts to
distinguish Hilbert spaces with different quantum variables. We write g to denote a tuple (and
sometimes a set) of distinct quantum variables from V. The syntax of the language is defined
inductively by the following grammar:

S ::= skip | abort |G :=0|gx = U | Sp; S1 | So0S1 |
if P[q] then S; else Sy end |while P[g] do Sy end,

where S, Sp, S1 are nondeterministic quantum programs, U is a unitary operator and P[g] =
{P, P+} a projective measurement on Hg. Intuitively, skip does nothing, while abort repre-
sents nontermination. g := 0 initializes the quantum variables g to the state |0), and gx = U
applies the unitary operator U to the quantum variables g. Sp;.51 executes Sy followed by
S1, while Sp1S7 represents a nondeterministic choice between executing Sy or S;. Finally,
if P[g] then S; else Sp end represents a measurement with two possible outcomes, after
which, depending on the outcome, either Sy or S is executed, and while P[q] do Sy end rep-
resents a loop that begins each iteration with a measurement. It executes Sy for outcome P and
terminates for outcome P

One example of a nondeterministic quantum program is the three-qubit error correction scheme
from [FX23], which we will revisit later. It encodes a single qubit ¢ using two ancilla qubits g1, g2
and can correct a single bit-flip error on any of the three qubits.

Example 2.9

ErrCorr = ¢, ¢2 :=0;
¢ qx = CX5 g, qox = OX;
skipUgx =X O 1% = X U gox = X
¢ % = C0X; ¢, qix = CX;
if P7![g] then
if P~'[q] then
qgx =X
end
end
Here, P=! = |1) (1] is the projective measurement according to the computational basis with
(P=1+ = 10)(0|, and if Plqg] then S end stands for if P[q] then S else skip end.

The nondeterministic choice adds the possibility of a bit-flip error on any of the three qubits
nondeterministically.
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2.2.2 Denotational Semantics

Quantum programs manipulate quantum variables whose states are represented by density oper-
ators on finite-dimensional Hilbert spaces. The semantics of a program is therefore described by
completely positive trace-nonincreasing superoperators acting on these density operators. Unlike
deterministic programs, a nondeterministic program may admit several possible executions. Its
denotational semantics is therefore represented by a set of superoperators rather than a single
superoperator, where each superoperator corresponds to one possible execution.

For a program S, let [S] denote its denotational semantics, represented as a set of superoperators.
The denotational semantics are defined recursively as follows [FX23]:

[skip] = {7}
[abort] = {0}

[7:=0] = {set‘g”}

[gx = U] = {Ug}
[So; S1] = [S1]  [So]
[[S()Dsl]] = [[So]] U [[Sl]]

[if P[q] then S; else Sy end] = [Si] o Pz + [So] O’qu

[while P[g] do Sy end] = {277(;‘ o F;0P;0...FioP;| F e[S}
=0

Here, 7 is the identity and O the zero superoperator, corresponding to nontermination. Uz is
the superoperator corresponding to the unitary operator U operating on g, i.e., Ug(p) = ngUg,
which applies the unitary to the quantum variables in §. For singleton sets, we sometimes
write Py instead of {Pg} for readability. We use subscripts to indicate the quantum vari-
ables on which a superoperator acts. For simplicity, we do not distinguish between an oper-
ator and its cylindrical extension, which corresponds to the same operation lifted to the whole
system. For example, the unitary operator U operates on the quantum variables g with the

)

cylindrical extension Uz ® Iy to Hy. The superoperator Setljo is responsible for initializ-

ing the quantum variables § and sets their state to |0)g, i.e., Setg)> (p) = Ziqz‘al 10)(i| p|3)5(0|.
The semantics of sequential composition is given by the composition of superoperators. Oper-
ations such as composition and addition of sets of superoperators are defined elementwise, i.e.,
[Si] o [So] = {€ o F | € € [S1], F € [So]}. Pz and P are the superoperators corresponding
to the projections P and its orthogonal complement P+ = I — P acting on g, respectively, for
example Pg(p) = PgpPy. Therefore, our measurement corresponds to a projective measurement
with two outcomes corresponding to projection P and its orthogonal complement P+. The re-
sulting state is the probabilistic mixture of the two branches. For the semantics of the loop,
F = (F)i>1 € [So]" is a countable infinite sequence of superoperators chosen from [Sg] that
acts as a scheduler, which chooses one of the superoperators in [Sy] for each iteration of the loop.
We write F; to represent the superoperator chosen for the ¢-th iteration. Then the semantics
of the n-th unfolding of the loop is given by Y 73,% o F;oPgo...FoPg which corresponds
to executing the loop body up to n times, followed by a measurement that exits the loop. This
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can be alternatively characterized by nested measurements as follows, which will be useful for
correctness proofs regarding the loop transformers:
Let

Wy = if P[q] then abort else skip end

and for all n > 0,
Wp4+1 = if P[g] then Sp; W, else skip end.

Then the semantics of each W,, corresponds exactly to the semantics of the n-th unfolding of the
loop, which can be used to approximate the semantics of the loop:

Lemma 2.10
For all n > 0:

[Wal = (D Py oFioPgo-oFioPy | F e [So]'"}.
=0

Proof of Lemma 2.10.
We prove this by induction on n.

For n = 0, we have
0
{Z Pi}={P:}={0}o{P}+{P;} =[if P[q] then abort else skip end] = [IWy].
=0

For n + 1, we have

n+1
{d PioFioPio---oFioPy| FelSo]"}

=0

) n+1
Sp:m{(ZPqLo]:iqum‘-o]iopq)*'PéL|]:€[[SO]]N}
=1
n+1
Def.:of+{th{%o‘}‘iop{jo...oflopq|]:€[[SO]]N}‘F{IPQL}
=1

Reindex {Z’P(;'ogiopqo---oglo’qugOO'Pq’.7:6 [Sol", Fis1 = Gi} + {P7}
=0

P N Pl o GioPro-0GoPgoGy | F € [Sol™, Fipr = Git o {Pg} + {PF)
=0

P D Py oGioPro 0 GroPy | G € [Sol ) o [Sol o {Pg} + {Py)
=0

Wal o [So] o {Pg} + {Py}

= [if PIg] then Sp; W, else skip end]

= [Watl.

=1
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The next lemma states that the semantics are indeed well-defined, especially that the loop really
yields a set of superoperators, which is proven in [FX23]:

Lemma 2.11 ([FX23])
For each program S, [S] is a set of trace-nonincreasing superoperators.

Each superoperator £ € [S] represents one possible execution of the nondeterministic program.
Executing the program on an input state p therefore corresponds to applying one of these super-
operators to p.

Example 2.12
The denotational semantics for Example 2.9 are:

q2

[ErrCorr] = {((le)J‘ + (Xq o qull + (qull)J_) ) Pq:;) 0CXyq 0CXygo0U

0CXgq 0CXgq © Setlz(pm

Ue {1, A, Xq1an2}},

with
P=L(p) = [11] p 1)1

for all p € D(H2).




Chapter 3

Predicate Transformers

Predicate transformers, first introduced by Dijkstra in 1975 [Dij75], can be used to reason about
the behavior of programs and establish correctness properties. Instead of reasoning directly
about executions, they transform predicates according to the program statements. The two
most common types of predicate transformers are the weakest precondition, which allows back-
ward reasoning, and the strongest postcondition for forward reasoning. In this thesis, we develop
weakest preconditions for nondeterministic quantum programs. Intuitively, a weakest precon-
dition contains exactly the initial states from which executing a program guarantees a desired
postcondition. The precise meaning of “guarantees” depends on the considered predicates and
the weakest precondition variant. It is formalized using Hoare triples.

Definition 3.1

A Hoare triple is a statement of the form {P}S{Q}, where P and @ are predicates (the
precondition and postcondition) and S is a program statement. The triple asserts that if the
precondition P holds before executing S, then the postcondition ) will hold after executing
S.

The exact interpretation of a Hoare triple depends on the type of weakest precondition considered
and is given in Chapter 5 and Chapter 6. The weakest precondition of a program statement S
with respect to a postcondition @ is the most general precondition P such that the Hoare triple
{P}5{Q} holds. In other words, it captures all initial states from which executing S guarantees
that @ will be satisfied afterwards.

Weakest Precondition Variants

For classical nondeterministic programs, the behavior of a nondeterministic program from some
initial state can be described by seven equivalence classes: For a deterministic program and a
fixed initial state, exactly one of three situations can occur: the program terminates and satisfies
the postcondition, the program terminates without satisfying the postcondition or the program
does not terminate. The three cases are illustrated in Fig. 3.2. Nondeterminism allows several
executions from the same initial state, so combinations of these three behaviors become possi-
ble. For instance, one execution may satisfy the postcondition while another fails to terminate.
Altogether, this yields seven equivalence classes of behavior as shown in Fig. 3.1. Depending on
which of these behaviors are considered acceptable, different types of weakest preconditions can

11
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be defined. According to [VIK25], weakest preconditions for classical nondeterministic programs
can be classified along two dimensions:

The first distinction concerns termination.

o The weakest liberal precondition characterizes partial correctness. It guarantees the post-
condition whenever the program terminates, but does not require termination.

o The weakest precondition characterizes total correctness. Besides establishing the postcon-
dition, it additionally guarantees that the program execution terminates.

The second distinction concerns nondeterministic programs. If a program admits several possible
executions from the same initial state, correctness can be interpreted in two different ways.

e In the demonic case, all possible executions must satisfy the desired postcondition.
e In the angelic case, it is sufficient that at least one execution satisfies the postcondition.

Combining these two dimensions yields four different variants of weakest preconditions: demonic
weakest preconditions (dwp), demonic weakest liberal preconditions (dwlp), angelic weakest pre-
conditions (awp) and angelic weakest liberal preconditions (awlp). For example, the demonic
weakest liberal precondition (dwlp) of a program statement S with respect to a postcondition
@ is the most general precondition P such that if P holds before executing S, then whenever S
terminates, @) will hold afterwards, and this must be true for all possible executions of S. The
resulting classification is summarized in Fig. 3.1.

Adapting these ideas to the quantum setting, measurements additionally introduce probabilistic
branching. In our case, measurement outcomes are not treated as sources of nondeterminism
and have no influence on the choice. Instead, all probabilistic branches are required to satisfy
the postcondition. Therefore, we can split the possible behaviors of a nondeterministic quantum
program for a given initial state into seven equivalence classes again: For one execution, we either
have that all branches terminate and satisfy the postcondition, all terminating branches satisfy
the postcondition (but not all or even any have to terminate) or some branch terminates and
does not satisfy the postcondition. These three classes mirror the three classes from the classical
case, which is illustrated in Fig. 3.2. Like in the classical case, we additionally can have their
combinations due to nondeterminism, which yields seven classes. The corresponding weakest
precondition variants are defined analogously to the classical case. The analogous quantum
classification is shown in Fig. 3.3.
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Figure 3.1: Overview of weakest precondition variants in the classical case and their relation-
ships [VIK25]. The marked boxes indicate the initial states included in the corresponding weakest
precondition. The loop stands for nontermination and the branching for nondeterminism.

Case 1 Case 2 Case 3

Classical E g

|

Branching

—
Quantum At least one branch with the
corresponding behavior required

Behavior allowed, but not
P P P P required

Figure 3.2: Overview of the three possible behaviors for a single execution in the classical
case and the corresponding quantum case. Again, the loop stands for nontermination. The box
represents probabilistic branching.
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Possible cases for an execution due to nondeterminism

1 1,2 1,3 2 1,2,3 2,3 3

dwlp

awlp

variant

Weakest precondition

dwp

awp

Figure 3.3: Overview of weakest precondition variants in the quantum case. The cases are
illustrated in Fig. 3.2. The included initial states for each transformer, again indicated by the
marked boxes, are exactly as in the classical case from Fig. 3.1.



Chapter 4

Predicates

Predicates allow us to express properties of quantum states, which can then be used to reason
about quantum programs. To define predicate transformers for quantum programs, we require
a formal definition of a quantum predicate. Two common types of predicates often used are
quantitative hermitian operators [FX23] and qualitative projections [FZXX26], which intuitively
represent sets of quantum states. Since projections naturally represent subspaces of a Hilbert
space, they provide the basis for our qualitative approach. We therefore start with projections
before introducing our new predicate domain based on sets of projections. For the rest of this
chapter, let H be a fixed finite-dimensional Hilbert space, and let all projections be projections
on H unless stated otherwise.

4.1 Projections

Projections provide a useful basis for predicates because they can be used to represent subspaces
of Hilbert spaces, as there is a one-to-one correspondence between projections and closed sub-
spaces in Hilbert spaces [FZXX26]. We first define what it means for a quantum state to satisfy
a projection.

Definition 4.1
Let P be an (orthogonal) projection on H. We write p = P to say that the state p € D(H)
satisfies P. This is defined as follows:

p = P iff PpPT = p.
Example 4.2
For state p = |0) (0] and a projection P = |0) (0|, we have
PpPT = |0) (0] |0) 0] 0) (0] = |0) (0] = p,

so p = P. The identity projection I is satisfied by all states, as IpIT = p for all p and the
zero projection 0 is only satisfied by 0, as 0p0f = 0 # p for all p # 0.

15
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The satisfaction relation also has a useful characterization in terms of the support of a quantum
state. For this we define supp(p), the support of state p, which contains all pure states that p is
a mixture of:

Definition 4.3
For a state p =Y. p;|¢s) (¥s|€ D(H):

supp(p) = span({[¢s) | p; > 0}).

This definition is independent of the choice of the |¢;) [Unr19].

With this, we can also characterize the satisfaction relation between states and projections by
looking at the subspace represented by the projection and the support of the state. Which
of these characterizations we use depends on the context and what is more convenient to
use.

Lemma 4.4
For state p and projection P, we have

plzPéPpPT:p&PpP:p&Pp:p&supp(p)gP.

Note that we write the same symbol, here P, for the projection and its corresponding subspace.
While the last occurrence of P denotes the subspace, the other ones denote the projection. The
intended meaning should be clear from the context.

Proof of Lemma 4.4.

The first two equivalences follow immediately from the definition of satisfaction together with
the fact that orthogonal projections are hermitian. For the third equivalence, we have:

“=” Assume that PpP = p. Then
Pp= P(PpP) ZE=E, Pp = PpP = p.

“<” Assume that Pp = p. Since p is a positive operator, it is hermitian [Yinll]. As P is an
orthogonal projector, it is also hermitian, so taking adjoints of both sides of Pp = p yields

(Pp)t =p'PT=pl = pP=p

and therefore
PpP = Pp = p.

For the last equivalence, we show PpP = p < supp(p) C P.
“=7” Assume that PpP = p with p = >, p;|¢;)(1;| and p; > 0 for all i. Take v € ker(P), where
ker(P) denotes the kernel (null space) of P, i.e., ker(P) = {v € H | Pv = 0}. Since Pv =0,

0 = (0[0) = (Pvlp|Pv) = (v[PpPlv) = (v|p|v).
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Using p = Y, pi|ti) (¢i| and (v|1h;) = (5|v)*, we have

0 = (v|p|v)

_ < > mii e
- Zp;<v|¢i><¢i|v>
_ ZP o).

)

Because each term in the sum is non-negative and all p; > 0, we have
(Yilv) =0 for all ¢ and all v € ker(P).

So each |¢;) is orthogonal to ker(P) and thus |¢;) € (ker(P))*. Because P is an orthogonal
projection, we have (ker(P))* = P. So |[¢;) € P for all i and

span({|¢i) }i) = supp(p) € P.
“<” Assume that supp(p) C P. Then every |¢;) with p; > 0 lies in the subspace of P, so

Pli) = |¢i).

Therefore,

PpP = sz‘PWi)WHP = Zpi [3) (il = p.
O

Thus, a state satisfies a projection P if its support lies entirely inside the subspace represented
by P.

Example 4.5
For state p = 5 10) (0 + 3 [1) (1] and projection P = |0) (0|, we have p ¥ P, as supp(p) =

span({[0),[1)}) & span({|0}}).

To construct predicate transformers, we need to combine predicates using logical operations. Two
of them are V for disjunction and A for conjunction from the Birkhoff-von Neumann quantum
logic [BvN36][Yin22], which are defined as follows:

Definition 4.6
For two projections P and Q:
PV Q@ =span(PUQ)

and
PAQ=PNQ.
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Example 4.7

In general, PV @ is defined as the closure of span(PUQ). Since all subspaces of finite-dimensional
Hilbert spaces are closed [Unrl19], this simplifies to the above definition. Intuitively, PV Q is
the smallest subspace that contains both P and @), while P A @ is the largest subspace that is
contained in both P and Q.

Additionally, we want to be able to express implications in case of measurements. Ordinary
implication is not suitable for reasoning about quantum measurements because a measurement
splits the state into two branches. When verifying one branch, we only want the postcondi-
tion to hold for the part of the state that actually reaches this branch. The remaining part
is handled separately by the other branch and should not be restricted by the postcondition
of this branch. To express this, we use the Sasaki implication [GGN17] like it was done in
[FZXX26].

Definition 4.8
For projections P and @), the Sasaki implication is defined by

P~ Q=PLV(PAQ).

Example 4.9
For example, |0) (0] ~ [1) (1] = (|0) (0))* v (10) (O] A 1) (1]) = [1) (1] v 0 = [1) (1].

The following lemma shows that the Sasaki implications indeed behave as we intended, i.e., it
only imposes the postcondition @) to the part of the state p that lies in P.

Lemma 4.10
For a state p € D(H) and projections P and Q:

pleP~Q iff PpPl=Q.

Proof of Lemma 4.10.
Let
p=>_ pilti) (il
i
be a state where p; > 0 for all i. Then

pEP~Q
<= supp(p) C span(P-U (PN Q))
— Vi: |[¢;) € span(PT U (PNQ))

&Lvi Pl € PAQ

< Vi: Pl;) € Q
< supp(PpP) C Q
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<= PpP Q.
(*) holds as every state can be decomposed as [¢;) = P|i;) + P|o;) [FZXX26]. O

Furthermore, measurements produce probabilistic mixtures of quantum states. Consequently,
we would like predicates to satisfy the following property: If each branch of a measurement
satisfies a predicate, then their resulting mixture should satisfy it as well. Conversely, if a
mixture satisfies a predicate, then each component should also satisfy it. Projections have
exactly this property because they are closed under linear combinations and decomposition.
In fact, for finite-dimensional Hilbert spaces they are the only predicates with this property
[Unrl8|.

Lemma 4.11
For states p1, po € D(H) and a projection P:

pr+p2fEPiff pr | EPAps =P

Proof of Lemma 4.11.
Let
pr="> pila) (Wil p2 =Y aildi) (¢l with pi,gq; > 0 for all i.
‘="
Assume p; + pa = P.
Then

supp(p1 + p2) € P
& supp (Zpi i) (il + > ai |¢i><¢i|> cP

= span({¢i}i, {¢i}:) C P
= span({¢i}i) C P A span({¢;};) C P
= pmEPANpEP

“<”: Assume p; = P and ps = P.
Then
span({¢;}i) € P A span({¢;};) C P

and thus
span ({t;}i, {¢i}i) € P

as P is a closed subspace.
As span ({t;}i, {#:}:) is the support of p1 + p2, we get py + pa = P.
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The “«<” direction of the previous lemma extends naturally to countable sums as shown in the
next lemma. This extension will be needed later when reasoning about loops, since denotational
semantics are defined as an infinite (but countable) sum over loop unfoldings.

Lemma 4.12
For projection P and state p =3 >  p, € D(H), we have

Vn:pp, =P = pkE P

Proof of Lemma 4.12.

Vn:pn = P
= Vn: Pp, = pn

00 ] oo 0o
— o= p (S0) S =3
n=0 n=0 n=0
= pEP.
Il

Lastly, to derive the weakest precondition for initialization, we need to determine the initial
states of the remaining quantum variables without the initialized variables, as the initialized
ones are set to |0). For this, we need exactly the states that, after setting the initialized variable
to |0), still satisfy the postcondition. This leads to the following construction:

Definition 4.13
Let V be a finite set of quantum variables and ¢ C V. Let P be a projection on Hg ® Hy\g-
We define

[Plg={l¢) € Hing | 10}z ® [¥) = P}.

We show that this construction can be used for our predicates by showing that it is a closed
subspace. As we use the same symbol for projections and their corresponding subspace, [P]g
will sometimes be used as a projection later.

Lemma 4.14
For a finite set of quantum variables V, ¢ C V and projection P on Hg ® Hy\g,
[P]g is a closed subspace of Hy 4.
Proof of Lemma 4.14.
Let |11),|12) € [P]g and let o, B € C. By definition,
0)g @ [¢1), [0)g @ [¥2) € P.

Since P is a subspace,
a(|0)g ® |¢1)) + B (|0)g ® [¢2)) € P.
Using the bilinearity of the tensor product,

a (|0)g @ [11)) + B (|0)g © [¢2)) = |0)g © (althr) + Ble)2)).
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Hence,
0)g @ (afthr) + Blye)) € P,
which implies
alyr) + Bly2) € [Plg.
Therefore, [P]; is a linear subspace. Since all subspaces of finite-dimensional Hilbert spaces are
closed [Unr19], [P]gz is closed.

O

4.2 Sets of Projections as Predicates

The previous section showed that projections provide natural qualitative quantum predicates.
However, they can only represent subspaces of a Hilbert space. For angelic nondeterminism, this
is no longer sufficient because the set of states satisfying a weakest precondition does not have
to form a subspace.

Example 4.15
Consider the quantum program S = ¢x = [[Ogx = X for one qubit ¢ and postcondition
10) {0].

The angelic weakest liberal precondition (formally defined in Sec. 5.1) is satisfied exactly by
those states p € D(H2) for which Z(p) = |0) (0] or X (p) = |0) (0|, which are exactly the
states satisfying |0) (0| or |1) (1]. This set of states is not a subspace because any subspace
containing |0) and |1) also contains their linear combinations, e.g. |+) .

This is why we introduce sets of projections as predicates:

Definition 4.16
A (quantum) predicate is a nonempty set of projections.

The empty set is excluded because we want state p = 0 to satisfy all predicates to mirror the
behavior of single projections. Thus, in this thesis, all sets of projections are assumed to be
nonempty.

Example 4.17
The set of projections {|0) (0|, |1) (1|} is the predicate that describes the weakest precondition
for Example 4.15.

For a set of projections O, we define the satisfaction relation as follows:

Definition 4.18
For a predicate © and a state p € D(H):

pEOIfIM €O :p = M.

Thus, a state satisfies a set of projections whenever it satisfies at least one projection in that set.
For singleton sets, we sometimes write M instead of {M} for readability.
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Example 4.19
For the predicate from Example 4.17, we get [0)(0] [ {]0)(0],|1) (1]}, because

10) 0] = 10) {0].
However, for p = %1(0) (0| + & |1) (1], p ¥ {|0) (0], |1) (1]} as p ¥ |0) (0] and p ¥ |1) (1].

Remark 4.20

Another possible definition for satisfaction would be requiring every projection in the pred-
icate to be satisfied, i.e., VM € © : p = M. However, this is equivalent to taking the
conjunction A of every projection in that set, which will be shown in Lemma 4.23. The issue
with this approach (or taking the disjunction V of every projection in the predicate) is that
it always yields a closed subspace, which is exactly what we want to avoid.

Since our predicates are now sets of projections, we also need to extend the logical operations
introduced in the previous section, which is done in an element-wise way:

Definition 4.21
Let {O;}; be a set of predicates. Then

Ao

M,; € ©; for all Z}

and

Vo= {Va

M; € @1 for all Z} .

Example 4.22
For example, we get

{10) COf, 1) (1} A {1, 0} = {]0) (O A L, 10) (O] A O, [1) (1} A L, [1) (1] A O} = {]0) (O], |1) (1], 0} .

The following lemma shows that our definition of the quantum conjunction on sets of projections
behaves as a logical conjunction. In particular, a state satisfies the conjunction of a set of
predicates if and only if it satisfies each predicate individually:

Lemma 4.23
Let {O;}; be a set of predicates. Then for every state p € D(H),

p):/\@iiffw: pE©6,.
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Proof of Lemma 4.23.

P):/\@i

— Vi

<~ Vi:

<— Vi :
<— Vi:

<— Vi

Remark 4.24

:dM; € ©;
dM; € ©;

aM; € 62'
dM; € ©;
1p E 6.

p /\Mi
s supp(p) C ﬂMi

:supp(p) € M;
pEM;

Note that this does not hold for the quantum disjunction, i.e., p = V,0;iff 3i : p = ©;
does not hold. In fact, this already fails for single projections: For example for p = 1 |0) (0] +
$11) (1], p = 10) (0] V [1) (1], but p ¥ |0) (0| and p ¥ |1) (1|. This is exactly the reason that
the quantum disjunction fails to capture angelic nondeterminism.

Additionally, we show that the Sasaki implication preserves its intended meaning for sets of

projections.

Lemma 4.25

For a state p € D(H), projection P and predicate ©:

p):Pw@

Proof of Lemma 4.25.

Lemma 4.10
p————————

iff PpP = 0.

pEP~O

spE=PLV(PAO)
&3IMeO:plk= PV (PAM)
IM €0©:PpP =M

< PpP = ©.
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Up to this point, there are multiple predicates that are satisfied by exactly the same states:
{I,]0) (0|} and {I,|1) (1]} are both satisfied by all states as all states satisfy I. Therefore we
define equivalence classes:

Definition 4.26
We say two predicates © and U are equivalent iff for all states p € D(H):

PEO® = pEL

From this definition, reflexivity, symmetry and transitivity follow directly.

Example 4.27
The predicates {I, |0) (0|} and {I,|1) (1|} are equivalent, as all states satisfy both predicates.

For the rest of this thesis, whenever we talk about the predicates, we always mean the corre-
sponding equivalence class.

As the goal of this thesis is to reason about weakest preconditions, we need to be able to compare

the predicates. Therefore, we define an ordering of predicates:

Definition 4.28
For predicates ©, ¥, we say O is weaker than W (V¥ is stronger than ©), written ¥ C O, iff

VoeDH):pEY = pEO.

Example 4.29
A predicate can be weakened by enlarging its set of projections. As with single projections,
the identity predicate {I} is the weakest predicate. For example,

{11) 11,10y (0]} E {[1) (1], 10) (O], |-) {+I} E {1}

Next, we show that this relation defines a partial order on our predicates. The antisymmetry of
this order then implies that the weakest precondition, if it exists, is unique.

Theorem 4.30
C (as defined in Def. 4.28) is a partial order on the set of predicates.

Proof of Theorem 4.30.

Let p € D(H) be arbitrary.

1. Reflexivity:

For any predicate ©, we have p| =0 = pE= 0,50 O C O.

2. Antisymmetry:

Suppose © C ¥ and ¥ C O. Then we have p =0 — ppEVYand p =¥V = p = 0. Thus,
pEO < pE ¥, which means © and ¥ are equivalent, so © = V.

3. Transitivity:

Suppose © C ¥ and ¥ C ®. Then we have p = © = pEVandp ¥ = pE o.
Therefore, p =0 = p = ®,50 0 C . O
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Furthermore, one can show that our predicate domain with respect to the partial order forms
a complete lattice, which means that we can find least upper and greatest lower bounds for
any subset of predicates. In our case, we can find a predicate that exactly describes all states
satisfying at least one of the predicates or all of them, respectively.

Theorem 4.31
The set of all predicates with the partial order C forms a complete lattice. The join of a set
of predicates {¥;}; is given by |, ¥; and the meet by \; ¥;.

Proof of Theorem 4.31.
We show that [, ¥; and A, ¥; are join and meet.
1. For a set of sets of projections {¥;};, we have ¥ C (J, ¥; for all ¥ € {U,};:

pEV = IMeV:pEM = IMec|JUi:pEM = pE U,

Therefore | J; ¥; is an upper bound of {¥;};. If © is another upper bound, then ¥; C © for all
i and |J; ¥; C ©: If there was a state p € D(H) such that p = |J; Vs, but p = ©, then p would
satisfy some M in some W;, but not satisfy any M in ©, which contradicts the assumption that
U; C O for all i. Hence, |J; ¥; is the least upper bound, i.e., the join.

2. For a set of sets of projections {V;};, we have A\, ¥; T ¥ for all ¥ € {V;};:

pE NV EEEE i A e W pE M = IMeV:pEM = pEU.

2

so A\, V; is a lower bound of {¥;};. If © is another lower bound, then © C ¥; for all ¢ and
© C A, U;: If there was a state p € D(#H) such that p = ©, but p = A, ¥;, then there would be
some ¢ such that p does not satisfy any M in ¥;, but satisfies some M in ©, which contradicts
the assumption that © C W; for all i. Hence, /\; ¥; is the greatest lower bound, i.e., the meet. [J

Remark 4.32

One might wonder if we can define the join as the pairwise join (the disjunction) of the
projections, as we are doing in the meet. However, we then get {|0) (0|} V {|1) (1]} = {I}.
By allowing sets of projections as predicates, we can find a stronger predicate, which is an
upper bound, namely {|0) (0|, |1) (1|}. Using the usual intersection as the meet does not
work directly either: {]|0) (0]} N{I} = 0 but |0) (0] = {|0) (0|} and |0) (0| = {I}, so we would
expect |0) (0] to be included in their meet. This is because we are always talking about sets of
quantum states and | J and /\ are how we get their intersection and union on predicate level.
Of course, if we look at the corresponding subspaces, we do get their natural intersection and
union. Additionally, we can see that with this definition of the meet, we can never get the
empty set as a predicate, as 0 is always included in all subspaces.







Chapter 5

Weakest Liberal Precondition

With our predicate domain fixed, we can move on to the weakest precondition transformers.
We begin with the weakest liberal preconditions, which means that we do not require termina-
tion. This is also referred to as partial correctness. This chapter develops the weakest liberal
precondition transformers for nondeterministic quantum programs. We first consider the angelic
interpretation of nondeterminism and then the demonic interpretation. For each transformer,
we define the corresponding notion of correctness, present the inductive transformer rules and
prove their correctness. For the rest of this thesis, let V be the finite set of quantum variables in
our considered system with H = Hy, and let all projections be projections on H unless specified
otherwise.

5.1 Angelic Weakest Liberal Precondition

The angelic weakest liberal precondition describes the weakest precondition that guarantees
that there exists at least one execution of the program such that, if that execution terminates,
the postcondition holds. Unlike the demonic case, correctness only has to be established for
one possible execution rather than for all executions and unlike the non-liberal case, we allow
nontermination. Therefore, we define the correctness of a Hoare triple {0} S {¥} in the angelic
liberal case as follows:

Definition 5.1
Let ©, ¥ be predicates and S a program. Then

=09 (0} S {U}iff Vp e D(H): p=© = 3E € [S]: E(p) = V.

par

With this, we can define the angelic weakest liberal precondition:

Definition 5.2
Let S be a quantum program and ¥ a postcondition. The angelic weakest liberal precondition
of U with respect to S, if it exists, is the unique quantum predicate awlp(S, ¥) such that:
1. Validity:

Fpar {awlp(S, W)} S {¥}

27
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2. Weakest: For any predicate O:

om0 (0} § (T} = O C awlp(S, V).
The first condition establishes that we have a valid precondition, while the second guarantees
that the predicate is the weakest among all valid liberal preconditions.

Using this definition, we can now give the rules for calculating the angelic weakest liberal precon-
dition of a quantum program S and postcondition ¥ inductively. The transformer rule for the
loop is only proven for loops with finite denotational semantics for their bodies, i.e., for every loop
while P[g] do Sy end, [So] is finite. This can be guaranteed, for example, by disallowing nested
loops. Whether the rule also holds for general loops remains future work.

Theorem 5.3

Assume that every loop body has finite denotational semantics. Then the angelic weakest
liberal precondition of a quantum program S with respect to a postcondition ¥ is given
inductively by the following equations:

—_

. awlp(skip, V) = ¥
2. awlp(abort, ¥) = {I}

3. awlp(g* =U, V) = {Uf M U; | M € ¥}

4. awlp(q:=0,V) ={[z® [M]g| M € ¥V}

5. awlp(Sp; S1,¥) = awlp(So,awlp(Sl, \I'))

6. awlp(if P[g] then S; else Sy end, V) =

Unrew (Pg ~ awlp(S1, M)) A (P ~ awlp(So, M))
awlp(Sp O S1, ¥) = awlp(Sp, ¥) U awlp(St, V)

8. awlp(while P[q] do So end,¥) = Upeq Anso M
Ul = (Pg ~ awlp(So, 1)) A (Pf- ~ M),
UM | = (Pg ~ awlp(Sp, TA)) A (PqL ~ M)

~

The rules for skip, g*=U and ¢ := 0 can be understood as reversing the corresponding program
operations when computing the weakest liberal precondition. Since abort does not terminate,
every initial state satisfies its weakest liberal precondition, so it is I. For measurements, the idea
is to impose separate conditions on the different measurement branches. The part of the state
corresponding to the outcome P must satisfy the weakest liberal precondition of Sy, expressed
by (P; ~» awlp(S1, M)), and likewise the other branch must satisfy (qu' ~> awlp(Sp, M)). We
have the same projection M for both branches due to Lemma 4.11 and then iterate over all
projections in the postcondition. The rule for the nondeterministic choice takes the union of
the initial states satisfying the weakest liberal preconditions of the individual choices, since in
the angelic case, the postcondition only has to hold for one of the choices. For loops, due to
Lemma 4.11 again, each terminating iteration has to satisfy the same projection. This is why
we calculate the weakest liberal precondition for a fixed projection and take the union over all
projections in our postcondition afterwards. For a projection M, the predicates \II% describe the
weakest liberal preconditions of the finite unfoldings of the loop, i.e., the states from which either
the M is satisfied or the loop has not terminated after n iterations. Therefore, we approximate
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the weakest liberal precondition for the full loop and projection M from above and decrease the
set of initial states in each iteration until we reach the awlp.

The correctness of the transformer rules follows immediately from the following theorem. Validity
is ensured by “=" and the weakest property by “<”.

Theorem 5.4
For all programs S and states p € D(H), p = awlp(S,¥) < 3€ € [S] : E(p) = V.

Proof of Theorem 5.4.
We prove this by induction over the structure of S. Let p € D(#H) be arbitrary.
Case skip: For S = skip, we have [S] = {€} with £(p) = p and awlp(S, V) = ¥ :

pEawlp(S, V) & pE=v < I c[S]:E(p) E V.

Case abort: For S = abort, we have [S] = {£} with £(p) = 0 and awlp(S,¥) = {I}:

p = awlp(S, ¥)
SpEA{I} (I-p=pforall peDH).)
<0FEY (M-0=0 for all projections M and ¥ is nonempty.)
<3IEc[S]:€(p) E V.

Case unitary: For S = g =U, we have [S] = {£} with £(p) = qug and awlp(S,¥) =
{(UIMU; | M € ¥}
p = awlp(S, ¥)

spE{UIMU; | M e v}

s3IMeV:pEUIMU;

S3IM eV Ul MU p(UI MUy = p

&3IM eV Ul MUzpUI MUz = p

&3IM € U : MUpUIM' = UgpU]

& UgpUl = O

s3I [9]:E(p) = V.

Case initialization: Let ¢§ C V and state
p=> pjloi) el
J

with p; > 0.

Since

lal_
{|i>‘7}j:0 1
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forms an orthonormal basis of Hg, every vector in Hz @ Hy\ 5 has a unique decomposition of the

form
alal _1

‘(?ZSJ Z | ®’¢]l )

for suitable vectors |¢;;) € Hy\g-

Then for S = g := 0, we have [S] = {€} with £(p) = 315" |0)4(i|p|i)7(0] and awlp(g := 0, ¥) =
{I;©[M);| M € 0} :

p = awlp(S, V)
= pE{l;®[M];| Mec ¥V}
= IMeV:pEI;®[M;
<= 3dM € ¥ :supp(p) C I; ® [M];
<:>EIM€‘I!:{|¢]-¢)\iE{O,...,Q“ﬂ—l},j} C [M],
= 3IMeU:Vie{0,...,20 -1}, j5:|¢;) € [M]g
—IM eV :Viec{0,...,211 —1},5:|0);® |pji) € M
<:>E|M€\I/:Span{|0)q®|¢ﬂ> |ie{0,...,2"?|—1},j} cM

olal _q
<~ 3IM € U : supp Z ij(\0>q ® [¢5:)) ((0lg ® (¢jz‘)) cM

olal _1

0)4(ill¢;)=10)7®|p;; .
‘>q<H J> ‘>q ‘ J> EIME\IJ:supp Z ij ‘0 Hd)j (<¢]Z>q<0)) QM

olal _1
<= dM € ¥ : supp Z 10)4( (Zp;% (0j ) (0 )

olal _1
<= dM € ¥ : supp Z|0 ilpli)g )CM

olal _1

= 3IMeW: Y |0)glilpli)g(0] M
=0

—Ep) e

Case sequence: For S = Sy; 51, we have [S] = [S1]o[So] and awlp(S, ¥) = awlp(So, awlp(S, ¥)) :

p = awlp(S, ¥)
<« p |= awlp(So, awlp(S1, ¥))

& 36 € [Sol : £o(p) = awlp(Sy, V)
<i> J&; € [[Sﬂ],go S [[S()]] 1 & Ogo(p) |: U
< I c[S]:€(p) = V.
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Case measurement: For S = if P[q] then S; else Sy end, we have [S] = [S1]oPg+[So] o
73% and awlp(S, V) = Uy e (Pg ~ awlp(S1, M)) A (qu ~ awlp(Sp, M)) :

p = awlp(S, V)

== U

Mev
Lemma 4.23 IM e

Lemma 4.25 IM e -

AL gy e v

Lemma 4.11 IM V-

— M e VU:
Def. + of operators

dM eV

((Pg ~ awlp(S1, M)) A (P ~ awlp(So, M)))

p = (Pg~ awlp(S1, M)) A p |= (P~ awlp(Sp, M)
PypP; |= awlp(S1, M) A Py pPy- = awlp(So, M)

3 € [S1], &0 € [Sol : E1(PypPy) | M A E(P; pPy) E M
3 € [S1], & € [So] : E1(PypPy) + Eo(PipPy) = M

3&1 € [$1]. €0 € [Sol = (E10P7)(p) + (E0 0 P7)(p) = M

136 € [S1], &0 € [So] : (E10Pg+E o Pr)(p) = M

= 3 €[S1],& € [So] : IM €V : (E10Ps+E o Py)(p) EM
> 3&1 € [S1],& € [So] : (E10Pg+En 0P )(p) E T

— I e[9]:

Ep) EV.

Case nondeterministic choice: For S = Sy.S;, we have [S] = [So] U [S1] and awlp(S, ¥) =

awlp(So, U) U awlp(Sy, ¥):

p = awlp(S, V)
< p E awlp(Sp, ¥) U awlp(Sy, ¥)
< IM € awlp(Sp, V) : pl= MV IM € awlp(S1,¥): p=E M
< p = awlp(So, ¥) V p |= awlp(51, ¥)

380 € [So] s Eo(p) = UV IE € [Si]: Eilp) = U

< 3¢ € [S0]

— I [9]:

U IS1] : Ep) = W
Ep) = V.

Case loop: We first show that the recursively defined predicate \Il% is precisely the awlp of the
finite unfolding W,, of the loop for a projection M.

Lemma 5.5

M e V.

For [Wy] = {3"i_q Pg o FioPgo -

awlp(W,,, M) = WM,

-0 F1 Opq ‘ F e [[So]]N}, \Iléw = (Pq ~ awlp(Sg,I)) A
P ~s M) and UM, = (P; ~ awlp(So, UM)) A (P ~» M), we have for all n > 0 and all
q n+1 q n q
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Proof of Lemma 5.5.
We show this by induction on n.

For n = 0, we show
p = awlp(Wo, M) < 3& € [Wo] : €(p) = M

for all states p.
We have [Wo] = Y0 P+ and awlp(Wo, M) = Y = (P; ~ awlp(So, I)) A (P ~ M):

p = awlp(Wo, M)
> p = (Py~ awlp(So, 1)) A (Py- ~ M)
& e (P D) A (PF > M)
= pEP M
Lemma 4.25 ,Pg_(p) |: M

0
= Y P EM
1=0
e 3E € [Wo] : E(p) = M.

(*) holds as p =1 < 3€ € [S] : £(p) = I and thus awlp(S, ) = I for all programs S.

For n + 1:

Using [Wy41] = [if P then Sp; W, else skip end] from Lemma 2.10, we obtain
awlp(Wp41, M) = awlp(if P then Sp; W, else skip end, M)

= (P ~ awlp(So; Wi, M)) A (Pf- ~ M). >

Using the rule for sequential composition, we get awlp(So; W,,, M) = awlp(Sp, awlp(W,,, M))
and together with the induction hypothesis awlp(So; Wi,, M) = awlp(Sp, ¥M). Replacing this
in Eq. (5.1) gives us

awlp(Wot1, M) = (Pg ~» awlp(So, U)")) A (P~ M) = T

g

Next, we show that A~ UM is the angelic weakest liberal precondition for a single projection
M, which we will generalize for sets of projections later.

Lemma 5.6
For S = while P[q] do Sy end, projection M and state p € D(H), we have

pE N\ = 3Ec[S]:E(p) M.
n>0
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Proof of Lemma 5.6.

“:”:
Assume p = \,5 UM Tt is

pE= /\W%%VnZO:p#\I’y
n20 (5.2)

Lemma 5.5

———=VYn>03G € [W,] : G(p) = M.

We show that this implies 3€ € [S] : £(p) = M, i.e., we can find (F;)i>1 € [So]" such that

£= is
=0

where &; = ’PqL o F;oPgo---o0F 0P with £ = 73%. For each n > 0, let T;, denote the set of
all finite sequences (Fi,...,F,) € [So]” such that

n
(Z'P;o]:iopqo---o]:l qu> (p) = M.
=0

We then call (Fi,...,F,) € [So]" successful. By Equivalence 5.2, every T, is
nonempty. Furthermore, if (3.7 Pq} o F;oPzo---0F0P;) (p) = M, then, by Lemma 4.11,
(Z?:_Olpé o FjoPgzo---0F; qu) (p) E M. So if (F,...,F,) € T,, then we have
(F1y..y Fno1) € Tp—1 for its prefix.

As we restrict the program to loops where [Sp] is finite, there are only finitely many possible
choices for the first superoperator, which means at least one F; € [Sy] occurs as the first
element of successful sequences of arbitrarily large length: Otherwise every possible first choice
would only occur in successful sequences up to some finite length. Taking the maximum of
these finitely many bounds would imply that there exists a maximal length of a successful
sequence, contradicting the fact that T,, # () for every n.

Having fixed Fi, consider only successful sequences beginning with Fj. Again, since [Sp] is
finite, there exists a choice of Fy such that (Fi, F2) is the prefix of successful sequences of
arbitrarily large length.

Proceeding inductively, we obtain an infinite sequence (F;);>1 € [So]" such that every finite
prefix (F,...,F,) belongs to T),. Consider

£=) PfoFoPso---0FioP;
=0

Since every terminating finite unfolding of the loop satisfies M, it follows from Lemma 4.12
that £(p) = M. Hence, 3€ € [S] : E(p) E M.

“<:77:

Assume 3€ € [S]: E(p) = M. Then there exists F € [So]" such that

E=Y PiFoFoPzo---0F 0Pz [S].
=0
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For n >0, let &, € [W,] be
Sn:Z’Pg‘o]:;-quou-o]:lqu.
i=0

By assumption, £(p) |= M. Hence, by Lemma 4.11 and £(p) = &, + > 72,4 73[% o F;oPz0
-+~ 0 F10Pg(p), we get £,(p) = M and therefore

Vn > 03E, € [W,] : &.(p) E M.
Therefore

Vn>0:3E, € [Wy] : Enlp) =M

Lemma 5.5

S22 Ny >0 p = UM

Lemma 4.23 M
n>0

g

From this, the correctness of the whole loop rule follows directly: For S = while P[g] do Sy end,
we have [S] = {372 P;- o Fio Pgo... Fio Py | F € [So]"} and awlp(S, ¥) = Upseq Apso o

p = awlp(S, ¥)
== U AW

Me¥ n>0
= IMeT:pE A\ T
n>0

Lemma S8 e Wi IE €[] E(p) =M

< I e[S]:IMeV:E(p) M
<« I e[S]:Ep) E V.
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5.2 Demonic Weakest Liberal Precondition

The demonic weakest liberal precondition describes the weakest precondition that guarantees
for all possible executions that all terminating branches satisfy the postcondition. In contrast
to the angelic case, we have to look at all executions of a program and in contrast to the
non-liberal case, the demonic weakest liberal precondition allows the program to not terminate.
Therefore, we define the correctness of a Hoare triple {©} S {¥} in the demonic liberal case as
follows:

Definition 5.7
Let ©, ¥ be predicates and S a program. Then

=dem (0} S {U} iff Vp e D(H) 1 pl=© = VE€[S]: E(p) = T.

With this, we can define the demonic weakest liberal precondition:

Definition 5.8
Let S be a quantum program and ¥ a postcondition. The demonic weakest liberal precondition
of ¥ with respect to S, if it exists, is the unique quantum predicate dwlp(S, ¥) such that:
1. Validity:

e {dwlp(S, ¥)} S {W}

2. Weakest: For any predicate O:

lem {0} S {¥} = © C dwlp(S, ¥).
Using this definition, we can now give the rules for calculating the demonic weakest liberal pre-
condition of a quantum program S and postcondition ¥ with one element ¥ = {M} inductively.
The transformer is only defined for singleton postconditions because measurements introduce
difficulties when predicates contain several projections, which is explained further at the end of
Sec. 5.2.

Theorem 5.9
The demonic weakest liberal precondition of a quantum program S and singleton postcondi-
tion ¥ = {M} can be given inductively by the following equations:

1. dwlp(skip, V) = ¥

2. dwlp(abort, ¥) = {I}

3. dwlp(7*=U,¥) = {UI M U; | M € ¥}

4. dwlp(g:=0,V) ={[; ® [M|s| M € ¥}

5. dwlp(So; S1,¥) = dwlp(Sp, dwlp(S1, ¥))

6. dwlp(if P[g] then S; else Sy end, V) =

7. dwlp(So O 81, ¥) = dwlp(So, ¥) A dwlp(S1, ¥)
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8. dwlp(while P[gq] do Sp end, V) =/ -, M
! = (Pg ~ dwlp(Sp, I)) A (P~ M),
U = (P ~ dwlp(So, T31)) A (P ~ M)

Remark 5.10

If we always start with only one projection in the postcondition, the transformer will always
yield a singleton set again, as none of the operations increase the number of projections in
the predicate. Therefore, we can use these rules to calculate the dwlp for any program as
long as the postcondition is a singleton set.

Note that compared to the angelic case, the main difference is the nondeterministic choice, as this
is exactly where we have to distinguish how we want to deal with nondeterministic behavior. The
rule for nondeterministic choice takes the intersection of the initial states satisfying the weakest
liberal preconditions of the individual choices, since we are in the demonic case, which means
that the postcondition must hold for every possible choice. Additionally, the measurement and
loop rules are only correct for singleton postconditions, which is why there is no union over every
projection in our postcondition anymore. Similar to Sec. 5.1, we prove the correctness of the
rules using the following theorem. As previously, validity is ensured by “=" and the weakest
property by “<”.

Theorem 5.11

For all programs S and states p € D(H), p = dwlp(S, V) & VE € [S] : E(p) = V.
Proof of Theorem 5.11.
We prove this by induction on the structure of S. Let p € D(H) be arbitrary.

Cases skip, abort, unitary, initialization: As for all four base cases, there exists exactly one
superoperator £ € [S], we do not have nondeterminism in these cases and the weakest liberal
preconditions and proofs are the same as in the proof of Theorem 5.4.

Case sequence: For S = Sp; 51, we have [S] = [S1]o[So] and dwlp(S, ¥) = dwlp(Sp, dwlp(S1, ¥)) :

p = dwlp(S, V)
— pE dwlp(So,dwlp(Sl, \Il))

L ey € [So] : Eo(p) = dwlp(Si, )
év& S [[Slﬂ,go S [[So]] & Ogo(p) ): v
<= VEe[S]:E(p) = V.

Case measurement: For S = if P[q] then S; else Sy end, we have [S] = [S1]oPgz+[So] o
P+ and dwlp(S, ¥) = (P; ~ dwlp(S1, M)) A (P;- ~» dwlp(So, M)) :

p = dwlp(S, ¥)
> p = (P~ dwlp(S1, M)) A (P~ dwlp(So, M))
S EB, (P~ dwlp(S1, M)) A p | (Py ~~ dwlp(Sp, M)
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Lemma 435, by P i dwlp(Sy, M) A PpP: = dwlp(So, M)
&5 V& € [S1], &0 € [Sol : E1(PapPy) = M A Eo(PipPy) = M
S WE € [S1], €0 € [So] : E1(PapPy) + Eo(Pf pPf) | M
= V& € [S1],& € [So] : (€10 P7)(p) + (Eo 0 PF)(p) = M
Def. 4 of operators V& € [S1]. & € [So] : (€1 0P+ & quL)(p) =M

> V€€ [5]:E(p) E{M}
e VEE[S]:E(p) E V.

Case nondeterministic choice: For S = Sy [0 51, we have [S] = [So] U [S1] and dwlp(S, ¥) =
dwlp(So, ¥) A dwlp(Sy, ¥):

p = dwlp(S, ¥)
— pE dwlp(So, ¥) A dwlp(S;, ¥)
Lemma 4.23

= p [= dwlp(Sp, ¥) A p [= dwlp(S1, ¥)
L vgy € [So] : Eolp) = T AVE € [S1] : E1(p) = T
= VEe[S] U Si]:E(p) Y
= VEe[S]:E(p) V.
Case loop: We start by showing that the recursively defined predicates \If,j‘f are precisely the

demonic weakest liberal preconditions of the finite unfoldings W,, of the loop.

Lemma 5.12
Let [[Wnﬂ = {Z?:O’P;- oF;oPgo---0oF10P; ‘ F € [[So]]N}, \I/é\/[ = (Pq ~ dWlp(S(),I)) A
(P~ M) and WM | = (P; ~ dwlp(So, ¥)1)) A (P;- ~» M). For all n > 0,

dwlp(W,, M) = &)/

holds.
Proof of Lemma 5.12.

The proof is analogous to the one for the angelic transformer in the proof of Lemma 5.5. We
again proceed by induction on n.

For n = 0, we show
p = dwlp(Wy, M) < VE € [Wo] : E(p) = M

for all states p.
We have [Wo] = Y0 P+ and dwlp(Wo, ¥) = U}! = (P; ~ dwlp(So, I)) A (P ~ M):

p = dwlp(Wo, M)
> p = (Py~ dwlp(So, 1)) A (P~ M)
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&L e Py AP M

= pEP~M
Lemma 4.25
Pr(p) =M

0
= Y P EM
=0
e VE € [Wo] : £(p) = M.

(*)holds as p = I < VE € [S]: £(p) = I and thus dwlp(S, I) = I for all programs S.

For n 4+ 1:

Using [Wy41] = [if Plg] then Sp; W, else skip end] from Lemma 2.10, we obtain
dwlp(Wy41, M) = dwlp(if P[q] then Sp; W, else skip end, M)

(P~ dwlp(So; Wa, M)) A (Pt = M). >3

Using the rule for sequential composition, we get dwlp(Sg; W,,, M) = dwlp(Sp, dwlp(W,,, M))
and together with the induction hypothesis dwlp(So; Wi,, M) = dwlp(Sp, ¥M). Replacing this
in Eq. (5.3) gives us

Awlp(Wi 1, M) = (Pg ~» dwlp(So, Up")) A (P ~ M) = UL,

g

For the correctness of the whole loop rule, we have S = while P[] do Sy end, [S] = {3 2, PqLo
FioPgo...F1 0Pz | F e[SV} and dwlp(S, ¥) = AN UM . We show

pl= N\ U = VEC[S]: E(p) =T

n>0

“j”:
Assume p |= A\, 5. For an arbitrary £ € [S], we show that £(p) = M :
Let £ € [9], then there exists a sequence (F;);>1 € [So]" such that

where

&szo}QOPqO-‘-o}]qu.

For every n > 0,

& eWal={> PjoFioPso---0FioPy| F e[SV}
1=0 =0
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and using
ASNAN
n>0
Lemma 4.23 n > 0: p ': \Ilﬁ/l
Lemma 512, >0:VYG e [W,]:G(p) E M,
we have

i=0
By repeated application of Lemma 4.11, we get for all ¢ > 0
&i(p) = M.
Thus, by Lemma 4.12
E(p) = Eilp) =M.
i=0

Since &€ € [S] was arbitrary, we have VE € [S] : £(p) E M and therefore VE € [S] : E(p) = V.

“¢77:
Assume VE € [S] : E(p) E ¥ and thus VE € [S] : E(p) E M. Let n > 0 and &, € [W,,]. Then
there exists a sequence (F;);>1 € [So]" such that

gn:ZP;_OEOPqO"'O.FlOPq.
i=0

Consider

52273;0}}-077@0--'0]:1073@6[[S]].

=0
By assumption,
E(p) =M.
Hence, by Lemma 4.11 and £(p) = Eu(p) + Yoo, 11 Pa o Fio Pgo -0 Fi o Py(p), we get
En(p) E M.

Since n and &, were arbitrary,
Vn > 0VE, € [W,] : En(p) E M.

Therefore
Vn>0:VE, € [Wy] :&nlp) EM

Lemma 5.12 Vn, > 0: p ): \If,]y

Lemma 4.23 P ): /\ \Ilﬁ/[
n>0
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On Dwlp Transformer for Sets of Projections

Naturally, one might ask whether the restriction to singleton sets is necessary, or whether the
transformer can be extended to arbitrary predicates. For every construct apart from loops and
measurements, we can apply the same rules, as the proofs never require ¥ to be a singleton set.
For the measurement, however, we run into problems. To see this, let us look at two ideas to
adapt our transformer to arbitrary predicates: A natural first attempt is to replace the singleton
postcondition by an arbitrary predicate ¥ to get

dwlp(if P[g] then S; else Sy end,¥) = (P; ~ dwlp(S1, ¥)) A (P; ~ dwlp(So, ¥)).
However, this does not give us a valid precondition, which can be seen from the following example:

Consider the program
if P7![g] then skip else skip end

with one qubit ¢, P=! = |1) (1| and postcondition ¥ = {|0X0|, |1X1]}.

Applying the above rule yields {I} as the dwlp, but running the program on initial state |+)+|
yields

310X0] -+ 3[1)1| # .
Hence, the proposed rule is not correct. Intuitively, this approach fails because the < direction

of Lemma 4.11 does not hold for sets of projections, e.g., 3|0X0| = ¥ and $|1)1| = ¥, but their
sum does not satisfy .

The next possibility would be to choose a single projection M € ¥ before reasoning about both
branches and get

dwlp(if P[q] then S; else Sy end,¥) = U (Pg ~» dwlp(S1, M)) A (P;‘ ~» dwlp(Sp, M)).
MeVv

This is essentially the approach from the angelic transformer in Sec. 5.1. But this approach is
too restrictive, as the following example demonstrates:

Consider the program
if I[q] then (gx = Ilgx = X) else abort

for one qubit ¢ and postcondition ¥ = {|0)0], [1)(1|} .

Using the new rule, we get {0} as the dwlp, which is only satisfied by p = 0. However, for
initial state |0) (0] with choice I, the resulting state Z(|0) (0]) = |0) (0] satisfies |0)0|, whereas
for the execution with choice X, the resulting state X'(|0) (0]) = |1) (1| satisfies |1)(1]|. Thus,
every execution from initial state |0) (0| satisfies the postcondition and |0) (0] should satisfy the
dwlp as well. The problem here is that no single projection in W is satisfied by both executions.
Intuitively, this approach fails because it requires both choices I and X to satisfy the same
projection M € W,

The difficulty is the following: For every pair of executions & € [So]] and &; € [S1], the resulting
state
E1(PypPy) + Eo(Py pPy)

must satisfy a projection contained in ¥. From Lemma 4.11, this means that & (P;pP;) and
SO(ququL) both need to satisfy the same projection. However, a different pair of executions
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&y € [So] and & € [S1] may satisfy a different projection from ¥. Consequently, no single
projection can be fixed globally for all branches, as although we want a fixed projection for each
pair of executions from different branches, we still need to allow different ones within one branch.

Therefore, we need some forward calculation to decide which subspace each nondeterministic
choice results in, which could look like

dwlp(if P[q] then S; else Sp end, V) =

A U (P~ dwlp(&1, M)) A (P;- ~> dwlp(€o, M)).
Eo€So],E1€[51] MeY

But this is no longer a genuine weakest precondition transformer rule: It requires the transformer
to access the denotational semantics of a program, and evaluating it requires the explicit (forward)
denotational semantics of Sy and S7, since the set of possible executions must first be computed.
Consequently, it does not admit a purely backward inductive computation.

The same difficulty appears in the loop rule, where the semantics is likewise defined as a sum
of states. Therefore, we restrict our backward transformer to singleton postconditions in the
demonic setting.






Chapter 6

Weakest Precondition

Unlike weakest liberal preconditions, non-liberal weakest preconditions characterize total cor-
rectness, which means that they additionally require program termination. We therefore first
introduce the notion of termination in our quantum setting [ZY Y 19].

Definition 6.1
For a superoperator £, we say that the execution of £ on input state p € D(H) terminates
almost surely if

tr(€(p)) = tr(p).

To define weakest preconditions for total correctness, we introduce a predicate that characterizes
exactly those input states from which a given execution terminates almost surely. For this
purpose, we use the termination subspace derived by Zhou et al. [ZYY19], which is defined as
follows:

Definition 6.2
For a superoperator £, the termination space T¢ is

1
(IH -3 gjgi) = {|9) | (IH -3 5ja~) ) = 0}, where £(p) = 32, EpEl is a Kraus
operator-sum representation [KBDWS83] of £.

Note that in our setting, the termination space is associated with an individual superoperator
rather than an entire nondeterministic program. This distinction is necessary because different
notions of termination for nondeterministic programs are considered in the angelic and demonic
settings.

We further get that this termination space T¢ is a closed subspace [ZYY19]. The singleton set
containing the corresponding projection {T¢€} is the predicate that expresses for a state p that
the execution terminates. [ZYY19] shows that this predicate exactly describes the initial states
that almost surely terminate under execution of superoperator &£.

43
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Lemma 6.3 ([ZYY19])
Let £ be a (trace-nonincreasing) superoperator. Then for every state p € D(H),

p =T iff tr(€(p)) = tr(p).

Additionally, this gives us an alternative characterization to express that a state lies in the
termination space of a given superoperator, which lets us reason about the termination space
without explicitly calculating the Kraus representation.

The following lemma shows that projective measurements themselves do not introduce nonter-
mination. This property will be needed when proving the correctness of the measurement rule
of the transformer.

Lemma 6.4
For projection P and state p,

tr(p) = tr(PpP) + tr(P*pP").

Proof of Lemma 6.4.
Since P+ =1 — P, we have I = P + P*. Therefore,

=tr((P+ P4)p(P + P4))

Linearity of tr

tr(PpP) + tr(PpPt) + tr(PLpP) + tr(PtpPt)

—=tr(PpP) + tr(P+pPt), as tr(PpP*) = tr(P+pP) = 0.

O

In the next two sections, we define the non-liberal versions of angelic and demonic weakest pre-
conditions, derive transformer rules for every construct except loops and prove their correctness.
The reason that there is no rule for loops in either case is that almost sure termination is difficult
to capture with our predicates, which is explained further in Sec. 6.3.

6.1 Angelic Weakest Precondition

The angelic weakest precondition describes the weakest precondition that guarantees for some
possible execution that it terminates and the postcondition holds. In contrast to the demonic
case, we only have to consider some execution of a program, and in contrast to the liberal case,
the angelic weakest precondition does not allow nontermination. Therefore, we define the total
correctness of a Hoare triple {0} S {¥} in the angelic case as follows:
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Definition 6.5
Let ©, ¥ be predicates and S a program. Then

=i 10} S{UYif Vpe D(H): p=0 = 3E€[S]:E(p) EV Ap =TE.

With this, we can define the angelic weakest precondition:

Definition 6.6
Let S be a quantum program and ¥ a postcondition. The angelic weakest precondition of W
with respect to S, if it exists, is the unique quantum predicate awp(.S, ) such that:
1. Validity:
Fiot {awp(S,¥)} S {¥}

2. Weakest: For any predicate ©:
Fiot 10} S {¥} = © Cawp(s, V).

Using this definition, we give the rules for calculating the angelic weakest precondition of a
loopfree quantum program S and postcondition ¥ inductively:

Theorem 6.7
The angelic weakest precondition of a quantum program S without loops and postcondition
W can be given inductively by the following equations:

—_

. awp(skip, V) =¥

2. awp(abort, V) = {0}

«=U, ) = (Ul MU; | M € ¥}
wp(q 20,‘1’) ={lz®[M]g| M € ¥}

awp(So; S1, ¥) = awp(Sp, awp(Sy, ¥))

awp(if P[cj] then S; else Sy end, V) =
Unrew (Pg ~ awp(S1, M)) A (P~ ~» awp(So, M))
7. awp(Sp O S1, ¥) = awp(Sp, ¥) U awp(Si, V)

(
wp(q
(g
(

.@.U‘rb.w

In contrast to the liberal case, only the transformer rule for abort changes because that is the
only construct (except for loops) that introduces nonterminating behavior.

We show the following theorem to prove the correctness of the rules, which ensures validity by
“=" and the weakest property by “<":

Theorem 6.8
For all programs S and states p € D(H), p = awp(S, ) < 3 € [S]: E(p) E VA p = TE.
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Proof of Theorem 6.8.
Again, we prove this by induction on the structure of program S. Let p € D(H) be arbitrary.

Cases skip, unitary, initialization: In all three cases, we only have one superoperator in
[S], for which we have T¢ = {I}: For the respective Kraus operators, IT - I, U' .U and
Z?ial 11)7(0]|0)4(i| are all equal to I, so (I — I)* = 1. Therefore, p = T¢ = I is trivially true
for all p € D(H) and awp(S, ¥) = awlp(S, ¥).

Case abort: For {£} = {0} = [S], we have T€ = (I —0)* = 0, so p | T¢ is only true
iff p = 0 and thus awp(abort, ¥) = {0}.

Case sequence: For S = Sy; S, we have [S] = [S1]o[So] and awp(S, ¥) = awp(So, awp(S1, ¥)) :
p = awp(S, V)
— pE awp(So,awp(Sl, \II))

LLemma 83, qe0 ¢ [So] = Eo(p) b= awp(S1, ©) A tr(p) = tr(Eo(p))
&, € [[Sl]],go € [[S(]]] &0 go(p) ): WA

tr(&o(p)) = tr(&1(&(p))) Ntr(p) = tr(&o(p))
— 351 S [[51]],50 S [[So]] : 51 o go(p) ’: U A t’l"(p) = t’l"(gl(go(p)))
(< as we deal with trace-nonincreasing superoperators.)

— Ec[S]:E(p) =EVApE=TE.

IH,Lemma 6.3
P————————

Case measurement: For S = if P[q] then S; else Sy end, we have [S] = [S1]oPg+[So] o
’P% and awp(S,¥) = UMe\I/(Pé ~ awp(S1, M)) A (PqL ~ awp(Sp, M)) :
p I= awp(S, ¥)

= pl | (P~ awp(S1, M)) A (P ~ awp(So, M)
Mew

SO EL N € U p = (Py~ awp(S1, M) A p = (P~ awp(So, M))

Lemma 425 5p 0 - . PpPy; = awp(S1, M) A PquPqL = awp(So, M)

JLemma 83, gar e 38, € [S1], Eo € [So] : E1(PypPy) = M Atr(PypPy) = tr(E1(PypPy))A
E(P; pPy) = M Atr(PipPy) = tr(E(Py pPy))
Lemma LU M € W36 € [S1], & € [Sol : E1(PapPy) + Eo(PpPr) = MA
tr(PgpPy) + tr(Py pPy) = tr(E1(PypPy)) + tr(E(Py pPy))
(< as we deal with trace-nonincreasing superoperators. )
L 8L IM € W36 € [Si], €0 € [Sol : (€10 PR (p) + (Eo 0 PH)(p) = MA
tr(p) = tr((&10 Pg)(p) + (€0 © Py )(p))
AM € U : 3&; € [S1], & € [So] : (€10 Pg+ & 0Py )(p) = MA

Def. + of operators
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tr(p) =tr((E10 Pz + E o P7)(p))

< 3& € [51],& € [So] : IM € ¥ : (& 0775—1—50077;')@) E MA
tr(p) = tr((€10 Py + & o Py)(p))

= 36 € [S1], & € [So] : (€1 0Py + E 0 PL)(p) = WA
tr(p) = tr((&r o Pz + & o Py )(p))

— 3Ee[S]:E(p) =T ApE=TE.

Case nondeterministic choice: For S = S, 051, we have [S] = [So] U [S1] and awp(S, ¥) =
awp(So, ¥) U awp(S1, V).

p = awp(S, ¥)
< p = awp(So, ¥) Uawp(Sy, ¥)
< p = awp(So, V) V p |= awp(51, V)

S 22, (36 € [So]  E0(p) W A tr(p) = tr(Eo(p))V
(3& € [S1]: E(p) E ¥ Atr(p) =tr(Ei(p)))
— FEc[So)U[Si]:E(p) =T Ap=T¢
— FEc[S]:E(p) EVApETE.

6.2 Demonic Weakest Precondition

The demonic weakest precondition characterizes the weakest predicate that guarantees both
almost sure termination and satisfaction of the postcondition for every possible execution of the
program. Therefore, we define the total correctness of a Hoare triple {©} S {¥} in the demonic
case as follows:

Definition 6.9
Let ©, ¥ be predicates and S a program. Then

=dem QL S {W}if Vpe D(H):pl=© = VEE€[S]:E(p) EV Ap =TC.

With this, we can define the demonic weakest precondition:

Definition 6.10
Let S be a quantum program and ¥ a postcondition. The demonic weakest precondition of
U with respect to S, if it exists, is the unique quantum predicate dwp(S, ¥) such that:
1. Validity:
s {dwp(S, ¥)} S {¥}

2. Weakest: For any predicate ©:

dem 191 § {U} — O C dwp(S, U).
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Using this definition, we give the rules for calculating the demonic weakest precondition of a
loopfree quantum program S and postcondition ¥ with one element ¥ = {M} inductively:

Theorem 6.11
The demonic weakest precondition of a quantum program S without loops and a singleton
postcondition ¥ = {M} can be given inductively by the following equations:

1. dwp(skip, ) = ¥
(

3. dwp(q * U,\I:):{UiMU-yMe\If}
wp(q :
(

4
5. dwp(So; Sl,\I/) = dwp(So,de(Sl,\If))
6

. dwp(if P]g] then S; else Sy end, V) =
(Pg ~» dwp(S1, M)) A (PqL ~» dwp(Sp, M))

7. de(So 5y, \I/) = de(S(), \Il) A de(Sl, \I/)

As in the angelic case, the transformer rules for every construct except for abort are the same
as in Theorem 5.9 because nothing else introduces nontermination.

For the non-liberal case, we additionally need to show that all states satisfying the precondition
terminate. Thus, the correctness of the rules follows from the following theorem. Again, validity
is ensured by “=", and the weakest property is ensured by “<”.

Theorem 6.12

For all programs S and states p € D(H), p |= dwp(S,¥) < VE € [S]: E(p) E ¥ Ap |= TC.
Proof of Theorem 6.12.
Again, we prove this by induction on the structure of program S. Let p € D(H) be arbitrary.

Cases skip, abort, unitary, initialization: Again, the demonic weakest precondition for the
base cases is the same as for the angelic weakest precondition from Sec. 6.1 with almost identical
proofs, as for all four operations, there exists exactly one superoperator £ € [S].

Case sequence: For S = Sy; 51, we have [S] = [S1]o[So] and dwp(S, ¥) = dwp(Sp, dwp(S1, ¥)) :
p = dwp(S, ¥)
> p = dwp(So, dwp(S1, ¥))
DS Ve € [S0] : E0lp) | dw(S1, W) A tr(p) = tr(Ea(p))

V& € [S1], & € [So] - &0 &o(p) = W Atr(Eo(p)) = tr(E1(Eo(p))) Atr(p) = tr(Eo(p))
> V& € [S1], & € [So] : E10&(p) =V Atr(p) = tr(Er(En(p)))

(”<=” because the superoperators are trace-nonincreasing.)
= VEC[S]:E(p) ETAp=TE.

IH,Lemma 6.3
>
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Case measurement: For S = if P[q] then S; else Sy end, we have [S] = [S1]oPg+[So] o
73% and dwp(S, V) = (Py ~» dwp(S1, M)) A (PqL ~» dwp(Sp, M)) :
p |= dwp(S, ¥)
> p = (Pg~ dwp(S1, M)) A (P ~ dwp(So, M))
LI, e (Py s dwp(S1, M) Ap | (B~ dwp(So, M)

LB, PrpPy b= dwp(S1, M) A PpP2 = dwp(So, M)

IH,Lemma 6.
=2, €y € [S1], €0 € [So] : E1(PapPy) = M A tr(PypPy) = tr(E1(PypPy))A

& (P pPy) = M A tr(PgpP;) = tr(E(Py pPy))
Lemme L vey € [Si], € € [Sol : E1(PapPy) + Eo(PipPh) = MA
tr(PpP) + tr(PtpP) = tr(&(PypPy)) + tr(&( Py pFy))
("<=" because the superoperators are trace-nonincreasing.)
LSl vgy e [51], & € [So] < (€10 Pg)(p) + (Eo 0 PH)(p) = MA
tr(p) = tr((€10P7)(p) + (Eo 0 Py )(p))
VEL € [S1], € € [So] : (€10 Pz + & 0 PF)(p) | MA

tr(p) = tr((€1 o Pz + & © P7)(p))
= VEE[S]: E(p) E{AM}INp = T®
— VEE[S]:E(p) EU AP =TE.

Def. + of operators

Case nondeterministic choice: For S = Sy 5, we have [S] = [So] U [S1] and dwp(S, ¥) =
dwp(Sp, ¥) A dwp(S1, ¥):
p = dwp(So, V) A dwp(S, V)
<= p = dwp(So, V) A p = dwp(S1, V)
AR, (9 € [So] : Eolp) = W A tr(p) = tr(Eo(p)))A
(V&1 € [S1] : &u(p) E W Atr(p) = tr(€1(p)))
— VEE[So] U[Si]:E(p) =T Apl=T¢
= VEEC[S]:E(p) E U Ap =TC.
O

Just as in the liberal case in Sec. 5.2, the proposed rule for measurements is the only one that is
not correct for arbitrary predicates. As we have the same problems in the non-liberal demonic
case as in the liberal one, we restrict the postcondition to singleton sets again.
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6.3 Weakest Precondition Transformer for Loops

The most interesting case for the non-liberal transformers is arguably the loop because, apart
from abort, this is the only construct that introduces nonterminating behavior. The reason that
loops are not included in the transformer rules is that finding a weakest precondition transformer
for them is significantly more difficult than for the rest. The main challenge is capturing almost
sure termination with qualitative predicates. One idea for the loop is to start by calculating the
weakest precondition for each unfolding of the loop like it is done in the liberal case. For the
demonic weakest liberal transformer, we would get

dwp(while P[q] do Sy end,{M}) = U M
n>0

with W)Y = (P; ~ dwp(S0,0)) A (P~ M) and W), = (P; ~ dwp(So, U2)) A (P3 ~~ M).
However, this cannot capture the initial states that only terminate almost surely, but never for
a concrete unfolding of the loop. To see this, consider the program

while P7%[¢] do ¢x = H end

with one qubit ¢, P= = |0) (0| and its semantics {} ;o P~ o (# o P=0)'}. Here, H is the
Hadamard gate, which maps |0) to |[+), and J# is the corresponding superoperator (as ‘H already
refers to the Hilbert space). Then

NP0 (A 0 P0) (1) (+]) = 1) (1],
=0

but for every finite unfolding with n iterations of the loop,

(Z Pl o (o opw‘) () = 3 il = (1= e ) 01
1=0

1=0

whose trace is strictly smaller than that of the input state. Hence |+)(+| is not contained in the
termination space of any finite approximation. The reason is that

pl=T¢ for every £ € [while P[g] do Sy end]

does not imply
In:VE € [Wo]:p ETE,

where W,, denote the finite unfoldings of the loop. Almost sure termination is therefore not
captured by finite unfoldings. Finding some way of describing almost surely terminating states
in this framework remains an interesting question for future work.

Nevertheless, the unfolding construction still yields a valid (although generally not weakest)
precondition, which is proven in the following. We first show that the weakest precondition
of each finite unfolding of the loop is still characterized by the corresponding predicate W



6.3. Weakest Precondition Transformer for Loops 51

Lemma 6.13
For [W,] = {31, PQL oFjoPgo---oFi1o0Pg | F € [So]}, \Ilé‘/[ = (P ~» dwp(Sp,0)) A
(Pt ~ M) and UM | = (P ~ dwp(So, UM)) A (P ~ M), we have for all n > 0 and all
projections M:

dwp(W,, M) = UM,

Proof of Lemma 6.13.
We show this by induction on n.

For n = 0, we show
p = dwp(Wo, M) & YE € [Wo] : E(p) = M Ap =T°

for all p € D(H). Let state p be arbitrary.
We have [Wo] = Y0, P7 and dwp(Wo, M) = U} = (P; ~ dwp(So, 0)) A (Pi ~+ M):
p = dwp(Wo, M)
= p = (P~ dwp(Sp,0)) A (P~ M)

L o (P 0) A (P M)

Lemma 4.25 Pqppq ):OAPquPqL ’:M

& PypP;=0APpP;r =M
< Pi(p) |E M Atr(Py(p) = 0)

0
Lma 8L, N plp) = M Atr(p) = tr(P2(p))
=0

Lemma 83, e [Wol : E(p) = M A p = TE.

(*) holds as p E 0 <= p =0 <<= VE € [S] : Epp) E 0Atr(p) = tr(E(p)),
so dwp(S,0) = 0 for all programs S.

For n + 1:
Using [Wyp41] = [if P then Sp; W, else skip end] from Lemma 2.10, we obtain
dwp(Wp41, M) = dwp(if P then Sp; W, else skip end, M)

Using the rule for sequential composition, we get dwp(So; Wy, M) = dwp(Sy, dwp(W,,, M))
and together with the induction hypothesis dwp(So; W,,, M) = dwp(Sp, ¥M). Replacing this
in Eq. (6.1) gives us

Awp(Wiy1, M) = (P; ~ dwp(So, UA) A (P~ M) = W),
O

To relate the predicates WM for different unfoldings, we first need the monotonicity of the de-
monic weakest precondition transformer. Intuitively, this shows that weakening the postcondition
cannot make its weakest precondition stronger.
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Lemma 6.14
dwp is monotonic, i.e., for every program S and predicates ¥, ®,

if ¥ C @ then dwp(S, V) C dwp(S, @) holds.

Proof of Lemma 6.14.
UL P
< VWeDH):(pEY = pE?D)
< VpeDH): (VE€[S]:E(p) EY = VE€[S]:E(p) EP)
— VpeD(H): (VE€[S]:E(p) EVApETE — YEE[S]:E(p) =D Ap =TY),
as T¢ is independent of the postcondition.

Theorem 6.12 vp c D(H) . (p ': de(S, \I}) == p }: de(S, Q)))

< dwp(S, V) C dwp(S, D).
O
Using the monotonicity of dwp, we can now show that the sequence of predicates (\I/ﬁ/[ Jn>0 is

increasing. Intuitively, this means that each initial state that satisfies ¥ also satisfies \Ilffﬂ,
and our calculation can only increase the initial states included in the dwp.

Lemma 6.15
For all n > 0 and projections M,

M M
v, EWL .

Proof of Lemma 6.15.

We prove this by induction on n. Let p € D(H) be arbitrary.
For n = 0, we have:

pE v
= p = (P;~ 0) A (P ~ M)
Lemma 4.23
L 2B, (e (Py~ 0) Ap | (P~ M)

R, PPy = O A p = (P~ M)

OV for all predicates ¥

PypPy = dwp(So, ¥') A p = (P~ M)

Lemma 4.25,Lemma 4.23

p I (P~ dwp(So, W4")) A (P ~ M)

— p = UM,
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For n + 1:
For all states p € D(H), we have

pE ‘I’%rl
— p = (Py~ dwp(So, A1) A (P ~ M)
Lt 2B PapPy = dwp(So, W) A P pPF = M
2L PPy = dwp(So, UML) A PPl = M
(as by Lemma 6.14 and induction hypothesis, dwp(So, ¥,)) C dwp(So, qj%l))
Lemma 425, p = (P; ~ dwp(So, \ijj\ﬂ-l)) N (PtiL ~ M)
= pFE Upio.

0

With this, we use the finite approximations to show that the unfolding construction yields a valid
precondition for the full loop. In particular, if a state satisfies (J,,~ UM then every execution
of the loop terminates from that state and satisfies the postcondition M.

Theorem 6.16
For S = while P[q] do Sy end and projection M, we have

pEU W = VEE[S]:E(p) EMApETE

n>0

for all states p € D(H),

Proof of Theorem 6.16.
Assume p = U,>¢ UM Then
pE= o)
n>0
— In>0:pE=uM
%HnZO:VNZn:p):\IIAN/[

LS 0 > 0 YN > n: p = dwp(Wy, M)

— I >0:YN>n:VEc[Wn]:E(p) =M Apl=TE,
N
Withgzz&' and 57;:733‘0.7:1'073(70“'0}—1 o Py, (Fi)i>1 € [[So]]N.
1=0

Thus, there exists an n such that:

1. for all N > n, using Lemma 4.11, Ex(p) = M holds for all £ € [Wi],
2. for all 0 < N < n, again using Lemma 4.11, Ex(p) = M holds for all £ € [Wx].
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Thus, we have for all N >0, Ex(p) = M. With Lemma 4.12, we get

vE e [S]: Ep ZE

We additionally have to show that tr(p) = tr(E(p)) for every € € [S] = > 2, & with & =
Py oFioPgo -0 FioPyg (Fiiz1 € [So]"-
From

n
EInZO:VZ&;G W] :p=TC,
i=0
we have that there exists some n > 0 such that

tr <Z 5i(P)> = tr(p).
i=0
Furthermore, we have

n+1 n
tr (Z &(p)) tr (ZS > +tr(Ent1(p)) > tr <Z Si(p)> ,
i=0 i=0

since each &,411(p) is positive and thus the traces of the partial sums are monotone increasing.
On the other hand, every superoperator in [S] is trace-nonincreasing and therefore

tr(ZE ><tr)

Using the monotonicity of the traces of the partial sums, we have

rp)—tr(ZEi(p)><tr<ZS )<tr p)
i=0
and thus
tr (ZE ) = tr(p).
As E(p) =72, Ei(p), tr(E(p)) = tr(p) holds for all £ € [S].

Together, we get
VE € [S]: £(p) = M A tr(E(p)) = tr(p)

Lemma 03, e c [S]: E(p) = M Ap = TE.

The same applies to the angelic weakest precondition for loops:

The rule awp(while P[g] do Sp end, ¥) = Uyseqp Unso UM with UM = (P; ~ awp(Sp,0)) A
(P-l ~ M) and WM | = (P; ~ awp(Sp, TA)) A (PqL ~» M) fails for the same reason that it does
not capture the initial states that only terminate almost surely, but never after finite iterations
of the loop. Proving that this still yields a valid precondition works just as in the demonic case
combined with the extension for arbitrary predicates, but with the restriction to finite semantics
within loops from the angelic weakest liberal precondition in Sec. 5.1.
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Relations between Weakest
Preconditions

The four weakest precondition variants differ along two independent dimensions: the distinction
between demonic and angelic nondeterminism and the distinction between total and partial
correctness. The next question that arises is whether we can find relationships between them.
It turns out that the differences induce a natural ordering between the corresponding predicate
transformers, shown in the following theorem:

Theorem 7.1
For a quantum program S and postcondition ¥, we have the following relations:

awp(S,¥) T awlp(S, ¥)
LI LI

dwp(S,¥) C dwlp(S, V)

The vertical relations compare demonic and angelic reasoning, whereas the horizontal relations
compare total and partial correctness.

Proof of Theorem 7.1.

Let p € D(H) be a state. The angelic versions are weaker than the demonic ones because
requiring the property to hold for at least one execution is weaker than requiring it to hold for
every execution:

p E dwlp(S, ¥
= VEe[S]:E(p
= 3Ec[5]:E(p
< p = awlp(S, ¥

)
)
)
)

55
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p | dwp(S, V)
= VEC[S]:E(p) =T Ap =TE
— 3Ec[S]:E(p)ETApE=T®
< p = awp(S, ¥)

The liberal versions are weaker than the non-liberal ones because total correctness additionally
requires almost sure termination:

p = dwp(S, V)
= VEC[S]:E(p) =T Ap =TE
= VEc[5]:E(p) E T
<= p = dwlp(S, V)

p = awp(S, ¥)
—3Eec[S]:Ep)ETAp =T
— 3 e€[5]:Ep) T
< p | awlp(S, ¥)
O
Thus, total correctness always yields a stronger precondition than partial correctness, while

demonic reasoning yields a stronger precondition than angelic reasoning. These are the same
relationships as in the classical case [VI25].
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Example Application

This chapter illustrates the previously developed predicate transformers by applying them to
the three-qubit bit-flip error correction scheme introduced in Example 2.9. For readability, we
write [|¢)] for the corresponding partial density operator |¢) ()| of a pure state |1)) and omit the
subscript 44, .4, Whenever it is clear from the context.

For the demonic case, the goal is to verify that the program preserves the qubit ¢ for every
possible bit-flip error. Therefore, we choose {[ag |0) + a1|1)]; ® Iy, 4.} as the postcondition.
This expresses that, after executing the error correction procedure, the information stored in the
qubit ¢ has been recovered correctly, whereas the ancilla qubits ¢; and ¢o are left unspecified
because these ancillas are only used to detect and correct errors and are no longer relevant after
the computation. Computing the weakest precondition of this postcondition backwards through
the program yields the weakest condition on the initial state that guarantees successful error
correction, so we expect {[ag|0) + a1|1)]q ® g, 4o} as the demonic weakest precondition.

The application of the demonic weakest precondition transformer is shown in the following. As
the program does not include abort or loops, the demonic weakest precondition and demonic
weakest liberal precondition coincide.

Example 8.1 (Demonic Weakest Precondition)

10 {[c0]0) + a1|1)]g ® Ig1,q,}
q1,q2 :=0
9  {[a0|000) + a1[100)]}
q, 1k =CX; q,q*x = CX;
8 {[]000) + a1 |111)]}
skip O gx = X U gix = X U gox = X;
7 {[@0[100) + 1|011)] V [ap]|001) + c1]|110)] V [cp]010) + ¢1]101)] V [evg|000) + vy [111)]}

q,qx = CX; q,q1x = CX;

o7
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6 {[oo|111) + a1]011)] V [a0]001) + a1 |101)] V [cr|010) + a1 |110Y] V [cxo|000) + a1 |100)] }
if P=![gy] then
5 ({laol11) + a10D]gq V [a0]00) + a1 10))gq1}) © Ly,

if P=![q;] then

4 {[ao|1) +a1‘0>]q®1q1,qz}
qgx =X
3 {[0‘0’0>+a1‘1>]q®jq1,q2}
end

2 {[0]0) +a1|1>]q®Iq1,qz}
end

1 {[ao]0) + a1[1)]g ® Igy 40}

Most steps follow directly from the initialization, unitary and sequential composition rules.
The only nontrivial applications are the measurement rule and the nondeterministic choice
rule, which we derive below.

For step 5, we need to apply the measurement rule:

dwp(if P~'[q] then ¢* = X else skip end, {[a[0) + a1|1)]; ® Ipy.00})
= (H]‘)]QI ® Ig,g, [ao|1) + O‘1|0>]q ® Iq1,q2)

A (HO>]q1 ® Ig,g, ~ []0) + 0‘1|1>]q ® Iq1ﬂ2)

= [ao[11) + a1|01>]q7q1 Q1g, V [0]00) + al|10>]q,q1 Q Ig,.

Step 6 can be derived similarly.

For the nondeterministic choice in step 8, we obtain

dwp(skipOgx = XOg1x = XOgox = X, ¥7)
= dwp(skip, U7) Adwp(gx = X, ¥7) Adwp(q1x = X, U7) Adwp(gex = X, Ur)
= {([c0]100) + 1]011)] V [cx|001) + a1 |110)]V
[ap]010) 4+ a1]101)] V [ap]000) + a1 |111)])A
([0]000) + a1 [111)] V [ag|101) + a1]010)]V
[ap]110) + a1]001)] V [cp]100) + a1 |011)])A
([@0|110) + 1|001)] V [cp]011) + 1]100)]V
[ap]000) + a1]|111)] V [ep]010) + a1]101)])A
([0]101) 4+ 1]010)] V [cp]000) + c1]111)]V
[ap]011) + 1]100)] V [c]001) + 1]110)])}
= {[@0|000) + a4 |111)]},
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with Uy =
{[a0|100) 4+ 1|011)] V [ap]001) + c1]|110)] V [cp]010) + 1]101)] V [g|000) + cx1|111)]}

Thus, we obtain

dwp(S, {[ao |0) + a1 [1)]g @ Igy 4. }) = {0 |0) + a1 [1)]g ® L4y, },

where S denotes the three-qubit bit-flip error correction program. This weakest precondition
states that if the qubit ¢ is in state [ |0) + 1 |1)] before the program execution, it remains in
this state after program execution, showing that the qubit is recovered correctly regardless of
which single bit-flip error occurs.

Next, we apply the angelic weakest precondition transformer to the same program and postcon-
dition to illustrate the difference between the two predicate transformers. Due to the angelic
interpretation of the nondeterministic choice, it is sufficient that one of the possible bit-flips es-
tablishes the postcondition, rather than requiring all possible choices to do so. As in the demonic
case, the weakest precondition and weakest liberal precondition coincide because the program
contains neither abort statements nor loops.

Example 8.2 (Angelic Weakest Precondition)

10 {[eo]0) + a1|1)]g ® Igy g5}

q1,q2 ;=0

9 {([ao|111) + a1]011)] V [ao|001) + a1|110Y] V [ao|010) + a1 |101)] V [cro|000) + a1 [100)])}U
{([0]000) + a1 [100)] V x| 101) + @1 [010)] V [ex]101) + @1 [001)] V [ 111) + a1 [011)])}U
{([evo] 101) + @1 [001)] V [exo]011) + a1 [111)] V [0]000) + a1 [100)] V [ex0]010) + a1 [101)])}U
{([eo]110) 4+ 1]010)] V [ap|000) + a1]100)] V [evg|011) + 1 |111)] V [ep]|001) 4+ 1[101)])}
q, 1 x = CX; q,q*x = CX;

8  {([a0]100) + a1|011)] V [a|001) + a1]110)] V [ao]010) + a1 [LOL)] V [cg]000) + ag[111)])}U
{([e0]000) 4+ 1]111)] V [exp|101) + @1|010)] V [a]110) 4+ ¢1]001)] V [ep|100) + a1|011)]) }U
{([e0]110) 4+ 1]001)] V [exp|011) + 1|100)] V [c9]000) + ¢1]111)] V [ex9|010) + a1|101)]) }U
{([e0]101) 4+ 1]010)] V [ap|000) + a1]|111)] V [g|011) + 1 |100)] V [ep]|001) 4+ 1[110)])}

skip Dgx = X Oqi* = X O gox = X;

7 {[ao|100) + a1]011)] V [ao|001) + aq[110Y] V [ao|010) + a1 [101Y] V [ag|000) + aq [111)]}
¢, 0% =CX;  q,q*=CX;

6 {Jao|l1L) + a1]011)] V [ao|001) + a1|101)] V [ao|010) + a1|110)] V [ao|000) + a1 |100)]}

if P='[¢o] then

(9]

({e0l11) + 01]01)]gq, V [00]00) + 1 [10))gq,}) @ Ly

if P='[¢] then
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4 {[ao|1) + a1]0)]g ® 4,40}
g« = X
3 {[0|0) +0‘1|1>]q®1q1,q2}
end

2 {[w]0) + aa|1)]g ® Igy,0. }
end

1 {[ao]0) + a1[1)]g ® Igy 00}

The main difference is step 8, which yields the union of all weakest preconditions for each
choice due to the angelic resolution of the nondeterminism. This is because the postcondition
only constrains the qubit g, while leaving the ancilla qubits q1, g2 unrestricted. Under the
angelic interpretation, it is sufficient that there exists a choice establishing the postcondition.
Consequently, each choice may require a different ancilla state, and all such possibilities are
collected in the union of weakest preconditions. In contrast, the demonic transformer requires
a single precondition that is valid for every choice simultaneously. Therefore, only ancilla
states common to all choices remain. The distinction disappears after step 10, since the
initialization resets both ancilla qubits to |00), which erases the differences between the
individual preconditions. After applying the initialization rule, we get

{[a0]0) + a1[1)]g @ Ig; 4, }U
{[a0]0) + a1 [1)]g @ Ig; 4, }U
{[a0]0) + a1[1)]g @ Ig; 4, }U
{[a0]0) + a1 [1)]g @ Ig;4,}-

This example also illustrates the ordering established in Chapter 7: Throughout the derivation,
every angelic weakest precondition is weaker than the corresponding demonic weakest precondi-
tion.



Chapter 9

Conclusion

In this thesis, we studied four variants of weakest preconditions for nondeterministic quantum
programs. We introduced angelic and demonic weakest preconditions and weakest liberal precon-
ditions and showed that the angelic variants are weaker than the corresponding demonic ones,
while the liberal variants are weaker than the corresponding non-liberal ones.

When deriving the corresponding predicate transformers, we found that single projections are
not expressive enough for angelic weakest preconditions, as they cannot represent arbitrary sets
of states that do not form a closed subspace. To overcome this limitation, we introduced sets
of projections as quantum predicates. However, these predicates turned out to be problematic
in the demonic setting, where the measurement rule no longer behaves as expected. Restricting
predicates to singleton sets resolves this issue. Under this restriction, we derived weakest liberal
precondition transformers for both demonic and angelic nondeterminism, with the restriction to
finite denotational semantics for loop bodies in the angelic case.

For the non-liberal setting, we used termination spaces to characterize almost sure termination.
This allowed us to derive weakest precondition transformers for all language constructs except
loops. The main obstacle is capturing almost sure termination by qualitative predicates. Conse-
quently, we were not able to derive weakest precondition transformer rules for loops. Developing
them therefore remains the main direction for future work. In particular, it would be interesting
to find a qualitative predicate domain capable of expressing almost sure termination.

Another direction for future work concerns the treatment of measurements in the presence of
nondeterminism. In the denotational semantics considered in this thesis, the nondeterministic
choice is resolved independently of the measurement outcome. Especially for angelic nondeter-
minism, it would be interesting to study semantic models in which the nondeterministic choice
may depend on the observed measurement result and to investigate the corresponding weakest
precondition transformers.

Finally, [VIKX25] also introduces angelic and demonic variants of strongest postconditions and
strongest liberal postconditions. Adapting these concepts to nondeterministic quantum programs
and deriving corresponding predicate transformers is another promising direction for future re-
search.
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