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Abstract

In this work, we investigate a new and non-classical linear transport equation
for the transport of particles in correlated background media. We derive a
time-dependent non-classical transport equation that is capable of reproduc-
ing arbitrary path length distributions, in contrast to the classical theory. This
equation governs the distribution function of a microscopic particle game in
the Boltzmann-Grad limit. This rigorous mathematical derivation is based
on recent results on the periodic Lorentz gas, and it relies on an analytic ex-
pression for the distribution of free path lengths in the limit. The resulting
equation has the distance s to the next collision as an additional independent
variable, which makes it “non-classical”. A Monte-Carlo study of path length
distributions in homogeneous but correlated media suggests that this equation
is valid for a wider class of spatially correlated media. We discuss generaliza-
tions of the resulting equation, as well as the connection to another recently
proposed non-classical steady state transport equation.

In the following, we develop numerical methods for this non-classical steady
state transport equation. Therefore, we investigate a variation of a standard
finite volume HLL method for moment models of this equation. In a detailed
numerical analysis we show that these schemes preserve the analytic asymp-
totic limit in a diffusive scaling. Furthermore, the schemes preserve the convex
set of admissible and realizable sets. A coupling of the initial value and the
full solution strongly suggests to use an iterative solution method. The naive
source iteration method is shown to become arbitrarily slow in the scatter-
ing dominated regime, therefore we adapt a Diffusion Synthetic Acceleration
method for the classical equation based on the diffusion approximation for the
non-classical equation. We investigate the contraction rates via a von Neu-
mann analysis of the full equation and the corresponding moment models,
which shows that they are significantly decreased by the acceleration method.

Equipped with accurate and efficient numerical schemes, we present a method
for the solution of inverse problems based on the non-classical steady state
transport equation. We formulate the parameter estimation problem as an
optimal control problem, and derive a first order optimality system using a
Lagrange formalism. This formalism is based on adjoint calculus, therefore we
formally derive the adjoint equation of the non-classical steady state transport
equation. Then we adapt the numerical schemes to discretize this first order
optimality system. We also show that these schemes are consistent with the
underlying discrete optimality system. Numerical solutions of the optimality
system are obtained using gradient based optimization methods and show that
parameters can be reconstructed accurately at a reasonable computational
cost.
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1 Introduction

The transport of radiation in a background medium is an important physical
phenomenon that appears in numerous applications. Examples of applications
range from the transport of neutrons in a nuclear reactor and electrons in hu-
man tissue in radiotherapy, to the transport of photons in atmospheric clouds.
In the corresponding mathematical models, radiation is treated as a gas of
point particles which interact with the background medium. This medium is
assumed to consist of static elements, and the point particles are scattered
or absorbed when experiencing a collision with an element of the background
medium. A classical situation would be elementary particles that interact with
atoms. The steady state form of the linear Boltzmann equation (named af-
ter Ludwig Boltzmann, 1844-1906) describes the equilibrium distribution ¥ of
particles in a homogeneous medium. The equation reads

QV:C\I/(x,Q)—i-Et\II(x,Q):/ 0o (Q, Q) (2, )Y + Qe Q),  (L1)
SQ

where x is the spatial variable, and €2 the direction of travel. This integro-
differential equation is widely used to model the transport of radiation in a
great number of applications. The interaction of radiation with the background
medium is described by the total cross section Y;, and the scattering kernel o.
They specify the rate by which particles collide with the background medium,
and the change of the direction of travel of the particles after a collision re-
spectively.

To ensure the validity of the linear Boltzmann equation for a certain trans-
port process, some simplifying assumptions have to be made. One of these
assumptions, the Poissonian spatial distribution of the elements of the back-
ground medium, is closely related to the underlying path length distribution in
the medium. Recently, path length distributions were observed in atmospheric
clouds that cannot be explained by the classical theory. Therefore, in this work,
we investigate a new and non-classical mathematical model for the transport
of massless point particles through a random disordered background medium
that is capable of reproducing arbitrary path length distributions. This model
has first been suggested for the transport of photons in atmospheric clouds
by Edward Larsen in 2007 [73|. It is therefore the motivational application
for this work, and we refer to it at several places. The non-classical transport
equation is set on an extended phase space and reads

05V (s, 2, Q) + QV, W (s, x,Q) + 3i(s)¥(s,x,Q) =0, (1.2a)
U(0,z,Q) = c/ / os(Q, QN5 (sU(s, 2, Q) dY ds" + Q(,Q).  (1.2b)
S2
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The variable s is the distance to the last collision, and makes this equation
non-classical. If the cross section 3,(s) is constant, this equation reduces to
the classical linear Boltzmann Equation (1.1). It is therefore a generalization
of the classical model.

This work falls naturally into three parts. In the first part on Mathemati-
cal Modeling we study the rigorous mathematical derivation of non-classical
transport equations from a random microscopic dynamics, and the connection
to Equation (1.2). First, we review the classical linear Boltzmann equation
in Chapter 2. We point out limitations of the classical theory, and present
applications where observations underline the need of a new generalized the-
ory in Chapter 3. In the following Chapter 4 we present a rigorous derivation
of a time-dependent non-classical transport equation. There, we build upon
recent results on the so-called periodic Lorentz gas [53, 81]. In Chapter 5, we
investigate extensions of this equation via a Monte-Carlo study of spatially
correlated media. Finally, in Chapter 6 we discuss the connection of this non-
classical transport equation and Equation (1.2), and present certain extensions
and simplifications.

In the second part of this work, entitled Numerical Methods, we consider
the problem of numerically solving the non-classical steady state transport
Equation (1.2). Solving the full equation is numerically costly due to its high
dimensionality. Therefore we use different strategies to reduce the complexity
of the full kinetic equation. These so-called moment models are presented in
Chapter 7. Since a background medium like an atmospheric cloud may have
optically thick regions, where transport is dominated by scattering, we are
especially interested in the performance of numerical schemes in this regime.
For approximate systems of angular moments we present a family of asymp-
totic preserving HLL schemes in Chapter 8. Coupling of the initial value and
the full solution in Equation (1.2) requires an iterative solution method. We
show that source iteration becomes arbitrarily slow in the diffusive regime,
and propose initialization and acceleration schemes to overcome this problem
in Chapter 9. Numerical results for these schemes are presented in Chapter 10.

In the third part, we investigate the problem of Parameter Estimation. The
s—dependent total cross section ¥;(s) in the non-classical transport equation
can be expressed in terms of the path length distribution p(s) and vice versa.
That means, Equation (1.2) can be used to identify path length distributions in
practical applications. First, we formulate parameter estimation as an optimal
control problem in Chapter 11. In the following Chapter 12 we present a for-
mal analysis of the mathematical operators that are involved in this problem.
This is used in Chapter 13, where we derive the first order optimality system
of the optimal control problem by following a Lagrange formalism. Numerical
methods for this optimality system are the topic of Chapter 14. We apply
the numerical schemes introduced in the previous part for the non-classical
equation and its adjoint in order to solve the optimality system using gradient



based methods, and present a number of numerical tests. Finally, in Chapter
15 we investigate the discrete form of the first order optimality system for the
numerical schemes presented in the preceding chapter.

We close with a discussion and conclusion of the results of this work, and give
an outlook on future research in Chapter 16.
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Introduction: Mathematical Modeling

The classical linear transport equation describes the transport of particles
through a random and disordered background medium. It is a special form of
the linear Boltzmann equation, first proposed by Ludwig Boltzmann in the late
19th century. Its rigorous derivation from first principles only holds if the po-
sitions of the scattering elements in the background medium are uncorrelated
[49, 100]. A major consequence of this assumption on the spatial structure of
the background medium is that the distribution of free path lengths in the ran-
dom background medium has to be an exponentially decaying function. But
current observations, for example for the transport of photons in atmospheric
clouds, point towards a non-exponentially decaying path length distribution
[66, 89, 67, 48|. Therefore, in this part, we study the rigorous derivation of non-
classical transport equations for simplified transport processes through random
media with an underlying general, possibly non-exponential path length dis-
tribution. Luckily, we can build upon recent results on the so-called periodic
Lorentz gas |53, 81]. There, the scatterers are fixed on a grid and in the
Boltzmann-Grad limit a kinetic equation set on an extended phase space has
been derived. This was done in a two dimensional setting for the case of spec-
ular reflected particles. We extend this result to isotropic, random scattering.
This is a more realistic model when it comes to the transport of radiation,
for example photons in atmospheric clouds. Note that a periodic setting of
scatterers is in a way the strongest possible spatial correlation.

In the first Chapter 2, we shortly review the classical linear transport equation,
introduce the notation, and sketch the mathematically rigorous derivation.
We point out limitations of the classical theory in Chapter 3. Therefore, we
present applications where it comes to spatial correlations in the background
medium, and accordingly non-exponential path length distributions. In the
following Chapter 4 we present a rigorous derivation of a non-classical transport
equation for the periodic setting of scatterers. We first give an overview on
the recent results on the periodic Lorentz gas, and then present a similar
derivation of a non-classical transport equation for the process of radiative
transfer with isotropic scattering. The derivation suggests that it also holds
for more general correlated background media. This is the subject of Chapter
5, where we investigate path length distributions in spatially correlated media
in the Boltzmann-Grad limit via a Monte-Carlo study. Finally, in Chapter 6
we discuss the resulting non-classical transport equations and present certain
extensions as well as simplifications and approximations thereof.



2 Classical radiative transfer

In this chapter we review the classical linear Boltzmann equation for radia-
tive transfer, its rigorous mathematical derivation and especially point out its
limitations when it comes to spatial correlations in the background medium.
The introduction of the classical radiative transfer equation not only serves to
point out the differences to the non-classical theory, which is the main subject
of this thesis. It is also used to introduce important concepts and notations
that are used in the remainder of this work.

The classical radiative transfer equation is a type of a linear Boltzmann equa-
tion. Also known as the Lorentz equation, it was first introduced by Drude
and Lorentz at the beginning of the 20th century to describe the motion of
electrons in metals. With the advent of nuclear technologies in the middle of
the 20th century it was also used to describe the transport of neutrons in a
nuclear reactor [33]. As a kinetic model for the transport of photons it was
first used in the context of stellar atmospheres [27, 28]. When it comes to
neutron transport it is usually simply called the "transport equation”, while
in the context of photons it is widely known as the "radiative transfer equation”.

In all what follows ¢ > 0 denotes the time variable, x € R” is the spatial
variable and Q € SV~! is the direction of travel, hence |Q| = 1. All figures
and also most of the theory are restricted to the case of 2 space dimensions,
but the arguments mostly hold for an arbitrary space dimension. We indicate
whenever this is not the case. In all cases we assume an infinite spatial domain.

2.1 The classical linear Boltzmann equation

The classical radiative transfer equation for the transport of photons through
an (in general) inhomogeneous background medium is a linear Boltzmann
equation for the angular photon density V. Its time-dependent version is given
by the initial value problem

OV (t,x, Q) + QV,U(t, z,Q) + X (2)V(t, 2, Q) = SU(t,z,Q) + Q(t,x,Q),
(2.1a)
U(0,z,8) = ¥o(z,Q), (2.1b)

where Wy is an initial photon density, () is an external source term and S is
the scattering operator defined by

S\I/(t,x,Q):/ os(z, Q, Q)W (¢, 2,Q')dY.
SQ
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The unknown W is usually interpreted as
U(t, z,$) = "particles at time ¢ at position x that travel in direction Q ".

If the transport of particles other than photons is considered, which may travel
by different speeds |v| € R, the variable 2 is usually replaced by the velocity
variable v, where v = |v|Q2. The total cross section ¥, denotes the rate by
which particles interact with the background medium. The scattering kernel
o represents the probability, that a particle that has travelled in direction €
before a collision changes direction of flight to 2 afterwards. Therefore, the
so-called "detailed balance"

/ os(2,Q,0)dQ = / os(x,Q,0)dQ =1
gN-1

gN-1

holds for all 2,9 € SV~ and all z € RY. If the scattering kernel only
depends on the angle between the incoming and outgoing direction, this is
typically written as

0,(2,Q) =0,(Q- ),

and then only depends on a scalar. The total cross section and the scattering
kernel are linked in the following way. Let the scattering cross section be
defined as

Yy(z) = // os(x,Q, Q) dQde.
SN—-1ygN-1

Then we have
£i(x) = Bu() + Sa(a), (2:2)

where Y, is the so-called absorption cross section. It denotes the rate by
which particles are absorbed when colliding with an element of the background
medium. The sum (2.2) implies, that a particle undergoing a collision is either
scattered or absorbed. Therefore, the scattering ratio

dls dls
C'=cog—— = —
Y+ 2a 2

is the probability that a particle is scattered, while

2a 2

]_— = — = —
R SRS SRR 5)

is the probability that a particle is absorbed when undergoing a collision.

For the transport of photons it is often desirable to also take into account
frequency dependence. The equation can be extended to this by introducing a
frequency variable v € R, and by writing ¥ = W(¢,2,Q,v). The parameters
then become ¥; = 3, (z,v) and o4 = 04(x,Q, Q' v,1/). The latter denotes the
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probability that a particle that collides when traveling into direction {2’ having
frequency v/, changes its direction of travel to €2 and and its frequency to v
afterwards. The scattering source term then becomes

(S\I/)(t,x,Q,l/):// os(2,Q,Q v,V )U(t, 2, V) A .
s2 Jo

In certain situations, Equation (2.1) can be written in a simpler form. If
the background medium is homogeneous, the parameters >, >, and o4 are
independent of . And, in the case of isotropic scattering, the scattering kernel
is constant and reduces to o5 = 1/47.

When the source term () does not depend on ¢, and the medium is absorbing,
that means X, > 0, the solution of equation (2.1) converges to a steady state
U = U(x,Q) as t — oo, which is the solution of

OV, U (z,Q) + Zy(2)¥(z, Q) = SU(z,Q) + Q(z,9Q), (2.3)

with ¥ € LY(RY x SN=1), and appropriate boundary conditions. We refer to
this equation as the (classical) steady state transport equation.

2.2 Derivation of the classical equation

Although the linear Boltzmann equation was already used in various fields, a
mathematically rigorous derivation of that equation from first principles was
not present before Gallavotti [49] in the 1970s. There, the trajectories of parti-
cles through a background medium are calculated explicitly, then averaged over
all possible configurations of the stochastic medium. Finally, this is homoge-
nized in the so-called Boltzmann-Grad limit. We shortly sketch the derivation
given in [49], based also on the review [53], since the ideas and concepts play an
important role in the derivation of a non-classical linear Boltzmann equation.

We distinguish two types of particles. Massless point particles (an idealized
model for photons, electrons, etc.) move through a background medium made
up of infinitely heavy spherical particles (here called scatterers). In the original
paper, Gallavotti uses the terminology W-particles and T-particles, since this
type of model is often referred to as wind-tree-model, for obvious reasons.
We use a notation that is better suited to the particular process of photon
transport that we are interested in. The scatterers are at rest and, hence, do
not interact with each other. We also neglect interactions between the point
particles. By

{c} :=Ac1,c0,...,¢n,...}

we denote a configuration of infinitely many scatterers with radius r, repre-
sented by their center coordinates. We allow for overlaps to avoid the in-
troduction of correlations between the center coordinates at this point. The
scatterers are assumed to be randomly distributed in space under a Poisson
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distribution. That means that
N(V) = number of scatterers in the volume V

is Poisson distributed, meaning that the probability of finding £ scatterers in
the (arbitrary, but measurable) set V' is given by

P(N(V) = k) = W exp( =7 vol(V)). (2.4)

The parameter 7 > 0 has the physical interpretation
7 = expected number of scatterers per unit surface in R.

This distribution of scatterers implies that there are no correlations between
the spatial positions of the centers.

We assume that the point particles travel between the scatterers by unit speed
into a direction denoted by 2 € S*. When colliding with a scatterer at position
x = ¢; + nr, where n denotes the outward pointing unit vector on the sphere,
the point particle undergoes a specular reflection and the new direction of
travel after collision becomes

R(;n) ="' =Q—2(Q-n)Q. (2.5)

We also write the scattering map in terms of the deflection angle 5 as R(Q; 3).
Hence, the trajectory of a single point particle is uniquely determined by its
initial position and direction of travel and the configuration {c}. Choosing an
initial position Z and an initial direction €, the evolution in time is denoted

by
(Xt7 Qt>{c} ('1_:7 Q)7

where X, denotes the position and €, the direction of flight at time ¢. Between
scattering events a particle moves on linear trajectories in a constant direction.
In case of a collision, this direction changes according to (2.5). Hence, (X}, ()
is a solution of the ordinary differential equation

0Xe =Q, 02 =0, Xo=1z, Qo=1Q,
with boundary conditions
X+ = Xo-, U+ = R(Q4-;n),
if X; =c¢; +nr € 0B(c;,r). This evolution is clearly reversible by
(X_t, Q) (z, Q) = (X3, Q) (2, —Q).

Hence, choosing an initial one-particle distribution function for the point par-
ticles fo(z,2) at t = 0, we can write the distribution of the particles a time
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t >0 as

f?’(tv xZ, Q; {C}) = fO((X—t7 Q—t){c}<m7 Q))

since no particles are lost. Denote by (-)(. the average over all configurations
{c} such that the scatterers are Poisson distributed and no point particle is
located inside a scatterer. Then the Boltzmann limit conjecture is that

(frltsa, i {ed)) ey — f(1,2,9)

converges to the solution of the linear Boltzmann equation

2w
Of + 9. +of =a [ f(t.o R )i L
0

f(0,2,9Q) = fo(z,Q), (2.6b)

(2.6a)

as the radius of the scatterers shrinks to zero (r — 07), while the scatterer
density grows to infinity (m — o0), keeping the ratio 2rn — o ¢ {0,000}
constant. This is the so-called Boltzmann-Grad limit.

Therefore, we define the sequence of collision times {7;, j = 1,2,...}, where

7 = 7;(w, 8 {c})

is the time of the the j-th collision with a scatterer of a particle with initial
position x and initial direction of travel €2, which of course also depends on
the specific configuration of scatterers {c}. Furthermore, we set 75 := 0 and
At := 7; — 7j_1. Then, the evolution of an initial single-particle density f"
can be obtained by simply following the trajectory, and it is given by

frlt 2, {c}) =f"(z — tQ, D 1yery (2.7a)
J
+ Z fin ($ — Z ATI@Q—T]; — (t — Tj)Q,T]%, QT;L> ]lTj<t<.,-j+1.
j>1 k=1
(2.7b)

Now we average over all possible scatterer configurations that are Poisson
distributed. The average of the first term in the sum above is

™z =t Q) (Lyer )y = (v — tQ, Q) e ™",

since ¢ < 7 means that there is no collision (k = 0 in (2.4)) in the tube of

width 2r and length ¢ (vol(V') = 2rt in (2.4)). Then, in the Boltzmann-Grad
limit, we have that

<fin(x - tQ7 Q)]lt<’r1>{c} — fin(x — tQ, Q) e_”t

as r — 07,m — oo and 2rm — o. This is the solution of the Lorentz kinetic
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equation in the purely absorbing case
Ouf +QV,f+af =0, fii=o = [™.

Hence, we expect that the averaged second term in the summation (2.7) cor-
responds to the remaining term by Duhamel’s principle. The average of the
j-th term in the sum (2.7b) over all scatterer configurations is

/ / fin (w - Z AT - — (t = 7).+, Q+>

i .
—mvol(T(tict,nnrci)) 1Y dey ... dgy

(S j'

Y

according to (2.4) with k = j, and T'(¢; ¢4, ..., ¢;) being the tube of width 2r
around the particle trajectory. It holds that vol(T'(¢; ¢y, ..., ¢;)) = 2rt+O(r?).
We can change the variables by expressing the spatial positions of the first j
scatterers in terms of the collision times 7, ..., 7; and the deflection angles at
the j-th collision 3;. The volume element in the above integral then changes
to

B . B dBy--- dp;
c.8in ——————dr

n/de ... dej
o SRR Cl. G —pign L. oo dry
;! 2 2 2

The mapping (c1,...,¢j) — (11,..., 75, B1,...,5;) is surjective if the particle
does not collide twice with the same scatterer. Therefore, we split the distri-
bution of particles into two parts

folt, 2, {e}) = £t 2, Q5 {e}) + £t 2,9 {c}),

where the recollision part f% is defined on the set of (z,2) such that a particle
with initial position x and direction €2 collides twice with the same scatterer
in the configuration {c}. Each term in the summation for (f), is bounded,
and it now holds that

(f (t, 2, {c}))ig — € "tfm( — 1, Q)

2
roe [ [T e —ng = (- R, R@: ) sn 2

4
+ Z ol et / / sin & -sin &

J J J
fin (m — ) AnR(Q Z B) = (t= )R B), R ) @))
k=1 =1 =1

—ﬁl 1 5] dTl"' de

in the Boltzmann-Grad limit, which is the Duhamel series that defines the
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solution of the Lorentz kinetic equation (2.6). Furthermore, we have that

/ / f(t.2,Q) dedQ = / / J"(, Q) de 2 = / fo(t 2,2 {e}) da d0

for all £ > 0 and r > 0. That means that the recollision part f is only defined
on a null set in the limit. Finally, by Fatous lemma it holds that

(fB =0, (fMy — fin L*(R? x S') uniformly on bounded sets in ¢.

That finishes the proof of the Boltzmann limit conjecture.

Remark 2.1. We conclude this derivation by pointing out some details of this
derivation that are of special importance for the rest of this work.

(1)

(4)

The change of coordinates implies, that the distribution of particles is
determined, aside from the initial distribution f*, by the sequence of
free path lengths (given by the collision times) and the new direction of
travel after scattering (given by the scattering map).

The particle trajectories were constructed explicitly, and then, by aver-
aging, an explicit solution formula was derived, from where the validity
of the corresponding kinetic equation could be deduced.

The scattering kernel for the Lorentz kinetic equation (2.6) takes the form

B

S11 5

4

05(Q2, Q) = 6( = R(Q, B))

For transport processes with different scattering maps, this scattering
kernel can simply be replaced by a corresponding different &, and the
equation remains valid.

Especially we see from this derivation that the linear Boltzmann equation
and its parameters (here: the total cross section o > 0) have to be
understood in a homogenized sense.

We make use of these facts and ideas for the derivation of a non-classical
transport equation in a following chapter.



3 Limitations of the classical
theory

Since its first appearence in the early 20th century, the classical linear Boltz-
mann equation is used to model a large variety of different transport processes
such as neutron transport, electron transport or the transport of photons. Its
validity in a great number of applications is unquestionable. Nevertheless,
the rigorous derivation in the previous chapter shows that several simplified
assumptions have to be made in order to derive this equation. In particular
the assumption that the positions of scatterers in the background medium are
uncorrelated seems to be invalid in a number of applications. This assumption
is closely related to the underlying path length distribution in the medium.
Recently, path length distributions were observed in different areas of applica-
tion that cannot be explained by the classical theory.

Therefore, in this chapter we first show in Section 3.1 that the classical trans-
port equation can only reproduce exponential path length distributions in ho-
mogeneous media. Then we present two applications where current observa-
tions and theoretical considerations point towards non-exponential distribu-
tions. In Section 3.2 we summarize recent results for the transport of photons
in atmospheric clouds. Section 3.3 deals with transport in the so-called Lévy
glass.

This chapter serves to underline the need of a generalized and non-classical
theory that is capable of reproducing these observations.

3.1 Path length distributions

One important quantity in the characterization of transport processes is the
path length s and its distribution function p(s). The path length s is de-
fined as the distance that a particle travels between two interactions with the
background medium. The path length distribution function is then defined by

p(s) ds = “Probability that a particle travels a distance s’ € [s, s + ds]
without undergoing a collision.”

This distribution can either be derived from statistical properties of the back-
ground medium, or it can be calculated from the steady state linear Boltzmann
equation directly. Therefore, we assume one particle traveling through a purely
absorbing medium, that means >, = ¥, and >, = 0. Starting at x = 0 into
direction = (1,0,0)7, the position z of the particle is the actual length s of
its path. The probability that this particle travels a distance s without being

14
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absorbed is in this case equivalent to the solution of the ordinary differential
equation

0sVU(s) +X,¥(s) =0, W¥(0) =1,
that is just
U(s) = exp(—X¢s) = P(free path length > s).

This fact is often called the Beer-Lambert or Beer-Lambert-Bouguer law [85].
The corresponding probability density is then obtained as the negative deriva-
tive of the distribution function ¥(s) (see Appendix A). This gives

p(s) = —W'(s) = 5, U(s) = Xy exp(—;s). (3.1)

Hence, we see that the classical equation can only reproduce an exponential
path length distribution in a homogeneous medium. Note that this is as well
the distribution of path lengths from an arbitrary position = to the next col-
lision, as the distribution of path lengths between successive collisions. There
are situations where these two quantities do not coincide (see Chapter 4).

In the following, we present two applications where it was shown that the
transport of particles through a background medium is governed by a non-
exponential path length distribution.

Remark 3.1. Davis and Marshak [32] showed, based on the classical transport
equation, that the distribution of free paths in an inhomogeneous medium
can never be an exponential. But non-exponential path length distributions
are not necessarily caused by inhomogeneities in the background medium. It
is important here to emphasize that there exist homogeneous media with an
underlying non-exponential path length distribution. A new and non-classical
equation is therefore needed to describe the transport therein.

3.2 Photon transport in atmospheric clouds

The interaction of solar radiation and atmospheric clouds is one of the major
challenges in global climate modeling because of its influence on the radia-
tion budget of the earth. It is still one of the main sources of uncertainty in
current climate model predictions [85]. Current measurements of geometrical
path lengths of photons in atmospheric clouds and their distributions provide
strong evidence that the predictions of the classical theory of radiative transfer
do not hold in many situations. There is still dissent in the scientific commu-
nity on the underlying physical reasons.

In [89], the author investigates the scaling of the mean geometrical path length
of transmitted light as a function of the vertical size of an atmospheric cloud.
The classical theory of radiative transfer predicts a scaling law with an expo-
nent, the so-called Lévy index, v = 2. In contrast to the predictions of the
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classical theory, measurements using oxygene A-band spectrometry yield Lévy
indices in a range of 1 < v < 2. A Lévy index smaller than 2 indicates an
underlying algebraic rather than exponential path length distribution. Using
the same measurement techniques, the authors of [94] compare measured first
and second moments of the total photon path length distribution to predic-
tions of the classical theory, and anomalous diffusion theory, where the path
lengths between individual scattering events are power-law distributed. They
find that most of their measurements indicate a non-exponential distribution
of path lengths, while a classical exponential distribution is only found for op-
tically thick cloud covers.

In |48], the authors solve an inverse problem to estimate the actual distribution
of path lengths. Therefore, measurements of the transmission of photons for
different frequencies are used to reconstruct the underlying, frequency inde-
pendent path length distribution by an inversion of a Laplace transformation.
The measurements are again obtained using oxygen A-band spectroscopy. All
resulting path length distributions for different cloud scenarios are gamma dis-
tributions, where the parameters vary with the cloud thickness.

It has been proposed [67, 68] that spatial correlations of the scatterers may be
the reason for the non-exponential distribution of distances between scattering
events. These spatial correlations are assumed to be caused by a clustering of
the water droplets inside the atmospheric clouds [66], whereas the mechanism
that causes the spatial correlations between scatterers is assumed to be the
turbulent nature of the clouds [69]. A related explanation, not contradicting
the aforementioned, is that the spatial structure of an atmospheric cloud is
fractal. Measurements of the liquid water content [80, 84, 60] show scaling
laws that indicate multifractal spatial structures. The transport in such me-
dia is then modeled by fractional diffusion equations [30, 31|, which implicitly
assume an underlying algebraically decaying path length distribution. These
model calculations agree with the measurements in [89).

The Intercomparison of 3D Radiation Codes (I3RC) [24] is an ongoing project
that publicly provides benchmark results and measurement data of the spatial
structure, transmission and reflection of atmospheric clouds. It also serves as
a platform for the exchange and comparison of different models and calcu-
lations regarding radiative transfer in this field. That makes the problem of
transport in atmospheric clouds accessible for further research. Furthermore,
none of the above discussed observations could be explained conclusively, and
a transport model that is able to reproduce them is still missing. Therefore,
this application is used as a motivational example throughout this work.

3.3 Lévy glass

A Lévy glass is an artificial disordered optical material. It is constructed by
inserting small glass spheres into a host medium together with titanium dioxide
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powder, that serves as scattering elements |7, 14]. An algebraically decaying
path length distribution for ultraviolet light of the form
p(s) ~ s+

for 0 < a < 2 was observed experimentally, and also justified theoretically
in [14]. The path length distribution can be controlled by the sphere diame-
ter distribution p(¢), where ¢ denotes the diameter of the glass sphere. For
the relation between p(s) and p(¢) an analytical expression is obtained in [14].
The distribution of sphere diameters is also an algebraically decaying function.
Measurements of transmission profiles in [14] support these findings. Note that
the spatial correlations of scatterers here are a result of the inhomogeneities
in the medium on the microscale, since the glass spheres serve as void space
when it comes to photon transport. Nevertheless, if the diameter of the glass
spheres are small compared to the total size of the Lévy glass, it can be seen
as a statistically homogeneous medium, although that was not the intenion of
the authors in [7, 14].

In [56, 101] the transport of photons in a Lévy glass is investigated from a
probabilistic random walk point of view. The authors of [56| consider the in-
fluence of correlations between scattering events, and find that the measured
Lévy indices point towards a diverging second moment of the underlying path
length distribution. On the other hand, in [101] the authors develop a prob-
abilistic theory to estimate the first and second moment of the path length
distribution in a Lévy glass, which depends on the sphere packing. For both
monodisperse and fractal sphere packing they find that transport converges
to a diffusion process in the long time limit, but with a non-classical diffusion
constant, that indicates an underlying path length distribution different from
the classical exponential.

To summarize: it is possible to construct background materials, where the
decay of the path length distribution is non-exponential and the decay proper-
ties can be quantified exactly a priori. Transport in such materials cannot be
described by the classical transport equation because of the aforementioned
reasons. Furthermore, we note that non-exponential path length distribus-
tions are not caused by a turbulent process, as it was proposed in atmospheric
clouds, but by the fractal structure of the medium [101].



4 Rigorous derivation of a non-
classical transport equation

The rigorous derivation of the linear Boltzmann equation presented in Chapter
2 heavily relies on the Poissonian distribution of scatterers, meaning that the
spatial positions of the scatterers are uncorrelated. And we have also seen
in Chapter 3 that this equation can only reproduce exponential path length
distributions, whereas in several applications transport is obviously governed
by an algebraically decaying distribution function. The spatial correlation
of the position of scatterers in the background medium is assumed to be a
reason for this kind of phenomena. Naturally, that brings up the question if it
is possible to derive kinetic equations which are capable of reproducing non-
exponential path length distributions. Especially the case of a periodic setting
of scatterers has drawn a lot of attention in the past decades. This problem
has been named periodic Lorentz gas. Originally, Lorentz considered a random
configuration of scatterers to model the motion of electrons in metals [79]. The
periodic model was first investigated by Sinai in [99], and a governing kinetic
equation has been found very recently [22, 81|. The problem can be formulated
in the following way:

e Given a background medium that consists of a periodic set of scatterers.
e Massless point particles travel through this medium.
e The point particles are scattered in case of collision.

e [s there a kinetic Boltzmann-like equation that governs this dynamics in
the Boltzmann-Grad limit?

We proceed as follows. In the first Section 4.1 we review the results obtained
by Golse et. al [53] in the case of specular reflecting scatterers. We sketch the
derivation of the resulting kinetic equation, which is set on an extended phase-
space, and especially introduce the notation. Then, in the following Section
4.2, we use these techniques to derive a non-classical transport equation for a
periodic setting of scatterers. The difference to the theory in [22, 81] is that we
now allow random, isotropic scattering, instead of a deterministic scattering
process. This is a more realistic model when it comes to photon transport in
atmospheric clouds or other radiation transport processes. We comment on
possible extensions and generalizations of these results in Section 4.3.

The theory developed in this chapter relies on some deeper results and tech-
niques in measure theory and the theory of stochastic processes. A short review
of the theory that we use can be found in the Appendix A.

18
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For reasons of clarity and simplicity the presentation of the theory in this chap-
ter is restricted to the case of two space dimensions. But all results remain
valid in arbitrary space dimensions.

4.1 The periodic Lorentz gas

One of the simplest cases where the positions of scatterers in a background
medium are correlated, is the periodic Lorentz gas. In the periodic Lorentz
gas we consider point particles that travel at speed 1 in the Euclidean plane.
There are spherical obstacles with radius 2 placed on the grid €Z?. When a
point particle hits a scatterer it is specularly reflected, and therefore changes
its direction of travel. A typical particle trajectory is sketched in Figure 4.1.

Figure 4.1: A trajectory of a particle in the periodic Lorentz gas. The distances
between the scatterer centers is ¢, their radius 2. In case of collision the travelling
particle is specularly reflected.

For ¢ € (0, 3) we define by
Z. = {x € R? | dist(x, eZ*) > &%}

the domain in which the particles move. It can be shown [52], that the linear
Boltzmann equation is not capable of describing the transport of particles in a
background medium with a periodic setting of scatterers. Of course, as in the
derivation of the classical linear Boltzmann equation in Section 2.2, this has to
be understood in a homogenized sense. For € > 0, the dynamics of the point
particles that travel between the scatterers in Z. is governed by a classical
linear Boltzmann equation with appropriate boundary conditions. We denote
the solution of this equation by f. = f.(¢t,2,Q). In the limit ¢ — 07, the
following holds:

Theorem 4.1. (Golse [52])

There exist initial data f™ € C(R?) such that no subsequence of f. converges
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in LRy x RP x SP=1) weak® to a solution f of a linear Boltzmann equation
of the form

(O, +Q-Vo)f(t,z,Q) = Ut(/gl oo () f(t,x, ) dQY — f(t,x,Q)),

£(0,2,9) = f™(z,9Q),

where oy > 0 is the total cross section and o4(2,$Y) is a scattering kernel as
introduced above.

The reason for the failure of the classical theory here is again, that it was
shown that the distribution of path lengths in the Periodic Lorentz gas de-
cays algebraically, and not exponentially. Based on this observation, Caglioti
and Golse [22], and independently Marklof and Strombergsson [81], derived
a non-classical kinetic equation for the periodic Lorentz gas with specular re-
flections. This is done via a homogenization technique in the Boltzmann-Grad
limit similar to the classical derivation by Gallavotti [49]. The resulting kinetic
equation lives in an extended phase space, and their derivations heavily rely on
an analytic expression for the free path length distribution in the Boltzmann-
Grad limit.

In the following, we sketch the derivation of this non-classical kinetic equation
for the periodic Lorentz gas. Therefore, we first review the results for the path
length distribution. At every point € Z., and in any direction Q € S* we
define the free path as

T.(z, Q) =inf{s >0 |z +sQ€dZ} for (z,Q) € Z. xS

Given (z, (), the function 7. denotes the distance to the next collision of a par-
ticle at  traveling in direction 2. This function can be extended continuously
to the boundary such that its domain of definition is

(Z.x SY)n(rfur;).

Now, by 1., (;,0)>s We define the free path distribution function at z in direction
Q. Let f be a function that is not everywhere defined in R2. In the following,
we denote by {f} the continuation of f by 0 to the full domain R? It has
been proven in [10] that

{1, osst —q(s) in LRy x R* x S') weak” (4.1)

as € tends to 0. The limiting function has been computed explicitly [15] to be
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where O is the following piece wise defined function

®(S>_% 1 for s € (0, 3],
2 %+2(1—2—2)210g(1—%)—%(1—%)2log|1—§| forse(%,oo).

This result was also found independently in [20], and is implied by the more
general results in [81]. We note that ¢(s) is the probability distribution function
of the free path in the limit. That means, in the homogenized medium ¢(s)
has the interpretation

q(s) = P{“distance to the next collision” > s}.

Hence, the probability density po(s) for the path length to the first collision is
given by

ﬂﬁz/mmWNé thus  po(s) = —¢'(s),

and we directly calculate

po(s) = /:o O(r)dr.

According to [36], the distribution of path lengths between collisions can be
derived directly from these quantities. Let

Q(s) = P{“distance between two collisions” > s}.

Then it holds that

__4(s) _ po(s)
Q) ==010) = po(0)’

where the division by ¢’(0) is the normalization of the distribution. Hence the
probability density p(s) for the path lengths between collisions is given by

¢"(s) __ ©(s)
¢(0) [y e(r)dr

The probability densities p and pg, and their corresponding cumulative distri-
bution functions g and G are shown in Figure 4.2.

pls) = —Q/(s) = -

Remark 4.1. In classical transport theory, for an uncorrelated setting of scat-
terers, there is no difference between the distribution pg of free paths until the
first collision, and the distribution p of path lengths between collisions. As we
have seen in Chapter 2, in that situation there is ¢ > 0 such that

q(s) = /OO po(s')ds’ = exp(—os), hence po(s) = oexp(—os).

On the other hand, for the distance between collisions, according to [36], it
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(a) distances to first collision (b) distances between collisions

Figure 4.2: Cumulative distribution functions and probability densities for distances
to the first and between collisions in the Boltzmann-Grad limit.

holds that

q'(s) _ o’ exp(—os)
pls) = === =
¢'(0) a
That explains why in classical transport theory one usually does not distinguish
between these two quantities.

= o exp(—0s) = po(s).

Caglioti and Golse [22] and Marklof and Strombergsson [81] found a non-
classical kinetic equation that describes the dynamics of the periodic Lorentz
gas in the Boltzmann-Grad limit, hence, that is able to reproduce the under-
lying path length distribution. That kinetic equation is set on an extended
phase space, that means in addition to the classical phase space variables x
(space-variable) and Q (direction-of-flight), two more independent variables
are needed. The first is the distance s to the next collision, whose distribution
has already been discussed. The second is the so-called impact factor h at the
the next collision. For a particle that collides with a scatterer with radius r at
the position = with outward pointing normal n(x) and incoming direction (2,
the impact factor is defined as

hy(x,Q) := sin(<(n(z), 2)).
Defining

F(t,z,9, s, h) = “density of particles at time ¢ and position z
that travel in direction () with distance s to the next collision,
where it will collide with impact factor h”,
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the resulting kinetic equation for F' then reads

OF(t,x,Q h,s)+ QV, F(t,x,Q h,s) — O F(t,x,Q h,s) = (4.2a)
1
/ P(s,h|h")F(t,z, Rl — 2arcsin(h')]2,0, ") dI, (4.2b)
-1
o] 1
F(0,2,9,s,h) = f(x, Q)/ / P(r,h|h)dK dr. (4.2c)
s -1

with s € [0,00) and h € [—1,1]. Here, P(s,h|l') is the transition kernel,
denoting the probability that a particle that collides with impact factor A’
has a new distance s to the next collision with impact factor h. The recently
introduced path length distributions py and p are related to this quantity by

00 1 1 1 1

po(s) = / / / P(r, h|i') di’ dh dr, hence p(s) = / / P(s, h|W') AW dh.
s —-1J-1 —1J-1

(4.3)

The rotation of an angle 6 is again denoted by R[#]. Therefore, the in-scattering
term (4.2b) can be interpreted as the particles that have recently scattered
(since s = 0 in F') with impact parameter ', that are assigned a new di-
rection of flight 2 and a new distance to collision s and impact factor h by
the transition kernel P. The classical, physically relevant particle density
U* = U*(¢t,z,Q) can be obtained by integrating over the additional kinetic
variables

00 1
U (t,x, Q) = / / F(t,x,Q, h,s)dhds.
0o J-o1

The main result can now be formulated as follows. It can be found in [22, 23, 53]
or [81]. As in the derivation of the classical transport equation, we denote by
fe = fo(t, z,Q) the particle distribution in the periodic Lorentz gas with finite
scatterer radius r = €2 and distance ¢ between lattice points.

Theorem 4.2. (Golse, Caglioti; Marklof, Strombergsson)
Let f™ € Co(R? x S1) be a positive initial particle distribution. Then one has

00 1
fet,z, Q) — / / F(t,z,Q,s,h)dhds
0 J-1

in L®°(R, xR?x S) weak* as e — 0T, where F is the unique solution of (4.2).

We shortly sketch the proof of this theorem and follow again the presentation
in [53]. For reasons of clarity and simplicity, we do not go into detail when it
comes to some complicated theory and technical constructions that are not of
importance for the remainder of this work. We refer to the already cited works
for a complete and detailed proof.

In a finite size scatterer setting with radius » = €2 > 0, for a particle that
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collides with a scatterer traveling in direction 2 with impact factor h’, we
define the transfer map

s = “distance to the next collision”,
T.(h',Q) = (s,h), where , o
h = “impact factor at the next collision”.

Particle trajectories in the periodic Lorentz gas are completely determined by
this transfer map, since the new direction of travel can be calculated from
Q. The existence of the limit of T, as » — 07 can be shown for almost all
Q) € S'. The proof relies on a continued fraction expansion of the slope of €,
therefore it only holds in dimension 2 [21]. To be more precise, T, converges
in distribution to the transition probability as

1 1/4 , dr o rl ,
|logn|/n AT, Q) =~ —>/0 /1f(8,h)P(s,h]h)dhds,

for almost all Q € S*, and for every f € C(R; x [—1,1]) as n — 0T [22, 23].
Note that this transition probability is independent of the direction 2. The
explicit calculation of P(s, h|h') was done in [23], using another representation
of the slope of Q2 called Farey fractions, together with the results on the free
path distribution in [15]. Using an additional independence assumption, simply
formulated that the variables s and h become independent in the Boltzmann-
Grad limit (this is called the assumption (H) in [22, 23, 53|), we can construct
the particle trajectories explicitly. The trajectory of a particle with initial
setting (z, (2, s, h) in the limit » — 07 is then fully determined by the sequence
(Sns hn)n>1, whose distribution is known now (according to assumption (H)).
The sequence of collision times is then

T,=8 + - -+8,_1, n>1,

and the new direction of travel after the n—th collision can be computed from
the impact factor h,. The trajectory at time ¢ > 0 is then given by the
current position, direction of travel, distance to the next collision and im-
pact factor at the next collision. We denote this by the stochastic process
(Xt7 Qt7 St, Ht)(x, Q, S, h)7 and it holds that

Xi(x,Q,8,h) =z + 10, Si(x,Q,s,h) = s —1t,
Qy(x, 8, 5,h) = Q, Hy(z,Q,s,h) = h,

for 0 < t < s, that means before the first collision. Between the n-th and
n + 1—th collision we have T, < t < T,,,; and

Xi(z,Q,8,h) =x+ (t — T,)Qp, Si(x,Q,8,h) =5 —T,1,
Qi(x,Q,s,h) = Q, Hi(x,Q,s,h) = hy,.

In order to derive Equation (4.2) we denote by F'"(z,(, s, h) the initial distri-
bution in the extended phase space, and let ® = ®(x,€), s, h) be an observable,
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where ® € OF(R* x S xRy x [—1,1]). We then define the density F(¢,-,-, -, ")

by
/ / / / B(z,Q, 5, W) F(t, dz, A, ds, dh) (4.42)

_ ////E[(I)(x, Q, 5, )] F™ (2,9, 5, h) dz dQ ds dh, (4.4D)

where E[-] is the expectation on the random quantities involved. Furthermore,
we define g(t,x,, s, h) := E[®(z,Q, s, h)], the so-called Kolmogorov operator
(compare Appendix A). We can split g by

g(t,z,Q s, h) :=E[1;.®(x,Q,s,h)] + E[1,,P(x,Q,s,h)],
since E is a linear operator. The first term can be easily calculated as
E[1;s®(z,Q,5,h)] = 1;csP(z +tQ,Q,s — t, h),

since there is no stochasticity involved until the first collision. The second

term can be computed, using the Markov property of the stochastic process
(Xt, Qt, St7 Ht), to be

E[]ls<t(1)(x7 Qa S, h)] =

| P // P(s1,h1|h)g(t — s, x + 2, R(2arcsin(h) — 7)€, s1, hy) dsy dhy.

Hence, we have
g(t,x,Q,8,h) = 1 ®@(x +tQ,Q,5 —t,h)
+ Loy // P(s1,hi|h)g(t — s,z +tQ, R(2arcsin(h) — 7)S2, s1, hy) ds; dhy,

and this is a solution of the backward Kolmogorov equation
Og+Q-Vog+0,9=0, g(0,2,Q5h) =9,

g(t,z,Q,0,h) = // P(s1,h1|h)g(t, z, R(2arcsin(h) — 7)<, s1, hy) dhy dsq,
R+X(—1,1)

for t,s > 0,x € R*,Q € S'h € [-1,1]. The corresponding forward Kol-
mogorov equation, obtained by taking the adjoints of all operators but the
time derivative (see again Appendix A), is now Equation (4.2). That means,
the evolution of an initial particle distribution under the stochastic process
(X¢, Q, Sy, Hy) is described by this equation. That finishes the proof.

Remark 4.2. In their paper [81], Marklof and Strémbergsson were able to prove
this result in greater generality. They do not need an independence assumption
as used in [22, 23, 53]. Furthermore, they show that Theorem 4.2 is valid
for more general lattices in d dimensions and scattering maps corresponding
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to smooth radial potentials. In a subsequent paper [82] they extend these
results to quasicrystalline scatterer configurations, which are deterministic,
non-periodic but strongly correlated. The difference to the proof presented
above lies mainly in the techniques that were used to obtain the transition
kernel P in the Boltzmann-Grad limit. Marklof and Strémbergsson consider
measures on abstract space of lattices, and obtain the same explicit expressions
in dimension 2. Another generalization of this theory was presented in [83].
There, Marklof and Strémbergsson consider transport in polycrystals, which
consist of grains of the size of the order of a mean free path. The scatterers
inside the grains are fixed on a lattice, but the lattices of different grains are
shifted and turned. A non-classical transport equation of the form of (4.2) is
obtained where the transition kernel can be derived from the one for the simple
lattice, but becomes z- and 2 dependent. Furthermore, it is shown that the
path length distribution in this case decays exponentially, but is different from
the classical path length distribution (3.1).

Remark 4.3. Again, we conclude this derivation by pointing out details that are
of special importance for the derivation of a non-classical transport equation
in the next section.

(1) The impact factor h is a necessary additional variable here, since the new
direction of travel and the distance to the next collision depend on the
position where the scatterer is hit by the point particle. It was shown
in [81] that the underlying stochastic process is a Markov process with
memory 2, that means that it is not possible to describe the dynamics in
the limit with less than two extra independent variables. If, on the other
hand, the scattering map is independent of the position of collision on
the scatterer surface, we can expect that h is not needed anymore as an
independent variable.

(2) Equation (4.2) is valid in arbitrary space dimensions [81], although the
result as presented above only holds for d = 2. For higher dimensions
there are no explicit formulas for the transition kernel P, hence, for the
path length distributions py and p. But the existence of these quantities
in the Boltzmann-Grad limit is guaranteed (see again [81]).

(3) The distributions of free-path length py and p are both included in the
Equation (4.2). Initial distances to collision are distributed as pgy, while
distances to collisions of particles that are in-scattered are distributed as
p (according to (4.3)).

(4) In contrast to the results for the Poissonian configuration of scatterers,
the convergence in the Boltzmann-Grad limit here is only weak in L°°.
The main reason is that already the convergence of the transfer map,
hence of the transition kernel, only holds in distribution.
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4.2 Homogenization of radiative transfer

In this section, we apply the ideas and techniques used in the derivation of a
kinetic equation for the periodic Lorentz gas to the process of radiative trans-
fer through a periodic setting of scatterers. We also restrict ourselves to the
2D case such that all previous results can be directly applied. The resulting
equation is a non-classical transport equation set on a phase space that is only
extended by the path length variable s.

As a simplified model for radiative transfer we consider point particles that
travel at speed 1 in the Euclidean plane. Exactly as in the case of the periodic
Lorentz gas there are spherical obstacles (or scatterers) with radius ? placed
on the grid €Z? and particles travel within the domain Z.. When a point
particle hits an obstacle it is thermalized and instantly reemitted into another
(random) direction. Now we note that each obstacle is uniquely characterized
by its center coordinates ek for k € Z? and the boundary 9Z. of the obstacles
can be parametrized as

xr =ck+¢en, forn e S', x € 0Z..

At each point x on the boundary we can define the pairs (z,2) of incoming
and outcoming directions at the boundary as

I'f ={(z,Q)|z =ck+e’n, n,Q eS8 Q-n>0},
D ={(z,Q)|z =ck+e’n, n,Q eS8 Q-n<0},

where - denotes the scalar product in R%. Furthermore, at every point x € Z.
in any direction Q € S! we define the free path as

7.(z,Q) ;== inf{s > 0|z + sQ € 9Z.}  for (,Q) € Z. x S".

We proceed as follows. First, we describe the transport process in the domain
Z. for e > 0. We define a stochastic process that describes the evolution of a
single particle. That process includes the current path length of the particle,
but the evolution in the classical phase space can still be described by the the
classical linear Boltzmann equation. The dynamics in the limit ¢ — 0 can
also be described by a stochastic process in the homogenized medium. There
we make use of the explicit knowledge of the resulting path length distribution
in the Boltzmann-Grad limit. We derive the corresponding backward and
forward Kolmogorov equations for this stochastic process. In a last step, we
prove the convergence in the limit as ¢ — 07 to the solution of a non-classical
transport equation.

4.2.1 Dynamics in Z.

The dynamics of particles for € > 0 can be described naturally by a stochastic
process. We describe the transport of particles in the domain Z. by a Markov
process (X7, 2, S;), where X is the position, €2 the direction of flight, and
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S the distance to the next collision at time ¢ > 0. The evolution of the corre-
sponding probability density of this process then includes the solution of the
classical linear Boltzmann equation in the domain Z. with appropriate bound-
ary conditions and a delta distribution for the path length variable.

The probabilistic model works as follows. We want to define a stochastic pro-
cess that describes the evolution of a particle that has initial position x and
initial direction of flight €2. All notations and important definitions on prob-
ability and measure theory are collected in the Appendix A. The main point
here is that we also include the distance to the next collision of this particle
in our probabilistic description. In other words, we extend the phase space in
that this dynamics happens by an additional dimension. Between scatterers,
a particle travels along straight lines. Stochasticity in this description comes
only into play if a particle hits a scatterer with center coordinate ¢;. Then the
random quantities are

e the point & = ¢; +£2n on the boundary of the scatterer where the particle
is reemitted, uniquely determined by the normal vector n, and

e the new direction of flight €2, which has to satisfy €2 -n > 0 such that it
is an outgoing direction.

Since we assume isotropic scattering, the distribution of the random variables
(n, Q) is given by the joint Borel probability measure

1
b(dnd?) := ﬁ(Q -n); dn dQ.
So let
(X7, 9, 50) (2,92, 8)

be the position, direction of flight and distance to the next collision at time
t > 0 for initial values (z,(2,s). Then we can construct the trajectory of a
particle explicitly. This trajectory is uniquely determined by the sequence of
random scattering events, that can be described by the sequence of points on
the boundary of Z.. So pick a sequence

(TLj,Qj)jZl CG:{<H,Q) e St x st ‘ QTL>O}

distributed under the Borel probability measure b. The particle will travel in
straight lines between the scattering events. Let [z] € €Z be the the scatterer
center that is closest to x € Z., and define 75 := 7:(£2n;,€;) to be the path
length between the j — 1—th and j—th collision.
This is independent of the specific scatterer, since the setting of scatterers is
periodic. Set also

ﬂ€27f++75

Since particles are assumed to travel by speed 1, T7 is just the time that has
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Figure 4.3: A path of (X7, 5, S5), starting at (z,2), in the periodic domain Z, with
grid size e.

elapsed between the first and the j—th collision event. Fixing an initial setting
(x,9,s) for the particle, the trajectory until the first collision is given by

(X7, 08, 50)(2,9Q,5) = (x + 10,8, s — 1).
After the first collision, the trajectory is given by
(X5, 95, 55) (2,9, 8) = ([XE_o] + 2y + (t — 8)Q, Q5+ T — t)

for s <t < s+1T;. Between the j —1—th and j—th collision the trajectory is
now given as

(X7, 95, 597)(x,9,8) = ([X§+T;—0] + 52nj+1 +(t—s— TJE)QHM Qj1,8+ T;H — ).

This is a complete description of the particle trajectory in the extended phase-
space Z° x S' x Ry. A sample path which is described by this stochastic
process is shown in Figure 4.3. The additional variable S; can be seen as a
simple counter-variable. It does not affect the evolution in Z. x S'. Therefore,
we can state an equation for the evolution of the probability densities which
is independent of s.

The evolution of a probability density function of (X7,Q) in Z. x S can
be described by the solution f. = f.(¢,z,) of a classical linear Boltzmann
equation with appropriate boundary conditions. Let f. = f.(t,z,Q) be the
density of photons at position x traveling into direction 2 at time ¢ > 0.
We assume isotropic scattering. Then between the scatterers, f. satisfies the
following transport equation

Of-+QV, 1. =0 reZ., Qe St (4.5)
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Once a particle hits a scatterer at a position 2’ € 0Z, having traveled into di-
rection ', it is absorbed, and immediately reemitted at x € 0Z, into direction
Q with probability 1/27%, where x = ek +&?n and Q-n > 0 such that the new
direction is outgoing. The scattering process is sketched in Figure 4.4.

ek + %ny

Figure 4.4: Scattering from direction Q' to Q.

That means, the value at the boundary in outgoing direction is given by the
integral over all particles that have hit the scatterer, divided by the uniform
probability. Therefore, the boundary condition for f. is given by

1
f(t,2,Q) = — // ft, ek +en, ) - n)_dQ dn
27T2 S1x gl
r€0Z., v=ck+e*n, Q-n>0.
Furthermore, an initial density at time 0 is assigned to f. by
£:(0,2,9) = f"(z,Q), veZ., Qesh

Since the evolution of the free path S; is deterministic and depends on =z
and €, its probability density is simply given by the Dirac measure (s —
7.(x,€)). Hence, the evolution of the corresponding joint probability density
of the stochastic process (X7, Q7,57) is given by

fe(t,z,)(s — o(z,Q)).

Let ®(z,9Q,s) € C.(R? x S* x Ry) be a test function. We define the corre-
sponding Kolmogorov operator of (X7, 2, S;) by

ge(t, x, 9, s) == E[®((X7, O, 57)(, €, 5))].

Viewing ® as an observable of the system, g.(t,z, (2, s) describes its evolution
in time. The densites F., f. and g. are related in the following way. We can
make use of a fundamental connection between the solution of the Kolmogorov
operator and the probability density of the stochastic process (see Appendix
A). Tt is a probabilistic version of the classical characteristics formula for trans-
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port equations and reads
///@(x,Q,S)FE(t,x,Q,s) dz dQds = (4.6a)
///E[@((Xf, Q| 55) (@, 0, ) F (2, Q)3 (s — 72(, ) dar dQds.
(4.6b)

That means g. and F. are related by some form of duality. This is an important
point later on in the convergence proof.

4.2.2 Dynamics in the limit

Now we describe the dynamics in the limit for ¢ — 0. Since the scatterer
size vanishes in the limit, we are now dealing with a homogenized background
medium. The sources of stochasticity in the description of particle trajectories
are now

e the path length s between two scattering events and
e the new direction of flight () after a scattering event.

In the case € > 0, the probability that a path length in Z. is larger than s is
given by

Q-(s) = p{(n, Q) € G | (=2, Q) > s}).
Recall, that in the limit ¢ — 0" this goes to

o q(s) fsoo O(7)dr
Q-(s) — Q(s) == — = fgoo o) dr

Hence, the probability density for the path lengths between two successive
collisions in the limit is given by

(4.7)

In order to define a stochastic process in the extended phase space R?x St xR
we pick a sequence of independent random variables (€2;,7;);>1. Then Q; is
the new direction of flight after the j—th scattering event and 7; is the path
length between the j—th and (j+ 1)-th collision. This sequence, together with
an initial position and direction of flight, determines the trajectory of a single
particle. Because of isotropic scattering and (4.7), this sequence is distributed
under
1

%p(s) dQ ds. (4.8)
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Let s € R,, we define a random walk in the path length variable by
To:=s, Tj=s+m+...+7, j7=>1L

Then, the dynamics in the extended phase space R? x S* xR, can be described
by the jump process (Xi, €, S;). This is defined as follows. Fix an initial
setting (z, (2, s) for the particle. The trajectory until the first collision is given
by

(Xt7 Qtv St)(‘rv Q, 8) = ((L’ + th Q7 TO - S)'
After the first collision, the trajectory is given by
(Xt, Qt, St)(x, Q, S) = (XTO + (t — TQ)Ql, Ql, T1 — t)

for s <t < s+ T,. Between the (j — 1)—th and j—th collision the trajectory
is now given as

(Xe, @, ) (2,80 5) = (X + (8= T5)Q41, Qjr, Tia — 1),

xr + sQ + 7 &2] »

Figure 4.5: Trajectory defined by (X, 4, S¢)(x, €, s).

Choose an initial particle density f*(z,Q)po(s), and an observable ® = ®(x, (), 5)
in C.(R? x S xR, ). The Kolmogorov operator (compare again Appendix A)
is defined as

g(t,z,Q,s) = E[®((Xy, Q, Si)(x,Q,8))],

and as in (4.4), the density F'(t,-,-,) of the stochastic process is defined by

/// .0, 8)F(t, dz, O, ds) = (4.92)

///E[@((Xt, Qi S)(, Q, )] f™ (2, Q)po(s) dzdQds.  (4.9b)
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Because of the linearity of E we can write g as

g(tu z, Q7 S) :E[]lt<sq)((Xt7 Qt, St)(x7 Qa S))]
+ E[ls§t<T1<D<<Xtv Qt, St)(l'a Q? S))]

+ Z E[lr<icr,,, ((Xe, Q, S)(x, 2, 5))].
7j=1
We now evaluate this expression term by term. First note that
E[]lt<5®<<Xt, Qta St)(l‘, Q, 3))] = ]lt<5(1)(l' + tQ, Q, S — t)

since there is no stochasticity in the trajectory (Xi, Q:, S:)(z,€2,s) until the
first collision, meaning that ¢t < s (see Figure 4.5).
The second term is

E[lcion ®((Xy, 4, S)(z,9, 5))]
= E[]lsgt<T1(D<<ths> Qtfsv Stfs)<x + SQ) Ql7 Tl - S))]
= E[]]-Sgt<T1E[(P((Xt—87Qt—S7St—S)(I + 8979177—1)) | 9177—1]]7

since the stochastic process is Markovian on the extended phase space. Because
of this property, we have

E[(I)<<Xt75, Qtfs; St78)<37 + SQ, 9177—1)) ’ 91,7'1] = g(t — S5, + SQ, Ql,Tl).
Hence,
E[]ls<t<T1 Xt S)Qt SaSt s)(l"l—SQ 9177—1)) | 9177—1“

// s<t<r §(t — 5,2 + s, Qq, 51)p(s1) A2y ds;.

In the same way we can calculate the remaining terms. For 77 <t < 15 we
have

E[1n<icn®(X:, Q, S (2, 2, 5))]
= E[lp<cn,®(Xi—my, Qry, Simmy ) (@ + 82+ 7180, Qp, 7))
=E[ln<t<«nE[®(Xi—1y, Y-y, St—my ) (T + sQ+ 1181, Q2, 7)) | 71, o, 7).

Again, we can evaluate the inner expectation explicitly as

E[q)((Xt*Tlv Qt*T17 St*T1)<x + 50+ 7-1Qla Q2> TQ)) ’ Qh T1, QQ: 7—2]
= g(t — Tl,ﬂf + SQ + 7'191, Qg, 7'2),

and obtain
E[]]-T1<t<T2 Xt T17Qt T17St Tl)($+SQ+Tlﬂl,QQ,TQ)) | 9177—179277—2“

T 4r2 //// Ly <teryg(t — Th, 2 + s + 5191, Q, 7o) p(51)p(s2) dsy dsg A€y dQy.
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This calculation can be repeated for every 7; <t < T}, and we obtain in an
analogous manner

E[]1Tj§t<Tj+1CI)((Xt7 Qt7 St)(xv Qv S))]

1 j
- (2m)itt / o / Iry<eryng (t = Tjw+ s+ Z (5182%) , Qj+1>Tj+1)

k=1

J
I (p(si) dsi) A -+~ dQ;.
k=1

Hence, g(t,x,€2, s) is a solution of the following integral equation:

(t:z;Qs—]lKS (x +tQ,0,s —t)

/ / s<t<r; §(t — 5,2 + s, Qq, 51)p(s1) A2 dsy
Sl

. R P
%w/o /OL Jo e

J J
g (t — 7}', T+ s+ Z (Ska) , Qj+1, Tj+1) H (p(sk) dsk) dQy - -- dQJ

k=1 k=1

Similar to the previous derivations of the classical equation and Equation (4.2),
this is the solution formula of a partial differential equation. To be more
precise, g is a solution of the backward Kolmogorov equation

Og(t,z,8, s) — Qngt:c Q,s)+ 0sg(t,x,Q,s) =0,

g(t,z,Q,0) = / / g(t,z,Q,s)dQds,
g(0,2,9,s) = (ID(x Q,s) (4.10¢)

(4.10a)
(4.10b)
The corresponding Fokker-Planck equation for the probability density F'(¢, x, €, s)

of the stochastic process (X, 2;,.S;) is now given by the adjoint of the semi-
group of the above equation (see Appendix A). It then reads as

O F(t,x,Q,8)+ QV, F(t,z,Q,s) — 0:F(t,x,Q,s) = (4.11a)
]ﬂ/ F(t,z,Q,0)dQ, (4.11D)
2w S1

F(0,2,9,8) = po(s) f™(z,Q). (4.11¢)

A detailed discussion of Equations (4.10) and (4.11) can be found in Chapter
6. For a formal derivation of the adjoint operators, we refer to Chapter 12,
where similar calculations are carried out in detail.
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4.2.3 Homogenization

For the homogenization we show that the sequence f. has a limit f ase — 0
and analyze this limit. It turns out that f does not satisfy a classical kinetic
equation, but that it is the s—integral of a solution of a non-classical kinetic
equation. We follow the reasoning of [10], where a similar homogenization
problem is considered.

In order to be able to deal with all given objects in the same spaces, we recall
the notation {y}(x) for the extension of a function y(x) to the full space by
0. Hence, {f.} denotes the extension of f. to the area of the scatterers by
0. In order to homogenize the process of radiative transfer in the periodic
background medium we prove the following theorem.

Theorem 4.3. In the situation described above,

{fa}—\*f:/ooodF ase— 0%,

where f., f and F are measures, and F is the solution of Equation (4.11).

We recall that the path length variable s was introduced into the setting of
Equation (4.5) by defining the following measure

F.(t,x,Q, ds) := fo(t,z,Q2)d(s — 7-(x,Q)) ds. (4.12)

Note that F. is only a generalized function, so we can only expect that the
following theorem holds. We also recall, that F.(t,z, (2, ds) is the probability
density of the stochastic process (X;, €2, S5).

Then the proof falls naturally into the following five steps:
(1) For every € > 0 we have f. = [~ F.ds.

(2) The set {f.},e > 0, is bounded, hence it has a convergent subsequence
with respect to the weak*-topology by the theorem of Banach-Alaoglu?,
denoted by f.

(3) Furthermore, there is F', such that {F.} —* F, again by the theorem of
Banach-Alaoglu.

(4) It holds, that F' = F, where F is a solution of (4.11).

(5) Finally, we conclude that this F' is unique and

{fs}%f—/ooodF

as € — 0%, again in the weak measure sense.

!For an underlying Banach space X the theorem of Banach-Alaoglu states that the unit ball
B* C X* is weakly™ compact. If X is separable, it is also sequentially compact in the weak™
topology. Hence, every bounded subset of X* has a weak”™ congergent subsequence.
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Proof. We prove the theorem above by showing, that (1)-(5) hold.

(1)

Fix ¢ > 0. The probability density f.(¢,z,(2) is a measure on the phase
space Z. x St for all t > 0. Hence, we choose an arbitrary test function
¢ € Cy(Z. x S*) and calculate

//Exsl ¢(z, ) /OmFe(t,x,Q,s)dsdex
- //ZS ¢z, &) /OOO 8(s — 7o(a, Q) fo(t, 2, 92) ds dQ dw

_ // 0l Q) eft,2,0) A

That shows, that f. = [ F.ds as a measure on Z. x S'. Obviously,
replacing f. by {f.} and choosing a test function ¢ € Cy(R? x S') in
the calculation above does not change the result. Consequently, {f.} =
J F.ds as a measure on R? x S*.

The classical theory of the linear Boltzmann equation guarantees the
existence of a unique solution of (4.5) such that

// thdex<// medex forall t > 0,
xSt xSt

sup  fo(t, 2, Q) < ||f™|po@exsry ae. on Ry x Zo x Sh.
(:EQ)GR2><51

Therefore, the extension { f.} also satisfies
sSup ”{fE}HLC’O(R+XR2><Sl) < HmeLoo(R?xsl)-

Then, by the theorem of Banach-Alaoglu, there is a subsequence {f. } C
{f:}, and there is a measure f such that

{fa’} -7 f

Note that

{F.}t,x,Q,8) = {d(s — 1.(x,Q)) fo(t, 2, 2)}
= 5(8 - Ts(xa Q)){fa(t,l’,Q)},

if we extend 7.(x,Q) by 0 to z ¢ Z.,Q € S'. This extension is not
continuous. The extended {F.} is a measure on R? x S* x R, for all
t>0ande > 0.

Now let ¢ € Cp(R? x S xR, ) and let ¢,, € Cc(R?*x S xR, ), n € Nsuch
that ¢, — ¢ pointwise and ||¢, || < ||¢|| for all n € N. Furthermore,
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let supp(¢,) = G, x S* x [0,T,,]. We have that

/// n(I,SZ,s){] a}(t,IE,Q,s) dsdQdx =
R2x 51 xR,
// (T, Q, e (2, Q) fo(t, 2, Q) dQ da
R2x 51

for all ¢ > 0 and n € N. Recall that 7.(x, ) is neither bounded, nor
continuous. Therefore, we write

gbn(xa Q? T&(‘r) Q)) :]ng(I,Q)>Tn¢n(x7 Q? 7'5(37, Q))
+ ]lrg(x,Q)<Tn¢n<x7 Q? TE(:E7 Q))

Since
Lr o>t + Lr@o<rn, =1,
and {1, (z,0)>s} —* q(s) in L*(R? x S* x Ry), we have
{1, ea)<st =" 1 —q(s) in L(R* x ST x R,), (4.13)
with ¢ as introduced in Section 4.1. The compact support of ¢, yields
L. (2,051, Pn (2, Q, 7(2,Q)) = 0,
and, taking into account (4.13) and that ¢(s) — 0 as s — oo, we have
L. (22 <1,On (@, 2, 7e (2, Q) <[]

for all n € N and € > 0. That means that

'/// On(z, 8, 8)FL(t, 2,9, ds) dQdz
R2xSIxRy
< chnlloo// |fo(t, 2z, Q)] dQ da
R2x 81

holds for all n € N and € > 0. Finally, letting n — oo, we obtain

'/// o(x,Q, 8)F.(t,x,Q, ds)dQdx| < // |0||oo f2(t, z, Q) dQ2 d
R2xS1xRy R2xS1
< @ lloo - 1oty - ) Lrmexsty < @l - 1™ o1 w2 xsmy

for all test functions ¢ € Cy(R? x S' xR, ) and every € > 0. That means,
that {£.} is bounded in the weak* topology. Again, we can conclude by
the theorem of Banach-Alaoglu, that there is a measure F on R?x ST xR,
such that

{F.} — F in the weak measure sense.
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(4) The stochastic process (X§, Qf, S5) in the finite scatterer setting is uniquely
determined by the initial position and direction of flight, and the sequence

(n5, Q)21 C{(n, Q) € S' xS | Q-n >0}

of direction of flights 25 after the j—th collision, and the corresponding
new position on the surface of the scatterer, given by n;. The exact
position on the surface of the scatterer with center coordinate c; can be
calculated as c; +52n§. The distance to the next collision after the j —th
collision is then given by

75 (Q4,m5) 1= 7(cj + 62n§, Q3),

and each trajectory (X7, 5, S5)(z, €2, s) can be described by the sequence
(5, n%, 75(Q5,n5)). A trajectory (Xy, 4, Si)(x, €, s), on the other hand,

AR AR R A R
is determined by the sequence

(Q),75)j21 € §' xRy

of new directions of flight after the j—th collision 2;, and new distances
to the next collision 7;. Obviously, the random variable (25 converges in
distribution to €; as ¢ — 07, since they share exactly the same distribu-
tion function. The results on 7., stated in (4.1), implies that

£

in distribution as ¢ — 07. The random variable n; becomes obsolete in
the Boltzmann-Grad limit, since the size of the scatterers shrinks to 0.
Therefore, we conculde that

(X, 9, 57) — (Xi, 0, 5)

in distribution as ¢ — 0%. This implies (see Appendix A), that for every
P € Cy(R* x ST x Ry)

E[®(X7, 2, 57)] — E[®(Xy, 4, 5)].

Because of the relations (4.6) and (4.9) of the Kolmogorov operator and
the distribution of the stochastic processes it holds that

///(I)(x,Q,s)FE(t,x,Q,s) dx dQds

_ ///E[@((Xf,Qf, SE) (s 0, )] F2 (2, )8(s — 7 (2, Q) dz dQds
— ///E[@((Xt,Qt,St)(x,Q,s))]fm(x,Q)po(s) dz dQ ds

= ///@(:B,Q,S)F(t,x,Q,s) dz dQ2ds,
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for every ® € Cp(R? x S x R,) and every ¢t > 0. This shows that

F.—~"F

(5) Combining (1) and (3) we see that

4.3

0 0

Since Equation (4.11) is linear, the solution is unique and therefore (4)

yields
f= / dF = / dF.
0 0

That finishes the proof.

Discussion and consequences

We close this chapter on the rigorous derivation by commenting on certain
aspects of the techniques that we have used, and the mathematical and phys-
ical nature of the involved quantities. Furthermore, we point out some conse-
quences for the applicability and extendibility of this new mathematical model.

(A)

We have seen in the previous sections how a non-classical transport equa-
tion can be derived from a stochastic process in a periodic setting of
scatterers via homogenization in the Boltzmann-Grad limit. In order to
derive the non-classical kinetic equation only the stochastic description
of the already homogenized transport process (X, €, S;) was necessary.
Nevertheless, this full homogenization process yields additional insights
into the nature of the new and non-classical parameters, and also es-
tablishes a strong connection between the classical and the non-classical
equation.

While classical transport is mainly driven by the total cross section ¥J;, the
most important parameter in the non-classical equation is the path length
distribution p(s). The two parameters are of a very different nature. The
total cross section X, is usually interpreted as a (homogenized) rate, by
that particles undergo collision. The function p(s) is a probability density,
that describes the distributions of free-path lengths between collisions.
Nevertheless, the total cross section ¥; and the free-path distribution
are related by p(s) = X, exp(—;s) in the case of classical transport. In
Chapter 6, we show how a quantity related to the total cross section can
be introduced into the non-classical setting.

Equation (4.11) has both the probability density po(s) of distances to
the first collision, and the probability density p(s) of distances between
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collisions as a parameter. Nevertheless, we have pointed out in Section
4.1, that these two quantities are directly related. In order to calculate
po(s) and p(s), only the cumulative distribution ¢(s) of distances to the
first collision needs to be known. This relation is of a very general nature
and holds for arbitrary settings of scatterers [36]. Therefore, this is the
quantity that we consider in the following chapter when we study more
general random media in the Boltzmann-Grad limit.

(D) The scattering was assumed to be isotropic, but there is no problem
in introducing an anisotropic scattering kernel into the equation. As
long as the medium is homogeneous we can expect that the cumulative
distribution of path lengths to the first collision (as the limit of 1,z 0)>s)
exists and that it is independent of x and €2, hence leads to a density
Po = po(s) and corresponding p(s). Then, introducing a general scattering
kernel o, the probability density (4.8) can be replaced by

p(s)os(Q,Q)dsd.

The following calculations still holds, and we obtain again Equation
(4.11), where the scattering kernel o,(€, Q') replaces the factor 1/27
in the scattering source term. Note that we cannot assume that this
derivation holds in cases where the distribution of path lengths depends
on z and/or € in the limit. Extensions of the non-classical equation are
discussed in Chapter 6.

(E) The restriction to the two dimensional setting is mostly of a technical
nature. The construction of the stochastic processes or the resulting
equations are valid for arbitrary space dimensions. The existence of lim-
iting path length distributions in the periodic Lorentz gas for arbitrary
space dimensions has been proven in [15]. Furthermore, the correspond-
ing results for the periodic Lorentz gas also holds (compare Remark 4.2).
The main advantage of the two dimensional setting is that an explicit
form of the limiting path length distribution is available. This strongly
suggest that the above derivation is also valid for space dimensions d > 2,
different only in the form of the distribution functions.

Consequences

Once an analytic expression for the distribution of path lengths is available,
we were able to derive the non-classical equation. This also relied on the ho-
mogeneity of the background medium. Also, there is only one realization of
the periodic background medium. We did not have to average over all possible
realizations of the medium, in contrast to the derivation of the classical linear
Boltzmann equation.

This suggests, that the equation is also valid for more general correlated back-
ground media as long as they are homogeneous. Of course, an additional aver-
aging process over all realizations of a medium of that type is necessary. In the
following chapter we investigate the validity of this assumption. Especially we



4.3. DISCUSSION AND CONSEQUENCES 41

study the effect of random perturbations on the deterministic correlations in
the periodic Lorentz gas, and how general spatial correlated background media
can be constructed that also yield non-exponential path length distributions
(in the Boltzmann-Grad limit, averaged over realizations).



5 Extension to general homoge-
neous correlated media:
a Monte-Carlo study

Motivated by the rigorous derivation of a non-classical transport equation for
the periodic scatterer setting in the previous chapter, we now discuss the ex-
tension to general homogeneous background media. Therefore, we note that
the dynamics in the homogenized system is governed by the path length dis-
tribution in the Boltzmann-Grad limit. We are (at least at this point) not
able to extend the rigorous derivation to general correlated media, but we can
analyze the path length distributions that arise for certain spatial correlations
in the Boltzmann-Grad limit by a Monte-Carlo method. The main goal of this
chapter is the following: we show that there exists a continuum of correlated
but homogeneous stochastic media besides the periodic configuration of scat-
terers that have a path length distribution in the Boltzmann-Grad limit that is
different from the classical exponential distribution. Hence, the non-classical
equation can be used to describe particle transport in these media.

Therefore, we study two different types of spatially correlated media. First,
we calculate the distribution of path lengths for increasingly strong random
perturbations of the periodic scatterer setting by a Monte-Carlo method. Then
we express spatial correlations by a pair-correlation function, and use this to
create random and spatially correlated background media by a Metropolis
Monte-Carlo algorithm, and again calculate the path length distributions in
the Boltzmann-Grad limit. As in the previous chapter, we restrict ourselves
to the 2D case.

5.1 Spatially correlated background media

We make the following general assumptions for the background medium:

1. A scatterer X is a spherical object with radius » > 0. Its position in
space is given by the coordinates of its center. We identify each scatterer
with its center coordinates. These coordinates are assumed to be the
outcome of a random variable.

2. Two scatterers are allowed to overlap. This is necessary since we want to
be able to quantify the degree of spatial correlations that we introduce.
In addition, in the Boltzmann-Grad limit the probability of overlaps be-
comes neglectable.

42
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3. All scatterers are contained in a finite volume V', which is formally ex-
tended to infinity by assuming periodic boundaries.

4. The density of scatterers is the same as in the periodic Lorentz gas. That
means, if r = &2, the number of scatterers in a box of volume 1 is 1/&2.
Of course, this only holds in a statistical sense, since we consider random
media. Hence, the Boltzmann-Grad limit for all media that we consider
is again ¢ — 07,

5.1.1 Random perturbations of the periodic Lorentz gas

An obvious random but correlated medium to consider is a random perturba-
tion of the periodic Lorentz gas. Therefore, we perturb the center coordinates
(x,y) of each scatterer on the periodic lattice to (Z,7), such that

T~ N, o), §~N(y,o%).

That means, the perturbed center coordinates are Gaussian distributed around
the original lattice points, where the variance 0? = ke is proportional to the
grid size ¢, and the radius of the scatterers is r = 2. In Figure 5.1 we show
a sector of the unperturbed periodic medium (Figure 5.1a), and perturbations
whith variance 5% of ¢ (Figure 5.1b), 10% of ¢ (Figure 5.1c), and 20% of ¢
(Figure 5.1d). We see that the spatial correlations disappear for an increasing
variance of the perturbation. Hence, we expect to see a transition in the path
length distribution from the strong algebraic decay in the periodic medium to
an exponential decay as the variance increases.

5.1.2 Quantification of spatial correlations

We first give the definition of a spatially uncorrelated medium, and then quan-
tify the degree of correlation in a medium as its deviation from the uncorrelated
case. This is done in terms of the so-called pair correlation function. In this
section we follow [98], where mathematical measures of spatial correlations in
atmospheric clouds are introduced, and we use the same terminology and no-
tation.

Assume that we have N scatterers in a finite volume V. A medium is called
(spatially) uncorrelated or Poisson distributed if the following counting
process

N (V) = number of scatterers in the volume V

is Poisson distributed, i.e. its distribution function is given by

P(N(V) = k) = w exp(—Avol(V))

for some constant A > 0 and V C V arbitrary but measurable. This distri-
bution implies that the positions of the scatterers, seen as an outcome of a
random process, are uncorrelated. Let Vi, V, C V be two volumes which
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Figure 5.1: Perturbed periodic Medium for different variances.

are sized such that they can contain only one or zero scatterers. Then the
probability of finding scatterers in both volumes is given by the product

P(1,2) = (nvol(V4))(nvol(V3)),

where 7 = N/vol(V) is the mean scatterer number density. A correlated
medium is now characterized by its deviation from the Poissonian distribu-
tion. The probability of finding two scatterers in these two given test volumes
in the correlated case is given by

P(1,2) = (nvol(V1))(nvol(V2))(1 +n(r)),

where 7 is the so-called pair-correlation function and r is the distance
between the two test volumes. If n = 0 the medium is uncorrelated, otherwise
it is spatially correlated. The pair-correlation function is related to the radial
distribution function ¢ by

n(r) = g(r) — 1.

The radial distribution function has the following interpretation: if we fix a
scatterer X in V, then the local averaged density at a distance r from X is
ng(r). The medium is called homogeneous, if the distribution of scatterers
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and all its moments are invariant under translations, i.e. 7 is a global parameter
of the system of scatterers. Otherwise, it is called inhomogeneous. We only
consider homogeneous media here.

5.1.3 Generation of a correlated background medium

The generation of a spatially correlated medium is a very complex task. In [70],
the authors use simplified heuristics to create either positively or negatively
correlated media. In both cases, the correlation is introduced by inserting scat-
terers one after the other, where the position of an inserted scatterer depends
on the position of the previously inserted ones. We follow a different strategy
here, that is still of a heuristical nature, but allows a finer quantification of
the correlation that we introduce.

First, the degree of correlation has to be defined by a pair-correlation func-
tion or radial distribution function. We always model the radial distribution
function by taking a simple functional ansatz which can be parametrized by
a small set of parameters. In order to be consistent with the spatial scales,
this function should depend on the scatterer radius r = 2. For example, the
following radial distribution function

10720, if 0<71 <2, -
9:(7) = sin(Ar(r — 2¢?)) + 1+ 10720, if 7 > 2% (5:1)

describes a medium, where
e scatterers do not overlap (due to the repelling first condition),

e scatterers cluster on a small scale (due to the positivity of the sine near
T = 2¢),

e neighbouring clusters have a distance determined by the parameter A,
and between there are only few scatterers, because of the oscillations of
the sine.

Then, we choose a number N > 1 of scatterers, a radius r = €2 > 0 and a
finite volume V' C R2. Now in a first step, scatterers are inserted by generat-
ing the center coordinates randomly, and the center coordinates are stored and
the coordinates are binned in an additional coordinate index. In this way we
generate a spatially uncorrelated medium and denote this setting of scatterers
by X ={Xy,..., Xn}.

In a second step, we perform the following procedure, which is known in the
theory of molecular dynamics as “Metropolis Monte-Carlo Method” [86]. The
applicability of this method is motivated by the following relation of the radial
distribution function and a certain potential energy. We want to generate a
scatterer setting that has spatial correlations which can be quantified by some
pair-correlation function 7 or the corresponding radial distribution function g.
Therefore, we assume that this setting is the static equilibrium state of a dy-
namic process driven by a pair potential V' (r) (this is an artificial assumption,
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we do not want to say anything about the actual dynamics that is responsi-
ble for the spatial correlations!). Assuming that the distribution of a sample
of scatterers, which are in equilibrium, is described by a radial distribution
function g(r), the corresponding pair potential V' (r) is given by

V(r) = —Clog(g(r)),

where C' > 0 is a positive constant. See [26] for the theoretical background of
this relation. Since we assume that the setting of scatterers is stationary, the

kinetic energy of the system is 0 and hence, the total energy of the system can
be defined as

N
1 .
E = 5 § V(Tij)a Tij = dlSt(XZ‘, Xj)

ij=1,i%j

Therefore, starting with the uncorrelated setting generated in step one, we
can transform it into a correlated system by the following procedure. We
move scatterers in order to minimize the total energy of the system:

1. Calculate the energy E of the full system.
2. Pick a scatterer randomly (or a small number of scatterers).

3. Move the scatterer(s) randomly to another position (within a certain
maximal distance from its original position).

4. Calculate the change of the total energy AE = Fyo — F.

5. If AE < 0 accept the new position(s). If AE > 0 accept the new
position(s) with a probability of exp(—E/C'), reject otherwise.

6. Return to 1, if the stopping criterion is not yet satisfied.

We stop this method if the change of the potential energy over a certain number
of steps becomes small. Then the medium can be assumed to be converged.

Figure 5.2 shows several sectors of correlated media that have been produced
with this algorithm, with » = 0.01 and 10000 scatterers. Approximately 15
million Metropolis moves were needed to converge the algorithm. The blue dots
are placed at the center coordinates of each scatterer. The first row (Figures
5.2a, 5.2b) shows the same sector of two different realizations of correlated
media for the radial distribution function (5.1) with A = 1. We see that the
scatterers form random, but spherical clusters, and that the cluster centers
form a grid, where the distance between the cluster centers is 2, which coincides
with the distance between the local maxima of the radial distribution function.
Note that the orientation of this underlying grid is random. The same effects
can be seen in the second row (Figures 5.2¢, 5.2d), where (5.1) with A = 2 was
used, and in the third row (Figures 5.2e, 5.2f), where (5.1) with A = 4 was
used to create the media. Again, the scatterers form spherical clusters where
the cluster centers form a grid with random orientation. The clusters become
smaller and the distance between the cluster centers decreases, since the radial
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Figure 5.2: Correlated media for different radial distribution functions.
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distribution function oscillates faster here. Distances between cluster centers
are approximately 1 or 1/2, respectively, as expected.

5.1.4 Limiting path length distribution

We are now interested in the path length distribution in the Boltzmann-Grad
limit. To be more precise, the quantity of interest here is the limit of the
following cumulative distribution function

q(s) = P(“distance to collision > s”)

of the distance to the first collision s. As we have seen in the previous chapter,
we can derive the probability density for the distance to the first collision, and
also the density for the distance between collisions from this quantity. Note
that analytic results for the convergence are only available for the periodic
and the uncorrelated setting. But we expect that this limit also exists for
more general correlated media, and that the limiting distribution becomes
independent of space and direction as long as the medium is homogeneous.
The radius of the spherical scatterers is of the order 2, hence we choose the
number density of the medium to be 1/¢%. In the Boltzmann-Grad limit & goes
to 0.

Since we assume that our medium is infinite, we can also investigate this
limiting behavior. Having a fixed setting of scatterers given by their center
coordinates, we can make a series of path length calculations with successively
smaller radii

) ror
scatterer radius = r, LIRS

This series of distributions gives an idea of the convergence behavior. We can
validate these calculations with a periodic setting, where an analytic result
exists in dimension two [15], or with an uncorrelated medium, where we have

q(s) = exp(—0s)

with o = 2 for the scatterer density that we consider [53].

5.2 Numerical results

For all numerical experiments we consider a box of size 10 x 10 that is peri-
odically extended to infinity. That means the number density is n = N/100
and the necessary number density 7 for the Boltzmann-Grad limit is 7 = 1/&2.
Hence, the number of scatterers that we choose for a given radius r are

r=0.1 1000 scatterers,
r = 0.05 2000 scatterers,
r=0.02 5000 scatterers,

r =0.01 10000 scatterers,
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and so on. We restrict our computations to 9 neighbouring boxes that form
a square. As a consequence, our computations only yield reliable results for
path lengths 0 < s < 10, since this is the minimal distance of a scatterer to
the boundary of the full domain. This is sufficient for our purposes.

First, we use the results for the uncorrelated and the periodic scatterer con-
figuration as a verification and to test the parameters, especially the scatterer
radius r. Then we show that the introduction of spatial correlations yields
non-classical distributions of the free path lengths in the Boltzmann-Grad
limit. Therefore, we study the path length distributions for the randomly
perturbed periodic Lorentz gas, and for spatially correlated media created by
the Metropolis Monte-Carlo method introduced in the previous section, with
a sufficiently small scatterer radius, and averaged over several realizations.

Verification and parameter testing

In the uncorrelated case we have 2nr — o as r — 0. Hence we expect that
o =~ 2nr = 2 for r,n as above, and the cumulative distribution of free paths
should converge to exp(—2s) in the limit. We simulate path lengths in the
medium until the estimated statistical error in the second moment is below a
predefined value. The statistical error in the second moment after the N-th
calculated path length can be estimated [72] by

<82> ~ p\/‘<84>N - <82>12V|
(DN

statistical error in

where

(s%) :iisz (s%) :lis‘}
: NG ! NZ ™

and the additional parameter p determines the width of the confidence interval
around the true value of (s?). In order to test the convergence of the cumulative
distribution function in the uncorrelated case in the Boltzmann-Grad limit, we
simulate path lengths in 30 realizations of the medium until the statistical error
is below 0.03 for p = 3. We choose scatterer radii » = 0.032,0.02,0.01. In all
cases the overall number of path lengths was around 700000. In Figure 5.3a we
see that the convergence is qualitatively and quantitatively as expected. The
resulting cumulative distribution functions are plotted together with a best
fit exponential function, where we obtain the corresponding parameter o by a
non-linear regression. We see that ¢ — 2 as r shrinks, and the change from
e = 0.02 to ¢ = 0.01 is small, while the relative error to the analytic value
o = 2 is below 2%. Hence, we conclude that a scatterer radius » = 0.01 and a
number of 10000 scatterers are sufficient for our purposes.

In the periodic scatterer case we directly choose the scatterer radius » = 0.01.
A statistical error of 0.02 and p = 3 were needed to obtain a relative error to
the analytic solution (in the I? sense) of 2.5%, which results again in approx-
imately 700000 simulated path lengths. The resulting distribution function
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Figure 5.3: Cumulative path length distribution for decreasing radii € for the uncor-
related case (left) and the result for the periodic (right) case.

and the analytic solution are shown in Figure 5.3b. We note the very close
correspondence for small path lengths and the clear non-exponential behavior
of the distribution function.

In the following, we rely on the set of parameters that we have obtained by
these calculations.

Random perturbations of the periodic Lorentz gas

We calculate path length distributions for increasingly strong perturbations
of a periodic setting of scatterers as shown in Figure 5.1. The radius of the
scatterers is fixed to r = €2 = 0.01 , while the variance of the perturbations
are chosen as 2%, 5%, 10%, 15%, 20% and 100% of the distance between lattice
points. For each variance we simulate path lengths in 20 realizations of the
medium. The number of simulated paths varies from 204852 for the strongest
perturbation up to 996841 in the 2% case. The resulting cumulative path
length distributions are shown in Figure 5.4 together with the analytic results
for the uncorrelated and the unperturbed periodic backround medium.

We observe a transformation between these two curve for increasingly strong
perturbations. For a perturbation by 100% of the grid size, the result basically
coincides with the analytic solution for the uncorrelated medium. On the other
hand, the distribution functions for small perturbations are close to the ana-
lytic solution for the periodic setting, and we clearly see the non-exponential
behavior. Furthermore, we note that the transformation is continuous as the
strength of the perturbation grows. Hence, we conclude that there exists a
continuum of random, but correlated, and homogeneous background media
that have a non-exponential path length distribution in the Boltzmann-Grad
limit, where the classical transport theory does not apply but the non-classical
theory may be applicable.

Correlated media

Again, we we choose r = €2 = 0.01 with 10000 scatterers, and choose three
e-dependent sinusoidal radial distribution functions of the form (5.1), with
parameters A =1 (Testcase 1, as shown in the first row of Figure 5.2), A =2
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Figure 5.4: path length distributions for increasingly strong pertubations of a peri-
odic background medium.

(Testcase 2, as shown in the second row of Figure 5.2), and A = 4 (Testcase
3, as shown in the third row of Figure 5.2). Then we simulate the path length
distribution averaged over 10 realizations of the random medium and compare
with the results for the classical, uncorrelated scatterer configuration. The
media were created with approximately 15 million Metropolis moves each.
For the Monte-Carlo simulation of path lengths we choose p = 3, and run until
the statistical error is below 0.03. Therefore, an overall of 353848 path length
histories were needed for Testcase 1, 440222 path lengths for Testcase 2, and
888984 for Testcase 3. Figure 5.5 shows the simulated cumulative distribution
function for Testcase 1 (Figure 5.5a), 2 (Figure 5.5b), and 3 (Figure 5.5¢),
together with the corresponding best fit exponential function and the analytic
result for the uncorrelated medium. We see that the simulated distribution
functions decrease nearly exponentially in the Testcases 1 and 2, but noticeably
slower than the distribution in the uncorrelated case. The best fit exponential
functions are of the form

q(s) = exp(—fs),

and we obtain parameters 5, = 0.4585 for Testcase 1, and By = 0.6197 for
Testcase 2, in contrast to the analytic value § = 2 for the uncorrelated medium.
For the Testcase 3 we observe exponential decay with parameter approximately
f3 = 1.0212 for small path length (s < 3). For larger path lengths the decrease
of the cumulative distribution function becomes even slower, but is not strictly
exponential anymore. Important to note is that in all three Testcases we
observe path length distribution that deviate visibly from the result for the
uncorrelated, and that the decrease is significantly slower. Hence, we conclude
that we have found another class of correlated media with an underlying non-
classical path length distribution. Although the decrease is partially nearly
exponential, it can obviously not be described by the classical theory.
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6 Non-classical transport
equations

Motivated by the rigorous derivation in the periodic scatterer case, and the
results on the analysis of more general correlated media in Section 5.2, we
present several extended as well as simplified non-classical transport equations.
First, we discuss extensions of the time-dependent non-classical equations,
where we include additional features like absorption or anisotropic scattering.
From these equations we derive the corresponding steady state equation, and
discuss diffusion approximations and extensions thereof. The steady state
equations is best suited for computer simulations. Therefore, we restrict the
development of numerical methods to these equations in the following chapters.

6.1 Time-dependent equations

The time-dependent non-classical kinetic equation (4.11), which is the Fokker-
Planck or forward Kolmogorov equation of the associated stochastic process in
the homogenized background medium, is derived in Section 4.2 for a periodic
medium only. But the discussion in Section 4.3, and our studies in Chapter
5 suggest, that we can state it also for more general media, again in 2 space
dimensions, in the same form

DF(L, 3,0 8) + OV F (1, 5) — OuF (2,9, 5) = 25 / F(t,z,Q,0)dQ,
Sl

2

F(vav Q, 3) = fin(xv Q)pO(s)’

with general path length distributions py(s) and p(s), depending on the under-
lying (homogenized) background medium. The function F' can be interpreted
as

F(t,z,Q,s) = "density of particles at time ¢ and position z, travelling
in direction €2, that have a distance to the next collision s".

As the derivation in Section 4 has shown, it is connected to the classical particle
density f(t,z,Q) by

f(t,m,Q):/ F(t,z,Q,s)ds,
0

only that f does not satisfy a linear Boltzmann equation.
The left hand side of the equation can be interpreted as follows: with increas-
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ing time, particles travel in direction €2, while the distance to the next collision
decreases (negative sign of the s—derivative). The right-hand side plays the
role of a scattering source term. Particles scatter when their distance to colli-
sion is s = 0, they are scattered isotropically into every direction and they have
a new distance to collision according to the path length distribution p(s). The
same holds for the initial distribution F(0,z, (2, s). The classical distribution
of particles in space and direction-of-flight is multiplied by po(s) since the dis-
tances to collision is initially distributed by the same law. This interpretation
gives a clear idea how this equation can be extended to external source terms
and /or boundary sources. In both cases, we can choose a source term Q(z, (2)
and then multiply it by p(s) to assign a natural distance to collision to the par-
ticles. Absorption can be modeled by introducing a scattering ratio 0 < ¢ <1
that multiplies the scattering source term, as in the classical equation. We can
also introduce a non-isotropic scattering kernel o(2 - Q'). The equation, now
in N dimensions, then reads

O F(t,x,9,8) + QV, F(t,x,9Q,8) — 0sF(t,x,Q,s) = (6.1a)
p(s) <c /SN—I o(Q-QVF(t,x,Q,0)dQ + Q(x, Q)) :

(6.1b)

F(0,2,9,8) = f™(x,Q)po(s). (6.1c)

Remark 6.1. This equation is obviously a generalization of the classical linear
Boltzmann equation (2.1). By setting

p(s) = opexp(—oys), and  F(t,z,Q,s) = f(t,z,Q)exp(—oys),

we have that f(t, z,(2) satisfies the classical transport equation (2.1), since the
s—dependent terms cancel out. This is again evidence that the non-classical
equation is valid for a wider class of background media.

Remark 6.2. The extension of this equation to a general scattering kernel
formally requires, that the new distance to the next collision are independent
of the new direction-of-flight. This is clearly not the case in a general stochastic
medium, and it is an open question if it always holds when a statistically
homogeneous medium is homogenized in the Boltzmann-Grad limit. We recall
that the results of Chapter 5 point towards this being the case. Nevertheless,
this is how the extra effects are usually modeled in the classical transport case
(for example for non-homogeneous media). Potential errors are supposed to
be small and are therefore neglected.

6.2 From time-dependent to steady state

In order to establish the connection to the non-classical transport equation
introduced by Larsen in [73|, we turn to the backward Kolmogorov equation
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(4.10):
Org(t,x,Q, s) szg (t,x,Q,s)+ 0sg(t,z,9,s) =0,
g(t,z,Q,0) = // g(t,z,Q,s)dQds,
g(0,2,9Q,s) = CD(x Q,s)

It describes the evolution of an observable of the transport process introduced
in Section 4.2. Because of the different signs compared with the Fokker-Planck
equation, this is usually interpreted to describe the same transport process,
only in the backward direction —€2. In classical transport we can simply switch
between the two equations by a transformation of the angular variable €2 +—
—(). We assume that the path length distribution p(s) can be written as

p(s) = Xi(s) exp ( — /08 ¥ (7) dT),

where ¥;(s) is, for now, a "smooth enough" function such that the following
transformations are possible. We define W(¢, x, €, s) implicitly as

g(t,x,Q,s) =: exp(/os Yy(r)dr)¥(t, x, €, s).

Hence, we obtain the following equation for W:

exp ( — / ¥ (7) dT) (Org — QV g + 0s59)
0

The initial condition for s = 0 becomes

%//g(t,x,@,s)p(s) 0 ds = %// S(s)U(t 2, s)dds.  (6.2)

If g is interpreted to describe transport in the backward direction, the left hand
side describes the density of particles that undergo a collision at time ¢ and
position z, since p(s) is the density of path length between collisions. Hence,
the right-hand side has the same interpretation. Now inserting the quantity
U, it satisfies the following time-dependent non-classical transport equation

o — QV\IJ—F(?‘IJ—FEt )W =0,
U(t,z,Q,0) = //Zt U(t,x, 2, s)dds,

with a suitable initial condition. This equation is related to the steady-state
equation introduced in [73]. Assuming that, for ¢ — oo, the system reaches a
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Q
B
N distance to next collision Q
distance since last collision
o

Figure 6.1: A particle that travels in direction ) has a certain distance to the next
collision. If we revert the direction of flight to —{2, this now becomes the distance
since the last collision.

time-independent steady state W = W(s, x, (), it satisfies the equation
05V (s, z,) QV\I/st)—i-Et() (s,2,Q) =0,
U(0,z,Q) //Et (s,z,)dQds.

In this equation, the variable s still has the interpretation as being the distance
to the next collision. By reverting the direction of flight

Qr— —Q
this meaning is changed to
s = "distance SINCE last collison".

This is illustrated in Figure (6.1). The change of the direction of flight is
consistent with the usual interpretation of the Kolmogorow equation. That
means, this now describes a process forward in time, only that it is formally
independent of time as it is in steady state. This is possible because of the
symmetry of the transport process in equilibrium. Quantities like particle
density or the angular flux are invariant under this transformation.

Then we obtain the following equation, that has the same form as the non-
classical transport equation in [73]:

0V (s, z,Q) +QV U(s,x,Q) + Xy(s)¥(s,z,02) =0, (6.3a)
U(0,z,Q) // Yi(s)U(s,z,0)dQds. (6.3b)

This equation is discussed in detail in the following section. That includes
Larsen’s physical interpretation of the quantities ¥;(s) and of W.

Remark 6.3. We can also derive a steady state equation based on Equation
(4.11). Assuming that the process is in equilibrium, we then obtain an equation
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for F' = F(x,€,s) as

—0sF (2,9, 8) + QV, F(2,9Q,s) = @/ F(z,9,0)d.
S1

21

This equation needs to be equipped with a formal terminal condition F(x, €2, 00)
0, since there are no particles that have an infinite path length. Therefore, this
equation has to be solved backwards in the pseudo-time variable s. An external
source p(s)Q(x, ) can be introduced in the right-hand side as in the previous
section. Nevertheless, in the remainder of this work we focus on Equation
(6.3).

6.3 Steady state equation

When modeling radiation, the speed of the particles is usually large compared
to the characteristic size of the medium, and the incoming radiation varies
slowly in time. A good example is again the transport of photons in atmo-
spheric clouds, where the speed of light needs to be compared to the size of
a cloud, which is of the order of kilometres. Hence it is reasonable to view
transport in these situations as a process in equilibrium. Independent of the
rigorous derivation presented above, Larsen [73, 76| suggested the following
non-classical transport equation to model the transfer of photons in atmo-
spheric clouds:

0V (s, 2,Q) + QV, U(s,2,Q) + Xi(s)¥(s,2,Q) =0 (6.4a)
U(0,x,Q) —c/ /as (Q, Q)8 (s)U(s,2,Q)dQ' ds" + Q(z,Q).  (6.4Db)

This is a steady state transport equation whose connection to Equations (4.11)
and (4.10) has been discussed in the previous section. The derivation in [73]
relies on the idea to introduce a path length dependence to the total cross
section. Then Y;(s) is interpreted as a scattering rate, meaning that

Y¢(s) ds = "probability, that a particle that has already traveled a distance s
will collide with path length s; € (s,s+ ds)."

Following the typical ad hoc derivation for the transport equation, Larsen
obtains equation (6.4), where the unknown W is interpreted as

U(z,,s) = "angular flux of particles at x, travelling in direction (2,
with distance s since its last collision".

The equation (6.4) carries two extensions compared to (6.3). First, an external
source term Q(z, ) is introduced at s = 0. That means, we assume that all
particles that enter the system have no (relevant) path length history. Second,
the scattering ratio ¢ multiplies the scattering source term. By doing so we also
take into account absorption. Note that the scattering ratio does not depend
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on s in this case since a collision is a purely local process. With other words,
what happens with a particle in case of a collision is independent of the path
length it has traveled before. Hence, the classical relation ¥, = ¥, + ¥, does
not hold for this equation. Further extensions to spatial inhomogeneities and
frequency dependence are discussed in Section 6.5.

This equation has a reduced complexity due to the absence of time as an inde-
pendent variable. That makes it easier for a numerical treatment and further
theoretical considerations. This is why we restrict ourselves to the study and
analysis of this steady state equation in the remainder of this work. It was
shown in [73] that in the case of a constant scattering frequency ¥;(s) = %,
Equation (6.4) reduces to the classical steady-state Equation (2.3).

In contrast to the classical transport equation, this non-classical equation can
reproduce any path length distribution p(s) and is therefore suited for simula-
tions of transport processes as described in Chapter 3. We shortly sketch the
calculation of the path length distribution given in [73]. Again, assume one
particle traveling through a purely absorbing medium. Starting at x = 0 into
direction ©Q = (1,0,0)7, the position = of the particle is equal to the actual
length s of its path. Then, Equation (6.4) reduces to

OV (s, x) + 0,V (s, x) + 3y (s)¥(s,x) = 0.

In this situation we have z(s) = s, and therefore we define F(s) := W(s, z(s)).
Now F'(s) is the solution of the ordinary differential equation

O:F(s)+Xi(s)F(s) =0, F(0)=1,

which is
F(s) = exp(— /DS (7)) dr).

This gives the probability, that a particle travels a distance s without under-
going a collision. The corresponding probability density of the path length
distribution is then obtained by taking the negative derivative of F(s) (com-
pare Chapter 3 and Appendix A). We then obtain

p(s) = —F'(s) = Si(s)F(s) = Su(s) exp(— / Sy () dr),

the same function we have already introduced in the time-dependent case.
This can be any probability density on [0, c0) depending on the choice of ¥ (s).
Especially, it is exponential if and only if >, is a constant. This calculation
also shows, that p(s) and ¥;(s) are related by

p(s) = Xi(s) exp (— /05 Et<7')d7'> if and only if X,(s) = %

(6.5)
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Remark 6.4. The non-classical cross section ¥;(s) arises naturally and is di-
rectly connected to the (homogenized) path length distribution. However, as
in the classical setting, it can be interpreted as a collision rate: it is the rate
by which particles that have traveled a certain distance s since their last in-
teraction undergo collisions with the scatterers. From this point of view, the
s variable is an unphysical memory variable. Therefore, we want to point out
that Y;(s) is inseparably linked to the distribution of path lengths between
collisions p(s), which is a classical physical quantity. It can be explicitly mea-
sured, and is therefore suitable for real world applications. Furthermore, the
interpretation of ¥;(s) as a collision rate is consistent with the rigorous deriva-
tion of the non-classical transport equation given in this work. Since in the
left-hand side of Equation (6.2) describes the density of particles that have
experienced a collision, the quantity

/Ooo/Et(s)\I/(s,x,Q) 0 ds

can be interpreted as the collision rate density, where ¥;(s) is the collision
rate, and ¥ the angular flux.

A result on the existence, positivity and uniqueness of a solution of (6.4)
was proven by Frank and Goudon [44]. Tt holds under the following mild
assumptions:

(a) The source term Q(x,§2) > 0 satisfies Q € L*(RY,SN71).

(b) The scattering kernel is positive o4(€2, Q') > ¢ > 0 and normalized.
(c) The scattering ratio ¢ satisfies 0 < ¢ < 1.
)

(d) The scattering frequency ¥;(s) is positive and satisfies
/ Yi(s)ds = 0.
0

We state this result here for reasons of completeness.

Theorem 6.1. (Frank, Goudon)

Under the assumptions above, there exists a unique non negative solution
U(s,x,Q) > 0 of (6.4), satisfying ¥ € L>(0,00; LY(RN x SN=1)), 5,(s)¥ €
LY((0,00) x RY x SN-1),

6.4 Diffusion approximations

A background medium may have optically thick regions where transport of
particles is dominated by scattering, therefore we apply the following scaling.
It relies on the assumption that the probability for absorption is small, and
scattering is not forward-peaked, as it was introduced in [75]. A detailed
analysis of the diffusion asymptotics can be found in |73, 76, 44]; we only give
a sketch of it here.
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We define the first and second moment of the path length distribution for the
rest of this work as

Now, let 0 < € < 1, then we scale the parameters @), >; and c as follows:
1
Q—eQ, Yi(s) = =Xi(s/e), c¢—1— ke’
€
where £ > 0. That means that the source is small, and the number of collisions

is large, while the probability of absorption is small. By additionally scaling
the pseudo time-scale by

Oe(8,2,Q) 1= ¢(se, z,0),

the new scaled unknown satisfies
0s0:(s,2,9Q) + eQV,0-(s,x,Q) + X4(8)p (s, x,Q) = 0;
¢-(0,2,0) = (1-— /@52)/ /U(Q,Q’)Zt(s’)qﬁa(s',z,v') dQ' ds’ + eQ(z, Q).
0

This equation can be further simplified. By setting

O, = e(s) exp (/09 Et(T)dT) o(s,2,8)

we make use of (6.5), and the equation now reads

0sP. + OV, P, = 0; (6.6a)

.(0,7,9) = (1 — re?) / b / o (9, D )p(s)®.(s, 2, ) ds’ Y + £2() O, ).
0

(6.6b)

Applying a formal Hilbert expansion in the parameter € by
D, =Dy + ey + 7Py + - -

and letting € — 0, we derive the following diffusion approximation (see again
[73, 76| or |44] for the details):

! <% i ﬂ_ﬂ) V20y(2) + (1 - )By(z) = ()Q(z).  (6.7)

3

where [iy is the mean scattering cosine. If we consider an isotropic medium
with constant probability for the outgoing angle, we simply have jip = 0. All
combined, ®( is an approximation of the classical angular flux up to first order,
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because of

/ /gb(s,x, Q) dQds = Bo(z) + O(e).
0
Note that this diffusion limit is not valid any more as soon as

C
p(s) Z 57

for constant C' > 0, because in this case (s?) = oo. This case is discussed in
the following remark.

Remark 6.5. The theory of anomalous transport is concerned with transport
processes where, in general, the second moment of the path length distribution
is infinite [63]|. The resulting macroscopic equations that describe the transport
in the diffusive regime are fractional diffusion equations. This strongly suggests
that the diffusion limit for the non-classical equation in the case of path length
distributions with infinite second moment is given by a fractional diffusion
version of Equation (6.7). In an upcoming paper |43], Frank shows that, if the
path length distribution has an algebraic tail and an infinite second moment,
meaning p(s) ~ C/s*™! for some constant C' >0, s > 1, and 1 < a < 2, the
fractional diffusion limit of the non-classical transport equation is given by

—D(a)A*2®g(z) + (1 — )@o(z) = (5)Q(),

where D(a) is a diffusion constant that depends on the exponent a, and A%/
is the so-called fractional Riesz-Feller derivative [63], usually defined by its
representation in Fourier space

APu(w) = —[k|*a(k),

where @ is the Fourier transform of u. The operator A®? can be interpreted
as a generalization of the Laplace operator to orders less than 2.

Remark 6.6. Working on the application of the non-classical transport equation
to neutron transport in pebble bed reactors, Larsen and Vasques [103, 76]
extended Equation (6.4) to an angular dependent scattering frequency ¥; =
¥ (s,82). This leads to another non-classical diffusion approximation with
anisotropic diffusion constants.

6.5 Frequency dependence and spatial inhomogeneities

A real world background medium, like an atmospheric cloud, is in general
spatially inhomogeneous. In the classical radiative transfer equation this is
usually expressed by a spatially dependent total cross section oy(x) that de-
scribes the optical thickness locally around z. To take into account spatial
inhomogeneities in the non-classical model, we introduce a space-dependent
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quantity that is proportional to the classical cross section

p(x) ~ on(x).

The total cross section is then the product of ¥,(s) and p(z) since the opti-
cal thickness is independent of the path length a particle has travelled and
therefore, 3;(s) is a global parameter. Then the equation reads

0¥ (s,x,Q) + QV, U(s,z,0Q) 4+ X(s)p(x)¥ (s, z,Q) =0,

U(0,2,Q) = cp(x / / (Q, ) (s (s, 2, Q) dQ ds'.

Especially, this yields that outside the medium we have p(x) = 0, hence the
particles there are freely transported without undergoing further interactions
with a background medium. In the same fashion frequency is included in the
classical equation by introducing a frequency dependent total cross section
oi(x,v) and scattering kernel o4(£2, €Y, v, /). By the same argument this is
written as

O-t(xv V) = V(V)O-t(x)v Us(Qv le v, ’/) = U(Qv Q,)Vs(yv I//),

with a frequency cross section (v) that is the rate by which particles with
frequency v undergo a collision, and a frequency scattering kernel ~ (v, 1)
that gives the probability, that after a scattering event, a particle changes its
frequency from v/ to v. The inhomogeneous frequency-dependent non-classical
equation then reads

OV (s, 2, v) + QV,U(s,z,Q,v) + Zi(s)p(z)y(v)¥(s,z,Q,v) = 0,

U(0,z,v,v) = cpx / / /O’S (Q, D)y (V) (8 (s, 2, Q) Y dv' ds'.

Note again that this can only be an approximation, and it depends on the
assumptions that these effects are independent.
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Introduction: Numerical Methods

In this part we consider the problem of numerically solving the non-classical
steady state transport equation. Solving the full equation is numerically costly
due to its high dimensionality. Therefore we use different strategies to reduce
the complexity of the full kinetic equation. The spherical harmonics or Py
method is a spectral Galerkin method for the angular variable, where the an-
gular dependence is expanded in Legendre polynomials (in higher dimensions
spherical harmonics). It can also be interpreted as a moment closure like the
Mi-method. There, an overdetermined system for the first three angular mo-
ments is closed using an entropy minimization principle. In the Sy or discrete
ordinates method the angular variable is directly discretized, typically at Gauss
points.

Since a background medium like an atmospheric cloud may have optically
thick regions where transport is dominated by scattering, we are especially
interested in the performance of numerical schemes in this regime. For the
system of angular moments we present a family of asymptotic preserving HLL
schemes. The corresponding chapters of this part are based on the paper [71]| on
asymptotic preserving numerical schemes for the non-classical radiative trans-
fer equation. Coupling of the initial value with respect of the pseudo-time and
the full equation requires an iterative solution method. We show that source
iteration becomes arbitrarily slow in the diffusive regime and propose initial-
ization and acceleration schemes to overcome this problem.

For reasons of clarity and simplicity we present all numerical methods in 1D
slab geometry form. Slab geometry means that we assume that the solution
is rotationally invariant around the z-axis. Then the solution only varies in
z-direction and the problem can be formulated as a pseudo 1D problem. The
Equation (6.4) in slab geometry is

05U (s, , ) + pd (s, x, 1) + Xi(s)V(s,z, 1) =0 (6.8a)

U(0,z, 1) —c/ / V(s 2, pw)dpds” + Q(x, p), (6.8b)

with u € [—1, 1] being the cosine of the polar angle and = € (—o0, 00). As indi-
cated in the previous chapter, in the diffusive scaling there is a small parameter
€ which is basically the mean free path and the equation can be written as

05D (s, 2, 1) + epV P (s, 2, 1) = 0; (6.9a)
O.(0,2, ) = (1 — ke / / o (1 )p(8)Pe(s', 1) dp/ ds” + 2(5)Q(w, o),

- (6.9b)
where

0. = £(s) exp (/0 ztmdf) U (s, 2,0).

We only consider this form of the equation in this part.



7 Approximate models

The high dimensionality of the full linear Boltzmann equation makes it nec-
essary to introduce approximate models. Hence, we derive systems of partial
differential equations in which the angular dependence is eliminated either by
a direct discretization, or by integration. The easiest approach is the so-called
discrete ordinate method. Here, the angular variable is directly discretized at
Gauss points on the unit sphere. We use this approximate method mainly in
the next part for the parameter estimation. In this part on numerical methods,
we are concerned with moment models of the non-classical steady state trans-
port equation. Those yield an underdetermined system of equations. Hence, a
closure for the system is needed. The Py or spherical harmonics method is a
spectra Galerkin method where the angular dependence of the flux is expanded
in terms of the so-called spherical harmonics. This method can also be inter-
preted as a moment closure where the system is closed by truncating after the
N —th moment. The minimum entropy system M, is derived by looking for a
closure that minimizes a physical entropy while maintaining the moments up
to order 1. Note that all of the resulting coupled systems of partial differential
equations are hyperbolic.

7.1 Discrete ordinate method (Sy)

For the discrete ordinate approximation, the angular variable is discretized at
N points p;, © =1,.., N such that

N
Zwi\lf(s,x,,ui)%/ U(s,x,Q)dQ,
i=1 52

where p; are usually chosen to be Gauss points with corresponding weights
w;. This is called the Sy method. Then, in slab geometry, assuming isotropic
scattering, we obtain the following system of equations:

OV (s,x) + ep;0.Vi(s,2) =0
0,(0,0) = 120 / sz (5) ds' + £(s)Qi(x),

where W;(s,2) = U(s,x, ;) and Q;(x) = Q(z, p;). In slab geometry it can be
shown that the Sy-method is equivalent to the Py_; method (see below), if
the angular variable is discretized at Gauss-points.
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7.2 Moment models

The philosophy of moment methods is to derive a system of coupled equations
for the angular moments of the angular lux ¥. Multiplying the non-classical
transport equation by polynomials in p and then integrating out the angular
variable, we obtain an underdetermined system of coupled equations. There-
fore, a closure relation is needed.

We consider two different moment methods in this work. The linear spherical
harmonics or Py—method is a spectral Galerkin method in the angular vari-
able, and relies on an expansion of the angular variable in terms of Legendre
polynomials. The minimum entropy or M;—method is based on the minimum
entropy principle, and yields a non-linear coupled system of equations.

7.2.1 Spherical harmonics (Py)

Let Py(u) be the [—th Legendre polynomial. The linear Py-model is based on
a Legendre polynomial expansion of ¥ as

(s, 2, 1) ZPZ o (s, ). (7.1)

Testing with the Legendre polynomials and then integrating, we find that the
coefficients of this expansion are the angular moments up to a factor:

20 +1
(s, 2) = 0w (s,2),

where we define

VO(s,0) = [ P (s.a0 dn

1

Testing Equation (6.9) with Legendre polynomials and integrating yields the
corresponding Py system. Using the recursion relation for the Legendre poly-
nomials

pPi(p) = Poa(p) + 57—

20+1

and assuming isotropic scattering, it reads

[+1

QZ—H\I’(IJFI)(S,I') = 0, l: O,...,]V7

l
) (1-1)
0V (s, x) + €0, {2l+1\I] )(s,2) +

WO0.0) = (1 =5 [ ple) U (s.2) ds +2(5) Q)
0
vD0,2)=0, 1=1,...,N,

where we set (=1 = 0, and truncation of the expansion (7.1) yields U(V+1) =
0.
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In the P, case we use the notation E(s,z) := ¥ (s ,z) and F(s,z) =
WM (s, 7). Then the system of equations is given by

O;E(s,x) + eV, F(s,x) =0,  0,F(s,x)+ %VxE(s,x) =0, (7.2a)
E(0,7) = e*(s)Q(z) + (1 — ke?) /000 p(s)E(s,x)ds, F(0,z)=0. (7.2b)

In the following we develop and analyze numerical schemes for the P; system.
These schemes can be naturally extended to solve the Py systems for arbitrary
N > 1. This is done in Chapter 14 for the unscaled Equation (6.8).

7.2.2 Minimum entropy (M)

The second moment method we use is the M;-model based on the minimum
entropy principle. This is the first representative of a hierarchy of models,
called My. Only for the M; case a closed analytic form of the moment closure
is available. The minimum entropy principle is, that for the moment closure
a functional of the moments is chosen, which minimizes the radiative entropy
and reproduces the lower order moments. The philosophical foundations for
this approach were introduced in the 1950’s in [61], while the first application
in transport theory was made 20 years later in [87]. A first application to the
equation of radiative transfer can be found in [35].

We introduce the first three angular moments of the flux ¥ in slab geometry:

E(s,x) :—/_ U(s,z,pu)du, F(s,x) :—/_ p¥ (s, x, 1) du,

1 1

1
P(s,x) r=/ (s, , 1) dps.

1

Then we multiply Equation (6.9) by 1 and u, respectively, and integrate over
(—1,1). We obtain, assuming isotropic scattering, the following coupled system
of linear partial differential equations:

0sE(s,x) + eV, F(s,z) =0, O0sF(s,x) + eV, P(s,z) =0,

E(0,z) = (1 — ke?) /Ooop(s)E(s,x) ds +&*(s)Q(z), F(0,z) = 0.

Note that we have only two equations for three unknown functions. We set
f = |%l2. The M; closure leads to a coupled system of non-linear partial
differential equations with

P=x(f)E,
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where the Eddington factor in this case is given by

2
x(f) : 3+4/

T 542 /1-_3/2

Hence, the system becomes
OsE(s,x) + eV, F(s,x) =0,  0sF(s,x) +eV.x(F/E)E(s,z) =0, (7.3a)

E(0,7) = (1 — ke?) /Ooop(s)E(s,x) ds +e*(s)Q(z), F(0,2) =0, (7.3b)

with strong nonlinearity in the second equation.



8 Asymptotic preserving
HLL schemes

In this chapter, we derive numerical schemes for the moment models intro-
duced above, and analyze important properties of these schemes. A back-
ground medium, an atmospheric cloud for example, may have optically thick
as well as optically thin regions. Numerical schemes can only yield reliable
results if they cover the correct diffusion limit in the optically thick regime.
Therefore, it is necessary to derive schemes which are correct both in the op-
tically thick, diffusive regime and in the transition regime. This is called the
asymptotic preserving property. It is well known that numerical problems arise
in the diffusive regime [74, 1] where length scales of different magnitudes come
into play. Furthermore, the standard HLL approach to construct finite vol-
ume methods results in numerical schemes which are typically not asymptotic
preserving [13]. When calculating numerical solutions of moment models, we
also face the additional constraint, that we need to be able to guarantee that
the solutions are actual moments of an underlying distribution function on the
full phase space. And the moments have to be in the domain of definition of
the particular moment closure. The first property is called realizability, the
second admissibility. For the first two angular moments there exists a simple
condition that has to be satisfied.

Therefore, we present an adapted finite volume scheme for moment models of
the non-classical steady state transport equation, and show that it is asymp-
totic preserving, and satisfies the admissibility and realizability conditions. We
first derive a standard HLL scheme in Section 8.1, which is then adapted by a
modification of the numerical diffusion term. In Section 8.2 we then investigate
the asymptotic preserving, realizability and admissibility property for both the
explicit and implicit pseudo time discretization. Furthermore, we investigate
stability of the schemes for the linear P; case.

8.1 HLL schemes for moment models

We derive numerical schemes for the moment models of (6.4), which are intro-
duced in the previous section. First, follow the formalism of Harten, Lax, and
van Leer [57] to derive finite volume schemes for the P, and M; model. In the
presentation of the derivation of the schemes we rely on the brief outline in
[13], Section 3.1. A light modification of these schemes then yields numerical
schemes with the widely admired asymptotic preserving property.
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We choose a uniform time-space grid (s, ;) with s,,1 := s, +As and x;,1 :=
x; + Ax for n € Ny and ¢ € Z. We interpret x; as the center of the cell C; =
[xi_%,$i+%], where for the cell interfaces we have 2,1 = 2, 1 + Az. Then we
use the abbreviations @Q; = Q(z;), EI' := E(sp,x;) and PI* := x(E!', F")EP.
Following [57] and [13], we introduce the notation

U (?) G(U) = (X(EFF)E), Up = (?Z)

and write the Systems (7.2) and (7.3) as
oU 4 €0,G(U) = 0.

The discretization of the initial value is treated later and separately. Assume
that we know the numerical solution U;* for all cells ¢ € Z at pseudo-time step
n. Then, the values in the next pseudo-time step are computed as

Urtt = U = o (Fies = Fict), (8.1)

where the numerical fluxes F;,1 are given by
2

Ax 1

Tt st A

=GWU) ~ 5x,

N |=

Tit1
/ UMz, s + As) da,
xi+%
and ]-"i_% with the appropriate different indices. The function U"(z,s) is an
approximation to the solution that is constructed in the following way. First
note that at pseudo time s” we have a piecewise constant representation of the

solution:

Ul(z,s") =U forxe (@1, 2ip1)

7

Then, at each cell interface x,, 1 we have a Riemann problem with left state

i+3
Ui and right state U] ;. We consider the approximate Riemann solver

unr for £ < b~
x
Ur (?Uz‘na ﬁl—l) = U (UM UL,) forb™ < 5 < bt
oy for b* < £

For appropriate wave velocities b, b", the intermediate state U* is given by

P, brUr, — b U 1 " n
us(uy, i+1) = bj:l_ b Tt — b (G( i+1) - G(U; ))

An approximate solution for all s € (s", s"*1) can then be defined as

1

h L
U'(z,s) =Ugr (—; U, [ﬁrl) for v € (v, wi41).
s

N
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We choose bt = —b~ = ¢ since 1 is an upper bound for the absolute values of
the eigenvalues of the flux both in the M; case (see |35]) and in the P, case
(the eigenvalues can be explicitly calculated as +1/+/3 in this case). Hence,
we can write the numerical fluxes as

GU) +GUL,) _ Uty —Ur

)

2 2 ’

Fiyr=¢

ol

with corresponding expression for F; 1. Inserting this into Equation (8.1), we

obtain the pseudo-time update

G(U,) — GUL) . ﬁrl_QUzn‘f'Uzn—l)

1.
2

U;LH:U”—E(e

¢ Ax 2 2

Note that the first fraction in the capital brackets is a centered finite difference
approximation of 9,G(U), while the second fraction is a typical numerical dif-
fusion term. We now modify this scheme in the following way: the numerical
diffusion term is multiplied by another factor €. The scheme is still consistent,
it only reduces the amount of numerical diffusion that is introduced. This
modification is necessary in order to obtain an asymptotic preserving scheme
(see next section).

Now we can state the final discretization scheme, where also the initial value
is discretized:

Ertl _ pn Fr,—Fry Cy B — 2K + B
i 7 1 -1 ? v G = 0 82
As +e€ AL 9 I 5 ( a)
Frtt—pr o PRL—PM, GFR —2FM 4 FM,
i i ? =1 d L = =0 8.2b
Ns +¢€ AL 3 INT ) ( )
EY = (1—re”) Y wpn Bl As+%(s)Qi,  F) =0. (8.2¢)

n=0

This is the scheme in case of an explicit pseudo-time discretization and for some
infinite quadrature rule given by the weights w,. In practice the integration
is cut off at some sp... This can be justified by the fact that p is a fast
decaying function, hence, the contribution to the integral is small for s > sy..
In Subsection 8.2.4 we also consider this scheme with an implicit pseudo-time
discretization.

Remark 8.1. It is important here to note that HLL schemes are typically not
asymptotic preserving. For the numerical solution of hyperbolic systems with
source terms it was shown [13]| that a modification of the HLIL scheme makes
it asymptotic preserving. Therefore, a free parameter is introduced into the
source term, which is then used to correct the expected diffusion equation at
the discrete level. The modification that we apply here is of a different kind.
By reducing the amount of numerical diffusion, stability of the scheme is not
guaranteed anymore. Therefore, this also needs to be investigated.



72 CHAPTER 8. ASYMPTOTIC PRESERVING HLL SCHEMES
8.2 Asymptotic preserving property

A numerical scheme is called asymptotic preserving (AP), if for each fixed
discretization the leading order of the numerical solution is governed by a
discretization of the correct analytic diffusion limit as € tends to 0. In order
to show this property, we apply a Hilbert expansion argument. This is a
systematic formal procedure to identify one solution in the ring of formal
power series in € with coefficients in a suitable function space. We do not give
a rigorous proof for uniform convergence in € here. When strong nonlinearities
are concerned, more rigorous proofs are out of reach. Therefore, most related
works use a similar formal ansatz [51, 18, 11]|. Rigorous results exist only for
linear [54] and quasi-linear kinetic equations |3].

8.2.1 AP property of the moment models

We first show that both the M; and the first representative of the Py models
have the relevant asymptotic limit when ¢ — 0. To do so, we perform a Hilbert
expansion of E and F':

E:EU+€E1—|—€2E2+...,
F:F0+€F1—|—€2F2+...

and we define

Inserting these expansions into the System (7.3) and identifying the powers of
g, we get :

e’ terms: Ey =1, = / p(s)Eo(s,x)ds, Fy=0.
0

Since Fy = 0, we note that F' is of order € and so is f = % (assuming E # 0
everywhere). Then we have in the M; case

XU =5 + 52+ s+ O(f°)

near f = (0. Consequently, both in the P1- and the M1-case,
1
X(F/E)E = §E + O(e). (8.3)
Hence, we can continue by

61 terms: E1 = Hl, F1 = —gaml_.[o
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Inserting this into the next set of equations yields:

€2 terms: Ey = 5—218211
1 2
~ 1) ey ey = (5)00.
3 2
This last equation coincides with the diffusion approximation (6.7) if scattering

is isotropic, i.e. when the mean scattering cosine py = 0.

8.2.2 AP property of explicit schemes

In order to simplify calculations, we write the scheme in the following as:

EfT = Ep - ep(Fly — Fy) + 52#<EZL+1 —2E} + Ei'), (8.4a)
FPY = F = ep(Plyy — PlLy) + e u(Fly, — 2 + Fy), (8.4b)
EY = (1 — ke?) anani” +eX(s)Qi, F) =0, (8.4c)
n=0
where 1 = QAA‘Z. The problem we address in this section is the behavior of the

numerical scheme in the diffusive limit. The following proposition holds:

Proposition 8.1. Assume the quadrature satisfies the following relation:

f:wnpn =1 (8.5)
n=0

Then, the numerical scheme (8.4) is asymptotic-preserving, i.e. it degenerates
into a scheme consistent with (6.7) when ¢ — 0.

Furthermore, the limit scheme is second-order accurate if the following condi-
tion holds:

Z nwnpp = 0. (8.6)
n=0

Proof. Mimicking the continuous case, we perform a Hilbert expansion of E
and F:

E}=E},+eE}, +°Ey; + ...,
an:F&Iz+€Fﬂlz+€2F£Z+....

We also define II; := ) w,pnEy;. Now, plugging these expansions into the
n=0
scheme (8.4) and identifying the powers of ¢, we get:
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e order (£°):

oo
n 2 : n
E()J' - Hz - wnan(),z‘a

n=0

Fy; =0,

which is valid as soon as the quadrature weights w,, satisfy Asumption
(8.5).

e order (¢'):

1 1
(Il —14) = —(n+ 1>§M(Hi+1 —1—y), (8.7

n+1 __ n
Fl,i _Fl,i_?)

by summing up both sites from 0 to n.
e order (£2):
E;LTI =By — p(F' — F' ) + (Mg — 210 + 11 y),

Egi = anang,i — kIL; + <3>Qz

n=0

Inserting (8.7) inside the first equation and summing over n, then inserting
this into the the second equation gives:

1 & —1 ;0 — 2IT; + 11,
_ =z Z n(n )As%n i+ + 1o
3 2

— 4Az2
> ;.4 — 210, + 11,
— Az E Asnwpp, —t A 2+ LRI = (s)Qi,
x
n=0

which is consistent with (6.7). Furthermore, this is a second order approxima-
tion under the Condition (8.6). O

Remark 8.2. Note that p is a probability density and the left-hand side of
Condition (8.6) is a discretization of the first moment of p. Consequently
this requires that at least some of the weights w, are negative, which is non-
standard and usually not desirable.

Remark 8.3. As we have seen in the previous subsection in Equation (8.3),
the zeroth order term of P(E, F) is $F both in the P; and in the M;- case.
Consequently, this calculation is independent from the closure and the theorem
holds for the P, and the M, case.

Remark 8.4. Typically, HLL schemes are not asymptotic preserving. Only
the manipulation of the numerical diffusion term by multiplying an additional
factor ¢ yields this property in this case. It is obvious that this derivation
would break otherwise.
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8.2.3 Admissibility, realizability, and stability

The M, closure is a function of the relative flux F'/E and is not defined every-
where. We immediately see that y is only defined if F'/E < 4/3. This condition
is called admissibility. Furthermore, we say that ' and E are realizable
if and only if they are the first and zeroth angular moment of an underlying
distribution on the full phase space. This is mathematically equivalent to the
condition

F
0<|F|<E, or ‘E <1, (8.8)

both for the M; and the P; case. We see that realizability implies admissibility
in this case, and that the set of realizable states is convex. The following
theorem on admissibility and realizability of our numerical scheme holds.

Theorem 8.2. There is Asqg > 0 such that if As < Asg, the numerical

scheme (8.4) preserves the convez set of admissible and realizable states Q0 =
{(E,F)| E>0, |5 <1}.

Proof. We define U := (E®, F)" and G(UP) := (¢F",eP")" so that we can
write the scheme (8.4) in the usual compact form:

As

n+1 __ n__ —° n -
with numerical flux
}_H% = F(U, i+1) = §(G(Ui+1) - GU)) — E( i1 — Ui )-

The scheme may be interpreted as an approximate Riemann solver in the
fashion of Harten, Lax and Van Leer (see Section 3 in [57] for the abstract
framework). It consists of two constant intermediate states separated by a
stationary wave. Similar computations were carried out for the M; model of
classical radiative transfer in [11]. We assume that the two other wave speeds
are respectively —b and b, where b is to be made precise later on. That means
at each discrete point and in each discrete time step we consider a Riemann
problem with left state Uy and right state Ugz. Thus U has the following
approximate form:

Ur if 2>,

Up 0<% <,
Up if —b< <0,
Up if 2 <-b,

U(s,z) =

where UL = (EL; FL)T, UR = (EwR7 FR)T, Uz = (EE,FE)T and UE =
(E%, F)'. This is also illustrated in Figure 8.1.

The approximate states U} and Uy, can be obtained as follows. The numerical
flux of such an approximate Riemann solver can be expressed as a function of
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Figure 8.1: Illustration of the two-states approximate Riemann solver.

the intermediate states as in [57]:

Ax 1 =
F(UL’UR):G(UR)_EUR+A_S ; U(S,.QT)CI.CE

Using the form of the approximated solution U(s, z), we have

Az
F(Ur,Ug) = G(Ug) — 2TASUR + b(Uy, — Ugr),

which leads to

Ut = Un + %mUL, Ur) — G(Ug))

:%+%@wg4m@+ﬂm—%g. (8.9)

A similar computation yields

U = Us + 55 (G(UR) — GUL) + (U~ Ug)).

We first consider the values of b which ensure the positivity of £ and E%. We
have

2

. _ £ _ € _
ER—-Eh—%2bUQ Pﬁ)+»mxﬂh ER),
. 5 g2
EL:E,+%Q%—Fm+5#EL—Em,

therefore £7 > 0 and Ej > 0 if

._8 (FR_FL)+€<ER_EL> (FL—FR)+8(ER—EL)
b>b = §max< Fr , E; )

Then we consider the values of b which ensure the flux limitation i.e. |F}| < E}
and |F}| < E,. We write

52

3

Fr—F
r=FR+ o
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then F7, < B}, and —Fj < E}, if
€
b> by = B} maX<52,1752,2>

holds, where we have defined

PL—PR—FL+FR—|—E(FL—EL—FR+ER)

62,1: ER—FR ;
5 __PL+PR_FL+FR+€<_FL_EL+FR+ER>
2,2 ER"‘FR 9

and P, := P(Ep, I), Pg := P(FEg, Fr). Similarly we have

2
€ €
Fr=F —(Pr — P —(F; — F
L L+2b( R L)+2b( L R),

consequently F; < Ej and —F} < E7 holds if

19
b> by := 5 rnaX(ﬂa,uﬁsz),

where we use the notation

PR—PL—FL+FR+€<FL—EL—FR+ER)

ﬂi’y,l: ER_FR 5
3 _—PR+PL—FL+FR+€(—FL—EL+FR+ER)
2 Er + Fgr .

Finally, the CFL condition is given by the constraint of non-interacting waves:

As < 2%
5=

Putting together the three former requirements on b, we obtain:

Ax
2 max(bl, bg, bg) '

As < Asy = (8.10)

]

Remark 8.5. When ¢ — 0, the constants by, by and bs defined in the former
proof tend to zero. Therefore, we have Asy; — oco. As a consequence, the
condition As < Asg is not restrictive when asymptotic regimes are considered.

Finally, using the Fourier transform, we can show that the explicit scheme is
L?-stable under a mild CFL condition in the linear P, case. This is stated by
the following lemma.
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Lemma 8.3. In the linear (P1) case i.e. when P = 3E, the scheme (8.4) is
L?-stable under the CFL condition:
2Ax

As < . 8.11
SE o

Proof. We introduce the auxiliary variables U := F 4+ E/v/3 and V := F —
E/\/3 to rewrite (8.4a)-(8.4b) as follows:

Ui = (1- 252H>Uz’ - E(Ui—i—l - Uy + 52M(Ui+1 - Uly),
Vil = (1 =28V + g_lu(viil — V) + Vi, —Vity).

\/g i

Now, we perform a discrete Fourier transform in space (U and V respectively
represent the discrete Fourier transforms of U and V') by setting

A

UnJrl _ 14<€)I'A]n7 Vn+1 _ man

with
2iep
V3

Therefore, the scheme is L2-stable if and only if for all £ € R we have |A(¢)| <
1. Since

A(E) = (1 — 2e°u + 2% cos(AxE)) —

sin(Az)).

1
|A(6)]? — 1 = 462 (1 — cos(AxE)) <52(1 —cos(Azg)) — 1+ §,u(l + cos(Axé))),
the scheme is stable if and only if the last term is positive for any £ € R. Hence
it is stable provided the following CFL condition
1

- 21 ‘1_2
Ef+3t|3—¢

Y

holds, which is equivalent to (8.11). O

Even though the restrictions on As imposed by the former theorems are not
extreme, our problem requires to iterate the computation of the approximate
solutions up to the limit s — oo. Hence, it is more convenient to use an
implicit scheme, especially for 2D and 3D simulations.
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8.2.4 AP property of implicit schemes

We now consider the implicit version of the scheme (8.2):
EMY = B —ep(FI — FMAY + @p(E — 2B + EXYY, (8.12a)
FrH = B — (PRt — PP + u(FEtt — 2F7H 4+ FIYY), (8.12D)

Ezo = (1 - 552) ananzn + €2<S>Qi7 F’io = 07 (812C)
n=0

where = 2% and PP = x(EP, F/")E!. Similar to the explicit case, the

following proposition holds.

Proposition 8.4. Assume the quadrature satisfies the Condition (8.5), then
the numerical scheme (8.12) is asymptotic-preserving i.e. it degenerates into
a scheme consistent with (6.7) when ¢ — 0.

Furthermore, the limit scheme is second-order accurate if the Condition (8.6)

holds.

Proof. The proof is very similar to the explicit case. We perform an expansion
of £ and F!" by

We also define II; := anan&i. Now, plugging these expansions into the

scheme (8.12) and identifying the powers of ¢, we get, for the different orders
of e:

e order (£°):

E&z = Hl = iwnan&ia

n=0

which is valid as soon as the quadrature weights w,, satisfy the assumption
(8.5).

e order (g'):

1 1
Fiit =B = p(i = Iiy) = —(n + Dgulips = Iimy), - (8.13)

3

again by summation up to n.
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e order (£2):

E;L;H =Ey, — M(Ff:ill Flnj;ll) + p(Migy — 2105 + Iy ),

Inserting (8.13) inside the first equation and summing over n, then inserting
into the second equation gives:

Ie=n(n+1), , Tl — 20+ 1,
52 A,

2oy b N
- Iy — 200 + 10,
— Az Z NP As—H— A2 ! = (5)Q;,
n=0

which is consistent with (6.7). Furthermore, this is once again a second order
approximation under the condition (8.6). O

Remark 8.6. Comparing the diffusion limit of the implicit and explicit scheme
we observe the following. The discretizations of the diffusion coefficient (s?)/2
are given by

i n(n+1) As wnppn and Z AS WnPn s

n=0

respectively. Both discretizations yield an error of order As, which can be
eliminated using a Crank-Nicholson scheme because of the alternating sign.
The additional error term of order Ax is not eliminated in this way.



9 Iterative methods

We presented the numerical schemes in the previous chapter as a single linear
system
AV =g

that has to be solved at once. In practice, the size of A can be arbitrarily large,
since the domain of both the pseudo-time variable s and the spatial variable
x are not bounded (at least theoretically). That means that a direct solution
can become arbitrarily inefficient only because of the sheer amount of memory
used.

Therefore, we solve the system iteratively. It turns out that a simple source
iteration method converges arbitrarily slow if the system is dominated by scat-
tering, that means if the scattering coefficient ¢ ~ 1. A suited initialization
strategy can decrease the number of iterations significantly, but a more sophis-
ticated method that relies on an approximation of the residual in every step
can also decrease the contraction rate of the iteration.

We first present the source iteration method and initialization strategies, then
introduce the Diffusion Synthetic Acceleration method as a natural extension
of the source iteration method. A von Neumann analysis for the full equation
as well as for the moment models shows, that source iteration converges slowly
if ¢ ~ 1, and that the contraction rate is significantly improved by the use of
the Diffusion Synthetic Acceleration method.

9.1 Source iteration

The most simple iterative technique for transport equations is the so-called
source iteration method. The idea of this iterative method can be presented
best on an abstract operator level. Hence, we define the linear solution operator

L\IIO = \I](Sa T, s qu))

that maps the initial function ¥, to the solution W, that means W is the
solution of the homogeneous Cauchy problem

05V (s, 1) + epd, ¥ (s, v, ) = 0, W(0,,u) = Wo(z, p). (9.1)

Furthermore, we define the linear integral operator

SV = c/ /_1 o(p, 1 )p(s)W(s,x, u)du' ds. (9.2)

81
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with ¢ = 1 — ke?. Setting q := Q(z, 1), a solution of Equation (6.4) satisfies
the fixed point equation

U = L(SY +q).

Then the source iteration method works as follows: choose initial data W(®,
and in every step solve

gt — 1(Sw™ 4 ¢). (9.3)

This method is very simple and close to the physical interpretation. If we
initialize by U = 0, the iterate W™ can be interpreted as the particles
which have been scattered at most n times. But as we see in the following,
this method has a severe drawback: it converges very slowly, namely with a
contraction rate ¢ ~ 1 if the system is dominated by scattering.

Initialization strategies

The source iteration Algorithm (9.3) requires a suitable initialization to over-
come the problem of slow convergence. One way to choose it is to remark that
in the case of a P; closure, the exact solution can be expressed in the following
way. Assuming that (E, F) is the solution of the P, model, we define

and formally calculate its first derivative as
IT(z) _/ p(5)0. (s, x)ds — 3/ p(8)0.F (s, 7)ds
0
3
= 2 [op(0)5( / Oup(s)F(s.)ds

/ Osp(s)F (s, z)ds

Then the second derivative of II can be computed as

H”(x)zg/oooﬁ()ﬁF(sx :--/ 0.p(5)0. (s, x)ds

= —30,p(0)(s)Q(x) + 3kD,p(0)II(

+( fﬁsp / 92p(s)E(s,x)d )

J/

and, if ¥;(s) = %, is constant, the last term becomes 0 and this equation reads

I1"(x) = 32T (z) — 3X3(s)Q(x). (9.4)
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Since in this case (s) = 1/%; and (s?) = 2/%2 Equation (9.4) equals the
diffusion approximation (6.7) for py = 0. The solution of this ODE is used as
an initial guess in the Algorithm (9.3), equipped with the boundary conditions
of the system, even though it is not valid anymore when the M; model is
selected.

For nonconstant ¥,(s) the terms () do not disappear, but we can neglect them
and take the numerical solution of

1"(z) = =3k0:p(0)I1(x) + 30:p(0)(s)Q ()

as an initial value for [° p(s)E(s, z)ds in the iteration of (9.3).

Remark 9.1. This formal calculation gives us another interesting insight into
the differences between the classical and the non-classical transport equation.
It is known that for the classical linear Boltzmann equation, the P; model is
equivalent to the diffusion approximation, at least for homogeneous total cross
sections. We recover this fact for 3,;(s) = ¥; constant, that means in the case
that is equivalent to the classical equation. However, this is not the case if
¥4(s) is not constant. We also see the reason for this in the equation for II"(z):
the non-exponential form of p produces constants such that the terms (x) do
not cancel out any more.

9.2 Diffusion Synthetic Acceleration

Since the convergence of the above presented source iteration (SI) is very slow
because the contraction rate is ¢ &~ 1 for scattering dominated systems, we
have to employ a suitable acceleration technique. In classical radiative trans-
fer the so-called Diffusion Synthetic Acceleration (DSA) is widely used (see
[1] for an comprehensive review). We extend this method to the non-classical,
”pseudo-time’-dependent problem.

We follow the argumentation in [1]. Let L be again the linear solution opera-
tor of the Cauchy problem (9.1) and S the integral operator (9.2). Diffusion
Synthetic Acceleration is a two-step-procedure: first we make one source iter-
ation step, then calculate an approximation of the residual using the diffusion
approximation and correct the current iterate. The residual in each iteration
step is the difference between the source iteration step and the exact solution:

Pnts) = L(ST™ 4 ¢), (one source iteration)
U= L(S¥ +q), (exact solution)
AU =0 — §"2) = [(ST — SUM), (residual)

and we correct the iteration by

\Ij(n+1) — \Ij(n+%) + AT,
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The residual satisfies

AU =0 — U3 = [(ST — SU™)
(ST + SP+2) — Gp)
(SAD) + L(S(TH2) — gy,

(.

I
&~

-~

3

This can be written as
AV — L(SAY) = Lg,

which is Equation (6.9) for AW with source term g. We can therefore approx-
imate the residual AWV using the diffusion approximation

3 (55 1 ) vhave) + kav) = e, 09

We only need the s-integral of p(s)AW, so we update by

/p(s)\I/("H)(s,x) ds = /p(s)\I/(”Jr%)(s,x) ds—{—/p(s)ﬁ(x) ds

for the initial value in the next step.

To sum up, the Diffusion Synthetic Acceleration algorithm for the non-classical
transport equation reads:

Diffusion Synthetic Acceleration

(0) Choose an initial setting for (¥ (or only SU(©).

Then in every step:

(1) Make one source iteration: W) = L(ST™ 4 ¢).

(2) Diffusion approximation for the residual AU +2) = ¥ — g(r+3),

(3) Calculate new initial value: ST = SWts) 4 GAP™Ts.

DSA is a preconditioner

For the classical transport equation it is known that DSA is equivalent to
a preconditioned Richardson iteration [1]. We show that the same holds for
the non-classical equation. Using the operator notation from above, the non-
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classical equation can be written as
(I — LS)V = Lgq,

hence, the source iteration method can be interpreted as a Richardson itera-
tion:

gt — 1(Sw™ 4 ¢) = v — ((I — LS)T™ — Lg).

Assuming that we approximate the residual exactly, we can write one step of
DSA directly as

gD — g™ (1 = LS)U™ — Lg) 4+ (I — LS) ' L(S(L(ST™ + q) — ™)),

Using only the diffusion approximation for the residual means that we use an
approximation for the operator

M =~ (I —LS)™

where M is the solution operator of the diffusion Approximation (9.5), that
maps a given source term to the corresponding solution. Then we can write

DSA as

vt =™ — (1 — LS)T™ — Lq) + MLS(L(ST™ + ¢q) — T™))
— (I -LS)¥™ — Lg— MLSLS\I/ ") — MLSLg+ MLSV™)
—((I = LS - MLSLS + MLS) — (L+ MLSL)q)
= \I/( " — (I+MLS)((I - LS)¥™ — Lq).

This has now the form of a preconditioned Richardson iteration with precondi-
tioner P~1 = ]+MLS. Note that the operator M acts on a lower dimensional
space than (I — LS)™!. Hence, the operator S needs to be applied to both
sides of the equation above to compute the update SWr+1),

9.3 Von Neumann analysis for the non-classical equation

In this section we show that the contraction rate of source iteration is deter-
mined by the scattering ration ¢, and that DSA in fact improves the speed of
convergence by significantly decreasing the contraction rate. We are interested
in cases where the scattering ratio ¢ ~ 1. Using the scaled version of (6.4), we
set ¢ = 1 and we restrict our analysis to the simplest case of slab geometry
and isotropic scattering. Then one source iteration step reads

A, W+2) 49, wits) = 0

gl+s) (x, 1,0 —c//
0

—_

SP()V (x, p, 5) duds + (s)Q(x),

N |
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and the diffusion approximation for this equation is given by

1(s%) _, l1—c

®(z) = Q(x). (9.6)

Now the error in every step is f := ¥ — U(+3) and satisfies the equation

1 1
Os f 2 (s, 2, 1) + pOp T2 (5,2, 1) = 0,

with initial condition

f(H%)(O, T, ) =c p(s) (W — 0O (z, 1, 5))dpds

N | —

p(s)f 2 (2, 1, 5) dpuds

co 1
+c//
0 —1

For the von Neumann analysis we define the quantities ¢\ as

// (2, p, s) dpds,

and F(+2) as the solution of

1
2

Il
o

0\8 0\8
L\H L\H

p(s — V) (2, 1, 5) dpuds.

N | —

%;FW%)@) _ é (¢<l+%> _ ¢<l>> .

We apply the following Fourier ansatz, where w(\) is the contraction rate of
the source iteration with respect to a specific Fourier mode A:

o () = w'(\)eP, 12 () = W (N)B(N)e,
FID (@, p,s) = W Na(h w,s)e™, FOD(2) = wl(A)y(N)e™,

1<52> +1
“320s >V 2P () +

Then the equation for the error, which is the original equation with source
term ) = 0, reads

W (N s (A, 1, 8)e™ + pdow' (N a(\, p, s)e™ = 0,
W (Ve a(X, 1, 0) = cw' (N)e™,
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and this reduces to
Osa(\, p, 8) = —idpza(A, 1, s), a(\ p,0)=c,

hence, a(\, i, s) = ce™™s. So we calculate in a next step

oo 1
¢(l+%) _ wl z)\m / /
0 -1

p(s a(X, p, s)e™ dpds,

| —

hence

[

If ¥,(s) = %, then we have p(s) = 3, exp(—s%;), and we can calculate S(\)
as

p(s)a(A, i, s) dpds.

N | —

oo 1 oo 1
1 1 ,
B(A)://ip(s)a()\,,u, s) duds://éZtexp(—sZt)ceM“sduds
0 0 -1

oo 1
= gEt/ exp(—sX;)(cos(Aus) — isin(Aus)) duds
0 -1
1
ey / Y >
2B Ow X (e

1 =1
—E/E—%d i & iarctan H !
o) ot T 2|\N) 5, P

21

p=-1

_f& arctan i — arctan —i c&arctan A
- 2 )\ Zt Et N )\ Zt

This is the same result as calculated for the classical transport equation in [1].
There it is shown that 5(\) =~ ¢ for small A and that it tends to 0 as A becomes
large.

For an arbitrary path length distribution p(s) we obtain

oo 1 o
1 -1 -1)
ﬁ()\):c//é(a lexp( —ipAs) duds—c/ a = 1)sin( )ds.
0 1 0

As(s



88 CHAPTER 9. ITERATIVE METHODS

This integral cannot be solved in a closed form, but we see that

SIS | o all s, and
As
in(A
M — 1 for A = 0 and every s > 0 fixed.
s
Consequently,
=

If the function p(s) decays algebraically as

a—1

—, a >3,
(s+ 1)

p(s) =

numerical calculations also show that

B(A) — 0, as A — +o0.

For the calculations we choose o« = 3.5,4,4.5,5,6,7, and ¢ = 1. The results
are shown in Figure 9.1.

— a=3.5
a=
a=4.5

— a=5
a=6

— a=

Figure 9.1: A comparison of 5 as a function of A for different exponents a.. For small
modes [ is close to 1 and decreases as A — oco. The higher the exponent «, the
slower the decrease of [.

We see here that the large modes are sufficiently suppressed while the small
ones are not. Hence we are in the same situation as in the case above. Conse-
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quently, for source iteration, the contraction rate is

wst = —oor?)E\E{—l-oo(ﬂ()\)) -

For DSA we have to continue the calculation by a correction of the new iterate
with an approximation of the residual

U+ = ¢(l+§) 4+ pl+3).
We write the diffusion approximation for F(+2) as

DES) — i(¢l+§ — 60,
(s)
Since ¢V (z) = W (N)e™* we obtain

6¢

7(8) =D (BN —1) = (s2)X2 + 6(1 — ¢)

w(A) = BA) +7(N).

In detail this becomes

6¢
w() =50+ T g =g PN~ D

= fcfi(l s ((@f * %) B = 1) :

with 5(A) depending on the choice of p(s). For ¥;(s) = ¥; = 1 we have

wpsa(A) = ﬁa_@ <</\§2+1> w_g’

just like in the case of classical transport, and this is bounded by wpga(\) <
0.2247¢ (compare [1]). If the function p(s) decays algebraically as

a—1
= >3
p(s) Groe 273

we have

B 6c (s?)\? r sin(\s)
wpsa(A) = (s2)A2 4+ 6(1 — c) ( 6 + 1) 0/ \s p(s)ds —1

Since the integral does not have a closed form solution, we compute the con-
traction rate again for the cases a = 3.5,4,4.5,5,6,7 with ¢ = 1. The results
are shown in Figure 9.2, and show a clear improvement of the contraction
rates compared to the source iteration case. Small modes are now sufficiently
suppressed.
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1.0 -
0.8 ;

r — a@=3.5
a=
a=4.5

— a=5

a=6

02} — a=7
0 5‘ lb 1‘5 26

Figure 9.2: A comparison of w as a function of A for different exponents o and ¢ = 1.
The functions are bounded away from 1 in contrast to the source iteration case.

We conclude that the contraction rate is significantly decreased by DSA, espe-
cially for the small modes that cause slow convergence in the source iteration
method. The higher the exponent «, the better is the improvement for the
small modes, while the large modes are suppressed better if the exponent « is
smaller.

9.4 Von Neumann analysis for moment models

In this section we analyze the contraction rate of the source iteration method
and diffusion synthetic acceleration for moment models of the non-classical
equation. We restrict our analysis here to the linear P, model, but we expect
that the results remain true for the nonlinear M; closure because of Relation
(8.3). As in the previous section we set ¢ = 1 and consider the scattering
dominated case ¢ ~ 1.

One source iteration step of the P, system reads

8,B¢2) 4 v, Flta) =g 9 F0+) 4 %vxﬂ”%) =0,

EH2)(0,7) = c/oop(s)E(l)(s, z)ds + Q(x),
0

Fi+3)(0,2) =0,
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and the diffusion approximation for E is given by Equation (9.6). The error
between the iterate and the exact solution in the P, model is defined as

1 ad 1
Fl+a) = E- Bt — EN(HQ)
: F— F(H—%) F(H—l) ’

and it satisfies the equation

O, BT v, Fi+a) =0, 9,Fta) 4 %vxEU%) =0, (9.72)

E¢2)(0,2) = c/ p(s)EY (s, ) ds, (9.7b)
0

Fi+2)(0,2) = 0. (9.7¢)

which is simply Equation (7.2) without external source term. We now calculate
the rate of convergence of the source iteration method and diffusion synthetic
acceleration using a Fourier ansatz. Following again [1], we define the quantity

¢ (w) as

R -

and GU+2) as the solution of the diffusion approximation
1 <82> 2 1 1—c¢ 1 C 1
—— V2GR (2) + G (2) = — <¢<l+2> _ ¢(l>> _
32(s) (s) (s)

Analogous to the previous section, we apply the Fourier ansatz

oD (z) = w'(X)e?, E¢2)(s,2) = W (M)a(), s)e™,
B (@) =W AN, F(s,2) = W (B s)e,
GI2)(z) = W' (A)p(N)e,
with A € R and «,f,w and 7 to be determined. The quantity ~(\) turns
out to be the contraction rate of the source iteration method, and w(\) the

contraction rate of the Diffusion Synthetic Acceleration method. Inserting this
into Equations (9.7), and cancelling all common terms, we get

DA, 5) +IAB( 5) = 0, 0.5(\,5) +iAza(,s) =0,
a(A,0) =c, B(A,0) =0.
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We now insert the left into the right equation and multiply by A, which gives
us

2

A
— d%a(\, s) — ?a()\, s) =0,
with initial conditions (with respect to s):
a(A,0) =c, Osa(X,0) = —iAB(A,0) = 0.

The solution of this ordinary differential equation is given by

a(\ s) = ccos(%)\s).

So in a next step, we insert this into the definition of (b(”%), and also insert
the Fourier ansatz to get an explicit form of the contraction rate

[e.9]

A\ = / p(s)a(h, s)ds.

0

If ¥,(s) = X, then we have p(s) = X;exp(—sX;), and we can calculate the
contraction rate y(\) as

i
C—
%7+ 5

Y(A) = /Et exp(—sZt)ccos(%)\s)ds =

and we see that

v(A) — 1, as A — 0, and
Y(A) — 0, as A — oo,

in this case, independent of the choice of ;. Hence, v(\) ~ ¢ for small
Fourier modes A, and it tends to 0 if A\ becomes large. That means that large
modes are sufficiently suppressed, while the small modes are responsible for
slow convergence, which agrees with the results in [1|, and our results in the
previous section. For a general path length distribution p(s) we obtain

Y(A) = c/p(s) COS(%)\S) ds.

If the function p(s) decays algebraically as

a—1
= — >3
p(s) Gioe “70
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this reads

This integral does not have a closed representation, numerical calculations
recover the qualitative behavior from the previous section with

Y(A) = ¢

for small values of A\. For the calculations we choose again o = 3.5,4,4.5,5,6,7
and ¢ = 1. The results are shown in Figure 9.3.

— a=3.5
a=
a=4.5

— a=5
a=6

— a=7

Figure 9.3: A comparison of v as a function of A for different exponents o and ¢ = 1.
We observe the same behavior as for the full equation.

We see again that the large modes are sufficiently suppressed, while the small
ones are not. Hence, we are in the same situation as in the case above. Con-
sequently, for source iteration, the contraction rate is

= A =
st —00125\12{4-007( ) &

as in the previous section.

For DSA we continue the calculation by a correction of the new iterate with
an approximation of the residual

¢(l+1) _ ¢(l+§) + G(H%)
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We write the diffusion approximation for GU+2) as

1 C 1
DG(HE) _ <?(¢l+§ _ gb(l)).

Since ¢+ (z) = wF(N\)e™*, we obtain

p(B) =D (y(\) —1) =
w(A) =7(A) +p(A).

In detail this becomes
6c¢

w() =9+ ey g =g Y 1

- ST (<<6>A #3)W-1).

with () depending on the choice of p(s). For ¥,(s) = ¥, constant we have

3¥2¢ A2 X
- ; 1) ——t 1) =0
CUDSA( ) A2 4 32?(1 — C) ((32% + ) 2? + %>\2 ) ’

for every A € R and every choice of 0 < ¢ < 1. This is consistent with
the fact that in classical transport the P, model is equivalent to the diffusion
approximation.

1.0 -
0.8
— a=3.5
0.6 @=
a=4.5
0.4 — a=5
N a=6
0.2 | . — =
| | | |
0 5 10 15 20

Figure 9.4: A comparison of w as a function of A for different exponents v and ¢ = 1.
Again we observe that the large modes are now sufficiently suppressed by DSA.
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For a general path length distribution p(s) we obtain

o= o= | (6 ) 70 cos (52 a5 1

Since the integral does not have a closed form solution, we compute the con-
traction rate again for path length distributions that decay algebraically. For
our computations we choose again the exponents a = 3.5,4,4.5,5,6,7 and
¢ = 1. The results are shown in Figure 9.4. Again we see that the small
modes are now sufficiently suppressed. Furthermore, all values lie below the
ones from Figure 9.2. Hence, we conclude that, also for moment models of the
non-classical transport equation, the contraction rate is significantly decreased
by DSA, especially for the small modes that cause slow convergence in the
source iteration method.




10 Numerical results

In this chapter we present numerical results for the non-classical steady state
transport equation in slab geometry, obtained by the numerical methods de-
veloped in the previous Chapters 7-9. For the solutions of the non-classical
transport equation we mostly present the scalar flux ¢(z), which is calculated
as

o= [ [ 11\If<s,x,u> duds,

since the resulting 1D plots are best suited to visualize differences in the solu-
tions and between different methods. For all numerical tests that we present
isotropic scattering is assumed.

In the first Section 10.1 we present numerical results obtained by the HLL
schemes for moment models of the non-classical transport equation. We com-
pare P, and M; solutions for different non-classical cross sections, and investi-
gate the performance of the schemes in the diffusive regime. Section 10.2 deals
with qualitative properties of non-classical transport solutions. We show that
the rate of decay of solutions towards the spatial boundaries is determined
by the underlying path length distribution, and we present an example for
non-classical transport in a special homogenized periodic medium. Finally, in
Section 10.3 we present numerical results for the improvement of the contrac-
tion rate by the Diffusion Synthetic Acceleration method.

10.1 HLL schemes for moment models

In this section we present numerical results for the HLL finite volume schemes
developed in Chapter 8. We compare the different moment models and present
results that show the asymptotic preserving property in the diffusive regime.

Comparison of moment models

We present the results for the scalar flux ¢(z) for the solution of the non-
classical transport equation obtained by the M; and the P, moment model
for two different choices of the non-classical cross section ;(s), and compare
with a reference solution, which is a highly resolved Py solution. Therefore,
we choose a computational domain = € [—40,40] and s € [0,40]. The spatial
domain is discretized at 1000 points, and we choose a CFL number 1/3. To
ensure a reasonably fast convergence of the source iteration, the scattering
ratio is set to ¢ = 0.5. The external source term is chosen to be Q(z) =1

96
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if € [—1,1], and Q(z) = 0 elsewhere. For the non-classical cross section
¥;(s) we choose an algebraically decaying function X} (s) = 4/(s + 1)°, and
a constant cross section ¥.2(s) = 3, which corresponds to classical transport.
This choice yields in both cases a mean free path of (s) = 1/3.

0.6

Scalar Flux
o
@
Scalar Flux

(a) Algebraically decaying %} (s). (b) Classical constant cross section ¥7(s).

Figure 10.1: Scalar fluxes for the different moment models and different choices for
the non-classical cross section.

The numerical results for the scalar fluxes are shown in Figure 10.1. We ob-
serve that the M; and P, solution are relatively close in these scenarios. Com-
pared with the reference solution, the scalar fluxes are overestimated for the
algebraically decaying non-classical cross section (Figure 10.1a), and sligthly
underestimated in the constant cross section case (Figure 10.1b). In both cases
we see that the P, and the M; solution decay faster than the reference solu-
tion. Furthermore, the relative error (in the />-sense) to the reference solution
is, in the M case 0.1169 for !, and 0.0822 for ¥:?, while the P, solution yields
0.1870 for ¥}, and 0.1244 for ¥2. Hence, we conclude that the quality of the
M solution is better for both cases, and that both solutions are closer to the
reference solution in the classical setting.

Different algebraically decaying cross sections

To study the qualitative effects of algebraically decaying non-classical cross
section on both the M; and the P, moment model, we choose the same nu-
merical setup as in the previous numerical test for the discretization of s, x,
the scattering ratio ¢, and the external source term Q(z). Then we perform
calculations for a sequence of different algebraically decaying cross sections of
the form

S(s) = Ty (10.1)

for a = 3,4,5,6,7. These non-classical cross sections correspond to path length
distributions of the form

p(s) = Xi(s) exp (— /Os 2(7) dT) =G
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Hence, « indicates the exponent of the algebraic decay of p(s).

The resulting scalar fluxes are shown in Figure 10.2, the results for M; in
Figure 10.2a, and the results for P, in Figure 10.2b.

1.5 T T T T T T T T 1.8
—MT solution for a =

3|
a =4
et
et 161
7

1.4F

1.2

Scalar Flux
T

Scalar Flux
o
©
T

(a) M; solutions for different alge- (b) P; solutions for different algebraically
braically decaying X;(s) decaying X;(s).

Figure 10.2: Scalar fluxes for the M; and P, models for different choices of alge-
braically decaying non-classical cross sections.

We clearly see that by increasing o the scalar flux is reduced, and becomes
flatter around the origin in both cases. This is consistent with the interpreta-
tion of ¥;(s) as a collision rate. A higher value of «v increases the probability
of collisions for small path lengths, and since the source is centered around the
origin the probability of absorption is increased in this region. Again we see
that the decay of the scalar flux towards the boundary is faster in the P; case,
compared to the M; case. And we also observe, that overall the P; solution
exceeds the M, solution around the origin.

Asymptotic preserving schemes

We now present numerical results for the P, and M; moment model, and
show that the HLL scheme recovers the correct diffusion limit in the diffusive
regime. Therefore, we solve the scaled Equation (6.9), and compare results for
e = 0.3,0.2,0.1 with the corresponding diffusion approximation. We choose
k = 1, then the corresponding scattering ratio is ¢ = 1 — xe?, consequently
we have ¢ = 0.91,0.96,0.99. The non-classical cross section is chosen of the
form (10.1) with o = 5, and then scaled by €. The diffusion approximation is
calculated using a simple finite difference scheme. The computational domain
depends on the scaling parameter e: we have x € [—L, L] with L = 30/¢ and
2000 discrete points, and s € [0, 7] with T' = 20e and 3000 discrete points.

The results are shown in Figure 10.3. Comparison of the M, solutions together
with the diffusion approximations are shown in Figure 10.3a, and a comparison
of the P; solutions with diffusion approximation is shown in Figure 10.3b. We
see that the diffusion approximation is approximated better and better for
decreasing €. The final error is much smaller than the expected O(eg). As
expected from Relation (8.3), there is only a very small difference between the
P, and the M, solutions in the diffusive regime. Nevertheless, the deviation
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(a) M; solutions compared with diffusion (b) Py solutions compared with diffusion
approximation. approximation.

Figure 10.3: Scalar fluxes in the diffusive regime for the M; and P; moment model.

from the diffusion approximation is still essential, which is most likely caused
by the discontinuity in the source term, that is strongly smoothed by the
diffusion operator.

For a smooth source term Q(x) = exp(—x?) we choose the same computational
setting again, and consider € = 0.3,0.2,0.05, where the computations for ¢ =
0.05 are done with 8000 discrete points in the x domain, and 5000 discrete
points in the s—domain. The results are shown in Figure 10.4, the M; solutions
in Figure 10.4a, and the P; solutions in Figure 10.4b.

—PT solution
P1 solution

—MT solution f

Scalar Flux
Scalar Flux

6 %

(a) M; solutions compared with diffusion (b) Py solutions compared with diffusion
approximation. approximation.

Figure 10.4: Scalar fluxes in the diffuseive regime for the M; and P; moment model
with exponential source term.

Here we observe a very close correspondence with the diffusion approximation,
with errors again smaller than the expected O(g). We can therefore conclude
that our numerical results show that the scheme shows the correct diffusion
limit as € — 0, and that the correspondence with the diffusion approximation
is closer if the external source term is smooth.
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10.2 Qualitative properties of non-classical transport so-
lutions

In this section we numerically investigate qualitative features of the non-
classical transport solutions. We show that the tail of the corresponding path
length distribution determines the decay of the scalar flux towards the spatial
boundary. Furthermore, we present examples of non-classical cross sections
and how they influence the shape of the solutions of the non-classical equa-
tion. This provides more intuition on the role of the non-classical cross section
Yi(s).

Decay towards the boundary

We compare the decay towards the spatial boundary of solutions of the non-
classical transport equation with different underlying path length distributions.
Therefore we choose a source term Q(z) = 1 if —=0.5 <z < 0.5 and Q(x) =0
else. That models particles being born in the center of an infinite domain,
which then evolve towards the boundaries of the domain. For the transport
calculations we now choose, on the one hand a classical exponential path length
distribution p.(s) = 2 exp(—2s), and, on the other hand, path length distribu-
tions which decay algebraically as

B C,o
Pne(s) = ma

where C,, is chosen such that the mean free path is always (s) = 1/2. The
corresponding non-classical cross sections are 3;(s) = 2 for the exponential
case and

Co(l+ @)

i(s) = 1+Cys

for the algebraically decaying distributions. The non-classical equation is then
solved numerically using the P;; system and an HLL scheme as presented in
Chapter 8. We investigate the scalar flux, which is here calculated as

o(z) = /0OO U0 (s, 2)ds.

The domains of the z and s-variable are chosen big enough to guarantee a
sufficient decay. Furthermore, the scattering ratio is set to ¢ = 0.5 and we
assume isotropic scattering. Since we are only interested in the qualitative
decay towards the boundary, all solutions are normalized in the L>-sense.

The resulting scalar fluxes are shown in Figure 10.5 on a logarithmic scale.
While the classical solution that corresponds to a constant cross section shows
a clear exponential decay towards the boundary, solutions with an underlying
algebraic path length distribution decay significantly slower. In addition we
note that the decay becomes faster as the exponent in the distribution func-
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Figure 10.5: A comparison of non-classical solutions for different path length dis-
tributions with exponents a and scattering ratio ¢ = 0.5. The exponential decay
corresponds to a classical solution with ¥; = 2.

tion increases. In Figure 10.6 we quantify the decay of the scalar fluxes for
exponents a = 3,7,11,15 on the domain 5 < x < 60. The scalar fluxes are
plotted on a log-log scale together with the corresponding slope. As it was to
be expected, we find that the slope of the scalar fluxes equals the slope of the
tail of underlying path length distribution p,.. Because of the symmetry of
the solution the same holds for the behavior of the scalar fluxes towards —oo.
We conclude that the qualitative decay of the scalar flux that results from the
non-classical transport equation is determined by the underlying path length
distribution. They show the same tail behavior in our numerical experiments.

Special shapes of the non-classical solution

This example is taken from the paper [104]. Tt nicely shows that non-classical
transport equations can have additional qualitative properties compared to
classical transport solutions. We consider a homogenized one dimensional pe-
riodic medium that consists of alternating solid and void layers, randomly
placed in the infinite line —oo < x < co. This means that we only know which
material is present at any given point x in a probabilistic sense. Furthermore,
we consider this problem in rod geometry; that is, particles are only allowed
to travel in the horizontal directions p = £1. We compare the results ob-
tained by the non-classical transport equation and the results using a classical
atomic mix approximation based on the classical transport equation. For a
detailed investigation of this example we refer to [104], where the underlying
path length distribution is calculated analytically. From this we can derive the
non-classical cross section Y(s).
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Figure 10.6: Non-classical solutions (on the positive z-interval) for different path
length distributions exponents « and their slope on a log-log scale. The algebraic
tail of the path length distribution determines the slope of the decay towards the
boundary.

For the atomic mix strategy we simply volume-average the classical cross sec-
tions o} = 1 and o7 = 0. This can also be modeled by non-classical transport
with constant cross section ¥;(s) = 0.5. The s-dependent cross sections are
shown in Figure 10.7a. Note that, over a suitable s—subinterval, both cross
sections describe the same average collision rate.

—Atomic mix
0.9 —Non-classicall

0.8 H

Cross sections
°
Scalar Flux

03[

4 6 8 10 12 14 16 -6 -4 -2 0 2 4 6
S X

(a) Classical atomic mix and correspond- (b) Scalar fluxes for the classical and non-
ing non-classical cross sections ¥(s). classical homogenized cross section.

Figure 10.7: The cross sections and scalar fluxes for the homogenized periodic solid-
void medium as described in [104].

We use again the HLL scheme to solve the non-classical transport equation,
adapted to rod geometry, with 5120 points in the  domain and a CFL number
1/2. The scattering ratio is chosen as ¢ = 0.5 and the external source term
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is Q(z) = 1/4 for —1/2 < x < 1/2 and 0 elsewhere. The classical equation
is obtained using the cross section ¥;(s) = 1/2 and the same computational
parameters. We observe that the non-classical solution shows a sinoidal be-
havior, where the curvature changes at several points. The classical atomic
mix solution is not able to reproduce this behavior, which is also shown by the
true solution of this problem, as shown in [104|. Therefore, we conclude that
non-classical transport solutions are capable of reproducing qualitatively more
complex behavior than the classical transport equation.

10.3 Iterative methods

In this section, we present examples for the improvement of the speed of con-
vergence by the Diffusion Synthetic Acceleration method compared to source
iteration when the explicit HLL discretization as presented in Chapter 8 is used
to solve the P; model of the non-classical transport equation. We compare the
number of iterations and the maximal contraction rate for source iteration and
DSA for different path length distributions p(s). As in the previous chapter,
we consider exponential path length distributions (3; is constant) and alge-
braical distributions with exponents a = 3.5,4,4.5,5,6,7. For all cases we
choose ¢ = 0.1 and a Gaussian source term Q(x) = exp(—0.05z?). We use
periodic boundary conditions and the domain of computation is chosen large
enough to ensure a sufficient decline of the numerical solution; the number of
grid points in the s-variable is 600 and 300 in the x-variable.

Iterations | X const. | a =35 | a=4 | a=45|a=5|a=6 | a="7
SI 2330 2455 2525 2612 2720 | 3018 | 3483
DSA 11 22 15 14 15 20 26

Table 10.1: Number of iterations for the source iteration method (SI) and Diffusion
Synthetic Acceleration (DSA) for different scenarios.

We see in Table 10.1 that the number of iterations decreases drastically. On
average (over the presented scenarios), only 0.64% of the source iterations are
needed using the Diffusion Synthetic Acceleration method.

w Ypconst. | a=35| a=4 |a=45| a=5 a=06 a="T
SI 0.99013 | 0.99067 | 0.99092 | 0.99126 | 0.9916 | 0.9925 | 0.99349
DSA | 0.13397 | 0.42003 | 0.20192 | 0.11908 | 0.13618 | 0.21925 | 0.32289

Table 10.2: Contraction rates for the source iteration method (SI) and Diffusion
Synthetic Acceleration (DSA) for different scenarios.

This is because of the significantly smaller contraction rates in the diffusion
synthetic acceleration method. The contraction rate at the (n+ 1)-th iteration
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is approximated by
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Table 10.2 shows the maximum contraction rate over all iterations. Note that
the contraction rates predicted by the theory in Sections 9.3 and 9.4 are not
attained consistently. That may be caused by different sources of error. Com-
pared to the continuous equations there is an additional error introduced by the
spatial and pseudo-time discretization. Furthermore, there is an error caused
by the finite domain of computation, again in both independent variables.



Part 111

Parameter Estimation

105



106

Introduction: Parameter Estimation

The main parameter of the non-classical transport equation is the s—dependent
total cross section X;(s), which can be expressed in terms of the path length
distribution p(s) and vice versa. That means, the non-classical equation can be
used to identify the path length distribution in practical applications. This is
a typical so-called inverse problem: given measurement data and assuming
that this data is the outcome of a process that can be described by a certain
mathematical model, identify an optimal parameter that reproduces the data.
We sketch this process in Figure 10.8. The reconstruction of model parameters
from measurements is usually called parameter estimation. Mathematically,
we can describe parameter estimation as an optimal control problem, where
the constraints are given by the underlying model. In this part, we discuss
mathematical and numerical techniques for parameter estimation based on
the non-classical steady state transport equation.

INVERSE
PROBLEM

FORWARD
SIMULATION

Figure 10.8: Inverse problem vs. forward simulation in the case of radiative transfer.

In the context of radiative transfer a large variety of inverse problems arise. In
optical tomography [65, 64, 38] one is interested in the total cross section to
retrieve information on the structure of the background medium. This is used
to identify tumors or other irregularities in medical applications. The aim of
optimal treatment planning for radiotherapy [92, 4, 5] is to find an optimal dose
such that tumor cells are destroyed by the radiation while a maximal fraction
of healthy tissue survives. Here, the dose is modeled by an external source
term to the classical radiative transfer equation. Other applications in this
field are neutron radiography [2, 95, 105], stellar identification of exo-planets
[34, 6], or the optimization of semi-conductor devices [19, 77|. Nevertheless,
the solution of inverse problems using kinetic equations is not common because
of the high computational costs. Usually, very simplified mathematical models
are used in this context.

A recent approach for the calculation of path length distributions in atmo-
spheric clouds, as described in [48], is to neglect the effect of transport and
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scattering, and concentrate on the absorption by the background medium only.
Radiative transfer can then be described by the Beer-Lambert law. The trans-
mission along a path of length s is then given by

T(s) = exp(—soy),

assuming that the total cross section o; is constant along the path. In a
purely absorbing medium, the total cross section is also called the extinction
coefficient, and is denoted by «. Then, the total transmission is obtained by
integrating over all photon paths weighted with the total path length distribu-
tion pso. This distribution takes into account the full path length of a particle
over all scattering events, in contrast to the distribution p(s) of path lengths
between collisions. The transmission for a given extinction coefficient o then
reads

T(a) = /OOO Drot(8) exp(—sa) ds = Lo sprot($)-

As indicated by the letter £, this is the Laplace transform of the total path
length distribution p;,; with respect to the extinction a. Hence, the problem
of finding the function p;,; reduces to an inversion of the Laplace transform.
Numerical methods for a Laplace inversion can be found in [9, 29]. Note that
this is in principal an ill-posed problem.

The transmission T'(«) with respect to the extinction coefficient can be mea-
sured by the so-called oxygen A-band spectroscopy. Important here is the fact
that the extinction o depends on the frequency, while the total path length
distribution is independent of frequency. Using this, many values for different
T () with the same p;,(s) can be measured, from which the total path length
distribution p;(s) is then reconstructed by a numerical Laplace inversion.
Note that this method suffers from a clear modeling inconsistency. Although
the underlying path length distribution is known to be non-exponential, the
Beer-Lambert law, which does not hold in this case, is used to describe extinc-
tion along the path of a photon.

The connection between the distribution of total path lengths p;,; and the dis-
tribution of path lengths between collisions is established in [48] by a variable
transformation and a shift of the distribution. That means, given p(s), we
could effectively calculate the distribution of total path lengths p;.(s), either
analytically or using simulations.

The method that we propose in this part is based on the non-classical steady
state transport equation. Finding the non-classical cross section ¥; that gov-
erns the transport of photons through an atmospheric cloud, we can then
directly calculate the corresponding distribution of path-lengths between colli-
sions p(s). In other words, given measurement data for certain physical quan-
tities related to the angular radiative flux W, we can rephrase the problem
of finding the underlying photon path length distribution in the form of an
optimal control problem, where the constraints are given by the non-classical
equation. This yields a system of equations, the so-called first order optimality



108

system for this problem. We put our main focus on some simple test problems
and focus on the numerical solution of these. Furthermore, we study important
properties of the numerical schemes such as consistency of the continuous and
the discrete optimality system, and their computational performance.

First, we formulate parameter estimation as an optimal control problem in
Chapter 11. In addition to a realistic cost functional based on the transmit-
tance, we also present simplified test problems. Furthermore, we introduce
models for the non-classical parameter ;(s) in order to reduce the complexity
of the optimal control problem. In Chapter 12 we present a formal analysis
of the mathematical operators that are involved in this problem. We focus
on the adjoints and Fréchet derivatives of these operators, and discuss the
non-classical adjoint equation. In the following Chapter 13 we derive the first
order optimality system of the optimal control problem that was introduced
before, by following a Lagrange formalism. Numerical methods for this opti-
mality system are the topic of Chapter 14. We apply the numerical schemes
introduced in the previous part for the non-classical equation and its adjoint
in order to solve the optimality system using gradient based methods, and
present a number of numerical tests. In Chapter 15 we investigate the discrete
form of the first order optimality system for the numerical schemes presented
in the preceding chapter.

In all we present here, we always assume that both the parameter ;(s) and
the solution ¥ of the non-classical equation are elements of a suitable Hilbert
space. This is a reasonable assumption if the source term () is bounded and has
a certain regularity, and the cross section ¥, (s) decays fast enough as s — oc.
The formal Hilbert space setting allows us to apply the techniques of the theory
of PDE constrained optimization (see [102| for an extensive discussion).



11 Parameter estimation as an
optimal control problem

The inverse problem we want to address here is to identify 3,(s), or p(s)
respectively, from measured data. Recall that the classical (and also physical)
angular flux ¥, can be obtained from the solution ¥ of the non-classical steady
state transport equation as

\Ilc(a:,Q):/ U(s,z,0Q)ds.
0

As a possible field of application we consider the transport of photons in atmo-
spheric clouds. The I3RC project [24] provides measurement data for radiative
transfer through atmospheric clouds. Of special interest for us is that there
exist measurements of the transmittance. That is the amount of radiation
that leaves the cloud through the lower bounds (see Figure 11.1). That means
the transmittance lives on the following subset of the classical phase space
G x S?: spatially located at the lower boundary of our rectangular domain of
computation (0G)! C R? with outer normal vector n, taking into account only
outgoing directions

I (z)={Qe s Q-n>0}

Mathematically speaking, it can be written as a functional of the angular flux
T(x; W) / / U(s,z,Q)dQds, 2z € (0G).

Assume that we are given measurement data T'(x) for the transmittance. One
way to find a parameter that reproduces this transmittance is to minimize the
functional

J(U, %) = é/@GZ(T(a:; U) — T(z))*dz + g REG(Y), (11.1)

with respect to ¥ and »;, where REG is a regularization term that we discuss
in the following section, and A, B > 0 are regularization parameters, under
the condition

OV (s,2,Q) + Q- -V, U(s,2,Q) + Z(s)VU(s,2,0Q) =0,
U(0,z,) —c/ / (Q- QN2 (s)U(s, 2, ) dQ ds + Q(z, Q).

109
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gy

Figure 11.1: Sample paths of solar photons in an atmospheric cloud. The transmit-
tance is the amount of radiation that leaves a cloud through the lower boundary.

This is an constrained optimization problem where the constraints are give
in the form of an integro-differential equation. Formally, we also have the
following additional constraints:

¥, € L2([0,00)), Xy ¢ L*(]0,00)), Ti(s) >0 a. e. on [0,00).

The L? setting is of technical nature [102], the positivity constraint is standard,
and the constraints on the L'-norm prevent us from applying standard theory
for existence and uniqueness of a solution.

Remark 11.1. Another possibility here is to use the transformed Form (6.9)
of the non-classical equation and to formulate the optimal control problem
in terms of the path length distribution p(s). This leads to the additional
constraints

p € L*([0,00)), p(s) >0 a. e. on [0,00), [|p|lp = 1.

Especially the normalization condition is highly non-desirable, since the surface
of the unit ball in L' is a set of measure zero. This is the reason why we only

consider the optimal control problem in terms of the non-classical cross section
Zt(8>

11.1 Regularizations

Usually, optimal control problems have to be regularized in order to obtain well
posedness [102]. Therefore, the cost functional is extended by an additional
term REG(X;) that depends on the control variable. The typical choice is a
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Tikhonov regularization of the form

REG(E:) = SI5) - Sl =5 [ (Bu(s) = Si(s)?ds.

It can only be applied here if 3;,%; € L?([0,00)). We have seen that alge-
braically decreasing path length distributions lead to non-classical cross sec-
tions 3;(s) ~ 1/s, where this is satisfied. But this choice also excludes the case
that >, is constant, that means that we are in the case of classical transport.
Instead of using the full cross section ,(s) as a control, we can also model
the non-classical cross section by a function 3,(s) = ¥;(s; C'), with a finite set
of scalar parameters represented by a vector C'. Then the parameters C' of
this model form a set of scalar controls. A finite dimensional set of controls
also introduces well-posedness of the problem. For a finite set of N control
parameters C' = (cq, ..., cy) the regularization then reads

B _
REG(X(C)) = FlIC = Cll3,

with appropriate C.

11.2 Simplified cost functionals

The cost functional J has the disadvantage, that it is only defined on the spatial
boundary of the computational domain. For test purposes we also introduce
the following functionals:

L (T, 5,) = g/ﬂ /]R /S (U(s,2,9) — U(s,2,Q))> dQdz ds + gREG(Et),

and

Jo (W, 3,) = g/RS(H(.T; V) — H(x))*dx + gREG(Et),

where
H(x; \IJ):/ / U(s,z,0)dQds.
0o Js2

Using these functionals, we eliminate boundary terms which appear later in
the derivation of the optimality system. We use these functionals to verify the
adjoint equation and derivatives of the functionals, and to test and compare
the numerical methods. Note that these functionals are not realistic since
they require the knowledge of the path length dependent flux. This data is
not available in practice.
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11.3 Models for the parameter

The introduction of finite dimensional models for the non-classical cross sec-
tion helps to decrease the computational costs significantly and is therefore
well suited for the verification of our method as well as for more complex cal-
culations using real-world data. In the following, we present a one-parameter
and two two-parameter models for the path length distribution, and derive the
corresponding model of the cross section ;(s).

Algebraic decay
As a standard model for an algebraically decaying path length distribution we
take again

= > 1
p(s) Gioe @7
which means )
a —
Yi(s) = P (11.2)

In this case « is our one dimensional control. This is well suited for simple nu-
merical tests, but also includes the important case of an algebraically decaying
tail.

Gamma distribution
Oftentimes, the path length distribution in atmospheric clouds is modeled as
a gamma, distribution. The gamma distribution is given by
b° 0
s) = ——s%" " exp(—bs
p(s) T (a) p(—bs),
with I' being the gamma function. The two free parameters b,a > 0 can be
interpreted as

=2 and a= ()
b= (s)’ d var(s)’

Then the s—dependent cross section is calculated as

b5 exp(—bs)
E pu—
t(s) [(a,bs)

where I'(-, -) is the incomplete gamma function, defined by

F(a,bs):/ t* Lexp(—t)dt.
b

S

The set of controls in this case are the two parameters a and b.

Log-normal distribution
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Modeling the path length distribution p(s) with a log-normal distribution

yields
_ 1 _(log(s) = B)?
pls) = As\2m P ( 2A2 )

with free parameters A > 0 and B € R. Then we have for the non-classical
cross section

oxp (~ L)

Asy/ 27 (% + %erf(—B_\/lgi(s))> ’

i(s)

where erf(s) is the well known error function.



12 Adjoint calculus

In the following we analyze the operators which show up in this optimal control
problem. We focus on the derivative and the adjoint of these operators. As
mentioned in the introduction of this part, we do all the analysis formally in
suitable L2-spaces. This preliminary analysis is necessary in order to apply the
Lagrange formalism [102] later on, where both the derivatives and the adjoints
of the mathematical operators are needed. An exact analysis would be based
on operators in suitable Banach spaces, and therefore much more complex.
We rely on formal computations for the sake of simplicity. Nevertheless, we
obtain the correct optimality conditions from our analysis (see also the com-
ment in Section 2.10 in [102]). For the classical transport equation, a rigorous
L? theory exists for the parameter estimation of the total and scattering cross
section [38].

We introduce the following operators
VU(s,x,Q) = (0s + 02V, + 2i(s))U(s,x,Q),
KV(s,x,Q) c/ / (Q, ) (s)W(s, 2, Q) dY ds’,

such that we can write Equation (6.4) in the following form
VU(s,2,Q) =0, V(0,z,Q)=K¥(s,z,Q)+ Q(z,Q).

We denote an operator A acting on a function space X by writing the image
of an arbitrary element f € X. That means (Af)(z) is the image of f under
A as a function of x. In analogy to the finite dimensional case, the Fréchet
derivative of an operator A acting on a function space X is a linear operator
for each element f € X, that acts on a (potentially different) space Y. We
write this operator as Ay or 9y A. We also denote the Fréchet derivative of an
operator A by writing the image of this linear operator at an arbitrary point
[ € X evaluated at an element y € Y. Consequently, (A;f)(y)(x) is the image
of y as a function of x under the derivative of A with respect to f at f € X.
The adjoint operator A* of A is characterized by the property that

(Af,y)y = (f,A%y) forall fe X, yey,

where (-) denotes the scalar product

(f,9) ::/0 /R3 . f(s,2,9Q) - g(s,z,Q)dQdzds,
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which is the standard inner product in the Hilbert space L?([0,00) x R? x
S?). We only calculate the derivatives and adjoint operators that are actually
needed in the remainder of this work.

12.1 Control-to-state operator
In contrast to linear optimal control problems such as [45] or [46], where the ex-

ternal source term is used as a control variable, the control-to-state or solution
operator

E(X:) =V, VU satisfies (6.4),
is neither linear nor affine linear in our setting. Therefore, we cannot calcu-
late the derivative or the adjoint of this operator directly. This also restricts
ourselves from introducing the reduced cost functional J*(%;) = J(¥ (%), 3;),
since this requires an, at least formal, inversion of the control-to-state opera-

tor. This difficulty underlines the necessity to use the Lagrange formalism and
an adjoint method.

12.2 Cost functionals

The operator T (here called the transmittance operator) is given by

(T0)(z) = /Ooo / (s, z, Q) dQds.

This operator T is linear and bounded, hence its derivative with respect to ¥
is

(T ®)(f)(z) = /OOO [ 5.9 a0s
The residual term in the cost functional is also written in the operator form as
/w (T(2;9) — T(z))*de =: D(ST —T)V.
where the operator D is the L?-norm restricted to the lower spatial boundary:
Dt = / (t(z))? de,
(0G)!

and the operator S is the (partial) trace operator

(ST)(x) = T\(aa)l(x)-

The trace operator S is linear and bounded while D is a bounded non-linear
mapping, both being Fréchet differentiable. The derivative of the trace oper-
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ator 1s
(STT)(V)(@ = V|(aG)l($),

and the derivative of the operator D is given as

(Dit)h = / 2t(x)h(x) dx.

(0G)!

Therefore, we obtain the derivative of the quadratic residual of the transmit-
tance with respect to U as

D(ST — Ty (B)0 = 2 / (ST(2: ) — T(2))ST(z: ¥) da

(0G)!
=2 / / (T(z;9) —T(x))S¥(s,r,Q)dds dx.
ey Jo  Jr-

Remark 12.1. Note that the cost functional (11.1) can be written as
A - B
Since the second term is independent of ¥, we consequently have

0] (T, 5,) — A/@G)l /OOO /(T(g;;@) T(2))SU(s, 2, Q) dQ ds da.

12.3 Scattering-source operator

The operator K that models the scattering may be interpreted in different
ways in our setting. We denote the different interpretations by introducing
indices K¢, i = 1,2, 3. It can be interpreted as an operator mapping the state
variable W to the initial function with respect to s for a given fixed cross section
Y¢(s). Then it reads

(K'W0)(z,Q) = C/OOO/U(Q-Q’)Et(s)\lf(s,x,ﬂl) QY ds.

Here, K is a linear and bounded mapping with respect to W, hence its deriva-
tive with respect to U is given by

(K3 W) (h)(z,Q) = C/OOO/J(Q - (s)h(s, x, Q) dQ ds.
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For a given fixed angular flux U (s, x, ) the operator K? maps the non-classical
cross section Y, to the scattering source term

(K25, (z, ) = c/ /J(Q )N (5) U (s, 2, ) dSY ds.
0
The operator K2 is also linear and bounded, hence its derivative reads
(K2, 50(0) D = [ [ o0 )gls)w(s,,2) ¥ ds.
0

We need both derivatives in the following chapter to derive the first order
optimality system. The adjoint operator of interest here is the adjoint of the
extended operator K3 given by

(KPW)(s, 2, Q) = 3(s) (K') (2, 9),

with symmetric scattering kernel . To calculate the adjoint we formally test
with a function A € L?([0,00) x © x S?). Taking the scalar product yields:

(K30, \)

/ //S Als, 7, 1) {/ /S (€ )5( )‘I’(T,x,Q’)dQ’dT} A0 dz ds
/ //S (.2, BT [/ /S o(@ A(s,:c,Q)des] Q' dedr
:/0 /G/Sz‘l’(ﬂfv,fl)&(f) lc[g2a(ﬂ’-Q)A<o,x,Q) dfz] A dz dr
= (U, (K*)"\)

since we can interchange the roles of 7 and s and € and €2'. Hence, this
operator is not self-adjoint.

12.4 Adjoint equation

In order to calculate the adjoint equation of Equation (6.4), we consider the
operator

(V) (s,2,Q) = 0sV(s,2,Q) + QV, U (s, 2,Q) + Xi(s)VU(s, z,Q).

We write this equation in a weak form by multiplying a test function \ €
L3([0,00) x R? x S?) and taking the scalar product. Additionally we assume
that

lim A(s,z,Q) = lim ¥(s,2,Q) =0 forallzeR3 Qe 52

S§—00 S§—00

lim A(s,7,Q) = lim ¥(s,2,Q) =0 forall s €[0,00), Q€S>
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Partial integration then yields a representation of the adjoint equation. We
have

(V\If,A):/OOO/G/SQ)\(s,x,Q)(V\IJ)(s,a:,Q)dexds
:/OOO /R /S2A(s,x,sz)asqx(s,x,ﬂ) 40 dz ds (A1)
+/O°O /R LQA(s,x,Q)QV$W(s,x,Q) dQdzds  (A2)
+/OOO/R3 /52)\(s,x,Q)Zt(s)\Il(s,x,Q)dexds. (A3)

Partially integrating the first Term (A1) yields

/ ///\(s,x,Q)ﬁs\I/(s,x,Q)dexds:
0o JrsJs2

§=00

/]R3 /S [A(S’ z, Q)V(s, z, Q)] dQ dz

s=0

—/ / OsA(s, 2, )V (s,z,Q)dQ2dzds.
o JrsJs2

We note that, formally, ¥(oo,z,Q) = A(oo,z,Q) = 0. We insert the initial
condition for ¥ with respect to s into the remaining term to obtain

_/RS /SQ)\(O,Q:,Q)\IJ(O,QJ,Q) 40 dz
_ _/R3 /52/\(0,x,Q) [c/ooo /SQU(Q-Q’)Zt(s)\P(s,x,Q’) A dr] A da
:_/OOO/RS /52w(s,x,g)zt(s)[c/s2a(9'-Q)A(o,x,ﬂ)da} A9 dz ds,

by following the argumentation of the previous section. For the treatment of
the second Term (A2) we use the divergence theorem. That yields

/ / / A(s, 2, Q)QV, U (s,x,Q)d2dzds

:—/ //QVgC)\(S,yc,Q)\If(s,ac,Q)dea:ds7
0o JrsJs2

since we consider an infinite spatial domain. The third Term (A3) is a simple
multiplication of A and ¥ with ¥, where no more calculations are necessary.
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Collecting all terms and factoring out the state variable ¥ gives

VT, :/Ooo /]R /SQqJ(s,x,Q)[—asA(s,x,Q)—vax(s,x,g)

+ X1 (s)A(s, 2, Q) — cXy(s) / (- QHYA0,2,Q)dQ | dQdxds

SQ

= (U, V*A).
Hence, the non-classical adjoint equation is given by V*A = 0 and reads
— O A(8,2,Q) — QV (s, 2, Q) + X (s)A(s, z, Q) (12.1a)
— eNy(s) /S (0 A0, 7, 2) 9. (12.1b)

Because of the negative sign of the pseudo-time derivative it needs to be solved
backwards in s, and has to be equipped with initial condition

Moo,z,Q) =0 forallz e R® Qe S?

because of the choice of ).

Source terms

One equation in the optimality system, that is derived in the following chapter,
is the adjoint equation together with an additional source term. Both for the
classical and the non-classical transport equation, existence of a solution also
depend on the form of the source term. For example, if the source term
is constant in time (or pseudo-time), the solution of the forward equation
may blow up, since there are constantly particles inserted into the system.
Therefore, it is necessary to discuss this issue for the adjoint equation with an
additional source term, because it has to be solved over an infinite pseudo-time
interval. In general, the source term () of the adjoint equation depends on x,
2 and s and the non-classical adjoint equation then reads

— OsA(s,2,Q) — QV (s, 2, Q) + X (s)A(s, z, )
= cXy(s) / (- QYN0,2,Q)dY + Q(s, 2, Q).
SQ

In order to discuss the boundedness of a solution for a source term that is
constant in pseudo-time, we first look at the problem of a purely absorbing
background medium (¢ = 0) with a constant source term Q(s,z,Q) = Q.
Then, for particles that are released in one specific direction we have z =
x(s) = s, and therefore \(s,x) = A(s,z(s)) = A(s). Consequently, this can be
described by the reduced ordinary differential equation

—OM(s) + Su(s)A(s) = Q. (12.2)
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The solution of the homogeneous problem is easily calculated as

Mn(s) = Cexp (- / T () dT) |

Hence, the general solution of Equation (12.2) is given by

A(s) = An(s) + exp <— /:O ,(7) d7> /:O Qexp (/w ,(7) dr) ds'

which is obviously bounded for all s € [0,00). The reintroduction of the
spatial transport term and the scattering operator (with a scattering ratio
0 < ¢ < 1) does not change this observation because they are both conservative.
Therefore, we can conclude that the non-classical adjoint equation with source
terms that emit particles constantly over pseudo time has a bounded solution.



13 Continuous first order
optimality system

In this chapter, we derive the first order optimality system of the optimal
control problem formulated in Chapter 11. Therefore, we follow the Lagrange
formalism as introduced in [102], Section 2.10. Treating the state and control
in the Lagrangian as independent variables, the system of equations for a
(local) optimum is obtained by differentiating the Lagrangian with respect to
state, Lagrange multiplier and control, and setting all partial derivatives to
zero. The resulting coupled system of equations can then be solved iteratively,
or using gradient based optimization methods.

13.1 Lagrange formalism

Following the Langrange formalism, the corresponding Lagrangian for the op-
timal control problem as introduced in Chapter 11 is given by

L(U, S, \) = J(U,5,) — (VI \),

where J is the cost functional, (-) is the scalar product in L*(R, x R? x S?),
and V the operator introduced in the previous chapter. Here, )\ is the so-called
Lagrange multiplier. It can also be interpreted as a test function of the right
dimensionality that is sufficiently smooth. In the following we refer to it also
as the adjoint variable. A formal integration by parts yields

LU, S, \) = J(U,5,) — (VI A) = J(I,5,) — (I, V*A)
= J(V, %)

[ [ v

+ Xi(s)A(s, 2, Q) — cXi(s) / (- QYA0,2,Q)dQ | dQ dx ds,
SZ

— OsA(s,2,Q) — QV (s, z,0)

where we have used the derivation of the adjoint operators from the previous
chapter. Since W is supposed to be a solution of the non-classical transport
equation we have VW = 0, hence (VW, \) = (¥, V*)\) = 0. Then it is easy to

see that a necessary condition for a local minimum of L at (¥, A, %) is

OuL(VU, N\, %) =0, O5,L(U,\%)=0 and OL(T,\ %) =0.

121
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These three conditions form the so-called optimality system. They are also a
necessary condition for a local minimum of J at (¥, ;) under the constraint
VU = 0.

13.2 Forward, adjoint and update equation

The necessary conditions for a local optimum yield a coupled system of three
equations. They are usually called the forward, the adjoint, and the update
equation. In the following we derive these equations for the optimal control
problem as described above.

13.2.1 Forward equation

We obtain the forward equation by formally differentiating the Lagrangian
with respect to the adjoint variable or Lagrange multiplier A. We have

LU, N\, )N = (VU \) =0,

for all A\. That means that V¥ = 0 holds in a weak sense. Consequently, the
forward equation is simply the weak formulation of Equation (6.4) together
with the corresponding initial conditions:

OV (s,x,Q) + QV, W (s, x,Q) + 3(s)¥(s,z,Q) =0, (13.1a)
v(0,z,Q) = c/ / (Q, ) (s)¥(s,2,Q2)dQds + Q(x,Q).  (13.1b)
S2

13.2.2 Adjoint equation

We obtain the adjoint equation by formally differentiating the Lagrangian with
respect to the state variable W. From

OvL ( 5\ Y)WV = 0gJ (¥, X)WV — (U, V*A) =0,
it follows that
(W, V) = 0pJ (¥, %) 0, (13.2)

for all W. This is a weak formulation of the non-classical adjoint Equation
(12.1), where the derivative of the cost functional with respect to the state
variable serves as an additional source-term. We recall that

D] (T, 5,) 0 :A/agl/oo /_(T(x;\ll) —T(2))SU(s, 2, Q) dQds da,
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where S is the trace operator that restricts ¥ to the boundary. Hence, we can
write the corresponding adjoint Equation (13.2) as

— OsA(8,2,Q) — QV (s, 2, Q) + X (s)A(s, 2, Q)
= th(s)/ a(2, QYWN0,z,Q)dQ + R(z),
S2

where
R(z) = A(T(z;¥) — T(x))

is non-zero only on the spatial boundary G! and reemits particles isotropically
over the full pseudo-time domain. This equation is again equipped with the
initial condition (oo, x,Q) = 0 for all z € R® and Q € S

13.2.3 Update equation

We obtain the update equation by formally differentiating the Lagrangian with
respect to the control variable YJ;. This can also be interpreted as the gradient
of the reduced cost functional

J(3) = J(U(Z), %),

with respect to the control variable. Here it makes a difference if the control
variable is the full function ¥;(s) (infinite dimensional control), or if we use a
model for ¥, that can be represented by a finite set of scalar controls (finite
dimensional control). We derive the update equation for both cases, including
the models for ¥, presented in Section 11.3.

Infinite dimensional control

The derivative of the Lagrangian with respect to ¥; at the local minimum
(W, A\, %) is given by

Os, L(¥, \, 3,2 / / / Ye(8)¥ (s, x, Q)A(s, 2, Q) dQ dx ds
Rr3 J 52

/ /R /S Ei(s)¥(s,z, Y)e /S o (Q, QIN0, z, ) A dQ dx ds
25 [T sEn s
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for the standard Tykhonov regularization. The function ¥; is used as a test
function, hence we can interpret the above as a gradient

8gtL(s):—/Q/W\I/(s,x,ﬂ))\(s,x,ﬂ)dﬁdx (13.32)

—I—/ / (s, z, ) [c/ a(Q, QYIN(0,2,Q)dY | dQdx + BY,(s).
RS J g2 s?
(13.3b)

Finite dimensional control

Using models for the the non-classical cross section 3;(s) as introduced in
Section 11.3, the corresponding Lagrangian and hence the forward and adjoint
equation are the same as above, only the update equation, respectively the
gradient, changes. Assume that 3,;(s) can be modeled by a finite set of N
control parameters ci,...cy, and that ¥;(s) depends on each control ¢; in a
differentiable way. That means, we assume that the gradient 0,2, exists for all
i. Then the gradient with respect to each control parameter ¢;, i € {1,..., N},
is given by

Oe, L(V, \, &)ci = —/ / / [0.,5:(5)(&)] ci¥ (s, 2, Q) A(s, 2, Q) dQ dz ds
o JrsJs2

(13.4a)

+ /OO /3 /2 [0c,54(5) ()] ;¥ (s, 2,Q) [0/2 o (2, YN0, z, Q) dQ’] dQdzds
T ’ (13.4b)
e (13.4c)

For the simple case of an algebraically decaying function with o« as a one-

dimensional control |
a —
hY = >3
t(‘s) s+ 1 , =29,

we obtain the update equation as

o o0 1 . B
OuL(V, N\, &) = —a/ / / U(s,z, DN(s,z,Q)dQ2dzds
o JrsJs2

S 1
a/ /3 /2

Here, the control o can be factored out, which yields the gradient

o 1
OuL = — / / / U(s,z, DN(s,z,Q)dQ2dzds
0 Rr3Js2 S +1
o 1
+/ / / (s, z,Q) [c/ a(Q, QYN (0, z, Q) dQ/} demds) + Ba.
0 R3Jg2 S +1 S2

1 - _
U(s,x, Q) [c/ a(Q, QYN(0, 2, Q) dQ’ | dQ dx ds + Baa.
S+ 1 52
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If the underlying path length distribution is modeled by a gamma or lognormal
distribution (as in Section 11.3), the derivatives with respect to the parame-
ters a,b and A, B exist, but in contrast to the above presented case, they are
nonlinear and more complex. The derivative of ¥, for the gamma distribu-
tion can be expressed in terms of the incomplete gamma function and Meijer
G-functions [8], the one for the lognormal distribution in terms of the error
function. We do not state them here explicitly, but they can be easily cal-
culated using a computer algebra system such as Mathematica by Wolfram
Research. Alternatively, the derivatives with respect to the parameters can be
calculated approximately using finite differences.

13.2.4 Optimality system for simplified test problems

Using simplified cost functionals as introduced in Section 11.2, the first order
optimality system only differs in the form of the source term of the adjoint
equation. Consequently, the forward equation is again Equation (13.1), while
the corresponding adjoint equation is given by

— OsA(8,2,) — Q- V A(s,2,Q)dT + X (s)A\(s,2,Q) =
Et(s)c/ a(Q, DN, z,Q)dQ + R(s,z,9Q),
S2

with residual term R(s,z,Q) = A(V(s,z,Q) — U(s,z,)), if we consider the
simplified cost functional Ji, and R(s,z,Q) = R(z) = A(H(z; V) — H(x)), if
the cost functional J; is used. The gradient, derived from the update equa-
tion is given by Equation (13.3) for the infinite dimensional control, and the
equations for the gradient in the case of finite dimensional control also remain
valid.

The main advantage here is that source terms are simple and defined every-
where. This is why we focus on the numerical solutions of the simpler optimal-

ity systems in the following chapter in order to test the numerical methods.

13.3 Gradient based solution methods

We can make use of the fact that the derivative of the Lagrangian yields the
gradient of the reduced cost functional

aEtL(\Ila /\7 Et) = azt j(zt)a

where the explicit form of this gradient is given by Equation (13.3). Hence,
we use gradient based optimization techniques to minimize the reduced cost
functional, see [102] for an overview. That means, we can solve the optimality
system by a gradient descent method, that can be formulated in the following
way:

(0) Start with an initial choice ¥2(s). Then proceed as follows.

(1) Solve the forward equation for U" using 7.
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(2) Solve the adjoint equation for A" using X7 and ™.

(3) Update the non-classical cross section by
Yt (s) = X — W0y, L(U", \", 57,
and return to (1). Repeat until this is converged.

The positivity constraint for 3; can be included by an additional projection in
the update step (3). The update then reads

27 (s) =projs (E?(s) +h" /R3 /52 U (s, 2, QA" (s, 2,2) dQdx (13.5a)

—h”/ / \Iln(s,x,Q)[c/ (- Q)N(0, 2, ) A dex+Bzg(s)),
Rr3 Jg2 g2
(13.5b)

where proj, denotes the pointwise projection to the positive half-space. The
step size h™ > 0 has to be chosen appropriately, this is discussed in the follow-
ing chapter.

Note also, that the gradient depends on both the state and the adjoint vari-
able. This is in contrast to the standard optimal control problems discussed in
[102, 59]. Knowledge of the gradient also enables the use of more advanced gra-
dient based methods such as the BFGS quasi-Newton method [17, 42, 50, 97/,
where the inverse of the Hessian is approximated using the gradient informa-
tion (see also [90] for quasi-Newton methods in PDE constrained optimization).
Another advantage of this method is, that it is implemented very effectively in
MATLAB, and therefore it can be used without extra effort once the gradient
is calculated. If the positivity constraints have to be taken into account, we
can also use SQP (sequential quadratic programming) methods [90], which are
again implemented efficiently in MATLAB.



14 Numerical methods for the
first order optimality system

In this chapter we use a discrete ordinate Sy method or the spherical harmonics
Py expansion, together with an HLL scheme as introduced in Chapters 7
and 8, to solve the first order optimality system numerically. We restrict
ourselves to the 1D slab geometry case with isotropic scattering to simplify
the presentation. Equation (6.4) then reads

OV (s, x, 1) + po, Y (s, x, 1) + X (s)V(s,z,u) =0 (14.1a)

(0, z, 1) / / Si(sNU(s, 2, p) dpuds’ + Q(z, ), (14.1b)

with pu € [—1,1] being the cosine of the polar angle. In the same way the slab
geometry version of the adjoint equation is given by

- 83>\<57 T, M) - u@xk(s, T, M) + Zt(‘S))\(Sa T, N) = (142&)
1

S(s)5 [ MO dnt Riso), (1420)
—1

where R is the residual and serves as a source term for the adjoint equation.

We first discuss the discretization of the optimality system by the Sy-HLL
method in Section 14.1, and by the Py-HLL method in Section 14.2. In the
following Section 14.3 we describe line search strategies for gradient based
solution methods. Finally, in Section 14.4 we present numerical tests that
illustrate that the here developed method can be used to solve parameter
estimation problem numerically with a good accuracy at a reasonable compu-
tational cost.

14.1 Sy—HLL discretization

It is straight forward to use a Sy approximate model for the discretization
of the angular variable and the HLIL-scheme as described in Chapter 8 for
the discretization of the first order optimality system. Recall that for the
discrete ordinate approximation, the angular variable is discretized at /N points
Wi, ©t =1,.., N, such that

sz (s, , ;) /‘If(s,x,u)du,
-1

127
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where p; are usually chosen to be Gauss points with corresponding weights w;.
So in slab geometry, we obtain the following approximate system of equations
for Equation (14.1):

OsVi(s, ) + p;0:V;(s,z) + 3y (s)Vy(s,z) =0,
o N
W(0.0) =5 [ DS ) ds + Qi)
0 =1

where W;(s,x) = U(s, z, p;) and Q;(z) = Q(z, p;). The adjoint Equation (14.2)
is approximated by

— Os\i(8, @) — pi0e i (s, ) + Zie(s)Ni(s, ) =

N
Zt(s)g Zwi/\i(o, x) + Ri(s,x),
i=1

in the case of isotropic scattering, where \;(s,z) = A(s,x, ;) and R;(s,z) =
R(Sa xz, :ul)

For each ordinate p; we can adapt the HLL scheme presented in Chapter 8.
Setting U = W(s" x;, 1), XF = 3i(s™), and b = max|y,| yields, in the
isotropic case, the following explicit scheme

As Hi 2Ax 2Ax
co N
0 C " in .
vl = DY anSpw it + QL

n=0 =1

+ SpU" =0,

Note that, in contrast to the scheme in Chapter 8, this scheme is not necessarily
asymptotic preserving. In the same fashion, an HLL scheme for the adjoint

equation can be derived. This runs backwards in (pseudo-)time and reads

, i1 j+1,n+1 —1n+1 +1,n+1 1 —1,n+1
AN _M‘/\g R _b)\f R VR D

As ‘ 2Ax 2Ax

N

n+1yjn+l _ Csmtl 4,0 jint1

+ TN = o > w4 R
=1

where R{’"H = R(s", z;, 11;). Both equations can either be solved in a source-
iteration like manner or directly as one linear system. If N is large or the
spatial discretization is fine, the source-iteration should be preferred. Note
also, that the sign of the numerical diffusion is the same for both equations.
That plays a role in the proof of the consistency of the scheme with the discrete
optimality system.

The discretization of the update equation is straightforward in this case since
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the pointwise discretization of the angular variable directly yields

[0, /] /sz (s,x da:—l—/ZwZ ,T) [giwm(o,x)] dz.

The integration in x needs to be carried out numerically.

14.2 Py—HLL discretization

The Py closure for the non-classical equation was introduced in Chapter 7. Let
Py(p) be the k—th Legendre polynomial, then we define the k—th Legendre
moment of the forward and the adjoint variable as

1

T (s, ) = / Pl W (s, 2, ) dps, A® (s, ) = / Pe(y)A\(s, . 1)

1 1

The Py system that approximates Equation (14.1) with isotropic scattering
then reads

k
2k+1

kE+1

g (k=1)
(5:2)+ 51

0,0 W (s, 2) + 0, { ‘Il(kﬂ)(s,:v)} + 24(s) W (s, 2) = 0,
TO(0,z) = c/ Y () ¥ (s, 2)ds + Q(z), ¥W(0,2)=0, fork=1,...,N.
0

Introducing W}" = U®)(s” 2), the explicit HLL scheme reads

I,n in i+1,n —1,n 1,n 1n
AR 7 Lk AR Lkl T -y
As 2k + 1 2Ax 2k +1 2Ax
\j[]_]]g‘i’l,n _ 2\11‘]7571 _|_ \Ij_ifl,’n .
— Y = ()
2Azx t eV ’

oo
V0= w, Syt + @, =0, fork=1,...,N,
n=0
for some infinite quadrature rule for the s-integration given by the weights w,,.

The Py system for Equation (14.2) with isotropic scattering reads

k
2k +1

k+1
2k +1

+ ()M (5, 2) = X (s)AF (0, 2)5(k = 0) + RW (s, z),
A (00, 2) =0, forall k=0,...,N,

— 0, \P(s,2) — 0, [ AE=D (5 2) + AR (5 00)

where R%(s,z) is the k-th Legendre moment of the residual term R. Setting
A = AW (57 2;) and R)" = RW (s, 2;), the HLL scheme for this system
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of equations is given by

)\i,n-‘rl _ )\i,n k’ )\i—tl,n—l—l o Ai:ll,n—l—l k’ + 1 )\iilln+1 _ /\i+11n+1
As 2k +1 2Ax 2k +1 2Ax
Aj-i—l,n—&—l . 2)\j,n+1 )\j—l,n—‘rl ‘ . » ‘ .
_ Tk QkAx k + Z?—l—l)\%rﬂr _ szﬁl/\if 5k~:0 + Rz;n+ ’

N =0, forallk=0,...,N.

Note that this system needs to be solved backwards in pseudo-time, that ex-
plains the, at least on the first look, implicit discretization of this variable.

The discretization of the update equation and the cost functional requires a
reconstruction of the forward and the adjoint variable because of the non-linear
nature of Equation (13.3) and J. Inserting the reconstructions and integrating
with respect to u, the gradient simplifies to

2k 1
05, J] /Z i (5,2)A®) (s, z) d:c—l—g/\ll(o)(s,x))\(o)(o,x) dz.
R R

k=0

If a regularization is used, an additional term appears that is independent of
U and A. Inserting the reconstructions of ¥ and the desired state ¥ into the
first term of the cost functional yields

- = [ [ s ) — T(s, ) dpedds
/ // 2k+1
/ /R 2k:+1 s,x)—ﬁ(k)(s,x))deds,

k=0

Pu(p) (g;(@(s’w) _ \I!(k)(s,w)>] dpdzds

In both cases, the integration in x needs to be carried out numerically, while
the integrals with respect to p could be solved analytically.

14.3 Line search

As described in Section 13.3, we solve the first order optimality system us-
ing gradient based optimization methods. The derivative of the reduced cost
functional J(3;) with respect to the non-classical cross section Y, equals the
corresponding derivative of the Lagrangian with respect to ;. Hence, we can
use a gradient descent method to update the parameter after each step, that
means we set

Yt = B 4 by, (14.3)
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where v,, is the anti gradient given by

1
o= [ [ s Ao s
RJ-1

1 1
—// U(s, x, 1) E/ A(s,z,p)dp | dpdz — B,
RJ-1 2 —1

and the step size h,, is determined by the following line search method.
(0) Choose an initial step size hy.

(1) For a given step size hy, calculate £ by (14.3) and the corresponding
value of the reduced cost functional J(37).

(2) If J(ZPHY) < J(Z}), the update is accepted, and we proceed with step
(0). If J(ZPHY) > J(27), we set hyy1 = hy/2 and return to step (1).

(3) If the relative error in J falls below a predefined threshold, we stop the
iteration.

In order to guarantee positivity of the cross section in every step, LIt is
pointwise projected to the positive half space if it becomes negative. The
above presented line search method is the simplest possible method. More
sophisticated methods that take into account the Armijo condition or Wolfe’s
conditions [59, 90| can also be applied in our setting.

14.4 Numerical tests

In this section, we present the results of several numerical test cases, where we
study and test the above introduced numerical methods to solve the first order
optimality system. First, we present a verification of our method, showing that
the calculated gradient agrees with the one obtained from a finite difference
approximation. Then we calibrate the regularization parameter B and inves-
tigate the effect of the scattering ratio c. In the following, we present testcases
where parametrized and full cross sections are reconstructed from perturbed
data for the non-classical scalar flux.

14.4.1 Verification and parameter testing

The methods to solve the first order optimality system all rely on a calculation
of the gradient of the cost functional with respect to the non-classical cross
section. Therefore, we have to make sure that the numerical methods are able
to calculate the true gradient of this quantity. Furthermore, we study the
regularization parameters for the Tikhonov regularization.

Verification of the gradient

We verify the calculation of the gradient given by Equation (13.3) by comparing
the numerical solution to a finite difference approximation of the gradient.
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We use the simplified cost functional .J; as introduced in Section 11.2, with
parameters A = 1 and B = 0.1. The cost functional is evaluated at ¥ and the
desired state ¥, which correspond to solutions of the non-classical transport
equation with underlying path length distributions p, and p respectively, given
by

4 3

p(s) = m7 p(s) = m7

and corresponding non-classical cross sections ¥;(s) and ¥,(s).

T T T T T T T T
P, Gradent
00165» — 0016&
0.014 — 0014*
\
0.012- - DO\Z—\
= = \
001} E = 00|
5 ¥ s A
g g
Gooosl % 4 Gooosl %
0.006 — 0.006

0.004 4 0.004

0.002|- 4 0.002|

(a) Gradient by Py (b) Gradient by Sy

Figure 14.1: Comparison of the gradient calculated by the analytic formulation de-
rived in the previous chapter, and the corresponding finite difference approximation,
using the Py method (left), or the Sy method (right).

The finite difference approximation to the gradient is calculated using a central
difference scheme, where the discretized non-classical cross section Y(s) is
perturbed pointwise

i
OJi A%

with Ji" being the value of the cost functional for i = X¢ + AX{ and J; be-
ing the value of the cost functional for X! = X! — AY!. The remaining entries
are left unperturbed. The perturbation is chosen relative to the current value
AYE=10"*- 30

We see in Figure 14.1 that the gradient agrees very well with the finite differ-
ence approximation at every entry for the Py method, as well as for the Sy
method. The relative L2-error is 5.02-10~* for the Py-method, and 8.81-1073
for the Sy method. Furthermore, we note that the gradients for the Py and
Sx method also agree very well with a relative L?—error of 1.07-1072. Conse-
quently, for the following test cases it is sufficient to only consider one of these
methods.
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Regularization parameters

We study the effect of the regularization parameter B in the Tikhonov regu-
larization

REG(Y,) = B /OOO (Zi(s) — Su(s))” ds

for the simplified cost functionals J; and .J;. Therefore, we calculate a forward
solution with non-classical cross section and underlying path length distribu-
tion
3 3
§) = ———, hence Xy(s) = ——

Pls) = e ) =531
and then solve the first order optimality system in order to reconstruct the cross
section using a different algebraically decaying initial guess $.V. We expect that
the quality of the solution increases as B decreases. The first regularization
parameter is chosen as A = 1 for all cases. We also compare the quality of the
approximation of the underlying cumulative distribution function

a(s) = exp (— /O () dT) .

For all calculations we use a Ps-HLL scheme on the spatial interval z €
[—20, 20] with Dirichlet boundary conditions, Az = 0.08 and As = 0.04, where
the s-variable is cut off at sy, = 40. We choose a Gaussian source term Q(z)
and the scattering ratio is fixed to ¢ = 0.5. For the regularization parameter
we choose the values B = 0.1,0.01,0.001, 0.0001.

Figure 14.2 shows the reconstructions of 3;(s) and the corresponding cumula-
tive distribution functions (CDF) for the different choices of the regularization
parameter B. The results for the cost functional J; are shown in the top Fig-
ures 14.2a and 14.2b, the results for J; are shown in the bottom Figures 14.2c
and 14.2d. We see that the reconstructions approach the correct cross section
very good for small s as the parameter B decreases. For larger s this is not
that clear in Figures 14.2a and 14.2c. For the cumulative distribution functions
(Figures 14.2b and 14.2d), on the other hand, the correct solution is approx-
imated increasingly better as B decreases. Furthermore, the reconstructions
from the integrated cost functional J; are visibly better than those for J;. Es-
pecially the reconstruction of the CDF for B = 0.0001 from J; is very good. In
the following we therefore rely on a regularization parameter B = 0.0001, and
we prefer the simplified cost functional Jy for further calculations. Note that
the integrated cost functional J; is closer to realistic applications, because of
the independence of the angular and the path length variable.

Effect of the scattering ratio c

Here, we study the effect of the scattering ratio ¢ on the quality of the recon-
structions. Therefore, we consider the same computational setup as above, only
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Figure 14.2: Comparison of the calculated and the exact non-classical cross section
Y (left) and the corresponding cumulative distribution functions (right) for the cost
functional J; (top) and Jo (bottom) for varying regularization parameter B.

the scattering ratio ¢ varies, and we consider the values ¢ = 0.3,0.5,0.7,0.9.
We again compare the reconstructions of the cross section and the underlying
cumulative distribution functions for the cost functionals J; and J,.

The results are shown in Figure 14.3. The reconstructions of ¥;(s) and the
CDF for J; in Figure 14.3a and 14.3b are again very close to the correct solution
for small s, and a gap opens as s increases. The quality of the reconstruction
is notably the best for ¢ = 0.9. The reconstructions for the cost functional Jy
lie above the correct solution for ¢ = 0.7,0.9, and below for ¢ = 0.3,0.5. The
CDFs for the values ¢ = 0.3, 0.5 are slightly closer to the correct solution than
for the other values.

Overall, we cannot determine a consistent effect of the scattering ratio c on the
quality of the reconstructions obtained from the cost functional J5. For results
obtained from the cost functional J;, however, we observe that the quality of
the reconstruction obviously increases as the scattering ratio ¢ approaches 1.

14.4.2 Finite dimensional controls

In this subsection we reconstruct parametrized non-classical cross sections for
underlying algebraic, gamma, or log-normal path length distributions, as intro-
duced in Section 11.3. We now fix the regularization parameters to A = 1 and
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Figure 14.3: Comparison of the reconstructed and the exact non-classical cross sec-
tion X (left) and the corresponding cumulative distribution functions (right) for the
cost functional J; (top) and J2 (bottom) for varying scattering ratio c.

B = 0.0001, and the scattering ratio is set to ¢ = 0.5. For all reconstructions
we we use a Ps-HLL scheme on the spatial interval € [—20, 20], with 1000 dis-
crete points in « and a CFL number 1/2. The s-variable is cut off at sy, = 40.
We choose a Gaussian source term @)(z), and the simplified cost functional J;.
The desired state ¢(z) is calculated using a Pyy discretization with the same
computational parameters. For each test we run 16 independent calculations,
where ¢ is perturbed pointwise by +5%, and the error is uniformly distributed.
The optimal parameters for the particular cross sections are then reconstructed
using a gradient based method, where the gradients are calculated using Equa-
tion (13.4a). We choose the same initial guess for the parameters each time,
such that all calculations are comparable.

The results for an algebraic non-classical cross section are summarized in Ta-
ble 14.1. The average reconstructions all underestimate the correct parameters
a =4,5,6,7. The average absolute relative error increases as « increases, but
it is reasonably small (maximal 2%). Especially for « = 4 and a = 5 the
correct parameter is reconstructed almost perfectly. As gradient method we
choose an unconstrained quasi-Newton method. The small number of itera-
tions needed is not surprising, since in the one dimensional parameter space
the correct descent direction is fully determined by the sign of the gradient.
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Type correct | avgerage | relative avg. # avg. #
e} Q@ error iterations | grad. eval.

algebraic 4 3.9959 | 0.1017% 1.8125 13.688

algebraic 5 4.9727 | 0.5453% 5.4375 44.250

algebraic 6 5.9389 | 1.0179% | 4.3125 75.563

algebraic 7 6.8532 | 2.0976% 4.5625 97.563

Table 14.1: Overview for the reconstruction of the parameter a for an underlying
algebraic distribution.

Instead, the average number of gradient evaluations is higher. We also observe
that the number of gradient evaluations increases as « increases.

Type corr. | corr. | avg. avg. | avg. rel. | avg. # avg. #

a b a b error iterations | grad. eval.
gamma, 2 1 1.9981 | 1.0011 | 2.4700% 20.188 59.125
gamma 3 2 3.3654 | 1.9414 | 4.6247% 11.063 36.063
log-normal 2 1 2.0004 | 1.0004 | 0.3902% 10.063 32.375
log-normal 1 2 0.8927 | 2.0146 | 4.8481% 12.188 28.375

Table 14.2: Overview over reconstruction of the parameters for underlying gamma
and log-normal distributions.

The reconstruction of parametrized gamma and log-normal cross sections is
a more complex task because of the two dimensional parameter space. We
parametrize the gamma distribution pye,, and the log-normal distribution pjeg,

by
exp (_M) |

oL 1

F(a)s “rexp(—bs), and pign(s) =

Pgam(8) =

asvV 2w 2a2

The corresponding non-classical cross sections are specified in Section 11.3. For
an initial guess for the parameters we always add 1 to the correct parameter.
The parameters are then reconstructed using a SQP method that considers the
positivity constraints on a and b. Otherwise, we observed negative parameters
for which a forward solution does not exist.

The results for the tests are summarized in Table 14.2. We see again good
reconstructions of the correct parameters for both gamma and log-normal dis-
tributions. The average absolute relative error for the log-normal and gamma
distribution are slightly higher than in the algebraic one parameter case, but
still yield good results (maximal absolute relative error around 4%). On av-
erage we need more iterations and gradient evaluations to reconstruct the
parameters for the gamma distribution as for the log-normal distribution, but
we cannot determine a systematic difference between the two distributions.
In both cases the number of iterations is higher than for the one dimensional
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parameter space.

Overall, we can conclude that by our method we are able to reconstruct one
and two dimensional parameters with high precision for reasonably perturbed
data. The computational costs increase significantly when the dimensionality
of the parameter space is increased. Positivity constraints become important
even for the relative low parameter space dimension 2.

14.4.3 Infinite dimensional controls

The reconstruction of the full non-classical cross section from perturbed data
for the scalar flux is the most complex testcase that we consider here. The
computational setup is the same as for the previous testcases, and we use
again a scattering ratio ¢ = 0.5. We choose a discontinuous external source
term with Q(x) = 1 for —1 < 2 < 1, and 0 elsewhere. A desired scalar flux
o(x) is calculated using a Pay approximation, where the underlying path length
distribution is algebraic with different parameters.

For Testcase 1 we choose o = 4, for Testcase 2 we choose a = 5, for Test-
case 3 we choose o = 6, and for Testcase 4 we choose a = 7. For the
reconstructions we we use again a Ps-HLL scheme. The initial guess for ¥;(s)
corresponds to an algebraic distribution with g = a4+ 1. Then we perform 16
independent reconstructions, where the desired scalar flux ¢ is perturbed point-
wise by £5%, and the error that we introduce is again equally distributed. The
gradient based method that we use is an unconstrained quasi-Newton method.

Scalar Flux

(a) Average reconstruction and correct (b) Optimal reconstruction of the scalar
Si(s). flux.

Figure 14.4: Testcase 1: average reconstruction of an algebraic non-classical cross
section with o = 4 (left), and an optimal reconstruction of the scalar flux (right).

Figure 14.4 shows the results for Testcase 1. The average reconstruction of the
non-classical cross section fits the correct one very well over the full s-interval
(Figure 14.4a). A reconstruction of the underlying perturbed scalar flux is
shown in Figure 14.4b, where we observe a very good qualitative fit. In Figure
14.5 we show the corresponding results for Testcase 4. The average of the
reconstructions is again very good for small s, but for decreasing s the non-
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—Average reconstruction T T T T =
d —Periurbed desired state|
— -Correct cross section % (s) —Optimal reconstruction

Scalar Flux

-6 -4 2 0 2 4 6
X

(a) Average reconstruction and correct (b) Optimal reconstruction of the scalar
3i(s). flux.

Figure 14.5: Testcase 4: average reconstruction of an algebraic non-classical cross
section with o = 7 (left), and an optimal reconstruction of the scalar flux (right).

classical cross section is notably underestimated (Figure 14.5a). Qualitatively,
that shows only a small effect in the reconstruction of the scalar flux in Figure
14.5b. Around the origin the reconstruction nicely fits the curve of the scalar
flux, only towards the boundary we note a small discrepancy.

—Average reconsiruction
— -Correct cross section ¥, (s)

0 2 4 6 8 10 12 14 16 18 20

(a) Average reconstruction and correct (b) Average reconstruction and correct
Zi(s) for a = 5. X (s) for a = 6.

Figure 14.6: Testcases 2 and 3: average reconstruction of an algebraic non-classical
cross section with o = 5 (left), and o = 6 (right).

Figure 14.6 shows the reconstructions of the non-classical cross sections for
the Testcases 2 and 3. We again observe a good qualitative fit, although in
Testcase 3 the correct cross section is notably underestimated for larger s.

A summary of the Testcases 1-4 is given in Table 14.3. The average relative
errors (in a [*-sense) to the correct cross section are high at the first sight,
but we see that our results yield qualitatively satisfactory approximations of
the underlying non-classical cross sections, and especially of the perturbed
scalar fluxes. We observe that the number of iterations and gradient evalua-
tions increases as « increases, while the relative absolute error also increases.
Therefore, the increased computational cost for higher exponents a comes to-
gether with a notably loss of accuracy. For smaller values of a we observe
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qualitatively and quantitatively better reconstructions (that was already ob-
served in the previous subsection in Table 14.1). That may be related with a
slower decay of the solutions in these cases, since we integrate over the full s
domain to obtain the gradient.

correct | avg. rel. | avg. # avg. #

@ error iterations | grad. eval.
Testcase 1 4 14.960% 10.688 37.938
Testcase 2 5 18.398% 14.688 40.813
Testcase 3 6 30.781% 18.875 47.750
Testcase 4 7 43.215% 20.438 64.563

Table 14.3: Overview for the reconstruction of the full cross section ¥(s).

We conclude that our method can be used to reconstruct full non-classical
cross sections from perturbed data for the scalar fluxes at a reasonable com-
putational cost. These testcases are relatively close to realistic applications
like the transport of photons in atmospheric clouds, which we have used as
a motivational example throughout this work. Therefore, we expect that the
solution of the parameter estimation problem based on the non-classical trans-
port equation can be successfully applied there in the future.



15 Discrete first order
optimality system

In this chapter we address the paradigms of first-discretize-then-optimize and
first-optimize-then-discretize (also known as DO vs. OD). When we solve
the discretized first order optimality system, there is an underlying discrete
optimization problem that we solve implicitly. If this discrete problem is not an
admissible discretization of the continuous optimality system, we expect that
the resulting gradient is inaccurate. That may lead to a slower convergence or
even incorrect solution of the optimality system. Therefore, we first investigate
the underlying discrete first order optimality system of the Sy-HLL method.
We compare the discretization of the continuous first order optimality system
with the first order optimality system of the discretized minimization problem.
We show that, for the Sy-HLL method, they coincide up to an error of the
order of the discretization error. Treating the collision source term implicitly,
this error can be further reduced. Then we show that these results also hold
for the Py-HLL discretization.

15.1 Consistency of a numerical scheme

We study the simplified parameter estimation problem as introduced in Chap-
ter 11, without regularization term. That means, we consider Equation (6.4)
in slab geometry with isotropic scattering

OV (s, x, 1) + po,V(s, x, 1) + X (s)W (s, z, ) = 0,
U(0,z, 1) / / Yi(s)U(s', 2, p) duds’ + Q(x, ),

being the constraints of the simplified minimization problem

glin Ji(V, %), with

JI(W, %) = / // (s,z, 1) \I/(s,x,,u))zd,udxds,

where WU is known data that we want to fit with our model with a suitable
parameter Y,(s).

In the discrete case, the solution W is a vector with length N - Sy - (2X + 1),

where N is the number of ordinates in the Sy method, S,.. is the number of
discrete points in pseudo-time, and 2X + 1 is the number of spatial points. In

140



15.1. CONSISTENCY OF A NUMERICAL SCHEME 141

the following, we choose the following ordering in the solution vector:

~X,0
O

-X,0
YN o
gt

\I]])\([,Smax
For a fixed pseudo time step and spatial cell, the neigboring entries vary by
the ordinates, for a fixed pseudo time step, the spatial cells are ordered from
—X to X, and from top to the bottom of the vector the pseudo time step
increases. The solution vector ¥ depends on the parameter >;, which is a
vector in the discrete case with entries ¥}, n = 0, ..., Spax. Therefore, the
reduced cost functional which we want to minimize can be written as

max N

F(%,) = %u\p(zt U2 = ZZ Z ;35 (B9 — B2

nl’l/lj——X

with a,,, w;, B; being the weights of a quadrature rule for the integration with
respect to s, u and x. We do not consider regularization terms in this chapter,
since they do not contribute to the question of consistency between the discrete
and the continuous optimality system. For each numerical method that we
consider, W is the solution to the following fixed-point problem

U =AU +¢q
with U as indicated above, the source term ¢ being a vector given by
Q-x
Qx
0

and A is a matrix whose structure depends on the numerical method. Note
that the matrix A and therefore also ¥ depend on the parameter ;. The
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solution can therefore, in theory, be directly calculated as

U=Rq, R=(Id-A)".
where Id is the identity matrix of the same dimension as A. In practice, this
is solved iteratively. Nevertheless, the final solution satisfies the fixed point
equation. The discrete optimization problem then reads

n%in F(%;) wunder (Id-A)¥ =¢q, % >0. (15.1)

In order to derive the first order optimality system, we have to take the deriva-
tive of the cost functional F' with respect to the parameter ;. That yields

oF - ov

= (U(,) - T) - O—

oy, — W) =) O

where C'is a diagonal matrix containing the products of the quadrature weights
(of the form a,w;f;), and

o _10A 0A
Z - (Id-A) 2V = R,
oy, — (4=4) 5o ¥ =T5s

Rearranging this term, we find the discrete first order optimality system from
the necessary condition
oF 0A \T -
(Cov) R (w-0) =0,
0%y

0%y

Introducing an adjoint state vector A, and writing C' = C'; - Cy, with C} being
a diagonal matrix whose entries are the corresponding quadrature weights «,,
we find the forward and adjoint equations to be

U = Rq, (forward equation)
A= RIC(T — D). (adjoint equation)

The adjoint eqation can also be written in fixed point form as
A= ATN+C (¥ — ),

since inverse and transpose interchange and taking the transpose is a linear
operation. We see later on, why the splitting of the matrix C'is important here.
Hence, the discrete adjoint and the discretization of the continuous equation
is consistent if the matrix A" represents the discretization of the continuous
adjoint equation. The missing update equation is then given by the necessary
condition

OF < 0A 0AT
0%,

T
— ) A= = 15.2
Cogss ) A= GA=0, (15.2)

which yields a discretization of the integral of the products of ¥ and A as in
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Chapter 13.

In the following, we use these notations and calculations to show that for the
Sy—HLL method the first order optimality system of the discrete problem
coincides with the discretization of the first order optimality system of the
continuous problem under some mild conditions, up to an error of the order
of the discretization. These results can be then directly carried over to the
Pyn-HLL discretization of the first order optimality system.

15.2 Sy—HLL discretization

The Sy—HLL discretization of the forward equation, as introduced in the
previous Chapter 14, reads as

i A i +Mz i A 7 _ p—t 2A’L + i +E?\DZM:O,
S T Xz
(15.3a)
oo N
P = g SN an S vt + @ (15.3b)
n=0 i=1

where U/ = W(s", 2, j1;) and b = max |p;]. Then, the solution of the forward
equation satisfies the fixed-point equation

U = AV + ¢,

where A is a matrix of the following form:

So Sy Sy ... ... Se._
E, 0 0 ... .. 0
A=|o0o E 0 ... .. 0
0 0 Er ... ... 0
0 0 0 ... Egoix O

The subblocks of A are given by

T 0 0 o w
. 0 T 0 1 eee e N
2 0 0

0 T W ... ... WN
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and, in case of Dirichlet boundary conditions,

EY E! 0 0

E;' EY E! ... 0
0 E' E° E! 0

E, =
0 | - ~ 0
0 E;' E° E!
0 0 E!' E
with diagonal submatrices
As As As
Eg = (1—ASZ?—Z)E) IdeN, Ejn1 = (Eﬂz—i‘bg) IdeNa
As As

E'=(———pu+b-—)Id .
The indexed term p; means that this value varies over the diagonal of these
matrices, i.e. E}(i,i) = —2ip; + b5

In order to be consistent with the discrete first order optimality system, we
need the following additional conditions on the Sy—HLL discretization to be
satisfied.

(1) The quadrature rule for the s—integration is given by the trapezoidal
rule, i.e. the corresponding weights are

A A
oy = 78, ap=As for 1<n<Snax, Qs,... = 78;

(2) For the weights w; in the quadrature rule for the angular variable p we

have
2
Wi == wN =
(3) The source term %;(s)W is discretized implicitly, that means we replace

the term YW/ by SrH W™ iy the first line of the Scheme (15.3).
Assuming this, the following theorem holds.

Theorem 15.1. (Consistency with discrete optimality system)

Under the Assumptions (1)-(3), the solution of the first order optimality system
of the Sy—HLL discretized minimization problem (15.1) and the solution of
the Sx—HLL discretization of the continuous optimality system coincide up to
an error of the order of As.

Proof. From the introductory discussion it is clear that it remains to study
if the transpose matrix A7 yields an admissible discretization of the adjoint
equation, and its derivative with respect to X; an admissible discretization of
the update equation.
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Taking into account Condition (3), the transpose matrix AT has the form

st ET ... ... ... 0

sT D, ET ... :
ar_| S5 0 Dy Ef 7

0 0 Dy 0

P

Smax 0 Smax

where Dn = (—ASZ_?) IdN-(2X+1)><N-(2X+1)7 S’g = Sg+D07 and ETI; = E,?; _Dn
Defining r := ¥ — U, the resulting discrete adjoint equation is

A= AT\ + Cyr.
Line by line, this reads
- , As | . As As. .
AT = — AN 4 (1= b )N o (e + b )N
! SN +( 2A:p) ! +(2A$M+ A:l:) !
As As j+ln+1 | Csn = 3,0 in

=1

Assumption (1) yields «,, = As and Assumption (3) gives w; = w; for =

1,..., N. Then rearranging the terms above gives
)\g’,n—i-l B )\g,n /\g+1,n+1 B )\g—1,n+1 b)\z+1,n+1 B 2/\g,n+1 I /\g’—l,n—O—l
As Hi 2Ax 2Ax
N
j,m C n j j,m
RN = S8 D (@A) + "
=1

which is an admissible Sy—HLL discretization of the adjoint equation. For

n = 0 we have oy = % instead of As, hence that accounts for an error of

O(As). On the other hand, for n = Sp,.x we have

N

, As ¢ ,
7Smax max )
N = T g 2 wiX),

=1

which is again an error of O(As) when we compare with the formal condition
A(00, z, ;1) = 0. Note that often we can assume, that ¥; — 0 as s — oco. That
attenuates this error additionally.

Now we consider the discrete gradient (15.2). The quantity of interest there is
the derivative of the matrix A with respect to the non-classical cross section
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> . We write this componentwise as

since

0 0
AT : 0
o .
= WSVTLF 0 aggDn aggl Z; 0
oy
0
0 0

the subblocks are ordered by pseudo time steps in the matrix A. The

subblocks of this matrix are given by

0

oxp ™ 27" gup

ST = EO& T 0 agnEg =0.
t

DT — _As Idy.c2x+1)xN-(2x+1), and

When we write down the necessary Condition (15.2) line by line, we obtain

For e

aF TOAT C jn i0
oo~ Vo T 50‘";;%5 i ;wi%

— As Z Z wiﬁj\l}g,n/\g,n =0.

J

very 1 < n < Spax we have that «,, = As because of Assumption (1),

hence, we can multiply Equation (15.2) by 1/As and obtain a discretization of
the continuous Gradient (13.3). For n = 0 and n = Spax we have ap = As/2
by Assumption (1), which again accounts for an error of O(As). That finishes

the p

roof.
O]

Remark 15.1. To finish the discussion of the consistency of the Sy—HLL dis-
cretization, we want to point out the following:

(a)

(b)

This result extends to more complicated cost functionals as introduced
in Chapter 11, since the cost functional only effects the external source
term of the adjoint equation.

A generalization to the case of anisotropic scattering is possible as long
as the scattering kernel is symmetric. Then we have T = T7 under
Assumption (2), and the scheme is still consistent.

Assumption (2) is a comparably strong restriction for the discretization
of the angular variable. As we have pointed out in Chapter 7, the dis-
crete ordinates method is equivalent to the Py—method only if Gauss
points (with corresponding weights) are chosen for the angular integra-
tion. Hence, there is a trade-off here between consistency of the numerical
scheme and accuracy of the integration in the angular variable.

Assumption (3) is necessary in order to obtain a correct discretization
of the the second integral in Equation (13.3). It brings the entries that
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depend X; on the diagonal line of A, hence of AT,

(e) Note that our calculation shows, that the quadrature rule for the s—integration
in the initial condition in forward calculation yields the pseudo-time steps
of the the discretized adjoint calculations. That means, that we cannot
use an arbitrary quadrature rule in order to obtain consistency of the
numerical schemes. Hence, assumption (1) cannot be weakened without
a further loss of consistency.

(f) The Assumptions (1)-(3) yield a certain symmetry of the submatrices of
A. Since the s—variable is not symmetric (initial value s = 0 but cut-off
at some Sp.x), we cannot avoid an additional error of the order O(As).

15.3 Py—HLL discretization

In order to analyze the consistency of the Py-HLL discretization, we restrict
ourselves to the analysis of the P, case for reasons of simplicity and clearity.
Everything remains valid for the general case N > 1. We assume again, that
Assumptions (1) and (3) from the previous section hold. Then we denote by
E and F' the zeroth and first angular moment of the underlying distribution
function, and order the discretized vector as follows:

F;max
Then we can write the resulting linear system in fixed-point form as
U = ApyV¥ +gq,

where ¢ is the discretized source term as in the previous section, and Apy has
the following structure:

g() 51 SQ e e Ssmax

Ey, D 0 0
Apy=1| 0 E, D, 0

0 0 FE, . 0

0O 0 0 ESp-1 Dspay
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Here, the subblocks S, and D, are diagonal matrices with

0 0
0 0
_ 0 1

n
Sp = cap Xy

Do o O oo

oo oo
o~o o

and D,, = (—AsXn) Idaax+1)x2(2x+1)- The subblocks E,, on the lower diagonal
have the following tridiagonal form

Hy H; 0 .. ... 0
H, Hy H ... ... 0
E, = 0O H., Hy H 0 ’
0 0 . . . H
0 H_{ H,
with
As As As As As
— A A 1+4 — A
H—IZ(KSA:E fﬁ)? HO:( OAx 1+£)7 Hl:(_SAm _2336)
6Ax 2Ax Az 6Azx 2Ax

We have seen in the proof of Theorem 15.1 that we now need to check, that (a)
AT vields an admissible discretization of the non-classical adjoint equation,
and that (b) the derivative of AL, yields a discretization of the continuous
Gradient (13.3). The discrete adjoint equation without residual term

A= AL\
can be written line by line as

0),n+1 0),n 1),n+1 1),n+1 (0),n+1 0),n+1 0),n+1
AOR g0 0 j0 0 gy0ms 0,

As B 2Ax 2Ax
+EPAD = cmrA

% %

_Aifa
As 3 2Ax 2Azx
+ErA” =0,

where A9 and A(") denote the zeroth and first angular moment of the adjoint
variable . This is the P;-HLL discretization of the non-classical adjoint equa-
tion, where the collision source term is treated implicitly. The residual term
can obviously be included and then shows up on the right-hand side.

Because of Assumption (3) the discretized cross section contributions are only
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found in the submatrices S, and D,,, and it is easy to show that

OF 0AL ~ c
= PP LNC)\ = CA (O A0
oxy axp 2T 2 Szi:ﬁ i

1 .
27+ 1 iy G
0

i j=
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where the notation £ = ¥© and F = ¥® was used, and C, contains the
factors of the Py reconstruction. This is the P;-HLL discretization of Equa-
tion (13.3) without regularization term. At the beginnining and the end of the
s-interval we have additional errors of the order O(As), again. Because of the

tridiagonal form of the Py equations, these results hold for arbitrary V.

Hence, the following theorem holds:

Theorem 15.2. (Consistency with discrete optimality system)

Assuming (1) and (3), the solution of the first order optimality system of
the Px—HLL discretized minimization problem (15.1) and the solution of the
Py—HLL discretization of the continuous optimality system coincide up to an

error of the order of As.
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16 Discussion, conclusion,
and outlook

In this work, we investigate a new and non-classical linear transport equa-
tion for the transport of particles in correlated background media. This work
falls naturally into three parts, where we study the derivation of mathemat-
ical models, the design and analysis of numerical methods, and a parameter
estimation method based on the preceding results. We give a quick summary
of this work:

e In Part I we derive a non-classical transport equation that is capable of
reproducing arbitrary path length distributions, in contrast to the clas-
sical theory. The rigorous mathematical derivation is based on recent
results on the periodic Lorentz gas, and results in a time-dependent ki-
netic equation that has the distance s to the next collision as an additional
independent variable. We discuss generalizations of the resulting equa-
tion, as well as the connection to another recently proposed non-classical
steady state transport equation.

e The scope of Part II is the development and analysis of numerical meth-
ods for this non-classical steady state transport equation. A variation
of a standard finite volume HLL method is developed for moment mod-
els of this equation. In a detailed numerical analysis we show that this
scheme has a number of desirable properties. The naive source iteration
method can be shown to become arbitrary slow in the scattering domi-
nated regime, therefore we adapt an acceleration scheme for the classical
equation based on the diffusion approximation for the non-classical equa-
tion.

e Finally, Part III is devoted to the solution of inverse problems based
on the non-classical steady state transport equation. We formulate the
inverse problem as an optimal control problem, and derive a first or-
der optimality system using a Lagrange formalism. Then we adapt the
numerical schemes developed in Part II to discretize this first order opti-
mality system. We also show that these schemes are consistent with the
underlying discrete optimality system. Numerical solutions of the opti-
mality system can then be obtained using gradient based optimization
methods.

In the following we present a detailed discussion and conclusion of each part in
a separate section. Therefore, we first summarize our results and achievements,
but then also point out open questions and give an outlook on future research
in the corresponding topics.
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16.1 Part I: Mathematical Modeling

In the first part of this work, we present a rigorous derivation of a time-
dependent non-classical transport equation (Equation (4.11)), and establish a
connection to the non-classical steady state equation recently introduced by
Larsen 73] (Equation (6.4)). The derivation is based on recent results on the
periodic Lorentz gas [53, 81|, and holds in the following simplified setting:

e scatterers are fixed on a Cartesian grid,
e we only consider 2 space dimensions, and
e scattering is isotropic.

In this setting we show, that the distribution function of a microscopic parti-
cle game converges in the Boltzmann-Grad limit towards the solution of the
non-classical transport Equation (4.11). The proof heavily relies on an ana-
lytic expression for the distribution of free path lengths in the limit, obtained
by [21, 15, 81]. Nevertheless, this proof is not restricted to the above de-
scribed simplified setting. This is discussed in detail in Section 4.3, where we
suggest that this result holds in arbitrary space dimension, and for general
homogeneous background media. A Monte-Carlo simulation of path length
distributions in the Boltzmann-Grad limit in Chapter 5 underlines this. We
find a number of correlated but homogeneous media that show path length
distributions which clearly deviate from the classical exponential distribution.
The connection to Larsen’s equation, that we establish in Chapter 6, shows
that the non-classical cross section ¥;(s) in this equation is inseparably linked
to the underlying path length distribution, and can therefore be interpreted as
a physical quantity. Finally, the formal extensions of the non-classical trans-
port equation to more general situations, where inhomogeneities or external
source terms are present, indicate that these equations can be applied to model
a number of realistic physical situations, where path length distributions dif-
ferent from the classical exponential occur.

Outlook

We propose that future research regarding the mathematical modeling of non-
classical transport is set to the following open questions and problems.

1. The rigorous derivation of a non-classical transport equation in this work
relied on the periodic setting of scatterers, since we make use of recent
analytic results in this setting. Extensions to general media are carefully
discussed in this work, and underlined by a Monte-Carlo study in several
special cases. But a rigorous derivation in general correlated media is
still lacking. Regarding a solution of this problem, the recent results of
Marklof and Strombergsson [82, 83| are very promising. They extend
the results from the periodic Lorentz gas to a number of more general
crystalline structures.
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2. The number of correlated background media that can be produced using
the Metropolis Monte-Carlo method from Chapter 5 seems to be very
limited. A better, hence more generally valid notion of spatial correla-
tions in the background medium could be based on so-called Lévy point
processes [58]. An analytic relation between the distribution of the point
processes and the underlying path length distributions could help to an-
swer the previous problem 1. Furthermore, the study of path length
distributions in fractal media (deterministic or random) is an interesting
and promising field that is not covered by this work.

3. The numerical investigation in Section 10.2 shows that the decay of the
scalar flux towards the spatial boundary is determined by the underlying
path length distribution. This cannot replace an analytic investigation
of the properties of the solution ¥(s,x, ). In particular, the question of
how the solution decays in the s— and x—variable separately stands out.

4. We rigorously derive a non-classical transport equation in Chapter 4 in
an infinite domain, and without external source terms. The introduction
of source terms and boundary conditions in Chapter 6 is based on formal
arguments, and therefore needs further investigation. The same holds
for the introduction of an additional energy dependence, or non-classical
transport in inhomogeneous media. A rigorous theory that covers all
these effects is still lacking.

5. The diffusion approximation (given by Equation (6.7)) is only valid as
long as the second moment of the path length distribution is finite. In Re-
mark 6.5 we refer to an upcoming paper [43], where a fractional diffusion
approximation is derived for the case of an infinite second moment. But
to establish a closer connection to the theory of anomalous transport,
the mean square displacement should be investigated. In order to do
this, the time-dependent non-classical Equation (6.1) seems to be more
appropriate.

16.2 Part II: Numerical Methods

Because of the reduced complexity, we restrict the development of numerical
methods to the non-classical steady state transport equation (Equation (6.4)).
This equation contains three independent variables: the spatial variable x, the
direction of flight 2, and the path length variable s. The directional variable €2
can be discretized using a direct approach (discrete ordinates), or the method
of moments. We mainly focus on the development of numerical methods for
moment models of Equation (6.4) in this work.

The path length variable s can be interpreted as a pseudo time, hence we can
apply standard finite volume schemes for the discretization in s and x for the
moment models, that are introduced in Chapter 7. We follow the formalism of
Harten, Lax, and van Leer [57] and derive a numerical scheme for the P;, and
the M; model in a diffusive scaling in Chapter 8. By a light modification of
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the numerical diffusion term, we show that the resulting schemes preserve the
correct diffusion limit on a discrete level, in contrast to standard HLL meth-
ods. Furthermore, we show that the schemes preserve the area of admissibility
and realizability, for both an explicit and implicit pseudo time discretization.
In the P, case it is shown that the scheme is L2-stable under a mild CFL
condition. This shows, that the numerical schemes are suited to solve the
non-classical steady state transport equation in diffusive regimes, which is im-
portant in many applications such as transport in atmospheric clouds.

A coupling of the initial value and the full solution in Equation (6.4) strongly
suggests to use an iterative solution method. We show that the naive source
iteration method, which is equivalent to a Richardson iteration, becomes arbi-
trarily slow in the scattering dominated regime. A von Neumann analysis of
the full equation, as well as of the moment models in Chapter 9 shows, that
the contraction rate is determined by the scattering ratio c. Therefore, we in-
troduce a Diffusion Synthetic Acceleration method for the non-classical steady
state transport equation, also in Chapter 9. The residual in each iteration
step is approximated by the diffusion approximation, and used to correct the
current iterate. A von Neumann analysis for this method, again for the full
equation and the corresponding moment models, shows that the contraction
rate is significantly decreased, and depends on the underlying path length dis-
tribution. We calculate contraction rates for different algebraically decaying
path length distributions, and numerical results show a significant speed up of
the iteration method.

Outlook

We propose that future research regarding numerical methods for non-classical
transport equations is set to the following open questions and problems.

1. We present all numerical methods and results in 1D slab geometry. In
order to be applicable to realistic applications, all methods have to be
extended to 2D and 3D. This task poses no other additional problems
than a higher computational complexity, since non of the arguments or
techniques that we use are exclusively restricted to the 1D case.

2. It is known that the Diffusion Synthetic Acceleration method suffers from
numerical instabilities, especially in higher dimensions. Krylov subspace
methods, on the other hand, are known to be more robust and stable, and
they are already successfully used to solve the classical linear Boltzmann
equation [1, 96]. These methods are also applicable for the non-classical
transport equation. A first investigation of Krylov subspace methods
for the non-classical transport equation, using discrete ordinates and a
diamond difference discretization in space, is carried out succesfully in
[93].

3. We consider the AP property of the HLL schemes in Chapter 8 only for
the case when the second moment of the path length distribution exists.
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Therefore, it is an open question if the schemes also preserve a fractional
diffusion limit (as suggested in [43]) for the case (s*) = co. Furthermore,
it is an open question if Diffusion Synthetic Acceleration methods can be
applied based on fractional diffusion approximations.

4. From a numerical point of view, the time-dependent non-classical Equa-
tion (6.1) involves two time variables : the actual time ¢, and the distance
to collision s that serves as a pseudo time. Furthermore, the equation
needs to be solved forward in ¢, and backward in s. Numerical schemes
for this kind of equation need to be developed and analyzed.

5. All numerical schemes that we present in this work are of first order
in space and pseudo time. The development of higher order numerical
schemes should be considered for future work. In [12, 91] a space-time
generalized Riemann problem (GRP) solver of an arbitrary order k with
unrestricted time step was introduced. It provides a polynomial repre-
sentation of the solution of order k with respect to the spatial variable
x, as well as to the time variable. These Sy-GRP schemes seem to be
ideal to solve the non-classical steady state transport equation, especially
because of the unrestricted time step.

16.3 Part III: Parameter Estimation

We present a method to calculate the underlying path length distribution
from measured data for the angular flux, based on the non-classical steady
state transport equation. The s—dependent total cross section ¥,(s) can be
expressed in terms of the path length distribution p(s), and vice versa. There-
fore, the parameter estimation problem can be formulated as an optimal control
problem for cost functionals that depend on the angular flux, with constraints
given by Equation (6.4) (see Chapter 11). We also consider parametrized path
length distributions, where the parameter estimation problem is reduced to
the reconstruction of a finite number of optimal parameters.

We follow a Lagrange formalism to express the gradient of the cost functionals
in terms of the solution of Equation (6.4), and the adjoint variable. By doing
so, we avoid the direct analytical differentiation of the cost functional. There-
fore, we formally derive the adjoint equation of Equation (6.4) in Chapter 12.
The first order optimality system that we obtain in Chapter 13 then yields the
desired gradient. Equipped with this, we can use gradient based optimization
methods to solve the optimal control problem.

The HLL finite volume schemes are adapted for the Sy and Py discretization
of the non-classical equation and the correspondig adjoint equation in Chapter
14. We focus on simplified test functionals and 1D slab geometry cases to verify
and test the numerical methods. Numerical results show that the gradient can
be accurately calculated, and that parametrized and full cross sections can be
reconstructed from perturbed data at a reasonable computational cost. Fur-
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thermore, a numerical analysis in Chapter 15 shows that the discretizations of
the adjoint equation are consistent with the underlying discrete optimization
problem.

All this indicates, that the method proposed in this work is suited to solve real-
istic parameter estimation problems, for example for the transport of photons
in atmospheric clouds. In contrast to recently used reconstruction methods
[48], our method does not suffer from modeling inconsistencies, as the rigorous
derivation of Equation (6.4) shows that any path length distribution can be
reproduced by the non-classical transport equations.

Outlook

We propose that future research regarding parameter estimation based on the
non-classical transport equation is set to the following open questions and
problems.

1. The derivation of the first order optimality system in this work is purely
formal. Therefore, an analytic well posedness result for the regularized
inverse problem is lacking. This includes the development of a rigorous
existence theory for the non-classical transport equation in L?, and in
suitable Banach spaces (such as L'). For the reconstruction of total
and scattering cross sections based on the classical transport equation a
comparable analysis is carried out in [38], and we propose to transfer this
analysis to the non-classical transport equation.

2. The use of a standard Tykhonov regularization is restricted to non-
classical cross sections X;(s) € L*([0,00)). This excludes the case of
classical transport, but also cross sections from path length distributions
that are log-normal. Therefore, a regularization needs to be developed
and analyzed, that is able to cover all relevant types of non-classical cross
sections.

3. Gradient based methods for the solution of the first order optimality sys-
tem need to be investigated in detail. A comparison of different methods,
and a study of the computational performance should be performed.

4. Parameter estimation based on the non-classical transport equation needs
to be applied to realistic test cases in 2D and 3D. For the application to
photon transport in atmospheric clouds suitable data is available (via
I3RC [24]), and the analysis of the transmittance as an exemplary func-
tional of the angular flux also aims at this application.



A Fundamentals of measure and
probability theory

This Appendix is meant to provide the basic notations, definitions and results
of measure and probability theory that are used in this work (mainly in Part
I). All important terms and definitions are emphasized in bold letters. The
notations and the style of presentation heavily rely on the books [40, 41| and
[39, 47]. For the part on stochastic processes we also refer to [55] and [88].
We do not present any proofs in this Appendix. For that we refer to the
aforementioned textbooks.

A.1 Measure theory

We focus on a short and simple introduction of the theory here. We only
present what is used and needed within this piece of work.

Let Q be an (arbitrary) set. A o—algebra F(£2) is a system of subsets of (2
such that the empty set, the full set, and the union, the intersection of two
elements and the complement of any element is again an element of this system.
A measure p on  is now a function p: F(Q) — [0, 00) such that

(a) w(®) =0, (b) w(F)>0 forall FeF, (¢) ullJF)=> uF),

1€EN i€N

for {F;} C F and all F; pairwise disjoint. In most cases that we consider, F(2)
are the Borel sets of €2, which we denote by B(€2). A measure P on  that
additionally satisfies P(£2) = 1 is called a probability measure. We write

,u(A):/ du for Ae F.
A

Special cases of measures that are of importance within this work are the
Lebesgue measure, for that we write du = dx, and the Dirac measure
dp = 0(x — a) dz, that has the property

/5(x—a)dx—1 if and only if a € A.
A

Therefore, the Dirac measure is a probability measure, while the Lebesgue
measure is in general not normalized, and may be unbounded. For each con-
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tinuous and bounded function f € C,()) we write

= [ rwa

and we say that this is the measure of the function f. Oftentimes, a
measures can be written as du = p(x) dx, where p is a continuous function.
Let {P. : & > 0} be a family of and P be a single probability measures on
(Q, F). We say that P. converges weakly to P if

/QfdPg—>/QfdP

for all f € C,(Q2), where this convergence is in the real numbers. We then
write P. — P. If the convergence only holds for all f € C.(Q2), that means for
test functions that have compact support, we say that P. converges weakly*,
and we write P, —* P.

If we allow for negative values of a measure u, that means p : F — R, we
call this a signed measure. The set of all signed measures obviously form a
vector space. The set of all finite signed measures form a Banach space, which
is usually denoted by M(B). This is the dual space of C(2), the space of
continuous and bounded functions on 2. Hence the following theorem applies.

Theorem A.1. (Banach-Alaoglu)

Let X be a Banach space and X* its dual space. Then, the unit ball B* € X*
18 weakly* compact. If X is separable, it is also sequentially compact in the
weak” topology. Hence, every bounded subset of X* has a weak® convergent
subsequence.

Note that C,(2) is a separable Banach space for 2 C R”, hence a bounded set
of measures has a convergent subsequence.

A.2 Probability theory

In the following, we rely on an intuitive understanding of the term probability
and randomness. Let A denote the set of all possible outcomes of a random
experiment. With each outcome (or event) a; € A we associate a number

€ [0,1] such that ). p; = 1. Repeating the experiment a large number of
times, p; is the expected relative frequency of the event a;. We say that "a;
has the probability p;".

Probability spaces and random variables

This concept can be formalized and extended to a continuous set of possible
events as follows. A probability space is a triple (2, F,P), where

Q is the set of events,
F is a 0 — algebra of subsets of (2, and
P is a probability measure on ).
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Here, 2 can be an arbitrary set, and F = F(2) is a o—algebra as defined
above. Given a subset A C , P(A) is then the probability, that the outcome
of our random experiment is an element of A. Note that, if Q2 C R", any single
event has the probability 0, since it is a null set.

On a probability space we can define a random variable. That is a function
X : Q — R such that

{fweQ: X(Q)<z}eF forallzeR

Note that the image of a random variable does not need to be the entire real
line but might be any subset of R. Then, for a random variable X we define its
distribution function as the function F': R — [0,1] with F(z) = P(X <
x). Again, we also allow distribution functions to be defined on any subset of
R. Sometimes, we also use the term distribution function for

F:R—10,1], F(z)=P(X >uz).

Obviously, it holds that F(z) = 1 — F(z). The random variable X is called
continuous, if the underlying distribution function can be expressed as

F(m):/x f(u)du forallz € R

for a measurable function f : R — [0, 00), which is the probability density
(function) of X. If f is smooth enough, then we have F'(z) = f(z).

These concepts naturally extend to arbitrary subsets of R™. In that case we
speak of a random vector instead of a random variable. A random vec-
tor X has a joint distribution function Fy : R™ — [0, 1] such that
Fx(z) = P(X < z) for all x € R". Note that the inequality is to be under-
stood componentwise in this case.

Example 1. In Chapter 4 we treat the distance to the next collision in a ho-
mogenized stochastic medium as a random variable. The probability space
(Q, F,P) in this situation is defined by the following objects. The set of possible
events is 2 = [0, 00), and F () is the set of all Borel sets of [0,00). The prob-
ability measure P is characterized by the probability density. Consequently,
the random variable under consideration is simply the identity X (w) = w and
has the distribution function

g(s) = P(X(s) < 5) = / p(r)dr =1 - / " p(r)dr,

which is a slight variation of the definition given above. Hence, we observe
here that ¢'(s) = —p(s).
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Expectations and conditional expectations

The expectation of a random variable is the average of the possible values of
X. For a continuous random variable X with density function fx this is given
by

BLY) = [ afx()ds

oo

if this integral exists. If X and ¢g(X) are continuous random variables, then
the expectation of g(X) is

Bly(X)] = / " o) fx (@) da.

o

A sequence of random variables {X, },en converges in distribution to a
random variable X, if the probability densities fx, converge weakly to fx

(see definition above). We then write X, 25 X. Therefore, convergence in
distribution holds if and only if

E[f(X,)] — E[f(X)] forevery f € Cy(Q).

Let us now consider a pair of random variables X and Y with distribution
functions F'x and Fy. They are called independent if and only if for their
joint distribution function F(z,y)

F(z,y) = Fx(x)Fy(y) forall z,y eR
holds. This is equivalent to

f(@,y) = fx(@)fy(y) forall z,y€R,

where f(x,y) is the joint probability density of X and Y. Also, for a sufficiently
smooth function g : R? — R we have that

E[g(X,Y)] 2/_00 /_OO g(r,y) f(x,y) de dy.

Note that this implies that the expectation is a linear operator on random
variables, i.e E[aX + bY| = aE[X] + bE[Y] for all a,b € R. The conditional
expectation of Y given X is defined as

o

E[Y | X = 1] = / yfvix(y | ©)dy.

—0o0

Here, fy|x(y | «) is the conditional density function defined as

_ [z
fY\X(y | .I’) - fX(x) :
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Hence, for two independent random variables X and Y we have fyx(y | ) =
fv(y). The conditional distribution function is defined in analogy. The condi-
tional expectation has the important property, that E[E[Y | X]] = E[Y]. This
means especially that

BY| - [ TBY | X)fx (@) de.

o0

Stochastic processes

A stochastic process X is a family {X; : ¢ € T'} of random variable indexed
by some set T. Within this work, we always set 7" = [0, 00) and we think of ¢
as being the time. That especially means, that we only consider continuous-
time processes. The set of possible outcomes of X is called phase space in
this context. A special and very important case are the so-called Markov
processes, that are also called Markov chains. A process X satisfies the
Markov property, if

]P(th :j ’ th — ’il, PN 7th—1 — in—l) — P(th :] ‘th—l — Z'n_1>

for all j,4q,...,1,_1 € Q and any sequence t; < ty < --- < t,, of times. That
means, that the current state of the process at time ¢, only depends on the
previous time ¢,,_; and is therefore independent of the others. We also say that
the process has no memory. Let Xy = x be the initial state of the stochastic
process. Then the entire set X;(z) is called a trajectory of X.

Example 2. We turn again to Chapter 4, where we describe the transport of
a particle in a homogenized stochastic medium. The Markov process there is
vector valued, i.e it has three components (X3, €, S;), where X; is the position
in space, ); the direction of flight and .S; the distance to the next collision. The
initial setting (X, Q, Sp) can be treated deterministic (given by a fixed triple
(x,€,s)) or stochastic (in this case the initial setting is given by a probability
density ¢o(x, €2, s)). Each component is a function of the two random variables
w and 7, where w indicates the new direction of flight and 7 the distance to
collision after a collision event. These two random variables are independent of
each other and are also independent of the past collision events. Furthermore,
they do not depend on time. Hence, this process is Markovian in the phase
space R? x S x [0,00), since its evolution in time only depends on the last
collision event, and the evolution between two collision events is deterministic.
It is a well-known fact, that the reduced process (X3, €);) is Markovian in the
phase-space R? x S! if and only if the distribution function of 7 is an expo-
nential. Furthermore, the process X; alone is not Markovian. The method of
extending the phase space in order to gain the Markov property of a stochastic
process is sometimes referred to as Markovian extension or Markovian-
ization [88|.

Let X;(z),t > 0 be a Markov process, where X;(x) denotes that Xy = x. We
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define the corresponding Kolmogorov operator P, by

(FPi¢)(z) = E[p(Xi(2))],
for every bounded and continuous ¢ € Cy(R). For all t,s > 0, P, has the
semigroup property, meaning
PtJrs(b = PtPS¢

It is also obvious, that P, is a linear operator, and (Py¢)(z) = ¢(x) holds,
hence, Py = Id. Consider the function u(z,t) = (P,¢)(z). Then u(z,t) satisfies
the initial value problem

Owu(z,t) = Lu(x,t), u(x,0)=¢(x), (A.1)

where L is another operator, which is called the infinitesimal generator of P,.
We do not want to go into the details of semigroup theory here. Note only,
that £ is in general a differential operator acting on a suitable (function) space.
Equation (A.1) is called the backwards Kolmogorov equation. It governs
the evolution of an observable

u(z,t) = Elp(Xy(2))] = E[p(X,)[Xo = 2].

We can define the corresponding adjoint semigroup P, which acts on probabil-
ity measures. The operators P, and P; are adjoint in the following L*-sense:

[ Pt duta) = [ ote)drin o)

Define j; := P/ u. The equation satisfied by p; is

Oy = L7y, o = [

This equation is called the forward Kolmogorov or Fokker-Planck equa-
tion of X. Assuming that p; can be written as pu; = p(y,t)dy and p(y,0) =
po(y) the equation reads

oip(y,t) = Lp(y,t), p(y,0) = po(y).

If the initial state Xy = x is deterministic, the initial condition becomes py(y) =
d(y — z). The solution of the forward Kolmogorov equation describes the
evolution of the probability density of X, or the evolution of states. In
other words, y; is the law of X;. Coming back to the backward Kolmogorov
equation, the solutions are connected as

ula, t) = BI3(X,)| X = 2] = / o(2)p(t, y: ) dy.
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Furthermore, due to the adjoint nature of the equations, we have

/qﬁdut = /P@d,uo.

/ S(@)p(t, z) dr = / w(w, po(x) dz = / El6(X,(2)po(z) dz.  (A.2)

Therefore, we can write

This can also be seen as a stochastic version of the characteristics formula.

Example 3. We revisit Chapter 4 for a last time. The stochastic process
(X¢, Q, Sy) has the Markov property, as we have seen above. Let ¢ = ¢(z, 2, s)
be an observable of the process. The corresponding Kolmogorov operator is
then

Pp(x,Q,8) = O(t,x,Q,s) := E[o((Xy, U, Si)(x,Q, 9))].

From the explicit knowledge of the trajectories of the process we can then
show, that ®(t,z, 2, s) satisfies the non-classical equation

0P (t,x, 8, s) — QV@ths)+8(I>(t:l:Qs)—O
O(t,z,0,0) = // O(t,z,0,s)dQds,
®(0,2,90,s) = quQs

Hence, the corresponding infinitesimal operator L is given by

Lo =OV,0— 0y + (s // s)¢dQds.

Since this is a linear partial differential equation, the adjoint operator can be
calculated by multiplying with a test function and partially integrating. Let
the density of the process at time ¢ > 0 be p;(z,€,s). The adjoint operator
L* then acts on u; by

'C*H’t(xa Qa 3) = aslut(x7 Q7 S) - vaut(‘rv Qv S) + p(S) / [Lt(ZE, Q’ O) d€2.
g1

Consequently, the corresponding forward Kolmogorov or Fokker-Planck equa-
tion of the Markov process (X, €2, S;) is given by

at:ut($7 Q7 S) + va,ut(xv Qv 8) - aSILLt(x7 Q) S) = p(S) / Mt(xa Q? 0) an
S1
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with initial density po(x,€,s). Equation (A.2) then reads

///IR?x51XR+ E[p((Xt, Q4 Sp) (2, Q, 5))|po(x, Q, 5) ds dQ dx =

/// Oz, Q, s) (2,82, s) ds dQ2 dz.
R2x 1 xR
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