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Zusammenfassung

Bei Fest-Fest-Phasentransformationen ist die Rolle elastischer Sggmnton offensichtlichem
Interesse. Aufgrund der strukturellen Unterschiede der Phasen kesimi Gitterverzerrun-
gen, welche zu elastischen Spannungé@mén. Im Falle thermisch diffusiver Transformatio-
nen erndglicht die Darstellung in geschlossener Form das Studium der essenfisfpekte der
Transformation. Im Besonderen bemerken wir neben der fundamerRaliéa verschiedener
Typen strukturbedingter Spannungair flie Selektion asymptotisch dominanteddungen an
sich auch den entscheidenden Einfluss der relativen Orientierung ashstmsrichtung und
strukturellen Verzerrungen. Die gefundeneislngen zeigen deutlictbhere Transformations-
geschwindigkeiten im Vergleich zum klassischen dendritischen Wachstum.

In eutektoiden Transformationedknen bei entsprechenden Keimen isolierte Bidendriten wach-
sen. Das Wachstumsverhalten dieser Struktur ist bei geringer Whtarlg der Mutterphase dom-
inant gegeilber dem klassisch dendritischen Wachstum.

Monotektische Transformationen aus entmischigsdiger Phase zeigen asymmetrisches den-
dritisches Wachstum der festen Phase entlang desskj-Flissig Phasengrenze. Neben der den-
dritschen Selektion der Wachstumsgeschwindigkeit und démikrungsradien wird auch die
Rotation der Dendritenspitze und die asymptotische laterale Verschieburigidsig-Flissig
Phasengrenze determiniert.

Abstract

Obviously, the effect of elastic stresses in solid-solid transitions is of péatiénterest. Due
to the structural differences of the phases, lattice strains appear, Waidho elastic stresses.
The representation of the coupled elastic-thermal diffusional problenosed form enables the
investigation of the transitions essential physics. Specifically, the distiraticciresses induce
selection of steady-state solutions where the relative orientation of grdvetttidn and lattice
strains proves to be of crucial importance. The obtained solutions showel#sdicity-induced
dendritic selection leads to higher transition velocities than classical denduatichy

In eutectoid transitions, twinned isolated dendrites can appear when the seiidlincludes
both emerging solid phases. At low undercooling of the mother phase,divthgvelocity of this
pattern is higher than the velocities known from classical dendritic growth.

In the case of monotectic transformations, we study the growth of an asymswiddendrite
along the liquid-liquid interface of the decomposed liquid phase. Apartfherdendritic selection
of the transition velocity and the radii of curvature, the rotation of the tripletjon and the
asymptotic lateral shift of the liquid-liquid interface are calculated.
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1 Overview

Since constructions containing steel are ubiquitously present in ouodday life, it is just natural
to assume that a material of such a broad application is comprisingly undr&orprisingly, it
is not.

Of course, steel as irreplacable construction material must be unditstaaertain level, oth-
erwise none of us would find peaceful sleeping. This level of undwiistg bases on application-
oriented knowledge.

Engineers can resort to this vast experience for the constructiorriotigaobjects. Neverthe-
less, we still lack predictive models that describe steel behaviour ondarfivental level. When
we look at the most important factors contributing to the behaviour of steeprttiction pro-
cess plays an essential role. Obviously, effects take place here wdniginate the structure and
thus the major physical properties of the material. The patterns which pnoysttant in steel
production include wedges, lamellae and dendrites. They mostly appear mysoaigic length
scales, i.e. micrometers, and form as interface of e.g. a solidificationgar¢8e Understand-
ing the effects which determine the structure formation constitutes the funtiokallenge in
pattern formation.

When we consider the rather general field of pattern formation, the mikdhgtcharacteristic
is its formal similarity of models which describe entirely different phenomena thik formation
of ice and the development of individual animal skins. A first dip into this gjdead area of
research is provided in [27], where already a large variety of forsaets of pattern formation is
discussed. Both phenomena can be understood as two instances otHiedddtefan problem.
Originally, the Stefan problem described the freezing of ice, and at thiekthe 19th century,
its foundations were laid out [77], [78]. Formally, a Stefan Problem ireguthe solution of a
diffusion problem which includes boundary conditions on interfacesselhacation and temporal
evolution is unknown a priori.

The connection between Stefan problems and the production of steetislgive.g. eutectic,
peritectic and monotectic transitions. These three examples involve diffuseohlemical con-
stituent in a binary mixture, and they play a major role in steel manufacturingegpmndingly,
they have been subject of massive scientific investigation over many. years

Unfortunately, Stefan problems belong to the community of notoriously difffmablems to
be solved comprehensively. Though since the 1960s, there is matherpatia&tihat solutions in
three dimensions exist [65], this encouraging knowledge did not leadégitit solution of the
associated problems.

Among the possible approaches to such diffusion-limited transformationsyasdhur in steel
production, the method of our choice is the Green'’s function method, dksoee to as boundary
integral method. In comparison to other modelling techniques, like the phédenféthod, the
great benefits of the Green’s function method are its strictness and thiseoapresentation of
the nonlocal problem for further analytical treatment.

The Green'’s function method yields the solution of a nonlinear eigenvahl#gm which we

7



8 Chapter 1. Overview

obtain from steady-state formulations of the considered problems. Qgarsfq the solutions
which we obtain correspond to the interface shapes the system exhibitkansients have grown
out. The closed formulation which we obtain within this ansatz allows us to invésfigadamen-

tal aspects of the transitions without losing the nonlocal aspect of thergogesquations.

Applied for analytic approaches, the Green’s function method is spdbjifasdvantageous be-
cause the most influential analytic studies on classical dendritic growthbesre conducted in
this context[13] - and a common method is obviously helpful to exploit crusislarities among
the considered problems and classical dendritic growth. On variousionsave will take advan-
tage of these similarities, the most striking examples being mappings of a fellicspeablems
to classical dendritic growth.

For numerical investigations, the Green’s function method also exhibitsesdeadvantages.
Since the method reduces the treatment of a volume to the treatment of only theabpof
that volume, the computational expense is minimized, resulting in performanticairsehemes.
Another advantage of the Green’s function method is the achievableaagc@ince the obtained
equations are integral equations, the numerical scheme leads to highexcies compared to
explicit PDE solvers.

The Green’s function method is the formal basis of the considerations egemirwithin this
thesis, and the important physical connection between them is dendritichgrdw dendritic
growth, the requirements for the existence of steady-state solutions @na kT his knowledge
guides the development of the models which we derive, it guides the nuirierglamentation,
and it provides us with valuable nontrivial checks for our obtainedlt®sun conclusion, we
state that dendritic growth lays the foundation for the physical undeilisgoélour work, and the
Green’s function method provides the basis for the formal aspect afouk.

The structure of this thesis reads as follows:

Chapter 2 supplies the necessary background knowledge to access this thesimerr theory
of elasticity is briefly introduced, along with the required notations. The inctdn to dendritic
growth comprises the basic model of diffusion-limited growth, the famougswearsolution and
an introduction to selection mechanisms. Especially the latter are important torpaatioulations
in a wider context.

Chapter 3 is the first of the two large result chapters. This chapter is dedicatedrodhe
diffusional phase transitions subjected to lattice strains. We distinguish singleicrystal growth
modes on a first level and further discriminate different types of latticsitians. In addition, the
orientation dependence of the transformations and the limiting case of zesditma velocity is
investigated.

Chapter 4 is the second large result chapter. It includes our work on transititishvare
limited by diffusion of a chemical constituent, where we focus on binary systé\Ve first reca-
pitulate basics of eutectic growth to become familiar with the topic. Then, weidedbe twinned
isolated dendrite in eutectoid growth, which is the solid-solid transition analgewtectic tran-
sitions. It appears in the growth from seeds which contain both emergageph Finally, we
consider monotectic transitions. In the scenario of a decomposed liquid,ph@snvestigate the
asymmetric dendritic growth of the solid phase along the liquid-liquid interface.

Chapter 5 summarizes the outcome of our work.



2 Introduction

In this chapter, we introduce the subjects which lay the foundation for tstersyg we discuss
within the scope of this thesis.

Section 2.1 provides basic notations for linear elasticity, introduces the Greersertehelas-
tostatics and the plain strain configuration.

Section 2.2 includes the concept of lattice strains.

Section 2.3 contains an introduction to dendritic growth, specifically in solidificatiomiams.
The dominating effects are explained and basic asymptotic behaviour isskstu

Section 2.4 presents a few technical points. First, we discuss an establishezhelpprithin
the field of dendritic growth in detail - the Green’s function approach in thealed symmetric
model. This extensive study of the symmetric model is suggested as we will dyplype of
symmetric model in two of the three systems which we investigate. The second spaict af
that section is selection principles. We will encounter this term quite often in tegsththus a
few basic insights will prove helpful.

2.1 Linear Elasticity

We consider a solid body which is deformed due to some external FstéeThe deformation can
be described by the change of position of every point in the body due txtemal force. Be

G=x'-% (2.1)

thedisplacemenbelonging to poink, meaning that the deformation is the shift of the bodypgint
to X’. Of coursefiis depending orX, and knowing the displacemeitits function of the position
X, the deformation is described completelytiy).

Often it is preferred to discuss elastic problems in terms of strains insteaspbtdcements. To
describe the strain of the body, the symmetric strain teagas defined,

1 ( oy, 3Uk)
+ 9

I Bt B 2.2
Uik AR (2.2)

it suffices to take only the first order derivations of the displacement otount, as we consider
small distortions in general.

The formal requirements for this change of variables are represeytbe I$aint-Venant com-
patibility conditions:

azuij N uy B Uik N GZUH
IXOX — OXOXj  OXjOX  OXOX(

(2.3)

Apart from this linearization of the strain in Eq. (2.2), the linear relationdrairss and stresses

9



10 Chapter 2. Introduction

state the second important approximation which our calculations are subjectétiese linear
relations, known as Hooke’s law, read for isotropic elasticity as

E v

7T Ty (“” 1 2v6”“"") 24
1

Uj = E[(l +v)ij — voijoi, (2.5)

in @ more compact form also expressed as

Uj = Sjkiok, (2.6)
Tij = CijkiUkl. (2.7)

The tensors of 4th order here are the tensors of elastic compliancdagtic enoduli)sjx and
elastic stiffness (or elastic coefficients);. We denote the elastic constaristhe modulus of
elasticity, andv, the Poisson ratio of tranverse contraction. It requires only these tveticela
coefficients here since we will restrict ourselves to isotropic systems.

The stressesik, specifically the definition of the spatial indices, are illustrated in Fig. 2.1.

z
o zZ
y
9%
Ox /
X oy,
O-XZ
s Oyy
Xy (o) yx
O-XX

Figure 2.1: lllustration of the elastic stressgs.

Next, we introduce the equation of motion,

80—ik ext dzui
— KRt L 2.8
0X; : P dt? (2:8)
wherep is the mass density of the concerned body &fitf an external force density. For the
elastostatic regime which we will consider, it remains

00k

FeXt= . 2.9
6Xj T (2.9)

The boundary conditions for the elastic problem prescribe the displatgthenthe stresseasi.
Usually, the typeisy = b is labelledfixed boundary conditigrthe type {ikng)ov = P; is labelled
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open boundary conditigiwhereb is the boundary displacement aRdis a pressure. The special
caseP = 0 is calledfree boundary conditionr free surface condition

Up to here, we presented the necessary equations and quantities whictoallefine an elastic
problem. As well, it becomes clear that the solution of such a problem will lte goallenging -
if we consider Egs. (2.9) and (2.6), we see that we are confronted witstam of coupled PDEs.
For a rigorous and detailed analytic study of various specific elastic pnsbige recommend [61]
and [49].

In the range of this thesis, we will incorporate elastic effects by means @tben’s function
technique, thus we introduce the Green'’s tensor of elastostatics anoihfyve brief example of a
simple elastic problem afterwards.

2.1.1 Green’s Tensor for Elastostatics

We present the Green’s tensor of the 3D elastostatic isotropic problefieyanee for the detailed
derivation is given at the end of this paragraph. Though isotropic etgsidffices for the calcu-
lations which we perform within this thesis, it is also of interest for us to whftdrtewve would
need to go for the anisotropic elastic problems.
The governing equation for the elastostatic isotropic case without applieesfeeads as
Ooik

—_— 2.1
(9Xk 0’ ( O)

and in terms of the displacement field one obtains

12 V(VO) = 0, (2.11)

Al
+1— v

whereV(Vd) = ati+V x Vx d. The solution of the corresponding equation for the Green’s Tensor,

N _2(l+ V)
al+ V() = = Fo(P), (2.12)
defines it as
1+v 1
Oik = m;[(S — 4v)Sik + Ning]. (2.13)

A derivation of Eq. (2.13) is given in [49]. The Green'’s tensor atdsathe formal solution of the
displacementii can be written in a compact way as

{2 = [ argur-rme, 214)

HereFy is the k-component of a force surface density).

The introduced Green’s Tensor is valid for isotropic elasticity, and fescigh cases can be
obtained e.g. from [49] for crystals which exhibit anisotropic elasticity.wkler, within this
thesis, we will not need the displacements but the strains, i.e. the derdvafitiee displacements.
Referring to [6, 56], the derivatives of the Green’s Tensor carbbaiimed for arbitrary anisotropy.
Though this reads promising, it turns out that the specific analytic calculatiGneen’s Tensors
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for arbitrary anisotropy become enormously demanding and thus for mlstations, numerical
estimations are used.

2.1.2 Simple example: Stretching of a Bar

A brief example illustrates the meaning of a few of the just introduced elastictitjea. We
consider the stretching of a bar, see Fig. 2.2.

A X

y

Figure 2.2: Stretching of a bar in z-direction. At the ends, strasses p are applied, stretching
the bar asl,; = p/E in z-direction. The transverse contraction is determineckas:
Uyy = _VUZZ-

Assume the bar is parallel to tzeaxis, and at its ends are pulling forces which intend to stretch
it and that affect the surfaces of the ends homogeneously, the fatthg surface unit denoted
asp. The sides of the bar are unaffected by any forcing, thus the stresw femrix = 0 except of
o7 Which is given asr,; = p. Using Hooke’s law, one obtaing, = p/E, giving the stretching
of the bar by the modulus of elasticify, anduyy = Uyy = —vU, giving the tranverse contraction
of the bar by the Poisson ratio of transverse contraation

2.1.3 Plain Strain

The elastic problem of a body can be reduced effectively to two dimengions component of
the displacement vector, e.g;, vanishes andiy, uy only depend orx,y. This means the plain
strain is in thexy plane, and thus the stress tensor is simplified as

vE
Ozz = —(UXX + Uyy) (217)

Q+v)(1-2v)
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From the equations of motion,

) 201
‘9LXk"< LF = p%, (2.18)

where we denote the volume force densityfywe obtain

00 xx C()U'xy

2.1
oX ay 0 (2.19)
Ooxy Ooyy
— 0] 2.20
ax Ty X (2.20)

when we consider the static case in absence of volume forces.

Apart from the equations of motion, in plain strain also the illustration of the steaigor
becomes easier. We give examples for three modes of deformation in pEim[dfr Here the
corresponding strain tensors are given as

Uxyx 0 O
0O 0O (2.21)
0O 0O

for the simple elongation, see Fig. 2.3.

Ty

-

X

-- —_—

Figure 2.3: The simple elongation in x - direction, corresponding to Eq. Y2T2ie massive black
dots indicate the undeformed lattice, the empty circles the deformed lattice.

For a volume preserving pure shear strain,V.8 = 0, the tensor takes the form

Uy O O
0 -uy O (2.22)

0 0O O

and this case is illustrated in Fig. 2.4.
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Ty
&
C 0 %

Figure 2.4: Belongs to (2.22): pure shear strain,the volume is preserved.

0 uy O
0 0 O (2.23)
0 0 O

As an example of a nonsymmetric strain, the geometric meaning of tensor (2d&nsn Fig.
2.5. It can be obtained as a symmetric pure shear associated with a rotatiod #rez-axis.

Figure 2.5: The strain is asymmetric - the x-component of the body points ngebasiyy # O,
but the y-component remains unchangedas= 0.

The aforementioned strains constitute the basic 2D deformations a bodydarga. We will
restrict to dicussions to symmetric strains within the scope of this thesis, andgémpssition of
the introduced basic deformations covers all considered cases.

2.2 Eigenstrain and Elastic Hysteresis

If no elastic forces are applied to a body, but a remaining strain is preékirig calledeigenstrain
In analogy to ferromagnetism or ferroelectricity, the presence of eligens is often named fer-
roelasticity. This analogy must be used cautiously, as the presence p$teaie only leads to a
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hysteresis in phase transitions if these exhibit a coherent phase ieteséac[20].

Eigenstrains can occur when a structural transition takes place. Hergintplest example of
an eigenstrain one can imagine is the uniform stretching of a simple cubiclamjttahe lattice
constanta, a — &. Then the eigenstrain is g = 6ix(a’ — a)/a.

An example of a transition which occurs in a concrete system is given inlfgstk, a hexagonal-
orthorhombic transition is discussed. The change of the crystal shapesisaileed in Fig. 2.6.

Figure 2.6: Schematic picture of the structure transition as discussed irmf8 hexagonal lattice
transforms to a hexagonal-orthorhombic lattice, which lowers the symme@y as
C,. This fixes the possible angles@s- 0, +27/3.

To simplify the problem, we assume the crystal to be fixed between two padallespWe set
the z-direction as the principals-axis. Consequently, we obtain by proper choice of the orienta-
tion around the main axis in the hexagonal phase three possible states tlhi@doteering of the
symmetryCg — C,. The used notationS,, Cg of the rotational groups indicate the counting of
the rotational symmetry, meaning that the considered crystal is invariaet voitions around
the principalC;-axis byn - 2r/i, n being a natural number. The eigenstrains of the system are
then defined agyx = —ecos 2}, gy = €C0s ), &, = 0 andeyy = —esin2y. Here we intro-
duced the magnitude of the eigenstraimNow that we illustrated the formal representation of the
eigenstrains, we consider the free energy densities in a transition witrsgjen

2.2.1 Thermodynamic Effects of Lattice Strains

We consider the influence of lattice strains on the state of a system, reeakgeiterms of ther-
modynamic potentials. First, we define the work in a system due to elastic défomntathe
introduced linear limit.

a .
f SRAV f %‘mdv (2.24)

1 ' oup  Ouk _ o
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Consequently, the free energy and the stress tensor are related as

dF = -SdT+ ojxdui (2.26)
oF

o 2.27

Tik (3Uik )T ( )

We denote the reference phase without eigenstrain as phasad the onsetting phase with
eigenstraingy as phased). Then, we obtain for phase)

E % 2 2
_ 0 @ @ (@) ()
"o = PO + s 2 () (4) @29

and for the new phasg)

E v 2 2
Fp=F(T) + 2(1fV,B) (1_’32% (U - &)+ (¥ - «) ) (2.29)
The elastic coefficients afg, the elastic modulus, ang, the Poisson ratio, and we denote the
free energy density without elastic effects |FJS/(T),i = a, 3. Obviously, the representation of the
free energy is chosen here such that it is most convenient to consaletattic effects. Since
the stressesx can be understood as reaction of the system to deformations charatteyites
strainsuix, the application of Egs. (2.26) to (2.29) should show how the stressesdem the
lattice strains. We define

o) =5 - oD, (2.30)

where we discriminate those stresses independent of the lattice strainmdlaﬂ@ , and the

stresses corresponding strictly to the lattice strains, Iabeﬂgh Consequently, we obtain for the
stresses which depend restrictively on the lattice strains

O-iek(ﬁ) =1 E y (fik 1 _V2V5ik6ik)- (2.31)
The separability of the stresses which is reflected in Eq. (2.31) is in awoedvith Hooke's
law, Eq. (2.4). Eigenstrains can lead to an elastic hysteresis, if the phas®ade is coherent
[20]. We restrict our considerations to the cases of small distortions hvgltiggests that we may
assume coherency of the interfaaai(g), = ui(ﬁ). The appropriate thermodynamical potential for the
transition with coherent interface is obtained by a Legendre transformfationthe free energy

[70]. This modified free energy reads as
Fi = Fi — oo — 20Uy, (2:32)

where byn andr we denote the normal and tangential coordinates in the local coordinsesys
i = a,B indicate the phase. This potential is also discussed in [75], and an illusteatample
for a planar interface is given in [76]. Briefly said, a system which sliey. (2.32) can show a
growth of the phase with higher elastic energy at cost of the phase with Elastic energy, as
the normal and shear contributions enter with negative sign.
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2.3 Dendritic Growth

In this section, we give a short introduction to the topic of diffusional phigensitions, specifically
solidification, to set up an appropriate basis for the subsequent diztsigs the next sections.

We consider a diffusional phase transition when diffusion is the limiting m®oéthe transi-
tion. The diffusing quantity either is a chemical component or heat, thus onklwbtain diffu-
sion equations for concentration fields or temperature fields as govesquagion in the involved
phases. For solidification of a pure undercooled melt, we consider faeioh as governing
process. Before we represent the problem in formal detail, we firstisistwo opposing effects
which are crucial for the interface formation. The interfaces which wesicier belong to the
growth of a protuberance of the growing phase and we exclude the initially phase of the
seed in our subsequent calculations. Namely, these two opposing effedtee Mullins-Sekerka
instability and the Gibbs-Thomson effect.

2.3.1 Competing Effects: Mullins-Sekerka Instability vs. Gi bbs-Thomson
Effect

The Mullins-Sekerka instability effects the shape of the interface suclit tbeg protrusions grow
[59, 60]. A protrusion in growth direction leads to an increase of the thiegradient in front of
that bulge, such that the local heat flow is increased - the protrusieovsduther. The compres-
sion of the isotermals is illustrated in Fig. 2.7.

Figure 2.7: The Mullins-Sekerka instability. By the solid line, the interface icatdd, the dashed
lines are the isothermals in front of the interface. The solid phase grosxgpanse of
the melt. At pointAin the sketch, the interface forms a bulge. This leads to an increase
of the thermal gradient in front of the bulge, as the distance between theriswls is
reduced. Consequently, the diffusion of heat at pdiig larger than at poinB - the
bulge will grow.

The growth of a stable interface thus requires a stabilizing effect. Thesdihbmson effect
reduces the interface temperature due to surface tension - the magnithdestiect grows when
the bulges become sharper. Denoting the surface tensigndoyl the curvature by, the shift
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scales as- yx. A schematic sketch of the Gibbs-Thomson effect versus the Mullinsk&seke
instability is given in Fig. 2.8.

Figure 2.8: The Mullins-Sekerka instability with counteracting Gibbs-Thomeftect. By the
solid line, the interface is indicated, the dashed lines are the isothermals frofron
the interface. The growth direction points from the solid into the melt. At pAint
in the sketch, the interface forms a bulge. This leads to an increase of tingathe
gradient in front ofA, but the Gibbs-Thomson effect decreases the temperature on the
interface such that the interface breaks the isothermals. Consequeatty)ahge of
the temperature gradients due to the protrusion is reduced.

To understand the Gibbs-Thomson effect, consider the interface on tleeutaw scale. The
molecules of a planar interface have some typical number of nearesboaigimteractions. At
equilibrium, there is a balance between new molecules included and molecudésamlost due
to collisions. A curvature bump into the growth direction has its boundary miele@xposed,
with less nearest neighbour interaction, and they are more susceptibleato dut the lattice.
At a temperature when the planar interface is in equilibrium a protrusion will baalk - the
melting temperature of a protrusion is decreased. Conversely, on aveagatiature the boundary
molecules have more nearest neighbours and consequently an idcbéadieg. In effect, the
melting temperature goes up.

The balance between Mullins-Sekerka instability and Gibbs-Thomsont eff¢s the length
scale of the onsetting pattern. The Gibbs-Thomson effect introduceapiigdty lengthd ~ v,
and the Mullins-Sekerka instability introduces the diffusion lengttwhich determines the decay
of a diffusion field.

The resulting length scal@ behaves a® ~ +/dIp, which is suggested as taking the root of
the product is the only combination which does not drastically prefer orggHesoale due to the
different orders of magnitude they have. Consequentlypas 2D/v, wherewv is the growth
velocity, the velocity then can be determinedR&s = const We shall find this assumption to be
verified later in this thesis. We will encounter it representediggR® = const and the calculation
of this constant turns out to be the main goal in the problem.
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2.3.2 Free Boundary Problem
Definition of Free and Moving Boundary Problem

Prior to the subsequent discussion of systems which can be repreasm@ding boundary prob-
lem, we distinguish moving and free boundary problems as they are ocabgiorixed up in
literature.

We refer to [28, 29], a Free Boundary Problem (FBP) may be definedsteady-state boundary
value problem, which has to be solved in a domain, parts of whose bousidhgdree boundaries,
are unknown and must be determined as part of the solution.

A Moving Boundary Problem (MBP) may be defined as a non-stationary ordiependent
boundary value problem, which has to be solved in a time-dependent dpaeen with moving
boundaries. Specifically, moving boundary problems which are gostdma diffusion equation
are called Stefan Problems.

Since the free or moving boundary has to be determined as part of the s@utb problems
are inherently non-linear.

Free Boundary Problem of Dendritic Growth

The aforementioned competition of the Mullins-Sekerka instability and the Gibbsason effect
requires the inclusion of a curvature-dependent term, which is noniiméamms of the interface.
The unknown position of the interface already renders the governingtieq system inherently
nonlinear even without the stabilizing influence of the surface tension. uppast the subse-
quent consideration of this complicated free boundary problem, we steflldescribe the basic
physics which determines the solidification process, and present soldiotgo special cases.
We mention that the term 'free boundary problem’ is briefly defined in theagig, see 2.3.2.

When the solid grows in expense of the undercooled melt, the transitioneethé latent heat
of the specific material. This heat must be transported away from the gerfénot, the just
solidified area would melt back. Consequently, the propagation of theaoeei$ limited by the
transport of the latent heat set free. This condition of heat cornsanveets the free boundary
condition, determining the local interface velocity in dependence on the doadient jumps of
the temperature - which state the heat flow that is the transported latent heat.

The governing equations of the transport thus include a diffusion equateach phase, the free
boundary condition, and a yet unstated condition about the temperatheeiaterface. We refer
here to the capillarity-limited growth with negligible kinetic effects, i.e. the intertacgperature
is the equilibrium transition temperature to a correction due to surface tettso@jbbs-Thomson
effect.

One could now try to solve the entire free boundary problem, which denthedsolution of
the temperature field and the interface. However, Kolodner developécthestion’ of the one-
phase Stefan problem, see [47], which formally is close to our problemtetheStefan problem
originates to Stefan’s studies on the freezing of ice [77, 78], it wasfeaesl to model various
diffusional phase transitions. A seminal book about the Stefan problgft]is

Kolodner derived an integral equation for the interface. This redutdicmique was transferred
to the two phase problem, but within this introduction we will restrict ourselveldaso-called
symmetric model. Here symmetry implies equal diffusion constants in both phEseggh this
assumption demands some critical assessment, it simply turned out that thal gsgenmetric



20 Chapter 2. Introduction

case exhibits various additional difficulties, even if only steady-state spfutice subject of inter-
est. The formal complexity of steady-state as well as dynamical case inyimereetric model is
easily recognized in [62].

Before we discuss the symmetric model, two specific scenarios for the salidificof an un-
dercooled melt are worth some attention. Namely, the planar interface, becishest geometry
to consider, and the Ivantsov solution [38], which is a milestone in this topic.

Planar Interface

The first specific geometry is a planar front - for our purpose, it sedfito show that a planar
interface moves at decreasing velocity, except for the case of urétcmaling. The dimensionless
representation of the temperature is

T-Te

u=_cp T (2.33)

where the control temperatufig, is applied in the melt infinitely far away from the interface.
By cp we denote the heat capacity, hythe latent heat per unit volume. The dimensionless
undercooling reads as

Tm—Tw
-1
whereTy is the melting temperature. Unit undercooling is the limit of the validity of the diffusion
limited model of solidification, we mention that for unit undercoolig 1, the planar interface
moves at a constant velocity.

For A < 1, we determine the time-dependence of the interface velocity. When the plana
interface moves into y-direction, with velocity the diffusion equation reads as

d?u  au

dy?  ot’
andu = 0 in the melt far away from the interface. Hdbeis the thermal diffusion constant. A
transformation to state the convenient ansgyzt) = T(w) is introduced by

(2.35)

y
W= ——, (2.36)
&()
whereé(t) is the position of the interface at tinheFrom Eq. (2.35) we obtain
; o]
% = d‘g’; = const=C (2.37)
Waw

where the l.h.s. of equation (2.37) is only time dependent and the right fdendrdy depending
onw, thus _
&€&
-
the position of the interface(t), depends on time agt) ~ t/2. The corresponding decrease
of the propagation velocityy ~ t™1/2, can be understood as an accumulation of a melt layer of
increasing thickness in front of the interface.

C, (2.38)
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Figure 2.9: The undercooling in dependence of the Peclet numipeAsymptotically,A — 1 for
p — oo, which marks the limit of the diffusional regime of the transition.

lvantsov Solution

We briefly introduce the Ivantsov solution for solidification, which Ivantgmwnd [38] when he
assumed that the interface was isothermal at melting tempergiuréle determined families of
parabolas to be the solutions, which grow with timasy = vt — x2/2R where &, y) is the tip
position,v is the constant growth velocity along thieaxis andR denotes the radius of curvature
of the tip.

The outcome was the lvantsov relation for two and three dimensions,

A = \/rpePerfc /p, (2.39)

in 2D, whereerfcis the inverse errorfunction, and for three dimensions,

A = pePEy(p) = pe® f dy e e, (2.40)
R

whereE; is the exponential integral function alhgl is the diffusion length. Byp = Rv/2D the
Peclet number is defined, which is an implicit function of the undercodlingee Fig. 2.9. The
Peclet number sets only the product of growth velocity and radius, ledwergplution degenerate.
This corresponds to the aforementioned necessity of a second lergtinsttee system.

Asymptotic Growth Behaviour

Assume we have steady-state solution, with a lengthscale selected by théayntaresibbs-
Thomson effect and Mullins-Sekerka instability. The crystal grows yadlirection with growth
velocity v. When we consider the tail region of the crystal, this part asymptoticallyoaghes
a planar interface. For the steady state solution, the position of the integ{ach, depends on
time like

E(X, 1) = E(X) + o, (2.41)
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at the tip specifically
&(x, 1) = ut. (2.42)

In the asymptotic region far away from the tip, the interface is approximatlyaplamd as dis-
cussed in the previous paragraph, the planar intertégdehaves like

x(t) ~ (Dt)*2. (2.43)
Consequently, the asymptotic growth is related to the tip propagation as
¢~ 5% (2.44)

The outcome of this handwaving calculation in form of Eq. (2.44) will serwédasis for the
examination of the asymptotic behaviour the solutions exhibit which we calculdtesimext
chapters.

2.3.3 Short Retrospective on Dendritic Growth

We gave the basic ingredients for the solidification problem in the previousopthis section.
The solidification process as we introduce it belongs to the field of dendrdiethy, and we give
now a short view on its development.

The growing crystal is expected to take a shape that exhibits the mostréffieinsport of the
released latent heat. The investigation of this dominant shape was bogdtehtsov in 1947
when he partially solved the problem [38], determining the product of tiraxglocity and tip
radius of curvature. However, the degeneracy of the solution predigtdvantsov remained a
mystery. Experiments suggested that the growth velocity and tip radius electesl uniquely
for a given undercooling. The inclusion of capillarity, as suggesteddmkin for example [80],
turned out to solve the degeneracy problem, in principle. Unfortunatelyeimegnting surface
tension requires the solution of an analytically quite intractable problem, asilfs-Ghomson
effect introduces an additional nonlinearity.

These difficulties gave rise to models which neglect the nonlocal interadiotise boundary,
among them the geometrical model [21, 22, 46, 44]. The fundamentahatisn there was the
proportionality of the growth velocity to the curvature of the interface. Adyethis approach
yields the existence of the so-called needle crystal solution, but it is uasighinst infinitely
small perturbations, and isotropic surface tension destroys the solutions.

To extend the geometrical model, the boundary layer model (BLM) incatpdra term to
mimic the heat diffusion along the boundary to approximate non-local effdei® the boundary
layer is a regime of widtlhy in front of the phase boundary, and the diffusion lergtis assumed
to be small, which restricts the model to high undercoolings. Furthermore Lilei8expressed
in the natural coordinates of the interface, averting the application to ingsrfahich do exhibit a
complex structure, as higher order sidebranched dendrites. Thddyuayer model was mainly
developed in 1983 and 1984 by Ben-Jacob, Langer, GoldenfelonSuid Kotliar [24, 9], and it
could also predict needle crystal solutions when the capillarity length is getrdo Specifically,
the BLM revealed the dependence of the solvability of the problem on theteopy of the surface
tension [24], which turned out to be the crucial ingredient.

In the framework of nonlocal models, the representation as boundagrahtequation leads
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to the solution of a 'nonlinear’ eigenvalue problem. Here the term 'nonlieeggnvalue’ was
defined in the sense of Barenblatt and Zeldovich, see [5]. We emphhsiz®-called marginal
stability hypothesis [54], it was the first scaling analysis of dendritic grol#imger and Niller-
Krumbhaar hypothesized that dendrites grow at the margin of stability, aydstiggested that
the tip radius matches a critical wavelength With Ivantsov’s solution and the condition for
morphological stability, they showed thag ~ +Ipd, with thermal diffusion lengtip and the
capillary lengthd. Consequently, by matching of the critical wavelength and the operating tip
radius they obtained- := 2Dd/vR?, whereo is theoreticallyo = 0.0025. We recognize that
this so-called solvability parameter is the constant we introduced at the enbsdéction 2.3.1.
Experiments with succonitrile [34] supported this interpretation, though thewgstion of growth
at marginal stability finally turned out to be wrong.

Also, the integral equation was investigated for small magnitudes of anigotrofhe sur-
face tension by means of perturbation techniques. As the curvatuesidient term contains the
derivative of highest order, singular perturbation methods [81, @héded to be applied. Seminal
lectures to singular perturbation theory are found in [81, 37, 10]. Anpentyrbation approaches,
the method that turned out to become a cornerstone of the solution wasp/blpKruskal and
Sequr, see [48]. In contrast to other linearizing approaches, thatgtréhe problem in its entire
nonlinearity, an introduction can be found in [12]. As already indicatedhieyboundary layer
model, the necessity of anisotropy of the surface tension was revealetheRhree dimensional
system, Brener and Ben Amar [7] derived the behaviour of the needitatm the tip region, and
Brener [13] found the analytic solution for the entire interface in 1993 irattigymmetric case.

One can alternatively introduce an additional degree of freedom whkijgtesents the phase
state of the system [23, 32] to avoid the solution of the closed represengatiaighly nonlinear
integral equation. This phase field changes from minimum to maximum on a lezajéhvghich
thus models the transition with an interface of finite thickness. The phase fielel ohmes not need
to track the interface positions explicitly, which is hard to do for complicatedtgjes, but for the
cost of an increased computational expense; the numerical separétis eew lengthscale and
the other length scales drastically increases the required number of guid.p®he legitimacy
of the phase-field model was proven when the limit of vanishing interfackrieégs and sharp-
interface calculations were found to coincide, [32]. Specifically for liegotld transitions, the
phase field model was mainly developed in the works of Fix [33], Lang@r4bd Collins and
Levine [25].

We want to stress the stability of the found solutions versus external ftiariga In 1994,
Muller-Krumbhaar, Brener, Ihle, Saito and Shiraishi [14] found thatdeedrites were stable
already for small magnitudes of anisotropy. Their analytic consideratmrsdebranching in the
three dimensional model predict the experimentally observed amplitudesetfraithing. For
the nonaxisymmetric case, this model in was published in 1994 by BreneramkirT[15].

Finally, we make some remarks about the outcome of experiments in dendritthgrdor
crystallization of an undercooled pure melt, we mention the experiments dewdduith succoni-
trile (SCN). This material proved its merit for the experiments as it is chemicaliyeséand close
to identical diffusion constants in both phases. Also, heat transpant®oearly exclusively via
heat diffusion in SCN. A result of the experiments performed by HuangGlicksman [35] in
1981 is shown in Fig. 2.10.
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Figure 2.10: Time-exposure sequence of SCN [35]. The interfagepedes at constant velocity,
and secondary dendrites are nicely to see.

2.4 Green’s Function Technique: The Symmetric Model

In the previous subsection, we gave a short overview of the develditie approaches to solid-
ification , now we are only interested in one specific formulation. The formulatidche govern-
ing equations as integro-differential equation via Green’s functionpfag&n to be a promising
ansatz. Probably the most influential advances in this field have been nihdapplication of
this technique, at least in the last twenty years. For a full load of fornwplirements for the
derivations in this thesis, see e.g. [2] and [71].

The diffusion equations for both phases reads as

o0 TY

vt (2.45)
ot ’
TG
D(s)aat L= vRT0, (2.46)

here we indicate the solid phase §ythe liquid phase bY. The temperature in the melt far away
from the interface is given as control temperatlite The inclusion of the Gibbs-Thomson effect
sets the interface temperature as

K
Tint = Tu (1 _ YT) (2.47)

HereTy is the melting temperaturég, the latent heaty the surface tension and the curvatuiie
positive when the center of the curvature is in the solid phase:

d%
k=—— (2.48)

(1 . (%)2)3/2’
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Figure 2.11: Schematic figure for the steady-state growth. At consthityev, the solid phase
grows at expense of the melt, which is at temperafure T, far away from the
interface. At the interface, we assume local equilibrium. The interface tetupe is
reduced due to the Gibbs-Thomson effect, which stabilizes the growtibeha

where¢ is the y-component of the interface position. The growth velocity is limited by ¢z h
conservation at the interface as

vl = — [C(Fl,)D(I)VT(I) _ CS)D(S)VT(S)] R (2.49)

By ¢V the heat capacity, bp(!) the diffusion constant is denoted, and the normpbints
into the melt. Applying to Egs. (2.45) to (2.49), the Green'’s function method ircipterequires
the solution of the coupled diffusion equations by giving the integral sgmation for each phase,
and the determination of the interface shape and its position. Such a moralgg@oach can
be found in section 4.2, where we need to leave the regime of this kind of syimmetdel.

Instead, we introduce the model of symmetric phases. By this we mean thaialficonstants
and the heat capacity are equal in both phases. Consequently, thegtmgelds in both phases
obey the same diffusion equation, and the problem folds down to solvingifinsion equation
in the entire domain of both phases, see [53] and [51]. The problem stiflirss complicated,
and we skip the time-dependency and look for steady-state solutions. Wfelepthe diffusion
equation in a frame of reference which is centered at the tip of the movindgiceéer

aT
DV?T + v— = 0. 2.50
Y 3y (2.50)

HereD labels the diffusion constant. The dimensionless notation in rescaled vansblatained
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as
T-Tw
= , 2.51
w oo (2.51)
Tm — Teo
A = ——, 2.52
Lo (2.52)
d?
_ e YTm
d« = - 232 L2cp (2.53)
1+ —f) P
1+ (&)

d is the capillarity length ang denotes the y component of the interface. The dimensionless
representation of Eq. (2.50) thus is obtained as

2 Ow
Vw+ —— =0 2.54

W ay =0 (2.54)
where we also divided b, andlp = 2D/v is the diffusion length. For the local equilibrium, Eq.

(2.47), we get
A — dk = Wint, (2.55)

where bylint we indicate that the value at the interface is taken. The heat consengitien,as
in Eq. (2.56), reads as

vp = -D [V - VW(S)]“m f. (2.56)

The closed representation of Eqgs. (2.54) to (2.56) is derived by eliminatitre temperature
field in Eg. (2.55). The detailed procedure to eliminate the thermal field is mexs@ow - we
give the derivation in the spirit of the original symmetric model [53], whiclswlaveloped for
solid-solid transitions.

2.4.1 Elimination of the Temperature Field

In this subsection, the focus is on the explicit calculation of the closedgepi&tion of Egs. (2.54)
to (2.56). Consequently, it is quite technical, and if the reader is only itéet@s the result - that
can be found in Eq. (2.66). We denote the not self-adjoint operatehich gives Eq. (2.54) as

2 0w

_ w2
Ly[w] = Vo w + 53y

(2.57)

We know thatLgw] = 0 in the considered domain, which is bounded$yysee Fig. 2.12 and
define the Green'’s function by
Ly [9(X] X")] = =6(X-X"), (2.58)
L, [gXX)] = =§(X= %), (2.59)

where byL" we denote the adjoint operator &f by g the Green’s function of and.£". For our
approach, we will only apply Eq. (2.59), but we want to stress heretlieaproblem exhibits a
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non-self-adjoint operator. The explicit definition of the Green’s functeads as [57]
, 1 1 1 ,
9(X1x") = o—exp|—— (- Y)| Ko | —n(x X) (2.60)
2r Ip Ip
whereKg is a modified Bessel function, and= ||[X— X ’||. We obtain forw(X) = fv gL[w] —
wL[g]:
2 ow 2 09
_ 3y 2 2 < ow <99
w(X) = j\‘/,d X [g(Vﬁ w) W(V)? g)+g|Day, +W|08y’} (2.61)

to represent the thermal field

For the application of Green’s theorem, we use the notation familiar in the bopinttegral
community, see Fig. 2.12, yielding the sign in front of the boundary integiatin(2.62).

W(X) = —f df [V 9 - g(V; W' | + f d3x [gga—w + WE@]
s %

oy Vi gy (2.62)

2/1pV; (0.9w0)

wheredf i = df as shown in Fig. 2.12. The whole expression is reduced to an integrakon th
surfaceS, and we expresw as

wW(xX) = — fs df’ [W(V)z, 9N —g(Vy W + %gwr(,]. (2.63)

To evaluate the integral representationnoés it is stated by Eq. (2.63), we proceed as follows:
First, we assume the interface to be of finite length, and recall that the saledwaces lie at the

boundary, and far away from the interface in the liquid phase; 0. The sketch in Fig. 2.12
illustrates the geometry.
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Figure 2.12: First we assume the interface is of finite length. The integrationdary isS, and
df = df Ris the surface differential. The point of observatioXis

Then, we deform the surfa&to enclose the interface, see Fig. 2.13. One recognizes here that
there are two opposingf for each point of the interface except at the ends.
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Figure 2.13: The integration contour approaches the interface.

We let the contour of integration enclose the interface to infinitesimal distarttexend the
interface to infinity in thexy-plane, and consider an effective 2D system such that the surface
integral reduces to an integral along the interface contour as

00 2 —o0 2
Ldf%[]_‘ dX\f1+(g—i) ﬁ(s)+f —dX\/lﬁ-(g—i) ﬁ(%.

Figure 2.14: The integration contour is infinitesimaly close to the interface, thddne is ex-
tended to infinity in thexy-plane.

When the integration contour is infinitesimal close to the interface, we canlbsatthe point
of observation infinitesimal close to the interface. The continuity of the terhperaancels all
integrands proportional to it, and in 2D we obtain

-~ , 2
W()?) = - {v[ dxX /1 + (%) g(V;,Wu - V)?,W|S) I’?(I)} > (264)

where the jump of the gradient across the interface can be replacedfogelt®undary condition,
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Eqg. (2.56). With [45junds = vdXx, we obtain

W(X) = f dx g%. (2.65)
The effective 2D closed representation of Eq. (2.54) to (2.56) finallysdke form

a- 5= 2 [ dxexptpty - y)Ka(pi(x X)), (2.6

where all lengths are scaled by the tip radiuddere 'closed’ means that this equation combines
the information of the diffusion equation, the conservation of heat, and tla¢dguilibrium, thus
containing all information necessary to solve the problem. Equation (2.86)ohiae solved to
determine the steady-state solution of the problem. One fixes the controigtara and thus the
peclet numbep, and finds the value ad/pRwhich corresponds to a shape with smooth tip and
parabolic asymptotics.

However, solving this equation is a very challenging task, in spite of the mext@ssumptions
and simplifications we made. The introduction of this problem will serve as d basis for the
discussion of the solid-solid transition influenced by the elastic propertiéisedfransition, as
given in section 3.2.

2.4.2 \What does Selection mean

Within this thesis, we will often discuss the presence of a so-called selecttbe problems we
consider. Hereby, we mean selection in terms of dendritic growth. Amongftaeedt approaches
to selection in dendritic growth, there are no examples of analytically simplelattms showing
selection mechanisms. However, in the following paragraphs, we briestyride three examples
of selection mechanisms.

Classical Dendritic Growth: Selection by Anisotropy of Surface Tensio n

As we already mentioned in subsection 2.3.3 about the development of thg tfedendritic
growth, the solution of classical dendritic growth requires an anisotrapface tension. For a
digest about this problem in two dimensions, see e.g. [18, 55, 52]. Asifligtig efforts to under-
stand the solution are tremendous, we consider the proceeding in detailhgppoint where the
nature of the derived problem is clear - clear enough to roughly utzshet$he formal mechanism
of selection [18]. Within this thesis, we will consider transitions which candresiclered to take
place in 2D effectively, thus the 3D selection is only shortly mentioned.

2D Selection First we need to define how the anisotropy of the surface tension enters th
model. For the closed representation of the solidification process, as ted #there by Eq.
(2.66), the inclusion of anisotropy modifies the capillarity lengtivhich now is orientation de-
pendent as

d(®) = do(1 — ag coS 40 — Og)) = doAq(®). (2.67)
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Here we introduced the parameter of surface tension anisotrgpg 1, the anisotropy is of
fourfold symmetry. The angl® is between the normal to the front and the y-axis, which is the
direction of growth.@q is the angle between the direction of growth and the direction along which
d(®) is minimal. Now, we can describe the approach to find how anisotropiccguténsion
determines whether a selection is present or not.

From the closed representation of the anisotropic problem, the combinatitaso{2.66) and
(2.67), a linearization and then neglecting all terms which contain derigdtae to

3/2 00 ’ n
(1+%) f ax LD 600 (2.68)
2r —o (X= X1+ F(x+x")]
whereé(x) is the deviation from the Ivantsov solution,
2
y=t- > + &£(X), (2.69)

andog = do/pR The integration in Eq. (2.68) with contributing polesxat= +2i — x leads to a
functional equation

od
1+ )12’

(X+D)EL(X) + (X = )E_(=2 = 20) = (X + )& (=X + 20) + (X = D)E_(X) = i (2.70)

whereé is represented as sum&fandé_, which are analytical in the upper and lower half-plane,
respectively. When we consider the regions aroxrd=+i for Eq. (2.70), we obtain for the limit
X =i
1
(o .
Y1+ D72(x—i)

E(—x=-2)-&£(X) =i | X—=1i, (2.71)
thusé_(X) ~ (x —i)~¥2 for ||x — i|| < 1. Correspondingly, one must not neglect the derivatives
in the regimé|x — i|| < 1, as done in the linearization of the closed representation to derive Eq.
(2.68).

Here, we finally obtained the analytic results which are necessary tostaddrthe idea of the
method which was successfully applied to the problem. The reimél| < 1 defines an interior
layer, and here it is required to take into account the derivative terms itindzrized closed
representation. By appropriate rescaling, see [8], one deriveslamear differential equation of
second order then. The solution of this interior equation than has to be mdtctiee (exterior)
solution obtained by the solution of the Wiener-Hopf equation one obtains tine functional
equation (2.70). In the matching of interior and exterior solution, it is redeabsv the presence
of anisotropy makes the difference between selection and no selectigen tis method of
matched complex asymptotics is referred to as KS or PKKS method, hamed &iakKand Segur
or also named by Pokrovskii and Khalatnikov, see also [12] or [67].

In the case of isotropic surface tension, the nonlinear differentialtequiacks a parameter to
be matched with the exterior solution. In the case of anisotropic surfadertetise anisotropy
parameter sets an additional parameter which allows this matching, thet ratie”/*/oy. The
values ofd which allow the matching fix the possible growth velocities.
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3D Selection Inthree dimensions, the anisotropy of the surface tension turns out tdicatep
the problem even further, so we only sketch the idea which leads to théieelemchansim. As
the anisotropy of the surface tension will lead to a nonaxisymmetric crystadt gufficient to
consider the axisymmetric case as extension of the 2D - problem.

Instead, for the nonaxisymmetric case, a solvability condition needs to béesafisr each
azimuthal harmonic. Kessler and Levine [43] showed numerically that thassisiigle in principle.
The analytic approach by Brener and Ben-Amar [7, 13] yields the ctoreto the Ivantsov shape
close to the tip as

Ar, ) = —; + 3" Aqr™cosng). (2.72)

Here, lengths are rescaled by the tip radius of curva®the crystal grows into z-direction and
r, ¢ are the polar coordinates of a crystal surface element. Obviously, the wenich correct the
underlying Ivantsov solution will grow faster than the lvantsov solution itsen one leaves the
region close to the tip. The question rises how a solution which takes this fosa to the tip can
be matched with the asymptotic behaviour one expects from the Ivantsdnopzicbof revolution.

The key idea to solve this problem [13] is the interpretation of the 3D probkemitial value
2D problem for the cross section of the crystal in the tail region. Thexisyi@mmetric corrections
at the tip serve as initial conditions, and the corrections to the Ivantsoe skagain small only
close to the tip. Sufficiently far behind the tip, four arms develop in the assoasedof a fourfold
symmetry of the surface tension, which states a strong deviation ot thedvgrasaboloid of
revolution. The length of the arms scaleg|zs/°, the width like||z|*/°, before the length of these
arms finally grows a#Z| in the asymptotic regime.

Selection by Triple Junction

The presence of a triple junction changes the selection problem entirelyedafthat the neces-
sity of an anisotropic capillarity length was indicated when all approachesisatiopic surface
tension failed to produce an interface with smooth tip, see e.g. the numeso#krm [57]. A
physical solution requires vanishing slope at the tip in classical dendraigthr so the interest-
ing question arises - how will the presence of a physically motivated cuspidugto a triple
junction, change the selection problem?

We find the answer in [16], where melting along a grain boundary is comrsidsee Fig. 2.15.
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Figure 2.15: The melt zone propagates along the grain boundary aanbwslocityv. The solid
phases are marked I8, the melt phase biz. The triple junction is in the origin of
the coordinate system, lpywe label the opening angle at the tip.

In contrast to the dendritic solvability condition thiat /2, here we must find a solution with
¢ < m/2, obviously. The anisotropy of the surface tension as we just definedig. (2.67) is
neglected here, since it has only little influence compared to the triple junction.

The closed representation of the system then reads as Eq. (2.66) wlredsfine the temper-
ature asv = cp(T — T)/L and the overheating as = cy(T — Tm)/L. Here the temperature
in the solid far away from the interface is denotedhy > Ty. In the limit of small opening
anglesp < 1 and ratiosp/¢? > 1, one obtains that the interface is governed by a linear integro-
differential equation,

x_ N2 (Y dxy) 1
1+ g . fody Iy o (2.73)

Eq. (2.73) is solved by means of a Laplace transformation, which selectigéevalueuy =
do¢®/RA - the transformation from the image space back to the real space will oyagitrysical
solution ifug = 7/2.

The selection theory in presence of a triple junction is much more transphaenthe selection
by anisotropy of the surface tension. The triple junction leads to a velod@gtam with isotropic
surface tension, and we will consider the influence of a triple junction irr stlection problems
within the next chapters.



3 Phase Transitions Limited by Thermal
Diffusion in Presence of Lattice Strains

Pattern formation in diffusion-limited phase transitions is of utmost significanoeeiallurgical
fabrication. Nearly every house we enter, any car we use, contaimgels which passed through
such phase transitions during their production process.

Whilst for the solidification of a pure substance, elastic effects typicallynaten the focus
of investigation, the question arises which role elastic tensions in solid-safisiticas play. It
is evident that lattice changes in solid-solid systems especially will affect tedane. Massive
displacements can occur to relax the system with respect to the onsettinqi$ersinstituting
singular interface deformations. Consequently, the inclusion of lattice stiaan obvious idea.
However, within the method we use, itis a not less challenging idea. The imperté predictions
for this combined elastic-diffusional transitions by means of the Greenwtiftn method have
to be significantly revalued. There are increasingly many simulations foe thestems, but by
principle they cannot rigorously resolve the asymptotically dominating betiavio the light of
this strong demand for rigorous steady-state results, the value of this neswvill present in this
chapter on the most basic geometries and elastic configurations can b lveties.

This chapter is roughly separated into considerations for single crysdabiarystal growth.
The presence of a triple junction in bicrystal growth suggests this discrimmedimce selection
can occur due to a triple junction [16], we need to distinguish systems withyastehss without
triple junction.

Section 3.1 serves as rough introduction for the common physical aspects of aimgjleicrys-
tal growth. It mentions the basic assumptions which we make for the systens. ifTlays the
foundations for the calculations in the following sections, in conjunction withiee 2.4, where
the Green'’s function method we apply is introduced.

Section 3.2 contains the model development, code testing and analytical and numesidés
for single crystal growth.

Section 3.3 focuses on the extension of the single-crystal model to the bicrystadirand the
analytical and numerical results for bicrystal growth.

3.1 Basic Physical Model

In this section, we want to give a brief description of the basic physigacis of the transitions
which we investigate. Only effects which are common in single and bicrysiattbrare discussed,
the model is developed in detail in the sections corresponding to each gyeartinetry.

The first system of interest exhibits a solid-solid transition. Releasing lagattat the moving
interface, the onsetting phasg) @rows at expense of reference phasg Gee Fig. 3.1. We
assume that the reference phasggi$ only slightly undercooled, such that the limiting factor of
the transition velocity is the transport of the latent heat away from the intrfathe transport

33
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Figure 3.1: Sketch of the steady-state transition. Solid ph@sgroéws at expense of solid ref-
erence phaser] at constant velocity. Heat conservation fixes the normal velocity
vn: The shaded area grows v, and thus the release of latent héathat fixes the
difference of the fluxes,L = —chﬁ(VTa - VTﬁ) is also proportional te,.

takes place by diffusion, rendering the problem a diffusional phaasitian.

The structural difference between both phases leads to lattice straiith, affect the transi-
tion. Especially at the interface, where we assume coherency of theghtgs apparent that
the different lattices lead to elastic stresses. Due to the coherency of thadats where the
elastic stresses do not relax by means of singular distortions, an elaggecdsys occurs. This
elastic hysteresis shifts the transition temperature so that the temperaturerg¢ttaee differs
from the equilibrium transition temperature. Another shift in the interface teatye stems from
the Gibbs-Thomson effect, it stabilizes the interface by a reduction of thdaoéetemperature.
The conjunction of the corrections to the interface temperature due to thie élgsteresis and
the Gibbs-Thomson effect is the basis of the local equilibrium which wenassun the interface.
Altogether, this describes the basic physical processes which we eonsid

Our specific interest focuses on the transition velocity which appears whasients have
grown out, i.e. a steady-state solution, and the characteristic length sdalke afisetting inter-
face. From experiments in various alloys, e.g. steel types, it is knownl&malrites are found on
many occasions. Our belief that the dominating steady-state solution also tiesrtima essential
structural aspects of real materials is supported by such findings.hBnaateristic length scale in
such dendritic patterns is the tip radius of curvature of an lvantsov plarathich asymptotically
matches the interfaces which we find.

3.1.1 Basic Approximative Assumptions

As the problem is an elastic-diffusional determined transition, one has to apéit about the
nature of the elastic-diffusional coupling. We will assume the elastodyndamietax sufficiently
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faster than the diffusion. This means that the governing equations, diygioapled for diffusion
and elastic fields, decouple except for a boundary condition, namellydqgadibrium, and we
obtain elastostatic behaviour. In addition to the simplification of the coupling ofiithesional
and elastic problem, the consideration of both aspects is subject to fuytheretry assumptions
- the thermal diffusion is simplified in the spirit of the 'symmetric model’ [53, 51], Sée also
subsection 2.4, i.e. we assume identical thermal diffusion properties inadkeph The elastic
problemis also symmetrized, and this ansatz yields the closed represent#tiopiatire problem,
as we show in detail in sections dedicated to the single and bicrystal growthegiges.

3.1.2 Diffusional Aspect

The material which undergoes the transition is assumed to be pure and ta &ldnkical heat
diffusion properties in the solid phases. Instead of solving two diffedifuision equations in two
physically distinct domains, we thus consider one diffusion equation fdethperature field in
the entire system. We are specifically interested in the asymptotically dominatiagibeahof the
system, thus we focus on steady state solutions and consider the probleminaving frame of
reference located at the tip of the interface.

L AN 0, (3.1)

ay

where byv we denote the constant growth velocity of the interface,@iglthe thermal diffusion
constant. The heat sources on the unknown interface are defined by

vl = —CpD (VT — VTg), (3.2)

where the heat capacity is denoteddpy and the latent heat per unit volume by The normal
velocity vy, of the interface is fixed by heat conservation, see Fig. 3.1. bigrés the heat per unit
area and unit time which is set free by the phase transition at the interfasesttting the jump
of the heat flux across the interface. In phasg Which is stable above the equilibrium transition
temperature, the temperaturdar away from the interface is set1o= T..

The local equilibrium on the interface reads as

(3.3)

VK SE®
Tiint = Tegl1l— — ,
Jint eq( L + L

whereTin: denotes the temperature on the interface Bnds the equilibrium transition temper-
ature of a flat interface. By we label the isotropic surface tension, byhe curvature and by
L the latent heat per unit volume. Eq. (3.3) defines the shift of the intetéacperature due to
the Gibbs-Thomson effect and the elastic effects. We neglect kinetieatioms as we are mainly
interested in the regime of small undercoolings, which is also most importaekf@rimantal
setups. The Gibbs-Thomson effect is explained in section 2.3.15lfdepresents the elastic
effects, which are introduced in the following subsection.
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3.1.3 Elastic Aspect

We assume an elastically isotropic system which effectively is two-dimensionatms of the
spatial dependencies of the elastic quantities. An example of such systerosiged in [31],
where ferroelastic transitions were investigated. A convenient implicatitmsfssumption is the
reduction of the number of elastic coefficients to two. A sketch of the undgrtyansformation
is given in Fig. 3.2.

C6

Figure 3.2: Schematic picture of the structure transition. The hexagonatlatiicsforms to a
hexagonal-orthorhombic lattice, which lowers the symmetrgas> C,. This fixes
the possible angles &s= 0, +27/3. The resulting nonvanishing eigenstrains are given
asegy = —€C0S 2, g, = €COS 2, &, = —€sin 29, wheree is the common magnitude
of the lattice strains.

This transformation will serve as an example for the lattice strains we usbdar.sThe other
type of lattice strain we consider is a dilatational lattice strq‘j(n; dike, and finally we will cover
the regime of superpositions of these basic modes. To be more preciseilwdraduce the
lattice strain tensorg, = neifl‘( + (1 - n)e;. We refer to the casej, as positive mixing, and te,
as negative mixing. The mixing parametgis defined such that the limit = 0 yields pure shear,
while n = 1 corresponds to pure dilatation. For the thermodynamic viewpoint, we irgeoidhe
free energydensitieB, g of the system. The assumption of equal elastic const@ntsn both
phases allows us to write

E N2/ (@N2
Fo = Fo(M) + 2(1+v) (1 —V2v (ui(i )) " (ui(k)) ) (3-4)

in the initial phase, and for the new phase

Fg=F(T) +

E v
2(1+v) (1 2y (“i(iﬁ) - f")z + (Uif) - fik)z)- (3.5)
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We denote the strain tensor in the i-th phase by

(a.B) (.B)
1(ou ou
ul@h) _ [ I ] (3.6)

ik 2 OXk 0X%i
by €k the eigenstrain in the onsetting phase. The elastic coefficienks #re elastic modulus, and
v, the Poisson ratio. We denote the free energydensity without elastitsdff;délo(T), i =a,pB. As
Egs. (3.4) and (3.5) indicate, we assume symmetric elastic phases, i.e. idelastia constants
E,v.

We restrict our considerations to the cases of small distortions, whictestgggpat we assume
coherency of the interfaces{,") = ui(ﬁ). Consequently, our model includes elastic hysteresis, which
cannot occur in absence of coherency [20]. The appropriate mibdifee energy, obtained by a
Legendre transformation from the free energy[70], reads as

Fi = FP - ouih - 20, 3.7)
wheren,r are the normal and tangential coordinates in the local coordinate systdms=am 3
are the phases. This potential is also discussed in [75], and an illusteaaveple for a planar
interface is given in [76].

The shift of the interface temperatuTeqéFe'/L in Eq. (3.3) is due to the elastic hysteresis,
which we define in terms of the modified free enerdig a very convenient way as

5|Eel — Ifgl _ ﬁgl’ (3.8)

where the superscrig indicates that only the elastic contribution to the modified free energy is
taken into account.
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3.2 Single Crystal Diffusional Solid-Solid Transition in
Presence of Lattice Strains

The field of diffusional phase transitions offers various challengirsesys to consider. We ex-
plained the successful so-called symmetric model in section 2.4 to illustratentheniental issues
concerning steady-state growth in dendritic solidification. Now we will modsadlal-solid tran-
sition which involves heat diffusion and take lattice strains into account.

The considered lattice strains also represent fundamental modes of agrétiey occur for
example in a ferroelastic system described in [31] - they will provide usthethecessary variety
of lattice transitions to study the elastic-diffusional interaction and an exarhplesal system.

We will establish a model which applies the Green’s function technique teedartlosed rep-
resentation of the governing equations. While this approach is well-knowbt&in an evolution
equation for the interface for diffusional phase transitions, see [6366, 77, 78] and subsec-
tion 2.4, the inclusion of elastic effects in a closed representation which stateshe coupled
elastic-diffusional problem is new.

For the interpretation of the results we obtain, we shall remember some basicnauof solv-
ability theory in classical dendritic growth, see [18]. For the isotropicasgrtension we assume
here, the occurence of a selection for a smooth tip means that elastic kféetts a new selection
mechanism. This is the focus here, furthermore we discuss the influetieerefative orientation
of the growth direction to the lattice strain on the transition.

Subsections 3.2.1 to 3.2.3 discuss the thermal and elastic aspects of the system and how they
are linked to obtain the closed representation of the coupled thermo-elasilerpr

Subsections 3.2.4 to 3.2.6 treat the fundamental lattice strains separately, namely pure dilata-
tion, pure shear and superpositions of both.

Subsection 3.2.7 introduces a lattice strain configuration with vanishing elastic hysteliegs -
theoretically possible, and would be energetically preferred.

3.2.1 Diffusional Aspect

We consider a transformation between two solid phases, ug)rtg flenote the high temperature
(reference) andd) to denote the low temperature (onsetting) phase. Here high and low tempera-
ture refer to the thermodynamic stability of the phases above (high) or bleiavttie equilibrium
transition temperature. The transformation is assumed to be limited by heattiondaf the la-

tent heat set free at the moving interface, see Fig. 3.1. By Egs. (3.B)3pWe define the
governing equations of the diffusional problem. Now we derive the dloespresentation in ac-
cordance to the symmetric model we discussed in section 2.4. First, to simplifyptieseatation

of the problem, we introduce dimensionless variables,

T-Ta

which is the temperature field,

(3.10)
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the control temperature of the process, and

Teq)’

~5 (3.11)

the capillarity length. The resulting representation of the diffusion equadidn) feads as

2 0w
Vw4 —— = :

W+ I dy 0] (3.12)
where we also divided bip and define the diffusion lengtly = 2D/v. Heat conservation, Eq.

(3.2), is given by
v = —Dri(Vw® — yw). (3.13)

The dimensionless notation of local equilibrium, Eq. (3.3), reads as
T ~
Wine = A — de + %“C%Fe', (3.14)

where the subscripint indicates thatv is considered at the interface. Briefly spoken, the Green’s
function method lets us eliminate the fieldn Eq. (3.14) by means of its formal integral solution.
Like in the example discussed in section 2.4, the phasasdg are considered as one domain of
definition for the temperatune. Consequently, the index or 8 now indicates only which phase

is observed, but does not label two separate fields. In Eq. (3.14¢ithmation of the thermal
field by its integral representation reads as

W) =f dx’ g%, (3.15)
where the free space Green'’s function for (3.12) is given by
1 1 X, X/
9= o expl-—(y-y) | Ko [L2XD). (3.16)
2r Ip Ip

The next step contains the scaling of the coordinateR.bijereR is the radius of an lvantsov
parabola which we match to our solutions asymptotically. The reason for jtgosstic matching
is discussed in section 3.2.3. Due to the scalingRbthe Peclet numbgp appears,

_wR
P=2p
it contains both determining quantities of the transition, besides the steadyal@atiy v also
the tip radius of curvaturR of the asymptotically matching lvantsov parabola which is defined by
Yiv :~—x2/2R. The Peclet number is implicitly determined by the dimensionless control tempera-
tureA as

(3.17)

A = (pr)"/? exp()erfe(p'’?). (3.18)

Here erfc is the inverse error function, defined as in [1]. We denote the drivingeftyy A
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instead of the usuadl to emphasize the shift of the equlibrium transition temperature by the elastic
hysteresis. The precise definition Afwill be given in the subsequent section. For the closed
dimensionless representation of the problem we thus obtain

dK TeqCp(S'EEI

A——+
R L2

= 5 ﬁ " dx expl=p(y(X) — y(x))1Ko(pr(x, X)). (3.19)

The detaile~d derivation of the elastic influence in the next section explatranhypothe yet unde-
fined termsF®!, but also the relation of andA in Eq. (3.19).

3.2.2 Elastic Part

In this section, we discuss the derivation of the integral representatitre aflastic fields. For

Eq. (3.19), this provides us the necessary expressiongfim terms of the interfacg(x). The
explicit definition of§F€' comprises Egs. (3.4) to (3.8), we only give a compact version here for a
better overview.

o<l = 2(1E+ V) [(1 - 2y (ui(ia))z * (ui('f))z) - (1 - 2y (u” - E“)Z +(ud - 6”‘)2)] - (320

We discriminate nonlocal and local contributionst, the next paragraph describes the nonlocal
part of6F, then we turn to the local part.

Nonlocal Contributions of ~ §F®' at the Interface

In this paragraph, we achieve a representatio&i—:(?f which no longer depends cm(f) and ui(f).
This lets us eliminate the remaining strajﬁf by means of the formal solution in terms of the
Green’s tensor. In conjunction, this provides us the representati&ftbin terms of the interface
(X, y(x)). To eliminate the strains and stresses of phasem the problem, we consider the
mechanical equilibrium on the interface,

o = g, (3.21)

Herei = n,r denotes the components in local coordinates, and we determine the disiti@stinu
of strain and stress tensor across the interface as

o v
g GRS} (3.22)
uW-u) = e, (3.23)
E
a'(ﬁ) = o‘&? - (€rr + veEry). (3.24)
12

Egs. (3.22) to (3.24) allow to expresE® = F&' — Ifg' in terms of strains in the-phasen"’, and
the lattice straingy. In addition, due to the linearity of the problem, one can redefine the problem
here by separation of the lattice strain-dependant contribution to theestrddse new stresses are
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defined as

~(a,8) (a.8) (ap)e
80‘ik _ 80'“( . 60’ik (3.25)
OXk OXk X '

thus we obtain for the elastostatic equations, which we originally denote by

ao-i(‘fﬂ) =0 3.26
=0, (3.26)
now, in terms of the new stresses,
~ (@.8)
9 _ 0 3.27
6Xk - M ( . )

Obviously, Eq. (3.27) corresponds to vanishing discontuities at the actelihstead of Eqs.
(3.22) to (3.24). The mechanical equilibrium thus must be satisfied in aatiff@aray. We discuss
exemplarily the y-component of the force density at the interface. It holds

f dAIF + FP1 =0, (3.28)

wherefdAFS) = fdA(ao-Sll/axk), anddAis the differential of the area of integration enclosed

by AsandAl, as shown in Fig. 3.3.

Figure 3.3: Schematic picture of the integration area to yield the artificial§orce

We introduce the artificial stresse?k, which are defined according to Eq. (3.28) as

~(B) ()
(90'yk B (’30'yk

% e = f ds;-yknk. (3.29)

The artificial stresses;, formally substitute the jump conditions of the strains and stresses at the
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interface, and we yield their representations in terms of the elastic strainsifaterlet the area
of integration shrink to a interface-parallel strip of infinitesimal width and flerigs, we obtain

As[(&(yﬁ’k) TN = As og . (3.30)
In general, for componemtwe obtain
(O'IK - O-|k )I’]k = oy Nk (3.31)

By Eg. (3.31), we obtained the definition of the artificial force densify= o, nk. We could also
have obtainedr; since the stresses, are determined byfj = Cijk &I, thus

E v
o = 1y (Gik t 15, 2V5ik€ik)- (3.32)

Here the tensot;jy is the elasticity tensor.

The expressions for the artificial forces complete the reformulation of ithielgan, which is
now independent aF®)x andu®*. Now, we can calculate the representationsie?' = F&' — Fe'
as

N E
O0F = oppun u@ + Oorler + ZO'nTUS:-) SH(E‘?‘I‘ + €25+ 2verskrr). (3.33)

Since the calculation for equation (3.33) is lengthy, it is given in detail in tipeagix A.3. As
we need to expres#=¢' on the interface in Eq. (3.19), the index) for the straimi(lf) means here
that we take the strain in phase)( at6ii from the interface and leii — 0. Token altogether,
reformulating the problem for, and ui(lf) effectively reduces the elastic problem to the solution
of the elastic equations in one phase, and the displacanfﬁ’énan be represented by the standard
Green's tensor [74] as

u® = f d<gi(r - r')FL(r), (3.34)
where the Green'’s tensor for the elastic isotropic medium in plane strain]is [49

gik(r.r’) = (ning = (3 = 4)sikIn(IF = 71))). (3.35)

1+v
4r(1-v)E
By nink, we denote X — x)(Xk — X)/IIF = 7|12, and Fi(r) is the force surface density, defined as

F(r) = o, k. The contraction of the strain tensor and the stress tensor in Eq. (3.38u&imt
under coordinate transformations, and we denote the contraction inieartesrdinates to obtain

SFel = o-lku(“)

E
0.5 > (€% + €2+ 2verserr), (3.36)
-y

wherei, k = x,y. Here, the stralns(“) in Eq. (3.33) are eliminated by

(a) fds,(agmk a?(|k) Fe, (3.37)
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which in a less compact formulation reads as

1+v

Um= ———
™ 4n(1-v)E

F
a8 T utrZm = xX) = x50~ (1= 20) 6+ i)
The integralfds’ is prescribed along the moving interface. Ités= (x — X),(y = y), r =
(x—Xx) + (y - ¥))¥2 is the distance between point of observation and point of integration. We
reached a good point for a brief summary of our proceeding up to here.

Summary: Elimination of the Nonlocal Elastic Fields In the beginning of this subsection
we stressed that we need to expréBsin terms of the interfacg(x) which we will find. We
introduced the modified free energi§§,ﬂ, which depend on the canonical variables that appear
due to the mechanical equilibrium.

The jump conditions Egs. (3.22) to (3.24) which result from the mechanigalilerium let us
eliminate theB-phase strains and stresses, and we can define artificial stressbseffbatively
substitute the lattice strains. These artificial stresses are defined in ERB), gh8 the resulting
expression fosF® only contains the artificial stressef and the straing@ - which we eliminate
by the elastic Green’s tensor, Eq. (3.38). Concluding, this part yieldedh&al part of the
expression oBF® in terms of &, y(x)), which is required for the closed representation of the
entire problem.

Local Contributions for ~ 6F®

The remaining contribution t6F¢' can be separated into a constant and a remaining local depend-
ing part as

1 Eé? _ __ 1 Eé

2
3= vz)( + €55+ 2veyyerr) — EmB(Y) (3.38)

6Flocal
Here we define auxiliary functions

B
A

A? + 2Ay + 2vAe;, (3.39)
NJ(6xx — &) — 2Nyyexy, (3.40)

where byny, ny we denote the components of the surface normal at the point of observatt.
(3.38) we introducedix = €k/€, Wwheree < 1 is the order of magnitude of the lattice strains. The
definition of functionB(X) shows thaB — 0 wheny — —oo, and since the nonlocal contribution
~ afkui(f) also vanishes in that limisF¢' asymptotically yields

1 1 E

(5FEI = ( + 6222+ 2vezer) = _2 (l

local = 75 (1 y2) T V2) W (e + Ezz + 2veyyezs) (3.41)

wheny — —co. This provides the appropriate measure for the strength of the elasttseffea
dimensionless notation

l TeqCpEZ E

Aot = = —F0 =
4T 20912

(€3 + €22+ 2veyyezs)- (3.42)
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Eq. (3.42) thus completes the definition of the shifted undercodliﬁgA—Ae|. By Ag we denote
the asymptotic shift of the transition temperature due to the lattice strains, the biadécesis.

TeCp0F®  TecCp () 1 TeCpE€®

1z -z Tk T2 o,9) B(X) — Ael. (3.43)

Now we can subsume the results from this and the previous section to obtaomtipéete formu-
lation in all necessary detail, which leads to the next section.

3.2.3 Solution of the Coupled Elasto-Diffusional Problem

In the previous subsections, we have derived the necessaryaetatisns of the distinct contribu-
tions to consider the problem in its entire complexity, namely Eqgs. (3.19) arg)(JFdmperature

field and strain fields have been eliminated by application of Green’s funtg@mique. The

obtained equation,

de  Tep | . @ EEBX)
R L2 |TikUik 2(1-1?)

= 2 [ ax expbpy0 - YO TKa(pr( ). (3.49)
can be further simplified, as we discuss now. In many real situations, tetP@mber takes

values in the range of 0.01 to 0.1, thus it is appropriate to consider the limitiegocasl. Then,
the Peclet number behaves approximately as

AZ

and we can approximate the kernel on the r.h.s. of Eq. (3.44) as [1]

‘M
2

1 1
2, EXPE=P(Y(x) = Y(XDIKo(pr(x. X)) — -~ Iog‘ ; (3.46)
wheren(x, X') is the distance between point of observation and point of integratiothdtuarore,

we substituteA by its integral representation,

A= 7£T’f dx |- |ogH—p’7'V(2X’ X) ] (3.47)
where the Ivantsov solution sefg (X, X') as
2 w2 2\
mv(% X) = [(x ~X)% + (_E + 7) ] : (3.48)

The aforementioned approximations let us represent Eq. (3.44) degemuy onAg/p. This
dependence is plain to see when we divideptand defined = 2(1-v?)/(E€*(€], + €2,+ 2veyyer7)).
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We then obtain

Ae | o @ E€e*B(X
— O'K+?(D|:O'ikuik —m

= —}f dx log
T J-co

We have introduced the solvability parametes d/pRhere. Knowing the applied undercooling
A and the elastic hysteresig,, it is the missing information to determine the desired quantities of
the interface. Specifically, the velocity is determined as

vd 2

S = oAt (3.50)
T

1/2
(x=X) + (y(x)z— y(i’)ﬂ , (3.49)
(X=Xx)2+ (—X? + %)

and the radius of the asymptotically matching Ivantsov paraRels

R_zx (3.51)

We now formulate our expectations concerning the solvability of the problernthowt the
elastic contribution, we would deal with dendritic growth with isotropic surf@esion. In the
considered geometry, a smooth tip is prescribed. Consequently, the effestis kead to a new
solvability mechanism if we observe a solvability parametevhich does not vanish as the open-
ing anglep — 0. Here we define the angfeas shown in Fig. 3.4.

Figure 3.4: The opening angleis defined such that a smooth tip corresponds te 0, for the
shown shape < 0.

We will see that in the case of pure shear or dilatational eigenstrain, thie sitygtal growth
will not exhibit a new selection mechanism due to the elastic effects. Soluti@stoaly for finite
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slopes at the tip, and fat — 0, we observer(A¢/p) — 0. The combination of dilatational
and shear strain, however, shows a new selection mechanism. Herelyvtiglgy parameter also
exhibits a strongly combination-dependent behaviour. Specifically, tdtsendicate that the
relative orientation of the lattice strains to the growth direction determines if iharselection or
not. The detailed description of the distinct configurations begins with the tiltlaéd eigenstrain.

3.2.4 Dilatational Eigenstrain

Dilatational eigenstrain is the simplest elastic configuration to consider. Weedbé pure dilata-
tion lattice strain in the onsetting phag® &s

GiCl'( = €0ik- (3.52)

This lattice strain provides the possibility for comprehensive comparisomalf/ic and nu-
merical results. Specifically, we show the absence of a selection by ar@ysalerations which
we also support numerically. These analytic predictions base on an grdldgatational lattice
strains and the inhomogeneous heating of a body.

Analytic Prediction: Absence of Solutions for Pure Dilatational Lat tice Strain

We start from the equilibrium condition for a inhomogeneously heated lydesn as [49]

0~ ook B Ea g N Ev c'ﬂ E % (3.53)
oo\ 31-2v)0% (L+n(AL-2v)0x (L+v) ox )’ '
which is equal to
3(1-v) 3(1-2v) B
) v (V) 2(1+V)V><V><U_CNT. (3.54)

Since the strain tensor is symmetric, it hoMs< G = 0. The coefficient of thermal expansion
a = U /(T —Tp) is defined as the ratio of volume change (Einstein sum convention) aededitfe
betweenT, the applied temperature, ailg, the temperature where no expansion due to heating
occurs. The remaining representation of Eq. (3.54) reads as
1

vva) = 22 9T, (3.55)
31-v
The analogy between the expansion due to heating and the constant distiti@mstrain means
that we substitute = ¢, /(T —To) for phasef) and consider this ratio a constant for the subsequent
integration of

a(l+v) 1

AL S S e

VT. (3.56)

This ratiog /(T —Tp) is constant in each phase, but more specifically it is the same in both phases
In the image of the heated body, we have just two areas which are heatffdrent temperatures,
such that we can better understand thét really the same in both phases. This sounds trivial, but
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this point is crucial for the analogy.
To avoid a division by zero, one has to define a finite heating also in phaseofresponding
to a lattice strain ind). This is no problem as only the difference of the eigenstraing)iauid (3)
sets the effective lattice strain of the transition. Consequently, we may cotiducalculation we
do for (8) also for @). Now, we integrate the equation in x-direction from infinity to a point lying
in the onsetting phase X{B) and assume the considered part of the interface to be parallel to the
y-axis, see Fig. 3.5.

x(5) a(l+v) 1 x(6)
f dxox(VO) = §(1— V)T——To L dxouT. (3.57)

(o)

'

B a

> X

X (B)

X (@) e

Figure 3.5: The integration paths f¥id in phasesy, 3. We integrate fronx — oo to X(e) and
X(B), respectively.

We set the constant offset temperatiige= O and take the analogue integration for thphase
to a pointX(«a), see also Fig. 3.5, we obtain

Vi - egig (3.58)

vi® = 0.

The analogy between heating expansion and dilatational lattice strain thgs tyieldivergence
of the displacement field in both phases. We can simplify the representatiéf§ fow, from Eq.
(3.36),

E
—2

SFe = o-fkui(lf) - 0.51 (€2 + €2, + 2versrr), (3.59)
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we obtain, witheyx = dike,

SFe = _E (u§f§<)+u

-2 -+ 6222+ 2ve, 7). (3.60)

We recall that we assume a plain strain situation, tipds= 0, so the left part on the r.h.s. of
Eq. (3.60) equals zero. The remaining difference of the elastic contrilsubioiihe modified free
energyreads as

Ee?
11—y

SFe = ( + ezz"‘ Ve 6:1) = (3.61)
Here, we applied the transformation of Eq. (3.60) to cartesian coord;jisaesq. (3.39).

Finally, we yield the dimensionless notationd®' as

6Fel = — .
T T a2

(3.62)

Eq. (3.62) shows the constant valueséf', due to which we can map the problem to classical
dendritic growth with isotropic surface tension. The entire effeciiff is a constant shift of
the applied undercooling. This consideration solves the complete elasto-diffusional problem,
as it is known from classical dendritic growth [18] that isotropic surfergsion prevents any
physical solutions, i.e. those which exhibit smooth tips. Concluding, wetedm that we obtain
the absence of physical solutions, i.e. solutions with 0, by means of analytic considerations.

Numerical Results

The question arises in which sense we can obtain reasonable numesigdés te support the
predicted absence of solutions with= 0. The appropriate method is the calculation of the
solvability parametet(Agl/ p, ¢) depending on the opening angle We mention that here and
also for all numerical simulations in other lattice configurations, the modulussti@ty iSE = 1
and the Poisson ratio= 1/3.

With Eq. (3.62) in mind, we know that the term in Eq. (3.49), which enters widigotor
Ael/ P, Vanishes. The required coincidence of the taken valuesfof arbitraryAg/ p is obtained
numerically. In Fig. 3.6, this is shown exemplarily fag/p = 0 andAe/p = 1. Obviously, we
obtain the expected absence of physical solutions, as for arbitiggly, the solvability parameter
o vanishes ag — 0.
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¢

Figure 3.6: The solvability parametervanishes ag a~pproaches 0. Her,/p = 1andAg/p=0
show the same result, as required - SifE&' ~ Ag), EqQ. 3.49 is independent o,/ p.

3.2.5 Pure Shear Eigenstrain

We return to Fig. 3.2, where the symmetry change due to the transition is illustratedan-
gle which defines the orientation between old and new symmetry @xiskes the valueg =
0,+2r/3. For¢ = 0, we consider the development of a single crystal with shear strain.e€ons
quently, the concerning strain can be represented by the eigenstrain tens

- 00
€ = [ 0 €O ] (3.63)
0O 0O

In contrast to the aforementioned dilatational eigenstfeﬁﬁ',does not approache on the entire
boundary. A comprising analytic prediction of the solution is thus not at hAsdor dilatation,
we perform numerical calculations to consider the dependeneeaf the opening angle. We
find absence of selection for shear lattice strain, i.e. the solvability parametgproaches 0 as
¢ — 0, see Fig. 3.7.

Besides the absence of selection for dilatation, we also see that shear datiios do not
operate as selection mechanism. Although both fundamental modes of diboreha not lead
to selection, we shall see in the next section that their superposition exhibés &election
mechanism.

The reliability of our results is strongly supported by the various checksamelucted. The
discontinuities of the elastic fields given in Egs. (3.22) to (3.24) could berduteas well as
Teqcpdlfe'/ L2 — A for x — co. The latter also allows to evaluate the length cutoff as reason-
able, which is as well indicated by the parabolic approximation of our solutienebtain. As
Teqcpélfe'/L2 — Ag andx — 0 asymptotically, the solution in that region must be close to the
Ivantsov solutiony;, = —x?/2. The parabolas by which we match the tail region of the interface
exhibit a coefficient of the quadratic term close-tty 2, as required. The numerical stability of the
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Figure 3.7: The solvability parameter vanishes as the opening angleapproaches 0. Here
Ael/p = 1 andAe/p = 0 are compared. Obviously, the non-constant padFet
in this case also suppresses selection.

results versus reasonable modifications of the numerical parameters statddl for grid resolu-
tions which can vary up to an order of magnitude, and approximatly the sdaefbothe system
length.

3.2.6 Superposition of Pure Shear and Dilatational Eigenstrain

We discuss the occurence of a solvability mechanism due to a superposgiénsteain. Here
superposition eigenstrain means an eigenstgimhich is expressed as combination of pure shear
and pure dilatational eigenstrain such that

€ = ney = (L—n)ey. (3.64)

The mixing parametey yields a continuous mixing from pure shear eigenstraig, 0 to pure
dilatation eigenstraim = 1, aty = 1/2 yielding the same weight of both eigenstrain types. The
change of sign in Eq. (3.64) corresponds to a rotation of the growthtidineelative to the lattice
strain bys/2. It turns out that this relative orientatios(or €, ) determines whether there is
selection or not. The occurence of selection is already surprising, agplaeate modes of shear
and dilatational strain could not exhibit new selection mechanisms. The i@gi@d our attention
corresponds te, , which reads as

€ 0 0
[ 0 e2n-1) O ] (3.65)
0 0 ne

We will first consider the behaviour of(Ag/ p) for different fixedn before we turn to fixed/ p
and varyn. The latter yields which lattice deformations lead to the fastest transitions,iga
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dimensionless velocity; ~ op?.

When we have a look at Fig. 3.8, we recognize the magnitude of the solvaliligyneter we
calculated. At least fop = 0.3 andn = 0.5, we obtain values which are much larger than the
values which occur in classical dendritic growth. The resulting velocitiale siroportional tar,
(3.50) thus the transformations proceed much faster.

10
r] = 0 . 1 — ‘\’\’\ ‘\o"
| n:03 ............. “""\
8 N=0.5 wwwmmmes
6 | o »* “‘\‘\
* e
b o* -* ’
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Figure 3.8: The solvability parametefA¢/p) for varying mixing of dilatational and pure shear
eigenstrain. Increasing of the mixing parameter up to roughly symmetric mixing
leads to increasing growth velocities,@gan be interpreted as dimensionless growth
velocity.

The dependence of the selection on the mixing parameter is investigatag fpr= 1. The
results in Fig. 3.9 show a maximumatr 0.4. When we obtaimg for this configuration,

TeqcpezE ((277 — 172+ %+ 2vp(2n - 1))
o= 2(1-2)L2 :

(3.66)

we seeitis minimal af* = 7/19 ~ 0.37, for the Poisson ratio we choose: 1/3. Asymptotically,
the elastic hysteris thus leads to the smallest shift of the applied undercamlipe:fp*. Though
the position of the maximum in Fig. 3.9 and the minimal asymptotic hysteresis are itlase,
unclear if it is this effect which dominates the position of the maximum. The needtopun which
comes up concerns the stability of the found solutions - as the method we @nplgtg/ield the
dynamics of the system, we refer to calculations performed with phase fidddogaVlichael Fleck
in our group.

Comparison of Green’s Function Method and Phase Field Method The comparison
requires some introductory words. Subject of investigation of the phelseapproach was the
growth of a finger in a channel. It is well-known that this geometry in solidificaexhibits
selection different to that in free growth [45], but the comparison cameasonable under certain
restrictions. The geometry of the channel is shown in Fig. 3.10, and Wiebsiedly define the
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Figure 3.9: The solvability parameter depending on the mixing parameterfor Ae/p = 1.
Roughly at symmetric mixing, the maximum of the solvability parameter is found.

necessary quantities here. The presence of walls in the system intscmlnegv length scale, the
system widthw, and the relative width of the finger in its tail region is labelhked

The boundary conditions on the walls include thermal insulatdgn, = 0, and constant dis-
placementsi, = O, uy = 0. The latter means that far ahead of the tip in phasthe system is
elastically relaxed. In that region, the temperature is the applied undemgaglvhich we defined
for the free geometry. We skip a more detailed description of this system, aifférences to
the free geometry explained up to here suffice to understand the assumpdifications for the
channel geometry we discuss in the following. These simplifications aréreegio allow the
comparison of both geometries. Basically, the phase field simulations haietitessymmetrized
systems as we do, meaning equal thermal and elastic properties in botk.phatbermore, the
ratio of finger width to channel width], must be sufficiently small, as the propagating finger
exhibits a less strong recognition’ of the walls when they are appreciabigrd. With this re-
strictions in mind, we consider the outcome of both methods in Fig. 3.11. Obviousljind
good agreement when we focus on the regime of sma$ince the phase field method showed
stable behaviour in that regime, we can assume that the solutions we foaraitektable.



Chapter 3. Phase Transitions Limited by Thermal Diffusion in Presencattité Strains 53

A
A

Figure 3.10: Sketch of the channel system geometry. The system hasWidtid is infinitely
long. The finger is wide agW in its tail region, thus the ratio of finger width to
channel width is simplyl. Theg phase grows at expense of phase y-direction.

3.2.7 Special Case of Eigenstrains with Vanishing Elastic Hyst eresis

Among all eigenstrain configurations which we discussed before, tlsemee of the elastic hys-
teresis, represented hyg, reduced the applied driving force to the effective driving force

A = A - Aq. If we allow the possibility of a free orientation of the growing shape, we see
that for a rotation off = 45°, see Fig. 3.2 for the definition &, we can consider a single crystal
with a corresponding eigenstrain tensor

010
k=€ 1 0 0],
0 0O

which givesA¢ = 0. Obviously, if it existed, this configuration would be energetically prefer
ential. Results of phase-field simulations [83, 85, 86, 84] also suggestatolsfor steady-state
solutions in the case af = 45°. The observed growing phases within these simulations seem
to show qualitative agreement with our predicted steady-state solutionsevdgwhese results
emanate from simulations pertaining to models which include different featfiggastic interac-
tions. For instance, the simulated system contains several growing nee@plaad incorporates
elastic interaction between those. Also, we cannot judge whether and bashdlvn phase field
results are relaxed up to the decay of oscillations, i.e. if steady-state isneadtlyed. Apart from

this question of comparability to other results, the question arises if we caideorthis system
without dropping our assumptions concerning the symmetry of the shape.

Dropping Symmetry at Vanishing Elastic Hysteresis At first glance, the symmetry as-

sumption concerning the interface shape appears to be dropped fogfihi$ solution. When we
consider the elastic forces due to the eigenstrains,

fFde = 9§afknkds, (3.67)
\Y ov
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O Channel growth
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Figure 3.11: Comparison of free growth and channel growth. The dioess growth velocity
is plotted versusl, the superposition of dilatation and shear is symmeirie, 0.5.
The elastic hysteresis is setAg, = 0.05. By critical fractionici; the minimum value
of A for positive velocities is labelled.

their y-component switches sign when we switch the point of observatomdne side along the
growth direction onto the other side:

E
Fsdv = — d 3.68

hereny changes sign from one side to the other. However, the closed refaésenvhich defines
the solution of the problem reads as

%+Teqcp[ ¢ (@) EGZB(Y)]

A - R L2 Tik Uik T 2(1-?)

= [ ax explpy) - Y NIKo(Pr(x X)), (3.69)

thus we have to consider the te[n‘fkui(l‘(’) — (E€?B(X))/2(1 - vz)]. For the local part, the definition

of B(X) in Eq. (3.39) show thaB ~ nﬁnﬁ, which is symmetric, and for the nonlocal parbfkui(lf)
we perform an asymptotic estimation. The only nonvanishing term for the sfisducase is
axyugg,), so we calculate the straln&‘f,) for two lines parallel to the y-axis from 0 teco, which
represent the asymptotic interface. The lines argY) and (1y), the point of observation is
(%,0). The resulting formal solution of the straiq(g) reads as

(@ _ _ € 1
= 47r(1—V)fd§|r—rV|4><

(20¢= XYy = Y)(Fx(x = X) + fy(y = y)) + (1 = 2)IP = P P(Fely = ¥) + Fy(x = X)),
R (3.70)

Ee
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We substitute the expressions for the normalss -y (X)/ V(1 + (y'(X))?), ny = 1/ /(1 + (' (¥)?),
yielding

&) = | O o (26 DY (=201 - FR-1)| ey

m[L d(_y)lr*— 2 20+ DY )Y + (@ - 2P -7 2(—(x + ))|-

The obtained integrals belong to the standard cases

fdx# = %) arCtan% (372)
X2 —X l
(p* + %) 2(x= + p) p’

where on the left boundary, represented by the lirk ), itis p = x — 1, and the right boundary
(1,y) corresponds t@ = x + 1. With arctank) — +7/2 when X — oo, we arrive at

(@@ _ € (v b ~ a
Uy = 471_(1__ ) (x 1)(b2 +(X—12 a2+ (x— 17 )] (3.74)
2(1-v)e b a
Sy - arctar(XTl) - arctar(m)} (3.75)
€ a b
2(1-v)e

, (3.77)

arctar( a ) arctal b
X+1 X+1

herea — —co andb — oo are the ranges of integration. The resulting behaviow(j@rdepending
on whether the point of observation is in the new phades x < 1, or not, is given by

)

1

Wy - —o(m-m=e | M<1 (3.76)
1

U 5 ——(r-m)=0 | IX>1

Concluding, Eqgs. (3.78) show that the relevant strain fi(]%j‘él is symmetric - in conjunction
with the symmetry of the local contributions €', we do not drop the assumption of a shape
symmetric along the growth direction. We may apply the implementation of the systeiin wé
used up to here - and that effectively only requires the computation ofghiehalf of the shape.

Numerical Solution and Discussion Again, we focus on the most relevant regimepok
1, and the most convenient notation of the problem reads as

1
—OK + a(u_()g,) ~5

B(_*)V):_}wadm [(x X)2+ 69 — y<)? |

(x=x)2+ (X + X°)2
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Whereu‘fg,) = ugg’,)/e, the quantitya = (TeqcpEez)/(pLz(l + v)) is the measure for the ratio of
the strength of the elastic effects and the driving force. As betere, d/pRis the solvability
parameter. The numerical results for the integro-differential equationeimntnoduced case of
¥ = n/4 suggest the absence of steady-state solutions, as one can takegr@mi E.

0.5

04 r

03 r

02 r

0.1

0 0.05 0.1 0.15 0.2
o

Figure 3.12: The solvability parametefa) for ¢ = n/4 and¢ = 22°. The elastic effects reduce
the solvability parameter, indicating absence of a physical solution for atkrtipo

Though a continuation of the decreasing behaviour-@f) to o — 0 could not be resolved
numerically, the occurence of accretive elastic effects seems to inhibéttslity here. The shown
plot, for an opening angle of = 22°, is part of an appropriate procedure for the determination of
the sovability; The boundary condition of vanishing slope at the tip is relexede whether one
finds the necessary - meaning that/da > 0 - behaviour of the system concerning the presence
of a selection mechanism. In such case, one would incredsea certain level and then see if
o remains finite ag — 0. However, as here both(¢),, ando (), 4 are decreasing functions,
absence of a selection mechanism is likely.
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3.2.8 Conclusion

We introduced a model for solid-solid transitions limited by diffusion of the labewat set free at
the moving interface and influenced by the lattice strains in the onsetting phlaseoccurence
of the elastic aspect of the transition appears to massively complicate tHermprddowever, we
introduce simplifying assumptions which allow to set up a closed representdtitve moving
boundary problem. Specifically, the elastic problem is assumed to be statie timé&scale of the
thermal problem. Consequently, the elastic-diffusional problem dec®upléo the local equilib-
rium, where the interface temperature is shifted due to the lattice strains andbthee Thomson
effect. Furthermore, the elastic aspect is simplified as we assume isotrapistpéan. In addi-
tion, both phases shall exhibit the same elastic constants and diffusic@amisngn conjunction,
this novel ansatz yields a closed formulation of the elastic-diffusional bendary problem,
which states an integro-differential equation. The variety of lattice stragndigcuss here corre-
sponds to an onsetting single crystal structure, which has the advantegeude the selection
due to a triple junction. For the solution of this nontrivial equation, we distirgthisee cases,
corresponding to the lattice strains configurations in the creating phase.

In the case of dilatational lattice strain, we could solve the problem analytically found
an analogy to the expansion of an inhomogeneously heated body andtiidsyap the prob-
lem to classical dendritic growth, where it is known that isotropic surfacsida does not yield
physical solutions. This prediction is supported by the outcome of the nuehanestigations
we performed. Dilatational lattice strain does not operate as selection nimoharfree elastic-
diffusional growth with isotropic surface tension. The numerical invegtiga about shear lattice
strain also exhibited the absence of selection. There is no mapping at heladdizal dendritic
growth yet, but the successful tests we conducted for the numericalstajest the correctness
of our results.

The most interesting mode of lattice deformation is the superposition of dilatatodashear
eigenstrain. Here we found that the elastic effects due to the lattice straindigre a selection
mechanism - provided there is a certain orientation of the growth directiotiveeta the lattice
strains. The magnitude of the solvability parameter indicates that the transitmsityef the
corresponding transformations are much higher than in classical deigdoitith. The comparison
with phase field simulations showed that the found solutions are dynamicallg.stab

Apart from this discrimination by fundamental types of lattice strain, we alsnemically in-
vestigated the specific case of vanishing elastic hysteresis. Obviously,dreenergetically pref-
erential mode of transition, it deserves specific consideration. We fihdhthaecessary rotation
does not break our symmetry assumptions, but the conducted calculatimaeérthat there is no
corresponding steady-state solution.
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3.3 Bicrystal Diffusional Solid-Solid Transition in Presence of
Lattice Strains

The model we stated in the previous section concerned single crystahgrimthis section, we
explain an extension to transitions which develop into a bicrystal geometishdwsn in [17], the
bicrystal is more likely to be observed than the single crystal since the géieeoénergydue to
the transition is larger. This renders the bicrystal geometry a very pronsainjgct to consider.

We assume that the various symmetry assumptions we imposed in the single gegstedtry
are also satisfied here. The choice of the lattice strains again corresimof3l] as well. In the
bicrystal geometry, the presence of the triple junction leads to a perturbdtioh already leads to
a selection with isotropic surface tension, as was shown in [16] and bdisfiyssed in subsection
2.4.2. The influence of the elastic effects on a present selection is arstirigreubject, but first
we want to investigate if elastic effects lead to a selection without the effeébedfiple junction.
Both regimes will be covered in the subsequent part of this section.

For that purpose, we distinguish between nearly equal interfaceiesggg~ y, and the case
vp < 7. Here we denote the twin boundary surface energydmnd the interface surface energy
by y. We consider a smooth tip fo, < y and a finite slope fof, ~ y. The smooth tip will
reveal the selection due to elastic effects in case of vanishing influerthe tiple junction, the
configuration with finite slope will show the interaction of selection by the tripletion and the
elastic effects.

We express our expectations concerning the occurence of seleatithre foicrystal geometry.
A new selection mechanism in the bicrystal geometry due to the elastic effectsdntateve find
solvability, i.e.o- # 0, when we consider a 'weak’ triple junctiop, < v, meaning a smooth tip.
Here the solvability parameteris defined the same way as in the single crystal geometry. Briefly
said, the shear eigenstrain will exhibit a new selection mechanism, as wedlméddd eigenstrain
configuration which combines dilatational and shear eigenstrain. Additidhalynfluence of the
triple junction will exhibit probably unstable solution branches of the solvalpltsameter.

Subsection 3.3.1 starts with a short description of the system, where we concentrate on th
changes in the model due to the bicrystal growth mode. This provides tlesszy represen-
tations to state the closed formulation of the problem. For the specific lattice eatfans,
subsection 3.3.2 contains the investigations on the shear lattice strainsiasgction 3.3.3 the
superposition of shear and dilatation. Furthermeubsection 3.3.4 will describe the model and
results we obtained for the limit of zero velocity of the transition.

3.3.1 Brief Derivation of the Problem

We give a compact derivation of the considered equation, with focus@magpects which are
new compared to the formulation of the problem in a single crystal geometitywas described
in the previous section. We apply the Green'’s function method to obtain duatievoequation
for the interface. For this purpose, we find the integral representasfcthe thermal fieldv and
the difference of the elastic contributions of the free energydensiii€d, The derivation of the
integral representation of the thermal field is described in the previoti®sesee subsection
3.2.1, and only a brief review is given here. But we discuss in detail taegds in the derivation
of 6F€!, the elastic part of the difference of the modified free energies in botkeghé.ike in the
previous section, we start with the diffusional aspect of the problem.diffusion equation in a
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co-moving frame of reference located at the tip of the transition interfemsre dimensionless
notation as

2
w_,

VW+ —— =0,
Ip oy

(3.79)

wherelp = 2D/v defines the diffusion length with thermal diffusion constarandv the constant
growth velocity. We define the temperature field
T-Te
L

whereT,, is the applied temperature far away from the interface in the referense pBgA we
label the undercooling,

W = Cp

Teq— Teo
A=cp—————,

PTTL
it denotes the control temperature of the process, whgjes the equilibrium transition temper-
ature without elastic hysteresis and Gibbs-Thomson effect. The latenpéeanit volume i
and the heat capacity ¢». The Stefan condition of the moving boundary problem is given by the
conservation of heat,

vn = —Dri(Vw, — Vwg) (3.80)

int *

Herewvy is the normal component of the interface velocity, and the normal vagiomts into the
reference phaser]. By the index|int we indicate that the difference of the gradients has to be
taken at the interface. Local equilibrium includes the Gibbs-Thomsonittmménd the elastic
contribution to the difference of the modified free energy densi& such that

TecCo =
Wing = A — de + %C'O(SF‘*'. (3.81)

Here, we rescaled all lengths by the tip radius of curvaRjr@nd by

Teq?’
P L2 b

d=c

we introduce the capillarity length, wheyes the surface tension ardhe curvature. The effect

of the bicrystal geometry, apart from the presence of the triple junctigpeas in the explicit
representation ofF€, and like in section 3.2.2, we assume a symmetric elastic model. This
means that the elastic constaits’ are identical in both phases. Furthermore, we separate the
eigenstrain in both phases as

50 = g0 4 g0, (3.82)

where

_V Vaikeﬁ‘)) (3.83)

A=
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is the stress related to the eigenstrains, af;?dis”the eigenstrain-independent stress. Bgnd

v we denote the elastic modulus and the Poisson ratio,byr, 8 we indicate the phase. Now,
in terms Of":i(||<)' satisfying the mechanical equilibrium requires the definition of artificial€orc
densitiesF on the interface. This ansatz was introduced in detail in section 3.2.2 far the
interface. Here we explain the outcome of this ansatz for the bicrystal dgpomseecifically for
the twin boundary.

Elastic Effects of the Twin Boundary

Figure 3.13: The bicyrstal grows on expense of phadevith constant velocitys parallel to the
y-axis. The Twin phase®) and {3') differ by the orientation of the eigenstrains,
whered = 2r/3 in phases andd = —2r/3 in phases’. The angle? is illustrated in
Fig. 3.2. The twin boundar¥win is placed on the negative part of the y-axis,dy
we denote the opening angle, heére: 0 defines a smooth tip. Young'’s law fixes the
opening angle as sih= yp/2y.

The growth of a bicrystal extends the integral representation of the stogiterms from the
twin boundary. These artificial stresses come from the different otientaf the eigenstrains in
the twin phases, as it is shown in the following calculation. Additional to Eq2]3\8e obtain

—aa—i(f) =0 3.84

for bicrystal growth. Thus, from the condition of mechanical equilibriumtive twin interface,
we obtain artificial forces as we did for the ¢ 8) boundary in the single crystal geometry.
Considering the y-component exemplarily, the mechanical equlibrium yieldsdy-component

f dy[oy) - ol | nx = 0, (3.85)

sinceny = 0 along the twin boundary. The representation of the elastostatic Eqs) (8.82akes
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the form
(6% - %) = Fy. (3.86)
Explicitly, we obtain
E
Fy = 1+ v2€xy, (3.87)

the analogue consideration f&x givesFx = 0. As the coordinate system is chosen such that
the twin boundary is located on the negative part ofyaxis, the expressions for the additional
contributions to the strains simplify and can be calculated by hand. The addlitmegrand for
the strainuyy along the twin boundar¥/in reads as

Liwin _ 1+V

YMax 1 5 5
uXX = mﬁ r—4FyY(Y —X )dy (388)

Here, analyticallyyyax — —oco and we denote b)X = x— X', by Y = y —y'. We obtain
2X2 Y—Ymax

v In||Y? + x| . (3.89)
y

. 1 1+v
l—‘IWIH
Uyl = —ZF
> 2 Yan(1-v)E

We see that the effect of the twin boundary can be treatet comfortably avitk simple integrals.
Like for ui¥n, we also obtain the additional term in the integral representatiog,0tWe write:

_ 1+v Ymax 1
Ltwin 2 2 2
= FyY[(X*-Y9)-2(1-2 d 3.90

and by the same procedure astiQf, we obtain that

W = 2 Y a1 v)E Y2+ 2 '
For the twin boundary contribution i, we see that
. 1+v Ywax 1
Ftwm 2 2
L ZFEX[2Y? + (1-2 .92
oy 477(1—V)Ef0 SRRV + (1 29r2]dy (3.92)
gives
i = B 10 20 Ak YY) — Aa(x Y, Y[ (3.93)
WS Y a1 —v)E REGATRE A |

where the functiong\y(x,y, y’) andAx(X,y, y’) are defined as

A(X,Y,Y) = arctar(y _xy, ) (3.94)
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and
y-y
A =X ————|. 3.95
Z(X’ Y, y,) X((y_ y,)z 4 X2) ( )
Egs. (3.89) to (3.95) state the additional contributions in the integral repiesons of the strains,
which we recall to be
Ui = f ds (é’gmk a?('k) . (3.96)
Consequently, the representatiorsé®' as functional of the interface,
SE® = [ celd 5 (1 )( e+ zveT,ezz)] (% Y(X), (3.97)

is now completely defined for the bicrystal geometry in the desired way.

Closed Formulation
Supported with the definition of the difference of the chemical potefigl we obtain the closed

formulation in this part. In Eq. (3.81), the thermal field is substituted by its Gsdanction
integral representation, see section 2.4.1 for a detailed discussion, as

W(X) = Zf dXg(r,F)
DJ o
where
- 1 1 1 ,
9, 7) = - exp|l ==y = Y) | Ko[=n(x X)],
2n Ip Ip
is the free space Green'’s function for (3.79), #ds a modified Bessel function. Bywe label

the distance of the pointé— X, n = ||[X— X/||. Here the diffusion lengthy relates to the Peclet
numberp and the RadiuR as

|

p=1 (3.98)

w)

We remember thaR is the tip radius of curvature of the Ivantsov parabola which is asymptotically
matched by the solutions which we obtain. The Peclet number itself is implicitly detedrbin
the dimensionless shifted undercoolit@s

A = (pn)Y2 exp(p)er fo(p*/?), (3.99)

where the shifted undercooling is defineddas A — A Here, byA we denote the dimensionless
undercooling as it is known from free dendritic growth without elasticaffedefined by Eq.
(3.80). ByAg we denote the dimensionless asymptotic shift of the equilibrium temperature due to
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the elastic effects, defined as

Ao = = —3P—
4T 2@ )2

(e)%y + 6222 + 2veyyers). (3.100)

In an experimental setup, one would Jet, which fixes the undercooling. Then, the elas-
tic effects lead to a shifted, which isA, and which we could measure on the interface in the
asymptotic regiofx] — oo, where the curvature — 0, andsF¢ — Ae|L2/Teqcp. For the closed
dimensionless representation of equations (3.81) and (3.97) we obtain

dK TeqCp6F~e|

A_
R L2

= 2 [ axexpl-py00 - yOMKo(pa(x ¥, (3.101)
where we rescaled all lengths by the tip radius of curvaRirén the relevant regime of small
undercoolings, when the approximation for the Peclet relation and theHasstion, see Eqs.
(3.45) and (3.46), are legitimate, we obtain

Ae | o @ E€e*B(X
—_ _(I) U R
oK+ P |:O-Ik ik 2(1_ V2)

= —}f dx log
T J-o

The functionB(X) = B(ny, ny) is defined in Eq. (3.39). By = €k/ek We set the magnitude of
the eigenstrains. We have introduced= 2(1 - v?)/(E€(e}, + €, + 2veyyez7)) and the solvability
parameter- = d/pRhere. Together with the Peclet numipesind the material properties,is the
missing information to determine the desired quantities of the interface. As thealipation by
p already indicates, the solvability parameter depends on the ratio of the elasiedsis and the
Peclet number in the regime of small

In the following subsections, we only discuss shear and superposifishear and dilatational
lattice strains. The dilatational lattice strains can be mapped to other problem=ealethat in
section 3.2.4, the contribution of the elastic effects reduced to a consittiof she undercooling.
In the corresponding calculation, the consideration of the bicrystal gepai@es not change this
aspect of the dilatational strain. For the case of a 'weak’ triple junctiorthwe again obtain the
absence of selection. In the case of a triple junction with finite slope at the ¢éiprtilem can
be mapped to melting along a grain boundary, a system we considered iarfd&lso briefly
discussed in subsection 2.4.2.

1/2
(x=X)*+ (¥(x) - V(X’))j , (3.102)

5 2 x2\2
(X— X’) + (—7 + 7)

3.3.2 Shear Eigenstrain

Purport of this section is the definition and numerical solution for the shegmelstrain configu-
ration. We recall that in the previous chapter, we defined the shear ldttie sonfigurations as
€y = €COS P, €3, = —€;, andey, = —esin 2. Hered is the orientation angle between the old and
the new symmetry axis, thus it takes the valtles +27/3 in phased and¥ = —2x/3 in phase?’,
see Fig. 3.2.

We obtain by solution of Eq. (3.102) for tén= 0 and tarp = 0.577 the solvability plot
shown in Fig. 3.14. The introduction of the 'weak’ triple junction, ¢gar 0, obviously allows
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us to resolve the shear lattice strain operating as selection mechanism heoejrast to the
single crystal geometry. The present selection also exhibits much larges\af the solvability
parameter than the values known for selection by anisotropy of the sudasion. Since the
velocity is determined by the effective driving foraeand the solvability parameter as

vd 2 -
5 = P‘TM (3.103)
the transitition velocities that could theoretically be observed in approprigtriexents are also
much higher than in classical dendritic growth. It should be mentioned hatevthh assumed
lattice strains of small magnitude, i.e.< 1, such that the shift of the applied driving forago

the effective driving force\ is not dominating the velocity.

12 : , . |
tan o= 0.577 ——
10 + tan @=0.000 s |
8 ’ |
© 6 |
4 i -
2 i -
0

Ae|/p

Figure 3.14: The solvability paramete(A¢/p) for a cuspid tip, taw = 0.577, and a smooth tip,
tang = 0. The presence of the triple junction, which is of appreciable influence fo
tang = 0.577, leads to a second solution branch at the threshold valtig gt~ 0.4.

The second curve in Fig. 3.14, for tan= 0.577, shows the selection which occurs in a com-
bination of two effects which already lead to a selection separately, as ove tkow. There, in
the regime of small\g;/p at Agi/p = 0.4, a second solution branch appears. Even if that branch
corresponded to stable solutions, they would hardly be observed asd&ybe outgrown by the
other branch with larger-.

Comparison to Phase Field Simulations The Green'’s function method we apply cannot
predict the dynamic stability of the found solutions, we refer to the resultsnatotdoy Michael
Fleck in our group by means of phase-field calculations. As the conédipisanethod compli-
cates the solution of the system with fixed opening angles, we restrict to aacsopwith the
solvability plot for a 'weak’ triple junction. The resulting plot is shown in Figl@.
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A
A

Figure 3.15: Sketch of the channel system geometry. The system with Widkhnfinitely long.
The finger is wide agW in its tail region, thus the ratio of finger width to channel
width is given byA. The (8) phase grows at expense of phaggif y-direction.

To assess the content of Fig. 3.16, one should take into account thattBeltwions which are
compared here are a free geometry calculation with the Green’s functiomanatid a channel
geometry with the phase-field method. The agreement between chanfi@egrbwth was found
for a small ratio of finger width to channel widity see fig 3.15. Then the geometrical confinement
only has a weak influence on the system. Here the fracti@proportional to the driving force
for the channel growth.
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— Free growth
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Figure 3.16: The dimensionless growth velocity versus relative finger wiftithfree growth and
channel growth. The elastic hysteresiaig= 0.3

Consequently, when increases, the geometrical confinement of the channel becomes less neg
ligible and the agreement is reduced - as we see in Fig. 3.16. Howevegrémaent we found
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shows that the solutions found by means of the Green'’s function techcadpidations correspond
to dynamically stable patterns, as these are tracked by the phase-field mEtrddis section,
we state that we revealed that a simple shear lattice strain can operate tsrsetechanism -
and analoguous to the previous section, we continue with lattice strains thia¢ capresented as
combination of dilatation and shear strains.

3.3.3 Mixing of Shear and Dilatational Eigenstrain

When we incorporate lattice strains which are represented as a sufierposshear and dilata-
tion, this obviously extends the validity of the model massively. When we pedd this extension
for the single crystal geometry, this led to the observation of selection gwtteselection appears
for pure shear in the single crystal geometry.

We already found selection for pure shear in the bicrystal geometrylsmd@nsidered how the
selection changes when we introduce a triple junction. To focus on thet efiehe superposition
of the fundamental deformation modes, we restrict to 'weak’ triple junctidree influence of
the triple junction would possibly impede the interpretation of the influence of tidatan the
present selection due to shear lattice strain. The mixed eigenstrain catifigsiwe consider here
are defined by = (1- n)e + nell. Fore, we can write

sa+m)  -F@-n) 0
—FE@1-n $@r-1) 0 (3.104)
0 0 n

and fore, we get

51-31) —F@1-n) 0
_%(1_,7) ~s(r+1) 0 | (3.105)
0 0 -7

The mixing parameten represents pure shear fgr= 0. This definition of the lattice strains
has an advantegeous property: we see that the two tensors in Eq.) (&iDEqg. (3.105) can
be obtained from each other by a rotation in #yeplain aboutr/2, except for an absolute sign.
When we compare the results for both configurations, we can thus cenaghalit the influence
of the orientation between growth direction and lattice strains. We recall tisathits orientation
which makes the difference between selection and no selection in the siysi@l geometry, see
section 3.2.6.
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Results and Discussion We begin the discussion of our results with the type of superposi-
tions represented by. The ploto vs Aei/p for two differentn and the pure shear as reference
mode is shown in Fig. 3.17. Here we see that an increasing fraction of ditataiges the mag-
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Ae|/p
Figure 3.17: Stability parameter* for two mixed configurations and the pure shear lattice strain.

The influence of the triple junction was excluded, gas 0. At the threshold around
Ael/p ~ 0.4, secondary branches appear.

nitude of the solvability parameters obtained at fixegf p. Specifically, forp = 0.2 the values
which o takes are up to four times higher than for the reference pure shear.batsosolvability-
plots with finiten show a threshold behaviour betwetg/p = 0.2 andA¢/p = 0.4. Admittedly,
the secondary branch is merely indicated by our calculations, but thespomding parts of the
plots have a high point density, and we extensively checked the regimg/@fsmaller than the
assumed threshold.

In comparison, for the solvability plot for the eigenstrain which we denotg byve yield the
opposite behaviour - while we also find a selection here. In Fig. 3.18, feeenee shear curve
shows the largest values of the solvability parameter. The Increase mixhey parameter here
leads to a substantial decreaserofitn = 0.5 up to a prefactor of 10 compared to shear. We recall
that the change froma* to e~ corresponds, up to a total sign, to a rotation of the strains relative
to the growth direction byr/2. Obviously, the orientation between growth direction and lattice
strains is crucial for the transition, as we already found for transitiorishwdrevelop into single
crystal geometries. For the representation of the plos n for both ¢ ande,, shown in Fig.
3.19, we chooség/p = 1. The contrariness of the solutions for both types of superposition not
only consists of the opposite direction of change from the referenae sbésability parameter.
Obviously, also the regime gfwhere the selection occurs, is different. While the solutiong;for
can be obtained in the entire region, upjte: 1 nearly, the selection ceases to exisy at 0.25
for ;. The reason for this specific value is not clear, but with increagimg find a rapidly
growing bulge of the interface into the growth direction at the tip, see Fig.. 3[&@ idea of a
transition to a doublon growth mode is apparent, but the interface doesdidte the presence
of the characteristic channel at the tip. Interpretation of the ending selidotie; atn ~ 0.25
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Figure 3.18: The solvability plot for the superposition of tyge We see that increased fractions
of dilatation lead to lower solvability parameters This type of superposition lacks
the secondary solution branches which appear in Fig. 3.17.
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Figure 3.19: Dependence of the solvability parameter at fixgth = 1 on the mixing parameter
n. We see that the regime of solution for the superposition of gfpis limited to
n ~ 0.25, though there we obtain larger velocities.

thus remains unclear. For the location of the maxinwifor eif(, we find an analogue coincidence
as for the single crystal. Fef, , Al is explicitly defined as

TeqCpEz E

Aol = —FF —
¢ 21 -H,2)L2

1
21(3;7 — 12+ 7% +vn(3y - 1)|. (3.106)
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Figure 3.20¢vax denotes the y-coordinate of the tip of the bulge at the tip of the interface. This
development of the interface corresponds to the plogfaat Aei/p = 1 in Fig. 3.19.

Numerically, we find the maximum af for ¢; atn ~ 0.24. When we estimate the point of
least elastic hysteresis, we obtain as minimunmAigrthe valuen® = 11/51, which is quite close
to the maximum. However, as in the single crystal geometry, this is a striking ceimuad but
independent of this intuitive argument, we cannot judge if this effect basrthnt influence on
the position of the maximum.

Comparison to Phase Field Results Apart from the nontrivial question of appropriate de-
tailed interpretation of the found solvability plots, a point of fundamental impo#gas the dy-
namical stability of the solutions. We can compare to the results obtained by éllieleak in our
group by means of phase-field simulations for channel growth. We centiparsuperposition of
typee, atn = 0.1 and type, aty = 0.5. As already mentioned in section 3.2.6, the comparison in
these two geometries can be expected to show a decreasing agreememestitts for increasing
relative finger width. The agreement fag; which we show in Fig. 3.21 is excellent and covers
a wide range oft. The secondary branch, which we see in Fig. 3.21 in the regifng @ < 0.8,
could not be resolved with the phase field method, but the primary brandivisusly dynami-
cally stable. In the regime of the threshold, the phase-field simulations findaamilgally stable
solution which bulges into the reference phase at the tip, named twinned paes This sug-
gests dynamical instability of the secondary branch we found, which alsbieed the growth
of a bulge into the reference phase, see Fig. 3.20. For the configwafiowhere we choose
n = 0.5, we also find a good agreement. Though restricted to a smaller rangeinfjdorcesa2,
the matching of phase-field and Green'’s function method results meanerttt@sfconfiguration,
the obtained solutions are dynamically stable.
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Figure 3.21: The growth velocity obtained by means of Green’s functionaddththe free ge-
ometry and the phase-field method in the channel geometry. The elasticelsister
Aer = 0.1, and the superpositias} is set byn = 0.1. The regime which shows good
agreement ranges from= 0.2 to A = 0.65, for larger relative finger widths the phase
field method tracks branches probably pertaining to dynamical solutiomscritical
fraction A corresponds to the minimalwhich leads to positive growth velocities in
the phase field model.

3.3.4 Looking for Purely Elastic Selection in the Zero-Velocit y Limit

The last case we consider within this section is the so-called zero-velocity limg.limit labels
the scenario of very slow diffusion, so that the interface propagatedysidhen, the diffusion
is sufficiently low to have the elastic effects dominate the transition. We cortbidgrure shear
transition which we labed? . It exhibits selection in the regime of small Peclet numigess 1, as
we discussed in section 3.3.2. In the case of very smalb, one shall exploit the possibilites of
analytic methods, e.g. apply the complex matching method which yielded the solttienabas-
sical dendritic problem, but for the limit g/ A¢| < 1, analytic approaches in the aforementioned
spirit are not at hand, suggesting specific numerical consideratien her

This is an essential question of the elastic-diffusional problem we cansidew does the
system behave in the limit of zero velocity. While one can easily understatdhttiee limit of
zero lattice strains, the system would exhibit selection in case of a triple juntdiop # 0, it is
unclear what happens at zero velocity. Formally, we can reach the redangossibly negligible
release of latent heat at the interface wher 0. We introduce a representation of the problem
which suits this approach, namely

K+ d

€ (@ EEZB(X, X’)}

€ u
AR T T | Tk T T2

1p
= =2 | dxi
ﬂAeI f—‘oo Og

1/2
(x=x)?+ (y(x) - Y(X’))j , (3.107)

2 X2 x’2 2
(X— X,) + (—7 + 7)
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Figure 3.22: The growth velocity obtained by means of Green’s functionaddththe free ge-
ometry and the phase-field method in the channel geometry. The elasticelsister
Ael = 0.2, and the superpositias] is set byn = 0.5.

where we define
2(1-v?)

Ee?(efy + €4+ 2veyyer)

The corresponding elastic solvability parametgris defined as

d 1 2y(1 -2
= O0al = — —,
AR 7ETR Ee?(ely + €4+ 2veyyer)

(3.108)

and we recognize that in fagt, is independent of any thermal quantities. Though this appears to
be a purely formal aspect, this restatement of the entire problem as giam i(8.107) clearly
exhibits the possible elastic selection in a zero-velocity limit, when 0 for finite radiiR. Before

we discuss the outcome of our calculations, we shall briefly discuss thenoatof the previous
considerations about elastic selection in pattern formation.

Elasticity-Induced Selection in Growth of a Lenticular Melt Inclusion

This small paragraph is a brief excursion to elastic pattern selection asemtsin [19]. Though
the detailed understanding of the discussed growth behaviour is bey@isddpe of this thesis,
we roughly describe the problem and the outcome. The motivation for this srtealuption is
the dendritic growth behaviour derived in [19], found for elastic selectio

Referring to [19], we consider the growth of a melt inclusion, which haasrg @blate lenticular
shape h/R <« 1 whereh is the height of the lentil, an® is the radius of the circle which is
the cross section of the inclusion in the xy-plane. The governing equaifogiowth describe
the consumption of the latent heat at the interface which has to be trartspogte by thermal
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diffusion:
2 ow
DVw = 5 (3.109)
Wint = A(l— E) (3.1112)
Pc

The temperature is definedas= cp(T., — T)/L, the overheating a8 = cp(Teo — Tm)/L, With Ty
the melting temperature aridthe latent heat;p the specific heat, anid is the diffusion constant,
vp the normal velocity of the interface. Eq. (3.109) is the diffusion equatiariwis supported by
the equation for heat conservation, Eq. (3.110), and the equationab®quilibrium, Eq. (3.111)
where elastic and capillarity corrections are excluded. The temperatude ithe inclusion is
assumed to be constant and equal to its interfacial value, (3.111), dondahequilibrium requires
the pressure inside the nucleus to satisfy the Griffith formula,

> nEa

= 3059 (3.112)

herea is the surface energy. Agaig, v are the elastic modulus and the Poisson ratio. In the regime
of radii smaller than the diffusion lengtR, < (Dt)'/2, the system is approximated by solving the
Laplace equation instead of the diffusion equation. Within this approacitotindination of the
Griffith formula (3.112) and the mass conservation,

(ﬂ_l)”th = [ uds (3.113)

Vs Vs

set the value of the characteristic length sgale

_1280(1 - vA)V3

= B v (3.114)

Here, byv, s we define the atomic volume of the liquid and the solid phaseybthe normal
component of the displacement vector of the interfacep Bhie lentil height is selected,

h= bR (3.115)

The crucial point is the absence of any thermal quantities. ifThis is the first hint indicating
that search for an elastic selection in our system is suggested. In additien,one drops the
restriction toR < (Dt)/2, the system exhibits a steady-state lvantsov regime with a velocity
scaling as

D
v~ —A2 (3.116)
P
which suggests the appellation as elastic dendrite. Summarizing, this shorowidve growth

of a lenticular melt inclusion shows that diffusion-limited growth can exhibittelaglection in
conjunction with parabolic asymptotics in the steady-state regime of the transition.
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Results in the Zero Velocity Limit

We come back to the calculations we performed in the lppite) < 1, i.e.v — 0. The resulting
calculations for pure shear can cover the regime up/tve; = 0.05, but even at this already
small value, an extrapolation ' A¢] — 0 remains inconclusive. As the plot in Fig. 3.23 shows,
we can at least assume that the hidden behaviour of the selection doekeyoa linear law.
Exemplarily, we discuss the result of a - potentially present - finieand the result for the case
el ~ (p/Ae))Y2. A finite value ofo at zerop/Ae would lead to an elastic selection as

4
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0 0.1 0.2 0.3 0.4 0.5
p/Ae|

Figure 3.23: The close up of the regime upg\e = 0.5. The solid line was obtained in the
asymptotic regime and matches the results obtaineddgp vs. o before, repre-
sented by the dashed line. The results for the asymptotic refjimp — oo remain
inconclusive concerning the presence of a selection for zero velocity.

d/(RA,)

d
R = ~ const (3.117)
Aeioel
y = 2Be7eDzo %o (3.118)
r d

Here, the growth in this regime close to zero velocity would occur faster tragrswth in the
regime of smallp/Ae, Where the velocity scales as~ A%, and the interface would exhibit a
finite radiusR. The case ofre| ~ (p/Ae))Y? would also result in a faster growth mode,

R ~ % (3.119)
v ~ A% (3.120)

Inspite of the inconclusive numerical results for the zero velocity limit coring a finitec, the
results show that the exhibited growth is faster than the classical dendatithgr
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3.3.5 Conclusion

This section is dedicated to the diffusion limited growth of a bicrystal in a solicggrevive take
lattice strains into account. The presence of a triple junction in the bicrystatgjey requires to
distinguish between a 'weak’ triple junction, i.e. a smooth tip, and a triple junctitmfinite slope
at the tip. These two cases allow to consider if selection with isotropic sudasen exists due
to elastic effects, and separately how elastic effects and selection dudripldginction interact.
The system can be mapped to classical dendritic growth with isotropic sugasion in case of
pure dilatational lattice strains and 'weak’ triple junction, analogue to ourgading in section
3.2.4. The configuration with dilatational lattice strains and a triple junction candpped to the
problem of selection due to a triple junction we considered in [16]. Both dilatakmonfigurations
thus can be solved by relating them to other systems.

In the case of shear lattice strains, we find a selection due to the elastits éfiea 'weak’
triple junction. The found solutions exhibit to be dynamically stable, as congravigth phase-
field simulations show. The magnitude of the solvability parameter obtained herelshigher
than in classical dendritic growth, and thus also the transition velocities eah hegher values.
When we consider shear lattice strains with a triple junction and finite slopende tihreshold
behaviour at smallg;/p. The secondary branch, which corresponds to lower values of the so
ability parameter, is difficult to obtain numerically, but if it were a stable solutiowould be
outgrown by the primary branch, which corresponds to faster growtitives.

The superposition of shear and dilatation is discussed only for 'weale fupctions, since the
pure shear already triggers a selection. We define two superpositics) éypende,, , which can
be obtained from each other by a rotation of the strain orientation to the gdiretttion byr/2.
In both cases, we find that selection occurs. The deviation to the selecsibwehknow from
shear is contrary for the configurations. The solutiong:fogxist only up to superpositions with a
dilatational fraction of ca. 25%, and the solvability parameter reachessvelieh are larger up
to a factor of 4 for fixed\e)/ p. Fore,, we obtain solutions in the entire range from zero up close
to one. The solvability parameter is shifted to smaller values - obviously, thetatien between
growth direction and strain is crucial for the velocity selection.

Finally, we investigate the behaviour of the pure shear bicrystal in the limigifgible release
of latent heat, what we call zero-velocity limit. Our results for such a pussticity-induced
selection remain inconclusive, though they qualitatively suggest thatnlye & possible growth
behaviours correspond to higher transition velocities than classicatitieigdowth exhibits.



4 Phase Transitions Limited by Chemical
Diffusion

Pattern formation in metallurgical processing results from various tranppacesses. Though
there exist systems where the investigation of chemical and thermal diftusithie same timescale
is required, the approximation of separate timescales for the two types wsidiifis in fact le-
gitimate in many systems found in industrial application. Consequently, whenvwestigate the
pattern formation associated with the diffusion of chemical components irsygtdms, our mod-
els will only take into account the limiting transport process - which is the cheémifasion in
many metallurgical problems.

This chapter comprises the investigation on two distinct and yet unresalgblems of pattern
formation limited by chemical diffusion. We begin with a brief recapitulation of thteetic-
type transformation and basic results for this process of broad applicagesection 4.1. We
introduce the isolated eutectoid dendrite. This fascinating structure belorthe solid-solid
transformations of eutectic type.

The second system which we investigatedction 4.2 is the monotectic dendrite. The geometry
which we introduce allows to study an asymmetric dendritic pattern growing aldiggid-liquid
interface. This challenging case concerns the regime of the monotectititrame/here the liquid
phase occurs decomposed.

4.1 Eutectic-Type Transitions

This section on chemical-diffusional phase transitions focuses on ewadtieutectoid reactions.
We introduce the eutectic transition in 4.1.1. The resemblance to the eutectaitidramill
facilitate our understanding of eutectoid growth - the system we investigaté.i 4

Both eutectic and eutectoid growth are transition modes for a binary mixturey djperate
near the eutectic and eutectoid point in a phase diagram, where the coole@isatits into two
different solid phases. These two phases exhibit opposite concenstapinoe phase consists of a
high concentration ofr atoms, with a low concentration gfatoms, the other phase vice versa.
Here the notatiom, 8 is arbitrarily chosen. The occurence of such special points in the phase
diagram is a material property. One of the most important materials which aergmboth
types of transition is the iron-carbon mixture. Consequently, we choosisdoss this material
exemplarily. The corresponding phase diagram in Fig. 4.1 is quite compiexywea will only
briefly discuss the various transitions and products.

The presente&fe — C phase diagram in Fig. 4.1 is cut off at a carbon concentratien®5%.
This value has pragmatical reasons. In this iron-carbon system, thenceaih occur as graphite
or asFe;C, cementite, and the reaction we are interested in involve cementite, not grephée
to the molecular masses and the atom ratiBegC of 3:1, 100% fraction of cementite correspond
to ~ 6.5% of carbon. Consequently, we cover the regime of relevant comationis.

75
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Figure 4.1: An excerpt of the Fe-C reaction phase diagram [68]. ighé€ upper circle marks the
eutectic point at 114 and concentration of,8% carbon. Here the melt solidifies
into y-mixture crystals called austenite, and ledeburite. The lower left ellipse marks
the eutectoid concentration E and temperature;Z2Blere the austenite decomposes
into a-mixture crystals called ferrite and cementite.

Cementite has an orthorhombic crystal structure, it is hard and brittle. Itr ddhas from
austenite during cooling or from martensite during heating. Though only tabtasit withstands
most of the heat treatments for steel and remains as distinct phase.

Ferrite is almost pure iron and shows a bcc-structure. It is the compohsteteb and cast iron
which dominates its magnetic properties. In the range of up to KiBéxists asa-iron, in the
range of 166K and 180K it exists ass-iron, they differ in the solulibility of carbon.

Austenite §-iron) is a metallic non-magnetic solid solution, with fcc crystal structure, itexis
above the critical eutectoid temperature of 1R00

Martensite is formed by displacive transformation, by quenching of aitstghich traps carbon
atoms such that they cannot diffuse out of the crystal. Martensite hadyadentered-tetragonal
structure.

Pearlite has a lamellar structure composed of alternating layer$esfite (88vt%) and cemen-
tite (12%), it forms by a eutectoid reaction as austenite is slowly cooled bel6@K10

Ledeburite is the eutectic that results when the molten steel solidifies, a phaseerobausten-
ite and cementite which melts at 1420
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The aforementioned structures give a complete list of the phases we vallietec in the sub-
sequent discussion, where we will occasionally refer to them thougleansgiderations are not
limited to the iron-carbon mixture. We start with the eutectic transition, which is |dcatéhe
circle in the upper right in th&e — C phase diagram, Fig. 4.1.

4.1.1 Eutectic Phase Transition

Although we introduced the iron-carbon mixture as exemplarily for both gatand eutectoid
growth, we need to define certain simplifying assumptions about the systeraomMfaence the
explication with the phase diagram in Fig. 4.2.

T
Co
TE_ .‘E‘.
TI I L R E --------------------
@ o

Figure 4.2: The schematic symmetrical eutectic phase diagram. The avergmgrdaure at the
interface isT, thus the liquid has the metastable concentrat'@ﬁsand Cr. The

creating solid phases andg have the concentratiorsg andcg. The concentration
infinitely far away from the interface in the liquid is given @s, = Cg, the eutectic
concentration.

When we compare the region at the circle in the right top of Fig. 4.1 and theeghagram in
Fig. 4.2, we see the simplifications. Obviously, we linearized and symmetrizgthétse diagram
in the region around the eutectic point, where ftee- C melt solidifies to a mixture of austenite,
cementite and ledeburite or cementite and ledeburite, respectively.

Among the different types of eutectic transitions, we will focus on one tyge-ealled normal
eutectic solidification. Normal means here that the creating structure willdskkein a matrix,
e.g. forAlgFe[69], or lamellar, as it occurs in the iron-carbon mixture,see a schematicatiastr
in Fig. 4.3. We consider the latter, and depict the basic features of lameiantielgrowth.

The governing process of the transition which can be illustrated with Fig. th@ idiffusion of
each type of atom along the lamellar interface. We will denote the phase with admngentration
of @-atoms phase, and the phase with a high concentratiorpedtoms phas@. As phasex
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Figure 4.3: The lamellar eutectic front [58]. By we denote the spatial periodicity of the lamellar
structure in the asymptotic region. Here we also define the vertical deformattio
the growth front by¢ and the lateral deformatiop As we will neglect the lateral
deformation in our considerations, we dendt@stead of1g.

solidifies, it rejectg-atoms, and vice versa for phg8eThe atoms only need to diffuse into the
neighbouring lamella, which corresponds to the distanck2. If we assume symmetry of the
onsetting lamellagy = 0 and¢ = 0, then the distance equalg2.

To find the crucial lengthscale of the system, the spatial periodigitye give the argumenta-
tion presented originally by Jackson and Hunt [39]. One basic assunipttbat the operating
transition point of the system with a spaciagvill be fixed by the minimal undercooling. The
undercoolingAT, = Tg — T, can be expressed by the concentration differexCe- C{' - Cf, and
the slopes of the liquidus linegd T/dC_||:

AC || dT
ATy = — ||/—1|. 4.1
- Sl (4.1)
The relation to the periodicty is given by the matter conservation at the interface,
AC
UCE(l - k) = D/l_/z (42)

Here we denote the eutectic concentrationdgy the growth velocity by, D is the chemical
diffusion constant and the segregation coefficierkt is ||dT/dCy||/|[dT/dCs||. Eq. (4.2) states
that the diffusion flux over distance/2 to the next lamella through the liquid must equal the
material flux which comes from the propagation of the interface with velacifor undercooling
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AT, we thus write

dT

1
ATi =5 Hd_CL

Ce(1- k)%, 4.3)

where we introduced the diffusion lendth= 2D/v. The second contribution to the undercooling
comes from the Gibbs-Thomson relation, obviously the curvature behaves A1, To be more
precise, the additional undercooling, reads aaT, = Tedk, where we introduced the capillarity
lengthd which is proportional to the surface tension. The resulting undercoallng AT, + AT,

is obtained as

AT = TE (a|i +a,<g), (4.4)
15) A
where theg; are dimensionless coefficients,= 1/2(|dT/dC.|)(Te/Cg)(1 — k)) andak = k4. In
principle, one has to take into account the kinetic undercooling, but ughélgontribution can
be neglected - in metal eutectics, the typical order of magnitude of the greddbities isum s*.
For the operation of the transition at minimal undercooling for a gighus we yield:

A= \/{? Vipd. (4.5)
|

Real values fonl are typically in the order ofim, see Jackson and Hunt [39] for experimental
comparisons.

The progress about lamellar eutectic growth has its origin as well in thenaéoteoned con-
siderations as in the closed integral equation formulation of the problen48pegspecially the
most recent results were obtained by application of this technique, andilivapply it to the
problem of eutectoid transformations in the next section.
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4.1.2 Eutectoid Phase Transition

In this section about eutectoid transitions, we will explain the developmemt basic considera-
tions to a closed formulation for the problem as boundary integral equa{sior eutectic growth,
we locate the transition in the iron-carbon phase diagram. The regime in theegtangle in Fig.
4.4 contains the range of carbon concentrations which can lead to théo@liteaction.

The eutectoid transition is similar to the eutectic transition, insteadledtf— solid « + solid 3,
we observe the processlid y — solid @ + solid 8. As in eutectic growth, the onsetting phases
in eutectoid growth exhibit opposite concentrations and can form a lamelatste. The cor-
responding reaction in the iron-carbon phase diagram in Fig. 4Austeniter— Pearlite +
Cementit¢Pearlite + Ferrite. The name Pearlite reflects the fact that it shows the same optical
effect as mother-of-pearl due to its lamellar structure.

However, we will not restrict our considerations to this specific typ&ef C reaction, but
develop a model which enables us to investigate the most determining aspé#utsenftectoid
system, namely, the selection of the growth velocity of the appearing patteun mamlel.

The nature of this kind of selection problems is known to be quite complex, wesicell of the
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Figure 4.4: An excerpt of the Fe-C reaction phase diagram [68]. d¢jiene of concentrations and
temperatures which can lead to eutectoid transitions is located in the greygiectan
The eutectoid concentration E and temperature,°C22ssign the point where the
reaction pearlite+ferrite/pearlite+cementite austenite, or vice versa, occurs. The
terminology of the different phases is explained in section 4.1.
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Figure 4.5: The assumed schematic interface in the eutectoid reaction. TEtedstendrite grows
with constant velocity along the y-axis. The opening angpes fixed by Young’s
law; The assumption of identical surface tensigpsandy; on the interfaces yields
sin(@ — /2) = yap/2ya, Wherey,g is the surface tension of the- g-interface.

difficulties which arose during the studies about dendritic crystal grolvte.now known that in
classical dendritic growth [18, 13] the anisotropy of the surface tensimquired for a selection.
As the symmetry assumptions we will later introduce can provide dendritic astiogpti is
promising to search for the connection to classical dendritic growth. Wee#ltisat the selection
in the presence of a triple junction leads to a fundamentally different selebi@mnin classical
dendritic growth.

Model Development

The assumptions which underlie the successive considerations caharbasic aspects of the
system. The geometry states the case of an ’isolated dendrite’, i.e. thei@griofithe creating
lamellar structure is much larger than the tip radius of curvature - the 'denidriegitimate as
we point out later when we consider the asymptotic behaviour of the chediftadion. The
corresponding shape is given in Fig. 4.5.

Apart from that, we assume that in all three phases, the chemical diffosistant®D are the
same. Additionally, the dependence of the free energy satigfiégdc’)eq = (azf/acf)eq, where
eq indicates thatdzf/(’)ciz)eq is taken at the equilibrium concentrations of each phase. Conse-
qguently, one may consider all three phases as one area of definitioa thlednterfaces remain as
source and sink terms which we integrate to obtain a boundary integrallfdromuof the solution.
This 'symmetric model’ was originally proposed by to Langer and Turski, F83, who intended
to simplify the consideration of solid-solid diffusional transitions. Later it besn transferred to
various other systems.



82 Chapter 4. Phase Transitions Limited by Chemical Diffusion

Finally, we introduce a simplified phase diagram which exhibits a symmetric steiistee Fig.
4.6.

I
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Figure 4.6: The schematic phase diagram of the eutectoid readiipis. the temperature of the
system,Tg is the eutectoid temperatur&, , Cg , andCg are the equilibrium con-
centrations at the eutectoid temperature. For this diagram the eutectoichtratioa
Ce = (C, + Cp)/2 and the lines of the equilibrium of theanda phases are paral-
lel, the same for the lines of the equilibrium of theandB phases. The equilibrium
concentrations at the/g interface C, s do not depend on the temperature.

Obviously, this phase diagram and setting the initial concentration far awaythe interface
in they-phase ag(«) = cg lead to the symmetry of the eutectoid dendrite shown in Fig. 4.5. In
the subsequent discussion of the system, we shall see that these synas@tnptons drastically
simplify the theoretical access to the problem.

The free boundary problem we consider is stated for the concentrgtiatmich we define

dimensionless as
u=(ce - c)/(cg - Cg). (4.6)

Herece is the eutectoid concentratiogy, is the equilibrium concentration in tifephase.
As illustrated in Fig. 4.5, the origin of the coordinate system is located at the tipadhterface
which propagates at velocity The diffusion equation thus can be written as

ou
DV2u+v— =0 4.7
u+v8y , 4.7)

hereD is the chemical diffusion constant. The free boundary or Stefan conditithe diffusion
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equation is the matter conservation on the moving interface:
~DA(Vc, — Veg) = upAc (4.8)

reflects that the concentration jumig = ¢z — cg which is is consumed on thes - interface and
set free on thea - interface with velocityy, equals the difference of fluxes in both phases across
the boundary.

On the interfaces, we assume local equilibria,

u = A%-d%, (4.9)
= M-k

At the ya-interface the mixture is undersaturatéd, = (ce - c3,)/(Cs — cg) < 0. Due to the
symmetry of the phase diagram and = cg, on theyg interface it holdg\® = (cE—cgﬁ)/(cﬁ—cE) =
—A“ for the supersaturation. The curvature is positive wherwther 3-phase bulges into thg
phase, where = —y”(x)/(1 + Y (X)?)%2. We denote the capillarity lengths [41, 52] as

T
d; = YilE

= ) 4.10
LmAc ( )

Herem is the absolute value of the slope of the solvus lifid3$,/dcsovudl, L is the effective latent
heat[41] and\c = cg — ce. The surface tensiop between phase i and phagsets the opening
angle, we obtain sig(— 7/2) = y,5/2y., as shown in Fig. 4.5.

The symmetry of the phase diagram, namiely/dc,—, .|l = ||dT/dc,—, 4l and thus¢E—c$B) =
(cia — cg) reduce the problem to the consideration ofthea or y — 8 - interface finally.

To conclude the development of the model, we cast the system of equatjort4.E) to (4.9)
into one integro-differential equation by means of the Green'’s functidmtgue, see section 2.4.
We consider the — s-interface to solve the entire problem, and we obtain:

0 o
A—%KZ—S f dxXe POY)Ko(pr(x, x’))+£ fo dXe POV Ko(pn(x, ). (4.11)

Here,n = [(x— X)? + (y— )/)2]% andKg is a modified Bessel function of zeroth order. The Peclet

numberp is defined as
vR

2D’

Ris the tip radius of the asymptotically fitted Ivantsov parabola. In Eq. (4.14)see the simi-
larity to classical dendritic growth. However, the occurence of sowndssinks on the boundary
crucially changes the selection as we shall see when we present thacalmesults. Before, we
obtain the velocity scaling of the system.
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Analytic Prediction of the Velocity Scaling

We consider the diffusion at the interface in the asymptotic region. Thenebgre mainly inter-
ested in the regime of small supersaturations, where we assume the fluxeenséiting phases

to be much larger than in the phase. In Eq. (4.8), we can thus substitute the gradient of the
concentration in phasg) by A/x in dimensionless notation and neglect the gradient in phgse (
Then, matter conservation reads as

A dx
D; = —Ud—y. (412)
Integration fory(x) and comparing to the Ivantsov solutigi = —x?/2R yields from
) =Y X X
4 DA2 - 2R

andp = vR/2D that the Peclet relation holds here as
A =2p. (4.13)

Apart from the modifed Peclet relation, it is suggested to approxiida®) in Eq. (4.11) for
small arguments < 1 as

Ko(X) — — Iog(”x||).

2
Combined with Eq. (4.13), we derive a p-independent integro-diffedesquation,
1 (x+ X’)2+(y—y’)2)
2—0‘K=—f dx lo ( . 414
2 Jo PN xZr oy (@49

By o = d/Rpwe denote the solvabilityparameter, which determines the velocity as

5 = 20p?. (4.15)
We can conclude that the velocity, which is determined by the solvability paraaretehe Peclet
number as given by Eq. (4.15), scalesias A%, which is in contrast to the velocity scaling known
from classical dendritic growth, whete~ A%,

Numerical Results and Discussion

Apart from the obtained velocity scaling, we numerically solved Eq. (4.14@. calculate the
depedence of the solvabilityparameteon the opening angl¢. Here, the difference to classical
dendritic growth becomes apparent when one considers thecas¢?2 in Fig. 4.7, which is not
a singular point here. The eigenvalue is continuous aafcssr/2. Here the regime o < 7/2
corresponds to the growth gfphase on expense of theandg phase wheify > Tg, whereas for
¢ > /2, thea andB phase grow afy < Tg from they phase.

Though we found the described solutions to obey a potentially dominantityetoaling, we
should explain to what extent we may expect observation of these paffdrissmostly concerns
two issues, specifically the symmetry assumptions and the structure of the ieédl Kecent
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Figure 4.7: The solvabilityparameter for opening angles varying from/4 to 3r/4. Angles
¢ < /2 correspond to growth of the-phase from the andg -phase, angleg > n/2
to growth of thew andg -phase from the -phase.

Figure 4.8: First phase-field results from [11]. The white phase is theenptthase, the grey and
black being eithet or g.

results in phase-field simulations [11] support the suspicion that the solutiah we showed
here exists only in the case of the introduced symmetry assumptions. If wdun&a@ slight
asymmetry in the phase diagram, the eutectoid crystal we show in Fig. 4.5 isa@phaa generic
solution, which we present in Fig. 4.8. In this sense, the solutions whiclaleglated should be
understood as special case of a highly symmetrized system, whereasénie géructure of the
onsetting eutectoid pattern is probably the one which we show in Fig. 4.8.

Concerning the structure of the initial seed, the observation of isolatedteidt®r eutectic
dendrites requires seeds with battandg phase contained. Seeds with only one of both phases
would not exhibit the eutectoid structure we investigated here. Up to novhawe not found
experimental results which could verify this prediction.
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4.2 Transitions of Monotectic Type

Like the previously discussed eutectic and eutectoid transitions, the monotectdian is a
reaction of binary mixtures. Similar to the eutectic reaction, where a liquid solidiftestwo
solid phases, the monotectic point marks temperature and concentratios fidmara reference
liquid phase a new liquid phase and a solid phase set on. To introduce tlo¢eTionreaction, we
first consider the phase diagram shown in Fig. 4.9.
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Figure 4.9: The phase diagram of the Cu-Pb system [64], exemplaritiidanonotectic reaction.

Assuming we start at 70 percent of tin and 1130and cool the system down. Around 1025
the critical temperature of the liquid miscibility gap is reached, and at approxirh@af§°C, we
find liquid 1 at~ 55%, liquid 2 at~ 82%. Further cooling down to the monotectic temperature
Tmat~ 950°C gives liquid 1 atv 47% and liquid 2 atr 87%. Further cooling af, leads to the
monotectic reactioh; — Ly + S, until all liquid 1 is consumed. When the monotectic reaction
finishes, the continuing cooling lets copper precipitate. Systems of importamicel@istrial appli-
cations which also exhibit a monotectic point are other copper mixturesg8@ie iron mixtures
[82] and also various aluminium mixtures [26]. Introduction to monotectic ttians with less
focus on a specific material can be found e.g. in [72, 63, 79]

4.2.1 The Decomposed Monotectic Geometry

We introduce a new monotectic geometry - basically, it allows to discuss derghotith along
a liquid-liquid boundary. We will address some initial assumptions about ttersy and conse-
quently present a first system of governing equations.

As the formal approach we undertake does not fold down to a compavabtyiewable rep-
resentation as in the case of eutectoid transitions, see section 4.1.2, we euidisin its very
detail. This precise description of the proceeding is contained in section A2 eppendix. We
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just state the final formulation here for the sake of readability.

The motivation for the considered geometry is apparent as it is of spe¢diest to study cases
where the decomposition of the liquid phase has already taken place, b&tizig af the system
which needs to be better understood in the field of monotectic transitions.

Figure 4.10: The geometry of the transition. We assume that the system initiaBistof two
liquid phased.;, L». These two liquid phases are in metastable equilibriuyn-ateo.
The concentratio;j is the concentration of phaselose to the/ | - interface.

The geometry of the system with the corresponding concentrations is sletchig. 4.10. The
phased.; andL, are the liquid phases which are at equilibriunyat +co, S is the solid phase.
The indexed concentratiog are the equilibrium concentrations as they are shown in Figs. 4.12
and 4.10.

We see in Fig. 4.10 that the solid phase grows along the liquid-liquid bouidary-direction.
However, in contrast to the symmetric geometries we are used to from degdoiith, the den-
dritic shape of the solid phase here is deformed in conjunction with a finite notatithe triple
junction. Also, the asymptotic lateral position of the liquid-liquid interface/as ~ is shifted
from the tip. We shall find that, even though we consider a case of dengiriticth, these new
asymmetric pattern characteristics render this system comprisingly differetiiter cases of den-
dritic growth we encountered before. For a proper defintion of thesegonantites, see Fig. 4.11.
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Figure 4.11: The rotational angteand the asymptotic lateral shétare illustrated. The opening
angle¢ is defined by Young’s law. The coordinate system is chosen such that the
position of the triple junction is at (0).

Along the elementary assumptions for the system, we start with those corgctreidiffusion
processes. A first approximation we take here demands that the therfnalatifin the system
relaxes on appreciably smaller time scales compared to the chemical diffGsinsequently, we
assume an isothermal system at a temperatuvehich is below the monotectic temperatigin
all our cases. Next, we will assume that the chemical diffusion in the soliskplsamuch slower
compared to that in the liquid phases. Thus, we neglect diffusion in the &dnng the liquid
phased ;, L, where the diffusion equation holds. The diffusion equation we consigler is the
steady-state equation in a comoving frame of reference, denoted as

Ve + %ayc =0, (4.16)
wherelp is the chemical diffusion length and c the physical concentration. We assiemigcal
diffusion lengths in both liquid phases, but the asymptotic concentratignsrat oo are different,
see Fig. 4.10. In phadg, the equilibrium concentration gt — oo is denoted bycio, in phase
L, by c21. From the phase diagram in Fig. 4.12 we also see that we have a solikgg &here
C1s — Cs1. As we assume no diffusion in the solid ph&eve obtain

Un(Cls - Cs]_) = —Dﬁ(VC)u_, (4.17)

the flux inL; transports the material set free. Accordingly, at the interfagge where we also
have a source ass — Csp,

un(C2s — Cs2) = —DRA(VC)2, (4.18)
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and at the interfacEi», a sink~ vn(C12 — C21) is present. Diffusion in both phases means that we
have here

un(C12 — C21) = —DA((VE)n — (VO)p). (4.19)
T
Ly
SM
T.F \
-I—l Y S, NP, R - ‘_____________:.
S v
S+L,
| C12 |ClS
I I I
Csz C51 Cm
Figure 4.12: A schematic phase diagram of the system under consideEjmecially we assume
linearized metastable prolongations of the equilibrium lines,/dgjl| = constat
T<Thm

The system of governing equations is completed by the local equilibria aistiectlinterfaces,
written as

Y12Tm
I'>1: ¢ = C1———« (420)
Mp1l1o
Y25 Tm
I's: C = Cyg— K
MpsLos
T
I',: ¢c = _Yi2'm M
mMolao
Y1s Tm
I''s: ¢ = Cs-— K
mMyslis

where the surface tensions are denotegibythe slopes of the lines separating the phases in the
phase diagram byn; = [|dT/dg;jll and the effective latent heats, referring for their defintions
to [40], by Lijj. Concerning the behaviour of the; = [|dT/dg;jll, we will impose linearized
behaviour belowl ,, as sketched in Fig. 4.12. The opposition of the Mullins-Sekerka instability
and the Gibbs-Thomson effect, which is included in Egs. (4.20), is explamdetail in section
2.3.1. The following paragraph yields the desired representation of Eg%6) to (4.20), the
detailed derivation is presented in section A.2 in the appendix.
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Figure 4.13: A sketch of the boundary of phdse The triple junction is located at {(0).

Figure 4.14: A sketch of the boundary of phdse

Closed Representation of the One-Sided Model Here we summarize the representation
of the problem we just described in the previous part of this section. Wéybstate the closed
representation of the governing equations we gave in Egs. (4.16) tg gh@@rovide the defini-
tions of the involved quantities. The four equations we state are the equatimeal equilibrium
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on the interfaces. For phake, we obtained on interfade,1

ACp1 %K
ACos 2R1

0
= % f dxe_pl(y_Y)(ZKo(pm)

L) AV _
. (Az_%K,) Ex-x)+y-y)
1

(4.21)

Ka(pur) — Ko(pm)})

1 dxe Po-y) E(Ko(plﬂ)(v'c)r(ﬂ)ﬁ/

Z —a/R; dx
dy ’
Ac do1 N\ | —ge(X=X)+(y-Y)
- p= (—EK ) dx K1(p17) — Ko(p17) )
Acxs\ Ry n

Here, the miscibility gaps are denoted Ag,; = €1 — €12 andAcys = Cps — Cs2. The capillarity
Iengths are defined ays = ’ystm/ACZSLZszs, doy = ’ylsz/A021L21m21, Whereyij is the
surface tension; the effective latent heat, amd; = [|[dT/dgj||. The Peclet number is defined
according to the dendritic interface in contact with liquid phasep:s = vR1/2D whereRy is

the tip radius of curvature of the asymptotically matching Ivantsov parabojaD Bie denote
the chemical diffusion constant, laywe denote the asymptotic lateral shift of the liquid-liquid
interface relative to the triple junction, see Fig. 4.11. The modified Besgetifun of zeroth
and first ordeiKp; is of argumentpin, wheren = ||F — 7’||. The supersaturatiof; is given as

Ao = (Cos — C21)/Acys. After this comprising list of involved quantities, we come to the interface
between solid and liquid phage. OnT',s we have

(4.22)

NI
—_
>

N
|
| o
N
(7]
=
~———

0
= % f dxe_pl(y_Y)(ZKo(pm)

dy y
dos \|—ge(X=X)+(y-Y)
+ (Az - Rilsk ) dx Ki(pn) — Ko(pm)b
1 ds
o1 d)(e—pl(y—V)_(K R
2% ) I o(P1) (V' Or(2y)
dy ’
ACo1 [ Doy N\ |—ge(X=X)+(Y-Y)
- p2 (——21K ) dx K1(p1n) — Ko(p11) )
Acxs\ Ry n

The Egs. (4.21) and (4.22) are the governing equations in liquid gdhasand they are coupled
with those for liquid phasé;. In the liquid phasd.;, the resulting representation of the local



92 Chapter 4. Phase Transitions Limited by Chemical Diffusion

equilibrium on the liquid-liquid interfacE;, reads as

ACp1 %K
ACis 2R1

-2 dXe-m(y-W(zKo(pm)

_Ay ey _
) (Al_c;ﬁk,) Lx-x)+y-y)
1

(4.23)

Ka(pun) — Ko(pw)b

O 4
it —puy-y)( 9 (Co1—cC12) | Vereu
+ dxe ™ Ko(p1n) 2 A ..

27T -a/Ry
Aczq (_ d12K,) —%(X -X)+({y-Y)
n

+ —_— [—
AC]_S R]_

Ka(pur) — Ko(pm)} )

The capillarity lengths are defined dg = y1sTm/ACisLisiys, di2 = y12Tm/AC21L21M2, and
the supersaturatiof; is given asA; = (Cis — C12)/Acis. Finally, the equation which completes
the set of governing equations for the entire system describes the tpaktbeum in liquid phase
L1 on the liquid-solid interface.

(4.24)

NI
—_
>

=
I
| o
iy
n
=
~———

-2y dx/e-pﬂy-W(ZKo(pm)

chs ) ~Hx—x)+(y-y)
—K
Ry

+ (Al - K1(p1n) - Ko(pm)b

0 /
y B dxe” pl(y“”(% Ko(p17) (2 (€21~ G12) - Vereuft )

o R, ACis P1
dy 7
Acor [ dip N[ (x=X)+(y-Y)
L 2 21 (_EK) dx Kl(plfl)—Ko(plﬂ)])
cis\ R

Altogether, Egs. (4.21) to (4.24) contain all necessary information tordeterthe physical be-
haviour of the system. Our main interest is on the velocity of the steady-staséamnaation, and
we also have to consider the dependencency of the rotational &agle the asymptotic lateral
shift a on the various parameters of the phase diagram, not only on the tempevhiciesets the
supersaturationd; andA,.

The representation of the system by Egs. (4.21) to (4.24) is, though lfprooarect, full of
implicit dependencies of the included parameters, which make it difficult tesacihe essential
behaviour of the system.

Also, the numerical implementation exhibits some appreciable drawbacks. Wéheompare
the equations we obtained here to those from the previous problems oritidegiwth, the
asymmetry of the onsetting shape and the liquid-liquid interface already leafdttoa three of
equations to solve, and the unknown normal projection of the concentgaidient ori’z; makes
a factor four of that. For the numerical solvers which are dedicated to grablems - multi-
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dimensional nonlinear root-finding - the probability of success on sudfdiigensional systems
of highly complicated equations rapidly decreases with increasing dimeligior@n the other
hand, reducing the spatial resolution of the system by a factor four te kwadonsatisfactory
testing behaviour. As experience tells, such rough resolutions destrapdhls conservation of
the system, and the Ivantsov relation is not properly reproduced by tiee co

Nevertheless, the calculations from Eq. (4.16) to (4.24) and the detaitedtiptéon in the
appendix, see A.2, are primarliy intended to give a detailed example for fiieatpon of the
Green’s function method when the approach discussed in section 2.4 fisasdile. The next
paragraph describes the formal proceeding to get a 1-sided liquid-Bgaichetric model for the
considered geometry, which solves some of the just mentioned problems.

The One-Sided Liquid-Liquid Symmetric Model We stress that the closed formulation for
the monotectic geometry we consider demands the solution of four couplet/ehas®nlinear
integro-differential equations. It is required to search for further fiogtions we can introduce
in the system without losing the essential physics.

This paragraph discusses what we call one-sided liquid-liquid symmetrielm@dé consider
diffusion in the two liquid phases, rendering the problem 1-sided, butetvesimplification comes
from the formal symmetrization of the two liquid phases. When we assume idedifftegion
constantd in both liquid phases as well agi(/dc)eq - whereeqindicates that the slope of the
chemical potential is taken at each equilibrium concentration - we may adephesentations
of the fields in both domains of definition. Though this is the formally most straighfrd
approach, we shift the detailed description to the appendix, see A.2,rasdnp here a rather
elegant formulation for a better arrangement.

We treat the two liquid phases as one, and apply the well-known 1-sided fi2ddiéor this
liquid-solid system. Then the liquid-liquid interface can be introduced quiteapteghen we
consider the sources as inhomogeneity in Eq. (4.16) which is incorpdogitettans of a delta
distributionsr like

2
Vet oo = %nyar. (4.25)

Here the delta distributiofi- is defined by

fv dvor = fr dr. (4.26)

The obtained representation of the field thus provides us with one integralsentation valid
for all points of observation in both liquid phases, including the boundafesdefine it asy Acaq
as it is the sum of the integrals alomgs,I'>s andI';> and choose to havl; dimensionless,
where the prefactatc,; indicates that we will normalize the concentrations by the liquid-liquid
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miscibility gap. Forly,, we obtain:

Is(X)Ac1

_ _ 2 _
- f dd (GV/Cl - ClSV/G + —ClsGéy) i (427)
I'(1S) Ip

_ 2 _
f ds (GV'CZ - Cst’G + —Cszéy) 1
'(29) Ip

_ _ _ _ 2 _ _
f ds (G(V'Cl - V') - (C12 - C21)V'G + I—(Clz - C21)G8&, | Y,
(12) D

whereAcp; = Cp1 — C12, and the same assumptions concerning the contributions to the integrals
by the interface$ 1t 21020, S€€ Figs. 4.13 and 4.14, hold here. Now we see that the remaining
unknown normal projection of one gradient of the concentration fielcedighid-liquid boundary,
Ve and see Eqgs. (4.21) to (4.24), is eliminated. Only the difference of theentration
gradients remains - which is given by mass conservation.

Also, due to our choice of a concentration field which is continuous a¢heds;, - interface,
all terms in the integral along;, which are proportional toc{, — C»1) vanish. This is a simple
calculation but important, so we briefly give it here. The local equilibria & o®ncentrations
read as

c = C21—A021d12K | Lo (428)
C = Ci2—Acpbik | Ly,

where we apply the same capillarity lenglf3. Consequently, in terms of the concentrationge
introduced, the local equilibria render the concentration continuoussthne interface:

= —ACZldlzK | L2 (4.29)
= —Acpidix | Ly,

O O]

which is the required interface behaviour of the concentration. Fron(4E2j7) we thus achieve

_ 2 _
|2(X)AC21 — f d< (GV,C]_ — C]_Sv,G + —ClsGéy) i (430)
(1) Ip

_ 2 _
f dd (GV,CZ — Cst,G + —Cszéy) i
'(25) Ip

0 dx v
dy — —(cp1 — C12)G
j; ydyD( 21 — C12)

+

The last line of Eq. (4.30) contains all remaining contributions fronTi3e interface, obviously

far more convenient than the expressions we had before, confevithd=q. (4.24). We choose to
rescale all lengths by the tip radius of curvature of the lvantsov par#tetianatches the interface
I'1s asymptoticallyR;. The capillarity lengths are defined ds= y; Tm/LimiAG;, | = 12 1S, 2S,
where we denote by; the surface tension, b¥, the monotectic temperaturk; is the effective
latent heat, see [40]. We defing as the absolute slope of the line in the phase diagram describing
the coexistence of the corresponding phasesfAmdre the miscibility gapsic;s = ¢is — Cs1,

ACps = Cps — Cs2, ACp1 = Cp1 — C12. For the integral representation of the concentration in both
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liquid phases we consequently obtain

IyACo = (4.31)
+ g—; ](; dxXePOY)[2A¢15Ko(par)
dy /
dis || —@xX=X)+(y-Y)
+ ((Cls - C12) — ACis RilsK) L Ki(pam) - Ko(pm)}]
p (0
+ P f d)(e‘pl(y‘y)[ZAcsto(pm)
dy ’
d —m X X)+(y-Y)
+ ((Czs —C21) — ACzsRifK) X Ki(p1n) - Ko(pm)h
< ., dx
+ % j(; dy WACme_pl(y_Y)Ko(plT]),

where the argument of the modified Bessel functieew = ||P-r’||. We mention that we normalize
the concentrations with respect to the miscibility gap between the two liquid phssgs,This
leads to the occurence of ratids;s/Acp1 andAcys/Acy; in the representations and the equations
of local equilibria which follow.

d
~22k = Iy | XeTp (4.32)
Ry

1Acis dis

—— A - — = | Xel

2A021( R]_K) z | €lis

1 Acos dos

—— Ay — — = | Xel

2AC21( R]_K X | €las

The system of coupled nonlinear integro-differential equations statdtgby(4.32) is the basis
of our numerical approach to the system. Obviously, this representatitre afystem makes
life easier, when we compare with Egs. (4.21) to (4.24). Now, we solvéhiothree interfaces
I'1s,T2s,T12, the ratio of the capillarity lengtd;» and radiusR;, the rotational anglé and the
asymptotic lateral shift relative to the tia,

For the numerical implementation, two features of Eq. (4.32) are most importanst, iE
reduced the dimension of the equation system stated by Egs. (4.21) tol§$.28)%. Second,
the complexity of the integrals along the liquid-liquid interface is reduced. Thidsl¢éo a good
testing behaviour of the code for the one-sided symmetric code, and in xhsuiesection we
discuss some tests in more detail.

Test Proceeding for the Code

In this short section we briefly mention the tests for the used code, whiakeatb® physical and
numerical consistence of the obtained results. Some exemplary test resslt®an.

Tests for the Numerical Approach: 1-Sided Isotropic Classical Den dritic Growth
One suggested test for a certain part of the code is the solution of thepisattassical dendritic
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growth problem, in a one-sided model. Though we may not expect matchitg clymmetric-

model results known from [57], we require this one-sided model to ceyjm® the qualitative be-
haviour of the solvability parameter = d/pR- i.e., thato — 0 for a smooth tip. Verification
of this test already would imply a sufficient cut-off length of the system-at —co, proper eval-

uation of the now more complicated integral kernels, and a proper resolatibis part of the

system. We directly present the equation for the 1-sided model,

ey _
%(A_%K) _ %fd)(exp—p(y—y)((A_%K){[ (X x73+(y Y)JKl(pn)—Ko(pn)

+ 2Ko(|077)) :

The test covers a large range of opening angles, and the expecteatiyeedbehaviour is satisfied,
as shown in Fig. 4.15.

nr . 1-sided model +

sym. model +
50 r 1

@)
+ +
25 r 1
+ +

oL L +——+

V2 4 0

Figure 4.15: The solvabilityparameter behaves as expected 0 as the slope tends to zero.

Apart from this test, we also can consider the behaviour of the 1-sided mbde we introduce
asymmetric Peclet numbeps, p2. Then, we investigate the dependence of the rotational @ngle
on the asymmetry of the Peclet numbers. We expecittexids to zero when the Peclet numbers
take the same value. Also, we assume hertisfiesy — —o0 when we invert the difference of the
Peclet numbers,pg — p2)/(p1 + p2) — (p2 — p1)/(p1 + p2). The test result for a fixed opening
angle and a fixed sum of the Peclet numhbars- p, = 0.2 is shown in Fig. 4.16



Chapter 4. Phase Transitions Limited by Chemical Diffusion 97

0.4 - - - - - - -
0.3 e
0.2 ¢ . 1
0.1r¢ . 1
o 0t . ]
01| : |
-0.2 ¢t * 1
03, " 1
-0.4 ' ' ' ' ' ' '
-04-0.3-0.2-01 0 0.1 0.2 0.3 04
(P1-P2)/(P1+P2)

Figure 4.16: The rotational angle behaves as expeéted( asp; — po.

The tests we performed in the 1-sided model of isotropic dendritic growthesththe expected
results, meaning that we assume this kind of sub-problem of the entire mbiostestem is solved

properly.

Further Tests for the Numerical Approach After the just mentioned nontrivial test for the
classical isotropic dendrite, we describe tests which lets us judge the fumldioof the entire
code. We introduce some basic tests to check if the system behaves ag# éxtended infinitly
in positive y-direction. The easiest test here is simply the asymptotic beha#ithe liquid-liquid
interface. It needs to become a vertical line asymptotically, as we know thdethation from the
liquid-liquid equilibrium originates to the curvature of the liquid-liquid interfacdyo

The next test allows to check if the asymptotic lateral shift small relative to the length cut-
off in positive y-direction. One can calculate an integral along the interéd®ne of the liquid
phases ay — oo to see if the numerical result coincides with the analytically predicted value.
Though the calculation along this interface is not required in our model, it allowerify that the
cut-off aty — o is not problematic. When we consider the interfige see Fig. 4.13, at — oo,
it holds for a constant quantity

a/R
f dry, [GV'q - qv'G + 2pq Ggy| i = lim % f —dx exp(p(y - Y)) x (4.33)

P

(—q(Ko )+ TN, (pn)) +20Kq (pn)).

I =]

SinceKo(pr) andK1(pr) decay exponentially for large argumengg > 1, we can neglect all
contributions to the integral beyond some finite value of xign Consequently, for the limit
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y — oo, itholds - 1) | - €&, and

P

a/R
lim 2 [~ exp(-ply - Y))a (Ko (pr) + Ka (pr) (439

remains. We take the asymptotic expansion of the modified Bessel functiccensigler here, [1]

-1
K,(2) ~ ‘/212 e—2(1+%+...)| = &2 (4.35)
to obtain
p 1/2 0 1 1/2 7\2 )2
lim q(—) f dxe POY) g PVOXO™+-y)*, (4.36)
y—eo T\ 27 a/R gl

We denote byy =y —y, X = X' — xand use that [1]

(@+b)f~a+kd | bxa (4.37)
yielding
2 oo 1/2
lim q(ﬁ) f dXeO[Y(l—(l+%x2/Y2))] ;2 ’ (4.38)
y—eo T\ 27 a/R-x Y(l+ :—ZL%)
which is
. p\YZ [ —pxzav [ 1 12
lim (—) f dxe P2y (=) 4.39
oo N2z)  Jome M (4.39)
From here, we get with = x p/2||Y||)
im q(£)1/2 foo dp(M)l/Z e_p2 (i)l/Z (440)
yoeo T\ 21 (p/2IVI)(a/R-X) p i)
which is known [36] as
q ® 2 _q
— [ dpeP =2 4.41
ﬁfo T2 (4.41)

Summarizing, for this contribution g of the integral alond'y;, we obtaing/2. The relative error
of q/2 enables the estimation of a proper cut-offyat> «. For the asymptotic behaviour as
y — —oo, we check if the calculated shape matches the Ivantsov solution at the nalncetioff.
Since we scaled all lengths IR, we need to fing/ = —x?/2 onI'is andy = —x?py/2p2 on s,
Further tests which supplement the usual check for proper asymptoticaiamerical consistence
(meaning consistent results with respect to changes of the system ledglisaretization) include
the continuity of the concentration field on the three interfaces close to thejtrigigon and a
test for the phase geometry of the system. By the latter we mean that if we arfigirege the
liquid phases, we expect to find equal results when we take the rescglRgihstead ofk; into
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account.

4.2.2 Numerical Solution of the One-Sided Liquid-Liquid Symme tric Model

In this section, we explain the choice of the proper control parametersvbgtigated configura-
tions, and we discuss the behaviour of the system. We assume we areaitnse¢he monotectic
temperaturel,, and the physical control parameter be the temperature which we set &svalu
belowTy,. By the phase diagram, we thus fix the supersaturationgy, as well as the miscibility
gapsAcis, ACzs, Acy1. We recall the equations to be solved on each interface,

—%K = IZ | X € I'o (4.42)
Ry
1Acis dlS
SIS (A - 3B4) = Rel
2AC21( Rl K) % | clis
1 Acos dos
—— Ay — — = | Xel
2A021(2 RlK y | Xelzs
where
|2A021 = (4.43)

+ &f dXe‘pl(y‘W[ZAclsKo(pm)
2 Jo

~Hx—x)+(y-y)
n

d
+ ((Cls — C12) — ACss %K)
1

Ka(pr) - Ko(pm)}]

0
. %j:md)(e—pl(y—v)[zAchKo(pm)

~Hix—x)+(y-y)

das
+ ((Czs — C21) — ACps ?K)
1

Ka(pur) - Ko(pm)}]

P (79X iy
+ ZﬂJ; dydye 2Ac1Ko(p1n)-

Fixing the temperature, we set all necessary parameters, except fopeheng angles of the
triple junction, see Fig. 4.11.

The ratio of capillarity length and radiud;»/R;, the rotation anglé, see also Fig. 4.11, and
the asymptotic lateral shift of the liquid-liquid interface to the y-axiyas oo, a, are output of
our code, in addition to the interface shape. Consequently, the stedeytacity is obtained as

=2=5py, (4.44)

being the information of main interest. We mention that the definition of a redegedgsentation
of the equation system stated by 4.43 and the corresponding eigenvadeifgcdor this reduced
representation requires further investigation. However, provided wishrttugh sketch of our
approach, we turn to the results.
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Results for Approximated Phase Diagrams and Discussion The results discussed in
this short section stem from calculations which require further approximati®hough it is of
interest to resolve all dependencies later on, we fix the miscibility gap whilegohg the super-
saturations, to give an initial impression how the obtained results deperabarage parameters.
We are interested in the dependence of the velocity, the rotational anglleeaaslymptotic lateral
shift on the asymmetry of the supersaturations.

We choose the relative difference of the supersaturatidns (A2)/(A1 + Ay) to decrease with
increasing\;, where we definé; as.

At = T=Tm (4.45)

o | Ac2(T = Tr)

It turns out that in this case, the rotational angle decreases when ttieerdifierence ofA; andA,
decreases, see Fig. 4.17. Itis intuitive to find the rotational angle dgegeahen the asymmetry
of the supersaturations decreases while the miscibility gaps remain undhdmgeetermine the
rotational angles, keepingA; fixed, but changing\1 — A2/A1 + Az, could show if the absolute
value ofA; affects the rotational angle. Further investigation with changing ratios ofith&bility
gapsAcis/Acpi, but - though quite artificial - fixing\;, A1 — A, could also reveal the role of the
Acis/Acz1. When we consider the asymptotic lateral shiftve find that it also decreases when

0.3

P=TU3 ——

0.2

0.1

0 0.25 0.5

A,

Figure 4.17: The development of the rotation angle, here the opening@aaghe’. We assumed
that the miscibility gaps stay constant relative to the changes in the supatisatsir
Especially, the supersaturations were assumed to be of decreasingraiffevhemn\
increases.

A1—A; decreases. One might have qualitatively expected such behavious,asy/thptotic lateral
shift is a parameter which indicates asymmetry in the system, just as the rotaingtel

We come to the steady-state velocity. In principle this is the parameter of mairsirdsrié can
tell us about dominance of the growth mode in a competitive regime. Howeeguyswfind here
that the velocity shows a nearly linear growth for increasingAny further interpretation of the
results require extensive studies on various other configurationshateémot in the scope of this
thesis. The shown pictures are restricted to parts of the entire shapeatalghslight change of
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Figure 4.18: The asymptotic lateral shift decreases with increasing tetmpeta Here the open-
ing angle isp = 60°. The lateral shift here is directed into the left half plane, see Fig.
4.20.

curvature in a vicinity of the tip and have an appreciable spatial resolutittreahost interesting
part of it.

How specific characteristics of the interface, especially the rotationd angnd the lateral
asymptotic shifta, depend on the various parameters which one could include, e.g. ausgoro
dependence of the miscibility gaps on the undercooling, is object of furihestigations which
we will conduct in the near future.
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Figure 4.19: The velocity shows a nearly linear behaviour in the considegéme of undercool-
ings. Againg = 60° and we assumed the miscibility gaps stay constant relative to the
changes in the supersaturations, which were assumed to be of degmiffsirence
whenA; grows.
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Figure 4.20: An exemplary shape plot, the 60°, with focus on the vicinity of the tip. When we
compare the left panel which enlarges the tip area to the right panel, the liquiid
interface shows a change of curvature.

4.2.3 Conclusion

Within this chapter, we introduced two specific scenarios of phase tranditittesd by chemical
diffusion. For eutectoid transformations, we considered the growth fadated dendrite. This
pattern appears when the initial seed contains both solid phases. Alent pbase-field studies
[11] indicate that already small deviations from the symmetries we impose ogstenslead to
a qualitatively different pattern. That pattern is probably the generictsirel of this transition.
Consequently, in the light of these recently obtained results, the solutiofindveust be inter-
preted as special cases due to the highly symmetrized system we assumisolates growth
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mode is especially interesting as it turns out that in the practically important regismeall su-

persaturations, it exhibits growth velocites which could dominate the competimglgmodes.

This is a very important pragmatic aspect, and it is accompanied by a ratiogettbal, but as
well interesting other feature of the system - the selection mechanism inititegdowth in eutec-

toid systems behaves crucially different to that known from classicalritengrowth. We find a
selection mechanism which continues operating beyond the openinggaagté2 - which corre-

sponds to a smooth tip and is a singular point in classical dendritic growtthefumderstanding
of the detailed nature of the selection would probably require further smalgrk and is beyond
the scope of this thesis.

In the field of monotectic transitions, we investigated dendritic growth along tbalteguid
interface, which appears in metastable decomposed states of the systerprobleésn exhibits
various aspects which render its detailed understanding a demandindntasktrast to the pre-
viously investigated systems, we cannot approach the problem in a corgjyrisymmetrized
model. Nevertheless, we establish what we call a 'one-sided liquid-igmdtric model’, which
indicates that we assume identical diffusion constants in the liquid phadeasediact diffusion
in the solid phase. Some very comfortable assumptions concerning thentghénese diagram
cannot be applied here. Consequently, we must take care of varioursindependencies.

Independent of these impediments, it is apparent that this system is palyichialenging. In
classical dendritic growth, the selection chooses the growth velocity arig tfaglius of curvature
of the Ivantsov parabola which asymptotically matches the found solutionsurlmodel, the
system also determines the asymptotic lateral shift of the liquid-liquid interizleéve to the
triple junction and the rotational angle of the triple junction.

We stress here that the results we obtained up to now for the monotectic syshemrant
first insights to the system. Additional investigation is necessary, especialbeming various
intricate dependencies of the found solutions.






5 Summary

The aim of this thesis was to gain insights into various diffusional phasdtioarssand their rela-
tion to dendritic growth, specifically for the appearance of a selection.u@derstanding of the
prerequisites for the existence of steady-state solutions guided owaappes in all considered
problems. The phenomena which we suspected to be crucial for therappeaf selection were
included in the preferred representation for the study of dendritic sefeptimblems, by means
of the Green’s function method. All considered problems have in commonhthattained non-
linear eigenvalue problems in terms of integral equations exhibit a solvabilignpeero. The
solvability parameter reflects the solution behaviour of the correspongsigms. Specifically,
it selects in conjunction with the supersaturation or undercooling the transgionity and the
characteristic length scale of the growing dendritic pattern.

First, we investigated diffusional solid-solid transitions where we take intowat elastic ef-
fects due to lattice strains and the diffusion of latent heat. In case ofaut@nase interfaces, the
lattice strains lead to associated stresses which affect the local equilidriberaoving interface.
We consider the fundamental lattice strains to find the essential effect efdbiic interactions,
and we distinguish between single and bicrystal growth. The discriminatigingie and bicrystal
growth here takes into account that a triple junction alone already leadetbice.

We start with systems having a single crystal geometry. The first one is podedilatational
lattice strain and can be solved entirely by means of a mapping to classicaitidegradwth. Ex-
ploiting a nontrivial physical analogy allows to transfer the problem to thakeodritic growth
with isotropic surface tension, which is known to lack selection. The nuniegsalts support
this argumentation. The numerical calculations for systems under pureabkeaeveal the ab-
sence of steady-state solutions. However, the treatment of superpesitipare dilatational and
pure shear lattice strains, surprisingly exhibit steady-state solutiongolihe selection features a
fascinating orientation dependence; the superposition leads to stetalgrstath in the direction
oriented perpendicularly to the largest amplitude of the lattice strain. In tleecfdarge lattice
strains aligned parallel to the growth direction, the transition lacks selectioa.found steady-
state solutions show a velocity scaling- A%, whereA is the undercooling, which is shifted by
the elastic hysteresis. Obviously, they obey the same power law as cla&sidaitic growth. As
the found values of the solvability parameters are larger by orders ofimdgnthe elastically
induced selection leads to higher transition velocities compared to classichltdegrowth. The
last scenario we consider in the single crystal geometry correspondsitishing elastic hystere-
sis. If this solution existed, it would be energetically preferred, but esults suggest absence of
selection here.

In the bicrystal geometry, we introduce the limit of a ‘'weak’ triple junction, l#mg us to
study the influence of elastic effects without an additional selection due taphejunction. The
pure shear lattice strain exhibits a selection here, and yields possibly instaioledary solution
branches when taking also the triple junction into account. Like for singlgtargystems, we
perform calculations for superpositions of pure dilatational and sh#@arelatrains. Again we
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find a strong orientation dependence of the selection. Even though irstaicsystems strong
lattice strains parallel to the growth direction also lead to selection, the rarsygefpositions is
limited. Compared to the case of perpendicular alignment of the strongest Htaaes relative

to the growth direction, only 25% of the possible lattice strain configurationsttesittady-state
growth. Nevertheless, this limited regime exhibits the larger solvability parameterthe larger

transition velocities. Specifically for bicrystal growth with pure shear latticairss, we investi-

gate the limit of zero transition velocity. The resulting representation of thielgmroexhibits an

elastic solvability parameter which lacks any thermal quantities, but our nuethsticlies remain
guantitatively inconclusive even close to the point of zero velocity. Tladitative result we can
deduct from these studies is the absence of a linear behaviour of thé@eltdose to zero veloc-
ity. Both examplarily discussed cases of possible behaviour in thedimit0 show a dominant
growth behaviour compared to the previously found selection for this etastitguration.

The second large branch of our calculations concerns transitions atddimited by chemical
diffusion. The growth of an isolated eutectoid dendrite appears when itied seed includes
both emerging solid phases. We find a selection mechanism which is cruciddlyedif to that
observed in classical dendritic growth. While in classical dendritic growi&,opening angle
that marks the smooth tip is a singular point of the selection, here the selectgistpbeyond
this point. In addition, we find analytically the asymptotic growth behaviour in #se of small
supersaturations. It determines the growth velocity asoA?, which is faster than in classical
dendritic growth. The twinned pattern we found probably representsicuuwhich only exist
within the massive symmetry assumptions we render for the system. We stisgieahother
isolated dendritic pattern represents the generic solutions which pergiatwéintroduce small
deviations to the imposed symmetries.

In a monotectic transition, we investigated the growth of an asymmetric dendritg Hie
liquid-liquid interface. The geometry consists of the liquid phases which aguiiibrium asymp-
totically and the growing dendrite. The triple junction of the system is rotatechlangles, and
the liquid-liquid interface shows a lateral shift relative to the triple junction iaildium. In
addition to the solvability parameter, we thus need to solve for two additionattitiga. The
conducted investigations on this system have confirmed the expecteddwgtuithose quantities
which reflect the asymmetry of the system; the rotational angle and the asynigtetad shift of
the liquid-liquid interface decrease when we reduce the asymmetry of teesstyprations. Also,
a nearly linear growth of the transition velocity for increasing undercooliag observed.
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A Appendix

A.1 Basics about Green’s Theorem and the Green’s Function
Method

Before we give the Green'’s identities here, we need to take into accaiihtse require bounded
domains. Since we operate on unbounded domains, there are additinsthots on the consid-
ered functions [42]. For

f (UV?v — Vuvv)dx = f u(vv)id f (A1)
\% ov

and also for

v du
V2 — W2u)d3x = 7T _yE A
fv(u v — vVeu)dx fav(u -V n)df, (A.2)

one demands thati, r2du/dx;, rv andr2dv/dx; are bounded in absolute value for all sufficiently
larger, wherer is a radius from any fixed point. In our concerned calculations, thisl@nols
avoided by subtracting the boundary values of the corresponding.fields

The next important piece of basics for the Green’s function method is tp@ahge identity:

vL[u] — uLf V] = v, v). (A.3)

J is an expression in, v with derivations of no higher order than- 1, whenr is the order of
derivation in the linear differential operatdy.

Also note here that when in general non-selfadjoint operators adsyed, it holdsLg =
—-6(x — x') as function ofx, andLg = —§(x — x’) as function ofx’, hereg is the Green’s function
of L.

We see immidiatly that the integration of the Lagrange identity of the operatons afterest
in the corresponding domains is the first step towards a integral repatieanof each consid-
ered problem. If the considered system lacks volume inhomogenetiespthder—uL[v] =
vJ(u,v) always leads to a boundary integral, reducing the dimension of the prdiy®ne.

Another point we shall mention is the behaviour of the required integrals e points of
observation are exactly on the boundaries. Assuming that the respetéigeal may be taken, a
prefactorg /27 will enter in two-dimensional problems. Hewgis the angle that measures the part
of a circle which we can draw at the point of observation that is in the donfalafmition. Con-
sequently, when we are on the boundary of a smooth curve, this willbe in two dimensions
when we consider a model which is one-sided with respect to that poilisefeation. Analogue,
this prefactor is trivially 1 in case of fully symmetric models, where only one dowiadefinition
remains.
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A.2 Derivation of the Integral Representations for the
Monotectic System

Here we present the explicit calculations which lead to the 1-sided liquid-lquaitel, subsections
A.2.1 and A.2.2, and the 1-sided symmetric liquid-liquid model, subsection A.2.3.

A.2.1 Derivation of the Integral Representations for the Co ncentration
Fields

For the closed representation of the problem, the formal elimination of thentmtion fields by
means of the Green’s function technique is essential. We start here witbrthal solution of the
concentration fields by Green’s identities.

We use the concentratioos= ¢ — c.,, wherec,, denotes the concentration in each phase when
we look at the asymptotic regime— +co, where the two liquid phases are in equilibrium. For
phaseli, we denotec,, = €y, and phasé.; has an asymptotic concentration@s = ¢3. The
usage of these concentrations is most comfortable for the subseqloetatbans.

We point out that in the calculations presented here, we do not use mathaipgiasitive
oriented integrals, which would mean the enclosing curve is passed oduookavise and the
normal points out of the enclosed area, but the community - familiar sense obtitour, with a
normal pointing into the enclosed phase. This yields a sign in front of theraltezpresentation.
The representation becomes more clearly arranged when we defineettatoof the diffusion
equation as

_ 24
Ly[c] = Ve + Pty (A.4)

and the Green'’s function satisfies

Lylg] = -o(r - 1), (A.5)
Lh[g] = -5(F- 7). (A.6)

The resulting representation can be organized as shown in the followmgdataon,

I R TCECC Y (A7)
V/(L1)

_ _ 2 021 _ 2 0

¥ = V'2C+ ——c) - C(V’2 - == )dV’ A.8

®) j\‘/’(Ll)g( Ip oy’ g Ip oy’ (A8)

~7 12= =72 2 / ey ’

N = f gv'%c- Vg + = (V'(8cg) dV (A.9)
V/(L1) Ip

&) = - f (GV'E- VO + >Egie,ds. (A.10)

av/(L1) Ip

By Eqgs. (A.7) we obtain the formal solution for the figdldNext, we shall discuss which parts of
the boundary contribute to the integral representation. The notation darpeat of the relevant
boundary is given in fig. A.1. The boundaly;, which is aty — oo, gives bycriy = 0 and
(VO)ray = O zero contribution to the integral. When we consider the contribution along the
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Figure A.1: A sketch of the boundary of phdse The triple junction is located at {0).

boundaryl'1o, we remember that the Green'’s function tends to zero for distdiices’|| — oo,
we also skip these integrals. Thus, the formal solution in phase 1, for agfabservation not
on the boundary, is

@9 = - [ drg|ova, -, vo+ 2ay08| (A1)
/ !~ ~ 2 -~ 4
f drig [gV Cr —Cr Vg + Bcplsgéy] g}
Analogue we write focin the liquid phasé.,:
a0 = - f (GV'E— V') + 25gTe,, (A12)
v/ (L2) Ip

the notation for each part of the relevant boundary as well is given.iiAfR)
As we can again skip the integrals belonging to the bounHgayand aty — oo, we write down
the resulting integral representation of the concentration field in ghase

cX) = —fdr’21 [gV Cry, —Cr, V'O + —Cr' gé),] (A.13)
/ '~ ~ ’ 2 ~ 4
dls |9V Cry — Cry Vg + Ecpzsgéy i
With properly defined formal representations and domains of the coatientfields, we can
calculate the resulting system of governing equations in all detail. We stgagsthat we conduct

this lengthy calculation as this is the first occasion where we apply a 1-sidddlpand the
introduction in section 2.4 only discusses symmetric two-sided models.
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Figure A.2: A sketch of the boundary of phdsge

A.2.2 Explicit Boundary Integral Formulation

We stress that this paragraph is dedicated to the detailed calculation of thd ohpsesentation
for the liquid-liquid 1-sided model. By liquid-liquid 1-sided model we label thetsgn which
neglects diffusion in the solid phase and takes into account diffusion inligaid phases, which
are treated formally independent. As we have not yet discussed thataeriof the resulting
integral equations for a 1-sided case, these exhaustively detailatptiescshall especially serve
as basis to get familiar with the Green’s function method in a more generalagpr

The outcome of this paragraph is summarized in 'Closed representationasfeékrsided model’.
When we compare the representation we obtain in the subsequent calautatithrose we get
within the so-called symmetric model, see section 2.4, this shows the greataghswf the
latter. We start from dimensional concentration fields, which we just intedias

C

C—-Cxa
in the left liquid phasé.», and

c

C—C12

in the liquid phasé.;, and also label the miscibility gaps as

ACys = Cps—Cs2 (A.14)
ACis = C15-Cs1
ACp1 = Cp1—Cio.
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The local equilibria read as

Tp: € = —%K (A.15)
.= y1sT

s: ¢ = (cs —TC12) - leL;an
.= Y12

I'>1: ¢ = —mZ:Leran ]
.= Y2s

Is: C = (Cos—C21) - WL:SK,

where we again give the quantities involved - the absolute slope of the tmeaslines in the
phase diagrammjj = ||dT/dg;jll, the effective latent heats; and the surface energy densitigs
Concerning the definition of the effective latent heats, we refer to [4B moving boundary
condition is given by the mass conservation, where we can exclreangc.

[21: vn(Caa—c12) = -D(VCry — Vor,) i (A.16)
I2s: vn(Cas —Cs2) = —D (Vo)
I1s: vp(Cis —Cs1)) = -D(Vore)n

When we write down the representation of the concentration ¢ield the interface, we have to
take into account that we get a prefactg® hs explained in [73]. Thus we obtain, referring to Eq.
(A.13)

3 G (A.17)
/ — b2 ,
= - f [Q(V Or(s) — Cr(is)V'g + I_éycr'(iS)g} fsds
(is) D
’ -~ ’ 2 bl v
- f § [Q(V Or i) = V' + —&Cr 9| ;ds,
(i) D
wherei, j = 1,2 andfij; = -fj. Now we insert the known values of the considered fields.

Since we separately define the integral representations for both liquseé ghse cannot eliminate
both normal projections of the gradients of the concentrations by massreatien, Eq. (A.16).

We choose YC)r@y)i from both normal projections of the gradients as remaining unknown here,
leading to the following expressions. In phdse we obtain

3t (A.18)

—Upy T 2
—f g(ﬂAcls) - ((Cls - C12) - m—mk') [V'Q - —éyg] mds
ras) \ D Mislis Ip

f g(ﬂAC21 + V’Err(zl)ﬁ’) — (—@K’) [V’g - Eéyg] nds.
r@az) ‘D Ip

Myolog
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and analogue in phase
Cre) (A.19)

—Upy )’ZSTm ’ ’ _3 ,
j;(zs)g( D ACzs) ((Czs C21) mzstsK)[Vg IDéyg]ﬁdS[

Nl

[ et - (- 22 ) jvrg- 2ggras.

I'(21) Mpilog Ip

We introduce dimensionless coordiantesy xR,y — YRy, the normalized concentratios=
(c—c21)/(Acs), € = (Cc — c12)/(Acys) for phasel, andL,, the Peclet numbegp; = Ryv/2D and
the supersaturation drps is A, = (Cos — C21)/ACos, OnT'1s we label it asA; = (C1s — C12)/ACss.
By «” we denote(x’), and the capillarity lengths here are defined as

Y12Tm
dyp = ————, A.20
ACp1L1omyo ( )
4 = Y12Tm
b = —————,
ACp1L1oMp1
d _ 71STI'TI
s = —,
AcisLismys
e = Y2sTm
bs = ————.
ACyslosps

The explicit writing of (V'g) is

Vg = L e 0o [KO(Hf - ll)éer (F-r )Kl(llr —F II)]’

~ 2lp Ip P = | Ip

whereKg 1 denotes the modififed Bessel function of zeroth or first order, réisp&c The result-
ing representation for the concentration in phiasen the interface¥,; andI'»s reads as

Cr(2) (A.21)

0
= Zp_; f d)(e_ pl(y_yl)(ZKO(pln)

NI

d d r—r
+ d—;ﬁ’ (Az - Rilsk’) [(r nr )Kl(pm) - Ko(pm)éy])

e dxﬁe—pl(y—w Ko(P1n)(VO)rani
21 J_a/Rry X
ACx1 [ oy \[(P-T) B /
1Ac23( ﬁl’()[ " Ki(p1m) — Ko(pan)& | 1),

here we defing = || — ||, by a we label the asymptotic lateral shift of tihe — L,-interface as
illustrated in fig. 4.11.Correspondingly, in phdse we express the concentration on the interfaces
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I'2 andFls as

CF(l) (A22)
pr (7 Dy

e dx e P-Y)| 2k
> fo e o(Pan)

. (Al_ dis) ~H(X=X)+y-Y)

NI

R K1(p1n) - Ko(pm)b

0
Pr ~m(y-y)[ 98
+ o _a/Rld)(e dX,Ko(pm) 2

ACp1 _d_lzk,
Acis\ Ry

(C21—C12) N V'Cr(zl)ﬁ’)
AcCis p1

(F; ") ka(pun) - Ko(Plﬂ)éy] ﬁ'),

With some useful substitutions, namely

weds = dx

= > d /
(=) ge _ —&(X—X)+(y—>/)dx
n n

’

we achieve the final representation of the concentratiom the interfacef,; andI';s as

Cr2) (A.23)
pr [©

- dxe-pﬂy-w(zKo(pm)

. (AZ_ dﬁ) —(X=X)+y-Y)

NI

= : Ka(pun) - Ko(pm)b

L i dxe Poy) ds Ko(p1m)(V'Q)r2n)it
2 —a/Ry dx (21)
dy ,
ACo1 [ do1 N\ |—ge(X=X)+(Y-Y)
- p (-2 Ka(p1m) - K .
P1 Aoss ( R < ) . 1(p17m) — Ko(p1n)
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and forI'1»> andI'is we obtain

CF(l) (A24)
pr [ o (v

e dx e P-Y)| 2k
o fo € o(pm)

Wy _
. (Al_%sk,) Ex-x)+y-y)
1

NI

K1(p1n) - Ko(pm)b

0
P -puy-y)( 98

+ 5 _a/RldKe d)(KO(pm)
Acpy (_ dlZK/)

+ [ [—
Acis\ Rp

Co1 — YV’ cropi’
2( 21— C12) L Verey )
AcCis p1

~W(x=x)+(y-y)

Ka(pun) - Ko(pmﬂ )

Equations (A.23) and (A.24) state the representations of the concenfiiatdmon the interfaces.
They let us eliminate the concentrations in the local equilibria in the corregmpimderfaces and
thus lead to the necessitated interface equations. We express the ladliiatiacun these interfaces
in dimensionless notation as

AcCp1 doq

I'1: ¢ = _FZSElK, (A.25)
I'os: ¢ = Ap-— C:%SK,

I',: ¢ = —2%:;%112&

I'i's: ¢ = A1- CI%SK,

where the prefactakcy1/Acis, | = 1,2, comes from normalizing the local equilibria in the liquid
phased., by Acos and inL; by Acis. Consequently, for the interface equationsyfpg we yield
onl’sq

AcCy1 O
—_— A.2
ACZS 2R1K ( 6)

0
= g_jlr f d)(e—pl(y—v)(ZKo(pm)

dy /
dos ,\|—ax(X=X)+(y-Y)
+ (Az - %K ) dx Ki(pin) - Ko(pm)b
1 n
1 ds
_ 1 d)(e—pl(y—V)_(K R
2 m, ™ o(P1) (V' Or(2y)
dy ’
ACo1 [ Doy N\ |—ge(X=X)+(Y-Y)
- 1F21 (—%K ) dx K1(p117) — Ko(p17) )
25 1
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and onl',s we have
: (A2 - %SK) (A.27)
P1 0
- I £ ) dxe—pl(y—y)(ZKo(pm)
dy ’
das \|—ge(X=X)+(y-Y)
+ (Az - 25 ) dx K1(p17) — Ko(p17) )
Ry n
1 ds
- -pa(y-y) 22 ’ 4
= [ axe PO Kolpun(T St
dy ’
ACor [ o \|—ge(X=X)+(y-VY)
- plA—Zl (—%K ) dx K1(p17) — Ko(p1m) )
Cos 1 n
For phasd 1, the interface equations are
Acyp di
- [k
dy ’
tis ,\|—mx(X=X)+(Y-Y)
+ (Al - RLSK ) dx K1(p1n) — Ko(p1m) )
1 n
0 /
P1 _piy—yy[ dS (c21—c12)  Vereuf
+ = dxe Py V)(—K (2 +
2 ) o, O <o(Par) ACis 01
dy )
ACo1 [ di2 N\ |—ge(X=X)+(Y-Y)
- Rt o Kapu) - Kofpu
s\ R
onI'1o and, forl'is
dis
1 - = A.2
2 (Al Rl K) ( 9)
-2 dxe-m(y-W(ZKO(pm)
dy ’
this ,\|—ax(X=X)+(y-Y)
+ (Al - Rilsk ) dx K1(p17) — Ko(p1n) )

0
P1 _oyyy[ S
P dxeP( 98 (2
t o5 R e ™ o(P1m)

N ACy1 —@K’
Acis\ Rg

(Co1—C12) N VCr(21)ﬁ’)
ACis p1

~G(X=X) + (y-y)

K1(p1n) - Ko(pm)])

The equations (A.26),(A.27),(A.28) and (A.29) state the complete probleconsder.
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A.2.3 The Derivation of the One-Sided Liquid-Liquid Symmetri ¢ Model

We recall, see e.g. [66], [73] or [87] , that

ca® = _fa (GV 01—01VG+—chéy)r‘i’ | XeVl (A.30)
%.61(%) = —fa é(GVc1—01VG+—chéy)ﬁ’ | XeoVl
0-c(%) = —f é(G cl—clVG+—ClGéy)ﬁ' | XeRy

(X)) = —j;,ng(GVCZ—C2VG+—C2Géy)ﬁ' | XeV2 (A.31)
%-Ez(x) = —j;, ds’(Gch—CZVG+—chéy) | XeoV2
0.5(0) - —j(;,zds’(GV'Eg—EZV’G+%EgGéy)ﬁ’ | Xe Ry,

where we defined; = c(Lj) — ¢c(Lj,y — ), V is the union ofV and its boundaryV, and the
orientation of the line integral is counterclockwise with the normal pointing intcctivesidered
area. The volume indices here correspond to the indices of the liquidghas¥1 is the domain
of liquid phasel1, and the entire boundary of liquid phdsgis denoted byV1. In the light of the
symmetries which apply here to the two liquid phases, the merging of the domaiesimtion
by means of simply adding the field representations leads to the 1-sided liquid-$igmmetric
model:

G +0-)(®) = — f ds’(GV’El—Elv’G+ Iﬁalcsa,) i (A.32)
ov’'l D

_ 2 _
— f dd (GV,CZ - CZV,G + I—CgGéy) i | XeVl
aV’'2 D

la+ls)lm = - f ds (6VE - VG + 25Ge | (A.33)
2 2 oVv’1 ID

- f dg(GV’Ez—EZV’G+|£EzGé),)ﬁ’ | Reavinav2
oV’ D

(0.51+ %62) ® = - f ds(ev'al—alv'e+ Iisleéy) v (A.34)
oVv’'1l D

_ 2 _
- f ds (GV’Cz - C2V,G + l—CzGéy) 1 | X € 6V2\3Vl
ov'2 D



Chapter A. Appendix 123

(%(71 +0- 62) X —f dd (GV'El - VG+ IE(TlGéy) i (A.35)
oVv’'1l D
2

Ip

f ds (GV,EZ - Ezle + 6265)/) i | X € aVl\avz
ov'2

0-G+3)(® = - f ds’(GV’El—Elv’G+ IEElGé\/) % (A.36)
oVv’1l D

- f dg (Gv'az _GVG+ Eazeéy) T xev2
avr2 Ip

A.3 Expression of &F¢ in Terms of the Strains in the Initial
Phase

This part of the appendix is dedicated to the tedious calculation which yieldshesentation of
the elastic contribution of the difference of the modified free energies gtthse interface. The
necessitated expression only depends on the lattice-strain induceéstrgsand the strains in
the reference phaseg ui(lf).

We start with the explicit notation @' = F,) — Fg,

SFe = lf(a)—ls(/;) = [O'So-i(lf)ui(lf) - O'E%)u%) - Zaﬁ?uﬁ,‘?]—[o.sﬁf)(uff) — €k) — Un(ﬁrzun(ﬁg - ZO'n@ u(n@
. We give the intermediate steps, beginning with the eliminatiam-0by means of the coherency

condition,
) =

= Urr,
which yields
Fo — Fp = 05050 — olu 1 050 Du,, + 050908 + e &P - 05
0'@ U + 0.50'@ €7+ O.50'n(ﬁr26nn + o-n@em + 0.50'7(-@67-7, (A.37)
and also using that
o = =,

we obtain
Fo = Fp = 05(cPei) + 0.5(ornn(uldl = uS) + 2070c (U = u?) + (@2 - e Dyuer). (A38)
The jump of the strains at the interface, specifically

v
u<r€n) - ul(’lan) = €nt E(G‘r‘r + GZZ)

and

u(nﬂ-r) - ulgg') = €nr,
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lead to
_ ®) (@ _ 6
F Fﬁ = Onnénn + 20 nc€ne + 0. 5(0-‘1'7 €t O0zz€z% Onn ( 1_ (ETT + EZZ)) + (077 — 07 )Urr).
(A.39)
Here we use the jump condition of the stresses at the interface, namely
E
o =P - (€rr + Ve, (A.40)
1-v2
to express the stress, after some intermediate calculations,
E
o) = ara—zy (@ -e V(U — &) + (Uer — €0))) (A1)
E o %
o) = A=) + (—(1 —V)ézz+ V(uEm) 1 V(G‘r‘r + €z7) + Urr — E‘r‘r)) (A.42)
®) _ E () (@)
03 = m (V(U + Urr)) ( 0'zz) (A.43)
E
+m ( (1-v)ez+ V( (E‘r‘r +€&2) - ETT)) ,
as
n E
o) = ol + F A=) (—(1 V)€zz + V( S(err + €)= E‘r‘r)) (A.44)

Up to here, we obtained a representation et independent oﬂ(ﬁ) anda-ff), which reads as

~ o E
Fo—Fp= Onnénn + 20 nrénr + 0.5 [G'(Ti)eﬁ + o'gz)ezz+ o-nnl (€rr + €2 + - (ETT + VEZZ)UTT]
+ 05 _m(frr + Vez)€rr + m ~(1-v)ezz— verr + E(Gﬁ + €2 | €

(A.45)

where the terms in the brackets marked by ¢) equals

- 1_,2 (EET + Ezzz + 2vezrr),
which yields

lf(l - 'Eﬁ = Onnénn + 20—n7-€n7- + 05 O—-(I-(;l-)fTT + O—gz)ezz‘i‘ O_nnl

E
1_—‘/2(677 + VeZZ)uTT

E
51 —z (eTZT + €2+ 2ver k). (A.46)

4
(eTT + €ZZ) +
-V
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Using Hooke's law, we rewrite the stress tensor in terms of the strain tendatxdain,

2 2 —
€ + €57+ VErserr) =

E
(0%
Onnénn + 20 nc€nr  + 0.5 O-g"r)e‘r‘r + Uéz)fzz‘*' U'nn:L (€rr + €29 + m(G‘FT + V€U | .

This does not really look better, but we need to find the representatiofy f terms of the lattice
strains in this expression. For this purpose, we first have to blow up taéom precisely

2
"+ €yt 2VErkyr) =

E E @
m [(L=v)Unn+ VUrr] €7 + m [(1 V)Urr + Vunn] €rr
E (@) E 4
RTeTr s SR e T pn e T
E 1-2y

2@+ (L-2) 20— )

[(1 = UL + vu](er + €229)

E
Urr(€rr + V€2 + 2——énrlng.
1+v

We remember the definition of the lattice stressgs

ot = 1 E énr, (A.47)
ot = WE].—ZV) [(X=v)err + V(e + €32)] (A.48)
Opn = WE].—ZV) [(A=V)enn + v(err + €3] (A.49)
to obtain
-+ 6222 + 2ver60r) = (A.50)
205, Unr  + m [unn((l V)énn + 0.5ve;; + 0.5vez; + 0. + ezz)))]
E 2

_ -2y
(1 n V)(l — ZV) UrrVénn + 0. 5(1 V)Eﬁ- + 0. 5V€ZZ+ 0. 5 (ETT + EZZ) + 0. 5 (ETT + VEZZ)]

what we can express in a more comfortable way as

2 _ (@)
+ €55+ 2VErkrr) = OhpUne

€
+ 05 Urr + 207 Une.

(04
Consequently, the difference of the elastic contributions of the modifiedefnergies reads as

oF® = o€ Y 4 o€ Upr + 20 Uy — O. 5:—> ( + &+ 2ve ). (A.51)
nn nr 27

At this point, we achieved the desired representagiof! [ul(f(’), fk] (%, ¥(X)). The next step is the
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transformation to cartesian coordinates. The corresponding expressio

2 2
€nn = nXE)(X + Zanyfxy + nyfyy,

2 2
€Err = nyEXX - 2nxnyexy + nXEyy,

€Enr = nxny€XX + 2(n)2, - n)2()€xy - nxnyfyy,

suggest the definition of the auxiliary functions

Alng, ny) = n)zl(f_xx — €y) — 2€xyNxNy (A.52)
B = A’+2vAg;+2Aq,, (A.53)
where we define
€ik = €€ik,

such thate denotes the magnitude of the lattice strain. Consequently, we write the diféeoén
the chemical potential in the two phases as
Ee?

SF® = o Ul — P (B(®) — (e + €5, + 2vepyezs) . (A.54)

which is just the required formulation which we use.

A.4 Numerical Implementation for the Coupled
Elastic-Diffusional Solid-Solid Transition

In this chapter we will briefly describe the implementation of the governing temquéor the
elastic-diffusional problem which we treat in chapter 3. Apart from thelémgntation of the
approximated governing equation, this section provides the explicit N of the strains
ui(lf) which we obtained in section 3.2.2. There we preferred a more compactatydebetter
overview, but the expressions we obtained need to be described intall #er the implementa-
tion of the approximated governing equation we use,

TeqCp 0_6 u(a) _ EEZB()?)
pLZ ik Zik 2(1_ V2)

= —lf dx log
T J-oo

wheredy/pR = o, it is advantegeous to define the stressgsand strainsui(lf) different, as a few
prefactors will cancel. B we define

— OK+

1/2

(x=X)2+ (YO =YO?| (A.55)

> 2 x2)\2
(X—=Xx)%+ (—7 + 7)

B(X) = B(ny, ny) = A% + 2vAe;; + 2Aeyy,
where the functior is defined as

2 — — —
A = ny (é-xx - é-yy) - foynxny.
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For the straingrs , we introduce

ik’
Gk = €€k
1

Tyx = m((l - V)f_xx + V(E_yy + E_ZZ))

1 _ -
Zyy = E((l — V)ny + V(EXX + Ezz))
ny = &y,
where theix and the stresses are related as

Ee

' k=75

ikNk. (A.56)

Consequently, we write the forces densities due to the eigenstrains as

Ee Ee

Fx = m(zxxnx + Zyyhy) = mfx
Ee Ee

Fy = 75+ Iy = 2201

where we also introducef], fy, which we use in Egs. (A.57). The straiq(g) are eliminated in
terms of the unknown interface,{/(x)) as

1+v 1
Uy = ——— | dd——— x
XX 4n(1-v)E f - [t

((Fx(x=X) + Fyly =YDy~ ¥)* = (x= X)?) = 2(1= )P = " PFx(x - X))

1+v 1
- =t [gg——
WS I -E f BT

((Fu(x=X) + Fyly = Y))((x= X)? = (y = ¥)?) = 2(1= 20)IP - P PFy(y - ¥))

1+v 1
Uy = ————— [ d§——— x
Y 4n(1—v)Ef Pt

(2= X))y = Y)(Fx(x = X) + Fy(y = ¥)) + (1 = 20)IF = PP(Fx(y - ¥) + Fy(x = X)),
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and we introducéy = ui(lf) /€,

1 1
o = i | S
((txOx=X) + fyly =y DY = ¥)* = (x= X)?) = 2(1 = 20)IF = P (x = X))
1 1
v = 4ﬂ(1—V)fdg|r*— e
((x(x=X) + fyly =y )((x = X)? = (y = ¥)?) = 2(1= 20)IF = PPy (y - )

1 1
by = _4ﬂ(1—V)fd§|r—ﬁ|4x

(20¢= XYy = Y)(Fx(x = X) + fy(y = ) + (1 = )P = P P(Fuly = ¥) + fy(x = X)).)

The achieved notation f@ir® thus reads as

Ee? Ee?

F= — Sl — 5
0 TG TR

T (& + &%+ vereer), (A.57)

and the representation in the code reads as

TeCp

~ 1 = - R
WéFel = CL’Ziink - a’m (EET + Ezzz-l- ZVEZZETT) , (A58)
where
TeCpE€E?
o= _edp=e (A.59)
pL2(1+ v)

We remind us of the formal representation we choose for convenience aigbussion of the
results. We defin® = 2(1-1?)/(E€%(e}, + €2, + 2veyyez7) to obtain

Ae | o @ E€e*B(X
— _(I) U _
oK+ P [le ik 2(1_ VZ)

= —}f dx log
T Jowo

1/2
(X = X)2 + (Y(X) - y(X’))j . (A.60)

2 X2 x'2 2
(X— X’) + (—7 + T)
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