Functional Renormalization Group
Studies on Competing Orders in the
Square Lattice

Von der Fakultat fiir Mathematik, Informatik und
Naturwissenschaften der RWTH Aachen University zur
Erlangung des akademischen Grades eines Doktors der

Naturwissenschaften genehmigte Dissertation

vorgelegt von

Julian Lichtenstein, M.Sc.
aus Rheine

Berichter: Prof. Dr. Carsten Honerkamp
Prof. Dr. Sabine Andergassen

Tag der miindlichen Prifung: 19.06.2018

Diese Dissertation ist auf den Internetseiten der Universitatsbibliothek verfiigbar.






Acknowledgments

At this point I would like to thank all the people that supported me during the
years of my doctoral studies.

First of all, I thank Carsten Honerkamp for his supervision, the opportunity to
work on this interesting project, and his valuable advice. In addition, I thank him
for supporting my attendance at various conferences and workshops, at which I
experienced many productive discussions and a fruitful scientific exchange. Sabine
Andergassen is thanked for co-refereeing this thesis.

I sincerely appreciated the close cooperation with David Sanchez de la Pena and
am grateful for the numerous and productive conversations we had. For the
pleasant atmosphere during my time at the institute, I am thankful to my cur-
rent and former colleagues Jannis Ehrlich, Michael Golor, Michael Kinza, Guido
Klingschat, Maximilian Lohofer, Stefan Maier, Timo Reckling, Giulio Schober,
Stefan Uebelacker, and Jie Yuan. Daniel Rohe supported me in writing my first
hybrid parallelized code and the collaboration with Edoardo Di Napoli and Jan
Winkelmann provided me with many insights into high-performance computing,
for which I am grateful. Moreover, the discussions with Cornelia Hille and Agnese
Tagliavini on details of the method have been very helpful for me. For proofread-
ing the manuscript of this thesis I thank Giulio Schober and David Sanchez de la
Pena. The everyday workflow, including data generation and management, has
greatly been facilitated by the JUBE environment [1], for which I am thankful to
Sebastian Luehrs et al..

I gratefully acknowledge the computing time granted by the JARA-HPC Vergabe-
gremium on the supercomputer JURECA [2] at Forschungszentrum Jilich and
financial support through the DFG.

On the personal side, I thank my parents for their advice and I thank Katharina
for her love and her support in difficult situations in life.






Abstract

In this thesis a novel computational approach for functional Renormalization
Group (fRG) investigations regarding interacting fermions on two-dimensional
lattices is derived. The approach is based on the exchange-parametrization fRG
[3] concerning the two-fermion interaction, with additional insertions of trun-
cated partitions of unity that are inspired by the singular-mode fRG [4]. These
insertions decouple the fermionic propagators from the exchange propagators and
thereby lead to a separation of the underlying equations. It is argued that this sep-
aration is numerically advantageous and may pave the way for refined, large-scale
computational fRG investigations. Furthermore, on the basis of speedup data
gained from an implementation of the novel scheme, it is shown that the new
equation structure facilitates efficient calculations on a large number of multi-
core CPUs. Utilizing the methodical development, two applications are presented
afterwards:

Firstly, the scheme is applied to the ¢-t' Hubbard model on a square lattice. In
order to test the method, the convergence of the results with respect to increas-
ing truncation length of the partition of unity is analyzed and a comparison to
findings from previous fRG studies is drawn. The test yields a fast convergence
in most parts of the investigated parameter range. Moreover, it was found that
the older findings are approximately reproduced using a short truncation length,
while quantitative corrections to the previous results are obtained using longer
truncation lengths. In addition to these method focused investigations, the high
momentum-space resolution of the implementation was utilized to study ordering
vectors of antiferromagnetic phases. A comparison to calculations solely based
on the magnetic channel revealed that the inter-channel feedback, as contained
in the fRG, generates support for commensurate antiferromagnetic orderings.

The second application addresses a modified version of the previous model, in
which a Coulomb-like long-range interaction term is added to the local Hubbard
interaction. In this work a solution is presented on how the long-range interaction
can be implemented in a momentum-space fRG scheme without encountering
singularities. Afterwards, phase diagrams are given that compare the results of
calculations using short- and long-ranged interactions, showing significantly lower
critical scales in the long-range scenario. Finally, screening lengths are extracted
from the fRG outcome and are compared to those calculated in a ‘random phase
approximation’. The comparison reveals quantitative differences between both
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values. However, the results indicate that the charge screening is not changed
qualitatively by the feedback from other channels, i.e., at van Hove filling the
screening length tends to zero in both cases.



Zusammenfassung

In dieser Dissertation wird eine neuartige Herangehensweise fiir computergestiitz-
te Untersuchungen mittels der funktionalen Renormierungsgruppe (fRG) hergelei-
tet. Untersuchungsgegenstand sind dabei wechselwirkende Fermionen in zweidi-
mensionalen Gittersystemen. Die vorgestellte Herangehensweise basiert auf der
Austauschparametrisierung [3] der Zwei-Fermionen-Wechselwirkung, wobei zu-
sitzlich Zerlegungen der Eins in die Gleichungen eingeschoben werden. Diese
Einschiibe, die durch die Singuldrmoden-fRG [4] inspiriert sind, entkoppeln die
fermionischen Propagatoren von den Austauschpropagatoren und fithren dadurch
zu einer Separation der zugrundeliegenden Gleichungen. Es wird argumentiert,
dass diese Separation fiir numerische Behandlungen vorteilhaft ist und den Weg
fiir grofl angelegte, computergestiitzte Untersuchungen bereiten kann. Dariiber
hinaus wird gezeigt, dass die neue Struktur der Gleichungen effiziente Rechnun-
gen auf einer Vielzahl von multi-Kern CPUs erleichtert. Diese Aussage beruht
auf Laufzeit-Daten einer Implementierung der neuen Methode. Danach werden
zwei Anwendungen présentiert, die unter Verwendung der methodischen Weiter-
entwicklung durchgefiihrt worden sind:

Zunichst wird die Methode auf das t-t'-Hubbard-Modell auf einem Quadratgitter
angewendet. Um hierbei die Methode zu testen, werden die Resultate auf Kon-
vergenz beziiglich zunehmender Trunkierungsldnge der zerlegten Einsen analysiert
und es wird ein Vergleich zu Ergebnissen friitherer fRG-Studien gezogen. Dabei
hat sich in einem Grofiteil des untersuchten Parameterbereichs gutes Konver-
genzverhalten gezeigt. Desweiteren konnten die Ergebnisse der fritheren Studien
ndherungsweise reproduziert werden, wenn eine kurze Trunkierungsldnge einge-
stellt worden ist. Grolere Trunkierungsléngen ergeben daher quantitative Korrek-
turen zu den fritheren Resultaten. Zusétzlich zu diesen Untersuchungen, die auf
die Methode selbst fokussiert sind, wird die hohe Impulsraum-Auflésung der Im-
plementierung genutzt, um Ordnungsvektoren von antiferromagnetischen Phasen
zu betrachten. Ein Vergleich mit Berechnungen, die einzig auf dem magnetischen
Kanal beruhen, hat ergeben, dass die in der fRG enthaltene Riickwirkung der
anderen Kanile eine kommensurable Auspriagung antiferromagnetischer Ordnung
unterstutzt.

Die zweite Anwendung behandelt eine modifizierte Version des vorherigen Mo-
dells, bei der ein Coulomb-artiger Wechselwirkungsterm mit langer Reichwei-
te zur lokalen Hubbard-Wechselwirkung hinzugefiigt wird. Zunéchst wird eine
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Losung préasentiert, wie eine solche Wechselwirkung in einer Impulsraum-fRG
betrachtet werden kann, ohne dass Singularitdten auftreten. Danach werden an-
hand von Phasendiagrammen die Ergebnisse von Rechnungen mit kurz- und lang-
reichweitigen Wechselwirkungen verglichen. Dabei zeigen sich fiir die Wechselwir-
kung mit langer Reichweite signifikant tiefere kritische Skalen. Abschlieend sind
Screening-Léngen aus den fRG-Daten extrahiert und mit denen einer ,Random
Phase Approximation® verglichen worden. Der Vergleich zeigt quantitative Un-
terschiede zwischen diesen beiden Werten, jedoch deuten die Ergebnisse darauf
hin, dass sich das Screening der Ladungswechselwirkung qualitativ nicht &ndert,
wenn die Riickwirkung der anderen Kanile miteinbezogen wird. Das heiflt, dass
die Screening-Lénge bei van-Hove-Fiillung in beiden Féllen gegen null geht.
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Chapter 1.

Introduction

In recent decades, the study of materials in terms of their low-temperature prop-
erties has been an active field of research in condensed-matter physics. Many
of these properties, such as magnetism and superconductivity, arise from aston-
ishing states of the material’s electronic structure. While the fundamental laws
that describe an interacting electron are well known and can be used to set up
a microscopic model for a solid’s electronic system, these laws do not reveal the
nature of a macroscopic object containing an almost endless number of electrons
interacting with each other. As P. W. Anderson pointed out in his prominent
article ‘More Is Different’ (Ref. [5])—while providing a more general perspective
on the hierarchical structure of science—, the state of a macroscopic system can
only be understood as the consequence of the electrons’ collective behavior rather
than as a sum of contributions from single constituents. Consequently, effective
descriptions based on adapted degrees of freedom, e.g., Ginzburg-Landau theory
for superconductivity, are essential. Thus, the question arises how the most rel-
evant degrees of freedom that effectively describe the electronic system can be
revealed or, in other words, how the low-temperature state of a material can be
determined.

Answering the above question is a topic of current research. Even though mi-
croscopic models that only consider electronic excitations in a smaller energy
window around the Fermi level are often unsuitable for directly reading off ma-
terial properties with quantitative precision, they serve as a good starting point
for theoretical investigations regarding collective states. In view of a particu-
lar investigation there are basically two different ways to obtain an appropriate
model: In a study that focuses on certain materials, a comparison of those, or on
aspects like the influence of material-specific details contained in the electronic
structure, a model calculated by density-functional theory is an advisable choice.
By contrast, in other cases in which the study is, for instance, guided by the idea
of abstraction, simplified models that are specified by only a few parameters are
useful. Such models are intended to be reduced versions of more complex ones
while preserving the features that are essential for the low-temperature behavior.
One of the simplest models which, at the same time, contains a big variety of

11



Chapter 1. Introduction

many-fermion phenomena is the Hubbard model on the square lattice. Although
it was initially introduced in the three independent works [6-8] in 1963, large in-
terest in this model awoke in 1987 when P. W. Anderson related it to the then new
high-temperature superconductivity in LayCuQ,4 based cuprates (see Ref. [9]).!

In order to study microscopic models in terms of their low-temperature proper-
ties, one has to apply a suitable method for investigations on fermionic many-body
systems. Exact methods, such as Quantum Monte Carlo (QMC), are available
but limited in applicability. For instance, in a QMC treatment many interesting
models lead to the so-called ‘sign problem’ resulting in an exponentially growing
statistical error with respect to increasing particle number. In contrast, within
the framework provided by the functional Renormalization Group it is possible
to investigate a broad scope of models without restrictions to specific parameter
values.? Renormalization Group (RG) methods directly connect the microscopic
description to an effective one by successive inclusion of contributions originating
from the electrons’ collective behavior. This procedure is controlled by a scale
parameter that separates the modes that are already included from the ones that
are not yet contained in the effective values. Changes in the effective theory with
respect to variations of the scale parameter are described by RG equations. Func-
tional RG (fRG) approaches formulate the RG idea (see Ref. [11] for the original
formulation) in terms of generating functionals for many-particle Green or vertex
functions. By expanding the used functional in the external source fields one
obtains a full hierarchy of RG equations for the respective type (Green or vertex)
of function. In recent years, especially the formulation based on the generator for
one-particle irreducible (1PI) vertices has brought many insights regarding a va-
riety of different model systems (cf. the reviews [12, 13]). The latter fRG version
was originally introduced by C. Wetterich (Ref. [14]) for investigations on bosonic
systems, while a fermionic version was presented later by M. Salmhofer and C.
Honerkamp in Ref. [15]. Formally, the 1PI fRG connects the microscopic action
of the model system with an effective one via a trajectory that is parametrized
by the scale parameter. Although the scheme provides an exact hierarchy of RG
equations for all orders of vertex functions, truncations of that hierarchy are un-
avoidable in practical calculations. A commonly used form is the ‘level-two trun-
cation’ in which, as a consequence of the truncation, the validity of the method is
limited to weakly coupled fermions. However, besides the renormalization of the
two-particle vertex, the self-energy feedback can be treated conveniently within
this scheme. Furthermore, the contributions that may lead to instabilities of the
Fermi liquid in two dimensions are already included on a one-loop level and are

1 Actually, the general relevance of the Hubbard model for unconventional superconductivity

induced rather by electronic and magnetic fluctuations than by phonons had already been in-
vestigated somewhat before—albeit for three-dimensional materials with much smaller critical
temperatures (see Ref. [10]).

Although the full set of fRG equations provides an analytically exact methodical framework,
the truncated versions that are used for the actual computations only yield approximate
results.

12



Chapter 1. Introduction

treated on equal footing, i.e., the method is unbiased regarding different kinds of
ordered states.

Since its first application to an interacting Fermi system, published in 2001 (see
Ref. [16]), the 1PI fRG has been refined and developed further. On a formal
level, there have been works that addressed an efficient parametrization of the
two-particle vertex in combination with a restructuring of the equations (cf.
Refs. [3, 4, 17]) and, moreover, it was found that the inaccuracies arising from the
level-two truncation are reduced by a slight modification of the remaining equa-
tions (cf. Ref. [18]). Complementarily, on the technical side it was demonstrated
in Ref. [19] that the fRG can profit highly from massively parallel computing
architectures, provided that a program code is used that implements a sophis-
ticated parallelization strategy. However, the development process is far from
being completed. In view of predictions of critical temperatures and gap sizes the
fRG still lacks quantitative accuracy. In order to pave the way for investigations
on existing materials in terms of their ground state properties with quantitative
precision, regarding energy scales and parameter ranges, as well as for discovering
new materials with superior features, method development has to combine both
aspects mentioned above: improvements on the formal level and sophisticated
usage of high-performance computers. In this thesis I report on recent progress
in the method development achieved by focusing on both aspects.

This thesis is organized as follows:

In order to clarify the notation and to define the starting point for the following
developments, the derivation of the 1PI fRG equations is recapitulated briefly in
Ch. 2. Besides the full hierarchy of equations the level-two truncation is intro-
duced and symmetries are exploited. Furthermore, selected strategies for applying
the method to model systems are described, while two of these strategies have
strongly inspired the development described in the subsequent chapter.

By building on the previous achievements a novel approach with a numerically
advantageous structure is derived in Ch. 3, supplemented by a discussion on its
benefits compared to previous schemes. In addition, a high-performance oriented
implementation of that approach is described, focusing on algorithmic choices
and parallelization strategies, and speedups resulting from executions on parallel
computing platforms are given.

In Ch. 4 the results from the first application of the new approach—a study of
the Hubbard model on a square lattice—are presented. As the first part of this
application is focused on the functionality of the approach, the model-parameter
ranges are chosen according to previous fRG studies, whose results serve as com-
parative values. The two following questions are addressed: Is the new approach
capable of reproducing the previous findings? And, provided that the answer to
the first question is ‘yes’, does the current implementation allow for producing

13



Chapter 1. Introduction

quantitative corrections to these findings by increasing the computational accu-
racy? In the second part, a high momentum resolution is utilized to investigate
ordering vectors in the magnetic channel.

After the application to the Hubbard model, in which the fermionic interaction
is given by a purely local term, the new scheme was used to investigate the
consequences of extending the model by a Coulomb-like long-range interaction.
This study is presented in Ch. 5. As a first step, a solution is revealed on how
the long-range interaction can be implemented in a momentum-space fRG scheme
without encountering singularities. Afterwards it is illustrated how optimal values
for technical parameters are obtained by conducting convergence tests in the
space spanned by these parameters. Building on the preceding deliberations, the
following questions are addressed: How does the additional long-range interaction
term affect resulting phase diagrams? Does the charge-screening effect that the
fRG contains produce finite screening lengths in cases in which the ‘Random
Phase Approximation’ yields vanishing ones?

Finally, in Ch. 6 conclusions are drawn and an outlook is provided.

As some parts of this work have already been published in Ref. [20], the text of
this introduction contains paraphrases of the one from the publication. As it is
not always possible to reformulate a statement without changing its connotation,

some formulations used here may be close or, in rare cases, even identical to the
ones from Ref. [20)].

14



Chapter 2.

Functional Renormalization Group

Due to the variety of different RG schemes present in the literature—including
many different functional RG approaches—this chapter is meant to introduce that
theoretical framework on which the rest of this thesis is based. The presented
scheme provides a set of differential equations that describe the evolution of one-
particle irreducible (1PI) vertices as functions of an artificial scale parameter.
Therefore, this variant is often called 1PI fRG. In short, the fRG procedure used
to study ground state properties has the following threefold structure: (i) The
artificial scale parameter is set to an initial value that allows for a straightforward
calculation of 1PI vertex functions. (4i) Starting from the vertices at the initial
scale, the aforementioned differential equations are integrated in the direction
of decreasing scale parameter. (7i) When predefined conditions are met, the
integration is stopped and information on the system under investigation can
be extracted from the resulting values of scale and vertices. The integration of
differential equations in step (i) is often referred to as fRG flow. In relation
thereto, the equations themselves are called flow equations.

In Sec. 2.1 a derivation of the flow equations is provided. As symmetries of the
investigated system can be exploited to reduce the number of independent vertex
components, considerations of symmetry properties can be valuable. Sec. 2.2
addresses this topic. Subsequently, Sec. 2.3 contains a brief overview of strategies
that are frequently used in the literature for applying the 1PI fRG to model
systems.

2.1. 1PI FRG Flow Equations

The derivation given in this section was presented by M. Salmhofer and C. Hon-
erkamp in 2001 (cf. Ref. [15]) and recapitulated in two review articles (cf. Refs. [12,
13]) in the more recent past. While the statements formulated in this chapter are
meant to introduce notational details as well as to summarize aspects that are
important in the context of this thesis, reference is made to the above mentioned
papers for a more comprehensive overview. From a structural point of view the

15



Chapter 2. Functional Renormalization Group

following derivation is close to the one shown in Ref. [12], whereas the notation
is also inspired by Refs. [13, 21].

This section is structured as follows: After a brief part on generating functionals,
a scale (or flow) parameter is introduced and exact flow equations are derived.
Then, a standard truncation of the resulting infinite hierarchy of differential equa-
tions is discussed and different ways of implementing the flow parameter in terms
of cutoff schemes are presented.

2.1.1. Generating Functionals

In this section the fermionic system is described using a functional integral for-
mulation. Considering the action

the partition function of the system can be written as
z= [ Dlgvesoo. 2.2

Here the term (¢, G5'v) = 3 ¥(K) (Gy ') (K) in Eq. (2.1) is a scalar product
with (Gy"6)(K) = Y0 G (K, K') 0(K") and [ D[, 6] = [ [T d(K ()
symbolizes the functional integration over the Grassmann fields ¥ and ¥ in
Eq. (2.2). In favor of a short notation a multi-index K = (ko, k, o) is introduced
that collects Matsubara frequency and all quantum numbers used for the single-
particle description—which are momentum and spin in the case of the present
thesis. As this work is focused on translation and spin-rotation invariant sys-
tems, the bare one-particle Green function Go(K, K') = 0k Go(K) is diagonal,
and spin independent. The diagonal terms are given by

1

ol = =g

(2.3)

in which £(k) = e(k) — u is the energy of a particle relative to the chemical
potential . The second part of the action in Eq. (2.1)—i.e., Sr[t, ¥]—is a two-
particle interaction which is quartic in the fields ¢ and .

The derivation of RG equations from a field theory can be done most conveniently
by using generating functionals, as these objects contain the information of all
orders of Green and vertex functions, respectively. By adding terms containing
external source fields 77 and 7 to the action, the generating functional

Gl ] = %/D[iﬁ,w] e~ SWYIH)+(@m) (2.4)

16



2.1. 1PI FRG Flow Equations

can be constructed. It is straightforward to show that the n-particle Green func-
tion G is obtained by conducting 2n derivatives with respect to the source fields
and setting the external fields to zero afterwards:

GM(Ky,... KK, ... K=

oy 561, 1) 25)
() on(E )oKy - on(ED) |y

7=n=0

While G™ contains both connected and disconnected diagrams, a generator for
connected Green functions G is defined by

Wil = ~1n [ DI, e St (2.6)

Unlike the disconnected Green functions the connected ones solely sum up di-
agrams in which each substructure is connected via at least one interaction or
propagator to all other parts of the diagram. As a next step, one defines 1PI
vertex functions, which only contain diagrams that stay connected even if one
propagator is cut. Using the latter diagrams as nodes, the connected ones can
be seen as tree-like diagrams with all the closed propagator loops contained in
the 1PI vertex nodes. Since divergences that appear in the renormalization pro-
cess arise from loop integrations, the 1PI vertices play an important role in this
context. In order to investigate instabilities of the normal electronic state, these
functions appear as the most natural choice of an object of study. The corre-
sponding generating functional is defined by the Legendre transform

L[, 9] = (¥, n) + (7,¢) + WIij, 0], (2.7)
with SW SW
¢=—5—ﬁ and J}:W. (2.8)

2.1.2. Flow Parameter and Exact Flow Equations

The first step in deriving fRG flow equations is to insert a scalar flow parameter
A into the generating functionals defined in the previous subsection. This modifi-
cation should be implemented in a way that a closed expression of the functionals
is known at A = Ay and that the generators recover their original structure at
A = 0. Usually, the modification is done at the level of the bare propagator by
changing Gy to G, with Gg =M — 0 and G40 = Gy. This replacement directly
leads to parameter dependent functionals G*, W, and I'* that recover their full
structure at A = 0. In contrast to G*, and W*, which are zero at A = A, the
1PI vertex generator becomes

D=, o] = S[v,¥] - (8, (Q° — Qo)) (2.9)

17



Chapter 2. Functional Renormalization Group

which can be seen as the regularized form of the action from Eq. (2.1). Here,
Q(()A) = (G(()A))_1 is the inverse of the (regularized) bare propagator. This is
another argument in favor of an 1PI-vertex based RG, as in this case information
on the original system is already contained in the functional at the initial stage
of the calculation.

In order to calculate the 1PI vertex generator at values of the flow parameter less
than Ay, an initial value problem has to be solved with I'*? serving as initial value.
The corresponding differential equation is derived starting with differentiating
WA which yields

N SWA L s A OPWA
sl = (SRS ru(@E) . ew

while the dot above a quantity denotes a derivative with respect to A. In a second
step, the A derivative of Eq. (2.7) is performed. At this stage one has to take
into account that 7 and n® are A dependent themselves due to their definition
in Eq. (2.8). These dependencies lead to canceling terms and, as a result, only
the direct derivative of WA—in which #* and 7" are held constant—is left:

d d

I O e A (2.11)

7A A fixed

Eq. (2.10) is now inserted on the right-hand side resulting in the 1PI flow equation
(see Ref. [14])

d . 1 /. L
SOV = = (9.Q0%) - 56 (Q6 @ o) )L (212)
with definitions A
0
and
POy = (zw w)- 214
oY Yy

In order to substitute derivatives of WA with respect to the fields, Eq. (2.8) was
used besides the reciprocity relation T@A [, ] = (W27, 7))L

Based on Eq. (2.12), the flow equations for 1PI vertex functions are derived by an
expansion in powers of the fields 1) and 1) followed by a comparison of coefficients.
For this purpose the matrix I'®4 is split into a zeroth order, field independent
term and higher order terms

IO, ¢ = TOMNG, ]|, o — UM, ¢, (2.15)
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2.1. 1PI FRG Flow Equations

where the first term on the right-hand side is equal to the inverse of the full
propagator G* = diag(G*, —(G*)!). The resulting expression for (I'®4)~1 is
expanded using the geometric series and an insertion into Eq. (2.12) yields

PN, 0] = — (036 — (4, 04v)

(2.16)

+5tr(84 (UMD, 0]+ UM, 0IG UM 0]+ ) )
As—at least in many cases —the object S = diag(S*, —(S*)") = —GAQIG
mainly contributes at single-particle energies close to the value of A, it is often
called single-scale propagator. From Eq. (2.16) the flow equations for 1PI vertex
functions are identified by comparison of coefficients. It is conventional to use the
self- energy A instead of the one-particle vertex '®A | which can be reconstructed

by T4 = Q4 — ¥A. Finally, the equation for ¥4 reads
d _
—SMNK K ME,KTWNK K K K 2.1
" )= 3 MK KON ) (217)

and a comparison of the quartic terms yields

d
dA
— > SMK,KNTOMNK] K, K K, Ko, K)
KK’
+ 3D GMEY K SN Ky, KY)
RK1,K} K2,K},

[ DO g R, R PN K K )

—TWNEY K K, K) =

_[F(4)A(K17[_(§§ Klaf_(l)r(4)A(f_(ia K; Ky, Ks) + ([_(1 & K>, f_({ « Ké)}
[P (0, Ky 1, KTOMNKY, K Ko, ) + (K 0 R, K 0 K]
(2.18)

From Eqgs. (2.17) and (2.18)—and their diagrammatic representations in Fig. 2.1—
it can be seen that the derivatives of ¥ and T4 contain contributions from the
next higher oder vertex I®* and T'©A respectively. A closer look at Eq. (2.16)
shows that this statement holds for all orders of vertex functions—i.e., [?7+2)A
contributes to %F@m)/\—whieh results in an infinite flow equation hierarchy.

2.1.3. Truncations of the Flow-Equation Hierarchy

Due to the hierarchical coupling between the different orders of vertex functions,
numerical treatments of the lowest order terms demand a truncation at a certain

19



Chapter 2. Functional Renormalization Group

d _

S CEF o
_ E _ E +

Figure 2.1. The flow equations (2.17) and (2.18) are given in diagrammatic rep-

resentation. The filled circle denotes the self-energy X, while the filled squares

and hexagons represent A and TOA, respectively. Solid lines marked with a

dash symbolize single-scale propagators S™, whereas unmarked lines stand for
full propagators G2,

order vertex. The level-two truncation—in which T®* and higher orders are set

to zero at all values of A—is commonly used in the context of fRG studies for
interacting lattice electrons in two dimensions. Within this truncated approach,
corrections that enter T via the first term on the right-hand side of Eq. (2.18)
are neglected. In Ref. [15] the size of these corrections is discussed in detail. It is
found that at high values of A—a concrete criterion for A being ‘large’ or ‘small’
is given in [15]—a small T is needed to ensure that corrections are negligible.
Unlike the latter case, at intermediate A the corrections are small even when
the two-particle vertex is not small, provided that the Fermi surface is smooth
and curved. This is based on the fact that momentum space overlaps in internal
loop integrations vanish as A gets smaller. At low values of the flow parameter,
@A diverges and its feedback to I'©A outweighs the curvature effects. As in
this case the corrections get significantly large, the level-two truncated flow has
to be stopped before entering the latter regime.! In order to access properties of
the symmetry broken phase—such as gap sizes and critical temperatures—from
an fRG-flow purely based on fermionic degrees of freedom, the resulting two-

particle vertex may be processed further using mean-field theory as described in
Ref. [24].

Despite neglecting the three-particle vertex and higher order ones within the level-
two truncation, it is possible to include contributions into the flow of I'®A that
originate from the fRG equation for I'®*. As it is shown by A. A. Katanin in

I However, there are fRG setups that allow for continuing the flow into the symmetry broken
phase, for instance, see Refs. [22, 23].
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2.1. 1PI FRG Flow Equations

Ref. [18], in the level-two truncation the replacement S* — diAGA preserves a
specific type of diagrams on the right-hand side of Eq. (2.18) that stem from
the T®A contribution in the case of an untruncated flow. A side benefit from
this replacement is the following: If one restricts the flow equation for the two-
particle vertex to a single channel, it can be solved by the ladder summation in
that channel. Such a feature is desirable in order to compare fRG results against
standard resummations.

In this work the level-two truncation is used and the self-energy is set to zero dur-
ing the whole flow. The only object remaining is the two-particle vertex which,
however, still contains a lot of interesting physics—Ilike the interplay of fluctua-
tions from particle-particle and particle-hole channels—and which is essential for
investigations on low temperature behavior. Even in this simplified scheme, one
has to come up with efficient strategies in order to solve the remaining equation
for T®A with high accuracy using a reasonable amount of time and computer
resources. Some commonly used strategies are recapitulated in Sec. 2.3, while a
newly developed strategy is presented in Ch. 3 as one of the central topics of this
thesis.

2.1.4. Cutoff Schemes

The derivation of the flow equations in Subsection 2.1.2 is completely indepen-
dent of details of how the flow parameter is implemented in the bare propagator
G2. Besides some fundamental constraints—e.g., the above mentioned conditions
Gy= =0, and GA=® = G and that a non-zero flow parameter has to regular-
ize infrared divergences to ensure that the flow equation is well defined—there
is much freedom in choosing a cutoff scheme. Due to the fact that the level-two
truncated flow has to be stopped before entering the strong-coupling regime—as
discussed in the last subsection—, different cutoff schemes are not equivalent in
practice. Even in an exact flow without approximations, in which the vertex func-
tions at A = 0 would be the same for all valid choices of the cutoff scheme, the
results at finite A would differ. In a sense, the ‘path’ that connects the initial and
final values I'A=% and I'*=% depends on the cutoff scheme. Thus the information
contained in the two-particle vertex at a certain A is not unique and the cutoff
scheme should therefore be suited to the problem under investigation.

A commonly used scheme to regularize GG is based on a cutoff function multiplied
to the bare propagator, resulting in

G (ko, k) = 0*(ko, k)Go(ko, k) . (2.19)

With regard to the regularization of Gy, the cutoff function has to vanish for
ko — 0, £&(k) — 0 at finite A and the initial and final conditions translate to
gA=2o = (0 and 02~ = 1, respectively. Momentum cutoffs as used in Ref. [16], in
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which 6% (ko, k) = 6*(k), do not interfere with the frequency space and, therefore,
make an analytic treatment of internal frequency summations possible—at least
in the case of vertex functions that are independent of internal frequencies. As
discussed by C. Honerkamp and M. Salmhofer in Ref. [25], a major drawback
of this kind of cutoff is the artificial suppression of instabilities in the particle-
hole channel with ordering vector q = 0. This suppression is due to the fact
that such a regulator suspends the summation of the corresponding contributions
until A < 7. Other instabilities may already occur at higher energies and the
level-two truncated flow would need to be stopped before summing the q = 0
contributions in the particle-hole channel. In order to avoid this discrimination
of a specific type of instability, a frequency cutoff—e.g., the Q2 scheme introduced
by C. Husemann and M. Salmhofer in Ref. [3]—can be used. As it regularizes
the singularities on the frequency axis, all ordering vectors are treated on equal
footing. The cutoff function in the 2 scheme is given by
kg

6% (ko) = [EReh (2.20)
0

in which—following the notation from Ref. [3|—the flow parameter is denoted
by € in this case. When the frequency dependence of the two-particle vertex is
neglected, an analytic treatment of the frequency summation is possible using
this regulator. In contrast to a momentum cutoff, which can fulfill the initial
condition of the propagator by choosing A larger than the bandwidth, Gf}o =0
cannot be satisfied exactly with a finite €)y. For this reason one has to check the
results for convergence with increasing initial flow-parameter value. The scale of
convergence may also be decreased by using the result of second (or even higher)
order perturbation theory as initial interaction instead of the bare one.

There exist other schemes—Ilike the temperature flow introduced in Ref. [25] and
the interaction flow as presented in Ref. [26]—that are not based on the original
RG idea of successively integrating out degrees of freedom, but that identify
parameters of the microscopic system as regulators. In the temperature flow,
the fermionic fields undergo a rescaling that shifts the temperature dependence
of the action into its quadratic part. The temperature 7" can then be used as a
flow parameter and takes the place of A in the above deliberations. In contrast,
within the interaction flow scheme a factor g~! is multiplied to the quadratic part
of the action and by a rescaling of the fields this prefactor can be transformed
into coefficients of the interaction terms. Thus, a flow in the parameter g from 0
to 1 can be seen as a flow from a system containing free particles to the original
one containing interacting particles.

Each of the above mentioned regulation schemes has its strengths and weaknesses
and there are also many other schemes thinkable. In this work the {2 scheme
is used, as it allows for an instability analysis of the normal electronic state
towards an ordered state—including those with ordering vectors close to zero in
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the particle-hole channel (e.g. ferromagnetic ordering). Since an fRG scheme
based on the one presented in Ref. [3] is derived in Ch. 3, a comparison of the
results from this work to the previous results given in [3] is appropriate and
provided in Ch. 4. In addition to the above argument, using the same cutoff
scheme as in the previous study—which is the {2 scheme—is the most convenient
choice in terms of a comparison. Following the notation of Ref. [3], the flow
parameter is denoted by €2 from now on.

2.2. Symmetry Considerations

In the derivation of the flow equations from the previous section, it was already
made use of some symmetry properties. The assumption of Qff, G and S* being
diagonal implies U (1) invariance—i.e., charge conservation—and restricts the fRG
flow to the U(1)-symmetric phase. However, as done in the studies [22, 27-30],
it is possible to enter the symmetry broken phase by allowing for nonzero off-
diagonal terms, which need to be seeded by infinitesimally small values in the
initial action.

In addition, demanding spin SU(2) symmetry, the one-particle Green function
has to be proportional to the identity matrix in spin space. Even though this
simplifying property was already stated in the previous section, Eq. (2.18) is
still valid in both SU(2)-symmetric and non-SU (2)-symmetric cases. In Ref. [23]
an fRG study is presented that continues the flow inside the phase of broken
SU(2) symmetry by taking into account a spin dependent Green function. In the
present study, however, the focus is on instabilities of the symmetric phase that
can already be detected at scales sightly above the transition scale by strongly
growing susceptibilities. Thus, SU(2)-symmetry properties can be exploited—as
done in Refs. [15, 16]—, which lead to a reduction of the number of interaction
components. More precisely, the tensor

VS v (s i Bt K) := DOR((R, 1), (K, 04); (e, o), (ko 0)) (2:21)

is representable in terms of the superposition
s (L Kb o ) = = VO K K, K) 8,00

01,09;01,02 -0 , (222)
+V (kl; k27 kly k2) 50’1,0'250é,0'1 )

as these two contributions are the only SU(2) invariant terms. Due to anti-
commutation of Grassmann fields, the two exchanges (k{,01) < (k},0}) and
(k1,01) <> (k2, 02) are compensated independently by a minus sign, when applied
to the two-particle vertex 7(,) oy (K1s k53 k1, ko). This yields the relation

V (k17ké7k17k2) - Vﬂ(ké,ki,k17k2)

2.23
= V(K] kb Ky, Ky) (223)
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In this work, lattice systems are studied that exhibit a discrete translational sym-
metry which leads to a conservation of (lattice) momentum and, in addition, time
translation symmetry results in a conservation of Matsubara frequency. These
two conservation laws guarantee diagonal Green functions G®((k,0); (K, 0")) =
Gﬂ(k)ék,k/émd in the case of one band systems. Furthermore, the two-particle
coupling simplifies to

VQ(]{Zl, ]{?2, ]{7/1, ]{?é) = Vﬂ(kl, ]{ZQ, k’é) 5k1+k2,k’l+k’2 . (224)

Using Eqgs. (2.21), (2.22), (2.23), and (2.24) the flow equation for 'Y (cf.
Eq. (2.18)) leads to

d
_vg(klv k27 k3) = 7;9

70 o (K1, ko, K3) + TC?_ph(kla ko, k) + mph(kh ko, ks), (2.25)

in which the contributions on the right-hand side are classified as a particle-particle
term

b ko) = = [ dp [00G20) G2+ ks )]
X Vﬂ(kla k2>p) VQ(kl + k2 -—DbDp, kS) )

(2.26)

a crossed particle-hole term

Tertpn (k1 iz, ig) = — /dp [(%Gﬂ(p) G p+ ks — k;l)}
X VQ(kl’p + ks — kl?k3) Vﬂ(pa k27p+ ks — kl) ,
(2.27)

and three direct particle-hole terms

Ti(hshasks) = [ dp [00G20) G+ b — o)

X [QVQ(/{JDP + kg — k3, p) VD, ko, k3)
— VO k1, p+ ko — k3, ki + ko — k3) VE(p, k2, k3)

— VO (k1,p+ ko — k3, p) VO (p, ko, p + ko — k3) | -
(2.28)

The above flow equation applies to U(1) and SU(2) invariant systems that ex-
hibit translation invariance in lattice vectors and imaginary time. According to
the deliberations from Subsection 2.1.3, Eq. (2.25) corresponds to the level-two
truncation and the Katanin replacement is used. A diagrammatic representation
of the five contributions from Eqs. (2.26)—(2.28) is given in Fig. 2.2.
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7;% 7-C?—ph
7:1S—2ph

Figure 2.2. In the case of U(1) and SU(2) invariance, the diagrams contribut-
ing to the flow of VQ(kl, ka, k3) are shown. A gray bar represents the two-particle
coupling, while the spin is conserved along the short edge. Closed loops imply
a derivative with respect to the scale €2. The diagrams are classified as particle-
particle (pp), crossed particle-hole (cr-ph), and direct particle-hole (d-ph) terms,
respectively.

Moreover, the coupling function V' itself contains symmetries that may be uti-
lized to reduce the numerical effort of solving Eq. (2.25):

Grassmann antisymmetry:  V(ky, ko, ks) = V(ko, k1, by + ko — k3)  (2.29)
particle-hole symmetry: V(ky, ko, ks) = V(ky + ko — ks, ks, ko) (2.30)
point-group symmetries: V4 (ky, kg, ks) = V(P ky, P ky, P ks) (2.31)

While the Grassmann antisymmetry can directly be read off from Eq. (2.23),
the particle-hole symmetry reflects the invariance of the action with respect to
the transformation ¢» — 41, ¢¥» — . The operator P acts on momentum
Pk = (ko,Pk) and has to be chosen from the set of point group operations

that correspond to the underlying lattice.

As this work is focused on the momentum dependence of the two-particle coupling,
symmetries that do not affect momentum space—like time reversal symmetry—
are out of scope. With regard to a more universal perspective, Ref. [31] gives
a generalized approach that translates symmetries of a given system into prop-
erties of vertex functions, as it is done here exemplary for the above considered
symmetries.
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2.3. Application Strategies

In applications to two-dimensional systems, the exact solution of the flow equation
(2.25)—or rather of Eq. (2.18) in a less symmetric situation—is usually inaccessi-
ble. Therefore, numerical treatments become necessary which, in turn, necessitate
the reduction of continuous function dependencies to a set of discrete components
evaluated at a finite number of sampling points. In this section, three different
strategies used in the literature for discretizing the momentum dependencies of
V¢ are recapitulated. Especially the first one of these three—often referred to
as Fermi Surface patching—has been used frequently to study two-dimensional
systems in terms of competing electronic ordering tendencies. As frequency de-
pendencies are left unchanged, the corresponding labels are omitted within this
section. Furthermore, with regard to a more transparent notation, dependences
on the flow parameter are kept implicit. Therefore, the focus is on the object
V(ky, ko, k3).

2.3.1. Fermi Surface Patching

The Fermi Surface (FS) patching is built upon the argument that the most impor-
tant coupling terms at low temperatures are those with in- and outgoing momenta
originating from the FS. In order to support this argument—at least in cases in
which the structure of V is not too dominant—one may focus on loop terms? of
the form

Xph/pp (1, P) = / dpo [GQG(p) G(l+ p)] . (2.32)

Assuming a frequency independent coupling in Eqgs. (2.26)—(2.28), the V' terms
can be pulled out of the py integral and Eq. (2.32) contributes as a factor to the
integrands of the momentum integrals. At low temperatures and scales ) this
factor evolves a strongly peaked structure with maximum absolute values where
both momenta p and 1 £ p lie on the FS. This momentum structure of Xpn/pp
causes that the most important contributions to the renormalization of V' are kept
by concentrating on momenta originating from the FS.

Following the above argumentation, a discretization of the first Brillouin Zone
(BZ) into patches can be achieved by choosing sampling points on the FS, while
each of these points serves as a representative for the surrounding patch. In order
to cover the variation of the two-particle coupling along the FS, the distance be-
tween two neighboring sampling points should be small. This means, in turn, that
the patches should be narrow in the direction along the FS. However, in the di-
rection perpendicular to the FS the patches are usually elongated. Since internal

2 Note that the dependence of the fermionic Green functions on the flow parameter is passed
on to the loops term, even though it is not made explicit in the current notation.
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Figure 2.3. The first BZ of the one-band Hubbard model is shown. At half fill-
ing the F'S takes the form of a square (black solid line). Following the schematic
description given in the text, the BZ is divided into 24 patches indicated by blue
dashed lines. Each patch contains a representative sampling point lying on the
FS (red dots).

momenta need to be integrated over the whole BZ, projections for momenta onto
the corresponding F'S sampling points are necessary in order to evaluate the cou-
pling function. However, resulting projection errors are usually small as largest
contributions stem from momenta very close to the F'S. Fig. 2.3 shows the FS of
a one-band Hubbard model at half filling and an exemplary decomposition of the
first BZ into 24 patches. As already mentioned above, a projection of momenta
onto sampling points is a preceding step to the evaluation of the two-particle
coupling. Assuming an N-patch discretization each patch can be labeled by an
integer i € {1,..., N}, while sampling points may be called k5F. Let ki, ko, and
ks be momenta within patches 71, 79, and i3 respectively, then the mapping

S S S
V(kl,kg,kg) — V(kP k~P ki3P) (233)

71 ) T2 )
is used to evaluate V' for the given momentum combination.

Zanchi and Schulz pioneered in applying the F'S patching to the one-band Hubbard
model on the square lattice (cf. Refs. [32, 33]) using a field theoretical RG scheme
different from the one presented here. 1PI fRG studies followed using a momen-
tum space cutoff (cf. Ref. [16]) and the temperature flow (cf. Refs. [25, 34, 35])
respectively. Furthermore, there are applications of extended patching schemes to
this model. These extended schemes also include sampling points in the direction
perpendicular to the F'S (cf. Ref. [36]).
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The same discretization strategy was used to investigate models on the monolayer
honeycomb lattice (cf. Refs. [37-40]), as well as on bilayer (cf. Refs. [41-43]), and
trilayer (cf. Ref. [44]) honeycomb lattices. As the FS often appears to consist
of only two inequivalent points within these models, extended patching schemes
were frequently used in order to achieve a sufficiently high resolution. Focusing
on the impact of varying point distribution, Refs. [45, 46] indicate that posi-
tion and number of sampling points are important parameters to the numerical
setup in these cases. The authors used points which were placed on several rings
with different radii around the two dot-like FSs. It was found that the critical
scales as well as—at least to some degree—the kind of leading instability show a
dependence on both the number and the radii of those rings.

Another class of systems to which the FS patching was frequently applied, model
the iron- pnictide layer of iron-based superconductors. Most commonly, an effec-
tive five-band model describing the low-energy physics by focusing on the iron-3d
orbitals was used, in which the unit cell was chosen to contain one iron site. In
these materials the FS consists of several disjointed parts that form electron and
hole pockets respectively, while the number of these pockets depends on both the
material type and the doping level. The first patching studies tackled five-pocket
models (cf. Refs. [47, 48]) and subsequent investigations compared five- and four-
pocket scenarios (cf. Refs. [49-51]). Other works focused on the effect of strong
hole doping (cf. Ref. [52]), included the variation of the dispersion in z direc-
tion (cf. Ref. [53]), and investigated the possible appearance of a time-reversal
symmetry-breaking state (cf. Ref. [54]), respectively. There are also patching
studies that did not use the standard five-band model systems. In Ref. [55] the
p orbitals of the pnictide atoms are also included in the effective low-energy de-
scription leading to an eight-band model. Moreover, the analysis in Ref. [56] is
based on a folded BZ that originates from a unit cell containing two iron sites.

2.3.2. Exchange Parametrization

Even though the application of the F'S patching to the model systems mentioned
above has brought many insights, the scheme has its weaknesses. In particular, an
increase of the resolution is limited due to the scaling of the number of coupling
components with respect to the number of patches, which obeys a third power
behavior. In Ref. [3] C. Husemann and M. Salmhofer develop a scheme that
uses a different parametrization of the two-particle coupling V. The leading
idea behind rephrasing the 1PI fRG equations is the following: Starting from
a regular coupling function, the only momentum dependencies that may develop
singularities during the flow are the transfer momenta appearing in the fermionic
loops in Egs. (2.26)—(2.28). Following this idea, the authors of Ref. [3] split up
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the coupling V' into three parts plus the initial interaction U by writing

V(k1, ko, ks) = U(ky, ko, ks) — Psc(ky + ko, ki, ks) + (ks — ki, ki, ko)
1 1

+ §@M(k2 — ks, ki, ko) — §<I>K(k2 — ks, kq, ko)

(2.34)

and they define

Dso(ky + ko, ke, ks) = —Tpp (k. k2, ks) (2.35)

®M(k3 - k17 k17 k2) = %r-ph(kly k27 k3) 9 (236)

Dy (ko — ks, kg, ko) = —2 Tapn(ki, ko, ks) + Terpn(ki, ko, ki + ko — k3) .
(2.37)

In the above decomposition, the first argument of each ® equals one of the loop
transfer momenta. Consequently, each ® captures a specific kind of singular be-
havior, or, in other words, it represents a certain channel. In contrast, the other
two momentum dependencies stay regular during the flow and are usually smooth.
The rephrased form of the fRG in Eqgs. (2.35)—(2.37) is often called exchange
parametrization, as a further decomposition of the ®s leads to a formulation that
is based on propagators that resemble those of exchange bosons. Since a detailed
description of this approach is given in Ref. [3] and a similar parametrization
is discussed in Ch. 3 of this thesis, there are no further details provided at this
point. Generally, it can be stated that in the exchange parametrization the dis-
cretization may now be focused on the first argument of the ®s, while the other
two arguments can be treated using a much smaller number of sampling points.
Thus, the description is based on three objects, while each one mainly depends
on one momentum leading to a linear scaling of the number of components with
respect to the number of sampling points. This is in contrast to the above stated
cubic behavior in the FS patching scheme.

After its development in Ref. [3], in which the scheme was used to investigate
the one-band Hubbard model at van Hove filling neglecting the self-energy and
frequency dependencies of the two-particle vertex, the exchange parametrization
was applied to an extended Hubbard model which includes a nearest neighbor
repulsion term (cf. Ref. [57]). Frequency dependencies and self-energy renormal-
izations were taken into account in Refs. [58, 59]. In the years that followed,
the idea of decomposing the two-particle vertex in combination with an exchange
parametrization of the constituents was implemented in many different contexts.
In terms of 1PI fRG approaches, mention can be made of the elaboration of
a scheme that facilitates flows into the phase with broken SU(2) symmetry in
Ref. [23] and its application to a two-pocket model in Ref. [60]. As a parallel
progress, flows into U(1)-symmetry broken states were developed and conducted
focusing on both the attractive (cf. Ref. [29]) and the repulsive one-band Hub-
bard model (cf. Ref. [30]). Other studies based on the exchange parametrization
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stayed in the symmetric phase and analyzed, e.g., the three-band Emery model
(cf. Ref. [61])—a model for describing the Cu-O plane of the high-T, cuprate su-
perconductors®—and the possibility of coexisting superconductivity and magnetic
order in the repulsive one-band Hubbard model (cf. Ref. [62]).

2.3.3. Singular-Mode FRG

As already mentioned in the previous subsection, the exchange parametrization
approach has been modified and developed further by different groups. One of
these modifications, the so-called Singular-Mode FRG (SMFRG), was presented
by W.-S. Wang, Y.-Y. Xiang, Q.-H. Wang, et al. in Ref. [4]. Even though the
quantities used in that scheme are parameterized according to Ref. [3] and the con-
tributions from the right-hand side of the flow equation are assigned to different
channels, there are also clear differences between the SMFRG and the exchange
parametrization scheme presented by C. Husemann and M. Salmhofer in Ref. [3].
Those differences are one reason for a separate discussion of the SMFRG approach
in the present thesis. A second reason is that the fRG scheme derived in Ch. 3 is
strongly motivated by the one of W.-S. Wang, Y.-Y. Xiang, Q.-H. Wang, et al..
Therefore, the current subsection also serves as a reference which will be used to
reveal the similarities and to emphasize the differences between the SMFRG and
the method derived in the following chapter. See also Appendix A of Ref. [20] for
a comprehensive comparison of both schemes.

In Ref. [4] the authors introduce the SMFRG starting with a definition of three
differently projected versions of the coupling function:*

Vik+1,— Zf (1) fu(p), (2.38)
V(k+1pk Z Fl (1) fu(p), (2.39)
V(k+1p,p+1) Z i (1) fu(p). (2.40)

The functions { fm}—which are called form factors—form a set of orthogonal
basis functions.® Furthermore, projection operators P C’ and l? are defined
which invert the above equations individually, i.e., Vnﬁn(l) = B[V]mn(l) for

3 In this context, it has to be mentioned that the fRG in the level-two truncation is not capable

of investigating a cuprate model using realistic coupling strengths. This is due to the fact
that the Cu 3d orbitals are strongly coupled while the level-two truncation is limited to weak
and moderate coupling scenarios.

In order to avoid confusion about the labeling of projected coupling functions, note that the
notation used here is slightly different from the one in Ref. [4].

See Sec. 3.2 for a detailed description of a basis suitable for applications to the square lattice.
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B € {P,C,D}. In the parametrization of Eqgs. (2.38)-(2.40) the transfer mo-
menta from Eqs. (2.35)—(2.37) appear again and are labeled by 1in the respective
line. Thus, as in the exchange parametrization approach, the description is based
on three distinct channels. A projection of V' onto one channel followed by an
unprojection in the same channel—as defined in Eqs. (2.38)—(2.40)—yields a cou-
pling function V', which is equal to V in the case that the set of basis functions is
complete. However, truncations of the complete set are indispensable in practice,
while meaningful truncation schemes can be used to retain the most important
features.

Within the SMFRG, the contributions from the right-hand side of the flow equa-
tion (cf. Egs. (2.26)-(2.28) and Fig. 2.2) are approximated using the projected
coupling functions. This yields®

0Vl =Y VE XLV (2.41)
0V = Vi X Vil (2.42)

aQVngn = Z ((Vn?,m’ - VmDm"/) Xlr)r?’,n’ an/),n + Vn?,m’ Xg?’,n’ (Vnc’:n - Vn?n)) )

m/ n’

(2.43)

where the symbol d, is used for pointing out that each line contains contributions
from only one channel. The fermionic loop terms appearing in the above equations
are projections of the ones from Eq. (2.32) and are defined by

XEPIP (1) = / D Fu(D) Xopon(1, D) £1(P) (2.44)

In order to calculate the full derivative of a projected coupling function V7, (1)
with respect to 2, the summation of all contributions from Eqs. (2.41)-(2.43)
is preceded by projections” onto channel B. Thus, the SMFRG flow equations
read

d . ,
d—Qvnﬁn: AV, +P[0QV ] mnt+Pl0oV ] (2.45)
d . .

=gV =ClOaV ot 0Vl +C100V P, (2.46)
d . 5

d—QVngn =D[0qV " ]nn+ D0V mnt 0oV, (2.47)

6 In Egs. (2.41)-(2.43) the dependence of all objects on the momentum 1 is omitted for brevity,
ie., VISP = viEIC/P(1) and Y5PIP" = yEPIPR(1).

7 In this situation, the notation used is not fully explicit. For instance, a projection of 9oV
on channel P implies an intermediate unprojection as given in Eq. (2.39) before the operator

P can be applied.
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Chapter 2. Functional Renormalization Group

As in the exchange parametrization approach presented in the previous subsec-
tion, the SMFRG is based on three flowing objects where each one is parametrized
according to one channel. Consequently, the scaling of the number of coupling
components with respect to the number of sampling points is equally advanta-
geous. However, two major differences between both schemes can be revealed:
Firstly, the momentum integrals that stem from Egqs. (2.26)—(2.28) are decom-
posed to some extend in the SMFRG while their structure is unchanged in the
exchange parametrization approach. Focusing on the integrand in Eq. (2.44), two
form factors take the place of the coupling functions, while those are reshaped by
a separate projection operation. As the same separation is used in the derivation
in Ch. 3, reference to that chapter is made for a discussion of resulting benefits.
A second important difference is the type of object used in the flow. While in
the exchange parametrization scheme the three ®s add up uniquely to the full
two-particle coupling according to Eq. (2.34), the three projected V's are separate
representations of the full coupling in the SMFRG framework. The projected
couplings can be seen as filtered forms of the full one, since most information of
two channels is filtered out in a projection using a truncated form-factor basis.
Consequently, ambiguities are likely when performing subsequent calculations, as
the decision on using V', V¢, or VP affects the result.

Since its first application to a model for electron doped graphene in Ref. [4],
the SMFRG was used by Q.-H. Wang et al. to study many different model sys-
tems. Exemplarily, investigations on the Kagome lattice at van Hove filling (cf.
Ref. [63]), on a model for double-layer FeSe (cf. Ref. [64]), and an analysis on
doping effects in LaOCrAs (cf. Ref. [65]) are cited here.
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Chapter 3.

The Truncated Unity Approach

After the derivation of the level-two truncated flow equations, a strategy for solv-
ing these equations on a high-performance computer is presented in this chapter.
The new scheme is closely related to two of the approaches discussed in Sec. 2.3,
the exchange parametrization and the singular-mode fRG. In order to make the
connection clear, reference to that section is made in the appropriate passages.
Besides the formal derivation, Sec. 3.1 contains a statement on the computational
benefits associated with the new scheme. As the representation of the scheme’s
central quantities relies on choosing suitable basis functions, Sec. 3.2 presents a
way to construct such a basis. In the last section, the program code used to
solve the flow equations on a high-performance computer is described briefly, fol-
lowed by an analysis of the code’s scaling behavior with respect to the number of
compute cores used.

Large parts of this chapter’s content, especially that from Secs. 3.1 and 3.3, have
already been published in Ref. [20]. Thus, the following text contains paraphrases
of the one from the publication. As it is not always possible to reformulate a
statement without changing its connotation, some formulations used here may be
close or, in rare cases, even identical to the ones from Ref. [20]. Furthermore, the
description of the 2D integration routine PAID given in Sec. 3.3 may contain for-
mulations from Ref. [66], which is a publication of PAID’s working principles.

3.1. Flow Equations of the TU Approach

Starting from Egs. (2.25)—(2.28) the flow equations of the TU scheme are derived
in this section. At first a channel-decomposed form of the two-particle coupling
is introduced, in which a contribution is classified by the type of diagram it
originates from. Using a set of functions that build a basis for the first BZ, the
flow equations of the three channels are transformed into new representations.
Afterwards, by inserting partitions of unity composed in the new basis, a further
modification is performed that completes the derivation. In the last part of this
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Chapter 3. The Truncated Unity Approach

section, those reshaping steps are recapitulated using a diagrammatic language
and benefits of the resulting flow equations are discussed.

3.1.1. Channel Decomposition

Similarly as the exchange parametrization scheme—which is recapitulated briefly
in the second part of Sec. 2.3—, the TU approach is based on a decomposi-
tion of the two-particle coupling into contributions resulting from three distinct
channels and a fourth term containing (a part of) the initial interaction. In the
present formulation, the channels are specified by directly following the structure
of Eq. (2.25), i.e

Vi(ky, ko, ks) = Vk(ﬁ)kmks - Bt Rk T

k1+k3 kotky +®D k1+kq ko+tks
k1—kg, =52, =5+ kz—ko, =5, =55

k1+k2,
(3.1)
with the assignments
qsipi—k:z,@,k‘l;kﬁ - _7;)})(]{;17 k27 k3) ) (32)
q)]ijl k3, F1tks kathky :7::r—ph<k17 ks, k3) ) (33)
¢53_k27m7k2+k3 = Tapn(k1, ka2, k3) . (3.4)

While this definition classifies a contribution by its corresponding type of diagram,
the three objects used in the exchange parametrization represent the pairing, the
magnetic, and the charge channel, respectively. From a technical point of view
both choices are rather similar, since both apply the same parametrization strat-
egy in terms of the most important momentum dependencies: As already stated
before, a coupling function regular at the initial scale may only develop singu-
larities in the total momentum and transfer momenta appearing in the fermionic
loops in Egs. (2.26)—(2.28). Thus, each of the above defined ®s captures one
specific type of singular behavior, just like the objects defined in the second part
of Sec. 2.3. In contrast, the other two (weak) momentum dependencies are cho-
sen in a more symmetric fashion in the current parametrization than in the one
in Egs. (2.35)—(2.37). A discussion from a more technical point of view on the
parametrization and its implications is given in Appendix A. Due to their con-
nection to one specific channel, the ®s are called single-channel couplings in the
following. Finally, it is important to note that magnetic and charge channels can
be obtained easily from the ones used in the present work. This is achieved by

M _ C

(I)kl k3 k1+k3 k2+k4 - (I)kl k3 k1+k3 k2+k4 ) (35)
Ch D C

(I)kg ko, k1+k4 k2+k3 = —2 (I)kg ko k1+k4 k2+k3 + (I)k — ko, k1+k4 k2+k3 ) (36>

in which the parametrization introduced in this section was likewise applied to
OM and PP,
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3.1. Flow Equations of the TU Approach

3.1.2. Exchange Propagators

In the following, the weak momentum dependencies of each single-channel coup-
ling—i.e., the respective second and third dependence—are described through a
complete set of form factors {f,,(k)}, which should be regular and square inte-
grable functions on the first BZ. For this purpose, three operators are defined that
project the ®s onto the new basis. Applied to a test function F'(ky, ko, k3) these
operators read

P[Flpa(l) = /dk dK' £ (k) fo(K') F<é + k, % — k% — k;> . (3.7)
ko=k{=0

ClFlnal) = [dical £,00 fn(k/)F(k+ LKk é) e
0=kp=0

D[Fpmn(l) = /dk dK' 7 (k) fo(K) F(k + é K — é K+ %) o (3.9)

By applying each of the above projectors to the respective single-channel coupling
function, three objects are defined that depend on two form-factor indices and, in
addition, on the total, and transfer momentum of that channel, respectively:

Pon(l) = PIOF]n(l) = / dk K £2,(K) fu(K') By 4 , (3.10)
ko=k{,=0

Conl) = CLB%n(l) = / dk K 2 (K) () 3, , (3.11)
ko=k{,=0

Dpn(l) = D[®P],n(l) = / dk dk' f7,(k) fo(k') ©F, 4 : (3.12)
ko=k},=0

As it is implied by the above expressions, all evaluations of the single-channel
coupling functions are done at zero frequencies.! The further development towards
a scheme that combines the treatment of momenta presented here with an efficient
handling of complex frequency dependencies is left for subsequent studies. In
Appendix C of Ref. [20], symmetry properties of the objects defined in Egs. (3.10)—
(3.12) are given for the case of form factors that are real-valued in momentum
space.

The single-channel coupling functions are (approximately) recovered by the un-

! The investigations presented in Chs. 4 and 5 are performed at 7 = 0. Thus, fermionic
frequencies can be set to arbitrarily small values. In the case of finite temperatures, however,
one would need to work with finite fermionic frequencies, e.g., by using the value at 7/, or
—m /B or the average of both values.
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projections
Pl = Y fn(K) fi(K) Pon(l), (3.13)
Ol = Z fn(K) [ (K) Cr (1) (3.14)
O ~ Z fn(K) [ (K') Dy (1) - (3.15)

In contrast to the dependence on frequencies, the momentum dependences are
reproduced exactly—at least on a formal level using a complete set of basis func-
tions. The flow equations for P, C', and D are obtained by an application of the
operators (3.7)-(3.9) to Egs. (3.2)—(3.4), which yields

Pm,n(l) = _p[%p]mm(l) ) (3~16)
Om,n(l) = é[ pclﬂmm(l)v (3~17)
Dypn(l) = D[TG]ma(l) - (3.18)

As it is known from previous studies (e.g., Ref. [61]), the single-channel cou-
plings are usually slowly varying functions of their second and third momentum
dependence. With regard to the projected objects, this statement means that
a restriction of the form-factors basis to this kind of functions results in a rea-
sonable approximation. In practice, a numerical solution of the flow equations
(3.16)—(3.18) is only possible using a finite basis. Thus, a meaningful truncation
of the (complete) basis—as the one suggested here—is a requirement for compu-
tational approaches.

Formally, the action of an interacting Fermi system can be rewritten in terms of
exchange bosons, leading to a description in which the projected objects play the
role of bosonic propagators. In that kind of theory, the projections of ®F, &M
and ®°" resemble the propagators of the bosonic fields that couple to fermion
pair, spin, and charge bilinears, respectively. The corresponding form factors
then characterize the momentum structure of those bilinears. Due to this connec-
tion, the projected objects P, C, and D are called exchange propagators in the
following.?

3.1.3. Insertion of Truncated Partitions of Unity

The flow equations derived up to this point—or Egs.(3.2)—(3.4), as a matter of
taste—are basically the ones used in the exchange-parametrization fRG. In a next

2 Even though D is not directly related to one of the stated physically interpretable bilinears,
the term exchange propagator is used for this object as well.
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step, these equations are modified by inserting partitions of unity in the form-
factor basis. Using the completeness relation, the unity can be expanded to

1= /dp’ o(p—p)= /dp’ > In@) (P, (3.19)

which is inserted on both sides of the fermionic loops in Egs. (3.16)-(3.18). After
that the terms on the right-hand side are rearranged, resulting in

P() = VPO x™1) V'), (3.20)
C(l) ==V x*" () Ve, (3.21)
D(I) = 2VP() xP'(1) VP(1) = VOO P (1) VP (1) — VP (1) xPh (1) VE(I), (3.22)

with
= [ac(5er)6(5-0) nEIAE.  G2)
X (1) = /dp G<p + é) G(p - é) fm(P) fn(P) (3.24)

and
VP () =PVO)) —P() + P[®°](1) + P[®P)(1), (3.25)
VO = CVO() — ClaY)(1) + C(l) 4+ C[DP](1), (3.26)
VP(1) = D[VO(1) — D[®)(I) + D[®“](1) + D(I). (3.27)

Here, xtP,, and Xﬁ,{fn are convolutions of two-fermion loops with two form fac-
tors and the expressions for the projected couplings VP, V¢, and, VP result
from applying the projection operators (3.7)—(3.9) to the decomposed two-particle
coupling. Furthermore, a new notation is introduced in Eqgs. (3.20)-(3.22), and
(3.25)—(3.27) in which the objects indexed by two form-factor labels are under-
stood as matrices. For these objects bold symbols are used, while two adjoin-
ing matrices imply a usual matrix-matrix multiplication. Via Egs. (3.13)—(3.15)
the exchange propagators are fed back into the projected two-particle couplings,
yielding closed flow equations given in (3.20)—(3.22). Since the form-factor ba-
sis is truncated in practice, the partition of unity used for the derivation above
is truncated as well. Due to this fact, the scheme based on the resulting flow
equations is called truncated-unity (TU) approach, or TUfRG.

In order to provide a more concrete expression for the terms on the right-hand
sides of Egs. (3.25)-(3.27), as an example, the third contribution to Vj,,(I) is
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written out in full:3
P[®C],,n(]) = / dkdk' f' (k) f.(K)
1+k—K\ ,, [l1-k+¥K ,
3 (T () Gt )

m/’,n’

= > > I <—+—+R3) fn(fz +%—R3) 529)

R1,R2,R3 m/,n’
X fm’<R1) f;'(R2) Cm’,n’(ko = O,R3) eﬂéL(Rl_R?)

So as to avoid a four-dimensional integral, the representation in position space
was used in the computations. Since the summation over Ry, R2, and Rg con-
tains some subtleties, details on the implementation of this part are provided in
Appendix B.

In summary, the following steps of computation have to be performed in order to
evaluate the right-hand sides of the flow equations, i.e., to calculate the derivatives
of the exchange propagators with respect to the fRG scale:

(i) In order to obtain V¥(l), V€(I), and VP(l), project the ex-
change propagators and the initial term V() to all channels
and sum up the contributions in accordance with Eqs. (3.25)—
(3.27).

(ii)) Compute the integrals from Eqgs. (3.23) and (3.24) in the dif-
ferentiated form (w.r.t. 2) to obtain the convolved two-fermion
loops xPP (1), and xP2(1).

(iii) So as to evaluate P(l), C(I), and D(l), perform the matrix
multiplications in the form-factor basis as stated in Egs. (3.20)—
(3.22).

With regard to an implementation of the TUfRG flow, one has to choose, firstly,
a set of form factors and, secondly, a grid of sampling points concerning the
momentum dependences of the exchange propagators. The former should be
chosen in a way that all important slowly varying functions are included in the
basis. In view of 2D lattice systems, an approach for building up such a basis
in a structured way is presented in Sec. 3.2. In contrast, the grid of sampling
points has to be tailored separately to each system under investigation. Here it
is important to have a dense grid in the vicinity of momenta, where a peaked
structure evolves during the flow. As this requires some knowledge on the system

3 The other contributions composing the projected two-particle couplings are given in explicit
form in Appendix B.
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3.1. Flow Equations of the TU Approach

in advance, a preceding analysis using a homogeneous grid may be advisable
in the case of a completely unexplored system. This would allow for detecting
potentially interesting structures and to set up a tailored grid for a more accurate
study.

In a comparison of the TU approach with the SMFRG (cf. third part of Sec. 2.3
and Ref. [4]) one finds that the computational steps in both schemes are very
similar. The matrix multiplications in Eqgs. (3.20)-(3.22) are like the ones in
Eqgs. (2.41)-(2.43), there are comparable integration tasks in Eqgs. (3.23)—(3.24)
and Eq. (2.44), and projection operations—as defined in Egs. (3.25)-(3.27) and
Eqgs. (2.45)—(2.47)—are also necessary in both schemes. The main difference be-
tween the two approaches is—besides some minor differences, e.g., coefficients %
in the parametrization—the choice of the central flow objects. In the TUfRG
framework the exchange propagators are permanently stored during the flow,
while three differently projected versions of the two-particle coupling, i.e., VF(1),
VE(l), and VP(I), play this role within the SMFRG. Egs. (3.25)—(3.27) allow for a
direct calculation of the projected couplings from the exchange propagators in the
TU approach. Conversely, an inversion of those equations is necessary to obtain
the exchange propagators in the SMFRG scheme. This task can be mapped to an
inversion of a huge matrix*, which is computationally a very expensive problem.
As a consequence of using the respective central objects, different ways of recov-
ering the full coupling function, which is needed, e.g., for self-energy calculations,
are not likewise feasible in both schemes. One way to obtain V' is to calculate the
single-channel couplings from the exchange propagators via Eqs. (3.13)—(3.15) and
to use their relation to V' given in Eq. (3.1) afterwards. Since this strategy treats
all three channels on equal footing, it preserves sharp structures in all transfer and
total momenta. A second way to extract an expression for V' is to directly use the
information contained in one of the projected two-particle couplings. This can be
achieved by an unprojection analogous to Egs. (3.13)—(3.15) in the appropriate
channel. By using this strategy, only one of the (possibly singular) dependencies
on total and transfer momenta can be preserved, while the choice of the projec-
tion type decides on the type of momentum structure remaining. As the second
way causes ambiguities and may also—depending on the context in which V' is
used—Ilead to a loss of information, the first way is preferable. However, due to
the inversion problem stated above, the first procedure is unsuitable in the SM-
FRG. In consideration of the fact that the computational steps are basically the
same in both approaches, the above comparison of the central objects shows that
the TU approach benefits from its exchange-propagator based framework.

4 In the most accurate calculations shown in Ch. 4, the matrix would have a dimension of about
107.
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3.1.4. Benefits of the TU Approach

In order to underline the structural changes entering the flow equations when the
truncated partitions of unity are inserted, the above derivation is now recapitu-
lated using a diagrammatic language. In this representation each contribution to
the right-hand side of the flow equation for the single-channel coupling ®B!, with
B; € {P,C,D}, can be classified as one of the following diagram types:

Bl Bl

(3.30)
propagator-renormalization diagram
By By (3.31)
vertex-correction diagram
(3.32)

BQ B2

box diagram

The solid lines correspond to fermionic propagators while a closed loop implies
an integration over frequency and momentum. Symbols of the form

W (3.33)

represent single-channel coupling functions. Whereas the couplings labeled by
B; are the same as the one on the left-hand side of the respective flow equa-
tion, the label By denotes a coupling from a different channel. The wiggly lines
can be understood as ‘propagation direction’ of the first (strong) momentum in
the respective channel. Since all B; couplings are parametrized equally, their
propagation direction is the same. In contrast, the By couplings exhibit dif-
ferent parametrizations leading to different propagation directions. As a conse-
quence, those lines appear as part of the closed loops. In an implementation of
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3.1. Flow Equations of the TU Approach

the exchange-parametrization fRG, the wiggly lines that appear inside the loops
pose a numerical challenge. Since the single-channel couplings may be sharply
peaked as function of their first momentum dependence, those objects can en-
hance the computational cost of the loop integrals significantly. By the insertion
of truncated partitions of unity these numerical challenges are softened and the
loop integrations become an easier task.

Focusing on the vertex-correction diagram the modifications leading to the TU
approach are applied in the following. In a first step the projection operator is
applied to Diagram (3.31), yielding

@ By B @ (3.34)

which represents a class of contributions appearing in Eqs. (3.16)-(3.18). In this
diagrammatics, a projection integral of the form

/ dk £ (k) F(ky, ks, ka, ky) (3.35)

applied to a test function F(ky,kz, ks, kys)® is represented by

@ rl - (3.36)

Consequently, the exchange propagators from Eqs. (3.10)-(3.12) are given by the

diagram
@ et o

which can be abbreviated by

, (3.38)

The label B again serves as a placeholder for the respective channel, i.e., for either
P, C, or D. As a next step the truncated partitions of unity are inserted on both

5 Within this notation k; and ks label the upper left and lower left leg of the F vertex in
Diagram (3.36), respectively. These momenta are superpositions of the integration variable
k and another momentum, e.g., 1. kg and k4 label the lower right and upper right leg of F,
respectively, while both are independent of k.
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sides of the fermionic propagators separating these from the wiggly lines. After
that the vertex-correction diagram takes the following form:

G~~~ () () @ By @ (3.39)

In the above diagram a summation over the form-factor indices b and b’ is implied,
which is the matrix multiplication denoted by Step (iii) in the summary of the
formal derivation. The middle part of Diagram (3.39) is a convolved two-fermion
loop (cf. Step (ii)) and the part on the right is a projection of a single-channel
coupling on a different channel (cf. Step (i)). Formally, the TU approach is the
same as the standard exchange-parametrization method with an additional ap-
proximation, that is an insertion of truncated partitions of unity in the form-factor
basis. Despite this fact, in a comparison to previous exchange-parametrization
implementations (e.g., Ref. [3]) the TUfRG would contain the same contributions
plus additional terms, provided that a suitable form-factor basis is used.®

With regard to evaluating the right-hand side of the flow equations the unity in-
sertion generates a computational advantage, which is due to the decomposition of
the loop integrals. As illustrated by Diagram (3.39), the unity insertion separates
the exchange propagators from the fermionic ones at the cost of introducing the
projection step (i). Therefore, the loop integrands consist of two fermionic prop-
agators accompanied by two form factors instead of two single-channel couplings.
In contrast to the slowly varying form factors the coupling functions may contain
strongly peaked structures. Since integrations over regions exhibiting sharp fea-
tures are numerically expensive, the replacement by smooth functions makes the
loop integrals an easier task.

The additional projection task shown in Eq. (3.28)—as well as the ones given in
Appendix B—requires the solution of two nested momentum integrals that involve
a product of four form factors and one exchange propagator. If the form factors
correspond to fixed bond lengths (see Sec. 3.2), the calculation can be performed
most efficiently in the real-space representation from Eq. (3.29) (cf. Ref. [4]). This
is due to the fact that in this case the form factors are superpositions of Kronecker
deltas, which limit the appearing sums to an upper bond length”. The implemen-
tation of the projection step then consists of two main constituents: A first part
that evaluates overlaps of Kronecker deltas to find all index combinations result-
ing in non-zero contributions and a second part performing Fourier transforms of
exchange propagators at all index combinations that have been detected in the

6 See Appendix B of Ref. [20] for a detailed argumentation.
7 Obviously, this upper summation bound is directly related to the truncation length of the
form-factor basis.
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first part. With regard to computational efficiency, one may utilize the fact that
the exchange propagator is the only object depending on the scale parameter.
Consequently, after the first iteration of the differential equation, a big part of
the computation (e.g., the evaluation of Kronecker delta overlaps) can be reused
during the rest of the flow. In cases in which a straight-forward implementa-
tion of the projection consumes a significant proportion of the total computation
time®, the strategy of reusing computed data can lead to huge savings of com-
puter resources. Exemplary speedups from calculations on the honeycomb lattice
are given at the end of Sec. 2 of Ref. [20]. Since the exact speedups depend on
details of the implementation, general statements on maximal speedups are diffi-
cult. However, in the studies on the square lattice presented in this work, it was
possible to reduce the amount of computation time needed by the projections to
a few percent of the time needed by the loop integrations.’ In Appendix B a
possible implementation strategy for the projection part is presented.

3.2. Form-Factor Basis

In order to solve the TU flow equations (3.20)—(3.22) using a numerical treatment,
a truncation of the previously introduced form-factor basis is necessary. The
question arises how the truncation should be implemented, i.e., which functions
should be kept, to retain important contributions. To address this topic, reasons
for using a truncation length in real space are given in the present section’s first
part. Moreover, as the systems investigated in Chs. 4 and 5 are invariant with
respect to Cy, point-group operations, form factors that transform according to
the irreducible representations of that group are derived in a second part. This is
done by following the procedure described in the third appendix of the review by
C. Platt et al. (Ref. [13]), in which the authors focus on calculating basis functions
to characterize order-parameter fields on different lattice geometries.

3.2.1. Truncation Scheme

As already mentioned in the previous section, a restriction of the form-factor basis
to slowly varying functions on the first BZ is a reasonable truncation scheme.
This is due to the experience gained from previous investigations on ground state
properties (e.g., Ref. [61]) showing that the leading parts of the single-channel

8 Depending on the system under investigation, the part that consumes most of the computation
time is usually either the loop integration or the projection part.

9 In the implementation used for the present work, the strategy of reusing data from previous
calculation steps was not applied. The speedup compared to a previous implementation
was gained solely from restructuring the summations. Thus an additional reduction of the
computation time by reusing data would be possible.
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two-particle couplings are well described by this type of function. For instance,
in a system that exhibits a commensurate anti-ferromagnetic ground state, the
leading contributions to ®© are constant in klgki’ and kz;k‘*. To name another
example, in the presence of a tendency towards d-wave superconductivity, the
functional form of ®F with respect to % and @ is given by

fias o (k) o cos(k;) — cos(ky) . (3.40)

Performing a transformation to real-space representation, slowly-varying func-
tions translate to short-range ones. In concrete terms, the functional form in the
first example corresponds to an on-site term fys(R) o< dgr0,0) and in the sec-
ond example it follows the nearest-neighbor superposition fig, , (R) o Or,(1,0) —
ORr,0,1) + OR,(—1,0) — ORr,(0,—1)-"" Consequently, the above proposed restriction to
slowly-varying functions in momentum space can be implemented by a trunca-
tion at a certain length in real space. In such a setup, functions that contain
contributions from distances beyond the truncation length are not considered.

The bonds'! that are shorter than the truncation length span a vector space
of finite dimension. From a technical perspective, the bonds themselves could
directly be used as form factors leading to a ‘bond-based’ representation. How-
ever, from a physical point of view, it is advisable to choose basis functions that
transform according to the irreducible representations (IRs) of the system’s point
group. Such an ‘IR-based’ choice simplifies the determination of relevant order
parameters from the fRG flow. This basis can be obtained by defining subspaces,
whereby each subspace is spanned by all bonds having a certain length. Using
the procedure suggested in Appendix 3 from Ref. [13], basis functions transform-
ing as IRs of the point group can be constructed for each subspace separately.
The union of basis functions from all subspaces then results in the intended basis
set.

In view of a system in which the relevant order parameters are already known, it
could be reasonable to reduce the number of functions contained in the basis. For
instance, in Ref. [3] an investigation on the Hubbard model on the square lattice
is presented using a representation based on the form factors fy, and fldzg,yz
only. Since the present work’s focus is on refining the quantitative accuracy of
the method allowing for highly resolved computations, the whole spectrum of
basis functions is used for all bond lengths below the truncation bound.

Furthermore, in some cases it might be valuable to choose two separate trunca-
tion lengths: a first one used for the projections of single-channel couplings onto
exchange propagators and a second one truncating the partition of unity. By
using a larger value for the second length it would then be possible to reduce

10The second example corresponds to a square-lattice system.
"Tn this context, the term ‘bond’ denotes a vector from the direct lattice.
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Figure 3.1. With regard to the lattice point located at the origin of the co-
ordinate system, the first twelve nearest-neighbor lattice points are labeled by
the respective neighboring degree. As the other parts of the lattice are obtained
by performing symmetry operations, only one irreducible segment of the square
lattice is displayed here. The dashed line denotes the angle bisector, which is an
intersection line of a C4, mirror plane.

the amount of information loss caused by the insertion of truncated unities. Fol-
lowing the argumentation given in Appendix B of Ref. [20], the unity insertion
would even be an exact transformation, when the second truncation length was
set to a value at least three times as long as the first one. However, an increasing
number of contributions to the partition of unity directly increases the number
of loop integrals. As the integration task is computationally the most expensive
part regarding the models investigated here, the truncation length for the unity
partition was not extended in this work. In all computations presented here, both
truncation parameters were chosen to the same value.

3.2.2. Cy, Point Group

In the following, a form-factor basis suited to Cy,-symmetric square-lattice sys-
tems is constructed by applying the procedure described above. As a first step,
the bonds contained in one irreducible segment of the lattice are labeled by their
neighboring degree relative to the lattice site located at the origin, i.e., the ith
nearest-neighbor bond is labeled by 7. Fig. 3.1 shows this labeling up to the
twelfth nearest neighbor. All other lattice sites that are not contained in the con-
sidered segment can be obtained by applying symmetry operations to the bonds
within the segment. Since the bond length is not affected by these operations,
the sites forming one of the subspaces introduced above are reached by applying
all symmetry operations to one of the labeled bonds. Each subspace may now
carry the same label as the corresponding bond in the irreducible segment.
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Table 3.1. The character table of the Cy, point group is shown. Rows denote
different irreducible group representations and columns correspond to classes
of group elements. In addition to the labels of the irreducible representations,
information on the respective symmetries is included in the first column.

The construction of the form-factor basis for each subspace is now done following
the description in Appendix 3 of Ref. [13]: Let g be a point-group operation,
i.e., an element of {E,Cy,Cy,Cy',001,002,041,042}. Here, E is the identity
operation, Cy (Cy) is a rotation by 7 (7/2), and 0,41/2 are the four possible
reflections. The operator

PT) =Y X9y (3.41)

is then used to construct a function that transforms according to the IR TI';.
Regarding the Cy, point group, these representations as well as the corresponding
characters x;(g) are given in the character table 3.1. The application of the
operators (3.41), for all j, to a bond from one subspace leads to a set of basis
functions for that space. Note that if only one bond is used, the set is not
complete. Especially the operator corresponding to the representation £ has to
be applied to different bonds until a complete basis of linear independent functions
is found.

The subspace corresponding to zero bond length is spanned by the on-site bond
only. By applying the operators P(I';) to this bond, only I'; = A; results in a
non-zero projection. After a normalization, the resulting form factor in real space
reads

fOs(R) == 5R,0 ) (342)

which is, of course, the on-site bond itself. In this notation, the subscript de-
notes the neighboring degree i(= 0) and the symmetry (s). A transformation to
momentum representation results in the constant function

fos(k) = 1. (3.43)

As the subspace labeled by ¢ = 1 is four dimensional, four form factors are required
to accomplish a complete basis. In this case, projections according to A, and Bs
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3.2. Form-Factor Basis

vanish. A set of normalized basis functions is given by

1

fis(R) = 5 (Orax + 0r,—x + Oy + OR,—y) (3.44)
1

fldz2_y2 (R) = 5 (6R7X + 5R,—X - 5R1y - 5R7—y) ) (3'45)
)

fip.(R) = /2 (ORx — OR,—x) ; (3.46)

fipy(R) = E (Ory — Oroy) (3.47)

in real-space, with x = (1,0) and y = (0, 1) being the basis vectors of the lattice,
and by

fis(k) = cos(k,) + cos(ky) , (3.48)
fia, o (K) = cos(ky) — cos(ky) (3.49)
fip, (k) = \/5 sin(k,) (3.50)
fip, (k) = V2 sin(k,) (3.51)

in momentum-space representation. Next, in the ¢+ = 2 subspace the projections
to A; and B; vanish. The other IRs yield

£ R) = 5 (rnsy + 0wy 0 iy +omxy), (35)
Fat (R) = 5 Orcry + 0 xy — O xiy —Omny),  (359)
Fopery(R) = E (Froxry — ORx—y) (3.54)
fope,(R) = E (SRox—y — OR —xty) (3.55)
and
fas(k) = cos(k, + k) + cos(k, — k), (3.56)
fod,, (k) = cos(k, + ky) — cos(k, — k), (3.57)
fopar, (k) = V2 sin(k, + k), (3.58)
fop,_, (k) = V2 sin(ky — k), (3.59)

respectively. This procedure has to be applied successively to longer bonds until
the truncation length is reached. In Appendix C, generalized formulas are given
that allow for evaluating form factors at any bond length. Note that subspaces
corresponding to bonds which do not lie on one of the symmetry axes (e.g., 1 = 4;
see Fig. 3.1) are eight dimensional. In these cases, a complete basis contains four
p-symmetric form factors. Due to the arrangement of the form factors as circles
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with increasing radii around the origin, the basis functions corresponding to one
subspace (or to one value of i) are called form-factor ‘shell’ in the following.

Compared to the bond-based representation, the choice of IR-based form factors
is advantageous in terms of physical interpretations of the fRG results.'? For
instance, in the case of a leading d-wave superconductivity, the flow in the IR
representation will show a strong signal in the Pig, ;14,, .(1=0) component,
while this feature would be split into several parts in a bond-based flow. Further-
more, as contributions to one type of order get spread across many components by
using the bond basis, a quantitative comparison of competing ordering tendencies
is more complicated in that representation. Thus, the results presented in Chs. 4
and 5 are obtained by an IR-based flow.

3.3. Implementation

Despite all physically motivated approximations and truncations entering the
TUfRG, the development of a method that is computationally efficient—i.e.,
that reduces the time-to-solution significantly while it provides meaningful predic-
tions of ground state properties—relies on the usage of high-performance comput-
ers. During the last decade the building blocks of large computing architectures
changed from single-core CPUs to compute nodes containing multiple cores, while
large numbers of these nodes are interconnected in complex and heterogeneous
networks. In order to take advantage of such massively parallel designs, a modern
fRG implementation should be able to make use of a large number of compute
cores. To this purpose, in the present implementation it is made extensive use of
the directive-based OpenMP as well as the Message Passing Interface (MPI) API,
which are the most used standards for achieving shared- and distributed-memory
parallelization, respectively.

The code presented here is written in the programming language C++. In the
following, the implementation of the TU flow equations is described briefly with
a focus on the parallelization strategy. Afterwards, parallelization speedups are
presented as they result from running the code on the JURECA compute clus-
ter.

12However, in view of computational performance it might be beneficial to transform the ex-
change propagators into a bond-based representation before performing the inter-channel
projection step and to transform back afterwards. In this way, the evaluation of overlaps
between basis functions in real space should be significantly accelerated.
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3.3.1. Brief Description of the Program Code

As discussed in Sec. 3.1, the computational advantage of the TU approach arises
from the fact that the exchange propagators have been completely pulled out of
the loop integrals. Consequently, the integrals defined as step (ii) on page 38
are generally more well behaved than in the exchange-parametrization approach.
All loop integrations for different combinations of form factors and momentum
are completely independent of each other and, therefore, embarrassingly parallel.
In a distributed-memory parallelization, this step only requires communication
between MPI processes for sharing the results of the integration tasks. Thus, a
comparison of the time spent for communication to the one needed to perform
calculations shows that the communication overhead is negligible in step (ii).

As the implementation has been developed further on a continuous basis, the
code versions used in Chs. 4 and 5 for the integration step differ from each other.
Both versions have in common that MPI is used to distribute external momenta
across the available compute nodes. On the node level, however, different strate-
gies for realizing shared-memory parallelization are applied in the codes. In the
older version from Ch. 4 single integration tasks, i.e., the tasks with fixed form-
factor indices, were distributed across the compute cores using OpenMP. Each
integral, with fixed form-factor indices and momentum value, was then computed
sequentially using the adaptive quadrature routine DCUHRE, which was written
in FORTRAN 77 and published by J. Berntsen et al. in Ref. [67]. The newer code
version from Ch. 5 is, however, based on the ‘Parallel Adaptive Integration in
two Dimensions’ (PAID) library. PAID was originally developed by T. Vidovi¢,
J. Winkelmann, and E. Di Napoli. In a close collaboration of the aforenamed
computer scientists, D. Sanchez de la Pena, and myself, PAID was further refined
and tailored to the needs of the TUfRG. In contrast to the previous implemen-
tation, the newer version collects all integration tasks corresponding to a certain
momentum value in one container and computes them adaptively. The tasks are
thereby executed under just one parallel region exploiting the shared memory of
a compute node. This way of implementation allows for controlling the global
error of the integrations and, furthermore, reduces the load imbalance which, in
turn, enhances the code’s scaling properties with respect to the number of com-
pute cores used. In a direct comparison with the DCUHRE implementation, the
PAID version yielded speedups from 2x up to 4x. Details on PAID’s underlying
algorithm and its parallel implementation can be found in Ref. [66].

For the implementation of the inter-channel projections, denoted by step (i) on
page 38, the real-space representation as given in Eq. (3.29) was used. FEven
though this part of the code has continuously been improved as well, there are
no structural differences between the versions from Chs. 4 and 5. As in the in-
tegration step, a hybrid scheme combining distributed- and shared-memory par-
allelization is applied. Here, MPI is used to distribute the sum over the indices

49



Chapter 3. The Truncated Unity Approach

m' and n’—from the equation’s right-hand side—across the compute nodes. For
a fixed value of (m/,n’) the different components of the projected single-channel
coupling, i.e., the objects specified by the indices m and n, are computed in par-
allel using OpenMP. A more detailed description of the implementation of step (i)
can be found in Appendix B.

As the matrix multiplications from step (iii) are of minor importance in terms of
computation time, the corresponding part of the program code is not optimized.
The implementation is based on nested for loops, in which the ones iterating
external indices are parallelized across the shared-memory level. Even though
distributed-memory parallelism is unused, the computation time consumed by
this step is negligible compared to the ones of steps (i) and (ii) for computations
using up to 128 nodes.

After executing steps (i)—(iii) the right-hand sides of the ordinary differential equa-
tions (ODEs) (3.20)—(3.22)—the TU flow equations—are computed at a certain
value of the fRG scale parameter. The iterative solution of an order one ODE is
a standard task that is dealt with by an explicit solver from the ‘Odeint’ library
(see Ref. [68]). The solver used here is based on the ‘Adams-Bashforth’ multi-step
method. In order to reduce the number of evaluations per step, this type of ODE
solver saves some part of the history and reuses the results from previous eval-
uations. Thus, if the computation of the ODE’s right-hand side is particularly
expensive—as it is in the present case—multi-step methods are preferable.

3.3.2. Scalability Properties on a High-Performance Cluster

The parallel performance of the implementation'® was analyzed using the JU-
RECA compute cluster, located at Jiilich Supercomputing Centre. Every node
is equipped with two Intel Xeon E5-2680 v3 Haswell CPUs having 12 cores each,
working at 2.5 GHz. Due to simultaneous multithreading (SMT) every node
of the JURECA cluster module supports 48 threads in total. As the TUfRG
in the current implementation is limited by its consumption of computation time
rather than its memory consumption, cluster nodes with small-sized main memory
(128 GB) have been used. For the scaling tests the implementation was applied to
the t-t' Hubbard model on the square lattice at van Hove filling and model param-
eters t’ = —0.3t and U = 3t. The timings used to calculate speedups, which are
presented in the following, were obtained from measuring the runtime needed for
one computation of the ODE’s right-hand side at an fRG scale of Q = 2x1073 ¢.

In order to investigate the scaling behavior of the shared-memory parallelization,
a single compute node was used to run the code at various numbers of OpenMP
threads in the range from 1 to 48. As a purely sequential computation—one thread
running on one node—has to be performed in this step, a restriction to relatively

13Here, the code used for the calculations presented in Ch. 4 is analyzed.
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number of threads

Figure 3.2. The plot shows the speedup gained from the shared-memory par-
allelization against the number of threads relative to sequential execution. For
thread numbers up to 24 only a single thread is executed on each core. At 48
threads each core runs two threads at a time using simultaneous multithreading
(SMT). The test was conducted on the JURECA compute cluster by applying
the code to the Hubbard model on the square lattice. Details can be found in
the main text.

low resolutions of momenta and a short truncation length compared with highly
parallelized executions is necessary. Thus, the truncation of the form-factor basis
is set to the fourth shell, i.e., only shells from i = 0 to : = 4 are included, and
the density of momentum sampling points is drastically reduced compared to
the ones shown in Fig. 4.1. The speedup'* gained from the parallelization over
shared memory is depicted in Fig. 3.2. In this context it is worth mentioning that
the dashed line labeled by the term ‘ideal speedup’ is a bit misleading due to a
technical feature of the CPUs called ‘turbo boost’. This feature leads to higher
CPU clocks when only a few cores are used and, thereby, reduces the value of
the ideal speedup for higher numbers of threads. As this effect is not included
in the dashed line plotted in Fig. 3.2, these values can not be reached in usual
cases. Despite this fact, the speedup scales well in the range from 1 to 24 threads,
reaching a value of 19.5 at an execution in 24 threads. In this range each thread
runs exclusively on one core. Beyond that by using 48 threads, i.e., two per core,
the underlying hardware parallelism is exploited resulting in a speedup of 24.5.

MThe term speedup denotes the ratio of the runtime needed for the computation when a
reference configuration is used and the time consumed by an improved computational setup.
Here, the reference configuration runs the code purely sequential, while the accelerated setups
use a higher number of threads for an execution on one node.
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Figure 3.3. The plot shows the speedup gained from the distributed-memory
parallelization against the number of used cores relative to an execution on a
single node (24 cores). Here, each node is used exclusively by one MPI process
running 48 threads. The test was conducted on the JURECA compute cluster
by applying the code to the Hubbard model on the square lattice. Details can
be found in the main text.

In a next step, the performance of the code in terms of distributed-memory par-
allelism is investigated. Fig. 3.3 shows resulting speedups relative to an execution
on a single node, i.e., 24 cores, using 48 threads. In contrast to the previous
scaling test, it is now possible to use the same momentum resolution as in the
applications in Chs. 4 and 5. Furthermore, the form-factor basis is truncated at
the fifth shell in this analysis, which is closer to the production conditions used in
the applications. The implementation scales well in the investigated range while
the curve plotted in Fig. 3.3 flattens slightly above 1500 cores (~64 nodes). The
setup resulting in the fastest execution uses almost 3100 cores (128 nodes) and
leads to a speedup of about 98.
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Chapter 4.

Application: The Hubbard Model
on a Square Lattice

In this first application of the TU approach, the focus is on the examination of the
method’s functionality. As the Hubbard model on the square lattice is well stud-
ied (cf. Refs. [25, 59, 62, 69, 70]) and was investigated by various fRG schemes, it
is the ideal testing ground for the TUfRG implementation. The functionality of
the scheme was studied in two ways: Firstly, as converged results—in terms of a
smallest suitable form-factor truncation length—are a requirement for meaning-
ful applications, a convergence test was conducted. Secondly, due to the relation
to the exchange-parametrization scheme, a comparison with results generated by
that scheme was drawn. Besides these technical aspects, the high momentum-
space resolution of the implementation was utilized to conduct an analysis on
ordering vectors of magnetic instabilities. Sec. 4.1 introduces the model Hamilto-
nian and specifies the numerical setup used. The results of the investigations are
presented in Sec. 4.2.

Large parts of this chapter’s content have already been published in Ref. [20]. Thus,
the following text contains paraphrases of the one from the publication. As it is
not always possible to reformulate a statement without changing its connotation,
some formulations used here may be close or, in rare cases, even identical to the

ones from Ref. [20].

After the publication of Ref. [20] an inaccuracy was detected in the computation
of the projection part denoted by step (i) on page 38. The correction of that
part led to only mild changes of the results in most of the investigated parameter
range. Fven though the scales close to the transition between ferromagnetic and
superconducting phases—especially on the magnetic side—are affected to some
extent, the correction does not affect the validity of the statements made within
this chapter. However, discrepancies to the Hubbard results shown in Ch. 5 around
the aforementioned transition point are explained by changes in the computation
of the projection task.
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4.1. The Hubbard Model on a Square Lattice

This section is meant to define the parameter values—the technical ones as well as
the model parameters—that are used for calculating the results presented in the
next section. For this purpose the model Hamiltonian, on which the TU approach
was applied, is defined in the first part. After that, a description of the technical
setup in terms of initial values and sampling point densities is given.

4.1.1. Model Hamiltonian

The one-orbital model Hamiltonian investigated here reads in second-quantization

notation
H=- Z ey c;r Cor' + Z Untrngy, (4.1)
rr'.o r
;ﬁo :HI

with lattice vectors r and r’, spin orientation o, and electron density operator
Ny = CLT Cor- The kinetic part Hy is characterized by the hopping amplitudes
try between lattice sites r and r’. In this work, the nearest-neighbor amplitude
t as well as the second-nearest neighbor amplitude ¢’ are taken into account.
Together with the chemical potential i, the hopping parameters determine the
single-particle dispersion given by

e(k) = =21t (cos(ky) + cos(ky)) — 4t" cos(k,) cos(ky) — p. (4.2)

In addition to these three parameters, the on-site repulsion strength U appears
in the interaction part H; of the Hamiltonian. As a simultaneous rescaling of
all four parameters will leave the physics of the system invariant, all energies are
measured relative to ¢ in the following.

Since this first application of the TU approach is meant for drawing a comparison
to results from previous exchange parametrization studies (those of Refs. [3, 58]),
the parameter values are chosen in accordance with these investigations. Thus,
the computations are performed using U = 3t and van Hove filling, i.e., u = 41¢/,
leaving t' as the only free parameter.

4.1.2. Numerical Setup

Within this analysis of the Hubbard model the initial scale is chosen to 2y = 100¢
and the initial coupling is assigned to the scale-independent part of Eq. (3.1), i.e.,
Vk(ﬁ)k%kg = U, while ®°, ®°, and ®P are initialized to zero in all components.
It turned out that the results are very stable against increasing the initial scale
further.
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b) C(1) and D(1): 6632 sampling points each

Figure 4.1. Sampling-point distributions in the first BZ used for the discretiza-
tion of the exchange propagators’ momentum dependences are shown in the
figures. As the channels differ in number and location of potentially singular
momentum values, P(1) is discretized differently than C(1) and D(1).
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The grids of sampling points used to describe the momentum dependence of the
exchange propagators are shown in Fig. 4.1. From previous studies on this model
(e.g., Ref. [3]) relevant ordering tendencies are already known, so that a denser
grid is used around momenta at which the exchange propagators potentially de-
velop strong peaks. As d-wave superconductivity (dSC) dominates in a part of
the investigated parameter range, the vicinity of 1 = 0 is sampled densely in the
particle-particle channel (Fig. 4.1a). In the particle-hole channels, ferromagnetism
(FM) appears at the ordering vector 1 = 0 and (in)commensurate antiferromag-
netism (AFM) emerges at (close to) 1 = (w, 7). Fig. 4.1b exhibits high grid-point
densities around those momenta accordingly.

4.2. Convergence Tests and Results

Before the results gained from applying the TUfRG to the Hubbard model are
presented, in the first part of this section it is explained how physical information
is extracted from the TU flow. Afterwards, the question is considered whether
the insertion of truncated partitions of unity is a suitable approximation lead-
ing to meaningful results. For answering this question, two different indicators
were examined: Firstly, the convergence behavior of the results with respect to
increasing truncation length was tested and, secondly, a comparison to findings
from previous exchange-parametrization studies was drawn. In the last part of
this section, the high momentum-space resolution of the implementation was uti-
lized to investigate ordering vectors in the magnetic channel.

4.2.1. Analysis of the TU flow

Using the initial conditions described above, the TU flow equations are solved it-
eratively generating exchange-propagator values at lower scales. Close to a model-
parameter dependent scale—which is called critical scale (€2.) in the following—a
specific exchange-propagator component strongly grows indicating a singularity
in the coupling function.! The singularity in the coupling function in turn signals
an instability in the metallic state and the transition towards some kind of ordered
phase. However, due to bosonic fluctuations at scales below ()., the temperature
corresponding to the critical scale is only an upper bound for the onset of the
phase transition. As the current fRG formalism is not suited for continuing the
flow into a symmetry broken state, the computation is stopped at a scale slightly
above the singularity. In the calculations presented here, the flow was stopped
when the largest absolute value of the exchange propagators reached 20 ¢, which is

I Note that the existence of a critical scale depends on the system under investigation. Even
in systems that exhibit a (semi)metallic state at high scales, the flow to low scales does not
necessary lead to an instability of that state (cf. Ref. [71]).
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Figure 4.2. The flows of the exchange-propagator components decisive for dSC
(red, solid), FM (blue, dashed), and commensurate AFM (orange, dash-dotted)
ordering are plotted against the fRG scale for three different values of the model
parameter t'. While all model parameters are set according to Sec. 4.1, the
computational setup from Ch. 5, in the variant that omits the long-range inter-
actions, was used to calculate the values shown in this figure. The form-factor
basis was truncated at the eighth shell.
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of the order of the system’s bandwidth. The scale at which a component reaches
this bound is then used as an estimate for €2.. One may now investigate the
properties of the ordered state by applying mean-field (MF) theory to the fRG
outcome according to the procedure described in Ref. [24]. In the present work,
however, a different path was followed, that is, the exchange-propagator compo-
nent causing the termination of the flow was directly associated with the leading
type of ground state. The ground state properties have been identified by means
of the corresponding channel (pairing, magnetic, or charge), ordering vector (1
value of the respective component), and the component’s form-factor symmetry.
This approach is less accurate than the fRG + MF combination, but it serves as
a sufficient estimate for the needs of a method-focused study though.

For three different sets of model parameters Fig. 4.2 shows the resulting flows
to strong coupling. These examples cover the ground-state types that have been
observed during the course of this study.? Plot 4.2a indicates a transition towards
an AFM state with ordering vector 1 = w = (7w, 7), while another instability in
the magnetic channel is shown in Plot 4.2¢ indicating FM order. An example for

dSC, in which the total momentum of the two coupled particles is zero, is given
in Plot 4.2b.

4.2.2. Convergent Phase Diagram

In order to investigate the convergence behavior of the TU flow with respect to
an increasing form-factor truncation length, it was analyzed how the resulting
scales change. As it is sensitive to changes in methodical details and, at the same
time, allows for a simple comparison, the critical scale is used as main indicator
for convergence in this study. The flow was performed in the parameter range
from ¢ = —0.1t to t' = —0.45¢ using different truncations of the form-factor
basis. Starting from a truncation at the first form-factor shell, the number of
form factors was successively increased until all functions from the first six shells
were included in the basis. Fig. 4.3 shows the critical scales against ¢ and marks
three parameter regions, each being dominated by one of the ordering tendencies
discussed before. For reasons of clarity the transitions between different phases
are only shown sketchily in this plot. For both transitions, however, the transition
values of ¢ turn out to change very mildly with respect to the truncation length.

In view of AFM order, Fig. 4.3 reveals that the critical scales are nearly un-
changed by increasing the number of form factors. This shows that the important
feedback coming from other channels—which lowers the critical scales compared
to those from single-channel calculations—is already contained in the TU flow
using a first shell truncation. Within the dSC-dominated parameter region the

2 In this statement no distinction is made between commensurate AFM occurring at 1 = (7, 7)
and incommensurate AFM with an ordering vector close but not equal to (m, 7).
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Figure 4.3. Critical scales are plotted against the model parameter ¢, while the
electron density (top horizontal axis) is adjusted concurrently to keep the system
at van Hove filling. The colors denote truncations at different form-factor shells
(ffs). Gray bars separate the parameter regions of the observed instabilities,
which are explained in the first part of this section.

critical scales change when the form factors corresponding to the fourth shell are
added. However, except for ¢’ values close to the phase transition towards FM,
this correction is small. Moreover, Fig. 4.3 illustrates that systems located close
to that transition are the most challenging ones in a numerical treatment. These
convergence problems around t' ~ —0.34t reflect the fact that the nature of this
transition is controversial. There are fRG studies that observe a quantum critical
point between the two phases (e.g., Refs. [25, 59]) while others—Ilike the present
one—do not indicate such a phenomenon (e.g., Ref. [3]). In the rightmost param-
eter region shown in Fig. 4.3, in which FM tendencies are strongest, a larger jump
in the scales occurs from the first-shell to the second-shell truncation. Beyond
that, the inclusion of longer-bond form factors has only a small impact on the
results.

In summary, Fig. 4.3 reveals that the influence of form factors from shells beyond
the second one is rather low within the investigated parameter range, except for
values of ¢’ close to the phase transition between dSC and FM.
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Figure 4.4. Critical scales are plotted against the model parameter ¢, while
the electron density (top horizontal axis) is adjusted concurrently to keep the
system at van Hove filling. The gray bars, separating the parameter regions,
and the dashed lines (red and blue) are the same as in Fig. 4.3. For comparison,
the dash-dotted lines (orange and green) are extracted from Refs. [3] and [58],
respectively.

4.2.3. Comparison to Previous Studies

In Fig. 4.4 a comparison to findings from previous fRG studies is drawn. Data
have been extracted from Fig. 6 of Ref. [3] and from curve (i) in the left part
of Fig. 3 shown in Ref. [58] and are plotted together with the first-shell and
sixth-shell truncation results from the present investigation. Since these reference
studies analyzed the same model using exchange-parametrization fRG in the same
truncation of the flow equation hierarchy as the current work, a direct comparison
of critical scales is reasonable.

The curves in Fig. 4.4 are very similar in both the AFM and the dSC parameter
region. In the region with dominating FM tendencies and around the transition
point between dSC and FM, however, the scales from the older studies are closer to
the current results from the first-shell truncation than to the higher-order findings.
Generally, it is not surprising that critical scales are reduced by increasing the
inter-channel feedback—which is the consequence of taking more form-factors into
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account—when the influence of the subleading ordering tendency (dSC) on the
dominant one (FM) has destructive character. Hence, the higher-shell truncation
results from the present study can be seen as quantitative corrections to the
critical scales from the two previous investigations within the FM region.

4.2.4. Incommensurate Antiferromagnetic Ordering Vectors

Due to the high momentum resolution of the magnetic channel around 1 = (7, )
it was possible to distinguish incommensurate from commensurate AFM phases
and to determine the ordering vectors in the respective parameter region. Fig. 4.5
shows the momentum dependence—regarding one corner of first BZ—of the cor-
responding exchange-propagator component as it results from the TU flow at the
critical scale. The data were extracted from computations on two systems with
parameters ' = —0.1t and t' = —0.225 ¢, respectively, using the fifth-shell trunca-
tion. While in the upper plot the maximum value is located directly at 1 = (7, 7)
indicating commensurate AFM, the maximum in the lower plot is split yielding
degenerate ordering vectors which are clearly away from the commensurate case.
The ordering vectors obtained from the plots in Fig. 4.5 are drawn in Fig. 4.6
together with ordering vectors corresponding to intermediate values of ¢'. For
reasons of comparison, ordering vectors resulting from bare AFM susceptibilities
are shown in Fig. 4.7. These susceptibilities were evaluated at the critical scale
of the respective system and the position of the largest value was taken as an
ordering vector estimate. As this kind of estimate is based on information origi-
nating from the magnetic channel only, the comparison to fRG data reveals how
the coupling between channels affects the AFM order. Since in each of the inves-
tigated systems the fRG ordering vector is closer to (7, 7) than the one obtained
from the bare susceptibility, the comparison yields that the inter-channel feedback
generates support for commensurate orderings.
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Figure 4.5. For two different values of ¢’ the momentum dependence of Cs s
at the critical scale is shown in the plots regarding one corner of the first BZ.

The data have been computed using a fifth-shell truncation of the form-factor
basis.
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Figure 4.6. For different values of ¢’ the figure shows leading AFM ordering
vectors resulting from the TU flow, i.e., the respective maximum position of
Cos,0s(1) at the critical scale (cf. Fig. 4.5). The labels denote the corresponding
values of —t'/t. Note that in the case of incommensurate AFM order the ordering
vector is degenerate.
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Chapter 5.

Application: Study on Long-Range
Interactions

As in the previous chapter, a translation invariant system on a square lattice is
considered. However, in addition to the purely local Hubbard U, a Coulomb-like
long-range term is now taken into account leading to a Hubbard-Coulomb model.
In Sec. 5.1, a solution is presented on how the long-range interaction can be
implemented in a momentum space fRG scheme without encountering singulari-
ties. Furthermore, different strategies to absorb the initial values in the channel
decomposed interaction are discussed. Building on these deliberations, Sec. 5.2
presents convergence tests on the fRG results with respect to the value of the
initial scale and to the number of form-factor shells. The tests are used to de-
tect optimal values for those two technical parameters. After having established
the setup for TUfRG investigations on the Hubbard-Coulomb model, the results
obtained are presented in the last section. This involves phase diagrams compar-
ing the Hubbard-Coulomb with the Hubbard model and the evolution of charge
screening as function of the fRG scale.

5.1. Initial Interaction

The purely local interaction term from Eq. (4.1) is now extended by a long-range
Coulomb tail, resulting in a Hubbard-Coulomb interaction of the form

2
H; = ZUWT,r nyr+ % Z T i 7 an Nyt (5.1)

r#£r’

with the density operator n,, = ci,)r ¢or and the electron charge e. Due to the fRG
setup described in Ch. 3, a Fourier transform to momentum space is necessary,
which appears to be divergent in the case of zero transfer momentum as the sum
> £0 ﬁ does not converge. Since numeric treatments require a description based
on regular expressions, the pure Coulomb interaction from Eq. (5.1) cannot be
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used as an initial interaction within a momentum space fRG scheme. At this
point it comes in handy that the initial scale €2y of the fRG flow is large but
finite. As the energy modes above the initial scale give rise to screening effects—
at least in the case of a metallic system—, the divergence at zero momentum gets
regularized.

In the following, the high energy screening effects are included into the initial
interaction in two steps. At first, the action of the fermionic system is rewritten
in terms of bosonic fields mediating the interaction between charges. After an
integration of fermionic degrees of freedom, a closed expression for the screened
interaction is derived. This procedure is closely related to the one demonstrated
in Ref. [72]. In the second step, the expression found is evaluated numerically.

According to Eq. (3.1) the two-particle coupling splits up into four distinct parts
within the TUfRG framework. The last part of this section provides a discussion

on different possibilities to sort the Hubbard-Coulomb interaction into these four
containers.

5.1.1. RPA Screening of a 2D Coulomb Repulsion

In order to sum up the screening contributions at energies above {2y, the interac-
tion part of the Hamiltonian is transformed into momentum space

1
HI - ﬁ Z Z V<k3 - k2) C:rr,k1+k2—k3 C:rf’,ks Co' ka Coka <52)

ki ,k2,ks 0,0’

with the two-particle coupling
V) =eVA) =U+ Y e (5.3)
Then, the quartic part of the action can be expressed as
T 5
§1= 5y 3= V(1) pl1) (5.4)
!

with the combined index [ = (ly,1) and the collective charge field

p) = ok + D) vo(k), (5.5)
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in which 7 and 1) are fermionic fields. By a Hubbard-Stratonovich transformation,
bosonic fields ¢(l) are introduced that couple to the charge fields. This yields

e 51 = const. X /D[gb*,gzﬁ] exp {— Zgb*(l) (V)™ gb(l)}

xexp{ fz +6°(0) <>)}

which can be inserted into the right-hand side of the field integral representation
of the partition function at scale {2y

(5.6)

7= /D[ﬁ,w]e“fo‘s’. (5.7)

In the reformulation of the action in Eq. (5.6), the two-particle coupling V(1) has
moved to the term quadratic in the bosonic fields. The bosons can be interpreted
as mediators of the two-fermion interaction, whereat V(1) is the bare propagator?
belonging to the bosonic degrees of freedom. Since the cutoff function in ngo
suppresses the fermionic degrees of freedom at scales below €2y, the integration
over the fields ¢ and 1 includes the high energy fermion modes into an effective
bosonic description for the fermionic interaction at scales lower than y. After
integrating out the fields v and ¢ the effective action becomes

St = _ 0" (1) (V1) 6(1) — 2tr(ln M™) (5.8)
!
with the matrix M given by

T ,
M,Sz/ = —(G‘S}O(/{;))_l 5k,k’ — e W Qb(k’ —k ) . (59)

An expansion of the second term in Eq. (5.8) in powers of the electron charge
results in the action

SE =Y _¢"(1)[(VA) " —e —ZGQO k)G (k+1)| (1) +0(e'¢"), (5.10)
l

in which constant terms have been omitted. Compared to Eq. (5.8), a second
contribution appears as part of the quadratic action in Eq. (5.10). This addi-
tional term has the form of a fermionic particle-hole loop which is real valued
and negative in the case of zero transfer frequency [y and close to zero transfer
momentum 1. Taking into account the minus sign in front of the loop term, a pos-
itive value adds to the inverse interaction at 1 — 0 and leads to a regularization

I In this context, the term ‘bare propagator’ denotes the one-boson Green function, when the
coupling between fermions and bosons—i.e., the second line of Eq. (5.6)—is omitted.
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of the divergence of the bare interaction. At large values of €2, the fermionic loop
scales like 27!, while the next higher order contribution shows a Q=3 dependence.
Consequently, higher order corrections can be neglected at high fRG scales. As
the initial scale 2 is usually chosen to be much larger than the bandwidth, this
approximation—known as Random Phase Approzimation (RPA)—is applicable
at the initial stage. Hence, the two-fermion coupling that includes the effect of
modes above )y in RPA is defined as

(Vapa (D)) = (V)™ —62% Gy° (k) Gg° (k + 1), (5.11)
) =;(AQ:;()(1))’1 ’

in which the momentum and frequency dependent screening length A\%(1) is intro-
duced.? Hereafter, the definition \g := A?=%(ly = 0,1) reflects the fact that at
high scales and at zero frequency the particle-hole loop is structureless.

5.1.2. Numerical Evaluation

Prior to the evaluation of the RPA coupling from Eq. (5.11), the ratio between
the bare on-site and nearest neighbor interactions has to be fixed to a reasonable
value. In the current notation, this ratio can be expressed as U/e?, while U = 3¢
is chosen to be the same as in the previous chapter for reasons of comparison.
Assuming that the underlying Wannier functions are sufficiently localized—which
means that they decay on a length scale smaller than the lattice constant—, the
above ratio should be chosen to a value greater than one. In order to obtain a more
quantitative benchmark, ab initio parameters are good objects of comparison.
Ref. [73] provides effective one-band parameters for 2D lattice systems on a Si(111)
substrate derived by a combination of density functional theory and constrained
random phase approximation. Those values indicate that a ratio of 2-3 between
the on-site and nearest neighbor interactions is reasonable.® In the following
e? =t is used, which leads to the ratio U/e? = 3.

With regard to the evaluation of VSP?A, the Fourier transform of the bare coupling
from Eq. (5.3) can be approximated by a finite number of Fourier components.
This is due to the fact that the presence of a finite screening length Ay suppresses
contributions corresponding to long distances [r| > Ag, i.e., terms with |r| > R are
negligible provided that R is chosen to a large enough value. Using €y = 1000¢,

2 As the lattice constant is set to unity within the present thesis, the object defined here as
screening ‘length’ is dimensionless.

3 Even though these values correspond to triangular lattice systems, they should be suitable for
deducing meaningful magnitudes also for square lattice systems. This applies in particular to
the present study, as it is not focused on one specific material but on the impact of long-range
interactions from a more general point of view.
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Figure 5.1. The momentum dependence in [, direction of the RPA coupling
function VP?IQA at g = 1000t is plotted for different values of [, while the
frequency [y is set to zero. The Fourier transform of the bare coupling was
evaluated using different truncation radii R that exclude all terms with |r| > R
from the summation. At R = 10° the (red) curve is close to convergence.

which results in an initial screening length Ag = 2000 in units of the lattice
constant, the convergence behavior of VI%SA with respect to an increasing value
of R was investigated. Fig. 5.1 shows the momentum structure of VI?ISA—as in
Ch. 4 the frequency [y will be set to zero—, in which the sum over lattice sites
from Eq. (5.3) is truncated at different radii R. At R = 10? the coupling strength
appears to be strongly buckled at the border of the BZ and to be significantly
smaller than e2)\y at 1 = 0. However, the bare coupling V is divergent at 1 = 0 and
thus a good approximation should give an RPA coupling value close to e2), at
vanishing momentum. A comparison of the curves from Fig. 5.1 shows that with
increasing R the buckling disappears and the peak at 1 = 0 grows towards the
expected value. In the following, the coupling function computed with R = 10°
is used as starting point for fRG calculations, as the corresponding values are
sufficiently close to convergence.

In Section 2.1 the statement is made that at high scales a small interaction is re-
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quired to ensure the validity of the level-two truncation. As Fig. 5.1 shows, initial
long-range interactions close to 1 = 0 can be huge compared to the bandwidth
of the system. The question arises whether a treatment of this special kind of
interaction profile using the present fRG scheme can be valid nonetheless. In the
literature, traditional approaches to study screening effects in electron systems—
e.g., Thomas-Fermi approximation or RPA—are only justified in the case of very
high electron densities (cf. Refs. [72, 74]). In many cases, this condition is not
met as it is not in the present system. However, following the argumentation
given above, RPA is valid at high scales €2 due to the regulation of the bare
propagator. This in turn means that an fRG treatment is justified at high scales,
as it contains all RPA contributions. On the one hand, with decreasing {2 this
argument loses its sharpness, but at the same time the peak at 1 = 0 gets screened
on the other hand. The contrary nature of these two effects makes it difficult to
conclude whether the regime of high scales—as defined in Ref. [15]—is treated
correctly within the level-two truncation. In any case, an fRG study on long-range
interactions provides quantitative corrections to RPA-screening theory and is suit-
able for revealing qualitative changes in the interplay between different ordering
tendencies compared to investigations on purely local interactions.

5.1.3. Channel Decomposition

The TU approach is based on splitting the two-particle coupling into four parts
according to Eq. (3.1). This opens up a variety of different ways to sort the above
found initial interaction into these four containers. On the level of Eq. (3.1), the
only restriction is that the three ®s and V(%) must add up to the initial coupling.
However, as soon as the operators defined in Eqgs. (3.7)-(3.9) are used to project
the single-channel couplings onto a truncated form-factor basis, truncation errors
lead to inequivalent fRG results for different handlings of the initial long-range
interaction. Those differences are caused by non-convergent numerics due to
inappropriate parametrization: The projections of the coupling at the initial scale
Viis, (kg — ko) are given by

PV (D) = OV, (1) = / Ak dK' £, (k) fo(K) Vi, (k ~K) . (5.12)

and

DIV (1) = / A K £ () f(K) VS, (1)

= V0, (1) 60,08 G 05 -

(5.13)

The expression in Eq. (5.13) contains all information already within the on-site
form-factor contribution. In contrast, the integral in Eq. (5.12) is proportional to
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rL ie., it decreases slowly with respect to the form-factor bond length.? If one

chooses, for instance, V(?) to contain the initial long-range coupling as a whole,
in a metallic system screening effects will cause a strongly growing Dy os(1 = 0)
leading to a cancellation of the Coulomb peak V3¥,(1 = 0). The cancellation
will work fine in calculations in the direct particle-hole channel. In the other two
channels, however, the projections of D,, , and V() will be highly inaccurate—as

argued above—leading to an inexact cancellation of the corresponding terms in
Egs. (3.25) and (3.26).

Such problems can be avoided by initializing the density-density interaction from
the long-range tail in Dysos. In this case, screening effects will lead to a direct
decrease of the peak at zero momentum in the same object, which prevents the
formation of a counter term. Though the local Hubbard U is intended to originate
from a density-density interaction in the present study, it is accurately described
in each channel. In that case, each of the projections

p[U]m,n(D = O[U}m,n(l) = D[U]m,n(l) = U6m,05 571,05 (5'14)

contains all the information in the component with both indices labeling on-site
form factors. Thus, all possible initializations of U are equivalent. In this study,
the on-site interaction is—for the sake of simplicity—contained in Dy, o5 together
with the long-range tail.

5.2. Convergence Tests

In the numerical evaluation of the initial two-particle coupling, €2y = 1000¢ was
used as initial scale. However, it has not yet been clarified whether this is a rea-
sonable choice. Since at all scales above )y only contributions from the charge
channel are summed up, a too small initial scale would lead to a loss of informa-
tion from other channels and of inter-channel feedback. Then again, a too large
initial scale causes additional iterations within the fRG-flow procedure, but with-
out producing other information than RPA does. Thus, it would lead to higher
consumptions of computation time without additional value. In order to find the
most reasonable value for )y, it is therefore necessary to examine the convergence
behavior of the fRG results respect to a successive increase of the initial scale.
Furthermore, an appropriate size of the form-factor basis that is suited to the
current model needs to be found. Even though, this has been investigated in
Ch. 4 with regard to the Hubbard model, a separate analysis adjusting the num-
ber of form factors to the Hubbard-Coulomb model is advisable. This is because
long-range interactions do potentially generate contributions that are not present
in the case of purely local interactions and, at the same time, require form-factor
shells from longer-distant bonds.

4 This statement holds, if both form factors f,,, and f,, belong to the same bond length 7.,
and if \g is much larger than r,,.
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Figure 5.2. Using four different sets of system parameters, the critical scale
Q. is shown as function of the initial scale ) (vertical axis) and the number
of form-factor shells (horizontal axis). While the interaction parameters are
chosen as stated in Sec. 5.1, the next-to-nearest neighbor hopping amplitude ¢’
is changed from plot to plot in order to cover the different ordering tendencies
(given separately for each plot) that were found in the previous chapter. In each
case, the value of the chemical potential is adapted to adjust the filling at the
van Hove point.



5.2. Convergence Tests

Aiming at optimal values for both the initial scale €2y and the number of form-
factor shells ng,> a two dimensional convergence test was applied to the model
using four different sets of system parameters. While the chemical potential p
was adjusted to keep the system at van Hove filling, the next-to-nearest neighbor
hopping amplitude ¢’ was set to —0.15¢, —0.20¢, —0.30 ¢, and —0.40 ¢, respectively.
As different electronic orders are supported by distinct contributions, the values of
t’ were selected in order to cover all dominant ordering tendencies found in Ch. 4.
Initially, —0.20¢, —0.30¢, and —0.40¢ were chosen as representatives for AFM,
dSC, and FM dominated situations, respectively. During the computation, ¢’ =
—0.20¢ turned out to switch from an AFM to a dSC dominated system when the
long-range interaction term in Eq. (5.1) was added. Thereupon, ¢’ = —0.15¢ was
included as a clear representative of an AFM system. The parameters controlling
the interaction part of the model Hamiltonian were chosen as described in the
previous section.

Fig. 5.2 shows the resulting critical scales as function of the parameters under
investigation. As in the previous chapter, the critical scale is used to study the
convergence, since it is sensitive to changes in methodical details and, at the same
time, allows for a simple comparison. In the vertical direction, the four plots in
Fig. 5.2 show a clear saturation of the critical scale. Especially in the range from
Qg =100t to 29 = 1000t the value of €2. is nearly unchanged indicating that the
scheme produces converged results at (g = 1000¢. In the horizontal direction,
however, the parameter sets tested show very different behaviors. Focusing on the
plot corresponding to ¢’ = —0.15¢, which represents an AFM ground state, the
critical scale is almost constant in the whole range from 1 to 9 form-factor shells.
As in the second plot the type of dominant ordering tendency changes from 5
to 6 form-factor shells, the system in which the next-to-nearest neighbor hopping
amplitude is set to —0.20 ¢ appears to be located directly at the transition between
AFM and dSC dominated ground states. While the switch from one ordered state
to the other is accompanied by a dip of the critical scale, the plot exhibits a
plateau in its top-right corner ranging from 7 to 9 shells in horizontal direction.
By going deeper into the dSC parameter region and investigating ¢’ = —0.30¢,
the convergence behavior gets more unclear. Since contributions even from the
8th form-factor shell have an important impact on the scale at which the system
becomes unstable, the plateau shrinks to the range from 8 to 9 shells. This result
indicates that convergence is possibly achieved at ng, = 8, but it does not allow
for a final conclusion. Thus, a further investigation—i.e., a computation using 10
form-factor shells—is necessary to clarify the situation. As a representative of an
FM scenario, the last plot is computed using ¢’ = —0.40¢ and exhibits a broader

5 In addition, the number and position of momentum sampling points for representing the
exchange propagators are important adjustment parameters. A careful investigation on the
convergence behavior of the results from fRG calculations with respect to the density of these
sampling points has to be conducted. In such a test, the grid point distribution from Fig. 4.1
proved to be sufficiently dense also in the present case of long-range initial interactions.
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plateau from 5 to 9 shells.

Since an analysis on competing instabilities is presented in the next section, the
investigated parameters should be set to values that lead to converged results
in consideration of all relevant ordering tendencies. Summarizing the informa-
tion obtained from Fig. 5.2, setting 25 = 1000t and ngs = 8 is reasonable, while
especially the latter requires further verification. Before the analysis of the conver-
gence in horizontal direction is expanded, Fig. 5.3 shows a cross section of Fig. 5.2
in vertical direction with a fixed ngs = 8. Due to the reduced dimensionality of the
plot, the degree of convergence can be estimated more accurately. The figure illus-
trates clearly that at 0y = 1000¢ the critical scale saturates up to a few percent.
In view of the behavior of €2, as function of ng, the investigated parameter region
was extended by computations using 10 form-factor shells in the case of leading
dSC ordering tendency, i.e., in the systems with t = —0.20¢, and ¢’ = —0.30t.
Due to limited computer resources, higher order shells were not accessible. In
Fig. 5.4 a cross section in horizontal direction—while setting €2y = 1000¢—is
plotted including both additional data points at ng, = 10. The figure provides
further evidence that the most important contributions are included in computa-
tions based on 8 form-factor shells. Even though the results on ¢ = —0.30¢ do
not exclude all doubts about the previous statement, it is reasonable that the im-
portance of the feedback originating from increasingly long-distant form factors
to the nearest-neighbor d-wave ordering tendency is monotonically decreasing.
Thus, it is likely that contributions from shells beyond the ones investigated here
are of minor relevance.

5.3. Results

The model system derived in the two preceding sections is now used to study
particles on a square lattice that interact via a long-range Coulomb repulsion.
In a first investigation, the impact of adding the non-local interaction terms to
the on-site Hubbard U is studied and comparative phase diagrams are presented.
The second investigation is focused on charge screening, which is quantified by
the extraction of screening lengths from the fRG flow. These values are compared
with results calculated in RPA.

5.3.1. Comparative Phase Diagrams

Fig. 5.5 shows critical scales and leading instabilities at van Hove filling as function
of #'.° While the blue (dashed) curve is computed using the model derived in

6 Note that the electron density that corresponds to van Hove filling changes as ¢’ is varied.
The top horizontal axis of Fig. 5.5 provides values of the respective van Hove density.
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Figure 5.4. As in the previous figure, a cross-sectional view on the plots from
Fig. 5.2 is shown. Here, the initial scale is fixed to 1000 ¢ providing a closer look
at the dependence of ). on the number of form-factor shells. In addition to the
data shown in Fig. 5.2, resulting scales at ngs = 10 are given for dSC dominated
systems. In favor of comparability, the curves are rescaled so as to coincide at
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Figure 5.5. Critical scales are plotted against the model parameter ¢, while
the electron density (top horizontal axis) is adjusted concurrently to keep the
system at van Hove filling. Information on the dominant ordering tendency is
contained in the symbols. The results from using long-range interactions are
compared with the scales found by using the on-site term only. Due to huge
computational effort at low scales, the number of form-factor shells had to be
reduced to 6 in the intervals ¢ € [—0.37¢, —0.31¢] in the long-range case and
t' € [-0.350¢, —0.335¢] in the on-site case, respectively.

the two preceding sections, the red (dash-dotted) line corresponds to the case
of using the on-site Hubbard U term only. Technically, the latter scenario is
deduced from the long-range model by setting e — 0. Even though the number
of form factor shells should at least be set to eight in order to get converged
results, the form-factor basis had to be truncated earlier at parameter values
close to the transition between dSC and FM order. This is due to the extremely
low critical scales in that parameter region, which were not accessible within the
available computer resources using eight form-factor shells. Instead, the basis was
truncated at the sixth shell within the ¢’ intervals given in the figure caption. The
resulting discontinuities of the curves at the interval borders reflect the drop of
quantitative accuracy between two neighboring points.

In Ref. [71] the same method was applied to an electronic model for graphene.
There it was found that the inclusion of the long-range Coulomb tail leads to a
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Figure 5.6. While ¢’ is fixed to —0.2¢, the critical scale is shown as function of
the electron density in the vicinity of van Hove filling. As in Fig. 5.5, the model
with long-range interaction is compared with one including the on-site term only.
For better comparability, the curves are rescaled independently to a maximum
value of one. In absolute numbers, the maximum values are about 0.019¢ and
0.048¢ in the cases of long-range and purely on-site interaction, respectively.
Lines, colors, and symbols are the same as in Fig. 5.5.

competition between various (charge type) ordering tendencies, which are rep-
resented by different patterns on the direct lattice. Many of those patterns are
pairwise incompatible resulting in geometrical frustration and in a stabilization
of the semimetal. Of course, the situation is not the same in a square-lattice
system—especially when it is set to van Hove filling—, but the geometrical frus-
tration still has an effect on the critical scales. In contrast to graphene, the AFM
order is not completely suppressed due to a non-vanishing density of states at
the Fermi level in the system under investigation. However, Fig. 5.5 shows that
the critical scales are reduced by almost a factor of two in the parameter region
dominated by AFM order. The region that shows FM tendencies is even more
strongly affected. As instabilities towards d-wave SC are driven by an AFM spin-
fluctuation mechanism in this system’, a weakening of the magnetic channel is
directly passed on to that kind of SC. Consequently, the critical scales in the
corresponding parameter region are lower in the long-range case. Furthermore,
it is striking that the transition to FM dominated ground states happens earlier,
which again emphasizes a diminished spin-fluctuation mechanism.

7 In the present system, the AFM spin-fluctuation mechanism is known to be the driving force
behind interactions becoming attractive in the particle-particle channel.
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Results of an investigation on systems with electron densities away from the van
Hove point are shown in Fig. 5.6. Here, t' is fixed to —0.2¢ and the fRG flow
is performed for different densities studying both the long-range and the purely
on-site interaction. For better comparability, the two curves are rescaled inde-
pendently to a maximum value of one. Starting at the van Hove density, electron
doping leads to higher critical scales in both cases, even though the density of
states at the Fermi level decreases. As shown in Ref. [16], this effect can be re-
lated to the appearance of AFM hot spots, i.e., intersections of the FS with the
lines that connect (&, 0) and (0, +7), supporting commensurate AFM order.®
Since the latter mechanism is absent on the hole-doped side, the scales are drasti-
cally decreasing with respect to a reduction of the electron density. The different
widths of the peaks on the electron doped side indicate that the magnetic order-
ing tendency is less robust when long-range interactions are taken into account.
Again, the competition in the charge sector is likely to suppress magnetic order,
which narrows the window of high-scale AFM. In the system with ¢ = —0.2¢,
AFM and dSC order are very close (cf. Fig. 5.5). Due to its relation to AFM spin
fluctuations, d-wave SC is suppressed as well in the long-range scenario. However,
the figure shows that the parameter region of leading dSC is expanded compared
with the on-site case.

5.3.2. Screening Lengths

In Sec. 5.1, an RPA scheme is used to find meaningful values for the coupling at
the initial stage of the fRG flow. The resulting expression in Eq. (5.11) is given in
a form that allows to identify the second part of the right-hand side as a screening
term at the initial scale, which is now generalized to scales below €y, yielding

NNUE <—62% > GE(k)GY(k + z>> _ . (5.15)

Since only the 1 = 0 term is interpretable as a screening length in real space,
Mipa = AMipa(l = 0) is considered in the following.® As argued in Sec. 5.1, the
approximation used to derive this expression is only valid at values of €2 much
larger than the band width. Nevertheless, the above formula has been evaluated at
all orders of magnitude—from the initial scale down to the critical scale—serving
as an object of comparison for the fRG data.

8 In Ref. [69], it is shown that in the presence of hot spots self-energy renormalizations play
an important role. Due to a flattening of the FS the critical scales get strongly enhanced
compared with flows that ignore self-energy corrections. However, it seems unlikely that such
a behavior affects the main statements of this section.

9 Since bosonic frequencies are set to zero in all fRG calculations presented here, Iy = 0 is used
in the calculation of RPA screening lengths as well in order to allow for a comparison.
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Figure 5.7. Plots of the screening length vs. the fRG scale are shown for six
combinations of ¢ and electron filling. The figures compare the screening length
computed from the fRG flow with the one resulting from RPA. Since the critical
scale differs from one parameter set to the other, the curves end at differently
low scales. Details on how these values are obtained can be found in the text.
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Figure 5.8. Screening lengths at scale (2 = 0.04 ¢ are plotted against the model
parameter ¢, while the electron density (top horizontal axis) is adjusted concur-
rently to keep the system at van Hove filling. The figure compares the screening
length computed from the fRG flow with the one resulting from RPA.

Figure 5.9. While ¢ is fixed to —0.20 ¢, the screening length at scale Q = 0.04 ¢
is shown as function of the electron density in the vicinity of van Hove filling.
As in Fig. 5.8, the screening length computed from the fRG flow is compared
with the one resulting from RPA.



5.3. Results

In order to extract the screening length from the exchange propagators that are
obtained from the fRG procedure, the particle-hole channels must be combined
to the physical charge channel. The term

1
C(():?,.Os(l) = Dos0s(1) — 5005,05(1) (5.16)

works as the mediator for interactions between charges and is therefore the analog
to Eq. (5.11). Thus, the screening length is read off from the [ = 0 component
by

1 1
A = =5 | Dosos(l = 0) = 5Cos05(l = 0) | - (5.17)

The definitions that are used here to characterize the charge screening are cer-
tainly not unique, since the screening length’s order of magnitude is much more
meaningful than its exact number of lattice constants. In favor of a simple com-
parison, A2p, and A are chosen to be compatible, i.e., their values are identical
at the initial scale.

Fig. 5.7 compares the screening values from fRG and RPA as function of €2 for six
different sets of model parameters. All six plots show a common characteristic: At
high scales the curves run on top of each other. Thus the charge screening is not
effected by other channels in this region. Between = 10'¢ and Q = 10°¢—i.e.,
at the order of the bandwidth—the curves split indicating an onset of important
inter-channel feedback. According to Eq. (5.15), the RPA result is given by the
inverse of the particle-hole loop, which at 1 = 0 tends to the density of states
at the Fermi level as €2 goes to zero. As the system is set to van Hove filling in
the Plots 5.7a-5.7d, the density of states at the Fermi level exhibits a logarithmic
divergence causing an inverse logarithmic decrease towards zero of the RPA curves
at low 2. The fRG data show a similar behavior, while in the Plots 5.7a-5.7c
the screening effect is reduced in the fRG—i.e., the screening length is larger—
compared to RPA. In the system corresponding to Plot 5.7d, however, the curves
get close to each other again at the critical scale indicating that at lower scales
screening effects could even get enhanced by inter-channel coupling in the FM
dominated parameter region. In Plots 5.7e and 5.7f the situation is qualitatively
different. The system parameter t' is set to the same value as in 5.7b but the
electron densities are changed by hole and electron doping, respectively. Thus
the density of states at the Fermi level changes from being singular to finite
values. Consequently, the RPA curves tend towards a finite screening length as
the scale goes to zero. The inter-channel coupling contained in the fRG reduces
the strength of the screening leading to larger A values, while the saturating
behavior at low scales is unchanged.

In order to get a closer look at the values, Fig. 5.8 shows the screening lengths
resulting from van Hove filled systems at a fixed value of the scale parameter. To
be able to provide a broad view on most of the investigated parameter region,
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this scale value is chosen to be larger than most of the critical scales found. Both
curves from Fig. 5.8 follow a common trend, that is, the screening effects get
enhanced continuously while changing ¢’ from —0.15¢ (AFM system) to —0.45¢
(FM system). At the scale used here the screening length calculated in fRG is
constantly larger than the one obtained in RPA by a factor of about 1.3. However,
as shown in Fig. 5.7d this factor changes drastically at t' = —0.4¢ when the scale
is decreased.

To investigate the dependence of the screening length on the electron density,
t' was fixed to —0.2¢ and the scale was set to the same value as before. For
these parameter values Fig. 5.9 shows that in the vicinity of van Hove filling the
resulting fRG and RPA values of A exhibit a similar behavior. While the strongest
screening appears at van Hove filling, the screening lengths increase as the density
of states at the Fermi level decreases. Like in the above investigation, the fRG
curve is separated from the RPA one by an almost constant factor, which is again
about 1.3. The Plots 5.7e and 5.7f show that the outermost data points in Fig. 5.9
are already close to their saturation value in the limit {2 — 0, while the curves in
5.7b suggest that at the van Hove point the fRG value—as the RPA value—tends
to zero in that limit.
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Chapter 6.

Conclusion and Outlook

In this thesis I report on the progress made during my PhD studies regarding
investigations on interacting Fermi systems on square lattices using the fRG for-
malism. The progress described in the preceding chapters can be divided into
four phases. In the first phase, a novel fRG scheme was developed on a for-
mal level with a focus on efficient parametrization and—in terms of a numerical
treatment—Dbeneficially structured equations. The derivation of this scheme, in-
troduced as TU approach or TUfRG, builds upon the level-two truncation of
the fRG-equation hierarchy and uses a channel decomposition of the two-particle
coupling in an exchange-parametrized form as introduced in Ref. [3]. It is argued
that such a formulation results in an efficient representation. As shown in Ch. 3,
the projection of weak momentum dependencies onto a form-factor basis followed
by an insertion of truncated partitions of unity in this basis results in the TU
equations that are reminiscent of the ones used in the SMFRG introduced in
Ref. [4]. The relation of the TU approach and the SMFRG was analyzed and the
benefits of the TUfRG as an exchange-propagator based approach were revealed.
In a comparison to the original exchange-parametrization approach from Ref. [3]
it was argued that the insertion of truncated partitions of unity simplifies the ap-
pearing integrations by separating fermionic and exchange propagators. Thereby;,
a computational advantage over the previous scheme was generated. This advan-
tage was achieved at the cost of adding a projection task which, however, contains
a high potential for optimization of its numerical evaluation. By exploiting this
potential, its computational cost was reduced significantly below the one of the
integration task.

In the second phase of this work, a program code for solving the equations de-
rived in the first phase was implemented. To be able to treat highly resolved
coupling functions, the code was designed to run on high-performance computers
using a large number of compute cores in parallel. Thanks to the advantageous
structure of the TU equations, both shared-memory and distributed-memory par-
allelizations were easily implemented, while the performance of the latter was not
affected by inter-process communication. An investigation of the code’s paral-
lel performance conducted on the JURECA compute cluster showed convincing
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speedups of 24.5 in the shared-memory case and an additional speedup of about 98
gained from distributed-memory parallelism. In these tests the highest speedups
were obtained using almost 3100 cores. Consequently, by realizing these speedups
it is shown that the program code developed in this work is capable of utilizing a
few thousand compute cores.

The third phase was focused on the functionality of the developed approach. With
this in view, the application of the TUfRG to the Hubbard model on the square
lattice—a commonly used test case for fRG schemes—revealed promising conclu-
sions, that is, the insertion of truncated partitions of unity turned out to be a
suitable approximation leading to meaningful results. This was proved by the ex-
amination of two indicators: Firstly, in most of the investigated parameter range,
a fast convergence of the results with respect to increasing truncation length
was observed. Secondly, a comparison to the previous exchange-parametrization
studies [3, 58] showed that the findings from the latter investigations are approx-
imately reproduced by using a short truncation length within the TU approach,
while quantitative corrections to those results are obtained by using higher-shell
truncations. After this analysis on the method itself, the high momentum-space
resolution of the implementation was utilized to study AFM ordering vectors.
By comparing the ordering vectors resulting from the TU flow with ones from
single-channel calculations, it was revealed that the interplay of different chan-
nels supports commensurate AFM order.

Finally, in the fourth phase the effects of adding a Coulomb-like long-range term
to the local Hubbard U were investigated. To be able to do so, a solution on
how a long-range interaction can be treated in a momentum-space fRG scheme
without encountering singularities was developed. Since the additional long-range
part has the potential to strongly influence the inter-channel feedback during the
flow, a separate convergence test was necessary to reveal the best choices for tech-
nical adjustment parameters. As a result of such a test, in the space spanned by
those parameters a convergence area was detected, in which the smallest suit-
able truncation length turned out larger than the one found in the study on the
Hubbard model. By building on this accomplished preparatory work, converged
results in a sufficiently high resolution were achieved in this study on long-range
interactions. Regarding the comparison between the Hubbard-Coulomb and the
Hubbard model at van Hove filling, a significant decrease in the critical scales was
observed when the long-range part was added. In combination with the results
from Ref. [71] these findings yield a consistent picture of destructive competition
effects between incompatible ordering tendencies seeded by the initial long-range
interaction. The second comparative study addressed the impact of varying elec-
tron densities on the critical scale in the AFM dominated region. This analysis
showed that in the Hubbard-Coulomb model the appearance of AFM hot spots
is crucial for high critical scales as it is in the Hubbard model (cf. Ref. [16]).
However, the parameter range in which high-scale order appears is drastically
reduced by the inclusion of initially long-range interactions, which underlines the
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importance of the destructive competition effects found in Ref. [71]. Concerning
the investigation on charge screening, this work pioneered in the extraction of
screening lengths from the fRG flow. In a comparison of these screening lengths
with those generated in RPA, a good agreement of the values was observed at
high scales, while at low scales quantitative differences were found. However, the
results indicate that the screening in the charge channel is not changed qualita-
tively by the feedback from other channels, i.e., as in RPA a divergent density of
states at the Fermi level causes a vanishing fRG screening length.

In summary, the TU approach and its implementation presented here pioneer
the combination of an efficiently parametrized coupling function within the fRG
framework and a program code developed with focus on high-performance com-
putation. These two aspects are essential for improving the quantitative accuracy
of fRG methods far beyond the current state of the art. The level of accuracy can
only be evaluated by conducting convergence tests as done in the applications pre-
sented here. Although form-factor representations had been used in other works
before, the present study is the first that documents convergence with respect to
a truncated expansion. Furthermore, the investigations presented in Ch. 5 are
a first step towards examinations on infinitely long-range interactions in square-
lattice systems. A similar investigation on the honeycomb lattice presented in
Ref. [71] reveals qualitative changes compared to results computed using local
interactions. Additional studies exploring the effects of long-range interactions
in other systems seem worthwhile. In view of possible future investigations of
that type, the following is important to note: In the present work, the treatment
of such kind of interactions and, especially, the quantitative comparison to the
results using a local interaction have only been possible due to the high resolu-
tion in momentum space and the large form-factor basis, as those properties were
essential for including quantitatively important corrections.

Certainly, as it was shown by many studies (e.g., Refs. [58, 69]) that self-energy
effects and frequency dependencies can have a strong impact on fRG flows, the
TUfRG in the form presented here does only constitute a basic framework for
further method developments. A thorough extension of the TU approach by
these two named aspects would lift its predictive power to new levels.
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Appendix A.

Parametrization of Single-Channel
Couplings

The parametrization of the single-channel couplings is now discussed in more
detail. As a starting point the channel decomposition of the two-particle coupling
from Eq. (3.1) is repeated. However, in contrast to Eq. (3.1) the parametrization
according to purely fermionic momenta is kept and frequency dependencies are
ignored:

V (ki ka, ks) = VU 1 — P (ki ko, ks) + 8 (ki ko, k) + @ (ky, ko, ks) (A1)

In the following the focus is on the particle-particle channel, while the other two
channels can be treated analogously. Assuming a translation invariant system, the
Fourier transformation that connects the coupling function in momentum-space
representation with the direct-space one reads

O (ky ko kg) = Y ellaftleRaksRs) F(R; Ry R3,0).  (A2)
R1,R2,R3

The parametrization used in Eq. (3.1) can now be implemented in a transparent
way by choosing

ki —k ks —k
l=k;+ky ; k=—72 . K=-"2_"73 (A.3)
2 2
with k4:k1+k2—k3.
By resolving this for the fermionic momenta
1 | 1
ki=k+- ; ke=-k+=- ; kz=-kK+= A4
1 + 92 ) 2 + 92 ) 3 + 9 ( )

and inserting those momenta back into Eq. (A.2), the single-channel coupling
yields
®Ek7k/ = Z eil-(%(R1+Rz)f%R3) eik'(RI*Rz) eik'-Rg,
ottt (A.5)
x®"(R1, Rz, R3,0).
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In this formulation the momenta k and k' are conjugate to the relative position
vectors of the involved particles before and after the virtual process, respectively.
As the coupling in this channel contains particle-particle contributions that cause
superconducting instabilities, the important contributions in this channel usually
appear at small absolute values of those relative position vectors. For instance,
in the dSC case observed in this work the absolute value is equal to one lattice
constant and close to an s-wave SC phase, as it appears in the attractive Hubbard
model, the dominant relative vector is zero. Thus, the parametrization chosen in
Eq. (A.3) appears as a reasonable choice in order to distinguish different ordering
tendencies in this channel. Furthermore, it allows for treating the dependencies
on k and k’ as ‘weak’, which justifies the truncation of the form-factor basis at
an upper length in the direct space.

Eq. (A.5) also illustrates the periodicity of <I>1F:k7k/. As Ri, Rs, and Rg are lattice
vectors, all information from the dependence on k and Kk’ is contained in the first
BZ. The vector conjugate to 1, however, is equal to half a lattice vector, i.e., a part
of the components from the sum is invariant under a shift of 1 by any vector from
the reciprocal lattice, while the other components can pick up a minus sign under
these operations. In an implementation based on the above parametrization this
property has to be considered.
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Appendix

B.

Implementational Details on
Projection Operations

The feedback terms that have to be evaluated in the projection step read:
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DI A S NP R

Htia e mi (B.6)
X fm’ (R]_) f:;/ <R2) Pm/7n/(k‘0 — O7 R3) e—i%L(Rl_Rz)
ClOP)mn(l) ~ / dk dk’ £ (k) fa(K)
k+k+1) , (k+k'—1 (B.7)
<2 (T) Jut (T) Dy (k = K')
m/n’ b=k 0
R R R R
e (B.8)
X fm’(R]_) f;/<R2) Dm’,n’(kO — 0’ R3) efiél'(RlJrRz)
D[ |mn(l) = /dk dk' f* (k) fn(K')
k—k'+1 k—k —1 (B.9)
X Z fm’ (—) f;:, (—) Pm’7n’(k: + ]’C/)
m/’,n’ 2 2 k0:k6:0
R, R R, R
DD WACEE TS AAC S
Ri,R2,R3 m/,n/ (Blo)
X fm/(Rl) f:/(Rz) Pm’,n/<k0 — O’ R3) e—i%l-(R1+R2)
D[ n(l) ~ /dkdk’ £2(K) fa(K)
kt+K+1) , (k+k 1 (B.11)
: Z fm/ (T) fnl (T) Cm’,n’(k? — /{Z,)
m' n’ b=kl =0
R, R R R
- (R Rere) a (-G R em)
et (B.12)

X frr(Ra) f5(R2) Cor (ko = 0, Rg) ¢ 131 (RatR2)

For the implementation of the projection step, the position-space representations
of the above formulas were used. In the following, some details regarding the
implementation of those formulas are provided in note form:
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e The sums over m’ and n' are implemented as outermost loops (even further
out than the loops over m, n, and 1) and are distributed over the compute
nodes using MPI. This is done to be able to do the Fourier transforms of
one exchange propagator component (characterized by m’,n’) only once.

e In order to improve the load balancing of the shared-memory parallelization,
the m/, n’ loops contain two separate blocks:

— The first block loops over all m, n, Ry, and R, combinations—this loop
is parallelized using OpenMP—and searches for all non-vanishing over-
laps of the four form factors. At a fixed combination of m, n, Ry, and
R the sum over Rj3 is performed, while for each non-vanishing contri-
bution the product of the form factors and the exchange propagator is
evaluated and added to the sum. The result of this summation and its
‘identifying values’ m, n, Rq, and Ry are stored in a container. Here,
it is crucial for the runtime of the code that only the non-vanishing
contributions are stored, i.e., the identifiers are discarded if the Rj
sum did not yield any overlap of the form factors.

— In the second block the non-vanishing contributions and their iden-
tifiers are successively taken from the container. This is done in an
OpenMP-parallelized loop. Within an internal loop over 1, the contri-
butions are multiplied with the remaining exponential term and added
to the corresponding component of the projected two-particle coupling.

e As discussed in Appendix A, for the position space vector that is conjugate
to the momentum dependence of the exchange propagators, one has to con-
sider halves of lattice vectors, i.e., in the notation from Egs. (B.1)-(B.12)
R3 can be written as %R with R being a lattice vector. However, despite the
fact that the periodicity of the exchange propagators in momentum space
is different from the one of the reciprocal lattice, the Fourier transforma-
tion can be performed within the first BZ. The reason is the following: As
the lattice vectors Ry and Ry control both the periodicity of the exchange
propagator and the value of Rg (lattice vector or half a lattice vector) in the
same way, pulling the m/, n’ sums into the Fourier integral of the exchange
propagator leads to an integrand that always exhibits the periodicity of the
reciprocal lattice.

Furthermore, additional ideas, that are not implemented in the current code ver-
sion but may be worthwhile for future works, are listed next:

e As the overlapping form-factor combinations do not change during the flow,
it is possible to perform the search for quadruples (m,n,Rj, Ra) leading
to non-vanishing contributions only once, for fixed m’ and n’. Reusing—as
compared with recomputing—these data may save computation time.
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e During the code development it was observed that reusing the Fourier trans-
formed (position space) exchange propagators—within one evaluation of the
flow equation’s right-hand side—could save a huge part of the computation
time used by the projection step. Thus, as the set of possible Rg vectors
is limited, computing and tabulating all relevant Fourier transforms at the
beginning of the projection step could be worthwhile.
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Appendix C.

Full Description of the Form-Factor
Basis

The set of form factors corresponding to a bond with position vector R = nx+1y
from an irreducible segment of the square lattice (here n > 0 and 0 < [ < n is
used; see Fig. 3.1) can be read off in momentum-space representation from the
following case differentiation:

If n=0:
fs(k) =1

Otherwise, if | = 0:
fs(k) = cos(nk;) + cos(n k)
fa,o_,»(K) = cos(n k) — cos(nky)
foo (k) = V2 sin(nk,)
o, (k) = V2 sin(n k,)
Otherwise, if n = I;
fs(k) = cos(n (k. + ky)) + cos(n (k. — ky))
Ja, (&) = cos(n (kz + ky)) — cos(n (kz — ky))
Frurn (k) = V2 sin(n (k, + k,))

fou (k) = V2 sin(n (k, — k)
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Appendix C. Full Description of the Form-Factor Basis

Otherwise:

fo(k) =
fg(k) =
fdzz 2(k) =

-y

Ja., (k) =

fp1 (k) =

fpz (k) =
fps (k) =
fp4 (k) =

94

(cos(nky + Lky) + cos(—lk, + nky)

Sl

+ cos(n ky — L ky) + cos(l ky +nky))

(cos(nky + Lky) + cos(—lk, + nk,)

Sl -

— cos(nky — L ky) — cos(lky +nky))

1
—= (cos(nky + k) — cos(—lky + nk,)

(\]

+ cos(nk, — Lky) — cos(lk, +nky))

1
7 (cos(nky + k) — cos(—lk, + nk,)

—cos(nky — L ky) + cos(l ky + nky))
V2 sin(nk, + 1 k,)
V2 sin(lk, +nk,)
V2 sin(nk, — Lk,

V2 sin(—lk, +nk,)
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