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Preface

Scarcely a day passes - at least for me - without searching for all sort of things: my keys, my left
shoe, the shortest way, or an article that I have recently read. More generally, I am searching for
an object x* in a non-empty set S. For example, the magazine with the article in question among
all magazines I have ever read. To find the unknown object, one may take certain steps, like, for
example, reading the table of contents of a magazine. These steps provide us with information
such as “yes, the article is in the magazine” or “no, the article is not in this magazine”. We
call the set of possible steps tests, and we assume that both the set S and the range of possible
answers to a test are finite. The pair of S and a family of admissible tests ¥ is termed a search
process.

One form of search process arose from the following problem: During World War II, the United
States Public Health Service examined blood samples of all draftees for syphilis. By introducing
an antigen to the blood samples, the blood clumped if antibodies were contained in the sample
which indicated the disease. Since those tests were costly and in most cases negative, Dorfman
(s. [Dor43]) suggested that one should pool several blood samples and test the pool instead
of individual blood samples. If a pool of blood samples is clear of antibodies, so are all blood
samples that are contained in the pool. Otherwise, if a pool of several blood samples contains
antibodies, then at least one of those samples contains antibodies and further tests are necessary.
Consequently, the following question arises: How can you minimize the number of tests by
pooling samples?

Although Dorfman’s suggestion has never been implemented, his idea was applied to different
tasks and he established a new topic in search theory, the group testing problem:

We are given a set N of n items and some of these items are somehow distinguished. Let M be the
set of those items; we will call them defective. To discern between defective and non-defective
(we refer to them as good) elements, a family of tests is at our disposal which maps any subset
X C M to “1” if at least one defective element lies in X, and “0” otherwise. For small m, group
testing can certainly save tests. Now, this raises the question of how many tests an optimal
algorithm needs to find m defective elements among n = |N|items? The answer surely depends
on which of the items are defective. To compare algorithms, either the average number of tests
or the number of tests in the worst case is usually considered. In the following, we will always
regard the number of tests in the worst case.

In contrast to the blood testing, we will assume that we know the exact number m = |M]| of
defective items. If m = 1, we can find the defective item by always testing approximately half
of the candidates. By doing so we need [log, 1] tests, which is optimal. While the problem
for m = 1 is quite simple, it is far more difficult for m = 2. Several papers had dealt with the
problem (including [CH80], [Tos80], [CH81], [CHLS82], and [Tos82]) until Aigner reformulated
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the problem. Aigner suggested in [Aig86] that searching for two defective items can be viewed
as the search for one defective edge in a graph. This problem was considered again by [AT93]
and [Dam94] who finally proved an upper bound for the worst-case number of tests that is tight
for infinitely many graphs.

By exchanging the roles of positive tests and negative tests the number of tests does not change
and so the problem presents itself as follows: Given is a graph G = (V, E) with a defective edge
e* € Eand we have to find e*. This exchange makes it more comfortable to extend the problem to
larger unknown edge sets. If more than one edge is defective, say d > 1 edges, Du and Hwang
(s. [DH93]) conjectured that at most

d - (Tlog,(IEl/d)] +c)

tests are necessary to find all defective edges, this was proven by Johann (s. [Joh02]) for
c = 7. Korneffel (s. [Kor07]) presented another solution that improved the result by an iterative
algorithm. With a slight modification, Korneffel and Triesch (s. [KT08]) gave an algorithm that
finds all defective edges by

d - [log,(|El/d)]1+9

tests, even if the number of defective edges is unknown.

If, in the first place, not pairs but triples or larger sets are defective, then we can interpret the
problem as a group testing problem on hypergraphs. Triesch proved in [Tri96] that finding a
defective edge in a hypergraph of rank < r costs at most

[log2 IEI] +r—1

tests (for » = 2 it yields Damaschke’s result). Combining those two extensions of the problem,
we are looking for d unknown defective hyperedges in a hypergraph. Chen and Hwang gave
in [CHO7] an algorithm that finds all defective edges in a hypergraph of rank r by at most

d - [log, |EI| + (r = )"/ - d" + o(d")

tests. In this thesis, we will show in Chapter 2 that on the one hand there is some constant ¢ > 0
and infinitely many hypergraphs such that in the worst case at least

d-log, |E| +c-d?

tests are needed to find d defective edges. On the other hand, there is some constant C > 0 such
that there is a search algorithm that finds all defective edges in a hypergraph of rank r by at
most

d - [log, [El] + C-d=

tests. In the third chapter, we will consider 3-uniform hypergraphs and we will give an
algorithm that proves the conjecture of Du and Hwang for 3-uniform hypergraphs.



Chapter 1

Introduction

1.1 (Hyper-) graphs: notations and definitions

We start this chapter with some basic terms of graph and hypergraph theory, for more details
please see [Bol98] or [Ber89].

A hypergraph H is an ordered pair H = (V,E) comprising a vertex set V = V(H) and a set of
hyperedges (short: edges) E = E(H) where E C 2V. An edge e is called a loop if |e| = 1. We say
a hypergraph is simple, if none of its edges is included in another. If not stated otherwise, we
assume that all hypergraphs considered in the following are simple. Two vertices v and w are
ad jacent or neighbors if there is an edge e € E with {v, w} C e; we also say e joins v and w. Two
edgese, f € E are incident, if e N f # () and every edge e is incident to all vertices v € e. Further,
let (H) := max{le| : e € E} denote the rank of H. If all edges in H have cardinality r, we say H is
r-uniform. A graph is a hypergraph of rank 2. A graph in which every pair of distinct vertices
is connected by an edge is called a complete graph. Let S C V, then set E(S) :={e € E : e C S}.
A vertex set S C V is independent if e ¢ S for every e € E with || > 2. Is, moreover, e N S| < 1
for every e € E, then we call S strongly independent. Finally, we call a set X C V a vertex cover if
eN X # (Qforeache€E.

1.2 Search processes

Let S be a non-empty set with a distinguished element x* € S and ¥ a family of functions on S.
We call S a search domain and ¥ a test family. Functions in F are called tests or questions. The
pair (S, ) is a search process, and if both S and F are finite, the search is said to be combinatorial.
Our objective is to identify x*. On this account, we choose tests fi, f»,... € ¥ and receive as
answer the values fi(x*), f2(x*),... depending on x*. If these values fi(x*), f2(x*), ... determine
x* uniquely, we call {f1, f», ...} a (successful) search algorithm.

Among other things, the range of possible answers classifies different search processes. We will
consider test functions with only two possible answers; such a search process is called binary. A
crucial distinction concerns the nature of admissible search algorithms. An algorithm is called
predetermined if all tests fi, fo, ... € F are stipulated in advance of the search process. Otherwise,
if the choice of a function f; € ¥ depends on the previous answers fi(x"), f2(x"),..., fi-1(x"), the
algorithm is said to be sequential.
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Suppose the search domain § = {x1,x2,...,x,} is linearly ordered x; < x, < ... < x;,. A test
f € ¥ is monotone if f(x1) < f(x2) < ... < f(xn). Let Fuon be the set of monotone tests. A
search process (S, ) with & C Fyon is alphabetic. Let (S, ) be a search process and (A a set of
admissible algorithms that perform a successful search for every x* € S, then I(A, x*) denotes
the number of tests an algorithm A € A needs to determine x* € S uniquely. The complexity of
a search process (S, ) can be described by

(S, F) = rf{\in max (A, x"),

€A x*€8S

called the worst-case complexity. A binary search process (S, ¥) is bounded from below by
(S, F) = [log, S]]

where [x] denotes the smallest integer not less than x. This bound is usually called the
in formation-theoretic bound. A proof for the information-theoretic bound can be found for
example in [Aig88]. We also refer to [Aig88] for more details about search theory.

1.3 Group testing on graphs and hypergraphs

In the thesis at hand, we consider one form of combinatorial search: the group testing problem.
Suppose, we are given a set N of n items and some of them are somehow distinguished. We
call the distinguished items defective, and we say that all other items are good. Let M C N be
the set of defective items. To discern good and defective items, we choose subsets X C N and
ask whether XN M = 0. Let f : 2V — {0,1} with

fX)=1 & XNM=#0

for each X ¢ M. We call f(X) a test of X C N and we say the test is positive if f(X) = 1, or,
otherwise if f(X) = 0, it is negative. Usually, we assume that the number m of defective items is
known. In that case, the search domain S comprises all subsets X C N with |X| = m. Suppose
m =1, then we find the defective element by the following procedure:

Test a set X ¢ N with |X| = [n/2] elements. If f(X) = 1, then the defective element lies in X, thus
proceed the search on X. Otherwise, if f(X) = 0, then the defective element lies in N\X and
the search proceeds of course on N\X. By this so called halving procedure, we find a defective
element by at most

[log2 n]
tests, which is the information-theoretic lower bound. Thus, the algorithm is optimal. While
the case m = 1 is quite easy, the case m = 2 is far more difficult. In 1980, Chang and Hwang

conjectured in [CHS80] that finding two defective elements lying in two disjoint sets, one of
cardinality / and the other of cardinality ¢, costs in the worst case

[log,(1- ]

tests, which they proved one year later in [CH81]. In the meantime, ToSi¢ ([Tos80]) gave an
optimal strategy for infinitely many values of # in order to find two defective elements in a set
of n elements. Let 1, denote the largest n such that k tests suffice to find 2 defective elements
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in a set of n elements. Chang, Hwang and Lin [CHL82] determined two years later an upper
bound u; and a lower bound I for n; such that I;./u; > 0.95.

The search of two elements can be interpreted as the search of one defective edge in a complete
graph. The first one to formulate the search on graphs in an explicit way was Aigner in [Aig86],
where he considered a slightly different problem: a test has three possible outcomes, namely
the tested set contains two, one, or no defective elements.

However, the group testing problem on graphs can be described as follows: Let G = (V,E) be
a graph containing one unknown defective edge ¢* = {u,v}. The test of A C V has now two
possible outcomes, either f(A) = 0, if {u,v} N A = 0 or otherwise f(A) = 1in case of {u, v}NA # 0.
In the first case ¢* € E(V\A) and in the second case ¢* ¢ E(V\A). For convenience, the roles of
positive and negative tests are interchanged: a test of any set A C V is positive, if and only if
e* € E(A). Let c(G) denote the worst-case cost of finding one defective edge in a graph. It is
obvious that the predefinition of positive and negative tests has no influence on c(G).

Aigner conjectured (s. [Aig88], p. 144) that

c(G) < [log, [EG)I] + ¢

for some constant ¢ > 0, which was proven in 1993 by Althofer and Triesch in [AT93], who
showed that
c(G) < [log, |E(G)I] +3.

In 1994 Damaschke [Dam94] improved the result and showed that
c(G) < [log, |E(G)|] + 1.

This represents a tight bound for infinitely many graphs G (s. e.g. [Aig88], p. 133). Two
years later, in 1996, Triesch generalized the search problem to hypergraphs. Let H = (V,E) be a
hypergraph with a rank of at most 7, and let c(H) denote the worst-case complexity of finding
one defective edge in H. Triesch proved in [Tri96] that

c(H) < [log, |E|| +7 - 1. (1.1)

Suppose now, not only one but d > 1 edges are defective. Let ¢(G,d) and c(H, d) denote the
worst-case cost of finding d defective edges in a graph G or in a hypergraph H. We may repeat
the search for one defective edge until we have found all defective edges. Since the average of
defective edges is one out of |E|/d, Du and Hwang ([DH93], p. 242) conjectured:

Conjecture 1.1. [DHI93] Let H = (V, E) be a hypergraph of rank r with d > 1 defective edges, then there
is a constant ¢, such that

C(Hd) <d- ([mgz % ; cr)
holds.

For r = 2, Johann ([Joh02]) gave an algorithm that proved that the conjuncture is true for c, = 7.
This result was improved five years later by Korneffel ([Kor07]), who gave another algorithm
that works iteratively and uses (1.1) which showes that

oG,d)<d- ([1og2 "dg—'} ; 5) +V2d,
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With a slight adaption of the algorithm Korneffel and Triesch were able to prove in [KTO08] that
the conjecture remains true if d is unknown; in that case we have c; = 9. For unknown d, Hwang
([Hwa05]) proposed an algorithm as early as 2005, which was revised by Chen [Chel1] in 2011.
Eventually, the algorithm of Hwang / Chen identified all defective edges by at most

d- [log2 |E|1 +d>+3d+1

tests.

1.4 A search algorithm on graphs

In the next chapter we will use the search algorithm for graphs and its ideas to find defective
edges in arbitrary hypergraphs. Therefore, we summarize the results of [KT08] and [Tri96]
which we will apply in the following.

Let G = (V,E) be a graph and D C E be the set of defective edges where d := |D| is known.
Further, let > be a total order on a subset X C V. We say x € X lies left of y € X (and y lies
right of x) if x > y, and in case of e = {x, y} € E we call x the left and y the right endvertex of e.
The rightmost vertex of any set Y C X is the one vertex y € Y that lies right of all other vertices
z € Y\{y}. Define for any subset X with a total order > and a vertex x € X the following two
sets, firstly,

Xy ={yeX : Ax,y} € E(X)and x > y}

and secondly
Ay :={e€ E(X) : xisleft endvertex of e}.

Please note that |X,| = |Ay| and E(X) = U Ay. We call Y C X a rightmost set if there is a vertex x
xeX
with Y = X,.. A vertex set X is alphabetically sorted, if

x>y = A 2 Ayl

We call the union Y := Y’ U {x} of a rightmost set Y’ C X and a single vertex {x} € X\Y" selectable
if Y is alphabetically sorted with respect to X.

Let now X C V be an alphabetically sorted set. Using an alphabetical search on the sets Ay
according to ([Tri96]), we find a defective edge e € E(X) with rightmost left endvertex x € e by
at most

[log, [E()I] +1
tests. For arbitrary hypergraphs we have:
Theorem 1.2. [Tri96] Let H = (V, E) be a hypergraph with rank at most r and at least one defective

edge. Further let V be alphabetically sorted. Then there is an algorithm that detects a defective edge with
rightmost left endvertex by at most

[log2 |E|] +r—1

tests.
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Since x is rightmost among all left endvertices in X, all edges in A, are good for x > y. Good
edges do not interfere with the result of a test, hence, we consider known good edges as deleted.
Finally, if X is a vertex set with E(X) = 0, we call X free.

We quote the following lemmas without proof.

Lemma 1.3. [KTO08] Let W be an alphabetically ordered set and X C W a selectable subset. Further let
{x,y} € E(X)N D, x >y, be the defective edge that we have found with the above procedure. Suppose we
have deleted all known good edges, then we can sort W' := W\{x} alphabetically with respect to the new
edge set such that Wy, = 0 and W7, = 0 for all z € W’ with W = 0.

Lemma 1.4. [KT08] For every alphabetically sorted set W with |E(W)| > |E|/2d, there exists a selectable
subset Y C W with | £

— > > —,

7 2 [EMI= —
Lemma 1.5. [KT08] Let X be a free vertex set, y ¢ X and {x1,y},...,{xn, y} known defective edges in
E(X U {y}) for some n. If there is at least one unknown defective edge in E(X U {y}), then we can find
another defective edge in X U {y} with at most

[log, IEX U {yh)] - n)]
tests.
Next, we present the search algorithm of Korneffel and Triesch (compare: [KT08]).

A search algorithm on graphs:
Let V be alphabetically sorted. Set W :=V, X := 0. If

1. E(W) > |E|/2d: Construct a selectable subset Y ¢ W with |E|/d < |E(Y)| < |E|/2d according to
Lemma 1.4.

E(W) < |E|/2d: Set Y := W.

2. TestY. If
f(Y) = 1: Find a defective edge {x, y}, (x > y) with rightmost left end vertex by Triesch’s
algorithm. Sort W’ := W\{x} according to Lemma 1.3, then replace W by W’ and
set X := X U {x}. Delete all good edges and repeat step 1.

f(Y) = 0: Delete all good edges. If E(W) = 0 set X := X and go to step 3, else, repeat step 1.
3. Choose an x € X, set X := X\{x} and W := W\{w € W : {x, w} is a known defective edge}.
4. Choose a maximum set Y C W such that |[E({x} U Y)| < |E|/d.

5. Test{x} U Y. If
f({x} U'Y) = 0: Remove the good edges and set W := W\Y .
f({x} U Y) = 1: Find a defective edge {x, z} according to Lemma 1.5 and set W := W\{z}.
# (0: Repeat step 4.
=0: X #0: Repeatstep 3.
X=0: EX)#0: TestXif f(X)=1: SetW :=X and repeat step 1.
f(X)=0: Stop.

W
W

E(X) =0: Stop.
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The algorithm performs the alphabetic search only on selectable sets Y C W, that are sets
composed of a rightmost set and a single vertex. Suppose e € E(Y) is some defective edge that
has been found in E(Y) and let x be its left endvertex. Then,

for all y € Y that lie right of x. Due to Lemma 1.3, a vertex v € V which is not the left endvertex
of any edge, is in all later orders still not the left endvertex of any edge. Therefore, the algorithm
will not add v to X. Consequently, the set E(X) contains no known defective edges.

Theorem 1.6. [Kor07] Let G = (V, E) be a graph. Then the complexity c(G,d) of finding d defective
edges is bound by

«G,d)y<d- ([log2 (gﬂ + 5) + V2d.
When the algorithm enters step 2, W is free. Lemma 1.3 prevents the right endvertex of a
defective edge, that has been found in step 1, left endvertex of any edge with respect to all
future sorting.
Suppose now we do not know the number of defective edges. Then, the algorithm can be
modified as follows:
Let dx be the number of defective edges found so far. Then compute |E|/d with max{1, dx}
instead of d. Thus, |E|/d decreases and we receive:

Theorem 1.7. [KT08] Let G = (V,E) be a graph. Then the complexity c(G,d) of finding d defective
edges in case of d unknown is bound by

oG, d) < az([log2 (@ﬂ + 9).

Alternatively, we can perform each search of defective edges with the maximum number of
edges; then we receive:

Theorem 1.8. [KT08] Let G = (V,E) be a graph. Then the complexity c(G,d) of finding d defective
edges in case of d unknown is bounded by

o(G,d) < d([log, (EN] +3) + y[2-d + 411 - %



Chapter 2

Hypergraphs of bounded rank

In Chapter 2 we consider the group testing problem on hypergraphs of bounded rank. The first
results are delivered by Chen and Hwang who presented an algorithm in [CH07] that identifies
all defective edges with at most

d - Tlog, |EI1 + (r — D'24d" + o(d")

tests, where d is not necessarily known and r denotes the rank of H.

Before we present an alternative search algorithm, we will consider the following hypergraph:

Let H,, = H(V,,, E) be a hypergraph with vertex set V,, and edge set E for r > 3 and n > 0,
r,n € N. Further let V,,, :== V1 UV, U ... UV, be the union of r disjoint vertex sets each of
cardinality n and let E be given by

.

V,

E := u(zl) U {{ov,v2,...,0) : 1€V, 00€ Vs, ..., 0, €V,}
1=

7

=:E,

where (Zl) ={(x,v) : x,y € V;} denotes all vertex pairs in V;. For any edge e € E, of cardinality

Vi
(o

rlet
;
D :=
i=1
be the set of defective edges.

Every test of a vertex set U with
max|U NV >2

1<i<r

receives a positive answer. Consequently, to identify e, every edge in E, has to be tested
individually. In the worst case, one would have to carry out |[E,| = n” tests. (One test less is
needed, if it is known that exactly one edge in E, is defective.) Let n > r > 3, then

|E|:r-(7;)+nrs2-nr

7
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and )
n ner

=7r- < —.

d r()+1_2

For n sufficiently large, that is with n > r? - log, 1 + r (for example n > r*), we receive forr > 3

1 1
TS 23 2
noz ot on
1 1 r
= Enz-n+§(n2)i
1, ., 12\ (n?r\?
> " - (r ~log2n+r)+§(;) (7)

nr 1/2\2 .,
7-(r-log2n+1)+§(;) 5

\%

NI~

r

12y,
d-logZ(Z-n)+§(;) b

\%

1(2\2 .,
d-log2(|E|)+§(;) 5.

\%

Thus, we can conclude the following:

Theorem 2.1. For each natural number r > 3 there are infinitely many hypergraphs H of rank r with d
defective edges, such that
c(H,d) > d -log,(|El) + c-dz,

where ¢ = § (%)i
In the following we show that for every natural number r there exists also some constant C,
such that the worst-case costs of finding d defective edges in a hypergraph H of rank r are
bounded by

c(H,d) < d - og, |E[1+ C, - d.

We will however present, in the following, two search algorithms to find all 4 defective edges
in a hypergraph. The first algorithm only works for hypergraphs of rank 3; in return it provides
a much better constant than the second algorithm that works on hypergraphs of any bounded
rank.

2.1 Hypergraphs of rank 3

In this section we adapt the search algorithm proposed in [KT08] for hypergraphs of rank 3.
On that account, let us recall the rough concept of the algorithm: It is operated iteratively in
two steps. In the first step it finds defective edges by Triesch’s alphabetical search [Tri96] and
deletes one vertex from every defective edge that was found. This step is repeated as long as
the vertex set contains defective edges. Let X be the set of deleted vertices, and let W denote the
set of the other vertices, i.e., the vertices that were not deleted. In the second step the algorithm
examines for every x € X the edge set E({x} U W) and finds all defective edges in E({x} U W) by a
halving procedure. Hence, after step 2, all defective edges that join a vertex in X to a vertex in
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W are detected. In consequence of the alphabetical search, X does not contain known defective
edges, and the algorithm continues its search on X beginning again with step 1.

What happens now if we use the algorithm on a hypergraph of rank 3?

Step 1 works analogously on hypergraphs since Triesch’s search finds defective edges in hy-
pergraphs of any bounded rank. In the second step the situation differs: an edge e of rank 3
that joins a vertex x € X to a vertex y € W contains one further vertex, say v. If v € W, e will be
scanned in step 2. Otherwise, if v € X, the algorithm will miss e.

Missed defective edges
O
o O

Found defective edges

Defective edges that are ex-
amined in a further iteration

step

Figure 2.1: Using the graph algorithm on a hypergraph of rank 3.

The idea is the following: We start our search by the search algorithm for graphs, which finds a
number of defective edges and partitions V into s sets that do not contain defective edges. Let
X1, X, ..., Xs be those sets; then, for each edge of rank 3, one of the following cases is true:

e leNnXj=2andlenX;=1forl1<i<j<s,
e lenXj|=1landleNnX;|=2for1<i<j<s, or
e lenXj|=lenXj=lenXy =1forl<i<j<k<s.

We will see that the algorithm finds all defective edges of rank < 2 as well as all defective edges
of the first type. In order to find all defective edges of the second type, we test each set X; with
suitable subsets of U;;ll Xj, (i =2,...,8). Afterwards, we find all defective edges of the latter
kind by testing each set (X;)»<i<s—1 with sets Uj, that cover all pairs in

(x,y) € OX]‘X O X,
j=1

k=i+1

x,yleD, (i=2...,s).

Let us start by adapting some definitions.

Definition 2.2. Let H = H(V, E) be a hypergraph and D C E a set of defective edges with cardinality
d :=|D|. Once we have found a defective edge e, we say e is a known defective edge. Let Dx C D denote
the set of known defective edges with cardinality dx = |Dx|. We will always use capital K to indicate
that the set of known defective edges is considered. We call a set X C V Dg-independent if e £ X for
every e € Dx with |e| > 2. Thus every free vertex set is also Dx-independent. Please note that a test of a
set which is not Dg-independent is pointless since we know that the answer will be positive. Hence we
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test only sets that are Dx-independent, we will call such tests reasonable.
Define for a vertex set X C V the following edge sets:

DX):={eeD : enX # 0},
D(X):=leeD : ec X},
DX, Y):=lee D(XUY) : enX %0},
DX, Y,Z):={fee DXUYUZ) : lenX|=lenY|=lenZ| =1},
Dx(X):={eeDg : enX #0},
DK(X) lee Dx : ecC X},
Dx(X,Y):=f{e€e D(XUY) : enX # 0},
)=

Dk(X,Y,Z) :={e € Dx(XUYUZ) : enX|=lenY|=lenZz =1

with cardinalities d(X) := |D(X)|, dX) == IDX), dX,Y) := DX, Y), d(X,Y,Z) := DX, Y,Z),
dx(X) := IDx(X)], dx(X) = IDx(X)], dx (X, Y) := |Dx(X, Y)|, dx(X, Y, Z) := [Dx(X, Y, Z)|. Let X C V be
a free vertex set, then set

I'X):={ye V\X : dee€ Dwithe C {y} U X}
and

I'k(X) ={ye V\X : Je€ Dg, eC {y}UX].

In the following, if not stated otherwise, let H = H(V, E) be a simple hypergraph of rank 3 with
defective edge set D C E, for which the number of defective edges d := |D| is not necessarily
known. Please note, if H is not simple, defective edges might not be distinguishable. Assume
e, g are two edges with e C g, further let e be defective. Then every test that contains g tests also
e and is thus positive regardless whether g is defective or not.

2.1.1 A search algorithm on hypergraphs of rank 3

Our search algorithm performs three stages one at a time, which we will consider separately.

Stage I

The first stage is more or less the search algorithm for graphs (see [KT08]) with some minor
modifications and reads as follows:

Let W be an alphabetically sorted setand e € D(W) a defective edge with rightmost left endvertex
x € e (x is left endvertex of e if x lies left of all vertices y € e\{x}). Further, let W' := W\{x},
W i={yeW : y>xjand W :={z€ W : z <x}. Then Lemma 1.3 remains true for arbitrary
hypergraphs:

Lemma 2.3. After removing all good edges, W’ can be sorted alphabetically with respect to the new edge
set such that A,(W’) =0 forz € W~.
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Proof. Since all edges in E(W~) are identified as good and are thus removed, E(W~) = 0. Hence,
it suffices to reorder the vertices in W~ with respect to the new edge set and leave W= unchanged
and right of W>. Then A,(W’) = 0 for z € W=, that is in particular, A,(W’) = 0 for all vertices
v € e\{x}, as well as for all vertices for which A,(W) = 0 already holds with respect to the former
ordering. O

The above Lemma makes sure that all vertices right of x are reordered such that they cannot be
the left endvertex of any edge in E(W’).

Lemma 2.4. Let X be a free vertex set and x ¢ X with {x} ¢ D. Further let {x} U X be Dx-independent
and D({x} U X) # (. Then there is a search algorithm that detects all defective edges in D({x} U X) by at
most

d(1x} U X) - ([log, [EI] +4)

tests.

Proof. Since X is free, all edges in E({x} U X) are incident to x. By deleting x from every edge,
we receive a graph on X. Lemma 2.4 follows now directly from Theorem 1.8. m]

Lemma 2.5. Let U be a free vertex set and x ¢ U with {x} ¢ D such that ciK({x} U U) = 1. Further let

da := d({x) UU) — 1 denote the number of unknown defective edges in D({x} U U). There is an algorithm
that needs at most

dp - ([log2 |E|-| + 4)

tests to find all defective edges in D({x} U U) if dp > 0. Otherwise, the algorithm needs at most two tests
to prove that there is just one defective edge in D({x} U U).

Proof. Let e be the one known defective edge in Dx({x} U U).

e |e| = 2: Seeing that H is a simple hypergraph and that U is free, we have
D({x} u l) = {e} U D({x} U [U\e)).

Hence, test {x} U (U\e). If f({x} U (U\e)) = 0, then e is the only defective edge in D({x}u U)
and we are done. Otherwise, use Lemma 2.4 to find all defective edges in D({x} U (U\e)).

o |e| =3:Lete = {x, y,z}. With the same argumentation as before in Lemma 2.4, we can use
the graph algorithm on U to find all defective edges in D({x} U U). Then sort the vertices
in W alphabetically such that z is the rightmost vertex in W and go to step 1. Following
the argumentation of Korneffel and Triesch in [KT08], we need at most

da - ([log, [EI] +2) +d(lx} U L) + \/2 ddxhuu) + 31 - % W, ([10g, IEI] + 4)

tests to find all defective edges in f)({x} U U). Please note that for dy = 0 this means that
exactly two tests are necessary. O

Algorithm - Stage I
Let V be alphabetically sorted. Set X; :=V,i:=1.
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1. Test X; if
f(X;) = 1: Find a defective edgee € D(X;) with rightmost left endvertex by Triesch’s search
and remove all good edges. Let x € e be the left endvertex of ¢, set X; to X;\{x},
and resort X; according to Lemma 2.3. If |e| > 2, set X;41 to X1 U {x}.
Repeat step 1.
f(Xi) = 0: If X;1q =0, set s := i, and go to stage II; else, go to step 2.

2. For each x € Xj;; find all defective edges in ﬁ({x} U X;) by means of Lemma 2.5.
3. Seti:=i+1,sort X; alphabetically, and go back to step 1.

In step 1 the algorithm tests X;, finds, in case of f(X;) = 1, one defective edge e € IOD(X,-),
removes one vertex x € e from X;, and repeats this step until X; is free (i = 1,...,s). Since the
algorithm adds x to X;;; under the condition that |e| > 2, the sets X;, X», ..., X, form a partition
of {v e V : {v} ¢ D}, consisting of exactly those vertices that are not incident to a defective loop.
Certainly, at the time when f(X;) = 0, all defective loops are found and all unknown defective
edges lie in
D({veV : {v) ¢ D).

Hence, by continuing the search only on {v € V : {v} ¢ D}, we do not miss any defective edges.
For convenience, we assume in the following that H does not contain any loops at all.

Consider Stage I for some fixed i: In step 1 the algorithm removes the left endvertex of each
new-found defective edge and afterwards it resorts the remaining vertices such that

Ay(X;) ={e € E(X;) : yisleft endvertex of e} = 0

for all y € (g N X;), § € Dk. Consequently, the algorithm removes exactly one vertex of every
known defective edge from X;. That guarantees three things:

e Firstly, D(X;41) never contains known defective edges,
e secondly, for each x € X;,1 exactly one defective edge in D({x} U X;) is known, and
e finally, no defective edge e € Z_'o)(Xl- U Xj41) with |e N X;4q| = 2 is known.

Due to the second point, all constraints of Lemma 2.5 are satisfied and the algorithm finds
indeed all defective edges in D({x} U X)) during step 2 for each x € V'\ U;‘:l X;. So at the end of
Stage I, the free sets Xi, X, ..., X, form a partition of V and all defective edges e € ZOD(Xi U Xj),

with e N X;| = 1, are known, whereas all defective edges e € f)(Xi U X;) with [en X;| = 2 are
unknown (1 <i < j <), see also Figure 2.2.
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-, unknown defect-

ive edges
| 8

X1C o 0O 0o o O O O

known defective
edges

Figure 2.2: Sketch of known and unknown defective edges after Stage I

Constructing test sets

Following the idea that we have described at the beginning, we construct test sets out of
X1,Xp, ..., Xs to identify the remaining unknown defective edges:

Lemma 2.6. Let X,Y,Z C V be three pairwise disjoint non-empty vertex sets and let X be free. Then
there is an algorithm that constructs r sets Uy, Uy, ..., U, such that

(1) r<6-dg,

(2) every pair {y,z withy € Y,z € Z, and {y, z} ¢ Dk is subset of some U;,

(3) every vertex v € Y U Z lies in at most 6 - Vd different sets U, and

(4) lenUj=1orlenX|=lenU;NnY|=lenU;NZ = 1f0reverye€1°DK(XU u),@E=1,...,n.

Proof. Instead of constructing such sets directly, we construct, for convenience, a graph G on
Y U Z such that any number of independent sets that cover all non-adjacent pairs in G satisfy (2)

and (4): Therefore, let
D% c (Y LZJ Z)
be a set of vertex pairs (cf.: Figure 2.3) such that
o for every e € Dx with |e N Y| > 2 there is exactly one pair {1,7} CeNYin Di,
o for every e € Dx with |e N Z| > 2 there is exactly one pair {©,v} CeNZin D%(,
o foreverye € DxwithleNnY|=leNZ| =1and e = ZitiseeDi.

Consider now the graph G on Y U Z with edge set D%:

If y € Y and z € Z such that {y,z} ¢ Dk, then y and z are not adjacent in G. On the other
hand, if two vertices u,v € Y U Z are not adjacent in G, then, on the one hand, {1, v} ¢ Dk and,
on the other hand, there is no edge ¢ € D with either {u,v} = eNY or {u,v} = en Z. Thus,
eNn{u,o}NY|<landlen{u,v}NZ <1forallee lg)K({u,v} U X).
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That is, if Uy, Uy, ..., U, C (Y U Z) are independent sets in G that cover all non-adjacent pairs in
G, then they satisfy (2) and (4). Now set forany W C (Y U Z)

cuwyzwmweDi:mmUWV¢M
and
(W) := {ye (YUZ)\W : thereisane € D%(withyeeandeﬂW;t (Z)}.

Please note, D7 is usually not uniquely defined.
Known defective
edge
. . 2
Pair in Dy

Possible edges in
Dx(xXu U))

Figure 2.3: Sketch of D for some hypergraph
The following algorithm constructs the desired sets:
SetW:={{v) : veYUZ},C,:=0forl1<n<|Y|+|Z],and i, j:=1.

1. If there are two sets WIW' € W, W # W, with WU W’ independent in G, set W :=
WU {WUWNW W} and repeat step 1.
Else, choose an arbitrary W € W, set W := W\{W}, and go to step 2.

2. If there is a vertex w € W with dy({w}) > Vdg, set B; := {w}, i := i+ 1, W := W\{w)}, and
repeat step 2; else, go to step 3.

3. If there is a vertex w € W with dy(fw} U C;j) < 2- Vg, set Cj:=C;U{w}, W:= W\{w}, and
repeat step 3, else, if
W #0: Setj:=j+1and repeat step 3.
W=0: W=#0: Setj:=j+1,chooseanarbitrary W € W, set W := W\{W}, and repeat
step 2.
W =0: Setpp :=1,q:=j,and B := Ule B;, afterwards seti,n :=1and j := 2.
4. Set Uy, := B;U (Bj\I'2(B))) and n:=n+1. If
j<p: Setj:=j+1and repeat step 4.
j=p: Setk:=1and go to step 5.
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5. Set U, := B; U (C\I'2(B;)) and nn :=n + 1. If
k<gq: Setk:=k+ 1, then repeat step 5.
k=g i<p-1: Seti:=i+1andj:=i+1,thenrepeatstep 4.
i=p-1: Seti:=i+1andk:=1,thenrepeatstep 5.
i=p: Setk:=1and [ := 2, then go to step 6.

6. Set U, := C, U(C\I'2(Cp)) and n =n + 1. If
I <gq: Setl:=I1+1and repeat step 6.
I=4q: SetIc, :=T5(Cy), choose a vertex v € I'c,, and go to step 7.

7. Set Uy, := {v} U (C\I'2({0))), I'c, =T \{v}and n:=n + 1. If
I'c, #0: Choose a vertex v € I'c, and repeat step 7.
I'c,=0: k<g-1: Setk:=k+1and!:=k+1,thenrepeat step 6.
k=g-1: SetUy1 :=Cjand r:=n+ 1, then stop.

In the first three steps the algorithm partitions Y U Z into
By,By,..., By, C1, G, ..., Cy,
such that
e [Bjj=1fori=1,...,p,

e C;is independent in G and

e dr(Cj)<2- \/d_Kforj: 1,...,q.

Now let us show that the sets Uy, Uy, ..., U, which are constructed in steps 4 - 7 cover indeed
all non-adjacent pairs in G:

All non-adjacent pairs in G are covered

Let {u,v} C (Y U Z) be some vertex pair which is not independent in G. Obviously, u ¢ I'2({v})
and also v ¢ I';({u}). Besides, every vertex x € Y U Z lies in some set B; or Cy.

1. Case {u,viNB # 0:
Without loss of generality, we assume that u € B. Let B; be the set with {u} = B;. If

e VE B]' with j<i then ({u,0v}C B]' U (Bi\rz(B]')),
® VE B]' with j>i then {u,v} CB;U (B]'\FQ(BZ')),
o veCy then {u,v} C B; U (Ci\I'2(B))).

2. Case {u,viNB =0:
Let Ci be the set with u € C and C; the set with v € C;, without loss of generality let k < I. If

o k<l and ve C\I(Cy)  then {u,v} CCpU (C\I(Cp),

o k<] and veCNIyC) then {u,v}C{v}U(C\I2({v})),

e k=I<qg then {u,v} € Cx U (Cp\I'2(Cy)) for any m > k,
e k=Il=gq then {u,v} C C,.

Hence, in either case, {u, v} is covered by some set U,,.
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Number of sets U,

For any two sets W, W’ € ‘W there is an edge e € D%( that joins a vertex from W and a vertex
from W’ and thus

) )SdK,

which implies that ['W| < 2- Vdk. In step 2 the algorithm defines a set B; := {w} for eachw € W
with dy(W) > Vdk. Afterwards the algorithm removes w from W. Accordingly, by the time the
algorithm enters step 3,

da({w)) < vk
for every w € W, W € ‘W. Hence, there are only two possible reasons for not enlarging C;
by some vertex w € W in step 3: either d»(C; U {w}) > 2 - Vdx for each w € W, which implies
that d>(C;) > Vdg or W = 0. Thus, for every W € ‘W there is at most one set C; C W with
d»(Cj) < Vdk. Consequently, we partition W into at most

=

smaller sets. Altogether, we receive an upper bound for the number of sets:

pras ), Vig)LIWH%sz R
Wew K

The algorithm constructs the following sets
e B;U(B\I2(B;) fori=1,...,p—landj=i+1,...,p instep4,

o BiU(C\I2B;) fori=1,...,pandk=1,...,9 in step 5,
o CrU(C\I'2(Cy)) fork=1,...,q—1landl=k+1,...,q instep6,
o (U (C\In({v})) forvel(Cy)andk=1,...,9—-1 instep 7.
e in step 7
This amounts to
step 4 step 5 step 6 step 7
P — —— -1 — —_——
r=Y (p-i + g )+ (g-k + IN2Col)+1
k=1 k=1 .
- ’;) + pog o+ (g) + 1+ kz_; IT5(Co)l
< (p ; q) + 1 + g-2+dg
< 2-dg + 4-dg
< 6-dg.
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Number of different sets U, containing the same vertex

Certainly, the number of different sets U, that contain the same vertex u € (Y U Z) depends on
whether u € B or not:

1. Caseu € B:
Let Bj, be the set with u € B;, then u lies in the following sets:

o u€BU(B\I2Bj) fori=1,...,ip—1withu ¢I(B)),
e u€BjU(B\I2ABy)) forj=ip+1,...,p,
o u€BU(C\I2(Bj)) fork=1,...,q.
These are in total at most
p—1+q<2- dx
sets.

2. Caseu ¢ B:
Let Ci, be the set with u € Cy, then u lies at most in the following sets:

e u€eB;U(C,\I2Bj) fori=1,...,pwithu¢I(B),

o u€CU(C,\I(Cy) fork=1,...,ko—1withu ¢I2(Cy),
o ueCyU(C\I2C,)) forl=ko+1,...,q,

o uecf{ufu(C\I({u})) fork=1,...,gwithu e I»(Cy),

o ue{v}U(Cy\I2({})) forv eTr(Cy) with u ¢ Ia({o}),

o ueCg,ifky=gq.

These are in total at most

p+q-1+dy({u}) +d2(Cy,) +1

< p+qg+2-dy(Cy,)
< 2 fde+2-2- dk
= 6- \dx
sets.
Thus, the sets Uy, Uy, . .., U, satisfy (1) - (4). O

Corollary 2.7. Let X and Y be two non-empty sets, further let X be free. Then there is a partition of Y
into
p <2 \/EK
Dx-independent sets
Cll CZ/ o /Cp/

such that for every 1 <i<p
leNCil <1 foralle e Dx(X U C))

holds.
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Proof. This follows directly from the proof of the previous Lemma by setting Z = 0. The
partition W that the algorithm constructs in step 1 satisfies the constraint in Corollary 2.7. O

Stage I1

In Stage II our search algorithm finds all unknown defective edges that lie in the union of two
free sets. Let us begin with some lemmas.

Lemma 2.8. Let X and Y be two disjoint vertex sets such that
o X is free,
e X U Y is Dg-independent, and

e D(XUY) 0.
Then there is a search algorithm that finds all defective edges e € D(X U Y) with le N X| = 2 by at most

dy - ([log, [EI] +5)

tests, where d, denotes the number of defective edges in D(X U Y) that are actually found by the search
algorithm.
Proof. SetY’ :=Y.

1. Find a defective edge e € DXUY’) by Triesch’s search.

2. Choose a vertex y € (Y’ Ne), find all defective edges in f)({y} U X), and set Y’ := Y’\{y}.

3. Test XU Y. If

F(XUY’) = 0: stop.

f(XUY’) = 1: repeat step 1.
Obviously, the algorithm finds at least all those defective edges e € D(X U Y) with [e N X| = 2
andlenY|=1.
Now, for every y € Y\Y’, the algorithm finds one defective edge by Triesch’s search, which costs
at most

[log, IEI] +2

tests (cf. Theorem 1.2). That is, in particular, |[Y\Y’| < dj. If there is just one defective edge in
f)({y} U X), we need, according to Lemma 2.5, at most two tests for proof. Otherwise, we need

[log, IEI] + 4
further tests per defective edge. Finally, in step 3, there is one test for each y € Y\Y’. This

amounts to at most
Y. ([log, Bl +2+2+1)

yeY\Y :
diytux) =1

+ Y ([logy IEI] +2 + @1y} uX) = 1) - ([log, [EI] +4) + 1)

yeY\Y :
diyrux) >1

< dp- ([log2 |E|] + 5)

tests. O



2.1. HYPERGRAPHS OF RANK 3 19

Lemma 2.9. Let X, C C V be two disjoint vertex sets such that
e D(C U X) contains no loops,
o X s free, and
o all defective edges e € D(C U X) with either le N C| # 1 or le N X| # 1 are unknown.

Then there is an algorithm that finds at least all those defective edges in e € D(C U X) with e N X| = 2
by at most

da - ([log, |El] +5) + dx(C U X) +1
tests, where d denotes the number defective edges which the algorithm actually finds.
Proof. Set C" :=C

1. If f)K(C’ U X) =0, go to step 3.
Otherwise, choose a vertex v € C’ with v € e for some e € Dg(C’ U X), set C" := C"\{v}.

2. Test
T = {v} U (X\T'k({0})

and find, in case of f(77) = 1, all defective edges e € D(7") by Lemma 2.4. Repeat step 1.

3. Test
T =Xul

and find in case of f(7) = 1 all defective edges e € D(7") with [e N X| = 2 by Lemma 2.8.

Since X is free, every edge in D(C U X) is incident to some vertex in C’. Thus, as long as
Dx(C’ U X) # 0, there is some vertex v € C’ which is incident to some known defective edge in
Dx(C’ U X).

Let now v € C’ be incident to some known edge ¢ € Dx(C’ U X). Certainly, since all defective
edges e € D(C U X) have cardinality 2 and since X is free,

D(fv} U X\Tk({o})) = 0.

Consequently, in step 2, all requirements of Lemma 2.4 are satisfied and the algorithm finds
all defective edges in D({v} U X\I'k({v})) for each v € C\C’. These are in particular - since we
consider only simple hypergraphs'- all defective edges e € D((C\C’) U X) with e N X| = 2 and
len (C\C")| =1.

In step 1 the algorithm removes vertices from C’ until C’ U X is Dg-independent, which is
possible because each defective edge in D(C U X) is incident to some vertex in C. Now, X is free
and X U C’ is Dg-independent. If f(X U C’) = 1, the requirements of Lemma 2.8 are satisfied,
and the algorithm finds all defective edges e € D(X U C) with len X| =2 and |eN C’| = 1. That
is, after step 3, all defective edges e € f)(X U C) with|en X]| =2 and |e N C| = 1 are known.

Number of tests:
There is one test 7 := {v} U (X\I'k({v})) for each v € C\C’ in step 2 and one test 7 := X U ('
in step 3. Moreover, for every v € C\C’ there is at least one known defective edge and thus

! Assume there is some unknown defective edge ¢ € f)({v} U X) withe ¢ b({v} U X\I'k({9})). Then e N Tk({v}) # 0,
say u € e N I'x({v}). But then {u, v} € Dg and {u, v} C e with e ¢ Dg, which is a contradiction.
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IC\C’| < dx(CUX). If a test is positive, the algorithm finds defective edges by either Lemma 2.4
or Lemma 2.8. In the first case, the algorithm needs at most [log2 |E |-| +4 and in the second case

at most [log2 |E I-‘ + 5 tests per defective edge. This amounts to at most
da - ([log, |EI] +5) + dx(C U X) +1
tests. a
Algorithm - Stage II
Seti:=2.
1. SetY;:= U;_:ll X and partition Y; into p; vertex sets Cil, Cé, ey, C;i such that
e pi<2- Vdx and
e lenCil=1forallee Dx(X; U c§), (G=1,...,p)
(cf. Corollary 2.7, Figure 2.4). Set j := 1.

2. Find all defective edges e € D(X; U C;) with e N X;| = 2 (cf. Lemma 2.9). If
j<pii Setj:=j+1and repeat step 2.
j=pir i<s: Seti:=i+1and repeatstep 1.
i=s: Go to Stage IlIL

G

that cannot occur due to

the choice of C’l, Clz, oL, C;,l_

O known defective edges

@ known defective edges

Figure 2.4: sketch of stage II

In step 1 the algorithm partitions

|
—_

Yi=| | Xi

J

into p; sets Cil,Cé, ... ,C;,l_ such that |en C;l =1foralle e ﬁK(Xi U C;.), i=2,...,p,j=1,...pi). To
find all defective edges in D(X; U Cé.) by Lemma 3.28, the following constraint must be satisfied:

1l
—_
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o there are no loops allowed in D(X; U C;) (which we assume),

e X; must be free (which we have already ascertained), and

e allee ﬁK(Xi U Cj.) with e N X;| = 2 must be unknown.
We show that at the beginning of step 2 in factall e € IODK(XZ- U Y;) with |eN X;| = 2 are unknown
by induction on i:

i=2:
We have already stated that when the algorithm starts Stage II with i = 2, all defective edges
e € DX; U X;) with |e N X;| = 2 are unknown. That are in particular all defective edges

e e DX, UX;)=D(Xo UYo) with e N Xp| = 2.

i—i+1:
While the algorithm performs Stage II for some 7, only subsets of

i
X;UY; = U Xk
k=1

are tested, that is, the algorithm does not find any defective edges in D(X;.1). Therefore, all
defective edges with e € f)(U;;ll X;) and |e N X;41| = 2 remain unknown. [ |

Since the sets Ci, Cé, e, C;]_ are pairwise disjoint, every edge e € B(Xi UY;) with |[X; Ne| = 2 lies

in exactly one set IOD(Xi U LI;), and due to Lemma 3.28, the algorithm finds all defective edges
e e D(X; U c;‘.) with [eN X;| = 2,

(i=2,...,5, j=1,...,1;). These are all defective edges e € f)(XZ- UXj)withlenXj|=2, 1<j<
i < s, and thus after Stage 1II, all defective edges

loj(Xi U X]‘)
are known (1 <i<j<s).

Please note that there has been no need to split Y; into ct, Cé, e, C;,I, in order to find all defective

edgese € ZDD(Xi UY;) with [eN X;| = 2. But since we need one test for each known defective edge
in D(X; U Y;), splitting Y; beforehand saves tests.

Stage III

In Stage III our search algorithm finds all unknown defective edges that lie in the union of
three free sets, which are the only remaining unknown defective edges. Again, we start with a
lemma.

Lemma 2.10. Let X, Y, Z C V be three pairwise disjoint vertex sets such that

e D(X U Y U Z) contains no loops,
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X is free,
all defective edges in D(X U Y) are known,

all defective edges in D(X U'Y U Z) with cardinality 2 are known, and

C

every known defective edge e € D(X U Y U Z) satisfies either eN(YUZ)| =1orlenX| =leNnY]| =
O*

le N Z| =1 (cf. Figure 2.5).
/0 @)
g
e/ Vg _\O
%

Y X Z

Figure 2.5: Sketch of admissible known defective edges.

Then there is a search algorithm on X U'Y U Z that finds at least all defective edges in D(X, Y, Z) by at
most

da([log, |EI| +5) + dx(X U Y U Z) + dk(X, Y, Z) + 1

tests, where dp denotes the number of defective edges which the algorithm actually finds.

Proof. Set X’ := X.

1. If f)K(X’ UYUZ)=0,gotostep 5.

Otherwise, choose a vertex x € X’ with x € e for some e € IODK(X’ UYUZ),set X" = X"\{x},
and Y* := Y.

. If Dx([{x} U Y* U ZI\Tk({x})) = 0, go to step 4.

Otherwise, choose a vertex y € Y* with y € g for some g € IODK([{x} U Y U ZN\T'k({x})), set
Y* := Y*\{y}, and go to step 3.

. Test

T := {x, y} U (Z\Tk({x, y}))

and find in case of f(7°) = 1 all defective edges ¢ € D(T) with {x, y} C e by Lemma 2.8.
Repeat step 2.

. Test

T =[x} U YU Z\Tk({x})

and find in case of f(77) = 1 all defective edges ¢ € D(T) with |e N (fx} U Y¥)| = 2 by
Lemma 2.8. Repeat step 1.
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5. Test
T =X'uYUuZ
and find in case of f(7) = 1 all defective edges e € D(7") with |e N (X’ U Y)| = 2 by
Lemma 2.8.

Every edge e € f)K(X U Y U Z) satisfies either eN (YU Z)|=1orlenX|=lenY|=lenZ = 1.
Moreover, there are no loops in DXUYUZ). Consequently, every edge e € Dr(XUYUZ)is
incident to some vertex x € X. Hence, as long as f)K(X' UYUZ) # 0, there is some vertex v € X’
which is incident to some known defective edge in Dx(X' UY U Z).

Let now x € X and Y* C Y such that there is some edge g € ﬁK([{x} U Y* U Z\I'k({x})). Since
g NTk({x}) = 0 and x € g, we have |g\{x}| > 2, which implies that |[g N Y¥| = |g N Z| = 1. Thus,
for every edge ¢ € Dx([{x} U Y* U Z]\T'k({x})) there is some vertex y € Y* which is incident to g.
Please note y ¢ I'x({x}) and thus {x, y} ¢ D.

The constraints of Lemma 2.8 are satisfied:

In step 3:
We have already seen that {x, y} ¢ D. As there are no loops in 5K(X UYUZ), the set {x, y} is free.
SinceleNZ| < 1foralle € Dg(X U Y U Z), the test set

T ={x,y} U (Z\T'k({x, y}))

is Dkx-independent. That means that in step 3 the constraints of Lemma 2.8 are satisfied for
f(r)=1

In step 4:

The algorithm removes vertices y from Y* until IODK([{x} U Y* U ZN\I'k({x})) = 0, that is, until
[{x} U Y* U Z\I'k({x}) is Dg-independent. Since all defective edges in ﬁ(X U Y) are known,
(fx} U Y)\Ik({x}) is free. If f(7") = 1, the constraints of Lemma 2.8 are satisfied for

T = [{x} U Y* U ZN\Tk({x}).

In step 5:

The same holds for step 5: The algorithm removes vertices x from X’ until X’ U Y U Z is Dk-
independent. Since all defective edges in D(X U Y) are known, X" U Y is free. If f(7) = 1, the
constraints of Lemma 2.8 are satisfied for

T =X UYUZ

The algorithm finds all defective edges in D(X, Y, Z):
Due to Lemma 2.8, the algorithm finds all defective edges

e ¢cE D({x, y} U [Z\T'k({x, y})]) with {x, y} C e for each x € X\X" and y € Y\Y* in step 3,
e cc lo)([{x} U Y* U Z\I'k({x})) with [e N ({x} U Y¥)| = 2 for each x € X\ X’ in step 4, and

e cc DX’ UYUZ) withlen (X' UY)| = 2in step 5.
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Let now e be some unknown defective edge in D(X, Y, Z). If e € D(X’, Y, Z), then the algorithm
finds e in step 5 at the latest. Otherwise, there is some vertex x € X\ X" with x € e and there are
again two possibilities:

Either e € D({x}, Y*, Z\I'k({x})), then the algorithm finds e in step 4 at the latest. Else, there is
some vertex y € Y\Y* with y € e and the algorithm finds e in D({x}, {y}, Z\I'x({x, y})) in step 3.

The number of tests:
The algorithm tests the following sets:

o {x,y} U[Z\I'k({x, y})] for each x € X\X" and y € Y\Y”,
o [{x} UY*UZ\I'k({x}) for each x € X\X’, and
e XUYULZ.

If a test is positive, the algorithm uses Lemma 2.8 to find defective edges, which costs per
defective edge at most

[log2 |E|-‘ +5

tests. Now, for every x € X\X’ there is at least one known defective edge e € 15K(X UYu?Z),
and for every vertex y € Y\Y* for some x € X there is at least one known defective edge
e € Dx(X, Y, Z) with {x, y} C e. Hence, there are at most

step 3 step 4 step 5
/o——————/\_-\ ——
da - ([log, [EI] +5) + dx(X U Y U Z) +dk(X, Y, Z) + 1

tests. O

Algorithm - Stage III

Seti = 2.
1. Set
i-1 s
Yi=| JXjand Z;:= ] X;
j=1 j=i+1

For X;, Y;, and Z;, construct r; Dx-independent sets u, llé, eee, Uii according to Lemma 2.6
such that

e 1 <6-dk,

e every pair {y,z} with y € Y}, z € Z; and {y, z} ¢ Dx is subset of some LI;'.,
e every vertex v € Y; U Z; lies in at most 6 Vdx different sets ll;., and

. |emu;'.| =lorlenX] = |emu;imyi| = |emu;‘.mzi| =1 for every e € f)K(Xiuu;i),
(j=1,...,r) (cf. Figure 2.6).

Set Ujl./i = U;.ﬂYi and U].Zi = Uj.ﬂZ,' forl<j<riandj:=1.



2.1. HYPERGRAPHS OF RANK 3 25

2. Find all defective edges e € D(X;, U;./", U].Zi) (cf. Lemma 3.36). If
j<ri setj:=j+1and repeat step 2.
j=rii i<s-—1: seti:=i+1and repeatstep 1.
i=s—1: stop.

that cannot occur due to

the choice of Ct,CE .. ., C;,I_

O known defective edges
172

@ known defective edges

Figure 2.6: Sketch of Stage II
In step 1 the algorithm constructs, according to Lemma 2.6, sets u:, Ué, e, Uﬁl_ such that
*): len u;‘.| =lorlenX]=len quf| =len u].Zf| =1

for every e € Dy(X; U LI;'.), (i=2,..,s=1, j=1,...,r). Thatis, one of the constraints of
Lemma 3.36 is already satisfied, some others are also clear:

We have already mentioned that H contains no loops, X; (i = 1,...,s) is free and all edges of
cardinality 2 are known. Thus, it remains to show that all defective edges in

IODK (Xl' U u]Y’)
are known. We show by induction on i that, as soon as the algorithm enters step 2 for i,
Dx(X;UY;)) =D(X;UY)).
i=2:
For i = 2 we have Y; = Y, = Xj. After Stage II, all defective edges in D(X; U X;) are known,
these are certainly all edges in

D(Xl UXp) = D(Yz U Xp).

i—-i+1:
Assume that all defective edgesin D(X;UY;) are known. In that case all constraints of Lemma 3.36
are fulfilled, and the algorithm finds all defective edges in

D(X;, U}/i , U]-Zi),
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(j=1,...,r). Letnowe € D(X;, Y;, Z;) be some unknown defective edge. The sets u, U;, .., Uﬁi
cover all pairs {y, z} with y € Y}, z € Z; and {y, z} ¢ Dx. Hence there is some set

u] with e\X; C u]

and thus ‘ '
len X;| = |eﬁYiﬂLI;.| = |eﬂZiﬂLI;.| =1

That is, for every unknown defective edge e € D(X;, U;, Z;) there is some set U; such that
e € DX;,Y;in U;., Zi N LI;.). Due to Lemma 3.36, the algorithm finds all defective edges in
D(X;, Y;N U;., ZiN U;.). Since

D(X;, Yi, Xiv1) € D(Xi, Yi, Zi),
all defective edges in . ]

D(X; U Y;U Xiy1) = D(Yit1 U Xi1)

are known before the algorithm sets i := i + 1. [
As a consequence, the algorithm finds all unknown defective edgesin D(Y;, X;, Z;), i = 2,...,5—

1) at Stage III . Since these were the only defective edges that were (probably) unknown after
stage II, the algorithm eventually finds all defective edges in a hypergraph of rank 3.

2.1.2 An upper bound for the number of tests

Let us count the number of tests individually for each stage.

Stage I

Consider the steps of Stage I for some fixed i: In step 1 the algorithm tests X; and finds, in case
of f(X;) =1, a defective edge e € D(X;) which costs, due to Theorem 1.2, at most

[log, IEI] +2

tests. After removing some x € e from X; and adding it to X;,; the algorithm repeats step 1 until
eventually f(X;) = 0.

Then the algorithm goes on to step 2. We have already stated that, right after step 1, dx({x}UX;) =
1forallx € X;.q1. If ci({x} UX;) = ciK({x} U X;) = 1, the algorithm needs, according to Lemma 2.5,
at most 2 tests for proof. Otherwise, if d ({x} U X;) > 1, the algorithm finds all defective edges in
D({x} U X;) which costs, according to Lemma 2.5, at most

[log, IEI] +4

tests per defective edge. That are at most

Z [1+[log, EI] +2 +2]

x€Xip :
dxjuXx;) =1

+ Y. 1+ logy BN + 2+ (d(fx) U Xi) = 1) - ([log, [EI| + 4)] + 1
d({Yx}EJ{;,1)>1
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< ) (i uXi) - ([log, IEI] +5) + 1

x€Xi11

tests while the algorithm performs Stage I for i. Let d; denote the number of defective edges
that the algorithm finds in step 1; then there are at most

d; - ([1og2 |E|] +5)+s

tests in stage I, where s denotes the number of sets X;.

For every vertex that is removed from X; and added to Xj.;, the algorithm has found one
defective edge. On the other hand, every vertex in X; has been removed i — 1 times, namely
from the set Xj, X», ..., Xj_1. Since there are no empty sets X;,

dz;lXiI.(i—l):;(i—1)+;(|xi|_1).(i_1)2(;)

>0

and thus

a>1
s<1/2+\2d+1/4'2 2Vd.

Stage I1

The algorithm performs Stage II s — 1 times with increasing 7 starting at i = 2. In step 1 the
algorithm splits the vertex set Y; = U;;ll X; without any tests into p; < 2 - Vdx < 2 - Vd disjoint
sets such that

e p <2 Vdg <2+ Vdand
. |emc;‘.| = 1fora11eef)1<(xiuc§.), G=1,...,p).

All sets C"1, Cé, cee, C;'?i are disjoint, accordingly every edge e € D(X;, Y;) lies in at most one set
f)(Xi U C;). Moreover, for each e € D there is exactly one i with e € D(X;, Y;) and thus

S

pi s
Y Y dxiuch) <) dx;, v =d
i=2

i=2 j=1

In step 2 all defective edges ine € D(X; U C;) with |e N Xj| = 2 are found, which costs, according

to Lemmma 3.28, at most . ‘
da([log, [EI| + 5) + dx(X; U Ciy+1

tests, where dj denotes the number of defective edges that are actually found in D(X; U Cj.)

(i=2,...,5, j=1,...pi). Let dij denote the number of defective edges that the algorithm finds
in Stage II; then at most

s Pi
dir - ([log, |EI| +5) + Z Z (dx(X; U Cly +1)

i=2 j=1
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dir - ([logy IEI| +5) + Y (dx(X;, Vi) + pi)

i=2

dyy - ([log, |EI] +5)+d+22- Vd
i=2

IA

IA

A

< dy - ([log, [El| +5) +5-d

tests are needed at Stage II.

Stage III

The algorithm performs Stage III s — 2 times with increasing i starting at i = 2. In step 1 the
algorithm constructs sets U}, u,..., U, such that

e 1;<6-dx<6-d,
i-1 s .
e every pair {y,z} withy € Y; = |J X;,z€ Z; = U Xjand {y,z} ¢ Dk is subset of some U},
=1 j=itl
e every vertex v € Y; U Z; lies in at most 6 - Vdx <6- Vd different sets Uj., and
e len u;i| =TlorlenXj =len u;lmq =len u;’.mzi| = 1foreverye € ﬁK(XZ-UU;'.), (G=1,...,75).

Afterwards, in step 2, the algorithm finds all defective edges in D(X;, U;./", U].Z’) by Lemma 3.36
by at most
dA([log2 |E|] +5) + dg(X; U ) + di(X;, u].Yf, u]Zf) +1

tests, where d, denotes the actual number of defective edges that are found in f)(Xi U U;). Thus,
already known defective edges cause extra tests if they lie in some set X; U U} Now, let e € Dk

be a known defective edge. In how many sets X; U Llj, could e possibly lie? We distinguish
between two cases:

1)e € Dk(X; U Xy) for some i # k:
Without loss of generality, leti < k, thene € Dx(X;UZ;) and e € Dx(Xe U Yy). If eN Xi| = 1, then
there are sets

u] with e € Dg(X; U u;'.).

Since every vertex lies in at most 6 - Vd different sets, there are at most 6 - Vd different sets
Dx(X; U u;'.)

that contain e. The same holds if |e N X;| = 1; then there are at most 6 - Vd sets
Di(X v Uj)

containing e. That is, if e € Dx(X; U Xj) for some i # k, there are at most

12 Vd
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different test sets in Stage III that contain e.

2)e € Dk (Xj, Xk, X;) for somei < k < 1:
In that case e € IODK(XZ' UZ),e€Dk(Xy, Y, Zy),and e € lg)K(Xl UY)). SincelenZj| =len Y =2,
there are neither sets

u] with (e\X;) C u]

nor sets
u§ with (e\X)) C u§.

So e lies at most in

6- Vd

sets Dg (X U LI’]?), if e € Dx(X;, Xk, X)) for some i < k < I. Please note that e is counted twice by
di(X; U L) + di(X;, U, UT)

ife € Dg(X; U u;'.).
Let djir denote the number of defective edges that the algorithm finds in Stage III. Then at most

s—1 7
1 i Y; 52
dinr - ([log, |EI] +5) + Z; Z{ (dix; U U + di(x;, U, UT) + 1)
1= ]:
s—1
< diyr - ([log, |EI] +5) +12- \/o_l-d+Zri
i=2
< d111~([10g2|Eﬂ+5)+12-d% +(2-Vd-2)-6-d

dpr - (|'10g2 |E|-‘ +5)+24. d% -12.-4d

tests are needed.
Overall, we obtain:

Theorem 2.11. Let H be a hypergraph of rank 3 with defective edge set D, for which the cardinality
d :=|D| is not necessarily known. Then the complexity c(H, d) of finding d defective edges is bounded by

c(H,d) < d[log, |E] +2+ Vd-2-d+24-d2.

2.2 Hypergraphs of bounded rank r

In this chapter, we consider hypergraphs of bounded rank . We present an algorithm A, that
finds all defective edges in a hypergraph of rank r regardless whether the number of defective
edges is known. The algorithm A, starts again with the graph algorithm (s. [KT08]) and
partitions the vertex set of a given hypergraph into free sets. But then, unlike before, it is not
reasonable to consider each possible distribution of the vertices of an edge over the free sets in
single stages. The number of possible distributions increases exponentially, hence, we would
need a correspondingly high number of stages.

The following algorithm organizes the search differently. After partitioning a given vertex set
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into free sets, it finds at least all those defective edges that share pairwise not more then one
vertex. The remaining defective edges are finally detected in the third and last stage. Let us
start with some new terminologies:

Definition 2.12. Let H = (V, E) be a hypergraph with defective edge set D and Dx C D the set of known
defective edges. We say a vertex set X C V is strongly Dy-independent if e N X| < 1 for every e € Dk.
Next, define for some W C 'V

P;(W) ={XCcW : [X|=tandlen X| <1 for every e € Dk},

the set of strongly Dk-independent vertex sets of cardinality t, set P, := Pt (V). We call a vertex
v € V\X a Dg-neighbour of a set X C V if there is an edge e € Dy that joins v to some vertex in X.
Finally, let Nx (X) denote the set of Dx-neighbours:

Nk(X)={ve V\X : dee Dxwithvee, enX #0}.

In the following, if not stated otherwise, let H = H(V, E) be a simple hypergraph of bounded
rank r with defective edge set D C E, where the number of defective edges d := |D| is not
necessarily known.

2.2.1 A search algorithm on hypergraphs of bounded rank r

We will again consider all stages of the algorithm A, separately.

Stage I

The first stage is almost the same as in the previous section, except, we will omit the second
step.

Ay - Stage 1

Let V be alphabetically ordered.
SetX;:=V,Xj:=0for2<j<|Elandi:=1.

1. Test X; if
f(X;) = 1: Use Triesch’s search to find a defective edge ¢ € D(X;) with rightmost left
endvertex and delete all good edges. Let x € e be the left endvertex of ¢, set X;
to X;\{x} and re-sort X; due to Lemma 2.3. If |e| > 2, set X;,1 to X;4+1 U {x}.
Repeat step 1.
f(Xi) = 0: If X;1q =0, set s := i and go to Stage II, else, go to step 2.

2. Seti:=i+1,sort X; alphabetically, and go back to step 1.

Please note that the rank of the considered hypergraph is not an issue for the proof of Lemma
2.3, hence the Lemma is also true for hypergraphs of any bounded rank r and thus we can use
the Lemma on hypergraphs of any bounded rank.

The algorithm runs Stage I exactly s times. With the same argumentation as in the previous
section, we receive

s<2-dx<2- Vd, 2.1)
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and the resulting s free sets Xj, X, ..., X, form a partition of {v € V' : {v} ¢ D}. Since all
defective loops are certainly detected after step 1, we assume once more that H contains no
loops at all.

Letd; denote the number of defective edges that the algorithm identifies in Stage I, then,according
to Theorem 1.2, at most

s+d1-(1+[logZ|El-‘+r—1)§2- «/E+d1-([10g2|E|]+r)

tests have to be carried out in Stage I.

Stage II

The aim of the second stage is to find defective edges, such that after Stage II for every defective
edge e € D that is still unknown, there is some defective edge ¢ € D with [eN g| > 2 which is
known. In that case every strongly Dg-independent set is also free.

The rough idea of the second stage is now the following: The algorithm constructs in Stage II
stepwise free sets F{, F}, ..., F;,t such thatevery X € #* lies in some set F; fort = 1,...,r. If some
X € P; lies in a free set, certainly X is also free, and if all sets in X € $}, are free, then every

strongly Dg-independent set is free.

Ay - Stage 11
1. SetC,:==0foralll1<n<2-dgandi, jk:=1.

2. If there is a vertex x € Xj with [Nx ({x})| > r/2 - Vdk, set B; := {x}, i := i+ 1, X; := Xi\|x}
and repeat step 2; else, go to step 3.

3. If there is a vertex x € Xj with [Nx({x} U C))| <7 - Vdg, set Cj:=C; U {x}, Xi := Xi\{x} and
repeat step 3, else, if:
Xi #0: Setj:=j+1and repeat step 3.
Xe=0: k<s: Setj:=j+1,k:=k+1,and repeat step 2.
k=s Setp:=iq:=]j.
4. SetFl.1 := B;fori = 1,...,p,1—“1 :=Cjtorj=1,...,g9,and p; := p+q, furtherset B := Ule B;

i p+i -
and i, jk,n,t:=1.

5. Test T := B; U (FL\Nk (B)). If
f(7") = 1: Find a defective edge in D(T) by Triesch’s search and repeat step 5. Please note
that Nk (B;) has increased and hence, we do not repeat the same test.
f(T)=0:Set F;'' .= T andn:=n+1. If
i<p: Seti:=i+1and repeatstep 5.
i=p: Go tostep 6.

6. Test 7 := (FL\B) U (C;\Nk (F}\B)). If
f(7") = 1: Find a defective edge in D(T) by Triesch’s search and repeat step 6.
f(T)=0:SetF;'' :=T andn:=n+1.If
j<gq: Setj:=j+1and repeat step 6.
j=q: t<r—-1. Gotostep .
t=r—-1. SetX:= NK(F]t(\B)\B, choose a vertex x € X, and go to step 7.
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@ IfINk(C))| > 2r Vdx for atleast one 1 < j < g, repeat step 1. Otherwise, set X := Nk(F,\B)\B
and choose a vertex x € X.

7. Test T := {x} U (F\\Nk (Ix). If

f(7) = 1: Find a defective edge in D(7") by Triesch’s search and repeat step 7.
f(T)=0:Set Fi'l:=7, X = X\{x},and n:=n+ 1. If

X #0: Choose a vertex x € X and repeat step 7.

X=0: k<py: Setk:=k+1andi, j:=1,then repeat step 5.

k=py: t<r—=1: Sett:=t+1,p:=n,and i, jk,n =1, then repeat
step 5.
t=r-1: Setp,:=nand stop.

The following picture shows a schema of the sets that are tested in Step 5, 6 and 7.

B; U (FL\Nk (B))) (FAB) U (CAWK (FAB)) U (FWK ((x))

Figure 2.7: Sketch of the construction of test sets

Please note that between step 6 and step 7, there is a step in which we only check the number
of neighbors and repeat if necessary, we therefore denote the step not by a number but by a
symbol: . Certainly all tests are Dk-independent and thus reasonable. Now, let us first of
all take a look at step 7. In step 7 the algorithm constructs one set {x} U (F;{\N [ ({x})) for each
X € NK(F;C\B)\B (t=1,...,r=1Lk=1,...,p¢). To limit the number of sets, the algorithm limits
the number of Dg-neighbors of the sets F/,F},. ..,F;,t, (t =1,...,7 = 2) (please note that for
t = r — 1 the algorithm skips step ).

For that reason A, partitions in the first three steps all sets X} with too many Dk-neighbors
(k =1,...,s). However, during the last three steps, we probably find defective edges that
increase the number of Dx-neighbors again. Therefore, the algorithm checks at step f whether
the number of Dg-neighbors is still small enough or not. If the number is not small enough,
that is, if there is at least one set C; with [Nx(C;)| > 2r Vdg, A, repeats step 1 and reconstructs
the sets By, B, ..., By, C1,Cy, ..., C; with respect to the currently known defective edges.

Only in the last three steps, A, constructs the actual sets Ft Ft ..., F;,t (t=2,...,7). Now let us

1712
show that these sets Ff, F, F}, cover indeed all sets in P} fort =1,...,r:

vipr by

All sets in P} are covered by some set Ft,(t=1,...,1)

t=1:
Every setin

7)11<:{{U} :veVandlen{v}| <1foreveryee Dk} ={{v} : veV}
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is obviously covered by some set F}, since Ufil Fl=V.

t—ot+1:
Next, let t < 7 —1 and suppose that Fi, F}, ..., F,, cover all sets in P}. Let X € P! be a strongly
Dg-independent set with X N B; # ( for some i, and F;{ a set with X\B; C F;{. Since X is strongly

Dg-independent, (X\B;) N Nk (B;) = 0 and consequently
X CB;U (F;\NK (By)).

Hence, in step 5 there is a test set 7~ = B; U (F; \Nk (B;)) containing X. If f(7°) = 0, the algorithm
sets Fﬁ;fl ;=9 and we have X C Fil”. Otherwise, if f(7") = 1, there is at least one defective edge
e € D(7) which is certainly incident to the only vertex in B; because of F; being free. Now,
there are two possibilities: Either e is also incident to a further vertex in X, then X is no longer
strongly Dk-independent. Or e N X = B;, then again X C B; U (F;{\NK (B;)) with respect to all
currently known defective edges (e is now also a known edge). When eventually f(7°) = 0 (at
the latest when FI";\NK (B)) = 0), the algorithm sets F;™! := 7~ for some n and either X C Fi! or
X ¢ P (cf. Figure 2.8).

Figure 2.8: Two possibilities if f(77) =1

Let again X € SD? 1be a strongly Dg-independent set, this time with X N B = (. Further, let
Flt( be a set with X\{x} C F]t( for some x € X, and C; the set with x € C;. Then, we have either
x & Nx(F}\B) or x € Nx(F}\B). Therefore, in the first case,

X ¢ (FI\B) U (Cj\Wk (F}\B))
and, in the second case,
X € {2} U (F\Wk (D).

The first set is tested in step 6, and the second set is tested in step 7. As before, after a positive
test, there are two possibilities: Either the algorithm finds a defective edge such that X is no
longer strongly Dg-independent, or X remains in the new test set, which is constructed with
respect to the currently known defective edges set. So, when the algorithm defines F;!, we
have either X C Fi! or X ¢ P

Number of sets F{(

Next, we show that

(2.2)

pr < t-(2r)- d1%<



34 CHAPTER 2. HYPERGRAPHS OF BOUNDED RANK

fort<r-1.

t=1:
Every (defective) edge has cardinality < r. Hence, every edge e € D joins each vertex v € e to
at most r — 1 Dx-neighbors and thus, due to the Handshaking-Lemma,

Y NN <Y Y el =1)= ) lel- (el = 1) < dic-r(r = 1). (2.3)

veV veV eeDk({v}) e€Dg

By the time the algorithm enters step 3,

Nk (fa) | < /2 ik
forevery x € Xy (k=1,...,s). Further,
INK(XUY)| <INk (X) |+ [Nk (V)]

for any two sets X, Y C V. Hence, there are only two possible reasons for not enlarging C; in
step 3: Either [Nx(Cj)| > r/2 - Vdg or Xx = 0. Thus, for k = 1,...,s, there is at most one set
0 # C; C Xy with less than r/2- \dx D x-neighbors, which in turn implies that we partition each
set X into at most
{ Nk (Xx) w
r/2 - \dx

smaller sets. Altogether, we receive an upper bound for the number of sets:

Nk (Xy) 23) 1)
S - <
pr=p+qg< 2{/2 \/_} s+ 2N S s+ 2(r 1)\/@ < 21’\/@. (2.4)
t<r-1:

Let us first of all take a look at step 4. Each time A, enters step & for t < r—2, it checks whether
there is a set C i with [Nx(C j)l > 2r+/dg. If at least one set C i has too many Dg-neighbors, the
algorithm repeats step 1 and constructs new sets By, Bo, ..., By, C1,Cy, ..., C,, such that again
INK(Cj)l < rVdk for j = 1,...,q. Consequently, every time the algorithm enters step 7 for
t<r-— 2 all sets C; satisfy

INK(C))| < 2r V. (2.5)

Every set Fffl arises out of the union of two sets F} and Flt( for some i and k, the second set itself
is again, in case of t > 1, a subset of the union of two sets, etc. So, for every set F]t( there is an
indexsetI C {1,2,...,p1}, lI| = t such that
¢ 1
Fc| JF!

iel

and thus
[ Vi (FEAB) B < [N UFl\B < Y IN( F\B )| < £-2r ik (2.6)
iel —
=0Qor =C;

for some j
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while t < 7 — 2. For each set F; the algorithm constructs new sets by combining F; with all p

sets B; (step 5), all g sets C; (step 6), and, finally, with all vertices x € Nk (F]t{\B) \B (step 7). This
amounts to:

step 5 step 6 step 7
P —_— —— —_———
o= X (r g+ M)
k=1
t<g1 Dy ) ( 2r Vdx + 2tr Vdx )
< t!-(2r)f-df< ( (t+1)-2r- Vdx )
= (t+1)!~(2r)t+1~d;<+71 (2.7)

t=rn

For t = r — 1 the algorithm no longer limits the number of Dx-neighbors of C; (j = 1,...,9).
Thus, we need a different approach to estimate the number p, of sets Fj, F},..., F, . For that
reason we assess for each v € V the number of sets that contain v:

Definition 2.13. Set §;(v):={k : ve F]t{} and §¢(v) := |F¢(0)| forallv e V.

We will show that for 1 <t <r—1, each vertex v € V lies in at most

t
fr(v) < - [Z 1) L@ntldT (2.8)

- 1
=1

different sets F ,t(

t=1:
Since all sets F%,Fé, ... ,F},l are disjoint, f1(v) <1 = (1! 21'1:1 %) -(2r)° - d? forallve V.
t<r-1:

Suppose (2.8) is true for t — 1; then: For every set F]t{‘l the algorithm constructs the following
sets:

. B; U (Pi‘l\NK (Bi)) for i=1,...,p,

o (CA\Wk(FIN\B)) U (FE1\B) for j=1,...,qand

. (x} U (FEN\Nk(Ix)  for  x € N (FI\B)\B.

Ifove F]t(‘l, or, in other words, if k € ¥;-1(v), then v lies in the worst case in each of the

p+qg+IN, K(F]t(‘1 \B)\B] sets that the algorithm constructs for F]t(‘l. Otherwise, if v ¢ F]i‘l, only one
of the following sets contains v since the sets

B1,Ba,..., By, Ci\Ni (F\B), Co\Wk (FE\B), ..., C;\Nk (F\B), Ni (Fi"\B) \B

are disjoint. Hence, for any v € V holds

@) <pa+ Y, (p+a+INkET\B)\BI).
keF-1(v)
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According to (2.6), the number of neighbors is bounded by
INK(FE\B)\B| < 2r(t — 1) Vd

for each set F,t( with t < r — 2. Now, we can estimate the number of sets that contain some v € V
fort<r-1:

o) < Pt i Y (P + 9+ INK(FS\B)\B))
keF-1(v)
2 t-1-@n1-d7T  + fi-1(v) : (2r\/£+2r(t—1)\/3)
t—1
< (t-D-@nldT o+ ((t—l)!-Z%)-(Zr)t‘2~d% . 2rtVd
=1

IA

t! t1 = 1 t-1
C N ey S| @)tde
i=1

1
51 -1
[t!.Z 7]-(2r)t—1-dT,

i=1

1

thus, (2.8) is also true for ¢.

Next, we consider p,. For r = t we have also

Pr-1
pr=) (p +q+ 'NK (FL\B) \B|).
=1

Due to (2.8), these are at most

Pr-1
Py = Z (p+q + |N1<(F,’(_1\B)\B|)
k=1
Pr-1
< pr1 S (pra) + Y ) Nk

k=1 veF;~!\B

N O YO Yo o B e YR - Y (@) - INk (o))

= (T—l;’ev 2
< (r=D-@n)-dz + ( ; ')'(2V)r_2'drT'Z|NK({U})|

=1 veV
-y a + (r—l)'(r_ll)!-(ZV)r‘Z-d%r-(r—l)d
= (-2 (4247 (- 1)) di

—_——

= Q) -d2 -

sets. Hence (2.2) is also true for ¢t = r.

Finally, let us count the number of tests that the algorithm performs at Stage II.
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Number of tests

The algorithm performs all tests in step 5, 6, and 7. Each time a test of some set 7 is positive,
the algorithm finds a defective edge in D(7") by, according to Theorem 1.2, not more than

[log, [EN] +7 -1

tests per edge. Let djr denote the number of defective edges that the algorithm finds at Stage II,
then there are in total at most

dn([log, |EI| +7)
tests to find dj defective edges.

Next, consider the negative tests: After a negative test, the algorithm defines a new set
hence, there is one negative test for each set. Assume for the moment that the algorithm never
returns to step 1 once it has entered step 4. In that case there are obviously

t+1.
AN

P2+P3+---+Pr

negative tests. However, since the algorithm finds defective edges after positive tests, the num-
ber of known defective edges increases, which in turn increases the number of Dg-neighbors
for different sets C j-

If INk(C))l > 2r Vdx holds for some C; while the algorithm enters step @ for some ¢, then A,

returns from step @ to step 1 and reconstructs the sets Pl’FZ’ - ,F;T (t=1,...,0).

Let now @ denote the number of recurrences to step 1 and let d; denote the number of defective
edges that are known immediately after the i-th recurrence (i =0, ..., D).

Each time when the algorithm constructs the sets C1, Cy, . .., Cy, the sets satisfy [Nk(C))| < r Vg,
or more precisely, after the i-th recurrence they satisfy |[Nx(C))| < r Vi, (j=1,...,9). The (i+1)-
th recurrence to step 1is caused by a set C; with [Nk(C)| > 2r Vdg. At that time dx = d,,1, hence,

the number of Dg-neighbors of at least one set C; has increased by at least 2r Vd;;1 —r Vd;. Every
new found defective edge, on the other hand, increases |[Nk(C;)| by at most r — 1 Accordingly,
when the algorithm returns to step 1 for the (i + 1)-th time, it has found at least

(2 - V) > Vi

defective edges since the i-th recurrence. That is

di+ \diy1 £diy1 © Vdiyg <dig1 — 4,

fori=0,...,9 — 1. In total we receive

d>de =dy+ Z(d1+1 di) = dit1.

i=0 i=0

Sinced; > 1for0<i<d-1,

2 2 1 1\?
( di+1) =diy1 2 d; + \/di+12di+§\/zi+§:(‘/zi+§)
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and, hence, Vd;;1 > \/d_i+%fori:0,...,cb—l

. d-1 .
1 1
= di2§=>d2§§=

(2}

D < A6d+1/4+1/2<3- Vd.

In the worst case, the algorithm returns to step 1, just when t = » — 1 and k = p;. So there are at
most

QR

Consequently,

3- ‘/E'(p2+p3+...+pr_1)+pr

2.2)

r—1
< 3. Vd- Y (ne@dt) et @ di
t=2

r—1

. 3.1 ,
< - (2n) '(Z—r!.(zr)r—f +1)-d8
t=1
< r!-(zr)f-((r—1)-r_‘:’—27)+1)-d%
——
r§21

<r-rl-Qr) -d2

negative tests in Stage II.

Stage III

After Stage II, all unknown defective edges share at least two vertices with at least one known
defective edge. Suppose now e is an unknown defective edge. Let D’ = {g1, §2,..., s} C Dk be
a set of known defective edges, such that firstly

gin(e g]-)' >2 fori=1,...,a

1<j<a,
j#i

and secondly

’g N (e\ 0 gj)’ <1, for g € Dk\D’
j=1

holds. Then we have
azlz)
o ¢\ U?:l gjis strongly Dg-independent, and

e\Uin g]-| <r-2a.
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The idea of Stage III is now the following: For every 1 < a < |5] and each set D’ C Dg with
|D’| = a, we construct free sets
D' ~D D’
Gy ,Gy,...,G

qp’

that cover all sets in SD%‘Z“(V\ Ugepr §)- Then each unknown defective edge lies in a set
D( U gy GkD )
geD’
forsome1 <a <[5, D’ C Dgxwith|D’'| =aand 1 <k <qgp'.

Let us start by constructing free sets that cover all sets in P! (W) forany W € Vand 1 <t <r-2.
As in the previous stage, we build those sets up step by step; but unlike before, these sets are
themselves strongly Dk-independent. Since strongly Dk-independent sets are by now also free,
we need no tests for their construction.

Lemma 2.14. Let W C Vand 0 <t < r— 2. There is an algorithm that constructs

!
0 < (t-;Z)..rt.d

NI~

strongly Dx-independent sets G, G}, ..., th, such that every set X € P! (W) lies in some set G,t(.

Proof. The following algorithm Asp constructs the desired sets:
Set X:={{v} : veW},Cy:=0forl1<n<|W|andij:=1.

1. If there are two sets X, X" € X, X # X', with X U X’ strongly Dg-independent, set X :=
X U {XUXN{X, X'} and repeat step 1.
Else, choose an arbitrary X € X, set X := X\{X]}, and go to step 2.

2. If there is a vertex x € X with [Nk ({x})| > r/2 - Vdk, set B; := {x},i:=i+1, X := X\{x}, and
repeat step 2, else, go to step 3.

3. If there is a vertex x € X with [Nk ({x} U C))| < ¥ Vdg, set Cj = C;U{x}, X := X\{x}, and
repeat step 3, else, if
X # 0: Set j:=j+1and repeat step 3.
X=0: X#0: Setj:=j+1,choose an arbitrary X € X, set X := X\{X}, and repeat step 2.
X=0: Setp:=i,q:=].
4. SetGi1 :=Bjfori=1,...,p, G;H]. :=Cjforj=1,...,q9,and q; := p+q, further set B := Ule B;
aswellasi, jk,n,7:=1.

5. Set GI*! := B; U (GE\WNk (B))and n:=n+1.
i<p: Seti:=i+1and repeatstep 5.
i=p: Go tostep 6.

6. Set Gi*! = (GI\B) U (C;\Nk (G \B)) and n := 1 + 1.
j<g: Setj:=j+1and repeat step 6.
j=¢q: SetN := Nk (G;\B) \B, choose a vertex x € N, and go to step 7.
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7. Set Gi' := {x} U (GI\Nk (fx})), X := X\[x} and n := n + 1.
N # 0: Choose a vertex x € N and repeat step 7.
N=0: k<g; Setk:=k+1andi, j:=1,thenrepeatstep 5.
k=g, 7<t-1: Sett:=1+1,4q,:=n,and i, jk,n:=1, then repeat step 5.
t=t-1: Stop.

In step 1 the algorithm starts with |W| sets, each containing a single vertex. Then A.p joins
two sets to a new set if their union is strongly Dk-independent. This process terminates if for
any two sets X and X’ € X, there is some known defective edge e witheN X # @ and en X’ # 0.
Every defective edge, on the other hand, joins vertices from at most r different sets. That is,

every known defective edge joins vertices from at most (;) pairs of sets X € X. Thus, for the

)<

X < r+/dx.

Since A~ constructs the sets G, G, ..., G. similar to A,’s construction of F’,F%,..., F, , we
TG 172 qt -2 Pr
receive by the same argumentation:

number of sets |X| applies

forr > 2 and dg > 1 we have

Firstly, for 1 < 7 < ¢, the sets Gf, Gy/ones GZ/T cover all sets in Pr(W). Please note, unlike the

Dk-neighbours of the sets Flt{, the number of the Dg-neighbours of the sets G, G;, e, G;T does
not change during the algorithm since no new defective edges are found.

Secondly, for every set GZ there is an indexsetI C {1,2,...,q1}, lI| = 7 such that

Gicl Ja!

iel
and thus
[Nk (G1\B) \B| < [Vi([J GIB)| < Y [Nk (GHB)| < 7+ 7 Vi
iel i€l
Thirdly,
Nk (X)
r/2 - \dg

and finally we receive for 2 < 7 < t — 1 inductively that

1+2)! 1

fhﬁz

XeX

}S(3r—2)~ dg <

< (T+2)!'

e < rt-d

RONlA

owing to

qr
g = Y (p+a+INc(GD\B)\B))

k=1

(t+2)! .

< > T-dé~((3r—2)\/ﬂ+’c~r dK)
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+ 3)! zl
< %‘1’1+1'd1<2.

Unlike the sets Fi, F;, el F;t, the sets GGy, -- o, GgT are obliged to be strongly Dg-independent,
which we show by induction on 7.

T=1:
Obviously the sets Gl, G;, cee, G$1 are strongly Dg-independent.

T-1->1
Suppose 7 < t and all sets GZ‘l are strongly Dk-independent. For every set G}, there is some
GZ‘l and some G/ such that

G c(Gitug)).

Since both GZ‘l and G are strongly Dx-independent, G, is not strongly Dg-independent if and

only if there is some known defective edge that joins a vertex in G]f‘l N G, and a vertex in
G} N Gj,. Seeing that the algorithm subtracts among others all Dg-neighbours of either G,f‘l or

G} from GZ‘l U G}, G;, is of course strongly Dg-independent.

A, - Stage III

Seta :=1.
1. Set DY := 0.
2. Set D, :={D' CcDg : |D'|=a,le| >3 VYeeD’}.

D, CDY: a<|il: Seta:=a+1and repeatstep 1.
a>|5]: Stop.

Dy € Z)O{: Choose an arbitrary edge set D’ € Z)Q\Z)O{, V(D) := U e, and X7, :=0.

ecD’
Set
o Xp ={YUTIg(V(D)\Y) : YCV(D’), |[YNel>1VeeD'}and
e construct strongly Dg-independent sets G2, GzD', ceey G% , that cover all sets in
PI(V\V(D')
Choose an arbitrary vertex set X € Xp/\X 5, and setk := 1.

Test 7 := (V(D)\X)UGP'. If
f(T)=1: Find a defective edge by Triesch’s search in D(7") and repeat step 3.
f(T)=0: k<gp: Setk:=k+1,repeatstep5.
k=qp: SetXy, :=X] U{X).
Xp ¢ XY,: Repeat step 4.
Xp CXY,: SetDy := DZ U{D’} and repeat step 2.

O
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Initialization: Set a := 1.
Step 1: Set DY := 0.
i ]
Sep2  feupa
Tyes
ST
l no
Choose D' € D,\DY,
set V(D) := Upepr €, and
/\’lg, = 0.
1
Step 3: Set Xpr := ** and con-
struct G?',GzD',...,GqDE;,.
!
Step 4: Choose X € Xp \Xg, and|
setk:=1.
1
Step 5: TestT := (V(D,)\X)UGkD/ —
1
Find defect- | yes
ive edge.
no
@ € Setk := k+1.
no
Set Xé, o= Xg, U {X}.
1
no
yes

Set DY := DL U (D'}

A ={D'cDg : |ID|=a,le >3 VeecD)
2= {YUTR(VID')\Y) : YCV(D), [YNe|>1Vee D)

Figure 2.9: A, - Stage 111
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All tests are reasonable

Suppose otherwise, suppose there is some test set 7~ = (V(D')\X) U GkD' which is not Dg-
independent and let ¢ € Di(7). Since X Ne = 0, certainly e ¢ D’. Suppose, |e\V(D’)| = 1
and let Y := V(D’) N X. Then we have e N I'x(V(D’)\Y) # 0, which is a contradiction, since
Ik (V(D')\Y) ¢ Xand thus 7 NT'x(V(D')\Y) = 0. Thus, we have [e\V(D’)| > 2. But GI‘?' is strongly
Dk-independent, that is |e N GE’I < 1 for all e € Dk, which is a contradiction. Accordingly, all
tests are reasonable.

The algorithm finds all defective edges

Let e € D be some defective edge that is still unknown after Stage II. After Stage II there is for
every unknown defective edge e € D some known defective edge ¢ € Dk with|eNg| > 2. Assign
to every edge e € D\Dg some set D’(e) = {g1,82,---, a(e)} C Dk with a minimum number a(e)
of edges, such that firstly,

'gi N (6\ U gj)‘ >2, forl <i<ale)

1<j<ale),
j#i

and secondly,
a(e)

|g N (e\ U gj)| <1, for g € Dx\D'(e)
j=1
holds.

Consider now Stage III when the algorithm sets D({( 0 = Z)Df( oY {D’(e)}. If the algorithm has
found e in the meantime, there is nothing to show; hence, we assume that e is still unknown. If
the algorithm has not yet found ¢, there are two possibilities:

Either no test set contains e so far, or there has been some set that contains e but the algorithm
has found some other defective edge.

So far, no test contains e:

Since we consider only simple hypergraphs, there is surely some set X C V(D’(e)) withenX = 0.
As there has been no test 7 with e C 77, no set Gf’(e) covers e\V(D’(e)). Consequently, e\V(D’(e))
is not strongly Dg-independent, which in turn implies that meanwhile the algorithm has found
some defective edge gu()+1 With

ale)

Sae)+1 N (E\U gj)‘ > 2. (2.9)
=1

There has been a test 7 withe C 7:

We assume that the algorithm has found some other defective edge g. After finding g, the
algorithm returns to step 3 without setting X lé’ © = X lé, © U {X}. Hence, there will either be a
new set 7 with e C 7, or we find some defective edge g, ()+1 with (2.9).

The algorithm does not set DO{( 0 = DO{( oY {D’(e)} before it has set X Ié, © = X 6, © U {X}, which

only happens when all sets
(V(D'@)\X) UG
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are free (k=1,...,q9p/()). But that means that e\V(D’(e)) is no longer strongly Dk-independent.
So, when the algorithm sets DO{( 0 = DO{( oY {D’(e)} but has still not found e, the number a(e) has
increased. Owing that & cannot exceed [r/2], the algorithm certainly finds all defective edges.

The number of tests
For each X € Xpr with D’ € D, and 1 < a < |r/2] there are tests

T = (VID)O\X)UGY

for increasing k until either k = gp or f(7°) = 1. If f(7") = 1, the algorithm detects one defective
edge by Triesch’s search and repeats step 3. Then, in step 3, A, renews Xpr and Gllj , GzD o G% ,
with respect to the enlarged Dy.

And there lies the difficulty of estimating the number of negative tests in Stage III: The sets D,,
Xp and G’l:)', GZD,, e, GqD[; , depend upon Dg. Since Dy is not static, neither are the other sets
which the algorithm resets on several occasions. So, to avoid performing the same tests twice,
the algorithm remembers sets X € Xps for which all tests

T = (VID)O\X) UG

for 1 < k < qp were negative by adding it to Xé,. The same holds for all sets D’ € D, with

Xp € X 5,: A, adds them to DY . Thus, we have foreach X € Xp withD’ € D,and 1 < a < [r/2]
exactly gpr negative tests and this adds up to

Z Z Z a . (2.10)

But what happens now if for some set X € Xpr not all tests 7 := (V(D’)\X) U G]’? " were negative?
We have already seen that the algorithm finds a defective edge and repeats step 3. It is crucial
that A, repeats step 3 without adding X to X¥,. Hence, we have not counted those tests in
(2.10). In the worst case, all test 7 := (V(D")\X) U G,’?/ for 1 <k < gp — 1 are positive and only
T :=(V(D')\X) UG is negative. Accordingly, we have at most

qp’

Lr/2]

Z Z Z ”70’”‘9@3}3?&51‘71"

a=1 preDy XeX,
negative tests at Stage III. Let us now consider (2.10). First of all, it is
D
DY C (a) = |DY| <d°,
further, for [D’| = o
|X§,| < 2|V(D')| < 201~1’/
and finally, due to Lemma 2.14,

— I
< (r—2a + 2)!

_ r=2a
gp < 5 _rrZa_dz
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for D’ € DY. That amounts to

Lr/2]

X Lw

a=1 D'eDy XeX,
Lr/2]

Z d“ . 2“"’ . (1’ - 23 + 2)! . ]/'7_20( . dr—ZZa
a=1
Lr/2]
_ w g2 gar g
a=1

NI~
NI~

r| r!
< |=|. 2.4 2.037 .43,
= M 2" d

In total, there are at most

Lr/2]

Z gpr +d-  max qp
DrcD,D'|<| )
a=1 preDy XeX,

r 7! r—2 r. r 7! ) r=2
—|.=. 23T divde— T 42
= M 2’ 2’
r! 2y
< Z . lio7 g2
=5 r

tests. Finally, let djjr denote the number of defective edges at Stage III, then there are, according
to Theorem 1.2, at most

dH] . ([logz |E|-| +7r— 1)
additional tests to identify the defective edges in Stage III.

2.2.2 An upper bound for the number of tests
By adding up the tests that the algorithm requires in its three stages, we receive:

Theorem 2.15. Let H = (V, E) be a simple hypergraph of bounded rank r with defective edge set D C V.
Then there is an algorithm that finds all defective edges with at most

d- [log2 |EI] +o - dz
tests for some constant c, > 0.
Proof. We have already seen that the algorithm A, needs at most
2Vd +d; - ([log, [El| + )+ 771+ 20 - d% +dy; - ([log, |EI| + 7)
r! 2 r
te P27 - d + dyy - ([log, ||| + 7 - 1)

7! 2 r
< (2+r-r!~(27)r+5-rr_1-2T +r)-d7 +d-[log2|E|1
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tests to find all defective edges. Hence, A, satisfies Theorem 2.15 for

7! 1 A2
CT:2+1"1’!'(21’)r+E'1’r_ -27 4+3.

Remark 2.16. For r = 3 the above algorithm needs at most
d-[log, |E|| +2Vd +3 - d + (3888 + 432 - V2) - d2

tests. These are, of course, considerably more tests than the algorithm of the previous section
requires.
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Chapter 3

Uniform hypergraphs

3.1 3-uniform hypergraphs

In this chapter we consider 3-uniform hypergraphs, that is, hypergraphs whose edges all have
cardinality 3. Certainly, every 3-uniform hypergraph is a hypergraph of rank 3, and we have
already presented two algorithms that find all defective edges in a hypergraph of rank 3.

In this chapter, though, we present an algorithm that proofs the Conjecture of Duand Hwang (s.
[DH93]) for 3-uniform hypergraphs and finds all defective edges in any 3-uniform hypergraph
by at most [log,(|E|/d)] + cd tests, where d (the number of defective edges) is known and c is
some constant.

The rough idea is the following;:

We partition V into free vertex sets and test each triple of sets to find all defective edges. To
achieve the bound of at most [log,(|E|/d)] + O(d) tests, the number of sets must not exceed
O(d'/3). In the following Lemma, we will present a construction of such sets. But first of all, let
us start with some old and new definitions.

Definition 3.1. Let H = (V, E) be a hypergraph with defective edge set D C E of cardinality d := |D|.
Once a defective edge e has been detected, we say e is a known defective edge and Dx C D denotes the
set of known defective edges; its cardinality is dx := |Dx|. We call a vertex set X C V Dg-independent if
there is no e € Dk with e C X, and a set is said to be free if f(X) = 0. Thus, every free vertex set is also
Dx-independent. Let X, U, Y, Z C V be arbitrary vertex sets. We define the following edge sets

DX):={eeD : eCX},
DX U):={eecDXUU) : enX # 0}, and
DX, Y,Z):={ee DXUYUZ) : lenX|=lenY|=lenZ =1}
with cardinality d(X) = |D(X)|, d(X, U) := |D(X, U)| and d(X, Y, Z) := |D(X, Y, Z)|, respectively. For
some free set X C 'V and arbitrary U C V, define
(X, U) :={ve U\X : D({v}UX) # 0} and
e(X, )= Y dlolux)= ) d(lo}UX).

vel vel'(X,U)

47
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Please note that |I'(X, U)| < e(X, U) for any free X and arbitrary U. For U = V we write D(X), d(X),
I'(X), and e(X) instead of D(X, V), d(X, V), I'(X, V) and e(X, V). Now let Dx C D be the set of known
defective edges; then we set analogously for X, U,Y,Z C V:
Di(X) :={e€Dxg : eC X},
Dx(X, U):={ee Dx(XUl) : enX # 0} and
Dk(X,Y,Z):={e€ Dx(XUYUZ) : lenX|=lenY|=lenZ =1}

with cardinality dOK(X) = IIODK(X)I, dx(X, U) := [Dx(X, U)|and dx(X, Y, Z) := |Dx(X, Y, Z)|, respectively.
For a free vertex set X and arbitrary U C V, define

Tx(X, U) := {v e U\X : Dx({v} UX) # 0} and

ex(X, W)=Y dx(lux) = Y di(lol UX)

vell vel'k(X,U)

Again, [Tx(X, U)| < ex(X, U) for any free set X and arbitrary U. Write, as before, for U =V instead of
Dx(X, V), dx(X, V), I'x(X, V) and ex(X, V) the short forms Dx(X), dx(X), I'x(X) and ex(X).

Let now H = (V,E) be a hypergraph of rank 3 without loops. Let Dx = D, U D3 be the set of known
defective edges where

={ee Dk : lel=2}and D3 :={e € Dk : |le| =3},

and its cardinalities are denoted by dy := |D;| and d3 := |Ds|, respectively. In analogy to dx(X, U), define
for any two sets X, U C V:

U):=leeDy : ecXUlU enX+0},
( ,U):={ee D3 : ecXUlU enX+0}|,
dz(X) =|lee Dy : ec X}|, and
d3(X) :=lfee D3 : ec X},

and finally for X C V free and arbitrary U C V:

ex(X, U) :=dr(X, U) and
es(X, U) = Z ds({v} U X).

vel

Then, we have
ex(X,U) = ) di((o} UX) = da(X, 1) + ) da({o} U X) = ex(X, U) +es(X, D).
vel vel

We set d(X) instead of da(X, V) and also d3(X), ex(X) and e3(X) instead of d3(X, V), ex(X, V) and
e3(X, V), respectively.
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Let
p = 2lloga(E/A)],

Then we say that a test of a vertex set X C V is substantial if either f(X) =1 or |[E(X)| < p/2. We
have already seen that good edges do not affect the outcome of a test. Thus, we regard an edge
that is known to be good as removed. That, in turn, implies that a search algorithm performs

at most
|[E|  2-|E|

P12~ ofemmd =21

non-substantial tests.

In the following, we will count only substantial tests. An upper bound for the total number of
tests can be easily established by adding 2d tests to the number of substantial tests.

Further Approach
The search algorithm that we will present in this section starts by splitting V into free vertex
sets C1,Cy, ..., Cy. Afterwards, the algorithm searches for each 1 < i < p for all defective edges

in
p
plc, | ¢
j=i+1

All edgese € D (C,, s ) can be assigned to one of the four cases below (cf. Figure 3.1):

j=i+l
1. |eﬂC|—2and|eﬂI“(Cl,U] " -)|:1,
2. lenGl=1and | nT(C, UL, )| =2

3. ]enCil=1,

enT(C;, UF -)| =1land

en (Ui, CAT(C)

j=i+1 = 1’ or

4. lenC;l =1and

en (Ui, cj\r(ci))‘ =2

(G, U] i+1 )
/

C, - G

Figure 3.1: Scheme: Possible set-up for defective edges
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Before we introduce the algorithm, first some lemmas:

e The first lemmas describe how to partition a given vertex set into free sets. Since the
algorithm has to consider at times edges of rank 2, we will present a more general
algorithm that partitions a vertex set of a hypergraph of rank 3.

o Afterwards, Lemma 3.7 describes how to identify all vertices in I'(C) for a given set C.
e Finally, we introduce some lemmas that describe how to find defective edges in the
different set-ups.
a-1 a b-1 b
Lemma 3.2. Let a,b € IN such that 3 < max{l,ds} < 3 and ) < max{l,ds} < o) Then
there is a Dx-independent set X C V with

d3(X)
a—2

b-1 1 (a-1
dr(X) = ) 01’d3(X)2ﬁ'( 5 )

() e(X) < +do(X) and

Proof. We differentiate between a > b and a < b and present for each case an algorithm that
constructs a set X C V that satisfies (»).

a>b:
Algorithm A5y

Letd(X) := (a = 2) - d2(X) + d3(X) and A := % . (a ; 1).
1. Choose a vertex x € V with ma}/x d({v}) = d({x}) and set X := {x}.
ve

2. Ifd(X) > A, stop. Else, choose a vertex x € W := V\(X UT'x(X)) with
AX U {x}) > (a—2)-ex(X U {x})
and set X := X U {x}. Repeat step 2.

The procedure starts by choosing a single vertex which is, since there are no loops, certainly
Dg-independent. We have e;({x}) = ex({x}) for all x € V, therefore

d({x) = (a = 2) - dao({x) + ds({x)) = (@ = 2) - da({x)) = (@~ 2) - e2({x}) = (@~ 2) - exc({x)).
The algorithm expands X only by vertices x € W = V\(X U T'x(X)) that satisfy
A(X U {x) 2 (@~ 2) - ex(X U {x})
until eventually d(X) > A. Accordingly, each set X in the process satisfies
d(X) = (a - 2) - ex(X).

As WNTk(X) =0, {x} U X is Dx-independent for each x € W.NSo each set X in the process
is Dg-independent. It remains for us to show, that as long as d(X) < A, there is at least one
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admissible vertex to expand X.
Let X ¢ V with d(X) < A and d(X) > (a - 2) - ex(X).
W is not empty:
We prove indirectly that W # 0 by showing that (cf. Figure 3.2)
D3\ (Ds(Tk(X)) U Dg,(X)) —{eeDs : e\[x(X)#0anden X = 0} # 0.
CD3(W)
I'k(X) W= VA(X UTk(X))
- Edge in D3(X)
* Edge in D3(Tx(X))
UEdge in D3(W)
Figure 3.2: Sketch of possible edges between X, I'r(X) and W
Since we assume that
A=1- a-1 > d(X) > (a-2)-ex(X),
7\ 2
it follows because of ex(X) > [I'x(X)| that [T'x(X)| < V 1_41J and therefore
a-1
d3(Tk (X)) < ('PK(X”) < (L 1 ) (3.1)
3 3
Certainly, d3(X) < d(X) and thus
1 [a—-1
d3(X) < = ( 5 ) (3.2)
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We receive with (3.1) and (3.2)

D5\ (Ds(Tk(X) U Ds(X))|

> - dBIkX) - da(X)
GG (a1 [%J 1 (a1
3 3 7 2
3 2743 @-1) (a B 7426 — 7 - V96457 ) (a B 7426 + 7 - V96457 )
B 16464 2743 2743
~1.91 ~3.5
a>4
> 0.
[%J a-— 1 (a-1
Fora < 3, we have ( 3 ) = 0 since { 11 J < 3, further is - ( ) ) < 1. Since d3(X) is integers,

ds — d3(Tk(X)) — d3(X) =d3 — 0 —0 > 0.
That is, D3\ (f)3(TK(X)) U D3(X)) is in any case not empty, and thus, neither D3(W) nor W is
empty.

There is at least one admissible v € W to expand X:
We use the pigeonhole principle to prove the existence of a vertex v € W with

d({v} U X) — d(X) = (@ - 2) - [ex({v} U X) — ex(X)]. (3.3)

Since d(X) > (a - 2) - ex(X), every v € W that satisfies inequality (3.3) satisfies also d({(x} U X) >
(a—2) -ex({x} U X). We have already stated that for every v € W, {v} U X is Dg-independent and
therefore doK({v} U X)=0.

Now consider the right hand side of (3.3):

ex(X U {0}) — ex(X)
Y il o) U X) - ) dk(fu} U X)

uev uevV
= Y [d(u U X) + lfe € Dx(fu, 0} UX) : veel] =) di(lu) U X)
ueV ueV
= dy({v}) + lfe € D3({v}) : en X # 0} (3.4)

Adding up over all v € W this amounts to

Y lex(X U o) — ex(X)]

veW

Y [A(10)) + lfe € Ds(fo)) = en X # 0}]]

veW

2-ds(X) + ) do({fol) (3.5)

veW

IA
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Now, take a look to the left hand side of (3.3). Please note that, since ciK({v} U X) =0, of course
also jz({v} U X) = 0 and therefore d(X U {v}) = d2(X) + da({v}). Further, d3(X U {v}) = d3(X) + |{e €
Ds({v}) : en X = 0}, consequently
d(X U {v}) — d(X)
= (a-2) - dy(X U {o}) +d3(X U {o}) = (a = 2) - do(X) — d3(X)
= (a—2)-dx({o}) + lfe € D3({o}) : en X = 0}|.

Now we sum up d(X U {v}) — d(X) for all v € W and receive

Y [dxu toh - dx)]

veW
= Y [@-2)-dx({o}) + lfe € Da(fe}) : en X =0}
veW
> ffee Dy(W) : enX =0}l +(@@~2)- Y dy(fo))
veW
= ID\(D3(T(X)) U Ds(X))| + (2 —2) - Y da({o})
veW
> (“ ; 1) - ('rKéx)') —d(X) + (@ -2)- %dez«v})
662 (a-1\ (|5 1 (a-1
g ( X )—( - )—;-( ) )+(a—2>-§vd2({v})
_ 9. 5 1 a—1 391-(a—1) 2722 -7 - V79609) 2722 4+ 7 - V79609
= 2022 5 | '(”_ 391 '(”_ 391 )
~1.91 ~12.01

+@=2)- )" o)

veW

2 2:@-2)-d(0+@-2)- ) dlo)

veW

veW

> (a-2)- (2 +d3(X) + Y da({o))

> (a-2)- ) fex(X U {o}) = ex(X)].

veW

Accordingly, at least for a > 13, there is some v € W that satisfies (3.3) and therefore the
algorithm terminates for a > 13 in case of a > b.

()=

Hence, for each vertex v € V with dy({v}) > 0, we have both

Suppose now 3 < a < 12, then

A((o]) = @ =2) - da({o) + da((oh) = (@~ 2) 2 B | (a 2 1)} and
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d({v}) = (a—2) - da({v}) + d3({v}) > (a = 2) - do({v}) = (a = 2) - ex({v}) = (a — 2) - ex({0}).
So,ifa >b,3 <a <12 and d; > 0, the algorithm terminates.

Suppose now, d> = 0. Then we need to take a closer look at the case 3 < a < 12: Since d3, d3(W),
and e3(W) are integers forall W C V,

a-—1
° d32( 3 )+1,

o d3(X) < B : (LZ ; 1)} —1land,

a—1
= <12.
° { 11 J Ofora<12

Hence,

IDs\(D3(Tk(X)) U D3(X)| (“ : 1) i1- (; - K“ . 1)} . 1) _o.

For2 <a < 6 and 8 < a < 12 the inequality

(3= (5 ()1 om a2 (5015 )]

is true. Alsofora=7and d; > 22 = (7 ; 1) + 2 we have

1 (7-1 1 (7-1
(775 |1) oz zo-2(5- (7))
Therefore, if d3 # 21, it follows that

Y X U foh) = d(X)] 2 (@ =2)- ) Tex(X U fo]) = ex(X)]
veW veW

and thus the algorithm terminates.

7-1

Finally, assume that d3 = 21 and d, = 0. Thena =7, B . ( ’

ﬂ:B,andu—2:5.

o If ma%/x ds;({v}) > 3, A,sp chooses a vertex x € V with d3(X) > 3, and X = {x} satisfies the
ve

constraints of Lemma 3.2.

e In case of max dz({v}) = 1 all known defective edges are disjoint. A, picks, thus, three
ve

vertices from three different known defective edges, say the algorithm picks v, v, and
v3. We have of course dx({v1,v2,v3}) = 3 and ex({v1,v2, v3}) = 0, thus, {v1, v2, v3} obeys the
requirements of the Lemma.

e Finally, suppose that me%/x dz({v}) = 2. Let 1 and e; be the two known defective edges that
ve

are incident to x. Then ex({x, y}) # 0 if and only if v € (e; U e2)\{x}. Since |(e; U e2)\{x}| < 4
and |V\{x}| > 6, there is at least one vertex z € V\(e; U ep) with d3({z}) > 1. Then, {x,z} is a
required set (it is dx({x, z}) > 3 and ex({x, z}) = 0).
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Thus, A5y, finds in any case a Dg-independent set X C V with

d(X) > ; : (” ; 1) and d(X) > (2 - 2) - ex(X).
According to the Pigeonhole Principle, d(X) = (a—-2) - do(X) + da(x) > ; . (a ; 1) implies that
1 (a-1 a—-1_b-1

(a—2)-dr(X) > ﬂ( ” ) & dh(X) = o8 > ST

or
1 f(a-1
d3(X)Zﬂ( 5 )

Finally,

dX) > (a-2)-ex(X)

© (@—=2)-da(X) +d3(X) 2 (a-2)[ea(X) + e3(X)]
o B(X) > (a-2)-e(X)
= B 2 s,
and all the more I(X
e3(X) < a3£2) + da(X).

This concludes the case that a > b. Next, let us consider:

b > a:
Please note that, in case of d3 = 0, we receive a = 3. Hence, if b > a, then b > 4.
Algorithm A, :

1. Choose a vertex x € V with dx({x}) > 1 and set X := {x}.

b-1 1

2. If dr(X) > or ds3(X) > e (b ; 1), stop. Else, choose a vertex x € W := V\(X U T'x(X))

with

2-da(X U {x}) = ex(X U {x})
and set X := X U {x}. Repeat step 2.

As A,>p before, the algorithm starts with a single vertex, which is of course Dk-independent.
We obtain for all x € V that

2-dr({x}) = 2 - ea({x}) = 2 - ex({x}) > ex({x}).

Due to the choice of vertices that expand X, each set X in the process is Dx-independent and

satisfies
2 - dr(X) > ex(X).
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It remains to show that, as long as

b-1 1 (b-1
da(X) < g andd3(X)<ﬁ-( ) ) (3.6)

there is at least one vertex x € W = V\(X U T'g(X)) with 2 - dp(X U {x}) > ex(X U {x}).

W is not empty:
In case of (3.6), we show again indirectly that, W is not empty by proving

D2\ [D2(Tk(X)) U D(X)| # 0.

Due to b1
xS

kX) _ TkX)|
28 B

2 27

ICk(X)] <

b-1
and thus d>(Tk(X)) < ( 124 )

Together we obtain

D2\ [D (i) U Da(X)||

o (p-1) L\ b1
2 2 28

195 391
= 357~ 155 ) 0
N——
~2.005
b>4
> 0,

and therefore W is not empty (cf. Figure 3.3).
I'k(X) W= VA(X UTk(X))

Figure 3.3: Sketch of possible edges between X, I'r(X) and W
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There is at least one admissible v € W to expand X:
Let now X C V be some Dg-independent set with
b-1 1 (b-1
— —. . > . .
D(X) < =g d3(X) < 7 ( 5 ) and 2 - dy(X) = ex(X) (3.7)
We show the existence of a vertex x € W with
2-dy(X U {x}) > ex(X U {x}) (3.8)
by proving
2 Y [da(X U o)) = da(X)] = ) [ex(X U fo)) - ex(X)]. (39)

veW veW
We have already seen (cf. (3.4)) that for arbitrary v € W

ex(X U {v}) — ex(X) = d2({v}) + l{e € D3({0}) : en X # 0}].
Since X U {v} is free, we have for any v € W
da(X U {0}) — da(X) = da({o}).

Summing up over v € W, we receive on the right hand side

Y lexxu o) = ex(0] = Y [datloh) + le € Da(te)) : en X # 0}
veW veW
< 2-d5(X) + ) da(fo)
veW
G 1 (b-1
< ;-( ) )+Zd2<{v}>
veW
and on the left hand side
2- ) [B(X U feh) - da(X)] = 2- ) da(fo))
veW veW
> dy(W)+ ) dal(o))
veW

veW

— bl) b- 1+Zd2(

2
1 (b-1 335
_7(2 " 35 0= b‘@
~2006
24 1 (b-1
> = ( ) ) Zdz(

> ) [ex(X U fo]) — ex(0)].

veW

§ (b;l)_ |FK§X)|)_d2(X)+Zd2({U})

+ Y d(fo)
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Hence, in case of (3.7), there is at least one x € W with
2-dy(X U {x}) > ex(X U {x}).
Consequently, the algorithm constructs a Dx-independent vertex set X C V with
2-dr(X U {x}) = ex(X U {x}) and

b

dr(X) =

-1 1 (b-1
o8 ordg(X)Zﬂ-( ) )

In case of b > a we obviously have

and since
2-dy(X) = ex(X)
e 2-dhX) = eX)+es3(X)
e dhX) = eX),
it applies
d3(X
500 < 29 4 i)
which concludes our proof. m]

Let us return to 3-uniform hypergraphs.

Corollary 3.3. Let H = (V,E) be a 3-uniform hypergraph. Further let C C V be a free set and
U c V\(CUT(C)) witha,b € IN such that

a

(a ; 1) < max({1,dg(U)} < (3

) and (b ; 1) < max{1,dx(C, U)} < (z)

Then there is a set X C U such that X U C is Dx-independent, with

@ ey < X

% + di(X, C, U\X) and

b-1 1 [(a-1
dK(X,C,U\X)Zﬁ or dK(X,U)Zﬁ( ’ )

Proof. Let Hcuy = (U, Ecury) be the hypergraph on the vertex set U with the edge set
Ecu = fenU : ee E(UUCQC),
Dy:={enU : ee Dk(C U)}, and
D3 = IODK(U)
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Furthermore, define for any set Y C U, with C U Y is Dg-independent, the following sets and
numbers

Dy(Y):={e€eDy : enY #0},
D5(Y) := D(Y, U),
):
):

e2(Y) := da(Y) := |D2(Y)], and
es(Y) = Zd’K({v} uY).

vel

Please note that since I'(C) N U = 0, all edges in D; have cardinality 2. Let now Y C U be any
set such that C U Y is Dg-independent, then

dz(Y)Z fee Dy : enY # 0}
fenU : ee Dg(CU), enY # 0}
IDx (Y, C, U\Y)|,

and

es(Y)= Y d(lo}UY)

vel
= ex(Y, U).
U Known defective edge
Edge in D,

Edge in D>(Y)

Figure 3.4: Sketch of E(c )
Let Y C U be Dk-independent in H(c ).

Cram: Then Y U C is Dg-independent in H.

Assume otherwise and let e € Dx(Y U C). If e € Dg(Y) c Di(U), then Y is not Dk-independent
in Hcr), which is a contradiction to our assumption. Thus e N C # . Since C is free and
I(C)nY =0, it follows that eNC| = 1 and [eN Y| = 2. Then eNY € D, which is again a
contradiction. [

Accordingly, Corollary 3.3 follows directly from Lemma 3.2. O

Lemma 3.4. Let H = (V,E) be a 3-uniform hypergraph. Further, let C C V be a free vertex set and
U c V\(CUT(C)). Then there is a partition of U into r sets X1, Xo, ..., X, such that

o r<42-d5 +56- \Jdx(C U)
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o CU X;is Dg-independent fori=1,...,rand

:
o ) ek (X, W) <3-d% +di(C ),
i=1

where W; := U\ U’ _; X.
Proof. Set Wy := Uandi:=1.

1. Let a;, b; € N with (gi; 1) < max{1, dg(W))} < ({;l) and (bi 2_ 1) < max{l,dx(C,W))} < (l;l)

Find a set X; C W; such that

e CU X;is Dg-independent,

1

-Mmmmﬁ(ﬁ”m@m@mm“”

28

,and

o (X, W) < XL WD)
af—2

+dx(Xi, C, W,).

2. Set Wiy1 = Wi\X,. If Wiz1 =0, set r := i and stop, else, set i := i + 1 and repeat step 1.
Obviously X1, X, ..., X, is a partition of U such that X; U C is Dx-independent for 1 <i <.

The number of sets:
Let us now consider r, the number of sets. It holds that

di > di(U) = de(Wh) = dx(X1, Wh) + dx(Wa) = ... = di(Xq, W1) + ... + dx(X,, W,)
and
dK(C/ u) = dK(C/ Wl) = dK(Xlr C/ Wl) + dK(C/ WZ) == dK(Xll C/ Wl) +...+ dK(XI’/ C/ WT‘)

Hence, a1 >a, >...>a, >3 aswellasby > b, > ... > b, > 2. Set

and I’ :={1,2,...,r]\I%, then
b, -1
28
for eachi € I’. Let ¢,d € N with |[c, d] N I?| = 14; then, according to Corollary 3.3,

Hd—-l
Z dx(X;, W;) > ( 5 )

c<i<d:
iel

dx(X;, G, W;) >

Hence,
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d
= d(Wyy1) + ZdK(Xi/ Wi)
i=c
agy1— 1) fag—1
()2
age1 — 1 age1 — 1
>
= (e ()
_ Ag+1
5 )

Consequently, a. > az41 + 1 and thus || < 14 - a;. With the same argumentation, one receives
|I°] < 28 - by. Thus,
r<14-a; +28-b.

-1
Let us now put r in terms of 4 and dg(C, U). Due tod > dx > (a1 3 ) + 1 we know that

and along with

1
— 2 1 p>4
2 \d(CU) >2- ((b12 1) + 1) =+ t1-2) (01-9)" > by,
we receive that
r<14-a;+28-b; <42-d3 +56 - \Jdx(C, U), (3.10)

for at least all (a1, b1) with a; > 5 and b; > 4. Let now a1 < 4, since dg(X;, W;) > 1 for i € I, with
L] < dx(Wq) < (L;l) <4.

By the same argumentation |I| < 3 for b; < 3; consequently, (3.10) holds for any a; and b;.

i1 ek (Xi, Wy):

Now, let us show that
.

Y ex (Xi, W) <3-d¥ + d(C L),
i=1

dx(X;, W;
Each set X satisfies ex (X;, W;) < K(—l'zl) +dx(X;,C,Wy) fori=1,...,r, hence,
-
- ~ (dr(Xi, W)
Z ex(Xi, Wi) < Z (# +di(X;, G, Wz‘))
i=1 i=1
.
_ dx(Xi, Wi)
= dK(C,U)+Z P

i=1
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Letly:={n|a, =k} fork=3,...,a1 and set f(k) := )}, dx(X,, W,), then

nel

d (XI,W> d (Xn,w> o f(K)
I =L

i=1 k=3 nel;

On the other hand, for 1 < k <a; and n = max{l | € I},

(13() ( )>d’<(w ZdK(X]'W)—Z £k

and thus

j=3
Altogether this amounts to
idK(Xqu)
= a-2
v Sk
- -2
k=3
a—1 a—-1
1 a1\ N\ - f()
Sa1—2 (3) ;f(k))+k:3 -2
a—-1
ERNAYE <R 1
-3 \2 =3(k—z a1—2) f®
a2 m—-2
1 (m 1 (a1 1) . (1 )
< - ky|+ — k
3 \2) (a1 -3)a )[ 3 ;f() P k-2 £
-2
1 (m u1—1“1(1 1)
~3(2)" s +kzz;¢ =2 m-3)/®

-3 ll1—3

1 (¢ a1-1 1 -2\ (1 1 )
< Z. . — - _ .
=312)" 76 T@-a@m-3 [( 3 ) Z;f(k) TL\k—2 a3 f®

-3

RN AT T A ( 1 1 )
=3 \2/" 76 "6 +Z:: =2 m-1)/®
< ..

1 ay {/'l1—1 1—2 3
< Z. -
=3 (2) 6 6 "6
_ L (ar)  Ifar) 3

3°\2/76\2) 6
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)

2

< 3-ds.

Consequently,
;
Y ex(X;, Wi) <3-d5 +dy(C L),
i=1
which concludes the proof. O
Lemma 3.5. Let X C V be some Dy-independent set which is not free. Then finding a defective edge in

D(X) costs at most
log,p+3

substantial tests.

Proof. If |[E(X)| < p, finding a defective edge costs, according to Theorem 1.2, at most
log, p +2

tests. Hence, we assume that |[E(X)| > p.

If there is a set Y € X with p/2 < E(Y) < p, test Y and find, in case of f(Y) =1, a defective edge
in D(Y). If f(Y) = 0, the test has not been substantial, otherwise

log,p+3

substantial tests are enough to find a defective edge.

If there is no set Y C X with p/2 < E(Y) < p, choose some maximum set Y C X such that
E(Y) < p/2 and some y € X\Y, then {y} UY > p. Test {y} U Y. If f({y} UY) = 0, we have
found at least p good edges and the test has not been substantial. Therefore, assume that
fy}UY) =1. Then, test also Y. In case of f(Y) = 1, we find a defective edge in D(Y) by at most
[log, IE(Y)IT+ 2 < log,(p/2) + 2 tests. Together with the first two tests this is at most

log, p +3

tests. Now, if f(ly} UY) = 1 and f(Y) = 0, all edges in E(Y U {y}) are incident to y (we consider
all good edges as deleted). So, by deleting y from every edge in E({y} U Y), we receive a graph.
Due to Lemma 1.4, thereis a set Z C Y such that p/2 < E({y}UZ) < p. Then test {y} UZ and find,
in case of f({y} UZ) =1, a defective edge which needs at most log, p + 1 tests. This amounts to
at most

2+log,p+1

tests. Otherwise, if the test has been negative, the test has not been substantial.

By repeating the above procedure after each negative, non-substantial test, we eventually find
a defective edge by at most
log, p +3

substantial tests. m|
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Lemma 3.6. Let C C V be a free vertex set and U C V\(C UI'(C)). Then there is an algorithm that
partitions U into g sets Gy, Gy, ..., G, such that

o §<43-d3 +57- \Jix(C ),

e each set CUG;is free for j=1,...,q, and

q .
. ZeK (Gj, u\UI_, Gy) < 3-d5 +dk(C, ).
j=1

Further, the algorithm needs at most

42-d3 +56 - \d(C,U) +d, - (log, p + 60)

substantial tests, where dg(C, U) denotes the number of defective edges in D(C, U) that are known at the
end of the algorithm, and d, denotes the number of defective edges that are found while performing the
algorithm.

Proof. The following algorithm satisfies the constraints of the Lemma.
Set w, j :== 1 and let dy := dx and do(C, U) := dx(C, U).

1. Partition U into r,, sets X1, X2 ..., X, such that

o 1y <42-d3 +56- A[dy1(C U),

e each set CU X; is Dkx-independent fori = 1,...,r,, and
Tw

. ZeK (Xi, W) < 3-d5 +d,_1(C,U), where W; := U\ U _; X,..
i=1

Seti:=1.

2. Test CU X; if
f(CUX;) =0: Set G := X;,i:=i+1,and j:= j+ 1, then go to step 3.
f(CUX;) = 1: Find a defective edge ¢ € D(C U X;) by Triesch’s search, choose an incident
vertex x € (eNX;), and set G; := {x}, X; := Xj\{x} as wellas j:= j+1. If X; # 0,
repeat step 2, else, go to step 3.

3. Ifi <y, seti:=i+1and repeat step 2, else, go to step @.

4 Ifj>43- d5 +57- Vdx(C, U), setd,, := dg, d,(C, U) = dx(CU), w :=w+1,and j := 1, then
repeat starting at step 1, else, set  := j, V/ := V\ U;]1:1 Gyforj=1,...,9-1,Q:=w,and
dq := dg, then, stop.

Suppose that for some w all tests in step 2 are negative. When the algorithm enters step @, there
are r,, sets G;. Since r, < 43- d3 +57- \[d k(C, U), the algorithm stops at that point. Accordingly,
the algorithm terminates at the latest when all defective edges are known.

Certainly, when the algorithm stops, there are at most 43 - d 5457, Vdk(C, U) sets G j- For each
set G; with |G| > 2 there has been a negative test of the set G; U C and thus G; U C is free. Since
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UnT(C) =0, we have ci({v} UC) = 0forall v € U. Consequently, also all sets G; U C with |G| = 1
are free. Let now i := min{j : G; C X;} and i:=max{j : G; C X;}, then

X,‘=G£U...UG;

with [Gj[=1fori<j< i. Since ex({x}) = 0 for any x € V and since W; = Vi, we have

1
Y ex(Gj, V1) = ex(Gy, V) = ex(Gy, W) < ex(Xi, W)
J=i

and thus

o

9

Y (G, VI) < ) ex(Xi, W) < 3-d5 +di(C, L),
j=1 i=1

That is, the above procedure provides indeed a desired partition and only the number of tests

remains to be examined.

The algorithm performs all tests in step 2, namely, each set X; is tested and after a positive test,
it finds a defective edge which costs, according to Lemma 3.5, at most

log,p+3

substantial tests. After finding a defective edge, the algorithm removes one vertex from X;
before the test of X; is repeated. Let dy denote the number of defective edges that are detected
while performing the algorithm. Regardless of the outcome of the test, a new set G; is defined.
That is, we have one test for each set G i plus

da - (log, p +3)

tests. Now, how many sets G;j are there? There is one set G i for each X; and one set for each
defective edge that was found in the current iteration. These are

Fo +dy — dpq <42-d3 +56 - \[dy_1(C,U) + dy — dup1

sets / tests for w = 1,...,Q). The algorithm iterates if this number exceeds 43 - d3 +57- Vdax(C U).
Thus, we have

dy —dy1 > d3 + \Jdy1(C U). (3.11)

forw=1,...,Q — 1. Please note that

Q
(dw — dw-1) = da —do = da. (3.12)

w=1

Hence, there are at most

Q
dn - (logyp+3)+ Y (42-d5 +56 - \du1(C U) +doy — i1 )

w=1
Q-1

2 4y - (log, p +3) +da +42-d% + 56 V(G U) + Y (22-d% +56 - \d,1(C )
1

w=
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o
-

< dy-(logy p+4) +42-d5 +56 - \do(CU)+56- ) (47 + vdu1(C 1))

[OIRS
—_ =

(3.11)
< dy-(logyp+4)+42-d5 +56 \AQ(C,U) +56 Y (do — dy1)

g
Il
—_

=Y - (log, p +60) + 42 % + 56 - (G, 1)

substantial tests. So, the above algorithm provides a desired partition of U in the course of the
permitted number of tests. ]

For any free set C C V Lemma 3.6 works only on subsets of V\[C U I'(C)]. Therefore, we have
to find all vertices in I'(C, W) to provide a feasible set U C W. The next algorithm finds all those
vertices for any free set C C V and proceeds thereby in much the same way as the previous
algorithms do.

Lemma 3.7. Let C C V bea free vertex set and U C V\(CUT'x(C)). Then there exists a search algorithm
that identifies all vertices in I'(C, U) and needs at most

42-d% +56 - \d(C,U) +dy - (log, p +5)

substantial tests, where dg(C, U) denotes the number of defective edges in D(C, U) that are known at the
end of the algorithm, and d, denotes the number of defective edges that are found while performing the
algorithm.

Proof. The following algorithm satisfies the constraints of the Lemma.
Set Wy :=Uandi:=1.
1. Partition U into r sets X1, X5 ..., X, such that
o r<42-d3 +56- \/mand
e each set CU X is Dkx-independent fori =1,...,r.
Seti:=1.

2. Test CU X; if
f(CUX;) =0:Ifi <r,seti:=i+1and repeat step 2, else, stop.

f(CUX;) = 1: Find a defective edge e € D(CUX;). If
le N X;| = 1: Set X; := X;\e and repeat step 2.
lenX;| = 2: Choose a vertex x € (e N X;), test {x} U C, set X; := X;\{x}, and
repeat step 2.

For each x € U one of the following three cases is true:
o f(X;UC)=0forsome X; withx € X; = x ¢ I'(C U),
e thereisanedgee € D({x} U C) that has been found in step2 = xeI(C U),or

o the algorithm tests {x} UC = If f({x} UC) =1, then x € I'(C, U), else x ¢ I'(C, U).
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I'(C, U) c U and since we know for each x € U whether x € T'(C, U) or not, all vertices of I'(C, U)
are known.

By the same argumentation as in the previous Lemma the algorithm needs at most

42 -d3 +56 - A/dg(C,U)

substantial tests plus
log, p +5

further substantial tests for each defective edge which is found while performing the above
algorithm. O

Lemma 3.8. Let U be a free vertex set and x ¢ U, with dyy = doK({x} U U) > 0. Then there is an
algorithm that either finds all unknown defective edges in D({x} U U) or proves that there are no further
defective edges in at most

3'dxu+dA~(log2p+4)

substantial tests, where dx denotes the number of defective edges that are found while performing the
algorithm.

Proof. Since U is free, all edges in E({x} U U) are incident to x. Deleting x from every edge in
E({x} U U) induces a graph on U. We thus use the graph algorithm described in [KT08] to find
all unknown defective edges in D({x} U U). First of all, let us repeat the algorithm:

Let V be alphabetically sorted. Set W := V and X := 0.

1. E(W) > p/2: Construct a selectable subset Y ¢ W with p/2 < |E(Y)| < p.
E(W) <p/2: SetY :=W.

2. TestY. If
f(Y) = 1: Find a defective edge {u,y} (v > y) with rightmost left endvertex. Set W :=
W\{u} and X := X U {u}. Then reorder W with respect to the new edge set such
that the vertices that lie right of u form also a rightmost set due to the new
ordering. Delete all good edges and repeat step 1.

f(Y) = 0: If E(W) # 0, repeat step 1; else, set X := X and go to step 3.
3. Chooseau € X,set X := X\{u}and W := W\{w e W : {u,w} € Dg}.
4. Choose a maximum set Y ¢ W such that |E({u} U Y)| < p.

5. Test {uf UY. If
f({u} U Y) = 0: Remove the good edges and set W := W\Y .
f({u} UY) = 1: Find a defective edge {1, z} € D({u} U Y) and set W := W\(z}.
Then, if W #0: Repeat step 4.
W=0: X+0: Repeatstep3.
X=0: testX. f(X)=1: SetW :=X and repeatstep 1.
f(X)=0: Stop.
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To avoid redundant tests, we proceed as follows. Whenever the graph algorithm constructs a
test set Y in step 1 such that {x} UY isnot Dg-independent, wereplace Yby Y := {y € Y : z >y},
where z is a leftmost vertex such that {x} U{y € Y : z > y} is Dx-independent. (Considering the
graph on U that emerges by deleting x from each edge in E({x} U U), z is then the rightmost left
endvertex of all known defective edges in Y.) Afterwards, proceed with Y’ instead of Y with
step 2. Do as the algorithm prescribes and if f(Y’) = 0, set also X := X U {z}. Let d5 denote the
number of defective edges that are detected by the adapted graph algorithm. Following the
argumentation of [KTO08], this causes at most

(dyu +dp) +dp - (log, p +1) + (dxu +dp) + \/Z(dxu +dpa)+1/4-1/2
< dp-(log,p+4)+3-deu

substantial tests. Please note, that we only count substantial tests and, hence, the number of
tests that identify at least p/2 good edges are not considered in the above estimation. m]

Lemma 3.9. Let C C V be a free vertex set and x,y € V\C such that both sets {x} U C and {y} U C are
also free. Then there is an algorithm that finds all unknown defective edges in D({x, y} U C) by at most

1+ dA(log2 p+1)

substantial tests, where dx denotes the number of defective edges that are found while performing the
algorithm.

Proof. The following algorithm finds all defective edges:

1. Test 7 := {x, y} U [C\I'k({x, y})]. If
f(T) = 0: stop.
f(7) = 1: find a defective edge in D(7") and repeat step 1.

Both sets {x} U C and {y} U C are free, thus {x,y} C e for each e € D({x, y} U C) and therefore
ﬁ({x, yyuC) = f)({x, y} UT{x, y},C]). Now, each unknown defective edge lies in f)({x, yh U
[C\I'k({x, y})]) and can be found by a halving procedure by at most

log, p

tests. With one final test, which terminates the algorithm, the Lemma is proved. O

Lemma 3.10. Let C C V be a free vertex set and U C V\C such that T(C,U) = I'x(C,U) and
e(C, U) = ex(C, U) holds. In other words, all defective edges e € D(C, U) with le N C| = 2 are known.
Then there is an algorithm that finds all unknown defective edges in D(UUT(C, U)) with [enT(C, U)| = 2
by at most

3-e(C,U)* +dy - (log, p +2)

substantial tests, where dx denotes the number of defective edges that are found while performing the
algorithm.

It seems reasonable to test each vertex pair {x, y} C I'(C, U) with C. Since {x} U C is certainly not
free if x € I'(C, U), we cannot use Lemma 3.9 on {x, y} U C. Thus, before we prove Lemma 3.10,
we present a greedy algorithm that partitions C for each pair {x, y} C I'(C, U) into disjoint sets
G1,Gy, ..., Gs such that x, y and G; satisfy the constraints of Lemma 3.9 fori =1,...,s.
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Lemma 3.11. Let C C V be a free vertex set and x,y € V\C such that all edges in both D({x} U C) and
D({y} U C) are known. Then there is an algorithm that partitions C\Tx({x, y}) into

s<d{x}uC) +d{yyuC)+1
sets G1, Gy, ..., G such that for 1 < i < s both sets {x} U G; and {y} U G; are free.

Proof. The following greedy procedure satisfies the constraints of the lemma: Set G; := 0 for
i=1,...,d{(x}UC)+d({y}UC) +1and i := 1.

1. As long as possible, choose a vertex z € C\I'k({x,y}) such that {x,y,z} U G; is Dk-
independent and set G; := G; U {z} as well as C := C\({z}.
2. f C#0,seti:=i+1and repeat step 2. Otherwise, set s := i and stop.

Letz € Uj’:i+1 Gj for some 1 < i < s, then IODK({x, ¥,z} U G;) # 0. Thus, there is at least one

known defective edge in Dx({x, y} U G; U G/) for each pair 1 < i < j < s. Since each edge in
lg)K({x, y} U G; U Gj) is incident to x or y, there is one particular edge in lg)K({x, ¥y} UG; UG;) for
each pair 1 <i < j <s. Hence,

(Z) <d({x} U C) +d({y} U C)

= s<d(x}uC)+d({y}uC)+1. O

Corollary 3.12. Let C C V be a free vertex set and x € V\C such that all edges in f)({x} U C) are known.
There is an algorithm that partitions C into

r<2d(x}uC)+1
sets F1,Fy,...,Fy such that {x} UF;is freefori=1,...,r.
Proof. Using Lemma 3.11 for y = x, we receive
r<d(x}UC) +d({x}UC) + 1.
O

Proof of Lemma 3.10. The following algorithm finds all unknown defective edges e € D(U U
I'(C, U)) with enT(C, U)| = 2
I'(C, U))

Setz\’:z( )

1. Choose a vertex pair {x, y} € X and set X := X\{{x, y}}.

2. Partition C\I'k({x, y}) into sy, sets ny , Gzy S, Gfxyy such thatboth sets {x} UG;Cy and {y} UG;Cy
are free fori =1,...,5y.

3. Test7 = {x,y} Uny and find, in case of f(7°) = 1, all edges in D({x, y}U ny) by Lemma 3.9.
If
i <8y Seti:=i+1and repeatstep 3.
i=8y: X#0: Repeatfrom step 1.
X =0: Stop.
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For all {x,y} € (T(Cz, U)) there are s, different tests

T ={x,ylU ny,

i=1,...,8yy, which are certainly all Dg-independent. In case of f({x, y} U ny ) = 1 the algorithm
finds, according to Lemma 3.9, all defective edges in D({x, y} U ny ) by at most

d(fx, yy U G") - (log, p + 1) + 1

substantial tests. Knowing that e(C, U) > I'(C, U), this amounts to

Sxy

Z(l +ci({x,y} U ny) “(log,p+1) + 1)
fyle(GW) i=1

= dp-(ogyp+ 1)+ ). 25y
teye("5")

-(log,p+1) +2- Z (d(x)u ) +d({yy U O) +1)

fxyte(tGY

(log,p+1)+2- '(F(CZ’ u))

d

IA:
>

d

IA

+2-(0C U -1) - Z d(lx} U Q)

xel(C,U)
~(log, p +1) +e(C,U)* +2- (T(C U) - 1) - e(C, U)
“(log, p+1)+3-e(C, u)y?

>

d
<d

IA
>

>

substantial tests. O

Lemma 3.13. Let C1,Cy, ..., Cp be a partition of V such that
o p<43.4d3,

o ex(Cy, V') = e(C;, V'), and
p ‘ . ‘ ;
° Ze(Ci, V’) <4-d3, where V' :=V\ | C;.
i=1 =1
Then we can refine the partition into C1,C,, ..., Cp such that
o P <4443,
o o(C, Viy<4-di fori=1,...,p,
o ex(C;, Viy=e(C;, Vi) fori=1,...,p, and finally

p
. Ze (Ci, Vi) <4-d3, where Vi = V\ Uiz G
i=1
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Proof. SetCj=0forj=1,...,[V]andi,j:=1.

1. If e(C;, Vi) > 4 - d%, go to step 2. Otherwise, set Cj =C;. Ifi <p,setbothi:=i+1and
j = j+1, then repeat step 1. Else, that is, if i = p, set p := jand V' := V\ Uiz Cj for
i=1,...,p, and stop.

2. If there is a vertex x € C; with e(C; U {x}, V) < 4- 3, set Cj:=CjU{x}, Ci := C\{x} and
repeat step 2. Otherwise, if
Ci #0: Setj:=j+1and repeatstep 2.
Ci=0: i<p: Setj:=j+1,i:=i+1and repeatstep 1.
i=p: Setp:=jand V' :=V\ Ui Cjfori=1,...,p, then stop.
Since e({x}) = 0 for any x € V, the algorithm definitely terminates and gives us a partition of V
into free sets C1, C, ..., Cp such that e(C;, V') < 4 - ds, fori=1,... .
It remains to be shown that those sets satisfy the constraints of Lemma 3.13. Therefore set
g(i) := min{j : C]- C G} and h(i) := max{j : C]- CCjlfori=1,...,p <|V|. Then,
h(i)
U Ci=C fori=1,...,p.
j=8()
Let (i) < j < h(i) for some 1 < i < p, then

- h@i) - _
Since C; U |J Cjis free,
I=j+1

and thus e(C], Vi) = e(C],Vl) Moreover, from D({v} U C; j) S D({v} U C;) and Dx({v} U C;) =
D({v} U C;) it follows that . _
(:‘K(C]', V]) = E(C]', V])

Consequently,

e(C,, V') = e (Ufﬁ’ o Cir Vf)
=Y d(ervl U7, )

h(@)

ZZ hu Q)

veVi j=g(i)
h(i)

Z Zd"({v}uc

j=8(0) veVi

v
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h(i)

= ) eC;, V)

J=8()
fori=1,...,p and thus

p
e(Ci, V) 2 ) e(Cj, V).
=1

P

i=1 j
Finally, we count the number of sets. If g(i) < h(i) for some i, then
e(CjU{x})) > 4- d3 for g(i) < j < h(i) and each x € Cyy.

Letnow i € {1,...,p} with g(i) < h(i), further let x € C; and v € I[(C;, Vi), then

ni i -1 i h(i)-1 i ] i
Y de,xtuCy= Y deluCy+ Y d(fol, ix},C)) +d({o} U Ci)
j=8() j=8(@0) j=8()

< d({v)uC),

and thus
h(i) h(i)

Z e(C; U (x), V) Z Z d({o,x} U C)

j=8() j=8(0) veVi

h(i)

= Z Z d(fo,x} U C))

veVi j=g(i)
< Y d(iolucy
veVi

< e(C;, VY.

Figure 3.5: Sketch of edges counted by e(C;, V)

On the other hand

hi)
Z e(Cj U (x), V1) > (h(i) — §())) - 4 - d3 + e(Cgy, VD) > (h(i) — g(0)) - 4 - d3.
j=8()
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This leads to

iV > h(i) — g(i)

fori=1,...,p. Added up, we receive

. e(C;, V! -d
o= Y ) - g6+ 1) = Z(h(z)—g<z>+p<2 M)t
i=1

i=1 '3

WIN

+43 .45 =44 -d5.

e
[
@I—=

O

Remark 3.14. If ex(X, U) = e(X, U) for any two sets X, U, then I'x(C, U) = I'(C, U). Hence, the sets
from the previous lemma also satisfy

forj=1,...,p.

3.1.1 A search algorithm on 3-uniform hypergraphs

The following search algorithm Ajz_,,; works in four self-contained stages, which we will
consider separately.

Stage I

The aim of the first stage is to partition V into free sets C1,C, ..., Cﬁ and, furthermore, to find
all defective edges in D(C;, I[(C;, V')),i=1,...,p.

Algorithm - Stage I:

(cf. Figure 3.6)

1. Partition V into p disjoint free vertex sets Cy, Cs, ..., Cp such that

holds (cf. Lemma 3.6 for C = 0), where Vi := V\ Uj.:l Cji=1,...,p. Seti:=1.

2. Identify every vertex in I'(C;, Viyfori=1,... ,p—1(cf. Lemma 3.7).

P
7 If ZEK(C,‘, Vi) > 4. dé, go back to step 1; else, set d; := ch({x} UG fori=1,...,pand
i=1
x € T(C;, V'); further, set i := 1 and X := I'(C;, V), then go to step 3.

3. Choose an arbitrary vertex x € X, set X := X\{x}, and find all defective edges in D({x}uC))
(cf. Lemma 3.8). If
X #0: Repeat step 3.
X=0: i<p-1: Seti:=i+1,X:=T(C;, V'), and repeat step 3.
i=p-1. Go to step ».
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p
7 If Z e(C;, Vi) >4- d%, go back to step 1, else, set 7, j := 1 and go to step 4.
i=1

4. Construct according to Lemma 3.13 new free sets Cy, Cy, ..., Cj such that

o Cjisfreefori=1,...,p,
e < 44 d3,

ex(C;, V') = e(C;, V') <4-dS fori=1,...,p, and
Y e(Cv\UL, ) < 4-dd.

=1

5. Find all unknown defective edges e € D(C;, I'(C;, V') with en C;| = 1and [enT(C;, V)| = 2
fori=1,...,p — 1 (cf. Lemma 3.10).
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step 1:
Partition V into free sets
C1, G, Cyp.
tep 2: !
Step < Foralll<i<p-1:
Identify all vertices in I'(C;, V).
l
step @:
Zf:l eK(Ci/ VZ) >3- d%’? yes
) Ino
step 3: Forall1<i<p —‘1:
For all x € I'(C;, VY):
Find all edges in D({x} U C)).
!
step @»:
TP e(Ci, Vi) > 4-di? = |
lno
stepis: Construct new free sets
C1,C_2,...,Cﬁ
!
step 5: Forall1<i<p-1:

Find all unknown defective

edges e € D(C;, T(C;, V') with

lenC;| = 1and [enI(C;, V)| = 2.
!

Figure 3.6: Steps in Stage I

The algorithm starts by partitioning V into p free sets Cy,Cy,...,Cp. Later, in step 4, the
algorithm refines this partition obtaining {C;, C, ..., Cz}. But beforehand, in step 2, the
algorithm identifies, according to Lemma 3.7, all vertices that lie in I'(C;, V'). Thereafter, A3_;;
finds for each x € T(C;, V) all defective edges in D({x} U C;) using Lemma 3.8. Consequently,
after step 3 all defective edges in e € D(C;, I'(C;, V) with [eN Cj| = 2 are known fori =1, ... ,P-

As above mentioned, the algorithm refines the former partition in step 4 and obtains a new
partition {C1, Cy, ..., Cp}. According to Lemma 3.13, the following assumption holds for the
new partition: all defective edgesine € D(C;, I'(C;, V*)) with [eNnC;| = 2areknownfori=1,...,p.
Finally, in step 5, the algorithm finds (due to Lemma 3.10) all defective edges in D(C;, T(C;, V)
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with eNCj| = 1 for i = 1,...,p. Thus, after Stage 1, Dx(C;, T(C;, V') = D(C;, T(C;, V) (cf.
Figure 3.7).

1.
& O Vertices in TI(C;, V) are
known at the latest after
step 2.
Defective edges in f)({x} U
o U C) for x € I(C; V') are
O known at the latest after
8 step 3.
"\ Defective  edges in
.+ D(C;, T(C;, V) are known
G e Ci Cin e Cp at the latest after step 5.

r(C;, V')

/

G o G Cis1 e Cp
Figure 3.7: Sketch of Stage I.

Besides the steps 1-5, there are two additional steps: step ; and ;. Due to Lemma 3.8, the
number of tests in step 3 depends linearly on the number of defective edges in D({x} U C)) for
i=1,...,p,x € I'(C;, V') that are already known. But these are exactly the edges that are counted

by
Loy ::Zp"eﬂci,vi):i Y ciK<{v}ucz->:Zp“ Y,

i=1 i=1 vel(C;,V;) i=1 vel(C;,V;)

To avoid performing too many tests, the algorithm limits X, to X, < 4-d 3. When the algorithm

splits V in step 1 the resulting partition obeys X, < 3-d 3. Since L, counts only known defective
edges, newly found defective edges (could) increase X, . For that reason Ajs_,,; verifies after

step 2 and 3, that is, at step iy and @, whether ¥, <4-d A (; Yoy >4-d 3, the algorithm restarts
at the beginning and constructs new sets Cy,Cy, ..., Cp, which again satisfy X, <3-d 3

But how often could this possibly happen in the worst case? Every new found defective edge
either leaves X, unchanged or increases X, by exactly one. The algorithm starts with a partition

that satisfies X, <3- d5 and restarts, when X, > 4-d 5. That is, if Az_,ni re-enters Stage I, it has
found at least 43 unknown defective edges in step 2 and 3, which, of course, only can happen
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d/d3 = d5 times at most. Please note that after step 3

- i ex(Ci, Vi) = Zp: e(C;, V')

i=1 i=1

holds, since all defective edges in D(C;, I'(C;, V) with enC;| =2fori=1,..., p are found. Thatis
in particular, X, remains constant after step 3. To find the remaining unknown defective edges
in D(C;, T(C;, V?)), the algorithm uses Lemma 3.10, where the number ¢(C;, V') makes quadratic
contribution to the total number of tests needed (i = 1,...,p). Up to step 4, the algorithm has
only monitored the sum of e(C;, V) over all 1 < i < p. To limit the number of tests in step 5, the

algorithm splits, as early as in step 4, all sets C; with e(C;, V') > 4 - d3 into smaller sets and in
this way receives the new partition {C;, C, ..., Cﬁ}.

Stage I1

Set Vi := {x eV dx({x})>2-d 3} the set of vertices which we denote as large vertices, further
set Vs := V\V. Please note that the set V|, is dynamic and likely to increase during the search
process.

The aim of the second stage is to find all defective edges in

D(C;, T(C;, V\VL), VA\I(C)))
fori=1,...,p.

Algorithm - Stage II:
(cf. Figure 3.8) ‘ ‘ ' ‘
Seti:=1, X' :=T(C;, V'\V}). Choose a vertex x € X' and set X* := X"\ {x}.

1. Split C; into r;, disjoint vertex sets Fll", Flzx, oL, F;’]‘X such that

o 1y <2d(fx} UC) +1and
o {x} UF?‘ isfreeforj=1,...,7;

(cf. Corollary 3.12). Set j := 1 and go to step 2.

2. Identify every vertex in I'({x} U Fj.x, VAL(C))) according to Lemma 3.7. Afterwards, set
Y =T({xju F;?‘, VA\T(C))). Choose a vertex y € Y, set Y := Y\{y}, and go to step 3.

3. Find all defective edges in D({x, YU F;?‘) (cf. Lemma 3.9). Then, if

Y # (0: Choose a vertex y € Y, set Y := Y\{y}, and repeat step 3.
Y=0: j<riandx ¢ Vy: Set j:=j+1and repeat step 2.
j=riorx eV X\V, #0: Choose a vertex x € X'\V, set X' := X\{x}, and
' repeat step 1.
X\Vp=0: i<p-1:Set i := i+ 1, choose a vertex x €
I(C;, Vi\Vy), set X' = T(C;, VI\Vp)\{x},
and repeat step 1.
i = p—1: Go to Stage III.
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Initialization:

!
Choose x € T(C;, VI\Vy).
!

Split C; into r;, disjoint vertex

X Tix X
sets F1 ,F2 PR ’Fl'z‘x'
!

step 2:
!

Identify' every vertex in
I({x} UFY, VAT(C))) . ]

!
step 3: For all y € T({x} U F;x, VAL(C))):

Find all defective edges in
D(fx, y) U ).

1

9% Setj:=j+1.
no
Choose next x €
no | —H100se
“.lll."' I(C;, VA\VL).

step 1:

lyes
no

Figure 3.8: Steps in Stage 11
The idea of the second stage is the following. For any three vertex sets X, Y,Z Cc V
D(X,Y,Z) = D(X, Y,[(X U Y, 2))

holds. Hence, all defective edges in D(X, Y, Z) can be found by the following two steps: First,
identify all vertices in I'(X U Y, Z) and second, find for each z € I'(X U Y, Z) all defective edges in
D({z}uXUY). Using Lemma 3.7 to identify all vertices in I'(X U Y, Z) is only possible if X U Y'is
free.

Since C; UT(C;, VI\V}) is certainly not free, the algorithm partitions C; for each x € I'(C;, V'\ V)
into r;, sets Féx, F;x, . ..,F?j‘x such that {x} U F;.x is free (j = 1,...,rix). According to Lemma 3.7
and 3.9, the algorithm identifies all vertices in

I({x) U Y, VAT(C)
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(in step 2) and finds all defective edges in
D({x, y} UFY)

for z € I'({x} U F;?‘, VA\T(C))) (in step 3). Seeing that

p
U D( C;, T(C, VI\V1), V\[(C)) )
1751 ) | )

- U U D( G, {x}, VAL(C) )
z':_l x€l(C;, Vi\Vy)
p Tix ] . _

- U U U b {x}, VAI(C) )
i=1  xel(C,Vi\Vy) j=1
p Tix

- U |J D(Fr, i T U VARC))),

Il
—_

l xel(C;, Vi\vy)  j=1
certainly, all defective edges in
D(Ci, T(C;, VI\V1), VAL(C))

fori=1,...,p are known after Stage II (cf. Figure 3.9).

O Vertices in I'fx} v
P??‘, VAI'(C;)) will have
been found by the end of
step 2.

) Defective edgesin D(x, Yy

J P’].x) for v € TI({x} U
F;.", VAI'(C;)) will have
been found by the end of
step 3.

Figure 3.9: Sketch of Stage II.

Stage II1
The aim of the third stage is to find all defective edges in
D(Vy).

These are in particular all edges in D( Ci, I(C, VinVy), Vf\r(é,-)), i=1,...,p. Consequently,
after Stage III, all unknown defective edges lie in a set D(C;, V'\I'(C;)) for some 1 <i < .
Algorithm - Stage III:

(cf. Figure 3.10)

Number the vertices in V consecutively, let Vi = {xq,x2,..., x)y,|}, further set V¥ := V\ U;-:l{xj}
foralli=1,...,|Vi|andi:=1.
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1. Partition V* into g, disjoint sets G}', G}, ..., G;‘; such that

o {x;)U G;f" isfreeforj=1,...,4qx,

o g, < 43-d5 +57 \Jdx([x;)), and

qx;

o Y e(GY, V) <35 + d(fxi))
j=1

holds (cf. Lemma 3.6), where Vi/ = V%i\ Uizl G/ forj=1,...,qy—1. Set j:=1and go to
step 2.

2. Identify every vertex in I'({x;} U G;fi, V¥il) according to Lemma 3.7. If j < gy, —1,set j := j+1
and repeat step 2; else, go to @.

qu
g If Z eK(G;"', VAil) > 4. A3 +2. dx({xi}), go back to step 1; else, set dy,j, = ch({y} ] G}"') for
=1
i=1...,qx vy €T({x;} U G;", V3il). Further, set j := 1, Y := I'({x;} U G}C", V%), and go to
step 3.

3. Choose a vertex y € Y, set Y := Y\{y}, and find every defective edge in b({xi, yty G}Ci )
according to Lemma 3.8. If
Y #0: Repeat step 3.
Y=0: j<gg—-1: Setj=j+1,Y:=T({x;jU G}‘i, V*il), and repeat step 3.
j=qx—1: i<|Vi|: Seti:=i+1and repeatstep 1.
i=1|Vr]: Go to Stage IV.
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Initialization:

step 1: !
Partition V¥ into free sets
Xi Xi Xi T
Gl,Gz,...,Gqu.
step 2: !
p = Forall1<j<g, —-1:
Identify every vertex in
I({xit U G}C", V).
step : L
1]1.:'1 eK(G;.‘f, Vi) > yes
4-d5 +2- di({x))2
Ino
step 3: Forall1<j<g, —-1: ‘
For all y € T'({x;} U G}"', V¥il):
Find every defective edge in
D(lxi, y} UGY).
!
e
ino

Figure 3.10: Steps in Stage III

The algorithm partitions V* into gy, sets G}, G, ..., Gf;; such that the sets {x;} U G;."' are free for
j=1,...,9yandi=1,...,|Vi|. Hence, for every defective edge e € D({x;}, V) there is some set
G;."' with

e € D({xi}, G}, V) = D({xi}, G}, T({xi} U G}/, V).
Now, the idea is the same as in the previous stage. The algorithm identifies for all x; € V| and

j=1,...,qx the vertices in '
(i} U GY, V)

and finds afterwards, for each y € I'({x;} U G}C" , Vil all edges in
D({xi, y} U GY).
That is to say, after Stage III all defective edges in

VLI

| D(txit, vy = D(vi)
i=1
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are known. To avoid performing too many tests, the algorithm limits, in accordance to Stage I,

the sum
Ix;

Y ex(G, V) < 4-d5 + 2 dic(fh).
j=1

After Stage II, all defective edges in
D(C;, T(C;, V\VL), VA\I(C)))

are known . Consequently, after Stage III, when all defective edges in D(V1) have been detected,
all the more are all edges known which lie in

D(C;, T(C;, V), V\I(C) ), (i =1,...,p)

(cf. Figure 3.11)

Vi .
i © Vertices in T'({x;} U G}Cf, V%il)
© 1 will have been found by
- O the end of step 2.
O (O N . -
X1 o-ee X -1 G;" | 1 Defective edgesin D({x;, y}U
] = . L G;C") fory e F({xi}UG;C", V¥il)
| 3 j+1 will have been found by
'O the end of step 3.
Xi
qx;
Figure 3.11: Sketch of Stage III
Stage IV

At the last stage the algorithm finds all defective edges in
and thus the remaining unknown defective edges.

Algorithm - Stage IV:
(cf. Figure 3.12)
Seti:=1.

1. Split Vi\F(Ci) into g; disjoint sets G, Gé, ey Gf% such that
. CiUGé.isfreeforl <j<q;,

o g <43-d3 +57- \Jdx(C;) and
qi

. Z ex(G, V) <3 43 + dg(C))
k=1



3.1. 3-UNIFORM HYPERGRAPHS 83

holds (cf. Lemma 3.6), where Vi/ = 7'\ (F(Ci) U U£=1 G;() Set j := 1 and go to step 2.

2. Identify every vertex in I'(C; U Gé., Vi) (cf. Lemma 3.7). If j < g;— 1, set j := j+1 and repeat
step 2; else, go to @.
i . .. 2 o .
g If Z eK(G;, VY) > 4-d5 +2-dg(C;), go back to step 1; else, set dijx = dg({x} U Glj) for
=1
1<j<g,x¢€ F(Gj., Vi), further setj:=1,X:=T(C U G;'., Vi) and go to step 3.

3. Choose a vertex x € X, set X := X\{x}, and find every defective edge in f)({x} uC;uU G;') by

means of Lemma 3.8. If
X #0: Repeat step 3.

X=0: j<gi—-1 Setj:=j+1,X:=T(CU Gj,, Vi), and repeat step 3.
j=gi—1: i<p-1: Seti:=i+1and repeatstep 1.
i=p—-1: Stop.

Initialization:

step 1: : !
Partition V'\I'(C;) into free sets
G, Gy, Gy,

!
Forall1<j<g;-1:
Identify every vertex in
IrcGu G?, V).

step 2:

l

step @:

qi i i
j=1 EK(G]., Vv ]) >

4. d§ +2- dK(Ci)?

yes

Ino
step 3: Forall1<j<g;-1:
For all x € T'(C; U G;., V).

Find every defective edge in
D({x} U C; U G).

!

¥ [eeri=ivi]

il’lO

Figure 3.12: Steps in Stage IV
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Stage IV works for C; (i = 1,...,p) as Stage IIl works for x; € V: The algorithm partitions
VAI'(Cy) into g; sets G, G), ..., G}, such that all sets Ciu GZ]., 1<j<gjarefreefori=1,...,p.

Again, there is for every defective edge e € D(C;, V'\I'(C;)) some set G;'. with
e e D(C;, G] V.
In step 2 and 3, Aj3_,; identifies fori=1,...,pand j =1,...,¢q; all vertices in
I'(C; U G] Vi
and finds afterwards for each x € I'(C; U Gj., Vi) all edges in
D(x}uG;u G;'.).
To avoid too many tests, the algorithm limits (similar to stage I and III) the sum
qi
Z ex(Gh, Vi) < 4- 43 +2-dx(C))

j=1
for each C;.
Resulting from the above, the algorithm finds all defective edges (cf. Figure 3.13) in

Stage I Stage II / 111 Stage IV

(DA, TG, V) UD(C, T(C, 7, PAT(C) U D(C, AT

-1~

= D(Ci/ Vl)
i=1
= D.
Vi
I(C;, V) © Vertices in T'(C; U G; Vi)
— &V 4
5 Gi will have been found by

1 the end of step 2.
i ; ) Defective edges in D({x} U
< O |G LG UG for x € TG U
i1 i i i - . L. ]
: | Giii G, V) will have been
| / j
O found by the end of step 3.
c, - G G

Figure 3.13: Sketch of Stage IV.
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3.1.2 An upper bound for the number of tests

Let us now deduce an upper bound for the number of tests that the algorithm performs. We
have already mentioned that there are at most

2d (3.13)

non-substantial tests.
The number of substantial tests that the algorithm performs in the different steps is given by
Lemmas 3.6 - 3.10. According to these Lemmas, finding a defective edge costs

(log2 p+c),

substantial tests, where (owing to the situation) c € {1,2, 3,4, 60}. Since every defective edge is
detected only once, this adds up to at most

d - (Tlog,(IEI/d)] + 60) (3.14)

substantial tests. Besides those tests each lemma causes further, negative substantial tests,
independent of the number of defective edges that are found. In the following we will count
these tests separately for each step.

But beforehand, let us start with some estimations:
Let X1, X>, ..., X, be a partition of some vertex set U C V. Every edge joins vertices from at
most three different sets X;, therefore

Z dx(X;) < 3 dg(U) and Z d(X;) < 3 - d(U). (3.15)

i:l l=1

For the sum of square roots one receives by the Cauchy-Schwarz inequality that

Z V(X)) < JZdK(Xi) : JZ 192 5 de() - V. (3.16)
i=1 i=1 i=1

Stage I:

In step 1 the algorithm partitions V and needs therefore, according to Lemma 3.6, at most

42-d% +56 - (0, V) = O(d%) (3.17)

substantial tests!.
Afterwards, in step 2, the algorithm identifies all vertices in I'(C;, V') which costs, due to

Lemma 3.7, at most
42 d5 +56 - \|dx(C;, Vi) = O(d% + AJdx(C;, Vi)) (3.18)

!Plus those substantial tests that are already counted in (3.14).
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substantial tests! fori=1,... , P '
Consider next step 3 for some fixed set C;, 1 < i < p and some vertex x € I'(C;, V*). The number
of tests that are needed to find all defective edges in

D({x} U Cy)

depends, according to Lemma 3.8, on the number of defective edges in D({x} U C;) that are
known beforehand. In step {Zol, the algorithm sets d,; := d x({x} U C)). Hence, d,; denotes the
number of defective edges in D({x} U C;) that are known immediately after step 2 and that are
limited due to step @y by
p p

dyi = Z ex(C;, Vi) < 4-d3. (3.19)
=1 xel(C;, V') i=1

1

Now, could ciK({x} U C;) increase between step iy and the beginning of the search on B({x} uG)
in step 3? No, certainly not, since all sets

D(x}UC), 1<i<p, xeT(C, V')
are disjoint. Due to Lemma 3.8, the algorithm needs at most
d (3.19) ) 2
Y ) sdi < 1248 =0(d5) (3.20)
i=1 xel(C;, Vi)

substantial tests! in step 3.
In step 4, there are no tests, the algorithm refines the partition {C1,C5,...,Cy} and obtains
{C1,Cy, ..., Cp} such that

(INC;, V) <) eC;, V) <4-difori=1,...,p. (3.21)

Finally, in step 5, the algorithm finds all defective edges in D(C;,T(C;, V1)) with len C;| = 1 and
leNT(C;, V)| =2 fori=1,...,p. Due to Lemma 3.10, this costs at most

_ .. (321
3-e(C;, VI? < 48-d5 = 0(d?) (3.22)

substantial tests! (i = 1,...,7).
Before we sum up the number of tests of Stage I, let us first of all turn to some observations:

. p§43'd% :O(d%)and
o p<44-d5 =0(d3)

We have stated that the algorithm repeats step 1 at most d 3 times, either after step 2 or 3. That
is, in the worst case, the algorithm performs the steps 1 -3 d3 times. Altogether, we obtain that

!Plus those substantial tests that are already counted in (3.14).
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the algorithm performs at most

step 1 step 2 step 3 step 5
—_ ——— —_——
p . p
i | o) + Zo(d% + Jdx(C;, Vz‘)) + od) |+ Zo(d%)
i=1 - i=1
- olp-dt + ¥ Vax@c, Vf)) + o) |+o@
i=1 ]
G194 O(d3 + yp- Vd) +0(d)
= 0 @) ‘

substantial tests! at Stage I.

Stage I1

At this stage there are no iterations that are caused by too many defective edges. Nevertheless,
the algorithm repeats Stage II exactly p — 1 times since Aj3_,,; performs Stage II once for each
set C;, 1 <i < p—1. So let us now consider the three steps of stage II for some fixed set C;:

In the first step the algorithm performs no tests. The algorithm partitions C; for each
x € T(C;, V!\Vy) into r;, sets FYY, FY, ..., F* such that
o rp<2d(fx}uC)+1and (3.23)
o x} UP?‘ isfreeforj=1,...,7;.

In the next step the algorithm identifies for each x € T'(C;, VI\T'(C;)) all vertices in
I({x) U F, VAT(C)

which costs for each x, due to Lemma 3.7, at most

42 . d% +56 - \/dK({x} U F, VAT(C)))

substantial tests for j =1,..., 7.
Owing that - |
dx({x} U F, VAR(C) < di(ix)) + di(FD),

we obtain all the more

k() UFE, VATC) < V(B + Jdk(F)

Let now x € I'(C;, VI\Vp), then in particular x ¢ V1, which has been confirmed every time the
algorithm returns to step 2, and thus

de(ix) <2-d3 = ~Jdg([x}) <2-ds.

!Plus those substantial tests that are already counted in (3.14).
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Consequently,

\/dK({x} U FlY, V\L(C)) = 2 43 + ,/dK(P;X). (3.24)
Y \JAk(FE) <€ Nz 3+ dk(C) < i 3+ dk(C.
j=1

By (3.16) we obtain

With
(3.23) . i}
Y, o< Y, (2dxiuCy+1)
xeF(C,v,Vi\VL) XGF(Ci,Vi\VL)
= 2¢(C;, Vi\Vy) + 2IT(C;, V\ V)|
(321) 1
<1643 (3.25)
it follows that
Tix
Y. d(FR s ) e AB-dk(C)
xel(C;, Vi\vy) j=1 xel(G;, V’\VL)

3 - dx(Ci) -

xer(c, VI\VL)

(3.25) Z
< 14-d3 - AJdk(C)).

So throughout step 2 the algorithm needs at most

Z (42-at +56- Jax( U By, PAN(C)

xel(C;, Vi\Vp) j=1

(3.24) Tix
< aedt Y nesee Y (2-d3+ dK(F”‘)

xer(C,»,Vi\VL) xEF(Ci,Vi\F(C,')) j=1
G. 25) | |
2.d%.16-d5 +56-2-d5 - Z Fie + 56 - Z Z,/ (F)
xel[(C;, VI\T(C;)) xel(C;, VI\[(C))) j=1
G. 25) | | | ! -
2.d%-16-d5 +56-2-d% - 16 - d3 +56-14-d5 - Jdk(C))

- O(d% +d5 - ,/dK(Ci)) (3.26)

substantial tests!.

Finally, in‘step 3, there is according to Lemma'3.9, at most one substantial test' for each
x€T(C;, V\VL),j=1,...,ryand y € T({x} U F}x, VAT(C))) to find all edges in

D({x, y} U ).

Plus those substantial tests that are already counted in (3.14).
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They add up to at most

Tix

Y, Y IN( U R, VAT(C)l
xel(C;,Vi\Vy) j=1
substantial tests’. Certainly, for every y € I'({x} U Fj?‘, VAI'(C))) there is at least one defective
edgee € D withe € D({x, ytu F;.x). Since {x} U F;" is free and since y ¢ I'(C;) which implies that
yé F(F;?‘), it follows that e € D({x}, {y},F;?‘). Therefore,

IT({x} U F, VAD(C))] < d({xd, B, VAL(CY)).

Please note that T(C;, V/\V}), C; and V/\T'(C;) are disjoint, accordingly, the algorithm needs at
most

Tix

Y. ) In(ix U FE, VATC)l
xeF(Ci,Vi\VL) j=1

Tix

Y ) dilx), i, VAT(C)
xel'(C;, Vi\Vyp) j=1
d(r(cll Vi\VL)I Ci/ Vl\r(cl))
d(C)) (3.27)

IA

substantial tests! in step 3.
Let us now add up the number of tests over all sets C,1<i< p — 1. We reach maximum of

step 2 step 3
—

p-1
615 (p-1)- a3 + |43 dK(Ci)] + Bd]
i=1
(3.6) o(d +db - \F-1- V3d)
= ow (3.28)

substantial tests! during Stage II.

Stage III

The algorithm performs stage III once for each large vertex x; € V. So, let us consider Stage III
for some fixed x; € V.

The algorithm starts by partitioning V* into gy, sets G}, G, ..., Gf;; such that

o (xJU G;i isfreeforj=1,...,4x,

!Plus those substantial tests that are already counted in (3.14).



90 CHAPTER 3. UNIFORM HYPERGRAPHS

dx({xi})>2-d*3

o o <43-d+57 Ak < 79 \ax(lx)) and (3.29)
qx

o Y (G, V) <345 + d(fxi)). (3:30)
j=1

For the partitioning of V¥ in step 1, the algorithm needs, due to Lemma 3.6, at most

di(fxi))>2-d2/3
12 d% + 56 (e L L i, (3.31)

substantial tests!.

In step 2, A3_,yi identifies all vertices in I'({x;} U G;i, V*il), which costs, according to Lemma 3.7,

at most
42 - d% +56- \/dK({xi} UGH, Vi) <77+ \Jdi(lxi} U GY) (3.32)

substantial tests! for j = 1,...,qy,. Thereby, the algorithm is likely to find defective edges such
that the left hand side of inequality (3.30), that is, the sum

qx;
= ) ek(GY, V),
=1

increases. Every new found defective edge contributes at most one to X;.. Hence, when the
partition {G’l"', Gy,..., Gf;;_} violates the inequality

qx;
Y. ex(GY, Vi) < 4- 43 + 2 - di({x) (3.33)

j=1
in step &, the algorithm has found at least
d5 + dic({x)

defective edges. In that case the algorithm repeats step 1and constructs new sets G, G, ... ., GZ‘Y
which satisfy again (3.30). Let us now introduce two new quantities for every x; € Vp: let

o dyew(ixi}) denote the number of defective edges that have been found and
e ®({x;}) denote the number of times that Az_,,,; returns to step 1

while the algorithm performs Stage III for x;. Please note that the edges that are counted by
dyew({xi}) are not necessarily incident to x;. As mentioned before, every time the algorithm
returns to step 1, it has found at least d?3 + dx({x;}) defective edges and thus

dnew({xi}) < dnew({xi})

O({x;) < . .
(b)) < de((xh) +d5 dr(fxib)

Plus those substantial tests that are already counted in (3.14).
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Consequently, when the algorithm enters step 3 for some x;, it has performed at most

(Dx;) +1) -

qx;
77 VA + Y (77 Jixi v G))
j=1

substantial tests'. Because of _ [dx({x;} U Gx’ < dk({x)) + ldK(Gx’) we have

Z di((xi) U GY)

Ix;

< RN () +Z k(G
(329)3(316) 79. \/d[(({xz}) '\/dK({xi) +\/q_xi. V3.
g 79 - d(lx:) 479 VD -3+ (12 de(1xi))?
< 89 - dx({x;}).
And therefore

qx;
(@) + 1) - |77 V(i) + ), 77 - \Jdx(li) U G)
j=1
< (@) +1) - [77 (Vaax(xib) + 89 - d((xi) )]

dnew({xi})

< W'W di(xi}) + 89 - di({xih))| + O (dx({xi}))
O(dueco (1)) + dic(fxi)))- (3.34)

A

The algorithm finds in step 3 for each y € I'({x;} U G;i, V¥ilY all edges in
D({xi, y} U GY)

for j=1,...,qy. Altogether, that costs, according to Lemma 3.8, at most

qxi
Y, 3edk(xyluG))

j=1 yen{x,}ucjf,vw‘)

substantial tests!, where d x({xi, y}U G}C" ) denotes the number of defective edges in D({x,-, Yy G}C")
that are known right before the algorithm starts its search on lo)({xi, y} U G*). Since {x;} U G}Ci is
free,

(i, y} U GY) = di(ly} U G¥) + di(lh, ), GY)
for each y € I'({x;} U G;‘”, Vi, ( j=1,...,q9y). In analogy to Stage I, the algorithm stores the
number of defective edges that are known in D({y} U G}C" ) right before step 3 in d,,j,. By the

!Plus those substantial tests that are already counted in (3.14).
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same argumentation as in Stage I, this number does not change until the algorithm performs a
search on D({x;, y} U G;"') in step 3 and we have

xi
Y, dkllwyuc
j=1 yer({xi}ucff,vxz‘f)
ax;
=), 2
j=1 yer({x,}uc’]*.f,vxz'f)

(3.33) 5
< 4-d3 +2-de(lx))

= O (dk({xi})) .
Furthermore, because of I'({x;} U ij", V¥il) ¢ V%I and since V*/ and G}Ci are disjoint for j =
1,...,9%),
xi
Y. )Y dmhinG)
j=1 yer({xi}uc;‘i,vxz'f)
i )
Y dxllxi), T(lxi) U GY, V), GT)
=1
xi

Y dxtxi), V¥, G
i=1

IA

IA

dx({xi})-
That is, the algorithm performs at most

O(dx(lx)). (335)
substantial tests! in step 3.

Let us now add up the tests at Stage III. Since we find every defective edge only once, of course

(VL]
Z dnew({xi}) <d
i=1

holds. Taking into account (3.16), we receive for the total number of substantial tests at Stage III

step 1 and 2 step 3

|0 allih) + i) + O (i) |

i=1

VL]

V| VL
=0 Zdnew( xi}) Z ]
i=1 i=1
= O0(d). (3.36)

Plus those substantial tests that are already counted in (3.14).
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Stage IV

The algorithm performs Stage IV once for each set C;, 1 < i < p— 1. As mentioned already,
Stage IV works for Cii=1,..., p) as Stage Ill works for x; € V1. Let us hence define analogously
two quantities for C;, 1 <i < p—1: Let

e d,.,(C;) denote the number of defective edges that have been found and

o ®({C;}) denote the number of times that A3_,,; returns to step 1

while the algorithm performs Stage IV for C;. We obtain, by the same argumentation as for
Stage 111,

o (G s meelC)
dK(Cl‘) +d3

e that the algorithm performs at most 42.d5+56- \Jdx(C;, V) < 56-(d 5+ 4/d K(Ci)) substantial
tests! in step 1 to receive a partition G, Gé, s, G;i of Vi\F(Ci) such that

o CiUG; isfreeforj=1,...,q;,

o i <43-d3 +57- \Jdx(C; Vi) <57 (d% + ~Jdx(C, Vi)), (3.37)

qi

. Z ex(G, V) <3 d3 + dg(C;), and (3.38)
j=1
gi o .
o afterstep @) ex(Gl, V) <4-d5 +2-dx(Cy), and (3.39)
j=1

e that Aj_,,; needs at most at most 271142 -d3 +56- Jadk(C;iu G;, Vii) substantial tests' in

step 2 to identify all vertices in I'(C; U G;, Vi) for i=1...,4q.
Altogether, these are less than

56 - (d% ; w/dK(Ci)) ; i 56 - (d% ¢ Ja(Gu G§))

=1

(@(C) +1)-

substantial tests! for each C; in the first two steps(i=1,...,p—1).
Analogously to Stage III, we have

qi
Y JA(Ciu Gh)
j=1
< 43-d5 - \Jdr(C)) + 57 - dx(Cy) + V43 -d5 -3-d + \/57- Jdx(C;, Vi) -3-d

!Plus those substantial tests that are already counted in (3.14).
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< 43-d5 - \Jdx(C) +57 - di(C;) +12 - d3 +14 - Jdx(C;, Vi) - Vd
< 114 (d(C)) +d%),

due to [dk(C; U G;) < Vdy(C)) + /dK(G;.), (3.16) and (3.37). Further applies
gi

Zd <57- (d% + Jdx(C;, Vi).d%),

j=1

W=

and thus

W=

+ \/dK(Ci)) + i% ' (d% + Jm)

(@(C) +1) - [56 : (d
e
(d

new(C) ( 2 i ) = 2 )]
< 57 -|d3 dx(C;, V1) - d3 | + 114 - (dk(C)) + d5
< [dK(C)+d3 ) + 4/dx(C) + + AJdx(Ci, V1) - d3 | + (K( )+ )

O (dnew(C) + dx(Ci) + 7). (3.40)

@I=

In step 3 the algorithm finds for all x € T'(C; U G;, Vi) all edges in
D({x}uC; U G?)
forj=1,...,q;, and, due to Lemma 3.8, this costs in total at most

qi

Z Z 3-d(lx} UG UG

=1 xer(ciucj.,vff)

substantial tests'. Since C; U G;'. is free and x € T'(C; U Gj., Vi) with T'(C; U Gé., ViynT(C;) = 0, we
receive

dx(fx} U G U Gé-) = djjx + dx({x}, G, G;)
and so the algorithm enters step 3 only if

qi qi

. .. 2 —_
Y, Y dp=) e(GLVI) <4-d5+2-dk(C)).
j=1 xer(C,-qu.,fo) J=1
Hence, there are at most

qi

Z Z 3-d(lx} UG UG

=1 xer(ciuc;l,vif)
qi qi

=3 Y dp+3 ) Y dx(ix), G, G)

j=1 xel"(C,vUGj.,Vif) j=1 xer(Ciucg,vff)

Plus those substantial tests that are already counted in (3.14).
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qi
O(dx(Cy) +d3) +3- Z di(T(Ci UG, V), C;, GY)

j=1
<dx(Cy)
= O(dx(Cy) +4d%) (3.41)
substantial tests! in step 3. It applies again that
ﬁ -

Z dnew(ci) <d

i=1
and therefore

steps 1 and 2 step 3

p
Z [O (dnew(cl‘) + dK(Cz) + d%) + O(dK(Cl U d%))]
i=1
= 9@ (3.42)
Thus, we obtain:

Theorem 3.15. Let H = (V,E) be a 3-uniform hypergraph with d defective edges where d is known.
Then, it exists a search algorithm that finds all defective edges in H by at most

d- [mgz ('5—')} +0()

tests.

!Plus those substantial tests that are already counted in (3.14).
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Chapter 4

Conclusions and Outlook

In this thesis, we have examined a lower and an upper bound for the group testing problem on
hypergraphs. We have shown, that for hypergraphs of rank r there is an algorithm that finds
all defective edges by at most

d -log, |E| +c - dz

tests for some constant ¢ > 0. On the other hand, we have constructed a hypergraph of rank r,
namely H,, (compare: p. 7), with a defective edge set D, |D| = d, such that in the worst case no
search algorithm can do better then using at least

12\ .
wb&m+§t)dz

tests.

To prove the upper bound, we have introduced two algorithms. The first one works only for
hypergraphs of rank < 3, in return it provides a much better constant than the second algorithm,
which works for any hypergraphs of bounded rank.

Future work might shrink the gap between upper and lower bound by a more lavishly algorithm
and a finer estimation.

In Chapter 3, we have proven a conjuncture of Du and Hwang for 3-uniform hypergraphs.
Although we have become quite convinced that the conjecture of Du and Hwang is true for
r-uniform hypergraphs, the question remains unsolved for r > 4.

Thus we narrow the conjecture of Du and Hwang to:

Conjecture 4.1. Let H be a r-uniform hypergraph, then

dﬂ@:wﬁ%4§ﬂ+am

With a lot of effort, one could probably adopt the algorithm for 3-uniform graphs to find all
defective edges in 4- or 5-uniform hypergraphs by inventing additional stages and generalizing
the partitioning lemmas (Lemma 3.2 to Lemma 3.6). But for a general proof, it seems more
reasonable to look for a different approach.
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The main idea of all algorithm that we have presented is the following: First of all, partition the
vertex set V of a given hypergraph H = (V, E) into free sets and secondly, combine these sets to
construct tests that cover all edges.

The dimension of the number of sets that are at least needed to partition V into free sets depends
upon the cardinality of the smallest edges in H, while the number of sets that we have to combine
depends on the cardinality of the largest edges in H, the rank of H.

Hence, we conjecture:

Conjecture 4.2. Let H be a hypergraph of rank r and let £ be the smallest cardinality of edges in H, then

|E|

C(Hd)=d- [k)gz (7ﬂ +0(dh),

A proof of this statement would imply all our results.
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List of notations

d(X,Y,Z)
DK(X/ Y/ Z)
dx(X, Y, Z)

E = E(H)
E(S)

cardinality of a set A, 1

cardinality of an edgee, 1

total order, 4

the smallest integer not less than x, 2
le:ecV} 1

fecV :le=2},7

{e € E(X) : xisleft endvertex of ¢}, 4

worst-case complexity of (S, F), 2
worst-case complexity of finding d defective edges in H, 3

number of defective edges, 9

set of defective edges, 9

number of known defective edges, 9

set of known defective edges, 9

feeD :enX=+0},10

cardinality of D(X), 10

{fee Dk : enX #0},10

cardinality of Dx(X), 10

leeD : ec X}, 10

cardinality of D(X), 10

fee Dg : ec X}, 10

cardinality of Dx(X), 10

fee DXUU) : lenX]#0},10

cardinality of D(X, Y), 10

lee Dx(XuU) : lenX| #0},10

cardinality of Dx(X,Y), 10

eeD(XUYUZ) : lenX|=lenY|=lenZ =1},10
cardinality of D(X, Y, Z), 10

lee Dr(XUYUZ) : lenX|=lenY|=lenZ =1},10
cardinality of Dx(X, Y, Z), 10

edge set (of hypergraph H), 1
feeE : ecS},1
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ex(X) l{e € Dk | v € T'(X), withe C {v} U X}|, 48

F test family, 1

Fmon set of monotone tests, 2

fi(©) 1Ge(v)l, 35

&) fk:ve F;{}, 35

I'(X) lyeV\X : Jee D, ec{ytuX}, 10

I'k(X) lye VAX : dee Dk, ec{y}UX}, 10

H(V,E) hypergraph on vertex set V with edge set E, 1
L(A,x") number of tests to determine x*, 2

Nk (X) set of dx-neighbors of X, 30

P’I‘((V) set of all strongly Dg-independent vertex sets of cardinality k, 30
r(H) rank of hypergraph H, 1

S search domain, 1

(S, 7) search process, 1

V = V(H) vertex set of hypergraph H, 1

Xy lyeX : Alx,y} e EX)and x > y}, 4
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Index

Dk-independent, 9
dx-neighbour, 30

r-uniform, 1

(successful) search algorithm, 1
strongly Dx-independent, 30

adjacent, 1
alphabetic search, 2
alphabetically sorted, 4

binary search, 1

combinatorial search process, 1
complete graph, 1

defective element, 2
edge, 1
free vertex set, 5

good element, 2
graph, 1
group testing problem, 2

halving procedure, 2
hyperedge, 1
hypergraph, 1

independent, 1
information-theoretic bound, 2

joined by an edge, 1
known defective edge, 9

large vertex, 77

left / right endvertex, 4
loop, 1

lying right of a vertex, 4

negative test, 2

neighbor, 1

positive test, 2
predetermined, 1

questions, 1

rank of a hypergraph, 1
reasonable test, 10
rightmost set, 4

search domain, 1
search process, 1
selectable vertex set, 4
sequential algorithm, 1
simple hypergraph, 1
strongly independent, 1

test, 1
test family, 1

vertex, 1
vertex cover, 1

worst-case complexity, 2
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