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Preface

Graph theory is a delightful research area in discrete mathematics, and its results have
many applications in computer science, social and natural science.

The Hamiltonian problem is concerned with conditions under which a graph contains
a spanning cycle. Named after Sir William Rowan Hamilton, this problem traces its
origins to the 1850s. Although this problem is NP-complete, in the last 100 years many
sufficient conditions for a graph to be Hamiltonian have been found and many related
topics have also been discussed, for example, pancyclicity, proper colored Hamiltonian
paths or cycles, etc.

In the first part of this thesis, we introduce new sufficient conditions for a graph to be
Hamiltonian and some other results on related topics.

Chapter 1 will be devoted to an introduction of the terminology and some well-known
results about Hamiltonian graphs.

Generally speaking, there are two important types of sufficiency conditions with re-
spect to the cyclic properties of graphs. The first is based on the so-called numerical
conditions, of which probably degree conditions are the most well-known; structural con-
ditions form the second important type. A typical example of the latter is forbidden
subgraph conditions. In Chapter 2, we give some new sufficient conditions for a graph to
be Hamiltonian by combining those two types.

Let G = (V, E) be a connected graph. The distance between two vertices x and y in
G, denoted by dg(x,y), is the length of a shortest path between x and y. A graph G
is called almost distance-hereditary if each connected induced subgraph H of G has the
property that dg(u,v) < dg(u,v) + 1 for every pair of vertices u and v in H. In Section
2.1, we prove that every 2-connected, 2-heavy and almost distance-hereditary graph is
Hamiltonian, where a graph G is 2-heavy if the degrees of at least two end vertices of
each claw in G are greater than or equal to @

In Section 2.2, we assume that GG is a connected claw-free graph satisfying the following
condition: For every maximal induced path P of length p > 2 with end vertices u and
v holds d(u) + d(v) > |[V(G)| — p + 2. Under this assumption, we prove that G has a
2-dominating induced cycle, and then G is Hamiltonian.

In Section 2.3, we consider the graph G satisfying this condition: For each vertex u in
G it holds: max{d(x) |d(z,u) =2 and z = u} > @ It is proved that G is Hamiltonian
if G is 3-connected, claw-free and hourglass-free.

In 1997, J. Bang-Jensen and G. Gutin conjectured that an edge-colored complete graph
G has a properly colored Hamiltonian path if and only if G has a spanning subgraph
consisting of a properly colored path Cy and a (possibly empty) collection of properly
colored cycles Cy,Cs, ..., Cy such that V(C;)) NV(C;) = 0 provided 0 < i < j < d. In

Chapter 3, we prove this conjecture.



Another interesting topic in graph theory is the research on the existence of a 2-factor
in a graph. In Chapter 4, we consider a special 2-factor, the complementary cycles in
jump graphs and we give a characterization for jump graphs containing complementary
cycles.

In the second part of this thesis, we consider tournaments. T. Yao, Y. Guo and
K. Zhang (Discrete Appl. Math. 99 (2000), 245 — 249) proved that every strong tour-
nament contains a vertex x such that each arc going out of x is pancyclic. Moreover,
they conjectured that each k-strong tournament contains k vertices whose out-arcs are
pancyclic. A. Yeo (J. Graph Theory 50 (2005), 212 — 219) proved that each 3-strong
tournament contains two vertices x,y such that all out-arcs of z and y are pancyclic. In
addition, A. Yeo gave an infinite class of k-strong tournaments for all £ € IN, each of
which contains at most 3 vertices whose out-arcs are pancyclic, and gave a conjecture
that each 2-strong tournament contains 3 vertices whose out-arcs are pancyclic.

In Section 6.1, we extend the result of Yeo mentioned above and prove that each 2-
strong tournament contains two vertices v; and vy such that every out-arc of v; is pancyclic
for i = 1,2. Our proof yields a polynomial algorithm to find such two vertices.

In Section 6.2, we prove that each 3-strong tournament contains at least 3 vertices
whose out-arcs are pancyclic. That implies that the conjecture of Yao, Guo and Zhang is
true for the 3-strong tournament but the conjecture of Yeo is still open only for exactly
2-strong tournaments.

Because there are k-strong tournaments for all £ € IN containing at most 3 vertices
whose out-arcs are pancyclic, it gives rise to an interesting problem: How many vertices
does a tournament contain such that all out-arcs of those vertices are 4-pancyclic? In
Section 6.3, we show that each s-strong tournament with s > 2 contains at least s + 1
vertices whose out-arcs are 4-pancyclic.

The completion of this dissertation was made possible through the support and co-
operation of many individuals. I am grateful for my advisor, Prof. Dr. Yubao Guo, who
introduced me to graph theory and provided thoughtful guidance and encouragement. I
would like to thank Prof. Dr. Eberhard Triesch for his support as co-referee. I also ex-
tend special thanks to Prof. Dr. Dr. h.c. Hubertus Th. Jongen for the generous support
during the last few years. Thanks also to Dipl.-Math. Hans-Erik Giesen, PD Dr. Harald
Giinzel, Prof. Dr. Gregory Gutin, Dr. Guido Helden, M.Sc. Wei Meng, M.Sc. Ruijuan Li,
Prof. Dr. Shengjia Li and Mrs. Roswitha Gillessen for the excellent cooperation and help-
ful advices. Moreover, I would like to thank Prof. Dr. Gerhard Hif} for admitting me as an
associate member of “Graduiertenkolleg: Hierarchie und Symmetrie in mathematischen
Modellen (DFG), RWTH Aachen University, Germany”.

Finally, I owe my greatest debts to my family. Particularly, I would like to thank my
wife, Ping Zhang, and our parents for their sacrifices and support. Special thanks to my
daughter, Xiaoyue, who reminds me daily that miracles exist everywhere around us.
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Chapter 1

Introduction

In this thesis, we only consider finite graphs without loops and multiple edges. At this
point, we introduce some definitions and notations as well as some well-known results
of Hamiltonian graphs. For those not defined here we refer to [21]. The definitions and
notations of digraphs will be introduced in Chapter 5.

1.1 Terminology and Notation

Let G = (V(G), E(G)) be a graph. The notations |V (G)| and |E(G)| are called the order
and the size of GG, respectively. For a vertex u of G and a subgraph H of GG, the subset
{veV(H)|uv € E(G)} is defined as the neighborhood of u in H, denoted by Ny (u);
|Ny(u)| is the degree of u with respect to H, denoted by dy(u). If there is no confusion,
the degree dg(u) and the neighborhood Ng(u) of u are simply denoted by d(u) and N (u),
respectively. Sometimes we also use N[u] to denote the set N(u) U {u}. The set of all
edges incident with w is denoted by Ig(u) or I(u). Note that |Ig(u)| = dg(u). The
symbols A(G), 6(G), w(G), k(G) and a(G) denote the mazimum degree, the minimum
degree, the number of components, the connectivity and the independence number of G,
respectively.

For a subset V' of V(G), the subgraph of G induced by V' is denoted by G[V’] and
G — V' denotes the induced subgraph G[V\V']. Let E’ be a subset of E(G). Similarly,
G[E'] (G—F', respectively) denotes the subgraph of G induced by E' (E'\ E’, respectively).

We say that a vertex x € V(QG) is locally connected if G[Ng(x)] is a connected graph;
otherwise z is said to be locally disconnected. A locally connected vertex z is said to
be eligible if G[Ng(z)] is not a clique; otherwise we say that z is simplicial. The set of
locally connected (eligible, simplicial, locally disconnected) vertices of G will be denoted
by Vic(G) (Ver(G), Vsi(G), Vip(G), respectively). Thus, the sets Vg (G), Vs (G) and
VLD(G) are pairwise diSjOiIlt, VEL(G) U VS](G) = VLc(G) and VLO<G) U VLD(G) =V. If
Vic(G) = V(G), we say that the graph G is locally connected.

The distance between two vertices z and y in GG, denoted by d(x,y), is the length of a
shortest path between x and y. Moreover, the distance between a vertex u € V(G) and
a subgraph H of G is defined as min{d(u, z) |z € V(H)}, denoted by d(u, H). Especially,
if G is connected, then 0 < d(u, H) < oo for all u € V(G). Let t = max{d(u, H) |u €
V(G)}. Denote Ny(H) ={u € V(G)|d(u,H) =k} for all k, 0 < k <t. We also use the
symbols N(H) = N,(H) and N[H| = N,(H)|JV(H). For V(H) = {v}, we write Ny(H)

3
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Figure 1.1: Some graphs used as forbidden subgraphs

also with Ni(v). In addition, the collection { Ny (v) |0 < k < t} is called the hanging of G
at v, denoted also by h, = (Lo, L1, La, ..., Ly).

Asusual, P,, C, and K,, are the path, cycle and complete graph of order n, respectively.
K, s is the complete bipartite graph with two partite sets containing r and s vertices. In
particular, K 5 is called a star. K, denotes the graph obtained from K, by deleting an
edge, while K denotes the graph obtained from K, by adding a new vertex and joining
it to exactly one vertex of K,. The graph K3 o K; is obtained from K3 by adding a
new vertex y, only adjacent to x for every vertex x of K3, which is also called a net and
denoted by N. We say two graphs G and H are disjoint if they have no vertex in common,
and denote their union by G+ H; it is called the disjoint union of G and H. The disjoint
union of k£ copies of G is denoted by kG.

For given graphs Fy, Iy, ..., Fy, we say that G is {F}, Fy, ..., Fy}-free if G contains
no induced subgraph isomorphic to any F; (1 < i < k). The complete bipartite graph
K 5 (sometimes called a claw) or graphs very closely related to claw are central to most
forbidden subgraphs results to date (see Figure 1.1).

G is said to be chordal if every cycle of length greater than 3 possesses a chord, which
is an edge joining two nonconsecutive vertices of the cycle.

A cycle C' (a path P, respectively) of G is called an induced cycle (path, respectively)
if G[V(C)] = C (G[V(P)] = P, respectively). An induced path P of G is said to be
mazimal if G contains no path P’ satisfying V(P) C V(P’') and V(P")\V(P) # 0. An
induced cycle C' of G is called mazimum if G contains no induced cycle longer than C'.
Let k € IN. A cycle C is called k-dominating if d(x,C) < k for all x € V(G). A cycle C
doubly dominates G if every vertex of G has at least two neighbors in V (C).

A cycle (path, respectively) in a graph is called a Hamiltonian cycle (Hamiltonian
path, respectively) if it contains all vertices of G. A graph is said to be Hamiltonian if it
contains a Hamiltonian cycle.
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In Section 2.1, we consider almost distance-hereditary graphs. A graph G is called
distance-hereditary if each connected induced subgraph H of G has the property that
dy(x,y) = dg(z,y) for every pair of vertices x and y in H. A graph G is called almost
distance-hereditary if each connected induced subgraph H of G has the property that
dy(z,y) < dg(z,y) + 1 for every pair of vertices z and y in H.

It is clear that a connected graph G is almost distance-hereditary if and only if for
every pair of non-adjacent vertices z and y the length of each induced path from z to
y is equal to either dg(z,y) or dg(z,y) + 1. Some characterizations and properties of
distance-hereditary graphs and almost distance-hereditary graphs will be introduced in
Section 2.1

1.2 Some Well-known Results on the Hamiltonian
Problem

It is well-known that the Hamiltonian cycle problem is NP-complete, and many sufficient
conditions with respect to various parameters have been found. The Hamiltonian problem
is generally considered to determine conditions under which a graph contains a spanning
cycle. Named after Sir William Rowan Hamilton, this problem traces its origins to the
1850s. Today, however, the constant stream of results in this area continues to supply us
with new and interesting theorems and still further questions.

1.2.1 Four Classical Results on Hamiltonian Graphs

Beginning with Dirac’s theorem [37] from 1952, the approach taken to find sufficient
conditions for a graph to be Hamiltonian usually involved some sort of edge density
condition: providing enough edges to overcome any obstructions to the existence of a
Hamiltonian cycle.

Theorem 1.1 (Dirac [37]) If G is a graph of order n such that 6(G) > n/2, then G is
Hamiltonian.

Later, Ore [71] improved Dirac’s theorem. Ore’s result relaxes Dirac’s condition and
only requires the degrees for pairs of non-adjacent vertices in graphs.

Theorem 1.2 (Ore [71]) If a graph G of order n such that d(u) + d(v) > n for every
pair of non-adjacent vertices u and v, then G is Hamiltonian.

In [20], Bondy and Chvatal extended Ore’s theorem in a very useful way. The k-
(degree) closure of G, denoted by Cy(G), is defined as the graph obtained by recursively
joining pairs of non-adjacent vertices whose degree sum is at least k, until no such pair
remains. Their fundamental result is the following:

Theorem 1.3 (Bondy and Chvatal [20]) A graph G of order n is Hamiltonian if and
only if C\,(G) is Hamiltonian.

The fourth fundamental result was introduced by Chvétal and Erdos [35].

Theorem 1.4 (Chvatal and Erdés [35]) If G is a graph with o(G) < k(G), then G
is Hamiltonian.
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1.2.2 Some Generalizations

Many generalizations of Theorems 1.1-1.4 have been found. A very interesting approach
was introduced by Fan [39]. By Fan’s result, we need not consider “all pairs of non-
adjacent vertices”, but only a particular subset of these pairs.

Theorem 1.5 (Fan [39]) Let G be a 2-connected graph with n > 3 wvertices. If for all
vertices u and v with d(u,v) = 2, max{d(u),d(v)} > § holds, then G is Hamiltonian.

Fan’s theorem is significant for several reasons. First, it is a direct generalization of
Dirac’s theorem. But more importantly, Fan’s theorem opened an entirely new avenue
for investigation — one that incorporates some of the local structure, along with a density
condition. When attempting to find new adjacent results, one must not only consider the
“degree bounds”, but also the set of vertices for which this bounds applies.

Theorem 1.5 was strengthened in [14], where the same conditions were shown to imply
that the graph is pancyclic, with a few minor exceptions.

Using a generalized degree approach based upon neighborhood union, new sufficient
conditions were found. Let G be a graph and let S be a subset of vertices of G. The
degree of S is defined to be

dG(S) = ’UvGSN(U)’ :

The first use of the generalized degree condition was to provide another generalization
of Dirac’s theorem.

Theorem 1.6 (Faudree et al. [42]) If G is a 2-connected graph of order n such that
dg(S) > (2n —1)/3 for each S = {x,y} where x,y are independent vertices of G, then G
is Hamiltonian.

In 1989, Lindquester [67] was able to show that Fan’s restriction to vertices at distance
two could also be used with generalized degrees, providing an improvement to Theorem
1.6.

Theorem 1.7 (Lindquester [67]) If G is a 2-connected graph of order n satisfying
dg(S) > (2n — 1)/3 for every set S = {x,y} of vertices at distance 2 in G, then G
is Hamiltonian.

Asratyan and Khachatryan [3] introduced an Ore-type adjacency condition that is
reminiscent of Fan’s use of vertices at distance two. Let Ga(x) denote the subgraph of G
induced by those vertices at distance at most 2 from .

Theorem 1.8 (Asratyan and Khachatryan [3]) Let G be a graph of order n. Sup-
pose that whenever d(z) < (n —1)/2 and y is a vertex at distance 2 from x, d(z) +
dey @) (y) > |V(Ga(x))|, then G is Hamiltonian.

By combining with toughness (¢(G)), new results were obtained.

Theorem 1.9 (Jung [64]) Let G be a 1-tough graph of order n > 11 such that d(x) +
d(y) > n — 4 for all non-adjacent vertices x,y. Then G is Hamiltonian.
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Theorem 1.10 (Bauer et al. [13]) Let G be a 2-tough graph of order n such that
d(z) +d(y) + d(z) > n for all non-adjacent vertices x,y,z. Then G is Hamiltonian.

Theorem 1.11 (Bauer et al. [12]) Let G be a 3-connected and 1-tough graph on n >
35 wvertices. If for all vertices x,y with d(z,y) = 2, max{d(z),d(y)} > +(n —4) holds,
then G is Hamiltonian.

1.2.3 Forbidden Subgraphs and Closure Concept

The first result on the Hamiltonian graph with forbidden subgraphs is due to Goodman
and Hedetniemi [55].

Theorem 1.12 (Goodman and Hedetniemi [55]) If G is a 2-connected {K1 3, Z1}-
free graph, then G is Hamiltonian.

Since 1980, a number of fundamental results were proved, which are of the type: If
particular pairs of induced subgraphs are forbidden in a 2-connected graph, then the graph
is Hamiltonian. The following results are notable among them:

Theorem 1.13 (Oberly and Sumner [70]) A connected, locally connected and K 3-
free graph on n > 3 is Hamiltonian.

Theorem 1.14 (Duffus et al. [38]) If G is a 2-connected { K 3, N }-free graph, then
(a) if G is 2-connected, then G is Hamiltonian,

(b) if G is connected, then G is traceable.

Theorem 1.15 (Shi [77]) Let G be a 2-connected graph onn > 3 vertices. If G is claw-
free and |N(u) N N(v)| > 2 for every pair of vertices u,v with d(u,v) = 2, then G is
Hamiltonian.

By combining two results of [17] and [40], one can see the following:

Theorem 1.16 (Bedrossian [17], Faudree et al. [40]) Let R and S be two connected
graphs (R, S # P3) and G' a 2-connected graph of order n. Then G is { R, S}-free implies
G is Hamiltonian if and only if R = Ky 3 and S is one of the graphs N, Fs, No12 , Noo2,
or Noos (when n > 10), or a connected induced subgraph of one of these graphs.

A new and powerful tool for dealing with Hamiltonian problems in claw-free graphs
was developed by Ryjacek [73]. This tool has not only allowed people to attack new
questions, but also provided ways to prove a number of the previously established results
in much simpler ways. In the following, we denote the circumference of a graph G by
c(@).

Let x € Vgi(G) and let B, = {uv|u,v € Ng(z),uv ¢ E(G)}. Denote G =
(V(G), E(G)U B,) (i.e. G’ is obtained from G by adding to G[Ng(z)] all missing edges).
The graph G, is called the local completion of G at x. The following proposition shows
that the local completion operation preserves the claw-freeness and the value of the cir-
cumference of G. Note that this graph is different from the well-known degree sum closure
due to Bondy and Chvatal [20] or any of several other closures that have been developed.
For more information on closures, see [26], [28] and [74].
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Proposition 1.17 (Ryjacek [73]) Let G be a claw-free graph and let © € Vg (G) be an
eligible vertex of G. Then

(1) the graph G, is claw-free,
(ii) c(Gy) = c(G).

Apparently, if z € Vgr(G), then x becomes simplicial in G’ and, if Vg (G,) # 0,
the local completion operation can be applied repeatedly to another vertex. Ryjacek [73]
introduced the following concept:

Let G be a claw-free graph. A graph H is a closure of G, denoted H = cl(G), if

(i) there is a sequence of graphs Gy, ..., Gy and vertices xy, ..., z;_1 such that G; = G,
Gy=H, z; € VEL(Gz) and Gi+l = (GZ);N 1=1,...,t—1,
(il) Vgr(H) =10.
The following result summarizes basic properties of the closure operation.
Theorem 1.18 (Ryjacek [73]) Let G be a claw-free graph. Then
(i) the closure cl(G) is well-defined,
(i1) there is a triangle-free graph H such that cl(G) is the line graph of H,
(11i) c(G) = c(c(Q@)).
Ryjacek [73] also applied his closure to show the following:
Theorem 1.19 (Ryjacek [73]) Every 7-connected claw-free graph is Hamiltonian.

This still leaves open the fundamental conjecture of Matthews and Sumner [68].

Conjecture 1.20 (Matthews and Sumner [68]) Every4-connected claw-free graph is
Hamiltonian.

In [25], it was shown that this conjecture holds in the class of hourglass-free graphs.
From the following theorem, we see that the closure of a claw-free and hourglass-free
graph is also claw-free and hourglass-free.

Theorem 1.21 (Brousek et al. [32]) Let G be a claw-free and hourglass-free graph.
Then cl(G) is also claw-free and hourglass-free.

In [31] and [32], Brousek et al. introduced some sufficient conditions for a graph to be
Hamiltonian.

Theorem 1.22 (Brousek et al. [31])
(i) Every 3-connected { K3, Pr}-free graph is Hamiltonian.

(i1) Every 3-connected { K3, Nooa}-free graph is Hamiltonian.
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(111) Every 3-connected {K; 3, N122, N113}-free graph is Hamiltonian.
() Every 3-connected { K13, N112}-free graph is Hamiltonian.
Theorem 1.23 (Brousek et al. [32])
(i) Every 3-connected { K3, H, Ps}-free graph is Hamiltonian.
(i1) Every 3-connected { K13, H, Noo5}-free graph is Hamiltonian.

(111) Every 3-connected {K; 3, H, N11.4}-free graph is Hamiltonian.






Chapter 2

Hamiltonian Graphs

In this chapter, we shall give some new sufficient conditions for a graph to be Hamil-
tonian by combining two important types, namely, numerical conditions and structural
conditions.

2.1 Almost Distance-hereditary Graphs

The characterizations and properties of distance-hereditary graphs have been studied in
several papers, e.g. Howorka [62], Bandelt and Mulder [5], D’Atri and Moscarini [36],
Hammer and Maffray [60], etc. We summarize those as follows:

Theorem 2.1 For any connected graph G = (V, E) the following statements are equiva-
lent:

(1) G is a distance-hereditary graph.
(2) Every cycle of length at least five in G has two crossing chords.
(3) Every induced path in G is a shortest path.

(4) For every hanging h, = (Lo, L1 ..., L) of G and every pair of vertices x,y € L;
(1 <i <t) that are in the same component of G — L;_1, Ny, ,(z) = Np,_,(y).

Theorem 2.2 Suppose h, = (Lo, L1,..., L) is the hanging of a connected distance-
hereditary graph G at u. Then every L; induces a graph which contains no induced path
of 4 vertices. Moreover, if G is bipartite, then every L; is an independent set of G.

A characterization and some properties of almost distance-hereditary graphs have been
given by Aider [1].

Theorem 2.3 (Aider [1]) A graph G is almost distance-hereditary if and only if G con-
tains neither a 2C5-configuration nor a C,-configuration for n > 6 as induced subgraphs.

A C,-configuration is a cycle on n vertices without chords or with chords, all of which
are incident with a common vertex (see Figure 2.1). 2C5-configurations have two types
which are obtained by combining two Cs-configurations (see Figure 2.2), where dashed
lines represent edges, which may belong to the graphs.

11
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R

Figure 2.1: (5, Cg-configurations

(a) (b)

Figure 2.2: 2C5-configurations

Corollary 2.4 (Aider [1]) Let G = (V, E) be an almost distance-hereditary graph and
let hy, = (Lo, L1, ..., L) be the hanging of G at u € V.. Then the following are true:

(1) If x,y are two nonadjacent vertices in G[L;], which are connected by a path whose
vertices have levels greater than i, then Np,  (x) = Np, (y).

(2) There is no induced path of length 4 in G[L1] and there is no induced path of length
5 in G[L;] for any i > 2.

In 2002, Hsieh, Ho, Hsu and Ko [63] presented an O(|V'|+ | E|)-time algorithm to solve
the Hamiltonian problem on distance-hereditary graphs.

In the following, we consider the Hamiltonian problem on almost distance-hereditary
graphs.

Let G = (V, E) be a graph with [V| = n. A vertex v of G is called heavy if d(v) > 5. If
v is not heavy, then we call it light. A claw of G is called 1-heavy (2-heavy, respectively) if
at least one (two, respectively) of its end vertices is (are, respectively) heavy. The graph
G is 1-heavy (2-heavy, respectively) if all claws of G are 1-heavy (2-heavy, respectively).
Note that every claw-free graph is 2-heavy.

A cycle C' is called heavy if it contains all heavy vertices of G it is called extendable
if there exists a longer cycle in GG containing all vertices of C.

Lemma 2.5 (Bollobas and Brightwell [18], Shi [77]) Every 2-connected graph con-
tains a heavy cycle.

The following lemma is a variation of the closure lemma by Bondy and Chvétal [20].

Lemma 2.6 Let G be a graph and u,v € V(G) be two nonadjacent heavy vertices. If
G + uv has a cycle C' containing all heavy vertices of G, then G has a cycle containing
all vertices of C'.
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(b)
Figure 2.3: (a) A graph Ky V (2K + K,,—4); (b) A graph Ky V (K; + Kn_5 + Kn_)

The following sufficient conditions are for the existence of a Hamiltonian cycle in
claw-free graphs.

Theorem 2.7 (Broersma and Veldman [30]) Let G be a 2-connected graph. If G is
{K13, P;, Noo2}-free, then G is Hamiltonian.

Theorem 2.8 (Faudree et al. [44]) Let G be a 2-connected graph. If G is {K,3, P7, H}-
free, then G is Hamiltonian.

Theorems 1.15, 2.7 and 2.8 are generalized as follows:

Theorem 2.9 (Broersma et al. [28]) Let G be a 2-connected graph on n > 3 vertices.
If G is 2-heavy and |N(u) N N(v)| > 2 for every pair of vertices u,v with dg(u,v) = 2
and max{d(u),d(v)} < §, then G is Hamiltonian.

Theorem 2.10 (Broersma et al. [28]) Let G be a 2-connected graph. If G is 2-heavy,
and moreover { Py, Ny a2 }-free or {Pr, H }-free, then G is Hamiltonian.

Our main result in this section is the following:

Theorem 2.11 (Feng and Guo [50]) Let G = (V,E) be a 2-connected, 2-heavy and
almost distance-hereditary graph on n vertices. Then G is Hamiltonian.

Remark 2.12 The graph KoV (2K, + K,,—4) (see Figure 2.3) shows that we cannot relax
2-heavy to 1-heavy in Theorem 2.11. Moreover, the graph KsV (K +K%_2—|—K%_1) shows
that we cannot also relax the degree 5 on the end vertices of claws in Theorem 2.11.

Since all claw-free graphs are 2-heavy, we have the following corollary:

Corollary 2.13 (Feng and Guo [49]) Let G = (V, E) be a 2-connected, claw-free and
almost distance-hereditary graph. Then G is Hamiltonian.

The graph in Figure 2.4 shows that there are 2-connected, claw-free and almost
distance-hereditary graphs which do not satisfy the conditions of Theorem 1.15, 2.7, 2.8,
2.9 and 2.10, but are Hamiltonian.

Before we give the proof of Theorem 2.11, we introduce some additional terminologies
and notations. Let C' be a cycle in a graph GG. A path P between z and y is said to be
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Figure 2.4: A 2-connected, claw-free and almost distance-hereditary graph

a C-bypass if |V (P)| > 3 and V(P)NV(C) = {z,y}. The gap of P with respect to C' is
the length of the shortest path between z and y in the cycle C.

Let G be a graph on n vertices and let C' be a cycle of G. We denote by 5’ the cycle C'
with a given orientation, and by 6 the cycle with the reverse orientation. If u,v € V(C),
then u 5’ v denotes the consecutive vertices of C' from u to v in the direction specified by
5’. The same vertices, in reverse order, are given by v 6 u. We will consider u 5’ v and
v 6’ u both as paths and as vertex sets.

Proof of Theorem 2.11: By Lemma 2.5, GG contains a heavy cycle. Let 6’: ULUSY . . . Uy Ul
be a longest heavy cycle of G with the given direction. Assume that G is not Hamilto-
nian. Since G is 2-connected, there exists at least one C-bypass. Let P = vjvy...v; be
a shortest C-bypass having minimal gap among all C-bypasses. It is easy to see that
v € BE(G) for k=3,...,t—1and vyv, € E(G) for k =2,3,...,t—2if t > 4. Without
loss of generality, let u; = v; and u, = v;. It is clear that min{s, ¢} > 3 and w,v; € E(G)
fori=2,3,....,s—1land j=2,3,...,t— 1.

If t > 5, then we consider the subgraph H = G[V(P) U uy c us] — {ur}. It is clear
that dg(us,v9) > 4, which yields a contradiction to the fact that G is almost distance-
hereditary and dg(ug,v9) = 2.

For the case when ¢t = 4, we consider H = G[V (P)Uw, c us]—{uy }. Since dg(ug,v9) =
2 and G is almost distance-hereditary, we have dH(UQ, vg) < 3. It is evident that usu, €

E(G). If us_jusi1 € E(G), then the cycle uy Pusug C Us_1Ugy1 C Uy is longer than C,
a contradiction. If us_qusy1 & F(G), then us_; and ug,y are heavy. By considering the
graph G + us_qusy1, we see that G + us_q1us,1 has a cycle C' containing all vertices of C,
which is longer than C. By Lemma 2.6, there is a cycle in G containing all vertices of C’,
a contradiction to the choice of C'.

We now consider the remaining case when ¢ = 3. Let de(vy) = v and Ng(ve) =
{ui, (= 1), uiy (= wg), .. ug b with 4; < dp < ... < iy It is clear that gy — i >

2for k=1,2,...,7, where iy = 4.
By the choice of P, we see that s — 1 =iy —i; = min{igy —ix |k =1,2,...,v}. Since
either w;, —1,u;, 41 are heavy or w;, _1u;, +1 € E(G) for k =1,2,...,~, it is not difficult to

check that uiauiﬁil, uia_luiﬂ_l, Uia+1uiﬁ+1 g E(G) MOI‘GOVGI‘, if s Z 5, then Uz'auz'ﬁ:tg,
Ui, —1Uig—2, Uigt2Uisr1 & E(G) for all o, B € {1,2,...,7} with a # 3, where iy — 1 =m
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and 71 —2 =m — 1. By Lemma 2.6, it is easy to see that there exists at most one integer
ke{1,2,...,~} such that u; _ u; 11 € E(G).

If 3 < s <4, then it is not difficult to see that C'is extendable, a contradiction. Thus,
s> 5.

Let Hy, = G[{va} U, C Wiy, —{ug, } for k=1,2,... . Note that dg(ui,+1,v2) = 2.
Since G is almost distance-hereditary, it is clear that 2 < dg, (u;4+1,v2) < 3. Since
Uiy 11Uy, € E(G), we have dp, (ui,+1,v2) = 3. We consider the following two cases:

Case 1. There exists an integer k, 1 < k < «, such that u; C u,;_,, contains a ver-
tex ug with i + 3 <0 <ipyy — 2 and wg1ug, ueu,,, € E(G).

Without loss of generality, suppose i, = ¢; = 1 and 4,1 = i3 = s. From the discussion
above, we see that G contains at least one of the edges usu,, and us sy q.

Subcase 1.1. Either ugu,, ¢ E(G) or us_1usy1 € E(G).

If ugu,, ¢ E(G), then us and u,, are heavy. It is easy to see that us_q, us and wusyq
are light. Moreover, us 1usy1 € E(G).

We confirm that ¢ < s—3. If { = s—2, then by considering the induced subgraph H =
G[{va, ur, ug, us_o,us_1, usy1 ], we see that dg(ve, us1) < 3 because G is almost distance-
hereditary. From wujus_o, ujts_1, uitsir, ugtusi1 € E(G), it follows that dy(ve, usy1) > 4,
a contradiction. So, we see that ¢ < s — 3.

If ugupyy € E(G), then we obtain a cycle vousuy 6 UgUpyq 6’ Us_1Us i1 5’ Uy U1V longer
than C, a contradiction. Thus, usus1 € E(G).

Since G is 2-heavy, u, is light and wgus, uguer; ¢ E(G), we have uppus € E(G).
Otherwise, G has a claw G[{ug, ug, uss1,us}] which contains two heavy vertices us and

ugr1. With a similar discussion as above, G + usuyy1 has a heavy cycle longer than C.
By Lemma 2.6, we deduce a contradiction.

Let H = G[{va, u1, ug, up, upy1 }]. Since dg(va, upy1) = 2 we see that dH/(vg,ugH) < 3.
If wyuy € E(G) (ulugH € E(G), respectlvely) then vouquy C’ UgUpy, C Ugy1Us_1 C Upy1UsVo

(vougtpyq C Us_1Ug i1 C U Uo C upugvg, respectively) is a cycle in G + ugu,,, which is
longer than C' . By Lemma 2.6, we obtain a contradiction to the choice of C'. Thus,
urug, urter1 € E(G). By recalling that usup 1 € E(G), we see that dy/(va, upr1) = 4, a
contradiction. Analogously, one can consider the case when us_1us11 € E(G).

Subcase 1.2. uUgtiy,, us_1usr1 € E(G).

We confirm that ¢ < s — 3. If / = s — 2, then by considering the induced subgraph
H = G[{vy, uq, ug, us_o,us 1}], we see that dy(ve, us_1) < 3 because G is almost distance-
hereditary. From ujus_o, ujus_1 € E(G), it follows that usus_1 € E(G). So, we obtain a
cycle vousus_o C ustis_1usr1 C Upuive longer than C, a contradiction. Thus, £ < s — 3.

Let H = G[{va, U, u2, up, us}]. Since dg(ve, uy,) = 2, we have dg (v, uy,) < 3. From
UmUs, Uty & F(G), it follows that wu,, € E(G).
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If ugupy € E(G) (uprius € E(G), respectively), then we see that the cycle vousuy 6

UgUptr1 C Us—1Usy1 C Uy U2 (v2u1u2 C Uy, C Usi1Us—1 C Upyp1UsU2, respectively) 18
longer than C', a contradiction. So, ugugy1, uprius € E(G). Since usugs & E(G), the sub-
set {wp, ug, ups1, us} induces a claw. Because G is 2-heavy, there are at least two heavy
vertices of {ug, upi1,us}. By Lemma 2.6, we can obtain a heavy cycle longer than C, a
contradiction.

Case 2. There exists no integer k, 1 < k < ~, such that u,, 5’ u;,,, contains a ver-
tex uy with 4, + 3 <0 <ipgy — 2 and w1ug, weuy,,, € E(G).

From this assumption, we obtain w; y1u;_ -1 € E(G) for all 1 < k < ~, where
iv+1 = 41. Recall that there exists at most one integer k, 1 < k < v such that
Ui, —1Ui+1 € E(G). We consider the following two subcases:

Subcase 2.1. v > 3.

Suppose that there is an integer p, 1 < p < 7, such that w;,_1u;,+1 € E(G), say
i = 1. Then, uy and u,, are heavy. It is not difficult to see that w;, _1,u;, and u;, 41 are
light. Moreover, u;, —ju;, 11 € E(G) for 2 < k <. Let H= GlU)_ {uwi,—1,ui+1}]. Since
de(u2, Up) = 2, we have dg(ug, Uy,) < 3. From ugt;, 41, umu;,—1 € E(G) for 2 <k <, it
follows that dg(ug, uy) = 3. So, there are z,y € U]_,{w;, 1, u;, 11} with wox, zy, yu,, €
E(G). By the way, we see that 2 = u;, 1 and y = u;,; 41 for some 2 <, 8 < .

If « =2 and 8 =, then {1, us, Ui 11, U4} induces a claw with one heavy end
vertex, a contradiction.

If a =2 and 3 # v, then {u; 1, Ui, 1, U, Uiz, ,—1} induces a claw with one heavy end
vertex, a contradiction. Analogously, we deduce a contradiction for the case when «a # 2
and G = .

So, a # 2 and 3 # 7. Now, we see that {w;,_1,u2,u;, 41, ,11} induces a claw with
one heavy end vertex, a contradiction.

Thus, we see that u;, _1u;,+1 € E(G) forall1 <k <. Let H= GU)_ {wip—1, wip 1} —
{us}. Since dg(wiy—1,um) = 2, we have dg(uiy—1, Up) < 3.

If dg(wiy—1,um) = 2, then there is x € U]_,{wi, 1, ui, 41} with w12, zu, € E(G).
Since us,_1u;—1 € E(G) for 3 < j < v and u,u;—1 ¢ E(G) for 2 < j < v, we have
x = u;, 41 for some 2 < k <. So, we see that either G[{w;, +1, Wiy—1, Um, wi,—1}] (if k& > 2)
or G[{wiy+1, Uiy—1, Um, uis—1}] (if & = 2) is a claw in G. Thus, U]_,{u;,_1} contains at
least two heavy vertices. By Lemma 2.6, we can obtain a heavy cycle longer than C, a
contradiction.

So, dj(uiy—1,un) = 3. This implies that there are z,y € U]_o{wi,—1,u; 41} with
Uiy—1T, TY, YUy, € E(G). Analogously, we see that z,y € U)_o{u;,+1}, say * = u;, 41 and
Y= Uiy for some 2 < «, 8 < «. This implies that Uiy +1Uigy1 € E(G), a contradiction.

Subcase 2.2. v = 2.

Recall that usus_1, usiiu, € E(G). Firstly, we confirm that ust,,, us_1usr1 € E(G).
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If uou,, ¢ E(G), then uy and u,, are heavy. From the discussion above, we see that
Us—9, Us_1, Us, Us1 and ugyo are light and us_qusi1 € E(G).

If s =5, then we observe the subgraph H = G[{uy, us, us, ug, uy }]. Since ujus, gy,
usu, € E(G) and vug ¢ E(G) for i = 1,2,3, we have dg(us, ug) = 4, a contradiction to
the fact that G is almost distance-hereditary and dg(us, ug) = 2.

So, s > 6. Consider the subgraph H = G[{us_1, ug, us_2, us}]|.

If us_sus € E(G), then the cycle vousus_ o 6 UgUs_1Ug 1 5 U1V is longer than C, a
contradiction. So, us_sus & E(G).

Since ug and us_o are light and usus € E(G), we have ugus_o € E(G). Otherwise,
{us_1, U2, Us_2,us} induces a claw with two light end vertices, a contradiction.

If us_ousy1 € E(G), then the cycle vousus_1us 5‘ Us_oUg i1 6’ Uy Uy vy is longer than C|
a contradiction. Thus, us_sus1 € E(G).

Denote H = G[{Up,u1,Us, Us_2,us11}]. By recalling that ujus o, uitisi1, U,
Uglls i1, Us—oUy & E(G), we have dg(us—2,us1) = 4, a contradiction.

So, we see that usu,, € F(G). Analogously, us_1us+1 € E(G).

Secondly, consider the case when m = s+ 3. By the choice of P and s, we have s =5
and m = 8. Let H = G[{usg, u4, us, ur,ug}|. Recalling that ugus, ugur, usuy, ugus, usuz,
usug & E(G), we have dg(us, u7) = 4, a contradiction.

Finally, we consider the case when m > s + 4.

If one of {wup,us, us_1,usy1} is heavy, say ug, then wu,, usr1 and ugyo are light. Let
H' = G[{ust1, us, Usio, um }]. If ususio € E(G), then voususio C Uplsiitis—1 C Uuiv is
longer than C, a contradiction. So, we have ususio ¢ E(G). To avoid the claw H' with
at least two light end vertices, we have ug,ou,, € E(G).

Let H" = G[{ug, us_1,us, us2,Um}]. If us_qusio € E(G), then the cycle vouy E’
Us_1Ust2 E’ UmUs11UsVo 1 longer than C') a contradiction. So, we have us_jusio & E(G).
From wuous, Uslisio, Us_ 1Um, Uslsio, Usty, & E(G), it follows that dgr(us, usio) = 4, a
contradiction to dg(us, usi2) = 2.

Therefore, u,,, us, us_1 and us, 1 are light. With a similar discussion as above, we see
that us 1Usyo, ustisyo & E(G). Moreover, we deduce that ug,ou,, € E(G). Otherwise,
since us_1uy,, € E(G), the subset {us 1, us_1, Usyio, Uy, } induces a claw with two light end

vertices, namely us_1, Uy, a contradiction. Let H"” = G[{ug, us_1, us, Usy2, Um }]. 1t is not
difficult to see that dgm(us, usio) = 4, a contradiction to dg(us, usr2) = 2. The proof is
completed. i

2.2 Graphs with Ore-type Condition

In this section, we consider a condition of Ore-type, denoted by (A), with respect to the
maximal induced path.

Definition 2.14 A graph G satisfies the condition (A) if for every mazimal induced path
P of length p > 2 with end vertices u and v it holds:

d(u) +d() > |V(G)| —p+2.
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Figure 2.5: A claw-free graph satisfying (A)

Note that the hypothesis of Theorem 1.2 implies that G satisfies the condition (A).
It is not difficult to see that the graph in Figure 2.5 and an arbitrary cycle satisfy the
condition (A) but do not satisfy the conditions in Theorem 1.2, 1.5, 1.15. Furthermore,
both graphs are Hamiltonian.

In what follows, we consider the connected claw-free graphs satisfying (A) and obtain
the following:

Theorem 2.15 (Feng [46]) Let G be a connected claw-free graph. If G satisfies (A),
then each mazimum induced cycle of G is 2-dominating.

Theorem 2.16 (Feng [46]) Let G be a connected claw-free graph. If G satisfies (A),
then G is Hamiltonian.

For the proofs of Theorem 2.15 and Theorem 2.16, we need the following results:

Theorem 2.17 (Balakrishnan and Paulraja [4]) All2-connected claw-free and chordal
graphs are Hamiltonian.

Theorem 2.18 (Brandstadt et al. [22]) FEvery claw-free graph that contains an in-
duced doubly dominating cycle has a Hamiltonian cycle.

Lemma 2.19 Let G be a connected graph satisfying (A) and P a mazimal induced path
of length at least 2 with the end vertices u, v. Then N(u) N N(v) # (.

Proof. Let R = G — V(P) and p be the length of P. It is clear that |V (R)| = |V(G)| —
|[V(P)| = |V(G)|—p—1. According to the condition (A), we have d(u)+d(v) > |V(G)| —
p+ 2. Because P is an induced path, it is evident that dp(u) = dp(v) = 1. So, we obtain

dr(u) + dr(v) (d(u) — dp(u)) + (d(v) — dp(v))
d(u) + d(v) — (dp(u) + dp(v)
V(G)|—p+2-2

[V(R)| + 1.

AV

This inequality shows that N(u) N N(v) # 0. ]
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Lemma 2.20 Let G be a connected graph on n > 3 vertices. If G satisfies the condition
(A), then G is 2-connected.

Proof. Let u,v € V(G) be arbitrary. We only need to show that there are two disjoint
paths from u to v in G.

If uv ¢ E(G), then there is a shortest path between them. Note that any such path
is an induced path, and each induced path can be enlarged to a maximal induced path.
By Lemma 2.19, we are done.

Assume that uv € E(G). If N(u)NN(v) # (), then we are also done. For the case when
N(u) N N(v) = (), we see that uv is contained in an induced path, since G is connected
and n > 3. Easily, one can obtain two distinct paths between them. i

Lemma 2.21 Let G be a connected claw-free graph satisfying (A) and let C = vivs . .. vy
be an induced cycle of G with t > 4. If No(C) # 0, then for each x € Ni(C) N No(C),
there exists exactly one integer i, 1 < i < t, such that xv;, xv;y1 € E(G), where the indices
are taken modulo t with vy = v;.

Proof. Because G is claw-free and C' is an induced cycle with ¢ > 4, it is easy to see that
the statement is true. 1

Proof of Theorem 2.15: Let C' = vyv,...vv; be a maximum induced cycle of G. We
confirm that C' is a 2-dominating cycle, i.e. d(z,C) < 2 for all x € V(G).

Suppose to the contrary that {z € V(G)|d(z,C) > 3} # 0, say y € N3(C). Let
yy1y2v; be a shortest path from y to C for some i, 1 < i < t. We consider the following
two cases:

Case 1. t > 4.

By Lemma 2.21, we see that G contains exactly one of the edges ysv; 1 and ysv;11,
say y2vi1 € E(G). 1t is clear that the path P = yy1y2v; 411042 ... v;—1 is an induced path
of G.

Since d(y,C) = 3, it is not difficult to see by Lemma 2.19 that P is not maximal.
Let P' = up. .. UqY1Y2Vit1Viga - .- Vi—2Z3 . .. 2120 be an enlarged maximal induced path of
P, where u, = y and zg = v;_;. Clearly, @ + (3 > 1. By Lemma 2.19, there is a vertex
w € N(up) N N(zp). We consider the following subcases:

Subcase 1.1. « =1 and = 0.

From y € N3(C), it follows that wy ¢ F(G). Since G is claw-free and P’ is an induced
path, it is not difficult to see that wy,, wy, ¢ E(G) and wv; € E(G) forall j, 1 < j <t
and j #i—2,i— 1,1,

If wu;_y & E(G), then wugyyi1ysvis1Vits - - . vi_2v;—jw is an induced cycle longer than
C, a contradiction.

If wv;_9 € E(G), then wugyy1y2vir1vit2 - - - v;_ow is also an induced cycle longer than
C, a contradiction.
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Subcase 1.2. a« =0 and g = 1.

Since G is claw-free and P’ is an induced path, it is easy to see that wy, ¢ E(G).
Because d(y,C) = 3, we have wv; ¢ E(G) for all j,1 <j <t.

If wy; € E(G), then the induced cycle wyiysv;1Vita - . . v;_2v;_1zow is longer than C,
a contradiction.

If wy; € E(G), then the induced cycle wyy1yov;11vit2 - . . V;_2v;_1zow is longer than
C, a contradiction.

Subcase 1.3. « > 1 and 3 > 1.

Since G is claw-free and P’ is an induced path, it is easy to see that G contains at
most two edges wu; and wz;. Thus, we can easily obtain an induced cycle longer than
C, a contradiction.

Case 2. t = 3.

Without loss of generality, let ¢ = 1. Denote P = yy,y2v;. By Lemma 2.19,
we see that P is not a maximal induced path in G because d(y,C) = 3. Let P’ =
UUL - . . UY1Y223 - - - 2120 be an enlarged maximal induced path of P, where u, = y and
zg = vy. It is clear that a+ 3 > 1. By Lemma 2.19, there is a vertex w € N (ug) N N(zp).

Since the length of the cycle wP'w is a4+ + 5 > 6 and w is possibly adjacent with
uy and zq, it is not difficult to see that G contains an induced cycle of length at least 4,
a contradiction.

The proof of Theorem 2.15 is completed. 1

Before we give the proof of Theorem 2.16, we firstly prove the following lemma:

Lemma 2.22 Let G be a connected claw-free graph satisfying (A) and containing a maz-
imum induced cycle C = vivg... vy with t > 4. If there is a verter y € No(C)
with xvy,xvy € E(G) for some x € N(y), then t is even and there are t/2 vertices
T1,%2,..., %2 i G —V(C)U{y} such that

Y, TV, TV € B(G), 1 =1,2,...,t/2, and G[{x1,x2,...,22}] is complete.

Furthermore, there exists no vertex y' € No(C) containing a neighbour x} such that
Thvg;, Thvgir1 € E(G) for some 1 <i <t/2, where vy = vy.

Proof. By Lemma 2.21, we see that Ngo(x) = {v1,v2}. Denote © = z; and P =
Yyr1010; . .. v3. It is easy to see that P is an induced path. Firstly, we show the following
claim:

Claim A P is a maximal induced path in G.

Proof. Suppose to the contrary that P' = wguy ... uqvs ... 0012125 . .. 212 is an enlarged
maximal induced path of P with u, = v3, 23 =y and o + 8 > 1.
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By Lemma 2.19, there is a vertex w € N(zg) N N(ug). We see that the length of the
cycle wP'w is

A+t—2+424+08+2=t+24+a+8>t+3.
It is not difficult to see that the cycle wP’w has at most two chords:

either wuy,wz; if > 1and §>1,
or wuy,wz; ifa=0and g > 1,
or wuy,wr; if a>1and §=0.

It follows that G contains an induced cycle of length at least ¢ 4+ 1, a contradiction. O

By Claim A and Lemma 2.19, there is a vertex x5 € N(y) NN (v3) with xo # 2. Since
G is claw-free, we have x9v; € E(G) fori =1 and i =5,...,t if t > 5. By Lemma 2.21,
we see that either No(xg) = {vg,v3} or No(xs) = {vs,v4}.

Assume that zove € E(G). If z129 € E(G) (x129 ¢ E(G), respectively), then
ToU3Vy . .. V011X (ToV3Vy . . . VU1 T1YTo , Tespectively) is an induced cycle and longer than
C, a contradiction. So, we see that Ne(x2) = {vs,v4}. Moreover, we have z129 € E(G).
Otherwise, the induced cycle yrovsvs . .. vv121y is longer than C', a contradiction to the
choice of C.

Secondly, we show that ¢ is even. Suppose to the contrary that ¢ = 2s + 1 for some
s € IN with s > 2. With a similar discussion as above, there are z1,z,,...,25 € V(G)
satisfying yx;, x;v9;_1, v € E(G) fori =1,2,... s, z;x;41 € E(G) fori=1,2,...,s—1,
TiVej—1,TV9; & E(G) for i,j with 1 <i < j <sand z;v, & E(G) for all i, 1 <i <s.

With a similar discussion as in the proof of Claim A, the path vvy...v; 22y is a
maximal induced path in G. By Lemma 2.19, there is a vertex 2’ € N(y) N N(v;). It is
easy to see by Lemma 2.21 that either No(2') = {v;_1, v} or Ne(2') = {vy, v}

For the case when 2'v;,_; € E(G), we obtain either the induced cycle z'v,v; . .. v;_sx 52’
(if ’z5 € E(G)) or the induced cycle z'v,v1 ... v _sxsyx’ (if 2’xy & E(G)). Both cycles
are longer than C, a contradiction. For the other case when z'v; € E(G), we obtain
analogously an induced cycle longer than C'. Therefore, ¢ is even.

According to the proof above, we see that there are xi,2s,...,2,2 € V(G) such
that ya;, x;ve1, 200 € E(G) for i = 1,2,...,1/2, 1340 € E(GQ), w2541 € E(G) for
i=1,2,...,t/2 — 1 and z;v9;_1, x;09; € E(G) for all 1 <i,j <t/2 with ¢ # j.

Thirdly, we prove that the subgraph G[{x1,zs,...,2}] is complete. If t = 4, then
we are done. So, assume that ¢ > 6. Because of the symmetry of the cycle xyxy ... /971,
we only need to prove x1x; € E(G) for all i = 3,4,...,t/2 — 1.

To avoid the claw G[{z2, 1, x3,v4}], we see that G must contain the edge z;x3 because
10y, 2304 € E(G).

Assume that z12; € E(G) for some 3 < i < ¢/2 — 2. Then we have z1x;41 €
E(G) (otherwise, G[{x;, 1, Ti11,v9}] is a claw). Consequently, z;z; € E(G) for all i =
3,4,...,t/2 — 1. Therefore, G[{x1,22,...,22}] is complete.

Finally, suppose without loss of generality that there are 2,y € V(G) with ¢y’ € No(C')
and x'y, 2'vy, 2'vs € E(G). By Lemma 2.21, we see that 2’ # z; and 2'v; ¢ E(G) for
i=1landi=4,5,... 1t

By Claim A, it is clear that P = yxv1v; ... vs is a maximal induced path of G. So, we
see that either 2’x; € E(G) or 2’y € E(G). If 2’x; € E(G), then 2'vsvy ... vv1z12" is an
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induced cycle longer than C', a contradiction. So, we have 2’z € E(G) and 2’y € E(G).
Then x'vsvy . .. vv1z1y2” is an induced cycle longer than C') a contradiction. The lemma
is proved. i

Proof of Theorem 2.16: Let C' = vyvy...vv; be a maximum induced cycle of G. If
t = 3, then G is a chordal graph. By Theorem 2.17, GG is Hamiltonian. We consider the
following two cases for t > 4:

Case 1. No(C) = 0.

If N1(C) = 0, then C' contains all vertices of G, i.e. G is a cycle, and we are done.
So, assume that N1(C') # (). Since C' is an induced cycle and G is claw-free, we see that
de(z) > 2 for all z € Ny(C'). Therefore, C' is an induced doubly dominating cycle of G.
By Theorem 2.18, G has a Hamiltonian cycle.

Case 2. No(C) # 0.

It is evident that the result of Lemma 2.22 holds. We have the following claim:
Claim A G[Ny(C)] is complete.

Proof. Suppose that there are two vertices y,y" € No(C') with yy' € E(G). Then N(y) N
Ni(C)N N(y') = 0. Otherwise, if x € N(y) N N1(C) N N(y') with zv; € E(G), then we
obtain a claw G[{x,y,y’,v1}], a contradiction.

Let xq, x9 (2], 2, respectively) be the corresponding vertices belonging to N (y) (N (y'),
respectively) with @101, 2109, Tovs, Tovs € E(G) (21, 2)ve, Thvs, xhvy € E(G), respec-
tively). Since G is claw-free, we see that x;2; € F(G) and z;2%_; & E(G) for i =1,2. It
is clear that P = yxvv; . .. vsvaxhy’ is an induced path.

We confirm that P is a maximal induced path. Suppose to the contrary that P’ =
U . . . Ug T V1V . . . VsUsThZg . . . Zp is an enlarged maximal induced path of P, where u, =y
and zg = y'. Clearly, a + 5 > 1. By Lemma 2.19, there is w € N(up) N N(zp).

We see that the length of the cycle wP'w is a+2+t—34+2+5+2 =t+3+a+5 > t+4.
It is not difficult to see that the cycle wP'w has at most two chords:

either wuy,wz; if a>1and §>1,
or wry,wz; if a=0and §>1,
or wuy,wzy if @ >1and g =0.

This implies that G contains an induced cycle of length at least t +4 —2 =t + 2, a
contradiction. Therefore, P is a maximal induced path.

By Lemma 2.19, there is a vertex w € N(y) N N(y'). Since G is claw-free, we
notice that w € Ny(C). Because of xiz), xjxe & E(G), we see that G contains at
most one edge of wxy,wxl. Then either wy xhvvs ... vuixiw or wrbvgvs ... vV T YW
or wy'xhvavs . .. vuiriyw is an induced cycle longer than C, a contradiction.

Therefore, G[N2(C')] is complete. O
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Let N{(C) = {z € Ni(C)|Jy € No(C) : zy € E(G)} and R = N{(C)\N;(C) and
denote |No(C')| = p and |R| = 7. By Lemma 2.22, we have |N{(C)| > t/2. We consider
the following subcases:

Subcase 2.1. |N{(C)| =t/2.

If R = (), then there is a Hamiltonian path of G[N;(C) U Ny(C')] starting at x; and
ending at x5, denoted by P. So, the cycle vyvyPvs ... v is a Hamiltonian cycle of G.
Assume that R # (. Let y € Ny(C) and z; € N{(C) with yxy, 2101, 2100 € E(G). Tt

is easy to see that

dly) = p—1+1/2,

d(vs) = dc(vs) + dnioy(vs) + dr(vs)
2 + 1 + dR(’Ug)

= dR(Ug) +3

and the length of the path P = yx v1v; ... v4v3 is equal to t — 2+ 2 = t. Furthermore, we
have

d(y) + d(vs) = p— 1+ t/2+ dp(vs) + 3 = i+ /2 + dr(vs) + 2,
V(G| —|P|+2=0+t2+p+7)—t+2=p+t/2+7+2.

By Claim A, P is a maximal induced path of G. According to the condition (A), we
conclude that

p+t/2+dr(vs) +2> p+t/24+ 7+ 2,

and then dgr(vs) > 7. Since dg(vs) < 7, we have dr(vs) = 7. Analogously, dg(v;) = 7 for
all i =1,2,...,t. It follows that do(z) =t for all z € R. Since G is claw-free and C' is an
induced cycle, it is clear that |No(z)| < 4 for each x € Ni(C'). Thus, t = 4. By the way,
we see that N{(C) = {x1,22} and v,z € E(G) for i =1,2,3,4 and z € R.

It is clear that G[R U {vy}] is connected. Let P = z1z5...z, be a longest path of
G[R U {vy}]. We confirm that P is a Hamiltonian path of G[R U {v}]. Suppose to the
contrary that there is z € R U {vy} with z € V(P). It is clear that vy = z; for some
1 <i< Xand 21241 € E(G). To avoid the claw Glvg, 2, z;_1, 2i11], we see that either
212zi-1 € E(G) or z12;41 € E(G). So, either the path 2125 ... 21202241 ... 2\ or the path
2129 ... 22241 - - - 2y 1s longer than P, a contradiction.

Thus, viz1 P’ xov4v3 Py is a Hamiltonian cycle of GG, where P’ is a Hamiltonian path
of G[Ny(C)).

Subcase 2.2. |N{(C)| > t/2.

Suppose without loss of generality that |(N(vs3) U N(vy)) N Nj(C)| > 2. Let C; =
N(v;)\ U?;ll Nlvjl, 1 =2,3,...,t. It is clear that v;;y € C; fori=2,3,...,t — 1.

Since G is claw-free, it is easy to see that Cy = () and the induced subgraph G[Cj] is
complete, 1 = 2,3,...,t — 1. Let P, be an arbitrary Hamiltonian path of G[C;\{v;11}]
for t = 2,4,...t — 1. By Lemma 2.21 and [{N(v3) U N(vs)} N N{(C)| > 2, we have
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C5\{vs} # 0. Moreover, G[(C3 U No(C'))\{vs}] contains a Hamiltonian path by Claim A,
denoted by P”, starting at a neighbor of v3 and ending at a neighbor of vy.

By Lemma 2.22, it is clear that N(vy) N Ni(C) # 0. Let G' = G[N[v1]\{va, v;:}]. We
prove that G’ contains a Hamiltonian path P starting at a neighbor of v; and ending at
a neighbor of vy. Thus, the cycle v, PvoPyvs P"v4Py ... vi_1 P,_1v; is a Hamiltonian cycle
of (G, and we are done.

Since vy € V(G'), it is evident that G’ is connected. Let Q = 2125 . ..z, be a longest
path in G'. We show that @ is a Hamiltonian path of G’. Otherwise, there is z € V(G’)
with z € V(Q). It is easy to see that v; = z; for some 1 < i < v and z;_12;.1 € E(G). To
avoid the claw G[{vy, z, z;_1, zi+1}], we have either zz;_; € E(G) or zz;41 € E(G). Thus,
we obtain either the path zy29...2;,122;...2, or the path zy25...2;22;.1...2,. Both
paths are longer than (), a contradiction.

Since G is claw-free and C is an induced cycle, we see that either zjv, € E(G) or
2109 € E(G) and either z,v;, € E(G) or z,vy € E(G). If vy = 21 or v; = z,, then @ is a
desired path. So, assume that vy = z; for some 1 < i < v and z,_12;41 € E(G).

If one of {z1, 2, } is adjacent with one of {vs, v;} and the other one of {21, z, } is adjacent
with the other vertex of {vq, v:}, then @ is a desired path. So, assume without loss of
generality that 21,2, &€ N(v;). Then 2,2z, € N(vy). To avoid the claw G[{v1, v, 21, 2, },
we see that 212, € E(G).

If vizi 1 € E(G), then z;_q...212,...2;101 18 a desired path. For the other case
when vz;_1 € E(G), we have vaz;_1 € E(G) to avoid the claw G[{vy,vt,v2, z;—1}]. Then
V1Zi41 -+« 221 - - - Zi—1 18 a desired path.

The proof of Theorem 2.16 is completed. i

We present the following conjecture:

Conjecture 2.23 FEuvery connected graph satisfying (A) is Hamiltonian.

2.3 Graphs with Fan-type Condition

In this section, we consider a generalization of the Fan-type condition (see Theorem 1.5).
Let G be a connected graph with n(> 3) vertices. A vertex v € V(G) is said to be
locally heavy if the condition

max{d(v), d(z) |z € Ny(u)} > g

holds. A graph G is called locally heavy if each vertex of G is locally heavy.

Note that the condition in Theorem 1.5 implies that G is locally heavy. The graph
in Figure 2.6 shows that there are {K 3, H }-free and locally heavy Hamiltonian graphs
which do not satisfy the condition in Theorem 1.5.

The graph in Figure 2.7 is a 2-connected, { K 3, H }-free and locally heavy graph.
However, it is not Hamiltonian. This implies that the connectivity at least 3 is necessary.

In what follows, we consider the { K 3, H }-free and locally heavy graphs.

Lemma 2.24 Let G be a claw-free graph and uw € V(G). If G is not locally connected at
u, then G[N(u)] consists of two complete components.
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Kll

Figure 2.6: A {K 3, H }-free and locally heavy graph

Figure 2.7: A non-Hamiltonian, { K} 3, H }-free and locally heavy graph

Proof. Since G is not locally connected at u, then G[N(u)] consists of at least two com-
ponents. Because G is claw-free, we see that G[N(u)] consists of at most two components.
Thus, G[N (u)] consists of two components and each of them is complete. ]

Lemma 2.25 Let G be a locally heavy graph and let Q = {v € V |d(v) > §}. Then
V=QUN(@Q)UN(Q).

Proof. According to the definition of a locally heavy graph, the statement is true. i

Theorem 2.26 Let G be a locally heavy graph withn > 3 and let Q = {v € V' |d(v) > 5 }.
Then |Q| > 2.

Proof. Assume to the contrary that @ = {u}. Let z € N(u). It is clear that G is
not complete. So, we see that N(u)\N(z) # (. Therefore, x is not locally heavy, a
contradiction. [

Theorem 2.27 Let G be a 2-connected, claw-free and locally heavy graph and let Q) =
{veVi]dw) > 35}. If |Q| = 2, then G is Hamiltonian.

Proof. Let Q = {u, v}. It is not difficult to see that N(u)NN(v) = 0 and uv € F(G). This
implies that u and v are not locally connected and |N(u)\{v}| = |[N(v)\{u}| =n/2 — 1.
By Lemma 2.24, the induced subgraphs G[N(u)\{v}] and G[N(v)\{u}] are complete.
Since G is 2-connected, it is visible that G is Hamiltonian. i
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Theorem 2.28 Let G be a non-complete, claw-free and locally heavy graph and let () =
{veV]dw) > 2}. If cd(G)[Q] is not complete, then 3 < |Q| < 4. Moreover, there exist
u,v,x,y €V such that u,v € Q, uv,xy € F, ur,uy,vr,vy € F,

Vi=A{u,v,2,y} U(N(u) NN (@) U(N(u) N N(y) U (N() 0 N(@) U (N (@) NN(y))
and G[N(u) N N(z)], G[N(u) N N(y)], GIN(v) N N(x)], GIN(v) N N(y)] are complete.

Proof. Since cl(G)[Q)] is not complete, there exist u,v € Q with uv ¢ E(cl(G)). Then
|IN(u)NN(v)| > 2. Otherwise, we have n > |N[u]UN[v]| = | N[u]|+|N[v]|—|N[u|NN[v]| >
d(u)+1+4+d(v)+1—12>n+1, a contradiction.

Assume that |N(u) N N(v)| > 3, say x,y,z € N(u) N N(v). Since G is claw-free, G
contains at least one of the edges zy, yz and zz. Without loss of generality, let yz € E(G).
So, u,v,z € N(y). By Lemma 2.24, we see that G is locally connected at y. This
contradicts the assumption that c/(G)[Q)] is not complete. Thus, |[N(u) N N(v)| = 2, say
N(u) N N(v) = {z,y}. Analogously, we have zy &€ E(cl(G)). Moreover, G is not locally
connected at u, v,z and y.

It is not difficult to see that N(u) = Vy UVaU{z,y} and N(v) = V3UV,U{z,y} with
ViUV, C N(z), VoUV3 C N(y) and V;NV; =0 for 1 < i # j < 4. Denote |V;| = n; for
1=1,2,3,4. It is easy to see that

n > |(U?:1‘/Z-)U{u,v,x,y}|:n1+n2+n3+n4+4:n1+n2+2+n3+n4+2Zn.

It follows that ny + ny + ng + ng + 4 = n. This implies that V = (U, Vi) U {u,v, z,y}.
Since d(x) +d(y) = (n1 4+ nq +2) + (n2 +n3 +2) = n, we have max{d(z),d(y)} > 5. The
proof is completed. 1

We immediately have the following theorem:

Theorem 2.29 Let G be a claw-free and locally heavy graph and let Q = {v € V' | d(v) >
5} If cl(G)[Q) is not complete, then G is Hamiltonian.

Proof. Clearly, GG is not complete. By Theorem 2.28, we see that G is Hamiltonian.

Theorem 2.30 (Feng and Guo [51]) Let G be a 3-connected, {K; 3, H}-free and lo-
cally heavy graph. Then G is Hamiltonian.

Proof. Let Q = {v € V|d(v) > §}. By Theorem 2.28, we see that c/(G)[Q)] is complete.

If @ =V, then ¢l(G) is complete, and hence, cl(G) is Hamiltonian. By Theorem 1.18,
we see that G is also Hamiltonian. So, we only need to consider the case when V\Q # 0.
Let H be the maximal complete subgraph of ¢l(G) with @ C V(H). By considering the
graph cl(G), we obtain the following claim:

Claim A (1) dgy(z) =1 for each x € N1(H).
(2) dn,m)(2) <1 for each z € V(H).

(3) Assume that x1, 9 € Ni(H) and x1x9 € E(cl(G)). Let F = (N(x1)UN (x1))\V(H).
Then cl(G)[F] is complete.
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(4) Assume that x1,29 € Ni(H) and Ny, (21) 0 Nyymy(x2) # 0. Then x1x9 €

E((G)).

(5) Each component of cl(G) — V(H) has at least three neighbors in H. Analogously,

each component of cl(G) — N[H] has at least three neighbors in Ni(H).

(6) If Ny(H) = (), then each component of cl(G)—V (H) contains at least 3 vertices and

15 complete.

(7) Each component of cl(G) — V(H) can be decomposed into paths such that the end

vertices of each path are adjacent with different vertices of V(H).

Proof.

(1)

(5)
(6)
(7)

It is clear that dy(x) > 1. Suppose that dy(z) > 2. Let 21,29 € Ny(x). Since
|H| > 3 and cl(G)[H] is complete, we see that z is connected with all vertices of H.
Then we have x € V(H), a contradiction to the fact that © € Ny(H). Therefore,

It is clear that this statement holds for the vertex z € V(H) with Ny, (2) = 0.
Assume that z € V(H) exists with dy,(g)(2) > 2. Then, there are at least two
vertices x1, 22 € Ni(H) such that z12, 202 € E(cl(G)). By (1), we have dy(z,) =
dy(xe) = 1. It is obvious that 2129 € E. So, we obtain an hourglass, a contradiction.

Let 21,20 € V(H) with z121,2920 € E. By (1), we see that Ny(z1) = {z1},
Ny (x9) = {22}, 21 # 2. It is clear that cl(G)[N|[x;]\V (H)] is complete for i = 1, 2.
Let uy € N(xp)\{z1,22} and uy € N(x3)\{22,21}. According to the discussion
above, ujxe, usx; € E(cl(G)), i.e. uj,uy € N(x;), i = 1,2 and ujuy € E(cl(G)).
Therefore, cl(G)[N[x1] U N[zs]] — V(H) is complete.

Let y € Ny, (@1) N Ny (22) and let 21, 20 € V(H) with x121, 2225 € E. By (1),
it is evident that z; # 25. Assume to the contrary that zixy ¢ E. Since G is 3-
connected, we see that |N(z;)\{z;}| > 2 for i = 1,2. It is clear that cl(G)[N(x;)] —
{z;} is complete for i = 1,2. Since G is hourglass-free and y € N(x1) N N(z3),
each vertex of N(x;)\{z;} must be adjacent to each vertex of N(x3_;)\{z3_;} for
i = 1,2. Otherwise, without loss of generality, assume that y; € N(z1)\{z1} and
Yo € N(x2)\{22} with y1y2 € E(cl(G)). Then it is easy to see that y; € N(z3_;)
for i = 1,2. We see that cl(G)[{x1,%2,y,v1,y2}] is an hourglass, a contradiction.
Therefore, we see that cl(G)[N(x1) U N(z2)] — {21, 22} is complete. According to
the definition of c/(G) and the fact that |N(x;)\{z;}| > 2 for i = 1,2, it is easy to
see that z1x9 € E(cl(QG)), a contradiction.

Since G is 3-connected, this statement is true.
By the statements (1) — (3), it is not difficult to see that (6) is true.

For the case when Ny(H) = (), we are done by (1) and (6). So, assume that
No(H) # 0. Note that for each y € Ny(H), there is at least one vertex z € Ny(H)
with zy € E(cl(G)). Let K be an arbitrary component of cl(G)[N2(H)].
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Set X = Ny (H)NN(K) and M = cl(G)[X UV (K)]. Clearly, | X| > 3. Let x € X
be a vertex such that the degree of z is maximal among all vertices of X in the
subgraph cl(G)[X]. By (3), we see that cl(G)[N[z]N (N,(H)UNz(H))] is complete.

Let t = max{dy/(z,2') |2’ € X}. If t = 1, then M is complete, and we are done.
So, we only need to consider the case when t > 1.

Denote NM(z) = {a’ € X |dy(z,2") = k}, k= 1,2,...,t. By (3) and (4), we see
that if 2’ & N(x), then dy(z,2’) is odd. So, t is odd and NM(x) = @ for k = 2/,
(=1,...,(t—=1)/2.

Let L; = cl(G)[Uaen,)(N[a] N V(K))], i = 1,3,...,t. It is clear that each compo-
nent of L; is connected with some component of L; o by edges for ¢ = 3,5,... .
Since cl(G) is claw-free and hourglass-free, it is not difficult to see that every pair
of edges between L; and L, 5 is not adjacent for i = 1,3,...,t — 2. Moreover, the
edges between L; o and L; are not adjacent with the edges between L; and L;, 5 for
i=3.. ., t—2.

By applying the following algorithm, we can decompose M into desired paths.

Let o}, a5, ..., x} be the vertices of N (z) for k = 1,3,...,t. Begin with N}Y,.

Let R7? = {af [ da(a]7?,2h) = 3}, RS2 = {a} | dp (272, 2h) = 3W\(UIZ{ RL2), etc.
Now, we obtain R™2, ..., Ri;i For each 1 < j < t;_5, we construct paths in the
following way:

— For the adjacent vertices of R§_2, we see by (3) that the neighbors of such ver-
tices in K induce a complete subgraph. So, we choose an arbitrary Hamiltonian
path of this subgraph as a desired path.

— For the remaining vertices of R’ ?, say a! and z}, the subgraphs M[N (x!)]
and M[Ng(zt)] are connected through three edges, namely, an edge between
M[Ng(2t)] and M[Ng(z%7?)], an edge of M[Ng(z}?)] and an edge between
M[Ng(z})] and M[NK(xz-_Q)]. So, we can construct a desired path for each
pair of vertices of R?’Z and its neighbors in K. Note that if ]R§’2| is odd, then
there is finally a remaining vertex in R;‘Q.

— Continue this process for the remaining subgraph obtained from M by taking
out all the constructed paths.

It is not difficult to see that if, without loss of generality, R;‘Z contains odd ver-
tices, then the subgraph induced by the remaining vertex and its neighbors in K
is connected with a constructed path in R§_4. Consequently, we obtain the desired
paths. O

By Claim A (7), all vertices of V(G)\V(H) can be inserted into a Hamiltonian cycle

of cl(G)[H]. So, cl(G) is Hamiltonian. By Theorem 1.18, G is also Hamiltonian. ]

At last, we have the following conjecture:

Conjecture 2.31 FEvery 3-connected, claw-free and locally heavy graph is Hamiltonian.



Chapter 3

Properly Colored Hamiltonian Paths

In this chapter, we consider a special topic, namely, the existence of a properly colored
Hamiltonian path in an edge-colored complete graph. Let the abbreviation PCHP stand
for “properly colored Hamiltonian path”.

3.1 PCHP Conjecture

Let K, = (V,E) be a complete graph, and let ¢ : E — {1,2,...,x} be a fixed (not
necessarily proper) edge-coloring of K,, with x colors, x > 2. With a given ¢, K, is called
a x-edge-colored (or, edge-colored) complete graph. A subgraph H C K, is called properly
colored if ¢ defines a proper edge-coloring of H.

The existence of properly colored Hamiltonian paths and cycles has been studied in
several papers; this topic was surveyed in [6] (see also [7], Chapter 11). While there are
characterizations of 2-edge-colored complete graphs with properly colored Hamiltonian
cycles [10, 75] (see also [7], Chapter 11), no such characterization is known for y-edge-
colored complete graphs with y > 3, and it is still an open question to determine the
computational complexity of this problem [15].

The most studied possibly sufficient condition for an edge-colored complete graph with
n vertices to have a properly colored Hamiltonian cycle is A, < |n/2]|, where A, is
the maximal number of edges of the same color incident to the same vertex. This was
conjectured by Bollobas and Erdds [19] in 1976, but remains unsolved. The best result so
far for ‘small’ values of n is by Shearer [76]: TA,,,, < |n/2] guarantees the existence of a
properly colored Hamiltonian cycle. The best result so far for large values of n is due to
Alon and Gutin [2]: For every € > 0 and n = n, large enough, Ao, < (1 — \/Li —¢€)|[n/2]
implies the existence of a properly colored Hamiltonian cycle.

For the case of properly colored Hamiltonian paths, the situation is somewhat different.
Let G be an edge-colored graph. A properly colored cycle factor of G is a spanning
subgraph of G consisting of properly colored cycles Cy,Cy,...,Cq such that V(C;) N
V(C;) = 0 provided 1 < i < j < d. A properly colored 1-path-cycle factor of G is a
spanning subgraph of G consisting of a properly colored path Cy and a (possibly empty)
collection of properly colored cycles Cy, Cy, ..., Cy such that V(C;) NV(C;) = 0 provided
0<i<j<d.

29
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Theorem 3.1 (Bang-Jensen and Gutin [6]) It takes polynomial time to check whether
an edge-colored graph has a properly colored 1-path-cycle factor.

The following theorem gives a PCHP characterization for the case of just two colors:

Theorem 3.2 (Bang-Jensen and Gutin [6]) A 2-edge-colored complete graph K, has
a PCHP if and only if K,, contains a properly colored 1-path-cycle factor.

Bang-Jensen and Gutin [6] conjectured that the above theorem holds for any number
of colors. In support of such conjecture, the following result was proved.

Theorem 3.3 (Bang-Jensen et al. [9]) If a x-edge-colored complete graph K, (x >
2) contains a properly colored cycle factor, then K, contains a PCHP.

It is easy to see that the conjecture of Bang-Jensen and Gutin in [6] can be reduced
to the following:

Conjecture 3.4 (PCHP Conjecture) Let K, be a x-edge-colored, x > 3, complete
graph. Assume that there exist C, P C K,,, where C is a properly colored cycle and P a
properly colored path, such that V(C)NV(P) =0 and V(C)UV(P) =V (G). Then K,
contains a PCHP.

In the next section, we prove the PCHP conjecture and, thus, the conjecture of Bang-
Jensen and Gutin.

3.2 The Proof for PCHP Conjecture

To prove Theorem 3.6, we firstly prove the following theorem:

Theorem 3.5 Let C = vy...vwy (0 >3) and P = uy...uy, (m > 2) be the cycle and
path in PCHP Conjecture with c(uv;) = c(uiug) and c(umv;) = c(Um—1Uy) for every
73 =1,2,...,L. Then there exists a PCHP H in K, with uy as its first vertex, such that
the initial edge of H is either uyuy or one of the edges uyv; (1 < j <{), and such that u,,
is the last vertex of H and the last edge of H is either um,_iu, or one of the edges vju,
1<j<?).

Proof. Throughout we will perform addition and subtraction in the indices of the vertices
v; € C modulo /.

Let b(P,C) = 2(¢ — 3) + m; we notice that b(P,C) > 2. Suppose that the statement
is false, and let (K, P,C,c) be a counterexample with a minimal value of b(P, C').

Now we have the following claim:

Claim A m > 3.

Proof. Suppose that m = 2. With z = c(ujug), we have c(u1v;) = c(ugv;) = «
for all j = 1,2,...,/, according to the condition of the theorem Choose r such that
c(vy_1v,) # & # ¢(Vp410r12); this is possible if  can be chosen with ¢(v,v,11) = x, and
otherwise it is trivial. But then the path wiv,v,_1 ... v, 120, 1us yields a contradiction. O

We continue to prove further properties of the coloring c.
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Claim B For everyi, 1 <i < m, there existr and s (1 < r,s <), such that c(u;u;y1) #
c(uy), c(ui—1u;) # c(uvs).

Proof. Suppose to the contrary that the statement is not true. Then the path P’ =
P—{uy,us, ..., u;_1} satisfies the condition of the theorem in K’ = K, —{uq,ug,...,u;_1}
(with u; in place of uy). Since b(P’,C) < b(P,C), there exists a PCHP H’ in K’ that
starts from wu; with one of the edges w;u;11 or u;v;, 1 < j < £ and finishes in w,, with
Up—1Uy, OF with an edge vit,,, 1 < k < £. Then uy...u;_1H" is a PCHP in K, of the
desired type having ujus as its initial edge, a contradiction. A similar argument shows
the existence of s. O

Claim C Assume that do(vs, vi1) > 3. If ¢(vs_1vs) = c(vvp41) = x, then c(vsvy) # .

Proof. Suppose that c¢(v,_1v;) = c(vjvj41) = z, where de(v;,v41) > 3. If c(vv;) = =,
then define K’ = K,, —v; — v;41 — ... — vj and define ¢ : E(K’) — {1,2,...,x} by

N v if e =041,
cle) = { c(e) otherwise.

Both P and the cycle C' = vj 11049 ... 001 ... v;_1v;41 are properly colored by ¢’. More-
over, P clearly satisfies the condition of the theorem with respect to C’. Since b(P, (") <
b(P,C), there exists a PCHP P, in G’ with initial edge ujus or wjv, for some r €
{J+1,j+2,...,61,...;i—1}.

If v;_1vj11 € Py, then we find the desired PCHP H in K, by replacing the edge v;_1v;41
by the path v;_iv;...v;v;11. Otherwise, if v;_jvj41 € Py, then P; is properly colored in
K, and satisfies the condition of the theorem with respect to C" = v;v;41 ... v;v;, which
is a properly colored cycle. By b(P;,C") < b(P,C'), the desired PCHP exists in K, a
contradiction. O

Consider the path uy ... up Uy 1V4-1V4—2 .. . Vgr1U4UpUpt1 - . . Up,. As it cannot be a
PCHP, we conclude the following (Figure 3.1 und 3.2):

Claim D Let2<p<mand1 < qg</{. Then at least one of the following holds:

(a) p>3 and c(up_sup_1) = c(up_10,-1),

(b) c(up-1vg-1) = c(vg—2v4-1),

(¢) c(upvg) = c(Vg0g11),

(d) p <m and c(uyv,) = c(uptpi1).

Considering the path u; ... Uy oUp_1V441Vg42 - - - Vg—1VgUpUpt1 - - - Uy, similarly leads to:

Claim E Let2 <p<m and1 < q</{. Then at least one of the following holds:

(a) p>3 and c(up_sup_1) = c(Up_1V441),

(b) C(up—lvq+1> = C<Uq+1vq+2);
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7~ ~
7 N
4 \
/ \
( \
{ |
\ /
\
Uq—2 Ug+1
Vg—1 Vq
o = = O O = = -O0—O
Uq U2 Up—2 Up—1 Up Up41 Um—1 Um

Figure 3.1: The path used to prove Claim D.

-~ ~
7 N
/ \
/ \
( \
{ |
\ /
\
Ug—1 Ug+2
Yqg  Vgt1
o—C = = O o= = = -O0—0O
Uy (5] Up—2 Up—1 Up Up+1 Um—1 Um

Figure 3.2: The path used to prove Claim E.

(c) clupvg) = c(vg-1v),
(d) p <m and c(uyv,) = c(Uptipiy).
In several of the following applications of Claim D and E it will be useful to note

that Claim D (c) and Claim E (c) are mutually exclusive statements for any values of p

and ¢, since C is properly colored, and that Claim D (d) and Claim E (d) are identical
statements.

For the remaining part of the proof, we define x = c(ujus) and y = c(Up—1Um)-

Claim F Assume c(ugv;) = z # c(ugus) for some j € {1,2,...,(}.

(a) If c(vjvj1) # z, then c(vj—qovj_1) = x, and if c(vj_1v;) # z, then c(vj;1Vj12) = .
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(b) Ifz =z orc(vj_1v)) # z # c(vjvjt1), then c(vj—2vj—1) = c(Vj+10j42) = c(Vj—1Vj41) =
x and ¢ € {3,5}.

Proof. If ¢(vj_1vj) # z, then ¢(vj11v;42) = x follows from Claim E with p =2 and ¢ = j
(only (b) of Claim E is not necessarily false). If c¢(v;vj41) # 2, then c(vj_9v;_1) = z
similarly follows from Claim D. This shows (a).

Now assume c¢(v;_1v;) # z # c(vjv;41) or z = x. In the case z = z the fact that
c is a proper coloring of C' together with (a) implies that c¢(v;_2vj_1) = c(vj11V42) =
x. The same conclusion follows directly from (a) when c(v;_1vj) # z # c(v;vj41). By
symmetry, and since ¢(v;_1v;) # ¢(vjvj1+1), we may assume ¢(v;_1v;41) # ¢(vjv;41). Since
the Hamiltonian path w;v;400,43 ... 0;_20;_10j410;U2 . . . Uy, fails to be a PCHP, it follows
that ¢(v;_1vj41) = .

Set s = j—1and t = j+ 1. By Claim C, we conclude that c(vsv;) # z, i.e.
de(vj—1,vj42) < 2, which is only possible for ¢ < 5. Moreover, the edges v;_sv;_1 and
Vj41Vj12, both of color x, are not adjacent on C, which implies that ¢ % 4. Thus (b) is
proved. O

Claim G Assume ¢(Upm—1vk) = 2 # (Upm—2Up_1) for some k € {1,2,... (}.
(a) If c(vg_1vk) # z then c(Viy1Vks2) = ¥y, and if c(vgvgs1) # 2z then c(vg_ovk_1) = ¥.

(b) If z =y or c(vg_1vk) # 2z # c(Vkvk11), then c(vg_ovk_1) = c(Vpr1Vk12) = (Vk_1Uk11)
=y and { € {3,5}.

Proof. The proof of Claim G is similar to that of Claim F. O

Claim H Assume c(uqvj) # x for all j = 1,2,...,0. Then there exists j € {1,2,...,(}
such that

(a) c(ugvj_1) = c(ugv;) # c(ugus), and
(b) c(vj-2vj-1) = c(vjvj) = .

Proof. By Claim B, there exists j € {1,2,..., ¢} such that c(usv;) = 2 # c(ugus). We may
assume c(v;v;41) # 2 (if not, then c¢(v;_1v;) # 2 holds, and we may renumber the vertices
on C so that v;, becomes v;_, for all 7 =0,1,2,... without change of the conclusion).
By Claim F (a), we have c¢(v;_qvj_1) = .

Again by Claim B there exists r € {1,2,...,¢} such that if m > 4, then c(usv,) #
c(uzuy) holds.

Suppose c(ugvj_1) # 2. SINCe U Vpy1Upta ... Vj—oUj_1UV;Vj41 - . . Up_1UpUsly . . . Upy 1S
not a PCHP, at least one of the following holds:

(1) C(ulvr—i-l) = C<U'I’+1UT+2)7
(ii) c(ugv,) = c(v—1v;),
(iii) r = 7 and c(ugv,) = c(uzv,).

Since Uivp_1Vp—2 ... Vj410jU20j_1Vj—2 . . . Up41VpUsU4 - . . Uy, 1S DOt & PCHP, at least one of
the following holds:
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(iv) c(urve—1) = c(vr_2vp_1),
(v) clusvy) = c(vvr41),
(vi) r =j — 1 and c(ugv,) = c(usv,).

Let p = 3 and ¢ = r, and observe that neither of Claim D (a), Claim D (d), Claim E
(a) or Claim E (d) holds.

We will now show that (iii) and (vi) do not hold. If r = j, then c(v,—qv,—1) = © #
¢(ugv,—1), hence also Claim D (b) does not hold, and Claim D (c) must be satisfied, that
is, c(ugv,) = c(v,v,41). In particular, if r = j, then c(ugv,) = c(vjvj41) # 2 = c(ugv;),
contrary to (iii).

If r =5 — 1, then c(uov,41) = c(ugv;) = z and ¢(v,410,42) = c(vjVj41) # 2, so Claim
E (b) does not hold. By Claim E (c), we have c(usv,) = c(v,_10,) = c(vj_2vj_1) = .
In particular, if r = j — 1, then c¢(ugv,) # c(ugv,) follows from the assumption that
c(ugu;) # x for all j =1,2,...,¢, hence also (vi) does not hold.

We deduce that (i) or (ii) is true, and that (iv) or (v) is true. Now Claim E (c) is
equivalent to (ii), and Claim E (b) and (i) are not both true (according to the condition of
Theorem 3.5 and our assumption), therefore (ii) holds. Similarly Claim D (c) is equivalent
to (v), and Claim D (b) contradicts (iv), so also (v) holds. But (ii) contradicts (v), since
C is properly colored. This establishes c(uqvj_1) = 2.

Finally c(vjvj11) = « follows from Claim F (a). O

Claim I Assume c(up—1v;) #y forallj =1,2,.... 0. Then there exists k € {1,2,....(}
such that

(a) c(tUm—1Vk—1) = (Upm_1Vk) # (Upm—oUpm_1), and
(b) c(vg_ovk_1) = c(vpvgs1) = y.

Proof. The proof is similar to the proof of Claim H. O

Claim J Assume z = c(ugv;) = c(ugvj_1) & {x,c(ugus)} for some j € {1,2,...,¢}.
Furthermore assume c¢(v;vj+1) # z. Then one of the following holds:

(a) € is an even number, and /2 edges of C' have color .

(b) If c(vjvjiyq) = x, then vy € S = {vj_4,Vj_2,0j,Vj12}.
Proof. First, we have ¢(v;_2vj_1) = ¢(vjv;41) = = by two applications of Claim F (a),
applying Claim F to upv; and wpv;_; in this order. Since C is properly colored, we
conclude that ¢(vjvj41) = x implies that vy & {v;_3,v;_1,vj11}. Assume that (b) does

not hold, and choose any v;; € V(C)\S satistying ¢(vjv;41) = x. Then ¢ > 8 follows
from vy ¢ SU{v;_3,vj_1,vj41}. We will prove the following statement.

(*) C(Uj/_gl)j/_l) = C(Uj/+21}j/+3) = X.
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First we suppose c¢(vj_ovj_1) # x. Then vy ¢ S U{v;_3,v,-1,vj41} and £ > 8 im-
ply de(vj_1,vj41) > 3. By Claim C with s = j — 1 and t = j' we have c(vj_1v;) #
x. We consider the path P, = wivj_1vj_2...vj110;u2us3 . .. uy, and the cycle C; =
Vj1Uji41 - .. Vj—2Vj_10j, which are properly colored and satisfy the condition of the the-
orem Since b(Cy, Py) < b(C, P) holds, our minimality assumption yields a PCHP, which
is a contradiction. So ¢(v;_ov;—1) = z holds.

Now suppose ¢(vjr42vj43) # x. Then by Claim C with s = j and ¢t = j'+1 we similarly
have ¢(v;vj:41) # x, and we consider the path P, = w101 19043 . .. Vj_oUj_1UUs3 . . . Uy, and
the cycle Cy = vj4qvy ... vj410;v541 instead, again with a contradiction. Thus we have
also ¢(vjr42vj13) = x, which finishes the proof of (x).

Applying (*) recursively, it follows that ¢(vji419,v/4+9,41) = « holds for every 7 € N
with vji o, & SU{v,;_3,v;_1,vj41}. In particular, either ¢(v;;13vj14) = z Or ¢(vj140j45) = @
holds (vj43 ¢ S follows from ¢ > 8, and vj44 € S only occurs if £ = 8 and vy = vj43, in
which case ¢(v;+3vj+4) = x follows). However, applying (*), ¢(vj13v;44) = 2 would imply
c(vj41vj42) = x, contradicting the fact that C' is properly colored. So, ¢(vji14vji15) =
x holds. Similar reasoning leads to c¢(vj_¢vj_5) = z. It follows from (x) that all of
Vj+aVj45, Vjp6Vj47, - - -, Vj_Uj—5 are colored x.

Since both v;44vj45 and vj_gv;_5 are colored =z, it follows from (x) that v;1ov,+3 and
vj_4vj_3 are also colored xz. Combining this with the fact that v;v;;; and v;_ov;_1 are
both colored z, we have shown that (a) is true, which proves Claim J. O

Claim K There is an index j, 1 < j < {, such that c(ugv;) = x or c(Up—1v;) = Y.

Proof. Suppose c(ugv;) # = and c(um,—1vj) # y for all j = 1,2,...,¢. By Claim H and
Claim I we may choose 7,k € {1,2,...,¢} such that j satisfies Claim H (a) and Claim H
(b), and k satisfies Claim I (a) and Claim I (b).

By Claim H (b) we have c(vj_ov;_1) = c(vjv;+1) = x, from which m > 4 follows, as
otherwise w1u2v;Vj41 ... v;—2v;—_1usz would be a PCHP. Now the path

UIVE—1VE—2 - - - Uj10UU3Z -« - Upp—2Um -1V Vg 41 - - - Uj—2V5—1Um

is not a PCHP, so y = x follows.

We will show that Claim J (a) holds. So suppose not; then it follows from Claim J
that Claim J (b) holds. By Claim I (b) we have ¢(vg_ovg_1) = c(vgvg41) = x, which by
Claim J (b) implies that v, € {v;_o,vj,v42}.

The case v, = v; would lead to a contradiction, since the path

U1Vj—2Vj-3 ... Vj41U;UUZ . . . Upp—2Up—1Vj—1Um,

would be a PCHP.

Suppose vy = v;_2. By Claim I (b) we then have c(v;_4v;_3) = x. Then ¢ ¢ {3,5}
follows from the fact that C' is properly colored, and ¢ ¢ {4,6} holds since Claim J (a)
is not satisfied, so we deduce that ¢ > 7. Applying Claim C to s = j —3 and t = j
we have c¢(v;_3v;) # x. However, the path wjv;_jusus . . . Up—2Um—10;_2u,, and the cycle
VjVjq1 - .. Vj_4Vj_3v; are properly colored and satisfy the condition of the theorem, which
contradicts our minimality assumption.

For vy, = v;42 we similarly conclude by Claim I (b) and Claim C, with s = j — 1 and
t = j+ 2, that ¢(vj_1v;42) # x. Examination of the path wjvjusus . .. Upm—olp—10j11Un
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and the cycle v;_1vj49v,43...v;_2v;_1 again leads to a contradiction, which shows that
Claim J (a) does hold.

We have that ¢ is an even number, and the edges of C' are alternately colored x. Let
r € {1,2,...,n} be chosen so that c(usv,) # c(usuy); this is possible by Claim B. We ap-
ply Claim D and Claim E with p = 3 and ¢ = r. Then Claim D (d) and Claim E (d) both
fail by the choice of r. Neither of the edges usv,_1 and usv,11 have color z, due to our as-
sumption, hence Claim D (a) and Claim E (a) both fail. For the same reason one of Claim
D (b) and Claim E (b) fails, because either v, _v,_1 or v, 110,49 is colored x. If v, v,
is colored z, then Claim D (b) fails, so Claim D (c) holds and gives c(usv,) = ¢(v,0,41),
and NOW U3 UgUgUgt1 - - - Up_1UpU3UYL - -+« Uppy—2Upy—1Vg—1Vk—2 - - - Upt2Upir1Uy, is @ PCHP, a con-
tradiction. If v,y 0,19 is colored z, then Claim E (b) fails, and c(uzv,) = ¢(v,_1v,) follows
similarly. But wjuovg_1Ug_o ... Upi10:U3UL - - Uy 29Uy Uk Vgt - - - Up_2Up_1 Uy, is & PCHP,
again with a contradiction. This finishes the proof of Claim K. O

Claim L Assume c(ugvj) = x for some j € {1,2,...,0}, and let w = c(v;_1v;) and
z = c(vjvj11). Then

(@) c(vj—2vj-1) = c(Vj11V)42) = c(vj10j41) = & and L € {3,5}.

(b) clusve) £ x for all vy # v;.

(c) clugvj—1) = c(ugvj1) = c(ugus) € {w, z}.

(d) m> 4.

(e) If clugus) = w, then clugv) = c(ugug) # c(usv;_1) = w for all vy £ v;_1.

(f) If c(ugus) = z, then c(usvy) = c(usug) # c(uzvjs1) = z for all vy # vjqq.

Proof. We may assume j = 1, so that c(ugvy) = z, ¢(vvy) = w and ¢(viv9) = z. Then
c(ugvy) = & # c(uguz) and Claim F (b) directly imply (a). Since ¢ € {3,5} and C is
properly colored, c(usvg) = x now implies that vy = v; by (a) and Claim F (b), so (b)
holds.

Now c(ugve) = c(ugus) follows from Claim D and Claim E with p = 2 and ¢ = 2,
since Claim D (a), (b), Claim E (a), (b) all fail, and Claim D (c) contradicts Claim E
(c), so that Claim D (d) and the equivalent Claim E (d) hold. Similarly we deduce that
c(ugvy) = c(ugug) from Claim D and Claim E with p =2 and ¢ = /.

Now (d) and c(ugvy) = c(usuy) follow from Claim D and Claim E with p = 3 and
g = 1, as Claim D (d) or Claim E (d) is again satisfied. Moreover, for ¢ = 5 the
identity c(uzvs) = c(uguy) follows, using c(vevs) # c(vsvg), from the fact that neither
UL UVLVEV VU3 UZ Uy - - - Uy, NOT U VoV U V5U4U3USUy4 - . - Uy, 1S & PCHP. Similarly we have
c(usvy) = c(uguy) when ¢ = 5.

We deduce that c(ugvy) € {w,c(usuy)}, since ugv,_10,-2 ... V3V2ULVIVpUSUY . . . Uy, 1S
not a PCHP. Moreover, c(usve) € {c(uaus), c(usuy)} follows, using c(ugvy) = c(ugus), by
examining the path wivy_1vs_o ... V2V UVpU3Uy . . . Uy, and We have

c(ugvy) € {w, c(ugug)} N{c(ugus), c(usuy)}.

A similar argument shows that c(usve) € {z, c(usus)} N {c(ugus), c(usug)}. At least one
of c(ugvy) and c(usvy) is not equal to c(usug), by Claim B. So, it follows that either
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c(uzvy) = c(uguz) = w or c(uzvy) = c(uguz) = z holds. This shows that the remaining
parts of (c), (e) and (f), and Claim L is proved. 0

Claim M Assume ¢(un,—1v;) =y for some j € {1,2,...,(}, and let w' = c(v;_1v;) and
2" = c(vjvjt1). Then

(a) c(vj-2vj-1) = c(Vj11Vj42) = c(vj10j41) =y and £ € {3,5}.
(b) c(tmyvn) £y for all vy # v;.

(¢) c(tum-1vj-1) = c(Um-1Vj41) = (Um—2tm-1) € {0, 2}.

(d) m > 4.

(e) If c(um—otm_1) = W', then c(um—ovg) = c(Um—3Um—2) # (Um_2v;—1) = W' for all
Vk 7é Vj—1-

(f) If c(um—tm—1) = 2, then c(um—ovr) = c(Upm—3Um—2) F# (Un—20j11) = 2" for all
Uk 7 Ujt1.

Proof. The proof is similar to Claim L. O

By Claim K, we may assume c(ugv;) = = without loss of generality. Let w = c(v,v1)
and z = c(vjvy). We will further assume c(ugvy) = c(ugvy) = c(uguz) = w, which is
admissible by Claim L (c) without loss of generality. Then m > 4 holds by Claim L (d)
and c(ugvy) = c(usug) # c(usve) = w for all vy # v, by Claim L (e). These facts will be
used frequently throughout the remaining part of the proof.

Claim N /7 = 3.

Proof. Suppose ¢ # 3. By Claim L (a), we see that ¢ is equal to 5. Further we then have
c(vgvs) = c(vav3) = c(vevs) = = by Claim L (a), and c(ugvg) # x for vy, € {vs,v4} by
Claim L (b).

We will first show that there exists j € {1,2,...,5} with ¢(up,—1v;) = y. So suppose
not. Then by Claim I there is a k such that ¢(u,,_1vx_1) = c(Vm_10k) # c(Upm—2Up_1) and
c(Vg_2vp_1) = c(vkvry1) = y. The latter implies that k ¢ {1,2}, using c(vqvs) # c(vivg)
and c(vsvy) # c(vgvg). For k € {3,4} the path wujv uovvov5u3tUy - . . Upy 92Uy 1U3U, 1S &
PCHP, and for k = 5 the path wv3usv1v2U5U3Uy4 . . . Upy—_ Uy 104U, 1S & PCHP, giving
a contradiction in each case. Thus we have shown that j exists as desired. Figure 3.3
summarizes what has been shown so far about the colors of various edges.

Now Claim M (a) implies that y € {x, z,w}, and the value of j is uniquely determined,
by Claim M (b). Moreover, Claim M (c) implies that c(u,—oum—1) € {z,z,w}\{y}.

Case 1. y = x.

In this case j = 1, and ¢(up_1v1) =  # c(Upm_2um_1). However, we obtain a PCHP
U U VoV Upyy—1 Ugpy—2 - - - UgU3V5V4VU3Uy,, & contradiction.



38 CHAPTER 3. PROPERLY COLORED HAMILTONIAN PATHS

Figure 3.3: The situation in the proof of Claim N, where a = c(usuy).

Case 2. y = z.

In this case j = 5, c(upm-_1v5) = 2z, and ¢(Up—2um-1) € {z,w}. Supposing that
(Upm—oUm—1) = x holds. Then the path ujus ... Upy_3Uy,_2V403Uy,_1u,, and the cycle
v1U5v9v; would both be properly colored, contradicting our minimality assumption. So,
we have ¢(Up—2Um—1) = w.

By Claim L (e), we have c(ugv1) = c(uguq), and c(upm-1v1) = c(Um—2Um-1) follows
from Claim M (c), so we deduce that m # 4. Since c(uguz) = w = c(Up_oUpm_1), it is
clear that m # 5 holds, hence m > 6. By Claim M (e), we have ¢(u,,_ov1) = w. Now
UL ULV2VT Ugyy—2Ugy—3 - - - UgUIV5V4V3 U1 Uy, 18 @ PCHP, a contradiction.

Case 3. y = w.

In this case j = 2, and ¢(uy,_1v2) = w. We note by Claim M (a) that c(vjv3) = w
holds. However ujusvqvsusuy . . . u,y, and vivevsv; are now properly colored, again contra-
dicting our minimality assumption. This finishes the last case, and Claim N is proved. O

We choose j € {1,2,3} with ¢(up,—1v;) = y, which is possible since Claim I (b) fails
for n = 3, implying that the assumption of Claim I does not hold. Then j satisfies the
assumption of Claim G, hence ¢(vj41vj12) = y follows from Claim G (b). We deduce
y € {z,z,w} and proceed to divide into the three respective cases (see also Figure 3.4).

Case 1. y = x.

Then j = 1 follows from ¢(vgv3) = x, and the choice of j implies that ¢(u,,_1v1) = «.
But now w1 usvo1Up—1Upm—s . . . UguzV3U,, is a PCHP, a contradiction.
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Figure 3.4: The situation in the final steps of the proof of Theorem 3.5, where a = ¢(uzuy).

Case 2. y = z.

In this case j = 3 follows from c¢(v1v2) = y, implying ¢(um,—1v3) = z. By Claim L (e),
c(usvy) = c(uzvy) = c(usuy) # c(uzvs) = w. For m = 4 all of Claim E (a)-(d) would fail for
p =4 and g =1 (in particular Claim E (b) fails by c(ugve) = c(uszuy) =y # = = c(vgv3)),
so we deduce that m > 5.

Suppose c(ugv1) # c(ugus). Then c(ugvy) = c(uqvy) holds, as otherwise the path
UL UV V3 U3V UL - - - Uy, WOuld be a PCHP. Now Claim E with p = 4 and ¢ = 1 im-
plies that c(ugve) = z or c(ugv;) = w (i.e. Claim E (b) or Claim E (c)). We have
c(ugvy) = clugvr) = c(uguyg) # c(ugus) = w, so c(ugve) = z follows. But we see that
U UV2UZV3 Uy 1 Up—2 - - - UsUgV1 Uy, 1S & PCHP, which is a contradiction. We conclude that
c(ugvy) = c(uqus) holds.

Suppose ¢(uqvs) # c(ugus). Then Claim D (c) for p = 4 and ¢ = 2 holds, that is
c(ugve) = z, and UULUZVIV3Upy—1Up—2 - - . UsUgVU,y, is & PCHP, a contradiction. Hence
c(ugvg) = c(ugus) follows. Now by Claim B we have c(ugqvs) # c(uqus). With p = 4
and ¢ = 3, either Claim D (b) or Claim D (c) holds, hence c(uszvy) = z or c(uqvs) = w.
Examination of the path ujvousviugvsugus . .. u,, allows us to deduce that c(uzv) = x
or c(ugvs) = w. Then c(uqvs) = w follows, since the two alternatives conflict due to
c(uzvy) = c(ugve).

Let i be the largest number such that ¢ < m and such that c(uyv,) = c(uyvy) =
c(upuyyr) # c(upvg) = w holds for every i = 3,4,...,i — 1. We note that i exists and
satisfies ¢ > 5. It is useful to observe that Claim D (a) and Claim E (a) fail for p = ¢
and every ¢ = 1,2,3; for Claim D (a) this follows from ¢(u;_ou;_1) # w for ¢ = 1, and it
follows from c(u;—1v4-1) = c(ui—1u;) # c(u;—2u;—1) for ¢ # 1. Similarly for Claim E (a).

For i = m all of Claim E (a,b,c,d) fail for p =i and ¢ = 1 (in particular Claim E (b)
fails by e(u;_1v2) = c(ui—1u;) = y # x = c¢(vav3)), so we deduce that ¢ < m.

Suppose c(u;v1) # c(uuirq). For p = i and ¢ = 1, Claim D and Claim E imply
c(ujvy) = z and c(u;—1v9) = z (respectively Claim D (c¢) and Claim E (b)). Using
c(ui—1v1) = c(ui—1v2) = x and c(u;_ove) = c(uj—ou;i—1) # c(ui—1u;) = c(ui—1v2) = x,
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the path wuy ... w;_su;_2vov3u; _1V1U U7 - . . Uy, is @ PCHP. This contradiction shows that
c(uvy) = c(uttigq).

Suppose c(uve) # c(usuir1). Then Claim D with p = ¢ and ¢ = 2 implies that
c(uwe) = x, but ujus ... Ui ol 1V1V3Uy U2 - . - Uip1 U VU, s a PCHP, a contradic-
tion. Therefore c(u;ve) = c(u;u;41). By Claim B we have c(u;v3) # c(ujuiyr). Then
c(u;v3) # w follows from the choice of 4, and ujvaV UsU3 . . . Uj_oU;_1V3UUix] - - . Uy, 1S &
PCHP, a contradiction.

Case 3. y = w.

This implies that j = 2 and ¢(uy,—1v2) = w. By Claim M (c), we have ¢(ty,—oty,—1)
{z,z}. The case c(ty,_2u,—1) = z is symmetric to Case 2, so only the case ¢(t,—2tm,—1)
x remains. Then m > 5 follows, as P is properly colored. We can assume c(ugtiy,_1) # «
without loss of generality. But wjustt,, 1Um_2 . . . UgU3V30201 Uy, is @ PCHP, with a contra-
diction. This finishes the proof of Case 3, and of Theorem 3.5. i

Il m

Theorem 3.6 (Feng, et al. [48]) The PCHP Conjecture holds.

Proof. Let C = vy ...vv; (¢ > 3) and P = uy...u, (m > 1). Throughout we will
perform addition and subtraction in the indices of the vertices v; € C' modulo /.

If m = 1, then either ujvv9 ... v, Or U1V vy ... v9 is a PCHP as desired. So, we need
only to consider the case when m > 2.

Let j € {1,2,...,0}. If c(u1v;) # c(ujug), then we see that at least one of the paths
U Um—1 - - - UVjVj41 - .. Vi1 aDd UpUpp—1 ... U1V;Vj—1 . .. Vjp1 1S @ PCHP. Similarly, there
exists a PCHP if ¢(uy,v;) # ¢(Upm—1Um—2).

So, we only need to consider the case when m > 2, c(uv;) = c(uiug) and c(up,v;) =
(Up—1Up,) for every j =1,2,...,¢. By Theorem 3.5, there exists a PCHP H in K, with
u; as its first vertex, such that the initial edge of H is either u;uy or one of the edges u;v;
(1 < j <), and such that wu,, is the last vertex of H and the last edge of H is either
Upm—1Up, Or one of the edges vju,, (1 < j < /). The proof is completed. |

Remark 3.7 By Theorem 3.1, our result implies that the PCHP problem is polynomial
time solvable for edge-colored complete graphs.



Chapter 4

Complementary Cycles in Jump
Graphs

Another interesting topic in graph theory is the research on the existence of a 2-factor
in a graph. In this chapter, we consider a special 2-factor, the complementary cycles in
jump graphs and we give a characterization for jump graphs containing complementary
cycles.

The line graph L(G) of G has the edges of G as its vertices, and two vertices of L(G)
are adjacent if and only if the corresponding edges are adjacent in G. The complement
of the line graph L(G) is called the jump graph J(G) of G, i.e. the jump graph J(G)
is the graph defined on F(G), and in which two vertices are adjacent if and only if the
corresponding edges are not adjacent in G.

Note that the line graph L(G) and jump graph J(G) are defined on the edge set of a
graph G, and isolated vertices of G (if G has) play no role in line graph transformation and
jump graph transformation. Assume that the graph G under consideration is nonempty
and has no isolated vertices in what follows. For convenience, we also denote the size of
a graph G by ¢(G) or by ¢ if there is no confusion.

4.1 Some Results on Jump Graphs

By using a characterization for the connectivity of jump graphs ([34]), Wu and Meng gave
the following theorem:

Theorem 4.1 (Wu and Meng [81]) For a graph G, J(G) is connected if and only if
G ¢ {Cy, K4} and |q| > d(u) + d(v) for all wv € E(G).

Harary and Nash-Williams [61] showed that the line graph L(G) of a graph G is Hamil-
tonian if and only if G = K, where n > 3, or G contains a dominating cycle. In [34],
Chartrand et al. presented some sufficient conditions for a jump graph to be Hamiltonian.
In addition, they posed the following two conjectures:

Conjecture A. Let G be a graph of order at least 7 and size ¢ > 5. If ¢ > 2A(G),
then J(G) is Hamiltonian.

41
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Conjecture B. Let G be a Hamiltonian graph of order n > 7 and size q. If ¢ > 2n — 2,

then J(G) is Hamiltonian.

In 2004, Wu and Meng presented the following theorem:

Theorem 4.2 (Wu and Meng [81]) Let G be a graph of size ¢ > 1.

Hamiltonian if and only if G satisfies one of the following conditions:
(1) q < 2A(G).
(2) ¢ =2A(G) and G has an edge uv such that d(u) =
(3) G is isomorphic to K3+ P3, K3+ 2K, or Cy + K.

(4) G has a subgraph isomorphic to

K3 if ¢ = 6,
Ky or KsoKy; ifq=171,

(5) G is isomorphic to K.

Then J(G) is not

By Theorem 4.2, J(G) is Hamiltonian if and only if GG satisfies the following conditions:
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(1) 2A(G) < ¢,

(2) d(u) +d(v) < q—1for all wv € E(G),
(3) G is not isomorphic to any graph in Figure 4.1.

As a corollary, Conjecture B is confirmed, and Conjecture A is disproved.
A graph G is called pancyclic if there is a cycle of length k for each 3 < k < |V(G)|.
Recently, Liu gave a characterization of pancyclic jump graphs.

Theorem 4.3 (Liu [65]) J(G) is pancyclic if and only if G satisfies the following con-
ditions:

(1) 2A(G) < q,
(2) d(u) 4+ d(v) < q—1 for any two vertices u and v,

(3) G is not isomorphic to any graph of Hy U Hy (see Figure 4.1 and 4.2).

Let G be a graph. Two disjoint cycles € and Cy are a pair of complementary cycles
of Gif V(C)UV(Cy) = V(G). In next section, we consider the complementary cycles in
jump graphs and characterize jump graphs which have complementary cycles.

4.2 Complementary Cycles in Jump Graphs

Let G = (V,E) be a graph and v € V. Partition I(u) into disjoint (non-empty) sets
Li(u), Iy(u), -, Iy, (u), where 1 < m, < |I(u)|. Let P denote the resulting partition.
The splitting graph split,(G) of G at u formed from G using P has vertices V (split, (G)) =
{u'] 1<i<m,}uU(V\{u}), and the edges E(split,(G)) = (Ui Ix(u)) U (E\I (u)) with
Lpita(ey(u') = Li(u), 1 < i < m,, and u'z € E(split,(G)) if and only if uzx € I;(u). A
graph H is called a splitting graph of G if there is a sequence of graphs Hy, Hy, ..., H; and
vertices vy, ..., v of G such that Hy = G, H; = split,,(H;—1), i =2,...,t and H, = H.

Proposition 4.4 If J(G) has complementary cycles, then for each splitting graph G’ of
G, the jump graph J(G') also contains the same complementary cycles.

Proof. Since J(G) is a subgraph of J(G'), the proposition follows. ]

To characterize jump graphs containing complementary cycles, we need the following:
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Lemma 4.5 If J(G) has complementary cycles, then the following statements hold:
(1) q > 6.
(2) If ¢ = 6, then A(G) < 2 and G contains no subgraph isomorph to Cs or Cs.
(3) 2A(G) < q.
(4) If ¢ = 2A(G), then there is no edge uv with d(u) = d(v) = A(G).
(5) G & HiUHy — {K5}.

Proof. It is easy to check that the statements (1), (2) and (5) are true.

(3) Assume to the contrary that 2A(G) > ¢. Then there is a vertex u with d(u) =
A(G) > q/2.

Since J(G) contains complementary cycles, the edge set of G has disjoined subsets
Ey,E, such that EyUFE, = E(G) and J(G[E;]) is Hamiltonian for i = 1,2. It follows
that I(u) = I1(u) U Iy(u), where I;(u) = I(u) N E;, i = 1,2. By Theorem 4.2, we see
that |;(u)| < |E;|/2. Moreover, d(u) = |I1(u)| + |I2(u)| < |E1|/2 + |E2|/2 = q/2, a
contradiction.

(4) Suppose to the contrary that ¢ = 2A(G) and there is an edge uv € E(G) with
d(u) = d(v) = A(G). We only need to consider the case when ¢ > 8.

A similar discussion as in (3) shows that G has disjoined edge subsets Ey,Es such
that Fy U Fy = E(G) and J(G[E;]) is Hamiltonian for ¢ = 1,2. So, I(u) = I(u) U
Iy(u) and I(v) = I1(v) U Iy(v), where I;(u) = I(u) N E;, i = 1,2. Since J(G[E}])
and J(G[E,]) are Hamiltonian, we see that |[;(u)| = |I;(v)| = |E;|/2, and then
|L;(w)| 4+ |I;(v)| = |E;| for i = 1,2. Without loss of generality, assume that uv € Fj.
By Theorem 4.2, we have |I;(u)| + |I1(v)| < |Ey| — 1, a contradiction to |I;(u)| +
1(0)] = | By .

Lemma 4.6 Let G be a graph of size ¢ > 13. J(G) has complementary cycles if and only
if the following holds:

(1) 2A(G) < g,
(2) if g = 2A(G), then there is no edge uv with d(u) = d(v) = A(G).

Proof. Denote w(G) = t. Let G1,Gy, ..., G, be the labeled components of G such that
A(Gi) > A(Gig1),i=1,2,...,t — 1. We consider the following cases:

Case 1. t > 3.
For i = 1,2, 3, choose uv; € E(G;) satisfying
(i) d(u;) = A(G;) and d(u;) + d(v;) is maximal among all the edges in I(w;),

(ii) subject to condition (i), the edge w;v; is contained in as more as passible 3-cycles in
G;.



4.2. COMPLEMENTARY CYCLES IN JUMP GRAPHS 45

It is clear that J(G)[{uivy, ugve, ugvs}t] = Ks. Denote G' = G — {uyv1, ugve, uzvs}. In
the following, we prove that J(G’) is Hamiltonian or J(G) has complementary cycles.

Assume to the contrary that J(G’) is not Hamiltonian. Since ¢ > 13, it is easy to see
that G' € H;. By Theorem 4.2, we only need to consider the following subcases:

Subcase 1.1. There is a vertex x € V(G') with dg/(x) > |E(G")|/2 = (¢ — 3)/2.

We confirm that x € V(G;). Otherwise, x € V(G;), ¢ > 2. Then we have either
q > d(uy) +d(usg) +d(us) >2((qg—3)/2+1)+1=q (if 2 = uy) or ¢ > d(uy) + d(ug) +
d(z) — 14 d(ug) > 3(qg — 3)/2 > ¢ (if  # ua), both deduce contradictions.

If x = wy, then we have ¢/2 > dg(uy) = der(z) +1 > (¢—3)/2+1=(¢—1)/2. So,
q is even and dg(uy) = q/2. Now, we choose ujw; € E(G1) such that d(uq) + d(wy) is
maximal among the edges in I(uy) — {ujv1}. As a result, J(G)[{ujv, ugws, ugve, usvs}| is
Hamiltonian. Denote G” = G — {ujv1, uywy, ugvy, ugvs}. By the choice of uy, v, and wy, it
is evident that dGu (Ul) = A(G”) = (q—4)/2 and dgl/(a)+dgl/(b) S q—5 = |E(GH)| —1 for
all ab € E(G"). Moreover, G” ¢ H;. By Theorem 4.2, we see that J(G") is Hamiltonian.

For the case when x = vy, it is obvious that d(u;) > d(v1) > (¢ — 3)/2 4+ 1. Then,
q = [E(G)] + |E(G)| + [E(Gs)] = [E(G)[+2 > 2((¢=3)/2+1) -1+2=g¢ a
contradiction.

If v & {uy, v}, then d(uy) > d(z) > (¢—3)/2. For the case when uyx € E(G), we see
that d(vy) > d(x). So, ¢ > |E(Gh)|+|E(G2)|+|E(G3)| > |[E(G1)|+2 > 3(¢q—3)/2—3+2.
It follows that ¢ < 11, a contradiction. Thus, assume that wyz € E(Gy). If ¢ = 2k + 1,
then d(x) > k. Moreover, ¢ > d(u;) + d(x) + 2 > 2k +2 = ¢ + 1, a contradiction. If
q = 2k, then d(x) > k — 1. Since t > 3, we see that d(u;) = d(x) = k — 1. Furthermore,
|E(Gh)| = 2k — 2, |E(G2)| = 1 = |E(G3)|. It is easy to see that J(G) contains comple-
mentary cycles.

Subcase 1.2. A(G') = (¢ — 3)/2 and there is zy € E(G") with dg/(z) = de (y) = A(G').
Note that ¢ is odd. Since ¢ > 13 and ¢ > 3, it is not difficult to see that zy € F(G1)

and G — V(Gl) S {2K2, SKQ, P3 + KQ} From q > 13, it follows that dG/(:v) = dgl(y) > 5.

Therefore, u; € {x,y}, which deduces a contradiction to the choice of ujvy, since d(a) < 4

for all a € V(Gy)\{z,y}.
In this case, we see that J(G) contains complementary cycles.

Case 2. t = 2.
Subcase 2.1. |E(G)| > 2.
For i = 1,2, choose u;v;, u;w; € E(G;) satisfying

(i) d(u;) = A(G;) and d(u;) + d(v;) is maximal among all the edges in G; and d(u;) +
d(w;) is maximal among all the edges in G; — w;v;,

(ii) subject to condition (i), the edges u;v; and u;w; are contained in as more as passible
3-cycles in Gj.
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It is easy to see that J(G)[{uiv1, uywy, ugve, uswsy}| is Hamiltonian. Denote G' = G —
{uv1, uywy, ugvy, ugws}. In the following, we prove that J(G’) is Hamiltonian or J(G)
contains complementary cycles.

Assume that J(G’) is not Hamiltonian. Since ¢ > 13 and |E(G’)| > 9, it is easy to see
that G' & H;. By Theorem 4.2, we only need to consider the following subcases:

Subcase 2.1.1. There is a vertex x € V(G') with de(z) > |E(G")|/2 = (¢ — 4)/2.

Note that de:(z) > 5. If @ € V(G3), then one of the following statements holds:
(1) ¢ >d(ur) +d(ug) >2((g—4)/24+2) = q if © = us.

(2) ¢ > d(ur) +dug) +d(x) —1>(q—4)/2+1+(q—4)/2+1+(g—4)/2+1—-1=
g+ (q—8)/2 > qif x € {vg, ws}.

(3) ¢ > d(uy) + d(us) + d(ve) + d(wy) —3 > 4(¢q—4)/2 -3 = qg+q—11 > ¢ if
x € N(uz)\{vg, ws}.

W 02 d<?1>)+ d(us) +d(x) > (q—4)/2+ (4= 4)/2+ (g —4)/2 = g+ (¢ — 12)/2 > g if
r & N(uy).

Each of them deduces a contradiction. So, we have z € V(Gy).

If x = uy, then d(uy) = dg,(u1) +2 > (¢ —4)/2 + 2 = q/2, a contradiction.

If z € {vy, w1}, then d(z) = dg, ()+1 > (¢—4)/2+1 = (¢—2)/2. Thus, d(u1)+d(z) >
q — 2. Moreover, d(uy) +d(z) = ¢ —1, d(uy) = d(z) = (¢ — 1)/2, E(G;) = ¢ — 2 and
E(G3) = 2. Now, it is not difficult to see that J(G) contains complementary cycles.

If x € N(up)\{v1, w1}, then min{d(v,),d(w,)} > d(zx), according to the choice of uy, vy
and wy. Thus, we have ¢ > d(u1) + d(v1) + d(w1) +d(z) —64+2>4(¢—4)/2—-6+2=
q+ q— 12 > q, a contradiction.

Assume that © € N(uy). Then |E(Gq)| > d(ui) +d(z) > (¢—4)/2+(¢—4)/2 = ¢—4,
ie. |E(Gy)| > q—3.

If ¢ = 2k, then d(z) > k — 1 and d(u;) < k. Since |E(Gq)| > 2, we see that
d(x) = d(uy) = k — 1. It is not difficult to see that J(G) contains complementary cycles.

If g =2k +1, then d(z) > k — 1 and d(uy) < k. Since |E(G3)| > 2, we see that
d(x) =k — 1 and either d(u;) = k or d(u;) = k — 1. For both cases, it is not complicated
to see that J(G) contains complementary cycles.

Subcase 2.1.2. A(G') = (¢q—4)/2 and thereis zy € E(G') with de (z) = de (y) = (¢—4)/2.

This implies that ¢ is even, say ¢ = 2k, k > 7. If uy € {x,y}, then ¢/2 > d(uy) =
de(uy) +2 > (g —4)/2+4 2 = q/2, a contradiction. Thus, uy & {z,y}.

If zy = vywy, then d(uy) > de(2)+1 =dg(y)+1=(¢—4)/2+1=(¢—2)/2=k—1.
Moreover, ¢ > d(uy)+d(x)+d(y) —3+2 > 3k—3—1=q+(¢—8)/2 > ¢, a contradiction.

Consider the case when [{z,y} N{vy,w;}| = 1. Without loss of generality, let z = v;.
Then, d(uy) > de(x) + 1.

By the choice of v; and wy, we have [{x,y} N N(uy)| = 1. Otherwise, we see that
min{d(v1),d(wy)} > d(y) = (¢—4)/2. Furthermore, g > d(uy)+d(vy)+d(w;)+d(y) —6+
2>2(q—4)/2+2+2(q—4)/2—4 =2q—12 > ¢, a contradiction. So, y & N(uy). We have
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q = d(ur)+d(z)+d(y) —2+2=(q—4)/2+1+(¢—4)/2+(¢—4)/2 = q+ (¢—10)/2 > ¢,
a contradiction.

If {z,y} N{vy,wi}| =0, then [{z,y} N N(uy)| = 0. Then, ¢ > d(uy) + d(z) + d(y) —
1+2>(¢—4)/2+(q—4)/2+(q—4)/2+1=q+ (¢—10)/2 > ¢, a contradiction again.

Subcase 2.2. |E(Gs)| = 1.

It is clear that |V (G2)| = 2 and d(u) = 1 for u € V(Gsy). Let xy1,x9,...,x, be the
labeled vertices of G such that d(z;) > d(z;41) fori=1,2,...n—1and x,_1,x, € V(Ga).

At first, we consider the case when d(zs) > 3. Choose vy,v3 € V(G) such that
101, 2202 € E(G), d(z1) + d(v1) is maximal in {d(z1) + d(2)|z € N(x1),z # 22} and
d(zg) + d(ve) is maximal in {d(z3) + d(2) |z € N(x3),2z # x1,v1}. Clearly, vy # vo. It is
easy to see that J(G)[{x1v1, 2202, 212, }] = K3. Denote G' = G — {z1v1, X209, T, 12, }.
Now, we prove that J(G’) is Hamiltonian or J(G) contains complementary cycles.

Assume to the contrary that J(G’) is not Hamiltonian. Since g > 13, we see that
G' ¢ H,. By Theorem 4.2, we only need to consider the following cases:

Subcase 2.2.1. dei(x;) > (¢ — 3)/2 for some 1 <i <n—3.

If i = 1, then we see that ¢/2 > d(z1) > (¢ —3)/2+ 1 = (¢ — 1)/2. For q = 2k,
we see that k > d(zy) > k — 1/2, i.e. d(z1) = k = ¢/2. Then we can choose the edges
r1uy, xywy and ab such that a,b € {z1,u;, w1} and d(a) = max{d(y) |y € V(G),y #
x1,ur,wy . It is evident that J(G)[{xiu, x1ws,ab, x,_1x,}] is Hamiltonian. Let G” =
G — {x1uy, mywy, ab, xp 2, }. I den(2”) > (¢ —4)/2 = k — 2 for some 2" € V(G"), then
we have dgr(2") > k—1 and 2" # x1. So, d(z") = k—1 or d(z") = k. It is not difficult to
see that J(G) has complementary cycles. If A(G”) = (¢ —4)/2 = k — 2 and there exists
2"y" € E(G") such that dgv (2") = den (y") = k—2, then it is easy to see that x1 & {z”,y"}.
Additionally, ¢ > d(z1)+d(z")+d(y")—34+1 > k+k—2+k—2—-3+1 =g+ (¢—12)/2 > ¢,
a contradiction. Therefore, J(G”) is Hamiltonian, and hence, J(G) has complementary
cycles. For ¢ = 2k + 1, we have k > d(x;) > k, a contradiction.

If i = 2, then ¢/2 > d(z1) > d(z2) > (¢—3)/24+1 = (¢—1)/2. For ¢ = 2k, we see that
k> d(xy) > d(xze) > k—1/2, and hence, d(z1) = d(x2) = k = ¢/2. Since |E(G,)| = q—1,
we see that 129 € F(G), a contradiction. For ¢ = 2k+1, we have k > d(x1) > d(z2) > k,
a contradiction.

For the case when i > 3, we see that ¢/2 > d(z1) > d(x9) > ... > d(x;) > (¢—3)/2. If
i > 4, then we have ¢ > d(z1) +d(z2) +d(z3) +d(xg) —64+1 > 4(¢—3)/2—5 =2¢g—11 > ¢,
a contradiction. Thus, i = 3. If either x3 = v; or x3 = vy, then ¢/2 > d(z1) > d(z3) >
d(xz3) > (¢q—3)/2+ 1= (q—1)/2. For ¢ = 2k, we see that k > d(z3) > k — 1/2, and
then d(x3) = k = ¢/2. It follows that ¢ > d(z1) + d(x3) +d(z3) —3+1=q+k—2>g,
a contradiction. For ¢ = 2k + 1, we have k > d(z3) > k, a contradiction.

If 23 € N(x1) U N(22)\{v1,v2}, then either d(vy) > d(z3) or d(ve) > d(x3). Thus,
q>4(q—3)/2—6+1=2¢— 11 > q, a contradiction.

If x5 & N(z1) UN(x3), then we have ¢ > d(x1) +d(z2) +d(xs) —14+1>3(¢—3)/2 =
q+(q—9)/2 > q, a contradiction.
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Subcase 2.2.2. A(G') = (¢ — 3)/2 and there is zy € E(G) with dg(z) = da/(y) = A(G).

It is clear that ¢ = 2k + 1 for some k > 6. If zy € {x129, v1v2} U {x 09, 2901}, then
d(z) = d(y) = k. It is easy to see that J(G) has complementary cycles.

For the case when |{z,y} N {1, 29, v1,02}| = 1, say © € {x1,x9,v1, 02}, we have the
following:

(1) If x = x4, then d(x;) = k and d(z2) > d(v1) > d(y). So, ¢ > d(z1) + d(z2) + d(vy) +
dly)—64+1>k+3(k—1)—6+1=qg+q— 10 > g, a contradiction.

(2) If 2 = vy, then d(z1) = d(x2) = d(v1) = k. Thus, ¢ > d(x1) 4+ d(z2) + d(v1) + d(y) —
54+1>3k+(k—1)—-5+1=qg+q— 7> q, a contradiction.

(3) If x = xo, then d(z1) = d(z2) = k and d(vo) > d(y). As aresult, ¢ > d(xq1)+d(zq)+
dve) +d(y) —5+1>2k+2(k—1)—5+1=q+q— 8> q, a contradiction.

(4) If x = vq, then d(x1) = d(z3) = d(v9) = k. Furthermore, ¢ > d(z1) 4+ d(x2) +d(vy) +
dly)—5+1>3k+(k—1)—5+1=¢q+q— 7> q, a contradiction.

If 2,y & {x1,x2,v1,02}, then ¢ > d(x1) + d(z2) +d(z) +d(y) —6+1>4(k—1) -5 =
q+q— 11 > g, a contradiction.

Therefore, J(G) has complementary cycles for the case when d(zy) > 3.

At last, we consider the remaining case when d(zq) < 2. If d(z5) = 1, then d(x;) =1
for i > 2. Since G is connected, we have d(x;) = ¢ — 1, a contradiction to the condition
that A(G) < ¢/2. So, d(xs) = 2. It is not difficult to check that J(G) has complementary
cycles.

Case 3. t = 1.
Let 1, Zo, ..., x, be the labeled vertices such that d(x;) > d(z;41) fori =1,2,...n—1.
Subcase 3.1. d(z3) = 1.

It is easy to see that 29 ¢ E(G) (otherwise, from A(G) < ¢/2, it follows that
d(zy) + d(z2) — 1 < ¢ — 1, a contradiction to d(z1) 4+ d(x2) — 1 = ¢q). So, we have
d(zy) + d(xe) = ¢, and then d(z1) = d(z2) = ¢/2. Since ¢ > 13, it is not difficult to see
that J(G) has complementary cycles.

Subcase 3.2. d(z3) = 2.

Note that d(z;) < 2 for i > 4. If d(x2) = 2, then G — x; consists of some paths with
at least ¢/2 edges. So, it is not complicated to see that J(G) has complementary cycles.
For d(z9) > 3, the induced subgraph G — {x, x5} consists of some paths or is an empty
graph. It is also not difficult to see that J(G) has complementary cycles.

Subcase 3.5. d(x3) = 3.

Assume to the contrary that J(G) does not contain complementary cycles.
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Firstly, assume that xsxy, x50 ¢ E(G). Then there is z,v; € E(G) for i = 1,2,3
with [{v1,v9,v3} = 3. Let G' = G — {v121,vowq, v3x3}. If there is a vertex x € V(G')
with dg(z) > (¢ — 3)/2, then either x = 7 or x = 5. For both cases, it is easy to
obtain a contradiction. If A(G') = (¢ — 3)/2 and there is wv € E(G’) with dg(u) =
de/(v) = (¢ — 3)/2, then wv = xyx9 with d(zy) = d(z3) = (¢ — 1)/2. It follows that
|I(x1) UI(za)] = q — 2, a contradiction to the fact that |E(G)\I(z1) U I(z2)| > 3. Thus,
J(G') is Hamiltonian, a contradiction.

Secondly, consider the case when G contains only one of the edges x3x1 and x3zs. If
IN(x1) U N(z2)\({z1,22} U Nz3])| > 1, then there is x;v; € E(G) for i = 1,2,3 with
{v1,v9,v3}| = 3. Let G’ = G — {v1x1, va29, v323}. With a similar discussion as above,
J(G') is Hamiltonian. So, J(G) contains complementary cycles, a contradiction. Then
N(z1) U N(z2)\({z1, 22} U N[z3]) = 0, and hence, N(z1) U N(x3) C {1, 22} U N[zx3].
Since d(x3) = 3, we have z129, 7123 € E(G) and N(z3) = N(x3). It is clear that ¢ <8, a
contradiction.

Finally, assume that z3z1, 2320 € E(G). If |[N(x1) U N(22)\({z1, 22} U N[zs])| > 2,
then there are xyuy, 2101, x3us, r3v3 € E(G) with [{uy, vy, us, v3}| =4 (if |N(z;)\(N(z;)U
N(z3))| > 2 fori # j € {1,2}) or there is z;v; € E(G) for i = 1,2,3 with [{vy,v9,v3}| =3
(if [N(x1)\(N(z2) U N(x3))] > 1 and |N(z2)\(N(z1) U N(z3))] > 1). A similar dis-
cussion as above deduces that J(G) contains complementary cycles, a contradiction. If
N(z1)UN (z2)\({z1, 22 }UN[z3]) = 0, then N(z1)UN (z2) C {z1, 22} UN|x3). So, it is easy
to see that G = K, a contradiction. The case when | N (z1)UN (z2)\({z1, 22 }UN|[x3])| = 1
implies that n < 5, a contradiction.

Subcase 3.4. d(x3) = 4.

If |(N(z1)UN (22))\ ({1, 22 }JUN[x3])| > 1, then there are zyu, x101, x3us, x3v3 € E(G)
with [{ur,v1,us,vs}| =4 (|N(z;)\(N(x;) UN(x3))| > 2 for i,5 € {1,2}, i # j) or there
is zv; € E(G) for i = 1,2,3 with [{vy,va,v3} = 3 (|N(z1)\(N(x2) U N(x3))] > 1 or
|N(22)\N(x1) U N(z3)] > 1). With a similar discussion as above, J(G) contains com-
plementary cycles. If (N(x1) U N(zg))\({z1,22} U Nzs]) = 0, then N(z1) U N(z2) C
{1, 22} U Nlz3], and hence, G = K; or G = K5, a contradiction.

Subcase 3.5. d(x3) > 5.

There are vy,v9,v3 € V(G) such that z;v; € E(G) and v; # v; for i,j = 1,2,3 and
i # 7. It is clear that J(G)[{z vy, zovs, x30v3}] = K3. Denote G’ = G — {z1v1, 2909, X303}
In the following, we prove that J(G’) is Hamiltonian or J(G) contains complementary
cycles.

Suppose to the contrary that J(G’) is not Hamiltonian. Since ¢ > 13, we see that
G' € H,. By Theorem 4.2, we only need to consider the following cases:

Subcase 3.5.1. There is x; € V(G) with dg/(x;) > (¢ — 3)/2 for some 1 <i < n.

If z; € {x3,v1, 02,03}, then ¢/2 > d(z1) > d(xg) > d(x3) > (¢—3)/2+1=(¢—1)/2.
Thus, ¢ > d(x1) +d(z2) +d(z3) =3 >3(¢—1)/2 -3 =q+ (¢ —9) > ¢, a contradiction.
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If i =2, then ¢/2 > d(x1) > d(z2) > (¢ —3)/24+ 1= (¢ —1)/2. For ¢ = 2k, we have
k > d(xy) > d(xzg) > k — 1/2, and hence, d(x;) = d(z3) = k = q/2, a contradiction to
the assumption that d(x3) > 5. For ¢ = 2k + 1, we see that k > d(x1) > d(z2) > k, a
contradiction.

If i =1, then ¢/2 > d(z1) > (¢ —3)/2+ 1 = (¢ — 1)/2. For q = 2k, we see that
k > d(xy) > k — 1/2, and hence, d(x;) = k = ¢/2. Note that k& > 7. Then there
are Tuj, Wy, Lo, r3uz € F(G) such that |[{uy,wy,us,us}| = 4. It is easy to check
that J(G)[{z1u1, x1w1, Tous, x3us}] is Hamiltonian and J(G) — {xjuy, z1w, xous, x3usz} is
Hamiltonian. For ¢ = 2k 4+ 1, we have k > d(x;) > k, a contradiction.

Consider the case when z; & {x1,v1,x9,v2, 23,03}, So, i > 4 and ¢/2 > d(x1) >
d(xe) > ... > d(x;) > (¢ — 3)/2. It follows that ¢ > d(z1) + d(x2) + d(z3) + d(x4) — 6 >
4(q—3)/2 —6 =2¢ — 12 > q, a contradiction.

Subcase 3.5.2. A(G") = (¢ — 3)/2 and there is uv € V(G’) with dg/ (u) = de (v) = A(G).

Clearly, ¢ is odd, say ¢ = 2k + 1. Then dg (u) = dg/(v) = k — 1. According to
the assumption that d(zs) > 5, we see that wv & {x;z;|i,7 = 1,2,3,i # j}. If uv €
{zvj,vivj|i,5 = 1,2,3,i # j}, then d(u) = d(v) = k. We deduce that either ¢ >
4k —6 = qg+q—8 (if wv = vv;) or ¢ > 3k —3 = ¢+ (¢ —9)/2 (if wv = z;v;), a
contradiction.

If {u,v} N {x;,v;|i = 1,2,3} contains only one vertex, then ¢ > k+2(k—1)—3+2 =
q+ (¢ — 8)/2, a contradiction.

If {u,v} N {x;v;]i=1,2,3 =0, then ¢ > 5(k—1)—10=q+q— 12+ (¢ — 11)/2,
also a contradiction.

Thus, J(G) contains complementary cycles for the case when d(x3) > 5. ]

Lemma 4.7 Let G be a graph of size ¢ = 6. J(G) contains complementary cycles if and
only if A(G) <2 and G contains no subgraph isomorphic to K3 or Cs.

Proof. If J(G) contains complementary cycles, say C = ejeseze; and Cy = fi fofsfi,
then Gl{ey, es,e3}] = 3Ky and G[{fi1, fo, f3}] = 3Ks. So, we see that A(G) < 2 and no
subgraph isomorphic to C3 and Cs. Thus, the necessity holds.

Since A(G) < 2, we see that G consists of paths or cycles. If G contains cycles, then
such cycles must be Cy or Cg because GG contains no C3 and Cs. Thus, we see that G can
be easily decomposed into two subgraphs 3K5. Therefore, J(G) contains complementary
cycles. i

Lemma 4.8 Let G be a graph with ¢ = 7. J(G) contains complementary cycles if and
only if A(G) < 3 and G contains no subgraph isomorphic to K or to any graph in
Figure 4.3.

Proof. Let C; and Cy be a pair of complementary cycles of J(G). Without loss of
generality, let |V (C1)| = 3 and |V(Cy)| = 4, say V(Cy) = {e1,e2,e3} and V(Cy) =
{f1. fa, f3, fa}. Then G[{e1, e2,e3}] = 3K5 and G[{ f1, f2, f3, fa}] € {4K2, 2K, + P3,2Ps}.
It is easy to check that A(G) < 3 and G contains no subgraph isomorphic to K, or to
any graph in Figure 4.3.

Now, prove the sufficiency. Let wuy,us,...,u, be the vertices of G such that d(u;) >
d(ug) > ... > d(uy).
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If d(ug) > 3, then we have d(uy) = d(uz) = 3, since A(G) < 3. To avoid some subgraph
of G isomorphic to K, , D7, and D7, we see that G[N(u1) U N(ug) U {us,us}] = B; for
some i € {1,2,3,4} (see Figure 4.4).

For each case when G[N(u1) U N(ug) U {ug,us}] = By, i € {1,2,3}, it is not difficult
to find the complementary cycles of J(G). If G[N(u;) U N(uz) U {uy,us}| = By, then
G|E\E(B,)] = 2K,. Thus, J(G)[E\E(By — {wus})] and J(G)[E(By — {ujus})] are
Hamiltonian.

For the other case when d(uy) < 2, the graph G can be easily decomposed into 3K
and 2P; or the splitting graph of them. Thus, J(G) has complementary cycles. i

Lemma 4.9 Let G be a graph with ¢ = 8. J(G) contains complementary cycles if and
only if none of the following conditions holds:

(a) AG) >4

(b) there is an edge uv with d(u) 4+ d(v) = q for the case when A(G) = 4,

(¢c) G has a subgraph isomorphic to Ky,

(d) G has a subgraph isomorphic to K, , in which there is a vertex with degree 4 in G,
(e) G has a subgraph isomorphic to Fy (see Figure 4.5).

Proof. If J(G) has complementary cycles, say C; and Cy, then the lengths of C; and
Cs is either 3 and 5 or 4 and 4, respectively. By Lemma 4.5 and Theorem 4.2, it is not
difficult to check that the necessity holds.
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Now, prove the sufficiency. Let uy,us, ..., u, be the ordered vertices of G with d(u;) >
d(ug) > ... > d(uy). It is clear that we only need to consider the case when d(u;) > 3.

Firstly, consider the case when d(u;) = 4. If d(ug) = 4, then we have ujus ¢ E(G).
It is clear that J(G) contains complementary 4-cycles. In the following, we consider the
subcase when d(ug) < 3.

If d(z) = 3 for some # € N(uy), then we see that there is neither zy € E(G) with
x,y € N(uy) and d(z) = d(y) = 3 nor a vertex x € N(uy) with d(x) = 3 and N(x)\{u1} C
N(uy), according to the conditions (c) — (e). Thus, we see that N(u;) contains at most
two vertices with degree 3. If it contains two vertices with degree 3, then both vertices
are not adjacent. So, we see that J(G) has complementary 4-cycles. For the case when
d(z) <2 for all x € N(uy), it is also easy to obtain complementary cycles of J(G).

Finally, consider the case when d(u;) = 3. If d(uz) < 2, then it is easy to see that
J(G) has complementary cycles. For d(us) = 3, we have the following:

Assume that there is a vertex x € N(uy) with d(z) = 3. Let © € N(u;) such that N (u;)
contains as many vertices of N(z) as possible. If N(u;)\{z} = N(z)\{w} =: {y, 2},
then yz ¢ F(G) and max{d(y),d(z)} < 3. So, there is e € E(G — N({u1,z,y,z})).
Then, J(G)[{u1z,zy,e}] and J(G) — {u1z, 2y, e} are Hamiltonian. For N(u;)\{z} =
N(@z)\{u1} =: {y}, let z1 € N(uq) and 2z, € N(x). Then max{d(y),d(z1),d(z2)} < 3
and {yz1,yz} € E(G), according to the choice of u; and z. Now, we consider the case
yz1,yz0 € E(G). If d(z1) = 3, then there is an edge f non-adjacent with y and z, and
hence, the Hamiltonian cycles of J(G)[{u1y, xz2, f}] and J(G) — {u1y, x 29, f} are desired.
For the case when d(z3) = 3 or d(z1) = d(22) = 2 but 2129 & E(G), we analogously obtain
the complementary cycles of J(G). If d(z1) = d(22) = 2 and 2129 € E(G), then there is
an edge, say e, non-adjacent with any vertex of uy,x,y, z; and 2. It is easy to obtain the
complementary cycles of J(G).

For the remaining case when d(z) < 2 for all x € N(uy), we analogously see that the
statement 1s true. i

Lemma 4.10 Let G be a graph with ¢ = 9. J(G) contains complementary cycles if and
only if the following holds

(o) A(G) <4,

(b) G has no subgraph isomorphic to K3 and each vertex of such a subgraph has the
vertex degree 4 in G, i.e. G is not isomorphic to one of the graphs in Figure 4.6,

(c) G contains no subgraph isomorphic to Fy with G — E(Fy) = Ps, where Fy consists of
5 vertices and there are two vertices x,y with dp,(x) = dp,(y) = 4 and Ng,(z)\{y} =

Ng,(y)\{x} (see Figure 4.7).



4.2. COMPLEMENTARY CYCLES IN JUMP GRAPHS 53

T
AVANPVAYV

Figure 4.6: Hg

Fy

Figure 4.7: H;,

Proof. If G — E(Fy) = Ps, then by Theorem 4.2, it is not difficult to see that J(G)
contains no complementary cycle. According to Lemma 4.5, we see that the necessity is
true.

Let uy, ug, ..., u, be the vertices of G with d(uy) > d(uz) > ... > d(u,). It is clear
that we only need to consider the case when 3 < d(u;) < 4.

Consider the case when d(u;) = 4. For the case when d(us) = 4 and ujus € E(G), it is
easy to obtain the complementary cycles of J(G). For uyuy € E(G), we assume without
loss of generality that N(u;) contains as more as possible vertices of N(uy) among all
zy € E(G) with d(z) = d(y) =

If N(up)\{uz} = N(ug)\{w1} =: {z,y, 2}, then G contains a subgraph isomorphic
to Fy. From (c), it follows that G — E(Fy) = 2P,, and then J(G — E(Fy)\{ujus}) and
J(G)[Fy\{uyuz}] are Hamiltonian.

Assume that N(uq)\{us} = N(ux)\{w1} = {z,y}. Let 21 € N(uj)\{ug,z,y} and
29 € N(ug)\{u1,z,y}. From (b), we see that d(z),d(y) < 3. If zy € E(G), then d(z) =
d(y) = 3. So, there is e € E(G — {uy, uz,x,y}) # 0. Thus J(G)[{uius, zy,e}] and J(G) —
{uyug, ry, e} are Hamiltonian. If zy & E(G), then we see that G — {uix, uy 21, usy, usze, }
is C5 or a splitting graph of Cs. Therefore, J(G) contains complementary cycles.

For the case when N (u1)\{u2} = N(u2)\{ui} =: {z} or N(u1) N N(uz) =0, it is not
difficult to check that J(G) contains complementary cycles.

If d(ug) = 3, then we analogously assume that N(u;) contains as more as possible
vertices x of N(uz) with d(z) = 3. We only need to consider the case when ujus € E(G).
So, we see that G — {uy, us} consists of either 3K5 or Py + K or K3 or Py or Ky 3. Thus,
J(G) contains complementary cycles.

For the remaining case when d(u;) = 3, it is not difficult to check that J(G) contains
complementary cycles. [
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Lemma 4.11 Let G be a graph with ¢ € {10,11,12}. J(G) contains complementary
cycles if and only if the following conditions hold:

(a) A(G) < q/2,
(b) there is no edge uv with d(u) 4+ d(v) = q for the case when q = 2A(G).

Proof. With a similar discussion as in Lemma 4.6, it is not difficult to check that J(G)
contains complementary cycles. 1

By Lemma 4.5 — 4.11, we have the following:

Theorem 4.12 (Feng [47]) Let G be a graph of size q. J(G) has complementary cycles
if and only if the following holds

(1) 2A(G) < q,

(2) for ¢ =2A(G), there is no edge uv with d(u) = d(v) = A(G),

(3) for q =6, G contains no subgraph isomorphic to Ks or Cs,

(4) for q =7, G contains no subgraph isomorphic to K; or any graph in Figure 4.3,

(5) for q =8, G contains no subgraph isomorphic to K, or Fy (see Figure 4.5) or K,
in which there is a verter with degree 4 in G,

(6) for q =9, G is not isomorphic to one of the graphs in Figure 4.6 and G contains no
subgraph isomorphic to Fy with G — E(Fy) = Ps, where Fy consists of 5 vertices and

there are two vertices x,y with dg,(x) = dg,(y) = 4 and Ng,(2)\{y} = Ng,(y)\{x}
(see Figure 4.7).
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Chapter 5

Introduction

We will assume that the reader is familiar with the standard terminology on digraphs
and refer to [7] for terminology not mentioned here. In this part, we only consider finite
digraphs without loops and multiple arcs.

5.1 Terminology and Notation

Denote the vertex set and the arc set of a digraph D by V(D) and A(D), respectively. A
subdigraph induced by a subset U C V(D) is denoted by D[U]. In addition, D —U =
D[V(D)\U].

If xy is an arc of a digraph D, then we say that x dominates y or xy is an out-arc of
x, write  — y. More generally, if A and B are two distinct subsets of V(D) such that
every vertex of A dominates all vertices of B, then we say that A dominates B and write
A — B. For two subdigraphs H, H' of D with V(H) — V(H’), we also write H — H'.

Let « be a vertex of D. The set of all vertices dominating = (dominated by x, respec-
tively) is called in-neighborhood (out-neighborhood, respectively) of =, denoted by Np(z)
(N} (), respectively). Furthermore, the integer d,(x) = |Np(z)| (df(z) = [N} (x)], re-
spectively) is called the in-degree (out-degree, respectively) of z. Denote min{d,(z) |z €
V(D)} (min{dj(z) |z € V(D)}, respectively) by 6~ (D) (6%(D), respectively). We will
omit the subscript if the digraph D is known from the context.

A digraph D is said to be strong if for every pair of vertices x and y, D contains a
path from z to y and a path from y to x. D is called k-strong if |V(D)| > k + 1 and for
any subset U C V(D) of at most k — 1 vertices, D — U is strong. If D is k-strong, but
not (k 4 1)-strong, then the number o(D) = k is defined as the strong connectivity of D.

A subset S C V(D) with o(D — S) = 0 is called a separating set of D. Moreover, a
separating subset S C V(D) with |S| = o(D) is called a minimum separating set of D.

A strong component of a digraph D is a maximal induced subdigraph of D which is
strong.

We will use the operation of path-contracting introduced in [7]. Let z and y be two
distinct vertices of D and let P be an (z,y)-path in D. We say that H is obtained
from D by contracting P to w if the following holds: V(H) = (V(D)\V(P)) U {w},
where w is a new vertex. Furthermore, N/ (w) = N} (y) N (V(D)\V(P)), Ny(w) =
Np(z) N (V(D)\V(P)) and an arc with both end-vertices in (V(D)\V(P)) belongs to
H if and only if it belongs to D. Note that wwv is a path in H if and only if uPv

o7
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is a path in D. Moreover, if there exists a k-cycle containing w in H, then there is a
(k +|V(P)| — 1)-cycle containing P in D.

5.2 Some Results on Tournaments

A tournament is an orientation of the edges of a complete graph. In the following, we
introduce some useful results on Tournaments.

Lemma 5.1 Let T be a k-strong tournament, P a path of length k — 1 from u to v in'T
and let D, be the digraph obtained from T by contracting the path P to w. Then D, is
strong.

Proof. It is clear that D, — {w} =T — V(P). Let T1,..., T, (r > 1) be the strong
components of D, — {w} with Ty - Ty — ... = T, if r > 2.

Since T' is k-strong, we have V(P) = N~ (Ty) = N*(T,). It follows that dj, (w)
df, (v) > 1 and d, (w) = dg, (u) > 1. Thus, D,, is strong.

Proposition 5.2 Let P = ujus...us be a path of a tournament T with s < |V(T)|. If
there is a vertex v € V(T)\V(P) with uy — v and NT(v) NV (P) # (), then there is an
index k, 1 <k <s—1 such that uy...ur — v and v — Upyq.

Proof. If there is no index k, 1 < k < s — 1 such that uy...ux — v,v — ugyq, then
P — v, ie. NT(v) NV (P) =0, a contradiction. |

In Proposition 5.2, we call that v can be inserted into P.

Let T be a strong tournament with minimum out-degree at least two. A vertex v
of T is called a bridgehead if there is a partition (A, B) of V(T) such that the following
conditions are satisfied:

(1) v € A, T[A] is non-trivial and strong,
(2) B — A\{v}.
It is obvious that v is a separating vertex of 7" and |A| > 5.

Lemma 5.3 (Yao, Guo and Zhang [82]) Let T be a strong tournament on n vertices
with minimum out-degree at least two and assume that the vertices are labeled uy, us, . . ., u,

such that d*(uy) < d¥t(ug) < ... < d¥(uy). If T has a bridgehead v with respect to the
partition (A, B), then the following holds:

(1) {ur,ug,uz, us} C A.
(2) {ui,us} contains at most one bridgehead.

Lemma 5.4 Let T be a tournament with o(T) = 1 and the vertices uy,us, ..., u, are
labeled as d(uy) < d*(ug) < ... < d"(u,). The following holds:

(1) There is a separating vertex s with the strong components Ty, Ty, ..., Ty of T — {s}
such that T; — T} for ¢ < j and T} contains no separating vertex of T.
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(2) Let s be an arbitrary separating vertex of T and let Ty, Ty, . .., T} be the corresponding
strong components of T — {s} with T, — T; for i < j. Then {uy,us} NV(T3) # 0.

Proof. (1) Since o(T) = 1, there is a separating vertex in 7. Let s’ be a separating
vertex of T and let 77, T3, ..., T/ be the labeled strong components of T'— {s'} such that
the number of separating vertices of T in the last component of T'— {s'} is as small as
possible. In the following, we show that 7} contains no separating vertex of 7', i.e. ' is a
desired separating vertex.

Suppose that s € V(7)) is another separating vertex of T. If o(T} — {s}) = 1,
then s — T}/ — {s} and s — . Let k be the index such that s’ — T} ...7/ ; and
N=(s)NV(T}_,) # 0. Note that N=(s') = {s} if k = 1. Set Ty = T[(U}Z}V(T})) U
{}, To =T],..., Ty =T/ — {s}. We see that there are more separating vertices of T" in
T} than in T}, a contradiction to the choice of s

For the case when (T} —{s}) = 0, let S}, ..., S, be the strong components of T} —{s}.
If & — T, — {s}, then we see that s — s’. With a similar discussion as above, we deduce
a contradiction.

If N~ (s )NV (T{—{s}) # 0, then s — S’. Let £ be the index such that s’ — S, ... S,
N=(s)NV(S)) # 0. It is clear that ¢ > 1. Set Ty = T[(UZ{V(T))) U (USZV(Sh) u
{s'}, Ty = S)q,..., T, = S,. We see that there are more separating vertices of 7" in T}
than in 7),, a contradiction to the choice of s'.

(2) Denote |V(T};)| = ny. It is trivial for the case when n; = 1. If n, > 3, then
df(z)>n >n—2+1>d"(y) for x € V(T — {s})\V(T;) and y € V(T). ]

An arc (a vertex, respectively) in a digraph D with n > 3 vertices is said to be k-
pancyclic if it is contained in a cycle of length ¢ for all £ < ¢ < n. For k = 3, we say that
the arc (the vertex, respectively) is pancyclic. If all out-arcs of a vertex u are pancyclic,
then we say that u is an out-arc pancyclic vertex.

In [54], Goldberg and Moon proved that every s-arc-strong tournament has at least
s distinct Hamiltonian cycles. Thomassen [78] confirmed that every strong tournament
contains a vertex x such that each out-arc of x is contained in a Hamiltonian cycle. In
2000, Yao, Guo and Zhang [82] improved the result of Thomassen:

Theorem 5.5 (Yao, Guo and Zhang [82]) Let T, be a strong tournament on n ver-
tices and assume that the vertices of T, are labeled uy,us, ..., u, such that d*(uy) <
d(ug) < ... < d"(uy,). Let u be a vertex of T,, which can be chosen as follows:

(1) if d™(uy) = 1 then u = uy,
(2) if d(uy) > 2 then d*(u) = min{d* (z) |x € V(T,,) and x is not a bridgehead}.
Then all out-arcs of u are pancyclic.

Remark 5.6 If the vertices of T,, are labeled uy,usg, ..., u, with d*(u1) < d¥(ug) < ... <
d*(uy), then by Lemma 5.8 and Theorem 5.5, one of {u1,us} can be chosen as the vertex
w with the property. It is easy to check that d*(u) < L"T_IJ Therefore, every strong
tournament T with n > 3 wertices contains a vertex u with d*(u) < L"—_lj such that all

2
out-arcs of u are pancyclic.
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Remark 5.7 Let T be a strong tournament with o(T) = 1 and 67(T) > 2. Let w be a
vertex of T with minimal out-degree among all vertices of T', which are not bridgehead, and
let x(# w) be a separating vertex of T. If Ty, Ty, ..., T, (t > 2) are the strong components
of T —A{x} with T; — Tj for alli < j, then by Lemma 5.4 and Theorem 5.5, the following
holds:

(1) we V(Ty).

(2) If w — =, then T, — {w} contains no separating vertez of T and dj, (w) < [“52].

(3) If & — w, then d*(w) = df, (w) < ny — 2.
In [82], Yao, Guo and Zhang posed the following conjecture:

Conjecture 5.8 (Yao, Guo and Zhang [82]) A k-strong tournament T has at least k
vertices v, vV, . ..,V such that all out-arcs of v; are pancyclic forv=1,2,...,k.

According to Theorem 5.5, this conjecture is true for £k = 1. In the next chapter, we
will prove Conjecture 5.8 is also true for k£ = 2, 3.
We conclude this section with some useful results.

Theorem 5.9 (Camion [33]) A tournament has a Hamiltonian cycle if and only if it
1§ strong.

Lemma 5.10 (Yeo [83]) Let D be a k-strong digraph with k > 1, and let S be a sepa-
rating set in D such that T = D — S is a tournament. Let Ty, Ty, ..., T, (r > 2) be the
strong components of T such that Ty — Ty — ... — T,.. Now the following holds:

(1) At least k vertices in S dominate some vertices in Ty, and at least k vertices in S
are dominated by some vertices in T,.

(11) For every 1 < (¢ <|V(T)|—1,u €Ty andv € T,, there ezists a (u,v)-path of length
CinT.

(i1i) If S = {x}, then x is pancyclic in D.

Lemma 5.11 (Yeo [83]) Let D be a strong digraph, containing a vertex x, such that
D —{z} is a tournament and dj,(x) +d,(x) > |V(D)|. Then there is a k-cycle containing
zin D for all 2 < k <|V(D)|.

Lemma 5.12 (Yeo [83]) Let T be a 2-strong tournament, containing an arc e = xy,
such that d*(y) > d*(x). Then e is pancyclic in T.

Lemma 5.13 (Feng, Li and Li [53]) LetT be a 3-strong tournament and uy,x € V(T)
with d*(uy) = 01(T) andx € Nt (uq). If thereisy € Nt (uy) withy — z, then all out-arcs
of x are 4-pancyclic in T.
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Proof. For convenience, denote x; = y and xo = x. Then x; — x5. Let 2 € N7 (z5) and
D,, be the digraph obtained from 7" by contracting u;zsz to w, where w ¢ V(T'). It is
clear that d*(z) > d*(uy). By Lemma 5.1, D,, is strong. Now, we consider the following
two cases:

Case 1. uyz € A(T).

It is easy to see that

dp, (w) +dp, (w) = [NT(2)| + [N~ ()
dt(z) +d (uy)

dt(z) +[n—1—d"(u)]
> n—1>|V(D,)|

By Lemma 5.11, w is in a j-cycle of D,, for j = 2,3,...,n—2, and then there is a k-cycle
in T containing xoz for k =4,5,... n.

Case 2. zuy € A(T)

If d*(z) > d"(uy) + 1, then with a similar discussion as above, we are done. So, we
assume that d*(z) = d*(uy) = t.

If D, — {w} is not strong, then by Lemma 5.10, w is pancyclic in D,,, and hence, x5z
isin a k-cycle of T', k = 5,6, ...,n. Since uyxozu; is a 3-cycle and uyxx92uy is a 4-cycle,
X9z is pancyclic in T

If D, — {w} is strong, then by Theorem 5.9, D,, — {w} contains a Hamiltonian cycle,
say C' = v1vs ... v, _3v;. In the following, all subscripts of the vertices in C' appearing in
related calculations are taken modulo n — 3, where vy = v,,_3. For convenience, we denote
the subpath v;v;41 ... v; by C[v;, v;] for two arbitrary vertices v;,v; of C.

Clearly, ujxozuy is a 3-cycle and uix1x22u1 is a 4-cycle containing xo2. In the following,
we will confirm that x,z is pancyclic in T, i.e. we prove that there is a k-cycle of T
containing x92, k = 5,6,...,n.

Recall that d*(u;) = d*(z) = t. It follows that

di(w) = di(z) = t—1,
di(2) +do(ur) = [INT(2)\{us}] + N7 (ur)\{z}]
= d'(z)=14d (u) -1
= d"'z)—-1+n-1—d" (u)] -1
n—3=|V(C).

Assume to the contrary that 7' has no (n — £)-cycle containing xsz for some ¢ with
0<?¢<n—5 Letn=1t—1andlet Ni(2) = {v;,,vs5,...,0;,}. Then we see that
NE(ur) = {viy—o-1, Vig—t-1, - - - , Vi, —o—1} (otherwise, v;,_¢_1u; € A(T) for some 1 < j <,
then w9205, Clvs, 41, Vi, —¢—2]Vi;—¢—1u172 is an (n — £)-cycle through 52, a contradiction).
Note that Ng(ul) = {Uh,g,b Vig—t—1, - - - ,Uin,gfl} = {131} U {Ig, . ,I‘t} and Tr1 — TI9.
Without loss of generality, let 1 = v;,_y—1. We consider the following two subcases:
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Subcase 2.1. uy — vy,.

Then zozuyv;, Clvi, 41, Vi, —¢—2|T129 is a cycle of length n — ¢ which contains z9z, a
contradiction.

Subcase 2.2. v;, — ;.

If v;, g2 — wq, then x92Cv;,, Vi, —p_o]uizi9 is a cycle of length n — ¢ through zsz, a
contradiction.

We have u; — v, _¢_o. Suppose now that Clvy, v;,_¢ o] is the longest subpath with
uy — Clog,v;, ¢ 2]. Since v;; — wuy, we have V(C[v;,,vk_1]) # 0. Thus, the cycle
292C vy, , Vk—1|u1 Clvk, vi, —p—1]22 is of length n — ¢ and through xsz, a contradiction.

Therefore, T has an (n — {)-cycle containing zoz for all 0 < ¢ < n — 5. So, xez is
pancyclic. This completes the proof of Lemma 5.13. i



Chapter 6

Out-arc Pancyclicity of Vertices in
Tournaments

6.1 Out-arc Pancyclic Vertices in 2-strong Tourna-
ments

For 3-strong tournaments, Yeo proved the following:

Theorem 6.1 (Yeo [83]) Every 3-strong tournament has two distinct vertices © and vy,
such that all arcs out of x and all arcs out of y are pancyclic.

Furthermore, x and y can be chosen, such that v — y and d*(x) < d*(y).
In addition, Yeo posed the following conjecture:

Conjecture 6.2 (Yeo [83]) Each 2-strong tournament has 3 vertices whose all out-arcs
are pancyclic.

In this section, we consider exactly 2-strong tournaments.

Theorem 6.3 (Li, Li and Feng [66]) Each tournament T on n vertices with o(T) = 2
contains at least 2 vertices vy, vy such that all out-arcs of v; are pancyclic for v =1,2.

Proof. Let M contain all vertices which have minimum out-degree in 7. By Lemma
5.12, all out-arcs of every vertex in M are pancyclic. If |[M| > 2, then we are done. So,
assume that |[M| =1 and denote M = {v;}. Note that

dt(v) > dt(v)) > 2 for all v # v, (6.1)

It is sufficient to show that there exists another vertex whose out-arcs are pancyclic. We
consider the following two cases:

Case 1. o(T —vy) = 1.

Let S = {vy,z} be a minimum separating set of T" and let Ty, Ty,...,T; (t > 2) be
the strong components of T'— S. It is clear that for each i € {1,2,...t}, T; is a single
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vertex or contains a Hamiltonian cycle by Theorem 5.9. Assume without loss of generality
that the strong components 13,75, ...,7T; of T' have been labeled such that T; — T for
1 <i < j <t Notethat NT(T;) = S = N (T1). In particular, the final strong
component 7} contains at least 3 vertices by (6.1).

Assume without loss of generality that among all possible minimum separating sets
{v1,2'} with 2’ € V(T — v;), the vertex x € S has been chosen such that the final strong
component of T'— S is minimum. This implies

IN~(2) N V(T)| > 2. (6.2)

For the case when |V(T})| = 3, let T} = z1x9w3z;. It is easy to see from (6.1) that 7, — S.
Since d*(z) > 3 and T is 2-strong, we have n > 7. Furthermore, it is easy to check that
the subtournament 7' — (S U V(T})) contains a Hamiltonian path, say ujus . .. u,_5, such
that v; — u; and © — wu, for some « satisfying 2 < o < n —>5. Now, we will confirm that
the three out-arcs of z; are pancyclic.

For the arc x1x9, we see that x122x321, 12XV UL, T1T2VIULT3T, T1LT2VIUT - . . U;T3T]
fori=2,...,n—>5 are cycles of length 3,4,...,n — 1, respectively. In addition, it is easy
to see that x1xoviUy ... Ue_123TU, . . . Uy,_52q is & Hamiltonian cycle of T'. Hence, xix5 is
pancyclic.

Since x1v1u1Ty, TIVIUITIT], T1VIUIT2X3T], TIVULUs - . . U;Tox3Ty fOr & = 2, ... n—5
and TV Uy ... Uq_1T2XUq - . . Up_5x371 are cycles in T') the arc xyv; is pancyclic.

For the arc xix, we see that x1xu T1, T1TULT3T1, T1TUGLX3TY, T1TUq, . . . U;ToT3T]
fori =a,...,n =95, T12U4 . .. Up_5T301U1 T ANd T1TUq . . . Up_5T2T3V1U1 . .. Uz fOr § =
1,...,a— 1 are cycles in T. Therefore, 1z is pancyclic.

In the following, we consider the case when |V(T;)| > 4. Let ¢ = |V(T})| and let
Cy = x125 ... xpx1; be a Hamiltonian cycle of Tj.

At first, we show that [N~ (vy) N V(T})| > 3. Suppose to the contrary that [N~ (vy) N
V(T;)| < 2. Then |[NT(v;) NV(T})| > ¢ — 2. Since vy dominates at least one vertex in 77,
it holds d*(vy) > ¢ — 1. Now, we look at the vertex, say x;, with minimum out-degree
among all vertices in T}. It is clear that [N*(2;) N V(T})| < [52]. Thus, we have

dt(z;) = df(z) + di(z) < |2 +2 < |52 + [SE] = -1 < dF(w),
a contradiction to (6.1). Therefore, it holds
IN" (o)) N V(L) = 3. (6.3)

By Theorem 5.5, the subtournament 7; contains a vertex, say vy, whose out-arcs are
pancyclic in T;. By Remark 5.6, we can choose v such that dj, (v2) < Le_TlJ

Assume without loss of generality that the vertices of the Hamiltonian cycle C; have
been labeled with z, = vs.

We will show that either all out-arcs of vy are pancyclic or there exists another vertex
apart from vy, v, whose out-arcs are pancyclic. Let v — w be an arc of T.

Subcase 1.1. w € V(Ty).

By the choice of vy, the arc vow is in an i-cycle for i = 3,4, ..., ¢. Assume without loss
of generality that C; has been the Hamiltonian cycle of T; which contains the arc vow, i.e.
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w = 1. Moreover, we note from (6.3) that there is an integer 5 € {1,2,...,¢ — 2} with
Ty — V1.

Because {vi,z} = N~(T1) and Tj is a single vertex or it contains a Hamiltonian
cycle, it is obvious that the subtournament 7" — (S U V(7)) contains a Hamiltonian
path, say ujus ... U9 (Wjuy...u, , ,, respectively), with v; — u; (z — uf, respec-
tively). It is easy to see that vexy...zgviu1Ts42... 20 is a cycle of length ¢ + 1 and
Vo ... TU1U ... UjTp4y ... T¢ IS a cycle of length ¢ + 14 jfor j=1,2,... . n—2— (. It
remains to show that vyw is also in a Hamiltonian cycle of T'.

If v, — x, then vozy ... zgviau] ... w,_ o ,Tg41 ... 2, is a Hamiltonian cycle of 7. If
x — vq, then, by (6.2), there is a vertex z, with 1 <~ < ¢ — 1 such that x, — 2. Now,
we see that vexy ...z 2v1Uy .. Up—9_¢Xyy1 ... Ty s a Hamiltonian cycle of T

Subcase 1.2. w € {vy,x}.

For convenience, we denote the other vertex in {vy,x} by ', i.e. {w,w'} = {vy,x}.

By recalling that T — (V(T};) U {w,w’}) contains a Hamiltonian path starting at a
vertex in N (w), we can confirm, similar to Subcase 1.1, that the arc vyw is pancyclic in
T — w'. It remains to check whether the arc vow is in a Hamiltonian cycle of T

Suppose that T'— (V (T;)U{w, w'}) contains at least two vertices. Then it is not difficult
to show that 7' — (V(7};) U {w,w'}) can be decomposed into two paths, say wiws...w,
and wjwy ... w!, with w — w; and w' — w/, respectively. According to (6.2) or (6.3),
there is a vertex z; with 1 < j </ — 1 such that x; — w’. Now, we see that

VyWW Wy - . . Wy Ty - . . LW W WY .. W, T .. Ty

is a Hamiltonian cycle of T

Suppose now that 7' — (V(7;) U {w,w'}) contains exactly one vertex w;. Note that
t =2 and {w,w'} — wy.

If w — w', then we see that voww'wix 125 ... 2, is a Hamiltonian cycle of T'. So, we
consider the case when w' — w.

Assume that d(w’) > 3. Let D be the digraph obtained from T by contracting the
path veww; to z. Clearly, D — z is a tournament. Since ¢ > 4, we see that d*(w;) = ¢ >
5] +2 > d*(vy). It follows that

dp(2) +dp(z) = [NT(wi)\{v2}| + [N (v2)\{w1}|

= (d"(w) = 1)+ (d (v2) = 1)

= (d"(w1) = 1) +[(n—1) —d"(vs)] — 1
> n—2=|V(D).

We will show that D is strong. It is obvious that D — w' is strong. By (6.2) or (6.3),
N~ (w') NV (Ty — vg) # 0 holds. Because d*(w') > 3, we have N*(w') NV (Ty) # 0.
Therefore, D is strong. By Lemma 5.11, z is in all i-cycles for i = 2,...,n — 2, and hence,
vow is in a Hamiltonian cycle of T'.

Assume now that d™(w') < 3. This implies that d*(w') = 2 and v’ = v; by (6.1).
Now, we see that 75 — w’, and it is not difficult to check that all out-arcs of w, are
pancyclic.
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Case 2. o(T —vy) = 2.

Let vy be the vertex which has minimum out-degree among all vertices in N*(v;). We
will prove that all out-arcs of v, are pancyclic.

Let © € N*t(vg) be arbitrary. If d™(z) > d¥(vs), then we are done by Lemma 5.12.
So, assume that d*(x) < d*(ve). This implies that z &€ N*(vy), i.e. © — vy, and hence,
vox is in the 3-cycle vozvyvs.

Let D be the digraph obtained by contracting vyvex to w. We show at first that D is
strong. Let y € V(D — w) arbitrary. It is sufficient to confirm that D contains a path
from y to w and a path from w to y. In fact, from the definition of path-contracting, we
only need to verify that T'— {v;, v, } contains a path from x to y and T' — {vy, 2} contains
a path from y to v;.

Since T — vy is 2-strong, T'— {vy, v2} is strong, and hence, T'— {v;, v} contains a path
from z to y.

Suppose now, to the contrary, that T'— {vy, 2} contains no path from y to v;. Let

Z ={ze€ V(I —{ve,z,y}) | T — {vq, 2} contains a path from y to z}.

By (6.1), we see that Z # (. In particular, v; € Z and v; — Z. It follows that
N*t(y) € ZU{vg,x} and Z U {y,v2} € N*(vy). This implies d*(y) < |Z| 4+ 2 < d* (1),
a contradiction to (6.1). Therefore, T'— {vs, x} contains a path from y to v;.

Now, for the strong digraph D, we have

dp(w) +dp(w) = [NT(@)\{vi}| + N7 (v1)\{z}]

= (d"(z) = 1)+ (d (v1) = 1)

= (d(z) =1 +[(n-1)=d ()] -1
> n—2=|V(D)|,

where the inequality follows from (6.1). According to Lemma 5.11, w is in an i-cycle for
all 2 < ¢ < |V(D)|. Thus, vex is in a j-cycle in T for all 4 < j < n.
Altogether, vz is pacyclic in T'. The proof of the theorem is completed. i

Remark 6.4 1. Theorem 6.3 shows that Conjecture 5.8 also holds for o(T) = 2.

2. According to the proof of Theorem 6.3, it is not difficult to get a polynomial algorithm
to find two vertices vy,ve in a tournament T with o(T) = 2 such that all out-arcs
of v1 and all out-arcs of va are pancyclic.

Combining Theorem 6.1 and Theorem 6.3, we reach the following corollary:
Corollary 6.5 FEach 2-strong tournament T contains at least 2 vertices vy, vy such that

all out-arcs of v; are pancyclic for v =1, 2.

6.2 QOut-arc Pancyclic Vertices in 3-strong Tourna-
ments

In this section, we show that Conjecture 5.8 also holds for ¢(T") = 3.
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Theorem 6.6 (Feng [52]) Every 3-strong tournament T contains 3 vertices whose all
out-arcs are pancyclic.

Proof. For convenience, denote 67(7") = q. Note that ¢ > 3. Let M = {z|d*(z) = ¢}.
By Lemma 5.12, all out-arcs of each € M are pancyclic. If |M| > 3, then we are done.
Assume that |[M| < 2.

By Theorem 6.1, one can choose u, v, satisfying the following conditions:

(1) d¥(u) = 67(T),
(2) uw — vy and d*(v1) = min{d" (x) |z € N*(u)},
(3) all out-arcs of w and vy are pancyclic in 7.

In the following, we find a desired vertex apart from u, v1. Let N (u) = {vy, va, ..., v}
If d*(v;) = d* (vy) for some 2 < i < g, then all out-arcs of v; are also pancyclic. So, we can
assume that d*(vy) < d™(vg) < d¥(vs) < ... < d"(v,). Let NT(vy) = {wy,wa,...,ws},
and assume without loss of generality that d*(w;) < d*(w;) for 1 < i < j < s, where
s =d"(vy).

Claim A If vy — v; for some 2 <1 < q, then there is a vertexr vy # v, whose out-arcs
are pancyclic.

Proof. Let k be the index such that vy — v, and v; — vy for all i < k —1if k£ > 2. By
Lemma 5.13, all out-arcs of vy are 4-pancyclic.

Let x € N*(vx). By Lemma 5.12, we only need to consider the case when d*(x) <
d(vg). Itz € V(T)\{va,...,v5_1}, then x — u, and hence, vyzuvy is a cycle of length 3.

If £k >2and z € {vg,...,v5_1}, then vix is in the 3-cycle vpaxviv,. Thus, all out-arcs of
vk are pancyclic. O
By Claim A, one can assume that v; — vy for i = 2,...,q. We consider the vertex vs.

Let x € NT(vy). Similarly, we consider only the case when d*(x) < d*(vg). If = # vy,
then  — w, since x ¢ N (u)U{u}. Let D be the digraph obtained from 7" by contracting
the path wvez to z. By Lemma 5.1, D is strong. From d*(z) > d*(u), it follows that

d}(2) +dp(2) dt(z) —14+d (u) —1
= df(z)—1+n—-1—-d"(u)—1
n—2+d (x)—dt(u)—1

n—2=[V(D).

Vv

By Lemma 5.11, z is pancyclic in D. As a result, vox is 4-pancyclic in T, and hence vyx
is pancyclic, since the cycle uvsxu is of length 3 and contains vyz.

For the arc vyvy, we consider the digraph D obtained from T by contracting the path
uvouy to z. Since T' is 3-strong, D is strong. We see that

dp(2) +dp(z) = d¥(v1)+d (u)
dt(v))+n—1—d"(u)
n—14+d"(vy) —d"(u)

n—1> V(D).

AV
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By Lemma 5.11, 2z is pancyclic in D, and then vyv; is 4-pancyclic in T'. If vyvy is in a
3-cycle, then we are done. So, assume that there is no 3-cycle containing vov;. It follows
that N*(v;) € Nt (vy) and N~ (vy) C N~ (v1). We have the following claim:

Claim B If w; — v; for some 2 < i < q and 1 < j <'s, then there is a vertex vy whose
all out-arcs are pancyclic.

Proof. We choose the index k such that N~ (vg) N N (vy) # 0, say w; — vy, and v; —
Nt(vy) forall2 <i<k-—1.

Let x € NT(vg). Similarly, we only need to consider the case when d*(z) < d*(vg). If
x € {vy,v9,...,v5_1}, then by considering the digraph D obtained from 7" by contracting
the path uvgx to z, we see by Lemma 5.11 and d*(z) > d¥(u) that vyz is 4-pancyclic.

Since vizw;vy is a 3-cycle, the arc vz is pancyclic. If x & {vq,vs, ..., v4_1}, then z — u,
and hence, vyruvg is a 3-cycle. By considering the digraph D obtained from 7' by con-
tracting the path uv,x to z, we see that v,z is pancyclic in T'. O

By Claim B, one can still assume that N*(u) — NT(vy). In other words, v; — wj,
1=1,2,3,...,qand j = 1,2,3,...,s. In the following, we prove that all out-arcs of w;
are pancyclic in T or there is another vertex apart from wu, vy, w; with the desired property.

Case 1. |M| = 2.

It is clear that d*(vy) = 67(T). Let x € N*(wy). Similarly, we only need to consider
the case when d*(z) < d*(wy). If  # u, then x — vy. So, wyz is in the 3-cycle wxviw;.
Note that d*(z) > d*(v;). By considering the digraph D obtained from T by contracting
the path viywx to z, it is not difficult to see that wyx is pancyclic in T' .

For the arc wyu, we consider the following two subcases:

Subcase 1.1. o(T) > 4.

Let D be the digraph obtained from T by contracting the path viwiuve to z. By
Lemma 5.1, D is strong. If d*(vg) > d*(vy) + 2, then

d}(2) +dp(z2) dt(vy) —24+d (v1) — 2
dt(v) —=24+n—1—d"(vy) — 2
n—34+d"(vy) —dt(vy) — 2.

n—3=|V(D).

AV

By Lemma 5.11, z is pancyclic in D, and then wyu is 5-pancyclic in T'. Since wju is in
the cycles wiuviw, and wiuvsviwy, the arc wyu is pancyclic in T

So, assume that d*(vy) < d*(v1)+1. Since d* (ve) > d* (vy), we have d*(vy) = dt (v1)+
1. Recalling that vo — vy and vy — w;, 1 <4 < ¢, it is clear that N (vg) = N T (vy)U{v; }.
This implies that v; — vg, i = 3,...,¢. Then d*(v3) > d*(v1) + 2. By considering the
digraph D obtained from T" by contracting the path v;w uvs to z, it is not difficult to see
that wyu is pancyclic in T'. Thus, we see that all out-arcs of w; are pancyclic in 7.
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Subcase 1.2. o(T) = 3.

Let Dy be the digraph obtained from 7' by contracting the path vywyuvy to 25 and Ds
the digraph obtained from T by contracting the path viwyuvs to zs.

If Dy and D3 are strong, then we see by a similar argument as in Subcase 1.1 that
wiu is pancyclic.

So, assume that either D, or D3 is not strong. For ¢ = 2,3, let

A; ={z € V(T)\{u,v;, w1} ,| vy is reachable from = in T' — {u,v;, w1 } },

B; = {y € V(T)\{u,v1, w1 } |y is reachable from v; in T" — {u, v1,w; }},
A; = V(T)\(A; U{u,vy,v;,w1}) and B, = V(T)\(B; U {u, vy, v;, w1 }).

If D; is not strong, then either A; # () or B; # ().

If A; # 0, then 4; U {v;} — A;. Thus, o(T — {u,v;,w;}) = 0. By Lemma 5.10, we
see that wyu is 5-pancyclic in T'. Considering the cycles wyuv,w; and wyuv;v1wy, the arc
wyu is pancyclic in 7.

If B; # (), then B; — B; U{v;}. Thus, o(T — {u,vy,w;}) = 0. By Lemma 5.10, we see
that wyu is 5-pancyclic in T'. Moreover, wyu is pancyclic in T

Case 2. |[M| = 1.

Note that d*(vy) > d™(vy) > d*(u). Let x € N (w;). We only need to consider the
case when d*(z) < d*(w;). Since N*(u) — Nt (vy), we see that © ¢ N (u).

Subcase 2.1. o(T) > 4.

Consider the case when x = u. With a similar argument as in Subcase 1.1 for the
digraph D; obtained from T by contracting the path vywiuv; to z;, i = 2,3, we see that
wiu is pancyclic in 7T'.

For the case when = # w, it is clear that * — wwv;. Note that w,x is in the cycles
wizviw; and wiruvw.

We consider the digraph D obtained from 7" by contracting the path uvyw,x to z. By
Lemma 5.1, we see D is strong. If d*(z) > d*(u) + 2, then

dh(z)+dp(z) = df(z)—2+d (u) —2

df(x) —24+n—1—d"(u) —2
n—3+dt(z)—d(u)—2
n—3=|V(D)|.

AVAN

By Lemma 5.11, z is pancyclic in D, and then w;z is 5-pancyclic in T'. Furthermore, w;x
is pancyclic in T

So, assume that d*(z) < d*(u)+ 1. Since d*(z) > d*(u), we have d*(z) = d*(u) + 1.
It follows that d*(y) > d*(z) for all y € V(T)\{u}. By Lemma 5.12, we see that xy is
pancyclic for all y € N*(z)\{u}.

Since d*(vg) > d*(u) 4+ 2, we have d*(vg) > d*(x) + 1. Considering the digraph D
obtained from 7T by contracting the path zuwvs to z, we see that xu is 4-pancyclic. If zu
is contained in a 3-cycle, then x is a desired vertex.
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For the case when there is no 3-cycle containing xu, we see that N*(x) = N*(u) U
{u} and N~ (x) = V(T)\(N*(u) U{u,z}). Let D; be the digraph obtained from T by
contracting the path vywyzv; to z; for ¢+ = 2,3. By a similar argument as in Subcase 1.1,
we see that wyx is pancyclic.

Thus, we see that if zu is not pancyclic in T', then w; is a desired vertex.

Subcase 2.2. o(T) = 3.

For the arc wyu, we consider the digraph D, (Djs, respectively) obtained from T by
contracting the path vjwjuve (viwyiuvs, respectively) to zo (z3, respectively). With a
similar discussion as in Subcase 1.2, we see that wyu is pancyclic in T

Consider the arc wyx, x # u. It is clear that  — wv,. So, we see that w;z is in the
cycles wirviw; and wyruv;wy .

Let D, be the digraph obtained from 7" by contracting the path uv,wix to w.

At first, we consider the case when D,, is strong. If d™(z) > d*(u) + 2, then

df, (w) +dp (w) dH(z) —2+d (u) — 2
df(x) —24+n—1—d"(u) —2
n—3+d"(x)—dt(u) —2
n—3=|V(Dy)l-

AVANI

By Lemma 5.11, w is pancyclic in D,,, and then w;z is 5-pancyclic in T. Moreover, w;x
is pancyclic in T

For the case when d* (z) < d*(u)+1, we have d*(z) = d*(u)+1, since d* (x) > d* (u).
It follows that d*(y) > d*(z) for all y € V(T)\{u}. By Lemma 5.12, we see that xy is
pancyclic for all y € N*(z)\{u}.

Since d*(vg) > d*(u) 4+ 2, we have d*(vg) > d*(x) + 1. Considering the digraph D
obtained from 7' by contracting the path zuwv, to z, we see that xu is 4-pancyclic. If zu
is contained in a 3-cycle, then x is a desired vertex.

So, assume that there is no 3-cycle containing xu. This implies that N*(z) = N (u)U
{u} and N~ (z) = V(T)\(N*(u) U {u,x}).

Let Dy (Ds, respectively) be the digraph obtained from 7' by contracting the path
viwixve (vywizvs, Tespectively) to zp (z3, respectively). By a similar argument as in
Subcase 1.2, it is not difficult to see that w;x is pancyclic in T’

At last, consider the remaining case when D,, is not strong. Let

A= {y € V(T)\{v1, w1, x}|u is reachable from y in T" — {vy,wy, x}},

B ={y € V(T)\{u, v, w1} |y is reachable from = in T — {u, vy, w;}},
A=V(T\(AU{u,v1,wi,2})  and B =V(T)\(BU{u,v1, w1, z}).

If A+# 0, then AU {u} — A. Thus, o(T — {v;,w;,2}) = 0. By Lemma 5.10, we
see that wyx is b-pancyclic in T. With the cycles wixviw, and wiruv,wy, the arc wix is
pancyclic in T'.

If B# 0, then B— BU/{z}. Thus, o(T — {u,v;,w;}) = 0. Let Ty, Ty, ..., T, (r >2)
be the strong components of T'— {u, vy, w;} with T; — T for 1 <i < j < k. By Lemma
5.10, we see that N~ (T1) = {u, vy, w1} = NT(T}).
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If z € V(T;) for some i < r, then it is not difficult to see that w;x is pancyclic in 7.
For the case when « € V(T,), we consider T,. Recalling that d*(z) > d*(u) > 3 for all
z € V(T)\{u}, it is clear that t, = |V (T})| > 4.

By Theorem 5.5, T, contains a vertex u; whose out-arcs are pancyclic in T,.. If uyz €
A(T) for some z € {u,vy,w }, then it is easy to check that u;z is pancyclic in T

For some arc w1y € A(T}), let ujus ... u;,u; be a Hamiltonian cycle of T, with ujus =
u1y. Since T' is 3-strong, we see that [N~ ({u, v, wi}) N (V(T,)\{u1})| > 2. Moreover, it
is not difficult to check that u,y is pancyclic in T

Therefore, we see that if o(T" — {u,vy,w1}) = 0, then either all out-arcs of w; are
pancyclic in T or there is another vertex whose out-arcs are pancyclic in 7. The proof is
completed. i

Remark 6.7 Conjecture 6.2 is still open for o(T) = 2.

6.3 Out-arc 4-pancyclic Vertices

In Section 6.1, 6.2, we showed that Conjecture 5.8 is true for o(7T") = 2, 3.

In[83], Yeo gave for all k € N an infinite class of k-strong tournaments, each of which
contains at most 3 vertices whose out-arcs are pancyclic. Those give rise to the question:
How many vertices does a k-strong tournament contain such that all out-arcs of those
vertices are 4-pancyclic?

In this section, we will prove that an s-strong tournament contains s+ 1 vertices whose
all out-arcs are 4-pancyclic, where s > 2. At first, we consider the case when s > 3.

Theorem 6.8 (Feng, Li and Li [53]) Every s-strong tournament T with s > 3 con-
tains at least s + 1 vertices whose all out-arcs are 4-pancyclic.

Proof. Let |V(T)| = n. Since T is at least 3-strong, it is clear that n > 7. Let u; € V(T
with d*(u;) = min{d*(u) |u € V(T)}. According to Lemma 5.12, all out-arcs of u; are
pancyclic. Let NT(uy) = {21, x9,...,24}. It is clear that s <t < [”T_IJ

Let A ={z € Nt(u1) | N~ () N N"(uy) = 0}. It is easy to check that |A4] < 1. If
|A| = 0, i.e. every vertex of N*(u;) is dominated by another vertex of N*(uy), then
by Lemma 5.13, all out-arcs of z; are 4-pancyclic for i« = 1,2,...,¢t . Recalling that all

out-arcs of u; are pancyclic, we have ¢ + 1(> s + 1) desired vertices.

Now, consider the case when |A| = 1. Without loss of generality, assume that A =
{z1}. Because T[N*(uy)] is a tournament, we have x; — xz; for j = 2,3,...,t. By
Lemma 5.13, we see that all out-arcs of z; are 4-pancyclic for j = 2,3,...,¢. Considering

the pancyclicity of u;, we have t desired vertices. In the following, we find the (¢ + 1)-th
vertex whose all out-arcs are 4-pancyclic.

Let W = N*(21)\N"(u;). Because of d™(x1) > d*(uy), we have W #£ (). If there is a
vertex y € W with d*(y) = d* (uy), then y is the desired vertex according to Lemma 5.12.
So, assume that d*(y) > d*(uy) + 1 for all y € W. Now, we confirm that all out-arcs of
x1 are 4-pancyclic.

For a vertex y € N (z1), let D,, be the digraph obtained from T by contracting u;z1y
to w , where w ¢ V(7).
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If y € W, then yu; € A(T). From d*(y) > d*(uy) + 1, it follows that

dp,(w) +dp, (w) = |[NT(y)\{ur} + [N (u)\{y}]
= d+(y) —1+d (u)—1
= d'(y) -1+ h—-1-d"(u)] -1
> n—2= V(D).

By Lemma 5.11, w is in a j-cycle of D,, for j =2,3,...,n— 2, and than there is a k-cycle
in T containing x,y for k =4,5,... n.

Now, we consider the case when y € W, i.e. y € Nt (uy). By using an analogous
argument to Case 1 in Lemma 5.13, we see that z,y is 4-pancyclic.

Therefore, T' contains at least d™(u;) +1 =t + 1 > s+ 1 vertices whose all out-arcs
are 4-pancyclic. The proof of the theorem is completed. i

In the following, we consider exactly 2-strong tournaments.

Theorem 6.9 Fach tournament T with n vertices and o(T) = 2 contains at least 3
vertices vy, v9, V3 such that all out-arcs of v; are 4-pancyclic for i1 =1,2,3.

Proof. Since T is 2-strong, Theorem 6.3 indicates that T" contains 2 vertices vy, v9 such
that all out-arcs of v; are pancyclic for i = 1,2. Without loss of generality, let d*(v;) =
min{d*(z) |z € V(T)}.

If there is z € V(T)\{v1,ve} with d*(z) = d*(v1), then by Lemma 5.12, all out-arcs
of z are pancyclic, and we are done. So, we assume that

dt(z) > d"(vy) > 2 for all z € V(T)\{vy,v2}. (6.4)

It is sufficient to find another vertex whose out-arcs are 4-pancyclic. Let S = {vy, v}
and H =T — S. Consider the following three cases:

Case 1. o(H) = 0.

Let T1,T5,...,T; (t > 2) be the strong components of H. It is clear that for each
i € {1,2,...t}, T; is a single vertex or contains a Hamiltonian cycle by Theorem 5.9.
Assume without loss of generality that the strong components 17,75, ...,T; of T have
been labeled such that T; — Tj for 1 <i < j <t. Note that N*(T;) =S = N~ (T1). In
particular, the final strong component 7} contains at least 3 vertices by (6.4).

For the case when |V (T})| = 3, let T, = xjxowszy. It is easy to see from (6.4) that
T, — S. Since d"(vy) > 2 and T is 2-strong, we have n > 7. Furthermore, it is
easy to check that the subtournament 7" — (S U V/(T})) contains a Hamiltonian path, say
U U3 . . . Uy_5, such that one of the following holds:

(i) If v; — vy, then v; — uy and vy — u, for some « satisfying 2 < a <n —5.
(ii) If vy — vy, then vy — w; and v; — u, for some « satisfying 2 < o <n — 5.

We have the following claim:
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Claim A The three out-arcs of x; are pancyclic fori=1,2,3.

Proof. Without loss of generality, we only check the vertex x; for the case when v; — v,.
For the arc x1xo, we see that x122x321, T1X201UIT1, T1T2VIULL3T, T1TVIUT . . . U;T3T]
for i =2,...,n — 5 are cycles of length 3,4,...,n — 1, respectively. In addition,

T1X20V1UY -« . Uq—1T30V2Uq, -« - - Up—5T1

is a Hamiltonian cycle of T'. Hence, x5 is pancyclic.

Since T101U1T1, T1UV1UIT3T1, TV UL T3, T1UV1ULUY . . . U; XX 3T for i = 2, e, = 5
and TV Uy . .. Uq_1T2VoUg - - . Up_5T321 are cycles in T, the arc xiv; is pancyclic.

For the arc x1vy, we see that r1v2UaT1, T1VULT3T1, T1V2UGT2TIT1, T1VoUg - . . U;T2T3T]
for i = a,...,n =5, T1VUq ... Up_5T3V1U1 T ANd T VU4 . . . Up_5ToT3V1U . .. U; T fOr
j=1,...,a—1 are cycles in T. Therefore, x v is pancyclic. O

Now, we consider the case when |V (T})| > 4. Let £ = |V(T)| and let Cy = x1x9 . .. 2014
be a Hamiltonian cycle of T;.

At first, we show that |N~(vy) N V(T})| > 3. Suppose to the contrary that [N~ (vy) N
V(T;)| < 2. Then we have |[N*(v;) N V(T})| > ¢ — 2. Since v; dominates at least one
vertex in 74, it holds: d*(v;) > ¢ — 1. Now, we look at the vertex, say z;, with minimum
out-degree among all vertices in 7. It is clear that [N (z;) N V(T3)| < [52]. Thus, we
have

dt(z) = df(z) + di(z) < |2 +2 < |52+ [B2] =0 -1 < dF(w),
a contradiction to (6.4). Therefore, it holds
[N~ (v1) N V(T})| > 3. (6.5)

By Theorem 5.5, the subtournament 7; contains a vertex, say u, whose out-arcs are
pancyclic in T;. By Remark 5.6, we can choose u such that df, (u) < [5*].

Assume without loss of generality that the vertices of the Hamiltonian cycle C; have
been labeled with x;, = u. We will show that either all out-arcs of x, are pancyclic or
there exists another vertex apart from vy, v9, z, whose out-arcs are pancyclic. Let z, — w
be an arc of T'.

Subcase 1.1. w € V(1}).

By the choice of z,, the arc x,w is in an i-cycle for i = 3,4, ..., ¢. Assume without loss
of generality that C; has been the Hamiltonian cycle of T;, which contains the arc z,w,
i.e. w = x1. Moreover, we notice from (6.5) that there is an integer 8 € {1,2,...,¢ — 2}
with x5 — v;.

Because {vi,v2} = N~ (T}) and T} is a single vertex or it contains a Hamiltonian
cycle, it is obvious that the subtournament 7" — (S U V(1)) contains a Hamiltonian
path, say ujus ... up—o—p (Wjuly...ul,_,_,, respectively) with v; — u; (vo — uf, respec-
tively). It is easy to see that z,xy...zgv1u1Zs42... 2 is a cycle of length ¢ + 1 and
TgTy ... TFVIUY ... UjTa4q .. T¢ is a cycle of length £ + 14 j for j=1,2,...,n —2—(. It
remains to show that x,x; is also in a Hamiltonian cycle of T
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If v1 — vy, then xpxy ... xgv1veu] ... ul_5_,Tp41 ... 7 is a Hamiltonian cycle of T'. So,
suppose that vy — v;. If there is a vertex x, with 1 < < £ — 1 such that z, — vy,
then xyxy ... T4v201U; ... Up—2_¢T~41 - .. T¢ is @ Hamiltonian cycle of T'. Thus, assume that
vy — Ty — {w¢}. Since T is 2-strong, one obtains d~ (vg) > 2. So, [N~ (v2) N (V(T') —
(SUV(Ty))| > 1. Let us € N~ (vg) such that v — u; forall d+1 < j <n—-—2-1/
if 0 <n—2-—10 Weobtain x,x;...2501U; ... UsVUs41 - - . Up—2—¢T~41 - .- T¢ Which is a
Hamiltonian cycle of T'.

Subcase 1.2. w € {vy,v9}.

For convenience, we denote the other vertex in {vy,v9} by w’, i.e. {w,w'} = {v1,v2}.

By recalling that 7" — (V(7}) U {w,w’}) contains a Hamiltonian path starting at a
vertex in N (w), we can confirm, similar to Subcase 1.1, that the arc z,w is pancyclic in
T —w'. It remains to check whether the arc x,w is in a Hamiltonian cycle of T.

Suppose that T'— (V(T;) U {w,w’}) contains at least two vertices. Since T is 2-
strong, we see that if ny > 3, then [(N"(w) U NT(w")) NV (T1)| > 2 and if ny = 1, then
(N (w) U N+ (@) A V(T3)| 2 1.

Similarly to Subcase 1.1, let uyus . .. up—o_p (Wjuhy ... ul,_o_,, respectively) with w — uy
(w" — uf, respectively) be a Hamiltonian path of the subtournament 7" — (S U V/(T})). If
w — w', then we see that zyww'uju, ... uw, o ,2122... 2, is a Hamiltonian cycle of T

Now, consider the remaining case when w’ — w. Assume that there is a vertex x., with
1 <~y < {—1suchthat z, — w'. If n; > 3, then there is a vertex u; such that w — u;? for
some 2 <n <n-—2—/{ Wesee that xgwu% Uy g T T . TW UL UG .u%_lxﬂ,ﬂ .
is a Hamiltonian cycle of T. If n; = 1, then either N (w) NV (Ty) # ) or N*(w') N
V(Ty) # 0. So, we obtain a desired cycle either zpwul ... ul,_o @129 ... T WU Tyys ... T
or Tywu1x1x2 . .. LE,Y'LUIU/Q e Un—2—pTry1 .- Ty

Assume that w' — T; — {z,}. Recalling that d=(w’) > 2, we have |[N~(w') N (V(T) —
(SUV(T}))| > 1. Let us € N~ (w') such that w’ — uj forall § +1 < j <n—2-—/7if
0 <n—2—/L. Then zywuy ... uswusiy... .Uy o2 _pT1...2, 18 a desired Hamiltonian cycle
of T

Suppose now that T — (V(7T;) U {w,w'}) contains exactly one vertex w;. Note that
t =2 and {w,w'} — wy.

If w — W', then zyww'wix125 . .. 2, is a desired Hamiltonian cycle of T'. So, we consider
the case when w' — w.

Assume that d*(w’) > 3. Let D be the digraph obtained from T by contracting the
path z,ww; to z. Clearly, D — z is a tournament. Since ¢ > 4, we see that d*(w;) = ¢ >
|5 +2 > d(x). It follows that

dp(z) +dp(z) = |[NT(w)\{ze}| + [N (z)\{wi}]
= (@ (w) = 1)+ (d () — 1)
(@ () = 1)+ (= 1) = d* () — 1
> n—2=|V(D)|.

We will show that D is strong. It is obvious that D — w’ is strong. By d~(w') > 2,
N~ (w") NV (Ty — x;) # 0 holds. By the assumption that d*(w’) > 3, we have N*(w’) N
V(Ty) # 0. Therefore, D is strong. By Lemma 5.11, z is in all i-cycles for i = 2,... ,n—2,
and hence, x,w is in a Hamiltonian cycle of T'.
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Assume now that d(w’) < 3. This implies d*(w') = 2. Since w’ — w and W' — wy,
we see that T, — w'. By w; — T, it is not difficult to check that all out-arcs of w; are
pancyclic.

Case 2. o(H) = 1.

We have the following claims.

Claim B Let w be a vertex in H, whose all out-arcs are pancyclic in H. If vi — w and
vy — w, then all out-arcs of w are pancyclic.

Proof. Let wz be an arbitrary out-arc of w. Since wz is pancyclic in H, we only need to
show that 7" contains an (n — 1)-cycle through wz and a Hamiltonian cycle through wz.

For convenience, we denote one of {vy,v2} by v and another by v'. Without loss
of generality, let vo' € A(T). Let wjuy...u,_ou; be a Hamiltonian cycle of H with
uyuy = wz. Since T' is 2-strong, we see that d~(v') > 2, and then d(v') > 1. So, there
is an index k, 2 < k < n — 2 such that uy — v and v — upy1...u,_2 if K <n—2. Now,
we obtain a desired (n — 1)-cycle ujug . .. upv' ugyy - . . Up_ouy.

If u; — v for some k < j < n — 2, then wusu;vv'ujtq ... up—ouy is a desired Hamil-
tonian cycle. So, assume that v — wuy...u,_2. Since d~(v) > 2, there is an index /¢,
2 < ¢ < k—1such that uy — v,v — upyq. Thus, uus ... UpVUELT . . UKV Ugy1 - . - Up_2U7
is a desired Hamiltonian cycle. O

Claim C If H contains a vertex w with df;(w) = 1, then either all out-arcs of w are
4-pancyclic in T or there is another vertex w' € V(H) with d*(w') = 3 whose all out-arcs
are pancyclic in T.

Proof. From (6.4), it follows that d*(v1) = 2, d"(w) = 3, w — v; and w — vy. Let x €
V(H) with w — z. It is easy to see that z is a separating vertex of H. Let T}, Ty, ..., T;
(t > 2) be the strong components of H —x with T; — T} for 1 < i < j <t. It is clear that
V(T;) = {w}. Since T is 2-strong, we see that (N (v;) U Nt (v2)) N V(T1) # 0. In what
follows, we denote a Hamiltonian cycle of T; by T; or C; = ajzy...x) , 1 <1 <t —1,
where n; = |V(T;)|, 1 <i <t. We only need to check whether the arcs wz, wv, and wu,
are 4-pancyclic in T'.

It is evident from (6.4) that d*(z) > d*(v1) + 1 = 3 = d"(w). By Lemma 5.12, the
arc wz is pancyclic in T. Now, we check wwv; in the following cases:

Case 1. v9 — x and v; — Vo1
It is obvious that ww; is 4-pancyclic.
Case 2. © — vy and v; — xVs.
It is easy to see that wv; is in a k-cycle for k = 4,5,...,n — 1. Since d*(vy) = 2, we

see that Ty — wvy. This implies that Nt (vg) N V(T1) # 0. So, wuizveTy ... Ty qw is a
desired Hamiltonian cycle of T'. Therefore, wv; is 4-pancyclic.
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Case 3. v; — x and vy — V1.

Clearly, wv; is in a k-cycle for k = 4,5,...,n — 1. It is sufficient to show that wwv;
is in a Hamiltonian cycle of 7. Assume to the contrary that T" contains no Hamiltonian
cycle through wuv;.

Note that vev; is pancyclic. So, vev; is in a 3-cycle. Since vov; — x, there is vertex
ue V(T) —{vy, v, w,z} with v; — u and u — vs.

At first, we consider the case when Nt (v)) N V(Ty) # 0. If [(NT(x) U NT(vy)) N
V(Th)| > 2, say x — x1 and v; — z}(= u) (i # 1), then we see that v, — Tj
for all 2 < j < ¢t —-11if ¢t > 3. In fact, ifx{ — vy for some 2 < j < t — 1,

1 1 o o 1 1. - Ton
then wuiz; ... 2, To .. . Tjqwy. .. 2], xyvea2y ... 2 1Tt ... Ti—qw is a Hamiltonian cycle,

a contradiction.

If ¢ > 3, then vy can be inserted into the path z} ...z} T5. So, we obtain a Hamiltonian
cycle through wwq, a contradiction.

Thus, we have ¢t = 2. Moreover, z} # x, and v, — ;. a Hamiltonian cycle either

WOLT,, VoZL] ... L)y W OF WULT] ... Ty VaZZy ... Zj_yw through wovy, a contradiction.

Since z} — vy and vy — x, , we see that v, can be inserted into the path z} ...z} .
From the cycle wv,2Tiw, we obtain a Hamiltonian cycle through wwy, a contradiction.

If INT(2)UNT(v))NV(Ty)| =1, say {z1} = (NT(z)UNT(v;))NV(T}), then z1 — vy.
Since d*(z) > 3, we see that ¢ > 3.

If ny > 3, then N*(vy) NV (T7) # (0. Analogously, v, can be inserted into the path
zi...x, . Then we obtain a Hamiltonian cycle through wvy, a contradiction.

If ny = 1, then Ty...T,_y — wvy. Otherwise, v, can be inserted into the path
TiT,...T;_1. Then we obtain a Hamiltonian cycle through ww;, a contradiction. Since
T is 2-strong and Ty...T;,—1 — vy, we see that NT(z) NV (Ty) # (. Thus, we obtain a
Hamiltonian cycle wleivngg ... Ty _jw through wwvy, a contradiction.

Now, consider the case when N T (v;)NV(T}) = 0. This implies that Nt (vy) NV (T3) #
(). Since d*(vy) = 2, we see that ¢ > 3 and there is another out-neighbor of v; in 7T; for
some 2 < ¢ < t—1, say . Note that v = 2 and 2% — wv,. Then we see that
woirivex Ty ... Ty 2h .. .xj”TiH ... T,_jw is a Hamiltonian cycle, a contradiction.

Case 4. v1 — x,x — vy and vy — ;.

It is sufficient to show that wwv; is in a Hamiltonian cycle. If N*(vy) NV (1Y) # 0, then
wvrzveTy ... Ty qw is a desired Hamiltonian cycle. So, suppose that Nt (ve) NV (T7) = 0,
i.e. T — vy Since d™(vy) > 2, we have t > 3 and vy, — % for some 2 < i < ¢ — 1.
It is easy to see that v, can be inserted into the path 7} ...7T; ;. Thus, we can obtain a
desired Hamiltonian cycle.

Case 5. x — v1,v1 — V9 and vy — .

Obviously, wvivexTiTs ... Ty_1w is a Hamiltonian cycle. From this cycle, we can easily
obtain a k-cycle containing wv; for k = 5,6,...,n — 1. Since d*(vy) > 2, we see that
N (v) N V(T — {v1,w,x}) # 0. Then T contains a 4-cycle through wv.
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Case 6. © — vy and zv; — V9.

At first, consider the case when Nt (vy) N V(T1) # 0. Since wviveTy ... T qw is a
cycle, it is easy to see that wwvy is in a k-cycle for k =n —1,n —2,...,4. It is sufficient
to show that wv; is in a Hamiltonian cycle of T. Assume to the contrary that 7" has no
Hamiltonian cycle containing wwvy.

If n; > 3, then we confirm that |[(NT(ve) UNT(z)) NV(T1)| = 1. Otherwise, assume
that vy — 21 and  — x} with £ # 1. Then we see that x — T} for j = 2,3,...,t — 1 if
t > 3. In fact, with x{ — x for some 2 < j <t — 1, we obtain a Hamiltonian cycle

w vy .. 2y Ty .. .Tj,lxé e x{%j xlxa . .x}HTjH S Tw,
a contradiction. Since d~(z) > 2, we have N~ (x)NV(T1) # 0. It is not difficult to see that
x can be inserted into the path vyT7T5 if ¢ > 3. Furthermore, we obtain a Hamiltonian
cycle containing wv; for the case when ¢ > 3, a contradiction.

We consider the case when ¢ = 2. If x can be inserted into the path vz ...x,, ,
then 7" has a Hamiltonian cycle containing wv;, a contradiction. Since d~(z) > 2 and
NT(z)NV(Ty) # 0, there is a vertex z}, for some 2 < k < ny —1, satisfying =} ...z} — =z

and x — xi...z2}_,. Because d*(vy) > 2 and Nt (vy) C V(T1), we have ]N*(lvz) N
V(Ty)| > 2, say vy — ZL‘}, 2 < j < mny. So, we see that wvlvgx} .. x#lxx% .. .x}_lw is a
Hamiltonian cycle containing wuv, a contradiction. Thus, |(NT(v2)UNT(2))NV(T1)| = 1,
say (Nt (vy) UNT(z)) NV (Ty) = {x}}. Recalling that n; > 3 and T — z} is strong, there
is o, with k& # 1 and v; — 2. So, wuyzy ...z} avext ... xp_ Ty ... T)_yw is a Hamiltonian
cycle, a contradiction.

Therefore, we have ny = 1. It is clear that ¢ > 3. Since d*(vy) > 2, there is an
out-neighbor of v, in Ty for some 2 < ¢ <t — 1, say 4. Analogously, we see that z — T
forg=1+¢...,t—1

Since d~(x) > 2, the path Q = Ty...T, ;2| contains an in-neighbor of z. Since
x — x% | z can be inserted into Q. Thus, we obtain a Hamiltonian cycle containing wv,
a contradiction.

At last, consider the case when N*(vy) NV(T1) = 0, i.e. Ti — vq. This implies that
N*(v) NV(Th) # 0, say vi — xj.

Let D be the digraph obtained from T by contracting wv,x] to z. Since d~(z) > 2,
we see that all vertices are reachable from z in D. Since d*(vy) > 2, we see that ¢ > 3
and there is an out-neighbor in 7; for some 2 <7 <t — 1. It is clear that z is reachable
from all vertices of D. Thus, D is strong.

From d*(vy) > 2, it follows that |V(T) — {vy, ve,w, 2z} UV(T})| > 2. So, d™(x1) > 4.
Furthermore, we have

dp(z) +dp(2) d*(zy) —14+d~(w) - 1
d¥(zl) —14+n—-1—-d"(w) -1
n—2+d(z1) —4
n—2=|V(D)].

AVAN

By Lemma 5.11, we see that z is in a f-cycle for ¢ = 2,3,...,|V(D)|, and then wuv; is
4-pancyclic in T
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Case 7. © — vy and vy — x0;.

Since vovy is pancyclic, vovy is in a 3-cycle, i.e. thereis a vertex u € V(T')—{vy, vo, w, z}
with v; — u, u — vs.

If u e V(T;) for some 2 < i <t — 1, then woyuvezTy ... Ty 1(T; — {u})Tiyq ... Tiqw
is a Hamiltonian cycle containing wwv;. From this cycle, it is easy to see that wv; is in a
k-cycle for k =6,...,n — 1. Since d*(v;) = 2, we see that T has a 3-cycle and a 4-cycle
containing wuvy.

If w — x, then one may obtain a desired 5-cycle from wvyuxTiw.

Assume that z — w. If N*(vy) N V(Ty) # 0, say vg — z1, then wvjuveriw is a
desired cycle. Thus, we consider the case when N*(vy) N V(Ty) = 0, ie. T7 — ws.
Clearly, N (v1) N V(T}) # 0, say v; — w1. For the case when |V (T) — {vy, vo, w,z}| >
3, it is easy to obtain a desired 5-cycle through wwv;. For the remaining case when
|[V(T) — {v1,v2, w,x}| = 2, we have d"(u) = 2, a contradiction to (6.4).

In the following, assume that T; contains no vertex u such that v1 — w and u — vy
fori=2,...,t —1if t > 3. This implies that v € V(T}), say u = z1.

Let D be the digraph obtained from T by contracting wv,z} to z. Since 1 — vy, vy —
x and d™(x) > 3, it is not difficult to see that D is strong. If d*(z1) > 4, then

di(z) +dp(z) = dF(z7) —14+d (w)—1

dt(zh) —14+n—-1-d"(w) -1
dt(z}) —1+n—-1-3-1
n—2+dt(z})—4

n—2= V(D)

Vv

By Lemma 5.11, we see that z is in f-cycle of D for £ =2,3,...,|V(D)]|, and then wuv; is
pancyclic.

If d*(x]) < 3, then d*(x1) = 3 follows from (6.4). It is clear that z — =1 (otherwise,
NT(z{) = {vg,z,w}, and hence, n; = 1 and ¢t = 2, a contradiction to the fact that
Nt (x) NV (Ty) # 0). So, we only need to consider the following cases:

(a) ny =1,t=3and ny = 1.
(b) ny >3, t=2and dj, (z1) = 1.

For (a), we see that zv; — 2%, since d*(v;) = 2 and d(z) > 3. So, d™(2?) < 2, a
contradiction to (6.4). By considering (b), it is easy to see that wwv; is in a ~y-cycle for
y=3,4,...,n—2.

If © — x3, then wvzivozay ...z}
length n — 1 and n, respectively.

Assume that z} — x. Since d¥(z) > 3, there is a vertex x} such that 2 <i <mn; — 1,

xy...xp — r and  — 2} ;. Then we obtain a desired (n — 1)-cycle

w and wuiz{vexxy . .. ), w are desired cycles of

WO .. T T .x,lllw.

It is sufficient to find a Hamiltonian cycle containing wwvy .
We only need to consider the case when vy — z}. Since 1 — vy and 7 > 2, we see
that v, can be inserted into the path z1...z}. Thus, wv; is in a Hamiltonian cycle.



6.3. OUT-ARC 4-PANCYCLIC VERTICES 79

Case 8. v9 — v1 and x — vyvy.

Since vov is pancyclic, there is a vertex u € V(T') — {vy,ve, w,z} with v; — u and
u — vy. Let u € V(T}) with k = min{i |v € V(T;),v; — v,v — v}.

We consider the digraph D obtained from T by contracting wvyu to z. Since d*(vy) > 2
and d~(z) > 2, all vertices of D are reachable from z. With & — s, it is visible that z is
reachable from all vertices of D. Thus, D is strong. If d*(u) > 4, then we have

dh(z) +dp(2) u)—1+d (w)—1

d*(u)
df(u)—1+n—-1—d"(w)—1
d*(u)

u)—14+n—-1-3-1
n—2+d(u) —4
n—2=|V(D)|.

IV

By Lemma 5.11, we see that z is in (-cycle for ¢ = 2,3,...,|V(D)|, and then wv; is
4-pancyclic.

From (6.4), we have d*(u) > 3. It remains to consider the case when d*(u) = 3, i.e.
to consider the following three cases:

(a) ng >3, 2 —u, k=t—1anddj (u) = 1.
(b) np =1, u—zand k=t —1.
(c)mpg=1,z—>u k=t—2and n_; = 1.

If2 <k <t—1,then N*(v)NV(T7) # 0. Otherwise, Ty — vy and Nt (v)NV (T1) # 0,
a contradiction to the choice of w. It is not difficult to see that wwv; is in a 7-cycle for
v =3,4,...,n — 1. It is enough to find a Hamiltonian cycle containing wv,. If u — x,
then we are done. So, assume that r — wu.
For (a), without loss of generality, let u = x~*. If there is a vertex mz-_l — x, then the
t—1 t—1 t—1 t—1

cycle wvixy o vl .. .Tt,ijH .2, w is desired. So, assume that x — T;_;.

Since d~(x) > 2, we see that z can be inserted into T ...T; o5 '. Then we are done.

For (c), we only need to consider T,_; — x. Analogously, wv,uz’ 'zv.Ty ... T,_sw is
a desired cycle.

Now, we consider the case when k& = 1. Without loss of generality, let u = x1. Note
that the case (b) is impossible, since N*(x) NV (T1) # 0.

For (c), we have t = 3, T} = x1, Ty = 23, v; — ziz?7 and x] — vy. From d~(z) > 2
and d*(vy) > 2, it follows that vy — 27 and 2? — z. So, d*(z}) = 2, a contradiction to
(6.4).

For (a), it is easy to see that wwv; is in a y-cycle for v = 3,4,...,n—2. Since d*(vy) > 2,
there is a vertex z} such that 1 <4 <mn;—1, z1...2; — vy and v — x},,. Then we obtain
a desired (n—1)-cycle wuyxy ... xjvawy,, ... o) w. It is enough to find a Hamiltonian cycle
containing wuv;.

Assume to the contrary that 7" has no Hamiltonian cycle containing wv;. Then x —

x1...z; and there is an index j, i +1 < j < ny — 1, such that zj,,...2, — z and

ni
r—xi.. . zh

j
If ¢ > 2, then wuyzjvex), ... 2} xxy ... xjw is a Hamiltonian cycle containing woy,

a contradiction. Thus, ¢« = 1. If x% — w1, then we have v; — x} for some 3 < 7 <



80 CHAPTER 6. OUT-ARC PANCYCLICITY OF VERTICES IN TOURNAMENTS

ny, and hence, wu xy ... o) xx{voxy ... xj_qw is a Hamiltonian cycle containing wvy, a
contradiction. So, v; — x3. Note that xv; — x}, 71 — vy and vov; — .

At this point, we show that all out-arcs of z1 are pancyclic. Since d*(z}) = 3, it is
clear that d*(z}) > d*(z}) and d"(w) = d*(x}). By Lemma 5.12, we see that z}z} and
riw are pancyclic in T.

For the arc zjve, we see that zivovixi, zivezizizi, zlvovizizlzl, ziveviziwzx],
Tivgui s . .. xjwzxi for £ =3,...,ny are cycles of T. Thus, zjv, is pancyclic in T'.

It is remains to check the arc wvy. If d*(vy) > d¥(w), then by Lemma 5.12, we are
done. So, assume that d¥(vy) < d*(w). From d*(ve) > d*(v;) = 2 and d*(w) = 3, it
follows that d*(vy) = 2. With a similar discussion as above, the arc wv, is 4-pancyclic in
T. O

In what follows, we only consider the case when 7 (H) > 2.
Claim D Suppose that 6T (H) > 2. Let w be a vertex in H satisfying
d};(w) = min{d};(u) | u is not bridgehead of H}.

If d*(w) = df;(w)+1, then either all out-arcs of w are 4-pancyclic in T or there is another
vertex w' & {vy,ve, w} whose out-arcs are 4-pancyclic in T.

Proof. By Theorem 5.5, it is clear that w is an out-arc pancyclic vertex of H. For
convenience, we denote one of {v1, v} by v and another by v'. Without loss of generality,
let w — v and v/ — w.

Let wx be an arbitrary out-arc of w. By Lemma 5.12, we only need to consider the
case when d*(z) < d*(w) in the following two cases:

Case 1. x© # v.

It is clear that = € V(H). Since wz is pancyclic in H, we only need to show that T
contains an (n — 1)-cycle through wz and a Hamiltonian cycle through wz.

Let C = wjus...u,_ou; be a Hamiltonian cycle of H, where ujus = wx. Since T
is 2-strong, we see that d~(v') > 2, and then dy(v') > 1. So, there is an index k,
2 < k < mn—2such that u, — v and v/ — wugy1...u, o if & < n — 2. Otherwise,
we have v/ — H and d~(v') < 1, a contradiction. Now, we obtain a desired (n — 1)-
cycle uqusg . . upV Ug 11 - . Up_ouy. We only need to show that there is a Hamiltonian cycle
containing wx.

Suppose to the contrary that 7' contains no Hamiltonian cycle through wz. We see
that v* — v. Otherwise, we have v — uy...u,_5. Since d;(v) = d (v) > 2, with a
similar discussion as in Claim B, we can obtain a Hamiltonian cycle of T" through wz, a
contradiction.

We confirm that z is a separating vertex of H unless all out-arcs of = are pancyclic.
Suppose that z is not a separating vertex of H, and hence, x is not a bridgehead of H.
According to the choice of w, we see that d};(z) > d};(w).

From d(w) = dj;(w) + 1 and d*(x) < d*(w) — 1, it follows that

d*(z) = dj;(z) = df(w) = d*(w) — 1.
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So, we see that z is also an out-arc pancyclic vertex of H. Since d*(z) = d};(z), we are
done by Claim B.

Let T3,...,T; (t > 2) be the strong components of H — {z} with 7, — T} for all
1 <i < j <t Denote a Hamiltonian cycle of T; by T; or C; = wjuj...u}, , where
n; = |V(T;)| for all 1 < i < t. Since dj;(w) > 2, we have n; > 3. Without loss of
generality, let uf ... u! uf be a Hamiltonian cycle of T} with uj = w.

From d*(z) < d™(w), it follows that dj;(x) < d};(w). By Lemma 5.3 and Remark 5.7

with w — x, it is not difficult to see that df, (w) < [ 252 ].
Subcase 1.1. v — x and x — v'.

If N*(v)NV(T1) # 0, then wav'vTy ... T,_quf . .. uj w is a Hamiltonian cycle, a contra-
diction. So, we have N*(v)NV (T}) = 0, i.e. Ty — v. This implies that N* (v )NV (1}) # 0.
Since d*(v) > 2 and Ty — v, we see that v can be inserted into T} ... T,_quf...uj .

Thus, wz is in a Hamiltonian cycle, a contradiction.
Subcase 1.2. © — v'v.

With a similar discussion as in Subcase 1.1, we are done.
Subcase 1.3. v/ — x and x — v.

If Nt(v) N V(Ty) # 0, then wavTy ... Ty_qub...uj w is an (n — 1)-cycle contain-
ing wx. Since d~(v') > 2 and v — w, we see that v/ can be inserted into the path
Ty ...Ty—qub ... u; w. So, we obtain a Hamiltonian cycle containing wz, a contradiction.
So, Nt*(v)NV(Ty) =0, i.e. Ty — v. This implies that N*(v') NV (T}) # 0. Moreover, if
ty > 3, then [(NT(v)U Nt (2)) NV (Ty)| > 2.

Since v'v is pancyclic, there is a vertex z such that v'vzv’ is a 3-cycle. If z € V(1))
for some 2 < j <t — 1, then wrvzv'Ty ... T (T; — 2)Tjqq ... Ti—qub . . ul, w is a Hamil-
tonian cycle, a contradiction. Thus, z € V(T;), say z = u}. It is not difficult to see that
v can be inserted into the path Ty ... T, qul .. u§ and v’ can be inserted into the path

t

uf ... ul,w. Thus, we obtain a Hamiltonian cycle from the cycle waTy ... T, yuj ... ul,w,

a contradiction.
Subcase 1.4. v'v — x.

Let © — uj. If N*(v)\{z,u}} # 0, then the digraph D is strong, where D is obtained
from T by contracting wzui to y. If n; > 4, then we have

dh(y) +dp(y) d*(u) =14 d™(w) - 1

dt(u}) =1+n—1—-d"(w)—1
n—2+d (uj) —d"(w) -1
n—2+n — |22 -2-1
n—2=|V(D)|.

VIV

By Lemma 5.11, D has a Hamiltonian cycle containing y, and then there is a Hamiltonian
cycle containing wx in T', a contradiction.
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For n, = 3, analogously consider the case when ny = 1 and t = 2. According to the
choice of w, we see that u, — x and v} — z. It follows that d};(ub) =1 or dj;(u}) =1, a
contradiction.

Thus, N*(v) = {x,ui}. This implies that u] — v’. Similarly, N*(z)\{u;} C V(T}).
It is easy to see that uf — x. Since d*(x) > d*(v) = 2, we have dj, (z) > 2.

Let 2z’ be an arbitrary out-neighbor of z in T;. We consider the digraph D’ obtained
from T by contracting wzxz’ to y'. Since Ty — v, it is clear that D’ is strong.

If d*(2') > d*(w), then we obtain a Hamiltonian cycle containing wax by Lemma 5.11,
a contradiction. So, d*(2') < d*(w) for all 2’ € Nj (x).

Since T; — v, we see that d*(z') > dj;(2') + 1. From d*(w) = d};(w) + 1, it follows
that d;(z") < dj;(w). Recalling that d};(u) > d};(w) for all u € V(T}), we have d};(2') =
dj;(w).

According to the assumption of x and Claim B, we see that x is a bridgehead of H with
dj;(r) < dj;(w). Thus, d"(2') > d5(Z)+1=d(w)+1 > df(x)+1=d"(z)+1 > d"(z)
for all 2/ € Nj (x). It is clear that d*(uj) > n, +1 > d*(w) > d*(x). By Lemma 5.12,
all out-arcs of x are pancyclic in 7T'.

Case 2. x = .

At first, we consider the case when H contains only w as the separating vertex of H.
Let T3, ..., T; be the strong components of H —{w} with T; — T} for 1 <i < j <t. Since
all out-arcs of w are pancyclic in H, we have N (w) C V(T1), Ty ...T; — w and n; > 3,
i = 1,t. Recall that all out-arcs of v" are pancyclic in T. Then N~ (v') NV (T;) # () unless
v — v, v — T, and T; — v. For the latter case, it is easy to check that wuv is pancyclic
in 7. Thus, we consider the case when N~ (v') NV (T;) # 0.

If NT(v) N V(T;) # 0 for some 1 < i <t — 1, then it is not difficult to see that wwv is
4-pancyclic, since v/ — w.

For the case when N*(v) N V(T;) = 0 for all i < ¢ — 1, we see that T1...T,—1 — v,
Nt NV(Ty) # 0 and N*(v) N V(T;) # 0, since d*(v) > 2. Clearly, we only need to
consider the case when v — v. Since v'v is pancyclic, we have N~ (v') # (). Moreover,
N=(')N NT(v) C V(T}). Then it is not difficult to see that wwv is 4-pancyclic.

At last, we consider the case when H — {w} contains at least a separating vertex of
H and denote the strong components of H — {s} by T, ..., T; for some separating vertex
s # w of H. So, we see that w € V(T}). Note that if T'— ' has a Hamiltonian cycle
through wv, then T contains a Hamiltonian cycle through wwv.

If H contains a separating vertex s such that v — s, then we see that T'— {v'} contains
a k-cycle through wv for k =4,5,...,n — 1. So, wv is 4-pancyclic.

Now, consider the case when H contains no separating vertex s such that v — s, i.e.
for each separating vertex s, s — v holds.

Assume that there is a separating vertex s in H with w — s. Then we see that T; con-
tains no other separating vertex of H. By Remark 5.6 and 5.7, we have dj, (w) < [%].
Note that s — v.

Subcase 2.1. NT(v) NV (T}) # 0, say v — u}.

It is clear that wv is in a k-cycle for k =3,... ,n—2. If v' — T —{v, s}, then sv — v/,
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since d~(v') > 2. It is obvious that wv is pancyclic in T'. Thus, we consider the case when
N=()NV(T — {s}) # 0.

Since v — w, one can insert v’ into the path Ty ...T,_yu} ... ul, w, and hence, there
is an (n — 1)-cycle through wwv. It is sufficient to find a Hamiltonian cycle containing wv.

Subcase 2.1.1. v — v'.

If v" — s, then the cycle wvv'sT; ... Ty_quf ... vl w is desired. So, assume that s — v’

Since wul is pancyclic in H, we see that N~ (s) N V(T; — w) # (. It is clear that
NT)NV(T — {v,v',w, s}) # 0.

Let D be the digraph obtained from T' by contracting wvuj to z. It is evident that D
is strong, since v' — w.

If n, > 4, then n, > |%-1] 4+ 2. It follows that d™(ui) > d*(w). By Lemma 5.11, we
see that wx is pancyclic.

For the case when n; > 3 or t > 3 or uj — v/, we are done analogously.

Ifn;=3,n =1,¢t=2and v — uj, then v} — 5,5 — ul, since wub is pancyclic in
H. Thus, df;(u}) =1, a contradiction.

Subcase 2.1.2. v — v.

Since wub is pancyclic in H, we see that N~ (s) NV (T, —w) # 0. Let D be the digraph
obtained from T by contracting wvui to z. It is clear that D is strong.

If n, > 4, then n, > 21| 4 2. Tt follows that d*(uj) > d*(w). By Lemma 5.11, we
see that wx is pancyclic.

For n; = 3, we only need to consider the case when t = 2, n; = 1 and v' — u{. Since
wub, is pancyclic in H, we have u}, — s and s — u}. Thus, d};(u}) = 1, a contradiction.

Subcase 2.2. T} — v.
This implies that NT(v') NV (T1) # 0, say v' — uj.
Subcase 2.2.1. v — v'.

From the cycle wvv'w and wov'Ty ... Ty qub .. .ufltw, it is easy to see that wv is in a
k-cycle for k =3,...,n— 1.

If v — s, then wv is pacyclic in T'. So, assume s — v’. Since wul, is pancyclic in H,
we have N~ (s) N V(T — w) # 0.

We consider the digraph D obtained from T by contracting wvv'ul to z. It is easy to
see that D is strong.

Recall that df, (w) < |271]. If n, > 4, then we have

d(2) +dp(2) dt(u}) —2+d (w) — 2

n+1—-2+n—1— |22 —-2-2

[V (D)].

VIV IV
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By Lemma 5.11, 2z is in a Hamiltonian cycle of D. Then wv is in a Hamiltonian cycle of
T.

For the case n, = 3, we see that ul — s, s — u}, and hence, d};(u}) = 1, a contradic-
tion.

Subcase 2.2.2. v — v.

Since v'v is pancyclic in T, there is a vertex a € V(T) — V(T1) U {s,w} with v — a
and a — v'.

If there is a vertex b € T; for some 2 < ¢ <t — 1 with v — b, then we consider the
digraph D obtained from T by contracting wvb to z. It is clear that D is strong and
d}(z) +dp(z) > n—2=|V(D)| for n, > 4.

For the case when n, = 3, we only need to consider the case when the following holds:

i=t—1,T .. Ty —v,n_1=1s5—u" v —uand T} — s.

Then we see that u!~' is an out-arc pancyclic vertex in H. By Claim B, u}™! is a desired
vertex.

So, assume that N*(v) C V(T}). Let D be the digraph obtained from T by contracting
wva to z.

Since wul is pancyclic in H, we see that N~ (s) N V(T,, — {w}) # 0. It is easy to see
that all vertex of D are reachable from z in D.

We confirm that z is reachable from every vertex of D in D, i.e. w is reachable from
every vertex of V(T —{v,a}) in T — {v,a}.

Otherwise, let A = {y € V(T)\{v,a} | w is reachable from y}, B = V(T —{v,a})\A.
It is clear that v',s € A, w — B and A — B. If B # (), then we see that a is a separating
vertex of H, a contradiction to the assumption that H contains no separating vertex
dominated by v. So, B = (). Therefore, D is strong.

By Lemma 5.11, we only need to consider the case when d*(a) < d*(w). Since T;
contains no separating vertex of H, we have d};(c) > dj;(w), ¢ € V(T}). From d*(a) =
di;(a) + 1 and d*(w) = dj;(w) + 1, it follows that d*(a) = d™(w) and dj;(a) = d};(w).
So, a is also an out-arc pancyclic vertex in H. With a similar discussion as in Case 1 and
above, we see that a is a desired vertex.

In the following, consider the case when H contains no separating vertex dominated
by v and w, i.e. there is only such one separating vertex, say s, that s — wv.

If N*(v) NV(T1) # 0, then wo is in a k-cycle for k = 3,4,...n — 2. Since s — w and
v — w, it is easy to see that wv is pancyclic in 7. So, assume that N*(v) NV (T3) = 0,
and then N*(v") NV (Ty) # 0. If v — o/, then wv is in a k-cycle for k =4,...n — 1. By
s — w and the cycle wvv'w, we see that wwv is pancyclic in T'.

For the case when N (v) NV (T;) = 0 and v — v, we have N (v") NV (T}) # 0. Since
v'v is pancyclic in T, there is a vertex a € V(T') — V(T7) U{s,w} with v — a and a — v'.

If a € V(T;) for some 2 < i <t — 1, then we consider the digraph D obtained from 7'
by contracting wva to z. Since a is not a separating vertex of H and N~ (s) NV (T;) # 0,
it is clear that D is strong.

From d*(a) > n;+ 1 and d*(w) <ny; —2+1 =n; — 1, it follows that d*(a) > d*(w),
and hence, df,(2)+d,(z) > n—2 = |V(D)|. By Lemma 5.11, we see that wv is pancyclic.
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So, suppose that a € V(7). Analogously, consider the digraph D obtained from T" by
contracting wva to z. Since a is a not separating vertex of H and N~ (s) NV (T3) # 0, we
see that D is strong. By Lemma 5.11, we only need to consider the case d*(a) < d*(w).
From d};(a) +1 = d"(a) and dj;(w) + 1 = d*(w), it follows that d};(a) < dj;(w). Accord-
ing to the choice of w and the fact that a is not a separating vertex of H, it is clear that
d};(a) = dj;(w) and all out-arcs of a are pancyclic in H. With a similar discussion as in
Case 1 and above, we see that a is a desired vertex. O

Now, we continue to prove Theorem 6.9. For convenience, denote one of {vy,vs} by
v and another by v'. Without loss of generality, let v — v'. Let w be a vertex in H
satisfying

d};(w) = min{d};(u) | w is not a bridgehead of H}.

By Theorem 5.5, all out-arcs of w in H are pancyclic in H. In what follows, we show that
either w is a desired vertex or there is another vertex w’ ¢ {v, v, w} whose out-arcs are
4-pancyclic in T. By Claim B — D, we only need to consider the case when 67 (H) > 2,
dH(w) = dj;(w) + 2, i.e. w— vv'.

Claim E If H contains only w as the separating vertex of H, then there is another vertex
w' & {v, v, w} whose out-arcs are 4-pancyclic in T.

Proof. Let T, ..., T; be the strong components of H —w with T; — T} for 1 <i < j <+.
Then we see that N (w) C V(Ty), Ty... Ty — w and n; > 3, i = 1,t.

By Theorem 5.5, T; contains a vertex w’ whose out-arcs are pancyclic in T;. Since
T, — w, it is easy to see that all out-arcs of w’ are also pancyclic in H.

Let w'x be an arbitrary out-arc in H. For the case when N*(v") NV (Ty) # 0, it is
obvious that w'z is contained in an (n—1)-cycle and a Hamiltonian cycle of T'. So, assume
that N*(v') N V(Ty) = (), and then N*(v) N V(T71) # 0. Tt is clear that we only need to
find a Hamiltonian cycle through w’z. Since d*(v’) > 2, such a Hamiltonian cycle can be
easily obtained. Analogously, we see that w'v is 4-pancyclic in T.

Now, we consider the arc w'v’. If N*(v') N (V(H)\V(T;)) # 0, then it is not hard to
see that w'v’ is pancyclic.

So, assume that NT(v") N (V(H)\V(T})) = 0, and then N*(v) N (V(H)\V(Ty)) # 0
and [NT(v")NV(T;)| > 2. Since vv’ is pancyclic in T, it is not difficult to see that w'v’ is
in a l-cycle, £ =5,...,n.

It remains to find a 4-cycle containing w'v’. Since v’ is in a 3-cycle, say vv'ulv, we
only need to consider the case when w’ — v and N (u}) C N (w’). This implies that
dy,(uf) < dj, (w'). If u is not a bridgehead of T;, then all out-arcs of u! in T} are pan-
cyclic. With a similar argumentation as above, we see that uz is a desired vertex. So,
assume that uE is a bridgehead of T;. From the structure of T, it is not hard to see that
all out-arcs of uz in T" are 4-pancyclic. O

By Claim E, one can assume that H — {w} contains at least one separating vertex of
H. Let wx be an arbitrary out-arc of w. By Lemma 5.12, we consider only the arc wx
with d*(z) < d*(w) in the following cases:
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Subcase 2.1. x & {v,v'}.

At first, we consider the case when z is a separating vertex of H. Let Ti,...,T; be
the strong components of H — {z} with 7; — T} for all 1 < i < j < ¢. According to
the choice of w, we see that w € V(T}) and T} contains no other separating vertex of H.
Moreover, n; > 3 and 2 < df;(w) < [2-L] 4+ 1. Let uf ... ul, u! be a Hamiltonian cycle of
T; with v} = w.

Since wz is pancyclic in H, we only need to show that 7" contains an (n — 1)-cycle
through wx and a Hamiltonian cycle through wz.

Subcase 2.1.1. x — v.

If N*(v")NV(Ty) # (), then we are done. So, assume that N*(v') N V(T}) = (). This
implies that N*(v) NV (Ty) # (. It is clear that wx is in an (n — 1)-cycle.

Since d*(v') > 2, we see that v/ can be inserted into the path vT7...T,_jub...u
So, wx is in a Hamiltonian cycle.

t
ne "

Subcase 2.1.2. v — x and z — v'.

Since all out-arcs of v are pancyclic, we see that T; — w contains an in-neighbor of v,
say uk.

Firstly, we consider the case when N*(v')NV(T7) # (). Clearly, wv in an (n—1)-cycle.
We need to find a Hamiltonian cycle containing wxz. Assume to the contrary that there
is no Hamiltonian cycle containing wz in T

If [([NT(v)UNH(z)) NV (Ty)] > 2, say @ — ui and v' — u;, then we obtain a Hamil-
tonian cycle wauy ... uj_To... T,qub .. ujov'u] .. up uj,; ... ul, w, a contradiction.

So, [(NT(v)UN*(z))NV(Ty)| = 1, say av' — wi. If ny > 3, then N*(v) NV (T} —
{ui}) # 0, say v — wj. Thus, wev'u] ... uj_To... Tqul. . ufoui .. u) uf .. vl wis
a Hamiltonian cycle, a contradiction.

Consider the case when n; = 1. We confirm that ¢t = 2. Otherwise, t > 3 and 15
contains at least one of the out-neighbors of v, v’, z. With a similar discussion as above,
a Hamiltonian cycle through wx can be easily obtained.

From d*(v') > 2, we see that N*(v') N V(Ty) # 0, say v' — u?. It is evident that
v—uud . oul .

Since vv' is pancyclic, there is vertex y € V(T3) such that v — y and y — v, say

y = uj. So, uj...u2 — v. Then uj — xv’. Otherwise, we obtain a Hamiltonian

U,
cycle through wz: either wxv'u ... ujvuiug,, ... u2 w or wruj ... ujvv'uiug,, ... us w, a
contradiction.

Let D be the digraph obtained from T' by contracting wzu} to z. It is clear that D is

strong. If ny > 6, then we have

dh(z) +dp(2) df(ul) = 14+n—-1—-d"(w) -1
ne—l4n—1—[221]-3-1
n—2+mny— "1 -4
n—2=|V(D)]|.

AVAR IR AVARI

By Lemma 5.11, we see that wz is pancyclic, a contradiction.
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If ny = 3, then v? — z and x — u3, since wu? is pancyclic in H and 67 (H) > 2. Thus,
we have d};(u3) = 1, a contradiction.

Consider the case when ny = 4. According to the choice of w, we have d};(w) = 2,
and hence, u? — w. It is easy to see that y # u3 and u3 — zv’. So, we see that either
Yy =ul or y = ul.

We confirm that y = u3. Otherwise, wzv'ujvujuiuiw is a Hamiltonian cycle through
wz, a contradiction.

So, we see that u2 — vv’ and v — u2. Now, wrujuivuiv'uiw is a Hamiltonian cycle
through wx, a contradiction.

Consider the remaining case when ny = 5. Since dj;(w) < [252] = 3 and d* (u{) = 5,
we see that df;(w) = 3, and then either w — u3 or w — u3. Obviously, u3 — zv’.

If w — w3, then u — w. Since u3 is not a separating vertex, we see that df;(u3) >
df;(w) = 3, and hence, df;(u3) = 3. Moreover, u3 — z, u3 — u2 and uj — vv’, according
to the choice of w. Because every vertex of T5 is not a separating vertex, we see that
d;;(ui) > df(w) =3 for j =2,3,4,5. It is clear that u? — xv’. So, y = u3, and hence,
wrujuduivv'uiuiw is a Hamiltonian cycle through wz.

If w — w3, then u3 — w. To avoid the cycle wrv'uiuZvuiusuiw, we have u2 — v'. We

confirm that y # u2, i.e. u2 — v

Suppose that v — uZ and u2 — v. We have v — uduiu?, v — v’ and u3 — u3.
Otherwise, wruluvv'uluiuiw or wrv'viuivuiuiuiw or wrv'uvuiuiuidudw is a Hamilto-
nian cycle, a contradiction. Since u? is not a separating vertex of H, we have dj;(u?) >
dj;(w) +1 = 4, and hence, dj;(u?) = 4, according to the choice of w. So, we see that
u? — wiudu? and u2 — x. We have x — u3, since d};(z) > 2. Now, we obtain d;(u3) = 2,
a contradiction to the choice of w.

Therefore, u2 — vv’. Analogously, we see that u — zv’. Thus, y = u3, and then

v' — u3 and ui — v. Moreover, uj — v and v — u3. Since u3 is not a separating vertex

of H, we have dj;(u3) > df;(w)+1 = 4, and hence, u3 — u3uZuizr, according to the choice
of w. So, x — uZ. As a result, u? — u3 and d};(u) < 2, a contradiction to the choice of
w.

Finally, we consider the case when N*(v') N V(Ty) = 0, i.e. T — v'. This implies
that N*(v) NV(T1) # 0. In addition, if ny > 3, then |(N*(v) UNT(x))NV(Ty)| > 2.

Since d*(v') > 2, it is not difficult to see that v’ can be inserted into the path
Ty ... Ty—qufb...ul, . So, there is an (n — 1)-cycle through wz. We only need to find
a Hamiltonian cycle containing wz.

Suppose to the contrary that there is no Hamiltonian cycle containing wx. If there
is an out-neighbor of v in some T;, 2 < i < t — 1, then we deduce a contradic-
tion, since wav'Tyub ... wjvT ... T Tipq ... T—quj 4 - . . ul, w is a Hamiltonian cycle. So,
N*(v") C V(T;). We have v — v'. Otherwise, wav'ul ... ujpvT ... T_quj, ... vl wis a
Hamiltonian cycle, a contradiction.

Since vv’ is pancyclic, there is vertex z such that v — z and z — v, without loss of
generality, say z = uj,. So, we have uj,...ul, — v,v — uj_; and uj,, — v'. Moreover,
Uy - uby, — 0

If either n; > 3 or ny = 1 and t > 3, then it is not difficult to see that there is a
Hamiltonian cycle through wx, a contradiction.

For the remaining case when n; = 1 and ¢ = 2, we consider the digraph D obtained
from T by contracting wxui to y. It is clear that D is strong.
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If n; > 4, then we have

d(uj) —1+d (w) —1
dt(u}) —14+n—1—-d"(w)—1

dp(y) +dp(y)

> m+1-14+n—-1— |22 -3-1
= n—2+n— |21 -3
> n—2=|V(D).

By Lemma 5.11, we see that wz is in a Hamiltonian cycle of T', a contradiction.
For the case when n, = 3, we see that v — wubu}, since d*(v') > 2. We deduce a
contradiction to the assumption that uf — v’

Subcase 2.1.3. v’ — x.

Without loss of generality, let x — u}. Because all out-arcs of v and v’ are pancyclic,
we see that N~ (v) N V(T; — w) # 0, say u', — v where k # 1. Especially, since v’ is
pancyclic, there is a vertex z such that v'zvv’ is a 3-cycle.

If 2 € V(T;) for some 2 < j <t — 1, say z = u}, then we obtain a Hamiltonian
cycle waTy ... Tj_qub .. .upov'Tj ... T_quj ., ... ul, w through wz. From this cycle, we
can easily obtain a cycle of length n — 1 through wz.

Assume that z € V(Ty). If |(NT(v) U NT(z)) N V(T1)| > 2, say v — u}, then
wzug .. oui_quh . ougov'ugoug, To o Tyquf, . uh wois a Hamiltonian cycle through
wzx. From this cycle, we can also easily obtain a cycle of length n — 1 through wx.

If (NT(v)UNT(z)) NV (Ty)| =1, then v' — u},uj — v. If there is an out-neighbor
of  in T, for some 2 < ¢ < t — 1, say * — uf, then we obtain a Hamiltonian cycle
waTy ... Tyqub .. upov'Ty ... Ty_quj ... ul, w through wz. From this cycle, a cycle of
length n — 1 through wx can be easily obtained.

So, assume that (T} — {ui})Ty...T;_1 — z. If v/ has an out-neighbor in H — {z, uj},
then we see that the digraph D, is strong, where D, is obtained from 7" by contracting
wxu% iny. If ny >3ort>3orn; >4, then we are done by Lemma 5.11. Thus, consider
the case when ny = 1, t = 2 and ny, = 3. Since wul, is pancyclic in H, it is easy to see that
ub, — x. This implies that z — uf, since d};(z) > 2. Then d};(u}) = 1. This deduces a
contradiction to the choice of w. Therefore, consider the case when v has no out-neighbor
in H — {z,u}}. Tt follows that d*(v') = 2 and H — {x,ui} — v'. Recall that T; — w
contains no separating vertex of H.

Let y be an arbitrary out-neighbor of z in T; and D be the digraph obtained from T
by contracting wxy to z. It is clear that D is strong, since Ty — v/,v" — uj and u} — v.
By Lemma 5.11, we only need to consider the case when d*(y) < d(w). Recall that
df(y) > df(w) and df;(y) + 1 < d¥(y) < dj;(y) + 2. Since d(z) < d™(w), we see that
dt(z) <d"(w) —1=dj(w)+1<df(y) +1 < d"(y). In addition, it is easy to see that
d*(u}) > ny > d"(w) > d(z). By Lemma 5.12, all out-arcs of z are pancyclic in T', and
hence, z is a desired vertex.

Now, consider the remaining case when z € V(T}) and 2 ¢ V(1j), j = 1,2,...,t — 1.
Let z = u} for some 2 < ¢ < n,.

Let D be the digraph obtained from T by contracting wrul to y. It is obvious that
D is strong. Recall that df, (w) < [252].
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IF ¥ (ul) > m +2, then df(y) +dp(y) = n—2-+d* (ul) — d"(w) — 1 > [V(D)| + 1+
2— |2 -3 -1=|V(D)|+n — |%21] —2>|V(D)|. By Lemma 5.11, we are done.
For the case when d*(ul) < n; + 1, it is clear that either d*(ul) = n; + 1 or d*(u}l) = ny,
since d* (ui) > ny.

If ny > 6, then | 21| +4 < ny, and hence, dj,(y)+dp(y) = n—2+d" (uj)—d™(w)—1 >
V(D)|+n,— |22 =3—1=|V(D)|+n— [25=+] —4 > |V(D)|. Then we are done by
Lemma 5.11. So, assume that n; < 5.

If d*(u}) = ny + 1, then we only need to consider the case when n; = 3. Otherwise,
diy) +dply) =n—-24+d"(u) —d(w) =1 >n—-2+n+1—[21] -3-1=
n—2+n, — |%2] —3>|V(D)], and we are done by Lemma 5.11. If ¢ = 2, then either
Ty — xor Ty /» z. If Ty — x, then z is a desired vertex, since dj;(z) = d};(w) and z is not
a separating vertex of H. If Ty /4 x, then u} — z and z — uf, and hence, dj;(u}) =1, a
contradiction to the choice of w. If t > 3, then t = 3, ny = ny = 1, vv’ — ui, Ty — z and
x — uj. Then all out-arcs of each vertex of T} are pancyclic in H. By Claim D, u} is a
desired vertex.

If d*(ul) = ny, then vv' — ui, ny = 1 and ¢t = 2. Note that we can assume that
ub — x, since z € V(Ty).

If n, = 3, then v — = and x — uf. So, we have dy(u}) = 1, a contradiction to the
choice of w.

For the case when n, = 4, we have dj, (w) < [®5=] = 1. So, uf — w. If ub — uf,
then uf, — z. Otherwise, dj;(u}) = 1, a contradiction. Thus, z — uf. This implies that
dj;(ul) = 2. Tt is clear that u} is not a separating vertex of H. Then uf — v/, according
to the choice of w. Now, we see that wruivv'ujubulw is a desired Hamiltonian cycle and

wrubv'uiub

ujubulw is a desired (n — 1)-cycle.

If uf — uh, then we are done for x — u}, since u} — v. Thus, assume that v} — z. It
is visible that d*(z) = 2, a contradiction to the choice of v, v’

If ny = 5, then df, (w) < [252+] = 2. Since d*(uj) = n, = 5, we have df, (w) = 2.
dt(z) > 4 follows from min{d*(v),d*(v')} > 3. Recalling that u} — z, we see that
r — vbubul, and hence, d*(z) = 4.

If w — uf, then v} — w and v} — ul. Moreover, ul — ub, according to the choice
of w. So, we see that d};(u}) = dj;(ul) = 2 and all out-arcs of v} and ul are out-arc
pancyclic in H, a contradiction to the choice of w.

If w — uf, then v — w and v} — ub. We see that dj;(u}) = 2 and u} is pancyclic in
H, a contradiction to the choice of w.

Therefore, if z is a separating vertex of H, then wx is 4-pancyclic in T" or there is
another vertex whose all out-arcs are 4-pancyclic in 7.

Finally, we consider the remaining case when x is not a separating vertex of H with
dt(x) =dj(r) =df(w)+1=d"(w) — 1 < d"(w).

If each out-neighbor of x is not a separating vertex of H, then dj;(y) > dj;(w) for all
y € NT(z). For the case when d};(y) = d};(w), we have d*(y) = dj;(y) +2 = df;(w) +2 =
d*(w). Otherwise, we see that d*(y) < dj;(y) + 1 and all out-arcs of y are pancyclic in
H, a contradiction to the choice of w. So, d*(y) > d*(z). If d};,(y) > dj;(w) + 1, then
d™(y) > d™(x). By Lemma 5.12, we see that all out-arcs of x are pancyclic in T. By
Claim B, x is a desired vertex, a contradiction to the choice of w.

So, assume that at least one of the out-neighbors of x is a separating vertex of H,
say y. Let T3,T5,...,T; be the strong components of H —y with T; — T} for 1 < i <
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j < t. According to the choice of w, we see that w € V(1;). Thus, x € V(T}) and
NT(x)\V(T) = {y}. According to the choice of w and w — x, there is no other out-
neighbor of x as a separating vertex of H. With a similar discussion as above, we have
dt(y') > d*(z) for y € N*(z)\{y}. Thus, zy' is pancyclic in T

It is not difficult to check that xy is pancyclic in H. Since w — vv’ and vv’ — x, we
see that xy is also pancyclic in T'. This implies that z is a desired vertex.

Subcase 2.2. x = v.

If H contains a separating vertex s such that v — s, then 7" contains a k-cycle through
wv for k =4,5,...,n— 1. If either v/ — s or s — v, N* (/) N V(T}) # 0, then we are
done. So, consider the case when s — ¢ and N (v') N V(T}) = 0. Since d*(v') > 2, v/
can be inserted into the path Ty ...T, qub .. .ufw and hence, T' contains a Hamiltonian
cycle through ww.

Now, assume that H contains no separating vertex dominated by v, i.e. every separat-
ing vertex of H dominates v. Suppose that there is a separating vertex s satisfying v' — s.
Then, we notice that wv is in a k-cycle for k =5,... . n. If s > wor NT(v')NV(Ty) # 0,
then wv is in 4-cycle. For the case when w — s and N*(v') N V(Ty) = (), note that
N*(v) NV (T1) # 0, and hence, wv is pancyclic.

So, consider the case when H contains no separating vertex dominated by v or v/, i.e.
every separating vertex of H dominates vv’ and each out-neighbor of v,v' in H is not a
separating vertex of H.

Let s be a separating vertex of H and Ti,...,T; be the strong components of H — s
with 7; — T for all 1 <7 < 5 <t. It is clear that s — vv'.

Firstly, consider the case when N*(v' )NV (T}) # (. Let v — wj. It is easy to see that
T has a k-cycle through wv for k =4,...,n— 1. If s — w, then there is a Hamiltonian
cycle through wv, since d~(s) > 2. In what follows, we consider the case when w — s.

Note that u] is not a separating vertex of H. If n; > 3, then N*(s)NV (Ty —{ui}) # 0.
Orifny =1,¢t >3, then NT(s)NV(T3) # (). Because N~ (s) NV (T — {w}) # 0, it is not
difficult to see that T contains a Hamiltonian cycle through wv for the case when either
ny>3orn; =1andt> 3.

Assume that n; = 1 and ¢ = 2. We consider the case when v — u]. Let D be the
digraph obtained from T by contracting wvu} to y. It is clear that D is strong.

If d"(u}) > d"(w), then we are done by Lemma 5.11. So, suppose that d™(uj) <
d*(w). Since u} is not a separating vertex, we see that dj;(ui) > d};(w). According to the
choice of w and vv’ — u}, we only need to consider the case when dj;(ul) > df(w) + 1.
Indeed, if d};(ui) = dj;(w), then by Claim B, w7 is a desired vertex.

It is clear that d*(uj) = n—4 and d*(w) = dj;(w)+2 < | %52 | + 2. For the case when
n > 10, we see that d,(y)+dp(y) = d* (uf)—1+n—1—-d*(w)—1 > n—4+n—2— 23| -3 =
n—2+n-3—[%2%] —4>n—2. We are done by Lemma 5.11.

According to the choice of w and the fact that d™(w) > 4 and u! is not a separating
vertex, we only need to consider the case when n € {8,9}, i.e. n; € {4,5}.

If n, = 4, then d*(uj) = dj;(uj) = 4 and dj;(w) = 2. Consequently, uf — w. If s
can be inserted into ujubulu’, then we are done. Assume that s cannot be inserted into
ulububul. From dj;(s) > 2, it follows that u}, — s and s — ub. Therefore, wvv'ujuf subufw
is a desired cycle.
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For the case n; = 5, one can assume that uf — s and s — uf to avoid that s can be
inserted into ujububulul. Since d™(uj) = dj;(ui) = 5, we only need by Lemma 5.11 to
consider the case when d};(w) = 3.

Confirm that T; contains no vertex z with dj, (z) = 1. Otherwise, it is not difficult to
check that all out-arcs of z in H are pancyclic. This implies a contradiction to the choice
of w.

So, d}’t(uf) = 2 for i = 1,2,3,4,5. It is easy to see that all out-arcs of each u! are
pancyclic in H. Since vv’ is pancyclic in T, there is a vertex z € V(T}) with v — 2z and
z — v. By Claim D, z is a desired vertex.

Assume that u; — v. By recalling that s cannot be inserted into the path ujuf ... ul,,
we have ul, — 5,5 — uh,ufy — vv',w — ul, |, NT()NV(T3) # 0 and N*(v")NV(T;) # 0.

Let D be the digraph obtained from T' by contracting the path wvv'ui to z. It is clear
that D is strong.

For n > 8, one notice that

d5(z) +dp(s) = d*(ul) — 2+ d~(w) 1

dt(u}) —24+n—1—-d"(w) -1
n—3+d (uj) —d(w) —1
V(D) +n—-3— (%2 +2) -1
V(D) +n 3 5503
V(D))

AVAN IR AVA

By Lemma 5.11, we see that z is pancyclic in D. Thus, T' contains a Hamiltonian cycle
through wv.

If n =7, ie n; =3, then wu} is not pancyclic in H, since s — u5. We deduce a
contradiction to the choice of w.

Finally, consider the case when Nt (v" )NV (T}) = (). This implies that N*(v)NV (T3) #
0, say v — ui.

It is clear that T" contains a k-cycle through wo for k = 3,4, ..., n—2. Since d*(v) > 2,
the vertex v’ can be inserted into the path Ti...T;_qu...u!, , and hence, there is an
(n — 1)-cycle containing wv. It is sufficient to find a Hamiltonian cycle through wwv.

Suppose to the contrary that 7" has no Hamiltonian cycle through wv. It is easy to see
that T ... Ty_qub — v/, i.e. NT(v') C V(T}), and hence, n; > 4. So, there is a vertex u},
2 < < ny—2,such that ub...u; — v',v" — uy, ;. Moreover, s — T ... T;_qu} ... uj and
u, — v. This implies that there is an integer j, £+1 < j < ny, such that u},, ... ul,w — s
and s — up, ... ub.

We only need to consider the case t = 2 and n; = 1. Let D be the digraph obtained
from T by contracting wvu}l to z. Clearly, D is strong. From n > 8, it follows that

d(2) +dp(2) dt(u;) = 1+d (w) — 1

dt(uj) —1+n—1—d"(w) —1
n—2+d"(u;) —dt(w) —1
V(D) +n—-3— (%2 +2) -1
V(D) +n -3 - |55 -3
V(D)

By Lemma 5.11, we see that wwv is pancyclic, a contradiction.

AVAR IR AVANI
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Subcase 2.3. x ="',
Subcase 2.3.1. H contains a separating vertex s such that v' — s.

We see that T' contains a k-cycle through wv’ for k = 4,5,...,n — 1. It is enough to
show that T contains a Hamiltonian cycle through wv'. Suppose to the contrary that 7'
contains no Hamiltonian cycle through wv’.

If s — v, then we only need to consider the case when 77 — wv. Since d¥(v) > 2,
the vertex v can be inserted into the path Ti...T;_qub...u} , and hence, there is a
Hamiltonian cycle through wv’, a contradiction. So, v — s.

Note N~ (v) N V(T, — {w}) # 0. It is not difficult to see that [(N*(v) U N*(v') U
NT(s))NV(T1)| = 1 (otherwise, we can obtain a Hamiltonian cycle through wv’). Since
T is 2-strong, we see that n; = 1. Analogously, ¢ = 2.

Firstly, assume that v" — ul. We consider the digraph D obtained from T by con-
tracting wv'ul to y. Since dj;(s) > 2 and N~ (v) NV (T; — {w}) # 0, it is obvious that D
is strong.

Assume that ul — v. If n > 8, then

dh) +dp(y) = d*(ud) — 1+ d-(w) — 1

dt(uj) —1+n—-1—d"(w) -1
n—2+d"(ul) —d"(w) -1
V(D) +n-3—([%2]+2) -1
VD) +n—3— |25 -3
V(D)I.

VI vl

By Lemma 5.11, we see that wv’ is pancyclic, a contradiction. For the case when n = 7,
i.e. ng = 3, there is a vertex z € V(H) with d};(z) = 1, a contradiction to the choice of
w.

So, v — uj. If n > 10, then

dhy) +dp(y) = d*(ud) — 1+ d-(w) — 1

dt(ul) =1+n—-1-d"(w) -1
n—2+d (uj) —d"(w) -1
V(D) +n—4— (%2 +2) -1
V(D) +n—3— 5] 4
V(D).

AVAR BN AVAR

By Lemma 5.11, we see that wv' is pancyclic, a contradiction.
So, we consider only the case when n <9, i.e. ny € {3,4,5}. If T, — v, then it is easy
to see that u is a desired vertex. Thus, assume that NT(v) N V(T3) # 0. Since v cannot

be inserted into the path u3...u2,, we have u2, — v and v — u3.

If ny = 3, then there is a vertex z € V(H) with d};(z) = 1, a contradiction to the
choice of w.

For ny = 4, we notice that 2 < df;(w) < [2| =2, i.e. df(w) = 2. If w — u3, then

s — w. Clearly, wv'ujuduiuivsw is a Hamiltonian cycle, a contradiction. For the case

when u2 — w, we have a Hamiltonian cycle wv'sujuivuiu3w, also a contradiction.

If ny = 5, then 2 < df;(w) < [2] = 3. By Lemma 5.11, we have d};(w) = 3. So,

w — uiu?. Otherwise, we can obtain a Hamiltonian cycle: either wv'sujujuvuiuiw if
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u3 — w or wv'sujuvuiuiuiw if u? — w, a contradiction. This implies that s — w. As a
result, wv'uuduiuiuivsw is a Hamiltonian cycle, a contradiction.

Secondly, assume that u} — ©/. This implies that v — ul. If Ty — v, then u] is a
desired vertex, since vv’ is in a 3-cycle. So, consider the case when N*(v) NV (T3) # 0.
Since v cannot be inserted into the path u3...u2 , we see that u2, — v and v — u3.

Let D be the digraph obtained from T' by contracting wv'sui to y. It is clear that D
is strong.

If w — s, then for n > 8 holds

dh) +dp(y) = d*(ud) 2+ d-(w) — 1

dt(u}) —24+n—1—-d"(w)—1
n—3+d"(uj) —dt(w) —1
V(D) +n-3—([%2]+2) -1
VD) +n—3— |25 -3
V(D).

By Lemma 5.11, we see that wv’ is pancyclic, a contradiction. For n = 7, i.e. ny = 3,
there is a vertex with out-degree 1 in H, a contradiction to the choice of w.
If s — w, then we have

dp(y) +dp(y)

VI vl

d(ui) — 24 d (w) —2

dt(ul) =24+n—-1-d"(w) —2
n—3+d (uj) —d(w) —2
V(D) +n—3— (%2 +2) -2
V(D) +n—3— [558] 4
V(D)

AV ERAVAN

for n > 10. By Lemma 5.11, we see that wv’ is pancyclic, a contradiction. So, we only
need to consider the case n € {8,9}, i.e. ny € {4,5}.

If ny = 4, then it is plain that 2 < dfj(w) < [2] =2, i.e. dfj(w) = 2. Tt follows that
w — ul as well as u3 — v's. If v/ — w3, then wv'uiudvujuisw is a Hamiltonian cycle, a
contradiction. So, uZ — v’. This implies that v' — u?. If u3 — s, then wv'ufvujuiuisw is
a Hamiltonian cycle, a contradiction. So, s — u3. Therefore, dj;(u3) = 1, a contradiction
to the choice of w.

For ny = 5, one notice that 2 < djf;(w) < [2] = 3. By Lemma 5.11, it follows that
d};(w) = 3. Similarly, we have w — u3u3. Tt is easy to see that u3 — v's. If v/ — uZ, then

wv'uiujuivujujsw is a Hamiltonian cycle, a contradiction. So, u3 — v'.

If v — u3, then s — u3. Otherwise, wv'uuvujuiuisw is a Hamiltonian cycle, a
contradiction. Thus, u% — uZ, since dj;(u3) > 2. This implies that d};(u3) = 2. Note that
u3 is not a separating vertex of H since u3 — s. We deduce a contradiction to the choice

of w. So, u3 — v’ and v' — uZ, since vv’ is pancyclic. Analogously, we have s — u} and

u3 — u} to avoid the Hamiltonian cycle wv'uvujusuiuisw as well as wo'uvuiuiuiuisw.

It follows that d};(u?) = 1, a contradiction to the choice of w.
Subcase 2.3.2. H contains no separating vertex dominated by v’.

This implies that all separating vertices of H dominate v' and each out-neighbor of v’
is not a separating vertex of H. We choose a separating vertex s of H with the labeled
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strong components 17, ...,7T; of H —ssuch that T; — T forall 1 <¢ < j <tand T} —w
contains no separating vertex of H. It is clear that d};(y) > df;(w) for all y € V(T;).

Let M ={z € V(H)|v — z,z — v}. It is obvious that s € M. Since vv’ is pancyclic,
we see that M # .

Subcase 2.3.2.1. M NV (Ty) # 0, say uj € M.

It is clear that wv' is in a k-cycle for k =3,...,n—2. If s — w or N*(v)\{v', s} # 0,
then we see that s or v can be inserted into the path Ty ... T, jub .. .uf%w, and hence, wv’
is in an (n — 1)-cycle. For the case w — s and NT(v)\{v/, s} = 0, it is easy to see that
wv' is in an (n — 1)-cycle if n; > 3 or ¢ > 3. So, consider the case when n; =1 or t = 2.
Let D be the digraph obtained from T by contracting wv'ul to z. It is clear that D is
strong, d™(uj) =n — 3 and d™(w) < |22 | + 2. It follows that d},(z) + dp(z) > V(D)
unless n = 7. By Lemma 5.11, we see that wv’ is pancyclic in T" for n > 8. If n = 7, then
T, contains a vertex whose out-degree in H is 1, a contradiction to the choice of w.

It is enough to find a Hamiltonian cycle containing wv’. Assume to the contrary that
T has no Hamiltonian cycle containing wuv’.

At first, we consider the case when v — s. If ny > 3, then ud — s. For the case when
N (s)\{ui} # 0, it is easy to see that v,s can be inserted into the path ui...u), , and
hence, there is a Hamiltonian cycle through wv’, a contradiction. So, Ny (s) = {u3}. For
the case when N (v) # 0, we perceive that v can be inserted into the path u} ... u), and s
can be inserted into the path u}, Ty ... T,_jub ... ul, , and hence, there exists a Hamiltonian
cycle through wv', a contradiction. If Ty — v, then Nj (v/)\{ui} # 0, say v — ] for
some i # 1. Then wv'v; ... up vsuy ... uj_Ts... T_qub ...l is also a Hamiltonian cycle,
a contradiction.

If ny = 1 and t > 3, then analogously T — s. Consequently, either N;; (v) # 0
or N, (v') # 0. For both cases, we can also obtain a Hamiltonian cycle through wv’, a
contradiction. So, consider the case n; = 1 and ¢t = 2. Tt is easy to see that u3 — sv’.

Let D be the digraph obtained from T by contracting wv'u} to y. It is clear that D is

strong. If n > 8, then we have

dt(uj) —1+d (w) —1

dt(u}) —14+n—1—-d"(w)—1
n—2+d"(u;) —dt(w) —1
V(D) +n—-3— (%2 +2) -1
V(D) +n—=3-[%] -3
V(D)]

dp(y) +dp(y)

AV B AVAR

By Lemma 5.11, the arc wv’ is pancyclic, a contradiction. For the case when n = 7, i.e.
ng = 3, there is a vertex with out-degree 1 in H, a contradiction to the choice of w.

At last, we consider the case when s — v. Note that N~ (s) N V(T;) — {w} # 0, since
all out-arcs of w is pancyclic in H. For the case when N;fl (v) # 0, it is easy to see that
the arc sv can be inserted into the path 77 ...T;_yub...ul, . So, there is a Hamiltonian
cycle through wv', a contradiction. So, T} — v.

If t > 3, then similarly 75 ...7;_; — v. Therefore, there is an index 7, 2 < j < ny,

such that uh...u5 ; — v and v — u}. To avoid that s can be inserted into the path

J
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Ty... Ty quy...uf g, we have s — Ty...... Ty quby...u5_y if j > 2 and t > 2. Since
d~(s) > 2, there is an index k, j < k < ny, such that uj,...ul, — s,5 = uf_ ... uj_.

According to the discussion above, we only need to consider the case when n; = 1 and
t = 2. Let D be the digraph obtained from T by contracting wv'ui to y. It is clear that
D is strong. If n > 8, then we have

dt(uj) —1+d (w) —1

dt(ul) —1+n—-1—-d"(w) -1
n—2+d"(ul) —dt(w) —1
VD) +n—3— (%] +2) -1
V(D) +n—3— 25 =3
V(D).

By Lemma 5.11, we see that wv' is pancyclic, a contradiction. For the case whenn = 7, i.e.
no = 3, H contains a vertex with positive degree 1 in H, a contradiction to the choice of w.

dp(y) + dp(y)

AV IRAVAN

Subcase 2.3.2.2. M NV (Ty) =0 but M NV (T;) # 0 for some 2 <i <t — 1, say ul € M.

It is not difficult to see that N*(v) N V(T1) # 0 (otherwise, we have Ty — v and
NNV (Ty) # 0, a contradiction to the assumption that M NV (T}) = 0). So, wv' is in
a k-cycle for k =3,...,n—1. Since N~ (s)NV (T, —w) # @ and N~ (v)NV(T; —w) # O for

v — 8, it is easy to deduce that wv’ is in a Hamiltonian cycle. Therefore, wv’ is pancyclic.
Subcase 2.3.2.8. M C V(T;), say u, € M for some 2 < j < ny.

For an arbitrary z € M, let D be the digraph obtained from T by contracting wv’z
to y. Since z is not a separating vertex of H and z — v, we see that D is strong. By
Lemma 5.11, we only need to consider the case when d*(z) < d*(w). Because z is not a
separating vertex of H, we see that d};(z) > df;(w) + 1, according to the choice of w. It
follows that d};(z) = d};(w) + 1 and d*(z) = d*(w).

We consider the case when z — w. Obviously, N*(v) NV (T}) # 0. Otherwise, T} — v
and N*(v") NV (T}) # 0, a contradiction to the assumption that M NV (Ty) = (.

At first, consider the case when there is an out-neighbor of v" in H — V(T;). If o/
has an out-neighbor in 7; for some 2 < i < t — 1, then similarly to Case 2.3.2.2, wv' is
pancyclic.

For the case when N*(v')NV(T) #Dand T; — o', j =2,...,t—1,if t > 3, it is clear
that wv' is in a k-cycle for k = 3,...,n—2. We only need to find an (n— 1)-cycle through
wv’ and a Hamiltonian cycle through wv’. Assume to the contrary that 7' contains no
(n — 1)-cycle or no Hamiltonian cycle through wv'.

Firstly, assume that v — s. Since N~ (v) N V(T; — w) # 0, we see that |[(N*(v') U
N*(s))NV(T1)] =1, say sv" — uj.

If ny > 3, then NT(v) N V(Ty —uj) # 0, say v — uj. So, s can be inserted into the
path uf ...ug_qub .. ubvuy...ouy Ty ... Toquby, ... ul,w, since dj;(s) > 2. It follows that
T contains an (n — 1)-cycle and a Hamiltonian cycle through wv’, a contradiction.

So, n; = 1. Analogously, we see that ¢ = 2. We consider the digraph D obtained from
T by contracting wv'u} to y. It is clear that D is strong, since dj;(s) > 2.
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If n > 10, then we have

dh) +dp(y) = d*(ud) — 1+ d-(w) — 1

dt(u}) = 14+n—1—-d"(w)—1
n—2+d"(uj) — d*(w‘) -1
V(D) +n—4—([%2]+2) -1
V(D) +n—3— 53] 4
V(D)I.

AV BN AVAR

By Lemma 5.11, we see that wv’ is pancyclic, a contradiction.

For the case when n = 7, i.e. ny = 3, there is a vertex with out-degree 1 in H, a
contradiction to the choice of w. So, we only need to consider the case when n € {8, 9},
namely, ny € {4,5}.

If ny =4, then 2 < df;(w) < | 3] = 2, i.e. dj;(w) = 2. This implies that either uj — w
and w — s or s — w and w — u3.

For u3 — w and w — s, it is easy to see that u3 — v’ and uf # u3. So, we have
u} = u3, and then v' — w3 and w3 — v. To avoid wv'uzvsujusuiw and wv'uzvuiuzujw,

we deduce that u2 — u2. At this point, it is evident that u2 is not a separating vertex of

H. Moreover, u3 — vs, according to the choice of w. Thus, we obtain wv'uiuiuivsujw

and wv'uduiudvuiw, a contradiction.
2 1,222

If s - wand w — u3, then v — wu?. Otherwise, we have wv'ujuiuiuivsw and
wv'ujuudvsw, a contradiction. Moreover, we have u3 — v’. Otherwise, we obtain

1,2 2, o 12 2 1,2 2 o :
wu'uy L UGUSUTUT g - Uy, w and wu'uy L. ufouTUG L - Uy, w, a contradiction. It is clear

J
11,2, 2 1,,1,,2

that v} = u3 and uj — s. Thus, we have wv'ujusuzvuisw and wv'ujuzvuisw, a contra-
diction.

For ny = 5, it is obvious that 2 < dj;(w) < |$] = 3. By Lemma 5.11, we see that
di;(w) = 3. If s — w, then w — u3uj. It is easy to see that u3 — v’ and v — u?. So, v
can be inserted into the path u? ...u2, and hence, we obtain an (n —1)-cycle through wv’.

Since s — w, it is visible to obtain a Hamiltonian cycle from this cycle, a contradiction.

So, w — s. Then we have either uf — w and w — u3 or u — w and w — uj.

If uj — w and w — u3, then u] # u3. Otherwise, we obtain wv'uvsujuzuzujw and
wv'uivsuluiuiw, a contradiction. Moreover, u3 — v’. Otherwise, we have the cycles:
2 T S g 2 12 2012 2 e
wv'us . udvsuiudy .. ug,w and wo'ud . ufvugus,, - .oup,w, a contradiction.
If u? = uj, then 7 — s. In addition, u? — u3. Otherwise, we obtain the cycles

1912010 10202, 2 192001022 o
wv'ugvsujususuzw and wo'ujvuuzuiw, a contradiction.

Since u3 is not a separating vertex of H, we see that dj,(u?) > df;(w)+1=3+1=4,

and then u? — s and w3 — u3. It is not difficult to see that 3 is also not a separating
vertex of H. According to the choice of w, we see that dj;(u3) > dj,;(w) = 3, and then

F(02) — 9 42 2 2 2 2 ~ 1oL 20y 012012012
dj;(u3) =3, u5 — s, u3 — uz and u5 — v. So, s — u3. Now, we obtain wv'ujuivsuzujuzw

and wv'ujuisuduiuiw, a contradiction.
If u} # uj, then u? = u3 and uf — s. Since u3 is not a separating vertex of H, we see
that df;(u2) > df;(w) +1 =3+ 1= 4. Thus, dj;(u3) < 3, a contradiction.

Consider the case when uj — w,w — uj. Analogously, u5 — v’ and v} # uj. If
uj = u3, then dj(u3) = 4, uj — s and uj — u2. It is clear that uj is not a separating
vertex of H with d};(u?) < 3. According to the choice of w, we have d};(u}) = 3 and

u? — v/, and then u3 — u2 and u? — s. Notice that u2 is also not a separating vertex

of H, but dj;(u3) < 2, a contradiction to the choice of w.
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Finally, assume that s — v. Since N~ (s) N V(T — w) # 0, we see that |(N1(v) U
NTW)NV(Ty)| =1, say vv' — ul.

For the case d*(v) = 2, it is evident that if ny = 1 and ¢ = 2, then T5 — v. Since
v — v, v — ul and s — ul, it is not difficult to check that all out-arcs of u} are pancyclic
in T'. Thus, we consider the case either ny > 3 or t > 3.

Let G be the digraph obtained from T by contracting wuv’ uévu% to z. Since uj is not
a separating vertex of GG, z is reachable from every vertex of GG in G.

We confirm G is strong. Otherwise, s — H — {w, u}}, and hence, u} — s and w — s.
Consider the digraph D obtained from T by contracting wv’ uz«s to y. It is clear that D
is strong. Note that n > 8. Tt follows that dj(y) + dp(y) > d™(s) =1+ d (w) — 1 =
dt(s)—14+n—1—d"(w)—1=n—-3+d"(s)—d"(w) > |[V(D)|+n—-3—|%2| -2 > |[V(D)|.
By Lemma 5.11, wv' is pancyclic, a contradiction.

If s — w, then we have

di(z) +dg(z) > df(u)) —2+d (w) —2
= dt(ul)—2+n—-1—-d"(w)—2
= n—4+d(u}) —d"(w) -1
> VG| +m+1—(m—2+2)—1

V(G)]

If w — s, then we have

di(z) +dg(z) > dt(uj) —2+d (w) —2
= d(u}) —2+n—-1-d"(w)—2
= n—4+d (ul) —d"(w) -1
> V(@) +n+1— |22 -3-1
= V(@) +n — 2] =3
> [V(G)]

for n; > 4. By Lemma 5.11, we see that wv’ is pancyclic for n; > 4, a contradiction.

For the case n; = 3, we have d};(u) = 2 for all u € V(T}). Otherwise, there is a
u € V(T;) with df;(u) = 1, a contradiction to the assumption of w. Thus, every vertex
u € V(T}) is out-arc pancyclic in H. Since v — u} and u} — v, we see that u} is a desired
vertex.

Therefore, d*(v) > 3. It is easy to see that ny = 1 and ¢t = 2. Let D be the digraph
obtained from T by contracting wv'ul to y. It is clear that D is strong.

If n > 10, then we have

dh(y) +dply) = d(u) —1+d (w) -1

dt(uj) —1+n—-1—-d"(w) -1
n—2+d" (uj) —dt(w) —1
V(D)|+n—4—[2%2%]-2-1
V(D) +n—3—[22] —4
V(D)I.

By Lemma 5.11, we see that wv’ is pancyclic, a contradiction. Analogously, we only need
to consider the case when n € {8,9}, namely, n; € {4,5}.

AV BN AVAR



98 CHAPTER 6. OUT-ARC PANCYCLICITY OF VERTICES IN TOURNAMENTS

If ny = 4, then 2 < dj;(w) < [2] =2 ie. dfj(w) =2. This implies that either u} — w
and w — s or s — w and w — u3.

Assume that v — w and w — s. For the case when u? — u2, we see that u3 — svv’,
according to the fact that u2 is not a separating vertex of H and the choice of w. It

follows that either uj = u3 or uj = u3. Consequently, we have either wv'ujujujsvujw and

wv'viuiudvuiw or wu'uiuisvuiuiw and wu'uiuivuiuiw, a contradiction.
So, assume that u3 — u3. It is clear that u3 — svv’, according to the choice of w and

the fact that w3 is not a separating vertex of H. Thus, u3 — v’. Otherwise, we obtain

wv'viuiuisuiw and wo'uiuiuisvuijw, a contradiction. Since u? is not a separating vertex
of H, we have uj — vv', according to the choice of w. Thus, u; = u3, u — s and s — u3.
Now, one obtains wv'ujuZsvuiuiw and wv'uluisuiuw, a contradiction.

Therefore, s — w and w — u3. If there is an (n — 1)-cycle containing wv' in T' — s,
then T' contains a Hamiltonian cycle through wv’, since s — w. To avoid that v can be

inserted into the path u3uiu?, we deduce that u} — v and v — 3. Since w3 is not a

separating vertex of H, it is evident that u3 — s and u3 — 32, according to the choice of w.

Analogously, u3 — svv’. So, u = uj, and then v' — uj. Thus, we have wv'ujujvuzuisw
and wv'uiuivuisw, a contradiction.

If ny =5, then 2 < df;(w) < LgJ = 3. By Lemma 5.11, we have dj;(w) = 3. If s — w,
then w — w3uj. It is clear that if there is an (n — 1)-cycle containing wv’ in T'— s, then T
contains a Hamiltonian cycle through wv’, since s — w. To avoid that v can be inserted

into the path usuiuju?, we see that u? — v and v — wu3. Since u2 is not a separating

vertex of H, we have u — s and u3 — u3u?, according to the choice of w. Analogously,
u3 — svv’ and u3 — uZ. It follows that dj;(ui) < 2 and dj;(u?) < 2, a contradiction to
the choice of w. So, w — s. Then we see that either u3 — w and w — u3 or u3 — w and
w — uj.

Assume that v — w and w — u?. If v/ — u?, then s — wu2. Otherwise, we see
that wv'u?svulvduiuiw (wo'uZsvuiududw, respectively) is a Hamiltonian cycle ((n — 1)-
cycle, respectively), a contradiction. Since u? is not a separating vertex of H, we have
di;(u?) > df;(w) + 1 = 4, according to the choice of w. From suiu? — w2, it follows that
d};(u?) < 3, a contradiction. So, u2 — v’

Now, we see that u? = uj, since w — ujuj. Then ui — s and uj — 3. Since uj is
not a separating vertex of H, we see that dj;(u3) = 3, u3 — svv’ and u3 — 2. Since u? is
not a separating vertex of H, we see that dj;(u?) = 3, u? — svv’ and u2 — u3. It is easy
to see that dj;(s) =1 or d};(u2) = 1, a contradiction to the assumption that 6*(H) > 2.

Consider the case when u3 — w and w — u3. Since u3 is not a separating vertex of H,
we notice that u? — svv’ and ui — u3. Analogously, u3 — svv’ and u3 — u2. Moreover,
uz — svv', uz — uj and uj — svv’. We deduce a contradiction to the existence of uf.

At last, we consider the case when Ty ...T;_; — v'. Tt implies that N*(v") C V(T;)
and NT(v) N V(T}) # 0, say v — u}. Note that z — w for z € M.

Firstly, assume that |[M| > 2, say z,2’ € M. This implies that n, > 4. Recall that
dt(z) =d*(?) = d*(w) and z — w, 2/ — w. It is clear that T has 3-cycle and 4-cycle
containing wv'. Let G (G’, respectively) be the digraph obtained from T by contracting
wv'zvui (wu'z'vul, respectively) to a (@', respectively). We show that either G or G’ is
strong.

Since z is not a separating vertex of H, we see that a is reachable from all vertices in

G unless ny = 1 and N*(s)\{v,v',u}, 2} =0. If ny = 1 and N*(s)\{v,v',ui,z} = 0, then
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G’ is strong. Thus, one can assume that a (@', respectively) is reachable from all vertices
in G (G', respectively).

If N~(s)\{w,v',z,v} # 0, then all vertices of G are reachable from a in G. This
implies that G is strong. So, assume that N~ (s)\{w, v, z,v} = 0, i.e. s = T — {w, z}.
Since all out-arcs of w are pancyclic in H, we have N~ (s) N V(T, — w) # (), and then
z — s. Now, we see that G’ is strong. Without loss of generality, let G be strong.

If s — w, then we have

ds(a) +dgla) = (d"(up) —3) + (d”(w) — 2)
= (d"(u) =3)+(n—1—d"(w) —2)
= n—4+d(u}) —d"(w) —2
V(G)| +d*(uj) — d* (w) — 2
V(G| +ni+1—(ng—3+2)—2
V(G)I.

By Lemma 5.11, we see that wv’ is pancyclic in T
If w — s, then we have d*(w) < [®=+| + 3. For ¢ > 4, we see that d*(u}) > n, + 3.
It follows that

di(a) +dg(a) = (d*(u}) —3)+ (d (w) —2)
= (d*(u;) =3)+ (n— 1 —d*(w) - 2)
= n—4+d(u}) —dt(w) —2
V(G| + d*(uy) — d* (w) — 2
V(G| +mne+3 — L”tT*lJ —-3-2
V(G| +ny — [*57] =2
V(G)].

vl

VIVl

So, by Lemma 5.11, we see that wv' is pancyclic in 7.

If t = 3, then analogously, we only need to consider the case when ny = n; = 1 and
nz = 3. This allows us to deduce a contradiction to the assumption that ng > 4.

If t = 2, then we similarly only need to consider the case when n; =1 and ny € {4,5}.

For ny = 4, note that uZ — w and dj;(w) = 2. So, M = {u?,u3}. According to the
choice of w, we have u3ud — s and u3 — 3. It is easy to see that min{d};(s), d};(u3)} < 1,
a contradiction to 6T (H) > 2.

For ny = 5, we only need to consider d};(w) = 3. Then we have either u3 — w and
w — u3 or ui — w and w — ui. Moreover, dj;(z) = dj;(2') = 4. Tt follows that 2 — s
and 2/ — s.

If u3 - w and w — w3, then {z,2'} = {ui, u?}, vu? — s. It is not difficult to see
that wv' is pancyclic in T

For the case when u2 — w and w — u2, we analogously have {z, 2’} = {u3, u?}, u3 — s
and uZ — s. Recalling that dj;(u3) = 4, we have N}, (u3) = {w, s,u?,uZ}. This implies
that dj;(u2) = 3, a contradiction.

Finally, consider the case when |M| = 1, say M = {z}. Thenv' — 2,z —» vandv — 2/
for all 2/ € N*(v")\{z}. Since 2’ is not a separating vertex, we see that dj;(2’) > df;(w)+1,
according to the choice of w and the fact that 2’ is not a separating vertex of H. Recall
that d*(z) = d*(w) and z — w. This implies that wv' is in a 3-cycle.

If 2/ — w, then we see that either wv'zz'w or wv'z'zw is a 4-cycle. If w — 2/, then one
can also confirm that wv’ is in a 4-cycle. Otherwise, w has at least d};(z) out-neighbors
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in H, i.e. dfj(w) > df;(z'). We deduce a contradiction to df;(z') > df;(w) + 1. Therefore,
wv' is in a 4-cycle.

In the following, we show that either wv’ is in k-cycle for 5 < k < n or there is another
vertex whose out-arcs are 4-pancyclic.

(a) Consider the case when s — w. Let D be the digraph obtained from T by
contracting wv'zvu} to b.

(a.1) Assume that N~ (s)\{w,v’, z,v} # (. Then all vertices of D are reachable from
bin D. Since z is not a separating vertex of H, we see that b is reachable from all vertices
of D in D. So, D is strong.

If t > 3 or ny > 3, then we have d*(uj) > n; + 2. It is clear that d},(w) <mn; — 2. Tt
follows that

dp(b) +dp(b) = (d*(uj) = 3)+ (d”(w) — 2)
= (d(uj) =3)+(n—1—d*(w) - 2)
= n—4+d(u})—d"(w) -2
V(D)| + d*(uy) = d*(w) -2
V(D) +n+2—[(ny—2)+2]—2
V(D).

vl

By Lemma 5.11, we see that wv’ is pancyclic in T'.

Thus, assume that ¢t = 2 and n; = 1. We only need to consider the case when n; =1
and n < 9, namely, ny € {3,4,5}. Otherwise, for n > 10, we have

d(b) + dp(b)

(d* (ug) = 3) + (d~(w) — 2

= |V(D)| +d*(uy) —d*(w) —2

> VD) +n-3-(1%2]+2) -2
= |[V(D)|+n—-3—["3"] -4

> [V(D)].

By Lemma 5.11, we see that wv’ is pancyclic in T'.

For n3 = 3, it is not difficult to see that there is a vertex x € V(H) with df;(z) = 1,
a contradiction to the choice of w.

For ny = 4, we see that df;(w) < |%5!] = 2, and then w — u3. So, z = u?, u — s and
u? — u. Tt follows that df;(u?) < 2, ¢ = 2,3. This implies a contradiction to df;(z’) < 3.

For ng = 5, we see that df;(w) < [5*] = 3. By Lemma 5.11, one can assume that
dj;(w) = 3. Then w — uu?.

If v — w2, then we deduce a contradiction to the choice of w, since dj;(u3) < 3 =
dj;(w). So, u3 — v'. Analogously, ui — v’ Thus, we see that v/ — u3 and v — u?.
According to the choice of w and the fact that u3 is not a separating vertex of H, we have
u3 — s and uZ — wiu?. Now, we see that d};(uZ) < 3. By Claim B and D, the vertex u?
is a desired vertex.

(a.2) Assume that N~ (s)\{w, v, z,v} = 0. Then N~ (s) = {z,v} and d*(s) =n — 3.
Let F' be the digraph obtained from T by contracting wv'zs to ¢. Since z is not a
separating vertex of H, it is not difficult to see that c is reachable from all vertices of F'
in F.
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If N=(v)\{w, z} # 0, then we see that F' is strong. If n > 10, then we have
dp(c) + dp(c) (d™(s) =2) + (d”(w) = 2)

(d"(s) =2)+ (n—1—d"(w) - 2)

n—3+d*(s) —dt(w)—2

[V(D)|+d*(s) —d"(w) —2

= V(D)
> [V(D)|+n—-3— (|52 +2) -2
= [V(D)|+n-3—|%2] -4

= [V(D)].

By Lemma 5.11, we see that wv’ is pancyclic in T'.

According to the assumption that dj;(z) > 2 for all x € V(H) and s — w, we only
need to consider the case when n € {8,9} and n; > 4. This implies that ¢t = 2 and ny; = 1.

If n = 8, then we have ny = 4 and w — u3. So, z = ui. Now, we see that u? — s and
uj — u3. Moreover, dj;(u) < 2, = 2,3, a contradiction to dj;(2') > df;(w) +1 = 3.

If n =9, then we have ny = 5 and dj;(w) < [5*] = 3. If dj;(w) = 2, then with a
similar discussion as above, we have

di(c) +dp(c) = (d7(s) =2) + (d"(w) =2) = (6 —2) + 8 =4 = 2) =6 = [V(F)].

By Lemma 5.11, we see that wv' is pancyclic in T'. So, assume that d};(w) = 3. Then
we have w — u3u? and z = u2. Now, we see that there is at least a vertex x in Ty with
d};(r) <2, a contradiction to the choice of w.

(b) Consider the case when w — s. We see that

df(w) < [22]  and  df(w) < |252] 4 3.

Let D be the digraph obtained from T by contracting wv’zvui to b.

(b.1) Suppose that N~ (s)\{w,v’, z,v} # 0. Then all vertices of E are reachable from
bin D.

(b.1.1) Suppose that D is strong. If ¢ > 4, then we have d*(u}) > n; + 3. It follows
that

dp(b) +dp(b) = (d*(uy) = 3) + (d~(w) = 2)
= (d*(ug) =3)+ (n—1—d"(w) - 2)
= n—4+d"(u])—d"(w) —2

= |[V(D)| +d*(u1) — d*(w) -2
> V(D) +n+3—["7] —3-2
— V(D) +n — 2L =2

> V(D).

By Lemma 5.11, we see that wv’ is pancyclic in T'.

For t = 3, we only need to consider the case when ny = 1, ny = 1 and ng = 3. In
fact, we have d*(uj) > n; + 3 for ny > 3 or ny = 1, ny > 3. Analogously, we see that
d},(b) + d,(b) > |[V(D)]. By Lemma 5.11, we are done.
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If ny =1, ng =1 and n3 > 4, then we have

dp(0) +dp(b) = (d*(uj) —3) + (d"(w) —2)
= (d*(u}) =3)+ (n—1-d*(w) - 2)
= n—4+d"(u}) —dt(w) —2
[V(D)| + d*(uy) — d*(w) —2
V(D)|4+n, +2— |22 -3-2
V(D) +n; — [M54] =3
V(D).

AVAR IR AVANT

By Lemma 5.11, we are also done.

For ng = 3, we see that T3 — s and every vertex of 75 is out-arc pancyclic in H. Then
z' is a desired vertex by Claim B.

Now, consider the case when t = 2. If n; > 3, then we only need to consider the case
when dj, (u1) = 1, s — uf and ny = 3. We see that T, — s and every vertex of T is
out-arc pancyclic in H. So, z’ is a desired vertex by Claim B.

If n; = 1, then we only need to consider the case when ny < 5. Otherwise, ny > 6. It
follows that

dp(b) +dp(b) = (d*(uj) = 3)+ (d”(w) — 2)
= (d*(uj) =3)+(n—1—d*(w) - 2)
= n—4+d"(u])—d"(w) -2

= V(D) +d*(u}) — d*(w) — 2
> V(D) +n+1— |22 —3-2
= V(D) +n — |251] —4

> V(D).

By Lemma 5.11, we see that wv’ is pancyclic in T'.
Assume that np = 5. We have dj, (w) < [251] = 2. If df, (w) = 1, then we have

dp(b) +dp(b) = V(D) +d*(uy) — d*(w) -2
= |[V(D)|+6—4-2
= [V(D)].

By Lemma 5.11, we see that wv' is pancyclic in T

For the case when dy, (w) > 2, we see by Remark 5.7 that dj, () > 2 for all z € V(T3),
and then dj, (z) = 2 for all z € V(Ty). Moreover, x is out-arc pancyclic in H, according
to the choice of s and w. By Claim B, the vertex 2’ is a desired vertex.

For ny = 3, we see that H contains a vertex with out-degree 1 in H, a contradiction
to the choice of w.

If ny = 4, then dj, (w) < [%51] = 1. Thus, v — w. If v/ — wu, then dj;(u3)

v

2

dj;(w) +1 = 3. This implies that u3 — s and u2 — u2. Now, we see that dj;(u?) = 2,
and then u? — s and u? — vv’. Thus, v — u3. Analogously, d},(u3) > dj;(w) +1 =3
and u% — s. Tt follows that d};(s) = 1, a contradiction to the assumption that df;(z) > 2

for z € V(H).
For the case when u3 — ¢’ and {z, 2’} = {u3,u}}, it is analogous to see that uiu? — s
and u? — u3. Moreover, u3 — s and u3 — vv’. So, dj;(s) = 1, a contradiction to the

assumption that dj;(x) > 2 for z € V(H).
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(b.1.2) Assume that D is not strong. Let F' = {x € V(D) |b is reachable from z in D}.
It is clear that F' # (), F = V(D)\F = V(T)\(F U {v,v, z,ul}) # 0 and {w}UF — F.

We confirm that s € F. Assume to the contrary that s € F. It is easy to see that
(T —uh)Ty...Ty_y — s and F\s C V(T;). Then H — z is not strong, a contradiction to
the assumption that each out-neighbors of v’ is not a separating vertex of H.

Ift >3 ort=2and n; > 3, then there is another out-neighbor of v in H — V(T}),
say u. We consider the digraph D’ obtained from 7" by contracting wv’zvu to b'.

With a similar discussion as above, we only need to consider the case when t = 2 and
ny = 1. Let uf = z. It is clear that z # u3, u; € F and uj — s for j =i+ 1,...,no.
Moreover if F\{u3,...,u?,} # 0, then there is an index 2 < k < i — 1 such that

{uk,...,uf stand {u3,...,ui [} CF.

We confirm that 2/ € F. Assume to the contrary that 2/ € F. So, we see that
N*(2) € (FU{z}), and then |F| > d*(2'). It follows that dj(w) > |[F| > d* ().
Recalling that dj;(2') > dj;(w) + 1 and d}; (') = d*(2'), we deduce a contradiction.

By 2/ € F, we have 2/ — s. Let D" be the digraph obtained from T by contracting
wv'Z'suj to c.

(b.1.2.1) Assume that N*(v)\{w, v, 2’,s,ul} # 0. Tt is not difficult to see that D"
is strong. By Lemma 5.11, we only need to consider the case when ny € {3,4,5}.

For ny = 3, one can see that H contains a vertex with out-degree 1 in H, a contradic-
tion to the choice of w.

For ny = 4, we have that u3 — w. So, z = 2, 2/ = u?, vlul — s and u? — u3,
according to the choice of w. Moreover, u3 — s and u3 — vv'. Now, we have dj;(s) = 1,
a contradiction.

For ny = 5, we see that dj, (w) < 2. For dj, (w) = 2, we see by Remark 5.7 that
dy,(x) > 2 for all z € V(T3), and hence, dj, (z) = 2. This implies that dj;(z) = 3 for
x € V(T3), according to the assumption that 75 contains no separating vertex of H. So,
all vertices of Ty are out-arc pancyclic in H. By Claim B, 2’ is a desired vertex.

Assume that df, (w) = 1, i.e. d*(w) = 4. It follows that

dp(€) +dpu(c) = (d*(uy) =3)+ (d~(w) —2)
= (d*(u) =3) + (n =1 —d"(w) —2)
= n—4+d(u}) - d*( )—2
= [V(D")| +d*(u1) — d*(w) — 2
> |V(D")|+6—-4-2
= [V(D")].

By Lemma 5.11, we are done.

(b.1.2.2) Assume that N (v)\{w,v', 2, s,u}} = 0. Then we have T — {v', 2/, s,ul } —
v. This implies that d*(v") =2 and T — {z,2'} — v'. Now, it is not difficult to see that
all out-arcs of uj are 4-pancyclic in T

(b.2) Suppose that N~ (s)\{w,v', z,v} = 0. That means s — T; — {w, z}. Since w is
out-arc pancyclic in H, we have N~ (s) N V(T; — w) # 0. Thus, z — s. Let D" be the
digraph obtained from T" by contracting wv'zs to a.

Since z is not a separating vertex of H, we see that a is reachable from all vertices of
D/// ln DI//‘
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If N~ (v)\{w, 2z} # 0, then all vertices are reachable from a in D". Thus, D" is strong,.
Furthermore, we have

d;l!l (a) _'_ dB/// (a/>

(d*(s) = 1)+ (d~(w) — 1)
(d(s)— 1)+ (n—1—d"(w) —1)
n—3+d"(s)—dt(w)

[V(D")| 4+ d*(s) — d*(w)
V(D" +n—4— "53] -2
V(D) +n—3— LnT{)’J -3

[V (D")]

AVAN IIRAVAN

for n > 8. By Lemma 5.11, we see that wv’ is pancyclic in T'.

If n =7, then v/ — w3u?, u? — v,andv — u3. In addition, u3 — s and s — u3. Now,
we see that z is a separating vertex of H, a contradiction.

If N~(v) = {w, z}, then we consider the digraph D obtained from T by contracting
wv'zv to a'. Tt is evident that D* is strong. Moreover, we have

di.(a) + dp(d) (dr(v) = 1)+ (d(w) — 1)

(dr(v)—1)+(n—1—-d"(w)—1)
n—34+d"(v) —d(w)
V(DY +d*(v) — d* (w)
V(DY +n—3—["5"] -2
V(DY)].

VIV I

By Lemma 5.11, we see that wv’ is pancyclic in T'.
Case 3. o(H) > 2.

In what follows, denote v; — v, for the case when d*(v;) = d*(vy). Recall that
d*(v1) > 2. Let u be the vertex, which has minimum out-degree among all vertices in
N*t(v1)\{v2}. By (6.4), it is clear that d*(u) > d*(vy).

We will prove that either all out-arcs of u are 4-pancyclic or there is another desired
vertex.

Let 2 € N*(u) be arbitrary. If d*(z) > d*(u), then we are done by Lemma 5.12. So,
assume that d*(z) < d*(u). From (6.4), it follows that d*(v;) < d*(z) < d*(u).

Let D be the digraph obtained by contracting vyux to w. Assume that D is strong.
If vy — z, then we have

dp(w) +dp(w) = [N (@) + [N~ (v1)]
dt(z) +d (v)

d*(x) + [(n — 1) — d*(v1)]
n—1>|V(D)].

A%

By Lemma 5.11, there is a k-cycle containing w in D for all 2 < & < |V(D)|, and then
the arc ux is 4-pancyclic.
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If x — vy, then d*(x) > d*(v;). Otherwise, we see that d™(x) = d*(v1) and = 19, a
contradiction to the assumption that v; — vy if d*(v1) = d*(vy). Thus, we have

dp(w)+dp(w) = [N*(@)\{or}] + [N~ (e)\f}]
— (@ (@)= D)+ (d (o) - 1)
(dF(@) = 1) + [(n — 1) — d* ()] — 1
> n—2=|V(D)|

Analogously, the arc ux is 4-pancyclic in 7.

Now, consider the case when D is not strong, i.e. there is a vertex y € V(D — {w})
such that either y is not reachable from w or w is not reachable from y in D. In other
words, either y is not reachable from x in 7" — {vy,u} or vy is not reachable from y in
T —A{u,z}.

Assume that y is not reachable from x in T — {vy, u}. It follows that (T — {v;}) = 1.
This implies that there is a vertex s € V(T') such that (T — {vy,s}) =0. Let T1,..., T}
be the components of T' — {vy,s} with T, — T; for 1 < i < j < t. By recalling that
o(T —A{vy,v9}) > 2, we have s # vq. Since o(T — {vy, s}) = 0, it is easy to see that n; =1
if vo € V(T7) or ny = 1if v € V(T}), and then t = 2.

If V(Ty) = {v2}, then d*(vy) = 2 and vy — v, a contradiction to the assumption that
V1 — Vg if d+(1}1) = d+(U2). SO7 V(Tl) = {’Ug}.

Let w € V(T3) be an out-arc pancyclic vertex in Tp with dj, (w) < [%71]. If w is an
out-arc pancyclic vertex in 7', then we are done. So, assume that not all out-arcs of w is
pancyclic in T

By recalling the proof for Case 1.2 in Theorem 6.3, we see that To, — v, w — s,
N*t(s) € N~ (w) and NT(w) C N~ (s). This implies that d*(v;) = 2, d*(s) > 3 and
u=Ss.

Let wz12s ...z, 4w be an arbitrary Hamiltonian cycle of T5. For each z; with s — z;
for some 1 <7 < n —4, we have i > 2 and w — z_1, and hence, z;_; — s. It is not
difficult to check that sz; is pancyclic in T. Evidently, svs is also pancyclic in T'. So, s is
a desired vertex.

Therefore, we can assume that T'— {vy, u} contains a path from x to every vertex but
T — {u,x} contains no path from some vertex y to v;. Let

Z ={2e V(T —{u,z,y}) | T — {u,x} contains a path from y to z}.

It is clear that v; — y, and v; — Z. Tt follows that N*(y) C ZU{u,z} and ZU {u,y} C
N*(vy). This implies d*(y) < |Z] +2 < d*(v1), and hence, d™(y) = d*(v1). Since
d*(a) > d¥(vy) for all a € V(T)\{v1,v2}, we have y = vy, N*(v2) = Z U {u,x} and
N*t(v1) = Z U {vy,u}.

It is easy to see that T'— (Z U{u,x}) — Z. So, the set {u, z} is a separating set of 7.
Let T1, T, ..., T} be the strong components of 7" — {u, x} with T; — T for 1 <i < j <t.
Then we see that ¢ > 3 and T; = vy, T;11 = v for some 1 < ¢ <t — 2. Thus, it is not
difficult to see that ux is pancyclic in T 1

By Theorem 6.8 and 6.9, we have the following theorem:

Theorem 6.10 FEvery s-strong tournament T with s > 2 contains at least s + 1 vertices
whose all out-arcs are 4-pancyclic.
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Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit hamiltonschen Graphen und einigen verwand-
ten Themen. Vor allem geht es hier um die Existenz eines echt gefiarbten Hamiltonweges
in einem vollstandigen Graphen mit echter Kantenfarbung, um komplementare Kreise
im Jump-Graphen und um die Anzahl der Ecken eines Turniers, deren positive Bogen
allesamt panzyklisch in dem Turnier sind.

Das Hamiltonkreisproblem ist eine der fundamentalen Problemstellungen der Gra-
phentheorie. Es fragt, ob in einem gegebenen Graphen ein sogenannter Hamiltonkreis
existiert. Ein Hamiltonkreis ist dabei ein Kreis, der alle Ecken des Graphen genau einmal
enthalt. Namensgeber des Problems ist der irische Astronom und Mathematiker Sir Wil-
liam Rowan Hamilton, der im Jahr 1857 das Spiel ,, The Icosian Game* erfand (und spéter
verbesserte zum ,, Traveller’'s Dodecahedron or A Voyage Round The World*). Der , Tra-
veller’s Dodecahedron® besteht aus einem holzernen, reguldaren Dodekaeder, wobei die 20
Ecken mit Namen bekannter Stadte assoziiert sind. Ziel ist es, eine Reiseroute entlang der
Kanten des Dodekaeders zu finden, die jede Stadt genau einmal besucht und dort authort,
wo sie beginnt.

Obwohl das Hamiltonkreisproblem NP-vollstandig ist, sind viele hinreichende Bedin-
gungen flir hamiltonsche Graphen in den letzten 100 Jahren gefunden worden. Daraus
entwickelten sich viele interessante Themen in der Graphentheorie: zum Beispiel, die Pan-
zyklischkeit, die Faktortheorie, die Existenz des echt gefarbten Hamiltonweges, u.s.w.

Im Allgemeinen gibt es zwei wichtige Gruppen von den hinreichenden Bedingungen
fiir die Existenz eines Hamiltonkreises in einem Graphen. Die erste Gruppe umfasst die
sogenannten numerischen Bedingungen, von welchen vermutlich die Grad-Bedingungen
die bekanntesten sind; strukturelle Bedingungen sind die zweite wichtige Gruppe. Ein
gutes Beispiel davon ist die ,, verbotene Teilgraph“-Bedingung. Im Kapitel 2 werden einige
neue hinreichende Bedingungen fiir die Existenz eines Hamiltonkreises in einem Graphen
durch das Kombinieren beiden gegeben.

Es sei G = (V, E) ein zusammenhéngender Graph. Besitzt G keinen K 3 als induzier-
ten Teilgraphen, so heifit G klauenfrei. Fiir z,y € V' definieren wir den Abstand dg(z,y)
zwischen x,y durch die Lange eines kiirzesten Weges von x nach y. Ein Graph heif3t fast
abstandstreu falls fiir jeden zusammenhangenden induzierten Teilgraph H von G und alle
u,v € V(H) die Eigenschaft: dy(u,v) < dg(u,v) + 1 erfillt ist.

Ein Graph G heifit 2-schwer falls der Eckengrad mindestens zweier Endecken jeder
Klaue in G grofler oder gleich zu @ ist. Im Abschnitt 2.1 zeigen wir: Ist G 2-fach
zusammenhangend, 2-schwer und fast abstandstreu, so ist G hamiltonsch.

Im Abschnitt 2.2 nehmen wir an, dass G ein zusammenhéngender und klauenfreier
Graph ist mit folgender Bedingung: Fiir jeden maximal induzierten Weg P der Lange
p > 2 mit Endecken u, v gilt d(u) + d(v) > |V(G)| — p+ 2. Unter dieser Annahme kann
man zeigen, dass G einen 2-dominierenden induzierten Kreis hat und hamiltonsch ist.

Im Abschnitt 2.3 betrachten wir einen Graphen, der die folgende Bedingung erfiillt:
Fiir jede Ecke u in G gilt max{d(z) | d(z,u) = 2 und x = u} > &QG)' Ist G’ aulerdem
noch 3-fach zusammenhéangend, klauenfrei und sanduhrfrei, dann ist G hamiltonsch.

Im Jahr 1997 vermuteten J. Bang-Jensen und G. Gutin, dass ein vollstandiger Graph
G mit einer echten Kantenfarbung einen echt gefarbten Hamiltonweg besitzt genau dann,
wenn G einen spannenden Teilgraphen hat, der aus einem echt gefarbten Weg C und einer



(moglicherweise leeren) Ansammlung von echt gefirbten Kreisen Cy,Cy, ..., Cy besteht,
so dass V(C;) NV (C;) =0, 0 <i < j<d. Im Kapitel 3 priifen wir die Richtigkeit dieser
Vermutung.

Offensichtlich ist ein Hamiltonkreis ein 2-Faktor. Folglich ist die Untersuchung der Exi-
stenz eines 2-Faktors in einem Graphen ein interessantes Thema in der Graphentheorie.
Im Kapitel 4 betrachten wir einen speziellen 2-Faktor, ndmlich die komplementaren Krei-
se in Jump-Graphen, und charakterisieren die Jump-Graphen, die die komplementéaren
Kreise enthalten.

In dem zweiten Teil dieser Arbeit betrachten wir Turniere. T. Yao, Y. Guo und
K. Zhang (Discrete Appl. Math. 99, 2000, 245 — 249) bewiesen, dass jedes stark zusam-
menhangende Turnier eine Ecke x enthalt, so dass jeder positive Bogen von x panzyklisch
ist. Auflerdem vermuteten sie, dass jedes k-fach stark zusammenhangende Turnier £ Ecken
enthélt, so dass jeder positive Bogen von solchen Ecken panzyklisch ist. A. Yeo (J. Graph
Theory 50, 2005, 212 — 219) zeigte, dass jedes 3-fach stark zusammenhéngende Turnier
zwei Ecken x,y enthalt, so dass alle positive Bogen von x und y panzyklisch sind. Im
Abschnitt 6.1 verbessern wir dieses Resultat und beweisen, dass jedes 2-fach stark zusam-
menhangende Turnier zwei Ecken vy, vy enthalt, so dass jeder positive Bogen von v; fiir
1 = 1,2 panzyklisch ist.

AuBlerdem gab A. Yeo (J. Graph Theory 50, 2005, 212 — 219) eine unendliche Klas-
se von k-fach stark zusammenhangenden Turnieren fiir £ € N an, so dass jedes dieser
Turniere hochstens 3 Ecken enthalt, deren positive Bogen panzyklisch sind. Dartiber hin-
aus vermutete er, dass jedes 2-fach stark zusammenhangende Turnier drei Ecken z,y, z
enthalt, so dass alle positiven Bégen von z, y und z panzyklisch sind. Im Abschnitt 6.2
zeigen wir, dass jedes 3-fach stark zusammenhéngende Turnier mindestens drei Ecken
enthélt, so dass alle positiven Bogen von den drei Ecken panzyklisch sind. Daher ist
die Vermutung von Yao, Guo und Zhang zutreffend fiir 3-fach stark zusammenhéngende
Turniere, aber die Vermutung von Yeo ist noch offen.

Weil es k-fach stark zusammenhéngende Turniere fiir all £ € N gibt, die hochstens
3 Ecken enthalten und deren positive Bogen panzyklisch sind, fiihrt dies zu einem inter-
essanten Problem: Wieviele Ecken besitzt ein Turnier, so dass alle positiven Bogen der
Ecken 4-panzyklisch sind? Im Abschnitt 6.3 zeigen wir, dass jedes s-fach (s > 2) stark
zusammenhangende Turnier mindestens s + 1 Ecken enthalt, so dass alle positiven Bogen
der Ecken 4-panzyklisch sind.
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