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❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ♥❡✇ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ❧✐♥❡❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥
❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳ ❲❡ ❞❡r✐✈❡ ❛
t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✲
✐♥❣ ❛r❜✐tr❛r② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✳ ❚❤✐s
❡q✉❛t✐♦♥ ❣♦✈❡r♥s t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♠✐❝r♦s❝♦♣✐❝ ♣❛rt✐❝❧❡ ❣❛♠❡ ✐♥
t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❚❤✐s r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ✐s ❜❛s❡❞
♦♥ r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱ ❛♥❞ ✐t r❡❧✐❡s ♦♥ ❛♥ ❛♥❛❧②t✐❝ ❡①✲
♣r❡ss✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❡❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡ ❧✐♠✐t✳ ❚❤❡ r❡s✉❧t✐♥❣
❡q✉❛t✐♦♥ ❤❛s t❤❡ ❞✐st❛♥❝❡ s t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ✏♥♦♥✲❝❧❛ss✐❝❛❧✑✳ ❆ ▼♦♥t❡✲❈❛r❧♦ st✉❞② ♦❢ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ✐♥ ❤♦♠♦❣❡♥❡♦✉s ❜✉t ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ s✉❣❣❡sts t❤❛t t❤✐s ❡q✉❛t✐♦♥
✐s ✈❛❧✐❞ ❢♦r ❛ ✇✐❞❡r ❝❧❛ss ♦❢ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✳ ❲❡ ❞✐s❝✉ss ❣❡♥❡r❛❧✐③❛✲
t✐♦♥s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ ❛♥♦t❤❡r r❡❝❡♥t❧②
♣r♦♣♦s❡❞ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡✈❡❧♦♣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤✐s ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞②
st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ✈❛r✐❛t✐♦♥ ♦❢ ❛ st❛♥❞❛r❞
✜♥✐t❡ ✈♦❧✉♠❡ ❍▲▲ ♠❡t❤♦❞ ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ■♥ ❛ ❞❡t❛✐❧❡❞
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✇❡ s❤♦✇ t❤❛t t❤❡s❡ s❝❤❡♠❡s ♣r❡s❡r✈❡ t❤❡ ❛♥❛❧②t✐❝ ❛s②♠♣✲
t♦t✐❝ ❧✐♠✐t ✐♥ ❛ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❝❤❡♠❡s ♣r❡s❡r✈❡ t❤❡ ❝♦♥✈❡①
s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❛♥❞ r❡❛❧✐③❛❜❧❡ s❡ts✳ ❆ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞ t❤❡
❢✉❧❧ s♦❧✉t✐♦♥ str♦♥❣❧② s✉❣❣❡sts t♦ ✉s❡ ❛♥ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ♥❛✐✈❡
s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ✐s s❤♦✇♥ t♦ ❜❡❝♦♠❡ ❛r❜✐tr❛r✐❧② s❧♦✇ ✐♥ t❤❡ s❝❛tt❡r✲
✐♥❣ ❞♦♠✐♥❛t❡❞ r❡❣✐♠❡✱ t❤❡r❡❢♦r❡ ✇❡ ❛❞❛♣t ❛ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥
♠❡t❤♦❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡s ✈✐❛ ❛ ✈♦♥ ◆❡✉✲
♠❛♥♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♠❡♥t ♠♦❞❡❧s✱
✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡② ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ ❜② t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳

❊q✉✐♣♣❡❞ ✇✐t❤ ❛❝❝✉r❛t❡ ❛♥❞ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✱ ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞
❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡
tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❲❡ ❢♦r♠✉❧❛t❡ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ❛♥❞ ❞❡r✐✈❡ ❛ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✉s✐♥❣ ❛
▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠✳ ❚❤✐s ❢♦r♠❛❧✐s♠ ✐s ❜❛s❡❞ ♦♥ ❛❞❥♦✐♥t ❝❛❧❝✉❧✉s✱ t❤❡r❡❢♦r❡ ✇❡
❢♦r♠❛❧❧② ❞❡r✐✈❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt
❡q✉❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❛❞❛♣t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t♦ ❞✐s❝r❡t✐③❡ t❤✐s ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡s❡ s❝❤❡♠❡s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠❛❧✐t②
s②st❡♠ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s ❛♥❞ s❤♦✇ t❤❛t
♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❛❝❝✉r❛t❡❧② ❛t ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st✳





❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

■ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣ ✺

■♥tr♦❞✉❝t✐♦♥✿ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷ ❈❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✼

✷✳✶ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✸ ▲✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ✶✹

✸✳✶ P❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✸✳✷ P❤♦t♦♥ tr❛♥s♣♦rt ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✸ ▲é✈② ❣❧❛ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✹ ❘✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✶✽
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✶✺ ❉✐s❝r❡t❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✶✸✾
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❆ ▼❡❛s✉r❡ ❛♥❞ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ✶✺✻
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✶ ⑤ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ tr❛♥s♣♦rt ♦❢ r❛❞✐❛t✐♦♥ ✐♥ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❤②s✐❝❛❧
♣❤❡♥♦♠❡♥♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳ ❊①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s
r❛♥❣❡ ❢r♦♠ t❤❡ tr❛♥s♣♦rt ♦❢ ♥❡✉tr♦♥s ✐♥ ❛ ♥✉❝❧❡❛r r❡❛❝t♦r ❛♥❞ ❡❧❡❝tr♦♥s ✐♥ ❤✉✲
♠❛♥ t✐ss✉❡ ✐♥ r❛❞✐♦t❤❡r❛♣②✱ t♦ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳
■♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✱ r❛❞✐❛t✐♦♥ ✐s tr❡❛t❡❞ ❛s ❛ ❣❛s ♦❢
♣♦✐♥t ♣❛rt✐❝❧❡s ✇❤✐❝❤ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❚❤✐s ♠❡❞✐✉♠ ✐s
❛ss✉♠❡❞ t♦ ❝♦♥s✐st ♦❢ st❛t✐❝ ❡❧❡♠❡♥ts✱ ❛♥❞ t❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡s ❛r❡ s❝❛tt❡r❡❞
♦r ❛❜s♦r❜❡❞ ✇❤❡♥ ❡①♣❡r✐❡♥❝✐♥❣ ❛ ❝♦❧❧✐s✐♦♥ ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠✳ ❆ ❝❧❛ss✐❝❛❧ s✐t✉❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❡❧❡♠❡♥t❛r② ♣❛rt✐❝❧❡s t❤❛t ✐♥t❡r❛❝t ✇✐t❤
❛t♦♠s✳ ❚❤❡ st❡❛❞② st❛t❡ ❢♦r♠ ♦❢ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭♥❛♠❡❞ ❛❢✲
t❡r ▲✉❞✇✐❣ ❇♦❧t③♠❛♥♥✱ ✶✽✹✹✲✶✾✵✻✮ ❞❡s❝r✐❜❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ Ψ ♦❢
♣❛rt✐❝❧❡s ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠✳ ❚❤❡ ❡q✉❛t✐♦♥ r❡❛❞s

Ω∇xΨ(x,Ω) + ΣtΨ(x,Ω) =

∫

S2

σs(Ω,Ω
′)Ψ(x,Ω′) dΩ′ +Q(x,Ω), ✭✶✳✶✮

✇❤❡r❡ x ✐s t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡✱ ❛♥❞ Ω t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧✳ ❚❤✐s ✐♥t❡❣r♦✲
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ✇✐❞❡❧② ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ tr❛♥s♣♦rt ♦❢ r❛❞✐❛t✐♦♥ ✐♥ ❛
❣r❡❛t ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt✱ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ σs✳
❚❤❡② s♣❡❝✐❢② t❤❡ r❛t❡ ❜② ✇❤✐❝❤ ♣❛rt✐❝❧❡s ❝♦❧❧✐❞❡ ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✱
❛♥❞ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛❢t❡r ❛ ❝♦❧❧✐s✐♦♥ r❡✲
s♣❡❝t✐✈❡❧②✳
❚♦ ❡♥s✉r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❢♦r ❛ ❝❡rt❛✐♥ tr❛♥s✲
♣♦rt ♣r♦❝❡ss✱ s♦♠❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ❤❛✈❡ t♦ ❜❡ ♠❛❞❡✳ ❖♥❡ ♦❢ t❤❡s❡
❛ss✉♠♣t✐♦♥s✱ t❤❡ P♦✐ss♦♥✐❛♥ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛❝❦✲
❣r♦✉♥❞ ♠❡❞✐✉♠✱ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥
t❤❡ ♠❡❞✐✉♠✳ ❘❡❝❡♥t❧②✱ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ ❛t♠♦s♣❤❡r✐❝
❝❧♦✉❞s t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ✇♦r❦✱
✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ♥❡✇ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r t❤❡ tr❛♥s♣♦rt
♦❢ ♠❛ss❧❡ss ♣♦✐♥t ♣❛rt✐❝❧❡s t❤r♦✉❣❤ ❛ r❛♥❞♦♠ ❞✐s♦r❞❡r❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠
t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ ❛r❜✐tr❛r② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ♠♦❞❡❧
❤❛s ✜rst ❜❡❡♥ s✉❣❣❡st❡❞ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s
❜② ❊❞✇❛r❞ ▲❛rs❡♥ ✐♥ ✷✵✵✼ ❬✼✸❪✳ ■t ✐s t❤❡r❡❢♦r❡ t❤❡ ♠♦t✐✈❛t✐♦♥❛❧ ❛♣♣❧✐❝❛t✐♦♥
❢♦r t❤✐s ✇♦r❦✱ ❛♥❞ ✇❡ r❡❢❡r t♦ ✐t ❛t s❡✈❡r❛❧ ♣❧❛❝❡s✳ ❚❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ✐s s❡t ♦♥ ❛♥ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡ ❛♥❞ r❡❛❞s

∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0, ✭✶✳✷❛✮

Ψ(0, x,Ω) = c

∫ ∞

0

∫

S2

σs(Ω,Ω
′)Σt(s

′)Ψ(s′, x,Ω′) dΩ′ ds′ +Q(x,Ω). ✭✶✳✷❜✮

✶
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❚❤❡ ✈❛r✐❛❜❧❡ s ✐s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❧❛st ❝♦❧❧✐s✐♦♥✱ ❛♥❞ ♠❛❦❡s t❤✐s ❡q✉❛t✐♦♥
♥♦♥✲❝❧❛ss✐❝❛❧✳ ■❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ Σt(s) ✐s ❝♦♥st❛♥t✱ t❤✐s ❡q✉❛t✐♦♥ r❡❞✉❝❡s t♦
t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❊q✉❛t✐♦♥ ✭✶✳✶✮✳ ■t ✐s t❤❡r❡❢♦r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✳

❚❤✐s ✇♦r❦ ❢❛❧❧s ♥❛t✉r❛❧❧② ✐♥t♦ t❤r❡❡ ♣❛rts✳ ■♥ t❤❡ ✜rst ♣❛rt ♦♥ ▼❛t❤❡♠❛t✐✲
❝❛❧ ▼♦❞❡❧✐♥❣ ✇❡ st✉❞② t❤❡ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❢r♦♠ ❛ r❛♥❞♦♠ ♠✐❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱ ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥
t♦ ❊q✉❛t✐♦♥ ✭✶✳✷✮✳ ❋✐rst✱ ✇❡ r❡✈✐❡✇ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥
✐♥ ❈❤❛♣t❡r ✷✳ ❲❡ ♣♦✐♥t ♦✉t ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✱ ❛♥❞ ♣r❡s❡♥t
❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ♦❜s❡r✈❛t✐♦♥s ✉♥❞❡r❧✐♥❡ t❤❡ ♥❡❡❞ ♦❢ ❛ ♥❡✇ ❣❡♥❡r❛❧✐③❡❞ t❤❡✲
♦r② ✐♥ ❈❤❛♣t❡r ✸✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣t❡r ✹ ✇❡ ♣r❡s❡♥t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥
♦❢ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❚❤❡r❡✱ ✇❡ ❜✉✐❧❞ ✉♣♦♥
r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❬✺✸✱ ✽✶❪✳ ■♥ ❈❤❛♣t❡r ✺✱ ✇❡
✐♥✈❡st✐❣❛t❡ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✈✐❛ ❛ ▼♦♥t❡✲❈❛r❧♦ st✉❞② ♦❢ s♣❛t✐❛❧❧②
❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✳ ❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣t❡r ✻ ✇❡ ❞✐s❝✉ss t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤✐s ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✳✷✮✱ ❛♥❞ ♣r❡s❡♥t ❝❡rt❛✐♥ ❡①t❡♥s✐♦♥s
❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ✇♦r❦✱ ❡♥t✐t❧❡❞ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt
❊q✉❛t✐♦♥ ✭✶✳✷✮✳ ❙♦❧✈✐♥❣ t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥ ✐s ♥✉♠❡r✐❝❛❧❧② ❝♦st❧② ❞✉❡ t♦ ✐ts ❤✐❣❤
❞✐♠❡♥s✐♦♥❛❧✐t②✳ ❚❤❡r❡❢♦r❡ ✇❡ ✉s❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ t❤❡ ❢✉❧❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✳ ❚❤❡s❡ s♦✲❝❛❧❧❡❞ ♠♦♠❡♥t ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
❈❤❛♣t❡r ✼✳ ❙✐♥❝❡ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❧✐❦❡ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞ ♠❛② ❤❛✈❡
♦♣t✐❝❛❧❧② t❤✐❝❦ r❡❣✐♦♥s✱ ✇❤❡r❡ tr❛♥s♣♦rt ✐s ❞♦♠✐♥❛t❡❞ ❜② s❝❛tt❡r✐♥❣✱ ✇❡ ❛r❡
❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥ t❤✐s r❡❣✐♠❡✳
❋♦r ❛♣♣r♦①✐♠❛t❡ s②st❡♠s ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥ts ✇❡ ♣r❡s❡♥t ❛ ❢❛♠✐❧② ♦❢ ❛s②♠♣✲
t♦t✐❝ ♣r❡s❡r✈✐♥❣ ❍▲▲ s❝❤❡♠❡s ✐♥ ❈❤❛♣t❡r ✽✳ ❈♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞
t❤❡ ❢✉❧❧ s♦❧✉t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✶✳✷✮ r❡q✉✐r❡s ❛♥ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞✳ ❲❡
s❤♦✇ t❤❛t s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❜❡❝♦♠❡s ❛r❜✐tr❛r✐❧② s❧♦✇ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡✱
❛♥❞ ♣r♦♣♦s❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ s❝❤❡♠❡s t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠
✐♥ ❈❤❛♣t❡r ✾✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡s❡ s❝❤❡♠❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✵✳

■♥ t❤❡ t❤✐r❞ ♣❛rt✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥✳ ❚❤❡
s−❞❡♣❡♥❞❡♥t t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ✐♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ❛♥❞ ✈✐❝❡ ✈❡rs❛✳
❚❤❛t ♠❡❛♥s✱ ❊q✉❛t✐♦♥ ✭✶✳✷✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✐♥
♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐rst✱ ✇❡ ❢♦r♠✉❧❛t❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛s ❛♥ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ ❈❤❛♣t❡r ✶✶✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣t❡r ✶✷ ✇❡ ♣r❡s❡♥t ❛ ❢♦r✲
♠❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣❡r❛t♦rs t❤❛t ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ♣r♦❜❧❡♠✳
❚❤✐s ✐s ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✶✸✱ ✇❤❡r❡ ✇❡ ❞❡r✐✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠
♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❜② ❢♦❧❧♦✇✐♥❣ ❛ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠✳ ◆✉♠❡r✐❝❛❧
♠❡t❤♦❞s ❢♦r t❤✐s ♦♣t✐♠❛❧✐t② s②st❡♠ ❛r❡ t❤❡ t♦♣✐❝ ♦❢ ❈❤❛♣t❡r ✶✹✳ ❲❡ ❛♣♣❧②
t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ ❛♥❞ ✐ts ❛❞❥♦✐♥t ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ✉s✐♥❣ ❣r❛❞✐❡♥t



✸

❜❛s❡❞ ♠❡t❤♦❞s✱ ❛♥❞ ♣r❡s❡♥t ❛ ♥✉♠❜❡r ♦❢ ♥✉♠❡r✐❝❛❧ t❡sts✳ ❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣t❡r
✶✺ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r✳

❲❡ ❝❧♦s❡ ✇✐t❤ ❛ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦✱ ❛♥❞ ❣✐✈❡
❛♥ ♦✉t❧♦♦❦ ♦♥ ❢✉t✉r❡ r❡s❡❛r❝❤ ✐♥ ❈❤❛♣t❡r ✶✻✳

❙t❛t❡♠❡♥t r❡❣❛r❞✐♥❣ t❤❡ ❣♦♦❞ s❝✐❡♥t✐✜❝ ♣r❛❝t✐❝❡

❚❤✐s ♣✐❡❝❡ ♦❢ ✇♦r❦ ✇❛s ✇r✐tt❡♥ ❜② ❑❛✐ ❑r②❝❦✐ ✭✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡ ❛✉t❤♦r
♦❢ t❤✐s ✇♦r❦✮ ❞✉r✐♥❣ ❤✐s ❡♠♣❧♦②♠❡♥t ❛t t❤❡ ❈❤❛✐r ❢♦r ▼❛t❤❡♠❛t✐❝s ✭❈❈❊❙✮
❛t ❘❲❚❍ ❆❛❝❤❡♥ ❯♥✐✈❡rs✐t②✱ ❜❡t✇❡❡♥ ❏✉♥❡ ✷✵✶✵ ❛♥❞ ▼❛r❝❤ ✷✵✶✺ ✉♥❞❡r t❤❡
s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ▼❛rt✐♥ ❋r❛♥❦✳ ❲❤❡♥❡✈❡r ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❡①✐st✐♥❣ ✇♦r❦s
❜② ❞✐✛❡r❡♥t ❛✉t❤♦rs✱ t❤✐s ✐s ❡①♣❧✐❝✐t❧② ✐♥❞✐❝❛t❡❞ ❛♥❞ ✇❡ ❝❛r❡❢✉❧❧② ❝✐t❡ t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ s♦✉r❝❡s✳ ❆❧❧ ❝♦♠♣✉t❡r ❝♦❞❡s t❤❛t ✇❡r❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ✐♥ t❤✐s ✇♦r❦ ✇❡r❡ ✇r✐tt❡♥ ❜② t❤❡ ❛✉t❤♦r ♦❢ t❤✐s ✇♦r❦✳ ❚❤❡s❡ ❝♦❞❡s
❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st ❛t t❤❡ ❈❤❛✐r ❢♦r ▼❛t❤❡♠❛t✐❝s ✭❈❈❊❙✮ ❛t ❘❲❚❍
❆❛❝❤❡♥ ❯♥✐✈❡rs✐t②✳ ❙♦♠❡ ♣❛rts ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❜❛s❡❞ ♦♥ ♣✉❜❧✐❝❛t✐♦♥s ♦❢ t❤❡
❛✉t❤♦r t♦❣❡t❤❡r ✇✐t❤ ❞✐✛❡r❡♥t ❝♦❛✉t❤♦rs✱ ♦r ✐♥✈♦❧✈❡ ❡ss❡♥t✐❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❜②
♦t❤❡rs✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ s♣❡❝✐❢② ❡①❛❝t❧② t❤❡ ✇❛② ❛♥❞ t♦ ✇❤❛t ❡①t❡♥t ♦t❤❡rs
❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ t❤✐s ✇♦r❦✳

❚❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❈❤❛♣t❡r ✹ ✐s
❜❛s❡❞ ♦♥ ❛ s❦❡t❝❤ ❣✐✈❡♥ ❜② ❋r❛♥ç♦✐s ●♦❧s❡✱ ♦r✐❣✐♥❛t❡❞ ✐♥ ❛ ❞✐s❝✉ss✐♦♥ ✇✐t❤ t❤❡
❛✉t❤♦r✳ ❚❤✐s s❦❡t❝❤ ✇❛s t❤❡♥ ✇♦r❦❡❞ ♦✉t ❜② t❤❡ ❛✉t❤♦r ♦❢ t❤✐s ✇♦r❦✳
❚❤❡ ✉s❡ ♦❢ ❛ ▼❡tr♦♣♦❧✐s ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞ ✐♥ ❈❤❛♣t❡r ✺ t♦ ❝r❡❛t❡ s♣❛t✐❛❧
❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✱ ❜❛s❡❞ ♦♥ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✇❛s s✉❣❣❡st❡❞ ❜②
❆❤♠❡❞ ■s♠❛✐❧✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❞❡s ✇❛s ❛ss✐st❡❞ ❜②
❘✐❝❤❛r❞ ❱❛sq✉❡s ❛♥❞ ❆❦❛s❤ P❛❦❛♥❛t✐✳
❚❤❡ ❢✉❧❧ ❈❤❛♣t❡r ✽✱ ❙❡❝t✐♦♥ ✾✳✶✱ ❛♥❞ ♣❛rts ♦❢ ❙❡❝t✐♦♥ ✾✳✹ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣❛♣❡r

❑✳ ❑r②❝❦✐✱ ❈✳ ❇❡rt❤♦♥✱ ▼✳ ❋r❛♥❦✱ ❘✳ ❚✉r♣❛✉❧t✿ ❆s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♥✉♠❡r✐❝❛❧

s❝❤❡♠❡s ❢♦r ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ r❛❞✐❛t✐♦♥ tr❛♥s♣♦rt ♠♦❞❡❧ ❢♦r ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✱

▼❛t❤✳ ▼❡t❤✳ ❆♣♣❧✳ ❙❝✐✳✱ ❱♦❧✳ ✸✻ ✭✶✻✮✱ ♣♣✳ ✷✶✵✶✲✷✶✶✻ ✭✷✵✶✸✮✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t♦ ❡♥s✉r❡ t❤❡ ❛s②♠♣t♦t✐❝
♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ✐s ❞✉❡ t♦ ❘♦❞♦❧♣❤❡ ❚✉r♣❛✉❧t ❛♥❞ ❈❤r✐st♦♣❤❡ ❇❡rt❤♦♥✳
❚❤❡ ❝♦❛✉t❤♦rs ❛❧s♦ ❝❛rr✐❡❞ ♦✉t t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ st❛❜✐❧✐t②✱ r❡❛❧✐③❛❜✐❧✐t② ❛♥❞
❛❞♠✐ss✐❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❛✉t❤♦r ♦❢ t❤✐s
✇♦r❦ ✇❡r❡ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♠♦♠❡♥t ♠♦❞❡❧s✱ ❝❡rt❛✐♥ ❝♦rr❡❝t✐♦♥s
❛♥❞ r❡♠❛r❦s ✐♥ t❤❡ ❛♥❛❧②s✐s ❞♦♥❡ ❜② t❤❡ ❝♦❛✉t❤♦rs✱ ❛♥❞ t❤❡ ❢✉❧❧ ✐♥✈❡st✐❣❛t✐♦♥
♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞✳
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❖♥❡ ❡①❛♠♣❧❡ ✐♥ ❈❤❛♣t❡r ✶✵ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ♣❛♣❡r

❘✳ ❱❛sq✉❡s✱ ❑✳❑r②❝❦✐✿ ❙♦❧✈✐♥❣ t❤❡ ✶❉ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ r❛♥❞♦♠

♣❡r✐♦❞✐❝ ♠❡❞✐❛✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❏♦✐♥t ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼❛t❤❡♠❛t✐❝s

❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ◆❛s❤✈✐❧❧❡✱ ❚◆ ✭✷✵✶✺✮✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②t✐❝ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❡❞
♠❡❞✐✉♠ ✇❛s ♠❛✐♥❧② ❝❛rr✐❡❞ ♦✉t ❜② ❘✐❝❤❛r❞ ❱❛sq✉❡s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ♦❢ ❛❧❧✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❛❞✈✐s♦r ▼❛rt✐♥ ❋r❛♥❦ ❢♦r ❜r✐♥❣✐♥❣ ♠❡ ✐♥
❝♦♥t❛❝t ✇✐t❤ t❤❡ ✈❡r② ✐♥t❡r❡st✐♥❣ t♦♣✐❝ ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✱ ❛♥❞ ❢♦r t❤❡
❣♦♦❞ ❛♥❞ ♣❛t✐❡♥t s✉♣❡r✈✐s✐♦♥ ♦❢ t❤✐s ✇♦r❦✳
■ t❤❛♥❦ ❘♦❞♦❧♣❤❡ ❚✉r♣❛✉❧t ❛♥❞ ❈❤r✐st♦♣❤❡ ❇❡rt❤♦♥ ❢♦r t❤❡ ❝♦♦♣❡r❛t✐♦♥ ✐♥ t❤❡
♣❛st ②❡❛rs✱ ❛♥❞ ❢♦r ❤♦st✐♥❣ ♠❡ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❛♥t❡s ❞✉r✐♥❣ ♠② st❛② ✐♥
✷✵✶✸✳

▼❛♥② t❤❛♥❦s ❣♦ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡♦♣❧❡ ❢♦r ♣r♦✈✐❞✐♥❣ ♥❡✇ ❛♥❞ ✐♠♣♦rt❛♥t ♣❡r✲
s♣❡❝t✐✈❡s ❛♥❞ st✐♠✉❧✐ ❢♦r t❤✐s ✇♦r❦✿ ❆❤♠❡❞ ■s♠❛❡❧✱ ❊❞✇❛r❞ ▲❛rs❡♥✱ ❛♥❞ ❑❡✈✐♥
❱②♥❝❦✳ ■ ❛♠ ❡s♣❡❝✐❛❧❧② t❤❛♥❦❢✉❧ t♦ ❋r❛♥❝♦✐s ●♦❧s❡ ❛♥❞ ❏❡♥s ▼❛r❦❧♦❢ ❢♦r ♣♦✐♥t✲
✐♥❣ ♦✉t t❤❡ r❡❧❛t✐♦♥ ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❛♥❞ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱
❛♥❞ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ t❤❡♦r②✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ ♦❢ t❤❡ ▼❛t❤❈❈❊❙ st❛✛ ❢♦r ❛ ❣r❡❛t t✐♠❡ ❛♥❞ ❛ ♣❧❡❛s❡♥t
✇♦r❦✐♥❣ ❛t♠♦s♣❤❡r❡✳ ■ ✇❛♥t t♦ ❡①♣r❡ss s♣❡❝✐❛❧ ❣r❛t✐t✉❞❡ t♦ ❘✐❝❤❛r❞ ❱❛sq✉❡s ❢♦r
❤❡❧♣✐♥❣ ♦✉t ✇✐t❤ ❤✐s ♣r♦❢♦✉♥❞ ♣❤②s✐❝❛❧ ✐♥t✉✐t✐♦♥ r❡❣❛r❞✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s✲
♣♦rt✱ ❘✐❝❤❛r❞ ❇❛r♥❛r❞ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ s✉❜t❧❡t✐❡s ♦❢ ❛❞❥♦✐♥t✲❜❛s❡❞
♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ❛♥❞ ❊❞❣❛r ❖❧❜r❛♥t ❢♦r t❤❡ ♠❛♥② ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s
♦♥ tr❛♥s♣♦rt t❤❡♦r② ❛♥❞ ❤✐s ♣r❛❝t✐❝❛❧ ❛❞✈✐s❡s r❡❣❛r❞✐♥❣ t❤❡ ✉s❡ ♦❢ ▼❛❝s ❛♥❞
▼❆❚▲❆❇✳ ■ ❛❧s♦ t❤❛♥❦ ❆❦❛s❤ P❛❦❛♥❛t✐ ❢♦r ❤✐s ✇♦r❦ ❛s ❛ st✉❞❡♥t ❛ss✐st❛♥t✱
✇❤❡r❡ ❤❡ ✇♦r❦❡❞ ♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡s ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤ s✐♠✉❧❛✲
t✐♦♥s ✐♥ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳

▲❛st❧②✱ ■ t❤❛♥❦ ❚❛♥❥❛ ❑❧✐❡t③✐♥❣ ❢♦r ❝❛r❡❢✉❧❧② ♣r♦♦❢r❡❛❞✐♥❣ t❤✐s ✇♦r❦✱ ❛♥❞ ❢♦r s♦
♠✉❝❤ ♠♦r❡✳



P❛rt ■

▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣
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✻

■♥tr♦❞✉❝t✐♦♥✿ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣

❚❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s
t❤r♦✉❣❤ ❛ r❛♥❞♦♠ ❛♥❞ ❞✐s♦r❞❡r❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ■t ✐s ❛ s♣❡❝✐❛❧ ❢♦r♠ ♦❢
t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✱ ✜rst ♣r♦♣♦s❡❞ ❜② ▲✉❞✇✐❣ ❇♦❧t③♠❛♥♥ ✐♥ t❤❡ ❧❛t❡
✶✾t❤ ❝❡♥t✉r②✳ ■ts r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ❢r♦♠ ✜rst ♣r✐♥❝✐♣❧❡s ♦♥❧② ❤♦❧❞s ✐❢ t❤❡ ♣♦✲
s✐t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❛r❡ ✉♥❝♦rr❡❧❛t❡❞
❬✹✾✱ ✶✵✵❪✳ ❆ ♠❛❥♦r ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s♣❛t✐❛❧ str✉❝t✉r❡ ♦❢
t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❡❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡ r❛♥✲
❞♦♠ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❤❛s t♦ ❜❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ ❢✉♥❝t✐♦♥✳ ❇✉t
❝✉rr❡♥t ♦❜s❡r✈❛t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝
❝❧♦✉❞s✱ ♣♦✐♥t t♦✇❛r❞s ❛ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥
❬✻✻✱ ✽✾✱ ✻✼✱ ✹✽❪✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ♣❛rt✱ ✇❡ st✉❞② t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❢♦r s✐♠♣❧✐✜❡❞ tr❛♥s♣♦rt ♣r♦❝❡ss❡s t❤r♦✉❣❤ r❛♥❞♦♠
♠❡❞✐❛ ✇✐t❤ ❛♥ ✉♥❞❡r❧②✐♥❣ ❣❡♥❡r❛❧✱ ♣♦ss✐❜❧② ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐s✲
tr✐❜✉t✐♦♥✳ ▲✉❝❦✐❧②✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ✉♣♦♥ r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ ♣❡r✐♦❞✐❝
▲♦r❡♥t③ ❣❛s ❬✺✸✱ ✽✶❪✳ ❚❤❡r❡✱ t❤❡ s❝❛tt❡r❡rs ❛r❡ ✜①❡❞ ♦♥ ❛ ❣r✐❞ ❛♥❞ ✐♥ t❤❡
❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ❛ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ s❡t ♦♥ ❛♥ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡ ❤❛s
❜❡❡♥ ❞❡r✐✈❡❞✳ ❚❤✐s ✇❛s ❞♦♥❡ ✐♥ ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ❢♦r t❤❡ ❝❛s❡ ♦❢ s♣❡❝✲
✉❧❛r r❡✢❡❝t❡❞ ♣❛rt✐❝❧❡s✳ ❲❡ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ ✐s♦tr♦♣✐❝✱ r❛♥❞♦♠ s❝❛tt❡r✐♥❣✳
❚❤✐s ✐s ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ✇❤❡♥ ✐t ❝♦♠❡s t♦ t❤❡ tr❛♥s♣♦rt ♦❢ r❛❞✐❛t✐♦♥✱
❢♦r ❡①❛♠♣❧❡ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳ ◆♦t❡ t❤❛t ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢
s❝❛tt❡r❡rs ✐s ✐♥ ❛ ✇❛② t❤❡ str♦♥❣❡st ♣♦ss✐❜❧❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥✳

■♥ t❤❡ ✜rst ❈❤❛♣t❡r ✷✱ ✇❡ s❤♦rt❧② r❡✈✐❡✇ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱
✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥✱ ❛♥❞ s❦❡t❝❤ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧❧② r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥✳
❲❡ ♣♦✐♥t ♦✉t ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ✐♥ ❈❤❛♣t❡r ✸✳ ❚❤❡r❡❢♦r❡✱ ✇❡
♣r❡s❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ✐t ❝♦♠❡s t♦ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧② ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❈❤❛♣t❡r ✹ ✇❡ ♣r❡s❡♥t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs✳ ❲❡ ✜rst ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦♥
t❤❡ r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱ ❛♥❞ t❤❡♥ ♣r❡s❡♥t ❛ s✐♠✐❧❛r
❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣r♦❝❡ss ♦❢ r❛❞✐❛t✐✈❡
tr❛♥s❢❡r ✇✐t❤ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ s✉❣❣❡sts t❤❛t ✐t ❛❧s♦ ❤♦❧❞s
❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳ ❚❤✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢ ❈❤❛♣t❡r
✺✱ ✇❤❡r❡ ✇❡ ✐♥✈❡st✐❣❛t❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✐♥ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛
✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ✈✐❛ ❛ ▼♦♥t❡✲❈❛r❧♦ st✉❞②✳ ❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣t❡r ✻
✇❡ ❞✐s❝✉ss t❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❛♥❞ ♣r❡s❡♥t ❝❡rt❛✐♥
❡①t❡♥s✐♦♥s ❛s ✇❡❧❧ ❛s s✐♠♣❧✐✜❝❛t✐♦♥s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s t❤❡r❡♦❢✳



✷ ⑤ ❈❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ r❡✈✐❡✇ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❢♦r r❛❞✐❛✲
t✐✈❡ tr❛♥s❢❡r✱ ✐ts r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ❡s♣❡❝✐❛❧❧② ♣♦✐♥t ♦✉t ✐ts
❧✐♠✐t❛t✐♦♥s ✇❤❡♥ ✐t ❝♦♠❡s t♦ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳
❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ ♥♦t ♦♥❧② s❡r✈❡s t♦
♣♦✐♥t ♦✉t t❤❡ ❞✐✛❡r❡♥❝❡s t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ t❤❡♦r②✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ s✉❜❥❡❝t
♦❢ t❤✐s t❤❡s✐s✳ ■t ✐s ❛❧s♦ ✉s❡❞ t♦ ✐♥tr♦❞✉❝❡ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣ts ❛♥❞ ♥♦t❛t✐♦♥s
t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✳
❚❤❡ ❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ ✐s ❛ t②♣❡ ♦❢ ❛ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛✲
t✐♦♥✳ ❆❧s♦ ❦♥♦✇♥ ❛s t❤❡ ▲♦r❡♥t③ ❡q✉❛t✐♦♥✱ ✐t ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❉r✉❞❡
❛♥❞ ▲♦r❡♥t③ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r② t♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐♦♥ ♦❢
❡❧❡❝tr♦♥s ✐♥ ♠❡t❛❧s✳ ❲✐t❤ t❤❡ ❛❞✈❡♥t ♦❢ ♥✉❝❧❡❛r t❡❝❤♥♦❧♦❣✐❡s ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢
t❤❡ ✷✵t❤ ❝❡♥t✉r② ✐t ✇❛s ❛❧s♦ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt ♦❢ ♥❡✉tr♦♥s ✐♥ ❛
♥✉❝❧❡❛r r❡❛❝t♦r ❬✸✸❪✳ ❆s ❛ ❦✐♥❡t✐❝ ♠♦❞❡❧ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐t ✇❛s
✜rst ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st❡❧❧❛r ❛t♠♦s♣❤❡r❡s ❬✷✼✱ ✷✽❪✳ ❲❤❡♥ ✐t ❝♦♠❡s t♦
♥❡✉tr♦♥ tr❛♥s♣♦rt ✐t ✐s ✉s✉❛❧❧② s✐♠♣❧② ❝❛❧❧❡❞ t❤❡ ✑tr❛♥s♣♦rt ❡q✉❛t✐♦♥✑✱ ✇❤✐❧❡
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❤♦t♦♥s ✐t ✐s ✇✐❞❡❧② ❦♥♦✇♥ ❛s t❤❡ ✑r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥✑✳

■♥ ❛❧❧ ✇❤❛t ❢♦❧❧♦✇s t ≥ 0 ❞❡♥♦t❡s t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✱ x ∈ R
N ✐s t❤❡ s♣❛t✐❛❧

✈❛r✐❛❜❧❡ ❛♥❞ Ω ∈ SN−1 ✐s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧✱ ❤❡♥❝❡ |Ω| = 1✳ ❆❧❧ ✜❣✉r❡s
❛♥❞ ❛❧s♦ ♠♦st ♦❢ t❤❡ t❤❡♦r② ❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ 2 s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✱
❜✉t t❤❡ ❛r❣✉♠❡♥ts ♠♦st❧② ❤♦❧❞ ❢♦r ❛♥ ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥✳ ❲❡ ✐♥❞✐❝❛t❡
✇❤❡♥❡✈❡r t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■♥ ❛❧❧ ❝❛s❡s ✇❡ ❛ss✉♠❡ ❛♥ ✐♥✜♥✐t❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✳

✷✳✶ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

❚❤❡ ❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s t❤r♦✉❣❤
❛♥ ✭✐♥ ❣❡♥❡r❛❧✮ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s ❛ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥ ❢♦r t❤❡ ❛♥❣✉❧❛r ♣❤♦t♦♥ ❞❡♥s✐t② Ψ✳ ■ts t✐♠❡✲❞❡♣❡♥❞❡♥t ✈❡rs✐♦♥ ✐s ❣✐✈❡♥
❜② t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

∂tΨ(t, x,Ω) + Ω∇xΨ(t, x,Ω) + Σt(x)Ψ(t, x,Ω) = SΨ(t, x,Ω) +Q(t, x,Ω),
✭✷✳✶❛✮

Ψ(0, x,Ω) = Ψ0(x,Ω), ✭✷✳✶❜✮

✇❤❡r❡ Ψ0 ✐s ❛♥ ✐♥✐t✐❛❧ ♣❤♦t♦♥ ❞❡♥s✐t②✱ Q ✐s ❛♥ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠ ❛♥❞ S ✐s
t❤❡ s❝❛tt❡r✐♥❣ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

SΨ(t, x,Ω) =

∫

S2

σs(x,Ω,Ω
′)Ψ(t, x,Ω′) dΩ′.

✼



✽ ❈❍❆P❚❊❘ ✷✳ ❈▲❆❙❙■❈❆▲ ❘❆❉■❆❚■❱❊ ❚❘❆◆❙❋❊❘

❚❤❡ ✉♥❦♥♦✇♥ Ψ ✐s ✉s✉❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s

Ψ(t, x,Ω) = ✧♣❛rt✐❝❧❡s ❛t t✐♠❡ t ❛t ♣♦s✐t✐♦♥ x t❤❛t tr❛✈❡❧ ✐♥ ❞✐r❡❝t✐♦♥ Ω ✧.

■❢ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s ♦t❤❡r t❤❛♥ ♣❤♦t♦♥s ✐s ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ♠❛② tr❛✈❡❧
❜② ❞✐✛❡r❡♥t s♣❡❡❞s |v| ∈ R+✱ t❤❡ ✈❛r✐❛❜❧❡ Ω ✐s ✉s✉❛❧❧② r❡♣❧❛❝❡❞ ❜② t❤❡ ✈❡❧♦❝✐t②
✈❛r✐❛❜❧❡ v✱ ✇❤❡r❡ v = |v|Ω✳ ❚❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt ❞❡♥♦t❡s t❤❡ r❛t❡ ❜②
✇❤✐❝❤ ♣❛rt✐❝❧❡s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❚❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧
σs r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❛t ❛ ♣❛rt✐❝❧❡ t❤❛t ❤❛s tr❛✈❡❧❧❡❞ ✐♥ ❞✐r❡❝t✐♦♥ Ω′

❜❡❢♦r❡ ❛ ❝♦❧❧✐s✐♦♥ ❝❤❛♥❣❡s ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t t♦ Ω ❛❢t❡r✇❛r❞s✳ ❚❤❡r❡❢♦r❡✱ t❤❡
s♦✲❝❛❧❧❡❞ ✧❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡✧

∫

SN−1

σs(x,Ω,Ω
′) dΩ =

∫

SN−1

σs(x,Ω,Ω
′) dΩ′ = 1

❤♦❧❞s ❢♦r ❛❧❧ Ω,Ω′ ∈ SN−1 ❛♥❞ ❛❧❧ x ∈ R
N ✳ ■❢ t❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ♦♥❧②

❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣ ❞✐r❡❝t✐♦♥✱ t❤✐s ✐s
t②♣✐❝❛❧❧② ✇r✐tt❡♥ ❛s

σs(Ω,Ω
′) = σs(Ω · Ω′),

❛♥❞ t❤❡♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ❛ s❝❛❧❛r✳ ❚❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣
❦❡r♥❡❧ ❛r❡ ❧✐♥❦❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t t❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ❜❡
❞❡✜♥❡❞ ❛s

Σs(x) =

∫∫

SN−1×SN−1

σs(x,Ω,Ω
′) dΩdΩ′.

❚❤❡♥ ✇❡ ❤❛✈❡

Σt(x) = Σs(x) + Σa(x), ✭✷✳✷✮

✇❤❡r❡ Σa ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❛❜s♦r♣t✐♦♥ ❝r♦ss s❡❝t✐♦♥✳ ■t ❞❡♥♦t❡s t❤❡ r❛t❡ ❜②
✇❤✐❝❤ ♣❛rt✐❝❧❡s ❛r❡ ❛❜s♦r❜❡❞ ✇❤❡♥ ❝♦❧❧✐❞✐♥❣ ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠✳ ❚❤❡ s✉♠ ✭✷✳✷✮ ✐♠♣❧✐❡s✱ t❤❛t ❛ ♣❛rt✐❝❧❡ ✉♥❞❡r❣♦✐♥❣ ❛ ❝♦❧❧✐s✐♦♥ ✐s ❡✐t❤❡r
s❝❛tt❡r❡❞ ♦r ❛❜s♦r❜❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦

c :=
Σs

Σs + Σa

=
Σs

Σt

✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛rt✐❝❧❡ ✐s s❝❛tt❡r❡❞✱ ✇❤✐❧❡

1− c =
Σa

Σs + Σa

=
Σa

Σt

✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛rt✐❝❧❡ ✐s ❛❜s♦r❜❡❞ ✇❤❡♥ ✉♥❞❡r❣♦✐♥❣ ❛ ❝♦❧❧✐s✐♦♥✳
❋♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐t ✐s ♦❢t❡♥ ❞❡s✐r❛❜❧❡ t♦ ❛❧s♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤✐s ❜② ✐♥tr♦❞✉❝✐♥❣ ❛
❢r❡q✉❡♥❝② ✈❛r✐❛❜❧❡ ν ∈ R+ ❛♥❞ ❜② ✇r✐t✐♥❣ Ψ = Ψ(t, x,Ω, ν)✳ ❚❤❡ ♣❛r❛♠❡t❡rs
t❤❡♥ ❜❡❝♦♠❡ Σt = Σt(x, ν) ❛♥❞ σs = σs(x,Ω,Ω

′, ν, ν ′)✳ ❚❤❡ ❧❛tt❡r ❞❡♥♦t❡s t❤❡



✷✳✷✳ ❉❊❘■❱❆❚■❖◆ ❖❋ ❚❍❊ ❈▲❆❙❙■❈❆▲ ❊◗❯❆❚■❖◆ ✾

♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛rt✐❝❧❡ t❤❛t ❝♦❧❧✐❞❡s ✇❤❡♥ tr❛✈❡❧✐♥❣ ✐♥t♦ ❞✐r❡❝t✐♦♥ Ω′ ❤❛✈✐♥❣
❢r❡q✉❡♥❝② ν ′✱ ❝❤❛♥❣❡s ✐ts ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ t♦ Ω ❛♥❞ ❛♥❞ ✐ts ❢r❡q✉❡♥❝② t♦ ν
❛❢t❡r✇❛r❞s✳ ❚❤❡ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠ t❤❡♥ ❜❡❝♦♠❡s

(SΨ)(t, x,Ω, ν) =

∫

S2

∫ ∞

0

σs(x,Ω,Ω
′, ν, ν ′)Ψ(t, x,Ω′, ν ′) dν ′ dΩ′.

■♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✱ ❊q✉❛t✐♦♥ ✭✷✳✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ s✐♠♣❧❡r ❢♦r♠✳ ■❢
t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ t❤❡ ♣❛r❛♠❡t❡rs Σt,Σs✱ ❛♥❞ σs ❛r❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ x✳ ❆♥❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ t❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧
✐s ❝♦♥st❛♥t ❛♥❞ r❡❞✉❝❡s t♦ σs ≡ 1/4π✳
❲❤❡♥ t❤❡ s♦✉r❝❡ t❡r♠ Q ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✱ ❛♥❞ t❤❡ ♠❡❞✐✉♠ ✐s ❛❜s♦r❜✐♥❣✱
t❤❛t ♠❡❛♥s Σa > 0✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❝♦♥✈❡r❣❡s t♦ ❛ st❡❛❞② st❛t❡
Ψ = Ψ(x,Ω) ❛s t → ∞✱ ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢

Ω∇xΨ(x,Ω) + Σt(x)Ψ(x,Ω) = SΨ(x,Ω) +Q(x,Ω), ✭✷✳✸✮

✇✐t❤ Ψ ∈ L1(RN × SN−1)✱ ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ r❡❢❡r t♦
t❤✐s ❡q✉❛t✐♦♥ ❛s t❤❡ ✭❝❧❛ss✐❝❛❧✮ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

✷✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥

❆❧t❤♦✉❣❤ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ✉s❡❞ ✐♥ ✈❛r✐♦✉s ✜❡❧❞s✱ ❛
♠❛t❤❡♠❛t✐❝❛❧❧② r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❛t ❡q✉❛t✐♦♥ ❢r♦♠ ✜rst ♣r✐♥❝✐♣❧❡s ✇❛s
♥♦t ♣r❡s❡♥t ❜❡❢♦r❡ ●❛❧❧❛✈♦tt✐ ❬✹✾❪ ✐♥ t❤❡ ✶✾✼✵s✳ ❚❤❡r❡✱ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ♣❛rt✐✲
❝❧❡s t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❡①♣❧✐❝✐t❧②✱ t❤❡♥ ❛✈❡r❛❣❡❞ ♦✈❡r
❛❧❧ ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♠❡❞✐✉♠✳ ❋✐♥❛❧❧②✱ t❤✐s ✐s ❤♦♠♦❣❡✲
♥✐③❡❞ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❲❡ s❤♦rt❧② s❦❡t❝❤ t❤❡ ❞❡r✐✈❛t✐♦♥
❣✐✈❡♥ ✐♥ ❬✹✾❪✱ ❜❛s❡❞ ❛❧s♦ ♦♥ t❤❡ r❡✈✐❡✇ ❬✺✸❪✱ s✐♥❝❡ t❤❡ ✐❞❡❛s ❛♥❞ ❝♦♥❝❡♣ts ♣❧❛② ❛♥
✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳

❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ t②♣❡s ♦❢ ♣❛rt✐❝❧❡s✳ ▼❛ss❧❡ss ♣♦✐♥t ♣❛rt✐❝❧❡s ✭❛♥ ✐❞❡❛❧✐③❡❞
♠♦❞❡❧ ❢♦r ♣❤♦t♦♥s✱ ❡❧❡❝tr♦♥s✱ ❡t❝✳✮ ♠♦✈❡ t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ♠❛❞❡
✉♣ ♦❢ ✐♥✜♥✐t❡❧② ❤❡❛✈② s♣❤❡r✐❝❛❧ ♣❛rt✐❝❧❡s ✭❤❡r❡ ❝❛❧❧❡❞ s❝❛tt❡r❡rs✮✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧
♣❛♣❡r✱ ●❛❧❧❛✈♦tt✐ ✉s❡s t❤❡ t❡r♠✐♥♦❧♦❣② ❲✲♣❛rt✐❝❧❡s ❛♥❞ ❚✲♣❛rt✐❝❧❡s✱ s✐♥❝❡ t❤✐s
t②♣❡ ♦❢ ♠♦❞❡❧ ✐s ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s ✇✐♥❞✲tr❡❡✲♠♦❞❡❧✱ ❢♦r ♦❜✈✐♦✉s r❡❛s♦♥s✳
❲❡ ✉s❡ ❛ ♥♦t❛t✐♦♥ t❤❛t ✐s ❜❡tt❡r s✉✐t❡❞ t♦ t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦❝❡ss ♦❢ ♣❤♦t♦♥
tr❛♥s♣♦rt t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ❚❤❡ s❝❛tt❡r❡rs ❛r❡ ❛t r❡st ❛♥❞✱ ❤❡♥❝❡✱ ❞♦
♥♦t ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❲❡ ❛❧s♦ ♥❡❣❧❡❝t ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t
♣❛rt✐❝❧❡s✳ ❇②

{c} := {c1, c2, . . . , cn, . . .}

✇❡ ❞❡♥♦t❡ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② s❝❛tt❡r❡rs ✇✐t❤ r❛❞✐✉s r✱ r❡♣r❡✲
s❡♥t❡❞ ❜② t❤❡✐r ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ❛❧❧♦✇ ❢♦r ♦✈❡r❧❛♣s t♦ ❛✈♦✐❞ t❤❡ ✐♥✲
tr♦❞✉❝t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s ❛t t❤✐s ♣♦✐♥t✳ ❚❤❡
s❝❛tt❡r❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ r❛♥❞♦♠❧② ❞✐str✐❜✉t❡❞ ✐♥ s♣❛❝❡ ✉♥❞❡r ❛ P♦✐ss♦♥
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❞✐str✐❜✉t✐♦♥✳ ❚❤❛t ♠❡❛♥s t❤❛t

N(Ṽ ) = ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs ✐♥ t❤❡ ✈♦❧✉♠❡ Ṽ

✐s P♦✐ss♦♥ ❞✐str✐❜✉t❡❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✜♥❞✐♥❣ k s❝❛tt❡r❡rs ✐♥
t❤❡ ✭❛r❜✐tr❛r②✱ ❜✉t ♠❡❛s✉r❛❜❧❡✮ s❡t Ṽ ✐s ❣✐✈❡♥ ❜②

P(N(Ṽ ) = k) =
(n vol(Ṽ ))k

k!
exp(−n vol(Ṽ )). ✭✷✳✹✮

❚❤❡ ♣❛r❛♠❡t❡r n > 0 ❤❛s t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥

n = ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs ♣❡r ✉♥✐t s✉r❢❛❝❡ ✐♥ R
2.

❚❤✐s ❞✐str✐❜✉t✐♦♥ ♦❢ s❝❛tt❡r❡rs ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥
t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝❡♥t❡rs✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡s tr❛✈❡❧ ❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r❡rs ❜② ✉♥✐t s♣❡❡❞
✐♥t♦ ❛ ❞✐r❡❝t✐♦♥ ❞❡♥♦t❡❞ ❜② Ω ∈ S1✳ ❲❤❡♥ ❝♦❧❧✐❞✐♥❣ ✇✐t❤ ❛ s❝❛tt❡r❡r ❛t ♣♦s✐t✐♦♥
x = ci + nr✱ ✇❤❡r❡ n ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ♣♦✐♥t✐♥❣ ✉♥✐t ✈❡❝t♦r ♦♥ t❤❡ s♣❤❡r❡✱
t❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡ ✉♥❞❡r❣♦❡s ❛ s♣❡❝✉❧❛r r❡✢❡❝t✐♦♥ ❛♥❞ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢
tr❛✈❡❧ ❛❢t❡r ❝♦❧❧✐s✐♦♥ ❜❡❝♦♠❡s

R(Ω;n) := Ω′ = Ω− 2(Ω · n)Ω. ✭✷✳✺✮

❲❡ ❛❧s♦ ✇r✐t❡ t❤❡ s❝❛tt❡r✐♥❣ ♠❛♣ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡✢❡❝t✐♦♥ ❛♥❣❧❡ β ❛s R(Ω; β)✳
❍❡♥❝❡✱ t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ s✐♥❣❧❡ ♣♦✐♥t ♣❛rt✐❝❧❡ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts
✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ❛♥❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ {c}✳ ❈❤♦♦s✐♥❣ ❛♥
✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x̄ ❛♥❞ ❛♥ ✐♥✐t✐❛❧ ❞✐r❡❝t✐♦♥ Ω̄✱ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ✐s ❞❡♥♦t❡❞
❜②

(Xt,Ωt)
{c}(x̄, Ω̄),

✇❤❡r❡ Xt ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ Ωt t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ❛t t✐♠❡ t✳ ❇❡t✇❡❡♥
s❝❛tt❡r✐♥❣ ❡✈❡♥ts ❛ ♣❛rt✐❝❧❡ ♠♦✈❡s ♦♥ ❧✐♥❡❛r tr❛❥❡❝t♦r✐❡s ✐♥ ❛ ❝♦♥st❛♥t ❞✐r❡❝t✐♦♥✳
■♥ ❝❛s❡ ♦❢ ❛ ❝♦❧❧✐s✐♦♥✱ t❤✐s ❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡s ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✺✮✳ ❍❡♥❝❡✱ (Xt,Ωt)
✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

∂tXt = Ωt, ∂tΩt = 0, X0 = x̄, Ω0 = Ω̄,

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

Xt+ = Xt− , Ωt+ = R(Ωt− ;n),

✐❢ Xt = ci + nr ∈ ∂B(ci, r)✳ ❚❤✐s ❡✈♦❧✉t✐♦♥ ✐s ❝❧❡❛r❧② r❡✈❡rs✐❜❧❡ ❜②

(X−t,Ω−t)
{c}(x,Ω) = (Xt,Ωt)

{c}(x,−Ω).

❍❡♥❝❡✱ ❝❤♦♦s✐♥❣ ❛♥ ✐♥✐t✐❛❧ ♦♥❡✲♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♣♦✐♥t ♣❛r✲
t✐❝❧❡s f0(x,Ω) ❛t t = 0✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛ t✐♠❡
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t > 0 ❛s

fr(t, x,Ω; {c}) := f0((X−t,Ω−t)
{c}(x,Ω))

s✐♥❝❡ ♥♦ ♣❛rt✐❝❧❡s ❛r❡ ❧♦st✳ ❉❡♥♦t❡ ❜② 〈·〉{c} t❤❡ ❛✈❡r❛❣❡ ♦✈❡r ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s
{c} s✉❝❤ t❤❛t t❤❡ s❝❛tt❡r❡rs ❛r❡ P♦✐ss♦♥ ❞✐str✐❜✉t❡❞ ❛♥❞ ♥♦ ♣♦✐♥t ♣❛rt✐❝❧❡ ✐s
❧♦❝❛t❡❞ ✐♥s✐❞❡ ❛ s❝❛tt❡r❡r✳ ❚❤❡♥ t❤❡ ❇♦❧t③♠❛♥♥ ❧✐♠✐t ❝♦♥❥❡❝t✉r❡ ✐s t❤❛t

〈fr(t, x,Ω; {c})〉{c} −→ f(t, x,Ω)

❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

∂tf + Ω∇xf + σf = σ

∫ 2π

0

f(t, x, R(Ω; β)) sin
β

2

dβ

4
, ✭✷✳✻❛✮

f(0, x,Ω) = f0(x,Ω), ✭✷✳✻❜✮

❛s t❤❡ r❛❞✐✉s ♦❢ t❤❡ s❝❛tt❡r❡rs s❤r✐♥❦s t♦ ③❡r♦ ✭r → 0+✮✱ ✇❤✐❧❡ t❤❡ s❝❛tt❡r❡r
❞❡♥s✐t② ❣r♦✇s t♦ ✐♥✜♥✐t② ✭n → ∞✮✱ ❦❡❡♣✐♥❣ t❤❡ r❛t✐♦ 2rn → σ /∈ {0,∞}
❝♦♥st❛♥t✳ ❚❤✐s ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦❧❧✐s✐♦♥ t✐♠❡s {τj, j = 1, 2, . . .}✱ ✇❤❡r❡

τj = τj(x,Ω; {c})

✐s t❤❡ t✐♠❡ ♦❢ t❤❡ t❤❡ j✲t❤ ❝♦❧❧✐s✐♦♥ ✇✐t❤ ❛ s❝❛tt❡r❡r ♦❢ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ✐♥✐t✐❛❧
♣♦s✐t✐♦♥ x ❛♥❞ ✐♥✐t✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ Ω✱ ✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ❛❧s♦ ❞❡♣❡♥❞s ♦♥
t❤❡ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ s❝❛tt❡r❡rs {c}✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡t τ0 := 0 ❛♥❞
∆τj := τj − τj−1✳ ❚❤❡♥✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♥✐t✐❛❧ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❞❡♥s✐t② f ✐♥

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s✐♠♣❧② ❢♦❧❧♦✇✐♥❣ t❤❡ tr❛❥❡❝t♦r②✱ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

fr(t, x,Ω; {c}) =f ✐♥(x− tΩ,Ω)1t<τ1 ✭✷✳✼❛✮

+
∑

j≥1
f ✐♥

(

x−
j
∑

k=1

∆τkΩ−τ−
k
− (t− τj)Ω−τ+j ,Ω−τ

+
j

)

1τj<t<τj+1
.

✭✷✳✼❜✮

◆♦✇ ✇❡ ❛✈❡r❛❣❡ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ s❝❛tt❡r❡r ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ❛r❡ P♦✐ss♦♥
❞✐str✐❜✉t❡❞✳ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ s✉♠ ❛❜♦✈❡ ✐s

f ✐♥(x− tΩ,Ω)〈1t<τ1〉{c} = f ✐♥(x− tΩ,Ω) e−n2rt,

s✐♥❝❡ t < τ1 ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ❝♦❧❧✐s✐♦♥ ✭k = 0 ✐♥ ✭✷✳✹✮✮ ✐♥ t❤❡ t✉❜❡ ♦❢
✇✐❞t❤ 2r ❛♥❞ ❧❡♥❣t❤ t ✭vol(Ṽ ) = 2rt ✐♥ ✭✷✳✹✮✮✳ ❚❤❡♥✱ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞
❧✐♠✐t✱ ✇❡ ❤❛✈❡ t❤❛t

〈f ✐♥(x− tΩ,Ω)1t<τ1〉{c} −→ f ✐♥(x− tΩ,Ω) e−σt

❛s r → 0+, n → ∞ ❛♥❞ 2rn → σ✳ ❚❤✐s ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲♦r❡♥t③ ❦✐♥❡t✐❝
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❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣✉r❡❧② ❛❜s♦r❜✐♥❣ ❝❛s❡

∂tf + Ω∇xf + σf = 0, f|t=0 = f ✐♥.

❍❡♥❝❡✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ❛✈❡r❛❣❡❞ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ✭✷✳✼✮ ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ ❜② ❉✉❤❛♠❡❧✬s ♣r✐♥❝✐♣❧❡✳ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡
j✲t❤ t❡r♠ ✐♥ t❤❡ s✉♠ ✭✷✳✼❜✮ ♦✈❡r ❛❧❧ s❝❛tt❡r❡r ❝♦♥✜❣✉r❛t✐♦♥s ✐s

∫

· · ·
∫

f ✐♥

(

x−
j
∑

k=1

∆τkΩ−τ−
k
− (t− τj)Ω−τ+j ,Ω−τ

+
j

)

e−n vol(T(t;c1,...,cj))
nj dc1 . . . dcj

j!
,

❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✹✮ ✇✐t❤ k = j✱ ❛♥❞ T (t; c1, . . . , cj) ❜❡✐♥❣ t❤❡ t✉❜❡ ♦❢ ✇✐❞t❤ 2r
❛r♦✉♥❞ t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r②✳ ■t ❤♦❧❞s t❤❛t vol(T (t; c1, . . . , cj)) = 2rt+O(r2)✳
❲❡ ❝❛♥ ❝❤❛♥❣❡ t❤❡ ✈❛r✐❛❜❧❡s ❜② ❡①♣r❡ss✐♥❣ t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✜rst j
s❝❛tt❡r❡rs ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ t✐♠❡s τ1, . . . , τj ❛♥❞ t❤❡ ❞❡✢❡❝t✐♦♥ ❛♥❣❧❡s ❛t
t❤❡ j✲t❤ ❝♦❧❧✐s✐♦♥ βj✳ ❚❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❛❜♦✈❡ ✐♥t❡❣r❛❧ t❤❡♥ ❝❤❛♥❣❡s
t♦

nj dc1 . . . dcj
j!

= rj sin
β1

2
· · · sin βj

2

dβ1 · · · dβj

2
dτ1 · · · dτj.

❚❤❡ ♠❛♣♣✐♥❣ (c1, . . . , cj) 7→ (τ1, . . . , τj, β1, . . . , βj) ✐s s✉r❥❡❝t✐✈❡ ✐❢ t❤❡ ♣❛rt✐❝❧❡
❞♦❡s ♥♦t ❝♦❧❧✐❞❡ t✇✐❝❡ ✇✐t❤ t❤❡ s❛♠❡ s❝❛tt❡r❡r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s♣❧✐t t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✐♥t♦ t✇♦ ♣❛rts

fr(t, x,Ω; {c}) = fM
r (t, x,Ω; {c}) + fR

r (t, x,Ω; {c}),

✇❤❡r❡ t❤❡ r❡❝♦❧❧✐s✐♦♥ ♣❛rt fR ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ (x,Ω) s✉❝❤ t❤❛t ❛ ♣❛rt✐❝❧❡
✇✐t❤ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x ❛♥❞ ❞✐r❡❝t✐♦♥ Ω ❝♦❧❧✐❞❡s t✇✐❝❡ ✇✐t❤ t❤❡ s❛♠❡ s❝❛tt❡r❡r
✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ {c}✳ ❊❛❝❤ t❡r♠ ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ❢♦r 〈fM

r 〉{c} ✐s ❜♦✉♥❞❡❞✱
❛♥❞ ✐t ♥♦✇ ❤♦❧❞s t❤❛t

〈fM
r (t, x,Ω; {c})〉{c} −→ e−σt f ✐♥(x− tΩ,Ω)

+ σ e−σt
∫ t

0

∫ 2π

0

f ✐♥(x− τ1Ω− (t− τ1)R(Ω; β1), R(Ω; β1)) sin
β1

2

dβ1

4
dτ1

+
∑

j≥2
σj e−σt

∫

0<τ1<···<τj<t

∫

[0,2π]j
sin

β1

2
· · · sin βj

2

f ✐♥

(

x−
j
∑

k=1

∆τkR(Ω;
k−1∑

l=1

βl)− (t− τj)R(Ω;

j
∑

l=1

βl), R(Ω;

j
∑

l=1

βl)

)

dβ1 · · · dβj

4
dτ1 · · · dτj

✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✱ ✇❤✐❝❤ ✐s t❤❡ ❉✉❤❛♠❡❧ s❡r✐❡s t❤❛t ❞❡✜♥❡s t❤❡



✷✳✷✳ ❉❊❘■❱❆❚■❖◆ ❖❋ ❚❍❊ ❈▲❆❙❙■❈❆▲ ❊◗❯❆❚■❖◆ ✶✸

s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲♦r❡♥t③ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✷✳✻✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ t❤❛t
∫∫

f(t, x,Ω) dx dΩ =

∫∫

f ✐♥(x,Ω) dx dΩ =

∫∫

fr(t, x,Ω; {c}) dx dΩ

❢♦r ❛❧❧ t > 0 ❛♥❞ r > 0✳ ❚❤❛t ♠❡❛♥s t❤❛t t❤❡ r❡❝♦❧❧✐s✐♦♥ ♣❛rt fR
r ✐s ♦♥❧② ❞❡✜♥❡❞

♦♥ ❛ ♥✉❧❧ s❡t ✐♥ t❤❡ ❧✐♠✐t✳ ❋✐♥❛❧❧②✱ ❜② ❋❛t♦✉s ❧❡♠♠❛ ✐t ❤♦❧❞s t❤❛t

〈fR
r 〉 → 0, 〈fM

r 〉 → f ✐♥ L1(R2 × S1) ✉♥✐❢♦r♠❧② ♦♥ ❜♦✉♥❞❡❞ s❡ts ✐♥ t.

❚❤❛t ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❇♦❧t③♠❛♥♥ ❧✐♠✐t ❝♦♥❥❡❝t✉r❡✳

❘❡♠❛r❦ ✷✳✶✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ❞❡r✐✈❛t✐♦♥ ❜② ♣♦✐♥t✐♥❣ ♦✉t s♦♠❡ ❞❡t❛✐❧s ♦❢ t❤✐s
❞❡r✐✈❛t✐♦♥ t❤❛t ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ r❡st ♦❢ t❤✐s ✇♦r❦✳

✭✶✮ ❚❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s ✐♠♣❧✐❡s✱ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✐s
❞❡t❡r♠✐♥❡❞✱ ❛s✐❞❡ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ f ✐♥✱ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢
❢r❡❡ ♣❛t❤ ❧❡♥❣t❤s ✭❣✐✈❡♥ ❜② t❤❡ ❝♦❧❧✐s✐♦♥ t✐♠❡s✮ ❛♥❞ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢
tr❛✈❡❧ ❛❢t❡r s❝❛tt❡r✐♥❣ ✭❣✐✈❡♥ ❜② t❤❡ s❝❛tt❡r✐♥❣ ♠❛♣✮✳

✭✷✮ ❚❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✇❡r❡ ❝♦♥str✉❝t❡❞ ❡①♣❧✐❝✐t❧②✱ ❛♥❞ t❤❡♥✱ ❜② ❛✈❡r✲
❛❣✐♥❣✱ ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✇❛s ❞❡r✐✈❡❞✱ ❢r♦♠ ✇❤❡r❡ t❤❡ ✈❛❧✐❞✐t②
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❞❡❞✉❝❡❞✳

✭✸✮ ❚❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ❢♦r t❤❡ ▲♦r❡♥t③ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✷✳✻✮ t❛❦❡s t❤❡ ❢♦r♠

σs(Ω,Ω
′) = δ(Ω′ = R(Ω, β))

sin β
2

4
.

❋♦r tr❛♥s♣♦rt ♣r♦❝❡ss❡s ✇✐t❤ ❞✐✛❡r❡♥t s❝❛tt❡r✐♥❣ ♠❛♣s✱ t❤✐s s❝❛tt❡r✐♥❣
❦❡r♥❡❧ ❝❛♥ s✐♠♣❧② ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✛❡r❡♥t σ̃s ❛♥❞ t❤❡
❡q✉❛t✐♦♥ r❡♠❛✐♥s ✈❛❧✐❞✳

✭✹✮ ❊s♣❡❝✐❛❧❧② ✇❡ s❡❡ ❢r♦♠ t❤✐s ❞❡r✐✈❛t✐♦♥ t❤❛t t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥
❛♥❞ ✐ts ♣❛r❛♠❡t❡rs ✭❤❡r❡✿ t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ σ > 0✮ ❤❛✈❡ t♦ ❜❡
✉♥❞❡rst♦♦❞ ✐♥ ❛ ❤♦♠♦❣❡♥✐③❡❞ s❡♥s❡✳

❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡s❡ ❢❛❝ts ❛♥❞ ✐❞❡❛s ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❛ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✳



✸ ⑤ ▲✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
t❤❡♦r②

❙✐♥❝❡ ✐ts ✜rst ❛♣♣❡❛r❡♥❝❡ ✐♥ t❤❡ ❡❛r❧② ✷✵t❤ ❝❡♥t✉r②✱ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③✲
♠❛♥♥ ❡q✉❛t✐♦♥ ✐s ✉s❡❞ t♦ ♠♦❞❡❧ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t tr❛♥s♣♦rt ♣r♦❝❡ss❡s
s✉❝❤ ❛s ♥❡✉tr♦♥ tr❛♥s♣♦rt✱ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s✳ ■ts
✈❛❧✐❞✐t② ✐♥ ❛ ❣r❡❛t ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐s ✉♥q✉❡st✐♦♥❛❜❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r s❤♦✇s t❤❛t s❡✈❡r❛❧ s✐♠♣❧✐✜❡❞
❛ss✉♠♣t✐♦♥s ❤❛✈❡ t♦ ❜❡ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤✐s ❡q✉❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣♦s✐t✐♦♥s ♦❢ s❝❛tt❡r❡rs ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❛r❡
✉♥❝♦rr❡❧❛t❡❞ s❡❡♠s t♦ ❜❡ ✐♥✈❛❧✐❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥
✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ♠❡❞✐✉♠✳
❘❡❝❡♥t❧②✱ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ ❞✐✛❡r❡♥t ❛r❡❛s ♦❢ ❛♣♣❧✐❝❛✲
t✐♦♥ t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✳

❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✜rst s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s✲
♣♦rt ❡q✉❛t✐♦♥ ❝❛♥ ♦♥❧② r❡♣r♦❞✉❝❡ ❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✐♥ ❤♦✲
♠♦❣❡♥❡♦✉s ♠❡❞✐❛✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ❝✉rr❡♥t ♦❜s❡r✈❛✲
t✐♦♥s ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ♣♦✐♥t t♦✇❛r❞s ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉✲
t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ s✉♠♠❛r✐③❡ r❡❝❡♥t r❡s✉❧ts ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s
✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳ ❙❡❝t✐♦♥ ✸✳✸ ❞❡❛❧s ✇✐t❤ tr❛♥s♣♦rt ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ▲é✈②
❣❧❛ss✳
❚❤✐s ❝❤❛♣t❡r s❡r✈❡s t♦ ✉♥❞❡r❧✐♥❡ t❤❡ ♥❡❡❞ ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧
t❤❡♦r② t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✳

✸✳✶ P❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s

❖♥❡ ✐♠♣♦rt❛♥t q✉❛♥t✐t② ✐♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ tr❛♥s♣♦rt ♣r♦❝❡ss❡s ✐s t❤❡
♣❛t❤ ❧❡♥❣t❤ s ❛♥❞ ✐ts ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ p(s)✳ ❚❤❡ ♣❛t❤ ❧❡♥❣t❤ s ✐s ❞❡✲
✜♥❡❞ ❛s t❤❡ ❞✐st❛♥❝❡ t❤❛t ❛ ♣❛rt✐❝❧❡ tr❛✈❡❧s ❜❡t✇❡❡♥ t✇♦ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡
❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❚❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

p(s) ds = ✏Pr♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛rt✐❝❧❡ tr❛✈❡❧s ❛ ❞✐st❛♥❝❡ s′ ∈ [s, s+ ds]

✇✐t❤♦✉t ✉♥❞❡r❣♦✐♥❣ ❛ ❝♦❧❧✐s✐♦♥✳✑

❚❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❡✐t❤❡r ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❛❝❦✲
❣r♦✉♥❞ ♠❡❞✐✉♠✱ ♦r ✐t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ st❡❛❞② st❛t❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥ ❞✐r❡❝t❧②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡ ♦♥❡ ♣❛rt✐❝❧❡ tr❛✈❡❧✐♥❣ t❤r♦✉❣❤ ❛ ♣✉r❡❧②
❛❜s♦r❜✐♥❣ ♠❡❞✐✉♠✱ t❤❛t ♠❡❛♥s Σt = Σa ❛♥❞ Σs = 0✳ ❙t❛rt✐♥❣ ❛t x = 0 ✐♥t♦
❞✐r❡❝t✐♦♥ Ω = (1, 0, 0)T ✱ t❤❡ ♣♦s✐t✐♦♥ x ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐s t❤❡ ❛❝t✉❛❧ ❧❡♥❣t❤ s ♦❢
✐ts ♣❛t❤✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s ♣❛rt✐❝❧❡ tr❛✈❡❧s ❛ ❞✐st❛♥❝❡ s ✇✐t❤♦✉t ❜❡✐♥❣

✶✹
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❛❜s♦r❜❡❞ ✐s ✐♥ t❤✐s ❝❛s❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥

∂sΨ(s) + ΣtΨ(s) = 0, Ψ(0) = 1,

t❤❛t ✐s ❥✉st

Ψ(s) = exp(−Σts) = P(❢r❡❡ ♣❛t❤ ❧❡♥❣t❤ ≥ s).

❚❤✐s ❢❛❝t ✐s ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ❇❡❡r✲▲❛♠❜❡rt ♦r ❇❡❡r✲▲❛♠❜❡rt✲❇♦✉❣✉❡r ❧❛✇ ❬✽✺❪✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❛s t❤❡ ♥❡❣❛t✐✈❡ ❞❡r✐✈❛✲
t✐✈❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ Ψ(s) ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ❚❤✐s ❣✐✈❡s

p(s) = −Ψ′(s) = ΣtΨ(s) = Σt exp(−Σts). ✭✸✳✶✮

❍❡♥❝❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❝❛♥ ♦♥❧② r❡♣r♦❞✉❝❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛s ✇❡❧❧
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐♦♥ x t♦ t❤❡ ♥❡①t ❝♦❧✲
❧✐s✐♦♥✱ ❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ❝♦❧❧✐s✐♦♥s✳ ❚❤❡r❡
❛r❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡s❡ t✇♦ q✉❛♥t✐t✐❡s ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ✭s❡❡ ❈❤❛♣t❡r ✹✮✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡
tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s t❤r♦✉❣❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ♥♦♥✲
❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳

❘❡♠❛r❦ ✸✳✶✳ ❉❛✈✐s ❛♥❞ ▼❛rs❤❛❦ ❬✸✷❪ s❤♦✇❡❞✱ ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥✱ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❡❡ ♣❛t❤s ✐♥ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❝❛♥ ♥❡✈❡r ❜❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧✳ ❇✉t ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s
❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❝❛✉s❡❞ ❜② ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ■t
✐s ✐♠♣♦rt❛♥t ❤❡r❡ t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡r❡ ❡①✐st ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛ ✇✐t❤ ❛♥
✉♥❞❡r❧②✐♥❣ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❆ ♥❡✇ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt t❤❡r❡✐♥✳

✸✳✷ P❤♦t♦♥ tr❛♥s♣♦rt ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ s♦❧❛r r❛❞✐❛t✐♦♥ ❛♥❞ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r
❝❤❛❧❧❡♥❣❡s ✐♥ ❣❧♦❜❛❧ ❝❧✐♠❛t❡ ♠♦❞❡❧✐♥❣ ❜❡❝❛✉s❡ ♦❢ ✐ts ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❛❞✐❛✲
t✐♦♥ ❜✉❞❣❡t ♦❢ t❤❡ ❡❛rt❤✳ ■t ✐s st✐❧❧ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t② ✐♥
❝✉rr❡♥t ❝❧✐♠❛t❡ ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s ❬✽✺❪✳ ❈✉rr❡♥t ♠❡❛s✉r❡♠❡♥ts ♦❢ ❣❡♦♠❡tr✐❝❛❧
♣❛t❤ ❧❡♥❣t❤s ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ❛♥❞ t❤❡✐r ❞✐str✐❜✉t✐♦♥s ♣r♦✈✐❞❡
str♦♥❣ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r
❞♦ ♥♦t ❤♦❧❞ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✳ ❚❤❡r❡ ✐s st✐❧❧ ❞✐ss❡♥t ✐♥ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉✲
♥✐t② ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝❛❧ r❡❛s♦♥s✳

■♥ ❬✽✾❪✱ t❤❡ ❛✉t❤♦r ✐♥✈❡st✐❣❛t❡s t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♠❡❛♥ ❣❡♦♠❡tr✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤
♦❢ tr❛♥s♠✐tt❡❞ ❧✐❣❤t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ s✐③❡ ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞✳
❚❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ♣r❡❞✐❝ts ❛ s❝❛❧✐♥❣ ❧❛✇ ✇✐t❤ ❛♥ ❡①♣♦✲
♥❡♥t✱ t❤❡ s♦✲❝❛❧❧❡❞ ▲é✈② ✐♥❞❡①✱ γ = 2✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡
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❝❧❛ss✐❝❛❧ t❤❡♦r②✱ ♠❡❛s✉r❡♠❡♥ts ✉s✐♥❣ ♦①②❣❡♥❡ ❆✲❜❛♥❞ s♣❡❝tr♦♠❡tr② ②✐❡❧❞ ▲é✈②
✐♥❞✐❝❡s ✐♥ ❛ r❛♥❣❡ ♦❢ 1 ≤ γ ≤ 2✳ ❆ ▲é✈② ✐♥❞❡① s♠❛❧❧❡r t❤❛♥ 2 ✐♥❞✐❝❛t❡s ❛♥
✉♥❞❡r❧②✐♥❣ ❛❧❣❡❜r❛✐❝ r❛t❤❡r t❤❛♥ ❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❯s✐♥❣
t❤❡ s❛♠❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✾✹❪ ❝♦♠♣❛r❡ ♠❡❛s✉r❡❞ ✜rst
❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥ts ♦❢ t❤❡ t♦t❛❧ ♣❤♦t♦♥ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ t♦ ♣r❡❞✐❝✲
t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✱ ❛♥❞ ❛♥♦♠❛❧♦✉s ❞✐✛✉s✐♦♥ t❤❡♦r②✱ ✇❤❡r❡ t❤❡ ♣❛t❤
❧❡♥❣t❤s ❜❡t✇❡❡♥ ✐♥❞✐✈✐❞✉❛❧ s❝❛tt❡r✐♥❣ ❡✈❡♥ts ❛r❡ ♣♦✇❡r✲❧❛✇ ❞✐str✐❜✉t❡❞✳ ❚❤❡②
✜♥❞ t❤❛t ♠♦st ♦❢ t❤❡✐r ♠❡❛s✉r❡♠❡♥ts ✐♥❞✐❝❛t❡ ❛ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ ♣❛t❤ ❧❡♥❣t❤s✱ ✇❤✐❧❡ ❛ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐s ♦♥❧② ❢♦✉♥❞ ❢♦r ♦♣✲
t✐❝❛❧❧② t❤✐❝❦ ❝❧♦✉❞ ❝♦✈❡rs✳

■♥ ❬✹✽❪✱ t❤❡ ❛✉t❤♦rs s♦❧✈❡ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ t♦ ❡st✐♠❛t❡ t❤❡ ❛❝t✉❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ ♣❛t❤ ❧❡♥❣t❤s✳ ❚❤❡r❡❢♦r❡✱ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ♦❢ ♣❤♦t♦♥s ❢♦r
❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛r❡ ✉s❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ✉♥❞❡r❧②✐♥❣✱ ❢r❡q✉❡♥❝② ✐♥❞❡✲
♣❡♥❞❡♥t ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❜② ❛♥ ✐♥✈❡rs✐♦♥ ♦❢ ❛ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛❣❛✐♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ♦①②❣❡♥ ❆✲❜❛♥❞ s♣❡❝tr♦s❝♦♣②✳ ❆❧❧
r❡s✉❧t✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ❝❧♦✉❞ s❝❡♥❛r✐♦s ❛r❡ ❣❛♠♠❛ ❞✐s✲
tr✐❜✉t✐♦♥s✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs ✈❛r② ✇✐t❤ t❤❡ ❝❧♦✉❞ t❤✐❝❦♥❡ss✳

■t ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬✻✼✱ ✻✽❪ t❤❛t s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r❡rs ♠❛② ❜❡
t❤❡ r❡❛s♦♥ ❢♦r t❤❡ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ s❝❛tt❡r✐♥❣
❡✈❡♥ts✳ ❚❤❡s❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝❛✉s❡❞ ❜② ❛ ❝❧✉st❡r✐♥❣ ♦❢
t❤❡ ✇❛t❡r ❞r♦♣❧❡ts ✐♥s✐❞❡ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ❬✻✻❪✱ ✇❤❡r❡❛s t❤❡ ♠❡❝❤❛♥✐s♠
t❤❛t ❝❛✉s❡s t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ s❝❛tt❡r❡rs ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡
t✉r❜✉❧❡♥t ♥❛t✉r❡ ♦❢ t❤❡ ❝❧♦✉❞s ❬✻✾❪✳ ❆ r❡❧❛t❡❞ ❡①♣❧❛♥❛t✐♦♥✱ ♥♦t ❝♦♥tr❛❞✐❝t✐♥❣
t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ✐s t❤❛t t❤❡ s♣❛t✐❛❧ str✉❝t✉r❡ ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞ ✐s
❢r❛❝t❛❧✳ ▼❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❧✐q✉✐❞ ✇❛t❡r ❝♦♥t❡♥t ❬✽✵✱ ✽✹✱ ✻✵❪ s❤♦✇ s❝❛❧✐♥❣
❧❛✇s t❤❛t ✐♥❞✐❝❛t❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❛t✐❛❧ str✉❝t✉r❡s✳ ❚❤❡ tr❛♥s♣♦rt ✐♥ s✉❝❤ ♠❡✲
❞✐❛ ✐s t❤❡♥ ♠♦❞❡❧❡❞ ❜② ❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❬✸✵✱ ✸✶❪✱ ✇❤✐❝❤ ✐♠♣❧✐❝✐t❧②
❛ss✉♠❡ ❛♥ ✉♥❞❡r❧②✐♥❣ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡s❡
♠♦❞❡❧ ❝❛❧❝✉❧❛t✐♦♥s ❛❣r❡❡ ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✐♥ ❬✽✾❪✳

❚❤❡ ■♥t❡r❝♦♠♣❛r✐s♦♥ ♦❢ ✸❉ ❘❛❞✐❛t✐♦♥ ❈♦❞❡s ✭■✸❘❈✮ ❬✷✹❪ ✐s ❛♥ ♦♥❣♦✐♥❣ ♣r♦❥❡❝t
t❤❛t ♣✉❜❧✐❝❧② ♣r♦✈✐❞❡s ❜❡♥❝❤♠❛r❦ r❡s✉❧ts ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ♦❢ t❤❡ s♣❛t✐❛❧
str✉❝t✉r❡✱ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✢❡❝t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳ ■t ❛❧s♦ s❡r✈❡s ❛s
❛ ♣❧❛t❢♦r♠ ❢♦r t❤❡ ❡①❝❤❛♥❣❡ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ♠♦❞❡❧s ❛♥❞ ❝❛❧❝✉✲
❧❛t✐♦♥s r❡❣❛r❞✐♥❣ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥ t❤✐s ✜❡❧❞✳ ❚❤❛t ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ♦❢
tr❛♥s♣♦rt ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ❛❝❝❡ss✐❜❧❡ ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳ ❋✉rt❤❡r♠♦r❡✱
♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss❡❞ ♦❜s❡r✈❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❝♦♥❝❧✉s✐✈❡❧②✱ ❛♥❞
❛ tr❛♥s♣♦rt ♠♦❞❡❧ t❤❛t ✐s ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡♠ ✐s st✐❧❧ ♠✐ss✐♥❣✳ ❚❤❡r❡❢♦r❡✱
t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s ✉s❡❞ ❛s ❛ ♠♦t✐✈❛t✐♦♥❛❧ ❡①❛♠♣❧❡ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳

✸✳✸ ▲é✈② ❣❧❛ss

❆ ▲é✈② ❣❧❛ss ✐s ❛♥ ❛rt✐✜❝✐❛❧ ❞✐s♦r❞❡r❡❞ ♦♣t✐❝❛❧ ♠❛t❡r✐❛❧✳ ■t ✐s ❝♦♥str✉❝t❡❞ ❜②
✐♥s❡rt✐♥❣ s♠❛❧❧ ❣❧❛ss s♣❤❡r❡s ✐♥t♦ ❛ ❤♦st ♠❡❞✐✉♠ t♦❣❡t❤❡r ✇✐t❤ t✐t❛♥✐✉♠ ❞✐♦①✐❞❡



✸✳✸✳ ▲➱❱❨ ●▲❆❙❙ ✶✼

♣♦✇❞❡r✱ t❤❛t s❡r✈❡s ❛s s❝❛tt❡r✐♥❣ ❡❧❡♠❡♥ts ❬✼✱ ✶✹❪✳ ❆♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❢♦r ✉❧tr❛✈✐♦❧❡t ❧✐❣❤t ♦❢ t❤❡ ❢♦r♠

p(s) ∼ s−(α+1)

❢♦r 0 < α < 2 ✇❛s ♦❜s❡r✈❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✱ ❛♥❞ ❛❧s♦ ❥✉st✐✜❡❞ t❤❡♦r❡t✐❝❛❧❧②
✐♥ ❬✶✹❪✳ ❚❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s♣❤❡r❡ ❞✐❛♠❡✲
t❡r ❞✐str✐❜✉t✐♦♥ p(φ)✱ ✇❤❡r❡ φ ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❣❧❛ss s♣❤❡r❡✳ ❋♦r
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ p(s) ❛♥❞ p(φ) ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐♥ ❬✶✹❪✳
❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s♣❤❡r❡ ❞✐❛♠❡t❡rs ✐s ❛❧s♦ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❢✉♥❝t✐♦♥✳
▼❡❛s✉r❡♠❡♥ts ♦❢ tr❛♥s♠✐ss✐♦♥ ♣r♦✜❧❡s ✐♥ ❬✶✹❪ s✉♣♣♦rt t❤❡s❡ ✜♥❞✐♥❣s✳ ◆♦t❡ t❤❛t
t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ♦❢ s❝❛tt❡r❡rs ❤❡r❡ ❛r❡ ❛ r❡s✉❧t ♦❢ t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s
✐♥ t❤❡ ♠❡❞✐✉♠ ♦♥ t❤❡ ♠✐❝r♦s❝❛❧❡✱ s✐♥❝❡ t❤❡ ❣❧❛ss s♣❤❡r❡s s❡r✈❡ ❛s ✈♦✐❞ s♣❛❝❡
✇❤❡♥ ✐t ❝♦♠❡s t♦ ♣❤♦t♦♥ tr❛♥s♣♦rt✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❣❧❛ss
s♣❤❡r❡s ❛r❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ ▲é✈② ❣❧❛ss✱ ✐t ❝❛♥ ❜❡ s❡❡♥
❛s ❛ st❛t✐st✐❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠✱ ❛❧t❤♦✉❣❤ t❤❛t ✇❛s ♥♦t t❤❡ ✐♥t❡♥✐♦♥ ♦❢
t❤❡ ❛✉t❤♦rs ✐♥ ❬✼✱ ✶✹❪✳

■♥ ❬✺✻✱ ✶✵✶❪ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛ ▲é✈② ❣❧❛ss ✐s ✐♥✈❡st✐❣❛t❡❞ ❢r♦♠ ❛
♣r♦❜❛❜✐❧✐st✐❝ r❛♥❞♦♠ ✇❛❧❦ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✺✻❪ ❝♦♥s✐❞❡r t❤❡ ✐♥✲
✢✉❡♥❝❡ ♦❢ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ s❝❛tt❡r✐♥❣ ❡✈❡♥ts✱ ❛♥❞ ✜♥❞ t❤❛t t❤❡ ♠❡❛s✉r❡❞
▲é✈② ✐♥❞✐❝❡s ♣♦✐♥t t♦✇❛r❞s ❛ ❞✐✈❡r❣✐♥❣ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❬✶✵✶❪ t❤❡ ❛✉t❤♦rs ❞❡✈❡❧♦♣ ❛ ♣r♦❜✲
❛❜✐❧✐st✐❝ t❤❡♦r② t♦ ❡st✐♠❛t❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ▲é✈② ❣❧❛ss✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❤❡r❡ ♣❛❝❦✐♥❣✳ ❋♦r ❜♦t❤
♠♦♥♦❞✐s♣❡rs❡ ❛♥❞ ❢r❛❝t❛❧ s♣❤❡r❡ ♣❛❝❦✐♥❣ t❤❡② ✜♥❞ t❤❛t tr❛♥s♣♦rt ❝♦♥✈❡r❣❡s
t♦ ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐♥ t❤❡ ❧♦♥❣ t✐♠❡ ❧✐♠✐t✱ ❜✉t ✇✐t❤ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ❞✐✛✉s✐♦♥
❝♦♥st❛♥t✱ t❤❛t ✐♥❞✐❝❛t❡s ❛♥ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❞✐✛❡r❡♥t ❢r♦♠
t❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧✳

❚♦ s✉♠♠❛r✐③❡✿ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧s✱ ✇❤❡r❡ t❤❡
❞❡❝❛② ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡r✲
t✐❡s ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ❡①❛❝t❧② ❛ ♣r✐♦r✐✳ ❚r❛♥s♣♦rt ✐♥ s✉❝❤ ♠❛t❡r✐❛❧s ❝❛♥♥♦t ❜❡
❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
r❡❛s♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥♦t❡ t❤❛t ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉s✲
t✐♦♥s ❛r❡ ♥♦t ❝❛✉s❡❞ ❜② ❛ t✉r❜✉❧❡♥t ♣r♦❝❡ss✱ ❛s ✐t ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❛t♠♦s♣❤❡r✐❝
❝❧♦✉❞s✱ ❜✉t ❜② t❤❡ ❢r❛❝t❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠❡❞✐✉♠ ❬✶✵✶❪✳



✹ ⑤ ❘✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

❚❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r
✷ ❤❡❛✈✐❧② r❡❧✐❡s ♦♥ t❤❡ P♦✐ss♦♥✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ s❝❛tt❡r❡rs✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡
s♣❛t✐❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r❡rs ❛r❡ ✉♥❝♦rr❡❧❛t❡❞✳ ❆♥❞ ✇❡ ❤❛✈❡ ❛❧s♦ s❡❡♥
✐♥ ❈❤❛♣t❡r ✸ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ♦♥❧② r❡♣r♦❞✉❝❡ ❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s✱ ✇❤❡r❡❛s ✐♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s tr❛♥s♣♦rt ✐s ♦❜✈✐♦✉s❧② ❣♦✈❡r♥❡❞
❜② ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥
♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ s❝❛tt❡r❡rs ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛
r❡❛s♦♥ ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣❤❡♥♦♠❡♥❛✳ ◆❛t✉r❛❧❧②✱ t❤❛t ❜r✐♥❣s ✉♣ t❤❡ q✉❡st✐♦♥ ✐❢ ✐t
✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ ♥♦♥✲
❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✳ ❊s♣❡❝✐❛❧❧② t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣
♦❢ s❝❛tt❡r❡rs ❤❛s ❞r❛✇♥ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❛st ❞❡❝❛❞❡s✳ ❚❤✐s ♣r♦❜❧❡♠
❤❛s ❜❡❡♥ ♥❛♠❡❞ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ❖r✐❣✐♥❛❧❧②✱ ▲♦r❡♥t③ ❝♦♥s✐❞❡r❡❞ ❛ r❛♥❞♦♠
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ s❝❛tt❡r❡rs t♦ ♠♦❞❡❧ t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✐♥ ♠❡t❛❧s ❬✼✾❪✳ ❚❤❡
♣❡r✐♦❞✐❝ ♠♦❞❡❧ ✇❛s ✜rst ✐♥✈❡st✐❣❛t❡❞ ❜② ❙✐♥❛✐ ✐♥ ❬✾✾❪✱ ❛♥❞ ❛ ❣♦✈❡r♥✐♥❣ ❦✐♥❡t✐❝
❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ❢♦✉♥❞ ✈❡r② r❡❝❡♥t❧② ❬✷✷✱ ✽✶❪✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

• ●✐✈❡♥ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ t❤❛t ❝♦♥s✐sts ♦❢ ❛ ♣❡r✐♦❞✐❝ s❡t ♦❢ s❝❛tt❡r❡rs✳

• ▼❛ss❧❡ss ♣♦✐♥t ♣❛rt✐❝❧❡s tr❛✈❡❧ t❤r♦✉❣❤ t❤✐s ♠❡❞✐✉♠✳

• ❚❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡s ❛r❡ s❝❛tt❡r❡❞ ✐♥ ❝❛s❡ ♦❢ ❝♦❧❧✐s✐♦♥✳

• ■s t❤❡r❡ ❛ ❦✐♥❡t✐❝ ❇♦❧t③♠❛♥♥✲❧✐❦❡ ❡q✉❛t✐♦♥ t❤❛t ❣♦✈❡r♥s t❤✐s ❞②♥❛♠✐❝s ✐♥
t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t❄

❲❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ✜rst ❙❡❝t✐♦♥ ✹✳✶ ✇❡ r❡✈✐❡✇ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
❜② ●♦❧s❡ ❡t✳ ❛❧ ❬✺✸❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ s♣❡❝✉❧❛r r❡✢❡❝t✐♥❣ s❝❛tt❡r❡rs✳ ❲❡ s❦❡t❝❤ t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s s❡t ♦♥ ❛♥ ❡①t❡♥❞❡❞ ♣❤❛s❡✲
s♣❛❝❡✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥✳ ❚❤❡♥✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥
✹✳✷✱ ✇❡ ✉s❡ t❤❡s❡ t❡❝❤♥✐q✉❡s t♦ ❞❡r✐✈❡ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❢♦r ❛
♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ t❤❡♦r② ✐♥ ❬✷✷✱ ✽✶❪ ✐s t❤❛t ✇❡
♥♦✇ ❛❧❧♦✇ r❛♥❞♦♠✱ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ ✐♥st❡❛❞ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ s❝❛tt❡r✐♥❣
♣r♦❝❡ss✳ ❚❤✐s ✐s ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ✇❤❡♥ ✐t ❝♦♠❡s t♦ ♣❤♦t♦♥ tr❛♥s♣♦rt ✐♥
❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ♦r ♦t❤❡r r❛❞✐❛t✐♦♥ tr❛♥s♣♦rt ♣r♦❝❡ss❡s✳ ❲❡ ❝♦♠♠❡♥t ♦♥
♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡s❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳
❚❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r r❡❧✐❡s ♦♥ s♦♠❡ ❞❡❡♣❡r r❡s✉❧ts ❛♥❞ t❡❝❤✲
♥✐q✉❡s ✐♥ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ t❤❡ t❤❡♦r② ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❆ s❤♦rt r❡✈✐❡✇
♦❢ t❤❡ t❤❡♦r② t❤❛t ✇❡ ✉s❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✳

✶✽



✹✳✶✳ ❚❍❊ P❊❘■❖❉■❈ ▲❖❘❊◆❚❩ ●❆❙ ✶✾

❋♦r r❡❛s♦♥s ♦❢ ❝❧❛r✐t② ❛♥❞ s✐♠♣❧✐❝✐t② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ✐♥ t❤✐s ❝❤❛♣✲
t❡r ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✳ ❇✉t ❛❧❧ r❡s✉❧ts r❡♠❛✐♥
✈❛❧✐❞ ✐♥ ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✳

✹✳✶ ❚❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s

❖♥❡ ♦❢ t❤❡ s✐♠♣❧❡st ❝❛s❡s ✇❤❡r❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ s❝❛tt❡r❡rs ✐♥ ❛ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠ ❛r❡ ❝♦rr❡❧❛t❡❞✱ ✐s t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ■♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③
❣❛s ✇❡ ❝♦♥s✐❞❡r ♣♦✐♥t ♣❛rt✐❝❧❡s t❤❛t tr❛✈❡❧ ❛t s♣❡❡❞ 1 ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ♣❧❛♥❡✳
❚❤❡r❡ ❛r❡ s♣❤❡r✐❝❛❧ ♦❜st❛❝❧❡s ✇✐t❤ r❛❞✐✉s ε2 ♣❧❛❝❡❞ ♦♥ t❤❡ ❣r✐❞ εZ2✳ ❲❤❡♥ ❛
♣♦✐♥t ♣❛rt✐❝❧❡ ❤✐ts ❛ s❝❛tt❡r❡r ✐t ✐s s♣❡❝✉❧❛r❧② r❡✢❡❝t❡❞✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❤❛♥❣❡s
✐ts ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧✳ ❆ t②♣✐❝❛❧ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r② ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✳

ǫ

ǫ2

ǫ

❋✐❣✉r❡ ✹✳✶✿ ❆ tr❛❥❡❝t♦r② ♦❢ ❛ ♣❛rt✐❝❧❡ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ❚❤❡ ❞✐st❛♥❝❡s
❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r❡r ❝❡♥t❡rs ✐s ε✱ t❤❡✐r r❛❞✐✉s ε2✳ ■♥ ❝❛s❡ ♦❢ ❝♦❧❧✐s✐♦♥ t❤❡ tr❛✈❡❧❧✐♥❣
♣❛rt✐❝❧❡ ✐s s♣❡❝✉❧❛r❧② r❡✢❡❝t❡❞✳

❋♦r ε ∈ (0, 1
2
) ✇❡ ❞❡✜♥❡ ❜②

Zε = {x ∈ R
2 | ❞✐st(x, εZ2) > ε2}

t❤❡ ❞♦♠❛✐♥ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛rt✐❝❧❡s ♠♦✈❡✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ ❬✺✷❪✱ t❤❛t t❤❡ ❧✐♥❡❛r
❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐s ♥♦t ❝❛♣❛❜❧❡ ♦❢ ❞❡s❝r✐❜✐♥❣ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❛
❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✇✐t❤ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs✳ ❖❢ ❝♦✉rs❡✱ ❛s ✐♥ t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤✐s ❤❛s t♦
❜❡ ✉♥❞❡rst♦♦❞ ✐♥ ❛ ❤♦♠♦❣❡♥✐③❡❞ s❡♥s❡✳ ❋♦r ε > 0✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦✐♥t
♣❛rt✐❝❧❡s t❤❛t tr❛✈❡❧ ❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r❡rs ✐♥ Zε ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ❝❧❛ss✐❝❛❧
❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❞❡♥♦t❡
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❜② fε ≡ fε(t, x,Ω)✳ ■♥ t❤❡ ❧✐♠✐t ε → 0+✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

❚❤❡♦r❡♠ ✹✳✶✳ ✭●♦❧s❡ ❬✺✷❪✮
❚❤❡r❡ ❡①✐st ✐♥✐t✐❛❧ ❞❛t❛ f ✐♥ ∈ C(R2) s✉❝❤ t❤❛t ♥♦ s✉❜s❡q✉❡♥❝❡ ♦❢ fε ❝♦♥✈❡r❣❡s
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✐♥ L∞(R+ ×R
D ×SD−1) ✇❡❛❦∗ t♦ ❛ s♦❧✉t✐♦♥ f ♦❢ ❛ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥

♦❢ t❤❡ ❢♦r♠

(∂t + Ω · ∇x)f(t, x,Ω) = σt

(
∫

S1

σs(Ω,Ω
′)f(t, x,Ω′) dΩ′ − f(t, x,Ω)

)
,

f(0, x,Ω) = f ✐♥(x,Ω),

✇❤❡r❡ σt > 0 ✐s t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ σs(Ω,Ω
′) ✐s ❛ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ❛s

✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✳

❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❢❛✐❧✉r❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ❤❡r❡ ✐s ❛❣❛✐♥✱ t❤❛t ✐t ✇❛s
s❤♦✇♥ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡ P❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❞❡✲
❝❛②s ❛❧❣❡❜r❛✐❝❛❧❧②✱ ❛♥❞ ♥♦t ❡①♣♦♥❡♥t✐❛❧❧②✳ ❇❛s❡❞ ♦♥ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ❈❛❣❧✐♦t✐
❛♥❞ ●♦❧s❡ ❬✷✷❪✱ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ❬✽✶❪✱ ❞❡r✐✈❡❞
❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ✇✐t❤ s♣❡❝✉❧❛r r❡✲
✢❡❝t✐♦♥s✳ ❚❤✐s ✐s ❞♦♥❡ ✈✐❛ ❛ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞
❧✐♠✐t s✐♠✐❧❛r t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ❜② ●❛❧❧❛✈♦tt✐ ❬✹✾❪✳ ❚❤❡ r❡s✉❧t✐♥❣ ❦✐♥❡t✐❝
❡q✉❛t✐♦♥ ❧✐✈❡s ✐♥ ❛♥ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡✱ ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐♦♥s ❤❡❛✈✐❧② r❡❧② ♦♥
❛♥ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢r❡❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲
●r❛❞ ❧✐♠✐t✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❦❡t❝❤ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤✐s ♥♦♥✲❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥
❢♦r t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst r❡✈✐❡✇ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❆t ❡✈❡r② ♣♦✐♥t x ∈ Zε✱ ❛♥❞ ✐♥ ❛♥② ❞✐r❡❝t✐♦♥ Ω ∈ S1 ✇❡
❞❡✜♥❡ t❤❡ ❢r❡❡ ♣❛t❤ ❛s

τε(x,Ω) := inf{s > 0 | x+ sΩ ∈ ∂Zε} ❢♦r (x,Ω) ∈ Zε × S1.

●✐✈❡♥ (x,Ω)✱ t❤❡ ❢✉♥❝t✐♦♥ τε ❞❡♥♦t❡s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ♦❢ ❛ ♣❛r✲
t✐❝❧❡ ❛t x tr❛✈❡❧✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ Ω✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❝♦♥t✐♥✉♦✉s❧②
t♦ t❤❡ ❜♦✉♥❞❛r② s✉❝❤ t❤❛t ✐ts ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ✐s

(
Zε × S1

)
∩
(
Γ+
ε ∪ Γ−ε

)
.

◆♦✇✱ ❜② 1τε(x,Ω)>s ✇❡ ❞❡✜♥❡ t❤❡ ❢r❡❡ ♣❛t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛t x ✐♥ ❞✐r❡❝t✐♦♥
Ω✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ✐s ♥♦t ❡✈❡r②✇❤❡r❡ ❞❡✜♥❡❞ ✐♥ R

2✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ❞❡♥♦t❡ ❜② {f} t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ f ❜② 0 t♦ t❤❡ ❢✉❧❧ ❞♦♠❛✐♥ R

2✳ ■t ❤❛s
❜❡❡♥ ♣r♦✈❡♥ ✐♥ ❬✶✵❪ t❤❛t

{1τε(x,Ω)>s} ⇀ q(s) ✐♥ L∞(R+ × R
2 × S1) ✇❡❛❦∗ ✭✹✳✶✮

❛s ε t❡♥❞s t♦ 0✳ ❚❤❡ ❧✐♠✐t✐♥❣ ❢✉♥❝t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② ❬✶✺❪ t♦ ❜❡

q(s) =

∫ ∞

s

(τ − s)Θ(τ) dτ
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✇❤❡r❡ Θ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❡❝❡ ✇✐s❡ ❞❡✜♥❡❞ ❢✉♥❝t✐♦♥

Θ(s) =
24

π2

{

1 ❢♦r s ∈ (0, 1
2
],

1
2s

+ 2(1− 1
2s
)2 log(1− 1

2s
)− 1

2
(1− 1

s
)2 log |1− 1

s
| ❢♦r s ∈ (1

2
,∞).

❚❤✐s r❡s✉❧t ✇❛s ❛❧s♦ ❢♦✉♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❬✷✵❪✱ ❛♥❞ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ ♠♦r❡
❣❡♥❡r❛❧ r❡s✉❧ts ✐♥ ❬✽✶❪✳ ❲❡ ♥♦t❡ t❤❛t q(s) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❢r❡❡ ♣❛t❤ ✐♥ t❤❡ ❧✐♠✐t✳ ❚❤❛t ♠❡❛♥s✱ ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❡❞✐✉♠ q(s)
❤❛s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥

q(s) = P{“❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✑ > s}.

❍❡♥❝❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② p0(s) ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤ t♦ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥ ✐s
❣✐✈❡♥ ❜②

q(s) =

∫ ∞

s

p0(s
′) ds′, t❤✉s p0(s) = −q′(s),

❛♥❞ ✇❡ ❞✐r❡❝t❧② ❝❛❧❝✉❧❛t❡

p0(s) =

∫ ∞

s

Θ(τ) dτ.

❆❝❝♦r❞✐♥❣ t♦ ❬✸✻❪✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s ❝❛♥ ❜❡
❞❡r✐✈❡❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡s❡ q✉❛♥t✐t✐❡s✳ ▲❡t

Q(s) = P{“❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦❧❧✐s✐♦♥s✑ > s}.

❚❤❡♥ ✐t ❤♦❧❞s t❤❛t

Q(s) = −q′(s)

q′(0)
=

p0(s)

p0(0)
,

✇❤❡r❡ t❤❡ ❞✐✈✐s✐♦♥ ❜② q′(0) ✐s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳ ❍❡♥❝❡ t❤❡
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② p(s) ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s ✐s ❣✐✈❡♥ ❜②

p(s) = −Q′(s) = −q′′(s)

q′(0)
=

Θ(s)
∫∞
0

Θ(τ) dτ
.

❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s p ❛♥❞ p0✱ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥s g ❛♥❞ G ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳

❘❡♠❛r❦ ✹✳✶✳ ■♥ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt t❤❡♦r②✱ ❢♦r ❛♥ ✉♥❝♦rr❡❧❛t❡❞ s❡tt✐♥❣ ♦❢ s❝❛t✲
t❡r❡rs✱ t❤❡r❡ ✐s ♥♦ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ p0 ♦❢ ❢r❡❡ ♣❛t❤s ✉♥t✐❧ t❤❡
✜rst ❝♦❧❧✐s✐♦♥✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ p ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s✳ ❆s ✇❡
❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✷✱ ✐♥ t❤❛t s✐t✉❛t✐♦♥ t❤❡r❡ ✐s σ > 0 s✉❝❤ t❤❛t

q(s) =

∫ ∞

s

p0(s
′) ds′ = exp(−σs), ❤❡♥❝❡ p0(s) = σ exp(−σs).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✸✻❪✱ ✐t
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Cumulative distribution g(s)
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Cumulative distribution G(s)
Probability density p(s)

✭❜✮ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s

❋✐❣✉r❡ ✹✳✷✿ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ❢♦r ❞✐st❛♥❝❡s
t♦ t❤❡ ✜rst ❛♥❞ ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳

❤♦❧❞s t❤❛t

p(s) =
q′′(s)

q′(0)
=

σ2 exp(−σs)

σ
= σ exp(−σs) = p0(s).

❚❤❛t ❡①♣❧❛✐♥s ✇❤② ✐♥ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt t❤❡♦r② ♦♥❡ ✉s✉❛❧❧② ❞♦❡s ♥♦t ❞✐st✐♥❣✉✐s❤
❜❡t✇❡❡♥ t❤❡s❡ t✇♦ q✉❛♥t✐t✐❡s✳

❈❛❣❧✐♦t✐ ❛♥❞ ●♦❧s❡ ❬✷✷❪ ❛♥❞ ▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ❬✽✶❪ ❢♦✉♥❞ ❛ ♥♦♥✲
❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③
❣❛s ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✱ ❤❡♥❝❡✱ t❤❛t ✐s ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡ ✉♥❞❡r✲
❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❚❤❛t ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✐s s❡t ♦♥ ❛♥ ❡①t❡♥❞❡❞
♣❤❛s❡ s♣❛❝❡✱ t❤❛t ♠❡❛♥s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♣❤❛s❡ s♣❛❝❡ ✈❛r✐❛❜❧❡s x
✭s♣❛❝❡✲✈❛r✐❛❜❧❡✮ ❛♥❞ Ω ✭❞✐r❡❝t✐♦♥✲♦❢✲✢✐❣❤t✮✱ t✇♦ ♠♦r❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s
❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ✜rst ✐s t❤❡ ❞✐st❛♥❝❡ s t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✱ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥
❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞✐s❝✉ss❡❞✳ ❚❤❡ s❡❝♦♥❞ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ✐♠♣❛❝t ❢❛❝t♦r h ❛t t❤❡
t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✳ ❋♦r ❛ ♣❛rt✐❝❧❡ t❤❛t ❝♦❧❧✐❞❡s ✇✐t❤ ❛ s❝❛tt❡r❡r ✇✐t❤ r❛❞✐✉s r ❛t
t❤❡ ♣♦s✐t✐♦♥ x ✇✐t❤ ♦✉t✇❛r❞ ♣♦✐♥t✐♥❣ ♥♦r♠❛❧ n(x) ❛♥❞ ✐♥❝♦♠✐♥❣ ❞✐r❡❝t✐♦♥ Ω✱
t❤❡ ✐♠♣❛❝t ❢❛❝t♦r ✐s ❞❡✜♥❡❞ ❛s

hr(x,Ω) := sin(∢(n(x),Ω)).

❉❡✜♥✐♥❣

F (t, x,Ω, s, h) = ✏❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s ❛t t✐♠❡ t ❛♥❞ ♣♦s✐t✐♦♥ x

t❤❛t tr❛✈❡❧ ✐♥ ❞✐r❡❝t✐♦♥ Ω ✇✐t❤ ❞✐st❛♥❝❡ s t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✱

✇❤❡r❡ ✐t ✇✐❧❧ ❝♦❧❧✐❞❡ ✇✐t❤ ✐♠♣❛❝t ❢❛❝t♦r h✑ ,
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t❤❡ r❡s✉❧t✐♥❣ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❢♦r F t❤❡♥ r❡❛❞s

∂tF (t, x,Ω, h, s) + Ω∇xF (t, x,Ω, h, s)− ∂sF (t, x,Ω, h, s) = ✭✹✳✷❛✮
∫ 1

−1
P (s, h|h′)F (t, x, R[π − 2 arcsin(h′)]Ω, 0, h′) dh′, ✭✹✳✷❜✮

F (0, x,Ω, s, h) = f ✐♥(x,Ω)

∫ ∞

s

∫ 1

−1
P (τ, h|h′) dh′ dτ. ✭✹✳✷❝✮

✇✐t❤ s ∈ [0,∞) ❛♥❞ h ∈ [−1, 1]✳ ❍❡r❡✱ P (s, h|h′) ✐s t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧✱
❞❡♥♦t✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛rt✐❝❧❡ t❤❛t ❝♦❧❧✐❞❡s ✇✐t❤ ✐♠♣❛❝t ❢❛❝t♦r h′

❤❛s ❛ ♥❡✇ ❞✐st❛♥❝❡ s t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ✇✐t❤ ✐♠♣❛❝t ❢❛❝t♦r h✳ ❚❤❡ r❡❝❡♥t❧②
✐♥tr♦❞✉❝❡❞ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s p0 ❛♥❞ p ❛r❡ r❡❧❛t❡❞ t♦ t❤✐s q✉❛♥t✐t② ❜②

p0(s) =

∫ ∞

s

∫ 1

−1

∫ 1

−1
P (τ, h|h′) dh′ dh dτ, ❤❡♥❝❡ p(s) =

∫ 1

−1

∫ 1

−1
P (s, h|h′) dh′ dh.

✭✹✳✸✮

❚❤❡ r♦t❛t✐♦♥ ♦❢ ❛♥ ❛♥❣❧❡ θ ✐s ❛❣❛✐♥ ❞❡♥♦t❡❞ ❜②R[θ]✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥✲s❝❛tt❡r✐♥❣
t❡r♠ ✭✹✳✷❜✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡ r❡❝❡♥t❧② s❝❛tt❡r❡❞
✭s✐♥❝❡ s = 0 ✐♥ F ✮ ✇✐t❤ ✐♠♣❛❝t ♣❛r❛♠❡t❡r h′✱ t❤❛t ❛r❡ ❛ss✐❣♥❡❞ ❛ ♥❡✇ ❞✐✲
r❡❝t✐♦♥ ♦❢ ✢✐❣❤t Ω ❛♥❞ ❛ ♥❡✇ ❞✐st❛♥❝❡ t♦ ❝♦❧❧✐s✐♦♥ s ❛♥❞ ✐♠♣❛❝t ❢❛❝t♦r h ❜②
t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ P ✳ ❚❤❡ ❝❧❛ss✐❝❛❧✱ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t ♣❛rt✐❝❧❡ ❞❡♥s✐t②
Ψ∗ = Ψ∗(t, x,Ω) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❦✐♥❡t✐❝
✈❛r✐❛❜❧❡s

Ψ∗(t, x,Ω) =

∫ ∞

0

∫ 1

−1
F (t, x,Ω, h, s) dh ds.

❚❤❡ ♠❛✐♥ r❡s✉❧t ❝❛♥ ♥♦✇ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ■t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✷✱ ✷✸✱ ✺✸❪
♦r ❬✽✶❪✳ ❆s ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜②
fε = fε(t, x,Ω) t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ✇✐t❤ ✜♥✐t❡
s❝❛tt❡r❡r r❛❞✐✉s r = ε2 ❛♥❞ ❞✐st❛♥❝❡ ε ❜❡t✇❡❡♥ ❧❛tt✐❝❡ ♣♦✐♥ts✳

❚❤❡♦r❡♠ ✹✳✷✳ ✭●♦❧s❡✱ ❈❛❣❧✐♦t✐❀ ▼❛r❦❧♦❢✱ ❙trö♠❜❡r❣ss♦♥✮
▲❡t f ✐♥ ∈ CC(R

2 × S1) ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥✐t✐❛❧ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡♥ ♦♥❡ ❤❛s

fε(t, x,Ω) −→
∫ ∞

0

∫ 1

−1
F (t, x,Ω, s, h) dh ds

✐♥ L∞(R+×R
2×S1) ✇❡❛❦∗ ❛s ε → 0+✱ ✇❤❡r❡ F ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✷✮✳

❲❡ s❤♦rt❧② s❦❡t❝❤ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ❛♥❞ ❢♦❧❧♦✇ ❛❣❛✐♥ t❤❡ ♣r❡s❡♥t❛t✐♦♥
✐♥ ❬✺✸❪✳ ❋♦r r❡❛s♦♥s ♦❢ ❝❧❛r✐t② ❛♥❞ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t ❣♦ ✐♥t♦ ❞❡t❛✐❧ ✇❤❡♥ ✐t
❝♦♠❡s t♦ s♦♠❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❡♦r② ❛♥❞ t❡❝❤♥✐❝❛❧ ❝♦♥str✉❝t✐♦♥s t❤❛t ❛r❡ ♥♦t ♦❢
✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✳ ❲❡ r❡❢❡r t♦ t❤❡ ❛❧r❡❛❞② ❝✐t❡❞ ✇♦r❦s
❢♦r ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❞❡t❛✐❧❡❞ ♣r♦♦❢✳

■♥ ❛ ✜♥✐t❡ s✐③❡ s❝❛tt❡r❡r s❡tt✐♥❣ ✇✐t❤ r❛❞✐✉s r = ε2 > 0✱ ❢♦r ❛ ♣❛rt✐❝❧❡ t❤❛t
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❝♦❧❧✐❞❡s ✇✐t❤ ❛ s❝❛tt❡r❡r tr❛✈❡❧✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ Ω ✇✐t❤ ✐♠♣❛❝t ❢❛❝t♦r h′✱ ✇❡
❞❡✜♥❡ t❤❡ tr❛♥s❢❡r ♠❛♣

Tr(h
′,Ω) = (s, h), ✇❤❡r❡

{

s = ✏❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✑,

h = ✏✐♠♣❛❝t ❢❛❝t♦r ❛t t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✑.

P❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜②
t❤✐s tr❛♥s❢❡r ♠❛♣✱ s✐♥❝❡ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠
Ω✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❧✐♠✐t ♦❢ Tr ❛s r → 0+ ❝❛♥ ❜❡ s❤♦✇♥ ❢♦r ❛❧♠♦st ❛❧❧
Ω ∈ S1✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s❧♦♣❡ ♦❢ Ω✱
t❤❡r❡❢♦r❡ ✐t ♦♥❧② ❤♦❧❞s ✐♥ ❞✐♠❡♥s✐♦♥ 2 ❬✷✶❪✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ Tr ❝♦♥✈❡r❣❡s
✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛s

1

| log η|

∫ 1/4

η

f(Tr(h
′,Ω))

dr

r
−→

∫ ∞

0

∫ 1

−1
f(s, h)P (s, h|h′) dh ds,

❢♦r ❛❧♠♦st ❛❧❧ Ω ∈ S1✱ ❛♥❞ ❢♦r ❡✈❡r② f ∈ C(R+ × [−1, 1]) ❛s η → 0+ ❬✷✷✱ ✷✸❪✳
◆♦t❡ t❤❛t t❤✐s tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ Ω✳ ❚❤❡
❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ P (s, h|h′) ✇❛s ❞♦♥❡ ✐♥ ❬✷✸❪✱ ✉s✐♥❣ ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ s❧♦♣❡ ♦❢ Ω ❝❛❧❧❡❞ ❋❛r❡② ❢r❛❝t✐♦♥s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❢r❡❡
♣❛t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ ❬✶✺❪✳ ❯s✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥✱ s✐♠♣❧②
❢♦r♠✉❧❛t❡❞ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s s ❛♥❞ h ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲
●r❛❞ ❧✐♠✐t ✭t❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✮ ✐♥ ❬✷✷✱ ✷✸✱ ✺✸❪✮✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t
t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s ❡①♣❧✐❝✐t❧②✳ ❚❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ✐♥✐t✐❛❧
s❡tt✐♥❣ (x,Ω, s, h) ✐♥ t❤❡ ❧✐♠✐t r → 0+ ✐s t❤❡♥ ❢✉❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡
(sn, hn)n≥1✱ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s ❦♥♦✇♥ ♥♦✇ ✭❛❝❝♦r❞✐♥❣ t♦ ❛ss✉♠♣t✐♦♥ ✭❍✮✮✳
❚❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦❧❧✐s✐♦♥ t✐♠❡s ✐s t❤❡♥

Tn = s0 + · · ·+ sn−1, n ≥ 1,

❛♥❞ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ❛❢t❡r t❤❡ n−t❤ ❝♦❧❧✐s✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠
t❤❡ ✐♠♣❛❝t ❢❛❝t♦r hn✳ ❚❤❡ tr❛❥❡❝t♦r② ❛t t✐♠❡ t ≥ 0 ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡
❝✉rr❡♥t ♣♦s✐t✐♦♥✱ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧✱ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛♥❞ ✐♠✲
♣❛❝t ❢❛❝t♦r ❛t t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❜② t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss
(Xt,Ωt, St, Ht)(x,Ω, s, h)✱ ❛♥❞ ✐t ❤♦❧❞s t❤❛t

Xt(x,Ω, s, h) = x+ tΩ, St(x,Ω, s, h) = s− t,

Ωt(x,Ω, s, h) = Ω, Ht(x,Ω, s, h) = h,

❢♦r 0 ≤ t < s✱ t❤❛t ♠❡❛♥s ❜❡❢♦r❡ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✳ ❇❡t✇❡❡♥ t❤❡ n✲t❤ ❛♥❞
n+ 1−t❤ ❝♦❧❧✐s✐♦♥ ✇❡ ❤❛✈❡ Tn < t < Tn+1 ❛♥❞

Xt(x,Ω, s, h) = x+ (t− Tn)Ωn, St(x,Ω, s, h) = s− Tn+1,

Ωt(x,Ω, s, h) = Ωn, Ht(x,Ω, s, h) = hn.

■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ❊q✉❛t✐♦♥ ✭✹✳✷✮ ✇❡ ❞❡♥♦t❡ ❜② F ✐♥(x,Ω, s, h) t❤❡ ✐♥✐t✐❛❧ ❞✐str✐✲
❜✉t✐♦♥ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡✱ ❛♥❞ ❧❡t Φ = Φ(x,Ω, s, h) ❜❡ ❛♥ ♦❜s❡r✈❛❜❧❡✱
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✇❤❡r❡ Φ ∈ C∞C (R2×S1×R+× [−1, 1])✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ❞❡♥s✐t② F (t, ·, ·, ·, ·)
❜②

∫∫∫∫

Φ(x,Ω, s, h)F (t, dx, dΩ, ds, dh) ✭✹✳✹❛✮

=

∫∫∫∫

❊[Φ(x,Ω, s, h)]F ✐♥(x,Ω, s, h) dx dΩds dh, ✭✹✳✹❜✮

✇❤❡r❡ ❊[·] ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♥ t❤❡ r❛♥❞♦♠ q✉❛♥t✐t✐❡s ✐♥✈♦❧✈❡❞✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❞❡✜♥❡ g(t, x,Ω, s, h) := ❊[Φ(x,Ω, s, h)]✱ t❤❡ s♦✲❝❛❧❧❡❞ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r
✭❝♦♠♣❛r❡ ❆♣♣❡♥❞✐① ❆✮✳ ❲❡ ❝❛♥ s♣❧✐t g ❜②

g(t, x,Ω, s, h) := ❊[1t<sΦ(x,Ω, s, h)] + ❊[1s<tΦ(x,Ω, s, h)],

s✐♥❝❡ ❊ ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❚❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❛s

❊[1t<sΦ(x,Ω, s, h)] = 1t<sΦ(x+ tΩ,Ω, s− t, h),

s✐♥❝❡ t❤❡r❡ ✐s ♥♦ st♦❝❤❛st✐❝✐t② ✐♥✈♦❧✈❡❞ ✉♥t✐❧ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✳ ❚❤❡ s❡❝♦♥❞
t❡r♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✱ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss
(Xt,Ωt, St, Ht)✱ t♦ ❜❡

❊[1s<tΦ(x,Ω, s, h)] =

1s<t

∫∫

P (s1, h1|h)g(t− s, x+ tΩ, R(2 arcsin(h)− π)Ω, s1, h1) ds1 dh1.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

g(t, x,Ω, s, h) = 1t<sΦ(x+ tΩ,Ω, s− t, h)

+ 1s<t

∫∫

P (s1, h1|h)g(t− s, x+ tΩ, R(2 arcsin(h)− π)Ω, s1, h1) ds1 dh1,

❛♥❞ t❤✐s ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥

∂tg + Ω · ∇xg + ∂sg = 0, g(0, x,Ω, s, h) = Φ,

g(t, x,Ω, 0, h) =

∫∫

R+×(−1,1)
P (s1, h1|h)g(t, x, R(2 arcsin(h)− π)Ω, s1, h1) dh1 ds1,

❢♦r t, s > 0, x ∈ R
2,Ω ∈ S1, h ∈ [−1, 1]✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢♦r✇❛r❞ ❑♦❧✲

♠♦❣♦r♦✈ ❡q✉❛t✐♦♥✱ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛❞❥♦✐♥ts ♦❢ ❛❧❧ ♦♣❡r❛t♦rs ❜✉t t❤❡
t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✭s❡❡ ❛❣❛✐♥ ❆♣♣❡♥❞✐① ❆✮✱ ✐s ♥♦✇ ❊q✉❛t✐♦♥ ✭✹✳✷✮✳ ❚❤❛t ♠❡❛♥s✱
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss
(Xt,Ωt, St, Ht) ✐s ❞❡s❝r✐❜❡❞ ❜② t❤✐s ❡q✉❛t✐♦♥✳ ❚❤❛t ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✹✳✷✳ ■♥ t❤❡✐r ♣❛♣❡r ❬✽✶❪✱ ▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ✇❡r❡ ❛❜❧❡ t♦ ♣r♦✈❡
t❤✐s r❡s✉❧t ✐♥ ❣r❡❛t❡r ❣❡♥❡r❛❧✐t②✳ ❚❤❡② ❞♦ ♥♦t ♥❡❡❞ ❛♥ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥
❛s ✉s❡❞ ✐♥ ❬✷✷✱ ✷✸✱ ✺✸❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② s❤♦✇ t❤❛t ❚❤❡♦r❡♠ ✹✳✷ ✐s ✈❛❧✐❞
❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❧❛tt✐❝❡s ✐♥ d ❞✐♠❡♥s✐♦♥s ❛♥❞ s❝❛tt❡r✐♥❣ ♠❛♣s ❝♦rr❡s♣♦♥❞✐♥❣
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t♦ s♠♦♦t❤ r❛❞✐❛❧ ♣♦t❡♥t✐❛❧s✳ ■♥ ❛ s✉❜s❡q✉❡♥t ♣❛♣❡r ❬✽✷❪ t❤❡② ❡①t❡♥❞ t❤❡s❡
r❡s✉❧ts t♦ q✉❛s✐❝r②st❛❧❧✐♥❡ s❝❛tt❡r❡r ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝✱
♥♦♥✲♣❡r✐♦❞✐❝ ❜✉t str♦♥❣❧② ❝♦rr❡❧❛t❡❞✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ♣r♦♦❢ ♣r❡s❡♥t❡❞
❛❜♦✈❡ ❧✐❡s ♠❛✐♥❧② ✐♥ t❤❡ t❡❝❤♥✐q✉❡s t❤❛t ✇❡r❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ tr❛♥s✐t✐♦♥
❦❡r♥❡❧ P ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ❝♦♥s✐❞❡r
♠❡❛s✉r❡s ♦♥ ❛❜str❛❝t s♣❛❝❡ ♦❢ ❧❛tt✐❝❡s✱ ❛♥❞ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s
✐♥ ❞✐♠❡♥s✐♦♥ 2✳ ❆♥♦t❤❡r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✽✸❪✳
❚❤❡r❡✱ ▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ❝♦♥s✐❞❡r tr❛♥s♣♦rt ✐♥ ♣♦❧②❝r②st❛❧s✱ ✇❤✐❝❤
❝♦♥s✐st ♦❢ ❣r❛✐♥s ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛ ♠❡❛♥ ❢r❡❡ ♣❛t❤✳ ❚❤❡ s❝❛tt❡r❡rs
✐♥s✐❞❡ t❤❡ ❣r❛✐♥s ❛r❡ ✜①❡❞ ♦♥ ❛ ❧❛tt✐❝❡✱ ❜✉t t❤❡ ❧❛tt✐❝❡s ♦❢ ❞✐✛❡r❡♥t ❣r❛✐♥s ❛r❡
s❤✐❢t❡❞ ❛♥❞ t✉r♥❡❞✳ ❆ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ♦❢ ✭✹✳✷✮ ✐s
♦❜t❛✐♥❡❞ ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♦♥❡ ❢♦r t❤❡ s✐♠♣❧❡
❧❛tt✐❝❡✱ ❜✉t ❜❡❝♦♠❡s x✲ ❛♥❞ Ω ❞❡♣❡♥❞❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧②✱ ❜✉t ✐s ❞✐✛❡r❡♥t ❢r♦♠
t❤❡ ❝❧❛ss✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✭✸✳✶✮✳

❘❡♠❛r❦ ✹✳✸✳ ❆❣❛✐♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤✐s ❞❡r✐✈❛t✐♦♥ ❜② ♣♦✐♥t✐♥❣ ♦✉t ❞❡t❛✐❧s t❤❛t ❛r❡
♦❢ s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✭✶✮ ❚❤❡ ✐♠♣❛❝t ❢❛❝t♦r h ✐s ❛ ♥❡❝❡ss❛r② ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡ ❤❡r❡✱ s✐♥❝❡ t❤❡ ♥❡✇
❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❞❡♣❡♥❞ ♦♥ t❤❡
♣♦s✐t✐♦♥ ✇❤❡r❡ t❤❡ s❝❛tt❡r❡r ✐s ❤✐t ❜② t❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡✳ ■t ✇❛s s❤♦✇♥
✐♥ ❬✽✶❪ t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤
♠❡♠♦r② 2✱ t❤❛t ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ✐♥
t❤❡ ❧✐♠✐t ✇✐t❤ ❧❡ss t❤❛♥ t✇♦ ❡①tr❛ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳ ■❢✱ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ s❝❛tt❡r✐♥❣ ♠❛♣ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❝♦❧❧✐s✐♦♥ ♦♥
t❤❡ s❝❛tt❡r❡r s✉r❢❛❝❡✱ ✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t h ✐s ♥♦t ♥❡❡❞❡❞ ❛♥②♠♦r❡ ❛s ❛♥
✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳

✭✷✮ ❊q✉❛t✐♦♥ ✭✹✳✷✮ ✐s ✈❛❧✐❞ ✐♥ ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❬✽✶❪✱ ❛❧t❤♦✉❣❤ t❤❡
r❡s✉❧t ❛s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ♦♥❧② ❤♦❧❞s ❢♦r d = 2✳ ❋♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s
t❤❡r❡ ❛r❡ ♥♦ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ P ✱ ❤❡♥❝❡✱ ❢♦r t❤❡
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s p0 ❛♥❞ p✳ ❇✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s
✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ✐s ❣✉❛r❛♥t❡❡❞ ✭s❡❡ ❛❣❛✐♥ ❬✽✶❪✮✳

✭✸✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❢r❡❡✲♣❛t❤ ❧❡♥❣t❤ p0 ❛♥❞ p ❛r❡ ❜♦t❤ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
❊q✉❛t✐♦♥ ✭✹✳✷✮✳ ■♥✐t✐❛❧ ❞✐st❛♥❝❡s t♦ ❝♦❧❧✐s✐♦♥ ❛r❡ ❞✐str✐❜✉t❡❞ ❛s p0✱ ✇❤✐❧❡
❞✐st❛♥❝❡s t♦ ❝♦❧❧✐s✐♦♥s ♦❢ ♣❛rt✐❝❧❡s t❤❛t ❛r❡ ✐♥✲s❝❛tt❡r❡❞ ❛r❡ ❞✐str✐❜✉t❡❞ ❛s
p ✭❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✸✮✮✳

✭✹✮ ■♥ ❝♦♥tr❛st t♦ t❤❡ r❡s✉❧ts ❢♦r t❤❡ P♦✐ss♦♥✐❛♥ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ s❝❛tt❡r❡rs✱
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ❤❡r❡ ✐s ♦♥❧② ✇❡❛❦ ✐♥ L∞✳
❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✐s t❤❛t ❛❧r❡❛❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ tr❛♥s❢❡r ♠❛♣✱
❤❡♥❝❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧✱ ♦♥❧② ❤♦❧❞s ✐♥ ❞✐str✐❜✉t✐♦♥✳
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✹✳✷ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♣♣❧② t❤❡ ✐❞❡❛s ❛♥❞ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛
❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s t♦ t❤❡ ♣r♦❝❡ss ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s✲
❢❡r t❤r♦✉❣❤ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs✳ ❲❡ ❛❧s♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡
✷❉ ❝❛s❡ s✉❝❤ t❤❛t ❛❧❧ ♣r❡✈✐♦✉s r❡s✉❧ts ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣
❡q✉❛t✐♦♥ ✐s ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ s❡t ♦♥ ❛ ♣❤❛s❡ s♣❛❝❡ t❤❛t ✐s ♦♥❧②
❡①t❡♥❞❡❞ ❜② t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡ s✳

❆s ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ❢♦r r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✇❡ ❝♦♥s✐❞❡r ♣♦✐♥t ♣❛rt✐❝❧❡s t❤❛t
tr❛✈❡❧ ❛t s♣❡❡❞ 1 ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ♣❧❛♥❡✳ ❊①❛❝t❧② ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝
▲♦r❡♥t③ ❣❛s t❤❡r❡ ❛r❡ s♣❤❡r✐❝❛❧ ♦❜st❛❝❧❡s ✭♦r s❝❛tt❡r❡rs✮ ✇✐t❤ r❛❞✐✉s ε2 ♣❧❛❝❡❞
♦♥ t❤❡ ❣r✐❞ εZ2 ❛♥❞ ♣❛rt✐❝❧❡s tr❛✈❡❧ ✇✐t❤✐♥ t❤❡ ❞♦♠❛✐♥ Zε✳ ❲❤❡♥ ❛ ♣♦✐♥t
♣❛rt✐❝❧❡ ❤✐ts ❛♥ ♦❜st❛❝❧❡ ✐t ✐s t❤❡r♠❛❧✐③❡❞ ❛♥❞ ✐♥st❛♥t❧② r❡❡♠✐tt❡❞ ✐♥t♦ ❛♥♦t❤❡r
✭r❛♥❞♦♠✮ ❞✐r❡❝t✐♦♥✳ ◆♦✇ ✇❡ ♥♦t❡ t❤❛t ❡❛❝❤ ♦❜st❛❝❧❡ ✐s ✉♥✐q✉❡❧② ❝❤❛r❛❝t❡r✐③❡❞
❜② ✐ts ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s εk ❢♦r k ∈ Z

2 ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ∂Zε ♦❢ t❤❡ ♦❜st❛❝❧❡s
❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❛s

x = εk + ε2n, ❢♦r n ∈ S1, x ∈ ∂Zε.

❆t ❡❛❝❤ ♣♦✐♥t x ♦♥ t❤❡ ❜♦✉♥❞❛r② ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♣❛✐rs (x,Ω) ♦❢ ✐♥❝♦♠✐♥❣
❛♥❞ ♦✉t❝♦♠✐♥❣ ❞✐r❡❝t✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r② ❛s

Γ+
ε = {(x,Ω)|x = εk + ε2n, n,Ω ∈ S1, Ω · n > 0},

Γ−ε = {(x,Ω)|x = εk + ε2n, n,Ω ∈ S1, Ω · n < 0},

✇❤❡r❡ · ❞❡♥♦t❡s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ R
2✳ ❋✉rt❤❡r♠♦r❡✱ ❛t ❡✈❡r② ♣♦✐♥t x ∈ Zε

✐♥ ❛♥② ❞✐r❡❝t✐♦♥ Ω ∈ S1 ✇❡ ❞❡✜♥❡ t❤❡ ❢r❡❡ ♣❛t❤ ❛s

τε(x,Ω) := inf{s > 0|x+ sΩ ∈ ∂Zε} ❢♦r (x,Ω) ∈ Zε × S1.

❲❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt ♣r♦❝❡ss ✐♥ t❤❡ ❞♦♠❛✐♥
Zε ❢♦r ε > 0✳ ❲❡ ❞❡✜♥❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛
s✐♥❣❧❡ ♣❛rt✐❝❧❡✳ ❚❤❛t ♣r♦❝❡ss ✐♥❝❧✉❞❡s t❤❡ ❝✉rr❡♥t ♣❛t❤ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛rt✐❝❧❡✱
❜✉t t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♣❤❛s❡ s♣❛❝❡ ❝❛♥ st✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ t❤❡
❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❚❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❧✐♠✐t ε → 0+ ❝❛♥
❛❧s♦ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❡❞✐✉♠✳ ❚❤❡r❡
✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❡①♣❧✐❝✐t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥
✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❲❡ ❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛❝❦✇❛r❞ ❛♥❞
❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥s ❢♦r t❤✐s st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ■♥ ❛ ❧❛st st❡♣✱ ✇❡
♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❧✐♠✐t ❛s ε → 0+ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

✹✳✷✳✶ ❉②♥❛♠✐❝s ✐♥ Zε

❚❤❡ ❞②♥❛♠✐❝s ♦❢ ♣❛rt✐❝❧❡s ❢♦r ε > 0 ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ♥❛t✉r❛❧❧② ❜② ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❞♦♠❛✐♥ Zε ❜② ❛ ▼❛r❦♦✈
♣r♦❝❡ss (Xε

t ,Ω
ε
t , S

ε
t )✱ ✇❤❡r❡ Xε

t ✐s t❤❡ ♣♦s✐t✐♦♥✱ Ωε
t t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t✱ ❛♥❞
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Sε
t t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛t t✐♠❡ t ≥ 0✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤✐s ♣r♦❝❡ss t❤❡♥ ✐♥❝❧✉❞❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❞♦♠❛✐♥ Zε ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛ ❞❡❧t❛ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡✳

❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧ ✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ❲❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡ t❤❛t ❤❛s ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x ❛♥❞
✐♥✐t✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t Ω✳ ❆❧❧ ♥♦t❛t✐♦♥s ❛♥❞ ✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥s ♦♥ ♣r♦❜✲
❛❜✐❧✐t② ❛♥❞ ♠❡❛s✉r❡ t❤❡♦r② ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t
❤❡r❡ ✐s t❤❛t ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ♦❢ t❤✐s ♣❛rt✐❝❧❡
✐♥ ♦✉r ♣r♦❜❛❜✐❧✐st✐❝ ❞❡s❝r✐♣t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❡①t❡♥❞ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✐♥
t❤❛t t❤✐s ❞②♥❛♠✐❝s ❤❛♣♣❡♥s ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥✳ ❇❡t✇❡❡♥ s❝❛tt❡r❡rs✱
❛ ♣❛rt✐❝❧❡ tr❛✈❡❧s ❛❧♦♥❣ str❛✐❣❤t ❧✐♥❡s✳ ❙t♦❝❤❛st✐❝✐t② ✐♥ t❤✐s ❞❡s❝r✐♣t✐♦♥ ❝♦♠❡s
♦♥❧② ✐♥t♦ ♣❧❛② ✐❢ ❛ ♣❛rt✐❝❧❡ ❤✐ts ❛ s❝❛tt❡r❡r ✇✐t❤ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡ ci✳ ❚❤❡♥ t❤❡
r❛♥❞♦♠ q✉❛♥t✐t✐❡s ❛r❡

• t❤❡ ♣♦✐♥t x = ci+ε2n ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❝❛tt❡r❡r ✇❤❡r❡ t❤❡ ♣❛rt✐❝❧❡
✐s r❡❡♠✐tt❡❞✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r n✱ ❛♥❞

• t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t Ω✱ ✇❤✐❝❤ ❤❛s t♦ s❛t✐s❢② Ω · n > 0 s✉❝❤ t❤❛t ✐t
✐s ❛♥ ♦✉t❣♦✐♥❣ ❞✐r❡❝t✐♦♥✳

❙✐♥❝❡ ✇❡ ❛ss✉♠❡ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
(n,Ω) ✐s ❣✐✈❡♥ ❜② t❤❡ ❥♦✐♥t ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

❜( dn dΩ) :=
1

2π2
(Ω · n)+ dn dΩ.

❙♦ ❧❡t

(Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s)

❜❡ t❤❡ ♣♦s✐t✐♦♥✱ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ❛♥❞ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛t t✐♠❡
t > 0 ❢♦r ✐♥✐t✐❛❧ ✈❛❧✉❡s (x,Ω, s)✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛
♣❛rt✐❝❧❡ ❡①♣❧✐❝✐t❧②✳ ❚❤✐s tr❛❥❡❝t♦r② ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢
r❛♥❞♦♠ s❝❛tt❡r✐♥❣ ❡✈❡♥ts✱ t❤❛t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ♦♥
t❤❡ ❜♦✉♥❞❛r② ♦❢ Zε✳ ❙♦ ♣✐❝❦ ❛ s❡q✉❡♥❝❡

(nj,Ωj)j≥1 ⊂ G = {(n,Ω) ∈ S1 × S1 | Ω · n > 0}

❞✐str✐❜✉t❡❞ ✉♥❞❡r t❤❡ ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ b✳ ❚❤❡ ♣❛rt✐❝❧❡ ✇✐❧❧ tr❛✈❡❧ ✐♥
str❛✐❣❤t ❧✐♥❡s ❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r✐♥❣ ❡✈❡♥ts✳ ▲❡t [x] ∈ εZ ❜❡ t❤❡ t❤❡ s❝❛tt❡r❡r
❝❡♥t❡r t❤❛t ✐s ❝❧♦s❡st t♦ x ∈ Zε✱ ❛♥❞ ❞❡✜♥❡ τ εj := τε(ε

2nj,Ωj) t♦ ❜❡ t❤❡ ♣❛t❤
❧❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ j − 1−t❤ ❛♥❞ j−t❤ ❝♦❧❧✐s✐♦♥✳
❚❤✐s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s♣❡❝✐✜❝ s❝❛tt❡r❡r✱ s✐♥❝❡ t❤❡ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs ✐s
♣❡r✐♦❞✐❝✳ ❙❡t ❛❧s♦

T ε
j := τ ε1 + · · ·+ τ εj .

❙✐♥❝❡ ♣❛rt✐❝❧❡s ❛r❡ ❛ss✉♠❡❞ t♦ tr❛✈❡❧ ❜② s♣❡❡❞ 1✱ T ε
j ✐s ❥✉st t❤❡ t✐♠❡ t❤❛t ❤❛s



✹✳✷✳ ❍❖▼❖●❊◆■❩❆❚■❖◆ ❖❋ ❘❆❉■❆❚■❱❊ ❚❘❆◆❙❋❊❘ ✷✾

ǫ

ǫ2

ǫ

(x,Ω)

τǫ(x,Ω)

n1

τ1

Ω1

Ω2

τ2 τ3
τ4

τ5

n′

n′

n′

n′

n′Ω3

n2

n3

n4

Ω4

n5

Ω5

ci

❋✐❣✉r❡ ✹✳✸✿ ❆ ♣❛t❤ ♦❢ (Xε
t ,Ω

ε
t , S

ε
t )✱ st❛rt✐♥❣ ❛t (x,Ω)✱ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❞♦♠❛✐♥ Zε ✇✐t❤

❣r✐❞ s✐③❡ ε✳

❡❧❛♣s❡❞ ❜❡t✇❡❡♥ t❤❡ ✜rst ❛♥❞ t❤❡ j−t❤ ❝♦❧❧✐s✐♦♥ ❡✈❡♥t✳ ❋✐①✐♥❣ ❛♥ ✐♥✐t✐❛❧ s❡tt✐♥❣
(x,Ω, s) ❢♦r t❤❡ ♣❛rt✐❝❧❡✱ t❤❡ tr❛❥❡❝t♦r② ✉♥t✐❧ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥ ✐s ❣✐✈❡♥ ❜②

(Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s) = (x+ tΩ,Ω, s− t).

❆❢t❡r t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✱ t❤❡ tr❛❥❡❝t♦r② ✐s ❣✐✈❡♥ ❜②

(Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s) = ([Xε

s−0] + ε2n1 + (t− s)Ω1,Ω1, s+ T ε
1 − t)

❢♦r s ≤ t < s+ T ε
j ✳ ❇❡t✇❡❡♥ t❤❡ j − 1−t❤ ❛♥❞ j−t❤ ❝♦❧❧✐s✐♦♥ t❤❡ tr❛❥❡❝t♦r② ✐s

♥♦✇ ❣✐✈❡♥ ❛s

(Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s) = ([Xε

s+T ε
j −0] + ε2nj+1 + (t− s− T ε

j )Ωj+1,Ωj+1, s+ T ε
j+1 − t).

❚❤✐s ✐s ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r② ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❤❛s❡✲
s♣❛❝❡ Zε × S1 × R+✳ ❆ s❛♠♣❧❡ ♣❛t❤ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤✐s st♦❝❤❛st✐❝
♣r♦❝❡ss ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡ Sε

t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛
s✐♠♣❧❡ ❝♦✉♥t❡r✲✈❛r✐❛❜❧❡✳ ■t ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ Zε×S1✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❝❛♥ st❛t❡ ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ✇❤✐❝❤
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ s✳

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ (Xε
t ,Ω

ε
t) ✐♥ Zε × S1 ❝❛♥

❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ fε = fε(t, x,Ω) ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❡t fε = fε(t, x,Ω) ❜❡ t❤❡
❞❡♥s✐t② ♦❢ ♣❤♦t♦♥s ❛t ♣♦s✐t✐♦♥ x tr❛✈❡❧✐♥❣ ✐♥t♦ ❞✐r❡❝t✐♦♥ Ω ❛t t✐♠❡ t ≥ 0✳
❲❡ ❛ss✉♠❡ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳ ❚❤❡♥ ❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r❡rs✱ fε s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

∂tfε + Ω∇xfε = 0 x ∈ Zε, Ω ∈ S1. ✭✹✳✺✮
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❖♥❝❡ ❛ ♣❛rt✐❝❧❡ ❤✐ts ❛ s❝❛tt❡r❡r ❛t ❛ ♣♦s✐t✐♦♥ x′ ∈ ∂Zε ❤❛✈✐♥❣ tr❛✈❡❧❡❞ ✐♥t♦ ❞✐✲
r❡❝t✐♦♥ Ω′✱ ✐t ✐s ❛❜s♦r❜❡❞✱ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② r❡❡♠✐tt❡❞ ❛t x ∈ ∂Zε ✐♥t♦ ❞✐r❡❝t✐♦♥
Ω ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1/2π2✱ ✇❤❡r❡ x = εk+ ε2n ❛♥❞ Ω ·n > 0 s✉❝❤ t❤❛t t❤❡ ♥❡✇
❞✐r❡❝t✐♦♥ ✐s ♦✉t❣♦✐♥❣✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✹✳

ε2

Ω′ n1

n2

Ω

εk

εk + ε2n1

εk + ε2n2

❋✐❣✉r❡ ✹✳✹✿ ❙❝❛tt❡r✐♥❣ ❢r♦♠ ❞✐r❡❝t✐♦♥ Ω′ t♦ Ω✳

❚❤❛t ♠❡❛♥s✱ t❤❡ ✈❛❧✉❡ ❛t t❤❡ ❜♦✉♥❞❛r② ✐♥ ♦✉t❣♦✐♥❣ ❞✐r❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡
✐♥t❡❣r❛❧ ♦✈❡r ❛❧❧ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡ ❤✐t t❤❡ s❝❛tt❡r❡r✱ ❞✐✈✐❞❡❞ ❜② t❤❡ ✉♥✐❢♦r♠
♣r♦❜❛❜✐❧✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r fε ✐s ❣✐✈❡♥ ❜②

fε(t, x,Ω) =
1

2π2

∫∫

S1×S1

f(t, εk + ε2n,Ω′)(Ω′ · n)− dΩ′ dn

x ∈ ∂Zε, x = εk + ε2n, Ω · n > 0.

❋✉rt❤❡r♠♦r❡✱ ❛♥ ✐♥✐t✐❛❧ ❞❡♥s✐t② ❛t t✐♠❡ 0 ✐s ❛ss✐❣♥❡❞ t♦ fε ❜②

fε(0, x,Ω) = f ✐♥(x,Ω), x ∈ Zε, Ω ∈ S1.

❙✐♥❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♣❛t❤ Sε
t ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❞❡♣❡♥❞s ♦♥ x

❛♥❞ Ω✱ ✐ts ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ δ(s −
τε(x,Ω))✳ ❍❡♥❝❡✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②
♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Xε

t ,Ω
ε
t , S

ε
t ) ✐s ❣✐✈❡♥ ❜②

fε(t, x,Ω)δ(s− τε(x,Ω)).

▲❡t Φ(x,Ω, s) ∈ Cc(R
2 × S1 × R+) ❜❡ ❛ t❡st ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ♦❢ (Xε
t ,Ω

ε
t , S

ε
t ) ❜②

gε(t, x,Ω, s) := ❊[Φ((Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s))].

❱✐❡✇✐♥❣ Φ ❛s ❛♥ ♦❜s❡r✈❛❜❧❡ ♦❢ t❤❡ s②st❡♠✱ gε(t, x,Ω, s) ❞❡s❝r✐❜❡s ✐ts ❡✈♦❧✉t✐♦♥
✐♥ t✐♠❡✳ ❚❤❡ ❞❡♥s✐t❡s Fε, fε ❛♥❞ gε ❛r❡ r❡❧❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❲❡ ❝❛♥
♠❛❦❡ ✉s❡ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈
♦♣❡r❛t♦r ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✭s❡❡ ❆♣♣❡♥❞✐①
❆✮✳ ■t ✐s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r♠✉❧❛ ❢♦r tr❛♥s✲
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♣♦rt ❡q✉❛t✐♦♥s ❛♥❞ r❡❛❞s
∫∫∫

Φ(x,Ω, s)Fε(t, x,Ω, s) dx dΩds = ✭✹✳✻❛✮
∫∫∫

❊[Φ((Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s))]f

✐♥(x,Ω)δ(s− τε(x,Ω)) dx dΩds.

✭✹✳✻❜✮

❚❤❛t ♠❡❛♥s gε ❛♥❞ Fε ❛r❡ r❡❧❛t❡❞ ❜② s♦♠❡ ❢♦r♠ ♦❢ ❞✉❛❧✐t②✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t
♣♦✐♥t ❧❛t❡r ♦♥ ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢✳

✹✳✷✳✷ ❉②♥❛♠✐❝s ✐♥ t❤❡ ❧✐♠✐t

◆♦✇ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❧✐♠✐t ❢♦r ε → 0✳ ❙✐♥❝❡ t❤❡ s❝❛tt❡r❡r
s✐③❡ ✈❛♥✐s❤❡s ✐♥ t❤❡ ❧✐♠✐t✱ ✇❡ ❛r❡ ♥♦✇ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❤♦♠♦❣❡♥✐③❡❞ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠✳ ❚❤❡ s♦✉r❝❡s ♦❢ st♦❝❤❛st✐❝✐t② ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s
❛r❡ ♥♦✇

• t❤❡ ♣❛t❤ ❧❡♥❣t❤ s ❜❡t✇❡❡♥ t✇♦ s❝❛tt❡r✐♥❣ ❡✈❡♥ts ❛♥❞

• t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t Ω ❛❢t❡r ❛ s❝❛tt❡r✐♥❣ ❡✈❡♥t✳

■♥ t❤❡ ❝❛s❡ ε > 0✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣❛t❤ ❧❡♥❣t❤ ✐♥ Zε ✐s ❧❛r❣❡r t❤❛♥ s ✐s
❣✐✈❡♥ ❜②

Qε(s) := ♣({(n,Ω) ∈ G | τε(ε2n,Ω) ≥ s}).

❘❡❝❛❧❧✱ t❤❛t ✐♥ t❤❡ ❧✐♠✐t ε → 0+ t❤✐s ❣♦❡s t♦

Qε(s) −→ Q(s) := −q′(s)

q′(s)
=

∫∞
s

Θ(τ) dτ
∫∞
0

Θ(τ) dτ
.

❍❡♥❝❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡
❝♦❧❧✐s✐♦♥s ✐♥ t❤❡ ❧✐♠✐t ✐s ❣✐✈❡♥ ❜②

p(s) = −Q′(s) =
Θ(s)

∫∞
0

Θ(τ) dτ
. ✭✹✳✼✮

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡ R2×S1×R+

✇❡ ♣✐❝❦ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Ωj, τj)j≥1✳ ❚❤❡♥ Ωj ✐s
t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ❛❢t❡r t❤❡ j−t❤ s❝❛tt❡r✐♥❣ ❡✈❡♥t ❛♥❞ τj ✐s t❤❡ ♣❛t❤
❧❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ j−t❤ ❛♥❞ (j+1)✲t❤ ❝♦❧❧✐s✐♦♥✳ ❚❤✐s s❡q✉❡♥❝❡✱ t♦❣❡t❤❡r ✇✐t❤
❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t✱ ❞❡t❡r♠✐♥❡s t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ s✐♥❣❧❡
♣❛rt✐❝❧❡✳ ❇❡❝❛✉s❡ ♦❢ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ❛♥❞ ✭✹✳✼✮✱ t❤✐s s❡q✉❡♥❝❡ ✐s ❞✐str✐❜✉t❡❞
✉♥❞❡r

1

2π
p(s) dΩds. ✭✹✳✽✮
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▲❡t s ∈ R+✱ ✇❡ ❞❡✜♥❡ ❛ r❛♥❞♦♠ ✇❛❧❦ ✐♥ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡ ❜②

T0 := s, Tj := s+ τ1 + . . .+ τj, j ≥ 1.

❚❤❡♥✱ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡ R2×S1×R+ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞
❜② t❤❡ ❥✉♠♣ ♣r♦❝❡ss (Xt,Ωt, St)✳ ❚❤✐s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐① ❛♥ ✐♥✐t✐❛❧
s❡tt✐♥❣ (x,Ω, s) ❢♦r t❤❡ ♣❛rt✐❝❧❡✳ ❚❤❡ tr❛❥❡❝t♦r② ✉♥t✐❧ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥ ✐s ❣✐✈❡♥
❜②

(Xt,Ωt, St)(x,Ω, s) := (x+ tΩ,Ω, T0 − s).

❆❢t❡r t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✱ t❤❡ tr❛❥❡❝t♦r② ✐s ❣✐✈❡♥ ❜②

(Xt,Ωt, St)(x,Ω, s) = (XT0
+ (t− T0)Ω1,Ω1, T1 − t)

❢♦r s ≤ t < s + Tj✳ ❇❡t✇❡❡♥ t❤❡ (j − 1)−t❤ ❛♥❞ j−t❤ ❝♦❧❧✐s✐♦♥ t❤❡ tr❛❥❡❝t♦r②
✐s ♥♦✇ ❣✐✈❡♥ ❛s

(Xt,Ωt, St)(x,Ω, s) = (XTj
+ (t− Tj)Ωj+1,Ωj+1, Tj+1 − t).

Ω

x+ sΩ

x

x+ sΩ + τ1Ω1

Ω1 Ω2

❋✐❣✉r❡ ✹✳✺✿ ❚r❛❥❡❝t♦r② ❞❡✜♥❡❞ ❜② (Xt,Ωt, St)(x,Ω, s).

❈❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ ♣❛rt✐❝❧❡ ❞❡♥s✐t② f ✐♥(x,Ω)p0(s)✱ ❛♥❞ ❛♥ ♦❜s❡r✈❛❜❧❡ Φ = Φ(x,Ω, s)
✐♥ Cc(R

2 ×S1 ×R+)✳ ❚❤❡ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ✭❝♦♠♣❛r❡ ❛❣❛✐♥ ❆♣♣❡♥❞✐① ❆✮
✐s ❞❡✜♥❡❞ ❛s

g(t, x,Ω, s) := ❊[Φ((Xt,Ωt, St)(x,Ω, s))],

❛♥❞ ❛s ✐♥ ✭✹✳✹✮✱ t❤❡ ❞❡♥s✐t② F (t, ·, ·, ·) ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❜②
∫∫∫

Φ(x,Ω, s)F (t, dx, dΩ, ds) = ✭✹✳✾❛✮
∫∫∫

❊[Φ((Xt,Ωt, St)(x,Ω, s))]f
✐♥(x,Ω)p0(s) dx dΩds. ✭✹✳✾❜✮
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❇❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♥❡❛r✐t② ♦❢ ❊ ✇❡ ❝❛♥ ✇r✐t❡ g ❛s

g(t, x,Ω, s) =❊[1t<sΦ((Xt,Ωt, St)(x,Ω, s))]

+ ❊[1s≤t<T1
Φ((Xt,Ωt, St)(x,Ω, s))]

+
∞∑

j=1

❊[1Tj≤t<Tj+1
Φ((Xt,Ωt, St)(x,Ω, s))].

❲❡ ♥♦✇ ❡✈❛❧✉❛t❡ t❤✐s ❡①♣r❡ss✐♦♥ t❡r♠ ❜② t❡r♠✳ ❋✐rst ♥♦t❡ t❤❛t

❊[1t<sΦ((Xt,Ωt, St)(x,Ω, s))] = 1t<sΦ(x+ tΩ,Ω, s− t)

s✐♥❝❡ t❤❡r❡ ✐s ♥♦ st♦❝❤❛st✐❝✐t② ✐♥ t❤❡ tr❛❥❡❝t♦r② (Xt,Ωt, St)(x,Ω, s) ✉♥t✐❧ t❤❡
✜rst ❝♦❧❧✐s✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t t < s ✭s❡❡ ❋✐❣✉r❡ ✹✳✺✮✳
❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s

❊[1s≤t<T1
Φ((Xt,Ωt, St)(x,Ω, s))]

= ❊[1s≤t<T1
Φ((Xt−s,Ωt−s, St−s)(x+ sΩ,Ω1, T1 − s))]

= ❊[1s≤t<T1
❊[Φ((Xt−s,Ωt−s, St−s)(x+ sΩ,Ω1, τ1)) | Ω1, τ1]],

s✐♥❝❡ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ▼❛r❦♦✈✐❛♥ ♦♥ t❤❡ ❡①t❡♥❞❡❞ ♣❤❛s❡ s♣❛❝❡✳ ❇❡❝❛✉s❡
♦❢ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡

❊[Φ((Xt−s,Ωt−s, St−s)(x+ sΩ,Ω1, τ1)) | Ω1, τ1] = g(t− s, x+ sΩ,Ω1, τ1).

❍❡♥❝❡✱

❊[1s≤t<T1
❊[Φ((Xt−s,Ωt−s, St−s)(x+ sΩ,Ω1, τ1)) | Ω1, τ1]]

=
1

2π

∫∫

1s≤t<T1
g(t− s, x+ sΩ,Ω1, s1)p(s1) dΩ1 ds1.

■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s✳ ❋♦r T1 ≤ t < T2 ✇❡
❤❛✈❡

❊[1T1≤t<T2
Φ((Xt,Ωt, St)(x,Ω, s))]

= ❊[1T1≤t<T2
Φ((Xt−T1

,Ωt−T1
, St−T1

)(x+ sΩ + τ1Ω1,Ω2, τ2))]

= ❊[1T1≤t<T2
❊[Φ((Xt−T1

,Ωt−T1
, St−T1

)(x+ sΩ + τ1Ω1,Ω2, τ2)) | Ω1, τ1,Ω2, τ2]].

❆❣❛✐♥✱ ✇❡ ❝❛♥ ❡✈❛❧✉❛t❡ t❤❡ ✐♥♥❡r ❡①♣❡❝t❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❛s

❊[Φ((Xt−T1
,Ωt−T1

, St−T1
)(x+ sΩ + τ1Ω1,Ω2, τ2)) | Ω1, τ1,Ω2, τ2]

= g(t− T1, x+ sΩ + τ1Ω1,Ω2, τ2),

❛♥❞ ♦❜t❛✐♥

❊[1T1≤t<T2
❊[Φ((Xt−T1

,Ωt−T1
, St−T1

)(x+ sΩ + τ1Ω1,Ω2, τ2)) | Ω1, τ1,Ω2, τ2]]

=
1

4π2

∫∫∫∫

1T1≤t<T2
g(t− T1, x+ sΩ + s1Ω1,Ω2, τ2)p(s1)p(s2) ds1 ds2 dΩ1 dΩ2.
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❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ❢♦r ❡✈❡r② Tj ≤ t < Tj+1✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ✐♥ ❛♥
❛♥❛❧♦❣♦✉s ♠❛♥♥❡r

❊[1Tj≤t<Tj+1
Φ((Xt,Ωt, St)(x,Ω, s))]

=
1

(2π)j+1

∫

· · ·
∫

1Tj≤t<Tj+1
g

(

t− Tj, x+ sΩ +

j
∑

k=1

(skΩk) ,Ωj+1, τj+1

)

j
∏

k=1

(p(sk) dsk) dΩ1 · · · dΩj.

❍❡♥❝❡✱ g(t, x,Ω, s) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥✿

g(t, x,Ω, s) = 1t<sΦ(x+ tΩ,Ω, s− t)

+
1

2π

∫ ∞

0

∫

S1

1s≤t<T1
g(t− s, x+ sΩ,Ω1, s1)p(s1) dΩds1

+
∞∑

j=1

1

(2π)j+1

∫ ∞

0

· · ·
∫ ∞

0

∫

S1

· · ·
∫

S1

1Tj≤t<Tj+1

g

(

t− Tj, x+ sΩ +

j
∑

k=1

(skΩk) ,Ωj+1, τj+1

)
j
∏

k=1

(p(sk) dsk) dΩ1 · · · dΩj.

❙✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✳✷✮✱
t❤✐s ✐s t❤❡ s♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ♦❢ ❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❚♦ ❜❡ ♠♦r❡
♣r❡❝✐s❡✱ g ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥

∂tg(t, x,Ω, s)− Ω∇xg(t, x,Ω, s) + ∂sg(t, x,Ω, s) = 0, ✭✹✳✶✵❛✮

g(t, x,Ω, 0) =
1

2π

∫ ∞

0

∫

S1

p(s)g(t, x,Ω, s) dΩds, ✭✹✳✶✵❜✮

g(0, x,Ω, s) = Φ(x,Ω, s). ✭✹✳✶✵❝✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② F (t, x,Ω, s)
♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Xt,Ωt, St) ✐s ♥♦✇ ❣✐✈❡♥ ❜② t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ s❡♠✐✲
❣r♦✉♣ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳ ■t t❤❡♥ r❡❛❞s ❛s

∂tF (t, x,Ω, s) + Ω∇xF (t, x,Ω, s)− ∂sF (t, x,Ω, s) = ✭✹✳✶✶❛✮

p(s)

2π

∫

S1

F (t, x,Ω, 0) dΩ, ✭✹✳✶✶❜✮

F (0, x,Ω, s) = p0(s)f
✐♥(x,Ω). ✭✹✳✶✶❝✮

❆ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ ❊q✉❛t✐♦♥s ✭✹✳✶✵✮ ❛♥❞ ✭✹✳✶✶✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈❤❛♣t❡r
✻✳ ❋♦r ❛ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs✱ ✇❡ r❡❢❡r t♦ ❈❤❛♣t❡r ✶✷✱
✇❤❡r❡ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❞❡t❛✐❧✳
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✹✳✷✳✸ ❍♦♠♦❣❡♥✐③❛t✐♦♥

❋♦r t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ fε ❤❛s ❛ ❧✐♠✐t f ❛s ε → 0
❛♥❞ ❛♥❛❧②③❡ t❤✐s ❧✐♠✐t✳ ■t t✉r♥s ♦✉t t❤❛t f ❞♦❡s ♥♦t s❛t✐s❢② ❛ ❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝
❡q✉❛t✐♦♥✱ ❜✉t t❤❛t ✐t ✐s t❤❡ s−✐♥t❡❣r❛❧ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝
❡q✉❛t✐♦♥✳ ❲❡ ❢♦❧❧♦✇ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❬✶✵❪✱ ✇❤❡r❡ ❛ s✐♠✐❧❛r ❤♦♠♦❣❡♥✐③❛t✐♦♥
♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r❡❞✳

■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❛❧❧ ❣✐✈❡♥ ♦❜❥❡❝ts ✐♥ t❤❡ s❛♠❡ s♣❛❝❡s✱ ✇❡ r❡❝❛❧❧
t❤❡ ♥♦t❛t✐♦♥ {y}(x) ❢♦r t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ y(x) t♦ t❤❡ ❢✉❧❧ s♣❛❝❡ ❜②
0✳ ❍❡♥❝❡✱ {fε} ❞❡♥♦t❡s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ fε t♦ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❝❛tt❡r❡rs ❜②
0✳ ■♥ ♦r❞❡r t♦ ❤♦♠♦❣❡♥✐③❡ t❤❡ ♣r♦❝❡ss ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥ t❤❡ ♣❡r✐♦❞✐❝
❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✸✳ ■♥ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱

{fε} ⇀∗ f =

∫ ∞

0

dF ❛s ε → 0+,

✇❤❡r❡ fε, f ❛♥❞ F ❛r❡ ♠❡❛s✉r❡s✱ ❛♥❞ F ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✶✶✮✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡ s ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ s❡tt✐♥❣ ♦❢
❊q✉❛t✐♦♥ ✭✹✳✺✮ ❜② ❞❡✜♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛s✉r❡

Fε(t, x,Ω, ds) := fε(t, x,Ω)δ(s− τε(x,Ω)) ds. ✭✹✳✶✷✮

◆♦t❡ t❤❛t Fε ✐s ♦♥❧② ❛ ❣❡♥❡r❛❧✐③❡❞ ❢✉♥❝t✐♦♥✱ s♦ ✇❡ ❝❛♥ ♦♥❧② ❡①♣❡❝t t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❤♦❧❞s✳ ❲❡ ❛❧s♦ r❡❝❛❧❧✱ t❤❛t Fε(t, x,Ω, ds) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Xε

t ,Ω
ε
t , S

ε
t )✳

❚❤❡♥ t❤❡ ♣r♦♦❢ ❢❛❧❧s ♥❛t✉r❛❧❧② ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ st❡♣s✿

✭✶✮ ❋♦r ❡✈❡r② ε > 0 ✇❡ ❤❛✈❡ fε =
∫∞
0

Fε ds✳

✭✷✮ ❚❤❡ s❡t {fε}, ε > 0, ✐s ❜♦✉♥❞❡❞✱ ❤❡♥❝❡ ✐t ❤❛s ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❛❦∗✲t♦♣♦❧♦❣② ❜② t❤❡ t❤❡♦r❡♠ ♦❢ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉✶✱
❞❡♥♦t❡❞ ❜② f ✳

✭✸✮ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✐s F̃ ✱ s✉❝❤ t❤❛t {Fε} ⇀∗ F̃ ✱ ❛❣❛✐♥ ❜② t❤❡ t❤❡♦r❡♠ ♦❢
❇❛♥❛❝❤✲❆❧❛♦❣❧✉✳

✭✹✮ ■t ❤♦❧❞s✱ t❤❛t F̃ = F ✱ ✇❤❡r❡ F ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✶✮✳

✭✺✮ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s F ✐s ✉♥✐q✉❡ ❛♥❞

{fε} → f =

∫ ∞

0

dF

❛s ε → 0+✱ ❛❣❛✐♥ ✐♥ t❤❡ ✇❡❛❦ ♠❡❛s✉r❡ s❡♥s❡✳
✶❋♦r ❛♥ ✉♥❞❡r❧②✐♥❣ ❇❛♥❛❝❤ s♣❛❝❡ X t❤❡ t❤❡♦r❡♠ ♦❢ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉ st❛t❡s t❤❛t t❤❡ ✉♥✐t ❜❛❧❧

B
∗
⊂ X

∗ ✐s ✇❡❛❦❧②∗ ❝♦♠♣❛❝t✳ ■❢ X ✐s s❡♣❛r❛❜❧❡✱ ✐t ✐s ❛❧s♦ s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❛❝t ✐♥ t❤❡ ✇❡❛❦∗

t♦♣♦❧♦❣②✳ ❍❡♥❝❡✱ ❡✈❡r② ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ X∗ ❤❛s ❛ ✇❡❛❦∗ ❝♦♥❣❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✳
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Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❛❜♦✈❡ ❜② s❤♦✇✐♥❣✱ t❤❛t ✭✶✮✲✭✺✮ ❤♦❧❞✳

✭✶✮ ❋✐① ε > 0✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② fε(t, x,Ω) ✐s ❛ ♠❡❛s✉r❡ ♦♥ t❤❡ ♣❤❛s❡
s♣❛❝❡ Zε × S1 ❢♦r ❛❧❧ t ≥ 0✳ ❍❡♥❝❡✱ ✇❡ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② t❡st ❢✉♥❝t✐♦♥
φ ∈ Cb(Zε × S1) ❛♥❞ ❝❛❧❝✉❧❛t❡

∫∫

Zε×S1

φ(x,Ω)

∫ ∞

0

Fε(t, x,Ω, s) ds dΩdx

=

∫∫

Zε×S1

φ(x,Ω)

∫ ∞

0

δ(s− τε(x,Ω))fε(t, x,Ω) ds dΩdx

=

∫∫

Zε×S1

φ(x,Ω)fε(t, x,Ω) dΩdx.

❚❤❛t s❤♦✇s✱ t❤❛t fε =
∫
Fε ds ❛s ❛ ♠❡❛s✉r❡ ♦♥ Zε × S1✳ ❖❜✈✐♦✉s❧②✱

r❡♣❧❛❝✐♥❣ fε ❜② {fε} ❛♥❞ ❝❤♦♦s✐♥❣ ❛ t❡st ❢✉♥❝t✐♦♥ φ ∈ Cb(R
2 × S1) ✐♥

t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✈❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ r❡s✉❧t✳ ❈♦♥s❡q✉❡♥t❧②✱ {fε} =
∫
Fε ds ❛s ❛ ♠❡❛s✉r❡ ♦♥ R

2 × S1✳

✭✷✮ ❚❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ t❤❡ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✺✮ s✉❝❤ t❤❛t
∫∫

Zε×S1

fε(t, x,Ω) dΩdx ≤
∫∫

Zε×S1

f ✐♥(x,Ω) dΩdx ❢♦r ❛❧❧ t ≥ 0,

0 ≤ sup
(x,Ω)∈R2×S1

fε(t, x,Ω) ≤ ‖f ✐♥‖L∞(R2×S1) ❛✳❡✳ ♦♥ R+ × Zε × S1.

❚❤❡r❡❢♦r❡✱ t❤❡ ❡①t❡♥s✐♦♥ {fε} ❛❧s♦ s❛t✐s✜❡s

sup
ε

‖{fε}‖L∞(R+×R2×S1) ≤ ‖f in‖L∞(R2×S1).

❚❤❡♥✱ ❜② t❤❡ t❤❡♦r❡♠ ♦❢ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉✱ t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡ {fε′} ⊂
{fε}✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♠❡❛s✉r❡ f s✉❝❤ t❤❛t

{fε′} ⇀∗ f.

✭✸✮ ◆♦t❡ t❤❛t

{Fε}(t, x,Ω, s) = {δ(s− τε(x,Ω))fε(t, x,Ω)}
= δ(s− τε(x,Ω)){fε(t, x,Ω)},

✐❢ ✇❡ ❡①t❡♥❞ τε(x,Ω) ❜② 0 t♦ x /∈ Zε,Ω ∈ S1✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✐s ♥♦t
❝♦♥t✐♥✉♦✉s✳ ❚❤❡ ❡①t❡♥❞❡❞ {Fε} ✐s ❛ ♠❡❛s✉r❡ ♦♥ R

2 × S1 × R+ ❢♦r ❛❧❧
t ≥ 0 ❛♥❞ ε > 0✳
◆♦✇ ❧❡t φ ∈ Cb(R

2×S1×R+) ❛♥❞ ❧❡t φn ∈ CC(R
2×S1×R+)✱ n ∈ N s✉❝❤

t❤❛t φn −→ φ ♣♦✐♥t✇✐s❡ ❛♥❞ ‖φn‖∞ ≤ ‖φ‖ ❢♦r ❛❧❧ n ∈ N✳ ❋✉rt❤❡r♠♦r❡✱
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❧❡t supp(φn) = Gn × S1 × [0, Tn]✳ ❲❡ ❤❛✈❡ t❤❛t
∫∫∫

R2×S1×R+

φn(x,Ω, s){Fε}(t, x,Ω, s) ds dΩdx =

∫∫

R2×S1

φn(x,Ω, τε(x,Ω))fε(t, x,Ω) dΩdx

❢♦r ❛❧❧ t ≥ 0 ❛♥❞ n ∈ N✳ ❘❡❝❛❧❧ t❤❛t τε(x,Ω) ✐s ♥❡✐t❤❡r ❜♦✉♥❞❡❞✱ ♥♦r
❝♦♥t✐♥✉♦✉s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇r✐t❡

φn(x,Ω, τε(x,Ω)) =1τε(x,Ω)>Tn
φn(x,Ω, τε(x,Ω))

+ 1τε(x,Ω)<Tn
φn(x,Ω, τε(x,Ω)).

❙✐♥❝❡

1τε(x,Ω)>Tn
+ 1τε(x,Ω)<Tn

= 1,

❛♥❞ {1τε(x,Ω)>s} ⇀∗ q(s) ✐♥ L∞(R2 × S1 × R+)✱ ✇❡ ❤❛✈❡

{1τε(x,Ω)<s} ⇀∗ 1− q(s) ✐♥ L∞(R2 × S1 × R+), ✭✹✳✶✸✮

✇✐t❤ q ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ❝♦♠♣❛❝t s✉♣♣♦rt ♦❢ φn ②✐❡❧❞s

1τε(x,Ω)>Tn
φn(x,Ω, τε(x,Ω)) = 0,

❛♥❞✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✹✳✶✸✮ ❛♥❞ t❤❛t q(s) → 0 ❛s s → ∞✱ ✇❡ ❤❛✈❡

|1τε(x,Ω)<Tn
φn(x,Ω, τε(x,Ω))| ≤ ‖φ‖∞

❢♦r ❛❧❧ n ∈ N ❛♥❞ ε > 0✳ ❚❤❛t ♠❡❛♥s t❤❛t
∣
∣
∣
∣

∫∫∫

R2×S1×R+

φn(x,Ω, s)Fε(t, x,Ω, ds) dΩdx

∣
∣
∣
∣

≤ ‖φn‖∞
∫∫

R2×S1

|fε(t, x,Ω)| dΩdx

❤♦❧❞s ❢♦r ❛❧❧ n ∈ N ❛♥❞ ε > 0✳ ❋✐♥❛❧❧②✱ ❧❡tt✐♥❣ n → ∞✱ ✇❡ ♦❜t❛✐♥
∣
∣
∣
∣

∫∫∫

R2×S1×R+

φ(x,Ω, s)Fε(t, x,Ω, ds) dΩdx

∣
∣
∣
∣
≤
∫∫

R2×S1

‖φ‖∞fε(t, x,Ω) dΩdx

≤ ‖φ‖∞ · ‖fε(t, ·, ·)‖L1(R2×S1) ≤ ‖φ‖ · ‖f ✐♥‖L1(R2×S1)

❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s φ ∈ Cb(R
2×S1×R+) ❛♥❞ ❡✈❡r② ε > 0✳ ❚❤❛t ♠❡❛♥s✱

t❤❛t {Fε} ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✇❡❛❦∗ t♦♣♦❧♦❣②✳ ❆❣❛✐♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜②
t❤❡ t❤❡♦r❡♠ ♦❢ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉✱ t❤❛t t❤❡r❡ ✐s ❛ ♠❡❛s✉r❡ F̃ ♦♥ R

2×S1×R+

s✉❝❤ t❤❛t

{Fε} −→ F̃ ✐♥ t❤❡ ✇❡❛❦ ♠❡❛s✉r❡ s❡♥s❡.
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✭✹✮ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Xε
t ,Ω

ε
t , S

ε
t ) ✐♥ t❤❡ ✜♥✐t❡ s❝❛tt❡r❡r s❡tt✐♥❣ ✐s ✉♥✐q✉❡❧②

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡

(nε
j ,Ω

ε
j)j≥1 ⊂ {(n,Ω) ∈ S1 × S1 | Ω · n > 0}

♦❢ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤ts Ωε
j ❛❢t❡r t❤❡ j−t❤ ❝♦❧❧✐s✐♦♥✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♥❡✇ ♣♦s✐t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❝❛tt❡r❡r✱ ❣✐✈❡♥ ❜② nj✳ ❚❤❡ ❡①❛❝t
♣♦s✐t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❝❛tt❡r❡r ✇✐t❤ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡ cj ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ❛s cj + ε2nε

j ✳ ❚❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛❢t❡r t❤❡ j− th
❝♦❧❧✐s✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜②

τ εj (Ωj, nj) := τε(cj + ε2nε
j ,Ω

ε
j),

❛♥❞ ❡❛❝❤ tr❛❥❡❝t♦r② (Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s) ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s❡q✉❡♥❝❡

(Ωε
j , n

ε
j , τ

ε
j (Ω

ε
j , n

ε
j))✳ ❆ tr❛❥❡❝t♦r② (Xt,Ωt, St)(x,Ω, s)✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡

(Ωj, τj)j≥1 ⊂ S1 × R+

♦❢ ♥❡✇ ❞✐r❡❝t✐♦♥s ♦❢ ✢✐❣❤t ❛❢t❡r t❤❡ j−t❤ ❝♦❧❧✐s✐♦♥ Ωj✱ ❛♥❞ ♥❡✇ ❞✐st❛♥❝❡s
t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ τj✳ ❖❜✈✐♦✉s❧②✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Ωε

j ❝♦♥✈❡r❣❡s ✐♥
❞✐str✐❜✉t✐♦♥ t♦ Ωj ❛s ε → 0+✱ s✐♥❝❡ t❤❡② s❤❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❞✐str✐❜✉✲
t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦♥ τε✱ st❛t❡❞ ✐♥ ✭✹✳✶✮✱ ✐♠♣❧✐❡s t❤❛t

τ εj −→ τj

✐♥ ❞✐str✐❜✉t✐♦♥ ❛s ε → 0+✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ nj ❜❡❝♦♠❡s ♦❜s♦❧❡t❡ ✐♥
t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✱ s✐♥❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ s❝❛tt❡r❡rs s❤r✐♥❦s t♦ 0✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝✉❧❞❡ t❤❛t

(Xε
t ,Ω

ε
t , S

ε
t ) −→ (Xt,Ωt, St)

✐♥ ❞✐str✐❜✉t✐♦♥ ❛s ε → 0+✳ ❚❤✐s ✐♠♣❧✐❡s ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✱ t❤❛t ❢♦r ❡✈❡r②
Φ ∈ Cb(R

2 × S1 × R+)

❊[Φ(Xε
t ,Ω

ε
t , S

ε
t )] −→ ❊[Φ(Xt,Ωt, St)].

❇❡❝❛✉s❡ ♦❢ t❤❡ r❡❧❛t✐♦♥s ✭✹✳✻✮ ❛♥❞ ✭✹✳✾✮ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ❛♥❞
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✐t ❤♦❧❞s t❤❛t
∫∫∫

Φ(x,Ω, s)Fε(t, x,Ω, s) dx dΩds

=

∫∫∫

❊[Φ((Xε
t ,Ω

ε
t , S

ε
t )(x,Ω, s))]f

✐♥(x,Ω)δ(s− τε(x,Ω)) dx dΩds

−→
∫∫∫

❊[Φ((Xt,Ωt, St)(x,Ω, s))]f
✐♥(x,Ω)p0(s) dx dΩds

=

∫∫∫

Φ(x,Ω, s)F (t, x,Ω, s) dx dΩds,
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❢♦r ❡✈❡r② Φ ∈ Cb(R
2 × S1 × R+) ❛♥❞ ❡✈❡r② t ≥ 0✳ ❚❤✐s s❤♦✇s t❤❛t

Fε ⇀
∗ F.

✭✺✮ ❈♦♠❜✐♥✐♥❣ ✭✶✮ ❛♥❞ ✭✸✮ ✇❡ s❡❡ t❤❛t

f ∗ ↼ fε =

∫ ∞

0

dFε ⇀
∗
∫ ∞

0

dF̃ .

❙✐♥❝❡ ❊q✉❛t✐♦♥ ✭✹✳✶✶✮ ✐s ❧✐♥❡❛r✱ t❤❡ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡❢♦r❡ ✭✹✮
②✐❡❧❞s

f =

∫ ∞

0

dF̃ =

∫ ∞

0

dF.

❚❤❛t ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✹✳✸ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s

❲❡ ❝❧♦s❡ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ❜② ❝♦♠♠❡♥t✐♥❣ ♦♥ ❝❡rt❛✐♥
❛s♣❡❝ts ♦❢ t❤❡ t❡❝❤♥✐q✉❡s t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞✱ ❛♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♣❤②s✲
✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ q✉❛♥t✐t✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣♦✐♥t ♦✉t s♦♠❡ ❝♦♥s❡✲
q✉❡♥❝❡s ❢♦r t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ❛♥❞ ❡①t❡♥❞✐❜✐❧✐t② ♦❢ t❤✐s ♥❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✳

✭❆✮ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❤♦✇ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛✲
t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐♥ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢
s❝❛tt❡r❡rs ✈✐❛ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ■♥ ♦r❞❡r t♦
❞❡r✐✈❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ♦♥❧② t❤❡ st♦❝❤❛st✐❝ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ❛❧r❡❛❞② ❤♦♠♦❣❡♥✐③❡❞ tr❛♥s♣♦rt ♣r♦❝❡ss (Xt,Ωt, St) ✇❛s ♥❡❝❡ss❛r②✳
◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ❢✉❧❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡ss ②✐❡❧❞s ❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤ts
✐♥t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♥❡✇ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ❛❧s♦ ❡s✲
t❛❜❧✐s❤❡s ❛ str♦♥❣ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥✳

✭❇✮ ❲❤✐❧❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ✐s ♠❛✐♥❧② ❞r✐✈❡♥ ❜② t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt✱ t❤❡
♠♦st ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ✐♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✐s t❤❡ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ p(s)✳ ❚❤❡ t✇♦ ♣❛r❛♠❡t❡rs ❛r❡ ♦❢ ❛ ✈❡r② ❞✐✛❡r❡♥t ♥❛t✉r❡✳ ❚❤❡
t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt ✐s ✉s✉❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✭❤♦♠♦❣❡♥✐③❡❞✮ r❛t❡✱ ❜②
t❤❛t ♣❛rt✐❝❧❡s ✉♥❞❡r❣♦ ❝♦❧❧✐s✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ p(s) ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱
t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❢r❡❡✲♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt ❛♥❞ t❤❡ ❢r❡❡✲♣❛t❤ ❞✐str✐❜✉t✐♦♥
❛r❡ r❡❧❛t❡❞ ❜② p(s) = Σt exp(−Σts) ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✳ ■♥
❈❤❛♣t❡r ✻✱ ✇❡ s❤♦✇ ❤♦✇ ❛ q✉❛♥t✐t② r❡❧❛t❡❞ t♦ t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ❝❛♥
❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ s❡tt✐♥❣✳

✭❈✮ ❊q✉❛t✐♦♥ ✭✹✳✶✶✮ ❤❛s ❜♦t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② p0(s) ♦❢ ❞✐st❛♥❝❡s t♦
t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② p(s) ♦❢ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥
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❝♦❧❧✐s✐♦♥s ❛s ❛ ♣❛r❛♠❡t❡r✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t ✐♥ ❙❡❝t✐♦♥
✹✳✶✱ t❤❛t t❤❡s❡ t✇♦ q✉❛♥t✐t✐❡s ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞✳ ■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡
p0(s) ❛♥❞ p(s)✱ ♦♥❧② t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ q(s) ♦❢ ❞✐st❛♥❝❡s t♦ t❤❡
✜rst ❝♦❧❧✐s✐♦♥ ♥❡❡❞s t♦ ❜❡ ❦♥♦✇♥✳ ❚❤✐s r❡❧❛t✐♦♥ ✐s ♦❢ ❛ ✈❡r② ❣❡♥❡r❛❧ ♥❛t✉r❡
❛♥❞ ❤♦❧❞s ❢♦r ❛r❜✐tr❛r② s❡tt✐♥❣s ♦❢ s❝❛tt❡r❡rs ❬✸✻❪✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ✐s t❤❡
q✉❛♥t✐t② t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✇❤❡♥ ✇❡ st✉❞② ♠♦r❡
❣❡♥❡r❛❧ r❛♥❞♦♠ ♠❡❞✐❛ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳

✭❉✮ ❚❤❡ s❝❛tt❡r✐♥❣ ✇❛s ❛ss✉♠❡❞ t♦ ❜❡ ✐s♦tr♦♣✐❝✱ ❜✉t t❤❡r❡ ✐s ♥♦ ♣r♦❜❧❡♠
✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♥✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥✳ ❆s
❧♦♥❣ ❛s t❤❡ ♠❡❞✐✉♠ ✐s ❤♦♠♦❣❡♥❡♦✉s ✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡ ❝✉♠✉❧❛t✐✈❡
❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s t♦ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥ ✭❛s t❤❡ ❧✐♠✐t ♦❢ 1τε(x,Ω)>s✮
❡①✐sts ❛♥❞ t❤❛t ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ x ❛♥❞ Ω✱ ❤❡♥❝❡ ❧❡❛❞s t♦ ❛ ❞❡♥s✐t②
p0 = p0(s) ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ p(s)✳ ❚❤❡♥✱ ✐♥tr♦❞✉❝✐♥❣ ❛ ❣❡♥❡r❛❧ s❝❛tt❡r✐♥❣
❦❡r♥❡❧ σs✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✭✹✳✽✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②

p(s)σs(Ω,Ω
′) ds dΩ′.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s st✐❧❧ ❤♦❧❞s✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛❣❛✐♥ ❊q✉❛t✐♦♥
✭✹✳✶✶✮✱ ✇❤❡r❡ t❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ σs(Ω,Ω

′) r❡♣❧❛❝❡s t❤❡ ❢❛❝t♦r 1/2π
✐♥ t❤❡ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥♥♦t ❛ss✉♠❡ t❤❛t t❤✐s
❞❡r✐✈❛t✐♦♥ ❤♦❧❞s ✐♥ ❝❛s❡s ✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❞❡♣❡♥❞s
♦♥ x ❛♥❞✴♦r Ω ✐♥ t❤❡ ❧✐♠✐t✳ ❊①t❡♥s✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❛r❡
❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✻✳

✭❊✮ ❚❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✐s ♠♦st❧② ♦❢ ❛ t❡❝❤♥✐❝❛❧
♥❛t✉r❡✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦r t❤❡ r❡s✉❧t✐♥❣
❡q✉❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ❢♦r ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧✐♠✲
✐t✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❢♦r ❛r❜✐tr❛r②
s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ ❬✶✺❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❛❧s♦ ❤♦❧❞s ✭❝♦♠♣❛r❡ ❘❡♠❛r❦ ✹✳✷✮✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✐s t❤❛t ❛♥ ❡①♣❧✐❝✐t
❢♦r♠ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤✐s str♦♥❣❧②
s✉❣❣❡st t❤❛t t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐♦♥ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r s♣❛❝❡ ❞✐♠❡♥s✐♦♥s d ≥ 2✱
❞✐✛❡r❡♥t ♦♥❧② ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✳

❈♦♥s❡q✉❡♥❝❡s

❖♥❝❡ ❛♥ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ✐s ❛✈❛✐❧❛❜❧❡✱
✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥✳ ❚❤✐s ❛❧s♦ r❡❧✐❡❞ ♦♥ t❤❡ ❤♦✲
♠♦❣❡♥❡✐t② ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❆❧s♦✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ r❡❛❧✐③❛t✐♦♥ ♦❢
t❤❡ ♣❡r✐♦❞✐❝ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❲❡ ❞✐❞ ♥♦t ❤❛✈❡ t♦ ❛✈❡r❛❣❡ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡
r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠❡❞✐✉♠✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r
❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳
❚❤✐s s✉❣❣❡sts✱ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ❜❛❝❦✲
❣r♦✉♥❞ ♠❡❞✐❛ ❛s ❧♦♥❣ ❛s t❤❡② ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✳ ❖❢ ❝♦✉rs❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛✈❡r✲
❛❣✐♥❣ ♣r♦❝❡ss ♦✈❡r ❛❧❧ r❡❛❧✐③❛t✐♦♥s ♦❢ ❛ ♠❡❞✐✉♠ ♦❢ t❤❛t t②♣❡ ✐s ♥❡❝❡ss❛r②✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥✳ ❊s♣❡❝✐❛❧❧② ✇❡
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st✉❞② t❤❡ ❡✛❡❝t ♦❢ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦rr❡❧❛t✐♦♥s ✐♥
t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱ ❛♥❞ ❤♦✇ ❣❡♥❡r❛❧ s♣❛t✐❛❧ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ t❤❛t ❛❧s♦ ②✐❡❧❞ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s
✭✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✱ ❛✈❡r❛❣❡❞ ♦✈❡r r❡❛❧✐③❛t✐♦♥s✮✳



✺ ⑤ ❊①t❡♥s✐♦♥ t♦ ❣❡♥❡r❛❧ ❤♦♠♦❣❡✲
♥❡♦✉s ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✿
❛ ▼♦♥t❡✲❈❛r❧♦ st✉❞②

▼♦t✐✈❛t❡❞ ❜② t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❢♦r
t❤❡ ♣❡r✐♦❞✐❝ s❝❛tt❡r❡r s❡tt✐♥❣ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ♥♦✇ ❞✐s❝✉ss t❤❡ ❡①✲
t❡♥s✐♦♥ t♦ ❣❡♥❡r❛❧ ❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥♦t❡ t❤❛t
t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ s②st❡♠ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐s✲
tr✐❜✉t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❲❡ ❛r❡ ✭❛t ❧❡❛st ❛t t❤✐s ♣♦✐♥t✮ ♥♦t
❛❜❧❡ t♦ ❡①t❡♥❞ t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ t♦ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✱ ❜✉t ✇❡ ❝❛♥
❛♥❛❧②③❡ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s t❤❛t ❛r✐s❡ ❢♦r ❝❡rt❛✐♥ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s
✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ❜② ❛ ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s
❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦rr❡❧❛t❡❞
❜✉t ❤♦♠♦❣❡♥❡♦✉s st♦❝❤❛st✐❝ ♠❡❞✐❛ ❜❡s✐❞❡s t❤❡ ♣❡r✐♦❞✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ s❝❛t✲
t❡r❡rs t❤❛t ❤❛✈❡ ❛ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t t❤❛t ✐s
❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♣❛rt✐❝❧❡ tr❛♥s♣♦rt ✐♥ t❤❡s❡ ♠❡❞✐❛✳

❚❤❡r❡❢♦r❡✱ ✇❡ st✉❞② t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✳ ❋✐rst✱
✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❢♦r ✐♥❝r❡❛s✐♥❣❧② str♦♥❣ r❛♥❞♦♠
♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ s❝❛tt❡r❡r s❡tt✐♥❣ ❜② ❛ ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞✳ ❚❤❡♥
✇❡ ❡①♣r❡ss s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ❜② ❛ ♣❛✐r✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✉s❡ t❤✐s t♦
❝r❡❛t❡ r❛♥❞♦♠ ❛♥❞ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛ ❜② ❛ ▼❡tr♦♣♦❧✐s
▼♦♥t❡✲❈❛r❧♦ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ❛❣❛✐♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✐♥
t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s
t♦ t❤❡ ✷❉ ❝❛s❡✳

✺✳✶ ❙♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛

❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✿

✶✳ ❆ s❝❛tt❡r❡r X ✐s ❛ s♣❤❡r✐❝❛❧ ♦❜❥❡❝t ✇✐t❤ r❛❞✐✉s r > 0✳ ■ts ♣♦s✐t✐♦♥ ✐♥
s♣❛❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ✐ts ❝❡♥t❡r✳ ❲❡ ✐❞❡♥t✐❢② ❡❛❝❤ s❝❛tt❡r❡r
✇✐t❤ ✐ts ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ t❤❡
♦✉t❝♦♠❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

✷✳ ❚✇♦ s❝❛tt❡r❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ♦✈❡r❧❛♣✳ ❚❤✐s ✐s ♥❡❝❡ss❛r② s✐♥❝❡ ✇❡ ✇❛♥t t♦
❜❡ ❛❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ ❞❡❣r❡❡ ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s t❤❛t ✇❡ ✐♥tr♦❞✉❝❡✳
■♥ ❛❞❞✐t✐♦♥✱ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦✈❡r❧❛♣s ❜❡✲
❝♦♠❡s ♥❡❣❧❡❝t❛❜❧❡✳

✹✷
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✸✳ ❆❧❧ s❝❛tt❡r❡rs ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ V ✱ ✇❤✐❝❤ ✐s ❢♦r♠❛❧❧② ❡①✲
t❡♥❞❡❞ t♦ ✐♥✜♥✐t② ❜② ❛ss✉♠✐♥❣ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s✳

✹✳ ❚❤❡ ❞❡♥s✐t② ♦❢ s❝❛tt❡r❡rs ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ❚❤❛t
♠❡❛♥s✱ ✐❢ r = ε2✱ t❤❡ ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs ✐♥ ❛ ❜♦① ♦❢ ✈♦❧✉♠❡ 1 ✐s 1/ε2✳
❖❢ ❝♦✉rs❡✱ t❤✐s ♦♥❧② ❤♦❧❞s ✐♥ ❛ st❛t✐st✐❝❛❧ s❡♥s❡✱ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r r❛♥❞♦♠
♠❡❞✐❛✳ ❍❡♥❝❡✱ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ❢♦r ❛❧❧ ♠❡❞✐❛ t❤❛t ✇❡ ❝♦♥s✐❞❡r
✐s ❛❣❛✐♥ ε → 0+.

✺✳✶✳✶ ❘❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s

❆♥ ♦❜✈✐♦✉s r❛♥❞♦♠ ❜✉t ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ t♦ ❝♦♥s✐❞❡r ✐s ❛ r❛♥❞♦♠ ♣❡rt✉r❜❛✲
t✐♦♥ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣❡rt✉r❜ t❤❡ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s
(x, y) ♦❢ ❡❛❝❤ s❝❛tt❡r❡r ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ❧❛tt✐❝❡ t♦ (x̃, ỹ)✱ s✉❝❤ t❤❛t

x̃ ∼ N (x, σ2), ỹ ∼ N (y, σ2).

❚❤❛t ♠❡❛♥s✱ t❤❡ ♣❡rt✉r❜❡❞ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s ❛r❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t❡❞ ❛r♦✉♥❞
t❤❡ ♦r✐❣✐♥❛❧ ❧❛tt✐❝❡ ♣♦✐♥ts✱ ✇❤❡r❡ t❤❡ ✈❛r✐❛♥❝❡ σ2 = κε ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
❣r✐❞ s✐③❡ ε✱ ❛♥❞ t❤❡ r❛❞✐✉s ♦❢ t❤❡ s❝❛tt❡r❡rs ✐s r = ε2✳ ■♥ ❋✐❣✉r❡ ✺✳✶ ✇❡ s❤♦✇
❛ s❡❝t♦r ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ ♣❡r✐♦❞✐❝ ♠❡❞✐✉♠ ✭❋✐❣✉r❡ ✺✳✶❛✮✱ ❛♥❞ ♣❡rt✉r❜❛t✐♦♥s
✇❤✐t❤ ✈❛r✐❛♥❝❡ 5% ♦❢ ε ✭❋✐❣✉r❡ ✺✳✶❜✮✱ 10% ♦❢ ε ✭❋✐❣✉r❡ ✺✳✶❝✮✱ ❛♥❞ 20% ♦❢ ε
✭❋✐❣✉r❡ ✺✳✶❞✮✳ ❲❡ s❡❡ t❤❛t t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ❞✐s❛♣♣❡❛r ❢♦r ❛♥ ✐♥❝r❡❛s✐♥❣
✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❡①♣❡❝t t♦ s❡❡ ❛ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❢r♦♠ t❤❡ str♦♥❣ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ♠❡❞✐✉♠ t♦
❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❛s t❤❡ ✈❛r✐❛♥❝❡ ✐♥❝r❡❛s❡s✳

✺✳✶✳✷ ◗✉❛♥t✐✜❝❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s

❲❡ ✜rst ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♣❛t✐❛❧❧② ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠✱ ❛♥❞ t❤❡♥ q✉❛♥✲
t✐❢② t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦rr❡❧❛t✐♦♥ ✐♥ ❛ ♠❡❞✐✉♠ ❛s ✐ts ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ✉♥❝♦rr❡❧❛t❡❞
❝❛s❡✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ t❡r♠s ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ♣❛✐r ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s
s❡❝t✐♦♥ ✇❡ ❢♦❧❧♦✇ ❬✾✽❪✱ ✇❤❡r❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡❛s✉r❡s ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ✐♥
❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ❛r❡ ✐♥tr♦❞✉❝❡❞✱ ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ t❡r♠✐♥♦❧♦❣② ❛♥❞ ♥♦✲
t❛t✐♦♥✳
❆ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ N s❝❛tt❡r❡rs ✐♥ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ V ✳ ❆ ♠❡❞✐✉♠ ✐s ❝❛❧❧❡❞
✭s♣❛t✐❛❧❧②✮ ✉♥❝♦rr❡❧❛t❡❞ ♦r P♦✐ss♦♥ ❞✐str✐❜✉t❡❞ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t✐♥❣
♣r♦❝❡ss

N(Ṽ ) = ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs ✐♥ t❤❡ ✈♦❧✉♠❡ Ṽ

✐s P♦✐ss♦♥ ❞✐str✐❜✉t❡❞✱ ✐✳❡✳ ✐ts ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

P(N(Ṽ ) = k) =
(λ vol(Ṽ ))k

k!
exp(−λ vol(Ṽ ))

❢♦r s♦♠❡ ❝♦♥st❛♥t λ > 0 ❛♥❞ Ṽ ⊂ V ❛r❜✐tr❛r② ❜✉t ♠❡❛s✉r❛❜❧❡✳ ❚❤✐s ❞✐str✐✲
❜✉t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r❡rs✱ s❡❡♥ ❛s ❛♥ ♦✉t❝♦♠❡ ♦❢ ❛
r❛♥❞♦♠ ♣r♦❝❡ss✱ ❛r❡ ✉♥❝♦rr❡❧❛t❡❞✳ ▲❡t V1, V2 ⊂ V ❜❡ t✇♦ ✈♦❧✉♠❡s ✇❤✐❝❤
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✭❛✮ ❯♥♣❡rt✉❜❡❞ ♣❡r✐♦❞✐❝ ♠❡❞✐✉♠ σ2 = 0✳ ✭❜✮ P❡rt✉r❜❡❞ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2 = 0.05ε✳

✭❝✮ P❡rt✉r❜❡❞ ✇✐t❤ σ2 = 0.1ε✳ ✭❞✮ P❡rt✉r❜❡❞ ✇✐t❤ σ2 = 0.2ε✳

❋✐❣✉r❡ ✺✳✶✿ P❡rt✉r❜❡❞ ♣❡r✐♦❞✐❝ ▼❡❞✐✉♠ ❢♦r ❞✐✛❡r❡♥t ✈❛r✐❛♥❝❡s✳

❛r❡ s✐③❡❞ s✉❝❤ t❤❛t t❤❡② ❝❛♥ ❝♦♥t❛✐♥ ♦♥❧② ♦♥❡ ♦r ③❡r♦ s❝❛tt❡r❡rs✳ ❚❤❡♥ t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ✜♥❞✐♥❣ s❝❛tt❡r❡rs ✐♥ ❜♦t❤ ✈♦❧✉♠❡s ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t

P(1, 2) = (n̄ vol(V1))(n̄ vol(V2)),

✇❤❡r❡ n̄ = N/ vol(V ) ✐s t❤❡ ♠❡❛♥ s❝❛tt❡r❡r ♥✉♠❜❡r ❞❡♥s✐t②✳ ❆ ❝♦rr❡❧❛t❡❞
♠❡❞✐✉♠ ✐s ♥♦✇ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ P♦✐ss♦♥✐❛♥ ❞✐str✐❜✉✲
t✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✜♥❞✐♥❣ t✇♦ s❝❛tt❡r❡rs ✐♥ t❤❡s❡ t✇♦ ❣✐✈❡♥ t❡st ✈♦❧✉♠❡s
✐♥ t❤❡ ❝♦rr❡❧❛t❡❞ ❝❛s❡ ✐s ❣✐✈❡♥ ❜②

P(1, 2) = (n̄ vol(V1))(n̄ vol(V2))(1 + η(r)),

✇❤❡r❡ η ✐s t❤❡ s♦✲❝❛❧❧❡❞ ♣❛✐r✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ r ✐s t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ t✇♦ t❡st ✈♦❧✉♠❡s✳ ■❢ η ≡ 0 t❤❡ ♠❡❞✐✉♠ ✐s ✉♥❝♦rr❡❧❛t❡❞✱ ♦t❤❡r✇✐s❡
✐t ✐s s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞✳ ❚❤❡ ♣❛✐r✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ r❛❞✐❛❧
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ g ❜②

η(r) = g(r)− 1.

❚❤❡ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿ ✐❢ ✇❡ ✜① ❛
s❝❛tt❡r❡r X ✐♥ V ✱ t❤❡♥ t❤❡ ❧♦❝❛❧ ❛✈❡r❛❣❡❞ ❞❡♥s✐t② ❛t ❛ ❞✐st❛♥❝❡ r ❢r♦♠ X ✐s
n̄g(r)✳ ❚❤❡ ♠❡❞✐✉♠ ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s✱ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s❝❛tt❡r❡rs
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❛♥❞ ❛❧❧ ✐ts ♠♦♠❡♥ts ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r tr❛♥s❧❛t✐♦♥s✱ ✐✳❡✳ η ✐s ❛ ❣❧♦❜❛❧ ♣❛r❛♠❡t❡r
♦❢ t❤❡ s②st❡♠ ♦❢ s❝❛tt❡r❡rs✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ❲❡ ♦♥❧②
❝♦♥s✐❞❡r ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛ ❤❡r❡✳

✺✳✶✳✸ ●❡♥❡r❛t✐♦♥ ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠

❚❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✐s ❛ ✈❡r② ❝♦♠♣❧❡① t❛s❦✳ ■♥ ❬✼✵❪✱
t❤❡ ❛✉t❤♦rs ✉s❡ s✐♠♣❧✐✜❡❞ ❤❡✉r✐st✐❝s t♦ ❝r❡❛t❡ ❡✐t❤❡r ♣♦s✐t✐✈❡❧② ♦r ♥❡❣❛t✐✈❡❧②
❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ❜② ✐♥s❡rt✐♥❣ s❝❛t✲
t❡r❡rs ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r✱ ✇❤❡r❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ✐♥s❡rt❡❞ s❝❛tt❡r❡r ❞❡♣❡♥❞s
♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ✐♥s❡rt❡❞ ♦♥❡s✳ ❲❡ ❢♦❧❧♦✇ ❛ ❞✐✛❡r❡♥t str❛t❡❣②
❤❡r❡✱ t❤❛t ✐s st✐❧❧ ♦❢ ❛ ❤❡✉r✐st✐❝❛❧ ♥❛t✉r❡✱ ❜✉t ❛❧❧♦✇s ❛ ✜♥❡r q✉❛♥t✐✜❝❛t✐♦♥ ♦❢
t❤❡ ❝♦rr❡❧❛t✐♦♥ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡✳
❋✐rst✱ t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❤❛s t♦ ❜❡ ❞❡✜♥❡❞ ❜② ❛ ♣❛✐r✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝✲
t✐♦♥ ♦r r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❲❡ ❛❧✇❛②s ♠♦❞❡❧ t❤❡ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ❜② t❛❦✐♥❣ ❛ s✐♠♣❧❡ ❢✉♥❝t✐♦♥❛❧ ❛♥s❛t③ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❜②
❛ s♠❛❧❧ s❡t ♦❢ ♣❛r❛♠❡t❡rs✳ ■♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s♣❛t✐❛❧ s❝❛❧❡s✱
t❤✐s ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ s❝❛tt❡r❡r r❛❞✐✉s r = ε2✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
❢♦❧❧♦✇✐♥❣ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

gε(τ) =

{

10−20, ✐❢ 0 ≤ τ ≤ 2ε2,

sin(Aπ(τ − 2ε2)) + 1 + 10−20, ✐❢ τ > 2ε2,
✭✺✳✶✮

❞❡s❝r✐❜❡s ❛ ♠❡❞✐✉♠✱ ✇❤❡r❡

• s❝❛tt❡r❡rs ❞♦ ♥♦t ♦✈❡r❧❛♣ ✭❞✉❡ t♦ t❤❡ r❡♣❡❧❧✐♥❣ ✜rst ❝♦♥❞✐t✐♦♥✮✱

• s❝❛tt❡r❡rs ❝❧✉st❡r ♦♥ ❛ s♠❛❧❧ s❝❛❧❡ ✭❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ s✐♥❡ ♥❡❛r
τ = 2ε✮✱

• ♥❡✐❣❤❜♦✉r✐♥❣ ❝❧✉st❡rs ❤❛✈❡ ❛ ❞✐st❛♥❝❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r A✱
❛♥❞ ❜❡t✇❡❡♥ t❤❡r❡ ❛r❡ ♦♥❧② ❢❡✇ s❝❛tt❡r❡rs✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ♦❢
t❤❡ s✐♥❡✳

❚❤❡♥✱ ✇❡ ❝❤♦♦s❡ ❛ ♥✉♠❜❡r N ≫ 1 ♦❢ s❝❛tt❡r❡rs✱ ❛ r❛❞✐✉s r = ε2 > 0 ❛♥❞ ❛
✜♥✐t❡ ✈♦❧✉♠❡ V ⊂ R

2✳ ◆♦✇ ✐♥ ❛ ✜rst st❡♣✱ s❝❛tt❡r❡rs ❛r❡ ✐♥s❡rt❡❞ ❜② ❣❡♥❡r❛t✲
✐♥❣ t❤❡ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s r❛♥❞♦♠❧②✱ ❛♥❞ t❤❡ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s ❛r❡ st♦r❡❞ ❛♥❞
t❤❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❜✐♥♥❡❞ ✐♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡①✳ ■♥ t❤✐s ✇❛② ✇❡
❣❡♥❡r❛t❡ ❛ s♣❛t✐❛❧❧② ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ❛♥❞ ❞❡♥♦t❡ t❤✐s s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs
❜② X = {X1, . . . , XN}✳

■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ✐♥ t❤❡
t❤❡♦r② ♦❢ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s ❛s ✏▼❡tr♦♣♦❧✐s ▼♦♥t❡✲❈❛r❧♦ ▼❡t❤♦❞✑ ❬✽✻❪✳ ❚❤❡
❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤✐s ♠❡t❤♦❞ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❛ ❝❡rt❛✐♥ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✳ ❲❡ ✇❛♥t t♦ ❣❡♥❡r❛t❡ ❛
s❝❛tt❡r❡r s❡tt✐♥❣ t❤❛t ❤❛s s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ❜② s♦♠❡
♣❛✐r✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ η ♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ g✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤✐s s❡tt✐♥❣ ✐s t❤❡ st❛t✐❝ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ ♦❢ ❛ ❞②✲
♥❛♠✐❝ ♣r♦❝❡ss ❞r✐✈❡♥ ❜② ❛ ♣❛✐r ♣♦t❡♥t✐❛❧ V (r) ✭t❤✐s ✐s ❛♥ ❛rt✐✜❝✐❛❧ ❛ss✉♠♣t✐♦♥✱
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✇❡ ❞♦ ♥♦t ✇❛♥t t♦ s❛② ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ❛❝t✉❛❧ ❞②♥❛♠✐❝s t❤❛t ✐s r❡s♣♦♥s✐✲
❜❧❡ ❢♦r t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s✦✮✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ s❛♠♣❧❡
♦❢ s❝❛tt❡r❡rs✱ ✇❤✐❝❤ ❛r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ g(r)✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛✐r ♣♦t❡♥t✐❛❧ V (r) ✐s ❣✐✈❡♥ ❜②

V (r) = −C log(g(r)),

✇❤❡r❡ C > 0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❙❡❡ ❬✷✻❪ ❢♦r t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢
t❤✐s r❡❧❛t✐♦♥✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs ✐s st❛t✐♦♥❛r②✱ t❤❡
❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✐s 0 ❛♥❞ ❤❡♥❝❡✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❝❛♥
❜❡ ❞❡✜♥❡❞ ❛s

E =
1

2

N∑

i,j=1,i 6=j

V (rij), rij = ❞✐st(Xi, Xj).

❚❤❡r❡❢♦r❡✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ s❡tt✐♥❣ ❣❡♥❡r❛t❡❞ ✐♥ st❡♣ ♦♥❡✱ ✇❡
❝❛♥ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ❝♦rr❡❧❛t❡❞ s②st❡♠ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡✳ ❲❡
♠♦✈❡ s❝❛tt❡r❡rs ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠✿

✶✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❡♥❡r❣② E ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳

✷✳ P✐❝❦ ❛ s❝❛tt❡r❡r r❛♥❞♦♠❧② ✭♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs✮✳

✸✳ ▼♦✈❡ t❤❡ s❝❛tt❡r❡r✭s✮ r❛♥❞♦♠❧② t♦ ❛♥♦t❤❡r ♣♦s✐t✐♦♥ ✭✇✐t❤✐♥ ❛ ❝❡rt❛✐♥
♠❛①✐♠❛❧ ❞✐st❛♥❝❡ ❢r♦♠ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✮✳

✹✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ∆E = E♥❡✇ − E✳

✺✳ ■❢ ∆E < 0 ❛❝❝❡♣t t❤❡ ♥❡✇ ♣♦s✐t✐♦♥✭s✮✳ ■❢ ∆E > 0 ❛❝❝❡♣t t❤❡ ♥❡✇
♣♦s✐t✐♦♥✭s✮ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ exp(−E/C)✱ r❡❥❡❝t ♦t❤❡r✇✐s❡✳

✻✳ ❘❡t✉r♥ t♦ ✶✱ ✐❢ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s ♥♦t ②❡t s❛t✐s✜❡❞✳

❲❡ st♦♣ t❤✐s ♠❡t❤♦❞ ✐❢ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦✈❡r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r
♦❢ st❡♣s ❜❡❝♦♠❡s s♠❛❧❧✳ ❚❤❡♥ t❤❡ ♠❡❞✐✉♠ ❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥✈❡r❣❡❞✳
❋✐❣✉r❡ ✺✳✷ s❤♦✇s s❡✈❡r❛❧ s❡❝t♦rs ♦❢ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ t❤❛t ❤❛✈❡ ❜❡❡♥ ♣r♦❞✉❝❡❞
✇✐t❤ t❤✐s ❛❧❣♦r✐t❤♠✱ ✇✐t❤ r = 0.01 ❛♥❞ 10000 s❝❛tt❡r❡rs✳ ❆♣♣r♦①✐♠❛t❡❧② 15
♠✐❧❧✐♦♥ ▼❡tr♦♣♦❧✐s ♠♦✈❡s ✇❡r❡ ♥❡❡❞❡❞ t♦ ❝♦♥✈❡r❣❡ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❜❧✉❡ ❞♦ts
❛r❡ ♣❧❛❝❡❞ ❛t t❤❡ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡s ♦❢ ❡❛❝❤ s❝❛tt❡r❡r✳ ❚❤❡ ✜rst r♦✇ ✭❋✐❣✉r❡s
✺✳✷❛✱ ✺✳✷❜✮ s❤♦✇s t❤❡ s❛♠❡ s❡❝t♦r ♦❢ t✇♦ ❞✐✛❡r❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ ❝♦rr❡❧❛t❡❞
♠❡❞✐❛ ❢♦r t❤❡ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭✺✳✶✮ ✇✐t❤ A = 1✳ ❲❡ s❡❡ t❤❛t t❤❡
s❝❛tt❡r❡rs ❢♦r♠ r❛♥❞♦♠✱ ❜✉t s♣❤❡r✐❝❛❧ ❝❧✉st❡rs✱ ❛♥❞ t❤❛t t❤❡ ❝❧✉st❡r ❝❡♥t❡rs
❢♦r♠ ❛ ❣r✐❞✱ ✇❤❡r❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❧✉st❡r ❝❡♥t❡rs ✐s 2✱ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧♦❝❛❧ ♠❛①✐♠❛ ♦❢ t❤❡ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳
◆♦t❡ t❤❛t t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤✐s ✉♥❞❡r❧②✐♥❣ ❣r✐❞ ✐s r❛♥❞♦♠✳ ❚❤❡ s❛♠❡ ❡✛❡❝ts
❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ ✭❋✐❣✉r❡s ✺✳✷❝✱ ✺✳✷❞✮✱ ✇❤❡r❡ ✭✺✳✶✮ ✇✐t❤ A = 2 ✇❛s
✉s❡❞✱ ❛♥❞ ✐♥ t❤❡ t❤✐r❞ r♦✇ ✭❋✐❣✉r❡s ✺✳✷❡✱ ✺✳✷❢✮✱ ✇❤❡r❡ ✭✺✳✶✮ ✇✐t❤ A = 4 ✇❛s
✉s❡❞ t♦ ❝r❡❛t❡ t❤❡ ♠❡❞✐❛✳ ❆❣❛✐♥✱ t❤❡ s❝❛tt❡r❡rs ❢♦r♠ s♣❤❡r✐❝❛❧ ❝❧✉st❡rs ✇❤❡r❡
t❤❡ ❝❧✉st❡r ❝❡♥t❡rs ❢♦r♠ ❛ ❣r✐❞ ✇✐t❤ r❛♥❞♦♠ ♦r✐❡♥t❛t✐♦♥✳ ❚❤❡ ❝❧✉st❡rs ❜❡❝♦♠❡
s♠❛❧❧❡r ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❧✉st❡r ❝❡♥t❡rs ❞❡❝r❡❛s❡s✱ s✐♥❝❡ t❤❡ r❛❞✐❛❧
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✭❛✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 1✳

✭❜✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 1✳

✭❝✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 2✳

✭❞✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 2✳

✭❡✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 4✳

✭❢✮ ❙❡❝t♦r ♦❢ ❛ ❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠ ✇✐t❤
A = 4✳

❋✐❣✉r❡ ✺✳✷✿ ❈♦rr❡❧❛t❡❞ ♠❡❞✐❛ ❢♦r ❞✐✛❡r❡♥t r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✳
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❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦s❝✐❧❧❛t❡s ❢❛st❡r ❤❡r❡✳ ❉✐st❛♥❝❡s ❜❡t✇❡❡♥ ❝❧✉st❡r ❝❡♥t❡rs
❛r❡ ❛♣♣r♦①✐♠❛t❡❧② 1 ♦r 1/2✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❡①♣❡❝t❡❞✳

✺✳✶✳✹ ▲✐♠✐t✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥

❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞
❧✐♠✐t✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ t❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ❤❡r❡ ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

q(s) = P(✏❞✐st❛♥❝❡ t♦ ❝♦❧❧✐s✐♦♥ ≥ s✑)

♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥ s✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱
✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢♦r t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ✜rst ❝♦❧❧✐s✐♦♥✱ ❛♥❞
❛❧s♦ t❤❡ ❞❡♥s✐t② ❢♦r t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s ❢r♦♠ t❤✐s q✉❛♥t✐t②✳ ◆♦t❡
t❤❛t ❛♥❛❧②t✐❝ r❡s✉❧ts ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ♣❡r✐♦❞✐❝
❛♥❞ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ s❡tt✐♥❣✳ ❇✉t ✇❡ ❡①♣❡❝t t❤❛t t❤✐s ❧✐♠✐t ❛❧s♦ ❡①✐sts ❢♦r
♠♦r❡ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✱ ❛♥❞ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ❜❡❝♦♠❡s
✐♥❞❡♣❡♥❞❡♥t ♦❢ s♣❛❝❡ ❛♥❞ ❞✐r❡❝t✐♦♥ ❛s ❧♦♥❣ ❛s t❤❡ ♠❡❞✐✉♠ ✐s ❤♦♠♦❣❡♥❡♦✉s✳
❚❤❡ r❛❞✐✉s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ s❝❛tt❡r❡rs ✐s ♦❢ t❤❡ ♦r❞❡r ε2✱ ❤❡♥❝❡ ✇❡ ❝❤♦♦s❡ t❤❡
♥✉♠❜❡r ❞❡♥s✐t② ♦❢ t❤❡ ♠❡❞✐✉♠ t♦ ❜❡ 1/ε2✳ ■♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ε ❣♦❡s
t♦ 0✳
❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t ♦✉r ♠❡❞✐✉♠ ✐s ✐♥✜♥✐t❡✱ ✇❡ ❝❛♥ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ t❤✐s
❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r✳ ❍❛✈✐♥❣ ❛ ✜①❡❞ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs ❣✐✈❡♥ ❜② t❤❡✐r ❝❡♥t❡r
❝♦♦r❞✐♥❛t❡s✱ ✇❡ ❝❛♥ ♠❛❦❡ ❛ s❡r✐❡s ♦❢ ♣❛t❤ ❧❡♥❣t❤ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ s✉❝❝❡ss✐✈❡❧②
s♠❛❧❧❡r r❛❞✐✐

s❝❛tt❡r❡r r❛❞✐✉s = r,
r

2
,
r

4
, . . . .

❚❤✐s s❡r✐❡s ♦❢ ❞✐str✐❜✉t✐♦♥s ❣✐✈❡s ❛♥ ✐❞❡❛ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r✳ ❲❡ ❝❛♥
✈❛❧✐❞❛t❡ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣✱ ✇❤❡r❡ ❛♥ ❛♥❛❧②t✐❝ r❡s✉❧t
❡①✐sts ✐♥ ❞✐♠❡♥s✐♦♥ t✇♦ ❬✶✺❪✱ ♦r ✇✐t❤ ❛♥ ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠✱ ✇❤❡r❡ ✇❡ ❤❛✈❡

q(s) = exp(−σs)

✇✐t❤ σ = 2 ❢♦r t❤❡ s❝❛tt❡r❡r ❞❡♥s✐t② t❤❛t ✇❡ ❝♦♥s✐❞❡r ❬✺✸❪✳

✺✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❋♦r ❛❧❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡ ❝♦♥s✐❞❡r ❛ ❜♦① ♦❢ s✐③❡ 10 × 10 t❤❛t ✐s ♣❡r✐✲
♦❞✐❝❛❧❧② ❡①t❡♥❞❡❞ t♦ ✐♥✜♥✐t②✳ ❚❤❛t ♠❡❛♥s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ✐s n̄ = N/100
❛♥❞ t❤❡ ♥❡❝❡ss❛r② ♥✉♠❜❡r ❞❡♥s✐t② n̄ ❢♦r t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ✐s n̄ = 1/ε2✳
❍❡♥❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ s❝❛tt❡r❡rs t❤❛t ✇❡ ❝❤♦♦s❡ ❢♦r ❛ ❣✐✈❡♥ r❛❞✐✉s r ❛r❡

r = 0.1 1000 s❝❛tt❡r❡rs✱

r = 0.05 2000 s❝❛tt❡r❡rs✱

r = 0.02 5000 s❝❛tt❡r❡rs✱

r = 0.01 10000 s❝❛tt❡r❡rs✱
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❛♥❞ s♦ ♦♥✳ ❲❡ r❡str✐❝t ♦✉r ❝♦♠♣✉t❛t✐♦♥s t♦ 9 ♥❡✐❣❤❜♦✉r✐♥❣ ❜♦①❡s t❤❛t ❢♦r♠
❛ sq✉❛r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦✉r ❝♦♠♣✉t❛t✐♦♥s ♦♥❧② ②✐❡❧❞ r❡❧✐❛❜❧❡ r❡s✉❧ts ❢♦r
♣❛t❤ ❧❡♥❣t❤s 0 ≤ s ≤ 10✱ s✐♥❝❡ t❤✐s ✐s t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ♦❢ ❛ s❝❛tt❡r❡r t♦
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❢✉❧❧ ❞♦♠❛✐♥✳ ❚❤✐s ✐s s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✳
❋✐rst✱ ✇❡ ✉s❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❛♥❞ t❤❡ ♣❡r✐♦❞✐❝ s❝❛tt❡r❡r ❝♦♥✲
✜❣✉r❛t✐♦♥ ❛s ❛ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ t♦ t❡st t❤❡ ♣❛r❛♠❡t❡rs✱ ❡s♣❡❝✐❛❧❧② t❤❡ s❝❛tt❡r❡r
r❛❞✐✉s r✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥s ②✐❡❧❞s
♥♦♥✲❝❧❛ss✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❢r❡❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞
❧✐♠✐t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ st✉❞② t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ r❛♥❞♦♠❧②
♣❡rt✉r❜❡❞ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱ ❛♥❞ ❢♦r s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ ❝r❡❛t❡❞ ❜②
t❤❡ ▼❡tr♦♣♦❧✐s ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇✐t❤
❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ s❝❛tt❡r❡r r❛❞✐✉s✱ ❛♥❞ ❛✈❡r❛❣❡❞ ♦✈❡r s❡✈❡r❛❧ r❡❛❧✐③❛t✐♦♥s✳

❱❡r✐✜❝❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r t❡st✐♥❣

■♥ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝❛s❡ ✇❡ ❤❛✈❡ 2n̄r → σ ❛s r → 0✳ ❍❡♥❝❡ ✇❡ ❡①♣❡❝t t❤❛t
σ ≈ 2n̄r = 2 ❢♦r r, n̄ ❛s ❛❜♦✈❡✱ ❛♥❞ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❡❡ ♣❛t❤s
s❤♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ exp(−2s) ✐♥ t❤❡ ❧✐♠✐t✳ ❲❡ s✐♠✉❧❛t❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡
♠❡❞✐✉♠ ✉♥t✐❧ t❤❡ ❡st✐♠❛t❡❞ st❛t✐st✐❝❛❧ ❡rr♦r ✐♥ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ✐s ❜❡❧♦✇ ❛
♣r❡❞❡✜♥❡❞ ✈❛❧✉❡✳ ❚❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ✐♥ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ❛❢t❡r t❤❡ N ✲t❤
❝❛❧❝✉❧❛t❡❞ ♣❛t❤ ❧❡♥❣t❤ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❬✼✷❪ ❜②

st❛t✐st✐❝❛❧ ❡rr♦r ✐♥ 〈s2〉 ≈ ρ
√

|〈s4〉N − 〈s2〉2N |
〈s2〉N

√
N

,

✇❤❡r❡

〈s2〉N =
1

N

N∑

i=1

s2i , 〈s4〉N =
1

N

N∑

i=1

s4i ,

❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r ρ ❞❡t❡r♠✐♥❡s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧
❛r♦✉♥❞ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ 〈s2〉✳ ■♥ ♦r❞❡r t♦ t❡st t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝❛s❡ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✱ ✇❡
s✐♠✉❧❛t❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ 30 r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠❡❞✐✉♠ ✉♥t✐❧ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r
✐s ❜❡❧♦✇ 0.03 ❢♦r ρ = 3✳ ❲❡ ❝❤♦♦s❡ s❝❛tt❡r❡r r❛❞✐✐ r = 0.032, 0.02, 0.01✳ ■♥ ❛❧❧
❝❛s❡s t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛t❤ ❧❡♥❣t❤s ✇❛s ❛r♦✉♥❞ 700000✳ ■♥ ❋✐❣✉r❡ ✺✳✸❛ ✇❡
s❡❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s q✉❛❧✐t❛t✐✈❡❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② ❛s ❡①♣❡❝t❡❞✳ ❚❤❡
r❡s✉❧t✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ♣❧♦tt❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛ ❜❡st
✜t ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r σ ❜② ❛
♥♦♥✲❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ❲❡ s❡❡ t❤❛t σ → 2 ❛s r s❤r✐♥❦s✱ ❛♥❞ t❤❡ ❝❤❛♥❣❡ ❢r♦♠
ε = 0.02 t♦ ε = 0.01 ✐s s♠❛❧❧✱ ✇❤✐❧❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r t♦ t❤❡ ❛♥❛❧②t✐❝ ✈❛❧✉❡
σ = 2 ✐s ❜❡❧♦✇ 2%✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ s❝❛tt❡r❡r r❛❞✐✉s r = 0.01 ❛♥❞ ❛
♥✉♠❜❡r ♦❢ 10000 s❝❛tt❡r❡rs ❛r❡ s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✳
■♥ t❤❡ ♣❡r✐♦❞✐❝ s❝❛tt❡r❡r ❝❛s❡ ✇❡ ❞✐r❡❝t❧② ❝❤♦♦s❡ t❤❡ s❝❛tt❡r❡r r❛❞✐✉s r = 0.01✳
❆ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ 0.02 ❛♥❞ ρ = 3 ✇❡r❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛ r❡❧❛t✐✈❡ ❡rr♦r t♦
t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✭✐♥ t❤❡ l2 s❡♥s❡✮ ♦❢ 2.5%✱ ✇❤✐❝❤ r❡s✉❧ts ❛❣❛✐♥ ✐♥ ❛♣♣r♦①✲
✐♠❛t❡❧② 700000 s✐♠✉❧❛t❡❞ ♣❛t❤ ❧❡♥❣t❤s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
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Empirical  = 0.01
Best fit  = 2.0225
Empirical  = 0.02
Best fit  = 2.0285
Empirical  = 0.032
Best fit  = 2.0785
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Empirical  =0.01
Analytic

✭❜✮ P❡r✐♦❞✐❝ ♠❡❞✐✉♠

❋✐❣✉r❡ ✺✳✸✿ ❈✉♠✉❧❛t✐✈❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❢♦r ❞❡❝r❡❛s✐♥❣ r❛❞✐✐ ε ❢♦r t❤❡ ✉♥❝♦r✲
r❡❧❛t❡❞ ❝❛s❡ ✭❧❡❢t✮ ❛♥❞ t❤❡ r❡s✉❧t ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ✭r✐❣❤t✮ ❝❛s❡✳

❛♥❞ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✸❜✳ ❲❡ ♥♦t❡ t❤❡ ✈❡r② ❝❧♦s❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r s♠❛❧❧ ♣❛t❤ ❧❡♥❣t❤s ❛♥❞ t❤❡ ❝❧❡❛r ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ r❡❧② ♦♥ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❜②
t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s✳

❘❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s

❲❡ ❝❛❧❝✉❧❛t❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❢♦r ✐♥❝r❡❛s✐♥❣❧② str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s
♦❢ ❛ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡ r❛❞✐✉s ♦❢ t❤❡
s❝❛tt❡r❡rs ✐s ✜①❡❞ t♦ r = ε2 = 0.01 ✱ ✇❤✐❧❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s
❛r❡ ❝❤♦s❡♥ ❛s 2%, 5%, 10%, 15%, 20% ❛♥❞ 100% ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❧❛tt✐❝❡
♣♦✐♥ts✳ ❋♦r ❡❛❝❤ ✈❛r✐❛♥❝❡ ✇❡ s✐♠✉❧❛t❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ 20 r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡
♠❡❞✐✉♠✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t❡❞ ♣❛t❤s ✈❛r✐❡s ❢r♦♠ 204852 ❢♦r t❤❡ str♦♥❣❡st
♣❡rt✉r❜❛t✐♦♥ ✉♣ t♦ 996841 ✐♥ t❤❡ 2% ❝❛s❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝✉♠✉❧❛t✐✈❡ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝ r❡s✉❧ts
❢♦r t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❛♥❞ t❤❡ ✉♥♣❡rt✉r❜❡❞ ♣❡r✐♦❞✐❝ ❜❛❝❦r♦✉♥❞ ♠❡❞✐✉♠✳
❲❡ ♦❜s❡r✈❡ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝✉r✈❡ ❢♦r ✐♥❝r❡❛s✐♥❣❧② str♦♥❣
♣❡rt✉r❜❛t✐♦♥s✳ ❋♦r ❛ ♣❡rt✉r❜❛t✐♦♥ ❜② 100% ♦❢ t❤❡ ❣r✐❞ s✐③❡✱ t❤❡ r❡s✉❧t ❜❛s✐❝❛❧❧②
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❛♥❛✲
❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ s❡tt✐♥❣✱ ❛♥❞ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧
❜❡❤❛✈✐♦r✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ❛s t❤❡
str❡♥❣t❤ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❣r♦✇s✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ❛
❝♦♥t✐♥✉✉♠ ♦❢ r❛♥❞♦♠✱ ❜✉t ❝♦rr❡❧❛t❡❞✱ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛
t❤❛t ❤❛✈❡ ❛ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞
❧✐♠✐t✱ ✇❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt t❤❡♦r② ❞♦❡s ♥♦t ❛♣♣❧② ❜✉t t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
t❤❡♦r② ♠❛② ❜❡ ❛♣♣❧✐❝❛❜❧❡✳

❈♦rr❡❧❛t❡❞ ♠❡❞✐❛

❆❣❛✐♥✱ ✇❡ ✇❡ ❝❤♦♦s❡ r = ε2 = 0.01 ✇✐t❤ 10000 s❝❛tt❡r❡rs✱ ❛♥❞ ❝❤♦♦s❡ t❤r❡❡
ε✲❞❡♣❡♥❞❡♥t s✐♥✉s♦✐❞❛❧ r❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ✭✺✳✶✮✱ ✇✐t❤
♣❛r❛♠❡t❡rs A = 1 ✭❚❡st❝❛s❡ ✶✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ✜rst r♦✇ ♦❢ ❋✐❣✉r❡ ✺✳✷✮✱ A = 2
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Analytic solution uncorrelated
Perturbed 100% of 
Perturbed 20% of 
Perturbed 15% of 
Perturbed 10% of 
Perturbed 5% of 
Perturbed 2% of 
Analytic solution periodic

❋✐❣✉r❡ ✺✳✹✿ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❢♦r ✐♥❝r❡❛s✐♥❣❧② str♦♥❣ ♣❡rt✉❜❛t✐♦♥s ♦❢ ❛ ♣❡r✐✲
♦❞✐❝ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳

✭❚❡st❝❛s❡ ✷✱ ❛s s❤♦✇♥ ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ ♦❢ ❋✐❣✉r❡ ✺✳✷✮✱ ❛♥❞ A = 4 ✭❚❡st❝❛s❡
✸✱ ❛s s❤♦✇♥ ✐♥ t❤❡ t❤✐r❞ r♦✇ ♦❢ ❋✐❣✉r❡ ✺✳✷✮✳ ❚❤❡♥ ✇❡ s✐♠✉❧❛t❡ t❤❡ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ❛✈❡r❛❣❡❞ ♦✈❡r 10 r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❞✐✉♠ ❛♥❞ ❝♦♠♣❛r❡
✇✐t❤ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝❧❛ss✐❝❛❧✱ ✉♥❝♦rr❡❧❛t❡❞ s❝❛tt❡r❡r ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡
♠❡❞✐❛ ✇❡r❡ ❝r❡❛t❡❞ ✇✐t❤ ❛♣♣r♦①✐♠❛t❡❧② 15 ♠✐❧❧✐♦♥ ▼❡tr♦♣♦❧✐s ♠♦✈❡s ❡❛❝❤✳
❋♦r t❤❡ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ✇❡ ❝❤♦♦s❡ ρ = 3✱ ❛♥❞ r✉♥ ✉♥t✐❧
t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ✐s ❜❡❧♦✇ 0.03✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ♦✈❡r❛❧❧ ♦❢ 353848 ♣❛t❤ ❧❡♥❣t❤
❤✐st♦r✐❡s ✇❡r❡ ♥❡❡❞❡❞ ❢♦r ❚❡st❝❛s❡ ✶✱ 440222 ♣❛t❤ ❧❡♥❣t❤s ❢♦r ❚❡st❝❛s❡ ✷✱ ❛♥❞
888984 ❢♦r ❚❡st❝❛s❡ ✸✳ ❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ❢♦r ❚❡st❝❛s❡ ✶ ✭❋✐❣✉r❡ ✺✳✺❛✮✱ ✷ ✭❋✐❣✉r❡ ✺✳✺❜✮✱ ❛♥❞ ✸ ✭❋✐❣✉r❡ ✺✳✺❝✮✱
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡st ✜t ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❛♥❛❧②t✐❝
r❡s✉❧t ❢♦r t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠✳ ❲❡ s❡❡ t❤❛t t❤❡ s✐♠✉❧❛t❡❞ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥s ❞❡❝r❡❛s❡ ♥❡❛r❧② ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t❤❡ ❚❡st❝❛s❡s ✶ ❛♥❞ ✷✱ ❜✉t ♥♦t✐❝❡❛❜❧②
s❧♦✇❡r t❤❛♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝❛s❡✳ ❚❤❡ ❜❡st ✜t ❡①♣♦♥❡♥t✐❛❧
❢✉♥❝t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠

q(s) = exp(−βs),

❛♥❞ ✇❡ ♦❜t❛✐♥ ♣❛r❛♠❡t❡rs β1 = 0.4585 ❢♦r ❚❡st❝❛s❡ ✶✱ ❛♥❞ β2 = 0.6197 ❢♦r
❚❡st❝❛s❡ ✷✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❛♥❛❧②t✐❝ ✈❛❧✉❡ β = 2 ❢♦r t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ♠❡❞✐✉♠✳
❋♦r t❤❡ ❚❡st❝❛s❡ ✸ ✇❡ ♦❜s❡r✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ✇✐t❤ ♣❛r❛♠❡t❡r ❛♣♣r♦①✐♠❛t❡❧②
β3 = 1.0212 ❢♦r s♠❛❧❧ ♣❛t❤ ❧❡♥❣t❤ ✭s < 3✮✳ ❋♦r ❧❛r❣❡r ♣❛t❤ ❧❡♥❣t❤s t❤❡ ❞❡❝r❡❛s❡
♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s ❡✈❡♥ s❧♦✇❡r✱ ❜✉t ✐s ♥♦t str✐❝t❧②
❡①♣♦♥❡♥t✐❛❧ ❛♥②♠♦r❡✳ ■♠♣♦rt❛♥t t♦ ♥♦t❡ ✐s t❤❛t ✐♥ ❛❧❧ t❤r❡❡ ❚❡st❝❛s❡s ✇❡
♦❜s❡r✈❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ t❤❛t ❞❡✈✐❛t❡ ✈✐s✐❜❧② ❢r♦♠ t❤❡ r❡s✉❧t ❢♦r t❤❡
✉♥❝♦rr❡❧❛t❡❞✱ ❛♥❞ t❤❛t t❤❡ ❞❡❝r❡❛s❡ ✐s s✐❣♥✐✜❝❛♥t❧② s❧♦✇❡r✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛♥♦t❤❡r ❝❧❛ss ♦❢ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ ✇✐t❤ ❛♥ ✉♥❞❡r❧②✐♥❣ ♥♦♥✲
❝❧❛ss✐❝❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡ ❞❡❝r❡❛s❡ ✐s ♣❛rt✐❛❧❧② ♥❡❛r❧②
❡①♣♦♥❡♥t✐❛❧✱ ✐t ❝❛♥ ♦❜✈✐♦✉s❧② ♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✳
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Best fit exponential wit  = 0.4585

✭❛✮ ❈❉❋ ❢♦r A = 1✳
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✭❜✮ ❈❉❋ ❢♦r A = 2✳
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Simulated CDF
Best fit exponential with  = 1.0212

✭❝✮ ❈❉❋ ❢♦r A = 4✳

❋✐❣✉r❡ ✺✳✺✿ ❈✉♠✉❧❛t✐✈❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❢♦r ❢♦r ❞✐✛❡r❡♥t ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛✳



✻ ⑤ ◆♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥s

▼♦t✐✈❛t❡❞ ❜② t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ s❝❛tt❡r❡r ❝❛s❡✱ ❛♥❞ t❤❡
r❡s✉❧ts ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡
♣r❡s❡♥t s❡✈❡r❛❧ ❡①t❡♥❞❡❞ ❛s ✇❡❧❧ ❛s s✐♠♣❧✐✜❡❞ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s✳
❋✐rst✱ ✇❡ ❞✐s❝✉ss ❡①t❡♥s✐♦♥s ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥s✱
✇❤❡r❡ ✇❡ ✐♥❝❧✉❞❡ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ❧✐❦❡ ❛❜s♦r♣t✐♦♥ ♦r ❛♥✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳
❋r♦♠ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❡❛❞② st❛t❡ ❡q✉❛t✐♦♥✱ ❛♥❞
❞✐s❝✉ss ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❡①t❡♥s✐♦♥s t❤❡r❡♦❢✳ ❚❤❡ st❡❛❞② st❛t❡
❡q✉❛t✐♦♥s ✐s ❜❡st s✉✐t❡❞ ❢♦r ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡str✐❝t t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

✻✳✶ ❚✐♠❡✲❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥s

❚❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✹✳✶✶✮✱ ✇❤✐❝❤ ✐s t❤❡ ❋♦❦❦❡r✲
P❧❛♥❝❦ ♦r ❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐♥
t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✱ ✐s ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ❢♦r ❛ ♣❡r✐♦❞✐❝
♠❡❞✐✉♠ ♦♥❧②✳ ❇✉t t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ❛♥❞ ♦✉r st✉❞✐❡s ✐♥ ❈❤❛♣t❡r
✺ s✉❣❣❡st✱ t❤❛t ✇❡ ❝❛♥ st❛t❡ ✐t ❛❧s♦ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ♠❡❞✐❛✱ ❛❣❛✐♥ ✐♥ 2 s♣❛❝❡
❞✐♠❡♥s✐♦♥s✱ ✐♥ t❤❡ s❛♠❡ ❢♦r♠

∂tF (t, x,Ω, s) + Ω∇xF (t, x,Ω, s)− ∂sF (t, x,Ω, s) =
p(s)

2π

∫

S1

F (t, x,Ω, 0) dΩ,

F (0, x,Ω, s) = f ✐♥(x,Ω)p0(s),

✇✐t❤ ❣❡♥❡r❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s p0(s) ❛♥❞ p(s)✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉♥❞❡r✲
❧②✐♥❣ ✭❤♦♠♦❣❡♥✐③❡❞✮ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ❚❤❡ ❢✉♥❝t✐♦♥ F ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s

F (t, x,Ω, s) = ✧❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s ❛t t✐♠❡ t ❛♥❞ ♣♦s✐t✐♦♥ x, tr❛✈❡❧❧✐♥❣

✐♥ ❞✐r❡❝t✐♦♥ Ω, t❤❛t ❤❛✈❡ ❛ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ s✧.

❆s t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹ ❤❛s s❤♦✇♥✱ ✐t ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♣❛rt✐❝❧❡
❞❡♥s✐t② f(t, x,Ω) ❜②

f(t, x,Ω) =

∫ ∞

0

F (t, x,Ω, s) ds,

♦♥❧② t❤❛t f ❞♦❡s ♥♦t s❛t✐s❢② ❛ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳
❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✿ ✇✐t❤ ✐♥❝r❡❛s✲

✺✸
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✐♥❣ t✐♠❡✱ ♣❛rt✐❝❧❡s tr❛✈❡❧ ✐♥ ❞✐r❡❝t✐♦♥ Ω✱ ✇❤✐❧❡ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥
❞❡❝r❡❛s❡s ✭♥❡❣❛t✐✈❡ s✐❣♥ ♦❢ t❤❡ s−❞❡r✐✈❛t✐✈❡✮✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♣❧❛②s t❤❡
r♦❧❡ ♦❢ ❛ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠✳ P❛rt✐❝❧❡s s❝❛tt❡r ✇❤❡♥ t❤❡✐r ❞✐st❛♥❝❡ t♦ ❝♦❧❧✐✲
s✐♦♥ ✐s s = 0✱ t❤❡② ❛r❡ s❝❛tt❡r❡❞ ✐s♦tr♦♣✐❝❛❧❧② ✐♥t♦ ❡✈❡r② ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡② ❤❛✈❡
❛ ♥❡✇ ❞✐st❛♥❝❡ t♦ ❝♦❧❧✐s✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s)✳ ❚❤❡
s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ F (0, x,Ω, s)✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ ♣❛rt✐❝❧❡s ✐♥ s♣❛❝❡ ❛♥❞ ❞✐r❡❝t✐♦♥✲♦❢✲✢✐❣❤t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② p0(s) s✐♥❝❡ t❤❡ ❞✐s✲
t❛♥❝❡s t♦ ❝♦❧❧✐s✐♦♥ ✐s ✐♥✐t✐❛❧❧② ❞✐str✐❜✉t❡❞ ❜② t❤❡ s❛♠❡ ❧❛✇✳ ❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥
❣✐✈❡s ❛ ❝❧❡❛r ✐❞❡❛ ❤♦✇ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠s
❛♥❞✴♦r ❜♦✉♥❞❛r② s♦✉r❝❡s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ s♦✉r❝❡ t❡r♠ Q(x,Ω)
❛♥❞ t❤❡♥ ♠✉❧t✐♣❧② ✐t ❜② p(s) t♦ ❛ss✐❣♥ ❛ ♥❛t✉r❛❧ ❞✐st❛♥❝❡ t♦ ❝♦❧❧✐s✐♦♥ t♦ t❤❡ ♣❛r✲
t✐❝❧❡s✳ ❆❜s♦r♣t✐♦♥ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s❝❛tt❡r✐♥❣ r❛t✐♦ 0 ≤ c ≤ 1
t❤❛t ♠✉❧t✐♣❧✐❡s t❤❡ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠✱ ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥✳ ❲❡ ❝❛♥
❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ ♥♦♥✲✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ σ(Ω · Ω′)✳ ❚❤❡ ❡q✉❛t✐♦♥✱ ♥♦✇
✐♥ N ❞✐♠❡♥s✐♦♥s✱ t❤❡♥ r❡❛❞s

∂tF (t, x,Ω, s) + Ω∇xF (t, x,Ω, s)− ∂sF (t, x,Ω, s) = ✭✻✳✶❛✮

p(s)

(

c

∫

SN−1

σ(Ω · Ω′)F (t, x,Ω, 0) dΩ +Q(x,Ω)

)

,

✭✻✳✶❜✮

F (0, x,Ω, s) = f ✐♥(x,Ω)p0(s). ✭✻✳✶❝✮

❘❡♠❛r❦ ✻✳✶✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r
❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ❇② s❡tt✐♥❣

p(s) = σt exp(−σts), ❛♥❞ F (t, x,Ω, s) := f(t, x,Ω) exp(−σts),

✇❡ ❤❛✈❡ t❤❛t f(t, x,Ω) s❛t✐s✜❡s t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ s✐♥❝❡ t❤❡
s−❞❡♣❡♥❞❡♥t t❡r♠s ❝❛♥❝❡❧ ♦✉t✳ ❚❤✐s ✐s ❛❣❛✐♥ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛ ✇✐❞❡r ❝❧❛ss ♦❢ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳

❘❡♠❛r❦ ✻✳✷✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ t♦ ❛ ❣❡♥❡r❛❧ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧
❢♦r♠❛❧❧② r❡q✉✐r❡s✱ t❤❛t t❤❡ ♥❡✇ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥✲♦❢✲✢✐❣❤t✳ ❚❤✐s ✐s ❝❧❡❛r❧② ♥♦t t❤❡ ❝❛s❡ ✐♥ ❛ ❣❡♥❡r❛❧ st♦❝❤❛st✐❝
♠❡❞✐✉♠✱ ❛♥❞ ✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐❢ ✐t ❛❧✇❛②s ❤♦❧❞s ✇❤❡♥ ❛ st❛t✐st✐❝❛❧❧②
❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠ ✐s ❤♦♠♦❣❡♥✐③❡❞ ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t✳ ❲❡ r❡❝❛❧❧
t❤❛t t❤❡ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✺ ♣♦✐♥t t♦✇❛r❞s t❤✐s ❜❡✐♥❣ t❤❡ ❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤✐s ✐s ❤♦✇ t❤❡ ❡①tr❛ ❡✛❡❝ts ❛r❡ ✉s✉❛❧❧② ♠♦❞❡❧❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❝❛s❡
✭❢♦r ❡①❛♠♣❧❡ ❢♦r ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛✮✳ P♦t❡♥t✐❛❧ ❡rr♦rs ❛r❡ s✉♣♣♦s❡❞ t♦
❜❡ s♠❛❧❧ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ♥❡❣❧❡❝t❡❞✳

✻✳✷ ❋r♦♠ t✐♠❡✲❞❡♣❡♥❞❡♥t t♦ st❡❛❞② st❛t❡

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
✐♥tr♦❞✉❝❡❞ ❜② ▲❛rs❡♥ ✐♥ ❬✼✸❪✱ ✇❡ t✉r♥ t♦ t❤❡ ❜❛❝❦✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥
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✭✹✳✶✵✮✿

∂tg(t, x,Ω, s)− Ω∇xg(t, x,Ω, s) + ∂sg(t, x,Ω, s) = 0,

g(t, x,Ω, 0) =
1

2π

∫∫

p(s)g(t, x,Ω, s) dΩds,

g(0, x,Ω, s) = Φ(x,Ω, s).

■t ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ♦❜s❡r✈❛❜❧❡ ♦❢ t❤❡ tr❛♥s♣♦rt ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞
✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t s✐❣♥s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦
❡q✉❛t✐♦♥✱ t❤✐s ✐s ✉s✉❛❧❧② ✐♥t❡r♣r❡t❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ tr❛♥s♣♦rt ♣r♦❝❡ss✱
♦♥❧② ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥ −Ω✳ ■♥ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ✇❡ ❝❛♥ s✐♠♣❧② s✇✐t❝❤
❜❡t✇❡❡♥ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ❜② ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ Ω 7→
−Ω✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

p(s) = Σt(s) exp
(
−
∫ s

0

Σt(τ) dτ
)
,

✇❤❡r❡ Σt(s) ✐s✱ ❢♦r ♥♦✇✱ ❛ ✧s♠♦♦t❤ ❡♥♦✉❣❤✧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ ❲❡ ❞❡✜♥❡ Ψ(t, x,Ω, s) ✐♠♣❧✐❝✐t❧② ❛s

g(t, x,Ω, s) =: exp(

∫ s

0

Σt(τ) dτ)Ψ(t, x,Ω, s).

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r Ψ✿

exp
(
−
∫ s

0

Σt(τ) dτ
)
(∂tg − Ω∇xg + ∂sg)

= ∂tΨ− Ω∇xΨ+ ∂sΨ+ Σt(s)Ψ.

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r s = 0 ❜❡❝♦♠❡s

1

2π

∫∫

g(t, x,Ω, s)p(s) dΩds =
1

2π

∫∫

Σt(s)Ψ(t, x,Ω, s) dΩds. ✭✻✳✷✮

■❢ g ✐s ✐♥t❡r♣r❡t❡❞ t♦ ❞❡s❝r✐❜❡ tr❛♥s♣♦rt ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❞✐r❡❝t✐♦♥✱ t❤❡ ❧❡❢t ❤❛♥❞
s✐❞❡ ❞❡s❝r✐❜❡s t❤❡ ❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s t❤❛t ✉♥❞❡r❣♦ ❛ ❝♦❧❧✐s✐♦♥ ❛t t✐♠❡ t ❛♥❞
♣♦s✐t✐♦♥ x✱ s✐♥❝❡ p(s) ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♣❛t❤ ❧❡♥❣t❤ ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s✳ ❍❡♥❝❡✱
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❤❛s t❤❡ s❛♠❡ ✐♥t❡r♣r❡t❛t✐♦♥✳ ◆♦✇ ✐♥s❡rt✐♥❣ t❤❡ q✉❛♥t✐t②
Ψ✱ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

∂tΨ− Ω∇xΨ+ ∂sΨ+ Σt(s)Ψ = 0,

Ψ(t, x,Ω, 0) =
1

2π

∫∫

Σt(s)Ψ(t, x,Ω, s) dΩds,

✇✐t❤ ❛ s✉✐t❛❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ st❡❛❞②✲st❛t❡
❡q✉❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼✸❪✳ ❆ss✉♠✐♥❣ t❤❛t✱ ❢♦r t → ∞✱ t❤❡ s②st❡♠ r❡❛❝❤❡s ❛
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Ω

−Ω

distance to next collision

distance since last collision

x

❋✐❣✉r❡ ✻✳✶✿ ❆ ♣❛rt✐❝❧❡ t❤❛t tr❛✈❡❧s ✐♥ ❞✐r❡❝t✐♦♥ Ω ❤❛s ❛ ❝❡rt❛✐♥ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t
❝♦❧❧✐s✐♦♥✳ ■❢ ✇❡ r❡✈❡rt t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t t♦ −Ω✱ t❤✐s ♥♦✇ ❜❡❝♦♠❡s t❤❡ ❞✐st❛♥❝❡
s✐♥❝❡ t❤❡ ❧❛st ❝♦❧❧✐s✐♦♥✳

t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t st❡❛❞② st❛t❡ Ψ = Ψ(s, x,Ω)✱ ✐t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥

∂sΨ(s, x,Ω)− Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0,

Ψ(0, x,Ω) =
1

2π

∫∫

Σt(s)Ψ(s, x,Ω) dΩds.

■♥ t❤✐s ❡q✉❛t✐♦♥✱ t❤❡ ✈❛r✐❛❜❧❡ s st✐❧❧ ❤❛s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❜❡✐♥❣ t❤❡ ❞✐st❛♥❝❡
t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✳ ❇② r❡✈❡rt✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t

Ω 7−→ −Ω

t❤✐s ♠❡❛♥✐♥❣ ✐s ❝❤❛♥❣❡❞ t♦

s = ✧❞✐st❛♥❝❡ ❙■◆❈❊ ❧❛st ❝♦❧❧✐s♦♥✧.

❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✭✻✳✶✮✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ✐s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉s✉❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✇ ❡q✉❛t✐♦♥✳ ❚❤❛t
♠❡❛♥s✱ t❤✐s ♥♦✇ ❞❡s❝r✐❜❡s ❛ ♣r♦❝❡ss ❢♦r✇❛r❞ ✐♥ t✐♠❡✱ ♦♥❧② t❤❛t ✐t ✐s ❢♦r♠❛❧❧②
✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡ ❛s ✐t ✐s ✐♥ st❡❛❞② st❛t❡✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡
s②♠♠❡tr② ♦❢ t❤❡ tr❛♥s♣♦rt ♣r♦❝❡ss ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ◗✉❛♥t✐t✐❡s ❧✐❦❡ ♣❛rt✐❝❧❡
❞❡♥s✐t② ♦r t❤❡ ❛♥❣✉❧❛r ✢✉① ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✳

❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✱ t❤❛t ❤❛s t❤❡ s❛♠❡ ❢♦r♠ ❛s t❤❡ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❬✼✸❪✿

∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0, ✭✻✳✸❛✮

Ψ(0, x,Ω) =
1

2π

∫∫

Σt(s)Ψ(s, x,Ω) dΩds. ✭✻✳✸❜✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ❚❤❛t ✐♥❝❧✉❞❡s
▲❛rs❡♥✬s ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐t✐❡s Σt(s) ❛♥❞ ♦❢ Ψ✳

❘❡♠❛r❦ ✻✳✸✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡r✐✈❡ ❛ st❡❛❞② st❛t❡ ❡q✉❛t✐♦♥ ❜❛s❡❞ ♦♥ ❊q✉❛t✐♦♥
✭✹✳✶✶✮✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ t❤❡♥ ♦❜t❛✐♥ ❛♥ ❡q✉❛t✐♦♥
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❢♦r F = F (x,Ω, s) ❛s

−∂sF (x,Ω, s) + Ω∇xF (x,Ω, s) =
p(s)

2π

∫

S1

F (x,Ω, 0) dΩ.

❚❤✐s ❡q✉❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❢♦r♠❛❧ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ F (x,Ω,∞) =
0✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ♣❛t❤ ❧❡♥❣t❤✳ ❚❤❡r❡❢♦r❡✱ t❤✐s
❡q✉❛t✐♦♥ ❤❛s t♦ ❜❡ s♦❧✈❡❞ ❜❛❝❦✇❛r❞s ✐♥ t❤❡ ♣s❡✉❞♦✲t✐♠❡ ✈❛r✐❛❜❧❡ s✳ ❆♥ ❡①t❡r♥❛❧
s♦✉r❝❡ p(s)Q(x,Ω) ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦ ✇❡ ❢♦❝✉s ♦♥ ❊q✉❛t✐♦♥
✭✻✳✸✮✳

✻✳✸ ❙t❡❛❞② st❛t❡ ❡q✉❛t✐♦♥

❲❤❡♥ ♠♦❞❡❧✐♥❣ r❛❞✐❛t✐♦♥✱ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐s ✉s✉❛❧❧② ❧❛r❣❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s✐③❡ ♦❢ t❤❡ ♠❡❞✐✉♠✱ ❛♥❞ t❤❡ ✐♥❝♦♠✐♥❣ r❛❞✐❛t✐♦♥ ✈❛r✐❡s
s❧♦✇❧② ✐♥ t✐♠❡✳ ❆ ❣♦♦❞ ❡①❛♠♣❧❡ ✐s ❛❣❛✐♥ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦✲
s♣❤❡r✐❝ ❝❧♦✉❞s✱ ✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ♥❡❡❞s t♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐③❡ ♦❢
❛ ❝❧♦✉❞✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ❦✐❧♦♠❡tr❡s✳ ❍❡♥❝❡ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ✈✐❡✇
tr❛♥s♣♦rt ✐♥ t❤❡s❡ s✐t✉❛t✐♦♥s ❛s ❛ ♣r♦❝❡ss ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ■♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ▲❛rs❡♥ ❬✼✸✱ ✼✻❪ s✉❣❣❡st❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ t♦ ♠♦❞❡❧ t❤❡ tr❛♥s❢❡r ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦✲
s♣❤❡r✐❝ ❝❧♦✉❞s✿

∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0 ✭✻✳✹❛✮

Ψ(0, x,Ω) = c

∫ ∞

0

∫

σs(Ω,Ω
′)Σt(s

′)Ψ(s′, x,Ω′) dΩ′ ds′ +Q(x,Ω). ✭✻✳✹❜✮

❚❤✐s ✐s ❛ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇❤♦s❡ ❝♦♥♥❡❝t✐♦♥ t♦ ❊q✉❛t✐♦♥s ✭✹✳✶✶✮
❛♥❞ ✭✹✳✶✵✮ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❬✼✸❪
r❡❧✐❡s ♦♥ t❤❡ ✐❞❡❛ t♦ ✐♥tr♦❞✉❝❡ ❛ ♣❛t❤ ❧❡♥❣t❤ ❞❡♣❡♥❞❡♥❝❡ t♦ t❤❡ t♦t❛❧ ❝r♦ss
s❡❝t✐♦♥✳ ❚❤❡♥ Σt(s) ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ s❝❛tt❡r✐♥❣ r❛t❡✱ ♠❡❛♥✐♥❣ t❤❛t

Σt(s) ds = ✧♣r♦❜❛❜✐❧✐t②✱ t❤❛t ❛ ♣❛rt✐❝❧❡ t❤❛t ❤❛s ❛❧r❡❛❞② tr❛✈❡❧❡❞ ❛ ❞✐st❛♥❝❡ s

✇✐❧❧ ❝♦❧❧✐❞❡ ✇✐t❤ ♣❛t❤ ❧❡♥❣t❤ s1 ∈ (s, s+ ds)✳✧

❋♦❧❧♦✇✐♥❣ t❤❡ t②♣✐❝❛❧ ❛❞ ❤♦❝ ❞❡r✐✈❛t✐♦♥ ❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ▲❛rs❡♥
♦❜t❛✐♥s ❡q✉❛t✐♦♥ ✭✻✳✹✮✱ ✇❤❡r❡ t❤❡ ✉♥❦♥♦✇♥ Ψ ✐s ✐♥t❡r♣r❡t❡❞ ❛s

Ψ(x,Ω, s) = ✧❛♥❣✉❧❛r ✢✉① ♦❢ ♣❛rt✐❝❧❡s ❛t x, tr❛✈❡❧❧✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ Ω,

✇✐t❤ ❞✐st❛♥❝❡ s s✐♥❝❡ ✐ts ❧❛st ❝♦❧❧✐s✐♦♥✧.

❚❤❡ ❡q✉❛t✐♦♥ ✭✻✳✹✮ ❝❛rr✐❡s t✇♦ ❡①t❡♥s✐♦♥s ❝♦♠♣❛r❡❞ t♦ ✭✻✳✸✮✳ ❋✐rst✱ ❛♥ ❡①t❡r♥❛❧
s♦✉r❝❡ t❡r♠ Q(x,Ω) ✐s ✐♥tr♦❞✉❝❡❞ ❛t s = 0✳ ❚❤❛t ♠❡❛♥s✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧
♣❛rt✐❝❧❡s t❤❛t ❡♥t❡r t❤❡ s②st❡♠ ❤❛✈❡ ♥♦ ✭r❡❧❡✈❛♥t✮ ♣❛t❤ ❧❡♥❣t❤ ❤✐st♦r②✳ ❙❡❝♦♥❞✱
t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ♠✉❧t✐♣❧✐❡s t❤❡ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠✳ ❇② ❞♦✐♥❣ s♦ ✇❡ ❛❧s♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❜s♦r♣t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ ❞♦❡s ♥♦t ❞❡♣❡♥❞
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♦♥ s ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡ ❛ ❝♦❧❧✐s✐♦♥ ✐s ❛ ♣✉r❡❧② ❧♦❝❛❧ ♣r♦❝❡ss✳ ❲✐t❤ ♦t❤❡r ✇♦r❞s✱
✇❤❛t ❤❛♣♣❡♥s ✇✐t❤ ❛ ♣❛rt✐❝❧❡ ✐♥ ❝❛s❡ ♦❢ ❛ ❝♦❧❧✐s✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛t❤
❧❡♥❣t❤ ✐t ❤❛s tr❛✈❡❧❡❞ ❜❡❢♦r❡✳ ❍❡♥❝❡✱ t❤❡ ❝❧❛ss✐❝❛❧ r❡❧❛t✐♦♥ Σt = Σs + Σa ❞♦❡s
♥♦t ❤♦❧❞ ❢♦r t❤✐s ❡q✉❛t✐♦♥✳ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s t♦ s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ❛♥❞
❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳
❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ r❡❞✉❝❡❞ ❝♦♠♣❧❡①✐t② ❞✉❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ t✐♠❡ ❛s ❛♥ ✐♥❞❡✲
♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ❚❤❛t ♠❛❦❡s ✐t ❡❛s✐❡r ❢♦r ❛ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ❛♥❞ ❢✉rt❤❡r
t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤✐s ✐s ✇❤② ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ st✉❞② ❛♥❞
❛♥❛❧②s✐s ♦❢ t❤✐s st❡❛❞② st❛t❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✳ ■t ✇❛s
s❤♦✇♥ ✐♥ ❬✼✸❪ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥st❛♥t s❝❛tt❡r✐♥❣ ❢r❡q✉❡♥❝② Σt(s) ≡ Σt✱
❊q✉❛t✐♦♥ ✭✻✳✹✮ r❡❞✉❝❡s t♦ t❤❡ ❝❧❛ss✐❝❛❧ st❡❛❞②✲st❛t❡ ❊q✉❛t✐♦♥ ✭✷✳✸✮✳

■♥ ❝♦♥tr❛st t♦ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ t❤✐s ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❝❛♥
r❡♣r♦❞✉❝❡ ❛♥② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ❛♥❞ ✐s t❤❡r❡❢♦r❡ s✉✐t❡❞ ❢♦r s✐♠✉❧❛✲
t✐♦♥s ♦❢ tr❛♥s♣♦rt ♣r♦❝❡ss❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❲❡ s❤♦rt❧② s❦❡t❝❤ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❬✼✸❪✳ ❆❣❛✐♥✱ ❛ss✉♠❡ ♦♥❡
♣❛rt✐❝❧❡ tr❛✈❡❧✐♥❣ t❤r♦✉❣❤ ❛ ♣✉r❡❧② ❛❜s♦r❜✐♥❣ ♠❡❞✐✉♠✳ ❙t❛rt✐♥❣ ❛t x = 0 ✐♥t♦
❞✐r❡❝t✐♦♥ Ω = (1, 0, 0)T ✱ t❤❡ ♣♦s✐t✐♦♥ x ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❛❝t✉❛❧
❧❡♥❣t❤ s ♦❢ ✐ts ♣❛t❤✳ ❚❤❡♥✱ ❊q✉❛t✐♦♥ ✭✻✳✹✮ r❡❞✉❝❡s t♦

∂sΨ(s, x) + ∂xΨ(s, x) + Σt(s)Ψ(s, x) = 0.

■♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❤❛✈❡ x(s) = s✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❞❡✜♥❡ F (s) := Ψ(s, x(s))✳
◆♦✇ F (s) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

∂sF (s) + Σt(s)F (s) = 0, F (0) = 1,

✇❤✐❝❤ ✐s

F (s) = exp(−
∫ s

0

Σt(τ) dτ).

❚❤✐s ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❛t ❛ ♣❛rt✐❝❧❡ tr❛✈❡❧s ❛ ❞✐st❛♥❝❡ s ✇✐t❤♦✉t ✉♥❞❡r✲
❣♦✐♥❣ ❛ ❝♦❧❧✐s✐♦♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦❢ F (s) ✭❝♦♠✲
♣❛r❡ ❈❤❛♣t❡r ✸ ❛♥❞ ❆♣♣❡♥❞✐① ❆✮✳ ❲❡ t❤❡♥ ♦❜t❛✐♥

p(s) = −F ′(s) = Σt(s)F (s) = Σt(s) exp(−
∫ s

0

Σt(τ) dτ),

t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❝❛s❡✳
❚❤✐s ❝❛♥ ❜❡ ❛♥② ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦♥ [0,∞) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ Σt(s)✳
❊s♣❡❝✐❛❧❧②✱ ✐t ✐s ❡①♣♦♥❡♥t✐❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Σt ✐s ❛ ❝♦♥st❛♥t✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥
❛❧s♦ s❤♦✇s✱ t❤❛t p(s) ❛♥❞ Σt(s) ❛r❡ r❡❧❛t❡❞ ❜②

p(s) = Σt(s) exp

(

−
∫ s

0

Σt(τ)dτ

)

✐❢ ❛♥❞ ♦♥❧② ✐❢ Σt(s) =
p(s)

1−
∫ s

0
p(τ)dτ

.

✭✻✳✺✮
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❘❡♠❛r❦ ✻✳✹✳ ❚❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ❛r✐s❡s ♥❛t✉r❛❧❧② ❛♥❞ ✐s ❞✐✲
r❡❝t❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✭❤♦♠♦❣❡♥✐③❡❞✮ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s
✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦❧❧✐s✐♦♥ r❛t❡✿ ✐t ✐s t❤❡ r❛t❡
❜② ✇❤✐❝❤ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡ tr❛✈❡❧❡❞ ❛ ❝❡rt❛✐♥ ❞✐st❛♥❝❡ s s✐♥❝❡ t❤❡✐r ❧❛st ✐♥✲
t❡r❛❝t✐♦♥ ✉♥❞❡r❣♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ s❝❛tt❡r❡rs✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡
s ✈❛r✐❛❜❧❡ ✐s ❛♥ ✉♥♣❤②s✐❝❛❧ ♠❡♠♦r② ✈❛r✐❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t
t❤❛t Σt(s) ✐s ✐♥s❡♣❛r❛❜❧② ❧✐♥❦❡❞ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥
❝♦❧❧✐s✐♦♥s p(s)✱ ✇❤✐❝❤ ✐s ❛ ❝❧❛ss✐❝❛❧ ♣❤②s✐❝❛❧ q✉❛♥t✐t②✳ ■t ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ♠❡❛✲
s✉r❡❞✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡ s✉✐t❛❜❧❡ ❢♦r r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Σt(s) ❛s ❛ ❝♦❧❧✐s✐♦♥ r❛t❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛✲
t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❣✐✈❡♥ ✐♥ t❤✐s ✇♦r❦✳ ❙✐♥❝❡ ✐♥ t❤❡
❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✷✮ ❞❡s❝r✐❜❡s t❤❡ ❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡
❡①♣❡r✐❡♥❝❡❞ ❛ ❝♦❧❧✐s✐♦♥✱ t❤❡ q✉❛♥t✐t②

∫ ∞

0

∫

Σt(s)Ψ(s, x,Ω) dΩds

❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❝♦❧❧✐s✐♦♥ r❛t❡ ❞❡♥s✐t②✱ ✇❤❡r❡ Σt(s) ✐s t❤❡ ❝♦❧❧✐s✐♦♥
r❛t❡✱ ❛♥❞ Ψ t❤❡ ❛♥❣✉❧❛r ✢✉①✳

❆ r❡s✉❧t ♦♥ t❤❡ ❡①✐st❡♥❝❡✱ ♣♦s✐t✐✈✐t② ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✹✮
✇❛s ♣r♦✈❡♥ ❜② ❋r❛♥❦ ❛♥❞ ●♦✉❞♦♥ ❬✹✹❪✳ ■t ❤♦❧❞s ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐❧❞
❛ss✉♠♣t✐♦♥s✿

✭❛✮ ❚❤❡ s♦✉r❝❡ t❡r♠ Q(x,Ω) ≥ 0 s❛t✐s✜❡s Q ∈ L1(RN , SN−1)✳

✭❜✮ ❚❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ✐s ♣♦s✐t✐✈❡ σs(Ω,Ω
′) ≥ σ̄ > 0 ❛♥❞ ♥♦r♠❛❧✐③❡❞✳

✭❝✮ ❚❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c s❛t✐s✜❡s 0 < c < 1✳

✭❞✮ ❚❤❡ s❝❛tt❡r✐♥❣ ❢r❡q✉❡♥❝② Σt(s) ✐s ♣♦s✐t✐✈❡ ❛♥❞ s❛t✐s✜❡s

∫ ∞

0

Σt(s) ds = ∞.

❲❡ st❛t❡ t❤✐s r❡s✉❧t ❤❡r❡ ❢♦r r❡❛s♦♥s ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

❚❤❡♦r❡♠ ✻✳✶✳ ✭❋r❛♥❦✱ ●♦✉❞♦♥✮
❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥ ♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥
Ψ(s, x,Ω) ≥ 0 ♦❢ ✭✻✳✹✮✱ s❛t✐s❢②✐♥❣ Ψ ∈ L∞(0,∞;L1(RN × SN−1))✱ Σt(s)Ψ ∈
L1((0,∞)× R

N × SN−1)✳

✻✳✹ ❉✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s

❆ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ♠❛② ❤❛✈❡ ♦♣t✐❝❛❧❧② t❤✐❝❦ r❡❣✐♦♥s ✇❤❡r❡ tr❛♥s♣♦rt ♦❢
♣❛rt✐❝❧❡s ✐s ❞♦♠✐♥❛t❡❞ ❜② s❝❛tt❡r✐♥❣✱ t❤❡r❡❢♦r❡ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣✳
■t r❡❧✐❡s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛❜s♦r♣t✐♦♥ ✐s s♠❛❧❧✱ ❛♥❞
s❝❛tt❡r✐♥❣ ✐s ♥♦t ❢♦r✇❛r❞✲♣❡❛❦❡❞✱ ❛s ✐t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼✺❪✳ ❆ ❞❡t❛✐❧❡❞
❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛s②♠♣t♦t✐❝s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼✸✱ ✼✻✱ ✹✹❪❀ ✇❡ ♦♥❧② ❣✐✈❡
❛ s❦❡t❝❤ ♦❢ ✐t ❤❡r❡✳
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❲❡ ❞❡✜♥❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡
r❡st ♦❢ t❤✐s ✇♦r❦ ❛s

〈s〉 :=
∫ ∞

0

sp(s) ds, 〈s2〉 :=
∫ ∞

0

s2p(s) ds.

◆♦✇✱ ❧❡t 0 < ε ≪ 1✱ t❤❡♥ ✇❡ s❝❛❧❡ t❤❡ ♣❛r❛♠❡t❡rs Q✱ Σt ❛♥❞ c ❛s ❢♦❧❧♦✇s✿

Q → εQ, Σt(s) →
1

ε
Σt(s/ε), c → 1− κε2,

✇❤❡r❡ κ > 0✳ ❚❤❛t ♠❡❛♥s t❤❛t t❤❡ s♦✉r❝❡ ✐s s♠❛❧❧✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧❧✐s✐♦♥s
✐s ❧❛r❣❡✱ ✇❤✐❧❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❜s♦r♣t✐♦♥ ✐s s♠❛❧❧✳ ❇② ❛❞❞✐t✐♦♥❛❧❧② s❝❛❧✐♥❣
t❤❡ ♣s❡✉❞♦ t✐♠❡✲s❝❛❧❡ ❜②

φε(s, x,Ω) := φ(sε, x,Ω),

t❤❡ ♥❡✇ s❝❛❧❡❞ ✉♥❦♥♦✇♥ s❛t✐s✜❡s

∂sφε(s, x,Ω) + εΩ∇xφε(s, x,Ω) + Σt(s)φε(s, x,Ω) = 0;

φε(0, x,Ω) = (1− κε2)

∫ ∞

0

∫

σ(Ω,Ω′)Σt(s
′)φε(s

′, x, v′) dΩ′ ds′ + εQ(x,Ω).

❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞✳ ❇② s❡tt✐♥❣

Φε = ε〈s〉 exp
(∫ s

0

Σt(τ)dτ

)

φε(s, x,Ω)

✇❡ ♠❛❦❡ ✉s❡ ♦❢ ✭✻✳✺✮✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ♥♦✇ r❡❛❞s

∂sΦε + εΩ∇xΦε = 0; ✭✻✳✻❛✮

Φε(0, x,Ω) = (1− κε2)

∫ ∞

0

∫

σ(Ω,Ω′)p(s)Φε(s
′, x,Ω′) ds′ dΩ′ + ε2〈s〉Q(x,Ω).

✭✻✳✻❜✮

❆♣♣❧②✐♥❣ ❛ ❢♦r♠❛❧ ❍✐❧❜❡rt ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ε ❜②

Φε = Φ0 + εΦ1 + ε2Φ2 + · · ·

❛♥❞ ❧❡tt✐♥❣ ε → 0✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❛❣❛✐♥
❬✼✸✱ ✼✻❪ ♦r ❬✹✹❪ ❢♦r t❤❡ ❞❡t❛✐❧s✮✿

− 1

3

(〈s2〉
2

+
µ̄0

1− µ̄0

)

∇2
xΦ0(x) + (1− c)Φ0(x) = 〈s〉Q(x), ✭✻✳✼✮

✇❤❡r❡ µ̄0 ✐s t❤❡ ♠❡❛♥ s❝❛tt❡r✐♥❣ ❝♦s✐♥❡✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐s♦tr♦♣✐❝ ♠❡❞✐✉♠
✇✐t❤ ❝♦♥st❛♥t ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ ♦✉t❣♦✐♥❣ ❛♥❣❧❡✱ ✇❡ s✐♠♣❧② ❤❛✈❡ µ̄0 = 0✳ ❆❧❧
❝♦♠❜✐♥❡❞✱ Φ0 ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❣✉❧❛r ✢✉① ✉♣ t♦ ✜rst ♦r❞❡r✱
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❜❡❝❛✉s❡ ♦❢ ∫ ∞

0

∫

φ(s, x,Ω) dΩds = Φ0(x) +O(ε).

◆♦t❡ t❤❛t t❤✐s ❞✐✛✉s✐♦♥ ❧✐♠✐t ✐s ♥♦t ✈❛❧✐❞ ❛♥② ♠♦r❡ ❛s s♦♦♥ ❛s

p(s) ≥ C

s3
,

❢♦r ❝♦♥st❛♥t C > 0✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ 〈s2〉 = ∞✳ ❚❤✐s ❝❛s❡ ✐s ❞✐s❝✉ss❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✳

❘❡♠❛r❦ ✻✳✺✳ ❚❤❡ t❤❡♦r② ♦❢ ❛♥♦♠❛❧♦✉s tr❛♥s♣♦rt ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ tr❛♥s♣♦rt
♣r♦❝❡ss❡s ✇❤❡r❡✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥
✐s ✐♥✜♥✐t❡ ❬✻✸❪✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ❡q✉❛t✐♦♥s t❤❛t ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt
✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡ ❛r❡ ❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❚❤✐s str♦♥❣❧② s✉❣❣❡sts
t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❧✐♠✐t ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ✇✐t❤ ✐♥✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥t ✐s ❣✐✈❡♥ ❜② ❛ ❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥
✈❡rs✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✼✮✳ ■♥ ❛♥ ✉♣❝♦♠✐♥❣ ♣❛♣❡r ❬✹✸❪✱ ❋r❛♥❦ s❤♦✇s t❤❛t✱ ✐❢ t❤❡
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❤❛s ❛♥ ❛❧❣❡❜r❛✐❝ t❛✐❧ ❛♥❞ ❛♥ ✐♥✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥t✱
♠❡❛♥✐♥❣ p(s) ∼ C/sα+1 ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✱ s ≫ 1✱ ❛♥❞ 1 < α < 2✱ t❤❡
❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

−D(α)∆α/2Φ0(x) + (1− c)Φ0(x) = 〈s〉Q(x),

✇❤❡r❡ D(α) ✐s ❛ ❞✐✛✉s✐♦♥ ❝♦♥st❛♥t t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①♣♦♥❡♥t α✱ ❛♥❞ ∆α/2

✐s t❤❡ s♦✲❝❛❧❧❡❞ ❢r❛❝t✐♦♥❛❧ ❘✐❡s③✲❋❡❧❧❡r ❞❡r✐✈❛t✐✈❡ ❬✻✸❪✱ ✉s✉❛❧❧② ❞❡✜♥❡❞ ❜② ✐ts
r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ❋♦✉r✐❡r s♣❛❝❡

∆α/2u(x) = −|k|αû(k),

✇❤❡r❡ û ✐s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ u✳ ❚❤❡ ♦♣❡r❛t♦r ∆α/2 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r t♦ ♦r❞❡rs ❧❡ss t❤❛♥ 2✳

❘❡♠❛r❦ ✻✳✻✳ ❲♦r❦✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
t♦ ♥❡✉tr♦♥ tr❛♥s♣♦rt ✐♥ ♣❡❜❜❧❡ ❜❡❞ r❡❛❝t♦rs✱ ▲❛rs❡♥ ❛♥❞ ❱❛sq✉❡s ❬✶✵✸✱ ✼✻❪
❡①t❡♥❞❡❞ ❊q✉❛t✐♦♥ ✭✻✳✹✮ t♦ ❛♥ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ❢r❡q✉❡♥❝② Σt =
Σt(s,Ω)✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥♦t❤❡r ♥♦♥✲❝❧❛ss✐❝❛❧ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤
❛♥✐s♦tr♦♣✐❝ ❞✐✛✉s✐♦♥ ❝♦♥st❛♥ts✳

✻✳✺ ❋r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s

❆ r❡❛❧ ✇♦r❧❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✱ ❧✐❦❡ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞✱ ✐s ✐♥ ❣❡♥❡r❛❧
s♣❛t✐❛❧❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❡q✉❛t✐♦♥ t❤✐s ✐s
✉s✉❛❧❧② ❡①♣r❡ss❡❞ ❜② ❛ s♣❛t✐❛❧❧② ❞❡♣❡♥❞❡♥t t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ σt(x) t❤❛t ❞❡✲
s❝r✐❜❡s t❤❡ ♦♣t✐❝❛❧ t❤✐❝❦♥❡ss ❧♦❝❛❧❧② ❛r♦✉♥❞ x✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s♣❛t✐❛❧
✐♥❤♦♠♦❣❡♥❡✐t✐❡s ✐♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ♠♦❞❡❧✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s♣❛❝❡✲❞❡♣❡♥❞❡♥t
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q✉❛♥t✐t② t❤❛t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥

ρ(x) ∼ σt(x).

❚❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ✐s t❤❡♥ t❤❡ ♣r♦❞✉❝t ♦❢ Σt(s) ❛♥❞ ρ(x) s✐♥❝❡ t❤❡ ♦♣t✐✲
❝❛❧ t❤✐❝❦♥❡ss ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❛ ♣❛rt✐❝❧❡ ❤❛s tr❛✈❡❧❧❡❞ ❛♥❞
t❤❡r❡❢♦r❡✱ Σt(s) ✐s ❛ ❣❧♦❜❛❧ ♣❛r❛♠❡t❡r✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ r❡❛❞s

∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)ρ(x)Ψ(s, x,Ω) = 0,

Ψ(0, x,Ω) = cρ(x)

∫ ∞

0

∫

σ(Ω,Ω′)Σt(s
′)Ψ(s′, x,Ω′) dΩ′ ds′.

❊s♣❡❝✐❛❧❧②✱ t❤✐s ②✐❡❧❞s t❤❛t ♦✉ts✐❞❡ t❤❡ ♠❡❞✐✉♠ ✇❡ ❤❛✈❡ ρ(x) = 0✱ ❤❡♥❝❡ t❤❡
♣❛rt✐❝❧❡s t❤❡r❡ ❛r❡ ❢r❡❡❧② tr❛♥s♣♦rt❡❞ ✇✐t❤♦✉t ✉♥❞❡r❣♦✐♥❣ ❢✉rt❤❡r ✐♥t❡r❛❝t✐♦♥s
✇✐t❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✳ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ❢r❡q✉❡♥❝② ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡
❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t t♦t❛❧ ❝r♦ss s❡❝t✐♦♥
σt(x, ν) ❛♥❞ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ σs(Ω,Ω

′, ν, ν ′)✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t t❤✐s ✐s
✇r✐tt❡♥ ❛s

σt(x, ν) = γ(ν)σt(x), σs(Ω,Ω
′, ν, ν ′) = σ(Ω,Ω′)γs(ν, ν

′),

✇✐t❤ ❛ ❢r❡q✉❡♥❝② ❝r♦ss s❡❝t✐♦♥ γ(ν) t❤❛t ✐s t❤❡ r❛t❡ ❜② ✇❤✐❝❤ ♣❛rt✐❝❧❡s ✇✐t❤
❢r❡q✉❡♥❝② ν ✉♥❞❡r❣♦ ❛ ❝♦❧❧✐s✐♦♥✱ ❛♥❞ ❛ ❢r❡q✉❡♥❝② s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ γs(ν, ν

′)
t❤❛t ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❛t ❛❢t❡r ❛ s❝❛tt❡r✐♥❣ ❡✈❡♥t✱ ❛ ♣❛rt✐❝❧❡ ❝❤❛♥❣❡s ✐ts
❢r❡q✉❡♥❝② ❢r♦♠ ν ′ t♦ ν✳ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ t❤❡♥ r❡❛❞s

∂sΨ(s, x,Ω, ν) + Ω∇xΨ(s, x,Ω, ν) + Σt(s)ρ(x)γ(ν)Ψ(s, x,Ω, ν) = 0,

Ψ(0, x, v, ν) = cρ(x)

∫ ∞

0

∫ ∞

0

∫

σs(Ω,Ω
′)γs(ν

′, ν)Σt(s
′)Ψ(s′, x,Ω′, ν ′) dΩ′ dν ′ ds′.

◆♦t❡ ❛❣❛✐♥ t❤❛t t❤✐s ❝❛♥ ♦♥❧② ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡
❛ss✉♠♣t✐♦♥s t❤❛t t❤❡s❡ ❡✛❡❝ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳



P❛rt ■■

◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

✻✸



✻✹

■♥tr♦❞✉❝t✐♦♥✿ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

■♥ t❤✐s ♣❛rt ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❙♦❧✈✐♥❣ t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥ ✐s ♥✉♠❡r✐❝❛❧❧② ❝♦st❧②
❞✉❡ t♦ ✐ts ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧✐t②✳ ❚❤❡r❡❢♦r❡ ✇❡ ✉s❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s t♦ r❡❞✉❝❡
t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❢✉❧❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✳ ❚❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ♦r PN

♠❡t❤♦❞ ✐s ❛ s♣❡❝tr❛❧ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡✱ ✇❤❡r❡ t❤❡ ❛♥✲
❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ✐s ❡①♣❛♥❞❡❞ ✐♥ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ✭✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s
s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✮✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠♦♠❡♥t ❝❧♦s✉r❡ ❧✐❦❡ t❤❡
M1✲♠❡t❤♦❞✳ ❚❤❡r❡✱ ❛♥ ♦✈❡r❞❡t❡r♠✐♥❡❞ s②st❡♠ ❢♦r t❤❡ ✜rst t❤r❡❡ ❛♥❣✉❧❛r ♠♦✲
♠❡♥ts ✐s ❝❧♦s❡❞ ✉s✐♥❣ ❛♥ ❡♥tr♦♣② ♠✐♥✐♠✐③❛t✐♦♥ ♣r✐♥❝✐♣❧❡✳ ■♥ t❤❡ SN ♦r ❞✐s❝r❡t❡
♦r❞✐♥❛t❡s ♠❡t❤♦❞ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐s ❞✐r❡❝t❧② ❞✐s❝r❡t✐③❡❞✱ t②♣✐❝❛❧❧② ❛t ●❛✉ss
♣♦✐♥ts✳
❙✐♥❝❡ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❧✐❦❡ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞ ♠❛② ❤❛✈❡ ♦♣t✐❝❛❧❧②
t❤✐❝❦ r❡❣✐♦♥s ✇❤❡r❡ tr❛♥s♣♦rt ✐s ❞♦♠✐♥❛t❡❞ ❜② s❝❛tt❡r✐♥❣✱ ✇❡ ❛r❡ ❡s♣❡❝✐❛❧❧②
✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥ t❤✐s r❡❣✐♠❡✳ ❋♦r t❤❡
s②st❡♠ ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥ts ✇❡ ♣r❡s❡♥t ❛ ❢❛♠✐❧② ♦❢ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ❍▲▲
s❝❤❡♠❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤✐s ♣❛rt ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣❛♣❡r ❬✼✶❪ ♦♥
❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s✲
❢❡r ❡q✉❛t✐♦♥✳ ❈♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t ♦❢ t❤❡ ♣s❡✉❞♦✲t✐♠❡ ❛♥❞
t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥ r❡q✉✐r❡s ❛♥ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞✳ ❲❡ s❤♦✇ t❤❛t s♦✉r❝❡
✐t❡r❛t✐♦♥ ❜❡❝♦♠❡s ❛r❜✐tr❛r✐❧② s❧♦✇ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡ ❛♥❞ ♣r♦♣♦s❡ ✐♥✐t✐❛❧✲
✐③❛t✐♦♥ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ s❝❤❡♠❡s t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✳

❋♦r r❡❛s♦♥s ♦❢ ❝❧❛r✐t② ❛♥❞ s✐♠♣❧✐❝✐t② ✇❡ ♣r❡s❡♥t ❛❧❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ✶❉
s❧❛❜ ❣❡♦♠❡tr② ❢♦r♠✳ ❙❧❛❜ ❣❡♦♠❡tr② ♠❡❛♥s t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s♦❧✉t✐♦♥
✐s r♦t❛t✐♦♥❛❧❧② ✐♥✈❛r✐❛♥t ❛r♦✉♥❞ t❤❡ z✲❛①✐s✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦♥❧② ✈❛r✐❡s ✐♥
z✲❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ♣s❡✉❞♦ ✶❉ ♣r♦❜❧❡♠✳ ❚❤❡
❊q✉❛t✐♦♥ ✭✻✳✹✮ ✐♥ s❧❛❜ ❣❡♦♠❡tr② ✐s

∂sΨ(s, x, µ) + µ∂xΨ(s, x, µ) + Σt(s)Ψ(s, x, µ) = 0 ✭✻✳✽❛✮

Ψ(0, x, µ) = c

∫ ∞

0

∫ 1

−1
σ(µ)Σt(s

′)Ψ(s′, x, µ) dµ ds′ +Q(x, µ), ✭✻✳✽❜✮

✇✐t❤ µ ∈ [−1, 1] ❜❡✐♥❣ t❤❡ ❝♦s✐♥❡ ♦❢ t❤❡ ♣♦❧❛r ❛♥❣❧❡ ❛♥❞ x ∈ (−∞,∞)✳ ❆s ✐♥❞✐✲
❝❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣ t❤❡r❡ ✐s ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r
ε ✇❤✐❝❤ ✐s ❜❛s✐❝❛❧❧② t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∂sΦε(s, x, µ) + εµ∇xΦε(s, x, µ) = 0; ✭✻✳✾❛✮

Φε(0, x, µ) = (1− κε2)

∫ ∞

0

∫ 1

−1
σ(µ, µ′)p(s)Φε(s

′, x, µ′) dµ′ ds′ + ε2〈s〉Q(x, µ),

✭✻✳✾❜✮

✇❤❡r❡

Φε = ε〈s〉 exp
(∫ s

0

Σt(τ)dτ

)

Ψε(s, x, v).

❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤✐s ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤✐s ♣❛rt✳



✼ ⑤ ❆♣♣r♦①✐♠❛t❡ ♠♦❞❡❧s

❚❤❡ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❢✉❧❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ♠❛❦❡s ✐t ♥❡❝✲
❡ss❛r② t♦ ✐♥tr♦❞✉❝❡ ❛♣♣r♦①✐♠❛t❡ ♠♦❞❡❧s✳ ❍❡♥❝❡✱ ✇❡ ❞❡r✐✈❡ s②st❡♠s ♦❢ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ✐s ❡❧✐♠✐♥❛t❡❞ ❡✐t❤❡r ❜②
❛ ❞✐r❡❝t ❞✐s❝r❡t✐③❛t✐♦♥✱ ♦r ❜② ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ ❡❛s✐❡st ❛♣♣r♦❛❝❤ ✐s t❤❡ s♦✲❝❛❧❧❡❞
❞✐s❝r❡t❡ ♦r❞✐♥❛t❡ ♠❡t❤♦❞✳ ❍❡r❡✱ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐s ❞✐r❡❝t❧② ❞✐s❝r❡t✐③❡❞ ❛t
●❛✉ss ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✳ ❲❡ ✉s❡ t❤✐s ❛♣♣r♦①✐♠❛t❡ ♠❡t❤♦❞ ♠❛✐♥❧② ✐♥
t❤❡ ♥❡①t ♣❛rt ❢♦r t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳ ■♥ t❤✐s ♣❛rt ♦♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱
✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s✲
♣♦rt ❡q✉❛t✐♦♥✳ ❚❤♦s❡ ②✐❡❧❞ ❛♥ ✉♥❞❡r❞❡t❡r♠✐♥❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❍❡♥❝❡✱ ❛
❝❧♦s✉r❡ ❢♦r t❤❡ s②st❡♠ ✐s ♥❡❡❞❡❞✳ ❚❤❡ PN ♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ♠❡t❤♦❞ ✐s ❛
s♣❡❝tr❛ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ✇❤❡r❡ t❤❡ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✢✉① ✐s ❡①♣❛♥❞❡❞
✐♥ t❡r♠s ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✳ ❚❤✐s ♠❡t❤♦❞ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r✲
♣r❡t❡❞ ❛s ❛ ♠♦♠❡♥t ❝❧♦s✉r❡ ✇❤❡r❡ t❤❡ s②st❡♠ ✐s ❝❧♦s❡❞ ❜② tr✉♥❝❛t✐♥❣ ❛❢t❡r t❤❡
N−t❤ ♠♦♠❡♥t✳ ❚❤❡ ♠✐♥✐♠✉♠ ❡♥tr♦♣② s②st❡♠ M1 ✐s ❞❡r✐✈❡❞ ❜② ❧♦♦❦✐♥❣ ❢♦r ❛
❝❧♦s✉r❡ t❤❛t ♠✐♥✐♠✐③❡s ❛ ♣❤②s✐❝❛❧ ❡♥tr♦♣② ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ♠♦♠❡♥ts ✉♣
t♦ ♦r❞❡r 1✳ ◆♦t❡ t❤❛t ❛❧❧ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝♦✉♣❧❡❞ s②st❡♠s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❛r❡ ❤②♣❡r❜♦❧✐❝✳

✼✳✶ ❉✐s❝r❡t❡ ♦r❞✐♥❛t❡ ♠❡t❤♦❞ ✭SN✮

❋♦r t❤❡ ❞✐s❝r❡t❡ ♦r❞✐♥❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐s ❞✐s❝r❡t✐③❡❞ ❛t
N ♣♦✐♥ts µi, i = 1, .., N s✉❝❤ t❤❛t

N∑

i=1

ωiΨ(s, x, µi) ≈
∫

S2

Ψ(s, x,Ω) dΩ,

✇❤❡r❡ µi ❛r❡ ✉s✉❛❧❧② ❝❤♦s❡♥ t♦ ❜❡ ●❛✉ss ♣♦✐♥ts ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts
ωi✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ SN ♠❡t❤♦❞✳ ❚❤❡♥✱ ✐♥ s❧❛❜ ❣❡♦♠❡tr②✱ ❛ss✉♠✐♥❣ ✐s♦tr♦♣✐❝
s❝❛tt❡r✐♥❣✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

∂sΨi(s, x) + εµi∂xΨi(s, x) = 0

Ψi(0, x) =
(1− κε2)

2

∫ ∞

0

N∑

i=1

ωiΨi(s
′, x)p(s′) ds′ + ε〈s〉Qi(x),

✇❤❡r❡ Ψi(s, x) = Ψ(s, x, µi) ❛♥❞ Qi(x) = Q(x, µi)✳ ■♥ s❧❛❜ ❣❡♦♠❡tr② ✐t ❝❛♥ ❜❡
s❤♦✇♥ t❤❛t t❤❡ SN ✲♠❡t❤♦❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ PN−1 ♠❡t❤♦❞ ✭s❡❡ ❜❡❧♦✇✮✱ ✐❢
t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐s ❞✐s❝r❡t✐③❡❞ ❛t ●❛✉ss✲♣♦✐♥ts✳

✻✺



✻✻ ❈❍❆P❚❊❘ ✼✳ ❆PP❘❖❳■▼❆❚❊ ▼❖❉❊▲❙

✼✳✷ ▼♦♠❡♥t ♠♦❞❡❧s

❚❤❡ ♣❤✐❧♦s♦♣❤② ♦❢ ♠♦♠❡♥t ♠❡t❤♦❞s ✐s t♦ ❞❡r✐✈❡ ❛ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥s
❢♦r t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥ts ♦❢ t❤❡ ❛♥❣✉❧❛r ✢✉① Ψ✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❜② ♣♦❧②♥♦♠✐❛❧s ✐♥ µ ❛♥❞ t❤❡♥ ✐♥t❡❣r❛t✐♥❣ ♦✉t t❤❡ ❛♥❣✉❧❛r
✈❛r✐❛❜❧❡✱ ✇❡ ♦❜t❛✐♥ ❛♥ ✉♥❞❡r❞❡t❡r♠✐♥❡❞ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡✲
❢♦r❡✱ ❛ ❝❧♦s✉r❡ r❡❧❛t✐♦♥ ✐s ♥❡❡❞❡❞✳
❲❡ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t ♠♦♠❡♥t ♠❡t❤♦❞s ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡ ❧✐♥❡❛r s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s ♦r PN−♠❡t❤♦❞ ✐s ❛ s♣❡❝tr❛❧ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ✐♥ t❤❡ ❛♥❣✉❧❛r ✈❛r✐✲
❛❜❧❡✱ ❛♥❞ r❡❧✐❡s ♦♥ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐♥ t❡r♠s ♦❢ ▲❡❣❡♥❞r❡
♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ♠✐♥✐♠✉♠ ❡♥tr♦♣② ♦r M1−♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✉♠
❡♥tr♦♣② ♣r✐♥❝✐♣❧❡✱ ❛♥❞ ②✐❡❧❞s ❛ ♥♦♥✲❧✐♥❡❛r ❝♦✉♣❧❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳

✼✳✷✳✶ ❙♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ✭PN✮

▲❡t Pl(µ) ❜❡ t❤❡ l−t❤ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ❧✐♥❡❛r PN ✲♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥
❛ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ Ψ ❛s

Ψ(s, x, µ) =
∞∑

l=0

Pl(µ)α
(l)(s, x). ✭✼✳✶✮

❚❡st✐♥❣ ✇✐t❤ t❤❡ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ t❤❡♥ ✐♥t❡❣r❛t✐♥❣✱ ✇❡ ✜♥❞ t❤❛t t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ t❤✐s ❡①♣❛♥s✐♦♥ ❛r❡ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥ts ✉♣ t♦ ❛ ❢❛❝t♦r✿

α(l)(s, x) =
2l + 1

2
Ψ(l)(s, x),

✇❤❡r❡ ✇❡ ❞❡✜♥❡

Ψ(l)(s, x) :=

∫ 1

−1
Pl(µ)Ψ(s, x, µ) dµ.

❚❡st✐♥❣ ❊q✉❛t✐♦♥ ✭✻✳✾✮ ✇✐t❤ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ②✐❡❧❞s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ PN s②st❡♠✳ ❯s✐♥❣ t❤❡ r❡❝✉rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r t❤❡ ▲❡❣❡♥❞r❡ ♣♦❧②✲
♥♦♠✐❛❧s

µPl(µ) =
l

2l + 1
Pl−1(µ) +

l + 1

2l + 1
Pl+1(µ),

❛♥❞ ❛ss✉♠✐♥❣ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ ✐t r❡❛❞s

∂sΨ
(l)(s, x) + ε∂x

[
l

2l + 1
Ψ(l−1)(s, x) +

l + 1

2l + 1
Ψ(l+1)(s, x)

]

= 0, l = 0, . . . , N,

Ψ(0)(0, x) = (1− κε2)

∫ ∞

0

p(s)Ψ(0)(s, x) ds+ ε2〈s〉Q(x),

Ψ(l)(0, x) = 0, l = 1, . . . , N,

✇❤❡r❡ ✇❡ s❡t Ψ(−1) = 0✱ ❛♥❞ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✭✼✳✶✮ ②✐❡❧❞s Ψ(N+1) =
0✳
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■♥ t❤❡ P1 ❝❛s❡ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ E(s, x) := Ψ(0)(s, x) ❛♥❞ F (s, x) :=
Ψ(1)(s, x)✳ ❚❤❡♥ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ❣✐✈❡♥ ❜②

∂sE(s, x) + ε∇xF (s, x) = 0, ∂sF (s, x) +
ε

3
∇xE(s, x) = 0, ✭✼✳✷❛✮

E(0, x) = ε2〈s〉Q(x) + (1− κε2)

∫ ∞

0

p(s)E(s, x)ds, F (0, x) = 0. ✭✼✳✷❜✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡✈❡❧♦♣ ❛♥❞ ❛♥❛❧②③❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤❡ P1 s②st❡♠✳
❚❤❡s❡ s❝❤❡♠❡s ❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ❡①t❡♥❞❡❞ t♦ s♦❧✈❡ t❤❡ PN s②st❡♠s ❢♦r ❛r❜✐tr❛r②
N > 1✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ ❈❤❛♣t❡r ✶✹ ❢♦r t❤❡ ✉♥s❝❛❧❡❞ ❊q✉❛t✐♦♥ ✭✻✳✽✮✳

✼✳✷✳✷ ▼✐♥✐♠✉♠ ❡♥tr♦♣② ✭M1✮

❚❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♠❡t❤♦❞ ✇❡ ✉s❡ ✐s t❤❡ M1✲♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✉♠
❡♥tr♦♣② ♣r✐♥❝✐♣❧❡✳ ❚❤✐s ✐s t❤❡ ✜rst r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛ ❤✐❡r❛r❝❤② ♦❢ ♠♦❞❡❧s✱
❝❛❧❧❡❞ MN ✳ ❖♥❧② ❢♦r t❤❡ M1 ❝❛s❡ ❛ ❝❧♦s❡❞ ❛♥❛❧②t✐❝ ❢♦r♠ ♦❢ t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡
✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ♠✐♥✐♠✉♠ ❡♥tr♦♣② ♣r✐♥❝✐♣❧❡ ✐s✱ t❤❛t ❢♦r t❤❡ ♠♦♠❡♥t ❝❧♦s✉r❡
❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ♠♦♠❡♥ts ✐s ❝❤♦s❡♥✱ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ r❛❞✐❛t✐✈❡ ❡♥tr♦♣②
❛♥❞ r❡♣r♦❞✉❝❡s t❤❡ ❧♦✇❡r ♦r❞❡r ♠♦♠❡♥ts✳ ❚❤❡ ♣❤✐❧♦s♦♣❤✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ❢♦r
t❤✐s ❛♣♣r♦❛❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✶✾✺✵✬s ✐♥ ❬✻✶❪✱ ✇❤✐❧❡ t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥
✐♥ tr❛♥s♣♦rt t❤❡♦r② ✇❛s ♠❛❞❡ ✷✵ ②❡❛rs ❧❛t❡r ✐♥ ❬✽✼❪✳ ❆ ✜rst ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡
❡q✉❛t✐♦♥ ♦❢ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✺❪✳
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜rst t❤r❡❡ ❛♥❣✉❧❛r ♠♦♠❡♥ts ♦❢ t❤❡ ✢✉① Ψ ✐♥ s❧❛❜ ❣❡♦♠❡tr②✿

E(s, x) :=

∫ 1

−1
Ψ(s, x, µ) dµ, F (s, x) :=

∫ 1

−1
µΨ(s, x, µ) dµ,

P (s, x) :=

∫ 1

−1
µ2Ψ(s, x, µ) dµ.

❚❤❡♥ ✇❡ ♠✉❧t✐♣❧② ❊q✉❛t✐♦♥ ✭✻✳✾✮ ❜② 1 ❛♥❞ µ✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r
(−1, 1)✳ ❲❡ ♦❜t❛✐♥✱ ❛ss✉♠✐♥❣ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞ s②st❡♠
♦❢ ❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿

∂sE(s, x) + ε∇xF (s, x) = 0, ∂sF (s, x) + ε∇xP (s, x) = 0,

E(0, x) = (1− κε2)

∫ ∞

0

p(s)E(s, x) ds+ ε2〈s〉Q(x), F (0, x) = 0.

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ♦♥❧② t✇♦ ❡q✉❛t✐♦♥s ❢♦r t❤r❡❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✳ ❲❡ s❡t
f := ‖F

E
‖2✳ ❚❤❡ M1 ❝❧♦s✉r❡ ❧❡❛❞s t♦ ❛ ❝♦✉♣❧❡❞ s②st❡♠ ♦❢ ♥♦♥✲❧✐♥❡❛r ♣❛rt✐❛❧

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤

P = χ(f) · E,
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✇❤❡r❡ t❤❡ ❊❞❞✐♥❣t♦♥ ❢❛❝t♦r ✐♥ t❤✐s ❝❛s❡ ✐s ❣✐✈❡♥ ❜②

χ(f) :=
3 + 4f 2

5 + 2
√

4− 3f 2
.

❍❡♥❝❡✱ t❤❡ s②st❡♠ ❜❡❝♦♠❡s

∂sE(s, x) + ε∇xF (s, x) = 0, ∂sF (s, x) + ε∇xχ(F/E)E(s, x) = 0, ✭✼✳✸❛✮

E(0, x) = (1− κε2)

∫ ∞

0

p(s)E(s, x) ds+ ε2〈s〉Q(x), F (0, x) = 0, ✭✼✳✸❜✮

✇✐t❤ str♦♥❣ ♥♦♥❧✐♥❡❛r✐t② ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✳



✽ ⑤ ❆s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣
❍▲▲ s❝❤❡♠❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡r✐✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤❡ ♠♦♠❡♥t ♠♦❞❡❧s ✐♥tr♦✲
❞✉❝❡❞ ❛❜♦✈❡✱ ❛♥❞ ❛♥❛❧②③❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ s❝❤❡♠❡s✳ ❆ ❜❛❝❦✲
❣r♦✉♥❞ ♠❡❞✐✉♠✱ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞ ❢♦r ❡①❛♠♣❧❡✱ ♠❛② ❤❛✈❡ ♦♣t✐❝❛❧❧② t❤✐❝❦
❛s ✇❡❧❧ ❛s ♦♣t✐❝❛❧❧② t❤✐♥ r❡❣✐♦♥s✳ ◆✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❝❛♥ ♦♥❧② ②✐❡❧❞ r❡❧✐❛❜❧❡
r❡s✉❧ts ✐❢ t❤❡② ❝♦✈❡r t❤❡ ❝♦rr❡❝t ❞✐✛✉s✐♦♥ ❧✐♠✐t ✐♥ t❤❡ ♦♣t✐❝❛❧❧② t❤✐❝❦ r❡❣✐♠❡✳
❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡r✐✈❡ s❝❤❡♠❡s ✇❤✐❝❤ ❛r❡ ❝♦rr❡❝t ❜♦t❤ ✐♥ t❤❡ ♦♣✲
t✐❝❛❧❧② t❤✐❝❦✱ ❞✐✛✉s✐✈❡ r❡❣✐♠❡ ❛♥❞ ✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♠❡✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡
❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❛r✐s❡
✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡ ❬✼✹✱ ✶❪ ✇❤❡r❡ ❧❡♥❣t❤ s❝❛❧❡s ♦❢ ❞✐✛❡r❡♥t ♠❛❣♥✐t✉❞❡s ❝♦♠❡
✐♥t♦ ♣❧❛②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st❛♥❞❛r❞ ❍▲▲ ❛♣♣r♦❛❝❤ t♦ ❝♦♥str✉❝t ✜♥✐t❡ ✈♦❧✲
✉♠❡ ♠❡t❤♦❞s r❡s✉❧ts ✐♥ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧❧② ♥♦t ❛s②♠♣t♦t✐❝
♣r❡s❡r✈✐♥❣ ❬✶✸❪✳ ❲❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ♠♦♠❡♥t ♠♦❞❡❧s✱ ✇❡
❛❧s♦ ❢❛❝❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t✱ t❤❛t ✇❡ ♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t
t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❛❝t✉❛❧ ♠♦♠❡♥ts ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ t❤❡
❢✉❧❧ ♣❤❛s❡ s♣❛❝❡✳ ❆♥❞ t❤❡ ♠♦♠❡♥ts ❤❛✈❡ t♦ ❜❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ♣❛rt✐❝✉❧❛r ♠♦♠❡♥t ❝❧♦s✉r❡✳ ❚❤❡ ✜rst ♣r♦♣❡rt② ✐s ❝❛❧❧❡❞ r❡❛❧✐③❛❜✐❧✐t②✱ t❤❡
s❡❝♦♥❞ ❛❞♠✐ss✐❜✐❧✐t②✳ ❋♦r t❤❡ ✜rst t✇♦ ❛♥❣✉❧❛r ♠♦♠❡♥ts t❤❡r❡ ❡①✐sts ❛ s✐♠♣❧❡
❝♦♥❞✐t✐♦♥ t❤❛t ❤❛s t♦ ❜❡ s❛t✐s✜❡❞✳

❚❤❡r❡❢♦r❡✱ ✇❡ ♣r❡s❡♥t ❛♥ ❛❞❛♣t❡❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s ♦❢
t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ❛♥❞ s❤♦✇ t❤❛t ✐t ✐s ❛s②♠♣✲
t♦t✐❝ ♣r❡s❡r✈✐♥❣✱ ❛♥❞ s❛t✐s✜❡s t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❛♥❞ r❡❛❧✐③❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❲❡
✜rst ❞❡r✐✈❡ ❛ st❛♥❞❛r❞ ❍▲▲ s❝❤❡♠❡ ✐♥ ❙❡❝t✐♦♥ ✽✳✶✱ ✇❤✐❝❤ ✐s t❤❡♥ ❛❞❛♣t❡❞ ❜② ❛
♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ t❡r♠✳ ■♥ ❙❡❝t✐♦♥ ✽✳✷ ✇❡ t❤❡♥ ✐♥✈❡st✐❣❛t❡
t❤❡ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✱ r❡❛❧✐③❛❜✐❧✐t② ❛♥❞ ❛❞♠✐ss✐❜✐❧✐t② ♣r♦♣❡rt② ❢♦r ❜♦t❤ t❤❡
❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t ♣s❡✉❞♦ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡
st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡s ❢♦r t❤❡ ❧✐♥❡❛r P1 ❝❛s❡✳

✽✳✶ ❍▲▲ s❝❤❡♠❡s ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s

❲❡ ❞❡r✐✈❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r t❤❡ ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ ✭✻✳✹✮✱ ✇❤✐❝❤ ❛r❡ ✐♥tr♦✲
❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❋✐rst✱ ❢♦❧❧♦✇ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❍❛rt❡♥✱ ▲❛①✱ ❛♥❞
✈❛♥ ▲❡❡r ❬✺✼❪ t♦ ❞❡r✐✈❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s ❢♦r t❤❡ P1 ❛♥❞ M1 ♠♦❞❡❧✳ ■♥ t❤❡
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡s ✇❡ r❡❧② ♦♥ t❤❡ ❜r✐❡❢ ♦✉t❧✐♥❡ ✐♥
❬✶✸❪✱ ❙❡❝t✐♦♥ ✸✳✶✳ ❆ ❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ s❝❤❡♠❡s t❤❡♥ ②✐❡❧❞s ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s ✇✐t❤ t❤❡ ✇✐❞❡❧② ❛❞♠✐r❡❞ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②✳

✻✾
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❲❡ ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠ t✐♠❡✲s♣❛❝❡ ❣r✐❞ (sn, xi) ✇✐t❤ sn+1 := sn+∆s ❛♥❞ xi+1 :=
xi + ∆x ❢♦r n ∈ N0 ❛♥❞ i ∈ Z✳ ❲❡ ✐♥t❡r♣r❡t xi ❛s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝❡❧❧ Ci =
[xi− 1

2
, xi+ 1

2
]✱ ✇❤❡r❡ ❢♦r t❤❡ ❝❡❧❧ ✐♥t❡r❢❛❝❡s ✇❡ ❤❛✈❡ xi+ 1

2
= xi− 1

2
+∆x✳ ❚❤❡♥ ✇❡

✉s❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥s Qi := Q(xi)✱ E
n
i := E(sn, xi) ❛♥❞ P n

i := χ(En
i , F

n
i )E

n
i ✳

❋♦❧❧♦✇✐♥❣ ❬✺✼❪ ❛♥❞ ❬✶✸❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥

U =

(
E
F

)

, G(U) =

(
F

χ(E,F )E

)

, Un
i =

(
En

i

F n
i

)

,

❛♥❞ ✇r✐t❡ t❤❡ ❙②st❡♠s ✭✼✳✷✮ ❛♥❞ ✭✼✳✸✮ ❛s

∂sU + ε∂xG(U) = 0.

❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✐s tr❡❛t❡❞ ❧❛t❡r ❛♥❞ s❡♣❛r❛t❡❧②✳ ❆ss✉♠❡
t❤❛t ✇❡ ❦♥♦✇ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ Un

i ❢♦r ❛❧❧ ❝❡❧❧s i ∈ Z ❛t ♣s❡✉❞♦✲t✐♠❡ st❡♣
n✳ ❚❤❡♥✱ t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ♥❡①t ♣s❡✉❞♦✲t✐♠❡ st❡♣ ❛r❡ ❝♦♠♣✉t❡❞ ❛s

Un+1
i = Un

i − ∆s

∆x

(
Fi+ 1

2
−Fi− 1

2

)
, ✭✽✳✶✮

✇❤❡r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s Fi± 1
2
❛r❡ ❣✐✈❡♥ ❜②

Fi+ 1
2
= G(Un

i )−
∆x

2∆s
Un
i+1 +

1

∆s

∫ xi+1

x
i+1

2

Uh(x, s+∆s) dx,

❛♥❞ Fi− 1
2
✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞✐✛❡r❡♥t ✐♥❞✐❝❡s✳ ❚❤❡ ❢✉♥❝t✐♦♥ Uh(x, s) ✐s ❛♥

❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ s♦❧✉t✐♦♥ t❤❛t ✐s ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋✐rst
♥♦t❡ t❤❛t ❛t ♣s❡✉❞♦ t✐♠❡ sn ✇❡ ❤❛✈❡ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
s♦❧✉t✐♦♥✿

Uh(x, sn) = Un
i ❢♦r x ∈ (xi− 1

2
, xi+ 1

2
).

❚❤❡♥✱ ❛t ❡❛❝❤ ❝❡❧❧ ✐♥t❡r❢❛❝❡ xi+ 1
2
✇❡ ❤❛✈❡ ❛ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ✇✐t❤ ❧❡❢t st❛t❡

Un
i ❛♥❞ r✐❣❤t st❛t❡ Un

i+1✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡r

UR

(x

s
;Un

i , U
n
i+1

)

=







Un
i ❢♦r x

s
< b−

U∗(Un
i , U

n
i+1) ❢♦r b− < x

s
< b+

Un
i+1 ❢♦r b+ < x

s

.

❋♦r ❛♣♣r♦♣r✐❛t❡ ✇❛✈❡ ✈❡❧♦❝✐t✐❡s b−, b+✱ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡ U∗ ✐s ❣✐✈❡♥ ❜②

U∗(Un
i , U

n
i+1) =

b+Un
i+1 − b−Un

i

b+ − b−
− 1

b+ − b−
(
G(Un

i+1)−G(Un
i )
)
.

❆♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢♦r ❛❧❧ s ∈ (sn, sn+1) ❝❛♥ t❤❡♥ ❜❡ ❞❡✜♥❡❞ ❛s

Uh(x, s) = UR

(
x− xi+ 1

2

s
;Un

i , U
n
i+1

)

❢♦r x ∈ (xi, xi+1).
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❲❡ ❝❤♦♦s❡ b+ = −b− = ε s✐♥❝❡ 1 ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢
t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ✢✉① ❜♦t❤ ✐♥ t❤❡ M1 ❝❛s❡ ✭s❡❡ ❬✸✺❪✮ ❛♥❞ ✐♥ t❤❡ P1 ❝❛s❡
✭t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡❞ ❛s ±1/

√
3 ✐♥ t❤✐s ❝❛s❡✮✳ ❍❡♥❝❡✱

✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❛s

Fi+ 1
2
= ε

G(Un
i ) +G(Un

i+1)

2
− ε

Un
i+1 − Un

i

2
,

✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r Fi− 1
2
✳ ■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ❊q✉❛t✐♦♥ ✭✽✳✶✮✱ ✇❡

♦❜t❛✐♥ t❤❡ ♣s❡✉❞♦✲t✐♠❡ ✉♣❞❛t❡

Un+1
i = Un

i − ∆s

∆x

(

ε
G(Un

i+1)−G(Un
i−1)

2
− ε

Un
i+1 − 2Un

i + Un
i−1

2

)

.

◆♦t❡ t❤❛t t❤❡ ✜rst ❢r❛❝t✐♦♥ ✐♥ t❤❡ ❝❛♣✐t❛❧ ❜r❛❝❦❡ts ✐s ❛ ❝❡♥t❡r❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ∂xG(U)✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❢r❛❝t✐♦♥ ✐s ❛ t②♣✐❝❛❧ ♥✉♠❡r✐❝❛❧ ❞✐❢✲
❢✉s✐♦♥ t❡r♠✳ ❲❡ ♥♦✇ ♠♦❞✐❢② t❤✐s s❝❤❡♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ ♥✉♠❡r✐❝❛❧
❞✐✛✉s✐♦♥ t❡r♠ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛♥♦t❤❡r ❢❛❝t♦r ε✳ ❚❤❡ s❝❤❡♠❡ ✐s st✐❧❧ ❝♦♥s✐st❡♥t✱
✐t ♦♥❧② r❡❞✉❝❡s t❤❡ ❛♠♦✉♥t ♦❢ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ t❤❛t ✐s ✐♥tr♦❞✉❝❡❞✳ ❚❤✐s
♠♦❞✐✜❝❛t✐♦♥ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡
✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳

◆♦✇ ✇❡ ❝❛♥ st❛t❡ t❤❡ ✜♥❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡✱ ✇❤❡r❡ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡
✐s ❞✐s❝r❡t✐③❡❞✿

En+1
i − En

i

∆s
+ ε

F n
i+1 − F n

i−1
2∆x

− ε2
En

i+1 − 2En
i + En

i−1
2∆x

= 0, ✭✽✳✷❛✮

F n+1
i − F n

i

∆s
+ ε

P n
i+1 − P n

i−1
2∆x

− ε2
F n
i+1 − 2F n

i + F n
i−1

2∆x
= 0, ✭✽✳✷❜✮

E0
i = (1− κε2)

∞∑

n=0

ωnpnE
n
i ∆s+ ε2〈s〉Qi, F 0

i = 0. ✭✽✳✷❝✮

❚❤✐s ✐s t❤❡ s❝❤❡♠❡ ✐♥ ❝❛s❡ ♦❢ ❛♥ ❡①♣❧✐❝✐t ♣s❡✉❞♦✲t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ❢♦r s♦♠❡
✐♥✜♥✐t❡ q✉❛❞r❛t✉r❡ r✉❧❡ ❣✐✈❡♥ ❜② t❤❡ ✇❡✐❣❤ts ωn✳ ■♥ ♣r❛❝t✐❝❡ t❤❡ ✐♥t❡❣r❛t✐♦♥
✐s ❝✉t ♦✛ ❛t s♦♠❡ s♠❛①✳ ❚❤✐s ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t p ✐s ❛ ❢❛st
❞❡❝❛②✐♥❣ ❢✉♥❝t✐♦♥✱ ❤❡♥❝❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✐♥t❡❣r❛❧ ✐s s♠❛❧❧ ❢♦r s > s♠❛①✳
■♥ ❙✉❜s❡❝t✐♦♥ ✽✳✷✳✹ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤✐s s❝❤❡♠❡ ✇✐t❤ ❛♥ ✐♠♣❧✐❝✐t ♣s❡✉❞♦✲t✐♠❡
❞✐s❝r❡t✐③❛t✐♦♥✳

❘❡♠❛r❦ ✽✳✶✳ ■t ✐s ✐♠♣♦rt❛♥t ❤❡r❡ t♦ ♥♦t❡ t❤❛t ❍▲▲ s❝❤❡♠❡s ❛r❡ t②♣✐❝❛❧❧② ♥♦t
❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❤②♣❡r❜♦❧✐❝ s②st❡♠s ✇✐t❤
s♦✉r❝❡ t❡r♠s ✐t ✇❛s s❤♦✇♥ ❬✶✸❪ t❤❛t ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❍▲▲ s❝❤❡♠❡ ♠❛❦❡s
✐t ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❛ ❢r❡❡ ♣❛r❛♠❡t❡r ✐s ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡
s♦✉r❝❡ t❡r♠✱ ✇❤✐❝❤ ✐s t❤❡♥ ✉s❡❞ t♦ ❝♦rr❡❝t t❤❡ ❡①♣❡❝t❡❞ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❛t
t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ t❤❛t ✇❡ ❛♣♣❧② ❤❡r❡ ✐s ♦❢ ❛ ❞✐✛❡r❡♥t ❦✐♥❞✳
❇② r❡❞✉❝✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✱ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✐s ♥♦t
❣✉❛r❛♥t❡❡❞ ❛♥②♠♦r❡✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❛❧s♦ ♥❡❡❞s t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳
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✽✳✷ ❆s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt②

❆ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ❝❛❧❧❡❞ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ✭❆P✮✱ ✐❢ ❢♦r ❡❛❝❤ ✜①❡❞
❞✐s❝r❡t✐③❛t✐♦♥ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② ❛
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❝t ❛♥❛❧②t✐❝ ❞✐✛✉s✐♦♥ ❧✐♠✐t ❛s ε t❡♥❞s t♦ 0✳ ■♥ ♦r❞❡r
t♦ s❤♦✇ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❛♣♣❧② ❛ ❍✐❧❜❡rt ❡①♣❛♥s✐♦♥ ❛r❣✉♠❡♥t✳ ❚❤✐s ✐s ❛
s②st❡♠❛t✐❝ ❢♦r♠❛❧ ♣r♦❝❡❞✉r❡ t♦ ✐❞❡♥t✐❢② ♦♥❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ r✐♥❣ ♦❢ ❢♦r♠❛❧
♣♦✇❡r s❡r✐❡s ✐♥ ε ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❲❡ ❞♦ ♥♦t ❣✐✈❡
❛ r✐❣♦r♦✉s ♣r♦♦❢ ❢♦r ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ε ❤❡r❡✳ ❲❤❡♥ str♦♥❣ ♥♦♥❧✐♥❡❛r✐t✐❡s
❛r❡ ❝♦♥❝❡r♥❡❞✱ ♠♦r❡ r✐❣♦r♦✉s ♣r♦♦❢s ❛r❡ ♦✉t ♦❢ r❡❛❝❤✳ ❚❤❡r❡❢♦r❡✱ ♠♦st r❡❧❛t❡❞
✇♦r❦s ✉s❡ ❛ s✐♠✐❧❛r ❢♦r♠❛❧ ❛♥s❛t③ ❬✺✶✱ ✶✽✱ ✶✶❪✳ ❘✐❣♦r♦✉s r❡s✉❧ts ❡①✐st ♦♥❧② ❢♦r
❧✐♥❡❛r ❬✺✹❪ ❛♥❞ q✉❛s✐✲❧✐♥❡❛r ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ❬✸❪✳

✽✳✷✳✶ ❆P ♣r♦♣❡rt② ♦❢ t❤❡ ♠♦♠❡♥t ♠♦❞❡❧s

❲❡ ✜rst s❤♦✇ t❤❛t ❜♦t❤ t❤❡ M1 ❛♥❞ t❤❡ ✜rst r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ PN ♠♦❞❡❧s
❤❛✈❡ t❤❡ r❡❧❡✈❛♥t ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✇❤❡♥ ε → 0✳ ❚♦ ❞♦ s♦✱ ✇❡ ♣❡r❢♦r♠ ❛ ❍✐❧❜❡rt
❡①♣❛♥s✐♦♥ ♦❢ E ❛♥❞ F ✿

E = E0 + εE1 + ε2E2 + . . . ,

F = F0 + εF1 + ε2F2 + . . .

❛♥❞ ✇❡ ❞❡✜♥❡

Πi(x) =

∫ ∞

0

p(s)Ei(s, x)ds.

■♥s❡rt✐♥❣ t❤❡s❡ ❡①♣❛♥s✐♦♥s ✐♥t♦ t❤❡ ❙②st❡♠ ✭✼✳✸✮ ❛♥❞ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♣♦✇❡rs ♦❢
ε✱ ✇❡ ❣❡t ✿

ε0 t❡r♠s✿ E0 = Π0 =

∫ ∞

0

p(s)E0(s, x)ds, F0 = 0.

❙✐♥❝❡ F0 ≡ 0✱ ✇❡ ♥♦t❡ t❤❛t F ✐s ♦❢ ♦r❞❡r ε ❛♥❞ s♦ ✐s f = F
E
✭❛ss✉♠✐♥❣ E 6= 0

❡✈❡r②✇❤❡r❡✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✐♥ t❤❡ M1 ❝❛s❡

χ(f) =
1

3
+

1

2
f 2 +

3

32
f 4 +❖(f 6)

♥❡❛r f = 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜♦t❤ ✐♥ t❤❡ P✶✲ ❛♥❞ t❤❡ ▼✶✲❝❛s❡✱

χ(F/E)E =
1

3
E +❖(ε). ✭✽✳✸✮

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥t✐♥✉❡ ❜②

ε1 t❡r♠s✿ E1 = Π1, F1 = −s

3
∂xΠ0.
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■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ t❤❡ ♥❡①t s❡t ♦❢ ❡q✉❛t✐♦♥s ②✐❡❧❞s✿

ε2 t❡r♠s✿ E2 =
s2

2

1

3
∂2
xΠ0,

− 1

3

〈s2〉
2

∂2
xΠ0 + κΠ0 = 〈s〉Q.

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✼✮ ✐❢ s❝❛tt❡r✐♥❣
✐s ✐s♦tr♦♣✐❝✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ♠❡❛♥ s❝❛tt❡r✐♥❣ ❝♦s✐♥❡ µ0 = 0✳

✽✳✷✳✷ ❆P ♣r♦♣❡rt② ♦❢ ❡①♣❧✐❝✐t s❝❤❡♠❡s

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ✇r✐t❡ t❤❡ s❝❤❡♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s✿

En+1
i = En

i − εµ(F n
i+1 − F n

i−1) + ε2µ(En
i+1 − 2En

i + En
i−1), ✭✽✳✹❛✮

F n+1
i = F n

i − εµ(P n
i+1 − P n

i−1) + ε2µ(F n
i+1 − 2F n

i + F n
i−1), ✭✽✳✹❜✮

E0
i = (1− κε2)

∞∑

n=0

ωnpnE
n
i + ε2〈s〉Qi, F 0

i = 0, ✭✽✳✹❝✮

✇❤❡r❡ µ = ∆s
2∆x

✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❡ ❛❞❞r❡ss ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❧✐♠✐t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳ ❆ss✉♠❡ t❤❡ q✉❛❞r❛t✉r❡ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

∞∑

n=0

ωnpn = 1. ✭✽✳✺✮

❚❤❡♥✱ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✽✳✹✮ ✐s ❛s②♠♣t♦t✐❝✲♣r❡s❡r✈✐♥❣✱ ✐✳❡✳ ✐t ❞❡❣❡♥❡r❛t❡s
✐♥t♦ ❛ s❝❤❡♠❡ ❝♦♥s✐st❡♥t ✇✐t❤ ✭✻✳✼✮ ✇❤❡♥ ε → 0✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧✐♠✐t s❝❤❡♠❡ ✐s s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐✲
t✐♦♥ ❤♦❧❞s✿ ∞∑

n=0

nωnpn = 0. ✭✽✳✻✮

Pr♦♦❢✳ ▼✐♠✐❝❦✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡✱ ✇❡ ♣❡r❢♦r♠ ❛ ❍✐❧❜❡rt ❡①♣❛♥s✐♦♥ ♦❢ En
i

❛♥❞ F n
i ✿

En
i = En

0,i + εEn
1,i + ε2En

2,i + . . . ,

F n
i = F n

0,i + εF n
1,i + ε2F n

2,i + . . . .

❲❡ ❛❧s♦ ❞❡✜♥❡ Πi :=
∞∑

n=0

ωnpnE
n
0,i✳ ◆♦✇✱ ♣❧✉❣❣✐♥❣ t❤❡s❡ ❡①♣❛♥s✐♦♥s ✐♥t♦ t❤❡

s❝❤❡♠❡ ✭✽✳✹✮ ❛♥❞ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♣♦✇❡rs ♦❢ ε✱ ✇❡ ❣❡t✿
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• ♦r❞❡r ✭ε0✮✿

En
0,i = Πi =

∞∑

n=0

ωnpnE
n
0,i,

F n
0,i = 0,

✇❤✐❝❤ ✐s ✈❛❧✐❞ ❛s s♦♦♥ ❛s t❤❡ q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts ωn s❛t✐s❢② ❆s✉♠♣t✐♦♥
✭✽✳✺✮✳

• ♦r❞❡r ✭ε1✮✿

F n+1
1,i = F n

1,i −
1

3
µ(Πi+1 − Πi−1) = −(n+ 1)

1

3
µ(Πi+1 − Πi−1), ✭✽✳✼✮

❜② s✉♠♠✐♥❣ ✉♣ ❜♦t❤ s✐t❡s ❢r♦♠ 0 t♦ n✳

• ♦r❞❡r ✭ε2✮✿

En+1
2,i = En

2,i − µ(F n
1,i+1 − F n

1,i−1) + µ(Πi+1 − 2Πi +Πi−1),

E0
2,i =

∞∑

n=0

ωnpnE
n
2,i − κΠi + 〈s〉Qi.

■♥s❡rt✐♥❣ ✭✽✳✼✮ ✐♥s✐❞❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r n✱ t❤❡♥ ✐♥s❡rt✐♥❣
t❤✐s ✐♥t♦ t❤❡ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❣✐✈❡s✿

− 1

3

∞∑

n=0

n(n− 1)

2
∆s2ωnpn

Πi+2 − 2Πi +Πi−2
4∆x2

−∆x

∞∑

n=0

∆snωnpn
Πi+1 − 2Πi +Πi−1

∆x2
+ κΠi = 〈s〉Qi,

✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✭✻✳✼✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛✲
t✐♦♥ ✉♥❞❡r t❤❡ ❈♦♥❞✐t✐♦♥ ✭✽✳✻✮✳

❘❡♠❛r❦ ✽✳✷✳ ◆♦t❡ t❤❛t p ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❛♥❞ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢
❈♦♥❞✐t✐♦♥ ✭✽✳✻✮ ✐s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ♠♦♠❡♥t ♦❢ p✳ ❈♦♥s❡q✉❡♥t❧②
t❤✐s r❡q✉✐r❡s t❤❛t ❛t ❧❡❛st s♦♠❡ ♦❢ t❤❡ ✇❡✐❣❤ts ωn ❛r❡ ♥❡❣❛t✐✈❡✱ ✇❤✐❝❤ ✐s ♥♦♥✲
st❛♥❞❛r❞ ❛♥❞ ✉s✉❛❧❧② ♥♦t ❞❡s✐r❛❜❧❡✳

❘❡♠❛r❦ ✽✳✸✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✽✳✸✮✱
t❤❡ ③❡r♦t❤ ♦r❞❡r t❡r♠ ♦❢ P (E,F ) ✐s 1

3
E ❜♦t❤ ✐♥ t❤❡ P1 ❛♥❞ ✐♥ t❤❡ M1✲ ❝❛s❡✳

❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ❝❧♦s✉r❡ ❛♥❞ t❤❡ t❤❡♦r❡♠
❤♦❧❞s ❢♦r t❤❡ P1 ❛♥❞ t❤❡ M1 ❝❛s❡✳

❘❡♠❛r❦ ✽✳✹✳ ❚②♣✐❝❛❧❧②✱ ❍▲▲ s❝❤❡♠❡s ❛r❡ ♥♦t ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✳ ❖♥❧②
t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ t❡r♠ ❜② ♠✉❧t✐♣❧②✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧
❢❛❝t♦r ε ②✐❡❧❞s t❤✐s ♣r♦♣❡rt② ✐♥ t❤✐s ❝❛s❡✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤✐s ❞❡r✐✈❛t✐♦♥
✇♦✉❧❞ ❜r❡❛❦ ♦t❤❡r✇✐s❡✳
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✽✳✷✳✸ ❆❞♠✐ss✐❜✐❧✐t②✱ r❡❛❧✐③❛❜✐❧✐t②✱ ❛♥❞ st❛❜✐❧✐t②

❚❤❡ M1 ❝❧♦s✉r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ✢✉① F/E ❛♥❞ ✐s ♥♦t ❞❡✜♥❡❞ ❡✈❡r②✲
✇❤❡r❡✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t χ ✐s ♦♥❧② ❞❡✜♥❡❞ ✐❢ F/E ≤ 4/3✳ ❚❤✐s ❝♦♥❞✐t✐♦♥
✐s ❝❛❧❧❡❞ ❛❞♠✐ss✐❜✐❧✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❛② t❤❛t F ❛♥❞ E ❛r❡ r❡❛❧✐③❛❜❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ t❤❡ ✜rst ❛♥❞ ③❡r♦t❤ ❛♥❣✉❧❛r ♠♦♠❡♥t ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣
❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❢✉❧❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❝♦♥❞✐t✐♦♥

0 ≤ |F | ≤ E, ♦r

∣
∣
∣
∣

F

E

∣
∣
∣
∣
< 1, ✭✽✳✽✮

❜♦t❤ ❢♦r t❤❡ M1 ❛♥❞ t❤❡ P1 ❝❛s❡✳ ❲❡ s❡❡ t❤❛t r❡❛❧✐③❛❜✐❧✐t② ✐♠♣❧✐❡s ❛❞♠✐ss✐❜✐❧✐t②
✐♥ t❤✐s ❝❛s❡✱ ❛♥❞ t❤❛t t❤❡ s❡t ♦❢ r❡❛❧✐③❛❜❧❡ st❛t❡s ✐s ❝♦♥✈❡①✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠ ♦♥ ❛❞♠✐ss✐❜✐❧✐t② ❛♥❞ r❡❛❧✐③❛❜✐❧✐t② ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❤♦❧❞s✳

❚❤❡♦r❡♠ ✽✳✷✳ ❚❤❡r❡ ✐s ∆s0 > 0 s✉❝❤ t❤❛t ✐❢ ∆s < ∆s0✱ t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ✭✽✳✹✮ ♣r❡s❡r✈❡s t❤❡ ❝♦♥✈❡① s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❛♥❞ r❡❛❧✐③❛❜❧❡ st❛t❡s Ω =
{(E,F ) | E > 0,

∣
∣F
E

∣
∣ < 1}✳

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ Un
i := (En

i , F
n
i )
⊤ ❛♥❞ G(Un

i ) := (εF n
i , εP

n
i )
⊤ s♦ t❤❛t ✇❡ ❝❛♥

✇r✐t❡ t❤❡ s❝❤❡♠❡ ✭✽✳✹✮ ✐♥ t❤❡ ✉s✉❛❧ ❝♦♠♣❛❝t ❢♦r♠✿

Un+1
i = Un

i − ∆s

∆x
(Fn

i+ 1
2

−Fn
i− 1

2

),

✇✐t❤ ♥✉♠❡r✐❝❛❧ ✢✉①

Fn
i+ 1

2

= F(Un
i , U

n
i+1) =

1

2
(G(Ui+1)−G(Un

i ))−
ε2

2
(Un

i+1 − Un
i ).

❚❤❡ s❝❤❡♠❡ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡r ✐♥ t❤❡
❢❛s❤✐♦♥ ♦❢ ❍❛rt❡♥✱ ▲❛① ❛♥❞ ❱❛♥ ▲❡❡r ✭s❡❡ ❙❡❝t✐♦♥ ✸ ✐♥ ❬✺✼❪ ❢♦r t❤❡ ❛❜str❛❝t
❢r❛♠❡✇♦r❦✮✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ ❝♦♥st❛♥t ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s s❡♣❛r❛t❡❞ ❜② ❛
st❛t✐♦♥❛r② ✇❛✈❡✳ ❙✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ M1 ♠♦❞❡❧ ♦❢
❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s❢❡r ✐♥ ❬✶✶❪✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ♦t❤❡r ✇❛✈❡ s♣❡❡❞s
❛r❡ r❡s♣❡❝t✐✈❡❧② −b ❛♥❞ b✱ ✇❤❡r❡ b ✐s t♦ ❜❡ ♠❛❞❡ ♣r❡❝✐s❡ ❧❛t❡r ♦♥✳ ❚❤❛t ♠❡❛♥s
❛t ❡❛❝❤ ❞✐s❝r❡t❡ ♣♦✐♥t ❛♥❞ ✐♥ ❡❛❝❤ ❞✐s❝r❡t❡ t✐♠❡ st❡♣ ✇❡ ❝♦♥s✐❞❡r ❛ ❘✐❡♠❛♥♥
♣r♦❜❧❡♠ ✇✐t❤ ❧❡❢t st❛t❡ UL ❛♥❞ r✐❣❤t st❛t❡ UR✳ ❚❤✉s U ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❛♣♣r♦①✐♠❛t❡ ❢♦r♠✿

U(s, x) =







UR ✐❢ x
s
> b,

U⋆
R ✐❢ 0 < x

s
< b,

U⋆
L ✐❢ − b < x

s
< 0,

UL ✐❢ x
s
< −b,

✇❤❡r❡ UL := (EL, FL)
⊤✱ UR := (ER, FR)

⊤✱ U⋆
L := (E⋆

L, F
⋆
L)
⊤ ❛♥❞ U⋆

R :=
(E⋆

R, F
⋆
R)
⊤✳ ❚❤✐s ✐s ❛❧s♦ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✶✳

❚❤❡ ❛♣♣r♦①✐♠❛t❡ st❛t❡s U⋆
L ❛♥❞ U⋆

R ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧
✢✉① ♦❢ s✉❝❤ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡r ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
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❅
❅

❅
❅

❅
❅

❅

�
�
�
�
�

�
�

UL UR

U⋆
L U⋆

R

−b b

❋✐❣✉r❡ ✽✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ t✇♦✲st❛t❡s ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡r✳

t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s ❛s ✐♥ ❬✺✼❪✿

F(UL, UR) = G(UR)−
∆x

2∆s
UR +

1

∆s

∫ ∆x
2

0

U(s, x) dx.

❯s✐♥❣ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ U(s, x)✱ ✇❡ ❤❛✈❡

F(UL, UR) = G(UR)−
∆x

2∆s
UR + b(U⋆

R − UR),

✇❤✐❝❤ ❧❡❛❞s t♦

U⋆
R = UR +

1

b
(F(UL, UR)−G(UR))

= UR +
1

2b

(

G(UL)−G(UR) + ε2(UL − UR)
)

. ✭✽✳✾✮

❆ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ②✐❡❧❞s

U⋆
L = UL +

1

2b

(

G(UR)−G(UL) + ε2(UL − UR)
)

.

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ✈❛❧✉❡s ♦❢ b ✇❤✐❝❤ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ E⋆
L ❛♥❞ E⋆

R✳ ❲❡
❤❛✈❡

E⋆
R = ER +

ε

2b
(FL − FR) +

ε2

2b
(EL − ER),

E⋆
L = EL +

ε

2b
(FR − FL) +

ε2

2b
(EL − ER),

t❤❡r❡❢♦r❡ E⋆
L > 0 ❛♥❞ E⋆

R > 0 ✐❢

b > b1 :=
ε

2
max

((FR − FL) + ε(ER − EL)

ER

,
(FL − FR) + ε(ER − EL)

EL

)

.

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛❧✉❡s ♦❢ b ✇❤✐❝❤ ❡♥s✉r❡ t❤❡ ✢✉① ❧✐♠✐t❛t✐♦♥ ✐✳❡✳ |F ⋆
L| < E⋆

L

❛♥❞ |F ⋆
R| < E⋆

R✳ ❲❡ ✇r✐t❡

F ⋆
R = FR +

ε

2b
(PL − PR) +

ε2

2b
(FL − FR),
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t❤❡♥ F ⋆
R < E⋆

R ❛♥❞ −F ⋆
R < E⋆

R ✐❢

b > b2 :=
ε

2
max

(

β2,1, β2,2

)

❤♦❧❞s✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞

β2,1 =
PL − PR − FL + FR + ε(FL − EL − FR + ER)

ER − FR

,

β2,2 =
−PL + PR − FL + FR + ε(−FL − EL + FR + ER)

ER + FR

,

❛♥❞ PL := P (EL, FL)✱ PR := P (ER, FR)✳ ❙✐♠✐❧❛r❧② ✇❡ ❤❛✈❡

F ⋆
L = FL +

ε

2b
(PR − PL) +

ε2

2b
(FL − FR),

❝♦♥s❡q✉❡♥t❧② F ⋆
L < E⋆

L ❛♥❞ −F ⋆
L < E⋆

L ❤♦❧❞s ✐❢

b > b3 :=
ε

2
max

(

β3,1, β3,2

)

,

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

β3,1 =
PR − PL − FL + FR + ε(FL − EL − FR + ER)

ER − FR

,

β3,2 =
−PR + PL − FL + FR + ε(−FL − EL + FR + ER)

ER + FR

.

❋✐♥❛❧❧②✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥str❛✐♥t ♦❢ ♥♦♥✲✐♥t❡r❛❝t✐♥❣ ✇❛✈❡s✿

∆s ≤ ∆x

2b
.

P✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ t❤r❡❡ ❢♦r♠❡r r❡q✉✐r❡♠❡♥ts ♦♥ b✱ ✇❡ ♦❜t❛✐♥✿

∆s ≤ ∆s0 :=
∆x

2max(b1, b2, b3)
. ✭✽✳✶✵✮

❘❡♠❛r❦ ✽✳✺✳ ❲❤❡♥ ε → 0✱ t❤❡ ❝♦♥st❛♥ts b1, b2 ❛♥❞ b3 ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦r♠❡r
♣r♦♦❢ t❡♥❞ t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ∆s0 → ∞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
❝♦♥❞✐t✐♦♥ ∆s ≤ ∆s0 ✐s ♥♦t r❡str✐❝t✐✈❡ ✇❤❡♥ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡ ✐s
L2✲st❛❜❧❡ ✉♥❞❡r ❛ ♠✐❧❞ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❧✐♥❡❛r P1 ❝❛s❡✳ ❚❤✐s ✐s st❛t❡❞ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
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▲❡♠♠❛ ✽✳✸✳ ■♥ t❤❡ ❧✐♥❡❛r ✭P✶✮ ❝❛s❡ ✐✳❡✳ ✇❤❡♥ P = 1
3
E✱ t❤❡ s❝❤❡♠❡ ✭✽✳✹✮ ✐s

L2✲st❛❜❧❡ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✿

∆s ≤ 2∆x

ε2 + 1
3
+
∣
∣1
3
− ε2

∣
∣
. ✭✽✳✶✶✮

Pr♦♦❢✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s U := F + E/
√
3 ❛♥❞ V := F −

E/
√
3 t♦ r❡✇r✐t❡ ✭✽✳✹❛✮✲✭✽✳✹❜✮ ❛s ❢♦❧❧♦✇s✿

Un+1
i = (1− 2ε2µ)Un

i − εµ√
3
(Un

i+1 − Un
i−1) + ε2µ(Un

i+1 − Un
i−1),

V n+1
i = (1− 2ε2µ)V n

i +
εµ√
3
(V n

i+1 − V n
i−1) + ε2µ(V n

i+1 − V n
i−1).

◆♦✇✱ ✇❡ ♣❡r❢♦r♠ ❛ ❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ s♣❛❝❡ ✭Û ❛♥❞ V̂ r❡s♣❡❝t✐✈❡❧②
r❡♣r❡s❡♥t t❤❡ ❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ U ❛♥❞ V ✮ ❜② s❡tt✐♥❣

Ûn+1 = A(ξ)Ûn, V̂ n+1 = A(ξ)V̂ n,

✇✐t❤

A(ξ) = (1− 2ε2µ+ 2ε2µ cos(∆xξ))− 2iεµ√
3

sin(∆xξ)).

❚❤❡r❡❢♦r❡✱ t❤❡ s❝❤❡♠❡ ✐s L2✲st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ ξ ∈ R ✇❡ ❤❛✈❡ |A(ξ)| ≤
1✳ ❙✐♥❝❡

|A(ξ)|2− 1 = 4ε2µ(1− cos(∆xξ))
(

ε2
(
1− cos(∆xξ)

)
− 1+

1

3
µ
(
1+ cos(∆xξ)

))

,

t❤❡ s❝❤❡♠❡ ✐s st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❧❛st t❡r♠ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛♥② ξ ∈ R✳ ❍❡♥❝❡
✐t ✐s st❛❜❧❡ ♣r♦✈✐❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❋▲ ❝♦♥❞✐t✐♦♥

µ ≤ 1

ε2 + 1
3
+
∣
∣1
3
− ε2

∣
∣
,

❤♦❧❞s✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✽✳✶✶✮✳

❊✈❡♥ t❤♦✉❣❤ t❤❡ r❡str✐❝t✐♦♥s ♦♥ ∆s ✐♠♣♦s❡❞ ❜② t❤❡ ❢♦r♠❡r t❤❡♦r❡♠s ❛r❡ ♥♦t
❡①tr❡♠❡✱ ♦✉r ♣r♦❜❧❡♠ r❡q✉✐r❡s t♦ ✐t❡r❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥s ✉♣ t♦ t❤❡ ❧✐♠✐t s → ∞✳ ❍❡♥❝❡✱ ✐t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ ❛♥
✐♠♣❧✐❝✐t s❝❤❡♠❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r ✷❉ ❛♥❞ ✸❉ s✐♠✉❧❛t✐♦♥s✳
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✽✳✷✳✹ ❆P ♣r♦♣❡rt② ♦❢ ✐♠♣❧✐❝✐t s❝❤❡♠❡s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❧✐❝✐t ✈❡rs✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ✭✽✳✷✮✿

En+1
i = En

i − εµ(F n+1
i+1 − F n+1

i−1 ) + ε2µ(En+1
i+1 − 2En+1

i + En+1
i−1 ), ✭✽✳✶✷❛✮

F n+1
i = F n

i − εµ(P n+1
i+1 − P n+1

i−1 ) + ε2µ(F n+1
i+1 − 2F n+1

i + F n+1
i−1 ), ✭✽✳✶✷❜✮

E0
i = (1− κε2)

∞∑

n=0

ωnpnE
n
i + ε2〈s〉Qi, F 0

i = 0, ✭✽✳✶✷❝✮

✇❤❡r❡ µ = ∆s
2∆x

❛♥❞ P n
i = χ(En

i , F
n
i )E

n
i ✳ ❙✐♠✐❧❛r t♦ t❤❡ ❡①♣❧✐❝✐t ❝❛s❡✱ t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✽✳✹✳ ❆ss✉♠❡ t❤❡ q✉❛❞r❛t✉r❡ s❛t✐s✜❡s t❤❡ ❈♦♥❞✐t✐♦♥ ✭✽✳✺✮✱ t❤❡♥
t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✽✳✶✷✮ ✐s ❛s②♠♣t♦t✐❝✲♣r❡s❡r✈✐♥❣ ✐✳❡✳ ✐t ❞❡❣❡♥❡r❛t❡s ✐♥t♦
❛ s❝❤❡♠❡ ❝♦♥s✐st❡♥t ✇✐t❤ ✭✻✳✼✮ ✇❤❡♥ ε → 0✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧✐♠✐t s❝❤❡♠❡ ✐s s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡ ✐❢ t❤❡ ❈♦♥❞✐t✐♦♥ ✭✽✳✻✮
❤♦❧❞s✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❡①♣❧✐❝✐t ❝❛s❡✳ ❲❡ ♣❡r❢♦r♠ ❛♥ ❡①♣❛♥s✐♦♥
♦❢ En

i ❛♥❞ F n
i ❜②

En
i = En

0,i + εEn
1,i + ε2En

2,i + . . . ,

F n
i = F n

0,i + εF n
1,i + ε2F n

2,i + . . . .

❲❡ ❛❧s♦ ❞❡✜♥❡ Πi :=
∑

n

ωnpnE
n
0,i✳ ◆♦✇✱ ♣❧✉❣❣✐♥❣ t❤❡s❡ ❡①♣❛♥s✐♦♥s ✐♥t♦ t❤❡

s❝❤❡♠❡ ✭✽✳✶✷✮ ❛♥❞ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♣♦✇❡rs ♦❢ ε✱ ✇❡ ❣❡t✱ ❢♦r t❤❡ ❞✐✛❡r❡♥t ♦r❞❡rs
♦❢ ε✿

• ♦r❞❡r ✭ε0✮✿

En
0,i = Πi =

∞∑

n=0

ωnpnE
n
0,i,

F n
0,i = 0.

✇❤✐❝❤ ✐s ✈❛❧✐❞ ❛s s♦♦♥ ❛s t❤❡ q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts ωn s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥
✭✽✳✺✮✳

• ♦r❞❡r ✭ε1✮✿

F n+1
1,i = F n

1,i −
1

3
µ(Πi+1 − Πi−1) = −(n+ 1)

1

3
µ(Πi+1 − Πi−1), ✭✽✳✶✸✮

❛❣❛✐♥ ❜② s✉♠♠❛t✐♦♥ ✉♣ t♦ n✳
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• ♦r❞❡r ✭ε2✮✿

En+1
2,i = En

2,i − µ(F n+1
1,i+1 − F n+1

1,i−1) + µ(Πi+1 − 2Πi +Πi−1),

E0
2,i =

∞∑

n=0

ωnpnE
n
2,i − κΠi + 〈s〉Qi.

■♥s❡rt✐♥❣ ✭✽✳✶✸✮ ✐♥s✐❞❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r n✱ t❤❡♥ ✐♥s❡rt✐♥❣
✐♥t♦ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❣✐✈❡s✿

− 1

3

∞∑

n=0

n(n+ 1)

2
∆s2ωnpn

Πi+2 − 2Πi +Πi−2
4∆x2

−∆x

∞∑

n=0

nωnpn∆s
Πi+1 − 2Πi +Πi−1

∆x2
+ κΠi = 〈s〉Qi,

✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✭✻✳✼✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✐s ♦♥❝❡ ❛❣❛✐♥ ❛ s❡❝♦♥❞ ♦r❞❡r
❛♣♣r♦①✐♠❛t✐♦♥ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✽✳✻✮✳

❘❡♠❛r❦ ✽✳✻✳ ❈♦♠♣❛r✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ✐♠♣❧✐❝✐t ❛♥❞ ❡①♣❧✐❝✐t s❝❤❡♠❡
✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t 〈s2〉/2
❛r❡ ❣✐✈❡♥ ❜②

∞∑

n=0

n(n+ 1)

2
∆s2ωnpn ❛♥❞

∞∑

n=0

n(n− 1)

2
∆s2ωnpn,

r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ❞✐s❝r❡t✐③❛t✐♦♥s ②✐❡❧❞ ❛♥ ❡rr♦r ♦❢ ♦r❞❡r ∆s✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❡❧✐♠✐♥❛t❡❞ ✉s✐♥❣ ❛ ❈r❛♥❦✲◆✐❝❤♦❧s♦♥ s❝❤❡♠❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ s✐❣♥✳
❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r t❡r♠ ♦❢ ♦r❞❡r ∆x ✐s ♥♦t ❡❧✐♠✐♥❛t❡❞ ✐♥ t❤✐s ✇❛②✳
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❲❡ ♣r❡s❡♥t❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛s ❛ s✐♥❣❧❡ ❧✐♥❡❛r
s②st❡♠

AΨ = q

t❤❛t ❤❛s t♦ ❜❡ s♦❧✈❡❞ ❛t ♦♥❝❡✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ s✐③❡ ♦❢ A ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✱
s✐♥❝❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ❜♦t❤ t❤❡ ♣s❡✉❞♦✲t✐♠❡ ✈❛r✐❛❜❧❡ s ❛♥❞ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡
x ❛r❡ ♥♦t ❜♦✉♥❞❡❞ ✭❛t ❧❡❛st t❤❡♦r❡t✐❝❛❧❧②✮✳ ❚❤❛t ♠❡❛♥s t❤❛t ❛ ❞✐r❡❝t s♦❧✉t✐♦♥
❝❛♥ ❜❡❝♦♠❡ ❛r❜✐tr❛r✐❧② ✐♥❡✣❝✐❡♥t ♦♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ s❤❡❡r ❛♠♦✉♥t ♦❢ ♠❡♠♦r②
✉s❡❞✳
❚❤❡r❡❢♦r❡✱ ✇❡ s♦❧✈❡ t❤❡ s②st❡♠ ✐t❡r❛t✐✈❡❧②✳ ■t t✉r♥s ♦✉t t❤❛t ❛ s✐♠♣❧❡ s♦✉r❝❡
✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s ❛r❜✐tr❛r✐❧② s❧♦✇ ✐❢ t❤❡ s②st❡♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② s❝❛t✲
t❡r✐♥❣✱ t❤❛t ♠❡❛♥s ✐❢ t❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t c ≈ 1✳ ❆ s✉✐t❡❞ ✐♥✐t✐❛❧✐③❛t✐♦♥
str❛t❡❣② ❝❛♥ ❞❡❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s s✐❣♥✐✜❝❛♥t❧②✱ ❜✉t ❛ ♠♦r❡ s♦♣❤✐s✲
t✐❝❛t❡❞ ♠❡t❤♦❞ t❤❛t r❡❧✐❡s ♦♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧ ✐♥ ❡✈❡r② st❡♣
❝❛♥ ❛❧s♦ ❞❡❝r❡❛s❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢ t❤❡ ✐t❡r❛t✐♦♥✳
❲❡ ✜rst ♣r❡s❡♥t t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✐♥✐t✐❛❧✐③❛t✐♦♥ str❛t❡❣✐❡s✱ t❤❡♥
✐♥tr♦❞✉❝❡ t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞ ❛s ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥
♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✳ ❆ ✈♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ❢♦r t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥
❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ♠♦♠❡♥t ♠♦❞❡❧s s❤♦✇s✱ t❤❛t s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❝♦♥✈❡r❣❡s s❧♦✇❧②
✐❢ c ≈ 1✱ ❛♥❞ t❤❛t t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ ❜② t❤❡ ✉s❡ ♦❢
t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳

✾✳✶ ❙♦✉r❝❡ ✐t❡r❛t✐♦♥

❚❤❡ ♠♦st s✐♠♣❧❡ ✐t❡r❛t✐✈❡ t❡❝❤♥✐q✉❡ ❢♦r tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✐s t❤❡ s♦✲❝❛❧❧❡❞
s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤✐s ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞
❜❡st ♦♥ ❛♥ ❛❜str❛❝t ♦♣❡r❛t♦r ❧❡✈❡❧✳ ❍❡♥❝❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r s♦❧✉t✐♦♥ ♦♣❡r❛t♦r

LΨ0 = Ψ(s, x, µ; Ψ0),

t❤❛t ♠❛♣s t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥ Ψ0 t♦ t❤❡ s♦❧✉t✐♦♥ Ψ✱ t❤❛t ♠❡❛♥s Ψ ✐s t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❈❛✉❝❤② ♣r♦❜❧❡♠

∂sΨ(s, x, µ) + εµ∂xΨ(s, x, µ) = 0, Ψ(0, x, µ) = Ψ0(x, µ). ✭✾✳✶✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r

SΨ = c

∞∫

0

∫ 1

−1
σ(µ, µ′)p(s)Ψ(s, x, µ) dµ′ ds. ✭✾✳✷✮

✽✶



✽✷ ❈❍❆P❚❊❘ ✾✳ ■❚❊❘❆❚■❱❊ ▼❊❚❍❖❉❙

✇✐t❤ c = 1 − κε2✳ ❙❡tt✐♥❣ q := Q(x, µ)✱ ❛ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮ s❛t✐s✜❡s
t❤❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥

Ψ = L(SΨ+ q).

❚❤❡♥ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ❝❤♦♦s❡ ✐♥✐t✐❛❧ ❞❛t❛ Ψ(0)✱
❛♥❞ ✐♥ ❡✈❡r② st❡♣ s♦❧✈❡

Ψ(n+1) = L(SΨ(n) + q). ✭✾✳✸✮

❚❤✐s ♠❡t❤♦❞ ✐s ✈❡r② s✐♠♣❧❡ ❛♥❞ ❝❧♦s❡ t♦ t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳ ■❢ ✇❡
✐♥✐t✐❛❧✐③❡ ❜② Ψ(0) ≡ 0✱ t❤❡ ✐t❡r❛t❡ Ψ(n) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣❛rt✐❝❧❡s
✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ s❝❛tt❡r❡❞ ❛t ♠♦st n t✐♠❡s✳ ❇✉t ❛s ✇❡ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
t❤✐s ♠❡t❤♦❞ ❤❛s ❛ s❡✈❡r❡ ❞r❛✇❜❛❝❦✿ ✐t ❝♦♥✈❡r❣❡s ✈❡r② s❧♦✇❧②✱ ♥❛♠❡❧② ✇✐t❤ ❛
❝♦♥tr❛❝t✐♦♥ r❛t❡ c ≈ 1 ✐❢ t❤❡ s②st❡♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② s❝❛tt❡r✐♥❣✳

■♥✐t✐❛❧✐③❛t✐♦♥ str❛t❡❣✐❡s

❚❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❆❧❣♦r✐t❤♠ ✭✾✳✸✮ r❡q✉✐r❡s ❛ s✉✐t❛❜❧❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t♦ ♦✈❡r✲
❝♦♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡✳ ❖♥❡ ✇❛② t♦ ❝❤♦♦s❡ ✐t ✐s t♦ r❡♠❛r❦ t❤❛t
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ P1 ❝❧♦s✉r❡✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✳ ❆ss✉♠✐♥❣ t❤❛t (E,F ) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P1 ♠♦❞❡❧✱ ✇❡ ❞❡✜♥❡

Π(x) =

∫ ∞

0

p(s)E(s, x)ds,

❛♥❞ ❢♦r♠❛❧❧② ❝❛❧❝✉❧❛t❡ ✐ts ✜rst ❞❡r✐✈❛t✐✈❡ ❛s

Π′(x) =

∫ ∞

0

p(s)∂xE(s, x)ds = −3

ε

∫ ∞

0

p(s)∂sF (s, x)ds

= −3

ε

[

∂sp(0)E(0, x)
]∞

0
+

3

ε

∫ ∞

0

∂sp(s)F (s, x)ds

=
3

ε

∫ ∞

0

∂sp(s)F (s, x)ds.

❚❤❡♥ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ Π ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

Π′′(x) =
3

ε

∫ ∞

0

∂sp(s)∂xF (s, x)ds = − 3

ε2

∫ ∞

0

∂sp(s)∂sE(s, x)ds

= −3∂sp(0)〈s〉Q(x) + 3κ∂sp(0)Π(x)

+

(

− 3

ε2
∂sp(0)Π(x) +

3

ε2

∫ ∞

0

∂2
sp(s)E(s, x)ds

)

︸ ︷︷ ︸

(∗)

,

❛♥❞✱ ✐❢ Σt(s) ≡ Σt ✐s ❝♦♥st❛♥t✱ t❤❡ ❧❛st t❡r♠ ❜❡❝♦♠❡s 0 ❛♥❞ t❤✐s ❡q✉❛t✐♦♥ r❡❛❞s

Π′′(x) = 3κΣ2
tΠ(x)− 3Σ2

t 〈s〉Q(x). ✭✾✳✹✮
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❙✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ 〈s〉 = 1/Σt ❛♥❞ 〈s2〉 = 2/Σ2
t ✱ ❊q✉❛t✐♦♥ ✭✾✳✹✮ ❡q✉❛❧s t❤❡

❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✻✳✼✮ ❢♦r µ0 = 0✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❖❉❊ ✐s ✉s❡❞ ❛s
❛♥ ✐♥✐t✐❛❧ ❣✉❡ss ✐♥ t❤❡ ❆❧❣♦r✐t❤♠ ✭✾✳✸✮✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
♦❢ t❤❡ s②st❡♠✱ ❡✈❡♥ t❤♦✉❣❤ ✐t ✐s ♥♦t ✈❛❧✐❞ ❛♥②♠♦r❡ ✇❤❡♥ t❤❡ M1 ♠♦❞❡❧ ✐s
s❡❧❡❝t❡❞✳
❋♦r ♥♦♥❝♦♥st❛♥t Σt(s) t❤❡ t❡r♠s (∗) ❞♦ ♥♦t ❞✐s❛♣♣❡❛r✱ ❜✉t ✇❡ ❝❛♥ ♥❡❣❧❡❝t t❤❡♠
❛♥❞ t❛❦❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢

Π′′(x) = −3κ∂sp(0)Π(x) + 3∂sp(0)〈s〉Q(x)

❛s ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r
∫∞
0

p(s)E(s, x)ds ✐♥ t❤❡ ✐t❡r❛t✐♦♥ ♦❢ ✭✾✳✸✮✳

❘❡♠❛r❦ ✾✳✶✳ ❚❤✐s ❢♦r♠❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s ✉s ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤t ✐♥t♦
t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳
■t ✐s ❦♥♦✇♥ t❤❛t ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✱ t❤❡ P1 ♠♦❞❡❧ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛t ❧❡❛st ❢♦r ❤♦♠♦❣❡♥❡♦✉s t♦t❛❧ ❝r♦ss
s❡❝t✐♦♥s✳ ❲❡ r❡❝♦✈❡r t❤✐s ❢❛❝t ❢♦r Σt(s) ≡ Σt ❝♦♥st❛♥t✱ t❤❛t ♠❡❛♥s ✐♥ t❤❡ ❝❛s❡
t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐❢
Σt(s) ✐s ♥♦t ❝♦♥st❛♥t✳ ❲❡ ❛❧s♦ s❡❡ t❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r Π′′(x)✿
t❤❡ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧ ❢♦r♠ ♦❢ p ♣r♦❞✉❝❡s ❝♦♥st❛♥ts s✉❝❤ t❤❛t t❤❡ t❡r♠s (∗) ❞♦
♥♦t ❝❛♥❝❡❧ ♦✉t ❛♥② ♠♦r❡✳

✾✳✷ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥

❙✐♥❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ♣r❡s❡♥t❡❞ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ✭❙■✮ ✐s ✈❡r② s❧♦✇
❜❡❝❛✉s❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s c ≈ 1 ❢♦r s❝❛tt❡r✐♥❣ ❞♦♠✐♥❛t❡❞ s②st❡♠s✱ ✇❡
❤❛✈❡ t♦ ❡♠♣❧♦② ❛ s✉✐t❛❜❧❡ ❛❝❝❡❧❡r❛t✐♦♥ t❡❝❤♥✐q✉❡✳ ■♥ ❝❧❛ss✐❝❛❧ r❛❞✐❛t✐✈❡ tr❛♥s✲
❢❡r t❤❡ s♦✲❝❛❧❧❡❞ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ✭❉❙❆✮ ✐s ✇✐❞❡❧② ✉s❡❞ ✭s❡❡
❬✶❪ ❢♦r ❛♥ ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇✮✳ ❲❡ ❡①t❡♥❞ t❤✐s ♠❡t❤♦❞ t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧✱
✑♣s❡✉❞♦✲t✐♠❡✑✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠✳
❲❡ ❢♦❧❧♦✇ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ✐♥ ❬✶❪✳ ▲❡t L ❜❡ ❛❣❛✐♥ t❤❡ ❧✐♥❡❛r s♦❧✉t✐♦♥ ♦♣❡r❛✲
t♦r ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✾✳✶✮ ❛♥❞ S t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✭✾✳✷✮✳ ❉✐✛✉s✐♦♥
❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ✐s ❛ t✇♦✲st❡♣✲♣r♦❝❡❞✉r❡✿ ✜rst ✇❡ ♠❛❦❡ ♦♥❡ s♦✉r❝❡ ✐t❡r✲
❛t✐♦♥ st❡♣✱ t❤❡♥ ❝❛❧❝✉❧❛t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧ ✉s✐♥❣ t❤❡ ❞✐✛✉s✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❝♦rr❡❝t t❤❡ ❝✉rr❡♥t ✐t❡r❛t❡✳ ❚❤❡ r❡s✐❞✉❛❧ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥
st❡♣ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ st❡♣ ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✿

Ψ(n+ 1
2
) = L(SΨ(n) + q), ✭♦♥❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥✮

Ψ = L(SΨ+ q), ✭❡①❛❝t s♦❧✉t✐♦♥✮

∆Ψ = Ψ−Ψ(n+ 1
2
) = L(SΨ− SΨ(n)), ✭r❡s✐❞✉❛❧✮

❛♥❞ ✇❡ ❝♦rr❡❝t t❤❡ ✐t❡r❛t✐♦♥ ❜②

Ψ(n+1) = Ψ(n+ 1
2
) +∆Ψ.
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❚❤❡ r❡s✐❞✉❛❧ s❛t✐s✜❡s

∆Ψ = Ψ−Ψ(n+ 1
2
) = L(SΨ− SΨ(n))

= L(SΨ± SΨ(n+ 1
2
) − SΨ(n))

= L(S∆Ψ) + L(S(Ψ(n+ 1
2
) −Ψ(n))

︸ ︷︷ ︸

=:q̄

).

❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∆Ψ− L(S∆Ψ) = Lq̄,

✇❤✐❝❤ ✐s ❊q✉❛t✐♦♥ ✭✻✳✾✮ ❢♦r ∆Ψ ✇✐t❤ s♦✉r❝❡ t❡r♠ q̄✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣r♦①✲
✐♠❛t❡ t❤❡ r❡s✐❞✉❛❧ ∆Ψ ✉s✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥

−1

3

(〈s2〉
2

+
µ̄0

1− µ̄0

)

∇2
x (∆Ψ(x)) + κ∆Ψ(x) = 〈s〉q̄(x). ✭✾✳✺✮

❲❡ ♦♥❧② ♥❡❡❞ t❤❡ s✲✐♥t❡❣r❛❧ ♦❢ p(s)∆Ψ✱ s♦ ✇❡ ✉♣❞❛t❡ ❜②

∞∫

0

p(s)Ψ(n+1)(s, x) ds =

∞∫

0

p(s)Ψ(n+ 1
2
)(s, x) ds+

∞∫

0

p(s)∆Ψ(x) ds

❢♦r t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✐♥ t❤❡ ♥❡①t st❡♣✳

❚♦ s✉♠ ✉♣✱ t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥ r❡❛❞s✿

❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥

✭✵✮ ❈❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ s❡tt✐♥❣ ❢♦r Ψ(0) ✭♦r ♦♥❧② SΨ(0)✮✳

❚❤❡♥ ✐♥ ❡✈❡r② st❡♣✿

✭✶✮ ▼❛❦❡ ♦♥❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥✿ Ψ(n+ 1
2
) = L(SΨ(n) + q)✳

✭✷✮ ❉✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ r❡s✐❞✉❛❧ ∆Ψ(n+ 1
2
) = Ψ−Ψ(n+ 1

2
)✳

✭✸✮ ❈❛❧❝✉❧❛t❡ ♥❡✇ ✐♥✐t✐❛❧ ✈❛❧✉❡✿ SΨ(n+1) = SΨ(n+ 1
2
) + S∆Ψn+ 1

2 ✳

❉❙❆ ✐s ❛ ♣r❡❝♦♥❞✐t✐♦♥❡r

❋♦r t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐t ✐s ❦♥♦✇♥ t❤❛t ❉❙❆ ✐s ❡q✉✐✈❛❧❡♥t t♦
❛ ♣r❡❝♦♥❞✐t✐♦♥❡❞ ❘✐❝❤❛r❞s♦♥ ✐t❡r❛t✐♦♥ ❬✶❪✳ ❲❡ s❤♦✇ t❤❛t t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r
t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥✳ ❯s✐♥❣ t❤❡ ♦♣❡r❛t♦r ♥♦t❛t✐♦♥ ❢r♦♠ ❛❜♦✈❡✱ t❤❡ ♥♦♥✲
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❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

(I − LS)Ψ = Lq,

❤❡♥❝❡✱ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❘✐❝❤❛r❞s♦♥ ✐t❡r❛✲
t✐♦♥✿

Ψ(n+1) = L(SΨ(n) + q) = Ψ(n) − ((I − LS)Ψ(n) − Lq).

❆ss✉♠✐♥❣ t❤❛t ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ r❡s✐❞✉❛❧ ❡①❛❝t❧②✱ ✇❡ ❝❛♥ ✇r✐t❡ ♦♥❡ st❡♣ ♦❢
❉❙❆ ❞✐r❡❝t❧② ❛s

Ψ(n+1) = Ψ(n) − ((I − LS)Ψ(n) − Lq) + (I − LS)−1L(S(L(SΨ(n) + q)−Ψ(n))).

❯s✐♥❣ ♦♥❧② t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ r❡s✐❞✉❛❧ ♠❡❛♥s t❤❛t ✇❡ ✉s❡ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♦♣❡r❛t♦r

M ≈ (I − LS)−1,

✇❤❡r❡ M ✐s t❤❡ s♦❧✉t✐♦♥ ♦♣❡r❛t♦r ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ✭✾✳✺✮✱ t❤❛t
♠❛♣s ❛ ❣✐✈❡♥ s♦✉r❝❡ t❡r♠ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡
❉❙❆ ❛s

Ψ(n+1) = Ψ(n) −
(
(I − LS)Ψ(n) − Lq

)
+MLS

(
L(SΨ(n) + q)−Ψ(n))

)

= Ψ(n) −
(
(I − LS)Ψ(n) − Lq −MLSLSΨ(n) −MLSLq +MLSΨ(n)

)

= Ψ(n) −
(
(I − LS −MLSLS +MLS)Ψ(n) − (L+MLSL)q

)

= Ψ(n) − (I +MLS)
(
(I − LS)Ψ(n) − Lq

)
.

❚❤✐s ❤❛s ♥♦✇ t❤❡ ❢♦r♠ ♦❢ ❛ ♣r❡❝♦♥❞✐t✐♦♥❡❞ ❘✐❝❤❛r❞s♦♥ ✐t❡r❛t✐♦♥ ✇✐t❤ ♣r❡❝♦♥❞✐✲
t✐♦♥❡r P−1 = I+MLS✳ ◆♦t❡ t❤❛t t❤❡ ♦♣❡r❛t♦r M ❛❝ts ♦♥ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡ t❤❛♥ (I − LS)−1✳ ❍❡♥❝❡✱ t❤❡ ♦♣❡r❛t♦r S ♥❡❡❞s t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ❜♦t❤
s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✉♣❞❛t❡ SΨ(n+1)✳

✾✳✸ ❱♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ✐s ❞❡t❡r✲
♠✐♥❡❞ ❜② t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦♥ c✱ ❛♥❞ t❤❛t ❉❙❆ ✐♥ ❢❛❝t ✐♠♣r♦✈❡s t❤❡ s♣❡❡❞ ♦❢
❝♦♥✈❡r❣❡♥❝❡ ❜② s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s✐♥❣ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ❝❛s❡s ✇❤❡r❡ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ≈ 1✳ ❯s✐♥❣ t❤❡ s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ ✭✻✳✹✮✱ ✇❡
s❡t ε = 1 ❛♥❞ ✇❡ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ s❧❛❜ ❣❡♦♠❡tr②
❛♥❞ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳ ❚❤❡♥ ♦♥❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ st❡♣ r❡❛❞s

∂sΨ
(l+ 1

2
) + µ∂xΨ

(l+ 1
2
) = 0,

Ψ(l+ 1
2
)(x, µ, 0) = c

∞∫

0

1∫

−1

1

2
p(s)Ψ(l)(x, µ, s) dµ ds+ 〈s〉Q(x),
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❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤✐s ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

−1

3

〈s2〉
2〈s〉∇

2
xΦ(x) +

1− c

〈s〉 Φ(x) = Q(x). ✭✾✳✻✮

◆♦✇ t❤❡ ❡rr♦r ✐♥ ❡✈❡r② st❡♣ ✐s f := Ψ−Ψ(l+ 1
2
) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥

∂sf
(l+ 1

2
)(s, x, µ) + µ∂xf

(l+ 1
2
)(s, x, µ) = 0,

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

f (l+ 1
2
)(0, x, µ) = c

∞∫

0

1∫

−1

1

2
p(s)(Ψ−Ψ(l)(x, µ, s)) dµ ds

= c

∞∫

0

1∫

−1

1

2
p(s)f (l+ 1

2
)(x, µ, s) dµ ds

+ c

∞∫

0

1∫

−1

1

2
p(s)(Ψ(l+ 1

2
) −Ψ(l))(x, µ, s) dµ ds.

❋♦r t❤❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ✇❡ ❞❡✜♥❡ t❤❡ q✉❛♥t✐t✐❡s φ(l) ❛s

φ(l) :=

∞∫

0

1∫

−1

1

2
p(s)f (l)(x, µ, s) dµ ds,

❛♥❞ F (l+ 1
2
) ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢

−1

3

〈s2〉
2〈s〉∇

2
xF

(l+ 1
2
)(x) +

1− c

〈s〉 F (l+ 1
2
)(x) =

c

〈s〉
(

φ(l+ 1
2
) − φ(l)

)

.

❲❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❋♦✉r✐❡r ❛♥s❛t③✱ ✇❤❡r❡ ω(λ) ✐s t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢
t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s♣❡❝✐✜❝ ❋♦✉r✐❡r ♠♦❞❡ λ✿

φ(l)(x) = ωl(λ)❡iλx, φ(l+ 1
2
)(x) = ωl(λ)β(λ)❡iλx,

f (l+ 1
2
)(x, µ, s) = ωl(λ)α(λ, µ, s)❡iλx, F (l+ 1

2
)(x) = ωl(λ)γ(λ)❡iλx.

❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡rr♦r✱ ✇❤✐❝❤ ✐s t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ s♦✉r❝❡
t❡r♠ Q ≡ 0✱ r❡❛❞s

ωl(λ)∂sα(λ, µ, s)❡
iλx + µ∂xω

l(λ)α(λ, µ, s)❡iλx = 0,

ωl(λ)❡iλxα(λ, µ, 0) = cωl(λ)❡iλx,
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❛♥❞ t❤✐s r❡❞✉❝❡s t♦

∂sα(λ, µ, s) = −iλµxα(λ, µ, s), α(λ, µ, 0) = c,

❤❡♥❝❡✱ α(λ, µ, s) = c❡−iλµs✳ ❙♦ ✇❡ ❝❛❧❝✉❧❛t❡ ✐♥ ❛ ♥❡①t st❡♣

φ(l+ 1
2
) = ωl(λ)β(λ)❡iλx =

∞∫

0

1∫

−1

1

2
p(s)ωl(λ)α(λ, µ, s)❡iλx dµ ds,

❤❡♥❝❡

β(λ) =

∞∫

0

1∫

−1

1

2
p(s)α(λ, µ, s) dµ ds.

■❢ Σt(s) ≡ Σt✱ t❤❡♥ ✇❡ ❤❛✈❡ p(s) = Σt exp(−sΣt)✱ ❛♥❞ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ β(λ)
❛s

β(λ) =

∞∫

0

1∫

−1

1

2
p(s)α(λ, µ, s) dµ ds =

∞∫

0

1∫

−1

1

2
Σt exp(−sΣt)c❡

−iλµs dµ ds

=
c

2
Σt

∞∫

0

1∫

−1

exp(−sΣt)(cos(λµs)− i sin(λµs)) dµ ds

=
c

2
Σt

1∫

−1

(
Σt

Σ2
t + (λµ)2

− iλµ

Σ2
t + (λµ)2

)

dµ

=
c

2

1∫

−1

Σ2
t

Σ2
t + (λµ)2

dµ =
c

2

[(
Σt

λ

)2
λ

Σt

arctan

(

µ
Σt

λ

)]µ=1

µ=−1

=
c

2

Σt

λ

[

arctan

(
λ

Σt

)

− arctan

(

− λ

Σt

)]

= c
Σt

λ
arctan

(
λ

Σt

)

.

❚❤✐s ✐s t❤❡ s❛♠❡ r❡s✉❧t ❛s ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❬✶❪✳
❚❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t β(λ) ≈ c ❢♦r s♠❛❧❧ λ ❛♥❞ t❤❛t ✐t t❡♥❞s t♦ 0 ❛s λ ❜❡❝♦♠❡s
❧❛r❣❡✳
❋♦r ❛♥ ❛r❜✐tr❛r② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ✇❡ ♦❜t❛✐♥

β(λ) = c

∞∫

0

1∫

−1

1

2

(α− 1)

(s+ 1)α
exp(−iµλs) dµ ds = c

∞∫

0

(α− 1) sin(λs)

λs(s+ 1)α
ds.
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❚❤✐s ✐♥t❡❣r❛❧ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ✐♥ ❛ ❝❧♦s❡❞ ❢♦r♠✱ ❜✉t ✇❡ s❡❡ t❤❛t
∣
∣
∣
∣

sin(λs)

λs

∣
∣
∣
∣
≤ 1, ❢♦r ❛❧❧ λ, s, ❛♥❞

sin(λs)

λs
−→ 1 ❢♦r λ → 0 ❛♥❞ ❡✈❡r② s > 0 ✜①❡❞.

❈♦♥s❡q✉❡♥t❧②✱

lim
λ→0

β(λ) = c.

■❢ t❤❡ ❢✉♥❝t✐♦♥ p(s) ❞❡❝❛②s ❛❧❣❡❜r❛✐❝❛❧❧② ❛s

p(s) =
α− 1

(s+ 1)α
, α > 3,

♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛❧s♦ s❤♦✇ t❤❛t

β(λ) −→ 0, ❛s λ → +∞.

❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ❝❤♦♦s❡ α = 3.5, 4, 4.5, 5, 6, 7✱ ❛♥❞ c = 1✳ ❚❤❡ r❡s✉❧ts
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✶✳
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❋✐❣✉r❡ ✾✳✶✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ β ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ❢♦r ❞✐✛❡r❡♥t ❡①♣♦♥❡♥ts α✳ ❋♦r s♠❛❧❧
♠♦❞❡s β ✐s ❝❧♦s❡ t♦ 1 ❛♥❞ ❞❡❝r❡❛s❡s ❛s λ → ∞✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ❡①♣♦♥❡♥t α✱ t❤❡
s❧♦✇❡r t❤❡ ❞❡❝r❡❛s❡ ♦❢ β✳

❲❡ s❡❡ ❤❡r❡ t❤❛t t❤❡ ❧❛r❣❡ ♠♦❞❡s ❛r❡ s✉✣❝✐❡♥t❧② s✉♣♣r❡ss❡❞ ✇❤✐❧❡ t❤❡ s♠❛❧❧
♦♥❡s ❛r❡ ♥♦t✳ ❍❡♥❝❡ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ t❤❡ ❝❛s❡ ❛❜♦✈❡✳ ❈♦♥s❡✲
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q✉❡♥t❧②✱ ❢♦r s♦✉r❝❡ ✐t❡r❛t✐♦♥✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s

ω❙■ = max
−∞<λ<+∞

(β(λ)) = c.

❋♦r ❉❙❆ ✇❡ ❤❛✈❡ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❜② ❛ ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♥❡✇ ✐t❡r❛t❡
✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧

φ(l+1) = φ(l+ 1
2
) + F (l+ 1

2
).

❲❡ ✇r✐t❡ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r F (l+ 1
2
) ❛s

DF (l+ 1
2
) =

c

〈s〉(φ
l+ 1

2 − φ(l)).

❙✐♥❝❡ φ(l+1)(x) = ωl+1(λ)❡iλx✱ ✇❡ ♦❜t❛✐♥

γ(β) = D−1(β(λ)− 1) =
6c

〈s2〉λ2 + 6(1− c)
(β(λ)− 1),

ω(λ) = β(λ) + γ(λ).

■♥ ❞❡t❛✐❧ t❤✐s ❜❡❝♦♠❡s

ω(λ) = β(λ) +
6c

〈s2〉λ2 + 6(1− c)
(β(λ)− 1)

=
6c

〈s2〉λ2 + 6(1− c)

((〈s2〉λ2

6c
+

1

c

)

β(λ)− 1

)

,

✇✐t❤ β(λ) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ p(s)✳ ❋♦r Σt(s) ≡ Σt = 1 ✇❡ ❤❛✈❡

ω❉❙❆(λ) =
3c

λ2 + 3(1− c)

((
λ2

3
+ 1

)
arctan(λ)

λ
− 1

)

,

❥✉st ❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✱ ❛♥❞ t❤✐s ✐s ❜♦✉♥❞❡❞ ❜② ω❉❙❆(λ) ≤
0.2247c ✭❝♦♠♣❛r❡ ❬✶❪✮✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ p(s) ❞❡❝❛②s ❛❧❣❡❜r❛✐❝❛❧❧② ❛s

p(s) =
α− 1

(s+ 1)α
, α > 3,

✇❡ ❤❛✈❡

ω❉❙❆(λ) =
6c

〈s2〉λ2 + 6(1− c)





(〈s2〉λ2

6
+ 1

) ∞∫

0

sin(λs)

λs
p(s) ds− 1



 .

❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✲
tr❛❝t✐♦♥ r❛t❡ ❛❣❛✐♥ ❢♦r t❤❡ ❝❛s❡s α = 3.5, 4, 4.5, 5, 6, 7 ✇✐t❤ c = 1✳ ❚❤❡ r❡s✉❧ts
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✷✱ ❛♥❞ s❤♦✇ ❛ ❝❧❡❛r ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❝♦♥tr❛❝t✐♦♥
r❛t❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❝❛s❡✳ ❙♠❛❧❧ ♠♦❞❡s ❛r❡ ♥♦✇ s✉✣❝✐❡♥t❧②
s✉♣♣r❡ss❡❞✳
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❋✐❣✉r❡ ✾✳✷✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ω ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ❢♦r ❞✐✛❡r❡♥t ❡①♣♦♥❡♥ts α ❛♥❞ c = 1✳
❚❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 1 ✐♥ ❝♦♥tr❛st t♦ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❝❛s❡✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ ❜② ❉❙❆✱ ❡s♣❡✲
❝✐❛❧❧② ❢♦r t❤❡ s♠❛❧❧ ♠♦❞❡s t❤❛t ❝❛✉s❡ s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥
♠❡t❤♦❞✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ❡①♣♦♥❡♥t α✱ t❤❡ ❜❡tt❡r ✐s t❤❡ ✐♠♣r♦✈❡♠❡♥t ❢♦r t❤❡
s♠❛❧❧ ♠♦❞❡s✱ ✇❤✐❧❡ t❤❡ ❧❛r❣❡ ♠♦❞❡s ❛r❡ s✉♣♣r❡ss❡❞ ❜❡tt❡r ✐❢ t❤❡ ❡①♣♦♥❡♥t α ✐s
s♠❛❧❧❡r✳

✾✳✹ ❱♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞
❛♥❞ ❞✐✛✉s✐♦♥ s②♥t❤❡t✐❝ ❛❝❝❡❧❡r❛t✐♦♥ ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥✳ ❲❡ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s ❤❡r❡ t♦ t❤❡ ❧✐♥❡❛r P1 ♠♦❞❡❧✱ ❜✉t ✇❡ ❡①♣❡❝t
t❤❛t t❤❡ r❡s✉❧ts r❡♠❛✐♥ tr✉❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r M1 ❝❧♦s✉r❡ ❜❡❝❛✉s❡ ♦❢ ❘❡❧❛t✐♦♥
✭✽✳✸✮✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ s❡t ε = 1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❝❛tt❡r✐♥❣
❞♦♠✐♥❛t❡❞ ❝❛s❡ c ≈ 1✳
❖♥❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ st❡♣ ♦❢ t❤❡ P1 s②st❡♠ r❡❛❞s

∂sE
(l+ 1

2
) +∇xF

(l+ 1
2
) = 0, ∂sF

(l+ 1
2
) +

1

3
∇xE

(l+ 1
2
) = 0,

E(l+ 1
2
)(0, x) = c

∫ ∞

0

p(s)E(l)(s, x) ds+Q(x),

F (l+ 1
2
)(0, x) = 0,
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❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r E ✐s ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✾✳✻✮✳ ❚❤❡ ❡rr♦r
❜❡t✇❡❡♥ t❤❡ ✐t❡r❛t❡ ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐♥ t❤❡ P1 ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❛s

f (l+ 1
2
) :=

(
E − E(l+ 1

2
)

F − F (l+ 1
2
)

)

=

(
Ẽ(l+ 1

2
)

F̃ (l+1)

)

,

❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥

∂sẼ
(l+ 1

2
) +∇xF̃

(l+ 1
2
) = 0, ∂sF̃

(l+ 1
2
) +

1

3
∇xẼ

(l+ 1
2
) = 0, ✭✾✳✼❛✮

Ẽ(l+ 1
2
)(0, x) = c

∫ ∞

0

p(s)Ẽ(l)(s, x) ds, ✭✾✳✼❜✮

F̃ (l+ 1
2
)(0, x) = 0. ✭✾✳✼❝✮

✇❤✐❝❤ ✐s s✐♠♣❧② ❊q✉❛t✐♦♥ ✭✼✳✷✮ ✇✐t❤♦✉t ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠✳ ❲❡ ♥♦✇ ❝❛❧❝✉❧❛t❡
t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ❞✐✛✉s✐♦♥ s②♥t❤❡t✐❝
❛❝❝❡❧❡r❛t✐♦♥ ✉s✐♥❣ ❛ ❋♦✉r✐❡r ❛♥s❛t③✳ ❋♦❧❧♦✇✐♥❣ ❛❣❛✐♥ ❬✶❪✱ ✇❡ ❞❡✜♥❡ t❤❡ q✉❛♥t✐t②
φ(l)(x) ❛s

φ(l)(x) :=

∞∫

0

p(s)Ẽ(l)(x, s) ds,

❛♥❞ G(l+ 1
2
) ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥

−1

3

〈s2〉
2〈s〉∇

2
xG

(l+ 1
2
)(x) +

1− c

〈s〉 G(l+ 1
2
)(x) =

c

〈s〉
(

φ(l+ 1
2
) − φ(l)

)

.

❆♥❛❧♦❣♦✉s t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❛♣♣❧② t❤❡ ❋♦✉r✐❡r ❛♥s❛t③

φ(l)(x) = ωl(λ)❡iλx, Ẽ(l+ 1
2
)(s, x) = ωl(λ)α(λ, s)❡iλx,

φ(l+ 1
2
)(x) = ωl(λ)γ(λ)❡iλx, F̃ (l+ 1

2
)(s, x) = ωl(λ)β(λ, s)❡iλx,

G(l+ 1
2
)(x) = ωl(λ)ρ(λ)❡iλx,

✇✐t❤ λ ∈ R ❛♥❞ α, β, ω ❛♥❞ γ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ q✉❛♥t✐t② γ(λ) t✉r♥s
♦✉t t♦ ❜❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✱ ❛♥❞ ω(λ) t❤❡
❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦❢ t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳ ■♥s❡rt✐♥❣ t❤✐s
✐♥t♦ ❊q✉❛t✐♦♥s ✭✾✳✼✮✱ ❛♥❞ ❝❛♥❝❡❧❧✐♥❣ ❛❧❧ ❝♦♠♠♦♥ t❡r♠s✱ ✇❡ ❣❡t

∂sα(λ, s) + iλβ(λ, s) = 0, ∂sβ(λ, s) + iλ
1

3
α(λ, s) = 0,

α(λ, 0) = c, β(λ, 0) = 0.
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❲❡ ♥♦✇ ✐♥s❡rt t❤❡ ❧❡❢t ✐♥t♦ t❤❡ r✐❣❤t ❡q✉❛t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧② ❜② iλ✱ ✇❤✐❝❤ ❣✐✈❡s
✉s

− ∂2
sα(λ, s)−

λ2

3
α(λ, s) = 0,

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✇✐t❤ r❡s♣❡❝t t♦ s✮✿

α(λ, 0) = c, ∂sα(λ, 0) = −iλβ(λ, 0) = 0.

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

α(λ, s) = c cos(
1√
3
λs).

❙♦ ✐♥ ❛ ♥❡①t st❡♣✱ ✇❡ ✐♥s❡rt t❤✐s ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ φ(l+ 1
2
)✱ ❛♥❞ ❛❧s♦ ✐♥s❡rt

t❤❡ ❋♦✉r✐❡r ❛♥s❛t③ t♦ ❣❡t ❛♥ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡

γ(λ) =

∞∫

0

p(s)α(λ, s)ds.

■❢ Σt(s) ≡ Σt✱ t❤❡♥ ✇❡ ❤❛✈❡ p(s) = Σt exp(−sΣt)✱ ❛♥❞ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡
❝♦♥tr❛❝t✐♦♥ r❛t❡ γ(λ) ❛s

γ(λ) =

∞∫

0

Σt exp(−sΣt)c cos(
1√
3
λs)❞s = c

Σ2
t

Σ2
t +

1
3
λ2

,

❛♥❞ ✇❡ s❡❡ t❤❛t

γ(λ) −→ 1, ❛s λ → 0, ❛♥❞

γ(λ) −→ 0, ❛s λ → ∞,

✐♥ t❤✐s ❝❛s❡✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ Σt✳ ❍❡♥❝❡✱ γ(λ) ≈ c ❢♦r s♠❛❧❧
❋♦✉r✐❡r ♠♦❞❡s λ✱ ❛♥❞ ✐t t❡♥❞s t♦ 0 ✐❢ λ ❜❡❝♦♠❡s ❧❛r❣❡✳ ❚❤❛t ♠❡❛♥s t❤❛t ❧❛r❣❡
♠♦❞❡s ❛r❡ s✉✣❝✐❡♥t❧② s✉♣♣r❡ss❡❞✱ ✇❤✐❧❡ t❤❡ s♠❛❧❧ ♠♦❞❡s ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r
s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ t❤❡ r❡s✉❧ts ✐♥ ❬✶❪✱ ❛♥❞ ♦✉r r❡s✉❧ts ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❋♦r ❛ ❣❡♥❡r❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ✇❡ ♦❜t❛✐♥

γ(λ) = c

∞∫

0

p(s) cos(
1√
3
λs) ds.

■❢ t❤❡ ❢✉♥❝t✐♦♥ p(s) ❞❡❝❛②s ❛❧❣❡❜r❛✐❝❛❧❧② ❛s

p(s) =
α− 1

(s+ 1)α
, α > 3,
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t❤✐s r❡❛❞s

γ(λ) = c

∞∫

0

α− 1

(s+ 1)α
cos(

1√
3
λs) ds.

❚❤✐s ✐♥t❡❣r❛❧ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s
r❡❝♦✈❡r t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇✐t❤

γ(λ) ≈ c

❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ λ✳ ❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ❝❤♦♦s❡ ❛❣❛✐♥ α = 3.5, 4, 4.5, 5, 6, 7
❛♥❞ c = 1✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✸✳
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❋✐❣✉r❡ ✾✳✸✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ γ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ❢♦r ❞✐✛❡r❡♥t ❡①♣♦♥❡♥ts α ❛♥❞ c = 1✳
❲❡ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ❛s ❢♦r t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥✳

❲❡ s❡❡ ❛❣❛✐♥ t❤❛t t❤❡ ❧❛r❣❡ ♠♦❞❡s ❛r❡ s✉✣❝✐❡♥t❧② s✉♣♣r❡ss❡❞✱ ✇❤✐❧❡ t❤❡ s♠❛❧❧
♦♥❡s ❛r❡ ♥♦t✳ ❍❡♥❝❡✱ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ t❤❡ ❝❛s❡ ❛❜♦✈❡✳ ❈♦♥✲
s❡q✉❡♥t❧②✱ ❢♦r s♦✉r❝❡ ✐t❡r❛t✐♦♥✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s

ω❙■ = max
−∞<λ<+∞

γ(λ) = c,

❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❋♦r ❉❙❆ ✇❡ ❝♦♥t✐♥✉❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❜② ❛ ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♥❡✇ ✐t❡r❛t❡ ✇✐t❤
❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧

φ(l+1) = φ(l+ 1
2
) +G(l+ 1

2
).
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❲❡ ✇r✐t❡ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r G(l+ 1
2
) ❛s

DG(l+ 1
2
) =

c

〈s〉(φ
l+ 1

2 − φ(l)).

❙✐♥❝❡ φ(l+1)(x) = ωl+1(λ)❡iλx✱ ✇❡ ♦❜t❛✐♥

ρ(β) = D−1(γ(λ)− 1) =
6c

〈s2〉λ2 + 6(1− c)
(γ(λ)− 1),

ω(λ) = γ(λ) + ρ(λ).

■♥ ❞❡t❛✐❧ t❤✐s ❜❡❝♦♠❡s

ω(λ) = γ(λ) +
6c

〈s2〉λ2 + 6(1− c)
(γ(λ)− 1)

=
6c

〈s2〉λ2 + 6(1− c)

((〈s2〉λ2

6c
+

1

c

)

γ(λ)− 1

)

,

✇✐t❤ γ(λ) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ p(s)✳ ❋♦r Σt(s) ≡ Σt ❝♦♥st❛♥t ✇❡ ❤❛✈❡

ω❉❙❆(λ) =
3Σ2

t c

λ2 + 3Σ2
t (1− c)

((
λ2

3Σ2
t

+ 1

)
Σ2

t

Σ2
t +

1
3
λ2

− 1

)

= 0,

❢♦r ❡✈❡r② λ ∈ R ❛♥❞ ❡✈❡r② ❝❤♦✐❝❡ ♦❢ 0 ≤ c ≤ 1✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤
t❤❡ ❢❛❝t t❤❛t ✐♥ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt t❤❡ P1 ♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞✐✛✉s✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥✳

0 5 10 15 20

0.2
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❋✐❣✉r❡ ✾✳✹✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ω ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ❢♦r ❞✐✛❡r❡♥t ❡①♣♦♥❡♥ts α ❛♥❞ c = 1✳
❆❣❛✐♥ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧❛r❣❡ ♠♦❞❡s ❛r❡ ♥♦✇ s✉✣❝✐❡♥t❧② s✉♣♣r❡ss❡❞ ❜② ❉❙❆✳
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❋♦r ❛ ❣❡♥❡r❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ✇❡ ♦❜t❛✐♥

ω❉❙❆(λ) =
6c

〈s2〉λ2 + 6(1− c)





(〈s2〉λ2

6
+ 1

) ∞∫

0

cos

(
1√
3
λs

)

p(s) ds− 1



 .

❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✲
tr❛❝t✐♦♥ r❛t❡ ❛❣❛✐♥ ❢♦r ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s t❤❛t ❞❡❝❛② ❛❧❣❡❜r❛✐❝❛❧❧②✳ ❋♦r
♦✉r ❝♦♠♣✉t❛t✐♦♥s ✇❡ ❝❤♦♦s❡ ❛❣❛✐♥ t❤❡ ❡①♣♦♥❡♥ts α = 3.5, 4, 4.5, 5, 6, 7 ❛♥❞
c = 1✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✹✳ ❆❣❛✐♥ ✇❡ s❡❡ t❤❛t t❤❡ s♠❛❧❧
♠♦❞❡s ❛r❡ ♥♦✇ s✉✣❝✐❡♥t❧② s✉♣♣r❡ss❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧❧ ✈❛❧✉❡s ❧✐❡ ❜❡❧♦✇ t❤❡
♦♥❡s ❢r♦♠ ❋✐❣✉r❡ ✾✳✷✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❛❧s♦ ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞
❜② ❉❙❆✱ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ s♠❛❧❧ ♠♦❞❡s t❤❛t ❝❛✉s❡ s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡
s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✳



✶✵ ⑤ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡
tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ s❧❛❜ ❣❡♦♠❡tr②✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡✲
✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡rs ✼✲✾✳ ❋♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇❡ ♠♦st❧② ♣r❡s❡♥t t❤❡ s❝❛❧❛r ✢✉① φ(x)✱ ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞
❛s

φ(x) =

∫ ∞

0

∫ 1

−1
Ψ(s, x, µ) dµ ds,

s✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ ✶❉ ♣❧♦ts ❛r❡ ❜❡st s✉✐t❡❞ t♦ ✈✐s✉❛❧✐③❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ s♦❧✉✲
t✐♦♥s ❛♥❞ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳ ❋♦r ❛❧❧ ♥✉♠❡r✐❝❛❧ t❡sts t❤❛t ✇❡ ♣r❡s❡♥t
✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ✐s ❛ss✉♠❡❞✳

■♥ t❤❡ ✜rst ❙❡❝t✐♦♥ ✶✵✳✶ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡ ❍▲▲
s❝❤❡♠❡s ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❲❡ ❝♦♠✲
♣❛r❡ P1 ❛♥❞ M1 s♦❧✉t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s✱ ❛♥❞ ✐♥✈❡st✐✲
❣❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡s ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡✳ ❙❡❝t✐♦♥ ✶✵✳✷ ❞❡❛❧s
✇✐t❤ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt s♦❧✉t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t
t❤❡ r❛t❡ ♦❢ ❞❡❝❛② ♦❢ s♦❧✉t✐♦♥s t♦✇❛r❞s t❤❡ s♣❛t✐❛❧ ❜♦✉♥❞❛r✐❡s ✐s ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ❢♦r
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ✐♥ ❛ s♣❡❝✐❛❧ ❤♦♠♦❣❡♥✐③❡❞ ♣❡r✐♦❞✐❝ ♠❡❞✐✉♠✳ ❋✐♥❛❧❧②✱ ✐♥
❙❡❝t✐♦♥ ✶✵✳✸ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❝♦♥tr❛❝✲
t✐♦♥ r❛t❡ ❜② t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳

✶✵✳✶ ❍▲▲ s❝❤❡♠❡s ❢♦r ♠♦♠❡♥t ♠♦❞❡❧s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❍▲▲ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s
❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✽✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❞✐✛❡r❡♥t ♠♦♠❡♥t ♠♦❞❡❧s ❛♥❞ ♣r❡s❡♥t
r❡s✉❧ts t❤❛t s❤♦✇ t❤❡ ❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt② ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡✳

❈♦♠♣❛r✐s♦♥ ♦❢ ♠♦♠❡♥t ♠♦❞❡❧s

❲❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢♦r t❤❡ s❝❛❧❛r ✢✉① φ(x) ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ M1 ❛♥❞ t❤❡ P1 ♠♦♠❡♥t ♠♦❞❡❧
❢♦r t✇♦ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s)✱ ❛♥❞ ❝♦♠♣❛r❡
✇✐t❤ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❤✐❣❤❧② r❡s♦❧✈❡❞ P19 s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❝❤♦♦s❡ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ x ∈ [−40, 40] ❛♥❞ s ∈ [0, 40]✳ ❚❤❡ s♣❛t✐❛❧
❞♦♠❛✐♥ ✐s ❞✐s❝r❡t✐③❡❞ ❛t 1000 ♣♦✐♥ts✱ ❛♥❞ ✇❡ ❝❤♦♦s❡ ❛ ❈❋▲ ♥✉♠❜❡r 1/3✳ ❚♦
❡♥s✉r❡ ❛ r❡❛s♦♥❛❜❧② ❢❛st ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥✱ t❤❡ s❝❛tt❡r✐♥❣
r❛t✐♦ ✐s s❡t t♦ c = 0.5✳ ❚❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠ ✐s ❝❤♦s❡♥ t♦ ❜❡ Q(x) = 1

✾✻
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✐❢ x ∈ [−1, 1]✱ ❛♥❞ Q(x) = 0 ❡❧s❡✇❤❡r❡✳ ❋♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥
Σt(s) ✇❡ ❝❤♦♦s❡ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❢✉♥❝t✐♦♥ Σ1

t (s) = 4/(s + 1)5✱ ❛♥❞
❛ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ Σ2

t (s) ≡ 3✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✳
❚❤✐s ❝❤♦✐❝❡ ②✐❡❧❞s ✐♥ ❜♦t❤ ❝❛s❡s ❛ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ♦❢ 〈s〉 = 1/3✳
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✭❛✮ ❆❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ Σ1

t
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✭❜✮ ❈❧❛ss✐❝❛❧ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ Σ2

t
(s)✳

❋✐❣✉r❡ ✶✵✳✶✿ ❙❝❛❧❛r ✢✉①❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♠♦♠❡♥t ♠♦❞❡❧s ❛♥❞ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r
t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥✳

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s❝❛❧❛r ✢✉①❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✶✳ ❲❡ ♦❜✲
s❡r✈❡ t❤❛t t❤❡ M1 ❛♥❞ P1 s♦❧✉t✐♦♥ ❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ ✐♥ t❤❡s❡ s❝❡♥❛r✐♦s✳ ❈♦♠✲
♣❛r❡❞ ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✱ t❤❡ s❝❛❧❛r ✢✉①❡s ❛r❡ ♦✈❡r❡st✐♠❛t❡❞ ❢♦r t❤❡
❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ✭❋✐❣✉r❡ ✶✵✳✶❛✮✱ ❛♥❞ s❧✐❣t❤❧②
✉♥❞❡r❡st✐♠❛t❡❞ ✐♥ t❤❡ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ ❝❛s❡ ✭❋✐❣✉r❡ ✶✵✳✶❜✮✳ ■♥ ❜♦t❤ ❝❛s❡s
✇❡ s❡❡ t❤❛t t❤❡ P1 ❛♥❞ t❤❡ M1 s♦❧✉t✐♦♥ ❞❡❝❛② ❢❛st❡r t❤❛♥ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉✲
t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✭✐♥ t❤❡ l2✲s❡♥s❡✮ t♦ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥
✐s✱ ✐♥ t❤❡ M1 ❝❛s❡ 0.1169 ❢♦r Σ

1
t ✱ ❛♥❞ 0.0822 ❢♦r Σ2

t ✱ ✇❤✐❧❡ t❤❡ P1 s♦❧✉t✐♦♥ ②✐❡❧❞s
0.1870 ❢♦r Σ1

t ✱ ❛♥❞ 0.1244 ❢♦r Σ2
t ✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ q✉❛❧✐t② ♦❢ t❤❡

M1 s♦❧✉t✐♦♥ ✐s ❜❡tt❡r ❢♦r ❜♦t❤ ❝❛s❡s✱ ❛♥❞ t❤❛t ❜♦t❤ s♦❧✉t✐♦♥s ❛r❡ ❝❧♦s❡r t♦ t❤❡
r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✳

❉✐✛❡r❡♥t ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❝r♦ss s❡❝t✐♦♥s

❚♦ st✉❞② t❤❡ q✉❛❧✐t❛t✐✈❡ ❡✛❡❝ts ♦❢ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥ ♦♥ ❜♦t❤ t❤❡ M1 ❛♥❞ t❤❡ P1 ♠♦♠❡♥t ♠♦❞❡❧✱ ✇❡ ❝❤♦♦s❡ t❤❡ s❛♠❡ ♥✉✲
♠❡r✐❝❛❧ s❡t✉♣ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ t❡st ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ s✱ x✱
t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c✱ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠ Q(x)✳ ❚❤❡♥ ✇❡ ♣❡r❢♦r♠
❝❛❧❝✉❧❛t✐♦♥s ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❝r♦ss s❡❝t✐♦♥s ♦❢
t❤❡ ❢♦r♠

Σt(s) =
α− 1

s+ 1
✭✶✵✳✶✮

❢♦r α = 3, 4, 5, 6, 7✳ ❚❤❡s❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

p(s) = Σt(s) exp

(

−
∫ s

0

Σt(τ) dτ

)

=
α− 1

(s+ 1)α
.
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❍❡♥❝❡✱ α ✐♥❞✐❝❛t❡s t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ p(s)✳

❚❤❡ r❡s✉❧t✐♥❣ s❝❛❧❛r ✢✉①❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✷✱ t❤❡ r❡s✉❧ts ❢♦r M1 ✐♥
❋✐❣✉r❡ ✶✵✳✷❛✱ ❛♥❞ t❤❡ r❡s✉❧ts ❢♦r P1 ✐♥ ❋✐❣✉r❡ ✶✵✳✷❜✳
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✭❜✮ P1 s♦❧✉t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ❛❧❣❡❜r❛✐❝❛❧❧②
❞❡❝❛②✐♥❣ Σt(s)✳

❋✐❣✉r❡ ✶✵✳✷✿ ❙❝❛❧❛r ✢✉①❡s ❢♦r t❤❡ M1 ❛♥❞ P1 ♠♦❞❡❧s ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ ❛❧❣❡✲
❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s✳

❲❡ ❝❧❡❛r❧② s❡❡ t❤❛t ❜② ✐♥❝r❡❛s✐♥❣ α t❤❡ s❝❛❧❛r ✢✉① ✐s r❡❞✉❝❡❞✱ ❛♥❞ ❜❡❝♦♠❡s
✢❛tt❡r ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥ ✐♥ ❜♦t❤ ❝❛s❡s✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r♣r❡t❛✲
t✐♦♥ ♦❢ Σt(s) ❛s ❛ ❝♦❧❧✐s✐♦♥ r❛t❡✳ ❆ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ α ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ❝♦❧❧✐s✐♦♥s ❢♦r s♠❛❧❧ ♣❛t❤ ❧❡♥❣t❤s✱ ❛♥❞ s✐♥❝❡ t❤❡ s♦✉r❝❡ ✐s ❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡
♦r✐❣✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❜s♦r♣t✐♦♥ ✐s ✐♥❝r❡❛s❡❞ ✐♥ t❤✐s r❡❣✐♦♥✳ ❆❣❛✐♥ ✇❡ s❡❡
t❤❛t t❤❡ ❞❡❝❛② ♦❢ t❤❡ s❝❛❧❛r ✢✉① t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r② ✐s ❢❛st❡r ✐♥ t❤❡ P1 ❝❛s❡✱
❝♦♠♣❛r❡❞ t♦ t❤❡ M1 ❝❛s❡✳ ❆♥❞ ✇❡ ❛❧s♦ ♦❜s❡r✈❡✱ t❤❛t ♦✈❡r❛❧❧ t❤❡ P1 s♦❧✉t✐♦♥
❡①❝❡❡❞s t❤❡ M1 s♦❧✉t✐♦♥ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✳

❆s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣ s❝❤❡♠❡s

❲❡ ♥♦✇ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ P1 ❛♥❞ M1 ♠♦♠❡♥t ♠♦❞❡❧✱ ❛♥❞
s❤♦✇ t❤❛t t❤❡ ❍▲▲ s❝❤❡♠❡ r❡❝♦✈❡rs t❤❡ ❝♦rr❡❝t ❞✐✛✉s✐♦♥ ❧✐♠✐t ✐♥ t❤❡ ❞✐✛✉s✐✈❡
r❡❣✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s♦❧✈❡ t❤❡ s❝❛❧❡❞ ❊q✉❛t✐♦♥ ✭✻✳✾✮✱ ❛♥❞ ❝♦♠♣❛r❡ r❡s✉❧ts ❢♦r
ε = 0.3, 0.2, 0.1 ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❝❤♦♦s❡
κ = 1✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛tt❡r✐♥❣ r❛t✐♦ ✐s c = 1 − κε2✱ ❝♦♥s❡q✉❡♥t❧②
✇❡ ❤❛✈❡ c = 0.91, 0.96, 0.99✳ ❚❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ✐s ❝❤♦s❡♥ ♦❢ t❤❡
❢♦r♠ ✭✶✵✳✶✮ ✇✐t❤ α = 5✱ ❛♥❞ t❤❡♥ s❝❛❧❡❞ ❜② ε✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛ s✐♠♣❧❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥
❞❡♣❡♥❞s ♦♥ t❤❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r ε✿ ✇❡ ❤❛✈❡ x ∈ [−L,L] ✇✐t❤ L = 30/ε ❛♥❞
2000 ❞✐s❝r❡t❡ ♣♦✐♥ts✱ ❛♥❞ s ∈ [0, T ] ✇✐t❤ T = 20ε ❛♥❞ 3000 ❞✐s❝r❡t❡ ♣♦✐♥ts✳
❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ M1 s♦❧✉t✐♦♥s t♦❣❡t❤❡r
✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✸❛✱ ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥
♦❢ t❤❡ P1 s♦❧✉t✐♦♥s ✇✐t❤ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✸❜✳ ❲❡
s❡❡ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜❡tt❡r ❛♥❞ ❜❡tt❡r ❢♦r
❞❡❝r❡❛s✐♥❣ ε✳ ❚❤❡ ✜♥❛❧ ❡rr♦r ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ O(ε)✳ ❆s
❡①♣❡❝t❡❞ ❢r♦♠ ❘❡❧❛t✐♦♥ ✭✽✳✸✮✱ t❤❡r❡ ✐s ♦♥❧② ❛ ✈❡r② s♠❛❧❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
P1 ❛♥❞ t❤❡ M1 s♦❧✉t✐♦♥s ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❞❡✈✐❛t✐♦♥
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❋✐❣✉r❡ ✶✵✳✸✿ ❙❝❛❧❛r ✢✉①❡s ✐♥ t❤❡ ❞✐✛✉s✐✈❡ r❡❣✐♠❡ ❢♦r t❤❡ M1 ❛♥❞ P1 ♠♦♠❡♥t ♠♦❞❡❧✳

❢r♦♠ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s st✐❧❧ ❡ss❡♥t✐❛❧✱ ✇❤✐❝❤ ✐s ♠♦st ❧✐❦❡❧② ❝❛✉s❡❞
❜② t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ t❤❡ s♦✉r❝❡ t❡r♠✱ t❤❛t ✐s str♦♥❣❧② s♠♦♦t❤❡❞ ❜② t❤❡
❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r✳
❋♦r ❛ s♠♦♦t❤ s♦✉r❝❡ t❡r♠ Q(x) = exp(−x2) ✇❡ ❝❤♦♦s❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧
s❡tt✐♥❣ ❛❣❛✐♥✱ ❛♥❞ ❝♦♥s✐❞❡r ε = 0.3, 0.2, 0.05✱ ✇❤❡r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ε =
0.05 ❛r❡ ❞♦♥❡ ✇✐t❤ 8000 ❞✐s❝r❡t❡ ♣♦✐♥ts ✐♥ t❤❡ x ❞♦♠❛✐♥✱ ❛♥❞ 5000 ❞✐s❝r❡t❡
♣♦✐♥ts ✐♥ t❤❡ s−❞♦♠❛✐♥✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✹✱ t❤❡M1 s♦❧✉t✐♦♥s
✐♥ ❋✐❣✉r❡ ✶✵✳✹❛✱ ❛♥❞ t❤❡ P1 s♦❧✉t✐♦♥s ✐♥ ❋✐❣✉r❡ ✶✵✳✹❜✳
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❋✐❣✉r❡ ✶✵✳✹✿ ❙❝❛❧❛r ✢✉①❡s ✐♥ t❤❡ ❞✐✛✉s❡✐✈❡ r❡❣✐♠❡ ❢♦r t❤❡ M1 ❛♥❞ P1 ♠♦♠❡♥t ♠♦❞❡❧
✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ s♦✉r❝❡ t❡r♠✳

❍❡r❡ ✇❡ ♦❜s❡r✈❡ ❛ ✈❡r② ❝❧♦s❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱
✇✐t❤ ❡rr♦rs ❛❣❛✐♥ s♠❛❧❧❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ O(ε)✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡
t❤❛t ♦✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡ s❤♦✇s t❤❡ ❝♦rr❡❝t ❞✐✛✉s✐♦♥
❧✐♠✐t ❛s ε → 0✱ ❛♥❞ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥
✐s ❝❧♦s❡r ✐❢ t❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠ ✐s s♠♦♦t❤✳



✶✵✵ ❈❍❆P❚❊❘ ✶✵✳ ◆❯▼❊❘■❈❆▲ ❘❊❙❯▲❚❙

✶✵✳✷ ◗✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt s♦✲
❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ q✉❛❧✐t❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt s♦❧✉t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ t❛✐❧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ ❞❡❝❛② ♦❢ t❤❡ s❝❛❧❛r ✢✉① t♦✇❛r❞s t❤❡ s♣❛t✐❛❧
❜♦✉♥❞❛r②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣r❡s❡♥t ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s
❛♥❞ ❤♦✇ t❤❡② ✐♥✢✉❡♥❝❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛✲
t✐♦♥✳ ❚❤✐s ♣r♦✈✐❞❡s ♠♦r❡ ✐♥t✉✐t✐♦♥ ♦♥ t❤❡ r♦❧❡ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥
Σt(s)✳

❉❡❝❛② t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r②

❲❡ ❝♦♠♣❛r❡ t❤❡ ❞❡❝❛② t♦✇❛r❞s t❤❡ s♣❛t✐❛❧ ❜♦✉♥❞❛r② ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✳
❚❤❡r❡❢♦r❡ ✇❡ ❝❤♦♦s❡ ❛ s♦✉r❝❡ t❡r♠ Q(x) = 1 ✐❢ −0.5 < x < 0.5 ❛♥❞ Q(x) = 0
❡❧s❡✳ ❚❤❛t ♠♦❞❡❧s ♣❛rt✐❝❧❡s ❜❡✐♥❣ ❜♦r♥ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ ❛♥ ✐♥✜♥✐t❡ ❞♦♠❛✐♥✱
✇❤✐❝❤ t❤❡♥ ❡✈♦❧✈❡ t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❋♦r t❤❡ tr❛♥s♣♦rt
❝❛❧❝✉❧❛t✐♦♥s ✇❡ ♥♦✇ ❝❤♦♦s❡✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ pc(s) = 2 exp(−2s)✱ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉✲
t✐♦♥s ✇❤✐❝❤ ❞❡❝❛② ❛❧❣❡❜r❛✐❝❛❧❧② ❛s

pnc(s) =
Cαα

(Cαs+ 1)α+1
,

✇❤❡r❡ Cα ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ✐s ❛❧✇❛②s 〈s〉 = 1/2✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s ❛r❡ Σt(s) ≡ 2 ❢♦r t❤❡ ❡①♣♦♥❡♥t✐❛❧
❝❛s❡ ❛♥❞

Σt(s) =
Cα(1 + α)

1 + Cαs

❢♦r t❤❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✐s t❤❡♥
s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✉s✐♥❣ t❤❡ P11 s②st❡♠ ❛♥❞ ❛♥ ❍▲▲ s❝❤❡♠❡ ❛s ♣r❡s❡♥t❡❞ ✐♥
❈❤❛♣t❡r ✽✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s❝❛❧❛r ✢✉①✱ ✇❤✐❝❤ ✐s ❤❡r❡ ❝❛❧❝✉❧❛t❡❞ ❛s

φ(x) =

∫ ∞

0

Ψ(0)(s, x) ds.

❚❤❡ ❞♦♠❛✐♥s ♦❢ t❤❡ x ❛♥❞ s✲✈❛r✐❛❜❧❡ ❛r❡ ❝❤♦s❡♥ ❜✐❣ ❡♥♦✉❣❤ t♦ ❣✉❛r❛♥t❡❡ ❛
s✉✣❝✐❡♥t ❞❡❝❛②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ ✐s s❡t t♦ c = 0.5 ❛♥❞ ✇❡
❛ss✉♠❡ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ q✉❛❧✐t❛t✐✈❡
❞❡❝❛② t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r②✱ ❛❧❧ s♦❧✉t✐♦♥s ❛r❡ ♥♦r♠❛❧✐③❡❞ ✐♥ t❤❡ L∞✲s❡♥s❡✳

❚❤❡ r❡s✉❧t✐♥❣ s❝❛❧❛r ✢✉①❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✺ ♦♥ ❛ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✳
❲❤✐❧❡ t❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ s❤♦✇s
❛ ❝❧❡❛r ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r②✱ s♦❧✉t✐♦♥s ✇✐t❤ ❛♥ ✉♥❞❡r❧②✐♥❣
❛❧❣❡❜r❛✐❝ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❞❡❝❛② s✐❣♥✐✜❝❛♥t❧② s❧♦✇❡r✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡
♥♦t❡ t❤❛t t❤❡ ❞❡❝❛② ❜❡❝♦♠❡s ❢❛st❡r ❛s t❤❡ ❡①♣♦♥❡♥t ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝✲
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❋✐❣✉r❡ ✶✵✳✺✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ♣❛t❤ ❧❡♥❣t❤ ❞✐s✲
tr✐❜✉t✐♦♥s ✇✐t❤ ❡①♣♦♥❡♥ts α ❛♥❞ s❝❛tt❡r✐♥❣ r❛t✐♦ c = 0.5✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②
❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ Σt ≡ 2✳

t✐♦♥ ✐♥❝r❡❛s❡s✳ ■♥ ❋✐❣✉r❡ ✶✵✳✻ ✇❡ q✉❛♥t✐❢② t❤❡ ❞❡❝❛② ♦❢ t❤❡ s❝❛❧❛r ✢✉①❡s ❢♦r
❡①♣♦♥❡♥ts α = 3, 7, 11, 15 ♦♥ t❤❡ ❞♦♠❛✐♥ 5 < x < 60✳ ❚❤❡ s❝❛❧❛r ✢✉①❡s ❛r❡
♣❧♦tt❡❞ ♦♥ ❛ ❧♦❣✲❧♦❣ s❝❛❧❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❧♦♣❡✳ ❆s ✐t ✇❛s t♦
❜❡ ❡①♣❡❝t❡❞✱ ✇❡ ✜♥❞ t❤❛t t❤❡ s❧♦♣❡ ♦❢ t❤❡ s❝❛❧❛r ✢✉①❡s ❡q✉❛❧s t❤❡ s❧♦♣❡ ♦❢ t❤❡
t❛✐❧ ♦❢ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ pnc✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr② ♦❢
t❤❡ s♦❧✉t✐♦♥ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❝❛❧❛r ✢✉①❡s t♦✇❛r❞s −∞✳
❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ q✉❛❧✐t❛t✐✈❡ ❞❡❝❛② ♦❢ t❤❡ s❝❛❧❛r ✢✉① t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥✳ ❚❤❡② s❤♦✇ t❤❡ s❛♠❡ t❛✐❧ ❜❡❤❛✈✐♦r ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳

❙♣❡❝✐❛❧ s❤❛♣❡s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥

❚❤✐s ❡①❛♠♣❧❡ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ♣❛♣❡r ❬✶✵✹❪✳ ■t ♥✐❝❡❧② s❤♦✇s t❤❛t ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❝❛♥ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ❝♦♠♣❛r❡❞ t♦
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt s♦❧✉t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥✐③❡❞ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣❡✲
r✐♦❞✐❝ ♠❡❞✐✉♠ t❤❛t ❝♦♥s✐sts ♦❢ ❛❧t❡r♥❛t✐♥❣ s♦❧✐❞ ❛♥❞ ✈♦✐❞ ❧❛②❡rs✱ r❛♥❞♦♠❧②
♣❧❛❝❡❞ ✐♥ t❤❡ ✐♥✜♥✐t❡ ❧✐♥❡ −∞ < x < ∞✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ♦♥❧② ❦♥♦✇ ✇❤✐❝❤
♠❛t❡r✐❛❧ ✐s ♣r❡s❡♥t ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t x ✐♥ ❛ ♣r♦❜❛❜✐❧✐st✐❝ s❡♥s❡✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❝♦♥s✐❞❡r t❤✐s ♣r♦❜❧❡♠ ✐♥ r♦❞ ❣❡♦♠❡tr②❀ t❤❛t ✐s✱ ♣❛rt✐❝❧❡s ❛r❡ ♦♥❧② ❛❧❧♦✇❡❞
t♦ tr❛✈❡❧ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥s µ = ±1✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜✲
t❛✐♥❡❞ ❜② t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧ts ✉s✐♥❣ ❛ ❝❧❛ss✐❝❛❧
❛t♦♠✐❝ ♠✐① ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❋♦r ❛
❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤✐s ❡①❛♠♣❧❡ ✇❡ r❡❢❡r t♦ ❬✶✵✹❪✱ ✇❤❡r❡ t❤❡ ✉♥❞❡r❧②✐♥❣
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❋r♦♠ t❤✐s ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s)✳
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❋✐❣✉r❡ ✶✵✳✻✿ ◆♦♥✲❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ✭♦♥ t❤❡ ♣♦s✐t✐✈❡ x✲✐♥t❡r✈❛❧✮ ❢♦r ❞✐✛❡r❡♥t ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❡①♣♦♥❡♥ts α ❛♥❞ t❤❡✐r s❧♦♣❡ ♦♥ ❛ ❧♦❣✲❧♦❣ s❝❛❧❡✳ ❚❤❡ ❛❧❣❡❜r❛✐❝
t❛✐❧ ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❞❡❝❛② t♦✇❛r❞s t❤❡
❜♦✉♥❞❛r②✳

❋♦r t❤❡ ❛t♦♠✐❝ ♠✐① str❛t❡❣② ✇❡ s✐♠♣❧② ✈♦❧✉♠❡✲❛✈❡r❛❣❡ t❤❡ ❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝✲
t✐♦♥s σ1

t = 1 ❛♥❞ σ2
t = 0✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ♠♦❞❡❧❡❞ ❜② ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt

✇✐t❤ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ Σt(s) ≡ 0.5✳ ❚❤❡ s✲❞❡♣❡♥❞❡♥t ❝r♦ss s❡❝t✐♦♥s ❛r❡
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳✼❛✳ ◆♦t❡ t❤❛t✱ ♦✈❡r ❛ s✉✐t❛❜❧❡ s−s✉❜✐♥t❡r✈❛❧✱ ❜♦t❤ ❝r♦ss
s❡❝t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ ❛✈❡r❛❣❡ ❝♦❧❧✐s✐♦♥ r❛t❡✳
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Non-classical solution
Classical atomic mix solution

✭❜✮ ❙❝❛❧❛r ✢✉①❡s ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ ♥♦♥✲
❝❧❛ss✐❝❛❧ ❤♦♠♦❣❡♥✐③❡❞ ❝r♦ss s❡❝t✐♦♥✳

❋✐❣✉r❡ ✶✵✳✼✿ ❚❤❡ ❝r♦ss s❡❝t✐♦♥s ❛♥❞ s❝❛❧❛r ✢✉①❡s ❢♦r t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♣❡r✐♦❞✐❝ s♦❧✐❞✲
✈♦✐❞ ♠❡❞✐✉♠ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✵✹❪✳

❲❡ ✉s❡ ❛❣❛✐♥ t❤❡ ❍▲▲ s❝❤❡♠❡ t♦ s♦❧✈❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱
❛❞❛♣t❡❞ t♦ r♦❞ ❣❡♦♠❡tr②✱ ✇✐t❤ 5120 ♣♦✐♥ts ✐♥ t❤❡ x ❞♦♠❛✐♥ ❛♥❞ ❛ ❈❋▲ ♥✉♠❜❡r
1/2✳ ❚❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ ✐s ❝❤♦s❡♥ ❛s c = 0.5 ❛♥❞ t❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠
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✐s Q(x) = 1/4 ❢♦r −1/2 < x < 1/2 ❛♥❞ 0 ❡❧s❡✇❤❡r❡✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥
✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❝r♦ss s❡❝t✐♦♥ Σt(s) ≡ 1/2 ❛♥❞ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧
♣❛r❛♠❡t❡rs✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ s❤♦✇s ❛ s✐♥♦✐❞❛❧ ❜❡✲
❤❛✈✐♦r✱ ✇❤❡r❡ t❤❡ ❝✉r✈❛t✉r❡ ❝❤❛♥❣❡s ❛t s❡✈❡r❛❧ ♣♦✐♥ts✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛t♦♠✐❝
♠✐① s♦❧✉t✐♦♥ ✐s ♥♦t ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤✐s ❜❡❤❛✈✐♦r✱ ✇❤✐❝❤ ✐s ❛❧s♦ s❤♦✇♥ ❜② t❤❡
tr✉❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ❛s s❤♦✇♥ ✐♥ ❬✶✵✹❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt s♦❧✉t✐♦♥s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ q✉❛❧✐t❛t✐✈❡❧② ♠♦r❡
❝♦♠♣❧❡① ❜❡❤❛✈✐♦r t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

✶✵✳✸ ■t❡r❛t✐✈❡ ♠❡t❤♦❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❡①❛♠♣❧❡s ❢♦r t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✲
✈❡r❣❡♥❝❡ ❜② t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞ ❝♦♠♣❛r❡❞ t♦ s♦✉r❝❡
✐t❡r❛t✐♦♥ ✇❤❡♥ t❤❡ ❡①♣❧✐❝✐t ❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✽ ✐s ✉s❡❞
t♦ s♦❧✈❡ t❤❡ P1 ♠♦❞❡❧ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❲❡ ❝♦♠♣❛r❡ t❤❡
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ❢♦r s♦✉r❝❡ ✐t❡r❛t✐♦♥ ❛♥❞
❉❙❆ ❢♦r ❞✐✛❡r❡♥t ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s p(s)✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱
✇❡ ❝♦♥s✐❞❡r ❡①♣♦♥❡♥t✐❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ✭Σt ✐s ❝♦♥st❛♥t✮ ❛♥❞ ❛❧❣❡✲
❜r❛✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❡①♣♦♥❡♥ts α = 3.5, 4, 4.5, 5, 6, 7✳ ❋♦r ❛❧❧ ❝❛s❡s ✇❡
❝❤♦♦s❡ ε = 0.1 ❛♥❞ ❛ ●❛✉ss✐❛♥ s♦✉r❝❡ t❡r♠ Q(x) = exp(−0.05x2)✳ ❲❡ ✉s❡
♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐s ❝❤♦s❡♥ ❧❛r❣❡
❡♥♦✉❣❤ t♦ ❡♥s✉r❡ ❛ s✉✣❝✐❡♥t ❞❡❝❧✐♥❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥❀ t❤❡ ♥✉♠❜❡r ♦❢
❣r✐❞ ♣♦✐♥ts ✐♥ t❤❡ s✲✈❛r✐❛❜❧❡ ✐s 600 ❛♥❞ 300 ✐♥ t❤❡ x✲✈❛r✐❛❜❧❡✳

■t❡r❛t✐♦♥s Σt ❝♦♥st✳ α = 3.5 α = 4 α = 4.5 α = 5 α = 6 α = 7

❙■ 2330 2455 2525 2612 2720 3018 3483

❉❙❆ 11 22 15 14 15 20 26

❚❛❜❧❡ ✶✵✳✶✿ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ✭❙■✮ ❛♥❞ ❉✐✛✉s✐♦♥
❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ✭❉❙❆✮ ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳

❲❡ s❡❡ ✐♥ ❚❛❜❧❡ ✶✵✳✶ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❞❡❝r❡❛s❡s ❞r❛st✐❝❛❧❧②✳ ❖♥
❛✈❡r❛❣❡ ✭♦✈❡r t❤❡ ♣r❡s❡♥t❡❞ s❝❡♥❛r✐♦s✮✱ ♦♥❧② 0.64% ♦❢ t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥s ❛r❡
♥❡❡❞❡❞ ✉s✐♥❣ t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳

ω Σt ❝♦♥st✳ α = 3.5 α = 4 α = 4.5 α = 5 α = 6 α = 7

❙■ 0.99013 0.99067 0.99092 0.99126 0.9916 0.9925 0.99349

❉❙❆ 0.13397 0.42003 0.20192 0.11908 0.13618 0.21925 0.32289

❚❛❜❧❡ ✶✵✳✷✿ ❈♦♥tr❛❝t✐♦♥ r❛t❡s ❢♦r t❤❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ✭❙■✮ ❛♥❞ ❉✐✛✉s✐♦♥
❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ✭❉❙❆✮ ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳

❚❤✐s ✐s ❜❡❝❛✉s❡ ♦❢ t❤❡ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r ❝♦♥tr❛❝t✐♦♥ r❛t❡s ✐♥ t❤❡ ❞✐✛✉s✐♦♥
s②♥t❤❡t✐❝ ❛❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ❛t t❤❡ (n+1)✲t❤ ✐t❡r❛t✐♦♥



✶✵✹ ❈❍❆P❚❊❘ ✶✵✳ ◆❯▼❊❘■❈❆▲ ❘❊❙❯▲❚❙

✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

ωn+1 ≈ ‖φn+1 − φn‖2
‖φn − φn−1‖2

.

❚❛❜❧❡ ✶✵✳✷ s❤♦✇s t❤❡ ♠❛①✐♠✉♠ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ♦✈❡r ❛❧❧ ✐t❡r❛t✐♦♥s✳ ◆♦t❡ t❤❛t
t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡s ♣r❡❞✐❝t❡❞ ❜② t❤❡ t❤❡♦r② ✐♥ ❙❡❝t✐♦♥s ✾✳✸ ❛♥❞ ✾✳✹ ❛r❡ ♥♦t
❛tt❛✐♥❡❞ ❝♦♥s✐st❡♥t❧②✳ ❚❤❛t ♠❛② ❜❡ ❝❛✉s❡❞ ❜② ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ❡rr♦r✳ ❈♦♠✲
♣❛r❡❞ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❡q✉❛t✐♦♥s t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡
s♣❛t✐❛❧ ❛♥❞ ♣s❡✉❞♦✲t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✐s ❛♥ ❡rr♦r ❝❛✉s❡❞
❜② t❤❡ ✜♥✐t❡ ❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ❛❣❛✐♥ ✐♥ ❜♦t❤ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳
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s❝❛tt❡r✐♥❣✱ ❛♥❞ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥ ❜② t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ♦♥❧②✳
❘❛❞✐❛t✐✈❡ tr❛♥s❢❡r ❝❛♥ t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❇❡❡r✲▲❛♠❜❡rt ❧❛✇✳ ❚❤❡ tr❛♥s✲
♠✐ss✐♦♥ ❛❧♦♥❣ ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ s ✐s t❤❡♥ ❣✐✈❡♥ ❜②

T (s) = exp(−sσt),

❛ss✉♠✐♥❣ t❤❛t t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ σt ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ ♣❛t❤✳ ■♥ ❛
♣✉r❡❧② ❛❜s♦r❜✐♥❣ ♠❡❞✐✉♠✱ t❤❡ t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❡①t✐♥❝t✐♦♥
❝♦❡✣❝✐❡♥t✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② α✳ ❚❤❡♥✱ t❤❡ t♦t❛❧ tr❛♥s♠✐ss✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜②
✐♥t❡❣r❛t✐♥❣ ♦✈❡r ❛❧❧ ♣❤♦t♦♥ ♣❛t❤s ✇❡✐❣❤t❡❞ ✇✐t❤ t❤❡ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉✲
t✐♦♥ ptot✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢✉❧❧ ♣❛t❤ ❧❡♥❣t❤ ♦❢ ❛ ♣❛rt✐❝❧❡
♦✈❡r ❛❧❧ s❝❛tt❡r✐♥❣ ❡✈❡♥ts✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ p(s) ♦❢ ♣❛t❤ ❧❡♥❣t❤s
❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t α t❤❡♥
r❡❛❞s

T (α) =

∫ ∞

0

ptot(s) exp(−sα) ds = Lα←sptot(s).

❆s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❧❡tt❡r L✱ t❤✐s ✐s t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ t♦t❛❧ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ptot ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t✐♥❝t✐♦♥ α✳ ❍❡♥❝❡✱ t❤❡ ♣r♦❜❧❡♠
♦❢ ✜♥❞✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ptot r❡❞✉❝❡s t♦ ❛♥ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠✳
◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❛ ▲❛♣❧❛❝❡ ✐♥✈❡rs✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾✱ ✷✾❪✳ ◆♦t❡ t❤❛t
t❤✐s ✐s ✐♥ ♣r✐♥❝✐♣❛❧ ❛♥ ✐❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠✳
❚❤❡ tr❛♥s♠✐ss✐♦♥ T (α) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❝❛♥ ❜❡ ♠❡❛✲
s✉r❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ♦①②❣❡♥ ❆✲❜❛♥❞ s♣❡❝tr♦s❝♦♣②✳ ■♠♣♦rt❛♥t ❤❡r❡ ✐s t❤❡ ❢❛❝t
t❤❛t t❤❡ ❡①t✐♥❝t✐♦♥ α ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❡q✉❡♥❝②✱ ✇❤✐❧❡ t❤❡ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❢r❡q✉❡♥❝②✳ ❯s✐♥❣ t❤✐s✱ ♠❛♥② ✈❛❧✉❡s ❢♦r ❞✐✛❡r❡♥t
T (α) ✇✐t❤ t❤❡ s❛♠❡ ptot(s) ❝❛♥ ❜❡ ♠❡❛s✉r❡❞✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ptot(s) ✐s t❤❡♥ r❡❝♦♥str✉❝t❡❞ ❜② ❛ ♥✉♠❡r✐❝❛❧ ▲❛♣❧❛❝❡ ✐♥✈❡rs✐♦♥✳
◆♦t❡ t❤❛t t❤✐s ♠❡t❤♦❞ s✉✛❡rs ❢r♦♠ ❛ ❝❧❡❛r ♠♦❞❡❧✐♥❣ ✐♥❝♦♥s✐st❡♥❝②✳ ❆❧t❤♦✉❣❤
t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ❦♥♦✇♥ t♦ ❜❡ ♥♦♥✲❡①♣♦♥❡♥t✐❛❧✱ t❤❡
❇❡❡r✲▲❛♠❜❡rt ❧❛✇✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ t❤✐s ❝❛s❡✱ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❡①t✐♥❝✲
t✐♦♥ ❛❧♦♥❣ t❤❡ ♣❛t❤ ♦❢ ❛ ♣❤♦t♦♥✳
❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤s ptot ❛♥❞ t❤❡ ❞✐s✲
tr✐❜✉t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐s✐♦♥s ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✹✽❪ ❜② ❛ ✈❛r✐❛❜❧❡
tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ❛ s❤✐❢t ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❛t ♠❡❛♥s✱ ❣✐✈❡♥ p(s)✱ ✇❡
❝♦✉❧❞ ❡✛❡❝t✐✈❡❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤s ptot(s)✱ ❡✐t❤❡r
❛♥❛❧②t✐❝❛❧❧② ♦r ✉s✐♥❣ s✐♠✉❧❛t✐♦♥s✳

❚❤❡ ♠❡t❤♦❞ t❤❛t ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ♣❛rt ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞②
st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❋✐♥❞✐♥❣ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt t❤❛t ❣♦✈✲
❡r♥s t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s t❤r♦✉❣❤ ❛♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞✱ ✇❡ ❝❛♥ t❤❡♥
❞✐r❡❝t❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛t❤✲❧❡♥❣t❤s ❜❡t✇❡❡♥ ❝♦❧❧✐✲
s✐♦♥s p(s)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❣✐✈❡♥ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❢♦r ❝❡rt❛✐♥ ♣❤②s✐❝❛❧ q✉❛♥✲
t✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ❛♥❣✉❧❛r r❛❞✐❛t✐✈❡ ✢✉① Ψ✱ ✇❡ ❝❛♥ r❡♣❤r❛s❡ t❤❡ ♣r♦❜❧❡♠
♦❢ ✜♥❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤♦t♦♥ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ✇❤❡r❡ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥✳ ❚❤✐s ②✐❡❧❞s ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ t❤❡ s♦✲❝❛❧❧❡❞ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t②



✶✵✽

s②st❡♠ ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ❲❡ ♣✉t ♦✉r ♠❛✐♥ ❢♦❝✉s ♦♥ s♦♠❡ s✐♠♣❧❡ t❡st ♣r♦❜❧❡♠s
❛♥❞ ❢♦❝✉s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡s❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ st✉❞② ✐♠♣♦rt❛♥t
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s s✉❝❤ ❛s ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞
t❤❡ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧✐t② s②st❡♠✱ ❛♥❞ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡✳

❋✐rst✱ ✇❡ ❢♦r♠✉❧❛t❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛s ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥
❈❤❛♣t❡r ✶✶✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❛ r❡❛❧✐st✐❝ ❝♦st ❢✉♥❝t✐♦♥❛❧ ❜❛s❡❞ ♦♥ t❤❡ tr❛♥s♠✐t✲
t❛♥❝❡✱ ✇❡ ❛❧s♦ ♣r❡s❡♥t s✐♠♣❧✐✜❡❞ t❡st ♣r♦❜❧❡♠s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡
♠♦❞❡❧s ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ♣❛r❛♠❡t❡r Σt(s) ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ■♥ ❈❤❛♣t❡r ✶✷ ✇❡ ♣r❡s❡♥t ❛ ❢♦r♠❛❧ ❛♥❛❧②s✐s
♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣❡r❛t♦rs t❤❛t ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ♣r♦❜❧❡♠✳ ❲❡ ❢♦❝✉s
♦♥ t❤❡ ❛❞❥♦✐♥ts ❛♥❞ ❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✱ ❛♥❞ ❞✐s❝✉ss t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❤❛♣t❡r ✶✸ ✇❡ ❞❡r✐✈❡ t❤❡ ✜rst
♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ t❤❛t ✇❛s ✐♥tr♦❞✉❝❡❞
❜❡❢♦r❡✱ ❜② ❢♦❧❧♦✇✐♥❣ ❛ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠✳ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤✐s ♦♣t✐✲
♠❛❧✐t② s②st❡♠ ❛r❡ t❤❡ t♦♣✐❝ ♦❢ ❈❤❛♣t❡r ✶✹✳ ❲❡ ❛♣♣❧② t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s
✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ✐ts ❛❞❥♦✐♥t
✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ✉s✐♥❣ ❣r❛❞✐❡♥t ❜❛s❡❞ ♠❡t❤♦❞s✱ ❛♥❞
♣r❡s❡♥t ❛ ♥✉♠❜❡r ♦❢ ♥✉♠❡r✐❝❛❧ t❡sts✳ ■♥ ❈❤❛♣t❡r ✶✺ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞✐s❝r❡t❡
❢♦r♠ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r✳

■♥ ❛❧❧ ✇❡ ♣r❡s❡♥t ❤❡r❡✱ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ❜♦t❤ t❤❡ ♣❛r❛♠❡t❡r Σt(s) ❛♥❞
t❤❡ s♦❧✉t✐♦♥ Ψ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❛r❡ ❡❧❡♠❡♥ts ♦❢ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt
s♣❛❝❡✳ ❚❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ ✐❢ t❤❡ s♦✉r❝❡ t❡r♠ Q ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❤❛s
❛ ❝❡rt❛✐♥ r❡❣✉❧❛r✐t②✱ ❛♥❞ t❤❡ ❝r♦ss s❡❝t✐♦♥ Σt(s) ❞❡❝❛②s ❢❛st ❡♥♦✉❣❤ ❛s s → ∞✳
❚❤❡ ❢♦r♠❛❧ ❍✐❧❜❡rt s♣❛❝❡ s❡tt✐♥❣ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡ t❡❝❤♥✐q✉❡s ♦❢ t❤❡ t❤❡♦r②
♦❢ P❉❊ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ✭s❡❡ ❬✶✵✷❪ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❞✐s❝✉ss✐♦♥✮✳



✶✶ ⑤ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛s ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠

❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✇❡ ✇❛♥t t♦ ❛❞❞r❡ss ❤❡r❡ ✐s t♦ ✐❞❡♥t✐❢② Σt(s)✱ ♦r p(s)
r❡s♣❡❝t✐✈❡❧②✱ ❢r♦♠ ♠❡❛s✉r❡❞ ❞❛t❛✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ✭❛♥❞ ❛❧s♦ ♣❤②s✐❝❛❧✮
❛♥❣✉❧❛r ✢✉① Ψc ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ Ψ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞②
st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛s

Ψc(x,Ω) =

∫ ∞

0

Ψ(s, x,Ω) ds.

❆s ❛ ♣♦ss✐❜❧❡ ✜❡❧❞ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦✲
s♣❤❡r✐❝ ❝❧♦✉❞s✳ ❚❤❡ ■✸❘❈ ♣r♦❥❡❝t ❬✷✹❪ ♣r♦✈✐❞❡s ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❢♦r r❛❞✐❛t✐✈❡
tr❛♥s❢❡r t❤r♦✉❣❤ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳ ❖❢ s♣❡❝✐❛❧ ✐♥t❡r❡st ❢♦r ✉s ✐s t❤❛t t❤❡r❡
❡①✐st ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ tr❛♥s♠✐tt❛♥❝❡✳ ❚❤❛t ✐s t❤❡ ❛♠♦✉♥t ♦❢ r❛❞✐❛t✐♦♥
t❤❛t ❧❡❛✈❡s t❤❡ ❝❧♦✉❞ t❤r♦✉❣❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ✭s❡❡ ❋✐❣✉r❡ ✶✶✳✶✮✳ ❚❤❛t ♠❡❛♥s
t❤❡ tr❛♥s♠✐tt❛♥❝❡ ❧✐✈❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♣❤❛s❡ s♣❛❝❡
G× S2✿ s♣❛t✐❛❧❧② ❧♦❝❛t❡❞ ❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ ♦✉r r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥ ♦❢
❝♦♠♣✉t❛t✐♦♥ (∂G)l ⊂ R

3 ✇✐t❤ ♦✉t❡r ♥♦r♠❛❧ ✈❡❝t♦r n✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧②
♦✉t❣♦✐♥❣ ❞✐r❡❝t✐♦♥s

Γ−(x) = {Ω ∈ SN−1 : Ω · n > 0}.

▼❛t❤❡♠❛t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ❛♥❣✉❧❛r ✢✉①

T (x; Ψ) =

∫ ∞

0

∫

Γ−(x)

Ψ(s, x,Ω) dΩds, x ∈ (∂G)l.

❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ T̄ (x) ❢♦r t❤❡ tr❛♥s♠✐tt❛♥❝❡✳ ❖♥❡
✇❛② t♦ ✜♥❞ ❛ ♣❛r❛♠❡t❡r t❤❛t r❡♣r♦❞✉❝❡s t❤✐s tr❛♥s♠✐tt❛♥❝❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡
❢✉♥❝t✐♦♥❛❧

J(Ψ,Σt) =
A

2

∫

∂Gl

(T (x; Ψ)− T̄ (x))2 dx+
B

2
REG(Σt), ✭✶✶✳✶✮

✇✐t❤ r❡s♣❡❝t t♦ Ψ ❛♥❞ Σt✱ ✇❤❡r❡ REG ✐s ❛ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠ t❤❛t ✇❡ ❞✐s❝✉ss
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ❛♥❞ A,B > 0 ❛r❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✉♥❞❡r
t❤❡ ❝♦♥❞✐t✐♦♥

∂sΨ(s, x,Ω) + Ω · ∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0,

Ψ(0, x,Ω) = c

∫ ∞

0

∫

σ(Ω · Ω′)Σt(s)Ψ(s, x,Ω′) dΩ′ ds+Q(x,Ω).

✶✵✾
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❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

REG(Σt) =
B

2
‖Σt(s)− Σ̄t(s)‖22 =

B

2

∫ ∞

0

(Σt(s)− Σ̄t(s))
2 ds.

■t ❝❛♥ ♦♥❧② ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡ ✐❢ Σt, Σ̄t ∈ L2([0,∞))✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❛❧❣❡✲
❜r❛✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❧❡❛❞ t♦ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝✲
t✐♦♥s Σt(s) ∼ 1/s✱ ✇❤❡r❡ t❤✐s ✐s s❛t✐s✜❡❞✳ ❇✉t t❤✐s ❝❤♦✐❝❡ ❛❧s♦ ❡①❝❧✉❞❡s t❤❡ ❝❛s❡
t❤❛t Σt ✐s ❝♦♥st❛♥t✱ t❤❛t ♠❡❛♥s t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✳
■♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ❢✉❧❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ❛s ❛ ❝♦♥tr♦❧✱ ✇❡ ❝❛♥ ❛❧s♦ ♠♦❞❡❧
t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ❜② ❛ ❢✉♥❝t✐♦♥ Σt(s) = Σt(s;C)✱ ✇✐t❤ ❛ ✜♥✐t❡ s❡t
♦❢ s❝❛❧❛r ♣❛r❛♠❡t❡rs r❡♣r❡s❡♥t❡❞ ❜② ❛ ✈❡❝t♦r C✳ ❚❤❡♥ t❤❡ ♣❛r❛♠❡t❡rs C ♦❢
t❤✐s ♠♦❞❡❧ ❢♦r♠ ❛ s❡t ♦❢ s❝❛❧❛r ❝♦♥tr♦❧s✳ ❆ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s❡t ♦❢ ❝♦♥tr♦❧s
❛❧s♦ ✐♥tr♦❞✉❝❡s ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❋♦r ❛ ✜♥✐t❡ s❡t ♦❢ N ❝♦♥tr♦❧
♣❛r❛♠❡t❡rs C = (c1, . . . , cN) t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ t❤❡♥ r❡❛❞s

REG(Σt(C)) =
B

2
‖C − C̄‖22,

✇✐t❤ ❛♣♣r♦♣r✐❛t❡ C̄✳

✶✶✳✷ ❙✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧s

❚❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J ❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡✱ t❤❛t ✐t ✐s ♦♥❧② ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛t✐❛❧
❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❋♦r t❡st ♣✉r♣♦s❡s ✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧s✿

J1(Ψ,Σt) =
A

2

∫ ∞

0

∫

R3

∫

S2

(
Ψ(s, x,Ω)− Ψ̄(s, x,Ω)

)2
dΩdx ds+

B

2
REG(Σt),

❛♥❞

J2(Ψ,Σt) =
A

2

∫

R3

(H(x; Ψ)− H̄(x))2 dx+
B

2
REG(Σt),

✇❤❡r❡

H(x; Ψ) =

∫ ∞

0

∫

S2

Ψ(s, x,Ω) dΩds.

❯s✐♥❣ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s✱ ✇❡ ❡❧✐♠✐♥❛t❡ ❜♦✉♥❞❛r② t❡r♠s ✇❤✐❝❤ ❛♣♣❡❛r ❧❛t❡r ✐♥
t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❲❡ ✉s❡ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s t♦ ✈❡r✐❢② t❤❡
❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❛♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s✱ ❛♥❞ t♦ t❡st ❛♥❞ ❝♦♠♣❛r❡
t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ◆♦t❡ t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ♥♦t r❡❛❧✐st✐❝ s✐♥❝❡
t❤❡② r❡q✉✐r❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞❡♣❡♥❞❡♥t ✢✉①✳ ❚❤✐s ❞❛t❛ ✐s
♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳
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✶✶✳✸ ▼♦❞❡❧s ❢♦r t❤❡ ♣❛r❛♠❡t❡r

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝✲
t✐♦♥ ❤❡❧♣s t♦ ❞❡❝r❡❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts s✐❣♥✐✜❝❛♥t❧② ❛♥❞ ✐s t❤❡r❡❢♦r❡
✇❡❧❧ s✉✐t❡❞ ❢♦r t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ♦✉r ♠❡t❤♦❞ ❛s ✇❡❧❧ ❛s ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ❝❛❧✲
❝✉❧❛t✐♦♥s ✉s✐♥❣ r❡❛❧✲✇♦r❧❞ ❞❛t❛✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ ♦♥❡✲♣❛r❛♠❡t❡r
❛♥❞ t✇♦ t✇♦✲♣❛r❛♠❡t❡r ♠♦❞❡❧s ❢♦r t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❞❡r✐✈❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❡❧ ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ Σt(s)✳

❆❧❣❡❜r❛✐❝ ❞❡❝❛②
❆s ❛ st❛♥❞❛r❞ ♠♦❞❡❧ ❢♦r ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✇❡
t❛❦❡ ❛❣❛✐♥

p(s) =
α− 1

(s+ 1)α
, α > 1,

✇❤✐❝❤ ♠❡❛♥s

Σt(s) =
α− 1

s+ 1
. ✭✶✶✳✷✮

■♥ t❤✐s ❝❛s❡ α ✐s ♦✉r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧✳ ❚❤✐s ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r s✐♠♣❧❡ ♥✉✲
♠❡r✐❝❛❧ t❡sts✱ ❜✉t ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ✐♠♣♦rt❛♥t ❝❛s❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣
t❛✐❧✳

●❛♠♠❛ ❞✐str✐❜✉t✐♦♥
❖❢t❡♥t✐♠❡s✱ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s ✐s ♠♦❞❡❧❡❞ ❛s
❛ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

p(s) =
ba

Γ(a)
sa−1 exp(−bs),

✇✐t❤ Γ ❜❡✐♥❣ t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ❚❤❡ t✇♦ ❢r❡❡ ♣❛r❛♠❡t❡rs b, a > 0 ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s

b =
a

〈s〉 , ❛♥❞ a =
〈s〉2
var(s)

.

❚❤❡♥ t❤❡ s−❞❡♣❡♥❞❡♥t ❝r♦ss s❡❝t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s

Σt(s) =
basa−1 exp(−bs)

Γ(a, bs)
,

✇❤❡r❡ Γ(·, ·) ✐s t❤❡ ✐♥❝♦♠♣❧❡t❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡❞ ❜②

Γ(a, bs) =

∫ ∞

bs

ta−1 exp(−t) dt.

❚❤❡ s❡t ♦❢ ❝♦♥tr♦❧s ✐♥ t❤✐s ❝❛s❡ ❛r❡ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs a ❛♥❞ b✳

▲♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥
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▼♦❞❡❧✐♥❣ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s) ✇✐t❤ ❛ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥
②✐❡❧❞s

p(s) =
1

As
√
2π

exp

(

−(log(s)− B)2

2A2

)

✇✐t❤ ❢r❡❡ ♣❛r❛♠❡t❡rs A > 0 ❛♥❞ B ∈ R✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❝r♦ss s❡❝t✐♦♥

Σt(s) =
exp

(

− (log(s)−B)2

2A2

)

As
√
2π
(

1
2
+ 1

2
erf(B−log(s)√

2A
)
) ,

✇❤❡r❡ erf(s) ✐s t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❡rr♦r ❢✉♥❝t✐♦♥✳
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛♥❛❧②③❡ t❤❡ ♦♣❡r❛t♦rs ✇❤✐❝❤ s❤♦✇ ✉♣ ✐♥ t❤✐s ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✳ ❆s
♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ♣❛rt✱ ✇❡ ❞♦ ❛❧❧ t❤❡ ❛♥❛❧②s✐s ❢♦r♠❛❧❧② ✐♥
s✉✐t❛❜❧❡ L2✲s♣❛❝❡s✳ ❚❤✐s ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡
▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠ ❬✶✵✷❪ ❧❛t❡r ♦♥✱ ✇❤❡r❡ ❜♦t❤ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡ ❛❞❥♦✐♥ts
♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣❡r❛t♦rs ❛r❡ ♥❡❡❞❡❞✳ ❆♥ ❡①❛❝t ❛♥❛❧②s✐s ✇♦✉❧❞ ❜❡ ❜❛s❡❞
♦♥ ♦♣❡r❛t♦rs ✐♥ s✉✐t❛❜❧❡ ❇❛♥❛❝❤ s♣❛❝❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡①✳
❲❡ r❡❧② ♦♥ ❢♦r♠❛❧ ❝♦♠♣✉t❛t✐♦♥s ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡
♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢r♦♠ ♦✉r ❛♥❛❧②s✐s ✭s❡❡ ❛❧s♦ t❤❡ ❝♦♠✲
♠❡♥t ✐♥ ❙❡❝t✐♦♥ ✷✳✶✵ ✐♥ ❬✶✵✷❪✮✳ ❋♦r t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ❛ r✐❣♦r♦✉s
Lp t❤❡♦r② ❡①✐sts ❢♦r t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❛♥❞ s❝❛tt❡r✐♥❣ ❝r♦ss
s❡❝t✐♦♥ ❬✸✽❪✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs

VΨ(s, x,Ω) = (∂s + Ω∇x + Σt(s))Ψ(s, x,Ω),

KΨ(s, x,Ω) = c

∫ ∞

0

∫

σ(Ω,Ω′)Σt(s
′)Ψ(s′, x,Ω′) dΩ′ ds′,

s✉❝❤ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ❊q✉❛t✐♦♥ ✭✻✳✹✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

VΨ(s, x,Ω) = 0, Ψ(0, x,Ω) = KΨ(s, x,Ω) +Q(x,Ω).

❲❡ ❞❡♥♦t❡ ❛♥ ♦♣❡r❛t♦r A ❛❝t✐♥❣ ♦♥ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ X ❜② ✇r✐t✐♥❣ t❤❡ ✐♠❛❣❡
♦❢ ❛♥ ❛r❜✐tr❛r② ❡❧❡♠❡♥t f ∈ X✳ ❚❤❛t ♠❡❛♥s (Af)(x) ✐s t❤❡ ✐♠❛❣❡ ♦❢ f ✉♥❞❡r
A ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ x✳ ■♥ ❛♥❛❧♦❣② t♦ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ❋ré❝❤❡t
❞❡r✐✈❛t✐✈❡ ♦❢ ❛♥ ♦♣❡r❛t♦r A ❛❝t✐♥❣ ♦♥ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ X ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r
❢♦r ❡❛❝❤ ❡❧❡♠❡♥t f ∈ X✱ t❤❛t ❛❝ts ♦♥ ❛ ✭♣♦t❡♥t✐❛❧❧② ❞✐✛❡r❡♥t✮ s♣❛❝❡ Y ✳ ❲❡
✇r✐t❡ t❤✐s ♦♣❡r❛t♦r ❛s Af ♦r ∂fA✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ t❤❡ ❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡ ♦❢ ❛♥
♦♣❡r❛t♦r A ❜② ✇r✐t✐♥❣ t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s ❧✐♥❡❛r ♦♣❡r❛t♦r ❛t ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t
f ∈ X ❡✈❛❧✉❛t❡❞ ❛t ❛♥ ❡❧❡♠❡♥t y ∈ Y ✳ ❈♦♥s❡q✉❡♥t❧②✱ (Aff)(y)(x) ✐s t❤❡ ✐♠❛❣❡
♦❢ y ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ x ✉♥❞❡r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ A ✇✐t❤ r❡s♣❡❝t t♦ f ❛t f ∈ X✳
❚❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r A∗ ♦❢ A ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r♦♣❡rt② t❤❛t

〈Af, y〉 = 〈f, A∗y〉 ❢♦r ❛❧❧ f ∈ X, y ∈ Y,

✇❤❡r❡ 〈·〉 ❞❡♥♦t❡s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

〈f, g〉 :=
∫ ∞

0

∫

R3

∫

S2

f(s, x,Ω) · g(s, x,Ω) dΩdx ds,

✶✶✹
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✇❤✐❝❤ ✐s t❤❡ st❛♥❞❛r❞ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ L2([0,∞) × R
3 ×

S2)✳ ❲❡ ♦♥❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs t❤❛t ❛r❡ ❛❝t✉❛❧❧②
♥❡❡❞❡❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✳

✶✷✳✶ ❈♦♥tr♦❧✲t♦✲st❛t❡ ♦♣❡r❛t♦r

■♥ ❝♦♥tr❛st t♦ ❧✐♥❡❛r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s s✉❝❤ ❛s ❬✹✺❪ ♦r ❬✹✻❪✱ ✇❤❡r❡ t❤❡ ❡①✲
t❡r♥❛❧ s♦✉r❝❡ t❡r♠ ✐s ✉s❡❞ ❛s ❛ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✱ t❤❡ ❝♦♥tr♦❧✲t♦✲st❛t❡ ♦r s♦❧✉t✐♦♥
♦♣❡r❛t♦r

E(Σt) = Ψ, Ψ s❛t✐s✜❡s ✭✻✳✹✮,

✐s ♥❡✐t❤❡r ❧✐♥❡❛r ♥♦r ❛✣♥❡ ❧✐♥❡❛r ✐♥ ♦✉r s❡tt✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥♥♦t ❝❛❧❝✉✲
❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦r t❤❡ ❛❞❥♦✐♥t ♦❢ t❤✐s ♦♣❡r❛t♦r ❞✐r❡❝t❧②✳ ❚❤✐s ❛❧s♦ r❡str✐❝ts
♦✉rs❡❧✈❡s ❢r♦♠ ✐♥tr♦❞✉❝✐♥❣ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J∗(Σt) = J(Ψ(Σt),Σt)✱
s✐♥❝❡ t❤✐s r❡q✉✐r❡s ❛♥✱ ❛t ❧❡❛st ❢♦r♠❛❧✱ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧✲t♦✲st❛t❡ ♦♣❡r❛✲
t♦r✳ ❚❤✐s ❞✐✣❝✉❧t② ✉♥❞❡r❧✐♥❡s t❤❡ ♥❡❝❡ss✐t② t♦ ✉s❡ t❤❡ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠ ❛♥❞
❛♥ ❛❞❥♦✐♥t ♠❡t❤♦❞✳

✶✷✳✷ ❈♦st ❢✉♥❝t✐♦♥❛❧s

❚❤❡ ♦♣❡r❛t♦r T ✭❤❡r❡ ❝❛❧❧❡❞ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ♦♣❡r❛t♦r✮ ✐s ❣✐✈❡♥ ❜②

(TΨ)(x) =

∫ ∞

0

∫

Γ−

Ψ(s, x,Ω) dΩds.

❚❤✐s ♦♣❡r❛t♦r T ✐s ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞✱ ❤❡♥❝❡ ✐ts ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ Ψ
✐s

(TΨΨ̄)(f)(x) =

∫ ∞

0

∫

Γ−

f(s, x,Ω) dΩds.

❚❤❡ r❡s✐❞✉❛❧ t❡r♠ ✐♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✐s ❛❧s♦ ✇r✐tt❡♥ ✐♥ t❤❡ ♦♣❡r❛t♦r ❢♦r♠ ❛s
∫

∂Ωl

(T (x; Ψ)− T̄ (x))2 dx =: D(ST − T̄ )Ψ.

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r D ✐s t❤❡ L2✲♥♦r♠ r❡str✐❝t❡❞ t♦ t❤❡ ❧♦✇❡r s♣❛t✐❛❧ ❜♦✉♥❞❛r②✿

Dt =

∫

(∂G)l
(t(x))2 dx,

❛♥❞ t❤❡ ♦♣❡r❛t♦r S ✐s t❤❡ ✭♣❛rt✐❛❧✮ tr❛❝❡ ♦♣❡r❛t♦r

(ST )(x) = T|(∂G)l(x).

❚❤❡ tr❛❝❡ ♦♣❡r❛t♦r S ✐s ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞ ✇❤✐❧❡ D ✐s ❛ ❜♦✉♥❞❡❞ ♥♦♥✲❧✐♥❡❛r
♠❛♣♣✐♥❣✱ ❜♦t❤ ❜❡✐♥❣ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ tr❛❝❡ ♦♣❡r✲
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❛t♦r ✐s

(ST T̄ )(V )(x) = V|(∂G)l(x),

❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♦♣❡r❛t♦r D ✐s ❣✐✈❡♥ ❛s

(Dtt̄)h =

∫

(∂G)l
2t̄(x)h(x) dx.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ q✉❛❞r❛t✐❝ r❡s✐❞✉❛❧ ♦❢ t❤❡ tr❛♥s♠✐t✲
t❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ Ψ ❛s

D(ST − T̄ )Ψ(Ψ̄)Ψ = 2

∫

(∂G)l
(ST (x; Ψ̄)− T̄ (x))ST (x; Ψ) dx

= 2

∫

(∂G)l

∫ ∞

0

∫

Γ−

(T (x; Ψ̄)− T̄ (x))SΨ(s, x,Ω) dΩds dx.

❘❡♠❛r❦ ✶✷✳✶✳ ◆♦t❡ t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✭✶✶✳✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

J(Ψ,Σt) =
A

2
D(ST − T̄ ) +

B

2
REG(Σt).

❙✐♥❝❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Ψ✱ ✇❡ ❝♦♥s❡q✉❡♥t❧② ❤❛✈❡

∂ΨJ(Ψ̄, Σ̄t)Ψ = A

∫

(∂G)l

∫ ∞

0

∫

Γ−

(T (x; Ψ̄)− T̄ (x))SΨ(s, x,Ω) dΩds dx.

✶✷✳✸ ❙❝❛tt❡r✐♥❣✲s♦✉r❝❡ ♦♣❡r❛t♦r

❚❤❡ ♦♣❡r❛t♦r K t❤❛t ♠♦❞❡❧s t❤❡ s❝❛tt❡r✐♥❣ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ ❞✐✛❡r❡♥t
✇❛②s ✐♥ ♦✉r s❡tt✐♥❣✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥s ❜② ✐♥tr♦❞✉❝✐♥❣
✐♥❞✐❝❡s Ki✱ i = 1, 2, 3✳ ■t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ♦♣❡r❛t♦r ♠❛♣♣✐♥❣ t❤❡ st❛t❡
✈❛r✐❛❜❧❡ Ψ t♦ t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ s ❢♦r ❛ ❣✐✈❡♥ ✜①❡❞ ❝r♦ss s❡❝t✐♦♥
Σt(s)✳ ❚❤❡♥ ✐t r❡❛❞s

(K1Ψ)(x,Ω) = c

∫ ∞

0

∫

σ(Ω · Ω′)Σt(s)Ψ(s, x,Ω′) dΩ′ ds.

❍❡r❡✱ K1 ✐s ❛ ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞ ♠❛♣♣✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ Ψ✱ ❤❡♥❝❡ ✐ts ❞❡r✐✈❛✲
t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ Ψ ✐s ❣✐✈❡♥ ❜②

(K1
ΨΨ̄)(h)(x,Ω) = c

∫ ∞

0

∫

σ(Ω · Ω′)Σt(s)h(s, x,Ω) dΩ
′ ds.
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❋♦r ❛ ❣✐✈❡♥ ✜①❡❞ ❛♥❣✉❧❛r ✢✉① Ψ(s, x,Ω) t❤❡ ♦♣❡r❛t♦rK2 ♠❛♣s t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
❝r♦ss s❡❝t✐♦♥ Σt t♦ t❤❡ s❝❛tt❡r✐♥❣ s♦✉r❝❡ t❡r♠

(K2Σt)(x,Ω) = c

∫ ∞

0

∫

σ(Ω · Ω′)Σt(s)Ψ(s, x,Ω′) dΩ′ ds.

❚❤❡ ♦♣❡r❛t♦r K2 ✐s ❛❧s♦ ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞✱ ❤❡♥❝❡ ✐ts ❞❡r✐✈❛t✐✈❡ r❡❛❞s

(K2
Σt
Σ̄t)(g)(x,Ω) = c

∫ ∞

0

∫

σ(Ω · Ω′)g(s)Ψ(s, x,Ω′) dΩ′ ds.

❲❡ ♥❡❡❞ ❜♦t❤ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r t♦ ❞❡r✐✈❡ t❤❡ ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠✳ ❚❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ ✐♥t❡r❡st ❤❡r❡ ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡
❡①t❡♥❞❡❞ ♦♣❡r❛t♦r K3 ❣✐✈❡♥ ❜②

(K3Ψ)(s, x,Ω) = δ(s)(K1Ψ)(x,Ω),

✇✐t❤ s②♠♠❡tr✐❝ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ σ✳ ❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❛❞❥♦✐♥t ✇❡ ❢♦r♠❛❧❧② t❡st
✇✐t❤ ❛ ❢✉♥❝t✐♦♥ λ ∈ L2([0,∞)× Ω× S2)✳ ❚❛❦✐♥❣ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ②✐❡❧❞s✿

〈K3Ψ, λ〉

=

∫ ∞

0

∫

G

∫

S2

λ(s, x,Ω)δ(s)

[

c

∫ ∞

0

∫

S2

σ(Ω · Ω′)Σt(τ)Ψ(τ, x,Ω′) dΩ′ dτ

]

dΩdx ds

=

∫ ∞

0

∫

G

∫

S2

Ψ(τ, x,Ω)Σt(τ)

[

c

∫ ∞

0

∫

S2

σ(Ω′ · Ω)δ(s)λ(s, x,Ω) dΩds

]

dΩ′ dx dτ

=

∫ ∞

0

∫

G

∫

S2

Ψ(τ, x,Ω)Σt(τ)

[

c

∫

S2

σ(Ω′ · Ω)λ(0, x,Ω) dΩ
]

dΩ′ dx dτ

= 〈Ψ, (K3)∗λ〉,

s✐♥❝❡ ✇❡ ❝❛♥ ✐♥t❡r❝❤❛♥❣❡ t❤❡ r♦❧❡s ♦❢ τ ❛♥❞ s ❛♥❞ Ω ❛♥❞ Ω′✳ ❍❡♥❝❡✱ t❤✐s
♦♣❡r❛t♦r ✐s ♥♦t s❡❧❢✲❛❞❥♦✐♥t✳

✶✷✳✹ ❆❞❥♦✐♥t ❡q✉❛t✐♦♥

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
♦♣❡r❛t♦r

(VΨ)(s, x,Ω) = ∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω).

❲❡ ✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❛ ✇❡❛❦ ❢♦r♠ ❜② ♠✉❧t✐♣❧②✐♥❣ ❛ t❡st ❢✉♥❝t✐♦♥ λ ∈
L2([0,∞) × R

3 × S2) ❛♥❞ t❛❦✐♥❣ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❛ss✉♠❡
t❤❛t

lim
s→∞

λ(s, x,Ω) = lim
s→∞

Ψ(s, x,Ω) = 0 ❢♦r ❛❧❧ x ∈ R
3, Ω ∈ S2,

lim
|x|→∞

λ(s, x,Ω) = lim
|x|→∞

Ψ(s, x,Ω) = 0 ❢♦r ❛❧❧ s ∈ [0,∞), Ω ∈ S2.
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P❛rt✐❛❧ ✐♥t❡❣r❛t✐♦♥ t❤❡♥ ②✐❡❧❞s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳ ❲❡
❤❛✈❡

〈VΨ, λ〉 =
∫ ∞

0

∫

G

∫

S2

λ(s, x,Ω)(VΨ)(s, x,Ω) dΩdx ds

=

∫ ∞

0

∫

R3

∫

S2

λ(s, x,Ω)∂sΨ(s, x,Ω) dΩdx ds ✭❆✶✮

+

∫ ∞

0

∫

R3

∫

S2

λ(s, x,Ω)Ω∇xΨ(s, x,Ω) dΩdx ds ✭❆✷✮

+

∫ ∞

0

∫

R3

∫

S2

λ(s, x,Ω)Σt(s)Ψ(s, x,Ω) dΩdx ds. ✭❆✸✮

P❛rt✐❛❧❧② ✐♥t❡❣r❛t✐♥❣ t❤❡ ✜rst ❚❡r♠ ✭❆✶✮ ②✐❡❧❞s

∫ ∞

0

∫

R3

∫

S2

λ(s, x,Ω)∂sΨ(s, x,Ω) dΩdx ds =

∫

R3

∫

S2

[

λ(s, x,Ω)Ψ(s, x,Ω)

]s=∞

s=0

dΩdx

−
∫ ∞

0

∫

R3

∫

S2

∂sλ(s, x,Ω)Ψ(s, x,Ω) dΩdx ds.

❲❡ ♥♦t❡ t❤❛t✱ ❢♦r♠❛❧❧②✱ Ψ(∞, x,Ω) = λ(∞, x,Ω) = 0✳ ❲❡ ✐♥s❡rt t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ❢♦r Ψ ✇✐t❤ r❡s♣❡❝t t♦ s ✐♥t♦ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ t♦ ♦❜t❛✐♥

−
∫

R3

∫

S2

λ(0, x,Ω)Ψ(0, x,Ω) dΩdx

= −
∫

R3

∫

S2

λ(0, x,Ω)
[
c

∫ ∞

0

∫

S2

σ(Ω · Ω′)Σt(s)Ψ(s, x,Ω′) dΩ′ dτ
]
dΩdx

= −
∫ ∞

0

∫

R3

∫

S2

Ψ(s, x,Ω)Σt(s)
[
c

∫

S2

σ(Ω′ · Ω)λ(0, x,Ω) dΩ
]
dΩ′ dx ds,

❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❋♦r t❤❡ tr❡❛t♠❡♥t ♦❢
t❤❡ s❡❝♦♥❞ ❚❡r♠ ✭❆✷✮ ✇❡ ✉s❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳ ❚❤❛t ②✐❡❧❞s

∫ ∞

0

∫

R3

∫

S2

λ(s, x,Ω)Ω∇xΨ(s, x,Ω) dΩdx ds

= −
∫ ∞

0

∫

R3

∫

S2

Ω∇xλ(s, x,Ω)Ψ(s, x,Ω) dΩdx ds,

s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✳ ❚❤❡ t❤✐r❞ ❚❡r♠ ✭❆✸✮ ✐s ❛ s✐♠♣❧❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ λ ❛♥❞ Ψ ✇✐t❤ Σt ✇❤❡r❡ ♥♦ ♠♦r❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r②✳
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❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❡r♠s ❛♥❞ ❢❛❝t♦r✐♥❣ ♦✉t t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ Ψ ❣✐✈❡s

〈VΨ, λ〉 =
∫ ∞

0

∫

R3

∫

S2

Ψ(s, x,Ω)

[

− ∂sλ(s, x,Ω)− Ω∇xλ(s, x,Ω)

+ Σt(s)λ(s, x,Ω)− cΣt(s)

∫

S2

σ(Ω · Ω′)λ(0, x,Ω′) dΩ′
]

dΩdx ds

= 〈Ψ, V ∗λ〉.

❍❡♥❝❡✱ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② V ∗λ = 0 ❛♥❞ r❡❛❞s

− ∂sλ(s, x,Ω)− Ω∇xλ(s, x,Ω) + Σt(s)λ(s, x,Ω) ✭✶✷✳✶❛✮

= cΣt(s)

∫

S2

σ(Ω · Ω′)λ(0, x,Ω′) dΩ′. ✭✶✷✳✶❜✮

❇❡❝❛✉s❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ♦❢ t❤❡ ♣s❡✉❞♦✲t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐t ♥❡❡❞s t♦ ❜❡ s♦❧✈❡❞
❜❛❝❦✇❛r❞s ✐♥ s✱ ❛♥❞ ❤❛s t♦ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

λ(∞, x,Ω) = 0 ❢♦r ❛❧❧ x ∈ R
3, Ω ∈ S2,

❜❡❝❛✉s❡ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ λ✳

❙♦✉r❝❡ t❡r♠s

❖♥❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠✱ t❤❛t ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✱
✐s t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡ t❡r♠✳ ❇♦t❤ ❢♦r t❤❡
❝❧❛ss✐❝❛❧ ❛♥❞ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❛❧s♦
❞❡♣❡♥❞ ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ s♦✉r❝❡ t❡r♠
✐s ❝♦♥st❛♥t ✐♥ t✐♠❡ ✭♦r ♣s❡✉❞♦✲t✐♠❡✮✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥
♠❛② ❜❧♦✇ ✉♣✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ❝♦♥st❛♥t❧② ♣❛rt✐❝❧❡s ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ s②st❡♠✳
❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞✐s❝✉ss t❤✐s ✐ss✉❡ ❢♦r t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✇✐t❤ ❛♥
❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡ t❡r♠✱ ❜❡❝❛✉s❡ ✐t ❤❛s t♦ ❜❡ s♦❧✈❡❞ ♦✈❡r ❛♥ ✐♥✜♥✐t❡ ♣s❡✉❞♦✲t✐♠❡
✐♥t❡r✈❛❧✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s♦✉r❝❡ t❡r♠ Q ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ x✱
Ω ❛♥❞ s ❛♥❞ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ t❤❡♥ r❡❛❞s

− ∂sλ(s, x,Ω)− Ω∇xλ(s, x,Ω) + Σt(s)λ(s, x,Ω)

= cΣt(s)

∫

S2

σ(Ω · Ω′)λ(0, x,Ω′) dΩ′ +Q(s, x,Ω).

■♥ ♦r❞❡r t♦ ❞✐s❝✉ss t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r ❛ s♦✉r❝❡ t❡r♠ t❤❛t ✐s
❝♦♥st❛♥t ✐♥ ♣s❡✉❞♦✲t✐♠❡✱ ✇❡ ✜rst ❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ ♣✉r❡❧② ❛❜s♦r❜✐♥❣
❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✭c = 0✮ ✇✐t❤ ❛ ❝♦♥st❛♥t s♦✉r❝❡ t❡r♠ Q(s, x,Ω) ≡ Q✳
❚❤❡♥✱ ❢♦r ♣❛rt✐❝❧❡s t❤❛t ❛r❡ r❡❧❡❛s❡❞ ✐♥ ♦♥❡ s♣❡❝✐✜❝ ❞✐r❡❝t✐♦♥ ✇❡ ❤❛✈❡ x =
x(s) = s✱ ❛♥❞ t❤❡r❡❢♦r❡ λ(s, x) = λ(s, x(s)) = λ(s)✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ❜② t❤❡ r❡❞✉❝❡❞ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

−∂sλ(s) + Σt(s)λ(s) = Q. ✭✶✷✳✷✮
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❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❛s

λh(s) = C exp

(

−
∫ ∞

s

Σt(τ) dτ

)

.

❍❡♥❝❡✱ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✶✷✳✷✮ ✐s ❣✐✈❡♥ ❜②

λ(s) = λh(s) + exp

(

−
∫ ∞

s

Σt(τ) dτ

)∫ ∞

s

Q exp

(∫ ∞

s′
Σt(τ) dτ

)

ds′,

✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ s ∈ [0,∞)✳ ❚❤❡ r❡✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡
s♣❛t✐❛❧ tr❛♥s♣♦rt t❡r♠ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♦♣❡r❛t♦r ✭✇✐t❤ ❛ s❝❛tt❡r✐♥❣ r❛t✐♦
0 < c < 1✮ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❜♦t❤ ❝♦♥s❡r✈❛t✐✈❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✇✐t❤ s♦✉r❝❡
t❡r♠s t❤❛t ❡♠✐t ♣❛rt✐❝❧❡s ❝♦♥st❛♥t❧② ♦✈❡r ♣s❡✉❞♦ t✐♠❡ ❤❛s ❛ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥✳



✶✸ ⑤ ❈♦♥t✐♥✉♦✉s ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡r✐✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t❡❞ ✐♥ ❈❤❛♣t❡r ✶✶✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ▲❛❣r❛♥❣❡
❢♦r♠❛❧✐s♠ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✵✷❪✱ ❙❡❝t✐♦♥ ✷✳✶✵✳ ❚r❡❛t✐♥❣ t❤❡ st❛t❡ ❛♥❞ ❝♦♥tr♦❧
✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛s ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✱ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r ❛
✭❧♦❝❛❧✮ ♦♣t✐♠✉♠ ✐s ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦
st❛t❡✱ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❛♥❞ ❝♦♥tr♦❧✱ ❛♥❞ s❡tt✐♥❣ ❛❧❧ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s t♦
③❡r♦✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦✉♣❧❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ s♦❧✈❡❞ ✐t❡r❛t✐✈❡❧②✱
♦r ✉s✐♥❣ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✳

✶✸✳✶ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠

❋♦❧❧♦✇✐♥❣ t❤❡ ▲❛♥❣r❛♥❣❡ ❢♦r♠❛❧✐s♠✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ ♦♣✲
t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✶✶ ✐s ❣✐✈❡♥ ❜②

L(Ψ,Σt, λ) = J(Ψ,Σt)− 〈VΨ, λ〉,

✇❤❡r❡ J ✐s t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧✱ 〈·〉 ✐s t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ L2(R+ × R
3 × S2)✱

❛♥❞ V t❤❡ ♦♣❡r❛t♦r ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳ ❍❡r❡✱ λ ✐s t❤❡ s♦✲❝❛❧❧❡❞
▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r✐❣❤t
❞✐♠❡♥s✐♦♥❛❧✐t② t❤❛t ✐s s✉✣❝✐❡♥t❧② s♠♦♦t❤✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ r❡❢❡r t♦ ✐t ❛❧s♦
❛s t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡✳ ❆ ❢♦r♠❛❧ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ②✐❡❧❞s

L(Ψ,Σt, λ) = J(Ψ,Σt)− 〈VΨ, λ〉 = J(Ψ,Σt)− 〈Ψ, V ∗λ〉
= J(Ψ,Σt)

−
∫ ∞

0

∫

R3

∫

S2

Ψ(s, x,Ω)

[

− ∂sλ(s, x,Ω)− Ω∇xλ(s, x,Ω)

+ Σt(s)λ(s, x,Ω)− cΣt(s)

∫

S2

σ(Ω · Ω′)λ(0, x,Ω′) dΩ′
]

dΩdx ds,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s
❝❤❛♣t❡r✳ ❙✐♥❝❡ Ψ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ✇❡ ❤❛✈❡ VΨ = 0✱ ❤❡♥❝❡ 〈VΨ, λ〉 = 〈Ψ, V ∗λ〉 = 0✳ ❚❤❡♥ ✐t ✐s ❡❛s② t♦
s❡❡ t❤❛t ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♦❢ L ❛t (Ψ̄, λ̄, Σ̄t) ✐s

∂ΨL(Ψ̄, λ̄, Σ̄t) = 0, ∂Σt
L(Ψ̄, λ̄, Σ̄t) = 0 ❛♥❞ ∂λL(Ψ̄, λ̄, Σ̄t) = 0.

✶✷✶
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❚❤❡s❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❢♦r♠ t❤❡ s♦✲❝❛❧❧❡❞ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❚❤❡② ❛r❡ ❛❧s♦ ❛
♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♦❢ J ❛t (Ψ̄, Σ̄t) ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t
VΨ = 0✳

✶✸✳✷ ❋♦r✇❛r❞✱ ❛❞❥♦✐♥t ❛♥❞ ✉♣❞❛t❡ ❡q✉❛t✐♦♥

❚❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❧♦❝❛❧ ♦♣t✐♠✉♠ ②✐❡❧❞ ❛ ❝♦✉♣❧❡❞ s②st❡♠ ♦❢ t❤r❡❡
❡q✉❛t✐♦♥s✳ ❚❤❡② ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ ❢♦r✇❛r❞✱ t❤❡ ❛❞❥♦✐♥t✱ ❛♥❞ t❤❡ ✉♣❞❛t❡
❡q✉❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡r✐✈❡ t❤❡s❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

✶✸✳✷✳✶ ❋♦r✇❛r❞ ❡q✉❛t✐♦♥

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ❜② ❢♦r♠❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ♦r ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r λ✳ ❲❡ ❤❛✈❡

∂λL(Ψ̄, λ̄, Σ̄t)λ = 〈VΨ, λ〉 = 0,

❢♦r ❛❧❧ λ✳ ❚❤❛t ♠❡❛♥s t❤❛t VΨ = 0 ❤♦❧❞s ✐♥ ❛ ✇❡❛❦ s❡♥s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡
❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ✐s s✐♠♣❧② t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮ t♦❣❡t❤❡r
✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿

∂sΨ(s, x,Ω) + Ω∇xΨ(s, x,Ω) + Σt(s)Ψ(s, x,Ω) = 0, ✭✶✸✳✶❛✮

Ψ(0, x,Ω) = c

∫ ∞

0

∫

S2

σ(Ω,Ω′)Σt(s)Ψ(s, x,Ω) dΩds+Q(x,Ω). ✭✶✸✳✶❜✮

✶✸✳✷✳✷ ❆❞❥♦✐♥t ❡q✉❛t✐♦♥

❲❡ ♦❜t❛✐♥ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❜② ❢♦r♠❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ Ψ✳ ❋r♦♠

∂ΨL(Ψ̄, λ̄, Σ̄t)Ψ = ∂ΨJ(Ψ,Σt)Ψ− 〈Ψ, V ∗λ〉 = 0,

✐t ❢♦❧❧♦✇s t❤❛t

〈Ψ, V ∗λ〉 = ∂ΨJ(Ψ,Σt)Ψ, ✭✶✸✳✷✮

❢♦r ❛❧❧ Ψ✳ ❚❤✐s ✐s ❛ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❊q✉❛t✐♦♥
✭✶✷✳✶✮✱ ✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t❡
✈❛r✐❛❜❧❡ s❡r✈❡s ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡✲t❡r♠✳ ❲❡ r❡❝❛❧❧ t❤❛t

∂ΨJ(Ψ̄, Σ̄t)Ψ = A

∫

(∂G)l

∫ ∞

0

∫

Γ−

(T (x; Ψ̄)− T̄ (x))SΨ(s, x,Ω) dΩds dx,
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✇❤❡r❡ S ✐s t❤❡ tr❛❝❡ ♦♣❡r❛t♦r t❤❛t r❡str✐❝ts Ψ t♦ t❤❡ ❜♦✉♥❞❛r②✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥
✇r✐t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t ❊q✉❛t✐♦♥ ✭✶✸✳✷✮ ❛s

− ∂sλ(s, x,Ω)− Ω∇xλ(s, x,Ω) + Σt(s)λ(s, x,Ω)

= cΣt(s)

∫

S2

σ(Ω,Ω′)λ(0, x,Ω′) dΩ′ +R(x),

✇❤❡r❡

R(x) = A(T (x; Ψ̄)− T̄ (x))

✐s ♥♦♥✲③❡r♦ ♦♥❧② ♦♥ t❤❡ s♣❛t✐❛❧ ❜♦✉♥❞❛r② ∂Gl ❛♥❞ r❡❡♠✐ts ♣❛rt✐❝❧❡s ✐s♦tr♦♣✐❝❛❧❧②
♦✈❡r t❤❡ ❢✉❧❧ ♣s❡✉❞♦✲t✐♠❡ ❞♦♠❛✐♥✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❛❣❛✐♥ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ λ(∞, x,Ω) = 0 ❢♦r ❛❧❧ x ∈ R

3 ❛♥❞ Ω ∈ S2✳

✶✸✳✷✳✸ ❯♣❞❛t❡ ❡q✉❛t✐♦♥

❲❡ ♦❜t❛✐♥ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❜② ❢♦r♠❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ Σt✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❣r❛❞✐❡♥t
♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧

J̄(Σt) = J(Ψ(Σt),Σt),

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳ ❍❡r❡ ✐t ♠❛❦❡s ❛ ❞✐✛❡r❡♥❝❡ ✐❢ t❤❡ ❝♦♥tr♦❧
✈❛r✐❛❜❧❡ ✐s t❤❡ ❢✉❧❧ ❢✉♥❝t✐♦♥ Σt(s) ✭✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧✮✱ ♦r ✐❢ ✇❡ ✉s❡ ❛
♠♦❞❡❧ ❢♦r Σt t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✜♥✐t❡ s❡t ♦❢ s❝❛❧❛r ❝♦♥tr♦❧s ✭✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧✮✳ ❲❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❢♦r ❜♦t❤ ❝❛s❡s✱ ✐♥❝❧✉❞✐♥❣
t❤❡ ♠♦❞❡❧s ❢♦r Σt ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✸✳

■♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧

❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ Σt ❛t t❤❡ ❧♦❝❛❧ ♠✐♥✐♠✉♠
(Ψ̄, λ̄, Σ̄t) ✐s ❣✐✈❡♥ ❜②

∂Σt
L(Ψ̄, λ̄, Σ̄t)Σt =−

∫ ∞

0

∫

R3

∫

S2

Σt(s)Ψ̄(s, x,Ω)λ̄(s, x,Ω) dΩdx ds

+

∫ ∞

0

∫

R3

∫

S2

Σt(s)Ψ̄(s, x,Ω)c

∫

S2

σ(Ω,Ω′)λ̄(0, x,Ω′) dΩ′ dΩdx ds

+B

∫ ∞

0

Σt(s)Σ̄t(s) ds,
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❢♦r t❤❡ st❛♥❞❛r❞ ❚②❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ Σt ✐s ✉s❡❞ ❛s ❛ t❡st
❢✉♥❝t✐♦♥✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ ❛❜♦✈❡ ❛s ❛ ❣r❛❞✐❡♥t

∂Σt
L(s) =−

∫

Ω

∫

S2

Ψ(s, x,Ω)λ(s, x,Ω) dΩdx ✭✶✸✳✸❛✮

+

∫

R3

∫

S2

Ψ(s, x,Ω)

[

c

∫

S2

σ(Ω,Ω′)λ(0, x,Ω′) dΩ′
]

dΩdx+BΣt(s).

✭✶✸✳✸❜✮

❋✐♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧

❯s✐♥❣ ♠♦❞❡❧s ❢♦r t❤❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ❛s ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✶✶✳✸✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❤❡♥❝❡ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❛❞❥♦✐♥t
❡q✉❛t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s ❛❜♦✈❡✱ ♦♥❧② t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧② t❤❡
❣r❛❞✐❡♥t✱ ❝❤❛♥❣❡s✳ ❆ss✉♠❡ t❤❛t Σt(s) ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❛ ✜♥✐t❡ s❡t ♦❢ N
❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs c1, . . . cN ✱ ❛♥❞ t❤❛t Σt(s) ❞❡♣❡♥❞s ♦♥ ❡❛❝❤ ❝♦♥tr♦❧ ci ✐♥ ❛
❞✐✛❡r❡♥t✐❛❜❧❡ ✇❛②✳ ❚❤❛t ♠❡❛♥s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣r❛❞✐❡♥t ∂ciΣt ❡①✐sts ❢♦r ❛❧❧
i✳ ❚❤❡♥ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ci✱ i ∈ {1, . . . , N}✱
✐s ❣✐✈❡♥ ❜②

∂ciL(Ψ̄, λ̄, c̄i)ci = −
∫ ∞

0

∫

R3

∫

S2

[∂ciΣt(s)(c̄i)] ciΨ̄(s, x,Ω)λ̄(s, x,Ω) dΩdx ds

✭✶✸✳✹❛✮

+

∫ ∞

0

∫

R3

∫

S2

[∂ciΣt(s)(c̄i)] ciΨ̄(s, x,Ω)
[

c

∫

S2

σ(Ω,Ω′)λ̄(0, x,Ω′) dΩ′
]

dΩdx ds

✭✶✸✳✹❜✮

+Bcic̄i. ✭✶✸✳✹❝✮

❋♦r t❤❡ s✐♠♣❧❡ ❝❛s❡ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ α ❛s ❛ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧

Σt(s) =
α− 1

s+ 1
, α ≥ 3,

✇❡ ♦❜t❛✐♥ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❛s

∂ΨL(Ψ̄, λ̄, ᾱ)α = −α

∫ ∞

0

∫

R3

∫

S2

1

s+ 1
Ψ̄(s, x,Ω)λ̄(s, x,Ω) dΩdx ds

+ α

∫ ∞

0

∫

R3

∫

S2

1

s+ 1
Ψ̄(s, x,Ω)

[

c

∫

S2

σ(Ω,Ω′)λ̄(0, x,Ω′) dΩ′
]

dΩdx ds+Bαᾱ.

❍❡r❡✱ t❤❡ ❝♦♥tr♦❧ α ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ♦✉t✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❣r❛❞✐❡♥t

∂αL =−
∫ ∞

0

∫

R3

∫

S2

1

s+ 1
Ψ(s, x,Ω)λ(s, x,Ω) dΩdx ds

+

∫ ∞

0

∫

R3

∫

S2

1

s+ 1
Ψ(s, x,Ω)

[

c

∫

S2

σ(Ω,Ω′)λ(0, x,Ω′) dΩ′
]

dΩdx ds
)

+Bα.
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■❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ♠♦❞❡❧❡❞ ❜② ❛ ❣❛♠♠❛ ♦r ❧♦❣♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥ ✭❛s ✐♥ ❙❡❝t✐♦♥ ✶✶✳✸✮✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡✲
t❡rs a, b ❛♥❞ A,B ❡①✐st✱ ❜✉t ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❛❜♦✈❡ ♣r❡s❡♥t❡❞ ❝❛s❡✱ t❤❡② ❛r❡
♥♦♥❧✐♥❡❛r ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡①✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ Σt ❢♦r t❤❡ ❣❛♠♠❛ ❞✐str✐❜✉✲
t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✐♥❝♦♠♣❧❡t❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ❛♥❞ ▼❡✐❥❡r
●✲❢✉♥❝t✐♦♥s ❬✽❪✱ t❤❡ ♦♥❡ ❢♦r t❤❡ ❧♦❣♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❡rr♦r
❢✉♥❝t✐♦♥✳ ❲❡ ❞♦ ♥♦t st❛t❡ t❤❡♠ ❤❡r❡ ❡①♣❧✐❝✐t❧②✱ ❜✉t t❤❡② ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧✲
❝✉❧❛t❡❞ ✉s✐♥❣ ❛ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ s✉❝❤ ❛s ▼❛t❤❡♠❛t✐❝❛ ❜② ❲♦❧❢r❛♠
❘❡s❡❛r❝❤✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ❛♣♣r♦①✐♠❛t❡❧② ✉s✐♥❣ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✳

✶✸✳✷✳✹ ❖♣t✐♠❛❧✐t② s②st❡♠ ❢♦r s✐♠♣❧✐✜❡❞ t❡st ♣r♦❜❧❡♠s

❯s✐♥❣ s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧s ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✷✱ t❤❡ ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠ ♦♥❧② ❞✐✛❡rs ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠ ♦❢ t❤❡ ❛❞❥♦✐♥t
❡q✉❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ✐s ❛❣❛✐♥ ❊q✉❛t✐♦♥ ✭✶✸✳✶✮✱ ✇❤✐❧❡
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

− ∂sλ(s, x,Ω)− Ω · ∇xλ(s, x,Ω) dτ + Σt(s)λ(s, x,Ω) =

Σt(s)c

∫

S2

σ(Ω′,Ω)λ(0, x,Ω′) dΩ′ +R(s, x,Ω),

✇✐t❤ r❡s✐❞✉❛❧ t❡r♠ R(s, x,Ω) = A(Ψ(s, x,Ω) − Ψ̄(s, x,Ω))✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡
s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J1✱ ❛♥❞ R(s, x,Ω) = R(x) = A(H(x; Ψ) − H̄(x))✱ ✐❢
t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2 ✐s ✉s❡❞✳ ❚❤❡ ❣r❛❞✐❡♥t✱ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✉♣❞❛t❡ ❡q✉❛✲
t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✸✳✸✮ ❢♦r t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧✱ ❛♥❞ t❤❡
❡q✉❛t✐♦♥s ❢♦r t❤❡ ❣r❛❞✐❡♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧ ❛❧s♦ r❡♠❛✐♥
✈❛❧✐❞✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ❤❡r❡ ✐s t❤❛t s♦✉r❝❡ t❡r♠s ❛r❡ s✐♠♣❧❡ ❛♥❞ ❞❡✜♥❡❞ ❡✈❡r②✲
✇❤❡r❡✳ ❚❤✐s ✐s ✇❤② ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ s✐♠♣❧❡r ♦♣t✐♠❛❧✲
✐t② s②st❡♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✐♥ ♦r❞❡r t♦ t❡st t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳

✶✸✳✸ ●r❛❞✐❡♥t ❜❛s❡❞ s♦❧✉t✐♦♥ ♠❡t❤♦❞s

❲❡ ❝❛♥ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ②✐❡❧❞s t❤❡
❣r❛❞✐❡♥t ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧

∂Σt
L(Ψ, λ,Σt) = ∂Σt

J̄(Σt),

✇❤❡r❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤✐s ❣r❛❞✐❡♥t ✐s ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✸✳✸✮✳ ❍❡♥❝❡✱
✇❡ ✉s❡ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s t♦ ♠✐♥✐♠✐③❡ t❤❡ r❡❞✉❝❡❞ ❝♦st
❢✉♥❝t✐♦♥❛❧✱ s❡❡ ❬✶✵✷❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✳ ❚❤❛t ♠❡❛♥s✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♦♣t✐♠❛❧✐t②
s②st❡♠ ❜② ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✱ t❤❛t ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✿

✭✵✮ ❙t❛rt ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝❤♦✐❝❡ Σ0
t (s)✳ ❚❤❡♥ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳

✭✶✮ ❙♦❧✈❡ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ❢♦r Ψn ✉s✐♥❣ Σn
t ✳
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✭✷✮ ❙♦❧✈❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❢♦r λn ✉s✐♥❣ Σn
t ❛♥❞ Ψn✳

✭✸✮ ❯♣❞❛t❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ❜②

Σn+1
t (s) = Σn

t − hn∂Σt
L(Ψn, λn,Σn

t ),

❛♥❞ r❡t✉r♥ t♦ ✭✶✮✳ ❘❡♣❡❛t ✉♥t✐❧ t❤✐s ✐s ❝♦♥✈❡r❣❡❞✳

❚❤❡ ♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥t ❢♦r Σt ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥
t❤❡ ✉♣❞❛t❡ st❡♣ ✭✸✮✳ ❚❤❡ ✉♣❞❛t❡ t❤❡♥ r❡❛❞s

Σn+1
t (s) =proj≥0

(

Σn
t (s) + hn

∫

R3

∫

S2

Ψn(s, x,Ω)λn(s, x,Ω) dΩdx ✭✶✸✳✺❛✮

− hn

∫

R3

∫

S2

Ψn(s, x,Ω)
[

c

∫

S2

σ(Ω · Ω′)λn(0, x,Ω′) dΩ′
]

dΩdx+BΣn
t (s)

)

,

✭✶✸✳✺❜✮

✇❤❡r❡ proj≥0 ❞❡♥♦t❡s t❤❡ ♣♦✐♥t✇✐s❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ♣♦s✐t✐✈❡ ❤❛❧❢✲s♣❛❝❡✳ ❚❤❡
st❡♣ s✐③❡ hn > 0 ❤❛s t♦ ❜❡ ❝❤♦s❡♥ ❛♣♣r♦♣r✐❛t❡❧②✱ t❤✐s ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ❝❤❛♣t❡r✳

◆♦t❡ ❛❧s♦✱ t❤❛t t❤❡ ❣r❛❞✐❡♥t ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✈❛r✐✲
❛❜❧❡✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ t❤❡ st❛♥❞❛r❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❞✐s❝✉ss❡❞ ✐♥
❬✶✵✷✱ ✺✾❪✳ ❑♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❛❧s♦ ❡♥❛❜❧❡s t❤❡ ✉s❡ ♦❢ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❣r❛✲
❞✐❡♥t ❜❛s❡❞ ♠❡t❤♦❞s s✉❝❤ ❛s t❤❡ ❇❋●❙ q✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞ ❬✶✼✱ ✹✷✱ ✺✵✱ ✾✼❪✱
✇❤❡r❡ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❍❡ss✐❛♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ❣r❛❞✐❡♥t ✐♥❢♦r♠❛✲
t✐♦♥ ✭s❡❡ ❛❧s♦ ❬✾✵❪ ❢♦r q✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞s ✐♥ P❉❊ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥✮✳
❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s✱ t❤❛t ✐t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✈❡r② ❡✛❡❝t✐✈❡❧② ✐♥
▼❆❚▲❆❇✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤♦✉t ❡①tr❛ ❡✛♦rt ♦♥❝❡ t❤❡ ❣r❛❞✐❡♥t
✐s ❝❛❧❝✉❧❛t❡❞✳ ■❢ t❤❡ ♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥ts ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡
❝❛♥ ❛❧s♦ ✉s❡ ❙◗P ✭s❡q✉❡♥t✐❛❧ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠♠✐♥❣✮ ♠❡t❤♦❞s ❬✾✵❪✱ ✇❤✐❝❤ ❛r❡
❛❣❛✐♥ ✐♠♣❧❡♠❡♥t❡❞ ❡✣❝✐❡♥t❧② ✐♥ ▼❆❚▲❆❇✳



✶✹ ⑤ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡
✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✉s❡ ❛ ❞✐s❝r❡t❡ ♦r❞✐♥❛t❡ SN ♠❡t❤♦❞ ♦r t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s
PN ❡①♣❛♥s✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❍▲▲ s❝❤❡♠❡ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡rs ✼
❛♥❞ ✽✱ t♦ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ t❤❡ ✶❉ s❧❛❜ ❣❡♦♠❡tr② ❝❛s❡ ✇✐t❤ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ t♦ s✐♠♣❧✐❢②
t❤❡ ♣r❡s❡♥t❛t✐♦♥✳ ❊q✉❛t✐♦♥ ✭✻✳✹✮ t❤❡♥ r❡❛❞s

∂sΨ(s, x, µ) + µ∂xΨ(s, x, µ) + Σt(s)Ψ(s, x, µ) = 0 ✭✶✹✳✶❛✮

Ψ(0, x, µ) =
c

2

∫ ∞

0

∫ 1

−1
Σt(s

′)Ψ(s′, x, µ) dµ ds′ +Q(x, µ), ✭✶✹✳✶❜✮

✇✐t❤ µ ∈ [−1, 1] ❜❡✐♥❣ t❤❡ ❝♦s✐♥❡ ♦❢ t❤❡ ♣♦❧❛r ❛♥❣❧❡✳ ■♥ t❤❡ s❛♠❡ ✇❛② t❤❡ s❧❛❜
❣❡♦♠❡tr② ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

− ∂sλ(s, x, µ)− µ∂xλ(s, x, µ) + Σt(s)λ(s, x, µ) = ✭✶✹✳✷❛✮

Σt(s)
c

2

∫ 1

−1
λ(0, x, µ) dµ+R(s, x, µ), ✭✶✹✳✷❜✮

✇❤❡r❡ R ✐s t❤❡ r❡s✐❞✉❛❧ ❛♥❞ s❡r✈❡s ❛s ❛ s♦✉r❝❡ t❡r♠ ❢♦r t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳

❲❡ ✜rst ❞✐s❝✉ss t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❜② t❤❡ SN ✲❍▲▲
♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✶✹✳✶✱ ❛♥❞ ❜② t❤❡ PN ✲❍▲▲ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✶✹✳✷✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✶✹✳✸ ✇❡ ❞❡s❝r✐❜❡ ❧✐♥❡ s❡❛r❝❤ str❛t❡❣✐❡s ❢♦r ❣r❛❞✐❡♥t ❜❛s❡❞
s♦❧✉t✐♦♥ ♠❡t❤♦❞s✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✶✹✳✹ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ t❡sts t❤❛t
✐❧❧✉str❛t❡ t❤❛t t❤❡ ❤❡r❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ ❛ ❣♦♦❞ ❛❝❝✉r❛❝② ❛t ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ❝♦st✳

✶✹✳✶ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥

■t ✐s str❛✐❣❤t ❢♦r✇❛r❞ t♦ ✉s❡ ❛ SN ❛♣♣r♦①✐♠❛t❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ❍▲▲✲s❝❤❡♠❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✽ ❢♦r
t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❘❡❝❛❧❧ t❤❛t ❢♦r t❤❡
❞✐s❝r❡t❡ ♦r❞✐♥❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ✐s ❞✐s❝r❡t✐③❡❞ ❛t N ♣♦✐♥ts
µi, i = 1, .., N ✱ s✉❝❤ t❤❛t

N∑

i=1

ωiΨ(s, x, µi) ≈
∫ 1

−1
Ψ(s, x, µ) dµ,

✶✷✼
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✇❤❡r❡ µi ❛r❡ ✉s✉❛❧❧② ❝❤♦s❡♥ t♦ ❜❡ ●❛✉ss ♣♦✐♥ts ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ωi✳
❙♦ ✐♥ s❧❛❜ ❣❡♦♠❡tr②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s
❢♦r ❊q✉❛t✐♦♥ ✭✶✹✳✶✮✿

∂sΨi(s, x) + µi∂xΨi(s, x) + Σt(s)Ψi(s, x) = 0,

Ψi(0, x) =
c

2

∫ ∞

0

N∑

i=1

ωiΣt(s
′)Ψi(s

′, x) ds′ +Qi(x),

✇❤❡r❡ Ψi(s, x) = Ψ(s, x, µi) ❛♥❞Qi(x) = Q(x, µi)✳ ❚❤❡ ❛❞❥♦✐♥t ❊q✉❛t✐♦♥ ✭✶✹✳✷✮
✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

− ∂sλi(s, x)− µi∂xλi(s, x) + Σt(s)λi(s, x) =

Σt(s)
c

2

N∑

i=1

ωiλi(0, x) +Ri(s, x),

✐♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✱ ✇❤❡r❡ λi(s, x) = λ(s, x, µi) ❛♥❞ Ri(s, x) =
R(s, x, µi)✳

❋♦r ❡❛❝❤ ♦r❞✐♥❛t❡ µi ✇❡ ❝❛♥ ❛❞❛♣t t❤❡ ❍▲▲ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✽✳
❙❡tt✐♥❣ Ψn,j

i = Ψ(sn, xj, µi)✱ Σn
t = Σt(s

n)✱ ❛♥❞ b = max |µi| ②✐❡❧❞s✱ ✐♥ t❤❡
✐s♦tr♦♣✐❝ ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t s❝❤❡♠❡

Ψj,n+1
i −Ψj,n

i

∆s
+ µi

Ψj+1,n
i −Ψj−1,n

i

2∆x
− b

Ψj+1,n
i − 2Ψj,n

i +Ψj−1,n
i

2∆x
+ Σn

t Ψ
j,n
i = 0,

Ψj,0
i =

c

2

∞∑

n=0

N∑

i=1

αnΣ
n
t ωiΨ

j,n
i +Qj

i .

◆♦t❡ t❤❛t✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ s❝❤❡♠❡ ✐♥ ❈❤❛♣t❡r ✽✱ t❤✐s s❝❤❡♠❡ ✐s ♥♦t ♥❡❝❡ss❛r✐❧②
❛s②♠♣t♦t✐❝ ♣r❡s❡r✈✐♥❣✳ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✱ ❛♥ ❍▲▲ s❝❤❡♠❡ ❢♦r t❤❡ ❛❞❥♦✐♥t
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❚❤✐s r✉♥s ❜❛❝❦✇❛r❞s ✐♥ ✭♣s❡✉❞♦✲✮t✐♠❡ ❛♥❞ r❡❛❞s

− λj,n
i − λj,n+1

i

∆s
− µi

λj+1,n+1
i − λj−1,n+1

i

2∆x
− b

λj+1,n+1
i − 2λj,n+1

i + λj−1,n+1
i

2∆x

+ Σn+1
t λj,n+1

i =
c

2
Σn+1

t

N∑

i=1

ωiλ
j,0
i +Rj,n+1

i ,

✇❤❡r❡ Rj,n+1
i = R(sn, xj, µi)✳ ❇♦t❤ ❡q✉❛t✐♦♥s ❝❛♥ ❡✐t❤❡r ❜❡ s♦❧✈❡❞ ✐♥ ❛ s♦✉r❝❡✲

✐t❡r❛t✐♦♥ ❧✐❦❡ ♠❛♥♥❡r ♦r ❞✐r❡❝t❧② ❛s ♦♥❡ ❧✐♥❡❛r s②st❡♠✳ ■❢ N ✐s ❧❛r❣❡ ♦r t❤❡
s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ✜♥❡✱ t❤❡ s♦✉r❝❡✲✐t❡r❛t✐♦♥ s❤♦✉❧❞ ❜❡ ♣r❡❢❡rr❡❞✳ ◆♦t❡
❛❧s♦✱ t❤❛t t❤❡ s✐❣♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❡q✉❛t✐♦♥s✳
❚❤❛t ♣❧❛②s ❛ r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤ t❤❡ ❞✐s❝r❡t❡
♦♣t✐♠❛❧✐t② s②st❡♠✳
❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡
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t❤❡ ♣♦✐♥t✇✐s❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ❞✐r❡❝t❧② ②✐❡❧❞s

[∂Σt
J ] (s) ≈−

∫

R

N∑

i=1

ωiΨi(s, x)λi(s, x) dx+

∫

R

N∑

i=1

ωiΨi(s, x)

[

c

2

N∑

i′=1

ωi′λi(0, x)

]

dx.

❚❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ x ♥❡❡❞s t♦ ❜❡ ❝❛rr✐❡❞ ♦✉t ♥✉♠❡r✐❝❛❧❧②✳

✶✹✳✷ PN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ PN ❝❧♦s✉r❡ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ▲❡t
Pk(µ) ❜❡ t❤❡ k−t❤ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧✱ t❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ k−t❤ ▲❡❣❡♥❞r❡
♠♦♠❡♥t ♦❢ t❤❡ ❢♦r✇❛r❞ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ❛s

Ψ(k)(s, x) :=

∫ 1

−1
Pk(µ)Ψ(s, x, µ) dµ, λ(k)(s, x) :=

∫ 1

−1
Pk(µ)λ(s, x, µ) dµ.

❚❤❡ PN s②st❡♠ t❤❛t ❛♣♣r♦①✐♠❛t❡s ❊q✉❛t✐♦♥ ✭✶✹✳✶✮ ✇✐t❤ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣
t❤❡♥ r❡❛❞s

∂sΨ
(k)(s, x) + ∂x

[
k

2k + 1
Ψ(k−1)(s, x) +

k + 1

2k + 1
Ψ(k+1)(s, x)

]

+ Σt(s)Ψ
(k)(s, x) = 0,

Ψ(0)(0, x) = c

∫ ∞

0

Σt(s)Ψ
(0)(s, x) ds+Q(x), Ψ(k)(0, x) = 0, ❢♦r k = 1, . . . , N.

■♥tr♦❞✉❝✐♥❣ Ψj,n
k = Ψ(k)(sn, xj)✱ t❤❡ ❡①♣❧✐❝✐t ❍▲▲ s❝❤❡♠❡ r❡❛❞s

Ψj,n+1
k −Ψj,n

k

∆s
+

k

2k + 1
· Ψ

j+1,n
k−1 −Ψj−1,n

k−1
2∆x

+
k + 1

2k + 1
· Ψ

j+1,n
k+1 −Ψj−1,n

k+1

2∆x

− Ψj+1,n
k − 2Ψj,n

k +Ψj−1,n
k

2∆x
+ Σn

t Ψ
j,n
k = 0,

Ψj,0
0 = c

∞∑

n=0

ωnΣ
n
t Ψ

j,n
0 +Qj, Ψj,0

k = 0, ❢♦r k = 1, . . . , N,

❢♦r s♦♠❡ ✐♥✜♥✐t❡ q✉❛❞r❛t✉r❡ r✉❧❡ ❢♦r t❤❡ s✲✐♥t❡❣r❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✇❡✐❣❤ts ωn✳
❚❤❡ PN s②st❡♠ ❢♦r ❊q✉❛t✐♦♥ ✭✶✹✳✷✮ ✇✐t❤ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ r❡❛❞s

− ∂sλ
(k)(s, x)− ∂x

[
k

2k + 1
λ(k−1)(s, x) +

k + 1

2k + 1
λ(k+1)(s, x)

]

+ Σt(s)λ
(k)(s, x) = cΣt(s)λ

(k)(0, x)δ(k = 0) +R(k)(s, x),

λ(k)(∞, x) = 0, ❢♦r ❛❧❧ k = 0, . . . , N,

✇❤❡r❡ R(k)(s, x) ✐s t❤❡ k✲t❤ ▲❡❣❡♥❞r❡ ♠♦♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❛❧ t❡r♠ R✳ ❙❡tt✐♥❣
λj,n
k = λ(k)(sn, xj) ❛♥❞ Rj,n+1

k = R(k)(sn, xj)✱ t❤❡ ❍▲▲ s❝❤❡♠❡ ❢♦r t❤✐s s②st❡♠
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♦❢ ❡q✉❛t✐♦♥s ✐s ❣✐✈❡♥ ❜②

− λj,n+1
k − λj,n

k

∆s
− k

2k + 1
· λ

j+1,n+1
k−1 − λj−1,n+1

k−1
2∆x

− k + 1

2k + 1
· λ

j+1,n+1
k+1 − λj−1,n+1

k+1

2∆x

− λj+1,n+1
k − 2λj,n+1

k + λj−1,n+1
k

2∆x
+ Σn+1

t λj,n+1
k = cΣn+1

t λj,0
k δk=0 +Rj,n+1

k ,

λj,∞
k = 0, ❢♦r ❛❧❧ k = 0, . . . , N.

◆♦t❡ t❤❛t t❤✐s s②st❡♠ ♥❡❡❞s t♦ ❜❡ s♦❧✈❡❞ ❜❛❝❦✇❛r❞s ✐♥ ♣s❡✉❞♦✲t✐♠❡✱ t❤❛t ❡①✲
♣❧❛✐♥s t❤❡✱ ❛t ❧❡❛st ♦♥ t❤❡ ✜rst ❧♦♦❦✱ ✐♠♣❧✐❝✐t ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤✐s ✈❛r✐❛❜❧❡✳

❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ r❡q✉✐r❡s ❛
r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r
♥❛t✉r❡ ♦❢ ❊q✉❛t✐♦♥ ✭✶✸✳✸✮ ❛♥❞ J ✳ ■♥s❡rt✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥s ❛♥❞ ✐♥t❡❣r❛t✐♥❣
✇✐t❤ r❡s♣❡❝t t♦ µ✱ t❤❡ ❣r❛❞✐❡♥t s✐♠♣❧✐✜❡s t♦

[∂Σt
J ] (s) ≈−

∫

R

N∑

k=0

2k + 1

2
Ψ(k)(s, x)λ(k)(s, x) dx+

c

2

∫

R

Ψ(0)(s, x)λ(0)(0, x) dx.

■❢ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ✉s❡❞✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ❛♣♣❡❛rs t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
Ψ ❛♥❞ λ✳ ■♥s❡rt✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ Ψ ❛♥❞ t❤❡ ❞❡s✐r❡❞ st❛t❡ Ψ ✐♥t♦ t❤❡
✜rst t❡r♠ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ②✐❡❧❞s

‖Ψ−Ψ‖2L2 =

∫ ∞

0

∫

R

∫ 1

−1
(Ψ(s, x, µ)−Ψ(s, x, µ))2 dµ dx ds

≈
∫ ∞

0

∫

R

∫ 1

−1

[
N∑

k=0

2k + 1

2
Pk(µ)

(

Ψ(k)(s, x)−Ψ
(k)
(s, x)

)
]2

dµ dx ds

=

∫ ∞

0

∫

R

N∑

k=0

2k + 1

2

(

Ψ(k)(s, x)−Ψ
(k)
(s, x)

)2

dx ds.

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ x ♥❡❡❞s t♦ ❜❡ ❝❛rr✐❡❞ ♦✉t ♥✉♠❡r✐❝❛❧❧②✱ ✇❤✐❧❡
t❤❡ ✐♥t❡❣r❛❧s ✇✐t❤ r❡s♣❡❝t t♦ µ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

✶✹✳✸ ▲✐♥❡ s❡❛r❝❤

❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✸✳✸✱ ✇❡ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✉s✲
✐♥❣ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st
❢✉♥❝t✐♦♥❛❧ J̄(Σt) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt ❡q✉❛❧s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ Σt✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥
✉s❡ ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞ t♦ ✉♣❞❛t❡ t❤❡ ♣❛r❛♠❡t❡r ❛❢t❡r ❡❛❝❤ st❡♣✱ t❤❛t
♠❡❛♥s ✇❡ s❡t

Σn+1
t = Σn

t + hnvn, ✭✶✹✳✸✮
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✇❤❡r❡ vn ✐s t❤❡ ❛♥t✐ ❣r❛❞✐❡♥t ❣✐✈❡♥ ❜②

vn =

∫

R

∫ 1

−1
Ψ̄(s, x, µ)λ̄(s, x, µ) dµ dx

−
∫

R

∫ 1

−1
Ψ̄(s, x, µ)

[
c

2

∫ 1

−1
λ̄(s, x, µ′) dµ′

]

dµ dx− BΣn
t ,

❛♥❞ t❤❡ st❡♣ s✐③❡ hn ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡ s❡❛r❝❤ ♠❡t❤♦❞✳

✭✵✮ ❈❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ st❡♣ s✐③❡ h0✳

✭✶✮ ❋♦r ❛ ❣✐✈❡♥ st❡♣ s✐③❡ hk✱ ❝❛❧❝✉❧❛t❡ Σn+1
t ❜② ✭✶✹✳✸✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✈❛❧✉❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J̄(Σn+1
t )✳

✭✷✮ ■❢ J̄(Σn+1
t ) < J̄(Σn

t )✱ t❤❡ ✉♣❞❛t❡ ✐s ❛❝❝❡♣t❡❞✱ ❛♥❞ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ st❡♣
✭✵✮✳ ■❢ J̄(Σn+1

t ) ≥ J̄(Σn
t )✱ ✇❡ s❡t hk+1 = hk/2 ❛♥❞ r❡t✉r♥ t♦ st❡♣ ✭✶✮✳

✭✸✮ ■❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥ J̄ ❢❛❧❧s ❜❡❧♦✇ ❛ ♣r❡❞❡✜♥❡❞ t❤r❡s❤♦❧❞✱ ✇❡ st♦♣ t❤❡
✐t❡r❛t✐♦♥✳

■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ✐♥ ❡✈❡r② st❡♣✱ Σn+1
t ✐s

♣♦✐♥t✇✐s❡ ♣r♦❥❡❝t❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ ❤❛❧❢ s♣❛❝❡ ✐❢ ✐t ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ ❚❤❡
❛❜♦✈❡ ♣r❡s❡♥t❡❞ ❧✐♥❡ s❡❛r❝❤ ♠❡t❤♦❞ ✐s t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡ ♠❡t❤♦❞✳ ▼♦r❡
s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞s t❤❛t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❆r♠✐❥♦ ❝♦♥❞✐t✐♦♥ ♦r ❲♦❧❢❡✬s
❝♦♥❞✐t✐♦♥s ❬✺✾✱ ✾✵❪ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦✉r s❡tt✐♥❣✳

✶✹✳✹ ◆✉♠❡r✐❝❛❧ t❡sts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ t❡st ❝❛s❡s✱ ✇❤❡r❡ ✇❡
st✉❞② ❛♥❞ t❡st t❤❡ ❛❜♦✈❡ ✐♥tr♦❞✉❝❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠✳ ❋✐rst✱ ✇❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ♦✉r ♠❡t❤♦❞✱ s❤♦✇✐♥❣ t❤❛t
t❤❡ ❝❛❧❝✉❧❛t❡❞ ❣r❛❞✐❡♥t ❛❣r❡❡s ✇✐t❤ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❝❛❧✐❜r❛t❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r B ❛♥❞ ✐♥✈❡s✲
t✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t t❡st❝❛s❡s
✇❤❡r❡ ♣❛r❛♠❡tr✐③❡❞ ❛♥❞ ❢✉❧❧ ❝r♦ss s❡❝t✐♦♥s ❛r❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ ♣❡rt✉r❜❡❞
❞❛t❛ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ s❝❛❧❛r ✢✉①✳

✶✹✳✹✳✶ ❱❡r✐✜❝❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r t❡st✐♥❣

❚❤❡ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ❛❧❧ r❡❧② ♦♥ ❛ ❝❛❧❝✉❧❛t✐♦♥
♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ❛❜❧❡
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ tr✉❡ ❣r❛❞✐❡♥t ♦❢ t❤✐s q✉❛♥t✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ st✉❞② t❤❡
r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥✳

❱❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t

❲❡ ✈❡r✐❢② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✸✳✸✮ ❜② ❝♦♠♣❛r✐♥❣
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳



✶✸✷❈❍❆P❚❊❘ ✶✹✳ ◆❯▼❊❘■❈❆▲ ▼❊❚❍❖❉❙ ❋❖❘ ❚❍❊ ❖P❚■▼❆▲■❚❨ ❙❨❙❚❊▼

❲❡ ✉s❡ t❤❡ s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J1 ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✷✱ ✇✐t❤
♣❛r❛♠❡t❡rs A = 1 ❛♥❞ B = 0.1✳ ❚❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✐s ❡✈❛❧✉❛t❡❞ ❛t Ψ ❛♥❞ t❤❡
❞❡s✐r❡❞ st❛t❡ Ψ✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ✇✐t❤ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s p✱ ❛♥❞ p r❡s♣❡❝t✐✈❡❧②✱ ❣✐✈❡♥
❜②

p(s) =
4

(s+ 1)5
, p(s) =

3

(s+ 1)4
,

❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s Σt(s) ❛♥❞ Σ̄t(s)✳

s
0 2 4 6 8 10 12 14 16 18 20

G
ra

d
ie

n
t

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018
P

N
 Gradient

Finite Differences

✭❛✮ ●r❛❞✐❡♥t ❜② PN
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✭❜✮ ●r❛❞✐❡♥t ❜② SN

❋✐❣✉r❡ ✶✹✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛t✐♦♥ ❞❡✲
r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
✉s✐♥❣ t❤❡ PN ♠❡t❤♦❞ ✭❧❡❢t✮✱ ♦r t❤❡ SN ♠❡t❤♦❞ ✭r✐❣❤t✮✳

❚❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❣r❛❞✐❡♥t ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛ ❝❡♥tr❛❧
❞✐✛❡r❡♥❝❡ s❝❤❡♠❡✱ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ✐s
♣❡rt✉r❜❡❞ ♣♦✐♥t✇✐s❡

∂J i
1 ≈

J+
1 − J−1
2∆Σi

t

,

✇✐t❤ J+
1 ❜❡✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ❢♦r Σ̃i

t = Σi
t +∆Σi

t✱ ❛♥❞ J−1 ❜❡✲
✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ❢♦r Σ̃i

t = Σi
t −∆Σi

t✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❡♥tr✐❡s
❛r❡ ❧❡❢t ✉♥♣❡rt✉r❜❡❞✳ ❚❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❝❤♦s❡♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡
∆Σi

t = 10−4 · Σi
t✳

❲❡ s❡❡ ✐♥ ❋✐❣✉r❡ ✶✹✳✶ t❤❛t t❤❡ ❣r❛❞✐❡♥t ❛❣r❡❡s ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ ✜♥✐t❡ ❞✐✛❡r✲
❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛t ❡✈❡r② ❡♥tr② ❢♦r t❤❡ PN ♠❡t❤♦❞✱ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ SN

♠❡t❤♦❞✳ ❚❤❡ r❡❧❛t✐✈❡ L2✲❡rr♦r ✐s 5.02 ·10−4 ❢♦r t❤❡ PN ✲♠❡t❤♦❞✱ ❛♥❞ 8.81 ·10−3
❢♦r t❤❡ SN ♠❡t❤♦❞✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❣r❛❞✐❡♥ts ❢♦r t❤❡ PN ❛♥❞
SN ♠❡t❤♦❞ ❛❧s♦ ❛❣r❡❡ ✈❡r② ✇❡❧❧ ✇✐t❤ ❛ r❡❧❛t✐✈❡ L2−❡rr♦r ♦❢ 1.07 · 10−2✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ t❡st ❝❛s❡s ✐t ✐s s✉✣❝✐❡♥t t♦ ♦♥❧② ❝♦♥s✐❞❡r ♦♥❡ ♦❢ t❤❡s❡
♠❡t❤♦❞s✳
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❘❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs

❲❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r B ✐♥ t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉✲
❧❛r✐③❛t✐♦♥

REG(Σt) = B

∫ ∞

0

(
Σt(s)− Σ̄t(s)

)2
ds

❢♦r t❤❡ s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧s J1 ❛♥❞ J2✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❛ ❢♦r✇❛r❞
s♦❧✉t✐♦♥ ✇✐t❤ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉✲
t✐♦♥

p(s) =
3

(s+ 1)4
, ❤❡♥❝❡ Σt(s) =

3

s+ 1
,

❛♥❞ t❤❡♥ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✐♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t t❤❡ ❝r♦ss
s❡❝t✐♦♥ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣ ✐♥✐t✐❛❧ ❣✉❡ss Σ0

t ✳ ❲❡ ❡①♣❡❝t t❤❛t
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡s ❛s B ❞❡❝r❡❛s❡s✳ ❚❤❡ ✜rst r❡❣✉❧❛r✐③❛t✐♦♥
♣❛r❛♠❡t❡r ✐s ❝❤♦s❡♥ ❛s A = 1 ❢♦r ❛❧❧ ❝❛s❡s✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

q(s) = exp

(

−
∫ s

0

Σt(τ) dτ

)

.

❋♦r ❛❧❧ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ✉s❡ ❛ P5✲❍▲▲ s❝❤❡♠❡ ♦♥ t❤❡ s♣❛t✐❛❧ ✐♥t❡r✈❛❧ x ∈
[−20, 20] ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ∆x = 0.08 ❛♥❞ ∆s = 0.04✱ ✇❤❡r❡
t❤❡ s✲✈❛r✐❛❜❧❡ ✐s ❝✉t ♦✛ ❛t s♠❛① = 40✳ ❲❡ ❝❤♦♦s❡ ❛ ●❛✉ss✐❛♥ s♦✉r❝❡ t❡r♠ Q(x)
❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ ✐s ✜①❡❞ t♦ c = 0.5✳ ❋♦r t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r
✇❡ ❝❤♦♦s❡ t❤❡ ✈❛❧✉❡s B = 0.1, 0.01, 0.001, 0.0001✳

❋✐❣✉r❡ ✶✹✳✷ s❤♦✇s t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ Σt(s) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉♠✉❧❛✲
t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭❈❉❋✮ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥
♣❛r❛♠❡t❡r B✳ ❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J1 ❛r❡ s❤♦✇♥ ✐♥ t❤❡ t♦♣ ❋✐❣✲
✉r❡s ✶✹✳✷❛ ❛♥❞ ✶✹✳✷❜✱ t❤❡ r❡s✉❧ts ❢♦r J2 ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❜♦tt♦♠ ❋✐❣✉r❡s ✶✹✳✷❝
❛♥❞ ✶✹✳✷❞✳ ❲❡ s❡❡ t❤❛t t❤❡ r❡❝♦♥str✉❝t✐♦♥s ❛♣♣r♦❛❝❤ t❤❡ ❝♦rr❡❝t ❝r♦ss s❡❝t✐♦♥
✈❡r② ❣♦♦❞ ❢♦r s♠❛❧❧ s ❛s t❤❡ ♣❛r❛♠❡t❡r B ❞❡❝r❡❛s❡s✳ ❋♦r ❧❛r❣❡r s t❤✐s ✐s ♥♦t
t❤❛t ❝❧❡❛r ✐♥ ❋✐❣✉r❡s ✶✹✳✷❛ ❛♥❞ ✶✹✳✷❝✳ ❋♦r t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s
✭❋✐❣✉r❡s ✶✹✳✷❜ ❛♥❞ ✶✹✳✷❞✮✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥ ✐s ❛♣♣r♦①✲
✐♠❛t❡❞ ✐♥❝r❡❛s✐♥❣❧② ❜❡tt❡r ❛s B ❞❡❝r❡❛s❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥s
❢r♦♠ t❤❡ ✐♥t❡❣r❛t❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2 ❛r❡ ✈✐s✐❜❧② ❜❡tt❡r t❤❛♥ t❤♦s❡ ❢♦r J1✳ ❊s✲
♣❡❝✐❛❧❧② t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❈❉❋ ❢♦r B = 0.0001 ❢r♦♠ J2 ✐s ✈❡r② ❣♦♦❞✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ t❤❡r❡❢♦r❡ r❡❧② ♦♥ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r B = 0.0001✱ ❛♥❞
✇❡ ♣r❡❢❡r t❤❡ s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2 ❢♦r ❢✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥s✳ ◆♦t❡ t❤❛t
t❤❡ ✐♥t❡❣r❛t❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2 ✐s ❝❧♦s❡r t♦ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢
t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❛♥❣✉❧❛r ❛♥❞ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡✳

❊✛❡❝t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c

❍❡r❡✱ ✇❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥✲
str✉❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s❡t✉♣ ❛s ❛❜♦✈❡✱ ♦♥❧②
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✭❞✮ ❈❉❋ ❢♦r ❝♦st ❢✉♥❝t✐♦♥❛❧ J2✱ ❛♥❞ ❞✐❢✲
❢❡r❡♥t ❝❤♦✐❝❡s ♦❢ B✳

❋✐❣✉r❡ ✶✹✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ t❤❡ ❡①❛❝t ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥
Σt ✭❧❡❢t✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭r✐❣❤t✮ ❢♦r t❤❡ ❝♦st
❢✉♥❝t✐♦♥❛❧ J1 ✭t♦♣✮ ❛♥❞ J2 ✭❜♦tt♦♠✮ ❢♦r ✈❛r②✐♥❣ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r B✳

t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ✈❛r✐❡s✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛❧✉❡s c = 0.3, 0.5, 0.7, 0.9✳
❲❡ ❛❣❛✐♥ ❝♦♠♣❛r❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣
❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s J1 ❛♥❞ J2✳
❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✹✳✸✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ Σt(s) ❛♥❞ t❤❡
❈❉❋ ❢♦r J1 ✐♥ ❋✐❣✉r❡ ✶✹✳✸❛ ❛♥❞ ✶✹✳✸❜ ❛r❡ ❛❣❛✐♥ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥
❢♦r s♠❛❧❧ s✱ ❛♥❞ ❛ ❣❛♣ ♦♣❡♥s ❛s s ✐♥❝r❡❛s❡s✳ ❚❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥
✐s ♥♦t❛❜❧② t❤❡ ❜❡st ❢♦r c = 0.9✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥s ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2
❧✐❡ ❛❜♦✈❡ t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥ ❢♦r c = 0.7, 0.9✱ ❛♥❞ ❜❡❧♦✇ ❢♦r c = 0.3, 0.5✳ ❚❤❡
❈❉❋s ❢♦r t❤❡ ✈❛❧✉❡s c = 0.3, 0.5 ❛r❡ s❧✐❣❤t❧② ❝❧♦s❡r t♦ t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥ t❤❛♥
❢♦r t❤❡ ♦t❤❡r ✈❛❧✉❡s✳
❖✈❡r❛❧❧✱ ✇❡ ❝❛♥♥♦t ❞❡t❡r♠✐♥❡ ❛ ❝♦♥s✐st❡♥t ❡✛❡❝t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ♦♥ t❤❡
q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2✳ ❋♦r r❡s✉❧ts
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ J1✱ ❤♦✇❡✈❡r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ q✉❛❧✐t② ♦❢
t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❜✈✐♦✉s❧② ✐♥❝r❡❛s❡s ❛s t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c ❛♣♣r♦❛❝❤❡s 1✳

✶✹✳✹✳✷ ❋✐♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ r❡❝♦♥str✉❝t ♣❛r❛♠❡tr✐③❡❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s ❢♦r
✉♥❞❡r❧②✐♥❣ ❛❧❣❡❜r❛✐❝✱ ❣❛♠♠❛✱ ♦r ❧♦❣✲♥♦r♠❛❧ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✱ ❛s ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✸✳ ❲❡ ♥♦✇ ✜① t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t♦ A = 1 ❛♥❞
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✭❞✮ ❈❉❋ ❢♦r ❝♦st ❢✉♥❝t✐♦♥❛❧ J2✱ ❛♥❞ ❞✐❢✲
❢❡r❡♥t ❝❤♦✐❝❡s ♦❢ c✳

❋✐❣✉r❡ ✶✹✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ❛♥❞ t❤❡ ❡①❛❝t ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝✲
t✐♦♥ Σt ✭❧❡❢t✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭r✐❣❤t✮ ❢♦r t❤❡
❝♦st ❢✉♥❝t✐♦♥❛❧ J1 ✭t♦♣✮ ❛♥❞ J2 ✭❜♦tt♦♠✮ ❢♦r ✈❛r②✐♥❣ s❝❛tt❡r✐♥❣ r❛t✐♦ c✳

B = 0.0001✱ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ ✐s s❡t t♦ c = 0.5✳ ❋♦r ❛❧❧ r❡❝♦♥str✉❝t✐♦♥s
✇❡ ✇❡ ✉s❡ ❛ P5✲❍▲▲ s❝❤❡♠❡ ♦♥ t❤❡ s♣❛t✐❛❧ ✐♥t❡r✈❛❧ x ∈ [−20, 20]✱ ✇✐t❤ 1000 ❞✐s✲
❝r❡t❡ ♣♦✐♥ts ✐♥ x ❛♥❞ ❛ ❈❋▲ ♥✉♠❜❡r 1/2✳ ❚❤❡ s✲✈❛r✐❛❜❧❡ ✐s ❝✉t ♦✛ ❛t s♠❛① = 40✳
❲❡ ❝❤♦♦s❡ ❛ ●❛✉ss✐❛♥ s♦✉r❝❡ t❡r♠ Q(x)✱ ❛♥❞ t❤❡ s✐♠♣❧✐✜❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ J2✳
❚❤❡ ❞❡s✐r❡❞ st❛t❡ φ̄(x) ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛ P29 ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡
❝♦♠♣✉t❛t✐♦♥❛❧ ♣❛r❛♠❡t❡rs✳ ❋♦r ❡❛❝❤ t❡st ✇❡ r✉♥ 16 ✐♥❞❡♣❡♥❞❡♥t ❝❛❧❝✉❧❛t✐♦♥s✱
✇❤❡r❡ φ̄ ✐s ♣❡rt✉r❜❡❞ ♣♦✐♥t✇✐s❡ ❜② ±5%✱ ❛♥❞ t❤❡ ❡rr♦r ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✳
❚❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝r♦ss s❡❝t✐♦♥s ❛r❡ t❤❡♥ r❡❝♦♥str✉❝t❡❞
✉s✐♥❣ ❛ ❣r❛❞✐❡♥t ❜❛s❡❞ ♠❡t❤♦❞✱ ✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❊q✉❛✲
t✐♦♥ ✭✶✸✳✹❛✮✳ ❲❡ ❝❤♦♦s❡ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❣✉❡ss ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ❡❛❝❤ t✐♠❡✱
s✉❝❤ t❤❛t ❛❧❧ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❝♦♠♣❛r❛❜❧❡✳

❚❤❡ r❡s✉❧ts ❢♦r ❛♥ ❛❧❣❡❜r❛✐❝ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛✲
❜❧❡ ✶✹✳✶✳ ❚❤❡ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥s ❛❧❧ ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❝♦rr❡❝t ♣❛r❛♠❡t❡rs
α = 4, 5, 6, 7✳ ❚❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥❝r❡❛s❡s ❛s α ✐♥❝r❡❛s❡s✱ ❜✉t
✐t ✐s r❡❛s♦♥❛❜❧② s♠❛❧❧ ✭♠❛①✐♠❛❧ 2%✮✳ ❊s♣❡❝✐❛❧❧② ❢♦r α = 4 ❛♥❞ α = 5 t❤❡
❝♦rr❡❝t ♣❛r❛♠❡t❡r ✐s r❡❝♦♥str✉❝t❡❞ ❛❧♠♦st ♣❡r❢❡❝t❧②✳ ❆s ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇❡
❝❤♦♦s❡ ❛♥ ✉♥❝♦♥str❛✐♥❡❞ q✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞✳ ❚❤❡ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛✲
t✐♦♥s ♥❡❡❞❡❞ ✐s ♥♦t s✉r♣r✐s✐♥❣✱ s✐♥❝❡ ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r s♣❛❝❡
t❤❡ ❝♦rr❡❝t ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ✐s ❢✉❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✐❣♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳
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❚②♣❡ ❝♦rr❡❝t ❛✈❣❡r❛❣❡ r❡❧❛t✐✈❡ ❛✈❣✳ # ❛✈❣✳ #
α α ❡rr♦r ✐t❡r❛t✐♦♥s ❣r❛❞✳ ❡✈❛❧✳

❛❧❣❡❜r❛✐❝ 4 3.9959 0.1017% 1.8125 13.688

❛❧❣❡❜r❛✐❝ 5 4.9727 0.5453% 5.4375 44.250

❛❧❣❡❜r❛✐❝ 6 5.9389 1.0179% 4.3125 75.563

❛❧❣❡❜r❛✐❝ 7 6.8532 2.0976% 4.5625 97.563

❚❛❜❧❡ ✶✹✳✶✿ ❖✈❡r✈✐❡✇ ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r α ❢♦r ❛♥ ✉♥❞❡r❧②✐♥❣
❛❧❣❡❜r❛✐❝ ❞✐str✐❜✉t✐♦♥✳

■♥st❡❛❞✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❣r❛❞✐❡♥t ❡✈❛❧✉❛t✐♦♥s ✐s ❤✐❣❤❡r✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡
t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛❞✐❡♥t ❡✈❛❧✉❛t✐♦♥s ✐♥❝r❡❛s❡s ❛s α ✐♥❝r❡❛s❡s✳

❚②♣❡ ❝♦rr✳ ❝♦rr✳ ❛✈❣✳ ❛✈❣✳ ❛✈❣✳ r❡❧✳ ❛✈❣✳ # ❛✈❣✳ #
a b a b ❡rr♦r ✐t❡r❛t✐♦♥s ❣r❛❞✳ ❡✈❛❧✳

❣❛♠♠❛ 2 1 1.9981 1.0011 2.4700% 20.188 59.125

❣❛♠♠❛ 3 2 3.3654 1.9414 4.6247% 11.063 36.063

❧♦❣✲♥♦r♠❛❧ 2 1 2.0004 1.0004 0.3902% 10.063 32.375

❧♦❣✲♥♦r♠❛❧ 1 2 0.8927 2.0146 4.8481% 12.188 28.375

❚❛❜❧❡ ✶✹✳✷✿ ❖✈❡r✈✐❡✇ ♦✈❡r r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ✉♥❞❡r❧②✐♥❣ ❣❛♠♠❛
❛♥❞ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐③❡❞ ❣❛♠♠❛ ❛♥❞ ❧♦❣✲♥♦r♠❛❧ ❝r♦ss s❡❝t✐♦♥s ✐s
❛ ♠♦r❡ ❝♦♠♣❧❡① t❛s❦ ❜❡❝❛✉s❡ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r s♣❛❝❡✳ ❲❡
♣❛r❛♠❡tr✐③❡ t❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ pgam ❛♥❞ t❤❡ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ plogn
❜②

pgam(s) =
ba

Γ(a)
sa−1 exp(−bs), ❛♥❞ plogn(s) =

1

as
√
2π

exp

(

−(log(s)− b)2

2a2

)

.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s ❛r❡ s♣❡❝✐✜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✸✳ ❋♦r
❛♥ ✐♥✐t✐❛❧ ❣✉❡ss ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ✇❡ ❛❧✇❛②s ❛❞❞ 1 t♦ t❤❡ ❝♦rr❡❝t ♣❛r❛♠❡t❡r✳
❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡♥ r❡❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛ ❙◗P ♠❡t❤♦❞ t❤❛t ❝♦♥s✐❞❡rs t❤❡
♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥ts ♦♥ a ❛♥❞ b✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♦❜s❡r✈❡❞ ♥❡❣❛t✐✈❡ ♣❛r❛♠❡t❡rs
❢♦r ✇❤✐❝❤ ❛ ❢♦r✇❛r❞ s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❡①✐st✳
❚❤❡ r❡s✉❧ts ❢♦r t❤❡ t❡sts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✹✳✷✳ ❲❡ s❡❡ ❛❣❛✐♥ ❣♦♦❞
r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ❝♦rr❡❝t ♣❛r❛♠❡t❡rs ❢♦r ❜♦t❤ ❣❛♠♠❛ ❛♥❞ ❧♦❣✲♥♦r♠❛❧ ❞✐s✲
tr✐❜✉t✐♦♥s✳ ❚❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ r❡❧❛t✐✈❡ ❡rr♦r ❢♦r t❤❡ ❧♦❣✲♥♦r♠❛❧ ❛♥❞ ❣❛♠♠❛
❞✐str✐❜✉t✐♦♥ ❛r❡ s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ ✐♥ t❤❡ ❛❧❣❡❜r❛✐❝ ♦♥❡ ♣❛r❛♠❡t❡r ❝❛s❡✱ ❜✉t
st✐❧❧ ②✐❡❧❞ ❣♦♦❞ r❡s✉❧ts ✭♠❛①✐♠❛❧ ❛❜s♦❧✉t❡ r❡❧❛t✐✈❡ ❡rr♦r ❛r♦✉♥❞ 4%✮✳ ❖♥ ❛✈✲
❡r❛❣❡ ✇❡ ♥❡❡❞ ♠♦r❡ ✐t❡r❛t✐♦♥s ❛♥❞ ❣r❛❞✐❡♥t ❡✈❛❧✉❛t✐♦♥s t♦ r❡❝♦♥str✉❝t t❤❡
♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❛s ❢♦r t❤❡ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❜✉t
✇❡ ❝❛♥♥♦t ❞❡t❡r♠✐♥❡ ❛ s②st❡♠❛t✐❝ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞✐str✐❜✉t✐♦♥s✳
■♥ ❜♦t❤ ❝❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐s ❤✐❣❤❡r t❤❛♥ ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
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♣❛r❛♠❡t❡r s♣❛❝❡✳

❖✈❡r❛❧❧✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❜② ♦✉r ♠❡t❤♦❞ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t ♦♥❡
❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs ✇✐t❤ ❤✐❣❤ ♣r❡❝✐s✐♦♥ ❢♦r r❡❛s♦♥❛❜❧② ♣❡rt✉r❜❡❞
❞❛t❛✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ✐♥❝r❡❛s❡ s✐❣♥✐✜❝❛♥t❧② ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t②
♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✐s ✐♥❝r❡❛s❡❞✳ P♦s✐t✐✈✐t② ❝♦♥str❛✐♥ts ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t
❡✈❡♥ ❢♦r t❤❡ r❡❧❛t✐✈❡ ❧♦✇ ♣❛r❛♠❡t❡r s♣❛❝❡ ❞✐♠❡♥s✐♦♥ 2✳

✶✹✳✹✳✸ ■♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧s

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ❢r♦♠ ♣❡rt✉r❜❡❞ ❞❛t❛
❢♦r t❤❡ s❝❛❧❛r ✢✉① ✐s t❤❡ ♠♦st ❝♦♠♣❧❡① t❡st❝❛s❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r ❤❡r❡✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ s❡t✉♣ ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s t❡st❝❛s❡s✱ ❛♥❞ ✇❡ ✉s❡
❛❣❛✐♥ ❛ s❝❛tt❡r✐♥❣ r❛t✐♦ c = 0.5✳ ❲❡ ❝❤♦♦s❡ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❡①t❡r♥❛❧ s♦✉r❝❡
t❡r♠ ✇✐t❤ Q(x) = 1 ❢♦r −1 < x < 1✱ ❛♥❞ 0 ❡❧s❡✇❤❡r❡✳ ❆ ❞❡s✐r❡❞ s❝❛❧❛r ✢✉①
φ̄(x) ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛ P29 ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥ ✐s ❛❧❣❡❜r❛✐❝ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✳

❋♦r ❚❡st❝❛s❡ ✶ ✇❡ ❝❤♦♦s❡ α = 4✱ ❢♦r ❚❡st❝❛s❡ ✷ ✇❡ ❝❤♦♦s❡ α = 5✱ ❢♦r ❚❡st✲
❝❛s❡ ✸ ✇❡ ❝❤♦♦s❡ α = 6✱ ❛♥❞ ❢♦r ❚❡st❝❛s❡ ✹ ✇❡ ❝❤♦♦s❡ α = 7✳ ❋♦r t❤❡
r❡❝♦♥str✉❝t✐♦♥s ✇❡ ✇❡ ✉s❡ ❛❣❛✐♥ ❛ P5✲❍▲▲ s❝❤❡♠❡✳ ❚❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ❢♦r Σt(s)
❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛❧❣❡❜r❛✐❝ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ α0 = α+1✳ ❚❤❡♥ ✇❡ ♣❡r❢♦r♠ 16
✐♥❞❡♣❡♥❞❡♥t r❡❝♦♥str✉❝t✐♦♥s✱ ✇❤❡r❡ t❤❡ ❞❡s✐r❡❞ s❝❛❧❛r ✢✉① φ̄ ✐s ♣❡rt✉r❜❡❞ ♣♦✐♥t✲
✇✐s❡ ❜② ±5%✱ ❛♥❞ t❤❡ ❡rr♦r t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ✐s ❛❣❛✐♥ ❡q✉❛❧❧② ❞✐str✐❜✉t❡❞✳ ❚❤❡
❣r❛❞✐❡♥t ❜❛s❡❞ ♠❡t❤♦❞ t❤❛t ✇❡ ✉s❡ ✐s ❛♥ ✉♥❝♦♥str❛✐♥❡❞ q✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞✳
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✭❜✮ ❖♣t✐♠❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r
✢✉①✳

❋✐❣✉r❡ ✶✹✳✹✿ ❚❡st❝❛s❡ ✶✿ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥ ✇✐t❤ α = 4 ✭❧❡❢t✮✱ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ✢✉① ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✶✹✳✹ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r ❚❡st❝❛s❡ ✶✳ ❚❤❡ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ✜ts t❤❡ ❝♦rr❡❝t ♦♥❡ ✈❡r② ✇❡❧❧ ♦✈❡r t❤❡ ❢✉❧❧ s✲✐♥t❡r✈❛❧
✭❋✐❣✉r❡ ✶✹✳✹❛✮✳ ❆ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❡rt✉r❜❡❞ s❝❛❧❛r ✢✉① ✐s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✹✳✹❜✱ ✇❤❡r❡ ✇❡ ♦❜s❡r✈❡ ❛ ✈❡r② ❣♦♦❞ q✉❛❧✐t❛t✐✈❡ ✜t✳ ■♥ ❋✐❣✉r❡
✶✹✳✺ ✇❡ s❤♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❢♦r ❚❡st❝❛s❡ ✹✳ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡
r❡❝♦♥str✉❝t✐♦♥s ✐s ❛❣❛✐♥ ✈❡r② ❣♦♦❞ ❢♦r s♠❛❧❧ s✱ ❜✉t ❢♦r ❞❡❝r❡❛s✐♥❣ s t❤❡ ♥♦♥✲
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✭❜✮ ❖♣t✐♠❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r
✢✉①✳

❋✐❣✉r❡ ✶✹✳✺✿ ❚❡st❝❛s❡ ✹✿ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥ ✇✐t❤ α = 7 ✭❧❡❢t✮✱ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ✢✉① ✭r✐❣❤t✮✳

❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ ✐s ♥♦t❛❜❧② ✉♥❞❡r❡st✐♠❛t❡❞ ✭❋✐❣✉r❡ ✶✹✳✺❛✮✳ ◗✉❛❧✐t❛t✐✈❡❧②✱
t❤❛t s❤♦✇s ♦♥❧② ❛ s♠❛❧❧ ❡✛❡❝t ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ✢✉① ✐♥ ❋✐❣✉r❡
✶✹✳✺❜✳ ❆r♦✉♥❞ t❤❡ ♦r✐❣✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♥✐❝❡❧② ✜ts t❤❡ ❝✉r✈❡ ♦❢ t❤❡ s❝❛❧❛r
✢✉①✱ ♦♥❧② t♦✇❛r❞s t❤❡ ❜♦✉♥❞❛r② ✇❡ ♥♦t❡ ❛ s♠❛❧❧ ❞✐s❝r❡♣❛♥❝②✳

s
0 2 4 6 8 10 12 14 16 18 20

t(s
)

0

0.5

1

1.5

2

2.5

3

3.5

4
Average reconstruction
Correct cross section 

t
(s)

✭❛✮ ❆✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t
Σt(s) ❢♦r α = 5✳
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✭❜✮ ❆✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t
Σt(s) ❢♦r α = 6✳

❋✐❣✉r❡ ✶✹✳✻✿ ❚❡st❝❛s❡s ✷ ❛♥❞ ✸✿ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ♥♦♥✲❝❧❛ss✐❝❛❧
❝r♦ss s❡❝t✐♦♥ ✇✐t❤ α = 5 ✭❧❡❢t✮✱ ❛♥❞ α = 6 ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✶✹✳✻ s❤♦✇s t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s ❢♦r
t❤❡ ❚❡st❝❛s❡s ✷ ❛♥❞ ✸✳ ❲❡ ❛❣❛✐♥ ♦❜s❡r✈❡ ❛ ❣♦♦❞ q✉❛❧✐t❛t✐✈❡ ✜t✱ ❛❧t❤♦✉❣❤ ✐♥
❚❡st❝❛s❡ ✸ t❤❡ ❝♦rr❡❝t ❝r♦ss s❡❝t✐♦♥ ✐s ♥♦t❛❜❧② ✉♥❞❡r❡st✐♠❛t❡❞ ❢♦r ❧❛r❣❡r s✳

❆ s✉♠♠❛r② ♦❢ t❤❡ ❚❡st❝❛s❡s ✶✲✹ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✹✳✸✳ ❚❤❡ ❛✈❡r❛❣❡ r❡❧❛t✐✈❡
❡rr♦rs ✭✐♥ ❛ l2✲s❡♥s❡✮ t♦ t❤❡ ❝♦rr❡❝t ❝r♦ss s❡❝t✐♦♥ ❛r❡ ❤✐❣❤ ❛t t❤❡ ✜rst s✐❣❤t✱
❜✉t ✇❡ s❡❡ t❤❛t ♦✉r r❡s✉❧ts ②✐❡❧❞ q✉❛❧✐t❛t✐✈❡❧② s❛t✐s❢❛❝t♦r② ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ♦❢ t❤❡ ♣❡rt✉r❜❡❞
s❝❛❧❛r ✢✉①❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ ❣r❛❞✐❡♥t ❡✈❛❧✉❛✲
t✐♦♥s ✐♥❝r❡❛s❡s ❛s α ✐♥❝r❡❛s❡s✱ ✇❤✐❧❡ t❤❡ r❡❧❛t✐✈❡ ❛❜s♦❧✉t❡ ❡rr♦r ❛❧s♦ ✐♥❝r❡❛s❡s✳
❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❢♦r ❤✐❣❤❡r ❡①♣♦♥❡♥ts α ❝♦♠❡s t♦✲
❣❡t❤❡r ✇✐t❤ ❛ ♥♦t❛❜❧② ❧♦ss ♦❢ ❛❝❝✉r❛❝②✳ ❋♦r s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ α ✇❡ ♦❜s❡r✈❡
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q✉❛❧✐t❛t✐✈❡❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② ❜❡tt❡r r❡❝♦♥str✉❝t✐♦♥s ✭t❤❛t ✇❛s ❛❧r❡❛❞② ♦❜✲
s❡r✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✐♥ ❚❛❜❧❡ ✶✹✳✶✮✳ ❚❤❛t ♠❛② ❜❡ r❡❧❛t❡❞ ✇✐t❤ ❛
s❧♦✇❡r ❞❡❝❛② ♦❢ t❤❡ s♦❧✉t✐♦♥s ✐♥ t❤❡s❡ ❝❛s❡s✱ s✐♥❝❡ ✇❡ ✐♥t❡❣r❛t❡ ♦✈❡r t❤❡ ❢✉❧❧ s
❞♦♠❛✐♥ t♦ ♦❜t❛✐♥ t❤❡ ❣r❛❞✐❡♥t✳

❝♦rr❡❝t ❛✈❣✳ r❡❧✳ ❛✈❣✳ # ❛✈❣✳ #
α ❡rr♦r ✐t❡r❛t✐♦♥s ❣r❛❞✳ ❡✈❛❧✳

❚❡st❝❛s❡ ✶ 4 14.960% 10.688 37.938

❚❡st❝❛s❡ ✷ 5 18.398% 14.688 40.813

❚❡st❝❛s❡ ✸ 6 30.781% 18.875 47.750

❚❡st❝❛s❡ ✹ 7 43.215% 20.438 64.563

❚❛❜❧❡ ✶✹✳✸✿ ❖✈❡r✈✐❡✇ ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❝r♦ss s❡❝t✐♦♥ Σt(s)✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡❝♦♥str✉❝t ❢✉❧❧ ♥♦♥✲❝❧❛ss✐❝❛❧
❝r♦ss s❡❝t✐♦♥s ❢r♦♠ ♣❡rt✉r❜❡❞ ❞❛t❛ ❢♦r t❤❡ s❝❛❧❛r ✢✉①❡s ❛t ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❡s❡ t❡st❝❛s❡s ❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s
❧✐❦❡ t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ✉s❡❞ ❛s
❛ ♠♦t✐✈❛t✐♦♥❛❧ ❡①❛♠♣❧❡ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s✲
♣♦rt ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t❤❡r❡ ✐♥ t❤❡ ❢✉t✉r❡✳



✶✺ ⑤ ❉✐s❝r❡t❡ ✜rst ♦r❞❡r
♦♣t✐♠❛❧✐t② s②st❡♠

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❛❞❞r❡ss t❤❡ ♣❛r❛❞✐❣♠s ♦❢ ✜rst✲❞✐s❝r❡t✐③❡✲t❤❡♥✲♦♣t✐♠✐③❡ ❛♥❞
✜rst✲♦♣t✐♠✐③❡✲t❤❡♥✲❞✐s❝r❡t✐③❡ ✭❛❧s♦ ❦♥♦✇♥ ❛s ❉❖ ✈s✳ ❖❉✮✳ ❲❤❡♥ ✇❡ s♦❧✈❡
t❤❡ ❞✐s❝r❡t✐③❡❞ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠✱ t❤❡r❡ ✐s ❛♥ ✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ✇❡ s♦❧✈❡ ✐♠♣❧✐❝✐t❧②✳ ■❢ t❤✐s ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❛♥
❛❞♠✐ss✐❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❡ ❡①♣❡❝t t❤❛t
t❤❡ r❡s✉❧t✐♥❣ ❣r❛❞✐❡♥t ✐s ✐♥❛❝❝✉r❛t❡✳ ❚❤❛t ♠❛② ❧❡❛❞ t♦ ❛ s❧♦✇❡r ❝♦♥✈❡r❣❡♥❝❡ ♦r
❡✈❡♥ ✐♥❝♦rr❡❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst ✐♥✈❡st✐❣❛t❡
t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡ SN ✲❍▲▲ ♠❡t❤♦❞✳
❲❡ ❝♦♠♣❛r❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠
✇✐t❤ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳
❲❡ s❤♦✇ t❤❛t✱ ❢♦r t❤❡ SN ✲❍▲▲ ♠❡t❤♦❞✱ t❤❡② ❝♦✐♥❝✐❞❡ ✉♣ t♦ ❛♥ ❡rr♦r ♦❢ t❤❡
♦r❞❡r ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r✳ ❚r❡❛t✐♥❣ t❤❡ ❝♦❧❧✐s✐♦♥ s♦✉r❝❡ t❡r♠ ✐♠♣❧✐❝✐t❧②✱
t❤✐s ❡rr♦r ❝❛♥ ❜❡ ❢✉rt❤❡r r❡❞✉❝❡❞✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤❡s❡ r❡s✉❧ts ❛❧s♦ ❤♦❧❞
❢♦r t❤❡ PN ✲❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥✳

✶✺✳✶ ❈♦♥s✐st❡♥❝② ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡

❲❡ st✉❞② t❤❡ s✐♠♣❧✐✜❡❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣✲
t❡r ✶✶✱ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠✳ ❚❤❛t ♠❡❛♥s✱ ✇❡ ❝♦♥s✐❞❡r ❊q✉❛t✐♦♥ ✭✻✳✹✮
✐♥ s❧❛❜ ❣❡♦♠❡tr② ✇✐t❤ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣

∂sΨ(s, x, µ) + µ∂xΨ(s, x, µ) + Σt(s)Ψ(s, x, µ) = 0,

Ψ(0, x, µ) =
c

2

∫ ∞

0

∫ 1

−1
Σt(s

′)Ψ(s′, x, µ) dµ ds′ +Q(x, µ),

❜❡✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ s✐♠♣❧✐✜❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

min
Ψ,Σt

J1(Ψ,Σt), ✇✐t❤

J1(Ψ,Σt) :=
1

2

∫ ∞

0

∫

R

∫ 1

−1

(
Ψ(s, x, µ)− Ψ̄(s, x, µ)

)2
dµ dx ds,

✇❤❡r❡ Ψ̄ ✐s ❦♥♦✇♥ ❞❛t❛ t❤❛t ✇❡ ✇❛♥t t♦ ✜t ✇✐t❤ ♦✉r ♠♦❞❡❧ ✇✐t❤ ❛ s✉✐t❛❜❧❡
♣❛r❛♠❡t❡r Σt(s)✳

■♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ Ψ ✐s ❛ ✈❡❝t♦r ✇✐t❤ ❧❡♥❣t❤ N · Smax · (2X +1)✱
✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦r❞✐♥❛t❡s ✐♥ t❤❡ SN ♠❡t❤♦❞✱ Smax ✐s t❤❡ ♥✉♠❜❡r ♦❢
❞✐s❝r❡t❡ ♣♦✐♥ts ✐♥ ♣s❡✉❞♦✲t✐♠❡✱ ❛♥❞ 2X +1 ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♣❛t✐❛❧ ♣♦✐♥ts✳ ■♥

✶✹✵



✶✺✳✶✳ ❈❖◆❙■❙❚❊◆❈❨ ❖❋ ❆ ◆❯▼❊❘■❈❆▲ ❙❈❍❊▼❊ ✶✹✶

t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✐♥❣ ✐♥ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦r✿

Ψ =






















Ψ−X,0
1
✳✳✳

Ψ−X,0
N

Ψ−X+1,0
1
✳✳✳

ΨX,0
N

Ψ−X,1
1
✳✳✳
✳✳✳

ΨX,Smax

N






















.

❋♦r ❛ ✜①❡❞ ♣s❡✉❞♦ t✐♠❡ st❡♣ ❛♥❞ s♣❛t✐❛❧ ❝❡❧❧✱ t❤❡ ♥❡✐❣❜♦r✐♥❣ ❡♥tr✐❡s ✈❛r② ❜②
t❤❡ ♦r❞✐♥❛t❡s✱ ❢♦r ❛ ✜①❡❞ ♣s❡✉❞♦ t✐♠❡ st❡♣✱ t❤❡ s♣❛t✐❛❧ ❝❡❧❧s ❛r❡ ♦r❞❡r❡❞ ❢r♦♠
−X t♦ X✱ ❛♥❞ ❢r♦♠ t♦♣ t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✈❡❝t♦r t❤❡ ♣s❡✉❞♦ t✐♠❡ st❡♣
✐♥❝r❡❛s❡s✳ ❚❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦r Ψ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡r Σt✱ ✇❤✐❝❤ ✐s ❛
✈❡❝t♦r ✐♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ ✇✐t❤ ❡♥tr✐❡s Σn

t ✱ n = 0, ..., Smax✳ ❚❤❡r❡❢♦r❡✱ t❤❡
r❡❞✉❝❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

F (Σt) =
1

2
‖Ψ(Σt)− Ψ̄‖2c =

1

2

Smax∑

n=1

N∑

i=1

X∑

j=−X
αnωiβj(Ψ

j,n
i − Ψ̄j,n

i )2,

✇✐t❤ αn, ωi, βj ❜❡✐♥❣ t❤❡ ✇❡✐❣❤ts ♦❢ ❛ q✉❛❞r❛t✉r❡ r✉❧❡ ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ s, µ ❛♥❞ x✳ ❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠s ✐♥ t❤✐s ❝❤❛♣t❡r✱
s✐♥❝❡ t❤❡② ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t❡
❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❋♦r ❡❛❝❤ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t❤❛t ✇❡
❝♦♥s✐❞❡r✱ Ψ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜①❡❞✲♣♦✐♥t ♣r♦❜❧❡♠

Ψ = AΨ+ q

✇✐t❤ Ψ ❛s ✐♥❞✐❝❛t❡❞ ❛❜♦✈❡✱ t❤❡ s♦✉r❝❡ t❡r♠ q ❜❡✐♥❣ ❛ ✈❡❝t♦r ❣✐✈❡♥ ❜②

q =















Q−X
✳✳✳

QX

0
✳✳✳
0
✳✳✳















,

❛♥❞ A ✐s ❛ ♠❛tr✐① ✇❤♦s❡ str✉❝t✉r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✳ ◆♦t❡
t❤❛t t❤❡ ♠❛tr✐① A ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ Ψ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r Σt✳ ❚❤❡
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s♦❧✉t✐♦♥ ❝❛♥ t❤❡r❡❢♦r❡✱ ✐♥ t❤❡♦r②✱ ❜❡ ❞✐r❡❝t❧② ❝❛❧❝✉❧❛t❡❞ ❛s

Ψ = Rq, R =
(
Id−A

)−1
.

✇❤❡r❡ Id ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥ ❛s A✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s
✐s s♦❧✈❡❞ ✐t❡r❛t✐✈❡❧②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ✜①❡❞ ♣♦✐♥t
❡q✉❛t✐♦♥✳ ❚❤❡ ❞✐s❝r❡t❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❡♥ r❡❛❞s

min
Σt

F (Σt) ✉♥❞❡r (Id−A)Ψ = q, Σt ≥ 0. ✭✶✺✳✶✮

■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❡ ❤❛✈❡ t♦ t❛❦❡ t❤❡ ❞❡r✐✈❛✲
t✐✈❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ F ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r Σt✳ ❚❤❛t ②✐❡❧❞s

∂F

∂Σt

= (Ψ(Σt)− Ψ̄) · C ∂Ψ

∂Σt

,

✇❤❡r❡ C ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ t❤❡ ♣r♦❞✉❝ts ♦❢ t❤❡ q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts
✭♦❢ t❤❡ ❢♦r♠ αnωiβj✮✱ ❛♥❞

∂Ψ

∂Σt

=
(
Id−A

)−1 ∂A

∂Σt

Ψ = R
∂A

∂Σt

Ψ.

❘❡❛rr❛♥❣✐♥❣ t❤✐s t❡r♠✱ ✇❡ ✜♥❞ t❤❡ ❞✐s❝r❡t❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ❢r♦♠
t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥

∂F

∂Σt

=
(

C
∂A

∂Σt

Ψ
)T

RT
(
Ψ− Ψ̄

)
= 0.

■♥tr♦❞✉❝✐♥❣ ❛♥ ❛❞❥♦✐♥t st❛t❡ ✈❡❝t♦r λ✱ ❛♥❞ ✇r✐t✐♥❣ C = C1 ·C2✱ ✇✐t❤ C1 ❜❡✐♥❣
❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts αn✱
✇❡ ✜♥❞ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s t♦ ❜❡

Ψ = Rq, ✭❢♦r✇❛r❞ ❡q✉❛t✐♦♥✮

λ = RTC1(Ψ− Ψ̄). ✭❛❞❥♦✐♥t ❡q✉❛t✐♦♥✮

❚❤❡ ❛❞❥♦✐♥t ❡q❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ ✜①❡❞ ♣♦✐♥t ❢♦r♠ ❛s

λ = ATλ+ C1(Ψ− Ψ̄),

s✐♥❝❡ ✐♥✈❡rs❡ ❛♥❞ tr❛♥s♣♦s❡ ✐♥t❡r❝❤❛♥❣❡ ❛♥❞ t❛❦✐♥❣ t❤❡ tr❛♥s♣♦s❡ ✐s ❛ ❧✐♥❡❛r
♦♣❡r❛t✐♦♥✳ ❲❡ s❡❡ ❧❛t❡r ♦♥✱ ✇❤② t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ♠❛tr✐① C ✐s ✐♠♣♦rt❛♥t ❤❡r❡✳
❍❡♥❝❡✱ t❤❡ ❞✐s❝r❡t❡ ❛❞❥♦✐♥t ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❡q✉❛t✐♦♥
✐s ❝♦♥s✐st❡♥t ✐❢ t❤❡ ♠❛tr✐① AT r❡♣r❡s❡♥ts t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳ ❚❤❡ ♠✐ss✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ♥❡❝❡ss❛r②
❝♦♥❞✐t✐♦♥

∂F

∂Σt

(

C2
∂A

∂Σt

Ψ
)T

λ = ΨT ∂A

∂Σt

T

C2λ = 0, ✭✶✺✳✷✮

✇❤✐❝❤ ②✐❡❧❞s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ♣r♦❞✉❝ts ♦❢ Ψ ❛♥❞ λ ❛s ✐♥
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❈❤❛♣t❡r ✶✸✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ t❤❡s❡ ♥♦t❛t✐♦♥s ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s t♦ s❤♦✇ t❤❛t ❢♦r t❤❡
SN−❍▲▲ ♠❡t❤♦❞ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢ t❤❡
❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✉♥❞❡r s♦♠❡ ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✱ ✉♣ t♦ ❛♥ ❡rr♦r ♦❢ t❤❡ ♦r❞❡r
♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ t❤❡♥ ❞✐r❡❝t❧② ❝❛rr✐❡❞ ♦✈❡r t♦ t❤❡
PN ✲❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠✳

✶✺✳✷ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✱ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s ❈❤❛♣t❡r ✶✹✱ r❡❛❞s ❛s

Ψj,n+1
i −Ψj,n

i

∆s
+ µi

Ψj+1,n
i −Ψj−1,n

i

2∆x
− b

Ψj+1,n
i − 2Ψj,n

i +Ψj−1,n
i

2∆x
+ Σn

t Ψ
j,n
i = 0,

✭✶✺✳✸❛✮

Ψj,0
i =

c

2

∞∑

n=0

N∑

i=1

αnΣ
n
t ωiΨ

j,n
i +Qj

i , ✭✶✺✳✸❜✮

✇❤❡r❡ Ψn,j
i = Ψ(sn, xj, µi) ❛♥❞ b = max |µi|✳ ❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞

❡q✉❛t✐♦♥ s❛t✐s✜❡s t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥

Ψ = AΨ+ q,

✇❤❡r❡ A ✐s ❛ ♠❛tr✐① ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

A =









S0 S1 S2 . . . . . . SSmax

E0 0 0 . . . . . . 0
0 E1 0 . . . . . . 0
0 0 E2 . . . . . . 0
0 0 0 . . . ESmax−1 0









.

❚❤❡ s✉❜❜❧♦❝❦s ♦❢ A ❛r❡ ❣✐✈❡♥ ❜②

Sn =
c

2
αnΣ

n
t







T 0 . . . 0
0 T . . . 0

0 . . .
✳ ✳ ✳ 0

0 . . . . . . T







, ✇✐t❤ T =





ω1 . . . . . . ωN
✳✳✳ . . . . . .

✳✳✳
ω1 . . . . . . ωN



 ,
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❛♥❞✱ ✐♥ ❝❛s❡ ♦❢ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱

En =











E0
n E1

n 0 . . . . . . 0
E−1n E0

n E1
n . . . . . . 0

0 E−1n E0
n E1

n . . . 0

0 . . .
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 0

0 . . . . . . E−1n E0
n E1

n

0 . . . . . . 0 E−1n E0
n











.

✇✐t❤ ❞✐❛❣♦♥❛❧ s✉❜♠❛tr✐❝❡s

E0
n =

(
1−∆sΣn

t − b
∆s

2∆x

)
IdN×N , E−1n =

( ∆s

2∆x
µi + b

∆s

∆x

)
IdN×N ,

E1
n =

(
− ∆s

2∆x
µi + b

∆s

∆x

)
IdN×N .

❚❤❡ ✐♥❞❡①❡❞ t❡r♠ µi ♠❡❛♥s t❤❛t t❤✐s ✈❛❧✉❡ ✈❛r✐❡s ♦✈❡r t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡s❡
♠❛tr✐❝❡s✱ ✐✳❡✳ E1

n(i, i) = − ∆s
2∆x

µi + b∆s
∆x

✳

■♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞✐s❝r❡t❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❡
♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ t♦ ❜❡
s❛t✐s✜❡❞✳

✭✶✮ ❚❤❡ q✉❛❞r❛t✉r❡ r✉❧❡ ❢♦r t❤❡ s−✐♥t❡❣r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ tr❛♣❡③♦✐❞❛❧
r✉❧❡✱ ✐✳❡✳ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ❛r❡

α0 =
∆s

2
, αn = ∆s ❢♦r 1 < n < Smax, αSmax

=
∆s

2
;

✭✷✮ ❋♦r t❤❡ ✇❡✐❣❤ts ωi ✐♥ t❤❡ q✉❛❞r❛t✉r❡ r✉❧❡ ❢♦r t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ µ ✇❡
❤❛✈❡

ω1 = · · · = ωN =
2

N
.

✭✸✮ ❚❤❡ s♦✉r❝❡ t❡r♠ Σt(s)Ψ ✐s ❞✐s❝r❡t✐③❡❞ ✐♠♣❧✐❝✐t❧②✱ t❤❛t ♠❡❛♥s ✇❡ r❡♣❧❛❝❡
t❤❡ t❡r♠ Σn

t Ψ
j,n
i ❜② Σn+1

t Ψj,n+1
i ✐♥ t❤❡ ✜rst ❧✐♥❡ ♦❢ t❤❡ ❙❝❤❡♠❡ ✭✶✺✳✸✮✳

❆ss✉♠✐♥❣ t❤✐s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❤♦❧❞s✳

❚❤❡♦r❡♠ ✶✺✳✶✳ ✭❈♦♥s✐st❡♥❝② ✇✐t❤ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧✐t② s②st❡♠✮
❯♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥s ✭✶✮✲✭✸✮✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠
♦❢ t❤❡ SN−❍▲▲ ❞✐s❝r❡t✐③❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✺✳✶✮ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠❛❧✐t② s②st❡♠ ❝♦✐♥❝✐❞❡ ✉♣ t♦
❛♥ ❡rr♦r ♦❢ t❤❡ ♦r❞❡r ♦❢ ∆s✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ✐♥tr♦❞✉❝t♦r② ❞✐s❝✉ss✐♦♥ ✐t ✐s ❝❧❡❛r t❤❛t ✐t r❡♠❛✐♥s t♦ st✉❞②
✐❢ t❤❡ tr❛♥s♣♦s❡ ♠❛tr✐① AT ②✐❡❧❞s ❛♥ ❛❞♠✐ss✐❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t
❡q✉❛t✐♦♥✱ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ Σt ❛♥ ❛❞♠✐ss✐❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥✳
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❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❈♦♥❞✐t✐♦♥ ✭✸✮✱ t❤❡ tr❛♥s♣♦s❡ ♠❛tr✐① AT ❤❛s t❤❡ ❢♦r♠

AT =














S̃T
0 ẼT

0 . . . . . . . . . 0

ST
1 D1 ẼT

1 . . . . . .
✳✳✳

ST
2 0 D2 ẼT

2 . . .
✳✳✳

✳✳✳ 0 0 D3
✳ ✳ ✳ 0

✳✳✳ 0 . . . . . .
✳ ✳ ✳ ẼT

Smax−1
ST
Smax

0 . . . . . . . . . DSmax














,

✇❤❡r❡ Dn = (−∆sΣn
t ) IdN ·(2X+1)×N ·(2X+1)✱ S̃

T
0 = ST

0 +D0✱ ❛♥❞ ẼT
n = ET

n −Dn✳
❉❡✜♥✐♥❣ r := Ψ− Ψ̄✱ t❤❡ r❡s✉❧t✐♥❣ ❞✐s❝r❡t❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐s

λ = ATλ+ C1r.

▲✐♥❡ ❜② ❧✐♥❡✱ t❤✐s r❡❛❞s

λj,n
i =−∆sλj,n

i +
(
1− b

∆s

2∆x

)
λj,n+1
i +

( ∆s

2∆x
µi + b

∆s

∆x

)
λj−1,n+1
i

+
(
− ∆s

2∆x
µi + b

∆s

∆x

)
λj+1,n+1
i +

c

2
Σn

t αn

N∑

l=1

(ωiλ
j,0
l ) + αnr

j,n
i .

❆ss✉♠♣t✐♦♥ ✭✶✮ ②✐❡❧❞s αn = ∆s ❛♥❞ ❆ss✉♠♣t✐♦♥ ✭✸✮ ❣✐✈❡s ωi = ωl ❢♦r =
1, . . . , N ✳ ❚❤❡♥ r❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s ❛❜♦✈❡ ❣✐✈❡s

−λj,n+1
i − λj,n

i

∆s
− µi

λj+1,n+1
i − λj−1,n+1

i

2∆x
− b

λj+1,n+1
i − 2λj,n+1

i + λj−1,n+1
i

2∆x

+Σn
t λ

j,n
i =

c

2
Σn

t

N∑

l=1

(ωlλ
j,0
l ) + rj,ni ,

✇❤✐❝❤ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ SN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳ ❋♦r
n = 0 ✇❡ ❤❛✈❡ α0 = ∆s

2
✐♥st❡❛❞ ♦❢ ∆s✱ ❤❡♥❝❡ t❤❛t ❛❝❝♦✉♥ts ❢♦r ❛♥ ❡rr♦r ♦❢

O(∆s)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r n = Smax ✇❡ ❤❛✈❡

λj,Smax

i =
∆s

1−∆s

c

2
ΣSmax

t

N∑

l=1

(ωlλ
j,0
l ),

✇❤✐❝❤ ✐s ❛❣❛✐♥ ❛♥ ❡rr♦r ♦❢ O(∆s) ✇❤❡♥ ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ❢♦r♠❛❧ ❝♦♥❞✐t✐♦♥
λ(∞, x, µ) = 0✳ ◆♦t❡ t❤❛t ♦❢t❡♥ ✇❡ ❝❛♥ ❛ss✉♠❡✱ t❤❛t Σt → 0 ❛s s → ∞✳ ❚❤❛t
❛tt❡♥✉❛t❡s t❤✐s ❡rr♦r ❛❞❞✐t✐♦♥❛❧❧②✳
◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐s❝r❡t❡ ❣r❛❞✐❡♥t ✭✶✺✳✷✮✳ ❚❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st t❤❡r❡ ✐s
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠❛tr✐① A ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥
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Σt ✳ ❲❡ ✇r✐t❡ t❤✐s ❝♦♠♣♦♥❡♥t✇✐s❡ ❛s

∂AT

∂Σn
t

=











0 . . . . . . . . . 0
✳✳✳ 0 . . . . . .

✳✳✳
∂

∂Σn
t
ST
n 0 ∂

∂Σn
t
Dn

∂
∂Σn

t
ẼT

n 0

0 . . . . . . . . .
✳✳✳

✳✳✳ 0 . . . . . . 0











s✐♥❝❡ t❤❡ s✉❜❜❧♦❝❦s ❛r❡ ♦r❞❡r❡❞ ❜② ♣s❡✉❞♦ t✐♠❡ st❡♣s ✐♥ t❤❡ ♠❛tr✐① A✳ ❚❤❡
s✉❜❜❧♦❝❦s ♦❢ t❤✐s ♠❛tr✐① ❛r❡ ❣✐✈❡♥ ❜②

∂

∂Σn
t

ST
n =

c

2
αnT,

∂

∂Σn
t

DT
n = −∆s IdN ·(2X+1)×N ·(2X+1), ❛♥❞

∂

∂Σn
t

ET
n = 0.

❲❤❡♥ ✇❡ ✇r✐t❡ ❞♦✇♥ t❤❡ ♥❡❝❡ss❛r② ❈♦♥❞✐t✐♦♥ ✭✶✺✳✷✮ ❧✐♥❡ ❜② ❧✐♥❡✱ ✇❡ ♦❜t❛✐♥

∂F

∂Σn
t

= ΨT ∂A
T

∂Σn
t

C2λ =
c

2
αn

∑

j

∑

i

ωiβjΨ
j,n
i

∑

i′

ωi′λ
j,0
i′

−∆s
∑

j

∑

i

ωiβjΨ
j,n
i λj,n

i = 0.

❋♦r ❡✈❡r② 1 ≤ n < Smax ✇❡ ❤❛✈❡ t❤❛t αn = ∆s ❜❡❝❛✉s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✭✶✮✱
❤❡♥❝❡✱ ✇❡ ❝❛♥ ♠✉❧t✐♣❧② ❊q✉❛t✐♦♥ ✭✶✺✳✷✮ ❜② 1/∆s ❛♥❞ ♦❜t❛✐♥ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ ❝♦♥t✐♥✉♦✉s ●r❛❞✐❡♥t ✭✶✸✳✸✮✳ ❋♦r n = 0 ❛♥❞ n = Smax ✇❡ ❤❛✈❡ α0 = ∆s/2
❜② ❆ss✉♠♣t✐♦♥ ✭✶✮✱ ✇❤✐❝❤ ❛❣❛✐♥ ❛❝❝♦✉♥ts ❢♦r ❛♥ ❡rr♦r ♦❢ O(∆s)✳ ❚❤❛t ✜♥✐s❤❡s
t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✶✺✳✶✳ ❚♦ ✜♥✐s❤ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ SN−❍▲▲ ❞✐s✲
❝r❡t✐③❛t✐♦♥✱ ✇❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ ❚❤✐s r❡s✉❧t ❡①t❡♥❞s t♦ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧s ❛s ✐♥tr♦❞✉❝❡❞
✐♥ ❈❤❛♣t❡r ✶✶✱ s✐♥❝❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ♦♥❧② ❡✛❡❝ts t❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡
t❡r♠ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✳

✭❜✮ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ✐s ♣♦ss✐❜❧❡ ❛s ❧♦♥❣
❛s t❤❡ s❝❛tt❡r✐♥❣ ❦❡r♥❡❧ ✐s s②♠♠❡tr✐❝✳ ❚❤❡♥ ✇❡ ❤❛✈❡ T = T T ✉♥❞❡r
❆ss✉♠♣t✐♦♥ ✭✷✮✱ ❛♥❞ t❤❡ s❝❤❡♠❡ ✐s st✐❧❧ ❝♦♥s✐st❡♥t✳

✭❝✮ ❆ss✉♠♣t✐♦♥ ✭✷✮ ✐s ❛ ❝♦♠♣❛r❛❜❧② str♦♥❣ r❡str✐❝t✐♦♥ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡✳ ❆s ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t ✐♥ ❈❤❛♣t❡r ✼✱ t❤❡ ❞✐s✲
❝r❡t❡ ♦r❞✐♥❛t❡s ♠❡t❤♦❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ PN−♠❡t❤♦❞ ♦♥❧② ✐❢ ●❛✉ss
♣♦✐♥ts ✭✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts✮ ❛r❡ ❝❤♦s❡♥ ❢♦r t❤❡ ❛♥❣✉❧❛r ✐♥t❡❣r❛✲
t✐♦♥✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ tr❛❞❡✲♦✛ ❤❡r❡ ❜❡t✇❡❡♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡✳

✭❞✮ ❆ss✉♠♣t✐♦♥ ✭✸✮ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❝♦rr❡❝t ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ❊q✉❛t✐♦♥ ✭✶✸✳✸✮✳ ■t ❜r✐♥❣s t❤❡ ❡♥tr✐❡s t❤❛t
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❞❡♣❡♥❞ Σt ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❧✐♥❡ ♦❢ A✱ ❤❡♥❝❡ ♦❢ AT ✳

✭❡✮ ◆♦t❡ t❤❛t ♦✉r ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s✱ t❤❛t t❤❡ q✉❛❞r❛t✉r❡ r✉❧❡ ❢♦r t❤❡ s−✐♥t❡❣r❛t✐♦♥
✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s t❤❡ ♣s❡✉❞♦✲t✐♠❡ st❡♣s
♦❢ t❤❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ❛❞❥♦✐♥t ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❛t ♠❡❛♥s✱ t❤❛t ✇❡ ❝❛♥♥♦t
✉s❡ ❛♥ ❛r❜✐tr❛r② q✉❛❞r❛t✉r❡ r✉❧❡ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❍❡♥❝❡✱ ❛ss✉♠♣t✐♦♥ ✭✶✮ ❝❛♥♥♦t ❜❡ ✇❡❛❦❡♥❡❞ ✇✐t❤♦✉t
❛ ❢✉rt❤❡r ❧♦ss ♦❢ ❝♦♥s✐st❡♥❝②✳

✭❢✮ ❚❤❡ ❆ss✉♠♣t✐♦♥s ✭✶✮✲✭✸✮ ②✐❡❧❞ ❛ ❝❡rt❛✐♥ s②♠♠❡tr② ♦❢ t❤❡ s✉❜♠❛tr✐❝❡s ♦❢
A✳ ❙✐♥❝❡ t❤❡ s−✈❛r✐❛❜❧❡ ✐s ♥♦t s②♠♠❡tr✐❝ ✭✐♥✐t✐❛❧ ✈❛❧✉❡ s = 0 ❜✉t ❝✉t✲♦✛
❛t s♦♠❡ Smax✮✱ ✇❡ ❝❛♥♥♦t ❛✈♦✐❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r ♦❢ t❤❡ ♦r❞❡r O(∆s)✳

✶✺✳✸ PN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ PN ✲❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ P1 ❝❛s❡ ❢♦r r❡❛s♦♥s ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ❝❧❡❛r✐t②✳
❊✈❡r②t❤✐♥❣ r❡♠❛✐♥s ✈❛❧✐❞ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ N > 1✳ ❲❡ ❛ss✉♠❡ ❛❣❛✐♥✱ t❤❛t
❆ss✉♠♣t✐♦♥s ✭✶✮ ❛♥❞ ✭✸✮ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❤♦❧❞✳ ❚❤❡♥ ✇❡ ❞❡♥♦t❡ ❜②
E ❛♥❞ F t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ❛♥❣✉❧❛r ♠♦♠❡♥t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥✱ ❛♥❞ ♦r❞❡r t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡❝t♦r ❛s ❢♦❧❧♦✇s✿

Ψ =



















E0
−X

F 0
−X
✳✳✳

E0
X

F 0
X

E1
−X
✳✳✳
✳✳✳

F Smax

X



















.

❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r s②st❡♠ ✐♥ ✜①❡❞✲♣♦✐♥t ❢♦r♠ ❛s

Ψ = APNΨ+ q,

✇❤❡r❡ q ✐s t❤❡ ❞✐s❝r❡t✐③❡❞ s♦✉r❝❡ t❡r♠ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❛♥❞ APN ❤❛s
t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡✿

APN =









S̄0 S̄1 S̄2 . . . . . . S̄Smax

Ē0 D̄1 0 . . . . . . 0
0 Ē1 D̄2 . . . . . . 0
0 0 Ē2 . . . . . . 0
0 0 0 . . . ĒSmax−1 D̄Smax









.
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❍❡r❡✱ t❤❡ s✉❜❜❧♦❝❦s S̄n ❛♥❞ D̄n ❛r❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ✇✐t❤

S̄n = cαnΣ
n
t











1 0 0 . . . . . . 0
0 0 0 . . . . . . 0
0 0 1 . . . 0 0

0 . . . . . .
✳ ✳ ✳ 0 0

0 . . . . . . . . . 1 0
0 . . . . . . . . . 0 0











,

❛♥❞ D̄n = (−∆sΣn
t ) Id2(2X+1)×2(2X+1)✳ ❚❤❡ s✉❜❜❧♦❝❦s Ēn ♦♥ t❤❡ ❧♦✇❡r ❞✐❛❣♦♥❛❧

❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❞✐❛❣♦♥❛❧ ❢♦r♠

Ēn =









H0 H1 0 . . . . . . 0
H−1 H0 H1 . . . . . . 0
0 H−1 H0 H1 . . . 0

0 0
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ H1

0 . . . . . . . . . H−1 H0









,

✇✐t❤

H−1 =

(
− ∆s

2∆x
∆s
2∆x

∆s
6∆x

− ∆s
2∆x

)

, H0 =

(
1 + ∆s

∆x
0

0 1 + ∆s
∆x

)

, H1 =

(
− ∆s

2∆x
− ∆s

2∆x
∆s
6∆x

− ∆s
2∆x

)

.

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✺✳✶ t❤❛t ✇❡ ♥♦✇ ♥❡❡❞ t♦ ❝❤❡❝❦✱ t❤❛t ✭❛✮
AT

PN ②✐❡❧❞s ❛♥ ❛❞♠✐ss✐❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥✱
❛♥❞ t❤❛t ✭❜✮ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ AT

PN ②✐❡❧❞s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
●r❛❞✐❡♥t ✭✶✸✳✸✮✳ ❚❤❡ ❞✐s❝r❡t❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✇✐t❤♦✉t r❡s✐❞✉❛❧ t❡r♠

λ = AT
PNλ

❝❛♥ ❜❡ ✇r✐tt❡♥ ❧✐♥❡ ❜② ❧✐♥❡ ❛s

−λ
(0),n+1
i − λ

(0),n
i

∆s
− λ

(1),n+1
i+1 − λ

(1),n+1
i−1

2∆x
− λ

(0),n+1
i+1 − 2λ

(0),n+1
i + λ

(0),n+1
i−1

2∆x

+Σn
t λ

(0),n
i = cΣn

t λ
(0),0
i ,

−λ
(1),n+1
i − λ

(1),n
i

∆s
− 1

3

λ
(0),n+1
i+1 − λ

(0),n+1
i−1

2∆x
− λ

(1),n+1
i+1 − 2λ

(1),n+1
i + λ

(1),n+1
i−1

2∆x

+Σn
t λ

(1),n
i = 0,

✇❤❡r❡ λ(0) ❛♥❞ λ(1) ❞❡♥♦t❡ t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ❛♥❣✉❧❛r ♠♦♠❡♥t ♦❢ t❤❡ ❛❞❥♦✐♥t
✈❛r✐❛❜❧❡ λ✳ ❚❤✐s ✐s t❤❡ P1✲❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❛❞❥♦✐♥t ❡q✉❛✲
t✐♦♥✱ ✇❤❡r❡ t❤❡ ❝♦❧❧✐s✐♦♥ s♦✉r❝❡ t❡r♠ ✐s tr❡❛t❡❞ ✐♠♣❧✐❝✐t❧②✳ ❚❤❡ r❡s✐❞✉❛❧ t❡r♠
❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ✐♥❝❧✉❞❡❞ ❛♥❞ t❤❡♥ s❤♦✇s ✉♣ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳
❇❡❝❛✉s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✭✸✮ t❤❡ ❞✐s❝r❡t✐③❡❞ ❝r♦ss s❡❝t✐♦♥ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ♦♥❧②
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❢♦✉♥❞ ✐♥ t❤❡ s✉❜♠❛tr✐❝❡s S̄n ❛♥❞ D̄n✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t

∂F

∂Σn
t

= ΨT ∂A
T
PN

∂Σn
t

C̃2λ =
c

2
∆s
∑

i

βiΨ
(0),n
i λ

(0),0
i

−∆s
∑

i

1∑

j=0

2j + 1

2
βiΨ

(j),n
i λ

(j),n
i = 0,

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ E = Ψ(0) ❛♥❞ F = Ψ(1) ✇❛s ✉s❡❞✱ ❛♥❞ C̃2 ❝♦♥t❛✐♥s t❤❡
❢❛❝t♦rs ♦❢ t❤❡ PN r❡❝♦♥str✉❝t✐♦♥✳ ❚❤✐s ✐s t❤❡ P1✲❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❊q✉❛✲
t✐♦♥ ✭✶✸✳✸✮ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥✐♥❣ ❛♥❞ t❤❡ ❡♥❞ ♦❢ t❤❡
s✲✐♥t❡r✈❛❧ ✇❡ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ❡rr♦rs ♦❢ t❤❡ ♦r❞❡r O(∆s)✱ ❛❣❛✐♥✳ ❇❡❝❛✉s❡ ♦❢ t❤❡
tr✐❞✐❛❣♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ PN ❡q✉❛t✐♦♥s✱ t❤❡s❡ r❡s✉❧ts ❤♦❧❞ ❢♦r ❛r❜✐tr❛r② N ✳

❍❡♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❤♦❧❞s✿

❚❤❡♦r❡♠ ✶✺✳✷✳ ✭❈♦♥s✐st❡♥❝② ✇✐t❤ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧✐t② s②st❡♠✮
❆ss✉♠✐♥❣ ✭✶✮ ❛♥❞ ✭✸✮✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ♦❢
t❤❡ PN−❍▲▲ ❞✐s❝r❡t✐③❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✺✳✶✮ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
PN−❍▲▲ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♦♣t✐♠❛❧✐t② s②st❡♠ ❝♦✐♥❝✐❞❡ ✉♣ t♦ ❛♥
❡rr♦r ♦❢ t❤❡ ♦r❞❡r ♦❢ ∆s✳



✶✺✵



✶✻ ⑤ ❉✐s❝✉ss✐♦♥✱ ❝♦♥❝❧✉s✐♦♥✱
❛♥❞ ♦✉t❧♦♦❦

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ♥❡✇ ❛♥❞ ♥♦♥✲❝❧❛ss✐❝❛❧ ❧✐♥❡❛r tr❛♥s♣♦rt ❡q✉❛✲
t✐♦♥ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳ ❚❤✐s ✇♦r❦
❢❛❧❧s ♥❛t✉r❛❧❧② ✐♥t♦ t❤r❡❡ ♣❛rts✱ ✇❤❡r❡ ✇❡ st✉❞② t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✲
✐❝❛❧ ♠♦❞❡❧s✱ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❛♥❞ ❛ ♣❛r❛♠❡t❡r
❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡❝❡❞✐♥❣ r❡s✉❧ts✳ ❲❡ ❣✐✈❡ ❛ q✉✐❝❦ s✉♠♠❛r②
♦❢ t❤✐s ✇♦r❦✿

• ■♥ P❛rt ■ ✇❡ ❞❡r✐✈❡ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢
r❡♣r♦❞✉❝✐♥❣ ❛r❜✐tr❛r② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❝❧❛s✲
s✐❝❛❧ t❤❡♦r②✳ ❚❤❡ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ r❡❝❡♥t
r❡s✉❧ts ♦♥ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s✱ ❛♥❞ r❡s✉❧ts ✐♥ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❦✐✲
♥❡t✐❝ ❡q✉❛t✐♦♥ t❤❛t ❤❛s t❤❡ ❞✐st❛♥❝❡ s t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧
✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ❲❡ ❞✐s❝✉ss ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛✲
t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ ❛♥♦t❤❡r r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ♥♦♥✲❝❧❛ss✐❝❛❧
st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

• ❚❤❡ s❝♦♣❡ ♦❢ P❛rt ■■ ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❛♥❛❧②s✐s ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤✲
♦❞s ❢♦r t❤✐s ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❆ ✈❛r✐❛t✐♦♥
♦❢ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ ❍▲▲ ♠❡t❤♦❞ ✐s ❞❡✈❡❧♦♣❡❞ ❢♦r ♠♦♠❡♥t ♠♦❞✲
❡❧s ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ■♥ ❛ ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✇❡ s❤♦✇ t❤❛t t❤✐s
s❝❤❡♠❡ ❤❛s ❛ ♥✉♠❜❡r ♦❢ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ♥❛✐✈❡ s♦✉r❝❡ ✐t❡r❛t✐♦♥
♠❡t❤♦❞ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡❝♦♠❡ ❛r❜✐tr❛r② s❧♦✇ ✐♥ t❤❡ s❝❛tt❡r✐♥❣ ❞♦♠✐✲
♥❛t❡❞ r❡❣✐♠❡✱ t❤❡r❡❢♦r❡ ✇❡ ❛❞❛♣t ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧
❡q✉❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛✲
t✐♦♥✳

• ❋✐♥❛❧❧②✱ P❛rt ■■■ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❜❛s❡❞
♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❲❡ ❢♦r♠✉❧❛t❡ t❤❡
✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❛s ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ❛♥❞ ❞❡r✐✈❡ ❛ ✜rst ♦r✲
❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✉s✐♥❣ ❛ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠✳ ❚❤❡♥ ✇❡ ❛❞❛♣t t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❞❡✈❡❧♦♣❡❞ ✐♥ P❛rt ■■ t♦ ❞✐s❝r❡t✐③❡ t❤✐s ✜rst ♦r❞❡r ♦♣t✐✲
♠❛❧✐t② s②st❡♠✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡s❡ s❝❤❡♠❡s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♣t✐✲
♠❛❧✐t② s②st❡♠ ❝❛♥ t❤❡♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥
♠❡t❤♦❞s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣r❡s❡♥t ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt ✐♥
❛ s❡♣❛r❛t❡ s❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✜rst s✉♠♠❛r✐③❡ ♦✉r r❡s✉❧ts ❛♥❞ ❛❝❤✐❡✈❡♠❡♥ts✱
❜✉t t❤❡♥ ❛❧s♦ ♣♦✐♥t ♦✉t ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞ ❣✐✈❡ ❛♥ ♦✉t❧♦♦❦ ♦♥ ❢✉t✉r❡ r❡s❡❛r❝❤
✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦♣✐❝s✳

✶✺✶
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✶✻✳✶ P❛rt ■✿ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ t✐♠❡✲
❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✹✳✶✶✮✮✱ ❛♥❞ ❡st❛❜❧✐s❤ ❛
❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ ❡q✉❛t✐♦♥ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❜②
▲❛rs❡♥ ❬✼✸❪ ✭❊q✉❛t✐♦♥ ✭✻✳✹✮✮✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ r❡❝❡♥t r❡s✉❧ts ♦♥ t❤❡
♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s ❬✺✸✱ ✽✶❪✱ ❛♥❞ ❤♦❧❞s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧✐✜❡❞ s❡tt✐♥❣✿

• s❝❛tt❡r❡rs ❛r❡ ✜①❡❞ ♦♥ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞✱

• ✇❡ ♦♥❧② ❝♦♥s✐❞❡r 2 s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✱ ❛♥❞

• s❝❛tt❡r✐♥❣ ✐s ✐s♦tr♦♣✐❝✳

■♥ t❤✐s s❡tt✐♥❣ ✇❡ s❤♦✇✱ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♠✐❝r♦s❝♦♣✐❝ ♣❛rt✐✲
❝❧❡ ❣❛♠❡ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❊q✉❛t✐♦♥ ✭✹✳✶✶✮✳ ❚❤❡ ♣r♦♦❢ ❤❡❛✈✐❧② r❡❧✐❡s ♦♥ ❛♥ ❛♥❛✲
❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❡❡ ♣❛t❤ ❧❡♥❣t❤s ✐♥ t❤❡ ❧✐♠✐t✱ ♦❜t❛✐♥❡❞
❜② ❬✷✶✱ ✶✺✱ ✽✶❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ♣r♦♦❢ ✐s ♥♦t r❡str✐❝t❡❞ t♦ t❤❡ ❛❜♦✈❡ ❞❡✲
s❝r✐❜❡❞ s✐♠♣❧✐✜❡❞ s❡tt✐♥❣✳ ❚❤✐s ✐s ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❤❡r❡ ✇❡
s✉❣❣❡st t❤❛t t❤✐s r❡s✉❧t ❤♦❧❞s ✐♥ ❛r❜✐tr❛r② s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ ❢♦r ❣❡♥❡r❛❧
❤♦♠♦❣❡♥❡♦✉s ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛✳ ❆ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ♦❢ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡ ❇♦❧t③♠❛♥♥✲●r❛❞ ❧✐♠✐t ✐♥ ❈❤❛♣t❡r ✺ ✉♥❞❡r❧✐♥❡s t❤✐s✳ ❲❡
✜♥❞ ❛ ♥✉♠❜❡r ♦❢ ❝♦rr❡❧❛t❡❞ ❜✉t ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛ t❤❛t s❤♦✇ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ✇❤✐❝❤ ❝❧❡❛r❧② ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✳
❚❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ ▲❛rs❡♥✬s ❡q✉❛t✐♦♥✱ t❤❛t ✇❡ ❡st❛❜❧✐s❤ ✐♥ ❈❤❛♣t❡r ✻✱ s❤♦✇s
t❤❛t t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ✐♥ t❤✐s ❡q✉❛t✐♦♥ ✐s ✐♥s❡♣❛r❛❜❧② ❧✐♥❦❡❞
t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
❛ ♣❤②s✐❝❛❧ q✉❛♥t✐t②✳ ❋✐♥❛❧❧②✱ t❤❡ ❢♦r♠❛❧ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s✲
♣♦rt ❡q✉❛t✐♦♥ t♦ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥s✱ ✇❤❡r❡ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♦r ❡①t❡r♥❛❧
s♦✉r❝❡ t❡r♠s ❛r❡ ♣r❡s❡♥t✱ ✐♥❞✐❝❛t❡ t❤❛t t❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠♦❞❡❧
❛ ♥✉♠❜❡r ♦❢ r❡❛❧✐st✐❝ ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥s✱ ✇❤❡r❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❞✐❢✲
❢❡r❡♥t ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ♦❝❝✉r✳

❖✉t❧♦♦❦

❲❡ ♣r♦♣♦s❡ t❤❛t ❢✉t✉r❡ r❡s❡❛r❝❤ r❡❣❛r❞✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ♥♦♥✲
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ✐s s❡t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞ ♣r♦❜❧❡♠s✳

✶✳ ❚❤❡ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ t❤✐s ✇♦r❦
r❡❧✐❡❞ ♦♥ t❤❡ ♣❡r✐♦❞✐❝ s❡tt✐♥❣ ♦❢ s❝❛tt❡r❡rs✱ s✐♥❝❡ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ r❡❝❡♥t
❛♥❛❧②t✐❝ r❡s✉❧ts ✐♥ t❤✐s s❡tt✐♥❣✳ ❊①t❡♥s✐♦♥s t♦ ❣❡♥❡r❛❧ ♠❡❞✐❛ ❛r❡ ❝❛r❡❢✉❧❧②
❞✐s❝✉ss❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❛♥❞ ✉♥❞❡r❧✐♥❡❞ ❜② ❛ ▼♦♥t❡✲❈❛r❧♦ st✉❞② ✐♥ s❡✈❡r❛❧
s♣❡❝✐❛❧ ❝❛s❡s✳ ❇✉t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ❝♦rr❡❧❛t❡❞ ♠❡❞✐❛ ✐s
st✐❧❧ ❧❛❝❦✐♥❣✳ ❘❡❣❛r❞✐♥❣ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ r❡❝❡♥t r❡s✉❧ts ♦❢
▼❛r❦❧♦❢ ❛♥❞ ❙trö♠❜❡r❣ss♦♥ ❬✽✷✱ ✽✸❪ ❛r❡ ✈❡r② ♣r♦♠✐s✐♥❣✳ ❚❤❡② ❡①t❡♥❞
t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♣❡r✐♦❞✐❝ ▲♦r❡♥t③ ❣❛s t♦ ❛ ♥✉♠❜❡r ♦❢ ♠♦r❡ ❣❡♥❡r❛❧
❝r②st❛❧❧✐♥❡ str✉❝t✉r❡s✳
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✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦rr❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛ t❤❛t ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ✉s✐♥❣
t❤❡ ▼❡tr♦♣♦❧✐s ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞ ❢r♦♠ ❈❤❛♣t❡r ✺ s❡❡♠s t♦ ❜❡ ✈❡r②
❧✐♠✐t❡❞✳ ❆ ❜❡tt❡r✱ ❤❡♥❝❡ ♠♦r❡ ❣❡♥❡r❛❧❧② ✈❛❧✐❞ ♥♦t✐♦♥ ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛✲
t✐♦♥s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ❝♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ s♦✲❝❛❧❧❡❞ ▲é✈② ♣♦✐♥t
♣r♦❝❡ss❡s ❬✺✽❪✳ ❆♥ ❛♥❛❧②t✐❝ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t
♣r♦❝❡ss❡s ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s ❝♦✉❧❞ ❤❡❧♣ t♦ ❛♥✲
s✇❡r t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ✶✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st✉❞② ♦❢ ♣❛t❤ ❧❡♥❣t❤
❞✐str✐❜✉t✐♦♥s ✐♥ ❢r❛❝t❛❧ ♠❡❞✐❛ ✭❞❡t❡r♠✐♥✐st✐❝ ♦r r❛♥❞♦♠✮ ✐s ❛♥ ✐♥t❡r❡st✐♥❣
❛♥❞ ♣r♦♠✐s✐♥❣ ✜❡❧❞ t❤❛t ✐s ♥♦t ❝♦✈❡r❡❞ ❜② t❤✐s ✇♦r❦✳

✸✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✶✵✳✷ s❤♦✇s t❤❛t t❤❡ ❞❡❝❛② ♦❢ t❤❡
s❝❛❧❛r ✢✉① t♦✇❛r❞s t❤❡ s♣❛t✐❛❧ ❜♦✉♥❞❛r② ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✉♥❞❡r❧②✐♥❣
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ❝❛♥♥♦t r❡♣❧❛❝❡ ❛♥ ❛♥❛❧②t✐❝ ✐♥✈❡st✐❣❛t✐♦♥
♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ Ψ(s, x,Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ q✉❡st✐♦♥ ♦❢
❤♦✇ t❤❡ s♦❧✉t✐♦♥ ❞❡❝❛②s ✐♥ t❤❡ s− ❛♥❞ x−✈❛r✐❛❜❧❡ s❡♣❛r❛t❡❧② st❛♥❞s ♦✉t✳

✹✳ ❲❡ r✐❣♦r♦✉s❧② ❞❡r✐✈❡ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❈❤❛♣t❡r ✹ ✐♥
❛♥ ✐♥✜♥✐t❡ ❞♦♠❛✐♥✱ ❛♥❞ ✇✐t❤♦✉t ❡①t❡r♥❛❧ s♦✉r❝❡ t❡r♠s✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ s♦✉r❝❡ t❡r♠s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❈❤❛♣t❡r ✻ ✐s ❜❛s❡❞ ♦♥ ❢♦r♠❛❧
❛r❣✉♠❡♥ts✱ ❛♥❞ t❤❡r❡❢♦r❡ ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❚❤❡ s❛♠❡ ❤♦❧❞s
❢♦r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡♥❡r❣② ❞❡♣❡♥❞❡♥❝❡✱ ♦r ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ✐♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛✳ ❆ r✐❣♦r♦✉s t❤❡♦r② t❤❛t ❝♦✈❡rs ❛❧❧
t❤❡s❡ ❡✛❡❝ts ✐s st✐❧❧ ❧❛❝❦✐♥❣✳

✺✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✻✳✼✮✮ ✐s ♦♥❧② ✈❛❧✐❞ ❛s
❧♦♥❣ ❛s t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ✐s ✜♥✐t❡✳ ■♥ ❘❡✲
♠❛r❦ ✻✳✺ ✇❡ r❡❢❡r t♦ ❛♥ ✉♣❝♦♠✐♥❣ ♣❛♣❡r ❬✹✸❪✱ ✇❤❡r❡ ❛ ❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❞❡r✐✈❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥t✳ ❇✉t
t♦ ❡st❛❜❧✐s❤ ❛ ❝❧♦s❡r ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ t❤❡♦r② ♦❢ ❛♥♦♠❛❧♦✉s tr❛♥s♣♦rt✱
t❤❡ ♠❡❛♥ sq✉❛r❡ ❞✐s♣❧❛❝❡♠❡♥t s❤♦✉❧❞ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ■♥ ♦r❞❡r t♦ ❞♦
t❤✐s✱ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ ❊q✉❛t✐♦♥ ✭✻✳✶✮ s❡❡♠s t♦ ❜❡ ♠♦r❡
❛♣♣r♦♣r✐❛t❡✳

✶✻✳✷ P❛rt ■■✿ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

❇❡❝❛✉s❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦♠♣❧❡①✐t②✱ ✇❡ r❡str✐❝t t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✻✳✹✮✮✳
❚❤✐s ❡q✉❛t✐♦♥ ❝♦♥t❛✐♥s t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✿ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡ x✱ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t Ω✱ ❛♥❞ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡ s✳ ❚❤❡ ❞✐r❡❝t✐♦♥❛❧ ✈❛r✐❛❜❧❡ Ω
❝❛♥ ❜❡ ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ ❞✐r❡❝t ❛♣♣r♦❛❝❤ ✭❞✐s❝r❡t❡ ♦r❞✐♥❛t❡s✮✱ ♦r t❤❡ ♠❡t❤♦❞
♦❢ ♠♦♠❡♥ts✳ ❲❡ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r
♠♦♠❡♥t ♠♦❞❡❧s ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮ ✐♥ t❤✐s ✇♦r❦✳

❚❤❡ ♣❛t❤ ❧❡♥❣t❤ ✈❛r✐❛❜❧❡ s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣s❡✉❞♦ t✐♠❡✱ ❤❡♥❝❡ ✇❡ ❝❛♥
❛♣♣❧② st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s ❛♥❞ x ❢♦r t❤❡
♠♦♠❡♥t ♠♦❞❡❧s✱ t❤❛t ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢
❍❛rt❡♥✱ ▲❛①✱ ❛♥❞ ✈❛♥ ▲❡❡r ❬✺✼❪ ❛♥❞ ❞❡r✐✈❡ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ P1✱ ❛♥❞
t❤❡ M1 ♠♦❞❡❧ ✐♥ ❛ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣ ✐♥ ❈❤❛♣t❡r ✽✳ ❇② ❛ ❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢
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t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ t❡r♠✱ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡s ♣r❡s❡r✈❡ t❤❡
❝♦rr❡❝t ❞✐✛✉s✐♦♥ ❧✐♠✐t ♦♥ ❛ ❞✐s❝r❡t❡ ❧❡✈❡❧✱ ✐♥ ❝♦♥tr❛st t♦ st❛♥❞❛r❞ ❍▲▲ ♠❡t❤✲
♦❞s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s❝❤❡♠❡s ♣r❡s❡r✈❡ t❤❡ ❛r❡❛ ♦❢ ❛❞♠✐ss✐❜✐❧✐t②
❛♥❞ r❡❛❧✐③❛❜✐❧✐t②✱ ❢♦r ❜♦t❤ ❛♥ ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t ♣s❡✉❞♦ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳
■♥ t❤❡ P1 ❝❛s❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ s❝❤❡♠❡ ✐s L2✲st❛❜❧❡ ✉♥❞❡r ❛ ♠✐❧❞ ❈❋▲
❝♦♥❞✐t✐♦♥✳ ❚❤✐s s❤♦✇s✱ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ s✉✐t❡❞ t♦ s♦❧✈❡ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ ❞✐✛✉s✐✈❡ r❡❣✐♠❡s✱ ✇❤✐❝❤ ✐s ✐♠✲
♣♦rt❛♥t ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s tr❛♥s♣♦rt ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳

❆ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞ t❤❡ ❢✉❧❧ s♦❧✉t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭✻✳✹✮ str♦♥❣❧②
s✉❣❣❡sts t♦ ✉s❡ ❛♥ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♠❡t❤♦❞✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♥❛✐✈❡ s♦✉r❝❡
✐t❡r❛t✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❘✐❝❤❛r❞s♦♥ ✐t❡r❛t✐♦♥✱ ❜❡❝♦♠❡s ❛r❜✐✲
tr❛r✐❧② s❧♦✇ ✐♥ t❤❡ s❝❛tt❡r✐♥❣ ❞♦♠✐♥❛t❡❞ r❡❣✐♠❡✳ ❆ ✈♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ♦❢
t❤❡ ❢✉❧❧ ❡q✉❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s ♦❢ t❤❡ ♠♦♠❡♥t ♠♦❞❡❧s ✐♥ ❈❤❛♣t❡r ✾ s❤♦✇s✱ t❤❛t
t❤❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❝❛tt❡r✐♥❣ r❛t✐♦ c✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥✲
tr♦❞✉❝❡ ❛ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞②
st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ❛❧s♦ ✐♥ ❈❤❛♣t❡r ✾✳ ❚❤❡ r❡s✐❞✉❛❧ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥
st❡♣ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ✉s❡❞ t♦ ❝♦rr❡❝t t❤❡
❝✉rr❡♥t ✐t❡r❛t❡✳ ❆ ✈♦♥ ◆❡✉♠❛♥♥ ❛♥❛❧②s✐s ❢♦r t❤✐s ♠❡t❤♦❞✱ ❛❣❛✐♥ ❢♦r t❤❡ ❢✉❧❧
❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♠❡♥t ♠♦❞❡❧s✱ s❤♦✇s t❤❛t t❤❡ ❝♦♥tr❛❝t✐♦♥
r❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞✱ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐s✲
tr✐❜✉t✐♦♥✳ ❲❡ ❝❛❧❝✉❧❛t❡ ❝♦♥tr❛❝t✐♦♥ r❛t❡s ❢♦r ❞✐✛❡r❡♥t ❛❧❣❡❜r❛✐❝❛❧❧② ❞❡❝❛②✐♥❣
♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ ❛ s✐❣♥✐✜❝❛♥t s♣❡❡❞ ✉♣ ♦❢
t❤❡ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✳

❖✉t❧♦♦❦

❲❡ ♣r♦♣♦s❡ t❤❛t ❢✉t✉r❡ r❡s❡❛r❝❤ r❡❣❛r❞✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✐s s❡t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞ ♣r♦❜❧❡♠s✳

✶✳ ❲❡ ♣r❡s❡♥t ❛❧❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ r❡s✉❧ts ✐♥ ✶❉ s❧❛❜ ❣❡♦♠❡tr②✳ ■♥
♦r❞❡r t♦ ❜❡ ❛♣♣❧✐❝❛❜❧❡ t♦ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛❧❧ ♠❡t❤♦❞s ❤❛✈❡ t♦ ❜❡
❡①t❡♥❞❡❞ t♦ ✷❉ ❛♥❞ ✸❉✳ ❚❤✐s t❛s❦ ♣♦s❡s ♥♦ ♦t❤❡r ❛❞❞✐t✐♦♥❛❧ ♣r♦❜❧❡♠s
t❤❛♥ ❛ ❤✐❣❤❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱ s✐♥❝❡ ♥♦♥ ♦❢ t❤❡ ❛r❣✉♠❡♥ts ♦r
t❡❝❤♥✐q✉❡s t❤❛t ✇❡ ✉s❡ ❛r❡ ❡①❝❧✉s✐✈❡❧② r❡str✐❝t❡❞ t♦ t❤❡ ✶❉ ❝❛s❡✳

✷✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞ s✉✛❡rs ❢r♦♠
♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ❑r②❧♦✈ s✉❜s♣❛❝❡
♠❡t❤♦❞s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ♠♦r❡ r♦❜✉st ❛♥❞ st❛❜❧❡✱ ❛♥❞
t❤❡② ❛r❡ ❛❧r❡❛❞② s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥ ❬✶✱ ✾✻❪✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❛❧s♦ ❛♣♣❧✐❝❛❜❧❡ ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧
tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❆ ✜rst ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❑r②❧♦✈ s✉❜s♣❛❝❡ ♠❡t❤♦❞s
❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ✉s✐♥❣ ❞✐s❝r❡t❡ ♦r❞✐♥❛t❡s ❛♥❞ ❛
❞✐❛♠♦♥❞ ❞✐✛❡r❡♥❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ s♣❛❝❡✱ ✐s ❝❛rr✐❡❞ ♦✉t s✉❝❝❡s❢✉❧❧② ✐♥
❬✾✸❪✳

✸✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❆P ♣r♦♣❡rt② ♦❢ t❤❡ ❍▲▲ s❝❤❡♠❡s ✐♥ ❈❤❛♣t❡r ✽ ♦♥❧② ❢♦r
t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❡①✐sts✳
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❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐❢ t❤❡ s❝❤❡♠❡s ❛❧s♦ ♣r❡s❡r✈❡ ❛ ❢r❛❝t✐♦♥❛❧
❞✐✛✉s✐♦♥ ❧✐♠✐t ✭❛s s✉❣❣❡st❡❞ ✐♥ ❬✹✸❪✮ ❢♦r t❤❡ ❝❛s❡ 〈s2〉 = ∞✳ ❋✉rt❤❡r♠♦r❡✱
✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐❢ ❉✐✛✉s✐♦♥ ❙②♥t❤❡t✐❝ ❆❝❝❡❧❡r❛t✐♦♥ ♠❡t❤♦❞s ❝❛♥ ❜❡
❛♣♣❧✐❡❞ ❜❛s❡❞ ♦♥ ❢r❛❝t✐♦♥❛❧ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s✳

✹✳ ❋r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ♥♦♥✲❝❧❛ss✐❝❛❧ ❊q✉❛✲
t✐♦♥ ✭✻✳✶✮ ✐♥✈♦❧✈❡s t✇♦ t✐♠❡ ✈❛r✐❛❜❧❡s ✿ t❤❡ ❛❝t✉❛❧ t✐♠❡ t✱ ❛♥❞ t❤❡ ❞✐st❛♥❝❡
t♦ ❝♦❧❧✐s✐♦♥ s t❤❛t s❡r✈❡s ❛s ❛ ♣s❡✉❞♦ t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡q✉❛t✐♦♥
♥❡❡❞s t♦ ❜❡ s♦❧✈❡❞ ❢♦r✇❛r❞ ✐♥ t✱ ❛♥❞ ❜❛❝❦✇❛r❞ ✐♥ s✳ ◆✉♠❡r✐❝❛❧ s❝❤❡♠❡s
❢♦r t❤✐s ❦✐♥❞ ♦❢ ❡q✉❛t✐♦♥ ♥❡❡❞ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❛♥❛❧②③❡❞✳

✺✳ ❆❧❧ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s ✇♦r❦ ❛r❡ ♦❢ ✜rst ♦r❞❡r
✐♥ s♣❛❝❡ ❛♥❞ ♣s❡✉❞♦ t✐♠❡✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤❡r ♦r❞❡r ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ■♥ ❬✶✷✱ ✾✶❪ ❛ s♣❛❝❡✲t✐♠❡
❣❡♥❡r❛❧✐③❡❞ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ✭●❘P✮ s♦❧✈❡r ♦❢ ❛♥ ❛r❜✐tr❛r② ♦r❞❡r k ✇✐t❤
✉♥r❡str✐❝t❡❞ t✐♠❡ st❡♣ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ■t ♣r♦✈✐❞❡s ❛ ♣♦❧②♥♦♠✐❛❧ r❡♣r❡✲
s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦r❞❡r k ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡
x✱ ❛s ✇❡❧❧ ❛s t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✳ ❚❤❡s❡ SN ✲●❘P s❝❤❡♠❡s s❡❡♠ t♦ ❜❡
✐❞❡❛❧ t♦ s♦❧✈❡ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞② st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧②
❜❡❝❛✉s❡ ♦❢ t❤❡ ✉♥r❡str✐❝t❡❞ t✐♠❡ st❡♣✳

✶✻✳✸ P❛rt ■■■✿ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥

❲❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥
❢r♦♠ ♠❡❛s✉r❡❞ ❞❛t❛ ❢♦r t❤❡ ❛♥❣✉❧❛r ✢✉①✱ ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ st❡❛❞②
st❛t❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ❚❤❡ s−❞❡♣❡♥❞❡♥t t♦t❛❧ ❝r♦ss s❡❝t✐♦♥ Σt(s) ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ p(s)✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤❡r❡✲
❢♦r❡✱ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠ ❢♦r ❝♦st ❢✉♥❝t✐♦♥❛❧s t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛♥❣✉❧❛r ✢✉①✱ ✇✐t❤ ❝♦♥str❛✐♥ts
❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✻✳✹✮ ✭s❡❡ ❈❤❛♣t❡r ✶✶✮✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ♣❛r❛♠❡tr✐③❡❞ ♣❛t❤
❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦
t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs✳

❲❡ ❢♦❧❧♦✇ ❛ ▲❛❣r❛♥❣❡ ❢♦r♠❛❧✐s♠ t♦ ❡①♣r❡ss t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s
✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮✱ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡✳ ❇② ❞♦✐♥❣
s♦✱ ✇❡ ❛✈♦✐❞ t❤❡ ❞✐r❡❝t ❛♥❛❧②t✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡r❡✲
❢♦r❡✱ ✇❡ ❢♦r♠❛❧❧② ❞❡r✐✈❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮ ✐♥ ❈❤❛♣t❡r ✶✷✳
❚❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ t❤❛t ✇❡ ♦❜t❛✐♥ ✐♥ ❈❤❛♣t❡r ✶✸ t❤❡♥ ②✐❡❧❞s t❤❡
❞❡s✐r❡❞ ❣r❛❞✐❡♥t✳ ❊q✉✐♣♣❡❞ ✇✐t❤ t❤✐s✱ ✇❡ ❝❛♥ ✉s❡ ❣r❛❞✐❡♥t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥
♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳

❚❤❡ ❍▲▲ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s ❛r❡ ❛❞❛♣t❡❞ ❢♦r t❤❡ SN ❛♥❞ PN ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐❣ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ✐♥ ❈❤❛♣t❡r
✶✹✳ ❲❡ ❢♦❝✉s ♦♥ s✐♠♣❧✐✜❡❞ t❡st ❢✉♥❝t✐♦♥❛❧s ❛♥❞ ✶❉ s❧❛❜ ❣❡♦♠❡tr② ❝❛s❡s t♦ ✈❡r✐❢②
❛♥❞ t❡st t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❣r❛❞✐❡♥t ❝❛♥
❜❡ ❛❝❝✉r❛t❡❧② ❝❛❧❝✉❧❛t❡❞✱ ❛♥❞ t❤❛t ♣❛r❛♠❡tr✐③❡❞ ❛♥❞ ❢✉❧❧ ❝r♦ss s❡❝t✐♦♥s ❝❛♥ ❜❡
r❡❝♦♥str✉❝t❡❞ ❢r♦♠ ♣❡rt✉r❜❡❞ ❞❛t❛ ❛t ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❋✉r✲



✶✺✻ ❈❍❆P❚❊❘ ✶✻✳ ❉■❙❈❯❙❙■❖◆✱ ❈❖◆❈▲❯❙■❖◆✱ ❆◆❉ ❖❯❚▲❖❖❑

t❤❡r♠♦r❡✱ ❛ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✐♥ ❈❤❛♣t❡r ✶✺ s❤♦✇s t❤❛t t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢
t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠✳

❆❧❧ t❤✐s ✐♥❞✐❝❛t❡s✱ t❤❛t t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s s✉✐t❡❞ t♦ s♦❧✈❡ r❡❛❧✲
✐st✐❝ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ♣❤♦t♦♥s
✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s✳ ■♥ ❝♦♥tr❛st t♦ r❡❝❡♥t❧② ✉s❡❞ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞s
❬✹✽❪✱ ♦✉r ♠❡t❤♦❞ ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠ ♠♦❞❡❧✐♥❣ ✐♥❝♦♥s✐st❡♥❝✐❡s✱ ❛s t❤❡ r✐❣♦r♦✉s
❞❡r✐✈❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✹✮ s❤♦✇s t❤❛t ❛♥② ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡
r❡♣r♦❞✉❝❡❞ ❜② t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s✳

❖✉t❧♦♦❦

❲❡ ♣r♦♣♦s❡ t❤❛t ❢✉t✉r❡ r❡s❡❛r❝❤ r❡❣❛r❞✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡
♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐s s❡t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞
♣r♦❜❧❡♠s✳

✶✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②st❡♠ ✐♥ t❤✐s ✇♦r❦ ✐s ♣✉r❡❧②
❢♦r♠❛❧✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛♥❛❧②t✐❝ ✇❡❧❧ ♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r t❤❡ r❡❣✉❧❛r✐③❡❞
✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ❧❛❝❦✐♥❣✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ r✐❣♦r♦✉s
❡①✐st❡♥❝❡ t❤❡♦r② ❢♦r t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐♥ L2✱ ❛♥❞ ✐♥
s✉✐t❛❜❧❡ ❇❛♥❛❝❤ s♣❛❝❡s ✭s✉❝❤ ❛s L1✮✳ ❋♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t♦t❛❧
❛♥❞ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛
❝♦♠♣❛r❛❜❧❡ ❛♥❛❧②s✐s ✐s ❝❛rr✐❡❞ ♦✉t ✐♥ ❬✸✽❪✱ ❛♥❞ ✇❡ ♣r♦♣♦s❡ t♦ tr❛♥s❢❡r t❤✐s
❛♥❛❧②s✐s t♦ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳

✷✳ ❚❤❡ ✉s❡ ♦❢ ❛ st❛♥❞❛r❞ ❚②❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s r❡str✐❝t❡❞ t♦ ♥♦♥✲
❝❧❛ss✐❝❛❧ ❝r♦ss s❡❝t✐♦♥s Σt(s) ∈ L2([0,∞))✳ ❚❤✐s ❡①❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢
❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt✱ ❜✉t ❛❧s♦ ❝r♦ss s❡❝t✐♦♥s ❢r♦♠ ♣❛t❤ ❧❡♥❣t❤ ❞✐str✐❜✉t✐♦♥s
t❤❛t ❛r❡ ❧♦❣✲♥♦r♠❛❧✳ ❚❤❡r❡❢♦r❡✱ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❞❡✈❡❧♦♣❡❞
❛♥❞ ❛♥❛❧②③❡❞✱ t❤❛t ✐s ❛❜❧❡ t♦ ❝♦✈❡r ❛❧❧ r❡❧❡✈❛♥t t②♣❡s ♦❢ ♥♦♥✲❝❧❛ss✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥s✳

✸✳ ●r❛❞✐❡♥t ❜❛s❡❞ ♠❡t❤♦❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② s②s✲
t❡♠ ♥❡❡❞ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❞❡t❛✐❧✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✱
❛♥❞ ❛ st✉❞② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ s❤♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞✳

✹✳ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ♥❡❡❞s
t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡❛❧✐st✐❝ t❡st ❝❛s❡s ✐♥ ✷❉ ❛♥❞ ✸❉✳ ❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦
♣❤♦t♦♥ tr❛♥s♣♦rt ✐♥ ❛t♠♦s♣❤❡r✐❝ ❝❧♦✉❞s s✉✐t❛❜❧❡ ❞❛t❛ ✐s ❛✈❛✐❧❛❜❧❡ ✭✈✐❛
■✸❘❈ ❬✷✹❪✮✱ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ❛s ❛♥ ❡①❡♠♣❧❛r② ❢✉♥❝✲
t✐♦♥❛❧ ♦❢ t❤❡ ❛♥❣✉❧❛r ✢✉① ❛❧s♦ ❛✐♠s ❛t t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳



❆ ⑤ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ ♠❡❛s✉r❡ ❛♥❞
♣r♦❜❛❜✐❧✐t② t❤❡♦r②

❚❤✐s ❆♣♣❡♥❞✐① ✐s ♠❡❛♥t t♦ ♣r♦✈✐❞❡ t❤❡ ❜❛s✐❝ ♥♦t❛t✐♦♥s✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts
♦❢ ♠❡❛s✉r❡ ❛♥❞ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✭♠❛✐♥❧② ✐♥ P❛rt
■✮✳ ❆❧❧ ✐♠♣♦rt❛♥t t❡r♠s ❛♥❞ ❞❡✜♥✐t✐♦♥s ❛r❡ ❡♠♣❤❛s✐③❡❞ ✐♥ ❜♦❧❞ ❧❡tt❡rs✳ ❚❤❡
♥♦t❛t✐♦♥s ❛♥❞ t❤❡ st②❧❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥ ❤❡❛✈✐❧② r❡❧② ♦♥ t❤❡ ❜♦♦❦s ❬✹✵✱ ✹✶❪ ❛♥❞
❬✸✾✱ ✹✼❪✳ ❋♦r t❤❡ ♣❛rt ♦♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇❡ ❛❧s♦ r❡❢❡r t♦ ❬✺✺❪ ❛♥❞ ❬✽✽❪✳
❲❡ ❞♦ ♥♦t ♣r❡s❡♥t ❛♥② ♣r♦♦❢s ✐♥ t❤✐s ❆♣♣❡♥❞✐①✳ ❋♦r t❤❛t ✇❡ r❡❢❡r t♦ t❤❡
❛❢♦r❡♠❡♥t✐♦♥❡❞ t❡①t❜♦♦❦s✳

❆✳✶ ▼❡❛s✉r❡ t❤❡♦r②

❲❡ ❢♦❝✉s ♦♥ ❛ s❤♦rt ❛♥❞ s✐♠♣❧❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ❤❡r❡✳ ❲❡ ♦♥❧②
♣r❡s❡♥t ✇❤❛t ✐s ✉s❡❞ ❛♥❞ ♥❡❡❞❡❞ ✇✐t❤✐♥ t❤✐s ♣✐❡❝❡ ♦❢ ✇♦r❦✳
▲❡t Ω ❜❡ ❛♥ ✭❛r❜✐tr❛r②✮ s❡t✳ ❆ σ−❛❧❣❡❜r❛ F(Ω) ✐s ❛ s②st❡♠ ♦❢ s✉❜s❡ts ♦❢ Ω
s✉❝❤ t❤❛t t❤❡ ❡♠♣t② s❡t✱ t❤❡ ❢✉❧❧ s❡t✱ ❛♥❞ t❤❡ ✉♥✐♦♥✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦
❡❧❡♠❡♥ts ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ❛♥② ❡❧❡♠❡♥t ✐s ❛❣❛✐♥ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤✐s s②st❡♠✳
❆ ♠❡❛s✉r❡ µ ♦♥ Ω ✐s ♥♦✇ ❛ ❢✉♥❝t✐♦♥ µ : F(Ω) −→ [0,∞) s✉❝❤ t❤❛t

✭❛✮ µ(∅) = 0, ✭❜✮ µ(F ) ≥ 0 ❢♦r ❛❧❧ F ∈ F , ✭❝✮ µ(
⋃

i∈N
Fi) =

∑

i∈N
µ(Fi),

❢♦r {Fi} ⊂ F ❛♥❞ ❛❧❧ Fi ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ■♥ ♠♦st ❝❛s❡s t❤❛t ✇❡ ❝♦♥s✐❞❡r✱ F(Ω)
❛r❡ t❤❡ ❇♦r❡❧ s❡ts ♦❢ Ω✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② B(Ω)✳ ❆ ♠❡❛s✉r❡ P ♦♥ Ω t❤❛t
❛❞❞✐t✐♦♥❛❧❧② s❛t✐s✜❡s P(Ω) = 1 ✐s ❝❛❧❧❡❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❲❡ ✇r✐t❡

µ(A) =

∫

A

dµ ❢♦r A ∈ F .

❙♣❡❝✐❛❧ ❝❛s❡s ♦❢ ♠❡❛s✉r❡s t❤❛t ❛r❡ ♦❢ ✐♠♣♦rt❛♥❝❡ ✇✐t❤✐♥ t❤✐s ✇♦r❦ ❛r❡ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ❢♦r t❤❛t ✇❡ ✇r✐t❡ dµ = dx✱ ❛♥❞ t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡
dµ = δ(x− a) dx✱ t❤❛t ❤❛s t❤❡ ♣r♦♣❡rt②

∫

A

δ(x− a) dx = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ a ∈ A.

❚❤❡r❡❢♦r❡✱ t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ✇❤✐❧❡ t❤❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t ♥♦r♠❛❧✐③❡❞✱ ❛♥❞ ♠❛② ❜❡ ✉♥❜♦✉♥❞❡❞✳ ❋♦r ❡❛❝❤ ❝♦♥✲

✶✺✼
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t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ∈ Cb(Ω) ✇❡ ✇r✐t❡

µ(f) =

∫

Ω

f(x) dµ

❛♥❞ ✇❡ s❛② t❤❛t t❤✐s ✐s t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✳ ❖❢t❡♥t✐♠❡s✱ ❛
♠❡❛s✉r❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s dµ = p(x) dx✱ ✇❤❡r❡ p ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳
▲❡t {Pε : ε > 0} ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❛♥❞ P ❜❡ ❛ s✐♥❣❧❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥
(Ω,F)✳ ❲❡ s❛② t❤❛t Pε ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ P ✐❢

∫

Ω

f dPε −→
∫

Ω

f dP

❢♦r ❛❧❧ f ∈ Cb(Ω)✱ ✇❤❡r❡ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs✳ ❲❡ t❤❡♥
✇r✐t❡ Pε ⇀ P ✳ ■❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦♥❧② ❤♦❧❞s ❢♦r ❛❧❧ f ∈ Cc(Ω)✱ t❤❛t ♠❡❛♥s ❢♦r
t❡st ❢✉♥❝t✐♦♥s t❤❛t ❤❛✈❡ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡ s❛② t❤❛t Pε ❝♦♥✈❡r❣❡s ✇❡❛❦❧②

∗✱
❛♥❞ ✇❡ ✇r✐t❡ Pε ⇀

∗ P ✳
■❢ ✇❡ ❛❧❧♦✇ ❢♦r ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ ❛ ♠❡❛s✉r❡ µ✱ t❤❛t ♠❡❛♥s µ : F −→ R✱ ✇❡
❝❛❧❧ t❤✐s ❛ s✐❣♥❡❞ ♠❡❛s✉r❡✳ ❚❤❡ s❡t ♦❢ ❛❧❧ s✐❣♥❡❞ ♠❡❛s✉r❡s ♦❜✈✐♦✉s❧② ❢♦r♠ ❛
✈❡❝t♦r s♣❛❝❡✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ s✐❣♥❡❞ ♠❡❛s✉r❡s ❢♦r♠ ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ✇❤✐❝❤
✐s ✉s✉❛❧❧② ❞❡♥♦t❡❞ ❜② M(B)✳ ❚❤✐s ✐s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Cb(Ω)✱ t❤❡ s♣❛❝❡ ♦❢
❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ♦♥ Ω✳ ❍❡♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛♣♣❧✐❡s✳

❚❤❡♦r❡♠ ❆✳✶✳ ✭❇❛♥❛❝❤✲❆❧❛♦❣❧✉✮
▲❡t X ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ X∗ ✐ts ❞✉❛❧ s♣❛❝❡✳ ❚❤❡♥✱ t❤❡ ✉♥✐t ❜❛❧❧ B∗ ∈ X∗

✐s ✇❡❛❦❧②∗ ❝♦♠♣❛❝t✳ ■❢ X ✐s s❡♣❛r❛❜❧❡✱ ✐t ✐s ❛❧s♦ s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❛❝t ✐♥ t❤❡
✇❡❛❦∗ t♦♣♦❧♦❣②✳ ❍❡♥❝❡✱ ❡✈❡r② ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ X∗ ❤❛s ❛ ✇❡❛❦∗ ❝♦♥✈❡r❣❡♥t
s✉❜s❡q✉❡♥❝❡✳

◆♦t❡ t❤❛t Cb(Ω) ✐s ❛ s❡♣❛r❛❜❧❡ ❇❛♥❛❝❤ s♣❛❝❡ ❢♦r Ω ⊂ R
n✱ ❤❡♥❝❡ ❛ ❜♦✉♥❞❡❞ s❡t

♦❢ ♠❡❛s✉r❡s ❤❛s ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✳

❆✳✷ Pr♦❜❛❜✐❧✐t② t❤❡♦r②

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ r❡❧② ♦♥ ❛♥ ✐♥t✉✐t✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ t❡r♠ ♣r♦❜❛❜✐❧✐t②
❛♥❞ r❛♥❞♦♠♥❡ss✳ ▲❡t A ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ♦❢ ❛ r❛♥❞♦♠
❡①♣❡r✐♠❡♥t✳ ❲✐t❤ ❡❛❝❤ ♦✉t❝♦♠❡ ✭♦r ❡✈❡♥t✮ ai ∈ A ✇❡ ❛ss♦❝✐❛t❡ ❛ ♥✉♠❜❡r
pi ∈ [0, 1] s✉❝❤ t❤❛t

∑

i pi = 1✳ ❘❡♣❡❛t✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
t✐♠❡s✱ pi ✐s t❤❡ ❡①♣❡❝t❡❞ r❡❧❛t✐✈❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❡✈❡♥t ai✳ ❲❡ s❛② t❤❛t ✧ai
❤❛s t❤❡ ♣r♦❜❛❜✐❧✐t② pi✧✳

Pr♦❜❛❜✐❧✐t② s♣❛❝❡s ❛♥❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❚❤✐s ❝♦♥❝❡♣t ❝❛♥ ❜❡ ❢♦r♠❛❧✐③❡❞ ❛♥❞ ❡①t❡♥❞❡❞ t♦ ❛ ❝♦♥t✐♥✉♦✉s s❡t ♦❢ ♣♦ss✐❜❧❡
❡✈❡♥ts ❛s ❢♦❧❧♦✇s✳ ❆ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✐s ❛ tr✐♣❧❡ (Ω,F ,P)✱ ✇❤❡r❡

Ω ✐s t❤❡ s❡t ♦❢ ❡✈❡♥ts,

F ✐s ❛ σ − ❛❧❣❡❜r❛ ♦❢ s✉❜s❡ts ♦❢ Ω, ❛♥❞

P ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ Ω.
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❍❡r❡✱ Ω ❝❛♥ ❜❡ ❛♥ ❛r❜✐tr❛r② s❡t✱ ❛♥❞ F = F(Ω) ✐s ❛ σ−❛❧❣❡❜r❛ ❛s ❞❡✜♥❡❞
❛❜♦✈❡✳ ●✐✈❡♥ ❛ s✉❜s❡t A ⊂ Ω✱ P(A) ✐s t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❛t t❤❡ ♦✉t❝♦♠❡
♦❢ ♦✉r r❛♥❞♦♠ ❡①♣❡r✐♠❡♥t ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ A✳ ◆♦t❡ t❤❛t✱ ✐❢ Ω ⊂ R

n✱ ❛♥② s✐♥❣❧❡
❡✈❡♥t ❤❛s t❤❡ ♣r♦❜❛❜✐❧✐t② 0✱ s✐♥❝❡ ✐t ✐s ❛ ♥✉❧❧ s❡t✳
❖♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❛t ✐s ❛ ❢✉♥❝t✐♦♥
X : Ω −→ R s✉❝❤ t❤❛t

{ω ∈ Ω : X(Ω) ≤ x} ∈ F ❢♦r ❛❧❧ x ∈ R.

◆♦t❡ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ t❤❡ ❡♥t✐r❡ r❡❛❧
❧✐♥❡ ❜✉t ♠✐❣❤t ❜❡ ❛♥② s✉❜s❡t ♦❢ R✳ ❚❤❡♥✱ ❢♦r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇❡ ❞❡✜♥❡ ✐ts
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛s t❤❡ ❢✉♥❝t✐♦♥ F : R −→ [0, 1] ✇✐t❤ F (x) = P(X ≤
x)✳ ❆❣❛✐♥✱ ✇❡ ❛❧s♦ ❛❧❧♦✇ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s t♦ ❜❡ ❞❡✜♥❡❞ ♦♥ ❛♥② s✉❜s❡t ♦❢
R✳ ❙♦♠❡t✐♠❡s✱ ✇❡ ❛❧s♦ ✉s❡ t❤❡ t❡r♠ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r

F̃ : R −→ [0, 1], F̃ (x) = P(X ≥ x).

❖❜✈✐♦✉s❧②✱ ✐t ❤♦❧❞s t❤❛t F̃ (x) = 1 − F (x)✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❝❛❧❧❡❞
❝♦♥t✐♥✉♦✉s✱ ✐❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

F (x) =

∫ x

−∞
f(u) du ❢♦r ❛❧❧ x ∈ R

❢♦r ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : R −→ [0,∞)✱ ✇❤✐❝❤ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②
✭❢✉♥❝t✐♦♥✮ ♦❢ X✳ ■❢ f ✐s s♠♦♦t❤ ❡♥♦✉❣❤✱ t❤❡♥ ✇❡ ❤❛✈❡ F ′(x) = f(x)✳

❚❤❡s❡ ❝♦♥❝❡♣ts ♥❛t✉r❛❧❧② ❡①t❡♥❞ t♦ ❛r❜✐tr❛r② s✉❜s❡ts ♦❢ Rn✳ ■♥ t❤❛t ❝❛s❡ ✇❡
s♣❡❛❦ ♦❢ ❛ r❛♥❞♦♠ ✈❡❝t♦r ✐♥st❡❛❞ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❆ r❛♥❞♦♠ ✈❡❝✲
t♦r X ❤❛s ❛ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FX : R

n −→ [0, 1] s✉❝❤ t❤❛t
FX(x) = P(X ≤ x) ❢♦r ❛❧❧ x ∈ R

n✳ ◆♦t❡ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② ✐s t♦ ❜❡ ✉♥❞❡r✲
st♦♦❞ ❝♦♠♣♦♥❡♥t✇✐s❡ ✐♥ t❤✐s ❝❛s❡✳

❊①❛♠♣❧❡ ✶✳ ■♥ ❈❤❛♣t❡r ✹ ✇❡ tr❡❛t t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥ ✐♥ ❛ ❤♦✲
♠♦❣❡♥✐③❡❞ st♦❝❤❛st✐❝ ♠❡❞✐✉♠ ❛s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(Ω,F ,P) ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝ts✳ ❚❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡
❡✈❡♥ts ✐s Ω = [0,∞)✱ ❛♥❞ F(Ω) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❇♦r❡❧ s❡ts ♦❢ [0,∞)✳ ❚❤❡ ♣r♦❜✲
❛❜✐❧✐t② ♠❡❛s✉r❡ P ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s s✐♠♣❧② t❤❡ ✐❞❡♥t✐t② X(ω) = ω ❛♥❞
❤❛s t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

g(s) = P(X(s) ≤ s) =

∫ s

0

p(τ) dτ = 1−
∫ ∞

s

p(τ) dτ,

✇❤✐❝❤ ✐s ❛ s❧✐❣❤t ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ❛❜♦✈❡✳ ❍❡♥❝❡✱ ✇❡ ♦❜s❡r✈❡
❤❡r❡ t❤❛t g′(s) = −p(s)✳
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❊①♣❡❝t❛t✐♦♥s ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢
X✳ ❋♦r ❛ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ fX t❤✐s ✐s ❣✐✈❡♥
❜②

❊[X] =

∫ ∞

−∞
xfX(x) dx,

✐❢ t❤✐s ✐♥t❡❣r❛❧ ❡①✐sts✳ ■❢ X ❛♥❞ g(X) ❛r❡ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡♥
t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ g(X) ✐s

❊[g(X)] =

∫ ∞

−∞
g(x)fX(x) dx.

❆ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Xn}n∈N ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X✱ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s fXn

❝♦♥✈❡r❣❡ ✇❡❛❦❧② t♦ fX

✭s❡❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡✮✳ ❲❡ t❤❡♥ ✇r✐t❡ Xn
D−→ X✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥✈❡r❣❡♥❝❡ ✐♥

❞✐str✐❜✉t✐♦♥ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢

❊[f(Xn)] −→ ❊[f(X)] ❢♦r ❡✈❡r② f ∈ Cb(Ω).

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X ❛♥❞ Y ✇✐t❤ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥s FX ❛♥❞ FY ✳ ❚❤❡② ❛r❡ ❝❛❧❧❡❞ ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r t❤❡✐r
❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F (x, y)

F (x, y) = FX(x)FY (y) ❢♦r ❛❧❧ x, y ∈ R

❤♦❧❞s✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

f(x, y) = fX(x)fY (y) ❢♦r ❛❧❧ x, y ∈ R,

✇❤❡r❡ f(x, y) ✐s t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢X ❛♥❞ Y ✳ ❆❧s♦✱ ❢♦r ❛ s✉✣❝✐❡♥t❧②
s♠♦♦t❤ ❢✉♥❝t✐♦♥ g : R2 −→ R ✇❡ ❤❛✈❡ t❤❛t

❊[g(X, Y )] =

∫ ∞

−∞

∫ ∞

−∞
g(x, y)f(x, y) dx dy.

◆♦t❡ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ♦♥ r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ ✐✳❡ ❊[aX + bY ] = a❊[X] + b❊[Y ] ❢♦r ❛❧❧ a, b ∈ R✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥ ♦❢ Y ❣✐✈❡♥ X ✐s ❞❡✜♥❡❞ ❛s

❊[Y | X = x] =

∫ ∞

−∞
yfY |X(y | x) dy.

❍❡r❡✱ fY |X(y | x) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s

fY |X(y | x) = f(x, y)

fX(x)
.
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❍❡♥❝❡✱ ❢♦r t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X ❛♥❞ Y ✇❡ ❤❛✈❡ fY |X(y | x) =
fY (y)✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥ ❛♥❛❧♦❣②✳ ❚❤❡ ❝♦♥❞✐✲
t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❤❛s t❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt②✱ t❤❛t ❊[❊[Y | X]] = ❊[Y ]✳ ❚❤✐s
♠❡❛♥s ❡s♣❡❝✐❛❧❧② t❤❛t

❊[Y ] =

∫ ∞

−∞
❊[Y | X]fX(x) dx.

❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s

❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss X ✐s ❛ ❢❛♠✐❧② {Xt : t ∈ T} ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥❞❡①❡❞
❜② s♦♠❡ s❡t T ✳ ❲✐t❤✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❛❧✇❛②s s❡t T = [0,∞) ❛♥❞ ✇❡ t❤✐♥❦ ♦❢ t
❛s ❜❡✐♥❣ t❤❡ t✐♠❡✳ ❚❤❛t ❡s♣❡❝✐❛❧❧② ♠❡❛♥s✱ t❤❛t ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❝♦♥t✐♥✉♦✉s✲
t✐♠❡ ♣r♦❝❡ss❡s✳ ❚❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ♦❢ X ✐s ❝❛❧❧❡❞ ♣❤❛s❡ s♣❛❝❡ ✐♥
t❤✐s ❝♦♥t❡①t✳ ❆ s♣❡❝✐❛❧ ❛♥❞ ✈❡r② ✐♠♣♦rt❛♥t ❝❛s❡ ❛r❡ t❤❡ s♦✲❝❛❧❧❡❞ ▼❛r❦♦✈
♣r♦❝❡ss❡s✱ t❤❛t ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❆ ♣r♦❝❡ss X s❛t✐s✜❡s t❤❡
▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✐❢

P(Xtn = j | Xt1 = i1, . . . , Xtn−1
= in−1) = P(Xtn = j |Xtn−1

= in−1)

❢♦r ❛❧❧ j, i1, . . . , in−1 ∈ Ω ❛♥❞ ❛♥② s❡q✉❡♥❝❡ t1 < t2 < · · · < tn ♦❢ t✐♠❡s✳ ❚❤❛t
♠❡❛♥s✱ t❤❛t t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ♣r♦❝❡ss ❛t t✐♠❡ tn ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡
♣r❡✈✐♦✉s t✐♠❡ tn−1 ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♦t❤❡rs✳ ❲❡ ❛❧s♦ s❛② t❤❛t
t❤❡ ♣r♦❝❡ss ❤❛s ♥♦ ♠❡♠♦r②✳ ▲❡t X0 = x ❜❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ st♦❝❤❛st✐❝
♣r♦❝❡ss✳ ❚❤❡♥ t❤❡ ❡♥t✐r❡ s❡t Xt(x) ✐s ❝❛❧❧❡❞ ❛ tr❛❥❡❝t♦r② ♦❢ X✳

❊①❛♠♣❧❡ ✷✳ ❲❡ t✉r♥ ❛❣❛✐♥ t♦ ❈❤❛♣t❡r ✹✱ ✇❤❡r❡ ✇❡ ❞❡s❝r✐❜❡ t❤❡ tr❛♥s♣♦rt ♦❢
❛ ♣❛rt✐❝❧❡ ✐♥ ❛ ❤♦♠♦❣❡♥✐③❡❞ st♦❝❤❛st✐❝ ♠❡❞✐✉♠✳ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss t❤❡r❡ ✐s
✈❡❝t♦r ✈❛❧✉❡❞✱ ✐✳❡ ✐t ❤❛s t❤r❡❡ ❝♦♠♣♦♥❡♥ts (Xt,Ωt, St)✱ ✇❤❡r❡ Xt ✐s t❤❡ ♣♦s✐t✐♦♥
✐♥ s♣❛❝❡✱ Ωt t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ❛♥❞ St t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡①t ❝♦❧❧✐s✐♦♥✳ ❚❤❡
✐♥✐t✐❛❧ s❡tt✐♥❣ (X0,Ω0, S0) ❝❛♥ ❜❡ tr❡❛t❡❞ ❞❡t❡r♠✐♥✐st✐❝ ✭❣✐✈❡♥ ❜② ❛ ✜①❡❞ tr✐♣❧❡
(x,Ω, s)✮ ♦r st♦❝❤❛st✐❝ ✭✐♥ t❤✐s ❝❛s❡ t❤❡ ✐♥✐t✐❛❧ s❡tt✐♥❣ ✐s ❣✐✈❡♥ ❜② ❛ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② φ0(x,Ω, s)✮✳ ❊❛❝❤ ❝♦♠♣♦♥❡♥t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
ω ❛♥❞ τ ✱ ✇❤❡r❡ ω ✐♥❞✐❝❛t❡s t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ♦❢ ✢✐❣❤t ❛♥❞ τ t❤❡ ❞✐st❛♥❝❡ t♦
❝♦❧❧✐s✐♦♥ ❛❢t❡r ❛ ❝♦❧❧✐s✐♦♥ ❡✈❡♥t✳ ❚❤❡s❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢
❡❛❝❤ ♦t❤❡r ❛♥❞ ❛r❡ ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛st ❝♦❧❧✐s✐♦♥ ❡✈❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡② ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t✐♠❡✳ ❍❡♥❝❡✱ t❤✐s ♣r♦❝❡ss ✐s ▼❛r❦♦✈✐❛♥ ✐♥ t❤❡ ♣❤❛s❡
s♣❛❝❡ R

2 × S1 × [0,∞)✱ s✐♥❝❡ ✐ts ❡✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❛st
❝♦❧❧✐s✐♦♥ ❡✈❡♥t✱ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦❧❧✐s✐♦♥ ❡✈❡♥ts ✐s ❞❡t❡r♠✐♥✐st✐❝✳
■t ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t✱ t❤❛t t❤❡ r❡❞✉❝❡❞ ♣r♦❝❡ss (Xt,Ωt) ✐s ▼❛r❦♦✈✐❛♥ ✐♥ t❤❡
♣❤❛s❡✲s♣❛❝❡ R

2 × S1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ τ ✐s ❛♥ ❡①♣♦✲
♥❡♥t✐❛❧✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦❝❡ss Xt ❛❧♦♥❡ ✐s ♥♦t ▼❛r❦♦✈✐❛♥✳ ❚❤❡ ♠❡t❤♦❞ ♦❢
❡①t❡♥❞✐♥❣ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✐♥ ♦r❞❡r t♦ ❣❛✐♥ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss ✐s s♦♠❡t✐♠❡s r❡❢❡rr❡❞ t♦ ❛s ▼❛r❦♦✈✐❛♥ ❡①t❡♥s✐♦♥ ♦r ▼❛r❦♦✈✐❛♥✲
✐③❛t✐♦♥ ❬✽✽❪✳

▲❡t Xt(x), t ≥ 0 ❜❡ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇❤❡r❡ Xt(x) ❞❡♥♦t❡s t❤❛t X0 = x✳ ❲❡
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❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r Pt ❜②

(Ptφ)(x) = ❊[φ(Xt(x))],

❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s φ ∈ Cb(R)✳ ❋♦r ❛❧❧ t, s ≥ 0✱ Pt ❤❛s t❤❡
s❡♠✐❣r♦✉♣ ♣r♦♣❡rt②✱ ♠❡❛♥✐♥❣

Pt+sφ = PtPsφ.

■t ✐s ❛❧s♦ ♦❜✈✐♦✉s✱ t❤❛t Pt ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✱ ❛♥❞ (P0φ)(x) = φ(x) ❤♦❧❞s✱
❤❡♥❝❡✱ P0 = Id✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ u(x, t) = (Ptφ)(x)✳ ❚❤❡♥ u(x, t) s❛t✐s✜❡s
t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

∂tu(x, t) = Lu(x, t), u(x, 0) = φ(x), ✭❆✳✶✮

✇❤❡r❡ L ✐s ❛♥♦t❤❡r ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ Pt✳
❲❡ ❞♦ ♥♦t ✇❛♥t t♦ ❣♦ ✐♥t♦ t❤❡ ❞❡t❛✐❧s ♦❢ s❡♠✐❣r♦✉♣ t❤❡♦r② ❤❡r❡✳ ◆♦t❡ ♦♥❧②✱
t❤❛t L ✐s ✐♥ ❣❡♥❡r❛❧ ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ ❛ s✉✐t❛❜❧❡ ✭❢✉♥❝t✐♦♥✮ s♣❛❝❡✳
❊q✉❛t✐♦♥ ✭❆✳✶✮ ✐s ❝❛❧❧❡❞ t❤❡ ❜❛❝❦✇❛r❞s ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥✳ ■t ❣♦✈❡r♥s
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ♦❜s❡r✈❛❜❧❡

u(x, t) = ❊[φ(Xt(x))] = ❊[φ(Xt)|X0 = x].

❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t s❡♠✐❣r♦✉♣ P ∗t ✇❤✐❝❤ ❛❝ts ♦♥ ♣r♦❜❛❜✐❧✲
✐t② ♠❡❛s✉r❡s✳ ❚❤❡ ♦♣❡r❛t♦rs Pt ❛♥❞ P ∗t ❛r❡ ❛❞❥♦✐♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ L2✲s❡♥s❡✿

∫

Ptφ(x) dµ(x) =

∫

φ(x) d(P ∗t µ)(x).

❉❡✜♥❡ µt := P ∗t µ✳ ❚❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② µt ✐s

∂tµt = L∗µt, µ0 = µ.

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ♦r ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛✲
t✐♦♥ ♦❢ X✳ ❆ss✉♠✐♥❣ t❤❛t µt ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s µt = p(y, t) dy ❛♥❞ ρ(y, 0) =
p0(y) t❤❡ ❡q✉❛t✐♦♥ r❡❛❞s

∂tp(y, t) = L∗p(y, t), p(y, 0) = p0(y).

■❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡X0 = x ✐s ❞❡t❡r♠✐♥✐st✐❝✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s p0(y) =
δ(y − x)✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ Xt ♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ st❛t❡s✳ ■♥
♦t❤❡r ✇♦r❞s✱ µt ✐s t❤❡ ❧❛✇ ♦❢ Xt✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ❜❛❝❦✇❛r❞ ❑♦❧♠♦❣♦r♦✈
❡q✉❛t✐♦♥✱ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ❛s

u(x, t) = ❊[φ(Xt)|X0 = x] =

∫

φ(x)p(t, y; x) dy.
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❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ t❤❡ ❛❞❥♦✐♥t ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡
∫

φ dµt =

∫

Ptφ dµ0.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡
∫

φ(x)p(t, x) dx =

∫

u(x, t)p0(x) dx =

∫

❊[φ(Xt(x))]p0(x) dx. ✭❆✳✷✮

❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ st♦❝❤❛st✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r♠✉❧❛✳

❊①❛♠♣❧❡ ✸✳ ❲❡ r❡✈✐s✐t ❈❤❛♣t❡r ✹ ❢♦r ❛ ❧❛st t✐♠❡✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss
(Xt,Ωt, St) ❤❛s t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡✳ ▲❡t φ = φ(x,Ω, s)
❜❡ ❛♥ ♦❜s❡r✈❛❜❧❡ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ✐s
t❤❡♥

Ptφ(x,Ω, s) = Φ(t, x,Ω, s) := ❊[φ((Xt,Ωt, St)(x,Ω, s))].

❋r♦♠ t❤❡ ❡①♣❧✐❝✐t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣r♦❝❡ss ✇❡ ❝❛♥ t❤❡♥
s❤♦✇✱ t❤❛t Φ(t, x,Ω, s) s❛t✐s✜❡s t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥

∂tΦ(t, x,Ω, s)− Ω∇xΦ(t, x,Ω, s) + ∂sΦ(t, x,Ω, s) = 0,

Φ(t, x,Ω, 0) =
1

2π

∫∫

p(s)Φ(t, x,Ω, s) dΩds,

Φ(0, x,Ω, s) = φ(x,Ω, s).

❍❡♥❝❡✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ♦♣❡r❛t♦r L ✐s ❣✐✈❡♥ ❜②

Lφ = Ω∇xφ− ∂sφ+ δ(s)
1

2π

∫∫

p(s)φ dΩds.

❙✐♥❝❡ t❤✐s ✐s ❛ ❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ ✇✐t❤ ❛ t❡st ❢✉♥❝t✐♦♥ ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡❣r❛t✐♥❣✳ ▲❡t
t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣r♦❝❡ss ❛t t✐♠❡ t ≥ 0 ❜❡ µt(x,Ω, s)✳ ❚❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r
L∗ t❤❡♥ ❛❝ts ♦♥ µt ❜②

L∗µt(x,Ω, s) = ∂sµt(x,Ω, s)− Ω∇xµt(x,Ω, s) + p(s)

∫

S1

µt(x,Ω, 0) dΩ.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ♦r ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛✲
t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (Xt,Ωt, St) ✐s ❣✐✈❡♥ ❜②

∂tµt(x,Ω, s) + Ω∇xµt(x,Ω, s)− ∂sµt(x,Ω, s) = p(s)

∫

S1

µt(x,Ω, 0) dΩ,
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✇✐t❤ ✐♥✐t✐❛❧ ❞❡♥s✐t② µ0(x,Ω, s)✳ ❊q✉❛t✐♦♥ ✭❆✳✷✮ t❤❡♥ r❡❛❞s
∫∫∫

R2×S1×R+

❊[φ((Xt,Ωt, St)(x,Ω, s))]µ0(x,Ω, s) ds dΩdx =

∫∫∫

R2×S1×R+

φ(x,Ω, s)µt(x,Ω, s) ds dΩdx.
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