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Preface

Modular forms are important objects in Number Theory. In a simplified way, a modular
form is a function on an open subset®? with an invariance property under a sufficiently
large discrete group and a nice Fourier expansion. The theory of modular forms was initi-
ated in the 19th century and was intimately related to the theory of integrals over algebraic
functions (e. g. elliptic integrals). A systematic theory of modular forms with respect to
the symplectic group 3p,Z) was developed by C. L. Siegel (1939). Modular forms can

be used to determine for example numbers of representations of a quadratic form (Siegel’'s
Hauptsatz) or Abelian extensions of (real or imaginary) number fields. Recently they were
part in Wiles’ proof of Fermat’s last Theorem. One possible generalization of symplectic
modular forms are paramodular forms.

First results about paramodular forms were shown by Christian [Ch1] and Kdhler ([K61],
[K62] and [KB3]). Generators of a graded ring of paramodular forms of degree 2 were
first determined by Igusa fdr, (the paramodular group of degree 2 and level 1), i. e. the
ring of Siegel modular forms of genus 2. Igusa’s proof ([Igu]) was simplified by Freitag
([Fr4]) using a distinguished Siegel modular fo®g with non-trivial multiplier system and
known zeros. Then, using similar techniques, Freitag ([Fr2]) determined generators of the
graded ring of modular forms of even weight with respecf §8% the maximal normal
discrete extension df, (the paramodular group of degree 2 and level 2) of index 2. Only
recently, these results were extended $oby Ibukiyama and Onodera ([IO]). Moreover,
Runge [Run, Thm 2.3] described the even part of the graded ring of modular forms for
paramodular groups of arbitrary degree as invariants of a certain space of theta constants.
This result could so far not be used to give explicit information on generators. On the other
hand Ibukiyama determined the dimension of the spaces of cusp forms ([Ib1]) from which
one can deduce the Hilbert series #¢Tt) for smallt (cf. [Ib2], [10]).

Recent results of Borcherds ([Bor]) can be used to construct paramodular forms with known
zeros, so-called Borcherds products. Note thats an example of a Borcherds product.
Other examples of Borcherds products with respect to the paramodular group were given
in [GN]. Using Borcherds products Dern ([Der]) generalized the method of Freitag ([Fr4])
and determined the generators for modular forms with respéc. tble found a Borcherds
product which has a zero of order one on the divisorwith the lowest discriminant and

no other zeros. Using generaliziations of MaalR’s construction [Ma2] [Ma3] introduced by
Gritsenko [Gr1], [Gr2] and Gritsenko-Nikulin [GN]- so-called "arithmetical liftings"— he
was then able to lift all modular forms with respect to S&ga?bL to paramodular forms for

3.
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This method was extended by Dern and Krieg ([DKr1], [DKr2]) in order to determine the
algebraic structure of some graded rings of hermitian modular forms of degree 2.

Givent € N andR = diag(1,t), the paramodular group of levels defined byﬂ ={M ¢

GL4(Z);M" (§ T )M = (3 §)}. Sincel can be embedded into §®) (denoted by
), It acts on the Siegel upper half-spafig= {Z = X +iY; X = X", Y =Y > 0} in the
usual way.

The main objects of this thesis are paramodular forms of degree 2, i. e. holomorphic func-
tions f : Hy — C with

f((AZ+B)(CZ+D)"1) = v(M)de({CZ+D)*f(Z) for M — (é g) ery,

wherek € Z is the weight and’ is an Abelian character d¢f;. The vector spackly(I't, V)
of these functions is finite dimensional.

The goal of this thesis was to determine the algebraic structure of (or at least a set of gen-
erators for) theZ-graded algebra of all paramodular forpdél'y) = @, M(T't,1) fort = 5.

In the course of the computations we were able to determine the structure of a graded ring
of modular forms with respect to a certain subgréup SL,(Z)? using methods from com-
mutative algebra. The main result of this thesis yields a method to determine an invariant
ring for a polynomial ring modulo a (principal) ide@l In order to described(I's) we use

the methods by Dern and Krieg, and thus obtain some structural results.Adoyt e. g.

the Hilbert series and a basis fbffy(I'5) for small weightsk. Furthermore, we are able to
determine four algebraically independent forms which are candidates for a homogeneous
system of parameters. In any case their degrees match the degrees that are predicted by the
Hilbert series.

Now we give a short description of the thesis:

In the first chapter we fix notations. In the second chapter we summarize results about
the paramodular group — such as generators, extensions and the group of Abelian charac-
ters — and paramodular forms. Moreover, we calculate a system of representatives for the
equivalence classes @fi— 1)-cusps for the paramodular grotgP) for arbitraryn andP
(Theorem 2.5.13) and give an equivalent characterization of a paramodular cusp form.
Since Borcherds theory is written in the language of orthogonal groups, we translate, in
Chapter 3, the paramodular group of degree 2 with square-freetlevel the orthogonal
setting. In the same way (Section 3.4) we can translate paramodular forms of degree 2 to
orthogonal modular forms via a modular isomorphism (cf. the commutative diagram in
Equation (3.16)). Following [FH] we consider Eichler transformations in order to prove
that for square-freeall quadratic divisors of fixed discriminant are equivalent uriges*.

We determine the stabilizers for some quadratic divisors in tasb with particular em-
phasis onﬂtgl. This stabilizer contains the group 8Z)[3]? as a normal subgroup with

StamgL/SLz(Z) [3)% = SLy(ZI37). We complete this chapter with a characterization of
f € A(Stabig") (i. e. the ring of all modular forms with respect to Sfab), which allows



us to determined(Stalg") by first determining4(SLz(Z)[3]?) and then the invariant ring

of A(SLy(Z)[3]?) with respect to Sh(Z/37,).

In Chapter 4 we give some group theoretical results about the main congruence subgroup
SLy(Z)[3], e. g. generators, cusps and character table. Then we calculate generators for
the graded ring of all modular forms with respect t0,8L)[3] using well-known results

from [Miy]. We then determine the algebraic structure of the ring of all modular forms with
respect to Sk(Z)[3]? which is isomorphic t&C[Xa, ..., Xa]/ (X, X4 — XoX3). Finally we cal-

culate the exact representation of the invariance group.

At the beginning of Chapter 5 we collect some necessary results from Commutative Alge-
bra. The most important structure — Cohen-Macaulay rings — will be discussed in Section
5.2, especially we generalize the Theorem of Hoechster-Eagon to Cohen-Macaulay rings.
We calculate the structure of the ring

A(SLz(Z) [3]2)SL2(Z/3Z) ]

using the fact that this ring is Cohen-Macaulay and an exact sequence. More explicitly
the exact sequence allows us to determine the invariants by calcultiag .., X4]® and
C[Xq,...,X4]* for some charactey which can be done using computer algebra systems.

In Chapter 6 we discuss the Maal3 lift which is essentially a lift from half-integral Jacobi
forms with character to paramodular forms with character. The main result, Theorem 6.3.2,
is essentially a reformulation of results from [Grl] and [GN]. Using a dimension formula
for these Maal3 spaces from Skoruppa [Sko], we are able to give generators for the free
C|ga,06]-module of Jacobi forms (whemg andgs denote the elliptic Eisenstein series of
weight 4 and 6, respectively).

In Chapter 7 we construct paramodular forms of level 5 using Borcherds products. Using
some properties of these forms we give a possible set of primary generators in the case that
A(l5) is Cohen-Macaulay. Using Ibukiyama’s dimension formula ([Ib2]) for paramodular
cusp forms we compute the exact Hilbert series4gF 5) and determine a basis bix(I's)

for small weights. To close this chapter there are some remarks about a reduction process to
determine the algebraic structure 4fl'5), and some ideas on further work.

This thesis was developed mainly at Lehrstuhl A fir Mathematik at RWTH Aachen under
the direction of Prof. Dr. A. Krieg. | would like to thank Prof. Krieg deeply for the
suggestion of this topic, his continous interest and his valuable suggestions. | would like
to thank PD. Dr. J. Miiller, Lehrstuhl D fir Mathematik RWTH Aachen, for help with
the theory of commutative algebras and [MAGMA], his patience in answering sometimes
easy questions and his willingness to report on this thesis. | would like to thank Prof.
Ibukiyama for giving me the opportunity to join his research team for one year and for his
support during my stay in Osaka. | want to thank the East-Asia program of Daimler-Chrysler
and the AIEJ program of the Japanese government for their financial and organisational
support, which made this stay in Japan possible. Since October 2003 | was an associated
member of Graduiertenkolleg "Hierarchie und Symmetrie in mathematischen Modellen"at
RWTH Aachen which opened the chance for fruitful mathematical discussions. To all my
colleagues at Lehrstuhl A fir Mathematik | would like to express my thanks for moral
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support and many inspiring discussions. In particular | want to thank Tobias Dern and Ingo
Klocker for mathematical help, Sebastian Mayer for support in [MAPLE] problems and my
office mate Thorsten Heck for bearing my moods, and many questions.
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1 Notations

We denote bWN = {1,2,3,...}, Z, Q, R andC the set of natural, integral, rational, real and
complex numbers, respectively, and defifie:= NU {0}. Let #A be the cardinality of the
setA (throughout this thesis always finite). Gives= x+iy € C by X,y € R, thenx:= Rez

is the real part angt := Imzis the imaginary part of. The upper half-plane is denoted by
H:={ze C;Imz> 0}.

Let G be a groupH a subgroup ofc (denoted byH < G) anda,b € G. We writea =
b modH if aH = bH. Furthermore, we denote by < G thatH is normal inG. Given
S C G, we denote by(S) < G the subgroup of5 generated by all elements & The
commutator ofa andb is given by[a,b] := aba*b~1. The commutator groupG is the
subgroup ofG generated by all commutators of element&of Let G = Hom(G,C*) be
the group of all Abelian characters Gfwhich is isomorphic t&/DG. We denote bys x G
the direct product of G with itself. We also use the abbrevia@ér= G x G.

Let n,m Kk, be elements oN. Given a ringR (always assumed to be commutative and
with unity), we denote by MatR) the set ofn by n matrices with entries iR.  For

A, B € Mat,(R), we denote byA" (resp. A~1) the transpose (resp. the inverse provided
its existence) oA € Maty(R). Moreover,B[A] := A"BAandA~" := (A~1)". The entries

of A are denoted by fori, j € {1,...,n}, i. e. A= (&j). Letl,= (§j) € Mat,(R)

be the identity-matrix of rank. We sometimes uskinstead ofl, if n is obvious. The
diagonal matrix with given diagonal entrigs. . ., t, is denoted by dia@;, .. .,tn) = (tjjj).

EIEF) = (&idj) € Maty(R) is the matrix, where th¢k,|)-entry is 1 and all others are 0.
(M _ (8ki) € R"is the column vector witlk-entry 1 and 0 otherwise. We writg for E&F)

&
ande for el(<") if the rankn is implicitly given by the context. Ik =1, we useEy instead of
Ekk-

SLh(R), GLn(R) and SR(R) C GLon(R) denotes the special linear group, the general
linear group and the symplectic group over the riRgrespectively. We uséM1, M) —

M; x My for the standard embedding §{R) < Sp,(R) — Spn,.n(R) of symplectic groups
as in [Kr4, p. 44]. We denote by SytRR) the set of all symmetric matriced = M" ¢
R™NIf additionally R is a subring ofR andSe Sym(R), we denote byS> 0 (resp.
S> 0) positive definite (resp. positive semi-definite) matrices. dgbe the cyclic group

of ordern, i. e. Cn:=Z/nz. We usem | n if mdividesn, m{ nif m does not divide
nandm/| nif m|nand gcdmn/m) =1. GivenP, U € GLy(R) andS € Mat,(R), we

use the abbreviations itt) = (% u9"> and tranéS) = (' °). Moreover, we definép =

(g *F(’)_l> andJp = (S7) 1fP=1, wewriteJ:=J = (9 ).



2 Notations

Given matricesA, B, N € Maty(Z), we write A= B modN if a; x = bjx modn; y for all
1< j,k<n,i.e. if the congruence is satisfied for every coefficient.

Given a mapf, we write kerf for the kernel and infi for the image off.

Given a fieldF we denote byF[Xy,...,X,] the polynomial ring in the variables, ..., X,.

If the variables are not necessary free, we use instead the notgfian . ., X,). Let R be
aring andry,...,r € R. Then we denote byrq,...,r;) the ideal which is generated by the
elementsy,....r.



2 Paramodular Groups

2.1 Definition and Generators

GivenP € P0s,(Q) = {M € Maty(Q) ; M = M' > 0}, theparamodular group of level s
defined by

r(P)={Mesp@|(h8)
The conjugate group
F(P) = (59) 7' (P)(49)  Maty(2)
is theintegral paramodular group of IeveI.BAIternativerf(P) can be defined by
F(P) = {M € Maton(Z); Jp[M] = JAP}

This leads to the followindntegral symplectic relationsf T'(P): Given a matrixM =
(& B) € Matn(Z), we have

Mel(P) <« A'PC, D"PBsymmetric ancA"PD—C"PB=P. (2.1)

ForP # Al, the paramodular group(P) is not invariant under transposition. Inste&dp)
is invariant under the involution

1
! MH(SP%) Mtr<'gp91>.

As is well-known, every paramodular grolipP) is conjugate to a paramodular grou® ),
whereP’ = diag(ts, .. .,t,) is a matrix of elementary divisors (essentiatly,. .. ,t, are the
elementary divisors ajP, where 0< q € Q is chosen in such a way, thgP is integral and
primitive; see [Run]).

Thus we can assume without restriction, tRas a matrix of elementary divisors, i. e. from
now on we haveé® = diag(ty, ..., tn) with t; = 1 andt; /tj_; € Nfor all 2 < j <n. Since the
quotientst; /t; are used frequently in the sequel, we wijte:= t~t; for short. Of course,

we havetj j € N if i < j <n. For reasons explained later, it is also convenient to define
to1:=thns1 := 12 (see Section 2.3).
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We define

Q(P) = {U € GLn(Z); PUP ! € Maty(Z)},
P) {M € Mat,(Q); M = M”, MP € Maty(Z) }
(P) = {M € Maty(Z); MP~! symmetrig .

Typical elements of (P) are rotU) for U € Q(P), trangS) for S¢ 2(P) andJp.
In degree 2 we defin® = diag(1,t), 't =T (R) andft :f(P[) as abbreviations. In the
same way we set = 1z, Ot = Q(R), & = Z(R) and = Jg.
The entries oM € I'(P) have bounded denominators, depending on the entri&s(of.
[Mar]). We briefly show that using both(P) andl" (P) have their advantages depending
on the context: The congruence-properties of paramodular matrices can be described most

easily by the integral realisatidi(P): GivenM = (A B) € T'(P), we get by the symplectic
relations

A,B,C,D=0modN(P) with N(P)=(max{1,t;})i<i j<n. (2.2)

Thus all four blocks oM € F(P) have the same congruence-properties, which is obviously
not true forM € ' (P). On the other hand(P) (as a subgroup of $Q)) acts in the usual
way on theSiegel upper half-space

Hp:={Z=X+1Y € Maty(C); X,Y € Sym,(R), Y > 0},

which is in turn not true foM € T'(P). As a matter of fact, we will skip between the two
realizations of the paramodular group.

Lemma 2.1.1 ([Kal, Lem 1.2]) Givenl < n < m, let P= diag(ty,...,tn) € Pos(Z) and
= diag(uy,...,Um) € Posn(Z) be matrices of elementary divisors. let {1,...,n} —
{1,...,m} satisfyo (i) < o(j) ifi < jandt =gus foralli =1,...,n with a fixed g= N.
Extendo to a mappingo : {1,...,2n} — {1,....2m} by o (i) ;==m+o(i—n) fori=n—+
1,...,2n. Then there is an injective homomorphis@: T (P) — ' (Q), defined by

(/\G(M))klz{mb if (k1) = (a(i),a(])),

O, otherwise,
for M = (mj) € T(P).

Example 2.1.2a) Let n= 1. In this special case every mappirg: {1} — {1,...,m}
satisfies the conditions in the Lemma 2.1.1 (sineel), and we write\; := A for short
if o(1) =i. Thus for every E {1,...,n} we have an embeddiny : SLy(Z) — I (P).

b) Givenl < j <k<n,we definesji:{1,2} — {1,...,n} byl— jand2— k. Sincec
fulfills the condition of Lemma 2.1.1, we get an embedding

Njk: /r\(Pka) - F(P)

We will need these embeddings to calculate the number of inequivalent cusps.
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c) Obviously, we can combine these embeddings to embed direct products of paramodular
groups, e. g. we can embé&dl>(Z)" diagonally intol" (P) by

(M1,...,Mp) — M1 x ... x Mp.
Knowing suitable “elementary” generators %@P) is essential for many calculations for

I (P). The following lemma was proven by Kappler [Kal] using results from [Ch1], [Gro]
and [KI2].

Lemma 2.1.3 ([Kal, Thm 1.12])?(P) is generated by, andtrangSj) for 1<i<j<n
with
Eii, ifi =j,
Sj=14." .. J
ti jEij +Eji, ifi <.

Example 2.1.4 Lett € N. Then the grouf; is generated by

10 01 0
J andtrang’S) for S= (0 O)’ (1 O)’ (O t).

Note that Rosati ([Ros]) and Runge ([Run]) also determined (different) sets of generators
for the paramodular group.

= O

2.2 An Extension of ¢

The paramodular group(P) C Sp,(Q) has in general non-trivial discrete extensions in
Sp,(R) ([K61]). In this section we give a short description of these extensions in the case
of degree 2 following [Gr1].

Lett = [, PP be the prime decomposition bk N andv (t) the number of prime factors
of t. For each prime with p | t, letd, = p'? be the highesp-power dividingt. Moreover,
we define; = {d|t; d # 1,gcd(d, ) =1}. Ford € A, we choosex,y € Z such that
xd—y§ = 1 and defind/y € Sp,(R) by

B Ug 0 . 1 dx -t
Vq = < 0 Ud_tr> with  Ugq = NG (_y d) . (2.3)

Up toli-equivalenceyy does not depend on the choicexadndy: All possible choices of
(x,y) are equivalent modulo g¢§, d). If we replace(x,y) inUg by (X,y) = (x+j5,y+jd)
for somej € Z, we have

U= (8 6) = 36 (39) (1D =Ws (19) andvg=verot(}9).
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Since the problems we are dealing with later (extensionk; ajenerated byy's, char-
acters and modular forms to these extensions etc.) are (shown to be) invariant gnder
equivalence, we suppress this choicéf) in the notation. Lef " = (I'y, Vy; d € A) be

a discrete normal extension bf andl'y = (I't,\t). Since every discrete normal extension
of 't is contained i "® ([K62, Satz 4']) it is often called a maximal discrete extension of
l.

From now on let be square-free We consider
Q(R) =) — {(g g) € SLy(Z): B = 0 modt}
and the maximal discrete extension, the so-cdfecke-group (cf. [Kr2]),
FO)™ = (ro(t),Us; d e N, d |t).

We choose without loss of generality

Ut:(l/ci/f \éf> and U;=I.

The extensions in higher degrees are defined in an analogous way ([Ko10)(R)E* the
maximal discrete normal extension[ofP) as defined in [K62].

2.3 Abelian Characters fd?r(P)

In this paragraph we will summarize the result from [DM]. Keep in mind that these results
were already known before in the case of degree2, see for example [GH].

Since the result depends on the 2-powers dividing the quotignis we define
S,i+1:=g0cdtijr1,4)fori=0,...,n

(recalltg 1 =thny1 = 12, thussp1 = shny1 = 4). Especially, we have to distinguish cer-
tain sub-blocks oP corresponding to distinguished patterns that appear in the sequence
(S,i+1)o<i<n:

Definition 2.3.1 a) diag(tj,tj;1) is asub-block ofP of type 1if sj_1j > 1, 5 j+1 =1and
Sj+1j+2 > 1.

b) diag(t;,...,tj;q4—1) with d > 2 is a sub-block ofP of type 2if sj_1j =4, 511 =2 for
j<i<j+d—-2and§ig-1j+d =4

Note that every entr; belongs at most to one sub-block (and to none at all in general). Let
cj be the number of sub-blocks Bfof type j and defind; = gcd(ti_1,tj+1) fori=1,...,n.
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GivenM = (A B) € T(P) andi, k € Nwith i +k—1 < n, we define

ma) = (&% B¢)

where forX = A,B,C,D the matrix Xy is the sub-block of dimensiohk of X given by
Xik = (Xim)i<l m<i+k—1-
We get the following homomorphisms by a straightforward calculation.

Lemma 2.3.2 [DM, Lem 5.1]
The following maps are homomorphisms of groups:

~

a) Wiy : r(P) — SL2(C;,),M +— m 1(M) modl;,

b) Wizo: F(P) — Sp(C2),M — m 2(M) mod 2 if diag(ti,ti+1) is a sub-block of typa,
and

c) Wikn : rP)— F(Qk)[N], M — m (M) modN, if diag(ti,...,tx_1) is a sub-block of
type2, where Q = diag(1,2,4,...,21) and f(Qk)[N] is in principle the groug™ (Qy)
modulo a certain matrix N. The exact definition is contained in [DM].

Example 2.3.3Lett < N.
a) We havejl=gcd12,t) fori = 1,2 and therefore
. e Ai B _
W s Fosta@) Mo (B D) mod,
b) R itself is a sub-block of typgif and only if2+t. In this case we have

Wioo: M — Sp(Ca), M — M mod 2

c) R itself is a sub-block of typ2if and only if2 || t. In this case we have N (E E) with
N=(4%) and
Wiin: Tt — T2[N], M — M modN.

Using these homomorphisms, we can define characte:rsR)fin the following way:

1) Letu =V2 be the generator of ${Z)2" determined by (T) = €*™/12, Givenl € N with

| | 12, one has kén!?') c SLy(Z)[l]. Therefore we can think qi'?' as a character
of SLy(C)) = SLz(Z)/SLZ(Z)[I]- Thus fori € N with i < n we get a charactem; of
I (P) of orderl; = gcd(t_1;,t i 1) defined byy; := u%Y o Wi 1, Explicit values can be
calculated with Corollary 4.2.5.

2) Letk : Sp,(C2) — C7 be the unique non-trivial character of $6) (see Section 8.2).
If diag(ti,ti+1) is a sub-block oP of type 1, we get a character of I (P) of order 2,
defined byx; » := ko W; 2. Explicit values ofk; > (on generators at least) can be easily
derived from [Mal, (37)].
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3) LetAy € T (Qu)[N]2°be the special character of order 4 from [DM]. If dig . .t 1)
is a sub-block ofP of type 2, we get a charactey of F(P) of order 4, defined by
Ak := Ao Wi itk—1N. More explicit values of; \ (on generators at least) can be derived
from [DM, Lem 4.2].

Example 2.3.4Lettc N.
a) Ifl =gcd(12t) # 1, we have two characters defined by

Wiy —C, ,ui(M):/.LlZ/'<(A" B"> modl) fori=1,2.
Gi Dii
b) If 2/t, we get the character

K12: ﬂ — C, K'172(|\/|) = K'(M mod 2) .

We are now able to state the main result of [DM]:

Theorem 2.3.5Given je {1,2}, let ¢; be the number of sub-blocks of P of type j. Then
[ (P)2° has order

n

2C1+C2 rlgcd(ti_l,i >ti,i+1= 12)‘

1=
More precisely, if ,...,Dc, are the sub-blocks of typeand D, 1,...,D¢1c, are the
sub-blocks of typ@ with Dj = diag(t;, ...t 4+, —1), thenl (P)2is generated by

Ui, 1§|§n7 KI]',Za 1§j§017 A'ij,kjv Cl+1§j§Cl+C2~

Example 2.3.6 Lettc N.

a) T2 has ordergcd(12,t) gcd(12, 2t).
b) Lett# 2,3 be a prime number. Thaff®= C, is generated by ». Moreover,(TaX)ab
is isomorphic taCz x C2 and generated by » and x: which is defined by (V) = —1

and y; () = 1.

2.4 Paramodular Forms

Letk € Z andn > 2. Sincel (P)™® C Sp,(R), this group acts off : Hy — C} by

(f [k M) (Z) = de{CZ+ D) Xf (AZ+B)(CZ+D) ) forM = (é g) € Spy(R).
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Definition 2.4.1 Let " c ' (P)™®of finite index andv € . A holomorphic function f
Hy — C is a paramodular form of weight k with respectlt@and charactew if

(flkM)(Z2)=v(M)f forallMeT.

The space of paramodular forms of weight k with respe€t smd characterv is denoted
by M(I", v). If v =1, then we often writé[(I").

Since
Mk(rv V]_) : Ml (rv V2> C Mk—H (r7 V1V2>
and

{0}, k< Oork=0andv #1),

Mi(T',v) = {@ k=0.v=1

we get theZ-graded algebral(I") := Py, Mk(I) and theA(I")-module
A(T,v) == € My(T,v) inthe algebra @) A(T,v).

kGNO ve rab

Remark 2.4.2 Since everyr C I'"® of finite index is commensurable wikh, we know
([Fr1, I Thm 6.11]) that theC-algebra . A(T") is finitely generated. Moreover, the tran-
scendence degree of the homogeneous field of fradlans,,,(.A(I")), which contains all
guotients of paramodular forms of the same weight, is equal to 3. Especially the length of
a set of algebraic independent paramodular forms of degree 2 is lower or equal to 4. For a
direct proof of this statement see Section 7.

Throughout this thesis ldt(P) c ' C ['(P)™®*. Thereforel" contains a congruence sub-
group SR(Z)[l] :={M € Sp,(Z);M =1 modl} such thatv is a character motfor every

v € '3, Thus the Koecher principle holds, i. e. evdrg M(I", v) has a Fourier expansion
of type

(@)= F ()2
TeAn[),T>0

with
An(l) = {T € Sym,(Q); IT even, integral matrix

In the case of =T andv = 1 we can/\,(l) substitute by

N(R)={T= (2&/121 2&) ;A€ Zforall1<i<3}.
In order to calculate the exact lattiée P, v) for other Abelian charactens € I'(P)22, we
need to determine a8 with trangS) € A andf(Z+S) = f(Z), which depends oR andv
only (compare with [Mar]).
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2.5 Cusps of (P) and Paramodular Cusp Forms

2.5.1 Cusp Forms

We define the Siegeb-operator by

®: My (F(P),v) — M (F((R,j)1<ij<n-1), V), Fe Tl

where(R j)1<i j<n—1 = diag(ts,...,ta_1), the charactev : I (diag(ty,...,th_1)) — C is de-
fined byv(M) = v(M x 1) for M € I (diag(ty, . ..,tn—1)) and

f|®:Hy 1 —C, (fyw)(zl):yleoof<Z()1 i?/).

@ is well-defined and a homomorphism of vector spaces. A real maisxcalledprojetive
rational if there exists @ € R \ {0} such thatAis rational. As in [Fr1, Il 6.9]:

Definition 2.5.1 f € M (I'(P), v) is called aparamodular cusp form of weightand char-
acterv if and only if

(f [kN) | ®=0 for all projective rational matrices Nc Sp, (R).

We denote b§y (I (P), v) the space of all paramodular cusp forms of weight k and character
V.

Since Sp(Z) andr (P) are commensurable, it is sufficient to take Sp,(Z) from a system
of representatives of the cose(tE(P) mqu(Z)> N. It is possible to choose the representa-

tive in Sp, (Q). We define the stabilizer of the standard boundary component of maximal
dimension in Sp(Q) (compare with [KI1, §5]) as follows

C(Q) :=Cnn_1(Q) = {M € Sp,(Q); M = (og* 1 I)} 2.4
n_

EveryM € C(Q) has the form

Ac, 0O By =«

I U - _ (A B
M= C, 0 Dy « with My := (Cl Dl)eSpq_l(Q) andu e Q\ {0}.

0O 0 O wu

From

f xNM|®=uXf [ N|D | M; forall N € Sp,(Q) andM € C(Q)
and
flkNM=Tf (M forallM e Sp,(Q) andN € I (P),

we conclude
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Proposition 2.5.2 Let f € M (' (P),v).Then f is a paramodular cusp form if and only if
fIM|®=0 forallMeT(P)\SH(Q)/c(Q).

Especially, the number of matrices to be checked is finite.

2.5.2 Short Repetition on Cusps

Most of the results of this paragraph are contained in [Nam, 81 and 84 ]. Define
{Z € Sym(C); In—ZZ > 0} and letDy, be the topological closure @y, in Sym,(C), i. e.
Dy = {Z € Sym,(C); I —ZZ > 0}. Dy, is isomorphic tdH, via theCayley transformation

C:Hn—Dnt—Z=(t—il)(t+il)"*

The inverseC~* is given byC=(Z) =i (Z+ 1) (~Z+1n) . For givenp, q € Dj, we call
p ~p qif and only if there exist holomorphic mags: D1 — Dy, i =1, ..., m, such that

§1(0)=p, &m(0) =0, and &D)N&1(D)#0.
This is an equivalence relation. Roughly speakipgyp g, if they can be connected by
a finite number of holomorphic curves. A maximal subseDinof mutually equivalent
points is called doundary componerdf D,,. ThereforeDy, is a disjoint union of boundary
components. The action of {iR) onDy, which is induced from the Cayley transformation,
can be extended t,, and has the following form:
(M, Z)—»MxZ=((A—iC)(Z+1)+(B—ID)i(Z—1))-
((A+iC)(Z+1)+ (B+iD)i(z—1))"*.
The disjoint union ofD,, into its boundary components is invariant under the operation of
Sp,(R). The sef5| = {(ZO' In(L > ; Z €Dy} 2Dy is called theStandard boundary component

of degred and is a boundary component. We get the decomposditipa Ug<| <, Sph(R) *
5. If § =M« 5 for a givenM € Sp,(R), theng is called a boundary component of degree
|. A generalization o€(Q) in Equation (2.4) is given by

Definition 2.5.3 a) Let F € {R,Q}, then we decompose the matrix X foe=XA, B,C, D
into blocks
X1 X2
X= ;
( Xo1 X22 >
such that X; € Mat;(F). We introduce the following groups:

Cn.j(F)={M € Sp,(F); Co1 =Cpp = D21 =0} and cﬁffj = Sp(R)PINCy j(R),

whereSp,(R)P™ contains all Me Sp,(R) which are projective rational.
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b) Given a boundary componegof Dy, we define thearabolic subgroupo § by B(F) :=
{M e Sp,(R); MxF =F}.

The parabolic subgroup & is Cy | (R). Given two boundary componer§s andg», such

thatM * F1 = &> for a matrixM € Sp,(R), thenB(F2) = MP(F1)M L If P(F1) = B(T2),
thengi = §2. Given boundary componengs, §» of D,, we write

F1<3. ifandonlyif  F1C3Fo.

A boundary componerg of Dy, is calledrational if and only if 3(F) C Sp,(Q). Itis known
([INam, p. 27]) that a boundary componehbf Dy, is rational if and only if there exists a
matrixM € Sp,(Q), such thaM « § = §|. Moreover ([Nam, Rem. 4.16]), {§ is a rational
boundary component d#,, then there exists a matrM € Sp,(Z), such thaM * § = Fj.

Definition 2.5.4 Let I < Sp,(R)P™ be commensurable witBp,(Z). Thecuspsof I are
the rational boundary components. More detailed, et satisfy0 < j <n—1. Then a

j-cuspis a rational boundary component of degree j. Two j-cugpandF, are equivalent
if and only if there is a matrix Me I, such that

M x§1 = 2.

Remark 2.5.5 a) The concept of a j-cusp can be also found in [Ch2].
b) Letl < Sp,(R)P™ be commensurable withp,(Z). Then

P\ Sy ()P /o

is equal to the number déf-inequivalent j-cusps.

c) Letl' C Sp,(Q) be commensurable witBp,(Z). Then the number df-inequivalent
j-cusps is equal to

M\Sm(Q)/Cy (Q)|-

Corollary 2.5.6 Letl" < Sp,(R)P™ be commensurable wip,(Z) and letg be aboundary
component of degree | withd n— 1. Then there exists a matrix M Sp,(R)P" such that

M*F < Fn-1.

In view of Proposition 2.5.2 and Corollary 2.5.6 we calculate a system of representatives for
the equivalence classes (@f— 1)-cusps.
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2.5.3 The Cusps di(P)

Already Reefschlager ([Ree]) determined the 1-cusps for the paramodular group of degree
2:

Proposition 2.5.7 Given te N with the prime factor decomposition [\ 4 p"‘I then the
number of 1-cusps is equal to

3

IF\SR(Q)/c(Q)| = [ (e + 1),

i. e. the number of divisors of t.

In order to determine the number of inequivalémt- 1)-cusps, we need to calculate
I (P\SH(Q)/c(@)]-

An easy calculation (see for example [Mar]) reveals

Corollary 2.5.8 SB,(Q)/c(Q) is isomorphic tP2! = (Q*"\ {0}) /@* via the transforma-
tion which maps MQQ) onto the n-th column of M.

A vector X = (x, .. ., %) € Z" is calledprimitive if and only if gcd(xq, ..., X)) = 1. Let
Vo= (49) and/\/lp = Vp {x € Z*"; xis primitive}. ThereforeP’ (QZ“\{O}) /Q*
Mp/{+1}. Sincexl € ['(P) andr (P) acts onMp via multlpllcatlon from the left, we get

r(PI\SH(Q)/c(Q) =T (P)\MP.

Definition 2.5.9 Let X = (xq,...,%4)" € Z* be primitive. Then we define thelivisor of X
as

di (X) = ged(x1, Xz, X3, tXs).
Obviouslyd;(X) | t. Moreover, Gritsenko ([Gr2, Lem 2.3]) showed that
Lemma 2.5.10 Let X = (xg,...,%)" € Z* be primitive. Then

Te X =Ty (d(X),1,0,0)".

In order to calculate the number of cusps of the paramodular group of arbitrary degree, we
generalize this result as follows:

Proposition 2.5.11 Let n> 2, P=diag(ty, ...,tn) and X= (xq,....,%2n)" € Z?" be primitive.
Then

F(P)X=T(P) (Y1, ...,Yn,0n)"

withY = ng(R|(n)X) and F}(n) =ly_o X diag(l,t|7|+1, RN T 1,t|7|+1, . ,t|7n).
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Proof: We show this proposition by induction. The case 2 is solved by Lemma 2.5.10.
Letn > 3. Before we start with the proof, we need the following definitions:

1) Letgcdq) =0forg=0.
2) For avectoiX € Z" andM C {1,...,n} we denote byX|y the vector(X)icm n—icm SO
thatXl,g = (Xl,Xz,Xn+1,Xn+2)tr.

If X € Z", then there exists a primitiv€’ € Z" such thatX = gcdX)X'. Therefore we can
use Lemma 2.5.10 to get a mathk < 'y, such that

gCCKle tnxm Xn+17 tnXZn)
X2

Xn—1
CA X1, Xn, , X
X2 — Al,n(Ml)X — g CK 1 XnOXn+l Zn)

Xn+2

Xon—1
0

Using the induction hypothesis there exists a matfixe F((R}j)lsh]gn,l) such that

) gcdR”X)
ng(R(zn_ )X|{1.,.,.7n—1}7XnthZntn)
X3 = (M2 X |2)X2 = (1)
gcdR,_; X|{1.,...,n—1}aXntn7X2ntn)

gcd(X1, Xn, Xn+1, X2n)
On

Again by Lemma 2.5.10 we obtain a mathg € 'y, , , such that

Ms (gCC(Rr(P__ll)X’{1,....,n—1}7tan;tnX2n)> — (gC(XRgl_ll)xhl,...,n—l},tn—l,nxnytn—l,nXZn)>

gcd(X1, Xn, Xn+1, X2n) ged(X)
— (ng(Rr(mmlx)>
1
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Therefore
1 ged(Ry”X)
ng(R(zni )X‘{l,...,n—l}7Xntn7X2ntn)

Xg = Nn_1n(M3)X3 = ng(Rg]:zl)X‘{l,...,n—l}7Xntn7X2ntﬂ)
QCd(Rr@lx)
1

On

If we notice that
gcd(Rl((n_l)X]{17_”7,1_1},tnxn,tnXZn7tk7k+1R‘((TlX) = gcd(Rf(n) (X)) fork=1,...,n—2,

there exist matricebls € ﬂn_zﬂ_l, ..,Mn1 € ﬂu such that we get the desired result]

It is easily checked thdl;)1<i<n has the following properties:

Corollary 2.5.12 a) Y |tinforall 1 <i <n.

b) 1=Yn|Yn-1]...| V1.

C) Y |Yiqqtiipsforall 1 <i<n-1

d) The numbers;Yare invariants of theI:(P)-orbits. In particular the vectorsY;)i<i<n
(defined as above) are a system of representative[%(f@)*\VE Mp

Now we want to determine the set of all vect@¥)1<i<n: Therefore we check whether

every vectot = (Ig,...,I,)" € Z2" with the following conditions (*) appear as cusp:
1) li|tinforall1<i<n.

2) 1|_=|n\|n—1\-t.--!|1- .

3) ﬁ tiit1= ti-«l—’;n forall1<i<n-1.

We have to find a primitive vectoft = (xq,...,%zn)" € 72" such that gc(Ri(n)X) =i fori=
1,...,n. This gives us a equation system. Since we havea?iables and only equations
we choose; = Xn.j fori = 1,...,n. Moreover it is sufficient to solve this equation system
for every primep seperately. Then we get the numbegrisy the Chinese remainder theorem.
Fix a primep and let

p“ [l 1i and PP | tin.
If we setx; = p% for alli =1,...,n, then the(n — k)-th equation is satisfied since
Br—k — Bn—k+i > 0k — 0tn—k4i forall k>i>1
and therefore
ok = god(p%, . .., poa-kphrk—Bkiatlnkin | pPuk—BuokiitOnii | pba-k—Prtan)

Therefore every vectdras above represents a cusg 0P) via isomorphism:
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Theorem 2.5.130ne has
r(P)\Sp.,(Q)/C(Q) =~ {] € Z"; | fulfills condition (*)} =: L.

Especially, the number of inequivalgm— 1)-cusps of (P) is equal to

n—1
l_l (number of divisors of t;1).
i=

Setting

Uz = {U € GLy(Z);U = ('”01 ('i>1ﬂliénl) with I € £n}.

we get the following

Proposition 2.5.14 Let f be ian(F(P), v). Then the following statements are equivalent:

(i) f €Sk (P),v).
(i) ForallU €U, we have fjxrot(U) | ® =0.
(ii) If T is not positive definite, then the Fourier coefficientT) = O.

Example 2.5.15a) Let n=2 and t be a prime number. From Proposition 2.5.14 we get
that f € M(I't, v) is a paramodular cusp form if and only if

fl® = (frot(T))|[®=0with T=(§1).

Comparing (ii) and (iii) we see that we can also choose a different system of representa-
tives:
f is a paramodular cusp form if and only if® = (f|Vp)|® = 0.

b) Let P=diag(1,2,4). ThenF(P) has4 cusps. We can choose for example

L={(1,1D",(2,1,1D",(2,2,1)",(4,2,1)"}.



3 The Paramodular Group as an
Orthogonal Group

3.1 Orthogonal Groups

Let Se Sym,(R) be positive definite,

0 01
S= (O -S O) € Sym,,»(R) of signaturg1,n+1) and
1 00

|

Then thereal orthogonal groups defined by

O(S;;R) := {M € Maty4(R); S[M] :=M"'S\M = S}

€ Sym,. 4(R) of signaturg2,n+2).

e =)
ol o
o
e

Starting with the decomposition

o a_tr ﬁ
M= (b A c) e Mat,4(R) with o,B,7,8 €R,ab,c,deR"? (3.1)

Y dtr S
we calculate
20y +Slb]  ad"+yad" +b"SHA ad+By+bSc
SiM] = | ad+vya+A"Sb  ad’ +da" +S[A]  Sa+fd+ATSc | . (3.2)
a8+ By+c'Sb sa"+BdT+C"HA 288+ S[c]

GivenM € O(S;R), we have

) 'S B
Mfl — qlMtrS_]_ — %1(1 S)_lAtrS) %13. ) (33)
y btrSo o

Using (3.2) we verify the following

17
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Proposition 3.1.1 The following matrices belong 0(S;; R):

00-1 ) 00 -1
a) J:< oV O)WItth( 0 In o),
10 0 -10 O

1-A"s —3a
b) M, = (0 ,MSO Zio[ ]) with A € R"2,
0 0 1
Vi P 8> ith A € R™?2 VA
c) My, =IM,J = ni2 wi S y U= —-VA,
I M=M= T H
d Ra= (é%fi) with A€ O(S;R), especially R,
>k00 o B % a—f
e) Mp = ( 8o)thhD (ﬁ )eSLz(R),D _(_y 5),
OC|20 E
—_ R — . o p _(-10
f) Mp = RyMp-Ry (%Bﬁ)vth (4%) e sLm), E= (39).
g)(mn0>ﬁ¢aeR
00

Let Hg be the corresponding half-space
Hs= {w=u+iv= (1,2, 0)" € C"?Z S[v] > 0;7,0 € H}.
O(Sy;R) acts onHsU (—Hs) via
wi— M (W) == (—3Swb+Aw+c)(M{w})™t  with  M{w} = —IS[w] +d"w+ 6.
In particular, we get the following actions for some of the matrices from Proposition 3.1.1

-1 (@,—Z" )", My (W) =w+A2, Ra (W) = Aw, (3.4)

1
2

+
Yw+5 S[Z - ?/:;g
yw+¢; , Mp <W> = 7749 . (35)
oo+
Yo+5 o= Z(Ty"’s) S[Z]

We denote byO(S;;R)* the subgroup of(S;;R) which mapsHs ontoHs. GivenM =
(¢ip)withC,De Matz(R) we have

MeO(SR)" <= defCQ+D)>0, Q= G (1)) (3.6)

Especially, we get

00at

Correspondingly, we writ€(S; R)™ for the group of matriced € O(S;R), i. e. A =
S, for whichRa belongs to0(Sy; R) ™. With the decompositioA= (5% 5), 7, 6 € R, this
property is — because of Equation (3.6) — equivalent to

y+8 > 0. (3.7)
For detailed proofs, we refer the reader to [Buh, §82.2].

a0 100

Ol O SRV

( ),(8\69%0(81,1&) fora < 0.
+
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3.2 Integral Orthogonal Group

Additionally, letSnow be even anfis= O(S;Z)". Using Proposition 3.1.1 and Equation
(3.6) we have

Jelg M, elg forall AezZ™?2 (3.8)

Proposition 3.2.1 The following matrices belong to the subgroug gfwhich is generated
by Jand M, A € Z"2:

a) M, for A € Z"2,
b) (év(g/ §) W= (1 — eAAYS)V for A € ZM2 with & = 1S[A] = £1,

1M”S%S{m> ( 1090

c RA!A: (0 |n ’ H |n 0 1 ez’n!
) " \oo 4 7S] u's1 H

d) Mp, Mp, D € SLQ(Z).

Proof: a) Proposition 3.1.1 c).
b) follows directly from the proposition in [Kr5].
c) ForDy = (§1) andDy = (19), we have

Mp, = Me,,,, Mp, =Me,, and Mp, = M_¢,, Mp, = M_q, ,, respectively

where{g;} is the standard basis &"2. Since Sk(Z) = (D1,D,), the statement is
true. 0

From [Buh, Satz 2.31] we adopt

Proposition 3.2.2 I'gis generated by the matrices

J, My, AeZ™? Ra AcO(S2)7.

Defining

Fs:={MeTlg M €l 4+Maty,4(Z) S},
we easily verify
Lemma 3.2.3 FS is normal inl s and contains the matrices

J, My, A ez

As in [BlUh, Satz 2.31] we determine the generatorﬁg)f

Corollary 3.2.4 sis generated by the matrices

J, My, AeZ™2 R A€O(S;Z)%,i. €. A€ Inio+Math 2(Z)S.



20 The Paramodular Group as an Orthogonal Group

Proof: LetM € I'sbe given as in Equation (3.1). Then dt= +1 and
gedy,dy,...,dn2,8) =1 ford = (dy,...,0hs2)" € ZM2.

Furthermore, lef be the subgroup df s which is generated by, M, A € Z"? andRa,
A€ O(S,Z)". We choos® € SL»(Z) such thaM; = MMp has(0,d, ..., d;, ,, ') as last
row. If d’ # 0, then there exists@ € Z" such that

1 n
SSu]dy+ 5 pidi g +dny o # 0.
2 I; 1+ N+

In this case, it is also possible (if necessary multiply with a appropfa)eto assume
hio 7 0. Given 2< j <n-+1, we take
PL:=0, Pj:={peP;thereexistd < jwith ptd], p|diz}
Defining

u= |_| p and gj::rlp (for1<j<n+1),
peP, ptd’, pek;
pldf 2

the columng = u(dy, .. .,gn41,0)" € Z"2 so thatMg € A. ThenMiMg has(x,d],., ,,5%) as
last row with6* = &’ + uz?ﬁgjdg. Now we show that

ged8*,d). o) =1

Let p be prime withp | d;,, ,. Usingpt 6’ we obtainp | u, hence the claim. In the capg &'
we conclude thap 1 u and that there exists exactly one {1,...,n+ 1} with pg,d;, that
is to sayr = min{l;1 <1 <n+1, ptd/}. Furthermore, there existsly € SLy(Z), such
thatM; = M1{MgMp, has the last roW*,afr, 1). Definingh= —$1VdAthe matrixMp € A
and we get

1% %
Mod M J = (8 *1) e,

*
*
0

In the casead’ = 0, this follows directly. Altogether, we showed € A, which was to be
proven. O

Since forM € I's, the matrixM~1 is integral, too, (3.3) provides alreadyd ¢ SZ"+2.
ThereforeM € I'sis equivalent to

A€ ln2+Maty, 2(2)S. (3.9)
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3.3 TheCasa=1andS=(2t),teN

Let H, be the Siegel half-space aBd= (2t), t € N. Then the map

T Z
O Hs— Hp, w= ((%)sz (Z Q)7

t
is a bijection with the property

SW = 2(tw —tZ) = 2t - detZ.

GivenU = <§ ’;) € GL,(R), we calculate

21Ut = UZUt = <a21+2a[32+ B?2 ayr+(ad +By)z+[35%>

. Ytr+2y8tz+8%m
t
Therefore,
1 ) a® 2ap ﬂt—z
O (U (WUY) =Ay-w with Ay = | oy as4py B2 |- (3.10)
7t 2yst 82
A calculation yields
SA] = (detU)?. S and defy = (detU)3. (3.11)
. oafp .
GivenA = (b gqé:) , we verify analogously to (3.2)
Y

ad+ya—2tmb 2ad—2tn?  Sa+Bd—2tmc (3.12)

ad+By—2tbc Sa+pd—2tmc  2B6—2tc?

SolAl =

( 200y—2tb? ocd+ya2tmba6+ﬁy2tbc)

Proposition 3.3.1 The map
PSL(R) — SO(S;R)", +U — Ay,
is an isomorphism of groups.

Proof: Since(Z,U) — UZU" is a group action, the map is in view of the equations (3.10)
and (3.11) a group homomorphism, which is trivially injective. Bet SO(S;R)* be as
above. Then the defining equations (3.12) yield

200y = 2th?.
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Hence we know that there existy € R, € = +1 with
a=¢ex’, b=exy, and y=ey.

Because is invertable we getx,y) # 0. Therefore there exists a mattixe SLy(R) with
first column(x,y)"". Since the first column o is up to a factoe equal to the first column
of A, we get

* ¥ *

B=A;l A= (§ ) € SO(SR)™.

From (3.12) we deduce

00 2 00
B= (850) <%Zf“7i ) = (850)-A 1) AER S =21
00¢ 00 1 00¢ (0 1)
From this statement we conclude that

<§%§>650(502R)+, hencee =6 =1 and AZ'A\J(cl)t%)'
0J

From now on, let be square-free We consider, as in paragraph 2[2(t) andro(t)max
Then the cosets

1 (fad pBt).
vd-ro(t):ro(t)-vd:{uzﬁ(y Sd),a,ﬁ,%éez,dewzl}

are independent of the choicexly. AboveU accomplishes
o’d  2aBt B
Ay = <ay asd+Byy BS) € 80(50;2)+. (3.13)
L 2yst 5%
Corollary 3.3.2 Given square-free t, the map
PrO(t)™ - SO(S;,Z) ", +U — Ay,
Is an isomorphism of groups.

Proof. Because of Theorem 3.3.1 and (3.13), the surjectivity remains to be shown. Let
(e, b, 7) be the first column of a matri& € SO(Sy;Z)*. In view of (3.12), we obtain

ay=tb?> and gcdo,b,y)=1.

Sincet is square-free, we get god, y) = 1 and therefore

a=r’d, b=rs and y:szé



3.3TheCasa=1andS=(2t),t e N 23

for appropriated,r,s € Z with d | t and gccdrd,sg) = 1. Using Proposition 3.3.1 we get
d € N and there exist,v € Z with rd -u—s§ - v=1, hence

U:1(rd vt

0
ﬁ s Ud) eVy-TH(t).
As before, we obtain

B=Al A= (é) € SO(SZ)* .

With (3.12) and ddB = 1 we conclude that

122t 24
B:(o 1 ,1):A JAEZ,
00 1 (8“})
hence

A:A\J(%t%> with U (§1) € Vg-TO(t). O

Using Equation (3.13) anddd — Byg = 1 we obtain

t t t
gCCKOC(Sd +ﬁ’ya - 1a2t) = ng(zﬁ}’a,Zt) = Zaa

since gc@By,d) = 1. Therefore one has
AL €SO(SZ)t, i.e. AeMaty(Z) S
if and only ifd = 1, thusU € I'°(t). We obtain the following

Corollary 3.3.3 Given square-free& N, the map
Prot) — SO(Sn;Z)*, +U — Ay,
is an isomorphism of groups.

Let 'y denote the rational realization of the paramodular group of Ie&/éb andl"®*the
maximal discrete extension. It is known by Lemma 2.1.3 [has generated by

0 010 o« B
Jt:(_g 886)’ trangS), S= (ﬁ Z),a,ﬁ,yez,
—£00

t

0
Uu o 0 /1 0\ (1 0
(5 L) wero w- (2 02 9)
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r"#is generated by; and (\g’ V(?tr), d € N, d|t. Now Equation (3.4) leads to

% (2) :_ﬁ (_‘;’ _%> = (I (w))

(04
(transS) (Z) =Z+S= (Zig Z@E) — O (M; (W), S= (g ?) A= (B) ,

) E/r\s.

Thus we can transfer the results for the generators and obtain the following

X3

Mo@) = (5 o) = oM w). wo= [~

0
1
T 0

oo

0
0
—ly

Corollary 3.3.4 Lette N be square-free.

a) The group®r " andPl's as well ad sN SLs(Z) are isomorphic.
b) The group$l'; andPl' s as well ad sN SLs(Z) are isomorphic.

This isomorphism is denoted K throughout this paper.

Analogously to (3.9), we obtain thadl € Tsif and only if azo =1 mod 2, thusTs =
09s(5;,7)*, where the discriminant kernel 61(S;, Z) " is defined as in [FH, p. 222].

Remark 3.3.5 In order to determine the image of a given matrix under this isomorptdgm
we have to decompose this matrix into a product of generators. A more explicit isomorphism
(see Section 8.4) was developed in [GN, 81.3].

3.4 Orthogonal Modular Forms and their Relationship to
Paramodular Forms of Degree 2

In this section, leh =1, S= (2t) with t € N square-free. GiveM € O(S;R), k € Z, and
holomorphic functiond : Hs — C, we define the actiofi | M = f | M via

(f [M)(w) = (M{w})Kf(M(w)) for we Hs. (3.14)

Definition 3.4.1 Given ke Z andv € I'?, a holomorphic function f Hs— C is called an
(orthogonal) modular form of weightwith respect td s andv if

fIM=v(M)-f forall MeTs.

The vector space of all modular forms of weight k with respedtdand characterv is
denoted bWk (I's,v). If v =1, we writeM(l's).
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Let Ay = Z"4, Ao = Z"2 and A, = Z" be lattices with the associated quadratic forms
belonging toS;, S andSrespectively. Givemv € Hg, A € Ag andf € M(I's), we conclude

f(w) = (f [My)(w) = f(w+2),
thusf possesses an absolutely convergent Fourier expansion of type

f(W) _ Z o (p)eZn'thrS)P_
penh

Definition 3.4.2 Given g= (o, h, B)" e R™?, a, B € R, he R", let

g>0 & a>0>0 S[g >0,
g>0 = a>0,>0,S[g=>0.

Given f € M(I's) the Koecher principle holds

fw)= Y ar(p)e™' %P weHs (3.15)
pEN]
p>0

Moreover, the have a Fourier-Jacobi expansion (see [Buh])
fw) =S om(z e
m=0

with

oo

m
m(Z,7) = e27ri(lr+7L"Soz)’ — (2]
Pm(z,7) I; AEZM ai(p) p (I)

2mi>SiA]

Obviously there exist analogous expansionsffar M(I's,v). As always,f € Mi(T's,v)
is called anlorthogonal) cusp fornif the Fourier coefficients fulfill

ai(p) #0=p >0.

The vector space of (orthogonal) cusp forms is denote§bys, v). For generator of
t, we obtainM{Z} = W;(M){®:(2)} and thus we get the following commutative diagram

Proacy i, %, proHg

l l (3.16)

H> — Hs
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where the vertical arrows symbolize the action of the corresponding group on the corre-
sponding half-space. Whenevere My (I{"®) with Fourier expansion

F (Z) — Z OF <T>e2ni(/111r+/1122+/122w)’
AijEZ
_ (201 A2
Ti( A2 2122> =0

we conclude fronp = (p1, 52, p3) with p; € Z and (3.15) that

_ 203 —p2

3.5 Eichler Transformations

We adopt from [FH] the Eichler transformations for our special caseVLetR®, g (x) :=

X1X2 + XaX4 — tx¢ of signature(2,3) and Gram matrixSs as well as(x,y) = gi(X+y) —

ot (X) — at(y) the corresponding bilinear form. The associated standard basis is denoted by
f1,..., f4 ande;. Thus we get the decompositivh= H;(R) ¢ Ha2(R) & Vo with hyperbolic
planes

Hi(R) :=Rfi+Rfy, Ho(R):=Rfs+Rfs and Vo:=Re;.
ForL = Z°, this induces the decomposition
L=Hi®HxDd Lo
with

Hi =Zf1+Zf, q(xafr+x2f2) = xixo,
Ho=Zf3+7Zf4, d(xsfz+xafs) =XsXq.

ThenL is even and the dual lattice is given by
L':={acV;(ax) cZforalxelL}=2Z"x 1Z.

As usual,0(L) acts on the discriminant group Bis := L'/L. The discriminant kernel is
defined ag09S(L) := ker(O(L) — Aut(Dis(L))). Since 4 is the smallest number such that
g is integral onL’, the discriminant is equal th: L’ — Z, a— —4tq(a). This induces a
map

A:Dis(L) — Z/47.
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Becaus&) (L) := O(S,Z) andO(S;) have the same signature, they are isomorphic, where
the isomorphism is induced I8¢, = PY.S; Pe, with

01 1
10 1

10 1
-2t 1

Let u be an isotropic element, i. &(u) = 0 andu # 0, and letv be an element, which is
orthogonal tay, i. e. (u,v) = 0. TheEichler transformation

E(U,V) (a) =a- <aa U> v+ <aa V> u— q<V) <a7 U> u
belongs taO(L). In the casey,v € L, one even hak(u,v) € O9S(L).
Definition 3.5.1 Given L= H; @ H, @ Lo, let EO(Lg) ¢ O¥S(L) be the subgroup which is
generated by all Eichler transformationg E, V), wherel <i <4 and ve L with (v, fj) =0
for fixed i.
A simple calculation shows
Lemma 3.5.2 Given uvy, v, € V with g(u) =0, u# 0 and (u,v1) = (u,v2) = 0, we have
E(U,V]_)E(U,Vz) = E(U7V1 =+ V2)'
The group?(Ser, Z) acts on the lattick’. A vectorae L' is calledprimitiveif QanL’ = Za.

Since any vector i’ \ {0} is a multiple of a primitive vector, we only have to determine
the orbits of primitive vectors.

We will use the following lemmata from [FH]

Lemma 3.5.3 Let L be a lattice which contains two hyperbolic planes. Two primitive vec-
tors a b € L’ of the same norm(q) = g(b) are contained in the same orbit BO(L) if and
only if they have the same image in the discriminant grDiggL ).

Lemma3.5.4Letl C O(S,Z) be a group that contain&O(Lo). Assume thal acts
transitively on the set of elementd®is(L) with the same value &. Thenl™ acts transitively
on the set of primitive vectors of bf a given norm.

3.6 Quadratic Divisors

Again, letS= (2t) andgs the quadratic form which belongs &. Following [Der] we
define forA = (I1,12, B,13,14) with gs(4) < O the rational quadratic divisor

AL — {zz (; ;) € Hy; I1—I4tdel(Z)+trace<(_lt3ﬁ _tltf) z) :o}. (3.17)
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If A is primitive, the discriminant ol is A(A1) := A(A) = —4tgs(A). Let MAL =
{M(Z); Z € A}, thenT " acts on the set of rational quadratic divisors of fixed discrimi-
nant.

Using [FH, Lemma 6.1] we gt 1(M)A)+ = MA L.

Lemma 3.6.1 Let t be square-free. Then all rational quadratic divisors of fixed discrimi-
nant are equivalent unddr"®.

Proof: Using the table in Section 8.3 we know th#f 1(EO(Lg)) c T In view of
Lemma 3.5.3 and Lemma 3.5.4, we only need to show the following

Claim: ForS= (2t) with t square-free, the groups acts transitively on the set of elements
of Dis(L) with the same valua.

Proof: Letxy, y1 € {0,...,2t — 1} with x¢ = y2 mod 4. Define

d= |_| pi, hence gcd%,d):

pilt, pil (X1 —Y1)
pit(x1+y1)

Therefore & | (x; —y1) and 2% | (x1 + Y1) (Observe that 2 (X, +y1) holds if and only if
2| (X1 —Vy1))- Then there exidt,| € Z with x; =y1 + 2dkandx; = —y; + 2 | so that

:k—l :—k—l.
X1 d+d and yi d+d

Using the equations (2.3) and (3.13) wiih= %
t
RAVd <07 07 ﬁ ) 07 O)tr = (07 _ZtXB 3 B (Xd + ay)u _Ztyﬁ)tr (318)

Sincey = —1 modd,

2 B(xd+ Ly) = (—dk— 1)(1+2yL) = —dk— 3|—2(3)2 | = —dk+ 1 mod 2
a’ = d d = a “\a) Y= d

holds. Using (the proof of) Lemma 3.5.3 the lemma is proven. O

Example 3.6.21f t =5, then the following table lists all inequivalent, primitive divisors
with0>q(4) > —1.

i | Aj=(l1,12,B,13,14) | a(4j) | defining equation
1 (0,0, 45,0,0) — 3 z=0

4 (1,0,%,0,0) —3 z=3

o | (10500 | g | z=}

6] (10400 | 2=}

25 (1,0,3,0,0) ~2 z=1

5 (0,1,,1,0) —% | T-5z2+50=0
20| (0,1,0,—1,0) -1 w=4it
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We would like to determine the stabilizer [i(P)M#* of these divisors. LeF € {Q,R}.
An easy calculation (using for example the elementary divisor algorithm) shows that all
matrices which preser\ﬂalL are given by

Mix My and M; x Mz with Mg, Mz € SLy(F),

where
ag 0 by O 0O a3 0 b
i 0 a O b2 tr 7 0 b2 0
Mz x Mz = ct O d]_ 0]’ M1 XMz = O cg O dl
0 co O d2 cc O d2 0

Because of the special form for matrices frép(see Equation (2.2)), we get

Corollary 3.6.3 Lette N be square-free.
a)

{M EMEMAL) = Ali} — SLy(Z) xt SLa(Z) USLa(Z) x SLo(Z)
with
My x¢ Mz = Mg x (RMoP1).

b) Iftis a prime, then
{M e rMax M(AL) = ;Lf} — (SLa(Z) x¢ SLa(Z),Vh).

Remark 3.6.4 Since for] > 1 the variable x inl = xd+y{ cannot be zero, the result in b)
is also true for square-free t.

Letce R andH. = {Z € Hy;z= c}. Using
He=Mc(A{) with M= trans<2 g) ,

we conclude

Stal, ) Ho = M (Stalty ) AL ) Mgt for F=R.Q.

Using the abbreviation SIZ)M := M SLy(Z)M~! for M € SLo(R), we get
Corollary 3.6.5

Staly, Ag- = { < a b1/3) y ( a b2/15> € SLo(Z)™ x SLo(Z)Ps:

3c; di 15c; d>
—tr
ap b1\ _ [fax b
(Cl dl):(CZ dz) mod 3}.
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Proof: An easy calculation shows that

by by
. ai 3 & 15 -1
M Ml/sK?ﬁl dl)x(1502 dZ)}Mm

5¢ b do—a
as 5 —F+3 Fgt

di— b
O S R kol P (3.19)
3C;|_ 0 dl —C1
0 15 —5C 07}
if and only if
_ (a1 b1 _ (2 b : _(d -
My = (Cl d1> , Mo = (Cz dz) € SLy(Z) with Mp= (—bz 2 ) mod 3
Furthermore,
b]_ b2
a 3\ trf & 715 -1
wol(3 30 (2, Bl
5, a —dzgal % — 5—52
b di—
I Ml P 0
0 3c1 —C1 dl
15¢c, O d2 —5cy

Remark 3.6.6 In the same way we calculate the following stabilizers:

a)
L~ ) (a by/2 a by/10 P, PLo-
Stal:r57L = { (ch oy > X (1&:2 d € SLo(Z)™ x SLp(Z)™s;
a b\ _ (& bp\ "
(Cl d1>:<02 d2) mod 2, .
b)

L~ f(a by/4 a bp/20 P Poo.
Stab‘5 2’16 = { <4C1 dl ) X (2%2 d2 < SLZ(Z) 4 % SLZ(Z) 0’
ap b1\ _(d2
(01 dl) = (b2 az) mod 4}.
The last equation cannot be written as ¥

c) The stabilizer fovlzLO can be calculated with an adjusted method.
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We are especially interested in the quadratic divigpr since this divisor is a good candi-
date for a reduction process. For more details see Section 7.4.

Staly, A~ acts omg- in the same way as the isomorphic subgroup of(@1)"™ x SLy(Z)Ms

acts on(t,w) € H x H. LetG = {(M1,Mp) € SL»(Z)? My = M, " mod 3} which is iso-
morphic to Stap, QLgl. The group theoretical situation is described in the following, easily
proven

Lemma 3.6.7 a)

SLy(Z)[3]2<G < SLy(Z)2.

b)
G/SLy(7)[3)2 = SLa(Z/37,).
c)
g= <S|—2(Z)[3]27 (T_trJT)7 (‘J7‘])>
Therefore

f € A(G) ifand only if f € A(SLy(Z)[3]?) and f|(T~Y,T) = f|(J,J) = f. (3.20)

So the first step in order to determingG) is to determined(SLy(Z)[3]?).
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4 Modular Forms with Respect to

4.1 Group Theoretical Results

s = (7= (5 )= (1 9))

and Sp(Z)[N] :={M € SL»(Z); M =1 modN} theprincipal congruence subgroup of level

N, which obviously is normal in SiZ). A groupl” C SL,(Z) is calledcongruence group

if there exists arN € N with SLy(Z)[N] C I'. The group Sk(Z/3%Z) acts on(Z/BZ)2 via
multiplication from the left. The latter vector space has four one-dimensional subspaces,
which are permuted by SIZ/37). In that way, we obtain a homomorphism into the sym-
metric groupe : SLp (Z/37) — S with kergp = {£1} and im¢ = A4 (the only subgroup of

S of index 2). In other words, we have aract sequence of groups

LetN € N,

1—-C,— S (Z/SZ) — A4 — 1 (4.2)
Given a subgroufs < SL,(Z), we setG := GU(—I)-G. Hence
SV L,Z)E = A

Because of [New, Thm VII1.7], every normal subgroup of BE8L) of indexu # 2,3 is free

of rank 1+ &. ThereforeSL>(Z)[3]/{+£1} C PSLy(Z) is a free group of rank 3. If there is no
danger of confusion, we denote the elements of 8] by the same letters as the elements
in SLZ(Z).

Corollary 4.1.1 a) SLy(Z)[3] is generated by
T3,8:=JdT =19, K=T1sT=(2 3)and-IK1=(53).
b) SLo(Z)[3]/{£1} C PSLy(Z) is generated by
T3, S and L=(733).

There is no algebraic relation among these generators.

33
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Proof: a) was proven in [Der] and b) is an easy consequence or can be calculated using
[GAP]. O

A free group of rank hasZ' as Abelian character group. We therefore determined the
character group for all principal congruence subgroups. Since modular forms have a Fourier
expansion (see Definition 4.2.1), we are only interested in the following characters.

Definition 4.1.2 Letl" be a congruence subgroup 8f,(Z) andy a linear character of".
x is a charactermodN of I if SLp(Z)[N] C I andx(M) =1 for all M € SL(Z)[N].

Every character moN is a finite character. Throughout this thesis, | will principally con-
sider characters of SIZ) which are obviously characters modulo 12.

Let us look at theuspof SLy(Z)[3] (i. e. the fixpoints of a parabolic matrix from $(Z)[3]).
SLy(Z)[3] is aFuchsian groui. e. a discrete subgroup of $(R)) and has finite index in
SLy(Z). ThereforeQ U {oc} is the set of cusps and, due to [Miy, Thm 4.2.10],84)[3]
has four (regular) inequivalent cusps. We choése —1,0,1} as a transversal and from
the following table we can read off the parabolic subgroy@ssociated with a cuspas
well as a transformation matrix with oy(x) = co:

[cuspx [ ox | Mx |

SEREEGES
BEEIEECRED
SIEIRE (s

We consider now the character table of,§4/37) andAy. In the headline of the table, we
specify the orders of the elements in the different conjugacy clasges bf parenthesis we

add the order of the elements in §£/37,) if the conjugacy class does not split. In the other
case, we write the order in the line below. In the first half of the table there are the characters
of A4, below the second double line there are the additional characters,6£/31z). You

can find the character table Af in [JL] with a proof and more details.
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od|1|2(4)| 3 3
2 6 6
1 (1] 1 1 1
11 1 | & 2
A1)l 21 &
T | 3] -1 0 0
2 -1| -1
v |2 —G3 | =45
2 85| -G

In this tablelz = €¥™/3 ¢ C denotes a third root of unity.

4.2 Modular Forms with Respect to §Z)|3]

The following results can be found in [Miy] or [Kr1, 8111.7]. Léfl := {z<€ C; Im(z) > 0}
be the upper half-plane akd:= Z. Then Slp(Z) acts on{ f : H — C} by

L ke faT+D _f(a b
(f kM)(7) :=(ct+d) f(cr+d> forallM = (c d) € Sly(Z), T € H.

Definition 4.2.1 Letke Z, SL»(Z)[N] < T a congruence group ande ', A holomorphic
function f: H — C is called anentire modular form of weighk with respect to and
charactew if

(EF1) f kM =v(M)-f forallMeT,
(EF2) f |k M has a Fourier expansion of type

(f [ M)(1) = iaf(m,M)ezﬂiﬁf forall M € SLy(Z).

We write M (", v) for the vector space of all modular forms of weidhwith respect td”
and charactev. If v =1, then we often writd[,(I"). Since

M (I, ve) - M (F,v2) € My (I, vive)
and

{0}, k<Oor(k=0andv#1),

M (I, v) =
(Tv) {C, k=0andv =1,
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we get theZ-graded algebral(I") := Pyen, Mk(I) and theA(I")-module

A(T,v) = @ My(T,v) inthe algebra P A(T,v).

keNp verab

If for given f € M(I", v) the coefficientrs (0,M) = O for everyM € SLy(Z), then we callf
acusp formdenoted byf € Si(I,v). Givenf € My(I',v) andg € S(I', v) (or vice versa),
we define théPetersson scalar produdty

(1.9)=w(Er) " [ f(g(@Im(e)du(o)

wheredu () := y~?dxdyfor t = x+iy, Fr is au-measurable fundamental domainrofH
andy (Fr) = J. 1du(7). Defining

Nk(r7v) = {g € Mk(rv\/); (f7g) =0 forall f ¢ Sk(r,V)},
we conclude
My(I,v) = Sk(l,v) BN(T, V).

Using the dimension formula in [Miy, 82.5] and the formula for the genus of a Riemann
surface to Sk(Z)[3] ((Miy, Thm 4.2.11]), we get

Theorem 4.2.2 a)

| 0 k<O
dime My (SLa(Z)[3]) = { |
img My (SL2(Z)(3]) {k+1, k> 0.
b)
_ 0 k<3
dime Sk(SLa(Z)[3]) =< . |
imc Sk(SL2(Z)[3]) {k—3, k> 3.

Proof: Using dim: S2(SLz(Z)[3]) = 0 we conclude that dignS1(SL»(Z)[3]) = 0, since for
f € S1(SLo(7Z)[3]) the functionf? € Sp(SLo(Z)[3]). Keep in mind that Sk(7Z)[3] has genus
0, four inequivalent cusps and no elliptic points. O

We now define certain Eisenstein series with respect tdB)[3]:

Definition 4.2.3 a) Let Ne N. A mapy : Z — C is called aDirichlet character moN if
there exists a linear charactey’ : (Z/INZ)" — C* with

x(n) = {é‘“”*“Z% gedn,N) = 1,
’ gcdn,N) # 1.
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b) Letx and y be Dirichlet characters modulo L and modulo M, respectively. Then we
define an Eisenstein series with parameter s:

o0

ETsx )= Y x(my(n)(mr+n)Kmr+n"*.

m,n=—oo

The right side of this definition converges absolutely and uniformly forsadlith k +
2Res) > 2+ ¢ (¢ > 0). Therefore this series is holomorphic for Re> 1—'2‘ . In the
case ok < 2 the right side does not convergesie: 0, but in the casg y(—1) = (—1)K the
functionEx(z,s, x, ) possesses a meromorphic continuation to the whole corsgiane
due to [Miy, Thm 7.2.9]. This meromorphic continuation — again denoteB {0y, s, x, v)
—is holomorphic irs= 0, thus we define

Ex(T; %, v;L,M) = Ex(7,0;, v).

(L, M will only be added if this seems to be necessar(y.) Due to [Miy, Thm 7.2.13], we
calculate the following Fourier coefficienks- zﬁioanez’“?f (some explicit values can be
found in Section 8.5)

y |[LIM|K ap | formula fora,, n>1

<Ilc
=X

-1, 3tc,

1 (%) 1 3|3 _%ﬂ 1 an:3'20<c|n?f(g)'{ 2, 3¢

11 (313 %ﬁ 1 |an=6-3o<cnV(C)

The mentioned normalized Eisenstein series from abovedy €.1, K = 1) will be denoted
by Ef (7,2, y;L,M).

Since we also would like to calculate Fourier expansions in cuspsc, we need the
following Eisenstein series:
GivenN e N, v, u € Ng with u, v < N, we set

E(ts v,uiN)= Y (mr4n)*mr4n|%,
m=u modN
n=v modN

wherey’ = 5 mn).(00). The relation between these two kinds of Eisenstein series can be
determined with the Identity Theorem. Lgtandy be Dirichtlet characters madand
modM, respectively, for factork andM of N, u, v e N, such thauL | N andvM | N. Then

ACEXTANE vk!V!ZSOSM’ZKNx (B)v(5) ElmsuviN) (4.2)
uju, v



38 Modular Forms with Respect to S1Z)[3] x SLz(Z)[3]

and

V_kM —2s

oD , 2ot
v modM

Ex(t,s 1, V;N) = X (W) (v')Ex (\—ljr,s;x, w) (4.3)

with u= ged(,N), v=gedv,N), p' =4 v/ =2 L=" M=Nando(L) =4(Z/LZ)".
Since the serieBg(7,s; u,v; N) is holomorphic ins= 0 for k € N, we are able to define
Ex(t;u,v;N) := Ex(7,0;u,v;N) and

M (TN)) = (E(Tip, ViN)O < v, it <N,

EF(TN]) := <Ek (\—ljr:x,w) X, w,uvfor x,w,uvas above>

The important property of these new Eisenstein series is the fact that we can easily calculate
the action of matriceM € SL»(Z), i. e. we have

Ex(t,su, v;N)|kM = Ex(7,5,1",V';N) for M € SLy(Z)
witho< u’,v' <N and

(u',v') = (u,v)M modN.

[Miy] has already shown the following

Theorem 4.2.4 Given Ne N, one has

a) EV(T[N]) = &2 (TN)) forall k € N,
b) £ (F[N]) = Ni(T[N]) for k e N\ {2},
¢) £V(T[N]) NMa(T[N]) = N(F[N)).

The explicit Fourier expansion was determined by [Miy, §7.1] (see also Section 8.5). With
these Fourier expansions it is easy to show that (powerExf)= E1(7; (3),1;3,3) and
E173 = E]_(’L'; 1, (%) ;1 3) generaté\AIk(SLz(Z)[S]) fork < 3.

We are interested in the Fourier expansiorf af My (SLz(Z)[3]) in all inequivalent cusps.
If we fix a cuspx of SLx(Z)[3], o € SL(Z) with o (x) = oo, then theFourier expansion
with respect to the cuspoan be calculated by

(fleo) () = Zanﬁ,x)ez”i?f.

Using (4.2), (4.3) and
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(x,y)o; T mod 3| (x,y)o_; mod 3

=
—~
X
=
[any
3
o
o
w

)

N R N R N -

—~| ||| —~|—~| —
EBIEINNERRRE

(2,2)
(0,2)
(0,1)
(L,1)
(1,0)
(2,0)

— | — [ — [ — | — [ —r

we get

(Essz| o t) () = (Ea(7;1,1;3) + E1(7;1,2;3) — E1(7;2,1;3) — E1(1;2,2;3)) | o5 *
=E1(1;1,2;3) + E1(7;2,2;3) —E1(71;1,1;3) — Ex(7;2,1;3)

— 42V (7, —E3) (1).

In the same way, we obtain

E13| 05 ' = -2 (E{3+2E33),

Ess|op ' = <—%§ + %) Ess— 5°Efs,

Eis|oy ' = (2”9 3+ %) Ejs— 2ZEfs, (4.4)
Eaaloof = (-5~ %) B “5°Els

SEI <_2ﬂ9ﬁ+%ﬂ> Eis— %'Eis

Explicit Fourier coefficients of these functions can be taken from Section 8.5. Using these
Fourier coefficients we can show that the matrix

ao(Ez3,00)™ ag(Ezz,00)™ tag(Ey3,00) -+ ag(Eyz,00)™
M = ' '

a0(Es3, )™  ag(Ess, 1)™ lag(E1s,1) -+ ao(Eps,1)™

has rank 4 (for example we can show that the determinant of the matrix which consists of
the first three columns and the last column is not zero). Therefore | can construct for every
weightk and cuspx a polynomialF in E3 3 andE; 3 such thatg(F,x) = 1 andF vanishes

at all cusps which are inequivalentxo

Let n be the Dedekindy function defined by

8

n:H—-C, n(t)=e"2[](1-e"m) (4.5)

m=1

It is well-known (compare with [Krl, Il 86.3] and [GN, Lem 1.2]) that
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Corollary 4.2.5 a)
n(Mt) = vy(M)(ct+d)¥2n (1) forallM € SLy(Z),

wherev24 = 1. More explicitly, we have for D even

n
o exp(ZL ((a+d)c—bd(c? - 1) — 3c)), c=1mod 2
T | exp(ZR ((a+d)c—bd(?—1)+3(d—cd—1))), d=1mod?2
Especially,

n(Tr)=eb.n(r) and n(Ir)= \ﬁ-nw,

where we choose the branch of the root which is positive for positive arguments.
2
b) n(7) =3n odd(lﬁz) e,
Example 4.2.6a) v§(M) =1forM e {T3 SK,-JK~1J}.
b) vi# (M) =—1forM e {T, T3, T3 SK,-JK 1J}.
Because of Example 4.2.6, we have
n8(M7) = (ct+d)*n8(r) for M e SLy(Z)[3)].
Because of8(7) = q% +Yn>1 ans(n)qrs1 and

(n8|460_1) (T) = nS(T)’ (778|4<71_1) (T) = eZﬂi/3n8(T)7 (778’40__11) (T) = e4m/3718(f),
we conclude that® € S4(SLy(Z)[3)).

Theorem 4.2.7 The graded ring of modular forms with respect3b,(7Z)[3] is generated
by two normalized Eisenstein series of weigsht

P My (SL2(Z)[3]) = C [E33,Ef 5] -
keZ

The ideal of cusp forms is generatedpf;

Proof: Let f € M(SL2(Z)[3]). Then there exists a polynomi&l in E3 ; andE] 3 such

that f — F € Sk(SL2(Z)[3]). Therefore this difference can be divided H§ and we get the
desired result by induction because of

1 4 7 13 % % %
n®=q%—8-93+20-q° + O(q3) = —55(E33)* + $E53- (Eis)>. (4.6)

Since the homogeneous field of fractions Qyat.A(SL2(Z)[3])) —i. e. all quotients of
modular forms inA(SLy(Z)[3]) of the same weight — has a transcendence degree equal to
1 (see [Frl, Thm 6.11]), the two functiois 3 andE; 3 are algebraically independent.[]
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Remark 4.2.8 The ring of modular forms with respect ®8L,(Z)[3] have already been
determined by Ebeling ([Eb, Prop. 5.4]). His generators &te= Ej 3 and 6, = 3f; =

1/ =% *
3 (El.,3 o E3,3) :

The proof thalE\;;3 and Eik,s are algebraically independent can also be done directly with
methods from Commutative Algebra, see Example 5.3.10.

Similarly we can prove thay* € So(SL2(Z)[3], v;2) and that thed(SL2(Z)[3])-module
A (SLZ(Z)[3]7 V%Z) = 174(: [Eék,& Ei(ﬂ :

Because of Equation (4.6) we know that the algebra

P A(SLaAZ)[3], v) = C[X1, X2, Xa]/ (27X2 + X& — X X3).

ve(vi?)

4.3 Lift from SLy(Z)[3] to SLy(Z)[3] x SLx(Z)[3]

Similarly to the case of elliptic modular forms, we define an operation o{B)? on {f :
H xH — C} by

- - T +b an+b
(f [« (M1,Mg)) (11, 72) 1= (171 + 1) ¥(CoT2 + 0o) kf( T o 2)

c1T1+di ot +do
with M; = (3 3;) € SLo(Z) fori = 1,2.

Definition 4.3.1 LetT be a group withSL,(Z)[N]2 C T € SL»(Z)? andv € '3, A holo-
morphic function f. H x H — C is called anentire modular form of weighit with respect
to " and charactev if

(MF1) f[kM =v(M)-fforallM €T,
(MF2) f |k (M1,M2) has a Fourier expansion of type

o0 [e.e] ., m
ot (M, Mp; My, M) 2R 1+ %) for all (Mg, My) € SLo(Z)2.
m=0my,=0

Again, letM(I',v) be the vector space of all entire modular forms of weightith re-

spect tol", Sk(I",v) the vector space of all cusp forms (i. e (0,0,M1,M2) = 0 for all

(Mg,Mp) € SLy(Z)?) and A(T") the associated-graded algebra. Ari € A(T") is called
symmetrig(skew-symmetr)af (11, 12) = f(12,71) (f(71,72) = —f(12,71)). The associ-
ated modules are denoted I ) sym and.A(I") skew

Let X,Y be free variablesf = E; andg =E; 5. f(71), f(72), 9(71) andg(t,) are alge-
braically independent, sincg g are algebraically independent afidis an infinite field.
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ThereforeC[f (t1), f(12),9(71),9(72)] is polynomial. Sinceg XY @ XkY!: i, j k1 € Ng}
is a vector space basis f@lX,Y] @ C[X,Y], a comparison of the coefficients shows that
X®1,Y®1, 1o X and 1Y are algebraically independent, too. Therefore the map

CIX,Y]@CIX,Y] = C[f(11), f(72),9(71), 9(72)],
X®1— f(11), Y®1l—g(n), 11X f(12), 1®Y—g(1),
is well-defined and moreover an isomorphism. Since eFegy.A(SLo(7Z)[3]?) is an entire
elliptic modular form in each variable (when the other one is fixed), we have

F(Tl,fz): z av“hv(fl)hu(fz)
u,v=1

with a basis{h,; v =1,...,1} for M(SL2(Z)[3]). Hence the above isomorphism yields
A(SL2(Z)[3%) =2 CIX@ X, XRY,Y 2 X,Y®Y). (4.7)
In the case thaE is symmetric, we get

v,u=1 v,u=1

henceay, = a,y for u, v=1,...,| and therefore
A(SL(Z)[3P)sym = CIX @ X, X RY,Y @ X,Y @Y )sym,

whereC(X @ X,X®Y,Y ® X,Y ® Y)sym consists of all polynomials which are invariant
under changing the components of the tensor product, i. e. under the homomorphism which
is defined byA@ B— B Afor A/Be {X,Y}.

Claim: C(X@ X, X®Y,Y@X,Y @Y)sym=CX@X,YRY,XQY +Y @ X). (4.8)
Let F be in the left set of homogeneous degnesuch that
F= ; &k (Xin ®X'Yk+X'Yk®XiYJ)
i+j=k+l=n
i<k
_ Z A (X®X)min{i,l}(Y®Y)min{j,k} ((X®Y)max{i+k,n}+(Y®X)max{i+k,n}>
i+]= Jkrl—n
i<

It is therefore sufficient to prove théxiy1)" + (x2y2)", h € N, can be described as a poly-
nomial inx1X2, y1y2 andxiy; + x2y» (the change of variables was necessary to get concise
formulae):

This fact will be proven by induction: The cake= 1 is obvious. Givern > 1 we get

(xay1)" + (Xoy2)" — (Xay1 + Xoy2)" = — Z ( ) x1y1)K(xay2)" K.
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Using the symmetry of binomial coefficients we get

- Z ()Xy F(0y2) ™+ Gxay) ™oy — 4 " odd
1y1)" (X2Y2 Y1 Y2 (E)(lel)h/z(xz)&)h/z, h even

Next,

k + (lel)hfk(xzyz)k _ (lel)min{k,hfk} . (Xzyz)min{k,hfk}

, ((lel)max{k,hfk}fmin{k,hfk} 4 (Xzyz)max{k,hfk}fmin{k,hfk})

(xay1) (xay2)"

yields the claim by the induction hypothesis.

Remark 4.3.2 The above given proof (in the cases of (special) modular forms) can be found
in [KI1, Prop 9.3] or [Frd, I1l.1.4].

Theorem 4.3.3
A(SLa(Z)[32) 2= CIXa, - Xall (¢, Xy — XoXa)
via the isomorphism which is induced by

X1 — Fp = (1) f(12), Xo — Fp = f(m1)9(72)
Xg— 3= g(T]_) f (Tg) and Xo— = g(rl)g(rg),

where f=E;;and g=Ej ;.

Proof: Obviously we have-F4 = FoR3. Let P € C[Xy,...,X4] be a homogeneous poly-
nomial of degree satisfying the relatiofP(Fy, F, Fs,F4) = 0. UsingF1F4 = FFs we can
assume

k k—j1 k—j2

i1 —k— i io—k— i

0= z Z OC|111F11F 1|: j1— 1+ z Z OC|212F]2F ZF j2— 2
J1 0I1 0 J2 1I2 0

Using the definition of5 and the algebraic independencyfdfr),...,g(72), this equation
holds if and only if

(ja+it,k—ig,k—j1—i1,i1) = (i2,k—jo—i2,k—i2,i2+ j2).
Hence
ip=]J1+I11=j1+ j2+12, andtherefore jj=j>=0

which provides a contradiction tp > 1. O
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An easy calculation reveals

Corollary 4.3.4 Via the isomorphism of Theorem 4.3.3 one has

a)
A(SL2(Z)[3]?)sym = C[Xg, Xa, X2 + Xa]
b)
A(SLx(Z)[3)?, V%Z X V%Z)sym =n*(t)n*(2) - A(SL2(Z) [3]%) sym.
C)

A(SL2(Z)[3]%, V) skew= (F2 — F3)A(SL2(Z)[3]?, V)sym for v € {vp? x v;?, 1}
Remark 4.3.5 a) In the proof of Theorem 4.3.3 we basically determined a Grébner basis.

b) Corollary 4.3.4 a) and c) can also be shown using invariant theory (see for example
Example 5.2.14).

4.4 The Invariant Group

The second step to determing(G) using Equation (3.20) is to calculate the action of
G/SLy(7)[3]? = SLo(ZI37,) (see Lemma 3.6.7) on the generatorsA¢SLy(Z)[3]2):
Because of SK(Z)[3] < SLy(Z), we know that

fIN € A(SLx(Z)[3]) for f e A(SL2(Z)[3]),N € SLy(Z),

hence we can descritféN by the generatori; 3, Ej 3. Using 651 = —J and the equations
(4.4) and (8.1), we get

E3sld = % (Es(t) —E33(7)) and Ef3ld = _7; (2E33(7) +Ef3(7)).

Given f(1) = T2 ganq3 with q = €77, we get(f|T)(1) = T oan{lqs. We therefore
conclude from

3
(E55IT)(r) = 1+ (3— ¥Li)g3 + O(q?), and

E3alT = 3+ 20)Esa+ (3 —2N)Els and EfalT =(1- 5)E55+ Eis
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SinceT " = JT P, we define

4 L 14 v3 13
MJ: _ﬁé _\/i_é ’ MT: 2 ? 2 i6 and MT—tr:MJMTM‘?.
NI 73

V3

Then we have

n
F— Z mjF; for1<i<4andM = (mj)ij <€ {My®@Ms,Mr—r @Mr},
=1

whereM; ® Mz is the Kronecker product of two matrices, i.(@y;My) for My = (mjj); ;.

Note that we have been choosing the row convention for these matrices, since many com-
puter algebra systems use this convention. If we used columns, the linear transformations
with respect to the basig, ..., F4} from above would be represented by the matri¢ds

To sum up, we see théi/SLz(Z)[s]Z acts onA(SLy(Z)[3]%) with kernel {#(1,1)}. Ad-
ditionally, f € A(SLx(Z)[3]?) (written as a polynomial in the generators) is symmetric if

f||\/||:|ip =f with Mgp:= (4.9)

loNolNol
O OO
©OOoOr o
O OO

Thus we define the two grou:= (Mj ® My, Mr—« @ M7) andG := (G,Mgiip). Itis easy
to show thaG = A4 andG = A4 x Cp, €. g. with [GAP]. Notice thalgp is a matrix of order
2, but this matrix does not commute wilihy—+ ® Mt. Instead, the matrixMj ® M3) Mg
commutes with all matrices iG.

The charactey which is associated to the representatiorGadiom above is four dimen-
sional and has the values trgb -+ ® Mt ) = {3 on a conjugacy class of order 3 (we choose

the last column in the table on page 35) and t(&te M;) = 0 on the conjugacy class of
order 2. It is easy to calculate by hand that there are no invariants of degree 1. Therefore
the trivial character is no constituent pf The character is therefore uniquely determined
(assuming the above mentioned choice of the conjugacy clagses).+A’. Sinced ® ¥

has the same values on the conjugacy classes, we have

r=0009=1t+A and de®=21"=1"1 (4.10)

The charactet® ® ¥ can be realized ovdf = Q((3), a fact which does not follow directly
from the table on page 35. Since we do not need this explicit result, we omit the proof.

The character which is associated to the representati(ﬁ}lfocﬁm above is determined in
Section 5.6.
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So we are interested in the graded algebra

(OB Xl o)

with H = G,é, i. e. in all polynomials mod = (X3X4 — X2X3) which remain in the same
coset under the operation Hif.

In the classical invariant theory this problem was only considered for polynomial rings, i. e.
F[Xq,...,%" for afieldF. In the next chapter we develop the theory to be able to calculate
invariant rings like the one from above.
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The structural results of this chapter, especially from Section 5.3 were done in team-work
with Dr. Jurgen Miiller.

5.1 Commutative Algebra

In this section we give a short repetition of the structures and results of the commutative
algebra we will need:

Throughout this section I€t be a field,V be a finite dimensiondf-vector space witm =
dimg V. The main objects are finitely generated commutafivalgebras. A commutative
F-algebraR is calledZ-graded(or simply gradeq if R = @qy-oRg asF-vector spaces,
Ro = F, dimg Rq € Np for all d € NandRy, - Ry, C R, +q, for all dy, dp > 0. We callRgy
ahomogeneous componeanrtd sefRy = {0} ford < 0. Letr = (rg)gez € R withrg € Ry
for all d € Z, then there are only finitely mamy # 0. If r # 0, then deg = max{d; rq # 0}

is called thedegreeof r. An example for a gradel-algebra is thesymmetric algebra

SNV =TV (xay-yox xye TV)),

where7 V] =F & @dzlv@@d denotes the tensor algebra. ObviouslyV] is finitely gen-
erated and as a gradédalgebra it is isomorphic to the polynomial rifigXy, ..., Xs] with
the standard grading defined by dé¢g- 1 for all i.

Definition 5.1.1 Let’R be a graded F-algebra. AR-module M isgradedif there exists a
dw € Z such that M= @y, Mg as F-vector spaces witimg Mg € N for all d > dyv
and Ry, - Mg, C Mg, 14, for all di, do > du. Again, we set M= {0} for d < dy and
degm= max{d;myq # 0} for 0 £ m= (my)gecz € M.

5.1.1 Noetherian Modules and Krull dimension
Let R be a commutative ring, then we call &rmoduleM Noetherianif every ascending

chain of submodules is eventually constant. A ring itself is said thdetherianif it is so
as a module over itself.

The following properties are well-known (compare [Ben, §1.2])

a7
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Theorem 5.1.2 (Hilbert's Basis Theorem If R is a commutative Noetherian ring, then
R[X] is Noetherian.

Lemma5.1.3a) A module M over a Noetherian rirfl§ is Noetherian if and only if it is
finitely generated.

b) A submodule of a finitely generated module over a Noetherian ring is again finitely
generated.

c) A commutative rin@R is Noetherian if and only if every idedlis finitely generated.

d) If Ais afinitely generated commutative F-algebra, thérs Noetherian.

From now on we formulate the following hypothesis which describes the generality we
choose to work with:

Hypothesis 5.1.4LetR = Py~ Rq With Rg = F be a graded commutative ring ag@} #

M = @g>q, Ma a finitely generatedk-module. Let the characteristic of F lharF =0

and letR be finitely generated over F with finitely many elements of positive degree. We set
RT = @y>1Rdg themaximal homogeneous ideal

If R andM fulfill the Hypothesis 5.1.4, they are in view of Lemma 5.1.3 Noetherian.

The Krull dimensionof a commutative ringr is the maximal lengtim of a chain of proper
inclusions of prime ideal®, D P1 D .... D Py, or oo if the maximum does not exist. M is
aR-module, then the Krull dimension ®f is the Krull dimension of the rin&k/ Anng (M),
where

Anng (M) ={r e R;rm=0for allme M},

is theannihilator of M in R. We write dimR and dimM, respectively. Whenever we refer
to the dimension of a vector space, we keep the field as a subscript.

Theheightof a prime idealP — denoted by heigl® — is the maximal length of a chain of
proper inclusions of prime idealB =Py D P1 D ... D Pp, Or 0o, if the maximum does not
exist.

Let R1,R2 be two commutative rings witlR1 C Ro. We callr € R, integral over R4

if there exists a polynomigb with coefficients inR; and leading coefficient 1 such that
p(r) = 0. We callR; afinite extensioiif every element iR, is integral overR, and if R
(as a module) is finitely generated ovey.

Lemma 5.1.5 ([Ben, Cor 1.4.5])
If R> D R4 is afinite extension of rings, then the Krull dimension®aefand R, are equal.
Now we can cite Krull's Principal Ideal Theorem ([Ben, Thm 2.3.3])

Theorem 5.1.6 Suppose thaR is a commutative Noetherian ring afid= (x) is a principal
ideal inR. Then any prime idedP, which is minimal among the prime ideals containihg
has height at most one.
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5.1.2 Nakayama Lemma and Noether Normalization

Lemma5.1.7 ([DKe, Lem 3.5.1))
LetR and M satisfy Hypothesis 5.1.4 witfyd> 0. Then for a subset& M of homogeneous
elements the two conditions are equivalent:

(i) S generates M as aR-module.
(i) S generateM/R+M as a vector space over F. HefetM is the submodule of M
generated by the elementsm with r€ R* and me M.

In particular, a generating set S for M is of minimal cardinality if no proper subset of S
generates M.

In the situation that Hypothesis 5.1.4 is fulfilled we define theHiibert seriesof M as

H(M,t) ::dzd (dimg Mg) t9.

The Hilbert series is sometimes also calRamincareé series A consequence of the Theorem
of Hilbert-Serre ([Ben, Thm 2.1.1]) is that(NI,t) converges in the pointed open unit disc
{ze C;0< |zl < 1} and has at most a pole in= 1. The order of this pole is denoted by
ordM. Moreover the Hilbert series is of the form

B p(t) : _
H(M,t) = -1 with p(t) € Z[t,t ™). (5.1)

We cite the Noether normalization in the graded case:

Theorem 5.1.8([Ben, Thm 2.2.7])

Let R and M satisfy Hypothesis 5.1.4. Then there exist homogeneous elements ff,
of positive degree iR, which generate a polynomial subring fr, ..., fy] in R/AnnR(M)
over which M is finitely generated as a module. Furthermore,

n=dimM = ordM.

If R =M is an integral domain, the number n is also equal to the transcendence degree of
the field of fraction®Quotof R, i. e. trdegQuotR ) = n.

Therefore we define (cf. [DKe, §2.4.2])

Definition 5.1.9 Let’R and M satisfy Hypothesis 5.1.4.
A subsef{ fq,..., fn} C R/AnnR(M) of homogeneous elements of positive degree is called
a homogeneous system of parameferaM if

(hsopl) fy,..., fy are algebraically independent and
(hsop2) M is finitely generated as module ovefft, .. ., fy].
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By Theorem 5.1.8 the length of a homogeneous system is uniquely determined. Therefore
we get

Remark 5.1.10 Let R and M satisfy Hypothesis 5.1.4 witiyd> 0 and let f,..., f, €
R/AnnR(l\/l) be homogeneous of positive degree. Then

dimeM/sh Mf <oo ifandonlyif dimM/sn mf, =0.

Proof: LetN = M/Zinle f,. If dimN = 0, then by Theorem 5.1 is finitely generated
asF-module. If ding N < oo, then HN,t) is a polynomial and we get oNl= dimN =0
by Theorem 5.1.8. O

We show now a characterization tHdt, . . ., fr} C R/AnnR(M) is a homogeneous system
of parameters foM:

Proposition 5.1.11 Let R and M satisfy Hypothesis 5.1.4 witlyd> 0 and let f,..., fy €
7Q/AnnR(M) be homogeneous of positive degree.

{f1,...,fn} C R/AnnR(M) is a homogeneous system of parameters for M if and only if
dimg(M/s1 Mf;) < oo and the Krull dimension r- dimM.

Proof: S:=F(fy,..., fy). By Nakayama’s Lemma 5.1M is a finitely generate8module

if and only if I\/I/Zi”:l M f; is a finitely generateB-module. If{fy,..., f,} isa homogeneous
system of parameters, we get using Theorem 5.1.8tkabrdM = dimM. Let vice versa
n=dimM. In the case thaty,..., f, would be algebraically dependent, we would get that
Sis a finite extension df [X], whereX is a subset of f1, ..., fy} with a cardinality at most
n—1. Thus ord= ord(F[X]) = X < n—1. SinceM is a finitely generated-module,M

is also a finitely generate[X']-module. Therefore

n=dimM # X.

which provides a contradiction to Theorem 5.1.8. O

5.1.3 Invariants

Let R satisfy Hypothesis 5.1.4 ard be a group of graded algebra automorphism®&of
We denote the corresponding action§yfor r € R andg € G. This leads to the definition
of theinvariant ring

RE:={feR;f9=1 forallge G}.

Obviously, this is a gradeBi-subalgebra ofR. Moreover, letA : G — F be an Abelian
character of5, then we denote by

RY ={feR;f9=A(g)-f forallge G}
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the R-module ofA-relative invariants

Given a groupG and anF-representatioDy : G — GL(V) = GL,(F), thenV is an FG-
module byw? := v-Dy(g) for ve V, g € G. By diagonal operation of G o®9, i. e.
(®ivi)? = ®; VW, the symmetric algebra is an FG-module, too. TEQ]® andS|V]* are
well-defined.

Note that we can define the relative fixmodulé for every FG-modul®/ in the same way.
In the literaturé/* is often called arsotypic component Since chaF = 0, we could use
representation theory, i. e. the decompositio ahto irreducible FG-modules, to define
A-relative invariants also in the case tiats a non-linear character.

We want to prove thaR = S|V]¢ andM = S|V]* satisfy the Hypothesis 5.1.4. Therefore
we need the Reynolds operator.

5.2 The Generalized Reynolds Operator

Throughout this section IR fulfill Hypothesis 5.1.4 ands be a finite group of graded al-
gebra automorphisms & andA : G — F alinear character. Then tigeneralized Reynolds
operatoris defined by

1
R = = ¥ A(g HgeFG,
P

where FG = {¥ gcc ®g0; 0g € F } is thegroup algebra GivenA = 1, we use R instead of
R Obviously, the Reynolds operator acts®Brby

1
RM= = S A(gHf9 for feR
P

and is arlR®-homomorphism, since
RYM(fy- fp) = f1-RY(fp) for f; € RCandfy e R.
We need the following easily proven result:

Lemmab5.2.1 LetA : G — F be alinear character. Then the generalized Reynolds operator
is a projection fromiR ontoR*. Especially, one has:

a) g-R*=R'.g forallgeG.
b) R* f = f forall f € R* andR*(R) = R*, thus(R*)2 =R*.

Proof: a) Using the index transformatidn— ghg* we get

1 1
g-R*= = Y A(hYHgh= = § A(h"Hhg=R*.g
a2 =g 20
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b) If f € R%, then

|G\§ o) \G@f_f

In particular F%(R) > R*. For f € R we use the index transformatibn— hgand get

1 _ 1 _
(R ()9 = @hgel(h Hf9—2(g)- @hezel((hg) H= (g RM(f),
sothat R(R) = R*. O

For an FG-module homomorphismwe have

1
A _ -1 g_ 0y /l
o) G hg Ah ) a(f !G| z A(h Hf9 =aoR

so that R commutes with every FG-module homomorphiem
Again our main example will b& = S[V].
GivenF with charF =0, we call0—U %V ﬂW — 0 anexact sequenagf FG-modules if

o :U —Visaninjective FG-homomorphisr,:V — W is a surjective FG-homomorphism
and kef3 =ima.

Lemma5.2.2 Let G be a finite group, F a field witbhal- =0andA : G — F a linear

character. For every exact sequerzes U %V LN W — 0 of FG-modules the sequence of
the relative fixmodules

Oﬁulﬂvliwlﬁo

is also exact.
Proof; Givenu e U?%, we have
R*(a(u)) = (R*oar)(u) = (o R*) (u) = (R (1)) = ax(u),

hencea(u) € V* and thereforex|;, : U* — V* and in the same wag |y, : V4 — W is
well-defined. Obvioulsyg : U* — V2 is injective. Let noww € W%, Thus there exists a
v eV with B(v) = w. It follows that R* (v) € V* and

BRM(v) =RMB(v) =R (w) =w,

henceB : VA — W4 is surjective.
It remains to be shown that kBf,» =ima| . Letv e V* with B(v) = 0. Then there exists
anu e U with a(u) = v. Hence R (u) e U* and

a(RM(u)) = R (@(u)) = R} (v) =

which proves keBl,,» C ime| ;.. The other inclusion follows directly frofioo =0. O



5.2 The Generalized Reynolds Operator 53

Later on we will need the following generalization: ¢tV be FG-modules ang: G — F
be a linear character. Let: U — V be a linear transformation which satisfigs(u))% =
x(g)o(u9) for allge Gandu € U. In particulare is not a FG-homomorphism. We call this
a x-twistedFG-homomorphism LetF, = F be the FG-module where an elemgnt G
acts as follows: 1 y(g)-1. Via the isomorphism @ F 2U, u® 1+ u-1, we can
translate the operation & onU toU ®f Fy:

ura)¥=wxyx(ga forucU,acF andgec G.
HenceoX :U ®r F, — V, a%(u® 1) = a(u) fulfills
(a*(u®1))? = a(u)? = a(w)x(9) = a(uy(g)) = a*((u® 1)%)

and thereforex? is a FG-homomorphism.

Let a : U — V be an injectivey-twisted FG-homomorphism anél: V — W a surjective
FG-homomorphism such that kér=imo. We call this ay-twisted exact sequen@nd
denote it by

o—usvlw_o
Then
aX B
0—-U®F —V—-=W-=0

is an exact sequence of FG-modules. Using Lemma 5.2.2 for a linear chavrad®er F
we get that
0— UerF)* 2vt Ewr o

is an exact sequence. Usi\dé =R*(V) and

Al x 71 X *1 9
R*(a%(u® 1)) \G| ZGQL (a*(u®1))9 |G\ ZGX o (u)x(9)

=« (EQél(gl)x(gwg) = a(R¥ *(u)),

M|y p n = im(a? oRY)|uer, = IMR* 0o%) |y eer,

—im(aoRY M)y

we get

and therefore obtain the following-twisted exact sequence

0 ur &y Fowr g

We summarize this result in the following
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Lemma 5.2.3 Let G be afinite group, F a field witthar- =0andy, A : G — F two linear
characters. Le0 — U %V LN W — 0 be ay-twisted exact sequence, then

0—>U%71/l RV ILW7L —0

is also ay-twisted exact sequence.

Remark 5.2.4 a) For y = 1 we get the same result as in Lemma 5.2.2.
b) Lemma 5.2.2 and Lemma 5.2.3 can be generalized to groups which possess a Reynolds
operator. These groups are called linearly reductive.

5.2.1 More on Invariants

From ([Ben, Thm 1.3.1]) we cite the well-known

Theorem 5.2.5 (Hilbert-Noether)
Let G be a finite group. TheS&[V]® is a finitely generated F-algebra which is integrally
closed. MoreoveS|V]® c S|V] is a finite ring extension.

Using this theorem it is possible to prove

Corollary 5.2.6 ([Ben, 81.4])
Let G be a finite group, F a field and V a finite dimensioR@&module. Then

dimS[V] = dimg V = dimS[V]°®.

We want to generalize these results to relative-invarid&tsfor rings R which satisfies
Hypothesis 5.1.4:

Proposition 5.2.7 Let R be an integral domain which fulfills Hypothesis 5.1.4 and let G
be a faithful finite group of graded algebra automorphismgRof Then for the invariant
field (QuotR)® we have(QuotR))® = QuoiR®) and the field extensiofQuotR))®
Quot(R) is finite Galois with Galois group G.

Proof: We clearly have QuéR®) C Quot(R)®. Conversely letf = % € QuotR)C for

fi € R. By extending With[];.qc f5 We may assume thdy € RC and hencey € R® as
well, thus f € QuotR®). By Artin’s Theorem, see [Lan, Thm VI.1.8], the field extension
(Quot(R))® C QuotR) is Galois. O

Proposition 5.2.8 Let R fulfill Hypothesis 5.1.4 and let G be a finite group of graded alge-
bra automorphisms oR.

a) R is a finite ring extension gR°.
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b) dimRC = dimR.

c) R is a finitely generated F-algebra.

d) LetR have no zero-divisors arl@* # {0}. ThendimR* = dimR.
e) R* is a finitely generated® ©-module.

Proof: a) Forf € R let ps := [gea(X — 9) € RC[X]. Hence we havey; (f) =0 andf
is monic so thaff is integral overR®. Let {f,..., f;} C R be anF-algebra generating
set of R and letS ¢ R® ¢ R be theF-algebra generated by the coefficients of the
polynomials{ps,, ..., ps, } C R®[X]. As all f; are integral ovesS, the F-algebraR is
integral overS. As R is a finitely generatedr-algebra, it is also a finitely generated
S-algebra and hence the ring extens®r R is finite. In particular, the ring extension
RC C R is finite.

b) Follows directly from a) using Lemma 5.1.5.

c) S is a finitely generated-algebra and therefore Noetherian due to Lemma 5.1.3. As
the S-moduleR is finitely generated, it is a Noetherigimodule by the same lemma
Thus theS-submoduleR® ¢ R is also Noetherian and therefore a finitely generated
S-module. AsS is a finitely generate-algebra,RC is a finitely generateé -algebra
as well.

d) One has

dimR* = dimR®/Annc(R*) = iMRC/ (0} = dimRC.

e) In c) we showed thaR is a finitely generated-module, therefore it is also a finitely
generated?®-module. SinceRC is Noetherian we get by Lemma 5.1.3 tifat is a
finitely generated? -submodule ofR. O

We have already seen in Section 5.1.2 thaWiffulfills Hypothesis 5.1.4 that the Krull
dimension oM is equal to the order of the rational functioriM,t) which was abbreviated
by ordM. Therefore

degM = (H(M,t)(l—t)ord'v'> (1) eR

is well-defined. Moreover, it is a rational number because of Equation (5.1).

Example 5.2.9Let R = F[fy,..., fy] be a polynomial ring withldegfi = k; for 1 <i <n.
Then

and therefore we get

n
ordR = n anddegR =
i

X



56 Algebraic Methods

Theorem 5.2.10([Ben, Prop 2.4.2])
LetR fulfill Hypothesis 5.1.4 and IR C S be a finite extension of graded F-algebras such
thatS is a domain. Then we have

degS = [Quot(S) : QuotR)|degR).

S|V] is a finitely generated graded algebra. Therefor§Nf|* - {0}, then theF -algebra
R = SV]€ and theR-moduleM = S[V]* fulfill the Hypothesis 5.1.4 by Proposition 5.2.8.

In the case oM = S[V]* we can calculate the Hilbert series using

Theorem 5.2.11 (Molien’s formula, [Ben, Thm. 2.5.2, 2.5.3])
Let F be a field otharF = 0. Then

H(S[V]xat) = % .ggG}L(g)_l. (]f!%) € C(T),

where m= dim¢ (V) and A1(9),...,Am(g) € C are the eigenvalues of the action ofgG
onV.

Hence if the character afforded By is known, this formula can be evaluated from the
character table of, see [Ben, Ch.2.5]. This method and the necessary character theoretic
data are available in GAP.

Another very useful concept is the Jacobi-criterion:
Definition 5.2.12 For {fy,..., fn} C F[Xy,...,Xn] theJacobian matrixs defined as

J(fq,...,fn) = ﬂ € Maty(F[Xg,...,Xn])-
8xj 1<i,j<n

Its determinantletJ f4,..., fn) € F[Xy,...,Xy] is calledJacobian determinant

Proposition 5.2.13 (Jacobian criterion
Let F be a field wittcharF = 0and{fy,..., fa} C F[Xy,..., Xq].

a) If rankJfq,..., fy) =r, then there exist r algebraically independent elements in the al-
gebra K(fy,..., fn). Moreover these elements can be chosen from thefset ., fn}.
b) {f1,..., fn} are algebraically independent if and onlydétJ f4,..., f,) # 0.

Proof: a) IfrankJfy,..., fn) # 0, we can achieve by changing the orderfgf..., f, and
X1,..., % that det(J(f1,..., fn)i j)1<ij<r # 0. Let assume that there exists &M ¢
F[X1,...,%] of minimal degree such that fy,..., f;) =0. Differentiationa%(j using the
chain rule yields the following system of linear equations over Qejdt, ..., X]):

dh
(a—xi(flw-wfr))l . r'(‘](fl""’fn)ivj)lgi,jgr =0

=4,...,
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Since degl > 0, there exists ahe {1,...,r} such thatah £0. As degg—xh < degh we
have X (fl, ., fr) # 0. Hence the above system of linear equation has a non-trivial
solution and detJ(f1,. .., fn)i j)1<i,j<r = O providing a contradiction.

b) "«" follows directly by a). Let{f,..., f,} be algebraically independent. As the tran-
scendence degree trd€gXy, ..., Xn]) = n, see [Lan, §8.1], the se{s, f1,..., fn} are
algebraically dependent fdre {1,...,n}. Let 0# he € F[Xp, Xg,...,Xn] of minimal
degree such thdi(X, f1,..., fn) = 0. Differentiation% yields

dhy i
f J(fy,..., fn) =d 1,
( X| (Xk7 1yees ))kVi—l ( 1, ) ) Iag< XO(Xk 1 ))k—l,...7

As {f1,..., fo} are algebraically independent, the indetermingt®ccurs inhy, hence
we have deg) he > 0. Since chaF = 0, we getahk # 0, and inF [Xg, X1, ..., Xn] we get

degaQO < deghy.

Therefore we havéﬁ(xk, f1,...,%n) # 0. Hence we conclude

detdiag( (Xk f1,.. )) # 0 and thus detJ,..., f,) #0. O
k=

IXo
Example 5.2.14Let F be as in Theorem 4.3.3, then we have the
isomorphism of algebras

C(M1Y2,Y1Z2,Y2Z21,2175) = C(Fy, Fo, F3, Fa).
The Jacobian matrix ofY1Z1,Y1Zo + YoZ1,Y1Zo — YoZ1,Z575} is given as

Z1 O Yy O
Z, Z1 Yo Y1
Z, —Z7 Yo Y1
0 2 0 Y

€ Mats(C[Y1,Y2,21,2Z5])

which has vanishing determinant, but @B x 3)-minors are non-vanshing. Hence all
subalgebras ofC(Y1Y2,Y12>,Y»Z1,7175) generated by three dfY121,Y1Zo + YoZ1,Y1Zp —
Y2Z1,Y2Z,} are by the Jacobian criterion polynomial. Thusg, F + Fs and K are alge-
braically independent. From Equation (4.8) and the isomorphism of Theorem 4.3.3 we get

A(SL2(Z)[3]?)sym = C[Xa, X2 + X3, Xa.
Since{Fy, R + F3,F, — F3,F4} generateC(Fy, R, F3, Fs), we have

A(SL(Z)[3?) = A(SLa(Z)[32)sym® A(SLa(Z)[3]?) skew (5.2)
= C[F1, R+ F3,Fa] @ (F2 — R3)C[Fy, 2 + F3, Fa]. (5.3)

anddim A(SL(7Z)[3]?) = 3 by Theorem 5.1.8.
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5.3 Cohen-Macaulay Rings and Modules

Definition 5.3.1 Under the Hypothesis 5.1.4 we define

a) A homogeneous elementfR ™" is calledregular(non-zero divisorfor M if kery (- f) =
{0}, where-f : M — M, m— mf. Asequencef..., fy C R of homogeneous elements
is calledregularfor M if f; is regular forl\/l/ 1 1|\/|fI for j=1,...,r. Anelementor a
sequence is called regular f@ if it is regular for M="R.

b) Thedepthof M — denoted bylepthM € NoU {oc} — is the length of a longest regular
sequence for M.

c) Aring or a moduleR is calledCohen-Macaulayf its depth is equal to its Krull dimen-
sion.

Some properties for these concepts are listed in the following

Proposition 5.3.2 Let R = M fulfill Hypothesis 5.1.4. Then

a) If f € R is homogeneous, then we halimmM/Mf > dimM — 1. If f € R is regular for
M, then we haveimM/Mf = dimM — 1.

b) Let M be Cohen-Macaulay. ThenefR* homogeneous is regular for M if and only if
dimM/Mf = dimM — 1.

c) Every regular sequence is algebraically independent.

d) Each regular sequence.f.., f, ¢ R, for r < dimR, can be extended to a homoge-
neous system of parameters. In particular, a regular sequence of leagtimR is a
homogeneous system of parameters.

e) depthiM < dimM

Proof: a) [Smi, Prop 6.7.1] b) [Smi, Thm 6.7.6] ¢) [Smi, Prop 6.2.1] d) [Smi, Cor 6.7.2]
e) [Smi, Cor 6.2.2]
Except for ) you find these results also in [Ml, Prop. 8.2 and Prop. 8.3]. O

Benson ([Ben, Thm 4.3.5]) showed the following

Theorem 5.3.3Under Hypothesis 5.1.4 the following is equivalent:

(i) M is Cohen-Macaulay.

(i) There exist homogeneous elements..t, f, (n = dimM) generating a polynomial
subring Ffy,...,fy] C R/AnnRM such that M is a finitely generated free module
over F[fy,..., fl.

(i) Whenever {,..., f, € R are homogeneous elements generating a polynomial subring
over F[fy,..., f,] € R/Annz M over which M is finitely generated, then M is a free
F[f1,..., fn]-module.

We already know an example for a Cohen-Macaulay ring, iRe= A(SL»(Z)[3]?) (cf.
Example 5.2.14) with dirfR = 3.

Using Theorem 5.3.3 we can generalize the decomposition in (5.3).
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Example 5.3.4 Let’R and M fulfill Hypothesis 5.1.4 withimR = n.

a) If R is a Cohen-Macaulay ring, then there exist a homogeneous system of parame-
ters{fy,..., fa} C R and other homogeneous elemen{s.g,g: € R, such thatR =
@Gzlng[fl,..., fo]. We call the polynomials; forimary generatorand the g sec-
ondary generatorsif R is an invariant ring, we call the generators also (primary or
secondary) invariants.

b) If M = R* is a Cohen-Macaulay module f&®C, then there exist a homogeneous sys-
tem of parameter$fy, ..., f,} ¢ R® and other homogeneous elemenis g ,g; € R*
such thatR* = @ﬁzlng[fl, ..., fn]. In that case, we call the polynomialsrélatively
primary invariantsaand the polynomialsjgecondary relative-invariants

In both cases the associated decomposition is cafliednaka decomposition
Remark 5.3.5 In view of Theorem 5.3.3 we know that every homogeneous system of pa-
rameters is a set of primary invariants.

Corollary 5.3.6 LetR and M satisfy Hypothesis 5.1.4.

a) LetR be a Cohen-Macaulay ring with given Hironaka decomposition
r
@ng[fl,..., fn] with degfi = ki anddeggj =1jfor1<i<nandl<j<r,
j=1

Then

51t

R )

In particular, we have
r

degR = with r =ran R.
gr ST ke (e, ol

b) Let M be a Cohen-Macaulay-module with Hironaka decomposition as in a), then
3i-at!
Mty (1—th)°

Proof: Using Example (5.2.9) the Hilbert series for a polynomial fitidy, .. ., fn] is given
by

H(M,t) =

B 1
kg (1—tR)

The assertion follows directly from the Hironaka decomposition and comparison of the
. . . . . k ;
dimension a$-vector spaces. The degree is easily calculated if we%a_%se: z'f;(l)tl. O

H(F[f1,..., fa],t)
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We now prove two generalizations for the Theorem of Hochster-Eagon (see [Ben, Thm
4.3.6]).

Proposition 5.3.7 Let R = M satisfy Hypothesis 5.1.4. R is a Cohen-Macaulay ring, so
is RC.

Proof: Letn=dimR = dimRC (equality holds because of Proposition 5.2.8). Because of
the Noether normalization 5.1.81(= R®), there exists a sdff, ..., f,} € R with

Flfy,....f] ¢ R® ¢ R.
finite finite

SinceR is a Cohen-Macaulay ring, it follows from Theorem 5.3.3 thats a finitely
generated graded frég{fy, ..., fo]-module. R® is a graded-[fy,. .., fy]-module because
F[f1,...,fn] € R®. From Proposition 5.2.8 we get th&® is a finitely generated graded
F[f1,..., fn]-module. Since it is the image of a projection it is also projective. Since ev-
ery graded~|[fy, ..., fy]-module is projective if and only if it is free (by Lemma [Ben, Lem
4.1.1]), we therefore know th&C is a free finitely generated grad&dfs, ..., f,]-module.

O

Proposition 5.3.8 Let R be a Cohen-Macaulay ring without zero-divisors &Rd # {0},
thenR?* is a Cohen-MacaulaR ®-module. Moreover we hawdmR = dimRC = dimR*
and any system of primary invariants is also a system of relatively primary invariants.

Proof: Without loss of generality let # 1, henceR* N'R® = {0}. SinceR has no zero-
divisors (andR* # {0}), we know that Anrc(R*) = {0}. As in the proof of Proposition
5.3.7 we get a homogeneous system of paramdtiyrs. ., f,} € RS, such thatR is a
finitely generatedF [fy,. .., f,]-module. Using Proposition 5.2.8 we get it is a finitely
generated projective [fy,..., fy]-module. Hence it is free by [Ben, Lem 4.1.1] (note that
R is a freeF[fq,..., fy]-module). Thereford fy,..., fn} is also a homogeneous system of
parameters foR*. SinceR* # {0}, Proposition 5.2.8 yields diR* = dimR® =dimR =

n and thereforék? is a Cohen-Macaulay module. O

Remark 5.3.9 Is the condition “R has no zero-divisors” necessary, or is it only of technical
nature? In the general setting this is an interesting question, but in the cas&timia
graded algebra of modular forms this condition is always fulfilled.

We will call relatively primary invariants again primary invariants. For these structures we
will look at the relation between the Hilbert series and the associated Hironaka decomposi-
tion:

If A =1, theng; = 1 is always a secondary invariant. Suppose fhet 1, theng=1is
never a secondary relative-invariant.

Let S|V]® be a Cohen-Macaulay ring and let the Hilbert series — which can be calcu-
lated using Molien’s formula 5.2.11 which is for example available in [GAP] — be given
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rtl
by |-|“ZJ?—11tik|) Suppose we found a homogeneous system of paramieigrs. , f,} with
i=1\+"

degrees defl = k;, then the numerator polynomial determines, in which homogeneous com-
ponents we have to look for secondary relative-invariants, i. ep(lgt= 5;ait' € Z[t] be

the numerator polynomial, then we negdinear independent secondary relative-invariants

of degred. If the denominator does not match with the degrees in the homogeneous system
of parameters, we have to extend the fraction with a suitable polynom, e. g. see [DKe, p.
84].

Example 5.3.10Letl" = SLy(Z).
a) SinceR = A(I") = C[g4,06), the ringR is Cohen-Macaulay with Hilbert series

1

HRA) = (= o)

b) In Theorem 4.2.7 we showed thatT [3]) = C(E3 3,E; 5). SinceA(I") = A(T'[3])7/"B
is an integral extension we have

2 = dimA(") = dimA(F[3])

by Lemma 5.1.5. Thereforg Eand E ; are algebraically independent.

5.4 A Twisted Exact Sequence

We want to consider the more complicated example
(CIX1,- -, Xal/ (Xq X — x2x3>)G with the group G = (Mj®@My,M7-v @ M) = A,.
Let R := C[Xy,...,Xa]/ (X, X4 — XoX3). We have already shown in Equation (5.3) that

R :=C[F1, R+ F3,Fa] @ (F2 — F3)C[F1, R + Fs, F]

and that dinR = 3. This is the Hironaka decomposition and theref@rs Cohen-Macaulay
with Hilbert series

H(R,t) =

(5.4)

Using Proposition 5.2.8 and Proposition 5.3.7 we get thatRfita= 3 and thafR © is Cohen-
Macaulay. In order to be able to calculate the invariantsipwe need &l -twisted exact
sequence, wherg is the character of the groug which was defined in Section 4.1.

In Section 4.3 and in Example 5.2.14 we showed that

A(SL(Z)[3]?) = C(V1Z1,Y1Z2,Y2Z1,YoZ5) C C[Y1,Y2,Z1,7Z5].
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The isomorphism of Theorem 4.3.3 translates into the surjective algebra homomorphism
71 C[X1,1, X1,2,X2,1, X2,2] — C(Y121,Y122,Y2Z1,Y2Z2) (5.5)

given byr : X j — YiZj. Because of Theorem 4.3.3 we know thatket (F;) with F; =
X1,1X22 — X1 2X2 1. Note that the idea|F;) is related to the Segre-variety. This relation is
explained in the Appendix 8.7. There you find also a different (more general) proof for this
result using algebraic geometry. In this section you also find a remark about determinental
rings. We easily observe thats aCG-module homomorphism if we define on both sides of
Equation (5.5) thé&-action by the isomorphism from Example 5.2.14 and the representation
of G in Chapter 4.4.

LetV =~ (C? and{vy, v} be a basis 0¥, then we see th&l[Xy 1,X12,X2,1,X22] =SV QV]
and imr = @y-oSV]a ® S[V]q. Moreover,F; translates intov; = (v1 @ v1) (V2 @ Vo) —
(Vi ®V)(Va®V1). If we defines : SV ®V] — S|V ®@V] by 6(1) = v, theno is obviously
a linear transformation.

Givenh= (258) e GL(V), we get

Vit = (evi) (Fovs) - (o) (o) (5.6)
= ((v1a+ Vzb) X V]_) ((V]_C—I— V2d) X V2) — ((v1a+ Vzb) X Vz) ((V]_C—|— Vzd) X Vl)
=deth) vy

Analogously, we have'grl’h) = deth) - v;. SinceG operates diagonal o[V @ V] andG

operates oW ®V with characten} ® ¢, we get using Equation (4.10)
Vi = (detd(9))?vz = A~ %(g)Vx = A(Q)Va,

whereA is the character from the table on page 35. Hemde a A -twisted CG-homomor-
phism and we get th&-twisted exact sequence

0—SNV&aV] %SV aV] S @(SNVg@SV]g) — 0. (5.7)
d>0

Note that this is a little abuse of notation sinces defined in a different way. Because of
Lemma 5.2.3 the twisted sequence

A1 G‘S[V@V]l‘l G Tlsyavie . G
0— SVaV] SNV ®V]? ——— (imn)° —0

is also exact. R is a projection fory = 1,A~! so that(imn)® = im(7| sy evie) and

(imo)C® = iM(6] g gya-1)- Hence

(5[V®V]/imc)6% imn)G%imMS[V@V]G (5.8)
~ G/ ~ G/,
=~ SVaV] /|m6|8[v®v]l—128[v®v] /(imo)C.
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5.5 Invariants with Respect 6

Let g : S|V ®@V] — S|V ®V]q4 be the restriction onto thé-th homogeneous component.
Sincepy commutes withrt, o and the action o6, we get using Equation (5.8)

(SV @V]/kern)g = SN @VIE/ (ve- SNV @V ). (5.9)

Using Molien’s formula 5.2.11 which is for example implemented in [GAP] (see Section
8.9), we can calculate the following Hilbert series

1-t24+t3+2t4 1+t3+t44+t°+ 28
H(SV V|8 t) = R A A i
(1-t3)2(1-12)? (1-tH(1-t3)2(1-1?)

22 43 446 A2 43 4 t4 218
H(SIV @V 1) — + +t° F3 4t 0+ |
(1-t3)2(1—-t2)? (1-tH(1-t3)2(1-1t2)

/ t+t2—t3+t4+t° t+t24+2t4 +t64+t7

H(SV @VIF 1) = + +th 0 ttr 2t

(1-8)Z1-12)Z ~ (1-tH(1-32(1-t?)
Comparing the dimension &svector spaces we deduce from Equation (5.9) that

Hiot = H((SIV @V]/kerr)®,t) = H(SV @V]C,t) —t2-H(SV @ V]* 1) (5.10)

T4t4+t5 143415418 5.11)
C(1-192(1-12) T (1-t)(1-t3)(1—t4)’ '

For S\W]" (W an FG-module with chdf = 0) there exist algorithms to determine primary
and secondary invariants. The algorithms are well-known (see e. g. [DKe, Alg 3.3.4 and
Alg 3.5.2]) and are implemented in [MAGMA]. Using the instructions from Section 8.10
we can determine primary and secondary invariantsSfyt @ V€ denoted byp; and Sj,
respectively. The explicit polynomials are written out in Section 8.8 and have the following
degrees:

invariant|| p1 | P2 [ P3| P4 || S| S2 | B | | S5 | Se
degree | 2 | 3 (3|40, 3]4|,5|6|6

The mapr is easily implemented in the computer and therefore we can calculate relations
of subsets of z(pi), #(sj);i=1,...,4, j =1,...,6} by determining the relation ideal with

a Grobner basis algorithm ([DKe, 8§1.2 and 83.6]) using the embedding into the polynmo-
mial ring C[Y1,Y2,23,25]. This algorithm is implemented in [MAGMA] and we refer the
interested reader to Section 8.9.

For the above example we get
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In our case we know that imandS[V ® V| are Cohen-Macaulay. Therefore both rings
have primary invariants. Note that every homogeneous system of parameters is by Remark
5.3.5 a set of primary invariants.

Because of the isomorphism (5.8), we know thé, fo, f3} is a homogeneous system of
parameters for im if and only if {z=1(f1), 7~ 1(f),#~%(f3)} is a homogeneous system

of parameters fof[V ®V]/kerx. SinceS|V ®@V] is a domainy; is regular forS[V @ V|.

By Proposition 5.3.2 part d) it can be extended to a homogeneous system of parameters for
S|V ®V]. Therefore we have shown that

{f1, f2, f3} is a set of primary invariants for imif and only if
{vg,n7 (1), 1(f),n~1(f3)} is a set of primary invariants f&#V @ V].

In view of Remark 5.1.10 this fact is equivalent to the fact that
H(SV ®V]/7,1) is a polynomial forZ = (v, w1(f1),n 1(f2), n71(f3)).

Note that for every homogeneous iddain S = S|V ® V] the quotientS/7 is a graded
S-module so that the Krull-dimension and the Hilbert-series are well-defined. In this case,
the Hilbert series of /7 can be calculated with [MAGMA.

Let S = SV ®V] and R = S/kerr. Using the method mentioned above we get that
S/(vy, p1, P2, p3) has dimension 0, since the associated Hilbert series is a polynomial. Thus
R/ (m(p1),m(p2), m(ps)) has dimension 0 and therefore the §etp1), 7(p2), 7(ps} is a
homogeneous system of parametersR6r. In the same way we recognize that

{7(p1),w(ps),(pa)} and {z(pz),7(p3),7(pa)}

are also homogeneous systems of parameters. Only theréet), 7(p2),7(ps)} is not

a homogeneous system of parameters. If wefixp;1), #(p2),(ps)} as a homogeneous
system of parameters, we have to find — in view of the Hilbert series — secondary invariants
of degree 4 and 5. Because of the above relations, we can chi¢gsef degree 4. Since

the homogeneous component of degree 5 is generatéd(py ) w(p2), 7(p1)7(P3), ©(Se) }

we get the following Hironaka decomposition

R = Cln(py), n(p2), 7(p3)] @ 7(s3)C[m(p1), 7(p2), 7(P3)]
© 7(s4)Clm(p1), w(p2), T(P3)],
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with

n(p1) = Y28 — Y2217, — 3775 — INYZE + 1Yo2hZ, — I YoZ5 — SYFZZ
—1Y£2,7, - $Y£Z5,

n(p2) = Y223 + 3YPZ5Z5 + 322175 + IVPZ5 + 3YPZE — Y2475 — 325
+INYSZE - NS 2320+ NS T3+ 55 28 - 35 2520+ §3 2075 - 552,

n(pe) = Y2222, — IY32175 + Y323 - Y223 + 322425 + Y223 4+ Y223
—INY3ZiZo+ Y23 - (328 - 15217, - TY32Z5,

7(Ss) = Y2230 + 3228 + 3Y3 7375 + 1573,

m(se) = Y7oZ? — SYPoZ375 + SYINLZ22Z3 + IV Z3 - YRYEZR — SYRY2Z375

—SYZZEZ3 + LYNEZE + NS 2D — SNYSZ3Z5 + 2N Y2273

NS5 - P2 — 27375 — SYF7373+ Y573

Using the isomorphisms 4.3.3 and Example 5.2.14 we can express these invariants in a
different way:

n(p1) = F{— 1F1(F2+F3)+2F1F4—1(F2+F3)2—%(F2+F3)F4—%F42
m(p2) = F + 3P (R + Fa) — SRR+ JRa(R+ Fo)® — SFu(Ro + o)y
-F1F4+-(F2+F3) —§(R+F)’Fat §(Ro+ Fo)FE — 4F7
7(p3) = (F2—Fs) (F{ — 3Fu(Fo+ Fa) + 3FiFa + 7 (Fo 4+ Fo)* + (P + o) Fa + 3F%)
7(s3) = 4F7Fy — SRR+ )Y + 3(Fo+ Fo) Fa+ 4
n(sa) = IR (R4 Fa) + FiR — iR (R + Fs)? — 3FP (R + Fe)Fa — BFFFF
+3FL(Fo+ Fa)*Fa — FPFa(Fo+ Fa) + 1P 2R + foFa(Fo+ Fa)*
+25F1(F2 + F3)°Fa — F1(Fo+ Fo)°Ff +%F1(F2+F3>F4 + PR
16(F+F3)° + (R + Fa)'Fa— gy(Fo + R)°FY — & (o + Ro)FJ
6
+(R

+ga(F2+ Fa)Ff + g4F7
—Fo) (—3Fi + 3F (R + Fa) — 3FPFa+ JF (R + Fa)Fu — fF RS
isFL(R+Fe)® — gFu(Re+ Fe)*Fa— SRR+ )R — RIS
+15(F2+ F3)* + (R + Fo) Fa+ (R + Fa)°Fd + 4F7 (R + Fa) + g4F)

The exact algebraic structure of this ring will be calculated in the next section (cf. Equation
(5.19)).
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5.6 Invariants with Respect ®

We will now determine generators for the graded algebra of symmetric modular forms.
Therefore, we need the grodp= (Mj ® My,M1-r @ M1, Mgjip). We already know that
(M3 ® My) Mgjjp commutes with all elements @&.

More detailed, we have

My@M3)Me;
and FyfFy — ol e

(M3 @ My)Mgiip = FiFs — FoFs.

WA WIN WIN Wi
WIN Wi WIN Wik
(AJ!I\) C\)!l\) Wl Wl
Wl (.A)!I—‘ Wl Wl

Furthermore,((My ® Mj)Mgiip)? = | andV ®V is a Slp(Z/37) x C,-module, since these
matrices define a (non-faithful) representation 0f&1/37,) x C, in GL4(C).

LetFlip:V®V — V&V, veV — VvV ®@v. Moreover, leH = (Flip), 1 the trivial character of
H and I the non-trivial character dfi. Then the 1-component M®V|F“p has the basis
{vi®vi,vi®Vj+Vv;®V,i# j} and the T component has the badig @ vj —vj®@vi,i # |},
hence we get the following decomposition into irreduciBld-modules

2

V@V =EDspvi @Vi) ®SPV1 ® V2 + V2 @ V1) D SP(V @ V2 — V2 @ Vy).
i=1

Therefore the associated character is equal-tb-81-1". Since the ideal ker is fixed
under the operation ¢M; ® Mj)Mgiip, we get ad -twisted exact sequence GiG-modules

0—SNVaV] S SNaV] S @(SNVa@SV]g) — 0.
d>0

Obviously, we haveR$,,, = R'e*t andRG,, = R'e¢*1 with the trivial character ¢ on
G. If we understand/ ®V as aG-module, we conclude with Schur's Lemma (e. g. [JIL,
Lem 9.1]) that(Mj ® Mj)Mgj, acts as a scalar on the andA’-components, respectively.
Because trad®1; ® Mj)Mgjip = —2, 7(1) = 3 andA’(1) = 1, we conclude that the character
associated to the representatior@js equaltor® 1™ + A’ ® 1. The action oG onv, has
the charactel ® 1 with inverseA’ ® 1.

Once more, we can determine the Hilbert series with [GAP]

Heym=H((SIV ®V]/kerr)®,t) = H(S[V @V]%®L t) — 2H(SV @V} ®Lt)  (5.12)

B 1+t3+t4+t5+2t° 1+t+2t3+t2 416 £ 13
SRl OI-ti-t) -oi-i-tia-w© o)

14+t4+t°
At _t) (5:14)
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Using
(SIV®V]/kern) et =SV ®V]1G®17/<V”3[\/ ®V]7V®17>
we get

Hskew=H((SIV @V]/kern)!e®L) = H(SV @V]'e®1 1) —2H(SV @ V]* ©* 1)
B 317118
(1t (1-t3)(1-15)°

As a trial, we compute

1+t4+t°

With [MAGMA] we determine the primary and secondary invariantsSo¢ ®V]é which
have the following degrees:

—~ —~ —~ —~

invariant|| p1 | P2 | P3 | Pa
degree

oW
w| ¥

8 %S
4]5]6

o

Again, we take map these invariants wittand get the following relations:

o~

(%) =0, n(%)=0 and (7(P1))*=7(Ps)+ 37(S).

With the same method as f@& we get that

~ ~

{ﬂ(ﬁl)vﬂ(p2)77r(p4)}7 {ﬂ(ﬁﬁ,ﬂ(ﬁg),ﬂ(@})} and {n(ﬁZ)vﬂ(/p\3)7ﬂ(/p\4)}

are homogeneous systems of parameters. This{mig:), 7(p2), z(Ps)} cannot be cho-
sen as homogeneous system of parameters. Because of the above relations, we have the
following Hironaka decomposition dﬁgym:

Reym= Clr(P1), 7(P2), 7(Pa)] © m(S)Clm(P1), 7(P2), 7(Pa)]
T

Thereby we have
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Because of the above decomposition (5.15), we know that the ideal of all relations is gen-
erated by the relations af($3)?, 7($4)? andn(S3)7(Ss). Using the Fourier coefficients we
get:

7(83)% = —gam(PL)* + G (PL)7(P2)” — §(Sa)m(P2) + (%)ﬂ(ﬁl)z-
7(S3)7(Sa) = —S583m(P1)° — 35397 (P2)° + EF () m(P2) + 4777 (S3) m(P2) (P2)
+5m(S)m(Pr)?,
7(S4)* = — 10557 (P1)° + $257 (D)7 (Pa) — FL7(P1)*7(P2)” + 4357 (S3) m(Pn)°
+ 1397 (S3) m(P2)* — 3 m(Se) m(Pa) + 377 (Sa) m(P2) 7 (Pu)

The above results can also be calculated using computational commutative algebra. There-
fore we get the following

Theorem 5.6.1
A(g)sym — Rg;ym = C[Xlu X27X37x4 XS] /Isynp
whereZsym is the ideal which is generated by the polynomials

x4 + 28XF — 18% X, + §x5x2 — 8X4X?,
8104 320 1256y 1514 Ay 2
XaXs + 105 105?(2 — Fi7 XaXe — 737 XaX1Xo — 5XsX{ and
10245 _ 628 2 356 256 400 157 1540
XE + 1053X 117X1X + LPXEXS — 1_17X4X1 — 15XaXG + B3I Xa X3 — X6 Xa X

In the same Way, we can choo$e(p1), 7(P2),#(Pa)} as a homogeneous system of pa-
rameters folRS, . In view of the Hilbert series, we are looking for skew-symmetric forms
of weight 3, 7 and 8.7(ps3), n(ps)7(S3) and w(p3)w(Ss) are skew-symmetric. Hence
7—‘>’(sskeW: T (pS)Rs(,;ym-

m(p3) fulfills a relation which is already written down in (5.17) so that

A(G) 2 ClXa, o, X6/ (Toym X2 1+ L2X3 1 LI2x2  828x, _ Tox,x).  (5.19)

At the end of this section, we want to compare these results with modular forms ¢ 8L
Because of Equation (3.19), we know that for every symmetric modulardariSl,(Z)?, K|
the functiong(3z) is a modular form of weighk for Staly )Lgl, e. g. we have

04(3711)04(312) = 8171(93,) and

96(371)06(372) = 207 (P1)° + 52587 (P2)% — 399987 (Pa) — 22007 () 7(S3).

The other generator od(SL,(Z)?) (see Theorem 8.6.1) can also be expressed in the gener-
ators of R®. The explicit relations can be found in Section 8.6.
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5.7 Further Interesting Questions

As far as | know there is not much known about the calculation of invariant rings of type
F[X1,...,Xn]/7 with an idealZ. It would be very interesting to generalize the results of this
chapter and develop a generalized theory.

I would like to mention two points which could be interesting:

e Our examples are very easy in some sense, e. g. the ideal is a principal one. We
only had to deal with short exact sequences. If you want to generalize this result, you
have to compute syzygies and consider (longer) exact sequences (compare with [DKe,
81.3]). If you could get some general result about these (longer) exact sequences
and the relation to the action @& with respect tdZ, you would be able to compute
more complicated examples with the computer. For example, one could calculate the
relations of the invariants dRSym with computer algebra systems. As you have seen
in Section 5.5 | have done it quite easily.

e You could get some constraints about the degrees of generators:
For example in the non-modular case we know that in the classical theory the product
of the degrees of primary invariants is divisible by |G| (see [DKe, Prop 3.3.5]). This

is not always true foR® andRC since

|G| =12118=2-3-3=deq p;)ded p,)ded p3) and
G| = 241 36=2-3-6 = deq p1) deg ) deg Pa).

In both cases you have to multiply the right side with at least two.

We used arguments in Section 5.3 which are well-known in the classical invariant theory. If
you are lucky, you could prove some results — e. g. the ones mentioned above — with the
same ideas as in the classical theory. | want to illustrate this idea considering the second
item as example (we refer the reader to the proof of [DKe, Thm 3.7.1]):

Let R be an integral domain which satisfies the Hypothesis 5.1.4 atlbeta finite group

of graded algebra automorphisms. Then by Theorem 5.1.8 there exists a homogeneous
system of parametersfy, ..., fa} with degfi = k; for R®. Let S := F[fy,..., f,]. Using
Proposition 5.2.7 we get

degR = [QuotR) : Quot R®)|degR® = |G| degR® = |G| [QuotR®) : Quot(S)] degS

In Example 5.2.9 we showed that d&g- [{L; f so that we get

61[QUOLRS) - Quots) — deg [
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and sincgQuot R®) : QuotS)] € N we get

Gl | degR)[Tk.

If R is Cohen-Macaulay, we have dRg= % by Corollary 5.3.6.

In view of Proposition 5.3.7R is also Cohen-Macaulay arfd, ..., f, is also a homoge-
neous system foR since

F“la"'? fﬂ] C RG C R.
finite finite
Then QuotS) = F(fy,..., fn). Let{hy,...,h;} € R® be a minimal set of secondary gen-
erators. As theS-moduleR is free of rankr, the set{hs,....h } is a QuofS)-linearly
independent generating set of QRF), hence[Quot R®) : QuotS)] = ranksRE which
leads to

ranks R® = degR 11k
G

Hence we proved the following

Proposition 5.7.1 Let R be an integral domain which satisfies the Hypothesis 5.1.4 and let
G be a finite group of graded algebra automorphisms. Then

Gl | degR)[]k

If R is additionally Cohen-Macaulay, we have

degR i,k .

ranks RC =
G|

Remark 5.7.2 We did not prove the generalization for [DKe, Thm 3.7.1Rifs not Cohen-
Macaulay.

In the exampléR = A(SL(Z)[3]?) the ring is Cohen-Macaulay and we get using Corollary
5.3.6 and the Hilbert series in Equation (5.4) that Reg 2 which explains the missing
factor 2.

This generalized invariant theory could then be used to calculate the algebraic structure of
certain rings of modular forms. It will give new possibilities to calculate generators for
rings of modular forms. Before we can use this method effectively we have to determine
rings of modular forms with respect to smaller groups, e. g. main congruence subgroups or
embeddings from other rings of modular forms.
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The Maal lift, defined by Gritsenko ([Gr1], [Gr2]), and Gritsenko, Nikulin ([GN]), is a fun-
damental method to construct paramodular forms with multiplier systems. In this chapter,
there is a short description of this method following [Der, 83].

6.1 Half-integral Jacobi Forms with Character

The metaplectic groupMp,(RR) consists of all pairgM, &) with M = (2 B) € SL,(R) and
a:H — C, 7 — a(t) a holomorphic root of (M, 7) = ct+d, i. e. a(7)? = j(M, 7). The
multiplication of two elements is defined by

(Ml, OC]_(T)) . (Mz, 062(1')) = (Mle, (Xl(Mz’C)Otz(T)) .

Letk € %Z andV be aC-vector space. Then MfR) acts or{ f : H — V} via
(f| M) (1) = a(r)"*f(M7).

Often, we write(ct 4+ d) ¥ instead ofo(7) 2. The group Mp(Z) = {(M, a) € Mp,(R);
M € SLy(Z)} is generated by

T:=(T,1) and J=(J,v7),

where /7 is the principal value of the square root of determined by Rg/7) > 0 or
Re(y/7) =0 and Im(y/7) > 0. More explicitly, we have the following defining relations:

J2=(JT)®=E with E=(-l,i), E*=1

GivenN € N, the(metaplectic) principal congruence group of leveld\lefined by
Mp,(Z)[N] := {(M, @) € Mpx(Z);M € SL2(Z)[N]}.

Let

_ 1 10 0 u _
H(Z)_{[ﬂt,v,ic]_rot<;L 1)trans(u K_)Lu>,7t,,u,KEZ}

71
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be theintegral Heisenberg groupnd M}(Z) := Mp,(Z) x H(Z) be themetaplectic Jacobi
group, where the action of MgZ) on H(Z) is given by the action of the first component
M € SLy(Z), . e.

(M1, o), [A1, pa; k1) - (M2, 02), [A2, t2; K2]) =
((M1M2, oip() 1 (Mo)), [(A1, 1) + (A2, )My b iy + o + Aaitz — pa2o]) -

Givenk € %Z, the group MJ(Z) acts on functiond : Hy — V (here agaitV is aC-vector
space) via

£ (M, @), [A, 1 6])(Z) = (1) ¥ ((M x Ig)rot(19) trans(fj Kj‘w) <z>) ,

with Z = (% §). Furthermore, letyy be the character of ¢Z) defined byvy([4, u; x]) :=
(—1)ATH+AutR It was proven in [GN] that all characters of MZ) are given byv,p, :=

va x v§ with a € Z/247, andb € Z/27.

Given®: H x C — C, we abbreviat@p, : H, — C, Z — ®(1,2)e?"™®_As in [GN, Def 1.4]
and [Der, Def 3.1] we need the following generalized definition of a Jacobi form (compare
with [EZ, 81.1]):

Definition 6.1.1 Letvyp € MJ>(Z)2°. A holomorphic functionb : H x C — C is called a
Jacobi form of weighk € %Z, indexm e %Z with respect tov, j, if

Prn| M = Vap(M)Pr,  forall M € MJ,(Z) (6.1)

and if ® has a Fourier expansion of the form

P(1,2) = g c(n, 1)1z,
nleQ,n>0
4mn—1%>0

where nl have bounded denominators dependingvg. Moreover,® is a cusp formif
c(n,1) # 0 implies4mn—12 > 0. The space of Jacobi forms of weight k, index m with
respect tov,, is denoted byMJ»>(Z),k,m, vap]. The subspace of cusp forms is written as
[MJ2(Z),k,m, Vapleusp If we drop the conditiodmn—12 < 0 = c(n,l) =0, we call® a
weak Jacobi form of weighk, indexm with respect tov, . The associated space will be
abbreviated byMJ»(Z),k, M, Vaplweak

Using Equation (6.1) we conclude

Lemma6.1.2 Letkme %Z, abeZand® € [MJy(Z),k,m, v, p] with Fourier coefficients
c(n,l).

a) If 2m= b mod 2 then[MJ,(Z),k,m, va ] = {0}.

b) Ifn% & mod Lor | # 5 mod 1 then ¢n,l) = 0.
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c) Letn,l; € Qwith 4mm —12 = 4mm, — 12 and b — I, € 2mZ, then
| o |
e ™amc(ny, 1) = e T Pahc(ny, ),
hence e™Pzmc(n, ) depends only odnm— 12 and I mod 2m.

From now on, we assumer?= b mod 2. Before we mention a few explicit examples which
we will need later on, we cite two methods to construct Jacobi forms:

Lemma 6.1.3a) If ¢ € [MJ2(Z),k,m, 1]cusp(hence nme Z), then

— %,m, v_jo] forall j € Nwith jm<18.
b) Let ®; € [MJx(Z),ki,mi,vi], i = 1,2, be two Jacobi forms with ok € %Z andv; €
MJ>(Z)2P. We define

on 1 € [MX(Z),k

1
[CD]_, CDz] = ﬁ(mzcbaq)z — m1q>1CD’2),

where®'(7,z) = % for a Jacobi formod.
Then

[P1, D3] € [MI2(Z), ks + ko +1,my +1mp, vy - vaol.

Proof: a) [Der, Eq (3.4)].

b) The differential operator from [EZ, Thm 9.5] was generalized by [GN, Lem 1.23]. In
that source, the Jacobi function is used to prove that result. Since | had some difficulties
with different root-branches which | could not solve, | give a different proof here:
Obviously [®1, 5] is a holomorphic function and has the correct Fourier expansion.
GivenM = (2 8), we calculate

a0
M:= (M x I)rot(}9) trans(2 K_“M> = <7C‘é
00

and therefore, we conclude

I A
(T E) — MV<Z> _ M<T> Z:—iz-—éi_“ .
* 0 s AT ez op—dA) Azt 0+

1

Since® = g 4(2(—2cu +2dA) + O(7,w,1)), we calculate by differentiation of Equa-
tion 6.1
_o O - _— ok 20D - ime
OC(T) Zk'a—z<¢)i(7>2)ezmm'w> _ OC(T) 2k —2 azI (Ti)eme,w

+vi(M)o(t) =2~ 227im; (2dA — 2cu ) d; (T, 2)€¥mM @

= vi(M)(aiZdbi(r,z))eZ”im‘“’,
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hence
o(1) 242! (7,2)2TM® — v, (M)¥Himio ((Di/(’L',Z) _ Czﬂmé (2dA — ZCu)CDi(T,z)> .

This leads to

([(Dla ¢2])ml+m2|k1+k2+l ((M7 a)a [}‘7 u, K]) (Z)

2k —2kp—2 N
_ OC(T) o e277:l(m1+mz)w[q)17q)2](%“,2)
i 1 2wiminp
_ mi(m+mp) o~ ! dym 1 _
(viv2)(M)e? o {mZ(Dl(DZ i d (2dA — 2cu) D1®;
,  2mimgmp
—m1d31d>2+ ct+d (ZdA —2C,LL)¢1¢2} (T,Z)
= (viv2)(M) [, Dy] (1, 2) €™ (Mt M) O

Example 6.1.4a) The first example is the Dedekimdfunctionn € [MJz(Z), 2,0, v10],
which was defined in Equation (4.5).

b) We need the non-trivial (weak) Jacobi forms (see for example [EZ])
Exm € [MX(Z),k,m 1] (forme Z,ke 2Z,k> 4)
qD]_O?]_ € [MJZ(Z), 10, 17 1]Cusp q)]_z?]_ < [MJZ(Z), 12, 17 1]Cusp

. o) _ ®
¢_2,1Z:% € [MI(Z),—2,1, weax and Pgq = 2271 € [M3x(Z),0,1, Lweak

Using the abbreviations g €77 and r= €%, we get the following Fourier expansions

®101(7,2) = (r —2+r Hg+ (-2r*2 — 16r*1 +-36)¢° + O(q®) and
®121(7,2) = (r + 10+ 1 H)g+ (10r=2 - 88+ — 132 + O(4®).
c) Moreover, we need the two theta series (compare with [Der, 83] or [GN, Ex 1.5, Lem
1.6])

D12 € [MI2(Z), 3,3, v31] and B3 5 € [MIa(Z), 3,3, Vi1
They satisfy

2 n—-1 .2
Dp(r2) = 3 (A=Y (<) g2
NeZ n=1 mod 2
_q1/8r71/2 |—‘L(1_qnlr)(1_anl)<1_qn) and
ne
B1/2(7,22)
O T,2) = 12 n2/24rn/2: T](T) 1/2\%,
3/2( ) ngz( n ) q 01/2(172)
= /2 Y2 [ (L4 i) (L o) (1 2 ) (L - P ) (1 of)

neN

where (1) is the Kronecker symbol of n and m.
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d) Sincedime [MJ3(Z),10,1,1]cusp= 1, we getdig1 = 1912/21718
e) Using the isomorphism ([EZ, p. 108])

P MyOMy2@...@Mygom —  [MIA(Z),km, 1weak
(fo,fl,...,fm) | — qu)IZchOl,
we define a cusp form

Dgs 1= AD3, 1 DF ) — QAD® ) € [MI2(Z),6,5, Lcusp

Givenv € Ny, k € N, let D5, be the operator

DZV '[MJZ( ) k m, 1]weak - Mk+2V(SL2( ))

= Z c(n gt - ZOZPZV (I,mn)c(n,1)q",

(k+v—2)
(2v)I(k—2)!

The operatoD, can be defined in an analogous way ¥oodd ([EZ, p. 29]).

where

Pé'é_l) (I,n) = coefficient oft?¥ in (1—It+ ntz)_k+1_

From [EZ, Thm 9.2] we know that ever® € [MJ2(Z),k,m, 1|weak for k € Z is uniquely
determined by the image under the opera®f™ D,y if k is even, or®M 32D,y 1 if k
odd.

Using the fact that every elliptic modular forfift) = 352 ,ane?™ " fulfills

k
f=0ifay,=0forall0<n< —
if an ora _n_12

leads to

Lemma 6.1.5 Letke Z, ® € [MJ(Z),k, m, 1]yeak With Fourier coefficients @,1). Then®
is uniquely determined by the Fourier coefficients, £) with n < "+2m (in the case thatk is
odd, an upper bound is actual@'zl%)

6.2 Vector-valued Meromorphic Modular Forms

Definition 6.2.1 Letp : Mp,(Z) — GL(V) be a finite dimensional representation, such that
p factors oveiMp,(Z)[N]. A holomorphic function fH — V is a(V-valued) meromorphic
modular form of weighk € %Z with multiplier systenyp, if

f[,M=p(M)f forallM e Mp,(Z),
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and f has at most a pole at the cusg. If in addition f has no pole atcb, then f

is a (holomorphic) modular form Moreover, iflim ;.o f(7) = 0, then f is acusp
form. The space of meromorphic modular forms of weight k and multiplier systésn
denoted byMp,(Z),k, p]men the subspace of (holomorphic) modular forms is denoted by
[Mp,(Z),k, p] and the subspace of cusp formsMp,(Z), K, p]cusp

Givenm,x € %Z andb € Z withm=x= g mod 1, we define
brxp HXC—C, (1,2) y  ebl/ameni(e/imitz
o I=xmod 2m

andV, := {f : (M+Z)/2mz, — C} the vector space of all complex valued functions on
(M+Z)/2mz. A typical basis ofV, are thecharacteristic functions ¥:= cdxc € Vi,
x € (M+Z)/2mz. Then

Omp ! HXxC — Vm, (7,2) = (Bmxb)xe(m+z)/2mz-

Dern ([Der, §3]) showed th&@,, is aVy-valued metaplectic Jacobi form of Weiq%1With
a multiplier systenpm,, which is defined by

(o (T) ) () = ™4m1 (x),
< P ( @ f> (x) = e2mibw/am 1 5 o 2niyx/2mg-2iby/Am¢ ()
7 2m'y:(erZ)/ZmZ
Furthermore, up to isomorphyy,p does not depend dm
Given f : H — Vp, we define theomponentsyf: H — C for x € (M+Z)/2mz, by (1) =
> xe(MHZ) /20 fx(7) f$. There exists acalar producton Vp,, defined by
(f,g) = Z fng7
XE(M+Z)/2mZ

which respects holomorphy instead of being hermitian. For a given represengation
Mp,(Z) — Vm, let p* denote the dual representation with respect to the above pairing,
I e.

(p*(M)f,p(M)g) = (f,g) forall f,ge VynandM € Mpy(Z).

The matrix representation which belongsptV) is denoted byA, (M). ObviouslyA,- =
A . Using [Der, Lem 3.5] we get

Lemma 6.2.2 Given ke %Z, Vap € MJp(Z)2P and me %Z with 2m=b mod 2 Then

[Mp,(Z), k=3, vipmp]  —  [MI2(Z),k,m, vap]

f=(fxermz)yomz —  (F,Omp) = > fxOmx.b
XE(MH+Z)/2mZ

Is an isomorphism of vector spaces.
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Since this map respects also multiplication wRh= C|ga,0g], it is even an isomorphism
of R-modules.

We can calculate the Fourier expansion of the image under the above isomorphism explicitly
which can be found in the proof in [Der]: Léte [MJ2(Z),k, m, v4p] with Fourier expansion

(D(‘L', Z) _ Z c(n, | )627ri(n’c+|z)’
n=ng,l=ly modZ

4nm—12>0

then we getd(7,2) = (f,Omp)(7,2) with

fu(7) = Y c(N)ETam®, x e (M+7Z)/2nmiz, (6.2)
0<N=4mmny—x2 mod Z

where
o (4mn—12) ;= e ™Pzmg(n 1),
(which depends (cf. Lemma 6.1.2) onM— 12 andl modZ only.)

Lemma 6.2.3 Let f € [Mp,(Z),k— %,v;’;‘p;b]. If 1is not a eigenvalue afgpab(‘f), then
f is a cusp form. Especially in this case, we have

[Mp,(Z), k= 3, Vipmpl = IMPo(Z), k= 3. Vi pimpleusp

Proof: f(t+1)= (f |kf> (7) = V3(T)pp(T) f(2). Since all eigenvalues @, (T) have
the forme?™"1 with r; € Q, we know thatf (4 1) = €72 f (1) with r, € QN [0; 1). Hence

f(’L’) _ Ed aNeZniNr,
N=r, mod 1, N>0

which is a cusp form for, # 0. 0J

Skoruppa’s dimension formula ([ES], [Sko]) févip,(Z),k, p] holds only ifp(JAz) acts as
a scalar. This is only true fgr = pm, in the casen < 1. Therefore, we decompogg,
with W = pm_‘b(JAz). Let Vins be the eigenspace with eigenvakie {+i} with respect to
W and letpmp s be the restriction opyp to Vims. Then we get (compare with [Der]) the
decompositiopmp = Pmb,i © Pmb,—i- IN generalpmp s is not irreducible (see [Sko], [EZ]),
but in the later considered examples {3, 7, 5, 7} the representatiopm s is irreducible,
which can be shown using Schur’s Lemma.

Before we define the arithmetical lifting, we introduce the following construction method
for metaplectic modular forms which we will need later on. It is a generalization of the
differential calculus for elliptic modular forms.
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Lemma 6.2.4 Letke 3Z and f € [Mp,(Z),k, p]. Then one has

/
l[f,A] = 12f’—kf~é € [Mp,(Z),k+2,p].
A A
Proof: Obviously, the functiort [f,A] : H — V is holomorphic. LetM, o) € Mp,(Z), then
oMt 4 da ¢ 1
W = OC(T) and % = E(X(T) .

Using [Kr1, 111.6 (1)] we have

A/
(
Differentiatinger(t)~%f (Mt) = p(M)f(7) leads to

(f'lke2(M, @) (1) = a(7)"2*/(M7) = p(M) f'(7) + kear(7) > 2f (M)
p(M)F'(7) +kea(7)"2p(M) f (7).

((13) [eatM)) @ =pmnte) (42 + 3.

/ /
(12f’—kf-%)‘k 2(M,oc):12f’—kf-%. O
+

M) ()= G Me)a(e) = 22 4 Tie)

Additionally,

Hence

6.3 Hecke Operators and the Arithmetical Lift

First of all, we defindHecke operatorss in [GN, (1.12)]: Giver € [MJ2(Z),k,m, v x vﬁ]
with integral weighk, b € Z andv € SL,(Z)2 as well axQ € N with SL,(Z)[Q] C ker(v),
we defineZ (Q(1) by
~ T Z _ _ at+bQ :
(q)m|k']'(Q)(|)) (z w> - | 2k-3 ag_l d—kv (0a) B 5 ’az)eZmIma)7

b modd

where o, € SL(Z) is chosen such that, = (a_

o g) modQ. Givenl = 1 modQ with
ged(l,2°Q) = 1 we have

|7 Q(1) € [MI(Z),k,Im, v x vE].

Furthermore, if € [MJy(Z),k,m, 1] with k € Z (hencem € Z, too), then the Hecke oper-
ators7_ (1) from [Gr1] match the Hecke operataf$?)(1). This is an easy consequence of
[Koh, p. 64] and [Gr1, (2.6)].
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Theorem 6.3.1Let kKt € Z be non-negative and l& € [MJ>(Z),k,t,1] be a Jacobi form
with Fourier expansion

D(1,2) = Z c(n,1)e?m(n+12),
nlez
ant>12

In the case that(@®,0) # 0 we assume k 4. DefineLift ¢ : Hp — C by
| - B S | 7
Litto(2) ==~ 50(0.0)g(7) + § P 6| 7 (m)(2),

where g(7) is the elliptic Eisenstein series

2k 2 -
(1) =1— =S oy_1(n)e?™"".
Bk &

ThenLift ¢ satisfies:

a) The series converges absolutely and uniformly on subséis of type Y> 41, for all
0>0.

b) Lifto € M(I¢) and it fulfills Lift | M = (—1)¥ Lift o.

c) If ®is cuspidal, therift o € Sk(Tt).

d) The mapping.ift; : ® — Lift ¢ is injective and linear.

e) Lift o has the Fourier expansion

Lift = —2£6(0,0) ((7) + Gk(t®) — 1)

2k
k1.,nm | i (NT+lz4+-mtw)
+ a C(_a_) ez ’
ngnzl <a|gcc%1.,m,l) a? a)

|€Z, 4nmt>12

Proof: [Grl, Hauptsatz 2.1] or more detailed in [Koh, Thm 4.6]. O

Theorem 6.3.2Let ke Z, t € %Z, and Qe {1,2}, such that tQe Z is odd. For a given
24 2

Jacobi form® € [MJ,(Z), k,t, vn6 X vﬁ]cuspwith Fourier expansion

o(r.2)= Y S c(nemmHe),
nz% mod 1|E% mod 1
n>0 ant>12

let
lito(2):= 5 M K@ TQ(m)(2).

m=1 modQ
m>0

Then
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a) The series converges absolutely for K.

b) Lifte € Sk(Mat, K‘Sz) and it fulfills Lift ¢ [Vt = (— 1)K Lift .
c) If @ #£0, thenLiftg(Z) £ 0, too.

d) Lift o has the Fourier expansion

, 1 ,NM L 2mi(§ T+ 52+ Mtw)
Lift (Z) = ( ak 1c(—,—)>e’r Q™t2 .
N7g>0 LZézmod 2 al gC(KzN7L7M) Qaz 2a

N,M=1 modQ
aNMG>(5)?

Proof: Most of this result can be found in a more general version in [GN, Thm 1.12]. We

just have to check that Li§t|Vor = (—1)XLift » which follows directly from the symmetry

of the Fourier expansion with respect(tn %) — (o, &). O]

Remark 6.3.3 a) The restriction that Qt is odd was only chosen so that we can write down
the character explicitly.
b) For Qt prime b) is equivalent to the fact thaft o € Si(Ig™, Klex('st).

Since we want to identify later on Borcherds products and Maal lifts, we need a result from
[GN, Lem 1.16] about constraint zeros on divisors:

Corollary 6.3.4 Let Q andLift ¢» be defined as in Theorem 6.3.2.

a) If d(7,2)|,—0 has a zero of order m, thelnft ¢ has at least a zero of order m iHp =
{Z=(% &) € Hp;z=0}.

b) Let Mc Q/7 be a subset which is invariant with respect to multiplication witghe
Z;9cda, Q) = 1}. If d(7,2)|,—¢ has a zero of order m for atlk € M, thenLift ¢ has at
least a zero of order m ity = {Z = (3 §) € Hp;z= o} for all a € M.

Proof:

at+bQ

(&>m|kT<Q>(|)) (Z) := 123 d—*ap( -

7 az>e27rilma) -0

for all | =1 modQ, which yields the assertion. O

Remark 6.3.5 Let t = 5. In view of Example 3.6.2 we therefore have a result about con-
straint zeros on the diviso%‘l% fori=1,...,5. Does there exist an analogous statement for

Ag- and A55?

Now we have all the methods we need to prove a generalized version of [Der, Prop 3.6]:
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Proposition 6.3.6 Lett € N be prime with t£ 2,3, ke N and de {1,2}. Then there exists
an injective homomorphism

24 2
M IMPy(Z), k=3, vy i 1] — M, K o24)

defined by

~

M@ =0 o+ 5 mP (1) [ T9m @),
szemodd ‘

where ¢(n) is the A" Fourier coefficient oft — f; (7). Moreover,M maps cusp forms onto
cusp forms.

Proof: In view of Lemma 6.2.2 we define

o= (f,0, 25) € [M32(Z).K, g, vas 51 .

d

1. cased = 2: The representation,%z(T)pf t(‘f) =—pi t(f) has the eigenvalues
25 2>
_e 2A2-D%/8 with  j =1 t.
None of these values equals 1, since

: 2
e—27ri(t+2j—2)2/8t -1 e w — } mod 1,

8t 2

which can only be satisfied if 2.

Therefore® is a cusp form by Lemma 6.2.3 so that(f) = Lift», and the claim follows
directly from Theorem 6.3.2.

24

2. cased = 1: Thusv,’ =1. The claim for cusp forms follows analogously to the first
case. Since is square-free, we know from [EZ, p. 24], thétis cuspidal if and only if
®(7,0) € Sk(SLz(Z)). If @ is not a cusp form, we therefore know thet 27 with k > 4,

so thatM( f) = Lift . The claim follows now from Theorem 6.3.1. O

Remark 6.3.7 M is calledMaal liftand the image

24
Micd = M(Mpo(Z),k— 3, v,f Pg,ng

2
is theMaaR space with charactef ,x<.
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6.4 Dimension Formula faM 4
Using Lemma 6.2.2, the Maal lift 6.3.6 and the definition

2
Myds:= M(IMpy(Z),k— 3, v pm om o)),
the decompositiopmp := Pmpb,i © Pmb,—i leads to

[Mp2(Z), K, Vi pmp) = [MP2(Z), K, Vi P il © IMP2(Z), K, va P —il
[MJZ(Z>7 k; m, Va,b] = [MJZ(Z)a k, m, Vab; I] ) [M‘]Z(Z)7 k> m, Vab; _|]7
Myd = Mykd,i® Myd i,

With these decompositions we are able to use Skoruppa’s dimension formula ([ES, Thm
4.2], [Sko, Satz 5.1)):

Lemma 6.4.1 Letp : Mp,(Z) — GL(V) be a representation of dimension n\p,(Z) with
Mp,(Z)[N] C ker(p) for some Ne N andp(J?) = Cidy with a fourth root of unityC. Let
lj eR, j=1,...,n, such that &i runs through the eigenvalues pfT). Define

Ap)i= (il =0mod 3 and Bp) = 3 Eafl)
j:

with

0, X€E 7,
IB%1()() = 1
X—[X] -5, XeR\Z.

Then, for ke 3Z, one has

dime [Mp,(Z),k, p] — dimg [Mpy(Z),2 —k, p*]cusp
0, p(E) #i~*idy,

~

— { Ldim(p) + A2 — B(p) + I Re(e* tracep (J))

+373 Re(e¥(§+122) tracep (JT)), p(E) =i~idy .

In the case&k > 2, we have dim [Mp,(Z),2 -k, p*]cusp= 0, hence we get an explicit for-

mula. In the cases= % andk = % there exist explicit expressions (see [Sko]), too.

Let R := Clga,0s) be again the graded ring of elliptic modular forms. As in [Sko] or [Der],
we see that

MPa(2), 3. p] == €D Mp,(Z).k.p) (6.3
ke3Z
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is always a free module of rank djm) over R. By Lemma 6.2.2, we transfer this fact to
the analogously defined spad®&tl, (Z), %Z, M, Va |-

Letse {+i}, sp:=—i(—1)®™, ffs 1= fZ— IV andBs := By sU Bys With

- {fSxe (M+Z)/2m7,2x=0mod 2n}, s=s,
%57y, else,

Bis:={fgsax € [0;mN(m+7Z),2x# 0 mod 2n}.

ThenBs is a basis ofVns. We would like to calculate the parameters needed in Lemma
24

6.4.1forp = vy prp s

Given f € V5, we know that

Pmbs(M)f = % crg(M)g.
gebs
The coefficientg; g for f, g € Bs can be calculated easily, e. g.

o2 . ix2/2m
g 2mix"/2m N {ISGZﬂ — . feB,

cr.f(J) = o vami

0, f € 8073),

cri(JT) = . vami
2mi 0, f € Bog,-

o2 . nix23/4m
__ e27ix /4m+ {Ise2 " feBs,
Therefore, we determine all the parameters in the dimension formula for the representation
274
P =Vy Prbs

Example 6.4.2 Lett=m= 5. Then these parameters are given by

~

d| s p dim(p) | A(p) | B(p) | tracep(J) | tracep (JT)
1] i Ps, 0| 3 0 i
1 =i pi 1 3 0 0
: 12, 1 1
210 | v; Ps; 3 0 3 72' 0
2| i vi%ps | 2 0 | —3% 0 i

This leads to the following dimensions.bfy 4 s. Because of
dime [Mpy(Z),k+12, p] = dimp +dimc [Mp,(Z). k. p]. (6.4)

we only list the dimensions fork 14:
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m[ s [1[2[3[4[5[6[7[8[9]10[11[12]13[14] v |
5/i|o|ojojo|1|{0|1|0f2|/0|3|0|3|0] 1
5/-i|0|0|0|1]|0|2|0|3|0|4|0|5|0|6]1
5| i|ojojo|0[1/0|1{0[2]/0|2|[0| 3| 0]k
5/-i|0/0|/0|1/0[1|0(1/0|2|0|2|0]|2]|Ki

The most cases can be calculated directly by Lemma 6.4.1 or the fact that depending on the
choice of s the spac#1, 4 s = {0} for all even or odd I. The only remaining cases are the
following four cases:

1) dimg My 1 =0, because of [EZ, Thm 5.7].

2) dimgc Mz 1 i =0, because of [EZ, p. 118].

3) dimg M1 2; =0, since for every £ M1 ,; the function e My 1 = {0}.

4) Now let fe [MJz(Z),2,5/2,v121,—i]. Then f has only Fourier coefficients unequal to
zero if n=3 mod 1, n>0and = 3 mod 1 Hence £ € [MJ,(Z),4,5,1, —i]cusp Which
leads to f= 0 so thatdimg M, _j = 0.

6.5 Generators foiMJ,(Z),k, m, v] with 2m| 5

Case 1:k € 2Z, m= 3, v = vyp1, hences= —i.
TheC[g4, gs]-module[MJIx(Z),2Z, g, vi21] is free (because of (6.3)), so that it has a basis:
Due to Lemma 6.1.5 we only need to consider the Fourier coefficientswith1-10 — 19

at most. The following table lists the generators and dimension$/a(Z),k, m, v|:

k | dimg generators

41 1 Dy5/2 = ’912/2193/2775
6 | 1 | ®gsi="103,P121m =
8 1 04P45/2

10| 2 04Pg 52, I6P45/2

12| 2 966 5/2: G5 Pa 5/2

14| 2 05P6 5/2, 9496 P4 5/2

Lemma 6.5.1a) The graded[gs,gs]-module]MJx(Z), 27, g, v121] has a basis

{®y5/2, P52}
b) For even k> 6, we get
k42

dim@ [MJz(Z),k,%,VlZJ] = [T] .
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Proof: @197 and @12 are linear independent ové&® = C[gs,9s] and 1912/21718 = ®q071.
Thus the linear independency o5/, and ®g 5/, over R follows. Using Equation (6.3)
with dimp = 2, we get a). Givelk > 6, we get

dimg [MJ2(Z),k, 3, v121] = #{X,y € No,4x+ 6y = k— 4} + § {x,y € No,4x+ 6y = k— 6}

S+ 52] +1, k=6,8mod 12
]+ 52 +2 k#6,8mod 12

It is easily verified that this is equal to the desired result. O

Using the same method we can determine the generators in the remaining cases:
Case 2:k+1€ 2Z,m= 3,v = vi21, hences=1.

k | dimg generators

5 1 D552 1= [01/2, V372 91/21°

7 1 | Dgpi=05Eam° = [%’ 193/2} n°
9 | 2 | 9aPssa Posyoi=D1oPraan Eas
11| 2 O6Ps5/2, 94P75/2

13| 3 94®Pg 52, 93Ps 572, 96 P7 52

Lemma 6.5.2 a) The graded_[g4, gs]-module[MJ,(Z),27Z + 1, g, v121] has a basis

{q’5,5/27 D75/2, ¢9,5/2}'

b) Let k> 9 be odd, then

T
(6]
| IS
-
-
-

K514 1,714 (k=91 +2, k=7,9,11 mod 12
di MJI>(Z). K. 2 — [2 12}4_[12}_'—7 9,
imc [MJ2(Z),K, 3, v121] {[%}+[1;27}+[k1;29]+37 (%7911 mod 12

=~

Case 3:ke2Z,m=5v =1, hences= —i.

k | dim¢ generators

4 1 Ess

6| 2 Ees, g5 :=AD3 P3| — guADS,

8| 3 ¢;2175/2, 94Ea5, Ea2Ea3

10| 4 04E6 5, 046 5, 96E4.5, P45/2P6 5,2

121 5 U6E6.5. 96P6 5, 95E4 5, 94‘1342175/2, 04E42E43

14| 6 | g4-(generators of weight 10gsE4 2E4 3, 96q3421.,5/2
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Lemma 6.5.3a) The graded[g4,gs]-module]MJ,(Z), 27,5, 1] has a basis
{E4,5, Ee5, P65, ¢42175/2, Ea42E43, q34,5/2(196,5/2}-
b) Let k> 10be even, then

('] +2[*R] +2['F] + 27 +4 k=810mod 12
dime[MX(Z),k,5,1 = { [*] +2[*2] +2[*Z2] + ¥ +5, k=6,12mod 12
[kl;4] +2 [k1;26] +2 [kl_—ZS} + [%’} +6, otherwise

Case4:k+1€2Z,m=5v=1, hences=1.

k | dimg generators

5| 1 ®s5:= 193/21917/2772

7 ®75 1= V3207 ,P1210
9 94Ps 5, Py5/2P55/2

1

2

11| 3 | 94P75,06Ps55, P115:= 195’/2191/27118
13| 3 0Py 5/2Ps 572, I6P7,5, 953 Ps,5

Lemma 6.5.4 a) The graded_[gs, gs|-module[MJIz(Z),2Z + 1,5,1] has a basis

{¢5,5, D75, Py5/2Ps5/2, q311,5}-

b) Let k> 11be odd, then

NN

dimeM(Z), K 5.1] = {M + (7] + (5] + [ 43 k=17.911mod 12
2

12
(2] + [5] + [%2] + [*3t] +4, otherwise
Using Example 6.1.4, we easily get that

V12(7,2)[z=m and 33/2(7,2)|,—2ms1)/2

have a zero of order 1 for ath € Z. Using Corollary 6.3.4 withM,Q) = (0,1), (0,2),
(3Z,1) or (32\ Z,2), we get the following zeros d¥ = Lift

® | Py5, | Psgp | Pese | Prse | Pos)2 ®s5 ®75 ®115
Fl2afuds | AD | A | BAL | A | TAFUAL | BAf UM | AfUAL

In the next chapter we will introduce another fundamental method to construct paramodular
forms.
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R. Borcherds ([Bor]) gave a method to construct orthogonal modular forms with known ze-
ros on quadratic divisors, so call8drcherds productsUsing Section 3.4 we can construct
paramodular forms of degree 2 with certain multiplier systems.

7.1 Definition and First Results

In [Der, Cor 4.3] and [GN, Thm 2.1], Borcherds Theorem in the paramodular setting was
already given. We use the first formulation:

Theorem 7.1.1Let f € [Mp,(Z), -3, p; olmer With Fourier coefficients @¢,n) for I € L'/L
and—oco < ne q(l)+Z. Assume@,n) € Zforalln<OandleL'/L.

a) There exists a (meromorphic) modular fof) of weightc(o—z’o) for I{ with some

multiplier system, such that all zeros and poles50f ) are along rational quadratic
divisorsA+, A € L’ primitive, (1) < 0, with multiplicity

Y c(ra,rPa(2)).

reN
b) Given:=—min{ne %Z;c(l,n) = 0for some le L’/|_}, we define

1 12 1 1?2

A=Y Cz—5); B=3> lc(z —%)
I€Z leEN
2 2

C:%ZRC('Z,—[E), D= Z Gl(n>c(|27_n_lﬁ)7

|eZ neN,IeZ

B/2 C
B(f) has a product expansion, converging for(Z) > nply, of the form

and sethy = ( A B/2> (this is essentially the Weyl vector from [Bor, Thm 13.3]). Then

B(f)(2) = g2ritracdAwZ) I—I (1- eZni(nr+Iz+tmw))c('Z,mn_§)

(mn,1)>0

(here(m,n,l) > 0 means M, | € Z withm> 0, (m=0,n>0)or (Im=n=0, | <O0).
Moreover, the Borcherds products satisfy

B(f)(M(2)) = (-1)°B(f)(2)

87
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Remark 7.1.2 a) We corrected the formulation @i,n,I) > 0 in [Der, Cor 4.3]. Espe-
cially nis not always ifNp.

b) LetL be asin Section 3.5. Thpfy, is essentially the Weil-representatipnwith respect
to the quadratic modulé’/|, g modZ) as in [Bor]. This relation is explained in more
detail in [Der].

c) Borcherds products are multiplicative, i. e. let f, g be two functions satifying the above
assumptions, theB(f +g) = B(f) - B(g).

d) Every fe [Mp,(Z),k, p(olmerhas a Fourier expansion of the form

f= c(l,n)e?mnT £E.

|62tzz/zoo<<neqt(l)+z

e) We only have to considévip,(Z), —%,ptf07_i]mersince[Mp2(Z), _%vptfo,i]mer: {0}.

Example 7.1.3Let f have a pole at the cuspd of order less or equal to one. Then the
following table lists the ordeordy of the Borcherds producd¥ = B(f) associated to the
form f e [MpZ(Z),—%,p§7O7_i]mer with Fourier coefficients @,n), along the divisorsle
from Example 3.6.2:

iz o) |
1 z2=0 (15, —35) + C(F5, —26) + (55, —25) + (15 —30)
IS RN =

5| t—52+50=0 | c(,—55) +¢(0,—1)

9 z=1 (35 —p)

16 z=1 (15, —39)

20 T="50 c(0,-1)

In order to construct Borcherds products explicitly, we need to find modular férimshe
vector spacéMp,(Z), —%, P o.—ilmer With given singularities:

1) We can use the fact

IMp,(Z), -3, Pio,—ilmer= > A Mpo(Z),12n— 3, pilo i)
neN
Using the isomorphism 6.2.2 and methods as in Section 6.5 it is possible to calculate
the vector spacéMp,(Z), 12n— 3, Pfo_il- Later we will use this fact to calculate the
Fourier expansion of some Borcherds products.
2) First of all, we will instead use a method described by Borcherds ([Bor, Thm 3.1]) which
gives a simple criterion for a given singularityiat of type

h(l, n)q”)

neq(l)+2
—ookn<0

lel’/L
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to be extensible to a meromorphic form{Mp,(Z), —%,P{fo]meri
There exists arf € [Mp,(Z), —%,p{fo]mer (with Fourier coefficientgs (I, n)) such that

h(l,n)=c¢(I,n)  forall |e%Z/7 and 0>ne q(l)+7Z,
if and only if

> h(I,n)cg(l,—n) =0 forallge [Mpy(Z),5,p10.  (7.1)
lex7/7.0=neq(1)+7Z

Note that one direction is trivial:

Givenf € [Mp,(Z),2—Kk, p]merandg € [Mp,(Z),k, p*|, we have that the scalar product
(f,9) € [SL2(Z),2, 1mer and thereforey| noCt (I, n)cy(l, —n) = 0. We call the vector
spacegMp,(Z), 3, pr,o] theobstruction spacéor [Mp,(Z), —3, p;’olmer.

The following table lists the dimension of this obstruction space for small

t
dim(c

10 11 12 13 14 15 16 17 [8
3 3 4 3 4 4 5 4 5

1 2 3 456 7 89
1112 2 2 2 3 3

In view of [Bru], the Eisenstein series in the obstruction space determines the weight of a
Borcherds product. As explained in [Der], finding generators4dr; ) gets more and more
involved, as the dimension of obstruction space increases. The complexity of this problem
does not depend on this dimension only since it also depends on the fact how twisted the
equation system (7.1) for the generators of the obstruction space is.

The rest of this chapter we consider the exampies which is the first interesting example,
where the dimension of the obstruction space is greater or equal to 2. Keep in mihglighat
conjugated to a subgroup of gf). An element of the obstruction spaidép,(Z), g,pw]

is the vector-valued Eisenstein serEa%sas given in [BK, (8)]. The Fourier coefficients (see

[BK, Prop 11]) ong are given by

(v,n) |00 [ 01| (&4 | &Y E | EH]ED
ayn) | 1 |- -5 | -8B | -8B |-Z| -4

Using®; o € [Mp,(Z), 3, pr,0] and Lemma 6.2.4 we know that

1
F = 1[Gt0.4] € [Mpy(Z), 3. prol
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The first Fourier coefficients are given by

Fo(t) = -3 + 120" + 360° + 485° + O(q%),
Fi(t) = Lo + 1295 + 3698 + O(gd),
Fa(1) = 1995 + 1205 + 3645 + O(q%),
Fa(t) = B2 + 120% + B + O(g%),
Fa(t) = %ot + Bt + 489% + O(q%),
Fs(r) = 0gi + 2997 + 24q% + O(q¥).

The following table lists some Borcherds products with weight at most 17 which we calcu-
lated using method 2 restricting the order of the polexato be less or equal to one.

weight | A{- | A5 | A2 [Ag- | A5 | A| Vv |A|B|C|D
4 2/ 1|1/0]0|0| k2o |3|3]3]0
5 7/1/0/0]0|0| % |1|4]|5]|0
10 |2|0|/0|1]0|0| 1 [1|2|5]0
11 | 1|3 |4|0[0|0| 2 |[1|2|5]0
12 0|0 |3|0|0|1|  [1|0|0]1
3| 5 5
13 | 5[0 200|121 | ke [3]3|3]1
14 |10/ 0|1 |0|0| 1| % |[2|5|5]1
15 |15/ 0|0 | 0|0 |1 | k2 2|%]|2|12
17 | 1| 2|3 |1][0]|0 |koxs| 3|3|2]|0

These Borcherds products will be denoteddywith the weightk as index.

You can find some more Borcherds products in the Appendix 8.11. The multiplier-system

can be determined directly by Theorem 7.1.1 as follows:

1) WilkVs = (—1)%TPWy, hencev (V) = (—1)%P = y5(V5)**P.

2) From the product expansion we dedg(Z + (3 §)) = e##AW,(Z) and therefore we

getv(trans(3 J)) = €A = iy o(trans(§ §)) A

Altogether the character is uniquely determined by these conditions and we get

v = %|5(+Dkfé.

Remark 7.1.4 a) First of all, we recognize that we constructed Borcherds products for
every charactew ¢ (rg“aX)ab, e. 9.W, for k2, Ws for x5, W1o for 1 and W17 for i 2xs.

b) There are two skew-symmetric forms of even weight, ¥;gand ¥14.
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c) Given any divisol* of discriminant0 > q(A+) > —1 we have a Borcherds product
W, withord; . W; =1, e. g. W4 for A~ and Az, Wig for Ag-, Wiy for A5, W1 for A5
andW,q for )Lll6. Unfortunately these Borcherds products always have other zeros which
forces a reduction process to be more complicated.

Now we want to identify the input of some Borcherds products. Therefore we recall that one
can think of these Borcherds products as a lift fridid»(Z), 12,5, 1] (via the isomorphism

from Lemma 6.2.2 and method 1): fife [Mp,(Z), —%,p{fo] has a pole of order less or equal
to one at the cuspxo, then

fAE Mpy(Z).12— 3.p7)] <= (fD,Gr0) € MR(2),125,1.  (7.2)

The latterC-vector space has a badigsEq 5, 96Pe,5, 05E4 5, 93P3 /2:94E42E43} (com-
pare with Section 6.4). Using Example 7.1.3 we get for the ihput functioh W10 the
Fourier coefficients(s, — ) = 1, ¢(4, —5) = 1,¢(0,0) = 20 and all othec(l,n) = 0 for
n<0. Thus

(fA, B 0) = q(r=2+r*1 420) + O(4?).
Moreover, the Fourier coefficient gfr° is zero. Therefore, we can identify

(f1,010) = — 9665 — 18539665+ 95E45 + 3043 5 .

With this method we can also easily identify the following inputs‘¥qt

: 2 2
weight | geEes | 96Pes | 93Ea5 | 0aPy5), | 9aE42E43
11 1 | __73 1 _3 -1
72 300006 | 18 6 24
12 | 5 | _.65 | 5 1 3
12 100032 | 24 2 8
13 59 __815_ 25 5 S
144 150048 | 144 6 12
4 | 3 | _10 | 5 7 11
7 300096 | 36 6 24
15 19 __65_ 5 3 1
28 75008 | 48 2 2
1 809 1 1
17 | —28 | —300006| 16 0 —34

Using the Fourier expansion of these functions, the (explicit) isomorphism in Equation
(6.2), and Equation (7.2) we can calculate the exact Fourier expansion of thefinput
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[Mpy(Z),—3, 00l €. g. for¥io we get

©
e
=

(r)= 20 + 120Qy" + 2072@f° + 20416Q°
(t)= q 2 — 3204% — 5633 — 56768
fa(7) = — 49295 — 100445 — 1076165
()
()

o
o)
S B

©
e

gy ¥R g N3

~— N N~

_9 11 31 51
— g% 4+ 192 + 5188 + 6182442
= + 20gF + 6885 + 1048Qs%
fs(1) = _ 510 — 1088 — 11930@7 +

o
a o
e

+ + 4+ + +
AAAQAA
o]

)

Note that in this example we haeg(0,—1) = 0. We can now calculate the Fourier coeffi-
cients for the Borcherds produgtif we use the following facts:

e The condition(m,n,l) > 0 allows only negativen if m > 0, so that there are only
finitely many cases in which is negative. In the particular case tHahas a pole of
order at most 1 a@bo, we only have one possibilitym,n,l) = (1,—1,0).

e Inthe case thact('z, mn— %) < 0 we use the geometric serigs—q) 1 = 57 ,q".

e We recognize thatafi(n,1) € Z for alln€ N andl € L'/ which follows fromc(n,1) €
Zforalln<Oand €L'/L.

In the above example we get (using the abbreviatipns €277, q, = 27150 1 = g2717)

W10(Z) = quap(r™* — 1) + (a5 + Afe) (—r >+ 14 = r 2 - 182 + 1870+ 2)
+Fop(r T8 — r =7 — 180 — 135 %0 1 648 *° — 117 +3)
+0303(—1022%2 + 5091+ 270) + O(q3, o),
wherer*k = rk 4+ r=*andO(q}, g3) means that every remaining term can be divided by one
of these polynomials iy andqp. Furthermore,
W11(Z) = ouap(r =2 £ 2r ) 4 (B — ouod) (£3r 4 £ 43 + 18 %2 4 36r*Y)
+O(f, 6705, 3),
W15(Z) = (o1 — O2) — 24(f — 05) + (0u.05 — 020F) (2r° + 275+4)
2 2 +3 +2 +1 3 202 3
+(0105 — G207) (4050 + 19450 + 45100~ 4 58830 + O(ay, q103, 93),
W14(Z) = (a3 — g5q2) (—r=° + 10r =4 — 4513 1 12022 - 2101 1 252
+0(af, o703, 83),

where we use the abbreviatigir =K = rk —r =X,

If we look at the above table of Borcherds products a little bit closer, we get conjectures
about relations between the character, the weight and zeros on certain quadratic divisors:
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7.2 More on Zeros for Paramodular Forms of Lavel 5

Note that modular forms of weiglktwith multiplier-systemv necessarily have zeros along
certain quadratic divisor&* if this divisor is fixed pointwise by a transformatiovi, €

M such thatj(M;,Z) % # v(M,) for all Z € A+. Here are some examples of such
transformations for some of the rational quadratic divisors of discriminant less or equal to

one.
N /1 o
Zel = z_z_(O )]

Zel = 2=Z ((1) _2>]+(2 (1))

Zely — zzz(

In all cases we haviy(M;,Z) = —1. Thus anyf € M (I'g'® )(él(llz) satisfies
A, I (DR £L
f(Z)=0 on (A&, if (-1K#£(-1), (7.3)
Aag, i (1)K £ (—1)1.
Especially, we have
f =0onAi for f € My 1(TT® v) and allk € Z, v € (T1@)2b
f=0onA; for f € My (IP® xyx)) and allk, j € Z,
f=0o0nA; for f € My, 1(MT xl) and allk, j € Z,
f=00nlz for f € Mu(MT xsky,) and allk, | € Z,

f=00nAz for f € My 1(TE™ ki ,) and allk, | € Z.

Moreover, we know that the other divisors with discriminant less or equal to one do not have
such a fixpoint transformation. Using Borcherds products we detect that all paramodular
forms have zeros on certain divisors:

Lemma 7.2.1 Let f € Mi(I'T® &} ). Then
ordf Ay =kmod 2 ordiA; =k+Imod2 and ordiAsg=k+jmod2 (7.4)
Proof: 1) Given ord A{- = m, we consider
= (05203)" € My 7m(TT® vy ).

Due to ord« A{- = 0 and Equation (7.3), we gét-1)**'™ = 1. This leads t&= m mod
2.
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2) Given ord A;- = m, we consider
* _1\m
f*=f. ((D‘{OCDS 1) € My 3sm(Me® vas).

Due to ord-A;- = 0 and Equation (7.3), we ggt-1)k+35m — (1), This leads to
kK+I=mmod 2.
3) Given ord A;5 = m, we consider

fr=1f. (¢I21¢11)m € Mk*m(rrSnaxa V).

Due to ord- A5 = 0 and Equation (7.3), we gét-1)k~™= (—1)J. This leads tk+ j =
mmod 2. OJ

Using the Table 6.5 we get Lift . = c- Ws with somec # 0. Without loss of generality, we
normalizeWs such that = 1. In [GN, p. 53] it is shown that Lif5475/2 = W, by identifying

the exact zero divisor of Li§,, ,. The divisorAs- is twisted in such a way that | could

not calculate the Fourier expansion of hjig/z \zexg’ since you need an infinite number of
Fourier coefficients for the Lift to calculate a Fourier coefficient of the restriction. Therefore
this divisor is in this sense far more complicated than the divi§ars Hy; z= o }.

7.3 The Hilbert Series H4(I'5),s)
Givent € N, we define the Witt-operator Wn functionsf : H, — C by

w(f) ()=t (3 2).

From the embedding: SL2(Z)2 — Iy defined by

by
o a ¥ _ (a2 b
M1 Xt Mo :=Mq x (tCz dz) for Mo (CZ dz) ,

we get thatf € M (', v) implies that W( ) € M (SL(Z)?, V) with v(M1,Mp) = v(My x¢
M2). Therefore

Wi: P A(M,v) — P A(SL(2)?,V)
vergp vergp
is an homomorphism of graded algebras. Moreover, we have

withod) e 7 = (-0 (v (& 2)) =0k (B 9)

t t
= (=D W, () (12, 71).
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We recognize that
Wi(f)(e1.72) = () (70, 7). (7.5)
Since there are no modular forms of odd weightifSL,(Z)?), we get for alt € N
ord; A{- > 1 forkodd andf € My(Ty),
which is in the case df= 5 a weaker form of Lemma 7.2.1.
In the cas¢ = 5, we have the following
Example 7.3.1a) Because of
(W12]V5)(2) = (—1)PW12(Z[US]) = —W12(2),

we know tha(qJ12|)Lll)(T1, 2) is a skew-symmetric form. Using Theorem 8.6.1 we know
that

Ws(W12)(71, 72) = (W12l ) (72, B) = C12(95(71) G5 (72) — G5(71) 03 (2))

with ¢12 # 0 (sincetracd AwZ) = t). Without loss of generality, we renormaligé >
such that g¢x = 1.
b) Using the Fourier coefficients or Equation (7.5) we deterniig¥s) = 0 and
1

Wis(Lifte,s) (71, 72) = 5500a(71)0a(T2),  Wi(Lift 55) (71, 72) = — 56296(71)06(T2)-
c) Using Fourier coefficients we get

Ws (%%Lift goss — 5 Lift g, — oy Lift E65> (71, 72) = 03(71) G5 (72) + B (1) 93 (T2).
d) Using®gs, = q/2r=3/24 11qY/2r£Y2+ 0(q%2) we determine
Wi (Lift o ,) (71, 72) = 240 %(71)0 ().

Therefore we get

Corollary 7.3.2 a) The Witt-operatoWVs: A(l's) — (SLZ(Z) ) is a surjective homomor-
phism of graded algebras als(A(T s, k1 2)) = A(SL2(Z)?, vy x v2).
b) The®d-operator® : A(l's) — A(SL(Z)), f +— f|P is a surjective homomorphism of

vector spaces.

Proof: We only have to check b): We consider theoperator which maps from the algebra
A(SL»(7Z)?) to A(SLy(Z)) (since this is a standard notation and since the arguments make
clear which of the two operators is meant, we do not make a distinction between these
operators). This operator is an homomorphism of algebras and obviously surjective, since

(0%(71)98(71) G5 (72)98(%2)) | @ = g3 (71) G (7a)-
Using a) andf |® = W;(f)|® we get the desired result. O
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Proposition 7.3.3

dimc My (SL2(Z)) +dime Sk(SL2(Z)), keven,

dime My (T's) — dimg Si(T's) =
img M (ls) — dimg Sk(I's) {07 k odd.

Proof: Since there are no modular forms of odd weight4iSL,(Z)?), we getf|® =
Ws(f)|® =0 for f € My1(5). Givenf € A(l's), we havef|Vs € A('s) and therefore
fld = (f|V5)|P =0 for f € My 1(I'5). From Example 2.5.15 we know that

fisacuspform < fl®=0 and (f|V5)|®=0,

so thatf € My 1(I5) is always a cusp form.

Let k be even. Then we can decompadsén f = fsym+ fskew+ fo, Where W(fp) = 0,
Ws( fsym) is symmetric and W[ fsiew) is skew-symmetric. This decomposition is uniquely
if we fix a transversale of preimages\, e. g. the one from Example 7.3.1. Ifa(f) is
(skew)-symmetric, then W f) = +W5(f|Vs). Hence in this case,

fl® £ 0 or (f|Vs)|® # 0 if and only ifWs(f)|P # 0.
Since W : A(I's) — A(SLy(Z)?) is surjective and
A(SLa(Z)?)symN A(SL2(Z)?)skew= {0},
Theorem 8.6.1 leads to
dime Mi(I's) — dimg Si(T's) = dime M(SL2(Z)?)sym| @ + dime M(SLa(Z)?) skew P
= dime M(SLa(Z)) + dime Sk(SLa(Z)). O

Ibukiyama ([Ib1]) calculated a dimension formula for paramodular cusp forms for weight
k > 5, so that we are able to determine the following table

| K [0]1[2[3[4[5[6[78]09[10[11]12]
dimeMy(Ts) || 100 1213|2549
dimeSk(Ts) | 0 ololol1][1]l1]2]2|4]4a]s
dimcMy.13(Ts) | 5 |10] 8 | 16| 12| 21| 16| 28] 22| 36|30/ 48| 37
dimeSkias(Ts) | 5| 9| 8 |13]12] 18| 16| 25|22 33] 30|43/ 37
dime My 26(T's) | 56 | 48| 72| 60| 87

dimeSk.26(T's) || 53| 48| 67| 60| 82

Ibukiyama ([Ib2]) used some ad-hoc arguments to determine the dimension for small weights
and showed that either (dinM4(I's) = 1 and dim:S4(I's) = 0) or (dime M4 ('s) = 2 and
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dimc S4(T's) = 1). Since we constructed all forms of weight 8, we are able to decide which
case is true:
The set{Lift @2 Lift g,e, 5 Liftg, 5,5} IS @ basis oMMig(I's) since the Maal lift is injective

and linear for trivial character. Ldt € S4(I's), then
f1(Z) _ Z ocfl(m, n7|)e27ri(nr+mtw+lz).

n,m,|
anmt>|12

Sincef? € Sg(I's), we can expres§? in the above basis. Moreover,

n
ocflz(l,m,l): Z Z o, (1,n1,11)o,(0,n—ng,0) = 0.
n1=04nt>12

Therefore we have to solve the following equation system:

0\ [ (00,0 & 0 A\ [a
O =|azll-4) =1 o 0](B
0 az(1,1,-3) 300 4 159 \y

which leads tax = 8 = y =0, hencef; = 0.

In this case (i. e. dimensiad¥i4(I'5) = 1 which we showed above) Ibukiyama ([Ib2]) calcu-
lated the Hilbert series faA(I's) summing the dimensions &l (I's).

Corollary 7.3.4

P(s)
(1-s)(1-5)(1-F)(1-s?)

H(A(T's),5) = 5 dime Mi(T's)s =
K=0
with
P(s) =1+ % +5" + 288+ 74 2510 st 4 26124 2614
+ 2504 26181 5194 2520 214 2224 234 244 S0
Remark 7.3.5 a) Due to notation conflicts in this section we use s (instead of t) as variable
in the Hilbert series. .
b) The above numerator polynom is a palindrome —i. e. a polynon(glQ Yy oa;s with

an_i = g for 1 <i < n-—which probably implies some additional information about the
structure ofR = A(I's). More explicitly we get

H(R,1/s) = SSH(R,9)

By [DKe, p. 102] a Noetherian graded domé&f over a field F= Rg is Gorensteirif
and only if it is Cohen-Macaulay and the Hilbert series satisfies the identity

H(R,1/s) = (—1)9MRd H(R,s) for some I Z.
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If additionally | = dimR we speak ofstrongly Gorenstein Therefore, ifR is Cohen-
Macaulay, we have that it is Gorenstein, but not strongly Gorenstein. For more informa-
tion on Gorenstein rings | refer the interested reader to [Eis, Chap 21].

c) If A(I's) is a Cohen-Macaulay ring, we could use the Hilbert series to determine primary
and secondary generators, e. g. we could hope that we find a set of primary generators in
the weightg4,5,6,12) and therefore only have to calculate modular forms up to weight
30. The paramodular group is isomorphicRd s (Corollary 3.3.4), hence in particular
is not compact, and it seems unlikely that algebraic techniques as described in Section
5 could be apllied successfulliys contains the main congruence gro8p,(Z)[5] with
finite index. In the case that(Sp,(Z)[5]) is Cohen-Macaulay, we could use Proposition
5.3.7 to prove thatd(I'5) is Cohen-Macaulay. Unfortunately, this problem has not been
solved yet. Shigeaki Tsuyumine ([Tsul], [Tsu2]) showed#i&p,(Z)|[l]) is not Cohen-
Macaulay for I> 6 and thatA(Sp,(Z)) is Cohen-Macaulay. Unfortunately his method
did not work for |I= 5.

Every set of primary generators is algebraically independent. Therefore we are looking for
an algebraic independent set of paramodular forms of weight 4, 5, 6 and 12:

Corollary 7.3.6 The paramodular form&iftg, g, Ws, Liftg,, and W12 are algebraically
independent.

Proof: Assume tha@Q € C[Xg,...,X4], Q # 0 with minimal degree satisfies

Q(W5, Lift Ess) Lift Ess> l-|-’12) =0 on Hoy.

We write Q = z?i%Qxlj R;j with R; € C[Xp,X3,X4] for all 0 < j < degQ. Restricting this
equation tdH x H we find

0 = W5(Q(Ws, Lift Esso Lift Ees Wi2)) = Ro(Ws(Lift E475),W5(Lift E675),W5<l-|-’12)>.

Since W(Liftg, ), Ws(Liftg55) and Ws5(W12) are algebraically independent (see Theorem

8.6.1) onH x H we getRo = 0. ThenQ = Xu(3§°5° " X/Rj11) = X1Q is divisible byXy
and

Q(LP5, Lift Ess> Lift Ees> l-|J;|_2) =0 on Hz
which is a contradiction to the assumption tialhas minimal degree. O

Remark 7.3.7 In the case that thed(I's)-module and ideakerWs would be a principal
ideal, we could easily show with a similar proof that the above sequence is regular: You
have to use the Cohen-Macaulay propertyA§SL,(Z)?) which is known by Remark 8.6.2.
Furthermore, we note that the regularity of a sequence does not depend on the order.

Unfortunately, it is easily shown that this ideal is not a principal one, e. g. tHkeand
Lifto,, 5. (compare with case weighitl on page 100 to see thatft o, ¢ is not a multiple of



7.3 The Hilbert Series HA(l's), ) 99

Ws.) Moreover, if we substract the two Hilbert seril$.A(I's),s) andH(A(SL(Z)?),s),
we get

P(s) — (1-9°)(14s)
(1-sH(1-s°)(1-s9)(1-s1?)
so that the ideal seems to be quite complicated. But perhaps it is possible to adopt the above

proof to prove that the sequence from Lemma 7.3.6 is regular. In any case, it seems to be
worthwile to calculate the idedder Ws.

A(T's) = A(T's) contains no zero-divisors and is finitely generated gradiedgebra. Lef
be the groug” = Sp,(Z)[5] andR = A(T"). Sincel’ <I's andl" <ISp,(Z) = I'; with

Ts5:M<oco and [F1:7]< oo

the ringsA(T1) = RSP(Z/52) and A(T's) = R™s/™ are finite extensions &k. Therefore we
get by Proposition 5.2.8

dimA(T's) = dimA(") = dimA(T7) = 4

Since dimA(T's) = 4, each subalgebra of it has dimension at most 4, and hence an alge-
braically independent subset has cardinality at most 4. By Noether Normalisation there
exist a algebraically independent subset of cardinality 4.

If we assume thatl(I's) is a Cohen-Macaulay ring and that the elements given in Corollary
7.3.6 are a set of primary generators, then the Hilbert series given in Corollary 7.3.4 tells
us the degrees of the elements of any associated set of secondary generators. Hence we
have calculated bases by (I'5) for smallk, and under the above assumptions we get the
following subset of a set of secondary generators:

Since the Maal lift for trivial character is injective and linear, we can choosesight 6
the form Lift, ; and inweight 7 the form Lifte, ; as secondary generators.

weight 8 Using the Fourier coefficients we can show thatdjft,, Liftg, . and Liftg, e,
are linear independent: Givene M(I't), we have the Fourier expansion

a<n7 m,| )e27r|(nr+lz+mtw)‘
n,meNp
| €Z,4nmt>12

We calculate the Fourier coefficierdgn,m,|)

a(n,m,l) (0,0,0) (l, 1,—4) (1, 1,—3)
-2

Lift},,, | O 0 1
) 1 1 1
Liftg, 57600 120 10

Lift E42Es3 4_:éO 0 2
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and get the desired result, since the above matrix has full rank. We therefore choose
as secondary generators EJIE 2 and Liftg, ,g, ;. Comparing the Fourier coefficients

(for example the same(n,m,1) as above) we get the following relations:

Lift 02, = Lifts, " and Lifty,g,; = 120Liftg, .

Using the same method we get the following results:
weight9 e secondary generator: Lff, ,os5,-

e relations:
- 1 - . . . -
Lift UPs5 = left Ess Lift D5 s and Llf'tcp475/2 Lift D550 = Lift Dy 5/2Ps 52 -

e possible list of needed Fourier coefficient$; 1, —4... —3).
weight 10 e secondary generators: Lgf,; and Lifto, ; , 045 -

e relations:

Lift g5 = 240Lifte, ; Lift o, +5760Lifty,
Lift go, s = —504 Lifte, ; Lift g,  +2355 2L ift .%,,5 +HELift g e,
Lift 452 Lift o5z = —12 L|ftq,5_’5 -+ Lift ®45/2P65/2>
Wi = JLift g, Lift g+ ooy Lift £, Lift o s — 5 Lift é&s

11 1y
— TzaoLift 94Ees 15 Lift Py 5/2P65/2 *

e possible list of needed Fourier coefficient8;0,0), (1,1,—4...—2), (2,2,—8)
weight11 e secondary generators: Ldff, ..

e relations:

Lift WUdrs = 240 LiﬂE475 Lift D75 +30 Lif'[qp&5 Lift D50
Lift g 5 = —504 Liftag g Lift g, o + 2272 Lift g ; Lift g .,
W11 = 3 Lift o Lift o+ Lift oy, -

e possible list of needed Fourier coefficient$;1,—4... —3), (2,2,-8).
weight 12 Every Maal lift of even weight is symmetric so the{, (as a skew-symmetric
form) cannot be identified with a Maal3 lift. Because of this phenomenon we distin-
guish between symmetric and skew-symmetric paramodular forms:

e secondary generators: Lgft, ¢, Lift goass-
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e relations:

Lift gz, , = 200 Lift, |+ Lift g5 Lift o s — 172009 Lift o5 Lift o,
+19200 Lift, + 39 Lift gy s + oammpLift googs»
Lift g, 0845 = 200 Liftg, , +453PRa it g Lift o s — 150 Lift g s Lift o,
—9600 Lift2, +240Liftg, ; Lift £, &, , + 29 Lift gokq s
+ 23155088 M 9606
Lift,, o2, = 240 Liftg, , Lift o2,

4168 200064
Lift q:g’s = 455 Lift £ Lift oy — 2355 Lift g Lift o o + 557371t g -

e possible list of needed Fourier coefficients for symmetric forms:
(0,0...1,0), (1,1,—4...—1), and(2,2,-8... - 7).

In [GN, Rem 4.4], it is explained that there exists a skew-symmetric form of weight
12 with respect td; for everyt > 1. This fact is related to a Borcherds product of
weight 12 with respect to the orthogonal group to a lattice L which is the orthogonal
sum of two hyperplanes and the Leech lattice — the only even unimodular lattice in 24
dimensions with minimal norm 4 (cf. [CS, 8§16.1]).

The additional generators of weight 13 and 14 are written down in Section 8.12. In weight 15
we do not need additional generators. In weight 16, there is a skew-symmetric paramodular
form Liftg, W12. | can also show that there exists one additional generator, e. g. we can
choose L|f53 . Using all Fourier coefficients up to < 3 andm < 3 we could not find

the second addltlonal generator, so perhaps | have not yet found all necessary paramodular
forms. The other possibility is that we can distinguish these paramodular forms only with
more Fourier coefficients. In weight 18 there are at least three linear independent skew-
symmetric paramodular forms, i. &14Liftg, g, WioLiftg,; andWyoLift o, Which can be

shown using the Fourier coefficients(at1,0) and(1,2, —4...—5).

7.4 Some Remarks on a Reduction Process

With Borcherds products it is sometimes possible to calculate generators for the ring of
modular forms using a reduction process analogoud (t8L,(Z)), whereA is in fact a
Borcherds product. In most cases, which have been treated so far, the dimension of the
obstruction space was one (or at least there exists a Borcherds product which had only a
zero on one divisor), but a few other examples (e. g. [DKrl]) also exist. For the reduction
process we need a Borcherds product (or a quotient/polynomial of Borcherds products with
positive weight) such that we can divide every modular form with respelctvih a zero

on a certain divisoA . To guarantee this zero we have to determine all modular forms with
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respect to Stgld - which can be lifted to a modular form with respectitoSometimes it
was necessary to look at more than one divisor.

In general, the lifting from a certain divisdr- gets more and more involved as the discrim-
inant of - increases.

In the case of paramodular forms with respeck towve can look at the table of Borcherds
products on page 121. The divisbr- with the lowest discriminant which admits a Bor-
cherds product with the above mentioned propert)]tgis The associated Borcherds product
ist LIJloligl. Before we consider this situation more closely we determine the restriction of
the charactek » to Staly, Ag":

Because of Corollary 4.1.1 and Lemma 3.6.7 we know the generat@fssoStaly, Ag".
Comparing the values of}? x v;2 on these generators with the valueskgh (Corollary
8.2.1) on these generators (embedded ing@ia the isomorphism in Equation (3.19)) we
get

12 12
KLZ'%% = Vn X Vn .

More detailed, lef € M (DI'E'®). Thenf = Y ve(rmanan fy with f, € M (F3®, v). There-
fore we can restrict ourselves without loss of generality te f,,.

casel: k=0 mod 2v(\) = —1. Sincef has a zero i, we can multiply with”j—i; and
get

W
foo e My (TP ).
Wi

case2: k=1 mod 2v(\t) = 1. Sincef has a zero irjtzlo, we can multiply With$—i; and get

W
fote My (TP v).
Wi

case3: k=0 mod 2v = k1 2. Hence
flas (HxH—C € My(G, vp® x Vp)sym and o fl; >1.
case4: k=0 mod 2v = 1. Hence
fli (HxH—=C  €M(G, Dsym
case5: k=1 mod 2v = k1 2x5. Hence
flas (HxH—C € My(G, vy° x Vp)sym and ord fl, > 1.
caseb: k=1 mod 2v = ys. Hence

flay tHXxH—C  €My(G,)sym and ord. f[;. >1 fori=1,4
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If we knew a (finite) set of generators for the ideals

= {f € A(G)sym; there exists aff ¢ A(TT ¥&) with Fl,e =f} and
T2 = {1 € A(G,vi? x Vi?)sym; there exists aff € A(TI™ k1 22£) with Flog = f},

we could determine the ring (D I'5'®) quite explicitly:
Let G; be a finite set of generators gf. In the cases 3 to 6 there would exist a polynomial
P in these generators such tHat P would be zero on the divisdtg-. Therefore

W
(f—P)- W_fo € My_g(MT® vi)

which switches the cases 3 and 4 as well as 5 and 6. We can even get rid of théideal
if we useWﬁWIol in the reduction process and multiply the cases 3 and 5 oncelith
Moreover, if we multiply the function in case 6 witHs, we obtain case 1 and therefore we
only have to determine symmetric paramodular forms of even weight and charactér
with no constraint zeros.

The constraint zeros in the other cases include at least some information on the constraint
zeros for modular forms with respect to the stabilizer (with the restricted character) and
some information on the values in the cusps.

So we have to determine the ideal

jnew JiINA(s squ/lL’ whereA(T 5 gyﬁq”. @MZK r5 symI

First of all, we recognize that we cannot lift every modular form with respect to the stabilizer
StalymaxAg- 2 G, since dim: M(G) = 1# 0= dimg M(I's, 1). So far, | have not been able
to determine this ideal.

Needless to say, we can give some elements of the ifieaspectively £

Liftey 2y = 22am(P1)” — 1357(%),
Liftq>5_5|k5=—g%(53—§3)( PT(P2) + 5183 — §3)m(Sa),

: 785056 2221504 232360 764584 N
Lift g2y = —dos75i7 (PL)’ — diagroadt(P2)° + fao0e7m(Pa) + dascseit(P1)7(S3).
- 513

Liftags 1y = —%ie67(PL)° — $1867(P2)” + e (Pa) + S0 (D) (S3).

In the same way we can determine

Wial = m(po) (58 (51)°x(P2) — B88m(P1)7(P2)2(S)

- RETS (po)* — (o ().
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7.5 Outlook

In this section we summarize some of the possibilities to get more information on the alge-
braic structure ofA(I's):

1) Determine the idea);"*" and use the reduction process in Section 7.4.

2) Calculate the ringd(Sp,(Z)[5]) and use the methods from Chapter 5.

3) The easiest problem which is not solved in this thesis is to show thaf LifYs, Lift g,
W,, is a homogeneous system of parameters. In order to prove this statement we have to
find an argument thafl(I's)/ s | A(T's) fi for f = (Liftg,, Ws, Lift g, W12)" is finite-
dimensional ovef (cf. Remark 7.3.7).

4) Determine the kernel of the algebra homomorphisg(®¥. Remark 7.3.7)

5) We could determine generators forl|('s) for k less or equal to an upper boukay
and find some argument that all paramodular forms of higher degree are polynomials
in these generators. For example we could chdggsg= 30 and show tha#{(I's) is a
Cohen-Macaulay ring and thitiftg, g, Ws, Lift g, W12} is a set of primary invariants.
The latter fact can be shown directly or by using the fact théBp,(Z)[5]) is Cohen-
Macaulay (compare with Remark 7.3.5). In order to calculate these generators you have
to determine at least a lot of Fourier coefficients, but there is also a chance that the
paramodular forms which are mentioned in this thesis are not sufficient. Then you have
to determine other paramodular forms for example by reduction from orthogonal forms
of higher degree, i. eO(2,n) for n > 4. For weight 16 | tried the modular embedding
from [K64] with Q(i). This ring was determined explicitly in [DKr2], but | did not find
any new form. One other possibility would be to raise the restriction of the order of the
pole for the input in Borcherds Theorem. Keep in mind that the Fourier coefficients of
the Eisenstein serieEsg require often long calculations with the computer.
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8.1 General Remark on Fourier Coefficients

Most of the Fourier coefficients in this thesis (especially in chapter 6 and 7) were determined
using [MAPLE]. Only in a few cases a faster calculation was necessary, e. g. for the Fourier
coefficients of the Eisenstein seriEg on page 89. Then we wrote a short programm in

[C++]. Some of these Fourier coefficients are available on my homepage.

8.2 The Non-trivial Abelian Character 6f

We consider the action df; on theta characteristics (compare with [Frl, 1.3.2]): Given
a,be (ZI27)?> andM = (& B) € I'1, then

ay. .,(ay. ( D -C\/a (CD")o
=) =(2 )0+ (555) e
whereTy denotes the column vector consisting of the diagonal entrigs bét
To = { (E) € (Zlpz)%a"b = 1 mod 2}

be the set of odd theta characteristics.

Corollary 8.2.1 Letsgndenote the sign-character of the symmetric grogpf® elements.
Then we get the non-trivial character b{ via

k:M— {£1}, M — sgnmu,

wheremy € S is the induced permutation @y — 7o, g— M{g}.

A detailed proof can be found in [Kr3].
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8.3 Eichler Transformations

| Eichler transformation orthogonal matriM in the modelll's | W (M) € Pr{"™ |
E(fa, f2) M, for A = (1,0,0)" trans(é 8)
. . 0 0
E(f1, fs) M, for A =(1,0,0) Jtrans 0 1 N
t
tr 0 0
E(fy, f3) M, for A =(0,0,1) trans 0 1
t
~ . 10
E(fy, fa) M, for A =(0,0,1) Jtrans 00 N
E(fy,h) Ra for A= (%;th thﬁ) rot(1 _th>
00 1 0 1
E(f2,h for A 1h (1) 8 t 10
orA=|( - ro
(f2;h) Ra (th2 —2th 1) (_h 1)
tr 0 -—h
E(fs,h) M, for A = (0,—h,0) trans h 0
o1t tr O h
E(f4,h) M, for A = (0,—h,0) J trans h 0 N

Thereby rotU) := (

8.4 Explicit Isomorphism

Following [GN] we will give a more explicit isomorphism between the paramodular group

and the orthogonal group of signatyf2).

Let L = Ze, @ Ze, & Zez & Zey be a lattice inR* andL A L the exterior algebra (see for
example [Eis, p. 575]), i. eL®L/(1®1,1 e L). The elements i AL are sometimes

called integral bivectors and can be writtencas- y;_; o4j& A €j. Foru,v e 75 with u =

(U12,U13, U14, U3, Upg, Usa) let

(U,V) 1= U12V34 — U13Vo4 + U14V23 + UpaVi4 — Up4Vi3 + UzaVio.

The corresponding Gram matrix is given by
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This is an even, unimodular, symmetric bilinear form of signaft@&) and via the substi-
tution homomorphism we get farve LAL

UAV= (U V)epAex AesAey.
This bilinear form is invariant under the diagonal action

SL(L)XLAL — LAL,
(M,|1/\|2) — Ml AMly,

because the generators from,8L) are — due to [New, Thm VI1.3] — the matrices

1

11
P= 1 and T:(O 1)><I2.

Givenu e LAL, we get
Tu= (U12, U3+ Up3, U14+ Up4, Up3, Upa, Uzs), PU= (Up3,Uz4, U2, U3g, U13, U14)
and therefore
(Tu,Tv) = (Pu,Pv) = (u,v) foralluveLAL.

Let oy = te; Aes+ e Aey andQ; = Zay. Givenx,y € L, letJ(x,y) = X' gy with

~ (0 R (10
(5 ()

ThenJA[ is skew-symmetric and fulfills via the substitution homomorphism

~

J(x,y)er A Nes ey = —XAYA @

Thus the integral realisation of the paramodular group is representable as
M= {M e SL(L); X(Mx,My) = J(x,y) for all x,y L}

andﬂ acts onL; = Qti. The latticeL; has theZ-basis

fi=eine, o= ANes, fa=tegNes—exAey, Ta=esNe, fTs=egNes.

For givenf = 52, o; fj with o = (ay, . .., as) and analogous definition gfand3, we get

-1

(f,g)=a"'SB with §= 2t



108 Appendix

SinceO(S,Z) = O(—S,7Z), we conside© (L) := O(-3).

LetM € T and f,g € L, as above. FroniMf,Mg) = (f,g) we deduce that in these new
coordinates the correspondiMye O(L;) . Sincerl is conjugated td';, we obtain a map

®:Ty—OL), M— M.

Because ofM f,Mg) = (f,g) this map is an homomorphism.

8.5 Fourier Coefficients

The first Fourier coefficients d(uzs; x, w) = K T2 ,an€?™"%/3 are given by

(u[ 2 [w [L[M] K [aofa |a|asas|as|a[ar[as]a|aw]
1/(3)| 1 /3/3|-%2|1/-3|/0(6|-3/0|0|-6|0|6|0
101 |(3)|2]3|&2]|1|e6|0|6|6|0[0|12/0|60
11 1|(3)3/3| % |0/1{0]0|1]0[0|2/0/ 00
1{(3)| 1 |3/1|-%2|1|0|0|6|0|/0|0|0|0|6]O
1) 1 |3|1|-%|1|6|0|6|6|0|0/12(0|6]| 0
3l 1 (3|13 |=&L|1/0/0/6|0/0|0|l0|0|6]0O

We denote the first two normalized seriestoy E; ; andg = E7 5. The other less important
normalized series are denoted tfywherek + 2 is the number of the line it is written in this
table. Therefore we have the following relations:

off =Ei3—E3s  3fy =2F33+E3, (8.1)
f3 =Eis, 3fs =2E33+Ef 3. (8.2)

The next table contains the Fourier coefficents for polynomiafs-E3 ; andg = E; 5.



8.6 Generators farl(SLy(Z)?)

| function|[ap a1 |a |a3 |au [as [as [ar |as | a
f2 1|6 |9 |12 |42 |18 |36 |[-48 |45 12
g2 112 |36 (12 |84 |72 |36 |96 180 | 12
fg 1|3 [-18(12 |21 |-36 |36 |24 90 |12
f3 11-9 (27 |9 |-117|216 |27 |-450 |459 |-9
g° 1 |18 | 108|234 |234 | 864 | 756 | 900 | 1836 | 2178
f2g 1]/0 [-27]72 |0 -216 | 270 | O -459 | 720
fg? 119 (0 [-90|117 |0 -216 | 450 | O -738
f4 1 |-12|54 |-84 |-147 | 756 | -756 | -1212| 3510 | -2028
gt 1 |24 | 216|888 1752| 3024 | 7992 | 8256 | 14040| 24216
f2g2 1 |6 |-27|-84|438 |-378|-756 | 2064 | -1755 | -2028
f3g 1 |-3 |-27 | 159|-219 | -378 | 1431 -1032| -1755 | 4533
fg® 1 |15 |54 |-84 |-363|756 |-756 | -672 | 3510 | -2028

The next table contains the first Fourier coefficientsffer Ez 3 andg = E; 3 with respect to
the cusps-1, 0 and 1. Note that this table should be read line by line so that the abbreviation
a; represents the elemeatin the same line.

8.6 Generators farl(SLy(Z)?)

[ x| @ & |@ | a |as|as[a | a [ag] a |aw
fl-a| -2 _2ny8| 200V | g 6ay|ay | 0|0 2|0 | 63| O
flo 0 -2 0 |6ag|a | 0|0 |2a|0|6a| O
fla| 2m_2my3 | _200:v8 | g 6ay|ay | 0| 0 2|0 |6a| O
g|-1]| -ZB | 2@ o |6a a | 0|0 |2 0|6a| O
g| o0 Zn 0 0 |6ag|a | 0|0 | 2|0 | 6a| O
g| 1] =B | -ZE3 |0 |6ay a | 0|0 |2 0|6a| O

Using the same methods as in Theorem 4.3.3 we get

Theorem 8.6.1Letl € Z with1 <1 < 24. Then

a)

A(SL2(Z)?)sym= C [9a(71)94(72), 96(71)Gs(72), 03 (71) 93 (72) + 08 (71)95(72)] -
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b)

A(SLa(Z)?, vy x vy)sym= 1" (71)n' (%2) - A(SL2(Z)?)sym

A(SL2(Z)?, vy % Vp )skew= (93(71)05(72) — 95(71)93(%2)) - A(SL2(Z)?, vy X Vp)sym.

d)
A(SL2(Z)?) == C[X1, X2, X3, Xa] / (X3X2 — XpXs3)-
The isomorphism is given by mappingt&XF with the following modular forms

Fr:= g4(Tl>g4(TZ)> = gﬁ(fl)g%(TZ)v
F3:i=g3(t1)g3(72) and R = 0s(11)06(72).

Remark 8.6.2 Especially

R = A(SLa(Z)?) = C[Fy, Fa,F2 + F3] @ (F2 — F3)C[F1, Fy, P2 + Fa

is a Cohen-Macaulay ring witdimR = depthR = 3.

Using the Fourier expansion we can express some modular formgSh,(Z)?) in the
generators ofd(SLy(Z)[3]?):

05(371)08(372) + G3(371)03(372) = 2R 0 (1) + 9288 20 ()% ()

+ aeess 7077 (P2)" — g5as0r5rHt (Pa)m(P)® — Sigsorarar(Pa)m(P2)?
— 08 T (Sa) T (P1)* — 27 (Sa) m(P2) 2 (Pr) + Zvaeagt (S3)(Pa) 7 (Pr)
— 350212 1 (8) m(P2) m(P)?

and

05(371)08(372) — G3(371)03(3n2) =

n(ps) - (9SS (P2)m(Pr)® + (3R (P2)® — S (P (D)

— B8 ()P (Py) + H535kr (S m(P1)?).
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8.7 Segre Variety

In this section leF be an algebraically closed field with cliae= 0 andV; andV, be two

F-vector spaces of dimension andny. Let {vi(j),i =1,...,nj} be a basis foV;. Let
V/* denote the dual vector space associated and fix forV,* the dual basis associated to

{vi(j),i =1,...,n;}. Then we haves|Vj] = F[v(li),..., QR] and
Shi @SNV = F Y, ovid VP, il | 2 svie )

via the identification

Vgl) s <V§1),0) eV1d Vs, ng) — <0,V§2)> eV1dVo.

We get arF--algebra homomorphism

- SMeVy] — SM|®SNV,,
T Vi(l) ®v§2) . Vi(l)ng)-
Obviously,

imz =P SMVi]la®S[Valg C SM1] @ S|Val.
d>0

Then there exists (e. g. by [CLO, 85.4, Prop 8]) a unique polynomial mapping (sometimes
also calledmorphism of affine varietigsz* : V] ®V,; — VJ"® V', This map is called the
pullbackof 7. If we identify V;* = C">*1 with their coordinate (column) vectors, we get

(v, V2) = Vi -V3  forvy € CPM, vy e XY,
Givenfy, ..., fs€ F[Xq,...,Xn], we set
var(fy,..., fs) := {(a1,...,an)" € F"; fi(as,...,an) = Oforalli},
the affine varietydefined byfy, ..., fs. Given an affine varietyv c F", let
idealW) = {f e F[Xg,..., Xn]; f(a1,...,a,) =0for all (ay,...,an) € W}

the ideal associated W. We need later on also projective varieties:

LetP"(F) = (F™™1\ {0})/F* wherex,y € F™1\ {0} are equivalent if there existshac F*
such thak = Ay. We write[Xo : ... : Xn] for the equivalence class which contains the element
(X0,...,%) € FMIN{0}. If fq,..., fs€ F[Xo,...,Xn] are homogeneous polynomials, we set

var(fy,..., fs) :={lap: ... an) € P"(F); fi(ao,...,an) =0foralli},
the projective varietydefined byfy, ..., fs. Given a projective varietyy C P"(F), let
idealW) = {f € F[Xo,...,Xn]; f(ao,...,an) =0forall[ag: ...:an] € W}
the ideal associated W'.
Now we are able to calculate the imagensf
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Lemma 8.7.1 Let

T = {(Y Vi) v ov?) - (Y o) v vt <i<k<m, 1< j <l <np),

then

imn* = varZy).
Proof:
imz* =~ (Ae F™™; rankA < 1).

This is fulfilled if and only if all (2 x 2)-minors ofA vanish. This leads directly to the claim.
0]

Let R :=F[Xy,...,Xn] @andR* := F[Xg, X1,....%Xn]. Forgivenf € R, let

£ (Xo, X, - .. X)) = XZe9" ¢ (%%) eR*
be thehomogenizationf f. Forg € R*, we define thelehomogenizatioas

O (X1, .., %n) = 9(1, Xg,..., Xn) € R.

Moreover,we define faf IR the idealZ* := (f*; f € Z) and for homogeneoug <R* the

ideal 7, .= (f,; f € 7).

Lemma8.7.2 LetJ = (fy,..., fs) <R* a homogeneous ideal. Then

a) T = ((f1)sy---, (fs)s).

b) If 7 is a prime ideal, thery7, = R or J, is prime.

c) If ((fj),)*=fiforl<i<sandJ.=R orJ,isaprimeideal, they =R" or 7 is a
prime ideal.

Proof: a) For givenf € 7, there exists a s¢h;} C R* such thatf = 5, h; fi. Hence

fo= (LX) = 3 ()i

b) Let f,ge R with f-ge J.. Assumef,g ¢ 7., which means especially, # R. Thus
f* 0" ¢ J, since otherwisd = (f*),, g= (g"). € Ji. SinceJ is prime, we know that
f*.g"=(f-9)* ¢ J. Without restriction we can choose tlieghomogeneous. Given
f-g=yihi(fi). with hj € R, we get

(fg)" = Z(hi)*((fi)*)*xgi with nj € No.
|
For everyi there existt; € No such that((fi).)*X5' = fi. Then there exists aN € N
such that)¥(fg)* = ¥;(h)*X)\ """ f, € 7. SinceJ is a prime idealX)' € J. Hence
1= (X)) € J. providing a contradiction td ¢ .7.. HenceJ, is prime.
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c) Letf,ge R*, f-ge J,J # R* and without restriction lef, g be homogeneous. There-
fore (f-9). € J.. SinceJ, is a prime idealf, € J. or g, € J.. Without restriction we
choosef, € J.. Thusf, = 3 hi(fi). with hj € R which leads to

(1) =T () X = T ()15 < 7.

Sincef is homogeneous, we know that there existdlan O such thatf = X(')\‘(f*)* cJ,
hence7 is prime. O

Proposition 8.7.3 Given mn € N, let
PAF)={lz,]] =200 .- 1 Zom:Z10:...: Zam ... 1 Zam]} With g=nm+n+m
be the g-dimensionairojective spacever the field F.
a) The mapping
Oseg: P"(F) x P™(F) = PY(F), [Xo:...:%] X [Yo:...:¥Ym— [Zj=XYjl

is an injective mapping.
b) LetSeqg ={Z jZs—ZisZ j;0<i,r <n0<j,s<m} CF[Zyo,...,Zam]. Then

im oseg= var(Seg c P4(F).

c) (Sed <F|[Zoyp,...,Znm| is a prime ideal.

The mappingoseg is called Segre-mappin@nd the projective varietyar(Seg is called
Segre-variety

Proof: a) Letx=[xp:...:X)] € P"(F), —[yo :yn] € PM(F). We taked (Xo, ..., %n) €

[Xo:...: X andy = u[yo,...,¥ml € (Yo:---:¥n ) HenceA i (XoYo, - - -, XiYjs -, XnYm) €
(X x y] andosegis well-defined. If

[xél)yél) s :xg,l)y,(%)] = [xéz)yéz) Lo xﬁz)ygf)],

then there exists 4 € F* such that

OG-y = AP ).

2
SincexV) e [x(Y] € P", there exists aw ;A 0. This leads t(yE ) = A%ygz), therefore
X

yV] = [y@]. Analogously[xV] = [x(2)].
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b) Since(Seg is a homogeneous ideal, the projective variety 8ag is well-defined. The
inclusion imoseqg C var(Seg is trivial, since the coordinates of x y| satisfy

Z,iZs— ZisZ,j = XY XYs— XiysXryj = 0.
Let [w; j] € var(Seg. Without loss of generalityg o # 0. Set

X = [1,%2 C %} and y:=[Woo:Wo1: ... Wom-
Then(wi j] = [(X x ¥j)i,j] € iMOseg

c) All elements of Seg are homogeneous @pg 1 a for all a € Seg so thata,)* = a for
all a € Seg. Using Lemma 8.7.2 it is enough to show ttfaég) = (Seg, <R =
FlZo1,...,Znm| is a prime ideal. We geZo 0Zrs — ZosZr0)« = Zrs— ZosZr0 € (SeQ,
forr,s#0.

We compute ifR/(z, s — Zy sZ, 0; 1,5 # 0) that

ZoiZis—ZosZrj =0, ZioZs—ZisZo=0 and ZjZs—ZsZj=0

hold fori, j,r,s# 0. Therefore(Seg, = (B) <R with B := {Z; s — Zo sZ;0;1,S # 0}.
Moreover, if we take the lexicographic ordering wWihs > Z, o > Zg s, thenB is a Grob-
ner basis forSeg,, since the leading terms are different (e. g. by [CLO, 11.6 Thm 6]),
hence

FlZ0,20s1,s#0/N(Seg, ={0} and F[Z,Zosr,5# 0]+ (Sed, =R.
HenceR/(Seg, = F(Z0.Zos;1,s# 0] is an integral domain so théBeg, is prime. [

Remark 8.7.4 Via the projective algebra-geometry dictionary (e. g. [CLO, VIIL.3]) c) is
equivalent to the fact thatar(Seg is irreducible. For another proof for the irreducibility of
the Segre-variety we refer the interested reader to [Mum, p. 50/51].

With this result and some results of the algebra-geometry dictionary we can prove the fol-
lowing

Lemma8.7.5a) Z, = kerr, hence

imz = @ (SM]d @ SV2]g) =2 SV1® V2] /T,
d>0

b) heightZ; = (np—1)(n2—1).

Proof: a) Using the definition oft* we conclude that fovy,vo) € V@ Vy and f €
idealim 7*) the equationf”™((vi,v2)) = (f o t*)(v1,v2) = 0 holds. Thusf” =0 and
f™ € kerrm. Vice versa, G= (f o*)(vq,V2) for f € kerm which leads tdf € idealimz*).
Altogether, we have

idealim ™) = kermr.
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Therefore we get an injective embeddifid1 ®V2|/kerr — S[V1] ® S[Vo]. The last
structure is an integral domain (SinEé€X, ..., Xy| is an integral domain), thus keris a
prime ideal inS[V1 ® V,| by [CLO, V.1 Prop 4] and int* is an irreducible variety.
Using the Strong Nullstellensatz [CLO, I1V.2 Thm 6] we get

radZ, = idealvar(Z;)) = idealimn*) = kerr,

where rad denotes theadical of Z JIS[V], i. e. the ideal f : f™ e Z for somem e N}.
Because of Proposition 8.7.3, we know tligtis a prime ideal. Since every prime ideal
is radical, we get

I =radZ, = kerr.

b) In a) we have already shown tHat is a prime ideal. Therefore the concept height is
well-defined. Let us now determine the fibresat Let A< imz*. If A= 0, we get
Vi € V/* so that

(7)Y A) = {(Avi,A7tvp) ford e F*}.
Hence dinfz*)~1(A) = 1 and(z*)~1(A) is irreducible. IfA = 0, we get
(m*)"HA) = (08 V5)U (V) ©0).

These components are irreducible and @dift) ~*(A) = max(ny,n,). Therefore we get —
due to [Mum, | Thm 8.3] —

dimimz* =dimgVy @&V, —1=n+nmnp—1=dimimz
and

heightZ; = dim(S[V1 ® Vo)) —dimimz = (ng — 1)(np — 1). O

Remark 8.7.6 We want to close this section with a remark on determinantal rings:

Aring R is determinantaif it can be written in the forn$ /7, whereS is a Cohen-Macaulay
ring andZ is the ideal generated by thexr-minors of a px q matrix M, for some g, r
such that the codimension &fin S is exactly(p—r +1)(g—r + 1). Determinantal rings
are Cohen-Macaulay by Theorem [Eis, Thm 18.18][V; ® V;| is a determinantal ring
with § = SM1] ® SV2], p=n1, g=ny and r= 2 by Lemma 8.7.5. Therefoimr is a
Cohen-Macaulay ring. For more information we refer the interested reader to [BV, 85.D].
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8.8 Invariants foiS[V @V]" forH = G

A set of primary invariants foS[V ®V]€ is given by

2 1 2 L
P1=X{ — 3X1% — 3X1Xa + 3X1Xa — 35 + 5XoXg — 3XoXa — 3G — 3XeX4 — 55,

P2 =X + 3x§% + 3xdxg + lexg — SxxoXa + 3xq%G — %x1x3x4 + 33 — 3xBx3 — X6
—3xoXG + 3xxXG + X3 — 3344 + Sxa%5 — 23,

P3 = X§Xp — XEX3 — $X1X5 + SX1XoXa + 3X10XG — SX1XaXa + X5 + 1XBX5 + 1XBXa — $%oX5
+3x0xG — X3 — Ixxa — 1xaXG,

Pa = Xi — XXo — X3X3 — 2X3Xa — SXEXG — Sxd%oXg — SXEXoXa — SXEXG — SxExgxa + SXEXG
+ 23135 — SXqXBXg — SX1XBXa — IX1X2XG + X1 XoXaXa — sX1XoXG + SX1X5
— X008 — HXXXG + 15XOG + G — §0Xa + §XOXa+ XDE — T5XXXa
+3X53G — $X0X3 — 008X + XX + XS + PG+ X+ DG+ §xG

A set of secondary invariants f&fV @ V|© is given by

S].:l;

Sp = XiXa — X1XoX3 + 3X1XoXa + 3X1XeXa — 3X1XG — 3XBX3 — 5XoXG + FXoXaXa,

S3 = X3Xa + 3X4XoXg + XX + SX3Xa + 7=,

3 2 2 2y, 2
S = X{Xg — X3XoXa — XiX§ — XX — SXEX5Xg + SXEXoXa — SXEXoXaXa — SXEXoXG

+%X1X%X3 - gxlxgxg - ZX1X2X3X4 + §X1X§ - EX1X3X4 + EX1X3X3 + %X4X4 — %X‘S’X%
+2X3XG — 20034 + 5X0XEXG + A XoXa — X3 — SXXG — 25X6X5 + e,

S5 = x“x4 2x1x2x3x4 + x1x2x4 + x3x3x4 x1x4 + x1x2x3 2x1x2x3x4 + 4x1x§x;21

— 2X3%oXEXa + 3XEXX3XG — TXPXXG + IXDXEXG — IxExax; + IxEXG + X1X3X5

X1X3X3X4 + X1X2X3 — 2X1X2X3X4 + X1X2X3X421 — 2X]_X2X3 X4+ X;|_X2X%X2 1X;|_X2X3X3

1 1 2
+21X§'X3 + §X2X3 - §X§X3X4 + 4X2X4 X2X§X4 + zX2X3X47
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B, 6.5y B4 6 15,42 30 15 105, 4,2
S6 = X + SX3Xo — SAXGX3 — SXaXa — 29XXE — S9XXoXg — 22X XoXa — L2x1XE

+5aXIXaXa + GaX1XG + GrXI — XDGXa + 3PXKGKa + 75XI%S
+PXXaXaXa + G9XDXG + 3XDG + 53XXEKa — gaXiXeXa + 53X~

15,24 30,2 60,2 45,222 | 45.2.2 45,2.2.2 15,2
TG T 39XXEXs + G9XXEXa + §IXDBNE + TIXDGXIXa — GaXIXEXG + XX

45,2, 2 3152 2 15,2 x3 105,,2 15 2}:3 45 22,2
~ 9aX1XXGXa T g X1 XoXaXg — gaXaXoXa — 188X1X3 — 94%X1X5%4 — 376X1%6%4
15,2 }:3 15 2}:4 6 2 1 30y 4 15y x4 15, 32 _ 30 x3
T 188X1X8Xa + 37g%X1Xa T 37X T 7 XIXRXE T g7X0XoXa T 27X00XG — g7 XXpXaXe

30y, 3y2 _ 15, \2\3 | 315, 2,2 45y, 2y 2 1 15y, 2 15
—4—7X1X2X4 - MX]-XZXS + WX1X2X3X4 - 9—4X1X2X3X4 + 9—4X:|_X2X431r - 1_88X1X2Xg

15 45 22, 15 15 21 15
— L2X1X0XaXa + T XIXXEXG + F2XIXXX] + AmsX1XoX) — AX1XG + s X1XeXa

15 2 15 2.3 15 3 5 7.6 3.5 3.5
+F8X1X§X4 —+ 3—76X1X3X4 — 7—52X1X3X21 — 3_76X1X4 — 4—7)(2 + 4—7X2X3 — 4—7X2X4

15 4,2 15 15 4,2 | 35,3,3  15,3,2 15 2 35
— 150G — 1P0XaX — 15XXG + 8XE — GPPEXa + §XXXG — 39X5%
15 2 15 2 45 222 | 152 15 2 3
—7—52X2X§1 + mX2X§X4 + 158X2X3Xy + mX2X3X431 - 7—52X2X§11 + 7—52X2Xg
15 15, 03,2 15, .2 15 3 1576 , 21
+ 32X+ 3R] — 3R] — FopXaXXd — 72X0%G — 128 T TR

105. 2 5 105,,2 21 5 1.6
—189GX] — T58X4 — 785X T 556%9X4 + e

8.9 [GAP]-Code for Section 5.5 and 5.6

a) First the code for the invariants with respecGo

b)

# Definition of the character table and the character lambda
gap> a4:=CharacterTable("a4");

gap> lambda:=Sum(Irr(a4){[3,4]1});

# Calculation of the Hilbert series without character
gap> Hil:=MolienSeries(lambda) ;

(1-z724z~3+2%z~4 ) / ( (1-z~3)"2*%x(1-z~2)"2 )

gap> MolienSeriesWithGivenDenominator(Hil, [2,3,3,4]);

( 1+z73+z74+z"5+2%z"6 ) / ( (1-z74)*(1-z~3)"2%(1-z"2) )
# Calculation of two Hilbert series with character
gap> Hil2:=MolienSeries(lambda,Irr(a4)[2]);

( 2%z°2+2°3-z"4+z"6 ) / ( (1-z73)"2x(1-z"2)"2 )

gap> Hil3:=MolienSeries(lambda,Irr(a4) [3]);

( z+z~{2}-2"3+z"4+z"5 ) / ( (1-z"3)"2%(1-z"2)"2 )

Now we give the additional instructions for invariants with respec@.toWe used the

abbreviation char for the charactep 1~ +1' ® 1.
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# Definition of the character table

gap> c2:=CharacterTable("Cyclic",2);
CharacterTable( "C2" )

gap> c2a4:=CharacterTableDirectProduct(c2,a4);
CharacterTable( '"C2xad" )

# Display the character table
gap> Display(c2a4) ;
C2xa4d

w N

la 2a 3a 3b 2b 2¢ 6a 6b
2P 1a 1a 3b 3a 1a 1la 3b 3a
3P 1a 2a 1a 1a 2b 2¢ 2b 2b

X.1 11 1 1 1 1 1 1
X.2 1 1 A/A 1 1 A /A
X.3 1 1 /A A 1 1 /A A
X.4 3 -1 . . 3-1 . .
X.5 111 1-1-1 -1 -1
X.6 1 1 A/A-1-1 -A-/A
X.7 1 1 /A A-1-1-/A -A
X.8 3 -1 -3 1

A = E(3)

= (-1+ER(-3))/2 = b3

# Definion of the character char

gap> char:=Sum(Irr(c2a4){[3,8]});

# Definition of two Hilbert series

gap> Hil:=MolienSeries(char);

( 1-z72+4z"3+2%z~4 ) / ( (1-z76)*(1-z"3)*(1-z"2)"2 )

gap> MolienSeriesWithGivenDenominator (Hil, [2,3,4,6]);

( 14273427 4+z"5+2%z2"6 ) / ( (1-z"6)*(1-z"4)*(1-2z"3)*(1-2"2) )
gap> Hil2:=MolienSeries(lambda,Irr(c2a4) [3]);

( 1+z-z"24z"3+z"4 ) / ( (1-z"6)*(1-z"3)*(1-z"2)"2 )

gap> MolienSeriesWithGivenDenominator(Hil2, [2,3,4,6]);

( 1+z+2%z~3+z"5+z"6 ) / ( (1-z76)*(1-z~4)*(1-2z"3)*(1-z"2) )
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8.10 [MAGMA]-Code for Section 5.5 and 5.6

| deleted some of the output of [MAGMA] so that you can extract the idea more easily.

a) First we give the instructions for the invariant ring with respedstdsince we want
to shorten the instructions, we use the abbreviations

MJ:=M;®Mj MT :=Mr-«+ ®Mr and Flip = Mgjjp.

Get more output for Grobner basis calculations

SetVerbose ("Groebner",1);

Definitions

F<w>:=CyclotomicField(3);

MJ:=[ -1/3, 1/3, 1/3, -1/3, 2/3, 1/3, -2/3, -1/3, 2/3,
-2/3, 1/3, -1/3, -4/3, -2/3, -2/3, -1/3 1;

MT:=[ 2/3xw+1/3%w"2, 1/3%u-1/3%w"~2, 0, 0, 2/3*w-2/3*w"2,
1/3*%w+2/3*%w~2, 0, 0, 0, 0, -1/3*w-2/3*w"2,
-2/3%u-1/3*xw"2,0, 0, -4/3*w-2/3*xw~2, 1/3%w-1/3*w"2 ] ;

g:=MatrixGroup<4,F| [MJ,MT]>;
invring:=InvariantRing(g) ;
hsinvring:=HilbertSeries (invring);
prim:=PrimaryInvariants(invring) ;
sec:=SecondarylInvariants (invring) ;

YV VV V V V V V V V V V %V H®

With the instruction >invring; we can get a lot of information on the invariant ring,
e. g. Hilbert series and a set of primary and secondary invariants. The Hilbert series
can be found in Section 5.5 and a set of primary and secondary invariants are written
out in Section 8.8.

b) Now we give the instructions to decide whether a given set is a homogeneous system
of parameters i¥ [V ®V]/kerr.

Definition of the kernel of pi.
k:=RationalField();
P<x1,x2,x3,x4>:=PolynomialRing(k,4) ;
id:= hom<P->P| [x1,x2,x3,x4]>;
prim:=id(prim);

sec:=id(sec);

ker:=[x1*x4-x2*x3] ;

Testing whether the set test is a hsop
test:=[ker[1],prim[2],prim[3],prim[4]];
hs:=HilbertSeries(Ideal(test));
hs;

vV V.V ¥V V V V V V H®H
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t78 + 4*xt7°7 + 9%t76 + 14%xt"5 + 16*xt~4 + 14*%t~3 + 9%t~2 + 4%t + 1
Further examples
testl:=[ker[1],prim[1],prim[2],prim[3]];
hs1:=HilbertSeries(Ideal(testl));
test2:=[ker[1],prim[1],prim[3],prim[4]];
hs2:=HilbertSeries(Ideal(test2));
test3:=[ker[1],prim[1],prim[2],prim[4]];
hs3:=HilbertSeries(Ideal(test3));

hsi;

t76 + 4xt7h5 + 8*%t~4 + 10*%t"3 + 8xt"2 + 4%t + 1

> hs?2;

t°7 + 4xt76 + 8%t"5 + 11xt~4 + 11%xt~3 + 8*xt~2 + 4%t + 1
> hs3;

(t76 + 2%t"5 - 3%t~3 - 4xt"2 - 3%t - 1)/(t - 1)

V V V V V V V %=

c) We also give the instructions to determine further relations. The images of the set of
primary and secondary invariants can be found in Section 5.5.

Definition of pi
Q<yl,y2,z1,z2>:=PolynomialRing(k,4) ;

gens:=[yl*zl, yl*z2, y2*xzl, y2*z2];
pi:=hom<P->Q|gens>;

primpi:=pi(prim);

secpi:=pi(sec);

More relations can be calculated in the following way
R<t1,t2,t3>:=PolynomialRing(k,3);

RelationIdeal ([primpi[1],primpi[4],secpil3]1],R);
Ideal of Polynomial ring of rank 3 over Rational Field
Lexicographical Order

Variables: t1, t2, t3

Basis:

[

VvV V. ®% V V V V V &

t172 - t2 - 3/4*t3
d) Since the instructions to determine the results of Section 5.6 can be determined in an
analogous way, we only write out the definition of the new group.

> 13:=[1,0,0,0,0,0,1,0,0,1,0,0,0,0,0,11;
> g:=MatrixGroup<4,F|[11,12,13]>;
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8.11 More Borcherds Products

The following table lists more Borcherds products with weight at most 100:

LOIN

0N

™MIN

LOIN

™MIN

A/ B|C|D

N

mIN

mMIN

213|100
213]10]0

OIN

316|150
314[15]0
3,415/ 0
3/14]15]/0

NI

41510 2

415120|0
412 10| 2
4151200

1%

K12

K12

K1.2X5

x5

1

K1.2X5

K1.2X5

1
x5

1

1
K12X5

1

K12

1
1

1

0

0

1

2

10
15

weight| A [ A5 [ A [ A& [ A% [ A%

10
11
12
13
14
15
17
18
23
24
29
29
30
30
30
35

36

36

39

40
42

42

48
48

48
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weight | A" | A | A& | A | Afs | Ap| v |A| B | C|D
9 11 | 45
54 | 0|3 |1[3|1|0 |ko|3|¥[%0
54 | 0|7 |1]0|2|0 |ke|3|¥[%0
55 | 5| 7|00 2|0 |x|5|8[25/0
60 | 0| 2|04 10| 1|5|6[250
60 | 0| 6| 0|1 |2]0|1|5|6|25]0
65 [ 10| 0| 4| 1|1 |me/¥ Y 21
111 5 25
65 1 0 0 0 2 3 K12 > 5 > 3
80 | 4|10/ 0|0 |3]0| 1|7]|10/35|0
84 | 0 1|22 ]3|y |7 30| 1
84 | 0 16| 1| 1| x |7|4|20]3
95 | 1 0| 8| 1|0 | x5 |8|10[40|0

8.12 Paramodular Forms
weight 13 e secondary generator: none

e relation:

Lift g 5 Lift o, ; = 2880 LftE,  Lift g s —24 Liftesg s Lift e, 5, 5 -

e possible list of needed Fourier coefficient$;1,—4...—2), (2,2,-8...—7).
weight 14 As in weight 12, there exists a skew-symmetric Borcherds prod#gi. We

therefore need only nine symmetric paramodular forms:

e secondary generators: LdggJ W1a.

6,5’

e relations:

Lift 5,7_5 — 240 Liftg,% Lift g, 5 +48 Liftaog 5 Lift o, ¢ ,05 5

Lift g5 Lift 2 /2 =48 Liftq)5,5 Lift Dy 5/2Pe5/27

Lift o g Lift £, £, , = 6528 Lifth, , Lift £, +192 Liftoy Lift o, 1056,

+136.Lft2,  Lift oqs —

e possible list of needed Fourier coefficients:
(0,0,0), (1,1,—4...—-1), (1,2,-5), and (2,2,—8...—6).

3600
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direct product, 1 fi, 26
Dirichlet character, 36 f*, 108
discrete, 34 F(X1,...,%n), 2
discriminant, 26 FX1,..., %], 2
group, 26 5,11
kernel, 26 §1 <82, 12
of quadratic divisor, 28 FG, 51

Dis(L), 26 FG-homomorphism



Index

131

x-twisted, 53
finite extensions of rings, 48
fixmodule, 51
relative, 52
fixpoint, 34
Flip, 66
Fourier expansion, 25, 35
to a cusp, 38
Fricke-group, 6
Fuchsian group, 34

Gg,31

G, 1

G? 1

G, 33

Os, 112

%(7), 79

ry, 6

rmax 6

row), 6

rO(t)max’ 6

s, 19

s 19

rP),3

T(P)2, 6

generators
of [(P),5

GLh(R), 1

Gorenstein
strongly, 98

graded Nakayama lemma, 49

group
algebra, 51
cyclic, 1
discrete, 34
discriminant, 26
general linear, 1
integral orthogonal, 19
linearly reductive, 54
metaplectic, 71
paramodular, 3
real orthogonal, 17
special linear, 1

symplectic, 1

H, 1
Hy, 4
Hs, 18
He, 29
Hskew 67
Hsym, 66
Hiot, 63
H(Z), 72
H(M,t), 49
H(RC,t), 59
H(R*,1), 59
half-plane

upper, 1
half-space

orthogonal, 18
Hecke operator, 78
height of an ideal, 48
heightP, 48
Heisenberg group, 72
Hilbert series, 49
Hilbert's Basis Theorem, 48
Hironaka decomposition, 59

homogeneous system of parameters, 49

homogenization, 112
hyperbolic plane, 26
hypothesis, 48

7+, 112
ideal
height, 48
radical, 115
idealWw), 111
image, 2
imf, 2
input
for Borcherds products, 91
integral
element, 48
paramodular group, 3
invariant
A-relative, 51



132

Index

relativ-invariant, 59
relative-primary, 59
ring, 50

invariant ring, 50

j-cusp, 12

J, 1,18

J, 71

Jp, 1

Jp, 1

T+, 112

J1, 103

J2, 103

j(M, 1), 71

Jacobi
cusp form, 72
form, 72
weak form, 72

Jacobi group
metaplectic, 72

Jacobian
determinant, 56
matrix, 56

K, 7,105
Ki2, 1
kernel, 2
discrimant, 26
kerf, 2
Koecher principle, 25
Krull dimension, 48
Krull's Principal Ideal Theorem, 48

li, 6
L', 26
Ln, 16
A, 34
M, 8
Aw, 87
Aik: 8
A, 34
AL, 27
N, 4
Nij, 4

No, 4
LAL, 106
lattice
dual, 26
Lemma
Nakayama, 49
Liftp(Z), 79

Maal3
lift, 81
space, 81

M, 29

M,, 18

Mp, 18

Meiip, 45

Mp, 18

M,, 18

Myq, 81

Mp, 13

u, 7

M(f), 81

Hi, 7

m|n, 1

mi n, 1

min, 1

M=xZ, 11

M (w), 18

M{w}, 18

M1 x Mo, 1

|\/|1 Xt |V|2, 29

My x" My, 29

M(T',v), 35

Mk(rs, V), 24

mapping
Segre, 113

Maty(R), 1

matrix
parabolic, 34
positive definite, 1
symmetric, 1

metaplectic group, 71

M (Z), 72

modular form



Index

133

meromorphic, 75
orthogonal, 24
skew-symmetric, 41
symmetric, 41

to congruence groups, 35

vectorvalued, 75
module
Cohen-Macaulay, 58
depth, 58
Noetherian, 47
Z-graded, 47
Molien’s formula, 56
morphism, 111
Mp,(R), 71
Mp,(Z), 71
Mp(Z)[N], 71
multiplier system, 75

N(P), 4

V&b,72

v, 40

VH, 12

N(T,v), 36

v, 94

Noether normalization, 49
Noetherian module, 47

w, 21

O(L), 27

Odis(L), 26

Q(P), 4

O(S;R), 17

O(S;R)T, 18

obstruction space, 89

operator
differential, 73
Hecke, 78

order, 49

ordM, 49

b, 116

I:)FI'! 27
2

]P’Q”, 13

P(t), 97

PB(3), 12
qh,63
@y, 21
P, 72
®'(7,2), 73
q3475/2, 84
Dg 52, 84
r, 62,111
ﬂM,lOS
r*, 111
T k(M), 7
Wy, 90
Y, 24
WikN, 7
palindrome, 97
parabolic subgroup, 12
paramodular
cusp form, 10
part
imaginary, 1
real, 1
Poincaré series, 49
polynomial mapping, 111
Pos(Q), 3
primitive, 13, 27
principal congruence group
metaplectic, 71
pullback, 111

q, 74
G, 26

r,74

Ra, 18
RT, 48
RTM, 49
R*, 112
R*, 51
Ri(n)’ 13
RS 66
RS 66
p*, 76
Pmpb, 76



134 Index

radZ, 115 Siegel® operator, 10
radical, 115 Siegel upper half-space, 4
rational paramodular group, 3 SLy(Z)M, 29
regular, 58 SLh(R), 1
relativ-invariant Sp(R), 1
secondary, 59 Sp,(R)P, 11
representation standard graduation, 47
dual, 76 subblock
Reynolds operator, 51 of P, 6
ring Sym,y(R), 1
Cohen-Macaulay, 58 symplectic relations, 3

determinantal, 115

determinental, 62 7o, 105
finite extension, 48 T, 71
Gorenstein, 98 t 3
rot(U), 1 tij, 3
T, 34
S, 17 P, 3
S, 17 T\V], 47
S, 33 7-(1),78
S, 27 T7Q(1), 78
S, 83 Omp, 76
s, 116 Omx b 76
S.ii1, 6 t-divisor, 13
S$S>0,1 Theorem
S|V], 47 Hilbert-Noether, 54
S[V]G, 51 HiIbert-Serre, 49
S[V])L1 51 of Hochster Eagon, 60
G, 62 theta series, 76
Ga, 78 trangS), 1
>(P), 4 trdeg, 49
>(P), 4
Sk(T(P),v), 10 Ua: 5
Sk(l,v), 36 V, 18
Sk(r57 V), 25 Vr, 62
scalar product, 76 Vo, 26
Petersson, 36 Vg, 5
Segre Vp, 13
mapping, 113 V* 111
variety, 113 V* 51
sequence Vi, 76
regular, 58 var(fy,..., fs), 111

sgn, 105

variety



Index 135

affine, 111

projective, 111

Segre, 62,113
vector

primitive, 27
vector space

dual, 111
volume element, 36

W, 77

Wi, 94

Weil representation, 88
Witt-operator, 94

Xixs 1
Yi, 13

{3, 35
Zeros
constraint, 93



136 Index

Lebenslauf

Personliche Angaben:
Geburtsdatum und -ort:  11.03.1973, Wertheim (Main)

Nationalitat: deutsch

Familienstand: ledig

Schule:

1979-92 Schulzeit mit Abschlul3 des Abiturs am Bis-
choflichen Gymnasium Koblenz

Wehrdienst:

07/1992-06/1993 Gerolstein und Koblenz

Studium:

10/1993-01/1999 Studium der Mathematik mit Nebenfach Physik
und Vertiefung in der Zahlentheorie an der RWTH
Aachen

07/1996 Aufnahme in die Studienstiftung des deutschen
\Volkes

01/1999 Diplom, Gesamtnote “sehr gut’.  Titel der
Diplomarbeit: “Modulformen zur paramodularen
Gruppe”

04/1999-03/2000 einjahriger  Forschungsaufenthalt an  der

staatlichen Universitat von Osaka. Stipendium
des AIEJ-Programms der japanischen Regierung
und des Ostasienprogramms der Daimler-Chrysler

Stiftung.

Arbeitserfahrung:

10/1994-10/1998 Studentische Hilfskraft an den Lehrstiihlen A und
D fur Mathematik mit einem Semester Pause

02/1999-03/1999 Wissenschaftliche Hilfskraft am Lehrstuhl A fr
Mathematik, Leiten einegIpX-Kurses

Seit 04/2000 Wissenschatftlicher Mitarbeiter am Lehrstuhl A flr

Mathematik, Betreuung des Ubungsbetriebs



