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Zusammenfassung

Die Untersuchung der Multiskalen-Dynamik kortikaler Netzwerke ist ein wesent-
licher Schritt zum Verstdndnis der Funktionsweise des Gehirns. Moderne Multi-
elektrodentechnologie ermdglicht die Ableitung von massiv-parallelen Hirnsignalen
auf der Ebene von Aktionspotentialen (Spikes) und lokalen Feldpotentialen (LFPs).
Beide Signale sind verwandt und zeigen die Hirndynamik auf verschiedenen raum-
lichen Skalen. Wahrend Aktionspotentiale die Aktivitdt einzelner Nervenzellen dar-
stellen, ist das LFP ein grofiflichiges Summensignal mit Beitrdgen von Tausenden
oder gar Millionen von Neuronen. Sowohl die Spikes einzelner Zellen als auch das
LFP resultieren aus der koordinierten Aktivitat vieler Neuronen in komplexen Netz-
werken. Diese Aktivitdt ist sowohl durch die Verbindungsstruktur als auch durch
die intrinsische Dynamik der einzelnen Zellen bestimmt.

Die vorliegende Arbeit beruht auf einem konnektionistischen Ansatz fiir die mathe-
matische Modellierung von Spike-Aktivitdt und LFPs. Eine formale Reduktion von
Nervenzellen auf einfache Berechnungseinheiten erlaubt die Fragestellung, welche
Aspekte von experimentell beobachtbarer Aktivitdt sich aus deren Zusammenschal-
tung ergeben. Im Fokus steht die Untersuchung von korrelierten Fluktuationen in
Netzwerken, die grundlegende Eigenschaften von Verbindungsstrukturen des Ge-
hirns aufweisen. Diese Netzwerke bestehen aus exzitatorischen und inhibitorischen
Neuronen, welche jeweils die Aktivitdt von Hunderten bis Tausenden von anderen
Neuronen des Netzwerks als Eingangssignal empfangen und verarbeiten. Ein Gleich-
gewicht von Exzitation und Inhibition in solchen Netzwerken resultiert in einer
Aktivitdt der Neurone, die durch Fluktuationen im Eingangssignal bestimmt ist.
Molekularfeldtheorien nutzen dies und ndhern letzteres als ein effektives Feld mit
Gaufsscher Statistik um die Aktivitdt und Korrelationen auf der Ebene von Populatio-
nen von Neuronen zu beschreiben. Diese Arbeit geht iiber die Populationsbeschrei-
bung und die Approximation des Gaufischen Eingangssignals hinaus und erweitert
die angewandte Molekularfeldtheorie um Korrekturen, die aus der endlichen Netz-
werkgrofle resultieren. Diese Korrekturen erkldren die experimentell beobachtete
Statistik der Korrelationen, insbesondere deren Mittelwert und Varianz iiber Neu-
ronenpaare. Als Ausgangspunkt dafiir dient ein zuféllig verbundenes Netzwerk
aus Ising Spins, welches ein klassisches Modell fiir kollektive Phdnomene in un-
geordneten Systemen darstellt. Es folgt die Herleitung von dquivalenten raten-
basierten Netzwerkmodellen, welche mit Funktional-Methoden aus der statistischen
Physik und Feldtheorie analysiert werden. Zur Validierung der theoretischen Reduk-
tion Spike-basierter auf ratenbasierte Neuronenbeschreibungen wird eine Methode
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hergeleitet, welche die effiziente Integration von ratenbasierter Dynamik in einen
Spike-basierten Netzwerk Simulator erlaubt. Diese schafft die Grundvoraussetzung
tiir die Entwicklung von Multiskalen-Modellen von Hirnaktivitét, die beide Beschrei-
bungsebenen beinhalten. Den Abschluss der Arbeit bildet ein Modell eines bes-
timmten balancierten Netzwerks, des kortikalen Mikroschaltkreises, welches hier der
Fragestellung dient, wie sich mikroskopische Dynamik fiir spontane und stimulierte
Aktivitat im LFP widerspiegelt. Das Modell dient desweiteren zur Illustration eines
Hybrid-Schemas zur Modellierung von LFPs aus Netzwerken von Spike-basierten
Punkt-Neuronen und dessen Implementation im frei verfiigbaren Software-Paket
hybridLFPy. Zusammenfassend verbindet diese Arbeit molekularfeldtheoretische
Methoden mit Vorwéartsmodellen um eine Briicke zwischen mikroskopischer und
mesoskopischer Hirnaktivitdt zu schlagen und Modellvorhersagen zu machen fiir in
Experimenten zunehmend messbare Aspekte kortikaler Dynamik auf verschiedenen
Skalen.



Summary

There is broad consent that understanding the brain’s function relies on the invest-
igation of the multi-scale dynamics of cortical networks. Rapidly advancing multi-
electrode technology for recordings of extracellular brain activity allows monitoring
of massively parallel spiking activity and local field potentials (LFPs). Both signals
are related, in fact, they show brain dynamics on different spatial scales. While the
spiking activity represents the output signal of individual neurons, the LFP is a spa-
tially coarse-grained population measure with contributions from thousands up to
millions of cells. The spike output as well as the LFP largely result from coordinated
activity between neurons in complex networks. This activity is determined by the
structure in network connections as well as intrinsic single-neuron dynamics.

Proper understanding of the spiking activity and the LFP in recurrent networks re-
quires mathematical modeling. In this thesis, we employ a connectionist model-
ing approach by regarding neurons as simplified computational units, and inves-
tigate which features of experimentally observed activity arise from the connectiv-
ity between such units. In particular, we concentrate on correlated fluctuations as
arising in networks which fulfill the basic features of brain connectivity, that is, we
consider networks of excitatory and inhibitory neurons, each receiving inputs from
hundreds to thousands of other neurons in the network. In this setting, a balance
between excitation and inhibition causes activity which is driven by fluctuations in
the total input. Mean-field theories have employed this fact and approximated the
input by effective Gaussians to explain activity and correlations on the level of neur-
onal populations. Here, we go beyond the population level and the approximation
of Gaussian input by extending the applied mean-field theory to finite-size correc-
tions that capture the experimentally observed first- and second-order statistics of
correlations across neurons. Starting from randomly coupled Ising spins which con-
stitute the classical model of collective phenomena in disordered systems, we derive
equivalent networks of rate-based models, which can be analyzed using functional
methods from statistical physics and field theory. In order to validate mean-field
theoretical mappings between spiking and rate-based descriptions of neurons, and
to foster the development of multi-scale models of brain activity combining both,
we provide a simulation framework to efficiently integrate rate-based neuron dy-
namics in a spiking network simulator. Finally, we discuss a particular type of bal-
anced network, the cortical microcircuit, and show how the microscopic dynamics
for spontaneous and evoked activity are reflected in the LFP. Thereby we illustrate a
generally applicable hybrid scheme for modeling local field potentials from spiking
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point-neuron networks which we derive and implement in the open-source software
package hybridLFPy. In conclusion, this thesis combines mean-field theoretical and
forward-modeling methods to build a bridge between microscopic and mesoscopic
brain activity and derive model predictions for cortical dynamics that become in-
creasingly accessible in experiments.
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Introduction






The cerebral cortex is an interacting many-body system with a complex structural ar-
chitecture and strong diversity in the dynamics of its constituents (Abeles, 1991; Con-
nors & Gutnick, 1990; Braitenberg & Schiiz, 1998; Gibson et al., 1999). The interplay
between structure and dynamics gives rise to collective behavior on various spatio-
temporal scales which underlies many functions of the brain such as perception,
learning, language, and motor initiation (Arbib et al., 1998; Bressler & Kelso, 2001;
Jirsa, 2004; Gerstner et al., 2014; Wang & Kennedy, 2016). Understanding coordinated
brain dynamics in the healthy brain proves useful for technological applications such
as brain-machine interfaces (Nicolas-Alonso & Gomez-Gil, 2012) and artificial intel-
ligence (Haykin, 2009), and is a prerequisite to comprehend brain diseases (Holt &
Netoff, 2013).

Anatomical and electrophysiological studies reveal a hierarchical organization of
cortex (Abeles, 1991), from subcellular structures, single cells, small circuits up to
whole cortical areas (Fig. 1). Each scale relates to neuroscience data, from subcellular
patch-clamp recordings, single-unit and multi-unit spiking activity (EAP), voltage-
sensitive dye (VSD) and calcium imaging, local field potentials (LFP) to functional
magnetic resonance imaging (fMRI), the electroencephalogram (EEG), and the mag-
netoencephalogram (MEG) (Brette & Destexhe, 2012). These signals show complex
dynamics, such as synchronizations (Torre et al., 2016), oscillations (Cabral et al.,
2014) and waves (Rubino et al., 2006). Their characterization typically rests on the
quantification of correlations which aims at an interpretation of interactions of neural
systems on the respective scale.

It is widely believed that the primary information exchange in cortex is given by
discrete events between nerve cells (neurons) via anatomical connections (synapses).
These events are electric pulses called action potentials (spikes). The cell membrane of
neurons acts as an electrical insulator which creates a difference in electrical potential
between the intracellular and extracellular space, the membrane potential. Spikes are
generated as large excursions of the membrane potential at the soma or axon hillock,
propagated along the axon and translated into chemical signals at synapses via re-
lease of neurotransmitters. At the postsynaptic terminal of the chemical synapses,
the neurotransmitters cause a deflection of the membrane potential which is propa-
gated along the dendrites to the soma where the cell integrates signals from many
of these events to finally fire an action potential if the membrane gets sufficiently
depolarized (Fig. 2). Sequences of spike events of a single neuron are referred to as
spike trains, the frequency of spike events as the firing rate.

In addition to this interaction mediated by chemical synapses, there is evidence for
direct electrical synapses (gap junctions) between neurons in cortex (Fukuda, 2007).
While gap junctions are the main communication means between a second type of
brain cells (glial cells) that are involved in plasticity and homeostatic processes (Amiri
et al., 2012; De Pitta et al., 2016), their role for cortical neurons is less clear. Gap junc-
tions between dendrites are mostly attributed a modulatory effect in synchronizing
the neuronal dynamics in pathological cortical network states (Jefferys, 1995; Dere &
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Figure 1: Multi-scale structure of cortex and measurement modalities. A Top: bio-
logical structures at different spatial scales (horizontal axis). Bottom: spatial (hori-
zontal axis) and temporal resolution (vertical axis) of different measurement modalit-
ies of brain activity. Intracellular electric potentials (postsynaptic potentials, synaptic
currents, action potentials) are measured with patch-clamp (PC) or sharp electrode
recordings. Extracellular electric potentials are measured inside the cortical tissue
(extracellular action potentials: EAP, local field potential: LFP), on the brain surface
(electrocorticography: ECoG) or at the scalp (electroencephalography: EEG). Non-
electric signals include the calcium concentration (Calcium Imaging), the luminance
of voltage-sensitive dyes (VSD), magnetic fields (Magnetoencephalography: MEG) or
the blood-oxygen-level-dependent (BOLD) signal in functional magnetic-resonance
imaging (fMRI). B Sketch of electrode arrays in the cortical tissue (Implant LFP), at
the brain surface (ECoG) or the scalp (EEG) with time traces of the respective signals
(for details on measurement locations see Obien et al. (2015)). C Sketch of intracel-
lular recording using sharp electrode and extracellular recording with time traces
of intracellular potential (Intracellular), raw extracellular potential (LFP+EAP) and
high-frequency component of extracelluar potential (EAP) (for details on measure-
ment locations see Obien et al. (2015)). Figure panel A adapted with permission from
Mascaro et al. (2015); Preuss & Coleman (2002); DeFelipe (2011), B and C adapted
with permission from Obien et al. (2015).



Zlomuzica, 2011). Axo-axonal gap junctions, that are electrical synapses between the
axons of different neurons, could potentially cause fast and strong coupling indepen-
dent of somatic integration of inputs (Schmitz et al., 2001). The existence and extent
of such coupling in cortex, however, remains unclear (Feldmeyer & Liibke, 2010).

An additional coupling between neurons arises from the signal propagation along
axons, dendrites and synapses which involves ionic and capacitive currents across
the membrane. These currents generate electric and magnetic fields that influence
the dynamics of other cells on short time scales (Anastassiou et al., 2011). The ex-
tent of such ephaptic couplings between neurons under physiological activity is still
debated (Jefferys, 1995; Anastassiou et al., 2010), and mostly assumed to be a weak
global perturbation in comparison to direct communications via spikes (Frohlich &
McCormick, 2010). Furthermore, at longer time scales, diffusion of ions and activity-
associated chemical cotransmitters (neuromodulation) in the extracellular medium lead
to non-local feedback between larger groups of neurons (Halnes et al., 2013; Katz &
Frost, 1996).

In this thesis, we only consider physiological neuronal activity in cortex at short
time scales and therefore focus on spike interactions between neurons. The single-
cell level can then be regarded as the lowest level where information is exchanged.
All other measures of cortical activity follow as epiphenomena that are determined
by the spiking activity of the network. Full knowledge of the spikes of all neurons
would therefore allow to determine any other brain signals using forward models
(Einevoll et al., 2013).

Cortical networks can be represented as directed graphs of dynamical nodes and
weighted edges representing neurons and anatomical connections, respectively. The
nodes are embedded in physical space and interactions are delayed due to signal
transmission times (Thomson & Bannister, 2003). In general, connections are plastic
with changes related to learning (Konorski, 1948; Hebb, 1949). In this thesis, we,
however, restrict ourselves to study static networks. The multi-scale organization of
cortex is reflected by clusters in the graph on various levels which result from the
dynamical properties of nodes, their spatial arrangement and the patterns of con-
nections. While there is large heterogeneity in the dynamics of nodes (Connors &
Gutnick, 1990), there is a striking classification of neurons based on their outgoing
connections given by Dale’s law which states that neurons either excite or inhibit all
of their targets (Eccles et al., 1954). While the majority of neurons (roughly 80%) in
cortex is excitatory (Braitenberg & Schiiz, 1991), a balance between excitation and
inhibition in cortical networks has been observed experimentally (Haider et al., 2006;
Dehghani et al., 2016). Cortical connectomics further reveal a preference of con-
nections between cells of similar spatial locations. This leads to a clustering of the
network graph which reflects the laminar, lateral and areal organization of cortex
(Potjans & Diesmann, 2014; Senk et al., 2015; Schmidt et al., 2016a; Wang & Kennedy,
2016).
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Figure 2: Information transfer within and between neurons in spike communica-
tion. Left: illustration of neuron (black morphology from Mainen & Sejnowski 1996)
receiving synaptic input which gets propagated to the soma and transformed into
output spikes that propagate along axons to synapses of postsynaptic targets. Mid-
dle: cascade of input-to-output conversion of single neurons. Right: simplification of
neuron as connectionist information processing unit with predefined input-to-output
conversion ¢. Figure idea based on Marino (1994) and McLeod et al. (1998).

Computational models at different scales aim at understanding the fundamental
mechanisms of neural processes and their relation to neuroscience data. While mi-
croscopic models consider the dynamics of individual neurons embedded in com-
plex networks, mesoscopic and macroscopic models focus on the emergent coarse-
grained dynamics as resulting from effective interactions between clusters of neurons
in small circuits, cortical columns or even whole cortical regions (Deco et al., 2008).
Top-down modeling approaches thereby impose a desired function on a neural sys-
tem and infer how the system needs to be organized such that this function can
be implemented with biologically-grounded components (Griffiths et al., 2010). In
contrast, bottom-up approaches define the dynamics of the neural constituents and
let collective phenomena underlying functions emerge from their complex interplay
(McClelland et al., 2010). While both modeling approaches are critical in integrating
theory and experiments, this thesis focuses on the bottom-up approach (Rumelhart
et al., 1986). Considering individual neurons with biologically-grounded, but simpli-
fied dynamics as the basic units, we assess which features in experimental data on
the microscopic and mesoscopic scale can be explained as arising from the network
structure.



Neuron models

In a connectionist modeling approach (Hebb, 1949; Rumelhart et al., 1986; McLeod
et al., 1998), neurons are considered to be simple computational units which receive
inputs, integrate information and produce output (Fig. 2). Since spikes are brief
events with rather fixed waveforms (Fee et al., 1996), neurons essentially have two
different states in terms of their output, the active state when a spike is elicited and
the inactive state when no spike is generated. The biophysics of neurons which
determines the dynamics that lead to transitions between these two states is approx-
imated differently in a variety of neuron models (Gerstner & Kistler, 2002).

A simple neuron model is the stochastic binary neuron (Hinton & Sejnowski, 1983;
van Vreeswijk & Sompolinsky, 1996). The binary states of neurons are updated asyn-
chronously with transition probabilities determined by the activity of presynaptic
neurons at the time of the random updates. The resulting Markovian network dy-
namics, called Glauber dynamics (Glauber, 1963), has originally been proposed for
the Ising model of spins, and later successfully employed in neuroscience (Ginzburg
& Sompolinsky, 1994; van Vreeswijk & Sompolinsky, 1996; Renart et al., 2010). A
detailed description of the model is given in Chap. 1.

More biologically realistic neuron models derive spike times from the dynamics of
the somatic membrane potential, which, in turn, is determined by synaptic inputs
and the intrinsic cell dynamics as derived from the biophysics of the synapse and
the membrane (Hille, 1992; Koch, 1999). Biologically detailed models, such as the
Hodgkin-Huxley neuron model (Hodgkin & Huxley, 1952), consider the dynamics of
specific ion channels through gating variables which determine conductances in anal-
ogous electrical circuits. The resulting membrane dynamics, which follows from the
law of current conservation in these circuits containing capacitances, leak resistances,
as well as sodium (Na"), potassium (K*), chloride (C17), and calcium (Ca*) conduc-
tances, generates action potentials of realistic waveform.

An intermediate level of complexity is obtained by linearization of the channel dy-
namics around the equilibrium potential, or Nernst potential, which is obtained in
the absence of synaptic input (Abbott & Kepler, 1990). The resulting leaky integrate-
and-fire neuron model (LIF, Lapicque (1907); Stein (1967)) has linear subthreshold dy-
namics and relies on an artificial threshold at which spikes are elicited and the mem-
brane potential is reset to a lower value. Spike after-depolarization is often modeled
as a refractory period in which the membrane potential is clamped to a fixed value
below threshold. Details of this model are given in Tab. 5.1. A summary of other
neuron models can be found, for example, in Gerstner & Kistler (2002), Izhikevich
(2004) or Gerstner & Naud (2009). Synaptic inputs are generally modeled as changes
in currents or conductances (see e.g. Burkitt, 2006). While current-based synapse
models have a fixed temporal activation pattern following input spikes, the shape
of the current response in conductance-based synapse models depends on the mem-
brane potential. This dependence causes nonlinear interactions between inputs, even
for models with linear membrane dynamics.



The above mentioned neuron models assume an isopotential membrane and thereby
neglect the spatial aspects of neuronal morphologies, effectively describing neu-
rons as points in space (point-neuron models). Despite their simplicity, point-neuron-
network models explain a variety of salient features of neural activity observed in
vivo, such as spike-train irregularity (Softky & Koch, 1993; van Vreeswijk & Sompolin-
sky, 1996; Amit & Brunel, 1997; Shadlen & Newsome, 1998), membrane-potential
fluctuations (Destexhe & Paré, 1999), asynchronous firing (Ecker et al., 2010; Renart
et al., 2010; Ostojic, 2014; Brunel, 2000), correlations in neural activity (Gentet et al.,
2010; Okun & Lampl, 2008; Helias et al., 2013), self-sustained activity (Ohbayashi
et al., 2003; Kriener et al., 2014), rate distributions across neurons (Griffith & Horn,
1966; Koch & Fuster, 1989; Roxin et al., 2011) and across laminar populations (Potjans
& Diesmann, 2014), as well as resting state activity (Deco & Jirsa, 2012). Point-neuron
networks are amenable to mathematical analysis (see, e.g., Brunel (2000); Deco et al.
(2008); Tetzlaff et al. (2012); Helias et al. (2013); de Kamps (2013); Bos et al. (2015);
Schuecker et al. (2015)) and can be efficiently evaluated numerically (Plesser et al.,
2007; Brette et al., 2007; Helias et al., 2012; Kunkel et al., 2014). Modeling large-scale
neural-network dynamics with individual spiking neurons is challenging due to the
memory required to represent the large number of synapses. With current tech-
nology and using the largest supercomputers available today, simulations of neural
networks comprising up to 10° neurons and 10'® synapses (roughly corresponding to
the size of a cat brain) are feasible for point-neuron models (Diesmann, 2013; Kunkel
et al., 2014).

An alternative modeling approach focuses more on the level of individual biophys-
ically detailed cells (Segev et al., 1989). The dynamics within specific subcellular
domains can be integrated using neuronal cable theory for multicompartment-neuron
models (Rall, 1964), where the morphology is divided into small compartments, each
modeled as an electrical circuit with nearest-neighbor resistive coupling (Fig. 3). In
the continuous limit of infinitesimal compartment size, the dynamics is governed by
the cable equation, which is a one dimensional diffusion equation (see e.g. De Schut-
ter & Van Geit, 2009). The discretized models allow the incorporation of specific
ion channel concentrations across the morphology and take into account the filtering
properties of dendrites (Lindén et al., 2010). Similarly to the linearization of con-
ductances from the Hodgkin-Huxley model to the leaky integrate-and-fire model,
the dynamics of each compartment can be approximated. Passive dendrites thereby
refer to fully linear dynamics. Active dendrites consider nonlinear dynamics arising
from variable ion channel conductances. Multicompartment-neuron models have
been used, for example, to study dendritic computation (London & Hausser, 2005;
Hay et al,, 2011) and information processing in single cells (Poirazi & Mel, 2001;
Poirazi, 2009), as well as in network studies (Reimann et al., 2013; Migliore et al., 2014;
Markram et al., 2015) and studies of extracellular potentials (see below). The increase
in model complexity, however, comes with certain disadvantages. The mechanisms
governing networks of biophysically detailed multicompartment model neurons are
less accessible to theoretical analysis and these models are more prone to overfitting.
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Figure 3: Illustration of the cable and forward-modeling formalism. In
multicompartment-neuron modeling, the neuronal morphology (gray) is divided into
small compartments (black rectangles) which are represented by electrical circuits
that are connected in parallel. For passive dendrites, these circuits are composed
of capacitances generating capacitive transmembrane currents, as well as conduct-
ances and voltage sources connected in series, which mimic leak currents across the
membrane and reversal potentials, respectively. In the forward-modeling scheme of
extracellular potentials, the sum of all transmembrane currents in each compartment
n is weighted with the inverse of the distance |r - r,| to an extracellular electrode
at position r (blue dot) to predict the LFP ¢. Figure adapted with permission from
Lindén et al. (2014).

Due to the increase in dynamical variables per neuron, existing multicompartment-
neuron-network models accounting for realistic cell morphologies are restricted to
sizes of ~ 10*-10° neurons (Hines et al., 2008; Markram et al., 2015).

Forward modeling of meso-scale observables

Recent advances in electrode technology in combination with spike-sorting algo-
rithms allow the inference of single-unit spiking activity from extracellular record-
ings (Buzsaki, 2004). The latter can be performed with multi-electrodes that measure
extracellular potentials at different spatial locations. Prominent examples are linear
multi-electrodes inserted perpendicular to the brain surface to record activity from
all layers of cortex, or two-dimensional arrays that record signals from multiple loca-
tions in the lateral direction (Fig. 4). Implantations of these multi-electrodes are more
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stable than intracellular recordings, which record the membrane potential from in-
dividual neurons. Modern “Utah” electrode arrays (Blackrock Microsystems, Salt
Lake City, UT, USA) allow detection of spike events in the high-frequency compo-
nent (2 500 Hz) of the extracellular potential and wave-form based sorting into spike
trains of up to hundreds of neurons (Rossant et al., 2016). However, the result is
still a massive undersampling of the neural activity of the hundred thousands up to
millions of neurons that form the network in the tissue surrounding the electrodes.

The local field potential (LFP), the low-frequency component (5 500 Hz) of the extra-
cellular potential recorded in the brain, has also been commonly used as a measure
of neuronal activity (Buzsédki et al.,, 2012; Einevoll et al., 2013). The LFP mainly
originates from transmembrane currents across dendrites and somas (Nicholson &
Freeman, 1975), and at the single-cell level the biophysical origin of such extracellu-
lar potentials is well understood (see, e.g., Buzséki et al. (2012); Einevoll et al. (2013)
and Chap. 5). Biophysically plausible LFP models (Einevoll et al., 2007; Pettersen
et al., 2008; Lindén et al., 2010) employ a forward-modeling scheme based on vol-
ume conduction theory (Rall & Shepherd, 1968; Holt & Koch, 1999) that allows to
predict LFPs from transmembrane currents of multicompartment-neuron models in
response to spike input (see e.g. Lindén et al., 2014). This formalism has also been
used for predictions of extracellular signatures of spikes (Holt & Koch, 1999; Gold
et al., 2006, 2007; Schomburg et al., 2012; Reimann et al., 2013). In particular, the
spatial reach of the high-frequency components of the extracellular potential was
shown to be a few tens of micrometers (Pettersen & Einevoll, 2008) explaining the
large subsampling of spike data in multi-electrode recordings. In contrast and in line
with experimental findings (Kajikawa & Schroeder, 2011), the LFP, the low-frequency
components, was shown to extend to several millimeters, depending on the amount
of correlations in the spiking activity (Lindén et al., 2011; Leski et al., 2013). This
renders the LFP a mesoscopic signal. Similar forward models have been developed
for other mesoscopic measurements, such as the ECoG and EEG (Nunez & Ramesh,
2006), the MEG (Hamaéldinen et al., 1993), and the VSD (Chemla & Chavane, 2010).

Despite the forward-modeling scheme, the interpretation of the LFP remains difficult
due to the large number of neurons contributing to the recorded signal. In cortex,
the thousands or even millions of neurons near the recording electrode form micro-
circuits, that are multi-layered networks of excitatory and inhibitory neuron pop-
ulations, which are considered to be the basic computational circuits in the cortex
(Douglas et al., 1989; Douglas & Martin, 2004). Moreover, the LFP reflects synaptic
input also generated by remote populations, e.g., inputs from other cortical or sub-
cortical areas in addition to local network interactions (Herreras et al., 2015). The LFP
is therefore a meso-scale measure of the dynamics of microcircuits and their directed
interaction with other cortical regions.
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Figure 4: Microscopic and mesoscopic brain activity. Top: spiking activity (raster
plot) of 155 neurons mostly located in layer 5 of macaque motor cortex (M1) and
recorded with a 100-electrode “Utah” array (Blackrock Microsystems, Salt Lake City,
UT, USA; left panel) with 400 ym interelectrode distance, covering an area of 4 x 4
mm?. Data from T =400 ms after trial start (TS) of a reach-to-grasp task (Riehle et al.,
2013, subsession: i140703-001) with rather stationary spiking statistics as shown by
the population activity (gray horizontal histogram), which is obtained as the summed
and binned spike train of all neurons in 16ms bins. Spike counts within T = 400 ms
show large variability across neurons (black vertical histogram) and trials (only one
trial is shown). Spike-count covariances across trials (right panel) are widely distrib-
uted with mean close to zero. Picture of Utah array adapted with permission from
Riehle et al. (2013). Bottom: local field potential across layers in macaque primary
visual cortex (V1) recorded with laminar multielectrode. The depth-resolved LFP
shows strong coherence across channels and varying spectral properties across lay-
ers. Bottom part of figure adapted with permission from Maier et al. (2010).
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Mean-field theory for meso-scale dynamics

The interpretation of meso-scale activity measures relies on the understanding of
the collective behavior of the large number of neurons contributing to these signals.
Mean-field theory abstracts from the level of single-unit dynamics to a statistical de-
scription in terms of ensembles in order to simplify analytically intractable problems
by approximating the statistics of inputs to neurons. Typically ensembles refer to
neurons with similar properties defining neuronal populations such that the theory
captures the population-averaged activity (see e.g. Sompolinsky et al., 1988; Brunel,
2000).

Mean-field theory originates from the theory of ferromagnets developed by Curie
and Weiss. A ferromagnet is modeled as an infinite spin lattice with nearest-neighbor
coupling (Fig. 5). All sites on the lattice therefore have the same properties and,
hence, the same statistics of dynamics. The theory of Curie and Weiss is termed
mean-field theory because the magnetic field that each spin experiences as a super-
position of spins of neighboring sites is approximated by its mean, thus neglecting
fluctuations. In the framework of statistical mechanics, this formally amounts to a
saddle-point approximation of an auxiliary field which corresponds to the magnetic
tield discussed above (Negele & Orland, 1998).

Neuronal network models, much like spin glasses (Fischer & Hertz, 1991a), are gen-
eralizations of this model of a ferromagnet (Fig. 5). Despite disorder in connections,
neurons in the same populations receive input with similar statistics. The variabil-
ity of the latter can be formally captured by employing an ensemble average over
realizations of the disordered connectivity (Sherrington & Kirkpatrick, 1975). In this
ensemble description, a neuron receives input from presynaptic activities of con-
nected neurons arising from the mean connectivity and its variability, respectively.
For Gaussian connectivity statistics, this formally gives rise to definitions of two aux-
iliary fields, with the first one corresponding to the auxiliary field of the ordered
system and the second one corresponding to fluctuations in the input induced by
variability in connections (Sompolinsky & Zippelius, 1981, 1982). The saddle-point
approximation of the latter therefore captures fluctuations in the input. In this ap-
proximation, the coupled network dynamics is reduced to the effective dynamics
of a single unit that is exposed to a Gaussian input field whose statistics has to be
determined self-consistently. The dynamics of this single unit then represents the
population-averaged activity. This result can be intuitively understood using central-
limit theorem arguments based on the superposition of a large number of weakly-
correlated inputs (Ginzburg & Sompolinsky, 1994; van Vreeswijk & Sompolinsky,
1996; Renart et al., 2010).

Spin-glass mean-field techniques have been applied to networks of artificial neurons
with activities characterized by rate variables which can be interpreted as the in-
stantaneous firing probability of the neurons (Sompolinsky et al., 1988; Stern et al.,
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Figure 5: Mean-field theory. Left: ordered spin lattice with nearest neighbor cou-
pling. Right: disordered spin glass or neuronal network with sparse directed con-
nections. In both systems, the magnetic field or input / at a particular site is approx-
imated by its expectation which is given by the average (nonlinearly transformed)
activities of connected units.

2014; Kadmon & Sompolinsky, 2015; Aljadeff et al., 2015; Goedeke et al., 2016). Such
rate-based models can be described using field-theoretic methods analogous to spin
glasses (see Chap. 2 for a detailed review). More recent developments further derive
consistent mean-field theories and generalizations including fluctuations for neural
networks with Markovian dynamics (Buice & Cowan, 2007; Buice et al., 2010) and
networks of phase oscillators (Hildebrand et al., 2007). While some spiking neu-
ron models, such as the quadratic integrate-and-fire model, can be mapped to phase
oscillators in specific dynamic regimes (Buice & Chow, 2013), to date there is no
systematic field-theoretic framework for general spiking neuron models.

Heuristic mean-field approaches to spiking-neuron dynamics are based on rewriting
dynamical equations in terms of the input variables instead of the membrane po-
tential (see Bressloff, 2012, and references therein). A closure of equations is then
achieved by a spatio-temporal coarse-graining, i.e. by considering the lumped activ-
ity of nearby neurons which receive temporally coarse-grained activity. Incoming
spike trains are thereby replaced with the instantaneous firing rate of neurons and
fluctuations arising from the discrete nature of inputs are neglected (see e.g. Ermen-
trout & Terman, 2010). This procedure works only well for slow synapses, i.e. for
strong low-pass filtering of incoming spike trains and the resulting effective mod-
els are referred to as neural mass or neural field models (Wilson & Cowan, 1972a;
Knight, 1972; Wilson & Cowan, 1973; Amari, 1972, 1977). In general, however, syn-
aptic dynamics cannot be considered slow with respect to the membrane dynamics
(Destexhe et al., 2003), and for fast synapses, exact timing of spikes becomes increas-
ingly important.

A more systematic approach to approximate the statistics of inputs in spiking models
is given by density methods (see e.g. Deco et al., 2008; Bressloff, 2012; Gerstner &
Kistler, 2002, and references therein). The description of the system in terms of
dynamical equations is given up for a statistical description for the states of neurons
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(Abbott & van Vreeswijk, 1993; Brunel & Hakim, 1999). While this is possible for both
deterministic and stochastic dynamics, closed equations for the temporal evolution
of the density often rely on an ensemble description beyond single realizations of the
system.

For spiking neurons with deterministic update, as e.g. the LIF model, and synaptic
weights scaling as [;; ~ 1/ VN, the temporal evolution for the membrane-potential
density is described by a partial differential equation, the Fokker-Planck equation
(Risken, 1996; Amit & Brunel, 1997; Brunel & Hakim, 1999). While the intrinsic
neural dynamics and the mean input to the neuron are captured by a ’drift’ term,
fluctuations in the input as arising from the spiking nature and the disordered con-
nectivity give rise to a ’diffusion” term (Brunel & Hakim, 1999). The stochastic dif-
ferential equation which corresponds to the Fokker-Planck equation is the Langevin
equation (Risken, 1996). It describes the effective subthreshold dynamics where the
input to the neuron is replaced by a Gaussian noise. Mean-field approximations,
for the incoming spiking statistics are needed in order to determine the drift and
diffusion term. Assuming the input to neurons is given by uncorrelated Poisson
processes, both terms follow from the average firing rate of the presynaptic neuron
populations (Brunel & Sergi, 1998). A self-consistent solution for the latter follows
from the boundary condition of the Fokker-Planck equation: the probability flux at
threshold contains the spiking nature of the interactions and determines the firing
rate (Siegert, 1951; Fourcaud & Brunel, 2002).

The Fokker-Planck theory in combination with the mean-field approximation above
goes beyond replacing the input to neurons by its mean and takes into account Gaus-
sian fluctuations. It is thus conceptually similar to the mean-field approach employed
in the context of rate-based models (Sompolinsky et al., 1988; Goedeke et al., 2016),
where the fluctuations of the input are replaced by their expectation in the saddle-
point approximation. For a scaling of synaptic weights J;; ~ 1/N, the diffusion term
in the Fokker-Planck equation vanishes in the thermodynamic limit N - co such that
fluctuations become irrelevant for the macroscopic dynamics of the network. In this
limit and for special choices of networks, such as fully-connected networks of quad-
ratic integrate-and-fire neurons or phase oscillators, the dynamics are restricted to a
subdomain of the phase space called the Otts-Antonsen manifold (Montbrié et al.,
2015).

The Fokker-Planck theory is closely related to renewal theory, which is based on a re-
fractory density instead of a membrane-potential density (Gerstner & van Hemmen,
1992; Gerstner & Kistler, 2002). Both formalisms have been the starting point for
heuristic derivations of effective meso-scale dynamics. Stochastic rate-based models
and generalizations to neural fields (Bressloff, 2012) have been motivated based on
fluctuations around the stationary state firing rate. A decomposition of the Fokker-
Planck operator into eigenmodes leads to decoupled equations for decaying oscil-
latory modes of the population activity (Mattia & Del Guidice, 2002). Neural mass
models can be derived from the Fokker-Planck equation by replacing the probability
density with a point mass (Deco et al., 2008).
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Generalizations of this methodology have been used in the derivation of neural field
models. The simulation of these effective rate models relies on the exchange of con-
tinuous variables instead of discrete spike events. A plethora of models furthermore
considers instantaneous interactions between units. Time-discrete coupling between
neurons decouples the neuronal dynamics of different neurons in between spike
events which allows an efficient parallelization of simulations. An efficient frame-
work for both rate-based and spike-based models therefore poses new challenges to
simulation technology (see Chap. 4).

Despite the available density formalism, current mean-field approaches for spik-
ing neurons rely on ad-hoc assumptions such as uncorrelated Poisson statistics of
spike trains or homogeneity within populations. Effective models for meso-scale
dynamics therefore lack a consistent treatment of microscopic fluctuations and cor-
relations. Population signals such as the LFP, however, strongly depend on correl-
ations between contributing neurons (Tetzlaff et al., 2008). The understanding of
the local field potential therefore requires a two-step procedure, the characterization
of correlations in the spiking activity and a translation of spikes to LFPs using a
forward-modeling scheme.

The inclusion of correlations into mean-field approaches for spiking activity has so
far been performed in a semi-systematic manner. The auto-correlation function of
the population activity can be obtained by a weakly nonlinear stability analysis of
the stationary state (Brunel & Hakim, 1999). It contains the population-averaged
cross-correlations which has also been obtained using linear-response theory around
the stationary state (Lindner et al., 2005; Schuecker et al., 2015). The resulting ex-
pressions have been used to determine the effect of network motifs on the over-
all correlation structure (Pernice et al., 2011; Trousdale et al., 2012), the origin of
population-averaged correlations (Helias et al., 2014) , their suppression by inhibitory
feedback (Tetzlaff et al., 2012; Helias et al., 2013), and the emergence of oscillations
in complicated circuits (Bos et al., 2015).

On the conceptual level, the correlation structure between the linear-response modes
can be interpreted as resulting from a set of coupled Ornstein-Uhlenbeck processes
with output noise (Tetzlaff et al., 2012). On the population level, the same cor-
relation structure with output noise replaced by input noise was shown to hold
for networks of stochastic binary neurons (Grytskyy et al., 2013b). The mean-field
theoretical Gaussian approximation of the input therefore provides a unified view
on population-averaged correlations in large recurrent networks of different neuron
models.

Focus of this study

This thesis contributes to the understanding of neural-network dynamics at the mi-
croscopic and mesoscopic scale in terms of theory, modeling and simulation (Fig. 6).
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We extend current mean-field theoretical methods to capture the network dynamics
and correlations on the level of individual cells, develop an efficient framework for
simulations of rate-based single-neuron or population models in a spiking network
simulator, and combine the established forward-modeling scheme for local field po-
tentials with network dynamics of a cortical microcircuit model to study the relation
between the LFP and the underlying spiking network dynamics.

Assuming that neurons solely communicate via spikes, the LFP follows as an epiphe-
nomenon that can be derived using forward models. In order to understand the local
field potential as measured for example with a laminar multielectrode in a cortical
column of macaque primary visual cortex (Fig. 4) as well as its origin, one has to
understand the concerted activity between individual neurons as arising in balanced
networks such as the cortical microcircuit. While previous theoretical studies in-
vestigated the stationary state firing rates (Schuecker et al., 2016) and the origin of
oscillations in this circuit (Bos et al., 2015), we here focus on the correlation structure
between individual neurons in such balanced networks. Motivated by the unified
description of population-averaged correlations (Grytskyy et al., 2013b), we employ
a connectionist modeling approach and study the emergent dynamics on the level
of single-unit activities and LFPs resulting from the complex structure in network
connections between simplified neurons.

In Chap. 1, we study correlations in networks of binary neurons which constitute
the classical model of collective phenomena in disordered systems (Dahmen et al.,
2016a). Previous approaches are restricted to describe population-averaged corre-
lations (Ginzburg & Sompolinsky, 1994; van Vreeswijk & Sompolinsky, 1996; Buice
et al., 2010; Renart et al., 2010). The theoretical derivation furthermore relies on
the assumption of weak couplings and heuristic central limit theorem arguments
for replacing the input to neurons with a Gaussian field. We extend these exist-
ing mean-field approaches by deriving a systematic cumulant hierarchy which goes
beyond the Gaussian approximation and recovers previous approaches as specific
truncations. We derive self-consistency equations for pairwise-covariances between
individual neurons in the Gaussian approximation for arbitrary network structures
and coupling strengths. The solution of the equations reveals the equivalence of bi-
nary networks in the fluctuation driven regime to networks of Ornstein-Uhlenbeck
processes. We thereby show that the networks of binary neurons are equivalent to
coupled Ornstein-Uhlenbeck processes not only with respect to population-averaged
correlations, but also on the level of correlations between individual neuron pairs.

In Chap. 2, we review mean-field methods for rate-based models including Ornstein-
Uhlenbeck processes and nonlinear generalizations (Schuecker et al., 2016; Dahmen
et al., 2016b) and present the derivation of the effective single-unit dynamics follow-
ing from saddle-point approximations of auxiliary fields that was the basis for the
seminal work of Sompolinsky et al. (1988) and more recent follow-up studies (Stern
et al., 2014; Aljadeff et al., 2015; Kadmon & Sompolinsky, 2015) on chaotic dynam-
ics in random networks. In the saddle-point approximation, neurons are decoupled
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and cross-correlations therefore vanish. For the example of linear dynamics, we take
into account finite-size effects that lead to fully symmetric systems instead of decou-
pled neurons after the ensemble average. These systems exhibit cross-correlations
between neurons. We extend mean-field approximations to fluctuations of saddle-
points through their source dependence. The latter dependence, which has been
ignored in previous works, generates non-trivial fourth-order cumulants of activity,
a second type of finite-size effect that is shown in the subsequent chapter to be crucial
for capturing the heterogeneity across neurons.

In Chap. 3, Ornstein-Uhlenbeck processes are interpreted as linear-response modes
of single-unit activity and their fourth-order cumulants are related to the experi-
mentally observed dispersion of covariances (Dahmen et al., 2016b). Previous works
could explain the low mean correlations in infinitely large networks (Renart et al.,
2010) or in finite-size networks (Tetzlaff et al., 2012; Helias et al., 2014) as resulting
from inhibitory feedback. The origin of the large dispersion of covariances (Fig. 4)
was unclear, but mainly attributed to measurement noise (Ecker et al., 2010). By de-
riving relations between the statistics of connections and the statistics of covariances,
we show that the latter are not an artifact, but provide insights into the properties of
the underlying network structure and its operational regime. Applying the theory
to experimental data of macaque motor cortex suggests an operation of the network
close to a critical point. By relating the statistics of covariances to fourth moments
of activity, we show that the extended mean-field theory goes beyond self-averaging
and explains the meta-statistics of activity.

In Chap. 4, we describe a framework to integrate rate-based neuron dynamics in
a simulator that is optimized for delayed spiking interactions (Hahne et al., 2016,
2017). The common simulation platform enables numerical validation of mean-field
theories relating spike-based and rate-based dynamics and is the basis for multi-scale
modeling approaches combining both levels of descriptions in a joint network model.
The possibly instantaneous coupling between rate-based neurons is made compati-
ble with the communication infrastructure of delayed spike events by employing the
infrastructure for an iterative numerical solution scheme that was previously devel-
oped for gap-junction interactions in simulations of spiking networks (Hahne et al.,
2015). This simulation framework preserves the decoupling of neuronal dynamics
on a coarse time grid and thereby enhances parallelization and scaling behavior of
the employed numerical solution schemes. Application of the methods is illustrated
with a set of well-known network models from the neuroscientific literature.

In Chap. 5, we consider the mesoscopic reflection of large-scale network activity and
describe a hybrid scheme for modeling local field potentials from point-neuron net-
works and its implementation in the hybridLFPy software package (Hagen et al.,
2016). This methodology allows the validation of point-neuron network models in
terms of experimentally accessible measures, such as the LFP. While previous at-
tempts for conceptual reasons or limited performance of multicompartment-neuron
simulations focused on the LFP as resulting from single neurons or small networks,
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the current framework combines the efficiency of point-neuron network simulations
with the biophysical principles of LFP generation and can therefore be used to inves-
tigate the origin of LFPs in terms of the spiking dynamics of the underlying large-
scale networks.

In Chap. 6, we apply the hybrid scheme to a model of a cortical microcircuit to gen-
erate the spiking activity and LFP in a cortical column (Hagen et al., 2016). The
microcircuit model has realistic cell density, but highly simplified neuron dynamics
(LIF) and therefore focuses on the effect of the connectivity on the local network
dynamics and LFP in such circuits. Despite this simplicity, the model displays fea-
tures of spiking activity and LFP across populations and cortical layers in agreement
with experimental observations. We further demonstrate the strong dependence of
the LFP on the network state, which is determined by spike-train correlations on the
microscopic scale. Furthermore, we derive the need for full-scale LFP simulations.
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Figure 6: Structure of this thesis. This thesis focuses on the micro- and mesoscale
dynamics of cortical networks. As an example, we develop a model for the spik-
ing activity and LFPs in a cortical column (Chap. 6). The model builds on a hybrid
scheme that translates spiking activity in point-neuron networks into extracellular
potentials using populations of multicompartment-neuron models (Chap. 5). This
scheme allows model predictions for experimental data and enables model valida-
tions on both spatial scales. The complex dynamics of point-neuron networks is
amenable to mean-field theoretical methods. We assess correlated fluctuations in
single realizations of networks composed of binary model neurons (Chap. 1), derive
functional methods for ensembles of rate-based neural network models (Chap. 2),
and combine these two works to explain the large dispersion of experimentally ob-
served covariances across pairs of neurons (see Fig. 4) in terms of the operational
regime of the network (Chap. 3). A framework for rate-based dynamics in a spik-
ing neural network simulator (Chap. 4) allows numerical validation of the mapping
between spiking and rate-based neuron models and forms the basis for future devel-
opments of multi-scale models combining spike- and rate-based descriptions.
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Chapter 1

Correlated fluctuations in strongly
coupled binary networks beyond
equilibrium

This chapter is based on the following publication:

Dahmen D, Bos H and Helias M (2016) Correlated Fluctuations in Strongly Coupled Binary Networks Beyond
Equilibrium, Phys. Rev. X 6, 031024.

Preliminary results have been published in Dahmen et al. (2016b).
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24 Correlated fluctuations in strongly coupled binary networks beyond equilibrium

1.1 Introduction

Understanding collective phenomena arising from the interactions in a many-body
system is the challenging subject of many-particle physics. The characterization of
the emerging states typically rests on the quantification of correlations (Binney et al.,
1992). Among the simplest classical models is the Ising (binary) model (Ising, 1925),
or Glauber dynamics (Glauber, 1963) in its kinetic formulation. While for symmet-
ric random couplings (Sherrington & Kirkpatrick, 1975) these systems are within
the realm of equilibrium statistical mechanics (Thouless et al., 1977), the asymmet-
ric kinetic Ising model (Hertz et al., 1986; Derrida, 1987; Crisanti & Sompolinsky,
1987), even in the stationary state, does not reach thermodynamic equilibrium. In
their Markovian formulation (Kelly, 1979) these processes are studied in the field of
nonequilibrium stochastic thermodynamics (for review see Seifert, 2012, chapter 6).
The methods derived in these fields have proven useful in a variety of disciplines,
including computer science, biology, artificial intelligence, social sciences, and eco-
nomics (see e.g. Mézard et al., 1987; Nishimori, 2001; Barrat et al., 2008; Castellano
et al., 2009; Stein & Newman, 2013; Sornette, 2014, and references therein).

Neuronal networks of the central nervous system are prominent examples of nonequi-
librium systems due to Dale’s principle (Eccles et al., 1954; Li & Dayan, 1999), which
states that a neuron either excites or inhibits all its targets. The correlations between
the activities of nerve cells are functionally important (Cohen & Kohn, 2011): They
influence the representation of information in population signals depending on the
readout in either a detrimental (Zohary et al., 1994) or beneficial (Shamir & Sompolin-
sky, 2001) manner, their time-dependent modulations are linked to behavior (Kilavik
et al., 2009), and they determine the influence of neuronal activity on synaptic plas-
ticity (Markram et al., 1997; Bi & Poo, 1998; Morrison et al., 2008), the biophysical
mechanism underlying learning. In the case of binary units (Ising spins), knowl-
edge of pairwise covariances, moreover, proves useful for sampling-based inference
(reviewed in Fiser et al., 2010) as they constitute the next order in the systematic ex-
pansion of the joint probability distribution beyond independence (cf. Glauber, 1963,

eq. (22)).

Dynamic mean-field theory (Sompolinsky & Zippelius, 1981, 1982; Sompolinsky et al.,
1988; Cugliandolo & Kurchan, 1993; Aljadeff et al., 2015; Kadmon & Sompolinsky,
2015) in the N — oo limit effectively reduces the many-body problem of a network
comprised of a large number of units to a single particle interacting with a self-
consistently determined field, but neglects the cross-covariances of activities between
units. Ginzburg & Sompolinsky (1994) introduced pairwise correlations to the de-
scription of weakly coupled systems and Renart et al. (2010) extended the analysis to
strongly coupled units in the large-N limit. Both approaches are, however, limited to
averaged pairwise correlations. Similarly, approximate master equations for binary-
state dynamics on complex networks, as recently discussed in context of the pair
approximation by Gleeson (2011, 2013), are restricted to global dynamics in infinite
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networks. For self-averaging observables, Coolen et al. (1996) presented a systematic
approach to derive closed equations of motion, which, however, are only valid in the
limit N — oo.

In this chapter, we derive a systematic cumulant expansion yielding an analytical
description of correlations between the activities of individual pairs of units, which
goes beyond averaged pairwise correlations (Ginzburg & Sompolinsky, 1994; Buice
et al., 2010; Renart et al., 2010) and is applicable to a single realization of an asymmet-
ric (directed) network. The framework links the coupling structure to the emerging
correlated activity and describes the first- and second-order statistics for single units
and pairs of units in a large, but finite, network of possibly strongly interacting ele-
ments. The analytical expressions predict a distribution of pairwise correlations with
a small mean but large standard deviation, as observed experimentally (Ecker et al.,
2010) in neural tissue and yet not explained theoretically. Moreover, the framework
can be employed to infer the couplings between the units from the observed corre-
lated activity, also termed the inverse problem (Aertsen & Preifsl, 1990; Zeng et al.,
2011; Mézard & Sakellariou, 2011; Tyrcha & Hertz, 2013).

In particular, we show that a Gaussian truncation of the presented cumulant hier-
archy already yields good predictions for individual mean activities and pairwise
correlations. Taking into account the subset of third-order cumulants that for binary
variables can be expressed by lower-order ones, improves the prediction significantly.
This finding demonstrates that the second-order statistics suffices to capture the ma-
jor features of the collective dynamics arising in random binary networks, even when
the coupling is strong. Our approach consistently takes into account the network-
generated fluctuations in the marginal statistics of the input to each unit in a similar
spirit as the seminal work by van Vreeswijk & Sompolinsky (1996). This approach ex-
poses peculiar features of networks of binary threshold units. For a fixed number of
incoming connections to each unit, mean-field theory predicts their averaged activi-
ties to be identical. Here, we show how distributed mean activities arise solely from
the correlations emerging in the network. Units with a hard activation threshold ren-
der covariances independent of synaptic amplitudes J: If all incoming connections
as well as the threshold of a unit are changed proportionally, the mean activity and
correlations are maintained. Hence, scaling the threshold appropriately, it is impos-
sible to increase the influence of one unit on another by larger coupling amplitudes.
This finding questions the customary division into strong (J o< N ’%) and weak cou-
pling (J < N ‘1) in such systems. Here, we show, in addition, that a network with
hard threshold units implements the strongest possible coupling between stochastic
binary units.

The independence of covariances with respect to coupling strengths implies that the
latter cannot be reconstructed from the knowledge of the activity alone. However,
together the amplitude and slope of covariance functions at zero time lag uniquely
determine a linearized effective coupling strength between units. A linear approxi-
mation of the dynamics of fluctuations around the stationary state leads to a modified
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Lyapunov equation. Decomposing the fluctuations into characteristic eigenmodes of
the network shows that, to linear order, the kinetic binary network is equivalent
to a system of coupled Ornstein-Uhlenbeck processes (Uhlenbeck & Ornstein, 1930;
Risken, 1996).

1.2 First and second moments of the joint probability distri-
bution

Here, we consider the classical network model of stochastic binary units, and denote
the activity of unit k as n(t) being either 0 or 1, where 1 indicates the active and 0 the
inactive state (see e.g. Willshaw et al., 1969; Amari, 1975; Hertz et al., 1991; Ginzburg
& Sompolinsky, 1994; van Vreeswijk & Sompolinsky, 1996; Buice et al., 2010; Renart
et al., 2010; Gleeson, 2011, 2013). Since we may interpret a unit as representing
an individual neuron, we use the terms “unit” and “neuron” interchangeably. The
model neurons show transitions at random points in time between the two states
0 and 1 controlled by transition probabilities. The state of the network of N such
units is described by a binary vector n = (n1,...,ny) € {0,1}" that at each time point
assumes one of the 2V possible states. Using an asynchronous update (Rumelhart
et al., 1986), in each infinitesimal interval [t,t + dt) each unit in the network has the
probability %5t to be chosen for an update (Hopfield, 1982), where T is the time
constant of the dynamics. An equivalent implementation draws the time points of
update independently for all units. For a particular unit, the sequence of update
points has exponentially distributed intervals with mean duration 7, i.e. the update
times form a Poisson process with rate T-!. We employ the latter implementation
in the globally time-driven (Hanuschkin et al., 2010) spiking simulator NEST (Eppler
et al., 2015) as described in Grytskyy et al. (2013b, Appendix), and use a discrete time
resolution 4t = 0.1 ms for the intervals. The stochastic update constitutes a source of
noise in the system. Given that the kth neuron is selected for update, the probability
to end in the active state (11; = 1) is determined by the activation function F(n) which
depends on the activity n of all units i that are connected to neuron k via couplings
Jki- The probability to end in the inactive state (1; = 0) is given by 1 - F(n).

The stochastic system at time f is completely determined by its probability distribu-
tion p(n,t). The time evolution of the two-point distribution p(n,t,q,s) (describing
the probability that the system was in state q at time s and is in state n at time t)
obeys - because of the Markov property - the same master equation (see Eq. (A.1) in
Sec. A.1) as p(n,t). Using the definitions of the first moment and the equal time as
well as the two time point second moments,
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(me(t)) = Y p(nt)m, (1.1)
(me(Hm(8)) = > p(n,t)meny,
(m(Hm(s)) = Y p(n,t,q,s)maq,
nq

one obtains a set of differential equations for the first and second moments (Ginzburg
& Sompolinsky, 1994; Buice et al., 2010; Renart et al., 2010; Helias et al., 2014), which
reads (for completeness, in the Appendix we included their derivation in Eq. (A.4))

T%(”k(t» = —(m () + (F(n(t))), (1.2)
=2(ne(8) i (£)) + (Fe(n(t)) my (£)) + (Fr(n(8)) mi(8)),

kel T (m(Dm(n)
(1) mi(s)) + (Fen(8)) m(s)),

t>s T%(nk(t)nl(S»

where the expectation value () defined in Eq. (1.1) can be interpreted as an aver-
age over realizations of the random dynamics. Note that the second line does not
hold for k = I, but becomes the first line because of (n?) = (1) =: my. The third line
becomes the second line for ¢t — s. These equations are identical to eqgs. (3.4)-(3.7)
in Ginzburg & Sompolinsky (1994), to egs. (3.12) and (3.13) in Buice et al. (2010),
and to eqs. (18)-(22) in Renart et al. (2010, Supplementary material). The works by
Ginzburg & Sompolinsky (1994) and Renart et al. (2010) considered the second-order
statistics averaged over many pairs of neurons, i.e. (n,ng) = ﬁNﬁ Yieajep(ninj). These

averages are closely related to the population-averaged activities 1,(t) = NL,X Yica Ni(1)
and can therefore be treated by population-averaging mean-field methods. While
the methodology in Buice et al. (2010) is general, the authors consider interacting
populations of neurons. Here, we go beyond the population-level description and
consider second-order statistics of individual pairs for a particular coupling matrix J,
a setting which is beyond the disorder-averaged description of self-averaging observ-
ables (Coolen et al., 1996). In particular, we are interested in the stationary statistics
of the mean activities of individual units and their zero time lag pairwise covariances
cr = (ne(£)ny(£)) — (nx(t))(n;(t)), which can be deduced from Eq. (1.2)

my = (F(n)),

i {%<Fk<n>nz>+%<F1<n>nk>—mkml kel

my(1 - my) k=1 (13)

Ckl

We now assume a standard form for the activation function between neurons given
by
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F(n) = f(h(n)), (1.4)
N
he =Y, Jkinis
ia

where the gain function Fi(n) = f(h(n)) depends on the state of the network only
via the summed and weighted scalar activity h;. In systems with symmetric cou-
plings Ji; = Jix and activation function f = tanh, this choice describes a system with
a Hamiltonian, which is quadratic in the state variables and whose stationary distri-
bution is of Boltzmann form. Instead, here we study general (nonsymmetric) cou-
plings and arbitrary gain functions f. However, for concreteness, when comparing
the analytical predictions to numerical results, we choose f(hy) = H (hy —6), where
H(x) =1 forx >0 and O else is the Heaviside function. Intermediate results also
hold for arbitrary gain functions f. If the distribution of /; was known, the expecta-
tion value (Fy) could be directly calculated.

1.3 Gaussian approximation

We aim at a self-consistent equation for the N values of the first moments and the
N(N -1) values of the second moments of the activity variables (1.3). We note that
van Vreeswijk & Sompolinsky (1996) and Renart et al. (2010) invoke the central-limit
theorem to justify the assumption that the local field /; typically follows a Gaussian
distribution N (pi,07) with cumulants px and ¢f. These cumulants are related to
cumulants of the activity variables n via

pe = () = Jii(ni) = (Jm)y, (1.5)
o = (hi)_‘”%:ZIki]kj((”i”j)‘(”i)(”j))
i
= (0C1)

with the vector of mean activities m; = (n;) and the covariance matrix c;; = (n;n;) -
(n;){n;), which contains c;; = (n;)(1-(n;)) on the diagonal. In the seminal work
by van Vreeswijk & Sompolinsky (1998), the influence of the cross-covariances on
the variance in the input to a neuron was neglected. Instead, only the dominant
contribution, given by the variances c;; of the single neurons on the diagonal, was
taken into account, leading to the expression (7,? =3 ],%imi(l —m;). The additional
dependence of 07 on the off-diagonal elements (1.5) is important for the distribution
of mean activities, as we will show in the following. We note that because of the
marginal binary statistics of n;, it follows that (n?) = (n;), illustrating that the second
moment is uniquely determined by the first moment. We exploit this property in
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the subsequent sections by expressing a subset of higher-order cumulants in terms
of lower-order ones. Using the central-limit theorem, as outlined above, leads to

my = (F(n))

1R

[ HE-0) N (.7, x) dx L6)

1 -0
= —erfc (—Vk— .
2 \/EO’k
To enable the extension to further corrections, we now aim at a more systematic

calculation of expectation values containing the gain function. Using the Fourier
representation f(x) = % [ dw f(w) exp (iw x) of the gain function f we obtain

1 o0 2 N
B = o [ dwfw) (exp(aw) ;kanj» 1)
= n

_ % [ dew f(w) fexp (@) h(n))),,

where we inserted the definition of /i (1.4) in the second line. Defining the vector
t with elements #; = iw];, the expectation value in the first line of the previous
expression has the form (exp(t-n)),, which is the definition of the characteristic
function or moment generating function

pu() = (e")n (1.8)
> p(n)e™

ne{0,1}N
exp (Pn(t))

of the joint distribution of the binary variables p(n) (Gardiner, 1985, p. 32), which can
also be expressed by the cumulant generating function ®,(t). Note that for compact-
ness of notation we omitted the index k for t. The Taylor expansion of ®,(t) explicitly
introduces a cumulant hierarchy showing that cumulants of activity variables n; at
all orders contribute to (F(n)). If we neglect cumulants higher than order two, thus
effectively approximating the binary states as correlated Gaussian variables, we use
the corresponding quadratic cumulant generating function

1
q)n(t) = Z mit; + E Z Cl']‘ titj (19)
i i,j

and obtain

1R

(Fe(n))n i [: dw f(w) exp (Z m;t; + % Zcij tz-t]-)
i i,j

i % [: dw f(w) exp (i‘kiw * %Uz? (iw)z) : (1.10)
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Figure 1.1: Consistent Gaussian approximation for the mean activity and covari-
ance matrix in a random network of binary neurons. (a) Theoretical prediction of
mean activities (1.15) versus simulation results (black: excitatory, gray: inhibitory).
The diagonal is indicated by the dashed line. Lower inset: mean activity averaged
over excitatory and inhibitory neurons (light gray: simulation, darker gray: theory).
Black error bars show standard error of the mean obtained from 20 simulations (not
visible, below line width). Upper inset: width of distribution of mean activities.
(b) Theoretical prediction (1.15) versus simulated covariance. Only cross-covariances
are shown, as auto-covariances follow trivially by Eq. (1.3) from the mean activi-
ties. Lower inset: mean covariances averaged over excitatory-excitatory, excitatory-
inhibitory and over inhibitory-inhibitory neuron pairs (light gray: simulation, darker
gray: theory). Error bars show standard error of the mean obtained from 20 sim-
ulations. Upper inset: width of the distributions of covariances. Network parame-
ters: number of excitatory (Ng = 500) and inhibitory neurons (N; = 125), threshold
6 = 5.5, excitatory coupling strength J;; = ] = 1, Vj € E, inhibitory coupling strength
]i]' = —6],Vj € I, fixed in-degree homogeneous random network with connection
probability p = 0.2. Results averaged over 20 simulations with T = 2,000,000 ms
each. Simulations were performed using the NEST simulator (Eppler et al., 2015).
Theoretical predictions are obtained by damped fixed-point iteration Eq. (1.16).
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Here we identified the sums in the penultimate line as the mean and variance of
the input field (1.5). On the other hand in the second line of Eq. (1.7) we identify the
moment generating function ¢y, (iw) = (exp ((iw) hx(n))),, of the input field /. From
(1.10) we obtain its corresponding cumulant generating function as ®y, (iw) = pyiw +
%Ulf(ia))z. We therefore conclude that iy ~ N (g, U]f) follows a Gaussian distribution.
The mean activity is then written

mi = (Fe(@)n = (f(r)Dhyenr(u0)- (1.11)

which for f(x) = H(x —0) is identical to Eq. (1.6). The procedure hence reproduces
the known result for the Heaviside gain function (van Vreeswijk & Sompolinsky,
1998; Renart et al., 2010, supplementary material, Sections 2.2, 2.3), but additionally
yields a generalization for smooth gain functions f that takes into account the fluc-
tuations of the synaptic input, which is in line with the treatment in (Grytskyy et al.,
2013a, eq. (27)).

More importantly, this systematic calculation reveals the assumption that is under-
lying the Gaussian approximation for the input field, namely that cumulants higher
than order two are ignored on the level of individual neuronal activities.

To obtain an expression for the zero time lag covariance, we start from Eq. (1.3).
We hence need to evaluate expressions of the form (Fi(n)n;) which do not factorize
trivially since the value of n; may have an influence on neuron k through the gain
function Fy(n). However, along the same lines as above, we can derive (Fi(n)n;)
using the identical approximation of (exp (n-t)) by first noting

(Fe(n)n;)

o N
% [oo dw f(w) <exp (z’w];]kjnj) n1>
- o [ ) g tew n-0),

Againg expressing the characteristic function by the cumulant generating function
(1.9) yields

2 ()
Sep@)- T (@)
———
=m+¥; Jyjcji (iw) by (1.9)
d .
= (ml +3 ]kfcﬂa_) exp (P, (iw)), (1.12)
i Mk

where we generated the factor iw by a derivative d,, in the last line. With Eq. (1.11)
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this yields

(Fe(n)my)

M f (M) Ve o2y + Sk TCii 5 (1.13)
)
Sk = a_yk<f(hk)>hk~j\/(yk,tf,f)

= () hen o)

where we defined the local susceptibility Sy that determines the influence of an input
to neuron k onto its output at the time point of its update. For a differentiable gain
function f the susceptibility is equal to the slope f’ averaged over the fluctuations of
hi (compare also Grytskyy et al., 2013a, eq. (27)), which follows from integrating
the second line of Eq. (1.13) by parts (i.b.p.). Note that the second line in Eq. (1.13)
also holds for nondifferentiable f, such as our particular choice f(x) = H(x - 6), for
which the susceptibility has the form
1 _ (Ilk—29)2
Sk = e Mk, 1.14

g \/2_7'[0' k ( )
and which, by Eq. (1.13), is the strongest possible coupling for a given input statistics.
The self-consistent set of equations for the first and second cumulants thus reads

1 Ui — 0 )
m —erfc| - ,
‘ 2 ( V205

15:(JO) gy +3S(JC) k=1

Cr1 = {mk(]—mk) k:l (1.15)

To obtain the joint solution of equations Eq. (1.15), we use a damped fixed-point
iteration with the nth iteration value denoted as (m,(cn), c]((';) ), which has the form

o) _ 1 f( Vﬁ”)—") (1 0ym™
my = p=erfc| - o |+ A-em,
2\ U

4 < PR (s 1), + s (1),

k+1
+ (1 —p)cl(f),

C(n+1) m](anrl)(l _mlE”*l)), (1.16)

kk k=1

where we used the damping factor p = 0.7, which, for the current application, yields
good convergence. Here yj and o; are determined by Eq. (1.5) in each step. The
iteration continues until the summed absolute change of my and cy; is smaller than
the chosen tolerance of 1074, allowing a sufficient safety margin towards truncation
errors induced by the employed double precision numerics. Fig. 1.1 shows that the
theoretical prediction yields mean activities and covariances in line with simulations
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Figure 1.2: Distribution of covariances in the Gaussian approximation for a ran-
dom network of binary neurons. (a) Distribution of cross-covariance between ex-
citatory neurons (black), inhibitory neurons (gray) and between one inhibitory, one
excitatory neuron (light gray) from simulation. (b) Same as (a), but showing the
theoretical result for the Gaussian approximation (1.15). Parameters as in Fig. 1.1.

of a random fixed-in-degree network of excitatory and inhibitory neurons. While
cross-covariances are explained with good accuracy, mean activities slightly, but sys-
tematically, deviate from simulated results: The scatter plot, showing the mean ac-
tivities of individual neurons, has a slope below unity, indicating that the width
of the distribution is underestimated by the theory. Moreover, we observe that the
population-averaged covariances are slightly underestimated by the theory. How-
ever, in summary, the theory in the Gaussian approximation captures not only the
mean and width of the covariance distribution to a large extent but also its general
shape as shown in Fig. 1.2.

The systematic calculation presented here shows that the Gaussian assumption on
the level of the individual statistics directly yields the linearized result of (Renart
et al., 2010, supplementary material, Sections 2.3). Originally, the terms of the form
(Fe(n)n;) in Eq. (1.3) were obtained using relations between conditioned and uncon-
ditioned probability distributions of binary variables. After the Gaussian approxima-
tion, the resulting non-linear equation was linearized and second-order terms were
discussed to be small in the large-N limit. In contrast, the derivation here shows
that the linearization is not an additional assumption but appears naturally once the
Gaussian approximation has been performed on the level of individual variables.
Note also that no additional assumption regarding the strength of the coupling is
necessary.

1.4 Third-order cumulants

The derivation in the previous section is systematic in the sense that all cumulants of
order three and higher of the stochastic variables n are consistently neglected. The
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Figure 1.3: Distribution of the summed input. Circles show the distribution as-
suming uncorrelated activity of the input neurons with constant rate m = 0.2, i.e.
p(h) = ¥k B(pNEg,m,k)B(pNy,m,1) 6y, 1, k+j,1 with binomial probabilities B(N, p, k).
Gaussian approximation N'(u,0?,h) (black) with the same moments as the summed
binomial distribution y = p (NgJg + NiJ;) m, 0> = p (NgJ + NiJ?) m(1 - m). Close-to-
Gaussian approximation p(h) ~ (1+ 2 ai)j\/' (u,02,h) (gray) taking into account the
third cumulant «3 = p (NE]?S + Np ]?) (2m3 - 3m? + m) of h. Other parameters as in
Fig. 1.1.

original idea of a mean-field description, however, seeks an approximation of the lo-
cal field Ky sensed by an individual unit k rather than a truncation of the cumulants of
the individual variables n themselves. Since the local field is, by Eq. (1.4), a superpo-
sition of a large number of weakly correlated contributions, the distribution of /i will
be close to Gaussian by the central limit theorem. In the path-integral formulation,
commonly employed to study disordered systems, the Gaussian approximation of h;
is equivalent to a saddle-point approximation to lowest order in the auxiliary field
(see e.g. ref Sompolinsky & Zippelius, 1982, eq. (3.5) or ref Sompolinsky et al., 1988,
eq. (3)). Even though one may expect the central-limit theorem to be applicable to
the summed input /y, it is easy to see that for networks of several hundreds of units
higher order cumulants still have an effect. This is illustrated in Fig. 1.3, showing the
distribution of the input to a neuron receiving a sum of binary, uncorrelated signals.
The Gaussian approximation, with the same mean and variance as the exact distribu-
tion, has a peak that is slightly shifted to the left. Taking into account the third-order
cumulant cures the displacement of the peak. The expansion in cumulants in Sec. 1.3
shows how the higher-order cumulants can be taken into account in the calculation
of the expectation values of the gain function.

In the following, we expand the distribution of / up to third-order cumulants. To
this end we use the relationship that the nth cumulant of a summed variable is the
sum of nth cumulants of its constituents (A.9). We then use the property of binary
variables that n,lf = ny for K > 1, which relates cumulants of order K + L to cumulants
of order L +1 in cases where neuron k appears K times in the cumulant (see Sec. A.4
for the detailed calculation). Note that similar relations also hold for classical spins
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n; = £1, or generally for dichotomous units with arbitrary states n; € {«, B}, as all
these representations are related by an bijective affine-linear mapping. The first two
cumulants of the summed input hy = }; Ji;n; to a neuron are therefore given as before
by 1k = pr and xp i = (T,f Eq. (1.5). The third cumulant x5 (by defining x; = J;n; and
y = hi and using Eq. (A.9)) reads

K3k = O Jkilkiler (ninine), (1.17)

ij,r

where we use the notation (o)) to denote cumulants. For the mean activity (1.3),
we need to evaluate the expectation value of a nonlinear function applied to ;. We
follow an analogous approach as in the previous section (see Sec. A.3 for details) and
apply Eq. (A.11) to Fi(n) = H(X; Jyjn; - 0), yielding a perturbative treatment for the
effect of the third-order cumulant

(Fe(n)) = eém(ﬁ) (H (i = 0))onv (i, 02)- (1.18)

To obtain a correction of the covariances, we determine the contribution of the third
cumulant to the term of the form (Fy(n) n;) = (H(hx(n) —0) n;). We apply the general
result Eq. (A.12) with x; = Ji;n;, where we need to cancel a factor Ji; in the final result
because of n; = x;/Ji; to get

3 1 p) q
(F(mym) = %qu,kza(a—m) (F(n)) (119)
with
Mg = D5 Tkiy i (i -mimp),

iy

where (F(n)) is given by Eq. (1.18). The form of the terms AK%H% (a%)q = AK%H%
shows that, for g > 1, they correspond to an infinitesimal displacement of the gth
cumulant x, ; by Ax, ;. These corrections come about by the presence of the variable
n; in the expectation value, which can alternatively be understood as a conditioned
expectation value (Fy(n)n;) = m;(Fe(n)|n; = 1), where the condition n; = 1 changes
the cumulants of h;. The first two terms in the sum Eq. (1.19) are identical to the
Gaussian approximation in Eq. (1.12). The difference in the approximation schemes
on the level of n and hy, respectively, is apparent in the term for g = 2, which contains
a correction to the second-order cumulant due to the presence of n;. This term is
neglected in the Gaussian truncation of cumulants of n in Sec. 1.3. The consistent
approximation of hy up to third-order cumulants analogously requires the term for
q = 3. This correction in turn depends on the fourth-order cumulant (n; ---n; n;).

We now use the properties of binary variables that allow us to express a subset of
higher cumulants by lower-order ones because of the property (nX) = (n;) (for all
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integers K > 1). The kth raw moment is given by the product of all combinations of
lower-order cumulants (van Kampen, 1992). For the third moment this yields

(mninj) = (mmnn;)
+ Cmj+cijmy + Cjim; (1.20)
+ mlml-m]-.

If there are at least two identical indices, we can express the corresponding third-
order cumulant by the two lower orders. Both cases | =i # jand | =i = j lead to the
same expression Eq. (A.13)

<<Tlﬂ’lﬂ’lj>> = clj(1—2ml). (121)

In the latter case, we get the third cumulant of a binary variable (n;n;n;)) = m; - 3ml2 +
2m?, which is uniquely determined by its mean. We can therefore take into account
the contribution of all third-order cumulants (with at least two identical indices)
to the statistics of . Stated differently, we calculate the third-order cumulant of 7
using Eq. (1.17) and neglecting all cumulants of the binary variables where all indices
are different ((n;njn;)) ~ 0 for i # j # [). A straightforward calculation (see Sec. A.4
Eq. (A.14) for details) yields

rak = [3(J @) diag({1-2m}) CJ' ],
- [2(0e)e])) diag ({m; -3m} +2m})],, (1.22)
where we use the symbol @ for the element-wise (Hadamard) product of two matri-

ces (Cichocki et al., 2009). For the third cumulant appearing explicitly in Eq. (1.19)
we perform a similar reduction that yields the matrix Eq. (A.15)

12

Axp Je®Jdiag({1-2m;})C
2) diag({1-2m;}) ® (JC)

2(J ®J) diag ({m; - 3m? +2m3}). (1.23)

+

The matrix Ak; takes the form (see Sec. A.4 for details)

AK3

12

3Jo (Je)) {(nininn;)i}) (1.24)
3JeJ) e (J{(nnnn;)i})
JeJe]) ({{nmmnn;)} + diag({(ninmn;)i})),

where the fourth-order cumulants are given by Eq. (A.16)-Eq. (A.18).

+ o+
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Figure 1.4: Approximation for covariance matrix in random network of binary neu-
rons including third order cumulants. (a) Theoretical prediction of mean activities
(1.25) versus simulation results (black: excitatory, gray: inhibitory). Lower inset:
mean activity averaged over excitatory and inhibitory neurons (light gray: simula-
tion, darker gray: theory). Black error bars (not visible, below line width) show
standard error of the mean obtained from 20 simulations. Upper inset: standard de-
viation of distribution of mean activities of excitatory (¢,) and inhibitory (c;) neurons.
(b) Theoretical prediction Eq. (1.26) versus simulated covariance (black: excitation-
excitation, gray: inhibition-inhibition, light gray: excitation-inhibition). Lower inset:
mean covariances averaged over excitatory-excitatory, excitatory-inhibitory and over
inhibitory-inhibitory neuron pairs (light gray: simulation, darker gray: theory). Er-
ror bars show standard error of the mean obtained from 20 simulations. Upper inset:
standard deviations of the distributions of covariances. Network parameters and dis-
play as in Fig. 1.1. Theoretical predictions obtained by damped fixed-point iteration.



38  Correlated fluctuations in strongly coupled binary networks beyond equilibrium

To evaluate Eq. (1.18) for the mean activity and Eq. (1.19) for the covariance, we need
the nth derivative of the complementary error function. We use that % %erfc(—x) =
% e is a Gaussian and further that the nth derivative of a Gaussian (%)n e =
(-1)"Hp(x) e can be expressed in terms of the n-th Hermite polynomial H, (Olver
et al.,, 2010, par. 18.3). Each differentiation with respect to i yields an additional

factor (\/E(Tk)_1. Hence, we get, for n > 1,
d\"1 0 - ;uk)
L ,06) = | —] =zerfc
n(Hie ) (dﬂk) 2 (\/ic‘rk

1 -n 2
— (V20 H, 1(x)e™ .
ﬁ( k) n 1( ) x:%lgli

3
1 9 3
Using this definition and the expansion 0o (a"k) ~1+ %K3 k (ai) , valid for small
¢ 3

K3k compared to 07, we get the mean activity

1 2 \’\1 0 - 1y
T+ 2ig (=) | erf
( Tek (aﬂk) )Zerc(\/itfk)

1
Lo(yk,ak)vtg;c&k L3(,uk/0-k)- (1.25)

my = (Fe(n))

12

For the term appearing in the covariance we get

12

(Fe(n)ny) mymy

N

1
+ Z (Ll(ﬂk/Uk) + gKS,k La(pix, ‘Tk)) Jkjcjt
j=1

1 1
3 (Lz(Vk/ Ox) + oKk L5(.”kr‘7k)) Ak

1 1
tog (Ls(Vk, Ox) + oKk L6(.ukr‘7k)) AK3

+ o(x%/k). (1.26)

The latter expression shows, in particular, that the correction to the mean activity
reappears (as the factor my) in the first line, indicating that the contribution of the
third cumulant to lowest order (g = 0 in Eq. (1.19)) drops out of the covariance, as the
term m;my is subtracted in Eq. (1.3). In a weakly correlated state of the network, the
remaining terms are smaller than m;m as they give rise to the pairwise covariance
(1.3). This explains why the Gaussian approximation is already fairly accurate.

Simultaneously solving Eqs. (1.25) and (1.26) by a damped fixed-point iteration,
analogous to Eq. (1.16), yields an approximation of the mean activities and covari-
ances shown in Fig. 1.4. The deviation of the mean activities from simulation results
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(Fig. 1.4a) is reduced compared to the Gaussian approximation below the signifi-
cance level. The width of the distributions is only slightly underestimated compared
to simulations, as exhibited by the scatter plot aligned to the diagonal and the bar
graph. The pairwise averaged cross-covariances (Fig. 1.4b) are within the error of
the simulated results, in contrast to the Gaussian approximation (cf. Fig. 1.1b). A
small contribution to the remaining difference in variance stems from the finite sim-
ulation time, naturally leading to a wider distribution in Fig. 1.4b compared to the
theoretical prediction. The bigger contribution presumably comes from the nontriv-
ial third-order cumulants {n;n;n;)), where all indices are unequal. Neglecting the
nontrivial covariances shows that the variability of o from neuron to neuron is re-
duced, which in turn reduces the width of the distribution of the mean activities.
For networks with fixed in-degree this even leads to a uniform mean activity across
neurons, which, however, still matches the averaged mean activities from simulations
indicating that averaged quantities are insensitive to variability in non-trivial higher-
order cumulants (see Fig. 1.5 in Sec. 1.6). Analogously, we expect that the neglect of
nontrivial third-order cumulants underlies the reduced width of the covariances.

1.5 Scale invariance of covariances

The equation for cross-covariances in Eq. (1.15) yields an additional insight: Assum-
ing that mean activities and correlations were unchanged, a scaling of all incoming
synapses to a neuron k by some factor & > 0 amounts to a scaling of the strength of
synaptic fluctuations in the same manner (cj o< a). The fixation of mean activities can
be achieved for different choices of incoming synaptic amplitudes by adapting the
threshold such that (ux({Ji}) - 0x) /0% remains invariant (cf. Eq. (1.15)). A uniform
rescaling of all synapses by a factor « > 0 therefore requires a change of the threshold
by the same factor. The susceptibility (1.14) Sy then scales as 0; ! o a!. Hence the
term SiJi; appearing in the equation for covariances in Eq. (1.15) is invariant under
this scaling. This result implies that covariances are invariant with respect to the
absolute value of synaptic amplitudes: The self-generated network noise causes a
divisive normalization on the level of the synaptic input to each neuron. This also
implies that scaling the synapses with | o« N7}, J o< N 1, or J o< 1 as the network size
tends to infinity yields the same covariances, given the thresholds are adapted so that
the mean activity is preserved. On the level of population-averaged covariances this
has been remarked earlier (Grytskyy et al., 2013a). The independence of the network
dynamics on the absolute value of the synaptic weights even holds exactly, as noted
earlier (van Albada et al., 2015). The reason for this is the absence of a length scale
of a hard threshold; the only relevant length scale is the amplitude oy of the synaptic
noise itself. Considering a single neuron k, the condition for the neuron to be acti-
vated is hy = ¥; Jun; > 6. Rescaling all incoming synapses as well as the threshold
by the same factor « > 0 multiplies both sides of this inequality; the neuron switches
at the very same configuration n of incoming spins as in the original case.
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The previous consideration is completely in line with the work of van Vreeswijk &
Sompolinsky (1998). The latter work found that, when increasing the number of
neurons N, a scaling of 1/ VN is required to obtain a robust asynchronous state, if
the system possesses variability of the thresholds with a standard deviation defined
as unity: The width of the distribution of the thresholds induces a second length
scale into the system. Invariant behavior can therefore only arise, if the synaptic
noise o and the standard deviation of the thresholds have a constant ratio. Scaling
synapses as | o< 1/N in this setting leads to vanishing temporal fluctuations of h; and
hence spin-glass freezing, whereas for | o< 1 the asynchronous state persists. Fixing
J, while increasing the number of neurons N, results in more inputs per neuron
and thus increased temporal fluctuations, which wash out the effect of distributed
thresholds.

1.6 Mapping of fluctuations to Ornstein-Uhlenbeck processes

Here, we show an alternative interpretation of the Gaussian approximation in Sec. 1.3.
Despite the fact that the covariances obey different equations on the diagonal k = |
and the off-diagonal k # [ (1.15), we can rewrite the equations as a single matrix
equation

2C-D
0

WC+(WC)T (1.27)
(W-1)C+((W-1)C)T+D,

where D is a diagonal matrix with elements constrained by the condition that the
diagonal entries of the covariance matrix fulfill (1.3)

c = mp(1-my), (1.28)

and W = SJ is the matrix of effective couplings which incorporates the susceptibility
S = diag(Sy,...,Sn) of the individual units. We ensure this latter condition in the
following way. We first solve Eq. (1.27) by multiplication with the left eigenvectors
v, of the effective couplings, i.e. VZ(W -1) = )\avg (Risken, 1996, chapter 6.5). The
corresponding right eigenvectors are u,, which fulfill the bi-orthogonality v, ug = 5,4
and completeness ¥, u,v! = 1 relation. With the notation C* := v4 Cvg (analogously
for D) we have

cw - _D_“ﬁ
- )\,x + )L/g ’
C = YuugC¥ (1.29)
wp

where the latter expression follows from the completeness relation.

The expression reveals the connection between the eigenvalues A, of the linearized
coupling matrix and the fluctuations in the system. In the case of a single eigenvalue



§1.6 Mapping of fluctuations to Ornstein-Uhlenbeck processes 41

close to instability, i.e. 2R(A4) ~ 0, the fluctuations in the corresponding eigendirection

T
constitute the dominant contribution to the covariance matrix C ~ —u,u; V“zl)?:“. This
scenario could experimentally be detected in a principle-component analysis, with

the dominant principle component pointing in the direction of u,.

Evaluating Eq. (1.29) on the diagonal and using D*f = vZDvﬁ = Xj Ua,jvp,;D; we get

! Uy fVp,j- UBKUB,j
mk(l - mk) =Ckk = Z— Z A — D', (130)
i 0B /\,X + /\5 I
EBkj

(uev?) @ (ugvh)
/\a +/\5 !

«p

where the symbol ® is to be understood as the element-wise multiplication of the two
matrices (Hadamard product) in the numerator. The penultimate line is an ordinary
matrix equation relating the (N-dimensional vector) Dy, to the (N-dimensional vector)
cik- To determine D as D = B-'diag({cx}) we hence need to invert the matrix B. The
covariance matrix is then obtained by Eq. (1.29).

The result (1.27) can be further interpreted as a mapping of the fluctuations from the
binary dynamics to an effective system of Ornstein-Uhlenbeck processes. Given the
set of coupled Ornstein-Uhlenbeck processes

Taxg—t(t) —xk(t)+;wijj(t)+§k(t) (1.31)
with the Gaussian white noise (Z(t)¢7(s)) = TD6(t —s), the stationary equal-time
covariance matrix fulfills the same continuous Lyapunov equation (Risken, 1996,
chapter 6.5) as the binary network Eq. (1.27). Using the analogy of the continu-
ous Lyapunov equations we see that the elements of the diagonal matrix D can be
interpreted as the noise intensity injected into each neuron. The modified Lyapunov
method Eq. (1.30) determines this intensity such that the variance of each continu-
ous variable x; agrees with that of the corresponding binary variable n; given by
Eq. (1.28), which, in turn, is fixed by the mean activity (1.15).

It is important to note that W and D in Egs. (1.27) and (1.31) themselves depend
on the covariances C via the susceptibility S. This leads to Eq. (1.29) remaining an
implicit equation for C that needs to be solved iteratively. However, by neglecting
the contribution of cross-covariances in Eq. (1.5), W and D become independent of
C, rendering Eq. (1.27) a linear equation for the covariances and the above projection
method an efficient algorithm to compute C. This linear approximation consequently
fails to predict the distribution of mean activities for networks with fixed in-degree,
as shown in Fig. 1.5a. Nevertheless, the width of the distribution of the covariances
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Figure 1.5: Modified Lyapunov method. Solution of the individual pairwise co-
variances by the projection method applied to the continuous Lyapunov equation in
comparison to simulation results. (a) Mean activities predicted by the approxima-
tion that neglects cross-correlations (black: excitatory, gray: inhibitory). Lower inset:
mean activity averaged over excitatory and inhibitory neurons (light gray: simula-
tion, darker gray: theory). Black error bars show the standard error of the mean
obtained from 20 simulations (barely visible, approximately at line width). Upper
inset: width of distribution of mean activities. (b) Theoretical distribution of covari-
ances (1.29) with D chosen according to Eq. (1.30) (same approximation as in (a) for
m and S, i.e. neglecting cross-correlations in the input to each neuron). Lower inset:
mean covariances averaged over excitatory-excitatory, excitatory-inhibitory and over
inhibitory-inhibitory neuron pairs (light gray: simulation, darker gray: theory). Er-
ror bars show the standard error of the mean obtained from 20 simulations. Upper
inset: width of the distributions of covariances. Other parameters and display as in
Fig. 1.1.



§1.7 Reconstruction of couplings 43

shown in Fig. 1.5b is only slightly underestimated, showing that the distribution of
mean activities contributes only marginally to the distribution of covariances.

The viability of the linear approximation for the covariances shows that fluctuations
in the binary model are practically equivalent to those in linear Ornstein-Uhlenbeck
processes. This equivalence has been reported earlier for effective equations of the
population-averaged pairwise correlations (Grytskyy et al., 2013b). The latter work
used the approximate result ¢y ~ %, which ignores the effect of the covariances onto
the autocovariances in Eq. (1.27), i.e. assuming that (WC)y is smaller than cy itself
and hence neglecting the right-hand side of Eq. (1.27) when determining the diagonal
elements cy;. In the absence of self-connections, this amounts to neglecting the off-
diagonal cross-covariances in C. For weakly correlated network states, this is a good
approximation. However, in the present network setting, it slightly overestimates the
population averages of the covariances as well as the width of their distribution (data
not shown).

1.7 Reconstruction of couplings

In the current section, we investigate the inverse problem, i.e., the inference of the
couplings Ji; of the network from the observed activity. The time-lagged cross-
covariance function in a network of Ornstein-Uhlenbeck processes (for t > s) fulfills
the differential equation (Risken, 1996, chapter 6.5)

0 >
Gr = Tgckl(t,s) +e(t,s) '2° Zwkjcﬂ(t,s). (1.32)
j

This means we can uniquely reconstruct the effective couplings wy; from the knowl-
edge of the two matrices, the covariance and its slope at time lag zero as

W = Qc'!
= 1+ r% C(t,s)|,,C". (1.33)
For an Ornstein-Uhlenbeck process, obeying Eq. (1.27) and Eq. (1.32), the reconstruc-

tion of the couplings wy; is exact, as shown in Fig. 1.7b.

We will now demonstrate that a similar relationship approximately also holds in
binary networks. For t > s, the time-lagged cross-covariance function cy(t,s) =
(ni(t)n;(s)) — (ng(t)){n;(t)) for the binary network fulfills Eq. (A.5)
d
qu(ts) = Toca(ts) +eults)

25 (F(n(t) m(s)) — (me(£)){mi(5)). (1.34)
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Figure 1.6: Autocovariance and cross-covariance functions. Example of an auto- (a)
and cross-covariance function (b) in the network described in Fig. 1.1. The respective
slopes of the functions at time lag 0+ are indicated by the black tangent lines.

An example of an auto- and cross-covariance function together with the slope at zero
time lag is shown in Fig. 1.6.

In the limit of vanishing time lag the form of gy = lim;_s i (¢,s) = (Fe(n(t)) n;(t)) -
(ni(t))(n;(t)) shows that q;; measures the direct influence of fluctuations of neuron
I on the gain function of neuron k. In the Gaussian approximation (see Sec. 1.3) we
get for k # [

qu = Zsk]kjcjl- (1.35)
j

For k = I, however, we have to evaluate (H(hx(n(t) —6) ng(t)) on the right-hand side.
Since the term 1 appears in the expectation value, the statistics of Iy is effectively
conditioned on the state n; = 1. Since the transitions of neuron k directly depend
on the value of h, this conditioning violates the close-to Gaussian approximation
of hg|n, = 1. An approximate treatment on the diagonal is possible under the as-
sumption that the autocovariance function of /i is dominated by contributions of the
autocovariances of the binary variables 7, yielding a nonlinear differential equation
for the temporal shape of the autocovariance function (van Vreeswijk & Sompolinsky,
1998, eq. (5.17)). Approximating the temporal profile of the autocovariance func-
tion a(s) := (H(hi(t+s)—0) H(hi(t) - 0)) ~ (my) + (my)(1 - (my)) e‘@, which has the
right asymptotic behaviors (a(0) = my and a(s - oo) = mi) and assumes fluctuations
to be correlated on the time scale T of the update, leads to the approximate value
(H(hi(t) - 0) ng(t)) ~ %mk(l —my) (by using van Vreeswijk & Sompolinsky, 1998, eq.
(A.10)). The corresponding approximation of the slope following from the former ap-
proximation with Eq. (1.34) is shown in Fig. 1.7a. However, the resulting expression
for the slope at zero time lag cannot be written in the form Eq. (1.35). Therefore, we
assume that Eq. (1.35) also holds on the diagonal, although the resulting predicted
slopes have a slight negative bias compared to simulation results.

Given the two covariance matrices entering Eq. (1.34), as well as the average activities
m; for each neuron, we can derive a procedure for reconstructing the couplings Ji; /o
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relative to the noise. The mean and variance of the input to a neuron are determined
k=0
\/E(Tk

us to determine the susceptibility Eq. (1.14) as S (my, 0y) =

= —erfc ™ (2my) allows

1
270y
obtain an expression for the ratio of the incoming synaptic weight and the total

synaptic noise of neuron k

by Eq. (1.5). Inverting the relation Eq. (1.6) as y(my) :=

2
e V()" Hence we

% = V2mwyeV ) (1.36)
k

This again shows that correlations are only controlled by the ratio Ji;/o rather than
by Ji and oy alone, in line with the invariance found in Sec. 1.5. Fig. 1.7b shows
the reconstruction of couplings from the simulated covariance functions. Due to the
previously discussed approximations, the exact reconstruction of the relative cou-
plings Jii /o is not possible for a binary network. The observed deviations from
the identity line are predominantly caused by the approximation of the slope of the
autocovariance functions. The reconstructed coupling matrix correctly infers all exci-
tatory and all inhibitory connections, but additionally yields a considerable number
of false-positive excitatory and inhibitory connections.

The described procedure, moreover, allows us to determine the remaining param-
eters of the binary network. With regard to correlations, we are free to choose an
arbitrary oy, e.g. 0 = 1 to determine Ji; by Eq. (1.36). As the mean activity and
correlations are known, the actual magnitude of fluctuations (T,loc caused by the local
inputs from the network follows from Eq. (1.5). If these fluctuations are smaller than

or equal to our arbitrary choice ((T}COC < 0; = 1), it is possible to supply each neuron

with additional noise of variance 1 - (Ui"c')z. Only in this case can we construct a bi-
nary network satisfying the given constraints. Having fixed Ji;, and given the mean
activities by Eq. (1.5), determines the mean input y to each cell. Finally the threshold
0 must be chosen such that 0 = ; — /2y (my).

Different routes to inverse problems have been proposed earlier. For equilibrium
systems, a statistical-mechanics formulation allows the use of principal component
analysis (Cocco et al., 2011) or maximum-entropy approaches (Roudi et al., 2009;
Mora et al., 2010). For off-equilibrium systems with a sequential Glauber update in
discrete time steps, methods related to our approach have previously been proposed
by Mézard & Sakellariou (2011). Their results can be related to our continuous-time
method by time discretization of the slope appearing on the left-hand side of (38),
leading to similar expressions as their egs. (8) and (18). An alternative approach,
based on the Thouless-Anderson-Palmer (TAP) approximation (Thouless et al., 1977),
is described in Zeng et al. (2011, see their eq. (14)).
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Figure 1.7: Reconstruction of couplings from the matrix of covariances and slopes
of the covariance functions at zero time lag. (a) Slope of auto- (gray) and cross-
covariance functions (black) at zero time lag from the Gaussian approximation versus
slope taken from simulation results. Dots show the prediction of the linear theory
Eq. (1.32), crosses the approximation —%mk(l —my) for the slope of auto-covariances.
(b) Reconstructed synaptic amplitude wy; in a network of Ornstein-Uhlenbeck pro-
cesses Eq. (1.33) (gray) and reconstructed weights Ji;/ox Eq. (1.36) (black) in a bi-
nary network versus original couplings used in simulation. Covariance and slope
averaged over 20 repetitions, each simulated for T = 2,000,000 ms. Other network
parameters as in Fig. 1.1.



§1.8 Conclusion 47

1.8 Conclusion

In this chapter, we presented a theoretical description of fluctuations in strongly-
coupled networks of binary (Ising) units that, for the first time, faithfully captures
the statistics of individual units as well as pairs of units. The fluctuations are charac-
terized by self-consistent equations for the mean activity and pairwise correlations,
including finite-size effects down to hundreds of units. The method considers a
single realization of the random couplings and can be applied to a wide range of
networks, in particular networks with asymmetric and strong couplings. The sys-
tematic cumulant expansion of single unit activities goes beyond mean-field the-
ory and is applicable outside thermodynamic equilibrium. The linearized theory
yields an expansion of the correlation functions in collective eigenmodes, leads to
an efficient algorithm solving the inverse problem, and shows that correlations are
invariant under scaling of the interaction strengths. The exposed equivalence to sys-
tems of Ornstein-Uhlenbeck processes on the single unit level builds the corner stone
for further analytical investigations of such disordered systems and their correlation
structure.
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Chapter 2

Functional methods for disordered
networks
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2.1 Introduction

In the previous chapter, we established the link between networks of binary neurons
and coupled Ornstein-Uhlenbeck processes. A similar mapping has been derived
from linear response theory for other neuron models (Grytskyy et al., 2013b), such
as leaky integrate-and-fire (Lindner et al., 2005; Pernice et al., 2012; Trousdale et al.,
2012) and Poisson model neurons (Hawkes, 1971; Pernice et al., 2011). Therefore,
many qualitative features of emerging collective phenomena, such as correlated ac-
tivity (e.g. in Trousdale et al., 2012; Tetzlaff et al., 2012; Helias et al., 2014), stability,
response to inputs and oscillations (Bos et al., 2015), as well as chaotic and regular
behavior (Sompolinsky et al., 1988; Goedeke et al., 2016) can be understood in such
simple linear rate models and their nonlinear generalizations. These are accessible
to a treatment in statistical mechanics, or, more precisely, classical statistical field
theory.

This chapter presents the fundamentals behind contemporary developments in the
theory of neural networks of rate units (e.g. Aljadeff et al., 2015; Stern et al., 2014;
Hermann & Touboul, 2012) that are based on methods from statistical mechanics of
classical systems with a large number of interacting degrees of freedom. In particu-
lar, we focus on a relevant class of systems that have quenched (time independent)
disorder. In neural networks, the main source of disorder arises from random synap-
tic couplings between neurons. These systems are in many respects similar to spin
glasses (Fischer & Hertz, 1991a). The chapter therefore also explains the methods
for these disordered systems as far as they are applied in neuroscience. The disorder
average that can be performed in this field-theoretic formulation allows to go beyond
the description level of a single realization of the disordered connectivity towards a
statistical description of the ensemble of networks. The latter is much simpler to
treat analytically as it only depends on the statistical properties of the disorder and
therefore exposes more symmetries than the single realizations.

The presentation consists of two parts. In the first part, we introduce stochas-
tic differential equations in the Ito formulation and present their treatment in the
Martin-Siggia—Rose-De Dominicis path integral formalism (Martin et al., 1973; De Do-
minicis & Peliti, 1978), reviewed in Altland & B. (2010); Chow & Buice (2015); Hertz
et al. (2016). In the second part, we will employ this language to derive the dynamic
mean-field theory for random networks. In deriving the formalism, we will follow
the De Dominicis approach (De Dominicis & Peliti, 1978), that was also employed
to obtain the dynamic mean-field theory of spin glasses (Sompolinsky & Zippelius,
1981, 1982; Crisanti & Sompolinsky, 1987). Furthermore, we extend mean-field the-
ory to capture finite-size effects arising from mean connections and fluctuations of
auxiliary fields (Dahmen et al., 2016b). In the subsequent Chap. 3, this extension is
shown to go beyond self-averaging as it enables the assessment of the meta-statistics
of activity, a setting beyond previously developed mean-field techniques that employ
the thermodynamic limit N — co.
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2.2 Functional formulation of stochastic differential equations

We here follow Chow & Buice (2010) to derive the Martin-Siggia-Rose (Martin et al.,
1973; Janssen, 1976; De Dominicis, 1976; De Dominicis & Peliti, 1978; Altland & B.,
2010; Chow & Buice, 2015) path integral representation of a stochastic differential
equation and Wio et al. (1989) to obtain the Onsager-Machlup path integral. Hertz
et al. (2016) also provide a pedagogical survey of the Martin-Siggia-Rose path integral
formalism for the dynamics of stochastic and disordered systems.

The presented functional formulation of dynamics is advantageous in several re-
spects. First, it recasts the dynamical equations into a path integral, where the dy-
namic equations give rise to the definition of an “action”. In this way, the known tools
from theoretical physics, such as perturbation expansions with the help of Feynman
diagrams or the loopwise expansions (Zinn-Justin, 1996) to obtain a systematic treat-
ment of fluctuations can be applied. Within neuroscience, the recent review by Chow
& Buice (2015) illustrates the first, the work by Buice & Cowan (2007) the latter ap-
proach. Moreover, this formulation will be essential for the treatment of disordered
systems in Sec. 2.3, following the spirit of the work by De Dominicis & Peliti (1978),
to obtain a generating functional that describes an average system belonging to an
ensemble of systems with random parameters.

Many dynamic phenomena can be described by differential equations. Often, the
presence of fluctuations is represented by an additional stochastic forcing. We there-
fore consider the stochastic differential equation (SDE)

dx(t)
x(0+)

f(x)dt+dwW(t) (2.1)

a,

where a is the initial value and dWW a stochastic increment. Stochastic differential
equations are defined as the limit # — 0 of a dynamics on a discrete time lattice of
spacing h. For discrete time t; = Ih, [ = 0,..., M, the solution of the SDE consists
of the discrete set of points x; = x(f;). For the discretization there are mainly two
conventions used, the Ito and the Stratonovich convention (Gardiner, 2009). Since
we only consider additive noise, i.e. the stochastic increment in Eq. (2.1) does not
depend on the state, both conventions yield the same continuous-time limit. In the
limit i — O, the symbolic notation of Eq. (2.1) can be interpreted as

Xiv1—X; = f(xi)h+adp+W;, (22)

where W, is a stochastic increment that follows a probabilistic law (“Euler-Maruyama”
scheme, see Chap. 4). A common choice for W; is a normal distribution p(W;) =
N (0, hD), called a Wiener increment. Here the parameter D controls the variance of
the noise. The term ad;y ensures that the solution obeys the stated initial condition, as-
suming that x;o = 0 in the absence of noise W, = 0. Another widely-used differential
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- Markovian dynamics

A /‘ Y41 at small step size h: forward Euler

Ti

=

(t)

>
t

Figure 2.1: Illustration of the path integral formalism for stochastic differential
equations. The discretized temporal dynamics is approximated using Euler steps
such that the probability p(x(t)) = p(x1,...,xmla) for the path x(t) factorizes into
Markovian update probabilities p(x;,1|x;). The product of the latter can be expressed
as a path integral in the limit M — oo.

notation for Eq. (2.1) with the Wiener process W(t) is the so-called Langevin-form

LIV ORI @3)

with Gaussian white noise ¢(t) defined via dW(t) = {(t)dt, such that (¢(t)) = 0
and (&(H)E(t")) = Dé(t—t"). The moments follow from the fact that increments of
the Wiener process are independent and that the variance of the increment W, is
proportional to the time step /. More details on stochastic differential equations will
be presented in Chap. 4. Due to independent noise at each time step, the probability
density of the path x(t), i.e. a distribution in the points x1,...,x);, can be written as

p(x1,...,xpmla) = fo\fo_ldWiP(WiW(xm-yi+1(Wi,Xi))/ (2.4)

where, by Eq. (2.2), yi.1(Wi, xi) = x; + f(x;) h + adjp + W; is understood as the solution
of Eq. (2.2) at time point i + 1 given the noise realization W; and the solution until the
previous time point x; (Fig. 2.1).

The notation y,.1(W;, x;) indicates that the solution only depends on the last time
point x;, but not on the history longer ago, which is called the Markov property of
the process. This form also shows that the density is correctly normalized, because
integrating over all paths

fdxl"'fdxMP(xl,m,xMW):fnf\faldWiP(Wi) fdxi+15(xi+1—yi+1(Wi,xi))

=1

=110 deiP(Wi) =1
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yields the normalization condition of p(W;), i = 0,..., M -1, the distribution of the
stochastic increments. In the limit M — co, we therefore define the probability func-
tional as p[x|a] := limyeo p(x1, ..., Xp|a).

Using Eq. (2.4) and the substitution 6(y)dy = 6(¢(xis1))¢'dxi1 with v = ¢(xj41) =
Wi(xis1) obtained by solving Eq. (2.2) for W

Wi(xis1) = Xig1—xi— f(xi) h—ady

oW, ,
= =1 2.5
I ¢ (2.5)
we obtain
_ M-1
p(x1,...,xmla) = f ITE, " dWip(Wi) x (2.6)
x  O(OW; = xi —xi — f(x;) h—ady).
Wi(xis1)

= I o(xi1 — xi - f(x;) h—ady).

In Sec. 2.2.1 we will look at the special case of Gaussian noise and derive the so called
Onsager-Machlup path integral (Onsager & Machlup, 1953). This path integral has
a square in the action, originating from the Gaussian noise. For many applications,
this square complicates the analysis of the system. The formulation presented in
Sec. 2.2.2 removes this square on the expense of the introduction of an additional
field, the so called response field.

2.2.1 Onsager-Machlup path integral

w2

For the case of a Gaussian noise p(W;) = N (0, Dh) = \/erﬁ ¢~ i the variance of the
increment is

Dh i=1
W) = { -/ 2.7)
0 i#]
= (Sl] Dh.

Using the Gaussian noise and then taking the limit M — oo of Eq. (2.6) we obtain

IV o (xi1 = xi = f(xi) h— adyg)

_ 1 1
Mt o7 &P [_ﬁ(xiﬂ - x;i— f(x;)h - ﬂ5i0)2]

M M=1r oy ,
= ( 271'th) exp [—% 2 [(—xl+1h ti —f(xi)—a% 2]h:|.

p(x1,...,xmla)
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We will now define a symbolic notation by recognizing limy,_,o “4— = 9;x(t) as well
as limy,_,o 5 % = §(t) and limy_o ¥, f(hi) h = [ f(t)dt

T
plx[x(0+) = a]D_5—;x = exp (—% ; (9sx — f(x) —ad(t))? dt) D spx (28)

= ]\}Iim p(x1, ..., xmla)dxq ... dxp,

where we defined the integral measure D JaRX = MM _ %% _ 14 obtain a normalized

=1 /2Dh
density 1= [ D_5—o-x p[x|x(0+) = a].

2.2.2 Martin-Siggia-Rose-De Dominicis-Janssen (MSRD]J) path integral

The square in the action Eq. (2.8) sometimes has disadvantages for analytical reasons,
for example if quenched averages are to be calculated, as we will do in Sec. 2.3. To
avoid the square we here introduce an auxiliary field, the response field ¥ . This
tield enters the probability functional Eq. (2.6) by representing the §-distribution by
its Fourier integral

1 ico . wx
o(x) = ﬁ[m dxe™. (2.9)

Replacing the J-distribution at each time slice by an integral over £; at the corre-
sponding slice, Eq. (2.6) takes the form

HzMol{f Ao (W) f AXi Fi(xi=xi—f (xi)h= Wi~ a%)}

1—[5\240—1 {/loo dxz x(xH_l xi—f(x;)h—adjp) ZW( xl)} (210)
—ico 27T1

p(x1,..., xmla)

Zw(x) = [ dWpOv) e = (e Py,

Here Zyy(-X) is the moment generating function (Gardiner, 1985) also known as the
characteristic function of the noise process, which is identical to the Fourier transform
of the density (with iw = -%). Note the index i of the field ¥; is the same as the index
of the noise variable W;, which allows the definition of the characteristic function
Zyy. Hence the distribution of the noise only appears in the probability functional in
the form of Zyy(-%). For Gaussian noise Eq. (2.7) the characteristic function is

1 w2 2 Dig2
Zw(=%) = dee‘We_xwz—[ AW e~ an WHDhD)?
w) = T V27Dh
Dh ~2

- 2T (2.11)
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2.2.3 Moment generating functional

The probability distribution (2.10) is a distribution for the random variables x1, ..., xy.
We can alternatively describe the probability distribution by the moment-generating
functional by adding the terms Y., jix;h to the action and integrating over all paths

Z(j1,-- -, jMm) = H{\fl {[oo dx; exp (jlxlh)} p(x1,...,xMmla). (2.12)

Moments of the path can be obtained by taking derivatives (writing j = (j1,...,jm))

0
d(hji)

Z(j)

Y {[Oo dxl} p(x1,..., xmla) xx

= (xp). (2.13)

j=0

For M — oo and h — 0 the additional term exp (Zf\fl jixih) "3 exp ([ j(t)x(t)dt). So
the derivative on the left hand side of Eq. (2.13) turns into the functional derivative

d 1 €

o\ 1e . . . . . . . h—-0 O
WZ(J)=}31£r(}g(Z(h,-.-,]k+E,]kn,---,]M] Z(]l:--~/]k/--~/]M))

> 50 1,

and the moment becomes (x(t)) at time point t = hk. The generating functional takes
the explicit form

. ) . _ ico J% N
zG) - mh{[” dxlexp(nxzh)}Hﬁﬁol{ _Z.OOZ_NI;ZW(—xk)}X (2.14)

M-1
x exp ( > Fi(xp —x - f(x)h - ﬂ5lo)) .

1=0

Note the different index ranges for the path coordinates xy,...,x) and the response

field %o,...,%pm-1. Letting i — 0 we now define the path integral as the generat-

ing functional (2.14) and introduce the notations ITM, [% dx; gy [ Dx as well as

joo dx; h—0 ~ . . . .
et e % — [ Dx. Note that the different index ranges and the different in-
tegral boundaries are implicit in this notation, depending on whether we integrate

over x(t) or %(t). We hence write symbolically for the probability distribution (2.10)

plx()|x(0+) = a]

[ Drexp (f: F(D) (rx - f(x) - ad (1)) dt) Zw[-%]

f D% exp (£ (5x - f(x) - a6(t))) Zw[-%] (2.15)

(exp (— [: x(t) dW(t))> w

(exp (—deW» W

N
s

&
faall

I
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where the respective second lines use the definition of the inner product on the space
of functions

xTy = [oox(t)y(t)dt. (2.16)

This vectorial notation also reminds us of the discrete origin of the path integral.
Note that the lattice derivative appearing in Eq. (2.15) follows the definition d;x =
limy,_,q % (xt/h+1 - X /h). We compactly denote the generating functional (2.14) as

21j= [ px [ D3 exp(f J?(t)(atx—f(x)—ué(t))+j(t)x(t)dt) Zwl-%].  (2.17)

For Gaussian white noise we have with Eq. (2.11) the moment generating functional
Zy[-%] =exp (% %'%) and we get

2[j]= [ px [ D1 exp(fT(atx—f(x)—aé(t))+%foJrox). 2.18)

2.3 Dynamic mean-field theory for random networks

Systems with many interacting degrees of freedom present a central quest in physics.
While disordered equilibrium systems show fascinating properties such as the spin-
glass transition (Parisi, 1980; Sompolinsky & Zippelius, 1981), new collective phe-
nomena arise in non-equilibrium systems: Large random networks of neuron-like
units can exhibit complex (chaotic) dynamics (Sompolinsky et al., 1988; van Vreeswijk
& Sompolinsky, 1996, Monteforte & Wolf, 2010) with important functional conse-
quences (Legenstein & Maass, 2007a; Sussillo & Abbott, 2009; Toyoizumi & Abbott,
2011). In the following, we characterize the dynamics by studying the emergent
correlation structure in these systems.

2.3.1 Definition of the model and generating functional

We study the coupled set of first order stochastic differential equations
dx(t) +x(t)dt = We(x(t)) dt + dW(t), (2.19)

where

2
0,%)iid. fori+j
Wij”{N( ) i ori#j (2.20)

0 fori=j
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are ii.d. Gaussian random couplings, ¢ is a (non-linear) gain function applied
element-wise, the dW; are pairwise uncorrelated Wiener processes with (dW?(t)) =
Ddt.

We formulate the problem in terms of a generating functional from which we can
derive all moments of the activity. Introducing the notation x'x = ; [ %;(#)x;(t) dt,
we obtain the moment-generating functional

Z[j]:/Dfoi exp(So[x,fc]—f(TW¢(x)+ij)

D
with So[x,x] = x" (9;+1) x + EXTR, (2.21)
where the measures are defined as [ Dx = limpoo I[IN,ITM, [ dxf and [ Dx =
. wk
lim oo [TN TIMCT [12 % Here the superscript k denotes the kth time slice. The

action Sy is defined to contain all single unit properties, therefore excluding the cou-
pling term —x'W¢ (x), which is written explicitly.

2.3.2 Average over the quenched disorder

The dynamics of Eq. (2.19) shows invariant features independent of the actual real-
ization of the couplings, only dependent on their statistics, here parameterized by
o. To capture these properties that are generic to the ensemble of the models, we
introduce the averaged functional

2
(Z[j]) = I1;;dW;; N (0, 0_1Wij) Z[j]. (2.22)
N

We use that the coupling term exp(-X;.; Wi [ %;(t)¢(x;(t)) dt) in Eq. (2.21) factorizes
into ITi.jexp(-W;; [ %i(t)¢(xj(t)) dt) as does the distribution over the couplings (due
to Wj; being independently distributed). We make use of the couplings appearing
linearly in the action and complete the square (in each W;; separately) to obtain for
i#]

2
f dwij/\/(o,%,wij) exp(—Wij f fi(t)gb(xj(t))dt) (2.23)

_ exp(%(f fi(t)qb(xj(t))dt)z).
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We reorganize the last term including the sum ¥, as

(f xi<t)¢<xj<t>)dt)2)

2
- ep( X [ [ mt)«p(xj(t))fi<t'>¢(xj<t’))dtdt')

i#]

o2

exp ﬁ

i#]

2
- exp %/](Zi:fi(t)fi(t’)) (%;qb(xj(t))q)(xj(t')))dtdt’)x

o? o , ,
exp| oy f in(t)xi(t Yo(xi(1)p(x;(t')) dt dt )
where we used (/ f(t)dt)* = [ [ f(£)f(t') dtdt’ in the first step and Y XiYj = iXi Y
in the second. The last term is the diagonal element that is to be taken out of the

double sum. It is a correction of order N~! and will be neglected in the following.
The disorder-averaged generating functional Eq. (2.22) therefore takes the form

(Z[jl) = fDx/Df( exp(So[x,f(]ﬂ'Tx)x (2.24)
op(y [T [ (;fi(t)fi(t’)) (%Z;Wj(t)m(xj(t'))) dtat').

=0 (t/t,)

The coupling term in the last line contains quantities that depend on four fields. We
now aim to decouple these terms into terms of products of pairs of fields. The aim
is to make use of the central limit theorem, namely that the quantity Q; indicated
by the curly braces in Eq. (2.24) is a superposition of a large (N) number of (weakly
correlated) contributions, which will hence approach a Gaussian distribution. The
outcome of the saddle point approximation to lowest order will be the replacement
of Q1 by its expectation value, as we will see in the following steps. We define

2
o
Qi(t,s) =N > 9(xj(£)¢(xi(s)) (2.25)
]
and enforce this condition by inserting the Dirac-0 functional

-3 Qu(s,) + F 030 (1) 2.26)

:fDQZ exp(f/ Qa(s,1) [-%Ql(s,mz ¢(xj(s))¢(xj(t))] dsdt).
]
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We here note that as for the response field, the field Q; € iR is purely imaginary due
to the Fourier representation Eq. (2.9) of the J.

We aim at a set of self-consistent equations for the auxiliary fields. We therefore intro-
duce one source term for each of the fields to be determined. Extending our notation
by defining Q1 Q> := [| Q1(s,t) Qa(s,t)dsdt and £7 Q1% := [| %(s) Q1(s, ) %(t) dsdt we
hence rewrite Eq. (2.24) as

(2) = [P0 [ PQexp(-5QIQ N InZ[Q1,Q]) @27

f Dx f DX exp (So[x,i] + %fTQlf + ¢(x)Tqu>(x)),

Z[Q1, Q2]

where integral measures DQ;, must be defined suitably. In writing Nln Z[Q1, Q2]
we have used that the auxiliary fields couple only to sums of fields ¥; $?(x;) and
¥, %2, so that the generating functional for the fields x and X factorizes into a product
of N factors Z[Q1,Q2]. The latter only contains functional integrals over the two
scalar fields x, . This shows that we have reduced the problem of N interacting
units to that of a single unit exposed to a set of external fields Q; and Q,.

The remaining problem can be considered a field theory for the auxiliary fields Qq
and Q,. The form of Eq. (2.27) clearly exposes the N dependence of the action for
these latter fields in Eq. (2.27): It is of the form [ dQexp(Nf(Q))dQ, which, for large
N, suggests a saddle point approximation.

In the saddle point approximation (Sompolinsky & Zippelius, 1982) we seek the
stationary point of the action determined by

5S[Q1, 5§ ( N
0 [(sQéaQZ]chQa (_;Q$Q2+N1nZ[Q1,Q2]) = 0 wae{l,2}. (228)

We here set the value for the source fields j = j = 0 to zero. This corresponds to

finding the point in the space (Q1,Q2) which provides the dominant contribution
to the probability mass. This can be seen by writing the probability functional as

p[x] = | DQ1DQ; p[x; Q1, Q2] with

p[x; Q1, Q2] = exp (—%Q{Qz + Z In f Dx exp (So[xi, %]+ %fTQlf + cp(xi)TQz(,b(xi)))
b[Q1, Q2= [ DxplxiQ1,Q2), (2.29)

where we defined b[Q1, Q2] as the contribution to the entire probability mass for
a given value of the auxiliary fields Q;,Q>. Maximizing b therefore amounts to
the condition Eq. (2.28), illustrated in Fig. 2.2. We here used the convexity of the
exponential function.
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> X

Figure 2.2: Finding saddle point by maximizing contribution to probability: The
contribution to the overall probability mass depends on the value of the parameter
Q, i.e. we seek to maximize b[Q] := [ Dxp[x; Q] (2.29). The point at which the
maximum is attained is denoted as Q*, the value b[Q*] is indicated by the hatched
area.

The functional derivative in the stationarity condition (2.28) applied to InZ[Q1, Q2]
produces an expectation value with respect to the distribution (2.29): the fields Q;
and Q» here act as sources. This yields the set of two equations

N 0Z[Q1, Q0]
Z 5Q2(S/t) Q*
o Qi(s,t) = (p(x()P(x(1)) g = T Coayp(y (t: )
N 6Z[Q1, Q2]

N
0 =S Q)+ = =
UzQz( )+Z 501 (5, 1) o

2
o Qs =TRSO =0,

N
0 =3 Qi(t,t") + (2.30)

where we defined the average autocorrelation function Cy(y)e(x)(t, ') of the non-
linearly transformed activity of the units. The second saddle point Q3 = 0 vanishes,
as it would otherwise alter the normalization of the generating functional through
mixing of retarded and non-retarded time derivatives which then yield acausal re-
sponse functions (Sompolinsky & Zippelius, 1982).

The expectation values ()« appearing in Eq. (2.30) must be computed self-consistently,
since the values of the saddle points, by Eq. (2.27), influence the statistics of the fields
x and X, which in turn determines the functions Q7 and Q; by (2.30).

Inserting the saddle point solution into the generating functional (2.27) we get

2
(Z) o f Dx / Dx exp (So[x,i]+%fTC¢(x)¢(x)f). 2.31)

As the saddle points only couple to the sums of fields, the action has the important
property that it decomposes into a sum of actions for individual, non-interacting
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Figure 2.3: Interpretation of the saddle point value Q] given by Eq. (2.30): The
summed covariances Cyy received by a neuron in the network, weighted by the
synaptic couplings W;;, which have Gaussian statistics with variance o*N-L.

units that feel a common field with self-consistently determined statistics, charac-
terized by its second cumulant Cy(y)4(r)- Hence the saddle-point approximation
reduces the network to N non-interacting units, or, equivalently, a single unit sys-
tem. The second term in Eq. (2.31) is a Gaussian noise with a two point correlation
function Cy(yyg(x)(t,t'). The physical interpretation is the noisy signal each unit re-
ceives due to the input from the other N units. Its autocorrelation function is given
by the summed autocorrelation functions of the output activities ¢(x;(t)) weighted
by 0?N~!, which incorporates the Gaussian statistics of the couplings. This intuitive
picture is shown in Fig. 2.3.

The interpretation of the noise can be appreciated by explicitly considering the mo-
ment generating functional of a Gaussian noise with a given autocorrelation function
C(t,t"), which leads to the cumulant generating functional In Z;[%] that appears in
the exponent of Eq. (2.31) and has the form

In Z;(%] ln(exp( [ x(t)g(t)dt))

- LT [T e sarar
= %JZTCf.

Note that the effective noise term only has a non-vanishing second cumulant. This
means the effective noise is Gaussian, as the cumulant generating function is quadratic.
It couples pairs of time points that are correlated.

This is the starting point in Sompolinsky et al. (1988, eq. (3)), stating that the effective
mean-field dynamics of the network is given by that of a single unit

@ +1)x(t) = 75t (2:32)
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driven by a Gaussian noise 77 =  + ddigf with autocorrelation

(1(1)11(5)) = % Co(x)p() (£,8) + DI (t =5).

In the cited paper the white noise term oc D is absent, though. The generalization
is presented in Goedeke et al. (2016). Using this effective mean-field dynamics the
previously mentioned works derived self-consistent equations for the autocorrela-
tion function of the neurons to determine a transition between regular and chaotic
dynamics.

The above methods, however, can not explain cross-correlations between neurons
in finite-size networks: The collective dynamics of the N interacting units are re-
duced to N pairwise independent units, each subject to a self-consistently deter-
mined auxiliary field in the thermodynamic limit N — oo. Covariances of individual
neurons are self-averaging in this limit, i.e. identical over unit index and indepen-
dent of the realization of the randomness in the network connectivity. In particular,
cross-covariances vanish. Interactions between neurons can be included on average
as a finite-size correction within this self-averaging framework by considering non-
zero average connection weights (Ginzburg & Sompolinsky, 1994; Renart et al., 2010;
Trousdale et al., 2012; Tetzlaff et al., 2012; Helias et al., 2014). However, additional
finite-size effects arise from fluctuations in the saddle points that were neglected so
far. In the next section, we will consider both features in a simpler network, the
set of coupled Ornstein-Uhlenbeck processes as derived from the binary network in
Chap. 1. This network is easier to treat analytically as it allows for a reduction from
path integrals to ordinary integrals. Furthermore, it captures the linear-response
dynamics of nonlinear network models.

2.3.3 Mean-field theory for finite-size networks

Let us now consider linear dynamics ¢(x) = x, i.e. a set of Ornstein-Uhlenbeck
processes (cf. Eq. (1.31) in Sec. 1.6)

d’;(:) — x() + Wx(E) + E(b). (2.33)

with generating functional

Z[]']:[DX[D)? exp(So[x,f(]Jrox)

with So[x,X] = X" (3 +1- W) x + giTi(. (2.34)
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The latter can easily be interpreted in Fourier domain due to the linearity of Eq. (2.33)
and the invariance of scalar products under unitary transforms

=[DX/D)~( exp(So[X/X]"‘JTX)

with So[X, X] = XT (iw+1-W) X+ %XTX, (2.35)

with Fourier transformed variables denoted by capital letters. The scalar product
in frequency domain reads X'X = ¥; [ X;(-w)X;(w)dw. The generating functional
factorizes into generating functions for each frequency w. Since w couples to —w in
the scalar product, it is easiest to focus on the component for w = 0. In the following,
we will only discuss zero frequency and therefore omit the frequency argument, i.e.
we write X = X(0) and correspondingly for sources J. After integration over all
non-zero frequencies one obtains the generating function for zero frequency

Z[J] = det(1 - W) f DX f DX exp (so[x X]+JX) (2.36)
=exp ( Ta-w)™ (1- WT )
with So[X,X] = XT (1-W) X + E>”<Tx, (2.37)

with the single-frequency scalar product defined as )~(TX = ¥; X;X;, and integra-
tion measures [ DX = [[; [ dX; and [ DX = []; 5 f - dX;. The determinant in
Eq. (2.36) follows from the normahzatlon condition Z[] 0] =1.

Similar to the general case discussed in Sec. 2.3.2, the generating function formalism
allows an algorithmic integration of the statistics of W. Ignoring insignificant vari-
ations in the normalization of Z[J] !, the disorder average only affects the coupling
term in Eq. (2.36)

(exp (XTWX)) = H4>(XX) Hexp(z (XiX;) )

For clarity, we here assume independent and identically distributed weights W;;. In
the resulting cumulant expansion (Sherrington & Kirkpatrick, 1975; De Dominicis &
Peliti, 1978; Nishimori, 2001; Fischer & Hertz, 1991b), ¢ is the characteristic function
for a single connection Wj; and «; its k-th cuamulant (Gardiner, 1985). Independence
of network size can only be expected, if the fluctuations of the input to a neuron
are independent of N, requiring synaptic weights to scale with 1//N (van Vreeswijk
& Sompolinsky, 1996, 1998), such that the cumulant expansion is an expansion in
1/ V/N. A truncation at the second cumulant (< N71) maps W to a Gaussian connec-

1Variability in the determinant can be accounted for perturbatively, but only yields subleading con-
tributions which are suppressed for large network size.
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tivity NV (1, 0?/N) so that

4

(Z) fDfoX exp (So(X, X) + Sine (X, X) +J7X),

So(X,X) = X' (—1+,4)X+§>~<Tf<,
< o2 ST T

Simt(X, X) = —X'XX'X,

nt(X, X) 2N

with a homogeneous mean connection weight p;; = u = O(1/ v/N). The second cumu-
lant (¢%/N) is the first non-trivial contribution to the second moment of covariances.
While higher cumulants of the connectivity have an impact on higher moments of
the distribution of covariances, their effect on the first two moments is suppressed by
the large network size.

The interaction term Sint prevents an exact calculation of the disorder-averaged gen-
erating function. A converging perturbation series can be obtained in the auxiliary
field formulation (Moshe & Zinn-Justin, 2003), where a field Q; = %XTX is intro-
duced for the sum of a large number of statistically equivalent activity variables.
Using the Hubbard-Stratonovich transformation

exp (Sm(X ) ~ [ DQ exp (50102 + 3 QXX+ QX))

one obtains a free theory, i.e. quadratic action in the activity (X) and response vari-
ables (X), on the background of fluctuating fields Q

(ZU0) = [ DQexp(-25QiQ:+In(Zall)), 2.39)
Zoll] = fDfoX exp(So(X,X)Jr%Q1)~(T)~(+Q2XTX+]TX).

The high dimensional integrals of the free theory Zg[J] can be solved analytically
yielding a two-dimensional interacting theory in the auxiliary fields Q; and Q. The
auxiliary field formalism translates the high-dimensional ensemble average over W
to a low-dimensional average over Q, i.e. a mapping of the local disorder in the
connections to fluctuations of global fields Q interacting with a highly symmetric all-
to-all connected network, illustrated in Fig. 2.4. Only in the special case of vanishing
mean connection strength y = 0, the system factorizes into N unconnected units, each
interacting with the same set of fields Q (see Sec. 2.3.2). The all-to-all network not
only captures the autocovariance of a single neuron, but also the cross-covariance
with any other neuron.

Performing a change of variables Q = Q*[J] + 5—\/% in Eq. (2.38), where Q*[J] are the

saddle points of the exponent —%Qle +In (ZQ[J]) = Y[Q1,Q2,J] determined by
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Figure 2.4: Disorder average maps network with frozen variability in connections to
highly symmetric network on the background of fluctuating auxiliary fields Q, glob-
ally contributing to the covariance that drives the network fluctuations (illustrated
by wavy arrows).

saddle-point equations

d

0 = Y[0Q1,0,7] e 1,2}, (2.39)
0 o

and expanding Y[Q1,Q>,J] around Q*[J], yields a 1/N expansion (Moshe & Zinn-
Justin, 2003; Amit, 2005). Note that in contrast to Sec. 2.3.2, we here preserve the
dependence of Q*[J] on external sources J. This dependence was neglected in prior
work (Sompolinsky & Zippelius, 1982) since it scales to leading order as 1/N (see
below). We focus only on the leading-order contribution Y [Qf J1,Q; []],]] which
describes tree-level diagrams in the Q-theory and drop all source dependence in
higher Taylor coefficients

(Z(J)) ~exp (Y[Q1[J], Q20J1JD), (2.40)

with corresponding action

SOX,X) =X (-1+pu) X+ XX+ Q3 [J1XTX. (2.41)

D +Q1[J]
2
Note that this Gaussian theory in X, X still contains in the latter two terms effects aris-
ing from the quartic interaction term Siy¢ of the original theory. Variability in Q*[J]
through their source dependence therefore gives rise to cumulants of the activity

variables beyond second order.

The action (2.41) shows that Q7[J] acts as a global contribution to the Gaussian noise
whereas Q;[J] directly contributes to the inverse of the covariance matrix. By inte-
grating out the response variables X, one can alternatively interpret both Q,*[J] as
contributions to the covariance matrix of the noise.

Saddle points Q*[J] are obtained self-consistently from Eq. (2.39) which reduces to
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the set of equations

o 7 DX XXX exp (SOX) +17X)
QilJ] = N f DXf DX exp (S(X,f() +JTX) ’ 242
0> [ DX [ DXXX exp (S(X,X) +1'X)

2N [ DX [ DX exp (S(X,X) +]JTX)

QU] =

Moments of activity are determined by saddle points and their derivatives evaluated
at zero source. Setting J = 0 yields

Qil0] = T (XX),,
2
Q0] = %(XTX)Q, (2.43)

with correlators (X; Xj)Q = #‘ZHJ_Q[]] ‘]_0 and the cumulant generating function Q[J] =

In (ZQ*[O] [J])- Analogously, correlators including X; can be obtained by introducing
a source term J'X into Zg+[o]. A self-consistent result reads

(XiXj), = 0 (2.44)
(XiXj)g = [(1—#)‘1(D+QT[0])(1—yT)_1]U, (2.45)
(XiX)) = [a-m7] (2.46)
with
Qil0) - =,
Q0] =0,

R=/1+v0andy = O(1/N) resulting from subleading terms in Eq. (2.45) containing
1 (see Sec. B.2). Eq. (2.45) shows that Q;[0] leads to a renormalization of the noise
D. The renormalized noise reads D; = D + Q;[0] = D/(1 - R?).

Analogously, second derivatives of saddle points with respect to sources can be cal-
culated from Eq. (2.42) with the final result

2 2

d*Q; o -

= X X XZX _ XZXa ,
dfid]; J=0 lgN 1 (XiXk)a ( l>0+ﬁNi,Za< >Q dJy thzU] o
dZQE o2 ) ‘ _ 2 ]
d]kd]l J=0 ,BN - (X Xk) (Xz'Xl>Q/ Wlth,B =1- N IZ,Q: (Xz'Xa>Q

where we used tha d ] = 0 since three-point correlators of () vanish.
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Using partial derivative calculus di], (Zz()) = (%% + aa%z ag* )(Z(Ql,Qz,]))
i i 1 i

and the saddle-point condition % (Z (Q7, QE,])) = 0 which follows from Eq. (2.39)
and Eq. (2.40), we find that second moments of activity, i.e. average covariances, are
not influenced by the source dependence of saddle points

d2
(1)) - 7 (20)

= (XiXj)q = [(1-;,)1 Dr(l—yT)_l]ij. (2.47)

J=0
The non-zero mean connection strength u = O(1/\/N) yields cross-covariances as
finite-size effects. Additional finite-size effects arise when considering fourth mo-
ments of activity. Formally, two of the four derivatives act on Q*[J] while the other
two act on the source term JX to yield

d4
((XiX;XiX;)x) Al (Z)
I J=0
Qi d2Q; ~ )
= 4 XleZ X Xa 2. XXu XXa
d]id]j ]=OZ”:< ) ( ) d]ld]l Z( ] )Q( ] )Q
Qs Q;
Ty, 2 FXeda (XiXala +2 gy 2 XiXeha (XiXelo
+ 2(XiXj) o (Xi X)), + (XiXi) o (X X)) o - (2.48)

The latter three terms in Eq. (2.48) correspond to the trivial Wick decomposition
from the Gaussian part of the theory i.e. Q*[J = 0], whereas the second derivatives

. 4*Qx
of saddle points ad
i4Jj

0" O(1/N) evaluated at zero source determine the non-

vanishing fourth cumulants. Note that no quartic derivatives of saddle points appear
in Eq. (2.48) due to the saddle-point condition % (Z (Q7, Q;,])) = 0. We will show
an application of this result in the next chapter where we relate the meta-statistics of
activity, i.e. the dispersion of covariances, to the fourth cumulants calculated above.

2.4 Conclusion

We reviewed the functional formalism for classical stochastic systems by De Do-
minicis & Peliti (1978) and, by a combination of tools from spin glasses (Crisanti &
Sompolinsky, 1987) and large-N field theory (Moshe & Zinn-Justin, 2003), derived
and extended the mean-field theory for the dynamics of large, disordered networks
underlying the seminal work of Sompolinsky et al. (1988). This mean-field theory
reduces the disordered to highly symmetric networks by performing ensemble aver-
ages which allow descriptions of the dynamics in terms of the statistics of connections
rather than single realizations. In the thermodynamic limit, N — oo, the ensemble-
averaged system is decoupled. A saddle-point approximation of the fluctuating aux-
iliary fields yields effective equations of motion for isolated single units. Taking into
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account finite-size effects from mean connection strengths and fluctuations of auxili-
ary fields yields a non-Gaussian theory, which exhibits non-trivial cross-correlations
between units.



Chapter 3

Distributions of covariances as a
window into the operational
regime of neuronal networks
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3.1 Introduction

A network of neurons constitutes a many-particle system with interactions mediated
by directed (asymmetric) and random synaptic connections. This quenched ran-
domness is the defining feature of a disordered system. The large number and diver-
gence of outgoing connections implies that each pair of neurons receives a substantial
amount of common inputs, leading to positively correlated activity on average (De la
Rocha et al., 2007; Shea-Brown et al., 2008). The dominant negative feedback, which
stabilizes the strongly fluctuating activity in recurrent networks (van Vreeswijk &
Sompolinsky, 1996), gives rise to active decorrelation (Tetzlaff et al., 2012). As a con-
sequence, correlations are positive on average, but close to zero (Ecker et al., 2010;
Cohen & Kohn, 2011) and their mean is predicted to vanish in inverse proportion to
the number of neurons in the network (Renart et al., 2010). On the level of individ-
ual pairs of neurons, however, experimentally a wide distribution of correlations is
observed, shown in Fig. 3.1 for recordings in macaque motor cortex (see also Fig. 4).
The mechanism responsible for the large width is beyond available theories, which
are restricted to population averages.

Functionally, correlations are important, because they influence the information con-
tained in the activity of neural populations (Shadlen & Newsome, 1998; Sompolin-
sky et al., 2001; Moreno-Bote et al., 2014). The recent availability of massively parallel
recordings of neural activity (Stevenson & Kording, 2011) poses the question whether
the joint statistics allows conclusions on the structure and the operational regime of
the network. For example, a fundamental transition from regular to chaotic dynam-
ics is known to occur in large networks at a precisely defined interaction strength,
the point at which the regular state looses linear stability (Sompolinsky et al., 1988).
Highest computational performance (Crutchfield & Young, 1989) is expected at the
edge of this chaotic state (Toyoizumi & Abbott, 2011).

Whether and how this critical point is reflected in pairwise correlations is yet un-
known, since the employed mean-field theories (Sompolinsky et al., 1988; Molgedey
et al., 1992; van Vreeswijk & Sompolinsky, 1996; Aljadeff et al., 2015; Kadmon & Som-
polinsky, 2015) are restricted to self-averaging quantities in the N — oco. In this limit,
cross-covariances vanish, such that the standard mean-field theory (Sommers et al.,
1988; Le Cun et al., 1991) as described in Sec. 2.3.2 cannot explain their dispersion.
Connections in neuronal networks have, however, limited range, so that the effec-
tive network size is bounded well below the size of the entire brain. Understanding
correlations therefore requires us to preserve finite-size effects.

The mean-field theory derived in Sec. 2.3.3 captures finite-size fluctuations of ex-
ternal auxiliary fields which derive from the quenched disorder of the connections
and explain the neuron-to-neuron variability. Employing this formalism, we obtain
closed-form expressions for the mean and width of the distribution of covariances
and we explain why their ratio is o< v/N. The dependence on the structural param-
eters further allows us to infer network parameters from the observed activity. The
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Figure 3.1: Distribution of cross-covariances c;; = % ((ninj)t - (ni)t(n]')t) between spike
counts n; of neurons in macaque motor cortex (blue histogram, (); is the average
across trials) as compared to integral cross-covariances given by Eq. (3.1) with dif-

ferent variability 0® of connection strengths W;; Hd- A (4,02/N) (red shading indi-
cates density of histogram, red curves the analytical prediction for mean and +1
standard deviation). The low mean and large standard deviation (blue dashed hori-
zontal lines) of experimentally observed cross-covariances (blue) are explained by a
model network (red) with high variability of connections (02 ~ 0.8). The experimen-
tal data from 155 neurons mostly located in layer 5 of macaque motor cortex (M1)
are recorded with a 100-electrode “Utah” array (Blackrock Microsystems, Salt Lake
City, UT, USA) with 400 ym interelectrode distance, covering an area of 4 x 4 mm?.
Spike counts n; of activity are obtained within T = 400 ms after trial start (TS) of a
reach-to-grasp task (Riehle et al., 2013) in 141 trials (subsession: 1140703-001, same
data as in Fig. 4). The data set is also available with all details on the recording and
annotations in Brochier et al. (to be submitted to Scientific Data). Note that the stan-
dard deviation of cross-covariances was corrected for bias due to limited number of
trials (see Sec. B.1). Numerical solution of Eq. (3.1) and analytical predictions for the
mean (3.6) and standard deviation (3.7) are performed with network size N = 1000,
uniform covariance D = 3.36, Gaussian connectivity with mean connection strength
= 6.6-107%, and varying o2 (right horizontal axis). Data courtesy of A. Riehle and
T. Brochier.
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equations establish a link between the distance to criticality, i.e. the spectral radius
of the connectivity matrix, and the width of the distribution of covariances. The ex-
perimental data introduced in Fig. 3.1 strongly supports the operation of the brain
close to this critical point.

3.2 Meta-statistics of activity and criticality

In the asynchronous irregular regime (Brunel, 2000) resembling cortical activity in
the absence of external stimuli, linear response theory applied to a variety of neuron
models (Grytskyy et al., 2013b), such as binary (Ginzburg & Sompolinsky, 1994; Dah-
men et al., 2016a), leaky integrate-and-fire (Pernice et al., 2012; Trousdale et al., 2012),
and Poisson model neurons (Hawkes, 1971; Pernice et al., 2011) yields equations for
the covariance matrix between network fluctuations x(¢) around the stationary state
(see Fig. 4). Considering the time-lag integral of the covariance functions, these dif-
ferent expressions reduce to a unique form

Cl']' = /:: <Xi(t + t,)x]'(t)>x dat’

_ [(1—W)_1D(1—WT)_1L, 3.1)

which, in particular, is independent of the connection delays and time constants of
the system. Here W is the connectivity matrix and D is a matrix of covariances re-
lated to single unit fluctuations and correlated external input (see Sec. B.3,Sec. B.4).
In the absence of the latter and for spiking models, the entries D;; are the stationary
variances of spike counts in the absence of coupling determined by the mean activ-
ities (Pernice et al., 2012; Helias et al., 2014), and ¢;; is the covariance between spike
counts n; and n; (Fig. 3.1).

Distributions of the covariances ¢;; (3.1) over different pairs of neurons arise from dis-
tributed mean activities and variability of shared and correlated external input across
neurons (entering D), and from the structural variability in the disordered connectiv-
ity W. We here focus on the latter variability which is generated within the network.
The found results are robust with respect to variability in D (see Sec. B.3,Sec. B.4).

In nature, the disordered connectivity between neurons is cell-type specific and dis-
tance dependent. However, already an isolated homogeneous random network, i.e.
a network with independent and identically distributed weights and uniform co-
variance D = D -1, exhibits widely distributed cross-covariances with a small mean
(Fig. 3.1). To expose the fundamental mechanism, we here neglect the distance de-
pendence and cell-type specificity and focus on the effect of the disordered connec-
tivity alone.
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Figure 3.2: Mean (absolute value; dark gray) and standard deviation (light gray)
of integral auto- (a) and cross-covariances (b) for different spectral radii R. Solid
curves indicate analytical predictions, symbols show numerical results of Eq. (3.1)
for 100 network realizations with Erdés-Rényi connectivity and N = 1000. Circles
denote the ensemble averages, bars the average upward/downward deviation of
the non-Gaussian statistics. Bars are below marker size except for rightmost data
points. Spectral radius numerically estimated by the maximal real part of the eigen-
values. (c) Predicted spectral radius of the effective connectivity of the macaque
motor cortex network as a function of network size for given moments of experimen-
tally observed and bias-corrected parameters of the covariance distribution (Fig. 3.1,
cij = 0.12, 5(:12]. = 6.11, ¢;; = 16.16, see Sec. B.1). The shaded area marks the range of

biologically plausible effective network sizes corresponding to the spatial scale of the
recordings. The red dashed line indicates the critical point R = 1.

Determining the moments of covariances from Eq. (3.1) is hindered by the occurrence
of the inverse of the random connectivity matrix (1- W)™, A systematic calculation
of moments, which does not rely on ad-hoc approximations can, however, be per-
formed in the equivalent generating function formulation by noting that the correla-
tion structure Eq. (3.1) can be regarded as originating from the time evolution of a
set of coupled Ornstein-Uhlenbeck processes (Risken, 1996).

We seek to determine the dispersion of covariances and therefore must not expect
individual covariances to be self-averaging. We may, however, expect their meta-
statistics, the moments of the distribution of covariances, to be self-averaging (Fischer
& Hertz, 1991b). We denote with ~ the empirical average, with (), the expectation over
realizations of the processes x, and with () the ensemble average over the disordered
connectivity W. Exchanging the order of differentiation and averaging allows ex-
pressing second moments of covariances as derivatives of a single disorder-averaged
generating function: We first assume the empirical average to be self-averaging

2= <c_2> ) (3.2)

use its definition ¢2 = % >N, c% and the definition of cij = 5, (xi(t+ t’)xj(t))x dar’

— 00

(Xin>x as the second cumulant of the zero frequency components X = X(w = 0)
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55 x(t) dt of Ornstein-Uhlenbeck processes x (Wiener-Khinchin theorem, see Gar-
diner, 1985) to obtain

%=%§«&&@. (33)

As the action Eq. (2.36) for a single realization of W is quadratic, Wick’s theorem
applies, (XZ-XZ-X]-Xj)x = Z(Xin>i + (Xin‘)x<Xij>x = 2clzj +cjicjj for the special case
i = j, such that we identify the squared second moment as a fourth moment of the
generating functional

Y 1 N ick’s th. 1 N 1
szi = NZ((XZXJ?()W k= th ﬁzg“xzxixixz)x)
i=1 i=1
1M1 /a4 1 a4
T N e == —(Z 3.4
Ngghﬁ[ﬂyogdﬁ<mnﬂ G4

In the last step, we used the symmetry of the disorder-averaged network. Analo-
gously follows fori #jand N-1~ N,

- 3\ 1 Nooogd 1,_, 1 d 1,
Clzj - (C12]> " 2N(N-1) igzjl dfzzd]f (Z[1]) J_O_§<Cu> =5 W(ZUD ]_O—§<Cu) .

(3.5)

For large networks, the required two- and four-point correlators can be calculated
from the zeroth order term in the saddle-point expansion of the fields Q. With
Eq. (2.47) and Eq. (2.48) in Sec. 2.3.3 we obtain the mean integral covariances

— 1 D -1
= [(1_”) 1 1_R2 (1-n") ]i], = Drij (3.6)
and the variance of integral covariances
— 1 1
52 = R? D2xi, 3.7

with the spectral radius R = \/1+ 0 of the connectivity matrix W (Rajan & Ab-
bott, 2006) with W;; ~ N(y,%), and the covariance D; = D + Q;[0] = D/(1 - R?),
which is renormalized by the structural variability contained in Q] (see Fig. 2.4).
The mean connectivity p enters the coefficients 7;; = 6;; + v (with J;; the Kronecker
symbol), xij = % (1 + 0 + O(l/N)) and ¢y = O(1/N) (see Sec. B.2), and acts as a neg-
ative feedback in inhibitory or inhibition-dominated networks (Tetzlaff et al., 2012).
While this feedback suppresses mean cross-covariances (3.6), it only yields a sublead-
ing contribution to the dispersion (3.7). The spread of individual cross-covariances
is determined by fluctuations in connection weights. These fluctuations, which are
formally reflected in fluctuations of auxiliary fields Q, cause broad distributions of
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cross-covariances of both signs even in a homogeneous network !.

The theoretical predictions (Eqgs. (3.6) and (3.7)) correctly reproduce numerical re-
sults for networks (Fig. 3.2a,b) that differ in higher-order cumulants neglected by the
theory. The small spread in numerical results across realizations of the random con-
nections furthermore justifies the self-averaging assumption of the meta-statistics in
terms of mean and variance of the covariance distributions.

At a critical point R = 1 (Fig. 3.2), where the linearized system becomes unstable due
to the largest eigenvalue of the connectivity matrix W exceeding unity, we observe a
divergence of auto- and cross-covariances. In the slightly sub-critical regime, slowly
decaying fluctuations generate individual covariances in the network much larger
than the average across neurons. The same correlation structure exists in a nonlin-
ear network (Sompolinsky et al., 1988) with infinitesimal additive noise, leading to
fluctuating activity also in the regular regime. In this model, the point of linear insta-
bility coincides with a transition to chaos and a divergence in topological complexity
(Wainrib & Touboul, 2013).

The analytic expressions for the moments of covariances Eqgs. (3.6) and (3.7) can be
used to infer network parameters from experimentally observed covariance distribu-
tions. For the highly symmetric network considered here, the application of Wick’s
theorem yields at leading order a trivial factor two between the variance of inte-
gral auto- and cross-covariances (see definition x;; above) and thus requires one free
parameter in the inversion of Egs. (3.6) and (3.7), here chosen as the network size
N since its order of magnitude is most easily accessible in experiments. For given
network size N, the spectral radius of the effective connectivity W is predominantly
determined by A := 5012]. /C_iiz, which is the width of the distribution of cross-variances
normalized by the mean autocovariances squared,

[ 1
R? = 1-y/——— .
1+NA’ 3.8)

with O(1/N) corrections due to subleading terms in x and x;;. Distributions of co-
variances can therefore be used to infer the operational regime of the network, i.e.
the distance to criticality. Fig. 3.2c shows that for the distribution of covariances mea-
sured in macaque motor cortex (Fig. 3.1) and biologically plausible network sizes, the
linear network model must operate close to criticality to explain the data. The small
change of the spectral radius in the biologically relevant range further illustrates the
robustness of the result with respect to a potential bias of the experimental estimates

A decomposition of fluctuations into the population-averaged fluctuation and orthogonal modes
shows that the population-averaged fluctuation, which exclusively determines average covariances, is
suppressed by the average inhibitory connection weight y < 0, while the second moment of covariances
results from the fluctuations of all remaining modes, which are not suppressed by negative feedback
(see Sec. B.2).
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due to limited number of recorded neurons or minor deviations of A, arising from
distributed mean activities, external inputs or correlated connections (see Sec. B.3-
Sec. B.5).

Mean integral autocovariances (3.6) and the variance of integral cross-covariances
(3.7) are predominantly determined by the average stationary mean activities and
the spectral radius. They are rather insensitive to specific deterministic features of
the connectivity and distributions of noise amplitudes across neurons, which arise
from variability in stationary mean activities or external input. This suggests that
Eq. (3.8) also holds qualitatively for more complicated network topologies.

One can use Egs. (3.6) and (3.7) to uniquely determine the parameters of a homoge-
neous network of arbitrary size that generates distributions of covariances matching
the first two moments of experimental data (Fig. 3.1). An exception is the vari-
ance of integral autocovariances that is sensitive to the inter-neuron variability of the
noise level (see Sec. B.3). A better agreement between the higher-order moments of
the experimental distributions for auto- and cross-covariances and the model results
requires more realistic network topologies, such as excitatory and inhibitory pop-
ulations with heterogeneous mean activities driven by external input and spatially
dependent connectivity.

3.3 Conclusion

Massively parallel recordings of spiking activity in macaque motor cortex (M1) show
that spike count covariances vary widely across pairs of neurons. Their low aver-
age is well understood, but an explanation for the wide distribution in relation to
the quenched disorder of the connectivity in recurrent random networks was so far
elusive. We interpret the correlation structure of linear response modes of network
activity as arising from a set of Ornstein-Uhlenbeck processes and applied the mean-
field theory beyond self-averaging developed in Sec. 2.3.3. Using Wick’s theorem, we
relate fourth-order cumulants of activity arising from fluctuations of auxiliary fields
to the dispersion of covariances. The exposed analytical relation between the statis-
tics of connections and the statistics of pairwise covariances shows that both, average
and dispersion of the latter, diverge at a critical coupling. At this point, a network of
nonlinear units transits from regular to chaotic dynamics. Applying these results to
the recordings from macaque motor cortex suggests its operation close to this edge
of criticality.
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4.1 Introduction

Over the past decades, multiple strategies of neural network modeling have emerged
in computational neuroscience. Functionally inspired top-down approaches that aim
to understand the computation in neural networks typically describe neurons or
neuronal populations in terms of continuous variables, e.g. firing rates (Hertz et al.,
1991; Schoner et al., 2015). Rate-based models originate from the seminal works
by Wilson & Cowan (1972b) and Amari (1977) and were introduced as a coarse-
grained description of the overall activity of large-scale neuronal networks. Being
amenable to mathematical analyses and exhibiting rich dynamics such as multista-
bility, oscillations, traveling waves, and spatial patterns (Coombes, 2005; Roxin et al.,
2005; Bressloff, 2012), rate-based models have fostered progress in the understand-
ing of memory, sensory and motor processes (Kilpatrick, 2014). Particular examples
include visuospatial working memory (Camperi & Wang, 1998; Laing et al., 2002),
decision making (Usher & McClelland, 2001; Bogacz et al., 2006, 2007), perceptual
rivalry (Laing & Chow, 2002; Wilson, 2003), geometric visual hallucination patterns
(Ermentrout & Cowan, 1979; Bressloff et al., 2001), ocular dominance and orienta-
tion selectivity (Ben-Yishai et al., 1995; Bressloff & Cowan, 2003; Stevens et al., 2013),
spatial navigation (Samsonovich & McNaughton, 1997), and movement preparation
(Erlhagen & Schoner, 2002). On the brain scale, rate models have been used to study
resting-state activity (Deco et al., 2011) and hierarchies of time scales (Chaudhuri
et al., 2015). Ideas from functional network models have further inspired the field of
artificial neuronal networks in the domain of engineering (Haykin, 2009).

In contrast, bottom-up approaches explicitly model individual neurons, employing
biophysically grounded spiking neuron models that simulate the time points of ac-
tion potentials. These models can explain a variety of salient features of microscopic
neural activity observed in vivo, such as spike-train irregularity (Softky & Koch, 1993;
van Vreeswijk & Sompolinsky, 1996; Amit & Brunel, 1997; Shadlen & Newsome,
1998), membrane-potential fluctuations (Destexhe & Paré, 1999), asynchronous firing
(Brunel, 2000; Ecker et al., 2010; Renart et al., 2010; Ostojic, 2014), correlations in neu-
ral activity (Gentet et al., 2010; Okun & Lampl, 2008; Helias et al., 2013), self-sustained
activity (Ohbayashi et al., 2003; Kriener et al., 2014), rate distributions across neurons
(Griffith & Horn, 1966; Koch & Fuster, 1989; Roxin et al., 2011) and across laminar
populations (Potjans & Diesmann, 2014), as well as resting state activity (Deco &
Jirsa, 2012).

Simulation of rate-based models goes back to the works by Grossberg (1973), McClel-
land & Rumelhart (1981), Feldman & Ballard (1982), and the PDP group (Rumelhart
et al., 1986). Various specialized tools have developed since then (O’Reilly, 2014),
such as PDP++ (McClelland & Rumelhart, 1989; O’Reilly et al., 2000), the Neural
Simulation Language (Weitzenfeld et al., 2002), emergent (O’Reilly et al., 2012), the MI-
IND simulator (De Kamps et al., 2008), the simulation platform DANA (Rougier &
Fix, 2012), TheVirtualBrain (Sanz Leon et al., 2013), Topographica (Bednar, 2009) and
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the Neural Field Simulator (Nichols & Hutt, 2015). Similarly, efficient simulators for
spiking neural networks have evolved with different foci ranging from detailed neu-
ron morphology (NEURON (Carnevale & Hines, 2006), GENESIS (Bower & Beeman,
2007)) to an abstraction of neurons to a single point in space (NEST (Bos et al.,
2015), BRIAN (Goodman & Brette, 2013), see Brette et al., 2007, for a review). Such
open-source software supports maintainability, reproducibility, and exchangeability
of models and code, as well as community driven development. However, these
tools are restricted to either rate-based or spike-based models only. The situation un-
derlines that bottom-up and top-down strategies are still mostly disjoint and a ma-
jor challenge in neuroscience is to form a bridge between the spike- and rate-based
models (Abbott et al., 2016), and, more generally, between the fields of computational
neuroscience and cognitive science. From a practical point of view, a common sim-
ulation framework would allow the exchange and the combination of concepts and
code between the two descriptions and trigger interaction between the correspond-
ing communities. This is in particular important since recent advances in simulation
(Djurfeldt et al., 2008; Hines et al., 2008; Kumar et al., 2010; Hines et al., 2011; Helias
et al., 2012; Kunkel et al., 2014) and computing technology (Jiilich Supercomputing
Centre, 2015) enable full-density bottom-up models of complete circuits (Potjans &
Diesmann, 2014; Markram et al., 2015). In particular, it has become feasible to build
spiking models (Schmidt et al., 2016b) that describe the same macroscopic system as
the rate-based descriptions (Chaudhuri et al., 2015).

Mean-field theories pave the way to relate spiking and rate-based descriptions of
neuronal dynamics (Deco et al., 2008). Population density methods using Fokker-
Planck theory can be used to determine stationary state activities of spiking net-
works (Siegert, 1951; Brunel, 2000). The dynamics of rate fluctuations around this
background activity can be obtained using linear response theory (Brunel & Hakim,
1999; Lindner et al., 2005; Ostojic & Brunel, 2011; Trousdale et al., 2012; Grytskyy
et al., 2013b; Schuecker et al., 2015), moment expansions for mode decompositions of
the Fokker-Planck operator (Mattia & Del Guidice, 2002, 2004; Deco et al., 2008), or
other specific ansatzes (Montbri6 et al., 2015). An alternative derivation of rate-based
dynamics aims at a closure of equations for synaptic currents of spiking networks
in a coarse-graining limit by replacing spiking input with the instantaneous firing
rate (Bressloff, 2012). Using field-theoretical methods (Buice & Chow, 2013) that
were originally developed for Markovian network dynamics (Buice & Cowan, 2007;
Buice et al., 2010) allows a generalization of this approach to fluctuations in the in-
put (Bressloff, 2015). In any case, the cascade of simplifications from the original
spiking network to the rate-based model involves a combination of approximations
which are routinely benchmarked in comparative simulations of the two models. A
unified code base that features both models would highly simplify these benchmarks
rendering duplication of code obsolete.

Rate neurons typically represent populations of spiking neurons. Thus, a hybrid
model, employing both types of neuron models in a multi-scale modeling approach,
would contain a relatively large number of spiking neurons compared to the number
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of rate units. Furthermore a downscaling of a spiking network cannot be performed
without changing the dynamics (van Albada et al., 2015) and thus it is crucial that
a common simulation framework is able to handle real-sized spiking networks. In
addition, the employed mean-field theories exploit the large number of neurons in
biological networks. In fact, they are strictly valid only in the thermodynamic limit
N — oo (Helias et al., 2014). Therefore, in the above mentioned benchmarks, the
spiking networks are typically large. Thus, a common simulation framework should
be optimized for spiking neurons rather than rate-based models.

Current spiking network simulators solve the neuronal dynamics in a distributed
and parallel manner. They exploit the point-event like nature of the spike interac-
tion between neurons, for example in event-based simulation schemes. The latter,
however, can not be employed in the context of rate-based models which require
continuous interactions between units. Spiking point-neuron models furthermore
interact in a delayed fashion. The delays mimic the synaptic transmission and the
propagation times along axons and dendrites. For the duration of the minimal delay
dmin in a network, the dynamics of all neurons is decoupled. Hence, during dmin, the
neurons can be updated independently without requiring information from other
neurons. Distributed processes therefore need to communicate spikes only after this
period (Morrison et al., 2005). Due to considerable latencies associated with each
communication, this scheme significantly improves performance and scalability of
current simulators. In contrast, rate based-models (see Bressloff, 2012, and references
therein) consider instantaneous interactions between neurons. A priori, this requires
communication of continuous state variables between neurons at each time step.

This chapter provides the concepts and a reference implementation for the embed-
ding of continuous-time dynamics in a spiking network simulator. In order to exploit
existing functionality we choose as a platform the open source simulation code NEST
(Gewaltig & Diesmann, 2007; Bos et al., 2015) which is scalable software that can be
used on machines ranging from laptops to supercomputers. The software is utilized
by a considerable user community and equipped with a Python interface, support for
the construction of complex networks, and mechanisms to shield the neuroscientist
from the difficulties of handling a model description, potentially including stochas-
tic components, in a distributed setting (Morrison et al., 2005; Plesser et al., 2015).
Within this framework we introduce an iterative numerical solution scheme that re-
duces communication between compute nodes. The scheme builds on the waveform-
relaxation technique (Lelarasmee, 1982) already employed for gap-junction interac-
tions (Hahne et al., 2015). The technology described here will be made available with
one of the next major releases of the simulation software NEST as open source. The
conceptual and algorithmic work is a module in the long-term collaborative project
to provide the technology for neural systems simulations (Gewaltig & Diesmann,
2007).

In the following, we briefly review numerical solution schemes for ordinary and
stochastic (delay) differential equations in Sec. 4.2 and their application to neural net-
works in Sec. 4.2.2. Subsequently, we develop the concepts for embedding rate-based
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network models into a simulation code for spiking networks, adapt the waveform-
relaxation scheme, and detail an extendable implementation framework for neuron
models in terms of C++ templates Sec. 4.2.3. In Sec. 4.3, different numerical schemes
are evaluated as well as the scalability of our reference implementation. We illustrate
the applicability of the framework to a broad class of network models on the exam-
ples of a linear network model (Grytskyy et al., 2013b), a nonlinear network model
(Sompolinsky et al., 1988; Goedeke et al., 2016), a neural field model (Roxin et al.,
2005), and a mean-field description (Wong & Wang, 2006) of the stationary activity
in a model of the cortical microcircuit (Potjans & Diesmann, 2014; Schuecker et al.,
2016), and briefly mention straight-forward generalizations.

4.2 Material and methods

Rate-based single neuron and population models are described in terms of differen-
tial equations that often include delays and stochastic elements. Before we turn to the
implementation of such models in computer code (Sec. 4.2.3) we review how such
systems are mathematically solved and in particular how the stochastic elements are
commonly interpreted with the aim to avoid an ad hoc design. A stochastic differen-
tial equation (SDE) is defined by the corresponding stochastic integral equation. Let
W(t) denote a Wiener process, also called Standard Brownian motion. For the initial
condition X(fp) = Xo an Itd6-SDE in its most general form satisfies

X (1) :Xo+fta(s,X(s))ds+ftb(s,X(s))dW(s), @1)

to to

where the second integral is an It6 integral

t n
[ Y () aW(s) = Jim 3 Yia - (Wi= Wia)
fo RGeS

with Y; =Y (tg+i- %) and W; = W(tp+i- %) Alternatively, the second integral can
be chosen as a Stratonovich integral, indicated by the symbol o,

Yi1+Y;
2

/ty(s) o dW(s) = lim 3 (Wi = Wiy)
fo A=

which approximates Y(s) with the mid-point rule. In this case, the corresponding
SDE is called a Stratonovich-SDE. We refer to Kloeden & Platen (1992) and Gardiner
(2004) for a derivation and a deeper discussion on the differences between the two
types of stochastic integrals. In the case of additive noise (b(t, X(t)) = b(t)) the Ito
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and Stratonovich integrals coincide. If furthermore the noise is constant (b(t, X(t)) =
o = const.) the integrals can be solved analytically

ftadW(s) - [ttaodW(s) ~lim o3 (W= W) = o (W(E) - W(ko))
nmee i3

fo 0

with W(t) - W(tg) ~N(0,t—tp). In the following, we focus on It6-SDEs only.

The differential notation corresponding to Eq. (4.1) reads

AX (1) = a(t, X(£)) dt +b(t, X (1)) dW(t) (4.2)

and denotes an informal way of expressing the integral equation. Another widely
used differential notation, called the Langevin form of the SDE, is mostly employed
in physics. It reads

ax(t)

o =t X))+ b(t, X(1) E(H), (4.3)

where ¢(t) is a Gaussian white noise with (&(f)) =0 and (G(f)¢(t")) = 6(t —t'). Using
the Fokker-Planck equation one obtains

[ awha =wa),

which is a paradox, as one can also show that W(t) is not differentiable (Gardiner,
2004, Chapter 4). Mathematically speaking this means that Eq. (4.3) is not strictly
well-defined. The corresponding stochastic integral equation

X(t):X0+ftta(s,X(s))ds+fttb(s,X(s))cj(s)ds,

however, can be interpreted consistently with Eq. (4.1) as dW(t) = ¢(¢)dt.

4.2.1 Approximate numerical solution of SDEs

Similar to ordinary differential equations most stochastic differential equations can-
not be solved analytically. Neuroscience therefore relies on approximate numerical
schemes to obtain the solution of a given SDE. This section presents some basic nu-
merical methods. Let At denote the fixed step size, t; = to + kAt the grid points of
the discretization for k =0,...,n, and Xy the approximation for X(#;) obtained by the
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numerical method, at which Xj is the given initial value. We consider systems of N
stochastic differential equations

AX (1) = a(t, X(£)) dt + b(t, X (1)) AW(F) (4.4)

with initial condition X(ty) = Xo. Here, X(t) = (X'(t),...,XN(t)) and W(t) =
(WL(t),...,WN(t)) denote N-dimensional vectors and a : RY - RN and b : RN - RN
are N-dimensional functions. W(t) is an N-dimensional Wiener process, i.e., the
components Wi(t) are independent and identically distributed.

Euler-Maruyama The Euler-Maruyama method is a generalization of the forward
Euler method for ordinary differential equations (ODE). Accordingly, it approximates
the integrands in Eq. (4.1) with their left-sided values. The update formula reads

Xk+1 = Xk + a(tk, Xk) At + b(tk, Xk) . AWk (45)
with AWy = W(t1) - W(t) ~N(0,At) fork=0,...,n-1.

Semi-implicit Euler The (semi-) implicit Euler method is a generalization of the
backwards Euler method for ODEs. The update formula reads

Xie1 = Xi + a1, Xgar) - At +b(t, Xi) - AW (4.6)

with AWy ~ N (0,At) for k = 0,...,n—1. The resulting scheme requires the solution
of a system of nonlinear algebraic equations. Standard techniques for the solution of
the system are Newton iteration and fixed-point iteration (Kelley, 1995). The method
is sometimes called semi-implicit, because the function b is still evaluated at (f, Xj)
instead of (fi.1, Xk41). However, a fully implicit Euler scheme for SDEs is not prac-
ticable (see Kloeden & Platen (1992), Chapter 9.8) and thus the term implicit Euler
usually refers to the semi-implicit method.

Exponential Euler The exponential Euler method relies on the assumption that
a(t,X(t)) consists of a linear part and a nonlinear remainder, i.e.,

alt, X()) = A-X(£) + £(t, X(1))

with A € RN*N, The idea is to solve the linear part exactly and to approximate the
integral of the nonlinear remainder and the It6 integral with an Euler-like approach.
Variation of constants for Eq. (4.4) yields
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X(t) = e X + /;teA(t’s)f(s,X(s))ds+ fteA(t’s)b(s,X(s))dW(s).

fo

There are several versions of stochastic exponential Euler methods that differ in the
approximation of the integral. Unfortunately a standardized nomenclature to dis-
tinguish the methods is so far missing. The simplest approach, sometimes named
stochastic Lawson-Euler scheme (e.g. in Komori & Burrage, 2014), approximates the
integrands with their left-sided values:

X1 = €M X+ (1, Xp) - At + e b (1, X)) - AW

More advanced schemes approximate the nonlinear part by keeping f(s, X(s)) con-
stant for [fp,t) and solving the remaining integral analytically

[ AU (s, X(5)) ds [ AU f(ty, X (tg)) ds = AN (AU~ 1) - £k, X (ko))

Here I denotes the N x N identity matrix. The same technique can be used for the
Itd integral

ft teA(t‘s)b(s,X(s))dW(s) ~ ft teA(t‘s)b(to,X(to))dW(s). (4.7)

For a single SDE, Shoji (2011) proposed a method where the remaining integral
/t(t] e"(t=5) JW(s) with a € R is approximated by /té adW(s), such that « € R is cho-
sen to minimize the mean-square error. This results in a similar approximation as
for the nonlinear part. Komori & Burrage (2014) adapted this approach for systems
of SDEs. The scheme reads

1
X1 = e X+ AT - 1) - f(b, X (1)) + ~ AT A D) b, Xi) - AW

Alternatively, calculating the variance of X(t) within the approximation Eq. (4.7),
amounts to (Adamu, 2011)

r eZA(t—to) —1
VarX(t) = b(to,X(to))z'Vaf/ AV AW (s) = b(to, X(f0))*- A7 (T) :
to

The corresponding scheme reads
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e2AMt _ T

Xk+1 = EAAth + Ail (eAAt - I) 'f(tk, X(tk)) + \j A1 ( ) : b(tk, Xk) Nk (48)
with 7, ~ N(0,1) and yields the exact solution of the system if a(t, X(t)) = A- X(t)
and b(t, X(t)) = const., since X(f) has Gaussian statistics in this case (Risken, 1996).
Therefore in the following we exclusively employ Eq. (4.8) and just refer to it as
the stochastic exponential Euler scheme. For more detailed reviews on the differ-

ent stochastic exponential Euler methods we refer to Adamu (2011) and Komori &
Burrage (2014).

4.2.2 Network of rate models

We here consider networks of N rate-based model neurons where each neuron re-
ceives recurrent input from the network. The system fulfills the It6-SDEs

Tldxl(t):[—Xl(t)+yl+¢(zwlf¢(xf(t-dlf)))]dt+\/§aldw1(t) i=1,...,N

j=1

(4.9)
with possibly nonlinear input-functions ¢(x) and 1(x), connection weights w”, mean
input 3, and optional delays d”/ > 0. The corresponding Fokker-Planck equation
shows that the parameter ¢’ > 0 controls the variance of X'(#) and the time constant
7 > 0 its temporal evolution. For readability, from here on we omit neuron indices
for o, 7,1, and d. The considered class of rate models only contains additive noise.
Therefore, as noted above, the system Eq. (4.9) can be written as Stratonovich-SDEs
without the need for change in the employed numerical methods. For an illustrative
purpose we explicitly state the different explicit solution schemes for the network
dynamics Eq. (4.9) with d = 0. The Euler-Maruyama update step reads

X =X+ %At + LaAw,i. (4.10)

/T

For nonlinear ¢(x) or i(x) the exponential Euler update step is

+\/%(1—e—2m/f)mﬁ (4.11)

with 71 ~ V(0,1). As A = -I is a diagonal matrix, the exponential Euler scheme
does not rely on a matrix exponential, but decomposes into N equations with scalar

. N .
—X,i+y+¢(2w”w(><£))

j=1

a9 (1) e S (1)
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exponential functions. Note that with a linear choice, ¢(x) = ¢(x) = x, the system of
SDEs can be written in matrix notation

TdX(t) = [A-X(t) +u] dt +/TodW(t) i=1,...,N (4.12)

with A = -I+W and W = (w' )nxN- Here the stochastic exponential Euler scheme
Eq. (4.8) yields the exact solution of the system.

The numerical schemes presented in Sec. 4.2.1 are developed for SDEs (d = 0), but
can analogously be used for stochastic delay differential equations (SDDEs) (d > 0), if

the delay 4 is a multiple of the step size At. For the calculation of the approximation

d

X! | in time step k + 1 the recurrent input is then evaluated from X;{ 40 1e. from £

At
steps earlier.

4.2.3 Implementation in spiking network simulation code

This section describes the embedding of rate-based models (Sec. 4.2.2) in a simulation
code for spiking neuronal networks. Examples how to create, connect and record
activity from rate models will be made available with the release of our reference
implementation of the continuous-time dynamics in the simulation code NEST.

The software architecture for rate models is based on existing concepts: Morrison
et al. (2005) describe distributed buffers for the storage of delayed interactions and
the technique to consistently generate random numbers in a distributed setting, and
Hahne et al. (2015) introduce so called SecondaryEvents, that allow the communica-
tion of any kind of data between pairs of neurons. These components are designed
to be compatible with the parallel and distributed operation of a simulation kernel
for spiking neuronal networks, ensuring an efficient use of clusters and supercom-
puters (Helias et al., 2012). This allows researchers to easily scale up network sizes
to more realistic number of neurons. The highly parallelizable structure of modern
simulation codes for spiking neuronal networks, however, also poses restrictions on
the utilizable numerical methods.

4.2.3.1 Restrictions

Parallelization for spiking neuronal networks is achieved by distributing neurons
over compute nodes. Since the dynamics of spiking neurons (in the absence of gap
junctions) is decoupled for the duration of the minimal synaptic delay dpn of the con-
nections in the network, the states of the neurons can be propagated independently
for this time interval. Thus it is sufficient to specify solvers on the single-neuron level.
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The spike times, i.e. the mediators of interaction between neurons, are then commu-
nicated in steps of dmin. In contrast, in the case of interactions via gap junctions
(Hahne et al., 2015) or rates, the single-neuron dynamics depends on continuous
state variables, membrane potential or rate, of other neurons. These continuous vari-
ables need to be communicated and the mechanism for this is the SecondaryEvent
introduced in the gap-junction framework by Hahne et al. (2015).

Furthermore, the global connectivity of the network is unknown to the single neuron.
The neuron object sends and receives events handled by the network manager on the
compute node harboring the neuron. However, the network manager only knows
the incoming connections of the neurons on the compute node.

This structure makes it impossible to employ the implicit Euler scheme Eq. (4.6) with
Newton iteration, which would require the simultaneous solution of a system of
nonlinear algebraic equations with information distributed over all compute nodes.
It is however possible to use implicit schemes with fixed-point iteration. To this
end, the corresponding scheme needs to be formulated as a fixed-point iteration
on the single-neuron level and the updated influences of other neurons have to be
communicated in every iteration. The gap junction framework by Hahne et al. (2015)
already specifies an iterative method to advance the state of the network by one time
step with global accuracy control. Therefore, we investigate in Sec. 4.3.1 if for rate-
based network models the payoff of an implicit scheme is large enough to justify the
additional effort of an iterative solver.

The restricted knowledge of connectivity also limits the usage of the exponential Eu-
ler method. In the case of a linear rate model, we are not able to add the influence
from all other rate neurons to the matrix A in Eq. (4.12), because most of these con-
nections are unknown at the single-neuron level. Therefore, we use the exponential
Euler method with A = -I resulting in the update formula Eq. (4.11). This also has
the benefit of avoiding the need to numerically evaluate a general matrix exponential
as A is a diagonal matrix (see Sec. 4.2.2 for details).

4.2.3.2 Implementation

This section describes the additional data structure required for the implementation
of rate-based models. As a result of the previous section and our analysis of the nu-
merical schemes in Sec. 4.3 we restrict the discussion to the exponential Euler method
where we assume A = —I and identify At = h with / denoting the global computation
step size (Morrison et al., 2005). We have to distinguish the cases of connections with
delay (d > 0) and connections without delay (d = 0). The former case is similar to
spiking interaction: assuming a connection from neuron i to neuron j, the rate of
neuron i needs to be available at neuron j after % additional time steps. This can be
ensured if the delay of the connection is considered in the calculation of the minimal
delay dmin that determines the communication interval. After communication the
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rate values are stored in a ring buffer of neuron j until they are due (Morrison &
Diesmann, 2008). In the case of an instantaneous connection, the rate of neuron i at
time #y needs to be known at time ty at the process which updates neuron j from f
to to + h. Therefore, communication in every step is required for instantaneous rate
connections, i.e. setting dmin = h.

Due to the conceptual differences between instantaneous and delayed interactions
(for the conceptual difference in the case of spiking interaction see Morrison & Dies-
mann, 2008) we define two different connection types and associated events: The
connection type for connections with delay is called delay_rate_connection and
is associated with the new SecondaryEvent type DelayRateNeuronEvent. Connec-
tions without delay are implemented with the connection type rate_connection
with the corresponding secondary event RateNeuronEvent.

The template class rate_neuron_ipn provides a base implementation for rate mod-
els of category (4.9). In this implementation neurons can handle both events, i.e.
DelayRateNeuronEvent and RateNeuronEvent, allowing for simultaneous use of in-
stantaneous and delayed connections. To represent the nonlinearites ¢(x) and (x)
the class contains an object gain_ the type of which is determined by the template
parameter TGainfunction. The ending ipn indicates input noise, as the noise di-
rectly enters the r.h.s. of (4.9). A constant boolean class member linear_summation_
of rate_neuron_ipn determines if the nonlinearity expressed by the operator()
of the object gain_ should be interpreted as ¢(x) (true) or ¢(x) (false). The re-
spective other function is assumed to be the identity function and the default set-
ting for linear_summation_ is true. While to our knowledge this implementa-
tion covers the majority of neuron models, the evaluation of the boolean parameter
linear_summation_ in every update step of each neuron could be improved in terms
of efficiency if the type of nonlinearity would be decided upon at compile time. In the
present architecture this would, however, result in twice as many template instances
for a given set of gain functions. With the future capabilities of code generation
(Plotnikov et al., 2016) in mind it might be beneficial to elevate the constant boolean
member object to a constant template parameter to allow compilers efficient prepro-
cessing and at the same time profit from the code reliability achievable by modern
C++ syntax. The present base implementation reduces the effort of creating a specific
rate model of category (4.9) to the specification of an instance of the template class
TGainfunction. Afterwards the actual neuron model can be defined with a simple
typedef like e.g.

typedef rate_neuron_ipn< nest::gainfunction_lin_rate > lin_rate_ipn;

Tab. 4.1 gives an overview of rate models of the NEST reference implementation.
These models serve as a reference for the implementation of customized neuron
models. Activity of rate neurons can be recorded using the multimeter and the
recordable rate.
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| gain model \ ¢(x) or P(x) |
lin_rate g-xwith geR
tanh_rate tanh(g-x) with g€ R
thresholdlin_rate | g-(x—-0)-H(x-60) with g,0 ¢ R

Table 4.1: Template-derived rate-based neuron models. The table shows the gain
functions of the rate-based neuron models available in the NEST reference imple-
mentation. The name of a particular neuron model is formed by <gain model>_ipn.

4.2.3.3 Waveform-relaxation techniques

The instantaneous connections between rate-based models requires communication
in every time step, which impairs the performance and scalability. On supercomput-
ers communication is particularly expensive, because it is associated with a consid-
erable latency. Therefore, we also study an alternative iterative approach based on
waveform-relaxation techniques that allows us to use communication on a coarser
time grid. As outlined above, in a simulator for spiking neuronal networks the com-
munication intervals are defined by the minimal delay dmi, in the network. For
simulations with instantaneous connections only, we attempt to reduce the commu-
nication load by setting the minimal delay to an arbitrary user specified value given
by the parameter wfr_comm_interval (see Tab. 4.2). In case of additional delayed
connections, the actual communication interval for waveform relaxation then follows
as min (dmin, Wfr_comm_interval). For details on waveform-relaxation methods and
their application in the neuroscience context we refer to Hahne et al. (2015). Orig-
inally these methods were developed (Lelarasmee, 1982) and investigated (see e.g.
Miekkala & Nevanlinna, 1987) for ODEs. More recently waveform relaxation meth-
ods have also been analyzed for SDEs (Schurz & Schneider, 2005) and successfully
applied to large systems of SDEs (Fan, 2013).

Fig. 4.1B illustrates the concept of the iterative approach in contrast to the standard
procedure in panel A. The iterative approach requires the repeated solution of all
time steps in the communication interval and converges to the solution obtained
with the standard approach (Fig. 4.1A). The iteration terminates when a user cho-
sen convergence tolerance wfr_tol (see Tab. 4.2) is met. If the method needs less
than dmin/h iterations, the approach reduces the overall number of communications
required to obtain the solution. In conclusion, the avoidance of communication in
every step comes for the price of additional computational load.

The coupling of neurons via gap junctions is instantaneous and continuous in time
and thus constitutes a very similar problem to the rate dynamics. In order to combine
gap junctions with spiking dynamics Hahne et al. (2015) already devised an iterative
technique. The dynamics of a neuron model supporting gap junctions is solved with
an adaptive step-size ODE-solver, routinely carrying out several steps of the em-
ployed numerical method within one global computation time step h. The commu-
nication of a cubic interpolation of the membrane potential provides the solver with
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Figure 4.1: Different communication strategies for distributed simulations. Dis-
tance between neighboring dotted orange lines indicates computation time step of
size h. Distance between neighboring dashed red lines symbolizes one communica-
tion interval where rates (and other events like spike events) are communicated at
the end of the interval. (A) Straight-forward solution for rate-based models: rates
are communicated in every time step. (B) Iterative approach using waveform relax-

ation: rates are communicated only after d“,j“ steps and the entire interval is solved
repeatedly. (C) Iterative approach with communication in every step.

additional information, resulting in a more accurate solution than the one obtained
from the standard approach. For rate-based models this approach is however impos-
sible. The combination of an iterative method with an adaptive step-size solver is not
applicable to SDEs, where the noise in each time step constitutes a random number.
However, an iterative approach with fixed step size At = h is applicable, as long as
we ensure that the random noise applied to the neurons remains the same in every
iteration. In Sec. 4.3.2 we investigate the performance of the iterative (Fig. 4.1B) and
the standard approach (Fig. 4.1A) with a focus on large network simulations on su-
percomputers. In our reference implementation waveform relaxation can be enabled
or disabled by a parameter use_wfr. Note that in the traditional communication
scheme for spiking neuronal networks (Morrison et al., 2005) the first communica-
tion occurs earliest at the end of the first update step. Therefore, in the absence of
waveform relaxation, the initial input to neurons from the network is omitted.

Fig. 4.1C shows an alternative iterative approach also feasible within our framework.
While this scheme is not needed for the exponential Euler method investigated in the
present work, it can be employed to perform a fixed point iteration in order to obtain
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the solution of the implicit Euler method. However, Sec. 4.3.1 demonstrates that
this is not an efficient option for the integration of rate-based models in distributed
simulations.

Tab. 4.2 summarizes the parameters of our reference implementation of the waveform-
relaxation technique. A subset was previously introduced by Hahne et al. (2015)

(wfr_interpolation_order,wfr_max_iterations, wfr_tol), but we rename them
here to arrive at more descriptive names. The remaining parameters (use_wfr,

wfr_comm_interval) result from the generalization to rate-based models.

4.3 Results

In the following, we assess the stability of the different numerical solution schemes
and benchmark their performance on large-scale machines. Furthermore, we illus-
trate the application of the simulation framework to different models relevant in the
neuroscientific literature.

4.3.1 Stability and accuracy of integration methods

To investigate the accuracy and stability of the different numerical methods (see
Sec. 4.2.1) we consider an exactly solvable network of linear rate neurons with p =0
(see also Sec. 4.2.2)

TdX(t) = A-X(t)dt +/TodW(t). (4.13)

The exact solution of the system of SDEs coincides with the exponential Euler scheme
and involves a matrix exponential and a matrix square root (Eq. (4.8)). This exact so-
lution cannot be obtained with a distributed representation of A as it is typically
employed in the distributed simulation scheme of a spiking network simulation code
(see 4.2.3.1). However, using the methods for numerical matrix computations in
MATLAB or Python (both provide an implementation of the same state-of-the-art
algorithms, see Al-Mohy & Higham, 2009; Deadman et al., 2012), we obtain an ap-
proximation to the exact solution, close to the general limits of floating point nu-
merics, and use this as a reference to compute the root mean square error of the
different approximative methods. In order to employ the root mean square error in
the context of stochastic differential equations we compute the reference solution for
every tested step size and use the same random numbers for both the reference so-
lution and the approximative schemes. Furthermore, we consider analytical stability
criteria for some of the employed methods.
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] parameter name

type

| default | description

use_wfr

bool

true

Boolean parameter to enable (true) or
disable (false) the use of the waveform
relaxation technique. If disabled and any
rate-based neurons (or neurons
supporting gap junctions) are present,
communication in every step is
automatically activated (dmin = h).

wfr_comm_interval

double

1.0ms

Instantaneous rate connections (and gap
junctions) contribute to the calculation of
the minimal network delay with

min (dmin, wfr_comm_interval). This
way the length of the iteration interval of
the waveform relaxation can be regulated.

wfr_tol

double

1074

Convergence criterion for waveform
relaxation. The iteration is stopped if the
rates of all neurons change less than
wfr_tol from one iteration to the next.

wfr_max_iterations

int

15

Maximum number of iterations
performed in one application of the
waveform relaxation. If the maximum
number of iterations has been carried out
without reaching the accuracy goal the
algorithm advances system time and the
reference implementation issues a
warning.

Additional speed-up in the simulation of
rate-based neurons can only be achieved
by wfr_max_iterations < dmin/h.

wfr_interpolation_order

int

This parameter is exclusively used for
gap junctions (see Hahne et al., 2015, Sec.
2.1.2) and has no influence on the
simulation of rate-based models.

Table 4.2: Parameters of the waveform relaxation algorithm. The table shows the
different parameters of the waveform relaxation algorithm together with their C++

data-type, default value, and a brief description.
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In the following we assume that A is diagonalizable, i.e. A = T™'DT with T =
(t1)nxn € CN*Nand D = diag(Ay,...,An), and transform the system of SDEs with
Z(t) =T X(t). It follows

tdZ(t) = D-Z(t)dt+/toTdW(t)

and Z(tp) = TXy. The transformed system consists of N equations of the form

‘ ‘ N . ‘
TdZ'(t) = A ZH(t) dt + Y VTotTdWI(t)  i=1,...,n (4.14)
=1

that depend on the eigenvalues of A and are independent of each other except for
the contribution of the Wiener processes W/(t) . For eigenvalues A; € C with negative
real part Re(A;) <0, the solution of the i-th transformed equation satisfies

1Z1(t) = Z/(1)| = M0 24 - Z4) < |24 - Z4|

for two different initial values Z) and Zj. It is a desirable stability criterion that a
numerical method applied to Eq. (4.13) conserves this property. This is closely related
to the concept of A-stability for SDEs (see Kloeden & Platen (1992), Chapter 9.8) and
A- respectively B-stability for ODEs (Hairer & Wanner, 1991). A straight-forward
calculation shows that the implicit Euler method and the exponential Euler scheme
retain this condition regardless of the step size At and that the Euler-Maruyama
method retains the condition if |1+ A; - At/7| <1 holds. For A; € R we obtain the step
size restriction At < % and for complex eigenvalues the condition is conserved if

A;- At/ is located inside a unit circle centered at -1 in the complex plane.

We investigate the accuracy of the numerical methods for an all-to-all connected

. e psls . . ii 1 .
network with inhibitory connections of weight w' = N The eigenvalues of A =

‘“Q_zlv'] with J/ = 1T are Ay = -1-v/N and Ay = ... = Ay = -1. Tt follows that
the Euler-Maruyama scheme satisfies the stability criterion for At < \/i_ji - Fig. 4.2

shows the root mean square error of the different numerical schemes for an example
network. With decreasing step size all investigated methods converge towards the
exact solution with convergence order 1, which is consistent with the established
theory for SDEs with additive noise (Kloeden & Platen, 1992). The Euler-Maruyama
scheme only works within the calculated stability region. The exponential Euler
with A = -T and f(X) = \;—117] -J- X, in the following called scalar exponential Euler,
shows a similar stability, as the whole input from the network is approximated with
an (explicit) Euler-like approach. Within the stability region of Euler-Maruyama,
however, the scalar exponential Euler yields more accurate results than the two other
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RMSE

step size At

Figure 4.2: Comparison of numerical methods for an all-to-all connected inhibitory
network. RMSE = \/ m >N Z;-":l(X]? - )?]l)z of the solution X obtained by the
approximate solvers (black dashed curve: implicit Euler method solved with New-
ton iteration, blue curve: Euler-Maruyama method, red curve: exponential Euler
method) with respect to the exact solution X as a function of step size in double log-
arithmic representation. The black vertical line marks the largest step size for which
the implicit Euler method solved with fixed-point iteration converges against the one
obtained with Newton iteration. The blue vertical line corresponds to the analytical
2

stability restriction At < 55 of the Euler-Maruyama method. Network parameters:

size N =400, all-to-all connectivity with w’ = \;—%, u=0,0=10and 7 =1ms.

methods. The implicit Euler scheme solved with Newton iteration shows no stability
issues, but it is not applicable in the distributed simulation framework for spiking
neuronal networks (see 4.2.3.1). For completeness, we also test the implicit Euler
scheme with a parallelizable Jacobi fixed-point iteration. The convergence properties
of the fixed-point iteration demand the scheme to be contractive (see e.g. Kelley,
1995, Sec. 4.2). Therefore, in our test case the step size is restricted to roughly
At < 0.05ms and accordingly to a region where the scalar exponential Euler yields
better results. In addition, an iterative scheme in each single time step is expected
to be much more time consuming than using the scalar exponential Euler scheme.
Based on these results we employ the scalar exponential Euler to solve rate-based
neuron dynamics Eq. (4.9), as it is the most accurate, stable and efficient scheme
compatible with the constraints of the distributed simulation scheme for spiking
neural networks. Nevertheless, the inevitable restrictions on the step size At need to
be taken into account in order to obtain an accurate solution. An appropriate step
size can be estimated with the analytical stability criterion of the Euler-Maruyama

method. For an all-to-all connected inhibitory network the restriction At < \/Zﬁi N

shows that, with increasing network size N or decreasing time constant T the step
size At needs to be reduced.

The fully connected network constitutes the worst case test for the class of rate-based
models Eq. (4.9), as the absolute value of the negative eigenvalue quickly increases
with the number of neurons N. A network which does not suffer from this problem
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Figure 4.3: Stability analysis for a balanced excitatory-inhibitory network. The
network contains in total N neurons where the number of excitatory neurons is four
times larger then the number of inhibitory neurons. Each neuron receives input
from a fixed number of 0.8 p- N excitatory and 0.2 p- N inhibitory randomly chosen
source neurons with connection probability p and connection weights ﬁ and \;—%,
respectively. (A) Black circles show the eigenvalues A; of the matrix A for a network
of N = 2000 neurons. Blue and red circles show the rescaled eigenvalues A; - At/t
for At/t = 1.5 and At/t = 0.2. The filled gray circle indicates the region where the
rescaled eigenvalues A; - At/T meet the stability criterion |1+ A;- At/t| < 1 of the Euler-
Maruyama method. (B) The curve shows the maximum of |1 + A; - At/7| over all
eigenvalues A; dependent on At/t. The gray area again indicates the region where
the stability criterion of the Euler Maruyama method is meet. Colored vertical lines
correspond to the rescaled eigenvalues displayed in panel (A).

is a perfectly balanced network of excitatory and inhibitory neurons (Rajan & Abbott,
2006). For these models the conditions on the step size At of the Euler-Maruyama
method are less restrictive and the same is expected for the scalar exponential Euler
method. As an example we employ a sparse balanced excitatory-inhibitory-network.
In a scaling of the connection weights as ﬁ, the spectral radius of A and therefore
the subsequent stability analysis is independent of N. Fig. 4.3B demonstrates that for
this test case the Euler-Maruyama method is stable for At < 1.27. Given a commonly
used simulation step size of h = At = 0.1, networks of this kind can be safely simulated
if the time constant 7 fulfills T > 0.085.

Random networks with incomplete balance exhibit both types of stability issues dis-
cussed above. In this case the matrix A contains an eigenvalue A; = -1 - p\/N which
scales with the network size, however, with a proportionality constant |p| < 1 which
is reduced compared to the fully connected inhibitory network and determined by
the sparseness and the partial balance. Nevertheless, the network size needs to be
taken into account for the choice of the step size. The latter also needs to ensure that
the cloud of eigenvalues determined by the randomness in the connectivity meets
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the stability criterion.

4.3.2 Performance of iteration schemes

This section investigates the performance of the rate model implementation. We are
interested in i) the scalability of the rate model framework and ii) the comparison
between the straight-forward implementation with communication in every compu-
tation time step and the iterative approach using waveform relaxation (see 4.2.3.3 for
details). We perform the simulations on the JUQUEEN BlueGene/Q supercomputer
(Julich Supercomputing Centre, 2015) at the Jiilich Research Centre in Germany. It
comprises 28,672 compute nodes, each with a 16-core IBM PowerPC A2 processor
running at 1.6 GHz. For our benchmarks we use 8 OpenMP threads per JUQUEEN
compute node and denote by VP = 8-#nodes the total number of virtual processes
employed.

As a test case we employ the excitatory-inhibitory-network of linear rate neurons
(p(x) = P(x) = x) introduced in Sec. 4.3.1, but with a fixed number of inputs (2000)
independent of the number of neurons to allow for an unbiased weak scaling.

A weak scaling (Fig. 4.4A) shows that the scalability of the straight-forward com-
putation is impaired by the massive amount of communication. While for perfect
scaling the simulation time should be constant over the number of virtual processes,
the actual simulation time is increased by 15 - 25% when the number of virtual pro-
cesses is doubled for VP < 256 and even up to 83% from 8,192 to 16,384 virtual
processes. For the iterative method, the scaling behavior is close to constant up to
1,024 virtual processes. When more processes are employed, the simulation time
is increasing. However, the iterative method shows a better scaling behavior as the
increase is weaker compared to the straight-forward computation due to the lower
total number of communication steps. Due to the higher computational load of the
iterative method (see 4.2.3.3) the simulation time is larger compared to the straight
forward approach for a small number of VP, where communication is not that cru-
cial. For VP > 1024, the iterative approach is superior with a speed up factor close to
three for 16,384 virtual processes (1209 s vs. 3231s).

The strong scaling scenario with a fixed total number of N = 51,200 neurons in
Fig. 4.4B constitutes a similar result. The iterative approach is beneficial for more than
1,024 virtual processes and the scaling behavior of the iterative method outperforms
that of the straight-forward computation. Starting at 4,096 virtual processes the
savings in computation time decrease, which is explained by the very low workload
of each single compute node. Again, for a smaller number of virtual processes the
amount of additional computations is too high to outperform the straight-forward
computation.

Despite the overall good scaling behavior, the performance in terms of absolute com-
pute time is inferior to a simulator specifically designed for rate-based models alone
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Figure 4.4: Scaling behavior of an excitatory-inhibitory network. Simulation time
with waveform relaxation (red curves, wfr_comm_interval: 1.0ms, wfr_tol: 10_4)
and without waveform relaxation (blue curves) as a function of the number of virtual
processes in double logarithmic representation. The simulations span T = 100 ms of
biological time at a computation step size of & = 0.1 ms. (A) Weak scaling with 100
neurons per virtual process VP. (B) Strong scaling with a total number of N = 51,200
neurons. Other network parameters as in Sec. 4.3.1 with =0, 0 =1 and 7 = 10ms.

(not shown). In the latter case it increases performance to collect the states of all
neurons in one vector. If further the connectivity is available in form of a matrix and
the delays are zero or homogeneous, the network can be efficiently updated with a
single matrix-vector multiplication. Thus the increased functionality and flexibility
of having rate- and spiking model neurons unified in one simulator comes for the
price of a loss of performance for the rate-based models. However, as noted in the
introduction, the number of neurons in rate-based network models is usually small
and therefore performance is not as critical as for spiking network models.

4.3.3 Applications

This section presents several applications of the simulation framework. First, we dis-
cuss a balanced random network of linear rate units, then include nonlinear neuron
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dynamics in a random network, and spatially structured connectivity in a functional
neural-field model. In each case, simulation results are compared to analytical pre-
dictions. Furthermore, we simulate a mean-field model of a spiking model of a
cortical microcircuit and discuss possible generalizations.

4.3.3.1 Linear model

In the asynchronous irregular regime which resembles cortical activity, the dominant
contribution to correlations in networks of nonlinear units is given by effective in-
teractions between linear response modes (Grytskyy et al., 2013b; Trousdale et al.,
2012; Pernice et al., 2011; Dahmen et al., 2016a). Networks of such noisy linear rate
models have been investigated to explain features such as oscillations (Bos et al.,
2015) or the smallness of average correlations (Tetzlaff et al., 2012; Helias et al., 2013).
We here consider a prototypical network model of excitatory and inhibitory neurons
following the linear dynamics given by (4.9) with ¢(x) = ¢(x) = x, u = 0, and noise
amplitude o,

TdX'(t) = (-xi + % w' X (t)) dt +/TodW'(t). (4.15)
j=1

Due to the linearity of the model, the cross-covariance between neurons i and j can
be calculated analytically and is given by (Ginzburg & Sompolinsky, 1994; Risken,
1996; Gardiner, 2004; Dahmen et al., 2016a)

vl o 1 1 4t

c(t) = ;mu w (G(t);e T +9(—t);e /r), (4.16)
where 6 denotes the Heaviside function. The A; indicate the eigenvalues of the matrix
1-W corresponding to the i-th left and right eigenvectors v’ and u' respectively. Non-
zero delays yield more complex analytical expressions for cross-correlations. In the
population-averaged case, theoretical predictions are still analytically tractable (eq.
18 in Grytskyy et al., 2013b). Fig. 4.5 shows the cross-covariance functions for pairs of
instantaneously coupled neurons in a large network, as well as population-averaged
covariance functions in a network of excitatory and inhibitory neurons with delayed
interactions. In both cases, simulations are in good agreement with the theoretical
predictions.

4.3.3.2 Nonlinear model

So far we considered a network with linear couplings between the units. Qualita-
tively new features appear in the presence of nonlinearities. One of the most promi-
nent examples is the emergence of chaotic dynamics (Sompolinsky et al., 1988) in a
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Figure 4.5: Linear rate model of a random excitatory-inhibitory network. (A)
Cross-correlation functions of two pairs of excitatory neurons (black, red) and an
excitatory-inhibitory neuron pair (blue) in a network without delay. The variabil-
ity across correlation functions arises from heterogeneity in network connections
(difference between black and red curves) and from different combinations of cell
types (e.g. difference between black and blue curves). (B) Population-averaged au-
tocorrelation function for excitatory (black) and inhibitory neurons (red), and cross-
correlation function between excitatory and inhibitory neurons (blue) in a network
with delay d = 2ms. Symbols denote simulation results, curves show theoretical pre-
dictions. Parameters: Ng = 80 excitatory and N; = 20 inhibitory neurons, random
connections with fixed out-degree, connection probability p = 0.1, excitatory weight
wg = 1//Ng + Nj, inhibitory weight w; = -6wg, T = 1ms, u = 0, ¢ = 1. Step size:
h =0.1ms.

network of non-linearly coupled rate units. The original model is deterministic and
has been recently extended to stochastic dynamics (Goedeke et al., 2016). The model
definition follows from Eq. (4.9) with p =0, ¢(x) = x, P(x) = tanh(x), i.e.

TdX'(t) = (—xi () + i w' tanh (X (t))) dt + V/TodWi(t), (4.17)
j=1

where w'’/ ~ N(0,¢°/N) are Gaussian random couplings. In the thermodynamic
limit N — oo, the population averaged autocorrelation function c¢(t) can be deter-
mined within dynamic mean-field theory (Sompolinsky et al., 1988; Goedeke et al.,
2016; Schuecker et al., 2016). Comparing c(t) obtained by simulation of a network
(Eq. (4.17)) with the analytical result (Goedeke et al., 2016, eqs. 6 and 8) demon-
strates excellent agreement (Fig. 4.6). The simulated network is two orders of magni-
tude smaller than the cortical microcircuit, illustrating that in this context finite-size
effects are already negligible at this scale.
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Figure 4.6: Nonlinear network model. Simulation of the network specified by (4.17)
with N = 1000 neurons. (A) Noisy example trajectories of two neurons. (B) Autocor-
relation function obtained by simulation averaged over all neurons (dots) and theory
(solid curve). Other parameters: T =1ms, o = 0.5, g = 0.5. Step size: h = 0.1 ms.

4.3.3.3 Functional model

Complex dynamics not only arises from nonlinear single-neuron dynamics, but also
from structured network connectivity (Yger et al., 2011). One important nonrandom
feature of brain connectivity is the spatial organization of connections (Malach et al.,
1993; Voges et al., 2010). In spatially structured networks, delays play an essential
role in shaping the collective dynamics (Roxin et al., 2005; Voges & Perrinet, 2012).
Patterns of activity in such networks are routinely investigated using neural-field
models. In contrast to the models discussed above, field models require a discretiza-
tion of space for numerical simulation. Such discretization can be done in the real
space, leading effectively to a network of neurons at discrete positions in space, or al-
ternatively, for particular symmetries in the couplings, in k-space (Roxin et al., 2006).
Here, we follow the more general approach of discretization in real space.

A prototypical model of a spatial network is given by Roxin et al. (2005), where the
authors consider the neural-field model

tdX(g,t) = (—X((p,t) +¢ [Iext+ [: do'w(|e - <p’|)X((p’,t—d)]) dt (4.18)

with delayed (delay d) interactions, constant input Iey, threshold-linear activation
function ¢ = x - 6(x) and periodic Mexican-hat shaped connectivity

w(|e - ¢'|) = wo +wy cos(¢ - ¢). (4.19)

The spatial variable ¢ can also be interpreted as the preferred orientation of a set of
neurons, thus rendering Eq. (4.18) a model in feature space (Hansel & Sompolinsky,
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Figure 4.7: Spatial patterns in functional neural-field model. Vertical axis shows
neuron indices organized according to ascending angle ¢ € [-7, 7). Neuronal ac-
tivity X;(t) = X(¢;,t) encoded by gray scale with white denoting no activity. Initial
transients not shown. Patterns reproduce the analytically derived phase diagram in
the original study by Roxin et al. (2005). Parameters: N = 100, d = 0.1 ms, T = 1ms,
Iext =1, wg = =80, w1 =15 (A), wy =5 (B), wy = —46 (C), w1 = —86 (D). Initial condition:
X;(0) = X(g;,0) = 7% - ¢?. Step size: h = 0.01 ms.

1998). Discretizing space into N segments yields the following set of coupled ODEs

dX' = (—Xi +¢ [Iext + % w' X (t - d)]) dt (4.20)

=

with connectivity w'/ = %w(kpi —¢l|), @i = -1+ ZW” -i for i € [1,N] and discretization
factor ZW” that scales the space constants wy and w; with the neuron density. The
spatial connectivity together with a delay in the interaction introduce various spatial
activity patterns depending on the shape of the Mexican-hat connectivity. To illus-
trate applicability of the simulation framework to neural-field models, we reproduce
various patterns (Fig. 4.7) observed by Roxin et al. (2005). Although the discrete and
continuous networks strictly coincide only in the thermodynamic limit N — oo, nu-
merically obtained patterns shown in Fig. 4.7 well agree with the analytically derived
phase diagram of the continuous model (Roxin et al., 2005) already for network sizes

of only N =100 neurons.

4.3.3.4 Mean-field analysis of complex networks

A network of spiking neurons constitutes a high dimensional and complex system.
To investigate its stationary state, one can describe the activity in terms of aver-
ages across neurons and time, leading to population averaged stationary firing rates
(Brunel, 2000). Here, the spatial average collapses a large number of neurons into a
single population, which interpreted as a single rate unit. The ability to represent
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spiking as well as rate dynamics by the same simulation framework allows a straight-
forward analysis of the spiking network by replacing the spiking neuron populations
by single rate-based model neurons.

In more formal terms, we now consider networks of neurons structured into N inter-
connected populations. A neuron in population « receives K, incoming connections
from neurons in population B, each with synaptic efficacy w,z. Additionally, each
neuron in population « is driven by K, cx Poisson sources with rate Xy and synaptic
efficacy wext. We assume leaky integrate-and-fire model neurons with exponentially
decaying post-synaptic currents. The dynamics of membrane potential V' and synap-
tic current I is (Fourcaud & Brunel, 2002)

dvi o
ng = —Vl + I;
L %wijz:é(t—tj—d) (4.21)
S - S m k 7 .
dt =

where t;{ denotes the k-th spike-time of neuron j, and 7, and s are the time constants
of membrane and synapse, respectively. The membrane resistance has been absorbed
in the definition of the current. Whenever the membrane potential V crosses the
threshold 6, the neuron emits a spike and V is reset to the potential V;, where it
is clamped for a period of length 7.. If we assume that all neurons have identical
parameters, a diffusion approximation leads to the population-averaged firing rates
X, (Fourcaud & Brunel, 2002)

1 (O—pa) o+ Y/ T[T 5
— = T 4TV e (1+erf(u))du
on (Vi—pta)/0a+7\/Ts/Tm ( ( ))
= 1/®,(X) (4.22)
Hae = Tm Z K,xﬁwa/gX5 + Tmef,extwextXext (423)
B
Ur = Tm . Kpw, s Xp+ Ton K extWeye Xext- (4.24)
B

Here, v = |7(1/2)|/\/2, with { denoting the Riemann zeta function (Abramowitz &
Stegun, 1974). We find the fixed points of Eq. (4.22) by solving the first-order differ-
ential equation (Wong & Wang, 2006; Schuecker et al., 2016)

TdX, = (—Xq + D(X)) dt, (4.25)

which constitutes a network of rate neurons with the dimension equal to the number
of populations N.

Next we apply this framework to a cortical microcircuit model (Potjans & Dies-
mann, 2014) constituting roughly 80000 spiking neurons structured into 8 popula-
tions across 4 layers [L23,L4,L5,L6], with one excitatory and one inhibitory cell
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Figure 4.8: Reduction of spiking microcircuit model to rate dynamics. (A) Sketch
of a microcircuit model (Potjans & Diesmann, 2014) with excitatory (blue triangles)
and inhibitory (red circles) neuron populations, each consisting of a large number
of neurons indicated by the small triangles and disks respectively. Arrows between
populations indicate the in-degree K. (B) Sketch of the corresponding reduced model
where each population is replaced by a single rate unit. (C) Spiking activity in the
different layers. (D) Dynamics of the eight neurons of the rate network Eq. (4.25)
(curves) and comparison to population averaged firing rates obtained from direct
simulations of the spiking network (diamonds).

type each (Fig. 4.8). The model exhibits irregular and stationary spiking activity
(Fig. 4.8C). Replacing each population by a single rate neuron (4.8B) results in an
eight-dimensional rate network Eq. (4.25) which converges to a fixed point corre-
sponding to the population-averaged firing rates obtained from direct simulation of
the spiking model (Fig. 4.8D).

4.3.3.5 Further neuron models

Nonlinear neuron dynamics A common feature of various rate neurons considered
so far is the leaky neuron dynamics, i.e the linear term -X'(t) in Eq. (4.9). However
the presented framework can be easily extended to nonlinear neuron dynamics as
used for example by Stern et al. (2014). In a more general form Eq. (4.9) reads

TdX'(t) =

a(X'(1)) +¢(§wif¢(xf(t—d)))] dt +/TodW' (t) (4.26)

j=1
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where a characterizes the intrinsic neuron dynamics. If 2 does not contain a linear
part, the Euler-Maruyama scheme can be used for the update, i.e,

i i
Xip1 = Xi +
i

: i (o 1 1 :
a(Xp) +ﬂ+¢(2 wl]tP(Xfcd))] —At+ ﬁO'AW,Q (4.27)

If 2 also contains a linear part, so that a(X’) = =X’ + f(X'), one can use an exponential
Euler update approximating the non-linear part as constant during the update. This
leads to

Xi = MTX (1 - e‘Af/T)

sy o Satp(x] )|+ [a-eim o
¢ (Pj=1 ¥ k=5 2 s

(4.28)
with i ~ N(0,1).

Multiplicative coupling Another possible extension is a multiplicative coupling
between units as for example employed in Gancarz & Grossberg (1998) or the original
works of Wilson & Cowan (1972b, 1973). In the most general form, this amounts to

TdX'(t) =

~X'(H)+ H(X')-¢ (% wilp (XI(t - d)))] dt + /TodW'(t), (4.29)

j=1

which, again assuming the coupling term to be constant during the update, can be
solved using the exponential Euler update

H(X;i)-¢(§wif¢(xf d))]n/l(l—ewﬁ)ami,
i “u 2

(4.30)

Xi = MTXi (1 - e‘Af/T)

with 7t ~ N(0,1).

Multiplicative noise So far, we have considered rate models subject to additive
noise corresponding to b(f,x(t)) = b(t) in Eq. (4.4). The linear rate model consid-
ered in Sec. 4.3.3.1 describes the dynamics around a stationary state and due to the
stationary baseline, the noise amplitude is constant. However, one might relax the
stationarity assumption which would render the noise amplitude proportional to the
time dependent rate, i.e. a multiplicative noise amplitude. The presented framework
covers the latter since the exponential Euler update is also valid for multiplicative
noise Eq. (4.8).
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Output noise Grytskyy et al. (2013b) show that there is a mapping between a net-
work of leaky integrate-and-fire models and a network of linear rate models with
so-called output noise. Here the noise is added to the output rate of the afferent
neurons

d)i;t(t) XZ(t)+H+¢(Zw1]¢,(X](t d)+\/_0'§](t))) i=1,...,N (4.31)

and we cannot write the system as a SDE of type Eq. (4.2), as the nonlinearities ¢(x)
and ¢(x) are also applied to the white noise &. In addition to the implementation
rate_neuron_ipn for the rate-based models Eq. (4.9) discussed in the present work,
our reference implementation also contains a base implementation rate_neuron_opn
for models with output noise. For these models, the stochastic exponential Euler
method can not be employed. Instead the solver assumes the noise ¢/ to be constant
over the update interval which leads to the update formula

i - T~ - T N ii 1 T 1
Xi o =e A Xk+(1—e At/ )[y+¢(2w1¢ (Xi-#\ /Emﬁ())] . (4.32)
=

The term Xi + \/éan{; with 17£ ~ N(0,1) is calculated beforehand in the sending
neuron j, which results in the same amount of communicated data as in the case of
models with input noise.

4.4 Conclusion

Contemporary modeling approaches to the dynamics of neural networks consider
two main classes of models: biologically grounded spiking neurons and function-
ally inspired rate-based units. The unified simulation framework presented here
supports the combination of the two for multi-scale modeling approaches, the quan-
titative validation of mean-field approaches by spiking network simulations, and an
increase in reliability by usage of the same simulation code and the same network
model specifications for both model classes. While most efficient spiking simulations
rely on the communication of discrete events, rate models require time-continuous
interactions between neurons. Exploiting the conceptual similarity to the inclusion
of gap junctions in spiking network simulations, we arrived at a reference imple-
mentation of instantaneous and delayed interactions between rate-based models in
a spiking network simulator. These rate-based models are described by ordinary
and stochastic (delay) differential equations whose solution can be best obtained in
a distributed simulator using an exponential Euler scheme. The iterative waveform-
relaxtion scheme improves scalability on supercomputers by reducing communica-
tion at the cost of additional computations. Extensibility of the framework is achieved
by using an implementation of neuron models in terms of C++ templates, and the



108 Integration of continuous-time dynamics in a spiking network simulator

framework’s broad applicability is demonstrated by various examples from the liter-
ature ranging from random networks to neural-field models.
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Chapter 5

Hybrid scheme for modeling local
field potentials from spiking
point-neuron networks

This chapter is based on the following publication:

Hagen E*, Dahmen D*, Stavrinou ML, Lindén H, Tetzlaff T, van Albada SJ, Griin S, Diesmann M and
Einevoll GT (2016) Hybrid Scheme for Modeling Local Field Potentials from Point-Neuron Networks, Cerebral
Cortex, bhw237.

*These authors contributed equally to this publication.

Preliminary results have been published in Hagen et al. (2013); Dahmen et al. (2013); Stavrinou et al.
(2014); Dahmen et al. (2014); Hagen et al. (2015a,b).

Author contributions:

Under the supervision of T Tetzlaff, S Griin and M Diesmann, the author contributed to all parts of
the above publication. Considering the equal contribution of the author and E Hagen, the author
focused more on the point-neuron-network component and the analysis of the example model of a
cortical microcircuit, while E Hagen focused more on the multicompartment-model component and
the development of the software package. SJ van Albada and M Stavrinou helped with the derivation
of the spatial connectivity profiles. All authors contributed to the design of the numerical experiments,
the data analysis and the writing of the manuscript.
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5.1 Introduction

With rapidly advancing multielectrode recording technology, the local field poten-
tial (LFP), the low-frequency component (S 500 Hz) of the extracellular potential
recorded in the brain, has again become a popular measure of neuronal activity in
both research and clinical applications. Proper understanding of the LFP, which orig-
inates from transmembrane currents across neuronal dendrites (Nicholson & Free-
man, 1975), requires detailed mathematical modeling incorporating the anatomical
and electrophysiological features of the thousands or even millions of neurons near
the recording electrode, as well as synaptic inputs from the entire large-scale neu-
ronal circuitry (Kajikawa & Schroeder, 2011; Lindén et al., 2011; Leski et al., 2013;
Einevoll et al., 2013). Large-scale models are therefore necessary to include contribu-
tions to the LFP from local and distant populations.

Modeling large-scale neural-network dynamics with individual spiking neurons is
challenging due to the memory required to represent the large number of synapses.
Currently, the largest simulations of neural networks comprise up to 10° model neu-
rons with highly simplified dynamics (Diesmann, 2013; Kunkel et al., 2014). Typ-
ically, these models neglect the spatial aspects of neuronal morphologies and de-
scribe neurons as points in space (point-neuron models). Point-neuron networks are
amenable to mathematical analysis (see previous chapters) and can be efficiently eval-
uated numerically (Plesser et al., 2007; Brette et al., 2007; Helias et al., 2012; Kunkel
et al., 2014).

Although point-neuron networks capture many features of in vivo spiking activity,
they fail to predict extracellular potentials that result from transmembrane currents
distributed across the cell surface. According to Kirchhoff’s law of current conser-
vation, the sum of all transmembrane currents, including all ionic and capacitive
currents, must be zero for each neuron. In a point-neuron model, all transmembrane
currents are collapsed in a single point in space. The net transmembrane current, and
hence the extracellular potential, therefore vanishes. Only the spatial separation be-
tween current sinks and sources leads to a non-zero extracellular potential (Pettersen
et al., 2012; Einevoll et al., 2013). A priori, the prediction of extracellular potentials
therefore requires spatially extended neuron models accounting for the spatial dis-
tribution of transmembrane currents, commonly handled using multicompartment-
neuron models (De Schutter & Van Geit, 2009). Existing multicompartment-neuron-
network models accounting for realistic cell morphologies are, however, restricted to
sizes of ~ 10*~10° neurons (Hines et al., 2008; Reimann et al., 2013; Migliore et al.,
2014; Markram et al., 2015).

In several previous studies (Bazhenov et al., 2001; Hill & Tononi, 2005; Ursino &
Cara, 2006; Mazzoni et al., 2008, 2010, 2011), the activity of point-neuron networks
(e.g. population firing rates, synaptic currents, membrane potentials) has neverthe-
less been used as a proxy for the LFP when comparing with experiments. In a recent
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study comparing different candidate proxies, it was found that a suitably chosen sum
of synaptic currents could provide a good LFP proxy, but only for the case when the
LFP is generated from transmembrane currents of a single population of pyramidal
neurons (Mazzoni et al., 2015). In cortex, however, several populations in general
contribute to the LFD, and there are spatial cancellation effects when positive LFP
contributions from one population overlap in space with negative LFP contributions
from other populations. This effect cannot be accounted for by a simple LFP proxy.

In this chapter, we present a hybrid modeling scheme which combines the simplicity
and efficiency of point-neuron network models and the biophysical principles under-
lying LFP generation captured by multicompartment neuron models with anatomi-
cally reconstructed morphologies. The scheme allows for arbitrary numbers of LFP-
contributing populations, and directly incorporates spatial cancellation effects. Fur-
ther, the spatially extended LFP-generating neurons assure that effects from intrinsic
dendritic filtering of synaptic inputs are included in the predicted LFP (Lindén et al.,
2010). The scheme assumes that the spiking activity of the neural network (Fig. 5.1B)
generating the synaptic input reflected in the LFP is well described by a point-neuron
network model (Fig. 5.1A). The network spiking activity serves as synaptic input to
a population of mutually unconnected multicompartment model neurons with real-
istic morphologies positioned in 3D space (Fig. 5.1C) and is thereby translated into
a distribution of transmembrane currents and, hence, an LFP (Fig. 5.1D). Thus each
multicompartment model neuron has its equivalent in the point-neuron network and
receives input spikes from the same presynaptic neurons as this point-neuron equiv-
alent.

In the proposed hybrid modeling scheme, the LFP stems from the presynaptic spik-
ing activity, but does not affect the spike-generation dynamics. Thus, the modeling of
the spike trains and the LFP generation are separated so that the effects of the spatial
and electrophysiological properties of the postsynaptic (multicompartment) neurons
on the LFP can be investigated independently of the spike-generation dynamics.
Due to the linearity of Maxwell’s equations and volume conduction theory linking
transmembrane currents to extracellular potentials (Pettersen et al., 2012; Einevoll
et al., 2013), the compound LFP results from the linear superposition of all single-cell
LFPs generated by the collection of neurons in the multicompartment model neu-
ron population (Einevoll et al., 2013). Note that this linear superposition principle
applies even for nonlinear cell dynamics (e.g., nonlinear synaptic integration, action-
potential generation, active conductances) as in Reimann et al. (2013). As ephaptic
interactions (Anastassiou et al., 2011) are neglected, the LFP contribution from each
multicompartment model neuron can be treated independently from the others. The
computational hybrid LFP scheme proposed here exploits the methodological and
conceptual advantages due to the independence of the contributions to the LFP from
each multicompartment model neuron: The evaluation of the LFPs becomes ‘em-
barrassingly parallel’ (see Foster, 1995) and simulations of the multicompartment
model neuron dynamics can be easily distributed in parallel across many compute
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Figure 5.1: Overview of the hybrid LFP modeling scheme for a cortical microcircuit
model. A Sketch of the point-neuron network representing a 1 mm? patch of early
sensory cortex (adapted from Potjans & Diesmann (2014)). The network consists of 8
populations of leaky integrate-and-fire (LIF) neurons, representing excitatory (E) and
inhibitory neurons (I) in cortical layers 2/3, 4, 5 and 6. External input is provided
by a population of thalamo-cortical (TC) neurons and cortico-cortical afferents. The
color coding of neuron populations is used consistently throughout this chapter. Red
arrows: excitatory connections. Blue arrows: inhibitory connections. See Tab. 5.1-5.2,
D.1-D.2 for details on the network model. B Spontaneous (t < 900 ms) and stimulus-
evoked spiking activity (synchronous firing of TC neurons at time ¢t = 900 ms, de-
noted by thin vertical line) generated by the point-neuron network model shown in
panel A, sampled from all neurons in each population. Each dot represents the spike
time of a particular neuron. C Populations of LFP-generating multicompartment
model neurons with reconstructed, layer- and cell-type specific morphologies. Cells
are distributed within a cylinder spanning the cortex. Layer boundaries are marked
by horizontal black lines (at depths z relative to cortex surface z = 0). Only one repre-
sentative neuron for each population is shown (see Fig. 5.2 for a detailed overview of
cell types and morphologies). Sketch of a laminar recording electrode (gray) with 16
contacts separated by 100 ym (black dots). D Depth-resolved LFP traces predicted by
the model (cf. Tab. 5.3-5.4). Note that channel 1 is at the pial surface, so that channel
2 corresponds to a cortical depth of 100 ym and so forth.

units (i.e., CPUs). Although tailored towards use on high-performance computing
facilities, the hybrid simulation can in principle be run on a single laptop.

The hybrid scheme predicts spatially and temporally resolved neural activity at var-
ious scales: spikes, synaptic currents, membrane potentials, current-source densities
(CSD, see e.g., Nicholson & Freeman (1975); Pettersen et al. (2006, 2008)), and LFPs. It
therefore allows for investigation of relationships between different measures of neu-
ral activity. Thus, although point-neuron networks until now only have connected to
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in vivo experiments via measurement of spikes, single-neuron membrane potentials
and currents, the present hybrid scheme allows for comparison of model predictions
also with measured LFPs (and associated CSDs).

As an illustration, we apply the hybrid scheme to a multi-layered point-neuron net-
work model of an early sensory cortical microcircuit (Potjans & Diesmann, 2014). We
thereby demonstrate how to obtain LFP predictions from point-neuron network mod-
els using additional spatial connectivity information from anatomical data (Binzeg-
ger et al., 2004; Izhikevich & Edelman, 2008).

The network model of Potjans & Diesmann (2014) is chosen here since it has a
minimum level of detail in the sense that individual neurons have simplified leaky
integrate-and-fire (LIF) dynamics, but still represents a cortical column with full den-
sity of neurons and connections. The connectivity in such a full-scale circuit alone
suffices to explain realistic firing rates across populations as well as propagation of
activity through layers (Potjans & Diesmann, 2014). Applicability of the scheme is,
however, not restricted to this model as it in principle can be used for all network
models generating spikes.

5.2 Point-neuron network model

The point-neuron network model is a key component of the hybrid scheme. The hy-
brid scheme enables LFP predictions from network models with an arbitrary number
of populations and thus permits application to a large class of networks with arbit-
rarily complex single-neuron and synapse dynamics. The example network of spike-
generators” used here is, except for some minor adjustments (see below), the multi-
layered model of a cortical microcircuit published by Potjans & Diesmann (2014).
The model is implemented and included in NEST (http://www.nest-simulator.org,
Eppler et al. (2015)) and was recently made freely available online (http://www.
opensourcebrain.org/projects/potjansdiesmann2014).

The network model describes 1 mm? of primary sensory cortex and consists of four
layers with one excitatory (E) and one inhibitory (I) neuron population each, as il-
lustrated in Fig. 5.1A. The network receives modulated thalamic input in addition
to stationary external input. Whereas the neuron (leaky-integrate-and-fire) and syn-
apse (static, exponential-current-based) model are intentionally left simple, the focus
of this network implementation is on the complex connectivity which integrates mul-
tiple sources of anatomical and electrophysiological data (Potjans & Diesmann, 2014,
and references therein). Apart from the layer identity, the model does not explicitly
account for cell positions. For the full network description, see Tab. 5.1,5.2 and D.1.
The microcircuit model reproduced experimentally observed distributions of firing
rates across populations and propagation of activity across layers (Potjans & Dies-
mann, 2014). It thus forms a suitable starting point for LFP predictions in a cortical
column.


http://www.nest-simulator.org
http://www.opensourcebrain.org/projects/potjansdiesmann2014
http://www.opensourcebrain.org/projects/potjansdiesmann2014

116 Hybrid scheme for modeling LFPs from spiking point-neuron networks
A Model summary
Structure Multi-layered excitatory-inhibitory (E-I) network
Populations 8 cortical in 4 layers, 1 thalamic (TC)
Connectivity | Random, independent, population-specific, fixed number of connections
External Cortico-cortical: constant current with population-specific strength
input
Neuron Cortex: leaky integrate-and-fire (LIF); TC: point process
model
Synapse Exponential postsynaptic currents, static weights, population-specific
model weight distributions
Measurements| Spike activity, input currents, membrane potential of each neuron
B Network model
Connectivity | Connection probability Cyx (X,Y € {L2/3, L4, L5, L6} x {EI} uTC, Cyx =
0 for Y = TC)
- Fixed number of synapses Kyx between populations X and Y
- Binomial in-/outdegrees
Input Cortico-cortical direct current I§*
C Neuron model |
Cortex
Type Leaky integrate-and-fire neuron
Description Dynamics of membrane potential V;(f) (neuron i € [1, N]):
- Spike emission at times #| with V;() > 6
- Subthreshold dynamics:
TmVi==Vi+Rm(t) if VI: t ¢ (8,8 + Tref]
- Reset + refractoriness: V;(t) = Vieset if VI: te (tf, tf + Tyef]
Exact integration with temporal resolution dt (Rotter & Diesmann, 1999)
Uniform distribution of membrane potentials at t = 0
Thalamus
Type - DC current for constant background input
- Nonstationary Poisson process for modulation
Description DC current included in external DC input

Types of thalamic input modulation:

- Spontaneous activity: no modulation in activation of thalamic neurons
- Thalamic pulses: fixed-interval coherent activation of all Ny¢ thalamic
neurons

- AC modulation: Poisson spike trains with sinusoidally modulated rate
profile (discretized with time resolution dt):

Vth(t) =V1C + AvTc sin (27‘[th(:) (5.1)

Table 5.1: Description of point-neuron network for the cortical microcircuit model
(continued in Tab. 5.2) following the guidelines of Nordlie et al. (2009).
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D Synapse model |
Type Exponential postsynaptic currents, static weights
Description Input current of neuron j of synapses formed with presynaptic neurons

1

Ii(t) =% Jji Lrexp (—(t—t) - d;) /1) H(t -t —d;) + 1

- Static synaptic weights J;; = sgn(X) [Jyx| (i € X, j € Y); sgn(X) =1 for
X e {L2/3E, L4E, L5E, L6E, TC}, -1 otherwise

- Absolute weights |Jyx| drawn from lognormal distribution

(In[Jyx| - pyx)?
p(IJyxl) = eXP(— (5.2)
V2royx |Jyx| 2084
or normal distribution
(IJyx| - VYX)2)
= —_—— 5.3
p(UYXD \/2_7T0'YX exp ( 20_12(X ( )

with pyx = gyx/J and oyx = 07 el Py x

- Delays d; = dx (i € X) drawn from (left-clipped) Gaussian distribu-

tion )
1 (dx - px) )
dx) = exp|-———757"— 5.4
p( X) \/EU'X P( 20}2{ ( )
with mean ux = dg,d; for X exc., inh., stdev ox = 0y, #x and
dx € [dt, o)

- H(t)=1fort>0, and 0 elsewhere.
- External DC input I].eXt = I = IS (e Y)

Table 5.2: Description of point-neuron network for the cortical microcircuit model
(continuation of Tab. 5.1).
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The stationary thalamic Poisson input and cortico-cortical input to the microcircuit
present in the original model of Potjans & Diesmann (2014), are here replaced by DC
currents. DC input slightly increases the degree of synchrony (see, e.g., Brunel (2000,
Fig. 5)), but retains network dynamics and firing rate distributions across popula-
tions as in Potjans & Diesmann (2014). The network of Potjans & Diesmann (2014)
shows slightly synchronous behavior due to the E-I network of layer 4 being close
to the synchronous irregular (SI) regime (Brunel, 2000; Bos et al., 2015). In order to
reduce synchrony, we here increased the average synaptic weight from neurons in
population L4I (inhibitory) to L4E (excitatory) neurons by 12.5%, resulting in attenu-
ated oscillations in layer 4. Taking advantage of the fact that point-neuron networks
are amenable for theoretical analysis, we derived modified weights based on predic-
tions from dynamical mean-field theory applied to the microcircuit model (Bos et al.,
2015). Moreover, we found that high-frequency network oscillations seen for Gaus-
sian synaptic weight distributions are reduced when using lognormally distributed
synaptic weights (Sarid et al., 2007; Iyer et al., 2013; Teramae & Fukai, 2014). This
made the dynamics more similar to experimental observations (Song et al., 2005;
Buzsaki & Mizuseki, 2014), and we thus also chose this for our network. Henceforth,
we refer to our modified network as the ‘reference network’. Modulated activity of
each thalamo-cortical (TC) neuron in the external thalamic population was modeled
as synchronous spikes or as independent non-stationary Poisson processes with si-
nusoidally oscillating rate profiles (cf. Eq. (5.1)).

5.3 Populations of multicompartment model neurons

Cancellation effects from positive and negative contributions to extracellular poten-
tials and effects of intrinsic dendritic filtering can only be captured with spatially
extended multicompartment neuron models (Einevoll et al., 2013). In the hybrid
scheme, extracellular potentials are estimated from the spiking activity in the point-
neuron network through synaptic activation of populations of multicompartment
model neurons ('LFP generators’). In principle, these mutually unconnected model
neurons mirror their network counterparts and receive inputs from exactly the same
point neurons. In addition to the description of the point-neuron network model,
different types of spatial information are thus needed to predict LFPs. For one, de-
tailed dendritic morphologies are required for each individual network population
(Fig. 5.2). Further, the positions of neurons and synaptic connections must also be
specified, as well as the separation of network populations into morphologically dis-
tinct cell types (Fig. 5.2 and 5.4).

Availability of detailed cell-type specific connectivity of neural circuits, especially in-
cluding information about synapse positions, is limited due to the substantial exper-
imental effort involved. However, several ongoing large-scale neuroscience projects
(Kandel et al., 2013) address this issue and detailed connectomes are beginning to
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become publicly available (Jiang et al., 2015; Reimann et al., 2015; Markram et al.,
2015). In the present example application we used the connection probabilities as
given by Izhikevich & Edelman (2008) derived from Binzegger et al. (2004). Note
that the point-neuron network connectivity was partially derived from the same data
(Potjans & Diesmann, 2014). Quantitative data was provided for the number of con-
nections in five cortical layers (layer 1 (L1), layers 2 and 3 grouped into a joint layer
2/3 (L2/3), and layers 4 (L4), 5 (L5) and 6(L6)) between 17 cortical cell types, cortico-
cortical connections from other areas, and two thalamo-cortical relay cell types. We
follow the nomenclature of Izhikevich & Edelman (2008), where y = p23 denotes
pyramidal cell types in layer 2/3, y = b23 and y = nb23 basket interneurons and non-
basket interneurons within the same layer, y = ss4(L23) spiny stellate cells in layer 4
with targets mainly within layer 2/3, y = p4 layer 4 pyramidal cells and so forth. Out
of the 17 covered intracortical cell types only the y = nb1 cell type is not associated
with any point-neuron network population in our scheme. To account for the lack
of layer 1 neurons in our model, we renormalized the connection probabilities for
the remaining 16 cortical cell types including the two thalamo-cortical (TC) relay-cell
types, such that the occurrences F, of all cell types y summed to 100% as given in
Tab. D.4. Further, we assumed that the excitatory point-neuron network populations
within one layer are composed of pyramidal cells and spiny stellate cells if both are
present in the layer, and that inhibitory network populations encompass both types
of interneurons. This results in the grouping of cell types y into postsynaptic popu-
lations Y illustrated in Fig. 5.2. The neuron count N, of each cell type is then trivially
computed from the frequency of occurrence F, as given in Tab. D.4 and Fig. 5.2.

Inclusion of cell-type and layer-specific connections in the present hybrid scheme
has some implications for how we proceed with setting up equivalent populations
consisting of morphologically detailed model neurons. Different cell types belonging
to a particular population may have different spatial distributions of synapses, or the
populations may consist of different morphological classes of neurons (Kisvarday
& Eysel, 1992; Nowak et al., 2003; Stepanyants et al., 2008). An example is layer 4
in which spiny stellate cells lack apical dendrites, while pyramidal cells have apical
dendrites extending into layer 1. To incorporate some of this morphological diversity
we considered altogether 16 cell types for the 8 cortical network populations.

For each of the 16 cell types, we acquired representative morphological reconstruc-
tions of predominantly cat visual cortex neurons from several sources (Contreras
et al., 1997; Kisvarday & Eysel, 1992; Mainen & Sejnowski, 1996; Stepanyants et al.,
2008) (cf. Fig. 5.2, Tab. D.3)). Morphology files were obtained either from Neur-
oMorpho.org (Ascoli et al., 2007) or through personal communication with the au-
thors. Constrained by layer boundary depths (Stepanyants et al., 2008, Fig. 3) and
laminar connectivities (see below) we applied an intermediate preprocessing step to
our pyramidal cell morphologies. Assuming that the soma compartments of each cell
type were centered in their corresponding layer, and noting that the layer-specific
connectivity (cf. Tab. D.4) implies connections to layer 1, we stretched the apical
dendrites along the axis perpendicular to the cortical surface such that they reached
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A Model summary

Topology Cortical column under 1mm* of cortical surface
Populations | 8 excitatory and 8 inhibitory cell types
Input Spiking activity of thalamic and cortical populations as modeled by point-
neuron network
Neuron Multicompartment, passive cable formalism
model
Synapse Exponential postsynaptic current, static weights
model
Measurements| Current source density (CSD), local field potential (LFP)
B Topology
Type Cylindrical volume with layer-specific distribution of cell types and syn-
apses
Description Cylinder radius r
Laminar, defining upper/lower boundaries of layers 1,2/3, 4, 5, 6
C Populations |
Type Each cell type y assigned to population Y, y € Y
Description Populations Y € {L2/3, L4, L5, L6} x {E,I} (population size Ny, cell types
yeY)
(e.g., L4E = {p4, ss4(L23), ss4(L4)}, cf. Fig. 5.2).
Cell types y:
- Size Ny = F, Yy Ny, F is the occurrence of cell type y in the full model
- Morphology M,
- Extrapolated according to spatial connectivity data (Tab. D.3)
Somatic placement, population Y:
- Random soma placement in cylindrical volumes with radius r, thickness
h
- Volumes centered between boundaries of layers 2/3-6
Morphologies
Type 3D histological reconstructions from slice preparations (see Jacobs et al.
(2009); De Schutter & Van Geit (2009)) of cat visual and somatosensory
cortices
Description One morphology M, per cell type:

- Excitatory and inhibitory cells in layers 2/3-6

- For all cells j e y: M; = M,

- For some cell types y,y": My = M, (limited availability)

Orientations:

- Pyramidal cells: apical dendrites oriented along depth axis with random
depth-axis rotation

- Interneurons, stellate cells: random rotation around all axes
Corrections:

- Apical dendrites of pyramidal cells elongated to accommodate spatial
connectivity

- Axons removed if present

Reconstructed morphologies (cf. Fig. 5.2):

- Cat visual cortex (Kisvarday & Eysel, 1992; Mainen & Sejnowski, 1996;
Contreras et al., 1997; Stepanyants et al., 2008)

- Cat somatosensory cortex from NeuroMorpho.org (Contreras et al.,
1997; Ascoli et al., 2007).

Table 5.3: Description of multicompartment-neuron populations for the cortical mi-
crocircuit model (continued in Tab. 5.4).
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D Neuron models

Type

Passive, multicompartment, reconstructed morphologies

Description

Compartment 7 membrane potential Vpy,j,, of cell j having length I;;,, dia-
meter dj, and surface area Aj,:

av._. m
ijn% = > Lajkn = Gjn(Vimjn = EL) = D Liin (5.5)
k=1 i

ijn = CmAjn , (5.6)

Iajkn = Gajkn (ij - ij ) ’ (5.7)

Gajkn = n(d]zk + djzn)/(élra(ljk + l]n)) ’ (5.8)

Guin = Ajulrm, (5.9)

Vi
Imj = ijnT + GLjn(ijn -Ep)+ Z Ijin : (5.10)
i

Cmju is compartment capacitance, Gp;, its passive leak conductance,
Ep the passive leak reversal potential, I,j, axial current between com-
partment n and neighboring compartment k (out of m compartments),
Gajkn axial conductance between n and k, Ij;, synaptic currents, and
Linjn transmembrane current of compartment n. For specific parameter
values, see Tab. D.2. Membrane potentials and transmembrane currents
are computed using NEURON through LFPy (Carnevale & Hines, 2006;
Lindén et al., 2014), assuming the extracellular potential to be zero every-
where on the outside of the neuron (infinite extracellular conductivity).

E Synapse model

Type Exponential postsynaptic current, static weights
Description Neuron j input current of synapse formed with presynaptic neuron i:
Li(t) = Tjimax 2, exp (=(t—tj—di)/w) H(t=t;-d;),  (5.11)
l
Liimax = —Cmpyx of point-neuron network, (5.12)
H(t) = 1fort>0, and 0 elsewhere. (5.13)
- Static synaptic weights J;; = pyx (j € Y, i € X) (see Tab. 5.2)
- Delays d; from Gaussian distribution with mean dx (i € X), relative
standard deviation 0y ,e|
- Synapse activation times: network spike trains plus delay
- No cortico-cortical connections: Xt = 0 (cf. Tab. D.1)
F Input |
Type Spike times t; of spiking neuron network (including thalamic input
spikes), no cortico-cortical input
Description Synapse placement, postsynaptic cell j ey, y € Y (see Methods):
- Number of synapses from presynaptic population X in layer L: k,xr
- Compartment specificity of connections: Aj,/ ¥ ,er Ajn, comp. n € L
- Synapse locations within layers are chosen randomly among dendritic
compartments only
G Measurements \
Type Local field potential (LFP) and current source density (CSD)
Description | Laminar multielectrode, see parameter values in Tab. D.2:

- Axis perpendicular to pial surface
- Neontacts: NumMber of contacts

- heontacts: Intercontact distance

- Tcontact: contact surface radius

Table 5.4: Description of multicompartment-neuron populations for the cortical mi-
crocircuit model (continuation of Tab. 5.3).
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the pial surface. The only exception was the p6(L4) morphology, which we exten-
ded to reach the center of layer 2/3 in accordance with Stepanyants et al. (2008) and
the observation that Tab. D.4 predicts zero connections within layer 1 and very few
connections in layer 2/3 to the p6(L4) cell type. Due to lack of available morpho-
logies of sufficient reconstruction quality, certain cell types were represented by the
same neuron morphology. Interneuron types and spiny stellate cells in a given layer
shared morphologies, the same interneuron morphology was reused in both layer 5
and 6, and finally the p5(L23) and p6(L56) cell morphology were similar except for
the stretching of the apical dendrites.

Preserving the laminar cell density under 1 mm? surface area of the point-neuron net-
work model, we created for each postsynaptic cell type ¥ model populations where
somas were assigned random locations in 3D within cylindrical slabs with radius
r = 564 ym and thickness i = 50 ym, each centered in their respective layer (illus-
trated in Fig. 5.1D, see also Fig. 6.1E). Regardless of the vertical offset of the soma
of pyramidal cells, postsynaptic target dendrites were therefore present within the
~ 80 um thick (Stepanyants et al., 2008) uppermost layer 1 except for cell type p6(L4).
For simplicity, each cell type was represented by a single reconstructed morpho-
logy in the present application. The full specification of the populations is given in
Tab. 5.3.

Each neuron is modeled using the multicompartmental, passive cable formalism
(Rall, 1964, 2009; De Schutter & Van Geit, 2009), describing the changes in mem-
brane voltage and the associated transmembrane currents throughout all parts of
the neuron geometry (Tab. 5.4). We used (non-plastic) exponential current-based
synapses as in the point-neuron network model (Tab. 5.2). Synapse locations were
randomly assigned onto cell compartments assuming a probability proportional to
the compartment’s surface area divided by the total surface area of the same cell
within the target layer. Tab. 5.4-D.2 summarize parameters relevant for the synapse
models, synapse locations and passive parameters of the multicompartment models.

5.4 Spatial synaptic connectivity

A full description of the connectivity in networks of multicompartment model neur-
ons requires a 3-dimensional (3D) representation, for example in the form of sparse
Nx x Ny x 1comp matrices of synaptic weights and spike-transmission delays between
presynaptic neurons i € [1, Nx] and compartments 7 € [1, 71¢comp] of postsynaptic cells
j € [1,Ny]. Here, Nx and Ny denote the number of pre- and postsynaptic neurons
in population X and Y, respectively, and #1comp the number of compartments of the
postsynaptic cell. In point-neuron networks, in contrast, connectivity is by definition
only 2-dimensional (2D) as the cell morphology is collapsed into a single point and,
consequently, the specificity of synapse locations on the postsynaptic morphology
is ignored. In the proposed hybrid modeling scheme, the connectivity within the
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Population Y:  L23E L23I L4E L4l L5E L51 L6E L6l
Pop. size Ny: 20683 | 5834 21915 5479 4850 1065 14395 2948
Cell type y:  p23 b23 nb23 | p4 554(L23)ss4(L4)| ba nb4 p5(L23) p5(L56) b5 nb5 p6(L4) p6(L56) b6 nb6
Morphology M,: p23 i23 i23 p4 ss4 ss4 i4 i4 p5vl  p5v2 |i5 i5 p6 p5vl |i5 i5
Segments n.y,,: 689 324 324 603 339 339 230 230 423 1078 |283 283 456 447 283 283

Occurrence F,:  26.8% |3.2% 4.3% [9.5% 9.5% 9.5% [56% 15% [4.9% 13% |0.6% 0.8% |14.0% 4.6% [1.9% 1.9%
Rel. Occurr. Fjy:  100.0% 42.5% 57.5% |33.3% 33.3% 33.3% |78.2% 21.7% |78.7% 21.3% |42.8% 57.1% |75.1% 24.9% [50.0% 50.0%
Cell count N,: 20683 | 2477 3356 |7305 7305 7305 |4287 1191 |3816 1033 |[456 608 10816 3578 (1474 1474

depth (zm)

Figure 5.2: Cell types and morphologies of the multicompartment-neuron popula-
tions. The 8 cortical populations Y of size Ny in the microcircuit network model
are represented by 16 subpopulations of cell type y with detailed morphologies
M, (Binzegger et al., 2004; Izhikevich & Edelman, 2008). Neuron reconstructions
are obtained from cat visual cortex and cat somatosensory cortex (source: Neur-
oMorpho.org (Ascoli et al., 2007), Contreras et al. (1997); Mainen & Sejnowski (1996);
Kisvarday & Eysel (1992); Stepanyants et al. (2008), cf. Tab. D.3). Each morphology
My is here shown in relation to the layer boundaries (horizontal lines). Colors dis-
tinguish between network populations as in Fig. 5.1. The number of compartments
(comp), frequencies of occurrence (F), relative occurrence (F,y) and cell count (N,)
is given for each cell type y € Y.

point-neuron network is consistent with the connectivity between point neurons and
multicompartment model neurons. Ideally, each multicompartment model neuron
has its equivalent in the point-neuron network and receives inputs from exactly the
same presynaptic sources as its point-neuron counterpart. Synapses should be po-
sitioned on the dendritic tree according to anatomical data, and synaptic weights
and time constants should be adapted such that the somatic membrane potential or
somatic current match the point-neuron counterparts. Such mapping between point
neurons and passive multicompartment neurons is feasible (Koch & Poggio, 1985;
Wybo et al., 2013, 2015).

In the current application of the hybrid scheme to the cortical microcircuit model,
we make the simplest approximation to the mapping problem and fixed the cur-
rent amplitudes Ij;max and synaptic time constants as in the network model, with
compartment specificity of connections dependent on compartment surface area (see
Tab. 5.4). We further preserve only the statistics of connections (average number of
inputs, distribution of spike-transmission delays) for each pair of pre- and postsyn-
aptic neuron populations, exploiting that connections between network populations
are drawn randomly with fixed probabilities. Finally, we simplify the positioning of
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synapses to a layer-specificity of connections. The activation times of each synapse
are then given by the spike train of a randomly drawn point neuron in the network
model, with random delays consistent with the delay distribution in the network
(Tab. 5.2 and 5.4).

We first show how to derive a 2D point-neuron connectivity from a given 3D multi-
compartment-neuron connectivity and describe the case where the complexity of the
point-neuron network is further reduced by pooling cell types. Then we describe the
opposite procedure, connecting an existing (published) point-neuron network with
a predefined 2D connectivity to a population of multicompartment model neurons
such that the resulting 3D connectivity is as consistent as possible with anatomical
datasets accounting for the compartment specificity of connections (for example, the
layer specificity of connections as in the anatomical data published by Binzegger
et al. (2004)). The procedures outlined below, allow a reduction of complexity within
the point-neuron network while accounting for the full diversity in cell types and
synapse locations for multicompartment-neuron populations which is essential for
predicting extracellular potentials (Fig. 5.3).

p4, apical input p4, basal input ss4(L4)
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Figure 5.3: Example LFP responses from single-synapse activations of layer 4 neur-
ons. A Illustration of the non-trivial relationship between apical synaptic input (red
circle) onto a reconstructed morphology (black) of a pyramidal cell in layer 4 and the
corresponding extracellular potential. The exponential synaptic input current [; ;(¢)
(upper inset) results in deflections in the extracellular potential ¢(r,t) here shown
as time courses at two locations in proximity to the input site and the basal dend-
rites (green and blue circle, respectively; lower inset). The color-coded isolines show
the magnitude of the scalar extracellular potential at ¢ = 2 ms (vertical black line in
insets) in the vicinity of the cell. B Same as in panel A, however with the synaptic in-
put current relocated to a basal dendrite, resulting in an extracellular potential with
a different spatiotemporal signature less dependent on the geometry of the apical
dendritic tree. At the location denoted by the blue circle, the extracellular potential
changes sign with time due to interactions between signal propagation in the passive
model neuron and volume conduction. C Same as panels B and C for a spiny stellate
cell in layer 4 receiving an excitatory synaptic input on a basal dendrite.



§5.4 Spatial synaptic connectivity 125

5.4.1 Construction of point-neuron network connectivity

For our example point-neuron network model, the cortical microcircuit model by
Potjans & Diesmann (2014), the connectivity is to a large extent based on anatom-
ical data from cat visual cortex (Binzegger et al., 2004; Izhikevich & Edelman, 2008)
(cf. Tab. D.4). From Tab. D.4 we obtain (i) the number N, of neurons belonging to
cell type y, (ii) the average total number k. of synapses on all compartments in layer
L (input layer) of a single postsynaptic neuron of type y, and (3) the fraction p, of
the k, synapses formed with presynaptic neurons of cell type x. The quantity

kny = PyxL kyL (5.14)

defines the number of synapses between all presynaptic cells of type x and a single
postsynaptic cell of type y in input layer L (cf. network connectivity in Izhikevich &
Edelman (2008)). The number of synapses between all neurons in x and all neurons
in y, irrespective of the input layer L, is given by

Kyx = Ny ; Kyl - (5.15)

The number K, of connections in combination with a chosen connectivity model
(e.g., random graphs with binomially distributed (Erd6s & Rényi, 1959), fixed in-
/out-degree (Newman, 2003) or random graphs with defined higher-order statistics
(Song et al., 2005; Zhao et al., 2011)) is sufficient for setting up the point-neuron
network. Assuming independently drawn synapses (allowing multiple connections
between neurons), the probability C,. of at least one connection between a neuron
of type x and a neuron of type y can be obtained from K, as (Potjans & Diesmann,
2014)

1\
Cyx=1-(1- . 5.16
yx ( N Ny) (5.16)
In our case, the point-neuron microcircuit model consists of excitatory and inhibitory
populations X, Y (see Tab. 5.1-5.2) pooling different pre- and postsynaptic cell types
x e X and y € Y (cf. Fig. 5.4). Given a single multicompartment model neuron of type
y we compute the number k,x; of incoming connections (in-degree) from cell types
x in each presynaptic population X in a given layer L by pooling all connections as
illustrated in Fig. 5.4A as

kyXL = Z kny . (517)
xeX

The total number of connections onto postsynaptic cells y from cells in X is then
Kyxr = Nykyxt - (5.18)

The layer-specific connection probability C,x; (Fig. 5.5B) can be derived from Eq. (5.18)
analogously to Eq. (5.16) for a presynaptic population size Nx (here, Nx = ¥ ,.x Nx).
In order to obtain the connectivity within the point-neuron network, i.e., between
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populations X, Y, we also need to pool over all synapses of input layers L and cell
types y within the postsynaptic population Y (dashed/dotted lines in Fig. 5.4B). Thus

Kyx =) Kyx=>.> Kyxr, (5.19)
yeY yeY L

which yields the connectivity of the simplified network structure Cyx (cf. Eq. (5.16),
Fig. 5.5A).

A pooling of presynaptic cell types B postsynaptic cell-type and layer specificity
y = p5(L56)

X =L4E y = p5(L56) X =L4E Y =L5E ) i

Kyx

x =ss4(L4)

/2

= ss4(L23) %’ Ryxe = ;,;ezx FyaL o = ss4(L23) %

Figure 5.4: Constructing spatial synaptic connectivity for the cortical microcircuit
model. A Illustration of pooling of presynaptic cell types. Presynaptic populations
X in the point-neuron model (left box; here X = L4E) consist of multiple cell types x
(here x € {p4, ss4(L4), ss4(L.23)}). The layer-specific number of synapses k,x; (dash-
dotted lines) formed between one cell of postsynaptic cell type y (right part of panel
A: morphology projected onto cortical layers 1-6; here y = p5(L56)) and a presynaptic
population X is given by the sum of all individual cell-type resolved synapse counts
kyxr (dotted or dash-dotted lines). B Bi-directional cell- and layer-specific pooling
and dispersing of synapses between pre- and postsynaptic cell types. Postsynaptic
populations Y (right box; here Y = L5E) in the point-neuron model consist of multiple
cell types y (here y € {p5(L56), p5(L23)}). A given presynaptic population X (left
box; here X = L4E) containing cell types x (here x € {p4, ss4(L4), ss4(L23)}) forms
cell-type and layer-specific connections within Y (black connection tree). For the
number of synapses K, x; between population X and cells of type y in layer L (right-
most branching of connection tree) the synapse count Kyx between all cells in X and
Y can be obtained by pooling all synapses onto cell types y € Y and input layers L.
Conversely, for a given total number of synapses Kyx between all cells in X and Y, the
number of synapses K,x; onto a specific cell type y and layer L can, as described by
Eq. (5.22), be obtained by calculating the cell-type and layer specificity of connections
Tyx and Ly,x (see Fig. 5.5) from anatomical data (Tab. D.3).

5.4.2 From pooled to specific network connectivity

In case of an already existing point-neuron network model, the reverse task of creat-
ing a spatial connectivity Cyx; from a given point-neuron network connectivity Cyx
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Figure 5.5: Connectivity of the cortical microcircuit model. A Connection probab-
ility Cyx between presynaptic population X and postsynaptic population Y of the
cortical microcircuit model by Potjans & Diesmann (2014) given in Tab. D.1. Zero
values are shown as gray here and in subsequent panels. B Layer- and cell-type
specific connectivity map C,xr, where X, y and L denote presynaptic populations,
postsynaptic cell types and the synapse location (layer), respectively. This map is
computed from the connectivity of the point-neuron network (panel A) and cell-type
(panel C) and layer specificity (panel D) of connections. C Cell-type specificity 7;x
of connections quantified as the fraction of synapses between pre- and postsynaptic
populations X and Y formed with a specific postsynaptic cell type y. D Layer spe-
cificity £,x1 of connections denoting the fraction of synapses between population X
and cell type y formed in a particular layer L. Both 7,x and £,x; in panels C and D
respectively are calculated from anatomical data (Binzegger et al., 2004; Izhikevich &
Edelman, 2008), cf. Tab. D.4.

is necessary. This inverse procedure compared to pooling over cell types and input
layers entails introducing the cell-type specificity
Kyx

Tox = —, 5.20
yX KYX ( )
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which describes the fraction of synapses between populations X and Y that are
formed with a specific postsynaptic cell type y (Fig. 5.5C), and the layer specificity of

connections
KyxtL

4
Kyx

LyxL = (5.21)
denoting the fraction of synapses between population X and all cells of cell type y
formed in a particular layer L (Fig. 5.5D). The product 7,x £,x1 defines the probability
of a synapse between populations X and Y formed with a specific postsynaptic cell
type y in a particular layer L (Fig. 5.4B). Thus, if Kyx is given, the total number of
connections in layer L onto postsynaptic cells y from cells in X is

Kyxr = KyxTyxLyxL - (5.22)

If Kyx is constructed from the same data as 7,x and Lyxr, Eqs. (5.20)-(5.22) are
fully consistent. However, Kyx can also be computed from any given point-neuron
network connectivity Cyx. This is particularly relevant for the network connectivity
Cyx (Fig. 5.5A) of Potjans & Diesmann (2014) that includes additional data sets for
which spatial information on synapse locations is not available. Here the number of
synapses k,x; from population X established in layer L on each multicompartment
model neuron of type y is obtained from Eq. (9) as k,x1 = Kyxr/Ny.

5.5 Forward modeling of extracellular potentials

The LFP signal reflects transmembrane currents weighted according to the distance
from the source to the measurement location (Einevoll et al., 2013), and here we
compute the LFP from the model neurons using a now well established forward-
modeling scheme combining multicompartment neuron modeling and electrostatic
(volume-conduction) theory (Holt & Koch, 1999; Gold et al., 2006; Pettersen et al.,
2008; Lindén et al., 2010, 2011; Reimann et al., 2013; Lindén et al., 2014; Tomsett et al.,
2014).

The cable formalism for multicompartment-neuron models (see e.g., De Schutter &
Van Geit (2009)) describes the time course of the membrane potential as well as axial
and transmembrane currents across neuronal morphologies as resulting from spike-
triggered synaptic input. In volume conduction theory (Rall & Shepherd, 1968; Holt
& Koch, 1999; Nunez & Ramesh, 2006), the extracellular medium is the assumed to
be ohmic such that the electric field E is linearly related to the current density field
J = 0.E, with electric conductivity ce. In the present application where the signal
frequencies are well below 1,000 Hz, we can employ the quasi-static approximation
of Maxwell’s equations (in particular dB/ot = 0), which states that changes in the
magnetic field B do not influence the electric field (Hdamaéldinen et al., 1993). As a
consequence, E is conservative (V x E = 0) and thus defined by a scalar electric poten-
tial E = -V¢. Ohm’s law can be written in differential form V- (ceV¢) = —I to relate
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the electric potential ¢ to the current-source density I = V- | given by transmembrane
currents. Hereby, one employs Gauss’s theorem which relates the outward flux of the
current density field through a closed surface, the cell membrane, to the volume in-
tegral of the divergence of the current field over the intracellular region. For constant
conductivity o, this equation reduces to Poisson’s equation which can be solved
with the Green’s function formalism. Due to linearity of the above equations, the
extracellular potential generated by all cells results as a linear superposition of the
potentials arising from transmembrane currents of individual cells, or even indi-
vidual compartments. In the following, we further assume the extracellular medium
to be linear, isotropic, homogeneous (Pettersen et al., 2012; Einevoll et al., 2013) and
represented by a scalar extracellular conductivity.

For multicomparment neurons, each morphology is spatially discretized into com-
partments using the d_lambda rule (Hines & Carnevale, 2001) with electrotonic length
constants computed at f = 100 Hz. The cable-equation description is summarized in
box D in Tab. 5.4. Eq. (5.10) relates synaptic input currents I;;,, onto compartment 7 in
a neuron j from presynaptic neurons i, the membrane voltages Vi, and transmem-
brane currents Iy, and is derived from the assumption (Kirchoft’s law) of current
balance in the intracellular node of the equivalent electrical circuit of a cylindrical
compartment n with m neighboring compartments. We use the standard conven-
tion that a positive membrane current is a positive current from the intracellular to
the extracellular space across the membrane. Iy, is assumed to be homogeneously
distributed across the outer surface of the cylindrical compartment, and the calcula-
tion assumes that the electrical potential on the outside boundary of the membrane
is zero at all times. Hence, there are no mutual interactions (i.e., ephaptic coupling
(Anastassiou et al., 2011)) between the extracellular potential estimated using volume
conduction theory, the transmembrane currents, and intracellular potentials.

Given a time-varying point current source with magnitude I(t) at position r’, the
scalar extracellular potential ¢(r,t) at position r and time ¢ is then given by (Nunez
& Ramesh, 2006; Lindén et al., 2014)

1(t)

~7 5.23
4710e|r — ¥'| (.23)

P(r,t) =
Contributions to the extracellular potential from multiple current sources, i.e., trans-
membrane currents of all individual compartments 7 from all cells j in a population
of N cells sum linearly. In accordance with the assumed homogeneous current dis-
tribution along each cylindrical compartment, the line-source approximation is used
for dendritic compartments (Holt & Koch, 1999). The line-source forward-modeling
formula is obtained by integrating Eq. (5.23) along the cylindrical axis of each com-
partment 7, and summing the contributions from all 7¢omp compartments (Holt &
Koch, 1999; Pettersen et al., 2008; Lindén et al., 2014):

Nl’lcompl (t) 1
mj
= in - 24
¢(r,t) ]=Zlnz=1 4rtoe f|r_rjn|dr]n (.24)
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Presently, we approximate the thick soma compartments as spherical current sources,
and thus combine the point-source equation (Eq. (5.23)) with the line-source formula
(Eq. (5.24)) for dendrite compartments, obtaining (Lindén et al., 2014):

ia 4noe (|r ¥ Sorna| |r f]n|
7.2 4
1 [mjsoma(#) N "&P I n(t) hjn T ™ Hjn
A4 \ I Yjsomal % Asin |22 -,

Here, Asj, denotes compartment length, r,, the perpendicular distance from the
electrode point contact to the axis of the line compartment, /;,, the longitudinal dis-
tance measured from the start of the compartment, and [;;, = Asj, + hj, the longit-
udinal distance from the other end of the compartment. If the distance between
electrode contacts and dendritic current sources becomes smaller than the radius of
the dendritic segment, an unphysical singularity in our extracellular potential may
occur. In these cases singularities are avoided by setting |r - tjsoma| O 7.}, equal
to the compartment radius. Electrode contacts of real recording devices have finite
spatial extent and are not point contacts as assumed above. However, the recorded
signal can be well approximated as the mean of the potential averaged across the un-
insulated surface (Robinson, 1968; Nelson et al., 2008; Nelson & Pouget, 2010; Ness
et al., 2015), at least for current sources positioned further away than an electrode
radius or so (Ness et al., 2015). Here we employ the disc-electrode approximation to
the potential (Camufias Mesa & Quiroga, 2013; Lindén et al., 2014; Ness et al., 2015):

(5.25)

aslr) = - [[L oG0P S gl 1) (5:26)

m 3

We further consider circular electrode contacts with a radius of rcontact = 7.5 pm, and
we average the point-contact potential in Eq. (5.25) over m = 50 random locations
r;, across the contact surface S, As being the surface area. The chosen locations
are distributed with uniform probability on circular discs representing each contact
surface, with surface vectors oriented perpendicular to the electrode axis (Lindén
et al., 2014). Calculations of extracellular potentials are facilitated by LFPy (http://
LFPy.github.io) (Lindén et al., 2014), in which NEURON simulation software is used for
calculations of transmembrane currents (i.e., solving Eq. (5.10)) (Hines & Carnevale,
2001; Hines et al., 2009; Carnevale & Hines, 2006).

5.6 The hybridLFPy Python package

To facilitate usage of the hybrid scheme by other users, a novel Python software
package, hybridLFPy, has been made publicly available under the General Public Li-
cense version 3 (GPLv3, http://www.gnu.org/licenses/gpl-3.0.html) on GitHub (http:
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//github.com/INM-6/hybridLFPy). Compatibility with a host of different machine
architectures and operating systems (*nix, OSX, Windows) is ensured with the freely
available, object-oriented programming language Python (http://www.python.org).
Python adds tremendous flexibility in terms of interfacing a large number of pack-
ages and libraries for, e.g., performing numerical analysis and data visualization,
such as numpy (http://www.numpy.org) and matplotlib (http://www.matplotlib.org),
while several other neural simulation softwares also come with their own Python
interfaces, such as NEST (http://www.nest-initiative.org) (Eppler et al., 2015) and
NEURON (http://www.neuron.yale.edu) (Hines et al., 2009).

The source code release of hybridLFPy provides a set of classes implementing the
hybrid scheme, as well as example network simulation codes implemented with
NEST (Eppler et al., 2015) (at present a simplified two-population network (Brunel,
2000) and the full cortical microcircuit model of Potjans & Diesmann (2014) adapted
from public codes). The class hybridLFPy.CachedNetwork uses an efficient sqlite3
database implementation for reading in all point-neuron network spike events and
interfacing network spike events with the main simulation in which the LFP and
CSD are calculated. The class hybridLFPy.Population defines populations of mul-
ticompartment model neurons representing each cell type, assigns synapse locations
across the laminae, selects spike trains for each synapse location from the appropri-
ate presynaptic population, and calculates the LFP and CSD. The single-cell calcu-
lations are handled using LFPy (http://LFPy.github.io) (Lindén et al., 2014) which
builds on NEURON (Carnevale & Hines, 2006; Hines et al., 2009). As there are no
mutual interactions between the multicompartment model neurons in the calcula-
tion of LFPs, these calculations remain embarrassingly parallel operations. Finally,
the class hybridLFPy.PostProcess constructs the full compound signals in terms
of LFPs and CSDs created by multiple instances of the Population class, and per-
forms the main analysis steps as described above. Reproducible simulation and data
analysis are assured by tracking code revisions using git and by fixing random
number generation seeds and the number of parallel processes. Further document-
ation and information on installing and using hybridLFPy is provided online, see
http://github.com/INM-6/hybrid LFPy.

The present implementation of hybridLFPy and corresponding simulations were
made possible by Open MPI (v.1.6.2), HDF5 (v.1.8.13), sqlite3 (v.3.6.20), as well as
Python (v.2.7.3) with modules Cython (v.0.23dev), NeuroTools (v.0.2.0dev), h5py
(v.2.5.0a0), SpikeSort (v.0.13), ipython (v.0.13), matplotlib (v.1.5.x), mpidpy (v.1.3),
numpy (v.1.10.0.dev-c63elf4), pysqlite (v.2.6.3) and scipy (v.0.17.0.dev0-357ala0).
Point-neuron network simulations were performed using NEST (v.2.8.0 ff71a29), and
simulations of multicompartment neurons using NEURON (v.7.4 1186:541994f8{27f)
through LFPy (dev. v.3761c4). All software was compiled using GCC (v.4.4.6). Sim-
ulations were performed in parallel (256 threads) on the Stallo high-performance
computing facilities (NOTUR, the Norwegian Metacenter for Computational Science)
consisting of 2.6 GHz Intel E5-2670 CPUs running the Rocks Cluster Distribution
(Linux) operating system (v.6.0).
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5.7 Conclusion

We have here described a hybrid modeling scheme for computing the local field
potential (LFP) incorporating both large-scale neural network dynamics and the bio-
physics underlying LFP generation on the single-neuron level. The hybrid modeling
scheme was illustrated with a full-scale network model of a cortical column in early
sensory cortex (Potjans & Diesmann, 2014).

The hybrid scheme combines the simplicity and efficiency of point-neuron network
models with the biophysics-based modeling of LFP by means of multicompartment
model neurons with detailed dendritic morphologies. The neuronal network dynam-
ics are governed by the point-neuron network model independent of LFP predictions.
The spikes of the point-neuron network are distributed to the synapses of the mul-
ticompartment model neurons with realistic cell-type and layer-specific connectivity.
Synapse activation results in spatially distributed transmembrane currents, which are
mapped to an LFP signal according to well-established volume-conduction theory.
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6.1 Introduction

To illustrate the application of the hybrid scheme for predictions of LFPs from point-
neuron networks (Chap. 5), we here present results for a modified version of the
point-neuron network model of Potjans & Diesmann (2014) with ~ 78,000 neurons
mimicking a 1 mm? patch of cat primary visual cortex (see Sec. 5.2). The microcircuit
model has realistic cell density and deliberately neglects many biological details on
the single-cell level, focusing on the effect of the connectivity on the local network
dynamics in such circuits. Despite this simplicity, the model displayed firing rates
across populations in agreement with experimental observations (Potjans & Dies-
mann (2014)), as well as propagation of spiking activity across layers. Likewise, the
microcircuit model in conjunction with simplified, passive multicompartment pop-
ulations is used here to study the effect of the (spatial) connectivity on the laminar
pattern of spontaneous and stimulus-evoked CSD and LFP signals. For this, CSD
and LFP signals for a laminar multielectrode recording at different cortical depths
are computed. The example illustrates the effect of network dynamics on the LFP
and the interpretation of the LFP in terms of underlying laminar neuron popula-
tions. The large network size of the model is further used to explain the effect of
correlations and neuron density on CSD and LFP predictions. To this end, we show
that correct LFP predictions can only be obtained by accounting for realistic neuron
densities.

6.2 Model measurements

The main simulation output of the hybrid scheme consists of spike trains of each
neuron in the point-neuron network, ‘ground-truth” current-source density (CSD)
and local field potentials (LFP) of each neuron in the morphologically detailed post-
synaptic model populations (see Tab. 5.3 and 5.4). Here the term ’‘ground-truth’
refers to the fact that the CSD is computed from transmembrane currents rather than
estimated from the LFP.

As the transmembrane current of each compartment (Eq. (5.10)) is known at each
simulation time step, we follow the procedure of Pettersen et al. (2008) to compute
the ‘ground-truth” CSD in addition to the LFP. From N model neurons with 7comp
compartments having membrane currents I, (t) and lengths As;,, we calculate the
CSD signals p(r,t) inside cylinder elements V,(r) centered around each electrode

contact as:
N Mcomp

S I’IIIISI e(r)
SUNY Iy (1) L f e (6.1)

71,’1’ helec] 1 n=1

p(r, t)

ASjy inside () denotes the length of the line source contained within V,(r). In contrast
to Pettersen et al. (2008), we do not apply a spatial filter to the CSD. The volumes have
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radii equal to the population radius r and heights equal to the electrode separation
helec (cf. Tab. D.2).

In the present example application, the extracellular potential is computed at loca-
tions corresponding to a laminar multi-electrode array with 16 recording electrodes
with an inter-electrode distance of hge. = 100 um, positioned at the cylindrical axis
of the model column with the topmost contact at the pial surface (cf. Fig. 5.1D, see
Tab. D.2 for details). Each electrode contact is set to have a radius of 7.5 ym (cf.
Eq. (56.26)). In the network we also record membrane voltages and input currents
from a subset of cells in each of the eight cortical populations (see Tab. D.5).

We ran our simulations for a total duration of T = 5,200 ms using a temporal res-
olution of dt = 0.1 ms (cf. Tab. D.1 and D.7). However, LFP and CSD signals were
resampled prior to file storage to a temporal resolution of dt;, =1 ms by (i) applying
a 4th-order Chebyshev type I low-pass filter with critical frequency f. = 400 Hz and
0.05 dB ripple in the passband using a forward-backward linear filter operation, and
(i) then selecting every 10th time sample.

6.3 Post-processing and data analysis

As the contributions to the CSD and LFP of the different cells sum linearly (cf.
Eq. (5.25)), we compute population-resolved signals as the sum over contributions
from all cells in a population, and the full compound signals as the sum over all pop-
ulation signals (see Tab. D.5). In Sec. 6.8 we derive a rescaled "low-density predictor’
¢7¢(r,t) of the LFP from random subsets of neurons in all populations. Thereby,
we make a downscaled LFP-generating model setup with the same column volume,
but with neuron density reduced to a factor € (0,1) of the original density, while
preserving the in-degrees, i.e., the number of synaptic connections onto individual
neurons. The LFP from the downscaled setup is multiplied by an overall scaling
factor ¢ chosen to roughly preserve the LFP from the full-scale model. For analysis
and plotting, the initial 200 ms of results after simulation onset was removed, and
the signal mean was subtracted from LFP and CSD traces emulating DC filtering
during experimental data acquisition. The contribution from each population to the
overall LFP signal was assessed by computing and comparing the signal variances
(see Tab. D.6).

Cross-correlations between single-cell LEPs ¢;(r,t) were quantified by analyzing the
power spectrum of the compound extracellular signals. Given that the compound
LFP/CSD is a linear superposition of single-cell LFP/CSD contributions, the power
spectrum of the compound signal Py(r, f) can be obtained as the sum of all single-cell
power spectra Py, (r, f) and all pairwise cross-spectra Cy,g, (1, f), or equivalently from
the average single-cell power spectrum Py(r, f), the average pairwise cross-spectrum
Cy(r,f), and the total cell count N, as shown in Tab. D.6. Note that Cy(r, f) and
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hence the average pairwise single-cell LFP coherence %4(r, f) (Eq. (D.5)) are real,
while Cy,g, (1, f) is complex. Note that this definition allows for negative values of
Ky(r, f). In the sum over all i and j in Eq. (D.4), the imaginary parts of Cy,¢, (1, f) and
Cy,¢: (1, f) cancel because Cy,¢, (1, f) = Cpp,(x, f)* (* denotes the complex conjugate).
The power spectrum Pq,yg (r, f) of the compound signals of the ‘downscaled” network
(i.e., low-density LFP predictor, see above) is given by the reduced cell count yN,
the average single-cell power spectrum %(r, f), and the average pairwise single-
cell cross-spectrum %(r, f) calculated from that subset of neurons (see Tab. D.6).
These single-cell averages are the same as the respective single-cell averages of the
full-scale model setup, apart from variability due to subsampling.

Throughout this chapter, signal power spectra are estimated using Welch’s average
periodogram method (Welch, 1967) (with the matplotlib.mlab.psd implementation
in Python, see Tab. D.7). Temporal cross-correlations are quantified as the zero time-
lag correlation coefficient (Eq. (D.2) in Tab. D.6). Distributions of chance correlation
coefficients were determined using surrogate data that preserved the overall spectra.
We generated this data by transforming one input vector to the Fourier domain, as-
signed a random phase € [0,277) to each frequency f > 0, and transformed the data
back to the time domain prior to computing the correlation coefficients (Schreiber
& Schmitz, 2000). We show 1% significance levels obtained by computing the 99th
percentile of chance correlation coefficients across 1000 trials. Spike-trigger-averaged
LFP (stLFP) signals are computed as the cross-covariance between the time-resolved
population spike rate vx(t) and the compound LFP ¢(r,t), divided by the total num-
ber of spikes (i.e., [, vx(t)dt).

6.4 Spontaneous vs. stimulus-evoked LFP

We first consider the LFP generated by spontaneous network activity. The output of
our hybrid scheme covers various scales and measurement modalities, from spikes
of each neuron (Fig. 6.1A), population-averaged firing rates (Fig. 6.1B), excitatory,
inhibitory, and total synaptic input currents (Fig. 6.1C), and membrane voltages
(Fig. 6.1D), to the compound CSD and LFP stemming from all populations of dif-
ferent cell types (Fig. 6.1E-G). For spontaneous activity, i.e., no modulated thalamic
input (cf. Tab. 5.1), we observe asynchronous irregular spiking in all populations
(Fig. 6.1A) and firing rates similar to the original model (Potjans & Diesmann, 2014)
(Fig. 6.1B). In particular, layer 2/3 exhibits low firing rates, and generally inhibitory
neurons fire with higher rates than excitatory neurons of the respective layers. The
network is in a balanced regime (Brunel, 2000), reflected by the substantial cancella-
tion of population-averaged excitatory and inhibitory input currents (Fig. 6.1C). The
population-averaged membrane potential fluctuates below the fixed firing threshold
f = =50 mV down to ~ -80 mV (Fig. 6.1D).
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Figure 6.1: Overview of output signals obtained from application of the hy-
brid scheme to a cortical microcircuit (spontaneous activity). Point-neuron net-
work: A Spiking activity. Each dot represents the spike time of a point neuron
(color coding as in Fig. 5.1). B Population-averaged firing rates for each population.
C Population-averaged somatic input currents (red: excitatory, blue: inhibitory, black
lines: total). D Population-averaged somatic voltages. Averaged somatic input cur-
rents and voltages are obtained from 100 neurons in each population. Multicompart-
ment model neurons: E Somas of excitatory (triangles) and inhibitory (stars) multicom-
partment cells and layer boundaries (gray/black ellipses). Illustration of a laminar
electrode (gray) with 16 recording channels (black circles). F Depth-resolved current-
source density (CSD) obtained from summed transmembrane currents in cylindrical
volumes centered at each contact. G Depth-resolved local field potential (LFP) cal-
culated at each electrode contact from transmembrane currents of all neurons in the
column. Channel 1 is at pial surface, channel 2 at 100 ym depth, etc.
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Figure 6.2: Network activity following transient activation of thalamocortical affer-
ents. A Raster plot of spiking activity before and after J-shaped thalamic stimulus
presented at t = 900 ms (vertical black line in panels A, C and D). B Population-
averaged firing rate histogram for each population (color coding as in panel A).
C Depth-resolved compound current-source density (CSD) of all populations (shown
both in color and by the black traces). D Depth-resolved compound local field po-
tential (LFP, shown both in color and by the black traces) at each electrode channel
as generated by all populations. Channel 1 is at pial surface, channel 2 at 100 ym
depth, etc.

The corresponding compound CSD and LFP signals with contributions from all cor-
tical populations are shown in Fig. 6.1F and G, respectively. As expected for spon-
taneous cortical network activity, the LFP signal amplitudes are small, ~ 0.1 mV
(intriguingly close to what has been seen in experiments, see, e.g., Fig. 1 in Maier
et al. (2010) for macaque visual cortex, Fig. 7 in Hagen et al. (2015¢) for mouse visual
cortex), and exhibit strong cross-channel covariance and coherence in line with ex-
perimental observations, e.g., Einevoll et al. (2007); Maier et al. (2010); Riehle et al.
(2013); Hagen et al. (2015¢). In the model these correlations stem from dendritic cable
properties and volume conduction effects (Pettersen et al., 2008; Lindén et al., 2011;
Leski et al., 2013). The correlations across channels are, as expected, generally less
visible in the more localized CSD signal where volume conduction effects are absent
(Nicholson & Freeman, 1975; Pettersen et al., 2006, 2008).

LFP and associated CSD studies have commonly been used to investigate stimulus-
evoked responses in sensory cortices, see, e.g., Mitzdorf & Singer (1979); Mitzdorf
(1985); Di et al. (1990); Swadlow et al. (2002); Einevoll et al. (2007); Sakata & Har-
ris (2009); Szymanski et al. (2009); Maier et al. (2010); Jin et al. (2011); Szymanski
et al. (2011), as well as Einevoll et al. (2013) and references therein. To model the
situation with a sharp onset of a visual stimulus (or direct electrical stimulation of
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the thalamocortical pathway (Mitzdorf & Singer, 1979)) we drive the network with
a short thalamic pulse mimicking a volley of incoming spikes onto primary visual
cortex from the visual thalamus (lateral geniculate nucleus, LGN). The activation tar-
gets populations in layers 4 and 6 (see Fig. 5.1A or Fig. 5.5A,B) and propagates in
the network to populations in layers 2/3 and 5 (Fig. 6.2A,B). At the level of spiking
activity, the results match the behavior of the original model (Potjans & Diesmann,
2014, Fig. 10A,B) and even agree qualitatively with experimental findings in rodents
from stimulus-evoked activation of auditory cortex (Sakata & Harris, 2009) and so-
matosensory cortex (Armstrong-James et al., 1992; Einevoll et al., 2007; Reyes-Puerta
et al., 2014). This points to a general biological plausibility of this generic network
model, based largely on data from cat V1.

The corresponding CSD and LFP profiles across depth associated with this spiking
activity are determined by the synapse locations and dendritic filtering by cell-type
specific morphologies (see Fig. 5.3, Fig. 5.5D). For the CSD (Fig. 6.2C) a complex
alternating spatiotemporal pattern of current sinks (negative CSD) and sources (pos-
itive CSD) is observed. Due to volume conduction this detailed spatial pattern is
largely smeared out in the LFP profile (Fig. 6.2D), which displays a strong positivity
across the middle layer around ¢ = 910 ms. We also note the different spatiotemporal
profiles of the spiking activity (Fig. 6.2A,B) compared to laminar CSD and LFP pro-
files. Not only do the CSD and LFP signals typically fade out 5-10 ms later than the
spiking, the spatial profiles are also very different. For example, the LFP signal is
very weak between channels 11 and 12 (i.e., between 1,100 and 1,200 ym depth), even
if the firing rate of layer 5 positioned between these channels is very high. We also
note that the predicted LFP magnitudes are an order of magnitude larger compared
to the LFP predicted for spontaneous activity, that is, ~ 1 mV for stimulus-evoked
versus ~ 0.1 mV for spontaneous activity.

Although the present example has not been tuned to address specific experiments,
we nevertheless observe that the model predictions display several features seen in
experiments. For example, stimulus-evoked LFP amplitudes on the order of 1 mV are
similar to the maximal amplitudes (~ 1-3 mV) observed in cat V1 following electric
stimulation of thalamocortical axons (optical radiation) (Mitzdorf, 1985, Fig. 3A) and
ventroposterior lateral (VPL) pathway axons projecting to rat somatosensory cortex
(Castro-Alamancos & Connors, 1996, Fig. 3), and in rat somatosensory (barrel) cortex
following whisker flicks (Di et al. (1990, Fig. 1), Einevoll et al. (2007, Fig. 1A), Reyes-
Puerta et al. (2014, Fig. 1D-F)). Also some qualitative features of the spatiotemporal
LFP and CSD patterns from the cat visual cortex experiments of Mitzdorf (1985, Fig.
3A,B) can be recognized. One example is the early CSD sink around layer 4 (i.e.,
at channel 6 close to the boundary between layers 2/3 and 4), another is the large
positivity in LFP extending through most of the layers following the initial response
to the thalamic input volley.

The time courses of the LFP and CSD in our simulations with §-pulse thalamic ac-
tivations are not as directly comparable with experimental stimulus-evoked activity,
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where the input is temporally filtered by several cell populations before reaching
thalamus on the way to cortex. However, we note that very swift stimulus-evoked
responses lasting not much longer than the ~ 10 ms response volleys seen in our
simulations also are observed in the somatosensory system (Di et al., 1990; Einevoll
et al., 2007; Reyes-Puerta et al., 2014).

6.5 Effect of network dynamics on LFP

The spiking activity in the microcircuit model is highly sensitive to modification of
intrinsic model parameters and external input (Bos et al., 2015). In general LFPs
reflect synaptic input both from local and distant neurons (Herreras et al., 2015), and
also depend on network state (see, e.g., Kelly et al., 2010; Gawne, 2010). With the
hybrid scheme, we first illustrate as an example the dependence of the spontaneous
LFP, i.e., the LFP without thalamic input, on local network dynamics as determined
by intrinsic network parameters. In particular we compare our reference network
model with the original model proposed by Potjans & Diesmann (2014) where the
strength of connections from L4I to L4E neurons is weaker and the synaptic weights
are drawn from a Gaussian distribution. We next investigate the LFP when the
network is stimulated by sinusoidally modulated thalamic input.

For spontaneous activity (Fig. 6.3A-E), the spiking (Fig. 6.3A) is asynchronous irreg-
ular in all populations. The firing-rate power spectra (Fig. 6.3B) vary from relatively
flat to more band-pass-like with a maximum power around 80 Hz. The suppressed
power at lower frequencies arises from active decorrelation due to inhibitory feed-
back (Tetzlaff et al., 2012). In combination with the low-pass filtering involved in
the generation of LFPs from spiking activity (Lindén et al., 2010; Leski et al., 2013),
the firing-rate spectra translate into an LFP power spectrum that, depending on re-
cording depth, has either low-pass or band-pass filter characteristics (Fig. 6.3D). The
notably sharper attenuation of the LFP power spectra compared to the firing-rate
power spectra above 2> 100 Hz is expectedly due to the intrinsic dendritic filtering
effect (Lindén et al., 2010). As the effect of this filtering depends on the position of
the electrode compared to the neuronal morphology (Lindén et al., 2010), the result
is a variable LFP power spectral density (PSD) profile across cortical depths, even in
the absence of any structured external input (Fig. 6.3E).

There is experimental evidence that cortical microcircuits receive oscillating input
at various frequencies from remote areas and subcortical structures (Bastos et al.,
2015; van Kerkoerle et al., 2014; Ito et al., 2014). To illustrate the effect of an oscil-
latory external input in our model, we model thalamic input as independent realiza-
tions of non-stationary Poisson processes with a sinusoidal rate profile (see Tab. D.1,
Fig. 6.3F-]). The spiking activity of all populations as well as the CSD and LFP across
depth are sensitive to thalamic input, showing that the network response goes bey-
ond the layers receiving thalamic input, i.e., layers 4 and 6. The stimulus-evoked
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Figure 6.3: Effect of network dynamics on LFP. Comparison of two differ-
ent thalamic input scenarios and two different networks. Top: Reference net-
work, spontaneous activity. Center: Reference network, oscillatory thalamic activ-
ation. Bottom: Original model by Potjans & Diesmann (2014), spontaneous activ-
ity. A,EK Population-resolved spiking activity. B,G,L Population-averaged firing
rate spectra. C,H,M Depth-resolved LFP. D, LN LFP power spectra in layer 1 and at
typical somatic depths of network populations. E,J,O LFP power spectra across all
channels. Channel 1 is at pial surface, channel 2 at 100 ym depth, etc.
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spiking activity follows the 15 Hz modulated rate of the thalamic input (Fig. 6.3F).
The 15 Hz oscillation is reflected in the firing-rate spectrum as a peak around 15 Hz
(Fig. 6.3G) and is robustly transferred to the LFP (Fig. 6.3H-]J). The LFP oscilla-
tion strength varies with depth and is greatest in channels 1-2 and channels 8-14,
while the oscillation is barely seen in channels 3-6. Populations L4E/I and L6E/I
receive thalamic inputs around the depths of channels 8-10 and channels 14-15, and
these channels are strongly affected by the stimulus. However, recurrent connections
between populations, dendritic propagation of currents, and volume conduction pro-
duce strong LFP oscillations also in other channels.

The LFP amplitudes are not only influenced by the temporal structure of the ex-
ternal input, but also by synaptic weights in two ways: first via their influence on the
spiking dynamics in the point-network simulation and second via the influence on
the size of the synaptic currents setting up the transmembrane currents in the mul-
ticompartment models in the LFP-computing step. In order to illustrate the weight
dependence, we compare the LFP under spontaneous activity in our reference net-
work model (Fig. 6.3A-E) with the corresponding spontaneous LFP in the original
model by Potjans & Diesmann (2014) (Fig. 6.3K-O). The lower inhibition from pop-
ulation L4I onto L4E and the narrow weight distribution compared to our model
gives a higher degree of spike synchrony in all populations. Although our model
exhibits asynchronous irregular activity (Fig. 6.3A), the original model is closer to a
synchronous irregular regime (Brunel, 2000) (Fig. 6.3K), resulting in high-frequency
oscillations around 80 Hz and in the 300 - 400 Hz band (Fig. 6.3L), both associated
with delay loops in the multi-layered network (Bos et al., 2015). The 80 Hz oscillation
also appears in the LFP and its corresponding power spectra (Fig. 6.3M-O), but the
magnitude of the peak is not constant across depth. The lowest magnitudes are loc-
ated in the vicinity of layers 2/3 and 5 (in channels 34 and channels 11-13, compare
also Fig. 4).

6.6 Contributions from individual populations to CSD and
LFP

The direct interpretation of CSD and LFP signals in terms of the underlying activity
of different populations or input pathways is inherently ambiguous and thus diffi-
cult: For example, a CSD sink observed in cortical layer 2/3 can alternatively stem
from excitatory synaptic inputs to the basal dendrites of layer 2/3 cells, similar inputs
into the apical dendrites of layer 5 cells, or even return currents from appropriately
placed inhibitory inputs onto the same cells (Lindén et al., 2010; Einevoll et al., 2013).
Several schemes for decomposition of CSD and LFP data into contributions from cor-
tical populations have thus been proposed: principal component analysis (PCA) (Di
et al., 1990), laminar population analysis (Einevoll et al., 2007), and independent com-
ponent analysis (ICA) (Leski et al., 2010; Makarov et al., 2010; Glabska et al., 2014;
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Figure 6.4: Composition of CSD and LFP during spontaneous activity. A Rep-
resentative morphologies of each population Y illustrating dendritic extent. B LFP
(black traces) and CSD (color plot) produced by the superficial population L23E for
spontaneous activity in the reference network. C Similar to panel B for popula-
tion L6E (summing over contributions of y € {p6(L4), p6(L56)}). D CSD variance as
function of depth for each individual subpopulation (colored lines) and for the full
compound signal (thick black line). E Same as in panel D, but for LFPs. Variances
0?2 < 1077 mV? not shown. F Compound LFP (black traces) and CSD (color plot)
resulting from only excitatory input to the LFP-generating multicompartment model
neurons. G Conversely, LFP (black traces) and CSD (color plot) resulting from only
inhibitory input to the neurons. H Full compound LFP (black traces) and CSD (color
plot) resulting from both excitatory and inhibitory synaptic currents. I Compound
CSD variance as a function of depth with all synapses intact (thick black line), or
having only excitatory (red) or inhibitory synapse input (blue). ] Same as in panel I,
but for the LFP signal.
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Herreras et al., 2015). In our model we have the benefit of having the contributions
from the various populations, connections or different synapse types to the CSD and
LFP signals directly accessible.

Here, we focus on the LFP and CSD contributions from individual populations and
different synapse types. To quantify the contributions from each postsynaptic popu-
lation, i.e., the CSD and LFP stemming from the transmembrane currents of a popu-
lation, we simply summed all single-cell CSD and LFP contributions from all neurons
in the population. Results for spontaneous network activity are shown in Fig. 6.4. As
different cell types are assigned appropriate morphologies and cortical depths based
on available anatomical data, a trivial consequence is that the neurons in each popu-
lation make their main contributions to the CSD and LFP at depths spanned by their
dendrites (Fig. 6.4B,C for post-synaptic populations L23E and L6E, respectively). For
example, L6E neurons have a high density of afferent synapses on apical dendrites
in layer 4, and as a consequence, the amplitude of CSDs and LFPs generated by
population L6E (Fig. 6.4C) is large in the vicinity of layer 4 and not just in layer 6.

To quantify the relative contributions from the various populations we show in
Fig. 6.4D,E the CSD and LFP variances across time (corresponding to power spec-
tral densities summed over all non-zero frequencies) for all depths (Lindén et al.,
2011; Leski et al.,, 2013). For the compound CSD, only the L23E neurons contribute
substantially in the superficial channels (ch. 1-4) (Fig. 6.4D). At deeper contacts the
main contributing population is L6E. L4E and L5E populations make sizable contri-
butions only in the channels closest to their somatic location reflecting that the net
associated return currents of their distributed synaptic inputs are largely restricted
to somatic regions (Lindén et al., 2010). The bulk of the variance of the CSD in layer 5
arises in about equal parts from the L6E and relatively sparse L5E populations. The
magnitude of the depth-resolved CSD variances of each layer’s inhibitory population
(L23I, L4, ...) is consistently one order of magnitude or more smaller than that of the
corresponding excitatory cell populations. Moreover, they span comparatively small
depth ranges as determined by the maximum extent of the dendrites.

The depth-resolved LFP variance (Fig. 6.4E) has similar features as the CSD variance,
as expected from their common biophysical origin. However, volume conduction has
some qualitative effects, such as the reduced relative contribution from the L6E pop-
ulation in layer 2/3. As correlated synaptic inputs are known to amplify and increase
the spread of the LFP generated from a cortical population (Lindén et al., 2011; Leski
et al., 2013), this may reflect that the synaptic inputs to the L23E population are more
correlated than to the L6E population. Overall, we conclude that for the spontan-
eous activity in our network, the L23E and L6E populations dominate the compound
LFP and CSD with only smaller contributions from the other excitatory populations.
The signal variances from the inhibitory populations are typically much smaller than
the contributions from the excitatory populations, suggesting that they can be safely
neglected, in line with recent findings of Mazzoni et al. (2015).
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Figure 6.5: Decomposition of CSD and LFP into contributions due to excitatory and
inhibitory inputs for thalamic activation. A-E Oscillatory thalamic activation (f =
15 Hz). F-J Transient thalamic activations at # = 900 + n - 1000 ms for n € {0,1,2,3,4}.
Same row-wise figure arrangement as in Fig. 6.4F-].
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Although transmembrane currents in inhibitory neurons provide little of the ob-
served CSD and LFP, the inhibitory synaptic inputs onto excitatory neurons provide
a substantial contribution. In the present network, inhibitory synaptic currents have
a four-fold larger amplitude compared to most excitatory synapses (Tab. D.1), in-
hibitory neurons have higher overall firing rates compared to excitatory neurons
(Potjans & Diesmann, 2014), and inhibition specifically targets soma-proximal sec-
tions (Markram et al., 2004). Since our LFP-generating model is linear (passive cable
formalism, linear synapse model), we can decompose the compound signal into con-
tributions from each synapse type. For example, selective removal of either inhibit-
ory or excitatory synaptic currents in the CSD and LFP modeling (Fig. 6.4F,G) shows
that the CSD and LFP signals (Fig. 6.4H) are dominated by inhibitory synaptic cur-
rents and their associated return currents (Fig. 6.41,]) when the network operates in
the spontaneous asynchronous irregular firing regime. Further, at most depths the
variance of the signal arising from inhibitory input exceeds the compound variance,
implying that the inhibitory component is generally negatively correlated with the
excitatory component (Fig. 6.41,]). Visual inspection of Fig. 6.4F-H also reveals that
the inhibitory dominance appears particularly strong at high frequencies, in accord-
ance with the firing-rate PSDs in Fig. 6.3B showing less power of inhibitory spiking,
and thus inhibitory synaptic input currents, at low frequencies.

The relative contribution from excitation and inhibition to the CSD and LFP depends
on thalamic input and network state, however. For oscillatory thalamic input, the
CSDs and LFPs from excitatory (Fig. 6.5A) or inhibitory synapses (Fig. 6.5B) alone
show much stronger oscillations than the compound signals (Fig. 6.5C). This follows
from the observations that the contributions to the CSD and LFP from excitatory
and inhibitory synapses are anticorrelated, which, in turn, is a consequence of the
dynamical balance between excitation and inhibition in asynchronous-irregular states
of balanced random networks (Hertz, 2010; Renart et al., 2010; Tetzlaff et al., 2012).

For transient thalamic activation, the same cancellation of excitation and inhibition
can be observed (Fig. 6.5F-H), although it is more pronounced at some depths (layers
5 and 6, i.e., channels 11-13) than at others, depending on whether excitation and
inhibition are in phase or not (Fig. 6.5L]). For such strong and transient thalamic
input, the network activity is briefly imbalanced as inhibition cannot keep up with
thalamic excitation on the short time scales. Since thalamic input is most prominent
in layer 4 (channels 7-10), fewer cancellation effects are present here: in channel
9 in Fig. 6.5I the total CSD variance is, e.g., seen to be larger than the individual
contributions from inhibitory and excitatory synapses.

6.7 Effect of input correlations

Synaptic inputs to two neighboring cells are typically correlated because (i) they
receive, to some extent, inputs from the same presynaptic sources (‘shared-input
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correlation’), and (ii) the spike trains of the presynaptic neurons may be correlated
(‘spike-train correlation’). The net synaptic-input correlation is determined by the
interplay between these two contributions, shared-input correlations and spike-train
correlations (Renart et al., 2010; Tetzlaff et al., 2012). As the LFP is largely gener-
ated by synaptic inputs, synaptic-input correlations result in correlated single-cell
LFP contributions ¢;(r,t) (for details, see Lindén et al., 2011; Leski et al., 2013). As
outlined in the following, these single-cell-LFP correlations play a dominating role
for the spectrum of the compound LFP.

The power spectrum Py(r, ) (Eq. (D.6)) of the compound LFP ¢(r,t) = =N, ¢i(x, t) of
a population of N neurons is given by

Py(r, f) = NPy(x, f) + N(N = 1)Py(r, f)Rp(r, f) - (6.2)

Here Py(r, f) is the average single-cell LFP power spectrum (Eq. (D.3)) and %y (r, f)
the average pairwise single-cell LFP coherence (Eq. (D.5)), a measure for cross-
correlations, across all cells. Note that, while the first term in Eq. (6.2) scales linearly
with the number of neurons N, the second term is proportional to N(N - 1) ~ N?
for large N. Hence, for large N, even small cross-correlations may dominate the
spectrum of the compound LFP. Here, we investigate this situation by calculating the
power spectrum P(g(r, f) of the compound LFP under the assumption of zero cross-
correlation (where it simply reduces to a sum over single-cell spectra Py, (1, f)), and
compare to the true spectrum Py (r, ). The ratio between these quantities is given by

Py(x, f)
Po(r, f)

With weak or no cross-correlations, i.e., (N - 1)xs(r, f) <« 1, the ratio approaches
unity, and the power of the compound LFP is essentially the sum of the power of
the single-cell LFPs. For Nxy(r, f) > 1, i.e, in the correlation-dominated regime,
this ratio is instead proportional to the number of neurons N. Note also that anti-
correlated signals (i, (r, f) < 0) may lead to a ratio Py(r, f)/ Pg(r, f) <L

=1+ (N-1)xp(r, f) . (6.3)

In the example application, both for spontaneous (Fig. 6.6A,B) and for evoked activity
(Fig. 6.6C,D) the compound power spectra Py(r, f) are systematically (across chan-
nels and frequencies) larger than P(g(r, f), demonstrating the importance of cross-
correlations in the present network. Depending on the recording depth and fre-
quency, the ratio varies from ~ 1 to 10° (see Fig. 6.6B,D). For spontaneous activity
(see Fig. 6.3A-E), the largest effects of cross-correlations are typically found at higher
frequencies (Fig. 6.6A,B). At low frequencies, cross-correlations are suppressed by
inhibitory feedback (cf. Fig. 6.3B, Tetzlaff et al. (2012)). The thalamic sinusoidally
modulated input to the network (Fig. 6.3F-]) synchronizes single-cell CSDs and LFPs
at the stimulus frequency and gives a large boost of the LFP power at this frequency
(see peak in Fig. 6.6C,D). Close inspection reveals that there is also in fact a boost of
the power at around 80 Hz, but much less so than around 15 Hz. Note that the ex-
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Figure 6.6: Effect of single-cell-LFP cross-correlations on compound-LFP power
spectra during spontaneous activity (A,B) and for oscillatory thalamic input (C,D).
A,C Compound-LFP power spectra Py(r, f) (black traces) and compound spectra
P(g(r, f) (red traces) obtained when omitting cross-correlations between single-cell
LFPs (red traces; computed for 10 % of the cells and multiplied by a factor 10) at
recording channels corresponding approximately to the centers of layers 1, 2/3, 4,
5 and 6. B,D Depth and frequency-resolved ratio Py(r, f) /Pg (r, f) of LFP power
spectra, cf. Eq. (6.3).

ternal activation hardly affects the single-cell spectra (see red curves in Fig. 6.6A,C).
LFP synchronization is thus mainly encoded in the phase of ¢;(r,t).

In conclusion, cross-correlations between single-cell LFP contributions play a pivotal
role in shaping the compound LFP spectra (similar for CSD spectra, results not
shown). To account for the dominant features of the LFP (CSD) in such models,
it is therefore essential to include the main factors determining the synaptic-input
correlations, i.e., realistic correlations in presynaptic spike trains and shared-input
structure. The findings presented here for the cortical microcircuit model hold in
general in the presence of correlated activity. Only the details of the spectra depend
on the specific underlying network dynamics.

6.8 Network downscaling

Due to the computational cost associated with modeling LFPs, it would be desirable
to downsize the postsynaptic populations of multicompartment model neurons to
a fraction YN (v € (0,1) ) while leaving the point-neuron network at full size (N)
and at the same time preserve the in-degrees, i.e., the number of inputs, of each
postsynaptic cell. The power spectrum of the full-scale LFP can indeed be estimated
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from the population-averaged single-cell power spectra Py (r, f) ~ Py(r, f) and co-
herences %47 (1, f) ~ %4(1, f) computed for downsized networks by means of Eq. (6.2).
These quantities are preserved except for deviations due to smaller sampling size
yN (Eq. (D.6) in Tab. D.6). However, due to lack of phase information in the power
spectra, one cannot estimate the LFP time course.

One could attempt to obtain a time-course estimate cp'yé(r, t), ie., a 'low-density LFP
prediction’, of the full-scale signal ¢(r,t) by upscaling single-cell LFPs ¢;(r,t) com-
puted in the downsized setup by a scalar factor ¢ (cf. Eq. (D.1)). Such a naive upscal-
ing can grossly recover the amplitude of the full-scale LFP ¢(r,t), but it still only par-
tially reconstructs its detailed time course (Fig. 6.7A,E). Also, this approach does not
generally give accurate power spectra as the two terms in Eq. (6.2) scale differently
with & The rescaling introduces a prefactor ¢ in the population-averaged single-cell
power spectra %(r, f) ~ &Py (1, f), while the coherences Kge (¥, f) ~ Ky (1, f) are un-
changed. Thus the compound spectra Py(r, f) and Pye(x, t) of the full-size LFP and
the low-density LFP predictor, respectively, differ. Their ratio

Po(r,f) 1+ (N-1)Ry(x,f) {1/(7@% for&y(n/)=0 0

Pyi(r,f) 782+ 9@ (yN-DRe(r, f)  |1/(22¢%)  for Ky(r, f) = 1
demonstrates that in the general case there is no scaling factor ¢ which allows for
the recovery of the full-size compound LFP power, i.e., makes the ratio in Eq. (6.4)
equal to one for all spatial positions r and frequencies f. This can only be done in the
special case where @(r, f) is a constant c. Here the two extreme cases correspond to

no correlation (xg(r, f) = 0 with ¢ = 1/,/7) and full correlation between all single-cell
signals (%4 (r, f) =1 with § =1/7).

The substantial scaling effects observed for our microcircuit model in the asynchron-
ous state (Fig. 6.7A-D) suggest that correlations cannot be neglected even when mod-
eling the LFP for spontaneous network activity. Choosing the scaling factor ¢ = 1/,/y
corresponding to Ky(r, f) = 0 (red lines in Fig. 6.7A,C) leads to a severe underes-
timation of the full-size compound power spectrum (Fig. 6.7C,D). Even though the
correlation (i.e., Pearson’s correlation coefficients) between the full-size full-size LFP
signals and low-density LFP predictions are quite high (Fig. 6.7B), the power ratios
(Fig. 6.7D) reveal that the rescaled signals are systematically wrong in frequency
bands where single-cell LFPs are most strongly correlated (i.e., the frequencies for
which the compound spectra are much larger than the predictions when omitting
cross-correlations (Fig. 6.6A,B)). Assuming the full-correlation scaling factor ¢ = 1/,
on the other hand, typically overestimates the full-size compound power spectrum
(cf. gray spectra in Fig. 6.7C), particularly at low frequencies.

The results for the sinusoidally stimulated network (Fig. 6.7E-H) are quite similar
to the spontaneous-activity results, except around the stimulation frequency 15 Hz
where the modulated input leads to strongly correlated single-cell LFP contributions
and a strong boost of the compound LFP. The approximate downscaling procedure
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assuming the full-correlation scaling factor ¢ = 1/ thus essentially agrees with the
full-size compound spectrum for 15 Hz (while giving a strong overestimation for
frequencies other than ~ 15 and ~ 80Hz).

We note in passing that in contrast to the power spectra, the computation of the
spike-trigger-averaged LFP (stLFP) (Swadlow et al., 2002; Nauhaus et al., 2009; Jin
et al., 2011; Denker et al., 2011) in downsized networks do not have a principled
problem due to cross-correlations between single-cell LFPs. As stLFPs are linearly
dependent on the single-neuron LFP contributions, the only principled problem with
downsizing is increased noise in the estimates due to sampling over fewer postsyn-
aptic neurons.

6.9 LFP prediction from population firing rates

An important question in systems neuroscience is to what extent the dynamics of
networks of thousands or millions of neurons can be described by much simpler
mathematical descriptions in terms of neural populations (Deco et al., 2008; Blomquist
et al., 2009). Likewise, we here ask the question of whether LFPs can be predicted
from knowledge of the population firing rate (Einevoll et al., 2007; Moran et al.,
2008; Einevoll et al., 2013). The hybrid scheme is excellently suited for testing and
development of simplified numerical schemes for LFP prediction as the ground truth,
i.e., the LFP from the full network, is available as benchmarking data.

The use of current-based synapses and passive dendrites in the present application of
the hybrid scheme, renders synaptic events independent of each other in the LFP pre-
diction. This inherent linearity results in a unique spatio-temporal relation H(r, 7)
for T € [—o00,00] between a spike event of a point neuron i in population X and its
contribution to the compound LFP ¢(z, t) from all its postsynaptic multicompartment
model neurons. In this scheme the link is causal, i.e., the spikes drive the LFP, so that
H%(r, 7) =0 for 7 < 0 (as in laminar population analysis (LPA) (Einevoll et al., 2007)).
H (r, T) encompasses connectivity, spike transmission delays and all postsynaptic re-
sponses including effects of synaptic input currents and passive return currents. With
a linear, current-based model such as our example cortical column, it is in principle
possible by linear superposition to fully reconstruct the compound LFP if Hi(r,T)
and the spike times # are known for all neurons i in each population of the network.
It is, however, in the case of large networks impractical to assess each H%(r, T), as
the LFP response needs to be determined for every neuron separately. In contrast,
a large reduction in dimensionality can be achieved by determining the population-
averaged LFP responses Hx(r,T) of a spike within each population X. We thereby
ignore heterogeneity in kernels H’ (r,T) due to the variability in the connections
from neurons in population X. An approximate compound LFP ¢*(r,t) based on
population firing rates (Einevoll et al., 2007) can be computed from these extracted
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Figure 6.7: Prediction of LFPs from downsized networks. Top row: Spontaneous
activity. Bottom row: Oscillatory thalamic activation. A,E Full-scale LFP traces ¢(r,t)
(black) and low-density predictors 4)7‘5(1‘,1?) (red) obtained from a fraction 7y = 0.1 of

neurons in all populations and upscaling by a factor ¢ = ¢

-1/2

. B,F Correlation coef-

ficients (gray bars) between full-scale LFP and low-density predictor shown in pan-
els A and E, respectively. The dashed lines denote 1% significance levels obtained
after computing the chance correlation coefficients for 1000 trials. C,G Power spec-
tra Py(r, f) and Py (r, f) of full-scale LFPs (black) and low-density predictors with

v =01and & = v/ (red) or & = v7! (gray). D,H Ratio Py(x, f)/ Py (x, f) between

power spectra of full-scale LFP and low-density predictor with 7 = 0.1 and & = y~1/2

(cf. Eq. (6.4)).
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Figure 6.8: Linear prediction of LFPs from population firing rates. A LFP responses
Hx(r,7) (kernels) to simultaneous firing of all neurons in a single presynaptic popu-
lation X (see subpanel titles) at time T = 0 ms, normalized by size Nx of the presyn-
aptic population (red/blue: responses to firing of excitatory/inhibitory presynaptic
populations). B Spike-trigger-averaged LFPs (stLFP) triggered on spikes of L5E neur-
ons during spontaneous activity (left) and oscillatory thalamic network activation
(right), averaged across all L5E spikes (T = 5,000 ms simulation time). C,F LFP traces
of the full model (black) compared to predictions (red) obtained from superposition
of linear convolutions of population firing rates vx with LFP kernels Hx(r, T) shown
in panel A. D,G Correlation coefficients (gray bars) between LFPs and population-
rate predictors shown in panels C and F. The dashed lines denote 1% significance
levels obtained after computing the chance correlation coefficients for 1000 trials.
E,H Power spectra of LFPs (black) and the population-rate predictors (red) for dif-
ferent recording channels. Panels C-E and F-H show results for spontaneous activity
and oscillatory thalamic activation, respectively.
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population kernels by means of the convolution ¢*(r,t) = Y x (vx * HX) (r,t), where
vx(t) are the instantaneous population firing rates.

Here we estimate the population LFP kernels by computing the response to syn-
chronous activation of all neurons in a population (Fig. 6.8). The spatio-temporal
kernels Hx(r, T) are extracted from time slices [tx —20 ms,tx +20 ms] of the com-
pound LFP response ¢(r,t)/Nx, where Ny is the number of neurons in a presynaptic
population. The procedure results in unique kernels Hx(r, T) for each excitatory and
inhibitory population in the network (Fig. 6.8A).

In the example application, the population kernels Hx(r,r) differ significantly be-
tween populations. Excitatory spike events result in prominent LFP negativities at
depths where most connections are made, such as in layer 4 (channels 7-10) for
thalamocortical connections (HTC(r,T), column 1 in Fig. 6.8A, cf. Fig. 5.5C). In con-
trast, spikes of inhibitory point neurons on average produce prominent LFP positiv-
ities in their corresponding layer, such as in layer 2/3 (channels 3-6) for population
L23I (column 2 in Fig. 6.8A). In all cases, the signatures of opposite-sign return cur-
rents and also other, weakly connected populations are seen across depth.

As seen in Fig. 6.8C,F the population-rate predictions are in good qualitative agree-
ment with the ground-truth LFP for both spontaneous and sinusoidally modulated
network activity with correlation coefficients (cc) between 0.48 and 0.94 for spon-
taneous activity (Fig. 6.8D) and 0.52 and 0.98 for thalamically evoked oscillations
(Fig. 6.8G). Overall, the population-rate predictions appear to be best for the lower
frequencies (Fig. 6.8E,H), while the inherent variability in the individual point-neuron
kernels Hi (r,T) (which is not accounted for in the population approximation) has
a larger effect on the higher frequencies. This can be understood on biophysical
grounds, as the lower frequencies are expected to mainly reflect the gross anatomical
features of the postsynaptic populations and their presynaptic connections patterns
where the individual variability plays a lesser role (Lindén et al., 2010; Pettersen
et al., 2012). The correlation coefficients and power spectra of the population-rate
prediction thus show that the population-rate LFP predictor is more accurate than
the low-density LFP predictors (Fig. 6.7C,F) in case of substantial downscaling.

Although the spike-trigger-averaged LFP (stLFP) (Swadlow et al., 2002; Nauhaus
et al., 2009; Jin et al., 2011; Denker et al., 2011), calculated as the cross-covariance
between the population spike rate vx(t) and the compound LFP ¢(r,t) divided by
the total number of spikes (i.e., /OT vx(t)dt), is related to our LFP population ker-
nels, it measures very different aspects of cortical dynamics. The population kernels
Hx(r, T) are causal and independent of effects of spike-train correlations. The stLFP,
on the other hand, is non-causal and strongly depends on spike-train correlations,
and thus also network state (Einevoll et al., 2013). The stLFP is thus not only very
different from Hx(r,T), it also varies strongly between the spontaneous and sinus-
oidally modulated network state (see example for L5E neurons in Fig. 6.8B).
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6.10 Conclusion

We described the local field potential (LFP) of a cortical column as simulated using
the hybrid scheme and investigated the impact of individual populations, network
dynamics and cell density on the mesoscopic LFP signal. Even though the exam-
ple application was not tuned to address specific experiments, the predicted LFP
amplitudes for ongoing and evoked activity as well as layer-specific activation pat-
terns are generally consistent with experimental results. LFPs at different cortical
depth are highly coherent due to passive volume conduction and power spectra differ
across depth due to contributions of specific neuron populations. The superposition
of LFP contributions from different neuron populations and synapse types is non-
trivial, and may, for example, result in local cancellations of the signal. In general,
inhibitory currents onto excitatory neuron populations dominate the LFP, which is
strongly influenced by synaptic-input correlations, and thus highly sensitive to local
and remote network dynamics. The effect of correlations on the LFP cannot be fully
accounted for in downscaled LFP models even if the synaptic input correlations are
correctly accounted for. However, LFPs can be derived to a good approximation from
population firing rates rather than from spikes of individual neurons.
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The organization of the cerebral cortex extends over a wide range of spatial scales,
from fine-scale specificity of the connectivity between small groups of neurons to
hierarchically organized networks of entire cortical areas. Cortical activity exhibits
correlations on a multitude of spatial and temporal scales. Linking the microscopic
scale, on which the precise form of the interaction among neurons via synapses is
known, to the mesoscopic scale, on which experimentally observable activity and
network function arise, is a fundamental requirement to understand the brain.

A bridge from microscopic to mesoscopic dynamics is moreover required in neur-
oscience to compare model predictions to experimental signals that are indicative
of collective network dynamics: Routinely accessible signals in cortex only arise on
mesoscopic scales from the superposition of the activity of large numbers of cells.
The local field potential (LFP), the low frequency components of the electrical po-
tential in the extracellular space, is such a readily available mass signal with contri-
butions from hundreds of thousands to millions of neurons (Kajikawa & Schroeder,
2011; Lindén et al., 2011; Leski et al., 2013). Forward-modeling studies have shown
that the LFP can be approximated as a linearly weighted sum of transmembrane
currents across the dendritic tree of neurons (Einevoll et al., 2013). These currents
are triggered primarily by synaptic events that arise from spiking activity, the main
type of interactions between neurons. Recent advances in electrode technology and
spike-sorting techniques further allow the assessment of single-unit activity of up to
hundreds of neurons in parallel extracellular recordings, showing a rich correlation
structure on the level of individual pairs of neurons. Neuronal networks therefore
share many features with interacting many-body systems in physics that exhibit col-
lective behavior on multiple scales.

This thesis contributes to the understanding of the microscopic and mesoscopic brain
activity by deriving a theory of correlations between individual neurons in recurrent
networks, building simulation software for rate-based models of neuronal activity,
and by developing and implementing a modeling scheme for local field potentials
based on spiking activity of point-neuron networks. The following sections discuss
individual aspects related to the chapters in this thesis, which are put into context in
the outlook that illustrates future directions.

Correlated fluctuations in strongly coupled binary networks
beyond equilibrium

In Chap. 1, we address the characterization of fluctuations in strongly interacting,
non-equilibrium, disordered systems. For the prototypical model of such systems,
dynamic binary units introduced by Glauber (1963), we derive for the first time a
closed hierarchy of cumulant equations that jointly describe local mean activities
(“magnetizations”) and pairwise correlations including finite-size effects.
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Standard approaches describing systems with symmetric pairwise interactions in
terms of a partition function cannot be extended to nonsymmetric coupling, because
these systems do not reach thermodynamic equilibrium. Asymmetries arising from
disordered couplings or deterministic constraints, such as Dale’s law, are treated by
using ensemble averages over the random couplings (Fischer & Hertz, 1991a; Her-
mann & Touboul, 2012) or the random dilution of the network (Shinomoto, 1987),
respectively. By construction, these approaches are, however, constrained to describe
self-averaging properties of systems. Here, we are interested in the dynamics of in-
dividual units, which is not self-averaging, and we set out to capture the statistics
of a particular realization of the system in terms of the cumulant hierarchy for the
activity variables. Truncating the hierarchy after second order yields a closed set
of equations that already provides a good approximation for the zero time lag co-
variances between individual units. We show the equivalence of this truncation to
the Gaussian approximation of the input field (van Vreeswijk & Sompolinsky, 1998;
Renart et al., 2010), which follows from the central-limit theorem. Non-Gaussian,
finite-size effects in networks of only several hundreds of units are effectively taken
into account by incorporating a subset of third-order cumulants that can be expressed
in terms of lower-order cumulants due to the binary nature of the activity variables.
This significantly improves the prediction of mean activities, which are strongly af-
fected by the nonlinearity of the gain function. The resulting set of nonlinear coupled
equations can efficiently be solved numerically by damped fixed-point iteration.

We demonstrate that a Heaviside activation function - independent of the choice of
coupling amplitudes - constitutes the strongest possible interaction for binary net-
works. This finding generalizes the invariance of population-averaged pairwise cor-
relations under proportional scaling of couplings and threshold of all units (Grytskyy
et al., 2013a; van Albada et al., 2015) to the invariance of individual pairwise corre-
lations under the scaling of the corresponding units” parameters. Weaker coupling
in binary networks can only be achieved by a smoother activation function, but not
by different scalings of coupling amplitudes, e.g., 1/N versus 1/v/N, contradictory to
frequently employed arguments in the literature (as discussed in van Albada et al.,
2015). In networks with plastic synapses or networks receiving time-varying input,
dynamically changing thresholds could similarly act as a homeostasis mechanism
on the level of mean activities and correlations and prevent systems from freezing
in a local minimum (Roach et al., 2016). While the scaling invariance is generic, the
presented Gaussian and close-to-Gaussian approximations of the input field hold for
the commonly considered narrowly distributed couplings. For wide distributions,
the statistics of the input field is likely to depart from the close-to Gaussian assump-
tion.

The contribution of cross-covariances to the marginal statistics of the input to each
neuron causes a distribution of the mean activities, even in networks composed of
neurons each receiving an identical number of inputs. The classical treatment of
neurons with a Heaviside nonlinearity neglects this effect (van Vreeswijk & Som-
polinsky, 1998). Still, distributed numbers of synaptic input typically dominate the
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distribution of mean activities in sparsely (van Vreeswijk & Sompolinsky, 1998) and
densely connected random networks (Renart et al., 2010; Helias et al., 2014).

The Gaussian closure, that is, the truncation of the cumulant hierarchy after second
order, yields a set of equations that accurately predicts the second-order statistics.
This result is in line with experimental evidence showing that pairwise correlations
sufficiently constrain maximum-entropy models of collective activity (Schneidman
et al., 2006). Analogously, the truncation after first order, the Curie-Weiss mean-field
theory, neglects fluctuations of the local order parameter. Formally, this theory can
be obtained as the leading order of a saddle-point approximation in the auxiliary
fields (e.g. Negele & Orland, 1998, section 4.3). Still it yields a good estimate of the
first moments. In the context of balanced networks, this description is sometimes
referred to as “balance equations” (van Vreeswijk & Sompolinsky, 1998, egs. (4.1)
and (4.2)). Taking into account fluctuations in the input, due to the variance of indi-
vidual units (van Vreeswijk & Sompolinsky, 1998), constitutes an intermediate step
in the cumulant hierarchy. While for continuous random variables the higher-order
cumulants are, by definition, independent of all lower ones, for discrete variables
this is not necessarily the case: All cumulants of a random binary variable are com-
pletely determined by its mean. The constraint on only two possible values causes
this dependence. The variance can therefore be determined by exploiting the binary
character of the variables. A consequence of the lower-order moments depending
only weakly on the statistics of higher-order moments is that cross-covariances can
be determined from linear fluctuations around the steady state, which itself is de-
termined by neglecting correlations altogether. We may therefore speculate that an
approximation of third- or higher-order correlations can be obtained from the fluctu-
ations around a state that itself is determined self-consistently by taking into account
only up to second-order correlations.

The consistent truncation of the cumulant hierarchy further provides deeper insights:
The expression for covariances between individual neuron pairs follows naturally
from a consistent Gaussian closure, without further approximation. In previous
studies, it was obtained as a linear approximation for weak correlations (Renart et al.,
2010, supplementary eqs. (31)-(33)) and population-averaged covariances (Ginzburg
& Sompolinsky, 1994, eq. (6.8)). Here, we show that solving the modified Lya-
punov equation naturally leads to a decomposition of fluctuations into eigenmodes
of the system. The presented method solves the problem that the modified Lyapunov
equation does not hold on the diagonal, in contrast to the case of population averages
(Ginzburg & Sompolinsky, 1994). The approach moreover exposes that fluctuations
in the Gaussian approximation are described by a set of coupled Ornstein-Uhlenbeck
processes. It is well known that the fluctuations obtained from a systematic system-
size expansion (van Kampen, 1992, chapter X), to lowest order, obey a Langevin equa-
tion. This result has been applied to networks of homogeneous populations (Ohira
& Cowan, 1997; Bressloff, 2009; Grytskyy et al., 2013b). The interesting point here
is the feasibility of such a reduction directly on the level of individual binary vari-
ables. In contrast to the population-averaged activity, the jumps of a binary variable
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cannot be considered small compared to its value; hence the precondition to apply
the system-size expansion is not valid. The approach taken here to expose the cor-
respondence between binary dynamics and Ornstein-Uhlenbeck processes is hence
complementary. In particular, the result shows that the effective noises appearing
in the equivalent set of Ornstein-Uhlenbeck processes are not uniquely determined
by the activities of the neurons alone, in contrast to the population-averaged case
(Grytskyy et al., 2013b, sec. 3.1).

We show that the effective interaction strength, that is, the product of a unit’s suscep-
tibility and the incoming coupling amplitude, can uniquely be reconstructed from
the covariance matrix and the slope of the covariance functions at zero time lag.
This relation builds on the regression theorem (Risken, 1996), which states that the
fluctuations in the system, to linear order, follow the same differential equation as
the time-delayed covariance functions. Coupling amplitudes, for principle reasons,
cannot be inferred unambiguously: Correlations only depend on [/c, where o mea-
sures the strength of the overall incoming fluctuations to the node. The inference
of the effective interaction strength J/o still allows the classification of connections
into excitatory and inhibitory ones, but leads to a considerable rate of false-positive
connections. The method presented here requires the measurement of covariances
between all pairs of units in the network. In the case of severe subsampling, its
application is restricted to small subnetworks. Thus, in general settings, more so-
phisticated approaches that take into account the influence of hidden units on the
observed covariances (Tyrcha & Hertz, 2013) or on the inference of the global net-
work state (Buice & Chow, 2011) are more promising. The presented expressions
that relate the covariance matrix and its slope at zero time lag to the coupling matrix
may still prove useful to construct similar inference methods for the investigated class
of networks. Moreover, the algorithm constructing a network that generates activity
with desired mean activities and covariances is a useful tool to generate surrogate
data.

The invariance of effective interactions with respect to scaling of couplings implies
that in Erd6s-Rényi random binary networks with fixed weights, the spectral radius
of the matrix of effective couplings is bounded by /2(1-p)/m < 0.8 < 1 (Grytskyy
et al., 2013a), so that all modes of the network are stable. An instability of the mean
activities can only be achieved with coupling statistics or motifs that differ from an
Erd&s-Rényi network. This finding is in qualitative contrast to spiking networks that
indeed show a rate instability at a critical coupling weight (Ostojic, 2014; Harish
& Hansel, 2015). This insight has consequences for the use of random networks
with fixed weights in the framework of reservoir computing (Jaeger, 2001, Maass
et al., 2002), where highest computational performance (Crutchfield & Young, 1989)
is achieved at the edge of chaos (for a review, see Legenstein & Maass, 2007b).

Previous works have addressed several aspects of pairwise correlations. The small-
ness of the average magnitude of covariances in strongly coupled balanced networks
(van Vreeswijk & Sompolinsky, 1996) has been explained by the influential work
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of Renart et al. (2010) in the large-N limit. In general, decorrelation follows from
the dominant negative feedback in balanced networks at any network size (Tetzlaff
et al.,, 2012; Helias et al., 2014). These global properties are determined by collective
fluctuations and can hence be described by population-averaged mean-field theory
(Ginzburg & Sompolinsky, 1994). While such self-averaging observables in disor-
dered systems can be obtained in ensembles of system realizations, here we discuss
the statistics of individual units in a particular realization of the couplings, which
goes beyond the existing approaches.

Our results are complementary to the method presented by Buice et al. (2010), who
consider Markov systems of interacting populations of neurons that consequently
have integer numbers of active states, as opposed to the Glauber dynamics (Glauber,
1963) of individual neurons considered here. In consequence, the truncation in the
former work is performed on the level of normal-ordered cumulants, which represent
an approximation around Poisson statistics, while here we derive an expansion in
terms of ordinary cumulants (Gardiner, 2004). Moreover, Buice et al. (2010) and
Ginzburg & Sompolinsky (1994) consider all fluctuations beyond the mean activity
perturbatively and therefore rely on a smooth activation function, while our results
are also applicable to deterministic single units with hard thresholds.

In the path-integral formulation of Markovian neuronal network dynamics, intro-
duced by Buice & Cowan (2007), a systematic treatment of fluctuations without re-
sorting to ad hoc approximations can be done by a loop-wise expansion (Zinn-Justin,
1996, section 6.4). The first correction term in this perturbative expansion corre-
sponds to finite-size fluctuations introduced by second-order cumulants, as discussed
by Hildebrand, Buice and Chow for coupled Kuramoto oscillators (Hildebrand et al.,
2007; Buice & Chow, 2007) and for more realistic spiking neuron models by Buice
& Chow (2013). The Gaussian approximation of /j presented here is equivalent to
a saddle-point approximation, the lowest order of the loop-wise expansion, in the
auxiliary field (see e.g. ref Sompolinsky & Zippelius, 1982, eq. (3.5) or ref Sompolin-
sky et al., 1988, eq. (3)). The close-to-Gaussian approximation considers a subset of
third-order cumulants of the activity variables as the first finite-size correction term.
It neglects contributions to the third-order cumulant of the summed input /; = 3 j Jijhj
that have three different unit indices. Only these cannot be expressed in terms of first
and second cumulants of the involved units. This approximation scheme therefore
includes all nontrivial dependencies between pairs of units (¢;;) and excludes all non-
trivial dependencies between three or more units consistently.

A different approach treating the statistics of individual units in a single network re-
alization analytically originates in the spin-glass literature. Initiated by the symmetri-
cally coupled Sherrington-Kirkpatrick spin-glass model (Sherrington & Kirkpatrick,
1975), an expansion of the free energy in the coupling strength (Plefka-expansion
(Plefka, 1982)) leads to the Thouless-Anderson-Palmer mean-field theory (Thouless
et al.,, 1977; Nakanishi & Takayama, 1997; Tanaka, 1998; Nishimori, 2001). By con-
struction this method is restricted to weak coupling and, in its original form, start-
ing from the partition function, also to systems in thermodynamic equilibrium. An
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extension to asymmetrically coupled nonequilibrium systems has been derived by
invoking information theoretic arguments (Kappen & Spanjers, 2000). A related ap-
proach has been taken by Roudi & Hertz (2011) and Zeng et al. (2011). Still, the
extended methods rely on the smoothness of the activation function and the small-
ness of the coupling constants, two restrictions that we are able to overcome here.
Compared to previously mentioned works, the presented approach is more closely
related to the mean-field theory by Mézard & Sakellariou (2011). Although they con-
sider a system with a sequential Glauber update in discrete time steps, the method
can be extended to the asynchronous update investigated here. Their analysis does
not require weak coupling, similar to ours, but, in contrast, still relies on a smooth
activation function for individual units. Moreover, their theory neglects the influence
of the cross-covariance on the marginal statistics (their Eq. (4)), an important finite-
size effect shown here to result in a distribution of mean activities due to correlations
alone.

The mean-field methods employed in computer science, biology, artificial intelli-
gence, social sciences, economics, and theoretical neuroscience (see e.g. Ferndndez-
Gracia et al., 2014; Aljadeff et al., 2015; Kadmon & Sompolinsky, 2015) may be com-
plemented by our results that go beyond population-averaged dynamics. The general
formalism presented here, starting from the master equation, can be widely adapted
by defining model-specific transition rates (see Tab. 1 in Gleeson, 2013) and particu-
lar types of couplings. The methods therefore also apply to equilibrium systems with
Hamiltonian formulation, such as e.g. associative networks with parallel processing
(Sollich et al., 2014), and may be useful to selectively probe the energy landscape for
ergodicity breaking, to characterize the statistical features of individual local energy
minima, and to assess how many minima exist in these systems. In more general
terms, the formalism enables the study of the dynamics of systems with arbitrary
symmetry in the couplings, and it complements their analysis in terms of other fea-
tures such as the storage capacity (Alemi et al., 2015).

In neuroscience, with the advancement of electrophysiology, experimental data with
hundreds of simultaneously recorded neurons have become readily available (Buzsaki,
2004; Brown et al., 2004). The availability of parallel data progressively changes the
focus from the study of single cell responses to emergent phenomena arising through
the interaction between neurons in networks (Stevenson & Kording, 2011). Pairwise
correlations are moreover closely linked to fluctuations of the population activity
(Tetzlaff et al., 2012), which have been shown to shape experimentally accessible
signals, such as the local field potential or the electroencephalogram (EEG) (Lindén
et al., 2011; Mazzoni et al., 2010). The effective description of the statistics of indi-
vidual neurons, valid in the entire range of coupling strengths, forms the basis for
studies of dynamics on adaptive networks (Gross et al., 2006), e.g., the interaction
of neuronal dynamics with correlation-sensitive learning rules (Ocker et al., 2015).
Explicit expressions, not only for zero time lag but also for the slope of covariance
functions, allow the definition of plasticity rules resembling spike-timing dependent
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plasticity (Morrison et al., 2008). The finding that the collective dynamics is cap-
tured by the nontrivial second-order statistics implies that theoretical descriptions
of mechanisms, e.g. biologically realistic synaptic learning, which usually only rely
on first- and second-order statistics, have now come into reach. Balanced networks
show widely distributed correlations across pairs of neurons with small mean (Ecker
et al., 2010). This robust feature is captured by the presented linear equations for the
covariance matrix and is related to the properties of the underlying network struc-
ture. The presented description of the structure of fluctuations in this archetypical
model of collective phenomena by a set of nonlinear equations and their linearized
counterparts therefore provides a starting point for further analyses on the relation
between structure and dynamics in disordered, coupled systems with large numbers
of degrees of freedom.

Functional methods for disordered networks

In Chap. 2, we review the path-integral formulation of stochastic differential equa-
tions (Martin et al., 1973; Janssen, 1976; De Dominicis, 1976, De Dominicis & Peliti,
1978), and derive and extend mean-field methods for rate-based neural networks
(Sompolinsky et al., 1988). The reformulation of the network dynamics in terms of
generating functionals enables the transfer of methods from other domains such as
statistical physics and quantum field theory. The generating functional is defined by
an action which contains the neuronal dynamics and connectivity of the network.
The form of the path integral as an integral of an exponential function enables ap-
proximation schemes which make use of the large dimensionality of the system. A
saddle-point approximation of auxiliary fields which are determined by a large su-
perposition of activities yields analytically tractable mean-field theories. Corrections
due to finite network size can be taken into account by including mean connection
strengths as well as fluctuations of auxiliary fields.

Mean-field theories rely on the limit of large network size N. When increasing N,
the weights W;; of connections must scale with the network size in order to keep
the input (O(N - Wj;)) and its fluctuations (variance O(N - Wl%)) within the dynamic
range of neurons, that is the range in which the output of the neuron is sensitive to
variability in the input (van Vreeswijk & Sompolinsky, 1996). A scaling of weights
Wi; ~ 1/N yields mean-driven activity with fluctuations as finite-size corrections
(Montbri6 et al., 2015). In a more realistic scaling of synaptic weights W;; ~ 1/ VN,
fluctuations in the input persist even in the thermodynamic limit N — oo. Higher
moments than the variance of the input remain finite-size corrections such that the
input is approximately Gaussian. Fluctuation-driven activity can be achieved in this
scaling when considering balanced networks, which provide a dynamic cancellation
of excitation and inhibition to keep the mean input in the dynamic range and cor-
relations between output signals low (Tetzlaff et al., 2012; Helias et al., 2013). The
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asynchronous irregular behavior of cortical activity supports such fluctuation-driven
activity based on a scaling of weights W;; ~ 1/ VN and a suppression of mean inputs
through a balance between excitation and inhibition (van Vreeswijk & Sompolinsky,
1996).

In physics, there are two types of mean-field theories which differ in the definition
of auxiliary fields: In the common approach for ordered systems, which originates
from the Curie-Weiss mean-field theory of ferromagnetism, auxiliary fields represent
the magnetic field or the inputs h; = 3.; Wj;x; given by the activities x; of presynaptic
neurons (see e.g. Negele & Orland (1998)). The saddle-point approximation replaces
these activities x; by their most probable values, which, for spins, correspond to
the mean magnetizations m; = (x]-). Similarly, for nonlinear models, the input h; =
Yi Wij¢(xj), given by a nonlinear transform of the activities x;, is replaced by its
expectation value (h;) = ¥2; W;; ((p(x]-)).

A second type of mean-field theory, originating from the theory of spin glasses
(Sherrington & Kirkpatrick, 1975), arises in the ensemble description of networks
with different realizations of the disordered connectivity. In the disorder average,
the variability of connections introduces additional terms in the action of the gener-
ating functional which can be simplified using a Hubbard-Stratonovich transform-
ation. The saddle-point approximation of the corresponding auxiliary fields Q =
‘TNZ ip(x)p(x;) — %2 Y ((p(x]-)cp(xj)> takes into account fluctuations of the input as
arising from variability o? in connections and the temporal fluctuations of the input
(¢p(x/)¢(x;)) (Sompolinsky & Zippelius, 1982).

In both types of mean-field theory, the saddle-point approximations can be viewed
as the first contribution (tree level) from a saddle-point expansion also called loop-
wise expansion (Zinn-Justin, 1996), which, when considering higher-order terms, can
systematically take into account arbitrary moments of fluctuations in auxiliary fields.
The auxiliary-field formalism reduces the collective dynamics of the N interacting
units to N pairwise independent units (Sompolinsky & Zippelius, 1981, 1982). This
simplification has been employed in the seminal work by Sompolinsky et al. (1988),
and, only recently, applied in a sequence of other studies which focus on chaotic
dynamics in neural networks with multiple populations, bistable neurons or external
noise (Stern et al., 2014; Aljadeff et al., 2015; Kadmon & Sompolinsky, 2015; Goedeke
et al., 2016; Mastroguiseppe & Ostojic, 2016).

In Chap. 2, we detail the second type of mean-field theory discussed above by consid-
ering two special ensembles of networks: The first one deals with nonlinear networks
of zero mean connection strength and thereby ensures fluctuation-driven activity for
a weight scaling W;; ~ 1/ V/N. The input term k; therefore vanishes in the disorder
average. We present the derivation of the effective equation of motion for a sin-
gle unit in the thermodynamic limit which was the starting point of the analysis in
Sompolinsky et al. (1988) and subsequent studies on chaotic dynamics in rate-based
networks. The incorporation of non-zero mean connectivity has been done on the
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level of heuristic mean-field equations (Kadmon & Sompolinsky, 2015; Mastrogu-
iseppe & Ostojic, 2016). A systematic derivation in the field-theoretic framework is
left for future work.

Instead, we focus on finite-size effects in a second ensemble which is given by lin-
ear network models. These models are mathematically simple since path integrals
reduce to ordinary integrals due to a factorization of the generating functional in
frequency domain. The linearity of interactions further allows the inclusion of the
input term h; containing the mean connection strength into the propagator, that is,
the Gaussian part of the theory. Consequently, the disorder-averaged dynamics are
not decoupled and cross-covariances can be obtained in the saddle-point approxi-
mation. The auxiliary-field formulation is only used for the four-point vertex which
arises from the variability of connections. The resulting Gaussian theory with homo-
geneous covariances across neurons and is equivalent to previous approaches taking
into account mean interactions between neurons (Tetzlaff et al., 2012; Helias et al.,
2014). Deviations from this Gaussian theory are obtained by taking into account
fluctuations of saddle points through their source dependence. The latter causes
non-trivial fourth-order cumulants which can be related to the dispersion of cov-
ariances across neurons (see Chap. 3). The calculation of fourth-order cumulants
involves second derivatives of auxiliary fields, which can be obtained by solving
the saddle-point equations recursively for Taylor coefficients of saddle points with
respect to sources.

Mean-field theory has been successfully applied over decades in many fields of
physics. However, in disordered systems it was so far applied to obtain self-averaging
quantities, such as the phase diagram of the system or population-averaged fluctua-
tions, i.e. quantities that are independent of the realization of the randomness in the
system. The extension of mean-field theory for rate-based networks to non-Gaussian
finite-size effects, is a stepping stone for analyses of arbitrary network dynamics bey-
ond self-averaging. The linear network model presented here captures the dynamics
of linear-response modes of nonlinear networks including binary networks, and is
therefore applicable to a plethora of systems in various fields.

Distributions of covariances as a window into the operational
regime of neuronal networks

In Chap. 3, we discuss the large variability of covariances across pairs of neurons
in massively parallel spike recordings of cortical circuits. We derive a functional
relation between the statistics of connections and the statistics of integral pairwise
covariances between the linear-response modes of the network activity. Spin-glass
mean-field techniques applied to a generating function representation for the joint
probability distribution of the network activity as derived in Chap. 2 yield expres-
sions that explain the divergence of mean covariances and their width at a critical
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coupling where the linear network looses stability. In contrast to the average covari-
ances, the spread of covariances is not suppressed by the inhibitory feedback, but
arises predominantly from the structural variability of connections between neurons.
Using the relations between structure and dynamics, distributions of covariances can
provide insights into the properties of the underlying network and its operational
regime. Experimental data from macaque motor cortex suggests linear-response dy-
namics close to criticality.

In contrast to the inference of individual network connections discussed in Chap. 1,
the inverse problem discussed in Chap. 3 is on the level of the statistics of connec-
tions. The novelty of the results lies in the extraction of the neuron-to-neuron vari-
ability from a quenched average that normally leads to homogeneity across neurons.
Covariances between individual pairs of neurons in finite-size networks are beyond
the scope of mean-field theory for self-averaging quantities (Fischer & Hertz, 1991a).
Still, the statistics of covariances is self-averaging for sufficiently large numbers of
neurons. Wick’s theorem applied to the linear network model relates second mo-
ments of covariances to fourth moments of the activity as derived from the disorder-
averaged generating functional. Non-trivial fourth moments of the averaged system,
i.e. those that do not factorize into second moments, therefore explain the dispersion
of covariances across neurons. In this light, the mean-field theory derived in Sec. 2.3.3
goes beyond self-averaging individual covariances and captures the meta-statistics of
activity.

The derived O(1/N) scaling of the variance of cross-covariances has already been
observed in the seminal work by Renart et al. (2010). Their explanation for the width
is, however, not based on an analytic derivation, but on the empirical finding that the
presence or absence of individual synapses between the observed pair of neurons
causes a difference in the covariance of order O(1/+/N). While this observation has
been quantified analytically on the population-averaged level (Helias et al., 2013), the
finding, however, is not the full explanation as this would otherwise only yield three
possible values of covariances for either no connection, one excitatory connection,
or one inhibitory connection respectively (mutual connections are unlikely in sparse
networks). In the limit of small connection strengths this is indeed the case (Pernice
et al., 2011), but for larger spectral radii, which is the regime of criticality investi-
gated in Chap. 3, indirect connections matter for the distribution of covariances. The
finding of the O(1/N) scaling of the variance in Renart et al. (2010) can finally be
explained using the mean-field theory discussed in this thesis which is based on lin-
ear response theory and can thus also be applied to networks of binary neurons (see
Chap. 1).

On the level of single network realizations, a large body of literature originating from
the seminal work by Roudi & Hertz (2011) investigates the inference of covariances
in networks of binary neurons with other tools such as the cavity method, or the
Thouless-Anderson-Palmer (TAP) approach (Thouless et al., 1977). The limitations
of these approaches prevent the solution of the problem addressed in this work: The
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TAP approximation is an expansion for weak coupling strength (Plefka, 1982). In
contrast, the large dispersion of experimentally observed covariances hints at a dy-
namic regime which requires strong coupling, where the TAP approach breaks down.
Although this limitation is overcome in Chap. 1, we show there that binary models
cannot reach the critical point because the spectral radius is bounded by ~ 0.8 < 1.
Rate models (Sompolinsky et al., 1988), in contrast, as well as spiking models (Os-
tojic, 2014) have been shown to reach the critical regime. Below the critical point, due
to the bounded amplitude of fluctuations, the dominant and qualitative properties of
these networks can be understood in small noise approximation, studying the linear
response (Hawkes, 1971; Trousdale et al., 2012; Grytskyy et al., 2013b). Treating lin-
ear response modes in disordered systems therefore contains the non-trivial physics
of the phenomenon and is at the same time transferable to the majority of network
models.

The operational regime of cortical networks is a topic of ongoing debate in theoreti-
cal neuroscience (Ostojic, 2014; Harish & Hansel, 2015; Aljadeff et al., 2015; Kadmon
& Sompolinsky, 2015; Mora et al., 2015). Here, we discuss criticality as the break-
down of linear stability and show its manifestation in the distributions of covariances
across neurons. Previously, the latter have been mainly attributed to measurement
noise (Ecker et al., 2010). Instead, we show that the bias and error of estimating
the dispersion in experimental data is negligible for the current application and that
broad distributions of covariances hint at a specific working point of the network
that might have functional consequences (Toyoizumi & Abbott, 2011). In the criti-
cal regime, individual connections are strong enough to propagate information over
multiple synaptic steps to allow complex processing, mixing and integration of in-
formation of various sources which could lead to the emergence of complex activity
patterns.

The critical point is further shown to coincide with the transition between regular
and chaotic dynamics in a nonlinear network model (Sompolinsky et al., 1988), if
exposed to infinitesimal external noise, which drives the dynamics below this edge
of chaos (Goedeke et al., 2016). In the slightly subcritical regime, changes in the ef-
fective connectivity by, for example, plasticity mechanisms or external inputs to the
network may strongly affect the overall correlation structure and response properties
of the network (Ginzburg & Sompolinsky, 1994; Dahmen et al., 2016a). Small pertur-
bations may shift a macroscopic number of eigenvalues of the effective connectivity
across the edge of stability (Wainrib & Touboul, 2013) such that chaotic dynamics
emerge (Sommers et al., 1988; Sompolinsky et al., 1988). For networks receiving ex-
ternal noise with finite amplitude, the breakdown of linear stability acts as a lower
boundary to the onset of chaotic dynamics (Goedeke et al., 2016).

The critical behavior in terms of chaotic dynamics is in contrast to strongly fluc-
tuating population dynamics as observed in avalanches (Solovey et al., 2012; Mora
et al., 2015; Tkacik et al., 2015). The latter emerge in excitation dominated networks
(u ~ 1/N) and are caused by the unstable eigenvalue of the population-averaged
activity (Grytskyy et al., 2013b, Fig. 3c).



168

The presented results for the distributions of covariances rely on a set of assumptions
for the network connectivity W and noise covariance D. While the derivation can be
generalized, for reasons of clarity we performed the calculations for a homogeneous
random network with independent, identically distributed weights, uniform noise
autocovariance and vanishing noise cross-covariance. The latter implies that the net-
work receives uncorrelated input. In cortex, neurons are correlated in part by local
connections and in part by overlapping and correlated inter-laminar or inter-area con-
nections from outside the local network (Abeles, 1982; Stephan et al., 2001; Binzegger
et al., 2004; Stepanyants et al., 2009) giving rise to non-vanishing off-diagonal ele-
ments of the noise covariance matrix. Furthermore, stationary mean activities vary
strongly across neurons (Griffith & Horn, 1966, Koch & Fuster, 1989; Roxin et al.,
2011) causing a dispersion of diagonal elements of the noise covariance matrix. Nev-
ertheless, the ratio A between the variance of cross-covariances and the squared mean
autocovariances is only mildly affected by the above sources of variability in noise
covariances for sufficiently large spectral radii. The contribution to the correlation
structure, which is generated by local recurrent connections, dominates over the di-
rect influence of noise covariances. The latter still affects mean autocovariances and
the variance of cross-covariances separately, but in constant proportion such that the
effect approximately cancels in their ratio which determines the spectral radius.

The employed mean-field theory is based on a scaling of connections as O(1/V/N).
This ensures that input fluctuations are independent of N and within the dynamic
range of the neurons (van Vreeswijk & Sompolinsky, 1998). Cumulants of connec-
tion weights of order three in this scaling are hence O(N~%/?). Since mean cross-
covariances as well as the variance of covariances are O(1/N) these higher-order cu-
mulants only yield subleading terms, which can be neglected for large network size.
The mean and variance of covariances can therefore by explained by the Gaussian
features of the connectivity.

The calculations further rely on the assumption of uncorrelated connections. How-
ever, experimentally an overrepresentation of reciprocal connections has been ob-
served in cortical networks (Song et al., 2005). Inclusion of such correlations between
connections yields an additional term in the generating functional which introduces
qualitatively new effects as it leads to a renormalization of response functions, known
from spin glasses (Sompolinsky & Zippelius, 1982). Furthermore, symmetry in the
network connectivity affects the spectral radius of the connectivity matrix (Sommers
et al., 1988), which is a key component in our prediction of the operational regime.
Using simulations, we show that the operational regime inferred from the experi-
mental data is, however, robust against these symmetric connections. This finding
justifies the derivations based on networks with uncorrelated connections.

The fact that the mean connection strength only yields subleading corrections to
the ratio A which determines the spectral radius suggests that the inferred spectral
radius is further robust against more complicated structure in the connectivity matrix
as arising from multiple populations obeying Dale’s law or spatial dependencies of
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connections. We therefore hypothesize that the ratio between the variance of cross-
covariances and the squared auto-covariances is universally applicable to uncover the
operational regime of linear-response dynamics in neuronal networks. We have high
hopes that generalizations of the mean-field formalism will turn out to be straight
forward.

Integration of continuous-time dynamics in a spiking network
simulator

Chap. 4 presents an efficient way to integrate rate-based models in a neuronal net-
work simulator that is originally designed for models with delayed spike-based in-
teractions. The advantage of the latter is a decoupling of neuron dynamics between
spike events. This is used by current parallel simulators for large-scale networks of
spiking neurons to reduce communications between simulation processes and sig-
nificantly increase performance and scaling capabilities up to supercomputers (Mor-
rison et al., 2005). In contrast, rate-based models interact in a continuous way. For
delayed interactions, neuronal dynamics are still decoupled for the minimal delay of
the network such that information can be exchanged on a coarse time-grid. For in-
stantaneous coupling, communication in every time step is required. This is feasible
for small networks that can be simulated on small machines and thus require only
a small amount of communication. For improved efficiency of simulations of large
networks on supercomputers, we implement an iterative numerical solution scheme
(Lelarasmee, 1982). Furthermore, we investigate several standard methods for the
solution of rate model equations and demonstrate that the scalar exponential Euler
method is the best choice in the context of a neuronal network simulator that is orig-
inally designed for models with delayed spike-based interactions. Afterwards, we
show the applicability of the numerical implementation to a variety of well-known
and widely-used neuron models (Sec. 4.3.3) and illustrate possible generalizations to
other categories of rate-based neuron models.

The current reference implementation uses an exponential Euler scheme (Adamu,
2011; Komori & Burrage, 2014) with a diagonal matrix A: The additive noise as well
as the leaky dynamics of single neurons are exactly integrated while the input to the
neurons is approximated as piecewise constant. The analysis in Sec. 4.3.1 demon-
strates that the scalar exponential Euler is the most accurate and stable standard-
method for SDEs that is applicable to a distributed spiking simulator. In particular
the distributed design renders implicit methods less feasible, as the convergence of
the involved fixed-point iteration requires small time-steps in a region where the ex-
ponential Euler is already stable and more accurate. As the computation step size
needs to be compared against the time constant 7, stable solutions for small values
T «< 1 may require to decrease the step size below a default value.

The reference implementation provides an optional iterative method, the waveform
relaxation (Lelarasmee, 1982), for networks with instantaneous rate connections. This
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method improves scalability by reducing communication at the cost of additional
computations. As a consequence, the optimal method (standard vs. iterative) de-
pends on the numbers of compute nodes and virtual processes. In our test case the
use of the waveform-relaxation technique is beneficial for 1024 or more virtual pro-
cesses. It is therefore recommended to employ the iterative scheme for large-scale
simulations on supercomputers, but to disable it for smaller rate-model simulations
on local workstations or laptops. This can easily be expressed by the parameter
use_wfr (see 4.2.3.3 for details) of the algorithm. In general, the scalability for sim-
ulations of rate models is worse than for spiking network simulations (Kunkel et al.,
2014) and comparable to simulations with gap junctions (Hahne et al., 2015). This is
expected since for rate neurons as well as for gap junctions a large amount of data
needs to be communicated compared to a spiking simulation. Future work should
assess whether this bottleneck can be overcome by a further optimized communica-
tion scheme.

While our reference implementation uses the simulation software NEST as a plat-
form, the employed algorithms can be ported to other parallel spiking network sim-
ulators. Furthermore, the implementation of the example neuron models as C++
templates allows easy customization to arbitrary gain functions. Researchers can
easily create additional models, without the need for in-depth knowledge of sim-
ulator specific data structures or numerical methods. In addition, the developed
infrastructure is sufficiently general to allow for extensions to other categories of
neuron models as shown explicitly for nonlinear neuron dynamics, multiplicative
coupling, and other types of noise. This design enables the usage of the framework
for a large body of rate-based neural-network models. Furthermore, the generality of
the model equations allows applications beyond neuronal networks, such as e.g. in
computational gliascience (Amiri et al., 2012) or artificial intelligence (Haykin, 2009).

Mean-field theory has built a bridge between networks of spiking neurons and rate-
based units that either represent single neurons or populations (Buice & Chow, 2007;
Buice et al., 2010; Ostojic & Brunel, 2011; Bressloff, 2012; Grytskyy et al., 2013b). In
the latter case, the rate-based approach comes along with a considerable reduction of
the dimensionality. Due to a possibly large number of populations, the fixed-point
solution of the stationary activity can generally not be determined analytically, but it
can be found by evolving a pseudo-time dynamics. Within the presented framework,
this approach is much faster than the spiking counter-part and thus can facilitate
calibration of large-scale spiking network models (Schuecker et al., 2016).

The presented unifying framework allows researchers to easily switch between rate-
based and spiking neurons in a particular network model requiring only minimal
changes to the simulation script. This facilitates an evaluation of the different model
types against each other and increases reproducibility in the validation of mean-field
reductions of spiking networks to rate-based models. Furthermore, it is instructive
to study whether and how the network dynamics changes with the neuron model
(Brette, 2015). In particular, functional networks being able to perform a given task
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are typically designed with rate-based neurons. Their validity can now be evalu-
ated by going from a more abstract rate-based model to a biologically more realistic
spiking neuron model. The present reference implementation does not allow for in-
teractions between spiking and rate-based units. While this is technically trivial to
implement, the proper conversion from spikes to rates and vice versa is a conceptual
issue that has to be explored further by theoretical neuroscience.

The presented joined platform for spike-based and rate-based models hopefully trig-
gers new research questions by facilitating collaboration and translation of ideas
between scientists working in the two fields. This work therefore contributes to the
unification of both modeling routes in multi-scale approaches combining large-scale
spiking networks with functionally inspired rate-based elements to decipher the dy-
namics of the brain.

Hybrid scheme for modeling local field potentials from spik-
ing point-neuron networks

In Chap. 5, we discuss the methodology underlying the hybrid scheme for modeling
local field potentials from point-neuron networks. A main motivation for developing
the hybrid LFP modeling scheme was to obtain the ability to compute LFPs for a key
class of network models that are amenable to mathematical analysis and can provide
intuitive understanding of emerging network dynamics, namely point-neuron mod-
els. Similar to networks of anatomically and biophysically detailed neuron models,
point-neuron networks can generate realistic spiking activity. In addition, the hybrid
modeling scheme brings a substantial computational advantage: With present-day
computing and software technologies, point-neuron networks with ~ 100,000 neu-
rons can be modeled with laptop computers, and networks comprising millions of
point neurons can be routinely simulated on high-performance compute facilities
(Helias et al., 2012; Kunkel et al., 2014). Until now, the largest simulation of LFPs
based on networks of multicompartmental neuron models with reconstructed mor-
phologies, in contrast, comprised about 12,000 neurons and was done on a Blue
Gene/P supercomputer with 4096 CPUs (Reimann et al.,, 2013). The linearity of
electromagnetic theory allows for the implementation of the LFP hybrid modeling
scheme as an “embarrassingly” parallel operation (Foster, 1995). Therefore, the re-
sults for the cortical microcircuit application with ~78,000 neurons were obtained
with only 256 CPUs, and could even be acquired with much smaller computing ar-
chitectures.

A full implementation of the hybrid scheme is provided by the freely available
Python module hybridLFPy (http://github.com/INM-6/hybridLFPy). Our model
implementation in hybridLFPy for calculating single-cell LFP contributions relies
on the publicly available Python software package LFPy (Lindén et al., 2014) with
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NEURON (Carnevale & Hines, 2006) as a simulation backend. This ensures flexibility
and compatibility with a large library of existing neuron models, with or without ac-
tive channels and with morphologies of arbitrary levels of detail, obtained from Mod-
elDB (Hines et al., 2004), NeuroMorpho.org (Ascoli et al., 2007) or other resources.
While we did use NEST (Eppler et al., 2015) for simulating our reference network,
the hybridLFPy module can be used in combination with any other neural-network
simulation software. The present hybrid LFP scheme involves several assumptions
with respect to (i) the generation of realistic spiking activity, (ii) forward modeling
of extracellular potentials, and (iii) the combined use of point-neuron networks and
multicompartment modeling. In the following we review the main assumptions and
discuss potential extensions:

(i) Spike-train generation by point-neuron networks: Although highly simplified, single-
compartment models of individual neurons (point-neuron models) can mimic re-
alistic spiking for a variety of cell types (Izhikevich, 2003; Kobayashi et al., 2009;
Yamauchi et al.,, 2011) and can make accurate predictions of single-cell firing re-
sponses under in-vivo like conditions (Jolivet et al., 2008; Gerstner & Naud, 2009).
Moreover, networks of point neurons can reproduce a number of activity features
observed in vivo, such as spike-train irregularity (Softky & Koch, 1993; van Vreeswijk
& Sompolinsky, 1996, Amit & Brunel, 1997; Shadlen & Newsome, 1998), membrane-
potential fluctuations (Destexhe & Paré, 1999), asynchronous firing (Ecker et al., 2010;
Renart et al., 2010; Ostojic, 2014), correlations in neural activity (Gentet et al., 2010;
Okun & Lampl, 2008; Helias et al., 2013), self-sustained activity (Ohbayashi et al.,
2003; Kriener et al., 2014) and realistic firing rates across laminar cortical popula-
tions (Potjans & Diesmann, 2014). Recently Rossert et al. (2016) demonstrated that
the multicompartment-neuron network of Markram et al. (2015) could be reduced to
a point-neuron network using an automated step-by-step workflow without signif-
icantly affecting the spiking statistics in the network. Nevertheless, under circum-
stances where simple point neurons may fail to produce plausible spike patterns for
a particular input, for example in the presence of highly nonlinear shaping of post-
synaptic responses or dendritic computation (reviewed e.g., by London & Héausser
(2005)), more sophisticated point neurons (Breuer et al., 2014) may be required. How-
ever, the present hybrid scheme makes no assumptions on generators of spiking ac-
tivity. In principle, network spikes could, as an example, be replaced by statistical
models of spike generation (Lindén et al., 2011; Leski et al., 2013), multicompartment
neuron spikes or even experimentally measured spiking activity.

(ii) Biophysical forward modeling of LFPs: The biophysical forward model described by
Eq. (5.23), implemented in LFPy (Lindén et al., 2014), underlies the presently used
computational scheme for LFPs of point-neuron networks. This forward model is
based on well-established volume conductor theory (Rall & Shepherd, 1968; Holt &
Koch, 1999) and assumes an infinite, isotropic (same in all directions), homogeneous
(same in all positions) and ohmic (frequency-independent) extracellular medium rep-
resented by a scalar conductivity c.. However, one could generalize the forward
model in a straightforward manner to account for anisotropy (Nicholson & Freeman,
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1975; Logothetis et al., 2007; Goto et al., 2010), or jumps in conductivities at tissue
interfaces for example using the so-called ‘method of images” (Pettersen et al., 2006;
Gold et al., 2006; Hagen et al., 2015¢; Ness et al., 2015). For even more complicated
geometrical spatial variations of the conductivity, the forward modeling problem can
always be solved by means of Finite Element Modeling (FEM) (Ness et al., 2015).
Recent experiments have only found a small frequency dependence of the extracel-
lular conductivity o at LFP frequencies (f < 500Hz, Logothetis et al. (2007); Wagner
et al. (2014)), but see Gabriel et al. (1996, 2009); Bédard & Destexhe (2009). In any
case the forward model could still be applied with frequency-dependent conductiv-
ity by means of Fourier decomposition where each frequency component of the LFP
signal is considered separately. For more information on possible generalizations of
the biophysical forward-modeling scheme, see Pettersen et al. (2012). Finally, we as-
sumed the so-called disc-electrode approximation and averaged the computed LFP
signal across the electrode surface (Moulin et al., 2008; Lindén et al., 2014; Ness et al.,
2015). Although electrode impedance will affect the measurement, it appears that
confounding effects from this can easily be avoided with present-day LFP recording
techniques (Nelson & Pouget, 2010), hence few compelling reasons exist to incorpo-
rate additional temporal filters.

(iif) Combined use of point-neuron and multicompartmental models: The key approxi-
mation in the hybrid LFP scheme comes from the combined use of point-neuron
(single-compartment) and multicompartmental neuron models. The multicompart-
ment neurons are mutually unconnected, have no outgoing (efferent) connections,
and are solely used to compute the LFP. Further, due to dendritic filtering, the so-
matic postsynaptic potentials in the multicompartment model neurons are not iden-
tical to those of their point-neuron counterparts. This inconsistency could, at least
partially, be resolved by adjusting the amplitudes and temporal shapes of the synap-
tic currents in either the multicompartment neurons or the point neurons (Koch &
Poggio, 1985; Wybo et al., 2013, 2015).

The hybrid scheme is not limited to the example point-neuron network model and
the particular multicompartment neuron models chosen here. It can be applied to
networks (i) of arbitrary topology (graph structure, distance dependencies, dimen-
sions), (ii) with any number of populations, (iii) with arbitrarily complex point-
neuron (e.g. LIF Izhikevich, MAT, Hodgkin-Huxley) and synapse dynamics (e.g.,
current-based, conductance-based, static, plastic), and (iv) any level of biophysical
detail in multicompartment neuron models (e.g., morphologies, active channels).

While we here have focused on the computation of the LFP based on output from
spiking point-neuron networks, a similar hybrid approach could be used when the
network dynamics is rather modeled in terms of firing rates or even neural fields
(Deco et al., 2008). For our example case of a four-layered cortical network with an
excitatory and an inhibitory population in each layer, the present scheme could be
adapted directly by replacing the set of spike trains for each population with the
corresponding population firing rates (Schuecker et al., 2015) in the LFP-generating
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step. An investigation of the feasibility and prediction accuracy of such a scheme is
facilitated by our implementation of rate models in the spiking network simulator
NEST (Chap. 4).

Another natural development would be to consider other measurement modalities.
The present LFP scheme already incorporates the prediction of ECoG (electrocor-
ticography) signals, i.e., the electrical signals recorded at the cortical surface, al-
though the LFP forward-modeling scheme may have to be adjusted to account for
the discontinuity in electrical conductivity at the cortical surface (Nunez & Ramesh,
2006). One straightforward method to account for discontinuities in our predictions
is the so-called “method of images”, as previously used with our present forward
modeling scheme (Hagen et al., 2015¢; Ness et al., 2015). An extension to EEG (elec-
troencephalography) and MEG (magnetoencephalography) would in principle also
be straightforward as the key variable linking single-neuron activity and the mea-
sured signal is the single-neuron current dipole moment (Hamaéldinen et al., 1993;
Nunez & Ramesh, 2006). This dipole moment can be computed from multicom-
partmental neuron models when the transmembrane or axial currents are known
(Lindén et al., 2010; Ahlfors & Wreh II, 2015). Given the magnitude and orientation
of the current dipole moments for all contributing neurons, the EEG and MEG sig-
nal can be computed by a linear superposition of single-cell contributions given an
appropriate extracellular volume conductor model for the EEG signal. EEG dipole-
source localization techniques and EEG forward models have sometimes assumed
simplified spherical head models composed of N concentric shells, each with differ-
ent conductivity (Nunez & Ramesh, 2006). Such models could be used also in the
present hybrid scheme as well as realistic head models (Kaiboriboon et al., 2012).
Note that MEG signal prediction from the current dipole moment is simplified due
to its independence on conductivity, and that the variation in magnetic permeability
is insignificant across soft tissue, bone and air (Hdamadldinen et al., 1993). Another
measurement that could be modeled is voltage-sensitive dye imaging (VSDi) where
the signal largely reflects average membrane potentials of dendrites close to the cor-
tical surface. The spatial profile of the weights in the averaging procedure of the
VSDi forward-model will be determined by the spatial distribution of dye and the
propagation of light in the neural tissue (Chemla & Chavane, 2010; Tian et al., 2011).

Local field potential of a cortical column

In Chap. 6, we discuss the results of the application of the hybrid scheme to simulate
the LFP in a cortical column. For illustration, we used the hybrid scheme to compute
LFPs along a virtual laminar multielectrode from activity in a multilayered spiking
point-neuron network, modeling signal processing in a patch of primary visual cor-
tex. The network consisted of ~78,000 neurons organized in four layers, each with
an excitatory and an inhibitory population, representing a cortical patch of ~1 mm?
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(Potjans & Diesmann, 2014). Altogether 16 different cell types and 10 different mor-
phologically reconstructed neurons were used in the LFP calculation. This cortical
microcircuit model is well-suited for the illustration of the hybrid scheme due to its
(i) minimum level of detail in single-neuron dynamics of both point neurons (LIF)
and multicompartment neurons (passive membranes), (ii) realistic neuron density
allowing investigation of the effects of correlations and scaling of network size, and
(iii) its spatial organization of multiple populations across cortical layers which yields
cancellation effects not captured by LFP proxies such as in Mazzoni et al. (2015).

Even though the example application was based on a generic network model biased
towards cat visual cortex and not tuned to address specific experiments, its spik-
ing activity nevertheless matched experimental findings on distributions of firing
rates, asynchronous irregular activity and propagation of evoked activity (Potjans &
Diesmann, 2014). We even observed the predicted LFP to be in qualitative accor-
dance with LFP measurements in primary sensory cortices from a variety of animal
species and sensory modalities in terms of (i) LFP amplitude, for both spontaneous
(~ 0.1-1 mV, see Fig. 4, Hagen et al. (2015¢, Fig. 7a), Reyes-Puerta et al. (2016, Fig.
2A)), electrically stimulated activity (~ 1-3 mV, see Mitzdorf (1985, Fig. 3c), Castro-
Alamancos & Connors (1996, Fig. 3)) and (ii) stimulus-evoked spatiotemporal LFP
and CSD patterns (Di et al. (1990, Fig. 1), Einevoll et al. (2007, Fig. 1A), Reyes-Puerta
et al. (2014, Fig. 1D-F)). The fact that our spontaneous and evoked LFP amplitudes
are comparable to the observed amplitudes supports the overall biological plausibil-
ity of the hybrid LFP scheme.

For the present example the LFP was dominated by synaptic inputs, and their as-
sociated return currents, on excitatory neurons, in particular onto pyramidal cells
in layers 2/3 and 6. Further, contributions from inhibitory synaptic inputs typically
dominated the contributions from the excitatory inputs, particularly for LFPs stem-
ming from spontaneous network activity. Although the main point of employing the
present example was to illustrate the use of the hybrid LFP scheme and not to make
predictions for specific neural systems, we note in passing that a dominance of in-
hibitory synaptic inputs appears to be in agreement with LFPs generated in the CA3
region of hippocampus as observed in an in vitro setting (Bazelot et al., 2010) and in
cortex of both humans and macaque in vivo (Telenczuk et al., 2016). In accordance
with a previous study (Lindén et al., 2011) we found that correlations in synaptic
input play a major role in determining the CSD and LFP stemming from the network
activity, for both spontaneous and stimulus-evoked activity. We further showed that
due to inevitable correlations between synaptic input currents the main features of
the LFP can only be correctly predicted by a full-scale model. As our ambition is
to compute LFPs also for extended point-neuron networks with millions of neurons
covering, for example, entire cortical areas, we finally demonstrated how the hybrid
modeling scheme can predict LFPs from population firing rates rather than from
spikes of individual neurons (Einevoll et al., 2007).

The present microcircuit model application involving simplified, passive multicom-
partment populations was used here to study the effect of the spatial connectivity on
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the laminar pattern of spontaneous and stimulus-evoked CSD and LFP signals. The
application thus represented a minimal approach incorporating spatial features in
LFP predictions of multilaminar point-neuron networks. However, several of the sim-
plifying model assumptions made in the present example application can straight-
forwardly be generalized. In particular, such generalizations concern (i) the synaptic
connectivity between point neurons and the equivalent multicompartment neurons,
(ii) the absence of active conductances, (iii) the positioning of the cells, (iv) the re-
constructed morphologies, (v) the representation of external inputs, and (vi) the fact
that the model only encompassed the local circuitry of a ~ 1 mm? patch of cortex.

(i) Synaptic connectivity: While the population-specific connection probabilities, delay
distributions, synapse time constant and mean synaptic weights were identical for
the connections in the point-neuron network and those between point neurons and
LFP-generating multicompartment neurons, the exact realizations of the two types
of connectivities were different. In contrast to the point-neuron network, each cell
of a particular type had a fixed in-degree, i.e., a fixed number of synaptic inputs,
a fixed synaptic current amplitude and a layer-specific synapse positioning that de-
pended on compartment surface area, in the LFP modeling step. The use of the
hybrid LFP scheme, however, is not restricted to these or any other specific assump-
tions about the synaptic connectivity patterns. One could, for example, gather all
point-neuron network connections and corresponding weights and delays for use
with the LFP-generating multicompartment neuron populations. However, for large
networks this would require additional computing and memory resources as the
number of recorded connection weights and delays grow proportionally to N2 in a
network of N neurons with fixed connection probabilities. The present layer-specific
synapse positioning could also be specialized further, e.g., to account for dendrite-
specific connections that may be relevant for LFP predictions in particular if nonlinear
synapse and dendrite models are used.

(ii) Active conductances: In the present study we neither included the active channels
underlying spike generation, nor active dendritic conductances in the multicompart-
ment neuron models (Remme & Rinzel, 2011). Experiments suggest that the con-
tribution to the LFP from the former is small in stimulus-evoked recordings from
sensory cortex, at least for the low frequencies of the LFP (Pettersen et al., 2008),
but see Ray & Maunsell (2011). In any case the contribution of the spikes to the
extracellular potentials, including the LFP, could be included in the present scheme
by giving each spike produced in the point-neuron network simulations a cell-type-
specific spatiotemporal signature in the computation of the extracellular potential
(e.g., as calculated in Holt & Koch (1999); Hagen et al. (2015c)). Substantial effects
of active dendritic conductances on the LFP were observed in a two-layered model
by Reimann et al. (2013), but this should be further explored. Recent modeling re-
sults (Ness et al., 2016) suggest that for the purposes of LFP prediction, active den-
dritic conductances can, at least for subthreshold potentials, be effectively described
by means of "quasi-active linearized" theory (Sabah & Leibovic, 1969; Koch, 1984;
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Remme & Rinzel, 2011; Ness et al., 2016). This simplifies the LFP modeling sub-
stantially and makes the computation similar in complexity to the present case with
purely passive membranes.

(iii) Soma positioning: For model conciseness, the somas of all neurons belonging
to the same specific cortical network populations were set to have the same range
across cortical depth, cf. Fig. 6.1E. By instead assuming a biologically more plausible
distribution of soma depths, the CSD profiles are expected to be spatially smoothed
compared to the profiles seen for the present distributions, e.g., in Fig. 6.1F. Also the
LFP profiles will be affected, but to a lesser degree since the LFP profiles already are
spatially smoothed due to volume conduction effects.

(iv) Reconstructed morphologies: We further chose to rely on a small number of highly
detailed reconstructed dendritic morphologies from experimental preparations, and
partly reuse morphologies across neural populations. Obviously, larger sets of dis-
tinct reconstructed dendritic morphologies can be used in future studies as they
become available. The effect of dendritic morphologies on generated LFP can be
further assessed by use of stylized (Tomsett et al., 2014; Glabska et al., 2014) or
artificially grown morphologies resembling real neurons (Cuntz et al., 2010, 2011;
Torben-Nielsen & De Schutter, 2014; Mazzoni et al., 2015). While our morphologies
were used as is, effects on the predicted LFP from varying morphologies could be
quantified using our present measures of LFP power spectra and variance across
depth. Such measures could also be extended to include effects of lateral displace-
ment of the recording electrode (Lindén et al., 2011; Einevoll et al., 2013; Leski et al.,
2013; Tomsett et al., 2014), but also cross-channel coherences and stLFPs should be
considered as well.

(v) External input: In our point-neuron network modified from Potjans & Diesmann
(2014), we assumed the depolarizing input from surrounding cortex and remote ar-
eas to be represented by deterministic, fixed-amplitude input currents (DC inputs)
rather than independent Poisson spike trains. We thus avoided the generation and
storage of O(10°) high-rate uncorrelated Poisson spike trains and distributing the
corresponding spike events onto the multicompartment model neurons, but this can
be introduced in future applications.

(vi) Scale: Our network model represents only an isolated cortical column under
~ 1mm? of pial surface (Potjans & Diesmann, 2014), but work is underway to extend
the network to a larger scale, e.g., by incorporating additional cortical areas (Schmidt
et al.,, 2016a) and extending the network size in the lateral directions (Senk et al.,
2015). In addition to allowing for predictions of LFPs at several lateral positions as
measured by multishank electrodes, the anticipated outcome is also an altered net-
work dynamics and consequently altered LFPs. The present columnar model lacks
structured input from other parts of cortex which corresponds to about 50 % of all ex-
citatory synapses (see Potjans & Diesmann (2014) and references therein). Multi-scale
models combining microscopic spike-based descriptions for the local circuit and ef-
fective mesoscopic rate-based descriptions for remote populations could provide the
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local circuit with more realistic input. An implementation of such models in NEST
is enabled by the implementation of rate models discussed in Chap. 4. Accounting
for different cortical areas and their interactions would, for example, allow for the
detailed investigation of pathway-specific LFP contributions as recently reviewed in
hippocampus by Herreras et al. (2015).

Synaptic inputs to neurons are typically correlated, and as shown in this thesis and
in earlier studies (Lindén et al., 2011; Leski et al., 2013), these correlations have a ma-
jor impact on the properties of the generated LFP (and corresponding CSD). There
are different contributions to these input correlations, shared presynaptic neurons
and correlations in the presynaptic spiking activity, see, e.g., Renart et al. (2010), Tet-
zlaff et al. (2012), and correct LFP predictions require that both effects are properly
taken into account. The generation of presynaptic spike trains with realistic cor-
relation structure requires networks of realistic size (van Albada et al., 2015). The
contribution from shared presynaptic input can only be accounted for by using re-
alistic statistics of inputs to the LFP-generating multicompartment model neurons,
i.e., realistic synaptic connection probabilities resulting in realistic statistics of shared
inputs. If these two requirements are fulfilled, the properties of single-cell LFPs as
well as the correlations between pairs of single-cell LFPs, will be correctly accounted
for.

Given synaptic inputs with realistic statistics from sufficiently large point-neuron
networks, do we actually need to represent the full population of LFP generating
neurons in order to predict a realistic compound LFP? Or can we alternatively get a
good estimate of the compound population-LFP signal from a downscaled popula-
tion of neuronal LFP generators if we know the correct single-cell and pairwise LFP
statistics, thereby reducing computational costs? The answer is negative: In the pres-
ence of (even tiny) synaptic-input correlations, a realistic compound LFP can only
be generated by multicompartmental neuron populations with realistic size and cell
densities.

The hybrid modeling scheme allows one to account for both, i.e., realistic sizes of
networks to generate spike trains with correct correlation structure and realistic sizes
and cell densities of the LFP-generating multicompartmental neuron populations.
This can be achieved since point-neuron networks can be simulated very efficiently,
and the multicompartmental neurons are independent and can be simulated serially
(or in an embarrassingly parallel manner).

Outlook

The recording of extracellular potentials inside the brain is among the oldest meas-
ures of neural activity used in neuroscience. Recently the local field potential has
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seen a revival, partially due to the rapid technological developments of new mul-
tielectrodes and possible applications in, for example, development of brain-machine
interfaces, but also from the realization that the LFPs offer a window into activity at
the level of neuronal populations. However, the interpretation of the recorded data
has so far largely been qualitative (Einevoll et al., 2013). The computation of LFPs
from network activity has until now been too cumbersome and computer-intensive
to allow for practical exploration of the links between different types of network dy-
namics and the resulting LFP. Thus a validation of network models against measured
LFP data has essentially been absent. With the present hybrid LFP scheme, accom-
panied by the simulation tool hybridLFPy, we believe that a significant step has been
taken towards the goal of making combined modeling and measurement of the LFP
signal a practical research tool for probing neural circuit activity.

Recent technological advances further allow the recording of massively parallel spike
trains showing large heterogeneity at the level of individual neurons (Ecker et al.,
2010). Going beyond population-averaged activity, this thesis provides theoretical
tools which enable first interpretations of such data. The formulation of the dy-
namical system in terms of generating functionals allows systematic approximation
schemes to derive consistent extensions of mean-field theories. The qualitative step
from mean-field theories for self-averaging quantities to the assessment of variabil-
ity beyond the self-averaging component, as derived both on the level of ensembles
and single realizations of the connectivity, is universally applicable to linear-response
activities of disordered systems. The developed theoretical methods therefore also
pave the way to study the relation between the structure and dynamics of disordered
systems in a variety of other disciplines such as physics, computer science, artificial
intelligence, social sciences, and economics.

The forward model employed in the hybrid scheme is only one approach to linking
brain activities at different scales. It is based on the knowledge of the network dy-
namics on the microscopic scale where interactions between neurons are known. The
derivation of effective equations of motion for the dynamics on the mesoscopic level
to date has proceeded in an ad-hoc manner by performing a spatio-temporal coarse
graining of neuronal activities (Deco et al., 2008). A more systematic approach based
on functional methods (Chow & Buice, 2015) follows the ideas of spin-glass mean-
field techniques (Sompolinsky & Zippelius, 1981) and has recently received renewed
attention. The reformulation of dynamical equations in a functional formalism fol-
lows a long and successful history in physics that allows unification of interpretations
and methods across disciplines. One important example is given by renormalization
techniques that are tailored to connect physical descriptions on different energy or
lengths scales. Originating from ideas of Wilson (1975), the renormalization group is
designed to systematically relate microscopic and macroscopic descriptions by suc-
cessively incorporating finer scales into effective parameters of the next coarser levels
(Gies, 2006; Metzner et al., 2012). The path-integral formulation is the natural frame-
work for this method, which is ubiquitously employed in condensed matter physics
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but so far rare in theoretical neuroscience (Steyn-Ross & Steyn-Ross, 2016). One rea-
son for this is the lack of direct applicability of field-theoretic methods to spiking
models. Further work needs to be done to generalize the methods to spiking net-
works in order to make the semi-systematic linear-response approximations obsolete.
The renormalization group may then prove to be a powerful tool to systematically
link the dynamics on the microscopic and mesoscopic scale by deriving effective
equations of motion for mass signals such as the LFP. The integration of continuous-
time dynamics in spiking network simulators such as NEST forms the basis for joint
simulations of brain dynamics on both scales in a common framework.

This thesis follows a connectionist modeling approach which relies on the description
of emergent phenomena from the architecture of the network. We focused on specific
features of the correlation structure such as the low mean and large dispersion, as
well as the local field potential in a cortical column. The developed methods form the
basis for further investigations on the required complexity of neuron and connectiv-
ity models to explain experimentally observed features of activity on the microscopic
and mesoscopic scale and the question about how important the details of individual
neurons are if exposed to numerous inputs from large balanced networks.
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Appendix A

Correlated fluctuations in strongly
coupled binary networks beyond
equilibrium

A.1 Derivation of moment equations up to second order

For completeness and to establish a consistent notation, here we include the deriva-
tion of equations Eq. (1.2) for the first and second moments of the activity in a binary
network. We follow the notation introduced in Buice et al. (2010), which has been
adapted to binary networks in Helias et al. (2014).

The stochastic system is completely characterized by the joint probability distribu-
tion p(n) of all N binary variables n. Knowing the joint probability distribution,
arbitrary moments can be calculated, among them pairwise correlations. The occu-
pation probability of each state follows the master equation Eq. (A.1). We denote
asn;, = (ny,...,nj_1,1,n,1,...,ny) the state, where the ith neuron is active (n; = 1),
and n;_ where neuron i is inactive (1; = 0). Since in each infinitesimal time interval
at most one neuron can change state, for each given state n there are N possible
transitions (each corresponding to one of the N neurons changing state). The sum
of the probability fluxes into the state and out of the state must equal the change of
probability in the respective state (Kelly, 1979), i.e.

WM o VE(n) - p(n)(1- Fi(n, N
Ly —;(27@ D) (p(ni-)Fi(ni-) - p(ni)(1- Fi(niy)) vyne {0,137 (A1)

From this equation we derive expressions for the first (1) and second moments
(ngn) by multiplying with n;n; and summing over all possible states n € {0,1},
which leads to

N
T%(”k”l) = > S mm(2ni-1) (p(ni)F(ni-) - p(ni ) (1- Fi(ng))),
ne{0,1}N i=1

=G;i(n\n;)
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where we denote as (f(n)) = X013y p(n) f(n) the average of a function f(n) with
respect to the distribution p(n). Note that the term denoted G;(n\n;) does not de-
pend on the state of neuron i. We use the notation n\n; for the state of the network
excluding neuron i, i.e. n\n; = (n1,...,1,_1,1n;1,...,ny). Separating the terms in the
sum over i into those with i # k, ] and the two terms with i = k and i = [, we obtain

N
Y. > may(2n;-1) Gi(n\n;)

o ict itk
+meny(2ng — 1) Ge(n\ny )
+mny(2n; - 1) Gy(n\ny)

T&(”k”l)

N
= > > mm(Gi(n\n;) - Gi(n\n;))
i=1,i+k,l n\n;

+ Y mn; Gp(n\ng) + Y mgn; Gi(n\n;),

where we obtained the first term by explicitly summing over state n; € {0,1} (i.e.
using Yncio 1N = Ln\nef0,1}N-1 Z}li:O and evaluating the sum Z}ﬁ:o)- This first sum
obviously vanishes. The remaining terms are of identical form with the roles of k

and ! interchanged. We hence only consider the first of them and obtain the other by
symmetry. The first term simplifies to

Sy Ge(n\n) ™= S my Gi(m\ig)

n\n
v P(0r) Fe(n)
aet. Gy +p(ngy) Fe(ngy ) - p(ngy) fork=1
Zavn P(k-) 1y Fe(ny)
+p(ngy) my Fe(ng,) —nyp(ng,) fork =1

_ {<Fk<n)> “(n) fork=l

(Fe(n) ny) — (meny)  fork+1" (A2)

Taken together with the mirror term k < I, we arrive at two conditions, one for the
first (k=1, (ni) = (nx)) and one for the second (k # [) moment

v () "2 () + (), (A3
v () *2 2+ (Fe(m) m) + (i) ). (A9

The time-lagged correlation function can be derived along completely analogous
lines as Eq. (A.4), as the forward time evolution equation (differential equation with
respect to t) of the two-point probability distribution p(n,t,q,s) fulfills, because of
the Markov property, the same master equation Eq. (A.1) as the equal-time probabil-
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ity distribution p(n, t). The resulting differential equation reads

0 0
Tg(nk(t)nl(s)) =75, gc:l p(n,t,q,s) ngq;

= —(me(B)m (s)) + (Fe(n(t)) mi(s)). (A5)

A.2 Cumulants of summed random variables

Let
N
y o= 2% (A.6)

with x; random variables that follow an arbitrary distribution p(x). The moment
generating functions of y and x are then related by

> p(x)el? = (e")x (A7)
(e Eka % )x

(pxo0) (B),

where concatenation with the function ¢ : t — (t,...,t) replaces every t; by a t. The
cumulant generating functions therefore follow as

‘Py(t)

Dy (t) = Ingy(t)
In (gx01) (£) = (@x01) (1), (A8)

with @ (t) = In(e**) the cumulant generating function of the x and t-x the scalar
product. From the expansion in cumulants Kf; for x and x,, . for y, we get the
following relationship

yooe

D, ()

1
g
=2

N 1 N
= DKt kS, (A9)
i-1 2157
~—— —
K1 K2

so the cumulants of the summed variable xj, kp, etc are given by the sums of the
cumulants of the individual variables of corresponding order.
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A.3 Functions of close-to Gaussian variables

To determine the mean activity, we need to apply a nonlinear function f to a variable
hy that has a statistics close to Gaussian. For brevity, we will suppress the index k
in the following. We assume that the Fourier transform f(w) exists. Let y be the
random variable (A.6), which is the sum of a large number of individual variables x;
and is assumed to be close to Gaussian. For the expectation value (f(y))x we get

W= 5 [ dw f(@) ()
= é [ dwf(w)e@y(i‘“)

_ % f dwf(w)e;q(icu)+%Kz(iw)2+%1c3(iw)3+..., (A.10)

where @, is the cumulant generating function of y (A.8) and x; denotes the ith cu-
mulant of y. We are interested in an approximation that treats the dominant first
and second (Gaussian) cumulants of y explicitly and separate the effect of all higher
cumulants by writing

K3

3
o = )L [ o i
7T

3
9

_ enlw) )y A ) (A1)

where we identified in the last line the Fourier transform of a Gaussian with moments
k1 and xp via (A.10).

For the covariance we need to evaluate terms of the form (Fin;). These terms can be
obtained analogously as

_ i ] dw f(w) ((3y,9x) o 1) (iw)
- [ awf@ (i ) o o),

{(f(y)x)x

where ¢y is the moment generating function of x (A.7). The derivative of the cumu-
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lant generating function with (A.9) becomes

at1©x(t) = Kl + ZKl]t + = Z Kll]t t +.
1]—
(0, Pxo01) (iw) = x+ ZKZ’; (iw) + E Z K (iw)*+...= Y Argy(iw)T,
i1 i1 40
—— ——
=:AKy =:AKy

where the product rule produced a factor 2 in the second term and a factor 3 in the
third term and we used the symmetry of the cumulants with respect to permutations
of indices. So we get

(x1f (Y))x % f dwf(w) i)AKq,l(iw)qu;ioKp(iw)P
p

- 3
- Z Ary, Jl Als) - Oyn )

. quqz ( )](f(y» (A12)

where we replaced (iw)? by derivatives of the exponential with respect to cumulants
and identified (f(y))x in the last step using (A.11).

A.4 Trivial third- and fourth-order cumulants of binary vari-
ables expressed by lower-order cumulants

Third order. Let n;,n;, nj,ny € [0,1] be binary variables. The raw third moment
can be written as a sum of all combinations of cumulants up to order three (1.20)
(mning) = (npmin; ) + cym; + cijmy + cjym; + mym;m;. Using an = n; for each integer K > 1,
in the case of binary variables n; we consider the two cases



188  Correlated fluctuations in strongly coupled binary networks beyond equilibrium

l= iij! (nln]-) ((nlnln]->)+c”mj+c1jml+cj1ml+m12mj,
<<l’lﬂlll’l]'>> = (1’1171]') —Cm; —2Cl]'ml - mlzm]
—
cj+{n)(n;)

= Clj(l - Zml) + (_Cll +mp — mlz)m]

—_———
-0
= ¢j(1-2m),
I=i=j: (m) = (mmmn)+3cym+m;,
(mmmy) = my-3my(1—my)my —m;

= my-3m?+2m)
= op(1-2my), (A.13)

which together yield the expression (1.21) in Chap. 1.

The third cumulant (1.17) of f follows from the assumption (n;nn, ) ~0 fori+j+r
as

K3k = Z]ki]kj]kr((ninjm))
l]r
= 2. JiJii Jir (minjny )
i#j:tr [ —
—— ~0
N(N-1)(N-2) terms

3 Y Jalelmmng) + 3 Rilnining)

i=j#r i=j=r
—— ——
N(N-1) terms N terms
x 3% Jalwcir(1=2m)+ Y Jpci(1-2m;)
i=j#r i=j=r
= 3% Ju(=2m)cqJir =23 Jici(1-2m;), (A.14)
ir i

where we included the term 7 = r in the first sum and compensated accordingly in
the latter term. With c¢;;(1-2m;) = m; — 3m12 + Zm;?’ we obtain the expression (1.22) in
Chap. 1. Analogously, it follows that
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N N
> Jalki{mming) = 3 Jalg{mmm) + > Ja{nmmn:)

ij=1 i#j#l I#i=j=1

~0
N N
+ > Jallmmm)+ > Jiila{mming)
i=l7j-1 j=izi-1
+Ta(mminy)

N N
= Y Jgai(l=2m) + 2]y Y Jrici(1-2my)

1#i=1 1#i=1
+Jgcn(1-2my)
N ) N
= > T (T=2m;)c; + 2] (1 =2mp) Y Jricui
i=1 i=1
—2J% e (1-2my), (A.15)

which yields the expression (1.23) in Chap. 1.

Fourth order. The cumulant of fourth order is

(nmnyny) = (nmpmenp) + (ninjneYmy + (npneng)ym; + (nengnghm; + (ngngn;hm,
+Cijmy My + Cip MM + CipMyM;j + Cjp M, + Cjimym; + Cpymim;

+Cijcrl + Circjl + cﬂcr]- + mim]-mrml,

Only those cumulants in which at most two different indices appear are fixed by
first- and second-order cumulants. We need to distinguish three cases. The first case
isi=j#r=1and leads, with (A.13), to the matrix

{{nninyn,)ir} = Ce(1-2C) - diag(C) diag(C)”
—-2diag(1-2m)) Cdiag(m)
-2 diag(m) Cdiag(1-2m)
-diag(C) (m® m)’ - (mem) diag(C)”
-4 diag(m) Cdiag(m)
+mm’ © (1-mm?’). (A.16)

The second case i = j = | # r yields the matrix
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{{ninininy)ir} = diag(1-3diag(C))C
~diag(C)m” - 3diag(m) C
- (m @ diag(C)) m” +3diag(m®m) C
+diag(1-m@&m)) mm’ (A.17)

and the third for i = j = r = | yields a vector

(nmnin;) = me (1-(me)®)-4diag(C) ® m +2diag(C) ® (me)?
~3(diag(C)®)?, (A.18)

where we use the notation(x®)" = x®...® x for the element-wise nth power of a
vector. In Eq. (1.19) we need the term

N

Az = Y JiilkiJe{ninjneng)
ijr=1

~ 33 TaTulminmmy) (==, Gi=r,=1) (i=Lj=r)
7
+ 3 Telnimminy ) (i=j=r#l)
7
+3 Z Tk T (nmymyn;) (j=r=l2i),(r=l=iz}),(I=i=j#r)
1

+Jg (mymynyny ) (i=j=r=1),

which in matrix form gives rise to the expression in Eq. (1.24) in Chap. 1.



Appendix B

Distributions of covariances as a
window into the operational
regime of neuronal networks

B.1 Bias and error of estimating the dispersion in experimen-
tal data

Here, we derive the dependence of experimentally estimated moments of the activi-
ties on the number of neurons and trials. Due to limited number of trials, the estima-
tor for the dispersion of the covariance may be biased towards larger variances. We
seek to find a correction for this bias here, as illustrated in Fig. B.1a. The derivation
here follows the standard approach of correcting the estimation, sometimes called
Bessel’s correction (Barlow, 2013).

We assume a probability distribution p(n!, ..., nN7) of activities ni.‘ of neuron i in trial
ke{1,..,Nr}. Since there are no correlations between different trials, the probability
distribution factorizes and the moment generating function reads

Nt
(11, INT) = [T exp (mle " %1"%1"), B.1)
k=1

where m is the vector of mean activities and c¢ is the covariance matrix, and higher-
order correlations are neglected. We would like to obtain estimators for the mean and
dispersion of the parameters m and ¢, the meta-statistics. In line with our findings
in Sec. 2.3.3, we assume the meta-statistics to be Gaussian. We denote as (m;) =:
ui =, {cij) = 0y = 0adjj + 0.(1-5;;) the average values and as ((m; - u)?) = ou7
and ((cjj - O'ij)2> = (5(71.2]» = (5(73(5,7- +0602(1 - d;j) the variances of the mean activities and
covariances, where J;; refers to the Kronecker symbol.

Averaging Eq. (B.1) over this metastatistics introduces cross-couplings between trials
due to varibilities of mean and covariances as well as fourth-order cumulants that
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(a) surrogate data
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Figure B.1: Bias in estimator of variance of cross-covariances. (a) Variance of cross-
covariances (black distribution) obtained from trial-shuffled data compared to the
biased estimator (Eq. (B.2), dark blue) and unbiased estimator (light blue) of the true
variance as obtained from experimental data. (b) Convergence of biased estimator
for small (dark gray) and large (light gray) mean covariances towards true variance
given by unbiased estimator (dashed line). Curves indicate the theoretical prediction
Eq. (B.2), dots numerical simulations for artificial data. (c) True value 6.11 of vari-
ance of cross-covariances (dashed line) derived from fitting (gray curve) Eq. (B.2) to
the biased estimator (blue dots) obtained from subsampled experimental data with
different number of trials.
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arise from the variability in covariances

Nt Nr T
@aRmJM):ap(z(¢ﬁ+%ﬂHﬂﬂ+}j(%m%“ﬁ+%(ﬁ@ﬂ)5a%ﬁ@ﬂn),

k=1 ki1=1

where ® denotes the Hadamard product, i.e. [lk ® ll] = l’.‘ll It is straight-forward to
i

show and well known that an empirical covariance c Z ( -m¢) (n;‘ - m}e)
yields a biased estimator
Nr-1
() = =@
Nt

of the true covariance 0;; (Barlow, 2013). Here, m; denotes the empirical mean activity

of neuron i across trials m? = NLT Z]I(\fl ni-‘. The bias results from a finite sample size
Nrt. An unbiased definition of the empirical covariance therefore reads

N
e 1 X

5= NT_lkzzi(nf—mf)(nf—m]e-).

Using this definition, along the same lines a lengthy, but straight-forward anal-
ogous calculation shows that the variance of cross-covariances (i # j) defined as

c

(5c2 = m Zﬁjzl(cfj —c_,'j)2 with the mean cross-covariance across neurons ¢;; =

N(I\ll 7 >N +j-1C;; yields the biased estimator

— 2 02 - o?
(oe2) =@ O J(ﬁ+M~J (B.2)

of the true variance of cross-covariances 5(75. For a finite number of trials, there is

significant bias of (E) caused primarily by the mean autocovariance o, of spike-
counts across trials (see Fig. B.1a for an empirical estimate of the bias with trial-
shuffled data).

The aim is hence to correct for the bias of the estimator. This can be formally done
using Eq. (B.2), which we validate for synthetic data (Fig. B.1b). A fit of Eq. (B.2)
to the variance of cross-covariances obtained from subsampled numbers of trials
of the experimental data shows that the true variance of cross-covariances can be
approximately obtained by subtracting the mean of the distribution of the surrogate
data in Fig. B.1a.

In conclusion, the finite number of trials yields a significant bias to the variance
of cross-covariances, but not to the mean autocovariances, if properly defined (see
above). Fitting data to Eq. (B.2) and extrapolating for Ny — oo yields the unbiased
estimate used in Chap. 3. However, even neglecting this correction, the order of
magnitude of the ratio between the two that determines the spectral radius (Eq. (3.8)
in Chap. 3) and the operational regime is not changed by the bias.
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In addition to the bias in the estimation of the variance, the estimator comes with
a statistical uncertainty due to the limited numer of recorded neurons. We observe
n = N(N -1) cross-covariances of which we want to estimate the true variance. The
relative standard error of the variance is therefore given by /2/(n-1) ~ 0.009 < 1%
(Lehmann & Casella, 2006). Error propagation to the estimation of R? shows that the
relative error of R? is even smaller for R? > 1/3, and hence in the critical regime close
to R? ~ 1 this error is negligible.

B.2 Effect of inhibitory feedback on cross-covariances

The structural coefficients

2
24 H
’)/1']' 5ij+ry:5ij+1—N‘u+(]—N‘u) N

1
Xij = i [Z%jZk:’Yik’ij+(1—5ij)7jjzk:7ik7ki]

in Eq. (3.6) and Eq. (3.7) depend on the deterministic network structure, i.e. the
network size N and the mean connection strength p. Input fluctuations that are
independent of network size and within the dynamic range of the neurons require
p ~=1/+/N in inhibitory networks (van Vreeswijk & Sompolinsky, 1998, section 10.2)
which causes 7y and therefore mean cross-covariances to scale as 1/N. The inhibitory
teedback, however, does not influence the dispersion of cross-covariances which can
be understood by a mode decomposition of fluctuations.

In the following we give an intuitive argument, why the width of the distribution
of cross-covariances is less suppressed than the mean cross-covariance. To this end
consider a set of N coupled Ornstein-Uhlenbeck processes x(t) driven by pairwise
independent white noises §; with (¢;(¢)¢;(s)) = 6;;6(t —s) D

2D 1(t>+z xi(t) + & (). (B3)

As a first step we transform the system into a basis constructed from the population-
averaged fluctuation X(t) = % SN xi(t) = %(1,1,..,1) -x(t) := ¥-x(t) and orthogonal
fluctuations y,(t) = v -x(t) with v,-vg = Ndup (a,p € {0,..,N-1}), vo = . Fur-
thermore, we assume the connectivity W to be fluctuating around the mean value

H
Wl] =pu+ 5Wl] (B4:)
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Population-averaged covariances are given by the autocovariance of the population-
averaged fluctuation

1 XN ,
N2 2:2 (xi(t)xi(t))

( % (t))(%éw(t’)))

A decomposition into auto- and cross-covariances

N2 Z cij(t, 1)

i,j=1

HMZ

Il
N ———

Rl"‘

1__ N-1__
N2 z]Z:1 Cl](t t ) = ﬁcii(t/ t,) + TCi]'(t, t,)
1
N ﬁc_ﬁ(t, t") +cij(t,t")

shows that population-averaged covariances N2 Zl] 1¢ij(t,t") can only be small if
average cross-covariances c;;(t,t") are small. The population fluctuation x(t) evolves
according to

dx N N
T 3;(:) _ —x(t)+]§(%gwu)x](t +¢(t)

;4+O(N7%)

—(1=Nu)x(t) +¢(t),

where we defined ¢(t) = + XN, &(t) with (£(){(s)) = 25(t-s). The population
fluctuations therefore have the integral covariance

Q

D

[ dT(f(t)f(t-i—T)) = Z\](l_—Z\]‘u)z’

where the term (1 - Nu)~2 reflects the strong suppression by the inhibitory feedback
in large networks (y ~ -1/+/N) (Tetzlaff et al., 2012). The orthogonal fluctuations
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(« # 0) follow

Td]/zx(t) _ —ya(t)+2(

Mz

v 1]) x](t) +Ca(t)

dt j=1 \i=1
N N
= —yu(B)+>. > v yx](t)+Z(ZU (5W1]) xj(t) +Ca(t)
j=1 i=1 j=1
ocVg-7=0 W,
N

= Val)+ LW (1) + Ea(t),
£

are insensitive to the inhibitory feedback y, and just depend on projections of fluctu-
ations of the connectivity 6W,; = [v, - (5W] The second moment of the population-
averaged covariances depends on all pr0]ect10ns of fluctuations vy;(t)

Nz Z 1](t t = N2 2 xl(t)x](t ))(xl(t)x](t )

i,j=1 i,j=1

= ;,2 > (i ()i () xi(8)x; () = (i () xi (1)) () x5 ()

i,j=1

™M=

xj(#)x; (¢ )

ixz(ﬂxl(t))(

Zl= z|-

N
; ( zxxt)xl(t))

yi(E)y; (' )

xj () x;i( t')>

Mz EMZ EMZ

(v
i}/z(f)yz(t) (
|

Zl= Z|=

N
> t>y1<t> w(t')y,-(t')),

1l
=

j

where we used Wick’s theorem in the second step and Parceval’s theorem to replace
the terms —x(t) x(t) = Ny(t) y(t) in the last step, valid due to the choice of the
unitary transform. The dispersion of covariances is therefore not suppressed by the
inhibitory feedback.

Note that for excitatory networks, stable dynamics requires a scaling of connec-
tion weights with 1/N, implying both the mean and standard deviation of cross-
covariances to scale as 1/N.

B.3 Effect of heterogeneous stationary mean activities

The calculations in Chap. 2 and Chap. 3 assume uniform stationary mean activities.
These correspond to uniform autocovariances D;; = D of the noisy input in the model
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of Ornstein-Uhlenbeck processes (Eq. (B.3)). For these networks, the spectral radius R
of the effective connectivity W is given by the width of the distribution of spike-count
cross-covariances normalized by the mean spike-count autocovariances (Eq. (3.8) in
Chap. 3), which remove the influence of the noise covariance D on cross-covariances.
Here, we investigate the influence of distributed stationary mean activities on the
estimation of the spectral radius.

Fig. B.2f shows the experimentally obtained distribution of spike-count autocovari-
ances. The large width of this distribution, which is on the same order of mag-
nitude as the mean spike-count autocovariance, arises from distributed stationary
mean activities (Fig. B.2b). This effect gets evident by using a geometric series ex-
pansion (1-W)™' =1+ Y%, W" for the expression of integral covariances (Eq. (3.1)
in Chap. 3) (Pernice et al., 2011, 2012; Trousdale et al., 2012)

cij = [(1—W)_1 D (I_WT)l]..
ij

:Dij+[iw"D] +[D iw“] +[§:W”D in’” : (B.5)
n=1 / TR

ij n=1 ij m=1 ij

:;Cl,;'c
Since the noise covariance enters linearly in the equation, mean covariances are un-
affected by variability in noise covariances (Fig. B.2a,c). Individual autocovariances
c;i are primarily determined by Dj;;. Variability of the latter therefore almost exclu-
sively determines the variance of autocovariances for a large range of spectral radii
R (Fig. B.2b). Since D;; = 0 for i # j, this leading order effect is absent for cross-
covariances. Their variance and the prediction of the spectral radius (Eq. (3.8) in
Chap. 3) are therefore determined by the locally generated autocovariance c};’c (see
Eq. (B.5)) and only mildly affected by heterogeneity in stationary mean activities

(Fig. B.2d,e).

B.4 Effect of correlated input

The theory in Chap. 2 and Chap. 3 assumes an isolated local network of N neurons.
In cortex, neurons are correlated in part by local connections and in part by over-
lapping and correlated inter-laminar or inter-area connections from outside the local
network (Abeles, 1982; Binzegger et al., 2004; Stepanyants et al., 2009). While the ef-
fect of correlated input on mean covariances was investigated in Helias et al. (2014),
we here also analyze the effect on distributions of covariances. In case of external
input, the dynamics of the local network is then given by

dxi N Next
E = =X+ ZWZ']'X]'+ 2 Mi]'yj"":i/
J=1 J=1
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Figure B.2: Mean (absolute value) and variance of auto- (a,b) and cross-covariances
(c,d), as well as normalized variance of cross-covariances A (e). Analytical predic-
tion (Eq. (3.6) and Eq. (3.7)) for an inhibitory network with Gaussian connections
and uniform noise autocovariance (solid line) is compared to numerical evaluation
of Eq. (3.1) in Chap. 3 for inhibitory Erd&s-Rényi networks with distributed noise
autocovariances (circles). Parameters: N = 1000, p = 0.1, lognormal distribution of
autocovariances with mean and standard deviation D = 6D = 1. Strengths of weights
are varied to obtain spectral radii R € [0,1]. (f) Distribution of spike-count auto-
covariances c¢;; = %((nini) —(n;)(n;)) across trials obtained from experimental data
(same dataset as in Fig. 3.1 in Chap. 3). Data courtesy of A. Riehle and T. Brochier.
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Figure B.3: Mean (absolute value) and variance of auto- (a,b) and cross-covariances
(c,d), as well as normalized variance of cross-covariances A (e). Analytical prediction
(Eq. (3.6) and Eq. (3.7)) for an inhibitory network with Gaussian connectivity (size
N, spectral radius R) with uniform noise autocovariance D (solid line) is compared
to numerical evaluation of Eq. (3.1) in Chap. 3 for inhibitory Erd6s-Rényi networks
(symbols) with uniform stationary mean activity D, receiving correlated input from
an external population (N et - N, R®! = R). Red, black and blue symbols show weak
(spectral radius Rys = 0.08), intermediate (Ry; = 0.52) and strong (Rp; = 0.96) con-
nectivity M between populations, respectively. Note that the mean cross-covariance
changes sign in the low-R regime for sufficiently strong external input. Parameters:
N =1000, p = 0.1, D = 1. Strengths of weights are varied to obtain spectral radii
Re[0,1].



200  Distributions of covariances and the operational regime of neuronal networks

where x are activities of recurrently connected (W) local neurons driven by uncor-
related noise ¢ and correlated input via connections M to an external population of
N®* neurons with activities y. The correlated external input adds a non-diagonal
contribution to the covariance matrix D

ci=|(1-W) | D+McM [(1-WT)"
—_——

D ij
Using the geometric series expansion (B.5) as in Sec. B.3 with D substituted by
D+D = D+Mc™M' shows that variability of off-diagonal elements of Mc®*M"
contributes directly to the dispersion of cross-covariances. This effect is not captured
by the theory developed in Chap. 2 and Chap. 3. It arises from shared inputs and
correlated activity in the external input and is, to leading order, independent of the
local connectivity W.

The external input to the local network typically originates from many cortical areas.
Therefore, the size of the external population N®! can assumed to be large and the
cross-covariances ¢S to be small. In the extreme case where the external population
is of the same size as the local network and exhibits the same potentially strong cor-
relation structure, i.e. Nt = N, ¢ ~ ¢, the effect of D on the covariance structure
of the local network is notable (Fig. B.3a-d), especially in the region of small spectral
radius. In this region, the local network is only weakly connected and covariances
are determined by shared external input. The variability of off-diagonal elements of
Dij dominates the locally generated dispersion of cross-covariances c};’c. The ratio A
between the variance of cross-covariances and the mean autocovariances as obtained
from the theory of an isolated local network does not predict the true ratio of the
these quantities (Fig. B.3e). However, unlike the distribution of stationary mean ac-
tivities (see Sec. B.3) which is potentially O(1), the variability of Dij is bounded to
be O(1/N®). This follows from the O(1/V/ NeXt) scaling of the mean and standard
deviation of the external synapses M;;, which ensures that input fluctuations are in-
dependent of N*** and within the dynamic range of the neurons in the local network
(van Vreeswijk & Sompolinsky, 1998, section 10.2). Therefore, for larger spectral
radii, locally generated covariances c%‘?C dominate the direct influence Dij of external
correlations. Even though the mean and dispersion of covariances remain affected by
the external input, their effect approximately cancels in the ratio A. In this regime,
the relation between the spectral radius of the local network and the ratio A can be
predicted by the theory of an isolated network (Fig. B.3e). For a more realistic, larger
external populations or less correlated external input, the deviation from the theory
of an isolated local network becomes even smaller. Therefore, a large ratio A as ob-
served in the experimental data can only be caused by a large spectral radius of the
local connectivity.
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B.5 Effect of correlated connections

The derivation in Chap. 2 and Chap. 3 assumes independent connections. There
is, however, experimental evidence for non-random features of network connectivity
(see e.g. Sporns & Kotter (2004); Song et al. (2005)). Due to the O(1/v/N) scaling of
connection weights (van Vreeswijk & Sompolinsky (1998, section 10.2), see Sec. B.4),
only connection statistics involving one or two connections are relevant as the influ-
ence of higher order motifs is suppressed by the large network size. The dominant
departure from random connectivity are reciprocal connections of which a surplus
was observed experimentally (Song et al., 2005). Including these in the cumulant
expansion yields

- N N 2 N
C exp(y > %X % z XX XX + % > xixixjxj)
i,j=1 j=1 i,j=1

where Ac?/N denotes the second cumulant of reciprocal connections. This term qual-
itatively yields new effects as it leads to a renormalization of the response function,
known from spin glasses (Sompolinsky & Zippelius, 1982). Furthermore, symme-
try in the network connectivity affects the spectral radius of the connectivity matrix
(Sommers et al., 1988), which is a key component in our prediction of the operational
regime. In the following, we test sensitivity of our result to inclusion of reciprocal
connections.

Let us assume the joint probability of two connections is given by Fig. B.4f, where
p € [0,1] determines the degree of symmetry of connections: For p = p, we obtain the
special case of independent connections, which is considered in Chap. 2 and Chap. 3.
p > p indicates a surplus of reciprocal connections with p = 1 being a fully symmetric
network, p = 0 is the limit of no reciprocal connections. The parameter p can be
estimated from the experimental data of Song et al. (2005) as the ratio between the
number of observed reciprocal connections N., and the total number of observed
connections Nyt divided by p

CIN. 1 218
" pNit 0116 3312+495+218

~0.47>p, (B.6)

showing that reciprocal connections are over-represented. The variance of connec-
tions is by construction ¢?/N = w? ((WijWij> - (Wij)Z) = p(1- p)w? independent of
p. The covariance of connections is given by AUZ/N = ((WijW]'l) - (Wi]') (Wﬂ>) w? =
p (o - p) w? resulting in A = % ~ 0.4 for the ratio between the covariance of recip-
rocal connections and the variance of connections (Sommers et al., 1988). Numerical
simulations of networks with the statistics of reciprocal connections as in Fig. B.4f
with p given by Eq. (B.6) show that the first two cumulants of the covariance distri-
butions are still in qualitative agreement with those in a completely random network
(Fig. B.4). Even for completely symmetric networks, deviations from the theory of
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Figure B.4: Mean (absolute value) and variance of auto- (a,b) and cross-covariances
(c,d), as well as normalized variance of cross-covariances A (e). Analytical predic-
tion (Eq. (3.6) and Eq. (3.7)) for an inhibitory network with Gaussian connectivity
(0 = p, see panel (f), corresponding to completely randomly drawn connections) with
uniform noise autocovariance D (solid line) is compared to numerical evaluation of
Eq. (3.1) in Chap. 3 for inhibitory Erd6s-Rényi networks (symbols) with joint statistics
of reciprocal connections (f) with p = 0.47 (extracted from (Song et al., 2005); squares)
or p = 1 (fully symmetric; discs). Arrows in (f) denote the direction of the connection
between two neurons, 0 and 1 the presence or absence of connections with probabil-
ities given in the table. Parameters: N = 1000, p = 0.1, D = 1. Strengths of weights are
varied to obtain spectral radii R € [0, 1].
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random networks are not affecting the scale of these measures. The model predic-
tion for the spectral radius derived from the experimental data close to 1 is therefore
robust against such correlations in connections.
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Appendix C

Integration of continuous-time
dynamics in a spiking network
simulator

C.1 Numerical evaluation of the Siegert formula

We here describe how to numerically calculate Eq. (4.22), frequently called Siegert
formula in the literature (for a recent textbook see Gerstner et al., 2014), which is not
straight forward due to numerical instabilities in the integral. First we introduce the

abbreviations yg = (0 — ) /0 + v\/Ts/Tm and y, = (V; — u) /o + ¥/ Ts/ Tm and rewrite the

integral as

Y
ﬁf "o (1 + erf(u))du
Yr
=2 v o fu e dv du
Yr o0

=2 0 fu (=) gy dy .
yr  J-oo

Here, the numerical difficulty arises due to a multiplication of a divergent (€) and a
convergent term (1 +erf(u)) in the integrand. We therefore use the variable transform
w = v —u and obtain

) /ye fu e(u+v)(u—v) do du
Yr -

) ye fo e(2u+w)(—w) dw du
Yr -

21w 21w
00726%) _e]/r
2/ ew—dw,
0 w

205
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where we performed the integral over u in the last line.

For y,,yp < 0 the integrand can be integrated straightforwardly as

oo p2Yew=w" _ 2y, -1
f dw (C.1)
0

w

where the two terms in the integrand converge separately and where, in approxima-
tion, the upper integration bound is chosen, such that the integrand has dropped to
a sufficiently small value (here chosen to be 10712). Here, for w = 0, the integrand has

2w _p2yrw

to be replaced by limg, .o =~ =2 (ys ~ yr).

For yp > 0 and y, < 0 only the combination of the two terms in Eq. (C.1) converges.
So we rewrite

21w 21/, W
00_26%9 _eyV
/ ew—dw
0 u

_ p2(yr-yp)w
:‘/‘ooezygu}isz dw
0 w

00 _ 2(yrye)w
:eyg [ e_(w_ye)zu—e dw. (C2)
0 w

The integrand has a peak near yg. Therefore, in approximation, the lower and the
upper boundary can be chosen to be left and right of vy, respectively, such that the
integrand has fallen to a sufficiently low value (here chosen to be 107'?). For w = 0 we

. o e C 1 (w2 12w 2
replace the integrand by its limit, which is lim,_oe (w-ye) % =e Y2 (yp - yr).

We actually switch from Eq. (C.1) to Eq. (C.2) when vy > 0.05|Vp|/c, with Vy = Vp +
Y\/Ts/Tm- This provides a numerically stable solution in terms of a continuous tran-
sition between the two expressions. Our reference implementation numerically eval-
uates the integrals using the adaptive GSL implementation gs1_integration_qgags
(Galassi et al., 2006) of the Gauss-Kronrod 21-point integration rule.



Appendix D

Hybrid scheme for modeling local
field potentials from spiking
point-neuron networks

Local field potential of a cortical
column

This appendix contains tables specifying model parameters as well as measures and
functions for data analysis.
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A Global simulation parameters
Symbol | Value Description
T 5,200 ms simulation duration
dt 0.1 ms temporal resolution
Populations and external input
Symbol | Value Description
X L23E L231 L4E L4 L5E L5I LeE L6l TC |Name
Nx 20,683 5,834 21,915 5,479 4,850 1,065 14,395 2,948 902 |Size
K 1,600 1,500 2,100 1,900 2,000 1,900 2,900 2,100 Ext. in-degree per
neuron
et Tsynlbg), Vbg= 8Hz DC ampl. per ext.
input
Connectivity
Cyx from X
L23E L1231 [L[4E L4l L5E L3I L6E L6l TC
toY L23E 0.101 0.169 0.044 0.082 0.032 0.0 0.008 0.0 0.0
L23I 0135 0.137 0.032 0.052 0.075 0.0 0.004 0.0 0.0
L4E  0.008 0.006 0.050 0.135 0.007 0.0003 0.045 0.0 0.0983
L41 0.069 0.003 0.079 0.160 0.003 0.0 0.106 0.0 0.0619
L5E  0.100 0.062 0.051 0.006 0.083 0.373 0.020 0.0 0.0
L5I 0.055 0.027 0.026 0.002 0.060 0.316 0.009 0.0 0.0
L6E  0.016 0.007 0.021 0.017 0.057 0.020 0.040 0225 0.0512
L6l 0.036 0.001 0.003 0.001 0.028 0.008 0.066 0.144 0.0196
Connection parameters
Symbol | Value Description
J 87.81 pA Reference synaptic strength. All synapse weights are meas-
ured in units of J.
0F rel Relative width of synaptic strength distribution
3 - for lognormal distribution
0.1 - for Gaussian distribution
Yx Relative synaptic strength:
1 X e {TC, L23E, L4E, L5E, L6E},
-4 X e {1231, L4I, L5I, L6I}, except for
2 (X,Y) = (L4E, L23E)
-4.5 (X,Y) = (L4I, L4E)
dg 1.5 ms Mean excitatory spike transmission delay
dr 0.75 ms Mean inhibitory spike transmission delay
U4 rel 0.5 Relative width (stdev/mean) of delay distributions
Neuron model
Symbol | Value Description
Rm 40 MQ) Membrane resistance
Cm 250 pF Membrane capacitance
Tm RimnCim (10 ms) Membrane time constant
Ep -65 mV Resting potential
0 -50 mV Fixed firing threshold
V/init [-65,-50] mV Uniformly distributed initial membrane potential
Vieset EL Reset potential
Tref 2ms Absolute refractory period
Teyn 0.5 ms Postsynaptic current time constant
Thalamocortical input
Symbol | Value Description
UTC 30571 Mean firing rate per thalamocortical neuron
Avtc 30 57! Firing-rate modulation amplitude per TC neuron
frc 15 Hz Frequency of sinusoidal firing-rate modulation

Table D.1: Parameters of the cortical microcircuit model.
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Multicompartment model neurons

Symbol | Value Description

Cm 1.0 pFem ™2 Membrane capacity

m Tm/Cm Membrane resistivity

Ta 150 Qcm Axial resistivity

Er EL Passive leak reversal potential

Vinit EL Membrane potential at t = 0 ms

Ag 100 Hz Frequency of AC length constant

Ad 0.1 Factor for d_lambda rule (Hines & Carnevale, 2001)
Oe 0.3 Sm™! Extracellular conductivity

r V/1,000%/7t ym Population radius

h 50 ym Soma layer thickness

Neontact 16 Number of electrode contacts

Relec 100 pm Laminar-electrode intercontact distance
Tcontact 7.5 ym Electrode contact-point radius

Table D.2: Parameters of the multicompartment model neuron populations and cal-
culations of extracellular potentials. Values for 7, and Ey, are inherited from network
parameters in Tab. D.1.



210

Hybrid scheme and LFP of a cortical column

Morphology files |

Cell type y Morphology File Source Online source
M,
p23 p2j3 0i24rpy1.hoc (Kisvarday & | #NMO_00851
Eysel, 1992) (#NMO_10045)
b23 i23 0i38lIbcl.hoc (Stepanyants -
et al., 2008)
nb23 i23 0i38lbcl.hoc (Stepanyants -
et al., 2008)
p4 p4 0i53rpyl.hoc (Kisvarday & | #NMO_00855
Eysel, 1992) (#NMO_10040)
ss4(L23) ss4 j7_L4ste.hoc (Mainen & Se- | #MDB_2488
jnowski, 1996) | (#NMO_00905)
ss4(L4) ss4 j7_L4ste.hoc (Mainen & Se- | #MDB_2488
jnowski, 1996) | (#NMO_00905)
b4 i4 0i26rbcl.hoc (Stepanyants -
et al., 2008)
nb4 i4 0i26rbcl.hoc (Stepanyants -
et al., 2008)
p5(L23) p5vl 0il5rpy4.hoc (Kisvarday & | #NMO_00850
Eysel, 1992) (#NMO_10046)
p5(L56) p5v2 j4a.hoc (Mainen & Se- | #MDB_2488
jnowski, 1996)
b5 i5 0il5rbcl.hoc (Stepanyants -
et al., 2008)
nb5 i5 0il5rbcl.hoc (Stepanyants -
et al., 2008)
p6(L4) pé 51-2a.CN.hoc (Contreras #NMO_00879
et al,, 1997)
p6(L56) p5vl 0i15rpy4.hoc (Kisvarday & | #NMO_00850
Eysel, 1992) (#NMO_10046)
b6 i5 0il5rbcl.hoc (Stepanyants -
et al., 2008)
nb6 i5 0i15rbcl.hoc (Stepanyants -
et al., 2008)

Table D.3: Morphology types and file names used for each cell type in the model (p -
pyramidal cell, ss - spiny stellate, i - interneuron). Online source numbers #NMO_x
refer to NeuroMorpho.org identifiers, #MDB_x refer to ModelDB identifiers.
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Table D.4: Spatial distribution of cell types and synapses of the cortical microcircuit

model adapted from Binzegger et al. (2004) and Izhikevich & Edelman (2008). Note
that occurrences are renormalized between cell types within layers 2/3, 4, 5 and 6 so

100%.
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Hybrid scheme and LFP of a cortical column

Measurements and derived signals |

Measurements
Symbol | Description Number of recorded units
I£X(t) Excitatory synaptic input current of | 100 per population X
neuron i
Iin(t) Inhibitory synaptic input current of | 100 per population X
neuron i

Vi(t) Somatic voltage of neuron i 100 per population X

s;(t) Spike train of neuron i Nx neurons

¢i(r,t) Single-cell LFP generated by neuron i Nx neurons

pi(r, t) Single-cell CSD generated by neuron i Nx neurons

Derived signals

Symbol | Definition Description

L;() IX(t) + I"(t) Total synaptic input current of
neuron i

Ty () % nzafl (1) Average excitatory synaptic in-

ieX put current of population X
(nav = 100)
Tx(t) }% nzm Iin(t) Average inhibitory synaptic in-
" iexX put current of population X
(nav = 100)
Nay
Ix(t) % > Ii(t) Average total synaptic input cur-
ieX rent of population X (nay = 100)
Vx(t) %av nf Vi(t) Average membrane voltage of
teX population X (nay = 100)

vx(t) %l(nt) Instantaneous population (X) fir-
ing rate, with n5%(t) being the
number of spikes in [f, ¢ + tpin) Of
all cells in population X, tp;, = 1
ms

vx(t) V)zi](xt) Average instantaneous firing rate
of population X

Px(x,1) Yiex ¢i(x, £) Population LFP of population X

ox(x, t) Yiex pi(x, 1) Population CSD of population X

¢(x,t) Yx ¢x(x,t) Compound LFP of all cells

o(r, t) Yxpx(r,t) Compound CSD of all cells

Rescaled signals

¢V (r, 1) Yx Diexrex Pi(r, t) Compound LFP signal from sub-
set of neurons i € X' ¢ X with
NX’ = ’)/NX/ Y€ [O/ 1]

¢(r,t) | EpV(r,t) (D.1) Compound LFP signal from sub-
set of neurons i € X' ¢ X with
Nxr = yNx, 7 € [0,1], rescaled by
factor ¢

Table D.5: Measurements and derived signals obtained from the hybrid scheme for
LFP simulations.
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Data analysis |

Symbol Definition Description

P,y Y, " € {¢i, ox, ¢, pi, 0%, 0, VX } Signal (LFPs, CSDs, firing
rates)

py (1) % Z}z ‘1# P(r, hdt) Temporal mean of signal
¥(xt)

CoVyyr (1) d—Tt Zﬂ‘lﬁ P(x,hdt)y'(r,hdt) — py(r)py (r) | Temporal covariance of sig-
nals ¢(r, t),¢'(x, t)

0’5](1‘) CoVyy (1) Temporal variance of signal
P(x,1)

ceypy (1) covyy (1)/ /Ui(r)(fé,(r) (D.2) | Zero  time-lag  correla-
tion coefficient of signals
P(r, 1), 9'(x,t)

Cyyr (1, f) Flyl(x, /)*F[¢'](x, f) (implemented us- | Pairwise cross-spectral

ing Welch’s method) density of signals

P(r, t),¢'(x,t), Fly]: Four-

ier transform of ¢

Py(r, f) Cyy(r, f) Power spectral density
(PSD) of signal ¢(x, t)

— N

Py(x, f) % X Py,(x, f) (D.3) | Average single-cell LFP

i=1 power spectrum
_ N N
Co(r, f) N 1\1]_1) Y % Co (1. f) (D4) | Average cross-spectrum
i=1 ]]j between single-cell LFPs

Kg (1, f) Co(r, f)/Py(x, f) (D.5) | Average LFP coherence
between cells

Py(x, f) NPy (x,f)+ N(N -1)Cy(r, f) (D.6) | Power spectral  density
(PSD) of the compound LFP

Pg(r, ) NPy(x, f) (D.7) | Power spectral density

(PSD) of the compound LFP
signal omitting pairwise
cross-correlations

Table D.6: Data analysis of model output signals.
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Post-processing |

Parameters
Symbol Value Description
Tirans 200ms Start-up transient
dty 1ms Signal resolution
Power spectral density settings
Method plt.mlab.psd” Welch’s average periodogram
Symbol Value Description
Ty 5,000ms Signal length
NFFT 256 Number of data points used in each block for
the FFT
Fs 1kHz Sampling rate
noverlap 128 Number of overlapping data points between
blocks
window plt.mlab.window_hanning* | Window filter (* plt denotes matplotlib)

Table D.7: Post-processing and data analysis parameters.
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