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Preface

Preface

This report presents the investigation on the research work ” Graph and 2-D Optimiza-
tion Theory and their application for discrete simulation of gas transportation networks
and industrial processes with repetitive operations” and gives mainly the theoretical part
of as a basis for developing numerical methods. It is conjectured that the corresponding
algorithms will be realized as computer programs and next they can be used in practical
work.

Chapter 1 presents graph and 2-D theory setting to test a gas distribution network
for physical feasibility and their optimization within the predefined ranges of available
transport capacity and boundary conditions. The models introduced can be used for
problems of flow/pressure control of gas transport network. The aim of the work is the
development of a comprehensive optimization theory based on a constructive approach
in the graph and 2-D models. The key elements of the proposed optimization method is
illustrated by an example. Some aspects of the numerical optimization method for the
distributed gas network are discussed, too.

In Chapter 2 we consider a class of discrete 2-D models to study the gas network
system. The focus is on the development of a new optimization method based on operator
setting. The traditional for optimization theory problems such as existence and uniqueness
of optimal control as well the optimal feedback control law are investigated.

Chapter 3 develops the optimization theory for the so-called repetitive processes. These
objects arise in the modeling of a lot of industrial processes and they can be used for
the perspective planning or learning procedures. The classical approach based on the
separation theorem and a new, named constructive, method are developed. These results
are illustrated by solving a synthesis problem for the system with simple dynamics.

In Chapter 4 we investigate the links between some classes of linear repetitive processes
and delay systems and apply this to analyze system theoretic problems arising such as
controllability and optimization of these repetitive processes.
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Introduction

The past decades, in particular, have seen a continually growing interest in the ap-
plication of modern mathematical theories to engineering problems. This development
is clearly related to the wide variety of applications of both practical and theoretical in-
terests. The progress in computer technologies, the availability of high-speed processors
and various programming languages allow nowadays the researchers in different areas of
science to investigate and design numerous algorithms to solve physical and engineering
phenomena on the computer. However, to construct high precision models of a real process
one has to begin with its mathematical description and analysis in order to obtain specific
characteristics of the considered problem. This helps to design very efficient numerical
methods which can be implemented directly on the computer.

Many technical and information processes in various fields possess identical mathe-
matical structures, that can be described in a common optimization problem form. Such
a generalization allows to construct general algorithms to solve a wide class of problems.
It is, however, not sufficient to analyze a given problem on a pure theoretical basis. The
practical application may pose additional constraints like real-time performance of the sys-
tem, low-delay requirements or restrictions on computing power or memory. Therefore, it
is necessary to develop a discrete model for the solution of the problem which is suitable
for computer implementation.

The presented thesis is oriented towards the development of algorithms based on con-
structive optimization methods in graph and 2-D system theory and their application for
solving practical problems arising in the discrete simulation of distributed gas transporta-
tion networks and industrial processes with repetitive operations. The need to consider
these objects has been stimulated by numerous engineering applications where system
models of physical processes yield this class of objects. In spite of a number of papers
devoted to this theme and the large popularity of these processes, their investigation still
remains a challenging problem.

In this thesis the investigation on the Research work 7 Graph and 2-D Optimization
Theory and their application for discrete simulation of gas transportation networks and
industrial processes with repetitive operations”. This work gives mainly the theoretical
part of this research on the base of that some numerical methods are developed. It is
conjectured that the corresponding algorithms will be realized as computer programs and
next they can be used in practical work.

The main goals of this work are: (i) to present the state of the art of the optimiza-
tion theory in the context of gas transportation networks and repetitive processes, (ii) to
present the graph and 2-D system setting approach for gas networks modeling, (iii) to
design constructive optimization methods in graph and repetitive models, (iv) to state the
important system theoretic properties of 2-D and repetitive processes and (v) to illustrate
the presented methods on some selected problems of technical interest. These five goals
are reflected by Chapter 1 through Chapter 4.

The gas transportation network (GTN) is a well known example of a complex and
large scale distributed parameter system of great practical interest [54]. For this rea-
son the modeling approaches, numerical methods and optimization of operating modes
of gas transport networks are of permanent interest for researchers. Although in the last
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Introduction

decades a number of papers devoted to this theme were published [64], [74], the control
of complicated gas networks still remains an actual problem. A general model of a gas
transportation network includes a number of nonlinear elements such as pipelines, gash-
olders, compressor stations and others. A detailed description of the gas transportation
through the whole gas network is rather complex. Usually the proposed equations involve
a number of variables and can become quite cumbersome. But there exists a need to
check quickly the physical feasibility of a gas distribution network within the predefined
ranges of available transport capacity and suddenly changing boundary conditions. This
can not be done efficient in framework of the full gas network description. Nevertheless, a
multistage mathematical formalization is feasible in terms of some generalized parameters
and suitable variables. Such formalization is from a simple high level model that can be
expanded and developed then into a more complicated representation according to needs.

By this reason in the first two Chapters the mathematical model and the correspond-
ing optimization problem of gas transport networks are introduced on the basis of the
constructive approach in the graph and 2-D system setting. Namely, in Chapter 1, the
simplest graph model is proposed to express potentially critical flow /pressure values within
the given margins of inflows, outflows and setting of active components such as storage ca-
pacity gasholders, compressor stations and others in order to satisfy /optimize the demand
distributed over different nodes.

The models introduced can be used to test a gas distribution network for physical fea-
sibility and their optimization within the predefined ranges of available transport capacity
and boundary conditions. The aim of the chapter is the development of a comprehensive
optimization theory based on constructive approach in the graph and 2-D models. The key
elements of the proposed optimization method is illustrated by an example. Some aspects
of the numerical optimization method for the distributed gas network are discussed, too.

Next, in Chapter 2, the 2-D system setting can be used then for the more sophisti-
cated and detailed description of dynamic processes in gas pipeline units based on partial
differential momentum and continuity equations [74]. Also the optimal feedback control
problem for 2-D systems is discussed that is of both system theoretic and application inter-
est. Some aspects of the control theory for the multidimensional systems are investigated
in [47]. The various optimal control problems for 2-D systems have been considered in
[11].

Chapter 3 develops the optimization theory for so-called repetitive processes. These
objects arise in the modeling a lot of industrial processes and they can be used for the
planning or learning procedures. A multipass process (termed repetitive process in the
other literature) is one in which the material involved is processed by a sequence of passes,
termed sweeps, of the processing tool. Such systems are characterized by two distinctive
features, repetitive operation and dependence of present-pass behaviour on the behaviour
of the previous passes. They arise in the modeling a lot of industrial processes such as
long-wall coal cutting, metal rolling operations and others. Metal rolling, for example, is
an industrial process where deformation of the metal stock takes place between two rolls
with parallel axes revolving in opposite directions through a series of passes for successive
reductions. An repetitive processes of metal rolling modeling in linearized form can be
presented as follows (some details can be found in [72])

d2yk(t)
dt?

2d2yk_1(t)

+ /\1yk_1(t) + buk(t), te [O,t*], ke K = {1, ...,N},

where y(t) and yx_1(t) denote the gauge on the current and previous passes through the
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rolls; A1, Ao and b are determined, in fact, by the stiffness of the metal strip and the roll
mechanism properties, u(t) can be interpreted as the applied force to the metal strip by
the rolls.

Such dynamic systems provide an appropriate mathematical tool for modeling chemical
processes, also. In particular, a model of the rectification process of many component
mixture in a many-plate column can be represented by the similar model

dxc;t( D (e a(t) + Va0)a(t) — Rols(8), (1)) + v (),
dy;t(t) = Ls+1(t)ys+1(t) + Ls (t)ys (t) + RS (:ES (t)’ Ys (t)) + ys (t)’

tel0,t], se K ={1,.,N}.

Here x(s,t), y(s,t) denote the desired material concentration on s-th plate in the gas and
liquid fractions, respectively; L, V and R present the hydrodynamical characteristic of the
process under consideration; u, and u, are the control material row; K is subset of integers.
Some details of the model can be found in [18]. Also problem areas exist where adopting a
repetitive process perspective has clear advantages over alternatives. The development of
a mature systems theory for these processes has been the subject of considerable research
efforts over the past two decades which has resulted in very significant progress on systems
theoretic properties. This work is devoted to the optimization theory of some classes of
these objects.

The first part of the Chapter 3 uses the classic approach to investigate the traditional
optimal control theory problems. It is well known that the separation theorem for convex
sets is quite useful approach for studying a wide class of the extremal problems. Here we
develop method to establish optimality conditions in the classic form of maximum princi-
pal for multipass nonstationary continuous-discrete control system with nonlinear inputs
and nonlocal state-phase terminal constraints of general form. The obtained results are
traditional for classic optimal control theory. However, their numerical realization is not a
trivial task. By this reason in the next sections for the stationary case of the system model
and particular case of the constraint and the cost functional we develop the new optimality
and sub-optimality conditions that are more suitable for the design of numerical methods
and further applications. In contrast to the classic approaches of optimal control theory,in
the second part of the Chapter 3 we use the idea of constructive methods reported in
[37] and extend this setting to the continuous-discrete case to produce new results and
constructive elements of optimization theory for the considered repetitive systems and
develop also its relevant basic properties which can be of interest for others purposes, too.
It is shown that the obtained optimality and e-optimality conditions are close related to
the corresponding classic results of maximum principle and e- maximum principle. The
sensitivity analysis and some differential properties of the optimal controls under distur-
bances are discussed and their application to the optimal synthesis problem is given. It
has been conjectured that such setting could be appropriate for development of numerical
methods of optimal control problems and related studies on which very little work has
yet been reported. The obtained results yield a theoretical background for the design
problem of optimal controllers for relevant basic processes. This idea is demonstrated by
an illustrative example where the optimal feedback control law is given.

It is already known that repetitive processes can be represented in various dynamical
system forms, which can, where appropriate, be used to great effect in the control related
analysis of these processes. In the Chapter 4, we investigate further the already known
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Introduction

links between some classes of linear repetitive processes and delay systems and apply
this to analyze control theory problems arising in controllability and optimal control of
these repetitive processes. In particular, so-called characteristic mappings introduced in
[37] are used to establish controllability properties criteria. Next, time optimal control
problems are considered, where it is well known that the separation theorem for convex
sets is a useful approach for studying a wide class of extremal problems. Here we adopt
this method to establish optimality conditions in the classic form. The key features of
the developed optimization method is illustrated by an example where the time optimal
control is calculated for the time delayed differential equation with control input.




Mathematical modeling in distributed
gas networks

This chapter presents a graph and a 2-D theory setting for a gas distribution network to
test their physical feasibility and their optimization within predefined ranges of available
transport capacity and boundary conditions. The models introduced can be used for
problems of flow /pressure control of gas transport networks. The aim of the work is the
development of a comprehensive optimization theory based on a constructive approach
in the graph and 2-D models. The key elements of the proposed optimization method is
illustrated by an example. Some aspects of the numerical optimization method for the
distributed gas network are discussed, too.

1.1 Gas transportation networks background

The gas transportation network (GTN) is a well known example of a complex and large
scale distributed parameter system of great practical interest [54]. By this reason the
modeling approaches, numerical methods and optimization of operating modes of gas
transport networks are of permanent interest for researchers. In the last decades a number
of papers devoted to this theme were published (see, for example, [64], [74], [63], [33],
[75], [76], [77], [79], [5], [50]) however control of complicated gas networks still remains a
challenging problem.

A general model of a gas transportation network includes a number of nonlinear el-
ements such as pipelines, gasholders, compressor stations and others. See Figure 1.1:

Figure 1.1: Segment of the complex gas network.

A detailed description of the gas transportation through the whole gas network is
rather complex.




Chapter 1. Mathematical modeling in distributed gas networks

For the network there are two types of objects: nodes and edges which constitute the
network itself. The elements of such types form the required network. The main difference
between the elements of these types is that each edge can be connected with no more than
two nodes, whereas a nodes in its turn has no limitations with regard to the number of
edges connected thereto. The set of edges can be portioned on the different classes such
as active and passive, for example, where the compressors/comressor stations exist or not.
Usually, the type of nodes consists of the following types of objects:

i) nodes between the edges (external);

ii) nodes along pipes, i.e. internal edge nodes.

The external nodes can be treated as the point where there exist pressure and flow
monitoring and control facilities.

Thus, the general gas transportation network can be constructed on the basis of the
given elements.

Nevertheless, a detailed description of the gas transportation through the whole gas
network is rather complex. Usually the equations obtained in this way involve a number
of variables and can become quite cumbersome, and they are used mostly for theoretical
studying. But in the ordinary cases there exists a need to check quickly the physical
feasibility of a gas distribution network within the predefined ranges of available transport
capacity and the sudden changed boundary conditions, which can not be done fast in
framework of the full gas network description. In this case a multistage mathematical
formalization is feasible in terms of some generalized parameters and suitable variables.
Such formalization is from a simple high level model that can be expanded and developed
then into a more complicated representation according to needs.

In the presented Chapter this idea of multistage modeling in large scale distributed
gas network is realized. Namely, the mathematical models and corresponding optimiza-
tion problems of gas transport networks are introduced on the basis of the constructive
approach in graph and 2-D system setting.

The simplest graph model is proposed for the first stage modeling to express potentially
critical flow /pressure values within the given margins of inflows, outflows and setting of
active components such as storage capacity gasholders, compressor stations and others in
order to satisfy/optimize the demand distributed over different nodes. At the beginning
the graph optimization method is developed for the simple case of stationary network.
Next we extend this method for nonstationary case when some characteristic properties of
the the network elements can be varied as times goes by. In order to consider simultaneity
the pressure and flow gas in the transport networks the two-commodity flow graph model
is considered, also.

The 2-D system setting can be used then at the second stage modeling for the more
sophisticated and detailed description of dynamic processes in gas pipeline units based on
partial differential momentum and continuity equations [74]. The various types of the 2-D
models are stated due to the applied discretization schemes to the PDE equations used for
the gas behavior description. Also the optimal feedback control problem for 2-D systems
is discussed that is of both systems theoretic and application interest.

1.2 Graph models for non steady gas transport networks

It was noted above that the detailed description of the gas transportation through the
whole gas network is rather complex. Therefore, a multistage mathematical formalization
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1.2 Graph models for non steady gas transport networks

in terms of the corresponding parameters and suitable variables is a natural way to study
the key features of the problem to be interesting for the given level.

In this Section the graph optimization method is developed for the simple case of
the non steady (stationary) gas network. This method is based mainly on the construc-
tive optimization approach proposed in [38], [37], [39], [40] for the linear programming
problems.

1.2.1 Problem formulation

An approach to design the higher level GTN model is based on the assumption that the
network consists of several supply points where the gas is injected into the system, several
demand points where the gas flows out of system and other intermediate nodes and storage
where the gas is rerouted or stockpiled. Pipelines are represented by arcs(edges) linking
the nodes. A fragment of GTN network can be graphically illustrated as in Figure (1.2):

Input flow generates a unique collection
of edge flows and output flow .

Figure 1.2: Segment of the complex gas network(notations).

In this section we presents the model based on a graph setting which is more attractive
for practical implementation at the first stage. In particular, the adaptation of a construc-
tive method of linear programming [37] for the net graph model is presented. This model
is treated then as a specific optimal control problem for which e-optimality conditions are
given. Such kind of suboptimality conditions are suitable for numerical methods design
and present a good tool to realize sensitivity analysis (robustness analysis) of the obtained
solution.

We introduce the gas transportation graph network (GTN) model as follows. Let
S = {I,U} be a stationary net where I = {1,2,...,n} denotes the set of nodes and U
denotes the set of edges connecting these nodes. For brevity sake, we suppose that the
considered net S has several input sources and one offtake node ¢, whose output is not
used next as input flow. Also, z; denotes the gas flow in the node ; x;; denotes the gas
flow that is transported from the node ¢ to the node j; d};, d;;« denote the upper and

*
177
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Chapter 1. Mathematical modeling in distributed gas networks

lower network throughput gas capacity from the node ¢ to the node j, respectively; d, d;.
denote the upper and lower network throughput gas capacity in the node 1.

It is convenient to divide the set of nodes I in two subsets Ia, Iz, IANIy = O termed as
set of input and summation nodes. Hence, the input flow into the gas network is formed by
input flows of x;,7 € Ia. The resulting output flow (coming out from final node t)is denoted

as f. We assume that each summation node j € Iy, has several input flows z1, 22, ..., 2¢;
a5

and one output flow z such that ) z;+a; = z where a; denotes the intensity (or available
k=1

storage capacity) of the node j. In accordance with this partition of nodes, divide the set
of edges U in two subsets Un, U, as follows Un = {(4,7) : i € In}, Uy = U \ Ua. Then
for each edge (i, j) € Uy, in addition to the above mentioned throughput capacity d;kj, ;s
of the edges, we introduce another transformation coefficient a;; such that the initial gas
flow ;; coming out of node ¢ is transformed into the new gas flow a;;z;; coming into node
j. (In the literature, such kind of edges are also termed as active arcs and correspond to
pipelines connected to compressor stations). A negative value a;; corresponds to the need
of internal consumption. Such assumptions have an obvious physical meaning and make
it possible to take into account the real effects of loss and pumping gas in the pipelines.

Let us now briefly describe the problem constraints. For a supply node, the bounds
of flow in the network are directly derived from the bounds pre-agreed between the trans-
mission company and the gas producer (on a nominal daily quantity, for example). This
implies the following bound constraints on the network inflow:

Besides the classical flow balance equations ( see (1.6) below) at each node, the nonlinear
relation between the flow and the difference of the pressure p;,p; at the two ends of each
pipe also need to be considered. For the high pressure, this later relation is given by the
Weymouth formula for gas (see Osiadacz, 1987) and by the Darcy-Weisbach formula for
liquid, and can be expressed as:

sz’gn(a:,-j)a:?j = Cf](pf — p?), (1.2)

where the constants Cj; depend on the diameter D;; of the pipe. This allows us to
consider the pressure variables and thus to take into account the bounds on pressure.
Next we introduce the lower and upper bounds on the pressure p; at each node i € I.
These bounds allow the gas to be delivered, at least, at minimal pressure to the final user
and guarantee that the maximal pressure that each producer can provide is not exceeded.
This together with relation (1.2) leads to constraints on the throughput capacity of the
form:

dvij < myy < djy, (i,)) € Us. (1.3)
In addition, a natural constraint on the transmission capacity of the arches exist and can
be joined with (1.3).

Remark 1. FEvidently, there exist more complicated links between pressure and gas flow
values that are used for the detailed description of the gas flow in pipes and nodes of the
distributed networks. Nevertheless, for the first stage modelling the proposed substitution
of the pressure constraints by the generalized flow constraints of (1.3) based on (1.2) are

4




1.2 Graph models for non steady gas transport networks

feasible, in general. Also, in this Section the so-called two-commodity gas transportation
model is introduced. This model gives an ability for simultaneous optimization of pressure
and flow variables.

Standard case is that the cost function presents the common output flow in the form

f= Z Totst + Z xjaj; + ap — max (1.4)
sel, SN
where
I7 ={sely: (s,4) €U, Ini={j € In: (j,i) €U} (1.5)

Finally, the optimization model for gas transportation is given in the following form:
maximize the cost function (1.4) over the solution of

Tij(i) = Z Tsisi + Z Tjaj; + a; (1.6)

sel;” JE€In;

where j(i) denotes the node connecting with the node ¢ such that (4,;(i)) € U.

1.2.2 The basic definitions and optimality conditions

Choose some subsets Iasupp C In, Issupp C Is \ t. Denote by

Usupp = U* \ UieIEsupp (17\7(1))’ Unsupp = U* \ Usupp'

Using the given sets, find the solution p;, p; € Is;, of the system:

Hi — Qi = 07 (17]) € Usuppa (18)
with the initial condition
pe =1, pi=1, i € Ingupp. (1.9)
Introduce the matrix
Gsupp = (gsi7 ERS [Esup]n (S IAsupp) (110)
where
9si = Z Pk, S € IEsuppa { eAsupp . (111)
k‘EIA(i)UIE(S)

Denote by |I] the amount of the entries in the integer-valued set I.

Definition 1. The collection Qsupp = {IAsupps Issupp} is called the support of the network
S if [Insupp] = Issupp| and det Ggypp # 0.

Introduce the so-called pseudo-flow &e = {(x;, i € Ia); xij, (i,)) € Uy} as a flow which
is calculated for the given net S for the given input flow (z;, ¢ € Ia) that is transformed
at the nodes and edges in accordance with given characteristics of the net .S, and where
the principal constraints (1.7) of the net are omitted.




Chapter 1. Mathematical modeling in distributed gas networks

Remark 2. The given definition of the support can be equivalently rewritten by the fol-
lowing form.
The collection of the sets

qupp = {[Asup]nfz supp}7 [Asupp - [Aa [Z supp - [Z \t

is called the support if in the net S with additional condition a; =0, i € Iy~ the following
equalities

ij(i) = 0,1 € Iy suppi
T, = 072 € [Ansupp7 IAnsupp = IA \[Asupp

holds only for the trivial pseudo-flow s = (xi, i € In; 45, (i,§) € Uy), but for Vi €
IZ supp? V]O S [Ansupp the equalities

Tiji) = 0,2 € IE supps  Li = 0,2 € IAnsupp \]0

or the equalities
Tij(i) = 0,7 € IEsupp \ 19; x; = 0,7 € IAnsupp

are valid for one nontrivial pseudo-flow &, at least.

Remark 3. The considered notions extend, in fact, the notions of the so-called support and
supporting solution introduced in classic linear programming [39], which, in turn, are an
extension of the well known notions of basis and basic solution used in linear programming.
In particular, in the simplest case of the LP problem

'z > max, Az=0b, x>0, z€R",
x

where A is the given n X m- matriz, ¢,b are n and m-vectors, the couple of indexes
Toup C{1,2,..,n}, Jeup CH{L1,2,...;m}, |[Lsup| = |Jsup| is called a support iff the submatriz
Agup = ALsup, Jsup) of the matriz A is nonsingular det Agyp # 0. In this case the equation
(rewritten in accordance with index partition)

Asupxsup + Ansup:Ensup = bsup
possess a nontrivial solution, and, hence, the equation
Asup:Esup =0

has a unique trivial solution x g, = 0.

Next, let z be some admissible flow in the network. Note that this flow can eas-
ily be determined by the admissible inputs z;,7 € Ia in accordance with the the given
characteristics of the net.

Definition 2. The pair {z,Qsupp} that consists of the flow z and the support Qgypp of
the problem (1.4)—(1.7) is called support flow. The support flow {z, Qsupp} is called
nondegenerate if

di* <x; < d;ka (S IAsupp; dij* < 517ij < d;'kjv (27]) S Usupp-
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Denote by c(Iasupp) = ¢ = > Aigpt, 1 € Insupp where {I5x(s), Usypp(s)}
keIa(i)NIx(t)

means the connected components of the subset Sgupp = {Is, Usypp} containing the node
S € Iz;supp.
For the given support flow {2z, Qgupp} calculate the so-called potentials y;, @ € Is-:

yr=—1, yl(IZSUPP) - CI(IASUPP)Gs_ulpp; (1'12)
Yi = Yspti, 1€ In(s) s, §€ Ingypp Ut

and the corresponding estimates:

A= Z aikYk, 1€ IAnsupp? (1.13)
keI (i)

Aij =—Yi+ Ai5Y7j, (17]) € Unsupp =U, Usupp-
The obtained estimates are used to formulate the following optimality conditions [37]:

Theorem 1. The nondegenerate support flow {z, Qsupp} is optimal for the problem (1.4)—
(1.7) if and only if the following conditions are fulfilled

A>0 at zi=dy; A<0 at z=d; (1.14)
A =0 at dy <z <df, i€ Iansupp
Ajj =20 at xij =dyj, Ay <0 at xi; = djj;

Aij =0 at d*ij < Zi; < d;-kj, (Z,]) S Unsupp-

1.2.3 Algorithm for optimization method

Usually, in the design of numerical implementation of optimization algorithms we ex-
ploit approximate solutions with corresponding error estimation. Hence it is necessary
to introduce the ‘sub-optimality’ concept, as it is often sufficient to stop the numerical
computations when a satisfactory accuracy level has been achieved.

Denote by f° the optimal criteria function value. Then the suboptimality estimate
B(2z, Qsupp) = fO — f of the current support flow can be calculated as follows

ﬁ(z, qupp) = (1.15)
> Aj(zi — du) + > Aj(zi —df) +
(S IAnsupp (S IAnsupp
A; >0 A; <0
+ 2 Aij(wij — duig) + 2 Agj(wij — dij).
(27.7) € Unsupp (17]) S Unsupp
Aij >0 Aij <0

If the given support flow satisfies the optimality criteria or the preassigned suboptimality
estimate 3(z, Qsupp) < €, then the solution of the our problem stops on this e-optimal flow
2¢ = z. Otherwise we starting iteration process {z, Qsupp} — {Z, @supp} to improve the
current support flow. Each iteration consists of two main parts: changing the flow z — Z,
and changing the support Qgsupp — @wpp.

A) The first part of iteration — changing the flow z — Z.
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The new flow is defined as
Z=2z+00Az (1.16)

where Az denotes the flow improving direction, and 6 is the maximal step along direction
Az. The required improving direction is calculated as follows:

Az = (Axi, i € In; Axyj, (1,7) € Us; Af) (1.17)
where
Ax; = d;k —x; at k;=-—1 (1.18)
Al’i = d*z —x; at k‘i = 1, 1€ IAnsup;n
Az = dijiy = Tijey at ki=—1
Azije) = duiji) — Tigy at ki =15 1€ Iy supp
and the vector k(Iansupp) | Issupp is given as
ki=1 at A; >0;
ki=—1 at A; <0
ki=—1V1 at A;=0; i € Innsupp

The remaining components Az (Iasupp) are given by
Az(Insupp) = Gauppb (I3 supp) (1.19)

where

bi = Azijiy — Do Hi(k)%ki(k) AThjk) — (1.20)

k€5 qupp (i)
— Z AI’j Z Ak ks (S IZ supp
FEI Ansupp k€Ia()NIs (i)

and

IEsupp(i) = {k € IZsupp : j(k) € IE(Z)} (121)

The maximal admissible step 0y along Az can be calculated using the standard for-
mulas:

0o = min{1, 6;,, 05, } (1.22)
Oip =minb;, i € Insupp; 0i = (df — z;)/Ax; at Az; > 0;
0; = (dw; — ;) /Az; at Ax; <0; 0, =00 at Az; =0,
it € IAsupp;
Oinjo = minb;;, (i,7) € Usupp;

0i5 = (dj; — wi5)/Awyj at Azi; > 0;

0i; = (dwij — xij)/Azi; at Az < 0;

0;; =00 at Axi; =0, (i,j) € Usypp-
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If the new suboptimality estimation 3(Z, Qsupp) = (1 — 00)B(2, Qsupp) is not satisfied then
we continue with changing the support Qgsupp — @supp.

B) The second part of iteration — changing the support Qsupp — @supp'

For this purpose the duality optimization theory and the associated notions are used
[37]. In particular, for the optimization problem (1.4)—(1.7) the dual optimization prob-

lem is defined as follows: minimize the function

=- iYi sily; — Vsilysi idy — vidyg i 1.23
q(y) Zay—l— Z (w v )+Z(w v )—»Z%l}l% (1.23)

icly; (s,i)eU. icln
subject to
Yt = _17 —Ys T QsiY; + Wsj — Vsi = 07 Wsj = 07 Vi = O, (S,i) € U*; (124)
Z Yyjaij +wi +vi, w; >0, v; 20, 1€ Ia.
JEIA(?)

The collection A = {y;,1 € In;wsi, vsi, (8,1) € Us;wy,v;,0 € In} satisfying to the con-
straints (1.24) is called the dual plan of (1.23)—(1.24).
Each dual plan A generates the so-called co-flow by the following formulae:

Ai= >0 Yiaij, Aij = —yi + aijy;).
JEIA()

The dual plan A is called a conforming dual plan if it satisfies the conditions:

wsi = 0,vs; = Agi if Ag > 0; (1.25)

Wei = —Agiy s =0 if Ag <0,(s,7) € Uy; (1.26)
w; =0,v; =4A; if A; >0; (1.27)

w; = —A;,0;, =0, if A; <0, i€la. ( )

It is easy to see that each conforming dual plan is uniquely determined by the potentials
y = (yi, i € Iy). Therefore, instead the dual plans the potentials are often used (in this
case the remaining dual variables are given by (1.25).

The couple {A, Qgupp} formed by a co-flow A and a support Qg is called a support
co-flow.

Next, let us {A, Qsupp} is the given support co-flow. For the given support co-flow find
the associated pseudo-flow as follows

7 = d*l Zf k’ - 1; My = d;k Zf kl = _17 Z € [Ansupp;
i) = di Af ki =15 g = di of ki =1 0 € Insupp;
The remaining components are defined by

= —Gobpb

J{(IAsupp) sSupp (Izsupp)

where and the vector b is

b = Z Aol — *ij(i) + Z Hj (k) Okj (k) #kj (k) + Z #j Z @ fok

kels (i) k€Issupp(i) J€lansupp K Ia(F)NIs(9)
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where

[Esupp( ) - {k € IZsupp ](k) € IZ(Z)}

The constructed pseudo-flow is optimal iff the following conditions
%i:d*i ’Lf Ai>0
wi=di if Dide < <df at A;=0, i€ Ingsupp;
Hij( = d*l ’Lf Aij > 0;
Hij = d;k Zf Aijd*ij < Hij < d;k] at Aij =0, (Z,]) S Usupp
hold.
Thus, the optimal solution for the problem (1.4)—(1.7) in some cases can be estimated
directly on the phase of the dual optimization.
Otherwise, we continue the iteration procedure by the following manner.

From (1.22) follows that two situations are possible: 6y = 6;, and 6y = ;.
(i) In the case 6y = 0, the new support Qy,,,,, = {1 Asupps I supp} is modified as follows

TAsupp - ([Asupp \ ZO) U Z’(1/)7 TZ supp — IE supp» Zf Z(1/) € IAnsupp U iO; (129)
IAsupp = IAsupp \ 00, IZ supp — [Z supp \ Z‘(z/)a Zf Z(z/) S [Z supp»

where the index 1 < v < p is determined from the inequalities v,_1 < 0, v, > 0. Here
vo = —|ay,| where the value |a,| denotes the maximal value among the numbers «;,
calculated on the basis of dual variables as follows

oy = 2 — d*zylfAZ >0 or Al = 0, M, = Ay — d;k,ZfAd* 1€ IAsupp;
Qj = Hij — d*Z],ZfA)Zj >0 or Aij = 0, MOy = Hij — zy’ZfA)Zjdm7 (Z,j) c Usupp-

The other values v, are given by
v = Vp_1 + Avg, k=1,p, (1.30)
where
Avy, = |5Z-(k)|(d§‘(k) duigy) if ik € Lansupp Y io; (1.31)
A = iy () — Brivoion) Zf Uk) € T3 supps
Ity = 3(ik)); Tigysyy = 0O

Here 6;, 0;; denote the so-called improving direction for dual co-flow A;, A;; (in particular,
the estimates obtained in (1.13) are also dual co-flows), and are given as

0ij = —Ay; + aijAy;, (i,§) €Uidi = > Ayjay;, i € Ia,

JEIA ()
where
Ay, =0, Ayl(IE supp) = —e;o(IAsupp)Gsuppszgnam, (1.32)
Ay; = Ayspi, 1€ Iy () \ s, 5 € Iy gupp UL
and

€ig ([Asupp) (62 - 0 1€ [Asupp \ 0, €ip = 1)

10
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Finally, the new indices i(,) are rearranged in accordance with the increasing order as
Ui(l) S Ui(z) S § Ji(p)- (133)

Here the values o; (in fact, they are used in the dual optimization problem to determine
the maximal step for dual co-flow along the improving direction) are given as
o; = =£1, if ik <0; 0; =00 otherwise, i€ Innsupp; (1.34)
A IO . _ ; ;
;= ﬁ, if Oijyki <0; ;=00 otherwise, i€ Iy sypp-
ii For the case 0y = 6;,;,, the needed calculation is, in its essence, analogous to the one
described above. We give them shortly. Putting o,;, = Az, (1 — ) and

Ay = 0;
ikt . - ;
Ay(Issupp) == w0 € Tasum) Gy sign co;
keIa()N Iy (s00)

Ay; = Aygpi, i € Is(s), 8 € (I supp Ut) \ 05 (1.35)
Ay; = Aysopti, © € Iy (s0) \ Is2(s0,70);

s1gn « . .
Ay = (Bysy + 2015y € Ty (s0, 0).

10

we can rearranged in accordance with the increasing order the numbers (1.34)—(1.33).
Putting vg = —|a,j,| and using (1.30) to find the vy, we determine f the index 1 <v <p
such that v,—1 <0, v, > 0. Then the new support Q,.,,, = {IAsupp: I~ supp} and vector

k(I Ansupp U TZ supp)are given

TAsupp = [Asuppa TZ supp — ([Z supp \ Z(l/)) U i(), Zf iy € [Z supp

- - (1.36)
I Asupp = Insupp U i) I3 supp = Iy suppU W0, 1 i) € LAnsupp;
and
Kigy = —kigy, s=Tv -1
ki=ki i€ (IAnsuppUio UIEsupp) \ O i(s)s 37

s=1

where kio = SignAinO at Aioj() 75 0; kio = (52'0]'0 at Aiojo =0.
Thus, the iteration of the method is complete.
It is not hard task to verify that the suboptimality estimation of the new support flow

Z, qupp is

_ v—1
B(z, qupp) = (1—60)B(z, qupp) + 007y + kzl Uk(aik+l - Ui(k)) < B(z, qupp)(1-38)
If 3(Z, Qqupp) < € then stop the calculation of the solution of problem (1.4)-(1.7). Other-
wise,if ((Z, @supp) > ¢ then we continue with the new iteration beginning with the obtained

currently support flow {z, Q,,,,} and the vector k(1 ansupp U I5 supp)-

supp

11
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Remark 4. It is obviously that the optimization problem (1.4)-(1.7) can be embedded
into the general case of linear programming optimization. But such approach ignores the
particularities and special form of the considered problem and, hence, leads to a great
computational effort and reduces the computational speed. However, the constructive form
of the established optimality and e - optimality condition is suitable for numerical methods
and present a good tool to realize sensitivity analysis (robustness analysis) of the obtained
solution.

1.2.4 Numerical Example

In the report [54] of the Pipeline Simulation Interest Group of the gas network of Belgium
is presented. This network consists of 20 nodes and 24 pipelines connecting these nodes.

NETHERLANDS

5 NoRwWAY

Pipelines

- High cal. gas
Low cal. gas

.1 LNG Terminal
@ Compressor stations
@ Storage

G.-D.
LUXEMBOURG

A Blending stations

Figure 1.3: Belgian natural gas infrastructure

In order to demonstrate the key moment of the proposed optimization method we give
the solution of an illustrative example of a gas network that images (in some sense) the part
of the Belgium net with the parameters chosen arbitrary. To simplify our considerations,
we restrict ourselves to a network containing 6 nodes and 5 pipelines.

According to our notation we have the net S = (I,U) where I = {1,6,2,3,5,t =
(sink node) = 4} is the collection of nodes,

U =1{(1,3),(6,5),(2,5),(3,4), (5,4)} is the set of edges.

Here the node numbering is cited in the circle together with their intensity a; for
summation nodes, the throughput capacities d;"j, d;j« of edges are written under lines, the
transformation coefficient a;; of some edges are given in rectangles. Let az = 1, a4 = a5 =
0,a13 =3, ags =2, azs =1, aza =2, asg = —4;

diw = =1,d] =2, dow = =2,d5 =1, des = —1,d§ = 2, diza = —2,d3, = 2,dssa =
—1,d;, =1 (see Figure 1.4-1.5). Put In = {1,6,2}, Iy, = {3,4,5},

Ua = {(17.7) eU:ie€ IA} - {(173)7 (675)7 (275)}7 U.=U \ Ua = {(374)7 (574)}'

12
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Figure 1.4: Compressors and storages

1 *i3 l_l'xIJ*aIS
1 L3 |
-1;2
\d‘
1
X,
152 Xes
\
(fow
xZ xlﬁ
>S50y
-2:1

Figure 1.5: Throughput capacities

Note that the negative values for transformation coefficients of a pipeline can be used
to formalize the need to accumulate gas in emergency funds, for example.

Below we give the detailed step-by-step procedure to determine the optimal solution. In
order to show the most essential and crucial moments of the algorithm we select arbitrary
initial data.

1) Select the initial support Qsupp = {IAsupps Insupp} = {2,5}
where Iasupp = {2}, Issupp = {5}

Then Iansupp = Ia \ Lasupp = {1,6}. First, we need to verify that Qgyp, is a sup-
port indeed. For this purpose consider the subnetwork Sg,,, given as follows Sgy,, =
{Iy;; Ugupp } = {{3,4,5} — nodes; (3,4) — edge}, where
Usupp = Usx \ U (Z,j(l)) = {(374)7 (574) \ (574)} = {(374)}

1€l55upp=5
Denote also Unsupp = Usx \ Usupp = {(374)7 (574)} \ {(374)} = {(574)}
It also should be noted that the network Sgupp, = {Ix, Usupp} consist of two connected
components:

{In(4) = {3, 4}, Usupp(4) = {(3,4)}}
and

{I=(5) = {5}, Usupp (5) = {2}

Hence I5(5) = {5} is an isolated node of the subnetwork Sg,;,. In accordance with the

13
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Figure 1.6: Subnetwork Sy,

algorithm calculate the coefficients p;,i € Iy, = {3,5} |J{t =4} = {3, 5,4} as follows

pe=ps=1 ps=1 (i€ Iy supp = {5});

- (1.39)
(27]) € Usupp = (374) = p3 — azafpts = 0= p3z — 24 = 0.

Thus, we have
ps =1, pa=1, p3=2.

Next, construct the matrix Gsupp = G(Issupp, LAasupp) = (Gsis 8 € Issupp, t € Insupp)- In our
case we have s € Ingupp = {5}, @ € Insupp = {2} and the matrix Ggypp is (1 x 1)-matrix
with the entry
gs52 = Z prazk = psags = 1-1=1.
keIa(i) N Is(s)

Then, in accordance with the support definition, the collection Qgupp = {2,5} is the
support of the network .S since:

(1) Hasuppl = Issupp| = 1, (the notation |Iasypp| means the amount of elements in
the set Iasupp, and, hence |Iagypp| = 1 means that the set Iagypy contains one element),
(i) detGsupp = gs2 =1 # 0.

2) Consider now the initial support flow {z, Qsupp} formed by the flow z corresponding
to the initial admissible input flow

that is chosen here randomly, but satisfying the constraints on the throughput capacity
d¥, di,i € Ia and in accordance with Kirchhoff’s law such that z = {x;,7 € Ia; 45, (i, ) €
U.; [} presents the complete net supporting flow. The symbol f means the resulting output
flow of the node {t}. Namely, we put zi,pt = {21 = 0,26 = 0,29 = —1} and then starting
this data the remaining values of the net flow we uniquely define in accordance with the
given characteristics of the nodes and arcs of the net such that (see Figure 1.7, also) we
have

z = {.Z'Z,Z € IAaxZ]a(Zaj) € U*vf} =
{:L'1 =0,26 =0,29 = —1;213=0,23¢ =0+ 1 =0,
To5 = —1, w65 = 0,754 = —1, f = 6}.

3) Verify now the optimality criteria for the given support flow.

14
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y;=—2
Z=(00-1; 0.0-10-1; 6}

Figure 1.7: Network supporting flow z

At the beginning, for the given support Qs calculate the vector ¢(Iasypp). Since

A=) = {5} 3.4} =2

then

C(IAsupp) =C = Z Mrakz = 0.
kela(2)N1s(4)

Find now the potentials y;, i € Ix, corresponding to the chosen support Qsypp as follows.
Then

Yt = Y4 = _17 y(IZsupp) =UYs = 0295_21 =0— Ys = 0.

Since s € Isgupp Jt = {5,4} then the set Iy \ s is :
a) at s =5 we have In(5) \ {6} = {6} \ {5} = &;
b) at s = 4 we have I (4)\{4} = {3,4}\{4} = {3}. Hence, for y;,i € Ix(s)\s, s € Insupp Ut
we find:
P = Is(4)\ {4} = (3}~ ys = s = (1) 2= 2.

Finally, the required potentials are
ys=—2,ys = —1,945 = 0.
Next, calculate the following estimations associated with the given support
Ai, 1 € Inpsupp; Dij, (4, 7) € Unsupp, Dij, (4,7) € Unsupp-

In our case
Innsupp = I \ Iasupp = {1,6,2} \ {2} = {1,6},
and
Aij; (4,7) € Unsupp = {(5,4)}.
Hence, we have
Asy = —ys +asays =0+ (—4) - (—1) =4

No= D aekyk =Y ackyr = assys =20 =0,

kEIA(ﬁ) k=5
A= Z kYK = Zalkyk =ay3ys =3 (—2) = —6.
kelIa(1) k=3

15
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Thus, the asked estimates are

Ay =—6,A¢ =0,A54 = 4.

L)Y -G
—1;2 l_l ) \0)(/
H Ay ==4]
=0

o

1
=2 3

y;=—2 <
Z2={0,0-1; 0,0-1,0,-1; 6} 6

Xe=

—1:2 4
s
D=l
u,=1

o ys=0 ,b‘

u5=1(\
x,=—1 _

Figure 1.8: Potentials y;, and corresponding estimations A;

Since dix = —1 < 1 = 0 < d] = 2, and with the estimate A; = —6 < 0 for the
support flow {2, Qsupp}, reveals that the optimality criteria are not fulfilled. Note that
the non-optimality of the current support flow can be determined by other entries, also.

In order to observe the suboptimality estimate of the current support flow f°— f <3
we find

ﬁ(z, qupp) = Z Az(l'z - d*z) + Z Al(gjl - d;k) +
1€ IAnsupp XS IAnsupp
A; >0 A; <0
+ 2 Aij(wij — duig) + 2 Aj(wig — di) =
(Z,j) € Unsupp (17]) S Unsupp
Aij >0 Aij <0

=Aq(x1 —d}) + D6 - 0+ Asa(ws4 — disa) =
C6(0—2) 1 0-0+4(—1— (—1)) =12 +4-0=12.

The calculated suboptimality estimates for the considered support flow [(2, Qsupp)
shows (see Figure 1.9) that the maximal value f° of the flow has not more then

fO< fx) + B(2, Qsupp) = 6 + 12 = 18.

4) Next realize the iteration {z,Qsupp} — {Z,Qsupp} of the proposed optimization
method. This iteration consists in two parts.

A) The first part of the iteration {2, Qsupp} — {Z, Qsupp} consists in changing the flow
z — z and given by the following formula

Z=z+ 0yAz,
where the improvement direction

Az = (AI’Z, 1 € Ip; A.Z'ij, (Z,j) e U, Af)

16
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Figure 1.9: Suboptimality estimate (5(z, Qsupp) for maximal value of the flow 1O

= 1/ 3 .
1/3 o)
m ERR @S

\ Z=( 1/3,-2/3,-1/6; 2-1; 8}

[—1;2] a Z={2-1,2; 6,0; 12}
1

h
G
Axg=—

-2:1 e

Ax,=2

Figure 1.10: New flow Z

are determined as follows

Ax; = d;k —x; at ki=-1Ax; =dy;—x; at k; =1, 1€ IAnsupp
Azijay = dijoy — Tigey ot ki = =1 A2456) = duj) — Tijey ot ki =15 1€ Iy gy
where the vector k(Iansupp)|J Issupp is defined by the following

ki=1 at A; >0k =—-1 at A; <O0;
ki=—-1V1 at A;j =01 € Inpsupp;
ki=1 at Ajji >0k =—1 at Ayp) <
ki=-1Vv1 at Aij(i):O; Zelgsupp.

In our case i € Iansupp = {1, 6}, i € Issupp = {5}, and hence
ki = —1, since Ay = —6;

ke =1, since Ag = 0; (1.40)
ks =1, since Asqy=4>0.

17
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Calculate now Aw;, i € Inpsupp and Axyj;), 1 € Insupp:

Ary=df —21=2-0=2 since k; = —1;
Axg=dy—16=—1—0=—1 since kg =1;
Axsq =dusgs — w50 = —1—(—1) =0 since ks = 1.

Further, in order to find the remaining Az(Iagupp) we need to find the value b; for the
1€ IZsupp = {5}

bi=Azije) = 20 M) M) ATki(k) ~

keIEsupp(Z)
— Z A(ﬂj Z Qi ks 1€ [Esupp
jEIA’rLSupp k?EIA(j)mIE(i)

where the set Isgypp(7) is determined as
Issupp(i) = {k € Isgupp : j(k) € I (i)}
Then

by = Awsy — > 45 (k) Vg (k) Dk (k) —
k‘ejﬂsupp(g’):{g’}

- 2 Azj > i =
jEIA7LSupp:{176} kEIA(j)nIZ(i):{5}
= A:L'54 — ,LL4(154A:L’54 — A$6a65,u5 =0—-1- (—4) -0 — (—1) -2-1=2.

Now we can calculate

—
E=0 ()

&

Figure 1.11: Pseudo-flow Az

b 2
1 5
AI’Q = Gsuppb(IZSU«PP) = g; = I = 2.

Using the input signals Axy = 2, Axg = —1, Axs = 2 find the associated pseudo-flow
Az = (AZ’Z, 1€ IA; AI’U, (Z,]) S U*; Af)

putting in the net a; = 0, ¢ € Ix.. Note that if the obtained pseudo-flow is admissible and
satisfies the optimality conditions [37] then it is required optimal supporting flow. In our

18
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case we have Az = (Azy = 2, Azxg = —1,Axg =2; Axgy =2-3+0=06,Azxs, =0). It is
easy to see (see Figure 1.11) the obtained pseudo-flow is not optimal.

Now we determine the maximal available step pace 6y along the improvements direction
Az as follows

90 = min{l, HZ-O,GZ-OJ-O}
where

92'0 = minH,-, S [Asupp;ei = (d;’< — I'Z)/AI'Z at A(L’Z > 0;
0; = (d*z — .Z'Z)/A(L'Z at Ax; < 0; 0; =00 at Ax; = 0, 7€ IAsupp;

and

Giojo = min@ij, (Z,]) c Usupp;
0i5 = (dj; — xij)/Azi; at Azi; > 0;
0i; = (dwij — xij)/Azi; at Az < 0;
b;; =00 at Axi; =0, (i,5) € Usypp-

Then we have

5 — 1— (-1
92'0 = min 92‘, xS IAsupp = {2} — 92 = d2Aw;E2 = é ) = 17

. .. di, — x34 2—1 1
Oinjo = min0;5, (i,7) € Usupp = {(3,4)} — O34 = 34Ax34 =% ~&

Hence, the maximal admissible step 6y along the Az is 0;,;, = 631 = %. Therefore, the
first part of iteration is completed by the construction of the following new flow

X" =1/ ; Vs
)6,
)9!
x§”‘”=—1/6a
—-1;2

Figure 1.12: New support qupp

Z=z+0)Az={T1 =0+¢-2=3,To=—-1+%-2=-2

Te=0+3 (-1)=—%Tu=142-6=2Tsy=—-1+¢-0=—1}.

The realized iteration decreases the suboptimality estimate as follows

3z Qutdsupy) = (L= b0)3 = _ - 12=10,
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and, hence f< f+B=6+10= 16
B) The second part of the iteration (changing support set Qgupp — @Supp).
For this purpose introduce the dual optimization problem

qy) == X ayi+ Y (weudl — vedas) + Y (wid] — vidy;) — min
icls (s,3)EU i€l
Yt = _17 —Ys + QsiY; + Wsj — Vg = 07 We; = 07 Vgi = 07 (37i) < U*;
Z Yjai + w; + v, w; > 0, v; >0, 7€ lIn.

JEIA(3)
The collection A = {y;,7 € Is;wg, vsi, (8,1) € Uy;w;,v;,i € In} is called a dual plan for
the dual problem. Find the variables of this plan A = A(y, w,v) as follows
Yg = _17

(S,i) S U* - {(374)7 (574)}
iEIA = {17276}
j € Ia(i), where i€ Ip

Ia(1) = {3},

IA(2) = {5},

Ia(6) = {5}.

(3

—Ys5 + as54Ys + wsg — V54 = 0, —y5 + (—4)(—1) + wsq — v54 = 0,
—Y3 + azays + wzg — v34 = 0, —y3 +2(—1) + wgq — v34 = 0,
yzai13 +wy — v = 0, = 4 3y3 +wy — v =0,
Ys5a25 + wo — vo = 0, Ys + wo — v =0,
Ysaes + we — vg = 0,  6y5 + ws —vg =0,

From the last system we can, finally, calculate the conforming dual plan. Taking into
account wg; > 0,vs; > 0,(s,4) € Uy, w; > 0,v; > 0,7 € Ian)and using the calculated early
the potentials, we have

A=(y3=—-2,ys=—1,9y5 = 0;w3y = 4,v34 = 0, w54 = 0,054 = 4,
v1 = 0,w; =6,v2 =0, w2 =0,v6 = 0,ws = 0.)

Next, using the obtained dual plan A we find the so-called co-flow as

A= (Api€Ini Ny, (i,5) €U A= Y wiaij, Aij = —y; + aijy).
JEIA(D)

Thus, in our case we have
A= (Al = —G,Ag = O,AG =0, A34 = —4, A54 = 4)
Improve now the co-flow by the formula

A — A=A+0d.
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1.2 Graph models for non steady gas transport networks

For this purpose we need to construct pseudo-flow s. Also it should be reminding that
vector k(I ansupp U Issupp) = ({1,6,5}) has the following entries

ki =1, kg=1, ky=1.

Hence the pseudo-flow is given as

1€ IAnsupp = {17 6} n = dT = 2’
= Qo "=V dg = 1,
1 € Insupp = {5} 54 (=) diss = —1;

Since

bi= D apir— i)t DL MOk FRi(k) T DL ¥ Yo gk =

kels (i) k€lssupp(i) J€Iansupp  k Ia(§)NIz(4)
= > asus — 54+ > HaQs4 5254 + 21 > (@) +
Is(5)={5} k€lssupp(5)={5} or @ In(1)NIx(5)=2
+ 6 > ags s =

IA(6)NIs(5)={5}
=0-1-(-)+1-(-4) - (-)+2+(-1)-2-1=1+4-2=3.
them 20 = —g2_51 = —3. Thus, the asked pseudo-flow is
w1 =2, g =—3, g =—1.

Check now the optimality condition for the obtained pseudo-flow. We have 3 = —3 <
dyo = —2 is out of constraint limit. Therefore, s¢; is not optimal flow.
Next calculate the numbers a; corresponding to the edges (i, j) € Usypp and to node

1€ IAsupp-

ai:%i—d*i,’ifAi>0 or AiZO, %i<d*i,
Oéi:%i—d;-k,’ifAi<0 or AiZO, %i>d;-k, iEIAsupp;

OG5 = 5 — d*z],ZfA)Z] >0 or Aij =0, #ij < d*ij7
Qij = i — d;knyA)Z] <0 or Aij =0, Hij > d;'kjv (Z>]) S Usupp-

and find among them the maximal one (by absolutely value)
. Aox=0
i€ Insupp = {2} 22 "= p —dip=-3-(-2)=-1

(1,7) € Usupp = {(3,4)} — augs =" sy —d, =6 -2 = 4.

Thus
ap = max{ag, ant =4 — (ig, jo) = (3,4) € Usupp-

In general, the two cases are possible:
(1) Qo = aioaio S IAsupp; and (11) ap = Qg 5o (i07j0) S Usupp-
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We have here the case when o = « j, = (@34) and, hence Let (i, jo) € Usupp(50),s €

Is: supp U t.
Our purpose is to find the new co-flow, on the base of which we can then change the

old support set. For this we find first the new potentials as follows

yr = 0;

Ay(IESUPP) =—( Z AjkHk \ :uio) suppSZgna07
keIa(3)NIs(s0,i0)

j S IAsupp?

Ay; = Ays,ui,i S IE(S),S € (IEsupp U t) \30;
Ay; = Ayso,uiai S IZ(SO) \ IZ(S()’Z‘O).
Ayi = (Ayso w)ﬂ“ i€ IZ(SO’ZO)

and hence

ys = 0;

Ay([Esupp) = Ay5 = = Z (Q) - 0;
IA(2)012(4,3):@

i € Is(s0,70) = I3 = {3},
Ays = (Ayy + “gmo)u =0+3-2=1

Here Ix(sq,ip) is the set of nodes such that the connected component of the net
{I5:(50), Usupp(s0) \ (%0, 7o)} contains the node ip. In our case for so = 4 the set I5;(so, i)
is the set of nodes of the connected component of the net {Ix(4), Usypp(4) \ {(3,4)}} =
{3,4; @} containing node iy = {3}.
Thus
Ay4 = O, Ay5 = O, Ayg =1.

Now we need to find the direction § along that we can improve the co-flow A:

0; = 0,2 € IAsupp? 52‘]‘ =0, (27]) € Usupp \ (i07j0)§ 52'09'0 = _Signaiojo-

and
(i € Inoupp = {2} — 62 = 0; 3y = 0;
] 6 — A = 1 . 3 — 3
0; = Z ijaij 1€ In; Se — Z A . o
1SINC ’ ’ 6= ysaes = 0 -2 =0;
JEla = JeIa®={5)

7)€ U ={(5,4),(3,4)},

@, 054 = Ays + assAys = 0+ 0 = 0;
6 = _Ayz + azyijv
(5

iojo = —S1GNigjo - 034 = —signagy = —signd = —1.

Thus, we obtain
01 = 3,06 = 0,02 = 0,054 = 0,034 = —1.
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1.2 Graph models for non steady gas transport networks

Figure 1.13: Intermediate data

It is convenient to image the obtained data on the Figure (1.13):
Next, we need to find the admissible step pace o along the obtained improvement
direction

o; = % Zf 5zk‘l < 0;
op=o00 if i€ IAnsupp?
A0

dij()
0; = 00 otherwise, i€ Issypp;
Oip = ’Aio‘ at Aioaio > 0;

o=00 at ;A <0.

g; =

_ _A1 9.

. 01 = —3% _27
(Z € IAnsupp = {176}7 o +;

6 — 3
’iEIEsupp:{5}, = - oo

5 = )
10 = {3}.
o = {3} o =400 since Azq-az=(—1)-4=-16<0.

Rearrange the calculated values in the required order: Ty < Ty < Ti(gy- Here i) = 1.
In accordance with the duality theory the velocity of decreasing dual cost function for
each subintervals of Tigy) < Ty < Ty is calculated as follows

vy = —‘Oé()‘ = —‘0434’ =4 < O,

iy=1
vi=vg+ Avp = —4+9=5Av = |6 —diy) =3 (2 (-1)) =09.

iy

Since vg = —4 < 0 and v; =5 > 0 then v = 1, and the the maximal admissible step pace
is

00 = Ojyy = 01 = 2.

Finally, we can construct the new co-flow A = A + 0y -6 and the new support set
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qupp = {jAsupp7 jEsupp} by the fOHOWiIlg

fAsupp - IAsuppa jEsupp = (IZsupp \ Z(z/)) U io, Zf Z(1/) € IZSupp;

IAsupp = IAsupp UZ(V)7 IEsupp = IEsupp U io, Zf 1(1/) S IAnsupp;

7 7 . v .
ki = —kiy,selv—1ik= ic (asupp U Issupp Uio) \ U i(s),

s=1
where
kio == SignAiojo at Aiojo 75 0;
kip = 0igjor b Ajyjo = 0.

Thus

fAsupp = IAsupp U Z(u) = {2} U {1} = {17 2}7
stupp = IEsupp Uig = {5} U {3} = {37 5}

1=A1 40001 =—-6+2-3=0,
2:A2+0052:0+0:0,

Ag = Ag + 000 =040 =0,

Asy = Agy+ 00034 = —4+2- (—1) = —6,
Asy = Asy+ 00054 =4+ 0 = 4.

B b

In order to construct the new pseudo-flow 72, corresponding to the new support co-flow
{A, Qsupp} we are needed to determine the new numbers k(Lansupp U Issupp) = k({6} U

{3,5}) 1 k¢ =1, ks=—1, ks=1.
Then the new pseudo-flow 3z corresponding to the new support co-flow {A, Qsypp} are

defined as

i =dy if k=1,
o, = d;k ’Lf k; = -1, 1€ IAnsupp?
iy = dwi 1 ki=1,

Hij(i) = d;k Zf ki=-1, i€ [Sigmasupp§
and for b;:
bi= 3 appk — 6 +
k‘EIE(’i)
+ X MmOk T X % X gk
kejzsupp(i) jEIAnsupp k IA(])ﬁfz(Z)
where

IZsupp(i) = {k € [Esupp : ](k) € [E(Z)}

In our case we have

. . (ke=1) _
i € Innsupp = {6} o = deg = —1,

. = sy P2 d3y =2,
i € Insupp = 15,3} N
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1.2 Graph models for non steady gas transport networks

and for b;:
i € Isgupp = {5,3} :
by =ag-fiz— s =1-1-2=—1;

bs= S asjiz — ssa+ > > - > agsfls =
12(5):{5} fA7LSupp:{6} fA(G)me(5):{5}

=0-1—(-1)+(-1)-2-1=-1

where the new coefficients [i;,7 € Iy, are
fa=pe =10 =1, i3 = fa = f15 = 1.

Hence, the reminding 5(1agupp) = é;;ppé(fzsupp) are given

g= Y, fiz-az=3;
kela(1)NIx(3)

gs2 = Z ( ...... ):0;

keln(2)nis(3)=2

gs1 = Z ( ...... ):0,

kela(D)NIs(5)=2

g52 = Z fis - ass = 1.
kela(2)NnIs(5)

Then

v~ |93 g2 | |30 A_l_éo

and the entries of the new pseudo-flow are

g = —1, 34 = 2, 35y = —1.

Check now the obtained pseudo-flow for their optimality conditions of the form
s =dy if A;>0
sy =di if A;<0;
dei < 35 < df at Ay=0, i € Inupp;
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Figure 1.14: Maximal flow in the network

In our case we have:

i € Insupp = {1,2} )
Uspp =U*\ U (3,4(i)) = =1 (ie. —1<1<2) Aand Ay =0,
1 (ie. d5=1) and Ay =0.

ieIZsupp %2 =

=1{(3,4), 5,49} \ {(3,4),(5,4)} = 2

The last equations means that optimality criteria condition are fulfilled.

Thus )
%ZZOZ{@:%, xo =1, 6 = —1, x314 =2, x50 = —1}

is an optimal solution of the considered optimization problem.

Remark 5. The optimality of the obtained solution can be stated also by the optimality
conditions formulated in Theorem 1 applied for the new support set and support flow.

1.3 Two-commodity flow gas networks

In the previous paragraphs the gas network models are given in the form where the volume
of the transported gas was the subject for optimization problem. Nevertheless, there is
another crucial characteristic such as flow pressure for which the predefined demands
should can be kept, too. It is obvious that an analogous optimization model can be
separately introduced for each indicated characteristics. It is of a great interest to optimize
several characteristics in frame of an unique mathematical model which is an aim of the
present subsection. In particular, in order to consider simultaneously the pressure and
flow gas in the transport networks the two-commodity flow graph model is proposed.

1.3.1 Problem formulation

We introduce the two-commodity flow gas transportation graph network model as follows.
Let S = {I,U} be a stationary net where I = {1,2,...,n} denotes the set of nodes, U
means the set of edges. In contrast to the previous section here we assume that through
the considered net two kind of signals are running. The signals of such type can be selected
from some characteristics of the transported gas. For example, the values of the pressure
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1.3 Two-commodity flow gas networks

and volume of the transported gas flow. It is obvious that these signals are transformed
by the different physical law due to their transportation through distributed gas network.
These effects should be imaged in the mathematical model, in general.
Also, let azil, 3:3 denotes the gas flow (characterized by two signals :L'Zl and xf) in the node
le, w?j denote the gas flow that is transported from the node 7 to the node j; d};, d}j*,
d?]’-k, dfj* denote the upper and lower bounds for the considered signals throughput from
the node 7 to the node j, respectively; 7; dil*, d
network bounds for gas in the node 1.
The set of nodes I is convenient to divide on two subsets Is;, Iy, IsNIy = O termed as
summations and multiplications nodes respectively. Such partition has a physical meaning.
Each multiplications node i € I possesses the following property: it has one input
flow z = (x!,2?) and several output flows 21 = (x1,22),...,2, = (z},22) (see Figure

q5°"7q;
1.15) .

xl.1 ; x? "

e

d:idii;di’idii
\ /

1T

1

i)

d?*, d?* denote the upper and lower

1 1 . 2 2
al]. xij, aij.xl.j
. 611 Cl2 - "
.
ij? i

Figure 1.15: The notations of two commodity model

The components of these outputs are characterized by different properties: the first

components (:L'%,...,l’éi) of the outputs z1, 22,..., 2, satisfies the equality % 3:,1g = g!
k=1

(Kirchhof’s law for the gas flow); the second components (w%,,xa) of the outputs
21,%2,...,%g are the exact copy of the original second component z? of the input z.
Such kind of effects for the second component are proper for the nodes from that several
pipelegs are outcoming and, hence, the values of the pressure are copied in accordance
with ordinary physical law. For a multiplication node, the bounds on net inflow can be
derived, for example, directly from the agreements between the transmission company and
the gas producers.

Each summation nodes j € Iy, possesses the following property: it has several input

flows {z1 = (a],27),...,24, = (3:[111_,3:(21]_)} and one output flow z = (z',2%)(see Figure
4q;5

1.15 ) such that > zi +a} = 2! and max =} + a? = 2% where two-dimensional vector
=1 J k=1,...,q I

aj = (ajl-, a?) denotes the intensity of the node j. In other words, the vector a; = (a}, a?)

presents the available storage capacity for the first component, and the pressure regulation

for outcoming flow produced by compressor/compressor station for the second component.

The relation max 3:/%C images the fact that the pressures with which the incoming flows

k=1,...,q;

reach the node j should be grown up at this node.
By analogy the corresponding properties of edges can be treated (see Figure 1.15).
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Besides the classical flow balance equations at each node, the nonlinear relation be-
tween the flow and the difference of the pressure p;, p; at the two ends of each pipe also
need to be considered. For the high pressure, this later relation is given by the Weymouth
formula for gas (see Osiadacz, 1987) and by the Darcy-Weisbach formula for liquid, and
can be expressed with help of the introduced components as:

sign(m}j)(w}j)z = C'Z?j ((w?)2 - (x§)2>, (1.41)

where the constants C;; depend on the physical properties of of the pipe.

The resulting outcoming node ¢ is a specific one: it summarizes only the first compo-
nents signal that will be denote by f, too.

The optimization problem can be formulated in the following form; minimize the cost
value function

f= Z gy + Z :L"}a]l-t + af — max (1.42)
sel, SN
subject to
1 1.1 1.1 1
Lijeiy = Z Tga ks + Z Tiag; +a;, (1.43)
sel” JE€ln;
w3 = max{a;, s € I afaf + af, j € Ini} (1.44)

df; <afy < dfr, (i,4) € U, df

*ij = ij )

<ok <dieln (1.45)

)

sz’gn(milj(i))(ac}j(i))2 = ij(i)<(w?)2 — (x?(i))2>, (i,7) € Uy, (1.46)

where j(i) denotes the node connecting with the node i such that (4,;(i)) € U, and
I7 ={sely: (s5,9) €Usl, Ini ={j € In: (j,i) € U}. (1.47)
For the optimization problem (1.42—1.47), by analogy with previous Section a numer-
ical algorithm can be developed. It should be noted that the the nonlinear constraints of

(1.46, 1.44) can be linearized in accordance, for example, with the linearization approach
proposed in [13].

1.4 Nonstationary gas networks

In the sections above the stationary case of the networks are considered when it is assumed
that the basic characteristics of the net are not varied in the time. The temporary effects
can be described by the nonstationary graph model setting. A simple model of such type
is proposed in this section.
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1.4.1 Problem statement

In this Section we consider the simple case of the dynamical network that presents an
extension of the stationary net introduced in the previous sections.

Let S(t) = {I,U(t)} be a nonstationary network where I = {1,2,...,n} denotes the
set of nodes, U(t) means the set of edges which can change with time ¢t =0,1,...,7 — 1.
Let Q;(t) denote the gas flow in the node i at the moment ¢; and a;(t) the intensity of the
node i. Let, furthermore, Q;;(t) denote the gas flow that is transported from the node i
to the node j at the moment ¢. Then

wit) = > Qu)— Y Qult) (1.48)

JEL; (U(1) JEL(U®)
where

17 (U®) =45 €Il (5,i) e UMD},

INU®) ={j el (i,7),e U1} (1.49)

is the gas flow through the node i at the time t. Further, let ¢;;(¢) denote the transport
costs for the per unit of the gas flow from node i to the node j; and let ¢;(t) be the storage
cost per unit of the gas flow in the node i. Denote by d;;(t) the network throughput from
the node i to the node j and d;(t) is the gas capacity in the node ¢ at the moment ¢.

Finally, the transport model for gas transportation is given in the following form:
minimize the cost functional

T—1
Z ( Z Cij(t)Qij(t) + Z Ci(t + 1)Ql(t + 1)) (150)
=0 (i,5)eU(t) iel

over the solution of the equations

Qilt+1)=Qi(t) — > Qit)

jerf (U )

+ ) Q) +ait), i€l (L51)
Jely (U(®)
subject to constraints
0<Qi(t+1) <di(t+1), Qi(0) =g, i €1 (1.52)
0 < Qij(t) <dij(t),(4,5) eU),t=1,...,T (1.53)

Note that the equations (1.51) mean the balance conditions for the gas flow in the nodes
of the network,where ¢;o,7 = 1,...,n denotes the gas flow at the initial moment. The cost
functional describes, in fact, the storage and transmissions costs.

Remark 6. The given system (1.51) presents, in general, a specific class of 2— D control
systems. In order to emphasize the possible loss effect in the various pipeline legs we can
extend the given model by introducing the so-called loss coefficient a;;(t) of transmission
from node i to node j, (i,7) € U(t).
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1.4.2 Optimality and suboptimality conditions

The given transport problem (1.50)—(1.52) we can rewrite as a specific discrete control
problem (see [37]). For this purpose introduce the following new variables. The n-tuple
Q(t) = (Q1,...Qn) = {Qi(t),i € I} marks the state space vector at the moment ¢; the set
u(t) = {Q4j(t), (i,5) € U(t)} is the control vector at the moment t. Also denote

du(t) = {dij(t)7 (Z,j) € U(t)}v dQ(t) = {di(t)v S I};
T

(1) = {eij(t) = Y (cilk) = ¢;(k)), (i, §) € U}

k=t+1

Then the problem (1.50)—(1.52) is rewritten in the following form: Minimize

T-1

J(u) £ > " (tu(t) — min (1.54)

t=

subject to the constraints

Q(t+1) = Q(t) — B(t)u(t) +a(t), Q(0) = qo, (1.55)
0<u(t) <d,t)}, t=0,1,...,T -1, (1.56)
0<Qt+1)<dg(t+1), t=0,1,..., T —1. (1.57)

where the |I| x |U(t)|-dimensional matrix B(t) is generated by the net S(t) = {I,U(t)} as
B(t) = {b/(t),k € I.(i,j) € U(1)}

by =0 if k#ik#j 07 =1 b0 = 1.

Remark 7. The given optimization problem possesses some special properties such as a
simple dynamic, the specific input matriz, and a great control vector dimension. These
properties produce the main difficulties for numerical implementation. A feasible way to
overcome these obstacles is to design special optimization methods for the problem men-
tioned above.

In the paper we present an optimization method based on the constructive approach
proposed in [37] for the optimal control problem. For brevity denote also by T 2
{0,1,...,T — 1}. The control function u(-) = {u(t),t € T} is called admissible, if it
satisfies the constraints (1.56). Usually, in the processing the numerical implementation
of optimal control algorithms we exploit the approximate solutions with corresponding
error estimation. Hence it is necessary to introduce the sub-optimality concept as it is
often sufficient to stop the numerical computations when a satisfactory accuracy level has

been achieved. We call a control function u(-), e— optimal, if
J(u€) — J(u'(t)) <e,

where u%(-) is the optimal control. By analogy with [37] (see, also, Section 1.2.1) introduce
the following definition.
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Definition 3. The collection of the sets
Goupp = {{Tsupp(t + 1), Usupp(t) }, £ € T},
Toupp(t +1) C I, Ugypp(t) C U(2)
is called the support for the problem (1.54)—(1.56) if the following system of equations

Q(t+1) = Q(t) — B(t)u(t), Q(0) = 0,
Qi(t+1)=0,i €T\ L(t+1),
uij(t) =0, (17]) € U(t) \ U*(t)vt S T,
with
Lt +1) = Lpp(t + 1), Us(t) = Ugpp(t), t € T,

has only the trivial solution u;j(t) =0, (i,7) € Ugypp(t),t € T, but this system has nontriv-
ial solutions u;; # 0, for(i,j) € Ui(t),t € T in the case when

I*(t) = Isupp(t),t =1,..., Tt #tg,
L(to) = Tsupp(to) Uio; Us(t) = Usupp(t),t € T,
with i0€ Lsupp(to) where ty is arbitrary element from the set T.
By analogy to [37] the following theorem can be stated.

Theorem 2. (e-mazimum principle). The control function u(-) is e- optimal in the
problem (1.54)—(1.56), if and only if there exist the support Ggyupp and the functions
eu(t) >0 and e, (t+1) > 0,t € T such that

~
-

(eu(t) +ex(t+1)) <e

Il
o

holds and the following quasimaximum control conditions

max (v ($)B(t) — ¢ (t))u—eu(t),t €T

and the quasimaximum trajectory conditions

A (H)Q(t) = Ogcgng%l};(t) A()Q —e(t),t=1,---,T

are fulfilled.
Here 1)(t),t € T is the solution of the dual(adjoint) system of the form
Yt —1)=¢9)+ At),t=T-1,T—-2,---,0, (1.58)

with initial condition (7' — 1) = A(T) and \(¢t) = (N\i(¢), i € I), t = 1,--- ,T are the
vectors of jumps constructed with help of the support Gy, by the following procedure.
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For t = T set \i(T)) = 0,1 € Igypp(T); the remaining X\;(T") are uniquely determined
from the equalities

Xi(T) = M(T) =iz (T — 1), (4,7) € Ugupp(T — 1) (1.59)

Fort =T —1,T—2,...,1 the corresponding vectors A(t) are defined analogously: \;(t) =
0, for i € Igyp(t) and the remaining A;(¢) are determined from the equalities

T

Ai(t) = Aj(8) = it = 1) = D7 (Nilk) = Ni(k)), (i) € Usupp(t — 1). (1.60)
k=t+1

Remark 8. Also the optimality condition in the maximum principle form can be obtained.
The distinction of the given result from the discrete analogue of the Pontryagin maximum
principle lies in the fact that it gives a constructive procedure to check the optimality
and suboptimality of the admissible control. By analogy with the stationary network case
of Section 1.2.1 the corresponding iterative method can be developed on the principle of
the decreasing suboptimality estimate, i. e. the iteration {(u, Geupp)} — {(it; Gsupp)} is
performed in such a way as to achieve a decrease of the suboptimality estimate. These
transformations involve, in effect, the duality theory and exploit the e-optimality condi-
tions.

Remark 9. As it is mentioned above the first (high level) stage modelling can be based on
the simultaneously consideration some other crucial characteristics such as the pressure p
and flow volume gas @Q in the transport networks, which leads to the two-commodity flow
graph model.

Analogously to the two-commodity stationary networks case considered in the Section
1.2.1 we can introduce nonstationary multi-commodity networks. A fragment of such kind
graph model can be presented, for example, by Figure 1.16

Figure 1.16: Multi-commodity network graph model

The optimization theory corresponding such kind of dynamical multi-commodity net-
works can be developed,too.

Remark 10. The mathematical models mentioned in the previous Sections present, gen-
erally speaking, a specific class of the so-called multidimensional (n — D) systems. Some
classes of 2 — D control systems will be studied in the next sections.
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1.5 Gas flow model in a pipeline unit

The main problem for the second-step modeling is to keep (or optimize if it is possible)
the preassigned regime @(z, t),p(x,t) for the state space parameters of gas pressure p and
mass flow @ for each pipeline unit. In particular, this regime can be determined and
passed by the high level stage modelling results.

The aim of this section is to use the 2-D control theory setting for studying control
problems in gas pipeline units. The state space parameters are gas pressure p and mass
flow @ at the points of the pipe. All other physical parameters of the pipe and gas used
here are constant at the moment of calculation. For calculating the state space parameters
for the turbulent, isothermal gas flow in a long pipeline the following system of non-linear
differential equations from the theory of gas dynamics can be used see ([63])

0Q(t,x) op(t,x) A2 Q% (r, )

or S Oz 2DS p(z,7)’ (1.61)
op(t, ) 2 0Q(t,x)

or S 0r

where x denotes the space variable, 7 the time variable, S the cross sectional area, D the
pipeline diameter, ¢ the isothermal speed of sound and A the friction factor.

It is known that some important dynamic characteristics of the processes can be eval-
uated from the linearized model of the processes. The most accurate linear model can be
realized in some neighborhood of the known basic regime Q(x,t),p(z,t) of the considered
process. In the section below we give such kind of a linearized model.

1.5.1 Linearization scheme

Let (Q,p) and (Q,p) are the current and known state variables for a gas pipeline unit.
Therefore, they satisfy the system (1.61):

0Q(t,x) p(t,z)  Q*(t,x)
o = o e 10
op(t,r) _0Q()
ot N ox
and
aQt,x) _ op(tx)  Q(tx)
o - T T 063
op(t.r) _0Q(tw)
ot N oxr
Let us

Q=0Q+AQ, p=p+Ap. (1.64)
Substracting from (1.62) the (1.63) yields

9Q(t,x) 9Q(t,x) op(t,z)  Q(tz) | Op(tz) Q)
ot ot = Ox _fyp(az,t) 5 Ox +fyﬁ(:ﬂ,7§)’

op(t,z)  Op(t,x) aaQ(t,w) B a@@(t,x)‘

ot ot ox ox
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0Qx) - Qt,x)) _ JOp(t) —pat)) {Qz(tﬁﬂ) _Qz(tﬁﬂ)]
ot Oz plz,t)  pla,t) ]’

A(p(t, x) — p(t, x)) 0(Q(t,x) = Q(t, )

ot - O
Noting (1.64) we have
09U __dor) (@) 18P Q)
ot B oz plx,t) + Ap(t,z)  plx,t) |
0Ap(t,z)  0AQ(t,x)
ot I R

Using the property of geometric progression

1 1

+ ..

we have

[(Q+AQ)2] QU+ g+

p+Ap p+58) P (1+5h)
L (189 M), & S ]
_p1+2Q+(Q) 1 p+(p)+'~
~2
~ Q_<1+2%—%+(m0r6 higher order )>

Then the linearized model for disturbances (AQ, Ap) are defined as

0AQ _ _O0(Ap  [Q? AQ Ap, @
- s ’Y{ﬁ(l”@ 5T
oAp  OAQ
ot Yoz
(3
oAQ  _oAp  @? AQ  Ap
a - o 717[1+2G_2 p }
0Ap a@AQ
ot ox
(3
OAQ  _0Ap 02 02
o - T Vpgte Tt
9ap _ 9AQ
ot or
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1.5 Gas flow model in a pipeline unit

Introducing the new variables (we can say about new local coordinates AQ — @, Ap —
p) we can present the linearized model in the neighbourhood of the known function (Q, p)
in the following form

Q dp

i —Sa - pQ — Bp, (1.65)
o _ 99
ot ox’

where _ _
_ 9 Q? 5 Q? B A2 o 2
p_ 7?@’ _71327/7_2D57 - S'

1.5.2 On the link of 2-D discrete models with gas network system

The main object of study in this section is to present a class of the discrete 2 — D systems
that are derived under suitable discretization of differential equations describing the trans-
ported gas by pipelines. As it is shown above the linearized model in the neighborhood of
the indicated regime (Q,p) has the following form
W sy P02 (1.66)

In order to obtain the wanted discrete model, we use the classical discretization scheme
for the linear partial differential equations of (1.66).

Introduce the following combined discretization scheme for the partial derivatives with
steps h1, ho, respectively

9Q(t, x) QU+ M, x) — Qt,x)

(br) _ 2 , (1.67)
6626(7;, 7)) _ Qe+ h2)2;262(t7 z—ha) (1.68)
ap(;;x) _ et hl,zz — (o) (1.69)
ap(atém) _ plte+ h2)2;2p(t, z —hy) (1.70)

Replacing these derivatives in the system (1.66) gives

Qi) -Qts) __gpltetha) e =ha) o 4) — gyie.0)
1 2
plt+ o) —plt,z) Q.+ he) —Qtx — hy) (1.71)
hy 2ho

and we have

QU+ hyz) = Q(t.x) — f—,jzs(p(t,x +ha) — plt.x — b))

— hpo(t,ﬂf) - hlﬁp(t7$)

p(t+ hi,z) =p(t,x) — a2h—th (Q(t,x + he) — Q(t,z — hg)).
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Thus, the discrete values Q(k1h1, koho) and p(kihy, kohe) of the function Q(x,t) and
p(z,t) calculated in the nodes of integer lattice {(k1hi, kaho)} satisfy the following equa-
tions

Q((k1 + 1)hy, kaho) = Q(k1h, k2hg) — Qh—};S(p(klhl, (k2 + 1)ha) — p(k1hi, (ko — 1)h2))

— h1pQ(kihy, kahg) — h1fBp(kihy, kaha),

p((kl + 1)h1, kghg) = p(klhl, k‘ghg) + h—za(@(/ﬂhl, (kg + 1)h2) — Q(k)lhl, (kg — 1)h2)>.

2h
(1.72)
Introduce the following notations:
x1(t,s) = Q(thy, sha), xa(t,s) = p(thy, sha)
where t, s are integers.

Hence, the system (1.72) can be rewritten as follows

h1S
x1(t+1,8) =x1(t,s) — i (xg(t, s+1) —xo(t,s — 1)) — hipx1(t, s) — Bra(t, s),

2

h
ea(t+1,8) = za(t, 8) + ﬂ(xl(t,s F1) — @i (t,s — 1)).
2hs

The matrix form of this system is

[wl(t—i-l,s) ] _ [ 1—p —ﬁ} [wl(t,s) } N

xo(t+1,s) 0 1 xo(t, s) ng;“ 0 xa(t,s+1)
oo 45 [xl(t,s—l) }
—ZlT‘; 0 xo(t,s — 1)
(1.73)
and finally
x(t+1,8) = Agz(t,s) + Ajz(t,s + 1) + Asz(t,s — 1) (1.74)
where
1’1(t, S)
ZL'(t,S) - |: ZL'Q(t,S) :| )
1—p -0 0 s 0 _hS
AO:[ };Alz hia o ; Az hia 2hz ;
0 1 a0 —3h 0

Remark 11. The considered model is a discrete version of the gas transport network
problem along a single pipe.

Next, in order to obtain the discrete 2 — D system with control parameters, we define
the part of the initial data as a control parameter. In particular, it is of interest to
determine an optimal control programm for gas pressure and gas flow at the pipe. It is
natural to assume that the gas regulation is realized at the incoming node of the pipe. For
brevity we assume that this incoming node is the the beginning of the pipe where there
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Y
Initial state

x(0,s)=0(s)

=]

Pipe

R T R )

Wy ANV YR vy

o
()
:

~7 U0 - -
Compressor w=x(t,0) t=T

Figure 1.17: Initial data

exists a compressor for which it is necessary to set a regime how to ”pump in - pump out”

with time. This means that the initial data x(¢,0) = w;, t=10,1,2,...,T are treated as
control parameters.

In final, the optimization problem is formulated as follows: to minimize the cost func-
tion

J(u) = Z [ Z (Qz(t,s),z(t,s)) + (Ru(t),u(t))},

over the solution of 2 — D system of the form

x(t+1,8) = Agx(t,s) + Arx(t,s + 1) + Asx(t,s — 1) (1.75)

with initial and boundary condition:

z(0,8) = @(s), s€Z4+\0
2(t,0) = ¥(t) =u(t), t=0,1,2,..T (1.76)

where Z is the set of nonnegative integers, (2 > 0 and R > 0 are given matrixes.

Here the quadratic cost function summarizes the total losses generated by deviation of
the current on the basic regime.

Note that the optimization problem (1.75) can be rewritten in more general form as
follows: minimize the cost functional

VOESS [ 3 (Qalt.s),x(t,5)) + (Ru(t),u(t))],

t=1 se Z
over the solution of the system

N

w(t+1,8) = > Ag(t,s+i) + Bult,s) (1.77)
i=—N
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with initial and boundary condition:

1’(0,8) = 90(3)7 s €L, wE ZQ(E)
x(t,j) = Y(t,j)=wu), t=0,1,2,..7; j=0,-1,-2,..,—N.

where N is some integer, u(t,s) is the control function. The parameters u(t,s) can be
interpreted as the controlled factors: gas pressure and gas flow at the pre-assigned points
of the pipe (or the points to be determined) needed to keep the desired regime. For
example, in the case when the points of the pipe are fixed, the corresponding elements of
the matrix B can be put zero. Here the assumption s € Z, images the fact that upon
discrete approximation the amount of discrete values can be huge. Further, keeping in
mind an ability to apply this approach for optimization of gas networks that is composed
by some collection of the pipes we admit the multiple shifts x(¢,s 4+ 1), i =—N,..., N in
the system. Here the boundary condition ¢(¢,5), ¢t=0,...,7; j=0,...,—N can be
explained as known data from ”previous” site of the pipe which is connected to our site
of the pipe.

Remark 12. Note that some others discretization schemes lead to another models of 2— D
system where the proper defined shift operator should be modified by suitable manner.
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2-D optimization theory

The model obtained in the previous Chapter gives a good motivation to start the investi-
gation of a class of the two-dimensional control systems given in this Chapter. The main
feature of the model involved is that we first consider the discrete variables of two kinds:
one of them runs the finite set in contrast to second that takes their values from the infinite
set Z,. This fact can be illustrated by restricted shape of spatial variable (the finite length
of the the gas pipeline, for example). And from second hand, the temporary variables for
longtime duration the discretization of which leads usually to a huge amount of discrete
values. Such consideration possesses some positivity: finiteness of the discrete variable
allows us to obtain the exact optimal solution, and the infinite case, if it is necessary, can
be realized as a limit case of the obtained solution. Moreover, such consideration gives an
ability to construct the optimal feedback control law in a simple form.

Moreover, there exist a number of other technical processes that can be represented
by suitable two-dimensional discrete (2-D) systems which gives a good mathematical tools
for their analysis and investigation of their structural properties. This interest is clearly
related to the wide variety of applications of both practical and/or theoretical interest.
The key unique feature of an nD system is that the plant or process dynamics depend on
more than one indeterminate and hence information is propagated in many independent
directions. A key point is that the applications areas for nD systems theory can be found
within the general disciplines of circuits, control and signal processing (and many others).
For a representative cross-section of these see, for example, Levi B.C., Adams M.B. and
Willsky A.S. (1990), Pratt (1982), Bose N.(2000), K.Galkowski and J. Wood (2001), E.Zerz
(2000).

Some aspects of the control theory (controllability, observability, stabilizability) for
the multidimensional systems are investigated in the papers of Kaczorek T. (1987), G.
Jank (1999), Klamka J. (1994), Gaishun I. (1996), Zerz E. (2004). Some optimal control
problems are considered by Givone D. and Roesser R. (1993), Bisiacco M. and Fornasini
E. (1990), G.Jank (2002), S.Dymkou (2003) and others.

The aim of the Chapter 2 is to give a strong mathematical background for the 2 — D
control problem optimization.

2.1 Some basic notations and definitions

In this section we present a short resume for the basic notions used in this chapter.

First, we ill exploit often the notion of the inner product which is a generalization of
the dot product. In a vector space, it is a way to multiply vector together, with the result
of this multiplication being a scalar.
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Let u,v and w be vectors in the real vector space H and « be a scalar from the field
R.

Definition 4. The mapping (-,-) : H x H — R s called inner product if the following
properties are fulfilled:

Du+v,w) = (u,w) + (v,w);

2)(av,w) = a(v,w);

3)(v,w) = (w,v);

4)(v,v) 20 for any v € H, and (v,v) = 0 if and only if v = 0.

This definition also applies to an abstract vector space over any field. When given a
complex vector space, the third property is usually replaced by (v,w) = (w,v) where z
refers to complex conjugation.

Definition 5. A Hilbert space is a vector space H with an inner product (f,g) such that
the norm defined by | f |= (f, )Y/ turns H into a complete metric space.

Definition 6. A space X is called finite-dimensional (n-dimensional) if in X exist a finite
basis (basis from n-elements)

Theorem 3. For any bounded functional f on Hilbert space H there exists a unique
element u € H such that f(z) = (x,u) and |f| = |u]

Definition 7. Let Hy, Hy are Hilbert spaces and A : Hy — Hy be linear operator. We
will say that operator A* : Hy — Hy adjoint to operator A iff

(-Ax7 y)Hz = (x7 A*y)H1
holds for any x € Hy and y € Ho.

Definition 8. Let |-|1 and |- |2 the given norms in a vector space H. We will called them
equivalent, if exist constants ¢; > 0 and ca > 0 such that ci||x)1 < |z]2 < co|z|2 for all
r e X.

Let E and V be finite-dimensional Hilbert spaces, the inner product in which defined
by the same symbol (-,-). Let I2(E) and [?>(V) denote the Hilbert spaces of the square
summarised sequences in E and V respectively, i.e. the spaces of the functions ¢ : Z — E

and ¢ : Z — V (Z is the set of integers) such that ||| = > | ¢(s) [*< oo where | - |
SEZL
are the norms in E and V, and || - || denotes the norm in the space [?(E) (or I2(v)) that

is defined by the associated inner products. The inner product in I2(E) is defined usually

as (¢, 9)2 = 2 (#(s),9(s))-

SEL

2.2 System model and preliminary notions

Let E and V be finite-dimensional Hilbert spaces, the inner product in which defined by
the same symbol (-,-). Consider the linear maps A; : £ — E, i = —-N,—-N +1,...,0,..N
and the linear operator B acting from V into E.

The main object is the two-dimensional (2 — D) discrete system described by

N
z(t+1,s) = Z Ai(t,s+1i) + Bu(t,s),t =0,1...; s € Z, (2.1)
i=—N
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where u(t, s) is the V-valued function.
Clearly, for any function ¢ : Z — E the equation (2.1) admits a unique solution x(¢, s)
that satisfies the initial condition

z(0,8) = ¢(s), s € Z. (2.2)

Remark 13. The parameters u(t,s) can be interpreted as the controlled factors: gas
pressure and gas flow at the pre-assigned points of the pipe (or the points to be determined)
needed to keep the desired regime. The assumption s € Zy images the fact that upon
discrete approzimation the amount of discrete values of the state variable x corresponding
long leg pipeline can be huge. Further, keeping in mind an ability to apply this approach
for optimization of gas networks that is composed by some collection of the pipes we admit
the multiple shifts x(t,s +1), i = —N,..., N in the system.

For the linear maps A; : £ — E, i = —N,—N + 1,...,0,...N define the operator
A:1?(E) — I2(E) as follows

N
(Ap)(s) = Z Ajp(s+1i), s€Z. (2.3)

i=—N

It is easy to establish that the operator is bounded and the norm | A || satisfies the
following inequality

N
I AIP<2N > [ 4 P,
i=—N
where | A; | is the norm of the operator A;, conforming with the norm | - | in E.

A conjugate operator for the operator A is the map A* : [?(E) — [?(E) defined as
follows

N
(AG)(s) = 3 Afd(s—i), s€Z (2.4)
i=—N

where A} is the conjugate operator for the operator A;.
Using the obtained conjugate operator (2.4) define the conjugate equation for the
equation (2.1) in the following form

N

at,s) = Y Afz(t+1,s—i)+g(t,s), (2.5)
i=—N

where z(t, s) is a unknown function.
It can be shown that if the maps u and ¢ are equal zero then the equalities

(z(t,s),2(t,s)) = const, ¥ (t,s)

are hold for any solutions z(t, s), z(¢, s) of the equations (2.1) and (2.5).

Next it is suitable the equations (2.1) and (2.5) represent in an operator form. For this
purpose we assume that the sequences s — u(t, s), s — g(t, s) are to be square summarized
for each fixed ¢, t > 0.

Let y;, wy, ¥4 are the elements of the [2(E) space, v; is the element of the 12(V) space
defined as follows

(yt)(s) = ‘T(tvs)v (wt)(s) = Z(t7 3)7 (1/%)(3) - g(tvs)v (Ut)(s) = u(t7 3)7 t>0,s €. (26)
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Now, the equations (2.1) and (2.5) can be represented as follows

Yer1 = Ay + By,
(2.7)
wy = A*wip1 + Yy,

where B is the linear operator from [?(V) into [*(E) defined by (By)(s) = By(s), s € Z.
The obtained operator form is used next to prove the solvability for optimization
problem below.

2.3 Linear quadratic optimization in the strip

Let T' > 1 be a given integer. In this section we consider the control system (2.1) defined
in the strip

te{0,1,...,T}, s€Z (2.8)

with the initial condition x(0,s) = ¢(s),s € Z, where ¢ € I*(E).

The function u(t, s) is called an admissible control if the sequence s — wu(t, s) is square
summable for each fixed t € {0,1,...,T}.

For the given initial function ¢ € l3(F) and the admissible control function u € B(V)
the function x : T x Z — V such that z(t,s) € [*(E) for each fixed t € {0,1,...,T}
is called the solution of (2.1), if it satisfies the equation (2.1) and the initial condition
z(0,s) = ¢(s), s € Z.

The optimization problem is to find the admissible control function u"(¢, s) that min-
imizes the following cost functional

T
J(w) = 3N [(Qu(t, s),2(t,5)) + (Ru(t — 1,s),ult — 1,5))], (2.9)

t=1 s€Z

where x(t,s) is the solution of (2.1) in the strip (2.8) corresponding to the initial data
x(0,8) = p(s), s € Z and control u. Here @ : E — E, R : V — V are self-adjoint
operators such that Q > 0 and R > 0.

The following theorem is true.

Theorem 4. The optimization problem (2.1), (2.9) is solvable.
Proof. For this purpose we represent the system (2.1) in the operator form
Y1 = Ayt+th, tc {0,1, ,T}, (210)

where A is a linear operator from ly(E) to l2(F) and B is another linear operator from
l2(V') to lo(E) that are defined by analogy with making early. Denote by By (E) and By (V)
the spaces of the functions defined on the set {0,1,...,7} with values in the spaces lo(E)
, l2(V'), respectively, such that

Br(E) = (2(£))"", Br(v) = (=2(v)""".
Also, let L : Bp(V) — BY(E) be the mapping given as follows

(L) = Byi—1 + AByi—o + ... + A7 Bro,t > 0, (L) = 0, (2.11)
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where v = (70,70, ---.771) € Br(E), BY.(E) denotes the subspace of Br(E) containing the
functions with zero values at t = 0.
The task now is to prove that the solution of (2.10) can be presented in the form

y = Lv+w. (2.12)
Indeed, we have step-by-step
t=0: yo=u1(0,s) = (Lv+w)o = ¢(s);

t=1: y1=x(1,s) = (Lv+w)1 = Buy + Ap;
t=2: yy=1(2,5) = (Lv+ w)s = Buy + ABvg + A%p;

t=T: yp=2a(Ts)=(Lv+w)r =Bur_1 +ABvr_o+--- + AT 1By + ATy

which together (2.11) proves (2.12).
Now rewrite the cost functional (2.9) in the operator form as

(Quv2) + (Ru,) = (Qu.p) + (Rovo) —
(Q(Lv + w), (Lv + w)) + (Rv,v) =
(QLU Lv) (QLU w) (Qw,Lv) + (Qw,w) + (Rv,v) =
( *QLw, v) (QLv w) (L*Qw,v) + (Qw,w) + (Rv,v) =
( (R+ L*QL)v v) (QLU w) (L*Qw,v) + (Qw,w) =
( (R+ L*QL)v v) +2(L*Qw v) (Qw,w)

Thus
Jw)=((R+L*QL)v,v)p + 2(L*Qw,v)5 + (Qw, w)s, (2.13)

where w = (p, Ap, ..., (A)T¢) € Br(E). Here the symbol (-,-) means the inner product in
the Hilbert space By (E) (or in the space Br(V')) defined as usually (a,b)p = Z?:O (@i bi)E.
The operators of R : Bp(V) — Bp(V) and Q : Bp(E) — Bp(FE) are given by obvious
manner

(Ru)(t, s) = Ru(t—1,s), t #0, (Qa:)(t,s) = Qux(t,s), t=0,...,T, s€ Z,.

Note that since G > 0, R > 0 then the operator R + L*QL is inverted.
In order to find the minimum of (2.13) we calculate its Freshet derivative

d0J(v)
ov

It is obviously that this equation has the solution of

—(R+ L*QL) 'L*Qu

=(R+L*QL)v 4+ 2L*Qw = 0.

Put
—(R+L*QL) ' L*Qu. (2.14)

In order to prove the optimality of the obtained solution we need to check the following
inequality J(v) — J(v°) > 0 for any v € Br(V). The validity of the inequity means that
1Y is optimal control in the initial problem.
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Denoting II = (R + L*QL) we have

J(v) — J(0%) = (Tlv,v) 4+ 2(L* Qu,v) — (L*Qu, T L* Qw) =
(Ilv + T L*Qu, v) + (L* Qu, v + 1" L*Qu) =
(I(v — v°),v) 4+ (L* Qu,v — v°) = (Il(v — v°),v) — (I°, v — %) =
(TI(v — v¥),v — %) >0

since accordingly the inequalities Q > 0, R > 0 the operator 1I positive and, hence, is
inverted.

Since J(v) — J(v°) = (R + L*QL)(v — vp), (v — vg))g > 0 for any v € Br(V),v # vg
then v is a unique optimal solution for the problem (2.1),(2.9). The theorem is proved.

Thus, the optimization problem (2.1), (2.9) is solvable, and optimal control is given
by the formula (2.14). Nevertheless, the obtained formula (2.14) is not suitable for appli-
cations since the inverting operator procedure presents a nontrivial problem, in general.
By this reason we propose another way to find the optimal control function u°(¢,s). This
approach is based on the duality theory that can be developed for the considered 2 — D
control systems.

The following theorem is true.

Theorem 5. The boundary problem

N
z(t+1,5) = >  Ait,s+i)— BR'B*(t,s), (t,5) €{0,.... T} x Z (2.15)
i=—N
N
2(t,s) = Y Afz(t+1,s—i)+ Qu(t+1,s), (t,s) €{0,...,T} x Z (2.16)
i=—N

with the conditions
x(0,s) = p(s), 2(T,s) =0, s € Z. (2.17)
is solvable in the space la(V).

Proof. Denote by y;, w; the elements of the space l3(F) for which
(10)(s) = 2(t,5), (w)(s) = 2(t.5) s € Z, t € {0,...,T}.
Then the problem (2.15)—(2.17) can be rewritten in the operator form

Y1 = Ay, — BRI\ B wy,  yo = ¢,
(2.18)

wy = A*wipy + Quip1, wr = 0.

In the equation (2.10) put yo = ¢ and v; = v, where v) are elements of space lo(V)

defined by formula (2.14). Next, from equation (2.10) we can determine the function
yY, t €{0,...,T}. Indeed, step by step procedure applied to the following equation

Yirr = Ay, + Boy = Ay, — B(R + L*QL) ' L*Quy, te{0,1,...,T} (2.19)
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we have
for t =0: y; = Ayo + Bug = Ap — B(R + L*QL) ' L* Quy;
for t =1: yo = Ay + Bvy = A(Ap—
— B(R+ L*QL)"'L*Qug) — B(R + L* QL)' L*Qu; = A%p — II(Awg + wy).
To simplify we denote IT = B(R + L*QL)"'L*Q. Then continuing

for t =2: y3 = Ap — I(A%wy + Aw; + w);
-1
for y, =Alp — 11 ZAlwt—l—i

i=0
The obtained above formulae
v’ = —(R+ L*QL) ' L* Quy

can be rewritten as

W = —R_IB*WO
and hence

II=-BR 'B*
Therefore the obtained elements y; can be written as

t—1
Yy = .AtQD — Z AiB’R_l,B*wt_l_i’ t e {0, ... ,T}
=0

Substituting this function into the second equation of the system (2.18) and using the
boundary condition wr = 0, we have

T—t
wf =3 Ayl tefo,.... T} (2.20)

i=0
It easy to obtain the following equalities

t=T-1: wyr_1=A"wr+ Qyr—1 = Quyr—1

t=T-2: wr_o=A"wr_1+ Qyr—2=A"Qyr_1+ Qyr_»

t=T-3: wr3=A"wr_o+ Qyr_3=A"(A"wr_1+ Qyr—2) + Quyr—3 =
A2 Qyr_1 + A*Qyr_s + Qur_3

T—t

w) =) A"Qy),, ted{o,... T}

1=0

These equalities prove that the couple of the functions (y9,w?), t € {0,...,T} satisfies
the second equation of the system (2.18) and condition 33 = ¢, w% = 0.
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For the proof of the theorem it is sufficient now to show that
v) = —R'B*WY, te{o,...,T}.
Multiplying both sides (2.14) on (R + L*QL) we have
(R+L*QL)v’ = —(R+ L*QL)(R + L*QL) ' L*Qu
that is equivalent to the following equalities
R’ + L*QLv’ + L*Quw = 0
yO:Lvo+w :>Lv0:y0—w

R0 + L*Q(yo —w)=-L"Quw

such that Rv? = —L*Qy and, finally v0 = —R~1L*Qy°.
Find now for the operator L its conjugate operator L* : BX(V) — Br(E) using the
following reasons

Lf.Y)srv) = (f, L'Y)Br )3

Lf,y) = ((Lfo,v) + (LH,m)+ -+ (Lf)r,vr) =

0,7) + (Bfo,71) + (ABfo + Bfi,72) + (A*Bfo + ABf1 + Bfa,v3) + -+ =

0,70) + (Bfo, 1) + (ABfo,72) + (Bf1,72) + (A*Bfo,v3) + (ABf1,73) + (Bf2, ) + - =
0,70) + (fo, B*v1) + (fo, A*B*y2) + (f1, B*v2) + (fo, AB*3) + (f1, A*B*y3) + (f2, B*73)
+ ... = grouping elements =

(0,70) + (fo, B*y1 + A*B v + A2B*y5 + -+ )+

(f1,B v+ AB g + -+ ) + (fo, B ys + -+ ) + -+

(
(
(
(
(

Thus, we have the following formula for the L*:
(L*B)t = B*Bi1 + B* A Bryo + .. + B*AT 150 (L*B)r = 0. (2.21)

Therefore, from (2.20) we have

T—t—1

B ')y = Y BATQy) . = (L*Qy ) te{0,..., T} (2.22)

1=0
This yields that v = —R™YL*Qy") = —R~!B*w’. Theorem is proved.

Theorem 6. Optimal control problem (2.1),(2.9) has a unique solution , which is defined
by formula
u(t,s) = —R'B*z(t,s), t €{0,...,T}, s € Z,

where z(t, s) is given by (2.15)—(2.17).
Proof. The uniqueness of the optimal control was established before. Let x(¢, s), z(t, s),
t €{0,...,T}, s € Z, is a solution of the system (2.15)—(2.17). Consider the following

function

u(t,s) = —R'B*z(t,s), t € {0,..., T}, s € 7.
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Taking into account the introduced notations the systems (2.15)—(2.17) we can rewrite
as
Y1 = Ays — BR™ B w;, wp = A'wisr + Qyrsr, Yo = ¢, wr = 0.

Then it follows immediately that

t—1
Yt = .At(,D — ZAiBR_lB*wt_l_i, t e {0, L ,T}
=0
T—t '
wy = ZA*ZQ:UH—Z', @t == R_IB*wt, (223)
i=0

where (0;)(s) = 4(t,s). According (2.22), (2.21), the element 0 = (2y,...,0r) from the
space Br(V) can be presented in the form

b= —RIL*Qy, where y = (yo,...,yr) € Br(E).

Then
R =—L*Qy.

From other hand, from the first equality of (2.18) we can find that
y=w— LR 'B*wa and y = w + L0,
where w = (wp, ..., w1) € Br(E). Therefore
Ro=—-L"Qy+ L' Qw —L*Quw=L"Q(w —y) — L"Qw = —L*QL0 — L*Quw

and

b= —(R+L*QL) 'L*Qu.
Thus, the element © coincides with element v defined by formula (2.14). Hence, a(t, s) =
ul(t,s) = —R™1B*2(t, s) is optimal control problem. The theorem proved.

2.3.1 Optimal control in feedback form

In this paragraph we wish to find another presentation for optimal solution.

Namely, we would like to find the operators Py, ¢ € {0,1,...,T} such that the optimal
control 1) is determined as resulting action of some operator P; acting on trajectory such
that the following equality

v) =Py, te{0,...,T}

holds.

Such kind problem statement is traditional for automation theory and engineering
reasons.

Denote by Py : lo(E) — Io(E), t € {0,...,T} some collection of the linear bounded
operators, satisfying the following condition Pp = 0.

Let v € Br(V) is an optimal control in the initial problem (2.1)-—(2.9), and y° €
Br(E) is the corresponding solution of the (2.10).

The problem is to find the operators Py, t € {0,...,T} such that

W = —RIBPL, te{o,...,T}. (2.24)

Here v° = (v9, 00,09, ,v8), 4% = (v3,49, 49, - -+ , %), and the additional term of —R~!B*

we take for convenience sake. We call the formulated problem as a control problem with
the feedback control for the system (2.1), (2.9).
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Theorem 7. If the feedback control problem (2.24) is solvable, then the operators Py
satisfy the following system of equations

Pt + (Q+ A*P)BRIB*Pi_y = (Q+ A*Py) A, (2.25)
with the boundary conditions of
Pr=0, te{0,...,T}. (2.26)
and the optimal trajectory are defined as a solution of the following Cauchy problem
Vg1 = (A—BR7IB*P)y, t€{0,....TY, yo= . (2.27)
Moreover, the optimal cost function value is J = (Pop, Ap).

Proof. Let the feedback control problem of (2.24) is solvable. Then the function
y¥ satisfies the condition (2.27). To show this it is sufficient into (2.10) to put v° =
—R_lB*Pty?:

yea1 = Ay + Boy = Ay — BR™'B* Py, = (A — BR™'B*Py)y,
But from other side, the solution of (2.27) we can represented as
YW =F 1(F_9..(F°) ¥Vt >s5>0, where F; = A — BR™'B*P;.

Yi+1 = Fry, with initial conditions ys = yg, where s > 0-Vindex.
Substituting this into the v = —R~'L*Qy" which proves the required equality of
Theorem 6. Now show how the operator L*operates on element Qy°:

LHQy) = B (Qy")es1 + -+ BATD(Qy)r =
BQu") 1 + A (Qy )z + -+ ATTTI(Qy) 7).
Therefore
~RIB*Py) =" =
_RLFQY =
— RBI(Qy)er1 + A QY )iz + - - + ATT(Qy0)r].
We will take into account that, solutions yf,; we can present through index s of the
system: Y1 = Fyye, ys = Foys
ven = Ful;
Yo = Frp(Fryd);

)

v = Fr_1(FPr_ao(-- Fu))
Then we have
0 _ 0 * *(T—t—1)
Pry; = QFy; + A"QF 1 Fyyy +---+ A QFr_1Fr_g--- Fyy

or
Ptyto = (QF + A" QF 1 Fi+ -+ A*(T_t_l)QFT—lFT—2 - Fy

48




2.4 Optimal control via boundary data

Hence, the needed operators Py satisfy
Pro1= QR+ AQFR R+ ...+ AT'QFr ... F_y, Pr=0,
and this we can rewrite as the following recurrent formulas
P+ (Q+ AP)BR'BPy = (Q+ A*P)A, t=1,...,T, Pr=0.
Let PP is a solution of (2.26). Since the following formulas are true
(Pto—1y?—1w4@/?—1) - (Pty?,Ay?) = (Pto—wg—lw‘ly?—l)—
—(APY(A = BRT'B*PL1)yi—1,97) = (Pyyi_vs Ayp—y) — (Pilayir, 4i1)
+H(QA = BR'BPL)yi-1,4¢) = (PLiyp—1, BR™B*PLy)y_1)+

+(Qy1(t]7yz(€)) = (RU?_I,’U?_l) + (Qyz(f)7yz(€))7

then
T

T
Z (Qu ) + (Rup_y,v)y) = Z [(Pto—wg—hfly?—l)

t=1

(7’ yt,Ayt_l)} = (Poyo, Ayg) = (Pow, Ap).

Theorem is proved.

2.4 Optimal control via boundary data

The results developed in the previous section can also be extended to other classes of
discrete 2 — D models for control problems optimization appeared in the complex gas
network model.

As it was shown in the Chapter 1 for some cases the part of the initial data can be
treated as a control parameter for discrete 2 — D system. In particular, it is of interest to
determine an optimal control programm for gas pressure and gas flow at the pipe when
the gas regulation in the time is feasible at a fixed node of the pipe.

In particular, an interesting problem is optimization due to the boundary condition
x(t,0) = @(t) which is given above in (1.75)—(1.76). In other words, we consider the
following system

x(t+1,8) = Agx(t,s) + Arx(t,s + 1) + Asx(t,s — 1) (2.28)
with initial and boundary condition:

1‘(0,8) = ¢(s), s €Ly \ {0}

2(t,0) = () =u, t=01,2..,T—1

The optimization problem is to minimize the cost functional of the form

E:{Z:thﬁ ()%+@Mmuwﬂ, (2.29)

t=1 El<y/m

where Q > 0 and R > 0. We keep here the notations of the Section 2.3 of E,V for the
finite dimensional spaces and corresponding operators. In fact, this is equivalent to spaces
R™ and R when some bases are chosen in E and V, respectively.
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2.4.1 Embedding to the general system case

The considered problem can be reduced to the optimal control problem with control in-
put in the right hand system side which is investigated in the Section 2.3. To realize
this reduction rewrite (2.28)—(2.29) in operator form. In order to rewrite correctly the
boundary control data by control input in the right hand side of the system, note first

(2.30)

x(2,1) =Aox(1,1) + A12(1,2) + A2x(1,0) = Apz(1,1) + A12(1,2) + Aguy;

The obtained recurrent formulas lead to the following definitions of the operators A :
[o3(E) — l2(E) and B : V — I3(FE) (which are needed later) as follows

A:(&1,82,83,...) — (A&t + A1ée + Az - 0, Ag&o + A1&3 + Az&1, A&z + A1&y + A&, .. )

B :u — (A2u,0,0,0,...,0,...). (2.31)
Then the equalities (2.30 ) can be rewritten as the ordinary discrete system of the form
Yir1 = Ay + Bo, t =0,1,...,T -1 (2.32)
where
yr = {x(t,0),x2(t,1),...}, vy =w, t=0,1,..., T —1 (2.33)

and A, B are the linear operators defined above. Denote by Br(E) and By (V') the spaces
of the functions defined on the set {0, 1,...,T — 1} with values in the spaces lo(E) and V,
respectively, such that Br(E) = (lg(E))T, Br(V) = (V)T.

Next we wish to rewrite the system by operator equality. By this reason we introduce
the following notations. Let £ : Bry1(V) — B}, (E) is the operator of the form

(L) = By—1 + AByi—a + ... + A7 Bryg, t > 0, (Ly)o =0,

where v = (70,70, ---,77) € Br41(E), BX(E) denotes the subspace of Br(E) containing
the functions with zero values at ¢t = 0, and w = {p, Ap, A%p, ..., AT o} € Bri1(E).
Thus, in this case the solution of (2.32) can be presented in the general operator form
as
y=Lv+w

the coordinates of which are
ye = (Lv +w)y = Alp + A7 Bug + ... + ABvs_o + Bu;_1, (2.34)
where

v = (UQ,Ul,U,Q, ...,UT_l) S BT7 Yy = (y07y17y27 "'7yT) S BT+1 - (127127 "'7l2) .
———

(T+1)—times
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It is easy to check the validity of the obtained formula. Indeed, we have

Yo ={z(0,8),s € Z1} = (Lv+w)(0) =0+ w(0) = ¢
y1 = {z(1,s),s € Zy+} = (Lo)(1) +
( +

(w)(1) = Ap + Bug
Yo = {2(2,5),5s € Z.} = (L)(2) + (w)2 = Buy + ABvg + A%p =
Ay, Ayvo (2.35)
0 0 Agpr + Az + Az - 0
= 0 + A 0 + A | Apgps+ Arps + Az
which coincides with the calculation in (2.30).
Since
(@.2) + (Rusw) = (Qp.) + (Ro.v) =
( QL 4+ w), (Lv+w ) (Rv,v) =
(QEU Ev) (Q[,v w) (Qw,ﬁv) + (Qw,w) + (Rv,v) =
( *QLw, v) (Qﬁv w) (E*Qw,v) + (Qw,w) + (Rv,v) =
(R+L*QLYw,v) + (QLv,w) + (L*Qw,v) + (Qu,w) =
( R+ L*QL)v v) +2(L’*Qw v) (Qw,w)
then the cost functional (2.29) can be represented in the operator form as
JW)=((R+ L QL)v,v)p + 2(L*Qw,v)p + (Qu,w)s, (2.36)

where w = (¢, Agp, ..., (A)Ty) € Br(E).
Here the symbol (-,-) means the inner product in the Hilbert space Br(E) (or in the

T
space Br(V)) defined as (a,b)s = > (a;,b;) p. The operators of R : Bp(V) — Bp(V) and

1=0

Q: Br(E) — Bp(FE) are given obviously:
(Ru)(t,s) = Ru(t,s), t #0, (Qx)(t, s) =Qx(t,s), t=0,...,T, s€ Z;.

Since G > 0, R > 0 then the operator R + L*QL is inverted.
The minimum of (2.36) satisfies to the equation
d0J(v)
ov

— (R+L*QL)v +2L"Quw =0

Hence
= —(R+L*QL)"'L*Qu. (2.37)

Next we can check inequality J(v) — J(v") > 0. If it is true then v° is optimal control in
the initial problem. Denoting II = (R 4+ L*QL), we have

J(w) — J(0°) = (Tlv,v) + 2(L*Qu,v) — (L*Qu, T L*Qw) =
(I + IIT ' £*Qu, v) + (L£*Qu,v + T £*Quw) =
(Tl(v — v°),v) + (£*Qw,v —v°) = (TI(v — v°),v) — (M°,v — ") =
(IT(v — %), v — 2°).
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Since G > 0, R > 0 then J(v) — J(°) = (R + L*QL)(v — vg), (v — vg))p > 0 for
any v € Br(V),v # vg. This means that v" is a unique optimal solution for the problem
(2.28),(2.29). Thus the optimization problem (2.28),(2.29) is solvable and optimal control
given by the formula (2.37).

But the obtained formula is not suitable for calculation, since the search of the invert
operator is not trivial task. By this reason in the next Section for the obtained function
we consider another presentation by the so-called adjoint variables.

2.4.2 Conjugate system

First we give some general facts. As well known for the linear equation given in some
Hilbert space X in the form

Hx=f (2.38)
their conjugate system is defined as
H'z=g (2.39)

where H and H* are prime and their adjoint operators acting in X.
The equalities obtained in the Section above are

yt+1:~’4yt+‘8vta t€{0717"'>T_1}7 Yo =

Rewriting the last as y;+1 — Ay, = By, we have the operator equation Hy = f where
the operator H : BT+ = BT is given by (Hy)(t) = ys+1 — Ay; and f = Bu.
It easy to see that:

(Hy,z)gr = (11 — Ayo,20) + (y2 — Ay1,21) + ... + (yr — Ayr—1, 27) =

= (yo, —A*20) + (y1,20 — A* 21) + ... + (yr—1, 27—2 — A*2r-1) + (yr, 27) = (y, H 2) gr1
In other words the adjoint operator H* : BT = BT*! is defined as follows

(H*Z)O = — A*Zo
(H*2)s =251 — A%z, s=1,.T -1

(H*z)p =zp
Then for the considered case the adjoint equation of (2.39) is
_A*ZO =490,
2o — A"z =g1,
.................. (2.40)
zr—9 — A'zr_1 =gr-1,
2T =971 -

In order to find the required adjoint operator A* : 1> — [? for the operator A that is given
as

A (&1,62,83,...) — (Ao&i + A1&o + Az - 0, Apla + A163 + Ay, Aoés + Ar&u + Ao, .. )
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we calculate the inner product

(AE,m)2 = (Ao + Ao, m) + (Aoka + A1& + Az, m2) + ... =
= (&, Agm + An) + (&, Aom + Afme + Ainz) + ... = (§, A™n)pe

Hence
A* (112,13, -0, ) — (Agm + Alne, Asm + Agne + Ains, ...)

To determine correctly the adjoint system in the coordinate form we rewrite in details the
relations 2.40). Then for the element 2y we have

20 = (Z(0,0),Z(O, 1)7 ...,Z(O, 8)7 ) = _A*ZO = go = _A*ZO(S) = 90(8)
such that

—ASZ(Oa 0) - TZ(()’ 1) 29(07 0)
—Apz(0,1) — A72(0,2) — A32(0,0) =¢(0,1)
—Apz(0,s) — A12(0,s + 1) — A52(0,s — 1) =g(0,s) ¥ s > 1.

Analogously, for the element z; we have
z1 = (2(1,0),2(1,1), ..., 2(1,8),...) = 20 — A*z1 = g1 = 20(s) — A" z1(s) = 91(s)
such that

2(0,0) — Ajz(1,0) — A7z(1,1) = ¢(1,0)
2(0,1) — Apz(1,1) — A7=2(1,2) — A52(1,0) = ¢(1,1)
2(0,s) — Apz(l,s) — Ajz(1,s + 1) — A52(1,s — 1) = g(1, s)

And for the arbitrary element z;:
2t = (2(¢,0),2(t, 1), ..., 2(t,8), ...) = 21 — Az = gt = ze-1(8) — A 2(s) = ge(s)
such that

z(t—1,0) — Ajz(t,0) — AT=2(t, 1) = g(¢,0)
z(t—1,1) — Ajz(t,1) — AT2(t,2) — A52(t,0) = g(t, 1)
z(t—1,s) — Apz(t,s) — Ajz(t,s + 1) — ASz(t,s — 1) = g(t, s)

where t € {1,...,T}.
Summarizing the obtained above we have the asked adjoint system
z(t,s) = Ajz(t+1,5) + Ajz(t +1,s + 1)+ ASz(t +1,s — 1)+ g(t +1,s)
2(t,0) = Ajz(t +1,0) + ATz(t + 1,1) + g(t + 1,0), (2.41)
2(T'=1,s)=g(T,s), te{0,1,...,T—1}, s=1,2,..

2.4.3 Boundary optimal control

The aim of this paragraph is to obtain the representation of u® = (ug,uf,us,...,us_,) by
means of adjoint variable z. The following result is hold.
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Theorem 8. The optimal control u° of the problem (2.28)-(2.29) is given as
u) = —R71A329(¢,0), t=0,1,...,T — 1, (2.42)
where z(t,0) is determined by the following system of equations
z(t,s) = Apz(t +1,8) + Ajz(t +1,s+ 1)+ ASz(t +1,s — 1) + Qz(t + 1,5), s € Z,

z(t+1,8) = Agx(t,s) + Arz(t,s + 1) + Agz(t,s — 1) — AgR™1 A32(1,0), (2.43)
t=0,1,..., T —1, '
with the boundary conditions

x(0,8) = p(s), 2(T,s) =0. (2.44)

Proof. From (2.37) follows that the optimization problem (2.28)—(2.29) is solvable
and optimal control given by the formula

v = —(R+LQL) L Quw.

Multiplying the left-hand side on (R 4+ £*QL) and the representation for y as

y=Lv+w
gives

0 = R L. (2.45)

Here the operator £* is conjugate operator to L is presented as

L* = B*A.
The conjugate operator B* : [3(E) — V can be defined as follows

(Bu,n)iy () =(A2u,v1) + (0,v2) + ...+ (0,0,) + ... =
=(u, A5v1) + (0,v2) + ...+ (0,v,) + ... =
=(u, A5v1 +0-va+ ...+ 0 v, +...).

Hence
B* : (v1,v2,...) — Ajv;. (2.46)
It is easy to show that the operator A is given as follows
(AB)y = Bro1 + A Brpo + A2 Bys+ ..., fo=0,t=0,1,....,T—1 (2.47)
where the conjugate operator A* is given as
A" (1, m2,m3, ) — (Agm + ATz, Agm + Agne + Alng, ...
Thus, we have

vf = —RB*(Quli + A Qyf o +..), t=0,1,..., T — 1 (2.48)
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Put
2= (Qupyy + AT Q)+ ..), t=0,1,...,T — 1 (2.49)
It is easy to see that the function z satisfies the following equation
2= A2+ Qypy, t=0,1,...,T —1 (2.50)

which is called the conjugate ones to the equation (2.32).

Since the equation (2.28)and the equation (2.32) is solvable for any admissible control v,
then the conjugate system (2.50) is solvable, too. Hence, the equation (2.50) has a unique
solution z° for any y°. It is easy to check that the equation (2.50) can be transformed to
the required form of (2.43). Then from (2.48) follows

v) = —R7'B*2).
In accordance with (2.46 we have u) = —R™1A52%(t,0), t = 0,1,...,T — 1 which proves

(2.42). The proof of (2.43) can be done similar to the Theorem 6.

2.5 Optimal control in infinite case

In this section we consider the problem (2.1)—(2.9) in the case T' — oo. The solution of
this problem will be given as a limit procedure based on the results of the previous section.
Let 13(V) be the space of all sequences u : Z x Z — V such that Dots | ult,s) |2.< o0.

For this reason the solution of the equation (1) we shall consider on the space I3(E), also.
It can be shown that for every admissible control u € [3(V) and initial state z(0,s) =
©(s), p € I2(E) there exists a unique solution iff r(A) < 1, where r(A) denotes the spectral
radius of A.
For some assumptions on the operators A; (on the spectrum of the pencil for 4;) the
following theorem is proved.

Theorem 9. . Let r(A) < 1 and the following conditions hold

|A_N 4+ |[A-nga| + ...+ |Ano1 + [An| + [B)? < 1,

(2.51)
‘R’ <1l- (’A_N + ‘A—N—i—l‘ + ...+ ‘AN—l + ‘ANDz/(l — ‘B’z).

Then the optimal control for the problem (2.1), (2.9) (T = o) can be presented in the
form
u’ = —R71BxP2O(t),t € Z,,

where 2°(t),t € Z, is a unique solution of the equation
z(t+1) = (A— BR™'B*P)x(t), 2(0) = ¢.
Here the linear bounded operator P : I?(E) — I2(E) is given by the equation
P=(R+ A*P)(A—-BR'B*P).

Moreover, the minimal value
I = (Pp, Ap).
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Proof. Let N > 1 is a fixed integer and P, t = 0,1,...,N are the solution for
the operator equation (2.25)-(2.26). Hence the re-numbered operators P, = Py_4, t =
0,1,..., N satisfy the equation

P+ (G+ AP,_)BR™'B*P, = (G+ A*P,_1) A, Py =0, (2.52)

the solutions of which are not depend on the integer N. Now we study the solvability of
the given equation in detail. It can be shown that if on the each ¢-th stage the following
condition .

IG1| + A1 P—a ]| < 1, [IBRT'B*|| < 1

is guaranteed, then the unique bounded solution P, exists for the equation (2.52). More-
over, from (2.52) the following estimate follows

(IG + A* P |DIIA - A

Pl < _ .
1< e T A B BR-B) = G- 1BRTEY

Hence, in order to guarantee the solvability of equation (2.52) for the next (¢ —1)-th stage
it is sufficient to keep the condition ||(G + A*P,)BR~'B*|| < 1. The previous inequality
yields then that this will be true if |G|+ ||A||*(1—||[BR™1B*||)~! < 1. Early we shown that
| A [2< QNZ?L_N | A; |? and ||G|| < ||Q||. Unite the given inequality we see that the
conditions given in the theorem guarantee the solvability of the operator equation (2.52)
for any t =0,1,....

Further, the theorem 7 gives that the minimal cost value for each fixed integer NV is
equal (Pyxo, Azo). Let Ny > Ni. Then for any admissible control u € B([0, Na], 12(E))
and initial data x € l3(E) we have

No N1
Z [(Q:Et,:nt) + (Rut,ut)] > Z [(gazt,xt) + (Rut,ut)] > el];nilrl(E) J(u) > 0. (2.53)
t=1 t=1 uebn,

Hence, (Py,z, Az) > (Py, x, Az) for any z € I2(E).

Let Jx(x) denotes the minimal value for the cost functional in optimization problem
(2.1),(2.9) with initial data = € I?(E) (N = o). By analogy with the previous section we
can shown that the optimal control in this case is

—(R+ L*QL)_IL*Qw, where w = (z, Az, A%z, ...).

In addition, from (2.14) it follows that J(z) = (Pw,w), where P is the linear operator
in B(F) given by the formula

P=G - GL(R+L*GL) 'L*GL

(others operators involved were defined early). Using (2.53) we have that for any = € I?(E)
the following inequalities are fulfilled

0 < Joo(2) = (Pw,w) < |[Pll(w,w) < C||P||(,2),

where the constant C' = 1/(1 — ||A]|) > 0. Moreover, for any integer N the following
inequalities are true

Joo(z) = uéan J(u, ) Z gazt,:nt Rut,ug)] >
t=1
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>

(Gaf. o) + (Ruf ()] > | min_J(u) = (Pya, Av).

Mz

o~
Il

1
Let 0 < N1y < N < ... be some increasing integer sequence. Then

0 < (Py,z, Az) < (Py,z, Az) < ... < Joo(z) < O(z, ), (2.54)

where the constant C' > 0 was given above. This means that {A*pNi} is a nondecreas-
ing bounded up sequence of nonnegative selfadjoint operators. In this case the Banach-
Steinhause theorem states that this operator sequence has a strong nonnegative operator
limit 7', that is

lim A*Py.x = Tx vV zecl*(E).

1—00

Since 7(A) < 1 then the operator A* is invertible. Then from (2.54) it follows that
the sequence PN is convergent, also. Let lim PN x = Px. We shown early that J(z) >

1—00
(Pyz, Az) for all z € 12(F) and any N. Taking limit at N — oo, we get Joo () > (Px, Az).
Verify now that the cost functional J,, takes the value (Pz, Ax) on the control function
u* = —R~'B*Px. This will means that the control function u = u* is optimal. By analogy
with the theorem 7 it can be shown that the control function w;, t € Z, produces the
solution zj, t € Z, for the equation

Ti1 = (A= BRIB*P)ay, xzo ==z, t € Zy.
This solution satisfies the following equality
(P, Axy) — (Payyy, Azgyy) = (G, 2i) + (Rug, w).
Then -
Z (G}, xy) + (Ruj,uy)] = (Px, Az) + tlim (Pxf, Axy).
t=0

Since z* € B(E), then ||z} |;2(g) — 0, t — oo. This proves the required equality Jo.(z) =
J(u*) = (Pz, Ax). The proof is completed.

Another form of the optimal solution for the problem (2.28), (2.29) is given by the following
theorem.
Theorem 10. The Fourier transform

o0

U(w) = Z u¥(t, s)e ",

S=—00

w € [0,27] of the optimal control u°(t,s) for the problem (2.28), (2.29) (I = oo can be
presented as follows

U(w) = K(w)X¢(w), (2.55)

where

N
K(w)=—[R+ B'P(w)B] ' B P(w)A(w), Aw)= Y e*A,. (2.56)
k=—N
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Here P(w), w € [0, 2] satisfies the following operator equation
P(w)=Q+ A*P(w)A(w) — A*P(w)B[R + B P(w)B] ' B P(w) A(w), (2.57)

Xi(w) is the Fourier transform of the optimal trajectory z°(t,s). Moreover, the minimal
value of the cost functional is

1

T on

27
() /O (Xo(w), P(w)Xo(w))dw (2.58)

Proof. Applying the discrete Fourier transformation to the equation (2.28) with
respect to the variable s:

Xi(w) = Zxo(t, s)e” @ w € [0,27]
sEZ
leads to the system of

N
Xip1(w) = A() Xy (w) + BUi(w), Aw) = Y " Ak, w e [0,27]
k=—N

In accordance with the Parseval’s identity the cost functional can be represented as follows

27
J(u) = % 3 /O (Xy(w), QX1 (@) X1 (@) + (Uy(w), RU(w))dw.

teZy

Let P(w), w € [0,27] be an arbitrary collection of nonnegative operators such from E to
E such that f027r |P(w)||dw < oo. The following identity is true

0 = (P(w)Xo(w), Xo(w) = Y (P(w)Xi(w), Xi(w))+
teZ,

+ Z (P(w)(A(w)P(w) X (w) + BU(w)), (A(w)P(w) X¢(w) + BUy(w)).
tez,

Integrating this identity on w € [0, 27] and adding then the result to J, we obtain

1

T o

2
J () /0 (P@)Xo(), Xo(@) + 3 (QXi(w), Xe(w))—

teZy
—(P(w)Xi(w), Xi(w)) + (RUt(w), Ur(w)) + (P(w) A(w) Xy (w), A(w) Xi (w))+
+(P(w)BU(w), BUp(w)) + (P(w)A(w) Xt (w), A(w) Xt (w), A(w) Xt (w))]dw.
Adding and subtracting in the obtained expression the following term
(P(w)A(w)X;(w), BIR + B P(w)B] "B P(w)A(w)X;(w)),t € Zy,

we find that

2m
J(u) = i/0 [(P(w)Xo(w), Xo(@)) + D [(F(w)Xe(w), Xe(w))+

2w
t€Z+
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+((R+ B P(w)B)Vi(w), Vi(w))]dw.
Here
Fw)=Q — P(w) + A" (w)P(w)A(w)—
—A*(w)P(w)B[R + B'P(w)B] "B P(w)A(w),
Vi(w) = Uy(w) + [R + B'P(w)B] ' B'P(w) A(w) X (w).
Note that the needed operators are invertible since P(w) is nonnegative and R is

positive operators. The second term in J is not depend on control function since Xo(w) =

Y p(s)e, w € [0,27]. Choose now the required operators P(w) such that the following
SEL
condition F(w) = 0 holds. Then the cost functional can be rewritten as

27 +oo
T = 5= [ UP@Xolw). Xo(w)) + SR+ B'P)BI Vi), Vilw))do. (259)
t=0

It is obviously that the minimal value for (2.59) is

1
o7

21
Iw) = o= [ 1PE)Xow), Xo(w))do,
0
which is feasible iff Vi(w) = 0. In other words, this is possible iff Uy(w) = K(w)X(w).
Thus the required representation for the optimal control law and the function K (w) and
P(w) are obtained. The theorem is proved.
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D:ifferential Linear Repetitive Processes

Differential repetitive processes are a distinct class of continuous-discrete 2D linear systems
of both systems theoretic and applications interest. The feature which makes them distinct
from other classes of such systems is the fact that information propagation in one of the
two independent directions only occurs over a finite interval. Applications areas include
iterative learning control and iterative solution algorithms for classes of dynamic nonlinear
optimal control problems based on the maximum principle, and the modeling of numerous
industrial processes such as metal rolling, long-wall cutting etc. Repetitive processes share
also similar mathematical model with recently extensive developing and important from
the practical point of view, so-called spatially interconnected systems, and hence these are
the possible application area for them. In particular, some models of the distributed gas
networks can be treated in the terms of repetitive processes, also.

The first part of this chapter uses the classic approach to investigate the traditional
optimal control theory problems for the repetitive dynamics model. It is well known that
the separation theorem for convex sets is quite useful approach for studying a wide class of
extreme problems. Here we develop this method to establish optimality conditions in the
classic form of maximum principle for multipass nonstationary continuous-discrete con-
trol system with nonlinear inputs and nonlocal state-phase terminal constraints of general
form. The obtained results are traditional for classic optimal control theory. However,
their numerical realization is not a trivial task. By this reason in the next sections for the
stationary case of the system model and particular case of the constraint and the cost func-
tional we develop the new optimality and sub-optimality conditions that are more suitable
for the design of numerical methods and further applications. In contrast to the classic
approaches of optimal control theory,in the second part in this chapter we use the idea of
constructive methods reported in [37] and extend this setting to the continuous-discrete
case to produce new results and constructive elements of optimization theory for the con-
sidered repetitive systems and develop also its relevant basic properties which can be of
interest for others purposes, too. It is shown that the obtained optimality and e-optimality
conditions are close related to the corresponding classic results of maximum principle and
e- maximum principle. The sensitivity analysis and some differential properties of the
optimal controls under disturbances are discussed and their application to the optimal
synthesis problem is given. The obtained results yield a theoretical background for the
design problem of optimal controllers for relevant basic processes. The end goal of the
research programme for which this research forms part of the output is the development
of numerically reliable algorithms for the synthesis of optimization based control schemes
for these processes. Some areas for short to medium term further research are also briefly
discussed.
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3.1 Background and preliminaries

The essential unique characteristic of a repetitive (termed multipass in the early literature)
process can be illustrated by considering machining operations where the material or
workpiece involved is processed by a sequence of sweeps, termed passes, of the processing
tool. Assuming that the pass length ¢* (i.e. the duration of a pass of the processing
tool), which is finite by definition, has a constant value for each pass. Then in a repetitive
process the output vector, or pass profile, yi(t), t € [0,t*], (¢ being the independent spatial
or temporal variable) produced on pass k acts as a forcing function on the next pass and
hence contributes to the dynamics of the new pass profile yi.1(t), t € [0,t*], kK > 0.

The dynamics of such processes in the time and space invariant case(see [66]) ares
defined over 0 <t < t*, k > 0, by a state space model of the form

ik_;_l(t) :Axk+1(t) + Buk+1(t) + Boyk(t)

A K A (3.1)
Yk+1(t) =Cxpy1(t) + Dugy1(t) + Doy(t)

To complete the process description, it is necessary to specify the boundary conditions, i. e.
the state initial vector on each pass and the initial pass profile. Here no loss of generality
arises from assuming these to be of the form z;1(0) = dg+1, £ > 0, and yo(t) = f(¢),
where djy1 is an n x 1 vector of known constant entries and f(t) is an m x 1 vector whose
entries are known functions of ¢ over 0 < t < t*. Industrial examples (see, for example,
[7]) include long-wall coal cutting and metal rolling operations.

Figure 3.1: Metal rolling

The simulation of these processes in the simplest cases lead to the mathematical models
of the following form (see, for example, the monographs by N. Bose, E.Rogers, etc)

Ay (t)
dt?

d?yr—1(t)
dt?

+ )‘lyk(t) = )‘2 + Alyk—l(t) + buk(t)7 te [07t*]7 ke K= {17 7N}7(32)
where y(t) and yx_1(t) denote the gauge on the current and previous passes through the
rolls; A1, Ao and b are determined by the stiffness of the metal strip and the roll mechanism
properties, u(t) can be interpreted as the applied force to the metal strip by the rolls.
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A model of the rectification process of a many component mixture in a many-plate
column can be represented by

dx;t(t) = Vio1(t)ws—1(t) + Vs(t)zs(t) — Rs(ws(t), ys(t)) + ug, (1), (3.3)
dy;t(t) = Lo1(t)yst1(t) + Ls(t)ys(t) + Rs(5(t), ys(t)) + uy, (¢), (3.4)
tel0,t], seK={1,.. N} (3.5)

Here x(s,t), y(s,t) denote the desired material concentration on s-th plate in the gas and
liquid fractions, respectively; L, V and R present the hydrodynamical characteristic of
the process under consideration; u, and w, are the control material row; K is subset of
integers. Details of the model can be found in [18].

Also problem areas exist where adopting a repetitive process setting for analysis has
clear advantages over alternatives. This is especially true for classes of iterative learning
control schemes (see, for example, [2]) and of iterative solution algorithms for classes of
dynamic nonlinear optimal control problems based on the maximum principle (see, for
example, [68]). Repetitive processes share also similar mathematical model with recently
extensive developing and important from the practical point of view, so-called spatially
interconnected systems, see e.g. [17], and hence these are the possible application area for
them. In particular, a wide class of the distributed gas networks can be treated in the
terms of repetitive processes.

The basic unique control problem for repetitive processes is that the output sequence
of pass profiles generated can contain oscillations that increase in amplitude in the pass
to pass direction (i.e. in the k direction in the notation for variables used here). Early
approaches to stability analysis and controller design for (linear single-input single-output)
repetitive processes and, in particular, long-wall coal cutting were based on first converting
the process dynamics into those of an equivalent infinite-length single-pass process [32].
This, for example, resulted in a scalar differential/algebraic system to which standard
scalar inverse-Nyquist stability criteria were then applied. In general, however, it was
soon established that this approach to analysis (and controller design) would, except in a
few very restrictive special cases, lead to incorrect conclusions [65]. The basic reason for
this is that such an approach effectively neglects their finite pass length repeatable nature
together and also the effects of resetting the initial conditions before the start of each new
pass. This, in turn, led to the development of a rigorous stability theory based on an
abstract model of the process dynamics in a Banach space setting which can be applied
to all examples with linear dynamics and a constant pass length [71].

Given a suitable stability theory, it is a natural progression to consider the struc-
ture of control schemes for these processes and the development of suitable controller
design/synthesis tools. In this latter respect, one obvious way to proceed is to minimize a
suitably defined cost function.

In the first part of the paper, we consider the more general, non-stationary case. Note,
that the repetitive processes are inherently two-dimensional, and hence non-stationarity
can reflect to the from pass to pass parameter variability, and to the along the pass
parameter variability. Here we study the particular subclass of repetitive processes, where
the pass profile vector is exactly the same as the state one [8]. Hence, the second equation
of (3.1) is neglected and both dynamics, i.e. along the pass and from pass to pass are
encountered by one equation, similarly as in the Fornasini Marchesini model. Also, the
input influence to the state dynamics is nonlinear however additive.
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It is well known that the separation theorem [39, 9, 55] for convex sets is an useful
method for studying a wide area of optimization problems and hence we apply this method
to establish optimality conditions in the form of the maximum principle for a differential
non-stationary repetitive process with linear state dynamics and an additive nonlinear
term to account for the input to the process and non-local state-space terminal constraints
of a general form. The results obtained here in that wayare of the significant theoretical
value, however are not very well adopted for computation (and hence for application to
numerical examples). The on-going work are devoted to achieve more numerically tractable
results.

In the remainder of the paper, we focus on the stationary in both the directions case.
We develop the new optimality and sub-optimality conditions that are more suitable from
the numerical calculation point of view. These conditions extend the constructive methods
of [37] to repetitive processes and it is shown that the resulting optimality and e-optimality
conditions are closely related to the corresponding standard, one-dimensional results in
the form of the maximum and e- maximum principles. Also, the sensitivity analysis of the
resulting optimal controls is undertaken and some relevant properties are established. To
illustrate the use of these new results, a numerical example is detailed.

3.2 Notation and Model Definition

Assume that T' = [0, t*] is a given interval of values of the continuous independent variable
t € T ruling the along the pass dynamics and K = {1,2,..., N}, N < 400 be a set of
values of the discrete variable k € K ruling the dynamics from pass to pass direction. This
last assumption can be made as in practice, a repetitive process will only ever complete
a finite number of passes. Also introduce the control and state vectors as uy(t) € R" and
xi(t) € R™ respectively. Then the non-stationary repetitive processes can be described as

dxy(t)

Py = A(t)wk(t) + D(t)xk_l(t) + bk(uk(t),t), keK, teT (31)

with the boundary conditions of the form
z(0) = a(k),k € K, mzo(t)=p(t), teT (32)

where the n x n matrix functions A(¢) and D(t) and the n x 1 function ((t) are measurable
and integrable on T, the function b : K x U x T" — R" is continuous with respect to
(u,t) € UXT for each fixed k € K, a(k) is an n x 1 vector of known constant entries. Note
that the last nonlinear term represents the additive but non-linear input signal influence
to the process dynamics. What is interesting this influence is pass number variable, hence
non-stationary from pass to pass. Also, the model matrices are t-dependent and hence the
process is non-stationary along the pass.

This model can be easily extended to the one when the pass profile and state vectors
are decoupled and the pass profile dynamics can be a vector valued function of the state
dynamics.

Now, it is to define the class of available and admissible input signals for the above
model.

Definition 9. We say that the function u : K x T — R" is available for (3.1) if it is
measurable with respect to t for each fized k € K, and satisfies the constraint ux(t) € U,
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k € K, for almost all t € T, where U is a given compact set from R". Also the function
x: K xT — R" is a solution of (3.1) corresponding to the given available control uy(t)
if it is absolutely continuous with respect tot € T' for each fized k € K and satisfies (3.1)
for almost all t € T and each k € K.

We denote the set of available controls by U(-) and use M;, M; C R", i =1,2,...,1
to denote given compact convex sets.

Definition 10. The available control uy(t) is said to be admissible for the process (3.1)
if the corresponding solution x(t) = xi(t, o, B,u) of (3.1) and (3.2) satisfies

Z’N(Ti) eM;, 1=1,2,..1 (33)
where 0 =19 <1 < T2 < ... <71 =t* are specified elements of T .

The optimal control problem considered in this paper can now be stated as:
Minimize a cost function of the form

J(u) = p(en(m1),zNn(T2), ... N (T7)) (3.4)

for processes described by (3.1) and (3.2) in the class of admissible controls ux(t) € U(-)
where the function ¢ : R — R is assumed to be convex. It is easy to see that these
conditions guarantee the existence and uniqueness of an absolutely continuous solution
of (3.1) and(3.2) for any available control uy(t). To guarantee the existence of an optimal
control, throughout this paper we assume that the set of admissible controls is non-empty.

3.2.1 Reachability set and its properties

To solve (3.1) and (3.2) we define the n x n matrix function ®(7,¢) which solves the
following differential equation

dd(T,t)
dr

= A(1)B(r,t), Bt t) =1, (3.5)

where I,, denotes the n x n identity matrix. Also it well known, see, for example, [46]
that the entries in the matrix ®(7,t) are absolutely continuous functions defined on the
set T x T. Therefore, there exists a constant 0 < C' < oo such that ||®(7,t)|| < C for
any (7,t) € T x T, where || - || denotes any matrix norm. Further, we use H(0,t*), where
p > 0 is an integer, to denote the set of all functions f : (0,t*) — R™, which are absolutely
continuous on each closed sub-interval [, 3] from the interval (0,¢]) and have almost
everywhere integrable derivatives of order up to p on (0,¢*). Also it can be shown that

p .
HP(0,t*) is a Banach space with the norm |||z = 3 [|f®]|z, and the following inclusions

1=0
HP(0,t*) C CP(0,t*) € L1(0,t*) hold, where CP(0,¢*) denotes the space of n x 1 vector
functions which are continuously differentiable on (0,¢*) up to order p, and L1(0,t*) the
space of n x 1 vector valued functions which are integrable on (0,t*).
Now define the mapping P : L1(0,t*) — H(0,t*) as

T

(PF)(r) = / B(r, ) D) ()t T € (0,47). (3.6)
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and its power composition P* : H¥=1(0,t*) — HF(0,t*) as (P¥f)(1) = P(P*1f)(7),
€ (0,t*). Also define the mapping @ : L1(0,t*) — H'(0,t*) by

T

(Qf)(1) = /(I)(T,t)f(t)dt, 7€ (0,t"). (3.7)

0

For the given available control u € U(-) the corresponding solution of (3.1) and (3.2)
at t = 7; on pass k = N can now be written in the form

N—-1
ey (15) = ®(15,0)(N) + )N —4) + (PYB)(1;) +
2:1

N-1
S (P Qby—iun—is))(r )—1—/@(Tj,t)bN(uN(t),t)dt, N>1,j=12...1 (38
=1 0

where ®(-, 7) denotes the projection of the function ®(¢,7) with the second variable fixed
to some 7 € T
Next, introduce ¢ = (¢, ¢a, ..., ¢)T € R™, where

¢; = ®(7},0) +ZPZ Ja(N — i)+ (PYB) (1), j=1,2,...,1. (3.9)

and the mapping S : U(-) — R™ as Su = (Syu, Sau, ..., Sju)” where
N— I
Z PiQby—i(uy—is-))(ry) + /(ID(Tj,t)bN(uN(t),t)dt, =121 (310)
=1 0

Then we can state the following basic problem whose solution is to be used for solving
the optimal control problem.

Problem A

Find necessary and sufficient conditions for
z=c+ Su (3.11)
to hold, subject to
zeM, p(z) <6, ze R, ueU() (3.12)

where M = M7 x My x ... x M; C R”l, and J is a fixed number from R
To solve Problem (A), introduce first the following sets

R:{zeRnl,z:c—l—Su,ueU(-)}, K(6 {zGR”l,zEM ¢(z) < 6}.(3.13)

Then it is easy to see that the necessary and sufficient condition for Problem (A), to have
a solution is R N K(§) # (. In what follows, we establish the analytical form of this
geometric criteria which is based on the separation theorem for convex sets.

Consider first the problem of obtaining the required properties of the sets R and K (9).
The main technical difficulties here are related to the convexity and closeness of the set R
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which must be established in order to apply the separation theorem. To overcome them
we extend known results for 1D systems (see, for example, [9]) to the repetitive process
case.
First define the set
7
Z={z=(z,...,7) € R": zj = /f(v(t),t)dt, veV(), j7=12,...,0p, (3.14)
0

where 7; are given points such that 0 < 7 <7 < ... <7 =t*, and V(-) is the set of all
measurable functions v : T — R” such that v(t) € U for almost all ¢ € T, and the function
f:UxT — R™is continuous. Then the response formulas (3.8) and (3.10) show that the
required properties of the set R can be established by studying analogous properties for
the set Z.

Now we have the following results to be further used for solving the main problem.

Lemma 1. Let g : U — R" be a continuous function. Then
i
Y={z€R":z = /g(v(t))dt, veV(), j=12,..k (3.15)
0
18 a convex set.
Proof. The proof is based on the constructing the corresponding combination function
by pressing of the given functions along the interval T'. Indeed, if 2! and 2z? are some points
of the set Y with corresponding functions v;(t) and wva(t) from V(-), then the desired

function v, € V() corresponding to the point 2% = a1z + a22%, a1 + a2 = 1, aq > 0,
g > 0, is constructed as follows :

vl(t/al), 0§t<a17'1,
UQ((t—OélTl)/Oég), 1T §t<7'1,
Vo (t) = .
v1((t — agmp—1) /o), Th—1 <t < Th—1+ i (T — TR—1),
(v2((t —aamk)/a2),  Tho1+oa(Te — Tko1) S S T
Then
[ otwatendt = [ gtoatend + o [ glva(e)it =
0 0 Ti—1
a1T1 t T1 t
— T
= [ stmEnde+ [ g2+
(05} a9
0 Q1T
Ti—1+a1 (Ti—Ti—1) Ti
t— QoT;— t— a1y
v [ s e [ e
aq Qa2
Ti—1 Ti—1+a1 (Ti—Ti—1)
T1 T1 Ti Ti
= /g(vl ())dt + aq /g(vg(t))dt + o / g(vy(t))dt + ao / g(va(t))dt =
0 0 Ti—1 Ti—1
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= /g(vl(t))dt + ozg/g(vg(t))dt =zl +azi =20, i=1,.. k.
0 0

Thus for each z® there exists an available function v(-) € U(-) generating this vector.
The proof is complete.

Lemma 2. Let f : U xT — R"™ be a continuous function. Then for any measurable
function v(-) € V(-) and for a given number ¢ > 0 3 a partition of the interval T by
points 0 = sg < 81 < ... < Sy, = t* such that

m—1 71

> [ Is.m) - .5l < (3.16)
=0 ;,
holds for any T; satisfying s; < 7; < sj41, j=0,...,m.

Proof. This is based on the so-called C-property of measurable functions [61]. Since the
function f(u,t) is continuous on the compact set U X [tg,?;] then there exists a number
M > 0 such that || f(u,t)|| < M for each (u,t). Now the c-property of measurable functions
yields that V e > 0 ewists a continuous function u*(¢) defined on [tg,¢1] such that

mes (E = {t € [to,t1] : u(t) #u"(t)}) < e/6M.

Since f(u,t) is continuous on U X [tg, t1] then the function f(u*(t),7) is continuous also on
the set [to,t1] X [to, 1] and, hence, it is uniformly continuous. It means that there exists
a partion of the interval [tg,¢1] by points

to =50 <81 < ... < 8m—1 < Sm = 11, (317)
such that
|f(u*(t),75) — f(u™(t),s;] <e/3(t1 —to) for s; <75 <5541,

and each 7, 1 < j <m — 1. Hence

m—1 Sit1 me1
g

Z / t),7;) — fu™(t), s5] < 3 — o) (8741 = 85) = 3 (3.18)

:0 5j 1 0 jZO

Put E; = E()\[s; — sj+1]. The sum in (3.18) we separate into two parts ) ; and ) ,.
Namely, let the set ), includes the terms containing the integrals around the intervals
which have not a joint points with the set £/, and the set ), includes the remaining terms.
Then

,7) — f(u(t), s;|dt = |f (u(t), 7)—
5 [ eon-soma=3 |
ult), sjldt + / F(ult), ™) — Flu(t), s;ldt+
2 [55,854+1\F;
+Z/|f flu(t),s;ldt <e/3+¢€/3+mes E-2M =e.
2 E]

The Lemma, is proved.

68




3.2 Notation and Model Definition

Lemma 3. Let f: U x T — R"™ be a continuous function. Then the closure Z of the set
Z of (3.14) is convex.

Proof. Let us assume that it is not true. Then there exists the points z', 22 € Z and
numbers Ay, Ao > 0, Ay + Ao = 1 such that 20— Azl 4 Ng2? ¢ Z. Hence, there exists a
number € > 0 such that

|z =2 >0V z€ Z. (3.19)

( To clarify the definiteness we assume that ||- || is the Euclid norm ). Since 2 € Z,i = 1,2
then there exist the sequences {z’(n)} = {(zi(n), ...,zli(n)}, 1=1,2,n=1,2, .., from Z
which are convergent to some points z*, i = 1,2. Now we fix the number n for which

|2¢ — 2 (n)|| < i=1,2 (3.20)

s
(1+2Vk)

is fulfilled. Since z’(n) € Z then there are an available controls u;(-) € U(-), i = 1,2 such
that

7
Zi(n) = /f(ui(t),t)dt, i=1,2, j=1Fk. (3.21)
to
Now Lemma 2 yields that for the controls u;(-), i = 1,2 for the given number a =
£/(14-2V/k) there are the partitions of intervals [to, 71, ..., [Tk—1, 7k such that the estimation
(3.16) is valid for the functions u;(-), i = 1,2 on the each interval [tg, 7], ..., [Tk—1, T%], where

¢ is replaced by /(1 + 2vk). We suppose that the chain

to =50 <81 < .o. < Sy =71 < Spq+1 < < Sy, =T < Sy < - < Sy, =T, =11
(3.22)

includes the all points of partitions of intervals [to, 1], ..., [Tk—1, Tk] constructed for the
control functions u;(-) and ua(-) for the given number a. Since adding new points is not
influence to the estimate (3.16) obtained in the Lemma 2 then

my—1 Sj+1

€
wi(t),7) — f(ui(t), sj|ldt < ———==, 1=1,2, =1k s;<7<s;
Y [ W0 = Sty il < 5 § ST S s

Sj

Put 7 =2, ...,28) € R" i = 1,2 where

my—1 it

2;’:2 /f(ui(t),sj)dt, i=1,2, 1=1k. (3.24)

=0
Then (3.21),(3.23) yield
. . L N2k mm
12(n) — L os = (Z i (n) —zluizn) - (Z 1 [ 1.0
=1 =1 j=0 J
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=1

1/2 k 2\ /2 JE
) s 9 € __€ k i

Now we deternine the available control defined on the interval [ty, 1] as follows

un(t) = u (1), tels;,s01), §=0,mp—1,
where
t—MA2s;
u(j)(t) Jwm /\12 J> , s; <t <sj+ M(sjr1 —s5),
A - t—)\18J+1

U2 )\2' )7 Sj+)‘l(3j+l_3j)§t<8j+1.

It easy to see that

Sj+1 Sj+1 Sj+1

(3.25)

/f(uf\j)(t),sj)dt:)\l/f(ul(t),sj)dt—l—)\g/f(ug(t),sj)dt, I

S5 J S5
Summing these inequalities with respect to j and using (3.24) yield

mi—1 Sj+1

3 /f(ugj)(t),sj)dt:)\lill+)\2212, 1=T,
j=0

&

S5

Set 2 = A12! 4+ X222 and determine the vector 2* = (37, ..., 2}) where

T
ZA]).‘:/f(u,\(t),t)dt, j=1k.

to
It is obvious that 2* € Z. Now we evaluate the spacing between z* and *:
122 = 2 < 122 = 2+ 12} = 2] = Mzt = 21) + ho(2 = 22) 1+

HIZA = 2 < M=t = 2 @)+ Al (n) = 2+ el = 22 () |1+

Vk
+Xo||22(n) — ZH | + 122 = 2N < A c + c +
2120 = 2+ 12 = P < hp S+ A
€ 5\/% .Y A 5(1+\/E) ~\ A\
+A + A FI2r - M = = |12 - 2
T+ovk  Claovk | | 1+2vVk | |

Then we should estimate the value of ||Z* — 2*||. From the above relations we have

1/2 my—1 %11

k k
12 - 2 = (Zuzﬁ - zﬁu?) (ZHM 2 / fwa(t), s;)dt+
=1 =1 Jj=0

Sj

1 Sit1 my—1 SitAL(si+1—8;
e > [ f®sa- > [ w0
i=0 3, Jj=0 sj

(3.26)

(3.27)
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my—1 Sj+1 my—1 Sj+1

= / f(ugj)(t),t)dt\P)l/z < <Zk: |:)\1 > / I1f (ua(t), 55)—

=0 s M (5511-55) =1 7=0 s,
my—1 Sj+1
~ () At +dasylde+ e Y [ I Cealt), )
i=0
J

2\ 1/2
_f(uz(t),)\lsjﬂ+)\2t)”dt}> S%@-
E(1+\/E)+ VE .
1+2vk  1+2vk

This inequality contradicts to the initial preposition (3.19). The lemma is proved.

Thus

A_ZA)\” <

Iz

Remark 14. Convezity of Z is guaranteed by the presence of the integral terms in Z.
This fact, known as hidden convezity, is an important property of continuous time control
systems which follows, in general, from the Lyapunov theorem on the convexity of the
range of an integral operator acting on vector measures. This result is often used, see, for
example, [9, 55], to prove the convexity of the reachability set for control systems which
are linear in the state variables.

Formulas (3.8), (3.10) state that each integral expression in R contains an available
control us(t) with a fixed single value of the discrete variable s and, therefore, is indepen-
dent of the others. Hence, to prove that R is a closed set it is sufficient to show that a
set formed by controls with some fixed value of the discrete variable k, £ = 1,..., N is
closed. The simplest case is often to consider & = N and then the set to be studied has
the following form

Ry ={z€R":z;=a;+Ljv, v()eV(), j=12,...,1} (3.28)

Here a; = ®(75,0)a(N), and the mappings L; defined on the set V(-) are given by
7

Ljv = /@(Tj,t)g(v(t),t))dt

0
where here g(v(t),t) denotes the function by (vy(t),t), t € T
Lemma 4. The set Ry defined by (3.28) is closed.

Proof. Suppose that the vector sequence {z"} = {(27,...,2")T} € Ry converges to
a point z* = (z7,...,z)7 € R™. Then there exists a sequence {v"(:)} of functions from
V(-) such that 27 = a; + L;jv", j = 1,...,] and we show that there exists a function v*(t),

t € T from V(-) such that zi=cj+Ljp* j=1,...,1
Consider the set R(an,0) = {y € R":y = a1 + Liv, v € V(-)}. Then it is easy to see
that R(ap,0) is the reachability set at ¢ = 7 for the following system

g(t) = A()y(t) + g(v(t), 1), y(0) =a(N), veV(), teT (3.29)

Also it is well known, see, for example, [55], that R(ay,0) is a closed set. Hence, for
the sequence {z]'} — 2z, n — o0, 2 € R(an,0), n = 1,2,... there exists a function
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vl o€ V(-) such that 2 = a1 + Liv'. Now introduce the sequence Zy = az + ﬂgv”,

_ 7
where ay = ®(7,71)2f and Lov™ = [ ®(7o,t)g(v"™(t),1))dt, i.e. Z§ is the solution of the
T1
system (3.29) corresponding to the function v"(¢) and initial condition y(m) = 2§, where
zy and v"(t) are restricted to the interval 11, 72]. Next, we show that 2§ — 23.
It is known [46] that the fundamental matrix ®(7,t) satisfies @ (7, s)®(s,t) = ®(7,1),
0 <7 <s<t<t* and the Cauchy response formula now yields

zy = ®(1g,0)a(N) —|—/<I>(7‘2,t)g(v”(t),t)dt: D(19, 1) |P(11,0)(N) +
0

T2

/@(Tl,t)g(v”(t),t)dt] +/(I>(Tg,t)g(v”(t),t)dt:
0

T1
T2

<I>(T2,7'1)Z{L+/<I>(Tg,t)g(v"(t),t)dt.

Then

T2

= B(m, )2 + / (79, 1)g (v (1), ) dt.

T1

Therefore
125 — 231l < 123 — 23| + 123 — 23]l < Cll2" — 21| + |22 — 23|,

where C = ||® (12, 71)|| < oo is a constant. Since 2] — 27, 25 — 23, it follows immediately
from the last inequality that also Z§ — 23.
Introduce the set

R(z,m) ={y € R" : y = Gg + Lov, v € V (")} (3.30)

Then it is obvious that R(z}, 1) is the reachability set at ¢ = 7 for the system (3.29) re-
stricted to the interval [71, 72] with initial condition y(71) = 2z{. As shown above, R(z], 1)
is a closed set. Therefore for the sequence z5 — 25, n — oo such that 2§ € R(z], 1), there
exists a function v2(t), 7 <t < 19, v* € V(+), such that 25 = dg + Lov?.

In an analogous way, it can be established that on every interval [7j, Tj+1], there exists

a function v/*1 € V(-), 7 =1,...,1 — 1, such that Zi = Q41+ L qvitL) where
Ti+1
dji1 = P(1j41,75)2),  Ljpv = / O(7j41,t)g9(v(t),t))dt
7

Finally, we define on 7" = [0,¢*] the function

’Ul(t), 0§t<7’1,
Ug(t), 71 <1< To,

vl(t), T <t <t
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where clearly v* € V(). Also, it follows immediately from 2} = a; + Ljv7:

- i :
(~1j + Lj’l)] = (I)(Tj,Tj_l)Z;_l + f (I)(Tj,t)g(’l)] (t),t)dt = (I)(Tj,Tj_l) (I)(Tj_l,Tj_Q)Z;_2

+ T_jf1<I>(Tj_1,t)g(vj—1(t),t)dt + }J D(7),1)g(v7 (), t)dt = ®(74,7j-2)2} 4
+ Tiflé(q,t)g(vﬂ'—l(t),t)dt + }J (15,t)g(v7 (t),1))dt = -+ = ®(75,0)a(N)

+T(I)(Tj,t)g(vl(t),t)dt+F‘I’(Tj,i)g(?)z(t),t)dt-i-"'+ jfj (15,t)g(v7 (t), t)dt
0 :

T1 Tji—1

7
= ®(15,0)(N) + [ D(75,t)g(v*(t),t)dt = a; + Ljv*, j=1,...,1,

70

that v*(t) is the required function. Hence z* € Ry, i. e. Ry is a closed set and the proof
is complete.
|

Note. In the cases when k£ # NN, the additional terms in the formulas for a; and L; in the
set Ry do not change the essence of given proof.

At this stage, we have established that R and K (0) are closed and convex sets and the
next result gives the solution of Problem (A), where the inner product of vectors g and f
from R™ is denoted by ¢” f.

Theorem 11. Problem (A) has a solution if, and only if,

T T . T
max (g ¢c— max g z-+ min g Sut <0 3.31
llgllgn: =1 z€K(6) uel (") } ( )

holds.

Proof. Sufficiency. Suppose that the condition of (3.31) is valid, but Problem (A)
has no solution. Then, R N K(§) = 0 and the separation theorem for convex sets yields

that there exists a nontrivial vector g € R™, ||g|| = 1 such that
.o T
ming” 2z > max g z. 3.32
z€R g z€K(5) g ( )
Hence
g'c— max ¢"z+ min ¢’ Su >0 (3.33)
2€K(6) wel(")

which contradicts (3.31).

Necessity. Suppose that Problem (A) has a solution. Then there exist u and Z sat-
isfying (3.11)(3.12) such that g”c 4+ g7 Sa = ¢g”% holds for each g € R™. Taking the
maximum and minimum respectively of the two terms in this last expression now yields

g"c— max ¢z + min ¢"Su <0, (3.34)
2K (5) uel(")

as required and the proof is complete.
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3.2.2 Optimality conditions

In this sub-section we use the results of the previous sub-section to establish the maximum
principle for the optimal control problem (3.1)-(3.4).
Introduce the function A : R — R as
A(6) = max {¢g'c¢— max ¢’z + max ¢'Sul. 3.35
©) llgllgni=1 z€K(6) uel(.) } ( )
where it can be shown that A : R — R defined by (3.35) is a non increasing continuous

function. Hence the optimal value of the performance index (3.4) can be characterized as
follows.

Theorem 12. The control u® € U(-) is the optimal solution of the problem defined by
(8.1)~(3.4) if, and only if, 5° := J(u®) is the smallest root of the equation A(5) = 0.

Proof. Necessity. Let u’ € U(-) be an optimal control of the problem (3.1)—(3.4).
Then u° is the solution of Problem (A) with 6 := J(u?). Therefore, Theorem 11 yields
that A(6Y) < 0.

Suppose now that A(6°) < 0. Then since A(4) is a continuous and monotone function,
there exists a number § such that § < 6° and A(5) < 0. Hence, Theorem 11 yields that
Problem (A) has a solution with § = § since otherwise there would be an available control
@ € U(-) and a vector Z € M satisfying (3.11)-(3.12) in the case when § = J. Hence,
J(@) < J(u"), which contradicts the optimality of the control u® and therefore A(6°) = 0.
Finally, the fact that 6° is the smallest root of the equation A(§) = 0 can be proved as
above.

Sufficiency. Let u® € U(-) be a control function such that ¢6° is the smallest root of
A(8) = 0. Suppose also that u’(¢) is not an optimal solution of the problem (3.1)—(3.4).
Then there exists an available control function @ € U(-) and a vector Z € M such that
c— 2%+ 8t =0and J(@) < J(u") holds. This establishes that Problem (A) has a solution
for § = J(u), and hence A(5) < 0.

Conversely, since the function A(§) is monotone A(5) > A(J(u")) = 0, which contra-
dicts the assertion that 6° is the smallest root. Hence u° is an optimal control and the
proof is complete.

[

Now let ¢° = (g7, ...,g7)T € R™ be a maximizing vector for A(6°) and on the interval
T = [0,t*] we introduce the following function A : R — R™

l

At)= > (@)'®(ri,t), m<t<mip, j=0,...,1-1 (3.36)
i=j+1

Then it is a simple task to verify that the function A\(¢) satisfies

dA(t)
dt
and the optimality conditions for (3.1)—-(3.4) are given by the following theorem.

= -N(®A[H), Arj—0)—A7j+0)=¢), j=1,...,1—1 (3.37)

Theorem 13. If the number §° is the smallest root of the equation A(5) = 0, then there
exists an optimal control ul(t), k € K, t € T for the problem (3.1)-(3.4) such that
J(u®) = 8° and for almost allt € T

G (0N k1 (U gy (8):8) = min U (N —k11(v, 1), (3.38)
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holds for all k € K. Here the function ¢ : K x T — R"™ is given by

’ = / WL (FD()D(r, )dr,  di(t) = A(E), ke K, (3.39)
0

where the function A(t) is given by (3.37).

Proof. Since A(6°) = 0, Theorem 12 yields that Problem (A) has a solution for
§ = 6Y. This implies that there exists an available control u" € U(-) and a vector 2 € M
satisfying (3.11)-(3.12). Hence ¢(z%) = J(u°) < 6° and the assumption J(u") < §°
leads to a contradiction with the assumption that ¢° is the smallest root of the equation
A(0) = 0. Therefore, J(u®) = §°, and, consequently, u° is optimal control for (3.1)-(3.4).
The function ul(t), k € K, t € T satisfies

(¢°)TSu’ = min (¢°)T Sw. (3.40)
uelU(-)
and if we assume that (g°)7 Su® > ml}l(l)(go)TSu, then
uclU (-
A < (9")Te = (") + (¢") Su=0, (3.41)

which is impossible since §° is a root of A(§) = 0. Finally, to establish the desired optimal-
ity condition (3.38) we employ (3.40). For ease of notation the function by (uy(t),t), t € T
is subsequently denoted by b, (k). Then

N-1 7
min (¢°)7 Su = mln Z( T < ; P'Qby (N —i)(7;) —I—({Q(Tj,t)b]v(uzv(t),t)dt) =

uelU(-) uel (-

= min {? [@?)T@(n,m---+<g?>T¢><n,t>]bN<uN<) i+ I | @) @)+
uel() 0 1

+(9?)T¢(Tl7t)}bN(uN() Jdt + -+ + f (7, )b (un (t), t)dt + - -
+f[ T<I> 7'1, )—I— —I—(gl)Tq) 7’1, :| j@tSbN 1uN 1( ),t)dsdt

+ f [ VE®(1o,t) + -+ + (g?)T(I)(Tl,t)] D(t) [ ®(t,s)by—1(un—1(t),t)dsdt + - - -

o o

t T1
+ f g T ®(7,t bf@ (t, 8)bn—1(un—1(t),t)dsdt + -+ [ [(g?)T@(Tl,t)—i—m

TI—1 0

—i—(glO)TtI)(n,t)}D(t)PN_lQbu( Y(t)dt + -+ f NTd (7, )D(t)PN—lQbu(l)(t)dt}

= min_){«ﬁ(t)bN(uN(t),t)+---+¢%<t>bl<u1<t>,t>} = % min o] (by i (0,1).

which yields (3.38) and the proof is complete.
|
The analysis just completed gives the optimal control solution in the standard maxi-
mum principle form which can be very difficult for numerical computations as required in
applications. Hence, in the remainder of the paper we proceed to develop new optimality
and sub-optimality conditions which are more suitable for numerical purposes. However,
as the first step we limit our attention to the stationary case.
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3.3 Stationary Differential Linear Repetitive Processes

In this Section, the process (3.1) is assumed to be stationary, and the pass constraints
(3.3) and the cost function (3.4) have a special form as detailed below. Also the solutions
here are, in effect, developed by extending the constructive methods approach developed
in [37] to the repetitive process setting.

The processes considered in this section are described in R™ by the following linear
matrix differential equation

drg(t)
dt

with boundary conditions

= Axp(t) + Daxg_1(t) + bug(t), ke K={1,--- ,N}, t e T =[0,t"] (3.42)

2p(0)=ag, keK, xo(t)=f(t), teT, (3.43)
and a pass end, or terminal, constraint of the form
Hkxk(t*) = Gk, k€ K, (3.44)

Here b, «aj are specified n x 1 vectors and A, D, Hy, k € K are constant matrices of
compatible dimensions. In addition, we assume that the matrix A has simple eigenvalues
Aj, 1 <4 < n, and that it is a stable matrix in the sense that Re \; <0, 1 <7 < n.

Definition 11. For every k € K the piecewise continuous function uy : T — R is termed
an admissible control for pass k if it satisfies

lug(t)| <1, te T, (3.45)

The optimization problem is to find the admissible controls wui (), ..., un(t) such that
the corresponding solution of the system (3.42)—(3.44) maximizes the following cost func-
tion

J(u) =" prax(t?), (3.46)
keK

where pr, k=1,...,n are given n x 1 vectors.

3.3.1 Optimality conditions for supporting control functions.

First, note that the solution of the form (3.42)—(3.43) (with no terminal conditions of
(3.44)) can be written as follows

k ¢ k
op(t) = > Kj(t)app—; + /Kk(t — 1D f(7)dr + ‘

J=1 0 J

/Kj(t — T)buk+1_j(T)dT (347)
1o

where the K;(t) are the solutions of the following n x n matrix differential equations

Kl(t) = AKl(t), Kl(t) = AKZ(t) + DKi_l(t), 1=2,...,N, (348)

with initial conditions

K(0)=E, K;=0, i=2,...,N. (3.49)
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Also it is easy to show that these solutions have the following properties

t

Kiit—o) = /Kj_k(t—T)DKk(T—O')dT, 0<o<t<t:, k=1,...,57—1;
j

Ki(t—0) = > K(t—7)Kj1_s(r—0) j=2,...,N—1, (3.50)

s=1

which will be used below.
Now using (3.47) we can rewrite the optimization problem in the following integral

form
t*

N
max J(u Z/CJ T)uj(T)dr + 7 (3.51)
0

UL, UN j=1

subject to the terminal conditions (3.43) and the control constraints (3.45), which can also
be rewritten as

Ofgn(T)ul(T)dT = hq,
[ [ma(rrn) + gatryua(r)ar ~
0 (3.52)
Zf[gzvl( Jur(T) + ... + g (T)un )]dT = hy,
and
lug(r)| <1, 7€ [0,], k=1,...,N,
where
N
vo= ZZP;‘SKJ )k 1— g"FZ/ TEL(t* —1)Df(r)dr

N
Cj(T) = ZpgKk-l-l—](t* - T)b7 j = 17 cee 7N7 gk](T) = HkKk-i-l—j(t* - T)b7 j < k7

t*

hy = gk—szK (t")otg1—; /HkKk (t*—7)Df(r)dr k=1,...,N.
j=1

Also we require the following concepts.

Definition 12. For each fized k, 1 < k < N, the instances 0 < Tp1 < Tpo <+ < T, < t*
are termed supporting and their collection Tfup = {Tkl, . ,Tkm} is termed the support of
pass k for the problem (3.42)-(5.46) if the matriz G’S“up = {grk (k1) - -+ Gk (Them) 18
non-singular.
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Note also that from (3.48) we have that gp(7) = Hre" ~7b. Therefore the existence
of the support Tfup is guaranteed by controllability of the pair {4, b}.

Definition 13. A pair { Toups Uk(t), bk =1,..,N } consisting of a support T, sup and admissi-
ble control functions ug(t),t € T is termed a supportmg control function for (3.42)—(3.46).

Remark 15. These last two definitions are motivated as follows.

Often an optimal control problem solution has the so-called bang-bang form, i.e. the
control function takes only boundary values in the admissible set U. If U = {—1 < u <
+1} then u®(t) = £1 (the ‘switch on/switch off regime). Also the switching times are
constructive elements in the design of the optimal controller. Hence, our goal is to apply
these key elements directly to the optimality conditions and hence we use the supporting
time instances and control.

Let { Toups U (), k=1,...,N } be a support control function and construct a sequence
of mx1 Vectors {V , k= 17 o, N } by solving following set of linear algebraic equations
(WG, — clup =0,
_ _ N—1
(V(N 1))TG£1Qp1 + ( W ))TF(N 1)sup Cgup ) =0,

(3.53)

(V(l))TGl ( (2))TF125up + (V(N))TFN - CLQL)P =0

sup

(k)

where the vectors cg.p and matrices F; k- are given by

jsup
T
CQZD = (Ck(Tk1)7---7ck(Tkm)) , k=1,...,N,
F’]ksup = <gkj(7—j1)7 cee agkj(ij)>, k> 7, 7g=1,....N—1.

Now define the so-called co-control function as
A(t) = (A1(t),..., ()T =V G(t) — (),

where o = (v ... VINT - e(t) = (e1(t), ..., en ()T, and G(t) is an mN x mN matrix
function of triangular form, whose rows are the m x 1 vector functions g;;(t) of (3.52).
Note also that the special form of the matrix G(t) yields that the mN x mN matrix

e - gkj(t)7 te Tsup
Goup = < P>k k=1,..N (3.54)

is nonsingular. Hence the mN x 1 vector v = (v, ... vN))T required in (3.53) is given
by v = Cgqust

Definition 14. We say that the support control function {TF
non-degenerate for the problem (3.42)-(3.46) if

ug(t),k = 1,...,N} is

supv

dA(75)
I 2 £ VTJGT

sup?

k=1,...,N.
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Remark 16. Here non-degeneracy means that in a small neighborhood of the support-
ing points the admissible control can be replaced by constant functions whose values are
less than those on the control constraint boundary and satisfy (3.52), i.e. the support
control function is non-singular if there exist numbers Ao > 0, pug > 0, uF(\), j =

J
1,....m, k=1,...,N such that the following equalities

k. m Tij FA o, T TA
DBPIRLICY / gei(D)dt = Y / gk (t)u; (£)dt,
j=11i=1 A j=1 z':lnj_/\
Wb <1—po,  j=1,...,m, k=1,...,N. (3.55)

hold for all A\, 0 < X< Xy and k, 1<k < N. Also (3.55) will be used below in the
proof of the optimality conditions.

Associate with each supporting time instance 73; a small sub-interval T},; from T' such

that the matrix G';m = { [ grr(T)dr,j=1,... ,m} is non-singular, and, without loss of
Ty

generality, we can also assume that 7;; is one or other of the end points of Tj; and the
supporting control function wug(t) = u;“ fort € T;, j=1,...,N are constant over the
segments T;.

Now we have the following result.

Theorem 14. A supporting control function {Tfup, ul(t), k=1,...,N} is an optimal
solution of the problem (3.42)-(8.46) if the following conditions are fulfilled

Ap(t) >0 at wup(t) =—-1; Ar(t) <0 at ur(y) =+1 (3.56)
Ap(t)=0 at —1<uk(t)<+1, k=1,2,...,N, teT.

Moreover, if this supporting control function is non-degenerate then the above condition is
necessary and sufficient, too.

Proof. Sufficiency. Let ug(t) # ul(t), k =1,...,N, be an admissible control and
x(t) the corresponding trajectory of the system (3.42)—(3.43). Then standard transfor-
mations yield that the increment, AJ(u) := J(u®) — J(u,) of the cost function can be
expressed in the form

t* N N tx
AJ(u) = / S ()[u0(t) — ()] dt = 3 / A1) [ud(t) — u (£)] dt.
o J=1 J=17

Hence, (3.56) yields that AJ(u) > 0 for any admissible control u, i.e. {75, . ul} is an
optimal supporting control function.

Necessity. Let {Tfup, ul(t), k =1,...,N} be an optimal non-degenerate control but
dke,1 < ke < N and 3 t, € T, such that the theorem is not valid. If we suppose
that t, € [mh,; — A\, 7k,j + A] where A > 0 is a small number, i.e. the instance ¢, lies
in an neighborhood of some supporting time instance 73, ;, then using the fact that the
supporting control is non-degenerate yields that there exists a control variation Aug* (1),
defined on the intervals [rg,; — A, 7, ; + A], such that J(u®) > 0, which contradicts the
optimality of u?(t). Therefore, we next suppose that t. & [7p.;— A, 7Tk,;+A Vi=1,...,m
for some small A > 0.
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Next, without loss of generality, assume that A} (t,) > 0 and g, (¢,) > 0. Then by
continuity of Ay, (t) and piecewise-continuity of uy, () there exists an neighborhood Ty, (%)
of t., such that Ak, (t) >0, wug,(t) > —1 for t € Ty, (t.). Now, we have to construct the
admissible control variation such that the corresponding increment of the cost function
satisfies AJ(u) > 0, which is impossible for the optimal controls u{(t).

Consider now the case of a small real number Ay > 0 (we see below that the existence
of such number )\ is guaranteed by the fact that the supporting control is non-degenerate)

and for all A, 0 < A < \g define the control variation Au(t) = (Auy(t),...,Aun(t)), teT
as

Aug(t) = 0, k<k,, teT;

9(—1 — U, (t)), 0>0, te Ty, (t),

0, teT\( U[Tk*j—)\ﬂ'k*j‘i‘)\]UTk*(t))'
j=1

Hence the control variations on the intervals [ry, ; — A, 7%, —A], 7 = 1,...,m can be chosen
as constant functions Aug, (t) = Aﬁ? (M\). The control variations for the remaining passes
k > k, are defined as

Aug(t) =0, k=k.+1,...,N, teT)\ U[Tkj—/\,Tkj—l—)\];
j=1

Aug(t) = AOFN), t € [y — N7y + A, j=1,...,m, k>k

where Az?f(/\) are unknown constants which are determined below.

Using (3.52), it follows that the conditions

/ngs(T)Aus(T)dT =0, k=1,...,N, (3.57)
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hold for any admissible variation Au(t) and can be re-written in the form

Tk:*j“l‘)\
B, (N) = / Gk, (T)O5 (N)dr = —0 / Grooko (T) (=1 — up, (7))dr,
jzl‘l'k*j—)\ Tk* t*
TRl A
Br,11(N) = Z / gk*+1k*+1(7)19§*+1()\)d7
T ka1

m Tk*j“l')\

=) / Gk +1k, ()05 (N)dr — 0 / Irot1k, (T) (=1 — up, (7))dr,

I= = A T, () (3.58)
m TN+ i TexiTA
o => [ o @00 ==Y" [ gk (s
I=rNjox I= 5=
TN_1;+A
—9 / gNk*( )( 1-— uk dT — — Z / gNN_l(T)ﬁé-V_l()\)dT
T, (t*) g=1 TNflj—)\

Expanding the function ¢, (A) of (3.58) in a Taylor series truncated at the second
order and setting Az?’f\* = AP (N), ..., A9F(N) leads to

)\ d 9k.k (Tk )
ks ks <k ]
2AGGAVY + S

=—0 / gk*k*(T)(—l—uk*(T))dT.

T, (t+)

1= Lm}AdY + o0, (V%) =

where oy, (A3) denotes terms of degree 3 and above which are neglected here. Hence the
required vector Az?lf\* can be represented as

1
Aq&";\* — X%’f* + 00y, (\), where dy, = ——G];;;p / ( )gk*k* (T)(—=1 — ug, (1))dr.
Ty, (ts

(3.59)
and Oy, (\) denotes a residual first order term. Using (3.55) and (3.59), it follows that
for A € (0, \g) there exists the real number 6§ = 6(\), such that O(\) = ug, A < 1, where
i, > 0 does not dependent on A, and the following inequalities

k() + A9k (V) <1, j=1,....m
hold. Here we have exploited the fact that the admissible controls are constants uf()\)

over the intervals Tf , containing the supporting points 75;. Hence, the function

0 ub (A) + A0S (N), 1€ [T, — A\ T + Al
ug, (t) =
U () + 0N (=1 — up, (1), t € Th. (t)
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is an admissible control function for #(\) = ug, A < 1 and a sufficiently small gy, .
In order to find Az?lf\*ﬂ and O(\), expand ¢, +1(\) as a Taylor series to yield

m Tk*j“l')\

3 / Gk 41k, (T)AVS (N)dT = 20 gro 1 (§) A0S (V) = 2AGE T A9y

j:1Tk*J_)‘

~ 1 . ~ N o
= 2AGE ! (Xﬂk*)\uk* + Mk*/\ok*(/\)> = 26 g, Nk, + x Ok, (A?) - (3.60)

Here the matrix é'g*“ is constructed from the rows {gk*_l,_lk* &), 7=1,... ,m}, where
&; are points from the intervals [Tk*j — A, Tg,j + )\].

Next, set A5t = (A9f=+1(N),..., AvEFL(N)) to obtain

)\3 d? .
IAGH AP ¢ ?{ gkﬁléjl(m*]) J=1,... ,m}A0§*+1 + op11(XN%)

= —ukﬂ{éf*ﬂﬂk* + / Gt 1ko41(T) (=1 — up, (T))dT} + ik, 0, (AY). (3.61)
T, ()

which means that the required vector Az?i*“ can be expressed as

1 N
AT = R N+ e O (),

. 1 -1 .

Up, 41 = —§(G'§Z;1) 1{G§*+1uk*_ / gk*+1k*+1(7)(_1_uk*(T))dT}-(&Gz)
Tk*(t*)

kot 1

75‘)\"'

Now choose A such that the following inequalities hold

) + AV <1, j=1,...m

and hence the values of u;,, and Ag can be decreased as required. Continuing this expansion
procedure for the remaining equations in (3.58), we obtain the desired admissible control
function in the form

I

(t) = u°(t) + Au(t) = {u(l](t) + Aug(t), ..., ul () + AuN(t)}, teT.

and note here that Aug(t) =0 V k < k..

Now calculate the increment of the cost function generated by the designed control
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function u(t) as

N b N
Adw) = J@)-Jw) =3 / A Ayt = 3 / A(8) A (£)dt
=— 0 / Ap, () (=1 —up, (t))dt —
T, ()
m Tk*J‘f‘)\
- Z / A, () [ul (V) + A0% (N) — ul(t)]dt —
: Tk*j—A
Tsj+A
~ Z Z / A) + A9S(N) — ul(t)]dt. (3.63)
s=ki«+1 5= l'r
sj
Since Ap(mi;) = 0, k =k, ...,N, j = 1,...,m, then again from the Taylor series

expansion in A, we have the following estimate for the integral components

Tsj+>\

A [N + AT —uS(0)]dt = / A [u3(N) + AGS(N) — 23 (1)] e
Tsj—A
F2AA(755) [uF () + ADS(A) — ul(7y5)] (3.64)
+A2dA27(tTSj) [us(A) + ATS(N) — u(7s5)] + 01(A?) = o(N?).
Hence (3.63) and (3.64) yield
AJ() = — e\ / Ak (8)( 1 — wp (8)dt + o(A) > 0 (3.65)
T, ()

for a sufficiently small A > 0, which contradicts the optimality of control functions
ud(t), k=1,..,N.
|
The optimality conditions for the supporting control functions can also be expressed
in the maximum principle form. Let 1n(t) be the solution of the following differential
equations

dpn(t
ﬁg()=:—ATwN@L Un(t") =pn = Hyv™, teT. (3.66)
which can be represented as
Un(t) = K{ (" —t)y(t*), teT. (3.67)

Hence, the following equalities

YN = (pk — (WN)THN) K1 (8 = t)b = py Ko (t — )b

— (VN)THNKl(t* — t)b = CN(t) — (VN)TgNN(t) = —AN(t), (368)
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hold. In order to verify the validity of the corresponding conditions for subsequent passes
we apply (3.50) for the differential equations (3.48). Let ¢)n_1(t), t € T be a solution of
the differential equation

dpn—1(t)
dt

Then ] (t)b =

= —ATyn_1(t) = DTyn(t), YN 1(t") =py_1— HL WV teT. (3.69)

=cno1(t) = (N gnoavoa () = () gnn i (t) = —Ana (). (3.70)
By analogy with the case considered in (3.69)—(3.70), we have
UE (b= —Ax(t), k=2,...,N, (3.71)
where ¢ (t), t € T are the solutions of the following differential equations

dipi(t)

e — ATy (t) = DTppia(t), Up(t*) =pp — HIVF, teT. (3.72)
For each kK =1,..., N introduce the associated Hamilton function as
Hk(xk_l, Tl 1/%, uk) = Ibg (Axk + ka—l + buk), tefT. (373)

Then use (3.71) yields that the optimality conditions (3.56) can be re-formulated in the
maximum principle form as follows

Corollary 1. The admissible supporting control {Tfup, uQ(t), k=1,...,N} is optimal if
along the corresponding trajectories x(t), Vi (t) of (3.42)-(5.43) and (3.72) the Hamil-
tonian function takes the mazximum value, 1. e.

Hk(xg—l(t)’xg(t)v¢k7u%(t)) :‘In‘i}fHk(x%—l(t)7$2(t)v¢k7U)7 teT (374)
IS
for k=1,...,N. If the admissible supporting control is non-degenerate then this condition
is mecessary and sufficient.

In the next section, the maximum principle for arbitrary admissible control functions
of the form of (3.42)—(3.46) is established using the sub-optimality conditions.

3.3.2 ¢ optimality conditions.

Usually, in the design of numerical implementation of optimal control algorithms we ex-
ploit approximate solutions with corresponding error estimation. Hence it is necessary
to introduce the ‘sub-optimality’ concept, as it is often sufficient to stop the numerical
computations when a satisfactory accuracy level has been achieved.

Assume that {ul(t), k € K} is the optimal control for (3.42)-(3.46), and let J(u)
denote the corresponding optimal cost function value.
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Definition 15. We say that the admissible control function {uf,(t), k € K} is e- optimal, if
the corresponding solution {z(t), t € T, k € K} of (3.42)—(5.44) satisfies J(u®)—J(u¢) <

€.

Now we proceed to calculate an estimate of a supporting control function {ug, Tfup, ke
K, t € T}, i.e. a measure of non-optimality of the control. Note also that this estimate
can be partitioned into two principal parts: one of which evaluates the degree of non-
optimality of the chosen admissible control functions ug(t), and the second the error
produced by non-optimality of the support 7 Sup This partition is a major advantage in
the design of numerically applicable solution algorithms.

Introduce an estimate of optimality 3 = 3(Tsyp, u) as the value of the maximum incre-
ment for the cost function of (3.42)—(3.46) calculated in the absence of the the principal
constraints (3.44), i.e. this estimate is given by the solution of the following relaxed
optimization problem

AJ(u) — max, lug(t) + Agu(t)| <1, teT, k=1,...,N. (3.75)
Uk

It is easy to see that
B = B(Tsup,u Z/Ak (up(t) +1) dt+Z/Ak (ug(t) — 1)dt, (3.76)

where

TF={teT: Ayt) >0}, T ={teT: Ayt) >0}

and we have the following result.

Theorem 15. (e-mazximum principle) Given any € > 0, the admissible control {uk( ), t €
T, k € K} is e-optimal for (3.42)~(3.46) if, and only if, 3 the support {7k . k€ K}
such that along the solutions xy(t),yx(t),t € T, k € K of (3.42)-(3.44) and (3 72) the
Hamiltonian attains its e- mazrimum value, 1.e.

Hk($2—l(t)7$2(t)v¢k7ug(t)) = mi}l(Hk(l'g—l(t)v:Eg(t)’wkav) - Ek(t)v teT, (377)

where the functions ei(t), k € K satisfy the following inequality

> / t)dt < e. (3.78)

keK i

Proof. Sufficiency. Assume that (3.77)—(3.78) hold for an admissible control

{up(t),t € T,k € K.
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Then by (3.71) the suboptimality estimate can be calculated as 5 = [(Tsyp, u) :

ﬁ(Tsupy Z f ¢k (_uk()_l)dt+ Z f wk (1_uk(t))dt

k=1t =g
= I:XVDI [ () (Azg(t) + Dag_y(t) — b)dt — 21 [ (@) (Azg(t) + Dag_y(t) + buy(t))dt
=it o
= g: / T/Jg(t)(A:Ek(t) + D1 (t) + b)dt — f ¢k (Aa:k( )+ Daj_1(t) — buk(t))dt
F=lrs k=17
+:1¥ mi}fHk($k—l(t),$k(t),Tflk(t),v) — Hyo (w1 (t), 2 (8), i (£), up (1)) | dt =
N
= Jeal(t)dt <e
k=1T

Since the sub-optimal estimate (3.75) has been calculated in the absence of constraints (3.44),
then it is obvious that the following inequalities hold

J(uo) — J(u) < B(Tsup, u) < €.

This proves the e- optimality property of the admissible control {uk (t),teT, ke K }

Necessz'ty. Let {uk(t), teTl ke kK } be an e-optimal admissible control and let
{ Toups Kk € K } be an arbitrary support. Then the sub-optimal estimate of the control
corresponding to the chosen support can be calculated as

B(Tsup, u /Ak wg(t dt+Z/Ak dt—Z/Ak (3.79)

k=17

Now introduce the following dual optimization problem

I(y,v,w) = {h;{yw / g (t)dt + / wk(t)dt] — min (3.80)

y7v7w
keK 7 7

subject to
Zys gsk - Uk ) + wk(t) = Ck(t)7 Uk(t) >0, wk(t) >0,teT, ke K. (381)

Then it can be shown that (3.80)—(3.81) has an optimal solution if there exists an optimal
control for (3.42)(3.46). Denote the chosen support by {7% Tsups K € K} and then use (3.53)
to construct the vectors zx = {yg, vk, wg, k € K} as

Ye = v vg(t) = Ag(t), we(t) =0 if Ay(t) >0,

?)k(t) =0, wk(t) = Ak(t) Zf Ak(t) <0, (382)
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where, by (3.56), these satisfy the constraint (3.81) of the dual problem.
Let {yf,vQ(t),w)(t),t € T,k € K} denote an optimal solution of (3.80)~(3.81). Then
(3.80) and (3.56) yield

N N
B(Tsu 5 u) = VZ gs u dt
, ;z! LD (t /

s k:l
N
+ v t— wy(t)dt
ﬂ/k ;!k
N k N N
= (WMt s(H)ug(t)dt + v (t)dt — wy, (t)dt
> ;J% ;Zk ;Zk ]
N N N N
- |2 [ s+ S [ i - [oloa]
k=1 s:kT k:lT k:lT

N N -
= e+ S / (o (t) — wi(t))dt| —
k=1 kle J
N N -
D+ Y [h) - ufenar
k=1 k:lT -
N N
+ Y [amud -3 / e () up (1) dt
k=1 k:lT

Finally, the sub-optimal estimate can be written in the form

B = 5(Tsup7 u) = ﬂsup + Bus (383)

where

N N
Boup = Y _ ik (i — y™%) + Z/ [(vk(t) — (1) — (wi(t) — wi(t)) | dt (3.84)
T

k=1 k=1

denotes the non-optimality measure of the chosen support {7% Teups k€ K}, and

N
8= [ exlt) unlt) — i) (385)
k=17

87




Chapter 3. Differential Linear Repetitive Processes

denotes the non-optimality measure of the given control function {u(t), t € T, k € K}.

Now choose the support Tgup = {ﬁfup, k € K} such that the corresponding collection

20 = {y2, v}, wd k € K} of dual variables is an optimal solution of (3.80)-(3.81). First,
we show that the chosen support 70, = {%fup(e), k € K} is the one required for the
given e- optimal control functions {uy(t), £ € K}. In particular, since g, = 0 then
B = B(u,7d,,) = Bu < €. Next set

ex(t) = Ap(t)(ug(t)+1), teTy,
er(t) = Ap(t)(ur(t) —1), teT,
() = 0 if At)=0,teT.
and note from the definition of Ay(t) that we have
ex(t) = —vi (0)b(ug(t) +1) = ¥ ()(Awp(t) + Dag_1(t) +b(-1))
— YE () (Azg(t) + Dag_1(t) + bug(t)) if Pr(t)b < 0;
ex(t) = Uf (O)(Azg(t) + Dxg_1(t) + b(+1))

— Wk (8)(Azp(t) + D1 (t) + bug(t)) if ¥r(t)b > 0;
ex(t) = 0 i Yp(t)b=0, teT, kekK.
Use of the Hamiltonian (3.73) now enables these last expressions to be written in the form

e(t) = m%ﬂk(ﬂfg—ﬂt%xg(t)?¢k7v) — Hy (291 (1), 2(t), ¥w,uf (1)), teT, ke K.

Adding these last expressions and noting that {ug(¢)} is an suboptimal control, yields

N N
e(t)dt = Ag(t) (ug(t) + 1)dt
> [ z/ (0 (ue

k=17

which completes the proof.

Note now that that maximum principle follows from the theorem above on setting
e=0.

Corollary 2. The admissible control {ul(t),k € K, t € T} is optimal if, and only if, there
exists a support {TO% .k € K} such that the supporting control {ul(t),70%  t €T, k € K}

sup? » fsup?
satisfies the maximum conditions

ﬁi}f Hy, (mg—l(t)7 x%@)) (7 U) = Hj, (mg—l(t)7 x%@)) Yr, ug(t))

forallk € K, t € T, where ¥y(t) are the corresponding solutions of (3.72).
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3.3.3 Differential properties of optimal solutions

An important aspect of the optimization theory is sensitivity analysis of optimal control
problems. Since, in practice, control problems are often subject to disturbances or per-
turbations of the system data. In mathematical terms, perturbations can be described by
some parameters in the initial data, boundary conditions, control and state constraints
and it is clearly important to know how a problem solution depends on these parameters.
The aim in this sub-section is to characterize the changes in the solutions developed here
due to ’small’ perturbations in the parameters, which should enable us to design a fast
and reliable real-time algorithms to correct the solutions for these effects. The major
advantage of the proposed constructive approach is that the sensitivity analysis and some
differential properties of the optimal controls under disturbances can be studied. There
are very critical when they are to be applied to control synthesis problems.

Suppose that disturbances influence the initial data for (3.42)—(3.43). In particular,
consider the parametric system (3.42)—(3.44) on the interval Ts = [s,t*] with the initial
data zp(s) = zx,k € K where any state parameter z; belongs to some neighborhood
G C R™ of the point x3, = oy and the initial time parameter s belongs to the neighborhood
Gy of the instant t = 0. We also assume that the following regularity condition holds:
for the given disturbance domain Gi,k € K U {0}, the structure of the optimal control
functions for the non-disturbed data is preserved, i. e. the number of switching instances
together with their order are constant.

Using Theorem 14, the optimal controls {ul(t,s,z),k € K} are determined by the

supporting time instances 7,; = 73;(s,2), k € K, j = 1,...,m which are dependent on
the disturbances (s, zx), s € Gy, zx € Gk, k € K. The aim of this section is to study the
differential properties of the functions 74; = 74;(s,2), k € K, j =1,...,m. For ease of

notation we set 7 = 7(s,2) = {Tkj(s,z), keK, j=1,... ,m},z = {2,k € K} in what
follows.

Theorem 16. If (5.42)—(3.44) is reqular then for any k € K and j = 1,...,m, the func-
tions Ti; = Ti;(s, 2) are differentiable in the domain Gy x Gj, C R x R™.

Proof. For each fixed parameters (s,zx), s € Go, zr € Gg, k € K we have the
optimization problem of the type (3.42)—(3.46) where the initial data in (3.43) are
p p yp

7:(0) =2z, k€K, xo(t)=f(t), te€Ty= s, tx.

Using (3.51)—(3.52) and Theorem 14 it follows immediately that the switching instances
Thj = Tkj(s,2), k € K, j =1,...,m of the optimal bang-bang control {u(t,s,z2), k € K}
for the disturbed problem (3.42)—(3.46), are the solutions of the following optimization
problem

m+1 ki
max Z Ry (s, 2) Z(—l)j / cr(t)dt (3.86)
Tk -
7 keK 7=1 Thy—1
subject to
m—+1 Tig
> Ris,z) > (—1) / gu(t)dt = hi(s,z), keK (3.87)
leK j=1 o

89




Chapter 3. Differential Linear Repetitive Processes

Here the constant Ry (s,z) = £1 denotes the value (u = +1 or u = —1) of the optimal
control on pass k over the first control interval ¢ € [s, 7x1], and

t*

k
hi(s,2) = gk — > HeKG () 2nia—j — / Hp Ky (t* —t)Df(t)dt. (3.88)
j=1 s

It is obvious that the switching instances 75,; = 73;(s, ) satisfy the following inequalities
Tho < Tkl < Th2 < < Thm < Thmt1,  ThO = S, Thmt1 =1,

Since {ug,TSup, k € K} is optimal supporting control for the non-disturbed problem
(3.42)—(3.44) then the optimization problem (3.86)—(3.87) has the optimal solution 7‘,?]-, ke
K,j=1,...,m}at s =0,z = ax,k € k,j = 1,...,m. Hence there exist Lagrange
multipliers /\2 € R™ k € K which are not simultaneously equal to zero and such that the
collection {/\2,7',2]-} is a stationary point for the following Lagrange function associated
with the optimization problem (3.86)—(3.87)

m—+1 Tkj
L(/\yTsup) = ZRk('S»Z) (_1)j / Ck(t)dt
keK J=1 Thi—1
m+1 Tty
; Zxk[ZRxs,z)Z(—l)ﬂ [ sutan—tntsz)|. @89)
keK  LleK j=1 o

The well known stationary conditions for the Lagrange function L lead to the following
equalities

N

2Ry (s, 2) [ck(%) +2Alglk(7kj)] =0, j=1,....,m, keK (3.90)
I=k
k m+1 . Tig
> Ri(s,2) > (—1) / gu(t)dt —hp(s,z) = 0, keK (3.91)
=1 j=1 ol
with respect to the unknown A\, and 74(s,z), k € K, j =1,...,m. The Jacobian matrix

D of the mapping (3.90) with respect to variables (\, 75,;) calculated at s = 0 and z;, = oy
can be written in the form

p=1]] 2Rk(0,a)< Coup  F ) (3.92)

keEK 0 Gup

where the matrix Gsup is defined as follows

8 _ gkj(t)v te T?up
Gsup_(jZk, k=1,...,N (3.93)

and the matrix F' is formed from the derivatives of the functions cg(t), gr;(t) taken at the
corresponding points. By the definition of the supporting time instances we have that
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3.3 Stationary Differential Linear Repetitive Processes

det D # 0 and by implicit function theorem there exists a neighborhood of the point
(0,04, k € K) where (3.90) has a unique solution A\ = A(s,2), 7 = 7k;(s,2) where
these functions are also differentiable. This completes the proof.
[ |
The above differential properties of the optimal controls can be used for sensitivity
analysis and the solution of the synthesis problem for the repetitive processes considered
here. In particular, the supporting control approach can be applied [39] to produce the dif-
ferential equations for the switching time functions 7(s, z) necessary to design the optimal
controllers. It can be shown that they satisfy the following differential equations

or  0h

T oh

where h(s,z) = (h1(s,2),...,hn(s,2)) is an mN x 1-vector given by (3.88) and the matrices
G, Q, P are defined by those defining the process dynamics and information associated with
the non-disturbed optimal solution. For example

T
G= —(gu(S)SgnAl(Tll),gzl(S)SgnAl(Tll) + g22(5)sgnAa(7a) ZgN] )sgnA; T]l))

where the functions Aj(t), j = 1,...,N are designed using the switching moments

of the basic optimal control function. Note, that the analogous differential equations
can be established for the optimal values of the cost function treated as the function
J(s,2) = J(uP(7(s, 2)).

Remark 17. The equations (3.94) are (sometimes) termed Pfaff differential equations and
model an essentially distinct class of continuous nD systems. The main characteristic fea-
ture of this model is that it is overdetermined (in the sense that the number of equations
exceeds the unknown functions). It can also be shown that the non-degenerate assumption
on the supporting control functions leads to the wvalidity of the so-called Frobenious con-
ditions that guarantee the existence and uniqueness of solutions of the Pfaff differential
equations [35].

3.3.4 Example

In order to demonstrate the advantages of the supporting control function approach, we
now give the following example.

Consider the following optimal control problem for the repetitive process with N = 2
passes, where the superscript (-) is used to denote a particular entry in the state vector

xp(t) = (xlgl),mg) (t)) on the pass k:

max J(u), J(u): —a:gz)(l)—kxg)(l) (3.95)
w1 ,un
for the system
da(t) _ (1) _
U0 oo, 2000, e s .
dx§2) t) dxg) t o
U, 2D =) s
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with boundary conditions of the form
1 1 2 2 1 1 2 2
)(s) =&, 217 (s) = 67, 0 (5) = &, 2(s) = &7 (3.97)
subject to

V1) =178, 2P(1) = 1/384, Jur (1) < 1, Jua(t)] < 1, (3.98)

We assume that the parameters 8,59), §2), 51)7 52)
formulated in the section above.

The dynamic here can be written as a stationary differential linear repetitive process

of the form
o (1) (1)
ta(t) | [0 1 ;14 (t) 00 z, (t)
[”'”531(”] [0 OH 5 (®) +[1 0} Lﬁ)(t)

Without loss of generality we set z(t) =0, ¢ € [s, 1].
To apply the results developed here to this example we first rewrite (3.95)—(3.98) in
the following integral form:

satisfy the regularity conditions

0
+ [ 1 ]ukﬂ(t), k=01

(3.99)

1

/ L (t)dt+/IU2(t)dt} (3.100)

uy,u2

max {ﬁél) —I—féz) +(1-5)& (1) -1-

subject to
1
Ja =t =g - + 1 - s)¢?
[T =t (3.101)
/{ (1) + (1~ tyus(r) | de =
LY @ (=5 a @-9)° (@
=gg & —(1=s) 54 ;4
Hence
1—1t)3
gu(t) = 1—t, gu(t)= 6 go2(t) =1 —t, (3.102)
at) = Q:%ﬁiz,cxn:1 (3.103)

and the multipliers required to design the co-control function A;(t), i = 1,2 can, noting
(3.53), be written as

V(2)922(7'28up) —C3 (TQSUP) =0,

(3.104)

V(l)gll(Tlsup) + V(2)921(Tlsup) —C1 (Tlsup) =0
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3.3 Stationary Differential Linear Repetitive Processes

Then
1 1 — Tieu 1 — Tisup)? 1—1t)3 1—1t)2
Al(t):(l—t) — 71 p_( _Tl P) (_ ) _( ) 1,
1 Tlsup 2 6(1 T2sup) 6(1 T2sup) 2
1—1t
sup
(3.105)

Now the problem is to find the basic optimal trajectory when all variables in (3.97) are
Zero, i.e.

s=0, 2(70) =0, 22(0) =0, 2{"(0) = 0, 22 (0) = 0. (3.106)

Take the supporting instances as

5 /131
Tlsup = 1- \/27 T2sup = 1- % (3107)

Then it follows immediately from Theorem 14 that the optimal control functions for (3.95)—
(3.98) with the initial data (3.106) are given by

—1, 0<t<1—4/3, —1, 0<t<1—,/3L
u?(t){ - \[ O(t){ - 256 (3.108)

y U9 -
5 131
+1, 1—@9@ +1, 11—/ =t

and (3.94) gives the switching functions 7 = 7 (§§1),§§2), s), T = 72(59),551),59),552), s)
have to satisfy the following differential equations

Iop) B 2(1 —1p)3 @ (1—s)? (1—5)3

o972 AL —T71) _ LTS5 (2) . (1) (2 1
283 (1—m) 5 95 5 §7+ (1 —5)8 7" +& 6 (1-s),
_ 3 o 2
) 875)(1_7_2)_(1 Tl) 87('1) _ _(1 28) 7
aE 3 8¢
33 3
20y GO Q2
&) 3¢ 6
87’2 87'2
22 (1—m)=—1, —2—2(1—-7)=—(1-2s),
o, 0"
(3.109)

with initial conditions

5 /131
71(0,0,0) =1 — \/g, 7(0,0,0,0,0) =1 — T (3.110)

The solutions of this differential system are

n(e,e? 5 =1 /SR 6P 5) -
3.111

rOED, 662,60, 5) =1 /5Bl 60,626, )
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where
5

SRy (€M, e? 5) = g s e — el 54 522,

131 2s* — 853 + 5952 — 102s
SR2(£ 52 751 ) 2 7 ) % + 96 +

) ) ) (3.112)

—20s% 4 40s — 19 48 — 125" +11s =3 (2)  —s“+25—1 (2)

m f 5 15 &+ D &7+

(1) #(2) (1) #(2)
SIS 2 2
161 B 161 _§§)+(3_1)§)

It easy to see that the solution of the differential equations describing the process dynamics
with both u; and uy constant are

t2
21 () =ur +Cy + C,

22 (t) =urt + €y

. P (3.113)
Ty (t) =U]— oY + Clg + Cz; +u25 +tC3 + Oy,

t3 t?
22 () =urg + Croy +1Cy + tup + C.

where the coefficients C; depend on the parameters 5&1),551),59,552)
The formulas (3.113) can be used to have for synthesis optimal control schemes. At the
simplest case, we consider now such a disturbance set () that the optimal control structure

(2) )

is preserved for the case of zero 1n1t1al conditions, i.e. uy = —1 for t < 7-1(5‘1 67,8),
uy = —1, for t < 7'2(51 ,§2 ,§1 ,52 ,s) and the inequality

@& < me” 6).67.67.9)
holds. Using (3.111) we have in this case that the domain € is described by

0< 7 (EM,e® 5) < (e, eV €@ e s) <1
SRi(€M, 6P 5y >0, SRy, eV e P 5) >0

Drawing the graphic imaging of the disturbance domain 2 and the switching manifolds
for optimal synthesis in this case would be an extremely important for highlighting results
already presented. However, making this for the both passes Kk = 1 and k = 2 is very
difficult problem and still ia not available. However some important insights can be also
obtained when having the appropriate imaging for the single pass dynamics. Hence, in
remainder of this chapter we present the result for the single pass case i.e. N =1, where
to simplify notations the superscript (-) that is used above to denote a particular element
in the state vector is omitted.

Synthesis of the optimal control can be realized using the switching instance function
T =7(&1, &2, 8), which in accordance with (3.111) has the following form

T(61,60,8) =1 —+/5/8+ (s — 1)& — & — 5 + 52/2
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3.3 Stationary Differential Linear Repetitive Processes

Without loss of generality, assume s = 0 and then the optimal switching function is

T(Sla&?ao) =1- V 5/8_51 _52-

Figures 3.2 and 3.3 illustrate the form of the optimal synthesis solution below.

/Target plane

Cylinder Z2
% Yy

~_Cylinder 21

Figure 3.2: Optimal syntethis control

Figure 3.2 shows the state space variables together with additional variable t. The
optimal trajectories (3.96) for the pass & = 1 corresponding to the bang-bang control
law lie on the parabolic cylinders (Z;) : =) = —%(3:(2))2 +C1+ Cy and (Z) : =M =
—1—%(3:(2))2 + Cy 4+ Cy where the constants C;,C;, i = 1,2 are determined by the initial
data z((0) = &1, 3 (0) = &. These cylinders correspond to the solutions of differential
equations (3.96) (for £ = 1) with w = —1 or u = +1, respectively. It can also be shown
that the admissible initial domain for which the problem can be solved is determined by
the inequalities: —% <§H+E < %. The switching manifold Zy, is described in parametric
form by

/

RO (1—\/5/82—52—51) ol - VBB 6 &) +é,
2@ = 14 /5/8— & — & + &,
T=1-5/8-&~-4&,

3 5
(5§ <& +& <3

Finally, each optimal trajectory consists of two parts — first it evolves along the vertical
parabolic cylinder Z; until 7 =1 — /5/8 — {3 — & when it meets the switching manifold
Zp, and then immediately is switched to continue along the second vertical cylinder Zj
to meet the target plane (1) = 1/8. Figure 3.2 also shows the optimal trajectory in the
space R? for zero initial data, and Figure 3.3 shows the projection of this trajectory onto
the 21, 23 plane.
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0.6
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-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
x1

Figure 3.3: Projection on the Oxjxy plane

Example 2

Now we give an admittedly rather simple example where the advantages of the supporting
control function approach is demonstrated for the solution the so-called synthesis problem
of optimal control system.

For simplicity we will considered the following optimal control problem: maximize the
terminal cost functional

|m‘zi>§ J(u), J(u) = x2(1) (3.114)
over the control system
L) — iy, 220 — u(t), (3.115)

x1(s) = 21, xa(s) = 22, t€]s,1], z1(t),z2(t) €R

subject to the following constraints on control and state variables

lu(t)] <1, z1(1) = 1/8, (3.116)

Consider the disturbances of the initial state (s, z1, 22) in some neighborhood of the point
(s =0,20 = 0,29 =0). It is easy to verify that for the case s = 0 and z1(0) = 0, 22(0) =0
the optimal control for (3.114)-(3.116) is given by

uw(t) = -1 for 0<t< 1—\/2;
0 5
u(t) = +1 for 1-— §<t§1'

Synthesis of the optimal control can be realized using the switching instance function
T = 7(21, 29, 8), which has to satisfy the following differential equations

or 1 _or l—s 01 1-s5—2
0z 2(1—7) 0z 200—7)0s 2(1—71) (3:.117)
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with the initial condition

5
0,0,0) =1—-14/=
T( gl ) 87
which is a particular case of (3.114). The solution of the Pfaff differential system (3.117)
is given by

5 52

7(21,292,8) = 1—\/§—|—(s—1)z2—z1—8—|—5

The obtained formula for the switching instance function 7 = 7(z1, 29, s) allows us to

find the optimal control law for any disturbances of the initial data in admissible con-

trol domain. The general formula for optimal control function in (3.114)—(3.116) with
disturbances is written as

-1, t € [s,7(21,22,5)];

o —
u (t,sazlazZ) - { _|_1’ te [7(21722,3),1].

The obtained analytic form of the optimal control law gives a good ability to realize the
regular synthesis on the phase plane. Let, for example s = 0, then the optimal switching

function is
/5
T(21,22,0) =1 — 3 21 — 9.

The required synthesis picture is illustrated by the figures below.

X3
A

\\
™

T

- !
T

e

s

Y
\\muuuuu\\uu\\uu\u

il

Figure 3.4: Switching curve is parabolic curve

First note that the admissible initial data domain for which the problem can be solved
in the case s = 0 is determined by the inequalities: 2 : —% <z14 20 < %. In general, the
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switching curve Z,. for regular synthesis is described in parametric form as

T\ 2
wlz_w+22(l_ /%_22_21)
+21; m2:—1+\/§—22—21+22,

T=1-/3—2zm—zn, 2<zn+xn<i
The given parametric description can be transformed to the typical regular synthesis
pictures.
For example, let the disturbances are realized along the line of the form T : 2o =
B, —00 < 8 < 400 such that they belong to the admissible control region 2. Then each

optimal trajectory consists of two parts: first it evolves with u = —1 along the parabola
1 31 = —%((ﬂz)z +Cy+Countil 7 =1 — \/% — 29 — 21 when it meets the switching

curve Zo(T1) : x1 = —3(22)? —229(1 — 8) + B — 2, and then immediately it is switched to

u = +1 to continue along the second parabola Zs : x; = +%(x2)2 + él + ég to meet the

target line 1 = 1. Here the constants Cj, C;, i = 1,2 are determined by the initial data

z1(0) = 21, 1’2(08) = 29. These parabolas correspond to the solutions of the differential
equations (3.115) with u = —1 or u = +1, respectively. Fig. 3.4 corresponds the case
8 =0.

If the disturbances are active only along the line Yo : z1 + 20 = «, then the switching
curve is the line Z.(Y2) : 1 = —/5/8 —axzs + § — %. Then each optimal trajectory
consists of two parts: first it evolves with © = —1 along the corresponding parabola until

T=1-— ,/% — a when it meets the switching line Lq,and then it immediately is switched

to the control law u = 41 to continue along the second parabola to meet the target line
T = %. Fig. 3.5 illustrates the case a = 0.

xf target plane

> X,

\ .
N :
- N
\ \
N .
. ; —
\ \_|disturbances
\ N A\
\ b -
\

N
Nx+x,=0

,"’"»,, szitching curve|

3

5
AR

Figure 3.5: Switching curve is line
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3.4 Conclusions

Remark 18. In general, we may initially prescribe the possible disturbances curve Y, and
then it is easy to determine the required switching curve Z.(Y). This provides a convenient
tool to construct the corresponding automation devices.

3.4 Conclusions

In this paper the supporting control functions approach has been applied to study the
optimal control problems for differential linear repetitive processes. The main contribu-
tion is the development of constructive necessary and sufficient optimality conditions in
forms which can be effectively used for the design of numerical algorithms. The iterative
method developed in this work is based on the principle of decrease of the suboptimality es-
timate, i. e. the iteration {Tskup, ug(t), k=1,....N} — {f—fup, ug(t), k=1,...,N}
is performed in such a way as to achieve B(Tsyp, %) < B(Tsup,u). Also this procedure
can be separated into two stages: 1) transformation of the admissible control functions
{ug(t), k=1,..,N} — {ur(t), k=1,..., N} which decreases the non-optimality mea-
sure of the admissible controls 3(i) < ((u); and 2) variation of the support {Tskup, k=
1,..N} — {%fup,, k =1,...,N} to again decrease the non-optimality measure of the
support, i. e. B(Tsup) < B(Toup). These transformations involve, in effect, the duality the-
ory for the problems defined in this work by (3.42)—(3.46) and (3.80)—(3.81) and exploit
the e-optimality conditions also developed in this work. These results are first in this
general area and work is currently proceeding in a number of follow up areas. One such
area is sensitivity analysis of optimal control in the presence of disturbances where in the
case of the ordinary linear control systems some work on this topic can be found in, for
example, [52].
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Delay System Approach to Linear
Differential Repetitive Processes

It is already known that repetitive processes can be represented in various dynamical
system forms, which can, where appropriate, be used to great effect in the control related
analysis of these processes. In this chapter, we investigate further the already known
links between some classes of linear repetitive processes and delay systems and apply this
to analyze control theory problems arising in controllability and optimal control of these
repetitive processes. In particular, so-called characteristic mappings introduced in [37] are
used to establish controllability properties criteria. Next, time optimal control problems
are considered, where it is well known that the separation theorem for convex sets is a
useful approach for studying a wide class of extremal problems. Here we adopt this method
to establish optimality conditions in the classic form.

It has been conjectured that such a setting is appropriate for development the numerical
methods for optimal control problems and related studies on for which very little work
has been reported to date. The results developed here provide (part of) the theoretical
background for further work aimed at the efficient computation of optimal controllers for
these processes. Some areas for further research are also briefly discussed.

4.1 Background and Problem statement

The differential linear repetitive processes [66] are defined over 0 <t < &, k > 0, by the
state space model

p41(t) =Azpi1(t) + Bug(t) + Boy(t)

. . . 4.1

Yr+1(t) =Cxp11(t) + Dugya(t) + Doy (t) 4
Here on pass k, xj(t) is the nx 1 state vector, y(t) is the m x 1 pass profile vector, and wu(t)
is the r x 1 vector of control inputs. To complete the process description, it is necessary to
specify the boundary conditions, i. e. the state initial vector on each pass and the initial
pass profile. Here no loss of generality arises from assuming xxy1(0) = d11, k > 0, and
yo(t) = g(t), where djy1 is an n x 1 vector of known constant entries and §(t) is an m x 1
vector whose entries are known functions of ¢t over 0 < ¢ < &.

As mentioned before, the repetitive processes posses many other equivalent represen-
tations which can be better suitable to the analysis of particular problems as, for example,
1D equivalent models enables much simple characterization of the so-called pass control-
lability or observability [37, 41]. Revisit now a few such examples.
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1) Singularly perturbed model with slow and fast modes

p41(t) =Azpi1(t) + Buga(t) + Boy(t)

. i : . ) ) (4.2)
1k+1(t) =CoYr41(t) + Caprr (t) + Dugi1(t) + Doyi(t), 0 <t < a, k> 0.

Hence, the standard repetitive process is a limit case of that of (4.2) for u = 0, detCy = 0.
This approach is subject of ongoing work and the results will be reported in due course.
2) the Volterra type equation (with respect to the variable k )

k

rar(t) = |:Ai$k+1—i(t) + Biuk+1-i(t) | + Dig(t), 2541(0) = dip1, k=0 (4.3)
i—0

where
A= A, A= BoDi'C, Bo= B, B, = BoDi'D, Dy = BoDiY, i > 1

Discrete Volterra equations and their applications to the discrete repetitive models are
given in [14]. The Volterra approach can be also effectively used for the differential case
that is no subject of this paper.

To obtain another representation of processes described by (4.1) which is the subject
of this paper (for the case 1 < k < N where N is a fixed positive integer), introduce the
new variables x : [0, &N] — R", y: [0,&N] — R™, u[0,&N] — R", where

x1(t), 0<t<a

o(t) = xo(t — &), qa<t<2a,
ay(t—a(N —-1)), a(N-1)<t<aN
y1(t), 0<t<a
yo(t — &), a <t<2a,

u(t) = {9 ,
yn(t — &N —1)), &N —1)<t<aN
up(t), 0<t<a

ult) = ug(t — &), qa<t<2a,

un(t —&(N —1)), &N —1)<t<aN

Then, (4.1) can be rewritten in the form of the following delay system
40 zt)] _[A 0]z [0 By | [ a(t - @) N
0 In | [ y® C o]y 0 Do ][ ylt—a)

with initial condition

[a) Dj>
@>O
[
—
e <
N TN
S~
N —
[
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4.1 Background and Problem statement

Here, I,, denotes the identity matrix in R™. In order to complete the correspondence
between the delay system (4.4) and the repetitive process (4.1) we require additional con-
straints at t = &k, k=1,... N — 1, which demand that the solution z(t) is discontinuous
and has ”jumps/pushes”. This leads to the so-called nonlocal conditions of the form

z(k&+0)=dg, kek, (4.6)
where z(k& + 0) denotes z(t) as t — k& from the right. We also assume that the control
functions u(t) and pass profile vectors y(¢) are continuous from the right hand side at
t=ak, k=1,...,N—1.

It is straightforward to see that this last representation is a special singular case of

kAl R IR s e

B 0 u(t)
' [ 0 D] Mt)] D
which is equivalent to

@(t) =Anz(t) + A12y(t) + Duiz(t — &) + Diay(t — &) + Bu(t) (4.8)
y(t) :Aglﬂj‘(t) + Aggy(t) + Dglﬂj‘(t — d) + Dggy(t — d) + Du(t) '

Finally, if the matrix (I, —Asg2) is nonsingular, then the second equation can be re-arranged

to the form
@(t) =Anx(t) + Apy(t) + Dnz(t — &) + Di2y(t — &) + Bu(t) (4.9)
y(t) =Ag12(t) + Dox(t — &) + Daoy(t — &) + Dul(t) '

where H = (I,, — Ag)~'H for H belonging to the set H £ {As;, Day, Dy, D}.

If a linear repetitive process of the form of (4.1) contains time delays such that the
resulting process model has the following form over 0 <t <&, 1 <k < N,

1 (t) =Axpi1(t) + A2 (t — B) + Bugyr(t) + Boyw(t) + B_aye(t — ) (4.10)
Yk+1(t) =Cps1 (t) + Crapgr (t — h) + Dugqr (t) + Doyi(t) + D_1yi(t — h)

where £ is a real number such that 0 < h < &. Then such linear repetitive processes can
be presented in the multiple delay differential system form of

£ 208012 S0 &IT2]e (2 311

A b |

(4.11)
with initial conditions
w() ]_[ 0 oo [FOT_[ 60 i
v )= Lot | rerao [T <[00 ] rera-hoa) i
and t nonlocal conditions
x(kad+0)=dg, keK. (4.13)

where (), ¢(t), G(t) are the corresponding initial conditions in (4.11).

103




Chapter 4. Delay System Approach to Linear Differential Repetitive Processes

4.2 Hybrid delay model for differential repetitive processes

As the basis for further study consider first the case when the nonlocal conditions of
(4.6) are absent. This can be realized under the assumption that, for example, the initial
condition in (4.1) for the current pass coincides with the end point state of the previous
pass, i. e. 21+1(0) = xp(«), that occur often in machining operations. Such assumption is
needed to avoid at the primary stage the presence of a nonlocal impulse initial conditions,
which can be the source of significant difficulties.

The system under the consideration is now given by the following pair of differential
and difference equations

@(t) =Ax(t) + A_1z(t — h) + Boy(t) + B-1y(t — h) + Bu(t)

(4.14)
y(t) =Cx(t) + C_1z(t — h) + D_1y(t — h) 4+ Du(t), t € T = [0, ]
with initial conditions
x(t) = f(t), t € [-h,0), z(0) =z, y(t) =g(t), t € [~h,0] (4.15)

where x € R", y € R™, v € R", and « and h are given real numbers such that h < . We
also assume that the control function u(t) is piecewise continuous on the interval [0, a].
The differential linear repetitive process (4.1) now follows immediately as a special case
of this last model structure on choosing the matrices in (4.14) as

A=A A ,=0, By=0, B.1=By, B=B, C=C,C_1=0, D_y =Dy, D=D

and a = &N, h = a.

It is well known [43, 62] that a solution of the time delay differential equation can
be found by the step method. In other words, by application the standard integration
step-to step method on each subinterval [kh, (k + 1)h) (with nonnegative integer k) we
can construct the solution as the solution of an appropriate ODE. Let us focus on the
smoothness property of the solutions as it follows from this procedure. Consider hence on
the first delay-interval, and more at the moment ¢ = 0. Due to the form of the differential
equation (4.14), and since the initial condition (4.15) is chosen arbitrarily, one can say
that

E(t)]i=0t # f(t)li=0— = &(t)]i=0— (4.16)

i. e. there is a discontinuity in the first derivative of the solution z(¢) at the moment
t = 0. Due to this fact we consider the differential equation (4.14) for ¢ > 0 and use the
separate function value x(0) = zg in the initial data (4.15). This remark can be extended
to the next delay-intervals [kh, (k + 1)h), k > 0, but, note, that the solution is getting
smoother from one delay-interval to the next at the moments ¢t = kh, k > 1. Next, from
the difference equation (4.14) it follows that at the moment ¢ = 0 we have

y(0) = Cx(0) + Cya(=h) + D1y(=h) + Du(0), (4.17)

i. e. the value y(0) of the pass profile y(¢) is determined by the initial data and the
value of control function w(0). By this reason we consider the control functions u(t) that
are continuous from the right hand side, and put for brevity that the left side limit value
u(0—) = tE%l u(t) coincides with ¢(0).
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The pair of the functions (x(t),y(t)) is termed a solution of the system (4.14) — (4.15)
for the given control function u(t), if they satisfy the differential equation (4.14) almost
everywhere on the interval [0, ] and the difference equation (4.14) for all ¢ € [0,h]. It is
known that under the given assumptions the solution x(t) is absolutely continuous and
y(t) is piecewise continuous on the interval [0, o].

Systems described by the equations of such form have been discussed in [1, 60], the first
results on optimality conditions for the nonlinear version of the system of (4.14) — (4.15)
were obtained in [73], and some observability and controllability problems for a particular
case of the system can be found in [3]. Here we present in an unified form some results
on controllability and optimization that are relevant for the need of a deep theoretical
background for control of repetitive processes.

4.2.1 General response formula

The solution of the system (4.14) — (4.15) can be constructed by the step-by-step proce-
dure for each subinterval of the form [ih, (i+1)h), i = 0,1,...,qn, where g, = [%] denotes
the integer part of the fraction 7. First, it is straightforward to show that the recurrent
procedure based on the equation (4.14) leads to the following representation of y(t) on the

time interval [0,t], ¢t > h, t € [q:h, (¢; + 1)h) where ¢ = [%]

qt—1 qt
y(t) =Ca(t) + > Mjpa(t — (j+1)h) + > Gju(t — jh)
j=0 j=0 (4.18)

+Kq,g(t = (q + 1)h) + Wo f (t = (@ + 1))
and for t € [0, h)
y(t) = Cx(t) + Du(t) + D_1g(t — h) + C_1f(t — h),
where
M =D’ (C_, +D_,C), G; =D’ D, K;=D",C_, W; = D'}, My =C, (419)
j=0,1,...

Noting the formula (4.18)—(4.19) and using the recurrent procedure on the intervals [0, h),
[h,2h), ... allows us to rewrite (4.14) as

qt+1 qt+1
B(t) = > H(t—(j—1h)+ > Viu(t—(j —1)h)
=1 =1
+ Qu19(t — (g + 1)h) + Pyyr f(t — (g: + 1)h) (4.20)

where
Hi=A+ ByC, Hy = A_1 + BO(C_l + D_1C) + B_1C,
Hj =(ByD’ 7' + BLiD’2)(Ci+ D1C), j=2,..., g +1
_ ' (4.21)
Vi=B+ BoD, V; = (ByD'7 + BLDI)D, j=2,..., g+ 1,

P, =(BoD_1 + B_1D'})C_1, Q; = (BoD_1 + B_1)D'3', Py = A_y + ByC_4
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The formula (4.20) says, in fact, that the hybrid system of (4.14) can be represented
by retarded differential equations with varying number of delays. Amount of delays is
increasing with the growth of ¢.

Next, multiplying both sides of the equation (4.20) by the function F'(¢,7), which is
unknown at present, and then integrating yields on the left hand side

/ F(t, 1)i(r)dr = o(t) — F(t,0)0 — / o n(r)ar (4.22)
0 0

where we set that F'(t,7) =0, V7 > t, and F(t,t —0) = [,,. Next, substituting s = 7 —ih
in each of the integrals on the right hand side, and noting that

F(t,7)=0, V7>t x(t)= f(t), t € [-h,0), z(t) =0, Vt < —h

together with (4.22) leads to the following formula

tqi+1 t
2(t) = F(t,0)z0 + [ > F(t,7)Hjz(r — (j — 1)h)dr + [ ZELD o (7)dr + (4.23)
0 j=1 0

tqi+1

+Of ;1 F(t,T)Vju(T —(j—Dh)dr + Ojth-’_lg(T — (¢t + 1)h)dT + qut+1f(T — (gt + 1)h)dT

= F(t,0)xo + qgjlljF(t, T+ (j —1)h)Hjx(r)dr + qg:ll(fF(t,T + (j — DHR)Vu(r)dr +

#"5 S Flr G = DWE AT+ | Fler+ (ot D8) | Prsaf(0) + Qo)

Now define the required function F'(t,7) as a solution of the following differential
equation

OF(t,T) S |
o= N F(t,r+(j— Dh)Hj, F(t,7) =0,V 7>t F(t,t—0)=1I,, (4.24)
j=1

(where F'(t,t — 0) denotes F(t,7) evaluated as t — 7 from the left) whose properties can
be found, for example, in [37]. Finally, noting (4.18), we have the following formula for
the solutions of the system (4.14)—(4.15)

qt+1 @+l L
x(t) = tOxo—i-Z/FtT—i—j—l) VH; f(T)dT + /FtT—l—j—l)h)‘/ju(T)dT—i-
J= 1—h J=1 0
0
+ /F(t, T4 (g 4+ 1)h) [Pg41 f(T) + Qqu19(7)] dr, t > 0; (4.25)
“h

106




4.3 Controllability

0 0
y(t) =CF(t,0)zo + /C’F(t, T)Hy f(T)dT + / CF(t,7+ h) [Plf(T) + Q19(7)|dr+
“h “h

+ / CF(t,7)Viu(r)dr + C_1 f(t — h) + D_1g(t — h) + Du(t), t € [0, R)

0
qt—1
y(t) =CF(t,0)0x0 + > M1 F(t — (j + 1)h, 0)ao+
=0
gt—1q—1 O
Z Z / MlF(t — lh,T —l—jh)Hj+1f(T)dT+
1=0 j=0")

qt 0
+Y / MF(t —1h, 7+ (g + 1 = D) [Pyr1-1f(7) + Qgr11g(7)]dr+  (4.26)
=07,

a—1q—1 1

+ Z Z / MF(t —lh, 7+ jh)Vjqu(t)dr+

1=0 j=0Y

qt
. t
+ Z Gju(t - jh) + th_lg(t - qth) + th_lf(t — qth), qr = |:—:| , t>h
Jj=0

which clearly is the general response formula for (4.14).

4.3 Controllability

In this section we consider controllability of hybrid system of (4.14) which clearly must be
a fundamental element of a mature systems theory for linear repetitive processes and play
a significant role for application area. The formula (4.25)—(4.26) is a required starting
point for this study. Here it should also be noted there exist more than one distinct
controllability notion, see e. g. [57], and this area is far from being complete for the
repetitive processes and delay systems considered here.

4.3.1 Point pass profile controllability

For nD systems as well as for repetitive processes there many possibilities for introducing
various controllability notions. In this subsection we introduce and study the following
point pass profile controllability, which plays a significant role in further analysis.

Definition 16. The system (4.14)-(4.15) is said to be pass profile controllable at the given
points By, 1, ..., By, such that 0 = By < b1 < ...0, < «, if for any ¢; e R™, i =0,...,v
there ezists a control vector u(t), t € [0,a] such that the solution y(t,g, f,xo,u) of the
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system (4.14)—(4.15) corresponding to the zero initial data g(t) =0, t € [—h,0), f(t) =
0, t € [=h,0), xo =0 satisfies the following conditions

y(a_/gj7070707u)zcj7j20717"'7y' (427)

We suppose that the admissible control functions u(t) belong to the class of all piecewise
continuous functions on the interval ¢ € [0, o] with values in the space R" and is denoted
by U(:).

Physical motivation for this form of controllability is the requirement that the pass
profile vector take pre-assigned values at particular points along the pass. Note also that
some first results concerning observability and controllability problems for particular cases
of the system model structure considered here can be found in the earlier paper [3].

From (4.25) we have

i t
y(t) = 3 Gult — jh) + / R(t,Pyu(r)dr, > h, (4.28)
=0 0
where
g—1lq—l L ;
R(t,7) = ; jZO/MlF(t—lh,T—l—jh)VjH, @ = M (4.29)
= =0

Note that in (4.25) r(t, g, f,x0) = 0 for the zero initial data g(t) =0, t € [—h,0), f(t) =
0, te [—h, 0), zg = 0.
Theorem 17. The system (4.14)—(4.15) is pass profile controllable at the given points
Bo, 1., 0y if, and only if, the following equalities
glGy=0, ..., gZ-Tqu =0, g’ R(a—B;,7)=0, T€0,a—p], i=0,1,...,v
(4.30)

hold only when g; = 0, where g; € R™, i =0,1,...v and ¢q; = [Q_Tﬁl} .

Proof. The property to be established here requires that the following set of equations

a—fo
co = Gou(a) + ...+ Ggu(a — qoh) + f R(a — Bo, T)u(r)dr,
0

a—pB1
c1= Goula—p1)+...+Guula— B —qh)+ [ Rla—p1,7)u(r)dr, (4.31)
0

o= Goula—pB)+...+Gpula—B,—qh)+ [ Rla—pB,7)u(r)dr
0

can be solved with respect to the unknown vector u(t), t € [0, a] with piecewise continuous
entries and r-vectors u(a — 3; — q;h), i =0, ..., v. Consider therefore the following set

qs
Y — {y —(Wor- ) € RV g =3 Gyt
§j=0

4.32
s, (4.32)

+ / R(a — B, T)u(r)dr, ¥ vjs € RV yy(.) e U()}
0
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where U(-) denotes the set of all admissible control vectors. Then it is easy to see that
the set Y ¢ R™¥*Y ig a linear subspace from R™*+1),

Now suppose that conditions (4.30) hold but the system is not pass profile controllable.
Then this means that Y % R™¥*1D  Since the set Y is linear subspace of R™**1)  there
exists a nontrivial vector g = (g1,...,q,) € R™¥+D G £ 0, such that § L Y. This, in
turn, means that there exists a nontrivial vector § # 0 which satisfies the conditions of
(4.30) and a contradiction has been established.

Suppose now the system is controllable but condition (4.30) holds for some nontrivial
vector ¢* € R™¥*1)  This means that ¢* L Y. Hence Y # R™¥*+1) which is a contradic-
tion and the proof is complete. |

Theorem 17, however, is hard to apply for checking controllability. Another approach
would be to apply the so-called characteristic equations approach introduced in [37] to
obtain the effective criteria to check the controllability properties of the considered model.
To obtain the characteristic equations follows apply the Laplace transform to the system
(4.14)—(4.15) with zero initial data

pX(p) = AX(p) + A_1e """ X(p) + BoY (p) + B_1e *"Y (p) + BU(p),
(4.33)
Y(p) = CX(p) + C_1e7""X(p) + D_1e”""Y (p) + DU p).

In what follows the following substitutions are to be done: replace X (p), Y (p),U(p) by the
(nxr), (mxr)and (rxr) - matrices Xj_1(t), Yi-1(t), Up-1(t), k =1,2,..., t € [0,a]; the
differention operator p is replaced by the shift operator with respect to discrete variable k,
the operator e P" is replaced by the time delay operator such that the following relations

X(p) —Xp-1(t), e P"X(p) — Xp-1(t — h), pX(p) — Xi(t)
(4.34)
Y (p) —Yio1(t), e P*Y(p) — Yia(t — h)

hold. This enables rewriting (4.14)—(4.15) in the following form
Xpp(t) =AXp-1(t) + A1 Xp—1(t — h) + BoYy—1(t) + BoaYi—1(t — h) + BUj-1(¢)

(4.35)
Yio1(t) =CXp_1(t) + Co1Xp—1(t — h) + D_1Yx_1(t — h) + DUk_1(t), t € [0,q]
In order to complete this setting it is necessary to determine the initial conditions
X0(0) =0, X;(t)=0, Vi<0, t<0; Yp(0) =0, Y;(¢)=0, Vi<0, t<0.
(4.36)

Uo(0) =I,, Us(t) =0, Vi #0, t #0.

Now, the following theorem can be stated the proof of which is very strongly motivated
by the results of the earlier paper [3].

Theorem 18. The system (4.14)—(4.15) is pass profile controllable at the given points
Bo, 81y ..., 0y if, and only if, the following rank condition holds

[ Yi(t — Bo)
Yit—=01) i=0,...,n(¢a+1)

rank =(v+1)m. (4.37)

i Yi(t_ﬁu) te [Ovﬁu + (Qa“‘ 1)h] ]
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Proof. The conditions (4.30) of Theorem 17 yield that the process (4.14)—(4.15) is

pointwise profile pass controllable if, and only if, the following conditions hold

rank{Go,G1,...,Gq. } =m(v +1) (4.38)
and
¢'F e, 7) 20 T€(0,q] for all geR™¥D 4 #0 (4.39)
where (m(v+1) x r(v 4 1))— matrices G; are given by
G = diag{G;,...,G;}, where G; = D' ,D, i=0,...,qa, (4.40)
and [n(v + 1) x m(v + 1)] matrix function §(c, 7) is defined as
Mof(av T)Vv TE [Oé - 617 Oé)
(Mof(oz,T) + M Fla, 7+ ﬁ1))V, TE [ — Br,q)
Sa,7) = (4.41)
Z Mif(av T+ ﬁl)v7 TE (Oé - ﬁuv - ﬁu—l]a
i=0
where
V= [V17 V27 T 7‘/;]a+1]T ;
(4.42)
T
My = On(q+1)><mk7 [M(b R )Mq] 7On(q+1)><m(z/—k) , k=0,...,v
and
r Fla,7) Fla,7+h) F(a,7+2h) Fla,7+ (v —=1)h) F(a,7+vh) ]
F(a,7+h) F(a,7+2h) F(a,7+ 3h) F(a, 7+ vh) 0
Fla,7) =
L F(a, 7+ vh) 0 0 0 0
Note that to design the function (4.41) the well-known properties F(t,7) = 0, t <

T, F(t—s,7)=F(,s+7), t<s <7 of the fundamental matrix F'(¢,7) are used. From

the characteristic equation (4.35)—(4.36) it follows immediately that Yy(ih) = D" ;D =
G, and, hence,

To select the remaining matrices in (4.37), consider the n(g,+1) vector-valued function
¥(g,7) = g7&(a, 7). Then it can be shown that the function (v, 7) satisfies the following

Gi = diag{Yo(ih),...,Yy(ih)}

which contains a part of the required matrices in (4.37).

matrix differential equation

0% (a, 1)

or

= —S(Oé, T)Ha

where H =

Hy 0
Hy Hy
L an an—l

(4.43)
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Hence the function (g, 7) satisfies an ordinary homogeneous differential equation of order
n(gq + 1), and it is known that such differential equation has the trivial solution if, and
only if, its initial conditions are zero. From [37] it now follows that the function considered
here is analytic on each sub-interval (o — kh,a — (k + 1)h), and dis-continuous at 7 =
a—0;—jh, 1=0,...,v, j=1,...,q where the jumps are given by

AV (g,a — B; = jh) =4 (g,a — 5 — jh+0) = ) (g,a — ;= jh —0) =
o (4.44)
=(—1)"g"Yy(a— B; — jh), i=0,...,v, j=1,...,q

Thus, AY®)(g,a — B; — jh) = 0, and, therefore ¥(g,7) = 0, if, and only if, the matrix
(4.37) has the maximal rank, which completes the proof. |

4.3.2 Pointwise completness and controllability with respect to initial
data

In general, for differential systems with retarded arguments and, in particular, for hybrid
differential-difference systems the so-called pointwise completness [80, 83] pays a key role.
In order to formulate this notion we introduce the following notations. Let C"[—h, 0], h >
0 denotes the vector space of the continuous n-vector function f : [—h,0] — R". The
solution of system (4.14)—(4.14) (in the absence of input actions, i. e. with B =0, D = 0)
corresponding to the initial data (4.15) where f € C"[—h,0], g € C™[—h,0], zo € R™ is
denoted by z(t) = z(t, f,g,x0), y(t) = y(t, f, g, o). Reachability set for the state variable
x(t) of the system (4.14)—(4.15) at the given moment t* € [0,7] is defined as follows

R.(t%) = {:E eR":z=x(t", g, f,x9), for all feC"[—h,0], g C™"[—h,0], o€ R”}

(4.45)
By analogy, the reachability set for the pass profile y(t) of the system (4.14)—(4.15) at
the given moment t* € [0, 7] is defined as

Ry(t") = {y eER™:y=y(t' g, f,x9), for all f e C"[—h,0], g€ C"[—h,0], zy € R”}

(4.46)
For many cases an essential question is: Can one reach the desired state and/or pass
profile position by a proper choice of the initial data? The following definition is a formal
description of this problem.

Definition 17. [t is said that the system (4.14)—(4.15) is pointwise complete on the
interval [0,T] if

Re(t) =R" and Ry(t) =R™ for all t€[0,T]. (4.47)

If for some t* € [0, T] the conditions (4.47) are not true then the system is called pointwise
degenerate at the moment t*.

The notion of pointwise completness was introduced first in [80] for studying the con-
trollability of linear differential time delay systems. Some details and an overview of
existing results can be found, also, in the survey [58]. It is obvious that the ordinary
linear differential system of the form &(t) = Ax(t) is pointwise complete since for any t*
and x* € R" there exists z(0) = xp € R™ such that the corresponding solution satisfies the
condition x(t*,z¢) = z*. Also, it is proved that each stationary linear differential system
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with constant time delay is pointwise complete in the case n = 2. The following example
shows that the presence ”difference” equation in the hybrid system destroys the pointwise
completness of differential time delay system with n = 2.

Example. Consider the hybrid system of (4.14)—(4.15) on the interval ¢ € [0,7]
where h < T <2h, n=2, m =2,h =1n2 and the following choice of the matrices

(0 2 (-1 0 (5 0 B
(32 im0 ) e (f ) e

0:<_2 0), 0_1:<0 0>, D=0, B=0, D=0

(4.48)

0 2 -4 0

Substituting the function y(¢) from second equation into the first of the system (4.14)—
(4.15) corresponding to the given choice of matrices leads to the following time delay
System

:i:(t):[g ﬂmw[j g}az(t—hﬂ—[_oz 8]3:(75—211) (4.49)

Thus the state variable of the considered hybrid system (4.48) is described by the retarded
differential system (4.49) with multiple delays. For simplicity, denote next the matrices
involved in (4.49) by A, Aj, As, respectively. It is known (see, [58], for example) that
the linear stationary differential system with multiple delays is pointwise complete if, and
only if, the following conditions

N
rankM° = n + ny, where ny = Z rankM;(\;) (4.50)

i=1
hold. Here the matrices M and M;();) are defined by spectral parameters of the operator
W e M= —-A—e A —e ?4y)),  NeC (4.51)
associated with the system (4.49). In the considered case we have

A+ 2e M -2

~Mh
WA e ") = [ e 9e=2h )\ _ 1 _ 9p—Ah

] . det WA e ™M) =22 -\

(4.52)
Hence, the eigenvalues are Ay = 0 and A = 1. Further, noting h = In 2, we have

_ 2 =2 _ 2 -9
MO0 = WO M= | 75 |0 400 =W o= | ]
(4.53)
and the constant (n + 1)n x n? (in this case 6 x 4) matrix M is defined as
Ml ()‘1) O 1 0
MO = O  My(\) |, wherel = (4.54)
7 7 01

It is easy to verify that

2 =2

rankM; = rank [ 3 _3

] =1, rankMy =rank [ i :? } =1
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and
(2 -2 0 0 7
3 -3 0 0
0o 0 2 -2
0_ _
rankM" = rank 0 0 1 -1 = 3.
1 0 1 0
|0 1 0 1 |
Hence

3 =rank M° <n+ny =4,

which immediately shows that the considered system is not pointwise complete for the
delay value h = In 2.

Note that the eigenfuncions corresponding to the given eigenvalues Ay =0, Ay = 1 are
d1(t) = (1, DT, ¢o(t) = (e*,e")T. It is obvious that the rank of the fundamental matrix, the
entries of which are the given eigenfunctions, is equal 1. Hence the linear space formed by
these basic functions is isomorphic to the space R. This means [83] again that the system
under consideration is degenerate.

For the hybrid differential-difference systems there exists the links between the point-
wise completness and controllability notions. We start here with particular case of the
state controllability with respect initial conditions.

Definition 18. The system (4.14)—(4.15) (with B = 0, D = 0) is called to be state
controllable with respect to initial data at the given moment t = T if for any n-vector
cr € R™ there exist the initial functions g(t), f(t), t € [—h,0] such that the corresponding
solution x(t, g, f,x0) of the system (4.14)—(4.15) satisfies the following condition

‘,L'(Tvgv fv ;EO) =cCr (455)

Now, the following theorem can be stated.

Theorem 19. [58] The system (4.14)—(4.15) (with B =0, D = 0) is state controllable
with respect to initial data at the given moment t =T if, and only if,
i) system (4.14)—(4.15) is pointwise complete;
i)
rank{H{[Hy, Hy,...,Hyp, Gy, Pyp], i=0,....,n} =n (4.56)

ar»
where the matrices H;,i =0, ...,q7, Gq,, Py, are defined in (4.21).

The proof of the theorem and other results can be found [58] and, hence, the details
are omitted here.

By analogy to Definition 18 profile controllability with respect to initial data can be
introduced and studied.

4.4 Optimization

In this section the following time optimal control problem for the process (4.14)—(4.15)
is considered.
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Optimization Problem. For the given initial data z(t) = f(t), y(t) = g(t), t €
[—h,0), x(0) = xzo find the minimal time T and the control function u(t), t € [0,T] such
that the corresponding trajectory

z(t)=0, te [T —h,T] (4.57)

18 in the equilibrium state.

In effect, the solution of this problem will drive the system dynamics to the zero
equilibrium state as fast as possible.

Note that in this case, subject to some additional assumptions, the control function on
the last interval [T'— h, T'] can be represented in the feedback form. In particular, suppose
that the matrix B from (4.14) is invertible. Then from (4.14) we have

u(t) = —B7'[A_1z(t — h) + Boy(t) + B_1y(t — h)] (4.58)
Substituting this into (4.14), and assuming that there exists [E +DB _1B0] ! yields finally
u(t) = Nax(t —h) + My(t —h), t € [T — h,T] (4.59)

where
N =[E+DB'By) '[C.1—DB™'A_,], M = [E+ DB™'By| ' [D_, — DB2,] (4.60)

The representation (4.59) shows also that the complete controllability can be solved for the
given particular case on the base of relative (pointwise) controllability formulated above.
Indeed, if there exists the control function u(t), ¢ € [0,T — h| such that (T — h) = 0 (for
the considered case it is sufficient to choose the single point for v =0, 8, = h and ¢, = 0)
then the following setting

a(t) = u(t), t € [0,T —h)
TNt = h) £ Myt —h), te [T —h,T]

solves the problem of the complete controllability. Note that this approach is however of a
limited significance as in the majority cases the state dimension exceeds considerably the
input dimension. Then, the semi inverse approach can be applied, which is the subject of
ongoing work.

4.4.1 General optimality conditions

Now let T be a fixed time moment. The class of the admissible controls wu(t), t € [0,T]
is the set of all piecewisse continuous functions such that u(t) € U, ¢t € [0,T], where
U is a compact convex set from R". By analogy to (4.28,) the solution of the process
(4.14)—(4.15) can be rewritten in the following form

z(t) =s(t, f, 9, z0) + /S(t,T)u(T)dT,
0
. (4.61)

)

y(t) =r(t, f,9,20) + Gju(t — jh) + /R(t,T)u(T)dT,
Jj=0 0
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where r(t, f,g,20) and R(t,7) were defined by (4.29) and

i+1 0
S(t, £,9,70) =F(t, 030 + 3 / F(t,r+ (j — D) H, f(r)dr+
j:l_h
0
+ / F(t, 7+ (i + 1)h) [Por f(7) + Qipag(7)] dr, (4.62)
—h

i+1
S(t7) =3 F(t+ G~ DIV i = |7
j=1

Definition 19. We say that the control function u(t), t € [0,T] is T-admissible for the
system (4.14)—(4.15), if the corresponding trajectory satisfies the following condition

z(t) =0, t € [T — h,T) (4.63)

Introduce
7 = {a: €ER™ [z =s(T —h, f,g,20) for all (f,g,70) € C_p0) X Cl_p,0) X ]R”}
and

R = {s € Z | such that for z =s 3 T-admissible control u()} (4.64)

In fact, the set R is the reachability set for the system (4.14)—(4.15) with (4.63) in place.
We assume that R # ), which is true if the system is controllable. Equivalently, we
suppose that there exists at least one collection of the initial data

l’(t) = f(t)’ te [_hv 0)7 :E(O) = 20, y(t) = g(t)’ te [—h,O]

for which there exists the T— addmisible control functions. Denote next by Up(-) the set
of the all T-admissible control vectors for the system (4.14)—(4.15) corresponding to the
set R. Then it is easy to show that R is closed and convex.

Theorem 20. For the given initial data f(t), g(t), t € [—=h,0),2(0) = xq there exists
T-admissible control if, and only if, the following inequality

T—h

max {gTs(T —h, f,g,x0) + inf / gTS(T — h,T)’LL(T)dT} <0 (4.65)
llgll=1 ueUrp(-)

holds.

Proof. Necessity. Let Optimization Problem is solvable for the moment 7 and
u(t), t € [0,7T] is a T-admissible control function. This means here that

T—h
0=a(T —h)=s(T—h,f g,x0)+ / S(T — h,T)u(r)dr.
0
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Multiplying the both sides of the last equality by the vector g € R" yields

S

—h

TS(T - hv fv 9, :EO) + gTS(T - h7 T)U(T)dT = 0.

o

Hence
T—h
g's(T —h, f,g,20) + inf / gt S(T — h,7)u(r)dr <0
uEUT
0

and (4.65) holds.

Sufficiency. Let the inequality (4.65) holds for the given initial data (f, g,z¢). On
contrary, assume that for this data there is no any T-admissible control u(-) which solves
the problem. This means that the corresponding vector s* = s*(T'— h, f, g,z09) € R does
not belong to the set R, i. e. s*(T'— h, f, g,x9) € R. Since R is a convex set then there
exists a supporting hyperplane with the nontrivial normal vector g« € R", ||g*|| = 1 such
that the following inequality

g Ts*(t, f,g,20) > g*T s, V seR (4.66)

holds. Since s € R then there exists a T'— admissible control function u(t), ¢ € [0,7 — h]

such that
T—h

s+ S(T — h,7)u(r)dr = 0.
/

Hence, (4.66) yields that

T—h
gTs* (T = h, f,g,20) + / g TS(T — h,7)u(r)dr >0
0

and since s is an arbitrary vector from the set R then the last inequality is true for all
u(-) € Up(+). Therefore

T—h
g*TS*(T - h7 f7g7 .Z'()) + inf / g*TS(T — h, T)u(T)dT >0
UEUT(-)
which contradicts (4.65). [ |
Next, denote
T—h
AT) = jnax {gTs(T —h, f,9,%0) mf / gt S(T — h, T)U(T)dT}. (4.67)
gll= uE T
0

It can be shown that A(T') is a non decreasing, continuous function, and hence we have
the result bellow for which we also require the following definition.

Definition 20. Letp: R — R be a function. Then we say that Z° € R is the minimal root
of equation p(z) = 0 if p(z°) = 0 and there is no z* € R such that z* < 2° and p(z*) = 0.
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Theorem 21. Given initial data f(t),g(t), t € [=h,0),2(0) = xo, the moment T is
optimal if, and only if, T is a minimal root of the equation

A(T) = 0. (4.68)

Proof. Necessity. Let u’(-) be the optimal control for optimization Problem. Then
Theorem 20 gives A(T°) < 0. At first, suppose that A(T°) < 0. Since A(T) is a non
decreasing and continuous function than 37, T < T° such that A(T°) < A(T) < 0.
In accordance with Theorem 20, optimization Problem is solvable with T < T which is
impossible. Thus, T is a root for the equation (4.68). The minimality of 7° can be shown
analogously.

Sufficiency. Let for the control function u%(t), ¢t € [0,7% — h] T is the minimal root
of A(T') = 0. Suppose now that this control function is not optimal for the given initial
data. Hence, there is the T-admissible control function @(t), t € [0, — h] where T < T°.
Then Theorem 20 yields A(T') < 0. On the other hand, noting non decreasing the function
A(T), we have A(T) > A(T°) = 0, which contradicts the minimality of the root 7°, which
completes the proof. [ |

Finally, the optimal time TP is given by the equality (4.68) and the optimal control
function u°(t) is determined as

T—h T—h
nlljin() / g"TS(T — h,T)u(r)dr = / ¢°TS(T — h,7)u(7)dr (4.69)
ueUr(-
0

where ¢° is the vector which maximizes (4.67).

These optimality conditions can be presented in a more practically usable form for
some particular sets of admissible controls U(+). In the next section, for example, the time
optimal control problem subject to integral control constraints is solved.

4.4.2 Time optimal problem subject to integral control constraints

Consider the following optimization problem: Minimize

T — min (4.70)
ueU(-)

over the solutions of the process

i(t) =A(t) + A_ya(t — h) + Boy(t) + Byy(t — ) + Bu(t)

y(t) =Ca(t) + C_ya(t — h) + D_yy(t — h) + Du(t), t € [0,T] e
with initial conditions
x(t) = f(t), t € [-h,0), z(0) = xg, y(t) =g(t), t € [-h,0] (4.72)
subject to state constraints
z(t) =0, t € [T —h,T] (4.73)

and integral control constraints

U() £ {u(-) : /TUT(T)U(T)CZT < 1} (4.74)
0
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In accordance with Theorem 21 optimal time control function has to satisfy the equation
A(T) = 0 where the function A(T') is defined in (4.67). Noting (4.62) reduces our task to
calculate minimum in (4.67) as

i+1
M(g) & / g" S F(T b+ (G- DR)Vyu(r)dr — inf (4.75)
0 J=1 o
subject to
T
/uT(T)u(T)dt <1 (4.76)
0
Using (4.59) and (4.61) allows rewriting (4.76) as
T—h T
/ ul (1 / (Nz(r—h +My(7'—h))T(Nx(T—h)—i—My(T—h))dT:
0 -
T—h T—h
=71+ / u® (1) [Im + Q(T)]TU(T)CZT + / [o(T) + cp(T)]Tu(T)dT—|— (4.77)
0 0
T—hT—h

+ / / () [U(r,0) + B (r, 0)]u(0)dr < 1
0 0
where I, is the identity (m x m)-matrix, and

T
T = / [Ns(t —h +MT(T—h)]T[Ns(T—h)+MT(T—h)]dt

T—h

T—h
() = {ST(G, T)NT[Ns(0) + Mr(0)] + [sT(0)NT +rT(0)MT | MR(0, T)}d9

T—2h

T—h
d0,7) = / {ST(t, T)NT[NS(t,0) + MR((t,0)] + R" (t, ) M" MR((t, 9)] dr,

T—2h
[ST(0, 7)NT + RT (0, 7)MT| MGy, 7€ (T —2h,T — h)
[ST(0+ h,T)NT + RT(6 + h, 7)MT| MG, 7€ (T —3h,T — 2]

[ST(0 + (gr — Dh,7)NT + RT(0 + (g7 — 1)h, T)MT| MGy —1, 7€ [0,h],
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(ST(T)NT+TT(T)MT)MGO, 7€ (T —2h,T - h)

(sT(r+ h)NT +rT(r + h)MT) MGy, 7€ (T —3h,T—2h]
o(r) = - (4.78)

(ST(T +(qr — D)R)NT + 7T (7 + (g7 — 1)h)MT> MGy,—1, 7€]0,h]

and
(GTMT MGy + GoMTMGe P +
+GIMT MG, e~ (ar—1ph 7€ (T —2h,T —h)
GTMTMG, + GiMT MGae " +
G(r) = { +GTMT MG, e~ (ar=2h, 7€ (T —3h, T — 2]

Gl _osMTMGy, o+ GL _,MTMG,. e, 1€ (h,2h]

GQT 1MTMGgT_1 T E [07 h]
Here e *P" denotes the shift operator such that (e *?"u)(r) = wu(r — kh). Using the
Lagrange multiplier method leads to the functional
T—h T—h
II(u) = / gTS(T — h,T)u(r)dr + )\{T + / uT(T) [Im + g(T)]Tu(T)dT—I—

0 0

(4.79)
T—h —hT—h

+/ [0(7) + o()] " ul dT+/ /uT U(r,0) + (r,0)]u (e)dT}
0

which is subject of minimization with respect to unknown A and w(t). Now, it is to find
the first variation 6II for II(w), which can be represented as

T—h

oii(u) =T o= [T ()ST(r — g+
0
T—h
+ / )\{UT(T) [Im + Q(T)]TdT + [w(T) + cp(T)]T—i- (4.80)
0

where

K(0,7) = (¥(r,0) + &(7,0)) + (¥T(1,0) + & (1,0))
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Since 0II(u) =0 YV v(7) for the optimal solution then (4.80) yields
h

T—
ST(T—h,T)g+A{2[Im+Q( Nu(r) + (7 )+ / K(o }:0 (4.81)
0
The solution of (4.81) can be represented as the following sum
1
ug(t) = ur(t) + ua(t), where wug(t) = XL(t)g. (4.82)

Here the vector u;(t) and the (n x r)- matrix L(t) satisfy the following integral equations

2 ()(T + G(1)) + () + () + / K (0, t)u1 (0)d0 = 0 (4.83)
and
T—h
DL() + S(T — h,t) + / K(0,8)L(0)d0 = 0 (4.84)

To show this it is sufficient to substitute (4.100) into (4.81), which gives
1
ST(T —h,7)g+ )\{2(u1(t) + XL(t)g)) [Im + Q(T)} + (1) + o(7)+

T—h

+ / uT (T)K (6, 7)(uy (0) + %L(O)g)d@} = <ST(T —h,7) 4+ L(T)+
0

T—h T—h
+ / K(6 d@)g + A {2u1( YL +G(7)) + (1) + (1) + / u? (1)K (0, 7)ui ()| =0
0 0
The unknown multiplier A can be determined by that the required control function belongs
to the admissible set U(), i. e. f U 7)dT = 1. Hence
T—h
4 [ [+ 509 (I + G0 [ir(7) + S L(7)g)] dr =
0
T—h
+ / (v(r) + so(T))T [ui (1) + %L(T)g)] dr+ (4.85)
0

1 1
+ / / [ul(T) + XL(T)Q)]T(\I’(Q,T) + (13(9,7')) [ul(T) + XL(T)g)]d@dT =1
0 0
This leads to the following equation for A

)\2+2b)\—|—0—0 (4.86)
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where the required coefficients are

T—h T—hT—h T—h
a= [ ¢L(NTL(r)gdr+ [ [ ¢TLT(r)K(0,7)L(0)dodr = —% [ ST(T — h,7)L(7)dr,
0 0 0

T—h T—h T-hT—h
b= ({ uf (t)L()gdr + J [(7) + @(T)]L(7)gdT + J J g LT (1)K (0, 7)u1(0)drde,
T—h T—h
c= T-1+ [ ’LL{(T)(I + g(T))ul(T)dT +2 [ (W(7) + @(1))u (T)dr +
0 0
T—hT—h T—h

+ bf of uf' (1) [<I>(9,T) + \I’(H,T)]ul(ﬁ)deG =T -1+ of (¢(T) + <p(7'))u1(7')d7'.

Thus the required A is the positive root of the equation (4.86), and the optimal control
for the given T then is defined by (4.100). Substituting the obtained control function
ug(t) of (4.100) into the basic condition (4.67) and noting Theorem 21 reduce the time
optimisation problem to the following:

find the minimal root TV for the equation

max L(g,T) =0 (4.87)
llgll=1

where
T—h

L(g,T) = gTs(T —h, f,g,x0) + / gTS(T — h, T)ug(T)dr
0

and the function uy(t) is given by (4.100).
Hence, the following theorem has been proved

Theorem 22. Optimal time T® in optimisation problem (4.70)—(4.74) is the minimal
root of the equation (4.104) and the corresponding optimal control is

L) = {ugo(t), t€[0,7° — h) (458)

N2(t — h) + My°(t — h), t € [T° — h,T]

where the vector ¢° realizes mazimum in (4.104), the function uy(t) is given by (4.100)
and the matrices M, N are defined by (4.4.3).
4.4.3 Illustrative Examples

In order to demonstrate our approach consider the following test example.
Example 1. Consider the time delayed differential equation with control input

bt) = —a(t — 5) +ult), 1€, 37”] (4.89)
with the initial data
() =0, te [—g, 0, z(0)=1 (4.90)

121




Chapter 4. Delay System Approach to Linear Differential Repetitive Processes

The considered control system is a particular case of the introduced differential-algebraic

system (4.71), where
A=1, B=1, h=2, 737
2 2
and others coefficients in (4.71) are zero.

Consider the following optimization problem: minimize the cost functional

3T
2
J(u) — min, J(u) = / W2 (1)dt (4.91)
0
over the solution of (4.89)—(4.90) and subject to
3
z(t) =0, te 777] (4.92)

Remark 19. Let M° = J(u") is the optimal cost value for the problem (4.89)—(4.92).
Consider the following time optimal problem: minimize

T — min (4.93)

over the solutions of the control system

#(t) = —a(t — g) +ult), t€[0,T] (4.94)
with the initial conditions (4.90) and the constraints of the form
T
/uQ(t)dt < M° (4.95)
0
subject to
2(t)=0, te[l-3.T] (4.96)

It is easy to show that the optimal solution for the problem (4.93)—(4.96) is T = %w.
Hence, in some sense these optimization problems are equivalent.

Next, find the fundamental solution F'(¢,7) for the differential equation (4.24) that in
this case is

F
g §t’7—) =F(t,7+ g), F(t,7)=0, 7>t, F(t,t)=1. (4.97)
-
It is easy to check that the function
—i(t—T7) : <t
Flt,7)=1° i Tst (4.98)
0, if >0,

satisfies ( 4.97 ) where i means imaginary unit (i> = —1). Thus, the solution of the system

4.89) with the initial data (4.90) is given for ¢ € [0, 2Z] as
(4.89) g 5

x(t) = F(t,0)z(0) + /F(t,T)u(T)dT =e 4 /e‘i(t_T)u(T)dT =e 1+ / ei(T)u(T)dT)
0 0 0

(4.99)
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Problem statement says that we consider the real valued functions. Since in accordance
with Euler formula e’ = cos ¢ + isin ¢, then from (4.99) we can extract the real part of
x(t) when it is necessary. In order to determine the optimal solution of the problem under
consideration we need to calculate the function ®(7,0) and K(7,0), which are required in
the formulas (4.84) — (4.85) and the constants 7, a, b, ¢ also. Note that in our case

H =0, Ho=1, Hj=0,Vi=1, V; =0, Pj=, M; =0

and hence the function ¢(7) = 0, and

n K
P(t) = /e—i(t—'r)x(o)e—itdt _ ei'r/e—2z'tdt _ e”(T)e_Q“ _
—2i
2 3 3
e ) . eir i |
?[6—27r2 — e ™) = ?[cos 21 —isin 2w — (cosm —isinm)] = —[1 + 1] = —ie'.
Further

%K(T, 0) / F(t,7)F(t,0)dt / i1 i0=0) g —
3

if 0<7, 0<%

vl

T We=tqt if 7>0, F<1,0<3

0O Ndt, if >0, F<7,0<%

I
> —

IN =31 —3 >

B}

0,

~
~
o
IA
I

3

ei(r+0)(%)e2it

— 4l

_ ei(T+9)[e27ri _ eQi‘r]7 Zf T 2 9’ % S T79 S 37

T

T

=€
[%

ei(T-‘rO)(_%)e%t i(T+9)[e27ri _ 621‘0]7

~.
kﬁ
\]
Vv
<
B
IN
0
S
IN
w
3

0,
= ¢ Tt [cos(—2m) — isin(2m) — (cos 27 — isin 27)] = ! (TH0) — i0-7) =
ei(‘r-l—@)[l _ 6—21'9] _ ei(‘r+9) _ ei(T—G),

0, if 0<7, 0<73 0, if 0<7, 0<%
= e (elm —e7i), if T >0, %ST,@S%’T =< e%2isinT, if T>80, %ST,G_%”
e (e —e ) if T>0, F<7,0< 37”, €72ising, if T >0, 7<T7,0< 37”

It is easy to see that K(7,0) = K(0,7).
The statement of optimization problem is given in the real valued functions terms.
Hence, we are needed to pick the real parts in the obtained functions. Thus

(1) = —ie'™ = Rep(1) + i - Imep(7), where Rey)(r) = sin7, Imip() = — cos T,
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0,

if 0<r 6<T
K(1,0) =< eisint, if 7>, %ST,@S%T =
eTising, if T>0, %ST,HS?’”

0, if 0<7, 0<%

(cosf +i-sinf)isinT, if

T >
(cosT+1i-sinT)isinf, if 7>

0, if 0<7, 0<%

—sinésin7 44 - cosfsinT,

if T>0, 3<1.0<%
—sinTsinf 4+ icosTsinf, if T >0, gST,Gg%W
Thus the real part of the function K is
. . T 3
K(1,0) = —sinfsint for all — <7,0<

2
According to the formulas (4.100) the optimal control function is represented as follows

ug(t) = v(t) + wit), t € [0,°0],

1
where w(t) = XL(t)g. (4.100)
Here the scalar function v(t) satisfies the following integral equation
20(r) + 20(7) + / K(r,0)0(0)d0 = 0, 7 € [0, 37”]. (4.101)
0

1) If 7 € [0, 3] then K(7,0) = 0 and hence from (4.100) follows that

]

It should be noted that, here we are considered only real valued functions, and hence

| X

v(1) = Rey(7) =sinT, for 7€ |0, z]

2) If 7 € [Z, 3Z] then for the unknown function v(7) we have the following integral equation

™

v(T) 4+ sinT — /sinTSin9 ~v(0)dd =0

0
or

™

sinT/sin Ov(0)do — v(T) = sinT.
0

(4.102)
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Denote [ sinfv(0)df=A. Multiplying (4.102) by sin7 and integrating then the obtained
0

relation with respect 7 over the interval [0, 7], we have

m ™ m m

/sin2 TdT - /sin Ov(0)do — /sinTv(T)dT = /sin2 TdT.

0 0 0 0

™
Noting that [ sin7v(7)dr = A also, we obtain the following algebraic equation with respect
0

to the unknown value A:

s s
/Sim2 Tdr-A— A= /Sim2 TdT.
0 0
Since
T ™ T ™
1-— 2 1
/Sin27'd7':/ C208 Td =57 — —sin27 :g—Ozg
0 0 0 0
then - 5
T s 5 s s
Az -)== 2 A=+2—= = .
(5-D=3 Z-1) 2(r-2 7-2
s
Hence A = [sinfv(0)df = 5. Then from (4.102) it follows
0
(1) =sinTA —sint = (A—1) -sint = —1]sinT = sin 7.
m—2 ™ —
Thus, the asked function v(7) is
sint, for T€10,%),
U(T) = 2 : ’ T 37
—=ssint, for 7€ [F,5]

By analogue with v(7) we can find the function L(7) that satisfies to the following integral
equation:

™

OL(r) + /K(t, 0)L(0)d0 + 5(377T -~ =0
0

In our case
S(g_ﬂ_zaT):F(ﬂ-aT)l: e_i(ﬂ—_q—)7, Zf TST(’ = e_iﬂ—ei7—7 Zf TST(’ e
22 0, if T>m 0, if >
~ J(cosT +isinT)(cos(—m) +isinw), if T<m  [—cosT —isinT, if T,
= 0, Zf T>T B 0, Zf >

Hence, the real part is

—cosT, T <
S(m7) = {O T ; 7r_
, .
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Thus the integral equation with respect to L(7) is
L(t) — /sinTsin O0L(0)d0 —cosT =0, for0<7<m
0

and

r 3
L(t) — /SiDTSiD 0L(6)do + 0 =0, forg > T > T
0

For 37“ > 7 > m we have the following equation

L(r) — SinT/Sin OL(6)dd =0
0

Multiplying by sin 7 and then integrating from 0 to m yields

m m ™

/sinTL(T)dT— /sin2 TdT-/siHQL(H)dH =0.

0 0 0

™ m
Denoting [ sin 7L(7)dr = B and since of sin? rdr = 3, then we have the algebraic equation

0
with respect to B
B(l—g):0:> B=0.

Then from the equation (4.103) we obtain

L(r)=0, 7€ [m =]
2
Let now 7 € [0,7] :
L(t) — sz’m‘/sin 0L(0)d0 = cosT, T € [0,7] (4.103)
0

Multiplying by sin 7 and then integrating from 0 to 7:

/sinTL(T)dT— /sin2 TdT/sinﬁL(Q)dQ = /COSTsianT
0 0 0 0
or -
B-"p= 1 /sin27‘d7’
2 2 ’
0
Since

g s

1
/sin 2rdr = —3 cos 21
0

1
0
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then B(1 — §) = 0= B = 0. Then from the equation (4.103) we have L(T) = cos7, T €
[0, 71]. Thus

cosT,T € [0, 7]
L(T) - 3
0, 7¢&lms]

Hence the optimal control is given as
1
uy(t) = (t) + 5 L(0)g
where the parameter A is determined as a positive solution of the following algebraic
equation
1 1
a— +2b—+c=0

A2 A
where
] T—h ] T
a=—3 / S(T—h,T)L(T)dT:—§/COSTCOS7'dT:
0 0
1] 1 [ 1+cos2 1 "
:—5/00827’(17':—5/%dT:—Z[T—FSiHQT] =3
0 0 0
b=0,
T—h T
c=y—1+ /(1/)(7')+</7(7'))1)(7')d7':”y—l—F/SiHTU(T)dT:
0 0
roo [ 2 f oy 2 [
=v—1+ [ sinT2sin7dr + [ sinT _251n7'd7'=7—1+2 sin TdT—i—m sin® rdr =
0 Z 0 z
2 1 =2 11 .
:’}/—1+§[T—§COS2T]O+7T_2§[T—§COS2T]%—
= _1_1’_[14_1_;,_1]4_ 1 [_l_z_l]—
-7 2 272 T2 T2 22T
T 1 m—1
—’7—1+7T/2+1+2(7T_2)—7T_2—’7+ 5
Here
T T
v= [ [Ns(t —h,xo) + Mr(r —h)]" [Ns(t — h,20) + Mr(r — h)|dt
T—h

and the required coefficients are
N =[E+ DB 'By]'[C_.i ~ DB™'A_i], M = [E+ DB~'By] ' [D_1 — DB?|]

In our case
iy iy

. o . 1 T
r(1) =0, s(t,xg) =e " 1= /e_”e_’tdt = /e_mdt = —76_2” =
—2i

|
SIE]
(VB

1
= 5[COSQ7T—|—iSiD27T —cosT+isinm] =1
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Then v = i such that Rey = 0, Im+y = 1. Since we are consider only the real valued

parameters, then we have ¢ = 0 + ”T_l = ”T_l, b =0, a = —7 and the required algebraic
equation is
T Tm—1 s
et =02\ = ——
22 2(r — 1)
The positive solution of the last equation is \* =, /5.

Thus the optimal control function is given as
sint + L cost, if tel0,F]
ug(t) = ()—i—/\*L() Tssint 4 L cost, if te 5,7
Iosint+0, if te[m 3]
According to Theorem 20 the unknown scalar ¢ is determined by the inequality

max L(g,T7) <0
llgll=1

where
T—h

L(g,T) = gTs(T — h,xo) + / gTF(T — h,T)ug(T)dr
0

In our case we have
i

m%({g cos T + /gF(TI’,T)ug(T)dT} <0.
9

0
Simplifying
5 7r
max{—g—i—/g(—cosr)(sinr—i—iCOST)dT—i—/g(—cosr)( T SinT—FiCOST)dT}:
970 ¥ T™—=2 A*
0 i
= max{—g — g/stTdT— —/cos TdT — lg sin 27dT — 9—2/(3082 Tdr} =
g7#0 2 27w =2 A*
0 z s
ax{ —|—gco 9 gQ( sin27') 7+1 I gQ( sin27')7r}
=max{—g + = cos27| — T - ~cos2t| — T =
a0 L 9T 2\ 2 2w —272" 2\ 2
0 0 z z
= max{— _€_9_2(Z+0)+ L_Q_Q(f_ko)}_
T T T oY 9m—2) 212 -
T T
- —fracd2 + — ) — (=)} =
max{a(~fracs2 + 5=0) ~ (7))

79;&0
T+ 2 3Ir—6—m 2 21— 6
_ 2,/ _ — 214 2= <0
rggg{ g — —( =9 )} = I Haxl{ AL+~ =95 — ) <

This inequality gives the following solution ¢° = 6_2”, /s

2m—4

Finally, the optimal control is given as
6 o2 /2 :
. sint 4 5—=4 77FT+2 cost, if tel0,3]

ug(t) ()+)\*L() 2Smt—l—627r 2;r+2 cost, if tel[f, 7]

mSlnt, Zf tG[ ,7]
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Example 2

B(t) = —a(t — 1) +u(t),
ft)=0, te[-1,0), 2(0)=10, T =3,
(4.104)

3
/ﬁ@ﬁgM_>mH
9 uEUT(~)

The problem is to find the function u°(#) such that the trajectory of the control system
satisfies z(t) = 0 on the last time interval ¢ € [2, 3] and minimizing the functional

3

min)/uz(t)dt

uEUT(~
0

Using the method illustrated above we can establish that the optimal control have the
following form:

e 7(2.6521sin T — 2.5115cos 3) — e~ 57 (2.3118sin T +4.6325cos 3), 7 € [0, 1]
W) = e 7(1.1407sin T — 1.0301 cos 5) + e~ %7 (12.2625sin T + 1.0359 cos 3), 7 € [1,2)]
e 7(0.4901 sin T — 0.4219 cos T ) — e~ %7 (17.2647 sin T — 23.6179 cos 3 )—
~8.33347 + 19.9980, 7 € [2,3].
(4.105)
2.5:
] t
0o 0.5 1.0 15 2.0 2. 3.0
oo—tit bl e linily
-2.5
_50_

ul(t)
u2(t)
u3(t)

Figure 4.1: Optimal control
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4.5 Conclusions

In this chapter differential repetitive processes are studied from the perspective of dif-
ferential delayed systems. The new mathematical models for this class of systems have
been introduced and primary analysis is provided. First of all, the controllability and time
optimal control have been outlined. It is necessary to add that this note covers only first
attempts to investigate the differential repetitive processes from that point of view, and
hence a rich material remains to be the subject for further work. For example, new con-
trollability and observability notions are of a significant interest for further investigations.
In particular, the controllability notion which includes so-called functional controllability
(see, for example, [56]) when is required to drive the state variables at the final interval
[, v + h] to the pre-assigned functions x(t) = ¢(t),y(t) = 1(t),t € [a,  + h]. This notion
can be given as follows

Definition 21. The process (4.14)—(4.15) is said to be complete controllable if for any
initial data g(t), t € [—h,0], f(t), t € [=h,0), xo =0 of (4.15) there exist the moment
t1 < 400 and the control function u(t), t > 0, u(t) =0, t > t1 such that the corresponding
solutions x(t, g, f,xo,w), y(t,g, f,xo,u) of the system (4.14)—(4.15) satisfy the following
conditions

z(t) =0, y(t) =0, t >t (4.106)

In fact, it is required to drive the system at the interval [t1,t1 + h] to the zero position
and to keep it during the time ¢ > ¢; + h. Related analysis for ordinary time delay
system can be found, for example, in [57, 67] and some results on controllability of the
multiconnected system have been also given in [37, 53].

The developed in this chapter results for the linear process (4.14)—(4.15) can be also
extended to obtain the necessary conditions for optimal control of nonlinear models. As
known, the cost functional increment method [37] is based on the estimate for trajec-
tory variation generated by the corresponding control function variation, and in fact uses
the linear part of the model. For this purpose, we can consider the following nonlinear
optimisation problem

i(t) = F(z(t),z(t —h),yt),y(t — h),u(t)) (4.107)
y(t) = G(a(t),z(t—h),y(t —h),u®)), teT =[0,0] (4.108)

with the initial conditions
xz(t) = f(t), t € [=h,0), x(0) = xzg, y(t) = g(t), t € [~h,0] (4.109)

and x € R", y € R™, u € R". Here it is necessary to assume that the control functions
are piecewise continuous on the interval [0, «] and u(t) € U for all t € T, where U C R"
is some prescribed set. The couple of the functions (z(t),y(t)) is a solution of the system
(4.107)—(4.109) for the given control function wu(t), if they satisfy the differential equation
(4.107) almost everywhere on the interval [0, «| and the difference equation (4.108) for all
t € [0, h.

Let By, 1,...,3,, be given time moments such that 0 = 8y < f1 < ...5, < «, and,
M; CR™, ¢=0,...,v be given convex closed sets from R". The optimal control problem,

130




4.5 Conclusions

hence, is to minimize the cost functional of the form

J(u) = p(y(a = Bo),y(a = B1),... . y(a = By)) (4.110)

subject to the constraints
yla—B;) € M;, i=0,...,v (4.111)

over the solutions of the system (4.107)—(4.109)). Here ¢(z1,...,x,4+1) is a continuously
differentiable function. The introduction of such kind optimisation problem corresponds to
the notion of the pass controllability for the given points when it is necessary to optimize
the final pass profile running through the pre-assigned value set at the specified time
moments. However, the major task is to solve the general problem with nonlocal initial
conditions omitted here. These problems are subject of ongoing work and will be reported
in due course.
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Summary

This work has presented a panorama of modern dynamical system and optimization
theory and its application. This theory has been enhanced by new developments, many of
which appear here for the first time in relation to engineering problems. The presentation
is not encyclopedic in nature and does not cover all areas of system theory. The text is
intended to concisely present a class of networks (graph models) and multidimensional
models, with its own character, theory, techniques and tools. Particular attention has
been given to the principal important subclass of 2-D systems such as the repetitive
processes and their links with differential-algebraic systems. Although this subclass of the
models is restrictive, it is sufficient to solve a broad spectrum of applications as has been
demonstrated in this work.

This contribution has developed some new results on the simulation of gas transporta-
tion networks and industrial phenomena with repetitive operation governed by linear dis-
crete and continuous dynamical systems, in general. The aim of the work is to develop
a new approach and enhance the existing ones to the mathematical description of multi-
dimensional (2-D) and repetitive models of physical processes on the base of a 'mature’
optimization theory and to solve related control problems.

In particular, the new optimization methods for the control systems under consider-
ation are given on a strong basis by exploiting the constructive approach in the modern
optimization theory. The obtained results indicates the natural way to study the large
scale distributed transportation networks by a multistage modelling when the simple graph
models are used at the first stage and the 2-D system setting can be realized then for the
second stage for the more detailed description. For both graph and 2-D models the new
optimization methods are proposed. It is the main advantage of this mixed representation
that a rather general class of the complicated problems of technical area can be repre-
sented in a conceptually simple fashion. It is the starting point for the design of suitable
discrete models and their efficient computer implementation.

In the work it is proposed a general operator setting to study the control theoretic
properties which allows for a very significant generalization and extension of previous
results for this class of systems. This leads to major new results on controllability and
optimization, in particular, by feedback action in this general setting.

The contribution of this work is a beautiful, unified and powerful theory. According
to which the following principal results are:

e In Chapter 1, the new algorithm for optimization of graph networks used the it-
erative procedure based on the principle of the decreasing suboptimality estimate




and exploiting the duality theory. Also, 2-D system setting approach for studying
optimal control programm for gas pressure and gas flow at the pipeline unit;

e In Chapter 2, the strong mathematical background for the 2— D control optimization
problem where the existence and uniqueness of optimal solution (Theorem 5) is
proved, the various representations form for optimal control (Theorem 7) including
feedback control law (Theorem 10) are established. Also, a specific optimization
problem via boundary data (Theorem 8) is solved;

e In Chapter 3, the optimality conditions in classic principle maximum form (Theorem
13) for a nonstationary repetitive process with general intermediate constraints.
Also, the new constructive optimality (Theorem 14) and sub-optimality (Theorem
15) conditions for the particular stationary repetitive models;

e In Chapter 4, extension of the delay time system approach for studying differential
repetitive processes and investigation of system theoretic properties such as control-
lability (Theorem 18) and optimality (Theorem 21) for the hybrid (time delayed
differential - algebraic) with integral constraints (Theorem?22).

The application of the proposed methods to real-world problems has been demon-
strated by the illustrative examples.

133




Zusammenfassung

In der vorliegenden Arbeit wurde ein Uberblick iiber moderne dynamische
Systeme sowie der Optimierungstheorie und deren Anwendung vorgestellt. Diese Theo-
rie konnte durch einige neue Verbesserungen weiterentwickelt werden, wobei ein Grofiteil
davon im Rahmen dieser Arbeit das erste Mal in Verbindung mit technischen Prob-
lemstellungen angewendet wird. Die vorgestellte wissenschaftliche Arbeit stellt keine al-
lumfassende Ausarbeitung dar und ist somit nicht auf alle Bereiche der System Theory
iibertragbar. Das grundlegende Ziel meiner Dissertation besteht vorrangig darin, eine
kurze und klare Darstellung von Netzwerkklassen (Graphenmodelle) und mehrdimension-
alen Modellen, mit ihrem jeweils eigenen Charakter, zu zeigen. Besondere Aufmerksamkeit
wurde dabei auf den allgemein wichtigen Teilbereich der 2-D Systeme, wie beispielsweise
den repetitiven Prozessen sowie deren Verbindungen zu differentiellen algebraischen Sys-
temen, gerichtet. Obwohl die Anwendbarkeit der Modelle in diesem Bereich teilweise
eingeschrankt ist, kann mit ihnen ein weitraumiges Spektrum an entsprechenden technis-
chen Aufgabenstellungen gelost werden.

In der vorliegenden Abhandlung konnten einige neue Ergebnisse im Bezug auf die
Simulation von Netzwerken zur Gasbeférderung und zu industriellen Aufgabenstellungen
mit repetitiven Operationen im Allgemeinen erzielt werden. Die dabei zugrundeliegen-
den mathematischen Modelle wurden durch lineare, diskrete und kontinuierliche dynamis-
che Systeme beschrieben. Das Ziel der Arbeit besteht darin, einen neuen Denkansatz
zu entwickeln und die bereits existierenden Methoden hinsichtlich der mathematischen
Beschreibung von mehrdimensionalen (2-D) und repetitiven Modellen von physikalischen
Prozessen, basierend auf der 'mature’ Optimierungstheorie, zu verbessern sowie die damit
verbundene Regelungsproblematik zu losen.

Dabei werden die neuen Optimierungsmethoden fiir die betrachteten Regelungssys-
teme insbesondere unter starker Verwendung von konstruktiven Denkansétzen der mod-
ernen Optimierungstheorie dargestellt. Die daraus hervorgehenden Ergebnisse weisen da-
rauf hin, die groffiraumig verteilten Transportnetzwerke auf die urspriingliche Art durch
mehrstufige Modelbildung zu untersuchen. Die ”simple graph” Modelle werden dabei in
der ersten Stufe verwendet und die 2-D Einstellung zur detaillierteren Beschreibung kann
dann im zweiten Schritt erfolgen. Fiir die beiden Graphen und die 2-D Modelle werden
neue Optimierungsmethoden vorgeschlagen. Der Hauptvorteil dieser vermischten Darstel-
lungsweise liegt darin begriindet, dass eine eher allgemeinere Klasse von komplizierten
technischen Problemen in eine konzeptionell einfache Form tibertragen werden kann. Da-
raus ergibt sich die Gestaltung der diskreten Modelle sowie deren effiziente Einbindung in
die entsprechende Computersoftware.




In dieser Arbeit wird eine allgemeine Operatoreinstellung vorgeschlagen, um die
Steuerung bzw. Regelung der theoretischen Eigenschaften zu untersuchen, die eine
wesentliche Verallgemeinerung sowie eine Ergdnzung zu bisherigen Ergebnissen von Syste-
men fiir diese Kategorie zulassen. Durch die entsprechenden Feed-Back Reaktionen fiihrt
diese allgemeine Einstellung insbesondere zu bedeutenden neuen Erkenntnissen im Bereich
der Regelbarkeit und Optimierung.

Im Rahmen dieser Dissertation konnte eine hervorragende, vereinheitlichende und leis-
tungsfahige Theory entwickelt werden. Die damit verbundenen, prinzipiellen Ergebnisse
sind im folgenden formuliert:

e In Kapitel 1 wird ein neuer Algorithmus fiir die Optimierung von Graphen Net-
zwerken entwickelt. In diesem Zusammenhang werden iterative Prozesse, die auf
dem Prinzip der Verringerung der ”suboptimality estimate” und der Verwendung
der dualen Theorie basieren, verwendet. Ebenfalls wird eine 2-D Systemeinstel-
lungsmethode zur Untersuchung eines optimalen Regelungsprogramms fiir den Gas-
druck und die Gasstromung in einer Fernleitungsanlage benutzt.

e In Kapitel 2 wird zunéchst der fundierte mathematische Hintergrund fir 2-D
Regelungsoptimierungsaufgaben, eingefiihrt wobei bereits die Existenz und die Vere-
inheitlichung von optimalen Losungen nachgewiesen ist, (Theorem 5). Des weiteren
werden verschiedene Darstellungsformen fiir optimale Regelungen (Theorem 7), ein-
schlieflich der Feed-Back Regelungsgesetze (Theorem 10) behandelt. Ein spezifisches
Optimierungsproblem wird mit Hilfe von Grenzwertdaten (Theorem 8) gelost.

e In Kapitel 3 werden die optimalen Bedingungen in ” classic maximum principle form”
(Theorem 13) fiir instationére repetitive Prozesse mit allgemeinen Zwischenbegren-
zungen prasentiert. Die neuen ”constructive optimality” (Theorem 14) und ”sub-
optimality” (Theorem 15) Bedingungen fiir stationdre repetitive Modelle werden
dargestellt.

e In Kapitel 4 wird die Erweiterung der Verzogerungszeit-Systemmethode zur Unter-
suchung von differentiellen repetitiven Prozessen sowie die Ermittlung von systembe-
zogenen theoretischen Eigenschaften, wie bspw. Regelbarkeit (Theorem 18) und die
Optimierung (Theorem 21) fiir die Hubride (zeitverzogerte differenziell algebraisch)
mit integralen Begrenzungen (Theorem 22), dargestellt.

Die Anwendung der vorgeschlagenen Methodik auf reale Problemstellungen wurde
durch illustrative Beispiele demonstriert.
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