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We present an easy-to-use analytic toolbox for the calculation of short-time transport properties of

concentrated suspensions of spherical colloidal particles with internal hydrodynamic structure, and

direct interactions described by a hard-core or soft Hertz pair potential. The considered dynamic

properties include self-diffusion and sedimentation coefficients, the wavenumber-dependent diffusion

function determined in dynamic scattering experiments, and the high-frequency shear viscosity. The

toolbox is based on the hydrodynamic radius model (HRM) wherein the internal particle structure is

mapped on a hydrodynamic radius parameter for unchanged direct interactions, and on an existing

simulation data base for solvent-permeable and spherical annulus particles. Useful scaling relations for

the diffusion function and self-diffusion coefficient, known to be valid for hard-core interaction, are

shown to apply also for soft pair potentials. We further discuss extensions of the toolbox to long-time

transport properties including the low-shear zero-frequency viscosity and the long-time self-diffusion

coefficient. The versatility of the toolbox is demonstrated by the analysis of a previous light scattering

study of suspensions of non-ionic PNiPAM microgels [Eckert et al., J. Chem. Phys., 2008, 129, 124902] in

which a detailed theoretical analysis of the dynamic data was left as an open task. By the comparison

with Hertz potential based calculations, we show that the experimental data are consistently and

accurately described using the Verlet–Weis corrected Percus–Yevick structure factor as input, and for a

solvent penetration length equal to three percent of the excluded volume radius. This small amount of

solvent permeability of the microgel particles has a significant dynamic effect at larger concentrations.

1 Introduction

Suspensions of globular colloidal particles with internal

hydrodynamic structure, and different surface boundary

conditions, are abundant in so matter science. Examples of

technological and biomedical relevance are non-ionic and ionic

microgel particles, and core–shell particles consisting of a dry

spherical core and a shell of some so material such as a

polymer brush. These particulate systems are to a certain degree

permeable to the solvent. Microgel particles in particular

consist of a network formed by cross-linked polymer chains.

They have useful features such as temperature-, pH-, salinity-

and concentration-dependent1 swelling behavior as well as

elasticity and exibility. This renders them as good candidates

for various applications such as drug delivery agents,2–4 the

engineering of tissues,5–8 and the modication of rheological

properties.9 The elasticity of microgels can be controlled, e.g., by

the amount of crosslinker, and the length of polymer chains

used in the synthetization process. Microgels can be therefore

considered as bridging the gap between genuine hard spheres

and ultra-so colloids.10

Althoughmicrogel and core–shell particle systems have been

intensely studied experimentally over the past years, a quanti-

tative theoretical description of the diffusion and rheological

properties of concentrated suspensions is still in demand. This

is owed to the complicated many-particle hydrodynamic inter-

actions (HIs) which are signicantly inuenced by the hydro-

dynamic structure of the particles. A theoretical understanding

of the inuence of HIs on colloidal transport properties such as

translational and rotational diffusion coefficients, the general-

ized sedimentation coefficient (hydrodynamic function), and

high-frequency and zero-frequency viscosities is of key impor-

tance also in process engineering, e.g. in ltration and frac-

tionation processes,11,12 and for the energy cost reduction in the

transportation of colloidal suspensions through viscosity

minimization.

On a coarse-grained level, the porosity-averaged uid ow

inside a solvent-permeable particle is commonly described by

the Brinkman–Debye–Bueche (BDB) equation invoking the

Darcy permeability, k2, where 1/k is the hydrodynamic pene-

tration length.13,14 Globular particles with an on average
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spherically symmetric hydrodynamic structure can be charac-

terized by a permeability coefficient, k(d), depending on the

radial distance, d, from the particle center.15 Versatile hydro-

dynamic simulation tools such as the HYDROMULTIPOLE

hydrodynamic force multipole method16 have been developed

which allow for calculating transport properties of concentrated

dispersions of hydrodynamically structured particles with the

full inclusion of HIs. However, these simulations are numeri-

cally expensive, and in principle they must be performed

separately for each particle model. In a recent series of papers,

various short-time dynamic properties of dispersions of

uniformly permeable spheres,17–20 and of core–shell particles

with uniformly permeable shell,21–23 have been calculated using

the HYDROMULTIPOLE method, as functions of particle

concentration, reduced Darcy permeability, and shell-thickness

to particle size ratio. The non-hydrodynamic direct particle

interactions in these simulations have been taken for simplicity

as pure hard-core interactions characterized by the excluded

volume particle radius a ¼ s/2. Any soness in the effective pair

potential, V(r), between two globular particles at center-to-

center distance r is hereby disregarded.

As discussed in ref. 22–24, a simplifying concept allowing for

abstracting from specic intraparticle structures is the so-called

hydrodynamic radius model (HRM) which invokes the notion of

an apparent no-slip hydrodynamic particle radius ah (see also

ref. 25 and 26). The HRM amounts to approximating a globular

particle of spherically symmetric hydrodynamic structure by a

no-slip sphere of hydrodynamic radius ah while leaving the

effective pair potential unchanged. Under from an experimental

viewpoint surprisingly general conditions, ah is unequivocally

determined from the measurement of a single-particle trans-

port property such as the translational diffusion coefficient Dt
0

or the intrinsic viscosity [h]. The denition of the HRM includes

also spherical particles with fuzzy hydrodynamic structure and

no sharp outer boundary, and with a so pair potential such as

for weakly cross-linked ionic microgels.1,27,28 For spherical

particles having excluded volume interactions only with ah < a,

the HRM reduces to the so-called spherical annulus model. For

the annulus model, numerically precise simulation results for

various short-time dynamic properties have been given in ref.

21. The good accuracy of the simplifying HRM was demon-

strated in ref. 19, 21 and 29 for uniformly permeable and core–

shell spheres with pure excluded volume interactions, by a

thorough comparison with simulation results. While a single

hydrodynamic radius suffices to characterize the hydrodynamic

intraparticle structure of many experimentally realized

suspensions, regarding its inuence on conguration-averaged

transport properties, the replacement of the so pair potential

by an effective hard-core potential is in general a less successful

strategy. Methods of calculating static suspension properties

based on an effective hard-sphere potential such as the Barker–

Henderson perturbation scheme, a second virial coefficient

mapping, and additional variational methods commonly fail if

the longer-ranged, so part of the pair potential stretches out

signicantly beyond the physical excluded volume radius. For

charge-stabilized colloids, e.g., this has been shown in ref. 30

and 31.

In this article, we present an easy-to-apply set of analytic

methods, referred to for short as a toolbox, to calculate short-

time transport properties of concentrated dispersions consist-

ing of spherical colloidal particles with internal hydrodynamic

structure, and with direct interactions given by the hard-core

and two-parameter so Hertz potentials. The latter potential is

continuous and bounded, and it describes the energy penalty

caused by the elastic deformation of two colliding spheres.27,32

The Hertz potential has been shown to be a useful description

of the direct interactions between non-ionic, so microgels of

low cross-link density, and this even though the particles are of

a distinctly inhomogeneous structure.27,33 Our toolbox is based

on the HRM, and it takes advantage of the tabulated simulation

data for spherical annulus particles listed in ref. 21. The toolbox

incorporates in particular useful approximate scaling relations

for the wavenumber-dependent sedimentation coefficient, H(q),

the short-time self-diffusion coefficient DS, and the high-

frequency viscosity hN. These quantities are routinely deter-

mined in dynamic scattering experiments. The scaling relation

expressions are known for permeable particles with hard-core

interactions to be in remarkably good agreement with simula-

tion data.17,18,34 We show that they apply likewise to particles

with a so pair potential, and we augment them by scaling

expressions for the collective diffusion coefficient, DC, and the

associated sedimentation coefficient K.

Moreover, we extend the toolbox to long-time dynamic

properties of concentrated systems of hydrodynamically struc-

tured particles, including the low-shear zero-frequency

suspension viscosity h, and the long-time translational self-

diffusion coefficient DL. Different from their short-time

siblings, long-time transport properties are affected addition-

ally by the non-instantaneous microstructural relaxation of the

cloud of neighboring Brownian particles. This relaxation is

controlled both by direct and hydrodynamic interactions. The

toolbox extension to long-time properties combines the HRM

with a factorization approximation method introduced origi-

nally by Medina-Noyola,35 and elaborated subsequently by

Brady36,37 and Banchio et al.38 The HRM is useful also for long-

time properties, since the hydrodynamic mobilities in the

generalized many-particle Smoluchowski diffusion equation

describing the congurational distribution function are time-

independent.31

We demonstrate the accuracy of our user-friendly toolbox

through the analysis of a light scattering study on a concen-

tration series of non-ionic, submicron-sized PNiPAM microgel

particles dispersed in dimethylformamide (DMF). We show that

the static and dynamic scattering data for the static structure

factor S(q) and hydrodynamic function H(q), respectively, can be

quantitatively described in the complete experimental wave-

number range (q-range), on using a deduced solvent penetra-

tion length equal to three percent of the particle diameter.

Calculations based on the Hertz potential show that the PNi-

PAM microgels behave statically as effective hard spheres in the

whole uid-phase concentration regime.

The paper is organized as follows: the structure factor and

the associated radial distribution function (RDF), g(r), of the

Hertz potential model are discussed in Subsec. 2.1, and

2822 | Soft Matter, 2015, 11, 2821–2843 This journal is © The Royal Society of Chemistry 2015
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compared with static light scattering data of non-ionic PNiPAM

microgels. Subsec. 2.2 describes how hydrodynamic particle

structures are related to the generic HRM, exemplied for the

two important examples of uniformly permeable spheres and

non-permeable rigid spheres with partial hydrodynamic surface

slip. Sec. 3 includes the discussion of various short-time

dynamic properties, including H(q), DS, K, and the high-

frequency viscosity hN. Approximate analytic expressions for

these quantities are presented, and the accuracy of these

expressions is scrutinized against simulation results for the

spherical annulus model. In Sec. 4, the toolbox results are

compared with static and dynamic light scattering (SLS and

DLS) data by Eckert et al. on PNiPAMmicrogel suspensions. Sec.

5 describes the extension of the toolbox to long-time transport

properties including the long-time translational self-diffusion

coefficient DL and the zero-frequency viscosity h. Our conclu-

sions are contained in Sec. 6. The pairwise additivity (PA) and

the self-part corrected Beenakker-Mazur methods of calculating

short-time transport properties are explained in the Appendices

A and B, respectively, in the context of the HRM.

2 Equilibrium microstructure and
hydrodynamic radius model
2.1 Static pair correlations

Owing to the many possible applications, various theoretical

schemes have been developed for the analytic calculation of

static properties of microgel suspensions. Progress in this

direction was made, in particular for ionic microgels, through

the development of effective pair potentials characterized by the

suspension temperature and salinity, and the bare charge of the

microgel particles.39–41 The validity of these effective pair

potentials has been scrutinized in various joint theoretical-

experimental studies (see e.g. ref. 27 and 42). In contrast to ionic

microgels, the effective pair potentials used for non-ionic so

microgels where short-range interactions are not masked by the

longer-ranged electrostatic repulsion are to date still on a more

heuristic level. The pronounced dependence of the pair poten-

tial in non-ionic microgel systems on ambient and intra-particle

conditions such as the solvent quality and temperature, number

and distribution of crosslinker, and length and functionality of

polymer chains requires a larger number of parameters char-

acterizing the effective pair potential on a microscopic level. On

a more coarse-grained level, simplifying pair potentials have

been used such as the hard-sphere43 and elastic Hertz27,33

potentials, and certain ultra-so pair potentials.10 The intricate

dependence on environmental parameters is hidden in these

coarse-grained potentials in a reduced number of interaction

parameters such as the effective interaction strength and the

effective particle radius.

A useful coarse-grained effective pair potential for non-ionic

globular microgel particles is the Hertz potential,

bVðrÞ ¼

8

>

<

>

:

3

�

1�
r

ss

�5=2

r# ss

0 r. ss

; (1)

which describes the elastic deformation of two spheres in

contact. Here, b¼ 1/kBT is the reduced inverse temperature with

Boltzmann constant kB and absolute temperature T, and ss

plays the role of an effective so particle diameter. For distances

r $ ss, two Hertz model particles do not interact with each

other. The strength of the continuous potential is quantied by

the non-dimensional elasticity parameter (effective potential

strength),

3 ¼
2Yss

3

15kBTð1� n2Þ
; (2)

depending on the bulk modulus Y and the Poisson ratio n of a

particle.27,32 On approximating the mesoscopic particle elastic

moduli Y and n by macroscopic values, the estimate 3 z 104 to

105 is obtained for micron-sized microgels. Note here the strong

size dependence 3 f ss
3, implying a signicantly decreased

potential strength for smaller microgel particles. While our

work is concerned with the uid-like concentration regime only,

as an aside we remark that quite different solid phases are

observed in concentrated Hertz potential systems for different

values of 3.44 The Hertz potential has been shown to provide a

nearly t-parameter free description of the structure and phase

behavior of neutral microgel systems, in good agreement with

experimental results for various particle sizes,27,33 and values of

3 in the range from 102 to 104. While for large 3 the Hertz and

hard-sphere potentials lead to very similar results for the

equilibrium microstructure, the effective diameter in the Hertz

potential is in general somewhat larger than the corresponding

hard-sphere value, i.e. ss T s. This reects the fact that the

Hertz potential incorporates overall the soness of a microgel

particle which in turn originates from the radially inhomoge-

neous crosslinker density.

For very large values of 3, the Hertz potential is practically

indistinguishable from the hard-sphere potential

VHSðrÞ ¼

�

N r# s ¼ 2a

0 r. s
; (3)

with ss playing now the role of the hard-sphere diameter s.

Considering the high-energy deformation penalty 3 of micron-

sized, non-ionic PNiPAM microgels, the usage of the hard-

sphere potential in place of the Hertz potential is well justied

(see inset in Fig. 3). This is advantageous from a theoretical

viewpoint since colloidal hard spheres are among the most

thoroughly studied so matter systems.

In addition to being the key quantities in static scattering

experiments on concentrated suspensions, the static structure

factor, S(q), and its associated RDF, g(r), are required as inputs

in various methods of calculating colloidal transport properties.

For the Hertz potential model, we determine the two pair

correlation functions numerically from solving the approximate

Percus–Yevick (PY) integral equation.45,46 The corresponding

pair correlation functions for the hard-sphere model are

determined from the analytic PY solution combined with the

Verlet–Weis (VW) correction47 incorporating the accurate Car-

nahan–Starling equation of state (see also ref. 48). The VW

correction compensates in particular the overestimation by the

PY solution of the principal peak height, S(qm), of the hard-

This journal is © The Royal Society of Chemistry 2015 Soft Matter, 2015, 11, 2821–2843 | 2823
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sphere structure factor S(q) for volume fractions f¼ (p/6)ns3 T

0.4. Here, n is the number concentration of particles.

In Fig. 1, we compare the PY–VW structure factors for the

hard-sphere model with static light scattering results by

Eckert and Richtering43 for a concentration series of non-ionic

poly(N-isopropylacrylamide) (PNiPAM) microgels in DMF. The

details of the particle synthesis are given in ref. 43, 49 and 50.

In our PY–VW calculations, we have used the experimentally

obtained (mean) particle diameter s ¼ 240 nm, and the

(volume-swelling corrected) volume fractions f as given in ref.

43. We refer to this reference for the details on how the

volume fractions have been determined. The agreement

between the experimental and PY–VW structure factors is

good even for small wavenumbers q. There is in particular a

signicantly improved agreement for the largest considered

volume fraction, as compared to the bare PY S(q) used in the

earlier work (dashed curve in Fig. 1).43 The remaining small

deviations for the most concentrated system at f ¼ 0.5 can be

at least partially attributed to experimental uncertainties, and

possibly also to the breakdown of the exact factorization of

the mean scattered intensity into static structure and form

factors as discussed by Likos et al.51,52 In Fig. 2, the experi-

mental structure factor of PNiPAM microgels is compared, for

f ¼ 0.378, with the best-t hard-sphere and the best-t Hertz

potential structure factors. For the Hertz model system, the

parameter values ss ¼ 245 nm, 3 ¼ 104, and fs ¼ (p/6)nss
3 ¼

0.398 have been used. The theoretical curves coincide prac-

tically, as expected for the invoked large value of 3 which

restricts the soness range of the Hertz potential to a narrow

interval around the effective diameter ss. This can be noticed

from the inset of Fig. 3. The remnant potential soness still

necessitates a slightly larger effective diameter ss than the

hard-sphere model value s ¼ 240 nm, for the Hertz potential

incorporates the interactions by dangling polymer chains at

the periphery of microgel particles. The larger particle size in

the Hertz potential model goes along with a larger volume

fraction fs than that used in the best-t hard-sphere model

result. With increasing volume fraction in the range fs ˛

[0.299–0.5], a slight decrease of the best-t effective diameter

ss is observed. However, owing to the smallness of the particle

size shrinkage, for the considered PNiPAM in DMF system

this effect can be disregarded in its inuence on static and

dynamic properties.

The g(r)'s corresponding to the best-t Hertz and hard-

sphere model structure factors in Fig. 2 are depicted in Fig. 3.

The slight soness of the Hertz potential is reected in the

somewhat reduced peak height of g(r) (red solid curve), and in

the slight extension of the RDF into the overlap region r < ss.

From Fig. 2 and 3, we conclude that the pair correlations of the

considered PNiPAM suspensions in the experimental concen-

tration range are fully compatible with the simple hard-sphere

potential. For microgels of lower crosslinker density and

smaller size where the soness of the particles is important, the

Hertz potential model should be used.

Fig. 3 Radial distribution functions, g(r), corresponding to the hard-
sphere and Hertz potential structure factors in Fig. 2. The inset
compares the hard-sphere and Hertz pair potential, for the parameters
in Fig. 2.

Fig. 1 Comparison of the experimental static structure factor, S(q), of
PNiPAM microgels (filled symbols, taken from ref. 43) with the Verlet–
Weis corrected Percus-Yevick prediction (solid lines), for various
particle volume fractions f as indicated. The bare PY structure factor
for the largest considered volume fraction f ¼ 0.5 is represented by
the dashed curve.

Fig. 2 Experimental structure factor at f ¼ 0.378 (filled circles) in
comparison with the best-fit hard-sphere model PY–VW S(q) (black
solid line), and the best-fit Hertz model S(q) calculated in PY approx-
imation (red solid line). For the Hertz model, the parameters 3 ¼ 104,
ss ¼ 245 nm, and fs ¼ 0.398 have been used.

2824 | Soft Matter, 2015, 11, 2821–2843 This journal is © The Royal Society of Chemistry 2015
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2.2 Hydrodynamic particle modeling

As an illustration of the concept of a hydrodynamic radius ah
and its associated slip length Lh, consider two simple hydro-

dynamic particle models, namely uniformly uid-permeable

rigid spheres,53,54 and non-permeable rigid spheres with Navier

partial slip hydrodynamic surface boundary condition.55 The

physical (material) sphere radius in both models is denoted

here by a.

In the uniformly-permeable sphere model, the pore-size

averaged uid ow inside a particle is described by the Brink-

man–Debye–Bueche (BDB) equation, and the outside ow by

the low-Reynolds-number Stokes equation.56 The imposed

boundary condition is here that the uid velocity and tangential

stress are continuous across the particle surface. The suspen-

sion transport properties in this model depend on the material-

specic parameter

lx ¼
1

ka
; (4)

equal to the ratio of the hydrodynamic penetration length, 1/k,

and particle radius a. The penetration length is roughly equal to

the mean pore size of the rigid skeleton of a permeable sphere.

In the limit lx / 0 of vanishing mean pore size, a non-

permeable sphere with no-slip hydrodynamic boundary condi-

tion (BC) on its surface is obtained. For the BDB equation to

apply, the mean pore size should be no larger than one tenth of

the particle radius so that lx # 0.1. The present model has been

generalized to spherical particles with a permeability prole k(r)

varying with the radial distance r (see, e.g. ref. 53) such as core–

shell particles21,57–59 consisting of a dry core and a permeable

outer shell. The core–shell model describes in a coarse-grained

manner the hydrodynamic effect, e.g., of a polymer brush

surrounding the core.

The Navier partial-slip model on the other hand describes

uid-impermeable colloidal spheres where the uid is allowed

to partially slip along their surfaces. The associated Navier

partial-slip BC demands for a stationary sphere at each surface

point the proportionality of surface-tangential uid velocity, uk,

and shear-stress, tk, according to

uk ¼
ls

h0

tk: (5)

The proportionality constant is given by the ratio of the so-

called Navier length, ls, and the uid shear viscosity h0. In the

limit l*s / 0, the no-slip BC describing zero surface slip is

recovered. Here, l*s ¼ ls/a is the reduced Navier length. In the

opposite limit l*s / N, the free-surface BC of zero tangential

stress is obtained, corresponding to uid perfectly slipping

along the sphere surface in form of local plug ow. The Navier

partial-slip BC can serve as an effective description of a hydro-

phobic particle surface, and of a rigid particle with surface

roughness and corrugations.60 It is also applicable when non-

adsorbing (short) polymers are dispersed in the uid, owing to

the formation of a thin clear-uid depletion layer at the particle

surfaces.61

The hydrodynamic radius is a single-particle property

which depends on the intra-particle hydrodynamic structure

of the spherical particle, and in principle also on the

considered single-particle transport property. It can be

dened operationally through the Stokes–Einstein–Debye

expressions

Dt
0ðaÞ ¼

kBT

6ph0a
t
hðaÞ

(6)

Dr
0ðaÞ ¼

kBT

8ph0a
r
hðaÞ

3
; (7)

for the translational and rotational diffusion coefficients Dt
0 and

Dr
0, respectively, of an isolated spherical particle in an innite

uid. An additional denition not considered here is based on

the intrinsic viscosity, [h], of dispersed spheres.19 Here, a

denotes a set of parameters characterizing the hydrodynamic

particle structure. For the two considered models is a ¼ {lx,l
*
s}.

The respective translational and rotational hydrodynamic radii

are53,54

athðlxÞ

a
¼

2x2ðx� tan hðxÞÞ

2x3 þ 3ðx� tan hðxÞÞ
(8)

arhðlxÞ

a
¼

�

1þ
3

x2
�

3 cot hðxÞ

x

�1=3

; (9)

for a homogeneously permeable sphere with x ¼ 1/lx, and
55

ath
�

l*s
�

a
¼

1þ 2l*s
1þ 3l*s

(10)

arh
�

l*s
�

a
¼

 

1

1þ 3l*s

!1=3

; (11)

for a Navier partial-slip sphere.

One can associate each hydrodynamic radius ah with a

reduced hydrodynamic slip length, L*h, through

L*
hðaÞ ¼

LhðaÞ

a
¼ 1�

ahðaÞ

a
: (12)

The quantity L*h is the relative radial distance, Lh ¼ a � ah, of

the apparent no-slip spherical surface inside the particle to its

outside surface, in units of the outside surface radius a. Except

for lx, the asterisk is used throughout to label lengths given in

units of a.

In the experimentally common situation where L*h is small,

curvature effects are negligible and the particle–uid interface

can be described as at. As it is explained in ref. 23, the key

point to notice is that the reduced slip length, L*h,f ¼ 1 � ah,f/a,

in the at-interface approximation and its associated at-

interface hydrodynamic radius, ah,f, are independent of the

single-particle transport properties Dt
0, D

r
0 and [h] used in their

denition. Since each of these transport properties is associated

with a particular ambient velocity eld, e.g. with a constant ow

eld in case of Dt
0, an equivalent statement is that Lh,f is inde-

pendent of the ambient ow.
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It was shown in ref. 23 that the relations

L*
h(a) ¼ L*

h,f (a)[1 + O (L*
h,f(a))] (13)

a*h(a) ¼ a*h,f (a)[1 + O (L*
h,f(a)

2)] , (14)

apply universally to rigid spheres with arbitrary, non-singular

spherically symmetric hydrodynamic structures and boundary

conditions, independent of the invoked single-particle trans-

port property.

These relations are readily veried, using eqn (8)–(11), for

the special case of a Navier partial-slip sphere where the at-

interface slip length is equal to

L*
h,f (l

*
s) ¼ l*s, (15)

and for a uniformly permeable sphere where

L*
h,f (lx) ¼ lx. (16)

Note that the slip length Lh is equal to the Navier length ls in

the at-interface limit only.

Eqn (13) and (14) do not apply to non-rigid particles such

as spherical liquid droplets, and rigid particles of singular

hydrodynamic structure. The latter case is exemplied in ref.

54 by a hollow sphere with a uniformly permeable rigid shell

of innitesimal thickness. The hydrodynamic radii ath and arh
of the ultra-thin hollow sphere differ already to linear order in

the smallness parameter lx. As for a droplet, an inscribed

apparent no-slip spherical surface which is necessarily rigid

can not be introduced for the singular hollow-sphere

example.

Eqn (8)–(11) can be inverted to obtain the material-specic

parameters lx and l*s in terms of the ratio

g ¼
ah

a
; (17)

or likewise in terms of the reduced width (slip length), �g¼ 1� g,

of the apparent uid annulus region surrounding the apparent

no-slip sphere. The parameter g completely characterizes the

intra-particle hydrodynamic structure in the hydrodynamic

radius model (HRM) where spherical particles of arbitrary

hydrodynamic structure are described hydrodynamically as no-

slip spheres of reduced radius ah, for unchanged pair potential.

This implies in particular an unchanged excluded volume

radius a > ah.

Numerical results illustrating this inversion are depicted in

Fig. 4 where the reduced penetration length of a permeable

sphere, lt,rx , and the reduced slip length of a Navier partial-slip

sphere, (l*s)
t,r, are plotted as functions of �g. The reduced lengths

derived from the translational (rotational) Stokes–Einstein–

(Debye) relation are labeled by the superscript t (superscript r).

For a thin annulus shell with g > 0.9, the four reduced lengths

are small and commonly described by the dashed-dotted line �g,

corresponding to lx z Lh and l*s z Lh. This situation is common

to colloidal systems for which values lx < 0.05 are typically

found, and for which the Navier length is commonly equal to a

few nanometers.

Differences between the considered lengths are signicant

for larger values of �g. For a given reduced hydrodynamic radius

g ¼ ah/a, two different values l
t
x s l

r
x are then obtained. The

perfect-slip limit l*s / N corresponds to �g ¼ 1/3 for trans-

lational, and to �g ¼ 1 for rotational diffusion. While a rotating

perfect-slip sphere experiences no friction, akin to a point

particle for which g ¼ 0, the values of �g for a translating Navier

sphere do not exceed 1/3. Regarding the translational diffusion

coefficient, a perfect-slip sphere with g ¼ 2/3 has the same

value, Dt
0 ¼ kBT/(4ph0a), as a uniformly permeable sphere with

lx z 0.278. However, such a large value of lx is unrealistic. In

order for the BDB equation to describe ow inside a permeable

particle, lx should be no larger than 0.1, corresponding to a

maximally allowed penetration length equal to one-tenth of the

particle radius.

3 Short-time transport properties

In studying the dynamics in dispersions of colloidal particles,

one distinguishes the short-time regime where sB� t� sD from

the long-time regime where t [ sD. Here, t denotes the corre-

lation time of particle concentration uctuations, and sB and sD

are the characteristic particle momentum relaxation and

diffusion times, respectively. The time sB is the decay time of

velocity correlations of a particle. For submicron sized particles

in a low-viscosity uid such as the here considered PNiPAM in

DMF microgels, sB is of the order of microseconds. The particle

diffusion time can be estimated by sD � a2/Dt
0 which for the

considered microgels is in the millisecond range. In the short-

time regime, the particle conguration has changed so little

that the slowing inuence of non-hydrodynamic direct inter-

actions is not yet operative, different from the solvent-mediated

HIs which act quasi-instantaneously on the colloidal scale.

Short-time transport properties are thus expressible as simple

equilibrium averages, with the direct interactions entering only

by their inuence on the equilibriummicrostructure, e.g. on the

RDF g(r). Long-time transport properties are additionally

Fig. 4 Reduced fluid penetration length l
t,r
x (red lines) and reduced

Navier length (l*s)
t,r (blue lines), as functions of the reduced fluid annulus

width �g ¼ 1 � g. Solid lines (dashed lines) describe quantities derived
from the translational (rotational) single-sphere Stokes–Einstein–
(Debye) relation.
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inuenced by the Brownian motion of the particles so that they

depend in a direct way both on direct and hydrodynamic

interactions.

In this section, we describe our analytic toolbox of calcu-

lating short-time diffusion and rheological properties of

hydrodynamically structured particles, in the framework of the

HRM. In the subsequent sections, the toolbox is used for

analyzing light scattering data on PNiPAM in DMF suspensions.

3.1 Hydrodynamic function

The colloidal short-time regime is probed in DLS experiments

by analyzing the initially exponential decay,

S(q, t � sD) ¼ S(q) exp[�q2D(q)t], (18)

of the dynamic structure factor, S(q, t), in its dependence on the

modulus q of the single-scattering wave vector q. The dynamic

structure factor is the q-th Fourier component of spatio-

temporal correlations in thermally induced particle concentra-

tion uctuations. On basis of the many-particle generalized

Smoluchowski equation (GSmE), the wavenumber-dependent

diffusion function, D(q), quantifying the short-time exponential

decay can be expressed by the ratio42

DðqÞ ¼ Dt
0

HðqÞ

SðqÞ
; (19)

of the hydrodynamic function H(q) and the static structure

factor S(q). The hydrodynamic function is the key quantity

containing information on colloidal short-time diffusion

processes. It can be expressed by the equilibrium congura-

tional average,31

HðqÞ ¼

*

kBT

NDt
0

X

N

i;j¼1

q̂$mijðXÞ$q̂ eiq$½Ri�Rj�

+

; (20)

over an ensemble of N colloidal spheres, with the thermody-

namic limit N / N for a xed particle concentration n per-

formed subsequently, in order to describe a macroscopically

large scattering volume. Here, q̂ is the unit vector in the direc-

tion of q. The translational mobility tensor mij linearly relates

the hydrodynamic force acting on particle j at the instant

position Rj to the resulting velocity change of a particle i at

position Ri. It depends on the hydrodynamic structure of the

globular particles, e.g. on particle sizes, surface BCs and uid

permeability, and on the many-particles HIs for an instant

conguration, X ¼ {R1,.,RN}, of particle centers.

Without HIs, H(q) would be identically equal to one inde-

pendent of q. Any wavenumber dependence reects thus the

presence of HIs. The hydrodynamic function consists of a q-

independent self-part and a distinct part, i.e.

HðqÞ ¼
DS

Dt
0

þHdðqÞ; (21)

with the distinct part, Hd(q), approaching its asymptotic value

zero for q / N. Thus, for large q corresponding to small

distances resolved, H(q) reduces to the short-time self-diffusion

coefficient, DS, expressed in units of the single-sphere

translational diffusion coefficient Dt
0. The coefficient DS quan-

ties the initial (i.e., short-time) slope of the mean-squared

displacement of a particle in presence of other ones. Owing to

the slowing inuence of the HIs at non-zero particle concen-

trations, DS is smaller than Dt
0 to which it reduces at innite

dilution only.

The hydrodynamic function has the physical interpretation

of a short-time generalized sedimentation coefficient for a

homogeneous suspension of monodisperse colloidal spheres

subjected to a weak force eld colinear with q and oscillating

spatially as cos(q$r) with positions r.62 For q / 0, a homoge-

neous force eld is recovered such as the local gravitational eld

on earth. Consequently,

K ¼
Vsed

V0

¼ lim
q/0

HðqÞ (22)

is the short-time average sedimentation velocity, Vsed, of

hydrodynamically interacting colloidal particles, normalized by

the particle model dependent mean velocity, V0, of an isolated

particle sedimenting in the same force eld. The sedimentation

coefficient K is related to the short-time collective diffusion

coefficient, DC, by

DC ¼ Dt
0

K

Sð0Þ
; (23)

where for monodisperse particles Sð0Þh lim
q/0

SðqÞ is the relative

osmotic compressibility of the suspension. At larger concen-

trations where S(0) is small, DC is signicantly larger than Dt
0. In

principle, the short-time coefficient DC should be distinguished

from the associated long-time collective diffusion coefficient

appearing in Fick's law of macroscopic gradient diffusion. The

latter, however, is only slightly smaller than the short-time

coefficient, by less than 7% even for a concentrated suspension

of no-slip colloidal hard spheres at volume fraction f ¼ 0.45.63

The difference between the two collective diffusion coefficients

can be expected to be even smaller for particles with weaker HIs

such as permeable and partial-slip spheres, and charge-stabi-

lized particles with long-range electrostatic repulsion. Different

from collective diffusion and sedimentation, the long-time

translational self-diffusion coefficient DL can be substantially

smaller than its short-time sibling DS, owing to the retarding

relaxation of next-neighbor particle cages which are slightly

distorted from their equilibrium spherical symmetry at long

times. For colloidal hard spheres at the freezing transition

concentration, e.g., DL/DS z 0.1 according to the empirical

freezing rule by Löwen et al.64,65

In this work, we discuss useful analytic scaling relations for

the calculation of short-time diffusion and viscosity properties

of suspensions of internally structured particles. These rela-

tions are complemented by two semi-analytic and easy-to-

implement approximation schemes which have been success-

fully applied in the past to suspensions of no-slip neutral and

charge-stabilized spherical particles.42,66–68 The rst scheme is

the so-called pairwise-additivity (PA) approximation where all

two-body contributions to the hydrodynamic mobilities mij are

accounted for including near-contact lubrication terms, but
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three-body and higher-order contributions are disregarded. The

PA method is thus well suited for low concentrations where it is

basically exact. The second method is a self-part corrected

improved version42 of the dg renormalized concentration uc-

tuation expansion by Beenakker and Mazur,69–71 where many-

particle HIs contributions are approximately accounted for in

terms of so-called ring diagrams, but with lubrication correc-

tions disregarded (see also ref. 72). The dgmethod is well suited

in particular for larger concentrations. The only input required

by these methods is the RDF or likewise the static structure

factor. The explicit expressions by both methods for H(q) and

the high-frequency (short-time) suspension viscosity hN,

generalized to the HRM, are presented in the Appendices A and

B, respectively.

A key observation regarding the translational mobility

tensors mij of hydrodynamically structured spherical particles is

the relation

mij (X) ¼ mij;HRM(X;ah,f)[1 + O ((L*
h,f)

2)] , (24)

where mij;HRM(X;ah,f) are the mobility tensors of the associated

HRM. The relation follows from eqn (13) and (14) in conjunc-

tion with a general scattering series expansion of the exact N-

sphere translational mobility tensors.22,23 Since the short-time

transport properties are equilibrium averages of specic

mobility tensor elements, it follows that

H(q) ¼ HHRM(q)[1 + O ((L*
h,f)

2)] (25)

with an analogous expression valid for hN. Thus, the error

introduced in calculating short-time transport properties of

hydrodynamically structured particles using the simplifying

HRM is of O ((L*h,f)
2) small.

3.2 Translational self-diffusion

In ref. 34 and 42, it was shown by comparison with computer

simulation results for uniformly permeable hard spheres with

lx < 0.2 that DS normalized by its innite dilution Dt
0 is well

represented by the simple scaling relation,

DSðf; ltÞ

Dt
0ðltÞ

¼ 1þ ltf
�

1þ 0:12f� 0:70f2
�

; (26)

for all f# 0.5, and with an accuracy of 3.5% or better. A similar

scaling relation has been obtained for the short-time rotational

self-diffusion coefficient of permeable-sphere suspensions with

hard-core interactions.34 The only dependence in eqn (26) on

the permeability parameter lx characterizing the intra-particle

hydrodynamic structure is contained in the second virial coef-

cient, lt ¼ lt(lx), which is the linear coefficient in the expan-

sion of DS in powers of f. Eqn (26) states that the DS for

hydrodynamically structured particles can be scaled to the

corresponding coefficient of no-slip hard spheres where lx ¼

0 and lt(lx ¼ 0) ¼ �1.8315.

In fact, on the level of the HRMmodel, eqn (26) is applicable

to suspensions of hard spheres of arbitrary hydrodynamic

structure, with deviations from the DS of the actual particle

system being of quadratic order small in the reduced slip length

L*h according to eqn (25). On recalling that for spherical particles

with hard-core direct interactions only the HRM reduces to the

spherical annulus model, the only input required in eqn (26) is

the second virial coefficient, lt(g), of spherical annulus particles

depending on the ratio, g ¼ ah/a, of hydrodynamic and hard-

core radius. Using for lt(g) the eqn (63) in Appendix A in

conjunction with tabulated numerical values for the longitu-

dinal and transversal mobility coefficients, x11(r) and y11(r), of

two no-slip spheres of radius ah calculated using the method of

Jeffrey and Onishi,73 we have obtained numerically precise

values for the second virial coefficient of spherical annulus

particles. These values are described to high accuracy by the

polynomial t

lt(g) ¼ �1.8315 + 7.820�g � 14.231�g2

+ 14.908�g3 � 9.383�g4 + 2.717�g5 , (27)

accounting for the numerically correct limiting value lt(g¼ 1)¼

�1.8315 of no-slip hard spheres.

In Fig. 5, the high accuracy of the polynomial t in eqn (27) is

shown in comparison with earlier numerical results22,74 for the

second virial coefficient of spherical annulus particles. Note

that lt(g ¼ 0) ¼ 0 relates to the limiting case of spherical

annulus particles interacting hydrodynamically as point parti-

cles for which there are no hydrodynamic self-reections so that

DS reduces to Dt
0 independent of f. The associated long-time

coefficient DL for g¼ 0 is still f-dependent and smaller than Dt
0.

The accuracy of the analytic scaling formula in eqn (26) in

combination with eqn (27) for the short-time self-diffusion

coefficient of spherical annulus particle systems is established

in Fig. 6 by the comparison with high-precision benchmark

simulation data for the spherical annulus21 and uniformly

permeable particle models.17 Regarding the latter model, the

conversion of lx to the related reduced hydrodynamic radius

parameter g in the spherical annulusmodel was done using eqn

(8). This corresponds to the inversion of the curve for ltx in Fig. 4

in terms of g. For example, the smallest reasonably selected

Fig. 5 Modulus |lt| of the first-order virial coefficient of DS in the
spherical annulus model, as a function of the reduced fluid annulus
shell width �g ¼ 1 � g. Solid line: polynomial fit according to eqn (27).
Filled squares: Tabulated values by Cichocki et al.22 for spherical
annulus particles with �g # 1/3. Filled diamonds: tabulated values by
Cichocki and Felderhof.74
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value lx ¼ 0.1 corresponds to g ¼ 0.89. Results for DS are

depicted in Fig. 6 in dependence on the reduced slip length �g,

for volume fractions extending over a broad concentration

range.

The excellent agreement between the scaling formula for DS

(solid lines) and the simulation data (symbols) does not only

validate this formula. For the special case of permeable hard

spheres, it additionally highlights the good performance of the

HRM, for a broad concentration range and permeability values

largely exceeding the ones discussed earlier in the thin shell-

limit discussion of the core–shell model in ref. 22.

In summary, the analytic formula in eqn (26) and (27) allow

for a quick and accurate calculation of the translational short-

time self-diffusion coefficient of hydrodynamically structured

spherical particles with hard-core interactions. The only input is

the single-particle property ah/a which can be determined

experimentally, e.g., by a DLSmeasurement of Dt
0 in conjunction

with a static scattering experiment determining the excluded

volume radius. The formula for DS is applicable also to particles

with a short-range, weakly so pair potential such as the Hertz

potential for non-small potential strengths 3, provided the

effective diameter ss and the related volume fraction fs are used

instead of s and f.

The formula for DS in eqn (26) and (27) based on its virial

expansion is not valid for particles with a long-range, so pair

potential where an (effective) excluded volume diameter is not

the characteristic parameter. An example in case are low-salinity

suspensions of charge-stabilized colloidal spheres, where

according to theory, simulation and experiment DS has to good

accuracy the fractional concentration dependence DS/D
t
0 � 1 z

AS f
4/3, with a coefficient AS 2 2.5 � 2.9 which varies to a small

extent with the particle size and charge.67,75 The initial slope of

DS at f ¼ 0 is thus zero in these charge-stabilized systems.

Different from the formula in eqn (26) and (27), the HRM is

applicable also to spherical particles with arbitrary so direct

interactions, and to particles of fuzzy hydrodynamic structure

without a sharp outer boundary. In the framework of the HRM,

the coefficient DS and other short-time transport properties of

particles with so interactions can be approximately and semi-

analytically calculated using the PA method at smaller, and the

self-part corrected dg method at larger concentrations. The

inputs g(r) and S(q) to these methods can be obtained from

Ornstein–Zernike integral equation schemes such as the

analytical scheme for charge-stabilized particles introduced in

ref. 76 and 77.

3.3 Sedimentation coefficient

Different from self-diffusion, the neglect of hydrodynamic near-

distance and particularly lubrication effects in approximate

analytic calculations is less consequential regarding sedimen-

tation. Therefore, K can be described semi-qualitatively on the

Rotne–Prager (RP) type level where only the long-distance

dipolar contribution to the mobility tensors is accounted for.

This amounts hydrodynamically to the neglect of all hydrody-

namic ow reection by the particles.

Using the RP approximation in conjunction with the analytic

PY solution for the Laplace transform of r g(r), Contreras-Aburto

et al.78 have derived analytic expressions for the short-time

sedimentation coefficient of Navier partial-slip and uniformly

permeable spheres with hard-core interaction. Here, we present

the according expression for spherical annulus particles,

KRPðf;gÞ ¼ 1þ gf

�

g2 þ 12

�

fð2� fÞ � 10

20ð1þ 2fÞ

��

; (28)

which includes hydrodynamic point particles as a limiting case

for which K(f, g ¼ 0) ¼ 1. In the opposite limit, g ¼ 1, of no-slip

hard spheres, eqn (28) reproduces an expression by Banchio

and Nägele67 which was rederived subsequently by Gilleland

et al.79 using a variational method.

The comparison in Fig. 7 of the RP based analytic formula in

eqn (28) with benchmark simulation data for spherical annulus

hard spheres21 shows that the sedimentation velocity is

Fig. 6 Results for the reduced self-diffusion coefficient, DS/D
t
0, of the

spherical annulus model as function of �g ¼ 1 � g, for several volume
fractions f as indicated. Solid lines: prediction by the scaling formula in
eqn (26) in combination with the first order virial coefficient fitting
polynomial in eqn (27). Closed symbols: HYDROMULTIPOLE simula-
tion data for the spherical annulus model tabulated in ref. 21. Open
symbols: simulation data for uniformly permeable spheres tabulated in
ref. 17, with eqn (8) used in mapping the permeability parameter lx
onto the annulus model parameter g ¼ ah/a (recall Fig. 4).

Fig. 7 Concentration dependence of the sedimentation coefficient, K,
of the spherical annulus model for reduced hydrodynamic radius
values g as indicated. Solid lines: RP approximation KRP in eqn (28).
Filled symbols: simulation data taken from ref. 21.
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overestimated by the formula at larger concentrations. This is a

consequence of the neglect of ow reections in the RP

approximation which becomes less severe with decreasing

annulus parameter g, owing to the, for a xed f, increasing

distances between the hydrodynamic particle surfaces. For the

lowest considered value g ¼ 0.6, excellent agreement between

the simulation data and KRP is observed. The largest deviations

occur for no-slip hard spheres where KRP provides an upper

bound to the exact sedimentation coefficient.62,79 As an aside, we

note that even at f ¼ 0.5, KRP changes only slightly if the VW-

corrected g(r) is used instead of the bare PY g(r).

While KRP nicely describes the trends of the exact spherical

annulus sedimentation coefficient K in its f and g dependence,

in search of an improved analytic expression we make the

ansatz

K(f, g) ¼ 1 + lK(g)uK(f, g) ¼ 1 + lK(g)f[1 + O (f)] , (29)

where lK(g) is the rst-order virial coefficient of the sedimen-

tation coefficient for which high-precision values have been

provided by Cichocki et al.22,74 According to Fig. 8, these tabu-

lated values are well represented by the polynomial,

lK(g) ¼ �6.5464 + 8.592�g � 3.901�g2 + 2.011�g3 � 0.142�g4 (30)

in the full parameter range 0 < g # 1. At g ¼ 1 in particular, the

known value lK ¼ �6.5464 of no-slip hard spheres is recovered

from the polynomial.

In the rst equality in eqn (29), we have introduced the

sedimentation scaling function uK ¼ (K � 1)/lK. In ref. 34, a

scaling ansatz analogous to eqn (29) was used for the short-time

translational and rotational self-diffusion coefficients of

uniformly permeable hard spheres. By the comparison with

simulation data, it was shown therein that the scaling functions

uS(f, lx) and uR(f, lx) associated with translational and rota-

tional self-diffusion, respectively, are practically independent of

the permeability coefficient for all values lx # 0.1. They are

therefore well approximated by (i.e. scaled to) the respective

functions uS,R(f, lx ¼ 0) of non-permeable solid spheres. On

using a third-order polynomial t of uS(f, lx ¼ 0) obtained from

simulation data of no-slip hard spheres, and the rst two known

virial coefficients of DS(f, lx ¼ 0), eqn (26) for DS(f, lx) has been

obtained.34,42

As noticed already in the context of permeable spheres,34 uK
depends signicantly on the intra-particle hydrodynamic

structure, different from its self-diffusion siblings. In Fig. 9, this

is demonstrated for the spherical annulus system using tabu-

lated simulation data for K(f, g) in ref. 21. The simulation data

of uK(f, g) for a xed f > 0 clearly differ from each other for

different g values. Thus, the g-dependence of K(f, g) cannot be

embodied solely in terms of the rst-order virial coefficient, in

contrast to eqn (26) describing DS. However, as it is shown in

Fig. 9, the simulation data for uK/f are well described for g$ 0.8

by a forth-order polynomial in gf, namely

uK(f, g) ¼ f[1 � 3.348gf + 7.426(gf)2

� 10.034(gf)3 + 5.882(gf)4]. (31)

The resulting analytic expression,

K(f, g) ¼ 1 + lK (g)f[1 � 3.348gf + 7.426(gf)2

� 10.034(gf)3 + 5.882(gf)4], (32)

for the sedimentation coefficient provides, in conjunction with

eqn (30) for lK(g), an accurate description in the from the

experimental viewpoint sufficiently broad parameter range g ˛

{0.8–1}. The numerical coefficient 3.348 in the bracket of eqn

(32) is selected such that at g ¼ 1 the correct numerical value

21.918 of the second virial coefficient of no-slip rigid spheres74

is recovered.

From Fig. 10, the good agreement of the semi-empirical

formula for K(f, g) in eqn (32) with the spherical annulus

simulation data21 is noticed for g $ 0.8. The gure depicts also

simulation data for permeable spheres where lx has been con-

verted to the respective g using eqn (8). Moreover, results for

Fig. 8 First-order virial coefficient, lK, of the sedimentation coefficient
of spherical annulus particles. Filled symbols: tabulated values by
Cichocki et al. for thick (diamonds)74 and thin annulus shell (squares)
systems,22 in comparison with the polynomial in eqn (30) (black solid
line).

Fig. 9 Concentration dependence of the scaling function uK(f, g)
associated with the sedimentation coefficient of spherical annulus
particles, for values of g as indicated. Colored filled symbols: values
obtained from simulation data of K(f, g).21 Colored solid lines: semi-
empirical formula in eqn (31).
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K(f, g) are displayed as predicted by the self-part corrected dg

scheme with VW–PY structure factor input where the self-part

contribution to K was calculated according to eqn (26). See

Appendix B for details on the dgmethod of calculating H(q) and

its self-part correction. While in good overall agreement with

the simulation data, the self-part corrected dg method results

for K deviate signicantly at larger f. Different from eqn (32)

which applies to spherical particles with hard-core interactions

only, the dg method is applicable also to particles with so

interactions.

The analytic expressions in eqn (32) and (26) for K and DS are

protably used in the following discussion of the hydrodynamic

function of core–shell particle systems.

3.4 Hydrodynamic function scaling

Due to the fact that H(q) is given, according to eqn (20), by an

equilibrium average over hydrodynamic mobilities, its principal

peak location and the wavenumber locations of its secondary

maxima are nearly coincident with those of S(q). As a static

equilibrium property, S(q) is independent of the hydrodynamic

particle structure in particular and the HIs in general. This

observation has led Abade et al. to the following remarkable

nding,18 which they analyzed in the context of uniformly

permeable hard spheres: While the amplitudes of the oscilla-

tions in H(q) are strongly sensitive to the permeability (i.e., the

hydrodynamic particle structure), the relative q-dependence of

H(q) is practically permeability independent, and can be scaled

thus to that of no-slip hard spheres. To see this quantitatively,

consider the so-called reduced hydrodynamic function,18

hdðqÞ ¼
HdðqÞ

jHdðq ¼ 0Þj
; (33)

where Hd(q) is the wavenumber-dependent distinct part of H(q)

introduced in eqn (21).

The reduced hydrodynamic function is dened such that

hd(q ¼ 0)¼ �1 and hd(q/N) ¼ 0. Abade et al. found that hd(q)

is at all q nearly independent of the permeability parameter lx,

practically in the complete liquid-phase concentration interval.

In extrapolating their nding to the spherical annulus model as

motivated by our general discussion in Subsec. 2.2, H(q) can be

expected to be well represented by

HðqÞz
DSðf;gÞ

Dt
0ðgÞ

� hnsd ðqÞ

�

Kðf;gÞ �
DSðf;gÞ

Dt
0ðgÞ

�

; (34)

where hnsd (q) ¼ hd(q, g ¼ 1) is the reduced hydrodynamic func-

tion of no-slip hard spheres. The hydrodynamic particle struc-

ture enters into this expression by the coefficients K and DS/D
t
0

only for which we have provided accurate analytic expressions.

The relative q-dependence of H(q) is described by the master

function hnsd (q) which can be conveniently calculated using the

semi-analytic dg method for Hd(q). The dg method has been

shown, in comparison to Stokesian dynamics simulations, to

give quite accurate predictions not only for the Hd(q) of no-slip

hard spheres,42 but likewise for charge-stabilized suspensions

with long-range electrostatic interactions.42,68 To validate

hydrodynamic function scaling for the spherical annulus

model, in Fig. 11 we present results for hd(q, g) in a broad

g parameter range, obtained using the dg method in Appendix

B. All curves collapse practically on a single master curve which

in turn nicely agrees with the simulation data for no-slip (ns)

hard spheres taken from ref. 18.

The sensitivity of H(q) on the reduced hydrodynamic radius

g is illustrated in Fig. 12, where H(q) has been calculated

according to eqn (34). The strength of the HIs ceases with

decreasing g. Notice that H(q) / 1 for g / 0.

To date, the validity of the hydrodynamic function scaling

was scrutinized for particles with hard-sphere interactions

only.17,18 As discussed in Subsec. 2.1, the so Hertz potential in

eqn (1) is a useful description of the coarse-grained interaction

of certain types of mechanically so microgel particles. For this

reason, we investigate now the scaling of the hydrodynamic

function for suspensions of Hertz particles of different inter-

action strengths 3. In Fig. 13, the functions hd(q) of Hertz

Fig. 10 Sedimentation coefficient of the spherical annulus model as a
function of f, for values of g as indicated. Filled squares: simulation
data for spherical annulus particles.21 Solid lines: analytic formula in
eqn (32) with lK according to eqn (30). Dashed lines: self-part cor-
rected dg method prediction, with self-part DS according to eqn (26)
and VW–PY input for S(q).

Fig. 11 Reduced hydrodynamic function, hd(q), for spherical annulus
particles at fixed volume fraction f ¼ 0.35 and varying g as indicated.
The wavenumber is scaled in terms of the hard-sphere diameter s¼ 2a.
Solid lines: dg method results using VW–PY structure factors as input
(cf. Appendix B). Filled squares: simulation result for no-slip (ns) hard
spheres (g ¼ 1) taken from ref. 18.
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particles are shown for various values of the reduced hydrody-

namic radius, dened here by g ¼ ah/as with as ¼ ss/2 denoting

the effective so radius of the Hertz potential. Two largely

distinct interaction (soness) parameters 3 ¼ 10 and 104 are

considered, representing highly so and weakly so particle

systems, respectively. The inset depicts the respective shapes of

the Hertz potential. For 3 ¼ 10, there is a signicant likelihood

of nding two particles at a distance smaller than ss, as quan-

tied by values of g(r < ss) signicantly larger than zero. Even

then the HRM remains applicable, provided the hydrodynamic

structure of the actual so particles is not signicantly distorted

away (on average) from spherical symmetry during particle

interpenetration.

The curves for hd(q) in Fig. 13 have been obtained using the

HRM-based dg method with the structure factor input for the

Hertzian spheres calculated in PY approximation. The gure

shows that hydrodynamic function scaling applies to Hertz

model particles for a broad soness range, with the shape of the

g-independent master curve for hd(q) depending on the soness

parameter. The scaling behavior of H(q) can be expected to hold

also for other so pair potentials.

3.5 High-frequency viscosity

So far diffusion related properties have been addressed. We

discuss next a short-time rheological property, namely the high-

frequency-limiting suspension viscosity, hN, which linearly

relates the average suspension shear stress to the applied rate of

strain in a low-amplitude, high-frequency shear experiment.

Like the short-time diffusion properties discussed before, hN is

a quantity of purely hydrodynamic origin, inuenced by direct

particle interactions through the equilibrium averaging only.

For particles acting hydrodynamically like points (g ¼ 0), it

reduces thus to the shear viscosity, h0, of the suspending

Newtonian uid.

The high-frequency viscosity should be distinguished from

the zero-frequency viscosity,80

h(f) ¼ hN(f) + Dh(f), (35)

determined in a steady low-shear experiment. The zero-

frequency viscosity h has an additional contribution, Dh > 0,

originating from the relaxation of the shear-distorted dynamic

particle cage formed around each particle. The shear relaxation

part Dh is inuenced both by direct and hydrodynamic inter-

actions, with the consequence that for strongly correlated

colloidal particles it is substantially larger than hN. An analytic

method of calculating the long-time transport property h is

presented in Subsec. 5.2.

In ref. 18 and 20, a generalized Saitô formula for the high-

frequency viscosity of permeable spheres with hard-core inter-

actions has been introduced which, for f # 0.5, gives results in

good agreement with simulation data. In the framework of the

spherical annulus model, the formula reads

hNðf;gÞ

h0

¼ 1þ ½h�ðgÞf
1þ Ŝðf;gÞ

1�
2

5
½h�ðgÞf

�

1þ Ŝðf;gÞ
�

: (36)

It expresses hN in terms of the intrinsic viscosity, [h](g) ¼

(5/2)g3, depending on the hydrodynamic particle structure only,

and the Saitô function Ŝ(f, g). The latter is approximated line-

arly in f as

Ŝðf;gÞ ¼

�

lVðgÞ

½h�ðgÞ
�

2

5
½h�ðgÞ

�

f; (37)

where lV(g) is the second-order virial coefficient in the expan-

sion of hN/h0 in powers of f. Numerical values for the second

virial coefficient of spherical annulus particles are given in ref.

22. For g $ 2/3, these values are well represented by the

polynomial

lV(g) ¼ 5.0021 � 39.279�g + 143.179�g2

� 288.202�g3 + 254.581�g4 (38)

Fig. 12 Hydrodynamic function, H(q), of spherical annulus spheres for
f ¼ 0.35 and values of g as indicated. The solid lines show results by
the semi-analytic formula in eqn (34), with DS/D

t
0 and K according to

eqn (26) and (32), respectively, and hns
d (q) calculated using the dg

method.

Fig. 13 Reduced hydrodynamic function, hd(q), for a Hertzian spheres
system of interaction strength 3 ¼ 10 (dashed lines) and 3 ¼ 104 (solid
lines), respectively, for various reduced hydrodynamic radii, g ¼ ah/as,
as indicated. The effective volume fraction is fs ¼ 0.35. The depicted
results have been calculated using the dg method with PY structure
factor input. Inset: excerpt of the Hertz potential curve for 3 ¼ 10
(dashed) and 3 ¼ 104 (solid), respectively. Wavenumber q and radial
distance r are scaled by the effective soft diameter, ss ¼ 2as, of the
Hertz potential.
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In Fig. 14, the predictions for hN by the generalized Saitô

formula in eqn (36)–(38) are compared with existing simulation

results21 for the spherical annulus model. There is good agree-

ment with the simulation in the displayed liquid-phase concen-

tration range. For xed concentration n and xed hard-core

radius a, the viscosity increases with increasing ah, i.e. increasing

g, owing to the enlarged dissipation. Additionally shown in the

gure are results for hN by the PA and dg methods described in

Appendices A and B, respectively. Like in the PA scheme for short-

time diffusion properties, two-body HIs contributions to hN are

fully accounted for but three-body and higher order contribu-

tions have been neglected. The PA scheme is in good agreement

with the simulation data for f < 0.2 only. For small g, the

applicability of the PA method extends to somewhat larger f. We

attribute this, rst, to the weaker hydrodynamic interactions for

g < 1, and second to the fast O (1/r6) asymptotic decay of the shear

mobility function associated with hN (see Appendix A). While the

dg scheme viscosity predictions for no-slip spheres are in better

agreement with the simulation data than those by the PA scheme,

for g < 1 the dg scheme consistently overestimates the high-

frequency viscosity. Quite interestingly, for all f < 0.5 the dg

prediction for hN scales to good accuracy with the hydrodynamic

volume fraction fh ¼ g
3
f.

As straightforward applications of the generalized Saitô

formula and eqn (26), describing hN(f, g) and DS(f, l) in the

spherical annulus model, we analyze next the validity of the

short-time generalized Stokes–Einstein (GSE) relation,

LSV(f, g) z 1 , (39)

with the short-time GSE function

LSVðf;gÞ ¼
DSðf;gÞ

Dt
0ðgÞ

�
hNðf;gÞ

h0

: (40)

Eqn (39) expresses that DS(f, g) should be proportional for

all concentrations to the inverse of hN(f, g). This relation is

trivially fullled at innite dilution where it reduces to the

single-sphere translational Stokes–Einstein relation for a

hydrodynamically structured colloidal sphere. The approximate

validity of this relation would be quite useful, since hN can then

be determined more easily, and using a smaller amount of

particles, by a dynamic scattering experiment instead of a rheo-

mechanical measurement. This is why GSE relations including

the present one have been thoroughly subjected to theoretical

explorations, for particulate systems including permeable hard

spheres20 and charge-stabilized particles.38,67

An exact GSE relation is reected in Fig. (15) by a horizontal

straight line of unit height. However, for all considered values of

g, signicant deviations from LSV ¼ 1 are observed at larger

volume fractions. The deviations are largest for no-slip hard-

core particles where the HIs are strongest, amounting to about

40% at f ¼ 0.45. For concentrations f # 0.4, the displayed

curves for LSV(f) are nearly straight lines, characterized by the

linear coefficient, lSV(g), in the expansion of LSV to linear order

in f. The linear concentration coefficient derived from our

analytic expressions for DS and hN is given by the polynomial

lSV(g) ¼ 0.6685 + 0.3201�g + O (�g2) . (41)

For a given hydrodynamic particle model, the values of

g which should be used in calculating DS and hN, respectively,

are actually different if the O ((L*h,f)
2) corrections to ah,f in eqn

(14) cannot be neglected. However, this does not affect our

general conclusion that the GSE relation is violated, as illus-

trated by the curves in Fig. (15) where for simplicity the same g

values were used in calculating DS and hN.

According to Fig. (15), the ordering relation LSV (f) > 1 is

obeyed by particles with pure hard-core interactions. As shown

in ref. 67, the same ordering applies to charge-stabilized

suspensions. In contrast, the long-time product function LLV(f)

¼ (DL/D
t
0) � (h/h0) relating long-time self-diffusion coefficient

DL to zero-frequency viscosity h has been shown for no-slip

hard-sphere and charge-stabilized suspensions to fulll the

opposite ordering LLV (f) < 1 for f > 0.38

Fig. 14 High-frequency viscosity, hN, of spherical annulus particles in
dependence on f, for values of g as indicated. Filled symbols: simu-
lation data taken from ref. 21 and 67. Solid lines: generalized Saitô
formula in eqn (36)–(38). Dashed lines: PA scheme results with VW–PY
input for g(r). Dotted lines: dg scheme results with VW–PY input for
S(q).

Fig. 15 Test of the short-time GSE relation in eqn (39) for spherical
annulus particles with values of g as indicated. Solid lines: product
function LSV of the generalized Saitô expression in eqn (36) for hN/h0
and eqn (26) for DS/D

t
0 in accord with eqn (40).
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4 Theory versus experiment

We demonstrate now the accuracy of our easy-to-apply toolbox

methods of calculating short-time diffusion properties by

analyzing DLS measurements by Eckert and Richtering43 on

non-ionic PNiPAM microgels in DMF. As discussed in Subsec.

2.1, the microgel particles behave as hard spheres as far as their

static properties are concerned. Onmodeling the microgels also

hydrodynamically as no-slip hard spheres with ah ¼ a, and on

basis of bare dg method results for H(q), Eckert and Richtering

came to the conclusion that short-time particle diffusion is

underestimated by the no-slip hard-sphere model. This

suggests that the non-uniform crosslinker-density of the

microgels should have a signicant hydrodynamic effect.

To account for this effect, we model here the microgels as

spherical annulus particles, and determine H(q) using the

scaling eqn (34) in conjunction with the analytic expressions in

eqn (32) and (26) for K and DS, respectively. In the dg method

calculation of hnsd (q) which enters into the scaling expression of

H(q), we use the HS–PY structure factors depicted in Fig. 1, with

the hard-core radius a¼ 120 nm. The only adjustable parameter

in our model is thus the reduced hydrodynamic radius g¼ ah/a.

In Fig. 16, our theoretical results for H(q) are presented and

compared with the experimental ndings in ref. 43. The latter

have been obtained indirectly from multiplying the DLS rst

cumulant data for the diffusion function D(q) by the VW–PY S(q)

taken at q¼ 0 (cf. eqn (19)). Using the constant ratio g¼ 0.97, we

obtain very good agreement between theory and experiment for

all volume fractions. Our nding of a concentration-indepen-

dent hydrodynamic radius ah ¼ 0.97 � a points to the consis-

tency of our analytic method of calculating H(q), since as an

intrinsic particle property, ah should not depend signicantly

on the volume fraction. While this holds for the strongly cross-

linked non-ionic microgels considered here, for weakly cross-

linked ionic microgels in the swollen-state temperature range, a

signicant size shrinkage with increasing concentration is

observed.1

The deduced hydrodynamic microgel radius is only 3%

smaller than the excluded volume radius, corresponding to a

likewise small value, lx¼ 0.029, of the reduced uid penetration

length. This exemplies the common experimental situation of

ah z ah,f, with the relative correction to the at plane value ah,f
being here of O ((L*h,f)

2) z 10�3 small.

The small microgel permeability nonetheless signicantly

affectsH(q), in particular at larger concentrations. This is shown

in Fig. 16 for f ¼ 0.5 by the comparison with the hydrodynamic

function for zero permeability (dashed curve): the residual

particle permeability enlarges the sedimentation velocity by

more than 100%, and the self-diffusion coefficient by more

than 30%.

In Fig. 17, our theoretical results for D(q)/Dt
0 are plotted

together with the DLS data43 for the same quantity. The theo-

retical curves have been obtained from dividing the spherical

annulus H(q)'s depicted in Fig. 16 by the associated VW–PY

structure factors, S(q), of hard spheres in accordance with eqn

(19). At q ¼ 0, the VW–PY S(q) reduces to the Carnahan–Starling

expression for the reduced osmotic compressibility,

Sðq ¼ 0Þ ¼
ð1� fÞ4

ð1þ 2fÞ2 þ f3ðf� 4Þ
; (42)

valid in the full uid-phase volume fraction range of hard

spheres. The agreement between theoretical and experimental

diffusion functions is very good in the intermediate wave-

number range including the principal peak position, qm, of S(q)

where D(q) is minimal, and also for larger wavenumbers. At

small q values and large volume fractions, the experimental

data are overestimated. Even considering the remaining small-q

deviations, the here presented theoretical results for D(q) are in

distinctly better agreement with the experimental data than the

earlier ones presented in ref. 43 where permeability effects were

not included.

The deviations in D(q) at small-q can be partially attributed to

the high sensitivity of the inverse compressibility factor, 1/S(0),

Fig. 16 Experimentally deduced hydrodynamic function of PNiPAM
microgels in DMF (filled symbols, taken from ref. 43) compared with
the theoretical predictions (solid lines) for the spherical annulusmodel,
using g ¼ 0.97 and eqn (34) for H(q), combined with eqn (32) for K and
eqn (26) for DS. Dashed line: theoretical prediction for non-permeable
particles (g ¼ 1) at f ¼ 0.5. The wavenumbers are scaled by the hard-
core diameter s ¼ 240 nm.

Fig. 17 DLS data for the reduced diffusion function D(q)/Dt
0 (filled

symbols) taken from ref. 43, in comparison with our theoretical
predictions for g ¼ 0.97, obtained by dividing the spherical annulus
results for H(q) depicted in Fig. 16 by the VW–PY values of S(q ¼ 0).
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multiplying H(0) in eqn (23), on the residual soness of the

microgels. This is demonstrated in Fig. 18, where the concen-

tration dependence of 1/S(0) for hard spheres is compared to

that of the Hertz potential system for the strongly distinct

soness parameters 3¼ 104, 102 and 10. According to the gure,

even a small residual soness characterized by 3 ¼ 104 signi-

cantly enlarges the osmotic compressibility for large volume

fractions, with 1/S(0) being lowered accordingly. Viewed on the

scale of the structure factors in Fig. 2, the small-q differences are

not resolved since S(0) is very small for large concentrations.

While the smaller factor 1/S(0) in the Hertz model would

improve the agreement with the experimental D(q) at small q,

we recall in referring to Fig. 2 that a somewhat larger volume

fraction fs than that for hard spheres is required in the Hertz

model for an equally good t of the experimental S(q). If the

enlarged volume fraction is accounted for, there remains a

small nal reduction in 1/S(0) only. An additional cause for the

small-q differences can be size polydispersity. It was shown in

ref. 81, that a small degree of polydispersity signicantly

enlarges, in concentrated suspensions, the measured diffusion

function at small q.

In summarizing, we conclude that our HRM based toolbox

methods reproduce the short-time diffusion properties of the

non-ionic microgel suspensions very well, and with little

numerical effort. The non-homogeneous cross-linker density is

accounted for by a hydrodynamic radius which is only three

percent smaller than the excluded volume radius.

5 Long-time transport properties

Long-time colloidal transport properties such as DL and h

characterize the particle dynamics on time scales t[ sD during

which the particle conguration has changed signicantly.

Different from short-time properties, they are inuenced by

thermally driven microstructural relaxations depending on

direct and hydrodynamic interactions alike. This renders a rst-

principles calculation of long-time properties demanding, both

in theory and simulations, in particular when the salient HIs are

accounted for. Consequently, in most simulation studies of the

concentration dependence of DL and h, the inuence of the HIs

has been ignored.82–84 The few existing three-dimensional

simulation studies where HIs are included have been focused

on Brownian hard spheres with no-slip BC.85–87 Therefore, a

theoretical scheme is in demand allowing for the approximate

calculation of DL and h for suspensions of hydrodynamically

structured particles.

In the following, we present such a scheme which as a bonus

requires only little numerical effort. It is based on the HRM and

a factorization approximation method proposed originally by

Medina-Noyola for self-diffusion.35 We point out that the HRM

error estimation for short-time properties in eqn (25) applies

also to long-time properties including DL/D
t
0 and h, and also to

the dynamic structure factor S(q, t) for arbitrary correlation

times. This follows from general expressions for long-time

transport coefficients and S(q, t) which have been obtained

using the Mori–Zwanzig projection operator formalism in

conjunction with the many-particle generalized Smoluchowski

equation for the congurational probability distribution func-

tion.31 The crucial fact to notice here is that the hydrodynamic

mobility tensors entering into the GSmE have no explicit time

dependence.

We exemplify the error estimate for DL by starting from the

congurational average expression,31

DL ¼ DS + DD, (43)

with

DD ¼ �h(q̂$V1)O B
�1(q̂$V1)i . (44)

The slowing effect on DL by the dynamically restructuring

cage of next neighbors formed around each particle is

embodied in the negative valued relaxation contribution, DD, to

DL implying DL < DS for f > 0. In eqn (44), V1 ¼ O BR1 is the

coarse-grained velocity of a representative particle 1 whose

Brownianmotion is considered, q̂¼ q/q, and O B(X) the so-called

backward Smoluchowksi differential operator generating the

time evolution of the probability distribution function. The

operator inverse is denoted by O B
�1. The only information

about O B needed here is its linear dependence on the mobility

tensors mij. From this and eqn (24), it follows that the error

introduced in approximating DL/D
t
0 by DL;HRM/D

t
0 is of O ((L

*
h,f)

2).

5.1 Long-time self-diffusion

Using eqn (43), DL can be written as

DLðfÞ ¼ DSðfÞ

�

1þ
DDðfÞ

DSðfÞ

�

; (45)

where in the term in brackets, the explicit dependence on DS has

been scaled out. According to arguments rst put forward by

Medina-Noyola,35 and subsequently substantially elaborated by

Brady also regarding the zero-frequency viscosity,36,37 the factor

Fig. 18 Influence of particle softness (elasticity) on the inverse
compressibility factor 1/S(0), for hard-sphere and Hertz potential
particles, plotted as a function of f. The Carnahan–Starling (CS) (black
solid line) and PY (red solid line) results for hard spheres are compared
with the PY-based predictions for Hertz model particles with softness
parameters 3 ¼ 104 (dashed line), 102 (dashed-dotted line), and 10
(dotted line).
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function in brackets is not only scale invariant with respect to

DS, but for hard spheres it is to a decent approximation also

independent of the HIs. This implies the no-HI factorization

approximation,
�

1þ
DD

DS

�

z

�

DL

Dt
0

�

no-HI

; (46)

where the bracket term is approximated by a purely structural

factor determined by excluded volume interactions only. For

known DS, the problem of calculating DL is thus simplied to

the calculation of the reduced long-time self-diffusion coeffi-

cient without HIs. The dependence of DL on the HIs, and the

hydrodynamic particle structure, is embodied here in DS

alone.

Brownian dynamics simulation results for [DL(f)/D
t
0]no-HI by

Hinsen and Cichocki82 and Moriguchi88 are depicted in Fig. 19.

In the uid-phase concentration regime f # ff, where ff ¼

0.494 is the volume fraction at freezing, the simulation data are

well described by the polynomial least-square t,
�

DL

Dt
0

�

no-HI

¼ 1� 2fþ 1:272f2 � 1:951f3 (47)

where the exact rst-order virial coefficient, lL ¼ 2, for a hard-

sphere suspension without HIs has been incorporated. The

gure depicts furthermore the analytic approximation,
�

DL

Dt
0

�

no-HI

z
1

1þ 2fgðsþ;fÞ
; (48)

given by Brady,36 where the structural factor is expressed in

terms of the RDF contact value, g(s+; f), of hard spheres. The

contact value for the uid-phase concentration range is to high

accuracy described by the Carnahan–Starling expression89

g
�

sþ;f
�

¼
1� f=2

ð1� fÞ3
(49)

with g(s+; ff) ¼ 5.81. Eqn (48) incorporates the exact rst-order

virial coefficient, lL ¼ �2. Moreover, near random closed

packing at frcpz 0.64 where a metastable hard-sphere uid gets

jammed, on basis of results for g(s+; f) by Rintoul and Tor-

quato89 it predicts that [DL]no-HI diminishes linearly like 0.59 �

(1� f/frcp). Since DS vanishes likewise linearly in case of no-slip

hard spheres, the quadratic scaling prediction DL � (1� f/frcp)
2

near random closed packing is obtained in the factorization

approximation.

The performance of the no-HI factorization approximation

for the DL of no-slip spheres on basis of eqn (26) for DS at g ¼ 1

and eqn (47) for [DL/D
t
0]no-HI, is documented in Fig. 20 by the

comparison with DLS data by van Megen et al.,90,91 and simu-

lation results by Phung et al.85 with HIs included. The Stokesian

dynamics simulation data for Brownian hard spheres by Phung

et al. have been obtained for a small number (N ¼ 27) of

particles, and for a small albeit non-zero shear Peclet number

Pe ¼ 0.01. The overall agreement with the experimental and

simulation data is quite good. The factorization approximation

gives lL ¼ �3.831 for the rst-order virial coefficient of hydro-

dynamically interacting no-slip spheres, while its correct

numerical value is given by lL ¼ �2.1. The initial low-concen-

tration decrease of DL is thus overestimated.

The good performance of the no-HI factorization approxi-

mation for no-slip hard spheres gives support to its straight-

forward extension to hydrodynamically structured particles, by

using for DS/D
t
0 now the analytic expression in eqn (26) for

spherical annulus spheres. Our results for DL/D
t
0 based on this

extended factorization scheme are shown in Fig. 21. With

decreasing g, the slowing down effect of the HIs on DL dimin-

ishes. In the limit g / 0 of hard spheres acting hydrodynam-

ically as point particles, the long-time self-diffusion coefficient

in the absence of HIs is recovered. According to Cichocki and

Felderhof,74 the linear concentration coefficient of DL/D
t
0 for

small g is lL(g) ¼ �2[1 � 1.031g + 0.111g2 + O (g3)], where the

linear and quadratic terms in g are due to the so-called Oseen

long-distance HIs contribution to the relaxation part DD. The

contributions of the short-time part, DS, to DL appear rst in

quadratic order in g. While this describes quantitatively how DL

Fig. 19 Reduced long-time self-diffusion coefficient, [DL/D
t
0]no-HI, of

colloidal hard spheres without HIs. Filled circles and squares: Brownian
dynamics simulation results by Hinsen and Cichocki82 and Moriguchi,88

respectively. Solid line: polynomial fit in eqn (47). Dashed line: eqn (48)
with Carnahan–Starling contact value input.

Fig. 20 Reduced long-time self-diffusion coefficient, DL/D
t
0, of no-

slip colloidal hard spheres. Filled circles: experimental data by van
Megen et al.90,91 Filled squares: simulation data by Phung et al.85 Solid
line: no-HI factorization approximation in eqn (45)–(47), with the
short-time factor DS/D

t
0 according to eqn (26) for g ¼ 1.
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approaches [DL]no-HI for small g, we reemphasize that g > 0.8 is

valid for most hydrodynamically structured colloidal particles.

The no-HI factorization approximation predicts the ratio,

DL/DS, of long-time and short-time coefficients to be indepen-

dent of HIs and hydrodynamic particle structure, with value

equal to [DL/D
t
0]no-HI. This implies with eqn (45) and (46) that

�

DL

DS

�

�

ff

�

z 0:1; (50)

in good accord with the Löwen–Palberg freezing criterion value

of about 0.1. Thus, a universal freezing value of 0.1 is predicted

not only for colloidal suspensions with different repulsive pair

potentials, but also with different hydrodynamic intra-particle

structures. For pair interactions characterized by a single length

scale, the dynamic Löwen–Palberg criterion has been shown to

be equivalent to the static Hansen–Verlet freezing criterion for

the value S(qm) of the structure factor peak height.65

5.2 Zero-frequency viscosity

Analogous to eqn (45) for DL, in eqn (35) for the low-shear zero-

frequency viscosity h, we factor out the high-frequency (short-

time) contribution hN according to

hðfÞ ¼ hNðfÞ

�

1þ
DhðfÞ

hNðfÞ

�

; (51)

with the term in brackets expected to be approximately inde-

pendent of the HIs. This suggests the no-HI factorization

approximation,

DhðfÞ

hNðfÞ
z

�

DhðfÞ

h0

�

no-HI

; (52)

where [Dh]no-HI is the shear relaxation viscosity part without

HIs. In this approximation, the HIs are assumed to affect h only

by means of the factored out hN in eqn (51). The neglect of HIs

simplies the calculation of the shear relaxation viscosity part

considerably. Following works by Brady,36,37 an analytic estimate

of Dh for no-slip hard spheres without HIs is given by

�

Dh

h0

�

no-HI

z
12

5
f2g
�

sþ;f
�

; (53)

with g(s+, f) given by eqn (49) for f # 0.49. This estimate

combines the exact low concentration limit, 2.4 f
2 + O (f3), of

[Dh]no-HI with its divergence at random closed packing accord-

ing to [Dh]no-HI � (1 � f/frcp)
�1, triggered by the divergence of

the hard-sphere contact value. Together with the likewise linear

divergence of hN for no-slip hard spheres, a quadratic divergence

h � (1 � f/frcp)
�2 is thus predicted for the zero-frequency

viscosity. For hydrodynamically structured particles where ah < a,

there are no diverging lubrication forces for spheres in

contact. The high-frequency viscosity remains then nite

at random closed packing, and the particles can still rotate

individually. Moreover, h diverges only linearly as h(f, g < 1) �

(1 � f/frcp)
�1.

In Fig. 22, the outcome of eqn (53) for [Dh]no-HI is compared

to Brownian dynamics simulation results without HIs by Foss

and Brady.84,86 Up to f z 0.35, the simulation data are decently

well represented by the analytic expression, but the steep rise of

[Dh]no-HI at large volume fractions is not reproduced. The

simulation data are well captured for all f by the semi-empirical

expression

�

Dh

h0

�

no-HI

¼

12

5
f2
�

1� 7:085fþ 20:182f2
�

�

1�
f

frcp

� ; (54)

combining the exact quadratic-order concentration dependence

with the linear order divergence at random closed packing.

Throughout this work, we restrict our analysis to the equilib-

rium uid-phase concentration regime f # 0.5, while the

viscosity simulations in ref. 83, 84 and 86 have been extended to

the metastable uid concentration regime ff < f < frcp where

crystallization is kinetically suppressed. Regarding the shear

relaxation viscosity part with HIs included, Brady has proposed

the following approximate scaling expression,36,37

Fig. 21 Generic influence of the intra-particle hydrodynamic structure
on DL/D

t
0, quantified in the no-HI factorization approximation, eqn

(45)–(47), using for DS/D
t
0 the spherical annulus model formula in eqn

(26) and (27). Several values of g are considered as indicated.

Fig. 22 Reduced shear relaxation viscosity part without HIs, [Dh/h0]no-HI,
of a suspension of Brownian hard spheres in dependence of f. Filled
circles: Brownian dynamics (BD) simulation data by Foss and Brady.84

Solid line: analytic estimate in eqn (53). Dashed line: semi-empirical
expression in eqn (54).
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Dh

hN

z
12

5
f2 gðs

þ;fÞ

LSVðfÞ
; (55)

where the inuence of the HIs on the ratio Dh/hN is solely

embodied in the short-time GSE function LSV dened in eqn

(40). For no-slip hard spheres, LSV is well represented for f < 0.4

by LSV z 1 + 0.67f according to eqn (41), while without HIs LSV

is equal to one. Consequently, eqn (55) predicts Dh/hN to be

only mildly affected by the HIs, giving some credit to the no-HI

factorization approximation in eqn (52). Eqn (55) was obtained

from arguing that the adequate diffusion time scale in a

concentrated suspension is ah
2/DS instead of ah

2/Dt
0, and from

using a low-concentration estimate of the weakly shear-dis-

torted stationary pair distribution function with the prefactor

g(s+; f) preserved.36 A detailed discussion of the approximations

going into eqn (55) is given by Lionberger and Russel.94,95

On using in place of eqn (53) the semi-empirical tting

expression in eqn (54) as the non-hydrodynamic factor in eqn

(55), Brady's scaling relation is modied to

Dh

hN

z

12

5
f2
�

1� 7:085fþ 20:182f2
�

�

1�
f

frcp

�

LSVðfÞ

: (56)

The two here considered variants of the no-HI scaling

approximation of h consist of using eqn (53) and (54), respec-

tively, as input for the ratio Dh/hN in the bracket term in eqn

(51), in conjunction with the accurate generalized Saitô formula

in eqn (36) used for hN. In addition, Brady's scaling expression

for h and its modication consist of approximating Dh/hN in

the bracket term in eqn (51) by eqn (55) and (56), respectively,

with the generalized Saitô formula used again for the factored

out high-frequency viscosity. The hydrodynamic factor 1/LSV in

the two scaling expressions is calculated analytically using eqn

(26) for DS, and the generalized Saitô formula for hN.

The results for h(f, g ¼ 1) by the four inter-related analytic

approximations are depicted in Fig. 23. They are compared with

experimental data by Segrè et al.92 and Weiss et al.,93 and Sto-

kesian dynamics (SD) simulation data for Brownian hard

spheres with HIs included by Foss and Brady86 and Phung85 The

latter have been obtained for a small number (N ¼ 27) of

particles in the basic simulation box. In ref. 86, Dh was deduced

using a general Green–Kubo formula for the shear stress

correlation function of hydrodynamically interacting particles.96

The viscosity curves by all four approximations compare overall

quite well with the simulation data. Depending on the used

approximation for Dh/hN, deviations are visible at intermediate

and large volume fractions. The neglect of HIs in Dh/hN results

in an overestimation of the simulations data at large f, but the

large-f experimental viscosity data are well described. On

considering the simulation data to be more trustworthy than

the experimental data, owing to experimental polydispersity

effects and difficulties in determining the precise volume frac-

tion, the modied scaling expression by Brady in eqn (56)

provides the overall best description of the SD data for h,

slightly better than Brady's original scaling expression in eqn

(55). We use the modied scaling expression in the following

discussion of hydrodynamically structured particles. Note that

the second-order in concentration coefficient of h is predicted

by all four factorization approximation variants as 5.01 + 2.4 ¼

7.41, while the exact coefficient is equal to 5.931.97 This low-f

difference is not resolved on the scale of Fig. 23.

The gure includes additionally the viscosity prediction by

the formula

hðfÞ=h0 ¼
1� 0:4fþ 0:222f

2

ð1� fÞ2
; (57)

with �f ¼ f/frcp, which incorporates the rst two known virial

coefficients in h/h0 ¼ 1 + 2.5f + 5.91f2 + O (f3) and a quadratic

divergence of h at frcp. As seen in Fig. 23, the formula describes

the simulation and experimental data well for f # 0.35, but it

strongly underestimates them at larger f.

Akin to long-time self-diffusion, we can straightforwardly

extend our analysis to hydrodynamically structured particles, by

using the generalized Saitô expression in eqn (36) for hN (f, g),

in combination with the modied Brady scaling expression in

eqn (51) and (56) for Dh/hN. The viscosity predictions for

different reduced hydrodynamic radii g, and volume fractions

extending up to ff, are depicted in Fig. 24. Note the pronounced

reduction of h(f, g) with decreasing g, owing to the reduced

dissipation, inherited from the similar behavior of hN (f, g). In

the limit g/ 0, the zero-frequency viscosity reduces to h(f, 0)¼

h0 + [Dh]no-HI. In spite of being approximate, the analytic

modied scaling expression for h(f, g) in eqn (56) can be

expected to be useful for a quick analysis of experimental

viscosity data of hydrodynamically structured colloidal

suspensions. For the PNiPAM microgels in DMF, e.g., where

g ¼ 0.97 has been deduced, a signicant reduction both in

Fig. 23 Zero-frequency viscosity, h/h0, of no-slip Brownian hard
spheres with HIs. Solid and dashed black lines: no-HI factorization
predictions using hN (f, g ¼ 1) according to eqn (36), and [h/h0]no-HI
according to eqn (53) and (54), respectively. Solid and dashed red lines:
Brady's (modified) scaling approximations using eqn (55) and (56) for
Dh/hN, respectively, and eqn (36) for the factored out hN. The factor
1/LSV in the (modified) scaling approximation is calculated using eqn
(36) for hN and eqn (26) for DS. Dotted line: eqn (57). Filled symbols:
experimental data by Segrè et al.92 and Weiss et al.93 Open symbols:
Stokesian dynamics (SD) simulation results for Brownian hard spheres
by Foss and Brady86 and Phung.85
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h and hN is predicted relative to the corresponding viscosities of

non-permeable particles. It will be interesting to compare our

zero-frequency and high-frequency viscosity predictions with

future viscosity measurements on non-ionic PNiPAM in DMF

systems.

6 Concluding remarks

We have presented a toolbox of methods for calculating short-

time and long-time transport properties of suspensions of

spherical particles with intrinsic hydrodynamic structure. The

analytic scaling expressions for systems at or near to thermo-

dynamic equilibrium given in the paper combine high accuracy

predictions with a practical implementation, and they apply to

the full liquid-phase concentration regime. They are useful to

experimenters for a fast yet precise data analysis of scattering

and rheo-mechanical experiments. We have highlighted this in

our analysis of SLS and DLS experiments on non-ionic PNiPAM

microgels in DMF. By a detailed comparison with Hertz

potential calculations, we have shown that themicrogels behave

statically to good accuracy as hard spheres, and hydrodynami-

cally as permeable spheres with a reduced penetration length

lx z 0.03 corresponding to a reduced hydrodynamic radius of

g¼ 0.97. It will be interesting to scrutinize the analytic viscosity

expressions for hN and h of hydrodynamically structured, rigid

spheres against future rheo-mechanic measurements on non-

ionic PNiPAM microgels.

The analytic toolbox expressions for the collective diffusion

coefficient and the zero-frequency viscosity have been already

protably used in a recent crossow ultraltration study of

solvent-permeable nanoparticles suspensions.11 The short-time

transport coefficient expressions can serve also as input in the

calculation of frequency- and time-dependent transport prop-

erties on basis of mode-coupling theory and dynamic density

functional theory methods were HIs are included.98,99 They are

likewise useful as input in the context of the empirically

observed time-wavenumber factorization scaling of S(q, t) at qz

qm for intermediate to long correlation times.100,101

The intra-particle hydrodynamic structure has been

accounted for using the hydrodynamic radius model where the

particles are described hydrodynamically as no-slip spheres,

characterized by a hydrodynamic radius derived from a single-

particle transport property for unchanged direct interactions. In

spite of its simplicity, the HRM is universally applicable since

corrections terms are usually quite small, i.e. of quadratic order

in the reduced slip length. In many particulate systems, these

corrections are negligible, and a unique hydrodynamic radius

ah,f can be used independent of the considered transport

property. As we have shown in comparison with existing

computer simulation results, the HRM based scaling expres-

sions for hard-sphere-like particles are decent approximations

also for strongly structured particles characterized by values of

g signicantly smaller than one, provided ah is deduced from an

associated single-particle transport coefficient, namely from [h]

in viscosity calculations, and Dt
0 in self-diffusion and sedimen-

tation calculations for concentrated suspensions. While our

focus has been on monodisperse particle systems, it is feasible

to generalize the HRM to size polydisperse particles using an

appropriate particle size distribution. In future work, it will be

rewarding to search for possible extensions of the scaling rela-

tions to polydisperse colloidal systems and mixtures.

Most results presented in this work are for hydrodynamically

structured, stiff particles with pure hard-core interactions where

the HRM reduces to the spherical annulus model. Part of our

toolbox methods are likewise applicable, with appropriate

modications, to spherical particles with short-ranged so

interactions. We have illustrated this in Fig. 13 for the reduced

hydrodynamic function, hd(q), of so Hertz potential particles

with 3 ¼ 10. According to our calculations based on the dg

method, hydrodynamic function scaling remains valid for so

spherical particles. Note here that the self-part corrected dg

scheme, and the PA approximation for HRM particles, can be

used for arbitrary pair potentials.

We nally point to the invalidity of the presented scaling

relations for DS, K, and DL for particles with long-range so

repulsion that are not adequately described by an effective

excluded volume diameter. Examples in case are low salinity

suspensions of charge-stabilized particles,75 and quasi-two

dimensional systems of magnetically repelling particles at a

liquid–gas interface.102 As shown both in computer simulations

and experiments,DS and K in these systems follow a fractal�f
4/3

and �f
1/3 concentration dependence, respectively, of zero and

negative innite initial slope.67,75 Moreover, the factorization

scaling relation in eqn (45) and (46) predicting that DL < [DL]no-HI

does not apply to these long-range repulsive systems where, on

the contrary, a hydrodynamic enhancement of long-time self-

diffusion is observed in theory,98 simulation65,103 and experi-

ments.102 The short-time self-diffusion coefficient in these

systems is only weakly affected hydrodynamically at lower

concentrations so that DS z Dt
0. The major effect originates

instead from the relaxation part DD whose magnitude is lowered

by the here dominating far-eld part of the HIs.98 While the

scaling expressions are invalid, the hydrodynamic structure of

Fig. 24 Predictions for the reduced zero-frequency viscosity, h(f, g)/h0,
of hydrodynamically structured particles, based on the modified Brady
scaling expression for Dh/hN in eqn (56), and the generalize Saitô
formula in eqn (36) for hN(f, g). The hydrodynamic factor LSV (f, g) is
calculated using eqn (36) for hN(f, g), and eqn (26) for DS(f, g)/D

t
0(g).

Several values of g are considered as indicated.
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the low-salinity charge-stabilized and magnetic particles is still

well described by the HRM. On basis of the HRM, the short-time

properties of hydrodynamically structured charge-stabilized

particles can be calculated using the self-part corrected dg

scheme in conjunction with the PA method for the self-part.

Appendix
A Pairwise-additivity (PA) approximation applied to the

HRM

The PA approximation of short-time diffusion properties is

based on the cluster expansion of the N-particle translational

mobility tensors of colloidal spheres,

mijðXÞ ¼ mt
01dij þ

h

m
ð2Þ
ij ðXÞ � mt

01dij

i

þ three-body termsþ.;

(58)

where the three-body and higher-order cluster contributions are

disregarded. Here, mt0 ¼ Dt
0/(kBT) is the single-particle trans-

lational mobility coefficient depending on the hydrodynamic

particle structure, and 1 is the unit tensor. The hydrodynamic

mobility tensors on the pairwise additive level,

m
ð2Þ
ij ðXÞ ¼ mt

0

"

dij

 

1þ
X

l¼1;lsi

N
u11ðRilÞ

!

þ
�

1� dij
�

u12

�

Rij

�

#

;

(59)

with Rij ¼ Ri � Rj, are fully accounted for including the near-

contact lubrication terms. The two-particle tensors u11 and u12

describe the hydrodynamic self-interaction of a sphere through

ow reections at the second one, and cross-interactions of the

two particles, respectively. The axial symmetry of the two-sphere

problem allows for splitting these tensors into longitudinal and

transversal components,

uij ¼ xijðrÞr̂r̂þ yijðrÞ½1� r̂r̂�; (60)

where r̂¼r/r.

The transversal and longitudinal mobilities xij(r) and yij(r),

with i, j ˛ {1, 2}, can be calculated recursively in the form of a

power series in the reduced inverse pair distance ah/r,

combined with known near-contact lubrication

expressions.56,73,104

Insertion of eqn (59) into eqn (20) leads to the PA approxi-

mation expressions for DS and Hd(q).
42 We present these here in

a form suitable for HRM particles where one distinguishes

between the hydrodynamic particle diameter, sh ¼ 2ah, and

the direct interaction diameter s. For rigid spherical particles,

s ¼ 2a is the hard-core diameter, while for mechanically so

particles, s is identied with a characteristic so diameter ss

such as the one in the Hertz potential.

Introducing the reduced length x ¼ r/sh and wavenumber

y ¼ qsh, the self-part contribution to H(q) is

DSðf;gÞ

Dt
0ðgÞ

	

	

	

	

PA

¼ 1þ 8g3f

ðN

0

dxx2gðgxÞ½x11ðxÞ þ 2y11ðxÞ � 3�:

(61)

The distinct part contribution reads

Hdðy;gÞ
	

	

PA
¼ g3fþ 18gf

ðN

0

dxxhðgxÞ

�

j0ðxyÞ �
j1ðxyÞ

xy

þ g2 j2ðxyÞ

6x2

�

þ 24g3f

ðN

0

dxx2gðgxÞy12ðxÞj0ðxyÞ

þ 24g3f

ðN

0

dxx2gðgxÞ½x12ðxÞ

� y12ðxÞ�

�

j1ðxyÞ

xy
� j2ðxyÞ

�

;

(62)

where jn is the spherical Bessel function of order n, and h¼ g� 1

is the total correlation function. The overlines in �x12(x) and

�y12(x) indicate that the respective far-eld parts up to third order

in 1/x have been subtracted off. The argument gx in g and h,

with g ¼ sh/s, is a reminder that the RDF is commonly calcu-

lated as a function of r/s such as in the VW–PY solution for hard

spheres.

According to eqn (61), the rst-order virial coefficient of DS is

given by

ltðgÞ ¼ 8g3

ðN

0

dxx2 exp½�bVðxÞ�½x11ðxÞ þ 2y11ðxÞ � 3�: (63)

The PA approximation expression for the high-frequency

limiting viscosity, generalized to the HRM, reads,

hNðf;gÞ

h0

	

	

	

	

PA

¼ 1þ
5

2
g3f




1þ g3f
�

þ 60
�

g3f
�2
ðN

0

dxx2gðgxÞJðxÞ;

(64)

with the rapidly decaying two-sphere shear mobility function,

J(x), accounting for the two-body HIs. It decays asymptotically as

J(x) � (15/128)x�6. We employ an accurate numerical table for

J(x) based on recursion expressions and the lubrication analysis

given in ref. 105.

Finally, we note that in the spherical annulus model of

hydrodynamically structured hard spheres, the lower integra-

tion boundary of all integrals in the present appendix is equal

to 1/g.

B Self-part corrected Beenakker–Mazur method applied to

the HRM

Except for hN, the applicability range of the PA approximation is

restricted to lower f values where it becomes accurate. In

contrast, the dg-scheme for H(q) and hN by Beenakker and

Mazur70,71 is applicable also to concentrated systems. We

discuss here a standard version of this scheme, generalized to

the HRM, where S(q) is the only required input. Once the self-

part DS of H(q) is suitably corrected,
42,106 the dgmethod provides

a decent description of short-time transport properties, for

neutral and charge-stabilized particle systems alike (see ref. 42).

The dgmethod results for hN and H(q) reveal inaccuracies at all

concentrations which can be partially attributed to its approx-

imate treatment of the HIs. This is underlined in recent work by

Makuch and Cichocki72 where the approximation steps in the

derivation of the dg scheme have been reduced. The fact that

2840 | Soft Matter, 2015, 11, 2821–2843 This journal is © The Royal Society of Chemistry 2015
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their revised version of the dg scheme with improved hydro-

dynamic mobility tensors does not signicantly improve the

agreement with simulation data for no-slip hard spheres points

to a fortuitous cancellation of errors introduced in the approx-

imate derivational steps of the original (non self-part corrected)

Beenakker–Mazur method.

A simple yet signicant improvement over the original dg

scheme preserving its analytical simplicity is obtained from

using this scheme for the distinct part Hd(q) only, where it gives

overall good results. This was shown in ref. 42, 67 and 106 both

for neutral and charge-stabilized particle systems. Regarding the

self-part, DS, of H(q), accurate expressions can be used instead

such as the scaling relation in eqn (26) for particles with hard-

core interactions, or the PA approximation expression in eqn (61)

for lower-concentrated charge-stabilized systems. This hybrid

procedure is referred to as the self-part corrected dg scheme.

The dg scheme expression for Hd(q) by Beenakker and

Mazur,70,71 generalized to the HRM, reads

Hdðy;gÞ
	

	

dg
¼

3

4p

ðN

0

dy0

0

B

B

@

sin

�

1
2
y0
�

1
2
y0

1

C

C

A

2

1

1þ g3fSg0

�

1

2
y0
�

$

ð1

�1

dmð1� m2

��

S

�

1

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 þ y02 � 2yy0m

q

�

� 1

�

;

(65)

with y ¼ qsh. The function Sg0
(x) consists of an innite sum of

wavenumber-dependent contributions depending on fh as well

as on the inter-related scalar coefficients g(n)0 , with n˛ {0, 1, 2,.}.

Explicit expressions for Sg0
(x) and g

(n)
0 are given in ref. 66 and 70.

We have calculated the g
(n)
0 coefficients in an iterative procedure

up to n ¼ 10, using a ne grid of volume fractions in [0.01 � 0.5]

of grid size Df¼ 0.01. This has resulted in an improved accuracy

as compared to the original work by Beenakker and Mazur.

However, the differences in Hd(q) and hN are quite small, i.e.

there is no more than a 3% difference.

The dg scheme expression for hN by Beenakker,69 adapted to

the HRM, is given by

hNðf;gÞ

h0

	

	

	

	

dg

¼
1

lð0Þðf;gÞ þ lð2Þðf;gÞ
; (66)

where

lð0Þðf;gÞ ¼

�

1þ
5

2
g3f~g

ð2Þ
0

��1

(67)

lð2Þðf;gÞ ¼
15

2p
g3f

h

~g
ð2Þ
0 lð0Þðf;gÞ

i2

ðN

0

dy

j1
2

�

1

2
y

�

1þ g3fSg0

�

1

2
y;g3f

�

�

S

�

y

g

�

� 1

�

:
(68)

Here, ~g
(2)
0 ¼ g

(2)
0 /n with n denoting the particle number

density. The argument y/g in the static structure factor is used

as a reminder that it is usually calculated as a function of qs.
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96 G. Nägele and J. Bergenholtz, J. Chem. Phys., 1998, 108,

9893.

97 B. Cichocki and B. U. Felderhof, J. Chem. Phys., 1990, 93,

4427.
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