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Abstract

Computer-aided design uses Non-Uniform Rational B-Splines (NURBS) to represent and

communicate geometry. Therefore, a NURBS description of a given design can generally

be considered the exact description. The development of isogeometric methods has

made this spline-based geometry description available for numerical analysis methods

[43]. As a result of the possible combination with plate and shell theory, isogeometric

analysis is already versatile in structural analysis. In fluid dynamics, on the other

hand, three-dimensional analysis is usually indispensable. Admittedly, the application of

isogeometric analysis is fundamentally independent of the spatial dimensions. However,

it is still very difficult to create volume splines at the moment. Alternatively, classical

finite element methods can be extended to take account of the given geometry at least at

the limits. An example of these methods is the NURBS-enhanced finite element method

[136,137].

The thesis presents the solution of fluid-structure interactions using the same spline

description at the interface. On the structural side, the spline is used in an isogeo-

metric formulation. On the liquid side, the same spline is used in a NURBS-enhanced

finite element method. The dissertation introduces the entire solution methodology of

the surface-coupled problem, based on an implicit staggered approach. Both the usual

approach of Dirichlet-Neumann coupling and Robin-Neumann coupling are discussed.

The use of the identical spline representation on both sides enables a consistent and

conservative transfer of the required information, whereby an individual discretization

on both sides is possible. Existing acceleration techniques for partitioned approaches

are discussed in the context of the spline-based method and combined to a modified

variant.

The numerical advantages of the presented combination of isogeometric analysis and

the NURBS-enhanced finite element method are verified by simple stationary and tran-

sient test cases. A test case with a closed domain with deformable boundaries proves

that the proposed combination is able to exceed the accuracy of the usual coupling

of Lagrangian finite elements and isogeometric analysis. By applying the methodol-

ogy in a fluid-structure interaction with contact, it is shown that known advantages of
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isogeometric analysis on the structural side can be transferred to fluid-structure interac-

tion.

The spline-based description not only offers advantages in linking the individual fields.

The spline-based boundary description is also advantageous for problems of fluid-structure

interaction and free surfaces. Corresponding extensions of the boundary conditions

are discussed. The methodology is demonstrated on a simple three-dimensional test

case.

iv



Zusammenfassung

Zur Darstellung und Kommunikation von Geometrien werden in der computergestützte

Konstruktion üblicherweise Non-Uniform Rational B-Splines (NURBS) verwendet. Der

NURBS einer gegebenen Geometrie kann deshalb als exakte Beschreibung angesehen wer-

den. Durch die Entwicklung isogeometrischer Methoden kann diese Geometriebeschrei-

bung nun direkt in die numerische Analyse integriert werden [43]. Eine mögliche Kom-

bination mit der Platten- und Schalentheorie macht die isogeometrische Analyse in

der Strukturanalyse bereits sehr vielseitig einsetzbar. In der Fluiddynamik hingegen

sind dreidimensionale Analysen meist unverzichtbar. Zwar ist die Anwendung der isoge-

ometrischen Analyse grundsätzlich unabhängig von den räumlichen Dimensionen, die Er-

stellung von Volumen-Splines ist allerdings momentan noch sehr aufwendig. Alternativ

können klassische Finite-Elemente-Methoden so erweitert werden, dass die vorgegebene

Geometrie zumindest an den Rändern berücksichtigt wird. Ein Beispiel für diese Metho-

den ist die NURBS-enhanced Finite-Elemente-Methode [136,137].

Die vorliegende Dissertation behandelt die Lösung von Fluid-Struktur-Interaktionen

unter Verwendung des gleichen Splines am Interface. Der Spline wird auf der Struk-

turseite in einem isogeometrischen Verfahren verwendet, auf der Fluidseite dagegen in

der NURBS-enhanced Finite-Elemente-Methode als Randbeschreibung genutzt. Die Dis-

sertation stellt die gesamte Lösungsmethodik des oberflächen-gekoppelten Problems vor,

welche auf einem implizit gestaffelten Ansatz basiert. Es wird sowohl der übliche Ansatz

der Dirichlet-Neumann-Kopplung, als auch der Ansatz einer Robin-Neumann-Kopplung

diskutiert. Die Verwendung des identischen Splines auf beiden Seiten ermöglicht eine kon-

sistente und konservative Übertragung der benötigten Informationen, ohne die angepasste,

individuelle Diskretisierung auf beiden Seiten einzuschränken. Bestehende Beschleuni-

gungstechniken für partitionierte Ansätze werden im Rahmen der spline-basierten Meth-

ode diskutiert und in einer modifizierten Variante kombiniert.

Die numerischen Vorteile der Kombination aus isogeometrischer Analyse und der NURBS-

enhanced Finite-Elemente-Methode werden durch einfache stationäre und transiente

Testfälle verifiziert. Eine deutlich verbesserte Genauigkeit im Vergleich zur üblichen Kop-

plung von linearen Lagrange’schen Finite-Elementen und isogeometrischer Analyse kann
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anhand eines geschlossenen Gebietes mit deformierbaren Rändern nachgewiesen werden.

Durch die zusätzliche Berücksichtigung von Festkörperkontakt wird gezeigt, dass bekan-

nte Vorteile der isogeometrischen Strukturanalyse in die Fluid-Struktur-Interaktion übertra-

gen werden können. Darüber hinaus ist die Spline-basierte Beschreibung des Inter-

faces nicht nur für die Kopplung der Einzelfelder von Vorteil, sondern auch für Fluid-

Struktur-Interaktionen mit freien Oberflächen. Die entsprechenden Erweiterungen der

Randbedingungen werden diskutiert und an einem dreidimensionalen Testfall demonstri-

ert.
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1 Introduction

— ”Wind is caused by the trees waving their branches” — Odgen Nash

What a confusing quote! It is obviously the other way around, isn’t it? But is it

possible to disprove the quote by just observing the depicted scene? Welcome to the

fascinating world of fluid-structure interaction! This term summarizes all problems with

mutual dependencies between fluids and deformable solids. With respect to the quote,

these would be air and the elastic trees. Still thinking of air as the acting fluid, one

can easily identify many additional examples in daily life, for example, waving flags.

The sculptures of Anthony Howe show [82], how amazing fluid-structure interaction can

be.

In engineering, phenomena of fluid-structure interaction play an important role. A

prominent example is aeroelasticity as a sub-area of aerospace engineering, where, e.g.,

the behaviour of elastic airplane wings has to be included in the design process in order

to maximize the aerodynamic performance. If thermal effects are additionally regarded,

the field of aerothermalelasticity emerges. It considers, for example, the interaction of

the hot exhaust gas with the structure of rocket nozzles. But not only in aerospace

engineering, also in other engineering areas one can find further examples: the blood

flow through flexible arteries in bio-engineering, the deformation of wind turbine blades

in energy engineering, the flexible hulls of ships exposed to wind and water in naval

engineering, or the movement of flexible piston rings in automotive engineering. And

is there any text on fluid-structure interaction that does not mention the failure of the

Tacoma Narrows Bridge in 1940? Summarizing all these problems: The study of fluid-

structure interaction is crucial if the single-field problems of fluid and solid mechanics

cannot be analyzed independently.

In general, the highly non-linear characteristics of fluid-structure interaction do not allow

for an analytical solution. But in the most cases, experimental studies of such phenomena

are too expensive or simply not realistic, e.g., in case of airplane prototypes. However,

computational analysis enables detailed studies of such problems. And with growing
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1 Introduction

computing performance, the complexity of problems that can be accurately solved with

numerical methods is raised. These results can help to decrease safety margins in airplane

design to increase the efficency in the sense of fuel consumption per unit mass. However,

computational capacities are always limited and, thus, efficient numerical methods are

still essential in computational analysis.

1.1 Numerical Methods for FSI

The numerical methods to compute problems involving fluid-structure interaction are

manifold. While monolithic approaches solve all involved equations together, partitioned

approaches solve the single-field problems of fluid and solid mechanics separately by ex-

changing information at a common interface. In monolithic schemes, difficulties arise

from the different timescales of the single-field problems and make tailored precondi-

tioning techniques neccessary, while in partitioned approaches, stability problems can

lead to inefficient iterative processes. However, partitioned schemes are attractive, since

linking of existing solvers into a total solver is possible with little effort. In both so-

lution strategies, additional challenges emerge if the sub-problems of fluid and solid

mechanics are discretized separately. Then, additional methods for recombining meshes

with non-matching interface discretizations are needed. A more detailed categorization

and literature survey of numerical methods for fluid-structure interaction is discussed in

Ch. 4.

In recent years, with isogeometric analysis, a promising numerical method emerged that

tries to close the gap between computer aided design (CAD) and numerical analysis [89].

While CAD is usually used for the design of technical objects like cars, airplanes, etc.,

the resulting spline-based geometry model is utilized within numerical analysis only for

the domain definition. In a very time-consuming procedure, this domain is discretized

into a computational grid on which the numerical analysis is conducted. Besides the

computing resources, the generation of a computational mesh is the most expensive

and time-consuming part of computational analysis, taking up to 80% of the overall

time [89]. As in the standard finite element method, the isogeometric analysis consid-

ers the variational formulation of partial differential equations. Within the variational

formulation, the unknown solution is approximated with interpolation functions. But

instead of linear Lagrangian polynomials, the spline basis functions of the geometry

description are utilized. With that, the spline-based geometry generated with CAD

tools is directly involved in numerical analysis. An additional grid generation is not
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needed anymore. Unfortunately, today’s CAD tools provide surface splines only. There-

fore, the automatic generation of volume splines is an ongoing topic in the isogeometric

analysis community. To the author’s knowledge, a tool providing such models does

not exist and, thus, volume splines need to be generated manually. But since a vol-

ume discretization is mandatory in fluid mechanics, the applicability of isogeometric

analysis is currently limited to problems with geometries of minor complexity. In struc-

tural mechanics the situation is different. In case of thin-walled structures, structural

problems can be reduced to a surface problem, taking shell theory into account. Then,

isogeometric analysis can be applied directly to the CAD surface spline. In addition to

the simplified discretization, the higher-order smooth basis functions can be beneficial

for numerical accuracy. A more detailed discussion of isogeometric analysis is given in

Sec. 3.3.2.

Since isogeometric analysis was established, the method is applied for fluid-structure

interaction [9,10]. Within that field, the development of the method was pushed forward

mainly by two types of applications. On the one hand, bio-medical problems like blood

flow in arteries [10], in the abdominal aorta [9], heart-valves [84,85] or ventricular assist

devices [113] were analyzed with isogeometric analysis. On the other hand, the method

was continously developed within the scope of wind turbines [11, 12, 83, 161]. Due to

the thin-walled structures of the blades, isogeometric analysis was applied in this case

on the structural side only; the fluid part was discretized with standard finite elements.

But also in other engineering fields the method was used for the simulation of fluid-

structure interaction. Isogeometric shell elements were used in fluid-structure interaction

simulations in maritime engineering [160]. And the smooth description of the boundaries

makes this method suitable for problems that are sensitive to geometrical errors, like

the analysis of elasto-capillary fluids [153].

1.2 Motivation

The presented thesis continues the work initiated in SFB 401 on numerical methods for

aeroelasticity and the software framework SOFIA [29]. The framework was implemented

and applied to accompany wind tunnel tests in the HIRENASD [128] and ASDMAD

project [38]. Later on, it was extended for free-flying aircrafts [158], in SFB TR40 for

aerothermoelastic problems [80,81], and, parallel to the developments of this thesis, for

aeroservoelastic problems with the focus on optimal control [33]. In the presented thesis,
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the partitioned approach is expanded by spline-based methods to integrate the benefits of

the smooth geometry description of the coupling interface.

As previously mentioned, the application of isogeometric analysis is currently limited to

cases with moderate complexity. The generation of physical models is straight-forward,

if surface models, i.e., shell theory, can be applied. Unfortunately, since CAD tools

provide only surface models, the generation of volume splines is not trivial. Hence, in

complex cases of fluid-structure interaction, isogeometric analysis is usually combined

with Lagrangian finite elements. Unfortunately, the geometrical accuracy of the fluid-

structure interface is lost in that case. A compromise between both methods is the

NURBS-enhanced finite element method [136, 137], where the spline-based description

of the geometry is combined with Lagrangian finite elements. The integration of splines

into the method allows for integrating the exact representation of a domain boundary.

Additionally, the computational grid can be created by existing software. Combining

NURBS-enhanced finite elements with isogeometric analysis is promising, because the

interface is now represented geometrically exact on both sides. The method can be

attractive especially for problems where the fluid domain needs to be disretized with a

volume grid, but the shell theory is sufficient for structural analysis. The main aim of the

thesis is to investigate numerical advantages of that combination. Additionally, further

advantages of the spline-based description in the context of fluid-structure interaction

with free-surface flows are derived.

1.3 Overview

At the beginning, the presented thesis provides a brief but complete overview about

the theoretical background needed to understand the derived strategies for solving fluid-

structure interaction problems with spline-based methods. Thus, Chapter 2 introduces

the physical models for the single-field problems of fluid mechanics and elastodynam-

ics in terms of continuum mechanics. In the same context, the fluid-structure interac-

tion problem is defined. In Chapter 3, the numerical methods to solve the single-field

problems are introduced. These methods are the basis for the iteratively staggered

solution approach presented in Chapter 4. In the following, results of numerical ex-

periments are presented. Chapter 5 focuses on the effect to the accuracy by combining

NURBS-enhanced finite elements and isogeometric analysis. Aftwards, some challenging

problems for the partitioned solution approach are analyzed in Chapter 6. The numeri-

cal experiments are concluded in Chapter 7 by demonstrating further improvements of
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methods for fluid-structure interaction if spline-based models are involved. Eventually,

the thesis ends with a summary and further perspectives. In all phases, reference is

made to literature which can provide a more detailed insight into the particular top-

ics.
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2 Physical background

The interaction between a fluid and an elastic structure is actually the interaction be-

tween matter in different states of aggregation, acting on two different domains, which

are intersecting at a common surface. The field of Fluid-Structure Interaction (FSI)

is relevant if the behaviour of a system cannot be studied without taking the mutual

dependency between fluid and structure into account.

Both matter and the separating interface, rely on physical properties that can be ob-

served at different scales. If molecular effects are neglected, the physical characteristics

of matter can be studied by applying the hypothesis of continuum mechanics. This

hypothesis allows to derive equations for motion, deformation, etc., of any material in a

general way. The individual physical properties are taken into account by specific con-

stitutive models. Finally, the continuum hypothesis allows to directly derive coupling

conditions on the interface.

A complete introduction to continuum mechanics is not in the scope of this thesis; the

interested reader is pointed to [37, 114]. In the following sections, the essential parts to

derive the problem of fluid-structure interaction including the differences between the un-

derlying theory for fluid und solid mechanics are introduced.

2.1 Continuum mechanics

As mentioned in the introduction above, the physical properties of matter can be studied

on different scales: From the smallest scale, where matter is assembled from particles,

i.e., molecules, atoms, etc., to the macroscopic scale, where the physical properties of

matter are homogenized over the observed domain. Even if the analysis on microscopic

scales is crucial to get detailed information about the internal structure of matter and

its resulting properties, it is impossible to handle in numerical analysis on domain sizes

on the scale of engineering problems. Even tiny domains contain millions of disconti-

nously distributed particles and, hence, millions of degrees of freedom. The macroscopic
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2 Physical background

viewpoint immediately leads to the field of continuum mechanics, which is clearly more

convenient for numerical analysis. Even if such an approach decreases the accuracy of the

analysis in comparison to the microscopic one, the remaining accuracy is still sufficient

for studying engineering problems. The decision, whether continuum mechanics can be

reliably applied, can be made based on the Knudsen number, allowing to distinguish

between continuum and statistical mechanics.

The theory of continuum mechanics is based on the continuum hypothesis by Cauchy,

who first introduced the concept of strain and stress. Following that hypothesis, the

motion and deformation of a hypothetical physical object — called continuous medium or

continuum — is studied under the assumption that the matter is contiuously distributed

over the entire object. Hence, equations are derived to describe the behaviour of the

continuum under external effects. Initially, there is no distinction between the specific

behaviour of the type of matter. The resulting field equations need to be closed by models

for the specific matter to be investigated, i.e., fluids or solids. Even if the microscopic

structure of the studied matter is not regarded explicitly, its properties are transferred

to these constitutive laws.

The derivation of field equations in continuum mechanics can be subdivided into two

main parts. While kinematics describe the motion purely in sense of geometry, balance

laws describe the physics that cause the motion of the observed object.

2.1.1 Kinematics

Following the hypothesis of continuum mechanics, a body BX is defined by a domain

ΩX with boundary ΓX that is occupied by the observed portion of matter at time t = 0,

cf. Fig. 2.1. This configuration is called reference or material configuration. Within the

domain ΩX , a material point is uniquely defined byX. The material points are changing

the position during time, forming at time t the body Bx on Ωx with boundary Γx. This

configuration is called current or spatial configuration. As long as discontinuities, e.g.,

cracks and voids are neglected, the spatial position x of a material point X at time t is

specified by

x = φ(X, t), (2.1)

where the function φ is called the motion of the body. Based on the motion of a material

point X its displacement is given by

d = φ(X, t)−X. (2.2)
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X

x

ΩX

Ωx

BX

Bx

N

n

φ

Figure 2.1: Motion of a body.

while the local deformation at that point can be measured by the deformation gradi-

ent

F = ∇Xx = I +∇Xd (2.3)

and its Jacobian determinant

J = det(F ), (2.4)

while ∇X respresents the nabla operator with respect to X. Based on this relation

between material and spatial configuration, rates of change, including rates of motion,

within the observed continuum can be observed from two different viewpoints:

Lagrangian viewpoint : The properties of a bodyB are observed in the reference/material

configuration. The observer is following the material pointsX, while the spatial position

x of these points is given by the motion φ(X, t) for all t. The reference configuration —

often the initial configuration is chosen — is time-independent and fixed in space, i.e., a

certain point X is always surrounded by the same set of points.

Eulerian viewpoint : The so-called spatial description is defined by a set of points

with fixed location. The observer is located at a fixed non-moving spatial position

x, recognizing the change by all material points that are passing that position. The

relation between the particle passing x at a certain time t = tA and its specific position

in the initial configuration is given therefore by the inverse of motion X = φ−1(x, tA).

For t 6= tA another particle is passing x. With that, the phenomenon of advection
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2 Physical background

is introduced, i.e., the changes measured at x are not only the local changes of the

particle reaching x, but also the change of the changing particles transported through

x.

Based on these definitions and by exploiting the one-to-one mapping of the motion φ, the

velocity of a particle is defined in both frameworks as follows:

∂φ(X, t)

∂t
=

∂d(X, t)

∂t︸ ︷︷ ︸
velocity in Lagrangian viewpoint

=
∂d(φ−1(x, t))

∂t
= u(x, t).︸ ︷︷ ︸

velocity in Eulerian viewpoint

(2.5)

Additionally, the rate of change, also called material time derivative, for any scalar field

Φ = Φ(X, t) in material configuration is given by:

DΦ

Dt
=

∂Φ

∂t
, (2.6)

while the material time derivative for any scalar field Ψ = Ψ(x, t) on a spatial point x

is given by
DΨ

Dt
=

∂Ψ

∂t
+

∂Ψ

∂x
·
∂x

∂t
=

∂Ψ

∂t
+ u · ∇xΨ, (2.7)

where the second term on the right-hand side is the convective part. Here,∇x respresents

the nabla operator with respect to x. In particular, the acceleration passing x at time

t can now be computed by
Du

Dt
=

∂u

∂t
+ u · ∇xu. (2.8)

2.1.2 On stress and force

The motion and deformation previously defined by kinematic relations are caused by

external forces applied to the observed body. Before the relation between motion and

forces is introduced, the general definition of forces on deformable bodies in the frame-

work of continuum mechanics is shortly discussed. Later on, this will be essential for

deriving coupling conditions at the interface between fluid and solid.

The total forces acting on a body can be subdivided into body and surface forces. Body

forces, e.g., gravitational forces, are acting on the entire volume of material and can be

specified by

fb =

∫

Ωx

ρb dΩx, (2.9)
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2.1 Continuum mechanics

where the vector b is the body force per unit of mass. Instead, surface forces are acting

on a surface of a body that separates it from its environment. Cauchy’s stress postulate

introduces a stress vector field s(x, t,−n), specified as the force per unit area depending

on the position x, time t and unit normal n on an oriented surface Γx. Commonly, the

outer normal on Γx is chosen, while s = s(x, t,n) is the external force. Hence, the total

surface force on surface Γx can be written as:

fs =

∫

Γx

s dΓx. (2.10)

x

nI σ

Ωx,I

x

nIIσ

Ωx,II

x

n

Γ

Ωx

dΓx

Figure 2.2: Stress relation on an internal surface (left) and on two bodies with a com-
mon surface (right).

As the vector field s introduced above is uniquely defined over the entire body, the

definition of surface forces can be generalized by cutting the body with an imaginary

surface Γ; cf. Fig. 2.2. Since the resulting internal surface dΓx is completely enclosed

by the body, there are two possible choices for the surface normal. Following Netwon’s

third law of motion, it is postulated that the traction for these choices must be equal,

and therefore:

s(x, t,−n) = −s(x, t,n), (2.11)

which is also called Cauchy’s reciprocal relation. The state of stress of a body at point

x at time t is uniquely defined with Cauchy’s law by a second-order tensor T , called

Cauchy’s stress tensor, and the relation:

s(x, t,n) = T (x, t)n. (2.12)
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2 Physical background

The stress tensor is strongly depending on the studied material and will be modelled

later. Now, the domain Ω can be sub-divided into two non-overlapping subdomains ΩI

and ΩII with

ΩI ∪ ΩII = Ω and ΩI ∩ ΩII = ∅. (2.13)

The splitting interface between both subdomains can be defined as

ΩI ∩ ΩII = ΓI,II . (2.14)

The configuration subscripts are omitted here, since the relation holds in both material

and spatial configuration.

As the presented thesis focuses on conventional solids and fluids by neglecting po-

lar materials, the resulting bodies are coupled only across the surface. Then, the

concept of coupled stress and the outer normals of opposite sides result in the rela-

tion

TI(x, t)nI = TII(x, t)nII or TI(x, t)n = −TII(x, t)n. (2.15)

Hence, it is not necessary to distinguish between internal and external surface (contact)

forces. The main difference is how the observed body is separated from its environment.

In the following, this is useful when boundary conditions for fluid-structure interaction

and free-surface flows are defined in Sec. 2.2.

2.1.3 Fundamental laws of continuum

mechanics

While the description of motion and deformation is based on geometrical relations, the

physical response of a continuum to external influences is specified by balance laws,

defined in material or in spatial form. These balance laws can be derived from the

fundamental mechanical principles. Their detailed derivation can be found in any con-

tinuum mechanics book, like [37,114]. Here, only the fundamental principles are recalled

shortly.

Mass balance : The mass of a closed body remains unchanged during its motion, follow-

ing the principle of conservation of mass. Therefore, the following relation holds:

∫

ΩX

ρ0 dX =

∫

Ωx

ρ dx, (2.16)
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2.1 Continuum mechanics

with mass density in reference configuration ρ0 = ρ0(ΩX) and in current configuration

ρ = ρ(Ωx).

Linear Momentum: The material time rate of change of linear momentum of body Bx

at time t is equal to all forces acting on the body, cf. Sec. 2.1.2, known as the principle of

balance of linear momentum or Newton’s second law of motion:

D

Dt

∫

Ωx

ρu dΩx =

∫

Γx

Tn dΓx +

∫

Ωx

ρb dΩx. (2.17)

Angular momentum: The material time rate of change of angular momentum about

the origin of body Bx at time t — known as the law of balance of angular momentum

— is equal to the resultant moment about the origin of the external forces acting on

Bx.
D

Dt

∫

Ωx

x× ρu dΩx =

∫

Γx

x× Tn dΓx +

∫

Ωx

x× ρb dΩx. (2.18)

In the absence of body moments, the principle of angular momentum leads to the conclu-

sion, that the stress tensor is symmetric, see [37,114], and thus

T = T T . (2.19)

Since this equation is implicitly fulfilled by the considered constitutive laws, it is not

included explicitly in numerical analysis. However, the previous equation does not hold

for polar materials, which are not considered in this thesis.

Energy conservation: The total energy of a body Bx is the sum of internal and kinetic

energy. The material time rate of change of the total energy is equal to the sum of the rate

of work done by volume and surface forces and the rate of the amount of heat generated

in the volume and crossing the boundary. This is known as the principle of balance of

energy or the first law of thermodynamics. With the internal energy per unit of mass ǫ,

the heat flux through the surface q, the heat internally generated per unit volume r and

with strain rate tensor D (u) = sym (∇xu), it is given as:

D

Dt

∫

Ωx

ρǫ+
1

2
ρu · u dΩx =

∫

Ωx

T : D dΩx −

∫

Γx

q · n dΓx +

∫

Ωx

r dΩx. (2.20)
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2 Physical background

The field equations of continuum mechanics are completed by the second law of ther-

modynamics and the related Clausius-Duhem inequality. Since thermal effects are not

studied in this thesis, it is referred to [114] for more details.

All the fundamental laws of continuum mechanics, also called balance laws, previously

introduced in Eulerian form can be generalized in terms of integral equalities [114]. Let

â be a vector of a conserved quantity, b̂ a volumetric source term and Cx a second

rank tensor defining surface fluxes Cxn. Then the master balance law describes the

change of the quantity in the observed domain Ωx by fluxes over its boundary and

source terms:
D

Dt

∫

Ωx

â ddΩx =

∫

Γx

Cxn dΓx +

∫

Ωx

b̂ dΩx. (2.21)

By applying the transport and divergence theorem, the master balance law in Eulerian

form can be rewritten as

∫

Ωx

[
∂â

∂t
+∇x · (âu−Cx)− b̂

]
dΩx = 0. (2.22)

Hence, a local form of the master balance law in Eulerian form can be extracted:

∂â

∂t
+∇x · (âu−Cx)− b̂ = 0. (2.23)

By applying the relations introduced in Sec. 2.1.1, the integral equation (2.22) can be

transformed to the material domain, resulting in the master balance law in Lagrangian

form, see [114]: ∫

ΩX

[
∂Jâ

∂t
−∇X · (JF−1Cx)− J b̂

]
dΩX = 0. (2.24)

Similar to the Eulerian form, a local form can be extracted:

∂Jâ

∂t
−∇X · (JF−1Cx)− J b̂ = 0, (2.25)

where the relation

JF−1Cx = CX (2.26)

is called Piola transformation. By applying (2.22)-(2.25) to the introduced balance laws,

local forms of the mass, momentum and energy equations both in Eulerian and La-

grangian viewpoint can be derived. Both sets of equations are the basis for numerical

analysis later and are summarized in Tab. 2.1. The stress tensor in material configura-
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2.1 Continuum mechanics

tion is given by the second Piola-Kirchhoff stress S following the relation:

S = JF−1TF−T . (2.27)

Material description (Lagrangian) Spatial description (Eulerian)

on ΩX , ∀t ∈ (0, T ) on Ωx, ∀t ∈ (0, T )

Mass conservation

ρ0 = ρJ (2.28)
Dρ

Dt
+ ρ∇x · u = 0 (2.29)

Conservation of Linear Momentum

ρ
D2d

Dt2
= ∇X · (FST ) + ρ0b (2.30) ρ

Du

Dt
= ∇x · T T + ρb (2.31)

Conservation of Angular Momentum

ST = S (2.32) T T = T (2.33)

Conservation of Energy

ρ0
Dǫ0
Dt

= FST ·(∇Xu)−∇X ·q0+r0 (2.34) ρ
Dǫ

Dt
= T T · ∇xu−∇x · q + r (2.35)

Table 2.1: Balance laws [122].

Although these laws are applicable to all continua regardless of their internal structure,

the viewpoint finally chosen depends on the specific problem. For the analysis of elas-

todynamic problems, the Lagrangian viewpoint is commonly utilized, since the relative

movement of neighboring particals is small. This is not the case in fluid dynamics, i.e.,

if vortices are present. Additionally, in case of fluid dynamics, engineers are more inter-

ested in the flow field within a defined domain than in the movement of specific particles.
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2 Physical background

Therefore, the Eulerian viewpoint is a proper choice in fluid dynamics. However, the

Eulerian viewpoint is not sufficient anymore, if moving boundaries are involved, i.e., in

case of fluid-structure interaction and free-surface flow problems. This is discussed in

more detail in Sec. 3.5.4.

Since the unknowns in the balance law are density, velocity and energy, the equations

need to be closed by constitutive models for the stress tensors T and S, respectively.

These models are representing the intrinsic physical properties of the considered contin-

uum.

2.1.4 Constitutive equations

In the previous sections, the fundamental laws of continuum mechanics were introduced,

together with the Eulerian and Lagrangian viewpoints. Following the continuum hy-

pothesis, these laws can be applied to every physical object for which the assumption

of a continously distributed matter holds and a macroscopic viewpoint is convenient.

Although these laws were introduced in different frameworks, the fundamental balance

laws do not distinguish between different kinds of continua, i.e., gases, liquids or solids.

For that reason, the previous laws need to be closed by mathematical models that

reflect the physical properties of an observed continuum. Often, these models are de-

rived using experimental data and mathematical generalizations of these data. One

of the best known constitutive equation is the Hooke’s law for linear elastic materi-

als, that was derived in the 17th century by Robert Hooke based on observations of

springs.

In the following, the constitutive equations applied in numerical studies of this thesis are

presented. These are the models for hyperelastic solids and incompressible Newtonian

fluids.

Models for structural mechanics

The constitutive model that is mainly applied to solids in the presented thesis relies on

the theory of hyperelasticity. Assuming that the observed body is isothermal, energy is

stored only in deformation, cf. Eq. (2.20). Hence, the elastic solid keeps its deformation

as long as the applied outer forces are not varying. Assuming ideal elasticity and a

stress-free initial configuration, the observed body deforms back to its initial configura-

tion, when the outer forces are diminishing.
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2.1 Continuum mechanics

The simplest hyperelastic material, convenient for moderate strains, is based on Hooke’s

law for a general anistropic solid, giving a linear relation between strain and stress

tensor:

Ss = C : G, (2.36)

with the Green strain tensor

G =
1

2

(
F TF − I

)
, (2.37)

and a constant fourth-rank tensor of elastic moduli C, that can be split into its invariants

by using scalars α,β and γ:

Cijkl = αδijδkl + βδikδjl + γδilδjk. (2.38)

Although C can be designed to represent various types of anistropic materials [150], the

simplest form assumes isotropy. Following that assumption, the constitutive law (2.36)

can be rewritten by introducing the Lamé parameters λs = α and 2µs = β + γ into

(2.38):

Ss = λstr(G)I + 2µsG. (2.39)

A complete derivation of the model based on the strain energy function is given, e.g.,

in [114]. Alternatively, the model can be expressed by using the Young’s modulus E

and the Poisson ratio ν as material properties:

λs =
E

2 (1 + ν)
, (2.40)

µs =
νE

(1 + ν) (1− 2ν)
. (2.41)

While the Young’s modulus is comparable to the factor of proportionality in Hooke’s

law for springs, the Poisson ratio is the ratio of transversal to axial strain.

The resulting constitutive law is called St. Venant-Kirchhoff model. It is time-independent

and does not rely on the rate of deformation. Without any additional restriction, i.e., by

adding a direct relation to the mass conservation equation, the material is assumed to

be compressible. It is physically valid in case of small strains [114] and moderate forceful

compressions [141]. But since rigid-body motions produce no strains, it allows for large

displacements. Finally, assuming an isothermal and compressible body, the equation of

linear momentum is the only field equation to be taken into account to study motion in

classical elasticity theory.
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2 Physical background

Models for fluids

The fundamental characteristic property distinguishing a fluid from a solid is its inability

to sustain shear stress when it is at rest or uniform motion. In case of an external

constant shear stress, a fluid will constinuously flow, while a solid would reach a constant

deformation, called static equilibrium. In contrast, the stress on a surface element

consists only of normal pressure −p if the fluid rests or is in uniform motion, while

tangential stress is zero. This property needs to be reflected by the constitutive model.

Thus, the fluid stress tensor is split into contributions by the hydrostatic pressure p, and,

in case the fluid exerts shear stresses, viscous stresses T v, following George G. Stokes

(1845):

T f = −pI + T v. (2.42)

Similar to the Green strain tensor (2.37), one can introduce a strain rate tensor:

D (u) =
1

2

(
∇xu+ (∇xu)

T
)
= sym (∇xu) , (2.43)

which disappears if the fluid rests or is in uniform motion. One common choice is to

model the viscous stress tensor as a homogeneous function of D, called Stokesian fluid.

In case of a linear homogeneous function, it is called linear viscous fluid that can be

written as:

T v = A : D (2.44)

As in (2.38), the fourth-rank tensorA can be split by using α, β and γ:

Aijkl = αδijδkl + βδikδjl + γδilδjk. (2.45)

By defining the coefficients of viscosity under the assumption of isotropy with λ̄ = α

and 2µ̄ = β + γ, with (2.42) the constitutive equation for so called Newtonian viscous

fluids follows

T f =
(
−p+ λ̄∇x · u

)
I + µ̄

(
∇xu+ (∇xu)

T
)
. (2.46)

Since the viscous terms have to dissolve in case of a fluid in uniform motion, the consti-

tutive equation is completed by the relation λ̄ = −2
3 µ̄. This model is called Stokes’ law

and was obtained by Stokes as a generalization of Newton’s law of viscosity, derived by

Newton in 1687 based on experimental observations. Using the introduced consititutive

relation within the momentum equation leads to the well-known Navier-Stokes equations.

These can be applied to model the mechanical behaviour of a wide variety of common

liquids and gases.
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2.2 Summary with focus on FSI and FSF problems

In the presented thesis, exclusively incompressible fluids (ρ = const) are studied. In

that case, mass conservation (2.29) simplifies to

∇x · u = 0, (2.47)

and the final stress tensor for linear, isotropic, viscous, incompressible fluids can be given

as

T̂ f (p,u) = −pI + 2µ̄D (u) . (2.48)

If the viscosity is additionally kept constant, the energy equation is decoupled from mass

and momentum equations and does not need to be solved to obtain information about

the flow field.

2.2 Summary with focus on FSI and FSF

problems

ΩfI

ΩfII

Ωs

Γout

Figure 2.3: Sketch of a typical setup for fluid-structure interaction with free-surface
flows.

With the recapped basics of continuum mechanics, the fundamental characteristic of

fluid-structure interaction problems is the clear interface between both continua. The

interface is uniquely defined as a sudden change in material properties. The same is valid

also for free-surface flows, as long as two immiscible fluids are interacting. Both problems
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2 Physical background

can be generalized as a surface-coupled problem. Based on the previous sections, coupling

conditions that need to be fulfilled on the interface between interacting continua can be

introduced. The presented thesis is focusing on incompressible fluids and isothermal

structures, so the only energy exchange between both parts are due to the mechanical

loads.

Similar to the general description, the domain Ω can be sub-divided into three non-

overlapping subdomains, two enclosing the immiscible fluids fI and fII , and one enclos-

ing the solid s, as marked by the subscripts, cf. Fig. 2.3:

ΩfI ∪ ΩfII ∪ Ωs = Ω and ΩfI ∩ ΩfII ∩ Ωs = ∅. (2.49)

The FSI interface is given by

Ωfi ∩ Ωs = Γf is, i ∈ {I, II}, (2.50)

and the free-surface is defined by

ΩfI ∩ ΩfII = ΓfIfII . (2.51)

Finally, the contact line γfIfIIs between both fluids and the solid can be defined by

ΩfI ∩ ΩfII ∩ Ωs = γfIfIIs. (2.52)

Following the kinematics introduction in 2.1.1, kinematic coupling conditions, ensuring

a synchronized geometrical movement of all the interfaces, can be derived.

dα = dβ on Γαβ, α, β ∈ {s, fIfII}, α 6= β, (2.53)

uα = uβ on Γαβ, α, β ∈ {s, fI , fII}, α 6= β, (2.54)

aα = aβ on Γαβ, α, β ∈ {s, fI , fII}, α 6= β, (2.55)

As the continua are in mutual dependency regarding stresses, Cauchy’s reciprocal rela-

tion (2.12) leads to the dynamic boundary conditions for the FSI interfaces

T fn = T sn on Γfs. (2.56)

Here, additional contributions by surface tension at the fluid-structure interface are ne-

glected. Since in case of fluid-structure interaction commonly the Eulerian — or ALE, cf.

Sec. 3.5.4 — viewpoint is applied on fluid side and the Lagrangian one on structural side,
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2.2 Summary with focus on FSI and FSF problems

the coupling condition needs to be adapted by using relation (2.27):

T fn =
1

J
FSsN on Γfs. (2.57)

As mentioned before, the same condition can be applied in case multiphase flows are

involved. However, surface tension causing a pressure jump over the interface needs

to be taken into account, which is usually neglected in case of solids. The mutual

dependency/dynamic coupling condition on the fluid-fluid interface can be modeled by

applying the Young-Laplace equation [6]:

(T fI − T fII )n = γκn on ΓfIfII , (2.58)

where γ is the surface tension coefficient and κ the curvature of the surface ΓfIfII . The

outer boundary Γout is actually separating the observed domain from its environment.

Hence, boundary conditions similar to the coupling conditions need to be defined. Since

the external surface can be handled like internal boundaries, kinematic and dynamic

constraints need to be prescribed at the interface.

By the definition of coupling conditions, the theoretical background of the FSI prob-

lem is completed. In macroscopic view, the problem is just a continuum mechanical

problem with a discontinuous material change at a clearly defined surface. At that sur-

face, the observed domain can be split into sub-bodies by requiring that the coupling

conditions are fulfilled on the interface. The equations for the subproblems can be de-

rived separately, i.e., by using different viewpoints and, of course, separate constitutive

models. Later on, this divide-and-conquer strategy is also utilized to derive the applied

staggered numerical solution scheme. But first, numerical schemes for the single-field

problems are introduced in the next section, before these schemes are combined in a

numerical scheme for the overall problem.
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2 Physical background
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3 Spline-based methods for fluid and

structural mechanics

In the previous section, the physical foundation of FSI problems was introduced based

on continuum mechanics. In general, the resulting partial differential equations (PDEs)

are not analytically solveable anymore. Thus, numerical methods allowing to solve these

equations in a discrete manner are required. Literature offers a wide variety of numeri-

cal methods, such as finite elements, finite volumes, finite differences or even mesh-less

methods. In all cases, the PDEs have to be discretized in both space and time. For

that, different strategies can be applied, see Fig. 3.1. In case of Method of Lines, space

is discretized first and time afterwards. The Method of Rothe is following exactly the

opposite way. Space-Time Methods allow for a discretization of both directions simulta-

neously. In general, all these discretization strategies can be applied to the equations of

motion, cf. 2.1, independent of the chosen viewpoint.

Within the present thesis, all methods are based on the finite element method, which

is briefly summarized in Sec. 3.2. While the elastodynamic problem is solved following

method of lines combining finite elements in space and finite differences in time, the

fluid problem is solved with the space-time finite element method. In both cases, the

discretization relies on the variational formulation and finite-dimensional function spaces.

continuous discrete in time

discrete in space discrete in space & time

Space-Time FE

Method of Rothe

Method of Lines

Figure 3.1: General discretization schemes; Method of Lines applied to elastodynamics
(red); Space-Time FE applied to fluid dynamics (blue).
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3 Spline-based methods for fluid and structural mechanics

The concept of these spaces is introduced in Sec. 3.3, variational formulations for both

problems are given in Sec. 3.4 and Sec. 3.5. Since the numerical methods involve splines,

they are introduced first in the following.

3.1 Splines

In the past, splines were used by draftsmen as an engineering tool for construction of

ships, cars, airplanes, etc. In these particular applications, splines were elastic strips

made of, e.g., wood, that were spanned between two defined points and formed to get

the smoothest possible shape restricted by given weights and nails. In physical sense,

the draftspline has taken the shape that minimizes the elastic energy with respect to the

applied constraints.

With direct reference to the designer’s draftspline, the concept of splines as a piece-

wise polynomial, parametric function was introduced by Schoenberg in 1946 [134]. In

the late 1950s the concept of splines was applied to geometry representation. Thus,

it is not surprising that the further development of mathematical splines was driven

later by computer-based construction and design, strongly influenced by engineers and

mathematicians like de Casteljau, Bezier and de Boor. Today, the mathematical splines

have nearly completely replaced the draftsplines, and are now the standard tool in

computer-aided design (CAD). A detailed overview about the history of splines is given

in [43].

In recent years, splines were getting more and more popular for solving PDEs in sense of

isogeometric analysis, initiated by Hughes et. al in 2005 [89]. Here, splines are acting as

finite-dimensional interpolation functions for finite elements. That is also how they will

be used in the presented thesis. Since the thesis is focusing on non-uniform rational B-

splines (NURBS), that will be introduced in the following.

3.1.1 Non-uniform rational B-splines

Non-uniform rational B-splines (NURBS) were introduced by Versprille [155], based

on the work of Riesenfeld [130] on B-Splines. In the following, the general concept of

NURBS is introduced for a curve, and extended in a common way to higher dimen-

sional manifolds as surfaces and volumes. A NURBS curve x(θ) of degree p is defined
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3.1 Splines

as

x (θ) =

ncp∑

i=0

XiR
p
i (θ) , (3.1)

which is a parametric function of the parametric coordinate θ, composed by a linear com-

bination of piecewise rational basis functions, the NURBS basis functionsRp
i :

Rp
i (θ) =

ωiB
p
i (θ)∑ncp

î=0
ωîB

p

î
(θ)

. (3.2)

Here, Xi are the coordinates of the control points, that span the control polygon as a

convex hull around the curve. The dimensions of Xi and C, respectively, depend on

the Euclidian space the curve is embedded in. The ωi are the corresponding weights of

the control points and Bp
i (θ) the B-spline basis functions of degree p. They are defined

recursively by the Cox-de Boor formula:

B0
i (θ) =

{
1 if θ ∈ [θi, θi+1[,

0 elsewhere,
(3.3)

Bk
i (θ) =

θ − θi
θi+k − θi

Bk−1
i (θ) +

θi+k+1 − θ

θi+k+1 − θi+1
Bk−1
i+1 (θ) . (3.4)

θi are referred to as knots. They are ordered monotonically increasing θ0 ≤ θi ≤ θi+1 ≤

θn, defining the knot vector Ξ

Ξ = {θ0, ..., θ0︸ ︷︷ ︸
p+1

, θp+1, ..., θncp−p−1, θn, ..., θn︸ ︷︷ ︸
p+1

}.

The multiplicity of the first and last knot in the sense of an open knot vector leads to the

interpolatory property of NURBS at the first and last control point of a curve.

Since each NURBS basis function has a compact support — the interval were the function

is not equal to zero — the influence of each basis function Rp
i is restricted to the specific

interval [θi, θi+p+1[ in the parameter space. Hence, at most p+1 basis functions are non-

zero on a knot span [θi, θi+1[, which is an important property with respect to efficient

assembly strategies in IGA. The basis functions are always positive and, additionally,

the sum of all basis functions evaluated at a parametric coordinate θ gives 1, which is

known as partition of unity. The basis functions are p times continuously differentiable

between knots. However, the continuity is changing with multiplicity of single knots

within the knot vector. In that case, the continuity is decreasing by k at the individual
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3 Spline-based methods for fluid and structural mechanics

knot, where k is the knot multiplicity.

Based on the properties of the basis functions, properties of the curve itself can directly

be deduced. First, all properties of continuity can directly be transferred to the NURBS

curve. For example, the differentiability of the curve is defined by the multiplicity of

a knot. Based on the locality of the NURBS basis functions, the change of a control

point Xi affects only the curve on interval [θi, θi+p+1[. An example curve is given in

Fig. 3.2–Fig. 3.5.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

Figure 3.2: NURBS basis functions

Ξ = [0 0 0 0.25 0.5 0.75 1 1 1]

X = [0 0.5 1.5 2.5 3.5 4]

Y = [1 1.5 1.5 0.5 0.5 1]

ω = [1 1 1 1 1 1]

Figure 3.3: Knot vector, control point co-
ordinates and weights

Figure 3.4: Control polygon and related
NURBS curve

Figure 3.5: Position of knots evaluated
on NURBS curve

NURBS surfaces and volumes can be constructed by tensor products of NURBS curves,

resulting in multivariate functions. Consequently, the basis functions Rp,q
ij (θ, η) for

NURBS surfaces are defined as

Rp,q
i,j (θ, η) =

ωi,jB
p
i (θ)C

q
j (η)∑ncp

î=0

∑mcp

ĵ=0
ωî,ĵB

p

î
(θ)Cq

ĵ
(η)

, (3.5)

and by another tensor product, the NURBS basis function for volumes as:

Rp,q,r
i,j,k

(θ, η, ζ) =
ωi,j,kB

p
i (θ)C

q
j (η)D

r
k (ζ)∑ncp

î=0

∑mcp

ĵ=0

∑lcp

k̂=0
ω
î,ĵ,k̂

Bp

î
(θ)Cq

ĵ
(η)Dr

k̂
(ζ)

. (3.6)

The properties mentioned above for NURBS basis functions and NURBS curves can
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3.2 Introduction to finite element methods

directly be transferred to these multivariate versions.

As for NURBS curves, with each combination of the indices used as subscripts of R,

both, one basis function and one control point, are related. Omitting the superscript for

the polynomial degrees, a common formulations for curves, surfaces and volumes can be

given as

x (θ) =

ncp∑

A=0

RA (θ)XA, (3.7)

while using the subscript A as a unique identifier of the control points and basis func-

tions.

More details on NURBS can be found in [43, 125], also including efficient algorithms

for, e.g., the evaluation of NURBS, refinement and geometrical operations. An open-

source library for different spline types is provided by CATS [70] and was already used

in [79,140,168].

3.2 Introduction to finite element

methods

The numerical methods applied in this thesis are different kinds of finite element methods,

following all the same steps: 1) a variational formulation over the whole domain Ω, 2) a

triangulation T decomposing the domain into non-overlapping subdomains Ωe of finite

size, and 3) the choice of a proper finite-dimensional interpolation space Sh as subspace

of the actual solution space S. A general definition of finite elements can be found in

Ciarlet [40].

The specific finite element methods applied in this thesis are referred to in literature as

(linear Lagrangian) Finite Elements [98, 164], NURBS-enhanced Finite Elements [136,

137] and NURBS-based isogeometric Finite Elements [8, 43]. The names are related to

the chosen basis functions constructing the particular finite-dimensional function space.

The specific functions spaces are introduced in Sec. 3.3.

Linear isoparametric Lagrangian finite elements are still the most widespread finite el-

ement class, in literature often just called finite elements. To avoid misunderstandings,

the method is named standard finite elements (SFEM) in this thesis. The SFEM func-

tion spaces utilize linear Lagrangian polynomials on a triangulation by convex polygons

(2D) or polyhedra (3D), e.g., triangles or tetrahedrons. The polynomials are defined as
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3 Spline-based methods for fluid and structural mechanics

Ωe

Ωref
e

Φ

ξ

η

0x

y

0

Figure 3.6: Mapping from physical space to reference element

ansatz functions on a unique reference element, that is used for numerical integration

on all global elements via coordinate transformation. In case of NURBS-enhanced fi-

nite elements (NEFEM) this transformation is slightly modified for all elements in the

vicinity of the boundaries by taking the spline-based geometry into account. In case of

NURBS-based isogeometric finite elements, the ansatz functions are implicitly defined

by the basis functions of the NURBS, elements are defined by the underlying knot vec-

tors. This leads to one major difference between SFEM/NEFEM and IGA: While the

basis functions are defined on element level in case of SFEM/NEFEM, they are defined

globally in case of IGA. Hence, the SFEM/NEFEM basis functions can be summed up

to a global interpolation function while the IGA basis function can be subdivided into

element-wise basis functions.

3.2.1 Short remark on numerical integration

The finite element method involves the numerical evaluation of integrals over subdomains

Ωe. To simplify implementation, numerical integration is conducted on simple reference

elements in reference coordinates, instead of an individual integration in the physical

domain. In general, the integral of the continuous function f(x) over domain Ωe can be

transformed to an integral over a domain Ωref applying the mapping function x = φ(ξ)

: ∫

Ωe

f(x) dΩ =

∫

Ωref

f(φ(ξ)) |detJ | dΩref (3.8)

with the Jacobian J =
∂φ(ξ)
∂ξ , cf. Fig. 3.6. But even if the integration is computed on

simple domains, it still needs to be computed numerically. For that reason, in all solvers
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3.2 Introduction to finite element methods

used in this thesis Gaussian integration is applied:

∫

Ωref

g(ξ) dΩ ≈

nGP∑

l=0

g(ξl)wl, g(ξ) = f(φ(ξ)) |detJ | , (3.9)

with Gauss weights wl and Gauss points ξl. The number of Gauss points depends on

the degree of the polynomial function to integrate [46].

3.2.2 Short remark on linearization of nonlinear

problems

Due to the displacement- or velocity-dependent stress tensors, the balance laws are

nonlinear. Hence, also the numerical methods lead to a nonlinear system of equations,

commonly written in residual form:

R(d) = 0. (3.10)

To solve this problem numerically, the nonlinear system is solved by applying the Newton-

Raphson method [27]. By using Taylor’s theorem the residual is linearized at iteration

k + 1 around the know solution k

R(dk+1) = R(dk) +DR(dk)∆d = 0. (3.11)

Assuming that the Jacobian matrix DR(dk) has been computed, the nonlinear problem

can be solved by:

DR(dk)∆d = R(dk), (3.12)

dk+1 = dk +∆d. (3.13)

Actually, the convergence of the Newton-Raphson method strongly depends on the cho-

sen initial value. If the current value is close to the final solution, the convergence is of sec-

ond order [7]. The linear system can be solved with GMRES [131].
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3 Spline-based methods for fluid and structural mechanics

3.2.3 Short remark on the numerical domain

The difference between the observed physical domain Ω and the discretized domain Ωh

strongly depends on the applied method. In case of linear isoparametric Lagrangian

finite elements, the relation is unique, since the domain and its boundaries are linearly

interpolated.

Ω ≈ Ωh. (3.14)

In case of NEFEM and NURBS-based IGA, the smooth boundary of the physical do-

main is represented by a spline. As long as the initial geometry was generated by a

NURBS, both methods are initially geometrically exact. However, as soon as the do-

main is deformed based on numerical results, e.g., based on the computed results on

the solid side in case of FSI, all methods are acting on an approximated state of the

geometry. For these reasons, Ωh is always used to denote the computational domain in

the following.

3.3 Finite dimensional ansatz spaces

The variational formulation of the balance laws presented below is discretized in the

sense of a finite element method by finite function spaces as an approximation of the

continuous solution space Sh ⊂ S. These function spaces are defined by finite dimen-

sional interpolation functions. A continuous function can be approximated by a linear

combination of all basis functions Na, reading

u ≈ uh =

nn∑

a=1

Naua, (3.15)

with the nodal values ua. Hence, the numerical properties of a specific FE method

depend strongly on the properties of the applied basis functions. A finite element method

is called isoparametric, if the unknown function is interpolated with the same ansatz

space as the geometry [87],

xh =

nn∑

a=1

Naxa, (3.16)

while chosing all coordinates xa as basis points.
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3.3 Finite dimensional ansatz spaces

In the following sections, the finite-dimensional ansatz spaces applied in this thesis are in-

troduced. They are all summarized in a finite-dimensional subspace I0 that is used in the

discretization of the variational formulation by I0 ⊂ C0(Ωh).

3.3.1 Linear isoparametric Lagrangian finite

elements

Ωe

Ωref

ΦSFEM

ξ̂

η̂

0

L1(ξ̂, η̂) = ξ̂

L2(ξ̂, η̂) = η̂

L3(ξ̂, η̂) = 1− ξ̂ − η̂

Figure 3.7: Mapping and basis functions for linear isoparametric Lagrangian finite el-
ement

In case of standard finite elements, interpolation functions are defined locally on reference

elements Ωref given by a triangulation T . The shape functions of Lagrangian finite

elements are constructed by products of one-dimensional Lagrange polynomials, given

in barycentric coordinates ξ̂ by local basis functions and nodal values on the reference

element. The mapping for the geometry of a specific element Ωe with nen as the number

of element nodes is given as

Φ : Ωref −→ Ωe

ξ̂ 7−→ ΦSFEM

(
ξ̂
)
:= xh =

nen∑

a=1

La(ξ̂)x
e
a.

(3.17)
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Following the isoparametric concept for any approximated solution dh leads to

uh =

nen∑

a=1

La(ξ̂)u
e
a. (3.18)

Concerning SFEM, only linear elements are applied in this thesis, e.g., the linear trian-

gles introduced first by Courant in 1943, see Fig. 3.7. Lagrangian finite elements are

interpolative at basis points, in case of the linear version solution and geometry are

interpolated linearly in between. The shape functions are strictly positive only in case

of linear Lagrangian FE. The linear Lagrangian finite elements are differentiable once

within the domain, the derivatives are discontinuous across element boundaries. A de-

tailed derivation of linear and higher order elements based on Lagrangian polynomials

can be found, e.g., in [87, 164].

3.3.2 NURBS-based isogeometric analysis

Ωref

r

s

Ωphys
e

Ωpara
e

ΦIGA

ΨΨ ◦ΦIGA

ξ

η

Figure 3.8: Physical space, parametric space and reference element for isogeometric
finite elements
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3.3 Finite dimensional ansatz spaces

Isogeometric Analysis was introduced in 2005 by Hughes et al. [89]. The key idea is to

utilize the very same NURBS used for representing geometry in CAD systems also for

numerical analysis. Since it was published, several other spline types were included into

IGA, e.g., analysis-suitable T-Splines [111,135,163] or locally refined B-Splines [96], but

this thesis still focuses on NURBS.

In case of NURBS, two different meshes can be identified, see Fig. 3.8. The control

mesh, or control polygon, is spanned by the control points. Although it is not directly

involved in the numerical analysis, the geometry is strongly depending on the control

polygon. For example, the resulting curve, surface or volume is completely enclosed by

the convex hull spanned by the control polygon [125]. The second grid is generated

by transferring the multidimensional knot vector from parameter space to the physical

domain. This implies the triangulation T into non-overlapping elements , where the

numerical integration is applied on. Thus, the elements Ωpara
e can be defined in the

parametric domain by

Ωpara
e ∈

splinedim⊗

i=1

[
θili : θ

i
li+1

]
, li ∈ [pi + 1, .., ni], (3.19)

with pi beeing the polynomial degree and ni as the number of control points in the para-

metric direction i. In practice, only non-zero knot spans are taken into account. These

elements are mapped to the physical space by using the multivariate tensor product of

NURBS as mapping function Φ(θ)IGA:

Φ : Ωpara
e −→ Ωphys

e ,

θ 7−→ ΦIGA (θ) := xh =

nn∑

a=1

RA(θ)Xa.
(3.20)

Note that in comparison to SFEM, the parametric coordinate θ is globally defined and

all NURBS basis functions are involved in the evaluation of the spline function. However,

due to the locality property mentioned in Sec. 3.1, only p+1 basis functions need to be

evaluated on each element.

Following the isoparametric concept, the solution space is constructed with the same

basis functions RA of NURBS as the geometry, resulting in the interpolation func-
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tion:

uh(θ) =

ncp∑

A=0

RA(θ)UA, (3.21)

while the unknowns UA are related to the control points. As in SFEM, the numerical

integration is performed on simple reference elements, like the bi-unit square element in

case of spline surfaces, cf. Fig. 3.8.

The usage of NURBS basis functions allows to transfer all properties like the polynomial

degree and the smoothness, respectively. Of course, an approximation space sufficient

for approximating the geometry is usually not large enough for numerical analysis. Re-

finement strategies like h-, k- and p- refinement are strong tools allowing to decrease the

numerical error [44, 89]. This can lead to smaller linear system sizes in comparison to

SFEM for a given level of accuracy [22,45,90]. A detailed discussion of the mathematical

properties of IGA is presented in [8].

The available smooth geometry representation is beneficial for many applications, e.g.,

for a continous representation of normal distances in contact mechanics [49,145] or high

continuity between elements in shell analysis [101]. However, the spline is in general not

interpolatory, i.e., the nodal basis for geometry and solution is given at the control points.

This implies some difficulties during numerical analysis, i.e., if properties of the geometry

are needed for numerical analysis at the control points, where the numerical problem is

solved. For example, the definition of the normal at control points is not unique, yet

needed for shell theory [59] or contact mechanics [116].

Note, the implicit triangulation holds only in case of one-patch NURBS. A discretization

by several patches is possible, but needs special handling, e.g., if the triangulation of the

subdomains does not conform at the intersections [58]. In this thesis, only one-patch

geometries are applied.

3.3.3 NURBS-enhanced finite elements

Both ansatz spaces introduced in the previous section are independent from the spa-

tial dimension in principle. The grid generation for spatial domains with polygons

(2D) or polyhedra (3D) of finite size is provided by academic and commericial tools.

In contrast, the generation of volume splines is still an ongoing challenge in the IGA

community. Hence, despite recent progress in a variety of directions [133, 163], IGA is

currently not applicable to problems on complex three-dimensional domains. As an al-

ternative on middle ground between isogeometric anal ysis and standard finite elements,
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Ωe

Figure 3.9: Spatial discretization with NEFEM. NURBS is now included in the map-
ping of all elements in vincity of the boundaries.

Sevilla, Fernandez-Mendes, and Huerta have proposed the NURBS-enhanced finite ele-

ment method (NEFEM) [136,137].

The original formulation of NEFEM

In NEFEM, instead of the full geometry, only its boundary is represented using NURBS.

In the interior of the geometry, a standard finite element mesh is utilized, which preserves

all advantages of existing meshing algorithms (cf. Fig. 3.9). Note that this approach

leads to two different kinds of elements: (1) standard finite elements in the interior and

(2) elements with a NURBS edge alongside the boundary. Usually, elements of category

(1) will be in the vast majority, keeping the computation very efficient. Through the

elements of category (2), the geometry is made available during the process of evaluating

the integrals of the appropriate weak form (e.g., of the variational equation (3.69)). The

initial integration domain Ωh is no longer only an approximation of the real domain Ω,

cf. sec. 3.2.3. Translated to the numerical implementation, this factor is incorporated

through the position of the integration points needed in the finite element method dur-

ing numerical quadrature: These are determined from the curved NURBS geometry and

not from the approximated geometry (cf. Figure 3.10 for a schematic illustration). If

we consider boundary integrals — e.g., for the evaluation of the forces the fluid exerts

on the structure — the integration points are distributed on the curved geometry.

The unknown function continues to be represented using Lagrangian polynomials. These
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x y
(a) Position of quadrature points.

y

x

x2 = C(θ2)

x1 = C(θ1)

x3

1

0

-1

L(x, y)

(b) Example of a linear shape function.

Figure 3.10: Illustration of the principal NEFEM concepts as introduced in [136]. Tri-
angular elements along the boundary of the domain are equipped with
one, possibly curved edge, which is represented by a portion of a NURBS
curve. This gives access to the geometry. (a) The NEFEM quadrature
points x are adapted to the curved triangle shape. (b) Example of a linear
shape function in the NEFEM context. Negative values and values larger
than 1.0 may occur.

can be of any order, in particular independent of the order of the NURBS basis. In the

NEFEM version proposed in [136,137] the choice was made to compute the shape func-

tions in the global coordinates. This variant — termed by the authors as Cartesian

FEM — has the advantage that one obtains undistorted polynomial functions in the

global elements, an attribute of particular importance when used with polynomials of

higher order. The price to pay is an oddity that arises from this representation: negative

shape function values as well as values larger than one may occur along the boundary

(cf. Figure 3.10).

In terms of implementation, there are two important modifications with respect to a

standard finite element method: (1) The definition and evaluation of the shape func-

tions and (2) the placement of the quadrature points. Regarding (1), Sevilla performs

all evaluations in the global coordinate system. With respect to (2), the original method

uses a bi-unit square reference element; even for triangular elements. This enables the

use of tensorized 1D Gauss-Legendre quadrature rules. Furthermore, a clear distinc-

tion between the NURBS direction and the standard direction can be made; leading to
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3.3 Finite dimensional ansatz spaces

straight interior edges.

The modified version of NEFEM

The NEFEM implementation utilized in this work is based on the same idea as it was

proposed by [138]. But instead of using Cartesian FEM, both the shape functions and

the position of the integration points are computed on a — now triangular — reference

element. What remains unchanged is the overall concept of adjusting the position of

the integration points to the curved NURBS shape as well as the representation of the

unknown solution with Lagrange polynomials — even if restricted to linear polynomials

in our case.

y

x

u = 0

u = 0

u 6= 0

u 6= 0

1

0

-1

L(x, y)

Figure 3.11: Dirichlet boundary conditions for Cartesian space-time NEFEM. Even
though the boundary conditions are set at the nodes of the triangle, the
value of the shape function belonging to the interior node is non-zero at
the quadrature points, thus leading to an influence of the interior nodal
value on boundary integrals.

The reason for computing the shape functions on a reference element — and thereby

accepting the complication of distorted polynomial functions — lies in the fact that

for Cartesian FEM, also the shape function of the interior node is non-zero along the

boundary edge/face (cf. Figure 3.11). As a consequence, interior nodes contribute to
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(a) Shape function for a boundary node

y

x

1

0

-1

L(x, y)

(b) Shape function for an interior node

Figure 3.12: Shape functions for elements with curved edges. In (a) a shape function
for a boundary node is exemplified. In (b), we see a shape function for
the interior node. Note that it is zero along the curved boundary edge.

boundary integrals. In the context of Dirichlet boundaries and boundary integrals, this

shape function definition, however, leads to a grave disadvantage: The values along the

boundary edge are always affected by nodal values of interior nodes. Since both Dirichlet

boundary conditions and the boundary integral connected to the load transfer in FSI are

of utter importance to the scenarios considered in this work, it was imperative to modify

the shape function definition such that shape functions of inner nodes are zero along the

curved edge (cf. Figure 3.12). The shape function definition — inspired by the so-called

p-FEM in [138] — is performed on the reference element. It is transformed to the global

elements using a non-linear mapping Φ, which includes the NURBS definition. This

mapping was slightly modified — termed Triangle-Rectangle-Triangle (TRT) mapping

—. Both mappings are introduced below.

p-FEM

For p-FEM, the NURBS boundary is associated with the parametric coordinate ξ inside

the reference element Ωref . Therefore, the inner coordinate x3 maps to (ξ̂ = 0, η̂ = 1).
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3.3 Finite dimensional ansatz spaces

Based on this, the geometric mapping ΦPFEM reads:

ΦPFEM : Ωref −→ Ωe,

(
ξ̂, η̂
)
7−→ ΦPFEM

(
ξ̂, η̂
)
:=

1− ξ̂ − η̂

1− ξ̂
C
(
θ
(
ξ̂
))

+
ξ̂η̂

1− ξ̂
x1 + η̂x3.

(3.22)

This mapping is linear along the element edges and has a singularity for ξ̂ = 1.

Ωe

Ωref

Ωe

C(θ)

x3

x2

x1

ξ̂

η̂

0

ΦPFEM

Figure 3.13: The pFEM mapping from the reference triangle to the global triangle
with one curved edge.

In [138], no derivation of the p-FEM mapping was given. Furthermore, the author was

not able to find any derivation in further literature. Thus, a different triangle-triangle

geometric mapping is presented in the following.

Triangle-Rectangle-Triangle geometric mapping

The mapping introduced is based on the idea to construct shape functions by degenera-

tion [79,164]. With that, a simple mapping from a quadrilateral element to a triangular

element can be constructed by coalescing two nodes and adding toghether their shape

functions. The idea is now to use the simple mapping from a reference rectangle onto

a reference triangle to apply consecutively the inverse of that mapping and then a map-

ping between a reference rectangle and the physical element, also used in the original
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version of the Cartesian mapping. The derivation of the mapping is illustrated in Figure

3.14. It is used for both the definition of the shape function and the placement of the

quadrature points.

Ωe

Ωref

Ωe

C(θ)

x2

x1

x3

ξ̂

η̂

0

R

λ

ϑ

Ψ

Θ

ΦNEFEM =

Ψ ◦Θ−1

Figure 3.14: The TRT mapping from the reference triangle to the global triangle with
one curved edge was derived from the original mapping from the reference
bi-unit square to the curved triangle. By incorporating the bi-unit square,
it can still be ensured that the NURBS direction and the interior direction
are clearly separated, thus leading to straight interior edges even though
the boundary edge is curved. Ψ is the mapping utilized in [136], Φ is the
new TRT mapping.

In a first step, the mapping Θ from R onto Ωref by collapsing two nodes of the quadri-

lateral is defined as:

Θ : R −→ Ωref

Θ : ξ̂ =
1

4
(1 + λ) (1− ϑ)

η̂ =
1

4
(1− λ) (1− ϑ) .

(3.23)

The same strategy is applied in the original mapping used in Cartesian NEFEM between
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3.3 Finite dimensional ansatz spaces

the reference quadrilateral and the physical element:

Ψ : R −→ Ωe,

(λ, ϑ) 7−→ Ψ (λ, ϑ) := 0.5 (1− ϑ)C (θ (λ)) + 0.5 (1 + ϑ)x2,
(3.24)

see Eq. (3.26). Here, a linear mapping of the NURBS segment is involved, associating

the NURBS boundary of Ωe to the edge
(
1− η̂ − ξ̂

)
on Ωref . The inverse mapping Θ−1

becomes:

Θ−1 : Ωref −→ R,

Θ−1 : λ = 1−
2η̂

ξ̂ + η̂
,

ϑ = 1− 2
(
ξ̂ + η̂

)
.

(3.25)

Hence, Θ−1 can be combined with Ψ, defined in Eq. (3.26), to define an alternative

mapping for ΦTRT :

ΦTRT = Θ−1 ◦Ψ : Ωref −→ Ωe

(
η̂, ξ̂
)
7−→ ΦTRT (η̂, ξ̂) = (1− η̂ − ξ̂)x2 + (η̂ + ξ̂)C

(
Θ1 η̂ +Θ3 ξ̂

η̂ + ξ̂

)
.

(3.26)

Here, η̂ and ξ̂ denote the coordinates in the reference triangle. x2 is the global coor-

dinate of the interior node and Θ1,3 are the NURBS coordinates of the FE boundary

nodes.

Figure 3.15 compares the p-FEM mapping from [136] with the mapping in (3.26). It is

obvious, that in case of the TRT mapping, the relative distance of an arbitrary point on

a straight edge between the boundary and the interior node is kept constant. In case of

the pFEM mapping a comparable property cannot be identified. Note that the p-FEM

mapping has a singularity at one of the boundary nodes, thus excluding this point in

case of a boundary integral. The TRT mapping has its singularity at the interior node.

Further comparisons between the p-FEM mapping and the TRT mapping can be found

in [76].

As in IGA, NEFEM benefits from the smooth geometry at the boundary. Geometrical

properties of the domain, e.g., normals, tangents, the curvature, etc., can be computed

exactly. Since linear interpolation functions are still used to construct the solution space,
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ΘTRTΘPFEM

η̂

ξ̂

x1x2

x3

x2x1

x3

Figure 3.15: Comparison of the p-FEM and the TRT mapping for an element with one
circular edge, discontinuities are marked by a red dot.

higher order derivatives of the solution are not available and the convergence order still

depends on the applied ansatz space.

Remark on parameterization

NEFEM needs a linear parameterization of a NURBS. Otherwise, the linear mapping

along the spline leads to a shifted distribution of quadrature points within the elements,

which affects the accuracy of the numerical integration. A similar effect was observed

by Cottrell for IGA [44]. Additionally, geometrical discontinuities, i.e., kinks, lead to

a discontinuous mapping. This can be counteracted by splitting elements at the kink.

Same holds for elements that are enclosing patch boundaries or even connecting points

of closed splines.

Remark on other spline types

Since only the geometric information of the NURBS is used for the mapping, the NURBS-

enhanced finite element method might be extended to any other spline type, or function

providing geometrical information, in terms of a geometrically enhanced finite element

method.
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3.4 Numerical method for the elastodynamic problem

3.4 Numerical method for the elastodynamic

problem

Studying elastodynamic problems, one is usually interested in deformations and internal

stresses. Since the movement of particles within a deforming elastic solid is relatively

small in comparison to the movement of fluid particles, the Lagrangian viewpoint is

commonly used in solid mechanics. Here, the specific elastodynamic problem to solve is

achieved by closing the balance laws in material description, cf. Tab. 2.1, with the hyper-

elastic material model introduced in Sec. 2.1.4. Since the balance of angular momentum

equation (2.32) is implied by the symmetry of the stress tensor (2.39) and in absence

of temperature changes, the elastodynamic problem can be solved by discretizing the

momentum equation (2.30) only. By formulating the variational approach with respect

to a stress-free initial configuration as a total Lagrangian approach, the continuity equa-

tion is fulfilled directly. The boundary value problem is completed with the boundary

conditions

d = g on (ΓX)g, (3.27a)

SN = h on (ΓX)h, (3.27b)

and initial conditions

d(X, 0) = d0, (3.28)

∂d(X, 0)

∂t
= ḋ0. (3.29)

Here, the boundary (ΓX)g ⊂ ΓX represents regions on the boundary, where Dirichlet

boundary conditions, like local constraints, are applied. The boundary (ΓX)h ⊂ ΓX

stands for the part of the boundary where Neumann boundary conditions, i.e., external

forces, are acting.

In the following, the numerical method to solve the resulting elastodynamic problem is

introduced. It is a semi-discrete method for a continuum mechanical problem in the

Lagrangian viewpoint, following methods of lines.
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3.4.1 Variational formulation

The variational formulation is achieved by multiplication of the momentum equation in

the Lagrangian viewpoint (2.30) with a weighting function w ∈ V and integration about

the material domain Ωh
X . Applying the divergence theorem and using the boundary con-

ditions (3.27) the variational problem is given by:

∫

ΩX

w · ρ
D2d

Dt2
+∇Xw : FS +w · ρb dΩ = +

∫

ΓX

w · h dΓ. (3.30)

Due to the highest order of the spatial derivatives of both the solution d and the weight-

ing function w can be assumed to be part of the Sobolev space H1(ΩX). Additionally,

the weighting function w has to satisfy the homogenous boundary condition on (ΓX)g.

Thus, the test function belongs to the space V :

Vw = {w ∈ H1(ΩX) |w = 0 on (ΓX)g}, (3.31)

and the unknown solution d lies in the solutions space S:

Sd = {d ∈ H1(ΩX), t ∈ [0, T ] |d = g on (ΓX)g}. (3.32)

Note that — in contrast to the test function space V — the solution space S varies as

a function of time. With both spaces the problem can now be stated as:

Given (d0), find d ∈ Sd such that Eq. (3.30) is fulfilled ∀w ∈ Vw.

The problem is discretized in space by applying the finite dimensional subspaces in-

troduced in Sec. 3.3,

S
h
d = {d |d ∈ H1(Ωh

X), d|Ωe
∈ I0(Ω

e) t ∈ [0, T ] ∀e and d = g on (Γh
X)g} (3.33)

V
h
w = {w ∈ H1(Ωh

X) |w|Ωe
∈ I0(Ω

e) ∀e and w = 0 on (Γh
X)g} (3.34)

Find dh ∈ Sdh such that ∀wh ∈ V
h
w,

∫

Ωh
X

wh · ρ
D2dh

Dt2
+∇Xwh : F hSh +wh · ρb dΩ =

∫

Γh
X

wh · h dΓ. (3.35)
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This results in the following system of equation, which is still continuous in time:

M
D2dh

Dt2
+N (dh) + fbody = fext. (3.36)

Note that, depending on the specific finite interpolation space I0, the variables dh are

stored at the grid or control points. While the mass matrixM is assumed to be constant,

the discrete internal forcesN (dh) are nonlinearly depending on the displacements in case

of a hyperelastic material. The term fbody includes the discrete body forces and fext

are the discrete external surfaces forces. To solve the system of equation, it has to be

discretized in time and, finally, a solution strategy for the fully discrete nonlinear system

is needed.

For all two-dimensional test cases, (3.36) is solved with respect to displacements only.

This might lead to numerical instabilities, e.g., in case of large time steps. Unphysical

coupling between individual strains produces artifical energy that lead to unrealistically

stiff system response, referred to as locking. Especially in case of shell elements these

can be critical. Detailed discussions about locking effects in shell elements can be found

in [23, 24, 127, 156]. These instabilities can be counteracted, e.g., by a corotational

formulation for volumetric elements [28, 61, 64] or improved numerical integration for

shell elements [1]. Since the thesis is focusing on the benefits of spline-based coupling

methods — especially between NEFEM/SFEM and IGA— locking effects are not further

discussed.

3.4.2 Time discretization

Following the method of lines, (3.39) needs to be discretized in time. To simplify nota-

tion the superscript h for the discrete solution in space is dropped in this section. An

improved convergence is achieved, when the general requirements for a stable time in-

tegration scheme are fulfilled. On the one hand, damping of high-frequency responses

is desired, which are mainly based on numerical errors. On the other hand dissipa-

tion of lower frequencies should be minimized to allow to resolve the physical response.

The generalized-α-method applied in the presented thesis, introduced by Chung and

Hulbert [39], is an unconditionally stable, second-order accurate algorithm for linear

problems, that ensures an optimal combination of high- and low-frequence dissipation.

Although the method was originally introduced for linear problems it was studied on
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nonlinear problems by Kuhl and Crisfield [104]. The derivation of the method is briefly

summarized below.

Introducing a generalized mid-point rule for all kinematic variables,

an+1−αm
=(1− αm)an+1 + αman, (3.37)

en+1−αf
=
(
1− αf

)
en+1 + αfen, e ∈ {u,d,f , t} , (3.38)

into the space-discrete Cauchy’s equation of motion (3.39) results in

Man+1−αm
+Nn+1−αf

+ fn+1−αf ,body = fn+1−αf ,ext. (3.39)

Hence, the equation is verified at an intermediate time increment between tn and tn+1.

Kuhl and Crisfield suggest to compute the time-discrete nonlinear internal forces in the

following ways [104]:

Nn+1−αf
= (1− αf )N (dn+1) + αfN (dn) or Nn+1−αf

= N (dn+1−αf
). (3.40)

The number of unknown variables can be reduced by applying the Newmark approxima-

tion in time, presented first by Newmark [119, 120], under assumption of linear acceler-

ation:

un+1 =un + (1− γ)an∆t+ γan+1∆t, (3.41)

dn+1 =dn + un∆t+ (
1

2
− β)an∆t2 + βan+1∆t2. (3.42)

Changing the Newmark parameters γ and β allows for switching between an explicit and

implicit time integration, while changing the stability or the rate of convergence. Solving

(3.42) for an+1 and introducing the resulting equation into (3.37) gives:

an+1−αm =
(1− αm)

β∆t2

(
dn+1 − dn

)
−

1− αm

β∆t
un −

1− αm − 2β

2β
an. (3.43)

That allows to express the acceleration at tn+1 by the unknown displacements and

kinematic variables at tn.

By introducing the following constants:

c0 =
(1− αm)

β∆t2
, c1 =

1− αm

β∆t
, c2 =

1− αm − 2β

2β
, (3.44)
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the time-discrete equation of motion is often written as:

M (c0 (dn+1 − dn)− c1un − c2an) +Nn+1−αf
− fn+1−αf ,body = fn+1−αf ,ext (3.45)

In case, the internal forces are linear, Chung and Hulbert derive a second-order accurate

scheme [39] by choosing the Newmark constants as

γ =
1

2
− αm + αf and β =

1

4

(
1− αm + αf

)2
, (3.46)

which is unconditionally stable if

αm ≤ αf ≤
1

2
. (3.47)

For a user-specified spectral radius ρ∞, optimal damping characteristics are achieved by

choosing:

αm =
2ρ∞ − 1

ρ∞ + 1
and αf =

ρ∞
ρ∞ + 1

. (3.48)

Note, even if the presented method is unconditionally stable in linear cases, numerical

dissipation can violate energy conservation. The topic is discussed by Kuhl and Crisfield

[104]. The same paper includes suggestions to improve conservation of energy, linear and

angular momentum.

After spatial and temporal discretization, the resulting equation still needs to be lin-

earized, as presented in the following section.

3.4.3 Linearization of the nonlinear problem

In the previous section, the time integration method was introduced by leaving the

nonlinear internal forces within the left-hand side untouched, so that the residual is

still nonlinear in that term. The nonlinear problem can be solved by applying the

Newton-Raphson method introduced in Sec. 3.2.2. By defining the left-hand side of

(3.45) as T (d) and its right-hand side as T , the equation can be written in residual

form:

R(d) = T (d) + T = 0. (3.49)
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To simplify the notation, the current time step n+1 is dropped here. The derivation of

the residual can be computed by using the Gateaux derivative

DR(dk)[∆d] = DN (dk)[∆d] +
(1− αm)

β∆t2
M∆d. (3.50)

The derivative of the nonlinear internal forces in continuous form leads to the tangential

stiffness tensor Kt [7, 13]:

Kt = DN (dk)[∆d] =

∫

ΩX

F kT∇Xw : CF kT∇X∆d+∇Xw : ∇X∆dSk dΩ. (3.51)

The first term can be interpreted as the material contribution, the second as the ge-

ometric contribution to the nonlinear internal forces. By spatial discretization we get

the tangential stiffness matrix Kk. This leads finally to the effective tangential ma-

trix:

DR(dk)[∆d] ≈ Kk∆d =

(
Kk

t +
(1− αm)

β∆t2
M

)
∆d. (3.52)

It can be used within the iterative solver (3.13). To improve the starting vector d0, it

can be computed by the Newmark predictor (3.42) under assumption of linear accelera-

tion.

Within the presented solution strategy for the nonlinear system of the elastodynamic

problem, only the nonlinearity of the left-hand side or stiffness matrix was regarded.

However, potential nonlinearities in the right-hand side due to the displacements can

strongly influence the convergence order and stability of the overall algorithm [118].

Unfortunately, these nonlinearities appear especially in FSI problems, were the fluid

loads are in mutual dependency to the current deformation of the solid. Since these

additional nonlinearities introduce a strong dependency between the two single-field

problems, it is usually not practical to involve them in partitioned approaches [157],

that are applied in this thesis.

3.5 Numerical methods for fluid mechanical

problem

While numerical methods for solid mechanics are dominated by finite element methods,

the numerical methods for fluid mechanics are dominated by finite volume methods.
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Due to the large displacement of particles, an Eulerian viewpoint is preferred, and the

derivation of finite volumes is quite natural through an evaluation of Reynolds transport

theorem on fixed finite volumes. However, since the finite element method is neither

depending on the kinematic viewpoint nor on the constitutive laws it can be also applied

to fluid dynamics. In this thesis, the spatial and temporal discretization is conducted

by following the space-time discretization. The key idea is to discretize the space-time

continuum Q — assembled by all spatial domains for a given time-span — at once. The

applied method was derived initially to solve elastodynamic problems [92], transferred

later to incompressible Euler and Navier-Stokes equations on rigid domains [139] and

extended as the deformable spatial domain/ stabilized space time method to deforming

domains [146,147].

Before the method is presented, the boundary value problem for fluid dynamics is com-

pleted with the boundary conditions

u = g on (Γx,t)g, (3.53a)

Tn = h on (Γx,t)h (3.53b)

and the initial condition

u(x, 0) = u0. (3.54)

(3.55)

As for the elastodynamic problem, the boundaries (Γx,t)g and (Γx,t)h represent again sub-

sets of the boundary Γx, where Dirichlet or Neumann boundary conditions are applied.

In case of incompressible fluids, Dirichlet boundary conditions are prescribing the veloci-

ties, e.g., values at the inflow or on no-slip walls, and Neumann conditions are prescribed

stresses. The new subscript t was added, since it is already assumed that the boundary is

allowed to move. Note that with semi-discrete approaches, a time-dependent domain re-

quires special treatment of the balance laws in sense of a Arbitrary-Lagrangian-Eulerian

viewpoint. However, in space-time discretizations this is implied; a more detailed dis-

cussion about that topic is given in Sec. 3.5.4.

3.5.1 Variational formulation

As for of the elastodynamic problem, the momemtum equation is multiplied by a weight-

ing function v for velocity, and the continuity equation, also called incompressibility
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condition, by a weighting function q for pressure. Both equations are added up and inte-

grated over the space-time domain Q with boundary P . By applying the divergence

theorem, the space-time variational formulation of the incompressible Navier-Stokes

equations can be formulated as follows:

Given u0, find u ∈ Su and p ∈ Sp such that ∀v ∈ Vv, ∀q ∈ Vp:

∫

Q

v · ρf
(
∂u

∂t
+ u ·∇u− f

)
+D(v) : T̂ f (p,u) dQ+

∫

Q

q∇ · u dQ

=

∫

P

v · h dP.

(3.56)

The first term together with the right-hand side are the weak form of the momentum

equation, the second term is the weak form of the continuity equation. As in the elas-

todynamic problem, both, the solution u and the weighting function v can be assumed

to be part of the Sobolev space H1(Q). Analogously, the test function for velocities

belongs to the space Vv:

Vv = {v ∈ H1(Q) |v = 0 on (P )g}, (3.57)

the unknown velocity u lies in the solutions space Su:

Su = {u ∈ H1(Q) |u = g on(P )g}, (3.58)

and the trial and weighting function space for the pressure can be stated as:

Sp = Vp = {p ∈ H1(Q)}. (3.59)

3.5.2 Deforming spatial domain/stabilized space-time

method

Instead of discretizing the whole space-time domain at once, we can utilize the property

of physical time-dependent problems that information flows in the direction of positive

time only [92]. Hence, the time interval [0, T ] is subdivided into subintervals In =

(tn, tn+1), with tn and tn+1 representing an ordered series of time levels 0 = t0 < t1 <

t2 < ... < tN = T . With the spatial domain Ωn = Ωtn and the boundary Γn = Γtn , the

time slab Qn can be defined, which is bounded by Ωn, Ωn+1 and the surface Pn, based
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Ωn+1
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Figure 3.16: Discretized time slab Qn

on the time varying boundary Γf
t for In, cf. Fig. 3.16.

Related to that, the solution and weighting function space can be adapted to the dis-

cretization in time for each time slab

(Vh
v)n = {vh ∈ H1h(Qh

n) |v
h = 0 on (P h

n )g}, (3.60)

(Sh
u)n = {uh ∈ H1h(Qh

n) |u
h = g on(P h

n )g} (3.61)

(Sh
p)n = (Vh

p)n = {p ∈ H1h(Qh
n)}. (3.62)

Note, together with the subdivision into time slabs Qn the finite dimensional subspace

H1h was introduced without any details. A clear definition with respect to the previously

introduced finite interpolation spaces will be given in Sec. 3.5.3.

Due to the information flow in positive time direction, the solution is allowed to be

computed in the time slabs in a consequtive manner. The problem is solved sequentially

for each space-time slab, starting with:

(uh)+0 = u0. (3.63)

The continuity of the unknown velocity is enforced between the time slabs in a weak

sense, following the idea of discontinuous Galerkin in time [92, 98]. In the equations
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below, the following notation is used:

(uh)±n = lim
ǫ→0

u(tn ± ǫ), (3.64)
∫

Qh
n

. . . dQ =

∫

In

∫

Ωh
t

. . . dΩdt, (3.65)

∫

Ph
n

. . . dP =

∫

In

∫

Γh
t

. . . dΓdt. (3.66)

A discretization of the solution and weighting function spaces, like in the elastodynamic

case, would be possible. But it is well known that the standard Galerkin method pro-

duces numerical oscillations in case of convection-dominated flows [57]. Refinement can

help to avoid node-to-node oscillations, but decreases efficiency of computations. Instead,

stabilization methods are preferred, that add artifical diffusion to Galerkin formulation.

For simple one-dimensional problems, optimal upwinding schemes can be developed [88],

for complex multidimensional problems this is not possible anymore. Based on the

one-dimensional ideas, Streamwise-Upwind/Petrov-Galerkin (SUPG) [30, 31] adds dif-

fusion only in flow direction. In this thesis, the Galerkin/Least-squares method [91]

is applied, which adds an element-wise weighted least-squares formulation of the orig-

inal differential equation. Since this additional term vanishes for the exact solution,

the method remains consistent. By introducing the residual forms of the momentum

equation

RMOM(u
h, ph) = ρf

(
∂uh

∂t
+ uh ·∇uh − f

)
−∇ · T̂ f (ph,uh) (3.67)

and the continuity equation

RCONT(u
h) = ∇ · uh, (3.68)

a general formulation [41] of the stabilized space-time formulation of the incompressible

Navier-Stokes equations on deforming domains can be stated:

Given (uh)−n , find uh ∈ (Sh
u)n and ph ∈ (Sh

p)n such that ∀vh ∈ (Vh
v)n, ∀qh ∈

52



3.5 Numerical methods for fluid mechanical problem

(Vh
p)n:

∫

Qh
n

vh · ρf
(
∂uh

∂t
+ uh ·∇uh − f

)
+D(vh) : T̂ f (ph,uh) dQ+

∫

Qh
n

qh∇ · uh dQ

+

∫

Ωh
n

(vh)+n · ρf
(
(uh)+n − (uh)−n

)
dΩ

+

(nel)n∑

e=1

∫

Qe
n

τ1LMOM(v
h, qh) · RMOM(u

h, ph) dQ

+

(nel)n∑

e=1

∫

Qe
n

τ2LCONT(v
h)RCONT(u

h) dQ

=

∫

Ph
n

v · ĥ dP.

(3.69)

The first two terms are still the same as in the variational problem (3.56), but the

integration is now conducted over the discretized time slab Qh
n. The third term —

called jump term — is introduced by applying discontinuous Galerkin in time [92], as

mentioned above. The last two terms on the left-hand side are the stabilization terms

in residual form. The first one adds stability to the momentum equation, while the

second term covers the velocity field. In both cases the residual form of the momentum

equation (3.67) and the incompressibilty condition (3.68) ensure consistency. The terms

LMOM and LCONT are called L2 product perturbation of the weighting function and will

be defined below. The parameters τ1 and τ2

τ1 = τMOM

1

ρf
, (3.70)

τ2 = τCONTρ
f , (3.71)

are locally defined stabilization parameters. These parameters need to be designed by

error estimation, convergence and dimensional analysis [139]. Since they were initially

derived on advection-diffusion equations, they are usually split into an intrinsic time

scale [92] and the remaining scales. A detailed analysis of stabilization parameters for

space-time is given in [139] The specific perturbation of the weighting function in terms of

GLS and the related stabilization parameters used in the presented thesis are introduced
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below.

GLS/SUPG stabilization

By adding least-squares forms of residuals to Galerkin methods, the stability is aimed

to be enhanced without degrading accuracy [91]. The stabilization is consistent, since

the exact solution satisfies the equation. It allows for equal order interpolation functions

for velocity and pressure, while the Ladyzhenskaya-Babuška-Brezzi condition is circum-

vented. Violation of the LBB condition can lead to pressure oscillations in Galerkin

methods. This was analyzed for the Navier-Stokes equations involving viscous stress, ve-

locity and pressure primary variables by Behr [21]. The perturbations of the weighting

function for GLS are given as:

LMOM(v
h, qh) = ρf

(
∂vh

∂t
+ uh ·∇vh

)
−∇ · T̂ f (qh,vh) (3.72)

and

LCONT(v
h) = RCONT(v

h) = ∇ · vh. (3.73)

Details on the method and its parameters τMOM and τCONT can be found in [20,124].

3.5.3 Finite dimensional spaces for

space-time

The variational problem in the previous section was introduced without any details on the

finite dimensional space H1h(Qh
n). Taking a look onto a single time slab, discretization

can be conducted in serval ways. A consequent continuation of the spatial discretization

would be a space-time triangulation, e.g., regarding SFEM into n-simplicies [18, 99],

which would allow for flexible local space-time refinement and lead to the most efficient

realization of space-time finite elements. However, up-to-now there is no commercial

grid generation tool supporting space-time discretization in 4D — 3D space plus time —

and adaptation is still an ongoing topic. Thus, in today’s most common approach each

space-time slab is triangulated by exactly one element Qe
n in time direction by extruding

the spatial discretization in the time direction. Hence, the construction of suitable finite

dimensional interpolation spaces can be simplified by splitting up in space and time by

54



3.5 Numerical methods for fluid mechanical problem

the bivariant tensor product of space and time:

Nα
a = TαNa, (3.74)

where Tα represents the interpolation function in time and Na the interpolation function

in space. Hence, T and N can be chosen arbitrary, which allows also to construct function

spaces in a similar way ∀ I0(R
nsd)⊗ I0(R

1)

(Vh
v)n = {vh ∈ H1h(Qh

n) | ∀Q
e
n |v|Qe

n
I0(R

nsd)⊗ I0(R), vh = 0 on (P h
n )g}, (3.75)

(Sh
u)n = {uh ∈ H1h(Qh

n) | ∀Q
e
n |u|Qe

n
I0(R

nsd)⊗ I0(R),uh = g on(P h
n )g}, (3.76)

(Sh
p)n = (Vh

p)n = {p ∈ H1h(Qe
n) | ∀Q

e
n | p|Qe

n
I0(R

nsd)⊗ I0(R)}. (3.77)

Thus, arbitrary combinations of the function spaces are possible, e.g., arbitrary combina-

tions of function spaces introduced in Sec. 3.3. In the presented thesis, linear elements in

time are combined with either FEM [92,146,147] or NEFEM [143] in space. Theoretical

analysis shows that linear finite elements with discontinuous Galerkin in time ensure

third order convergence in time [139]. Other combinations like IGA-IGA are presented

in [144].

Remark on low order elements

In case of linear space-time Lagrangian finite elements, the residual of the momen-

tum equation after introducing Stokes law for incompressible fluids (2.48) is given

as:

RMOM(u
h, ph) = ρf

(
∂uh

∂t
+ uh ·∇uh − f

)
+∇p− µ̄∆u. (3.78)

The second order derivative in the viscous term of the residual would dissapear in case of

linear finite elements, as it appears in the perturbation term. To ensure consistency and

enhance the convergence, the term is reconstructed [95].

55



3 Spline-based methods for fluid and structural mechanics

Figure 3.17: Interface tracking Figure 3.18: Interface capturing

3.5.4 On moving boundaries

The physical problems of fluid-structure interaction and free-surface flows involve mov-

ing boundaries of the observed domain. The numerical methods to treat such moving

boundaries can be categorized in two types, interface capturing and interface tracking.

In interface capturing methods the physical properties of the fluid are determined by

the current position of the interface within each cell of a fixed grid, cf. Fig. 3.18. In

contrast to that interface tracking utilizes boundary-conforming meshes and the mesh

moves alongside the deforming boundary, i.e., the mesh is always adapted to the current

postition of the boundaries, cf. Fig. 3.17. A detailed overview of both approaches is

presented in [62]. Within the presented thesis an interface tracking approach is utilized.

Hence, the space-time grid needs to be adapted to the moving boundaries. Literature

offers a wide set of methods, like spring analogy [65], methods based on radial basis

functions [2], and others. The main aim of grid deformation techniques is to constantly

adapt the mesh to the moving domain while keeping the mesh quality of the initial

grid during deformation. Therefore, the choice of a method is often problem dependent.

Here, the problem is solved with the elastic mesh update method [97] by deforming

an artificial elastic solid occupying the fluid domain, which is summarized below. Af-

terwards, numerical difficulties appearing with the moving grid nodes in computational

fluid dynamics are shortly discussed.

Elastic mesh update method

As mentioned above, the method used in the presented thesis is called pseudo-solid

approach or elastic mesh update [97]. It considers the computational fluid domain

in a separated problem as an elastic solid. Deforming this pseudo elastic solid with
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prescribed displacements as Dirichlet boundary conditions at the moving boundaries

adapts the filling grid of the computational domain. Since the dynamic behaviour of

the pseudo solid is not of interest, time-depending inertia terms are omitted. Similar

to the physical elastic solid in Sec. 2.1, the steady equations of motion need to be

solved:

∇ · S# = 0 on Ωf . (3.79)

The superscript # is used to distinguish the pseudo elastic problem from the physical

one. Analogously to Sec. 2.1.4, Hooke’s law for homogeneous and isotropic linear elastic

solids can be applied to model the stress tensor

S# = λ#tr(E)I + 2µ#E, (3.80)

that is based on linear strain-displacement relation as in case of the physical problem to

model the stress tensor. For further simplification, the Green strain tensorG is linearized

under the assumption of infinitesimal deformation

E(d) =
1

2

(
∇d+∇dT

)
. (3.81)

The problem can be solved by taking the initial grid as reference in manner of total La-

grangian deformation or, in sense of an incremental Lagrangian approach, by taking the

grid of the previous time step as reference. In the latter case, the inner stresses are can-

celed between the time steps in case of the pseudo elastic approach.

Often, one wants the mesh quality in the vicinity of walls maintained, since the fluid here

is very sensitive to perturbations. On the other hand, the coarser parts in the domain

play a minor role to the solution and can be heavily deformed. A simple way to obtain

that is to connect the stiffness of elements to their size by multiplying it with the inverse

of the element Jacobian [148].

Finally, the grid of the upper side of the time slab is adapted by

x
f,−
n+1 = xf,+

n +∆x#, (3.82)

where ∆x# denotes the displacements between the spatial discretization of the upper

and lower time slab. Applying the solution strategy to the coupled problem, the pseudo

elastic problem is computed based on prescribed displacements by the interface and

free-surface, respectively.
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Boundary conditions for free-surfaces

If an interface tracking approach is applied to free-surface flows, the influence of the

environment to the observed fluid is often neglected. In this case, the dynamic boundary

conditions (2.58) on the free-surface Γfree simplifies to

T fn = γκn on Γfree. (3.83)

The kinematic boundary condition in terms of a no-penetration boundary condition is

responsible for the mesh movement, i.e., no mass can leave or enter the domain over the

interface Γfree:

ṁ =

∫

Γfree

ρ(u− u#)n dΓ=̇0. (3.84)

Based on this, several kinematic boundary conditions can be derived [16, 19, 62]. One

option is to restrict the normal movement of the boundary to the normal fluid velocity,

while the tangential velocity is independent:

u · n = u# · n on Γfree. (3.85)

Thus, the movement of the boundary is directly depending on the fluid state.

Since equation (3.79) is solved for displacements, displacements as Dirichlet boundary

condition on the free surface are required. Hence, the velocities in (3.85) have to be

converted. By rewriting the equation to

u · n =
∂d#

∂t
· n on Γfree, (3.86)

one way to compute the boundary displacement results in:

(u · n)n∆t = ∆x# on Γfree, (3.87)

where u and n denote the velocity and the normal averaged over the time slabQn [168].

Boundary conditions for fluid-structure interaction

In case of FSI, the boundary condition for the mesh deformation, Eq. (3.82), directly

depends on the structural solution ds on the fluid-structure interaction interface. With
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the free-surface boundary conditions, a full set of boundary conditions for the elastic

mesh update can be stated as:

∆x#
n =





ds
n+1 − ds

n on Γfs

(u · n)n∆t on Γfree

0 on Γf \ (Γfree ∪ Γfs)

(3.88)

Remark on conservation laws on moving domains

Within the chapter about continuum mechanics, the Eulerian viewpoint was introduced

that is commonly used in fluid mechanics. As quintessence is that the local change of

material properties is measured at fixed points in space. In computational fluid dynamics,

these fixed points can directly be related to the computational mesh of the fluid domain.

However, if an interface tracking approach is applied, the observer domain is changing

with time and with it, all grid points are moving. Thus, the Eulerian form is not suitable

anymore. This problem is usually handled by the Arbitrary-Lagrangian-Eulerian (ALE)

formulation. The ALE version of the generalized balance law in local form is stated

as
∂â

∂t
+∇x ·

(
â(u− u#)−Cx

)
− b̂ = 0. (3.89)

The only difference from the Eulerian form in Eq. (2.23) is the modified convective term

now including the grid velocity u#. This equation is usually derived with respect to an

additional spatial domain that is fixed in time and by utilizing the geometric conservation

law, e.g., in [57, 72]. If finite difference approaches are used for the time-discretization

of (3.89) additional conditions to guarantee numerical stability arise, concerning, e.g.,

the discrete conservation law (DCGL) [66] and the derivation of the grid velocity [72],

respectively. Semi-discrete approaches with finite element discretization in space for

solving Navier-Stokes equations in ALE formulation are presented, e.g., in [56, 60, 105,

157]. A very detailed discussion of different ALE formulations is presented in [103].

An advantage of the space-time approach is that the space-time formulation implies the

ALE formulation. In case of space-time formulations, time-depending boundaries lead

to a space-time continuum with Q 6= Ωx⊗ [0, T ], i.e., the cross-section of the space-time

domain is varying in time direction. It has been shown, that the space-time formulation

on these space-time domains can be transformed to an ALE formulation on discrete

slices in time — where the semi-discrete analysis is applied — by utilizing a space-time

Piola transformation [9, 16, 115]. Thus, if a space-time approach is applied, there is no
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need for additional methods to fulfill the DGCL, esp., the grid velocity does not have to

be computed. Note, if the movement of the boundaries is prescribed, the shape of the

whole space-time domain Q would be known. However, in fluid-structure interaction or

free-surface flow problems, the position of the boundary is unknown, i.e., an adaption

of the space-time domain to the solution is needed. Thus, the term deformable domain

isused.
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problem

In the previous chapter numerical methods for solving the single-field problems were

introduced. As derived in the chapter about continuum mechanics, both single-field

problems form a fluid-structure interaction problem when they are acting on domains

with a common interface. If the mutual dependency cannot be neglegted, the single-

field problems cannot be solved independently anymore and the kinematic and dynamic

coupling conditions have to be satisfied on the interface, cf. Sec. 2.1.2. In the following

sections, the numerical methods to solve the overall problem are introduced. For a start,

a short classification of solution methods for coupled problems is given. In the remainder

of the chapter, the presented strategy is embedded into this classification. The common

classification of solution strategies for coupled problems was presented by Felippa, Park

and Farhat [68]. Here, only the relevant parts for fluid-structure interaction are briefly

reviewed. In terms of the chosen classification, the fluid-structure interaction problem

can be defined from the physical point of view as a surface-coupled two-field problem.

From the numerical point of view, a three-field problem needs to be solved, because

with the applied interface tracking approach the additional mesh deformation problem

appears. Even the movement of the free-surface itself could be regarded as an additional

problem.

Similar to the definition of discretization methods, cf. Fig. 3.1, the partitioning can be

considered in space and time. While the spatial separation — in case of FSI into two

non-overlapping domains — of the fields is specified by field partitioning, the temporal

partioning is specified by splitting. Additionally, the field partioning is subdivided into

algebraic and differential coupling. In case of algebraic partitioning the field equations

are discretized first and decomposed afterwards. Typical examples are parallelization

strategies for the single-fields. In contrast, the field equations and their domains are

decomposed first, e.g., in equations for fluid and solid, and discretized afterwards in sense
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of a differential partitioning. Since the subdomains are discretized independently, the

resulting meshes are usually not matching at the interface.

The solution strategy for coupled problems can be categorized in three main approaches

[68]:

Monolithic approaches : The observed system is assembled into one single system

of equations, which is solved at once. The assembly can be realized by discretizing the

field equations all together, or in case of a differential partitioning, by combining the

discretized sub-systems. In the later case, additional equations for spatial and temporal

coupling of the sub-system have to be included.

Partitioned approaches : The equations of the involved fields, i.e., fluid and solid, are

treated separately, while the relevant data for the coupled problems is exchanged. In case

of a surface-coupled problem, information is only exchanged at the common interface.

The resulting solution stragies — also called staggered approaches — can be subdivided

into implicit and explicit schemes. Implicit schemes iterate between the fields as long

as they are not fully converged. Explicit schemes are coupled a certain number of times

(often only once per time step). Therefore, the former is often called strong coupling

while the latter one is called weak coupling.

Field elimination : One of the observed fields is reduced, e.g., by model reduction tech-

niques, and applied as boundary condtion of the other field.

While field elimination is rarely applicable to FSI problems, the monolithic and par-

titioned approaches are wide spread. As stated in [68], neither of these is technically

superior to the other. On the one hand, monolithic approaches show numerical stability,

which is reached with the partioned approaches for many cases with considerably more ef-

fort only. On the other hand, the partioned approach allows for the reuse of separately de-

veloped and maintained solvers, which decreases the effort of developing an overall solver

substantially. Because existing and specialized software can be used, the implementation

work is eventually restricted to the coupling methods.

Hereafter, the numerical methods applied in this thesis for solving the fluid-structure

interaction problem are introduced. Based on a differential partitioning, the aggregated

problem is solved with a strong coupling approach with synchronized solvers in time and

different methods for the spatial coupling. The single-field problems are solved with the

numerical methods introduced in Sec. 3.4 and Sec. 3.5. Although two solvers with differ-

ent time integration schemes are combined, the solution is computed always for the same

time interval. A splitting strategy is not applied. For the spatial coupling a standard
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technique is introduced first. Afterwards a new method for the combination of NEFEM

and IGA is derived, utilizing the matching interfaces representation, even though the

discretization is still non-matching. Eventually, the method allows for a gapless coupling

between fluid and structural discretization.

4.1 Temporal coupling between the space-time and

semi-discrete approach

As previously stated, the time integration utilized in both solvers is performed with

the identical time-step size, i.e., splitting techniques like sub-cycling are not applied.

However, due to the different time integration schemes — the generalized-α-scheme on

the solid side and space-time finite elements on the fluid side — a special treatment of

the coupling conditions is needed.

In Fig. 4.1, the coupling between both solvers is sketched. Each time slab, Qn, on the

fluid side is connected twice with the semi-discrete solver on the structural side. In more

detail, each space-time FSI interface P fs,f
n is connected at its edges Γfs

n and Γfs
n+1 with

the semi-discrete boundaries, i.e., Γfs,s
n+1 on the upper edge and Γfs,s

n on the lower one. To

simplify the notation, the coupling conditions are discussed in the Eulerian viewpoint and

the subscript x is skipped here. But note that one has to take care of (2.57) to transfer

stresses between the different viewpoints. Finally, the coupling conditions introduced in

Sec. 2.2 have to be fulfilled on the following boundaries:

Γfs
n+1 = P fs,f

n ∩ Γfs,s
n+1 (4.1a)

Γfs
n = P fs,f

n ∩ Γfs,s
n (4.1b)

Hence, the related boundary conditions to be satified on each Γfs
n+1 can be stated

as:

x
f
n+1 = xs

n+1 on Γfs
n+1, (4.2)

u
f
n+1 = us

n+1 on Γfs
n+1, (4.3)

T
f
n+1n = T s

n+1n on Γfs
n+1. (4.4)

With these boundary conditions, another issue emerges with the different state variables

in both solvers. While the elastodynamic problem is solved for displacements, the fluid
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Figure 4.1: Temporal coupling between the space-time slabs in the fluid solver and
semi-discrete time steps in the elastodynamic solver.
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mechanical problem is solved for velocities. Thus, the kinematic boundary conditions

need to be adapted based on the available information. Following the interface tracking

approach, the first kinematic condition is satisfied if the computational grid conforms

with the current solid state. For the second kinematic coupling condition, several choices

are possible. For example, by combining the interface velocity on the fluid side with

the Newmark approximation (3.41) on the structural side. In this thesis, a different

option is chosen. The velocity on the interface can be computed using a finite-difference

approximation based on the grid deformations:

u
f,−
n+1 =

ds
n+1 − ds

n

∆t
on Γfs

n+1 (4.5)

uf,+
n =

ds
n − ds

n−1

∆t
on Γfs

n (4.6)

A fully converged solution within the strong coupling approach, subsequently introduced

in Sec. 4.3, guarantees energy conservation with respect to the time-integration. How-

ever, one has to take care of the interaction consistency law [25] to ensure consistency of

the boundary conditions in case of a weakly coupled approach.

With equations (4.2)–(4.6), the fluid and solid fields are coupled in time and the mis-

match of state variables is eliminated. The following section is now focusing on the

spatial coupling.

4.2 Spatial Coupling

As mentioned in the introduction to this chapter, field partitioning leads to non-overlapping

domains, and on these, the field equations are independently discretized. With this, non-

matching discretizations at the interfaces emerge. Thus, methods for data exchange in

terms of spatial coupling are needed. In case of fluid-structure interaction, the informa-

tion to be exchanged relies on the kinematic and dynamic coupling conditions. More

specific, displacements and tractions need to be transferred between both solvers. Lit-

erature offers a wide variety of methods to solve this problem. The methods can be

categorized by the amount of exchanged information. On the one hand, methods like

Nitsche’s method [75] or dual mortar method [102] need access to the interpolation space

of the interface on both sides. On the other hand, interpolation methods [67], or methods

based on radial basis functions [15], only exchange discrete data, which is more suitable

for black-box coupling. The aim of the thesis is to keep the solvers as separate as possible
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without gaining information of their respective counterpart. Thus, only methods of the

latter type are used. The particular methods are introduced in the following. The first

presented method is a common interpolation method. Afterwards, it is demonstrated,

that combining NEFEM and IGA allows for simplifying the spatial coupling by direct

integration. The properties of the introduced methods for spatial coupling are analyzed

regarding energy conservation and consistency. The underlying theory of conservation

and consistency is presented next.

Since the spatial coupling needs to be computed for each iteration on the discrete inter-

faces, the notation of (4.1) is simplified in the following for a boundary Γfs by omitting

the time-step index.

4.2.1 Energy conservation and consistency

In the following, energy conservation can consistency is studied with focus on the spatial

coupling. Very small time steps are assumed, violation of energy conservation due to

time-discretization can be neglected, therefore. Hence, energy conservation over the

interface is ensured by [47,67]

∫

Γfs,f

df · T fnf dΓfs,f =

∫

Γfs,s

ds · T sns dΓfs,s. (4.7)

To take into account potential differences in the discretization, the interface Γfs is di-

vided into a fluid side Γfs,f and a structural side Γfs,s.

Independently of the applied method, the spatial coupling conditions yield linear rela-

tions between the same variables on both sides of the interface. By introducing the trans-

fer matrices Hsf and Hfs, these relations can be given as:

df = Hsfd
s, (4.8)

ts = Hfst
f . (4.9)

(4.10)

To simplify the notation, the tractions are given by t = Tn.

Following de Boer et al. [47, 48, 67], a method is conservative if the following relation
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between the transfer matrices holds:

Hfs =
[
MffHsfM

−1
ss

]T
, (4.11)

while the matrices Mff and Mss depend on the particular discretization method. By

utilizing the common form of the interpolation function (3.15), the matrices for the finite

element method can be stated as:

M ij =

∫

Γfs

N t
i (x)N

d
j (x) dΓ (4.12)

while the superscripts t and d denote the basis function used to interpolate the tractions

and displacements, respectively.

Consistency is satisfied in the different transfer directions, if for constant vectors β =

β{1} the relations

βs = Hfsβ
f (4.13)

βf = Hsfβ
s (4.14)

hold. In this case, a constant vector β{1}a is transferred into a constant vector β{1}b,

although the values of the vectors may differ.

All methods studied in [47] are either consistent or conservative. Violating the consis-

tency condition can lead to unphysical oscillations on the surface and failure of the whole

solution strategy [47], while non-conservative methods can allow for proper solutions [67].

Together with the methods, analyses of the energy conservation and consistency are pre-

sented in the following.

4.2.2 Finite Interpolation Element

The general idea of this method is to transfer the discrete force of every fluid node onto

its corresponding base point on the structure, and subsequently use the local non-zero

basis functions of the structural discretization to distribute the load to the corresponding

nodes of the structure in the sense of a Dirichlet-Neumann coupling, introduced later.

In order to transfer the deformation back to the fluid domain, the previously described

procedure can be reversed. The method was initially derived without any restriction

to the interpolation functions used [67], and can be applied to any kind of finite inter-

polation function, i.e., based on Lagrangian polynomials or splines [9]. If the interface
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ξ̂se,j

Ωs
e

F
f
j

Figure 4.2: Finite Interpolation method for piecewise linear elements. Fi represents a
discrete fluid force, ξ̂se,i the local parametric coordinate of the closest point
along the interface of element Ωs

e on the structural discretization.

θs
j

Ωs
e

F
f
j

Figure 4.3: Finite Interpolation method for SFEM on fluid side and IGA on structural
side. Fi represents a discrete fluid force, θs

i the global coordinate of the
closed point on the structural spline. Because of the global parametric
coordinate, a direct relation to element Ωs

e is not needed.
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approximation is handled separately from the structural discretization, the method is

called finite interpolation elements [14]. The individual steps are detailed in the follow-

ing. Differences between the usage of linear Lagrangian or isogeometric finite elements

on the solid side are pointed out.

1) Calculation of discrete forces:

The method requires discrete forces at each fluid node at the interface ΓFS . One way

to compute the forces is to make use of the stress tensor, that is available due to the

reconstruction utilized in the stabilization method, cf. Sec. 3.5.3. Therefore, the discrete

tractions calculated by the fluid solution can be integrated over the element faces along

the interface and distributed to each node. Given the discrete stress T f
i at each node on

the boundary, the stress distribution is defined as follows:

T (x) =
∑

i

Li (x)Ti, (4.15)

where Li denotes the Lagrangian shape functions. To simplify notation, the global

coordinate x is used to denote the position along the interface for all methods in the

following. However, due to mappings introduced together with the finite dimensional

interpolation functions in Sec. 3.3, the global coordinate is uniquely related to a local

or global parametric coordinate. In order to regain the discrete force at each individual

node, the stress has to be multiplied by the corresponding shape function and then

integrated, resulting in the following equation

F
f
i =

∫

Γfs,f
e

Li (x)
∑

j

[
Lj (x)T

f
j n

]
dr, (4.16)

where n is the normal vector at the interface. In the analysis below, this equation,

cf.(4.12), correponds to

F f = Msst
f . (4.17)

Note that due to the linear approximation of the spatial domain, the normal n is approxi-

mated in case of SFEM. In contrast, that normal can be directly determined based on the

underlying spline geometry in case of NEFEM. An alternative method to determine the

discrete forces is the consistent boundary flux method [87].

2) Structural base point computation:

In the next step, the base point — the closest point — on the structure of each fluid
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interface node has to be found. In case of SFEM, the local parametric coordinate within

the related element has to be found. In contrast, the global parametric coordinate of

the closest point has to be determined for a spline-based representation of the struc-

ture. It can, e.g., be calculated by using the second-order algorithm for orthogonal

projection presented in [86]. If the geometry is assembled from multiple spline patches,

the corresponding patch has to be identified before the parametric coordinate is com-

puted.

3) Transfer of forces onto the structure:

We want to obtain the discrete force as the right hand side of (3.35). Thus, the discrete

fluid forces are distributed by multiplying them with the basis functions of the structural

discretization evaluated at the determined base point. For each basis function the sum

over all basis points — corresponding to the number of fluid points on the fluid interface

nenfΓfs
— gives the right hand side contribution for the given node. Since the basis points

are defined in local or in global parametric coordinates for SFEM and IGA, respectively,

the discrete structural forces are computed by

SFEM: F s
i =

nen
f

Γfs∑

j

Le
i

(
xe
j

)
F

f
j , (4.18a)

IGA: F s
i =

nn
f

Γfs∑

j

Ri (xj)F
f
j . (4.18b)

Note that since the discrete forces are determined only for element nodes in case

of SFEM, the local values have to be summed up in case of neighboring elements.

With (4.18a) or (4.18b), respectively, the transfer matrix Hfs is defined. The ba-

sis of both finite dimensional ansatz functions fulfill the partition of unity, meaning

that ∑

a

Ba(x) = 1 (4.19)

holds, while Ba acts again as placeholder for the different basis functions. Thus, the over-

all force acting on the interface is conserved during the projection.

4) Transfer of deformation onto the fluid:

The computed structural deformation has to be transferred to the fluid in order to

account for the mesh deformation. This procedure is straightforward for SFEM and

IGA. The elastodynamic problem is formulated at the grid points or the spline control
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point. Knowing the parametric coordinates of the basis points, we have to sum up

the contributions of all discrete solutions that have a non-zero basis function at that

basis point. By distinguishing again between SFEM and IGA, the displacement of one

interface point i on the fluid side is given by:

SFEM: df
i =

nens

Γfs∑

j

Le
j (x

e
i )d

s
i , (4.20a)

IGA: df
i =

nns

Γfs∑

j

Rj (xi)d
s
i . (4.20b)

These equations correspond to the transfer matrix Hsf .

Analysis of energy conservation and consistency

Inserting (4.16) into (4.18a) or (4.18b), respectively, and collecting the equations for all

nodes on the structural side results in

MT
ssts = HT

sfM
T
fftf (4.21)

by using (4.12) forMss andMff . By resolving the equation for tf , the following transfer

matrix can be identified:

Hfs =
[
MffHsfM

−1
ss

]T
. (4.22)

With (4.11) the method is energy conserving as stated in [67].

With (4.20a) and (4.20b) the structural solution is just evaluated at certain points.

With partition of unity the row-sum for the resulting Hsf matrix is equal to one. Thus,

the consistency condition for the transfer of displacements is satisfied. But the inde-

pendency of projection nodes gives, that in general the column sum is Hsf 6= 1, and

therefore

HT
sfβ 6= β (4.23)

The method is globally energy conservative, but not consistent regarding the transfer of

pressure.

The method of finite interpolation elements can be applied independently if SFEM or

NEFEM is used on the fluid side, since the step 1) would not change. In case of NE-
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FEM a slight improvement can be introduced by taking the exact determination of the

normal into account. In the following, a simplification of the spatial coupling between

NEFEM and IGA is presented, while utilizing the identical representation of the geom-

etry.

4.2.3 Direct transfer between spline-based

methods

In case of NEFEM-IGA coupling, the spline representation of the interface is available

to both the fluid and structural solver. By this, a perfect compatibility at the fluid-

structure interface is guaranteed. This leads to a matching interface representation,

cf. Fig. 4.4, but a non-matching discretization, due to the different basis functions, cf.

Fig. 4.5.

Figure 4.4: Gapless geometry representation of the interface for NEFEM-IGA coupling.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

0.5

0

0.5

1

Figure 4.5: Basis functions for NEFEM — on upper half — and NURBS-based isogeo-
metric analysis — on lower half — in parametric space along the interface.
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1) Calculation of discrete forces:

Since the geometry representation of the coupling interface is identical in both the fluid

and structural solver, a direct integration can be applied to get the fluid forces. Since the

Galerkin method is applied on the structural side, the right hand side of the structural

problem (3.35) can be formulated in case of IGA by using the NURBS basis as a test

function as follows:

F s
i =

∫

Γfs

Ri(x)
(
T f (x)n(x)

)
dx. (4.24)

Because the NURBS is also available on the fluid side, the integral can be computed

by the fluid solver. As previously, the fluid stresses T f can be computed from the fluid

solution, and the face normals can be determined exactly by evaluating the NURBS.

Hence, the boundary integral can be computed piecewise by integration over each fluid

grid face:

F s
i =

nF∑

e

∫

Γfs
e

Ri(x)
(
T f (x)n(x)

)
dx. (4.25)

By applying Gaussian integration, cf. Sec. 3.2.1, with nGP as the number of Gauss

points, we get

F s
i =

nF∑

e

nGP∑

g

w(xg)Ri(xg)
(
T f (xg)n(xg)

)
. (4.26)

If we insert now the Lagrangian representation of the fluid solution (4.15), the forces act-

ing on the right-hand side of the structural problem can be computed by

F s
i =

nF∑

e

nGP∑

g

w(xg)Ri(xg)

(∑

j

Lj(xg)T
f
j n(xg)

)
. (4.27)

Note that the direct integration relies on the constraint of matching interface representa-

tions. This is not only the case if NEFEM and IGA are combined but also IGA is used

on both sides. In the latter case it has to be ensured, that the approximation space of

both interpolation functions allows for a matching interface representation; that is not

trivial, e.g., in the case of fluid-structure interaction.
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Analysis of global energy conservation and consistency

Consider the following approximation for the displacement d and traction t = Tn at

the fluid Γfs,f or structural boundary Γfs,s:

tf (x) =

nf∑

i

Li
tf (x)t

f
i (4.28)

df (x) =

ns∑

i

Ri
df
(x)df

i (4.29)

ts(x) =

ns∑

i

Ri
ts(x)t

s
i (4.30)

ds(x) =

ns∑

i

Ri
ds
(x)di

s (4.31)

where nf and ns are the number of discrete points on both sides of the interface. Note

that the displacement on the fluid side (4.29) is discretized with the NURBS basis

functions used on the interface in case of NEFEM. As before, all basis functions are

evaluated at the the global coordinate x, which is just a mapping of the parametric

coordinate θ. Since on both sides of the interface the displacement is discretized with

the NURBS, the transfer matrix simplifies to

Hsf = I. (4.32)

Hence, it is obvious that the consistency condition for the displacement is fulfilled. By

introducing the matrices

M
ij
ff

=

∫

Γfs

Li
tf (x)R

j
df
(x) ds (4.33)

M ij
ss =

∫

Γfs

Ri
ts(x)R

j
ds
(x) ds (4.34)

the direct integration (4.25) can be written as

MT
sst

s = MT
fft

f (4.35)
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which results in the transfer matrix

Hfs = (MffM
−1
ss )

T
. (4.36)

By taking (4.32) into account, this is equivalent to the condition for global energy conser-

vation (4.11). Finally, the consistency for the pressure has to be studied. By defining two

constant vectors βa = β{1}na , a ∈ {f, s}, equation (4.35) is given by

β

ns∑

i

∫

Γfs

Rk
ds
(x)Ri

ts(x) ds = β

ns∑

j

∫

Γfs

Rk
ds
(x)Lj

tf
(x) ds, ∀k = 1, ..., ns. (4.37)

and can be reformulated by using partition of unity as follows:

β

∫

Γfs

Rk
ds
(x)

ns∑

i

Ri
ts(x)

︸ ︷︷ ︸
=1

ds = β

∫

Γfs

Rk
ds
(x)

ns∑

j

Lj
tf
(x)

︸ ︷︷ ︸
=1

ds, ∀k = 1, ..., ns. (4.38)

This results in

β

∫

Γfs

Rk
ds
(x) ds = β

∫

Γfs

Rk
ds
(x) ds, ∀k = 1, ..., ns. (4.39)

Hence, the method is also consistent for pressure.

Note that, although a vector with constant values was used for the pressure, (4.39) still

depends on the boundary integral of Rk
ds
(x). Hence, the value of the integral depends

on the basis function and its local support. In case of splines the value of (4.39) varies

for each k, cf. Fig. 3.5. Thus, a vector F given by

F = MT
ssβ

s = MT
ffβ

f (4.40)

has in general varying entries.

Summarizing the previous derivations, the direct integration between NEFEM and IGA

is globally energy-conserving and consistent for displacement and tractions. In general

it can be stated that this correlates directly to the weighted residual methods [36].

For this method in [47] the same statement regarding conservation and consistency

was derived under the condition of matching boundaries. Hence, it can be affected by

the same problems regarding numerical integration, e.g., if the elements on the fluid
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side have a larger support in the phyiscal domain than the elements on the solid side.

Refinement by adding additional Gaussian points within the numerical integration can

help to counteract the problem [94].

Computation of local stresses

With the previous method, it is obviously possible to compute stresses instead of forces

at any control point of a boundary in a energy-conserving way. By using the trans-

fer matrix (4.36), the stresses can be transferred to the control points of the spline

by

ts = (MffM
−1
ss )

T
tf . (4.41)

By having the stresses available at the control points, they can be evaluated at any

parametric coordinate on the spline boundary. This might be interesting for the coupling

with other methods or in different applications, i.e., if stresses instead of forces are

needed.

4.3 Iterative solver

The fluid-structure interaction system is divided by differential partitioning, treating the

discretization on both sides independently. In the previous sections, methods for cou-

pling both fields in time and space were discussed. Based on that, both single-field solvers

can now be combined to create a fluid-structure interaction solver. Although it would

be possible to assemble the single problems as well as the coupling equations separately

and combine them afterwards into one single system of equations, the more flexible parti-

tioned approach is followed here. Thus, the single-field problems are solved iteratively in

the sense of an implicit staggered approach by exchanging information as boundary con-

ditions at the interface. For solving the single-field problems different solvers are applied,

implementing the numerical methods introduced in Ch. 3. To exchange data between

both solvers at the interface, the coupling methods introduced in Sec. 4.1 and Sec. 4.2 are

utilized. Here, the iterations between both solvers are conducted until convergence, in

the sense of a strongly coupled approach. Eventually, a fully-converged iterative solution

equates to the monolithic solution, see e.g., [126].

If transient problems are solved, the iterative solver is embedded into a time integration

scheme. As discussed in 4.1, both single-field solvers compute the same time step, no
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splitting scheme is involved. By introducing a operator H for the iterative solution

strategies introduced in Sec. 4.3.2 and Sec. 4.3.3, and an additional operator predictor

for a predictor to allow for a better initial value of the iterative solver, the algorithm

can be stated as given in Alg. 1. To simplify the notation, the unknows are generalized

for the fluid as χf and for the structure as χs.

Time stepping loop: for n = 1, .., ntimesteps do

1) Prediction of structural solution: χ̃n+1
s = predictor(χn

s )

2) Call iterative solver: (χn+1
f ,χn+1

s ) = H(χn
f , χ̃

n+1
s )

end

Algorithm 1: Time stepping scheme with an embedded iterative solver.

Based on that algorithm, a weakly coupled scheme can be developed by restricting the

subiterations of the iterative solver. Together with a suitable predictor, this conforms

with a predictor-corrector scheme. Unfortunately, this would not guarantee that the

iterative solver fully converges in all time steps, which is not always required, e.g., in

problems with compressible fluids. However, the presented thesis is focusing on strongly

coupled approaches.

In the following, the implicit staggered approach applied in this thesis is introduced.

First, two versions of differential partitioning are described. Finally, the iterative solution

strategies are presented, while discussing stability issues and acceleration techniques.

During the subsequent discussion, the known values χn
f and χ̃n+1

s are applied as initial

values of the single-field solvers. The superscripts n and n + 1 are omitted to simplify

notation.

4.3.1 Field partitioning

As mentioned in the introduction, the basis for an iterative solution strategy is field

partitioning, dividing the overall system on the interface into two sets of equations

and treating them separately. Even the fluid-structure interface can be split into the

fluid side Γfs,f and the solid side Γfs,s. The single-field problems are reconnected by
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prescribing the solution of the particular counterpart as boundary condition on these in-

terfaces. Actually, all combinations between the boundary conditions (3.27) and (3.53)

are feasible, although the resulting solvers exhibit differing stability properties. The

mathematical foundation of all these methods relies on the field of domain decompo-

sition, see, e.g., [126]. The most intuitive and most common partitioning follows the

Dirichlet-Neumann coupling, prescribing the velocity as Dirichlet boundary condition

on the fluid side and the tractions in the sense of a Neumann boundary condition on

the structural side. Another way is based on a linear combination of the coupling con-

ditions in the sense of Robin boundary conditions. Both strategies are discussed briefly

below.

Dirichlet-Neumann coupling

Usually, existing black-box solvers are combined with Dirichlet-Neumann coupling by

exchanging just displacements and tractions between solvers. Based on the previously

introduced distinction between the two sides of the fluid-structure interface, the ap-

plied boundary conditions in the single-field solvers within the iterative solver result

in:

Dirichlet step: gf = us on Γfs,f , (4.42)

Neumann step: hs = T fn on Γfs,s. (4.43)

Note that the differences between the Eulerian and Lagrangian viewpoints have to be

taken into account, cf. (2.57). However, in case of infinitesimal deformations the lin-

earization in (3.81) is usually applied on the structural side. Then the deformation

gradient degenerates to the identity, the difference between Cauchy’s stress tensor and

second Piola-Kirchhoff stress tensor disappears, and the conversion between the two

viewpoints is not needed anymore.

To fulfill the coupling conditions above while combining a fluid solver based on space-

time finite elements with a semi-discrete elastodynamic solver, Tezduyar and Sathe [149]

suggest to apply the boundary conditions in a weak sense. However, this is possible only

if the used software solves for the unknown velocities/displacements and tractions on

the boundary. Otherwise, the discrete coupling between field and boundary unknowns

is lost. In the presented case, both solvers compute state variables only, while stresses
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are evaluated in a postprocessing step. Thus, the coupling conditions have to be applied

strongly.

In many cases, the Dirichlet-Neumann coupling is a sufficient method and successfully

used in many fields of applications, e.g., aeroelasticity [34, 73, 80, 81, 129]. However,

stability problems can occur during fixed-point iterations. Especially applications with

incompressible fluids have to be treated carefully, which is discussed in more detail

in Sec. 4.3.2. Additionally, if the boundary conditions are prescribed strongly, the

method is unable to handle problems in closed domains — sometimes called pure-

Dirichlet domains —, e.g., inflating balloons, without any further modification [107].

This can be counteracted by involving Robin boundary conditions into the staggered

approach.

Robin-Neumann coupling

As mentioned before, the Dirichlet-Neumann decomposition is not able to solve problems

with volume perserving deformations where the fluid domain is completely enclosed

by strong Dirichlet boundary conditions. Thus, the coupling conditions need to be

modified, e.g., by introducing a volume constraint on the structural side to circumvent

problems with mass conservation on the fluid side [107, 154]. Another way involves

Robin boundary conditions, i.e., boundary conditions that introduce artificial fluxes on

the boundary [3,74,121]. Instead of directly utilizing the phyiscal kinematic and dynamic

boundary conditions, a linear combination of both, depending on scalar coefficients αs

and αf , can be applied [3]:

αfu
f + T fnf = αf

∂d

∂t

s

− T sns on Γfs,f , (4.44)

αs
∂d

∂t

s

+ T sns = αsu
f − T fnf on Γfs,s, (4.45)

with additonal restrictions

αf 6= αs, (4.46)

αf , αs > 0. (4.47)
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Obviously, these boundary conditions are fulfilled if the physical coupling conditions, cf.

Sec. 2.2, are satisfied. Based on that general definition, different coupling schemes can

be derived [3], e.g., the previously introduced Dirichlet-Neumann scheme with αf → ∞

and αs = 0. In this thesis, a Robin-Neumann scheme is applied in case of enclosed

domains, obtained by choosing αf > 0 and αs = 0:

αfu
f + T fnf = αf

∂d

∂t

s

− T sns on Γfs,f (4.48)

T sns = −T fnf on Γfs,s. (4.49)

Instead of applying now the velocity boundary condition directly on the interface, the

differences between fluid and structural side are minimized. Even in case of fully enclosed

domains, the pure Dirichlet character of the boundary conditions is avoided. During

iterations, non-converged predictions of the solid displacement can be counterbalanced

by fluid velocity.

Transfer to fluid problem

While the boundary condition applied on the solid side remains unchanged, the Robin

boundary condition needs to be integrated into the fluid sub-problem. This is realized

by modifying the Robin term for the fluid stresses:

T fnf = αf (u
s − uf )− T sns, (4.50)

and applying it as Neumann boundary condition (3.53b) as h = T fnf . Thus, the Neu-

mann term in the variational formulation (3.56) results in:

∫

Pn

v · ĥ dP =

∫

Pn

v · T fnf dP =

∫

Pn

v · (αf (u
s − uf ) + T sns) dP. (4.51)

In the second term of the boundary condition, the unknown velocity uf appears. Thus,

the boundary integral contributes now to both the right- and left-hand side of this

problem. Besides that, the coupling between both solvers is applied in the same fashion

as for the Dirichlet-Neumann coupling. But as for the transfer of fluid loads to structural

stresses for the Dirichlet-Neumann coupling, the change between different viewpoints
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needs also to be considered for the transfer of structural stresses to the fluid stresses

here as well. More details about the implementation of the Robin-Neumann coupling

into the applied solver framework are given in [100].

Remark on stresses for Robin boundary conditions

The positive feature of the Robin condition is that it avoids a violation of the mass

conservation by counterbalancing unexact predictions of the structural displacement.

On the other hand, the accuracy of the boundary conditions directly relies on the

accuracy of discrete stresses computed on the structural side. As already discussed

for the fluid solver in Sec. 3.5.3, stresses cannot be computed directly in case of lin-

ear approximations, since their derivatives are vanishing. Alternative methods to the

one used on the fluid side are L2-Projection, discrete least-squares fitting, or supercon-

vergent patch recovery [78, 123, 165, 166]. In case of NURBS-based isogeometric finite

elements with order p > 1, the situation is obviously different. Actually, the higher

order would allow for a direct computation of stress. However, to guarantee higher-

order recovery, the classical FE recovery techniques are discussed in context of IGA

in [106].

Note that to simplify the method in the presented thesis Robin-Neumann coupling is only

used within a Gauss-Seidel algorithm without relaxation, introduced below in Sec. 4.3.2.

This allows to use the reconstructed fluid stresses of the previous iteration in the next

iteration on the right-hand side of the fluid problem, instead of reconstructing them

again on the structural side.

4.3.2 Gauss-Seidel iteration

Finally, the staggered solution strategy applied in this thesis is presented. Again, the

unknowns are generalized for the fluid by χf and the structure by χs to simplify nota-

tion in the following. Additionally, operators for the fluid problem S, the elastodynamic

problem F and for the whole coupled fluid-structure interaction system H are intro-

duced. Although, the discretization is treated independently and projection might be

needed, it is assumed that the projection methods are part of the specific operators here.

Same holds for the grid deformation that is assumed to be part of the fluid operator

F . Since a surface coupled problem is solved, the operators are dealing only with infor-

mation — or unknowns — on the interface. The data to be exchanged depends on the
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type of differential partitioning in the sense of a Dirichlet-Neumann or Robin-Neumann

coupling, as introduced in Sec. 4.3.1. Although the methods are described here for fluid-

structure interaction, they can be directly transferred to other coupled problems, e.g., to

the coupling between the fluid solver and the deforming domain in case of a free-surface

flow problem.

Due to the coupling conditions, a solution of the structural problem χ∗
s can be formulated

as a fixed-point iteration, where the fixed point χ∗
s has to be found for every time step

n+ 1:

χ∗
s = H(χ∗

s) = S ◦ F (χ∗
s). (4.52)

Splitting up the FSI operator into its components, one gets the following relation:

χ∗

f = F (χ∗
s),

χ∗
s = S(χ∗

f ).
(4.53)

This can be utilized for a Block-Gauss-Seidel procedure, the classical iteratively stag-

gered solution strategy for coupled problems [29,68,110,157]:

Gauss-Seidel Scheme(χ0, k = 0):

Coupling loop: repeat

1) Call of fluid solver: χk+1
f = F (χk

s)

2) Call of structural solver: χ̃k
s = S(χk+1

f )

3) Update solid solution: χk+1
s = χ̃k

s

k = k + 1

until χ̃k
s ≈ χk

s ;

Algorithm 2: Pseudo-code for Gauss-Seidel scheme.

The Gauss-Seidel scheme converges linearly. However, its stability depends on several

factors, such as time-step sizes, density ratio, and even the structural stiffness as dis-

cussed subsequently. The algorithm is the basis for all modifications introduced in

the following to increase stability and efficiency. For a start, a simple modification of
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the Gauss-Seidel algorithm is introduced that allows for an enhancement of the stabil-

ity.

Successive over-relaxation

The simplest way to enhance stability is the relaxation between the current und pre-

vious solution by the parameter ω. Hence, step 3 of the algorithm 2 can be given

as:

χk+1
s = ωχ̃k

s + (1− ω)χk
s . (4.54)

This modification of the Gauss-Seidel procedure corresponds to Successive Over-Relaxation,

and in the context of fluid-structure interaction, to the iterative staggered scheme for

a Dirichlet-Neumann coupling proposed in [110]. The stability analysis in [110] states

that the method is conditionally stable and the choice of the relaxation parameter is

strongly dependent on the problem. Unfortunately, a unique prediction of the optimal

parameter is impossible, especially in transient problems, it can vary in time. Thus,

the practical choice is often based on the aim of having a stable solution for all time

steps, which is often quite inefficient. Thus, a dynamic relaxation would be preferred.

Before introducing more sophisticated methods, the reason for the stability issues in

incompressible fluids is shortly discussed in the following.

Statement on added mass

In comparison to monolithic schemes, partitioned algorithms solving the Dirichlet-Neumann

problem show instabilities, especially in explicit staggered schemes and when incom-

pressible fluids are involved. Since the interaction consistency law [25] is not satisfied in

weakly coupled schemes, errors on the displacement are acting due to the incompressibil-

ity directly as pressure reactions on the right-hand side of the structural problem. These

instabilities can directly be related to the added mass effect. It was verified that the

added mass effect depends not only on physical properties like density ratio [35] but also

on applied time-integration schemes [71]. Further studies are presented in [42, 117, 152].

In case of incompressible fluids, the weakly coupled schemes are therefore always con-

ditionally stable only. Robin boundary conditions can help to counteract the added

mass effect [3, 74, 121]. Banks et al. [4, 5] have demonstrated on simple test cases that
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a coupling based on Robin boundary conditions may lead to an unconditionally stable

procedure.

In the standard Dirichlet-Neumann coupling the violation of the interaction conservation

law can be counteracted by iteratively staggered approaches. Then, the added mass ef-

fects are diminishing if the solver is fully converged. Unfortunately, the added mass effect

influences the convergence of the iterative process [50,52,110]. By convergence analysis,

Le Tallec and Mouro [110] have demonstrated that the convergence of the iterative pro-

cedure can rely on the same influences as explicit schemes. The stability decreases with

decreasing time-step size, structural stiffness, or mass ratio. A convergence with a fixed

relaxation parameter is not guaranteed. However, the choice of an optimal relaxation

parameter is difficult, especially since it can vary over time and iterations. Therefore

the most pessimistic choice is often chosen, leading to inefficient solvers. The efficiency

can be improved by more sophisticated methods, following the idea of dynamic updates

of the relaxation parameter. These are mainly discussed in the context of interface

quasi-Newton schemes, as introduced in the following.

4.3.3 Newton-based schemes

Even if the original Gauss-Seidel procedure allows to solve many coupled problems, the

stability problems and efficiency problems with fixed relaxation mentioned before make

more elaborate methods necessary. One choice are methods based on Newton’s method

to solve nonlinear problems, already introduced for the solution of single-field problems

in Sec. 3.2.2. The main idea behind these methods is to derive a better prediction for the

Gauss-Seidel procedure. The prediction is computed with a Newton step for the solution

on the interface. By writing (4.52) in residual form

R(χ∗
s) = χ∗

s −H(χ∗
s) = χ∗

s − S ◦ F (χ∗
s) = 0. (4.55)

a solution with the Newton-Raphson method (3.13) would allow to solve the system

by:

DR(χk
s)∆χk

s = R
(
χk
s

)
, (4.56)

χk+1
s = χk

s +∆χk
s . (4.57)

Unfortunately, the residual (4.55) depends on the coupled problem H and any deriva-

tion of the Jacobian DR(χk) or its inverse would need to solve the nonlinear system.
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This is contrary to the differential partitioning and impossible to realize if black-box

solvers are involved. Hence, the key idea of quasi-Newton methods is to approximate

the Jacobian by using results of previous time steps. The approximation is utilized

to compute a prediction for the next iteration in the Gauss-Seidel iteration. In case

of fluid-structure interaction problems only interface information is included, leading

to the term of interface quasi-Newton methods. The three variants applied in the

presented thesis are discussed briefly in the following. Further variants are discussed

in [26,51,53–55,112]

4.3.4 Aitken’s method

A very simple method is following the idea of a modified Newton method, where the Jaco-

bian is computed only once per time step, solving the system by

DR(χ0
s)∆χk

s = R
(
χk
s

)
, (4.58)

χk+1
s = χk

s +∆χk
s . (4.59)

Since this idea can slow down the convergence, Aitken introduced an acceleration pa-

rameter ωk [93, 108],

χk+1
s = χk

s + ωk∆χk
s , (4.60)

that can be computed in terms of two subsequent residuals [108]

ωk = −ωk−1
(Rk−1)

T (Rk −Rk−1)

‖Rk −Rk−1‖
2
2

. (4.61)

The relaxation parameter can be considered as an estimation for DR(χ0
s)/DR(χk

s), see

e.g., [7]. Finally, a starting parameter has to be chosen. Often, the relaxation parameter

is bound by an initial value, ωk ≥ ω0 ∀k, [108].

Comparing the successive over relaxation in Sec. 4.3.2 with the Aitken method, the only

difference is the dynamically adapted relaxation parameter. The Aitken method allows

for a significant increase of the efficiency while keeping the effort for implementation

rather small. Additionally, the computational costs are limited if the Aitken relaxation

is computed with interface data only [108].
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Interface quasi-Newton inverse least-squares

While the Aitken’s method was initially derived to accelerate the modified Newton

method that uses a constant Jacobian, quasi-Newton methods try to approximate the

Jacobian in every iteration. In the context of interface quasi-Newton methods, it is conve-

nient to derive the Newton iteration for the inverse form of the residual

R̃(χ̃∗) = χ̃∗ −H−1(χ̃∗), (4.62)

where a fixed point of equation (4.52) is also fixed point of the inverted fixed-point

equation (4.62). The resulting Newton step is:

χk+1 = χ̃k +DR̃(χ̃k)−1R̃(χ̃k). (4.63)

This would need the evaluation of DR̃(χ̃k) or its inverse, respectively. As already men-

tioned, this is contrary to the iterative procedure with black-box solver. Instead, quasi-

Newton methods try to approximate the Jacobian or its inverse.

A method presented by Degroote et al. [51] is founded on a Taylor expansion of all solu-

tions of previous iterations with respect to the result of the current iteration k:

R̃(χ̃i) = R̃(χ̃k) +DR̃(χ̃k)(χ̃i − χ̃k), ∀i = 1, .., k − 1. (4.64)

Each Taylor expansion of a residual of the previous iteration R̃(χ̃i) results in an equation

to compute the inverse of the Jacobian

R̃(χ̃i)− R̃(χ̃k) = DR̃(χ̃k)(χ̃i − χ̃k) ⇒ DR̃(χ̃k)−1∆R̃
k

i = ∆χ̃k
i . (4.65)

By collecting the data, the input matrix Wk and the output matrix Vk can be constructed

[51] as:

Wk =
[
∆χ̃k

0, ∆χ̃k
1, · · · ,∆χ̃k

k−1

]
with ∆χ̃k

i = χ̃k
s − χ̃i

s , (4.66a)

Vk =
[
∆Rk

0 , ∆Rk
1 , · · · ,∆Rk

k−1

]
with ∆Rk

0 = R̃(χ̃k)− R̃(χ̃i) , (4.66b)

with the matrices Wk and Vk storing the changes of the structural deformation and

the residual, respectively, between the current iteration with respect to all previous
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iterations. Since (4.65) holds for each input-output relation, the approximated in-

verse of the Jacobian Ĵ
R̃

−1
≈ DR̃(χ̃k)−1 for iteration k is determined by the rela-

tion

Ĵ
R̃

−1
Vk = Wk . (4.67)

In practical cases, the number of iterations is much smaller than the number of degrees of

freedom in the problem system, even if only the interface is included. Hence, the system

of equations (4.67) is underdetermined. A solution for that problem is presented in

[51,112]. The minimization in the Frobenius norm ‖·‖F by

‖Ĵ
R̃

−1
(χ̃k)‖F → min (4.68)

ensures the existence of a unique solution. With the method of Lagrange multipliers and

utilizing the constraint (4.67), an update strategy can be derived. An explicit derivation

of the approximated Jacobian can be circumvented by using

χk+1 = χ̃k +Wkα , (4.69)

with the vector α =
(
V T
k Vk

)−1
V T
k

(
−R̃(χ̃k)

)
. Note at this point that the usage

of the inverse fixed-point iteration avoids linear dependencies to the initial solution in

Wk [112]. Since a first result is needed, an initial solution step is computed with fixed

under-relaxation, while the fixed relaxation factor has to be chosen in a way preventing

divergence.

An efficient way to compute α is given via the solution of the least-square problem

[112]

min ‖Vkα+ R̃(χk)‖2 (4.70)

that can be solved, e.g., by QR decomposition. In literature, the method is referred to as

interface quasi-Newton inverse least squares (IQN-ILS) method [51].

By using the relation R̃(χ̃k
s) = R(χk

s) = χ̃k
s − χk

s =: Rk the quasi-Newton method

transferred into algorithm 3.

The convergence can be improved by including information of previous time steps into

the input and output matrices, also suggested in [51]. However, there is no mathemat-

ical way to predict the optimal number of time steps included into the derivation of
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IQN-ILS(χ0):
1st iteration: χ̃0

s = H(χ0
s) = S ◦ F (χ0

s)

Form residual: R0 = χ̃0
s − χ0

s

Under-relaxation: χ1
s = ω χ̃0

s + (1− ω) χ0
s

k = 0 Coupling loop: repeat

Perform one loop: χ̃k
s = H(χk

s)

Form residual: Rk = χ̃k
s − χk

s

Build input matrix: Wk = [∆χk
k−1, · · ·∆χk

0] with ∆χk
i = χ̃k − χ̃i

Build output matrix: Vk = [∆Rk
k−1, · · ·∆Rk

0 ] with ∆Rk
i = Rk −Ri

Solve least-squares problem: min ‖Vkα+Rk‖2
Post-processing update: χk+1

s = χ̃k +Wkα

k = k + 1

until χ̃k
s ≈ χk+1

s ;

Algorithm 3: Interface quasi-Newton inverse least-squares method (IQN-ILS) [51].

the inverse Jacobian. For the most efficient approximated inverse Jacobian, linear de-

pedencies and contradicting information has to be avoided [112]. Instead, by updating

the inverse Jacobian with the method presented in the following these problems are

diminishing.

Interface quasi-Newton inverse multiple-vector Jacobian

method

The method introduced before is using only data of previous iterations for the recon-

struction of the Jacobian. Additionally, information of previous time steps can be used

to improve the convergence. The method was published first by [26] for block-iterative

methods and modified in [112] for the acceleration of the Gauss-Seidel procedure. It

combines the interface quasi-Newton method introduced before with an update similar

to Broyden’s method. The idea of Broyden’s method is to minimize the evaluations

of the Jacobian by evaluating it only once exactly in the very first iteration as in the

modified Newton, but update it in the following iterations by a rank-one update [32]. It

was extended by Kvaalen to approximate the inverse of the Jacobian [109]. Instead of

an upate between two iterations, the IQN-IMVJ method updates the inverse Jacobian of
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the previous time step
n
Ĵ
R̃

−1
with the Jacobian of the current iteration

n+1

k
Ĵ
R̃

−1
. The

Jacobian of the current time step is approximated as in the IQN-ILS method. Hence,

the update can be stated as:

n+1

k
Ĵ
R̃

−1
= ∆

k
Ĵ
R̃
+

n
Ĵ
R̃

−1
, (4.71)

while ∆
k
Ĵ
R̃
denotes the update. Introducing (4.71) into (4.67) results in:

∆
k
Ĵ
R̃

Vk = Wk −
n
Ĵ
R̃

−1
Vk. (4.72)

As in case of the IQN-ILS, the system of equations is unterdetermined. Again, by

minimizing

‖∆
k
Ĵ
R̃
‖F → min (4.73)

in the Frobenius norm while applying the right-hand side of (4.72) as a constraint, a

unique inverse Jacobian update can be computed. Thus, the Jacobian update can be

computed by taking all input pairs of the current coupling step into account. As the

update of the Jacobian corresponds to the difference of the two Jacobians, the new Jaco-

bian approximation is ensured to be as close as possible to the previous one in a minimal

norm sense. In analogy to the IQN-ILS method, Eq. (4.72) yields the update formula for

the interface quasi-Newton inverse multiple-vector Jacobian (IQN-IMVJ)

method [112]:

n+1

k
Ĵ
R̃

−1
=

n
Ĵ
R̃

−1
+
(
Wk −

n
Ĵ
R̃

−1
Vk

)(
V T
k Vk

)−1
V T
k . (4.74)

And finally, the interface Quasi-Newton update of the IQN-IMVJ method results in:

χk+1
s = χ̃k

s −
n+1

k
Ĵ
R̃

−1
R(χ̃k

s) (4.75)

= χ̃k
s −
(
n
Ĵ
R̃

−1
+
(
Wk −

n
Ĵ
R̃

−1
Vk

)(
V T
k Vk

)−1
V T
k

)
R(χk

s) .

During fluid-structure interaction computations, the update strategy is conducted with

respect to the Jacobian of the previous time step, cf. Alg. 4. In the first step, the last

approximation of the Jacobian in the previous time step is used as an initial guess in the

current step. In all subsequent iterations, the inverse Jacobian of the previous iteration

is updated with the current Jacobian, which is actually approximated with the input
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and output matrices Wk and Vk. This implies that information of past time steps is

included. With this strategy, information of the past is included in the derivation of the

inverse Jacobian.

IQN-IMVJ(χ0):
First iteration: χ̃0

s = H(χ0
s)

Form residual: R0 = χ̃0
s − χ0

s

if (1st time step) then

Under-relaxtion step: χ1
s = ωχ̃0

s + (1− ω) χ0
s

Initialize previous inverse Jacobian:
n
Ĵ
R̃

−1
= 0

else

Update previous inverse Jacobian to new one:
n
Ĵ
R̃

−1
=

n+1

k
Ĵ
R̃

−1

QN-Update with previous inverse Jacobian: χ1
s = χ̃0

s −
n
Ĵ
R̃

−1
R0

end

k=0

Coupling loop: repeat

Perform iteration: χ̃k
s = H(χk

s)

Form residual: Rk = χ̃k
s − χk

s

Build input matrix: Wk = [∆χ̃k
k−1, · · · ,∆χ̃k

0] with ∆χ̃k
i = χ̃k

s − χ̃i
s

Build output matrix: Vk = [∆Rk
k−1, · · · ,∆Rk

0 ] with ∆Rk
i = Rk −Ri

Compute update:
n+1

k
Ĵ
R̃

−1
=

n
Ĵ
R̃

−1
+
(
Wk −

n
Ĵ
R̃

−1
Vk

)(
V T
k Vk

)−1
V T
k

Post-processing step: χk+1
s = χ̃k

s −
n+1

k
Ĵ
R̃

−1
Rk

k = k + 1

until χ̃k+1
s ≈ χk

s ;

Algorithm 4: Interface Quasi-Newton inverse multiple vector Jacobian method (IQN-

IMVJ) [112].
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Interface quasi-Newton inverse multiple-vector least-squares

method

The application of the IQN-IMVJ method is quite expensive since the inverse
(
V T
k Vk

)−1

has to be computed in every iteration. A slight modification of the method should be

presented here, which counteracts this drawback by combining the IQN-IMVJ method

with ideas of the IQN-ILS method, resulting in the interface quasi-Newton in-

verse multiple-vector least-squares method (IQN-IMVLS). Rewriting (4.75)

as

χk+1
s = χ̃k

s +
n
Ĵ
R̃

−1
(−R(χk

s)) +
(
Wk −

n
Ĵ
R̃

−1
Vk

)(
V T
k Vk

)−1
V T
k (−R(χk

s)) (4.76)

allows to introduce the vector α =
(
V T
k Vk

)−1
V T
k

(
−R(χk)

)
in analogy to (4.69).

With that, the update can be formulated as,

χk+1
s = χ̃k

s +
n
Ĵ
R̃

−1
(−R(χk

s)) +
(
Wk −

n
Ĵ
R̃

−1
Vk

)
α, (4.77)

while the vector α can be computed efficiently by solving again the least-squares problem

(4.70). Eventually, the Jacobian of the current time step has to be computed explicitly

only once as preparation for the next time step, .i.e., if the current time step is converged.

The resulting algorithm is presented in Alg. 5.

4.3.5 Remark on relaxation with splines

All relaxation variants introduced in previous sections compute the relaxation with re-

spect to the structural deformation. If isogeometric finite elements are used, the relax-

ation is computed for the displacement of the control point coordinates. However, the

relaxation of the control points implies the relaxation of the geometry. Since the fluid

grid points are displaced by the evaluation of the current geometry, the relaxation of

the spline equals the relaxation of the grid points. But since the number of control

points is typically lower in comparison the number of fluid points, this variant is more

efficient.
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IQN-IMV-LS(χ0):
First iteration: χ̃0

s = H(χ0
s)

Form residual: R0 = χ̃0
s − χ0

s

if (1st time step) then

Under-relaxtion step: χ1
s = ωχ̃0

s + (1− ω) χ0
s

Initialize previous inverse Jacobian:
n
Ĵ
R̃

−1
= 0

else

Update previous inverse Jacobian to new one:
n
Ĵ
R̃

−1
=

n+1

k
Ĵ
R̃

−1

QN-Update with previous inverse Jacobian: χ1
s = χ̃0

s −
n
Ĵ
R̃

−1
R0

end

k=0

Coupling loop: repeat

Perform iteration: χ̃k
s = H(χk

s)

Form residual: Rk = χ̃k
s − χk

s

Build input matrix: Wk = [∆χ̃k
k−1, · · · ,∆χ̃k

0] with ∆χ̃k
i = χ̃k

s − χ̃i
s

Build output matrix: Vk = [∆Rk
k−1, · · · ,∆Rk

0 ] with ∆Rk
i = Rk −Ri

Solve LS problem: min ‖Vkα+Rk‖2

Post-processing step: χk+1
s = χ̃k

s +
n
Ĵ
R̃

−1
(−Rk) +

(
Wk −

n
Ĵ
R̃

−1
Vk

)
α

k = k + 1

until χ̃k+1
s ≈ χk

s ;

Compute update Jacobian:
n+1

k
Ĵ
R̃

−1
=

n
Ĵ
R̃

−1
+
(
Wk −

n
Ĵ
R̃

−1
Vk

)(
V T
k Vk

)−1
V T
k

Algorithm 5: Interface Quasi-Newton inverse multiple vector least-squares method

(IQN-IMVLS).
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5 Influence of discretization methods

to FSI test case

In order to evaluate the accuracy of the new fluid-structure interaction approach, three

different test cases are chosen. The first was proposed by Schäfer et al. [132], the second

one by Wall [157] and the third by Turek and Hron [151]. The first two test cases involve

steady laminar incompressible channel flow around a rigid and elastic cylinder respec-

tively, while the third test case involves unsteady fluid-induced vibrations of a flexible

structure attached to a rigid cylinder [79]. Thereby, the adapted NEFEM method with

direct coupling can be tested for simple problems. It is expected that the convergence

rate will remain the same as for standard FEM, since the same shape function definition

is still utilized for solution space, but the absolute value of the error will decrease. The

latter is due to a decrease in geometrical error due to integration over a smooth and —

at least in the rigid case — the exact domain.

5.1 Cylinder

5.1.1 Rigid Cylinder

The first test case is used to compare the influence of using NEFEM in contrast to FEM

and involves laminar flow around a fixed rigid cylinder. The configuration is proposed

in [132], in particular this is the “Test case 2D-1”. A sketch of the computational domain

is provided in Figure 5.1.

A parabolic inflow velocity is given at the inlet:

u (0, y, t) =

(
4Uy (H − y)

H2
, 0

)
. (5.1)
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y

x

2.2 m
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0.21 m

0.41 m
U

Figure 5.1: Sketch of the rigid cylinder benchmark.

No-slip conditions are applied at the upper and lower wall as well as on the cylinder, and

a free-flow boundary condition on the outlet. All parameters used for the simulation can

be found in Table 5.1. The Reynolds number is defined as

Re =
ρUD

µ
, (5.2)

where U is the average inflow velocity.

parameter symbol value

maximum inflow velocity U 0.2·1.5 m/s

dynamic viscosity µ 0.001 kg/ms

density ρ 1.0 kg/m3

cylinder diameter D 0.1 m

Reynolds number Re 20

Table 5.1: Rigid cylinder benchmark parameters.

For the given Reynolds number, the flow is steady. Therefore, steady Navier-Stokes

equations are solved.

An unstructured grid with 50 boundary elements on the cylinder and 5411 elements

is used as a starting point. Four further grids are considered, which are obtained by
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5.1 Cylinder

a simple h-refinement of the initial grid. This is done by splitting every edge in half.

An overview of the utilized grids is given in Table 5.2. In case of NEFEM, the ge-

ometry of the cylinder is represented by a second-order NURBS line with 10 control

points.

elements elements on cylinder wall

Grid 1 5,411 50

Grid 2 13,863 100

Grid 3 55,442 200

Grid 4 221,808 400

Grid 5 887,232 800

Table 5.2: Grids used for the rigid cylinder benchmark simulations.

The reference value that serves as a basis for the comparison between the results for

NEFEM and standard FEM is the drag coefficient. In both cases — NEFEM and FEM

— the drag coefficient computed on the final grid (NEFEM: cd = 5.570928 and FEM:

cd = 5.569983) is in good agreement with the reference value of cd = 5.579535 given by

featflow. We therefore consider both implementations to be valid for this test case. In

addition, Figure 5.2 gives a convergence plot for the drag obtained with the two methods.

The featflow result is employed as a reference result. As expected, both methods feature

the same convergence rate. However, one can observe that NEFEM slightly improves

the error constant.

5.1.2 Flexible Cylinder

The second test case can be viewed as an extension of the test case in Sec. 5.1.1. Instead

of a rigid cylinder, the test case now involves an elastic structure [157]. The dimensions

of the domain are detailed in Figure 5.3. The inflow velocity is constant; on the lower

and upper wall, a slip condition is applied. A no-slip boundary condition is used on

the cylinder. The mass enclosed by the cylinder is neglected. The elastic structure is

completely fixed on its rightmost point (on the horizontal symmetry axis). In order to

avoid asymmetric results induced by numerical errors, the displacement of the leftmost

cylinder point is suppressed in y-direction.
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Figure 5.2: Grid convergence for rigid cylinder.

parameter symbol value

inflow velocity U 0.10282 m/s

dynamic viscosity µ 0.0000182 kg/ms

density (fluid) ρf 1.18 kg/m3

cylinder diameter D 0.006 m

Reynolds number Re 40

Young’s modulus E 100 Pa

Poisson number νs 0.3

density (structure) ρs 1000 kg/m3

Table 5.3: Flexible cylinder parameters.

The given Reynolds number of 40 leads to a steady solution and a significant deformation

of the cylinder. Pressure distribution around the rigid and deformed cylinder is given in

Fig. 5.4.

On the fluid side, an unstructured grid with 40 boundary elements on the cylinder and

2352 elements in total is generated initially. Similar to the first test case, six additional

grids are created by applying simple h-refinement to the initial grid. An overview of the

grids used is given in Table 5.4. The geometry of the structure is defined by a second-

order NURBS with 40 elements in circular direction and 5 elements in radial direction.

Because the effect of NEFEM on FSI should be isolated, the discretization of the elastic

structure remains unchanged within the presented study.
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0.144 m
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Figure 5.3: Sketch of the flexible cylinder test case.

elements elements on cylinder wall

Grid 1 2352 40

Grid 2 9408 80

Grid 3 37632 160

Grid 4 150528 320

Grid 5 602112 640

Grid 6 9633792 2560

Table 5.4: Grids used for the flexible cylinder simulations.

Two reference quantities are used to assess the convergence: (1) drag on the cylinder and

(2) the displacement of the leftmost cylinder point. The results are presented as relative

results to grid 6 in Fig. 5.5. As in the rigid case, the slopes of the graphs are almost iden-

tical, but the relative error of NEFEM is clearly lower. In the presented case, the offset

between both graphs is in the order of one refinement level.
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Figure 5.4: Pressure distribution for the undeformed (left) and the deformed (right)
cylinder.
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Figure 5.5: Convergence with respect to drag (left) and displacement (right) for the
flexible cylinder.

5.1.3 Influence of deformation to the benefit of

NEFEM

By comparing the rigid results with the results of the flexible cylinder, we can see that

the benefit of using NEFEM instead of SFEM on the fluid side is clearly varying. But

as already mentioned, the solution is still approximated with linear Lagrangian finite

elements. Hence, any difference results from the different geometrical mapping. It is ob-

vious that in case of a straight interface the differences between NEFEM and SFEM are
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5.1 Cylinder

vanishing. Thus, in the fluid-structure interaction the absolut difference in the error is ex-

pected to be directly related to the deformation. To confirm that, the previous test case

is computed by using different Young’s moduli and by keeping the flow conditions con-

stant. Hence, with decreasing stiffness the deformation of the cylinder is increasing and

with that the maximum curvature, as presented in Fig. 5.6.

(a) Young’s modulus 100 Pa (b) Young’s modulus 200 Pa

(c) Young’s modulus 400 Pa (d) Young’s modulus 800 Pa

Figure 5.6: Pressure field for different Young’s moduli.

In the comparison of the pressure fields between NEFEM and SFEM it can already be

stated, that the differences between both methods are reduced with increasing stiffness
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5 Influence of discretization methods to FSI test case

and decreasing deformation. Since the intial geometry is cylindrical, the differences

converge with increasing Young’s modulus against the results of a rigid cylinder. This is

confirmed in Fig. 5.7. The absolute difference between the displacements is decreasing,

and so is the benefit of using NEFEM. On the other hand, the relative benefit with

respect to the displacement is more or less constant.
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Figure 5.7: Absolute and relative differences in displacement between SFEM and NE-
FEM for changing Young’s moduli.

5.2 2D flexible structure

The third test case is used in order to show the performance of the method for transient

FSI problems. The configuration is proposed in [151] and is referred to as FSI benchmark

- FSI2. A sketch of the computational domain is given in Fig. 5.8. The deformable elastic

structure, or ”flag”, is fixed at the flag-cylinder interface.

Similar to Section 5.1.1, a parabolic velocity profile is set at the inlet. No-slip conditions

are applied at the upper and lower wall, as well as on the cylinder and the flag, and

a free-flow boundary condition is applied at the outlet. All parameters relevant for

the simulations are shown in Table 5.5. For the given Reynolds number of 100, the

interaction of the flow and the elastic structure causes self-induced oscillations of the
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5.2 2D flexible structure
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Figure 5.8: Sketch of the moving flag featflow benchmark.

parameter symbol value

inflow velocity U 1.0·1.5 m/s

dynamic viscosity µ 1.0 kg/ms

density ρf 1000.0 kg/m3

cylinder diameter D 0.1 m

Reynolds number Re 100

Young’s modulus E 1.4·106 Pa

Poisson number νs 0.4

density (structure) ρs 10000.0 kg/m3

elements elements

in domain on flag

Grid 1 3,572 75

Grid 2 14,288 150

Grid 3 57,152 300

Reference 162,134 584

Table 5.5: Moving flag featflow
benchmark parameters.

Table 5.6: Grids used for moving
flag simulations.

structure, which result in a quasi-steady periodic wave-like deformation of the flag. The

pressure distribution at time t=13.6 s is given in Fig. 5.9.

The fluid domain is discretized using an unstructured grid with 75 boundary elements on

the flag surface and 3572 elements in total. Similarly to the previous test cases, two other

grids were created by applying simple h-refinement to the intitial grid. As reference for

the convergence study the solution computed on a fine grid with 584 elements on the flag

surface is used. An overview over the grids used is given in Table 5.5. The structure is

discretized using a quadratic NURBS with 60×15 elements. This discretization is kept

constant throughout the study. In all computations, a time step of ∆t = 0.002s was

applied.

Since flow conditions combined with the unsymmetric configuration lead to flow-induced

vibrations of the beam, the movement of point A is plotted in Fig. 5.10 and Fig. 5.11.
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5 Influence of discretization methods to FSI test case

Figure 5.9: Pressure distribution for deformed flag at time t=13.6s
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Figure 5.10: Vertical displacement of point A.

After some start up period, the oscillation reaches a stable state. To confirm the obser-

vations of the steady cases, the amplitude of the horizontal displacement is compared in

a grid convergence study, cf. Fig. 5.12.

The quantity for comparison is the amplitude of the vertical displacement of point A,
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Figure 5.11: Horizontal displacement of point A.
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Figure 5.12: Grid convergence of amplitude of vertical displacement at point A.

located at the tail of the flag. Fig. 5.12 shows the results as relative error to the reference

solution. As in the previous test cases, the offset between both graphs is identical, but

again the relative error of NEFEM is clearly lower. However, this can be explained again

by the geometry.
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6 Challenging problems for partitioned

approaches

The previous chapter focused on the influence of the new coupling approach between

NURBS- enhanced finite elements and NURBS-based isogeometric analysis to the ac-

curacy. For that, problems were chosen that are solveable with partitioned approaches

without running into stability problems. For example, all test cases so far exhibited low

influence of the added mass effect, i.e., the ratio between the densities on fluid and solid

side much larger than one. In the following, test cases are studied that are more difficult

to solve with partitioned approaches. The first configuration includes a fluid domain

that would be fully enclosed by Dirichlet boundary conditions in case of the standard

coupling approach. By utilizing a Robin-Neumann coupling, the differences between

NURBS-enhanced finite elements and standard finite elements are pointed out again.

The second setup is configured to be unstable. Here, different acceleration methods for

partitioned approaches are studied. The main aim of this test case is to confirm the re-

sults presented by Degroote and Lindner with isogeometric analysis and to demonstrate

the performance of the modified Quasi-Newton method in comparison to the original

formulation.

6.1 Balloon

The test case presented is related to the Robin-Neumann coupling discussed in Sec. 4.3.1.

The main characteristic of the balloon-type configuration depicted in Fig. 6.1(a) is the

fact that the incompressible fluid is completely enclosed by walls, while the remaining

boundary on the inner circle is the inflow boundary. The physical properties of both

fluid and structure are listed in Tab. 6.1. The linearly increasing inflow velocity leads

to a simple blow-up of the domain, cf. Fig. 6.1.
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6 Challenging problems for partitioned approaches
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(a) Sketch of the configuration.
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(b) Theoretical deformation based on time-
depending inflow.

Figure 6.1: Balloon type test case: circular inflow enclosed by a circular thin structure.

As already discussed in Sec. 4.3.1, the given configuration is impossible to compute with

a Dirichlet-Neumann coupling where on all boundaries of the fluid domain a Dirich-

let boundary condition would be applied. Due to the incompressibility, every error in

the prediction of the current deformation would lead to a violation of the mass conser-

vation on the fluid side. Instead, a Robin-Neumann coupling introduces an artificial

flux on the interface during the coupling iterations. This numerically ensures mass con-

servation, while a fully converged solution still fulfills the physical coupling conditions.

The symmetry of the studied configuration would actually allow for a one-dimensional

simplification. However, to study the differences between standard finite elements and

NURBS-enhanced finite elements the complete configuration is considered. Due to the

incompressibility and symmetry the displacement of the fluid-structure interface depends

only on the inflow velocity. Especially, the displacement of the interface is independent

of the physical properties of both fluid and structure. Thus, the homogeneous deforma-

tion of the interface can be computed analytically based on the inflow velocity. Because

the domain remains circular, the radius is used as a characteristic variable in the follow-

ing.

With the inflow u(t) and the inflow area Ain, the exact time-dependent radius can be
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6.1 Balloon

parameter indentifier value

inflow velocity u(t) 0.1 ·t · n m/s

dynamic viscosity µ 1.0 kg/ms

density (fluid) ρf 1000 kg/m3

Young’s modulus E 1.4·106 Pa

Poisson number νs 0.3

density (structure) ρs 10000 kg/m3

Table 6.1: Parameters of the balloon test case.

computed under the assumption of exact time integration by

rexact(t) =

√
(Ain

∫ t

0

u(t) dt+ 2 · π · 0.282) ·
1

π
, (6.1)

rpolygon(t) =

√
(Ain

∫ t

0
u(t) dt+ (2 · sin(πn) · 0.28

2) · 1
n · tan(πn)

sin(πn)
. (6.2)

Here, rexact is the exact radius of the two-dimensional balloon, while rpolygon corresponds

to the radius of the outer circle of a n-polygon. Based on these equations, the minimal

error between the exact geometry and its linear approximation can be computed. This

error converges against 0 for n → ∞.

The structure is discretized with 225 quadratic NURBS elements, which allow to rep-

resent the circular interface exactly at any time of the transient computation. The

fluid domain is discretized with 2400 elements, while both boundaries are equidistantly

discretized with 60 elements, which corresponds to a polygon with n = 60. To en-

sure comparability, the inflow boundary is always discretized with standard finite ele-

ments.

Since the NURBS-based boundary is included in the numerical integration in case of

NURBS-enhanced finite elements, the area of the fluid domain can be computed ex-

actly, only constrained in terms of numerical integration. In contrast, the boundaries

are linearly interpolated in case of standard finite elements. Thus, in the presented con-

figuration the approximated domain is slightly smaller than the exact domain. In case of

incompressible fluids, this results in a larger deformation for the given inflow condition.

This is confirmed by the results presented in Fig. 6.2, where the numerical results com-

puted with standard finite elements and NURBS-enhanced finite elements are presented
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Figure 6.2: Error in radius over time for ∆t = 0.001s.

together with the best numerical error for a polygonal discretization with 60 edges on

the boundary. Obviously, the change of the radius is always larger for standard finite ele-

ments. Additionally, for the given time-step size of ∆t = 0.001s the error computed with

NURBS-enhanced finite elements is smaller than the best approximation one can get with

standard finite elements for almost the whole time span.

However, the transient computation is affected by numerical errors due to time discretiza-

tion, i.e., by the discrete coupling conditions (4.6). Thus, even the NURBS-enhanced

finite elements are not able to compute the exact solution. But it can be expected that

the results computed with NURBS-enhanced finite elements converge with decreasing

time-step size against the exact solution, while results computed with standard finite

elements converge only against the best solution for linear discretization. This assump-

tion is confirmed by the convergence study with respect to the time-step size presented

in Fig. 6.3. The order of convergence of NURBS-enhanced finite elements and standard

finite elements is almost the same if the respective best solution is taken into account.

But with respect to the exact solution, standard finite elements converges against a

constant error.

The presented results demonstrate that in this particular case the numerical result of

NURBS-enhanced finite elements is depending only on the time discretization, while

the results computed with standard finite elements depend additionally on the spatial

discretization. Especially, the results of standard finite elements converge against the re-

sults of NURBS-enhanced finite elements for n → ∞. This demonstrates that for closed
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Figure 6.3: Absolute error of the radius at t=1.0 s.

domains, the integration of the precise boundary into the finite element discretization of

the fluid domain can lead to much more accurate results than standard finite elements

are able to compute.

6.2 Elastic pressure tube

With increasing number of degrees of freedom the efficiency of numerical solvers is getting

more crucial. Thus, the performance of the iteratively staggered solvers introduced in

section 4.3.3 is analyzed in this section for an elastic pressure tube test case, a three-

dimensional cylindrical fluid domain bounded by an elastic wall. A pressure wave is

travelling through that tube, initiated by a time-dependent pressure jump applied at

the inlet. The test case is inspired by [69], but the pressure level was adapted to get

a larger displacement. The material properties are given in table 6.2. Note that with

a density ratio
ρf
ρs

≈ 0.83, strong added-mass effects can be expected. The dimensions

of the domain are depicted in Fig. 6.4(b). On the wall, a no-slip boundary condition is

applied. The time-varying pressure jump used as a boundary condition at the inlet is

given in Fig. 6.4(a), linearly increasing to pmax = 13322Pa for 0.0s < t < 0.003s and

linearly decreasing for 0.025s < t < 0.003s. At the outflow a zero-pressure boundary

condition is used. The structure is clamped at both ends.
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6 Challenging problems for partitioned approaches

parameter symbol value

inflow velocity U 1.0·1.5 m/s

dynamic viscosity µ 0.001 kg/ms

density (fluid) ρf 1000.0 kg/m3

Young’s modulus E 3 ·105Pa

Poisson ratio νs 0.3

density (structure) ρs 1200.0 kg/m3

Table 6.2: Material parameters of the elastic pressure tube test case.
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0.05 m

0.0055 m

0.0005 m
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Figure 6.4: Definitions of the elastic pressure tube test case.

6.2.1 Numerical test

The computations compared in the following are conducted on a fluid grid with approx-

imately 20,000 tetrahedral space-time elements. The geometry of the structure is repre-

sented with 320 quadratic NURBS elements, i.e., 40 longitudinal ones and 8 in circumfer-

ential direction, resulting in 714 control points. The structural model is based on a non-

linear isogeometric shell approximation, presented in [22,58]. For the comparison of the

iterative procedures computations with 80 time steps with ∆t = 0.0001 were conducted.

Snapshots of the deformation are presented in Fig. 6.6.

The number of coupling iterations for the iterative solution procedures introduced in

Sec. 4.3.3 over the conducted 80 time steps is depicted in Fig. 6.6. The fixed relaxation

parameter of ω = 0.05 had to be chosen to avoid divergence of the coupling iterations.

With the methods shown here, it can be observed that the more information is included
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6.2 Elastic pressure tube

Figure 6.5: Illustration of the pressure peak running through the tube.

into the prediction of the next fixed point, the fewer coupling iterations are required.

This holds for comparing Aitken’s method with fixed underrelaxation, but also IQN-ILS

to Aitken, and IQN-IMVJ to IQN-ILS. The result of the new IQN-IMVLS method is not

included in the figure, as it is almost identical to the result of the IQN-IMVJ method.

This will be confirmed in the following.

However, to measure the performance of the solvers, a comparison of coupling iterations

is not the only criterion. In addition, the computational effort additionally required

to compute the prediction is crucial. Thus, the speed-up in computational time is

compared for the particular case in 6.3, including also results of IQN-ILS using q in-

put/output matrices of previous time steps. Note that results are strongly depending

on the configuration, since the overall speed-up depends on the size of the single-field

problems in relation to the size of the interface problem. For the constant relaxation

and Aitken’s method, the additional computational costs for the prediction of the fixed

point iteration are negligible. The relative speed-up in terms of coupling iterations is

comparable to the speed-up in terms of computational cost for these methods. This can

be expected because the prediction is based on simple mathematical operations. For

IQN-ILS, the additional costs are increasing with a growing number of additional time

steps that are taken into account. Comparing the different versions of IQN-ILS, the
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Figure 6.6: Coupling iterations for different types of acceleration.

choice of 2 time steps is optimal. It is well known that this optimum is usually flat but

also case-dependent and varying over time [51, 112]. In contrast, the IQN-IMV meth-

ods do not require an additional control parameter. A comparable speed-up in terms

of coupling iterations is obtained by both inverse multiple-vector methods. However,

the speed-up in terms of computational costs is much lower than the one in terms of

coupling iterations for IQN-IMVJ. This results from the explicit reconstruction of the

update of the approximated inverse Jacobian. By solving just one least-squares problem

with IQN-IMVLS, the computational costs can be reduced significantly. More details

about the implementation into the partitioned solver and further comparison can be

found in [142].
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6.2 Elastic pressure tube

method average coupling speed-up in speed-up in

iterations coupling iterations computational time

[%] [%]

Underrelaxation ω = 0.05 101.63 100.00 100.00

Aitken 63.35 62.33 68.06

IQN-ILS (q=0) 16.01 15.75 18.62

IQN-ILS q=2 8.01 7.97 9.34

IQN-ILS q=5 8.23 8.09 9.89

IQN-ILS q=10 8.44 8.30 10.44

IQN-ILS q=20 8.49 8.35 10.83

IQN-IMVJ 8.05 8.00 13.53

IQN-IMVLS 8.14 7.92 10.27

Table 6.3: Speed-up in terms of coupling iterations and computational time. The num-
ber of previous time-steps additionally taken into account in case of IQN-ILS
are denoted by q.
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7 Transfer of advantages of

spline-based methods to FSI

In the validation test cases presented in Ch. 5, it was demonstrated that the FSI cou-

pling benefits from the gap-less coupling between NURBS-enhanced finite elements and

isogeometric finite elements. This chapter focuses on transferring advantages from isoge-

ometric analysis to fluid-structure interaction problems. While the first case is focusing

on fluid-structure interaction with mechanical contact, the second test case demonstrates

how the spline-based representation of the structure can simplify the simulation of free-

surface flows with flexible structures.

7.1 Falling ring

In all test cases presented so far, the structure was clamped in a way that an interaction

with the surrounding walls is avoided. Thus, it was not neccessary to include any collision

detection into the computational analysis. However, in many technical applications with

fluid-structure phenomena, the contact between solids is part of the problem, e.g., in the

case of heart valves [85]. Isogeometric analysis is attractive for such contact problems,

since with the spline-based representation of the geometry, a continuous description

of the distance between potential contact partners is provided. In contact cases, the

smooth geometry of the splines can minimize oscillation, e.g., in ironing problems [49,

167]. Hence, the application of the NEFEM-IGA coupling might be beneficial if contact

is involved in fluid-structure interaction. This will be studied in the following on a simple

test case. As a simplificiation, the contact formulation is restricted to normal contact,

while frictional effects are neglected. Additionally, only one of the contact partners is

regarded as elastic. Before the results of the test case are presented, a brief introduction

into the applied contact formulation is given.

115



7 Transfer of advantages of spline-based methods to FSI

7.1.1 Contact formulation

x

Ωx

nM

x xS

xM

Figure 7.1: Schematic view of contact problem between elastic body and rigid wall.

The contact between two bodies can be detected due to the normal distance gN . The

distance is determined by defining a master body, which is here the elastic body, while

the wall is denoted as the slave body. For all points xM on the boundary ΓM of

the master body, a projection point x on the boundary ΓS of the slave body with

minimal distance can be determined by orthogonal projection, eventually fulfilling the

equation

x(xM ) = argmin
xS∈ΓS

|xS − xM )|. (7.1)

As for the transfer of the nodal forces presented in Sec. 4.2, the orthogonal projection

can be computed in case of splines by the projection method suggested in [86]. Finally,

the normal distance gn is given by

gn = (x− xM ) · nM , (7.2)

where nM denotes the outward-facing normal on the surface of the deformable master

object.

The contact problem can be defined based on geometrical constraints. Hence, mutual

penetration is prevented by the constraint to the normal distance gn ≥ 0. The subset
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7.1 Falling ring

of ΓM with gn = 0 is defined as region of active contact. For this subset, additional

contact forces need to be included in the structural problem. If frictional effects are

neglected, only normal stresses Tn = n · Tn contribute to the additional contact force,

while tangential stresses Tt = Tn − Tnn are set to zero. This results in the Hertz-

Signorini-Moreau contact conditions for frictionless contact, which are introduced as an

additional constraint in the structural problem

gn ≥ 0, Tn ≤ 0, gnTn = 0, Tt = 0 on ΓC . (7.3)

The third condition — the complementary condition — acts as a trigger for contact states

[159,162]. One method to treat the contact condition is the penalty method, where the

violation of the no-penetration conditon is penalized by:

〈Tn〉 =

{
ǫgn, if gn < 0,

0, else.
(7.4)

where ǫ denotes the penalty factor the contact constraints are scaled with. Macaulay

brackets guarantee that the contribution is only added for violations of the penetra-

tion conditions [116]. A larger penalty parameter enhances the satisfaction of the

no-penetration condition, but it simultaneously degrades the condition of the system

of equations, which may lead to problems with the linear solver. However, the main

advantage of the penalty method is that no additional degrees of freedom are intro-

duced.

Since the normal distance gn depends on the current position of the contact surface of

the deforming object, it depends on the displacement field and, thus, leads to a nonlinear

contribution to momentum equation. The weak form of the penalty constraint and its

linearization is given, e.g., in [159]. A detailed discussion about isogeometric analysis in

contact problems can be found in [116]. Further details of the particular implementation

are presented in [77].

7.1.2 Configuration and results

In the presented test case, a flexible structure is immersed in an intially static fluid. Due

to gravity the structure moves towards the wall, and after some time, it impacts the rigid

wall. As before, the fluid within the ring is not regarded. All geometrical dimensions are
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Figure 7.2: Configuration and dimensions for fluid-structure interaction with contact.

given in Fig. 7.1. The physical properties of the elastic structure and the surrounding

fluid are listed in Tab. 7.1.

parameter symbol value

dynamic viscosity µ 0.0000182 kg/ms

density (fluid) ρf 1.2041 kg/m3

Young’s modulus E 69 ·109Pa

Poisson number νs 0.34

density (structure) ρs 2730 kg/m3

penalty parameter ǫ 1.4·1010Pa

Table 7.1: Falling ring test case parameters.

The structure is made of aluminium. The fluid grid in the intial configuration contains

approx. 6,000 elements, while the cylinder surface is discretized with 112 elements.
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Figure 7.3: Displacement of point A over time.
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Figure 7.4: Close-up of displacement of point A over time.

Since the test case is computed with the grid deformation technique presented in [77],

the number of elements in the domain can slightly vary during the computation. On

all walls no-slip boundary conditions are applied. The structure is composed of 225

quadratic NURBS elements. As time step ∆t = 0.005 s is chosen, while the gravity is

9.81 m/s2.

The test case was computed with both NURBS-enhanced and linear Lagrangian finite

elements on the fluid side. In Fig. 7.3, the displacement of the falling ring measured

119



7 Transfer of advantages of spline-based methods to FSI

at point A is compared. For both cases the movement is clearly damped by the fluid

forces. This can be expected, since energy of the moving ring is transferred to the

surrounding fluid due to the no-slip boundary condition. This results in a motion of the

fluid presented by snapshots in Fig. 7.5. However, the comparison of the ring motion

shows a derivation of both applied methods, which is confirmed by the close-up in

Fig. 7.4.

While in the flag test case the excitation continues, here the fluids lead to a continuous

damping of the motion and more obvious difference between the displacements. Since

there is no additional energy source, the difference increases over the time steps. Thus,

the test case demonstrates how a small improvement of accuracy can lead to a clear

absolute difference in the results.
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7.1 Falling ring

(a) t = 0.0 s (b) t = 0.725 s

(c) t = 0.275 s (d) t = 0.5 s

(e) t = 0.375 s

Figure 7.5: Snapshots of contact situation.
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7 Transfer of advantages of spline-based methods to FSI

7.2 Sloshing tank

In many engineering problems, elastic structures are interacting with more than one

fluid. Ships and off-shore wind turbines are just two usual examples, where elastic struc-

tures are exposed to water and air. Another one are storage tanks, mostly cylindrical

structures containing fluids like oil and air. If these tanks are excited, e.g., by seismic

loading, the stored fluid starts to slosh, resulting in an additional dynamic loading on

the structure. In the worst case, this loading can lead to the failure of the structure

and, e.g., to a catastrophic impact on the environment. Typically, the bearing struc-

ture of these tanks is using thin-walled structures that can be modeled by shell theory.

Since this theory can directly be applied to spline surfaces, isogeometric analysis is very

suitable for the structural analysis.

In the following, the boundary conditions for the interaction between a thin-walled struc-

ture and a free-surface flow are derived. Since shell theory is applied, the computational

domain of the structural problem is reduced to the surface Ωs = Γs = C(θ). The elasto-

dynamic problem is solved with NURBS-based isogeometric analysis, the fluid problem

with standard finite elements. Further benefits of the spline-based geometry for the so-

lution of the overall problem are derived. Finally, the methodology is demonstrated on

an excited storage tank.

7.2.1 On boundary conditions

Often, a two-phase flow can be simplified by neglecting the influence of one of the phases

on the other one. In such cases only one fluid is studied, while the two-phase interface

is simplified by a free-surface boundary condition, applying (2.58) by cancelling the

stresses of the neglected fluid. Additionally, if large fluid domains are studied, cap-

illary effects often only play a minor role. A slip condition is then a proper choice

on the walls. The resulting interface conditions on the deforming walls can be stated

as:

uf · ns = us · ns, (7.5a)

Tsns · ns = Tfns · ns, (7.5b)

Tfns · ts = Tsns · ts = 0, (7.5c)

Tfns · bs = Tsns · bs = 0, (7.5d)
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Figure 7.6: Definitions of coordinate systems.

with the normal, tangent and bi-tangent vectors ns, ts and bs on the spline-based bound-

ary, cf. Fig. 7.6(a). The first equation represents the modified kinematic coupling con-

dition, which allows for an arbitrary fluid velocity in tangential direction. The following

equations (7.5b)-(7.5d) represent the dynamic coupling condition and restrict the effec-

tive direction of the stresses in normal direction. Note that in case of fluid-structure

interaction with a slip condition the tangential stress vanishes on both sides of the in-

terface.

Since an interface-tracking approach is applied again, the computational grid needs to

conform with the moving interfaces of the free surface and the moving walls. For this

the grid is deformed with the pseudo-elastic mesh deformation approach. To avoid

stretched cells due to the free-surface movement close to the wall, a slip boundary con-

dition is also applied to the pseudo-elastic solid. This choice ensures the first kinematic

boundary condition. Although the fluid domain is sliding along the solid interface, the

condition

Ωf ∪ Ωs = Γfs, (7.6)

still needs to be fulfilled, with Ωf = Ω#. The matching of the surface movement can be

restricted just to the normal direction:

∆x# · ns = ∆xs · ns. (7.7)

This allows fluid nodes to slide freely along the walls, but still keeps the domains

matching at the interface. As for the velocity on the free surface, several options
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7 Transfer of advantages of spline-based methods to FSI

are possible to compute the normal displacement. Also in this case, a proper choice

is

∆x# = (∆xs · ns)ns. (7.8)

Finally, both boundary conditions for the grid displacement (3.84) and (7.8) have to be

fulfilled, at the intersection between the free-surface boundary Γfree and the deforming

wall Γfs. Since the movement of the free surface is restricted by the wall, the tangential

displacement of the mesh along the wall can be stated as

∆x# · ts =
(ufree · nfree)∆t

cos(∢tsnfree)
=

(ufree · nfree)∆t

ts · nfree
. (7.9)

Note that the equation is only valid if ts ·nfree 6= 0. The complete boundary condition at

the intersection is given by the sum of (7.8) and (7.9). Since the effective directions are

orthogonal, the application of the boundary in terms of the algorithm sketched below

is simplified. Hence, the full set of boundary conditions for the pseudo-elastic mesh

approach can be stated as:

∆x# =





(∆xs · ns)ns on Γfs,

(ufree · nfree)nfree∆t on Γfree,
(ufree·nfree)∆t

ts·nfree
ts + (∆xs · ns)ns on (Γfree ∩ Γfs).

(7.10)

Note that on the intersection between the free-surface and the moving wall, the mesh

nodes are still allowed to move in bi-tangent direction.

To apply the slip condition in both solvers for the fluid problem and the pseudo-elastic

problem, an algorithm suggested by Behr in [17] based on [63] is utilized. Similar to [62],

the algorithm can be summarized with respect to (7.5a) and (7.7) as:

1. Rotate the equation of the unknown into the local tangential coordinate system.

2. Adapt the equation responsible for the normal and tangential components based

on the structural deformation.

3. Compute the remaining components.

Obviously, the interface conditions are strongly depending on the geometry. The deriva-

tion of normal and tangent vector is essential. Here, the NURBS-based representation of

the geometry can be utilized. With that, the required vectors are continuous functions,

at least if the geometry is given by a continuous NURBS. How the tangential system

can be constructed is presented in [62].
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7.2 Sloshing tank

Both sets of boundary conditions for the fluid and the mesh problem are depending on

the structural solution. In case of the mesh problem, the displacement at the interface

can be determined by evaluating the spline at subsequent time steps on the parametric

coordinate of the current position of the fluid points:

(∆x# · ns)ns =
((
Cn+1(θn+1)−Cn(θn+1)

)
· ns

)
ns. (7.11)

The parametric coordinate of each fluid point is given by the inverse mapping θn+1 =

Φ−1(xn+1). But even if the algorithm above utilizes the spline-based geometry to de-

rive the local coordinate system, the solution of the system of equations does not re-

spect the exact geometry. Hence, all displaced coordinates computed by the pseudo-

elastic problem are located in the plane spanned by the tangential vectors. In case

of curved geometries, the new coordinates do not lie on the NURBS anymore. By

a linearization of the spline, the tangential displacement in x-coordinates can be ad-

justed [62]:

∆x
#
k+1 = x

#
k+1 − x

#
k

!
= C(θk+1)−C(θk) ≈ DC∆θ, (7.12)

while DC denotes the local Jacobian of the NURBS. The update of the parametric

coordinates can be compute by ∆θ = DC−1∆x
#
k+1, while using the tangential dis-

placement in x-coordinates as input. The adjusted coordinate can now be evaluated

with x
#
k+1 = C(θk+1) = C(θk + ∆θ). Note that the subscript k denotes the itera-

tion in the sense of coupling iterations. The position of the shifted fluid node can

now be computed by evaluating the current spline at the new parametric coordinate.

While the Jacobian can easily be computed for curves, a derivation of the Jacobian of a

NURBS surface embedded in a three-dimensional space is more complex, as presented

in [62].

Finally, the normal velocity in (7.5a) has to be determined analogously to (4.6) by the

boundary displacement:

(ufree · ns)ns = (
∂ds

∂t
· ns)ns. (7.13)

However, by applying the slip condition for the pseudo-elastic problem, the displacement

of the fluid points is not suitable anymore to compute the interface velocity. Since the

points are moving freely along the wall, the resulting relative movement can lead to

artificial velocity, e.g., when the grid is moving along a curved but currently non-moving

structure. Since the local normal vector is not orthogonal to the displacement of the

grid points anymore, a non-zero normal velocity would be computed even in that case.
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Figure 7.7: Initial configuration of the sloshing tank.

Hence, mass conservation would be violated. Instead, the velocity can be determined by

the current movement of the spline and the parametric coordinate of every fluid point.

By using the inverse mapping already mentioned above, the velocity at all fluid points

on the interface can be computed by:

∂ds

∂t
≈

Cn+1(θn+1)−Cn(θn+1)

∆t
. (7.14)

7.2.2 Configuration and results

The previously introduced boundary conditions are tested on the example of a sloshing

tank. The initially steady configuration is excited by a time-dependent movement of the

tank bottom. The dimensions of the studied tank are depicted in Fig. 7.7. The material

parameters are patterned after an elastic tank structure that carries oil. The particular

material parameters are listed in Tab. 7.2.

The tank is excited by a prescribed displacement in x-direction of the tank bottom,

following the function dx = 10 · sin( 1
20 · π · t). The computation is started, based on a

previously computed equilibrium state with respect to gravity. As a further simplifica-

tion, surface tension is neglected.

126



7.2 Sloshing tank

parameter symbol value

dynamic viscosity µ 0.4 kg/ms

density (fluid) ρf 900 kg/m3

Young’s modulus E 2.15·109Pa

Poisson number νs 0.3

density (structure) ρs 7580 kg/m3

gravity g 9.81m/s2

Table 7.2: Parameters of the sloshing tank test case.

The fluid domain is discretized by approximately 8,000 thetrahedral space-time elements.

A Reissner-Midlin shell element [58] is utilized for modeling the tank structure, while

a coarse discretization of 12 quadratic NURBS elements is applied. The simulation is

conducted with a time-step size of ∆t = 0.01s

Due to the time-depending displacement of the tank bottom, the whole configuration

starts moving and immediately the fluid begins to slosh. The snapshot series in Fig. 7.8

shows several states during the first period of the excitation. The vertical movement

of the free surface is measured for the points West and East in Fig. 7.12. The points

are moving more or less in an opposite way. However, waves on the free surface lead to

additional oscillations. With the moving fluid, time-dependent loadings on the structure

emerge, resulting in a directly related deformation. The deformation of the structure

is measured in x-direction at points West and East, cf. Fig. 7.9 and Fig. 7.10, and

in y-direction at points East and South, cf. Fig. 7.11. In all figures a direct reaction

to the movement of the free surface can be identified. The movement of East and

South is almost symmetric. Since the excitation is acting in x-direction, and due to the

symmetry of the configuration, surface waves in y-direction are hardly observed. Thus,

the kinematic pressure is mostly acting in x-direction, confirmed by the clearly larger

deformation in points West and East.
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7 Transfer of advantages of spline-based methods to FSI

(a) Equilibrium state (b) t = 5s

(c) t = 10s (d) t = 15s

(e) t = 25s (f) t = 27.5s

Figure 7.8: Snapshot series of sloshing tank. The shadow on the bottom plane depicts
the initial position.
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Figure 7.10: Difference of displacement in x-direction with respect to excitation.

129



7 Transfer of advantages of spline-based methods to FSI

0 5 10 15 20 25 30 35 40

−0.4

−0.2

0

0.2

0.4

t[s]

d
y
[m

]

North
South
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Figure 7.12: Movement of two nodes on free surface.
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8.1 Conclusion

Isogeometric analysis — a powerful spline-based method — is becoming more and more

popular. In combination with shell element theory, the application of the method to

complex problems of structural mechanics is straightforward. In that case, the required

models can be generated using existing CAD systems. However, the generation of vol-

ume splines for complex volumetric domains is still difficult. Hence, the application of

isogeometric analysis to problems on complex domains is not yet feasible. This would

be particularly necessary for flow problems. Instead, the NURBS-enhanced finite ele-

ment method provides a suitable alternative. The method involves the NURBS-based

boundary into numerical integration of the elements in the vicinity of walls, while using

standard finite elements in the interior of the domain. In contrast to NURBS-based

isogeometric analysis, existing tools can be used for grid generation. The aim of the

presented thesis was to identify advantages of spline-based methods for solving fluid-

structure interaction problems. In particular, the coupling between NURBS-enhanced

finite elements on the fluid side and NURBS-based isogeometric analysis on the solid

side was discussed.

First, a new geometrical mapping for NURBS-enhanced finite elements was derived and

explained step-by-step. This mapping was implemented into an existing deformable

spatial domain/stabilized space-time finite element flow solver. Afterwards the NURBS-

enhanced finite elements for solving incompressible flow problems were combined with

isogeometric analysis on the structural side for solving fluid-structure interaction prob-

lems. Although that coupling can be realized with any solution strategy, it was imple-

mented into a partitioned approach following an iteratively staggered scheme. For that,

the space-time finite element flow solver was combined with a semi-discrete structural

solver extended by isogeometric analysis. The spatial and temporal coupling between

both solvers and their underlying methods were discussed in detail. On the one hand,
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the coupling is still a non-matching interface discretization with Lagrangian finite ele-

ments on the fluid side and NURBS-based isogeometric analysis on the structural side.

But on the other hand, the coupling of both methods leads to a gap-less connection in

terms of a matching interface representation due to the utilization of the same NURBS

on both sides of the interface. Based on that, simplifications of the spatial coupling

could be derived. On the one hand, fluid tractions can be integrated directly into con-

sistent forces on the control points, acting as the right-hand side loads of the structural

problem. On the other hand, the displacement of the points on the interface in the fluid

grid can be computed by the evaluation of the deformed spline. It was shown, that the

method is consistent and globally conservative. Since the implementation of NURBS-

enhanced finite elements only involves the geometrical mapping of the elements in the

vicinity of the interface, the implementation effort to get a consistent and conservative

spatial coupling is reasonable. The same holds for the additional computational effort, as

only additional quadrature points need to be included in the enhanced elements during

assembly.

With steady and transient two-dimensional numerical cases, the benefit of the coupling,

in comparison to the usage of standard finite elements on the fluid side, was verified.

Since the fluid equations are still discretized with linear Lagrangian finite elements, the

convergence order is unaffected. However, the geometrically exact mapping with re-

spect to the spline boundary can lower the absolute error. In particular, it was shown

that the benefit is proportional to the deformation of the observed structure. A re-

markable result was presented with a balloon-like test case as an example for closed

domains with deformable boundaries. Here, NURBS-enhanced finite elements are able

to outperform standard finite elements. Since the geometry is perfectly approximated,

the solution is only depending on the discretization error in time. For comparable re-

sults, a much finer spatial discretization would be required when using standard finite

elements.

The iteratively staggered solution approach was combined with several acceleration meth-

ods. As expected, the interface quasi-Newton techniques show for the spline-based meth-

ods the same advantages known from literature for standard finite elements. Addition-

ally, a new method that combines ideas of two existing interface quasi-Newton methods

was derived. With the new method it was possible to counteract the main drawbacks of

these methods regarding efficiency and case dependency.

Finally, a further advantage of a spline-based model on the structural side was introduced

in context of fluid-structure interaction involving free-surface flows. The existing meth-
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ods for arbitrary rigid wall shapes were extended for moving walls and fluid-structure

interaction. In a three-dimensional test case of a sloshing tank, the functionality of the

method was demonstrated.

8.2 Outlook

The application of the presented methods might be interesting for further application

in more complex problems. First of all, the coupling of the spline-based methods might

be beneficial for problems that are more sensitive to an exact representation of the in-

terface, e.g., shock-wall interaction or flow separation in deformable rocket nozzles in

compressible regimes. Additionally, it can be expected that the benefit of the coupling

between NURBS-enhanced finite elements and isogeometric analysis increases if it is

applied to three-dimensional problems. This would also allow to use the coupling for

fluid-structure interaction involving free-surface flows, e.g., for the presented sloshing

tank. The remarkable results on closed domains should be studied for more complex

cases and might be transferred to cases, e.g., involving compressible fluids. In case of

the presented balloon test case, the differences were driven by the different approxima-

tion of the geometry and the prescribed mass flow. In case of compressible fluids, the

additional influence of prescribed energy might be interesting. Eventually, the existing

partitioned solver could be integrated into multidisciplinary shape optimization utilizing

the parameterized geometry on both sides of the problem.

Furthermore, the presented methods can be extended in several directions. For example,

the presented geometrical mapping and the related coupling methods can be extended

directly to other spline types, such as locally refined B-Splines. This would allow for

transferring advantages of these spline types to fluid-structure interaction problems. As

already presented in the thesis, the transfer matrices involved in the spatial coupling

allow for a direct evaluation of fluid stresses along the interface. This might be interesting

when combining it with isogeometric collocation, but might be also interesting for fluid-

fluid coupling with internal interfaces. And finally, the benefit of the modified interface

Quasi-Newton method should be confirmed by a detailed analysis of the computational

complexity.
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[108] U. Küttler and W.A. Wall. Fixed-point fluid-structure interaction solvers with

dynamic relaxation. Computational Mechanics, 43(1):61–72, 2008.

[109] E. Kvaalen. A faster Broyden method. BIT Numerical Mathematics, 31(2):369–

372, 1991.

[110] P. Le Tallec and J. Mouro. Fluid structure interaction with large struc-

tural displacements. Computer Methods in Applied Mechanics and Engineering,

190(24):3039–3067, 2001.

[111] X. Li, J. Zheng, T.W. Sederberg, T.J.R. Hughes, and M.A. Scott. On linear

independence of T-spline blending functions. Computer Aided Geometric Design,

29(1):63–76, 2012.

[112] F. Lindner, M. Mehl, K. Scheufele, and B. Uekermann. A comparison of various

quasi-Newton schemes for partitioned fluid-structure interaction. In Proceedings

of 6th International Conference on Computational Methods for Coupled Problems

in Science and Engineering, Venice, pages 1–12, 2015.

[113] C. C. Long, A. L. Marsden, and Y. Bazilevs. Fluid-structure interaction simulation

of pulsatile ventricular assist devices. Computational Mechanics, 52(5):971–981,

2013.

[114] J.E. Marsden and T.J.R. Hughes. Mathematical foundations of elasticity. Dover,

New York, 1994.

[115] A. Masud and T.J.R. Hughes. A space-time Galerkin/least-squares finite element

formulation of the Navier-Stokes equations for moving domain problems. Computer

Methods in Applied Mechanics and Engineering, 146(1-2):91–126, 1997.

[116] M. E. Matzen. Isogeometrische Modellierung und Diskretisierung von Kontakt-

problemen. PhD thesis, Inst. für Baustatik und Baudynamik der Univ. Stuttgart,

Stuttgart, 2015. OCLC: 934169556.

[117] D. P. Mok. Partitionierte Lösungsansätze in der Strukturdynamik und der Fluid-

Struktur-Interaktion. Number Nr. 36 in Bericht / Institut für Baustatik der Uni-

versität Stuttgart. Inst. für Baustatik, Stuttgart, 2001. OCLC: 76350441.

145



Bibliography

[118] D.P. Mok, W.A. Wall, M. Bischoff, and E. Ramm. Algorithmic aspects of defor-

mation dependent loads in nonlinear static finite element analysis. Engineering

Computations, 16(5):601–618, 1999.

[119] N.M. Newmark. Computation of dynamic structural response in the range ap-

proaching failure. Department of Civil Engineering, University of Illinois, 1952.

[120] N.M. Newmark. A method of computation for structural dynamics. Journal of

the engineering mechanics division, 85(3):67–94, 1959.

[121] F. Nobile and C. Vergara. An effective fluid-structure interaction formulation for

vascular dynamics by generalized Robin conditions. SIAM Journal on Scientific

Computing, 30(2):731–763, 2008.

[122] J.T. Oden. An introduction to mathematical modeling: A course in mechanics,

volume 1. John Wiley & Sons, 2011.

[123] J.T. Oden and H.J. Brauchli. On the calculation of consistent stress distributions

in finite element approximations. International Journal for Numerical Methods in

Engineering, 3(3):317–325, 1971.

[124] L. Pauli. Stabilized finite element methods for computational design of blood-

handling devices. PhD thesis, Verlag Dr. Hut, 2016. DOI: 35355, HT019116406.

[125] L. Piegl and W. Tiller. The NURBS Book. Monographs in Visual Communication.

Springer Berlin Heidelberg, Berlin, Heidelberg, 1997.

[126] A. Quarteroni and A. Valli. Domain decomposition methods for partial differential

equations. Numerical Mathematics and Scientific Computation, Oxford ; New York,

new. edition, 1999.

[127] E. Ramm and W. A. Wall. Shell structuresa sensitive interrelation between

physics and numerics. International journal for numerical methods in engineering,

60(1):381–427, 2004.

[128] L. Reimer. A simulation environment for CFD-based aeroelastic analysis of aircraft.

PhD thesis, RWTH Aachen University, Aachen. expected in 2018.

146



Bibliography

[129] L. Reimer, C. Braun, G. Wellmer, M. Behr, and J. Ballmann. Development of a

modular method for computational aero-structural analysis of aircraft. In Sum-

mary of Flow Modulation and Fluid-Structure Interaction Findings, Notes on Nu-

merical Fluid Mechanics and Multidisciplinary Design, pages 205–238. Springer,

Berlin, Heidelberg, 2010. DOI: 10.1007/978-3-642-04088-7 9.

[130] R. F. Riesenfeld. Application of B-spline approximation to geometric problems.

PhD thesis, Ph. D. dissertation, Department of Systems and Information Science,

Syracuse University, Syracuse, NY, 1973.

[131] Y. Saad and M.H. Schultz. GMRES: A generalized minimal residual algorithm for

solving nonsymmetric linear systems. SIAM Journal on scientific and statistical

computing, 7(3):856–869, 1986.
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