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Chapter 1

Introduction

Abstract. The goal of this thesis is to analyze the solution sets of systems of polynomial equa-
tions and inequations over algebraically closed fields algorithmically. In order to give a measure
for the size of such a set, we define a polynomial called the counting polynomial, which we use
as a generalization of the cardinality of a finite set. The computation of the counting polynomial
requires a decomposition of the solution set into pairwise disjoint subsets defined by a special kind
of triangular polynomial systems called simple systems. These simple systems have interesting
properties themselves, which we study as well. Most importantly, due to their triangular struc-
ture, they can be solved iteratively, giving a clear description of their solution set. We will use
simple systems and counting polynomials to study algebraic varieties and constructible sets. Fi-
nally, we will use the counting polynomial to count the number of solutions of certain polynomial
systems over finite fields.

Triangular Decomposition. Triangular systems are commonly used to solve systems of equa-
tions iteratively. A system of linear equations can easily be transformed into a triangular system
using the well-known GAUSSian elimination algorithm. To eliminate a variable from an equation,
this algorithm adds a multiple of another equation such that the coefficient of that variable can-
cels. Applying such a method to a non-linear system leads to two problems. First, if the degree of
an equation with respect to a specific variable is larger than one, we cannot use it to cancel this
variable from arbitrary equations. Second, the coefficients may again be polynomials and thus
cannot be easily cancelled since they are not invertible in the polynomial ring.

In the case of two univariate polynomials, elimination is performed using the EuCLIDean al-
gorithm that computes the greatest common divisor of two polynomials. For the multivariate
case, resultants and subresultants can be used to refine the EuCLIDean algorithm in order to get
conditions for the degree of the greatest common divisor. Since these conditions are polynomials
in the remaining variables, the result depends on the values substituted for these variables. Thus,
not every polynomial system can be transformed into a triangular one. In order to describe the
solution set of a polynomial system via triangular systems, we need to decompose it into smaller
subsets.

In the 1930s, Joseph Miller Thomas described a method for performing a decomposition into
simple systems (cf. [Tho37, Tho62]). This method distinguishes the different cases for the outcome
of the EucCLIDean algorithm precisely by introducing inequations. This has the side-effect that
the original set is decomposed into pairwise disjoint subsets. His method is very elementary and
requires no advanced knowledge of the theory of rings and ideals. Thomas’ original motivation
was the treatment of non-linear differential equations. The differential THOMAS decomposition
is based on the algebraic one, as discussed in detail in Markus Lange-Hegermann’s thesis (cf.
[LH14]).

Other triangular decomposition methods have been proposed, most notably the characteristic
set method by Ritt and Wu (cf. [Rit50, Wu00]) and decompositions into regular chains. Regular
chains were defined by Michael Kalkbrenner (cf. [Kal93]) and later refined by Daniel Lazard
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6 CHAPTER 1. INTRODUCTION

as normalized triangular sets (cf. [Laz91]). Regular chains have become rather popular since
they have favorable properties and the algorithms that compute regular chain decompositions
are more efficient than other triangular decomposition algorithms. Such algorithms have been
implemented in the RegularChains package, which is distributed with recent versions of MAPLE
(cf. [MM99, LMMZXO05]). A comprehensive overview of methods and theory regarding regular
chains can be found in [Hub03a, Hub03b].

Neither characteristic sets nor regular chains are suitable for defining the counting polyno-
mial. They do not allow the same strict treatment of inequations as simple systems, and the
decompositions into these sets usually do not yield disjoint solution sets. Therefore, the THOMAS
decomposition remains the only known general method for computing the counting polynomial.
Algorithms for such a decomposition based on Thomas’ original description have been imple-
mented by Dongming Wang (cf. [Wan98, Wan01, LW99, Wan04, Wan03]) and as part of my
diploma thesis (cf. [B&c08]).

In this thesis, I devised and implemented a modernized algorithm to perform an algebraic
THOMAS decomposition. This algorithm was partially inspired by the methods used in the regular
chain decomposition algorithms. It is more efficient than an implementation based on the method
Thomas suggests. I also devised a modified algorithm which is the first to allow computing a
THOMAS decomposition in positive characteristic. The implementation is available in the Alge-
braicThomas package for MAPLE (cf. [BLHI14]). At the same time, Markus Lange-Hegermann
devised an algorithm for performing a differential THOMAS decomposition and implemented it in
the Differential Thomas package. The differential algorithm builds upon the algebraic one and thus
Markus Lange-Hegermann also had a strong influence on the development of the latter. Both
these algorithms have been published in [BGLHR12], which was joint work with Vladimir Gerdt,
Daniel Robertz and Markus Lange-Hegermann. Relevant parts of this publication are repeated in
section 3.2.

Counting Polynomial. The counting polynomial has been defined by Wilhelm Plesken in an
attempt to represent some of the information contained in a THOMAS decomposition concisely (cf.
[Ple09a]). If a set is finite, its counting polynomial equals its cardinality. For an infinite set, the
counting polynomial encodes some information about the fibration structure of the set as imposed
by the choice and the order of the indeterminates. It helps deciding equality of sets and contains
information about the structure of the solution set, such as its dimension. In some cases, it can
be used to count the number of solutions of a polynomial system over a finite field, which Plesken
demonstrated in [Ple09b].

Overview. This thesis is organized as follows. In chapter 2, we approach the counting poly-
nomial axiomatically. We give conditions for a class of sets on which the counting polynomial is
well-defined and unique. We then define the counting polynomial and prove its most important
properties. As a first example of a class of sets that admits a counting polynomial, we consider
solution sets of linear systems, i.e. finite unions of intersections of hyperplanes and complements
of hyperplanes. This class allows us to give the first simple examples. To conclude this chapter,
we define the counting tree, which is a refined version of the counting polynomial that encodes
more information about the structure of a set.

Chapter 3 deals with polynomial systems and the THOMAS decomposition. In section 3.1, we
first define simple systems and show how they can be used to compute the counting polynomial.
We start section 3.2 by summarizing Thomas’ original method of performing a decomposition into
simple systems and pointing out its weaknesses. To improve on this method, we give a reduction
method that helps avoiding unnecessary computations. We introduce subresultants and use them
in several algorithms that split polynomial systems into subsystems. We then combine these
methods into the main algorithm and prove its correctness and termination.

Section 3.3 deals with special problems that only arise in positive characteristic. In particular,
we consider the problem of making a polynomial square-free. We need to extend our base ring
by adding roots of indeterminates, since the polynomial ring is not sufficient for this purpose.



The result is the first algorithm capable of computing a THOMAS decomposition of an arbitrary
polynomial system over a field of positive characteristic, although its implementation is currently
restricted to finite fields. We continue with a brief discussion regarding the computation of in-
tersections, complements and unions of solution sets of polynomial systems in section 3.4. The
following section 3.5 deals with the comprehensive THOMAS decomposition. This decomposition
allows treating systems that depend on parameters. It also provides the means to compute the
counting tree of a polynomial system. We conclude the chapter with a short discussion of the
computation of projections in section 3.6 and a demonstration of the implementation provided by
the AlgebraicThomas package in section 3.7.

In chapter 4, we analyze the behaviour of counting polynomials and counting trees under
transformations of the underlying polynomial systems. This chapter also contains an analysis of
the counting polynomial of the set of k£ x n-matrices of rank k.

Chapter 5 gives a connection between simple system and embeddings of affine or projective
varieties into affine or projective space, respectively. For this purpose, an ideal is assigned to a
simple system that describes the ZARISKI closure of its solution set. We then demonstrate how
to compute a THOMAS decomposition and the counting polynomial of an embedding of a toric
variety without the use of our decomposition algorithm.

In section 5.6, we make a connection between constructible sets and polynomial systems. In
particular, we give a method of writing these sets as finite unions of quasi-affine sets, which can
themselves be expressed in terms of pairs of ideals.

We conclude this chapter with section 5.7, where we apply the THOMAS decomposition to
rational maps. We demonstrate how to test whether a given rational map is well-defined and
compute its image, as well as test injectivity and surjectivity and give interesting examples.

The final chapter 6 deals with faithful counting polynomials. If a faithful counting polynomial
exists, it can be used to determine the number of solutions of a polynomial system over a finite field
by merely substituting the cardinality of that field into the polynomial. Again, we give interesting
examples to demonstrate the computation of a faithful counting polynomial.
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Chapter 2

The Counting Polynomial

In this chapter, we introduce the concepts of enumerable sets, counting polynomials and counting

trees and show their most important properties. We define well-behaved classes of enumerable

sets that allow defining the counting polynomial. As a first simple example of a well-behaved

class of enumerable sets, we consider unions and intersections of hyperplanes and their comple-

ments. Starting in the next chapter, we will treat the solution sets of polynomial systems over an

algebraically closed field and provide tools to compute the counting polynomial and counting tree.
We provide a first simple example that shows the idea of the counting polynomial.

Example 2.1. Consider the subset of R?> = {(a,b)|a,b € R} given in the following picture:

b

> A
\

Consider the projection onto the first component. The image of this projection is R, thus we say
that the number of points of the image of the projection is occ.

We see that there are two different types of fibers - three fibers have only one element, and
all other fibers have two elements. Thus, we count the number of points in the whole set as
(00 —3) -2+ 3-1, which we call the counting polynomial of the set. <

Notation 2.2. Let K be an infinite set, let K™ be its n-th cartesian power and define the

projection «; : K™ — K : (a1, ...,a,) — a;. Furthermore, define o = (v, ..., @, ) and
T =7 = (a1, ...,ap_1) : K" — K" 1. (a1,...,an) — (a1,...,Gp—1) -
We omit the superscript « if it is clear from the context. N

2.1 Enumerable Sets

The concept of enumerable sets is designed to allow counting in the following sense. We consider
a subset of K enumerable if it is either finite or cofinite so that we can consider the cardinality
of either the set itself or of its complement. Enumerability of a subset of K" is determined by
considering the image and all the fibers of m,,, where the latter may again be considered subsets
of K.

Definition 2.3. We call V C K™ (K, n)-enumerable if either

9



10 CHAPTER 2. THE COUNTING POLYNOMIAL

I.n=1and |V|<ooor |[K\V| <o
or
2. n>1 and
(a) m (V) is (K,n — 1)-enumerable.

(b) there is k > 0 such that V = Lﬂj?lei and for each 1 < i < k, m,(V;) is (K,n — 1)-
enumerable and for all vy, vy € 7, (V;) either

|(m)ist ()| = | (Rt ({w2h)| < o0

or

K\ an (ma)h (1)) | = K\ (ma) 3} ()| < o0
holds, in particular, «, ((Wn)r‘/l ({v})) is (K, 1)-enumerable for all v € 7, (V;).

We call V elementary (K, n)-enumerable if either n = 1 and V is (K, 1)-enumerable or if 7, (V)
is elementary (K,n — 1)-enumerable and one can choose k =1 in 2b. <

Clearly, the empty set and K™ are elementary (K, n)-enumerable. Also note that the sets V;
given in 2b are again (K, n)-enumerable.
We show some basic examples that can easily be verified using only the above definition.

Example 2.4. 1. If Vp,...,V, C K! are (K, 1)-enumerable, then V; x --- x V,, is elementary
(K, n)-enumerable.

2. Let V C K" ! be elementary (K,n — 1)-enumerable and X1, Xo C K! be (K, 1)-enumerable
with either |X;| = |X2| < o0 or [K\ X1| = |[K \ Xo| < 0. If V = Wy & Wy with (not
necessarily enumerable) sets Wy, Wa, then (W) x X7) W (Wa x X3) is elementary (K, n)-
enumerable. In general, this is not the case for (X7 x Wp) W (Xa x Wa). N

In the following, we denote the set of (K, n)-enumerable sets by C" = C}.

Lemma 2.5. IfV is (K,n)-enumerable, then V is the union of finitely many pairwise disjoint
elementary (K, n)-enumerable sets.

Proof. Let V be (K, n)-enumerable. If n = 1 then it is elementary (X, 1)-enumerable by definition.
Consider n > 1 and assume that the statement holds for all subsets of K* with i < n. Let V =
L+Jf:1 Vi be the decomposition from (2.3)2b), in particular, all 7,(V;) are (K,n — 1)-enumerable.
By induction, each 7rn(V) is the disjoint union of finitely many elementary (K, n — 1)-enumerable
sets, i.e. m,(V;) = U] Wi Set X, ; :=Vin(W;; xK)foralli=1,...,kand j=1,...,[;. By

definition,
k

v=yv WX,

i=1 i=1j=1

holds. For each X ;, m,(X; ;) = W; ; is elementary (K, n—1)-enumerable and due to W; ; C 7, (V;)
and due to the choice of the V;, property (2.3)2b)holds with only one set in the decomposition.
Therefore, all X; ; are elementary (K, n)-enumerable. O

A first and simple example of enumerable sets are finite sets.
Proposition 2.6. Every finite set V. C K™ is (K, n)-enumerable.

Proof. Any finite set V' C K is (K, 1)-enumerable by definition. For n > 1, let V' = {v1,...,vv|}
and define V; := {v;}, i = 1,...,|V|. Since m,(V) is a finite subset of K"~ 1 it is (K,n — 1)-
enumerable by induction. For each v € 7,(V), a, ((Wn)ﬁ/l ({v})) C K is finite and thus (K, 1)-

enumerable. Finally, V = Ul | V;, each 7, (V;) is finite and thus (K, n — 1)-enumerable, and since
|7 (Vi)| = 1, property (2. 3)2b)holds trivially. O
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In general, (K,n)-enumerability depends on the order of the «y, as the following example
shows.

Remark 2.7. Consider the set
Vi={(z,1) € C*|lz e N} U {(z,-1) € C*|z ¢ N} C C?

Clearly, m3(V') = C is (C, 1)-enumerable. For all z € C,
as ((m)) ({2]) € {1}, {-1}}

is finite and thus (C, 2)-enumerable. Furthermore, for all € C, ’ag ((ﬂ'g)l_vl ({x}))’ =1, i.e. the

cardinality is independent of x.
Now apply the bijection T': K? — K2 : (x,y) — (y,z) and define W := T'(V). This leads to

m2(W) = {~1,1} and we have as ((m)‘;; ({1})) — N and as ((ﬁg)‘—v; ({_1})) — C\ N. Neither

of these sets is (C, 1)-enumerable and thus W is not (C, 2)-enumerable. q

2.2 The Counting Polynomial

We now define the central object of this chapter, the counting polynomial, which has first been
introduced in [Ple09a]. Its basic idea is best explained by considering enumerable subsets of K.
Since a (K, 1)-enumerable set of V' is either finite or cofinite, it either has |V| elements or its
complement has |K \ V| elements, respectively. In the latter case, we say that V has co — |K \ V|
elements.

Definition 2.8. Define the map

ol . Vi V] < oo
criCx = Zul: Vo { u—|K\V| otherwise
We call ¢;(V) the counting polynomial of V € C. N

To extend this notion to subsets of K™ for n > 1, we need to restrict ourselves to classes of
enumerable sets that have more properties.

Notation 2.9. Let 0 < [ < n and define the map m,; : K" — K! recursively by m,;(a) =
Ti41 (Tn 41 (v)) for all v € K™ and 7, ,, = Idgn, ie. mpy ((a1,...,a0)) = (a1,...,@;).
In particular, note that m, ,,—1 = m,. <

Definition 2.10. Let X = (X")%2, with X™ C C}% such that for every n > 0 and V,W € X",
the following holds:

1. V= Hf:l Vi as in (2.3)2b), then V; can be chosen such that V; € X"

2. m, (V) e xnL.

3. K"\Veaxm

4. VUW e x™

ot

IfU € X" 1 with U C 7, (V), then U x K € X™ (fiber axiom).
6. If m <mn and (a1,...,am) € Tnm(V), then
{(ams1y--yan)|(@1y. oy Qmy@ma1, .- an) € Ve XT™™

(evaluation axiom).
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Then we call X a strongly well-behaved class of enumerable sets over K.
Replace 6. by the following condition.

6. There is a strongly well-behaved class of enumerable sets Y with X* C J*, i > 0 such that if
m <nand (a1,...,amn) € Tnm(V), then {(am+1,...,an)|[(a1,...,0m,amt1,-..,0,) €V} E
yn—™ (weak evaluation axiom).

Then we call X a well-behaved class of enumerable sets over K. <

As aresult of 1. and 2., we get that the decomposition produced in Lemma (2.5) can be chosen
such that all elementary enumerable sets are in X™. Conditions 3. and 4. combined imply that
for each V,W € X", VNW € X™. Furthermore, if W C V| then V\ W € X™.

Conditions 5 and 6’ make sure our class is large enough for later purposes.

Corollary 2.11. Let X be a well-behaved class of enumerable sets. Then for X C K™ it holds
that X € X™ if and only X is the disjoint union of finitely many elementary (K, n)-enumerable
sets in X.

Proof. If X € X, then according to Lemma (2.5), X = L+Jf:1 X; where X; is elementary (K,n)-
enumerable. According to Definition (2.10)1. and the proof of Lemma (2.5), we can choose
X, e X.

Conversely, if X = E—szl X; with X; € X, then X € X according to Definition (2.10)4. O

From now on, let X be a well-behaved class of enumerable sets over K.

Definition 2.12 (Counting Polynomial). Let n > 1 and consider a map ¢, : X™ — Z[u] with the
following properties:

1. IV, € X™ are disjoint, then ¢, (VW W) = ¢, (V) + ¢, (W)
2. Let V€ X", U € X" ! such that 7,(V) = U and

er (an ((ma)3 (1)) =1 (n ()3} ({22]))

for all v1,vy € U. Then

e (V) = a1 (U) -1 (an ()i ({01))
for any v € U.
We call ¢,, (V) the counting polynomial of V' € X™. If n is clear from the context, we also write

c instead of ¢,. If the projections a are not clear from the context, we write c¢* or cg. N

Remark 2.13. Definition (2.8) defines a map ¢; : C — Z[u]. Let V. =V W Vo € CL. If V; and
Vs are finite, then ¢(V) = |V| = |[Vi| + |Va| = ¢(V1) + ¢(Va). If either of them is infinite, without
loss of generality Vi, then ¢(V) = u— |[K\ V| =u—-|K\ (ViuW V)| =u—[(K\V)\ Vs =
u— (|JK\ V1| = [Va]) = ¢(V1) + ¢(V2). Therefore, ¢; fulfills condition (2.12)1.

The same holds for its restriction (c1)| 4 : X1 — Zul. N

The variable u is a placeholder for the cardinality of the set K, thus we sometimes write oo
instead of u. We consider some basic properties of the counting polynomial:

Lemma 2.14. Assume that for n > 0, the map ¢, exists. Then the following holds.
1. cp(K™) = ™.
2. If V,W,e X", then c(VUW) +c(VNW) =c(V)+c(W).
3. If [V| < oo then c(V) = |V|.
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4. IfV,IWW € X" with W CV, then ¢(V\W) = ¢(V) — ¢(W).
Proof. 1. If n. = 1, then ¢;(K!') = ¢1(K) = u due to Definition (2.8). If n > 1, it holds

that K" = K" ! x K. Due to Definition (2.12)2., cu(K™) = cny(mn(K™)) - c1(K) =
Cno1 (K1) u.

2. From Definition (2.12)1) we get

\N(VNW)+e(VNW)+ (W)
\NVAW)WW)+c(VNW)
UW)+c(VnW).

3. Let n =1, then ¢;({v}) = 1 due to Definition (2.8). For n > 1, ¢,({v}) = cp—1(mn({v})) - 1
and thus ¢, ({v}) = 1.

Let V = {v1,...,vy|}. Then V = Lﬂ‘zz\l {v;} and thus ¢ (V) = ZLZ'I c({v:}) =|V]|.
4. c(V)=c((VAW)UW) =c(V\W) 4 c(W). O

To prove that the counting polynomial is well-defined, we first need to prove that we can make
every family of sets in X" disjoint.

Lemma 2.15. Let U; € X", i=1,...,k. Then there are W; € X", i =1,...,1 such that
1. Uf:l Ui:h‘Jf::l Wi.
2. Forevery1 <i<kand1<j <l either W; CU; oerﬂUiZQ).

Proof. For m € N, define an m-defect of (U;)i=1,.. 1 as a subset I C k with |I| = m such that
MNicr Us # 0. A defect I is maximal if there is no defect I with 7 C I'. Consider the largest m
such that there is an m-defect I. If m = 1 then the sets U; are already pairwise disjoint.

Otherwise, without loss of generality, assume that £k — 1,k € I and define X; := U;, i =
Lok =2, Xpo1 o= Up1 \ Up, Xg := Uy \ Up—1 and Xjp1 == Viy N Vi Then UF, Vi =
UM X = UM? X U (X1 W X W X)),

We construct all defects of (X;); by analyzing the defects of (V;);. Thus, let m’ € N and let I
be any m/-defect of (V;);. We distinguish the following cases:

1. k—1,k ¢ I: Then I is an m/’-defect of (X;),.

2. I is maximal with k —1 € I and k ¢ I: Then there is no defect I’ of (V;); with TU{k} C I
and thus I is an m/-defect of (X;);.

3. I is not maximal with k —1 € I and k ¢ I: Since I is not maximal, m’ < m. At least one of
I'and (I\{k—1})U{k+ 1} is an m/-defect of (X;);. This potentially increases the number
of m/-defects of (X;); compared to the number of m’-defects of (V;);.

4. I is maximal with k € I and k — 1 ¢ I: Analogous to case 2.
5. I is not maximal with k € [ and k — 1 ¢ I: Analogous to case 3.

6. Both k —1 € I and k € I: Then I yields up to three m’ — 1-defects of the form I\ {k — 1},
I\{k},or (I\{k—1,k})U{k+1} of (X;);. This increases the number of m’ — 1-defects of
(X;); compared to the number of m' — 1-defects of (V;);, but strictly decreases the number
of m/-defects.

In particular, the number of m-defects of (X;); is smaller than the number of m-defects of
(Vi)i, and (X;); has no m/-defects for m’ > m. Iterating this process thus yields, after finitely
many steps, a family (W;)!_, without m-defects for any m > 1. By construction, W; € X™ for all
1. The construction also ensures the second property. O
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The previous lemma only requires that X™ is closed under intersections, unions and comple-
ments and does not use the remaining axioms of Definition (2.10).

Theorem 2.16. Forn > 0, Definition (2.8) and Definition (2.12) define a unique map ¢, : X™ —
Z[u].

Proof. For n = 1, this is obvious from Definition (2.8) and Remark (2.13). We use induction over
n, thus assume that n > 1 and that Definition (2.8) and Definition (2.12) define a unique map
Cn—1: X"t — Z[u]. First assume that the map c,, exists and show that it is unique.

Let V such that for all v,w € 7, (V), ¢ (an ((ﬂ'n)l_vl ({v}))) =0 (an ((7T,l)|_v1 ({w}))) (%).
Then, Definition (2.12)2. states

ea(V) = ex (e () (1) ) - eama (ma (V) (2.)

for an arbitrary v € m, (V).
If V is not of this form, then for any decomposition V = Lﬂle V; into sets V; € X™ that fulfill
property (x), then according to (2.12)1.,

cn (V) = Z en (Vi) . (2.2)

If we assume that choosing a different decomposition yields the same result, this implies that ¢,
is unique.

Now show that the map ¢,, exists. Since X™ C C}, condition (2.3)2b)implies that a decompo-
sition V' = Lﬂle V; into sets V; with property (%) exists. Thus, the map defined by (2.1) and (2.2)
exists if we again assume that choosing a different decomposition yields the same result.

It remains to prove that the result of (2.2) does not depend on the decomposition V' = Lﬂle V.

First, let W;,i = 1,...,1 be a family such that Hé:l W; = Ule T (V;) as given in Lemma
(2.15). Furthermore, let v; € V; and Y; := (ozn ((ﬂ'n)l_vi ({vz}))), then ¢, (V;) = cn—1(mn (V7)) -
C1 (}/1)

k k
Do en(Vi) =D ena(mn(Vi)) - e1(V:)

1=

,_.
-
Il
-

i=1 =1
l
=D (W) Y a)
J=1 i=1,....k
ngﬂn(v)

This means that with X := (W; x K)NV € X", (X;),_, is another decomposition into sets with
property (%) that produceb the same counting polynomlal In particular, for all v € W;

k
(ma)jx, ({0}) = U Ty, (v} = () ({0}) - (2.3)

We can therefore without loss of generality assume a decomposition X; such that the sets m, (X})
are disjoint and property (2.3) holds.
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Let V€ X" and let V = bjgl V; = Lﬂfil W; be two such decompositions with V;, W; € X™. If
Xy =V;NWj, then V; = 452, X; ; and W; = W%, X; ;. By (2.12)1. it most hold that

k

kol 1
DoV =D D enlXig) =33 en(Xig) = D_en(W5) .
i=1 j=1 =1

i=1 j=1i=1 j=

Property (2.3) implies that for each v € 7, (V; N W;),

() ({}) = ()i, ((0}) = (@) jviaw, ({0}) -

Thus, there is a set Y; ; € X! such that ¢, (V; N W;) = cp1(mn (Vi N W;)) - c1(Y; ;). This proves
that ¢, is independent of the decomposition. O

We now prove further important properties of the counting polynomial.
Lemma 2.17. Let U,V € A"

1. If (V) # 0, then the leading coefficient of (V') is positive.

2. ¢(V) =0 if and only if V = 0.

3. IfUCV and c(U) =¢(V) thenU =V.

4. If (V) € Z, then |V| < 0.

Proof. 1.,2. V =0 implies ¢(V) = 0 due to Lemma (2.14)3. We prove part 1. and ¢(V) =0 =
V' = () simultaneously via induction over n.
If V € Ck is infinite, then K' \ V is finite and v = ¢; (K) = ¢1 (V) 4+ ¢ (K'\ V) =
et (V) + |K'\ V] and thus ¢;(V) = u — |K'\ V| # 0, with leading coefficient 1. If V' is
finite, then (2.14)3. implies ¢1(V) = [V]| > 0. If ¢;(V) = 0, then |V| = 0 and thus V = 0.
For the induction step, consider V. € X"l If ¢, (mp11(V)) = 0, then by induction
Tn+1 (V) is empty, and thus V is. Otherwise, choose a decomposition V' = Lﬂle V; that
fulfills the properties of (2.3)2b)such that ¢,41(V) = Zle ¢n+1(V;) and such that for
each i, c,i1 (Vi) = c1 (W) e (a1 (Vi) holds for some W; € X1, We can assume that
en (Tnt1 (V3)) # 0 with a positive leading coefficient for each i. As ¢q(W;) has a positive
leading coefficient if it is non-zero, we conclude that in this case, ¢,11 (V;) has a positive
leading coefficient for all 4, and thus the same holds for ¢, 41 (V). This proves the first state-
ment. We also conclude that ¢,41(V) = 0 if and only if ¢ (WW;) = 0 for all 4. This implies
W; =0 for all ¢ and thus V = 0.

3. Since V\U € X", ¢, (V) = ¢, (V\U) + ¢,(U) and therefore ¢, (V \ U) = 0. This implies
VAU =0.

4. Assume that V is infinite and choose W C V with |W| = ¢(V). Then ¢(W) = ¢(V) and by
3., W = V. This contradicts the assumption that V' is an infinite set. O

We now need a method to determine whether a given class of sets is a well-behaved class of
enumerable sets. We will do this by showing that each set in a class can be decomposed into
elementary enumerable sets.

Proposition 2.18. Let X = (X™)22, with X™ C Pot(K™) such that
1. for everyn >0 and V,W € X", properties (2.10)2.-5 and 6’ hold.

2. for each X € X", there are X; € X™ which are elementary (K,n)-enumerable with X =
L*J?:l Xi.
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Then X is a well-behaved class of enumerable sets.

Proof. We show by induction that X™ C C™. For each n, it must hold that the disjoint union of
finitely many elementary (K,n)-enumerable sets in X" is (K, n)-enumerable. Instead, we show
the slightly stronger statement that the disjoint union of any two (K, n)-enumerable sets in X" is
(K, n)-enumerable.

For n =1, let V,W € X!. If both V and W are finite, then V & W is finite and thus (K, 1)-
enumerable. Otherwise, without loss of generality, V' is infinite with a finite complement. Since
they are disjoint, W is finite and V W W is again infinite with a finite complement.

Now assume that for n’ < n, it holds that xn - " and let V., W € XNC" be disjoint. Then
Tm(VUW)=m,(V)Um, (W) e X1 CC"!is (K,n — 1)-enumerable by induction.

Due to 2, there are decompositions V = &Jf;l Viand W = h—)fil W; where V;, W; € X" NC"
are elementary (K,n)-enumerable. Define X} = m,(Vi) \ (m(V;) N (W)), X}V = m,(W;) \
(mn (W) N7, (V) and XV’W = m, (Vi) N 1, (W;). Further define ;¥ = V; N (X} x K), Y}V =

EVHLWVXK)deVW (VHLXWVXK»U<WMWX£WXKD.W@@t

VwW:@mu@m

k k
- (g ot (vl
i=1 j=1 j=1
k k
UYVUUYWUUOY.ZJW.
i=175=1

Since m, (V), 7 (W), 700 (Vi), 7 (W) € X™71, it holds that m, (YY) = XY, m, (V}'V) = X}V and
Tn (Yl‘;w) = XX;W are elements of X"~ C ¢»~ 1.

For all v,w € Xiv7 we get

er (an ((m)ph (o))

er (e ((m)pt (o))
1 (an ((77n)|_vll({w})))
er (an ((mph ((w})) -

Il
o

An analogous argument holds for v,w € X}V.
XV

For v,w € , we have

ex (o () v (1)) ) = ex (o (03 (D) W e ((m)jar, (1))

In summary, the Y;">"V give a decomposition of V & W that fulfills (2.3)2b), which proves that

2,7

VuWis (K,n)- enumerable O



2.3. LINEAR SYSTEMS 17

2.3 Linear Systems

In this section, we give a first, simple example for a well-behaved class of enumerable sets.

Definition 2.19. Let K be an infinite field. For any linear polynomial p € K{z1, ..., z,], the set
H(p) ={a € K"|p(a) = 0} is called a hyperplane in K.

Let H™ = H'; be the closure of the set of all hyperplanes and complements of hyperplanes in
K™ under finite intersections and finite unions. <

This is more general than hyperplane arrangements as discussed in [OT92]. In particular, a
hyperplane arrangement only represents a set of hyperplanes and all their intersections, but does
not consider the intersection of a hyperplane with the complement of another hyperplane. We will
consider the special case of hyperplane arrangements in Example (2.23).

Before we show that this is a strongly well-behaved class of enumerable sets over K, we provide
a simple example of two (Q, 2)-enumerable sets in #? and compute their counting polynomials.

Example 2.20. Let V := {(a,0)]a € Q} U {(0,a)la € Q} € Q* and W := {(a,0)]a € Q} U
{(a,a)la € Q} C Q%

V w

First consider V. To show (Q, 2)-enumerability, rewrite V = V; W V5 with
Vi:={(a,0)|la € Q\ {0}} Va:={(0,a)la € Q} .

Since m (V1) = Q\ {0} C Q! is (Q, 1)-enumerable and ag((ﬂ'g)‘_vl({a})) = {0} for all a € Q\ {0}.
We see that V; is elementary (Q,2)-enumerable with ¢(V3) = (u — 1) - 1. Looking at Vs, we
get mo(V2) = {0} and 042((7T2)‘7V1({0})) = Q, again showing elementary (Q, 2)-enumerability with
¢(Vz) = 1-u. In summary, we get ¢(V) = (V1) + ¢(V2) = 2u — 1.

In a similar manner, we rewrite W = Wy W Wy with Wy := W\ {(0,0)} and W5 := {(0,0)}.
For all a € mo(W1) = Q\ {0}, we get QQ((WQ)GAI/({(Z})) = {0,a} and thus ¢(W;) = (u—1)-2. Thus,
(W) = c(W1) + c(W2) = c¢(Wh) + |[Wa| = 2u — 1. q

We notice that the counting polynomial of two lines that intersect in a single point is always
2u — 1. We will generalize this result below.

Theorem 2.21. The class H as defined in Definition (2.19) is a strongly well-behaved class of

enumerable sets.

Proof. Let n € N. By De-Morgan’s rules, each set in H™ can be written as

U mH(pi,j) mﬂK”\H(qq;,j) (2.4)

%

for given linear polynomials p; ; and ¢; ;. The complement of such a set is again of this form, in
particular

k l; m; k
Kn\U ﬂ (Pij) ﬂK”\H (qi,5) ﬂ ﬂH (pij) ﬂKn\H(Qi,j)
i=1 \j=1 j=1 i=1 = =1

i

L
(K™ \ H (p; 7)) UH a.;)
j=1

Il
=

@
Il
—
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li4+my lk+my k K" H i <1
-U U n{ \ p g iz;lz ’

ji=1 jr=1 i=1 ql’JL_l

and thus H" is closed under unions, complements and intersections. Now consider

U mH(pi,j)mmKn\H(Qi,j) :U Tn ﬂH(pi,j)ﬁmKn\H(Qi,j)

i J

In order to show that this is an element of H™ !, it is sufficient to show that the set

l m
DH(pj)ﬂﬂK"\H(Qj)

Jj=1

is in H"~ L.

Due to the Gaussian algorithm, we may without loss of generality assume that if for any
1 <i<1, [; = max {l’ Eﬂ‘degxl, (pi) # 0}7 then for any j # 4, degmli(pj) = 0 and for any
J, deg,, (g¢;) = 0. In this situation, we can simply omit all p; and ¢; with deg, (p;) # 0 and
deg, (g;) # 0, respectively, and get

l

(W () O () K"\ H (g)) | = rW H (p;) N r1 K"\ H (q;) -

degzﬂ (p]) 0 degzﬂ (qg) 0

To show (2.10)5., note that for every U € H" 1, U x K € H", since the latter set is given by
the same linear polynomials that define U.

Condition (2.10)6. holds since for any p € K|z1,...,z,] that defines a hyperplane and any
(a1y...,am) € K™, p(at,...,0myTmit1,s-- o, Tn) € K[Tmt1,.-.,2,] again defines a hyperplane.

According to Proposition (2.18), we need to show that each set can be decomposed into a
disjoint union of elementary enumerable sets. First note that according to Lemma (2.15), we
can rewrite the representation (2.4) such that the union is disjoint. In particular, if H;; =

H (pi ;) J<
{zw\H@m>j>@’m“

li+my la+ma2 li+ma la+m2 li+ma

n Hl,j U ﬂ H2,j = ﬂ Hl,j (] ﬂ HQ’j \ ﬂ Hl,j
Jj=1 Jj=1 Jj=1 Jj=1 j=1

and

la+m2 l14+m1 li+my1 [la+m2

() Hei |\ | () Hus ) ﬂ szmﬂﬂlj (K™ \ Hy ;)

j=1 Jj=1 i=1

It remains to show that each set M = ﬂ;zl H (p;) N ﬂ;n=1 K™\ H (g;) is elementary (K,n)-
enumerable. Assume without loss of generality that (as above), the p; are in reduced row
echelon form and that the g; are reduced modulo the p;, ie. if for any 1 < ¢ < I, [; =

max{l’ S @‘degzl/(pi) * O}, then for any j # 4, deg,, (p;) = 0 and for any j, deg,, (¢;) = 0.
Also assume that none of the p; is zero and none of the ¢; is a non-zero constant and that for all
a € K*andalli#j, p; #a-p; and q; # a - g;.

If any p; is a nonzero constant or any ¢; = 0, then the set is empty. For the other cases, we
show elementary (K, n)-enumerability by induction. For n = 1, we either have [ = 1 and m = 0,
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in which case the set only has one element, or we have [ = 0 and m >= 0, which implies that the
complement has m < oo elements.

For n > 1, we know by induction that m, (M) is elementary (K,n — 1)-enumerable. We again
have two cases: In the first case, there is a unique 7 such that deg, (p;) = 1. In this case, for

every v € mp,(M), we get |(Wn)‘;\}[ ({v})| = 1. In the second case, there is no such i. Then, let

d = |{j|deg,, (¢;) = 1}|. For every v € m,(M), we now get ‘K\an ((wn)‘_]\} ({v}))‘ =d.
In summary, we have shown that the class H is a strongly well-behaved class of enumerable
sets over K. O

The last theorem also makes it obvious how to compute the counting polynomials of linear
systems with the Gaussian algorithm. We reconsider the previous example.

Example 2.22. Let V, W be as in Example (2.20). Then
V =H(x2)UH(z1)
H(l‘g) ] (H(l’l) N (@2 \ H(ZEQ)))

and

w

H(z2) U H(z1 — x2)
H(zg) W (H(x1 —22) N (Q*\ H(22)))
H(zo) W (H(xl —29) N (Q2 \ H(xl))) :

According to this, the counting polynomials are ¢(V) =c¢(W)=u-1+1-(u—1) =2u—1. <

We conclude this section by determining the counting polynomials of a large class of linear
systems.

Example 2.23. Let K be an infinite field, n > 1, and p1, ..., pm € K|z1,...,x,] pairwise distinct.
Assume that there are no j; < ... < jmin{m,n} such that there is a non-trivial linear combination

Zﬁ?{m’"} a;pj, € K. Further assume that there are no j1 < ... < jmin{m,n+1} such that there
is a non-trivial linear combination Z;rirll{m’"ﬂ} a;p;; = 0. In particular, no two hyperplanes are

parallel and any two hyperplanes intersect.
Let V = ﬂ;"zl H(py,). Then, according to the proof of Theorem (2.21),

an={ s

0 m>n

As a consequence of this and of Lemma (2.14)2., we can determine the counting polynomial of
the complement of the union our m hyperplanes:

c (K" \ 6 H(ﬁi)) _ min{zﬂf’n}(_l)i (T) i

=0 =0

As a first example, consider n = 2, p; = x1, po = z2 and p3 = 1 + 22 — 1 and V; =
K2\ (H(p1)UH(p2) UH(p3)). We get c¢(Vi) = u? — 3u + 3, which is also evident from the
following picture, where the lines indicate the complement of V;:

H(ps) H(p1)
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We now set pi = x1 + 29 and Vo = K2\ (H(p1) U H(p2) U H(p})). However, p; + pa = p3 and
thus we cannot apply the previous result. Again using Lemma (2.14)2., we write the counting
polynomial as follows.

— c(H(p1)) — c(H (p2)) — c(H(p5))

(H(p1) N H(p2)) + c(H(p1) N H(p3)) + c(H(p2) N H (p3))
(H(p1) N H(p2) N H(p3))
Everything except the last summand can be determined using the above method. Therefore
c(Va) = u? —3u +3 — c¢(H(p1) N H(p2) N H(ps)). We use the proof of Theorem (2.21) and the
GAussian algorithm to rewrite

H(pl) N H(pg) n H(pé) = H($1) n H(l‘g) N H(.Tl + 1?2)

H(z1) N H(xze) N H(0)
= H(x1) N H(z2)

and get c(H (x1) N H(x2) N H(z1+x2)) = 1, implying ¢(V5) = u? — 3u+2. Again, we demonstrate
this result in a picture:

H(ps)  H(p1)

H(p2)

This counting polynomial is the characteristic polynomial of the hyperplane arrangement de-
fined by the p;, cf. [0T92, Def. 2.52]. <

2.4 The Counting Tree

We will now introduce the counting tree. It is a refined version of the counting polynomial that
takes into account the fibration structure exposed by the projections ;.
For any set V' C K", we can construct an element of V by iteratively taking fibers of

the projections. In particular, if (aj,...,a;) is the tuple of the first | components of an ele-
ment in V, ie. (a1,...,a;) € m, (V), then the fiber of the projection is F; v ((a1,...,a;)) =
{artil(ar, ..., ar, a41) € T (V) 1

If the set V is elementary enumerable, we also know that the fiber is either finite or cofinite,
and 7(V) := e1(Flv(a1,...,a;)) is independent of the element (a1,...,q;). Thus, the tuple
ct(V) == (m(V),...,7(V)) is a property of the set V', which we call the counting type of V. It
shows us exactly how many possibilities we have for choosing each component of an element when
all previous components are fixed.

The counting polynomial is the product ¢, (V) = 7,(V) - - - 75,(V'), but this fibration information
is lost with the multiplication. For example, if ct(V) = (2,3) and ct(W) = (3,2), then (V) =
c2(W), but their fibration structure is different.

Providing the same information for a not necessarily elementary enumerable set V' is more
complicated since ct(V) is not defined. We first consider the case n = 2, so let V be (K, 2)-
enumerable. For a € mo(V), the fiber over a is

6u(V) = {b € K(a,) € V} = sz (m)} ({a}))
which we also call the evaluation at a. Define

F(a) :=A{b e Kle1(¢a(V)) = ca(dn(V))}
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which is the set of all b € K whose fiber has the same size as the fiber of a. Then the set
Wer ) ({0} x (V) is elementary (K, 2)-enumerable with counting type

(fi(a), f2(a)) := (c1(F(a)), cr(9a(V))) -

By construction, {F(b)|b € m2(V')} is a partition of mo(V'). We will later see that this partition is
finite and thus equal to {F'(a1),..., F(a,)} for certain ai,...,a, € K with F(a;) N F(a;) = 0 for
i # j. This construction encodes the fibration structure of V' into the tuples (f1(a;), f2(a;)),i =
1,...,7, which we visualize in a tree structure as follows.

We call this visualization the counting tree of V.

Example 2.24. Reconsider Example (2.20). While we had ¢(V') = ¢(W) = 2u — 1, the fibration
structure of V' and W was different. For all a € Q \ {0}, the fiber (wz)fvl({a}) had one element,
while the fiber (71'2)'_141/({&}) had two elements. Furthermore, the fiber (71'2)|_V1({0}) was infinite

with counting polynomial u and the fiber (Wg)ﬁ,[l,({O}) had one element.
Following the considerations above, the counting trees of V' and W must be as follows.

a) Counting tree of V/ b) Counting tree of W

<

Now consider n = 3 and let V be (K, 3)-enumerable. For every a € w3 1(V) C K, the evaluation
at a is defined by ¢ (V) = {(b1,b2) € K?|(a,b1,b2) € V} and is clearly (K,2)-enumerable.
Therefore, due to the discussion above, we can construct the counting tree of ¢, (V). As before,
partition the set into classes F(a) := {b € K|¢p(V) and ¢,(V) have the same counting tree}. We
will later show that this partition is again finite and thus given by F(a1), ..., F(a,) for ai,...,a, €
K. Denote the counting tree of ¢4, (V) by T; and let 7] be the same tree, but with the 1 in the
root replaced by ¢1(F(a;)). Then we visualize the fibration structure with the following counting
tree.
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T! T} e T
For n = 3, we will give an example of a counting tree in Example (2.38). It is obvious how the
above description of the counting tree can be generalized to n > 3.

In order to formally define and construct such a counting tree, a specific decomposition into
enumerable sets is required.

Definition 2.25. Let V # () be (K, n)-enumerable and V = L—ﬂle V; where each V; is non-empty
and elementary (K, n)-enumerable. We call (V;);=1... x a hereditarily disjoint decomposition
of V if for each | with 0 <1 <n, {m,;(V;)|1 <14 < k} is a finite set of pairwise disjoint non-empty
(K, l)-enumerable sets. q

From now on, let X be a well-behaved class of enumerable sets. Before proceeding to the
definition of counting trees, we show that a hereditarily disjoint decomposition exists.

Lemma 2.26. Let S € X™ be elementary (K, n)-enumerable and T € X' be elementary (K,1)-
enumerable with | < n such that T C 7,,(S). Then SN (T x K"=!) € X™ is elementary (K,n)-
enumerable.

Proof. SN (T x K"!) € X™ according to Definition (2.10)5.
Consider v, w € m (wnyl/ (S N (T X K”*l))). If I <, then

(M) s (snrxin-1y) {01 = (m m;i, Ly ({v)

= (@) oy 0 = (@) srssenry ()

Tn,1!

Otherwise

(ﬂl/)\_ﬂ—i)l,(SO(TxK"—l)) ({v}) = (m /)\_Tri v (S) ({U})
= () s {wd) = (@)t (snemeaen-1y) (w}) O

Theorem 2.27. For every V € X™\ {0}, a hereditarily disjoint decomposition (V;)i=1
exists.

.....

Proof. We introduce an order on univariate polynomials with positive leading coefficients: For
a,b € Zlx], we say that a < b if b — a has a positive leading coefficient.

According to Lemma (2.5) and Definition (2.10), there exists a decomposition V = Lﬂle Vi
where each V; € X™ is elementary (K, n)-enumerable. Find the largest [ such that the elements
of X := {m,;(V;)|1 < i <k} are not pairwise disjoint. According to Lemma (2.15), there is a set
X’ C X™ such that the elements of X’ are disjoint and their union is the same as the union of the
elements of X. Construct the set X by replacing each set in X’ with a disjoint decomposition into
elementary (K, n)-enumerable sets in X™. By construction, for each 1 < j < k and each S € X,
either m, ;(V;) NS =0 or S C m, (V). Deﬁne

W={V,n(SxK"H1<j<nSeX}\{0}={W,.... Wu} .

Clearly, V = Lﬂf;l W; and by Lemma (2.26), each element of W is elementary (K, n)-enumerable.

The set {m,,(S)|S € W} now contains pairwise disjoint sets by construction. It remains to
be shown that {m,;(S)|S € W} remains a set of pairwise disjoint sets for I’ > I. The method
described above constructs a disjoint decomposition Q1, ..., Q, of m, (V). Let {m, 1 (V;)|1 <i <
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k} = {Py,..., Py} such that m, (V) = [{;-, P;. Furthermore, for each P; there is at least one
t(i) such that 7, (Vi(;y) = P; (in particular, for I’ = n, ¢(i) = i). Then the following holds:

(V) = WP = g mar (Vi)
=1 =1
m

W 7 (Vigay 0 (mnn (V) x K771))

i=1

= Lﬂ Tn,l/ ‘/t(l) N L.ﬂ Q] X anl
i=1 j=1

=5 mr (Vi 0 (@5 x K1)
i=1j=1

Tt (Veey 0 (@5 x K1)

|
&3
+ =

@
Il

—
<
Il

_

Pi N (QJ X Kl,_l)

I
-
T -

@
Il
_
.
Il
—

Therefore, by iterating the process, we eventually arrive at a hereditarily disjoint decomposition.
O

A hereditarily disjoint decomposition of an enumerable set is the right decomposition to be
able to define the counting tree.

For this definition, we need some basic terminology from graph theory. A graph (V,&) is
defined by its finite set of vertices V and its set of edges £. In an undirected graph & C V?/ ~,
where ~ is the equivalence relation generated by {(a,b) ~ (b,a)|a,b € V}. In a directed graph
& C V2. In both cases, we assume that the graph has no loops, i.e. (v,v) € £ for all v € V.
Each directed graph defines a corresponding undirected graph by replacing each edge with its
equivalence class w.r.t. ~. An isomorphism of two (directed or undirected) graphs (V,€) and
(V',€') is a bijection ¢ : V = V' that induces a bijection (p, ) : £ = &'

A path is an r-tuple (po,...,p,) € V" for some r > 0 such that (p;—1,p;) € Efori=1,...,r.
In the undirected case, we also require that (p;—2,pi—1) # (pi—1,p;) for i =2,...,r. If v # w, the
distance from v to w, is the length of the shortest path from v to w, or oo if no path from v to
w exists. We further define the distance from v to itself as 0. A graph is connected if for each
v #w €V, there is a path from v to w. A cycle is a path from a vertex v € V to itself.

A graph that is connected and has no cycles is a tree. A directed tree is a directed graph
with no cycles whose underlying undirected graph is a tree. A rooted tree is a directed tree with
a distinguished root R, such that there is no vertex v € V with (v,R) € £ and for every vertex
v € V there is a (unique) path from R to v. The distance from the root to v is called the order
of v.

Definition 2.28. Let (V, &) be a rooted tree. Furthermore, let L be any set and A: V — L. We
call (V,&,)) a labeled tree, L the set of labels and A the label map.

An isomorphism of two labelled trees (V,&, ) and (V', &', \) is an isomorphism ¢ of graphs
such that A (p(v)) = A (v) for all v € V. q

Definition 2.29. Let V € X™ \ {0} and (V;);=1... % a hereditarily disjoint decomposition of V.
Consider the directed graph with vertices

V= {ma(VOll=0,....ni=1,....k}
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and edges
E={(W,Wo) e V31 <I<n: Wy € X Wa € X, Wy =m(W2)} .

We call the graph (V,€) a fibration tree of V.
Consider the map ¢ : V — Z[u] that maps a vertex W to ¢; (aj (Wj‘_wl, ({w}))) for any
wem(W)if Wexi j>0. IfWe X then W = m,(V;) = K° and we define (W) = 1.

We call the labelled tree (V,&,¢) (and any labelled tree isomorphic to it) a pre-counting tree
of V. 4

Following an edge in the tree means taking the pre-image of a projection, and the labels are
the counting polynomials of the fibers. We get an analogon of the counting polynomial that tells
us more about its origin.

Note that the set of vertices includes 7, o(V;) = K. This is the formal 0-tuple, i.e. K° = {()}.
Thus, 7, 0(V;) is independent of i.

In a pre-counting tree, we are only interested in the labels, not the vertices themselves, which
is why we allow any isomorphic tree as pre-counting tree. In fact, we draw the tree in a way that
keeps the structure defined by the edges and label it, but do not keep the actual objects in V.

We need to make sure that Definition (2.29) actually yields a well-defined rooted tree.

Proposition 2.30. Let V € X"\ {0} and (V;)i=1...r a hereditarily disjoint decomposition of V.
1. The fibration tree defined by (V;); is a rooted tree with root m, o(V;) = K°.
2. The pre-counting tree defined by (V;); is a labelled tree.

Proof. 1. As every edge connects a set in X*~! with a set in X, the graph cannot have cycles
(both as directed and as undirected graph). For every i = 1,...,k, there is a unique path
Tn,o0(Vi) = mai(Vi) — ... = mpn(Vi) = Vi from the root to V;. This implies that the
underlying undirected tree is connected and thus we have a well-defined rooted tree.

2. Follows directly from the previous statement. O

It is apparent that each leaf of a pre-counting tree of V' has order n, since a path from the root
to the leaf in a fibration tree is always given by (m,,0(X), ..., T n(X)) for some X C V. We can
thus draw a counting tree by arranging the vertices in rows according to their order, then draw
edges pointing from top to bottom.

We want to use a pre-counting tree to obtain the counting tree of a (K, n)-enumerable set.

Definition 2.31. Let T' = (V, &, \) be a labelled tree with set of labels L and v € V a vertex.
Define

Vi={we V|Elr >0, (po, ...,pr) € V' such that pg = v,p, = w, (pi—1,pi) €E,i=1,...,1}
and & = {(a,b) € £]a,b € V'}. Further define

O w="v

Y .
Ny %LW{O}-WH{ AMw) otherwise

Then we call (V',&’, \') the subtree of v in T. q

Definition 2.32. Let T' = (V,&,\) be a labelled tree with set of labels L and W C V. Define
Ew = {(c,d) € E|e,d € W}. Then we call Ty = (W, Ew, \jw) the restriction of T to W. <

Note that the restriction of a tree is again a tree if the difference between V and W corresponds
to a union of subtrees.
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Definition 2.33. Define the relation < on pre-counting trees as follows: For T} = (V1,&1,¢1) and
Ty = (Va,E2,¢2), Ty =T if there are vertices l; € Vi and la 1,122 € Vo, such that

1. the subtrees of {1, l2; and [ 2 are isomorphic as labelled trees,
2. ¢1(ly) = e2(lz1) + e2(l22),

3. (T1)|v1\wl1 >~ (TQ)‘V2\(WZ2 LUW,, ,) Where Wy, is the set of vertices of the subtree of m for
m € {l1,l2,1,122}.

Let < be the transitive hull of <.
Let furthermore ~ be the reflexive, symmetric and transitive hull of <. Then we say that T3
and T5 are equivalent if 77 ~ T5. N

If l1,12,1,12,2 are given as in the previous definition, we say that 77 has been constructed from
T, by merging ls 1 and I » into ;.

Proposition 2.34. FEvery equivalence class of pre-counting trees has a unique <-smallest element.

Proof. If Ty < T5, then the number of vertices of T} is smaller than then number of vertices of T5.
Therefore, there are no cycles.

Now consider 71 27T and T5=T with T} # Ty. We now prove that there exists a pre-counting
tree S with § < T7 and S < T5.

Let t1,t2,t1,1,%1,2,%2,1,t2,2 be vertices of T" such that T; is constructed from 7" by merging ¢;
and t; o into ¢; for ¢ = 1,2. We distinguish three cases:

1. t1,1, t1,2, t2;1 and tp o are pairwise different vertices and none is contained in the subtree
of another. Then, obtain S by merging ¢5 ;1 and ¢35 in 77. Obviously, this is the same as
merging t; 1 and ¢ 2 in T5.

2. Two of the vertices are identical, without loss of generality ¢; 1 = t2;. Then S can be
obtained from T3 by merging ¢; with ¢ 2, or from 75 by merging to with ¢; 5.

3. One is contained in a subtree of the other. Without loss of generality, let ¢5; and t3 > be
contained in a subtree of ¢; 1. The subtrees of ¢; 1 and ¢; » are isomorphic as labelled trees,
thus define t ; and t , as the images of ¢ 1 resp. tz o under an isomorphism. Furthermore,
the subtrees of ¢1,; and ¢; are isomorphic, and we denote by #3 1, %22 the images of to 1,2 2.
Construct S from T; by merging ¢ 1 and fo 2.

Now, obtain a pre-counting tree from T, by merging t3 ; and t’272. Since and the subtrees of
t11 and ¢ o are now isomorphic again, we can merge them as well to get the same S.

It follows that for any two equivalent pre-counting trees T; and T4, there is a pre-counting
tree S" with S < T7 and S < T4. Since the number of vertices gets smaller in a decreasing chain
of pre-counting trees, but is always a positive integer, this implies that each equivalence class of
pre-counting trees has a unique minimum. O

Theorem 2.35. Any two pre-counting trees of V€ X™ \ {0} are equivalent.

Proof. For n = 1, any pre-counting tree is of the form
({0,...,k},{(0,9)]i =1,...,k}, &),

where ¢(0) = 1 and Zle é(1) = ¢(V). Therefore, it is equivalent to ({0,1},{(0,1)},¢) with
d(0) =1and & (1) = ¢(V).

Now assume that any two pre-counting trees of any V € X"~! are equivalent and prove the
same for V € X™. Let V € X™ and for each a € m, 1 (V) C K define

Vo ={(az,....an) € K" '|(a,a2,...,a,) €V} € Y
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for some strongly well-behaved class of enumerable sets J. For any a € m, 1(V), per induction,
any two pre-counting trees of V, are equivalent. Now take two pre-counting trees T = (V, &, ¢)
and T = (V',&',¢) of V with the property that (V,&) and (V',£’) are fibration trees of V' and
let O € V and O’ € V' be their respective roots.

Choose a fixed v € V with (O,v) € V. The subtree of v in T is a pre-counting tree of V, for
some a € 7, 1(V) and thus equivalent to the counting tree of V. Let M, C m, 1(V) be the set of
all b such that V; admits the same counting tree as V,. It is non-empty since a € M, and M, € X!
since it is a finite union of sets from X'

M, = L—ﬂs: H-J s for some S CV,S"CV .
seS seS’

In particular, S is the subset of V such that the subtree of w is equivalent to the subtree of v for
all w € S and S’ is the corresponding subset of V’. Therefore, T' is equivalent to a pre-counting
tree where all the vertices in S are merged into a vertex ¥, and 7" is equivalent to a pre-counting
tree where all the vertices in S’ are merged into a vertex v’. If ¢, ¢ are the label functions of those
trees, respectively, then ¢(v) = ¢(M,) = ¢(¥’).

Iterating this process will yield two isomorphic counting trees, showing that 7" and T” are in
fact equivalent. O

Definition 2.36. Let V € X"\ {0}. The <-minimal pre-counting tree of V is called the counting
tree of V. <

The counting tree has an obvious connection to the counting polynomial.

Remark 2.37. Let T = (V,&,¢) be the counting tree of a set V' with root O € V. Denote by
L={veVp eV:(vv)eE} the set of leaves of T. For each leaf | € L, there is a unique
path (O = vg,v1,...,v, = 1) from the root to the leaf, such that (v;_1,v;) € € for i = 1,...,n.
If we denote by p(l) = {vg,...,v,} the set of vertices in that path, we can recover the counting
polynomial from the counting tree as follows:

c(V)=>_ 1] éw <

leL vep(l)

Proof. By definition of the counting tree, V = |,c, ! and all [ € L are elementary (K,n)-
enumerable. Thus, the counting polynomial is

V) =3 eall)

leL

= 3wt D) -1 (o (w0 (1))

leL

=3 cus (malD) - (1)

leL

where v; € m,(l) is an arbitrary element. Since for [ € X!, ¢1(I) = é(1), the statement holds by
induction. ]

We conclude our discussion of counting trees with the counting tree of the union of four
hyperplanes in Q3.

Example 2.38. Let p1, pa, p3, pa € Q[a1, 22, 23] with p; := 10z +20+23+10, py := 21+224+23—1,
p3 = —x2 + 3+ 2 and py := —3x1 — 2292 + 3 + 1 and consider V := E—J?:l H(p;) € 7—[%_). The
counting tree of V is as follows.
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The four branches of the tree correspond to the sets Wy = Q\ { 7—%, —23, —2, 1}
Wy = {—%, 23} W3 = {—7 —1} and Wy := { 5 } respectively. We draw pictures of the
sets (ba = { bg,bg, a, bg,bg S V}

a€W1 CLGWQ a€W3 a€W4
The counting trees of the evaluations ¢, (V') are apparent from those pictures. N

2.5 Further properties of the counting polynomial

Now that we have the counting tree, we can prove a proposition that generalizes (2.3)2b).

Proposition 2.39. Let X' be a well-behaved class of enumerable sets. Let m,n € N with V €
xmEn U e X™ such that Tminm(V) =U and

Cm+4n ((Wern,m)\iVl ({vl})> = Cm+n ((Wern,m)rvl ({v2}))

for all vi,vo € U. Then

e (V) = em (U) e ((@mss- s amin) ((Tenn) i (10D))
=cm (U) min ((meLn,m)rvl ({U})>
forallveU.

Proof. First note that if [Ty 4n.m (V)| = 1, then clearly cpin(V) = ¢ ((@mt1s-- s @man) (V).
Since Tm4n,m ((wm+n’m)‘7v1 ({v})) = {v}, the last equality holds.
m—+n A

Now, assume that V' is elementary (K, n)-enumerable. Then ¢(V) = [[;27" & (Tmn,i (V') with

¢ as in Definition (2.29). Let v € U = Tyqn,m (V). The definition of elementary enumerable sets
m—+n A

immediately implies that ¢4, ((ﬂ-m-‘rnmb)rvl ({v})) = [[isrng1 € (Tmgn,i (V) forany v € V. Since

em(U) =TT, é (Tmn,i (V)), the statement clearly holds for all elementary (K, n)-enumerable
sets.
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Now let U = Lﬂle U; be a decomposition of U into elementary (K, m)-enumerable sets and
V= &szl Lﬂ;;l Vi,; a decomposition of V' into elementary (K, m + n)-enumerable sets such that
Tongn,m(Vij) =Uiforalli=1,...,k j=1,...,1l;. Such a decomposition exists since, for example,
any hereditarily disjoint decomposition fulfills this property. We get the counting polynomial as
follows:

k1
Cm-i-n(V) = Z Zcm+n(v )

. Z Zcm Demin (T rnm)it, (o))
= Z em (U, Z Cm+4n ((ﬂ'm+n m)|v ({ul}))

Jj=1

where u; € U; is arbitrary. Denote V; = Lﬂézl Vi,j. Since

T

((7m+nm1)|7v,1i ({uz})) = ((Wern m)|v ({ul}))

Jj=1

holds, we also get

Cman(V Z cm(Ui)emtn ((ﬂ'm+n,m)|_vt ({Uz})>

As there are no v € V'\'V; with mp,4n.m(v) = u;, we further conclude
Cern Z cm chrn ((ﬂ—m+n m)|V ({uz}))

Since ¢man ((Wern,m)l}/l ({wl})> = Cmnan ((TFern’m)ﬁ} ({wg})) for all wy, wy € U by assumption,
we get

Cmin(V) = Cmin ((Wm—O—n m |V ({w}) ) i
= ot ()i} ({w0))) (V)

for any w € U. O

In general, if k is a bijection of K™ and V, k(V') € X", the counting polynomials of V' and (V)
may be different. One exception is when components are independent of each other.

Definition 2.40. The component «,, is called independent of «,,_; with respect to V € X" if
for all v € m,—1(m, ((V)) and for all wy, wq € (anl)rwln(v) ({v}), the following holds:

an (w0} {wn})) = an (! ({102}) <

Remark 2.41. Let V € A" and consider the bijection
k: K" = K":(a1,...,an-2,an-1,a,) > (a1,...,0pn—2,0n,An_1) .

If o, is independent of a,—; with respect to V, then ¢, (V) = ¢, (k (V). N
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Proof. Define (B1,...,0n) := (a1,...,Qn_9,0pn,an_1). If o, is independent of «,_1, then for
v, w1, ws as in definition (2.40), the following holds:

an (D (1)) = (05 (wah) = B ((w2) | (0D

Clearly, 3, is now independent of 3,1 and the statement follows. O

Remark 2.42. Let X be a well-behaved class of enumerable sets and V € X, W € X™, as well
as V x W e X" Then cpym (V X W) = cn(V)em(W). q

Proof. For all v € Myqnn(V X W) =V,

(@t s ) (Rt (1)) =W

and from Proposition (2.39), it follows that c,qm (f(V X W) = ¢, (V)em(W). O
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Chapter 3

Polynomial Systems

In this chapter, we analyze how polynomial systems give rise to enumerable sets. In particular,
we will consider systems of polynomial equations and inequations over a fixed field. The concept
of simple systems will help us to prove enumerability of their solution sets over an algebraically
closed field and to compute their counting polynomials.

We will see that polynomial systems give rise to another well-behaved class of enumerable sets.
We will give an algorithm that generalizes the use of the GAussian algorithm in Theorem (2.21)
to general polynomial systems.

Let K be any field and denote by K any algebraically closed field extension of K. For example,
for K = Q, we can choose K = Q, the algebraic closure of Q, or K = C.

Remark 3.1. Let V C K I V is the K-solution set of a polynomial equation or inequation in
K[z], then V € le. Ifv e C%, then there is a finitely generated field extension K C L C K such
that V is the solution set of a polynomial equation or inequation in L[z]. <

Proof.

“=—" A non-zero univariate polynomial has finitely many roots. Considered as an equation, it
yields a finite solution set. Considered as an inequation, it yields all points in K with
finitely many exceptions. The zero polynomial yields all of K if considered an equation,

and the empty set if considered an inequation. The same holds for constant polynomials,
with the roles of equations and inequations switched.

‘=" IV =0or V= Fl, then we can use a constant polynomial as an inequation or the zero
polynomial as an equation, respectively. If V is a finite set, use the monic generator of
the vanishing ideal of V in K|[z] as an equation - clearly this generator is contained in a
finitely generated extension of K. If V is infinite, consider the complement and use the
monic generator of the vanishing ideal as an inequation. O

Example 3.2. 1. Let p = 2* + 222 + 1 € Q[z]. Then the set {a € Q|p(a) # 0} is V :=
Q\ {4, —i}, where we consider Q either as the algebraic closure of Q or as C. The counting
polynomial is given by

cV)=c1(V)=u—2€Z[u] .

2. Let V := {1,v2,—v2,V/3} C C. Then V = {a € Q|g(a) # 0} where ¢ = 2* — (1 + /3) 2° +
(V3-2)22+2(1+v3)z—-2V3eQ[V3]. N

Although all (K, 1)-enumerable sets are given by univariate polynomials, the same is in general
not true in higher dimensions. We will now consider sets that are defined as the solution sets of
systems of multivariate polynomials.

31
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Definition 3.3. Let K be a field and consider p € K|[z1,...,x,]. We call p— the equation and
p+ the inequation defined by p. For p1,...,pr,q1,...,¢s € K[z1,...,2,], we call the set

S = {(pl):, v () (@) gy (QS);A}

a polynomial system over K|x1,...,z,]. The solution operator £ is defined as follows:

L(S):= {a eK"

pi(a):O,lSignqj(a)#&lgjgs}an 4

The results in the one-dimensional case indicate that there is a relation between enumerable
sets and polynomial systems. In the following, we will determine the exact relation between the
two in the multivariate case.

3.1 Simple Systems

Simple systems form an analogon to elementary enumerable sets in the case of multivariate poly-
nomial systems. In fact, their solution sets are elementary enumerable and we will show how to
represent the solution set of each polynomial system as a disjoint union of such sets.

However, not all enumerable sets can be expressed using polynomials, as the following example
shows:

Example 3.4. Consider the set V = {(z,1) € C?|z € N} U {(#,-1) € C?|z ¢ N} from Remark
(2.7). As discussed earlier, this set is (C,2)-enumerable, but there is no polynomial system in
Clz,y] that describes this set: If there were such a system, then by substituting y = 1 into
all polynomials we would get a polynomial system in C[z] with solution set N. Without loss of
generality, we can assume that such a system would consist only of equations or only of inequations.
As Clz] is a principal ideal domain, in both cases we can further assume that we only have a single
equation or inequation, respectively. However, as both N and C \ N are infinite, there is no

polynomial that has either as its set of solutions. <
Definition 3.5. Consider the polynomial ring Klz1,...,z,] and a polynomial p € K[x1,...,2,].
1. A total order < on {1,z1,...,2,} with 1 < x; for all ¢ is called a ranking. Unless stated

otherwise, we always consider the ranking defined by x; < z; if ¢ < j.

2. The leader or main variable of p is the <-largest variable x; such that p € K[z1,...,2;]\
Klxy,...,2;—1]. We denote it by 1d(p) = x;. For p € K, we define 1d(p) = 1.

3. If ld(p) > 1, the main degree of p, denoted by mdeg(p), is its degree in 1d(p).
4. If 1d(p) > 1, the initial of p, denoted by init(p), is the coefficient of ld(p)mdcg(p) in p.

For an equation p— or an inequation p, define 1d, mdeg and init as the respective properties of
the underlying polynomial. For a set S of polynomials or equations and inequations, define 1d(S)
as the set of the leaders of all its elements. N

Notation 3.6. For a € K™, define the evaluation homomorphism

ta: K1, ...,20] = K 12— a; .

For a € Kj, k —1 < j < n, define the partial evaluation homomorphism:

a;, i<k
Kz, x| — Klzg, .., xp] t 2 — i .
¢<CL‘k,a [ 1, ) n] [ k> ) n] 4 { T, otherwise

Note that if 1d(p) = zk, then ¢4, a(p) € K [zg] is a univariate polynomial. N
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Notation 3.7. For a polynomial system S, denote by S, the set of all terms with leader z. Denote
by S<, the set of all terms with leader smaller than x, which we again consider a polynomial system.
Finally, denote by S= and S# the set of all equations and inequations in S, respectively. N

Definition 3.8. A polynomial system S over Klzi,...,z,] is called simple if it fulfills the
following properties:

1. S is triangular, ie. |S;,| <1forall1 <i<mnand SN{c=,cxlce K} = 0.

2. S has non-vanishing initials, i.e. ¢, (init (p)) # 0 for all a € £(S<,,) and all p € S,
1< <n.

3. S is square-free, i.e. ¢4, a(p) is a square-free univariate polynomial in K|[z;] for all
a€L(Sc,,)andallpe S, for 1 <i<n. 4

For ease of notation, if a system S is triangular, we denote by S, both the set and its unique
element, if the set is non-empty.

Example 3.9. Consider the system Sy := {p=} = {(zy? + (z — 1))=} over K[z,y] with z < y.
It is clearly triangular, but not simple.

The initial of pis z, but 0 € £ ((Sl)<y) = K is aroot of z, thus S; does not have non-vanishing
initials.

The system Sy := {p—, 2z} has non-vanishing initials, but it is not square-free. The solution
lel ((Sg)<y> = K \ {0} yields ¢, (1)(p) = y? which is not square-free.

The final system S5 := {p—, (x(x — 1))} is simple. q

Remark 3.10. Every simple system has a solution. In particular, if b € £(S<,) and S, is not
empty, then ¢, p(S;) is a univariate polynomial with exactly mdeg(S;) distinct roots. When S,
is an equation, each solution b € £(S<,) extends to a solution (b,a) € £(S<,) with mdeg(S,)
possible choices a € K. Otherwise, all but finitely many a € K yield a solution (b,a) € £(S<,),
because an inequation S, excludes mdeg(S,) different a, and S, = () imposes no restriction on a.

Conversely, if (a1,...,a,) € L(S) where S is a system over K[z1,...,z,] with 21 < ... < z,,
then (a1,...,a;) € L(S<az,)- 4
Corollary 3.11. Let S be a simple system over K|x1,...,2,]. Then S<,, is a simple system and

Tn (‘C (S)) = L(S<$n)

Corollary 3.12. Let S be a simple system over K[z1,...,x,]. If a € L(S<y,) then ¢<u; a(S>z,)
is a simple system over K[x;,...,x,] for all 1 <i<n.

Definition 3.13. A family of polynomial systems over the polynomial ring K{[z1,...,z,] is
a tuple S = (S1,...,Sk) of polynomial systems for some k& € N. The solution set of S is

and the family is called disjoint if the union is disjoint, i.e. for any i # j, £(S;) N L(S;) = 0. For
two families S = (S1,...,Sk) and T = (T1,...,T;), the family (S,T) := (S1,..., Sk, T1,...,Tx) is
called the concatenation of S and T

A family of polynomial systems S is called decomposition of a system s if L£(s) = L£(5).
The decomposition is called disjoint if the family S is disjoint. A disjoint decomposition of a
polynomial system into simple systems is called THOMAS decomposition. <

~ We now aim to show that the solution set of each polynomial system over K [T1,...,2,] is
(K , n)—enumerable.
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Definition 3.14. For every n > 0, define

k
Pr = PR = {U L(S;)
=1

S; is a polynomial system over K[z1,...,x,],i=1,..., k} . (3.1)

Eventually, we want to show that P = Py is a well-behaved class of enumerable sets over K,
cf. Definition (2.10). According to Proposition (2.18), we need to show that conditions (2.10)2.-5
and 6’. hold. In addition, we need to show that we can disjointly decompose every set in P™ into
elementary (f,n)—enumerable sets in P™, i.e. that every set can be represented by a family of
simple systems.

Lemma 3.15. If every polynomial system can be disjointly decomposed into finitely many simple
systems, then P = P is a well-behaved class of enumerable sets over K .

Proof. First note that (2.10)4. holds by definition of P™. Since for S1, S € P™, L(S1) N L(S2) =
L(S1 U S3), it holds that P™ also closed under intersection. To prove (2.10)3., first note that
K"\ Ule L(S;) = NK"\ L(S;), thus it suffices to show that for a single polynomial system S,
the complement of £(.5) is in P™. The following holds:

1 m
= UE" \ce)-hu UE £({(@) 4 )

=Uewa, ol edan .

This is a union of finitely many polynomial systems, implying (2.10)3.
For (2.10)5., note that a polynomial system T over K|[z1,...,Z;] can also be interpreted as a
polynomial system T over K|[z1,...,zy], such that L(T) x K™~ = L(T"). As P™ is closed under
intersection, property (2.10)5. follows.
For any polynomial system S over K[z1,...,2,] and any (a1,...,am) € K, S|z1=as,.

&
Il
_
-
|

T =Ty,
is a polynomial system over K|[Z,,+1,-..,2,]. If K is algebraically closed, that implies condition
(2.10)6. Otherwise, it implies (2.10)6. if Px is a strongly well-behaved class of enumerable sets
over K.

Using the same arguments as in Theorem (2.21), we can without loss of generality assume that
the union in (3.1) is disjoint.

Now assume that for every polynomial system over K|[z1,...,z,], there is a disjoint decom-
position into simple systems over K[zi,...,zy], i.e. L(S) = L—ﬂle L(S;) where every L£(S;) is
elementary (K, n)-enumerable. Under this assumption, we can write every set in P} as a disjoint
union of solution sets of simple systems over K|x1,...,2,]. Since m,(L(S)) = 7, (Lﬂle L(S;)) =
U, mn(£(S0) = UL, £((Si)<w,), it follows that 7,(£(S)) € PR~ and thus (2.10)2. holds.

In summary, this means that Py is a strongly well-behaved class of enumerable sets over K if
K is algebraically closed. As a consequence, for a not necessarily algebraically closed field K, Py

is a well-behaved class of enumerable sets over K. O
All that remains to be shown is that for every polynomial system over K|[z1,...,z,], there is a
disjoint decomposition into simple polynomial systems over K|[z1,...,z,]. The following sections

will concern themselves with this topic.

Before we consider the decomposition algorithm, we reconsider counting polynomials. If Pk is
a well-behaved class of enumerable sets, there is a well-defined map ¢, : P — Z[u] that gives the
counting polynomial. We demonstrate how simple systems can be used to determine that counting
polynomial. To simplify notation, for a polynomial system S, we define ¢ (S) := ¢ (L (S)).
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Theorem 3.16. For every simple system S over Klz1,...,x,], L(S) is elementary (K,n)-
enumerable with counting polynomial

where
mdeg (S,,) , if Sz, s an equation
T7(Se,) =< u—mdeg(Sy,), if Sz, is an inequation
U, if Sz, is emply

Proof. Consider i such that Sy, # 0. Then, since S is simple, ¢<z,,a(Ss,) € K [2;] is a polynomial
of degree d := mdeg(S;,) for all a € L(S<,,). Since K is algebraically closed, ¢<, a(Sz,) has
exactly d distinct roots. Therefore, £(S) is elementary (K ,n)—enumerable. Due to Definitions

(2.8) and (2.12)1., the statement follows. O

Another way to see this is by looking at the counting tree.

3.2 Algebraic Thomas Decomposition

This section presents our main algorithm for decomposing polynomial systems and its subal-
gorithms. The termination and correctness of this algorithm will be proven, which proves the
existence of a disjoint decomposition of a polynomial system into simple systems. Most of this
section is joint work that has been published in [BGLHR12].

Note that some subalgorithms do not apply if the characteristic of K is non-zero. For that
case, we will add the missing pieces in section 3.3.

For shorter notation, we fix n € N and define R := K|[z1,...,z,]| where K is an arbitrary field.
For a fixed variable y, we denote by R., and R<, the polynomials in R with leader smaller than
y and smaller or equal than y, respectively.

3.2.1 J.M. Thomas’ original decomposition method

The American mathematician Joseph Miller Thomas was the first to describe a method to de-
compose a polynomial system into simple systems in 1937, cf. [Tho37]. While his approach
certainly yields a correct decomposition after finitely many steps, his description is imprecise and
the method is often infeasible. However, his method is rather simple to explain and gives a good
idea of what steps are needed.
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One of his first observations states that for any polynomial system S over R and any p € R,
L(S) = L(SU {px}) W L(S U {p=}), allowing to use arbitrary polynomials to construct disjoint
decompositions of S. Let 1 < k < n. For every equation p— € Sy, , it holds that

L(S) = L£(SU {init(p)}) & L ((s \{p_H U {init (»)_, (p — init (p) xr;dcg@)):})

and analogously

£(S)=L(SU{init(p) )WL ((5 \{p£})U {init (p)_, (p — init (p) x?deg(P))¢}>

for any inequation p» € S;,. For both cases, this defines a decomposition into two systems.
Setting the right-hand side system in this decomposition aside for the moment and iterating this
process for the left-hand side system, we obtain a new system T that contains every initial of an
element of T, as an inequation.

For every equation p— € T, or inequation px € Ty, , let Dy(p) be its discriminant and D;(p)
be the leading coefficient of its i-th subdiscriminant with respect to x, for i > 0 (cf. section 3.2.6).
Determine a number d such that Do(p), Di(p),...,D4—1(p) are either 0 or “obviously implied
as equations” by T<,, and Dy = Dy(p) # 0. It is possible to find polynomials F, fi, fo such
that ¢<$k,a(D(21p) = ¢<Ek7a(Ff1)’ ¢<$k,a(D(21p/) = ¢<$k,a(Ff2) and ¢<Ik7a(DO(f1)) 7& 0 for any
a€ L(S<z, U{(Dq)x}). We will discuss how to determine such polynomials in section 3.2.6. We
get a decomposition of T' such that

L(T) = LUT \{p=}) U{(/1)=: (Da)#}) & L(T U{(Da)=})

in the equation case and

L(T) = LUT\Apz}) UL(f1)#, (Da)2}) & L(T U{(Da)=})

in the inequation case. Again, iterating the process with the left-hand side of the decomposition
yields a system U such that ¢z, a(Do(p)) # 0 for all a € L(U<,,) and all p € Uy, .

If there is no equation in U,, , multiply all inequations in U, and remove common factors using
the method demonstrated in the previous paragraph. Otherwise, choose an equation p— € U, and
a polynomial g # p with either ¢— € U,, or g+ € Us,,. Let Ry(p,q) be the resultant and R;(p,q)
the leading coefficient of the i-th subresultant with respect to xj for ¢ > 0 (cf. section 3.2.6).
Find d such that Ry(p,q), R1(p,q), Ri—1(p, q) are either 0 or “obviously implied as equations”
by U<y, and Rq = Rq(p,q) # 0. Similarly as before, there are polynomials f1, g1, such that

¢<xk,a(R¢21p) = ¢<xk,a(¢fl)v ¢<xk,a(R¢21Q) = ¢<xk,a(@gl) and ¢<xk,a(f1)v ¢<xk,a(gl)7 ¢<xk,a(90) are
coprime for all a € L(U<y, U{(R4)x}). Now consider the decomposition

LU)=L(TU{(Ra)x})w LT U{(Ra)=}) -

Thomas distinguishes two cases:

In the case d = 0, for any solution a € L (T U{(Ra)2}), 8cd(d<p,.a(p), P<z,.a(q)) = 1 and
¢<mk,a(p)

ged(d<ay,a(P),P<ay,a

1, resulting in an inconsistency. If ¢ is an inequation, it can be omitted from the system.

Ifd> 0, then ng(¢<xk,a(p)7¢<xk,a(Q)> = ¢<xk,a(§0) and ng(¢<zi,<ax(kI‘;)a7((bp<)zk,a(q)) = ¢<xk,a(f1)-
If g— is an equation, p— and ¢g— can be replaced by ¢—. If ¢ is an inequation, p— and g can be
replaced by (f1)=.

As before, iterating this process with the left-hand side of the decomposition yields a system
V with |V, | < 1. If we start with £ = n and complete this whole process, then continue with
k = mn —1 and so on, until £k = 1, we finally get a simple system V, as well as a number of
“unfinished” systems. If we subject each of the unfinished systems to the same treatment, after
finitely many steps, we obtain a decomposition into simple systems.

@) ¢<up.a(p). Therefore, if g— is an equation, p— and g— can be replaced by
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This description, first published in [Tho37, pg. 59-61], is imprecise in many aspects, most
importantly the following: The method may add add c— or cx to a system for ¢ € K. If 0= or
c,c # 0 are added, they can be immediately omitted, since they have no consequence on the
solution set. However, when c—, c # 0 or 0 are added, the entire system becomes inconsistent.

In particular, when considering two equations p—, ¢— of the same leader with R(p,q) # 0, the
instructions explicitly state to add Ro(p, q)», which implies that 1— must be added, too. This
yields an inconsistent and thus non-simple system, contradicting the statement that following the
left-hand side of the decomposition always yields a simple system.

Despite being theoretically possible, this method is computationally infeasible for most ex-
amples, since it has no way of detecting inconsistencies in a system as they occur. In several
places, Thomas instructs to check whether a polynomial is “obviously implied as an equation” by
the system, yet he offers no method to perform this test. In fact, at this stage, the polynomial
systems are so chaotic and unstructured that such a test seems impossible, unless the equation
in question is already contained in the system. This leaves no other choice than to assume that
the equation is not implied by the system and risk performing lengthy computations and further
decompositions on an inconsistent system.

Dongming Wang presented and implemented an algorithm based on Thomas’ method (cf.
[Wan98]), but improved it significantly. His implementation uses MAPLE, but only works with
MAPLE 7 and 8, but not any newer versions.

We devised a new algorithm that addresses the shortcomings of Thomas’ method and imple-
mented it in MAPLE. We introduce a reduction method (cf. section 3.2.3), that allows simplifying
polynomials modulo a (not necessarily simple) system that occurs in the course of the compu-
tation. Instead of ensuring simplicity of the system for the higher variables first, we start with
the lowest variable, thus allowing to use reduction to simplify polynomials. In particular, this ap-
proach makes it possible to test whether an equation is already implied by the system, preventing
the creation of inconsistent branches in most cases.

Our approach combines ideas used in other triangular decomposition algorithms (cf. for ex-
ample [MM99]) with the strict requirements for the THOMAS decomposition.

3.2.2 Preliminaries

The decomposition algorithm represents each system as a pair consisting of a candidate simple
system and a queue of unprocessed equations and inequations. In each step, the algorithm chooses
a suitable polynomial from the queue, pseudo-reduces it and afterwards combines it with the poly-
nomial from the candidate simple system having the same leader. In this process, the algorithm
may split the system, i.e., add a new polynomial into the queue as an inequation and at the
same time create a new subsystem with the same polynomial added to the queue as an equation.
This way, we ensure that no solutions are lost and the solution sets are disjoint. The algorithm
considers a system inconsistent and discards it when an equation of the form c— with ¢ € K\ {0}
or the inequation 04 is produced.

We consider a system S as a pair of sets (St, Sg), where Sy represents the candidate simple
system and Sg is the queue. We require Sy to be triangular and thus (St), denotes the unique
equation or inequation of leader z in Sp. We say that (S7), is empty if no such equation or
inequation exists. Moreover, ST must fulfill a weaker form of the other two simplicity conditions,
in particular, in conditions (3.8)(2) and (3), the tuple a can be a solution of (S7)<; U (S0)<q
instead of just (S7)<s. Obviously, Sg = (0 implies simplicity of S.

We denote the set of these systems by S. For S € S, we define S<, = (S7)<z U (Sg)<. and
analogously Sy, S<., S=, S7 and so on. The solutions of S are given by £(S) = L(Sr U Sg).

3.2.3 Reduction

This section introduces our reduction algorithm. It utilizes the triangular structure of a system
and thus can only respect the candidate simple system St of a system S.
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From now on, let prem be a pseudo remainder algorithm' in R and pquo the corresponding
pseudo quotient algorithm. To be precise, if p,q € R with 1d(p) = 1d(¢) = =, then

m - p = pquo(p,q,x) - ¢ + prem(p, q, x) (3.2)

holds, where deg,(q) > deg, (prem(p,q,)), Id(m) < = and m | init(q)* for some k € Z>. Note
that for any a € K, @a(init(p)) # 0 and ¢4 (init(q)) # 0 imply ¢a(lcoeff(pquo(p, ¢, x),z)) # 0
and ¢a(m) # 0.

The following algorithm employs prem to define a function that reduces a polynomial modulo
STZ

Algorithm 3.17 (Reduce).
Input: A system S, a polynomial p € R.
Output: A polynomial ¢ € R that fulfills the properties of Proposition (3.18), Remark (3.19),
Corollary (3.20) and Remark (3.21).
Algorithm:
1: x <+ 1d(p); g+ p
2: while x > 1, (St), is an equation and mdeg(q) > mdeg((St).) do
3: g+ prem(q, (S1)s, @)
40z« 1d(g)
5: end while
6: if x> 1 and Reduce(S,init(q)) =0 then
7 return Reduce(S,q — init(q)z™de(®))
8: else
9 return q
10: end if

The most important property of Reduce is that it does not change the common solutions of
the polynomial and the system. This is a consequence of the special treatment that the initial
gets in the Reduce algorithm, lines 6-7.

Proposition 3.18. If ¢ = Reduce(S, p) then ¢a(p) = 0 if and only if pa(q) = 0 for everya € L(S).

Proof. There exist m € R\ {0} with Id(m) < 1d(p) and ¢a(m) # 0 for all a € £ (S<iq(p)) such
that

Reduce(S,p) = mp — Z cy - (ST)y

y<ld(p)
with ¢, € R and 1d(c,) < 1d(p) if (S7)y is an equation and ¢, = 0 otherwise. This implies
$a(Reduce(S,p)) = ¢a(m) ¢a(p) — Z Pal(cy) Pal(ST)y)
—_———

——

£0 y<wz

=0
and therefore ¢,(p) = 0 if and only if ¢,(Reduce(S,p)) = 0. O

Note that this algorithm only uses the equation part of the triangular system in S, i.e. S7.

We say that a polynomial p reduces to ¢ modulo St if Reduce(S,p) = ¢. A polynomial is
reduced modulo St if it reduces to itself.

Later, we will use the following facts about the Reduce algorithm.

Remark 3.19. Let ¢ = Reduce(S, p) # 0.
1. If 1d(g) > 1 and Syq(q) is an equation, then mdeg(q) < mdeg(Siq(q))-
2. If 1d(q) > 1, then Reduce(S,init(q)) # 0.

1In our context prem does not necessarily have to be the classical pseudo remainder, but any sparse pseudo
remainder with property (3.2) will suffice.
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3. 1d(g) < 1d(p) and if 1d(q) = 1d(p) > 1, then mdeg(q) < mdeg(p). <

The result of the Reduce algorithm does not need to be a canonical normal form, however, the
algorithm recognizes polynomials that vanish on all solutions.

Corollary 3.20. Let p € R with 1d(p) = z. Reduce(S,p) = 0 implies ¢a(p) =0V a € L(S<,).

Proof. For all a € L(S<;), it holds that ¢.(p) = 0 if and only if ¢a(Reduce(S,p)) = 0. The
statement follows from ¢, (Reduce(S, p)) = ¢a(0) = 0. O

The converse of this corollary does not hold in general. Thus, we provide two weaker statements
in the following remark.

Remark 3.21. Let p and = as in Corollary (3.20).

1. If (Sg)<z =0, i.e., S<y = (ST)<y is simple, then Reduce(S,p) # 0 implies that there exists
a € L(S<,) such that ¢,(p) # 0.

2. If (Sg)Z, = 0 and Reduce(S,p) # 0 hold, then either £(S<;) = 0 or there exists a €
L(S<z U{(ST)s}) such that ¢a(p) # 0. q

Proof. We only prove the second part, as the first part easily follows.

Let (Sg)=, = 0, Reduce(S,p) # 0 and |L£(S<;)| > 0. As 1d((St),) = = and mdeg((St)) > 0,
for each a € £(S.,), the univariate polynomial ¢, a((St).) € K [z] has positive degree. Thus
[£(S<a U{(S7)2})| > 0.

Let ¢a(p) = 0 for all a € L(S<,; U {(S7)z}) (*). Then (St), is an equation and deg,(p) >
deg, ((S7)s) and therefore p # Reduce(S, p). In fact, (*) further implies 1d(Reduce(S,p)) < z, as
otherwise deg,(Reduce(S,p)) > deg,((ST).) would hold. By repeating the previous arguments,
we can inductively conclude 1d(Reduce(S,p)) = 1. As ¢a(p) = 0, we conclude Reduce(S,p) =0, a
contradiction. O

The first part of this remark in conjunction with Corollary (3.20) implies [Wan98, Thm. 4].
Each reduction can be followed by a coefficient reduction. The most prominent example is the
full coefficient reduction.

Algorithm 3.22 (FullCoeffReduce).
Input: A system S, a polynomial p € R that is reduced modulo St.
Output: A polynomial q such that

1. q is reduced modulo St.
2. ¢a(p) = 0 if and only if pa(q) =0 for each a € L(S).
3. deg,(q) < mdeg ((St)y) for all y such that (St)y is an equation.

Algorithm:
1: g < p
2: y + max (z]z < 1d(p) and (ST). is an equation)
3: while y>1 do
40 q < prem(q,(St)y,y)
5:  y< max(z|z <y and (S7). is an equation)
6: end while

Proof of Correctness. Let x =1d(p), y < = such that (S7), is an equation and
prem (coeff (q,2") , (Sr)y,y) = m; - coeff (q,2") — ¢; - (S)y
where 1d(m;) < y and1d(¢;) <y, i=1,...,mdeg(p). Then, with m = lem (m;|i =0, ..., mdeg(p)),

mdeg(p) _
prem(a, (Sr)y ) = m-a— 3 i+ (Sp)y -0

i=0 v
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This shows that ¢a(prem(q, (S1)y,y)) = ¢alq) for all a € L(S).

As St is triangular, this also shows that a prem reduction with a polynomial with leader y only
changes variables smaller or equal y in the coefficients of p with respect to . Therefore, the main
degree remains constant during the computation and prem(g, (St)y,y) remains reduced modulo
St if ¢ was reduced modulo St.

Finally, by construction deg, (prem(q, (S1),,y)) < mdeg((St)y)- O

We call a polynomial fully coefficient-reduced modulo St if p = FullCoeffReduce(S, p).

The Reduce algorithm differs slightly from the classical prem(p, S7) as defined in [ALMM99].
While prem(p, S7) fully reduces p modulo all variables, Reduce(S,p) only reduces modulo the
leader and ensures that the initial of the reduced form does not vanish. Performing Reduce(.S, p)
in combination with full coefficient reduction is the same as computing prem(p, S7). It is therefore
possible to replace Reduce(.S, p) with prem(p, ST) in the following algorithms. Our approach adds
some flexibility, as we can choose to omit a full coefficient reduction in an implementation. In
particular, if a polynomial does not reduce to zero, we can determine that without performing a
full prem reduction. We apply this multiple times in our implementation, most prominently in
Algorithm (3.40). However, if a polynomial reduces to zero, Reduce has no advantage over prem.

Example 3.23. Reduce ¢; := 2% + y2z + = + y modulo the simple system on the left.
reSy=(ya*-1)= LH+yr+rty=aq
Yy-q1— Sz

YyeS,=(*+1)= <y2+1=:q3 T »y° 4 y = init(gz)
q3 — Sy

0 0

In the first reduction step, ¢; is pseudo-reduced modulo S,. The result ¢, still has leader =z,

but a main degree smaller than S,. We determine that the initial of ¢ reduces to 0 and remove

the highest power of = from go. The resulting polynomial g3 now pseudo-reduces to 0 modulo .S,
i.e. Reduce({S;,Sy},q1) =0. N

init(g2) —y - Sy

3.2.4 Canonical Form of a Simple System

This section shortly demonstrates how to use reduction to define and compute a canonical form
of a simple system. While the procedures presented here are not needed for the decomposition
algorithm, we will need the general ideas in later chapters. We start by defining a canonical form
of a polynomial modulo a simple system.

Algorithm 3.24 (Canonicalize).

Input: A system S and a polynomial p € R with x = 1d(p), such that ¢a(init(p)) # 0 for all
a€ L(S<z) and (SQ)<z =0, i.e. Scg = (S7)<s is simple

Output: A polynomial q such that

1. ¢a(p) =0 if and only if Ppa(q) = 0 for every a € L(S).
2. q is reduced and fully coefficient-reduced modulo St.
3. if S, = (St)y is an equation, then deg, (init(q)) =0 for all y <1d(q).

Algorithm: Let Ry <y = K [z]z <y or (S7)7 = 0] and analogously Ry, <.
1: q < Reduce(S,p)
2: y < max (z|z < x and (St), is an equation)
3: while y>1 do
4 q < prem (g, (S1)y,y)
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if deg,(init(¢)) >0 then
Compute a,b € Ry,<y \ {0} such that a -init(g) +b- (S1), € Ru,<y
q < prem (a - q,(S1)y,y)

end if

9:  y <« max(z|z <y and (St). is an equation)

10: end while

P XX

Proof of Correctness. Consider line 6. Assume that (St), is an equation and init(¢) € Ry,<, with
¢a(init(q)) # 0 for all a € L£(S<,). Then a refined version of the extended Euclidean algorithm in
gives us a,b € Ry, <, such that

a - init(¢) + b - (Sr)y = r := res(init(q), (S1)y, y) € Ru,<y -

Since ¢a((ST)y) = 0 and ¢a(init(q)) # 0 for all a € L(S<.), it holds that ¢, a((S7),) and
¢<y,a(init(g)) have no common divisor in K [y] and therefore ¢a(r) # 0. This implies

0 7é d)a(r) = ¢a(a . init(Q) +b- (ST)y) = (rba(a) : ¢a(init(q))

and thus ¢a(a) # 0 for all a € L(S<,). By definition of prem, there is an m with ¢a(m) # 0 for
all a € L(S<5) such that

prem(a - init(q), (S7)y,y) = m - (a - init(q) +b- (S7)y) € Ru,<y -
Define ¢ := prem (a - ¢, (S7)y,y). With the same argument as in the proof of Algorithm (3.22),
deg,, (init (q)) =0 .

This implies further that init(¢) € Ry <, and that ¢a(init(¢)) # 0 for all a € £L(S<;). By induction
and by the the same arguments as in the proof of Algorithm (3.22), this shows correctness. O

We say that a polynomial p is canonicalized modulo S if Canonicalize(S,p) = p.

Remark 3.25. Let S be a simple system and p,q € R reduced modulo S such that ld(p) =
1d(¢) =: = and for all a € L(S<,) the following conditions hold:

1. galinit(p)) # 0 and Ga(init(g)) # 0.
2. ¢<za(p) and ¢« a(q) are square-free,

3. Foralla € K, ¢<x,a(p)|x:a =0 if and only if ¢<xva(Q)|x:a =0.
Define U :={ y < x | (S7)y is an inequation or empty }. Then there exist ¢,d € K[U] \ {0} such
that ¢ - Canonicalize(S, p) = d - Canonicalize(S, q) for all a € L(S). q

Proof. Due to condition 1, we have deg,(¢< a(p)) = mdeg(p) for all a € L(S<,) and the same
statement holds for ¢. From 2 and 3, we immediately get that mdeg(p) = mdeg(q) =: d.

Let p := Canonicalize(S, p) and ¢ := Canonicalize(S,¢) and ¢ = W and d :=

W. Then ¢,d € K[U], since init(p), init(¢) € K[U] by assumption. By definition of ¢

and d, ¢-p = Canonicalize(c - p) and d - ¢ = Canonicalize(d - §) and it holds that ¢a(c) # 0 # ¢a(d)
for all a € £(S<,). There is a polynomial r € R such that

c-p=d-g+r.
Since init(c - p) = init(d - §), we see that deg,(r) < d. For all a € L(S<;), we have

¢<x,a(c) : ¢<x,a(1~7) = ¢<x,a(d) : ¢<x,a((1) + ¢<x,a(T)

and by assumption, there are exactly d distinct values a € K such that (¢, a(c) - ¢<x7a(l~’))\z:a =

0 and (¢p<z,a(d) -¢<x’a(q~))‘w:a = 0. This implies ¢<x~,a(7")|w:a = 0 holds for d distinct values a.

Since r has a degree smaller than d, it follows that ¢4 a(r) = 0. Therefore, if r = Zf:_ol Gzt

then Reduce(S<,,c¢;) =0 fori=0,...,d — 1. For each i, we therefore get ¢; = Zy<x bySy. Since
deg,(c - ¢) < mdeg(S,), we get that b, # 0 implies deg,(c-p) > mdeg(S,) which contradicts
¢+ p = Canonicalize(c - p). In summary, this implies r = 0. O
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We want to define a simple system that is uniquely given by its solution set. If each polynomial
p in a simple system S is canonicalized with respect S.1q(,), we only need to normalize our
polynomials as described in the following definition.

Definition 3.26. We call a polynomial p € R monic over R if either init(p) = 1 € K or
init(p) € K is monic. We call a simple system normalized if for each variable x the following
conditions hold.

1. S, is monic considered as a polynomial in R.

2. S, is primitive considered as a univariate polynomial in the variable z, i.e. S, € R<,[z].

3. S, is canonicalized modulo S, where we consider S<, as a simple system over R<;. <
This definition defines a canonical form for simple systems.

Corollary 3.27. Let S,T be normalized simple systems over R. Then L(S) = L(T) if and only
if S=T.

Proof. For a single variable, the statement is trivial.

Now consider two systems S,T with highest variable z and assume that the statement holds
for the systems S, and T«,. From Remark (3.25), we know that there are ¢,d € K[U], with U
defined as in Remark (3.25), such that ¢- S, = d-T,. However, since both S, and T, are primitive
as polynomials in z, we get ¢,d € K*. Since both polynomials are monic, we get ¢ = d = 1 and
the statement follows. O

Example 3.28. The simple S = {(yz* — 1)—, (y* + 1)=} system from Example 3.23 is fully
coefficient-reduced, but not normalized, as deg, (S,) > 0 but S, is an equation. We have

—y-y+1-(yP+1)=1.
Thus we replace S, with
prem(—y - (yz* — 1),y + 1,y) = prem(—y°z” +y),y° + Ly) =2° +y .

We get the system S” = {(z® + y)—, (y* + 1)—}, which is normalized and L(S) = £(S").
As in Example (3.23), we reduce ¢; := 22 + y%x + x + y modulo this new simple system.

reS,=2+y= 2Z2+yr+rt+y=q

q1 — Sw
(V¥ + D)z =q
w\_/
Y Sy:(QQ‘Fl): e >g2+1:1nlt(q2)
init(g2) — Sy
0 0 4

3.2.5 Splitting systems

We now examine all splitting methods needed for the decomposition algorithm. We will use the
following one-liner as subalgorithm in all of them.

Algorithm 3.29 (Split). Input: A system S, a polynomial p € R
Output: The disjoint decomposition (SU{p-},SU{p=}) of S.
Algorithm:

1: return ((St,Sq U{p+}),(St,S0 U{p=}))
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Please note that this method returns the system containing the inequation in the first com-
ponent and the system containing the equation in the second component. New polynomials are
always added to Sg, since without further computation it is unknown how they fit into the trian-
gular structure of Sr.

For a better understanding of the following splitting subalgorithms we first need to explain
how they are applied in the main algorithm. Each step of the algorithm treats a system S as
follows. An equation or inequation ¢ is chosen and removed from the queue Sg. Then we reduce
q modulo Sp. For the simplicity properties to hold w.r.t. ¢ it is necessary to add inequations
to S. To accomplish this, we pass S together with ¢ to the splitting subalgorithms. Each such
subalgorithm returns two systems. The first system S; contains an additional inequation. The
second system Sy contains a complementary equation, ¢ is added back into the queue of Sy, and
Sy is put aside for later treatment. In each case (S7 U {q}, S2) is a disjoint decomposition of the
original system S U {g}. Then S; and ¢ may be subjected to further splitting algorithms and
eventually ¢ is added into the candidate simple system.

The first splitting algorithm we consider is InitSplit, which is concerned with property (3.8)(2).

Algorithm 3.30 (InitSplit). Input: A system S, an equation or inequation q with 1d(q) = x.
Output: Two systems Sy and Sa, where (S;U{q},S2) is a disjoint decomposition of S U {q}.
Moreover, ¢a(init(q)) # 0 holds for all a € L£(S1) and ¢a(init(q)) = 0 for all a € L(S3).
Algorithm:

1: (S1, S2) + Split(S,init(q))

2 (92)q + (S2)Q U{gq}
3: return (S1,S2)

3.2.6 Subresultants

For the further splitting algorithms, we need some preparation. In Definition (3.8) we consider
a multivariate polynomial p as the family of univariate polynomials ¢ i4(p).a(p). For ensuring
triangularity and square-freeness, we have to compute the ged (greatest common divisor) of two
polynomials, which in general depends on a. This dependency can be expressed in terms of
resultants and subresultants.

The subresultant chain of two polynomials py, po with respect to z; is a sequence of polyno-
mials with decreasing degree in x,, that refines the EUCLIDean algorithm in the following sense.
When substituting any values for the variables x1, ..., 2;_1 into the subresultant, the result is (up
to multiplication with non-zero constants) the sequence of polynomials obtained by first perform-
ing the same substitution on pi, ps and then performing the EuCLIDean algorithm on the result.
In particular, we can determine how the degree of the greatest common divisor depends on the
parameters we substitute for x1,...,z;_1.

Applying a similar method to a polynomial p and its partial derivative a%ip results in the
subdiscriminant chain of p, which determines the dependency of the number of multiple roots
on the parameters. Instead of the subdiscriminant chain, we use the subresultant chain of p and
B%p, which only differs from the subdiscriminant chain by factors that are powers of init(p).

In [Tho37], resultants, discriminants and other related polynomials are computed as deter-
minants of modified versions of the SYLVESTER matrix. These methods have since then been
superseded by polynomial remainder sequences.

Example 3.31. The following polynomials form a subresultant chain with respect to x.

p1 = az® + a1z + ap
pa = box® + b1z + by
ps = (a1ba — asb1) x + agbs — azbg

Pa = a%b% — agai1b1bs — 2agasbgbs + aoagb% + a%bobgalagbobl + a%bg
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Choosing the parameters as a; = 1,b0 = 1,a1 = —1,a9 = —1,b; = 1,bg = 1 results in the chain

22—z —1

2?4+l
—2x—2
4
indicating that p; and p, specialized with these parameters do not have a common divisor. Instead,
we now choose a root of ps that is not a root of lcoeff(ps, z), for example as = 1,b0 = 1,41 =
1,b1 = 2,bg = 1,a9 = 0. This results in the chain
4z
2?24+ 2x 41
—x—1
0
which indicates that this specialization leads to polynomials with a common divisor of degree one.
If we choose as = 1,be = 2,a1 = 1,b1 = 2,bg = 2,a9 = 1, a common root of ps and lcoeff(ps, x),
the result is
P +z+1
22% 4 22 + 2
0
0

and the polynomials have a common divisor of degree two. <
We now cite two important definitions from [Mis93, Chap. 7.6], adapted for our special case.

Definition 3.32. Let = be a variable and p;,ps € R with 1d(p;) = 1d(p2) < . We call py, po
similar with respect to z, denoted by p; ~, pa, if there are a,b € R, \ {0} such that ap; = bps.
For 1d(p1) = ld(p2) = = with deg,(p1) > deg,(p2), the sequence py,...,p, is called polynomial
remainder sequence, or PRS;, if for ¢ = 3,...,r we have

Pi ~e prem (p;_2,pi—1,7) # 0
and prem (p,_1,py, x) = 0. <

It is obvious that 1d(p;) =z for ¢ = 1,...,7 — 1 and ld(p,) < z.
Denote by pr the classical pseudo remainder, in particular, for p, ¢ € R with deg,(p) > deg,(q),

pr(p, q,z) = rem (lcoeﬂ:"m(q)degw (P)=dega(@)+1p, g x) :

Definition 3.33. Let p1,p2 € R with 1d(p;) = 1d(p2) = x. Set the initial values

a1 = deg,(p1) az = deg, (p2)
A =0, As=ay —as+1
b1 =1, by = init(p2)
=1, o= (02)7
pr=p2=1
and define a polynomial remainder sequence p1, ..., p, recursively as follows. For i = 3,...,k, let

Bi = (—1)2 1 (thi—2) 27 b g
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pr (Pi—z,pz‘—l, 93)
Bi

a; = degx(pi)

Ai=ai—1—a;+1

pi =

b, \ A
Wi = i1 <¢i1>

and let r such that pr(p,—1,p.,x) = 0. This sequence is called subresultant polynomial re-
mainder sequence or SPRS. <

Remark 3.34. Using the notation of Definition (3.33) let

b' A;—2
b= (%‘1) bis

For ¢ = 3,...,r, define SubRes,, ,—1(p1,p2,%) = p; and SubRes,, (p1,p2,z) = pf. Obviously, if
a;—1—1=a; then A;—2 =a;_1 —a; —1 = 0 and thus pj = p;. Set SubRes;(p1,p2,2) =0 for all j
for which it has not been defined yet. Then (p1, p2, SubRes,,_1(p1,p2, ), ..., SubResy(p1,p2, z))
is the subresultant chain of p; and ps with respect to x. The subresultant p; is called regular
of degree a;. If p; # p;, then p; is called defective of degree a;. N

The above coincides with the classical definition of the subresultant chain as can be seen in
[Mis93, Thm. 7.9.1] and [Mis93, Thm. 7.9.4]. The above definition gives a nice way of computing
the subresultant chain using pseudo remainders. For a complete overview of subresultants and
polynomial remainder sequences, we refer to [Mis93, Chap. 7] or [Yap00, Chap. 3]. We will now
continue constructing our splitting algorithms and refer to [Mis93, Chap. 7] for the necessary
proofs.

Definition 3.35. Let p,¢ € R with 1d(p) = 1d(¢) = =, deg,(p) = d, > deg,(q) = d;. We
denote RRes;(p, g, ) = SubRes;(p, ¢, ), i < dq if it is a reqular subresultant of degree %, otherwise
RRes;(p, ¢, z) = 0. Furthermore, RResg, (p, ¢, z) := ¢ and if dq < d,, then RResq, (p, ¢, z) := p and
RRes;(p,q,x) :==0, dy < i < dp.

Define res;(p, ¢, z) := init (RRes; (p, ¢, x)) for 0 < i < d,, resq, (p,q, ) := 1 and reso(p, ¢, ) :=
RResy (p, ¢, x). <

The initials of the subresultants provide conditions to determine the degrees of all possible gcds.
Using these conditions, we describe the splittings necessary to determine degrees of polynomials
within one system as follows. For a system S and two given polynomials pi,ps with leader x, we
first determine the minimal possible 7 such that the degree of the ged of ¢cy a(p1) and d<y a(p2)
is ¢ for some solution a of S.,. We then split into two systems: The generic system, where this
property holds for all solutions a, and the special system, where the degree of the gecd is always
greater than 7. In the generic case, we can directly compute a polynomial g with mdeg(g) = ¢
such that ¢4 a(g) is the ged.

The following definition formalizes these notions. Algorithms (3.40), (3.41), (3.42) and (3.43)
will demonstrate the computations.

Definition 3.36. Let S be a system and py,ps € R with 1d(p1) = 1d(p2) = z. If |[£(S<,)| > 0,
we call

t:=min{i € Z>o | 3 a € L(S<,) such that deg,(gcd(¢<z,a(P1), P<z,a(p2))) =i}
the minimal fiber cardinality of p; and p, w.r.t. S. Moreover, if (Sg)Z, = 0, then
i’ := min{i € Z>¢ | Reduce(St,res;(p1,p2,2)) =0V j < i and Reduce(St, res;(p1, p2,z)) # 0}

is the minimal quasi fiber cardinality of p; and ps w.r.t. S. A disjoint decomposition (51, S2) €
S? of S such that
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1. degw(ng(¢<w7a(pl)’ ¢<w,a(p2))) =iVaeCl ((Sl)<9:)

2. deg,(gcd(d<s,a(P1), P<aa(p2))) > iV ae L((S2)<a)

is called i-th fibration split of p; and py w.r.t. S. A polynomial r € R with 1d(r) = « such that
deg,(r) = ¢ and

¢<z,a(r) ~ ng(¢<m,a(p1)a ¢<x,a(p2)) Vael ((S1)<m)

is called i-th conditional greatest common divisor of p; and ps w.r.t. S, where p ~ ¢ if and
only if p € K ¢. Furthermore, ¢ € R with 1d(¢) = = and deg,(¢q) = deg,(p1) — ¢ such that

N ¢<r,a(p1)
ged(d<za(P1), P<aa(p2))

is called ¢-th conditional quotient of p; by ps w.r.t. S.
If the characteristic of K is zero, using ps := 8%791 yields an i-th square-free split and i-th
conditional square-free part of p; w.r.t. S. <

¢<m7a(Q)

VaeL((S)<z)

Here is an example that demonstrates how these concepts will be utilized in the Decompose
algorithm.

Example 3.37. Consider the system S with S := {@3 + y):} and Sg = {yx} and the poly-
nomial ¢ := 22 + x + y + 1 with y < 2. Computation shows

reso (S, ¢, @) = y* + Ty + 5y + 1
res (Sz, ¢, ) = —y
resy(Sg, ¢, x) =1 .

Since (St), is empty, we cannot reduce reso(S;,q,x) and the minimal quasi fiber cardinality of
Sz and ¢ w.r.t. S is 0. A zeroth fibration split is given by

(S1)r = St (S1)g == So U {(reso(qu,x))#}
(S3)r = Sr (82)q = Sq U {(reso(Sz, q,2))_} -

A zeroth conditional ged of S, and ¢ w.r.t. S is 1, thus a zeroth conditional quotient of S, and ¢
is S,.

During the Decompose algorithm presented later, the system S} will be modified and even-
tually become the system Sy with (S2)7 := {(z® +y)_,reso(Sz, ¢, )=} and (S2)q := 0. Since
reso(Sz, ¢, ) reduces to 0 modulo (S2)r and reso(S, g, z) does not, the minimal quasi fiber car-
dinality of S, and ¢ w.r.t. Sy is 1. A first fibration split is given by

(S2,1)7 = (S2)7 (S21)@ := (S2)Q U {(_9)75}
(S52)7 = (S2)r (Sh2)0 = (S2)o U {(-v)_} -

A first conditional ged of S, and ¢ w.r.t. Ss is —yx 4+ 2y + 1 and a first conditional quotient is
v22? + (202 +y)x +4y° + 4y + 1.
The system S5 , is inconsistent and will eventually be discarded. <

In this case, the minimal quasi fiber cardinality and the minimal fiber cardinality were identical.
In general, the minimal quasi fiber cardinality might be strictly smaller than the minimal fiber
cardinality and our methods cannot detect this situation. However, in this case, the corresponding
fibration split will lead to one inconsistent system and one where the minimal quasi fiber cardinality
is increased, which is sufficient for our purposes.
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Lemma 3.38. Let |[L(S<;)| > 0 and (Sq)Z, = 0. For p1, ps as in Definition (3.36) with
@a(init(p1)) #0V a € L(S<,) and mdeg(py) > mdeg(psz), let i be the minimal fiber cardinality of
p1 and ps w.r.t. S and i’ the corresponding minimal quasi fiber cardinality. Then

i <i
where the equality holds if and only if | L (S<y U {resy (p1,p2,x)£})| > 0.

Proof. Let a € L(S<z), dp, := deg,(p1) = deg,(d<aalp1)), dp, = deg,(p2) and dp,a :=
deg, (¢<z,a(p2)). For k <max(dy,,,dp,a) —1 =dp, — 1 then [Mis93, Thm. 7.8.1] implies

G<z.a(RResg(p1,p2, 7)) ~ RResp(dcpa(p1), P<s.a(p2), ) (3.3)

and
¢a(resk(p17p2,$>) =0+ resk(¢<aj,a(p1)a ¢<a:,a(p2)a I‘) =0. (34)
Conditions (3.3) and (3.4) by definition also hold for the trivial cases d,, < k < dp,.

For all indices j < ¢, Corollary (3.20) and the fact Reduce(St,res;(p1,p2,2)) = 0 imply

¢a(resj(p1,p2,x)) = 0. By (3.3) and (3.4), res;(d<z,a(p1), P<z,a(p2),z) = 0 follows. We apply
[Mis93, Thm. 7.10.5] successively and get RRes;(¢<z.a(P1), P<z,a(p2),z) = 0. Thus,

deg, (ged(¢<s,a(p1), d<a,a(p2))) = @' (3.5)

holds. This implies ¢’ < 3.
Equality in (3.5) holds if and only if there exists a € £(S<,) such that ¢ (res; (p1,p2, z)) # 0.
Therefore, ¢ = ¢’ if and only if |£ (S<, U {resy (p1,p2,x)2})| > 0. O

The above lemma does not apply if both polynomials have the same degree. In this case, both
polynomials must have non-vanishing initials, as shown in the following corollary.

Corollary 3.39. Let |L(S<.)| > 0 and (Sq)Z, = 0. For polynomials p1, p> as in Definition
(3.36) with ¢4 (init(p1)) 0V a € L(S<.), let i be the minimal fiber cardinality of p1 and py w.r.t.
S and i’ the minimal quasi fiber cardinality of p1 and prem(ps, p1,x) w.r.t. S. Then

i <i
with equality if and only if | £ (S<y U {resy (p1, prem(pz, p1, ), x)£})| > 0.
Proof. Let a € L(S<;). By the assumption on the initial of p;, [Mis93, Cor. 7.5.6] implies

¢<$,a(prem(p27p17x)) = prem(¢<x,a(p2)a¢<x,a(p1)a-r) .

The univariate polynomials ¢, a(p1) and ¢« a(p2) have the same greatest common divisor as

b<zalp1) and prem(¢<y a(p2), P<z.a(p1),r). We can therefore replace po with prem(pe2,p1,z) in
Lemma (3.38). O

The following algorithm computes the minimal quasi fiber cardinality of two polynomials.

Algorithm 3.40 (ResSplit). Input: A system S with (Sq)Z, = 0, two polynomials p,q € R with
1d(p) =1d(¢) = x, mdeg(p) > mdeg(q) and ¢a(init(p)) # 0 for alla € L(S<,).

Output: The quasi minimal fiber cardinality i of p and g w.r.t. S and an i-th fibration split (S, S2)
of p and q w.r.t. S.
Algorithm:

1: i < min{i € Z>¢ | Reduce(Sy,res;(p,q,x)) =0V j < i and Reduce(Sy,res;(p,q,x)) # 0}

2: return (i,51,S2) := (i, Split(S, res; (p, q, ©)))

Proof of Correctness. Assume |L£((S;)<.)| > 0,1 = 1,2, as the statement is trivial otherwise.

Let a € £((S1)<z)- The polynomial g := RRes;(¢<qz.a(p), P<z.a(¢), z) is not identically zero
due to (init(g))z = (res;(p,q,x))z € (S1)q. The degree of g is ¢ and g ~ ged(P<z.a(P); P<z,a(q)),
as discussed in the proof of Lemma (3.38).

Let a € £((S2)<z). [Mis93, Thm. 7.10.5] and (init(g))= = (res;(p, ¢, z))= € (S2)¢ imply g = 0.
Therefore, deg, (2¢d(¢<z.a(p), 6<za(4))) > i O
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We apply the minimal fiber cardinality and fibration split to compute a greatest common
divisor of a polynomial in S and another polynomial.

Algorithm 3.41 (ResSplitGCD). Input: A system S with (Sq)=, = 0, where (St), is an equation,
and an equation q= with 1d(q) = x. Furthermore, mdeg(q) < mdeg((St)s)-
Output: Two systems S1 and Sy and an equation q— such that:

a) Sy = Sy U {q} where (51,:9\;) is an i-th fibration split of (St)s and q¢ w.r.t. S,

b) q is an i-th conditional gcd of (St). and q¢ w.r.t. S,

where i is the minimal quasi fiber cardinality of p and q w.r.t. S.
Algorithm:

1: (4,51, 52) < ResSplit (S, (S7)4, q)

2: (82)q + (S2)q U{q}
3: return Si, Sz, RRes;((S7)z,q,2)=

Proof of Correctness. Property a) follows from Algorithm (3.40) and line 2. Property b) was
already shown in the correctness proof of Algorithm (3.40). O

Note that ¢ > 0 is required in this case, as i = 0 would yield an inconsistency. Therefore, before
calling ResSplitGCD, we will always ensure this condition in the main algorithm by incorporating
the resultant of two equations into the system.

The following algorithm is similar, but instead of the ged, it returns the first input polynomial
divided by the ged.

Algorithm 3.42 (ResSplitDivide). Input: A system S with (Sq)Z, = 0 and two polynomials p, q
with 1d(p) =1d(q) = = and ¢a(init(p)) # 0 for alla € L(S<,).
Output: Two systems S1 and Sy and a polynomial p such that:

a) Sy = Sy U {q} where (51,752) is an i-th fibration split of p and ¢’ w.r.t. S,

b) D is an i-th conditional quotient of p by ¢’ w.r.t. S,

where i is the minimal quasi fiber cardinality of p and ¢' w.r.t. S, with ¢ = ¢ for mdeg(p) >
mdeg(q) and ¢’ = prem(q, p, x) otherwise.
Algorithm:
1: if mdeg(p) < mdeg(q) then
2:  return ResSplitDivide(S, p, prem(q, p,x))
3: else
4 (i7S1752) — ResSpIit (Sapaq)
5. ifi>0 then
6: D < pquo(p, RRes; (p, prem(q, p, x), x), x)
7. else
8 P p
9: endif
10: - (S2)q < (S2)Q U {q}
11:  return Si,S2,p
12: end if

Proof of Correctness. According to Corollary (3.39), we can without loss of generality assume
mdeg(p) > mdeg(q).

Property a) follows from Algorithm (3.40) and line 10. For all a € £(S) the following holds:
If ¢ = 0 then deg, (gcd(P<r.a(p), P<z.a(¢’))) = 0 and thus ¢, »(p) shares no roots with ¢« a(q’).
Now let ¢ > 0. Formula (3.2) implies

m-p= ﬁ RReSi (p7 q/7 l‘) + prem (p7 RRGS,L‘ (pv q/a .T) 3 m) .
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Due to [Mis93, Cor. 7.5.6] and (3.3), (3.4) there exist ki, ko € K \ {0} such that

d)a(m) '¢<z,a(p)
——r
#0
:¢<x,a(ﬁ) . ¢<a:,a (RReSi (pa q, 1‘)) + ¢<x,a (prem(p, RReSi (p7 q, .Z’) ,1‘))
:¢<a:,a(5) - k1 RRes; (¢<x7a(p)7 ¢<z,a(Q)a 17) + k2prem(¢<w,a(p); RRes; (¢<w7a(p)7 ¢<az,a(Q)a -T)a J})

divides ¢<z,a(p)

:¢<1,a(@ k1 ng(¢<z,a(p)ﬂ ¢<x,a(q)) +0.

Thus, we obtain property b) from

¢<z a(p)
P<z,a(p) ~ :
el A Geralp): bcoald)
and deg, (¢<z.a(P)) = deg,(¢<z.a(p)) — deg, (gcd(¢<o.a(p), P<z.a(q))) = deg,(p) —i. O
Applying the last algorithm to a polynomial p and a%(p)p yields an algorithm to make p

square-free. We present it separately for better readability of the main algorithm.
Algorithm 3.43 (ResSplitSquareFree). Let the characteristic of K be zero.
Input: A system S with (Sq)=Z, = 0 and a polynomial p with 1d(p) = x and ¢a(init(p)) # 0 for all

ae L(S<).
Output: Two systems S1 and Sy and a polynomial v such that:

a) Sy = Sy U {p} where (Sl, :S';) is an i-th square-free split of p w.r.t. S,

b) r is an i-th conditional square-free part of p w.r.t. S,

where i is the minimal quasi fiber cardinality of p and %p w.r.t. S.

Algorithm:
1: (4,57, 52) < ResSplit (S7p, %p)
2: if i > 0 then
3: T4 pquo (p, RRes; (p, 6%]), m) ,a:)
4: else
5: < p
6: end if
7: (S2)q + (S2)@ U {p}
8: return Si,S>,r

Proof of Correctness. Since ¢<x7a(%p) = %¢<w7a(p), an i-th square-free split of p is an i-th
fibration split of p and %p. The rest follows from the proof of Algorithm (3.42). O

This algorithm is obviously not sufficient for ground fields of positive characteristic. We will
consider the problem of square-freeness in positive characteristic in section 3.3.

In all ResSplit-based algorithms, (Sq)Z, = 0 is required. This ensures that all equations of a
smaller leader than x can be used for reduction modulo Sp. The order in which polynomials are
treated by the main algorithm must therefore be restricted.

3.2.7 Selection Strategy

While the order in which we treat elements of S¢ is restricted, some freedom remains. In order
to implement our decomposition algorithm, it is necessary to choose a selection strategy.
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Definition 3.44 (Select). Let Pganito(M) be the set of all finite subsets of a set M. A selection
strategy is a map

Select : Peinite ({p=,p# | p € R}) — {p=,px |p € R} :
Q—qeq

with the following properties:
1. If Select(Q) = g— is an equation, then Qi) = 0.
2. If Select(Q) = ¢« is an inequation, then QZld(q) = 0. <

We demonstrate that these conditions are necessary for termination of our approach by giving
an example where we violate them.

Example 3.45. Consider R := Kla,z| with a < z and the system S with Sy := () and Sg :=
{(x2 — a):}. To insert (22 —a)— into Sr, we need to apply the ResSplitSquareFree algorithm: We
calculate resy (2% — a, 2z, ) = —4a, res; (22 — a, 2z, ) = 2 and resy(2? — a, 27, 2) = 1 according to
Definition (3.35). The minimal quasi fiber cardinality is 0 and we get the two new systems Sp, S2

with

(S)r = {(2* —a)=},(S1)q = {(~4a),} and (S2)r =0,(S2)q = {(2* — a)=, (~4a)-} .

We now consider what happens with Sy: If we select (22 — a)— as the next equation to be
treated, in violation of the properties in Definition (3.44), ResSplitSquareFree will split up S into

5271, 5272 with
(So.1)r = {(2° — @)=}, (S2,1)@ = {(—4a) £, (—4a)=}

and
(Sa0)7 = 0, (S2.2)q = {(2? — a)=, (—4a)=, (—4a)=} .

As Sy = 55 2, this will lead to an endless loop. N

3.2.8 Main Algorithm

The following algorithm inserts a new equation into Sp. In particular, it replaces the equation or
inequation of the same leader in S, putting it back into Sg.

Algorithm 3.46 (InsertEquation).

Input: A system S and an equation r— with 1d(r) = x satisfying ¢a(init(r)) # 0 and ¢<ypa(r)
square-free for all a € L(S<,).

Output: A system S where r— is inserted into St.

Algorithm:

~

if (S7). is not empty then
St < (57 \ {(57)2})

end if

: ST — ST U {’I":}

return S

SR sl

Now we present the main algorithm. The general structure is as follows: In each iteration, a
system S is selected from a list P of unfinished systems. An equation or inequation ¢ is chosen from
the queue Sg according to the selection strategy. Then g is reduced modulo S and incorporated
into the candidate simple system Sp using the splitting algorithms described above. In doing
so, the algorithm may add new systems S; to P. As soon as the algorithm produces a system
containing an equation c— for ¢ € K \ {0} or the inequation 0, this system is discarded.

Algorithm 3.47 (Decompose). The algorithm is printed on page 51.
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Algorithm 3.47 (Decompose)
Input: A system S’ with (S")r = 0.
Output: A THOMAS decomposition of S’.

Algorithm:

1: P+« {S5}; Result < 0
2: while |P| > 0 do

3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:

© PN Tk

Choose S € P; P+ P\ {S}
if |Sg| =0 then
Result + Result U {S}

q < Select(Sq); Sq < Sq \ {¢}

q + Reduce(St,q); = «+ 1d(q)

if ¢ ¢ {0,c— | ce F\{0}} then
if z # 1 then

if ¢ is an equation then
if (St), is an equation then
if Reduce(St,reso((ST)sz,q,2)) =0 then
(S, S1,p) < ResSplitGCD(S, q); P + PU{S:}
S <+ InsertEquation(S, p=)
else
Sq + Sq U {qg=,reso((S7)x,q,x)=}
end if
else
if (S7), is an inequation® then
Sq + SqU{(S7)a}; St = Sr\{(S7)x}
end if
(S, S2) < InitSplit(S, q); P < PU{S2}
(S, S3,p) < ResSplitSquareFree (S, q); P + P U {S3}
S < InsertEquation(S, p-)
end if
else if ¢ is an inequation then
if (St)s is an equation then
(S, S4,p) < ResSplitDivide (S, (S1)s,q); P+ PU{S4}
S < InsertEquation(S, p-)
else
(S, S5) «+ InitSplit(S, q); P + PU{Ss}
(S, Sg,p) < ResSplitSquareFree (S, q); P + P U {Ss}
if (StT), is an inequation then
(S, S7,7) < ResSplitDivide (S, (S1)x,p); P < PU{S7}
(Sr)e + (D)2
else if (St), is empty then
(ST)2 P+
end if
end if
end if

end if
P+ PU{S}
end if

46: end while
47: return Result

%Remember that (S7)z might be empty, and thus neither an equation nor an inequation.
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We demonstrate the algorithm with a simple example. Note, that we will omit systems which
are obviously inconsistent.

Example 3.48. Let S = (S7,5¢) := (0,{(z* + z + 1)=, (z + a)»+}) with a < z. According to
Select, ¢ := (v2 4+ z + 1) is chosen. As init(q) = 1 and reso(q, 2¢,) = 1, the original system S
is replaced by ({(2% 4+ z + 1)=},{(z + a)x}).

Now, ¢ := (x + a)x is selected and ResSplitDivide(S, (St);,q) computes reso((S7)sz,q,z) =
prem((S7)z,q,7) = a? —a + 1, res; ((S7)z, ¢, *) = init(q) = 1, and resa((S7)s,q,2) = 1. As Sr
contains no equation of leader a, none of these polynomials can be reduced. We decompose S into

S:={@*+z+1)=,(a®>—a+ 1);&},\{}/) ;
=St =SqQ

which is already simple, and

Sii=({@® + 2+ 1)} (e +a)s (@ —a+1)_}) .

=(S1)r =(S1)q

We replace S7 by
Sy = ({(@® +z+1)=,(* —a+1)=}, {(x + a)x})

and apply ResSplitDivide(Sy, ((S1)7)x,q) to Si again. This time, Reduce((S1)r,a?> —a+1) =0
holds and S; is replaced with

Si=({ (@—a+l)- ,(@®—a+1)-}{1x}).

pquo(z2+z+1,z+a,z)

Finally, a THOMAS decomposition of S is:
{@*+z+1)=,(@®—a+ 1)} {(z—a+1)=, (> —a+1)=}) . N

Proof of Algorithm (8.47) (Correctness). First, note that it is easily verified that the input speci-
fications of all subalgorithms are fulfilled (in particular, for lines 14 and 29, cf. Remark (3.19)(1)).
The correctness of the Decompose algorithm is proved by verifying two loop invariants:

1. P U Result is a disjoint decomposition of the input S’.
2. For all systems S € P U Result, St is triangular and

(a) ¢<y,a(p) is square-free and
(b) ¢a(init(p)) # 0
for all p € Sy with 1d(p) = = and all a € L((ST)<z U (SQ)<z)-

We begin with proving the first loop invariant. Assume that P U Result is a disjoint decom-
position of S’ at the beginning of the main loop. It suffices to show that all systems we add to P
or Result add up to a disjoint decomposition of the system S, that is chosen in line 3. If Sg = 0
holds in line 4, the algorithm just moves S from P to Result.

In line 17, adding reso((S7)z, ¢, )= to S does not change the solutions of S, as for each a € ",
G<w.a((ST)z) =0 and ¢d<z.a(q) = 0 imply @a(reso((ST)s, ¢, z)) = 0 (cf. [Mis93, Lemma 7.2.3]).

Note now that if (S, 5;) is the output of any of the ResSplitGed, InitSplit, ResSplitSquareFree
and ResSplitDivide algorithms, then (S U {q¢},.S;) is a disjoint decomposition of Sy U {q}, where
Sp is the input of the respective algorithm. It remains to be shown that the actions performed in
lines 15, 25, 30, 36 and 38 are equivalent to putting g back into the system S.

Let a € £L(S<;). In the context of line 15, Algorithm (3.41) guarantees

¢<z,a(p) =0+~ ¢<w,a((ST)w) =0 and ¢<z,a(Q) =0.
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In the context of line 30, Algorithm (3.42) ensures that

¢<m,a(p) =0<= ¢<w,a((ST)w) =0 and ¢<w7a(q> 7& 0.
In lines 25, 36 and 38, p has the same solutions as ¢, due to Algorithm (3.43) and

$<za(9) _ P<z.a(q) .
ng(¢<w}a(Q), ¢<x7a(%Q)) ng<¢<z,a(Q)7 %¢<ax7a(q»

¢<a:7a(p> ~

In addition, in line 36,

¢<m,a((ST)x)
ng(¢<x7a((ST)x)7 ¢<x,a(p))

This concludes the proof of the first loop invariant.

Now, we prove the second loop invariant. At the beginning, the loop invariant holds because
S%. = () holds for the input system S’. Assume that the second loop invariant holds at the beginning
of the main loop.

One easily checks that all steps in the algorithm allow only one polynomial (S7), in St for
each leader z, thus triangularity obviously holds.

We show that all polynomials added to St have non-zero initial and are square-free. For
L(S<z) = 0, the statement is trivially true. So, let a € L(S<y).

For the equation p— added as conditional ged of (St), and ¢ in line 15, it holds that ¢, a(p)
is a divisor of ¢y a((ST)s). AS Pcy.a((ST)s) is square-free by assumption, so is ¢« a(p). The
inequation added to S in ResSplitGCD is by Definition (3.35) the initial of p_.

The equation p— inserted into St in line 25 and the inequation p. inserted in line 38 are
square-free due to Algorithm (3.43) and their initials are non-zero as p is either identical to g, or
it is a pseudo quotient of ¢ by RRes; (q, a%q,;v) for some ¢ > 0. On the one hand, if p equals
q, the call of InitSplit for ¢ ensures a non-zero initial for p. On the other hand, the polynomial
RRes; (q, %q, x) has initial res; (q, %q, J;), which is added as an inequation by ResSplitSquareFree.
This implies that the initial of the pseudo quotient is also non-zero.

The equation p_ that replaces the old equation (St), in line 30 is the quotient of (St ), by an in-
equation. It is square-free, because ¢« a(p) is a divisor of ¢« a((ST)s), which is square-free by as-
sumption. Again, p is either identical to (St), or a pseudo quotient of (St), by RRes; ((S1)z, ¢, z)
for some 7 > 0 and, using the same arguments as in the last paragraph, the initial of p does not
vanish.

Finally, consider the inequation (r-p). added in line 36 as a least common multiple of ((St)z)_,

and px. The inequation ¢, a(p) is square-free and has non-vanishing initial for the same reasons

as before. Due to ¢y a(r) ~ gcﬂ@jj@giy;)@,a(p))’ the polynomials ¢y a(r) and ¢z a(p)

have no common divisors. As ¢, a(r) divides ¢<z a((S7)s), using the same arguments as before,
¢<z,a(r) is square-free and has a non-vanishing initial. This completes the proof of the second
loop invariant.

It is obvious that a system S with S = ) for which these loop invariants hold is simple. Thus
the algorithm returns the correct result if it terminates. O

¢<m,a(r) ~ = ¢<:v,a(r : p) ~ lcm(¢<z,a((ST)z)a ¢<x,a(p)) .

We now start showing termination. The system S chosen from P is treated in one of three
ways: It is either discarded, added to Result, or replaced in P by at least one new system. To
show that P is empty after finitely many iterations, we define an order on the systems and show
that it is well-founded. Afterwards, we prove termination by detailing that the algorithm produces
descending chains of systems.

Definition 3.49. For transitive and asymmetric? partial orders <; for i = 1,...,m, we define
the composite order ¢ < 7 := [<1,...,<;,] as follows: a < b if and only if there exists i €
{1,...,m} such that a <; b and neither a <; b nor b <; a for j < i. The composite order
is clearly transitive and asymmetric. An order < is called well-founded, if each <-descending
chain becomes stationary. N

2A relation < is asymmetric, if S < S’ implies S’ 4 S for all S,S’. Asymmetry implies irreflexivity.
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The following trivial statement will be used repeatedly:

Remark 3.50. If each <; is well-founded, then so is the composite order <, using the notation
from Definition (3.49). 4

Now we define the orders and show their well-foundedness:

Definition and Remark 3.51. Define < as the composite order [<7, <2, <3, <4] of the four
orders on S defined below. It is well-founded since the <; are.

1. Fori=1,...,ndefine <1 5, by S <14, S ifand only if mdeg ((Sr); ) < mdeg ((S)7,), with
mdeg ((S7)3,) = oo if (S7)3. is empty. Define the composite order < as [<1,4,,.- ., <1,0,].
Since degrees can only decrease finitely many times, the orders <; ., are clearly well-founded
and, thus, < is.

2. Define the map u from the set of all systems over K to {1,z1,...,%n, Zoo}, where u(S)
is minimal such that there exists an equation p € (SQ) (s) With Reduce(ST, p) # 0, or
1(S) = z if no such equation exists. Then, S <5 S’ if and only if u(S) < p(S") with 1 < z;
and x; < Zoo for i € {1,...,n}. The order <5 is well-founded since < is well-founded on the
finite set {1, z1,...,Tn, Too }-

3. S <3 S if and only if there is p, € K7 and a finite (possibly empty) set L C K7 with
ld(¢) < 1d(p) ¥V ¢ € L such that Sq W {p+} = S W L holds. We show well-foundedness by
induction on the highest appearing leader = in (Sg)7: For # = 1 we can only make a system
S <3-smaller by removing one of the finitely many inequations in (Sg)”. Now assume that
the statement is true for all indeterminates y < x. By the induction hypothesis we can
only <3-decrease S finitely many times without changing (Sg)7. To further <3-decrease S,
we have to remove an inequation from (Sg)7. As (Sg)7 is finite, this process can only be
repeated finitely many times until (Sg)7 = 0. Now, the highest appearing leader in (Sg)7
is smaller than x and by the induction hypothesis, the statement is proved.

4. 8 =4 8" if and only if [Sq| < [Sg]- <q

The proof of termination uses this order. Every time that the Decompose algorithm modifies
or splits a system, the resulting systems are strictly <-smaller. Since < is well-founded, a strictly
decreasing chain of elements of S must be finite. Therefore, we can modify or split a system only
finitely many times until it is either inconsistent or simple.

Proof of Algorithm (3.47) (Termination). We will tacitly use the fact that reduction never makes
polynomials bigger in the sense of Remark (3.19)(3).

We denote the system chosen from P in line 3 by S and the system added to P in line 43 by S.
We prove that the systems 5, S1, ..., 57 generated from S are <-smaller than S. For i = 1,...,4
we will use the notation S él S’ if nelther S <; 8" nor S’ <; S holds.

Forj=1,...,7, (S;)r)~ = (57)= and thus S; 221 S. The properties of Select in Definition

(3.44) directly require that there is no equation in (§Q): with a leader smaller than x. However,
the equation added to the system S; returned from InitSplit (3.30) is the initial of ¢, which has a
leader smaller than = and does not reduce to 0 (cf. Remark (3.19)(2)). Furthermore, the equations
added in one of the subalgorithms based on ResSplit (3.40) have a leader smaller than 2 and do

not reduce to 0. In each case S; <2 S is proved.

It remains to show S < S. If q is reduced to O—, then it is omitted from Sg and so S <4 S. As
the system is otherwise unchanged, S 7?2 § i =1,2,3 and therefore S < S holds. If q is reduced
to ¢z for some ¢ € K \ {0}, then S <3 S and S 7?2 S,i = 1,2, since the only change was the
removal of an inequation from Sg. Otherwise, exactly one of the following cases will occur:

Lines 14-15 set (S7)s to p— of smaller degree than (S7), and 20-25 add (S7), as a new
equation. In both cases we get S <1 S.
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~

In line 17, Sy = §T implies S él S. The polynomial ¢ is chosen according to Select

(cf. (3.44)(1)), which implies (§Q)2z = 0 and (Sg)Z, = {reso((S7)z,¢,x)=}. Line 13 ensures
Reduce(S, reso((S7)e, ¢, 2)) # 0 and, thus, S <5 S follows.

Consider lines 29-30. If the degree of (St), is smaller than the degree of (57)4, then S <, S.
In case the degree does not change, we have S ?2 S and (So)~ (SQ) guarantees S 7?22 s.
However, ¢ is removed from Sg and replaced by an inequation of smaller leader, which implies
S <3 § R

In 31-39, obviously S 7?21 S,1 = 1,2. As before, ¢ is removed from Sg and replaced by an

inequation of smaller leader, which once more implies S <3 S. O

In conclusion, we have proved that every polynomial system over R = K[z1,...,2,] can
be disjointly decomposed into simple systems if the characteristic of K is zero. For positive
characteristic, we have to extend our notion of a polynomial system.

3.3 Square-freeness in positive characteristic

For this section, let p > 0 be a prime number, K a field of characteristic p and R = Klx1,...,zy].
In this case, ensuring square-freeness is not as straightforward as before. We demonstrate the core
of the newly arising problem in the following example.

Example 3.52. Let x > y and consider the system {(2? — y)_} over K[z,y]. For every y € K,
the polynomial z? — y has exactly one root in r(y) € K. However, there is no polynomial in
q € Klz,y] with deg,(¢q) = 1 such that r(y) is the only root of ¢, ,)(¢) € K[z]. In particular,
r(y) is not a polynomial in y. N

For the zero-dimensional case, this problem has been solved in [LMW10]. The same authors
also published an article on the positive-dimensional case, cf. [MWL13]. However, that article
refers to a concept called “simple sets” which is (in positive dimension) not equivalent to that of
a simple system. In particular, the system in the above example is a simple set according to the
definition in [MWL13] and thus the counting polynomial cannot be read off from the degrees of
its polynomials.

We will use some ideas from [LMW10] and an extension of our notion of a simple system to
construct a decomposition of a polynomial system suitable to construct a counting polynomial,
thus proving (K ,n)-enumerability of any simple system over K[z1,...,x,]. We use the following
well-known result.

Theorem 3.53. The FROBENIUS maps

R—>R:q— ¢
and

K—>K:qg—¢q°

are injective homomorphisms, i.e. monomorphisms.

Proof. Clearly, 0P = 0 and 1” = 1. Let a,b € R or a,b € K. Tt is also obvious that (ab)? = aPb?.

For addition, we have
p

a+0b)P = p a'bPt = aP + P
i

=0

since p|(?) for i ¢ {0,p}. This proves that the FROBENIUS map is an endomorphism. Since R and
K have no zero divisors, the kernel of the FROBENIUS map is {0}. O
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Corollary 3.54. Let a € K. If xP — a has a solution in K, then that solution is uniquely
1
determined and we denote it by a» or ¥/a. It holds that

1\P
(x—ap) =2 —a .
In particular, if K is either algebraic over ), or algebraically closed, then the FROBENIUS map on
K is an isomorphism.

Later, in particular in Remark (3.60), we may need to compute ar for some a € K. From

now on, assume that K is either algebraic over I, or algebraically closed. Then av is always an
element of K.

Definition 3.55. Let eq,...,e, € Z. Define the rings

R(elv"'ven) — K |:x1’€11 x17€1":|
v : 1 yeeayLn

and ( :

. €1,...,€n

R,-= | &R}
(ela“wen)ezgo
% % P e;—1

where the z " ,7 = 1,...,n are algebraically independent and we write (ajf > =z" . In

2\
particular, if e; > 0, then we write | 2/ ° > = z; and consider it an element of R. We call the

elements of R\[ polynomials with p-th roots.
Forl1<i<nandgq€ R\[v the minimal e; € Z such that there areeq,...,e;-1,€i41,...,en €Z

with ¢ € R?""’ei"”’e") is called the root degree of ¢ in ;, denoted by rdeg,(q). If rdeg, (q) > 0,

then deg,.(¢) is not defined, otherwise we can consider ¢ a polynomial in z; and define the degree
as usual. <

Ife; >0,i=1,...,n, the map R — R?""’e") : x; — x; is well-defined and injective, thus
RC Rf. For any ¢ € Rf, it holds that ¢ € R if and only if rdeg, (¢) <O foralli=1,...,n.

Remark 3.56. Since R Ve is not finitely generated as a K-algebra, it is not noetherian. However,

El 1
for all (e1,...,e,) € Z", RE? """ ) i a polynomial ring in ™" ,..., 2% " and as such a noetherian

ring. N

The FROBENIUS map is a monomorphism in the same way as shown in Theorem (3.53). If it
is an isomorphism on K, it is an isomorphism on Rf, too, i.e. for any q € Rf, it holds that

q% €ER v A polynomial system with roots is defined analogously to a polynomial system, with
the ring R replaced with R Ve and the definition of the solution operator £ remains the same.
Due to Corollary (3.54), the solution operator is well-defined.

As in Definition (3.5), the leader of a polynomial ¢ € R is the <-largest variable x; such that
q € Klz1,...,zi] \ Klz1,...,25-1] . 1f rdegiq(g)(¢) <0, then the main degree and initial of ¢
are defined as in Definition (3.5), otherwise they are undefined.

We can now extend Definition (3.8) to fit into this context. For clarity, we repeat the entire
definition here.

Definition 3.57. A polynomial system with p-th roots S over K[z1,...,x,] ~ is called simple
if it fulfills the following properties:

1. S is triangular, i.e. |S;,| <1forall1 <i<mnand SN{c=,cxlce K} = 0.

2. For each z € 1d(S), we have rdeg,(S,) <0, i.e. S, is a polynomial in z.
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3. S has non-vanishing initials, i.e. ¢, (init (¢)) # 0 for all a € £(S<,,) and all ¢ € S,,,
1<i<n.

4. S is square-free, i.e. ¢, a(q) is a square-free univariate polynomial in K|[z;] for all
a€ L(Scy,)and all g€ S, for 1 <i <mn.

5. For each = € 1d(S~), we have rdeg,(Sy,) < 0 for all y € 1d(S). <

In this definition, condition 2 is necessary to make reduction possible, since without it, the
main degree and initial of S, are undefined. Condition 5 is necessary to allow coefficient reduction.
These conditions also ensure that roots of variables only occur when absolutely necessary.

Remark 3.58. Remark (3.10) and Theorem (3.16) hold for a simple system S with p-th roots.
In particular, £(S) is elementary (K ,n)-enumerable with the same counting polynomial ¢(S) as
defined in (3.16). N

We will now state elementary facts which we will need when adjusting the THOMAS decompo-
sition algorithm for positive characteristic.

Remark 3.59. Let ¢ € R - with ld(g) = z and r = rdeg,(g) > 0. Then rdeg, (¢*")) = 0 and

for any a € K, it holds that ®a(q) = 0 if and only if ¢, (q(pr)) = 0. We can therefore transform
any polynomial with p-th roots into a polynomial in its leader. N

This remark relates to Definition (3.57)2., as it makes it possible to transform the relevant
polynomials with p-th roots into polynomials in their leader, thus giving us a well-defined main
degree and initial.

Remark 3.60. Let g € R - with ld(q) = « and r = rdeg,(q). Then

S .
q= E a;xr"
=0

for a; € (R<;) / and

S
1

q% = (ai)gfc”#l .
i=0
In particular, if r < —1, i.e. ¢ is a polynomial in 2?, then rdeg, (q%) =0, i.e. q% € R<z\f[m] is
a polynomial in z. N

The last remark allows us to compute the p-th root of a polynomial. What’s missing is a way to
ensure (3.57)5. The following lemma is based on the method demonstrated in [LMW10, Example
4.1].

Lemma 3.61. Let g € Rf with 1d(q) = z, rdeg,(¢) < 0, mdeg(q) = d > 1 and disc(q,x) # 0,

i.e. q € ((R<z)f) [z]. Denote by A the smallest multiplicatively closed set containing init(q) and
disc(q, z). Then there is an element r € (A~ (R<y) ) [2] with 0 < deg,(r) < d such that

rem (r?, q,x) = x

which we call the p-th root of © modulo q. In particular, rem (¢p<g.a (17), ¢<z.a(q),x) = x for
allae K"\ £ ({init(q), disc(q, z)}).

Proof. Consider the ansatz r = Z?:_Ol a;z'. Then rP = ?:_01 alzPt = Zf:_ol b;xP"* by substituting
a? + b;. The remainder s = rem (1%, q, z) = Zj;ol rem (:cp'i, q, z) -b; gives rise to the linear system

of equations for (by,...,bq—1) given by the matrix

M = (coeﬁ (coeﬁ (S, Il) ’bj))ij:O cnd—1
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= (coeff(rem (xp'j, q,x) ,xi). .

and the right-hand side (0,1,0,...,0)".

A unique solution of the problem in Quot ((R<z) f) [x] exists if and only if the determinant of
M is a non-zero or, equivalently, if there is no linear dependence between %7, . .., z(4=1? modulo
g. Assume that such a linear dependence exists, then

d—1
E cr'? =s-q
i=0

with ¢; € Quot ((R<z) ) and s € Quot ((R<z) ) [#]. Since the left-hand side is a polynomial
in P, so is the right-hand side and there is t such that t? = s-.q. However, ¢ has a non-zero

discriminant, thus all irreducible factors of ¢ have exponent 1, which implies ¢g?~!|s. We conclude

that deg,(s-¢) >d+(p—1)-d=p-d>(d-1)-p> degx(Zj:_Ol ¢;z"P), a contradiction.

Since disc(q, x) # 0 implies that our linear system of equations has a unique solution, it follows

that det(M) = % for some a,b € Z>g. Therefore, the b; lie in A~1 ((R<$)f) and the a;

can be obtained using Remark (3.60). O

Example 3.62. Consider p = 5, ¢ = y2® — yz? + 1 with z > y. We want to compute the fifth
root of z modulo ¢ using Lemma (3.61). The ansatz from the proof results in the linear system

_1 =42
1 y P bo 0
0 -1 =gl by | =11
R b 0
0 ¥ Yy —y+l 2
Yy y?
with the unique solution
1 —2y—2
—5 | @ —y+1)y?
2)2
w+2) ~(y— 1)y’

The fifth root of x modulo ¢ is thus

(—y% +y%) 2 + (y% —ys +y%> T — (Qyé +2)

-
y% — y% -1
= (y% — 1) y*/ 0% + (y2/5 —ys + 1) y*ox —2 (y% + 1)
(v +2)
1 3 1 1 1
(yg +2) (— (yg - 1) Y3522 + <y2/5 —y5 + 1) y?/or —2 (yg + 1))
B y+2

Note that y% can only be simplified further if there is also a relation for y. <

It is apparent from the previous lemma and example that the p-th root r of x modulo ¢ may

have a denominator d € <R f) . However, since this denominator originates from disc,(¢q) and
<z

init(g), we can first substitute x¥ 3 7 into any polynomial with roots f and then multiply by d
to obtain an element in f' € R~ with rdeg, (f') < 0 such that the solutions of f and f’ are the
same.

Remark 3.63. Due to Lemma (3.61), for any system S, we can transform each polynomial with
roots ¢ into ¢ such that

1. ¢a(q) = 0 if and only if ¢,(§) = 0 for all a € L(S).
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2. If z € 1d((St)7), then rdeg,(§) < 0.

Thus, we may without loss of generality assume ¢ € R Va is a polynomial in the relevant variables

used for reduction. In particular, Algorithms (3.17) and (3.22), as well as Proposition (3.18) and
Remarks (3.19) and (3.21) apply. N

We use the following proposition, which is also stated in [LMW10, Prop. 4.1].

Proposition 3.64. Let g € Kz] and denote by ¢’ € K|z| the derivative of q with respect to x.
There are polynomials Py, ..., Py, Q € K|x], unique up to units of K, such that

L q=QIIL Fi.

ged(P;, P) =1 foralli=1,...,k,
acd(Py, Pj) = ged(P5, Q) = 1 for alli # ,
Q' =0,

If i=0 mod p then P, =1.

AR NI

The polynomial @ is the factor of ¢ that makes square-freeness in positive characteristic more
difficult. Since Q' = 0, we get

k k n k
¢=Q[Ir+QX [P I Pl =eIlF >~
i=1 i=1 G=1,....k i=1 i=1
j#i
which implies m = Hle P;. However, the square-free part of ¢ is é Hle P; where Qv is the

square-free part of (). Therefore, after applying the same method that we used in characteristic
0, we need to find @ and determine its square-free part.

Remark 3.65. We can use Algorithm (3.43) with a polynomial with roots ¢ € (R<wf) [x] with

1d(p) = x to compute polynomials with roots ¢, qq € (R<I \/> [x] and a system S such that

¢<1:,a (Q) ~ ¢<z,a (q)
ged (¢<x,a (Q) ) ¢<w,a (q/)) ¢<w,a (Qd)

for all a € £(S). Write ¢p<y.a(q) = Q* Hle (P2)" as in Proposition (3.64). Then

(3

¢<z,a (qg) ~

k

¢<z,a(qd) ~ ged (¢<x,a (CI) 7¢<z,a (ql)) ~Q* H (Pia)z;l

=2

and ¢y a(qs) ~ Hf:1 P? for all a € £(S). If we keep dividing ¢z a(qa) by ¢<za(qs) until their
greatest common divisor is a constant, we obtain Q2. N

Example 3.66. Consider K = F5 and

gi=a"% + 2" 4222+ 3210+ 325 + 30 + 22 +4 = (x2+2)3 (.132+3)56K[.13] .

Then g = 2" +42"® + 4211 +32° +22° + 220 = (2% + 2)2 z (2 + 3)5 and iqq = 22 42. However,
Ox
the square-free part of ¢ is (22 + 2)(22 + 3). N
The definition of the i-th square-free split and i-th conditional square-free part from Definition
(3.36) does not produce the correct results in positive characteristic. We provide an new algorithm
that extends the existing ResSplit algorithm to ensure square-freeness in this case.
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Algorithm 3.67 (ResSplitSquareFreePosChar). Input: A system S with (Sq)Z, = 0 and a poly-
nomial ¢ with 1d(q) = x and ¢, (init(q)) # 0 for all a € L(S<,).
Output: A system S, a set of systems T and a polynomial r such that

a) {S1U{q}}UT is a disjoint decomposition of S U {q}
b) ¢<zal(r) is square-free and deg, (p<y.a(r)) = deg,(r) for alla € L((S1)<z).
¢) d<zalr) =0 if and only if p<z.a(q) =0 for alla € L((S1)<q).

Algorithm:
1: if 1d (a%q) < x then {Case 1}
2:  if %q = 0 then {Case 1a}
Sl «— S
qd <4
gs < 1
T1 < @
else {Case 1b}
(81, 82) « Split (S, Z4q)
qa <1
10: gs < q
11: (S2)q + (S2)@ U{q}
12: T, + {52}
13:  end if
14: else {Case 2}
15: (i, 51, 92) + ResSplit (S, q, 2 q)
16:  if i > 0 then {Case 2a}

© PN ;N

~

17: qa < RRes;(q, 2-q, @)
18: gs < pquo (¢, qa, )
19:  else {Case 2b}

20: qa <1

21: qs < ¢

22:  end if

23: (S2)q « (52)q U{q}

24: T, {SQ}

25: end if

26: Gt < (qs

27: while 1d(q;) = = and 1d(qq) = = do
28: (i7S1752) — ResSpIit (SlquaQt)
29:  q; < RRes; (qa, g1, x)

30: g4 < pquo (qa, s, T)

31: (S2)q < (52)q U{q}

32: T1 — T1 U {SQ}

33: end while

84: if1d(qq) = = then

35: (S1,T2,q4) = ResSpIitSquareFreePosChar(Sl,qd%)
36:  return S1,T1 UTs,qs - qq

37: else

38:  return S1,T1,qs

39: end if

Example 3.68. Let p =2, § = (S7,5¢) = (0,0) and ¢ = (z* 4+ bz® + ax® + 1) with > b > a.
Then -2 ¢ = 3bz? and ResSplit in line 15 returns i = 0, S1 = (0, {(b*)x}) and S2 = (0, {(b*)=}).
We then set ¢4 = 1, ¢s = ¢, = g and Ty = {({q},{(b")=})}. Since ld(qa) = 1, we are done and
return S1, 77, ¢s. If we continue treating S; and ¢4 as in Algorithm (3.47), we eventually get the
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simple system
{a,bx} -

Now consider the next step. After further treatment, the system 77 becomes S =({b=}, 0) with
q as above, but reduced modulo S, i.e. ¢ = (z*+a2z?+1)—. We have %q = 0 and thus set 51 = S,

qqe = q and q; = 1. We get to line 35 where we first compute qd% =22+ a%mﬁ 1. Since a2 has
the same roots as a, the recursive call to ResSplitSquareFreePosChar returns Sy = ({b=}, {ax}),

Ty = {({b:},{a:,(ac2 fazz+ 1):})} and ¢g = 2% + a2z + 1. The system S; can now be

combined with gg4, while the system T needs to be treated further. N

We will see the end result of this computation in Example (3.70). However, we first prove that
the ResSplitSquareFreePosChar algorithm is correct.

Proof of Correctness of Algorithm (3.67). ad a) All modifications to S; and T are done using the
Split and ResSplit algorithms, which produces only disjoint decompositions as was proved
before. Therefore, {S; U {q}} UT is clearly a disjoint decomposition of S U {g}.

ad b) We first analyze the polynomial ¢, in the main algorithm. In case la, g is defined as 1, which
is always square-free. In case 1b, ¢, is g, however, ¢<; (a%q) #0forallae L ((51)<I),
meaning that the derivative of ¢,(g) is a constant and therefore g5 is square-free.

Case 2b has ¢s; = ¢ again and the ResSplit algorithm ensures that ged(¢<ya (¢) , P<z.a (6%(1))
is non-zero and has degree 0 for alla € £ ((S1)_,). In Case 2a, deg, (¢<za(qs)) = deg,(qs) =
deg, (q) — i and ResSplit guarantees that ¢, ags is square-free for all a € £ ((S1)_,) as seen
in Remark (3.65).

Now consider gq. In lines 27-33, all common divisors of ¢, and g4 are removed from gg, in
the sense that for all a € £((S1)<z), ¢<z,a(¢s) and ¢<4 a(gq) are coprime. By a recursion
argument, gq in line 35 has the same solutions as before. Therefore, condition b) holds.

ad ¢) In line 25, ¢4 - ¢4 = ¢ for cases la, 1b and 2b. For case 2a, clearly ¢« a(qd)|d<z,a(q) and
thus ¢<w,a(QS> : ¢<a:7a(Qd) = ¢<a:,a(Q) for all a € E((Sl)<w)

In each iteration of lines 27-33, for all € £((S1)<z), ¢<z,a(qe) is a divisor of ¢<y a(gs) and
thus only roots of ¢, a(gs) are removed from @<y a(gq). Therefore, in line 33, ¢« a(¢) has
the same roots as ¢, a(qs) - P<z,a(qq) and statement c) follows.

It remains to show that ng computed in line 35 is a polynomial in x, i.e. that g4 is a polynomial
in zP. In case la, this is obvious since ¢ = ¢4 and a%q = 0 and in cases 1b and 2b, g4 = 1 and
thus 1d(qq) # «. In case 2a, for all a € L£((S1)<z), gcd(P<z.a(ds); P<z.a(qd)) = 1, d<zalqs) ~

=Ie ¢(<5=z(Q) y and gq4lq, thus aiqd = 0 due to Proposition (3.64). O
C <z,a yP<x,al gy “

Replacing the ResSplitSquareFree algorithm with ResSplitSquareFreePosChar in lines 24 and 33
of Decompose yields an algorithm for THOMAS decomposition in positive characteristic.

Remark 3.69. In Algorithm (3.47), replace line 24 with
(S, Ss,p) < ResSplitSquareFreePosChar (S, q); P + P U Ss
and line 33 with
(S, Sg,p) < ResSplitSquareFreePosChar (S, q); P + P U Sg .
Furthermore, whenever an equation g— or inequation ¢ with 1d(¢q) = z; and rdeg, (¢) > 0 is

rdegg (q)
inserted into S¢, replace ¢ with q( ) such that ¢ is a polynomial in its leader.

Whenever a polynomial contains the root y% and an equation for y exists in Sp, the method
described in the proof of Lemma (3.61) should be applied to ensure condition (3.57)5.

This yields a modified Decompose algorithm that performs a THOMAS decomposition in positive
characteristic. The correctness of the algorithm follows from the original proof and from the output
conditions of Algorithm (3.67). The proof of termination holds unmodified, since the new systems
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we put into S3 and Sg above are <s-smaller than the original system S, with <5 as defined in
(3.51). q

Example 3.70. Let S = {(z% +ba® +aa? + 1)_} with a < b < z as in Example (3.68). In
characteristic 2, as demonstrated in Example (3.68), a THOMAS decomposition of S is given by

{(z* +b2® + az® + 1), by},
{@+ato+ 12,0204,
{(z+1)=,b=,a=}

while in characteristic 3, a THOMAS decomposition is as follows.

{(x + ba® + az? +1)_ ,(a3b2+2a4+2a2+2)¢,(a3+2a)¢},
{(:r + b3 + ax® + 1) bz, (a2 +2)=} ,
{(m + b2 + 1) a:},
{ a’ +2a a: + (2a —|—2a)bx + (2a +1)x+2a2b) ,(a3b2—|—2a4+2a2—|—2)=,(a3+2a)¢},
{(@®+20)_ b=, (0® +2)_}
In any other characteristic, the decomposition is the same as in characteristic 0.
Note that the result in characteristic 2 contains a? in one system while all other systems

contain no p-th roots of variables. However, such roots may have occurred during computation
but were removed later using Lemma (3.61). <

If the ground field is neither algebraic over F, nor algebraically closed, in general we cannot
decompose a system into simple systems over the same field. Here is a very simple example.
Example 3.71. Let K = Fy(t) and n = 1, i.e. R = Fy(t)[z] . Consider S = {(z* +t)-}. This
is not a simple system, since the polynomial 2% + ¢ = (z + t2)2 is not square-free over F(f)[x].

The equivalent simple system S’ = {(x + t%) } is a system over Fy (t%) [z] 2F2 (t) [z]. <

In practice, this restriction is not problematic, since for every fixed system .S, the decomposition
only requires performing a finitely generated field extension.
We have to extend the notation from Definition (3.14) slightly.

Definition 3.72. Let K be a field and R = K[x1,...,2,]. If char(K) = 0, define

ﬂ<_{Uc

If char(K) = p > 0 where K is either algebraic over IF,, or algebraically closed, define

P = {Uc

Otherwise, define P := P2 where K is the algebraic closure of K. Furthermore, let Py :=

, K
(’Pk)i:(],.“,oo-
If the field is known from the context, we write P™ for Px and P for Pg. <

)|k € N, S; is a polynomial system over R,i =1, . k} .

)|k € N, S; is a polynomial system with p-th roots over R\[,i =1,..., k} .

Note that if K ; L, the classes Px and Pr, differ. For example, let o € Fy \ Fo. Then
{a} € Pg,, but {a} & Py, since z + o € Fylz] \]Fg[a:] However, {o,a + 1} € Py, since
(x+a)(z+a+1)=a®+x+1€Fsz]. Inparticular Pg, S Pg for all i > 0.
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Theorem 3.73. Let K be an arbitrary field and K an_algebraically closed field containing K.
Then P is a well-behaved class of enumerable sets over K .

Proof. We distinguish three cases:

1. If char(K) = 0, then every polynomial system over K[zy,...,x,] can be disjointly decom-
posed into simple systems over K|[zy,...,%,].

2. If char(K) = p > 0 and K is algebraic over IF,,, then every polynomial system with p-th roots
over K[z1,...,2,] - can be disjointly decomposed into simple systems over K[z1,..., 2]

3. If char(K) = p > 0 and K is not algebraic over F,, then every polynomial system with
p-th roots over K[xl,...,xn]f can be disjointly decomposed into simple systems over

Klzy, ... zn] /-

Furthermore, if S is a such a simple system, £(S) is elementary (K,n)-enumerable. The
statement thus follows from the arguments in Lemma (3.15). O

It is now possible to compute counting polynomials of polynomial systems in positive charac-
teristic.

From now on, when we talk about systems over K|z1,...,z,] and char(K) > 0, we implicitly
include systems with p-th roots over K[zy,...,z,]

3.4 Set Operations on the Solution Sets of Simple Systems

For any field K, we consider sets from the class Pg (see Definition (3.72)). Since for any V,W €
Pk, also VNW, VU VV,?” \V,V\W € Pj, we want to be able to express them in terms of
simple systems. This section shows how to easily achieve that using our decomposition algorithm.

We consider disjoint families of simple systems and their solution sets, cf. Definition (3.13).
Since the representation of a subset of K" viasuch a family is not unique, we consider two families
S and T equivalent if £(S) = L(T). For ease of notation, we write S = T in this case.

Remark 3.74. For m < n, let S be a simple system over K[x1,...,z,] and T be simple systems
over K[z1,...,2,]. Define the family Intersect(S,T) of simple systems obtained by decomposing
S UT into simple systems. Then L(Intersect(S,T)) = L (S X F"im) N L(T).
If S, T are disjoint families of simple systems over K[x1, ..., 2] and K[z1, ..., x,], respectively,
then we define
Intersect(S, T') = {Intersect(s, t)|s € S,t € T}

and again L(Intersect(S,T)) = £(S) N L(T) holds.
Naturally, Intersect can be extended to an arbitrary finite number of arguments using the
property Intersect(S1, So, Ss, ..., Sk) = Intersect(Intersect(S1, S2), 53, ..., Sk)- <

Remark 3.75. Let S be a simple system over K[zy,...,x,] with ST = {g1,...,9s} and U =
[I.cs# u. Define the systems

Ci={(g)s- s (91 (90) 4 |

fori=1,...,s and
Cs—i—l = {(gl)za B (gs)=7U:} .

It is apparent that the sets C; are pairwise disjoint. Denote by D; a THOMAS decompositions of
C; and by Complement(S) the concatenation (Dj,...,Dsy1). Then Complement(S) is a disjoint

family of simple systems and £(Complement(S)) = K"\ £(S).
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If S =(S,...,S5%) is a disjoint family of simple systems, we have

H)\Uﬁ

||
Dw

N (E"\2s0)

and thus
Complement (S) = Intersect (Complement (S1), ..., Complement (Sy)) .

Furthermore, define
Difference (S, T') = Intersect (S, Complement (T)) .
Clearly L(Difference(S,T)) = L(S)\ (L(S)NL(T)) = L(S) \ L(T). <
Remark 3.76. For S, T disjoint families of simple systems over K|z1,...,xz,], define
Union (S, T') = (5, Difference (T, S)) .
Furthermore, recursively define
Union (51, S2, 53, . .., Sk) = Union (Union (S1,52) , 53, ...,5k) . <

To conclude this section, we offer a simple method of testing whether two disjoint families of
simple systems are equivalent, i.e. if they have the same solution set.

Proposition 3.77. Let S, T be disjoint families of simple systems over K[x1,...,Ty].
1. L(S) C L(T) if and only if c(S) = c(Intersect (S, T)).
2. L(S) = L(T) if and only if ¢(S) = ¢(T) = ¢ (Intersect (S,T)).

Proof. Tt holds that £ (Intersect (S, 7)) = L(S) N L(T) C L(S).

If £(S) C L(T), then £(S) N L(T) = L(S) and thus ¢(S) = c(L(S)) = c(L(S)NL(T)) =
¢ (Intersect (S, T)).

If on the other hand ¢ (S) = ¢ (Intersect (S,T)), then L£(S) = L (Intersect (S,T")) according to
Lemma (2.17)3. This implies £(S) C L(T).

The second part is an immediate consequence of the first part.

O

It is however false that ¢(S) = ¢(T") implies £(.S) = L(T'). For instance, the families S = ({y=})
and T = ({zx,y=},{z=, (y — 1)=) over K[z, y] both have the counting polynomial ¢(S) = ¢(T') =
u.

3.5 Comprehensive Decomposition and Counting Trees

In this section we will show how to compute a hereditarily disjoint decomposition and the counting
tree as defined in section 2.4.

It is a consequence of Corollary (3.11) that for every simple system S over K|[zy,...,z,] and
every 1 <i <n, Sc, is a simple system over K(zy,...,2;,_1]. Furthermore, for every a € £(S<,,),
¢<u;.a(S>z;) is a simple system over K[z, ...,z,], as seen in Corollary (3.12).

When we have two disjoint systems S; and Sy with (S1)<z, = (S2)<s; and a solution a €
L((S1)<z,), then the counting polynomial of (S1,.52) can be computed as

c((S1)<r,) (¢ (6<ma ((81)2,)) + ¢ (drna (52)5,)))

= c((82)2r) - (¢ (Pcrna ((51)5,)) + ¢ (drna ((52)52,)))
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In practice, we do not need to know the solution, since we can determine the counting polynomial
of pcy;.a ((57)2%) from (57)2% only.

Using this idea, we can define a set of parameters {z1,...,z;_1} and a set of variables
{zi,...,z,} and determine the structure of the solution set for different parameter values. How-

ever, a THOMAS decomposition is not sufficient for this task, as the following example demon-
strates.

Example 3.78. A THOMAS decomposition of S = {(y (2% —a))_} w.rt. a <y <z is given by

(51,52,53) = ({(:C2 - CL): 7y7ﬁaa#}v{x=7y#’a=}7{y=}) :

However, the projection onto the first component

((S1)<y (S2)<, - (S5)<, ) = Hax} {az}, 1)

is not disjoint. Therefore, we cannot consider a as a parameter. Now consider the following
decomposition instead:

(T17T27T37T4) = ({(xQ - a): 7y7£7a¢}7{y:7a75}7{$:7y757a:}7{y:7a:}) :

The projection onto the first component is

(M), (@), (), (Ta), ) = oz} {ax}, {az} faz}) -

You see that for each pair of systems P;, P> in the projection, either £L(P;) = L(P) or L(Py) N
E(Pg) = 0. <

The previous example shows a simple example of a comprehensive decomposition. It can
be interpreted as follows: For any value of a that fulfills ¢ # 0, a THOMAS decomposition of
S is given by ({(2* —a)_,yx},{y=,}). For a = 0, this is not a THOMAS decomposition, but

({x:’ y?é} ) {y:}) is.

Definition 3.79. A family of simple systems S = (Si,...,S;) over Klxy,...,x,] is called
(z1,...,z;)-comprehensive if for any 1 < j,1 < n either

L((Sj)<z:) = L((S)<a,)

or

L((S)<a) NL((S)<a;) =0

holds. In this case, we denote by S<,, a subset of ((S1)<a;,---,(Sn)<sz,;) such that all systems in
S<z, are disjoint and L£(S<z,) = Uj—; £((Si)<a,)- <

This concept of a comprehensive decomposition is partially inspired by [CGLT07]. We will
now provide an algorithm to decompose any disjoint family of simple systems into a compre-
hensive family. For a given family (S1,...,Sk) of polynomial systems, we consider the family
((S1)<zi»---» (Sk)<s;) and transform it into a disjoint family (Dy, ..., D;) such that for every 4, j
either D; and (S})<,, are disjoint or D; is a subset of (S;)<z,. In the latter case, we can then
) N L(S;). We will use systems of this

—n—1i

determine a system C;; with £(C; ;) = (E(Di) x K

form to construct a comprehensive family.

Algorithm 3.80 (Comprehensive). Input: A disjoint family S = (S1,...,Sk) of simple systems,
a number 1 <1 < n.

Output: A disjoint, (x1,...,x;)-comprehensive family T = Comprehensive(S,i) of simple systems
with L£(S) = L(T).

Algorithm:
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D
(=2}

P <« {s<z,|s € S}
P+ a mazimal subset P' C P such that L(s) # L(t) V s,t € P’
if LS)NLE)=0V s,t € P then
return S
end if
Find j,1 with L(P;) N L(P) # 0
D, < Difference(P;, P,)
Dy < Difference(P;, P;)
I < Intersect(P,, P;)
T, + {S € S|SS11 = P]}
R {S S S|S§zl = Pl}
: N1 < User, tep,ur Intersect(s, t)
: N2 < User, tep,ur Intersect(s, t)
: return Comprehensive ((S\ (71 UTz)) U (N7 U Na) , i)

© 2 XD o e

I
%%MNQ

For a simple system d over K|x1,...,z;] and a simple system s over K|[z1,...,z,] with £(d) C
L(s<z,), the operation Intersect(s,d) can be performed by simply replacing all terms with leader
< z; in s with the corresponding terms from d and, if applicable, applying coefficient reduction
to simplify the system. This means that the result only contains a single simple system s’ with
5%, = d. We will assume that this method is used in lines 12 and 13 of the above algorithm.
Note that applying the usual Intersect algorithm yields the same result when used in combination
with the Decompose algorithm described here, but at a much higher cost.

This algorithm is analogous to the method described in the proof of Theorem (2.27).

Proof of Correctness. The algorithm decomposes systems in S further and it is easy to see that no
solutions are added or omitted. Furthermore, when the algorithm terminates in line 4, the output
is (x1,...,x;)-comprehensive by definition. O

Proof of Termination. The arguments from the proof of Theorem (2.27) and Lemma (2.15) apply.
O

3.5.1 Hereditarily Disjoint Decomposition

The process of making a family of systems comprehensive can also be iterated easily.

Proposition 3.81. Let S = (S1,...,5k) be a disjoint family of simple systems and 1 < i; <

ia < n. Then Comprehensive (Comprehensive (S,i2),i1) is both (x1,...,x; )-comprehensive and
(1,...,xi,)-comprehensive.

Proof. Tt is obvious that the result is (z1,...,;, )-comprehensive. The arguments in the second
part of the proof of Theorem (2.27) show that it is also (z1,...,x;, )-comprehensive. O
Corollary 3.82. Let S be a disjoint family of simple systems that is (acl, e ,xij)—comprehensz've
forj=1,...,r withiy < ...<4,.. Then for anyig < i1, Comprehensive(S,ig) is still (:cl, . ,:Eij)—
comprehensive for j =1,...,r.

The following definition is analogous to Definition (2.25).

Definition 3.83. We call a disjoint family S of simple systems over K[x1,...,z,] hereditarily
disjoint if it is (z1,...,z;)-comprehensive for all 1 <i < n. <

We will now use hereditarily disjoint decompositions to construct the counting tree as defined
in section 2.4.

Lemma 3.84. Let (S1,...,Sk) be a hereditarily disjoint family of simple systems. Then the
L(S;),i =1,...,k are hereditarily disjoint as defined in Definition (2.25).
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Proof. Since the S; are simple systems, their solution sets are non-empty and elementary (F7 n)—
enumerable. The decomposition is hereditarily disjoint, thus

(Tnt (L(S))i=1,... .k} = {c ((Si)gwl> i = lk}

is a set of pairwise disjoint elementary (f, l)—enumerable sets forall I =1,...,n. O

The previous lemma shows that a hereditarily disjoint decomposition of a polynomial system
S yields a pre-fibration tree and thus the counting tree of £(S5).

Definition 3.85. Let S be a polynomial system over K. The counting tree of S is defined as the
counting tree of L(95). q

Example 3.86. Consider the system

S={e-D+s’ -1 -y-1))_. (y-Dy+2*-1) (2" —y-1))_}

over Q[z,y] with z < y. A hereditarily disjoint decomposition into simple systems is given by

(51.92,8) = ({(12 2" + 202 = 1)_, (2> = 1)} fy=, 0+ D} { (02 —9)_ (@ = 1)_})

The following pre-counting tree of S' corresponds to this decomposition:

However, this is not a counting tree. In fact the counting tree of S is as follows:

The corresponding decomposition of £(S) into elementary (C,2)-enumerable sets is (£(S7) U
L(S3), L£(S2)). However, there is no polynomial system T over Q[z,y] or even Clx,y] such that
L(T) = L(S1) U L(S3). q

To conclude this section, we now use a well-known example to demonstrate what information
the counting tree contains about the structure of a solution set.

Example 3.87. Consider the system {(am2 + bz + c)z} over Q[a,b,c,z] witha < b < c<x. We
can visualize the counting tree as follows:
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In section 3.7 we will show how this counting tree can be computed using our implementation of
the THOMAS decomposition. We now interpret the four paths from the root to a leaf.

For all but one value for a and an arbitrary value for b, there are two possibilities. For all but
one value for ¢, there are two values for x such that the equation is solved. For the one remaining
value for ¢, there is one value for x that solves the equation.

Consider the one remaining value for a, which offers two possibilities. For all but one value for
b and arbitrary c, there is one value for x that solves the equation. For the one remaining value
for b, there is one value for ¢ such that an arbitrary value for x solves the equation.

In all remaining cases, there is no solution. The counting tree does not show the exact values
for a, b, c and x, but only their number. N

We already gave further examples in the introduction of section 2.4 and in Example (2.38).

3.6 Projection

Given a disjoint family of simple systems S over K|[zy,...,xz,] and m < n, an x,,-comprehensive
decomposition provides a way to compute a family of simple systems P over Klz1,..., 2] such
that m,m(L(S)) = L(P). In particular, one needs to compute (Comprehensive(S,m))., . How-
ever, the Comprehensive algorithm computes intersections in lines 12-13 that are unnecessary for
computing the projection. Therefore, we present the following simplified method.

In order to make two sets M, N disjoint, it only uses the two sets M and N\ (M N N) instead
of computing the three sets M \ (M N N), N\ (M NN)and MNN.

Algorithm 3.88 (Project). Input: A disjoint family S = (S1,...,Sk) of simple systems over
Klzy,...,2,], a number 1 <m < n.
Output: A disjoint family of simple systems P over K[x1,. .., Ty with T, m (L(S)) = L(P).
Algorithm:

1: P+ {ngm‘s € S}

P < a mazimal subset P' C P such that L(s) # L(t) V s,t € P’
if L(S)NLE)=0V s,t € P then

return S
end if

Find j,1 with L(P;) N L(P) # 0
D < Difference(P;, P,)
return Project ((S'\ P;) UD,m)

S N N AR NI N

Given any polynomial system S, we define Project(S, k) := Project(Decompose(S), k).
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3.7 Implementation

The algorithms described here have been implemented and are available in the AlgebraicThomas
package for MAPLE 11 and newer, cf. [BLH14]. In this section, we will demonstrate the capabilities
of this package and explain in detail how to use it.

> restart:
> with(AlgebraicThomas) :
We define a list of equations and possibly inequations.
> L :=[ a*x™2 + bxx + ¢ =0 ];
L := [az® +bx +c = (]

In this example, we only entered one equation and no inequations. For equations, we can omit
the suffix '=0’.

> L :=[ a*x™2 + bxx + ¢ ];
L = [az® + bx + (]
The ring is defined by giving a list of variables in decreasing order. This convention is consistent
with other programs in MAPLE, but the order is reversed compared to the notation in this thesis.

> v := [x,c,b,a];
v = [z,¢,b,a]
This defines the ring Q[a, b, ¢, x] since the characteristic is set to 0 by default. If we include

unknowns (t1,...,%;) in the input that are not listed as variables, then Q(ty,...,%)[a,b, ¢, z] is
used instead. The following command computes a THOMAS decomposition, cf. Algorithm (3.47):

> § := AlgebraicThomasDecomposition(L,v):
> printSystem(S, pretty=true);

[ax?® +bx +c=0,4ca —b* #0,a # 0]
[2za4+b=0,4ca —b*=0,a # 0]
[bx +c=0,b#0,a =0]
[c=0,b=0,a=0]

We can display the counting polynomial of the result.

> countingPolynomial(S) ;

2u3 —2u +u

We can also display the counting polynomials of the individual simple systems.

> countingPolynomials(S);

[2u—2)u(u—1),u(u—1),u(u—1),u),2u® - 2u* + u]

The counting tree shown in Example (3.87) can now be computed as follows:

> CountingTree(S);

[[w =1, [[w, [[w =1, {2]], [1, [W]]]]], {2 {[w = 1, [fu, (113, (1, {3, [ 1111

We want to project onto Q[a, b, c] in order to determine all parameters (a, b, ¢) such that the system
has a solution, cf. Algorithm (3.88).

> Sp := Project(S, 3):
> printSystem(Sp, pretty=true);

[4ca—b® #0,a # 0]
[b#0,a=0]
[4ca—b* =0,a # 0]
[c=0,b=0,a=0]

> countingPolynomial(Sp);
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u—u+1
By computing the complement, we can determine when there is no solution, cf. Remark (3.75)..

> Complement (Sp) ;
> countingPolynomial (%) ;

[[c#0,b=0,a=0]]
u—1
Using comprehensive decomposition, we can even determine how many solutions the equation has
depending on the parameters, cf. Algorithm (3.80).

> Sc := Comprehensive(S,3):
> printSystem(groupCounting(Sc) ,pretty=true);
[[4ca—b? #0,a # 0], 2]
[[[4ca—b*>=0,a#0],[b#0,a=0],1]
[[[c=0,b=0,a=0]],u]
By changing the characteristic to 2, we can consider the same system as a system over F[a, b, ¢, x].

> AlgebraicThomasOptions("characteristic", 2);

> S_c2 := AlgebraicThomasDecomposition(L,v):
> printSystem(S_c2, pretty=true);

[ax® +bx +c=0,b# 0,a # 0]
[Var ++vc=0,b=0,a # 0]
[bx +c=0,b#0,a =0]
[c=0,b=0,a=0]
Information about the characteristic is saved within the system, thus we can safely change the

setting back to 0. More options can be set to influence the computation, please consult the help
pages of the package for details.

> AlgebraicThomasOptions("characteristic", 0);

> countingPolynomial(S_c2);

2ud —2u? +u

\

Sc_c2 := Comprehensive(S_c2,3):

\

printSystem(groupCounting(Sc_c2), pretty=true);
[[[b # 0,a # 0], 2]
[[[b=0,a#0],[b+#0,a =0]],1]
[[[c=0,b=0,a=0]],u]

To conclude this software demonstration, we demonstrate the computation of unions, intersections
and set differences, cf. section 3.4.

> L1 := [ x"2+y"2-z"2-1 ];

L1 = [2® 4+ 9% — 2% — 1]
> L2 := [ x72-y"2+2"2+x ];

L2 = [2* —y® + 2% + 1]

> v := [x,y,2];

v = [z,y,2]
> AlgebraicThomasOptions("factor", false);
> 81 := AlgebraicThomasDecomposition(Ll, v):
> 82 := AlgebraicThomasDecomposition(L2, v):
> printSystem(S1,pretty=true);
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2 +y? =22 —1=0,9>—22 —1#0,22 +1 #0]
2?2 +y* =0,y # 0,22 + 1 =0
=0, —22—1=0,224+1+#0]
=0,y =022 +1=0
> printSystem(S2,pretty=true);
[ — 2+ 22+ =04y —422 + 140,42 — 1 #0)
[da? —4y? +4x+1=0,y#0,42° —1=0]
2z4+1=04y>—422+1=0,42>—1+#0]

2z+1=0,y=0,422—1=0]
These systems represent two surfaces in C3.
> countingPolynomial(S1);

2u? —2u+2
> countingPolynomial(S2);
2u —2u+2
> S12u := SolUnion(S1, S2):
countingPolynomial (S12u) ;
4u® —8u+7

This system represents their union, which is still a surface.
> S812i := SolIntersect(S1, S2):
> countingPolynomial(S12i);
4u—3
Their intersection is a curve. We can also compute their set difference.
> S1mS2 := SolDifference(S1, S2):
> countingPolynomial (S1mS2) ;

20> —6u+5

This package will be used again in later Examples.
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Chapter 4

Transformations and Generic
Positions

In Example (2.7) we saw that (K, n)-enumerability may change when applying certain bijections
of K™ to a subset. For polynomial systems over K|[z1,...,z,], Theorem (3.73) shows that they
are always (F, n) -enumerable. However, the counting polynomial may still change when applying
bijections of K". In this section, we will analyze the effect of linear transformations on counting

polynomials and counting trees. o
Let R = K[z1,...,2,] if char(K) = 0 and R = K|[z1,...,7,]  otherwise.

Definition 4.1. Let T € K" with det(T") # 0. We call the map

n
R—R:z;— ZTn7i+1,n7j+lxj
J=1

the linear transformation induced by T'. For p € R, we denote the transformed polynomial by

pL. q

Using the formula above instead of x; — Z?Zl T; jo; may seem confusing at this point, but
will greatly simplify later considerations.

T

Remark 4.2. For 11,15 € K" and p € R, it holds that p/1 72 = (pTl) N

When given a polynomial system S, the transformed system ST is the system containing the
equations (pT)— for all p— € S~ and the inequations (p?), for all p, € S7. The following simple
example will begin to demonstrate the effects of transformations on polynomial systems.

Example 4.3. Consider the system S = {(xy — 1)-} with x < y and the matrix T' = < 1 (1) >

A transformed system is given by ST = {(2% + 2y — 1)—}. We have the counting polynomials
c(S) =u—1and ¢(ST) = 2u — 2.
Now consider the set of invertible 2 x 2-matrices

ara (1) = { (2 )

For each M € GL, (F), the system S™ has counting polynomial u — 1 if a; jas; = 0 and 2u — 2
otherwise. <

a1,1,01,2,02,1,022 € K,a11022 — a1,2a21 # 0} .

Definition 4.4. 1. Let S be a system over K[z1,...,x,]. Let L = K (a;|i,j =1,...,n) and
consider the matrix T' = (ai;), ;_; , € L"*". The system ST is a system over L[z, ..., x,]
and we call its counting polynomial and counting tree the generic counting polynomial
and generic counting tree of S, respectively.

73
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2. A system is in generic position if its counting tree is isomorphic to its generic counting
tree. p

We are of course interested in the transformations defined over K or K instead of the larger
field L. In the following proposition we will see that there are finitely many different positions
and that we can describe the corresponding transformations as enumerable subsets of GL,, (K )

Proposition 4.5. Let S be a polynomial system over K[zy,...,z,] and consider the set G(S) =
{ST|T € GL, (K)}.

1. There are finitely many isomorphism classes of counting trees of systems in G(S).

2. For each isomorphism class of counting trees T, the subset

{g € GL, (F)|the counting tree of SY is in T} C GL, (F)

is an element of 7)("2), i.e. (?,nQ)-enumemble.

Proof. Consider the polynomial ring K [a; ;|¢,j =1,...,n][z1,...,2,] with a ranking such that
a;; < oy for all ¢,5,k =1,...,n. For A = (a;;), let D be a decomposition of S4 into simple
systems that is both (a; ;|i,j = 1,...,n)-comprehensive and ((a;;|i,j = 1,...,n),1,...,2k)-
comprehensive for k = 1,...,n — 1. Note that such a decomposition exists due to Proposition
(3.81). Note that the order of the a; ; in the chosen ranking does not matter.

By construction, D.,, is a disjoint family of simple systems over K [a; ;|i,j =1,...,n]. If we
choose a fixed G € D, , every solution of G can be interpreted as a matrix in GL,, (K).

We claim that for two such matrices g1,92 € L(G), the systems S9* and S92 have the same
counting tree. To prove that, consider T = {s € D|s<y, = G}. According to Corollary (3.12),
G<u, a(s) is a simple system over K [x1,...,7,] for all a € £L(G) and all s € Tg. In particular,
this holds for the solutions by, by that correspond to the matrices g1, g2. Since substituting these
solutions into simple systems does not change leaders or main degrees, both SS9 = ¢<$1,b1(5’4)
and S92 = ¢y, b,(S4) yield the same counting trees. These can immediately be read off the
systems in T because ¢« b, (Te) and @<z, b, (Tq) are hereditarily disjoint (cf. Lemma (3.84)
and Theorem (2.35)). Since D, is finite, this proves 1.

As noted before, D, is a disjoint family of simple systems over K [a; ;|¢,j =1,...,n]. The
set from 2. is a finite union of solution sets of elements of D.,, and therefore an element of
2
P O

For a further analysis of different positions, we first need to know more about the counting
polynomial of GL,, (F) We will only choose projections such that the entries of the matrices are
the components. We have certain degrees of freedom in choosing the exact order of the entries in
the ranking.

Proposition 4.6. For k < n, consider Ry, = Kla;;li=1,...,k,j=1,...,n] and the matriz
T = (ai,j)izl,...,k,j:l,...,n € R’,zxnn Furthermore, choose a ranking on Ry, such that if a;, j;, <
iy jo for some 1 <iiy,ig <k, 1 < j1,j2 <n, then a;, ji < aj, j for all Jdh5=1,...,n.

Then the set

.2
Mk,n:{a:(am-u:1,...,k,j:1,...,n)eK”

1 (60 (1) =

can be described using (Z) disjoint polynomial systems and has counting polynomial

k—1
H u” —u' .
i=0
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Proof. Consider set M = {ml, ey m(”} of the k x k minors of T. Then

(%)
My = |H £ ({det(m;) # 0,det(m;) = 0 for all j < i})

i=1

and thus the first statement holds. 1
—k—1x
In order to determine the counting polynomial, let £ > 1 and M € K " be a fixed matrix
with rank & — 1. Let {41,...,i,} = {1,...,n} and consider

M= ( M ) € Klxy,... x>
‘:Ull ... xln

with 21 < ... < z,. For ease of notation, we index the i;-th column of M or M with j instead of
i.

Write the determinant detc (M) = det (MIEXC) for all C' € Poty_;1 (n) and det¢ (M) =
det (M\EXC) for all C' € Poty, (n). Define the order < on Poty_1 (n) via C < C” if and only if
min(C'\ ¢") <min(C"\ C). Clearly < is a strict total order.

Now let a € K" and set ¢ = ming {C’ € Poty_1 (n)|detcr (M) # 0}, Then the matrix
Pa (mec) has rank & — 1. For the matrix ¢, (M) to have rank k — 1, all other columns
must be linearly dependent on the columns C. Therefore rk (gba (M)) = k — 1 if and only if
Da (detcf (H)) =0 for all C’ € Poty (n) with C C C".

Thus, consider the system

{detc/ (M)JC cC' Cn,lC= k}
over K[r1,...,2,]. Assume C' = C U {i} for some i ¢ C and write
detcr (M) = detc(M)z; + Z detc/\{j}(M)l'j .
Jjec

For each j € C with ¢ < j and thus z; < z;, we get C' \ {j} < C. Thus, by construction,
deten j3(M) = 0 and therefore z; is the leader of detcs (M). As a consequence, the initial of
detcr (M) is det (M) which is non-zero.

In summary, this means that each of the variables x;,j € C is restricted with an equation of
degree 1 and the z;,j € C are free. Therefore,

c({aeF"

and for its complement, the following holds:

c ({a e K"|ba (tk (M)) = k}) R

ba (1 (M)) = k = 1}) = ¢ ({deter (M) _|C € €' Cn,|C'| = k}) =t~

1

Since this formula is true for any M € K Xn, Proposition (2.39) implies that

cMpn) =cMp_1,n) - (0" — ukfl)

—1Xxn

for £ > 1. For k = 1, consider the counting polynomial ¢ ({M eK

k(M) = 1}) = e ({0}) =
1. Thus, ¢(M1,,) = u" — 1 and the statement holds with some restrictions on the ranking.

This proof implies that in the chosen ranking on Ry, we may change the order of the vari-
ables in each row and the order of the rows altogether without changing the resulting counting
polynomial. O
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Corollary 4.7. Letn € N, define R, ,, as in Proposition (4.6) and let T = (a; ;) . Choose

a ranking on R, , such that either

ij=1,...,n

IN

1. there are i1,i2,71,72 with 1 < i1,i0 < k,1 < 41,72
ai, g1 < i, gy for all J.dh=1,....n

n such that a;, j, < a;, j, implies

or

2. there are i1,19,j1,752 with 1 < i1,ip < k,1 < j1,j2 < n such that a;, 5, < as,,;, itmplies
air g, < ag g, forall iy iy =1,...,n.

Then ¢ ({det(T)z}) = [1/ - u™ — u’.

We conjecture that the results of Proposition (4.6) and Corollary (4.7) are entirely indepen-
dent of the ranking. Despite being unable to prove it, we have not found any counterexamples.
Whenever we use the system from Corollary (4.7) below, we implicitly assume that the ranking
used fulfills the conditions of (4.7).

Lemma 4.8. Let S be a system of equations and inequations with £(S) # 0 and T € GL, (F)
Then L(ST) # 0.

Proof. Let rev((ay,...,an)) = (an,...,a1). If a = (a1,...,a,) € K is a solution of S, then
rev (T~ ! rev(a)) is a solution of ST O

Theorem 4.9. Let T, S be as in Definition (4.4). There is a family of simple systems G over
Kla;jli,j =1,...,n] such that deg(c(G)) = n*® and S§®=(T) s in generic position if and only if
ac€ L(G).

Proof. Let D be as in the proof of Proposition (4.5) and let G C D.,, be the set of systems that
yield the generic counting tree.

Due to Lemma (4.8) and Corollary (4.7), we know that deg (¢ (D~,,)) = n? and the leading
coefficient of ¢ (D, ) is 1. Since D, is finite, there must be exactly one system ¢g; € D,, with
deg(c(g1)) = n?.

Note that g; only contains inequations. This means that when the decomposition into D is
performed, each polynomial that occurs which only depends on a; ; is added as an inequation into
g1. For the polynomials with leaders z1,...,x,, this yields the same results as if the a;; were
assumed to be field elements. Therefore, the counting tree that corresponds to the solutions of
g1 is the generic counting tree, which implies g; € G. Since deg(c(g1)) = n?, it also holds that
deg(c(G)) = n?. O

Example 4.10. Let char(K) = 0 and consider the system S = {(2% +¢y? — 1)=,(z — 2 + y)=}
with z > y > 2z and find all counting trees. Choose the ranking a11 < ai12 < ai,3 <az1 <azz <
a3 < as;1 < asz < as,z for the transformation. We get 5 different counting trees:

1. ¢ ({g € GL3 (F) |Sg has counting tree Tl}) = ¢(G) = u® — 4u® + 6u” — 4uS + u® where G
is from Theorem (4.9) and T} is the generic counting tree. The counting polynomial is
¢(89) = 2u — 2 in this case.

2. ¢ € GL3 59 has counting tree Th }) = 2u® — 4u” + 4u® — 2u*, ¢(99) = u — 1.
g g

3. c({g € GLs |Sg has counting tree T3 } u® — 4u” 4 6ub — 4ud +u?t, ¢(S9) = 2u — 2.
u” — 4ub + 6u® — dut + uB, ¢(S9) = 2u — 2.

(K) )
( (K) )
4. ¢ ({g € GL; (F) ‘Sg has counting tree T4})
( (K) )

5. c({g € GL3 ‘59 has counting tree T5 }) = 2uS — 6u® + 6u* — 2u?, ¢(S9) =u — 1.
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For example, one solution of case 5. is the matrix
1 1 0
h= @ 0 0
l—-a 1 1

where a € K fulfills a? + 1 = 0. The system S” has the THOMAS decomposition

{ @y +y> —1)_ yz,2=}) -

It is easy to see that the counting tree of this decomposition is T5.
Note that S is in generic position, since its THOMAS decomposition

({(Jc—y—z):,(2y2+2zy+22—1) ,(z2—2)¢},{(Zx—z):,(2y+z):,(z2—2) })

admits the generic counting tree 77.
This can be computed in MAPLE as follows.

> restart;
> with(AlgebraicThomas) :
> L:= [ x"2+y"2-1, z-(x-y) 1;
L:=[2"+y*—1,z—z+
> M := Matrix(3,symbol=a);
a1 a2 ai3
M = | a1 a2 a3
az1 a2 0as3
> sl := [x,y,z]="convert(M.<x,y,z>,list);
sl == [z =za11 +ya1 2+ za1,3,Y = Tag1 + Yags + zaz 3,z = xaz1 + yas,2 + zas 3
> LG := [op(subs(sl,L)),LinearAlgebra[Determinant] (M)<>0]:
[x,y,z,0p(ListTools[Reverse] ([op(indets(M))]1))];

> vg
vg = [%y7Z,a3,37a3,27a3,1>a2,3,a2,27a2,17a1,3,a1,27a1,1]

> S8G := AlgebraicThomasDecomposition(LG, vg):

> SG_T := ParametricCountingTree(SG, 9):

> nops(SG_T);
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T :
> countingPolynomial (SG_T[1]1[1]);
SG_T[11[21;
> countingPolynomialFromCountingTree (SG_T[1] [2]);

\Y

W —4ud +6u" —4uS +u°

[[w =2, {12, [1]], 2, {[x, [11]1)
—2+4+2u
T2 .
> countingPolynomial (SG_T[2][1]);
> SG_T[2][2];
> countingPolynomialFromCountingTree (SG_T[2] [2]);

2ud —4u” +4u® —24*

([ =1, {1, [1]1]]]
u—1
T3 :
> countingPolynomial(SG_T[3][1]);
> SG_T[3]1[2];
> countingPolynomialFromCountingTree (SG_T[3][2]);

ud —4u” +6u’ —4u® +ut
—24+2u
T4 :
> countingPolynomial (SG_T[4][1]);

>  SG_T[4][2];
> countingPolynomialFromCountingTree (SG_T[4] [2]);

u” —4ub +6u° —4ut +u?
—24+2u
T5 :

> countingPolynomial (SG_T[5][1]);

> SG_T[5][2];

> countingPolynomialFromCountingTree(SG_T[5] [2]);

2u° — 6u° +6ut — 207
(1, [[w — 1, [1]]]]
u—1
N

The previous computation can be simplified. In particular, we will now show that upper
triangular matrices have no influence on the position. Therefore, the LU-decomposition of a
matrix gives us a way to determine all positions by only considering lower triangular matrices and
permutations.

Lemma 4.11. Let S be a domain and p € S[z] with d = deg,(p) > 1 and %p # 0. Then for
every s € S, disc, (p) = disc, (p|1:z+5).

Proof. Let ¢ = py—yz1s. Interpret p and ¢ as polynomials in F = Quot(S)[z]. Then there are
a,r; € Fi=1,...,d with p= aHfle—ri and ¢ = aHg:Ix — (r; — 8). Then

disca(p) = (_1)@(12((1_1) H H (ri —rj)

i=1,....dj=1,...,d
Jj#i
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= ()" AL e

..... dj=1,...,d
J#i
= disc,(q) .

Since disc,(p) and disc,(¢q) are polynomials in the coefficients of p and ¢, respectively, this is an
equality in S. O

Proposition 4.12. Let g € GL, (F) be an upper triangular matriz.

1. If S is a system and char(K) = 0, then S is simple if and only S9 is simple. If char(K) > 0,
then the process described in Lemma (3.61) reduces S to a simple system if and only if it
reduces S9 to a simple system.

2. If S is any system, then the counting trees of S and S9 are the same.

Proof. 1. First note that the inverse of an upper triangular matrix is again upper triangular.
For an upper triangular matrix g, we have

n i
R—R:x;— E In—itln—j+1Tj = E In—it1ln—j+1T;
Jj=1 Jj=1

with g; ; # 0 for i = 1,...,n. This implies that S is triangular if and only if SY is triangular.
We also have init(p?) = gfl -init(p)? for all p € R with ld(p) = x; and deg,, (p) = d;. Thus,
S9 has non-vanishing initials if and only if S has them.

Since S is square-free, for each polynomial p € S with 1d(p) = x;, we have that 8%1_(19) #0
and if mdeg(p) > 1, ¢y, a(discy(p)) # 0 for all a € L(S<s,). If g only affects variables
smaller than x;, then we clearly have disc,(p)? = disc,(p9) and thus SY is square-free again.

Now consider the transformation x; — rx; + Zj<i a;jr; and x; — x;,5 # i with a; €

K,j <iand r € K\ {0}. First consider the case a; = 0,5 < i and consider disc,,(p?) =

. d P L . M
discg, (p|xi:mi). If p = Ej:O c;x] with ¢; € Rey,, the discriminant of p9 is %Cd) where
M is the matrix
rdcd rd_lcd,l ve- rcy Co
rde d—1 .
d r Cd—1 i rcy Co
rdcd Td_lcd_l s rcy  Co
dricg (d—1)r?teq e rcy
driey (d—1)ri ey 4 _ rey
dricy (d—1Dri ey o rey

The determinant is given by

2d—1

Z sign(o) det, (M) := Z sign(o) H M; o5y -
j=1

c€S2d—1 0€S24-1

In this sum, the term (drécg)® - ci™' = ddr(drz)cgcg*l occurs, which has degree d* in r.
Consider any two non-zero terms in this sum corresponding to two permutations o and oo
with oy = o1 - 7 for 7 € Sg(q—1). Then det,, (M) = 124" M, (;) and

= 1lj=1 7,01

2d—1
deto-2(M) = H M]UZ(])
7j=1
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2d—1 N
- 11 { Moy () =1
i U Moy TU) #
If both M, , and M, are non-zero, then deg, (M, x,) — deg, (M, r,) = ko — k1, which is
apparent by the structure of the matrix. This means that

deg?“ (detaz (M)) = deg?“ (detgl (M)) + Z (degT (MjaUl(T(j))) - deg?" (ijdl(j)>>
j€d(d—1)
T(§)#7
= deg, (deto, (M) + D 01(j) = o1(7()))
j€d(d—1)
T(i)#J

= deg, (det,, (M)) .

Therefore, all the dety(M) have the same degree in 7 and thus disc,,(p?) = r4d=1 .

gdiscy, (g). In conclusion, we may without loss of generality assume r = 1.

It remains to consider the transformation z; — x; + P with 1d(P) < z;. In this case,
disc, (p9) = disc, (p) = disc,(p)? due to Lemma (4.11).

If char(K) > 0, for p € S with 1d(p) = ; and rdeg,, (p) < 0, it holds that rdeg, (p?) <0
since the transformation cannot contain roots.

2. If D is a hereditarily disjoint decomposition of S into simple systems, then D9 = {s9|s € D}
is a hereditarily disjoint decomposition of S9. Since applying ¢g does not change the main
degrees of equations or inequations and every system in DY is still simple, the counting tree
does not change. O

Remark 4.13. The previous proposition suggests that in positive characteristic, transforming a
simple system with an upper triangular matrix may not yield a simple system immediately. As an

example, consider K = F5 and the simple system S = {(:C + y%) , (23 + 1):} with x >y > z.

1 00
Let g = 0 1 1 which yields the transformation x — z,y — y + 2,z +— z. Then the
0 0 1

system SY = {(x + y% + z%) , (z3 + 1):} is not simple, because it contains 25 in a polynomial
although there is an equation with leader z. However, it can be transformed to a simple system
using Lemma (3.61), which results in

{(x—ky% +4z2): (2 + 1)=}

with the same solutions as S9. <

In light of Proposition (4.12), we can improve the computation of all counting trees and their
corresponding positions in GL, (F) Every invertible matrix g € GL,(K) can be written as
g = LPU where L € GL,(K) is a lower-triangular matrix with L, ; = 0if ¢ < j and L;; = 1,
P € GL,(K) is a permutation matrix and U € GL,,(K) is an upper-triangular matrix with L; ; = 0
if ¢« > j and L;; # 0. Thus, we can obtain all positions by considering only the transformations
g = LP for permutation matrices P and lower-triangular matrices L with all diagonal entries
equal to 1. Note that this is only possible due to p**V = (pLP)U where U has no influence on the
counting tree as seen above.

However, if we want to compute the counting polynomial of the set of matrices that yield a

certain position, we need to know the counting polynomial of the set
GL! (K) ={M € GL,(K)|M = LPU,L,U € GL, (K),
L lower-triangular, U upper-triangular, diag(L) = (1,...,1)} C GL, (?)

for every permutation matrix P. This has been analyzed to an extent in [Ple09b].
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Remark 4.14. Following [Ple09b, Def. 2.5], we compute the counting polynomial of GLS (?)
for a given permutation matrix P. Let X(P) be the n x n matrix of the symbols 0, * and e as
follows. Put a e in every position of X(P) where P has a 1. Then, for i = 1,...,n, find the e in
the i-th row. Fill in %’s in each position right of and below the e and fill in 0 in each position left
of the e that has not already been assigned a *. Now, let m be the number of *’s in the matrix.
Then ¢ (GLY (K)) = (u—1)"u™

For example, let n = 3 and

1 00 1 00 010
(P,...,.P)=({ 0o 1o0],/l 00 1], 1T 00|,
0 0 1 01 0 0 0 1
010 0 0 1 0 0 1
0o01]),l10O0]|},1010]).
100 01 0 1 00
Then we get
° * o x x 0 e =x
(2(P1)7 72(P6)) = ( * * ) x 0 o ) & x x )
* . x e % x % e
0 * 0 0 e 0 0 e
0 e |, o x x |, O o x |).
° * x e % e x
Thus, the counting polynomials are ( ( 5 )) e (u—1)%- (uﬁ,us,us,u4,u4,u3).
The sum of these is in fact ¢ (GLn ( ) =u® —u® —u” b ut -l
Now let
GL'V (K) = {M € GL,(K)|M = LP,L € GL,, (K),
L lower-triangular, diag(L) = (1,...,1)} € GLY (K) .
GLY (K) _n(n=1) S . . . .
Then aLr (Y = (u—1)"u™ z . By multiplying this value with the counting polynomial
of a subset B C GLS’IOW (?), we get the counting polynomial of B N GLS (F) <

This remark also simplifies finding the generic counting polynomial and generic counting tree.
We know from Theorem (4.9) that there is a set of matrices with counting polynomial of degree
n? that yields the generic counting tree. Remark (4.14) states that the counting polynomial of
GLS (F) has degree smaller than n? unless P is the identity. In order to get the generic position
we can therefore use lower triangular matrices in Definition (4.4) and Theorem (4.9).

We reconsider Example (4.10) to simplify the computation.

Example 4.15. Let K, S and T}, ..., T5 be as in Example (4.10) and P;,i = 1,...,6, GLPY (F)
as in Remark (4.14). Define ¢; ; = ¢ ({g € GL?”IOW (K) ‘Sg has counting tree Tj}). Then

w—3ul+du—2 2u2—2u wr—-3u+2 u—2 2

ud — 3u? + 2u 2u? u? —2u 0 0

(i) = u? — 3u? + 2u 2u? — 2u u? —u U 0
BI7 ud — 2u? 2u? 0 0 0
ud —u? 0 u? 0 0

u? 0 0 0 0

Multiplying the row vector (u—1)3 (u u?, u?, u,u, 1) with the previous matrix results in the same

counting polynomials as in Example (4.10). However, the computation there took significantly
longer. We demonstrate again how this is done in MAPLE.
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> restart;

> with(AlgebraicThomas) :

> with(LinearAlgebra):

> P := map[2] (SubMatrix, IdentityMatrix(3), combinat[permute](3), 1..-1):

> v = [x,y,z];
v = [x,y, 2]
> L o= [ x72+y"2-1, z-x+y ];
L:=[2>+y* -1,z —x+
> LM := Matrix(3, (i,j)->if i<j then O elif i=j then 1 else 1[i,j] fi);
1 0 0
LM := |1y 1 0
l31 3o 1
> vg := [op(v),op(indets(LM))];
vg = [z,y,2,121,031,13.2]
> sl := p->v="convert(LM.p.Vector(v), list):
> S8 := map(p—>
> ParametricCountingTree(
> AlgebraicThomasDecomposition(subs(sl(p), L), vg),
> nops (indets(LM))
> ), P):
> T := ListTools[MakeUnique] (map(t->op(map(s->s[2], t)), S)):

> nops(T);
5

Using this computation, the counting trees are listed in a different order than before, thus we
reorder them to match what we had in the previous example.

> T :=T[[1,3,4,2,5]]:

> Xlow := Matrix(map(s->map(t->
> countingPolynomial (map(op, map(a->if a[2]=t then a[l] fi, s))),
> T, S));
[ w?—3u?+4u—2 2u®—2u w?—-3u+2 u—2 2]
u? —3u? +2u 2 u? u? —2u 0 0
ud —3u +2u 2u? —2u u? —u U 0
Xlow := )
u? — 2u? 2u? 0 0 0
ud —u? 0 u? 0 0
L u? 0 0 0 0 |
> w := (u-1)"3*<u”3|u"2|u"2lulull1>;
w = | (u —1)’u® (w—-1)%u? (w-1)°u? w-1)°u (w—-1>%u (u—1)> ]

> T[1];
> expand(w.Column(Xlow,1));

[l =2, [[2, [1])]], [2, [[1, [1]]]]]
W —4u® +6u" —4u + 8

> T[2];
> expand(w.Column(Xlow,2));
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[[w =1, {11, [1]]
2u® —4u” 4 4u® - 2u?
> T[3];
> expand(w.Column(Xlow,3));
[l =2, {1, [2110], 2, {1, [1]1]]]
u® —4u” +6ub —4u® 4 ut

> T[4];
> expand(w.Column(Xlow,4));

(L {[w =2, {21}, [2, (1]]])]

u —4uS +6ud —4ut + 03

> TI[5];
> expand(w.Column(Xlow,5));
[[1, [fw =1, (1]
2u® —6u® +6ut —2u’
These results are the same as in Example (4.10). N

Since the first case is called the generic position, we often call the last case a “special position”.

Example 4.16. In Examples (4.10) and (4.15), consider the position that leads to the counting
tree Ts. This position is given by the following set.

{(tm»)mzl,l3 € GL; (K) ’tm —toy — a1 = 0,t10 —tas —tyo = 0,23 — 2y 1ty + 15, = 0}

1 0 O U1 U122 U3
= 1-— l371 1 0 0 U2 U223 U1,1U2,2U3,3 7é 0, l§,1 - 2[371 +2=0
1371 -1 1 0 0 u3,3

From the last description, the counting polynomial 2(u — 1)3u® computed in Example (4.15) is
also apparent.
One matrix from that set is

1
: 1 0
M=|-% i 0

1+4 ;
T,L 1—12 1

where i € K such that i> + 1 = 0. Comparing the resulting system S™ = {(xy — 1)=, 2—} with
S ={(2?>+y*—1)=,(z—x+y)=} gives the impression that special positions yield less complicated
systems.

A simple system representing £ (S M ) is {(zy — 1)=, Y, 2=}, which clearly yields T as counting
tree. N

The analysis of the determinant in Proposition (4.6) is another example for the importance
of a non-generic position. In this particular case, the counting polynomial yields a well-known
formula related to the general linear group, while the generic counting polynomial has no apparent
meaning. We show both polynomials in the following computation.

> restart:

> with(AlgebraicThomas) :
> with(LinearAlgebra):

> A

Matrix(2,symbol=a) ;

A =

aig aip ]

az,;1 a2
Matrix(4,(i,j)->if i<j then 0 elif i=j then 1 else t[i,j] fi);

\Y%
—
i
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1 0 0 O
taq 1 0 0
T .=
t3 1 t372 1 0
ta1 tap taz 1
> v := [op(indets(A))];
v = [a1,1,a1,2,02,1, 02,2)
> s := v="convert(T.Vector(v),list);
s = la,1=a11,01,2 =a11t21 + Q12,821 = a1,1t31 + a12t3.2+ a2,1, 022 = a1,1ta1 + a1,2ta2 + a21ta3 + a2.9]
> L := [Determinant(A)<>0]:
Lg := [subs(s,Determinant(A))<>0]:

> countingPolynomial (AlgebraicThomasDecomposition(L, v));

ut —ud —u? +u
> countingPolynomial (AlgebraicThomasDecomposition(Lg, v));

u =20+ 20 —2u+1

We will give a rigorous definition of a special position in section 5.2. Some of the systems
considered in chapter 6 are in special position as well.



Chapter 5

Algebraic Varieties via Simple
Systems

The set K is an affine algebraic variety, in particular, we identify it with the affine n-space
A"(K). The solution sets of polynomial systems can be considered as constructible subsets of K"
If the polynomial system only contains equations, the solution set is clearly an affine subvariety.

Note that the given embedding of such a constructible set into K" determines a coordinate
system and thus also determines the projections 7;,7 = 1,...,n. Therefore, a change of coordinates
of K" is a change of position in the sense of chapter 4.

Let kK > 1 and S = (S1,...,Sk) be a disjoint family of simple systems over R = K[x1,...,Z,]
if the characteristic of K is 0, and over R v otherwise.

5.1 The ideal of a polynomial system

To make a connection between affine algebraic geometry and polynomial systems, we assign an
ideal to each simple system and consequently to each polynomial system. This ideal is in fact the
vanishing ideal of the closure of £(S) and many of its properties have been considered in [Hub03a]
and related literature.

Definition 5.1. For each i, let U(S;) := [ ¢(s,)» ¢- Define the ideal of S; as
I(S;)={(S:)™):US))NR.
Define the ideal of S as I (5) := ﬂle 1(S;). N

Note that if the characteristic of K is 0, then the intersection with R is unnecessary. In
positive characteristic, (((S;)=) : U(S;)*°) is an ideal of a finitely generated sub-K-algebra of R e
and needs to be intersected with R.

In particular, let e; = max{O,rdegij(qu €S;,i=1,.. .719}. Then, I(S;) and I(S) can be
computed over the noetherian ring RE?""’Q") (cf. Remark (3.56)).

If we denote by U(S;) the multiplicatively closed set defined by all the irreducible factors of
the polynomials in (S;)7, then it is obvious that I(S;) = U(S;)~*{(S;)™) N R.

Lemma 5.2. Let R be a ring, I QR be an ideal and v € R. If s|u, then for every e > 0, it holds
that I :u> =1: (s°u)™. In particular, for every e >0, I :u> =1 : (u¢)™

Proof. 1t holds that
I:u®={peR|FdeN:u'pel}

and
I:(s%u)” = {p € R‘Eld eN: (s“u)’p e I} .

85
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If u?p € I, then clearly ( ) p = sy p € I. Conversely, if (s¢ u) p € I and since s|u, then
wletDdy — yedydp — (E)e ulp = (% ) (seu)’p € I. O

We need to consider a few subtle points that are trivial in characteristic zero, but important
for positive characteristic.

Lemma 5.3. In the notation of Definition (5.1), it holds that I1(S;) = (((S;))T) N R) : (U(S;)¢)™
with e > 0 such that U(S;)¢ € R.

Proof. In characteristic 0, this obviously holds for e = 1, so let the characteristic of K be positive.

I@QZ{pGRJw3deN:U@ﬁ%e(@ﬁﬂ}ﬁR
={peR|IeN:U(S)pe((S)7)}

Due to the same arguments as in the proof of Lemma (5.2), we can take the e-th power of U(S;).

- {p €R ‘ 3deN: (US))pe <(5i):>}
={(S)7)NR) : (U(S:)*)™ O

If char(K) = 0, for ease of notation, we set Rf = R and rdeg(p) = 0 for all p € R.

Lemma 5.4. Let S be a simple system and p € Rf with rdeg, (p) < 0 for ally € 1d(S™) (we can
transform any p € R - into this form according to Remark (3.63)).
If ¢a(p) =0 for all a € L(S), then there are q,14 € R\[ such that

p=> 7149 - (5.1)

geS=
In this situation, we can choose q such that
1. q is a product of powers of initials of equations in S~
or
2. q is a product of powers of elements from S7.

Proof. Since ¢a(q) = 0 for all a € £(.5), Corollary (3.21) implies that Reduce(S,p) = 0. Part 1. is
apparent from the way Reduce works.

For part 2., take ¢ from part 1. and note that ¢a(q) # 0 for all a € £(S). We can use the
techniques from Algorithm (3.24) to replace ¢ by ¢’ such that none of the variables in 1d(S%)
appear in ¢’ (changing the r, on the right-hand-side of (5.1)). Since ¢a(q") # 0 for all a € L(S)
and y = 1d(¢') €1d(S=), we now either have y = 1 or S = S, # 0 and the roots of ¢, a(¢’) form
a subset of the roots of ¢, a(Sy) for all a € L(S<y). Therefore there exist t1,t2,59 € Rey,e € N
with ¢y a(t1) # 0 # ¢y a(t2)Va € L(S<,) such that 1 - ¢’ — ZQESZ Sqg | t2 - (Sy)¢. This gives

another representation
¢'p=>rig

geS=

with ¢”[t2(Sy)¢. Since t5 has a leader smaller than y, we can iterate this process until we have g
and r € N such that gU(S)" and gp = >° - Tg9. O

Theorem 5.5. Let S = (S1,...,Sk) be a disjoint family of simple systems.
1. L(S) =V(I(S)), where  denotes the ZARISKI-closure.
2. I(S) is a radical ideal.
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Proof. 1. Since I(S) = ﬂf 1 1(S;) and I(L ( ) =
ie. S is a single simple system. Define G = (S
V(S)=G: (U(S)°)>, cf. Lemma (5.3).

Let p € I(S), i.e. there exists d € N such that (U(S5)¢)%p € G. Therefore, for every a € L(S)
we have ¢,(U(S)%) = 0. Since ¢,(U(S)) # 0 also holds, we can conclude ¢,(p) = 0 and
thus p € I(L£(S)). This implies £(S) C V(G : (U(S)¢)*) = V(I(S)).

Now let p € I(L(S)). If p € G, then obviously p € G : (U(S)¢)*°, so assume p & G.
Since S is simple and ¢,(p) = 0 for all a € £(5), according to Corollary (3.21), it holds
that Reduce(S,p) = 0. Therefore, due to Lemma (5.4), there is a ¢ with ¢|U(S5)¢ such that
qp € G, implying p € I(S). This implies V(I(S)) C L(S).

O

( z)); we may assume k = 1,
t

i=1 (
YN R, then there is ¢ € N such that

2. The proof of 1 shows that I(S) = I(£(S)) and the latter is radical by definition. O

Note that in the proof of Theorem (5.5)1., the square-freeness property of simple systems plays
a very subtle role, as it is necessary for Corollary (3.21).

The following lemma first appeared in [Rob12] for the case of characteristic 0. It is easy to see
that it also holds in the case of positive characteristic.

Lemma 5.6. Let S be a simple system. Denote by L(S) the set of leading coefficients of all
elements of S= and let I'(S) := (((S)) : L(S)*°) N R. Then I(S) = I'(S).

Proof. There are e1, e5 > 0 such that
S)={peR|3deN:(US)™)pe((57)}

and

I'S)={peR|3deN: (L(S)?)pe((S)7)} .

If (L(S))%p € ((S)=) then there is d’ € N such that (U(S)°*)%p € ((S)=) as has been demon-
strated in the proof of Lemma (5.4), thus I'(S) C I(S).

Conversely, if p € I(.S), then (as seen in the proof of Theorem (5.5)) ¢a(p) = 0 for all a € L(S)
and thus according to Corollary (3.21) Reduce(S, p) = 0. Due to the way Reduce works, there are

q,74 such that gp =3 s 149 where ¢ divides a power of L(S). This implies I(S) C I'(S). O

From the previous lemma we also get the following corollary:

Corollary 5.7. Let S be a simple system. The initials of the elements of S~ are invertible in
U(Sl)_lR

Finally, we get a connection between the counting polynomial and the dimension of its solution
set as an affine algebraic variety.

Theorem 5.8. Let S = (S1,...,Sk) be a disjoint family of simple systems.
1. dim (£(S)) = dim (5(5)) = deg (c(S)).

2. If k = 1, then L(S) is unmized dimensional (i.e. all its associated primes have the same
dimension).

Proof. Since the dimension of the disjoint union of sets is the maximum of their dimensions, we
may assume that £ = 1 and we only have a single simple system S. Taking the closure of £(.5)
does not change the dimension, thus the first equality holds.

Consider the set of free variables v = {x1,...,2,} \ 1d(ST). Clearly, deg(c(s)) = |v|. Since
L(S) # 0, we have 1 & I(S). Therefore and due to Lemma (5.6) and Corollary (5.7), the first part
of the proof of [Hub03a, Thm. 4.4] is applicable to our case. This implies that the dimension of
V(I(S)) = L(S) is |v| and that I(S) is unmixed dimensional. O
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Example 5.9. We demonstrate how to compute ideal and dimension the solution set of a poly-
nomial system in MAPLE.

> restart:
> with(AlgebraicThomas) :
> L o= [ (z+1)*x"2+x*y, -y 2+z+l, y<>0 ];

L= [(z+1)a®+ay,—y* + 241,y # (]
> v = [x,y,z];

v = [z,y, 2]

> S := AlgebraicThomasDecomposition(L,v);
Si=[r=0,0>-2-1=0,2+1#0),[z+D)ax+y=0,9>—2-1=0,2+1#0]

> countingPolynomial(S);

du—4
The following procedure computes the dimension of the solution set (cf. Theorem (5.8)).
> Dimension(8);
1
We can compute the ideal of a polynomial system (cf. Definition (5.1)) which gives the closure of
the solution set (cf. Theorem (5.5)).

> Ideal(S);
[2%y + z, 9% — 2z — 1,222 + 22 + 2y

> Sc := Closure(S):
> printSystem(Sc, pretty=true);

[t=0,92—2—-1=0,2+1#0]
[t=0,y=0,2+1=0]
(z+Dz+y=0,9>—2—-1=0,2+1#0]
> countingPolynomial(Sc);
4u—3
This shows that taking the closure only adds one additional point.
> SolDifference(Sc,S);
[x=0,y=0,z+1=0]]
This example also shows that it is not sufficient to omit the inequation to determine the closure.
> countingPolynomial (AlgebraicThomasDecomposition(L[1..-2],v));
Su—4

5.2 Transformations and Special Positions

Using the concept of closure, we can extend on chapter 4 and rigorously define a “special” position.
We first need an order on the subsets of a given set V.

Definition 5.10. Let V' € Py. Define a partial order < on a partition of V' such that M < N if
and only if M C NNV, ie. if M is contained in the closure of N in V. N

In Proposition (4.5), we considered all isomorphism classes of counting trees of the transfor-
mations of a %wen system S and showed that the set of all matrices that give isomorphic counting
trees is in P} . This yields a partition P(S) C PK of GL,, ( ) where for each g1, g2 € GL, ( )
g1 and go are in the same class if and only if the counting trees of S9* and S92 are isomorphic.
We call this partition the set of all positions of S.
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Definition 5.11. A position p € P(S) is special if p is <-minimal in P(.5).

If a position p € P(S) is ZARISKI-closed, there can be no other position p’ with p’ < p since

P(S) is a partition. We again reconsider Example (4.10).

Example 5.12. Following the computation in Example (4.10), the following code finds the inclu-

sions with respect to <.

>

V VYV VVVYV

contains := (i,j)->evalb(
countingPolynomial (SG_T[j] [1])

countingPolynomial (SolIntersect(SG_T[j][1], Closure(SG_T[i][1]1)))
)
map (i->op (map (j—>

if i<>j and contains(i,j) then [i,j] fi,

($1..51)), [$1..51);
(1,21, [1, 3], [1, 4], [1,5], [2,4], [2,5], [3, 4], [3, 5], 4, 5]]

In particular, the position belonging to the counting tree T5 is the only special position.

As another example, we consider the determinant of a symmetric 2 X 2 matrix.

Example 5.13. We demonstrate the example in MAPLE.

>
>

>

>
>

vV V Vv

Y

There are four different possible counting trees. As in the previous example, we determine the

restart:

with(AlgebraicThomas) :

with(LinearAlgebra):
n:=2:
A:=Matrix(n,symbol=a,shape=symmetric);
ai1 a2
A =
ai2 G232
v := [op(indets(A))];
v = [a1,17a1,2,02,2]
T := Matrix(n*(n+1)/2,symbol=t);

t1,1 t12 t13
T := | ta1 ta22 t23
t31 t3z2 t33
vt := [op(indets(T))];

vt = [t11,t1,2,t1,3,t2.1,t2.2,t23, 131,32, t3,3]

convert (v="T.Vector(v),list):

L :

[subs(s,Determinant (A)<>0) ,Determinant (T)<>0] :

Sg := AlgebraicThomasDecomposition(L, [op(v),op(vt)]):
Sgt := ParametricCountingTree(Sg,9):

nops (Sgt) ;

4

special position.

>

>
>
>
>

contains := (i,j)->evalb(
countingPolynomial (Sgt [j][1])

countingPolynomial (SolIntersect(Sgt[j][1], Closure(Sgt[i][1])))
)
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> map(i->op(map(j->
> if i<>j and contains(i,j) then [i,j] fi,

> [$1..41)), [81..41);
[[1,4], 2,1], 2, 3], [2,4], (3, 4]]
The fourth system gives the only special position with the following counting tree.

> Sgt[4][2];

[fw =1, [[w, fw = 2JJJ, [L, {[u = 1, [u]]]]]

Since there is only one special position, the set describing this position must be closed in the
general linear group.

> Ti:=AlgebraicThomasDecomposition([Determinant (T)<>0], [op(indets(T))]):
> evalb(

> countingPolynomial (Sgt[4] [1])

> =

> countingPolynomial (SolIntersect(Closure(Sgt[4][1]),Ti))

> ).

I
true

Therefore, we can determine defining equations for this set.
> Ideal(Sgtl[4]1[11);

[tiats1 — ?f2,12, t1,2t3,12 + t2712t3,2 — 2t91ta oty 1, ti1ts 2 + t1ot31 — 212 1t2 9]
We want to verify that the determinant is already in this position before applying a transformation.
In order to do so, we test whether the set of matrices yielding the special position contains the
identity.

> Id := convert(T-IdentityMatrix(3),list):

> countingPolynomial (SolIntersect(Sgt[4][1], Id));
1

The intersection is non-empty, thus the identity matrix is a solution of one of our systems. N

We conclude this section with a statement regarding the systems describing the rank of a
matrix which we are unable to prove.

Conjecture 5.14. Consider the set My, from Proposition (4.6) describing the k X n-matrices
of rank k with respect to a ranking fulfilling the conditions given there. Then My, , is in special
position.
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5.3 Projective Varieties and Projective Counting Polyno-
mials

We now consider subsets of the projective n-space P” (F) We describe these sets as sets of rays
in A" (?), i.e. as solution sets of systems of homogeneous equations and inequations without the

origin, where we identify two such solutions a;,as whenever there is a k € K" with ka; = as.
The following proposition was first stated in [Ple09a].

Proposition 5.15. Let L be a polynomial system over K[z, ..., x,]| containing only homogeneous
equations and inequations.

1. There is a THOMAS decomposition S = (S1,...,Sk) of L such that every polynomial occur-
ring in S is homogeneous.

2. (L) {(0,...,00]) :{ 28*1 Eg:::::g% 228 is divisible by u — 1.

Proof. 1. Let n = 0. All homogeneous polynomials in K[zg] are zd,d > 0. If a system contains
both equations and inequations of this form, it is inconsistent, and a THOMAS decomposition
contains no systems. If a system contains only equations, it is equivalent to the simple system
{(x0)=} and if it contains only inequations, it is equivalent to the simple system {(z¢)-}.

Assume that xo is the smallest variable and let n > 0. Clearly, L is equivalent to (L U
{(z0)=}, LU{(20)x}). Let S"™ be a THOMAS decomposition of L,,—q over K[z1,...,z,].
By induction, we can choose S"™™ such that every polynomial appearing is homogeneous
and thus {s U {(z¢)=}|s € S"°™} is homogeneous, too.

For any (not necessarily simple) system s over K|[z1,...,z,] denote by h,,(s) the union of
{(x0)2} with the homogenization of s with x.

Since hy, (s) is homogeneous, a € L(hy,(s)) if and only if ka € L(hy,(s)) for all k € K .
Thus, if (ag,...,an) € L(hg(s)), then (1 ac. “—") € L(hgy(s)) since ag # 0. Since

7%5 ’ ag
$ = hao(8)|zo=1 \ {1}, we see that (g,...,22) € L(s). On the other hand, if (a1, ..., an) €

)ao

L(s), then (ag, apay, - - . ,apa,) € L(ha,(s)) for all ag € K.
If t = (t1,t2) is a disjoint decomposition of s, then
L(hay(s)) = { (a0, aoar, ..., aoan)|(a1,...,an) € L(s) = L(t1) & L(t2),a0 € K }
= L"j {(ao, apQ, . .. 7a0an)|(a1, . 7an) S [,(t%), ag € f}
i=1,2
= L(hao(11)) & L(hay (t2)) -

Now let Shom be a THOMAS decomposition of Ly, ;. Clearly, (LU{(20)+£}) = hay(Ljzg=1),
thus
LILU{(w0)£}) = Llhay(Limo=1)) = | L(hay(s)) -

Sesinhonl
This means that (hs,(s)|s € $™P™) is a disjoint decomposition of {L U {(z0)x}.

It remains to show that is s is simple, then so is hy,(s). Since z( is the smallest variable,
the system obviously stays triangular. In positive characteristic, since homogenizing with
xo does not change which roots of variables occur, the two extra properties that only affect
positive characteristic stay untouched. Now let ¢ be the initial or the discriminant of any
polynomial in s. If there is a (ag,...,a,) € L(hs,(s)) such that ¢, .. 0. (P (q) = 0,

then the same holds for (17 Z—;, cee ‘Z’O) However, this implies qb(il an>(Q) = 0 and
ag "’ ag
since (17 o a—") € L(hy,(s)), we also get (“—1, ce “—") € L(s). This contradicts that
aop aop ao ao

assumption that s is simple.
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2. Due to part 1, we can assume that each system S, ..., Sk in the THOMAS decomposition is
homogeneous. Therefore, it suffices to prove the statement for a single homogeneous simple
system s.

If (0,...,0) € L(s), then consider a THOMAS decomposition of

s = (sU{(xo):,...,(xi_l):,(xi)i}‘i:O,...,n) .

Each of the systems in s’ is homogeneous, therefore, due to part 1., we can choose the
decomposition such that each system in it is homogeneous. Since L(s') = L(s) \ (0,...,0),
c(s') =c(s) — L.

Consider a system s with (0,...,0) ¢ £(s) and let 4 > 0 be minimal such that (0,...,0) €
L(s<gy;). If sy, is an equation or empty, then (0,...,0) € L(s<,,) which contradicts min-
imality. Therefore, there is a homogeneous polynomial p with ld(p) = z; and px € s. If
i = 0, then p = xo. If i > 0, consider py := ¢4, (0,...,0)(p). Since init(p) is homogeneous,
ld(init(p)) > 1 implies deg,, (po) < mdeg(p), therefore ld(init(p)) = 1 must hold as s is

simple. This implies py = x;ndeg(p ) which must not be a square, therefore mdeg(p) = 1.

This proves that the counting polynomial has a factor v — 1. O

This proposition gives us the tools to define a counting polynomial for subsets of P" that are
given as solution sets of homogeneous polynomial systems. The same definition has been given in
[Ple09a].

Definition 5.16. Let S be a homogeneous polynomial system over K|[zo,...,z,]. We call
i (L£(S)\ {(0,...,0 1=l g 0) e L(S
op(s) = o L0 0h) [ =882 00 e ()
u=1 == (0,...,0) £ L(S)
the projective counting polynomial of S. <
Example 5.17. Pc(P") = “T_lfl => " ut N
Since ¢(A™) = u™, this is compatible with our intuitive notion of projective n-space. In

particular, projective 1-space is affine 1-space plus a point at infinity, or Pc(P) = ¢(A') +1. More
general, projective n-space is affine n-space plus projective n — 1-space at infinity, or Pc(P™) =
c(A™) + Pe(Pm1).

This idea and the proof of Proposition (5.15) inspire another approach for computing the
projective counting polynomial which is usually faster than computing it directly.

Example 5.18. Consider the system S = {(zoz3 — z122)=} over Q[zo,...,x3]. Then L(S) C P3
and

Pe(S) =c3 (Slfc(;:l) +c2 (S\ﬂcoioﬂhzl) +ta (S|x0:0,x1:0,x2:1) + co (5\50020»391:0@2:0@3:1)
= c3 ({(z3 — z122)=}) + c2 ({(=22)=}) + 1 ({(0)=}) + o ({(0)=})
=W tutu+l=u>+2u+1.

<

Here, ¢ is based on the map ¢j : Pot (F()) — Z[u] : M — |M| which can only have the values
0 or 1. In particular, for any ¢ € K*, ¢o ({0=}) = co ({cx}) =1 and ¢y ({02}) = ¢o ({¢c=}) = 0.

Remark 5.19. If V is the subset of P" defined by the homogeneous system S, then dim(V) =

deg(Pc(S)) = deg(e(S)) — 1. N
Finally, for a homogeneous system S over K|z, ..., z,], we denote the solution set as
£5(8) = (£(S)\ {(0,....0)}) /K~

= (
={(ap:---:an) € P"p(ag,...,an) =0,q(ao,...,an) for all p—,qx € S} CP" .
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5.4 Complex Varieties and EULER Characteristic

Consider Q C K C C and set K = C, in particular, the algebraic closure of K is contained in C.
In this section we will shortly describe a relation between the topological EULER characteristic y
and the counting polynomial of an algebraic variety V' C C" or V C P*(C). In [MB12], a method
was described to recursively compute the Euler characteristic of an algebraic set. Although the
author was unaware of counting polynomials, his arguments prove the following proposition.

Proposition 5.20. 1. Let V C C" be an affine algebraic variety. Then x(V) = cn(V)ju=1-
2. Let V. CIP"(C) be a projective algebraic variety. Then x(V) = Pc,(V)jy=1-

This statement is correct independently of the coordinate system.
For example, the counting polynomial of affine k-space C* is u* and its EULER characteristic

is 1. The counting polynomial of projective k-space P¥(C) is “]:jl_l = Zf:o v and its EULER
characteristic is k + 1.

5.5 Counting Polynomials of Normal Toric Varieties

In this section, we will compute counting polynomials of certain embeddings of affine and projective
normal toric varieties. Instead of using the Decompose algorithm, we will use the combinatorics
of the toric variety to construct a THOMAS decomposition directly. This is done by means of
the orbit-cone-correspondence, which connects the orbits of the action of the torus with certain
combinatorial information. We will describe the embedding of each of these orbits separately using
a simple system.

The following section introduces some notation and definitions from the topic of toric varieties
from [CLS11], which we recommend for a complete introduction into the topic. Readers that are
already familiar with the topic may skip to section 5.5.2.

5.5.1 Preliminaries on Toric Varieties

Let n € Nand M, N = Z", which we call the the character lattice and the lattice of one-parameter
subgroups, respectively, with their associated R-vector spaces Mg := R®z M and Nr := R®z N.

A torus T is an affine variety T with a map 7' — (C*)™ that is both an isomorphism of varieties
and an isomorphism of groups, where (C*)™ is a group under component-wise multiplication. A
character of T is a morphism 7' — C* that is a group homomorphism, and each m € M defines
a character x™ of the torus. A one-parameter subgroup of T is a morphism C* — T that is a
group homomorphism and each v € N defines a one-parameter subgroup A*. There is a pairing
() : M x N — Z given by (x™ o A\*)(t) = t{mw),

We collect some notation and important definitions and statements from [CLS11, Chap. 1-3].

Remark 5.21. If T is a torus with character lattice M, then Homz(M,C*) 2 T (cf. [CLS11, pg.
12]). q

Definition 5.22. An affine variety V is a toric variety if it is the ZARISKI closure of a torus 7'
such that the action of the torus on itself extends to an action on the variety, where the action
homomorphism 7" x V' — V is given by a morphism of varieties. N

There are classes of toric varieties that are well-understood due to their combinatorial structure.
We will now consider affine normal toric varieties, which are characterized by convex rational
polyhedral cones.

Definition 5.23. 1. Let S C N be finite. The set

Cone(S) = {Z Ayl

ues

is called a convex rational polyhedral cone ([CLS11, Def. 1.2.1], [CLS11, Def. 1.2.14]).



94 CHAPTER 5. ALGEBRAIC VARIETIES VIA SIMPLE SYSTEMS

2. For a convex rational polyhedral cone o, the dual cone is
0" :={m € Mg|(m,u) >0 forallu € o} .
([CLS11, Def. 1.2.3))

3. For m € ¢V, let H,, := {u € Ng|(m,u) =0}. Then 7 = H,, N o is a face of o and we write
7 < o ([CLS11, Prop. 1.2.5]). If 7 is a proper face of o, i.e. T is a face of 0 and 7 # o, we
write 7 < 0.

4. For every face 7 < o, define 7+ := {m € Mg|(m,u) =0 for all u € 7} and 7* := oV N7+,
We call 7* the dual face of 7.

5. A convex rational polyhedral cone o is strongly convex if {0} < o, or equivalently, if
dim(¢Vv) = n ([CLS11, Prop. 1.2.12]). q

Clearly, every cone is a face of itself. In [CLS11, Lem. 1.2.6], it is shown that a face of a
polyhedral cone is a cone, that the intersection of two faces of a cone is a face, and that a face of
a face is a face of the original cone.

We will now demonstrate how a convex rational polyhedral cones defines an affine toric variety.

Definition 5.24. Let ¢ C Ngr be a convex rational polyhedral cone. Then the affine normal
toric variety defined by o is U, := Spec (C[¢¥ N M]) ([CLS11, Thm. 1.2.18]). N

In the projective case, normal toric varieties are characterized by polytopes as follows.

Definition 5.25. 1. A lattice polytope is a set P C My that is the convex hull of a finite
set S C M ([CLS11, Def. 1.2.2], [CLS11, pg. 66]).

2. @ is a face of P, denoted by @ =< P if there are u € Ng and b € R with (m,u) > b for all
m € P and Q = {m € P|(m,u) = b}.

3. Let P be a lattice polytope. For a vertex (i.e. zero-dimensional face) m of P, let PNM —m :=
{e—m|e € PN M}. Define the semigroup Sp, := Z>o[PNM —m]. Then P is very ample
if for every vertex m of P, the semigroup Sp., is saturated, i.e. for all kK € N and m € M,
km € Sp, implies m € Sp,, ([CLS11, Def. 2.2.17]). q

According to [CLS11, Cor. 2.2.19], for every lattice polynomial P there is a k € N such that
kP is very ample.

Definition 5.26. Let P C Mg be a full-dimensional lattice polytope.

1. If P is very ample and PN M = {myg,...,ms}, the ZARISKI closure of the image of the
map (C*)" = P :t— (x™0(t) : -+ : x™=(t)) € P* is a projective variety denoted by Xpnns
([CLS11, pg. 75]).

2. Let k € N such that kP is very ample. Then Xp := Xypnas is called the toric variety of the
polytope P ([CLS11, Def. 2.3.14]). <

The variety Xp is a normal toric variety. It only depends on the so-called normal fan of the
polytope, i.e. stretching the polytope will not change the variety, but it will change the embedding,
as we will see below.

5.5.2 Embeddings of Toric Varieties in Affine and Projective Space

We will now construct embeddings of normal toric varieties into C* or P* for some s € N and
compute their counting polynomials.

We start with the affine case. We saw in the last section that a convex rational polyhedral
o cone defines an affine normal toric variety. The intersection o N M of the dual cone with M
defines a semi-group. By choosing generators of that semi-group, we define an embedding into
affine space. For these embeddings, we can easily compute the counting polynomial.
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Lemma 5.27. Let o be a strongly convex rational polyhedral cone in Ng and X € M?® such that
Z>oX =0V N M. Define

TX  Homg(M,C*) — C*: x = (x(Xy)[i=1,...,5)

Then im (UX) = (C*)" and Yx = im (¥X) 2 Uy, i.e. ¥~ defines an embedding of the torus and
the toric variety into affine s-space.

Proof. Since o is strongly convex, ¢ is full-dimensional and it follows from the proof of [CLS11,

Thm. 1.2.18] that (X)z = M. Therefore, each element of Homy (M, C*) is uniquely determined
by its image on the elements of X, implying injectivity of . As Homgz(M,C*) = (C*)", this
proves our claim.

Let U, := Spec(C[o¥ N M]) as defined in [CLS11, 1.2.18]. As 0¥ N M = Z>¢X, it follows
from [CLS11, 1.1.14] that Spec(C[o¥ N M]) = Yx where Yy is defined in [CLS11, 1.1.7] to be the
Zariski-closure of the image of the map UX. O

The Orbit-Cone Correspondence (cf. [CLS11, §3.2]) shows that the orbits of the action of the
torus on the affine toric variety U, correspond to the faces of the cone o. The following lemma
performs this decomposition on the embedding im (V).

Lemma 5.28. Let o be a strongly convex rational polyhedral cone in Nr, X € M?® such that
Z>0X =0V N M as in Lemma (5.27). Let T < o be a face of o with dual face 7* :== 7+ Na"V. The

map
i:l,...,s)

defines an embedding of the torus orbit corresponding to T into affine s-space. In particular, WX,
is injective and the image of WX, is contained in im (UX).

U HOmz(TLﬂM,C*) - C*:

X(X) X, er*
X ~ <{ 0 X g

Proof. 1. vX

First show that (7 N X)z = 74 N M. Let m € 7+ N M. Then, since m € M, there are a;
such that m = >°;_, a;X;. Since m € 74, 0 = (m,u) = 3°7_, a;(X;,u) for all u € 7. Define
F:={ies|X; ¢7*}. Then

0= Zai(Xi,w + Z a;(X;,u) = Zai<Xi,u> .

i€eF i€s\F ieF

is injective:

As X; € oY for all ¢ = 1,...,s, it holds that (X;,u) > 0 for all w € ¢ O 7. Since
X; & 7" for i € F, there is u € 7 such that (X;,u) > 0, implying a; = 0. This shows that
7+ N M C (* N X)z. The other inclusion is obvious.

Therefore, each element of Homy, (TL NnM, (C*) is uniquely determined by its image on 7*NX,
implying injectivity.

2. im (¥X) Cim (¥X):
Let I =1 (im (\IIX)) be the vanishing ideal. According to [CLS11, Prop. 1.1.9], this ideal

is given by
I= <bl

P=(l1,..., 1) €Z°: > LiX; —o> AC[zy, ..., x4

i=1
with

[ [ l; —1;
by :=x"t —x'- = H ;! — H x; .

i=1,...,5 i=1,...,s

Let F be as above and [ such that Y7 | [;X; = 0. If [; = 0 for every i € F, then b; (¥ (x)) =
bi(UX (x)) = 0 where ¥X is defined in Lemma (5.27). If there is an i € F with I; > 0,
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it remains to show that there is also j € F,i # j with I; < 0. Then, ¥ (‘llf (X)) =
(bl)\zizo,zjzo (\Il‘l)'(* (X)) =0.

Let ¢ € F such that [; > 0 and assume that {; > 0 for all j € F with j # i. As above, there
is u € 7 such that (X;,u) > 0 and

0="> 1i(Xju)= 1 <Xi,u>+z\lL<Xj,u>>O’

jEF 0 JEF
>0 i 20 >0

which is a contradiction. Therefore, at least one {; must be negative. O

Since o is strongly convex, {0} is a face of o. Clearly, ¥X = \I'fo}*'
We will now see that the images of ¥-X. give a disjoint decomposition of im (¥-X).

Lemma 5.29. Let o be a strongly convex rational polyhedral cone in Nx, X € M?® such that
Z>oX =0V N M as in Lemma (5.27). Then

im (UX) = |4 im (¥X) .

T=0
Proof.

Disjointness As the X; generate the dual cone ¢V, the subsets of X that generate a particular face of

o are pairwise distinct. Since the zeroes in the definition of UZ, are inserted in different

components for each face 7, this implies disjointness of the images of the WX, .
“D” Immediately from (5.28).
“C” Immediately from [CLS11, Lem. 3.2.5] and [CLS11, Thm. 3.2.6 (c)]. O

Theorem 5.30. Let o be a strongly convex rational polyhedral cone in Ng, X € M?® such that
Z>0X = oV N M as in Lemma (5.27). For every face T < o there is a simple system S over
Qlz1,..., x5 such that im (VX)) = L(S).

In particular, the decomposition from Lemma (5.29) is a THOMAS decomposition of the em-
bedding defined by X.

Proof. As before, let F := {i € s|X; ¢ 7*}. Consider the Z-module

LT* = {l € Z°

Further consider a generating set {1(1)7 e ,l(k)} of L.« such that for any r = 1,..., k the following
holds: If i is such that I # 0 and 1) = 0 for all # > i, then ¥ = 0 for all j/ > j and

0< lgj,) < llm for all j/ < j. Such a generating set can be obtained by computing the Hermite

O

(liOViEF)/\ZliXiO} .

i=1

form of the matrix ( ) .
i=1,...,s,r=1,....,k

Now consider the polynomial system
S i={(bym)_|r=1,...,k}U{(z;)=|i € F}

where b; is defined as in the proof of Lemma (5.28) and define S := S’ U {(z;)x|z; ¢1d(S’)}. Due
to the choice of IV, ... 1%) the system S is triangular.

o . d;
To prove that S is simple, first prove that for every monomial ¢ € @ := {Hj€§\F z;’ |dj > 0}

and every solution a € L(S), ¢a(q) # 0 holds. If ld(q) = 1, then ¢ = 1 and the statement

holds. Now let i € F and assume that ¢a(g) # 0 for every ¢ € @ with ld(¢) < z; and every
a € L(S). Consider ¢ € Q with l1d(¢q) = i. There are two possibilities: If (x;)x € S, the coefficient
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of x;ndeg(q) has a leader smaller than z; and thus the statement follows by induction. Otherwise,
there is 1 < r < k such that 1d (b;y) = x;. There are monomials t1,to € Q with 1d(¢1) < z;
and 1d(t2) < z; such that t1q + tabym =: ¢ € Q and 1d(¢’) < z;. By induction, it follows that

balq) = bala )—i:((ttzl))%(bm)) — i:ggl/; is non-zero, and again the statement holds.

Since the initial or discriminant of any b, is a monomial from @), the system S is simple.

It remains to be shown that £(S) = im (¥X). The inclusion im (¥2.) C £(S) follows from
Lemma (5.28) and its proof. Conversely, let a € £(S) and consider L := {l € Z*|>_;_, l;X; = 0}.
For each | € L, either (bl)\xi:O,ieF =0 or ! € L+, which implies ¢,(b;) = 0 for all [ € L. Thus
a e V(I (im(¥Y))) = im(¥¥) = W, <,
a € im (Q/fi,)*). For every b € im (\II({,)*) b; # 0 if and only if X; € 7/*. Moreover, each such
7/ is uniquely identified by the set {i € s|X; € (7/)"}. Therefore, we get 7/ = 7, which implies
L(S) Cim (TX). O

im (\Ilf_() which implies that there is a 7/ < ¢ with

The first two paragraphs of the previous proof give an explicit construction of the simple
systems from the relations between the generators X;. Note that the order of these generators
has an influence on the counting polynomial. For example, if n = 1, X; = 1, X5 = 2, we have
the relation (—2,1) which results in the binomial x5 — 23 with main degree 1. On the other hand
X1 =2, Xy =1 gives the relation (—1,2) and the binomial 23 — z; with main degree 2.

The counting polynomial of the systems constructed in the proof is easily computed. If d is the
dimension of the torus orbit, then the corresponding system contains d inequations of the form
(z;)£, but no other inequations. Its counting polynomial is therefore n(u — 1)¢ for some n € N.
The number n can be determined from the relations as demonstrated above. If n > 1, then the
torus orbit is an n-fold cover of the torus. For an affine normal toric variety, we get an expansion
> yna(u —1)% of the counting polynomial where ng is the sum over these numbers for all torus
orbits of the same dimension.

The only 0-dimensional torus orbit corresponds to the face o < ¢ and its dual face o* = {0} =
oV. It always yields a single point and thus the counting polynomial 1. This proves that every
affine normal toric variety has EULER characteristic 1.

Example 5.31. Consider the cone o C R3 generated by the rays (1,0,0), (0,1,0), (1,0,1) and
(0,1,1). The dual cone 0¥ C R3 is generated by (1,0,0), (0,1,0), (0,0,1) and (1,1, —1).

(a) o

The faces of ¢ with their dual faces are given as follows:

= {0} ()" =0

= ((1,0,0))5_, (71)" = ((0,1,0),(0,0,1))5_,
75 =((0,1,0))5_, (73)" = ((1,0,0),(0,0,1)),_,
75 = ((1,0,1))5_, (73)" = ((0,1,0), (1,1, -1))_,
74 =((0,1,1))g, (74)" = ((1,0,0), (1,1, =1)),_,
72 = ((1,0,0),(1,0,1)),_, (78)" = ((0,1,0)),._,
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75 = ((1,0,0),(0,1,0))_, (73)" = ((0,0,1)),_,
75 = ((1,0,1), (0,1,1))_, (7)" = (1,1, 1)) 5,
73 =((0,1,0),(0,1,1))_, ()" = ((1,0,0))5.,
=0 (7'13)* = {0}

Choose X := ((1,0,0),(0,1,0),(0,0,1), (1,1,~1)). Then L( 0y = ((=1,~1,1,1))5, La = 0 for

(d,i) # (0,1) and the simple systems S¢ over Clzy,...,74] with £(S¢) = im (\Ij()i.d)*) are as

follows.

SY = {(x1) %, (w2), (w3), (w3w4 — 2122)=}
St = {(@1)=, (w2) %, (w3) 2, (z4)=}
Sy = {(21) 2, (w2)=, (€3) 2, (24)=}
Sy = {(@1)=, (22) %, (23)=, (x4)£}
Sy ={(@1)#, (w2)=, (x3)=, (z4) £}
St ={(@1)=, (22) %, (23)=, (x1)=}
S5 = {(x1)=, (x2)=, (x3) %, (z4)=}
S5 = {(z1)=, (w2)=, (w3)=, (1) £}
St = {(z1)2: (w2)=, (w3)=, (z4)=}
St = {(z1)=, (x2)=, (w3)=, (z4)=}

The counting polynomial of im (UX) is (oo — 1)3 4+ 4(co — 1)2 +4(c0 — 1) + 1 = u® + u? — u.
If we choose X = ((3,0,2),(1,0,0),(0,1,0),(0,0,1),(1,1,—1)) instead, we have
L(T?)* = <(Oa _17 _la 17 1)7 (_17 37 07 2a 0)>Z 5
L( = ((-1,3,0,2,0)), ,

T2

and L(T.d « =0 for (d,i) ¢ {(0,1),(1,2)}. The corresponding systems T over C[zy,...,xs] are
then as follows.

TY = {(21) %, (22) 2, (23) 2, (z32F — 21)=, (ra5 — w223)=}
T} = {(x1)=, (22)=, (23) %, (x4), (25)=}

Ty = {(x1)%, (22)#, (23)=, (¢32] — 21)=, (z5)=}

Ty = {(21)=, (w2)=, (w3), (wa)=, (w5) %}

Ty = {(x1)=, (22)2, (23)=, (x4)=, (¥5) 2}

T? = {(21)=, (22)=, (¥3) 2, (24)=, (5)=}

T3 = {(x1)=, (22)=, (23)=, (x4) %, (¥5)=}

T3 = {(21)=, (22)=, (3)=, (za)=, (25)}

T} = {(21)= (x2)2, (23)=, (z4) =, (w5)=}

TP = {(x1)=, (22)=, (23)=, (x4)=, (v5)=}

For this embedding, the counting polynomial is 2(u—1)3+(3-14+1-2)(u—1)?+4(u—1)+1 = 2u3—u?.
Note that in the last example, the polynomials x5z — 21 and 2475 — z223 are not sufficient to
generate the vanishing ideal, however, they suffice to describe the toric variety using the above
THOMAS decomposition. <
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Normal projective toric varieties are characterized using lattice polytopes. Note that the variety
only depends on the normal vectors of the polytope’s n — 1-dimensional faces, but its embedding
into projective space depends on the entire polytope. The following Lemma shows how to construct
such an embedding.

Lemma 5.32. Let P C My be a full-dimensional very ample lattice polytope PNM = {my,...ms}.
Consider the map

Hlmarms) . Homyz(M,C*) — Pty — (x(mq) -+ x(myg)) .
Then im(®) = (C*)™ and im(P) = Xp.

Proof. Since P is full-dimensional, n > 0 implies s > 1, therefore it holds that (x(mq) : -+ :

x(ms)) = (1: ﬁz?; T ig:ﬁ;) = (1:x(ma—myq):---: x(ma—my)). The lattice points m;—my,
i=2,...,s generate M, therefore ®(™1:~s) i5 injective and im (@(mlv“"ms)) =~ Homy (M, C*) =
(€)m.

Note that since P is very ample, Xp = Xpnps. The second statement then follows directly
from [CLS11, Def. 2.1.1]. O

We cannot use this method directly to obtain the simple systems describing the torus orbits.
We modify it such that we can reduce the projective case to the affine case.

Remark 5.33. If we denote by v the canonical epimorphism v : C*\ {0} — P*~!  then ® =
v o Wlmi-ms) - Consider the map

(\II')(ml""’mS) :Homgz(Z & M,C*) — C° : x — (x(1,mq),...,x(1,mys)) .

Since x(a, m) = x((a,0)+(0,m)) = x(a,0) - x(0,m) for every x € Homyz(Z & M,C*), it holds that
im(¥') = C*im(¥). Therefore im(v o (¥/)71me)) = im (v o WP 1me) ) = jm(Pmisma)),

For all | € Z% with Y7, L;(1,m;) = 0, we get Y ;_,l;. This implies that the binomial
by € Clzy,...,25] is homogeneous and therefore, the ideal I := (B> 7 ;- (1,m;) =0) is a
homogeneous ideal. According to [CLS11, Prop. 2.1.4], this implies that I is the vanishing ideal
of Xpapyr = im(®) and that Ypnas is the affine cone of Xpnps, i.e. v(Ypan) = Xpanr. <

This remark shows that by simply replacing each element m € PNM C M with (1,m) € Z&M,
we can treat the the result identically to the affine case. Due to [CLS11, Prop. 2.1.4], we can
then interpret the solution set of the resulting homogeneous simple systems as torus orbits of the
projective variety Xp.

Theorem 5.34. For F < P, let F:= ((1, f)|f € F)r and define (\I/’)%ml“'"ms) as

izl,...,s) ’

(@) s Homy (F(Z® M),C*) = €

x(1,X;) X;eF
X ~ <{ 0 X, ¢F

analogously to Lemma (5.28). Then

W: H_J im (UO(\II’)%ml""’mS)>
F=<P

and for each F < P there is a simple system S with LF(S) = im (I/ o (\I/')%ml""’m‘“)).

In particular, this yields a THOMAS decomposition of the embedding of Xp defined by the
polytope P.
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Proof. Note that (1,m1),..., (1, ms) generate a full-dimensional cone in Z @® M and that the faces
of this cone that are not equal {0} correspond to the faces of P. Therefore, we can apply Lemma

(5.28), and get im ((¥/)(m1m)) \ {0} = WY pgpim ((\Il’)%ml""’ms)). Since 0 is not contained in

this set, we can apply v to both sides of the equation. As the im ((‘I/’)%ml""’ms)> are closed under

multiplication with elements of C*, this leads to

v (i (@)= ) (0} = v | ) i ()Y | = 1w (i (@)

F=P F<P

Due to [CLS11, Prop. 2.1.4], this proves the first claim.
The simple systems can now be obtained from Theorem (5.30). O

Just as in the affine case, the projective counting polynomial is easily computed and its inter-
pretation is analogous. The only zero-dimensional torus orbits correspond to the zero-dimensional
faces of the polytope, i.e. its vertices. Due to the construction of the simple systems and thus
the counting polynomial, this implies that the EULER characteristic of a normal projective toric
variety equals the number of the vertices of the polytope that defines it.

Example 5.35. Denote by Conv(ps,...,p,) the convex hull of the points p1,...,p, € M. Let
n = 2 and consider the polytopes

Py := Conv((0,0), (1,0),(0,1),(1,1)) ,
P, := Conv((—1,-1),(1,-1),(-1,1),(1,1)) .

Define
mM = ((0,0), (1,0, (0,1), (1,1)) € M*
m® = ((-1,-1),(1,-1),(=1,1),(1,1),(0,0), (1,0), (0, =1), (=1,0), (0,1)) € M?

Then PN M = {mgl), e ,mfll)} and PoNM = {mgz)’ e méZ)}. The faces of P; are as follows:

F! = Conv (mgl),mg)) FlnM= {m§1)7mél)}
Fy = Conv (mgl), gl)) FynM = {m(ll),mgl)}
Fj = Conv (mél),mé(llv FynM= {mél),mfll)}
F} = Conv (mél), 4(11)) FinM= {mé1)7m£11)}
FY = Conv (mgl)) FPnM = {m(ll)}
F5 = Conv (mél)) FynM= {mél)}
FY = Conv (mél)) FInM = {mgl)}

Let Ly := {z e Zﬂ(m GF = Li=0)AY" 1 (1,m§1>) - o}. Then Lz = ((1,~1,-1,1))z
and Lpa = 0 for (d,i) # (2,1). We get the following homogeneous simple systems that describe
an embedding of Xp, into P3.

ST = {(z1) 2, (22) 2, (3) %, (v174 — Tow3)—}
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St ={(@1)2, (2)=, (23)
Sy = {(@1), (z2) 4, (23)
S5 = {(x1)=, (x2)=, (23)
Si = {(x1)%, (x2)=, (3)
St = {(z1) 4, (x2)=, (23)
S5 = {(21)=, (x2) %, (x3)
S35 = {(21)=, (x2)=, (23)
St = {(x1)=, (x2)=, (23)

The faces of P, are as follows.

G =

Gi =

Gi=

mg ", My

mg2), m§2)

(2 (2

(m?ms?)

(mi?ms?)

( 2 (2)>
= Conv (m2 LTy )

(

(

(

GPNM=P,NM
2
G%ﬂM:{mg ),m3 ,m

(2)

The module L2 is generated by the rows of the matrix

Furthermore,

1 -2 -2 0 1
0 -1 -1 0 O
0 -2 -1 0 1
1 -2 -1 0 0
0 -1 -1 0 2
1 -1 -1 1 0
Ler =((—

L ={((-1

LGl = <(0a03

Lar = ((0,

1,0,—1,0,0,0,0,2,0))

,—1,0,0,0,0,2,0,0))z
~1,0,0,0,0,2))
~1,0,2,0,0,0))

OO~ —
coor oo
cocoocor~ o
cocoococ o~

Z

Z

Z

msg ,m4 ,m9

+4=u?+2u+1.

(2)

<)
“)
)
j

101

and Lga = 0 for d = 0. The following homogeneous simple systems describe an embedding of Xp,

into P8.

T = {(21)»

T = {(x1)

767 ($2)27

(22)2, (23) 2, (T174 — 2273)—,
(r526T7 — T23)—

(23)#, (74)=,

(wews — wox3)=

(z5)=,

(23 — xo13)=,
(21752679 — l’gﬂlg):}

(xﬁ):v (1‘7):,

(:C% — T123)=,

(;vlmg — mgxg):,

(z9)=}
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Ty = {(x1) 4, (22)2, (¥3)=, (x4) =, (€5)=, (26)=, (27 — 2122)=, (28)=, (w9)=}
T3 = {(x1)=, (x2)=, (¥3) %, (x4) %, (25)=, (w6)=, (x7)=, (¥5)=, (5 — w324)=}
Ty = {(21)=, (22)2, (¥3)=, (24)2, (¥5)=, (2§ — Taw4)=, (¥7)=, (8)=, (v9)=}
TP = {(x1) %, (22)=, (23)=, (x4)=, (25)=, (26)=, (x7)=, (¥5)=, (9)=}
T3 = {(21)=, (22)#, (¥3)=, (24)=, (5)=, (6)=, (7)=, (28)=, (v9)=}
T3 = {(x1)=, (22)=, (£3) 2, (24) =, (¥5)=, (26)=, (x7)=, (¥8)=, (x9)=}
TP = {(x1)=, (22)=, (23)=, (x4) %, (¥5)=, (w6)=, (x7)=, (¥s)=, (9)=}
)

This results in the projective counting polynomial 4(u — 1)% + 8(u — 1) + 4 = 4u>. <

With these methods, we can compute examples that are significantly larger than what the
Decompose algorithm can handle. In the affine case, the bottleneck is the computation of a
generating set of the semi-group oV. For our examples, we used the MAPLE package convex (cf.
[Fra09]) to compute a so-called HILBERT basis of the semigroup. This HILBERT basis is the unique
minimal generating system of the semigroup and is contained in any generating set. Any tuple
from X € M? that includes all the members of the HILBERT basis fulfill the conditions of Lemma
(5.28).

For the projective case, the bottleneck is determining the lattice points of the polytope. We
only used a brute-force algorithm for this purpose, so larger examples may still be hard to compute.

As a final example, we consider a toric variety that is known for being hard to handle.

Example 5.36. Consider n = 4 and the rational cone 0 C R* generated generated by
((1,2,3,4),(0,1,0,7),(3,1,0,2),(0,0,1,0)) € (z*)*

Using the convex package, we can compute the HILBERT basis of the semigroup o¥ N Z*. It is
given by the following 29-tuple in M.

((0,1,0,0),(1,0,0,0), (0,0,1,0), (0, 2,0, 1), (1, =4, 1, 1), (1, =5,2,1), (2, —6,2,1), (2, -7, 3,1),
(-1,3,0,0),(3,-13,5,2), (—2,8,0,—1), (—1,7,0, 1), (2,-3,0,1), (3, =5, 1, 1), (4, =7, 2, 1),
(5,—14,5,2), (4, —4,0,1), (5,—6,1,1), (6, —21,8,3), (—3,14,0, —2), (5, —21,9, 3), (7, —28, 11, 4),
(6,—5,0,1),(7,-7,1,1),(=5,21,0,—3), (8,—6,0,1), (10, =7,0, 1), (10, =42, 17, 6),
(15,-63,25,9))

From these, since ¢ has 16 faces, we obtain 16 simple systems over Q[z1, .. ., Z29] and the counting
polynomial of the embedding is (u —1)* +4(u — 1)3 + 6(u — 1)? + 4(u — 1) + 1 = u*. Considering
the generators reverse order yields the counting polynomial 25(u — 1)* +76(u — 1)3 + 54(u — 1)? +
4(u—1) +1 = 25u* — 24u3 — 24u? + 24u. In both cases, the overall computation takes less than
2 seconds.

Determining generators of the toric ideal from these systems using Definition (5.1) is infeasible.
However, we can use 4ti2 (cf. [tt]) to determine a GROEBNER basis of the toric ideal from the
relations of the elements of the HILBERT basis. This way, we can find a generating set of the toric
ideal consisting of 341 binomials. From these ideal generators, we can compute the simple systems
describing the embedding and the same counting polynomials as before, but the computation now
takes more than 8 seconds.

In summary, we can describe the embedding using 16 simple systems, each containing at most
four binomials and up to 12 equations or inequations of the form (z;)= or (x;)x. This is much

shorter than describing the embedding using the 341 binomials that generate the toric ideal. <«

5.6 Constructible Sets

This section describes how sets from the class P can be interpreted from a geometric point of
view. In particular, the solution sets £(S) and LF(S) of a disjoint family of simple systems S are
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constructible subsets of affine and projective space, respectively. We demonstrate how to describe
these constructible set by means of pairs of ideals.

For any ideal I < K{z1,...,x,)], we denote by V(I) = Spec(K|[z1,...,zy,]/I) the affine sub-
variety of A" defined by I. If I < K|xy,...,x,] is a homogeneous ideal, we denote by VF(I) =
Proj(K|xo, ..., 2xn]/I) the projective subvariety of P™ defined by I

Ifr,Jd R are ideals, then they define the quasi-affine subset V() \ V(J) C K". We can
also write this as V(I )ﬁCV(J ) which shows that a quasi-affine subset of K is open in its closure.

Remark 5.37. Let G,U C R be finite such that [ = (G) and J = (U). If U = {u1,...,us}, then
define the systems V;, i =1,... s as

Vi={o-lg € Gy U {(u)_.. . (i) (), } -

Then V(I)\ V(J) = Ui, £(V;) and we represent V (I)\ V(J) using a THOMAS decomposition of
the V; which we denote by St ;. <

Notation 5.38. Denote by S a THOMAS decomposition of I(S), such that £ (S) = £ (S). Further
denote ¢ := Complement(S) and J(S) := I (Intersect (5¢, 5)) <

Proposition 5.39. Let S be a disjoint family of simple systems representing a quasi-affine subset

of K", I =1(S) and J = J(S). Then L(S) =V (I)\ V(J).

Proof. Let a € £(S). Then a € V(I) = L(S). Since a ¢ L(S¢) by definition, it follows that
a & L (Intersect (5¢,5)). As £(S) is open in its closure, its complement £(S5¢) N £(S) is closed
and thus a ¢ £ (Intersect (5¢,5)) =V (J).

Conversely, let a & L£(S). If a € V(I), then clearly a € V(I) \ L(S) = L(S) \ £(S). Thus,
a € V(J) by definition and therefore a & V(I)\ V(J). O

The second part of this proof does not depend on the solution set being quasi-affine, which
results in the following corollary.

Corollary 5.40. Let S be a disjoint family of simple systems and I = I(S), J = J(S). Then
VI \V(J) € L(S).

Example 5.41. Let K = Q, K = C and consider the disjoint family of simple systems given by

= ({zz,} {o=, P+ 1D)=})) -

This family does not represent a quasi-affine set. The closure of £(.9) is C2. Since J := J(S) = (),
we get

VIOV ((z) = Lz }) S L(S) -

In fact, there is no ideal J’ such that £(S) = V ({0)) \ V (J'). If such an ideal existed, then
V (J') ={(0,b) € C*|b ¢ {i,—i}}, which is not a ZARISKI-closed subset of C2. <

Unions and complements of quasi-affine subsets of K= are not necessarily quasi-affine. A set
is called constructible set if it is the union of finitely many quasi-affine sets and finitely many
complements of quasi-affine sets. Every constructible set can be represented via a family of simple
systems and vice versa.

Definition 5.42. Let S be a disjoint family of simple systems, I = I(S) and J = J(S5). Fur-
thermore, let @, Q' be disjoint families of simple systems such that £(Q) = V(I) \ V(J) and
L(Q) = L(S)\ L(Q).

Define the quasi-affine decomposition of S as (Q) if £(Q’) = ) and as the concatenation of
(Q) with the quasi-affine decomposition of Q' otherwise. <
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Note that in a quasi-affine decomposition (Q1,...,Q,), each £(Q;) is by definition a quasi-
affine set and £(S) = J;_, £(Q;) as per Corollary (5.40). As a consequence, £(S) is quasi-affine
if and only if its quasi-affine decomposition has at most one element.

As an alternative notation, we can describe the quasi-affine decomposition as a sequence of
pairs of ideals ((I1,J1),..., (I, Jr)) such that £(Q;) = V(I;) \ V(J;). We can compute both
descriptions of the quasi-affine decomposition using the methods described in sections 3.4 and 5.1.

To demonstrate this, we reconsider Example (5.41).

Example 5.43. As before, let K = Q, K = C and consider S = ({1'75, +, {x:, (y? + 1):}). We
compute the quasi-affine decomposition in MAPLE.

> restart;

> with(AlgebraicThomas) :

> L := [[x<>0], [x,y"2+1]]:

> § := AlgebraicThomasDecompositionMany(L, [x,y],quiet=true);

S =[x #0],[x=0,9>+1=0]

This procedure computes the ideal J (S).

> J := S->Closure(SolIntersect(Complement (S),Closure(S))):
We compute @1 and Q] as described in the previous Definition.

> Q1 := SolDifference(Closure(S8),J(S)):
> Qlp := SolDifference(S,Q1):
> countingPolynomial(Qlp);
2
Since Q) is not empty, we continue computing Q2 and Q.
> Q2 := SolDifference(Closure(Qlp),J(Qlp)):
> Q2p := SolDifference(Q1p,Q2):
> countingPolynomial (Q2p) ;

0
Since QY is empty, we conclude that Q=@ is quasi-affine and we are done.

> [Q1, Q2];

[[[z # 0]}, [lz = 0,y* + 1 = 0]
Finally, we represent this quasi-affine decompositions using ideals.

> Ideals := S->[Ideal(S),Ideal(J(S))]:
> map(Ideals, [Q1, Q21);

[1[0], [1], [l=, y* + 1], []]
This means that £(S) = (V ((0)) \ V ({(z))) & (V ({z,y* + 1)) \ V ((1))). q

)
Proposition 5.44. If (Q1,...,Q,) and (Py,...,Ps) are two quasi-affine decompositions of S,
then s =r and L(Q;) = L(P;) fori=1,...,r.

Proof. The closure of £(S) only depends on the set £(S) C K. Therefore, so do the ideals I and
J from Definition (5.42) and thus @) is equivalent to P;. Since £(S)\ £(Q1) = L(S)\ L(Py), the
statement follows. O

Proposition 5.45. If (Q1,...,Q,) is a quasi-affine decomposition of S, then

fori=2,....r.
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Proof. It X = L(S), I =V(S) and J(S) then

X\N(VI\V()) =(X\V{I)uXnV(J))
= XNV(J)

Since V(J) = X \ X and dim (X \ X) < dim(X), we get dim (V (J)) < dim (X)—1. Furthermore,

XNV(J)=(XnV()u(CXnV(J))
T

(J)N (X UCX)

1%
V(I)\ (CX NX)

Since V(J) = (CX N X), this implies dim(X NV (J)) < dim(V (J)) and therefore
dim (X N V(J)) < dim(X) — 2. 0
The quasi-affine decomposition is a useful tool to represent a constructible set, especially since

it shows if a set is quasi-affine. The following example demonstrates a disadvantage which is
apparent from the previous proposition.

Example 5.46. Let R = Q[z,y, z] and define the ideals Iy = (z), Ir = (y) and I3 = (z —y, z — z).
The constructible set X = (V(I1)\ V(I2)) U (V(I2) \ V(1)) U V(I ) has dimension 2. However,
the quasi-affine decomposition

V ((zy(z — ), 2y(x =)\ V (9, 2) HV (@, 9, 2
dim(-)=2 dim(-)=0

contains no indication that X is actually the union of surfaces and lines.
On the other hand, the set X may be decomposed as the disjoint union of the quasi-affine sets

V({yz)\V (g 2) HV (ly — 2,2 - 2))

dim(-)=2 dim(-)=1

which separates the line from the two surfaces. <

The following algorithm computes a different decomposition into quasi-affine sets that takes
the dimension into account.

Algorithm 5.47 (EquidimensionalQuasiAffineDecomposition). Input: A disjoint family of simple
systems S over K[z1,...,2p].
Output: A tuple (Dy,...,Dy) of disjoint families of simple systems, where

(b) I(D;) is equidimensional with dimension dim(D;),

(¢) L(D;) is a quasi-affine subset of K= and

() £(S) =W, £(D), i=1,....k—1.

Algorithm:
1: D+ ()
2: while L(S) # 0 do
8 Spax < (s € S|dim(s) = dim(S))
Imax — I(Smax)
T «+ (s € S|Reduce(s,p) =0 for all p € Iax)

R
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J < I (Intersect (Complement(T'),T))
Q < Shpa,t

D« (D,(Q))

9: S < Difference(S, Q)

10: end while

11: return D

P X

Proof of Correctness. Let d = dim(S). The ideal Lax is given by Ihax = ﬂsesmx I(s). Therefore,
it is the intersection of equidimensional ideals of dimension d, and thus itself equidimensional of
dimension d. By construction, we have I(T) = Iax = I(Q), which proves (b).

The set £(Q) is a quasi-affine subset of K by construction, proving (c). Condition (d) is also
true by construction.

For condition (a), it suffices to show that dim(Difference(S,Q)) < dim(S). It holds that
L(Q) C L(T) C L(S). Therefore L(S) \ L(Q) = (L(S) \ L(T)) U (L(T)\ £(Q)). By construction
T C S, i.e. every system in T also occurs in S, therefore £(S)\ L(T) = L(S\T), and every system
in S\ T has dimension smaller than d. Finally, £(Q) = V(I(T))\ V(J(T)), and by the proof of
Proposition (5.45), this implies dim(£(7T) \ £(Q)) < dim(L(T)) = d. O

This decomposition cannot test whether a set is quasi-affine, but it gives another representation
of a set from the class P. As before, we can express the quasi-affine sets using pairs of ideals.

Example 5.48. We compute Example (5.46) in MAPLE.

> restart;
> with(AlgebraicThomas) :
> v = [x,y,z]:

> I1 := [z];

> 12 := [y];

> I3 := [z-y,z-x];

I3 = [z —y,z — x]
This defines the set from Example (5.46).

S := SolUnion(
SolDifference(
AlgebraicThomasDecomposition(I1,v),
AlgebraicThomasDecomposition(I2,v)

\%

H

SolDifference(
AlgebraicThomasDecomposition(I2,v),
AlgebraicThomasDecomposition(I1,v)

)

AlgebraicThomasDecomposition(I3,v)

V VVVVVVYVVYVYV

Dimension(8);
2
We follow the algorithm and find the quasi-affine set of dimension two.
> M:
> IM := Ideal(M):
T :

select (s->Dimension(s)=2, S):

> select (s->‘and‘ (op (map (p->evalb(reduce(p,s)=0),IM))), S):
>

Closure(SolIntersect(Complement(T),Closure(T))):
> D1 := [IM,Ideal(J)]:
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> 81 := SolDifference(

> S,

> SolDifference(AlgebraicThomasDecomposition(IM,v),Closure(J))
>

>

)

Dimension(S1);

We continue with dimension 1.

> M := select(s—>Dimension(s)=1, S1):

> IM := Ideal(M):

> T := select(s->‘and‘ (op(map(p->evalb(reduce(p,s)=0),IM))), S1):
> J := Closure(SollIntersect(Complement(T),Closure(T))):

> D2 := [IM,Ideal(J)]:

> 82 := SolDifference(

> S1,

i ,. SolDifference(AlgebraicThomasDecomposition(IM,v),Closure(J))
> Dimension(S2);

—00
After removing the components of dimension 1, the set is empty. The equidimensional quasi-affine
decomposition is represented by the following pairs of ideals:

> [D1,D2];
[[[Zy]v [yv Z]]a [[{E — Y- Z]a [1]]]

5.7 Images of Rational Maps

This section will focus on applying the THOMAS decomposition and counting polynomial to the
study of rational maps. In particular, we will give examples of such maps and use the Algebraic-
Thomas software to compute their image and determine whether they are surjective.

Let K be a field, m,n € N and consider two sets M € P2, N € Pp. We will use the THOMAS
decomposition for analyzing rational maps

f:M_>N:(a17"'7am)'_>(pl(ah-"7am)7'-‘7pn(a17-"7am))

where p; = 5 € K(21,...,2m,) and n;,d; € K(z1,...,2,,] for i = 1,...,n. For simplicity, assume
that both M and N are given by a single polynomial system.

Remark 5.49. We can use THOMAS decomposition to check whether the p; induce a well-defined
map M — N. Consider systems T3 over K[x1,...,2Ty] and T over K[y1,...,ys] with L(T1) = M
and L£(Tz) = N. Define the system

S =T UTQU{(diyi—ni):,(di);é’i: 1,...,77,}

over K[x1,...,Zm,Y1,---,Yn]. Then the p; induce a well-defined map M — N if and only if
L(Project(S,m)) = L(M). Since M C Project(S,m) we only need to test equality of ¢(M) and
c(Project(S, m)).

If we interpret S as a system over K[yi,...,Yn,Z1,.-.,%m], then L (Project(S,n)) C N is
the image of f. We can determine whether the map is surjective by comparing the counting
polynomials ¢ (£ (Project(S,n))) and ¢(N). N

As a first example, we will show how the THOMAS decomposition can be used to discover the
determinant, Cramer’s rule and the counting polynomial computed in Proposition (4.6). In this
case, we do not know have explicit formulas for the p; in advance, but define them implicitly by
means of the equation AB — 1 = 0.
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Example 5.50. Let
A= (a’i,j)i,jzl,...,n B = (bi’j)i,jzl,...,n € Qlaij, bili, g =1,... ’n]an

and consider the equation AB —1 = 0. This matrix multiplication yields n? polynomial equations.
By performing a THOMAS decomposition with a ranking < such that a; ; < b; ; we can analyze
the map A — %. We consider the case n = 3.

> restart:
> with(AlgebraicThomas) :
> (A,B):=Matrix(3,symbol=a) ,Matrix(3,symbol=b);

a1 ai2 13 b1,1 b1,2 b1,3

)

A, B = a1 az2 23

, ;| b2 baa bas
as,1 asz2 033 bs,1 bz b33

> v := [op(indets(B)),op(indets(A))];
v := [b11,b1,2,01,3,b2,1,b2.2,b2.3,b31,b32,b33,a1,1,01,2,01,3,02.1,02,2,023,031,03 2, A3 3]
> S:=AlgebraicThomasDecomposition(convert(A.B-1,1ist),v):
From this decomposition, we first determine that our implicit description yields a map.
> G:=groupCounting(Comprehensive(S,9)):
> nops(G);

> G[1]1[2];
1

This means that for every matrix A there is exactly one matrix B such that our implicit equations
hold, thus proving that they define a map. We consider the largest subset of Q[a; ;|7,7 =1,...,3]
such that this map is well-defined.

> Sp := Project(S,9):

> countingPolynomial(Sp);

9 8

.
- T et =B

This is the counting polynomial we computed in Proposition (4.6). We want to determine the
defining equations and inequations to see if it is the same set. For that, we consider the comple-
ment.

> Spc := Complement(Sp):
> evalb(countingPolynomial (Spc) = countingPolynomial(Closure(Spc)));

true
This shows that the complement is closed, i.e. defined by equations only. Those equations can be
computed by determining the ideal of the set.
> Ideal(Spc);
[a1,102,2a33 — 1,102,303 2 — (1,202,103 3 + G1,202,303,1 + 01,302,103,2 — G1,302,203,1]
This is the determinant of A. What remains is to determine an explicit description of the map.

We look for a system that only restricts the a; ; with inequations, i.e. a system that contains no
equations in the a; ; only. In this case, such a system must have maximal dimension.

> map(Dimension, S);
9,8,8,7,8,7,6,8,7,7,6,8,7,7,6,7,6,7,6, 6]
By looking at the first system, we can now determine our formula.
> isolate(getTermForVariable(S[1], b[1,1]),b[1,1]);
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@2,203 3 — A2,3032

b11:

)

1,102,2G33 — 01,102,303 2 — A1,202,103,3 + A1,202 3031 + @1,302,143,2 — 01 3022031
> isolate(getTermForVariable(S[1], b[1,2]),b[1,2]);
—Qa1,2a33 + a1,3032

1,102,2033 — 01,102,303 2 — Q12021033 + A1,202 3031 + @1,3042,103 2 — 01 302203 1
Similar formulas hold for all b; ; and we have in fact recovered Cramer’s rule. N

bio =

)

We now want to study maps of the form K"*" — K"*" : A — p(A) where p € K|z] is a
polynomial. In particular, we want to determine the image and some interesting fibers of the
map. Since all matrices are conjugates of upper triangular matrices and conjugation of matrices
commutes with polynomial maps, we can simplify the computation by restricting ourselves to
upper triangular matrices, in particular, we study maps of the form

K" — K" A e p(A)
where K'*" denotes the set of all upper triangular n x n matrices.

Example 5.51. Let s,t € C and fy; : C?*2 — C2*2: A A2+ sA +t.

> restart:

> with(AlgebraicThomas) :

> A := Matrix(2,symbol=a,shape=triangular [upper]);
ap1  aiz2 1
A=
0 a2 .2 ]
> B := Matrix(2,symbol=b,shape=triangular [upper]);
bii bz |
B =
0 b2’2 |
> p = A->DAT2+sxA+<<t,0>(<0,t>>:

> pA = p(A):

> L := convert(B-pA,list):
> v := [op(indets(A)),op(indets(B)),t,s];

v = [a11,01,2,02,2,b1,1,b1,2,b2.9,%, ]
> § := AlgebraicThomasDecomposition(L,v):

We are only interested in the image of f; ;, therefore we can remove the highest three components.
> 8p := Project(S, 5):
We want to analyze this image depending on s, ¢, thus we need to make the decomposition (s, t)-
comprehensive.
> Spc := Comprehensive(Sp, 2, group=false):
We now group together all systems where £ (S<b272) is the same in order to analyze the different
cases.
> S8g0 := [ListTools[Categorize] (
> (a,b)->equalSystem(Project(a,2),Project(b,2)),
> Spc
> )]
> nops(Sg0);
1
There is only one case. We determine the complement of the image.

> Complement (Sg0[1] ,parameters=2);
> systemSolutions(%[1]);
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[[82 —|—4b1)1 —4t= 0,1)172 =+ 0,82 +4b272 —4t = 0]]

1 1
[[b11 = 1 5% 4 t,byp = 1 s? + 1]

This shows that the matrix
> Z := subs(%[1], B);

—i s+t b1,2
Z =
0 —i s+t
with b1 2 # 0 is not in the image of f,;. The reason is as follows. If we compute a solution for
ay,1 and as 2, we get the following.
> solve(pAl1,1]1-Z[1,1],a[1,1]);
> solve(pA[2,2]-2[2,2],a[2,2]);

11
2% 3%
11

—=5,—=s

Inserting this solution into the upper right entry of the result always yields zero.

> subs([all,1]=-s/2, al2,2]=-s/2], pA[1,2]);

0

If we had more than one solution for either a; ; or ag 2, then we could always choose a;,1 and ag >
such that finding a suitable a; 5 is possible.

> pA[1,2]=b[1,2];

> isolate(%,al1,2]);

Sa12 +a1,101,2 + a1,2022 = b1 2

b1 2
a1,1 +a22+ S
Therefore, candidates for the matrices with an empty fiber are the ones where the discriminant of
>  x"2+s*x+t-b[1,1];
> x"2+s¥x+t-b[2,2];

aio2 =

)

S$+l‘2+t—b1,1

S$+$2+t—b2,2
is identically zero. This is the case if

> isolate(discrim(x~2+s*x+t-b[1,1],x),b[1,1]);
> isolate(discrim(x~2+s*x+t-b[2,2],x),b[2,2]);

1
6171 = —1 82+t

1
b2,2 = 71 52 —+ t
All other matrices are in the image of f, ;. We analyze their fibers.

> Sc := Comprehensive(S, 5):
> fib := map(a->[SmallerDecomposition(al[1]),a[2]], groupCounting(Sc)):

> nops(fib);

The first case is the generic case, where each fiber has 4 elements.
> fib[1];
[[[4 b1,12 + (82 — 4t — 4b2,2) bl,l + (—32 + 4t) b272 7é 0, 52 + 4b2,2 — 4t 75 OH,4]
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In the second case, the fiber has 2 elements.

> printSystem(fib[2] [1],pretty=true);
> fib[2] [2];

[82 +4b171 —4t = 0,82+4b2)2 —4t7é0]
[b171 - b272 = O,bLQ 7§ 0,52 +4b272 — 4t # 0]
[ 4+4by g —4t#0,5% +4byo — 4t = 0]

2

This is the case if exactly one of the following three conditions holds:
1. The discriminant

> discrim(x"2+s*x+t-b[1,1],x);

s24+4byq — 4t
is identically zero.
2. The discriminant
> discrim(x"2+s*x+t-b[2,2],x);
s+ 4byy — 4t

is identically zero.
3. Both diagonal entries are identical.

In the third case, the fiber is infinite.
> fib[3];
[[[b1g —b22=0,b12="0,8"+4byy — 4t # 0]],2u + 2]
We analyze such a fiber.

> map(op@(a->al[2]), select(s->equalSystem(s[1],fib[3][1][1]), Sc)):
> mat3 := map(subs, map(op@systemSolutions, %), A):
> printSystem(%%, pretty=true);

[a11+as2+s=0,a12F# O,a2722 + saz 2 — by +t=0]
[a1,1? + sa1,1 —bao +t=0,a12 = 0,a22% + sass — by +t =0

> nops(mat3);

6
We get the 4 obvious diagonal matrices.
> for M in mat3[3..6] do
> print(M, simplify(p(M)));
>  od;
[ —Ls+1\/s2+4byp — AL 0 1 [ b2z 0 ]
I 0 ~Ls+ 3/ H b —4t | [ 0 b |
[ =3 s— 3 \/s?+4byo— 4t 0 1 [ba2 0]
L 0 L5t 1\ /s2 5 dbyy 4t | | 0 byo |
—1s+ 1/ +4byp— At 0 ] [be2 0]
i 0 s 124 dby, —4t | | 0 byo |
-—%S—% 52—|—4b272—4t 0 | -b2,2 0 |
0 —%S—% 82+4b272—4t_’_ 0 b2,2_

For each arb-itrary b1,2 # 0 we get two more matrices.
> for M in mat3[1..2] do
> print(M, simplify(p(M)));
>  od;
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b272 0
0  boo

)

—%S—%\/82+4b2,2—4t a1,2
0 — S+%\/52+4627274t ’
[_§s+§ §7 +4byo — 4t ai,2 ] lbl? 0 ]

0 — S—%\/52+4b272—4t 0 bg,g

N[

[N

In the fourth case, the fiber is again infinite.
> fib[4];
[[[82—1-4[)11 —4t =0, b12=0 82+4b22—4t:0” ]

> map(op@(a->al2]), select(s->equalSystem(s[1], f1b[4] [11[11), Sc));
> mat4 := map(subs, map(op@systemSolutions, %), A

[[2@171 + s = 0,&1,2 7é 0,2&272 + s = O], [2&171 + 5= O,CLLQ = O,2a272 + 5= O]]
For arbitrary a2, the following matrix is in the fiber.
> mat4[1], simplify(p(mat4([1]));

—%S ai2 —isQ—l—t 0
0 —%s ’ 0 —isQ—I—t

The special cases in the previous example all occur when the discriminant of 22 4+ sz +t — e
is identically zero where e is an Eigenvalue of the result matrix. We consider the same problem
with a polynomial of degree 3 where a similar phenomenon occurs.

<

Example 5.52. We want to determine for which 7, s,t € C the map
frist :C2X2 5 C2%2 0 Ay A3 4 rA2 L sA+t

is surjective. In case it is not, we want to determine the image of f s :.
> restart:

> with(AlgebraicThomas) :

> A := Matrix(2,symbol=a,shape=triangular [upper]);
ai,i @iy |
A=
0 agpo |
> B := Matrix(2,symbol=b,shape=triangular [upper]);
bii bia |
B =
0 bag |
> p 1= A->AT3+r*AT2+s*kA+<<t,0>(<0,t>>:
> pA :=p(A):
> L := convert(B-pA,list):
> v := [op(indets(A)),op(indets(B)),t,s,r];
v = [a1,1,01,2,022,b1,1,b1,2,022,%,8,7]
> 8 := AlgebraicThomasDecomposition(L,v):

As in the previous example, we are only interested in the image of f, , ;, therefore we can remove
the highest three components.

> Sp := Project(S, 6):
We make the decomposition (r, s, t)-comprehensive.
> Spc := Comprehensive(Sp,3, group=false):
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We now group together all systems where £ (S<b2,2) is the same in order to analyze the different
cases.
> S8g0 := [ListTools[Categorize] (

> (a,b)->equalSystem(Project(a,3),Project(b,3)),
> Spc)
> ]:

For each such case, we now determine the complement of the image.

> Sg := map(a->[Project(al1],3),Complement (a,parameters=3)], Sg0):

> nops(Sg);
2
For almost all r, s,t, the map f, s+ is surjective.
> Sgli]l;
[=7* +3s #0], ]

For certain r, s,t, the following matrix is not in the image of f, s+, where by 2 # 0.
> Sgl2];
[=r? +35s=0],[[27b11 + 7% =27t =0,b1 2 # 0,27Tbg s + 7> — 27t =0, —r? + 35 = 0]]]

> systemSolutions(Sg[2][2]);
> map(subs, %, B);

1 1 1
big=——=1+tbos=——1r>+t,s=21"
[[b1,1 277“ + 1,022 277“ +1,s 37"]]

—%T?’-‘rt bl,g
0 —= 3+t

The reason is similar to the previous example. The polynomial

> subs(s=r"2/3, x"3+r*x"2+s*x+t - (-1/27*r"3+t));

1 1
o3 fra® 4 -t 4 —or?

3 27
has discriminant zero.
> simplify(discrim(%,x));
0
In fact, it has only one distinct root.
> factor(%%) ;
1 (r+3z)°

27
The previous example explains how this results in an empty fiber.

We analyze the cardinalities of the fibers.

> Comprehensive(S, [6,3]):
> fib := map(a->[a[1], groupCounting(al2])], %):

> nops(fib);

We start with the generic case.
> fib[1]1[1];
[—r? + 35 # 0]

> map(a->[countingPolynomial(a[1]),a[2]], fib[1]1[2]);
> add(pl[1], p=h);
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[[u® — 5u® + 6u,9], [4u* — 8u, 6], [u* —3u+2,3],[u—2,6u+3],[2u,4],[2u —2,1],[2,3u + 1]]

’U,S

We see that generically, the fiber is finite with 9 elements. In some cases, the fiber may be smaller.
In two cases however, the fiber is infinite.

> fib[1]1[2]1 [4]1[1];
[(b1,1 — b2o = 0,b15 = 0,27Tboo” + (=473 + 1875 — 541) boo + 475 — 1%s? — 187st + 4 5% + 27¢% # (]|
> fib[1]1[2] (7] [1];
[(b1,1 — D22 = 0,b10 = 0,27 by o” + (=47 + 1875 — 541) bo o + 475t — 1%5% — 18 7st + 4 5% + 27 1% = (]|
This shows that all scalar matrices have an infinite fiber. Now consider the special case.
> fib[2] [1];
[—r? +35=10]
> map(a->[countingPolynomial(al1]),al2]], fib[2][2]);
> add(pl1], p=%h);
[[u® = 3u? +2u,9],[3u? —4u+1,3], [u—1,6u+3],[1,u]]

ud—u+1
Again, the fiber has 9 elements generically, but is smaller in some cases. From the last counting
polynomial, we see again that some fibers are empty. As above, there are two cases where the
fiber is infinite.

> fib[2] [2] [3][1];
[[bl,l — b2,2 = 0, b1’2 = 0, 271)272 -+ 7“3 — 27t 7£ OH
> fib[2][2] [4][1];
[[27b11 + 7% — 27t =0,b1 5 = 0,27by o +1° — 27t = 0]]
As before, these are all scalar matrices. This is plausible since the upper right entry of f, s (A is
> collect(pAll,2], [al1,2],s,r], expand);
(S +r(an1 +a2) + a1,12 +azp2a1;1 + 02,22) a1,2
The result of the computation implies that for given by 1, b2, there are a1, as 2 that solve the

system and ensure that the coefficient of a; > in the above polynomial is identically zero. Therefore,
there is no equation to restrict a; 2 in these cases and the counting polynomial has degree 1. <

To conclude this discussion, we will now consider the previous examples in positive character-
istic and compare the results.

Example 5.53. We analyze the image of the map g, : (E)iXQ — (I@)iX2 A AT 4 sA 4t

The steps to compute this in MAPLE are almost identical to the ones in Example (5.51).
> restart:
> with(AlgebraicThomas) :

We set the characteristic to 2 and perform the same steps as before.
> AlgebraicThomasOptions("characteristic", 2);

A := Matrix(2,symbol=a,shape=triangular [upper]):

w
i

Matrix (2, symbol=b,shape=triangular [upper]):
A->A"2+s%A+<<t,0>|<0,t>>:

:= p(A):

convert (B-pA,list):

[op(indets(A)) ,op(indets(B)),t,s]:

o
i

=
1] .Ii

S := AlgebraicThomasDecomposition(L,v):
Sp := Project(S, 5):

vV V. V V V V V V
e}
=
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Spc :
Sg0 :

Comprehensive(Sp,2, group=false):

[ListTools[Categorize] (
(a,b)->equalSystem(Project(a,2) ,Project(b,2)),
Spc)

V VVVYV V

Sg := map(a->[Project(a[1],2),Complement (a,parameters=2)], Sg0);

Sg = [lls # 01, [I], [[s = 0, [[b1.1 + b2,2 = 0,b12 # 0, s = O]]]]
This behaviour is different from characteristic 0. In fact, the map is surjective if s # 0. If s = 0,
all non-diagonal matrices with two identical Eigenvalues have an empty fiber. This is because
after choosing values for s, t, the discriminant of

> x"2+s*xx+t-e;
st4+a?—e+t
is always s, in particular, it does not depend on e.

Finally, we consider g, s : (I[Tg)ixz — (E)ixz : A A% +1rA% + sA +t and compare with
Example (5.52).

> restart:

> with(AlgebraicThomas) :
We perform the same steps as before for characteristic 3 and a polynomial of degree 3.

> AlgebraicThomasOptions("characteristic", 3);

> A :
B :
PA = AT3+r*AT2+s*¥A+<<t,0>[<0,t>>:

Matrix(2,symbol=a,shape=triangular [upper]):

Y

Matrix (2, symbol=b,shape=triangular [upper]):

=
n

convert (B-pA,list):
[op(indets(A)),op(indets(B)),t,s,r]:

<
Il

107]
]

AlgebraicThomasDecomposition(L,v):
Sp := Project(S, 6):
:= Comprehensive(Sp, 3, group=false):

Sg0 := [ListTools[Categorize](
(a,b)->equalSystem(Project(a,3) ,Project(b,3)),
Spc)

]:

Sg := map(a->[Project(al[1],3),Complement (a,parameters=3)], Sgl):
select (p—>p[21<>[], Sg);
[[[s=0,7=0],[[b1,1 +2b22 = 0,b12 # 0,5 = 0,7 = 0]]]]
Similarly to characteristic 0, there are cases where the map is not surjective. However, in char-

acteristic 3, the complement of the image consists of all non-diagonal matrices with identical
FEigenvalues, while in characteristic 0, only matrices with a specific Eigenvalue were affected.

vV V VVVV V VvV V V V V
|97}
el
(]

We analyze why that is the case. As we saw earlier, to ensure that the fiber is empty, the
polynomial

> q = X73+r*x"2+s*x+tt-e;
g =ra*+a’+sz—e+t
must only have one solution for every Eigenvalue e. This is the case is and only if
> lcoeff(diff(q,x) mod 3,x) = 0;
2r =0
and
> Prem(q,diff(q,x) mod 3,x) mod 3 = 0O;
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er +2r3t +r¥s? + 253 =0
which is the case if and only if » = s = 0. This condition is independent of e. <



Chapter 6

Faithful Counting Polynomials

The definition of the counting polynomial in chapter 2 only applies to subsets of K™ where K is
an infinite set. In chapter 3, we only consider counting polynomials of solution sets of polynomial
systems over algebraically closed fields, which are again infinite. In this chapter, we introduce
faithful counting polynomials in order to compute actual cardinalities of finite sets. If K is a field
and V C K" has the faithful counting polynomial ¢(V), then for a finite field L with K C L C K,
the number of elements of V' N L™ is ¢(V),—|z|. Of course, such a faithful counting polynomial
does not always exist.

We will introduce conditions that ensure the existence of a faithful counting polynomial and
demonstrate how it can be computed in these cases.

6.1 Changing the Characteristic

In this section, we introduce a technique for computing a THOMAS decomposition in characteristic
0 and interpreting it as a THOMAS decomposition in positive characteristic. We observe that
during the Decompose algorithm (3.47), we never use division. In particular, new polynomials
are only produced by either taking coefficients of existing polynomials, or by taking a weighted
sum ap + bq of two existing polynomials p, ¢ from the system, where the weights a, b are arbitrary
polynomials from the base ring. Even the leading coefficients of the subresultants, where our
definition includes a division, can be constructed as polynomials in the coefficients of the original
polynomials. Taking the remainder modulo a natural number commutes with all these operations
in the sense of the following remark.

Remark 6.1. Let A be a principal ideal domain with quotient field @ := Quot(A) and residue
class fields F), := A/(p) for any prime element p € A. We have a ring monomorphism

L:A—)Qial—)%
and ring epimorphisms
vyt A= Fyiar—a+ (p).

Since these are homomorphisms, it holds that v,(a-b) = vp(a) - vp(b) and vy(a+b) = vp(a) + v, ()

for all a,b € A. Furthermore, if da = n for d,n € A, a € Q and v,(d) # 0, then a — ';’;((Z)) induces

a ring epimorphism vy, : A,y — Fp : ¢ — ’;’;EZ; where Ay == (A\ (p)) A C Q.

Now consider the basic operations of the Decompose algorithm. Let A,Q be as above and
consider R = Q[z1,...,2,] and let S = (S7, Sg) be a system over R as described in section 3.2.2.
Assume further that all polynomials in S' are elements of A[z1, ..., z,]. If vp(init((St),,)) # 0 for

t=1,...,n, then for all ¢ € A[zy,...,z,)

vp(Reduce(S, ¢)) = Reduce(v,(S), vg) ,
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where we consider v,(S) as a system over F),.
If 1,92 € Alz1,. .., x,] with 1d(¢1) = 1d(¢g2) = z; and vp(init(g1)) # 0, then

vp(res;(q1, g2, z:)) = res;(vp(q1), vp(qz), i)

for all 7 > 0 and similarly

vp(RRes;(q1, g2, i) = RRes;(vp(q1), vp(g2), i) - <

There are two steps in Decompose that change when applying v,. The first one is testing
whether an element g € A is zero. The second one relates to square-freeness.

Remark 6.2. Let ¢ € A[zq,...,2,] with 1d(¢) = x;, mdeg(q) =: d and init(q) =: ¢. In the
Decompose algorithm, we split the system {g—} into S; := {g—,c.} and Sy := {(q — cad)—, c_}.
If 1d(v,(q)) # 1d(¢) or mdeg(v,(g)) # mdeg(q), then v,(S1) is inconsistent since v,(c)x = 0% is a
contradiction.

If 1d(c) > 1, a similar split is applied to c. This recursion continues until 1d(¢) = 1. Therefore,
we can detect the situation where either the leader or main degree of any equation or inequation
changes when v, is applied by only looking at the constants that we add to the system. N

Our general strategy is to perform all computations in () and ensure that the actual polynomials
are in a polynomial ring over A. Whenever we add a non-zero constant a to a system, we record
the primes p such that v,(a) = 0.

Example 6.3. Let A =7, Q = Q and apply the Decompose algorithm to S := {((2y — 1)z —1)_}
with y < x. We first split the system into

{(2y =Dz =1)=, 2y = Dz}, {(=D= (2y = 1)=}) .

The second system contains (—1)= and is therefore inconsistent. Also note that v,(—1) # 0 for
all primes p € Z. The first system splits further into

{2y~ D= D)= (2 — 1) 2.2} {2y~ D — D (~1)2,2_})

In both system, the constant 2 appears. It holds that v,(2) # 0 for all primes p # 2 and 1»(2) = 0.
We remember this and continue the computation. The second system is inconsistent and in the
first system, the inequation 2 is redundant. We conclude that ({((2y — 1)z — 1)=, (2y — 1)x}) is
a THOMAS decomposition of S when we interpret S as a system over Q or over F,, with p # 2. In
any of these cases, the counting polynomial is (u — 1).

Over Fy, a THOMAS decomposition of S is given by ({(x + 1)-}) and the counting polynomial
is u. <

In this example, we computed a THOMAS decomposition for the given system in all character-
istics by invoking the Decompose algorithm only twice.

There is a second problem which only occurs when there are n € N and p € A such that
vp(n) =0, ie. if the characteristic of @ is zero and Q & A.

Remark 6.4. During the Decompose algorithm, when we compute the square-free part ¢ of a
polynomial g, then v,(§) is not necessarily the square-free part of v,(¢) if p € {2,..., mdeg(q)}. <

We can apply the ideas from Remarks (6.1), (6.2) and (6.4) to the following cases:
1. A=7,0=Q
2. A= Kly],Q = K(y) for any field K.

In the latter case, Remark (6.4) can be ignored. Our implementation in the ALGEBRAICTHOMAS
package only handles the former case and it is the only case that interests us in the next section.
We demonstrate such a computation in MAPLE.
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Example 6.5. We compute a THOMAS decomposition of {(z® + az? + bx + ¢)=} over Qla, b, ¢, 7]
and interpret the result over Fyla, b, ¢, z] for different primes p € N.

> restart;
> with(AlgebraicThomas) :
> L :=[ x"3 + a*x™2 + bxx + ¢ ];
L = [2° +2%a+xb+ ]

[x,c,b,al;

Vv
<
Il

v = [x,¢,b,q]
> AlgebraicThomasOptions("save zero sets", true);
> § := AlgebraicThomasDecomposition(L, v):
> countingPolynomial(S);
3u —2u?

map (
n->op (map (£f->f [1] ,ifactors(n) [2]1)),
map (numer ,AlgebraicThomasZeroSets())

V V V V

);
{2,3}

We need to separately compute the decomposition and counting polynomial for characteristics 2
and 3.

> AlgebraicThomasOptions("characteristic", 2);
> S2 := AlgebraicThomasDecomposition(L,v):

> countingPolynomial(S2);

3ud —u? —u

> AlgebraicThomasOptions("characteristic", 3);
> 83 := AlgebraicThomasDecomposition(L,v):

> countingPolynomial(S3);

3ud —u? —u

The counting polynomials for characteristic 2 and 3 are the same, but we can see a difference in
the counting trees.

> evalb(CountingTree(52)=CountingTree(S3));

false

Both decompositions even contain systems that contain roots of variables. Therefore, they cannot
be obtained by taking the remainder of a system over characteristic 0 modulo 2 or 3.

> 82[3];
[z + Vb =0,ba+c=0,a%+b# 0]
> S3[5];
[+ ¢c=0,b=0,a=0]
For any characteristic other than 2 and 3, the result is the same as in characteristic 0.

> AlgebraicThomasOptions("characteristic", 5);

> 85 := AlgebraicThomasDecomposition(L,v):

> evalb(CountingTree(S)=CountingTree(S5)) ;

true
We even get the same systems, up to multiplication with non-zero constants.

> nops(S) ,nops(S5);
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4,4

> printSystem(S[1]) mod 5;
[2° + 2%a+xb+c=0,4b%a> +4b° + 2% + (4a® +2ba) ¢ # 0,4a* + 3b # (]
> S5[1];
(2% + 2%a + 2b+ ¢ = 0,2b%a® + 20> + A + (2a® + ba) ¢ # 0,30 + b # 0]
This result is not surprising. Since the degree of the original polynomial is 3, it is expected that we

need to take special care of characteristics 2 and 3. As all coefficients are 1, one would expect that
all characteristics larger than 3 do not need special treatment, although this is no guarantee. <«

6.2 Faithful Counting Polynomials and Split Systems

closed field and V' € P} be an infinite set. For any finite subfield K C L, we want to determine

the cardinality of the intersection V N K"™. Moreover, if p = char(L), we want to determine VﬂIE‘Zd

for all d > 0.

Remark 6.6. Let K be a field of characteristic p and S be a polynomial system over K[z, ..., Z,].
d

Consider the system S(® := S U {(xf - xi) ‘z = 1,...,n}. Then ¢ (5@) = |£(5) ﬂFZd‘ €

Z>o. B q

This is apparent from the fact that the solution set of 2P" — 2 over IFT, is exactly F,«. However,
this method has two major drawbacks: Since the degree of 2P — 7 is rather large, the computation
becomes very expensive when d increases. Furthermore, this method only computes the number
of solutions over a single field.

Definition 6.7. Let K be a field of characteristic p and V' € P. A polynomial f € Z[u] is
called p?-faithful counting polynomial of V if f (|L|) = |V N L"| for every finite field extension
LDFpa.

If S is a family of polynomial systems over Z[z1,...,z,], then f € Z[u] is called faithful
counting polynomial of S if for any prime number p € N, f is a p-faithful counting polynomial
of L(v,(S)), with v, as in Remark (6.1). N

We already saw an example of a faithful counting polynomial in Proposition (4.6). There, for
an arbitrary field K and all k,n € N with k£ < n, the set M, ,, of all k¥ x n matrices of rank k was
described using (2) polynomial systems. We also computed the counting polynomial

k-1
c(Mpy) = H u —u’ .
i=0

Since for a finite field K, the number of such matrices is known to be

k—1
(Minl = [T IK" ~ K[,

=0

we can conclude that ¢ (My,,) is a faithful counting polynomial.

Clearly, a faithful counting polynomial does not always exist. For example, if we consider {(z%+
1)_} in characteristic 3, then f = 2 is 9-faithful, but not 3-faithful. There is one important case
where the counting polynomial yields the faithful counting polynomial, which has been introduced
[P1e09Db, Sect. 3].

Definition 6.8. A simple system S over K|z1,...,z,] is called split if for every equation p— € S
or inequation p € S, the polynomial p can be factorized into linear factors in Kz, ..., zy,], i.e.

p= H?fleg(p) q; where 1d(q;) = 1d(p) and mdeg(q;) = 1. 4
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Obviously, all linear systems in the sense of section 2.3 can be decomposed into split simple
systems. Below we will consider examples of non-linear systems where all polynomials have main
degree 1 and thus are linear with respect to each variable. These systems can often be decomposed
into split simple systems. We continue by showing that decompositions into split simple systems
yield faithful counting polynomials.

Proposition 6.9. 1. Let K be a finite field. If a set V € Pp is the solution set of a dis-
joint family of split simple systems over K[x1,...,x,], then ¢(V) is a |K|-faithful counting
polynomial of V.

2. Let S, T be a families of polynomial systems over Z[xy,...,x,] such that T is a THOMAS
decomposition of S into split simple systems over Q[z1,...,x,]. Assume further that for all
prime numbers p € N, v,(T) is a« THOMAS decomposition of v,(S) into split simple systems
over Fplz1, ..., z,] and that ¢(S) = c(vp(S)). Then c(S) is a faithful counting polynomial of
S.

Proof. Tt suffices to show that the counting polynomial of a split simple systems s is faithful. Let
L O K be a finite field extension.

If sz, is empty, then |L(s<g,) N L| = |L| = c¢(s<qz, )(|L]). Otherwise, there is a polynomial
p € Klz1] with s, = p— or s;, = px. This polynomial p is of the form p = H?Zl(xl — a;) with
aj € K, j=1,...,d. Since the system is simple, the a; are pairwise different and p has d distinct
roots, which all lie in K since s is split.

Therefore, in case s, = p—,

[L(s<a,) VL] = [{a1,...,aq}| = d = c(s<a,)(IL]) -
In case s;, = p,
[L(s<a,) N LI =|L\{a1,...,aa}| = |L| = Ha1,...,aa} N L] = |L] — d = c(s<q, ) (IL]) -

Let 1 < i < nand a € L(s<;,) N L1, Assume by induction that |L(s<,,) N Li7Y =
¢(s<z,;)(|L]). With the same arguments we applied for s,,, we can conclude that |L(¢<y; a(S<z;))N
L] = c(¢<a;.a(s<a;))(|L]), implying
L(5<0,) N LY = |L(s<2,) N L7 - |£(<as,al5<0,)) N L]

= c(s5<a,)(|L]) - c(P<aials<a))(IL])

= c(s<a;)(I1L])

since s is simple. O

Using this proposition, we can now compute the size of the solution set for a number of
systems. We start with the set of all 4 x 4 matrices of rank 4, 3, 2 and 1. This example allows us
to demonstrate how to compute such examples with the AlgebraicThomas package.

Example 6.10.

> restart:

> with(AlgebraicThomas) :

> with(LinearAlgebra):

> AlgebraicThomasOptions("warnings", false);

> AlgebraicThomasOptions("save zero sets", true);

Y

A := Matrix(4,symbol=a);
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a1l Gr2 Q13 Q14

a21 Q22 G23 0G24

)

A =
asz;1 as2 33 aA34
Q41 Q42 Q43 Q4.4
v := [op(indets(A))];
v o= [a1,1,a1,2701,3»611,47a2,1a02,27612,3,02,4,a3,1703,2,as,3703,4,a4,1,a4,2,a4,3»a4,4]

First compute the system defined by giving the determinant as an inequation. We already know
this result, but it is easily reproduced by the package.

>

>

>

>

L4 := [Determinant(A)<>0]:
S4 := AlgebraicThomasDecomposition(L4, v):
countingPolynomial (S4) ;

Wl 15 14 ol 8 Ty 6
IsSplit(S4);

true

All systems are split. The next line tells us that the result is valid for all characteristics, implying
that the counting polynomial is faithful.

>

AlgebraicThomasZeroSets() ;

{3

In order to characterize the matrices of rank 3, we need to compute the determinants of all 3 x 3

submatrices.
> threebythree := map(
> s—>op (map (
> t->Determinant (SubMatrix(A,s,t)),
> combinat [choose] (4,3))),
> combinat [choose] (4,3)):
> L3 := ineqOr([Determinant(A)=0], threebythree):
> AlgebraicThomasZeroSetsReset () ;
> 83 := AlgebraicThomasDecompositionMany (L3, v):
> countingPolynomial(S3);
u et —ut? =3t — 200+ 208 + 307 4+ —ut —?
> IsSplit(S3);
true
> AlgebraicThomasZeroSets();

{0}

Due to an implementation detail, this set may sometimes contain 0, 1, -1 or fractions. We can
ignore these safely. Therefore, as before, we have a faithful counting polynomial.

\%

>
>
>
>

Y

twobytwo := map(
s—>op (map (
t->Determinant (SubMatrix(A,s,t)),
combinat [choose] (4,2))),
combinat [choose] (4,2)):

L2 := ineqOr(threebythree, twobytwo) :
AlgebraicThomasZeroSetsReset () ;

S2 := AlgebraicThomasDecompositionMany (L2, v):
countingPolynomial (S2) ;
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u? Futt 420 —u® — 30" —3uS —u® 24 P 4
> IsSplit(S2);
true
> AlgebraicThomasZeroSets();
{0,2}
This result indicates that the counting polynomial for the 2 x 2 matrices may not be 2-faithful.
We will compute the number of 1 x 1 matrices first and then reconsider this problem.
onebyone := map(
s=>op (map (
t->Determinant (SubMatrix(A,s,t)),

>

>

>

> combinat [choose] (4,1))),
> combinat [choose] (4,1)):

>

>

>

AlgebraicThomasZeroSetsReset () ;
S1 := AlgebraicThomasDecompositionMany(ineqOr (twobytwo, onebyone), v):
countingPolynomial (S1) ;
u b u’ et -t —ut—u—1
> IsSplit(S1);
true
> AlgebraicThomasZeroSets();

{}

Again, we have a faithful counting polynomial. Adding up these counting polynomials and adding
1 for the zero matrix should yield the number of all 4 x 4 matrices.
> add(countingPolynomial(s), s=[S1,S2,S3,S4])+1;

u16

Since only one result indicated a potential problem in characteristic 2, but the sum of the counting
polynomials is correct, we can conclude that the counting polynomial in the 2 x 2 case was also
2-faithful. Therefore, we do not need to repeat the computation in characteristic 2. It is now easy
to determine the number of 4 x 4 matrices of rank 1, 2, 3 or 4 over any finite field.

> subs(u=2, map(countingPolynomial, [S1,52,S3,54]));
[225, 7350, 37800, 20160)
> subs(u=25, map(countingPolynomial, [S1,S52,S53,54]));
[6357796224,62179393789094400, 968508529986816000000, 22314493656000000000000]
> subs(u=27, map(countingPolynomial, [S1,S2,S53,54]));
[10862633600, 156065163140577600, 3063564512679712204800, 76702722499018794447360]
Since the number of all matrices is known, it would have been possible to omit one of the above

computations, preferably the most expensive one, and subtract the other results from the number
all matrices to determine the missing result.

The inclusion-exclusion principle gives a different method for computing these polynomials which
is more efficient since it only uses equations. We now compute the number of matrices with
rank smaller than a fixed number and use the results to construct the correct faithful counting
polynomials.

> AlgebraicThomasZeroSetsReset();

> Ss4 := AlgebraicThomasDecomposition([Determinant(A)], v):
> 883 := AlgebraicThomasDecomposition(threebythree, v):

> 8s2 := AlgebraicThomasDecomposition(twobytwo, v):

> Ssl1 := AlgebraicThomasDecomposition(onebyone, v):
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> AlgebraicThomasZeroSets();

{ }
> ¢ := map(countingPolynomial, [Ss1,Ss2,Ss3,Ss4]):
> u~(4°2) - cl[4];

R GRS RRRE T PR § . B G
> c[4] - c[3];
W M 12 g1 0,10 108 13T 6 yd 3
> c[3] - c[2];
u? Futt 4200 —u® — 30" —3uS —u® 20 P 4w
> c[2] - c[1];
w4+ Fut - -t —u—1

> c[1];

1

There are the same faithful counting polynomials as above. N

In [Ple82], Plesken produces polynomials that count the number of pairs of 3 x 3 matrices
of specific rank such that the sum of these matrices is a fixed matrix. He also proves that such
polynomials are independent of the characteristic. Therefore, if we can decompose a polynomial
system describing this problem into split simple systems in characteristic 0, we get a faithful
counting polynomial. We show results for the case of 4 x 4 matrices.

Example 6.11. Let ¢; j 1 : Z — Z be a function such that for any finite field K, ¢; j x(|K]) is the
number of pairs of matrices A, B € K*** with rk(A) = i and rk(A) = j such that A+ B = C for
a fixed matrix C' € K**? of rank k. Then, according to [Ple82], ¢; ; x is a polynomial function.

Because of the symmetry, we assume ¢ > j. If 4 # j, then ¢; j0 = 0 and if ¢ = 7, then ¢; 0
is the number of matrices of rank i, which we computed already in Example (6.10). If j = 0,
then ¢k o, =1 and ¢; 0, = 0 for ¢ # k. It only remains to consider 4,5,k > 0. If k < |i — j| or
k> |i+j|, then ¢; ;=0

For the remaining cases, we use the inclusion-exclusion principle as we did in Example (6.10)
to compute the counting polynomials. The results are as follows:

C1,1,1 = 2u4 —Uu— 27

C21,1 = u” Fub u® —ut B —u2,

€221 = 200 + 207 + u® — 4u” — 508 — 3u® + ut + 3w + 20 + u,

€321 = ul? +utt —20% — 28 + ub + b,

cz31 = 20 ' — 2ur? — 5utt — 3u® 4 30 4+ 40 + 30T — ud —ut —
casn = ul® — w13l 410 — o0,

caar = u® — 20"l putt — w4 — o — U b
cii2=u?tu,con0=2u" +2u* —u —2u? — 2u — 1,

€222 = uw + 5u® + o — 4uS — Tu® — 4u* + 3u® + 3u® + 3u,

€312 = U7 + U6 - u5 - u4,

€322 = 2uM 4+ 3u'® — 20 — 6u® — 4u” 4+ W + 40’ + 2u4,

czz2 = ut 4+ 3u — 8u — 7u'? + 3u” + 9u® + 6u” — u® — 3u® — 2ut —
cann = w2 — Mt — 10 4 o0,

Casz = ul® — 3uld — ul? 4 3l 4 2410 — of — f,

Ciaz = ulS — 215 — M 313 — 10 — T 4y
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€2,1,3 = ut +u® 4 u?,

€223 = 2u® + 3u” + 2u8 — 2u® — Sut — 4ud — 22,

czns=2ul +u® —2u® —2u? —u—1,

€323 = w4 300+ 20% — 3u® — T — 6u® + ub + 4ut + 5ud + 202 + Uu,
€333 = u'? + 2u® + 2u!? — 5utt — 1000 — 4u° + 6u® + 13u” + 5u’ — 2u® — Sut — 4u?,
€4,1,3 = u’ —u,

Cans = w? — 1 — 200 T 44,

Cass = uS — 2™ — 3012 4500 4200 — u® — 347,

Coas = ul® — 2015 — M 4 2y13 4212 4t — 4010 448

cao0=u® +u’ +2ul + o +ut,

cza4=ub +u® +ut +ud,

€324 = utt 4 200 4 2u° — 3u” — 5u® — 5ud — 3ut — ud,

€334 = w4 20t + ut? — 30ttt — 7t — 60 — u® + 6u” + 9ub 4+ Tud + 3ut,

Ca1,4 = w’ — 2u% — 2

—u—1,
€424 = u'? — 2u° — 2u® — 0" + 30’ 4+ 2u* + 3ud +u? +u,
Ci34 = u'® — 20 — 20 — M 4 30t 4 4u® + 3u® — 4ub — 30 — 20t —ud,

Ca44 = ul® — 201 — w4 20" 4+ w2 + 3utt — 300 — 2u° — 2u® — " + 5uS

None of these polynomials has a positive integer root larger than 1, so these pairs of matrices exist
for every finite field. <

Relying on a decomposition into split simple system is often insufficient to obtain a faithful
counting polynomial. In [PB14], which was joint work with W. Plesken, we used the THOMAS
decomposition to count the number of matrices that represent a particular matroid over a specific
field. However, not all systems occurring in these computations were split.

Definition 6.12 ([PB14, Def. 2.2]). Let K be a field and V € P}.

1. V is called uniformly f-enumerable if there is a disjoint family S of split simple systems
with V' = L(S5).

2. V is called f-enumerable if there is a disjoint family S of simple systems with V' = L(S)
and for every i = 1,...,]S5|, there is a split simple system T; and a bijection £(S;) — L(T3;)
defined by a rational function over K.

3. V is called polynomially countable if V = Ule V; such that for each subset J C

{1,...,k}, either M, ; V; or its complement K" \ ;e Vi is enumerable. <
In either of these cases, we can obtain a faithful counting polynomial. In the last case, we can
do so using the inclusion-exclusion principle.
In [PB14, Ex. 5.8], we listed the faithful counting polynomials for the number of matrix
representations of simple matroids of rank 3 on 7 points. We will now demonstrate with two

examples how these polynomials were computed.

Example 6.13.
> restart:
> with(LinearAlgebra):
> with(AlgebraicThomas) :

> AlgebraicThomasOptions("save zero sets", true):
We count the number of matrices that represent the matroid on 7 points
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> E:={$1..7 };
E = {1,2,3,4,5,6,7}
with only one non-trivial hyperplane, namely
> H:=[ [1,2,4] ];
H = [[1,2,4]]
These matrices are characterized by determinants. In particular, we want to count set of matrices

> M := Matrix(3,7,symbol=x) ;
11 T1,2 1,3 T1,4 L1535 T16  L1,7
M = T21 X222 T23 24 T25 T2 T2,7
r31 X32 33 X34 T35 T36 T3,7

such that the determinant of M 2 3yx{a,b,c} 18 zero for (a,b,c) € H and non-zero for (a,b,c) €
Pot3(7) \ H.

> cH := select(1->not 1 in H, combinat[choose] (7,3)):
As demonstrated in [PB14, Cor. 3.8], we can restrict ourselves to the number of matrices

> M2 := subs([

> x[1,1]1=1, x[2,1]1=0, x[3,1]=0,

> x[1,2]1=0, x[2,2]=1, x[3,2]=0,

> x[1,3]=0, x[2,3]=0, x[3,3]=1,

> x[1,4]1=1, x[2,4]=1, x[3,4]=0,

> x[1,5]=1, x[3,5]=1,

> x[1,6]=1,

> x[1,7]1=1

> 1, M
1 0 01 1 1 1

M2 = 01 0 1 T25 T26 T27

0 0 1 0 1 3,6 I3,7

with this property and multiply the result by
> factor((u™3-u"2)*(u"3-u)*(u"3-1)*(u-1)"6);
u? (u—1) (u+1) (v +u+1)
Computing the counting polynomial directly is infeasible. However, we can use the inclusion-
exclusion principle: We define V; := L ({ (H{a bc}EN; det (M‘{172)3}><{a7b)c})> }), i1=1,...,k

for certain N; C Pots(7) \ H with Ujle N; = Pot3(7) \ H. We then compute (), ; V; for every

ieJ
J C{1,...,k}. From there, we can compute the counting polynomial.
> v = [X[2:7]y X[3,7], X[2,6], X[3,6], X[2,5]];
v = [962,77553,77962,6,553,6,352,5]
> G := map[3] (Determinant@SubMatrix, M2, 1..-1, [op(H)]);

G = [0]

We now define the V;:

> U:=map[3] (Determinant@SubMatrix, M2, 1..-1, [op(cH)]):
> nops(U);
34
> U := select(p—>p=0 or degree(p)>0, U):
> nops(U);
25

> [[$1..4]1,[%$5..8]1,[9,10],[$11..15],[$16..19]1,[$20..23],[24,25]]:
> V:i=map(1->mul (U[il,i=1),%):

> AlgebraicThomasZeroSetsReset();
The following procedure automatically performs the computation we described above.
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> S:=InclExclCount(G,V,v,quiet=true):
> S[3];

I

The previous command lists all results from the computation that were not split. Since there
are none, the set is polynomially countable with the following p -faithful counting polynomial for
almost all prime numbers p.

> factor(S[1]);
(u—>5) (u—3) (u®—13u® + 54u — 66)
> AlgebraicThomasZeroSets();
1
0,2,3,4, -
{ Y ) ) ) 2}

For characteristics 2 and 3, the result may be incorrect. In fact, the counting polynomial cannot
be correct for p = 2 since

> subs(u=2, S[1]);
—6
is a negative number. We repeat the computation for the two critical cases.

> AlgebraicThomasOptions("characteristic",2);
> 82:=InclExclCount(G,V,v,quiet=true):
> 82[3];

> evalb(S[1]=S2[1]);
false

> factor(S2[1]1);
> 82[11-S[1];

(u—4) (u—2) (u® — 154> + T5u — 123)
6

As predicted, in characteristic 2, we get a different result. This result implies that the given
matroid has no matrix representation over a field of 2 or 4 elements.

> AlgebraicThomasOptions("characteristic",3);
> 83:=InclExclCount(G,V,v,quiet=true):
> S3[3];

> evalb(S3[1]1=S[1]);
true

For characteristic 3, we get the same result as for characteristic 0. This result implies that the
given matroid has no matrix representation over a field of 3 or 5 elements. The overall number of
matrices representing the matroid is

> factor(S2[11*(u~3-u~2)*(u~3-u"2)*(u"3-1)*(u-1)"6);
(u—4) (u—2) (u® —15u> + T5u — 123) ut (u—1)° (v’ +u+1)
over a field of characteristic 2 and
> factor(S[1]*(u"3-u"2)*(u"3-u"2)*(u"3-1)*(u-1)"6);
(u—>5) (u—3) (u® —13u* + 54u — 66) u* (u— 1)? (v’ +u+1)
otherwise.
The isomorphism type of this matroid is listed in [PB14, Tbl. 2] as 0. <
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This example demonstrated how we can compute a faithful counting polynomial of a set that
is polynomially countable, but not necessarily f-enumerable in the sense of Definition (6.12). We
will now present such a computation for a polynomially countable set where some of the [, V; are
not uniformly f-enumerable.

Example 6.14. Consider the uniform matroid of rank 3 on 7 points. We perform the same
computation as in the previous example.

> restart:

> with(LinearAlgebra):
> with(AlgebraicThomas) :
>

AlgebraicThomasOptions("save zero sets", true):

Y

AlgebraicThomasOptions("warnings", false);

E:={$1..7 };

\%

E = {1,2,3,4,5,6,7}

> cH := combinat[choose] (7,3):

As demonstrated in [PB14, Cor. 3.8], we consider matrices of the form
> M := subs([

x[1,1]1=1, x[2,1]1=0, x[3,1]=0,

x[1,2]=0, x[2,2]=1, x[3,2]=0,

x[1,3]1=0, x[2,3]=0, x[3,3]=1,

x[1,4]1=1, x[2,4]=1, x[3,4]=1,

x[1,5]=1, x[1,6]=1, x[1,7]=1

1, Matrix(3,7,symbol=x));

100 1 1 1 1
M = 01 0 1 X255 X226 T27

vV V.V VYVYV

0 0 1 1 =5 x36 x3,7
and multiply the resulting counting polynomial by
> factor((u"3-u"2)*(u"3-u)*(u"3-1)*(u-1)"6);
w (u—1) (u+1) (u? +u+1)
> v := [x[2,7],x[3,7],x[2,6]1,x[3,6],x[2,5],x[3,511;
v = [562,7,563,7,£U2,6,IC3,67$2,57$3,5}

As before, define the V;:
> U:=map[3] (Determinant@SubMatrix, M, 1..-1, [op(cH)]):

> nops(U);

35
> U := select(p->p=0 or degree(p)>0, U):
> nops(U);

28

> [[$1..5],[%6..9],[10,11],[$12..14],[$15..19], [$20..24], [25,26], [27,28]]:
> Vi=map(1->mul (U[il,i=1),%):
> AlgebraicThomasZeroSetsReset();
Compute the counting polynomial using inclusion-exclusion.
> S:=InclExclCount([],V,v,quiet=true):
> nops(S[3]1);
6

We now have 6 cases where not all systems are split and thus the systems are not necessarily
uniformly enumerable.

> 8[3][1]1[1];



6.2. FAITHFUL COUNTING POLYNOMIALS AND SPLIT SYSTEMS 129

{2,6,7}

For the first case, the systems belonged to the intersection Vo NVgN V7. In the inclusion-exclusion
computation, this system’s counting polynomial was thus added with a negative sign.

> X1 := remove(IsSplit, S[3][1][2]):

> nops(X1);

3

Only three of the systems were not split. We recompute them with a different ranking and hope to
obtain a faithful counting polynomial this time. There is no guarantee that such a ranking exists.

> v1 :=vI[[1,2,3,4,6,5]];
vl = [T27,237,T2,6, 23,6, 3,5, T2,5)
> Y1 := AlgebraicThomasDecompositionMany (map(printSystem, X1),v1):

> IsSplit(Y1);
true
Since these systems are now split, we can correct the counting polynomial.
> C1 := +countingPolynomial (X1)-countingPolynomial(Y1);
Cl1 =0
No correction was necessary in this case. We repeat the same steps for the other 5 cases.
> S[31[2]1[1];
{2,3,5,6}

> X2 := remove(IsSplit, S[3][2][2]):
> nops(X2);

2
> Y2 := AlgebraicThomasDecompositionMany(map(printSystem, X2),v1):
> IsSplit(Y2);

true

> (2 := -countingPolynomial (X2)+countingPolynomial (Y2);

C2 :=2u—2
> S[31[3]1[1];

{2,5,6,7}
> X3 := remove(IsSplit, S[3][3][2]):
> nops(X3);
1

> Y3 := AlgebraicThomasDecompositionMany(map(printSystem, X3),v1):
> IsSplit(Y3);

true

> C3 := -countingPolynomial (X3)+countingPolynomial (Y3);

C3 =u—-1
> S[3]1[4]1[1];

{1,2,5,6,7}
> X4 := remove(IsSplit, S[3][4][2]):
> nops(X4);
1

> Y4 := AlgebraicThomasDecompositionMany(map(printSystem, X4),v1):
> IsSplit(Y4);
true

> C4 := +countingPolynomial (X4)-countingPolynomial(Y4);
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C)=u—1
> S[3]1[5][1];
{1,3,5,6,7}
> X5 := remove(IsSplit, S[3][5][2]):
> nops(X5);
1

Y5 := AlgebraicThomasDecompositionMany(map(printSystem, X5),vl):
> IsSplit(Y5);
true

> C5 := +countingPolynomial (X5)-countingPolynomial (Y5) ;

C5 :=u—-1
> s[31[6]1[1];
{2,3,5,6,7}
> X6 := remove(IsSplit, S[3][6][2]):
> nops(X6);
1
> Y6 := AlgebraicThomasDecompositionMany (map(printSystem, X6),v1):
IsSplit(Y6);
true

> (€6 := +countingPolynomial(X6)-countingPolynomial (Y6) ;
C6 :=u—1

The overall correction is given by

> (C1+C2+C3+C4+C5+C6;

—6+6u

and the faithful counting polynomial is

> F := factor(S[1]+C1+C2+C3+C4+C5+C6) ;

F = (u—5)(u—3) (u' —20u® + 148 u* — 468 u + 498)
> AlgebraicThomasZeroSets();

11
07 1a2a37476a8524a 5 9
This entire computation must be repeated separately for characteristics 2 and 3. We will omit
this here and simply state the result. For characteristic 2, the result is

> factor(F - 30);
(u—2) (u—4) (u* — 220 + 183> — 678 u + 930)
and for characteristic 3, the result is the same as in characteristic 0. N
The previous examples show how all computations from [PB14] can be reproduced using the

AlgebraicThomas package. They also show that even if a (p-)faithful counting polynomial exists,
its computation is not always straightforward due to the complexity of the problem.
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